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Abstract

This thesis presents a theoretical analysis of the generation of Tollmien-
Schlichting waves in a boundary layer on the wing surface due to external
acoustic disturbances and elastic vibrations of the wing itself. An asymp-
totic approach based on the assumption that the Reynolds number, Re,
is large is adopted here. In addition, it is assumed that in the spectrum
of these disturbances there are harmonics, which come in resonance with
the Tollmien-Schlichting wave on the lower branch of the stability curve.
This work is restricted to the cases when the Stokes layer interacts with
an isolated roughness, and the flow near the roughness is described by the
triple-deck theory. The solution of the triple-deck problem is found in an
analytic form and the main concern is with the flow behaviour downstream
of the roughness. Further, it is found that there are Tollmien-Schlichting
waves forming in the boundary layer behind the roughness, and their am-
plitudes have been expressed in terms of the receptivity coefficients, which

represent the efficiency of the Tollmien-Schlichting wave generation process.

The analysis of the boundary layer receptivity to the acoustic disturbances
is conducted with an assumption that the flow in the free-stream is in the
transonic regime. It is shown that in this situation there are two plane
acoustic waves with distinctively different characteristics. One wave always
travels downstream in the streamwise direction and has O(1) phase velocity.
The second wave phase velocity is an order Re~/? quantity and it changes
the direction of propagation depending on the Mach number. The analysis
has shown that the receptivity coefficient depends on the initial frequency of
the perturbations and on the free-stream Mach number. It has been shown
that the absolute value of the receptivity coefficient is achieved when the
Mach number is one. For the negative values of the parameter, the subsonic

behaviour of the receptivity coefficient is recovered.

The study of the “slow” moving wave shows that the receptivity coefficient
now depends on the shape of the roughness itself as well as acoustic wave

parameters and the free-stream Mach number.



The third problem considered is a receptivity of the boundary layer on the
wing surface due to an elastic vibration of the wing itself. It is found that,
when the frequency of the wing surface vibrations is high, the perturbations
produced by wing surface vibrations can be described in the framework of
“piston” theory. In the flow considered there are two physical mechanisms
through which an oscillatory motion of the fluid in the Stokes layer is ex-
cited. The first one is the same as for the acoustic problem where the
pressure gradient forces the fluid to oscillate in the direction along the wing

surface. The second mechanism can only be observed in compressible flows.

It was found that there are two Tollmien-Schlichting waves forming in the
boundary layer behind the roughness. The first receptivity process is similar
to the one studied earlier with the difference that now the flow is considered
to be in the subsonic regime. The second receptivity process does not
have an analogue in the literature, and it was found that it is large as
compared with the first receptivity. This suggests that the receptivity to
the wing surface vibrations has to play a major role in the laminar-turbulent

transition in the boundary layer.
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1 Introduction

One of the most active areas of current research in fluid dynamics is study of the
transition of laminar to turbulent flows. It is a problem of a practical importance to
a broad range of applications, such as the aerospace and motor industries. Turbulent
flow over an aircraft causes an increase in the drag and thus higher fuel consumption,
so an optimisation of the aircraft design to delay transition can achieve a decrease in
drag and consequently in fuel consumption. In addition in hypersonic flows knowledge
of transition is essential in the accurate prediction of the heating of the surface of
the flying vehicle. That allows to minimise the weight of the necessary heat shield
requirements and a design for the nose of the vehicle to be determined.

In spite of its fundamental importance in science and practical relevance in engi-
neering and technology, transition to turbulence is still not fully understood. From
a theoretical point of view this is due to the difficulty inherent in the mathematical
problem of transition. It is known that there exist several intermediate stages between
laminar and turbulent flow. Whereas laminar flow is highly ordered spatially and
temporally, turbulent flow is irregular, nonlinear and three-dimensional and is charac-
terised by the presence of numerous instability modes with different length-scales and

frequencies.

1.1 Linear stability theory

Hydrodynamic stability theory is concerned with the important question of how a
laminar flow undergoes transition to a turbulent state. Reynolds (1883) was the first to
perform careful experimental investigation of the laminar-turbulent transition process
in the Hagen-Poiseuille flow in a circular tube. In his experiments the tube was placed
horizontally inside a large glass tank filled with water. Omne end of the tube was
connected through a tab to a sink which allowed to regulate the amount of water
passing through the tube. The other end of the tube was open to the surrounding
water allowing the water to enter the tube once the tab was opened. In order to reduce
the disturbances at the tube inlet the open end was fitted with a trumpet mouthpiece.
The flow visualisation was performed with coloured water added to the flow in front of
the trumpet. It was supplied through a thin tube connected to a reservoir on the top

of the water tank.
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As aresult of his observations Reynolds arrived at the following conclusions. Firstly,
when the fluid velocity was sufficiently low, the streak of colour extended in a perfectly
straight line through the tube. This means that the flow stays steady with the trajec-
tories of the fluid particles being straight lines parallel to the tube axis. Secondly, as
the velocity was increased by small steps, the flow would suddenly develop unsteadi-
ness. This happens when the dimensionless parameter called the Reynolds number,
Re, which is the ratio of inertial forces to viscous forces, reaches the critical value.

As the transition from laminar flow regime to turbulent takes place, the fluid motion
becomes significantly more complicated. In addition to the primary flow parallel to
the tube axis, the fluid particles are now involved in a secondary motion in the planes
perpendicular to the axis. This leads to a mixing of the fluid and exchange of the
momentum between the fluid particles. As a consequence, instead of the parabolic
velocity profile characteristic of the laminar flow a more uniform distribution of the
velocity is observed in the core of flow near the tube axis. Assuming that the fluid
flux through the tube remains unchanged, the velocity has then to show steeper rise
from zero near the tube wall. This explains why the resistance of the tube to the flow
appears to increase in the turbulent flow regime.

The Hagen-Poiseuille flow is not the only form of the fluid motion that is subject
to the laminar-turbulent transition. Following the Reynolds’ discovery various other
flows were investigated. In particular, the transition in the boundary-layer flow on
a flat plate was in detail studied by Schubauer & Klebanoff (1956) and Klebanoff
et al. (1962). They found that, near the leading edge, the flow is always laminar, and
may be describes by the Blasius solution. However, at a certain distance from the
leading edge the unsteadiness starts to develop in the flow in the form of so called
Tollmien-Schlichting waves that are superimposed on the steady Blasius flow. The
typical situation is that the initial amplitude of these waves is too small to cause
noticeable changes in the velocity field, but they grow downstream, and there exists a
second critical point near which the laminar-turbulent transition takes place (Schubauer
& Skramstad, 1948). As a result of the transition the thickness of the boundary layer
increases significantly, which is accomplished by an increase of the shear stress on the
plate surface.

The hydrodynamic stability theory is aimed at predicting if, and when, the tran-
sition should be expected for a particular flow, and how the flow changes through the
transition region. The earliest attempt to explain the stability of the flow between
two parallel boundaries was performed by Lord Rayleigh (1880). In the analysis he

considered only linear inviscid and incompressible flow, which resulted in derivation of
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the ordinary differential equation, the Rayleigh equation. Using this equation Rayleigh
showed that for an inviscid parallel flow to be unstable it must have a point of inflex-
ion in the basic velocity profile. This result was consequence of the assumption that
viscous effects have a stabilising effect due to the diffusion. However, Prandtl (1921)
deduced that the instability in non-inflectional share flows, such as plane Poiseuille
flow, is caused by viscosity.

The viscous analogous of Rayleigh’s equation was derived by Orr (1907) and Som-
merfeld (1908). In their analysis disturbance components were superimposed on a
basic laminar flow and the solutions to the Navier-Stokes equations were represented
as superpositions of the parallel unidirectional base flow and small disturbances. Sub-
stitution into the Navier-Stokes equations led to the equations governing the evolution
of the perturbed quantities, which in the first approximation are linear. Using further
mathematical tools, such as the Fourier and Laplace transforms, this reduces to the

Orr-Sommerfeld equation

1 [ d2 ? @2 d2U
— 4 k2 — — - k2 —
T Re (dy2 + ) v(y) = (U —¢) (dyQ )v(y> U

with k2 = o 4+ 32, where o and /3 are wavenumbers in the streamwise and the wall-

normal directions respectively. In addition, U is the base flow and is the function of the
wall-normal coordinate, y, only, and c is the phase velocity. In the limit of Re — oo
this equation reduces to the Rayleigh equation, which becomes singular if U (y.) = ¢,
giving what is termed a critical layer at y = v..

With appropriate homogenous boundary conditions the Orr-Sommerfeld equation
constitutes an eigenvalue problem, which, despite the Orr-Sommerfeld equation being
much simpler than the original set of the Navier-Stokes equations for linear perturba-
tion functions, cannot be solved analytically even for simple basic flows. Instead it has
to be tackled using numerical or asymptotic methods. In general, the spectrum of the
equation is discrete and infinite for a bounded flow, while for unbounded flows, the
spectrum contains both continuous and discrete parts (Schmid & Henningson, 2001).

In 1933 Squire (Squire, 1933) proved the so called the Squire theorem, which states
that if a growing three dimensional disturbance can be found at a given Reynolds num-
ber, then a growing two-dimensional disturbance exists at a lower Reynolds number.
This theorem allows to transform certain three dimensional problems into two dimen-
sions, which simplifies the flow analysis and allows the study of more complicated

flows.



1. Introduction

1.2 Nonparallel flow

In real applications the flow is often nonparallel, that is the base flow has two or
more velocity components which depend on more than one coordinate. The typical
nonparallel flows are boundary layers (Blasius flow), jets and wakes. In these cases the
stability analysis leads to partial differential equations and cannot be reduced further
using normal mode approach.

However, Tollmien and Schlichting for the Blasius flow stated that in a weakly
nonparallel flow, the ratio of wall-normal and streamwise velocities and variations of
the mean flow in the streamwise direction may be disregarded as O(Re™!) effects, for
the Reynolds number based on the displacement thickness and free steam velocity
(see, for example Drazin & Reid, 2004). This reduces the partial differential equation
problem to the Orr-Sommerfeld equation. They demonstrated that the boundary layer
is unstable and yielded a good agreement with experiment by Schubauer & Skramstad
(1948). The viscous share instability then became known as the Tollmien-Schlichting
instability.

The eigenvalue problem obtained for the Blasius flow was solved numerically by
various researchers and produced the neutral curve, which consists of two branches.
These solutions had a noticeable difference near the nose of the neutral curve for
the Blasius boundary layer compared to experimental measurements. To correct the
discrepancy Bouthier (1972), Gaster (1974) used composite approximation method and
(Saric & Nayfeh, 1975) used multiple-scale method to include the nonparallel influence
of the boundary layer growth. Thought based on similar concepts the formulations are
different and so as results.

The alternative method was proposed by Lin (1944) who used large Reynolds num-
ber asymptotic expansions to provide a consistent mathematical theory. His analysis
showed that at the leading order, the instability near the lower branch is governed
by the triple-deck structure (discussed in detail in section 1.3) with the wavelength of
O(Re!/*) times the boundary-layer thickness. As a result nonparallel effects appear
as a O(Re/*) correction to the growth rate Smith (19796). Later this analysis was
extended to the upper branch of the neutral curve, Bodonyi & Smith (1981).

Uses of the multiple-scale and the composite approximation methods by Saric &
Nayfeh and Bouthier, Gaster, respectively, provided at intermediate steps a partial dif-
ferential equation similar to the parabolised Navier-Stokes equations, except for addi-
tional terms containing frequency and wavenumbers. However these analyses proceeded

further to simplify the problem, to more manageable ordinary differential equations.
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These last steps are not only unnecessary but also restrict the scope and validity of the
resulting equations. The intermediate partial differential equations obtained during
the analyses are named parabolised stability equations (PSE). This is an alternative to
previous methods, which was proposed by Herbert & Bertolotti (1987), Bertolotti et al.
(1992). They used appropriate approximations to suppress any upstream propagation
of the disturbance waves, which are expected to have negligible influence on transition
in share flows. In this way a parabolised stability equations are obtained, which may
be solved by marching in the downstream direction (Herbert, 1997). The use of the
marching procedure for solving the PSE is only permitted if the stability problem is
governed by downstream propagating information. According to the characteristics
of the full PDEs governing the stability for a particular problem one can distinguish
absolute and convective instabilities, and in view of these ideas PSE is valid for con-
vectively unstable flows. The PSE may therefore be applied to many different fows.
Furthermore, the derivation places no requirement on the amplitude of the disturbance

so nonlinear terms can be consistently incorporated into the PSE.

1.3 Triple-deck theory

The triple-deck model is a large Reynolds number asymptotic approximation to the
Navier-Stokes equations. The physical ideas for the triple-deck theory were established
by Lighthill (1953). He described interactions mathematically by perturbing a paral-
lel flow and linearising the Navier-Stokes equations around it, which allowed him to
produce a self-consistent theory. It divides the region of interest into three parts: the
inviscid flow outside the boundary layer, the displaced boundary layer, and an inner
part close to the wall. Using this theory Lighthill described how spontaneous changes
in the boundary layer could be set up and how these changes eventually may lead to a
separation. In addition he assumed that the length of the interaction is of O(Re=3/8),
where Reynolds number is based on the location of the disturbance and free steam
velocity, but a streamwise length scale is of the same order as the boundary-layer
thickness, O(Re~%/?).

Later Stewartson & Williams (1969) extended Lighthill’s theory to nonlinear in-
teractions. The most noticeable difference in the analysis was that they assumed
interaction length and scaling factor in the streamwise direction is of O(Re™%/®), in-
stead of O(Re™'/2) used by Lighthill. In the work they also assumed that the flow is
described by three decks. The upper deck has a thickness of the order Re=%/® and is

characterised by inviscid and irrotational disturbances. The governing equation of the
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perturbations in the deck is the Prandtl-Glauert equation. It is followed by middle
deck or the displaced Prandt]l boundary layer, which thickness is of the order Re™'/?
and is characterised by inviscid and rotational disturbances. The main perturbation in
this deck is bending of the streamlines without any pressure gradient. The lower deck
is of the order Re~°/® thick and is characterised by viscous and rotational disturbances.
This layer is incompressible and the governing equations in this layer satisfy the wall
boundary conditions.

Neiland (1969) arrived at the same scalings and the triple-deck structure studying
the interaction between a hypersonic flow and a boundary layer, and the upstream
propagating disturbances. Messiter (1970) also arrived to the same scalings and the
structure by looked at the problem of the boundary-layer flow near the trailing edge
of the flat plate. The triple-deck structure arose from the problem of the occurring
singularities in boundary-layer solutions at point of the separation.

The physics of the triple-deck can be explained as follows. If perturbations disturb
the lower deck, the latter produces a displacement of the streamlines. This deflection
of the streamlines is transmitted through the passive main deck to the upper deck
where the displacement induces inviscid pressure perturbations which is transmitted
back to the lower deck promoting the velocity disturbances. The asymptotic matching
requirement between the three decks produces an interactive relationship between the

pressure and displacement thickness (Sychev et al., 1998).

1.4 Receptivity

In different flows the transition from laminar to turbulent state may take different
routes and is influenced by external disturbances: free-stream turbulence, acoustic
noise, wall roughnesses, wall vibrations etc. Depending on the characteristics of these
disturbances, transition may proceed along different routs, see Figure 1.1 (Fedorov,
2011), before turning into the boundary-layer instability modes: Tollmien-Schlichting
waves, Cross-Flow vortices or Taylor-Gortler vortices.

When the free-stream disturbance level is relatively low, the path a is followed. The
initial growth of these disturbances is described by linear stability theory of primary
modes of the Orr-Sommerfeld equation (Saric et al., 2002). Here external disturbances
excite the Tollmien-Schlichting waves and the growth of the waves is exponential in the
streamwise direction. As the amplitude of the waves becomes large enough, nonlinear
interaction and secondary instability occurs, and with the further growth of amplitude

the breakdown and eventual transition to turbulence occurs. It was observed that
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Increasing disturbance level

Forcing environmental disturbances

\A
Receptivity mechanisms
\A
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Eigenmode growth o o o
\
Parametric instabilities Bypass
and mode interactions mechanisms
\ \
Breakdown
\
Turbulence

Figure 1.1: The paths to turbulence.

the location of the transition position changes significantly with the change in level of
the free-stream disturbances and body surface roughnesses. This is explained by the
receptivity process, where different initial disturbances excite different amplitudes of
Tollmien-Schlichting waves, which clearly shows that the transition process cannot be
predicted without studying receptivity.

In the case of a high level of free-stream disturbances the transition occurs without
excitation of Tollmien-Schlichting waves and is referred as bypass transition (path e).
The intermediate paths b, ¢ and d have been identified, but in spite of significant
progress, an overall theory remains incomplete.

The importance of the receptivity was recognised long before the term “receptivity”
was proposed. Indeed, starting with Schubauer & Skramstad (1948), experimental
investigations of the laminar-turbulent transition have been conducted in specially
designed wind tunnels which have a significantly lower level of turbulence in the test
section. Reduction of the free-stream turbulence makes the flow in the boundary-layer
remain laminar well beyond the position where the boundary-layer becomes unstable.
The instability modes may then be generated in the boundary-layer artificially. There
are various ways of doing this; for example, using a vibrating ribbon installed a small
distance above the plate surface, or with acoustic waves penetrating the boundary-
layer.

In real flight conditions the external perturbations are typically very weak, in fact,
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significantly weaker compared to low turbulence wind tunnels. Therefore, the initial
amplitude of the instability modes generated in the boundary-layer are small. How-
ever, they amplify further downstream, and when the amplitude reaches a certain level
nonlinear effects come into play, and then a rapid transition to a turbulent state is ob-
served. This means that the e method currently adopted by the acrospace industry is
insufficient for accurate prediction of the transition. This semiempirical method uses
linear stability theory to determine the values of N by measuring disturbance ampli-
tude relative to the lower neutral stability point, which correlates with experimentally
measured transition locations. Typical values of N in the literature range from 7 to
9, depending on flow geometry and external disturbances. This method only provides
information relating to the growth rate of the disturbance, while the key aspect of
receptivity studies is to determine an initial amplitude for the problem at hand. In
mathematical terms receptivity manifests itself as a boundary value problem, rather
than an eigenvalue problem which is found in linear stability analyses.

Traditionally there have been two distinct approaches to tackle the receptivity prob-
lem: High Reynolds number asymptotic theories and finite Reynolds number calcula-
tions. When dealing with transition caused by the growth of Tollmien-Schlichting
waves, finite Reynolds number calculations revolve around solving inhomogeneous
Orr-Sommerfeld type equations (see, for example, Choudhari & Streett, 1992), while
asymptotic theory is based on the triple-deck model, which has been shown to describe
Tollmien-Schlichting waves near the lower branch of the stability curve; see Smith
(1979a,b). In this work the asymptotic approach is adopted.

The receptivity mechanisms previously developed can generally be classified in two
distinct groups: localised receptivity and distributed receptivity. For both types effec-
tive generation of Tollmien-Schlichting waves is only possible if the external perturba-
tions are in resonance with the natural flow oscillations in the boundary-layer. The
resonance conditions require not only the frequency but also the wavelength of external
perturbations be in tune with those of the Tollmien-Schlichting wave.

The first paper where triple-deck theory was used to study the receptivity of the
boundary-layer was published by Terent’ev (1981). This study considered an incom-
pressible fluid flow past a flat plate with the basic steady flow given by the Blasius
solution. It was assumed that a short section of the plate surface performs periodic
vibrations in the direction perpendicular to the wall. In order to ensure that the flow
is described by triple-deck theory, the frequency of the vibrations was chosen to be
w = O(Re'*) and the length of the vibrating section Az = O(Re™/%). Terent’ev’s

formulation represents a simplified mathematical model of the classical experiments by
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Schubauer & Skramstad (1948) where the Tollmien-Schlichting waves were generated
by a vibrating ribbon. Terent’ev was able to determine the amplitude of the generated
Tollmien-Schlichting as a function of the amplitude and the shape of the vibrating part
of the wall.

The effect of acoustic noise on the boundary-layer was first considered by Goldstein
(1983) who studied the Blasius boundary-layer flow on the flat plate surface and used
the fact that this flow is highly non-parallel at the leading edge of the plate. He showed
that when an acoustic wave interacts with the flow in the leading edge region the Lam-
Rott eigensolutions are generated. However they decay exponentially before becoming
Tollmien-Schlichting waves further downstream.

When identifying possible receptivity mechanisms that involve acoustic noise one
has to keep in mind the following. If the boundary-layer in a subsonic flow is exposed
to acoustic noise, then the harmonic whose frequency coincides with the frequency of
the Tollmien-Schlichting wave has to be extracted from the entire acoustic spectrum.
Since on the lower branch of the stability curve the frequency is an order O(Re'/*)
quantity, the chosen acoustic wave will have the wavelength of O(Re_l/ 1), which is
much larger than the wavelength of the Tollmien-Schlichting wave; the latter is an
O(Re™%/®) quantity. This means that in subsonic flows the acoustic wave alone is
insufficient for Tollmien-Schlichting wave generation. In order to achieve resonance
with respect to the wave number the acoustic wave has to come into interaction with
possible irregularities in the steady boundary-layer flow produced, for example, by wall
roughness.

The asymptotic theory for this form of receptivity was developed by Ruban (1984)
and Goldstein (1985). They assumed that the streamwise length scale of the roughness
element is of the order of the wavelength of the Tollmien-Schlichting wave, i.e. has
streamwise magnitude of the order Re=/%. In this case the flow around the roughness
is described by triple-deck theory. The generation of the Tollmien-Schlichting wave
was found to be due to the interaction between the acoustic wave and steady flow
perturbations in the lower tier of the triple-deck structure. It was shown that the
receptivity process extracts from the spectrum of the steady flow perturbations the
harmonic which is in resonance with the generated Tollmien-Schlichting wave. The
amplitude of the wave was found to be proportional to the amplitude of the acoustic
wave and the Fourier transform of the roughness shape calculated for the value of the
wave number which coincides with the wave number of the Tollmien-Schlichting wave.

It is known from experimental observations that free-stream turbulence also has a

significant influence on the laminar-turbulent transition in the boundary-layer. The
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asymptotic theory of the receptivity of the boundary-layer to free-stream turbulence
was developed by Duck et al. (1996). They adopted a uniform turbulence model for
the oncoming flow, where the disturbance field is represented as a superposition of
vorticity waves, known as convective gusts. There is a significant difference in the way
the boundary-layer interacts with acoustic waves and vorticity waves. The acoustic
waves carry pressure perturbations which easily penetrate into the boundary-layer and
lead to a formation of a Stokes layer near the body surface. The situation with the
vorticity waves is somewhat different. They do not carry pressure perturbations and
therefore are unable to penetrate into the boundary-layer. However, a wall roughness
produces perturbations not only inside the boundary-layer but also in the upper tier of
the triple-deck structure, which lies in the flow outside the boundary-layer. Non-linear
interaction of the steady perturbations in the upper tier with vorticity waves creates
the forcing necessary for Tollmien-Schlichting wave production.

Recently Ruban et al. (2013) studied the effect of wing surface vibrations on the
generation of the Tollmien-Schlichting waves. They found that the wing vibrations
produce the pressure waves in the flow outside the boundary-layer, which may be
described in the framework of piston theory. As the pressure perturbations penetrate
into the boundary-layer, a Stokes layer forms on the wing surface. It was shown
that there are two physical mechanisms to excite flow oscillations in the Stokes layer:
time oscillations of the pressure gradient and the oscillations of the pressure itself; the
latter can only be observed in compressible flows only. Both mechanisms are equally
important when the wavelength of the wing surface vibrations is an O(Re™'/®) quantity.
If the wavelength is smaller than the critical wavelength, then the first mechanism
prevails; if the wavelength is larger, then the second mechanism is more important.
As usual, the Stokes layer on its own is incapable of producing Tollmien-Schlichting
waves, therefore a wall roughness is needed for the Tollmien-Schlichting waves to be
produced.

The above receptivity mechanisms rely on a roughness element to achieve the de-
sired wavelength shortening. An alternative way to achieve the resonance was studied
by Wu (1999) who showed that a combination of a convective gust and an acoustic wave
can produce the required conditions for a Tollmien-Schlichting wave to be generated.
As there is now no roughness, the analysis centres on the neutral stability point and
a so-called resonance region which occupies an O(Re™%/1%) vicinity of the neutral sta-
bility point. In this vicinity, the non-parallel flow effects appear at leading order. The
receptivity analysis in this case is performed using a multi-scale asymptotic procedure

with the “fast” longitudinal coordinate being comparable with the Tollmien-Schlichting
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1. Introduction

wavelength and the “long” coordinate with the length of the resonance region. As a
result an amplitude equation has been deduced, showing how the Tollmien-Schlichting
wave grows over the resonance region.

Later Wu (2001) extended his approach to study the receptivity of the boundary-
layer to both acoustic waves and convected gusts interacting with distributed wall
roughness. Again the analysis centres around a resonance region and the amplitude is
found to be the same as that derived in Wu (1999). The analysis also includes higher
order effects, and a good agreement is found with the experiments of Dietz (1999). An
extension of Wu’s theory to a simple case of the Tollmien-Schlichting wave generation
on an extended section of the body surface performing wave like vibrations were later
presented by Kerimbekov & Ruban (2005).

