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Abstract

In this thesis we propose an arithmetic topological model for the post-critical set of infinitely
quadratic-like renormalisable quadratic polynomials of satellite type. This is inspired by the
near-parabolic renormalisation scheme of Inou and Shishikura. This model only depends on the
combinatorics of the renormalisations, which is a sequence of rational numbers in (—1/2,1/2]\{0}.
We also introduce an optimal arithmetic condition on such sequences that determines when the
model is a Cantor set. We show that these topological models enjoy a universal property. That is,
either they are a Cantor set of points or they are determined by some topological axioms similar
to the topological characterisation of the Cantor set in the plane. We introduce a new topological
object, hairy Cantor sets, and investigate their topological properties. We also define a model for
the dynamics on the topological model, designed to reflect the behaviour of the quadratic map
on its post- critical set. We identify all closed invariant subsets and describe their topology. We
also show that the model is uniquely ergodic, and identify the unique invariant probability.
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1. INTRODUCTION

The systematic study of the global dynamics of holomorphic maps of the Riemann sphere
started by the seminal works of Pierre Fatou and Gaston Julia in the 1920’s [Fat19, Jull8]. For
a rational map f of the sphere, with degree at least two, the Fatou set of f is defined as

Fr:={z¢€ C | (f")o2; is a normal family on a neighbourhood of z},

and the Julia set is defined as Jy := C \ Fy. On every periodic connected component of the
Fatou set, the iterates of f form a normal family, and the dynamics is well understood. In the
1970’s, Sullivan showed that for any rational function, all connected components of the Fatou set
are pre-periodic [Sul87]. On the other hand, the dynamics on the Julia set is often non-trivial.
The family of quadratic polynomials is specially interesting. Although maps in this family only
possess a single critical point of order two, and are parametrised with a single complex parameter,
they display fairly rich and complicated behaviour that are not well-understood.
Any quadratic polynomial is affinely conjugate to a unique polynomial of the form

Po(z) = 2%+,

for some ¢ € C. If the critical point tends to infinity under the iterates of P,, then the Julia set
of P, is a Cantor set of points, and the dynamics on the Julia set is topologically conjugate to
the shift map on two symbols. On the other hand, if the critical orbit remains bounded in the
complex plane, then the Julia set is connected. The Mandelbrot set is defined as

M :={ce C| Jp, is connected}.

If p € C is a periodic point of period k for some quadratic polynomial P, then A := (P¥)’(p)
is called the multiplier of P, at p. A periodic orbit is called attracting, indifferent, or repelling
if we have [A| < 1, [A\| = 1 or |[A\| > 1, respectively. If |\| = 1 and A is a root of unity, then p
is called a parabolic periodic orbit. If A = e?™, for some irrational number «, then the orbit
is called irrationally indifferent. For quadratic polynomials, there is at most one periodic orbit
that is either attracting or indifferent. If P, has an attracting periodic point, it is known that the
critical point tends to that cycle. If P. has an attracting orbit, or Jp, is a Cantor set, then it is
called a hyperbolic map and the dynamics is fairly easy to describe.

A central conjecture in the filed of holomorphic dynamics by Fatou suggests that the set of
complex numbers ¢ such that P. is hyperbolic is dense in the complex plane. Douady and Hubbard
[DH84| conjectured that the Mandelbrot set is locally connected and showed that this conjecture
implies the conjecture of Fatou. If P. has an attracting periodic orbit, then ¢ belongs to the
interior of the Mandelbrot set and the Mandelbrot set is locally connected at ¢. Quadratic maps
with a parabolic periodic orbit are also well-understood. If P, has an indifferent periodic orbit with
multiplier A = 2™ then the arithmetic of o plays a key role in the dynamical behaviour of P,
near the fixed point. For example, Brjuno condition determines whether PF is locally analytically
conjugate to a rigid rotation on a neighbourhood of the periodic orbit [Sie42, Brj71, Yoc95]
Research in this direction has revealed many fascinating results on the nature of these maps,
see for instance [McM98, PZ04, BC12]. A key arithmetic condition which has recently appeared
in the study of such maps is the Herman condition, [Chel7]. The set of irrational numbers
of Herman type were discovered in the study of the linearisation problem for analytic circle
maps, [Her79, Yoc84]. There is a rather complicated characterisation of such irrational numbers
identified by Yoccoz. It appears that the Brjuno and Herman condition determine the topology of
the measure theoretic attractor of the quadratic polynomial with indifferent fixed points [Chel7].

A central concept in the study of quadratic maps is the idea of quadratic-like renormalisation
structures. As we will explain precisely in Section 2, for a quadratic-like renormalisable map
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P,, there are simply connected domains U and V as well as an integer ¢ > 2 such that U is
compactly contained in V and P{|y : U — V is a proper branched covering map of degree two
with a non-escaping critical point. By a fundamental theorem of Douady and Hubbard [DH85],
there is a quadratic map Pu, for some ¢’ € C, which is quasi-conformally conjugate to PZ|y on a
neighbourhood of its Julia set. The map P is called the renormalisation of P.,. When a quadratic
polynomial has no quadratic-like renormalisation structures, there is a natural way to divide a
neighbourhood of the Julia set into dynamically well-behaved pieces called the Yoccoz puzzles. 1f
a quadratic map with no attracting or indifferent periodic points is not renormalisable, then the
dynamics on its puzzle pieces behaves in an almost Markov fashion. Yoccoz introduced this tool
to explain the dynamics of such map, when there are no attracting or indifferent periodic points.
In particular, he showed that Jp, is locally connected and the Mandelbrot set is locally connected
at ¢, see [Hub93].

According to Douady and Hubbard, quadratic-like renormalisation occurs in two fashions. One
may define the Julia set of PJ|y using the conjugacy to P,. Then the renormalisation is called
satellite type if the Julia set of PJ|y contains a fixed point of P., and otherwise it is called
primitive type. If the renormalisation is of satellite type, then there is a natural way to assign a
rational number p/q € (—1/2,1/2]\ {0} that describes the combinatorial nature of the behaviour
of P. near the featured fixed point. Therefore, to any infinitely satellite renormalisable quadratic
polynomial, we may assign a sequence of rational numbers 7 = (p;/¢;)5°, in (—1/2,1/2] \ {0}.
This is often referred as the combinatorics of the renormalisations.

The first rigorous breakthrough in regards to the infinitely renormalisable quadratics came in
the pioneering work of Sullivan [Sul87, Sul92]. He introduced the key notion of a priori bound
for the renormalisation levels. This idea was thoroughly investigated by the ground-breaking
works of McMullen, Lyubich, Graczyk—éwiatek and Levin-van Strien, see for instance [McM94,
McM96], [Lyu97, Lyu99, Lyu02], [GS98] and [LvS98], among others. Briefly speaking, a priori
bounds is employed to prove the local connectivity of the Mandelbrot set, local connectivity of
the Julia set [Jia00], and the ergodicity of conformal measures [Pra9s].

By the work of Douady and Hubbard in [DH84], for each sequence of rational numbers 7 =
(pi/qi)?2y in (—1/2,1/2] \ {0}, there is ¢ € C such that P, is infinitely satellite renormalisable
of type 7. The uniqueness of this parameter is a non-trivial problem and is equivalent to the
local connectivity of the Mandelbrot set at the corresponding point. It is known that when
the denominators ¢; tend to infinity fast enough, the Julia set fails to be locally connected,
[Sr00]. However, their argument works in the limit and does not provide an explicit condition.
In [Mil06b], Milnor proposed an optimal arithmetic condition for the local connectivity of the
Julia sets. However, later Levin showed that this condition is necessary but not sufficient [Lev11].
He also described a condition that implies non-local connectivity of the Julia set. These results
suggested that new tools distinct from a priori bounds are required to investigate the dynamics
of infinitely satellite renormalisable quadratics.

In 2006, Inou and Shihikura [IS06] introduced the near-parabolic renormalisation. This is a
powerful tool that has been used by Buff and Cheritat [BC12] to find the first known examples of
positive area Julia sets in the quadratic family. Cheraghi and Shishikura [CS15] showed that for
a wide class of sequences of rational numbers (p;/¢;)52; in (—1/2,1/2] \ {0}, there are infinitely
satellite renormalisable quadratic maps which are also infinitely near-parabolic renormalisable.
Moreover, they establish the local connectivity of the Mandelbrot set under a certain growth
condition on the sequence p;/¢;.

For ¢ € C, let us denote the post-critical set of P. by PC(F,), that is,

PC(Pe) = U2 Fe(0),
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where 0 is the critical point of P.. It is well-known [Lyu83] that PC(FP,) is the measure theoretic
attractor of the dynamics of P, on its Julia set. That is, the orbit of Lebesgue almost every
point in Jp, eventually stays in any given neighbourhood of PC(P.). To understand the long
term behaviour of typical orbits in the Julia set, one needs to understand the topological and
geometric structure of PC(F,), as well as the iterates of P. near PC(P.). If the Julia set of an
infinitely renormalisable quadratic map is locally connected, then the post-critical set is a Cantor
set, (See Subsection 2.3).

A key problem on the topological aspect of the set PC(P,) is to identify an arithmetic condition
that implies PC(P,) is a Cantor set. In this work we construct an arithmetic model M, for the
post-critical set of an infinitely satellite renormalisable quadratic with combinatorics 7. We also
describe the topological properties of that model. Our work is inspired by the near-parabolic
renormalisation scheme of Inou and Shishikura [IS06], and draws on tools from [CS15]. In partic-
ular, we introduce an arithmetic condition on 7, namely Condition C, which determines whether
M. is a Cantor set. This condition is rather complicated and is in the spirit of the Herman
condition identified by Yoccoz. See Section 3 for the precise definition of condition C.

Theorem A (Dichotomy). Let 7 = (pi/qi);2, be a sequence of rational numbers in (—1/2,1/2]\
{0}. Then, one of the following holds:

(i) the sequence T satisfies condition C, and M, is a Cantor set of points,
(ii) the sequence T does not satisfy condition C, and M, is a hairy Cantor set.

A hairy Cantor set, which we introduce here for the first time, is a topological object in
the plane which enjoys a similar level of universal features as objects like Jordan curve, Cantor
set, Cantor bouquet, and hairy circles, [Veb05, MK19, Lel61, Cha89, BO90, Nad92, HO16|. As
we prove here, hairy Cantor sets are topological objects uniquely determined, up to ambient
homeomorphisms, by some simple axioms.

We say a compact set X C R? is a hairy Cantor set if it satisfies the following axioms.

) Any connected component of X is either a single point or a simple arc';
2) The closure of the set of point components of X is a Cantor set of points, say B;
) Any arc component of X meets B at one of its end points;

) Whenever z; — x within X, the unique arc in X connecting x; to B converges to the
unique arc in X connecting x to B, with the convergence in the Hausdorff topology;?
(As) The set X \ B is dense in X;

(Ag) For every arc component v of X, points in the interior of v are not accessible from R?\ X;
Theorem B. All hairy Cantor sets are ambiently homeomorphic as subsets of the plane.

Note that only axiom (Ag) requires X to be a subset of the plane. The other axioms may be
stated for a compact metric space. We say a compact metric space X is an abstract hairy Cantor
set if it satisfies axioms (A1), (As2), (A43), (A4) and the set of end points of the arc components
of X is dense in X.

Theorem C. Any hairy Cantor set is an abstract hairy Cantor set. Moreover, all abstract hairy
Cantor sets are homeomorphic.

lwe say a compact metric space is a simple arc if it is the image of a homeomorphism + from the interval [0, 1].
The end points of this simple arc are (0) and (1) and its interior is v((0,1)).
2In a metric space (M, d), given two sets X,Y C M, the Hausdorff distance of X and Y is defined as
da(X,Y):=inf{e > 0| D(X,e) CY,D(Y,e) C X}.

The Hausdorff distance is a metric on the set of non-empty compact subsets of M. The induced topology is called
the Hausdorff topology.
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We also propose a topological model for the dynamics of an infinitely renormalisable map of
satellite type on its post-critical set. That is, a homeomorphism f : M, — M,. We completely
describe the dynamics of f; on M.

Theorem D. For any sequence of rational numbers T = (p;/q;)52, in (—1/2,1/2]\ {0}, every
point in M is forward and backward recurrent under the action of f : M, — M.

We also classify the closed invariant subsets of f : M, — M.,.

Theorem E. There is a unique closed invariant set Cantor set B, C M, under f.. If M, is a
Cantor set, then f. is minimal and B, = M,. Otherwise, there is a homeomorphism

I :]0,1] — {closed invariant sets for fr : M; — M},
such that the following hold:

(i) I-(0) = By is the base Cantor set of the hairy Cantor set M, and I.(1) = M,;
(i1) for 0 < x <1, I.(x) is a hairy Cantor set;
(iii) for 0 <z <y <1, we have I.(z) C I-(y).

Theorem F. For any sequence of rational numbers T = (p;/q;);2, in (=1/2,1/2] \ {0}, the
map fr 1 My, — M, is uniquely ergodic. Moreover, the unique invariant probability measure is
supported on the Cantor set B, .

In [DR14], DeZotti and Roesch propose a model for the post-critical set of a class of infinitely
satellite renormalisable quadratics. They also describe a conjectural condition for the local con-
nectivity of the Julia set for the case when 7 = (1/¢;)°,. In a forthcoming paper [CP18], we
prove that for a wide class of 7, the corresponding quadratic map P, on PC(F,) is conjugate to
fri M, — M.

In Section 2, we review some of the background material. In particular, we review some of the
properties of quadratic-like and near-parabolic renormalisation and we describe some aspects of
the relation between these renormalisation schemes. We will also define odometers and describe
how one may assign an “address” to every connected component of the post-critical set of an
infinitely renormalisable quadratic map.

In Section 3, we describe the combinatorial data needed to define the topological model. We
also use this data to define condition C.

In Section 4, we define the topological model. The definition of the model is given in Subsec-
tion 4.2. We need the combinatorial data defined in Section 3 and the model maps defined in
Subsection 4.1 to construct the model. In the remainder of this section, we investigate some of the
properties of the model. These results culminate in Subsection 4.8 where we prove Theorem A.

In Subection 5.1, we define the dynamics on the model and prove Theorem D. We analyse
invariant subsets and prove Theorem E in Subsection 5.2. We finish this section by proving
Theorem F in Subsection 5.3.

Section 6 consists of a purely topological classification of the model. We define straight hairy
Cantor sets, a special class of hairy Cantor sets that are easier to analyse, in Subsection 6.1. We
prove Theorem B in Subsection 6.3 and we finish Subsection 6.4 with the proof of Theorem C.
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2. RENORMALISATION STRUCTURES OF QUADRATIC MAPS

In this section, we study quadratic polynomials and describe some of their basic properties.
One may refer to [Mil06a] or [Bea91] for the basic notions in complex dynamics. We also define
quadratic-like renormalisation and some combinatorial aspects of this operator. Our description
of this renormalisation operator follows the seminal work of Douady and Hubbard in [DH84]
and [DHS85]. For more details on the combinatorics of quadratic maps and their quadratic-like
renormalisation, one may consult [McM94], [Mil00] or [Sch04].

2.1. Quadratic maps. Consider the class of quadratic polynomials in the complex plane. Every
quadratic polynomial is affinely conjugate to a unique map of the form

P.(z) :=2* +e,

where ¢ € C. For a quadratic polynomial P,., we may define the filled in Julia set and the Julia
set by
Kp, :={z€C|(P}2));yis bounded} and Jp, :=90Kp,

respectively. At any point outside of the Julia set, the iterates of the map form a normal family
and the dynamics is easier to describe. The Julia set, on the other hand, is the locus of chaos. For
a quadratic map, the Julia set is either connected, or a Cantor set. The Julia set is connected
if and only if the the orbit of the critical point is bounded. When the Julia set is a Cantor set,
the dynamics on the Julia set is topologically conjugate to a shift map.

The dynamics is more complicated when the Julia set is connected. In this case, Kp, is a
compact, full subset of the complex plane. Hence C \ Kp, is a topological disk. 3 We may define
the Bdéttcher coordinate for P, as the biholomorphic isomorphism

¢pc : (C\Kpc — C\ﬁ
that satisfies
lim ¢p (z) = 1.

Z—00

The map ¢p, holomorphically conjugates Pe[c\kp, to 22](:\@. For any 6 € R/2nZ, the set

Rp,(0) == {dp) (re”) | r € (1,00)}
is called the external ray of P. with angle §. We say an external ray Rp,(6) lands at z € Jp, if

li -1 10y _ ]
TLH%¢PC(T€) z

In other words, if Rp,(0) = Rp,(0) U{z}. For any r > 1, the set
Ep,(r) = {¢p. (re”) | 6 € R/(2nZ)}
is called the equipotential of radius r.

Any quadratic polynomial P, has two fixed points which agree only when P, has a parabolic
fixed point. Assume Jp, is connected. As shown by Douady and Hubbard in [DH84], for all
0 € 2mQ, the external ray Rp, (f) lands. We know that Rp,(0) is mapped into itself under P..
Therefore the landing point of Rp,(0) is a fixed point of P.. This fixed point is either repelling or
parabolic. We say this point is the -fized point of P, and we will refer to the other fixed point
of P, as its a-fixed point.

In [DH84], Douady and Hubbard proved that any parabolic or repelling periodic point of a
quadratic map is the landing point of at least one, but at most finitely many of its external
rays. Let P. be a quadratic map with connected Julia set such that the a-fixed point of P,

3A topological disk is a topological space homeomorphic to the open unit disk in the plane.
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is repelling. Then there are ¢ > 1 rays landing at the fixed point a. Let us assume that
Rp.(00), Rp,(01), -+, Rp.(04—1) are the external rays landing at a. We may rearrange the indices
so that we have 0y < 61 < 6y < --- < 8,1 < b with respect to the cyclic order of R/27Z. There
is a non-zero integer —q/2 < p < ¢/2 such that

PC(RPC (02)) = Rp, (9i+p (mod q))7

for all 0 < ¢ < gq. We will say that p/q € (—1/2,1/2]\ {0} is the combinatorial rotation number
of P..

2.2. Quadratic-like renormalisation. To define quadratic-like renormalisation, first we define
quadratic-like maps.

Definition 2.1. A holomorphic map f : U — f(U) =V is called a quadratic-like map if U,V C C
are topological disks, U is compactly contained in V and f is a proper map of degree two.

Note that for any quadratic polynomial P, with a connected Julia set and any large disk V' 2 Jp,
centred at the origin, the map F,| POV P7YV) — V is quadratic-like. For a quadratic-like

(&
map f, we may define the filled in Julia set and the Julia set similar to a quadratic map.

Ki={2e€U|Vn>1,f"2) €U}, Jj:=0K;y.

The Julia set is connected if and only if it contains the critical point of f. A hybrid conjugacy
between two quadratic-like maps f: U — V and g : U’ — V' is a quasi-conformal map h from
a neighbourhood of K¢ to a neighbourhood of K, that conjugates f and g and 0h/0Z = 0 for
Lebesgue almost every point z € K. If such a conjugacy exists, we say f and g are hybrid
equivalent.

Theorem 2.2. [DHS85, Straightening theorem] Any quadratic-like map f is hybrid conjugate to
a quadratic polynomial. Moreover, if J; is connected, then any two such quadratics are affinely
conjugate.

Using the straightening theorem, for any quadratic-like map f with repelling fixed points
and a connected Julia set, we may uniquely define the a-fixed point, the S-fixed point and the
combinatorial rotation number.

Recall that M denotes the Mandelbrot set, the set of points ¢ € C such that Jp, is connected.
Let ¢ € M be a complex number such that that the a-fixed point of the map P, is repelling.
The closure of the ¢ rays landing at « cut the complex plane into ¢ open connected components
which we denote by Yj, for 0 < j < ¢ — 1. By a simple topological argument, P, on these pieces
has a simple covering property. One of these components, which we denote by Y,_1, contains
both critical point 0 and the pre-fixed point —a. Moreover, P.(Y,—1) covers U?;éYj. We may
relabel the other components so that P.(Y;) = Yj41, for 0 < j < g — 2. Thus, the critical value
is contained in Y7 and the critical point is mapped back into Y;_1 under g iterates of P..

Fix r > 1. The equipotential Ep,_(r) divides each piece Y}, for 0 < j < ¢—1, into two connected
components. We denote by le, for 0 < j < g—1, the closure of the bounded connected component
of Y;\ Ep,(r). These are called puzzle pieces of level 1. The closure of the connected components
of P %(int (le)), for i € Nand 0 < j < ¢ — 1, are called puzzle pieces of level i. They form

nests of pieces breaking the Julia set into components. As P.(Y;_1) covers U?;é int (le), the
connected components of P, (int (Y}')) contained in Y, divide Y, into ¢ pieces. We denote

the one containing 0 by ngl and the remaining ones by ZJZ7 for 0 < 7 < ¢—2. For ¢ in
the Mandelbrot set with a-fixed point repelling and ¢ rays landing at «, the map P, is called
quadratic-like renormalisable of satellite type, if P:'*(0) € Z2_,, for all n € N. Using |P.(a)| > 1,



13

we may build a simply connected domain Z q2_1 containing the closure of Z 3_1 such that PJ (Z 3_1)
contains the closure of Z2_; and P{ : Z2_, — P(Z2_) is a quadratic-like map. Since the
orbit of 0 does not escape the domain of this quadratic-like map under iteration, its Julia set is
connected. We use Rqgr(P:) to denote the unique quadratic map P that is hybrid conjugate to
Pl ngl — Pg(Zq{l). In this case, we say q is the renormalisation period. If f := ngzg_l, we

say that Jg, Po(Jy), - ,ch_l(Jf) are the little Julia sets of P.. Note that « is contained in all of
the little Julia sets and the sets Jr \ {a}, P.(Jf) \ {a},- - ,ch_l(Jf) \ {a} are pair-wise disjoint.
Moreover, the point « is the S-fixed point of all of the little Julia sets. Clearly the S-fixed point
of P, is not contained in any of the little Julia sets.

For ¢ as in the above paragraph, if P, is not quadratic-like renormalisable of satellite type,
there is the smallest n € N such that P:'Y(0) € Z7, for some 0 < j < ¢ — 2. Then, let ¥}
denote the closure of the connected component of P, "?(int (ZJQ)) containing 0 that is obtained by
pulling back along the orbit 0, P.(0),--- , P='%(0). If the orbit of 0 under P. never enters int (V;),
then P is not quadratic-like renormalisable. Otherwise, let j; € N be the smallest integer with
P*(0) € int (V1), and denote by V3 the closure of the component of P 7" (int (V7)) that is obtained
by pulling back along 0, P.(0),--- , PZ*(0). Here, P* : int (V2) — int (V}) is a quadratic-like map.
Inductively, we define domains Vi D Vo D V3 D -+, and positive integers ji, j2, j3, - such that
each j,, is the smallest positive integer with P?™(0) € int (V;,,) and V41 is the closure of the
pull-back of int (V,,,) along the orbit 0, P.(0),--- , P™(0). For all m > 2, the puzzle piece V,, is
compactly contained in the interior of V,,_1 and PJ™ : V,, — V,,_1 is a quadratic-like map. The
quadratic map P is quadratic-like renormalisable of primitive type, if there is m > 2 such that
the orbit of 0 under P/™ : V,, — V,,_1 remains in V,,. Note that if this occurs, the sequence j,,
is eventually constant. For the smallest positive integer m satisfying this property, we denote the
unique quadratic map P, that is hybrid conjugate to P™ : V,,, — Vi_1 by Rqr(FPe). In this case,
we say jm, is the renormalisation period. If f := PI™|y, , we say that Jy, Pe(Jy), -, P (Jy)
are the little Julia sets of P.. Note that, in this case, little Julia sets are pair-wise disjoint and
none of the little Julia sets contain any fixed point of F..

A quadratic map is quadratic-like renormalisable, if it is quadratic-like renormalisable of either
satellite or primitive type.

2.3. Infinitely renormalisable maps and odometers. Let ¢; be a complex number. If P,
is renormalisable, then there is a complex number ¢y such that P, = Rgr(FP.,). We say P,
is twice renormalisable if there is c3 € M such that P., = Rgr(Fe,). Similarly we may define
k-times renormalisable quadratics, for all & € NU {oo}. Assume P, is infinitely renormalisable
where every renormalisation is of satellite type. Then there is a sequence (¢;)?; in M such that

cp=c¢, Vix>l, Pcz‘+1 :RQL(PC«;)'

Moreover, every periodic orbit of P, is repelling and there is a sequence of non-zero rational
numbers (p;/q;)7, in (—1/2,1/2] \ {0} where p;/q¢; is the combinatorial rotation number of the
a-fixed point of P.,. We say P, is infinitely satellite renormalisable with combinatorics (p;/q;)2,.
As mentioned before, Douady and Hubbard [DH84] showed that for each sequence of rational
numbers 7 = (p;/¢;)52; in (—1/2,1/2] \ {0}, there are some parameters ¢ € M such that P, is
infinitely satellite renormalisable of type .

Recall that for all ¢ € C, the post-critical set of P, is denoted by PC(P.), that is,

pe(p,) = | Pi0),
t=0
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where 0 is the critical point of P.. As we will describe, when P. is infinitely renormalisable, there
is a natural way to assign an “address” to every connected component of PC(P.). Note that in
general, it is not proven that every such address uniquely identifies a connected component. The
addresses are built using only the renormalisation periods of P.. The space of addresses is called
an odometer.

Definition 2.3. Let q := (¢;)2; be a sequence of natural numbers greater than one. Consider
the sequence of canonical maps between discrete topological groups

Zig < Z)(q1q2) < - < Z/ (g2 @) <,

where the map from Z/(q1q2---¢i) — Z/(q1q2- - gi—1) sends any number t (mod q1qs---q;) to
t (mod q1q2---qi—1). The “odometer”, or “adding machine”, with combinatorics q is defined as
Oq:=projlimZ/(qiq2 - qi) = {(ti)i=1 | Vj =i > 1, t; = t; (mod q1g2---qi)}.
1—00

For all 4 > 1, we use the notation ¢ — ¢ (mod qi¢2---¢;) to denote the projection from Oq
onto Z/(q1gz2 - - - ¢i). There is a canonical way to define topology and group structure on Og that
is compatible with the projective limit. Hence Ogq is a topological group.

There is a unique element Oq that maps into 1 (mod qigz2---¢;), for all i > 1. We use the
notation 1 € Oq to denote this element. It follows that the map

t—=t+1:0q — Oq,

is the projective limit of the homeomorphisms t — ¢t + 1 : Z/(q1q2---qi) = Z/(q1q2 - - ¢;), for
1 > 1. Hence it is a homeomorphism. We include a proof of the following classical statement for
completeness.

Lemma 2.4. For any combinatorics q := (¢;)2,, the odometer O4 is a Cantor set.

Proof. According to a classical theorem of Brower, any non-empty compact Hausdorff space
without isolated points that has a countable base consisting of clopen sets is a Cantor set. The
odometer Ogq is a closed subspace of the product space [[:2; Z/(q1¢2 - - - ¢;) and the product space
is compact. Hence Oq is compact. If m; : Oq — Z/(q1g2 - - - ¢i), for @ > 1, denotes the projection
map, then the family
{m ') [i>1, t€Z/(q1g2-- @)}

is a countable base for the topology of Og, consisting of clopen sets. If ¢ # ¢’ are distinct points
in Oq, then there is an integer i > 1 such that m;(¢) # m;(#'). Hence the the open sets 7; *(m;(t))
and 7; *(m;(')) are disjoint. Therefore O is Hausdorff.

To complete the proof, we need to show that Oq has no isolated points. Let ¢ € Oq be a
point. We will show that the sequence (t + ¢1,t + q1g2,t + q1G2qs, - - - ) tends to t. For i > 1, let
U := m; }(mi(t)). The family of open sets (U;)32, forms a basis around the point ¢. Let i > 1 be
an integer. For all j > ¢, we have

t=t+qq2---¢; (mod qig2- ;).
Hence t + q1q2 - - - qj € U;, for all j > i. Therefore we have

lim t+qiqo---q; =t. O
j—o0

When ¢ € R such that P. is infinitely renormalisable, it is a well-known result that the post-
critical set is a Cantor set and the map P, : PC(P.) — PC(P,.) is homeomorphic to an odometer.
(See [dMvS93]) Theorem 9.4 in [McM94] states a similar for some class of infinitely renormalisable
quadratics that includes cases when ¢ ¢ R. The following results follow from simple applications
of the standard techniques in the field. We include the proof for completeness.
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Proposition 2.5. Let ¢ € M be a complex number such that P, is infinitely quadratic-like
renormalisable with q = (¢;)52, as its sequence of renormalisation periods. Then there is a
surjective continuous map

.t PC(FP.) = Oy,

that is constant on each connected component of PC(P.) and we have

tp.(Pe(2)) = tp.(2) + 1,
for all z € PC(F.).

Proof. For any i > 1, there are g; little Julia sets from the renormalisation of P, within J P, that
form a periodic orbit. We may use the hybrid conjugacy in the definition of the renormalisation
to obtain qiqs - - - ¢; little Julia sets from the ¢-th renormalisation of P, within Jp, that form a
periodic orbit. Let J? p, be the little Julia set in the i-th level that contains the critical value.
Then, the set of little Julia sets in the i-th level is

{P!(Jp) |t € Z/ (a2 a:)}-
IfteZ/(qgz- - qi), let

Jp.(t) := PL(Jp),  PC(P.)(t) := Jp.(t) N PC(F).

Since J, P, 18 connected, for all ¢ > 1, we see that the critical orbit is contained in the union of
the little Julia sets. Therefore we have

N U reewc U Jno.

1=1t€Z/(q192"q:) i=1t€Z/(q192qi)

It follows from the definition of the renormalisation that for any ¢ # ' in t € Z/q, the sets
Jp,(t) N Jp,(t') is either empty or it consists of a single point o. If this intersection is non-empty,
then o corresponds to the a-fixed point of P, and the [-fixed point of the map F.,. Therefore
o is not contained in the set ez (q,q.) JP.(t). Hence we see that for all ¢ # t'inteZ/q, we
have PC(P,.)(t) N PC(t') = (). Using a similar argument, we see that for all # > 1 and ¢ # ' in
Z/(q1q2 - - - ¢;), we have

PC(P.)(t)NPC(t') = 0.
Therefore, for any point z € PC(P.) and any i > 1, there is a unique t € Z/(q1q2 - - - ¢;) such that
z € PC(P)(t). The map t}, : PC(P.) = Z/(q1q2 - - - ¢;) is continuous and surjective and we have

th, (P.(2)) = th () + 1,

for all z € PC(P.). Hence we may define tp, as the projective limit of t&; and we obtain a
surjective continuous map tp, : PC(P.) — projlim, ,. Z/(qiq2- - q;) = (’)q such that for all
z € PC(P,), we have

tp (P.(2)) =tp.(2) + 1. O
Lemma 2.6. Under the assumption of Proposition 2.5, if Jp, is locally connected, then any nest

of little Julia sets, as defined in the proof of Proposition 2.5, shrinks to a single point. In other
words, for allt € O, the set

Jp,(t) ﬂJPc (mod q1q2---¢;))

>1

consists of a single point.
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Proof. We say an open domain .S in the plane is a sector based on a point p € C for the map P, if
0S consist of the point p together with two external rays which land at p. For any domain S’ C C
which is bounded by finitely many external rays together with their landing points, we define the
angular width of S” as the Lebesgue measure of the open set 1(S’) C R/(27Z) consisting of all the
angles 6 such that Rp,(f) C S’. We use |I(S”)| to denote the angular width. Note that I(S’) is a
union of finitely many open intervals. Moreover, if S’ is a sector, then I(S’) is an open interval.

