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Abstract

This thesis explores portfolio optimization, balancing theoretical advancements with practi-
cal applications. It demonstrates that optimal portfolios, constructed from Dow Jones stocks,
can outperform the benchmark index. From a methodological perspective, it pioneers the
use of the SMC2 algorithm in portfolio optimization, enhancing robustness through theoret-
ical innovations. By automating the optimization process, it mitigates biases from human
intervention, offering practical insights for academics and investors. This research bridges
the gap between mathematical rigor and real-world applicability, contributing to the fields
of financial mathematics and investment management.
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Chapter 1

Introduction

1.1 Motivation and Contributions

Portfolio optimization is a cornerstone of modern financial theory and practice, aimed at con-
structing investment portfolios that maximize expected returns while minimizing risk. The
foundation of this field traces back to Harry Markowitz’s groundbreaking work on mean-
variance optimization in 1952, which introduced a systematic framework for balancing risk
and return. While Markowitz’s framework provided profound insights, the evolving com-
plexity of financial markets and the increasing availability of high-dimensional data have
necessitated continuous innovation and research in this area.

This thesis focuses on portfolio selection and optimization not just as a mathematical
challenge but as a practical application that delivers meaningful and attractive results for in-
vestors. Much of the existing literature prioritizes mathematical properties and performance
metrics, often sidelining critical aspects of practical value. For instance, limited attention
is given to questions such as the distribution of weights in optimal portfolio allocations
across different models and cost functions, or how the profit and loss (P&L) trajectory of
an optimal portfolio behaves compared to benchmark indices over its investment horizon.
Similarly, discussions around the underlying risk of the portfolio, the establishment of re-
liable future P&L bounds, or the impact of reduced reallocation frequency on minimizing
transaction costs remain insufficiently explored. Questions about the relative performance
of sophisticated stochastic volatility models versus simpler, computationally efficient fre-
quentist models also remain open. Furthermore, the potential benefits of combining models
compared to relying on a single robust approach are rarely addressed.

This thesis seeks to fully or partially address these questions. Among its contributions,
two stand out as particularly significant. The first contribution lies in demonstrating the
practical value of portfolio optimization for practitioners, portfolio managers, investors, and
individual pensioners allocating their endowments. By examining various cost functions
under diverse scenarios, such as permitting or restricting short selling, using real-world data
over realistic investment horizons, we establish that the portfolio optimization problem can
yield effective solutions. Our analysis reveals that optimal portfolios constructed using stocks
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from traditional indices, such as the Dow Jones, often outperform the indices themselves.
Moreover, frequent reallocation is unnecessary. Reallocations performed quarterly, with
partial adjustments at the end of the holding period, are sufficient to achieve strong results
while keeping transaction costs low.

The second major contribution of this thesis is its mathematical and algorithmic innova-
tion. We delve into frequentist and Bayesian covariance estimators derived from stochastic
volatility models and rigorously compare their effectiveness in the portfolio optimization
problem. Notably, for the first time, the SMC2 algorithm is applied to portfolio optimiza-
tion. Through theoretical advancements, including the proof and application of key lemmas
and propositions, as well as the reparameterization of a Multivariate Stochastic Volatility
(MSV) model, we enhanced the robustness of the algorithm. Our findings show that portfo-
lio optimization can be fully automated, eliminating the need for human intervention. This
is particularly significant, as human involvement in investment decisions is often biased by
psychological factors such as fear and greed, which can impair the decision-making process.

In summary, this thesis bridges the gap between theoretical developments and practi-
cal applications in portfolio optimization. By addressing important unanswered questions,
delivering innovative algorithmic solutions, and demonstrating real-world applicability, this
research makes meaningful contributions to both academic and professional financial com-
munities.

1.2 Organization of Thesis

Chapter one provides an introduction to the thesis, outlining its motivations and including a
review of relevant literature. Chapter two introduces three frequentist covariance estimators:
the empirical covariance, the Ledoit-Wolf shrinkage covariance (Ledoit & Wolf 2004a), and
a modified version of the latter (Ledoit & Wolf 2003). Chapter two addresses the portfolio
optimization problem and introduces the performance metrics, including profit and loss
(P&L) tools, that will be utilized for analyzing the results of the case studies. Additionally,
diagnostic experiments are conducted to evaluate the accuracy and performance of these
estimators under various market conditions, with a particular focus on the behavior of their
eigenvalues as market dynamics change.

Chapter three introduces the cost functions to be optimized and provides an overview
of state space models. Three stochastic volatility models are examined: a scalar reparam-
eterized stochastic volatility model and two multivariate stochastic volatility models based
on Xu & Jasra (2019) and Kastner (2019). These models are applied to the log-returns of
stocks constituting the Dow Jones Index. Optimal allocations derived from these models
are compared in terms of their P&L performance across different estimators and cost func-
tions. This chapter establishes a framework for evaluating the effectiveness of optimization
techniques in practical scenarios.

Chapter four focuses on the implementation of the SMC2 Algorithm for a multivariate
stochastic volatility model, building on the work of (Xu & Jasra 2019). A reparameterized
form of the model is presented, and mathematical tools are developed to enhance the ro-
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bustness of the algorithm. The model is applied to two case studies, and its P&L results are
compared to those obtained using the Ledoit-Wolf shrinkage covariance estimator (Ledoit &
Wolf 2004a).

In Chapter five, the main conclusions of this work are presented, along with suggestions
for potential directions to further advance research in this area. The majority of the results
are provided in the Appendices, which are organized by chapter. Specifically, separate Ap-
pendices are included for Chapters 2 and 3, detailing the respective findings and analysis.
For Chapter 4, two dedicated Appendices are included, each corresponding to one of the case
studies. Additionally, the first Appendix is provided containing all the mathematical proofs
and results utilized in Chapter 4.

1.3 Literature Review

This section reviews key literature relevant to the estimation of covariance and precision
matrices, portfolio optimization, and stochastic volatility models. The discussion is organized
to provide a high-level overview of the methods and findings, with specific details elaborated
in later sections as necessary.

1.3.1 Covariance Matrix Estimation

Covariance and precision (inverse covariance) matrix estimation are foundational to many
areas of multivariate statistical analysis, with applications ranging from finance to biology
(Fan et al. 2014). Estimating large (high-dimensional) covariance matrices is a particularly
challenging problem in the big data era (Fan et al. 2016). This section highlights gen-
eral approaches to covariance and precision matrix estimation, categorized into four main
methodologies:

1. Shrinkage techniques;

2. Structured models;

3. Random Matrix Theory (RMT);

4. Bayesian methods.

Shrinkage Techniques Shrinkage methods are introduced by Efron & Morris (1977) and
later expanded in Daniels & Kass (2001). Shrinkage involves shrinking the sample covariance
matrix towards a structured target matrix to improve estimation accuracy. A well-known
shrinkage estimator is the Ledoit-Wolf (LW) (Ledoit & Wolf 2004a) estimator, which is
suitable for large dimensional covariance matrices, especially when the number of samples
is small compared to the number of features. In this case, the stability and accuracy of
the empirical covariance is improved by shrinking the sample covariance matrix toward a
structured target, typically the identity matrix. However, there exists the improved version
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of LW (Ledoit & Wolf 2003), where the covariance is shrunk towards a matrix, which depicts
the covariance of each underlying stock with a stock index. Further elaboration with these
two versions of LW estimators will take place in Chapter 2.

Structured Models Structured models, often referred to as ”Factor models,” include
observable and latent factor models (Bai & Shi 2011). These approaches exploit structure
in the covariance matrix to improve estimation, combining observable and latent factors as
necessary.

Random Matrix Theory (RMT) Recent advancements in covariance and precision
matrix estimation leverage RMT, grounded in principles like Wigner’s semicircle law (Wigner
1958) and the Marcenko-Pastur law (Marčenko & Pastur 1967). RMT addresses eigenvalue
distributions in large random matrices, with applications such as portfolio optimization
highlighted by Bun et al. (2016). Specific findings, including the Tracy-Widom law (Tracy
& Widom 2002) and eigenvalue dispersion results (Ledoit & Wolf 2004a), are critical to
understanding covariance estimation.

Bayesian Methods Bayesian estimation involves assigning priors to the covariance ma-
trix. Common choices include the inverse Wishart distribution (Barnard et al. 2000) and its
scaled or hierarchical variants (O’Malley & Zaslavsky 2008, Huang et al. 2013). Separation
strategies for Bayesian covariance estimation are explored by Barnard et al. (2000).

1.3.2 Portfolio Optimization

Portfolio optimization, a cornerstone of financial theory, is addressed from various perspec-
tives in the literature and is a well-studied and understood topic. As a result, we will not
provide a comprehensive literature review of the entire subject area and only focus on selected
papers that are close in spirit with this work. The classical Markowitz MV portfolio opti-
misation theory (Markowitz 1952) assumes that the mean and variance of the asset returns
are known. Lai et al. (2011) depart from the classic Markowitz MV setting by maximising
the expected return of their portfolio while simultaneously penalising the portfolio variance.
The expected returns and covariance are obtained using Bayesian inference.

Kourtis et al. (2012) uses Shrinkage theory to estimate directly the inverse covariance
matrix using two non-parametric methods with the aim to enhance portfolio performance.
The first estimator minimizes the out-of-sample portfolio variance and the second aims to
increase the out-of-sample risk-adjusted returns. The resulting estimators are used to com-
pute the optimal weights that minimize the portfolio variance. The derived portfolios often
provide higher risk-adjusted returns and lower levels of risk.

Ait-Sahalia & Xiu (2017) construct an estimator for the number of common factors in
a setting where the sampling frequency and the number of variables increase. Empirically,
Ait-Sahalia & Xiu (2017) document that the covariance matrix of a large portfolio of US
equities is well represented by a low-rank common structure with a sparse residual matrix.
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When employed for an out-of-sample portfolio allocation, Ait-Sahalia & Xiu (2017) conclude
that the proposed estimator outperforms the sample covariance estimator.

A continuous time framework to solve the Markowitz MV problem has been applied
by (Lindberg et al. 2009). Also, Gandy & Veraart (2013) look at the Merton problem in
continuous time with the asset model being geometrical BM and consider the effect of the
number of assets in the portfolio together with the estimation of the covariance. In many
ways, the approach followed here is similar, but we work in discrete time with a moderate
number of assets and without the existence of a riskless bond.

Bayesian Extensions: The Black-Litterman Model

In the context of Bayesian portfolio optimization, the Black-Litterman model (Black & Lit-
terman 1992) represents a significant development. It overcomes the sensitivity and insta-
bility problems of classical MV optimization by integrating market equilibrium assumptions
with subjective investor views. Rather than directly specifying expected returns, which are
difficult to estimate accurately, the model starts with a set of implied equilibrium returns
derived from the market portfolio:

π = δ · Σ · wmkt

where π is the implied return vector, δ is the risk aversion coefficient, Σ is the covariance
matrix of asset returns, and wmkt represents market capitalization weights.

Investor views are then modeled as:

Q = P · µ+ ε, ε ∼ N (0,Ω)

Here, Q contains the views, P is a matrix specifying the assets to which the views apply, and
Ω is a diagonal covariance matrix encoding the confidence in each view. Using a Bayesian
framework, the model updates the prior (market) distribution with these views to form a
posterior distribution of returns:

µBL =
[︁
(τΣ)−1 + P TΩ−1P

]︁−1 [︁
(τΣ)−1π + P TΩ−1Q

]︁
This posterior is then used for optimal allocation. The Black-Litterman model leads to
more stable and diversified portfolios and is particularly suitable in institutional investment
settings where subjective views need to be systematically incorporated into portfolio con-
struction. Its flexibility has led to numerous extensions including factor-based and dynamic
versions (Meucci 2006, He & Litterman 1999).

1.3.3 Stochastic Volatility Models

Stochastic volatility (SV) models describe time-varying volatility effects on asset prices,
critical for derivatives pricing and risk management. Introduced by Taylor (1986), SV models
feature two processes:
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• Observed process yt: asset returns;

• Latent process xt: volatilities.

One of the main reasons that the popularity of SV has increased in financial applications
is that the previously intractable likelihood function of the underlying asset return can be
numerically approximated. Modern inference methods, such as Sequential Monte Carlo
(SMC) (Doucet et al. 2009) and Sequential Monte Carlo Squared (SMC2) (Chopin et al.
2013) enable numerical likelihood approximation for Bayesian parameters. The particle
approximation of the marginal likelihoods can be used within Particle MCMC to infer θ in
a Bayesian manner.

SV has the capacity to be flexible enough to capture the leverage effect (Geweke et al.
1994), which refers to the observed tendency of an asset’s volatility to be negatively correlated
with the asset’s returns. For example, when the stock’s price falls sharply, it has been
observed a considerable spike-up of the stock’s volatility (Bouchaud et al. 2001). This is an
important feature that plays a big role in derivatives pricing and risk management, especially
when stock prices fall, as this phenomenon partially explains why stocks have increased
correlations during bear market periods. The leveraged effect in SV can be introduced
allowing a correlation between the log-variance and asset’s return disturbances (Harvey &
Shephard 1996, Jacquier et al. 2004). SV is also known for being able to capture two other
important characteristics of financial time series, which are the volatility clustering (Ding &
Granger 1996) and the fat-tailed distributions of asset returns, known as excessive kurtosis
(Fama 1965). This effect can be incorporated allowing the asset’s return disturbance to have
a Student t-distribution (Ruiz 1994, Chib et al. 2002, Jacquier et al. 2004).

The natural extension of the univariate SV model is the multivariate stochastic volatility
model (MSV), which is particularly useful in portfolio selection and risk management. The
MSV simultaneously models the movements in the volatility of a number of assets and tries
to capture the covariation effect, which refers to the parallel movement phenomenon of
volatilities of different financial time series. This is because assets can be formally linked
together, for example the bankruptcy of a company can affect the counter-party risk of
other companies, or because asset prices can be affected by unobserved common factors. In
addition, the globalization of equity has caused an increase in the correlation of stock returns
(Ghysels et al. 1996). The extension from the univariate SV to multivariate MSV is a very
challenging numerical task (Dellaportas et al. 2021) because the computational complexity
increases quadratically as the number of assets in focus gets bigger, and also because the
covariance matrix Σt, which describes the volatilities of the underlying asset returns, must be
positive definite. Also for MSV models, while there are reliable numerical approximations,
like particle filters, the same methods can be computationally very expensive and it may be
challenging to obtain accurate results for θ (Kantas et al. 2015).

Developing MSV models is a classic research area starting from Harvey et al. (1994),
Pitt & Shephard (1999), Aguilar & West (2000), where the correlations are treated as con-
stants over time or modelled through factor models, with factors being independent univari-
ate stochastic volatility models. These models were extended among others by Philipov &
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Glickman (2006), Han (2006), Chib et al. (2006), Carvalho & West (2007), Gouriéroux et al.
(2009), Nakajima & West (2012) and Ishihara & Omori (2017). Lately, advances have been
made so that MSV models are able to incorporate a very large number of assets inducing
parsimony via various methods. Kastner (2019) makes use of a global–local shrinkage prior,
which pulls the elements of the factor loadings towards zero. Xu & Jasra (2019) uses two
advanced particle filters proposed by Beskos et al. (2017), named the space-time particle
filter and the marginal space-time particle filter. Dellaportas et al. (2021) has a different ap-
proach where Gaussian latent processes for functions of the eigenvalues and rotation angles
of Σt are used. By invert-transforming back to Σt, the positive definiteness is ensured.
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Chapter 2

How big are your covariance matrix
eigenvalues? The effect in portfolio
optimization

2.1 Introduction

Mean Variance (MV) optimization (Markowitz 1952) dictates that the investor should select
a set of weights (w1, w2, ..wd) for a set of assets i = 1, 2, .., d that minimize the portfolio risk,
subject to meeting a level of expected returns. The main idea of the MV model is to treat
the returns of the available securities as random variables, and adopt the expected value and
variance to quantify the investment return and risk respectively. Mathematically, the MV
problem can be formulated as:

w∗ = argmin
w

wTΣw (2.1)

subject to:
wTµ = R

wT1d = 1

wi ≥ 0, i = 1, 2, ..., d,

(2.2)

where Σ is the d × d covariance matrix of the d asset returns ri, µ is the d dimensional
vector of the asset’s expected returns µi, 1d is the d dimensional vector with each element
equal to unity, and R is an exogenously specified scalar that represents the desired target
return of the portfolio. The original MV portfolio optimization problem (Markowitz, 1972)
assumes that wi ≥ 0, which means that short selling is not allowed. Later, short selling will
be incorporated by Merton (1972) and by Roll (1977).

Note that in the original formulation of the MV problem, weights are not updated dy-
namically. The investor makes their optimal allocation at the start of their investment
horizon and holds it until the end. The Markowitz model assumes that the investor does
not adjust their portfolio selection w during their investment time span. In this way, the
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investor decides which assets they will choose and how to allocate their initial endowment,
but they do not change their portfolio allocation until the end of their investment. Such a
scenario is unrealistic because the prices of the stocks can form non-stationary time series,
and this means that the investor may need to change their allocation in the underlying stocks
in order to increase their performance. For example, a stock that was in an up-trend for a
period of time may now be in a down-trend; such a case would mean that the investor may
have to diminish the weight of this stock in their portfolio and possibly increase it in some
other stocks. To improve on this, one would need to formulate the weights at a given time
as a stochastic process adapted to the available information on the assets up to that time.
This would require solving a stochastic control problem (Zhou & Li 2000), but here we will
not deal with this case.

In addition, the correlations among the stocks may change in time. This means that
the covariance matrix will have to be adjusted to the prevailing market conditions as the
previously estimated covariance is no longer accurate. A change in the covariance matrix
would definitely change the optimal allocation. As a result, practitioners should choose
values of µ and Σ using historical data over relevant periods. This means that to obtain a
solution of the Markowitz portfolio model (2.1) one needs to:

• Find an estimator µ̂ for the expected return µ, and set an appropriate level R for the
desired target return;

• Find an estimator Σ̂ or Σ̂
−1

for the covariance matrix Σ or the precision matrix Σ−1

respectively;

• Solve the optimization problem for the allocation w∗ that minimizes the objective
function wTΣw.

Regarding the modelling framework for an MV problem, financial returns are typically
modelled using standard time series. In this chapter, we assume that returns are i.i.d. and we
will focus on parameter estimation techniques for µ and Σ using methods based on sample
averages. This is in contrast to traditional methods in time series (MLE, Bayesian) but
allows simplicity in estimation and it also seems appropriate as a first step for considering
portfolio optimization.

To assess the performance of the estimation for µ and Σ, we will use both real and
simulated data. Data will be generated using the benchmark index of Dow Jones stocks.
We will split datasets into training and testing subsets to estimate µ and Σ, then assess the
performance of the optimal portfolio. The portfolio performance will be evaluated at every
time step in the investment horizon (not just the terminal time). To do this, we will use a
Profit and Loss (PL) function (to be defined later in Section 2.2.2) and the Sharpe Ratio
(Sharpe 1994)

SR =
Rt −RI

σp

, (2.3)

where Rt and RI denote the return of the optimal portfolio at a given time t and the return
of a benchmark index or asset (e.g. 10-year Treasury) in the test set respectively, and σp
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denotes the standard deviation of the optimal portfolio’s excess return. The estimation
method for µ and Σ affects the trajectory of both the PL function and the terminal value of
the portfolio. For this reason, it will be prudent to devote Section 2.3 to review the popular
estimators of µ, Σ and discuss how they affect the PL function.

To understand how the various underlying estimators affect the portfolio’s performance,
we investigate the case where short selling is allowed, namely wi ∈ ℜ. In contrast to the
case where wi ≥ 0, when wi ∈ ℜ, computing w∗ is analytically tractable. In the former case,
numerical optimization is required (Boyd & Vandenberghe 2004). As mentioned above, the
positivity condition on the weights is involved in the classic Markowitz model and is relevant
to real applications because many financial institutions, for example, pension funds have to
conform with particular regulations that prohibit short selling.

As mentioned above, we will break the investment horizon into multiple time windows
where at the start of each window we re-estimate µ and Σ and the optimal weights according
to (2.4). However, this task raises questions such as what is the optimal length of the
estimation window, and the appropriate investment horizon. The resolution of these issues
is model specific and beyond the scope of this report. We could also employ adaptive
estimation or calibration methods that do not require specifying explicit window or horizon
sizes (Bickel 1982, Moore & Weiss 1979) but again this is left for future studies.

2.1.1 Contributions and Organisation of Chapter

A summary of the novel contributions made in this work can be summarized as follows:

• We attempt to investigate the effect of singular values of estimated covariance or pre-
cision matrix for the PL (Profit and Loss) function of the optimal portfolio. This gives
a clearer intuition to the practitioner in terms of performance and risk.

• We present numerical results on historical data of the stocks that comprise the Dow
Jones. We present a thorough comparison of different covariance estimators and their
Principal Components Analysis (PCA) counterparts. In numerical simulations not
shown here, we obtain similar conclusions for the Standard and Poors 100 index.