1.5 Transonic flow

The receptivity mechanism put forward in this work is different to the others described
previously in one distinct respect. The flow outside the boundary layer is now assumed
to be transonic, rather than subsonic. A flow is called transonic when the local velocity
of the flow is close to the speed of sound. Consequently transonic flow exhibits both
subsonic and supersonic flow characteristics.

From the review paper by Bendiksen (2011), the theoretical study of transonic flow
problems associated with aircraft applications started with von Karman’s research on
transonic similarity principles, which continued further by theoretical and experimental
work by Cole, Guderley, Landhal, Ferrari and Tricomi. By the second half of the
20th century, a relatively good mathematical and physical understanding of steady
transonic flow had been developed for two-dimensional inviscid flow. The difficulties
of the transonic flow analysis are related to the mixed subsonic and supersonic flow
patterns. As an example, when the free-stream Mach number of subsonic flow past
an airfoil is close to but not exactly unity, pockets of supersonic flow form around the
airfoil. The supersonic flow terminates by a nearly normal shock-wave which reduces
the flow velocity back to subsonic. Increasing the free-stream Mach number further,
the shock moves aft and its strength increases. Further increase in the Mach number
leads to separation of the boundary-layer.

Mathematically this change, from subsonic to supersonic flow, results in the partial
differential equation that should change from locally elliptic in the subsonic region to
the locally hyperbolic in the supersonic region. An additional difficulty is that the

spatial extent of the local supersonic or subsonic region is not known in advance but
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1. Introduction

must be determined as part of the solution. Further this equation should be able to
model moving shock wave and to obtain the correct time-varying Rankine-Hugoniot
shock jump conditions. These arguments suggest that to describe the physics of the
transonic flow a nonlinear equation is required.

Considering a two-dimensional steady potential fluid low and assuming that veloc-
ity perturbations are small, the Kérman-Guderley equation is obtained (Cole & Cook,
1986), whereas for the unsteady case, external flow is described by the Transonic Small
Perturbation (TSP) equation. In both situations the governing equations involve the
Kéarman-Guderley parameter which measures the rate at which M., tends to unity.

Triple-deck theory in steady transonic flow was studied by Messiter et al. (1971),
who derived the scaling for transonic flow velocity to be M? — 1 = O(Re~'/%) and the
corresponding streamwise size of the region of interaction was found to be O(Re=3/10).
They showed that this flow regime is nonlinear and therefore is capable of incorpo-
rating the effects of the shock and boundary-layer separation. Using this triple-deck
formulation Adamson (1974) investigated the interaction between a shock wave and a
boundary-layer, and Bodonyi & Kluwick (1982, 1998) looked at the transonic trailing-
edge flow. In recently years, the boundary-layer separation in a steady transonic flow
was treated in detail by Ruban & Tirkylmaz (2000); Buldakov & Ruban (2002) and
Ruban et al. (2006).

The study of the boundary-layer stability in unsteady transonic flow was conducted
by Timoshin (1990); Bowles & Smith (1993) and recently by Bogdanov et al. (2010).
They showed that if M? — 1 is O(Re‘é) then the viscous-inviscid interaction system
consists of unsteady boundary-layer equations coupled with the unsteady Transonic
small perturbation equation, in the upper deck. They also showed the existence of

unstable Tollmien-Schlichting modes when the Mach number is less but close to one.

1.6 Layout of thesis

This thesis is consists of two main parts. The first part, comprising of Chapters 2
and 3, deals with calculations of receptivity coefficients in transonic flows. Chapter 2
follows the earlier work by Ruban (1984) where the receptivity of the boundary layer
to a downstream propagating acoustic wave was studied in subsonic flow. The current
work is presented for the case when the flow is in the transonic regime. Chapter 3
studies the influence of the upstream propagating acoustic wave and its interaction
with the steady perturbations due to surface irregularity.

The second part of the thesis, Chapter 4, is devoted to the calculations of the
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receptivity coefficient of the boundary layer on a vibrating wing in subsonic flow. It is

followed by Chapter 5 with concluding remarks and discussion.
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2 Receptivity of the Boundary Layer to a
Downstream Propagating Acoustic Wave

in Transonic flow

2.1 Introduction

In this chapter we study the generation of Tollmien-Schlichting waves in the boundary-
layer on a flat plate due to external acoustic disturbances in the transonic flow regime.
These disturbances induce a viscous-inviscid interaction between the boundary-layer
and the outer region. The interaction region can be modelled by a triple-deck structure,
in which the characteristic features of an unsteady transonic flow outside the boundary
layer have been taken into account. In the present investigation, we shall employ
the transonic regime corresponding to M? — 1 = O(Re‘é), as this scaling permits
description to the Tollmien-Schlichting wave (Bowles & Smith, 1993).

The layout of the chapter is as follows. The mathematical formulation of the prob-
lem is given in section 2.2, which is followed by the flow analysis ahead of the wall
roughness. In this region resonance conditions can not be satisfied, therefore the the
wall roughness on the surface is introduced. The flow in vicinity of the wall rough-
ness is described by triple-deck theory and presented in section 2.4. It is followed by
formulation of the viscous-inviscid interaction problem, which is split into steady and
unsteady problems, section 2.5. Section 2.6 concludes the analysis of the problem by
showing that in the vicinity of the roughness the flow perturbation field is composed
of discrete and continuous spectrums. It is shown that the continuous spectrum per-
turbations decay downstream of the roughness uniformly with respect to the frequency
of oscillations, and so do all the perturbations of the discrete spectrum except the one
which represents the Tollmien-Schlichting wave. The amplitude of the latter is found

in an analytic form.

2.2 Problem Formulation

Consider a flat plate placed in a uniform unidirectional flow of a perfect gas parallel to
the free-stream velocity with a plane acoustic wave travelling parallel to the plate as

shown in Figure 2.1. The Cartesian coordinate system is used with  measured along
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2. Receptivity of the Downstream Propagating Acoustic wave

N Incident
Yy acoustic wave

Uso @ ® Free Stream

/@ ® Boundary
layer
Pre-interaction Interaction
region region

Figure 2.1: Illustration of the flow structure for the acoustic wave receptivity.

the plate surface from its leading edge, and g in the perpendicular direction. The
dimensional velocity components are denoted as (@, ) and time by £. The gas density
is p, the pressure p, the enthalpy h and the dynamic viscosity coefficient fi.

In order to non-dimensionalise variables, we denote the distance from the leading
edge of the plate to the roughness by L. The velocity, density, pressure and viscosity
in the unperturbed flow upstream of the plate are Uy, poo, Poo and fis, respectively.
Here M, is the free-stream Mach number and Re is the Reynolds number, which are
defined as

My = —, Uoo = 4| V—, Re = M (2.1a-c)
Qoo Poo Moo

The flow analysis will be conducted using the non-dimensional compressible Navier-

Stokes equations, see Appendix A.l. In addition, it will be assumed that the Mach

number is close to one, and the Reynolds number is large, that is, we will conduct the

asymptotic analysis of the Navier-Stokes equations (A.3) using the limit

M?% -1
Re — o0, Qoo = ﬁ = 0(1), (22a,b)

where @ is the Kdrman-Guderley parameter.

2.3 Flow ahead of the wall roughness

As the first step in the analysis of the receptivity of the boundary layer to an acoustic
wave one has to look at the acoustic wave propagation in the potential flow and its

interaction with a boundary layer ahead of the wall roughness. Therefore the unsteady
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2. Receptivity of the Downstream Propagating Acoustic wave

flow analysis begins with the study of the flow in the region 1 (Figure 2.1).

2.3.1 Potential flow analysis

The flow in the region 1 is far from the surface where the viscosity terms in the Navier-
Stokes equations (A.3) may be neglected. It is also assumed that the acoustic pertur-
bation in the free-stream propagate only in streamwise direction, x,, thus allowing the
derivatives with respect to y, to be disregarded in the Navier-Stokes equations. As
the result the flow governing equations outside the boundary-layer are represented by

unsteady one-dimensional Euler’s equations

Ou, Ou,  Op.
Oh, Oh,  Op. Opx
* T~ s U — * A 2.
O TR PR TR ) (2:30)
O a(p*u*)
= 2.
ot + O, 0, (2.3¢)
T R (2.3d)

v=1p.  (y—=1)MZp.

here v is the specific heat ratio.
Setting the frequency of the acoustic perturbation to coincide with the frequency
of the Tollmien-Schlichting waves in transonic flows, we shall introduce independent

variables (Z,%) thought the scalings
Ty = Re_%i’, t, = Re 1. (2.4a,b)

The solution of (2.3) is sought in the form

U =1 +uy(6,7)+ ..., (2.5a)
pe=1+p(£,2)+ ..., (2.5b)
pe=pi(t,2) + ... (2.5¢)

where the first terms represent the uniform undisturbed flow and terms with the sub-
scripts represent small flow perturbations. Substituting (2.4), (2.5) into (2.3) and

combining equations (2.3b) and (2.3d) we obtain at the leading order linearised Euler’s
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Figure 2.2: Schematic comparison of wave velocities and directions in different flow
regimes.

equations
8u1 8u1 . 8}?1
of T oz oz (2.60)
3,01 apl N Op Op
or T oz =~ M (at e (2:69)
dp1  Opr | Ouy o
pY; + 9% + o = 0. (2.6¢)

To solve these equations we eliminate all the unknowns variables except the pressure
perturbations, p;, which leads us to the equations describing the propagation of one-

dimensional acoustic wave in a moving gas

82p1
ot?

2
—1)8p1+2M28p1~=0. (2.7)

M2
0x? *0x0t

+ (M2

Equation (2.7) has two linearly independent wave-like solutions
p1 = ae(-17) + e (- wc=1?) + c.c., (2.8)

where & and @ are characteristic amplitude and frequency of the acoustic disturbance
respectively; c.c. here denotes complex conjugate.

The solution (2.8) describes two waves with phase velocities ¢; = —1 — 1/M, and
¢ = —1 4 1/M, which will be referred to as “fast” and “slow” waves, respectively.
Here negative phase velocity corresponds to a downstream propagating disturbance
and the positive velocity corresponds to an upstream propagating disturbance. Note
that the “fast” wave always travels downstream with O(1) velocity independently of
the free-stream flow velocity whereas “slow” wave propagation depends on the free-

stream velocity. In subsonic flow (M, < 1) the “slow” wave propagates upstream with
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2. Receptivity of the Downstream Propagating Acoustic wave

O(1) velocity, see Figure 2.2. For the case when M., > 1, that is the flow is supersonic,
both waves are practically indistinguishable and both are propagating downstream
with O(1) velocities. In the case when the free-stream Mach number is close but less
than one, the “slow” wave propagates upstream but with much smaller velocity than
in the subsonic flow. Its propagation velocity reduces further, as the free-stream Mach
number tends to one, when the “slow” wave becomes stationary. Further increase in
the Mach number turns the “slow” wave so that now it propagates downstream as the
“fast” wave, but with a small velocity.

The proposed receptivity mechanism is similar to the mechanism described by
Ruban (1984) and Goldstein (1985) for subsonic flow. In this case for resonance to
occur it is necessary to have a roughness on the surface of the plate which adjusts the
acoustic wave wavenumber to be in resonance with the wavenumber of the Tollmien-
Schlichting wave.

In this chapter we shall deal with the “fast” wave, which we write as

pa(t,T) = ae' (5 | c.c., (2.9)

Moo

7 +1(D is the wavenumber of the “fast” wave.
o0

where k = —

2.3.2 Unsteady boundary-layer

A flat plate placed in a uniform flow of gas disturbs the flow only in the immediate
vicinity of the plate surface. Thus the steady flow past the plate is uniform with the
exception of the wall boundary-layer. This layer thickness tends to zero as the Reynolds
number increases in accordance with 3, = O(Re™'/ 2). The analysis of the steady
compressible boundary layer flow is presented in Appendix A.2 and the appropriate
asymptotic representation of the solution is given by (A.7). For the unsteady boundary-

layer flow the asymptotic expansions are written in the form

u, =Up (V) + Re 5 Moous(Y)pa(£,2) + ..., ( )
Uy = Re_%il%Moovg(Y)pa(f, z) + Re 2V Y)+..., )
Pe = Re_épQ(Y)pa(tN, )+ ..., )
he = Ho (Y) + Re 5 ho(Y)pa(f,7) + ..., (2.10d)
p. = Ro (V) + Re™ 5 M2 pao(Y)pa )
pe = pio (V) + Re™0 o (Y )pa(f, 7 )
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2. Receptivity of the Downstream Propagating Acoustic wave

where the independent variables are scaled as

NI

te = Re’%t: Ty = Re’gf, y, = Re 2Y. (2.11a-c)

Substituting these expansions into (A.3) and retaining leading order terms, we deduce

Ro K%H]O) u2+v2%] - —]\Z—;, (2.124)
% ~0 (2.12h)
Ry {(% + UO) ho + vag%] = (% + Uo) D, (2.12¢)
Mo (% + UO> ps + Rouy + 8(2250) =0, (2.12d)
(v = 1) (haRo + M2 p2Hp) = po. (2.12¢)

It can be seen that these equations do not contain viscosity terms, thus instead of
imposing the no-slip condition on plate’s surface, the impermeability condition, v, = 0,
on the surface should be applied. In addition, the matching condition when ¥ — oo

is such that uy = py = hgy = py = 1. Therefore solving (2.12) we obtain

1 1 1

o ——— hy= at Y =0. (213a-c
B0 D) 2T ot T R (2.13a-c)

U2 =

where Ry(0) is a gas density on the surface of the plate in the unperturbed steady flow.
The solution (2.13) shows that the no-slip condition is not satisfied, thus the intro-

duction of a Stokes layer near the wall is needed.

2.3.3 Stokes layer

As the pressure perturbation (2.9) penetrates into the boundary-layer, it causes the
Stokes layer to form near the surface. The thickness of this layer is easily found by com-
paring the instantaneous acceleration term with the viscous forces in the longitudional

momentum equation (A.la)

ou 0 (.0u
A—A ~ 1 N . 214
"5~ 5 (u ay) (2.14)
Taking into account that density and viscosity are O(1) and time is O(Re™$ ) quantities,
we find that the thickness of this sublayer should be O(Re_%) quantity. From this it
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follows that in the viscous sublayer, region 3, the independent variables are scaled as

[
=
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*
|
=
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*
|
=
o)
©!
ksl
<
*
|
=
m\
&l
Nl

(2.15a-¢)

u, = Re suz(t,2,9) + ..., (2.16a)
v, = Re 2u3(t,2,9) + ..., (2.160)
p« = Re flapg(f,:i‘, y)+..., (2.16¢)
Py = pu+ Re 5ps(f,2,9) + ..., (2.16d)
h. = hey + Re Shs(f,2,9) + . . ., (2.16¢)
f = ftw + Re 3 p5(1, 7, ) + (2.16f)

where h,,, 1, and p, are values of enthalpy, viscosity and density on the surface of the
plate, respectively.
Substituting these solution into the Navier-Stokes equations and retaining leading

order terms yields

pw% = —%Jruwa;—gu;’, (2.17a)

aa—};f =0, (2.170)
2

pw% - % %%;3’ (2.17¢)

%erw%%—pw%—l; =0, (2.17d)

(v = 1) (hwps + puhs) = 1ps. (2.17¢)

The boundary conditions for (2.17) are: the no-slip condition on the plate’s surface

and the matching condition with the solution in region 2:

uz =0 at y =0, (2.18a)
oU, k pa
Uz = a—YO—fp—w+c.c. as g — 00. (2.180)

Solving (2.17a) with the boundary conditions (2.18) we deduce the solution for the
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Figure 2.3: Triple-deck structure in transonic flow.

Stokes layer to be

@pw

_ 9 + k pa {6_(1“) 2 ¥ 1} +c.c.. (2.19)

us_f)_yy W P

2.4 Flow in the region of interaction

As mentioned in previous sections, in order to achieve resonance, both the frequency
and the wavenumber of the acoustic perturbation should coincide with the frequency
and the wavenumber of the Tollmien-Schlichting wave. In the transonic flow considered
the frequency of the perturbations is set to be of the required order, O(Re=%?), in
advance, which makes the wavelength of the acoustic wave to be O(Re??) quantity. In
order to adjust the wavenumber to coincide with the Tollmien-Schlichting wavenumber
order, O(Re3/?), it is necessary to introduce a wall roughness, which longitudinal extent

is O(Re™3/?) quantity. We shall assume that it is centred at point & and has the shape

[un

0

_u = [Ty — Xg

The region of interaction is located in the vicinity of the roughness and it is described
by triple-deck theory, with structure and appropriate scalings as shown in Figure 2.3.

In this region the external acoustic perturbation may be expanded using the Taylor
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series around the centre of the roughness

~ 1= ~ 1 -
Pa(t, @) = po(t, To) + Re 9ikTpy(t, To) — éRe’%kziﬂpo(t, To) + - +ce,  (2.21)

where py(t, Zg) = Ge'(@TFR0)

2.4.1 Lower deck

An analysis of the flow in the interaction region begins with consideration of the viscous
wall layer, region 4 (Figure 2.1), where the characteristic thickness of this layer is equal
to the thickness of the Stokes layer (region 3). Therefore solutions to the Navier-Stokes

equations are sought in the form

u, = Re suy(L,%,9) + . .., (2.22a)
v, = Re vy, 7, 9) + . .., (2.220)
p. = Re~5po(f, 7o) + Re ™5 {pa(E, &,9) + ikipo(f, 7o)} + . .., (2.22¢)
px = pu(Zo) + ..., (2.22d)
fs = to(To) + .., (2.22¢)
hy = ho(Zo) + - .-, (2.22f)

t, = Re’%f, Ty = Re’%xo + Re %x, Y, = Re 187, (2.23a-c)

Substituting expansions (2.22), (2.23) into (A.3) shows that the pressure, p, does not
change across the region, and the momentum and continuity equations decouple from

the other equations, thus allowing us to write them in the form

8U4 8u4 8U4 T 8p4 8QU4
: — ifpy = P, Tt 9.24
pw(at T +U48y) WP~ Bx TR (2.240)
8U4 81)4
Ous | Ova _ 9.24
ot "oy (2.248)

which are subject to the no-slip condition on the body surface
Uy =04 =0 at y = G(2), (2.25a)

where G(7) is a shape of the roughness on the surface of the plate.
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The second boundary condition is obtained from the matching with the solution in

region 3

Uy = U +£p—0 67(1“)\/ — 1| +cec. as T — —00, (2.25b)
8Y W P

2.4.2 Main deck

The main deck (region 5) includes the main part of the streamlines belonging to the
boundary-layer in front of the roughness and is a continuation of region 2 into the
region of interaction. Asymptotic expansions, satisfying the matching conditions with

(2.10) in region 2, assumes the form

u, = Uy (V) + Re™ {Mooug(y) o(f) + AL, 5:)%(;0} +..., (2.264a)

= —Re‘wUO(Y)a; t2)+..., (2.26b)

Dy = Re_épo(f, Zo) + Re™ 5 {p5(f, T,Y) +ikapo(t, To } +..., (2.26¢)
_ . OR

pi =Ry (Y) + Re™® {Mgopg(Y) o(t) + AL, T) ayo} +.., (2.26d)

where A, (#,%) is unknown displacement function. The pressure ps does not change
across this region and is identical to py.

Matching solutions in region 4 to the solutions in region 5 we obtain the third
boundary condition for the lower deck
k po

il 7+ A7) — == +cc as y — 00, (2.27)

u4:8_§7 ’ W P

and from (2.26b) we deduce that at the upper boundary of the main deck the vertical

velocity component is

L OA,
- _Re_waa% ’

which tends to zero as the Reynolds number increases. Thus the linearised small

(2.28)

perturbation theory can be applied in region 6.

2.4.3 Upper deck

The upper deck (region 6) is the continuation of region 1, and making use of the

unsteady linearised small perturbation theory, the solution in region 6 is sought in the
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form
p. = Re spo(l, 7o) + Re ™5 {pe(t, &, §) + ikipo(f, Z0)} + ..., (2.29)

with the independent variables being scaled as

3

t, = Re_%f, Ty = Re_%.fco -+ Re‘éi, Y, = Re 189, (2.30a-c)

Substituting this expansions into the equation and retaining leading order terms we

deduce the transonic small perturbation equation

32]96 32]96

2 i
932 O

2
0 p% + Que ~0. (2.31)

070
Note that in contrast to the subsonic and supersonic cases equations (2.31) retains the
time derivative and is hyperbolic if (), > 0 and elliptic otherwise.
Boundary conditions for this region are: matching condition with the lower deck
ape 82/1*

B gm M =0 (2.32a)

and the far field boundary condition, which states that all perturbations decay to zero

sufficiently far away from the body surface, hence

pe — 0 as g — 00. (2.32b)

2.5 The viscous-inviscid interaction problem

In order to describe the flow past a wall roughness the flow governing equations in the
viscous sublayer (2.24 , 2.25 and 2.27), have to be solved together with the upper deck
equations (2.31, 2.32).

To decrease the number of parameters in the lower and upper deck equations we

apply the following affine transformations and the Prandtl transposition theorem to
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the variables

3 ! LR x __ y+g(x)
= T B T L P (2.33a-c)
(22 i AT (23p3, B \12)3 (208152 AT)®
v+ u w 3 %
Vg = — 7d$ . 15 Ug = ﬁ’ Y= ﬁ’ (233d‘f>
(27l TATT)? (20011, A72)° (27 pupty A2)?
T e I e e R
(278 A7) (200" AT)® (200" AT)?
p, P ‘

(2205 " A0
In addition the frequency, wavenumber and amplitude of the acoustic perturbation are

scaled as

w X6’

Q= - ka = _. (2.33k,1)
(272pu > A1) (27 oy g, TAT10)
As a result the lower deck equations (2.24) assume the form
ou  Ov
— +=—=0 2.34
du  Ou  Ju i Op O™
- - — = et - = 2.34b
ot Tz TV T T o T o (2:345)
with the boundary conditions (2.25) and (2.27) becoming
u=v=0 at y=0, (2.35a)
u=1vy+ a [e_(h“i)\/gy — 1] e +ce  as  x— —o0, (2.35b)
w
u=y+A-— et 4 cc. as Yy — 00. (2.35¢)
w
The upper deck equation (2.31) now is written as
0?P 0P 9?°P
o— — —— = 0. 2.36
guot < 9a?  oy? (2.36)
This has to be solved subject to the boundary conditions
P g P_TA D t Y (2.37a,b)
= an =575 @ = 37a
b oy  0x*  0zx? ’ ’
P—0 as Y — 0. (2.37¢)
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Here displacement function, A, is still undetermined whereas the shape of the rough-
ness, g, is prescribed by (2.20).

In order to solve the problem at hand we assume that the amplitude of the acoustic
wave, «, and the height of the wall roughness, h, are small. This allows us to write the
equation of the roughness as g(x) = hF(x), and seek the solution in the lower deck in

the form

u=y+ aUs(z,y) + hu,(z,y) + ahu'(t,z,y) + ..., (2.38a)
v = hv.(x,y) + ah'(t,z,y) + ..., (2.38b)
p = ae™ + hp.(x,y) + ahp'(t,z,y) + ..., (2.38¢)
A=hA(x,y)+ahA(t,z,y) + ..., (2.38d)
P =™ +hP.(2,Y) +ahP (t,z,Y) + ..., (2.38¢)

where Ug(x,y) = i [e_(1+i)\/gy — 1} e tc.c. is the velocity profile in the Stokes layer.

The structure of the solution (2.38) may be explained as follows. As an example we
look at the asymptotic expansion for the longitudinal velocity component, u, where the
leading order term, y, represents the unperturbed steady boundary-layer, and would
be the only term if neither the Stokes layer nor roughness were present. The next
two terms, aUs(z,y) and hu,(z,y) represent the perturbations produced by the Stokes
layer and the roughness, respectively. The fourth term, ahu’(¢,z,y), represents the
perturbations produced in the boundary-layer due to the interaction of the Stokes
layer with the steady flow field around the roughness.

Substitution of (2.38) into (2.34-2.37) lead to steady problem for O(h) terms, and

unsteady problem for O(ah) terms.