Let i > 1 and q := quq2---¢q;. For all t € Z/q, let 5(t) and a(t) denote the S-fixed point and
the a-fixed point of the little Julia set Jp,(t), respectively. If the i-th renormalisation of P. is
primitive, then (5(t));ez/q forms a periodic orbit of period ¢q. Otherwise, for any ¢t € Z/q, we
have 8(t) = a(t mod ¢/q;) and (B(t))ez/q forms a periodic orbit of period ¢/g;. 4 According
to Theorem 1.1 in [Mil00], among all the sectors based on (8(t))¢cz/q, there is a unique sector
which contains the critical value of P, and whose closure contains no other point in the periodic
orbit (B(t))sez/q other than its base. This sector is called the critical value sector of the orbit
(B(t))iez/q and is denoted by S;. Let k; € Z/q be a number such that 3(k;) is the base of this
sector. As we will see later in this proof, we may choose k; = 0 (mod q).

Let t; and t] be angles in R/(27Z) such that I(S;) = (t;,t]) and let d; = t; —t; be the
angular width of the critical value sector. According to the discussions in Section 8 of [Mil00],
in particular Lemma 8.1 in [Mil00], the external rays of angle ¢; + d;/29 and ¢ — d;/27 land at
the same point in S; N P 4(8(k;)). Moreover, if we define S’(0 (mod ¢)) C S; to be the open
domain bounded by 95; together with these two rays and their common landing point, then the
map P carries S’(0 (mod ¢)) onto S; by a proper map of degree two, with the critical value
equal to the critical value of P.. Therefore the map P4~" is univalent on S'(0 (mod ¢)) and
PZ1(S'(0 (mod q))) = P:1(S;). As described in [Mil00], we may slightly thicken the sets S; and
S’(0 (mod ¢)) and cut them along appropriate equipotentials to obtain S; and S’(0 (mod ¢)) such
that PZ: S’(0 (mod ¢)) — S; is a quadratic-like map. This procedure is similar to the definition
of satellite renormalisation described in Subsection 2.2. The Julia set of this quadratic-like map
contains the critical value of P.. Therefore, according to Theorem 7.1 in [McM94], its Julia set
is equal to Jp,(0 (mod ¢)) and we have B(k;) = 5(0 (mod ¢)). In other words, we may choose
k; =0 (mod ¢). Hence we have

Jp.(0 (mod ¢)) € (0 (mod q)).
Define
§'(n (mod q)) := P'(S'(0 (mod q))),
for all 0 < n < ¢ and
S”(=1 (mod q)) := P 1(S'(0 (mod ¢))) € PI(S'(0 (mod ¢q))) = S'(~1 (mod q)).

Since S'(0 (mod ¢)) is a domain bounded by 4 external rays, we see that S”(—1 (mod g)) is
a domain bounded by 8 external rays. We also see that I(S’(0 (mod ¢))) is a union of 2 open
intervals, while 7(S”(—1 (mod ¢))) is a union of 4 open intervals. For 2 < n < ¢, let

§"(=n (mod q)) := P7""(S"(=1 (mod ¢))) N PI"(S'(0 (mod q))).

Since P47 is univalent on S’(0 (mod q)), we see that P~ " is also univalent on S”(0 (mod g))
and

P2:S5"(0 (mod ¢q))) — S'(0 (mod q))

“When i = 1, the group Z/(qiq2---qi-1) = Z/(1) is the trivial group with one element. Moreover,
Jp, (0 (mod 1)) = Jp, and a(0 (mod 1)) is the a-fixed point of P..
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is a proper branched double cover. Since Jp, (0 (mod ¢)) C S'(0 (mod ¢)), we conclude that
Jp.(0 (mod ¢)) € S”(0 (mod q)). Therefore, we have

Jp.(t) € 5"(1),

forallt € Z/(q1q2 - - - qi)-
The map P, sends any external ray of angle 6 to the external ray of angle 26. Therefore, the
univalence of P4~" on §”(0 (mod ¢)) C ’(0 (mod ¢)) implies that

|[1(5"(0 (mod ¢)))| = [I(S"(1 (mod ¢)))|/2 = |I(S"(2 (mod ¢)))[/2* =
= |1(8"(q—1 (mod q)))|/2¢7",
and
[1(S'(0 (mod g)))| = [T(S"(1 (mod ¢)))|/2 =|I(S"(2 (mod g)))|/2° =---
= |1(S(q — 1 (mod q)))|/2¢7".
On the other hand, since P, : S”(—1 (mod ¢))) — S’(0 (mod ¢))) and P, : S'(—1 (mod q))) — S;
are both double covers, we see that
[1(S"(=1 (mod q)))| = [I(S(0 (mod q)))|, [ (S'(—1 (mod q)))| = [I(S:)].
Therefore, for all t € Z/(q1q2 - - - ¢i), the set I(S”(t)) is the union of 4 open intervals and
18" ()] < 2| (S))| < 2t
Since the Julia set is locally connected, every external ray lands and every point in the Julia

set is the landing point of at least one external ray. Let ¢t € Oq and let I(t) C R/(27Z) denote
the set of angles # such that the external ray Rp,(6) lands on the set Jp, (t). We have

Jp.(t) = ﬂ Jp.(t (mod qig2---qi)) C ﬂ S7(t (mod q1g2- -~ qi))-
i>1 i>1

Therefore

I(t) € () I(S"(t (mod qugz---q:)))-
i>1
Assume I(t) contains at least 5 distinct points and let ¢ denote the minimum distance between
these points in R/(27Z). If i > 1 is large enough so that 2774 +2r < ¢ /3 then we see that
the set I(t (mod qig2---¢i)) 2 I(t) which is the union of at most 4 closed intervals can not
contain all of these points. Hence I(¢) contains at most 4 points. Since every point in Jp,(t) is
the landing point of an external ray with an angle in I(t), we see that Jp, (t) contains at most 4
points. The set Jp, (t) is the intersection of a nest of non-empty compact connected sets, so it is
also non-empty and connected. Therefore Jp, (t) consists of a single point. U

Corollary 2.7. If P. is an infinitely renormalisable quadratic map such that Jp, is locally con-
nected, then the map tp, defined in Proposition 2.5 is a homeomorphism and PC(P.) is a Cantor
set.

Proof. According to Lemma 2.6, any nest of little Julia sets shrinks to a point. In other words,
for all t € Oy, the set

0+ (PC(P)(t (mod qugz---a;)) € () Jeu(t (mod @1az -+ a:)) = Jr, (¢)
i>1 i>1

consists of a single point. Therefore every connected component of PC(F,) is a single point and
tp, is bijective. Since PC(P,) is compact, we see that tp, is a homeomorphism and PC(P.) is a
Cantor set. O
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2.4. Near-parabolic renormalisation. In 2006, Inou and Shishikura introduced the near-
parabolic renormalisation. One may consult [IS06] or [CS15] for a precise definition of this
renormalisation scheme and its relation to quadratic-like satellite renormalisation. Here we will
describe the general picture and explain how it motivates our topological model.

There are two class of holomorphic maps I' C I such that every map f € I/ is defined on an
open subset of the complex plane and f(0) = 0. Moreover, if f € I', then there is a complex
number «a such that

0 <lay| <1/2, |Im(ay)| <|Re(ay)|

and f'(0) = e?>™s. The class of maps I' contains a subset of all quadratic maps. Inou and
Shishikura define two operators

Ryp:T =T RRp:T =T,

the top remormalisation and the bottom remormalisation, respectively. If for some map f € T,
either RY, p or R}O\,P belong to I', we may consider the second renormalisations of f. We say a
map f € I' is infinitely near-parabolic renormalisable if there is a sequence of symbols (k)22 ,
where K, € {t,b} such that the sequence of maps

fl = f7 vn > 17 fn+1 = R’;\;Lp(fn)

is well-defined. For any such f, there is a unique sequence (k,)52 satisfying this property.
For all f € I with RY 5(f) € T, we have

age (p) = —1/a (mod Z).

Therefore, if f € T' with f/(0) = €™ is an infinitely near-parabolic renormalisable map with
only top renormalisations, then the sequence

ap:=a, Yn>1, apt1 =—1/ay, (mod Z)

is well-defined and f/(0) = e*™@n_ for all n > 1. Therefore 0 is an indifferent fixed point. One
may consult [Chel7] for a detailed analysis of such maps. If the sequence of renormalisation of f
contains at most finitely many bottom renormalisation, then f has an indifferent periodic point.
Here we only focus on the maps f € I' where the sequence of renormalisation contains infinitely
many bottom renormalisation.

As described in [CS15], one may assign a sequence of rational numbers (p,/¢n)52; to any
infinitely near-parabolic renormalisable map f € I'. In the same paper, Cheraghi and Shishikura
showed that for a wide class of sequences of rational numbers (p/§,)5° ;, there is a quadratic
map that is both infinitely quadratic-like renormalisable of satellite type with combinatorics
(Pn/Gn)22, and infinitely near-parabolic renormalisable. Moreover, near-parabolic combinatorics
and the quadratic-like combinatorics are closely related. The notion of basic and compound
sequences of rational numbers defined in Section 3 correspond to near-parabolic combinatorics
and the quadratic-like combinatorics, respectively.

For z € R, let [z] denote the closest integer to z. If there is an integer n such that z = n+1/2,
we define

] = n+1 ifn>0,
B n if n <O0.

Hence, for all z € C, we have [—z] = —[z]. We define the modified Gauss map as
G:R\ {0} = [-1/2,1/2], G(z):=—-1/z+[1/z].
Therefore for all f € T’ with RY, ,(f) € ', we have
Rt () = G(a).



19

Assume f is a quadratic map that is both infinitely quadratic-like renormalisable of satellite
type and infinitely near-parabolic renormalisable. Let (py/dn)52, denote its quadratic-like com-
binatorics and let (K, )52 be the sequences associated to f as defined above. The map Rgr(f), is
an infinitely quadratic-like renormalisable map of satellite type with combinatorics (pn/@n ). If
|p1] # 1, then we have k1 = t and the map RY, 5(f) behaves similar to an infinitely quadratic-like
renormalisable map of satellite type with combinatorics

(G(pr/q1),p2/d2,p3/d3, ).

On the other hand, if [p;| = 1, then x1 = b and R, »(f) behaves similar to an infinitely quadratic-
like renormalisable map of satellite type with combinatorics

(P2/G2,D3/q3:Pa/qas - -)-
For any rational number p/q, the sequence p/q, G(p/q), G*(p/q),--- terminates in zero in finite
number of steps. Assume j > 1 is the integer such that G7(p1/41) = 0. It follows that the first
satellite renormalisation corresponds to j — 1 top renormalisations and one bottom renormali-
sation. ® In other words, near-parabolic renormalisation provides a way to split one satellite
renormalisation into a finite sequence of near-parabolic renormalisations which leads to a finer
analysis of such maps. In the following sections, we describe a topological model for the post-
critical set of infinitely satellite renormalisable quadratics inspired by this powerful method.

5For any such map f, we may always apply a simple transformation so that we have k1 = b. For simplicity, in
the following sections, we always assume k1 = b.
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3. ConDITION C

In this section, we will describe the combinatorial data that will be used in the construction
of the topological model in Subsection 4.2. We will also define condition C. This condition will
determine the topology of the topological model for the post-critical set. We start by defining
basic and compound sequences of rational numbers.

3.1. Basic and compound sequences. Let 7 = (p;/§;);2, be an arbitrary sequence of rational
numbers in (—1/2,1/2]\{0}. Evidently, if p/q € Q, the iterates p/q, G(p/q), G*(p/q), ... terminate
in 0, in a finite number of steps, where GG is the modified Gauss map defined in Subsection 2.4.
Using 7, we may generate a new sequence of non-zero rational numbers (p,/gn)32 in the interval
[—1/2,1/2]. Let

7= (D)), = (P1/41, G(P1/q1), G*(1/dr), - - -,
P2/ G2, G(P2/d2), G*(P2/G2), - - - »
ps/ds, G(ps/ds), G*(P3/ds), - - -

)

where in the above equation, the k-th line is a finite sequence of rational numbers starting with
Pr/dr and stopping just before the iterate of G terminates in 0. To be more precise, for each
i > 1, let j; be the smallest positive integer with G’ (p;/§;) = 0. Define the integers

(1)

i—1
(2) hi=1 Li=14)Y jp, fori>1.
n=1
For every i > 1, we have
b _ Pi
@, G
and for every n > 1, we have
0 if n =10; —1 for some 7 > 1,

G(pn/Qn) = {

Pn+1/qn+1  otherwise.

For example, if pi1/gi = 8/27 and pa/d> = 3/5, then the sequence (p,/qn)5e, starts with
(8/27,—-3/8,—-1/3,3/5,1/3) and we have l; = 1 and I = 4. Here we say that 7 = 7(7) is
the basic sequence associated to 7 and 7 = 7(7) is the compound sequence associated to 7. For all
i > 1, we will always assume that ¢; > 0 and ged(p;, ¢;) = 1. Similarly, for all n > 1, we assume
qn > 0 and ged(pn, gn) = 1.

Given a basic sequence 7 = (p,/qn)5; and the associated sequence (l;);>1, for all n > 1, we
define the sequence of symbols

dn—1 —

t  otherwise

b ifn=1o0r G(&21)=0 b if n =1; for some i > 1
Kp i= .
t  otherwise

We also define kg := t. For any n > 1, we define the positive integer b, as well as the signs
en, &, € {—1,1} according to
Gn -1 ifk,=Db ,
bn = ||—|| 22, en:= , €y ‘= €npsgn .
" Hpn] B ! {1 i, =t R (8-)
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Since g, > 0, for all n > 1, it follows that

n

Vn > 1, [qn} = sgn(pn)bn = enelbn.

We also define

Lemma 3.1. If k41 =t for somen > 1, then

® Gui1 = pul < qn/2,
® (n = ann+l - enS;Lanrl = ann+1 - 671571+1|pn+1|-

Proof. The condition k,+1 = t implies G(pn/qn) = Pnt1/qn+1 and epy1 = 1. We also have
[gn/Pn] = by sgn(pn) and sgn(py) = ene;,. Therefore

Pn+1 _ G(&) _ _Gn + |:Qn:| _ —dQn Sgn(pn) +bn|Pn|Sgn(pn)
Gn+1 dn Pn Pn ‘Pn‘

Since ged(pp, ¢n) = ged(Pnt1, gn+1) = 1 and |pp/gn| < 1/2, we have
dn+1 = ‘pn‘ < Qn/27 Pn+1 = —(Qn Sgn(pn) + bn‘pn‘ Sgn(pn)'
Hence

In = bnGnr1 — Pry15gn(Pn) = bugni1 — €n5,npn+1 = bnGn+1 — €nEnt1|Pnr1l- U

3.2. Condition C. To define condition C, we first describe a one parameter family of functions
on R. For r € (0,1/2], we define the function ¢" : R — [0, +00) as

=log(l+1/r)+rz—1 ifz>1/r

g (@) = { L log(1 + [z i 2] < 1/r,
= log(1+1/r) ife <—1/r.
1K
\\\\\\\\\\_\10\\\\\\\\\\\\\\\\\\1\0\\\\\\\\

FIGURE 1. The graph of the map ¢" : R — [0, +o00) for r = 1/10.

Lemma 3.2. For every r € (0,1/2], the function g" : R — [0,400) is a continuous functions
which is non-increasing on (—o0,0] and increasing on [0,00). Moreover, for all z,y € R we have
[z —y|

9"(@) =" (W)l = =5
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Proof. Continuity follows from the definition. We have

r z>1/r,
(07 (2) = § 258 0< |2 < 1/,
0 z< —=1/r.

It follows that ¢" is non-increasing on (—oo, 0] and increasing on [0,00). It also follows that
lg.(2)] <1/2, for all z € R\ {—1/r,0,1/r} which completes the proof. O

Definition 3.3. Define g, : R = R, forn > 1, as

gn(z) = en—lglpn/qn|<w)-
We say that (pi/4i)2, satisfies condition C, if
lim g1ogzo-- ogi,(la;/pi;|) = 0.
For i > 1, let
a,

hi =
b,

i )

and for all n > 0, ¢ > 1 with n < [;, let

h:z = Ggn+1°9gn4+20 -0 gli(h;i) = 9n+1°9gn+20 04 (|qli/pli|) :
It follows that ' '
by, = gnt1(hypr)
whenever both sides are defined. Using Lemma 3.2, we see that |hf| < |hf,|/2. Therefore we
have .
. . gl
lim sup |hg| < lim sup o= lim sup
i—00 i—00 ¢ i—00
Hence, any sequence (p;/§;):2, that does not satisfy the condition must have a fast convergence
towards zero. In particular, any constant sequence satisfies condition C. For an example of a
sequence not satisfying this condition, we may consider the sequence
@::1, Vi21,éi+1:: 1 .
1 2 Gi+1 [€2mdi/Pi]
Also note that, for all » € (0,1/2], the map ¢" is continuous and we have x = 0 if and only if
9" (z) = 0. Therefore,

|Gi /D]
L

K3

11— 00

lim g1 0go20---og,(lq,/pil]) =g10920 09,1 <igrgogb 0 gl410 - ogzi(lcni/pzil)) :

Hence, the sequence (p;/¢;):2, satisfies condition C if and only if (p;/§;)52, satisfies this condition.
In other words, condition C only depends on the tail of the sequence (p;/d;)2;.

Remark 1. The topological model is constructed as the intersection of a shrinking sequence of
open sets. The (i+1)-th open set in this sequence corresponds to the i-th satellite renormalisation
and contains ¢1§s - - - §; connected components. These connected components correspond to the
sets PC(P,.)(t), for t € Z/(¢1G2 - - - ¢;) as described in Subsection 2.3. In Corollary 4.26, we show
that there is a connected component that is somewhat the “largest”. This connected component
corresponds to the set PC(P:)(0 (mod §iG2 - --§i)), which contains the critical value. As we will
see in Proposition 4.21, the number |h}| estimates the diameter of this connected component.(See
Figure 4.2) For an infinitely satellite renormalisable quadratic map, |h{| corresponds to log(1+d;),
where d; is the distance between the critical value and the S-fixed point of the little Julia set of
level ¢ that contains the critical value.
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Remark 2. Condition C is closely related to the Herman condition for irrational numbers. The set
of irrational numbers of Herman type were discovered in the study of the linearisation problem
for analytic circle maps, [Her79, Yoc84]. As we described in Subsection 2.4, infinitely top near-
parabolic renormalisable maps have an indifferent fixed point. By analysing these maps, Cheraghi
showed that the Brjuno and Herman condition determine the topology of the post-critical set of
a wide class of quadratic polynomial with indifferent fixed points,[Chel7]. The maps 9" l[0,00)
and gT‘(—oo,O] correspond to top and bottom renormalisations respectively. The sign e,_; €
{1,—1} in the definition of g, ensures that we use g’”|(_oo,0] for n > 1 that corresponds to a
bottom renormalisation. In fact, the Herman condition may be defined using the family of maps
(9" l10,00))re(0,1/2)- One may consult [Chel7] for more details.

The following lemma describes an equivalent formulation for condition C.

Lemma 3.4. The sequence (pi/§;)2, satisfies condition C, if and only if there is a constant
C > 0 such that for all N > 0, there are integers m,k > 0 such that N <m <l and

Wk | < C.

Proof. First we show that |h5Ft| < |hé | for all n > 0,7 > 1 such that n < ;. Note that if x and y
have the same sign and |z| < |y|, then g,(x) and g,(y) have the same sign and |g, ()| < |gn(y)].
Fixn >0,7>1 and let

a4 /pli+1 D .

Since e, = —1, we have < 0. Choose a real number y < min(z, —|q;,/p;|) < 0. Then

il
€T .= hli =9L,+1°91,+2° "Gl (

hly = gn+1 9 Gnt2 © . 0 1, (a1, /P1;|) = Gnt1 © Gng2 © ... 0 g1, (y)
and
R = gni1 0 gny2 0 o0 g, (@)

have the same sign and |hiH| < |hi|.

Assume C > 1 and £ > 1,m > 0 such that m < [ and |hﬁ1| < C. We know that hﬁl =
gn+1(hi 1), whenever both sides are defined. Therefore Lemma 3.2 implies that |hf| < 2%
Hence

- C
lim sup [hf| < |h§| < ——

2m’

1—00

which shows that the condition in the lemma implies condition C. On the other hand assume
condition C holds and choose C' = 1. Then for all m > 1, we have

lim gy o---0gm(ht ) =0.

i—00
Therefore lim;_, o hfn =0 for all m > 1. So for all m > 1, there is k > 1 such that m < [ and

Ak | < 1. O
The following lemma states a useful property of the maps ¢g” that we will need later.
Lemma 3.5. For allr € (0,1/2], 0 <h<z <y ande € {1,—1}, we have
0<g"(ey) —g"(ey —eh) < g"(ex) — g"(ex — eh) + 1.
Proof. Define the function f : [h,00) — R by
Vz € [h,00), f(2):=g"(ez) — ¢g"(ez — eh).
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We need to show that 0 < f(y) < f(z) + 1. Since g" is increasing on [0, 00) and non-increasing
on (—o0,0], we have f(y) > 0. The function f is piecewise smooth, so we have

= /: f(t)dt

If e = —1, direct calculation shows that f/(z) <0 for all z € (h,00)\ {1/r,h+1/r}, which implies
f(y) < f(x) < f(x) + 1. Let us assume that e = 1. Then for all z € (h,00) \ {1/r,h + 1/r}, we
have
0 z—h>1/r,
F1(2) =87 = s z>1/r>z—h,

1 1
557~ areshy 2 < /T
If f'(2) >0, thenz>1/r>z—h>0andr>m

max(1l/r,h,h +1/(27r) —1) <z < h+1/r.

Let a := max(1/r,h,h +1/(27r) — 1) and b := h + 1/r. We have f(b) = rh and

0= [ r dt</f t)dt = f() - f(a)
If a=h>1/r, then f(a) = ¢"(a) and

f(b) = fla) =rh— <217rlog(1+1/7“)+7“h— 1> <1

If a =1/r > h, then we have

Hence we have

F) — (@) < F(B) = rh < 1.
Lastly, if a = h +1/(27r) — 1 > h, then we have 27r < 1. Therefore

fla) =g"(a) —g"(a—h) = % log(14+1/r)+ra—1+ %log(%rr)

1 1 1
= —log2r(1+7))+rh+ ——-r—1>rh+——r—1>rh—1= f(b) — 1. O
2m 2m 2m
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4. ARITHMETIC TOPOLOGICAL MODEL FOR THE POST-CRITICAL SET

In this section we build a topological model for the post-critical set of infinitely satellite-
renormalisable quadratic polynomials and study the topological features of this model. Let 7 =
(Pi/di)$2, be a sequence of rational numbers in (—1/2,1/2]\ {0}. As described in Subsection 3.1,

we may define

(pi/ai)i=1 == 7(7),
and the associated sequences (kn)02 g, (€n)o2g, (€n)oeq, (b))%, and (1,)52 ;. In Subsection 4.2,
we use these sequences, together with the maps defined in Subsection 4.1, to defined the topo-
logical model.

4.1. The maps T and TP". Here we define and analyse the maps that we will later use to
construct our topological model. These maps model the action of the maps between consecutive
levels in the renormalisation tower of an infinitely near-parabolic renormalisable map. These maps
are chosen so that they satisfy appropriate covering properties and quantitative behaviours. These
properties will be needed to construct a model that reflects the complexity of the post-critical set
while remaining as simple as possible. Define the sets

H' = {w e C|Im(w) > -2} and H" = {w e C|Im(w) < 2}.
For r € (0,1/2], we consider the continuous maps
T"":H'—-C and T°":H°—C
given by the formulae

r

1
T (w) = r Re(w) + =— log =y

21

+ C¥(r)

and

. 1 r

Here log denotes the principal branch of logarithm and the numbers C}(r) and CP(r) are chosen
such that we have

T"(0) =0 and T"7(0) =1/2.
In Lemma 4.1 and Lemma 4.4, we will show that these maps are well-defined. See Figures 4.1
and 4.1 for a visualisation of these maps.

Lemma 4.1. The following statements hold for every r € (0,1/2].
(i) The map T®" : H* — T (H") is a well-defined C*-diffeomorphism. Moreover, for all
w € H*, we have
T (w+1/r) = T (w) + 1.
(ii) The map T" sends vertical lines into vertical lines. Moreover, for any x € R, the map
y = Im(T" (z + iy)) : (—2,00) — R is increasing.
(iii) We have |CY(r)| < 4.
(iv) The image, T*"(H), is compactly contained in H".
(v) For all w € H*, we have Im(T%" (i Im(w))) < Im(T%"(w)).

Proof. (i, ii): To show that T%" is well-defined, we only need to show that e~ 2™r(w+4) - 1,
which is true since —4i ¢ H'. In fact, T%" may be defined on the set Ht. From the definition we
see that T%" is C*> smooth and

T (w+1/r) =T (w) +1, Re(T" (w)) = r Re(w),
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FIGURE 2. A visualisation of the map T%" for = 0.1. By applying Lemma 4.1(v)
to the point w = 5 — i, we obtain

—0.11 &~ Im(T*" (—i)) < Im(T*" (5 — 7)) ~ —0.06.

for all w € HE. Therefore T%" maps vertical lines into vertical lines. Next, we prove injectivity
on Ht. Assume T%"(w) = T%"(w'). Then we have

rRe(w) = Re(T"" (w)) = Re(T"" (w')) = r Re(w")

and

’1 _ g 2mir(w4i)

‘1 . 6727m'r(w’+4i)

If w=2+ 1y and w' = x + iy, then

1 6727rir(w+4i)

_ ’1 _ g 2mir(atiy+4i)

_ ‘1 - 6727rirx.627rr(y+4)‘ )

Hence we may define

) . ,
d:= ’6271'11% - 627rr(y+4)‘ _ ’627”1% - e27rr(y +4)‘ )

The circle of radius d centred at the point e2™

one point. Therefore we have y = . Now consider T%" as a map from Ht U {oo} C C to C that
sends oo into co. This is a continuous injective map defined on a compact set. Therefore it is a
homeomorphism onto its image. Hence T%" : H* — T%"(H") is a C*°-diffeomorphism.

Since Re(T%"(w)) = r Re(w) and T%" is injective, the map y — Im(T%" (z+iy)) is also injective,
for all z € R. Therefore it is monotone. We have limyy, () — o0 Im (7T Y7 (w)) = oo, so it is in fact
increasing.

(iii): Since T%"(0) = 0, we have

in the unit circle intersects [1,00) in at most
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The expression (37"

— 1)/r is increasing as a function of r for r € (0,00). Therefore

¢ 1 elm —1 1 8
C1(r)] < 5, log 172 < 5-log(e™ —1) <4

™

(iv): In order to prove Tt (Ht) C H', it is sufficient to show that Im(7T%"(w)) > —3/2. Let
w = x + iy € H'. Since C}(r) is chosen so that T%"(0) = 0, we have

Im(Tt,r(w)) _ Im(Tt,r(w) o Tt,r(o)) _ QL <10g ‘1 - 6727rir(w+4i)
Y5

Since Im(w) > —2, we have

— log‘l — 687”!) .

1— 6727r'ir(w+42') 1> ST A2 Im(w) _ 1> e47rr —1.

> ‘ o= 2mir(w+4i)

Therefore

r 1 r r -1 r
Im(T%" (w)) > o (log ("™ — 1) —log (e*™ — 1)) = %log (64 +1)

-1 3
> 2—log (e +1) > —5
™
(v): Let w' :=iIm(w). We have

1— e—?ﬂir(w+47j)

> ’ o= 2mir (w+4i)

1= e—27rir(w’+4i) 1.

Hence

1 . :
Im(Tt,r(w)) = —log ‘1 o e—27rzr(w+4z)

1
- %logll—e&"!

> —log |1 — o~ 2mir(w'+44) | _
-2

1 8mr t,r
glog‘l—e | = Im(T"" (w")). O

Next we show that T%" is uniformly contracting and the least vertical contraction of T%" (w)
occurs along the line Re(w) = 0.

Lemma 4.2. The following statements hold for every r € (0,1/2].

(i) For all w,w' € H', we have [T*"(w) — T (w')| < 2w — w'|.
(ii) For all w,w' € H' such that Re(w) = Re(w'), we have

|74 (i Im(w)) — T (i Im(w"))| > [T (w) — T (w')].
Proof. (i): To prove uniform contraction, let w = z + iy € H. Clearly

9 t,r _
ST w)| = Il <

N | —

On the other hand,

0 gy = O (L :
%@xM—%@mmL_

e—2mir(w+4i)

0o (1 T
) =3y (zsrte (o r=mwem) )
(2 r
=m Oy \ 2mi 08 1 — e—2mir(w+4i) ’
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Note that the value inside log is never zero. Therefore a branch of log is locally well-defined

up to an additive constant. For holomorphic maps, we have a@ = iai. Therefore
Yy w

g t,r — i i r _ ;1 i —2mir(w+44)
ay(T J(w) = Im <8w (27T log <1 - eQWi’“(w+4i)>>> C2n tm <8w (log (1 ¢ ))

_Z'Te—27ri7"(w+4i) ‘ ir r
=Im 1 — o—2mir(wtai) | Im (W 1 e—27rir(w+4i)> =7+ Re <e—27rir(w+4i) _ 1) :

Since |e~ 2 (W) | > 47 we have |e” 2 (W) _ 1| > ¢4 — 1. Therefore

0, ir r
‘83/( )(w)’ sT+ |e—2mir(wrai) _q| ST+

<r4 1 <3
<+ — < .
etrm —1 = dr 4

These bounds on partial derivatives imply
3
Vw,w' € HY, [T (w) — T (w')] < Z|w — .