Section 2.2 describes the Markowitz model when short selling is permissible. Section 2.3
is devoted to the presentation of the most widely known covariance estimators applied to
log-stock returns. Section 2.4 contains results from numerical simulations to validate the
theoretical results contained in Sections 2.2 and 2.3. Examples of the numerical simulations
in Section 2.4 include bull and bear markets characterised by low and high volatility regimes.
Monte Carlo simulations that were performed indicate that PCA increases the bias of co-
variance and precision estimators. The numerical results contained in Section 2.4 indicate
that PCA can improve the incremental PL of the optimal portfolio; this could possibly be
attributed to the few large eigenvalues of the covariance matrix formed from the log-stock
returns.
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2.2 Markowitz Model with Short Selling

2.2.1 The Merton, Roll and the Efficient Frontier

We commence this section with some background details on the solution of the portfolio
allocation problem when wi ∈ ℜ. Most of the discussion in this section is motivated by
material in Merton (1972) and Roll (1977). Our aim is to provide some intuition on how
investors should choose R in 2.1 and how this will affect the variance of the optimal portfolio.
Clearly, these quantities depend on the estimated µ,Σ, so when assessing the performance
of the optimal portfolio this explicit dependence should be taken into account together with
the estimation error. An MV model admits the following closed-form solution when wi ∈ ℜ:

w∗ =
1

ac− b2
Σ−1[(c− bR)1+ (aR− b)µ] (2.4)

a = 1TΣ−11, b = 1TΣ−1µ, c = µTΣ−1µ (2.5)

This optimal solution is a function of the precision matrix Σ−1. From a computational
perspective, it seems easier to work with the precision matrix than the covariance matrix,
but we will return to this point in Section 2.3. Substituting the optimal w∗ into equation
(2.1), we obtain the optimal portfolio variance as a function of the target return R and the
parameters a, b, c:

σ2 =
aR2 − 2bR + c

ac− b2
. (2.6)

Equation (2.6) is a quadratic with respect to the target return R, and defines the set of points
(R, σ2) that the portfolio allocation is optimal when short selling is allowed. Substituting
the values of the parameters a, b, c defined by (2.5) into (2.6) we get:

σ2 =
(R1− µ)TΣ−1(R1− µ)

ac− b2
> 0. (2.7)

The numerator of equation (2.7) is positive definite, and the quantity b2 − ac is strictly
negative. Hence, there are no real values of R that are roots of (2.6). Let R∗ denote the
minimizer of σ2, and we find that:

σ2
∗ =

1

a
for R∗ =

b

a
. (2.8)

The curve of (R, σ2) points has the shape depicted in Figure 2.1. A rational investor will
choose values of R that lie on the yellow part of the curve. This curve represents all the
points of maximum target returns for a fixed amount of variance. For this reason, the yellow
curve is also known as the efficient frontier. The point where the color of the curve in
Figure 2.1 changes from blue to yellow is the global minimum variance point (R∗, σ

2
∗) on the

efficient frontier represented by (2.8). Hence, a rational investor should choose an R such
that R ≥ b/a.

11



Figure 2.1: Efficient Frontier Curve

The efficient frontier provides an unlimited number of optimal solutions for various target
returns, and this fact raises the question as to which of these target returns should be chosen.
The most common answer to this question is to choose the so-called tangency portfolio, which
is the portfolio that maximizes the Sharpe Ratio (Sharpe 1966, 1994). Sharpe Ratio is a
measure of portfolio performance and counts the portfolio’s return per unit of standard
deviation. This could be described as :

wta = argmax
w

wTµ√
wTΣw

, (2.9)

where wta represents the allocation that maximizes the Sharpe Ratio and belongs to the
efficient portfolio space. Equation (2.9) can be expressed in terms of the difference of the
expected return and a benchmark value. This performance ratio is also known as the in-
formation ratio (Grinold & Kahn 2000) and commonly used benchmark values are market
indices such as SP500 and Dow Jones.

2.2.2 The Profit and Loss function

The data that we are going to work with are adjusted daily returns of stocks and stock
indices. Adjusted stock daily returns are calculated by the stock’s daily closing prices, where
the splits and the dividends are included in the price of the securities. Daily stock returns
can be expressed in simple or compound returns.

For stock i, the compound interest rate at the end of time t is given by the formula

ri,t = log(Pi,t/Pi,t−1) (2.10)

where Pi,t and Pi,t−1 are the daily stock closing prices for the days t and t− 1 respectively.
To find the daily compounded portfolio rate rt at time t we have to sum up the compound
interest rates ri,t multiplied by wi,t, which represents the proportion of wealth invested in
security i.
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Note that wi,t does change in time, because while we start with an optimal allocation w∗i,t0
at time t0, the stock prices pi,t at time t change. This change affects the initial portfolio w∗i,t0
allocation during the investment horizon. Thus to compute wi,t we need to first calculate
the quantity qi,0 of each stock that we must buy or short sell at time t0. Quantity qi,0 is
constant in time and can be calculated as qi,0 = w∗i,t0V0/pi,0 . So to compute wi,t we use the
formula:

wi,t =
pi,tqi,0∑︁d
i=1 pi,tqi,0

. (2.11)

Hence, the portfolio daily compound return rt is:

rt =
d∑︂

i=1

wi,tri,t. (2.12)

We can then express the daily value of the portfolio Vt at time t as a function of the portfolio
daily compound return:

Vt = ertVt−1. (2.13)

The factor ert is also known as the future factor because when it is applied to the price of
an asset it returns the future value of the asset.

Combining equations (2.12) and (2.13), and taking into account all the trading days of
the testing set t = 1, 2, · · · , T from the start until the end of the investment horizon, we
can express the final value of the portfolio VT as a function of the daily returns rt when the
initial investment is V0 = 1 as:

VT = e
∑︁T

t=1

∑︁d
i=1 wi,tri,t . (2.14)

From equation (2.14) we can retrieve the value of the portfolio trajectory when 1 dollar
is invested for a particular initial allocation. Equation (2.14) establishes the PL function
at time T and will be used as a benchmark for analysing the performance of the various
investment strategies in the testing set. Also from now on, we will use the convention of
referring to compound returns simply as returns. Often we are interested in the full path
and not just in VT , for example we would like to avoid excessive draw-downs. As a result,
we will assess the performance using Vt, t ≤ n. Note that the solution in (2.4) does not take
this into account, but this can motivate an area of future study.

2.2.3 A Simple Example

Consider the daily returns rt of the Dow Jones index and its 30 stock constituents. We will
take into account the time period starting from 2011 until the end of 2018. We will calculate
the covariance and the stock returns for the whole time span, and we will solve the MV
optimization setting the daily target return equal to 0.1 percent. After we find w∗ according
to (2.4), where Σ is replaced with the sample covariance

r̄ = (1/n)
n∑︂

t=1

rt (2.15)
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(a) DJ30 and Efficient Portfolio incremen-
tal PL when R = 0.1%

(b) DJ30 Stocks Curve Of Efficient Portfo-
lios

Figure 2.2: Incremental PL and Efficient Frontier of DJ30 stocks

and

S = (1/n)
n∑︂

t=1

(ri − r̄)(ri − r̄)T. (2.16)

Figure 2.2a shows the PL trajectory of 1 dollar invested in the optimal portfolio (orange
line) when the target return R is set equal to 0.1 percent daily. This is contrasted with the PL
trajectory of 1 dollar invested in the Dow Jones Index. Figure 2.2b depicts the DJ30 efficient
portfolio as described in Section 2.2.1. We see that the optimal portfolio outperforms the
index DJ30 considerably. However, this assumes that we know the real mean and covariance
for the examined time span, something that is not true in practice.

2.3 Estimation of µ, Σ

Finding the optimal allocation w∗ requires first estimating µ and Σ. In this section, the
focus will be on estimating Σ only. The rt are i.i.d. so for µ we will use the sample mean
estimator, µ̂ = (1/n)

∑︁n
t=1 rt, where rt is the vector of stock daily returns. A standard

choice for estimating Σ is the sample covariance, but this can be problematic, especially
when n ≤ d, so we will review some more sophisticated extensions. This is not meant as
an exhaustive review, and the methods below were chosen based on their extensive use in
financial applications.

2.3.1 Ledoit-Wolf (LW) shrinkage estimator for Σ

The first estimator to review is the Ledoit-Wolf (LW) shrinkage estimator (Ledoit & Wolf
2004a) , which is a well-known estimator suitable for large dimensional covariance matrices.
When d ≥ n, S in (2.16) is ill-conditioned and possibly singular. LW suggests an estimator
that bypasses these issues and shows consistent asymptotic behavior. LW consists of a linear
combination of two matrices, the identity matrix and the sample covariance matrix. By
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default, this linear matrix combination will always be invertible. LW assumes that the ri’s
are i.i.d., but without the need to specify the form of the underlying distribution. To extract
the optimal estimator, LW minimizes the expected quadratic loss (Frobenius norm) between
the linear matrix combination and the real covariance matrix Σ according to

argmin
ρ,ν

E[||Σ̂−Σ||2] (2.17)

st : Σ̂ = ρνI+ (1− ρ)S. (2.18)

In Ledoit-Wolf (2004) optimal solutions for ρ and ν are given as functions of four scalar
parameters (α, β, δ, µ) that are functions of the unknown covariance Σ. LW overcomes this
problem by substituting these four scalar parameters with respective consistent estimators.
Here ρ acts like a shrinkage factor because the greater ρ is, the less the dominance of the
sample covariance is going to be in the resulting estimator. This shrinkage technique is
well-known in statistics and dates back to Stein (1956) and Haff (1980).

2.3.2 Single-Index Factor Model

Another approach is to estimate Σ as a weighted average of the sample covariance matrix
and covariance by a k-factor model, involving factors that are explanatory macroeconomic
variables for the underlying stock returns. This has the advantage that we can introduce a
structure in the final estimator that could have a financial meaning. However, there is no
consensus on the identity and the number of the factors to be used (Connor & Korajczyk
1995). One common practice is to use one factor that represents the main stock market
index return of the underlying stocks (Sharpe 1963).

Sharpe’s (1963) single index model stock returns come from the linear regression:

xit = αi + βix0t + ϵit (2.19)

where the assumptions of the standard regression model hold and the noise ϵit is i.i.d. with
zero mean and constant variance. In (2.19) xit denotes the stock returns and x0t the market
index returns respectively. Using (2.19) we can calculate the elements of the covariance
matrix Φ of stock returns xit :

Cov[xit, xjt] = βiβjσ
2
0 (2.20)

Φ = Cov(X) (2.21)

Φ = σ2
0ββ

T +∆. (2.22)

Vector β is the vector of the slopes βi and ∆ is a diagonal matrix that contains the variances
of the residuals σ2

i . The single-index model gives the estimated covariance matrix Φ̂ of stock
returns:

Φ̂ = s20β̂β̂
T
+ ∆̂, (2.23)
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where s20 is the sample variance of the index return, β̂ is the vector of the estimated slopes
β̂i and ∆̂ a diagonal matrix containing the estimated residual variances σ̂2

i . Φ̂ is an input in
the LW (Ledoit & Wolf 2003) estimation procedure using a factor model structure to obtain:

argmin
α

E[||Σ̂−Σ||2] (2.24)

st : Σ̂ = αΦ̂+ (1− α)S, (2.25)

where α represents the shrinkage parameter.

2.3.3 Direct Estimation of the Precision Matrix

In this section, we represent an alternative way to estimate directly the precision matrix with
the help of Principal Component Analysis (PCA) (Hotelling 1933). Later we will see that
this can improve performance in terms of P&L compared to the other estimation methods
above. To the best of our knowledge, this comparison is largely absent in the literature, and
there is limited understanding of how model reduction methods affect the performance of
the optimal portfolio.

With some abuse of notation for this subsection, we will suppose that Σ is an arbitrary
real symmetric matrix and therefore possesses real eigenvalues and eigenvectors. The eigen-
vectors can be chosen to form an orthonormal set. So if Σ has d dimensions and distinct
eigenvalues, Σ can be diagonalised and written as:

Σ = UΛUT, Λ = diag(λ1, λ2, · · · , λd), λ1 > λ2, > · · · , > λd, (2.26)

or equivalently:

Σ =
d∑︂

i=1

λiuiu
T
i , (2.27)

where ui are the corresponding orthogonal eigenvectors of λi. Similarly to (2.27), the preci-
sion matrix can be expressed as :

Σ−1 =
d∑︂

i=1

(1/λi)uiu
T
i . (2.28)

The properties of the λi’s, such as how quickly they decay or how many are too close to
zero, are important both when a statistical procedure is used for estimation and when this
estimate is used within an MV portfolio allocation. For instance, when the covariance matrix
has a few very large eigenvalues and the rest close to zero, one could choose to ignore the
small eigenvalues and keep only the larger ones.

In our numerical examples, we noticed that this could improve PL performance and this
could possibly be explained intuitively by the following arguments:
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• The few largest eigenvalues account for explaining most of the variance and covariance
of the stocks (Chamberlin & Rothschild 1983);

• Inclusion of eigenvalues close to zero possibly increases the error of the covariance
estimation;

• Close to zero eigenvalues can cause difficulty in the inversion of the covariance matrix.

In this way we could estimate the precision matrix by:

Σ̂
−1

=
k∑︂

i=1

(1/λ̂i)ûiuî
T , k < d, (2.29)

where λ̂i and ûi denote the eigenvalues and eigenvectors, respectively, of an estimated covari-
ance matrix Σ̂ and k is the number of the largest components that we use for the estimation.
Substituting (2.28) into (2.8), the global minimum variance can be written as a function of
the covariance eigenvalues. Taking the first derivative with respect to an arbitrary eigenvalue
λk we find that

∂σ2
∗

∂λk

=
σ2
∗(u

T
k 1)

T (uT
k 1)

λ2
k

. (2.30)

An interesting conclusion here is that the variance of the efficient frontier is a strictly increas-
ing function with respect to the covariance eigenvalues, but the rate of change is inversely
proportional to the λk > 1 and proportional to λk < 1. So one may get a portfolio with
less variance and better Sharpe Ratio if they estimate the covariance matrix by deleting the
small eigenvalues, and especially the ones that are smaller than one, that is λk < 1.

2.4 Numerical Results

The methods in Plerou et al. (2002) inspire this work, which analyzes the eigenvalues of
covariance and precision matrices. Unlike Plerou et al. (2002), this study emphasizes:

1. Estimation of precision matrices using extreme eigenvalues of covariance matrices;

2. Defining optimal portfolios based on precision matrices;

3. Conducting numerical simulations under bull and bear market scenarios to study PnL
trajectories.

Our results suggest that eigenvalues may distinguish between bull and bear markets, a novel
contribution beyond Plerou et al. (2002). In this section, we present results on how different
covariance estimation affects the cumulative PL trajectory for two different data sets. The
data set includes the 30 stocks of the Dow Jones 30 (from 01/01/2011 - 31/12/2018). The
data is freely available from Yahoo Finance.
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2.4.1 Accuracy of Covariance Estimators

We begin our numerical investigations by testing the accuracy of the different estimators
under the assumptions that the returns are i.i.d. and generated by multivariate Normal
and Student-t distributions with known mean and covariance, respectively. To adjust our
simulations to the real data, we partition the whole time span into four-month sub-periods,
and for each sub-period, we calculate the mean vector and the covariance matrix. The
calculated mean and covariance will be used as the real parameters to generate returns.

Figure 2.3 depicts the average error in Frobenius norm after 500 independent replications
of the estimation procedure, when returns come from a multivariate normal distribution.
Note that for the calculation of the PCA precision estimators we have used (2.28). Figure
2.3 shows that LW and FM have the smallest bias compared to all other estimators, while
applying PCA to each estimator, the bias increases.

We repeat the same experiment, but now we sample from a multivariate t-Student dis-
tribution with three degrees of freedom. The respective results are located in Appendix B.1.
Figure B.1 shows that the covariance errors for all the estimators are much larger than those
of Figure 2.3, and this is something to expect since the samples come from a distribution
with much heavier tails. Furthermore, Figure B.1 shows that the majority of the precision
estimators have similar performance, with the exception of the sample precision, which has
a noticeably better performance.

In Figure 2.4 and 2.5, we represent the boxplots of the estimator errors of Figures 2.3a
and 2.3b respectively. When the returns follow Student-t, the relative figures are provided in
the Appendix B.1. Observing Figure 2.4, we see that when returns are normally distributed,
the range of the covariance errors is relatively small, except for periods 1, 2, 13, 14, and
20. These periods refer to bear markets (returns of stocks are mostly negative in a period
of time) where, in such cases, the returns of the stocks are characterized by high variance.
Figure 2.5, which shows the range of the precision estimation errors, shows that when we
apply PCA to the estimators, we increase their bias, but we decrease their variance. A
closer look at Figures 2.4 and 2.5 shows that LW and FM estimators, especially in the case
of precisions, consistently indicate superiority compared to the others. However, as Figure
B.3 indicates, this is not confirmed when the returns follow multivariate Student-t, where
the sample covariance seems to have a smaller error.
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(a) Average Frobenius error for covariance matrix estimation over 500 independent
runs using simulated data representative of DJ30 with Normal returns.

(b) Average Frobenius error for precision matrix estimation over 500 independent runs
using simulated data representative of DJ30 with Normal returns.

Figure 2.3: Performance comparison of covariance and precision matrix estimators (Sample co-
variance, Ledoit-Wolf, and Factor Model). Eigenvalues greater than one are used for PCA and
precision estimators. DJ30 data is divided into 22 periods, each with 176 sampled returns. Co-
variance is estimated using the first 88 vectors; Frobenius error is evaluated using the remaining
88 vectors.
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(a) Boxplots of Frobenius error for covariance matrix estimation using simulated DJ30
data from a multivariate normal distribution.

(b) Boxplots of Frobenius error for covariance matrix estimation using simulated DJ30
data from a multivariate normal distribution.

Figure 2.4: Comparison of Frobenius error distributions for covariance matrix estimation methods
(Sample covariance, Ledoit-Wolf, and Factor Model) using boxplots. Simulated DJ30 data is derived
from a multivariate normal distribution, and the eigenvalues greater than one are used for PCA
and precision estimators.
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(a) Boxplots of Frobenius error for precision matrix estimation using simulated DJ30
data from a multivariate normal distribution.

(b) Boxplots of Frobenius error for precision matrix estimation using simulated DJ30
data from a multivariate normal distribution.

Figure 2.5: Comparison of Frobenius error distributions for precision matrix estimation methods
(Sample covariance, Ledoit-Wolf, and Factor Model) using boxplots. Simulated DJ30 data is derived
from a multivariate normal distribution, and the eigenvalues greater than one are used for PCA
and precision estimators.
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2.4.2 Simulated Profit and Loss of Precsion Estimators

Next we want to understand how the various precision estimators discussed in Section 2.4.1
perform with respect to the PL function of the optimal portfolio according to (2.4). We will
use four different parameter configurations taken from Section 2.4.1 (Figure 2.4), the ones
that correspond to the sub-periods (cases) 2,9,11, and 20 (as case 1, 2, 3, 4 respectively). The
criterion by which these cases are chosen is the variability of the errors in the boxplots. Note
that cases 9 and 11 represent bull-market (up-trend) periods while cases 2 and 20 represent
bear-market (down-trend) periods. Here we will discuss only the results that come from a
multivariate normal distribution.

First, we plot the covariance spectrum for each case in Figure 2.6. Here we can make
two observations. First, for each case, the covariance spectrum has only a few eigenvalues
that take large values, and all the rest fall close to one and zero, which is in agreement with
(Chamberlin & Rothschild 1983). Second, we notice that the first few covariance eigenvalues
in the bear market cases are much larger than those of the bull market cases. This suggests
that when stocks are traded in bear market territory, their correlations are much stronger
than those of a bull market. This in turn implies that as stocks get into a transition period
from a bull to a bear market, one should observe a spike in the covariance eigenvalues. For
this reason, the classification of the covariance eigenvalues, using Machine Learning, e.g.
SVM or Logistic Regression, could possibly reveal information about the market’s phase:
bull or bear market. Such knowledge would be valuable to an asset manager because he
could be proactive and protect his profits as the market shifts from a bull market to a bear
one.

(a) Covariance eigenvalues

Figure 2.6: Sorted spectra of covariance matrices for the four cases. The black horizontal lines
represent eigenvalues greater than one for each case, from right to left: Case 1, Case 4, case 3 and
case 2.

In Figure 2.7, we represent average simulated PL results using the model in Section 2.2
and the estimation methods described in Section 2.3. From 2000 independent training sets,
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which include 200 i.i.d. normal returns, we estimated the average precisions of Sample (S),
LW, and FM estimators with or without PCA model reduction. For the vector of expected
returns and the target return, we used the real mean vector.

For case 1 in Figure 2.7a we see an improvement in the PL trajectory when we apply
PCA to the Sample and LW, taking into account only the covariance eigenvalues greater
than one. In all other cases, the results are essentially more similar to each other.

(a) Case 1: Bear Market (b) Case 2: Bull Market

(c) Case 3: Bull Market (d) Case 4: Strong Bear Market

Figure 2.7: Incremental portfolio loss (PL) for six precision estimators: Sample (S), LW, FM, and
their respective PCA estimators when λk > 1. The dataset consists of 1000 returns drawn from
a multivariate normal distribution, divided into training (200 samples) and testing (800 samples)
sets. Results are averaged over 2000 simulations. Each estimator is used as a proxy to define the
optimal allocation using Equation (2.4), and the incremental PL path is calculated according to
Equation (2.14).
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(a) DJ30 sorted Eigenvalues

Figure 2.8: DJ30 Covariance Eigenvalues

(a) DJ30 Covariance Estimators (b) DJ30 Precisions Estimators 4 PC

Figure 2.9: DJ30 incremental PL

2.4.3 DJ30 Efficient Stock Portfolios PL

Before we discuss the results of a real data application, it is useful to get an intuition for
the spectrum of the DJ30 stocks covariance matrix. Taking a close look into Figure 2.8a,
we observe that only a few large eigenvalues play a role in the explanation of the system’s
variability. Such a property could explain why the precision matrix could be a good candidate
for the MV model.

Figure 2.9a depicts the PL trajectories of 1 dollar invested in the efficient portfolio when
the target return has been set equal to 0.1 percent and the optimal MV allocation has been
calculated using the three different estimators of the covariance matrix: Sample (S), LW and
FM. In contrast, Figure 2.9b represents the PL with PCA. We trained the covariances using
the first 201 observations, and when we retrieved the optimal allocation, we substituted it
into the PL functions to reproduce the trajectories of 1809 testing days. It is obvious from
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the charts that the precision training estimators, including 4 principal components, definitely
generate better trajectories than those of the full covariance estimators with better Sharpe
ratios.