2.5.1 Steady problem

In the lower deck we obtain the following set of equations

ou,  Ov,
=0 2.39
aur . apr a2ur
Var T g (2.39b)
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2. Receptivity of the Downstream Propagating Acoustic wave

which are subject to the boundary conditions

U =0, =0 at y =0, (2.40a)
u = A, as y — 00, (2.400)
u, =0 as T — —00. (2.40¢)

For the upper deck equation (2.36) we deduce

0*P.  O*P,
Ko—r — ~ =0, 2.41
ox?  0Y? (241)

with the boundary conditions
P d on, _ oA, O°F t Y (2.42a,b)
r — DPr 1 = - a =Y 220,
Pro 80 9y T oaz T oa2

P.—0 as Y — o00. (2.42¢)

Solution of the steady problem

To solve the steady problem (2.39-2.42), we introduce the Fourier transform, which for

the pressure, p,., is defined as follows

o0

po) = [ g™ do. (2.43)

—00

Applying the Fourier transform to (2.39, 2.40), reduces it to

ik, + ch 0, (2.440)
ikyu, + v, = —ikp, + 65—;2’", (2.44b)
and
U =0, =0 at y =0, (2.45a)
i, = A, as y — 00. (2.45b)

In the upper deck we distinguish between two cases depending on the sign of the
Karman-Guderley parameter, K., which has a plus sign if the flow is supersonic or

aminus sign if it is subsonic. Thus the equations (2.41) and (2.42) in Fourier space are
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2. Receptivity of the Downstream Propagating Acoustic wave

written as

(2.46a)
_ d*P
2 r_ .
k ]KOO\PT + e 0 if K >0, (2.46())
with
P, =p, at Y =0, (2.47a)
dP, _
T — kYA, - F t Y = 2.47b
dY ( T ) a 07 ( 7 )
P.—0 as Y — oo. (2.47¢)

For simplification of the analysis we introduce a new quantity

1 if Ko <0,
= (2.48)
1 if Ky >0,
which allows us to write the solution for (2.46) with the boundary conditions (2.47b,
2.47¢) in the form

P = ilk|(A, — F)sc | Ko| 2elFVIEK=lY (2.49)
Using (2.47a), and returning back to the equations in the lower deck, where setting

y = 0 in (2.44b), and with the help of boundary condition (2.45a), we deduce an
additional boundary condition for w,

dzar . T — _ _1
T = (A = P Kl

(2.50)

Differentiating the momentum equation (2.44b) with respect to y and subtracting
the continuity equation (2.44a) we obtain

d3u, _ir du,
dy3 y dy

— 0. (2.51)

Performing the variable change z = 0y, where § = (ik)3, reduces (2.51) to the Airy
equation

d3u, di, 0
—Z —
dz3 dz ’

(2.52)
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Figure 2.4: Choice of the analytical branch.

with boundary conditions becoming

u, =0 at z =0, (2.53a)
Pu, o1 o _1

T2 = i(ik)3|k|(Ar — F)se | Koo| 2 at z=0, (2.53b)
u, = A, as z — 00. (2.53¢)

The general solution of the Airy equation consists of the sum of two linearly inde-

pendent solutions Ai(z) and Bi(z), namely,

ou,
0z

— Cy Ai(z) 4+ CyBi(2). (2.54)

From (2.53¢) we see that at large values of z the function w, should stay finite, which
suggests that du,/0z should approach zero as z tends to infinity. The behaviour of
Ai(z) and Bi(z) at large z depends on the direction along which z tends to infinity in
the complex plane. The latter is defined by a choice of analytical branch of 6 = (zk)%
For our purposes it is convenient to make the branch cut in the complex k-plane along

positive imaginary semi-axis (Figure 2.4) and define
1 i ; 3 1, [
0 = (ik)s = <e7kel¢>3 = k3ei(E+9), (2.55)
Then for real positive y the argument of z = Ay will lie within the interval

arg z € (—% g) . (2.56)

29



2. Receptivity of the Downstream Propagating Acoustic wave

Within this sector the Airy function, Ai(z) decays exponentially as

1
Ai(z) = §ﬂ_%z_ie_§23/2 + ... as z — 00, (2.57)

but Bi(z) is exponentially large
Bi(z) =7 2z 13" + . as Z — 00, (2.58)

see Abramowitz & Stegun (1965). Therefore we set Cy to zero and the solution (2.54)
becomes
di,
dz
Applying the boundary conditions (2.53a, 2.53¢) to the solution above, we obtain a set

= CAi(z). (2.59)

of equations relating the constant C' and the displacement function A,

CAi'(0) = i(ik)3|k|(A, — F)se K| ™2 and  C =34, (2.60a,b)

which solved, yield

A = "Rk _F, (2.61a)
i(1k)3|k| — 32Ai'(0)| Kx |2
C= 3i(0k)3 K F. (2.610)

i(ik)3 k| — 35¢Ai'(0)| Ko |2

This allows us to write the steady problem solution for longitudinal and transverse

velocities in the Fourier space as

u, = F(k)® (2;k, Ks) and v, = F(k)V (2;k, Ky , (2.62a,b)

where
D (2 k Ky) = i(ik)§]k|3j(;k%)i§io)|f(oofé O/Az'(s) ds, (2.63a)
U (2 k, Koo) = —(ik)? j@(s;k, K.) ds. (2.63b)

0
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2.5.2 Unsteady problem

Returning back to the viscous-inviscid problem (2.34-2.37) and expansions (2.38), we
deduce that working with O(ah) quantities, leads to the following set of equations in

the viscous sublayer

ou o
- 42— 2.64
o + 3y 0, (2.64a)
o' o ou ou. op 0%

S N Al 2.64b
ot +y8m+U+U8m v dy 8x+8y2 (2.645)

which are subject to the following boundary conditions

u=0v=0 at y =0, (2.65a)
u=A as Y — 00, (2.65b)
u'=0 as T — —00. (2.65¢)

In the upper deck we obtain

P PP 0P

- _ =0, 2.66
gzor T 02 ay? (2.66)
with boundary conditions being
orP  9*A
P =p and Y " B2 at Y =0, (2.67a,b)
P'—0 as Y — oo. (2.67¢)

Solution of the unsteady problem

The solution of the unsteady problem is sought in the time-periodic form, namely,

(W', o, p, P, AU = <ﬁ, v, p, P, A, US> e“t +c.c., (2.68)

where

0, = 5 [e*””\/gy . 1] . (2.69)
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Substitution of (2.68), (2.69) into (2.64) and (2.65) lead to

Jdu  0v

T, 2.

pe + FYa 0, (2.70a)
ot - du, oU, op 0%

Wiy 4 54 0,2 4y, 20 = P TY 2,700

Zwu+y8x+v+U8m v dy 8x+6y2 (2.708)

and

u=0=0 at y =0, (2.71a)
i=A as Yy — 00, (2.71b)
u=0 as r — —00, (2.71c¢)

Similarly, the upper deck equations (2.66), (2.67) reduce to

OP o*P 9P
oy Thegm ~gy2 =0 (2.72)
and
. oP  9?A
P —n _— Y — 2
D and 5 = 52 at 0, (2.73a,b)
P =0 as Y — 0. (2.73¢)

These equations are manipulated in the same way as the corresponding steady flow
equations. We start by applying the Fourier transform and differentiating (2.70b) with

respect to y. Combining the result with the continuity equation (2.70a) gives

di . du U,  dP*u
(k — kU~ 40— = —. 2.74
z(y+w)dy+z a0 + v aE A (2.74)

This equation has to be solved with the boundary conditions

0 at y =0, (2.75a)
A as Y — 0. (2.75b)

¢
I

¢
I

The Fourier transform of the upper deck equations lead to
.

d .
vz T (wk + k*Ky) P =0, (2.76)
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and

P=p at Y =0 (2.77a)
dp ) ;
P—0 as Y — oc. (2.77bc)

The general solution of the upper deck equation (2.76) is written as

p _ Blei\/wk+k2KooY + BQG_i\/UJkH—kQKOOY. (278)

It can be seen that the solution depends on the sign of K. If K, > 0, then the

solution satisfying the boundary conditions at Y = oo, is written as

p:Bmei\ka—kk?KoolY ( 00, \K ’> (2.79a)

P = Bpye~VImwk K]y { Tt ] (2.790)
P = BygetVIoktk ExlY ,00) (2.79¢)

The solution with negative values of K, has a similar form. Combining these solutions,

we can write the solution in the more general form

P =B,e"", (2.80)
where
( 1 w
]wk—l—szOOP ke (—OO,—W) U(0,00)
o= > for Ko > 0, (2.81a,b)
ilwk + B2 K.|F ke [—|°"—|,o}
\ o}
(
|wk—|—k:2Koo|% k & (0, u;u—|)
o= > for K, < 0. (2.81¢,d)
w
i|wk:+k2Koo|% k € (—o0,0] U {—,oo)
( Kool

Combining (2.77b) and (2.80) we find that

B, = ik*Ac™?, (2.82)
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which together with (2.75a), (2.77a) and (2.80) in (2.74) yields an additional boundary

condition

Pu e
a2 = i(ik)k“ Ao at y=0. (2.83)
Equations (2.62) suggest that the solution for the equation (2.74) may be repre-
sented as
w=F(k)a and A= F(k)A, (2.84a,b)

which, when substituting it into (2.74), yields

d3u du
— —i(k — =H(y; k,w, Ky). 2.85
0 i y+w)dy (y; kyw, Koo) (2.85a)
Here . .
- dP d-U, 4. dP d-U,
H(y;k,w, Ky) =1tkUs— + U * = (ik)3U;— + ¥ =5 2.85b
(y7 y W, oo) ¢ US dy + dy2 (Z )3U5 dZ + dy2 ( 85 )

The boundary conditions (2.75) and (2.83) stay the same with the understanding that
@ and A are substituted by @ and A respectively.

Introducing the new independent variable

(=0y+C,  where 0=(ik)3, (o= —y, (2.86)
(ik)3
we obtain the inhomogeneous Airy equation
d3u du =
d_Cg _Cd_C — H(Cu k7w7Koo)7 (287@)
= i dd o dPU
H(Ckyw, Ky) = (Zk)3US$ + (ik) a0 v, (2.87b)

which should be solved subject to the following boundary conditions

i=0 at (=, (2.884)
25 _

Z—CZ =i(ik)s kAo as (= (, (2.88b)

i=A as ¢ — 0. (2.88¢)

The general solution of (2.87a) is a composition of two complementary solutions of

the Airy equation and a particular integral, and has the form

% = CLAI(Q) + CaBi(Q) + 9(0), (2.89)
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where the function () is the solution of the following boundary-value problem,

o’ —(p=H, (2.900)
¢'(G) =0, (2.90b)
p(00) = 0. (2.90¢)

In order to find the constants C; and Cy we apply the same arguments as previously
in description of the steady problem (sec. 2.5.1). In order to avoid exponential growth
of the solution as ( — oo, we set Cy = 0 and therefore (2.89) is written as

du .
d_C = C1A41(C) + ¢(Q). (2.91)
Applying the boundary conditions (2.88) we obtain two equations relating the constant

C1 and the displacement function f:l, which are written as

CLAY (o) = i(ik)3k? Ao, Cl/Ai(s) ds+/<p(s) ds = A, (2.92a,b)
o @)
Eliminating C; from (2.92), we find that
Ai'(Co) [ ¢(s) ds
Co

:bl\

= — : (2.93)
Ai'(Go) — i(ik) k201 Cf Ai(s) ds

Substituting this expression back into the equations relating the pressure and the dis-
placement function, and taking into account that A = F (k)A, we deduce that the

pressure in Fourier space is

KAV ()P (k) [ o(s) ds
P _ Co

— . (2.94)
o Ai'(Go) — i(ik)3k? <f Ai(s)ds
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2.6 Receptivity coefficient

In order to return back from Fourier to physical space it is necessary to perform the

inverse Fourier transform

e iPAV(G) [ els) ds
P(t,x) = 5 o F(k)e™ dk. (2.95)
T L GAi(G) —i(ik)5k? [ Ai(s) ds
¢o

The integration here is performed along the real axis in the k-plane. Nevertheless it is
convenient to take the analytic extension of the integrands into the complex k-plane,
where according to Cauchy’s theorem, the contour of integration can be deformed. As
the main interest is in the behaviour of the perturbations downstream of the roughness,
for positive x it is convenient to consider an analytical extension of the integrand into
the upper half plane. When deforming the contour, it might cross a point where the
denominator of the integrand is zero, therefore is necessary to start with a study of the

roots of the dispersion equation.

2.6.1 Dispersion relation

The dispersion relation is obtained from equation (2.94) by equating the denominator

to zero:
o0

oA () — z'(@'k)ék?/Az'(s) ds =0, (2.96)
o
with o and (, defined as in (2.81) and (2.86) respectively.

Solving the equation (2.96) we will assume that the frequency, w, is real and positive.
Our task will be to find the wavenumber, k, which in general case is complex and is
a function of w and K. We expect the Tollmien-Schlichting waves to propagate
downstream, which happens when the real part of the wavenumber is negative and real
part of Vwk + k2K is positive.

We start by assuming that w — 0 and (j is finite, which consequently leads to the
limit & — 0. In addition from (2.86) it can be deduced that w is O (k*/*) quantity and
thus o is of order k. Taking into the account all these limits the dispersion equation

(2.96) reduces to
dAi(Q)

dg

which has infinite number of roots and all lie on the negative real semi-axis in (y-plane,

=0 at (=, (2.97)
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Ai'({o) Jo Ai(s) ds
—1.01879 | —4.10699 + 1.14416%
—3.24819 | —4.10699 — 1.14416:
—4.82009 | —6.79814 + 1.035157
—6.16330 | —6.79814 — 1.035152
—7.37217 | —9.03091 + 0.96940:

T W N =

Table 2.1: First five roots, (o, of Ai({y) =0 and [ Ai(s) ds =0
o

the first five roots are shown in Table 2.1. These roots may be used as an initial guess in
the iterative solution of the dispersion equation for a small value of w. The dispersion
relation (2.96) is solved using MatLab®, were the frequency w is kept fixed until the
iteration process converges and the corresponding value of (; is found. The process is
then repeated for a new w, which is increased by a small value dw.

From the solution of the dispersion equation we see, Figure 2.5, that when w in-
creases each root of the equation tend to a certain point in (y-plane, except the first
root which tends to infinity.

To find these points we look at roots of the dispersion equation for large values of
w. We assume that w — oo and (j is finite, and following similar arguments as deriving

the expression (2.97) the dispersion equation (2.96) reduces to

o0

/Az'(s) ds =0 (2.98)

Co

This equation has an infinite number of roots which all come in complex conjugate
pairs and lie in the left half of the complex (y-plane, see Table 2.1.

As mentioned earlier the behaviour of the first root is different from that of the
other roots. In the k-plane it stays in the second quadrant until the frequency reaches
its critical value, wy, which depends on the Karman-Guderley parameter. Increasing
the frequency further the trajectory of the first root crosses the real axis at the point kg
and remains in the third quadrant for all w > wy. In addition it can be seen that as the
value of the Karman-Guderley parameter increases, the neutral point ky approaches
zero. This root represents the Tollmien-Schlichting wave.

In order to find how the neutral wavenumber, k, depends on the Karméan-Guderley
parameter we start by introducing the phase velocity ¢ = w/k,. Denoting by ¢ and &
the neutral values of the phase velocity and wavenumber in incompressible flow (Smith,

1979a), we perform transformations: ¢ = acf and k. = ok, see Timoshin (1990),
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Figure 2.5: The first five roots of the dispersion equation (2.96).

and then the dispersion equation (2.96) can be rewritten as

() S 13 (A7 (6™ [ Ai(s)ds = (~ach ~ Koc)?. (2.99)
&

where a is a constant. In incompressible flow the dispersion equation is

(e o]

(ik) 3 |k| [Ai'(¢o)] / Ai(s)ds = 1. (2.100)
¢o

It has only one unstable root and the neutral point is positioned at wj = 2.29797 and
ks = —1.00049. Comparison of (2.100) with (2.99) leads to the following equation for
constant a:

a® (ach + Ky) = —1, (2.101)

where ¢ = —2.296. This equation has only one real root, which gives the sought
neutral point position (wy, ko) for each value of K, see Figure 2.6.

Returning back to the integral (2.95) we shall distinguish between two cases: K., <
0 and K, > 0, where our task is to determine the amplitude of the Tollmien-Schlichting
waves. To calculate the integral in both cases we consider a value of the frequency
that is smaller than the critical frequency. For such w the roots of (2.96) lie in the
second quadrant of the complex k-plane. In addition, one has to remember that when

1/3

introducing an analytical branch of the function (ik)'/® we had to make a branch cut
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(a) Frequency, wg (b) Wavenumber, kg

Figure 2.6: Position of neutral points (wp, ko) as a function of the Karméan-Guderley
parameter.
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Figure 2.7: The contour of integration in k-plane in the case of the negative transonic
parameter, K, < 0

along the positive imaginary axis in the k-plane, which suggest that the branch cut
here have to be extended to the entire imaginary axis. Therefore, we can split the
integration interval into two parts, negative and positive real semi-axes.

In the case of the negative Karman-Guderley parameter the contour along the real
negative semi-axis is closed with the arc Cg with large radius, R, and ray C}; originating
at the coordinate origin, see Figure 2.7. The angle between the negative real semi-axis

and C} is chosen so that the closed contour encloses only one root k;. For the real
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positive semi-axis, the contour consists of two closed contours (C’g, 0527 C’;;, C/) and
(CF,,C4,, CF,) where position of the O and Cf;, depends on value of omt
The analytic extensions of the integrand (2.94) in the region enclosed inside of each

contour is given by expressions

k2Ad' (Co) F fgp
P = k. € (—0,0), (2.102a)
(—wk — kQKOOP Ai' (o) — (ik)§k2 fAz'(s) ds
o

o0

WAV G)F(K) [ pls) ds
Py = “ - k, € (0, L) . (2.1020)
(wh + K2EK.0)} Ai(Go) — i(ik) 5k [ Ai(s) ds [ Koo
¢o
k2Ad' (Co) F fgo
Py = k, € (L oo> (2.102¢)
(—wk — K2K)E AP (Co) — (k)R [ Ai(s) ds | Kool
o

In addition the integral (2.95) can be split into the sum of three integrals as

twt wt twt
P(t,z) = ZW / Prei® dk + ‘;T / Pyeike gk 4 ‘;T / Pretft gk, (2.103)

The first integral in (2.103) is found using the residue theorem

/P1 e dk + / e dk + /Pfeikw dk = 2inRes { Py 1 k1 } . (2.104)

Cr Cr Cs

Note that the expression (2.102q) is in the form

Nk
P = By (2.105)
where
N(k) = K2A7 (o) P (k)e™ / o(s) ds, (2.106a)
o 00
D(k) = (—wk — K2K.0)* A(Gy) — (ik) T4 /Az'(s) ds. (2.106b)
o
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Residue of the function Pl_ at the point k;, which is the simple pole, is found by
differentiating the denominator (2.106b) at the pole, which leads to the expression

60uk2AY (o) F(ky)e™® [ o(s) ds

- 0 . (2.107)

BA(Go) {2K ks +w} + 201 (iK1 F |240(Go)Go (a5 + k) + Thi I, |

where I, = fAz Yds, g1 = (—Kxok? —wk1)2 and (y =

(zkl)
The second and third integral in (2.103) is found using Cauchy’s theorem. As the

dispersion equations do not have roots in the first quadrant (figure. 2.7), then the

integral over the closed contour is equal to zero, thus

/ Py et dl = — / Py e* dk — / Py et dk — / Py et dk, (2.108a)

CF, cf 3, Cf,
/ Pye™ dk = — / Py e dk — / Py e d. (2.108b)
Ol 3, Cp,

Substituting (2.104), (2.107) and (2.108) into (2.103) we obtain

Gigi k3 Ai'(Co) [ ¢(s)ds F(ky)eiwtthe)

P(t,z) =— < -
3Ai'(Co) 2K k1 + w] + 2¢y (iky)3 [QAi(CO)Co (Ch,:)—% + k’1> + 7161140}

ezwt

— P (k)e™™ dk Pr(k)e* dk
o | [Pt [P

cr C3

[ Prwe e [ Praeteab [ Pret k|

cf ct

+
So C

S3

(2.109)

where the integrals along CEZ) and C;ES cancel each other as the integration is performed
along the same line but in the opposite directions.

In order calculate the remaining five integrals in (2.109), at first we consider the
integrals along the arcs Cy, C’;; and C’;rg, where we will show that the integrals tend

to zero as the arc radius tends to infinity.
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We start with the study of the solution of the boundary-value problem (2.90) at
the limit
k — oo, w=0(1). (2.110)

Returning to (2.63) and setting k — oo we deduce

z z S

>~ 3/Ai(3) ds, U =~ —3(@1@)3/ /Ai(s') ds' | ds. (2.111a,b)

0 0 0

With z being an order one quantity, y = (ik:)_%z is small, and therefore the function

(2.69) may be approximated as

~ 1—1

~ __
~

° V2w

Substituting (2.111) and (2.112) into (2.87b) we find that at large values of k the
right-hand side of the equation (2.90) becomes

Y+ O(2). (2.112)

1—1

H ~ —3——2Ai(z) + O(k™3). 2.113
i)+ Ok ) 2.113)
If & — oo, then (y tends to zero and therefore the boundary-value problem (2.90)
reduces to
"~ Cp 3l izAz'(z) (2.114a)
¥ Y~ m ) .
¢'(0) =0, ¢(00) = 0. (2.114b,c¢)

The solution to this problem, ¢, is an order one quantity. Hence the integral

/gp(s) ds — /gp(s) ds = O(1). (2.115)
o 0

Returning back to (2.102a) and representing this expression in the form

P =10 (k,w)F(k), (2.116)
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where .
k*Ai'(Co) [ o(s)ds
I (k,w) = < _ , (2.117)
(—k2K o — wk)2 Ai'(Co) — (ik)3k2 [ Ai(s) ds
o

it can be seen that II; is of order k=3 when k — oo. Therfore if we assume that
the function F'(x) representing the wall roughness shape is integrable on the interval
x € (—00,00) together with its modulus, then there exist a positive constant B such
that

F (k)| = /F(x)e‘“”dx < / |F(z)| dz < B (2.118)

It follows from (2.117) and (2.118) that the expression (2.102a) satisfies the conditions
of Jordan’s lemma, which allows to conclude that for all z > 0 the integral along Cg
tend to zero as the radius becomes large. Similarly we may show that the integrals
along CS+2 and C;; satisfy Jordan’s lemma and therefore, when the radius tends to
infinity the integrals along theses arcs also tend to zero.

The remaining integrals in (2.109), along the rays C; and C}, represent the con-
tinuous spectrum of the perturbation field, which decay further downstream of the wall
roughness. Both integrals are of Laplace type and they may be evaluated with the help
of Watson’s lemma. In order to use the lemma it is necessary to know the behaviour
of the integrands (2.102) at small values of k. Keeping this in mind, we return to the

boundary-value problem (2.90), and take a limit
k=0, w=0() (2.119)

Applying the limit to (2.90) it is convenient to recast the independent variable using

z = ( — (o, therefore we obtain

ol — (G +2)p. = H, (2.120a)
£(0) =0, a(00) =0, (2.1200,c)

Since the integrands (2.102) involve the integral of ¢ it is sufficient to determine
the behaviour of the function ¢ when y — oo but z = O(1). Substituting (2.63) and
(2.69) into (2.87b) we see that the right head side of (2.90) is

H~— i(ik) | - Ai(z). (2.121)

WA (0)| K |?
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2. Receptivity of the Downstream Propagating Acoustic wave

In the region of interest (y tend to infinity, therefore the second term on the left hand

side of (2.120a) is large compared to the first term, which leads to the equation

— (o, = H. (2.122)
Sunstituting (2.121) into (2.122), we find that

o ilik)5|k|
w2 Ai'(0)| Koo |2

Ai(2), (2.123)

and consequently

[ N (oL
/gp(s) ds ~ /gp( ) ds = Bt AT 0) [ Ko} (2.124)

¢o 0

This allows us to continue with the analysis of (2.102) in the limit (2.119). Since in
this limit (; is large, the derivative and integral of the Airy function can be substituted

by their asymptotic formulae (Abramowitz & Stegun, 1965)

Ail(G) = —§7r%<0%e*§<03/2 T (2.1254)
r , I 1. s 2.3
Ai(s) ds:§7r 2y te 80T 4L, (2.125b)
o
Using these in (2.102), we have
K2(ik)3|k| -

P~ —

_F(0). (2.126)
3w20 Ai' (0)| Koo|2

Returning back to (2.109), we see that the integrals along C; and C} can be

rewritten as

.y F ;
/ Pe di ~ — o / K (ik)5 k|0 e dk. (2.127)
3u2Ai'(0)| K o |

cr cr

The integrand in (2.127) is analytic in the entire k-plane with the branch cut along
the imaginary positive semi-axis. Therefore, instead of integrating along the rays C,
and C}, we can choose any other ray as long as it stays in the upper half plane. For

the ray C; it is convenient to perform the calculations along the left hand side of the
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2. Receptivity of the Downstream Propagating Acoustic wave

branch cut, in which case
k=se 2 =is, s € [0, 00). (2.128)

Consequently it allows to express the integral (2.127) as

. , F 1434 ¥ 9
/ Py (k)e*™ di: ~ — ©) . (1+9) / 50 e ds. (2.129)
3wz Ai'(0)|[Kxlz2 V2 /

Cr

Performing the change of the integration variable, t = sx, we obtain

L F(0 1—i) [
/ Pr(k)e dk ~ (0) —0) / £5 et dt
0

3w3 Ai'(0)|Kso|2 26 /2

oy (2.130)

The integral along C is found in a similar way to the above except that now
k=se2 =is, s € [00,0). (2.131)

Thus we can write

/P;(k;)e““ dk ~ F(O) (1,; i)r (ﬁ) as  x—oo.  (2.132)

cf

Substituting (2.130) and (2.132) back into (2.109) we obtain the solution for the
pressure at large values of x and negative values of the Karman-Guderley parameter
V2I(29/6) et

F(0 +..., 2.133
3w3 Ai' (0)| Koo 2 ()x% (2.133)

1 _ ‘
P(t,x) = §/C(w7 Koo)F(ky)eltthn _

where

12i,k2A1(G) [ o(s) ds
K=-— — L (2.134)
BA(Go) [2Kachy + ] + 201 (k) |24(60)Go (i + k) + Thi g

This function, K(w, K) is called the receptivity coefficient. It is a function of the

frequency, w and the Karman-Guderley parameter, K., only.
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Figure 2.8: The contour of integration in k-plane in the case of the positive transonic
parameter, K, > 0

Calculation of the inverse integral for the pressure for positive values of the Karmén-
Guderley parameter can be achieved using a similar procedure, with the exception that
in this case the contour of integration in the k-plane is chosen such as shown in Figure
2.8. Performing this analysis, it is found that the receptivity coefficient in the case of
K, > 0 is expressed again by (2.134).