(ii): Let w € H' and w” := i Im(w). The point e~27"(w+4) _ 1 helongs to the circle of radius
e~ 2mir(w"+4i) > 1 centred at —1. Therefore 1/(e~27(w+4i) _1) helongs to a circle that is bounded
between the vertical lines Re(w) = 1/(e~2™"(@"+4) _1) > 0 and Re(w) = 1/(—e~2mr(@"+4) _1) <

0. Hence we have
r r
Re (6—27rir(w+4i) _ 1> = Re <e—2m‘r(w”+4i) _ 1> :

Therefore, according to the formula for %(Tt’r)(w), we have
ST w) < (T i Tmw),

for all w € H'. Lemma 4.1(ii) implies that these derivatives are non-negative. Hence, we have
0 < T (1) — TV (w') < TV (i Tm(w)) — T (i Tm(w),
for all w,w’ € H' where Re(w) = Re(w’) and Im(w) > Im(w'). O
We define the map 7" : H* — C for all 7 € (0,1/2] by
o e HY, T (w) {% log(d(w +4i,Z/r)) +rRe(w) if —2 <Tm(w) < 1/r,
5= log(1/r) +rw if 1/r < Im(w).

The map T%" is not continuous and can not be used to construct the model. However, as the
following lemma shows, it provides a uniform estimate for %" that will simplify our calculations.

Lemma 4.3. The map T%" is uniformly close to T®". In other words, there is a constant Cs,
independent of w and r, such that

Ywe Y, |7 (w) —T"" (w)| < C}.
Proof. We have |C}(r)| < 4. Therefore,

r.d(w + 4i,7Z/r)
1 — e—2mir(w+4i)

log

= or

T (w) — (;ﬂ log(d(w + 4, Z/1)) + r Re(w)> ‘ <!

+a

The right hand side is periodic in w with period 1/r, so we restrict ourselves to the set

{w € C||Re(w)| <1/2r,Im(w) > —2}
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and therefore replace d(w + 4i,7Z/r) with |w + 4i|. We have

1— 6—27rz7" (w+44)

(w + 49)
o 1 — e—2mir(w+4i)

‘ ’ ‘ —2mir(w + 47)

1
‘ + or log(2m).

If we define z = —2mir(w + 44), for all w € [—1/2r,1/2r] x i(—2,1/r], we have
0 < 4nr < Re(z) = 2nr(Im(w) +4) < 27+ 87r < 6w, |Im(z)| < .
Therefore, for w € [—1/2r,1/2r] x i(—2,1/r], we have

log

’Ttﬂ“(w) - <2; log(d(w + 46, Z/r)) + r Re(w)> ‘ < % sup {

1
1 —e2 }+2ﬂ_10g(2ﬂ')+47
where supremum is taken over z in [0, 67] x i[—, 7]. It is straightforward to see that |log |==|
is uniformly bounded from above over this set.
To work with the case Im(w) > 1/r, first note that

i log ’€—2Trir(w+4i) _ L log <€—27rir(i Im(w)+4i)) — —T(’i Im(w) + 42) c iR.
21 271
On the other hand
o i 1 1 ,
‘T (w) — <27T10g(1/r) + rw) ‘ < e log oy | Im(w)‘ +4
<|—1lo L + 1 log |e~ 2w+ || 4y 4 4
= 1901 8|1 = o—2mir(wid) 108
e—27ri7"(w+4i)
= Tmbg 1 _ e—2mir(w+4i) +6
_ 1 ‘log ‘1 _ 2mir(wai) || 4 g
2
For Im(w) > 1/r,
’627Tir(w+4i) _ e—27rr(lm(w)+4) < 6—277—87”” < 6—271'.

Therefore the value inside the log is within the interval [1 —e 2", 1+ e~2"]. Hence the expression
is uniformly bounded from above, independent of w and 7. O

Lemma 4.4. The following statements hold for every r € (0,1/2].

(i) The map TP" : HP — T"(HP) is a well-defined holomorphic covering map, with the
deck transformation group generated by the translation w — w + 1/r. Moreover, the set
TH7(HP) is a topological disk with a single point p removed, where

. T 1
p= lim T (w) = i log(r) + C})(T)‘

Im(w)——o0
(ii) The image, T>"(HP), is compactly contained in
{weH"|0< Re(w) < 1}.

(i4i) We have |CP(r)| < 2.
(iv) For all w € HP, we have Im(T"" (i Im(w))) < Im(T" (w)).
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10+
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FIGURE 3. A visualisation of the map TP for r = 0.05. By applying
Lemma 4.4(iv) to the point w = 10 + ¢, we obtain

—0.03 ~ Im (7" (4)) < Im(TP" (10 + 7)) ~ 0.11.

Proof. (i): Define the maps

i€ € filw) = O O\ (1) 5 C\{0), folw) i=
and 1
fs:{w € C|Re(w) > 0} = (=1/4,1/4) x iR,  fs(w) := —log(w),

where log denotes the principal branch of the logarithm. We have fi(HP) = {w € C | 0 < |w| <
e~ C D C C\ {1}. Therefore f;(HP) C Dom(fs). For all w € f;(HP), we have

Re(l —w)=1—-Re(w) >1—|w| >0,

which implies that Re(fz(w)) > 0. Hence fo( fi(HP)) € Dom(fs). In other words, the map
f = fzo fao fi is well-defined on HP. Clearly, for all w € HP,

Cr(r) = —f(0) +1/2, T (w) = f(w)+ Cy(r).

The map filgs : H> — {w € C | 0 < |w| < e7#™"} is a covering map, with deck transformation
generated by the translation w +— w+ 1/r. The maps f» and f3 are univalent on their respective
domains. Hence TP" is a covering map with the same deck transformation group.

The set f1(HP) = {w € C | 0 < |w| < e} is a topological disk with the point zero removed
from its interior. Since f and f3 are univalent, the set 7" (HP) is also a topological disk with a
point p removed from its interior where

. . 1
p=f3(£200)+CP(r) = lim T (w) = ;—log(r) + C7(r).
Im(w)——o0 211
(ii, iii): We have {1 — f1(w) | w € HP} = D(1,e=*™).  Hence
b r
Yw € H", ’fg(fl(’w))’ < 71 e <1

61f p € Cand r > 0, we use D(p,r) to denote the open ball of radius r centred at p.
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The last inequality easily follows from the fact that 1 — 7 —e=*™ > 0 at r = 0,1/2 and also at
r = log(4m)/(4m) which is the only point where this expression has zero derivative. Therefore

Vo € BY, T (w)) = 5 - log | fa(fu(w))] > 0

On the other hand, we have

£(0) = —— log (1_2_%) € iR.

2mi
The inequality e =™ > 1 — 877 implies that

T 1 ox
T emZg "¢

so Im(f(0)) € (0,1). Hence, for all w € H", we have
Imy(T"" (w)) = Im(f (w)) — Im(f(0)) > 1
and
Re(TP" (w)) = Re(f(w)) +1/2 € (1/4,3/4).
Therefore the set TP (HP) is compactly contained in {w € H' | 0 < Re(w) < 1}. We also have
CP(r)| = | = f(0) +1/2] < 2.

(iv): For all w € HP, we have

1
(TP (w)) = 5 log ’ [ o—zrir(o—1) + Im(CP(r)).
The rest of the proof follows from an argument similar to the proof of Lemma 4.1(v). O

Next we show that 77 is uniformly contracting and the least vertical contraction of T (w)
occurs along the line Re(w) = 0.

Lemma 4.5. The following statements hold for every r € (0,1/2].
(i) For all w,w' € H", we have |T®"(w) — T*"(w')| < 3|w —w'|.
(i4) For all w,w' € H" such that Re(w) = Re(w'), we have
| I (T (i Im(w))) — Im(T>" (i Im(w')))| > | Im(T™" (w)) — Im(T™" (w"))].
Proof. (i): First we compute the derivative.

0 b,r _ -10 —2mir(w—44) _ _T€72M7ﬂ(wi4i) _ r
ow (T (w) = 271 Ow (log (1 - )) 1 — e 2mir(w—di) ] _ e2mir(w—4i)’

Therefore we have

8 b T
R T < -
8w(T )(w)‘ - ‘1—64”T

which proves the uniform contraction.
(ii): Let w =z + 4y € H® and w” := 4y. For holomorphic maps, we have 8% = i%. Therefore

t (5 (7)) ) = Re (00 ) = Re (1t )

< 1 <3
~ dr 4’
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The point 1 — e?”ir(w*4") belongs to a circle with radius e2mir(w”—41) - 1 centred at 1. Therefore
1/(1 — e?mr(w=4)) helongs to a circle that is bounded between the vertical lines Re(w) = 1/(1 —
e2mir(w"=4)) and Re(w) = 1/(1 + €2 (@"=4))  We have

1 1 —1
1 — e2mir(w’—4i) <0< 1+ e2mir(w' —41) < 1 — e2mir(w’—4i)"

T T

‘Re (1 _ 627rir(w—4i)> ’ < —Re (1 _ eQﬂ'iT(w”—4i)> :
0 b,r\ (s

<~ (- (T (iTm(w)) )

(o)

for all w € HP. Now the inequality in the lemma follows from integration along vertical lines. [

Therefore

In other words,

To simplify calculations later on, we define the map 7" : H> — C, for 7 € (0,1/2], by

o log(d(w — 44, Z/r)) if —1/r <Im(w) < 2,

Vw e HP, TP"(w) =< ?
v (w) {% log(1/r) if Tm(w) < —1/r.
Note that TP" is not continuous.

Lemma 4.6. The map TP is uniformly close to TP®". In other words, there is a constant Cg,
independent of w and r, such that

Vw e H°,  |T™"(w) — T (w)| < C3.

Proof. First note that both TP" and T" are periodic with period 1 /r. Hence we may restrict
our attention to the set {w € H” | | Re(w)| < 1/2r}. On this set we have d(w—4i, Z/r) = |w —4i].
In Lemma 4.4(ii) and 4.4(iii), we saw that Re(T" (w)) € (0,1) and |CP(r)| < 2. Therefore

‘Tbﬂ‘(w) —iIm (1 log (1 - r (M_M)))‘ = | Re(TP" (w)) + Im(CP(r))| < 3.

27i e~ 2mir
Hence
. i , 1 r i .
) _ _ < |— _ _
T (w) 5 log(d(w — 4i,Z]r))| < ‘2m, log ‘ [ o) | 2y log(d(w —4i,Z/r))| + 3
1 r|w — 4i]
- % lo ' 1 — e—2mir(w—4i) +3

For —1/r < Im(w) < 2, one may find a uniform upper bound for this expression as in the proof
of Lemma 4.3.
On the other hand, we have

. i , 1 r i
TP (w) — 7 log(1/r)| < |iIm (27” log (1 — 6—27rir(w—4i))> ~ 5 log(1/7r)| +3
_ L log ’1 - e—27ri7“(w—4i) +3.
27

Again, for Im(w) < —1/r, this expression is uniformly bounded from above by an argument
similar to the one for Lemma 4.3. U

Using the maps TP", we see that Im (7" (w)) is “almost decreasing” on vertical lines.
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Lemma 4.7. Assume r € (0,1/2] and x € R. If y1 <ya < —2, then
Im(T5" (2 4 dy1)) > Im(TP" (2 + iyz)) — (205 + 1), Im(TP" (x4 iy1)) > Im(TP" (z + iys)) — 1.
Moreover, if x =0, then y — Im(TP" (z + iy)) is decreasing.

Proof. For a fixed x € R, the map I, : (—00,2) — R, defined by I,(y) := Im(T"" (x + iy)) is,
by definition, decreasing in [—1/r,2). Moreover, for y € (—oo,—1/r), we know that l,(y) =
%log(l/r) is a constant. Now assume y; < —1/r < yo < 2. The maximum value of [, in
[—1/7,2) is attained when y = —1/r. Hence we have

Lo(y) < Lo(—1/r) = % log(d(x + i(—1/r — 4), Z/r))
= % log(1/r) + % log(d(xr +i(—1 —4r),Z)) < % log(1/r) +1=1.(y1) + 1.

Using Lemma 4.6, we may approximate 7" with Tb" with a uniform error smaller than C’S and
obtain the result.
For the case x = 0, note that

1 1— e27rr(y74)
Im(T"" (iy)) = —log | —————
m(T™"(iy)) = 5 -log (

- )+mw%m
which is clearly decreasing. n

4.2. The topological model. Here we use the sequences described in Subsection 3.1 and the
maps defined in Subsection 4.1 to define the topological model. For n > 0, define

H,, := H"",
and for n > 1, define the function s, : C — C by
z if g, = +1,
sn(2) =< _ .
z ife, =—1.
For n > 1, we also define the map 7}, : H,, — H,,_1 by

Sn(Tﬁ,n,lpn/Qn‘(w)) lf Enn—1 = ]"
Tn(w) = Ko |Dr /G| i =
—sn(TE /el () 41 i epen g = 1.

Note that we use TP" to define T, exactly when n = [;, for some i > 1. Also note that we have
Im(Tn(w)) _ En Im(T"inv‘pn/QnK’w)) lf Enbn—1 = 1
—&n, Im(THn’|pn/qn|(w)) ifepen = —1
and T,(0) € {0,1/2,1}.

Remark 3. The map T, is orientation-preserving when ¢, = 1 and it is orientation-reversing
otherwise. The corresponding map between consecutive levels in the renormalisation tower of an
infinitely near-parabolic renormalisable map is either holomorphic or anti-holomorphic. Whether
it is holomorphic or not is determined by ¢,,.

=en_1 Im(T’in:‘Pn/QH (w))7

To simplify the calculations, in analogy with the maps T;,, we also define
N S (T P/l (1)) if epen—1 =1,
Talw) = ol fan] -
—sp(THmoPr/tnl(w)) + 1 if epen—1 = —1,

for all n > 1.
We gather some of the most useful statements about these maps in the following lemma.
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Lemma 4.8. There is a constant Co > 0 such that for any n > 1, the following statements hold.

(i) The map T, : H, — H,,—1 is a C*®-smooth map. Moreover, the restriction of the map
T, on the set {w € H,, | 0 < Re(w) < |gn/pn|} is a homeomorphism.
(i) The image, T, (H,), is compactly contained in H,_;.
(iti) For all w,w' € H,, we have |T,(w) — T, (w')| < 3|w — w'|.
(iv) For all w € H,,, we have

en—11Im(T,(w)) > ep—1 Im(T,, (i Im(w))).
(v) For all w,w’ € H,, such that Re(w) = Re(w’), we have
| Iny(Z5, (i Im(w))) — Tm(To, (i Tm(w'))) | = [ I (T, (w)) — T(Too (w')) .

(vi) For all w € H,,, we have |T,(w) — Ty (w)| < Cs .
(vit) For all z € R and —2 < y1 < y2, we have

en—11Im(T,(z +iepy1)) < en—1 Im(T,(z + iepy2)) + 2C5 + 1.

Moreover, if x = 0, then this map is increasing.
(viii) For all y € R with iy € H,,, we have

T(T (i) — gu(y)] < Cs +2.

Proof. Define Cy := max(C%,C?). Statements (i)-(vii) follow directly from the definition and
Lemmas 4.1, 4.2, 4.3, 4.4, 4.5, 4.6 and 4.7. To prove (viii), first note that

(T, (iy)) = ep—1 Tm(T™ P2/l (i), go(y) = en—1g/®l(y).
If Kk, =t and iy € H, NiR = i(—2, 00), then

| 0(T5 (39)) — o ()] < Ot + (TP (ig) — g/ ()

| 5= log(y +4) — 5= log(|y| + 1) if —2<y< |
pr— 2 .
2 Tog(|22) — ok log(|22 ]+ 1) +1| ify > ||

< Cy+2,
where the last inequality is elementary. The case k,, = b is similar. O

Let ¢ > 1 be an integer. Define
M = {w € HP ‘ 0 < Re(w) < ‘qli/pli‘} C Hy,.

Recall that b, = ‘ [ }

Z—Z >2 foralln>1. If n=10, —1> 1, we also define

M, = bU <<Tzi(Hb) u {Im( lim szw)}) +t> :

=0 w)——00

and
Jh={w € M}| b, — 1 <Re(w) <b,}, K, :={weM,|0<Re(w)<b,—1}.
Thus, M} is the union of b, topological disks. Then, for 1 < n < I; — 1, we shall recursively define

the domains M}, J! and K} from M{ , J: ; and K/ ;. We consider three cases. If k,11 = b,

then
by —1

M = U (Ts1 (M) q) +1).
=0
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FIGURE 4. If p1/¢1 = 8/27, then we have

(p1/q1,p2/q2,p3/q3) = (8/27,-3/8,—1/3).

Moreover, we have by = by = by = 3, (e1,e2,e3,e4) = (—1,1,1,—1) and
(e1,e92,e3) = (—1,1,1). Since g3 = g3 = 1, the maps T3 and T, are both ori-
entation preserving. From left to right, this figure shows the schematic picture
of the domains M3}, Mj and Mj. The sets J# are blue and the translations of
their lift under 7}, have a red boundary. The address of the connected component
with the “+” mark starts with (¢, t1,%2,t3) = (0,0,0,0) while the address of the
connected component with “*” mark starts with (¢o, t1,t2,t3) = (0,0,1,1). Note
that there is no admissible address starting with (to,¢1,t2) = (0,3,0). As we will
see in Proposition 4.21, h} estimates the height of the connected component of
M} that is marked with “+7.

[ —
[ ————

If kK1 =t and epeny1 = 1, then

bpn—2
M;, = U (Tn-i-l (M, 41) + t) U (Tn+1(Kqu,+1) + b — 1) .
t=0
Otherwise, if k41 =t and epen1 = —1, then
bn—1
M;, = U (Twir (M) + 1) | (T (Fh0) + bn) -
t=0

We also define
I = {w € My| |gn/pnl = 1 < Re(w) <lan/pal}, K = {we My| 0 < Re(w) < |gn/pa| —1}.
For all i > 1, we also define
M = Ty (M7}).
This completes the definition of the sets MZL forallm >0, ¢ > 1 with n </;.
Lemma 4.9. Leti>j>1andlj_1 <n<l; <I;.

(i) The set M3, is compactly contained in H,,. Therefore the map TMW s a homeomorphism.

(ii) The set MiT' is compactly contained in M.
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(iii) The set Mfl has g, connected components. Moreover, if A is a connected component of
M, then there is an integer 0 < k < ¢, such that

A= {w e M | k/|pn| < Re(w) < (k + 1)/|pn|} .

(i) If n <l;—1 and A is a connected component of M., then there is a connected component
of M} |, namely A" and an integer 0 <t < b, such that

A=t+Ty1(4).

(v) If A is a connected component of MZH, then there is a unique integer b, — 2 < t < b,
such that
t+ Tn+1(A) - J%

(vi) The set M} has Indi; Q1,4 " qi;_, connected components.

1
Proof. (i): This follows directly from Lemma 4.8(ii), the definition of M;, and Lemma 4.8(i).

(ii): From (i), we know that the set Mlifl is compactly contained in HP. It follows from
Lemma 4.8(ii) that M;::ll is compactly contained in MZZZ ;- Therefore M is compactly con-
tained in M.

(iii): We use backward induction on n to prove the statement for [;_ <n <l;. If n =1; — 1,
the statement follows directly from Lemma 4.4(ii) and the fact that q;—1 = by;—1. Assume [;_; <
n < lj—1 and the statement is true for n+1. Therefore we have x,11 = t. We will write the proof
for the case ene,41 = 1. The other case is similar. We have Re(T)+1(w)) = [pn+1/qn+1| Re(w),
for all w € H,,11. Therefore

Tooi1(Kip) © Tt (M) = T (M )
C T ({w € Hay1 | 0 < Re(w) < lgnt1/pusal}) € {w € Hogr |0 < Re(w) < 1},

Hence the sets Ty41 (M. ,,)+t, for 0 <t < b, —2, and Ty, 41 (K ;) + by — 1 are pairwise disjoint.

The induction hypothesis implies that M7 41 has gpy1 and K’ +1 has gui1 — |[pny1| connected

components. Therefore the number of connected components of M} is equal to

(br — ) gny1 + (Gnr1 — |Pnr1l) = qns

where the equality follows from Lemma 3.1.

Assume A is a connected component of M. Based on the discussions above, either A C
Toy1(M,, ) +t, for some 0 <t < b, —20r AC Ty 1(K} 1) + by — 1. Assume the first case is
correct. The map 7,11 is a homeomorphism from H' into its image. Therefore the set T, _&1 (A—1t)
is a connected component of Mi +1- So there is an integer 0 < k" < g,41 such that

Tl (A1) =T (A=) = {w e My, | K/Ipua| < Re(w) < (K + 1)/Ipasal |

According to Lemma 3.1, we have ¢,+1 = |pn|. Therefore, horizontal contraction of T),4; is equal
to |pn+1/pn|. Hence

A= {w € Tt (MgH) +t ‘ K /|pn] +t < Re(w) < (K +1)/|pa] + t}
c {w e M} ‘ K /|pa| +t < Re(w) < (K" +1)/|pn] +t} .

Let k := k' + t|p,|. Since 0 < k' < gn41 = |pn|, we have
0<k="k+tpal < (t+1)lpal < (bn — Dlpnl = ([lan/pPall = 1) [Pl < an-
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Let w € M}, be a point such that k/|p,| < Re(w) < (k+1)/|pn|. Since 0 < k' < |py|, this implies
that t < Re(w) < t + 1. Therefore we have w € T),41 (M ) +t. Hence

| < Re(w) < (k+1)/Ipul

The remaining case is when A C Tn+1(Kf1+1) +b,—1. Let t := b, — 1. In this case Tn__&l (A—1t)
is a connected component of K, = {w € M} ;| 0 < Re(w) < |gnt1/pn+1| — 1}. Therefore,
there is 0 < k' < gnt1 — |pn+1| such that

Z:{weﬁﬂi

Tl (A=) = TN (A=) = {w e M, | K/Ipusa| < Re(w) < (K +1)/Ipasal

Hence
A={we Ty (M) +t ‘ K'/Ipnl + < Re(w) < (K +1)/|pa| + t}
C {w e ML| K/lpal +t < Re(w) < (&' +1)/lpal + 1} .
Let k := k' + t|p,|. By an argument similar to above, we see that

Z:{weﬁ,ﬂ; |<Re(w)<(k+1)/|pn|}.

We also have
0<k=Fk+tqni1 < (@nr1 = [Pr+1]) + (b = Dni1 = n.
(iv): According to (ii) and (iii), there is an integer 0 < k < ¢, such that

k/|pn| < Re(w) < (k+1)/[pnl;

for all w € A. Let t := [k/|pn|] < [(gn — 1)/|pnl] < [gn/|Pn|] = bn. According to the definition,
the set A —t is also a connected component of M} . Therefore A —1 is a connected component of
the set
{we M. |0<Re(w) < 1} = Tpy1 (M), 1)
Since T,,+1 is a homeomorphism on M? 41, the set A" := T~ 421(14 —t) is a connected component
of M}, and we have
A=t+ Tn+1(A,).

(v): If n =1; — 1, then we have |p,| = 1 and Re(T,11(M3)) C (0,1). Therefore t = g, — 1 =
b, — 1 is the unique integer with the given property. Now assume n < l; — 1, which implies that
Kni1 = t. If epense1 = 1, we have Re(Ty11(w)) = |pns1/qni1] Re(w), for all w € H'. Hence we
have

Re(T41(J011)) € (1= [pns1/gns1l 1), Re(Tria (K5 41)) € (0,1 = [Prs1/gns1])-
Therefore ‘
Ty = (Tap1 (Joy ) + (bn = 2)) U (T (K5 1) + (b — 1)).
It follows that ¢t = b,,—2if A C J]+1 and t = b, —1 otherwise. On the other hand, if epe,41 = —1,
then we have

T = (Tura (K5 p) + (b = 1)) U (Tusa (Ji1) + ba)-

Therefore t = b,, if A C JiL 41 and t = b, — 1 otherwise.
(vi): We use induction on i — j. If i = j, then the statement follows from part (iii). Assume
the statement is true for some ¢ > j. According to (iii) and (i), the set Ml’i+1 has ¢, connected

components and 7, |, ,i+1 is a homeomorphism. Hence the set A" := Tj, (MZZH) has g;, connected
l; i
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components. Let A be a connected component of M. According to (iv), there are integers
tn,tnt1, -+ ,t,—1 such that

A=ty + Tn+1(tn+1 + Tn—l—?(' : 'tlﬁZ + Tlﬁl(tlﬁl + A/) T ))

Therefore ANM:! has qi, connected components. Hence the number of connected components of

Mt s qi; times the number of connected components of M} and the induction step is complete.
O

For all n > 0, define
M,:= (] M,

i>1,0;>n

Since Mi*! is compactly contained in M for all i > 1 with I; > n, the set M, is compact. The
set My projects under exponential map ¢ — €2 to a compact set M, in the plane. This will be
our topological model for the post-critical set, that is,

M = M ((5i/4:)Z1) = {*™ | w € Mo}

It should be noted that this set only depends on the sequence (p;/G;)2;.

Recall that two sets A and B in the plane are called ambiently homeomorphic if there is a
homeomorphism ¥ of the plane that such that W(A) = B. Since M is compactly contained in
the strip Re(w) € (0,1), there is a Jordan domain D that is also compactly contained in the same
vertical strip and My C D. Clearly the set D, := {e*™ | w € D} D M, is also a Jordan domain.
Therefore, there is a homeomorphism ¥ : C — C such that ¥(w) = €2™, for all w € D. Hence
My and M, are ambiently homeomorphic.

4.3. Admissible Addresses. In Subsection 2.3, we assigned an address to every connected
component of the post-critical set of an infinitely renormalisable quadratic maps. Here we will
assign a sequence of integers to every connected component of My. We say a sequence is admissible
if it is assigned to a connected component of My. We will investigate some of the properties of
the space of admissible addresses. In particular, we define a metric on this space and show that
it is homeomorphic to an odometer.

Evidently, My has uncountably many connected components. By our construction, we may
assign a unique address to each connected component. First note that for all n > 1, we have

bn

M, C U (Tn-f—l(Mn-i-l) + t) .
t=0

Since we have Re(T)+1(Mp+1)) C (0,1), we see that for all z, € M,,, we have
Zn — LRG(Zn)J S Tn+1 (Mn+1).

Therefore, for any zy € My, there is a unique sequence (z,)52,, with z, € M, and

zn — [Re(zn) ] = Tnt1(2n41)-
We call (z,)02, the sequence associated to zy. The address of the point z is then defined as

t(z0) = (tn)ne Vn >0, t,:=|Re(z)].

n=0>

Note that we always have tg = 0. For n > 1, we have 0 < ¢, < b,,. As we see in Figure 4.2, with
this address we may identify a unique connected component of M, for every n > 0,7 > 1 with
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n < l;. We will call this connected component M((t).  To be precise, for all n > 0 and i > 1
with n < l;, we define M (t) as the set

m(w)——0o0

It follows that for all integers m with n < m < [;, we have
My (t) = tn + Toi1(tnr1 + Ty -tz + Tono1 (b1 + Tn (M, (8))) - +)).
Therefore we may also assign an address to every connected component of M,, for all n > 0.
Ma(t):= () Mi(t) CH,.
i>1l>n
It follows that for all m > n > 0, we have
My, (t) =ty + T (tng1 + Tot2(- - tin2 4+ Trne1 (tm—1 + T (M (£))) -+ +)).

A given sequence t = (t,)0, is an admissible address if it can be realised as the address of a
connected component of My. We will use the notation 0 to denote the zero address,

0:=(0,0,0,- ).

Let t be an admissible address. If Re(M,(t)) C (¢n/|pn| — 1, ¢n/|pn|), for all n >
we define t + 1 := 0. Otherwise, there is a smallest integer n > 1 such that Re(M,,(
(gn/|pn| — 1, qn/|pn|). In this case, we define

t+1:=(0,0,---,0,t, + 1, tnt1,tnta, ).
Clearly t 4+ 1 is always admissible.

1, th

then
(t) €

Lemma 4.10. The map t— t+1 is a bijection on the set of admissible addresses. In particular,
there is a unique admissible address, namely -1, such that -1+ 1 = 0.

Proof. Let t’ be an admissible address. We will find an admissible address t such that t +1 =t/
and show that it is unique. First consider the case t' = 0. According to the definition, we have
Re(M,(t)) C (qn/lpn] — 1,qn/|Pn|), for all n > 0. If n = I; — 1, for some i > 1, then we have
tn, = by, — 1. Now we may use Lemma 4.9(v) to recursively find the unique value of ¢,,_1 using ¢,
for the remaining values of n.
On the other hand, if t’ # 0, then Re(M,,(t)) € (¢m/|pm| — 1, @m/|pm]), for some m > 0. Let
m be the smallest integer with this property. We have
tm=t, —1, Yn>m, ty,=1,.
Now we may use Lemma 4.9(v) again to recursively find the unique value of ¢,,_; using ¢,, for
the remaining values of n. O

In the remainder of this section and the next section, whenever we have a character such as w,
where wg s used to denote a point in My, we will use (wy)52, to denote its associated sequence.

Lemma 4.11. For any admissible address t = (t,,)5, and any i > 1, the following hold.

(i) {MO ) | t admissible } {MO t+k)|0<Ek<aqaq,- "qh_l}-
(i) The address t := (to,t1,t2, -+ ,t;,—2,t,-1,0,0,0,--) is admissible and we have

M;(t) = Mo(t).
(iii) We have ME(t+ k) = Mi(t+ k') if and only if
k=K (mod q,q, - q, )
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Proof. Clearly (iii) follows from (i). Therefore we only need to prove (i) and (ii). First we prove
the lemma for t = 0. Let

A= {t = (tn)p=p | t is an admissible address, Vk > l;, t;, = 0}.

All addresses in A have the same tail as 0. Therefore, for every t' € A, there is an integer k > 0
such that t' = 0 + k. On the other hand, if 0 # t’ € A, then we have t' — 1 € A. Therefore,
there exists ¢ > 0 such that A = {0+ k| 0 < k < ¢}. For any admissible address t' = (¢],)%°

. n=0>
the definition of Mg (t’) only depends on the values of t), ], - - ;1},_1- Therefore we have a clear

bijection between the set A and the connected components of M{ given by t’ +— M{(t'). Hence,
according to Lemma 4.9(vi), we have |A| = q;,qi, - - - qi,_, . Therefore we have

A= {0+k ‘ 0 S k< ql1ql2'”ql¢,1}7
and
{Mg(O +k)|0<k<ayq, q ,}= {Mé(t’) |t e A} = {Mé(t’) | t' admissible }.
The address 0 + |A| — 1 belongs to A, while 0 + |A| ¢ A. Therefore we have 0 + |A| =
(0,‘0, ---,0,1,0,- ) where the only 1 in the sequence is at the point [;. Therefore we have
M;(0 +[A]) = M;(0).
Define the function I' on the space of admissible addresses by
F((tn)%o:(» = (t(], ty, - 7tl¢fla 07 07 T )
Let t' = (#,,)°2, be an admissible address. We have
Mo(T(t) =t + Tu(ty + To(- -~ T4, (My,(0)) - - ) C g+ Ta(ty + To(- -~ Ty, (M} (0)) - - )) = M(t').
Therefore I'(t") is admissible. Clearly we also have I'(t’) € A and
Mg(t") = My(T(t)),

which completes the proof of (ii). In fact I'(t’) is the only address in A for which this equation
holds. Therefore the equation M{(0 + |A|) = M{(0) implies that I'(0 + |A|) = 0. It now follows
from the definition of I' and the addition operation that

It +1)=T({)+1).