2.5 Discussion

Figure 2.6 reveals that the largest covariance eigenvalues of stock returns spike as the market
moves from a bull to a bear market. We could take advantage of this property and create
feature vectors including the largest covariance eigenvalues, with the aim of determining
whether we are in a bull or bear market. Ridge Regression and SVM (Friedman et al. 2001)
can be employed to produce the necessary classification. Investors could use these models to
hedge their portfolio against future down-trends. For example, one could specify the Beta
(percentage change of our portfolio when a market index changes by one percent) of his
optimal portfolio, then take a short position in the futures of the underlying index (Hull
2003).

25



Chapter 3

Portfolio Optimization With
Stochastic Volatility Models

3.1 General problem statement

In this Chapter, we focus on the 30 Dow Jones stocks and employ three different cost
functions to build optimal portfolios, with and without boundary constraints on the stock
weights. We estimate the covariance matrix of the time variant Σt, which is the main input
in the cost functions, of the 30 stock returns and has dimensions 30 × 30. The covariance
matrix is estimated with two different classes of models, frequentist and Bayesian. For the
frequentist cases, we employ the sample and the Ledoit & Wolf (2004a) covariance matrix,
while for the Bayesian case we employ three models. The first Bayesian model assumes
no correlation among stocks and estimates different volatilities via a scalar reparametrized
SV model. The second Bayesian model is based on Xu & Jasra (2019) and the third on
Kastner (2019). The training set consists of a three-month daily returns set for the 30 Dow
Jones stocks, and the testing set consists of the consecutive 3 months period. The data set
is chosen so as to be versatile, having both upward and downward price directions during
the training and testing set. Splitting the six-month period into three-month training and
testing sets, respectively, gives a reasonable time window for training the models reliably
and also avoiding the cost of frequent re-balancing.

The main contribution of this chapter is that it offers a realistic and balanced approach
to the solution of the portfolio optimization problem . Our approach shows to be able to
derive attractive results in risk management and performance terms for real life applications,
and also reveals the strengths and weaknesses of each selected model. In more detail, all
the models’ P&L and Sharpe Ratio perform consistently better than those of the Dow Jones
Index during the testing period. The Bayesian models derive more diversified and evenly
distributed portfolio weights than those of the frequentist ones. The Bayesian models give
reliable credible intervals and distributions for the P&L and Sharpe Ratios. The frequentist
models are computationally much cheaper to train, and in many cases perform better than
the Bayesian ones in our testing set; however, they carry more unobserved risk due to more
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extreme allocations and the lack of deriving credible intervals.

3.2 Cost functions

To assess the suitability of the described models in asset allocation, we need to employ
objective functions that will provide the vector of the optimal portfolio allocation w∗ of the
portfolio. We denote as w = [w1, . . . , wd]

T an arbitrary vector of portfolio values such that∑︁
i wi = 1. We wish to optimize these weights under different cost functions that involve

the mean and covariance of the total wealth process. These optimal portfolios will help us
investigate the predicted performance for different candidate models via an out-of-sample
data set. Here, we present the three different objective functions that we seek to optimize
as follows:

w∗ = argmin
w

wTΣw

st: wT1d = 1,

wi ∈ R

(3.1a)

w∗ = argmin
w

wTΣw

st: wT1d = 1,

0 ≤ wi ≤ 0.1

(3.1b)

w∗ = argmax
w

wTµ− λwTΣw

st: wT1d = 1,

wi ∈ R

(3.2a)

w∗ = argmax
w

wTµ− λwTΣw

st: wT1d = 1,

0 ≤ wi ≤ 0.1

(3.2b)

w∗ = argmin
w

wTΣw

st: wTµ = r̄,

wT1d = 1,

wi ∈ R

(3.3a)

w∗ = argmin
w

wTΣw

st: wTµ = r̄,

wT1d = 1,

0 ≤ wi ≤ 0.1

(3.3b)

Here µ and Σ denote the expected return vector of the assets after K time intervals in
time and the corresponding covariance matrix respectively. Optimization problems (3.1a)
and (3.3a) have closed-form solutions given respectively by:

w∗ =
Σ−11d

1T
dΣ

−11d

(3.4)

w∗ =
1

ac− b2
Σ−1[(c− bR)1+ (aR− b)µ]

a = 1TΣ−11, b = 1TΣ−1µ, c = µTΣ−1µ
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while for equations (3.1b), (3.2a), (3.2b) and (3.3b) we use the Python package CVXPY
(Diamond & Boyd 2016, Agrawal et al. 2018) to find the optimal w∗. When wi ∈ R short
selling is allowed and when wi ∈ [0, 0.1] short selling is not allowed and also stocks cannot get
weight higher than 10% of the portfolio value. The reason that we choose these two scenarios
is that we want to see how extreme optimal allocations tend to be without constraints. This
investigation is more realistic for practitioners, who are incentivized to diversify.

3.3 State space models and particle filtering

3.3.1 State space models

We are primarily interested in the prediction of a financial returns time series {yt}, where
t = 1, 2, . . . , T . There are many possible parametric models used in finance and economet-
rics. In this report, we will focus on hidden Markov models (HMM), also known as state
space models, whereby {yt} is generated by a hidden latent Markov process of interest {xt}.
We assume that the time series follows a particular state space model with parameter θ
that adequately describes the evolution of the random variables in interest. These models
are extremely popular in other scientific fields such as: Epidemiology, Biology, Engineer-
ing, Ecology and Telecommunications. The basic idea is that the first process, {xt}, is an
unobserved Markov process, and the second one, {yt}, is directly observed (see Figure 3.1
for a graphical model) and each yt conditional on xt is independent from all other random
variables. We assume that both xt and yt are real vectors, with xt ∈Rdx and yt ∈Rd, and
we denote the HMM as follows:

xt ∼ fθ(xt|xt−1),

yt ∼ gθ(yt|xt).

Where fθ(xt|xt−1) denotes the transition density of the hidden Markov process and
gθ(yt|xt) denotes the observation density. Finally, θ denotes the static vector of the model
parameters, which are unknown.

3.3.2 Bayesian filtering

Just for this part suppose that θ is known. In a Bayesian context one goal is to compute
the joint posterior distribution of all the volatilities given all the measurements. This can
be done with the help of Bayes’ rule

pθ(x1:T |y1:T ) =

∏︁T
t=1 fθ(xt|xt−1)gθ(yt|xt)

pθ(y1:T )
(3.5)

where x1:T = (x1,x2...,xT ), y1:T = (y1,y2...,yT ). In equation (3.5) the product of
fθ(xt|xt−1) acts as the prior density, while the product of gθ(yt|xt) represents the likelihood
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Figure 3.1: A graphical model for the Hidden Markov Model and volatility estimation

of the measurements. Finally, pθ(y1:T ) represents the normalization constant, where

pθ(y1:T ) =

∫︂ T∏︂
t=1

fθ(xt|xt−1)gθ(yt|xt)dx1:T . (3.6)

Bayesian Filtering refers to recursively estimating conditional probability distributions as
new measurements are received, and this also enables prediction, which is the focus of this
report. More specifically, we are interested in computing recursively the marginal posterior
distribution pθ(xt|y1:t) of the state xt at each time step t given the history of the measure-
ments up to time t. At each time step t, we take the following steps:

Prediction step:

pθ(xt|y1:t−1) =

∫︂
pθ(xt|xt−1)fθ(xt−1|y1:t−1)dxt−1 (3.7)

Update step:

pθ(xt|y1:t) =
1

Zt

gθ(yt|xt)pθ(xt|y1:t−1), (3.8)

Normalization constant :

pθ(yt|y1:t−1) =

∫︂
gθ(yt|xt)pθ(xt|y1:t−1)dxt. (3.9)
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pθ(x1:t|y1:t) = pθ(x1:t−1|y1:t−1)
gθ(yt|xt)f(xt|xt−1)

pθ(yt|y1:t−1)
, t = 1, 2, ...T (3.10)

For linear Gaussian models, such as Kalman Filters, equation (3.5) can be computed an-
alytically; however, for non-linear and non-Gaussian models, equation (3.5) is intractable,
and we need to employ numerical methods using equation (3.10). Equation (3.10) is useful
later when sequential importance sampling is used. Prediction of xT+K and yT+K can be
trivially performed using Chapman-Kolmogorov recursions with f(xt|xt−1) and gθ(yt|xt).
Similar recursions are possible for the path space filtering problem that is interested in the
conditional density of the whole trajectory x1:T .

3.3.3 Particle filters

We are interested in on-line numerical methods where we require that the computational
complexity of a single time step should not increase as the number of time steps increases.
Sequential Monte Carlo (SMC) methods, which are also known as Particle Filters (PF),
are the state of the art of numerical approximations. One simulates samples that are ap-
proximately distributed according to the targeted posterior distribution pθ(x1:t|y1:t) for each
time t, and also provides an approximation of the marginal distributions pθ(xt|y1:t) and the
marginal likelihood pθ(y1:t). SMC propagates samples, named also as particles, through a
sequence of posterior distributions and incorporates two well-known algorithms, sequential
importance sampling and resampling. This is referred to as sequential importance resampling
(SIR), Algorithm 1.

Sequential importance sampling (SIS): We target densities of increasing dimension
{p(x1:t|y1:t)}t≥1. SIS avoids the increasing computational complexity as time increases by
applying IS recursively where the proposal density follows the recursive structure: q(x1:t) =
q(x1)

∏︁t
k=2 q(x1|x1:k−1). Using the notation of equation (3.10), for each time step we can

calculate the current weights as follows:

w(xi
1:t) = w(xi

1:t−1)
gθ(yt|xi

t)fθ(x
i
t|xi

t−1)

qθ(xi
t|xi

t−1,y1:t)
(3.11)

Resampling: In order to avoid carrying forward particles with low weights , at each time
step we can resample N particles from the existing sampled particles. Then the normalised
weight W (xi

1:t) corresponds to the probability of resampling the particle xi
1:t, and in this way

we render N new equally-weighted particles x̄i
1:t. At time t, the respective approximations

of p(x1:t|y1:t) and p(yt|y1:t−1) after the resampling step are:

ˆ︁p(dx1:t|y1:t) =
1

N

N∑︂
i=1

δx̄i
1:t
(dx1:t), (3.12)

ˆ︁p(y1:T |θ) =
T∏︂
t=1

1

N

N∑︂
i=1

wt(x
i
1:t−1,x

i
1:t), (3.13)



Algorithm 1 Sequential Importance Resampling

At time t = 1

1. Draw N samples from the importance distribution:

xi
1 ∼ qθ(x1), i = 1, 2, ..., N

2. Compute the weights wθ(x
i
1) and normalize weights Wθ(x

i
1) =

wθ(x
i
1)∑︁N

j=1wθ(x
j
1)

3. Resample {Wθ(x
i
1),x

i
1} to obtain N equally-weighted particles: { 1

N
, x̄i

1}

At time t ≥ 2

1. Draw N samples from the importance distribution:

xi
t ∼ qθ(xt|x̄i

1:t−1,yt−1), i = 1, 2, ..., N

2. Compute the weights wθ(x
i
t) and normalize weights Wθ(x

i
1:t) =

wθ(x
i
1:t)∑︁N

j=1wθ(x
j
1:t)

3. Resample {Wθ(x
i
t),x

i
t} to obtain N equally-weighted particles: { 1

N
, x̄i

1:t}

where here δx′ (dx) denotes the Dirac measure, such that δx′ (A) = 1x′∈A.
The convergence properties of the method have been studied extensively (Cappé et al.

2005, Del Moral et al. 2012), we mention indicative results. Let φ be a bounded measurable
test function and let also the integral of interest to be:

IT =

∫︂
φ(x1:T )pθ(x1:T |y1:T )dx1:T , (3.14)

then the SIS particle approximation of IT will be:

ˆ︁IT =

∫︂ ˆ︁φ(x1:T )pθ(x1:T |y1:T )dx1:T =
1

N

N∑︂
i=1

φ(x̄i
1:T ). (3.15)

One can show that ÎT
a.s.−−→ IT and a Central Limit Theorem holds:

√
N(ˆ︁IT − IT )

d−→ N(0, σ2
φ,T ). (3.16)

In addition we have the following Lp bound:

E[|ˆ︁IT − IT |]1/p ≤
c√
N
, (3.17)

where c is a constant that depends on the model itself and its dimensionality. Note that if
the HMM has an exponential forgetting property this constant is uniform in time, in terms of
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non-asymptotic results, for the marginal likelihood we have. If one sets a particular threshold
for this Monte Carlo variance, then she should set N proportional to T :

V ar(
ˆ︁p(y1:T |θ)
p(y1:T |θ)

) ≤ c(d)
T

N
(3.18)

This is important in the context of Particle MCMC later.

3.3.4 Bayesian parameter estimation and predictive posteria

Applying Algorithm 1 requires not only the data yt but also knowledge of θ, which in most
practical situations needs to be estimated from the data itself. One could use different
inferential procedures from principles such as maximum likelihood estimation or Bayesian
inference. In this report, we will only use Bayesian inference because it is easier to char-
acterise the uncertainty of predictive posteriors and use state-of-the-art algorithms such as
Particle Markov Chain Monte Carlo (PMCMC) (Andrieu et al. 2010).

Bayesian inference treats unknown parameter vector θ as a random variable with a defined
prior distribution p(θ) based on our prior beliefs. More specifically, we want to estimate the
posterior distribution p(θ|y1:T), which can be computed by:

p(θ|y1:T ) ∝ p(y1:T |θ)p(θ). (3.19)

Algorithm 2 PMCMC

At iteration k = 1

• Draw θ[1] ∼ p(θ)

• Run a SMC algorithm targeting p(x1:T , θ|y1:T ), sampling N particles x[k]1:T ∼ˆ︁p(dx1:T |y1:T , θ[1]) and compute marginal likelihood ˆ︁p(y1:T |θ[1])
At iteration k ≥ 2

• Sample a proposal θ′ ∼ q(θ|θ[k − 1])

• Run a SMC algorithm targeting p(x1:T , θ
′|y1:T ), sampling N particles x[k]1:T ∼ˆ︁p(dx1:T |y1:T , θ

′) and compute marginal likelihood ˆ︁p(y1:T |θ′)

• Set θ[k] = θ′ with probability: 1∧ ˆ︁p(y1:T |θ′)p(θ′)q(θ[k − 1]|θ′)ˆ︁p(y1:T |θ[k − 1])p(θ[k − 1])q(θ′|θ[k − 1])
, otherwise

set θ[k] = θ[k − 1]

The marginal likelihood p(y1:T |θ) is intractable, so one needs to resort to approximations,
see Algorithm 2. In this report, we use Particle Marginal Metropolis Hastings (PMMH)
to estimate the unknown vector θ. These are pseudo-marginal MCMC methods (Andrieu
& Roberts 2009), which substitute ˆ︁p(y1:T |θ) in a Metropolis Hastings procedure targeting
(3.19). This is presented in Algorithm 2, where each MCMC iteration runs an SMC algo-
rithm. It is remarkable that this algorithm is marginally invariant to p(θ|y1:T ). In short,
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the algorithm is a M-H algorithm targeting the joint distribution of θ and all the random
variables used to generate the particle filter conditional on y1:T .

Predictive posterior approximations based on PMMH

Investors wish to predict the value of the assets K time steps forward after time T , so
that we can approximate µ and Σ in (3.1)-(3.3) and thus design optimal portfolios. This
information is contained in the predictive posterior p(yt+K |y1:T ), which in turn can be derived
from p(θ|y1:T ) as follows:

p(yT+K |y1:T ) =

∫︂
p(yT+1:T+K |y1:T )dyT+1:T+K−1 (3.20)

p(yT+K |y1:T ) =

∫︂ K∏︂
l=T+1

fθ(xl|xl−1)gθ(yl|xl)p(xT , θ|y1:T )dxT :T+KdyT+1:T+K−1dθ. (3.21)

We are interested to approximate the above quantity as a Monte Carlo integral by:

ˆ︁p(yT+1:T+K |y1:T ) =
1

P

P∑︂
p=1

δyp
T+1:T+K

(3.22)

where one obtains the required samples i.i.d. (in p) as follows:

(θp,xp
T ) ∼

1

M

M∑︂
m=1

δ(xT [m],θ[m]), xp
t ∼ f(xp

t−1, ·), yp
t ∼ f(yp

t , ·), (3.23)

where in (3.23) we are using the output of the MCMC samples (θK ,xT )k=1,...,M from
Algorithm 2. We will use (3.22) to calculate empirical predicted expected returns ˆ︁µT+K and

covariances ˆ︁ΣT+K of the optimal portfolios generated according to (3.1)-(3.3).

Monte Carlo covariance estimator for Bayesian models

To estimate the credible intervals of the optimal portfolio w∗ in terms of P&L and annualized
Sharpe Ratio, we work as follows:

• From (3.1)-(3.3), we first choose an objective function which we want to optimize with
respect to the optimal allocation w∗.

• We calculate the estimators ˆ︁ΣT+K and ˆ︁µT+K and we plug it in the optimization problem
and retrieve the optimal allocation w∗.

• Based on the w∗ and the simulated log-returns yi
t, we can reproduce respectively a

cloud of portfolio value trajectories, also known as profit and loss (P&L), when $1 is
invested and render the relative Sharpe Ratio performance measures.
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• The expected optimal portfolio variance and mean can be estimated by:

σ2
p = wT

∗
ˆ︁ΣT+Kw∗, µp = wT

∗ ˆ︁µT+K (3.24)

From now on we replace w∗ with wT+k.

3.4 Models

We proceed with a brief overview of the different stochastic volatility models that we will
use. The first one is a naive extension of a scalar model to the multivariate case, by assuming
all assets are independent, and we call this independent stochastic volatility (ISV) model.
The second one is a modification of a recent multivariate SV (MSV) model introduced by
Xu & Jasra (2019) that allows for a general covariance structure using common persistence
and cross-leverage effects. The third model is another recent approach by Kastner (2019)
based on shrinkage ideas. The last two models were selected on their reported performance,
their interpretability and generality. Other models could be added to this list (e.g. Chan
et al. (2018), Plataniotis & Dellaportas (2010), Dellaportas et al. (2021)), but the methods
chosen here are easier to interpret from a practitioner’s point of view. The ISV is merely
used as a naive benchmark, so that one can assess the benefit of cross-covariance terms in
portfolio optimisation.

The selection of numerical methods in this chapter is guided by the trade-off between
accuracy, scalability, and interpretability. PMCMC was chosen for the ISV and MSV mod-
els due to its capacity to jointly estimate static parameters and latent states in complex,
non-linear time-series models. Particularly for the MSV model, PMCMC enables posterior
inference in high dimensions while maintaining stability under particle degeneracy through
adaptive proposals and transformation-based sampling. In contrast, for the Factor Model,
we utilized the factorstochvol package (Hosszejni & Kastner 2019) due to its robust hierar-
chical shrinkage priors and computationally efficient implementation tailored to factorized
covariance structures. These methods were selected to ensure tractable and interpretable
posterior estimation across models with varying complexity.

3.4.1 An Independent Stochastic Volatility (ISV) model

We begin with a scalar discrete-time SV, first introduced by Taylor (1986, 1994) and inves-
tigated among others such as Harvey & Shephard (1996), Jacquier et al. (2004), Meyer &
Yu (2000) and Yu (2005). The model is represented as follows:

Yt = r + β exp(Xt/2)Wt, (3.25)

Xt+1 = αXt + σVt+1, (3.26)

E(WtVt+1) = ρ, (3.27)

Vt,Wt
iid∼ N(0, 1), t = 1, 2, . . . T (3.28)
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where Xt, Yt ∈ R and θ = (α, β, σ, r, ρ). Here, Xt represents the logarithm of the asset’s un-

derlying variance for one period and forms a hidden random sequence withX1∼N(0,
σ2

1− α2
).

Yt represents the asset’s log return for the same period and it provides the observations se-
quence in the data. Between the disturbances Wt and Vt+1, we assume that there exists a
correlation ρ , which means that a contemporaneous dependence is allowed in the SV model.
The β parameter is a scale factor, which subsumes the effect of the constant term in the
auto-regression of Xt. In contrast to large parts of the literature, we include an additional
parameter r, which represents the stock’s constant rate of change or drift term in one period
of time. In the literature, often r = 0 is used as a common modeling assumption. Whilst
this can make sense financially in some cases, here we impose estimation of r from the data,
as it will provide better predictions of short and medium returns that are useful for portfolio
optimisation.

The correlation ρ between the disturbances helps the model to pick up the asymmetric
pattern often described in stock prices. In simple terms, an increase in predicted volatility
tends to induce a fall in the stock price, suggesting a negative correlation between the
disturbances of stock returns and volatility, respectively. This tendency is known in the
literature as the financial leverage effect. Hull & White (1987) has emphasized the crucial
role of this correlation in stock option pricing. To obtain a more convenient parametrisation,
we will use the transformation:

Zt+1 =
Vt+1√︁
1− ρ2

− ρWt√︁
1− ρ2

, E(WtZt+1) = 0. (3.29)

Solving for Vt+1 gives:

Vt+1 = ρWt +
√︁
1− ρ2Zt+1 (3.30)

and now the SV model can be re-parametrised as follows:

Yt = r + β exp(Xt/2)Wt, (3.31)

Xt+1 = αXt +
ρσ

β
(Yt − r) exp(−Xt/2) + σ

√︁
1− ρ2Zt+1, (3.32)

E(WtZt+1) = 0, (3.33)

Vt, Zt
iid∼ N(0, 1), t = 1, 2, . . . , T (3.34)

This parametrization of the equation facilitates the introduction of ρ in the PMCMC and
provides good mixing in MCMC, as we will see later.