Hence the receptivity coefficient of the boundary-layer to an acoustic perturbation
with a phase velocity of O(1) can be calculated using the expression (2.134) as long as
Vwk 4+ k2K is positive.

Numerical calculations of the receptivity coefficient are performed in the following
way. First, we choose real values of the frequency and Karman-Guderley parameter,
then from the dispersion equation (2.96) we find values of k and ¢y of the first root,
see Figure 2.5. Values of the Airy function and its derivative and the integral at the
point {, were found by solving the initial-value problem for the Airy equation along the
straight line connecting (y with the origin in the complex z-plane. These calculations
employed the Runge-Kutta algorithm with calculations starting at the origin, ¢ = 0,
where the values of the Airy function and its derivatives are well known (see for an
example, Abramowitz & Stegun (1965)). Finally, the function ¢ is found by solving
the boundary-value problem (2.90), which using standard second order central finite
differences scheme was decomposed into the tridiagonal matrix system. This system
later was solved using the Thomas algorithm, which is based on LU decomposition of

the original matrix system. During the calculations of the receptivity coefficient we
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Figure 2.9: Receptivity coefficient dependence on the frequency and the Kérmén-
Guderley parameter.
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Figure 2.10: Modulus of the receptivity coefficient and its dependence on the Karman-
Guderley parameter for neutral points (wp, ko).

varied the size of the domain, y, and the mesh size, N in order to find optimal values.
The results presented here were obtained by setting the domain size to 10 and the mesh
size to 100.
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2.7 Discussion of the results

This study have shown that in the transonic regime the receptivity coefficient depends
not only on the initial frequency of the perturbations, as it was in the case of the
subsonic flow (see Ruban, 1984), it also depends on the free-stream Mach number.
The receptivity coefficient is complex quantity and thus may be represented in the
exponential form, K = |K|e!®. Results of the calculation of the receptivity coefficient
are presented in Figure 2.9, where Figure 2.9(a) shows the modulus of the receptivity
coefficient and its argument is shown in Figure 2.9(b). Figure 2.10 shows the modulus of
the receptivity coefficient dependence on the Karman-Guderley parameter for neutral
state of the Tollmien-Schlichting wave with parameters (wp, ko).

It is observed that the maximum value for the receptivity coefficient (see Figure
2.10) is achieved when the Kérman-Guderley parameter, K, tends to zero, or equiv-
alently the Mach number is one. This point of the maximum value in undefined in
the scope of the theory presented here as it is not valid when the Karman-Guderley
parameter is equal to zero. Thus in order to find the correct value for the maximum
it is necessary to consider higher order approximations around this point. Increasing
the Karman-Guderley parameter we observe that the modulus of the receptivity coef-
ficient decreases rapidly and calculations show that when K, reaches 5 the receptivity
coefficient practically becomes zero. On the another hand when the Karméan-Guderley
parameter becomes negative the modulus of the receptivity coefficient at the first in-
stance decreases and then starts to grow. Further decrease in K, is not practical as
from the assumptions made at the beginning it should be an order of one quantity.

From Figure 2.9(a) it can be seen that, when the frequency increases, the receptivity
coefficient tends to a certain value, which increasing the Karman-Guderley parameter
decreases. Similar behaviour may be observed for the argument of the receptivity coef-
ficient (see Figure 2.9(b)), where increasing the frequency of the acoustic perturbations,

the phase levels at a certain value close to zero.
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3 Receptivity of the Boundary Layer to
an Oblique Acoustic Wave Traveling Up-

stream 1n Transonic flow

3.1 Introduction

In Subsection 2.3.1 it was established that in the transonic flow regime, M? — 1 =
O(Re‘é), the governing equation in the unsteady potential low describes two distinct
waves. Previous chapter considered only the “fast” wave and its interaction with the
isolated wall roughness. In this chapter we study the generation of Tollmien-Schlichting
waves in the boundary-layer on a flat plate due to the “slow”, upstream-travelling
external acoustic wave, which is considered to be an oblique wave. As before, in order
to satisfy the resonance conditions it is necessary to introduce a wall roughness on
the plate surface, which produces steady perturbations of the boundary layer. These
perturbations induce viscous-inviscid interaction between the boundary-layer and the
outer regions. The inviscid flow and the interaction region can be modelled by a triple-
deck structure, where the characteristic features of unsteady transonic flow can be
taken into account.

The layout of this chapter follows the layout of the previous chapter, where the
mathematical formulation of the problem is given in Section 3.2. The flow in vicinity
of the wall roughness is described by the triple-deck theory and presented in Section
3.3. It is followed by formulation of the viscous-inviscid interaction problem, which is
split into steady and unsteady problems, Section 3.4. Section 3.6 concludes the analysis
of the problem by showing that in the vicinity of the roughness the flow perturbation
field is composed of discrete and continuous spectrums. It is shown that the continuous
spectrum perturbations decay downstream of the roughness uniformly with respect to
the frequency of oscillations, and so do all the perturbations of the discrete spectrum
except the one which represents the Tollmien-Schlichting wave. The amplitude of the

latter is found in an analytic form.
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Figure 3.1: Layout of the problem

3.2 Problem Formulation

Consider an aerofoil placed in a uniform two-dimensional flow of a perfect gas with
an oblique plane acoustic wave as shown in Figure 3.1. In order to generalise the
analysis in what follows we shall use the body-fitted curvilinear orthogonal coordinate
system (Z,y) with & measured along the aerofoil surface from its leading edge, and g
in the normal direction. The aerofoil contour curvature is assumed to be small. The
dimensional velocity components are denoted (i,?) and time by ¢. In addition, the
gas density is denoted by p, the pressure p, the enthalpy h and the dynamic viscosity
coefficient fi.

The flow analysis will be conducted using the non-dimensional compressible Navier-
Stokes equations; see Appendix A.1. As in Chapter 2, we will conduct the asymptotic

analysis of theNavier-Stokes equations (A.6) using the limits
Re — o0, Qs = O(1), (3.1a,b)

where () is the Karman-Guderley parameter. Here, in contrast to the previous prob-
lem 2, we will be consider only negative values of the ).

Analysis of the steady flow in the compressible boundary layer is presented in
Appendix A.2

3.3 Formulation of the triple-deck problem

This chapter covers the interaction process of the roughness in the boundary layer with
an upstream propagating acoustic wave. The analysis is performed under the assump-
tion that the frequency of the acoustic wave, w, = O (ReQ/ 9) , and the Karman-Guderley
parameter, (), is an order one quantity. Further, bases on the result obtained in

Subsection 2.3.1, this leads to the conclusion that in the presence of the acoustic per-
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Figure 3.2: Triple-deck structure in transonic flow.

turbations the governing equation in the potential flow describes two waves. In this
problem we consider only the “slow” wave, which propagates with the phase velocity
of order Re™'/% and may change propagation direction depending on the Mach number
of the flow. The wavenumber of the “slow” wave now is of O (Re3/ 9) quantity, which
is a significant difference compared to the problem analysed in the Chapter 2. In this
situation the wavelength already has required scale and does not require shortening as
it was for the previous problem.

In addition it is assumed that the shape of the roughness is given by the equation

_u = [Ty — X

Y = hRe 183G (W) . (32)

Consequently the streamwise extent of the roughness is assumed to be O (Re_3/ 9)

quantity, which will allow us to satisfy the resonance conditions between the external
perturbations and the Tollmien-Schlichting wave.

Under these conditions it is known that the process is described by the transonic

version of the triple-deck theory: see Figure 3.2, see Timoshin (1990) or Bowles &
Smith (1993).

3.3.1 Viscous sublayer

The characteristic thickness of the viscous sublayer is an O (Re™'/!¥) quantity, so
that it occupies an O (Reil/ 9) portion of the boundary layer. Correspondingly, the
flow velocity in this region is estimated to be an O (Re_l/ 9) quantity, relative to the

free-stream velocity. We shall assume that the roughness height parameter, h, and
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acoustic wave amplitude, o, are small. Under these assumptions the solution of the

Navier-Stokes equations (A.6) in the viscous sublayer is sought in the form

— Re® {Togj + hu, (Z,9) + o (t T y) + hot; (f,i:,gj)} +e, (3.3a)

., =Re T {hv, (2,9) + 0¥, (L, %,9) + hot; (1, 2,9)} + -+, (3.30)

pe = Re™ 5 {hpr (Z,7) + 0Pa (t,x ) + hop; (f T gj)} +oee, (3.3¢)

he =hy+--+, (3.3d)
p*:pw+"', (336)

[l = fho F (3.3f)

Here 79 = Ap,, denotes the value of function (A.34) at x, = xo.
The independent variables in the region are scaled as
t, = Re 5, x, =29+ Re 9%, y. = Re 154 (3.4a-c)

The structure of the solution (3.3) may be explained as follows. We start with the
asymptotic expansion for the longitudinal velocity component, u,. The leading order
term, 7oy, in this expansion represents the unperturbed steady boundary layer, and
would be the only term if neither the roughness nor the acoustic wave were present. The
next two terms, hu, (Z,7) and o1, (f, z, gj), represent the perturbations produced by the
roughness and the acoustic wave, respectively. Finally, the fourth term, hot; (f, z, g),
represents the perturbations produced in the boundary layer due to the interaction of
the acoustic wave with the steady flow field around the roughness.

Substitution of (3.3) and (3.4) into (A.6) results, for O (hRe'/?) terms, in similar
equations to (2.39) describing the steady flow past the roughness.

Oty Py 0%,
pwm( Go= + b )z 75 g (3.5a)
ou, ~ 0v,
57t oy (3.50)

The difference from (2.39) arise because we have not performed the affine transforma-

tion yet. This set of equations is subject to the no-slip condition on the surface of the
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roughness and the condition at the outer edge of the region,

U =0, =0 at g =0, (3.6a)
i, = A, (%) as  § — 00, (3.6b)
t, =0 as T — —o0, (3.6¢)

where A, (%) is unknown displacement function.

In the next order approximation, oRe'/?, the governing equations describe the

Stokes layer produced by the acoustic wave,

Oty O, OPq 0?1,
w | 7 = Ua | = —F< w Ry 3.7
P <8t TV 5z +T°”) 0z o (37a)
Ot O
= 2 =0. 3.7b
5z ' 93 (3.76)
These have to be solved subject the boundary conditions
Uy = Uy =0 at g =0, (3.8a)
g = Aq (t,7) as g — 00. (3.8b)
Ug =0 as T — —o00, (3.8¢)

Here we impose the no-slip condition at the surface and condition at the outer edge of
the region. As before, the displacement function fia(f, Z) is unknown at the moment.
The third set of equations, which describe the interaction between the wall rough-

ness and the acoustic wave, is obtained retaining O (haRel/ 9) terms, after substituting

(3.3) and (3.4) into (A.6),

— + T ToV; | = ——== -

3.9
Oliiaitr] | i . Diia (3:90)
- Pw ~ Va ~ (% ~ )
P 0T oy oy
ou; 0,
- L =0. 3.9b
9z | 9p (3:99)
The boundary conditions are
=0, =0 at y=0, (3.10a)
i = A (£,7) as § — oo, (3.100)
;=0 as T — —o0, (3.10¢)
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where A, (f, i) is unknown displacement function.

Note that comparing (3.9) to (2.64), we can see that the in this problem governing
equations contain extra two terms. The first involves perturbation in wall normal
direction, ¥, and the other a product of the steady perturbation, caused by the wall
roughness, and a gradient of the perturbation in the Stokes layer caused by the acoustic
perturbations in the streamwise direction.

In all approximations the pressure does not change across the boundary layer,

aﬁa - 8]37" o aﬁz

= = = 3.11
0y dy 0Oy ’ (3:11)
which may be obtained from the lateral momentum equation (A.6b).
3.3.2 Main part of the boundary layer
The solution in the main part of the boundary layer is sought in the form
. = U0, Y) + Re™5 {hit,(Z,Y) + 0ite(f, 7,Y) + hots (1,7, V) } + -+, (3.12a)
v, = Re s {ho,(2,Y) + 00,(t, &,Y) + hot;(£,2,Y)} + - - (3.120)
Dy = Re™5 {h}ir(fc, Y) +opa(t,%,Y) + hops(t,%,Y } + - (3.12¢)
p. = Ro(Z0,Y) + Re™5 {hp(£,Y) + 0pa(t,2,Y) + hop, (1,7, Y)} + -+, (3.12d)
h. = Ho(Z0,Y) + Re™5 {hh(%,Y) + oho(,7,Y) + hoh, (1, #,Y)} +---,  (3.12¢)
s = /1“0('%07 Y) + Re_% {h/l'r’(‘%u Y) + Jﬂa(i Y) + hO',LLZ Y } + - ) (312f>

Substituting expressions (3.12) into the Navier-Stokes equations and retaining terms

of order hRe??, we obtain

8U,T P dUQ .

U() 8~ d_Y = O, (313@)
apr dRO o

Vo + 0z =0, (3.13b)
o, 0Py 0(R0@T) B

Ry—= + Up + =5 = 0. (3.13¢)

The solution of this set of equations may be found by matching the slope angles, 9,
of the streamlines in the viscous sublayer and the main part of the boundary layer. It

follows that solution is

o d
—A Lo

— Jd4a-
S B
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Retaining order o Re?/? and ho Re?/® terms we obtain similar equations to (3.13), but
for variables describing the acoustic wave propagation in the main part of the boundary
layer and interaction between the roughness and the acoustic wave, respectively. The
solution of these equations may be written as
U, 0A; < dRy

o = —Up—=, p; = A,

o dRy
v 0% Iy

j iy (3.15a-c)
where j is a in the case of the acoustic wave problem and ¢ for the interaction problem.

These equations are written in the body-fitted coordinates with x, lying on the
roughness surface. In the upper deck the flow analysis will be conducted in coordi-
nates with the z,-axis following the body contour without the roughness. Therefore,
performing the matching of the streamlines slopes in the main deck and upper deck,

we need to incorporate the slope of the body roughness. Differentiating (3.2) yields

= —. 1
e = hRe 18 r (3.16)

From (3.12) and (3.14)-(3.16) follows that the slope of the steamlines in the main

part of the boundary layer is written as

Vx _5
"_9:—:R6 18

U

e e oo (3.17)

. <dG d/L) dA, a/L-

This will allow us to deduce the boundary conditions for the upper deck lower edge.

3.3.3 Upper Deck

In the upper deck, the solution is represented in the form

= 1+ Re™5 {hii, (&, 7)) + ota(t, &, §) + hot; (T, %,7) }
3 i 3 (3.18a)
+ Re™ {hill(#,9) + ol (I, %, 7) + hoty([,5,9)} + -,
. = Re~ s hvr T,Y) + o0, E,i‘,_ + hov; {,i‘,_
{h,(2,9) + ota(t, 7, 9) (t.2,5) (3.180)
+ Re™ 1 {hil(#,9) + ot (i, & §) + hotl(F, 7, 9)} + -+,
Psx = Re_% {hﬁr(i‘7 _) + O-pa(zi 7@) h p1<t I y)} (3 180>
+ Re™s {hp)(%,) + o, (1, &,9) + hopi(,5,9)} + -+ ,
p. =1+ Re~% {hp,(2,9) + 0pald, 5,5) + hopi(L, 7,9)} (3.184)
+ Re™o {hp(&,9) + o, (1,%,9) + ho (L, &, 9)} + -+ , |
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where the independent variables are defined as
t, = Re’%f, Ty = T + Re’gi;, Yy = Re’%g. (3.19a-¢)

Substitution of (3.18) into the Navier-Stokes equations and working with the leading

order terms results in the following equations for the steady perturbations

. o oh
or oy’

(3.20a,b)

These expressions could be used to determine u,, v,, p,, if p, was known. In order
to deduce an equation for the pressure we need to analyse the equations for the next

order terms

ou. .
% - 0 (3.21a)
ov, ou.  Of.
5 o o =0, (3.210)
of. . 0p.  Op.
07 T@%z = 27 (3:21¢)

Using (3.20) the set of equations (3.21) may be reduced to a single equation for the

pressure
2~ 2~
0°py B 0°pr

012 0y?

The slope angle of the streamlines in the main part of the boundary layer is given by

Qoo

— 0. (3.22)

(3.17). The corresponding equation in the upper deck is deduced using the asymptotic

expansions for v, and wu, in (3.18), which lead to

% — Re % {hb, + 00, + howi} + ... (3.23)
U

This allows us to deduce the boundary condition on the lower edge of the region.
Matching the slope angles of the streamlines (3.17) and (3.23), and setting y = 0, from
(3.20) we obtain
op, d?A, &G
= - — t y = 0. 3.24
oy d de Y (3.24a)

The second boundary condition is the attenuation condition

pr(%,9) =0 as P+ — . (3.24b)
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Similarly, we can deduce that for the unsteady acoustic perturbations we have the

two-dimensional small perturbation equation

82 ~G, 82]5a 82 NG,
2 = o — =0. 3.25
oroi 9o T o (3:25)
The boundary condition at the bottom of the region is
pa  d*A,
TR a y (3.26)

The second boundary condition specifies the acoustic field impinging upon the bound-
ary layer. In what follows we shall assume that the boundary layer is exposed to a

simple acoustic wave, which may be represented in the form
Pall 3,9) = f (9 + ki + By) (3.27)

where k and (3 are characteristic wavenumbers in streamwise and normal directions,
respectively.
Substitution of (3.27) into (3.25) leads to

Qock? 4 200k — 5% = 0. (3.28)

If we assume that the frequency, @, and the wavenumber in the normal direction, B3, are

given, then the equation above can be used to determine the streamwise wavenumber

P o, VIO

Qo Qoo

There are two pairs of solutions representing the acoustic waves with the phase speeds

(3.29)

in the streamwise direction given as

Cp = —% - @ Qo (3.30)

®¢\/w2+Qoo6~2'

In the following analysis we assume that the frequency is positive and the acoustic

wave propagates against the flow, that is Q) < 0 (subsonic flow regime). This means
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that in (3.29) we have to choose a minus sign in front of the square-root.

- [ ~2 32
b= —— R (3.31)

0w Qu

Consequently, it can be seen that, for relation (3.31) to be valid in the particular
condition the expression under the square-root should remain positive, and therefore

setting a limit for the wavenumber in the normal direction

w w

V1wl VIQxl

In addition, note that positive values of 3 correspond to an incident wave, and negative

<p< (3.32)

values correspond to a reflected wave.
Keeping this in mind and simplifying (3.27) further, we assume that the solution

to (3.25) can be written as
Pa =Py (ei(@%]}“l’éw) + %ei(&ﬂ’;i_'ﬁ@)) + c.c.. (3.33)

Here both @ and /3 are assumed given and positive. The first term in (3.33) represents
an incident acoustic wave with amplitude P, which is assumed to be known. The second
term represents a reflected wave with an amplitude Py, where the proportionality
coefficient s¢ remains unknown and is found by solving the viscous-inviscid interaction
problem.

Similarly as for the previous order of approximation, the unsteady interaction terms

may be described by a single equation

82 ~z aQﬁz 82]51
2 = o—s — —— =0, 3.34
010t +e 012 02 ( )
which should be solved with
op; A4, )
o7 = at y =0, (3.35a)
and
pi(t,7,9) =0 as P+ yt— oo (3.35b)

This concludes the formulation of the problem. Further analysis is devoted to solv-

ing the interaction problem, which involves the analysis of three seemingly unrelated

o8



3. Receptivity of an Oblique Acoustic Wave

problems. The first problem is due to the flow interaction with the wall roughness.
The second is the acoustic wave interaction with the flow and the third is the desired

problem, which uses results obtained from the two earlier problems.

3.4 Viscous-inviscid interaction problem

We have found that in order to describe the steady flow past the surface roughness one
has to solve the equations (3.5, 3.6) governing the flow in the viscous sublayer coupled
with the equations (3.22, 3.24) governing the flow in the upper deck. Similarly for the
unsteady acoustic problem (3.7, 3.8, 3.26, 3.33) and the interaction problem (3.9, 3.10,
3.34, 3.35). To reduce the number of variables, we shall write all sets of equations in

canonical form, using the following affine transformation

t T Y

P— - f=—, j=—"", (3.36a-c)
(22p5 55 t)® (2393 13, 73)" (2pL 1274 )?
v; = - 1 Uj = ~ 1 pj = i 15 (3.36d-f)
(275 ") (2041276 %) (2205 e t)?
) Y K. ) P, ,
Yy = - 413 19 C200_ 9 19 i = 4 1 (336g—2>
(27 pupityT6?)? (27876 %) (2205 10 )
and
_ F o A
G = - Aj=— (3.365,k)
4 ,,—2-T\9 J 4 ,—2,-7\9
(203 112,77 )® (203 112,775 )°

Here j can be r, a and 1 for steady, acoustic and interaction problem terms, respectively.

3.4.1 Steady problem

Substituting (3.36) into the steady flow problem (3.5, 3.6, 3.22, 3.24) reduces the

viscous sublayer equations to

ou, _ Opy | OPu,
) Oz + v, = — o + a—yg, (337&)
ou ov
T T — . b
o + dy 0, (3.37b)
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3. Receptivity of an Oblique Acoustic Wave

subject to

U =v, =0 at y =0, (3.38a)
u, = A, (2) as Yy — 00. (3.380)

The upper deck equation (3.22) becomes

0*P. 0*P,
Ko—r — ~ =0, )
Ox? Y2 0 (3:39)
with the boundary conditions
oP. d*A, d°F
oy  dx?  da? e 0 (340a)
P, —0 as Y — oc. (3.400)

This problem, as expected, is exactly the same as described in Subsection 2.5.1.

3.4.2 Unsteady acoustic problem

Applying the affine transformation (3.36) to the unsteady acoustic problem, turns the

viscous sublayer equations (3.7) into

ou, ouy, Opa  O%u,
= — 41
ot Vor TT T or T o (341a)
ou ov
a4 2 = 410

Consequently, the boundary conditions (3.8) for these equations assume the form

Uy =V =0 at y =0, (3.42a)
u, = Ag (L, ) as Yy — 00. (3.42b)

The solution of the corresponding upper deck problem (3.33) takes the form
P, =P (e““’”k”'ﬁly) + %e““’”km_‘my)) + c.c., (3.43)

where

W= (22p;1/¢2)734)éw, k= (23p§uui7'012)ék, B = (27pwui7'013)é,3. (3.44a-c)
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3. Receptivity of an Oblique Acoustic Wave

and the amplitude is scaled as

po - PO
(2205 1)

o=

The boundary condition at the bottom of the region (3.26) reduces to

OF, 9’4,
oYy — 0a?

at Y =0.

3.4.3 Interaction problem

The viscous sublayer equations (3.9) in this problem reduces to

(9uz- (9uz api 82ui
i — - H t> y YY)
ot +y0:c+v 8:c+8y2 (t,2,y)
or oy
where
Hit ) ou, n ou, n ou, L ou,
T,Y) = Ug Uy Vg Uy
Y Ox Ox oy oy
The boundary conditions (3.10) become
u;, =v; =0 at y =20,
u; = A; (t,x) as Y — 00.

The corresponding upper deck problem (3.34, 3.35) is written as

82PZ a2pZ 82R
K —

oy = St =0,
oxot o2 oy?
and
oP, 0%A,
— = t Y =
Y  0u2 e ’
P,—0 as 2 +Y? - .
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3. Receptivity of an Oblique Acoustic Wave

3.5 Solution of the viscous-inviscid interaction prob-

lem

The steady, unsteady acoustic and interaction problems can be solved by means of the
Fourier transform technique.

The solution of the steady problem (3.37-3.40) has been described in detail in
Chapter 2, therefore only the final solution is presented here:

u, = F(k)® (2;k, Ks) and v, = F(k)V (2;k, K, (3.50a,b)
where
)3k s
O (2:k, Ko) = —— 3(ik): |k| . /Ai(s') ds’, (3.51a)
(k)3 |k| — 3A¢"(0)| Koo |2

0
z

U (2 k, Koo) = —<z'k)§/cp(s; k, Ko) ds. (3.51b)

0

Here “bar” denotes the Fourier transformed quantities and Az is the Airy function.

3.5.1 Unsteady acoustic problem

The next problem looks at the unsteady acoustic perturbations. The analysis of this
problem (3.41-3.45), similarly as for the steady problem, will allow us to deduce velocity
perturbations in streamwise 4, and longitudinal ¥, directions.

Solutions of the problem is sought in the form
(U, Vas Doy Pay Aa) = (ﬂ;, v, o, P, /_1:1) e WHkT) 4 e (3.52)

Substituting (3.52) into (3.43) yields the following expression for the pressure in the

upper deck
Pk, Y) = Py (e 4 5e71P1Y) 4 cec.. (3.53)

The boundary condition (3.45) at the bottom of the upper deck reduces to

ap,

— 2 1 e
A= -RAK et Y=o (3.54)
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3. Receptivity of an Oblique Acoustic Wave

Substituting (3.53) into (3.54) we find that the proportionality coefficient, s, is

(3.55)

Returning back to the equations in the viscous sublayer and setting Y = 0 in (3.53)

we deduce that the pressure in this region may be written as

k%
ﬁ;(k) - 2P0 - Z‘EAZI
Using (3.52) in (3.41) turns the viscous sublayer problem into
d*u
i(w+ ky)ul, + 0, = —ikp), + —=,
(w4 ky) dy2
dv!
ku, + —2 =0
iku,, + a0 ,
and
u,=1v,=0 at  y=0,
d*u, ( k* - )
&=k (2P —i— A at  y=0,
dy® BT
u, = Al as Y — oo.