Let t # 0 be an admissible address. We have I'(t) = 0 + k, for some 0 < k < |A|. Clearly we
have I'(t +1) =0+ k + [, for all [ < |A| — k. We also have

IFt+|Al k) =T(T(t) +|A| — k) =T(0+|A]|) =0.
Therefore I'(t +1) =0+ 1 — |A| + k, for all |A| — k <1 < |A|. Hence we have
A={T(t+k)|0<Ek<]|A|}.
Therefore
{Mi(t+k)|0<k<|A|}={M{T(t+k)|0<k<|Al}={M)0+Fk)|0<k<]|A]}. O
Definition 4.12. Let t = (t,)72, and ¥ = (t,)°2, be two admissible addresses. We define the

n=0

distance between them to be d(t,t) :=0, if t=1¢ or
1
d(t,t) := o

where n > 1 is the smallest integer for which we have t, # t),.
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If (%){21 is a sequence of points in My that converges to a point zg € My, then we clearly have
t(2{) — t(20). In other words, the map t : My — {t | t is admissible} is continuous.

In Subsection 2.3, we defined odometers and showed that they are Cantor sets. We also showed
that they may be used as “addresses” for the connected components of the post-critical set of
infinitely renormalisable quadratics. Recall that ¢; = ¢;,, for all i > 1. Here we will show that the
odometer with the combinatorics (g;):2; is homeomorphic to the space of admissible addresses.

Proposition 4.13. Let q := (¢;);2,. There is a homeomorphism m : {t | t is admissible} — Oy
such that

m(t+1) = 7(t) + 1,
for all admissible addresses t.

Proof. First we define continuous maps m; : {t | t is admissible} — Z/(¢1g2 - - ¢;), for all i > 1,
such that
mi(t+1) =m(t) + 1,
for all admissible addresses t. Let 7 > 1 and let t be an admissible address. The set MSH has
G1Go - - - §; connected components. Therefore, using Lemma 4.11, we see that there is a unique
number 0 < #; < §1d2 - - - ¢; such that MiT(t) = MET(04k), if and only if k = #; (mod 12 - - ;).
In other words, we may consider #; as an element of Z/(G1d2 - - - §;). We define 7;(t) := #;. Since
MEH(t) = METH(0 + 7(t)), we have METH(t + 1) = M0 + mi(t) + 1). Hence
MY O+ m(t+ 1) = M (e + 1) = MITHO + mi(t) + 1).

Therefore we have m;(t + 1) = m;(t) + 1.
If i > j > 1 and t is an admissible address, then we have

Mo(t) € M (6) = Mg+ (mi(t)) © M (8) = MI™ (5 (8)).
Therefore, using Lemma 4.11, we see that
Wj(t) = ﬂ'i(t) (mod lecb s cj])
Hence, we may take the projective limit of the sequence (7;)72; to obtain a map
7 {t |t is admissible} = projlimZ/(¢igz - - - 4;) = Oq.
1—00
Clearly we have w(t + 1) = 7(t) + 1, for all admissible addresses t. Since ; is surjective for all
1 > 1, we conclude that 7 is also surjective. If t and t’ are two admissible addresses such that
7(t) = w(t'), then we have m;(t) = m;(t'), for all ¢ > 1. Therefore
My(t) = () MEF(E) = () M (milt)) = () M (mi(E) = () MEF(E) = Mo(t)).
i=1 i=1 i=1 i=1
Hence t = t’ and 7 is injective.

To complete the proof, we need to show that 7w is a homeomorphism. Since 7 is bijective
and Oy is compact, it is sufficient to show that 7! is continuous. Let (t%)%°, = ((t£)3 )22,
be a sequence of admissible addresses such that (Tr(t’“))z":1 converges to a point £ € O Let
t:=m1(t) = (t,)%%, and let s > 1 be an integer. We have

Jim 7i(65) = lim (w(t") (mod Gidz-++@)) = (t) (mod dida++- i) = mi(t) € Z/(dda -+ ).

k—o0

Hence, for large k, we have 7;(t*) = m;(t) and M T (t) = M ™' (t*). Therefore, according to
Lemma 4.11, we see that t,, = t*, for all 0 < n < §1g2 - - - ;. In other words, for large k, we have

d(t, tk) < 9—q142-Gi
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Hence t* — t and the proof is complete. O

4.4. Topology of the connected components. In this section we aim to show that every
connected component of My is either a single point or a Jordan arc. A continuous injective map
v :[0,1] — C is called a Jordan arc and a continuous map v’ : [0, 1] — C that is injective on [0, 1)
and 7/(0) = +/(1) is called a Jordan curve. If v : [0,1] — C is a Jordan arc or a Jordan curve,
we may use ¥ to denote both the map and its image, if there is no ambiguity. The interior of
a Jordan arc v is defined to be the set v((0,1)) and the points v(0) and (1) are called the end
points of v. We shall employ a classical characterisation of the Jordan arcs in plane.

Let X C C be a compact connected set. A point z € X is called a cut-point, if X \ {z} is
disconnected. It is a classical result that every compact connected subset of the plane with at
most two non cut-points is either a single point or a Jordan arc. (see [Nad92, Theorem 6.6 and
Theorem 6.17])

We start with a definition.

Definition 4.14. Let t be an admissible address and assume zy, wy € Mo(t). Also assume (2p)72

and (wp)32, are the sequences associated to zy and wo. We say zy > wo if either zg = wg or

lim e, Im(z, —wy,) = +oo.
n—oo

Recall that a binary relation R on a set X is called a partial order if for all x,y, z € X, we have

e xRz,
o If xRy and yRz, then xRy,
o If xRy and yRz, then x = y.

A vpartial order is called a total order if for any pair x and y in X either xRy or yRzx.
Lemma 4.15. For every admissible address t, the relation “>” is a total order on My(t).

Proof. Let t = (t,)52, be an admissible address. First note that “>” is clearly a partial order
on My(t). The only non-trivial statement left to prove is that for every zo,wo € My(t), we have
either zg > wqg or wg > z9. If zg = wp, there is nothing to prove. Assuming zg # wq, uniform
contraction of 7, implies that
|2 — wn| = (4/3)"20 — wo.
Therefore
lim |z, — wy| = +o0.
n—oo
Since | Re(z,) — Re(wy,)| < 1, this implies that
lim | Im(z, — wy,)| = +o0.
n—oo
So there is N > 0 such that for n > N we have | Im(z,) —Im(w,)| > 2C2+3. Assume e, Im(z,) >
en Im(wy,), for some n > N. Then, using uniform contraction of 7;, and Lemma 4.8(vii), we have
en—11Im(zp—1 — wp—1) = en_1 Im(T},(2,) — T (wy,))
> ep—1 Im (T, (ty, + i Im(zy,)) — T (tn + i Im(wy,))) — 2
> —2Cy — 3.
Therefore e, Im(z,—1 — wy—1) > 0. By a similar argument for the case e, Im(z,) < e, Im(w,,),
we see that
Vn > N, sgn(e,Im(z, —wy,)) =sgn(e,—1 Im(z,—1 — wp_1)).
Hence the limit

lim e, Im(z, —wy,)
n—oo
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exists and is either +o00 or —oo. O

Proposition 4.16. For any admissible address t, the set My(t) is either a single point or a
Jordan arc.

Proof. Let us assume My(t) is not a point and let zg € My(t) be a point that is neither the
smallest nor the largest point in Mj(t) with respect to “>”. Note that the smallest and largest
points are unique, if they exist. If any such zj is a cut-point for My(t), then My(t) has at most
two non cut-points and therefore it is a Jordan arc.

Let C :=8C5 + 7 and, for n > 0, define the sets

A" = {xy € Mp(t) | e, Im(xy,) > €, Im(2,) — C}

and

A= ﬂ U A" = {xg € My(t) | YN > 0,3n > N, e, Im(z), — 2,) > —C}.
N>0n>N

Note that each A™ is compact. By definition, we have A D {zoy € My(t) | ¢ > 20}. On the other
hand, if there is zg # zg € A such that xy < 29, then we have
lim e, Im(z, — z,) = —o0,
n—oo
which is not possible. So we have
A= {zg € Mo(t) [ zo > 20}

We will show that A" C A" for alln > 1. Let n > 1 and 29 € A™ \ {2}. Choose 2/, € C
such that Im(z],) = Im(z,) and Re(z],) = Re(x,). Since 2y and zp have the same address, we
have |z, — z/,| < 1. Hence

enIm(zy,) > e, Im(2,) — C = e, Im(2], — ie, C).
Using Lemma 4.8(vii) and Lemma 4.8(iii), we have
en—1Im(Ty(2,)) > en—1 Im(Ty (2], — ie,C)) —2Cy — 1 > e, Im(T,(2),)) — 3C/4 — 205 — 1
> ep—1 Im(Ty(2n)) —3(C+1)/4 —2Cy — 1 = ep—1 Im(T(2y)) — C.

Therefore zo € A" 1.
We have

{ro € My(t) [zo> 2} =A= (] [J A" =) A"

N>0n>N n>0

Therefore {zg € My(t) | xo>zp} is compact. A similar argument shows that {xg € My(t) | zo<zo}
is also compact. Hence the two sets {xg € Moy(t)\{z0} | zo <20} and {xo € Mo(t)\{z0} | zo> 20}
are non-empty, disjoint subsets of My(t) \ {z0} that are closed in My(t) \ {z0}. Therefore z is a
cut-point of My(t). O

Corollary 4.17. For any admissible address t and any wo, w), € My(t), we have wy > wy, if and
only if

en Im(wy,) > e, Im(w),) — (8Cy + 7),
for allm > 0.

Proof. As we saw in the proof of Lemma 4.16, we have

{0 € Mo(t) | w0 > w(} = {0 € Mo(t) | Vn > 0,e, Im(z,) > e, Im(w),) — (8Co +7)}. O
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4.5. Sizes of the connected components. Here we will analyse the maps 7;, to control the
sizes of the connected components of the model. We will find many admissible addresses t such
that My(t) is a single point. We will show that the connected component My(0) is a single point
if and only if condition C is satisfied. As we will see, the reason is that the compositions of T},
near the imaginary axis is closely approximated with compositions of g,. Finally, we will define
a map P : My — Mp(0) that is injective on every connected component and respects the order
“>”_ Using this map, we show that My(0) is the “longest” connected component of My. To be
more precise, if My(0) is a single point, then every connected component of My is a single point.

For integers n > 0 and ¢ > 1 with n < [; and for any admissible address t, we define the
following quantities associated to the connected set M (t).

i (t) = sup{en Im(2) | = € M(8)},
di (t) := inf{e, Im(2) | z € M’(t)}.

Clearly we always have —2 < d! (t) < ui(t) < co. The following lemma gives us a criteria for
determining when a connected component of My is a point.

Lemma 4.18. For a given admissible address t, the set My(t) is a single point if and only if
there exists a constant C' > 0 such that for every N > 1 there are integers n,i with N < n <;
for which we have

[ur, (8) — d,,(8)] < C.

Proof. First note that for any n > 0,4 > 1 with n < I;, we have {Re(2) | 2 € M} (t)} C (tn, tn+1),
where t = (¢,),>0. Hence

|up, (6) — i, (6)] < diam (M, (t)) < |uf, (t) — dj, (£)] + 1.
Assume the condition in the lemma is satisfied with a constant C > 0. Then we have
VN >1, 3n,i, N<n<l, dam (M)(t)<C+1

We know that M{(t) = Ti(t1 + Ta(ta + - T (ML(t)) -+ )). Therefore Lemma 4.8(iii) implies

that

YN>1, 3ni, N<n<l, diam (Mt)< (Z)”(c+ 1) < (Z)N(c +1).

But we have

diam (My(t)) = diam [ () M{(t) | < inf{diam (Mg (t)) ‘j > 1}.
Jj=1
Therefore My(t) is a point.
To prove the other direction, assume My(t) is a point and let C' = 1. In this case M,(t) is also

a point for all n > 0. For any sequence of nested compact sets (/)72 in the plane that shrinks
to a point, we have diam (K,,) — 0. Therefore

Vn >0, lim diam (M}L(t)) =0.
1—00
As a consequence, for any n > 0, there is ¢ > 1 such that diam (M}(t)) < C. O

We know that for any set M} (t), where n > 0 and t = (t,),>0 is an admissible address, we
have

Mi(t) C{z€C|t, <Re(z) <tn,+1,d,(t) < e,Im(2) < ul(t)}.

The next lemma shows roughly how the corners of this rectangle are mapped by T5,.
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Lemma 4.19. For any admissible address t = (t,)n>0 and any n,i > 1 with n <;, we have
Jul, 1 (8) — ey I (T (ty + dequl, (1))] < 20 + 2,
|dE () — en1 Im(Ty (t, + iend: ()| < 20y + 2.
Here we interpret Tp,(t, + iep,00) as limy oo T (tn + ieny).

Proof. First note that whenever u (t) = oo, we have n = [;. Therefore

s

according to Lemma 4.4(i). Hence the expression e,,_1 Im(T},(t, +ie,ul,(t))) is always well-defined.
Let

by
qi;

1
lim e, 1T,(z) = — log

en Im(z)—o0 211 qi,

A= {tn +ieny | y € (d,(t), u (t))}.

If dfr denotes the Hausdorff distance associated to the FEuclidian distance on the plane, then we
have

di (A, M)(t)) < 1.
Since T, is uniformly contracting with a factor of 3/4, the bound on the Hausdorff distance
implies that
. 3
|sup {en—1 Im(T(2)) | 2 € My ()} — sup {en—1Im(T;,(2)) | z € A}| < T
Hence, according to Lemma 4.8(vii), we have
‘u%fl(t) — ep—1 Im(T,, (t, + zenufl(t)))l
= [sup {en—1 Im(T},1(2)) | 2 € M} (t)} — en—1 Im(T} (tn + iequi, (t)))|
< |sup{e,_1 Im(T,(2)) | z € A} — ep1 Im(Tpy (t, + denul (t)))| + 1
= |sup {en_l Im(T,(t, + ieny)) |y € (dfl(t), u;(t))} — ep—1 Im(T,, (¢, + Zenufl(t)))| +1
< 209 + 2.

A similar argument proves the estimate for d’,_,(t). O

Next we show that there are many connected components of My that are single points.

Lemma 4.20. Let t = (t,)52, be an admissible address such that

t
limsupd< b ,Z) > 0.

koo \ /[P
Then My(t) is a single point.
Proof. For all i > 1, define
t, )
No=d|—% 7)) eo,1).
= (e ) €00

Let £ > 1 be an integer such that A\; > 0 and let n = [;. According to Lemma 4.7, the map

y = en—1 Im(T, (¢, + iy)) : (—00,2) — R is “almost increasing”. Considering this and the fact
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that ub*1(t) > di(t) > -2, for z € {ultI(t),d51(t)}, we have

1 ~ -
— log (qn> > ep—1 Im(T,(t, —ix)) — 1 > ep—q1 Im(Ty (¢, + 2i)) — 2

2
27 < S p
1 1 t
:10g<n>+log(d< n ,Z))—Q
27 |pn| 27 Qn/‘pn‘

1 qn 1
=—1 —_— — log(Ag) — 2.
oy 08 \pn\> + o 0g (k)
Since k, = b, we have e,, = —1. Hence
us i (6) — ity (b))

< len_1 Im(T}, (t, — iub L (4))) — ey I(Ty (£, — id¥T (1)) + 4C2 + 4 (Lemma 4.19)

n

= |en—1 Im(T}, (t, — i (t))) — ey Im (T (tn, — idEHL()))] + 6C2 +4  (Lemma 4.8(vi))

1
< <271 log(1/\g) + 2) +6Cy + 4.

Let C' := limsup;_,., Ai/2 > 0. Then there are infinitely many k£ > 1 with Ay > C. For any such
k, we have

1 1
uyt (8) — di T (0)] < 5 108(1/2k) +6C; + 6 < —log(1/C) + 6C5 + 6.
Now the statement follows from Lemma 4.18. O

Recall that

qai;
by
foralli > 1, n > 0 with n </;. In the following proposition, we will show that the compositions
of T), near the imaginary axis closely approximates the compositions of g,. It follows that |t |
uniformly approximates the diameter of the set M/ (0), for n > 0, i > 1 with n < ;. We use this
to conclude that My (0) is a single point if and only if condition C is satisfied.

L= and i, = gni1(hly1) = gn1 0 Gnrz © oo g, (|a, /pul),

Proposition 4.21. Let t = (t,)n>0 be an admissible address such that sup,>qt, < co. Then we
have

(i) sup{\d%(t)| |n>0,i>1,n <} < oo,

(i) sup{|ul(t) —exhl] |n>0,i>1,n<l;} < oc.
As a consequence, My(t) is a point if and only if condition C is satisfied.

Proof. We first show that assuming (i) and (ii), condition C determines whether My(t) is a point
or not. Let
D:= sup |d\(t)]<oo, D':= sup |ul(t)—enh’]| < oo
n>0,1>1,n<l; n>0,i>1,n<l;
|y, (8) = dip (6)] = D = D' < |hy| < fug, () — dy, ()| + D + D'
Now the claim follows from Lemma 3.4 and Lemma 4.18.
To prove (i) and (ii), let

C :=supt, < oco.
n>0
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(i): Let D := 3C'+8C2+26. We use induction on I;—n to show that |d,(t)| < D. Forn = [;—1,
we have d’ (t) € [-2,0] and the statement is true. According to the induction hypothesis, there
is N > 0 such that |d’,(t)] < D forall m >0, >1with [; —m < N. Let n:=1;, — N > 1.

Choose a point 2!, € M} (t) such that |di (t) — e, Im(2%)| < 1. We have

|Re(2})| < C+1, |Im(z0)|<D+1, |28 — (t, +ie,d.(t))] < 2.
Based on Lemma 4.19 and Lemma 4.8(iii),
|1 (t) — en—1 Im(T},(21))| < |dly_1(t) — €1 Im (T}, (8, + dend, (t)))] +3/2 < 2C5 + 4.
Hence, using Lemma 4.8(iii) and the fact that 7,,(0) € {0,1/2,1}, we have
|1 (8)] < [Tm T (2)| + |dj, 1 (6) — en—1 Im(Tn(z;,))]

< (3|25]/4+ 1)+ 205 + 4
< 3(|Re(2))| + [ Tm(2%)]) /4 4+ 2Cy + 5
<3(C+D+2)/44+2C,+5=D.

(ii): Let D' := 3C +12C3 + 16. We use induction on I; — n to prove |u, (t) — e, h%| < D'. The
base of induction is when n = [; — 1. According to Lemma 4.4(i), we have

)

Therefore using the definition of h?i_l and Lemmas 4.19 and 4.4(iii), we have

b,
qi;

lim  T,(z) = elillog‘pli
4,

ey, Im(z)—o0 ! 271

+ 6[1-_10110 <

; i i €l,—1 qn
1 t _ K3 — 1 t _ 171 e
|ug,—1(t) L1l uj, 1 (t) o O on
. eli—l Qn /
< lim Ti,(2) — =—log|—|| +2C2+2 <202 +4 < D"
er; Im(z)—o0 27 Pn

By induction hypothesis, there is N > 0 such that |ul,(t) — enhi,| < D’ for all m,i > 0 with
li—m<N. Letn:=1; — N >1. We have

lul_1(t) — en—1hl_1| < len—1 Im(Ty(tn, + depul,(t))) — en—1hl_y| +2C2 +2  (
< | Im(Ty, (ienuy,(t))) — gn(hy,)| + 3C/4+2Cs + 2 ( )
< | Im(T;,(ih%))) — gn ()| +3D' /4 4+ 3C/4 +2Cy +2  (Lemma 4.8(iii))
< (Cy+2)+3D'/4+3C/4+2C,+2= D" (Lemma 4.8(viii))
O

Lemma 4.19)

Lemma 4.8(iii

Before we prove that every connected component of My is a point if My(0) is a point, we
state two lemmas that will help us compare the effect of compositions of T,, between the zero
address and an arbitrary address. The next lemma may be considered as a generalisation of
Lemma 4.8(iv) to compositions of T}, with a uniform additive error.

Lemma 4.22. Let wg € My, m > 0 and define
VO<n<m, w):=Tht10Tht20-0Tn(wn).
Then, for all 0 <n < m, we have

en Im(w — wy,) < 8Cy + 12.
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Proof. We use induction on m — n to prove the lemma. If n = m, then w]' = w, and there is
m

nothing to prove. If m = n + 1, then w]* = T;,,(w}}) = T (wp,) = wy, — ty,, and the statement is
true. Assume the statement is true for some 0 < n < m. Then we have

en Im(w,") < ep Im(wy,) + C = e, Im(wy, + ie,C),
where C' := 8C9y + 12. Hence

en—1Im(wp’ ) = en—1 Im(Ty, (wy,"))

= ep—1 Im(w,—1) + C. O

The following lemma compares the vertical contraction of compositions of T},’s between an
arbitrary address and the zero address.(cf. Lemma 4.8(v))

Lemma 4.23. Let m > 0 be an integer and let t = (t,)°%, and t = (£,)22, be admissible
addresses such that t, = t, for all 0 <n < m. Let wy € My(t) and g € Mo(%) such that

en Im(wy,) > e, Im(w,) — C,
for all 0 <n < m and for some constant C' > 0. Define
VO<n<m, w!:=Tht10Thi20--0Tp(wy), Wy :=Tni10Thio0-- 0Ty ().
Then we have
en Im(wy,) — e, Im(wy,) < e, Im(w))") — e, Im(w))') + 6C 4 64C5 + 148,
for all0 <n <m.

Proof. We use backward induction on n to prove the lemma. If n = m, then w]' = w,, and W)

Wy, and there is nothing to prove. If n = m — 1, then Im(w,) = Im(w]*) and Im(w,) = Im(@]").

Hence the statement is true. Assume the statement is true for some 0 < n < m and define
h = e, Im(wy,) — ep Im(wy,) + C >0, y:=e,Im(w,) +C" +C + 2,
r:=h+te, Imw)+2>h, 2 :=e,Im(@]))+C"+C+2,
where O := 8C5 + 12 and C” := 6C + 64C5 + 148. Using Lemma 4.22, we have
y—z = (epIm(y,) + C" + C +2) — (e Im(y,) — € Im(wy,) + C) — (e, Im(w]l') + 2)
=C' + e, Im(wy) — e, Im(w]*) > 0.
Induction hypothesis implies that
' —x = ey, Im(w))) — e, Im(w)') + C" — (e, Im(iy,) — €5, Im(wy,)) > 0.
Therefore, according to Lemma 3.5 and Lemma 3.2, we have
en—19n(€ny) — en—1gn(eny — enh) < en—_1gn(ent) — en—1gn(enx — enh) + 1
< en_1gn(ent’) — en_1gn(enr — eph) + 1
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Now we may apply Lemma 4.8(viii) and Lemma 4.8(iii) to see that
en—1 Im(T,, (i Im(wy,))) — en—1 Im(T, (i Im(wy,)))

< ep_1 Im(T, (ieny)) — en—1 Im(T, (ie,y — ie,h)) + 3C" /2 + 3C /4 + 3

< en_19n(eny) — en_1gn(eny — enh) +3C" /2 + 3C /4 +2Cy + 7

< en_19n(en®’) — en_1gn(enr — eph) + 30" /2 +3C /4 +2Cy + 8

< en—1Im(T, (ien")) — en_1 Im(Ty, (iepx — ieph)) + 3C" /2 + 3C /4 + 4Cy + 12

< ep—1 Im(T, (i Im(@)"))) — ep—1 Im(T5, (i Im(w"))) + 3C" /4 + 3C" /2 + 3C /2 + 4C5 + 15

= ep—1 Im(T, (i Im(@)"))) — ep—1 Im (T, (i Im(w]))) + C" — 4
Hence we may use Lemma 4.8(iii) and Lemma 4.8(v) to obtain

en—1Im(wy,_1) — ep—1 Im(wy,— )
Wn)) — en—1 Im (15 (wn))
tn +ilm(wy))) — epn—1 Im(T, (¢, + i Im(wy,))) + 2
Im(wy,))) — en—1 Im(T), (i Im(wy,))) + 2
< ep—1 Im(T, (i Im(w))"))) — en—1 Im(T, (i Im(w))"))) + C" — 2
< ep—1 Im(@ 1) — ep—1 Im(w) ) + C”. O
Definition 4.24. Let P : My — My(0) be the map defined as
Vo € Mo, Plz0) = min{Mo(0) N {Ty o Tyo o Tu(z) [ n = O},

where the minimum is taken with respect to the total order “>” on My(0).

For any admissible address t, the relation “>” is a total order on My(t). This relation allows
us to compare different points on Mp(0). As we will see in the following lemma, the map P
provides a way to compare arbitrary points of My by mapping them into the set My(0). We will
also use this map to define the dynamics on the model in Section 5.

Lemma 4.25. For any admissible address t, the map Py @ Mo(t) — Mo(0) is injective and
monotone with respect to the order “<”.

Proof. Let t = (t,)22, be an admissible address and wy and Wy be two distinct points in My(t)
such that wy < wg. According to Corollary 4.17, we have e, Im(w,) > e, Im(w,) — C, for all
n > 0, where C' := 8Cy + 7. For all m > n > 0, define

wy,' = Typt10Thya 00 Tp(w),
wrn;b = n+loTn+20"'on(ﬁ)m)-

According to Lemma 4.23, we have
en Im(W) — e, Im(w) > e, Im(y,) — e, Im(wy,) — O,

for all m > n > 0, where C' := 6C + 64C5 + 148. Hence

lim mf en Im(w") > e, Im(wy,) — e, Im(wy,) — €7 + liminf e, Tm(w]"),

m—r m—oQ
for all n > 0.

Let zp := P(wp) and Zp := P(wyg). For any n > 0, there is a subsequence of (w]")y_,, that

tends to Z,. Hence we have

enIm(z,) > lgrgglof en Im(w)")
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On the other hand, for any n > 0, any limit point of (w]")>°_, belongs to {z], € My(0) | 2/, > z,}.
Hence, according to Corollary 4.17, we have

liminf e, Im(w;") > ey Im(zy,) — C.
m—0o0

Therefore we have
enIm(2,) > e, Im(wy,) — e, Im(wy,) — C' + e, Im(2,) — C,
for all n > 0. Since wg > wy and Wy # wg, we have
nh_{go en Im(wy,) — e, Im(wy,) = co.
Hence we have

lim e, Im(z,) — e, Im(z,) = co.
n—oo

Therefore 2y > zg and 2y # 29. O

Corollary 4.26. If My(0) consists of a point, then every connected component of My also consists
of a point.

Proof. Assume My(0) is a single point and let t be an admissible address. Since P|yy, ¢ : Mo(t) —
My(0) is injective, Mp(t) is also a single point. O

4.6. Saturated subsets. Here we will define saturated subsets and describe some of their prop-
erties. These sets are crucial in our analysis of the model and its dynamics. In Subsection 5.2,
we will show that the set of saturated subsets is equal to the set of closed invariant subsets of the
model under the dynamics.

Definition 4.27. Let zy and wy be two points in My and let (zp)5ey and (wy)o>, be their
associated sequences, respectively. We say wg and zg have the same tail if there is a N > 0 such
that for alln > N, we have wy, = z,. Similarly, we say two admissible addresses t = (t,)2>, and
t = (t,)°2, have the same tail if there is some N > 0 such that t, =t} for alln > N.

Definition 4.28. We say a set I C My is a saturated set if it is closed and for all two points
20, Wy € My that have the same tail, we have zog € I if and only if wg € I. For any zg € My, we
define Ty(zo) to be the smallest saturated set containing zo. In other words

To(20) := ﬂ I.

z0€l and I is saturated

We use the map z — €™ from My to M, to define saturated subsets of M, and Z,.

Lemma 4.29. For any zg € My, we have

Zo(z0) = {wo € My | wo has the same tail as zo}.
Moreover, for any admissible address t, we have
IO(ZO) N Mo(t) #* 0.

Proof. Let t = (t,)22, and t’' = (¢/,)72, be two admissible addresses that have the same tail and

let k£ > 1 be an integer such that ¢, = t,, for all n > l;. Then we have Mffl(t) = Mllzﬂ(t’) by
definition. We also have

MGHH () = Ty (ty + Tolts + - --J}k(Ml’z“(t)) ),

M(’)<3+1(t/) =Ty(t; + Tt + - -- le(Ml]ZH(t/)) ).
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Hence we obtain a homeomorphism T} ¢ : MEFL(t) — METI(t'). Note that for all wy € MET(t),
the points wg and T ¢(wo) have the same tail.

Let K := {wg € My | wp has the same tail as zp} and assume zo € K. Also assume yo € My
has the same tail as xg. Therefore there is k¥ > 1 such that z, = y, for all n > [;. Let t
and t’ denote the addresses of zo and yo respectively and define T; ¢ as above. Clearly we have
yo = Ty (w0). Since zp € K, there is a sequence (28)22, of points in K that converge to .
Possibly after removing finitely many elements, we may assume that 2} € M(’)“'H(t) for all ¢ > 1.
Therefore the sequence (T ¢/(24))s2, is a sequence in K that converge to Ty ¢ (z0) = yo. Hence
the set K is saturated. On the other hand, any saturated set that contains z also contains K.
Hence we have Zy(z0) = K.

Now assume t is the address of 2y and let t’ denote an arbitrary admissible address. For all
k > 1, define

tk = (t{)vt&?tév to 7t2k717tlk7tlk+la co )
Therefore we have ME(t') = MEF(t*). We may define Ty gr MEFY(t) — MET(tF) as above.
Therefore the sequence (T} ¢x(20))32,; is a sequence in Zp(zo) and for all k£ > 1, we have

Ty 4x(20) € M(?H(tk) = M(?H(t,) C My (t)).

Since the set Mg} (t') is bounded, this sequence has a convergent subsequence. Clearly any limit
of such subsequence belongs to the set

To(z0) N Mo(t') = () (Zo(z0) N MG (). O
k>1

Lemma 4.30. If zy € My(0), then

Zo(z0) 2 {wo € My | ir;fo en Im(wy, — z,) > —oo}.