3.4.2 A Multivariate Stochastic Volatility (MSV) model

We proceed with the multivariate extension of SV models by Xu & Jasra (2019):

yt = V
1/2
t ϵt t = 1, 2, ...T, (3.35)

xt+1 = Φxt + ηt t = 1, 2, ...T − 1 (3.36)
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where

Vt =

⎛⎜⎜⎜⎜⎜⎜⎝
eX1t

.

.

eXdt

⎞⎟⎟⎟⎟⎟⎟⎠ ,Φ =

⎛⎜⎜⎜⎜⎜⎜⎝
ϕ1

.

.

ϕd

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎝ϵt

ηt

⎞⎠ ∼ N2d(0,Σ), x1 ∼ Nd(0,Σ0).

Here yt ∈ Rd is the log-returns vector, with d being the number of underlying stocks, and
xt+1 ∈ Rd the log-variance vector, which is unobservable. Vt andΦ are diagonal matrices and
denote the underlying volatility of each stock and the persistence of each variant respectively.
Finally, ϵt and ηt denote zero mean Gaussian noise variables with covariance Σ, which can
be partitioned as follows:

Σ =

⎛⎝Σϵϵ Σϵη

Σηϵ Σηη

⎞⎠ , Σηϵ = ΣT
ϵη.

Σϵϵ and Σηη denote the marginal covariance matrices of the disturbances ϵt and ηt respec-
tively, and the nonzero diagonal and off-diagonal elements of Σϵη indicate the existence of
leverage and cross-leverage effects respectively. In other words, the (Σϵη)ij element shows
the covariance between the ith stock return at time t and the future volatility of the jth stock
at time t + 1. Hence, cross-leverage effects describe possible interactions between different
stock log-returns time series. Finally, the vector x1 has covariance matrix Σ0, where:

(Σ0)ij =
(Σηη)ij
1− ϕiϕj

(3.37)

Recall, our goal is to estimate the posterior distribution p(θ|y1:T ) of parameter θ = (Φ,Σ)
given the model of equation (3.35) and the observed stock log-return y1:T . As before, the
marginal likelihood is intractable and the SMC algorithm has to be employed. From equation
(3.35) we have:

(︂
yt,xt+1|xt

)︂
∼ N2d

⎛⎝⎛⎝ 0

Φxt

⎞⎠ ,

⎛⎝Vt
1/2ΣϵϵV

1/2
t V

1/2
t Σϵη

ΣηϵV
1/2
t Σηη

⎞⎠⎞⎠ (3.38)

In the interest of applying the particle filter, we present the transition density f(xt|xt−1,yt−1)
and the measurement density g(yt|xt) for MSV respectively as follows:

xt|xt−1,yt−1 ∼ Nd(Φxt−1 +ΣηϵΣ
−1
ϵϵ V

−1/2
t−1 yt−1, Σηη +ΣηϵΣ

−1
ϵϵ Σϵη) (3.39)
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yt|xt ∼ Nd(0, V
1/2
t ΣϵϵV

1/2
t ) (3.40)

Algorithm 2 works very well for the parameter estimation of the MSV model; however, as the
dimension d increases, the algorithm is susceptible to variance issues in estimating p(y1:T |θ).
To deal with this problem, it is important to sample a sufficiently large number of particles
N .

In the acceptance ratio there is randomness due to the presence of an estimator forˆ︁p(y1:T |θ′). If at some iteration this likelihood is overestimated this will slow down the mixing
of the chain. This improves as the number of particles N gets larger, but one needs to be
prudent how much N is increased especially when a fixed total computational budget is
available, however, high N means fewer MCMC iterations. As time T increases N increases
linearly (total computational cost is proportional to N2) In our case where d = 30, we set
the number of particles N = 3000.

3.4.3 A Factor Model (FM) approach

Finally, the last model to be investigated is the Factor Model by Kastner (2019). Consider
yt ∈Rd has a conditional Normal distribution such that:

yt|Σt ∼ Nd(0,Σt), (3.41)

where Σt contains d(d+ 1)/2 free elements to be estimated. One can regress yt on a vector
of factors ft as follows:

yt = Λft + ϵt, ft ∼ Nr(0,Vt), ϵt ∼ Nd(0,Ut), (3.42)

where Λ is a d× r time invariant matrix and Vt, Ut are time variant diagonal matrices of r
and d dimensions respectively. These two diagonal matrices are evolved over time through
parametric SV models as follows:

Vt = diag(exp(h1t), ..., exp(hrt)) Ut = diag(exp(h1t), ..., exp(hdt)) (3.43)

where hit and hjt represent respectively hidden stock log-variances and factor log-variances
and follow the AR(1) processes as follows:

hit ∼ N(µi + ϕ(hi,t−1 − µi, σ
2
i ) i = 1, 2, ..., d

hjt ∼ N(ϕhj,t−1, σ
2
j ) j = 1, 2, ..., r

Following equation (3.42), Σt can be decomposed as:

Σt = ΛVtΛ
T +Ut. (3.44)

The above decomposition induces parameter parsimony and reduces the amount of free
parameters from d(d + 1)/2 to dr + d + r, since the r is chosen to be much smaller than
d. Furthermore, to get rid of the unimportant factors for each stock and thus introduce
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Figure 3.2: Trajectory of $1 invested in Dow Jones 30 index for the time period 03/01/2011 -
01/07/2011. Blue vertical line indicates the split of the time into training and testing set respec-
tively.

sparsity in Λ matrix, Kastner (2019) uses a hierarchical Normal-Gamma prior (Griffin &
Brown 2017), (Huber & Feldkircher 2019) to the Λij elements:

Λij ∼ N(0, τ 2ij), τ 2ij|λ2
i ∼ G(αi, αiλ

2
i ), λ2

i ∼ G(ci, di) (3.45)

The hyperparameters αi, ci and di are fixed a priori and αi especially determines the amount
of shrinkage. The smaller αi is, the stronger the shrinkage towards zero, and the opposite.
Finally, for the stock and factor hidden AR(1) processes the set of parameters µi, (ϕi +1)/2
and σ2

i have priors N(bµ, Bµ), B(α0, b0) and G(0.5, 1/(2Bσ)) respectively.

3.5 Application to Dow Jones Industrial Average 30

data

We choose a set of thirty stocks (d = 30), which are the constituents of the Dow Jones
Index. We collect from Yahoo Finance the adjusted stock prices of the 30 stocks for the
period ranging from 03/01/2011 to 01/07/2011; these stock prices correspond to 126 daily
log-returns. The returns are defined by the log difference of the consecutive-day stock prices.
We treat the first 63 days as the training set and the remaining 63 as the testing set. To
get an idea of how the Dow-Jones index has moved over the 126 days, we depict in Figure
3.2 the trajectory of $1 invested in the index. Below we present implementation details and
estimation results separately for each model.

3.5.1 MCMC estimation

For positive or constrained parameters in [-1,1] the proposals we use are transformed ran-
dom walks in log or logit scale, so we have to adjust the acceptance ratio for the Jacobian
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accordingly. For the log scale, the sampler because of changing variables becomes:

θ′ = exp(Z), (3.46)

Z = log(θ) + sϵ, ϵ ∼ N(0, 1), (3.47)

leading to an acceptance ratio:

ˆ︁p(y1:T |θ′)p(θ′)θ′ˆ︁p(y1:T |θ)p(θ)θ
. (3.48)

Similarly, for the logit scale, the proposal is given:

θ′ =
exp(Z)− 1

exp(Z) + 1
, (3.49)

Z = log(θ + 1) + log(1− θ) + sϵ, ϵ ∼ N(0, 1). (3.50)

while the acceptance ratio is:

ˆ︁p(y1:T |θ′)p(θ′)(θ′ + 1)(1− θ′)ˆ︁p(y1:T |θ)p(θ)(θ + 1)(1− θ)
. (3.51)

The variable s in equations (3.46) and (3.50 ) denotes the step size, and for all the estimated
parameters, s has been set in the range between 0.2 and 0.5.

To estimate the parameter vector θ = (r, β, α, σ, ρ)T for the scalar SV model, we apply
the Algorithm 2 as described above. For the parameter α, r and ρ we use uniform prior
Unif(−1, 1) and the proposals are chosen to be random walks on the logit scale. For β
and σ we use Exp(0.5) and IG(1, 1) priors respectively and the proposals are chosen to
be random walks on the logit scale. For each iteration of the PMCMC we compute the
marginal likelihood according to SIR Algorithm 1. We note that we choose proposal density
qθ(x

i
t|xi

t−1, yt−1) = fθ(x
i
t|xi

t−1, yt−1) with wt(x
i
t) = gθ(yt|xi

t) .
Applying Algorithm 2 in the training set, we train the ISV model for each stock inde-

pendently. We set the number of iterations k = 25000 (see Algorithm 2) and we retrieve the
MCMC chains for θ. In the Appendix, at Figure C.1, we represent indicatively the MCMC
chain of θ for the Apple stock after 5000 burn-in. In this case, the MCMC acceptance ra-
tio is 22.86%, and for the majority of the underlying stocks, the MCMC acceptance ratio
lies around 23.00%. In Figure C.2, we represent the charts of the autocorrelations for the
MCMC chains of θ. We observe that after a time-lag of 50, the autocorrelation falls below
20%. From the MCMC chains, we can easily retrieve the marginal posterior distributions
of p(θ|y1:T), which are represented in Figure C.3. In the posterior distributions, we include
the MCMC chains after 5000 burn-in iterations. In each histogram, we indicate the mode
and the mean, respectively.

For the MSV model, we apply again Algorithm 2 to estimate the parameter vector θ =
(σ2

ϵ , σ
2
η, (Σϵϵ)ij, (Σηη)ij, (Σϵη)ii, (Σϵη)ij, α)

T . For the scalar parameters σ2
ϵ , σ

2
η we use IG(2, 1)

prior and the proposals are chosen to be random walks on the log scale. The covariances
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(Σϵϵ)ij, (Σηη)ij, (Σϵη)ii, (Σϵη)ij are calculated indirectly via the relative correlations, which
follow uniform prior Unif(−1, 1) and the proposals are chosen to be random walks on the
logit scale. Again as above, we choose proposal density qθ(x

i
t|xi

t−1, yt−1) = fθ(x
i
t|xi

t−1, yt−1)
with wt(x

i
t) = gθ(yt|xi

t) .
For the MSV model, we apply the Algorithm 2 for all the stocks simultaneously. The

MCMC chains for the parameter vector θ with the relative posterior histograms are cited in
the Appendix at Figure C.7 and C.8 respectively. Here, the number of MCMC iterations is
k = 30000 after 5000 burn-in, and the acceptance ratio is 28%.

For the FM, we use one factor r = 1 and to train the model we use the R package
‘factorstochvol’ (Hosszejni & Kastner 2019), where the hyperparameters are set as follows:
αi = 0.1, ci = 1, di = 1, bµ = 0, Bµ = 100, α0 = 10, b0 = 3, Bσ = 1.

Finally for the FM model at Figure C.9, we indicatively represent the MCMC trace plots
and the relative histograms of the factor loading, the variance σ2 of the hidden variable ht

and the persistence ϕ for the Bank of America stock. For this model, we set k = 110000
with a 10000 burn-in and for the remaining 100000 draws every 10th draw is kept, resulting
in 10000 draws used in the posterior histograms. As a general comment, we observe very
good mixing for θ MCMC draws for each model.

3.5.2 Predicted credible intervals and realised PL

Following the steps of Section 3.3.4 after the MCMC results, we can now predict the cred-
ible intervals (CI) of the optimal portfolio wT+K . From the CI, we can estimate additional
features, such as the distributions of the optimal portfolio terminal values PLT+K and the
annualized Sharpe Ratios SRT+K . We generated a P&L cloud of 1000 different P&L tra-
jectories for the optimal allocation wT+K . For the MSV model, the relative P&L clouds are
depicted in Figure 3.3, while for ISV and FM models the relative Figures, C.4 and C.10,
are placed in Appendix Sections C.1.4 and C.3.2, respectively. Additionally to CIs, in these
Figures we also depict the realized P&L trajectories of wT+K portfolio and the Dow Jones
when $ 1 is invested in each of those. From these Figures, we make the following conclusions:

• The realized P&L trajectories of the optimal portfolios for all the models and for each
cost function consistently outperform that of Dow Jones for the whole out-of-sample
time span.

• The estimated drift term r in ISV gives an upwards bias in the P&L cloud. This bias
in combination with the fact that cross correlations are set equal to zero may lead to
overestimated CI forecast.

• The CIs of MSV and FM seem to give a more reliable CI for the P&Lover the time,
since the realized P&L trajectories consistently lie between the cloud bounds.

• The CI bandwidth of FM is narrower than that of the other models and this gives a
narrower forecast for the portfolio value.
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For the MSV model, the predicted distributions of P&L and Sharpe Ratios of the optimal
portfolios on timeK = 66 can be viewed respectively in Figures 3.4 and 3.5. In these Figures,
we also place two vertical lines that show where the realized P&L and Sharpe Ratios of wT+K

and Dow Jones portfolios lie in the distributions. For ISV and FM models, the relative
distribution Figures are placed in Appendix C Sections C.1.5, and C.3.3, , respectively. Here
we observe:

• The realized PLT+K and the annualized Sharpe Ratios SRT+K of the optimal portfolios
outperform those of Dow Jones index for all the models and cost functions.

• Again ISV model seems to overestimate the predicted distributions of the PLT+K and
the SRT+K , as the realized values lie in the left tail of the distributions.

• On the other hand, the predicted distributions of MSV and FM for the PLT+K and
SRT+K seem to be more plausible, since the realized values lie not far from the modes.

• The MSV and FM distributions are more positive skewed than those of ISV for both
PLT+K and SRT+K .

We note that credible intervals depend on training data in all cases. If there are large
discrepancies in the characteristics of the test and training time series, this will affect the
results for all models.

3.5.3 Predicted asset allocations under various constraints

In portfolio optimization, terminal credible intervals of P&L and Sharpe Ratio are important
measures of performance but maybe do not reflect the risk inherited from a not well diversified
portfolio. For this reason, it is necessary to look into the distribution of the weights in the
optimal allocation wT+k. So in this section we discuss how each model, under the various
cost functions and constraints, as discussed in Section 3.2, distributes the weights over the 30
Dow Jones stocks. To highlight the above argument later on, we compare and contrast the
Bayesian models’ allocation against the allocation of the frequentist ones. In Appendix C,
in Figures C.13, C.14 and C.15 we depict the weight distributions of the optimal allocations
wT+k for each model and cost function with the same order as labeled in 3.2. We make the
following conclusions:

• Bayesian models have a much more smooth weight allocation comparing to those of
frequentist ones under all cost functions.

• The constraints affect the allocation in Bayesian models, however, frequentist allocation
changes greatly.

• Frequentist allocations tend to give very high weights in few stocks, especially when
short selling is allowed.

• Frequentist allocations are much more sparse than the Bayesian ones.
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3.6 Bayesian VS Frequentist optimal portfolios

In Table 3.1, we represent the main performance results for each model under the various cost
functions as they have been labelled in Section 3.2. The first column shows the terminal out-
of-sample realised P&L values after 66 days, when $1 is invested in the optimal portfolio.
The second and third columns show the annualised mean and standard deviation of the
optimal portfolio realised daily returns, respectively. The annualised mean and standard
deviation have been calculated as:

Mean Return = 252µd SD =
√
252σd, (3.52)

where 252 indicates the number of trading days in a year, while the µd and σd stand respec-
tively for the daily mean and standard deviation of the portfolio daily log returns, expressed
in percentages, during the 66 days out-of-sample period. The fourth and fifth columns show
respectively the Sharpe Ratio SRT+K , which is the quotient of column two and three, and
the L2, which is the Euclidean distance of the optimal allocation wT+K . The reason that
we are interested in L2 is that this can be treated as a measure of how well diversified a
portfolio is. A higher value of L2 of one portfolio compared to another indicates that the
first portfolio has overall more extreme allocation than the second one, and the opposite.

Finally, the last column shows the values of the ratio of SRT+K to L2. Such a ratio tries
to reflect the portfolio performance against its diversification. Despite such an indicator not
being investigated in the literature to the best of our knowledge, the last column of Table
3.1 indicates that there is a physical meaning in this measure. For example, on the cost
function (3.2a) the FM model appears to have the poorest performance in Sharpe Ratio
terms; however, it has by far the best in terms of the ratio.

The relative out-of-sample trajectories for each model can be seen in Figure 3.6, where for
each cost function we gather all the models and Dow Jones trajectories to make comparisons
easier. Despite their simplicity and lack of credible interval forecasts, frequentist models
produce very good results in absolute P&L and Sharpe Ratio terms, but many times behind
these good figures a more extreme allocation is hiding. In the literature, big weight has been
placed on the Sharpe Ratio as a portfolio performance measure, but little focus is given on
how good the portfolio allocation is, which has the potential to be a serious underlying risk
in extreme scenarios.

The empirical results in Table 3.1 and Figures 3.3–3.6 clearly support the claim that
Bayesian models, particularly the MSV and FM models, yield consistently strong out-of-
sample performance. For instance, under cost function (3.2b), the MSV model achieved
a Sharpe Ratio of 1.34, outperforming both the ISV (0.83) and the Dow Jones benchmark
(0.45). Moreover, the realized P&L trajectories for MSV-based portfolios remain within their
predicted credible intervals (Figures 3.3 and 3.4), demonstrating the accuracy of posterior-
based forecasting. These observations substantiate the claim that Bayesian estimators not
only yield competitive returns but also provide reliable distributional forecasts for portfolio
performance, which is especially valuable for risk-aware asset allocation.
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3.6.1 MSV Model P&L With Credible Intervals

(a) Minimize global variance without boundaries
(3.1a)

(b) Minimize global variance with boundaries
(3.1b)

(c) Maximize expected return without bound-
aries (3.2a)

(d) Maximize expected return with boundaries
(3.2b)

(e) Minimize variance for a fixed return with
boundaries (3.3a)

(f) Minimize variance for a fixed return without
boundaries (3.3b)

Figure 3.3: MSV P&L clouds created by 1000 simulated portfolio trajectories for K = 66 future
time steps, based on the optimal portfolio wT+K . Red and blue lines represent the realized P&L
paths of the optimal allocation wT+K and the Dow Jones, respectively, when $1 is invested at
K = 0. Here, wT+K minimizes various cost functions for the estimated ˆ︁ΣT+K and ˆ︁µT+K .



3.6.2 MSV Model $1 P&L Distribution

(a) Minimize global variance without
boundaries, cost function (3.1a)

(b) Minimize global variance with bound-
aries, cost function (3.1b)

(c) Maximize expected return with-
out boundaries, cost function (3.2a)

(d) Maximize expected return with bound-
aries, cost function (3.2b)

(e) Minimize variance for a fixed re-
turn with boundaries, cost function
(3.3a)

(f) Minimize variance for a fixed return
without boundaries, cost function (3.3b)

Figure 3.4: Distribution of the 1000 simulated optimal portfolio values for day T + K, where
future time steps K = 66 and the initial investment equals $1 at K = 0. Red and blue lines
represent the realized portfolio values for wT+K and the Dow Jones, respectively. wT+K optimizes
various cost functions for the estimated ˆ︁ΣT+K and ˆ︁µT+K .



3.6.3 MSV Model Sharpe Ratio Distribution

(a) Global variance without bound-
aries (3.1a)

(b) Global variance with boundaries
(3.1b)

(c) Maximize return without
boundaries (3.2a)

(d) Maximize return with boundaries
(3.2b)

(e) Variance for fixed return with
boundaries (3.3a)

(f) Variance for fixed return without
boundaries (3.3b)

Figure 3.5: Distribution of the 1000 simulated optimal portfolio Sharpe Ratios for day T + K,
where K = 66 future time steps and the initial investment equals $1 at K = 0. Red and blue lines
represent the realized Sharpe Ratios for wT+K and the Dow Jones, respectively. wT+K optimizes
the various cost functions for the estimated ˆ︁ΣT+K and ˆ︁µT+K .