Differentiating (3.57a) with respect to y and using (3.57b) we obtain

dal, di,
7 —i(w+ky) a0 = 0.

Now performing the change of variables
C=0y+¢  where 0= (k)3 ¢ =iw/(ik)*3,

reduces (3.59) to the Airy equation

355/ —/
d>u;, B Cdua _o.
a¢s d¢
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(3.580)
(3.580)

(3.58¢)

(3.59)
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3. Receptivity of an Oblique Acoustic Wave

The boundary conditions (3.58) are reduced to

u, =1, =0 at ¢ = (o, (3.62a)
d2ﬁ’ L ,]{32 -

dC; = (Zk)3 (2P0 — ZWACL) at C = C(), (362b>
ul, = Al as  ( — oo. (3.62¢)

The solution of the Airy equation, that does not grow exponentially as ( — o0, is

written as .,
du,

d¢
Subtituting (3.63) into (3.62b) we find that

= CAi(C). (3.63)

(ik)3C|B| Al (Go) = 2ik|B| Py + K3 A”. (3.64a)
Using (3.62¢) we find that the second relation for C' and A/ is

O/ Ai(s')ds' = AL (3.64b)
o

Solving (3.64a) and (3.64b) for A’ and C, we have

o 2ik|B] [ Ai(s') ds’
T RPN G) R A (3.65a)

_ 2115
T R Go) — P Al s (3.65b)

and thus from (3.57b), (3.63) and (3.65) it follows that

ﬂg :(b(C;waﬁaKoo) PO and @;:w(c;w,ﬁ,Koo) Po, (366&,[))
where
¢ (Cw, B, Ks) = R BI AT (G) — kgfgzo YHERE /Az(s)ds, (3.67a)
¢o
¢
0 (G0 K) = =)} [ 00,6, Koc) . (3.675)
o

This concludes the analysis of the individual components, which influence the flow
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3. Receptivity of an Oblique Acoustic Wave

and the next problem will consider the interaction between these components.

3.5.2 Interaction problem

The solution of the problem of interaction between the acoustic wave and the surface

roughness is sought in the time periodic form
(uia Vi, Diy Pi; A’L'7 H) = (U;, vz{apga Pi/a Aga H/) eth + c.c., (368)

Substituting (3.68) into the interaction problem (3.46-3.49) and performing the Fourier

transform, leads to the equations in the upper deck to be written as

2 D/
% 2 D
vz T (wk + K K) P/ =0, (3.69)
subject to
op! .
i _k2A Y = :

5y k<Al (k) at 0, (3.70a)
P =0 as Y — oo. (3.700)

The general solution of the equation (3.69) is

Pl _ Blei\/waerKooY + BQefi\/waerKooY' (371)
It can be seen that when the Karman-Guderley parameter is negative, the expression
under the square-root changes the sign at points k; = 0 and ks = w/|K |, which splits

the solution into three regions. Keeping this in mind and satisfying the attenuation

condition, we can write the solution in the form
P!/ = B, ™Y, (3.72)
where

1 w
lwk + E*K |2 k€ (0, —)
| Koo

A= (3.73a,b)

i\wk+k2Koo|% k E(—oo,O] U L[?—VOO)

Setting ¥ = 0 in (3.72) and make use of (3.70a) allows to obtain the Fourier
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3. Receptivity of an Oblique Acoustic Wave

transform of the pressure in the viscous sublayer
P, = ik* AT AL (K). (3.74)

Now we turn to the viscous problem (3.46), which is written in terms of the Fourier

transform as

T
i (w+ ky) u; + 0; = —ikp; + dy; - H, (3.75a)
-/
ik, + Z—Z ~0. (3.750)
The boundary conditions (3.47) are
u,=1,=0 at y =0, (3.764a)
u; = Al (k) as Y — 0. (3.760)

Equations (3.75, 3.76) may be manipulated in the same way as the corresponding
steady flow equations. We start by eliminating v}, which is achieved through differen-
tiation of (3.75a) with respect to y. This leads to the equation
du; d*u; dH'

) k ! .
i(w+ ky) i 0 a0

(3.77)

Since we are dealing with a third order differential equation, an additional boundary
condition for u} is required. It is obtained by setting y = 0 in (3.75a), and as u}, v},
a,, v, 4, and v, are all zero at y = 0, we obtain

d?u

il —KAATTAL(K). (3.78)

Performing the change of variables (3.60), the equation (3.77) assumes the form

dH'
a¢ -

dul  dul s
i Cd_C = (ik)™3

(3.79)
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For the boundary conditions (3.76) and (3.78) we deduce

a; — O at CO — O’ (380@)
an/ _

= RAAE) et G =0, (3.800)
@, = Al (k) as ¢ — o0. (3.80¢)

The general solution of (3.79) is composition of the solution of the Airy equation

and a particular solution, and can be written as

=/
du;,

d¢

— CA() + 2(0), (3.81)

where function ¢(() is the solution of the following boundary-value problem,

o' —Cp= (z’k)gdd—lg, (3.824)
¢'(G) =0, (3.82b)
p(c0) = 0. (3.82¢)

Applying the boundary conditions (3.80) we obtain two equations relating the constant,

C, and the Fourier transform of the displacement function. These are:

C AV (Co) = ilik) T k>N A, C/Az‘(s’) ds’—i—/go(s') ds' = A, (3.83a,b)
o o

Eliminating C' from (3.83), we deduce that the displacement function my be written
as .

A(G) [ pls') ds'
Al = o

(2

B . (3.84)

Ai'(Go) — i(ik)3k2A= [ Ai(s') ds'
G

It remains to substitute the above equation into (3.74), which yields that the Fourier

transform of the pressure in the viscous sublayer is

iR2A7(Co) [ ols') ds’
_/ ¢o
pi = [S%S) .
ANA#(Go) — i(ik)3k2 [ Ai(s') ds’
¢o

(3.85)
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Comparing expression for the Fourier transform of the pressure (3.85) with the equiv-
alent expression in the previous chapter (2.94), we see that the only difference arise
in the numerator. In this problem the numerator does not contain the shape of the
wall roughens explicitly as it is in (2.94), but now it is part of the function . As it is
expected the denominator remains the same, therefore the dispersion relation and its

solutions are the same described in Subsection 2.6.1.

3.6 Receptivity coefficient

In order to find the pressure in the physical space it is necessary to perform the inverse

Fourier transform of (3.85)

oy k2 A (Co) [ p(s)ds
Pt,x) = 5 © et d. (3.86)
T L0 NA(Co) — i(ik)3R2 [ Ai(s') ds’
¢o

The integration procedure is omitted here as it has been studied in detail in Chapter

2, and only the solution for the pressure at large values of x and negative values of

the Karman-Guderley parameter, disregarding the continuous spectrum contribution,
is presented here

P(t,z) = %K(w, Ko, B, F)el@ttho) (3.87)

where
12igu kAT (Go) [ o(s') ds

K=- — . (3.88)
3A7(Co) 2K okt + w] + 2¢1 (ik1)3 [214@'((0)(0 <Q1,§)—% + /ﬁ) + 7/€1]<0]

This function, K(w, K, 3, F') is the receptivity coefficient and now it is a function
of the acoustic perturbation frequency, w, the Karman-Guderley parameter, K., the
Fourier transform of the shape of the roughness, F, and the angle at which acoustic
wave impinges the boundary layer, 8. Similarly as in the case of the expression for the
Fourier transform of the pressure (3.85), the expression of the receptivity coefficient
(3.88) is similar to the expression (2.134). The only difference is in the function ¢.
Numerical calculations of the receptivity coefficient (3.88) are performed following
the same steps as described at the end of Section 2.6. The exception is in the calculation

of the function ¢, which is found by solving the boundary-value problem (3.82). This
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Figure 3.3: Receptivity coefficient dependence on frequency, the Karman-Guderley
parameter and transverse wavenumber

calculation involves direct use of functions (3.50) and (3.66) and its inverse Fourier
transforms in order to determine function H in (3.46¢).

Results of the numerical calculations are presented in Figure 3.3, where shape of the
roughness is described by the Gaussian function and the amplitude of the impinging
acoustic waves, F, is set to be one. Here the receptivity coefficient is represented in

the exponential form, K = |K|e®®.

3.7 Discussion of the results

This study has shown that the receptivity coefficient now depends on the shape of the
roughness itself as well as acoustic wave parameters and the free-stream Mach number.

Results are presented in Figure 3.3, where the shape of the roughness is described
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3. Receptivity of an Oblique Acoustic Wave

by the Gaussian function. It may be observed that the receptivity coefficient is not
available for small acoustic wave frequencies. This limit comes from the restriction
set by the condition (3.32). In addition, the receptivity coefficient increases when the
transverse wavenumber increases and the Karman-Guderley parameter decreases. It
may also be observed that increasing the frequency of the perturbations the modulus

of the receptivity coefficient decreases and tends to zero.
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4 Receptivity of the boundary layer to vi-

brations of the wing surface

4.1 Introduction

In this chapter we study the generation of Tollmien-Schlichting waves in the boundary
layer on the wing surface due to elastic vibrations of the wing. This form of the re-
ceptivity was not highlighted by experimentalists, probably, because laminar-turbulent
transition experiments are normally conducted on rigid surfaces. Meanwhile, a real air-
craft wing has a flexible surface which is susceptible to elastic vibrations. Also modern
jet engine nacelles are known to exhibit oscillations. We shall show that the boundary
layer displays high sensitivity to this form of excitation.

This work differs from two works presented previously (see Chapters 2 and 3) in two
ways: in current analysis we consider only the subsonic flow regime whereas previously
it was the transonic regime, and external perturbations are due to wing vibrations and
not from the acoustic disturbances in the free-steam as before.

The layout of the chapter is as follows. The mathematical formulation of the prob-
lem is given in section 4.2, followed by the flow analysis outside the boundary layer. It
is shown that unless the Mach number is very small the pressure perturbation field may
be calculated using piston theory (see, for example, Liepmann & Roshko, 1957). As the
pressure perturbations penetrate into the boundary layer, the Stokes layer forms near
the body surface; this process is studied in section 4.3. In order to simplify the flow
analysis we assume that the amplitude of the wall vibrations is small. We find that if
the wave length, ¢, of the vibrations of the wing surface is an order Re~'/® quantity,
then the oscillations of the longitudinal velocity in the Stokes layer are caused by both
the longitudinal pressure gradient and by the pressure oscillations in time. In section
4.4 we analyse the flow in the triple-deck region which forms as a result of the inter-
action of the Stokes layer with a roughness on the wing surface. With £ = O(Re™/®)
the flow appears to be compressible even in the near-wall region 1. The solution of
the triple-deck problem is presented in section 4.5. We show that in the vicinity of the
roughness the flow perturbation field is composed of discrete and continuous spectra.
We show that the continuous spectrum perturbations decay downstream of the rough-

ness, and so do all the perturbations of the discrete spectrum except the one which

71



4. Receptivity of the boundary layer to vibrations of the wing surface

Uso

<

Figure 4.1: Layout of the problem

represents the Tollmien-Schlichting wave. The amplitude of the latter is found in an
analytic form.

The analysis presented here is conducted in collaboration with Prof. Anatoly I.
Ruban and David Pryce, and it is published in Journal of Fluid Mechanics, (Ruban
et al., 2013).

4.2 Problem formulation

Let us consider a uniform two-dimensional subsonic flow of a perfect gas and an aerofoil
placed in it as shown in Figure 4.1.

In what follows we shall use the body-fitted curvilinear orthogonal coordinate sys-
tem (Z,y) with & measured along the aerofoil surface from its leading edge, and ¢ in
the normal direction. The velocity components in these coordinates are denoted as
(@1, 0). We shall further denote the gas density by p, the pressure p, the enthalpy h and
the dynamic viscosity coefficient ji. The “hat” is used to signify that the corresponding
variables are dimensional.

Similarly as in the previous chapter, the flow analysis will be conducted using the
Navier-Stokes equations written in the body-fitted coordinates (A.5). When solving
these equations we shall assume that the Reynolds number is large. Here U, is the
free-stream velocity, L is the aerofoil cord length, and p., and p, are the values of the
gas density, p, and viscosity coefficient, fi, in the free stream.

We shall assume that the surface of the aerofoil performs small amplitude vibrations
the form of which will be now defined. An efficient generation of Tollmien-Schlichting
waves in the boundary layer is expected to take place when a part of the spectrum of
the wing vibrations comes in resonance with the Tollmien-Schlichting waves. For this

to happen the period of the vibrations, 7', has to be

L
T ~ U—R€71/4. (41)

o0
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4. Receptivity of the boundary layer to vibrations of the wing surface

Keeping this in mind we shall write the equation for the aerofoil contour as

~

. t i
yw _ELf(ULRe_l/Zlv L(Sx) (42)

Here we use the coordinates, (z,7), fitted in the undisturbed aerofoil shape.

In the following subsection we will fist establish restrictions on the amplitude of the
aerofoil surface vibrations, €, and on the characteristic wave length, ¢, in therms of Re.
As the result this will allows us to determine appropriate scalings for the particular

problem.

4.2.1 Piston theory

We shall start our study by analysing the pressure perturbations in the inviscid part of
the flow outside the boundary layer. The following arguments may be used in order to
determine the form of the solution in this region. If the perturbations induced in the
flow by the vibrating wing surface are small, then they will propagate with the speed

of sound, a,, and over the time (4.1) cover the distance

L
J ~ ao T ~ —— Re /4, 4.3
gr~a . e (4.3)
The gas velocity component normal to the aerofoil surface may be estimated by

differentiating (4.2) with respect to time,
Y
B~ % ~ UeRe', (4.4)

In order to evaluate the pressure perturbations produced by the vibrating wall we use
the g-momentum equation (A.5b). We assume (subject to subsequent confirmation)
that the local acceleration term, pov/ Ot, is dominant on the left hand side of this
equation, and therefore, has to be in balance with the pressure gradient on the right

hand side of (A.5b),
00 0p
P—="~ —=.
ot 0Jy

Assuming that the perturbations are small we can approximate the gas density as

(4.5)

p ~ poo- The other quantities in the above equation can be estimated with the help of
equations (4.4), (4.1) and (4.3) which leads to

UseRel/* AP
P L Re 1/t~ L Re 1

(4.6)
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Solving this equation for Ap, we find

eRel/4
Ap ~ pU? .
p~p SN

The principle balance in the energy equation (A.5¢) is

oh  Op
D—s r~ -, 4.8
Poi = ot (48)

which shows that the perturbations of enthalpy

AD
Ah ~ =L, (4.9)
Poo

Substituting (4.7) into (4.9) we find

R ApD 1/4
Ab o~ BP g Eie
Poo M

(4.10)

The density perturbations can now be estimated using the state equation (A.5¢).

We write it as

A

0 p
y—1p

and introducing the perturbations of the thermodynamic function with respect to their

p= (4.11)

values in the free stream,

Y Pt AP v pe (14 A5/px)

A Ap= - ' . 4.12
e O S U hs &b 7~ Lhe (1+ Ab/hoy) (t.12)
Taking into account that p,, = ﬁ’}%‘; and assuming Ap/p., and Aiz/ he small, we
arrive at a conclusion that
Ap Ap Ah
14+ =2 = (1 + —p) (1 - —> — 14 O(MaeRe'Y). (4.13)
Poo Poo oo
Hence,
Ap ~ pocMseRe', (4.14)

Finally, it remains to find an estimate for the perturbations of the longitudinal
velocity component, 4. For this purpose the Z-momentum equation (A.5a) has to be

used. We write . .
o0u  0p
o T o3

(4.15)
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Approximating the derivatives in this equation by finite differences,

A AP
Jou A 4.16
P ™ Iy (4.16)
and using (4.1) and (4.7) for the characteristic time and pressure perturbations, re-

spectively, we find that
€

Myd,

We are now in a position to formulate the restrictions that should be imposed on the

Ad ~ Us (4.17)

flow parameters (the free-stream Mach number, M, the Reynolds number, Re, and
the amplitude of the wall vibrations, ,) for the piston theory to be valid. Firstly, from
(4.7), (4.10) and (4.14) it is easily seen that relative variations of the thermodynamic
quantities, Ap/peo, Aﬁ/ heo and Ap/pso, are small provided that

My eReY* <« 1. (4.18)

Secondly, we shall assume that the distance (4.3) the perturbations travel during one
period of oscillations is small as compared to the characteristic wave length of the

aerofoil surface vibrations, Ld,. This condition is satisfied if

Refl/él

Oz
>

(4.19)

We shall see that under the conditions (4.18) and (4.19) the flow outside the bound-
ary layer is described by the linear, quasi-one-dimensional unsteady equations of the
classical piston theory. In what follows we shall assume that the free-stream Mach
number, M, is an order one quantity, in which case the conditions (4.18), (4.19) may

be written as
eReY* <« 1, 6z > Re /4, (4.20)

Being guided by (4.1), (4.3), (4.4)—(4.17) we represent the solution of the Navier-

Stokes equations (A.5) in the region considered in the form

0.
P = Poo+ poct RV (8, y), P = poo + poclUleRe (1,7, y),  (421a-e)

0=Ux+ Uooiu’(t, ' y), 0 = UseReY*' (t, 1),

iz = hoo + U0205R61/4h/(t7 j‘/a y)>

with the independent variables, ¢, ¥’ and y, being the non-dimensional time, longitu-
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dinal and normal coordinates introduced through the scalings

~ L
t= U—Re—1/4t, &= Lo,¥, §j = LRe™ . (4.22)
Substituting (4.21), (4.22) into the Navier-Stokes equations (A.5), and setting Re —
oo and € — 0 such that the conditions (4.20) are observed, we arrive at the following

set of equations,

% _ _g_ij'ﬂ (4.230)
%_7;' _ _Z_Z;" (4.23D)
88_}:5, = %—Ij, (4.23¢)
%_/;' N ??_Z —0, (4.23d)

T ) (4.23¢)

(—DMZ ~ 7-1

It is easy to see that the Z-momentum equation (4.23a) separates from the rest of the
equations in (4.23). It may be used to determine the longitudinal velocity perturbation

function, v/, once the pressure perturbation field, p’, is found. The equation for p’

9z T fy?

62 / 82 /
200 9D (4.24)
is deduced by eliminating A, p’ and v’ from the (4.230)—(4.23¢). In order to deduce

a boundary condition for this equation we notice that the flow considered is inviscid,

and therefore, has to satisfy the impermeability condition on the aerofoil surface,

at = gu(t, ). (4.25)

Using (4.2) and (4.21) in (4.25) we have in the leading order

-

Y=o (4.26)

This condition can be converted into a condition for p’ through making use of the
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y-momentum equation. We find that

op’ 02
Al (4.27)
oy =0 ot
The general solution of equation (4.24) is written as
P = (&) + (I, (4.28)
where
§=t—Mxy, n=t+Mxy, (4.29a,b)

and &’ plays the role of a parameter. Since we are interested in the perturbations
emanating from the aerofoil surface we have to disregard the second term, ¥ (n; '), on
the right hand side of (4.28). The function ¢(&;3’) is then found from the boundary

condition (4.27),

1 0
P& ) = 1 (6. (1.30)

Consequently, at any point in the flow field

1 of
/ B Yoy o/
Now, using (4.31) in (4.23) we find that
1

=L gy, v= 0 ey,

M., 0x' ot

> o (4.32a-d)
h=——(t—M v = M, ,—(t — M. 7).

. at( ¥, '), p ooat( oY L)

Of particular interest is the pressure on the aerofoil surface. It is found by setting

y =0in (4.31). We have
| oo
Plyeo = 010t

In what follows we shall assume that the vibrations of the aerofoil surface are time

(t, 7). (4.33)

periodic, namely,
F(t, &) = SR () + c.c. (4.34)

Here the frequency, @, and phase, ®, are real while F (') is a complex function of real

variable #'; c.c. denotes the complex conjugate of e F'(i’). Substituting (4.34) into
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(4.33) and then into the asymptotic expansion for p in (4.21) yields

P = Poo + poonoaRel/4{%p(f/)eiwt + c.c.}. (4.35)

[e.e]

4.3 Boundary-layer analysis

We shall now turn our attention to the boundary layer on the aerofoil surface. If the
flow was steady then the solution in the boundary layer could be represented by the

asymptotic expansions,

U= UOOU()(I,Y)+ ’ @:UooRe_lﬂ%(x?Y)—i_ ;
D= Doot PoULPo(x,Y) 4+, p=pocRo(z,Y)+ -, (4.36a-f)
h=ULho(z,Y)+ -, fi = poopio(z,Y) + -+

Here the dimensionless coordinates, (z,Y’), are introduced by means of the transfor-

mations,
i = Lz, § = LRe /?Y. (4.37a,b)

Substitution of (4.36), (4.37) into the Navier-Stokes equations (A.5) leads to the clas-

sical boundary-layer equations,

R (Uo% . %%) _ _% v aiy (uo%), (4.380)
% 0, (4.38)
ro( 20 4 20) =20 L2 (Y s
3(12(;%) N a(gﬁgf%) _o (4.38d)
ho= —L 4 1 B (4.38¢)

(Y—1DRo 7—1Ry

When solving these equations one needs to pose the following boundary conditions.

Firstly, at the front stagnation point,

UO = O, h(_) = H(] at = = 0, (439@,1))
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with Hy = % + m being the total enthalpy. Secondly, the solution has to satisfy

the no-slip condition on the aerofoil surface,
Uy=Vo=0 at Y =0. (4.40a)

It has to be supplemented with an appropriate thermal condition. If, for example, the

temperature distribution on the aerofoil surface, T, w(), is known, then

1 T (x)
ho = t Y =0. 4.40b
T -z T, ° ! (4.406)

If, on the other hand, it is known that the aerofoil is thermally isolated, then (4.400)
has to be substituted by

Ohy
— = Y =0. 4.4
5y 0 at 0 (4.40¢)

Finally, at the outer edge of the boundary layer,

Up=Uc(z), ho=he(x) at Y =o0. (4.41a,b)

Here U,.(z) and he(x) are the tangential velocity and enthalpy on the aerofoil surface
as given by the solution of the inviscid equations of motion.

Through these functions the solution to the boundary-value problem (4.38)—(4.41)
depends on the aerofoil shape. In the general case the solution has to be constructed
numerically. However, for the receptivity analysis we only need know the behaviour of
the fluid dynamic functions at the “bottom” of the boundary layer near the aerofoil

surface. It is easily seen that

Up(x,Y) = 1,(2)Y +O(Y?),  ho(x,Y) = py(z) + O(Y
po(z,Y) = pu(z) + O(Y), po(z,Y) = pw(z) + O(Y)

~—

’} as Y — 0,

(4.42a-d)
where 7, (x) denotes the skin friction, and p,, (), i, () are the gas density and dynamic
viscosity coefficient on the aerofoil surface.

We shall now study the perturbations produced in the boundary layer due to the
wall vibrations. When performing this task we shall still use the body fitted coordinates
(see Figure 4.1) which now move up and down with the aerofoil surface. As the
coordinate system is no longer inertial, we need to see if the inertial force changes

the pressure distribution in the boundary layer. With the aerofoil surface given by
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equation (4.2) the inertial force is calculated as

%4,
Finertial == Pwey, (443)

where e, is a unit vector along the g-axis. The pressure at the outer edge of the
boundary layer is given by (4.35). We need to estimate the effect of the inertial force

on the pressure variation across the boundary layer. We write

op
Finertial ~ a_gey- (444)
Using (4.2) in (4.43) we find,
PU% 1/2
‘Finertial{ ~ T eRe™/”. (445)

With Ap denoting the pressure variation due to the action of the inertial force, we can
estimate the right hand side of (4.44) as

9p Ap

—~ . 4.4

0j " LRe 12 (4.46)
Substituting (4.45) and (4.46) into (4.44) yields

Ap ~ poUle, (4.47)

which is Re'/* times smaller than the pressure (4.35) at the outer edge of the boundary

layer. Hence, in the flow considered the inertial force can be disregarded.