Proof. Let t = ()52, be an admissible address and let wg € Mp(t) be a point such that
en Im(wy,) > e, Im(z,) — C for all n > 0 and for some C' > 0. For each i > 1, we will find an
integer 0 < k;; < by,, such that

Ty, (wy,) — 10, (21, + k)| < 3C/4+2Cs + 5.

Fix i > 1, let m :=1; and 0 := ¢y, /|pm|. If 6 > 6 and ey, Im(zp,) < 0, define c:= [§/2] > 3. In
this case, we have

em—1Im(Ty (2 + €)) > em_1 In(Tp (2 4 ¢)) — Cy = % log (d (zm + ¢,0Z)) — Co

1 1
> —loglc—1) —Cy > —1 2-1)—
= og(c—1) Cr 2 o og(d/ ) — Co

1 1
> —log(6/3) — Cy > —log(d) — Cy — 1.
2 27

In other cases, define ¢ := 0. If § < 6, then

1
em—11Im(T, (2 +¢)) > =2 > Py log(d) — Cy — 3.
™
On the other hand, if e, Im(z,,,) > J, then
~ 1
Em—1 Im(Tm(zm + C)) > em—1 Im(Tm(Zm + C)) —Cy = — IOg(é) — Ch.

2
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In any case, we have found an integer 0 < ¢ < b, such that

1
em—11m(T, (2m +¢)) > o log(0) — Cy — 3.

Consider the set
A :=10,0] X iep[em Im(zp, ), 00).

If x € A, then according to Lemmas 4.8(vi) and 4.7 and the discussion above, we have

em—1Im(Tr(z)) < Ca+emo1 Im(Tr(z)) < Ca+ 14+ lim ey Im(Tpn(z))

em Im(y)—o0
1
=5 log(9) + Ca + 1 < ey Im(T5, (2, + €)) +2C2 + 4.

On the other hand, using Lemmas 4.8(iv) and 4.8(vii), we see that
em—11m(T(x)) > em—1 Im(T5, (i Im(x))) > epm—1 Im(T5, (¢ Im(2,))) —2C2 — 1
> em—1 Im(Tm(zm)) —2Cy — 2.

Since T, is uniformly contracting with a factor smaller than one, we see that for any x € A, there
is 0 < k < ¢ such that

lem Im (T (x)) — e Im (T (20 + k)| < 2C2 + 4.
In particular, since wy, + ie,C € A, we may choose k;, such that
T3, (1) = Ty, (21, + k)| < | T(Toa () = I (T (2 + o))+ 1
< |Im (T (Wi, + i€, C)) — I (T (20 + k)| +3C /4 + 1
< 3C/442Cy + 5.
For all i > 1,we use k;, to define
2 =Tt +Tata+ -ty 1+ T0,(ky, +21,) )
Since T), is uniformly contracting, we have
o — 24| < (3/4) T3, (wy,) — T (1, + )| < (3/4)5~1(3C/4+2C5 +5).
Hence we have zé — wy. Since every zé has the same tail as zg, we have wy € Zy(20). O
Lemma 4.31. For every real number C > 8Cy + 7 and every zy € My(0), we have
Zo(z0) = {xo € Mp | Vn > 0, e, Im(zy, — 2p,) > —C'}

= {zo € My | lim_>sup en Im(zy, — 2,) > —o0}.
Proof. Let zy € My(0) and define
Ag = {xzyg € My | ep Im(z,) > e, Im(z,) — C},
for n > 0 and C > 8Cy + 7. Also define
AC = ﬂ U AS = {xo € My | YN >0,3n > N, e, Im(z, — 2,) > —C}.
N>0n>N
The statement of the lemma is equivalent to

Io(Zo) = ﬂ Ag = U AC,.

n>0 C'>8C>+7
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for all C' > 8Cs + 7. Clearly, it is sufficient to prove that

:ﬂAg:

n>0
for all C' > 8C5 + 7.
Fix such C' and consider the set Ai Any point wy € My that has the same tail as zy belongs
to A®. Therefore we have Zy(z9) € AC. On the other hand, according to Lemma 4.30, we have
Zo(20) 2 Nu>0AS. Therefore to complete the proof, it is sufficient to show that A = N,>qAY

and A€ is closed.
We will use an argument similar to proposition 4.16 to show that Ag C Ag_l for all n > 1.

Let n > 1 and xg € AS. If 2/, := iIm(x,,) and 2/, :=iIm(z,), then
enIm(z)) = e, Im(zy,) > e, Im(zy,) — C = e, Im(2], — ie,, C).
Since zp € Mp(0), we have |z, — z],| < 1. Hence

en—1Im(T,(2,)) > en—1 Im(T,(z),)) Lemma 4.8(iv)

( (iv))
> ep—1 Im(7, (i Im(z, — ie,C))) —2C2 — 1 (Lemma 4.8(vii))
> ep—1 Im(7,(iIm(z,))) — 3C/4 —2C3 — 1 (Lemma 4.8(iii))
> en—1 Im(Ty(2p)) — 3/4 3C/4—2Cy —1 (Lemma 4.8(iii))
> en—1Im(Ty(2p)) —

Therefore we have xg € Ag_l
It follows that

=N Y-

N>0n>N n>0
On the other hand, since each A¢ is closed, the set A is also closed. O
Corollary 4.32. For all zy € My(0) and any admissible address t, there is wy € My(t) such that
To(20) N Mo(t) = {0 € Mp(t) | xo > wo} # 0.

Moreover, we have
Io(z()) N Mo(O) = {fL‘o € Mo(t) | xro > Zo}.

Proof. This follows directly from Lemma 4.29 and Lemma 4.31. 0

4.7. Base-points and end-points.

Definition 4.33. For any admissible address t and any integer k > 0, the set My(t) is homeo-
morphic to Mo(t). Therefore we may define the total order > on My(t). Define Endg(t) as the
smallest point in My(t) and Basey(t) as the largest point in My(t). We call them end point and
base point of My (t) respectively. If My(t) is not a point, we say Endy(t) is a proper end-point.
For zy € My, we also use the notation

Basey(z0) := Baseg(t(20)) and Endg(z0) := Endg(#(20)).

Proposition 4.34. The base of My, the set Baseg(My), is a Cantor set. Moreover, we have

Baseo(My) = {Moy(t) | Mo(t) is a point } = Zy(Basey(0)).
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Proof. According to Corollary 4.32, we have Baseo(My) C Zo(Baseg(0)) and
Zo(Baseo(0)) N My(0) = {Basey(0)}.

It follows from the definition that for any saturated set I and any point wy € I, we have P(wy) €
I. Therefore, for every admissible address t and every wg € Zy(Basep(0)) N My(t), we have
P(wg) = Basep(0). Hence, it follows from Lemma 4.25 that Zp(Baseg(0)) N My(t) is a single
point. Now it follows from Corollary 4.32 that

Zo(Baseo(0)) N My(t) = {Basep(t)}.

Hence we have Basey(My) = Zy(Basep(0)) and Baseg(My) is closed.

Clearly the set Baseg(M)) is totally disconnected and contains every connected component of
M)y that is a point. Assume zy € Basey(My) with address t = (¢,)02,. For any i > 1, let zé € My
be a point with address t* := (#%)°° , such that

n=0

Vn <l;, t

n = tn,

and

4
lim sup d b 7] >o0.
k—r00 Q. /P,
According to Lemma 4.20, we have
Mo(t") = {z)} = {Base(t")}.

The Set‘Baseo(Mo) is compact. Therefore, possibly after passing to a subsequence, we may assume
that (z{)$2, is convergent to a point in Baseg(Mp). The addresses of z’s tends to t, therefore
this limit point is equal to Baseg(t) = zp. O

Proposition 4.35. We have

My = Zo(Endop(0)) = {Endo(t) | t has the same tail as 0}.
In particular, if My(0) is not a point, then the set of proper end-points of My is dense in M.

Proof. The second equality follows from Lemma 4.29. According to Proposition 4.21, for any
admissible address t that has the same tail as 0, the point Endg(t) is a proper end-point. Therefore
it is sufficient to prove the first equality to complete the proof.

Let wy € My be a point and fix n > 0. Since My (0) = (\;50 <, M} (0), we have

min{e, Im(z) | z € M,(0)} = lim d’,(0).
1—00
Therefore, according to the definition of End,,(0) and Corollary 4.17, we have
en Im(End,, (0)) < lim d’(0) + 8Cy + 7.

1—00
Hence, according to Proposition 4.21, there is a constant D > 0, independent of n, such that
en Im(End,,(0)) < D, for all n > 0. Since e,, Im(w,) > —2, we have

inf e, Im(w,, — End,(0)) > —2 — sup e, Im(End,,(0)) > —2 — D.
n>0 n>0

Now the statement follows from Lemma 4.30. O
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4.8. Topology of the model. In this subsection, we characterise the topology of the model
uniquely as a subset of the plane. For every admissible address t and every n > 0, the set Mj(t)
is a point or a Jordan arc. For x,y € My(t), we define [z, y] to be the unique (possibly degenerate)
Jordan arc in M(t) joining = and y.

Definition 4.36. In a metric space (M,d), given two sets X,Y C M, the Hausdorff distance of
X and Y is defined as

dy(X,Y) :=inf{e > 0| D(X,e) CY,D(Y,e) C X},
where D(A,r):={x € M |3z € A, d(z,z) <r}, for all AC M and r > 0. We also define
H[M]:={AC M | A is compact and non-empty }.

On H[M], the Hausdorff distance is a metric. The induced topology is called the Hausdorff
topology.

Proposition 4.37. If (zg);‘;l s a sequence in My and that converges to a point zg € My, then

lim dg ([20, Baseo(t)], [27, Baseo(#)]) = 0,

j—00
where dg is the Hausdorff distance on subsets of the plane.
Proof. Let t = t(20) = (tn)0, t = t7(20) = ()52 o and m > 0. Assuming C := 8Cs + 7, for all
j > 1, define

K7 = {t}, + iy | emIm(z],) — C < emy < en Im(Basen (7)) + C},

K :={tm +iy | emIm(zy) — C < eny < e, Im(Base,, (20)) + C}.
We have Re(M,(t)) C (tm, tm+1). Using this and Corollary 4.17, we see that

[2m, Basen, (t)] € D(K,1) and K C D([zm,Basen(t)],C).

In other words,

dp ([zm, Basen,(t)], K) < C.

Similarly, we have
du([22,, Base,, (t7)], K7) < C,
for all j > 1.
Since Zo — 29, we have t/ — t. Consider the sequence (Base,,(t/))% 721. Since Basen,(Mp) is
compact, any convergent subsequence converges to a point with address t in Base,, (Mp). In other

words, we have Base,,(t/) — Base,,(t). Using these facts, we see that there is j,, > 0 such that
for all 5 > j,,, we have

|2, — zm| <1, |Basen(t’) — Base,(t)] <1, YO<n<m, t)=t,.
Therefore, we have dy (K, K7) < 1, for all j > j,,. Hence, for all j > j,,, we have
dpr([2m, Base,, (t)], [22,, Base,, (t7)]) < dg([2m, Basen, (t)], K) + di (K, K7)
+dy (K7, [z, Base, (t7)]) < 2C + 1.
If we define T™ : H,,, — Hj as
Vz e Hy, T™(2):=Ti(t1+To(te+ - Tm(z)--+)),
then, for all j > j,,, we have

[20, Baseg(t)] = T™ ([zm, Basen, (t)]), [zé,Baseo(tj)] = T™([2,, Base,, (t7)]).
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Hence we may use uniform contraction of T},’s to conclude that
, , 3
dr([z0, Baseo(t)], [2), Baseo(t7)]) < (Z)m@C +1),

for all j > j,,. Since this is true for all m > 0, we see that

lim dgr([20, Baseo(t)], [27, Baseo(t7)]) = 0. O
J]—00

Definition 4.38. Let U C C be an open set. A point p € OU is accessible from U if there is a
continuous map X : [0,1) — U such that

lim A\(x) = p.

z—1
Proposition 4.39. Let I C My be a saturated set and let v C I be a Jordan arc. Then any
interior point of v is not accessible from C\ I.

Proof. Let wp be an interior point of v and let t := t(wp) = (¢,)52,. There are points zg < yp in
I N My(t) such that v = [zg,y0]. Let i > 1 and define the map 7% : H> — M{ as
Vz e HP, T'z2):=Ti(t1 + To(ta+---Tp,(2)--)).

Also define 4 := (T%)~1(vy) C M;,.

If t;, > 1, then let k1 := —1. In this case %+ ky is contained in M;, and therefore Ti'(vi +k) C
M. Since any point in T°(y* + k1) has the same tail as some point in 7, we have T*(y" + k1) C I.
Otherwise, if ¢;, = 0, let k1 = ||q¢,/pi,|| — |lai,/pi;] — 1 € [—1,0). Here, we have v* 4+ k1 C
M, — |ai,/pi;|. Therefore, since T}, is periodic with period |g;, /pi,|, we have

T' (Y + k1) =T (Y + k1 + |ai, /i, |) € M.
Similar to before, we have T%(y* + k1) C I. We define ko similarly. If ¢;, < ||q;,/pi,|], then let
ko := 1. Otherwise, let ko := —||q,/p;|] + |ai;/pi;| +1 € (0,1]. Similar to before, we see that
T'(v* + ko) C I. _
Assume [ <" are two real numbers such that Im(4*) = [I,1'] and consider the set
{z+iyeClye LI\ ((V +k) U (' + k).

There is a unique connected component of this set that contains 4’ in its closure. Let Dfi
denote the closure of this connected component and define D} := T’(DZZ) Note that we have
Dfi C D(4%,2). Therefore, using the uniform contraction of T},’s, we have

D} € D(,2.(3/4)")
We have ¢, = —1 and v = [zg, yo] where 29 < yo. Using Corollary 4.17, we see that
Im(zy) > - C, Tm(y,) <V +C,

where C' := 8Cs + 7
Assume zp € 0D \ I. By construction we have

D]\ (V' + k1) U (Y + k2)) € (R+dl) U (R+3l').

Therefore z;, € (9Dfi and Im(z;,) € {l,I'}. We also know that v* C M, (t) and therefore Re(v*) is
an interval with length less than one. Hence

d(zlﬂ {$liayli}) < C+ 3.
Therefore, using the uniform contraction of 7},’s, we see that

d(z0, {z0,y0}) < (3/4)"(C + 3).
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We now have the ingredients of the proof. Assume wy is accessible from C\ I. Therefore there
is a Jordan arc A in the plane such that AN T = {wp}. We know that v C D} C D(v,2.(3/4)%),
for all 4 > 1. Therefore v = N;>1Df. The set A\ {wp} does not intersect . Therefore there is
N > 1 such that 9D N\ # 0, for all i > N. For every such i, choose 2§ € dDj N A C 9Dy \ I.
Based on the arguments above, we have

d(zh, {0, y0}) < (3/4)%(C + 3),

for all # > N. Hence either xg or yg is a limit point of the sequence (z(’));’i N- Since A is compact,
it follows that either xy or yg belong to A. However this is impossible since {z¢,y0} Cv CI. O

In Section 6 we will describe a certain class of topological objects in the plane, called hairy
Cantor Sets. These sets are characterised by universal topological properties similar to Cantor
sets. Moreover, all hairy Cantor sets are ambiently homeomorphic.

Theorem 4.40 (Theorem A). One the following statements is true.

(i) The sequence (p;/4i);2, satisfies condition C and M, is a Cantor set.
(11) The sequence (p;i/4i);2, does not satisfy the condition C and M, is a hairy Cantor set.

Proof. Since M, and My are ambiently homeomorphic, it is sufficient to prove the theorem for Mj.
If condition C is satisfied, then Proposition 4.21 and Corollary 4.26 imply that My = Basey(M))
and Proposition 4.34 implies that My is a Cantor set. Now assume that condition C is not
satisfied. Then My C C is a compact set and the following statements are true.

(i) Every connected component of M is either a Jordan arc or a single point. (Proposi-

tion 4.16)

(ii) The closure of the union of the point components of M) is a Cantor set, namely Basey(M)).
(Proposition 4.34)

(iii) Any arc component of My meets Baseg(Mp) at one of its end-points. (Definition of base-
points)

(iv) For any sequence (z%);ey in Mo with z° — z, we have [Baseg(z?), 2!] — [Baseq(z), 2] in the
Hausdorff topology.(Proposition 4.37).

(v) The set My \ Baseg(Mp) is dense in Baseg(Mp). (Proposition 4.35)

(vi) The points in the interior of the arc components of My are not accessible from C\ M.
(Proposition 4.39)

Therefore, according to the definition, Mj is a hairy Cantor set. O
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5. DYNAMICS ON THE MODEL

In this section, we define a function fy on the model. This function is designed to model the
behaviour of infinitely satellite quadratic polynomials on their post-critical set. We will identify
the closed invariant subsets of the model under fy and describe their topology. We will also show
that fp is uniquely ergodic and describe the ergodic measure.

5.1. The function f,.
Definition 5.1. Let zy be a point in My. If t(z9) = -1, then we define

fo(Zo) = P(Zo) S M()(O),
where P : My — My(0) is the map described in Definition 4.24. Otherwise, the addresses
t(z0) and t(zo) + 1 have the same tail. In this case, we define fo(zo) to be the unique point in
Mo(t(z0) + 1) that has the same tail as z9. Since My and M, are homeomorphic under the map
2 — ¥ we obtain a map f. : M, — M, conjugate to fo: My — M.
Lemma 5.2. If zy € My and wo := fo(20), then we have

| Tm(z, — wy)| < 12,

for allm > 0.

Proof. Let t :=t(20) = (tn)s2, and t' := t(wp) = (1,,)72 . First we consider the case t # -1. In

n=0"
this case, the points zy and wg have the same tail. Let k& > 0 be the smallest integer such that
2, = wg. We have t' =t + 1. Therefore ¢, =t;_1 — 1 and
tm =0, am/|pm| =1 < Re(zm) < gm/|pml,
for 1 <m < k — 1. Hence Re(zm, — wim) < Re(2m) < ¢m/|pml, and
Re(zm — wm) = Re(zm) — Re(wm) > (gm/[pm| — 1) = (G, + 1) = g/ |pm]| — 2.

Now we use backward induction to prove the lemma. For n > k, we have z, = w, and we also
have wg_1 = zp—1 + 1. Hence, for all n > k — 1, we have Im(z, —w,) = 0. If £ > 2, we may use
Lemma 4.8(iii) to see that

3 3
|Im(zk_2 — wk_2)| = |Im(Tk_1(Zk_1) — Tk_l(wk_l))| < Z|Zk_1 — wk_1| = Z < 12.

Assume 1 < m < k — 2 and the lemma is true for all n > m. According to Lemmas 4.1(i)
and 4.4(i), we have |T)(Wm + ¢m/|Pm|)) — Tm(wm))| < 1. Therefore

| Im(2—1 — Win—1)| = [Im(Tn (2m) — Tin(wm))| < [Tin(2m) — T (wim)|

3
< ’Tm(zm) - Tm(wm + Qm/’me’ +1< Z|Zm — Wm — Qm/|pm|’ +1

< = (| Im(zm — wim)| + | Re(2m — Wi — @/ |Pm])]) + 1

<

= ok W

(12+42)+1<12.

The remaining case is when t = -1. For m > n > 0, define
Zp = Tt (Tog2(c - - Tin(2m) -+ +))-

Note that we have wy = fo(20) = P(20) € {2" | m > 0} and therefore w,, € {z7* | m > n}. Hence
it is sufficient to prove |Im(z]" — z,)| < 12, for all m > n > 0. We use induction on m — n. If
m—n = 0, then we have 2] = z, and if m—n = 1, then 2] — 2, € Z. Assume |Im(z)"" —z,,)| < 12,



59

for some value of m >n > 0. We have |2 —iIm(z]")| < 1 and |z, — (i Im(2y) + ¢n/|pnl)] < 1.
Hence

| Im(2p" 1 — 2n—1)| = [Im(Th(27") — Tn(2n)| < [T0(23") — T (20)]
<|T(iIm(z)")) — Tn(iIm(2pn) + gn/|pnl)| +2  (Lemma 4.8(iii))

n)) =
<|Tn(EIm(z") — T (i Im(2y,))| + 3 (Lemmas 4.1(i) and 4.4(i))

3
< 1\ Im(z" — z,)| + 3 < 12. (Lemma 4.8(iii)) O
Theorem 5.3. The function f.: M, — M, is a homeomorphism.

Proof. 1t is sufficient to prove that fo : My — My is a homeomorphism. Since M is a compact set,
it is sufficient to show that fy is continuous and bijective. We start with continuity. Let (2§)%2,
be a sequence in My converging to a point zg € My. Also let wy := fo(zp) and wg = fo(z:é)7 for
all i > 1. If t(20) = (tn)52 # -1, then wg and zp have the same tail. Let £ > 0 be the smallest
integer such that w,, = z,, for all n > k. We have

wo = Ti(Ta(- - Tho1 (251 + 1) --+))
= T(To(- T (T (- T (T (20 — t0) —t1) —t2---) + 1)),

Let T denote the function above that sends zg to wg. For large i, we have d(t(z}),t(z0)) < 27%.
For such value of i, the first k terms of the sequence t(z{) is equal to the first k terms of t(z).
Therefore the first k terms of the sequence t(w) is equal to the first k terms of t(wp). Hence we
have T(z8) = fo(z{) = w}, for large i. Therefore fy is continuous at 2.

Next we assume t(zp) =-1. Let n > 1 be an integer. We have

|wn — w| < wn + gn/|pal = 20l + (W), + @n/Ipal — 20| + |20 — 23|
According to Lemma 5.2, we have
| Tm(wy, + go/|pal — 20)| <12, Vi > 1, [Tm(w), + go/|pa| — 23,)] < 12.

On the other hand, we have Re(w,) € (0,1) and Re(gn/[pn| — 2n) € (0,1). Similarly, for large i,
we also have Re(w!) € (0,1) and Re(qn/|pn| — #5,) € (0,1). Therefore |wy + gn/|pn| — 20| < 14
and ' .
timsup [, + gn /] — 2] < 14.
1—+00

Therefore, according to Lemma 4.8(iii), we have

lim sup|wy — wh| < (3/4)™ lim sup |w, — w,|

1—+00 1—+00

< (3/4)" [wn + an/|pal — 2za| + (3/4)" limsup [wy, + gn/|pa| — 20| + (3/4)" Lim |z, — 2,

1—00

< 28(3/4)",

for all n > 0. Hence lim;_,, wé = wyp.

To complete the proof, we need to show that fy is a bijection. Let wy be a point in Mj.
If t(wo) # 0, then t(wp) — 1 has the same tail as t(wp). Hence there is a unique point zy €
My(t(wo) — 1) that has the same tail as wg and we have fy(29) = wp. Hence the map

folaro\ato(-1) + Mo \ Mo(-1) — Mo \ Mo(0)

is a bijection. According to Lemma 4.25, the function fo|yz(-1) = Plag(-1) : Mo(-1) — Mo (0) is
injective. Therefore fy is injective on My. The function fy is continuous and My is compact. Hence
the set fo(Mp) is a compact subset of M that contains My\ My(0). According to Proposition 4.35,
the set Endg(Mp) is dense in My. The set My is either a Cantor set or a hairy Cantor set. Therefore
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it does not have any isolated points. Hence Endy(Mj) \ {Endo(0)} is also dense in Mj. Therefore
we have fo(M()) = MO. O

5.2. Closed invariant subsets. Here we will describe the topology of the closed invariant sub-
sets and show that these sets form a simple curve in the space of non-empty compact subsets of
the plane with the Hausdorff topology. In fact, we will show that closed invariant subsets are
exactly saturated subsets, as defined in Subsection 4.6. Recall that for all zy € My, the set Zy(zp)
is the smallest saturated subset containing zy. We start by showing that these saturated subsets
are invariant.

Lemma 5.4. For all zg € My, we have Zy(z0) = Zo(P(z0)) = Zo(fo(20))-

Proof. Let t := t(20) = (tn)5% and wg := P(zp). If t # -1, then zp and fy(2¢) have the same
tail and we have Zy(z9) = Zo(fo(z0)). On the other hand, if t = -1, then we have Zy(fo(20)) =
Zo(P(z0)) = Zo(wp). Therefore we only need to show that Zy(z9) = Zo(wp).

We have wy = P(z9) € Zo(z0). Therefore Zy(P(z9)) € Zo(z9). To complete the proof, it is
sufficient to show that zy € Zy(wp). To prove by contradiction, assume zg ¢ Zo(wp). According
to Lemma 4.31, we have

lim sup e, Im(z,, — wy,) = —o0.
n—oo

Therefore, there is C' > 0 such that
enIm(z, —wy,) < C,

for all n > 0.
For all 0 < n < m, define

zti=TroTho--0Ty(zm), wi:=Ti(t1+Talta+ - Tn(wm)---)).
According to Lemma 4.22, we have
en Im(wy,) < ep Im(w]) +C',
for all 0 < n < m, where C’ := 8C5 + 12. Hence we have
enIm(2,) < e Im(w) + C + 7,

for all 0 < n < m. For any m > 0, we have t(w(") = (tn,t1,t2, -+ ,tm-1,0,0,---). Therefore,
according to Lemma 4.23, we have

—C —C' < epyIm(w)) — 2,) < ey Im(wy, — 2") + C”,

for all 0 < n < m, where C” := 6(C + C’) + 64C5 + 148. We have |Re(w” — z,)] < 1 and
| Re(wy, — z")| < 1. Therefore

W — 2| < 14 | Im(w) — 2,)| < 1+ (C + C') + [ Im(w, — 27)| + C”
<|wnp — 2|+ C+C'+C" + 2.
We have wg = P(zp). Therefore,
lim inf |wg — 2{*| = 0.
m—0o0
It follows that
lim inf |w,, — z'| = 0,
m—ro0
for all n > 0. Hence, using the uniform contraction of T},’s, we have
liminf [w{’ — 20| < (3/4)™ liminf |w]* — z,| < (3/4)"(C + C" + C" + 2 + lim inf |w, — 2)'|)
m—00 m—00 m—00

= (3/4)"(C+C'+C" +2),
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for all n > 0. Therefore
lim inf |wi" — 29| = 0.
m—00

Since each w{" has the same tail as wo, this implies that 2y € Zo(wo). O

Theorem 5.5 (Theorem D). Every point in M, is forward and backward recurrent for the func-
tion fi.

Proof. 1t is sufficient to prove the result for fy : My — My. Let 29 € Mg and t := t(20) = (£n)52-
First we show forward recurrence. Assume t and -1 have the same tail. Therefore, there is k > 0
such that t + %k = -1. Let wg := fé““(zo) € My(0). If g € My has the same tail as wy € My(0),
then there is an integer m > 0 such that t(zg) = 0 + m and xz9 = fi"(wo). Hence, using
Lemmas 5.4 and 4.29, we have

20 € To(20) = Zo(f5" (20)) = To(wo)

= {xo | o has the same tail as wo} = {f§*(20) | m > k + 1}.

Therefore zj is forward recurrent.

Now assume t and -1 do not have the same tail. Therefore, there are infinitely many k& > 1,
such that Re(My(t)) € (qx/|pk| — 1, qk/|pk]). Choose a k with this property and let ¢ = i > 1
be the integer such that [; < k < I;11. Define

tk = (t()utl) et 7tli—17
max(tli, bli — 2), max(tliH, bli+1 — 2), e ,max(tk_l, bk—l — 2),
te+ 1yt tego, o)

We want to show that t* is admissible. First note that, for all n > 0, M,,(t*) does not depend on
the first n — 1 terms in the sequence t*. Hence My (t¥) is well-defined and it is equal to My, (t)+ 1.
According to the definition, for all n > 0, we have

bn—2

U (Tn(Mn) + l) - Mn—l-

1=0
Therefore the set M, (t*) C Ml’Z is well-defined. We may lift the set Mfi with (to,t1,--- ,t;,—1)
to obtain M{(t). Therefore we may lift M, (t*) similarly to obtain My(t*). In other words, t* is
admissible. On the other hand, it is clear from the construction that there is an integer my > 0
such that t* =t +my. Let 2§ := i (20) € Mo(t¥). For all [; < n < k, we have

|Z’rkz: — zn| = [Tht1 (Zyli-i-l) +max(ty, by —2) — (Tny1(2ns1) + tn)|

3
< Tns1(2h41) = Tt (ons) | +2 < 12k — 2] +2

We also have z’,j = 2 + 1. Therefore, we may use induction to see that |zl’j — z,] < 8. Hence we

have |20 — fo™ (20)] < 8(3/4)". As k tends to infinity, ix also tend to infinity. Therefore zq is
forward recurrent.

Proving backward recurrence is similar. Assume t and 0 have the same tail. Therefore, there
is k > 0 such that 0 + £ = t. Let wg := fofkfl(zo) € My(-1). If xp € My has the same
tail as wg € My(-1), then there is an integer m > 0 such that t(zp) + m = -1 and therefore
xzo = fi " (wo). Hence we have

20 € To(z0) = To(fy " (20)) = Zo(wo)
= {xo | o has the same tail as wo} = {f; " (20) | m > k + 1}.
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Therefore zg is backward recurrent.

Now assume t and 0 do not have the same tail. Therefore, there are infinitely many k > 1,
such that Re(Mj(t)) € (0,1). Choose a k with this property and let j = ji > 1 be the integer
such that I; <k < lj41. Define

~k
t = (to, t1, - -1,
max(tlj,bl]. — 2), max(tle, blﬁ-l — 2), cee ,max(tk_l, bk—l — 2),

te — Litgsn, thogo, o0 ).

.. ~k . . . . ~k
Similar to above, t~ is admissible and there is an integer ng > 0 such that t* + n; = t. Hence
we may use a similar argument to see that |29 — f5 " (20)| < 8(3/4)". Therefore 2 is backward
recurrent. U

Corollary 5.6. Every closed forward or backward invariant subset of M, is totally invariant.
Moreover, any closed invariant subset of M, such set is a saturated subset.

Proof. The first statement follows immediately from the previous proposition. Let I be a closed
invariant subset of M, and let z, € I. If w, € M, has the same tail as z,, then there is an integer
k such that t(w.) = t(24) + k. Therefore w, = f¥(z,) € I. O

According to Lemma 5.4, for any z, € M,, the set Z,(z,) is a closed invariant subset of M,.
The next theorem shows that these are the only closed invariant subsets of M,.

Theorem 5.7. The map Li|n, g) : M«(0) — {closed invariant subsets of My} is a homeomor-
phism with respect to the Hausdorff metric on the compact subsets of the plane. Moreover, for all
Zi, 2y € M (0), we have zy > 2, if and only if T.(z) C L.(2)).