3.7 Conclusions

In this Chapter, we presented efficient ways of estimating covariance return matrices using
Bayesian inference for Bayesian models. We applied these estimators in various portfolio
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(a) Global variance, no boundaries (3.1a) (b) Global variance, boundaries (3.1b)

(c) Maximize return, no boundaries (3.2a) (d) Maximize return, boundaries (3.2b)

(e) Variance-fixed return, no boundaries (3.3a) (f) Variance-fixed return, boundaries (3.3b)

Figure 3.6: Portfolio value trajectories for various models and utility functions. Each panel shows
the performance of optimal portfolio allocations under different utility function specifications, with
or without boundary constraints.
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PLT+K Mean R(%) SD SRT+K L2 Ratio

DJ Index 1.014 5.44 12.08 0.45

Cost Function 3.1a

S 1.103 32.29 11.72 3.35 0.697 4.85

LW 1.083 32.16 10.23 3.15 0.418 7.54

ISV 1.037 14.86 11.06 1.34 0.201 6.67

MSV 1.042 16.47 13.02 1.26 0.325 3.88

FM 1.034 15.11 11.51 1.31 0.216 6.06

Cost Function 3.1b

S 1.054 23.19 10.46 2.03 0.294 6.90

LW 1.054 21.21 10.42 2.04 0.286 7.13

ISV 1.037 14.87 11.06 1.34 0.201 6.67

MSV 1.043 17.07 12.74 1.34 0.255 5.25

FM 1.034 15.15 11.52 1.31 0.215 6.09

Cost Function 3.2a

S 1.061 23.77 16.64 1.43 1.001 1.43

LW 1.065 25.24 12.72 1.98 0.498 3.98

ISV 1.025 10.14 12.39 0.82 0.218 3.76

MSV 1.042 16.52 13.1 1.26 0.327 3.85

FM 1.032 15.36 11.48 1.34 0.215 6.23

Cost Function 3.2b

S 1.058 22.83 10.73 2.13 0.299 7.12

LW 1.052 20.37 10.81 1.89 0.289 6.54

ISV 1.026 10.32 12.41 0.83 0.216 3.84

MSV 1.043 17.12 12.76 1.34 0.257 5.21

FM 1.032 15.39 11.49 1.34 0.214 6.26

Cost Function 3.3a

S 1.086 33.06 10.76 3.07 0.611 5.02

LW 1.076 29.53 10.48 2.82 0.396 7.12

ISV 1.035 13.76 11.32 1.22 0.198 6.16

MSV 1.041 16.34 12.85 1.27 0.322 3.94

FM 1.035 17.69 11.31 1.56 0.211 7.39

Cost Function 3.3b

S 1.054 24.04 10.68 2.25 0.289 7.79

LW 1.054 23.44 10.63 2.21 0.285 7.75

ISV 1.037 13.76 11.32 1.22 0.198 6.16

MSV 1.043 16.99 12.63 1.35 0.252 5.36

FM 1.034 17.69 11.31 1.56 0.211 7.39

Table 3.1: Annualized performance metrics of optimal portfolios evaluated out-of-sample
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optimisation problems. We used a popular data set, the Dow Jones stocks, where an asset
manager can invest a considerable amount of money and also attain a well diversified portfo-
lio. All the models produced very good performance and outperformed consistently the Dow
Jones index. The evidence of it is not only indicated by the numbers in Table 3.1 but also by
the charts in Figure 3.6. This is important because this means that we can also outperform
exchange-traded funds (ETF), which replicate the Dow Jones Index and are very popular
among investors. In addition, we used 66 trading days of historical data for training our
models and make our optimal allocation, intended to be held at least for the subsequent 66
days without reallocation. This is efficient in terms of commission and transaction cost. The
process presented here is a model based and data driven approach that does not take into
account micro fundamental factors of each company, so that the stock’s quality is reflected
on its price and on its underlying volatility.

An interesting finding in this case study is that the frequentist methods using empirical
covariance approximations perform really well, and this is in line with other works in the
literature (Ledoit & Wolf 2003, 2004b, Kastner 2019). A major advantage of these estimators
is that they are simple and very cheap in calculation. However, they tend to give high allo-
cation weights in a few stocks, especially when short selling is allowed, and sparse optimal
allocations. We see that almost half of the 30 stocks are not included in the optimal allo-
cation. Sparsity, beyond the fact that it diminishes portfolio diversification, narrows down
the number of stocks that an asset manager can choose. In this way, the asset manager
has to allocate his budget in fewer stocks, and this can cause adverse price shifts when he
reallocates his portfolio. Furthermore, for these models we cannot easily provide a reliable
confidence interval. This can cause some concern from a risk analysis perspective.

Bayesian estimators are inferred through volatility models that have been shown to pre-
dict well the stocks’ returns. This is also clear from the credible intervals, which give very
good forecasts and accurate predictions for the future value of the optimal portfolio. They
also give very good performance results, but often not as strong as the frequentist competi-
tors. Given LW can be thought of as a Bayesian point estimate due to the penalisation term
in the estimation, this further motivates the search for better priors and parameterisations
in volatility models. New volatility models often come with a dedicated MCMC calibration
method so the overall approach presented here can be extended for more models. In addition,
the Bayesian optimal portfolios are very well diversified without giving extreme allocation
weights to few stocks. This also might be the reason why Bayesian portfolios seem to lose
a bit of performance compared to the frequentist ones. On the other hand, MCMC is very
expensive computationally.

While the models were tested rigorously on the Dow Jones Industrial Average 30 stocks
using data from early 2011, it is important to acknowledge that conclusions regarding model
performance are inherently tied to the characteristics of this dataset—specifically, large-cap
U.S. equities during a relatively stable post-crisis recovery phase. Future research could
extend this framework to different timeframes and market conditions to test the robustness
of Bayesian volatility models under structural shifts and macroeconomic shocks.
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Chapter 4

Volatility Estimation With Sequential
Monte Carlo Squared

4.1 Introduction

In the previous chapter, we investigated the application of the PMCMC algorithm in MSV
models and the estimate of the unknown parameter vector θ for a given batch of data. One
basic drawback of this algorithm is that as we receive new data in time to estimate θ, we need
to rerun the algorithm from scratch. Apart from being computationally expensive, PMCMC
does not naturally allow us to observe how the parameter vector θ evolves as new observations
occur. Another drawback of PMCMC is that sometimes it is difficult to choose a priori step
sizes when new parameters are proposed so that we get a suitable acceptance ratio. This
task gets even more difficult as the dimension of θ vector increases or the model becomes
more complicated. Thankfully, the answers to the above questions have been given by an
algorithm called SMC2 (Chopin et al. 2013). This is a sequential Monte Carlo algorithm
and can be used for sequential inference as new information arrives in time. The aim of
this chapter is to apply SMC2 for the optimal portfolio allocation in the context discussed
previously. We begin the chapter with a general presentation of IBIS (a precursor to SMC2)
and then present the methodology for Hidden Markov Models.

4.2 Iterated batch importance sampling, IBIS

The base of SMC2 algorithm is the Iterated Batch Importance Sampling (IBIS) algorithm
(Chopin 2002). IBIS is an algorithm that targets the estimation of vector θ of fixed dimen-
sion d from realized observations iteratively. In practice, we need to estimate the posterior
distribution p(θ|y1:T). However, we perform intermediate posterior estimations of partial
distributions p(θ|y1:t), t < T , by setting (θ1:Nθ

t , w1:Nθ
t ), where θit are now parameter particles.

The algorithm is called ”batch” because the posterior distribution p(θ|y1:T ) does not need
to be updated in every single observation, but in batches of size p. For a selected batch size

49



p the estimated incremental weight for particle θit+p−1 can be adjusted by:

wi
t,p(θ

i
t+p−1) ∝

p(y1:t+p−1|θit+p−1)

p(y1:t−1|θit−1)
= p(yt:t+p−1|y1:t−1, θ

i
t−1). (4.1)

When we set p = 1 then the incremental weight coincides with the incremental likelihood of
the respective particle θit+p−1.

The move step, also known as rejuvenation, is a crucial aspect of the algorithm. Its pur-
pose is to prevent the degeneration and depletion of particles, as resampling alone does not
entirely safeguard against this. Resampling merely substitutes particles with very low weights
with those possessing higher weights, essentially generating numerous duplicates. Rejuvena-
tion involves subsequently relocating resampled particles based on a certain MCMC kernel
Kt that is invariant to the posterior distribution p(θ|y1:t). This infusion introduces greater
diversity into the particle population while maintaining or even improving the accuracy of
the approximation (Andrieu et al. 1999). The Metropolis-Hastings kernel is a commonly
employed choice for the rejuvenation step. The outline of the IBIS Algorithm 3 is depicted
below.

Algorithm 3 Iterated Batch Importance Sampling (IBIS)

1: for i = 1 to Nθ do
2: Sample initial parameters from prior: θ

(i)
0 ∼ p(θ)

3: Set initial weight: w
(i)
0 ← 1

4: end for
5: for t = 1 to T do
6: Compute incremental likelihood: pθ(yt|y1:t−1)

7: Set new weights: w
(i)
t ← pθ(yt|y1:t−1)

8: Resample new indices I
(i)
t−1 from w

(i)
t−1

9: Rejuvenation Step: move the particles, θ
(i)
t ∼ Kt(θ

(I
(i)
t−1)

t−1 )

10: Set weights: w
(i)
t ← 1

11: end for

In many case state-space models set IBIS inapplicable due to the intractable likelihood
pθ(yt|y1:t−1), except in cases such as linear Gaussian models (Chopin 2007). The solution to
this problem is the employment of SMC2.

4.3 Sequential MonteCarlo Squared, SMC2

For HMMs implementing IBIS requires using an approximation of p(yt|y1:t−1) as it is in-
tractable. This approximation can be provided by by a particle filter and the resulting
algorithm is called SMC2 (Chopin et al. 2013). SMC2 consists of the application of two al-
gorithms that we have already discussed, PMCMC (Algorithm 2) and IBIS (Algorithm3). It
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consists of two nested particle filters; IBIS propagates θ-particles each of which propagating
its own particle filter (for the given θ-particle value) as new data are received sequentially.
θ’s and their particle filters are resampled jointly and a suitable PMCMC algorithm is used
in the rejuvenation step with the aim to smooth out and diversify the existing distribution
of θ-particles. SMC2 at time t, involves the following particle system:

{θit, wi
θ,t, {x

i,j
t }j=1:Nx}i=1:Nθ

(4.2)

which defines the posterior p(θ|y1:T ) at time t, given all the observations up to t. So, we
have Nθ number of particles θit, and and each of those is assigned a new set of Nx number
of x-particles xi,j

t , which will be resampled and will be substituted by equally weighted x-
particles x̄i,j

t . Finally, wi
θ,t and wi,j

x,t represent the weights for θit and xi,j
t respectively. For

each θit the incremental likelihood is calculated by

wi
θ,t ∝ ˆ︁pθit(yt|y1:t−1) =

1

Nx

Nx∑︂
j=1

wij
x,t(x

ij
t , x̄

ij
t−1) (4.3)

and the likelihood by

ˆ︁Zi
t(θ

i
t, x

i,1:Nx
t , x̄i,1:Nx

1:t−1 ) =
1

Nx

Nx∑︂
j=1

wij
x,1(x

ij
1 )

t∏︂
n=2

1

Nx

Nx∑︂
j=1

wij
x,n(x

ij
n , x̄

ij
n−1) (4.4)

which is basically the product of all incremental likelihoods up to time t, or in a recursive
form we can write alternatively:

ˆ︁Zi
t(θ

i
t, x

i,1:Nx
t , x̄i,1:Nx

1:t−1 ) = ˆ︁pθit(yt|y1:t−1) ˆ︁Zi
t−1 (4.5)

SMC2 is described below in Algorithm 4. Algorithm 4 may have various implementations
but here we chose the one that was simple effective in the experiments carried out later in
this chapter. Due to this customization, we need to point out that resampling of θ and x
particles takes place at every iteration. Adaptive resampling could be possible but would
lead to a more complicated algorithm. For example on line 22 in Algorithm 4 the θ-weights
are updated directly as w

(i)
t ← pθ(yt|y1:t−1) instead of w

(i)
t ← w

(i)
t−1pθ(yt|y1:t−1).

Before kicking off the algorithm, the number of θ-particles, Nθ, and the number of x-
particles, Nx, has to be defined. This is an important design choice, because as the number of
Nθ orNx increases, the computational time also increases. However, having not enough θ or x
particles will lead in weight degeneracy or impoverishment of particles. For the rejuvenation
step, Andrieu et al. (2010) showed that acceptance rates might become too low if Nx is small
compared to observed data. This implies that Nx should be tuned proportional to time T .
Chopin et al. (2013) and Chopin et al. (2015) also proposed techniques to automatically add
more particles when acceptance rate falls below a preset threshold.

A big part of the SMC2 algorithm is the rejuvenation step, which consists of Nr iterates
of a standard MCMC kernel. Its role is to smooth out the distribution of the θ-particles so
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as to induce particle diversity and mitigate particle degeneracy using a kernel Kt. Normally,
Nr equals to a small number like three or four but this is also application and dimension
dependent. The rejuvenation step is similar to Algorithm 2 and every time is called, it starts
running from time t = 1 until the last observation at time t = T . This process constracts

new proposed ˜︁θit with respective likelihood
ˆ︁˜︁Zi

t(
˜︁θit) and ˜︁xi,1:Nx

1:t particles. The acceptance ratio
for each particle at any time t is given by:

min

⎛⎝1,
ˆ︁˜︁Zi

t(
˜︁θit)p(˜︁θit)q(θit|˜︁θit)ˆ︁Zi

t(θ
i
t)p(θ

i
t)q(˜︁θit|θit)

⎞⎠ (4.6)

If the move is accepted, the new θ-particle, x-particles and likelihood must replace the current
ones. It is worth noting that the denominator of (4.6) does not need to be computed in each
rejuvenation step, as it has already been computed up to previous time. When the parameter
Θ space is of high dimension, we need to carry out the rejuvenation step in such a way so
we ensure that Θ space is explored thoroughly enough. This means that we need to pick a

suitable sampler for θ̃
i
and set the the number of rejuvenation steps accordingly.

The most time-consuming part of SMC2 is the particle rejuvenation step, which has a
computational complexity O(TNθNx). The overall time consumption of one iteration is not
growing perfectly linearly in the case Nx is allowed to change. Finally, the overall complexity
of SMC2 is O(T 2NrNθNx), which is square in time. However, the computational time is also
a function of the Θ and x space dimension, which means in more advanced applications this
is computationally intensive. However, SMC2 facilitates the tuning and estimation of various
measures (e.g. empirical covariance) dependent on θ-particles as these are observable in each
time iteration.

SMC2 enables the sequential estimation of parameters as new observations are received.
However, it is not considered a fully online algorithm, as at each t requires processing t
seen data-points when computing acceptance probabilities. Despite this, it behaves in a
sequential manner in the sense that, at any time t, SMC2 provides the posterior distribution
p(θ|y1:t). This is a great advantage when we are interested in observing the changes of θ, or
any estimator based on it, as new data received in time.
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Algorithm 4 SMC2

1: Sample θi1 ∼ p(θ) for i = 1, . . . , Nθ

2: Set wi
θ,1 ← 1 for i = 1, . . . , Nθ

3: for i = 1 to Nθ do
4: for j = 1 to Nx do
5: Sample xij

1 ∼ fθi(·)
6: Compute weights wij

x,1 = gθi(y1|xij
1 )

7: Compute Ẑ
i

1 =
1
Nx

∑︁Nx

j=1w
ij
x,1(x

ij
1 )

8: Normalize W ij
x,1 ∝ wij

x,1,
∑︁Nx

j=1W
ij
x,1 = 1

9: Resample {W ij
x,1, x

ij
1 } to obtain Nx new equally-weighted particles: {1/Nx, x̄

ij
1 }

10: end for
11: end for
12: for t = 2 to T do
13: for i = 1 to Nθ do
14: for j = 1 to Nx do
15: Sample xij

t ∼ fθi (xt|yt−1, x̄
ij
t−1)

16: Compute weights wij
x,t = gθi(yt|xij

t )
17: Compute incremental likelihood ˆ︁pθi(yt|y1:t−1) as in equation (4.3)
18: Normalize W ij

x,t ∝ wij
x,t,
∑︁Nx

j=1 W
ij
x,t = 1

19: Resample {W ij
x,t, x

ij
t } to obtain Nx new equally-weighted particles: {1/Nx, x̄

ij
t }

20: end for
21: end for
22: Set new θ-weights wi

θ,t ← ˆ︁pθi(yt|y1:t−1)

23: Compute ˆ︁Zi
t(θ

i
t, x

i,1:Nx
t , x̄i,1:Nx

1:t−1 ) as in equation (4.5)

24: Normalize W i
θ,t ∝ wi

θ,t,
∑︁Nθ

i=1 W
i
θ,t = 1

25: Resample index {I it}
Nθ
i=1 from (W i:Nθ

θ,t , Nθ) and set new particle system:

• {θIit , x̄
Ii,1:Nx
t , ˆ︁ZIi

t }
Nθ
i=1

26: Rejuvenation Step (repeat Nr times):
27: for r = 1 to Nr do

• Move the resampled particles {θit, x̄
i,1:Nx

1:t , ˆ︁Zi
t}

Nθ
i=1 ∼ Kt

(︃
{˜︁θit, ˜︁xi,1:Nx

1:t ,
ˆ︁˜︁Zi

t, }
Nθ
i=1, ·

)︃
28: end for
29: end for

4.4 Experimental Setup

In this section, we present two experiments based on the log-returns of the adjusted stock
prices for the Dow Jones 30 constituents. We apply the SMC2 algorithm to estimate the
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posterior distribution p(θ|y1:T ) using the MSV model, as outlined in subsection 3.4.2. Here,
the parameter vector θ includes the following components:

θ = (α, σ2
ϵ , σ

2
η, corrϵϵ, corrηη, corrϵη)

T (4.7)

Rather than directly targeting the elements of the covariance matrices, we focus on
the corresponding correlations and then infer the underlying covariances. Correlations are
restricted to the range between -1 and 1, while covariances are not confined to a specific
range. This focus on correlations enhances the efficiency of the SMC2 algorithm in sampling
within a constrained domain, thereby increasing the algorithm’s stability, especially when
log-return volatility rises and parameter shifts are more significant.

Additionally, we omit the estimation of the cross-leverage effect correlation, meaning we
set (Σϵη)ij = 0, effectively ignoring the covariance between the i-th stock’s return and the
j-th stock’s volatility. By excluding this parameter, we reduce the dimensionality of θ by
one, which speeds up the algorithm without significantly affecting the explanatory power of
the MSV model.

4.4.1 Training Data Preprocessing

Before initiating the SMC2 algorithm, we preprocess the training data of log-returns. First,
we cap and floor outliers in the log-returns using a threshold based on standard deviations.
Specifically, we apply a three standard deviations rule, which assumes that, in a normal
distribution, 99.7% of the data lies within plus or minus three standard deviations from
the mean. Any outliers beyond this range are capped (for upper outliers) or floored (for
lower outliers). The mean and standard deviation are calculated at each time step across
the 30 Dow Jones stocks, and we apply the capping and flooring accordingly. This helps the
SMC2 algorithm to update the posterior p(θ|y1:T ) smoothly over time, preventing degeneracy
in the θ-particles when one or a few stocks exhibit extreme behavior due to stock-specific
micro-events. Every log-return for each stock i at time t, yit, can be floored and capped as
follows:

ȳt =
1

d

d∑︂
i=1

yit, σt =

⌜⃓⃓⎷1

d

d∑︂
i=1

(yit − ȳt)
2 (4.8)

yit ← max(ȳit − 3σt, yit), yit ← min(ȳit + 3σt, yit) (4.9)

where ȳt and σt represent the cross mean and standard deviation respectively at time t across
the d stocks, where in our case d = 30. Equation (4.9) represents capping and flooring the
value yit within the range ȳt ± 3σt, first ensuring it’s no smaller than the lower bound and
then no larger than the upper bound.

Additionally, we standardize the log-returns for each stock, ensuring that each log-return
time series has a mean of zero and a standard deviation of one. This transformation scales
the data without affecting the correlations between variables or time points, and it is a
common preprocessing step in statistical analysis, time series modeling and machine learning,
especially when working with financial data like stock returns. Standardization ensures the
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data is centered and has unit variance, which is crucial for avoiding disproportionate influence
of certain stocks in the MSV model due to varying log-return scales. We observed that,
without standardization, when volatility in log-returns increases unevenly among stocks, the
posterior distribution domain tends to shrink, and degeneracy in the θ-particles becomes
more frequent, leading to potential collapse of the SMC2 algorithm in just a few time steps.
For standardising the log-returns we use the following linear transformation:

zt = D−1(yt − ȳ) (4.10)

where ȳ and D−1 are constants computed by the log-returns training vectors as follows:

ȳ =
1

T

T∑︂
t=1

yt (4.11)

D−1 = diag{ 1
σ1

,
1

σ2

. . .
1

σd

}, σi =

⌜⃓⃓⎷ 1

T

T∑︂
t=1

(yit − ȳi)
2 (4.12)

We recall that yt denotes the d-dimensional log-returns vector, and D−1 is a diagonal d× d
matrix with the reciprocals of the standard deviations along the diagonal, computed indi-
vidually for each stock over time. Using (4.10), once the expected value and covariance of
zt at time t = T + k are known, the corresponding measures for yt can be determined as
follows:

E[yT+k] = ȳ +DE[zT+k], Cov(yT+k) = DCov(zT+K)D (4.13)

4.5 Training SMC2 Algorithm for MSV Model

Before we get in the analysis of the results of the experiments, in this section we discuss
some key points about how we applied SMC2 in the two experiments and the main challenges
faced while we tried to estimate the posterior θ.

4.5.1 Sampling SMC2 Prior

The first step of the SMC2 algorithm involves selecting a number Nθ of θ-particles and sam-
pling them from a prior distribution. These sampled θ-particles are then used to construct
the matrices Σϵϵ, Σηη, and Σϵη. As highlighted in the MSV model in Section 3.4.2, Σϵϵ

and Σηη represent covariance matrices. However, selecting an appropriate prior for θ is not
straightforward. First, the initial θi0 must be chosen such that both Σϵϵ and Σηη are positive
definite. Second, this requirement extends to the matrix Σxt|xt−1,yt−1 , meaning that θi0 must
also enable the later sampling of x-particles from the transition distribution f(xt|xt−1,yt−1)
(see Algorithm 4, line 15). This transition density, as described in equation 3.39, has a
covariance matrix defined as:

Σxt|xt−1,yt−1 = Σηη +ΣηϵΣ
−1
ϵϵ Σϵη (4.14)
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Thus, it is crucial to initialize each θi0 in such a way that not only are Σϵϵ and Σηη positive
definite, but (4.14) also yields a positive definite matrix.

The matrices Σϵϵ and Σηη follow the same algebraic form as equation (A.1) in Appendix
Section A.1. This allows us to apply Corollary 2 in the Appendix to determine the support
of Corrϵϵ and Corrηη, which are respectively

[︁
− 1

d−1
, 1
]︁
. It is important to note that this

support does not depend on the level of variances σ2
ϵ and σ2

η but only on d. This is in
contrast to cases where the support of covariances depends on the level of the corresponding
variances. As a result, sampling correlations becomes independent of sampling the respective
variances, contributing to the stability of the algorithm. This is particularly beneficial during
the rejuvenation step, where good proposal samples are crucial to avoid degeneration and
impoverishment.