4.3.1 Stokes layer

As the pressure perturbations (4.35) penetrate into the boundary layer, they cause
a Stokes layer to form near the aerofoil surface. The thickness of this layer is easily
found by comparing the instantaneous acceleration term with the viscous forces in the

longitudinal momentum equation (A.5a),

o 0 (. 0u
p— ~ 1 . 4.48
P o Y (M ag)) (4.48)
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Taking into account that p ~ po, i ~ pis and using equation (4.1) for the characteristic
time, we find that
§ ~ LRe 8. (4.49)

Let us now estimate the perturbations, Au, of the longitudinal velocity component.
There are two physical mechanisms which lead to oscillations of the longitudinal ve-
locity in the Stokes layer. In the first one the acceleration and deceleration of fluid
particles are caused by the pressure variations along the body surface. This process is

expressed by the following balance in the Z-momentum equation (A.5a),

ou  0p
)— ~ —. 4.50
"ot " oi (4.50)
Using the results of the piston theory (4.35),
Ap ~ pooU%eRe'4, (4.51)
and the fact that the characteristic time and the length scale are
s Lo .
t ~ —Re /7, T ~ Lo, (4.52)
Uso
we find from (4.50) that
A~ U 2. (4.53)

Oz
The second mechanism is attributed to the compressibility of the flow. When
the pressure at the outer edge of the boundary layer varies periodically in time, the
gas in the Stokes layer undergoes periodic compression and expansion, which leads
to an oscillatory motion of fluid particles in the direction normal to the wall. The
characteristic velocity, v, of this motion may be estimated using the following balance

in the continuity equation (A.5d),

op 00
ot~ Py

(4.54)

With the pressure perturbations given by (4.51), the density perturbations are esti-
mated as
Ap ~ pocRe4 (4.55)

Using (4.55) and (4.1) the derivative 9p/0t on the left hand side of (4.54) may be
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estimated as

0p  pocUso 1/2
0, Pxleo , A
57 T eRe (4.56)

On the right hand side of (4.54) we substitute p by p, and evaluate the derivative
00/0y keeping in mind that the thickness of the Stokes layer is given by (4.49). We
have 9 A

pa—; ~ pmﬁ. (4.57)
It remains to substitute (4.56) and (4.57) into (4.54) and solve the resulting equation
for ©. We find

O ~ UseRe V8, (4.58)

As the fluid particles migrate from a region with lower basic flow velocity @ into
a region with larger @ and then return back, an exchange between the instantaneous
acceleration of the fluid particles and the convective acceleration takes place, which is

represented by the following balance in the longitudinal momentum equation (A.5a),

o 0
ot oy

(4.59)

The derivative 0u/07 on the right hand side of (4.59) is approximated using the steady

solution in the boundary layer,

ou Uso
—_~ 4.60
0y  LRe=1/?’ (4.60)
which being substituted together with (4.58) into (4.59) yields
At s U
=~ -1/8__F©
L Re 1/ UsxcRe T o173 (4.61)
We arrive at a conclusion that
At ~ UyeRe'8. (4.62)

Comparing (4.62) with (4.53) one can see that the two physical mechanisms appear
to be equally important if
6, = Re /8, (4.63)

which is consistent with the restriction (4.20). Equation (4.63) defines a distinguished
flow regime which will now be studied using standard asymptotic analysis.
Notice that the perturbations (4.62), (4.53) should be superimposed on the steady
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flow solution which, according to (4.36) and (4.42), is written in the Stokes layer as

%

i = UgRe Yo7, (2)Y, + -+, Y. = ReM®Y. (4.64)

This suggests that in the Stokes layer the solution of the Navier-Stokes equations (A.5)

has to be represented in the form

i =Us {Re (x)KJrgRel/Sa(t,f’,KH---}, (4.65a)
b= U {5Re VS5t 7 V) + } (4.65b)
D= o+ pooU2{ Po(@) + RV 3(t, 3) + - |, (4.65¢)
B:Ufo{h (z) + eReMVAR(t, &, Y.) + } (4.65d)
f):poo{pw( )+ eReMp(t, 7Y, } (4.65¢)
o = oo (@) + eReM (e, ?’ s (4.65/)

with the independent variables ¢, &’ and Y. introduced by

L v
ZRe~V4,  &=LReV*¥, = LRe PV, (4.66a-c)

e}

—

Notice that the scale time ¢, and longitudinal coordinate &’ are the same as in (4.22).
Substitution of (4.65) into (A.5) results in

B ap 8%
w wlwl — — 35, w o 4.
p aterTv 8x’+u o7 (4.67a)
I (4.67D)
oY,

w w 4.
Poge = ot oY 2 (4.67¢)
ap oo
L4 pp— =0, 4.67d
5 TP % ( )
1 1 . vl ( p )
he(x) = , h=———|p— . 4.67e
&) = =DM @) i \P T (467¢)

We start with the energy equation (4.67c¢). We shall seek the solution to this

equation in the class of functions which are time periodic and do not show exponential
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growth as Y, — oo. If the aerofoil surface is thermally isolated, i.e.

oh
— =0, (4.68)
Y. v, =0
then the suitable solution is given by
;D
h=—, (4.69)
Pu

which is independent of the Y/*
Substitution of (4.69) into the state equation (4.67¢) yields

p =M pup, (4.70)

and then the continuity equation (4.67d) may be expressed in the form

0v ap
— =M%= 4.71

The solution of (4.71) satisfying the impermeability condition on the aerofoil surface

0 =0 4.72
U, =0 (4.72)
1s written as 95
v Py
=—-M22Y,. 4.73
b= (473)

With (4.73) the z-momentum equation (4.67a) assumes the form

ou op op 0%
w o, — Pw w]\42 _Y:k:_ w o -
Pogy — PuTuiosy o7 Moy

*

(4.74)

Notice that, according to (4.67b), the pressure does not change with Y, making the in-
viscid solution (4.35) applicable inside the Stokes layer. It is written in non-dimensional
variables (4.65) as

P =—FF)e + c.c.. (4.75)

u(t, ¥, Y,) = e“'U ', Y,) + c.c.. (4.76)
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Substitution of (4.75) and (4.76) into (4.74) results in the following equation for U,

PU . dF
P e A VA

*

+ T Mo F(2)Y.. (4.77)

The solution of this equation which satisfies the no-slip condition on the aerofoil surface

=0, (4.78)

and does not grow exponentially at the outer edge of the Stokes layer has the form,

_dF/d¥

U
Moo pu

[6‘““’ . 1} + T, Mo F ()Y, (4.79)

4.3.2 The main part of the boundary layer

The form of the asymptotic expansions of the fluid dynamic function in the main part of
the boundary layer, where § ~ LRe™ /2, may be predicted with the help of the following
procedure which is based on the principle of matching of asymptotic expansions. We
shall describe the procedure using as an example the longitudinal velocity component
4. Substituting (4.79) into (4.76) and setting Y, — oo, we find that at the outer edge
of the Stokes layer

i = 0Ty Moo F ()Y, + c.c.. (4.80)

Comparing (4.80) with (4.75) one can see that
PV, 4+ as Y, = oo. (4.81)

It remains to substitute (4.81) into the asymptotic expansion for @ in (4.65), and we

will find that “the outer expansion of the inner solution” has the form
i = Um{Re—l/BTw(:p)ﬁ + eRe VP, M2 p(t, 7)Y, + - } (4.82)

If we now recast the above equation in terms of the outer variable, Y = Re~/ SY/;, then

we will find that “the inner expansion of the outer solution” has to have the form

4= UOO{TU,Y + eReMAry (2) M2, #)Y + - - - } (4.83)
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This suggests that the solution in the main part of the boundary layer has to be written

in the form
i = Us{Upl, V) + eRe U (4,8, V) + - |, (4.84)

where the functions Uy(x,Y") and U;(¢,2’,Y") are such that

Uy = )Y+

B Y as Y — 0. (4.85a,b)
Uy = 7 (z) ML p(t, 2)Y + - -

Repeating this procedure with the other fluid dynamic functions we find that in

the main part of the boundary layer the solution has to be sought in the form

i = Us{U(,Y) + eRe /U (8,7, Y) + - |, (4.864)
b= Uoo{svl(t,j:’,Y) T } (4.86b)
= pos + pooUgo{Po(x) 4 eReMAp (4, Y) + - } (4.86¢)
b= U2 {hole, Y) + eRe!hy (1,7, Y ) + -+ |, (4.86d)
p = pao{ Rolw, Y) +eRepy (8,5, V) 4 -+ }, (4.86¢)
with I
t= mRe—l/%, &= LRe /8%, § = LRe %Y. (4.87a-c)

The matching conditions with the solution in the Stokes layer are

U() :Tw(flf)Y—i— , )
Uy = To(2) M2p(t, &)Y + - -,
pl - p/(t7 ’f,) + )
Vi — — M2 @th--- as Y — 0. (4.88a-f)
]' ooat )
1
h - ﬁ t?"’fj + b)
@)
= MEpulap(t. )+
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Substitution of (4.86) into the Navier-Stokes equations (A.5) results in

oU, ol

S T Vigy =0 (4.89a)
8]71 B
oy =0 (4.89h)

825 oY Ry ot’
8/)1 8R0 a‘/l o
o T Vgy gy =0 (4894)

1 v 1 I p;
B — _ hy = —1— — — — . 4.89
" (v - 1)MZRy’ 'y —1R, (pl vMZ, Ro) (4.89¢)

The solution to the set of equation (4.89) is written as

1 of U, Of B >’f
nEaae My T MY e (490a-0)
P00 O T S S PR U 0. 6 AV
Pre="="gy ot YT S TAMoR,|T AR, oYy |at

4.4 Formulation of the triple-deck problem

The Stokes layer on its own cannot produce the Tollmien-Schlichting wave because the

characteristic length, §, ~ Re™'/®

, of the flow oscillations in the Stokes layer is too
large as compared to the wave length of the Tollmien-Schlichting wave. Keeping this
in mind, we shall assume that there is a roughness on the aerofoil surface centred at

the point & = y whose shape is given by the equation,

j = LRe 5/85G<LR6_€38> (4.91)
Here we choose the longitudinal extent of the roughness, © — %, to be an order
O(LRe™%/®) quantity. This is to satisfy the conditions of the resonance between the
external perturbations and the Tollmien-Schlichting wave, and, indeed, we shall see
that with the roughness shape defined by (4.91) the flow is capable of extracting from
the entire spectrum of steady perturbations (produced by the roughness) the mode
with required wave number.

This is the main difference from the two previously described problems, where the
characteristic length of the flow oscillations in the Stokes layer was an O (Re‘l/ 9). As

before the flow past a roughness is described by triple-deck theory, see Figure 4.2).
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Figure 4.2: The flow in the vicinity of the wall roughness.

4.4.1 Region 1

/4 and

Assuming that the amplitude of the pulsations in the Stokes layer, o = cRe
the roughness height parameter, §, are small, we can represent the solution in region 1

in the form

9

i = UsRe 3L, Y + ot (1, V) + 60, (5., Vi) + 000 (8,50, Vo) +- }, - (4920)

b= UooRe‘?’/S{aT;S(t,K) OV (#, V) + oOVi(t, #a, Vo) 4 - } (4.92)
P = poo + pOOU;{aPO(t) + Re™Vapy(t)E, + Re™ VA5 P,(#.)+

+ Re Va8 Bu(t, ) + - } (4.92¢)
h= Ufo{hw+ah0(t)+---}, (4.924)
ﬁzpoo{perapo(t)Jr---}’ (4.92¢)
ﬂ=uoo{uw+0uo(t)+---}, (4.92f)

with the independent variables, ¢, x, and 17*, defined by the equations,

S f .
t = —Re V4, & =i+ LRe %%, § = LRe™*/®%Y,. (4.93a-c)

o0

The structure of the solution (4.92) may be explained as follows. We start with the
asymptotic expansion for the longitudinal velocity component, . The leading order

term, Tw}u/;, in this expansion represents the unperturbed steady boundary layer, and
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would be the only term if neither the Stokes layer nor roughness were present. It is
obtained by re-expanding the steady solution (4.36), (4.42) in terms of the variables,
%, Y, of region 1. In (4.92) the skin friction, 7, is a constant being equal to the
value of the function 7,(z) at the position of the roughness. The next two terms,
otg(t, }uf*) and 5(1(@, }uf*), represent the perturbations produced by the Stokes layer
and the roughness, respectively; the function g is obtained by setting &’ in (4.76),

(4.79) to its value, Z(, at the position of the roughness. We have

g = efwt{%? [G(Hi)\/% ] szwMooF(:z’o)K} +ee. (4.94)
Finally, the fourth term, 05(7*(15, Ty Yf*), represents the perturbations produced in the
boundary layer due to the interaction of the Stokes layer with the steady flow field
around the roughness.

Similarly, the function g in the asymptotic expansion of ¢ is obtained by substi-
tuting (4.75) into (4.73) and choosing &’ = 7y,

by = Mo® F ()Y, + c.c.. (4.95)

The first two terms in the asymptotic expansion of the pressure p in (4.92) are
obtained by setting #' = &}, + Re~'/*%, in (4.35) and using the Taylor expansion of the
function F'(#). This yields

Py(t) = %F(%)em Y., (4.96a)
i dF . .
po(t) = VI (25)e™" + c.c.. (4.960)

The third term, Re~Y 46]5T(37:*), describes the steady perturbations produced by the
roughness, and the fourth term, Re_1/40515*(t,3“:*), is due to the interaction of the
Stokes layer with the roughness.

For our purposes it is sufficient to keep only two terms in the asymptotic expansions
(4.92) of the enthalpy, h, density, p, and viscosity coefficient, fi. In the leading order
approximation these quantities are constant in region 1, with h,,, p, and p, denoting
the values of functions h,(z), py(x) and p,(x) in the solution (4.42) of the boundary-
layer equations (4.38) at the position, x = zg, of the roughness. The next order terms,
aho(t), opo(t), ouo(t), are caused by the pressure pulsations in time. With Py(t) given
by (4.96a) we can find the functions ho(t) and po(t) by substituting (4.92) into the
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energy equation (A.5¢). This results in

dhy  dF,
dho Ay 4.97
P T de (4.97)
It further follows from the state equation (A.5¢) that
1 1 ol
By = —————— who + huwpo = P, 4.98a,b
(v — 1)MZ py Puwito + NwpPo 10 (4.98a,b)
The time periodic solution of (4.97) is
F
ho = —2, (4.99)
Pu
which being substituted into (4.98) yields
po = puMZPy, (4.100)

In order to progress further we need to introduce a viscosity-temperature law. We
shall assume that relationship between viscosity and temperature is described by so

called the power law and is written as
= Ch", (4.101)

with C' and n being constants. This equation is often used in analytical investigations as
the more precise Sutherland’s law is complex (Rogers, 1992). Substituting asymptotic
expansion for /i and A from (4.92) into (4.101), and working with O(1) and O(c) terms,

one can easily show that

po _ I
fw T
Substituting (4.99) and the first of equations (4.98) into (4.102) we finally find that

(4.102)

po = n(y — 1) M Fo. (4.103)

Substitution of (4.92) into the longitudinal momentum (A.5a) and continuity (A.5d)

equations results in the following set of equations describing the steady flow past the
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roughness,
. U, . dPp, 02U,
prwlf*_\, + prw‘/r =——+ M —=—
0T, dz, Y2
9 v - (4.104a,b)
ou, oV,
0r. " oY,
These have to be solved subject to the boundary conditions
T, =V, =0 at Y,=0,
U, = A (%) at Y, = oo, (4.105a-¢)
U. =0 at  #. = —00.

Here we impose the no-slip condition on the surface of the roughness, and the matching
conditions with the solution in region 2 (see Figure 4.2), and the solution in the Stokes
layer upstream of the roughness.

In the next order approximations, the governing equations are

oU, - + TY8U + T‘u/——815*+ 82[7*4—
1 dF uIN A it nISTAYa K71
+ M_Oodf’(x(])Qle + Mo F () Q™" + c.c., (4.106a)
ou. oV,
— =0, 4.106b
0T,  9Y, ( )

with

S o . d)pw v —(144) Dpw Y/* —(1+4) MY/* 8[ufr
DY) = (1) | Sy VR T s
Q1(2.,Yy) = (1 +1) o e {e }81'*

5 - ﬁ a[\jr 82(\77'
Ty, Yy) = 10 | 2— +zwa +n(y—1) = 2| uy———|.
Qu( o) = i | + ibp VT8 + = 1) =2

Equations (4.106) have to be solved with the boundary conditions

T, =V, =0 at Y, =0,
T, = A (t, %) at Y, =oo0, (4.107a-c)
V* =0 at Ty = —00
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In both approximations the pressure does not change across the boundary layer,

P 0P,
OF, _of =0, (4.108)
ay, 9Y.

which may be confirmed by substituting (4.92) into the lateral momentum equation

(A.5D).

4.4.2 Region 2

The solution in the middle tier (region 2) is sought in the form

i = UOO{UOO(Y) +oUs(1,Y) + Re Y3oUs(t, Y )+

+ Re V36U, (&,,Y) + Re V306U, (t,2,,Y) + - -- } (4.109a)
b= Um{Re‘l/“on(t, Y)+

+ Re VA6, (2,,Y) + Re V0V (t, 5, Y) + o b, (11090)
D= + pocU2{ o Ro(t) + Re ™ opo(t)+

+ Re V5P, (2.,Y) + Re V40 P.(t, £, Y) + - - } (4.109¢)
h=UZ{ Hoo(Y) + o Hy (1, Y )+

+ R VSSH, (8,Y ) + ReRoOHL (4,52, Y) 4+, (4.1094)
p= poo{R00<Y) +oR (t,Y)+

+ Re V3SR (#,,Y) + Re Y80 R,(t,4,,Y) + - - } (4.109¢)

The terms in the first lines are obtained by re-expanding (4.86) in terms of the variables

of region 2,
Lo s s —3/8.5 . ~1/2
t= U—Re t, T =29+ LRe "2, y = LRe /?Y. (4.110a-c)

It follows from (4.90) that

1 of dUno af ’f
= 2 My —2 = MY —L
0 Mooa o U= o oo 1T o2’ (4111a-e)
S GNP ' MR (v —1)Ryo dY | 0t
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4. Receptivity of the boundary layer to vibrations of the wing surface

The terms in the second lines in (4.109) represent the displacement effect of the viscous
sublayer (region 1); see Sychev et al. (1998).

Substitution of (4.109) into the Navier-Stokes equations (A.5) shows that the steady
perturbations produced by the wall roughness are described by

Uoogg: + XZ% =0, (4.112a)

Ngé —0, (4.112b)

Uoog—l;]: + Vr% —0, (4.112¢)

Roog—g: +Uoog—§: +Roo%+‘z% =0, (4.112d)
Hyo = (= 1)1]%50}%00, H, = —g—zgér. (4.112¢)

These equations are easily solved using the following elimination procedure. Substitu-

tion of (4.112¢) into the energy equation (4.112¢) results in

@Er ~ dR()()

£ =0. 4.11
Yoz, TV ay =Y (4.113)
This reduces the continuity equation (4.112d) to
ou, v,
=0. 4.114
or. oy (4.114)

It remains to eliminate AU, /9, from (4.112a) and (4.114), and we arrive at a conclu-

o [V,
oy <U00> = 0. (4.115)

The solution of this equation satisfying the condition of matching with the solution in

sion that

region 1
~ dA,
V., =— - Y +... ,
di, as Y —0 (4.1164,b)
Uoo = T + -+
is written as 5
~ 1 dA,
Vi=—— Ugo- 4.117
T dit, (4.117)
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4. Receptivity of the boundary layer to vibrations of the wing surface

In the next order approximation we have to solve the following set of equations

oU, dUso oUu, ~ U,

Unoy=" + v, v T Uige + Vg =0, (4.1184)

881;" =0, (4.1180)

UOOZZ +V, dgﬁo +U %i + 17% =0, (4.118¢)

RoogU + UooaaR +U; gi + Roog‘; +V. df;“ + V;%];;l =0, (4.1184)
HooR. + RoH, + H R, + Ry H, = 0. (4.118¢)

These may be manipulated in the same way as the equations (4.112). Alternatively
one can notice that the flow in region 2 is inviscid which allows to use the entropy

conservation law

05 .05, .0S
ot ' ox 0y

= 0. (4.119)

For our purposes it is convenient to choose the entropy function, S, to be

P/ P
S - T 1
(p/Psc)'/?

Using the asymptotic expansions for p and p from (4.109) in (4.120) we find that the

(4.120)

asymptotic expansion of the entropy function is written as

S = Roo(Y) +0 [Rl (£,Y) — M2 Roo(Y)Po(t)| + Re V36 R, (., Y )+

+ Re V306 [E*(t, P, Y) = M2 R,(2,Y)Py(t) | +--- . (4.121)

Substituting (4.121) into (4.119) and collecting O(Re'/*5c) terms we arrive at the

following equation,

OR, —~dR OR, ~ OR
V=2 LU =L+ V, =2 =0. (4.122)

Uoo o, dy O, oY

It can be used to eliminate dR, /0, from the continuity equation (4.118d), which
results in _ _
ou, IV,

— +
ot, oY

= 0. (4.123)

We can now use (4.123) to eliminate U, /i, from the longitudinal momentum equa-
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4. Receptivity of the boundary layer to vibrations of the wing surface

tion (4.118a). We find that

8(ﬂi)_(ﬁ&ﬁu v, oU, (4.124)

v \U) ~ 2 on Tz oy
In order to elucidate the physical meaning of the above equation we shall consider

the slope of the streamlines in region 2. Using the asymptotic expansions for 4 and v
in (4.109) it is easily deduced that

U~ Re g L Re 150, + ReViosd, £ (4.125)
U Uoo
where _ _ _
~ W ~ Vi UV,
9, =L, 9= 1T 4.126a,b
UOO UOO Ugo ( )

We know from (4.115) that 1% does not change across region 2. Differentiating 5* with
respect to Y and using equations (4.112a) and (4.112b) we find that

a0, ea(ii) U, oU, V. oU, (4127

oY oY \Up) Ugoi. UgdY’
which being compared with (4.124) shows that 3, also does not change across region 2.
It, therefore, may be found through matching with the solution in region 1. It follows
from the boundary condition for U, in (4.107) and the continuity equation (4.106b)
that at the outer edge of the viscous sublayer the normal velocity component exhibits
the following behaviour

y OA, - .
V*:—a—vY*+--- as Y, — oo. (4.128)
T

Consequently, at the bottom of regions 2,

~ OA,
m——%*

Y+--- as Y —=0. (4.129)

It further follows from (4.42), (4.111) and (4.117) that

~ dA, )
Vi=——TlY 4.
dz, -
U =Y + -, as Y — 0. (4.130a,b)
of
Uy = MooTpY — + - -
! 7 at+ J
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Using these on the right hand side of the equation for J, in (4.126) we can conclude

that . .
5 1oA, 1 dArM of

)y = —— —_— -
Tw Oy Ty die Ot

(4.131)

everywhere in region 2.

4.4.3 Region 3

The perturbations in region 3 are produced by the vibrations of the wing surface and
by the displacement effect of the boundary layer. The former were studied in §2.
When doing this we used a stationary coordinates which did not move with the wing
surface. We shall now call these the “old” coordinates. The triple-deck flow analysis is
conducted in the coordinates which move with the wing surface. These will be called

the “new” coordinates. The transformation between the two coordinate systems is

given by
told = Tnew jjold = i‘newv gold = gw + gnewa
O (4.132a-¢)
Uold = Unew; Vold = atA + Unew,

where the function §,(t,2) is given by (4.2).

In region 3 the dimensionless time and coordinates are introduced as

) L
tnew = U—Re—1/4t, Fnew = 20 + LRe 3%, {jpew = LRe™%/3j,. (4.133a-c)

Let us now reexpand the solution of the piston theory in terms of the variables (4.133)
of region 3. We start with the vertical velocity component. According to (4.21) and
(4.32),

Bota = Usoe Re'/ 4%—{(1% — Moy, 1'). (4.134)

We now substitute (4.134) together with the wing surface equation (4.2) into the

transformation of ¢ in (4.132). We have

AT V) I e

Unew = Uso€ ReE

The coordinates (4.22), (4.63) used in the piston theory (§2) are related to the coordi-
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nates (4.133) of region 3 as

LRe V8% = iy + LRe %%, (4.136a)
LRe Y4y = Lef(t, #) + LRe™*/%3,. (4.136D)

This gives
i =2y + Re Vi, y=Re S[h. +eRePPf(t,1)], (4.137a,b)

where xj, gives the position of the wall roughness in the piston theory variables.
It remains to substitute (4.137) into (4.135) and Taylor expand the resulting equa-
tion assuming that cRe*® <« 1. We find that the “inner expansion of the outer

solution” is

) Pf,. -
Vpew = Um{sRel/s [ — MOOW(ZS’ Zy) y*} + - } (4.138a)
Similarly, it may be deduced that the rest of the fluid dynamics functions are expanded
as
1 0
ﬂnew = Uoo{]. + €R€1/8 |: - —af, (t,i‘g)} + - }, (4138b)
1 8f
s 2 1/4[ g ]
Prew = Poc T PocUsy {sRe e at } (4.138¢)
- 1 of
hnew = I : Y ——= 4.138d
new oo+U {5R€ |:M at( ):| + - } ( 38 )
0
ﬁnew:poo{1+€R€1/4[M a—{( t, 0)] ‘l‘} (41386)

In order to evaluate the perturbations induced in region 3 by the displacement effect
of the boundary layer we need to calculate the streamline slope at the outer edge of
region 2. Substituting (4.117) into the first of equations (4.126) we find

~ 1 dA,
0y = —— . (4.139)

Tw AT

If we now substitute (4.139) together with (4.131) into (4.125), then we will find that
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in region 2
i 1% 1 dA,
2 = Re VgL 4 Re VA5 — =Sy
u U()() Tw dl'*

(4.140)

104, 1d4, g}

ReVigsd — L
the o0 T e T o

This equation is written in the body-fitted coordinates with z lying on the roughness
surface. We shall perform the flow analysis in the upper tier (region 3) in the coordi-
nates with z-axis following the body contour without roughness. Consequently, when
performing the matching of the streamline slope in regions 2 and 3 we need to add to
(4.140) the slope of the body roughness. Differentiating (4.91) we have

(4.141)

We add this to (4.140) and use for V; an explicit expression; see (4.111). This results

m

S|

Y  9%f dG 1 dA
— ReYigd M oy —1/a5) ¢ L A4,
he U{ *Too(Y) 022 } e {di:* T }+

1 04, 1 dA, af}

- ~ 4.142
Tw OTx T AT ot ( )

- Rel/405{ —

This suggest that the solution in the upper tier (region 3 in Figure 4.2) should be

sought in the form

1o

T )+

U

Uoo{l +o—Re—1/8[—

+ Re Y460, (&, §) + Re V40010, (L, .y, §) + - - } (4.143a)

. 3 Pf
UV = UOO{O-RG 1/8 |: - Mooﬁ(ta x/O) y*:| +

+ Rem 160, (80, 5a) + Re™ V00 0.(t &ay §u) + -+ } (4.1430)
1 of

T (t, )]+

ﬁ = Peo +pOOU§o{U|:

+ Re VA5, (4., §) + Re Y00 (t, 5, ) + -+ } (4.143¢)
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+ Re™Y46h, (%, §.) + Re™ Y400 h, (t, &4, ) + - - ] : (4.143d)

p= poo{l —i—a[Mooaa—{(t,%)} 4.