Proof. 1t is sufficient to prove the statement for fo : My — My. Let zp, 2, € My(0) such that
20 > 2{,. According to Corollary 4.32, we have

20 € {330 S M()(O) ’ xo > 26} - Io(z()).

Therefore Zy(zo) C Zp(z)) and the proof of the second statement is complete.

The set My(0) is compact. Therefore, to prove that Zp| Moy (0) 18 @ homeomorphism, it is sufficient
to show that it is bijective and continuous. Choose a non-empty closed invariant set I C Mj.
According to Corollary 5.6, I is a saturated set. We have P(I) = I N My(0) and P|;naz(0) =
Id |7nns(0)- Therefore, using Lemma 5.4, we have

I= Zo(2) = JP(0) = U Tol20)-

z0€l z0€l zo€INMyp(0)

According to Corollary 4.32, for every zo € I N My(0), we have Zy(z9) N Mp(0) = [z0, Basey(0)].
Since I N My(0) is closed, there is a unique wg € I N Mp(0) such that

INMy(0)= | [z0,Baseg(0)] = [wo, Basen(0)] = {29 € Mo(0) | z0 > wo}.
zo€INMy(0)

Hence wy is the unique point in My(0) for which we have I = Zy(wy).

To complete the proof, we need to show that the map Zo|pzy () is continuous. We start by
finding an upper bound for d(Zy(z¢),Zo(yo)) whenever xy and yo are two points in My(0). Let
xo > yo be two such points and let y, be a point in My that has the same tail as yp. Then
t:=t(y)) = (tn)52, is an address that has the same tail as 0. Let z{, denote the unique points
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in Mp(t) that has the same tail as xo. and let m > 0 be the smallest integer such that ¢,, = 0.
Then we have

VO<n<m, yp=Thr10Thi20-0Tn(y,), xn:=Thi10Tphio0---0Ty(z),).
Consider the homeomorphism
20+ Ty(t1 + Tty + - Ton (T (T (- T M (20) -+ ) -+ ) = Mo(0) — My(t).

This homeomorphism sends Base(0), x¢ and yo to Baseg(t), x;, and y respectively. The Jordan
arc [yo, Basep(0)] is mapped into [y, Baseg(t)] Hence we have x, € [y;, Baseg(t)] which means
x( > Y. Therefore, according to Corollary 4.17, we have

Vn >0, e,Im(z)) > e,Im(y,) - C,
where C := 8Cy + 7. Now we may use Lemma 4.23 to see that
Vn >0, e,Im(z), —vy),) <e,Im(x, —y,)+C —1,
where C' := 6C + 64C5 + 149. We have t(z() = t(y(). Therefore
Vn >0, |2}, =yl < [Im(af, — yp)| + [Re(al, — yp)| < |on — yn| + C".
Since x(, € Zp(xo), this implies that
Vn >0, d(y,,{zn € My | 20 € Zo(z0)}) < |on — yu| + C'.

Recall that we chose y;, to be an arbitrary point that has the same tail as yo. According to

Lemma 4.29, we have Zy(yo) = {y, € Mo | y, has the same tail as yo}. Therefore, the above
inequality holds whenever y(, € Zy(yo). So we have

{2n € My, | 20 € To(w0)} C {2z € My, | 20 € Zo(yo)} € D({2n € My, | 20 € Zo(w0)}, |20 — yn| +C').

Hence

dr(Zo(z0), Zo(yo)) < (3/4)"dn({zn € My | 20 € Zo(w0)}, {2n € My | 20 € Zo(yo)})
< (3/4)"(|an — yn| + C"),
for all n > 0.

Assume (23); is a sequence in My(0) that converges to a point 29 € My(0). Then we have
2}, — zn, for all n > 0. Hence we have

vn >0, limsupdi(Zo(2)), Zo(20)) < limsup(3/4)"(|2;, — za| +C") = (3/4)"C".

1—00 1—+00
Therefore
lim dg(Zo(24), Zo(20)) = 0. O
1—00
Theorem 5.8 (Theorem E). The base Cantor set is the only closed invariant subset of M, which
1s a Cantor set. If M, is a Cantor set, then f. is minimal. Otherwise, there is a homeomorphism

T, : [0,1] — {closed invariant sets for f.: M, — M.},

such that the following hold.
(i) The set T.(0) is the base Cantor set of the hairy Cantor set M, and TZ.(1) = M,;
(it) For 0 <z <1, I,(x) is a hairy Cantor set.
(11i) For 0 <z <y <1, we have Z.(x) C Z.(y).
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Proof. We will prove the statement for My. If My is a Cantor set, then it is equal to its base
Cantor set. According to Theorem 5.7, My is the only non-empty closed invariant subsets of
itself. Hence fy is minimal.

Assume M is not a Cantor set. Therefore, according to Proposition 4.16 and Corollary 4.26,
the set My(0) is a Jordan arc. Hence, using Theorem 5.7, we may define Zy such that (i) and (iii)
hold. To complete the proof, we need to show that every non-empty closed invariant subset of M
that is not the base Cantor set is a hairy Cantor set. Let I be a non-empty closed invariant subset
of My. According to Corollary 5.6 and Theorem 5.7, there is zy € My(0) such that I = Zy(zp).
If zyp = Basey(0), then I = Basey(M)j) is a Cantor set according to Proposition 4.34. Let us
assume 2o 7# Baseg(0). To prove that I is a hairy Cantor set, we will check the conditions in the
definition of the hairy Cantor sets.

(i) Every connected component of I is either a Jordan arc or a single point. (Corollary 4.32)

(ii) Closure of the union of the point components of I is a Cantor set, namely Baseg(I) =
Baseo(Mp). (Proposition 4.34 and Corollary 4.32)

(iii) Any arc component of I meets Baseg(I) at one of its end-points.(Corollary 4.32)

(iv) For any sequence (z%);cy in I with 2* — 2z, we have [Baseg(z?), '] — [Baseg(z), 2] in the
Hausdorff topology.(Proposition 4.37).

(v) The set I\ Basey(I) is dense in Baseg(/). (Lemma 4.29 and the fact that any point in
My that has the same tail as 2z is not a base point.)

(vi) The points in the interior of the arc components of I are not accessible from C \ I.

(Proposition 4.39) U

5.3. Unique Ergodicity. Here we will show that f, is uniquely ergodic and describe the ergodic
measure. We start with an auxiliary lemma.

Lemma 5.9. Let ¢ : My — R be a continuous function. If q;. = Qoqn Gy Qs Jor all § =1,
then we have

q;—1
lim > diam (¢(Mo N M0+ k))) = 0.

h /
17045 4=

Proof. Since My is compact, the map ¢ is uniformly continuous on this set and it has a uniform
bound. In other words, there is a function w : [0,00) — [0, 00) such that

limw(e) =0, Va,ye Mo, |¢(z) - o(y)| <wllz —yl),

e—0
and there is a constant C’ > 0 such that
Vo € My, |o(x)| < .
For j > 1, define
AT = {t = (t,)22, | t is an admissible address, Yk > [;,¢; = 0}.
According to Lemma 4.11, we have A7 = {0+ k |0 < k < ¢;}. We divide the proof into two

cases.
Case (i) - limsup,_, [p;;/q;| >0 :
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In this case, there is a constant C' > 0 and a sequence (j;);2; such that |q;; /p; | < C. Fix

i >0 and let m := [;,. For any address t € A% we have
diam (M7:_ (8)) < (uf},_ (8) = &,y (8) +1 < uly () +3

<2Cy+5+ lim em—11m(Ty,(2)) (Lemma 4.19)

em Im(z)—o00

=90, 454 o loglas /) + In(C} (/0 ))  (Lemma 4.4())
<205 + % log(C) + 7. (Lemma 4.4(iii))
Therefore
diam (Mo 1 M (£)) < diam (M (t)) < (3/4)™" <202 + % log(C) + 7) .
Hence we have
diom (6(3 1 MJ (0) < o (3451 (22 + 5 1ow(©) 4 7) ).

for all ¢ > 1 and any admissible address t. ‘
As we saw in the proof of Lemma 4.9(vi), every connected component of M] contains Q;

connected component of My gt Therefore, we have

= > diam (¢(Mo N M (¢ > diam (¢(Mo N M (t)))
qj tc Al ql qJ tcAit+l
1 . ;
=—— > diam (¢(Mo N M ().
U+1 gearn
Hence
lim sup — 7 Z diam (¢(Mo N Mg(t))) < limsup q— Z diam (¢(Mp N Mgi (t)))
gm0 95 e ai o0 i pe i
1
< limsupw <(3/4)l ;1 <26’2 + —log(C) + 7>> = 0.
1—+00 2w

Case (ii) - lim; e [p1;/qi;| =0 :
Define

. . .
B]r:{t:t © e A r< —21 <1—7"},
( ) ( n)nfo Qijl/’plj,l‘

for 0 <r <1/2and j > 2. Let j > 2 be an integer. In the proof of Lemma 4.20, we showed that

, 1 t, -1
upt (t) - d;j_ll(t)( < ;- log (d (lZ) ) +6Cs + 6,

a,/Ipy;|
for all i > 1. Therefore for all t € B’(r), we have
diam (M, (t)) < ‘u{jilfl(t) - d{jirl(t)‘ +1

1 ty; !
<—logld| ————,7Z +6Cy + 7
27 qu—l/|plj—1‘

1
< —log(1/r) +6Cy + 7.
2
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Therefore
diam (M (t))) < (3/4)—171 (;ﬂ log(1/r) + 60y + 7) :

which implies that
diam (¢(Mp N Mg(t)))) <w <(3/4)lj1_1 <217r log(1/r) +6Cy + 7)) ,

for all addresses t € BY(r).
On the other hand, for any admissible address t, we have

diam (¢(Mp N Mg(t))) <2 sup |p(z)] < 20"

xGMg
Putting these together, we obtain
1
= > diam (¢(Mo N M (t)))
4 teAJ
1 1 ;
=— Y diam(p(Mon MJ(t)) + = diam (¢(My N M} (t)))
9 tEAT\Bi(r) J teBi(r)
Bi BJ 1
< (1= BN (g0 4 1B <<3/4)lw—1 <1og(1/r> 160, + 7)) .
4d; 4q; 2w

If we take the limit j — oo, we see that

lim sup - Z diam (¢(Mp N Mj (t))) < 2C". lim sup (1 - |Bj<7“)|> -

oo GG i j—oo

Now, looking at both sides at the limit » — 0, we obtain

limsup — > diam (6(Mo N MJ(£))) < 20" lim inf lim sup (1_ | W'),

; ;
j—oo  4; Y =0 e j

Therefore, to complete the proof, it is sufficient to show that

B
lim lim inf 20— .
r—0 j—oo qj
Define
Bl i={t=(ta)0 € A | t;, , =k},

for all 0 <k <, ,. Note that Al = Uﬂékész,lBk' Let

k= [ = w F1<r Bl po and K= {(1—1") LU J Cos (1ot
;| ;| ;| ;|

Clearly we have Bi C Bi(r), for all k; < k < k;

Let t € Bi for some 0 < k < b, , — 3. The set Mlj}l(t) is a connected component of Mi_il
and Re(Mé_l (t)) € (0,by;,_, —2). Therefore the set Mé_l (t)+1 is also a connected component of
M C HP. Hence we may lift this set with the map z ~ T} (t1 +To(ta+- - - t,_ 1 —i—Tl].71(2) )

Jj—1
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to obtain a connected component of Mg. Clearly this connected component has the address
(to,t1,t2, -+ ,t;,_, +1,---). Therefore the map

(t07t17t27"' 7tlj717"') — (t07t17t27"' 7tlj71 +17) : Bi _>Bi+1

is well defined and injective. Hence we have |Bi] > ]Bi_d, for all 0 <k < by,_, —3. On the other

hand, for 1 < k < by, we may use a similar argument to see that |Bi| > ]Bi Hence

s

58] = 8] =[] = = |21, | 2 |

| = 1B
The equality A7 = Uo<k<b,. 1Bi implies that
<k<by_
q;’ = |A]| < (blj71 + 1)‘Bé| < (|qu71/plj71’ + 2)‘3(])’
Therefore we have

5 K. —k
. ) ) —ki+1 1—2r)|q, | —4
|BY(r)| > E ‘Bz’:(k;—kj-i—lﬂBé]Z i ™ ;o Ny, /vy, | /
k—k;

|qu71/plj—1’ +27 ’qufl/pljfl‘ +2 !

Hence ]
|BJ (T)’ > (1 - 2T)|qu71/plj71] -4 - 1—2r— 4‘plj,1/QIj,1’

q;‘ N |qu—1/plj—1’ +2 1+ 2|plj—1/qu—1|
If we take the limit j — oo, we see that

BJ
lim inf |7ST)’ >1-2r
Therefore we may take the limit » — oo to obtain
BJ
limn Tim i | @' —1,
r—0 j—oo qj
which completes the proof. O

Proposition 5.10. The function fy : My, — M, is uniquely ergodic.

Proof. 1t is sufficient to prove that fo : My — My is uniquely ergodic. According to [Man87,
Theorem 9.2], the function fp is uniquely ergodic if for any continuous function ¢ : My — R and
every z € My, the limit

n—1
Tim =57 o5 (2))
k=0

exists and is independent of z. Let ¢ : My — R be a continuous function. Since My is compact,
there is a constant C' > 0 such that |¢(z)| < C, for all z € M. For z € My and n > 1, define

n—1
Su() = = 3" o(f ().
k=0

Clearly we have |S,(2)| < C, for all z € My and n > 1. Also let q; = Qoqn Qi Q- for all
7 >1and
N
5; = 7 >~ diam (¢(Mo N M (0 + k))).
J k=0
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Let w,z € My, j > 1 and ¢ := q;-. According to Lemma 4.11, the set {fF(z) | 0 < k < ¢}
has exactly one point in every connected component of Mg and the set of connected components
of M is equal to {MJ(0 + k) | 0 < k < ¢ —1}. The same is true for {f§(w) | 0 < k < ¢}.

Therefore there is a permutation o of {0,1,---q — 1} such that f¥(z) and fg(k)(w) belong to the
same connected component of My, for all 0 < k < g. Therefore we have

—

(=}

q—1 ‘
[S4(2) = Sg(w)| < |mﬁ@»—mﬁwu»giE)meW@mwm+m»=@
=0

Q|

l

Let n > 1 be an integer. There are unique integers £ > 0 and 0 < r < ¢ such that n = kq + r.
Therefore we have

Il
o

k—1 n—1
[Sn(2) = Sqy (W)l = —1a p_(Sy( 01(2)) = Sg(w)) + Y (6(f3(2))) — Sg(w))
i=0 i=kq
q k—1 _ 1 n—1 ‘
< 2 18 o' (2)) = Sq(w)| + - > (5N + [Sg(w)])
i=0 i=kq
2q.C
ﬁ(;j + @ 5 9
n n
Therefore, for all m > 1, we have
s Sm(w)] < |5 s s 5. ()| < 25, 1 4C
19(2) = Sm(w)] < |Sn(2) = Sy (w)] + [Sm(w) = Sy (w)] < 265 + min(n,m)’
According to Lemma 5.9, we have lim;_,, d; = 0. Hence the sequence
Sl('z)7 Sl(w)’ 52(2)7 SQ(w)7 T
is Cauchy. Therefore the limit lim,_,~ S, (z) exists and it is equal to lim, .o Sy (w). O

Theorem 5.11 (Theorem F). There is a unique Borel probability measure p on Base,(M,) such
that for any 7 > 1 and any admissible address t, we have

» 1
wu (Base. (M) N M (1) = ——.
(Base, (M) (t)) wg
The measure p is the unique ergodic probability measure for f. : M, — M,.

Proof. We will prove the statement for My. If v and p are Borel probability measures on
Baseo(Mp) such that

) . 1
i (Baseo(Mo) N M} (t)) v (Baseo(Mg) N M (t)) -
192 - qi;_,

for any 5 > 1 and any admissible address t, then we may use Caratheéodory extension theorem to
see that v = pu.
Let z := Basey(0). If p is the unique ergodic probability measure, then we have

1 n—1
. o
ggngamm—kﬁm

for every continuous function ¢ : My — R. According to Lemma 5.4, Theorem 5.5 and Proposi-

tion 4.34, we have {fF(2) | k > 0} = Zo(z) = Baseo(Mp). Therefore the value of the limit above
only depends on ¢]Baseo( Mo)- Since p is a Borel measure, the set My \ Baseg(M)j) is measurable
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and we have p(My \ Baseg(Mp)) = 0. In other words, the support of 4 is contained in the Cantor
set Baseg(M).
For any j > 1 and any admissible address t, there is a continuous function ¢ : C — R such

that ¢(w) =1 for w € Mg(t) and ¢(w) =0 for w € Mj \ Mj(t). Therefore we have

(Baseo(Mo N M (t / pdp = hm *Z¢ (f3(=

According to Lemma 4.11, from every consecutive qiqo - - - Q.
belongs to the set M (t). Therefore

, iterates of z under fj, exactly one

n—1

n n
—— | <Y () < {w
{qlqzquj_lJ kzo Uo(=) Qa2 q
Hence we have 1
Baseo (M, mth)zi. O
i (Baseo (Mo) N M (t) TP
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6. HAIRS ON A CANTOR SET

Here we introduce “hairy Cantor sets” and describe some of their properties. Hairy Cantor
sets are compact subsets of the plane that satisfy certain axioms similar to Cantor bouquet and
hairy circles [Lel61, Cha89, BO90]. However, unlike these topological objects that are connected,
hairy Cantor sets have uncountably many connected components.

We start by defining straight hairy Cantor sets. These objects are similar to straight one-sided
hairy arcs, as defined in [AO93] and our analysis follows a similar approach. The most technical
part of our analysis of hairy Cantor sets is in Subsection 6.2 where we find a Jordan curve that
passes through all the connected components of a given hairy Cantor set and satisfies some extra
properties. The main tools needed to find such curves are Whitney maps and Borsuk’s theorem.
After finding such Jordan curves, we use Caratheodory’s theory of prime ends and classical
results in complex analysis, such as Gehring-Hayman theorem to show that all hairy Cantor sets
are ambiently homeomorphic. Finally, in Subsection 6.4, we characterise all metric spaces that
are homeomorphic to a hairy Cantor set.

6.1. Straight hairy Cantor sets. Here we define straight hairy Cantor sets and investigate
some of their properties. In particular, we show that all straight hairy Cantor sets are ambiently
homeomorphic. The proof is fairly elementary and is based on a careful analysis of bump functions
associated to straight hairy sets. A similar analysis has been done in [AO93] for straight one-sided
hairy arcs.

Definition 6.1. A set X C R? is called a straight hairy Cantor set if there is a Cantor set C C R
and an upper semi-continuous function | : C'— [0,4+00) such that

X ={(z,y) eER* |z € C,0 <y <l(a)},

and the following hold.

(i) The set {x € C | l(x) # 0} is dense in C.
(ii) For any x € C with l(z) # 0, there are strictly monotone sequences (Pp)neN, (Gn)neN in
C such that

potx, gnda, lim l(p,) = lim I(gn) = U(2).
We will say C is the base of X and | is the length function of X.
For simplicity, we will assume that [ is defined on R and we have
VeeR\C, I(z):=0.

Note that since [ is upper semi-continuous, it is also bounded. We start our analysis by showing
that straight hairy Cantor sets exist.

Proposition 6.2. There exists a straight hairy Cantor set in the plane.

Proof. We will build a Cantor set C', a function [ : C' — R and a set X and show that the
conditions in the definition of straight hairy Cantor sets hold.

Construction of the Cantor set C : We will use a recursive process similar to the construction
of the ternary Cantor set. Let P; = [0,1] and ¢; : [0, 1] — Z such that ¢;(z) = 1 for all = € [0, 1].

"For a sequence (zn)nen and point z, the term z, 1 z means that (z»)nen is an increasing sequence that tends
to z. Similarly, the term z, | z means (z,)nen is decreasing and tends to z.
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FIGURE 5. The set X, in black, and the functions I, ls, /3 and l4 described in Proposition 6.2

Assume n > 1 and P,—; C [0,1] is a disjoint union of finitely many closed proper intervals,
namely I; = [aj,b;] for j € J, where J is a finite index set. We define

{k‘ if z € I; and ik_2 < X705 o 2kl

n—3 — bj—a; — 4n—3’

th 0,1 = Z, ty(z):=
n:[0,1] (@) 0 otherwise,

and
P, :={x€0,1] | tp(z) >0} C P,_;.

In other words, for any connected component of F,,_1, we divide it into 4n — 3 equal subintervals
and keep 2n — 1 of the them that have disjoint boundaries. The set P, is the union of the closure
of these subintervals.

Define

C .= ﬂ P,.
n>1

For every point x € C, we may assign an address (¢1(z),t2(x),---) and for all m > 1, we have
1 < tm(z) < 2m — 1. Note that two points in C' have the same address if and only if they are
identical.

Construction of | and X : We will recursively construct a sequence of real valued continuous
functions (I,)n>0 on R and use them to define [. We start by defining lp(z) := 1, for all z € R.
Given [,_1, we define

ln(x) := {(1 — |tn(x) —n|/n)lp—1(x) ifx € Py,

0 ifzeR\ (-1,2),
and extend [,, to a continuous map on the real line by linear interpolation. For any x € P, we
have |t,(z) — n| < n — 1, which implies {,,—1(x)/n < l,(x) < l,—1(x).
For any n > 0, define

Xy :i={(z,y) eR* |z € R,0 <y <ln(a)}.
Since [,, is continuous, X, is closed. Therefore the set X := Nyp>0X, N (C x [0,1]) is also closed.

Moreover, if we define
[:C—0,1], U(z):= lim l,(z),

n—oo

then X = {(x,y) € R? | 2 € 0,0 < y < I(z)}. Since X is closed, the function [ is upper
semi-continuous.



72
Conditions (i) and (ii) : For any x € C, we have
l(z) = [ (1 = |ta(z) = n|/n).
n>1

Therefore for any = € C such that for large n, t,(x) = n, we have [(xz) > 0. Clearly the set of
such points is dense in C' and condition (i) is satisfied.

To prove condition (ii), let € C such that [(z) > 0. Using the above formula, it is easy to
see that there is an integer N > 0 such that for all n > N, we have 1/2 < t,(x)/n < 3/2. For
any n > N, we define p, to be the unique point in C' with the address

(tl(x)> T 7tn—1($)7tn(x) - 1,tn+1($), o )

The sequence (py)n>n is a strictly increasing sequence that tends to x. Moreover, we have

. |l(pn) o 1= ta(z) =1 —n]/n
JL“&O‘ 1) 1‘ —JL“&O‘ T— [tn(@) —nl/n_ "
o te(@)/n =1 = [ta(z)/n —1/n — 1
—nlbnéo‘ 1= Jtn(z)/n—1]
< lim 1/n 0.

no0 1= [ty (z)/n— 1] —
Similarly, we may define a strictly decreasing sequence (gy,),>n in C such that
nh_)n;ol(qn) = l(z). O
Proposition 6.3. All straight hairy Cantor sets in the plane are ambiently homeomorphic.

Let C be the middle-third Cantor set. For any Cantor set C' C R, there is a homeomorphism
of the real line, ¢ : R — R, such that ¢(C') = C. We may extend ¢ to a homeomorphism of the
plane by

¢:R* =R g(x,y) = (6(2),y).
Given any straight hairy Cantor set X with base C, we see that ¢(X) is ambiently homeomorphic
to X and is based on C. Now we only need to show that every two straight hairy Cantor sets
with base C are ambiently homeomorphic.

From this point onward, unless otherwise stated, we will assume that all straight hairy Cantor
sets have base C.

Definition 6.4. Let C be the middle-third Cantor set. We call a closed set P C [0,1] a Cantor
partition, if P is the union of finitely many closed intervals, OP C C and C C P. In other words,
there is an integer k > 1 and points 0 =11 < y1 < Ta < yg < - <z <y = 1 in C such that

k
CCP= U[xivyi]'
i=1
We say a sequence of partitions (Pp,)0, is a shrinking sequence of Cantor partitions if

PhOPLDOPy,D---

C:ﬂPn.

n>0

and
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Note that we have only defined Cantor partitions for the middle-third Cantor set C. Given a
straight hairy Cantor set X based on C with length function (%, if P = U¥_, [z, v;] is a Cantor
partition, then condition (ii) in the definition of straight hairy Cantor sets implies that

X (1) = X (1) = -+ = ) = X () = 0.

Definition 6.5. Let C be the middle-third Cantor set and let | : C — [0,00) be an upper semi-
continuous function. We use the notation

Max(l,I) := max{l(z) |z € INC},

for any interval I := [a, 5] C [0,1]. Note that such a mazimum exists since | is upper semi-
continuous. Choose a point ¢ € I where I(c) = Max(l,I). Such a point exists, but the choice is
not necessarily unique. Using this, we may define the bump function on interval I associated to
c.

max{l(z) | z € [o,z]} a<z<eg,

max{l(z) | z € [z,0]} c<z<p.

If P =UF_|[2;,y:] C[0,1] is a Cantor partition, then a bump function on P is defined as

Bp(e) = {o frép

BY T —[0,Max(1,1)], Bi(z):= {

where BL
[Izvyz

L for 1 <1 < ky,, are bump functions as defined before.

Lemma 6.6. Let C be the middle-third Cantor set and let | : C — [0,00) be an upper semi-
continuous function. Also let (In)n>0 be a sequence of intervals in [0,1] that shrink to a point
z€C. Then

l(z) = lim Max(l, I).

n—oo

Proof. We have [(z) < Max(l, I,), for all n > 0, which means
l(z) <liminf Max(l, ;).
n—oo

On the other hand, since ! is upper semi-continuous, we have

[(z) > limsup Max(l, I,,). O
n—o0

Lemma 6.7. Let C be the middle-third Cantor set and let X be a straight hairy Cantor set X
based on C with a length function l. Then any bump function, as defined above, is piecewise
monotone and continuous.

Proof. Let I = [a,],c and B = BlI be chosen as above. It follows from the definition that the
bump function is piecewise monotone.

We will show that B is right continuous at every x, € [«, 8). Left continuity is similar. First
consider the case z, € [a,c¢). Let (x;);eny be a strictly decreasing sequence in [« ¢) such that
x; | . and let

b:= lim B(z;) > B(zs).
1— 00

We will show b = B(z,) by contradiction. Let us assume b # B. Then we have
g:=(b— B(z4))/2 > 0.

For all i € N, there exists x} € (x4, z;] such that (z;) > B(z.) + ¢ > B(xy) > l(x). However,
this contradicts the assumption that [ is upper semi-continuous. Hence B is right continuous on
[a, ).
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Now consider the case z, € [c, 5) and let (z;);en be a strictly decreasing sequence in [c, 5) such
that x; | .. Let

b:= lim B(z;) < B(xz).

1—00
Therefore we have
b= sup{l(z) | = € (x., B)}.
If b < B(zy), then l(x4) = B(z4) > 0. On the other hand, from condition (ii) in the definition of

straight hairy Cantor sets, we know that there is a strictly decreasing sequence (p;);en such that
l(p;) — l(x). The contradiction shows that b = B(z,) and completes the proof. O

First we will show that straight hairy Cantor sets X; and X5 are ambiently homeomorphic if
there is a shrinking sequence of Cantor partitions such that the two length functions have the
same asymptotics with respect to this shrinking sequence. The precise statement is the following
lemma.

Lemma 6.8. Let X| and Xo be straight hairy Cantor sets based on C with I' and I? as their
length functions and let (P,)%, be a shrinking sequence of Cantor partitions where Py = [0, 1]
and

Pn = U I’I’Z,iv In,i = [wnﬂbyn,i]: 0= Tnl <Ynl < Tp2 < Yn2 < - < Tpk, < Ynk, = 17

forallm >0 and 1 < i < ky. Let My, denote Max(I°,I;). If for all integers i,j,n with
Iniq, C 1,5, we have

1 < Mr21+1,i/M72L,j

1+2-042) = MY /M

<1420+
1,
then X1 and Xo are ambiently homeomorphic.

Proof. Without loss of generality, by simply scaling in the vertical direction, we may assume
1 2

For n > 1, let
Mz /My, :
A (t) . M2 11./1\/[17 L 1ft€]ﬂ,l gI’I’L*l,j?
n = n—1,j/""n-1,j

1 ift ¢ P,.
Note that for n > 1 and t € P,, there are unique integers 4, j such that ¢ € I,,; C I,_1 ;. Hence
A is well-defined. It follows from the assumptions that

Vi e [0,1],  [Au(t) —1] < 27D,

We recursively define homeomorphisms ¢, : R? — R? in a way that their limit is the desired
map. For n > 0, we will construct the map ¢,, such that ¢,(X;) is a straight hairy Cantor set
with the length function (?»(X1) and for all t € I, ;, we have

2
197X (1) = —Mq’ill(t).

Mn,i
For n = 0, we use the identity map

Vz e R, ¢o(z) = 2.
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Now let us assume that for some n > 1, we have constructed such a map ¢,,_1 with the desired
properties. Let B, be a bump function for ¢,,_1(X;) on the Cantor partition P,. Note that for
all z € [0, 1], we have

By(x) < max{1?(z) |z € [0,1]} = max { (M2, ;/My_, )M (@) |1 <5 < kpor,2 € Tn1,}
=max{M;; |1 <j<kni1}=1/2.
Therefore
An(2)By(x) < Ap(x)/2 < 5/8.

Using By, and A, we define a map H,, as follows. The map H, is the identity outside of [0, 1]2.
For (z,y) € [0, 1], we let

Hi( (z, \n(z)y) if y < Bp(z),
n\T,Y) = —An(z)Bn(x .
(x,l—%(l—y)) if y > By (x).

The map H, sends {(z,y) | # € [0,1],y = Byn(2)} to {(z,y) | x € [0,1],y = An(2)Bn(2)}. On
every vertical line with = = xg, this map is piecewise linear and

Hy({zo} x [0, Bu(z0)]) = {zo} X [0, An(20) Bn(z0)],
Hyp({zo} X [Bn(z0),1]) = {z0} x [An(20)Bn(z0), 1].
Note that H, is in fact identity on R?\ (P, x [0,1]). We may now define ¢,, recursively by
¢n = Hy o dp_q.