However, while sampling θ from the prior or proposals ensures that Σϵϵ and Σηη are posi-
tive definite, it does not guarantee that Σxt|xt−1,yt−1 will also be positive definite. Fortunately,
when Σϵϵ and Σηη are positive definite, approximately 90% of the sampled θi will also pro-
duce a positive definite Σxt|xt−1,yt−1 . Furthermore, since Σxt|xt−1,yt−1 has the same algebraic
form as Σϵϵ, Σ

−1
ϵϵ and Σηη, according to Proposition 1 in the Appendix A.1, we can apply

Corollary 1 and filter out which θi lead to non-positive definite matrices for Σxt|xt−1,yt−1 . To
do this we just check if the diagonal or non diagonal elements of Σxt|xt−1,yt−1 lie out of the
support defined from Corollary 1. The same filter will be used later in the rejuvenation
step, when we need to check if the proposals do not constitute positive definite matrices
for Σxt|xt−1,yt−1 . This gives us the advantage of initializing and sampling θ-particles that
consistently yield positive definite matrices. Particularly in the rejuvenation step, any sam-
pled θ-particles that do not produce positive definite Σxt|xt−1,yt−1 are immediately rejected.
However, as the θ-particles converge to the true posterior distribution, this sampling issue
becomes negligible. Due to the availability of analytical solutions for the covariance eigen-
values, these processes do not incur any substantially additional computational cost for the
SMC2 algorithm as a whole.

Now that we have addressed the primary challenges in selecting suitable θ priors, we
can define the priors and supports for the θ parameters, as shown in (4.7). For σ2

ϵ and
σ2
η, we adopt an inverse gamma IG(1, 1) prior. This distribution has a diffuse tail, which

allows it to take on large values with non-negligible probability, making it ideal for modeling
variances or scales where significant deviations are expected. For corrϵϵ and corrηη, we could
assign uniform priors with support

[︁
− 1

d−1
, 1
]︁
. However, for corrϵϵ, we can further restrict

the support to [0, 1], as stocks are generally expected to be positively correlated. For α, we
assign a uniform prior with support [−1, 1] to ensure stationarity in the MSV model. Finally,
for corrϵη, we assign a uniform prior with support [−1, 1], as there are no specific sampling
restrictions. A synopsis for the θ prior is given in the Table 4.1 below.

4.5.2 Rejuvenation step

As previously mentioned, the success of SMC2 in terms of convergence to the posterior
distribution p(θ|y1:T) heavily relies on the rejuvenation step. This step will be repeated Nr

times before algorithm moves to the next time step t. The primary goal of rejuvenation
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Table 4.1: Summary of θ Priors

θ Parameter Support Prior Distribution

α [−1, 1] Uniform(-1, 1)

σ2
ϵ [0,∞) InverseGamma(1, 1)

σ2
η [0,∞) InverseGamma(1, 1)

corrϵϵ [0, 1] Uniform(0, 1)

corrηη
[︁
− 1

d−1
, 1
]︁

Uniform(− 1
d−1

, 1)

corrϵη [−1, 1] Uniform(-1, 1)

is to promote diversity among the θ-particles and reduce particle degeneracy. In many
applications a degeneracy criterion must be fulfilled so that the rejuvenation step will be
triggered. In the experiments we carried out, in every time step we utilize the rejuvenation
step for more algorithmic stability. The rejuvenation step is outlined in Algorithm 2, but
here, we will delve into more detail regarding the proposal sampling process over time.

Sampling Proposals and Adaptive Step Size

In rejuvenation step there are various proposals one can employ. For example Chopin et al.
(2013) suggests that new particles are proposed using a Gaussian random walk:

θ̃ | θ ∼ N (θ, cΣ̂),

with cΣ̂ being the empirical covariance calculated from the θ-particles and a step size. Al-
ternatively, particles can be independently drawn as

θ̃ ∼ N (µ̂, Σ̂),

with µ̂ being the empirical mean calculated from the existing θ-particles.
In our case, we observed that we can effectively scan the Θ space by employing proposal

for each component of the parameter θ. We will use Gaussian random walks, where each
parameter has its own adaptive step size st at time t. It is crucial for each parameter to have
its own step size at time t, as each one exhibits different scaling and influence as new data
is incorporated. For simplicity, we suppose that θt refers to a scalar parameter here. The
proposal can be represented as follows:

θt̃ = θt + stϵ, ϵ ∼ N(0, 1) (4.15)

where

st =

√︃
1

Nθ

∑︂
(θit − θ̄t)2, θ̄t =

1

Nθ

∑︂
θit (4.16)
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As explained in Section 4.5.1 to produce positive definite Σxt|xt−1, yt−1 and to ensure we are
always sampling efficiently within the appropriate support for each parameter, we employ
transformed random walks. Therefore, for the proposals of σ2

ϵ and σ2
η, we use transformed

random walks on a log scale, as outlined in equation 3.46 in Section 3.5.1. For parameters
constrained within [a, b], the proposals follow transformed random walks on a logit scale, as
follows:

θ̃t =
b exp(Zt)− a

exp(Zt) + 1
, (4.17)

Zt = log(θt − a) + log(b− θt) + stϵ, ϵ ∼ N(0, 1). (4.18)

In all instances, the acceptance ratio must be properly adjusted for the Jacobian. A summary
of the θ sampler, including the Jacobian adjustments and the simplifications arising from
the symmetric proposal distributions, is presented in Table 4.2 below.

Table 4.2: Summary of θ Samplers and Jacobians

θ Parameter Support Sampler
q(θ|θ̃)
q(θ̃|θ)

α [−1, 1] Logit
(α̃+1)(1−α̃)
(α+1)(1−α)

σ2
ϵ [0,∞) Log

σ2
ϵ
˜

σ2
ϵ

σ2
η [0,∞) Log

σ2
η
˜

σ2
η

corrϵϵ [0, 1] Logit
˜︃corrϵϵ(1−˜︃corrϵϵ)
corrϵϵ(1−corrϵϵ)

corrηη
[︁
− 1

d−1
, 1
]︁

Logit
(˜︃corrηη+ 1

d−1 )(1−˜︃corrηη)
(corrηη+

1
d−1 )(1−corrηη)

corrϵη [−1, 1] Logit
(˜︃corrϵη+1)(1−˜︃corrϵη)
(corrϵη+1)(1−corrϵη)

Rejuvenation Algorithm

Following all the above discussion we can now represent a single rejuvenation step suitable
for the MSV model as in Algorithm 5, which is part of Algorithm 4 in lines 26 - 28.
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Algorithm 5 Rejuvenation Step

At time t:
Input: Current particle system (θit, ˆ︁Zi

t , x̄
i,1:Nx

1:t )
for i = 1 to Nθ do

• Sample Nθ proposals θt̃
i
according to Table 4.2

if θt̃
i
does not constitute Σϵϵ, Σηη, and Σxt|xt−1,yt−1 positive definite then

Leave (θit, ˆ︁Zi
t , x̄

i,1:Nx

1:t ) unchanged
else

• Run a PF to get (
ˆ︁˜︁Zi

t, ˜︁xi,1:Nx

1:t ) for ˜︁θit
• Calculate acceptance probability:

α = min

⎛⎝1,
ˆ︁˜︁Zi

t(
˜︁θit)p(˜︁θit)q(θit|˜︁θit)ˆ︁Zi

t(θ
i
t)p(θ

i
t)q(˜︁θit|θit)

⎞⎠
• if u ∼ U(0, 1) < α then

• Accept the proposal: (θit, ˆ︁Zi
t , x̄

i,1:Nx

1:t )← (˜︁θit, ˆ︁˜︁Zi

t, ˜︁xi,1:Nx

1:t )

• else

• Reject the proposal, leave (θit, ˆ︁Zi
t , x̄

i,1:Nx

1:t ) unchanged.

• end if

end if
end for
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4.5.3 Residual Resampling

In SMC2, resampling is a key step that occurs at different phases of the algorithm, either
within the IBIS procedure or during the rejuvenation phase. As previously mentioned, we
perform resampling consistently across our applications, without using a threshold criterion.
Various resampling methods are available (Douc & Cappé 2005), and in our experiments,
we found that residual resampling (Beadle & Djuric 1997) performs effectively.

The primary advantage of residual resampling in particle filtering is its efficiency in mit-
igating sample degeneracy while reducing randomness. By assigning deterministic copies
of particles based on the integer part of their weights, residual resampling decreases the
variability in the process. This reduction in variance helps achieve a more accurate repre-
sentation of the underlying probability distribution. Particles with higher weights receive
a proportionally greater number of deterministic copies, ensuring that the most probable
states are better represented, which enhances the quality of the particle set. This approach
also avoids discarding high-weight particles, a common issue in purely random resampling
techniques. A basic structure of the residual resampling process is outlined in Algorithm 6.

Algorithm 6 Residual Resampling

1: Input: Particle weights w = [w1, w2, . . . , wN ]
2: Initialize an empty list resampled indices
3: for each particle i from 1 to N do
4: Calculate the deterministic copies: ci = ⌊wi ·N⌋
5: Add ci copies of particle i to resampled indices
6: Calculate the residual weight: ri = wi ·N − ci
7: end for
8: Normalize the residual weights: rĩ =

ri∑︁N
j=1 rj

9: Determine the number of remaining particles needed:

• Let M = N −
∑︁N

i=1 ci be the number of particles still needed

10: Draw M samples from the multinomial distribution with probabilities given by the nor-
malized residual weights r̃i:

O = (O1, O2, . . . , ON) ∼ Multinomial(M, (r̃1, r̃2, . . . , r̃N))

where Oi represents the number of times particle i is selected.
11: Update and Return the list resampled indices

4.6 Applications

The experiments are conducted in a similar setting to those in Chapter 3, but here we
use only stochastic volatility estimators derived from the MSV model. Additionally, for
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comparison we employ both the LW shrinkage approach (Ledoit & Wolf 2004a) and the
sample covariance matrix when feasible.

The selection of the SMC2 algorithm for the MSV model was driven by the need to si-
multaneously estimate both parameters and latent states in a high-dimensional, non-linear
system. Compared to traditional MCMC approaches, SMC2 offers better scalability in se-
quential settings and allows for online updating of the posterior distribution. The inclusion
of adaptive step sizes, rejuvenation steps, and reparametrization ensures stability and com-
putational efficiency, particularly for covariance structures like Σϵϵ and Σxt|xt−1,yt−1 . These
properties are critical in financial applications, where rapid shifts in market conditions re-
quire responsive models. The design choices in Table 4.3 reflect a practical balance between
convergence quality and computational cost, enabling consistent performance across different
datasets and portfolio horizons.

The main objective is to determine the optimal allocation wT+K across 30 stocks. The
steps we follow are as follows:

• Process training data set from y1:T to z1:T .

• Estimate posterior distribution p(θ|z1:T ) using SMC2.

• Simulate 10,000 paths for K future time steps, acquire z1:10000T+1:T+K , and calculate bothˆ︃Cov(zT+k) and ˆ︁E[zT+k].

• Bring simulated data set from z1:10000T+1:T+K → y1:10000
T+1:T+K , using (4.10).

• Calculate both ˆ︃Cov(yT+k) and ˆ︁E[yT+k] via (4.13).

• Apply these estimators to the cost function to find the optimal stock allocation wT+K .

• Compute performance metrics and compare the results.

In this analysis, we use only two cost functions, specifically equations (3.1b) and (3.3b).
Short selling is not allowed, and each stock’s allocation is capped at 10%.

To initialize SMC2 algorithm, we must predefine the number of particles for Nθ and Nx

as well as the number of rejuvenation steps Nr. The specific values used in all experiments
are listed in Table 4.3:

Application 1 Application 2

Number of θ-particles Nθ = 5000 Nθ = 4000

Number of x-particles Nx = 1000 Nx = 1000

Number of of rejuvenation steps Nr = 3 Nr = 3

Table 4.3: Setting the number of particles and rejuvenation steps for SMC2

per application.
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4.6.1 Case Study 1

In this chapter we train one data set that spans from from 04/01/2013 to 30/09/2013. The
data set consists of the log-returns for each stock that is a member of Dow Jones 30. The
log-returns are calculated every three days, resulting in 61 data points. Having estimated θ
for the whole time span, we use the trained subsets of the first 15, 30, 45, and 61 data points
and we run simulations to calculate the out-of-sample portfolio P&L over a forward period
of 15 time points (approximately two months and a week). According to the methodology
discussed in section 4.4.1, the underlying data set with the preprocessing is represented in
Figure 4.1.

(a) Standardization per stock after capping
and flooring.

Figure 4.1: Dow Jones 30 stock three-days log-returns, from 04/01/2013 to 30/09/2013

Prior Illustration

By sampling θi1 (line 1 in algorithm 4) according to the priors outlined in table 4.1, we
ensure positive definite covariance matrices Σϵϵ, Σηη, and Σxt|xt−1,yt−1 , resulting in the prior
histograms shown in Figure 4.2. One can observe that corrϵϵ and corrηη priors despite of
following uniform distributions, they are right skewed due to the filter applied on sampling
for positive definite covariance matrices.

Estimating p(θ|z1:T ) Sequentially in Time

Since we initialize the prior on θ, we sequentially use the training data z1:T over time to
estimate the final posterior distribution p(θ|z1:T ). For instance in Appendix B, Section D.1
shows how the posterior of σ2

ϵ converges over time. Here, we observe some key behaviors of
the SMC2 algorithm in this applied context using Figure 4.3:

• Convergence Speed: The algorithm converges efficiently. By time t = 8, the Θ-space
has already narrowed significantly, and the posterior appears close to convergence.
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(a) α prior (b) corrϵϵ prior (c) corrϵη prior

(d) corrηη prior (e) σ2
ϵ prior (f) σ2

η prior

Figure 4.2: θ Prior

• Smooth Progression: The algorithm moves smoothly as long as there are no sub-
stantial jumps in stock prices.

• Response to Large Price Jumps: When substantial price jumps occur, the algo-
rithm takes several steps to recalibrate. For instance, at t = 39 a significant downward
stock price shift temporarily destabilizes the algorithm, causing minimal particle de-
generacy. It takes approximately three time steps for the algorithm to regain stability.
In such situations, increasing the number of rejuvenation steps might be necessary
until the price action normalizes. In our case, no such adjustment was required.

SMC2 Diagnostics

Continuous monitoring of the algorithm’s ”health” at each time step is crucial for diagnosing
potential issues and applying corrective measures to counteract particle impoverishment and
degeneracy. Below, we outline the diagnostics used to track the algorithm’s progress.

• θ Posterior Histograms: Sequential examination of histograms for one or more θ
parameters, as illustrated in Section D.1.

• θ-Particles Scatter Plots: Scatter plots of θ-particles provide insight into their
movement before and after rejuvenation steps. Ideally, particles should diverge from
the 45-degree line between these steps. An example of this behavior is shown in Figure
4.4, depicting particle deviation at time t = 5 before and after the rejuvenation step.
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(a) Histogram σ2
ϵ , t = 1 (b) Histogram σ2

ϵ , t = 8

(c) Histogram σ2
ϵ , t = 39 (d) Histogram σ2

ϵ , t = 43

Figure 4.3: Sequential Posterior Estimation of σ2
ϵ , at time t = 1, 8, 39, 43
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• Acceptance Ratio & Adaptive Step Size: The acceptance ratio is a widely rec-
ognized metric indicating the algorithm’s progress during rejuvenation steps. It rep-
resents the percentage of proposals accepted in a single rejuvenation step, as outlined
in Algorithm 5. Figure 4.5 illustrates the acceptance ratio (blue-dashed line) during
the last rejuvenation step alongside the adaptive step size for each parameter. When
the acceptance ratio remains within 0.25-0.6, the algorithm operates effectively. Ratios
below 0.25 signal potential particle degeneration, and sustained values under 0.20 can
lead to severe algorithmic issues. For instance, at time t = 39, when a stock price jump
occurs, the acceptance ratio drops sharply from approximately 0.6 to 0.2. Fortunately,
as the algorithm adapts, the acceptance ratio improves. Another observation is that
as the algorithm converges, the step size per parameter decreases. However, the σ2

ϵ

parameter demonstrates sensitivity to heightened stock price volatility, as expected,
given its role in modeling market volatility.

• Number of Proposals Yielding Positive Definite Matrices for Σϵϵ, Σηη, and
Σxt|xt−1,yt−1 : In Algorithm 5, we continuously track the number of proposals that result
in positive definite underlying matrices. Ideally, this number should increase as the
algorithm progresses. Figure 4.6 illustrates that, initially, 4700 out of 5000 propos-
als yield positive definite matrices. However, within a few time steps, this number
approaches nearly 5000, with minor fluctuations observed subsequently.

• Effective Sample Size (ESS): ESS quantifies the extent of weight degeneracy within
the particle set and indicates the number of particles effectively contributing to the
posterior distribution and is defined as:

ESS =
1∑︁N

i=1W
2
i

, (4.19)

N is the total number of particles and Wi is the normalized weight of the ith particle,
such that

∑︁N
i=1Wi = 1. A low ESS suggests that a small number of particles dominate

the weight distribution.
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(a) α (b) corrϵϵ (c) corrϵη

(d) corrηη (e) σ2
ϵ (f) σ2

η

Figure 4.4: θ-particles scatter plots before and after rejuvenation steps at time t = 5.

Figure 4.5: Acceptance ratio, contrasting adaptive step size per θ parameter
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Figure 4.6: Number of particles that constitute positive definite Σxt|xt−1,yt−1
matrices.

Predicted Credible Intervals and Realized P&Ls

As outlined in the introduction of Section 4.6, following the computation of the SMC2 results,
we obtain the realized P&L trajectories and forecast credible intervals (CI) for the optimal
portfolios wT+K under the two cost functions for each training dataset. Additionally, we
derive the respective distributions of the terminal values PLT+K and annualized Sharpe
Ratios SRT+K for the MSV optimal portfolio when $1 is invested, as described in Chapter 3.
The visualizations corresponding to each dataset and cost function are collectively presented
in the figures located in Appendix D.3.

For example, using the first 15 data points as the training set, Figure 4.7a illustrates the
realized P&L trajectory of the optimal portfolio under the global minimum variance cost
function, as defined in (3.1b), utilizing the MSV and Ledoit-Wolf covariance estimators. In
Appendix D.3, the realized P&L trajectory derived from the empirical covariance is also
provided for the remaining datasets.

Regarding the CI, a P&L cloud comprising 10,000 simulated P&L trajectories is generated
based on the MSV optimal allocation wT+K . This P&L cloud is depicted in Figure 4.7b,
alongside the realized P&L trajectories of the MSV optimal portfolio and the Dow Jones
index, assuming $1 is invested in each. From these simulated trajectories, the distributions
of the terminal values and Sharpe Ratios for the MSV optimal portfolio, projected 15 days
ahead, are derived. These distributions are visualized in Figures 4.7c and 4.7d.

Finally, Figure 4.7d showcases the optimal stock allocations for the MSV and Ledoit-
Wolf estimators. The overall performance metrics are summarized in Table 4.4, in a manner
consistent with the discussions in Chapter 3.

67



(a) out of sample realized P&L trajectory (b) credible interval forecast

(c) $1 P&L distribution forecast (d) SR distribution forecast

(e) optimal allocation

Figure 4.7: Global minimum variance optimal portfolio results when the first 15 data points are
trained and calculate the out-of-sample P&L over a forward period of 15 time points.
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Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 31.12 7.51 4.14 - -

lw global 52.15 6.19 8.42 0.20 42.10

msv global 42.74 5.22 8.19 0.25 32.76

lw meanvar 52.17 6.26 8.34 0.20 41.70

msv meanvar 47.89 5.27 9.09 0.24 37.88

Table 4.4: First 15 data points training set, fifteenth out-of-sample optimal portfolio realized
performance.

4.6.2 Case Study 2

For the second experiment, the dataset spans from 04/01/2013 to 31/12/2013 and is di-
vided into four quarterly periods: 04/01/2013 to 29/03/2013, 01/04/2013 to 31/06/2013,
01/07/2013 to 30/09/2013, and 01/10/2013 to 31/12/2013. Here, the algorithm is trained
independently for each quarter, and after estimating θ, we forecast the portfolio P&L for
the following quarter. As in the first experiment, the log-returns are computed every three
days, so each quarter consists of roughly 21 data points. The post-processed data set for
each quarter is represented in Figure 4.8.

In Appendix E.2, we provide a comprehensive presentation of all P&L results for each
quarter. In this section, we briefly showcase selected diagnostics and P&L results related
to the dataset from the third quarter. Figure 4.9 displays three diagnostic sub-figures.
The first sub-figure illustrates the number of proposals yielding positive definite Σxt|xt−1,yt−1

matrices during the rejuvenation step. Notably, after period t = 8, almost all proposals meet
the positive definiteness criterion. The second sub-figure depicts the ESS observed during
training, while the third sub-figure demonstrates a smooth upward trend in the acceptance
ratio and rapid convergence of step sizes. Together, these results confirm that the sampling
methodology developed and implemented in the rejuvenation step ensures high-quality θ
proposals and efficient convergence to the posterior distribution.

Finally, Figure 4.10 and Table 4.5 present the P&L results obtained after training the
third quarter dataset, following a format consistent with the approach described in Case
Study 1.