+ R€_1/45/~)r(f*7 g*) + R€_1/450'ﬁ*(t, Ty, g*) + }7 (41436)

with the independent variables defined by

. L
t= U—Re—1/4t, &= &o+ LRe /3%, § = LRe™%/3j,. (4.144a-c)

o0

Substitution of (4.143) into the Navier-Stokes equations results in the following set

of equations for the steady perturbations in region 3,

gzz _ _21;:’ (4.145q)
g;z: _ _2_1;:7 (4.1450)
g;b: _ gz;:, (4.145¢)
o e
n - _ﬁlr>M020 o i . (4.145¢)

In the next order approximation we have
ggz N Mmz—{(t,fé)gZZ _ _g_i’ (4.1460)
o+ MG ) =58 e
G M 505 = O e
o v o gy = s (4 ) e
ot = + a0 (Mo 5p) = Ty e

The streamline slope in region 2 is given by the equation (4.142). In order to deduce
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the corresponding equation in region 3 we need to use the asymptotic expansions for
@ and 0 in (4.143). We find that

S| S

0
— Re—l/%{ — Mwﬁg*} + Re Y460, + Re Y4000, + - - - . (4.147)

Setting 7, — 0 in (4.147) and comparing the result with (4.142), we can conclude that

i dG 1 dA,

Ulco T dEy T 7a dny (4.1484)
104, 1dA, . of

b o= - 2 4.148b

Moy e 0F. | Tedi. ot (4.1480)

The set of equations (4.145) may be reduced to a single equation for the pressure,
pr. Indeed, solving the state equation (4.145¢) for h, and substituting the result into
the energy equation (4.145¢) results in

op op

L= ML 4.149
O, * 0, ( )
Now we substitute (4.149) and the Z-momentum equation (4.145a) into the continuity

equation (4.145d). We find that

o5, OF,
0%, g

(M2 - 1)

o0

— 0. (4.150)

It remains to cross-differentiate (4.150) with the y-momentum equation (4.145b), and

we will have
0*pr N *p,
or?  0y2

(1-M3) =0, (4.151)

The boundary condition for this equation is obtained by setting ¢, = 0 in (4.145b) and
using the matching condition (4.148a). This shows that

O, 1dA, &G

- el 4.152
O lg=0 7, d72  di2 (4.152)

In order to close the boundary-value problem (4.151), (4.152) we shall also impose the
attenuation condition

pr—0 as 247 — oo. 4.153
L T

Similarly, the set of equations (4.146) may be reduced to the following equation for
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D
0*p 0%p of 0*p
1— M? - t = (v — 1)M3 2t E) =
It should be solved with
op 1 9%A N 7¢I
% _ = o uMoon/_'Lwt C.
.| T o {w <x0)d"§€ +c.c. o,

and
P — 0 as 2477 — oo.

4.4.4 Viscous-inviscid interaction problem

(4.1540)

(4.154b)

(4.154¢)

We have found that in order to describe the steady flow past a wall roughness one has

to solve the equations (4.104), (4.105) governing the flow in viscous sublayer (region 1)

coupled with the equations (4.151) governing the flow in upper tier (region 3). We

shall now write both sets of equations in canonical form. We apply the following affine

transformations to the variables in the viscous sublayer,

1/4 —1/2 3/4 —1/2 1/2
5ol LN S N
T 7—1;1/4/81/4 T T 7—1;3/4/8—1/4 T ' 7—1;1/251/2 Ty
1/4 —1/2 —-1/4 —1/2 1/4 —1/2
_ o b= Mm ol
T 7—1;1/4ﬁ1/4 T * 7—5)/463/4 *9 * 7_3/451/4 *9

where = /1 — M2. We also transform the upper tier variables as

H1/2 M_1/4P_1/2 5 ,ul/4p_1/2
pr — —TJI/QBUQ pm y* == —73/467/4 *9 = —7_3)/461/4 9

As a result the viscous sublayer problem assumes the form

ou, dP,  9*U,
Yo, TV T T T
o, V. _,
or, 0Y.,
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and

U =V,=0 at Y, =0, (4.157¢)
U= A.(z,) at Y, =o0, (4.157d)
U.-=0 at x, = —00, (4.157¢)

and the upper tier problem turns into

O*p,  O*p,

=0 4.158
pr=PF at y.=0, (4.1580b)
. d*A,  d?
Op - G (4.158¢)

Y« |,y —g T odz? de?’

pr—0 as 22 +y? — oo (4.158d)

Here function A, is still unknown but G is the shape of the roughness on the airfoil.

Similarly, we shall apply the affine transformations

} 1/4 —1/2 } 3/4 —1/2 } 1/2
A V.= ey Po=—— P, (4159-)
/3174 o 3/4 g-1/4 /2 g1/
} u1/4p71/2 /[1/2 /11/2
A= = A, t =5t 0= -—5——w, (41594
7_131/451/4 73/251/2 7_7;3/25—1/2 ( /)
M_1/2 —3/4p—1/2
F=-—Y p p=t v 4.159¢,h
7_3}/261/2 75/451/4 ( g:h)
to the unsteady viscous sublayer problem (4.106), and
ltl/Q

to the unsteady pressure perturbations in the upper tier, governed by (4.154).
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This turns the viscous sublayer equations into

oU, oU, LV _8P* N 82U*+
Ot " O, R )
1 dF ! Wty ! Wt
+ M—w@(%)Qle + Moo F(x5)Q2™" + c.c., (4.161a)
ou, oV,
-0 4.161b
with
Q1(r.,Ys) = (1 +i)\/§‘46_(1”)\/§y* — { —(1+)y/5Ys _ ]
, dP, ouU,
Qa(7., Ys) :zw{ dr. +iwYi—— oY, + [n(y—1) - 2]
The boundary conditions for these equations assume the form
U,=V,.=0 at Y. =0, (4.161¢)
Ue=Ai(ti,z.) at Yi=o0 (4.161d)
U.=0 at x, = —00. (4.161e)
The corresponding upper tier problem now has the form
Pp,  O*p. M3, 0%p, g it
D12 + B2 =—(y— 1)1 T 022 {sz(:c’o)e + c.c.}, (4.162a)
Op« 0*A, &*G .
o), o = 922 {w)M F(xy)— e e + e g, (4.162b)
pe — 0 as 224yl — oo (4.162¢)

4.5 Solution of the viscous-inviscid interaction prob-

lem

In solving the viscous-inviscid interaction problem we will use the Fourier Transform

technique. Asin Chapter 2 the interaction problem consists of two problems the steady
(4.157), (4.158) and the unsteady (4.161), (4.162) problems. The first problem deter-

mines steady perturbations generated by the roughness, which is achieved by finding

a displacement function A, as a function of the prescribed shape of the roughness G.

The second problem will look at two mechanisms which generate Tollman-Schlichting
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waves in the flow. Similarly as for the steady case it is achieved by finding a displace-
ment function A,, which now expected to be a function of the shape of the roughness,

Mach number and surface vibrations F'.

4.5.1 Steady problem

It is convenient to start with the inviscid equation (4.158a). We introduce the Fourier

Transform of the pressure, p,, as follows

[e.e]

pr(k,y.) = /pr(x*,y*)e_ikx*dx*, (4.163)

which reduces (4.158a) to the following ordinary differential equation,

A,
— k*p, + i = 0, (4.164a)

The Fourier Transforms of the boundary conditions (4.158) are written as

pr=0 at Y. = 00, (4.1640b)
dp, _ ,
dg — 2[G(k) — A(k)] at y. =0, (4.164¢)

where G(k) and A, (k) are the Fourier Transforms of the roughness shape function,
G(z.) and the displacement function, A, (z.), respectively.
The solution to (4.164) is written as

pr = |k|[A (k) — G(k)]eFlv-. (4.165)

Setting vy, = 0 in the above equation gives the Fourier Transform of the pressure in the

viscous sublayer,
P, = |k|[A, — G(k)]. (4.166)

Now we turn to the viscous problem (4.157). Applying the Fourier Transform to
(4.157a) and (4.157b) we have

AR = d*U,

kY U, +V, = —ikP, + e (4.167a)
v

' — = 4.1

kU, + 2 =0 (4.167b)
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while the boundary conditions (4.157¢)—(4.157¢) assume the form

=V, =0 at Y,=0, (4.167¢)
. (4.167d)

S\ &
I
Em

g

e

I

8

If we set Y, = 0 in (4.167a) and use the solution for the pressure (4.166), then we

will find that 20
. = ikP, =iklk|[A, — G(k)]. 4.168

| = = ik A G (1.168)

Now we differentiate (4.167a) with respect to Y, and use the continuity equation

(4.167b) to eliminate V. This leads to the following equation for U,,

dU,  &*U,

It should be solved with the boundary conditions

J, =0 at Y, =0, (4.169b)
fng = ik|k|[A, — G(k)] at Y.=0, (4.169¢)
U, = A, at Y, = co. (4.1694d)
The transformation of the independent variable
(4.170)

¢ = 0Ys,

with § = (ik)'/3, turns (4.169a) into the Airy equation for the derivative dU, /d(,

#U,  .dU,
— = 0. 4.171
< (41710)
In the new variables the boundary conditions (4.169b)—(4.169d) assume the form
U.=0 at (=0, (4.171b)
&0, -
i - (ik)'2|k|[A, — G(k)] at (=0, (4.171¢)
U, = A, at (= oco. (4.171d)
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which, following the same argument as in subsection 2.5.1, reduces to
dU,
dg

Substitution of (4.172) into (4.171¢) yields

= C1Ai(Q). (4.172)

C1 AV (0) = (ik)3|k|[A, — G(k)]. (4.173)

In order to deduce the second equation relating the two unknown constants, C; and
A,, we integrate (4.172) with the initial condition (4.171b),

¢
U, =C, / Ai(s)ds, (4.174)
0

and, after setting ¢ = oo in (4.174), use the boundary condition (4.171d). This gives
A, = 10). (4.175)

It remains to solve the pair of equations (4.173) and (4.175) for C; and A,. We find
that

3(ik)"/? k|
(ik)/3]k| — 3Ai'(0)
T (ik)"° k|
" (ik)Y3|k| — 3A7(0) (k)-

C) = G(k), (4.176)

(4.177)

With known C) the Fourier Transform, U,, of the longitudinal velocity can be
calculated with the help of equation (4.174). In order to find the Fourier Transform of
the lateral velocity, V, one needs to integrate the equation (4.167b). Using (4.170) this
equation is written as -

dv,
ac
Taking into account that V, = 0 at ¢ = 0, we have

—(ik)**0,. (4.178)

¢
V= (k[ e (4.179)
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Summarising, it follows from (4.174), (4.176) and (4.179) that

U, = GRB(GR), Vo = GIW(CE), (4180)
where
‘ 3(ik)/3|k| i
B(Ci k) = (Zk)1/3|k| T /Az (4.181)
0

¢
W(Gik) = ~(b" [ B(CiR)C (4.152)

4.5.2 Unsteady problem

Now our task will be to solve the unsteady viscous-inviscid interaction problem (4.161),
(4.162). Being guided by the form of the forcing terms in (4.161a), (4.162a) and (4.162b)

we represent the solution in the form

1 dF ;

U, = {M e — (x0)Us (24, Ys) + MOOF(xg)UQ(x*,K)}eM* + c.c., (4.183a)
1 dF / iwt

V., = —(2p)Vi (s, Ya) + Moo F(24)Va(zs, Ya) e + c.c., (4.183b)

M. dz’

1 dF t

Pe =\ T g 0V Pr() + Mo F () Pa() e + coc. (4.183¢)
1 dF it

Av = G g A ) + MocP (3 As) e e (4.1834)
1 dF iwt

P = M dx ,(xo)pl(a:*,y*) + M F(:I:O)pg(x*,y*) " tcc. (4‘1836>

This splits the flow perturbations into two parts. Both are linked to the pressure
perturbations (4.35) produced by the wing surface vibrations. However, in the first
part are the flow perturbations due to the pressure along the boundary layer, and the
second are the flow perturbations due to the pressure variations with time. The former

are found by solving the following boundary-value problem in region 1,

oU, dp,  9*U;
2wU1+Y a’E +V1 d_:L‘*—i_g—Y*Q—i_Qb (4184@)
ou, ovy
= 4.184
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and

Uy=V,=0 at Y,=0, (4.184c)
Uy =A(z.) at Y, = o0, (4.1844d)
Up=0 at x, = —00. (4.184¢)

The pressure P; in (4.1844) is not known in advance; it should be found by solving the

boundary-value problem,

82171 32271
=0 4.185
Ox? oy? ’ ( a)
8p1 82141
=P d = t oy, =0, 4.185b
1 . an n oi at ¥y, =0 (4.1850)
p1— 0 as 2+ y? — o0. (4.185¢)

for region 3.

The inviscid problem (4.185) is dealt with in the same way as the corresponding
steady problem (4.158). It yields the following equation for the Fourier Transform of
the pressure in region 1,

P = |k|A,. (4.186)

The viscous problem (4.184) is written in terms of the Fourier Transforms as

o 2,
i(w+ kYU, + Vy = —ikPy + d—y,j +Qs, (4.187a)
L= d
— 4.1
ik + 5 =0, (4.187b)
Uy=Vi=0 at Y,=0, (4.187¢)
U =A(k) at Y,=o0. (4.187d)

Here

Qi=(1+ i)\/ge“*“\/gy*vr — ke HVEE 1) 0, (4.188)

The equations (4.187a), (4.187b) may be manipulated in the same way as the cor-
responding steady flow equations (4.167a), (4.167b). We start by eliminating V; which
is achieved through differentiation of (4.187a) with respect to Y.. This leads to the
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4. Receptivity of the boundary layer to vibrations of the wing surface

equation - - -
dUy d3U, n dQ),

k)= t gy

(4.189)

Since we are dealing now with the third order differential equation, an additional
boundary condition for U; is required. It is obtained by setting Y, = 0 in (4.187a).
Since Uy, V4, U, and V. are all zero at Y, = 0, we will have

d?U,

* 1V,=0

= ik P, = ik|k|A;. (4.190)

If we now introduce a new independent variable

z =2y + 0Y,, (4.191)
with _
o iw PNY
20 = O 0 = (ik)"/°, (4.192)

then the equation (4.189) and the boundary conditions (4.187¢), (4.187d) and (4.190)

assume the form

B, dU, -
U =0 at z = zo, (4.1930)
>, _
dz; = (ik)'P|k|A; at 2= 2, (4.193¢)
U, = A, at 2z = 0. (4.193d)
Here 1o
Hy = 2 WOVEY (¢ k) + (ik)Y3 [ OHIVEY- — 1] 22 (4.194)

k ac’
with functions ®(¢; k) and V((; k) given by (4.181) and (4.182), respectively.

The general solution of equation (4.193a) may be written as

W Gy (2) + CraiC) + CuBiC:), (4.195)

where 1(2) is the solution of the boundary-value problem

¢ — 21 = Hy,

¢\(20) =0, 1(00) = 0. (4.196)
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4. Receptivity of the boundary layer to vibrations of the wing surface

Notice that we have chosen ¢, to be zero at z = co. Notice further that the boundary
condition (4.193d) requires dU, /dz to tend to zero as z — oo. This is only possible if
Cy = 0. Hence, -
av, A .
- = G(k) p1(2) + C1 Ai(2). (4.197)
Substitution of (4.197) into (4.193¢) yields the first equation relating the two un-

known constants, C; and Aj,
CLAT (20) = (ik)/3|K| A;. (4.198)
In order to deduce the second equation for C; and A; we integrate (4.197) with the

initial condition (4.193b),

z

L= G(k) / or()d7 + Cy / Ai()d?, (4.199)

20

then set z = oo in (4.199), and use the boundary condition (4.193d). This gives

A, = G(k) / or(2)dz + Cy / Ai(2)dz. (4.200)

Eliminating C; from (4.198) and (4.200), we find that

At (z0) Tgpl(z)dz
A = 2 G (k). (4.201)
A (z0) — (ik)'\3|k| [ Ai(z)dz

20

It remains to substitute the above equation into (4.186), which yields

AP (0)[K] [ 1(2)dz
Pi(k) = L G(k). (4.202)
Ail (z0) — (ik)V3[k| [ Ai(2)dz

20

In order to return back from the Fourier to physical variables one needs to apply the
inverse Fourier integral to (4.202). Before doing this we shall repeat the analysis for
the second part of the solution decomposition in (4.183).

To perform this task we need to solve the following boundary-value problem in the
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4. Receptivity of the boundary layer to vibrations of the wing surface

viscous sublayer (region 1)

aU2 dP2 82U2

iWU2+Kka_m+% = _d_x*—i_a—Yf—i_QQ’ (4.203@)
oUy,  0Va

o oy =0 (4.203b)

U=V, =0 at Y,=0, (4.203¢)

Uy = As(z.) at Y, = oo, (4.203d)

Uy =0 at x, = —o00, (4.203e)

together with the boundary-value problem,

(92292 82192 Mgo 822%

= —1 -1 —_— 4.204
gz T - WO T U E (4:204a)
8p2 82142 . d2G
oy, 0z — W at  y. =0, (4.204b)
P — 0 as 22+ y? — o0. (4.204¢)

for region 3.

The inviscid flow problem (4.204) is written in terms of the Fourier Transforms as

27
Cﬁlp; — k%5, = Ak, w)G(k)eFlv- (4.2054)
Y
dp _ _
d—p2 — 1A, +iwk®Q, at y. =0, (4.2050)
Ys
P2 — 0 as  Yi = 00. (4.205¢)

The constant, A(k,w), on the right hand side of (4.205a) is calculated using the solution
(4.165), (4.177) for the steady pressure, p;.,

M2 Biwk?|k|Ai'(0)

Ak, w) = (v — 1)1 — M2 (ik)'/3|k| — 3A#(0)

(4.206)

111



4. Receptivity of the boundary layer to vibrations of the wing surface

The solution of the boundary-value problem (4.205) is written as

. : Ay
P = g Gl M i = (st + )G (a0m

Setting v, = 0 in (4.207) gives the Fourier Transform Py(k), of the pressure, P(z,), in

the viscous sublayer,
Py(k) = |k| Ay — (zw|k| + i)G(k’) (4.208)
2k?2

The viscous sublayer problem (4.203) is written in terms of the Fourier Transforms

as
, ~ — - dU, -
(w4 kY )Us + Vo = —ik Py + T2 + o, (4.2094)
L dVs
ikUs + = 0, (4.2090)
Uy=V,=0 at Y,=0, (4.209¢)
Here

_ du, . d*U,
Q2 = —2kwP, — WY, e +iw[n(y — 1) — 2] ek

As usual we start the solution of this problem with setting Y, = 0 in (4.2094). We find
that

(4.210)

d*U,
dY?

*

= ikPy +n(y — 1)kwP,. (4.211)
Y,=0

If we now use equation (4.208) for P, and equations (4.166) and (4.177) for P,, then

we will have

L
L — ik|k|As + (ik)*3R(k;w)G(), (4.212)
d}/;? Y*:O
where
Alk,w) s 3n(y — 1)Ai'(0)
- - 1 . 4.21
Bk, w) = gy — Wk IR L+ 347 0) (4:213)

Now we differentiate (4.209a) with respect to Y, and introduce a new independent

variable

2=z + (iK)Y3Y., 2= (4.214)
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4. Receptivity of the boundary layer to vibrations of the wing surface

This leads to the following equation for Us,

d*U, dU2 _ '
i3 " ds = G(k)H2(Ys; k), (4.2154)
with
_ 3(ik)k] w? _ w?
Hy = (ik) 73] k| — 34i'(0) { |:<Z‘k>2/3 —iw[n(y —1) = 2]¢| Ai(¢) + (ik)2F3 CAZéf;l}%)

The boundary conditions (4.209¢), (4.209d), (4.212) are written in terms of the new

independent variable, z, as

Uy =0 at 2z = 2, (4.215¢)
PUy s d L A
o (ik)°|k|As + G(k)R(k,w) at 2z = 2z, (4.215d)
Uy = Ay() at 2 = oo. (4.215¢)

The solution of the boundary-value problem (4.215) may be constructed in the same
way as it was done with the problem (4.193). We find that

Ail (2 f902 Ydz + R(k,w) fAz
Pz(k):{ A(k )

< = |k|—z’w\k\— ohE }G(k), (4.216)
Ail(20) — (ik)3k| [ Ai(z)dz

20

where 9(2) is the solution of the boundary-value problem

©h — 2y = Hy,
©5(29) =0, a(00) =0.

4.5.3 Calculation of the receptivity coefficients

We shall now apply the inverse Fourier transformation to P (k) and Py(k). The first
of these is given by (4.202), whence

o0 Ad' (z0) k| ?gpl(z)dz
Py(x,) = — / LR G (k)e** dk. (4.217)
oo Ail(z0) — (ik)V3E| [ Ai(z)d=

20
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Figure 4.3: The first five roots of the dispersion equation in the complex k-plane.

The integration in (4.217) is performed along the real axis. Our main interest is
in the behaviour of the perturbations downstream of the roughness. For z, > 0 it
is convenient to consider an analytical extension of the integrand into the upper half
plane and change the contour of integration as will be explained later. When deforming
the contour of integration we need to identify the poles of the integrand. These are

given by the dispersion equation

Ail (z9) — (ik)Y3|k| /Ai(z)dz = 0. (4.218)

20

This equation has been studied by various authors, and it is known that there are
infinite (countable) number of roots of (4.218). The position of each root depends on
the frequency w. The trajectories of the first five roots, as w changes from zero to
infinity, are shown in Figure 4.3. All the roots originate at w = 0 from the coordinate
origin, and all of them, except the first one, remain in the second quadrant for all
w € (0,00], indicating that the corresponding perturbations in the boundary layer
decay with x. The behaviour of the first root is different. It stays in the second
quadrant until the frequency reaches its critical value, w, = 2.29797, and then it
crosses the real axis at the point k, = 1.00049 and remains in the third quadrant for
all w € (w,,00). This root represents the Tollmien-Schlichting wave; our task is to
determine its amplitude.

Let us consider a value of the frequency, w, which is smaller than the critical
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Figure 4.4: Deformation of the contour of integration.

frequency, w,. For such w all the roots of (4.218) are represented by points which
lie in the second quadrant of the complex k-plane, as shown in Figure 4.4. Remember
that when introducing an analytical branch of the function (ik)*/® we had to make
a branch cut along the positive imaginary axis in the k-plane. Also, the analytical
extension of |k| in the integrand in (4.217) requires the branch cut to be extended to
the entire imaginary axis. Therefore, we shall split the integration interval into two
parts, the negative real semi-axis and positive real semi-axis, shown in Figure 4.4 as

C_ and C, respectively,

0 e’}

Pi(z,) = L / M(k;w, z.)dk + L /N(kz;w,x*)dk‘. (4.219)
2m 2T
—00 0
Here .
A (z0)k [ ¢1(2)dz
M(kw,z,) = — L G (k)e'® (4.220)
Al (zg) — i(ik)*3 [ Ai(z)dz
and o
A (z0)k [ 1(2)dz
N(k;w, ) = < G (k)et o=, (4.221)

Air(z0) + (k)3 [ Ai(2)d=

20

When calculating the first integral in (4.219) we shall close the contour of integration
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4. Receptivity of the boundary layer to vibrations of the wing surface

by adding to C_ a ray, C”, and a circular arc, Cp, of large radius R. We shall choose
the angle between the ray C” and the negative real semi-axis such that only one root,

k1, finds itself inside the combined contour. Using the Residue theorem we find

Ai(z0)k [ ¢1(2)dz
//\/ldk = —2mi — % G (ky)etre
el S(k)13 [ Ai(2)dz — 222 [z + i(ik)Y/3] Ai(20) L=t
—/./\/l(k;w,:c*)dk— /M(k;w,x*)dk. (4.222)
cL Cr

We shall show that the integral along the arc C'; tends to zero as the arc radius, R,
tends to infinity. In order to perform this task we need to return to the boundary-value

problem (4.196) and study the asymptotic behaviour of its solution in the limit
k — oo, w=0(1). (4.223)

Setting k — oo in (4.181), (4.182) yields

¢ ¢ ¢
d=3 [ Ai(C)d¢, W =-30k)*>*[dc | Ai(")d¢". (4.224)
/ [«]

0

With ¢ being an order one quantity, Y, = (ik)~'/3¢ is small, and therefore, the function
(4.194) may be approximated as

Hy = -3(1+ i)\/ggAz'(C) + O[(ik)~?]. (4.225)

It remains to notice that 2o = iw/(ik)'/® tend to zero in the limit (4.223), which reduces

the boundary-value problem (4.196) to

d2
o — o = —3(1+ ¢>\/§ C4i(0).
=0

B0 =0, g0 =
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4. Receptivity of the boundary layer to vibrations of the wing surface

(Clearly, the solution to this problem, ¢y, is an order one quantity, and so is the integral

/ o (2)dz = O(1). (4.226)

If we assume that the function f(x) representing the wall roughness shape is in-
tegrable on the interval z € (—o0,00) together with its modulus, i.e. there exists a

positive constant B such that

G| = / Glz)e ™ dz| < / G(2)|dz < B. (4.227)
then it is easily deduced from (4.220) that
M=0k"1?) as k— . (4.228)

This proves that the function M(k;w, z,) satisfies the conditions of Jordan’s lemma,
which allows to conclude that for all > 0 the integral along C in (4.222) tends to
zero as the arc radius R — oo.