We need to show that ¢,,(X7) is a straight hairy Cantor set. However, this is clear since the
effect of H,, on ¢,—1(X1) is dividing ¢,,—1(X,,) into k, parts and scaling each part in the vertical
direction by a constant factor. For ¢t € I,,; C I,_1 j, we have

M2 /M) M2, . M2,
l¢n(X1)(t) _ )\n(t)lqﬁn,l(Xl)(t) _ ( n,l/ n, ) ( n—1,j ll(t)> _ n’lll(t).
1.7

MZ 0, )\ 7

n—1,5 n,0

Hence ¢,, has the required properties.
Now that we have defined ¢,,, we will show that the map

é:= lim ¢y,
n—oo
exists, it is a homeomorphism and ¢(X1) = X». For (z,y) € [0,1]%, we have
|()‘n($) - 1)y‘ if y < Bn(‘r))
[ Hy(z,y) — (z,9)| = W) |
‘(1 —y)On(@) = D259 iy > By (a).

B (x)

=B (2) < 1. Therefore

We also have By, (z) < 1/2, for all x € [0, 1], which implies

||¢n - ¢n71||oo = HHn —1Id ||oo < 2—(n+1)‘

Hence the sequence (¢,,)52, is Cauchy with respect to the supremum norm and the limit ¢ is a
continuous function.

To prove that ¢ is a homeomorphism, we will show that it is injective and surjective. Let us
fix x € [0,1] and n > 1. If y, o' € [0, By(z)], then

|Hp(2,y) — Ho(2,y)] = Ma(2)|y — /| > (1 = 27D |(2,y) — (2, 9)].
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On the other hand, if v,y € [By(z), 1], then
1 — An(2)Bn(2) "n_ By (z) '
1= Bo(a) y—yl={1-1= Bn(x)(l An(2)) ) ly — |

> (1o 2 E =y 2 (- 2 D )~ (@)

Finally, since Hn|{;c}><[0,1] is a homeomorphism from its domain onto itself, if 0 < ¢y’ < B, (z) <
y <1, then

|Hn(2,y) — Ho(2,y')| = [Hn(2,y) — Hn(z, Bp(2))| + [Hu(2, Bn(z)) — H(z,y')|
> (1 =27 |(z,y) — (z,9)],
Therefore, for x,y,y" € [0,1] and n > 0, we have
|6n(2,y) — dn(z,y')| = [Hpo Ho1 0+ 0 Hi(z,y) — Hyo Hypy 00 Hi(z,y)
>(1—2 "N H, 500 Hy(x,y) — Hygo---0 Hi(x,y)]|

n+1 00
- > (H(l - Q_k)> (2, y) = (,9)] > <H(1 - Q_k)> ly =yl

k=2 k=2

’Hn(xvy) - Hn(a;, yl)| =

v

It is easy to see that [[5o,(1 —27%) > 0. Every H,, (and therefore every ¢,) sends vertical lines
to vertical lines and is identity on the boundary of [0,1]2. Therefore ¢ also has this property.
Hence the inequality

Vo,y,y' € [0,1], [é(z,y) — d(z.y)] > (H(l - 2"“)) ly =yl
k=2
implies that ¢ is injective. To prove that ¢ is surjective, note that ¢(C) C C is compact. Therefore,
if z € C\ ¢(C), then there is € > 0 such that (D.(2) NC) CC\ ¢(C). Choose N > 0 large enough
so that [|¢n — ¢|lec < &. Then we have ¢(dy' (2)) € D.() which is a contradiction.
If we define
veecC, 19P(@t) .= Tim 190 (X0 (),

we immediately see that ¢(X;) = {(z,y) € R? | z € C,0 < y < 1?XV}. To complete the proof,
we need to show that for all ¢ € C, we have 12(t) = 19X1)(t). Fix t € C and for all m > 0 choose
im such that t € I, ;,,. We have

(X1)(4) = on(X1) (4) — i
P(X1 i n (X1 i Lwn 1
l (t) = nhm l (t) = nhm T I (t).

Lemma 6.6 implies that
Mt) = lim M}, | 1*(t) = lim M2

n—oo Win Nyin

Hence, if I1(t) # 0, we have

(1)

$(X1) _\Yn _ 72

l (t) ll(t)l (t) = 1°(t).

If I'(t) = 0, then [?(X1)(¢) = 0. We will show that %(t) = 0 as well. Let us assume [>(t) > 0.
Then we have

.My, 1'(t)
R VeI P

T,in
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On the other hand, we have

1 1 2 1 2
My, My /My May MR, My MR
2 1 2 1 2 1 2
Mn,in Mn 1,0 — 1/Mn—1,in,1 Mn—?,in,Q/Mn—Zin,g MO,I/MO,I

1 1
>

>
1+ 27(n+1))(1 +271) ... (14272) 2~ () j2-n 22
— (272 g2 (D)
which implies
M},
liminf —2* > 7! > 0.

n—00

N,in

The contradiction shows that 12(t) = 1?(X1)(¢), for all t € C, and completes the proof. O
Now if we have two straight hairy Cantor sets, the next lemma shows that we may find a

sequence of shrinking Cantor sets for each one in a way that a condition similar to previous

lemma is satisfied.

Lemma 6.9. Let X1 and Xy be straight hairy Cantor sets based on C with length functions I
and 1?. Then, for s € {1,2}, there are shrinking sequence of Cantor partitions (Pg)n>0 with

U n,is = [xft,ivyfz,i]’ 0= ‘/Efz,l < yfz,l << $iz,kzn < y’fb,k‘n =1,

for alln >0 and 1 < i < ky, such that P} = P2 = [0,1] and the following properties hold.

(i) We have mesh(P3) < 27" for alln >2 and s = 1,2.8
(i) For each n > 0, the partitions Pl and P2 have the same number of elements, namely ki,
and for each i € {1,....knt1} and j € {1,....k,}, we have

Il+1ZC11 if and only if T +12CI2

1i1) For eachn >0, if I*® C I? . for some i and j, then
n+1,2 n,j
1 - M2,y /M
1 4+ 2—(n+2) +11/M1
Here we used My, ; to denote Max(l*, I} ;).

7TZ'L

nJ <] 42 (n42),

Proof. We have PO1 = P0 = [0,1]. Given Fj, ..., P; , for s = 1,2 and some n > 0, we inductively
construct P, ; and P2, . First we consider the case where n is even. Choose the partition P2,
to be a subset of the partition P? such that

mesh(P2,,) < 27 (+2),

n

We shall use this to construct PlJrl The partition P2Jrl is a subset of P2, so for any 1 <t < ky,
there are 0 < ¢ < 5 < kp41 such that

2 .2 2 .2
xn+1,i - xn,t? ynJrl,j - yn,t'

Therefore we need to set
1 1 1 1
xn+1,i - xn,t? ynJrl,j - yn,t'

8The mesh of a Cantor partition P = UX_, [#s,9:] is defined as
mesh(P) := max{|y; — x| | 1 <1i < k}.
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Now we need to specify :C}LH’T and ?/rlz+1,r71 for : < r < j. If ¢ = j, there is nothing to do. Let
us assume i < j. In order to do that, we choose c; ; € I} ; such that I°(c;, ;) = M, ,. Therefore
there is a unique ¢ < w < j such that

2 2 2
xn—i—l,w < Cn,t < yn+1,w'

If, i < w, then we will choose y}HLT and x}L+1,T+1 recursively by going from r = ¢ to w — 1. If
w < j, we will do a similar construction by going from r = j — 1 to w. We will go through this
construction for ¢ < r < w. The other part is done similarly.

Let us assume that for some 7 < r < w — 1, we have already defined

1 1 1 1
Lpt1, < Yn+1,i << Tpt1,r < Cnyt

ll
[ g1, ¥ng,5]
As we move y from x} 41, tO ¢y ¢, the value of B(y) continuously

Using this, we will define y} 41, and z} 41,41+ Consider the bump function B = B

1
n,t*

increases from 0 to M}L’t. Therefore there is x}HLT <y< c}%t such that

1 < Mn2+1,r/M72L
1+ 2—(n+2) B(y) /M}L,t

associated to the point ¢

L4242,

By slightly moving y to the right, we may find two points y}LH’T, x111+1,r+1 in C such that

1 1 1 1 1 1
:En—l-l,'r <y< yn—i—l,r < xn—i—l,r—s—l < Cn,t? (yn—l—l,r?xn—&—l,r—&—l) - [0’ 1] \C)

1 M?%+1,7‘/M7217t _ Mg—&—l,r/an,t <1+ 27(n+2)
1+ 2—(n+2) B(y711+1,r)/MT%,t M1+1,T‘/M’I}L,t '

n

Here we did the construction for even n. For odd n, we interchange the role of 1 and 2. O

Proof of Proposition 6.3. Based on the discussion after the statement of the proposition, we only
need to consider straight hairy Cantor sets that are based on C. Consider two straight hairy Cantor
sets X1 and X, with base C and I and [? as their length functions. From Lemma 6.9 we get
shrinking sequences of Cantor partitions (P}),>¢ and (P2),>o. We first find a homeomorphism
of C that sends the corresponding partitions to each other. We define

p:{t|tcdP. . n>01<i<k,}—{t|tcdP:,,n>01<i<k,},

n,i?

Vn>0,1<i<kn, @) =ap; oOYps)="ns

n,.

N2

This map is increasing and its domain and range are both dense in C. Therefore ¢ has a unique
continuous extension to C. Moreover, ¢! also extends continuously to C and its extension is
the inverse of the extension of ¢. Hence the extended function ¢ : C — C is an increasing
homeomorphism. We may extend this map to the complement of C by linear interpolation. This
will give us a homeomorphism of the interval [0,1]. Now we extend ¢ to be the identity on
R\ [0,1], and define
V(x,y) €R?, d(,y) = (¢(x),y).

This is clearly a homeomorphism of the plane. Now consider the two straight hairy Cantor sets
X; and ¢~ 1(X3). Evidently, the shrinking sequence of Cantor partitions (Pl),>¢ satisfies the
condition needed in Lemma 6.8. Hence X; and ¢~!(Xz) are ambiently homeomorphic. t

Proposition 6.10. If X is a straight hairy Cantor set with base Cantor set C and length function
l:C —[0,00), then the set

{(z,1(z)) |z € C,1(z) # 0}

is dense in X.
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Proof. Let A = {(z,l(z)) | x € C,l(z) # 0} and choose a point (z,y) € X. We will show that
(z,y) € A. Without loss of generality, we may assume that C' = C is the middle-third Cantor set.
Let (P,)%, be a shrinking sequence of Cantor partitions.

Fix n > 0 and let I = [a, b] be the connected component of P, that contains . Choose a bump
function B := BZI on the interval I. According to the definition of the straight hairy Cantor sets,
we know that B : I — [0,00) is not constant and B(a) = B(b) = 0. Lemma 6.7 shows that B
is continuous. If y = 0, we may choose a value 2], € I such that 0 < B(z]) < 1/n. Otherwise,
if 0 <y <l(x), then we have B(a) = 0 and B(z) > y > 0, so we may choose !, € I such that
B(z!,) = y. In any case, according to the definition of B, we find x,, € I such that

l(zn) = B(zy,) € [,y +1/n) \ {0}
If we repeat this construction for all n > 0, we obtain a sequence (z,)n>0 such that
Tn =z, l(zy) — Y,
and [(z,) # 0 for all i > 0. In other words, (z,y) € A. O

The conditions in the definition of the straight hairy Cantor sets are necessary to prove Propo-
sition 6.3. However, if we are only interested in the homeomorphic images of a straight hairy
Cantor set and we ignore its embedding in the plane, we may weaken the conditions as described
in the following lemma. We will need this result in our analysis of the Abstract hairy Cantor sets
in Subsection 6.4.

Proposition 6.11. Let C C R be a Cantor set and let | : C — [0,00] be a function such that
X :={(z,y) eR* |z € C,0<y <I(x)}

is compact and the set {(z,l(x)) | x € C,l(x) # 0} is dense in X. Then X is homeomorphic to a
straight hairy Cantor set.

Proof. We will construct a sequence of homeomorphisms ¢, : C' — C, for n > 0, and use them
to define a homeomorphism of C' x R onto itself that sends X onto a set X,. Then we will show
that X, is a straight hairy Cantor set.
Without loss of generality, we may assume that C'is the middle-third Cantor set. Let Py = [0, 1]
and recursively define’
Pn—l 2 Pn—l)
3 3 3 7
Note that (P,)>2, is a shrinking sequence of Cantor partitions. For any n > 0, assume that

Yn>1, P,:=

P, = Ufil I, ;, where I, ;’s are the connected components of P, and sup I,,; < inf I, ;41 for all
1 <d<2m

Let ¢ be the identity function on C' and let mg = 0. We will recursively choose integers m.,,
define homeomorphisms ¢, : C' — C and upper semi-continuous functions

In:C =R, I(z):=1(¢; (),

for all n > 0. Note that X is closed, therefore [ is upper semi-continuous. We want to guarantee
that for n >0 and 1 < j < 2Mn-1,

Ma,X(lT“ Imn’2mn7mn_1 (]_1)+1) < 1/7747 MaX(ln, Imn’2mn7'mn_1j> < 1/”,
and for all 2"~ "n-1(j — 1) +1 <4 < 2M»"Mn-15 we have

| Max(ly, I, i) — Max(lp, I, .i+1)| < 1/n.

9For a set A € R and a real number k € R, we define A+ k :={a+k|a € A} and kA := {ka | a € A}.
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Note that
fieN|2mn et (- 1) +1<i <27 = {i €N | Iy, s C I,y 50}

Let us assume that n > 1 and ¢,_1 and m,_1 are defined. We will define a homeomorphism
H,, : C — C such that for every 1 < j < 2™n-1 we have

Hn(Imn_1,j N C) =Im,_1,;MN C,

and use H,, to define
On = Hyp o ¢p1.
If H, is defined, then the above condition implies that for all x € C,

|Hy,(z) — x| < max{diam (I, , ;) |1 <j <21} =37Mn1,
It also implies that for all 0 < k <n and 1 <t < 2™k,

H, (I, : N C) = H, U (Im, ;N C)
1<<2™ 1 Ly | i Clmy
= U (Imy, 1. NC) = Ly, s O C.
1Sjg2mn71»lmn71,jglmk,t

In other words, for such k and ¢, the map H,| I, »nC is a homeomorphism from its domain onto
itself.
The map (z,y) — (¢n_1(z),y) : X — R? is a homeomorphism from X onto the set
Xp 1 ={(z,y) eR* |2 €C,0<y<l, 1(2)}.
Hence the set {(z,l,—1(z)) | € C,l,—1(x) # 0} is dense in X,,_1. Therefore, for any 1 < j <
2™n-1_ we may find a finite set A; C L, ;N C, such that
D1/5n(ln—1(Aj)) 2 [0’ Max(ln—h Imn—l,j)]'

According to Lemma 6.6, I,—1(7) = limy, e zer,, ; Max(ln—1, I;m ). Therefore we may find an
integer m,, := m > my,_1 large enough so that
(*) Dl/4n({MaX(ln—17Imn,i) ’ Imn,i C Imnflaj}) 2 D1/5n<ln—1(Aj)) 2 [07Max(ln—17[mn717j)]v
forall 1 <j < 2Mn-t,

We will first define H,| I'm,_,,;0C for j = 1. The construction is similar for other values of j.
Let

K:={1<i<2™ |,

and let 7 : K — K be a permutation such that

Max(ln,l, Imn,T(l)) § Max(ln,l, I

Mn,T

i Sl i ={ieN|1<q<2MnMn-1
@) <o < Max(lp -1, ImmT(an_mn,l)).
Define a permutation ¢ : K — K by
o(1),0(2),---, 02" =1(1),7(3),7(5), -+, 72T T — 1),
T (2T M) (M= ) (2Tl — 4 e 7 (2).
According to (*), we see that

Max(ln-1, I, 01)) <1/n, Max(lp_1,1

mmU(?m”_m"*l)) <1/n,
and for all 1 < ¢ < 2"»7Mn-1_we have

’ Ma'X(ln—ly Imn,o(i)) - M&X(ln_l, Imn,a(’i+1))’ < 1/”
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For any i € K, we want to have
Hn(Imn,i N C) = I, 010 NnC.

Moreover, we want H,,| I, _,1nC to act by translation on I, ; N C for any i € K. These two
conditions uniquely define H,,| I, 1NC- As a consequence, we may also define [, I, 1nc- Note
that for all 7 € K, we have

Max(ly, Im,,.i) = Max(ln—1 0 H;, ', Iy, i) = Max(ly—1, Ln, o(1))-

We may do a similar construction for all 1 < j < 2™»-1 to define H, and [,, on C.
We will show that the limit

Ve e C, ¢u(x):= lim ¢p(x),
n—oo
exists and the function ¢, is a homeomorphism of C' onto itself. For any n > 0, we have
[¢n = dn-tlloc = [[Hn —1d [|oo < 3771

Therefore the sequence (¢, )n>0 in uniformly Cauchy, hence the limit ¢, exists and it is a contin-
uous map on C. To prove that ¢, is surjective, note that ¢.(C) C C is compact. Therefore, if
z € C'\ ¢«(C), then there is € > 0 such that

D.(2)NC C O\ . (C).

Choose N > 0 large enough so that ||¢n — d«llcc < £. Then we have ¢.(dy'(2)) € De(2) which
is a contradiction. To prove that ¢, is injective, let = and y be points in C'. If z # y, then there
isnm>0and 1<i<i <2™ such that x € Ip,, i and y € I,, i». According to the construction,
there are 1 < j, j' < 2™~ with j # j" such that ¢, (x) € Iy, ; and ¢,(y) € I, js. On the other
hand, for all n’ > n, we have

Hn’(Imn,j N C) = 1Im,,j N C, Hn’(Imn,j/ N C) = Imn,j/ NnC.

Therefore ¢, (x) =+ 0 Hpy90 Hyp1 0 ¢p(x) € Iy, j and similarly ¢.(y) € Iy, 7. Hence we have

¢« () # du(y) and ¢, is injective.
Now we define [, := o ¢! and

X.={(z,y) eR* |z € C,0 <y < L(x)}.

Since ¢, is a homeomorphism, (x,y) — (¢.(z),y) : X — X, is also a homeomorphism.
To complete the proof, we need to prove that X, is a straight hairy Cantor set. First we will
show that for all n > 0 and 1 <7 < 2™~ we have

Max(ly, I, i) = Max(ly,, I, i)-

According to the definition of I, and I, it is sufficient to show that ¢ 1 (L, i NC) = ¢ (I, .i N
C), or equivalently, Ip,,; N C = ¢y 0 ¢ (I, i N C). However, we know that for all n’ > n,
Hy (I, iNC) = I, ;NC and ¢, opl =---0Hp, 00 H, 1. Hence ¢, 0 ¢, maps Ip,, ;N C onto
itself homeomorphically.

The first condition in the definition of the straight hairy Cantor sets states that the set {z €
C | ly(xz) = 0} is dense in C. Choose n > 0 and 1 < i < 2™ and let C' := I,,,, ; N C. Since the
choice of n and 7 is arbitrary, it is sufficient to find a point z € C” such that l,(z) = 0. According
to the construction, we may choose (i), with i, =7 and 1 <4y < 2™k for all k > n + 1, such
that

In, 21,

nytn =

1 yin 2 e 2 Imkyik 2 e

and
Vk>n+1, Max(ly, Ly, ) < 1/k.

The intervals (I, i, )k>n shrink to a point z € C’ and by Lemma 6.6 we have [,(z) = 0.
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Now let z € C' be a point such that [,(z) > 0 and let € > 0. Also let (ix)r>0 be the sequence
of integers such that z € I, ;, for all K > 0. According to Lemma 6.6, we may choose N >
max(2/e,1/l.(z)) large enough so that 37N~ < ¢ and

| Max(ly, I p.in) — le(2)] < €/2.
Since Max (L, Iy in) = l<(2) > 1/N, we have
‘Max(l*ylmN,iN—l) — MaX(l*,ImNJ‘N)‘ < 1/N, |Max(l*,ImN7iN) — MaX(l*vlmN,iN—&-l” < 1/N,
and

ImNﬂ;N_l U ImN,iN-H C ImN—lﬂiN—l'

Let a be a point in I, ;y—1 N C such that I, () = Max(l, Iy ixn—1)- Then we have
a<z, |a—zl<dam(lyy iy ,) =3 ""1<e (o) -L(Zz)| <e.
Similarly we may find 8 € C such that
B>z |B—z<e |L(B)—L(z)<e

Since the choice of € > 0 was arbitrary, this shows that the second condition in the definition of
the straight hairy Cantor sets holds. g

6.2. Hairy Cantor sets. Here we will define hairy Cantor sets and analyse some of their
properties. We define base curves and in Proposition 6.26, we show that every hairy Cantor
set in the plane admits a base curve. The main ingredients of the proof are Whitney maps and
Borsuk’s theorem. Using base curves, we obtain an alternative characterisation of hairy Cantor
sets. As a corollary, we will see that all straight hairy Cantor sets, as defined previously, are
indeed hairy Cantor sets. We will also find an alternative characterisation of the straight hairy
Cantor sets.

Unless otherwise stated, we will be considering the metric space R? with the Euclidian distance.
We will also use D to denote the unit disk D(0, 1) in the plane and use S to denote its boundary
0dD. For a metric space (M, d), the Hausdorff distance induces a metric on

H[M] :={A C M | A is compact and non-empty }.

It is known that for any compact metric space M, the set H[M| with the Hausdorff topology is
compact.
Now we have the ingredients to define hairy Cantor sets.

Definition 6.12. A compact set X C R? is called a hairy Cantor set if the following properties
are satisfied.

(i) Every connected component of X is either a single point or a Jordan arc.
(ii) Closure of the union of the point components of X is a Cantor set, namely B C X.
(iii) Any arc component of X meets B at exactly one of its end-points.
(iv) Whenever x; — x within X, the unique arc in X connecting x; to B converges to the
unique arc in X connecting x to B, with the convergence in the Hausdorff topology.
(v) The set X \ B is dense in X.
(vi) The points in the interior of the arc components of X are not accessible from R? \ X.

If x,y are points in X that belong to the same connected component of X, we use [z,y] to denote
the unique (possibly degenerate) Jordan arc in X joining x andy. We define the base map of X
as the map b : X — B that sends any point x € X to the unique point in the connected component
of X containing x that belongs to B. We will say that b(x) is the base point of x.

Note that the fourth condition implies the continuity of the base map.
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FIGURE 6. An illustration of a hairy Cantor set in the plane.

Definition 6.13. For any hairy Cantor set X with base Cantor set B, we define a mapp: X — X
such that

o If {x} C X is a connected component, then p(x) := x.
o Ifx is in an arc component in X, then p(x) is the end point of that Jordan arc that does
not belong to B.

We will say that p is the peak map of X and p(x) is the peak of x.

Definition 6.14. Let X be a hairy Cantor set with the base Cantor set B. A height function on
X is a continuous map h : X — [0,00) that is injective on every connected component of X and

h~1(0) = B.

As we will see at the end of this subsection, all straight hairy Cantor sets are hairy Cantor
sets. For a straight hairy Cantor set X with the base Cantor set C and the length function [, the
function

h:X —[0,00), h(z,y):=y,

is a height function on X. The choice of height function is clearly not unique. To analyse height
functions for arbitrary hairy Cantor sets, we need the following definition.

Definition 6.15. Let X be a non-empty compact metric space. A Whitney map for X is a
function p : H[X] — [0,00) that satisfies the following properties.

e The map p is continuous with respect to the Hausdorff topology.
e For any point x € X, we have p({z}) = 0.
o For all Ay, Ay € H[X] that Ay G As, we have p(Ar) < p(As2).

In [Whi33], Whitney proved the existence of such maps for a large family of sets which includes
non-empty compact metric spaces. On may consult [Nad92] for a modern treatment of the
subject.(See [Nad92, Theorem 13.4])

Lemma 6.16. Any hairy Cantor set admits a height function.
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Proof. Let X be a hairy Cantor set with base Cantor set B and let © be a Whitney map for X.
Define
Vo e X, hix) = pu(b(), ).
Clearly h is injective on every connected component of X and
Al 0)={re X |z=0bx)}=B.
In order to prove the continuity of h, let (z;);en be a sequence in X where z; — z, for some
zy, € X. By the definition of hairy Cantor sets, [b(x;),z;] tends to [b(z4),z«] in the Hausdorff

topology. Therefore
lim h(x;) = h(z.). O

1—00

Definition 6.17. Let X be a hairy Cantor set with base Cantor set B. We call a Jordan curve
w a base curve for X if
B=XNw

and the bounded connected component of R? \ w does not intersect X.

We will show that any hairy Cantor set admits a base curve. However, as we will describe in
Remark 5, the choice of such a base curve is far from canonic.

Lemma 6.18. Let X C R? be a hairy Cantor set with base Cantor set B and let w C R2 be a
Jordan curve such that wN X = B. Then the set R?\ (X Uw) has two connected components.

Before we start the proof of this lemma, we discuss one of the main tools that we need. Borsuk’s
theorem in two dimensions asserts that for a closed set Y C C, the set C\Y is connected if and only
if every continuous map ¢ : Y — S' is null-homotopic.'® (See [ES52], Chapter XI, Theorem 3.7)

As a simple application of Borsuk’s theorem, we will prove that for any Cantor set C' C R?,
R?\ C is connected. To see this, let g : C — S! be a continuous map. Since C is compact, g is
uniformly continuous. Therefore, there exists § > 0 such that |z — y| < J implies |g(x) — g(y)| <
1/2. Hence, we may partition C into disjoint compact subsets C' = U;crC;, where I is a finite
index set, and for any i € I, we have diam (C;) < §. Therefore g(C;) # S', for all i € I. Note
that for any 6 € S!, the set S'\ {#} is homeomorphic to R. Therefore, any continuous map from
a topological space into S! that is not surjective is null-homotopic. Hence, for any i € I, there is
a homotopy H; such that

H;:Cix[0,1] =S, VzeC;, Hiz0) =g(z), Hiz1) =9,

where 6 is a point in S'. Since the sets C;, for i € I, are pairwise disjoint compact sets, we may
combine these homotopies to obtain a homotopy between g and a constant map.

Proof of Lemma 6.18. Let U’ and U denote the bounded and unbounded connected component
of C\ w, respectively. We need to prove that the sets

U\X=C\(XUwulU"), U'\X=C\(XUwul),
are both connected. We will prove U \ X is connected. The other argument is similar. Let
K:=Xuwul'

According to Borsuk’s theorem, it is sufficient to show that any map g : K — S' is null-homotopic.
Let g : K — S' be a continuous map. We will construct a homotopy between g and a constant
map. First we need some auxiliary definitions.

10For topological spaces C and D, a continuous map g : C' — D is called null-homotopic if g is homotopic to a
constant map.
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Let X = X NU. If X = 0, then there is nothing to prove. Otherwise, we see that X satisfies
the conditions in the definition of the hairy Cantor sets. Let B C X be the base Cantor set of
X and let b: X — B be the correspondmg base map. Note that we have K = X UwUU’ and
XNw=XNB=B. Lety: B — Y(B) CR be a homeomorphism from B into a Cantor set in
R. Choose a height function for X, namely h, such that h(X) C [0,1] and define

U:X = (B) x [0,1], ¥(2) = (¢(b(2)), h(2)).
The map V¥ is a continuous injective map defined on a compact set. Hence it is a homeomorphism
onto its image.
Let

Hy: ($(B) x [0,1]) x [0,1] = ¥(B) x [0,1], Hi((z,y),t) := (z, min(y, 1 —t)),
and
g(U Y (H (U(2),1)) ifze X
9(z) if 2z ¢ X.

The map G| X x[0,1] is continuous since it is a composition of continuous maps. For z € w U U’ =

Gr:Kx[0,1] »S', Gi(zt):= {

U’ and t € [0,1], we have G1(z,t) = g(2). Therefore the maps Gl’f(x[o ;) and Gl‘ﬁx[o ) are
continuous maps with closed domains that take the same value in the intersection of their domains.
Hence G is continuous.
We have G1(z,0) = g(z), for all z € K. Therefore GG; is a homotopy between g and the map
Jd:K =S ¢(2):=0G(z1).

Note that ¢'(z) = g(z), for all z € U" and ¢/(z) = g(b(2)) for all z € X.

Now we construct a homotopy between ¢’ and a constant map. The set U’ = U’ Uw is
homeomorphic to the closed unit disk. Hence the map ¢’ |77 = glg7 is null-homotopic. Let Hy be
such a homotopy. In other words, let Hy be a continuous map such that

Hy: U x[0,1] = S', VzeU', Hy(20) =g(z), Hy(z,1)=29,
for some § € S!. We extend the map b to K by setting 5(2) = z, for all 2 € U’. The maps
blg7 = Idg7 and b| ¢ are continuous maps with closed domains that take the same values on the
intersection of their domains. Hence the extended map b: K — U is continuous. Now we define
Go: K x[0,1] = S!,  Ga(z,t) := Hy(b(2)),t).
The function G is continuous. Moreover, we have
V2 €K, G(20)=g(b(2) =¢'(z), G(z1)=0.

Hence g is null-homotopic and the proof is complete. O
Remark 4. One can easily see that the above proof does not use the condition (vi) in the definition
of the hairy Cantor sets. In other words, if X C R? is a compact set and B C X is a Cantor set

such that the conditions (i)-(v) in the definition of the hairy Cantor sets are satisfies. Then for
any Jordan curve w with w N X = B, the set R?\ (X Uw) has two connected components.

We will show that every hairy Cantor set admits a base curve. We will need a few definitions
and lemmas first.

Definition 6.19. Let X be a hairy Cantor set with base Cantor set B and base map b: X — B.
A bounded open set U C R? is admissible for X if the following conditions are satisfied.
(i) If Vi and Va are distinct connected component of U, then VinVy =0.
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(ii) The set U has finitely many connected components, all of which are simply connected.'*
(iii) We have B C U and if z € X NU, then we have [b(x),z] C U.
(iv) Any point x € OU \ X is accessible from both U and R*\ U.

Before we construct appropriate admissible sets that would help us build base curves, we prove
a useful property about the admissible sets.

Lemma 6.20. Let X be a hairy Cantor set, let U be an admissible set for X and let V be a
connected component of U. Then V' \ X is connected.

Proof. We consider two subsets of X. Let X; be the union of the connected components of X
that intersect both V' and 9V and let X5 be the union of the connected components of X that
are contained in V. Note that every connected component of X is a Jordan arc.

Step 1 : The set X is closed in R?.

Let z € X7 and let (2;);en be a sequence in X; that tends to z. We may choose 2/ € b=1(b(z;))N
oV, for all i € N. Since 9V is compact, possibly by passing to a subsequence, we may assume
that (2]);en is convergent. Let 2z’ be the limit of this sequence. We know that

b(z) = lim b(z;) = lim b(2}) = b(z") € V.
1—00 1—00

Hence 2’ € b=1(b(z)) NAV. To prove that z € X7, it is sufficient to show that b(z) € V. However,
note that b(z) € V. On the other hand, we have B C U, where B is the base Cantor set of X.
Hence BN oV C BN OU = (), which implies that b(z) € V.