Empirical Substantiation: The performance claims made in this chapter are supported
by detailed diagnostics and quantitative results. In Case Study 1, for example, the MSV
model under the mean-variance cost function achieves a Sharpe Ratio of 9.09, significantly
outperforming the Dow Jones benchmark at 4.14, as shown in Table 4.4. Additionally, the
realized P&L trajectories and credible intervals in Figure 4.7 demonstrate the predictive
accuracy of the MSV-based approach, with actual portfolio returns consistently lying within
the forecast bounds. Case Study 2 further supports these findings, where despite increased
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volatility in Q3, the MSV model delivers a Sharpe Ratio of 3.16, close to the best-performing
Ledoit-Wolf model (3.17), and within more stable credible bounds (Figure 4.10). These
results affirm the reliability of MSV-based forecasts in both stable and moderately volatile
environments.

(a) First quarter (b) Second quarter

(c) Third quarter (d) Fourth quarter

Figure 4.8: Standardization per stock after capping and flooring for each quarter.
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(a) Number of particles that constitute positive
definite Σxt|xt−1,yt−1

matrices (b) Effective Sample Size

(c) Acceptance ratio, contrasting adaptive step
size per θ parameter

Figure 4.9: Third quarter training diagnostics.
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(a) out of sample realized P&L trajectory (b) credible interval forecast

(c) $1 P&L distribution forecast (d) SR distribution forecast

(e) optimal allocation

Figure 4.10: Global minimum variance optimal portfolio results when the third quarter data
points are trained and calculate the out-of-sample P&L over a forward period of 21 time points.

72



Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 34.9 11 3.17 - -

lw global 32.8 9.87 3.32 0.27 12.3

msv global 29.85 10 2.99 0.31 9.65

lw meanvar 32.16 10.14 3.17 0.27 11.74

msv meanvar 33.01 10.44 3.16 0.29 10.9

Table 4.5: Third quarter training set, 21 periods out-of-sample optimal portfolio realized perfor-
mance.

4.7 Conclusions

In this chapter, we presented a methodology to train the SMC2 algorithm for estimating
covariance and expected returns within the Bayesian framework for the MSV model. These
estimators were applied to the defined cost functions, and we utilized multiple datasets,
based on Dow Jones stocks, to construct optimal portfolios. Additionally, we employed the
Ledoit-Wolf and empirical estimators to derive their respective optimal portfolios.

In our preliminary investigation we found that naive implementation of SMC2 to MSV was
too inefficient to be a realistic option in practice. The primary contribution of this chapter
is that reparametrizing on θ and leveraging the structure of the Σ matrix, we enhanced the
robustness, efficiency and performance of SMC2.

In particular, Corollary 1 acts as a cornerstone to sample θ from the prior and generate
proposals during the rejuvenation step. This ensured that Σϵϵ, Σηη, and Σxt|xt−1,yt−1 were
positive definite matrices; a critical requirement for sampling x-particles. The details are
in Appendix A, where using careful linear algebra we can significantly expedite computa-
tions, particularly for incremental likelihoods ˆ︁pθi(yt|y1:t−1), which are frequently evaluated
within SMC2. In the rejuvenation step, having reparametrized θ, we managed to restructure
all samplers to efficiently explore the Θ-space. We also implemented adaptive step sizes,
which ensured qualitative proposals and maintained the acceptance ratio within the range
[0.23, 0.6]. This was crucial to mitigating particle degeneracy and impoverishment. Finally,
leveraging the results in Appendix A, we successfully vectorized portions of the SMC2 algo-
rithm. This included simultaneous sampling of all θ and x-particles, as well as concurrent
computation of x-weights for each θ-particle. These optimizations greatly reduced compu-
tational overhead and improved the algorithm’s stability.

In conclusion, all the estimators exhibited strong performance, frequently outperforming
the Dow Jones index, as demonstrated by the collective P&L tables and figures. Additionally,
the MSV model provides a significant advantage: the ability to generate credible intervals
for the future performance of the optimal portfolio’s P&L. This feature is highly valuable for
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practitioners, enabling effective and continuous risk management over time. However, this
advantage comes at the expense of increased computational cost.

The datasets used in this chapter are derived from Dow Jones 30 stocks over the year 2013,
a period of relatively stable market conditions. While this provides a reliable benchmark
for performance evaluation, it also limits the generalizability of the results. The conclusions
drawn may not directly apply to markets characterized by higher volatility, structural breaks,
or reduced liquidity. For instance, emerging markets or alternative asset classes such as bonds
or commodities may exhibit different statistical properties that challenge the assumptions
embedded in the MSV model and the SMC2 algorithm. Future studies should aim to test
the robustness of the methodology under diverse economic scenarios, including crisis periods,
regime changes, and cross-asset settings.
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Chapter 5

Conclusions & Future Work

5.1 Conclusions

This study investigates portfolio optimization, employing advanced statistical and computa-
tional methodologies to improve risk management and investment outcomes. By leveraging
empirical analysis with Dow Jones stocks, it introduces innovative approaches to estimating
covariance matrices and expected returns, applying both frequentist and Bayesian meth-
ods. A significant focus is placed on enhancing the SMC2 algorithm within the Bayesian
framework of the Multivariate Stochastic Volatility (MSV) model.

The research demonstrates that the largest covariance eigenvalues of stock returns spike
during transitions from bull to bear markets. This characteristic enables classification of
market conditions using machine learning techniques such as supervised or reinforcement
learning. These models empower investors to adapt their portfolios, hedging against potential
downturns through adjustments to portfolio Beta and strategic short positions in index
futures.

Efficient estimation methods are explored, with frequentist approaches such as empiri-
cal covariance approximations and the Ledoit-Wolf estimator showing strong performance.
These methods yield more sparse portfolios with concentrated allocation weights, making
them computationally efficient but less diversified, which can pose challenges for risk man-
agement. Bayesian methods, while computationally intensive due to MCMC calibration,
provide better diversification and predictive accuracy, offering credible intervals for future
portfolio performance.

The study adapts the SMC2 algorithm for the MSV model, addressing initial inefficiencies
through reparametrization and optimization of the Σ matrix structure. These enhancements
improve robustness and computational efficiency, ensuring positive definiteness of key ma-
trices and facilitating efficient sampling. Further optimizations include adaptive step sizes
and vectorization, enabling parallel processing and reducing computational overhead.

Portfolios constructed using these methods consistently outperform the Dow Jones in-
dex, as demonstrated through P&L metrics and visual comparisons. The Bayesian models
provide the added benefit of generating credible intervals for future portfolio performance,
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supporting effective risk management. However, this advantage is accompanied by increased
computational costs.

This work bridges theoretical advancements and practical applications, presenting a spec-
trum of tools for portfolio optimization tailored to different investor needs and computational
constraints. The integration of SMC2 with novel optimization techniques establishes a foun-
dation for future research aimed at developing more efficient and scalable models, advancing
both academic understanding and practical portfolio management.

5.2 Future Work

In addition to the cost functions explored in this work, future research could investigate
alternative cost functions that directly target the control of diversification or aim to maximize
expected returns.

For instance, the mean-variance model often encounters challenges, particularly when
short selling is permitted. The optimal solution vector w∗ may include elements wi that
are disproportionately larger than others, leading to allocations concentrated in a few stocks
and violating the principle of diversification. To address this, a regularization term can be
introduced to the objective function:

w∗ = argmin
w

wTΣw− λf(w), (5.1)

where λ is a regularization factor determined through cross-validation, penalizing large wi

values to smooth the allocation. Larger λ values impose stronger regularization. Different
forms of f(w) have been proposed (Bishop 2006):

• f(w) = ∥w∥1 =
∑︁d

i=1 |wi| (Lasso)

• f(w) = ∥w∥22 =
∑︁d

i=1w
2
i (Ridge)

Ridge regression reduces the magnitude of wi, while Lasso produces sparse solutions. The
role of such regularization in high-dimensional portfolios has been discussed by Gandy &
Veraart (2013), and future work could extend these models with numerical optimization
techniques, constraining the norms to specified thresholds (DeMiguel et al. 2009).

Another promising direction comes from Lai et al. (2011), who demonstrated the potential
to directly maximize the expected portfolio return while penalizing portfolio variance:

w∗ = argmax
w

E(wT rt+1)− λVar(wT rt+1), (5.2)

where rt+1 is the vector of stock returns at time t+1, which are not necessarily independent
or identically distributed. This approach aligns with methods in control theory (Zhou & Li
2000). Equation (5.2) can also incorporate a regularization term as in (5.1).

Model performance depends heavily on the chosen training and testing datasets, posing
challenges for generalizing conclusions. A combined investment strategy could allocate initial
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wealth based on model performance, while optimizing individual allocations. Such a strategy
would operate sequentially, using metrics such as the Sharpe Ratio, historical predictions,
portfolio diversity, and drawdown statistics to dynamically update weights as new data
becomes available.

For frequentist methods, updating estimates with new data is straightforward. However,
for volatility models, sequential Bayesian learning remains complex (Kantas et al. 2015).
A potential extension could involve combining models via a particle method algorithm,
assigning wealth to portfolios constructed from various models and cost functions. Weights
could be computed using a Softmax function of performance metrics, and the resampling-like
process would probabilistically allocate wealth. Outputs of the SMC2 method could serve
as inputs to this particle-based allocation algorithm.

Finally, while some models may exhibit superior P&Ls, the most promising direction is
developing a model capable of generating hedging signals during the investment horizon.
Such a model would partially or fully hedge the portfolio when the market shifts to bearish
momentum. The portfolio itself could be treated as an asset, with its log-returns modeled
using a stochastic volatility framework like that in Section 3.4.1 (3.25). Using SMC2, poste-
rior parameter distributions could reveal, in real time, the need for hedging and its intensity.
Simulations could explore transitions from bullish to bearish returns, identifying behavior in
posterior distributions that signal when hedging should commence.
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Appendix A

Σ Matrix

A.1 Preliminaries

Here we are going to derive some important results, which are crucial in the MSV models.
These results are used to greatly accelerate computations, when we calculate the likelihoodˆ︁p(y1:T |θ), to derive prior samples and proposals in the rejuvenation step efficiently. Let’s
consider the symmetric matrix Σ of dimension d that on and off the main diagonal lie the
elements a and b respectively.

Σ = bMd + (a− b)Id =

⎛⎜⎜⎜⎜⎜⎜⎝
a b · · · b

b a · · · b
...

...
. . .

...

b b · · · a

⎞⎟⎟⎟⎟⎟⎟⎠ . (A.1)

Here Md is a d dimensional matrix where every entry is equal to one and Id is the d di-
mensional identity matrix. Σ is a linear combination of matrices Md and Id. Additions and
multiplications among matrices of this type, also return matrices that are linear combina-
tions of Md and Id. This is due to the fact that Md to the power of n is a linear function
of Md, that is Mn

d = dn−1Md. Further more, any matrix multiplication and summation
among matrices that have the algebraic representation of (A.1) will return a matrix that has
exactly the same algebraic representation. Taking advantage of this particular property, in
the following paragraphs we define a number of analytical formulas that we are interested
in.

Proposition 1. Let
A = {A ∈ Rd×d : aMd + bId} (A.2)

for some a, b ∈ R. Then if Σ ∈ A, α ∈ R and B ∈ A, we have that αΣ ∈ A and ΣB ∈ A.

Proof. The first statement is obvious from the definition of A. For the second statement,
note that M2

d = dMd and the result follows.

78



A.2 The eigenvalues of Σ and their support

Proposition 2. Let Σ ∈ A, the Σ matrix has d eigenvalues, from which there exist one
unique and d− 1 identical eigenvalues given from the following equations respectively:

λ1 = a+ (d− 1)b

λ2 = a− b
(A.3)

Proof. Starting from the characteristic equation of Σ we have: det(Σ − λI) = 0. Then
making use of equation (A.1) we get:

det(bMd + (a− b)Id − λId) =

det(bMd + (a− b− λ)Id) =

(a− b− λ)d det(
b

a− b− λ
Md + Id) =

(a− b− λ)d det(iiT + Id) =

(a− b− λ)d(iT i+ 1) =

(a− b− λ)d(
db

a− b− λ
+ 1) =

(a− b− λ)d−1(db+ (a− b− λ)) =

(a− b− λ)d−1(a+ (d− 1)b− λ) =

λ1λ
d−1
2 = 0.

where in third equality we set i a d-dimensional column vector where each element equals to√︂
b

a−b−λ
and then we made use of Sylvester’s determinant theorem.

Concluding that the characteristic equation has one root λ1 = a + (d − 1)b and d − 1
identical roots λ2 = a− b

Corollary 1. The matrix Σ is positive definite if and only if a > b and b ∈
[︁
− a

d−1
, a
]︁
.

Proof. According to Proposition 2, Σ possesses one eigenvalue λ1 and d− 1 instances of the
eigenvalue λ2. Therefore, Σ is positive definite if both eigenvalues are positive, which implies
that b ∈

[︁
− a

d−1
, a
]︁
and vice versa.

Corollary 2. If Σ represents a covariance matrix of a vector y, then all the random variables
yi that are elements of vector y have common marginal variance Var(yi) = a, covariance
Cov(yi, yj) = b and correlation Corr(yi, yj) = b

a
for i ̸= j. Moreover it is a ∈ [0,∞],

b ∈
[︁
− a

d−1
, a
]︁
and Corr(yi, yj) ∈

[︁
− 1

d−1
, 1
]︁

Proof. The proof follows since Σ ∈ A
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A.3 Inverting Σ

Theorem 1. Let Σ = bMd + (a− b)Id then Σ−1 is given by:

Σ−1 =
−b
λ1λ2

Md +
1

λ2

Id , (A.4)

where the λ1 and λ2 are the two distinct eigenvalues of Σ, given from (A.3).

Proof. Suppose Σ−1 has a similar structure as the one of Σ matrix and we can write Σ−1 as
a linear combination of matrices Md and Id.

Σ−1 = x1Md + x2Id , (A.5)

where x1 and x2 are unknown scalars that need to be computed. We require ΣΣ−1 = Id,
substituting we get:

(bMd + (a− b)Id)(x1Md + x2Id) = Id.

Making use of M2
d = dMd we have:

(dbx1 + bx2 + (a− b)x1)Md + (a− b)x2Id =

[((d− 1)b+ a)x1 + bx2]Md + (a− b)x2Id.

Setting ((d− 1)b+ a)x1 + bx2 = 0, (a− b)x2 = 1 and solving for x1 and x2, we find:

x1 =
−b

(a+ (d− 1)b)(a− b)
=
−b
λ1λ2

,

x2 =
1

a− b
=

1

λ2

A.4 The determinant of Σ

Theorem 2. The determinant det(Σ) of matrix Σ has an analytical formula given by:

det(Σ) = λ1λ
d−1
2 , (A.6)

where the λ1 and λ2 are the two distinct eigenvalues of Σ, given from (A.3).

Proof. Plugging (A.1) in determinant we get:

det(Σ) = det(bMd + (a− b)Id) = (a− b)d det(
b

a− b
Md + Id).

Set i a d-dimensional column vector where each element equals to
√︂

b
a−b

, we can write the

above equation as:
(a− b)d det(iiT + Id).
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Making use of Sylvester’s determinant theorem, we get:

(a− b)d(iT i+ 1)

= (a− b)d(
d∑︂

i=1

b

a− b
+ 1)

= (a− b)d(
db

a− b
+ 1)

= (a− b)d−1(a+ (d− 1)b) = λ1λ
d−1
2 .

A.5 Cholesky decomposition of Σ

The lower triangular matrix Ld, which is part of d × d dimensional matrix Σd Cholesky’s
decomposition

Σd = LdL
T
d (A.7)

must have the following representation:

Ld =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l1 · · · 0 0 0 0

x1 l2 · · · 0 0 0

x1 x2 l3 · · · 0 0

x1 x2 x3 l4 · · · 0
...

...
...

...
. . .

...

x1 x2 x3 x4 · · · ld

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A.8)

This form denotes that all the elements under the diagonal element for each column of L
are equal. This comes from the fact that all the elements of the Σ matrix that lie off the
diagonal are equal to b. Also, the lower triangular matrix Ld−1 of d− 1× d− 1 dimensional
matrix Σd−1 has the representation

Ld−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

l1 · · · 0 0 0 0

x1 l2 · · · 0 0 0

x1 x2 l3 · · · 0 0

x1 x2 x3 l4 · · · 0
...

...
...

...
. . .

...

x1 x2 x3 x4 · · · ld−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (A.9)
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Ld−1 matrix has the same elements as that of Ld if we eliminate the last row and column.
Taking into account this representation, we can state the following theorem:

Lemma 1. In the Cholesky decomposition, for the d× d dimensional matrix Σd, the matrix
Ld is defined as a lower triangular matrix where its elements are typically defined:

Lij =

⎧⎪⎪⎨⎪⎪⎩
√︂

(a− b)(1 + b
a+(i−2)b

), if i = j

1
lj

(︁
b− xT

j−1xj−1

)︁
, if i > j

0, if i < j

where xj−1 denotes the column vector xj−1 =
[︂
x1 x2 . . . xj−1

]︂T
for j ≥ 2 and x1 =

b
l1
.

Proof. From Theorem 2 we know that:

det(Σd) = det(LdL
T
d ) =

(︄
d∏︂

i=1

li

)︄2

. (A.10)

We deduce that

l2d =
det(Σd)

det(Σd−1)
= (a− b)

(︃
1 +

b

a+ (d− 2)b

)︃
. (A.11)

Recursively we calculate all the diagonal elements as:

Lii =
√︂

l2i =

√︄
(a− b)

(︃
1 +

b

a+ (i− 2)b

)︃
(A.12)

For elements below the main diagonal based on (A.7), we get:

l1x1 = b

x2
1 + l2x2 = b

x2
1 + x2

2 + l3x3 = b

· · ·
x2
1 + x2

2 + · · ·+ x2
n−1 + lnxn = b.

Setting xj−1 =
[︂
x1 x2 . . . xj−1

]︂T
, we deduce that:

Lij = xj =
1

lj

(︁
b− xT

j−1xj−1

)︁
(A.13)
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Appendix B

Chapter 2 Appendix

B.1 Average Frobenius Error for Covariance, Precision

Estimation

Average Frobenius error for covariance matrix esti-
mation over 500 independent runs using simulated
data representative of DJ30 with Student-t returns.

Average Frobenius error for precision matrix estima-
tion over 500 independent runs using simulated data
representative of DJ30 with Student-t returns.

Figure B.1: Performance comparison of covariance and precision matrix estimators (Sample co-
variance, Ledoit-Wolf, and Factor Model) when returns follow a Student-t distribution. Eigenvalues
greater than one are used for PCA and precision estimators. Simulated DJ30 data is divided into
22 periods, each with 176 sampled returns. Covariance is estimated using the first 88 vectors;
Frobenius error is evaluated using the remaining 88 vectors.
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Boxplots of Frobenius error for covariance matrix estimation using simulated DJ30
data from a multivariate t-distribution with 3 degrees of freedom.

Boxplots of Frobenius error for covariance matrix estimation using simulated DJ30
data from a multivariate t-distribution with 3 degrees of freedom.

Figure B.2: Comparison of Frobenius error distributions for covariance matrix estimation methods
(Sample covariance, Ledoit-Wolf, and Factor Model) using boxplots. Simulated DJ30 data is derived
from a multivariate t-distribution with 3 degrees of freedom, and the eigenvalues greater than one
are used for PCA and precision estimators.
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Boxplots of Frobenius error for precision matrix estimation using simulated DJ30 data
from a multivariate t-distribution with 3 degrees of freedom.

Boxplots of Frobenius error for precision matrix estimation using simulated DJ30 data
from a multivariate t-distribution with 3 degrees of freedom.

Figure B.3: Comparison of Frobenius error distributions for precision matrix estimation methods
(Sample covariance, Ledoit-Wolf, and Factor Model) using boxplots. Simulated DJ30 data is derived
from a multivariate t-distribution with 3 degrees of freedom, and the eigenvalues greater than one
are used for PCA and precision estimators.
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Appendix C

Chapter 3 Appendix

C.1 ISV Model Results

C.1.1 ISV Model Apple Stock MCMC Chains

Param. α Param. β

Param. r Param. ρ

Param. σ2

Figure C.1: Trace plots for ISV Model parameters θ (Apple MCMC chain results): α, β, r, ρ, σ2.
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C.1.2 ISV Model Apple Stock MCMC Autocorrelations

Parameter α Parameter β

Parameter r

Parameter ρ Parameter σ2

Figure C.2: MCMC chain autocorrelations for ISV Model parameters θ (Apple Stock).
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C.1.3 ISV Model Apple Stock θ Posterior Distribution

Parameter α Parameter β

Parameter r Parameter ρ

Parameter σ2

Figure C.3: Marginal posterior distributions of ISV Model parameters θ (Apple Stock). Param-
eters include α, β, r, ρ, and σ2.
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C.1.4 ISV Model P&L With Credible Intervals

Minimize global variance without boundaries,
(3.1a) Minimize global variance with boundaries, (3.1b)

Maximize expected return without boundaries,
(3.2a)

Maximize expected return with boundaries,
(3.2b)

Minimize variance for a fixed return with bound-
aries, (3.3a)

Minimize variance for a fixed return without
boundaries, (3.3b)

Figure C.4: P&L clouds from 2000 simulated portfolio trajectories over K = 66 future steps.
Red/blue lines show realized P&L of optimal allocation wT+K and Dow Jones index, respectively.
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C.1.5 ISV Model $1 P&L Distribution

Minimize global variance without
boundaries, cost function (3.1a)

Minimize global variance with
boundaries, cost function (3.1b)

Maximize expected return without
boundaries, cost function (3.2a)

Maximize expected return with
boundaries, cost function (3.2b)

Minimize variance for a fixed re-
turn with boundaries, cost function
(3.3a)

Minimize variance for a fixed return
without boundaries, cost function
(3.3b)

Figure C.5: Distribution of the 1000 simulated optimal portfolio values for day T + K, where
future time steps K = 66 and the initial investment equals $1 at K = 0. Red and blue lines
represent the realized portfolio values for wT+K and the Dow Jones, respectively. wT+K optimizes
various cost functions for the estimated ˆ︁ΣT+K and ˆ︁µT+K .