The two remaining terms on the right hand side of (4.222) represent the gener-
ated Tollmien-Schlichting wave and the continuous spectrum of the perturbation field

around the roughness. We shall show that the continuous spectrum integral,

/./\/l(k:; w, x,)dk, (4.229)
cL

dies away further downstream, and the Tollmien-Schlichting wave alone will remain
in the boundary layer behind the roughness. The integral (4.229) is a Laplace type
integral. Its asymptotic behaviour may be determined with the help of Watson’s
lemma. When employing the lemma one needs to know the behaviour of the integrand,
M (k;w, x,), at small values of k. Keeping this in mind we return to the boundary-value

problem (4.196), and this time assume that
k=0, w=0(). (4.230)

It is convenient to recast the boundary-value problem (4.196) using ¢ = z — zq as the

117



4. Receptivity of the boundary layer to vibrations of the wing surface

independent variable. We have

d2g01

acz (20 + ¢)r = Hi(¢), (4.231a)
dipr
ac 0 =0, ¢1(00) =0. (4.2310)

With ¢ being an order one quantity, Y, = ¢/(ik)'/* appears to be large, and it follows
from (4.194) and (4.181) that

(ik)?PPk

H =— 20 (0) Ai(()+--- as k—0. (4.232)

We further notice that in the limit (4.230), 2o = iw/(ik)*? tends to infinity. Hence,
the leading order solution of the equation (4.231a) is obtained by balancing the second
term on the left hand side with the forcing term on the right hand side. We find

H, (ik)73
=l A . 4.2
Consequently,
(Zl{?)7/3
_ __ W 4.234
20 0

We are ready now to analyse the equation (4.220) for the function M(k;w,x.).
Since 2o = iw/(ik)'/? tends to infinity in the limit (4.230), the well known asymptotic

formulae for the derivative and integral of the Airy function,

oS —3/4
ZO 2.3/2

NG e 3% ... (4.235a,b)

1/4
ZO 2.3/2

Ai'(z) = _2ﬁ T30 4. /Az({) ¢ =

20

may be used. It follows from (4.235) that the two terms in the denominator in (4.220)

are related to one another as

A?:/ (Zo) 20

w
At - ¥ (4.236)
i(ik)Y3 [ Ai(z)dz i(ik)Ye k2

Keeping this in mind and using (4.234) in (4.220) we find that

(ik:)w/3

M(k;w, x,) = 3iw A7 (0)

G(0)etkw ... (4.237)
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Watson’s lemma converts (4.237) into the following asymptotic representation of the
continuous spectrum integral (4.229)
1—iy/3 /13 1

/M(k‘;w, x.)dk = _&uA—i’(O)F<?)G(O)F +--- as x, — o0. (4.238)
cr

The second integral in (4.219) may be treated in a similar way. We close the contour
of integration as shown in Figure 4.4. Since there are no roots of the dispersion equation
in the first quadrant of the complex k-plane and given that contribution of the integral
along arc C}, tends to zero as R — oo, the integral along the real positive semi-axis,
Cy may be substituted with the integral along imaginary semi-axis, C’,. The latter is
easily evaluated with the help of the Watson lemma as it was done with the integral
(4.238) along C”. We find

/N(k;w,x*)dk =— /N(k;w,x*)dk =
o o

1+iv3 13\ 5, 1
—__TWVop (2 LI . — 00. 42
60 AT (0) ( 3 >G(0>x13/3 + as 00 (4.239)

It remains to substitute (4.238) back into (4.222) and combine with (4.239) using
the equation (4.219). This results in

iT(13/3) -~ 1

Pl(l'*) = %Kl(W)é(kl)eiklz* - 27T\/§(,UAZ,(0) ( )$13/3 e (424())
Here
2A7 (20)k Tgpl(z)dz
Ki(w) = —i 2 : (4.241)

313 [ Ai(2)dz — 23 [z + i(ik)/3] Ai(z0) lioia
20

is a universal function of the frequency, w. It neither depends on the wing surface
vibration function (4.2) nor it depends on the wall roughness shape (4.91). We shall
call Ki(w) the first receptivity coefficient. The results of a numerical calculation of
K1(w) are displayed in Figure 4.5.

These calculations were performed in the same way as it is described at the end of
Chapter 2. We start by choosing a real value of the frequency, w. The corresponding

values of k and zy are found from the solution of the dispersion equation (4.218); we
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(a) Modulus of the receptivity coefficient (b) Argument of the receptivity coefficient
Figure 4.5: The first receptivity coefficient dependence on frequency.

are interested here in the first root (see Figure 4.3). This is followed by calculations of
the function ¢;, which is found by solving the boundary-value problem (4.196).

The receptivity coefficient, K;(w) is represented in the exponential form, Iy =
|KC1|e?®t. Figure 4.5(a) shows the modulus of the receptivity coefficient, and its argu-
ment is shown in Figure 4.5(b).

Now we have to repeat the analysis for the second part of the solution in (4.183).
Through solving the boundary-value problems (4.203), (4.204) in the Fourier space we
have found that the Fourier Transform of the pressure, Pa(z.), is given by (4.216).
Applying the Inverse Fourier Transform to (4.216) and closing again the integration

contour as shown in Figure 4.4 we find that downstream of the roughness
Py(z,) = HCo(w)G(ky)e™ ™ + O(2,?), (4.242)
where

At (z) ngag(z)dz + R(k,w) joAi(z)dz
KCo(w) = —2ik 2 2 (4.243)

S(ik)V3 [ Ai(z)dz — 220 [z + i(ik)Y/3] Ai(20) b=k

20

is the second receptivity coefficient. Notice that unlike K; the second receptivity coef-
ficient, ICy, depends on the viscosity parameter, n, the specific heats ratio, v, and on
the Mach number, M,,. Figure 4.6 shows the results of calculations of the equation
(4.243) obtained with n =1/2 and v = 7/5.

Let us now substitute (4.241) and (4.243) into the equation for the pressure in

(4.183). Disregarding the continuous spectrum contributions, we find that the pressure
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Figure 4.6: The second receptivity coefficient dependence on frequency and Mach num-
ber.

oscillations in the boundary layer downstream of the roughness

1 dF .
P* t* x) — G k (L Z(Wt*+k1$*+q>1)
(b ) = Gk 3 = 0>2|1c1(w)\e n ot

G(kl)M F 5 ‘]C2 ‘61 (wts+k1z+D2) + ..

This shows that the harmonic oscillations of the wing surface produce two Tollmien-
Schlichting waves in the boundary layer behind a wall roughness. Their amplitudes
are

Glk) g @ (@)| and |Gk)MoF(@p)Ka(w)|.  (4245)

M, dx’

respectively.

4.6 Discussion of the results

This work shows that in the case of the elastic wing surface vibrations with the charac-

1/8 two mechanisms prove to be equally important

teristic wave length of an order LRe™
for the boundary layer receptivity. The first is due to gradient of the pressure in the
near wall layer, which is caused by surface wavelike oscillations. The second is due to
the roughness oscillations and compressibility of the fluid surrounding it. The analysis
of these two mechanisms led us to an expression for the pressure (4.244) which contains
two receptivity coefficients K; and C,.

The first receptivity coefficient (4.241) is due to the first mechanism for which
numerical calculations are presented in Figure 4.5. It can be observed that as the

frequency of the wing surface oscillations increase the modulus of the receptivity coef-
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ficient increases.

The second receptivity coefficient (4.243) is not only a function of the frequency,
as Ky, but it also involves properties of the free stream. The calculations of Ky are
presented in Figure 4.6 where n = 1/2 and v = 7/5. Additional calculations with n
being 1 and 3/4 showed that increasing the value of the viscosity parameter reduces
the value of the modules of the receptivity coefficient by less than 1% but it does not
alter the behaviour of the coefficient compared to the presented results.

It can be seen that the second receptivity coefficient remains almost unchanged
when M., increases from zero to 0.5, but then the effect of further Mach number
increase becomes more noticeable. Similarly as in the case of the first receptivity
coefficient we see that as the frequency of the wing surface oscillations increase the
modulus of the receptivity coefficient increases. However the increase is more rapid
and values of the modulus of the receptivity coefficient are much higher. This suggests
that the compressibility effects in the receptivity problem of the elastic wing surface

vibrations are more important than the pressure variations along the surface.

122



5 Conclusions

This research presents a theoretical analysis of the generation of Tollmien-Schlichting
waves in a boundary layer on the wing surface due to external acoustic disturbances
and elastic vibrations of the wing itself. As the Tollmien-Schlichting waves are observed
at relatively large values of the Reynolds number, an asymptotic approach to the flow
analysis is adopted.

It is assumed that in the spectrum of the acoustic disturbances and the wing vibra-
tions there are harmonics which come in resonance with the Tollmien-Schlichting wave
on the lower branch of the stability curve. When dealing with acoustic disturbances
we assumed the flow outside the boundary layer to be transonic, in which case effective
generation of the Tollmien-Schlichting waves takes place if the frequency of acoustic

2/9 quantity. The problem of wing oscillations

waves, w, is chosen to be an order Re
was considered assuming that the flow is subsonic, in which case the frequency of order
Rel/* was considered.

The analysis of the boundary layer receptivity to the acoustic disturbances problem
started with the study of the potential flow far from the boundary layer, in addition, it
is assumed that the free-stream Mach number, M, is such that, M2 = 1+O(Re™'/9).
It was shown that in this regime there are two plane acoustic waves with distinctively
different characteristics. One of these always travels downstream in the streamwise
direction and has O(1) phase velocity. This wave was chosen in the analysis presented
in Chapter 2. The second wave, which phase velocity is an order Re~/? quantity and
direction of the propagation depends on the free-stream Mach number, is considered
in Chapter 3.

The physical explanation of the receptivity mechanism described in Chapter 2 is
as follows; as acoustic perturbations penetrate into the boundary layer, a Stokes layer
forms on the surface of the plate. With the frequency being an O(Re?®) quantity,

—11/18 quantity. The oscillatory motion of

its thickness is estimated as an order Re
the fluid in the Stokes layer is excited by the pressure gradient, which is a periodic
function of time. This process has been studied on numerous occasions for subsonic
flows, including in receptivity theory (see, for example, Ruban, 1984; Goldstein, 1985).
The Stokes layer on its own is incapable of producing the Tollmien-Schlichting waves.
The reason is that the resonance conditions require the external perturbations to have

not only the same frequency as the Tollmien-Schlichting waves, but also the same wave
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length. The characteristic wave length of the perturbation field in the Stokes layer
is much longer than that of the Tollmien-Schlichting waves. However, the situation
changes when the Stokes layer encounters a wall roughness, which are plentiful in real
aerodynamic flows. If the longitudinal extent of the roughness is an order Re /3
quantity, then efficient generation of Tollmien-Schlichting waves becomes possible.

This work is restricted to the case when the Stokes layer interacts with an isolated
roughness. The flow near the roughness is described by triple-deck theory. The solution
of the triple-deck problem was found in an analytic form and the main concern was
with the flow behaviour downstream of the roughness. It was found that the Tollmien-
Schlichting wave is forming behind the roughness in the boundary layer. Its amplitude
has been expressed in terms of the receptivity coefficient, which represent the efficiency
of generation process.

The analysis shows that in the transonic regime the receptivity coefficient depends
not only on the initial frequency of the perturbations, as it was in the case of the
subsonic flow (see Ruban, 1984), it also depends on the free-stream Mach number.

Results are presented in Figures 2.9 and 2.10.

The second wave found from the analysis of the potential flow in Chapter 2 is con-
sidered in Chapter 3. For small values of the Mach number the wave travels upstream
and as the velocity of the wave is increased and it surpasses the speed of sound, the
wave turns and now propagates downstream. The analysis presented in this chapter
adopts the former situation, the acoustic wave propagation upstream. It also may be
shown that in order to satisfy the resonance conditions it is necessary to consider an
oblique wave instead of the one-dimensional plane acoustic wave, as it was for the first
problem. It is assumed that the characteristic wavenumber in the normal direction, f3,

5/18

is an order Re quantity.

The study of the dispersion equation for the particular problem suggests that the

characteristic wavenumber in the streamwise direction is in fact an order Re'/3

quan-
tity, but it does not produce the Tollmien-Schlichting wave as the wave propagates
upstream. In order to achieve the efficient generation of the Tollmien-Schlichting waves
it is necessary to introduce a roughness located upstream of the acoustic wave source,
which longitudinal extent is O(Re™'/3) quantity. The flow near the roughness is de-
scribed by the triple-deck theory, where the interaction of the oblique acoustic wave
and the steady disturbances caused by the isolated roughness is the main mechanism
behind the generation of the the Tollmien-Schlichting waves. It was deduced that the
receptivity coefficient now depends on the free-stream Mach number, the shape of the

roughness and acoustic wave parameters. Results are presented in Figure 3.3, where
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the shape of the roughness is described by the Gaussian function.

Comparing the receptivity coefficients deduced in Chapter 2 and Chapter 3, for
downstream and upstream propagating waves, respectively, the former increases until
a certain value but the latter decreases with increasing frequency. It also may be
noted that the receptivity process of the upstream propagating wave is much more
effective as its modulus has larger value as compared to the receptivity coefficient for
the downstream propagating wave, particularly for moderate values of the frequency,
where the receptivity coefficient for the upstream propagating wave has a peak value.
The behaviour of the receptivity coefficient for the downstream propagating wave is
similar to the behaviour of the receptivity coefficient for the acoustic problem in the
subsonic flow regime (see Ruban, 1984). It may be shown that for the positive values
of the Karman-Guderley parameter the modulus of the receptivity coefficient is smaller
than the equivalent in the subsonic flow. Reducing the value of the Karman-Guderley
parameter increases the value of the modulus of the receptivity coefficient above the
subsonic flow equivalent. This behaviour is observed for O(1) values of the Kérmén-
Guderley parameter, but in the limit of large negative values of the Karman-Guderley

parameter the subsonic regime behaviour is recovered.

The third problem is concerned with receptivity of the boundary layer on the wing
surface due to an elastic vibration of the wing itself. Similarly, as for the acoustic
problems, the analysis started with the study of the flow outside the boundary layer.
In this situation the free-stream Mach number was chosen to be M., > Re V4. Tt
was found that, as the frequency of the wing surface vibrations is high, w ~ Re'/4, the
perturbations produced by wing surface vibrations can be described in the framework
of the piston theory.

As the pressure perturbations penetrate into the boundary layer, a Stokes layer
forms on the wing surface, with thickness estimated as an order Re~%® quantity. In
the flow considered there are two physical mechanisms through which an oscillatory
motion of the fluid in the Stokes layer is excited. The first one is the same as for the
acoustic problem where the pressure gradient forces the fluid to oscillate in the direction
along the wing surface. The second mechanism can only be observed in compressible
flows. Here the pressure itself is responsible for the Stokes layer. This involves the
following chain of events. The pressure pulsations at the outer edge of the boundary
layer cause periodic compression and expansion of the boundary layer. As a result
the fluid particles find themselves in an oscillatory motion in the direction normal to
the wall. In this motion the fluid particles migrate from a region with lower velocity,

close to the wall, into a region with higher velocity, further away from the wall, and

125



5. Conclusions

then return back. As they do so an exchange between the instantaneous acceleration
of the fluid and the convective acceleration takes place, which creates periodic time
oscillations of the longitudinal velocity.

The two mechanisms prove to be equally important if the characteristic wave length
of the elastic vibrations of the wing surface, £, is an order O(LRe~'/®) quantity, with
L being the wing cord. If ¢ < LRe™/® then the first mechanism defines the flow
behaviour in the Stokes layer. If, on the other hand, ¢ > Re /%, then the second
mechanism is dominant. Interestingly enough, in the second case the velocity oscil-
lations are not confined to the Stokes layer itself, but also persist in the rest of the
boundary layer.

In this situation the Stokes layer on its own is incapable of producing the Tollmien-
Schlichting waves, and as before, for that reason the localised wall roughness with the
longitudinal extent of an order Re 3/ quantity has to be introduced. The flow near
the roughness is described by the triple-deck theory, where the flow appears to be
compressible in all three tiers of the triple-deck structure.

It was found that there are two Tollmien-Schlichting waves forming in the boundary
layer behind the roughness; these are produced by the two physical mechanisms of
excitation of the flow oscillations in the Stokes layer. The first receptivity process
is similar to the one studied earlier, see Chapter 2, with difference that now flow is
considered to be in the subsonic regime. In fact, if the “acoustic” receptivity coefficient

in the subsonic regime is denoted as IC,, then
ICl = _2CL)ICa

The second receptivity process does not have an analogue in the literature, and it was
found that the second receptivity coefficient, Ky, is rather large, see figure 4.6(a), as
compared with the first receptivity coefficient, Ky, see figure 4.5(a). The latter in its
turn is larger than the acoustic receptivity coefficient, K, for all w > % This suggests
that the receptivity to the wing surface vibrations has to play a major role in the
laminar-turbulent transition in the boundary layer.

In order to compare the effectiveness of the receptivity process in the vibrating wing
problem in subsonic flow with its equivalent in transonic flow, it is necessary to perform
additional analysis. In transonic regime flow is more sensitive to the compressibility
of the gas as it is in subsonic regime. It is also expected that in transonic regime the
problem will have a distinguished limit as it is in this situation, but that it will be

larger than LRe™'/%.
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A Appendix

A.1 Nondimensionalization of the Navier-Stokes equa-

tions

In the two-dimensional Cartesian coordinate system, where the system is defined by
(,9) with  measured along the plate surface from its leading edge, and ¢ in the
perpendicular direction, the compressible Navier-Stokes equations (Landau & Lifshitz,

1987) may written as
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Here Pr is the Prandtl number, which is the ratio of momentum to thermal diffusivity
and v is the specific heat ratio. The dimensional velocity components are denoted as
(@,0) and time by £. The gas density is p, the pressure p, the enthalpy h and the
dynamic viscosity coefficient ji.

In order to introduce non-dimensional variables, we denote the distance from the

leading edge of the plate to the roughness by L. The velocity, density, pressure and
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viscosity in the unperturbed flow upstream of the plate are Uy, poo, Poo and fiso,

respectively. Then setting

- L
t:U—Oot*, i’:LZL'*, y:Ly*,
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Here M, is the free-stream Mach number and Re is the Reynolds number, which are

defined as

U
M, =—2=2, Aoy = 'yp—oo, Re =
(oo V ' oo
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In the body-fitted coordinates the Navier-Stokes equations are written as
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Here k denotes the aerofoil contour curvature and for brevity we leave only main viscous

terms in the momentum an energy equations. Using nondimensionalisation variables

(A.2) these equations reduce to
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A.2 Steady Compressible Boundary Layer Flow

A flat plate placed in a uniform flow of gas disturbs the flow only in the immediate
vicinity of the surface. Thus the steady flow past the plate is uniform with an exception
of the wall boundary-layer. This layer thickness tends to zero as the Reynolds number
increases in accordance with y, = O(Re~'/2). The solution of the steady Navier-Stokes
equations in the boundary-layer on the surface of the plate is represented in the form

of the following asymptotic expansions

uy = Up (2, Y) + ..., pr = Ro (., Y)+ ..., (A.7a,b)
v, = Re V2V (2, Y) + ..., hy = Hy (x,,Y) + ..., (A.7¢,d)
pe = Re V25, (2,,Y) + ..., ps = o (T, Y) + .. .. (A7e,f)

Substitution of (A.7) into the Navier-Stokes equations leads to the classical boundary-

layer equations

ROUOZU + Rovog(}]f _ aiy (m%) | (A.8a)
el 2 (o) (). a
Uogf* +R02‘; +ROZU 12 ay o, (A8c)
Hy = m. (A.8d)

Solving these equations we need to pose the following boundary conditions on the

leading edge of the plate

at =0, Y €[0,00). (A.9a,b)

Up =1, Hy = at Y = oo, z € [0,00). (A.10a,b)

In addition, the solution also has to satisfy the no-slip condition on the surface of the
plate
U=Vy=0 at Y =0, x € [0,00), (A.1la,b)
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which has to be supplemented with an appropriate thermal condition. Here it will be

assumed that the plate is thermally isolated, therefore

O0H,
B Y = _ A1l
oy 0 at 0, x € [0, 00) ( c)

The boundary-value problem (A.7)-(A.11) admits a self-similar solution in the form

1
Uo(llh Y) = U(U), ‘/()(.’E*, Y) = V(U)> Ro(ﬂf*, Y) = P(U)a (A.12a-c)
Vs
Ho(z.,Y) = H(n), po(z+,Y) = p(n), (A.12de)
where v
pummy A.13
= (A.13)
Substitution of (A.12) into the equations (A.7), reduces it to
1
—§npUU’ +pVU = (uU", (A.14a)
1
—MpUH' + pVH' = —- (WH"Y + (U, (A.14D)
1
=51 (pU") + (V') =0, (A.14c)
1
H=_———. A.14d
(v =1p ( )

Here apostrophe denotes derivation with respect to n. These equations are supple-

mented with linear equation relating the viscosity coefficient and the enthalpy
i = xh. (A.15)
In dimensionless form the equation above is written as
j=(y— 1) ML, (A.16)
which in transonic flow reduces to

pw=(y—1)H. (A.17)
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Combined the state equation (A.14d) and (A.17) we deduce that
pp =1 (A.18)
Substituting (A.12) into the boundary conditions (A.9)-(A.11), we find

U=V =H =0 at n =0, (A.19a-¢)

U=1, H=—— at n = 00. (A.19d,e)
Equations (A.14) may be simplified introducing a new function, f(n), such that
f'(n)=pU and  f(0)=0. (A.20a,b)

Rearranging and substituting the new function into the continuity equation (A.14c)

we obtain

5 U + (VY =~ f" (A.21)

Integrating the equation above and using the fact that V(0) = f(0) = 0, we deduce
that

1 1
Substituting the expression (A.22) into the remaining equations (A.14a) and (A.14b)
we write
1 / n/
_§fU = (pU", (A.23a)
1 1
—SfH' = — (uH") + p(U')*, A.23b
S MH =5 (i) +p(U) (A.23b)

Further simplification is achieved by introducing the Dorodnitsyn-Howarth trans-

formation (Stewartson, 1964)

7
fz/ p(s) ds, (A.24)
0
which together with (A.18) turns equations (A.20) and (A.23) into
B 1S
1.dH 1 &H [(&f\°
e (@) O 20
df
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Figure A.1: Solution for the compressible Blasius boundary layer.

It can be seen that the state equation (A.25a) coincides with the classical Blasius
equation for incompressible boundary layer. The boundary conditions for this equation
may be deduced from (A.20) and the fact that p = 1 at the the outer edge of the
boundary layer, thus

_ 4
G

df

7(0) i

(0)=0 and (00) =1, (A.26a-c)

The boundary conditions for (A.25b) may be written as

dH 1

d_g (0) =0 and H(OO) = ﬁ (A.27a-c)
The equation (A.25a) can be solve using the classical Runge-Kutta method after

which we can obtain solution to the equation (A.25b). The results of calculation are

displayed in Figure A.1. The particular interest is the behaviour of the solution near

the plates surface, where point £ = 0 is a regular point for both equations. Therefore,

functions f(£) and H(&) can be represented by Taylor expansion

o
fE)=5¢+0E) £ 0. (A.28a,b)

H(&) = ho + O(€?)
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From the numerical solution the values of constants A and h,, are found to be
A =0.3321, h. = 2.9180. (A.29a,b)

Together with (A.14d) and (A.17), this leads to

_ 2
{p(g) =0 e (A.30,b)
p(€) = p + O(€?)
where )
Pw = m7 fw = (7 = Dhu. (A.31a,b)

Substituting (A.30) back into (A.24), and using (A.28) in (A.25¢) we find that the

streamwise velocity component may be represented near the wall as
U = \pun + O(n*). (A.32)

Returning back to equations in (A.12) we conclude that near the surface of the plate

we have
(Ug(2.,Y) =7 (2.)Y +0 (Y?)
Ro(l‘m Y) = Pw + O (YQ) as Y =0 (A 33a—d)
Ho(2.,Y) = hyy + O (¥?) |
\ po(24, Y) = py + O (Yz)
where A
Pw
7 (2.) = o (A.34)
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