C.1.6 ISV Model Sharpe Ratio Distribution

Global variance without boundaries
(3.1a)

Global variance with boundaries
(3.1b)

Max return without boundaries
(3.2a)

Max return with boundaries (3.2b)

Fixed return with boundaries (3.3a) Fixed return without boundaries
(3.3b)

Figure C.6: Distribution of the 1000 simulated optimal portfolio Sharpe Ratios for day T +K,
where K = 66 and the initial investment equals $1 at K = 0. Red and blue lines represent the
realized Sharpe Ratios for wT+K and the Dow Jones, respectively. wT+K optimizes the various
cost functions for the estimated ˆ︁ΣT+K and ˆ︁µT+K .



C.2 MSV Model Results

C.2.1 MSV Model MCMC Chains

Parameter σ2
ϵ Parameter σ2

η

Parameter (Σϵϵ)ij Parameter (Σηη)ij

Parameter (Σϵη)ii Parameter (Σϵη)ij

Parameter α

Figure C.7: MCMC chains for parameters θ in the MSV model.



C.2.2 MSV Model θ Posterior Distribution

Parameter σ2
ϵ Parameter σ2

η

Parameter (Σϵϵ)ij Parameter (Σηη)ij

Parameter (Σϵη)ii Parameter (Σϵη)ij

Parameter α

Figure C.8: Posterior distributions for parameters θ in the MSV model.
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C.3 One Factor Model Results

C.3.1 One Factor Model MCMC Chains & Posterior Distributions
for Bank Of America Stock

MCMC Bank of America factor load Marginal posterior of factor load

MCMC Bank of America log-variance σ2 Marginal posterior of log-variance σ2

MCMC Bank of America ϕ Marginal posterior of ϕ

Figure C.9: MCMC chains and marginal posterior distributions for Bank of America under the
one-factor model. The figure presents the factor load, log-variance σ2, and parameter ϕ.
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C.3.2 One Factor Model P&L With Credible Intervals

Global variance, no boundaries (3.1a) Global variance, boundaries (3.1b)

Maximize return, no boundaries (3.2a) Maximize return, boundaries (3.2b)

Variance-fixed return, boundaries (3.3a) Variance-fixed return, no boundaries (3.3b)

Figure C.10: One Factor model P&L clouds created by 1000 simulated portfolio trajectories for
K = 66 future time steps, based on the optimal portfolio wT+K . Red and blue lines represent
the realized P&L paths of the optimal allocation wT+K and the Dow Jones, respectively, when $1
is invested at K = 0. Here, wT+K minimizes various cost functions for the estimated ˆ︁ΣT+K andˆ︁µT+K .
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C.3.3 One Factor Model $1 P&L Distribution

Minimize global variance without
boundaries, cost function (3.1a)

Minimize global variance with boundaries,
cost function (3.1b)

Maximize expected return without
boundaries, cost function (3.2a)

Maximize expected return with boundaries,
cost function (3.2b)

Minimize variance for a fixed return
with boundaries, cost function (3.3a)

Minimize variance for a fixed return with-
out boundaries, cost function (3.3b)

Figure C.11: Distribution of the 1000 simulated optimal portfolio values for day T +K, where
future time steps K = 66 and the initial investment equals $1 at K = 0. Red and blue lines
represent the realized portfolio values for wT+K and the Dow Jones, respectively. wT+K optimizes
various cost functions for the estimated ˆ︁ΣT+K and ˆ︁µT+K .



C.3.4 One Factor Model Sharpe Ratio Distribution

Global variance without boundaries
(3.1a)

Global variance with boundaries
(3.1b)

Maximize return without boundaries
(3.2a)

Maximize return with boundaries
(3.2b)

Fixed return with boundaries (3.3a) Fixed return without boundaries (3.3b)

Figure C.12: Distribution of the 1000 simulated optimal portfolio Sharpe Ratios for day T +K,
where K = 66 and the initial investment equals $1 at K = 0. Red and blue lines represent the
realized Sharpe Ratios for wT+K and the Dow Jones, respectively. wT+K optimizes the various
cost functions for the estimated ˆ︁ΣT+K and ˆ︁µT+K .
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C.3.5 Optimal Allocations Per Cost Function

Minimize global variance without boundaries, cost function (3.1a)

Minimize global variance with boundaries, cost function (3.1b)

Figure C.13: Optimal portfolio allocations for Dow Jones 30 stocks using global variance mini-
mization.
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Maximize expected return without boundaries, cost function (3.2a)

Maximize expected return with boundaries, cost function (3.2b)

Figure C.14: Optimal portfolio allocations for Dow Jones 30 stocks using return maximization.
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Minimize variance for a fixed return without boundaries, cost function (3.3a)

Minimize variance for a fixed return with boundaries, cost function (3.3b)

Figure C.15: Optimal portfolio allocations for Dow Jones 30 stocks using fixed-return variance
minimization.
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Appendix D

Chapter 4, Case Study 1

D.1 Estimating p(σ2
ϵ |y1:T ) Sequentially in Time

Histogram σ2
ϵ , t = 1 Histogram σ2

ϵ , t = 2 Histogram σ2
ϵ , t = 3

Histogram σ2
ϵ , t = 4 Histogram σ2

ϵ , t = 5 Histogram σ2
ϵ , t = 6
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Histogram σ2
ϵ , t = 7 Histogram σ2

ϵ , t = 8 Histogram σ2
ϵ , t = 9

Histogram σ2
ϵ , t = 10 Histogram σ2

ϵ , t = 11 Histogram σ2
ϵ , t = 12

Histogram σ2
ϵ , t = 13 Histogram σ2

ϵ , t = 14 Histogram σ2
ϵ , t = 15

Histogram σ2
ϵ , t = 16 Histogram σ2

ϵ , t = 17 Histogram σ2
ϵ , t = 18

102



Histogram σ2
ϵ , t = 19 Histogram σ2

ϵ , t = 20 Histogram σ2
ϵ , t = 21

Histogram σ2
ϵ , t = 22 Histogram σ2

ϵ , t = 23 Histogram σ2
ϵ , t = 24

Histogram σ2
ϵ , t = 25 Histogram σ2

ϵ , t = 26 Histogram σ2
ϵ , t = 27

Histogram σ2
ϵ , t = 28 Histogram σ2

ϵ , t = 29 Histogram σ2
ϵ , t = 30
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Histogram σ2
ϵ , t = 31 Histogram σ2

ϵ , t = 32 Histogram σ2
ϵ , t = 33

Histogram σ2
ϵ , t = 34 Histogram σ2

ϵ , t = 35 Histogram σ2
ϵ , t = 36

Histogram σ2
ϵ , t = 37 Histogram σ2

ϵ , t = 38 Histogram σ2
ϵ , t = 39

Histogram σ2
ϵ , t = 40 Histogram σ2

ϵ , t = 41 Histogram σ2
ϵ , t = 42
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Histogram σ2
ϵ , t = 43 Histogram σ2

ϵ , t = 44 Histogram σ2
ϵ , t = 45

Histogram σ2
ϵ , t = 46 Histogram σ2

ϵ , t = 47 Histogram σ2
ϵ , t = 48

Histogram σ2
ϵ , t = 49 Histogram σ2

ϵ , t = 50 Histogram σ2
ϵ , t = 51

Histogram σ2
ϵ , t = 52 Histogram σ2

ϵ , t = 53 Histogram σ2
ϵ , t = 54
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Histogram σ2
ϵ , t = 55 Histogram σ2

ϵ , t = 56 Histogram σ2
ϵ , t = 57

Histogram σ2
ϵ , t = 58 Histogram σ2

ϵ , t = 59 Histogram σ2
ϵ , t = 60

Histogram σ2
ϵ , t = 61

Figure D.21: Sequential Posterior Estimation of σ2
ϵ for 61 observations in Time
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D.2 Optimal Allocations

Optimal weight with 15 training data points Optimal weight with 30 training data points

Optimal weight with 45 training data points Optimal weight with 61 training data points

Figure D.22: Portfolio optimal weight allocation using the global minimum variance cost function.
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Optimal weight with 15 training data points Optimal weight with 30 training data points

Optimal weight with 45 training data points Optimal weight with 61 training data points

Figure D.23: Portfolio optimal weight allocation using the global minimum variance cost function
for a fixed expected return.
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D.3 P&L Results

D.3.1 Realized P&L Tables

Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 31.12 7.51 4.14 - -

lw global 52.15 6.19 8.42 0.20 42.10

msv global 42.74 5.22 8.19 0.25 32.76

lw meanvar 52.17 6.26 8.34 0.20 41.70

msv meanvar 47.89 5.27 9.09 0.24 37.88

Table D.1: First 15 data points training set, fifteenth out-of-sample optimal portfolio realized
performance.

Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 9.74 11.77 0.83 - -

sample global 2.89 9.58 0.30 0.27 1.11

lw global 3.21 9.97 0.32 0.22 1.45

msv global 8.04 10.50 0.77 0.25 3.08

sample meanvar 2.89 9.58 0.30 0.27 1.11

lw meanvar 3.59 9.76 0.37 0.23 1.61

msv meanvar 10.65 10.77 0.99 0.24 4.12

Table D.2: First 30 data points training set, fifteenth out-of-sample optimal portfolio realized
performance.
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Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow -5.15 10.56 -0.49 - -

sample global -1.31 7.99 -0.16 0.28 -0.57

lw global 0.70 8.16 0.09 0.26 0.35

msv global -4.53 9.24 -0.49 0.26 -1.88

sample meanvar -1.31 7.99 -0.16 0.28 -0.57

lw meanvar 0.61 8.14 0.07 0.26 0.27

msv meanvar -0.42 9.41 -0.04 0.25 -0.16

Table D.3: First 45 data points training set, fifteenth out-of-sample optimal portfolio realized
performance.

Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 27.03 10.42 2.59 - -

sample global 42.58 7.85 5.42 0.29 18.69

lw global 42.24 8.03 5.26 0.28 18.79

msv global 32.82 9.26 3.54 0.26 13.62

sample meanvar 42.58 7.85 5.42 0.29 18.69

lw meanvar 43.84 8.47 5.17 0.27 19.15

msv meanvar 35.97 9.66 3.72 0.25 14.88

Table D.4: First 61 data points training set, fifteenth out-of-sample optimal portfolio realized
performance.
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D.3.2 Out Of Sample Realized Trajectory, When $1 Is Invested

trained first 15 data points, out of sample realized
P&L for next 15 data points

trained first 30 data points, out of sample realized
P&L for next 15 data points

trained first 45 data points, out of sample realized
P&L for next 15 data points

trained first 61 data points, out of sample realized
P&L for next 15 data points

Figure D.24: Portfolio realized value trajectory for the various data sets when $1 invested in the
optimal portfolio given by global minimum variance cost function.
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trained first 15 data points, out of sample realized
P&L for next 15 data points

trained first 30 data points, out of sample realized
P&L for next 15 data points

trained first 45 data points, out of sample realized
P&L for next 15 data points

trained first 61 data points, out of sample realized
P&L for next 15 data points

Figure D.25: Portfolio realized value trajectory for the various data sets when $1 invested in
the optimal portfolio given by global minimum variance cost function for a fixed level of expected
return.
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D.3.3 Credible Intervals

trained first 15 data points, out of sample realized
P&L for next 15 data points

trained first 30 data points, out of sample realized
P&L for next 15 data points

trained first 45 data points, out of sample realized
P&L for next 15 data points

trained first 61 data points, out of sample realized
P&L for next 15 data points

Figure D.26: MSV PL clouds created by 10000 simulated portfolio trajectories for K = 15 future
time steps , based on optimal portfolio wT+K realized value trajectory for the various data sets
when $1 invested in the optimal portfolio given by global minimum variance cost function. Red
and blue lines represent the realized PL path of the optimal allocation wT+K and the Dow Jones
respectively.
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trained first 15 data points, out of sample realized
P&L for next 15 data points

trained first 30 data points, out of sample realized
P&L for next 15 data points

trained first 45 data points, out of sample realized
P&L for next 15 data points

trained first 61 data points, out of sample realized
P&L for next 15 data points

Figure D.27: MSV PL clouds created by 10000 simulated portfolio trajectories for K = 15 future
time steps , based on optimal portfolio wT+K realized value trajectory for the various data sets
when $1 invested in the optimal portfolio given by global minimum variance cost function for a
given expected return. Red and blue lines represent the realized PL path of the optimal allocation
wT+K and the Dow Jones respectively.
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D.3.4 Optimal Portfolio Terminal Value Distribution

trained first 15 data points, out of sample ex-
pected P&L for next 15 data points

trained first 30 data points, out of sample ex-
pected P&L for next 15 data points

trained first 45 data points, out of sample ex-
pected P&L for next 15 data points

trained first 61 data points, out of sample ex-
pected P&L for next 15 data points

Figure D.28: Distribution of MSV terminal values generated from 10,000 simulated portfolio
paths over K = 15 future time steps, based on the optimal portfolio wT+K determined by the
global minimum variance cost function. The red and blue lines indicate the realized profit and loss
of the optimal allocation wT+K and the Dow Jones, respectively, for an initial investment of $1.
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trained first 15 data points, out of sample ex-
pected P&L for next 15 data points

trained first 30 data points, out of sample ex-
pected P&L for next 15 data points

trained first 45 data points, out of sample ex-
pected P&L for next 15 data points

trained first 61 data points, out of sample ex-
pected P&L for next 15 data points

Figure D.29: Distribution of MSV terminal values generated from 10,000 simulated portfolio
paths over K = 15 future time steps, based on the optimal portfolio wT+K determined by the
global minimum variance cost function for a given level of expected return. The red and blue lines
indicate the realized profit and loss of the optimal allocation wT+K and the Dow Jones, respectively,
for an initial investment of $1.
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D.3.5 Optimal Portfolio Sharpe Ratio Distribution

trained first 15 data points, out of sample ex-
pected SR for next 15 data points

trained first 30 data points, out of sample ex-
pected SR for next 15 data points

trained first 45 data points, out of sample ex-
pected SR for next 15 data points

trained first 61 data points, out of sample ex-
pected SR for next 15 data points

Figure D.30: Distribution of MSV SR generated from 10,000 simulated portfolio paths over
K = 15 future time steps, based on the optimal portfolio wT+K determined by the global minimum
variance cost function. The red line indicates the realized SR of the optimal allocation wT+K for
an initial investment of $1.
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trained first 15 data points, out of sample ex-
pected SR for next 15 data points

trained first 30 data points, out of sample ex-
pected SR for next 15 data points

trained first 45 data points, out of sample ex-
pected SR for next 15 data points

trained first 61 data points, out of sample ex-
pected SR for next 15 data points

Figure D.31: Distribution of MSV SR generated from 10,000 simulated portfolio paths over
K = 15 future time steps, based on the optimal portfolio wT+K determined by the global minimum
variance cost function for a given level of expected return. The red line indicates the realized SR
of the optimal allocation wT+K for an initial investment of $1.
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Appendix E

Chapter 4 Case Study 2

E.1 Optimal Allocations

Optimal allocation first quarter Optimal allocation second quarter

Optimal allocation third quarter Optimal allocation fourth quarter

Figure E.1: Portfolio optimal weight allocation using the global minimum variance cost function.
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Optimal allocation first quarter Optimal allocation second quarter

Optimal allocation third quarter Optimal allocation fourth quarter

Figure E.2: Portfolio optimal weight allocation using the global minimum variance cost function
for a fixed expected return.
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E.2 P&L Results

E.2.1 Realized P&L Tables

Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 10.37 10.78 0.96 - -

lw global 17.75 9.63 1.84 0.2 9.2

msv global 14.44 9.88 1.46 0.28 5.21

lw meanvar 17.8 9.8 1.82 0.2 9.1

msv meanvar 14.67 10.37 1.41 0.28 5.04

Table E.1: First quarter training set, 21 periods out-of-sample optimal portfolio realized perfor-
mance.

Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 6.89 10.46 0.66 - -

lw global 14.95 8.94 1.67 0.27 6.19

msv global 10.64 10.26 1.04 0.29 3.59

lw meanvar 14.02 9.04 1.55 0.27 5.74

msv meanvar 7.75 10.1 0.77 0.29 2.66

Table E.2: Second quarter training set, 21 periods out-of-sample optimal portfolio realized per-
formance.
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Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow 34.9 11 3.17 - -

lw global 32.8 9.87 3.32 0.27 12.3

msv global 29.85 10 2.99 0.31 9.65

lw meanvar 32.16 10.14 3.17 0.27 11.74

msv meanvar 33.01 10.44 3.16 0.29 10.9

Table E.3: Third quarter training set, 21 periods out-of-sample optimal portfolio realized perfor-
mance.

Mean R Std. Dev R Sharpe Ratio L2 Ratio

Dow -6.48 9.59 -0.68 - -

lw global 3.03 8.77 0.35 0.28 1.25

msv global -2 9.22 -0.22 0.3 -0.73

lw meanvar 1.97 8.83 0.22 0.28 0.79

msv meanvar -2.11 9.33 -0.23 0.31 -0.74

Table E.4: Fourth quarter training set, 21 periods out-of-sample optimal portfolio realized per-
formance.
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E.2.2 Out Of Sample Realized Trajectory, When $1 Is Invested

First quarter training, out of sample realized
P&L trajectory for next 21 data points

Second quarter training, out of sample realized
P&L trajectory for next 21 data points

Third quarter training, out of sample realized
P&L trajectory for next 21 data points

Fourth quarter training, out of sample realized
P&L trajectory for next 20 data points

Figure E.3: Portfolio realized value trajectory for the various quarters when $1 invested in the
optimal portfolio given by global minimum variance cost function.
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First quarter training, out of sample realized
P&L trajectory for next 21 data points

Second quarter training, out of sample realized
P&L trajectory for next 21 data points

Third quarter training, out of sample realized
P&L trajectory for next 21 data points

Fourth quarter training, out of sample realized
P&L trajectory for next 20 data points

Figure E.4: Portfolio realized value trajectory for the various quarters when $1 invested in the
optimal portfolio given by global minimum variance cost function for a fixed level of expected
return.
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E.2.3 Credible Intervals

First quarter training, out of sample realized
P&L trajectory for next 21 data points

Second quarter training, out of sample realized
P&L trajectory for next 21 data points

Third quarter training, out of sample realized
P&L trajectory for next 21 data points

Fourth quarter training, out of sample realized
P&L trajectory for next 20 data points

Figure E.5: MSV PL clouds created by 10000 simulated portfolio trajectories for K = 15 future
time steps , based on optimal portfolio wT+K realized value trajectory for the various quarters
when $1 invested in the optimal portfolio given by global minimum variance cost function. Red
and blue lines represent the realized PL path of the optimal allocation wT+K and the Dow Jones
respectively.
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First quarter training, out of sample realized
P&L trajectory for next 21 data points

Second quarter training, out of sample realized
P&L trajectory for next 21 data points

Third quarter training, out of sample realized
P&L trajectory for next 21 data points

Fourth quarter training, out of sample realized
P&L trajectory for next 20 data points

Figure E.6: MSV PL clouds created by 10000 simulated portfolio trajectories for K = 15 future
time steps , based on optimal portfolio wT+K realized value trajectory for the various quarters
when $1 invested in the optimal portfolio given by global minimum variance cost function for a
given expected return. Red and blue lines represent the realized PL path of the optimal allocation
wT+K and the Dow Jones respectively.
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E.2.4 Optimal Portfolio Terminal Value Distribution

First quarter training, $1 P&L distribution fore-
cast

Second quarter training, $1 P&L distribution
forecast

Third quarter training, $1 P&L distribution fore-
cast

Fourth quarter training, $1 P&L distribution
forecast

Figure E.7: Distribution of MSV terminal values generated from 10,000 simulated portfolio paths
over K = 15 future time steps, based on the optimal portfolio wT+K determined by the global
minimum variance cost function. The red and blue lines indicate the realized profit and loss of the
optimal allocation wT+K and the Dow Jones, respectively, for an initial investment of $1.
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First quarter training, $1 P&L distribution fore-
cast

Second quarter training, $1 P&L distribution
forecast

Third quarter training, $1 P&L distribution fore-
cast

Fourth quarter training, $1 P&L distribution
forecast

Figure E.8: Distribution of MSV terminal values generated from 10,000 simulated portfolio paths
over K = 15 future time steps, based on the optimal portfolio wT+K determined by the global
minimum variance cost function for a given level of expected return. The red and blue lines indicate
the realized profit and loss of the optimal allocation wT+K and the Dow Jones, respectively, for an
initial investment of $1.
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E.2.5 Optimal Portfolio Sharpe Ratio Distribution

First quarter training, SR distribution forecast Second quarter training, SR distribution forecast

Third quarter training, SR distribution forecast Fourth quarter training, SR distribution forecast

Figure E.9: Distribution of MSV SR generated from 10,000 simulated portfolio paths over K = 15
future time steps, based on the optimal portfolio wT+K determined by the global minimum variance
cost function. The red line indicates the realized SR of the optimal allocation wT+K for an initial
investment of $1.
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First quarter training, SR distribution forecast Second quarter training, SR distribution forecast

Third quarter training, SR distribution forecast Fourth quarter training, SR distribution forecast

Figure E.10: Distribution of MSV SR generated from 10,000 simulated portfolio paths over
K = 15 future time steps, based on the optimal portfolio wT+K determined by the global minimum
variance cost function for a given level of expected return. The red line indicates the realized SR
of the optimal allocation wT+K for an initial investment of $1.
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