Step 2 : Every connected component of V' \ Xy is a topological disk.
Let
K:=(C\V)uX;=C\ (V\X).

The set V' \ X; = C\ K is open. Let V’ be a connected component of V' \ X that is not simply
connected. Then there exists a closed curve v C V' that is not null-homotopic in V’'. We have
K =C\ (V\ X)) CC\~. Since v is not null-homotpic, at least one of the bounded connected
components of C \ v must intersect K. However, this is not possible since K is connected and it
intersects the unbounded connected component of C \ 7.

Step 3 : The set V' \ X1 is connected.

Now we construct an equivalence relation ~; on C and use it to show that it is sufficient to
prove a simpler statement. Let ~; be the equivalence relation on C where x ~ y if and only if
x = y or both x and y belong to @\V The quotient space @/Nl is the one-point compactification
of the topological disk V. Hence it is a topological sphere and we may identify it with C. Let
71 : C = C be the quotient map and define

v :=m(C\ V), Kp:=m(K)=m(C\V)UX)={n}um(XinV).

The restricted map mi|y : V — C \ {v1} is an injective map and therefore a homeomorphism.
Hence V' \ X; is connected if and only if the set

m(V\X1)=m(C\K)=C\ K,

is connected. Therefore, according to Borsuk’s theorem, it is sufficient to prove that any contin-
uous map ¢ : K — S! is null-homotopic.

HRecall that a path-connected topological space U is simply connected if every continuous map g : S* — U is
homotopic to a constant map.
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Let g : K1 — S! be a continuous map. We will construct a homotopy between g and a constant
map. First we need some auxiliary definitions. We will assign a coordinate to each point in X.
Let B be the base Cantor set of X and let ¢ : B — ¢(B) C R be a homeomorphism from B into
a Cantor set in R. Choose a height function for X, namely h, such that h(X) C [0, 1]. Define

Wi X o g(B)x 0,1, W(z) = ((b(=)), h(z)):

The map V¥ is a continuous injective map defined on a compact set. Hence it is a homeomorphism
onto its image.

Let C := ¢(b(X;1)) € R. For every connected component of Xj, namely 7, there is a point
z € v such that V N~ = [b(2), 2] \ {z}. Therefore, there is a function u; : C' — [0, 1] such that

V(VNX)={(z,y) eR* |z €C,0<y<u ()}

Note that (C' x {1}) N ¥(V N X;) = 0.
Define

(U, y)) ify <wu(x),

(1)1 (O % [0, 1] — K17 @1(13,3/) = {Ul lfy > Ul(x)

We will show that @4 is continuous. Clearly ®1|yynx,): ¥(VNX1) — K1\ {v1} is a homeomor-
phism onto its image. Hence the map (®1|x,\f0,3) " : K1\ {v1} = C % [0,1] is well-defined and
O (K \ {v1}) € ¥(Xy). The set X1 \ V is closed in X; which is in turn a compact set. Hence
the set @, (v1) N W(X;) = U(X; \ V) is also compact. Therefore

O (01) N TG\ {un}) = (97 (1) N(X1)) N @7 (KT \ {or})
= (@_1(1)1) N \I/(Xl)) N @1_1(K1 \ {’Ul}) = 0.

Hence ® ' (v1) = ®7'(vy) is a closed subset of the plane. On the other hand, the map 7 o (¥~1)
is continuous on the closed set ¥(X7) and for every z € U(X7 \ V), we have w1 (¥~1(2)) = v;.
Therefore the maps 1| o7 (v) and @1\\1,( x,) are continuous maps with closed domains that take

the same values in the intersection of their domains. Hence ®; is continuous.
Let

Hy: (Cx[0,1]) x [0,1] = C x [0,1], Hi((x,y),t) := (z,max(y,t)),
and

g(@1(H (27 (w), 1)) if w # vy,

Gi: Ky x[0,1] =S!, Gi(w,t):= { .
g(v1) if w=v;.

We have
Vw e K1, Gi(w,0)=g(w), Gi(w,1)=g(v1).

Clearly H; is well-defined and continuous. If we show that (1 is continuous, then we have a
homotopy between g and a constant map.

By construction, the restriction of G; to the set (K7 \ {v1}) x [0, 1], which is open in K x [0, 1],
is continuous and the restriction of G to the set {v;} x [0,1] is the constant map equal to g(v1).
Therefore to prove that G is continuous, it is sufficient to show that for all convergent sequences
((wj, t;))ien in the set (K7 \ {v1}) x [0,1] such that w; — v1, we have G1(w;, t;) = g(v1).
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Let (zi,v;) := ®; " (w;), for all i € N. Since w; — v, the sequence ((x,%:))ien can not have a
limit point in ®; (K7 \ {v1}). Hence we have '2

Tim d{(zi, ), B (01)) = 0.

Fix i € N and let (2/,9}) be a point in the compact set ®7*(v;) such that d((z;,y:), @7 (v1)) =
d((zi, i), (27,9;)). We have
d(Hy (i, yi), ta), Hi (25, 97), 1)) < d((2i,90), (7, 97) = d((i,9:), @1 (01))-
We know that
O (1) = {(z,y) €R? |z € C,uy(x) <y < 1}.
As a consequence, (z,y}) € ®7*(v1) implies that Hy((2},9),t;) € ®7*(v1). Therefore

d(Hy (25, 9:), i), @1 (01)) < d(Hy (w4, yi), t), Hi (2, ), 1)) < d((zi, 93), @11 (01)).
Hence we have
hm d(Hl(($iayi)vti)vq)fl(vl)) S hm d((xz,yz) o 1(7}1)) Oa

1—00 1—00
which implies G1(w;, t;) — g(v1).

Step 4 : The set V' \ X is connected.

Let ~9 be the equivalence relation on C where z ~9 y if and only if z = y or both =z and y
belong to K. We have shown that V'\ X is connected and simply connected. The quotient space
C/Ng is the one-point compactification of the topologlcal disk V'\ X1 = C \ K. Hence it is a
topological sphere and we may identify it with C. Let 3 : C — C be the quotient map and define

Vg 1= 7T2(K), Ky = 7T2(((C \ V) UX) = WQ(KUXQ) = {’02} U']TQ(XQ).

The restricted map [y x, : V \ X1 — C\ {vy} is a homeomorphism. Hence V' \ X is connected
if and only if the set X X

WQ(V\X) = WQ(C\ (KUXQ)) = C\KQ
is connected. Therefore, according to Borsuk’s theorem, it is sufficient to prove that any contin-
uous map ¢ : Ko — S! is null-homotopic.

Let g : K5 — S! be a continuous map. We construct a map G and show that if it is continuous,
then it is a homotopy between g and the map ¢’ described below. First we need some auxiliary
definitions.

Consider the map ¥ defined earlier and note that

W(X) = {(z,y) € B? | 5 € $(B),0 < y < hip(~ (@)},
where p is the peak map of X. Define
Dy U(X) = Ky, Po(2) :=m(T1(2)).
Clearly ®2|y(x,) is a homeomorphism onto K3 \ {va}. Let
Hy:¥(X) x[0,1] - ¥(X), Ha((x,y),t):= (x,min(y,1—1)),

Gy : Ko x [0,1] = S',  Ga(w,t) == {ziz)(HQ(@z‘l(w)?t))) izwv i Zz

and

2Given a point = € R? and a non-empty closed set C' C R?, we define
d(z,C) := min{d(z,y) |y € C}.
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The map Hj is clearly well-defined and continuous. If G is continuous, then it is a homotopy
between ¢g and the map
g :Ky— S, ¢(w):=Gy(w,1).

Let ((w;,t;))ien be a convergent sequence in Ko x [0,1]. Clearly Go is continuous on (K3 \
{va2}) x [0, 1]. Therefore to prove that Go is continuous, it is sufficient to consider sequences where
w; € Ky \ {vp}, for all i € N, and w; — vy. We know that 75 ' (w;) € Xy, for all i € N, and
75 H(v2) = K = (C\ V) U X;. Since w; — vy, the sequence (5 (w;))ien can not have a limit
point in 75 (C\ {v2}) = C\ K. On the other hand 75 *(w;) € Xa, for all i € N. Hence any limit
point of this sequence belongs to Xo N K. Note that we have

b(X2) =b(X2) CBNV =BNV =b(X; U Xy),
which implies Xo C X7 U X5. Hence Xo N K C (X1 U X5) N K = X;. Therefore we have
lim d(my H(w;), X1) = 0,
1— 00

which implies
lim d(¥(my " (w;)), (X1)) = 0.

1—00
For i € N, let (w;,y;) := @5 (w;) = ¥(my '(w;)) and let (x},9}) be a point in the compact set
U(X;) such that d((x;, vi), ¥(X1)) = d((zi, vi), (2}, y;)). We have
d(Hy (i, yi), t:), Ha (2, 97), 1)) < d(wi,95), (5, 97)) = d((@i, i), U(X7)).
Since Ha((x},y}),ti) € ¥(X1), for all ¢ € N, this implies
Dim d(Ha((zs, 42), 1), (X1)) < lim d((z3, :), ¥(X1)) = 0.

Hence we have Ga(w;,t;) — g(v2). This completes the proof for the continuity of G3 and shows
that g is homotopic to ¢'.

Now we construct a map G5 and show that if it is continuous, then it is a homotopy between
¢’ and a constant map. Let

D = 7T2(K U B) = {Ug} U 7T2(B N XQ) = {Ug} U 7T2(b(X2))

The set D is closed and totally disconnected. The only point in D that might be isolated is vs.
Hence D is either a Cantor set or the union of an isolated point and a Cantor set. Therefore,
according to the discussion before this lemma, we know that g|p is null-homotopic. Let F' be
such a homotopy. In other words, let F' be a continuous map such that

F:Dx[0,1] =S, YweD, F(w,0) =gw), F(w1)=0,
for some 0 € S'. Let
Flms(b(my (W), 8) if w # vs,

Gs: Ko x [0,1] — s, Galw, ) := {F(v2 t) if w=ws

Note that
ma(b(my ' (K2 \ {2}))) = ma(b(X2)) € D.
Therefore G3 is well-defined. For any w € Ks \ {v2}, we have ®,!(w) € R x {0} is and only if
w € D. Hence we have
Vw e Kz \ {2}, ¢'(w) = Ga(w, 1) = g(@2(Ha (@3 (w), 1)) = g(ma(b(my } (w)))).

Therefore
Vw € K27 G3(’LU,0) = g,(w)a G3('LU, 1) € F(D7 1) = {0}
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If G3 is continuous, then it is a homotopy between ¢’ and a constant map and the proof is
complete.

Let ((wi,t;))ien be a convergent sequence in Ky x [0,1]. To prove that G5 is continuous, it is
sufficient to only consider such sequences where w; € Ko \ {va}, for all i € N, and w; — ve. The
sequence (w!})ien, where w! := ma(b(my  (w;))) for all i € N, is contained in D. Let us assume
that w' € D\ {v2} is a limit point of the sequence (w});en. Then 75 (w') € 751 (D \ {v2}) C Xo
is a limit point of the sequence (b(my '(w;)))ien. Therefore (my ' (w;))ien has a limit point in
the set b= (m; ' (w’)) € Xo. Hence (w;)ien has a limit point in ma(X2) = K \ {va}, which
is a contradiction. Since D is closed, we conclude that w], — wvs. Hence F'(w},t;) tends to
F(vg,lim; 00 t;) as ¢ tends to infinity. Therefore G is continuous. O

Lemma 6.21. Let X be a hairy Cantor set with base Cantor set B. Also let U be a bounded open
set that satisfies the properties (ii)-(iv) of the admissible sets. Then there exists an admissible set

U’ C U such that every connected component of U contains exactly one connected component of
U'.

Proof. Let U = Ujc;Uj, where J is a finite index set and Uj’s are the connected components of
U. For any j € J, let

X :={z e X |b(z) € Uj},

where b is the base map of X. First note that each X, is closed. To see this, let j € J and
z € X;. There is a sequence (z;);ey in X; such that z; — x. Therefore, we have b(z;) € U, for
all i € N, and b(z;) — b(z). Hence b(z) € U;. The set B does not intersect the boundary of U,

therefore b(z) € U; and = € Xj.
Fix j € J and define

Kj = (X\Xj) ﬂﬁj.
Since U satisfies the condition (iii) in the definition of the admissible sets, we see that
Kj = (Kjﬁan)U{m’GXﬂUj ‘ b(.%') ¢ Uj} ZKjﬁan gan

We may cover the compact set K; with a set V; such that Vj is a union of finitely many Jordan
domains whose closures are disjoint. We may choose V; small enough so that Vj NX; =0. The
set U satisfies the condition (iv) in the definition of the admissible sets. Therefore every point
x € 0U; \ X is accessible from U; and R? \ Uj. Hence we may assume that every connected
component of JV; intersects OU; at exactly two points. It follows that the set

Uj =U;\V; CUj

is a topological disk and every point in OU jl \ X is accessible from both U jl and R? \UijL Moreover,
we have Uj1 N X = U; N X, which implies that for any = € Uj1 N X, we have [z,b(z)] C Ujl. We
repeat this construction for every j € J and see that the set Ujc JU]~1 satisfies the properties
(ii)-(iv) of the admissible sets.

Note that for all j,j' € J with j # j/, we have

U N X =10.
This is true because
oUj N Xy = (U;NX;)\U; € K;\Uj = K; CVj,

while
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It follows that for every j € J, we have

U ovjnouy |x=( U ouinou! | (U X
'€ N7} '€ I\{j} j'ed
= U 8Uj1/ N anl N Xj// = 0.
j'e\{i}.5" €T
Fix j € J and define
Kj= |J oujnou} cou;.
i'€\{5}

We may cover the compact set K with an open set V/ such that V] is a union of finitely many
Jordan domains whose closures are disjoint. We may choose Vj’ small enough so that Vj’ nNxX =40.
Every point in 0U jl \ X is accessible from U jl and R? \Uij1 Therefore we may choose Vj’ such that

each connected component of GVJ-’ intersects the OU jl at exactly two points. It follows that the
set

2.7l /7 1 .
U?:=UN\V] C U C U,

is a topological disk and every point in OU j2 \ X is accessible from both Uj2 and R? \Uij2 Moreover,
we have Uj2 NX = Uj1 N X, which implies that for any x € Uj2 N X, we have [z,b(x)] C U]?. We
repeat this construction for every j € J and define

/. 2
U= JU;.
JjeJ
In order to prove that U’ is admissible for X, we now only need to show that connected
components of U’ have disjoint closures. For every j,j' € J with j # j/, we have

721172 c 1/t 1T _ a7l 1 I~ 17!
U?NU3 CUFNU} =0U} naU), € K C V],

and

172 2 —~ 7172 771 /
Uy nU5 C U7 C UG\ VY,
which implies
T2 AT72 —
UsnUs; = 0.
In other words, connected components of U’ have disjoint closures. Therefore the set U’ C U is

admissible for X and every connected component of U contains exactly one connected component
of U'. O

Lemma 6.22. Let X be a hairy Cantor set with base Cantor set B. For any € > 0, there is an
admissible set for X that is contained in D(B,¢).

Proof. Let € > 0 and consider the open set D(B,e). We may find an open set Uy that is a finite
union of Jordan domains with disjoint closures such that

B C Uy C D(B,e).

We will find an admissible set for X that is a subset of Uy. Let h be a height function for X and
define

ho :=min({h(z)/2 | x € U, N X} U{1}), Xo:={ze€ X |h(x) < ho} C Uy,
U1 = U() \ (X\Xo) ;) B, U2 = ﬁll(Ul) Q U().
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The set X \ Xy is closed, therefore U; is open. For any z € U; N X = X, we have
[z, b(x)] € Xo C U,

where b : X — B is the base map of X. Therefore U; satisfies the third property of the
admissible sets. We will show that this property still holds after adding the bounded connected
components of R?\ U; to obtain Us. For x € U3 N X, we have [z,b(z)] C U; C Us. Let us assume
xz € (U \U1) N X. We have b(z) € B C U; and for any y € [z,b(x)] N Uy, we have [y, b(x)] C Uy.
Therefore there exists z € [z, b(z)] such that

[z, b(x)] N UL = [2,0(x)] \ {2}

Hence the connected set [x, 2] is contained in the bounded connected component of R? \ U; that
contains the point x. Therefore

[z, b(2)] = [, 2] U ([2,b(z)] \ {2}) € (U2 \ U1) UUL = Us.

Note that every connected component of Us is simply connected.

Let Us be the union of the connected components of Us that intersect B. The collection of the
connected components of Us forms an open cover for the compact set B. Hence Us has finitely
many connected components, all of which are simply connected. The discussion in the previous
paragraph shows that the third property of the admissible sets also holds for Us.

We will show that the fourth property of the admissible sets also holds for Us. First note that
X has no interior points and we have Uy \ X C Uy C Us C Uy. Hence we have Uy = Uy \ X = Us.
Therefore

OU \ X = (U2 N (R2\ U2)) \ X = (U2 N (R*\ U2)) \ X = U2 N (R?\ (U2 U X))
=TUoN (R*\ (Do UX)) = (UyN (R2\ Up)) \ X = Uy \ X.

The set AUy is a disjoint union of Jordan arcs. Hence Us satisfies the fourth property of admissible
sets. Every connected component of QU3 is a connected component of QUs. Therefore Us also
satisfies this property.

We have shown that the bounded open set Us satisfies the properties (ii)-(iv) of the admissible
sets. Therefore, according to Lemma 6.21, there is an admissible set

U' CUs C D(B,e). O

Definition 6.23. Let X be a hairy Cantor set, U be an admissible set for X and u be a subset
of OU. Assume that
U:UUi, u:{ui]iEI},
el

where I is an index set, U;’s are the connected components of U and u; € OU; \ X, for alli € I.
Then we say (U, u) is a marked admissible set for X, and u is the set of its marked points.

Let (V,v) be a marked admissible set for X such that V. C U. Also let Vi be a connected
component of V. and let v, € v be the marked point of V' on OV,.. We say Vi is a free component
of (V,v) within (U, u) if there is a Jordan arc vy : [0,1] = U such that

70) €u, (1) =0, ~((0,1)) CU\(VUX).

We say (V,v) is a free admissible set within (U, u) if every connected component of V' is free
within (U, u).

Lemma 6.24. Let X be a hairy Cantor set with base Cantor set B and let (U, u) be a marked
admissible set for X. For any e > 0, there exists a marked admissible set (U, u') for X such that
U' C D(B,¢) and (U',4) is a free admissible set within (U, u).
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Proof. Let ¢ be a small positive number. Without loss of generality, we may assume ¢ < d(0U, B).
According to Lemma 6.22, there is an admissible set Uy C D(B,e/2) C U.

Let U be an admissible set such that U C Uy and let U* be a connected component of U. We
say U, is visible from (U, w) if there is a Jordan arc v : [0,1] — U such that

v0) eu, ~(1)€dUN\X, ~((0,1)CU\(TUX).

If every connected component of U is visible from (U, u), then it follows from the definition of
visibility that there is u such that (U, 1) is a marked admissible set with the desired properties.

Hence we only need to construct an admissible set U C Uj such that every connected component
of U is visible from (U,u). For any m > 1, we will recursively build a new admissible set
Unmn+1 C Uy, in a way that the number of connected components that are invisible from (U, u)
decreases. Let m > 1 and assume that the admissible set U,, has an invisible component, namely
V. Let U, be the connected component of U that contains V and let u, € uN U, be the marked
point of (U, u) that is on the boundary of U,.

The set U, \ X is path-connected and w, is accessible from it. Therefore we may find a Jordan

arc v : [0,1] — U, such that
Y0) =, (1) €V\X, ~((0,1)) CUN(VUX).

Since V is invisible, 7((0,1)) intersects Uy, \ V.

Let W be the union of the connected components of U, that intersect v and let W’ be the
union of the connected components of W\ v that intersect X. If z € W' N X, then we have
b(z) € [z,b(x)] € W', where b is the base map of X. Hence B, the base Cantor set of X,
intersects every connected component of W’. We have B C U,,, which implies B N W = (.
Therefore the collection of the connected components of W’ forms an open cover for the compact
set W' NB=WNB=Wn B. Therefore W' has finitely many connected components. Hence
the set (U, \ W) U W' satisfies all of the properties of the admissible sets except possibly the
first condition. Connected components of this set may have intersecting closures. Now we may
use Lemma 6.21 to shrink every connected component of the set (U, \ W)U W' and obtain an
admissible set Up,41.

The connected set V N Uy, is a visible component of U,,41. Every visible component of U,,
that is not contained in W shrinks into a visible component of U,, 1 through the process carried
out in Lemma 6.21. Now we will show that every connected component of the set Uy, NW is
also a visible component of U,,+1. Let V/ C W be a connected component of Uy, 1. The set V'
is obtained by shrinking a connected component of W\ . Therefore we may find a Jordan arc
~'" that starts at u,, traces the curve v until it gets close to the boundary of V' and then ends in
oV’ \ X. Existence of 7/ shows that V' is visible from (U, u).

We see that the number of invisible components of Up,41 is strictly less than the number of
invisible components of U,,. Hence there is some M > 0 such that every connected component of

U= Uy CU4
is visible within (U, u). O

Lemma 6.25. Let X be a hairy Cantor set with base Cantor set B. Then there are marked
admissible sets (Up, wy,), for n € N, such that

Un = U Unis Uy = {Uniti<i<k,, V1<i<kn up;€0Up;\X,
1<i<ky,

where k1 =1 < ko < k3--- and for any n > 1, the Uy ;’s are connected components of Uy, and
the following properties are satisfied.
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e We have (> Un = B.
e For anyn > 1, (Uy,uy,) is a free admissible set within (Up—1, Up—1).

Proof. We will recursively construct U,’s such that
Yn>1, U, C D(B,27").

For n =1, let Uy = Uy,1 be a Jordan domain that contains X and choose u; 1 to be any point in
OUy,1. Clearly (Uy,{u1,1}) is a marked admissible set. Let n > 1 and assume that we have built
the marked admissible set (Up,, uy,), for all m < n. Let ¢ = min(d(0U,—1,B),27"). According
to Lemma 6.24, there is a marked admissible set (U, u,), such that

U, C D(B,e) CU,-1ND(B,27"),
and (Uy,uy,) is a marked admissible set within (U,—1,u,—1). O
Proposition 6.26. Any hairy Cantor set admits a base curve.

Proof. Let B be the base Cantor set of X. Our starting point is the construction in Lemma 6.25
and we will use the same notation. According to the definition of the free admissible sets, for any
n>1and 1 <i <k,, there is a Jordan arc A, ; : [0,1] — U,_; such that

Mi(0) € U1, Ani(1) = unsy,  Ani((0,1)) CUpoq \ (U, U X).

Since Uy,—1 \ (U, UX) is an open set, without loss of generality, we may assume that the interiors
of these Jordan arcs are pairwise disjoint. Let 77 := uj; and for n > 1, define T}, to be the
union of the Jordan arcs A, ;, for all 1 < m < n and 1 <7 < k,,. Note that T;, is a tree with
ki + ko + -+ - + k, vertices in the plane.

Now we choose open intervals Cyp,; C [0,1], for n > 1 and 1 < i < k,,, such that the following
hold.

e Any two intervals C,,; and C,, i either have disjoint closures or one of them is compactly
contained in the other one.

e For all n,i,n/,’, we have C,; C Cyy v if and only if Uy, ; C Uy ir.

e For all n,i, we have |Cy, ;| <27

Note that these conditions imply that the set C' := (), |J; Cn is a Cantor set.
Using the constructions so far, we will inductively define Jordan curves wy, : [0,1] — R? in a
way that the following conditions are satisfied.

e Foralln > 1 and = ¢ |J,; Cy,i, we have wy(2) = wpt1(2) = wpga(x) = -+

For all m > n and 1 <i <k, we have w;ll(Um) = Cp; and |wy, NOU, ;| = 2.

For all n > 1, the bounded connected component of R?\w,, contains T}, and its unbounded
connected component contains X.

For all n > 1, the bounded connected component of R? \ w1 contains the bounded
connected component of R? \ w,.

We know that every point in dU; 1\ X is accessible from Uy ; and R?\ Uy ;. We pick two points
in OU; 1 \ X and connect them with two Jordan arcs that do not intersect X, one contained in
W,l and the other one outside of Uy ;. These Jordan arcs may be chosen so that their interiors
are contained in R? \ OU; ;. Let the Jordan curve w; be a parametrization of the union of these
Jordan arcs such that wl_l(Ul,l) =Cqg.

Now let us assume that we have the Jordan curve w,_; and we want to build w,. For z ¢
UiCn—1,, let wp(z) := wy_1(z). We will describe the construction for wy|c,_,, but the same
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argument works for wy|c,_, ;, for all 1 <i < k,,. Let us assume that

S
Un—10NUp = U Uni
j=1

forsomel <s<kp,and1l<i <ig<---<ig <k,

Choose £ > 0 small enough so that D(T,,e) N X = (. The set U,_11 \ T}, is connected and
open. Therefore we may connect w(inf Cy,—1 1) to w(sup Cp—1,1) with a Jordan arc v inside Up,—1 3
that does not intersect 7,, N U,_11 or X, but remains very close to T;, N U,,—1,1. Moreover, we

may assume that for all 1 < j <,

’YmUn,ij C D(Tn,¢), ‘7m8Un,ij| =2.
We want the function wn\m to trace the image of v. We may choose an appropriate parametri-
sation of v so that, possibly after rearranging the second indices in Cy;; for 1 < j < s, we have

Vl S] S S, w;l(Umij) = Cn,ij-
Clearly the bounded connected component of R? \ wy, contains T, and its unbounded connected
component contains X. It is also clear that the bounded connected component of R?\ w,, contains
the bounded connected component of R? \ Wn—1.

Now, having constructed the Jordan curves w,,, we will show that w,, : [0,1] — R? tends to a
Jordan curve w : [0,1] — R? which is a base curve for X. For n > 1, let

ryn i= max{diam (Up;) | 1 <1i < ky}.

The inclusion Uy,4+1 C Uy, for all n > 1, implies that (r,),en is a decreasing sequence. The fact
that (1),,~; Un = B implies that 7, tends to zero as n tends to infinity.

Let N > 1 and m,n > N. For z ¢ U§£10N7i, we have wy,(z) = wp(z). If z € Cn; for some
1 < i < ky, then wy(z),wm(z) € Unv;. In any case, we have

Vo € [0,1], |wn(z) —wm(z)| < max{diam (Un;) |1 <i<ky}=rn.

Hence the sequence of functions (wy),>1 is uniformly convergent to a function w : [0, 1] — R2.

Since wp(0) = wp(1) = w1(0) = wi(1) = -+, we have w(0) = w(1). Assume 0 < z,y < 1 such
that w(z) = w(y). We will show that = y. If there are integers n and ¢ such that « € C,,; and
y ¢ Cp i, then

w(@) € Uni, w(y) & Ung
which is a contradiction. Similarly, we also rule out the possibility of having n and ¢ such that
xz ¢ Cy,; and y € Cy, ;. Hence we may assume that for all n and ¢, we have z € C,,; if and only
if y € Cy;. If there is some n such that = ¢ UfglCn,i, then we will also have y ¢ Ufglme This
implies that
wn(z) = w(z) = w(y) = wn(y)-

Since wy, is a Jordan curve, we have x = y. If 2,y € C' are points such that for all n and 7, we
have x € C,,; if and only if y € C,,;, then z and y belong to the same connected component of
C, which means = = y.

We have seen that w : [0,1] — R? is a continuous map such that w(0) = w(1) and w|j 1) is
injective. Hence it is a Jordan curve. It is clear from the constructions and the arguments above
that

wNX=w(C)= ﬂ U, = B.

n>1
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For all n > 1, let W,, be the bounded connected component of R? \ wpn. Then the bounded
connected component of R? \ w is

W .= U W.,.
n>1
Since W,, N X = 0, for all n > 1, we see that W N X = (). In other words, the bounded connected
component of the complement of w does not intersect X. Hence w is a base curve for X. O

The existence of a base curve for any hairy Cantor set has an interesting implication that leads
to an alternative definition of the hairy Cantor sets.

Lemma 6.27. Let X be a hairy Cantor set with base Cantor set B and let w C R? be a Jordan
curve such that wN X = B. Also let b denote the base map of X. Then for any x € X \ B, there
are sequences (a;)ien and (5i)ien in X such that a; — z, B; — x and b(a;) < b(x) < b(B;), with
respect to a fized cyclic order on w.

Proof. Let p denote the peak map of X. Choose a point z € X \ B and continue the Jordan arc
[b(x), p(z)] in the direction of b(z) to obtain a Jordan arc « such that v N (X Uw) = [b(z), p(x)].
Choose a sequence (xp)nen in [b(z), 2] \ {b(z), 2z} that tends to x. For n > 1, we may find a
Jordan domain V,, such that

[b(2), n] € Vi © Dy/n([b(2), 7)),

and p(z) ¢ V,,. We may also assume that 9V}, intersects w at exactly two points and V,, \ v has
two connected components, namely V,! and V,2. Fix a cyclical order on w. For each n > 1, choose
the superscripts 1 and 2, so that for all z € V! Nw and w € V2 Nw, we have

z < b(x) <w.

For n,m > 1, let U* € Vi, N Dy (z) be a Jordan domain that contains z,, and does not
intersect w. Since z,, is not accessible from R?\ X, there exists points

At e XNUMNVY, e XnUMNVE

We have limy, o0 @) = @p,. Therefore limy, o[, b(a)?)] = [zn, b(z)] in the Hausdorff topol-
ogy. Hence for large m, we have

[, b(e)] Vo \ 7y =V, UV

no

Since o™ € V;!, we conclude that b(a!™) € V,!. After using a similar argument for f™’s, we see
that for all n > 1, there is M,, > n, such that

an = ap™ € VPN Dyjy(zn),  blom) €V,

B =B € VZN Dyjp(an), b(Bn) € Vi,
It follows that
lim o, = lim G, = lim =z, =z,
n—oo n—oo n—oo

and
VneN, blan) < b(x) <b(Bh). O

Theorem 6.28. Let X C R? be a compact set. Then X is a hairy Cantor set if and only if the
following conditions hold:
(i) Every connected component of X is either a single point or a Jordan arc.
(i) There is a Jordan curve w C R? such that the set B =w N X is a Cantor set of points.
(iii) Every point component of X is contained in B, and every arc component of X meets B
only at one of its end points.
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(i) If x; — s in X, i > 1, then the unique Jordan arc in X connecting x; to B converges to
the unique Jordan arc in X connecting x. to B, with respect to the Hausdorff topology.

(v) The set X \ B is dense in X.

(vi) For any x € X\ B, there are sequences (;)ien and (B;)ien in X such that o; — x, i — x,
and b(a;) < b(z) < b(B;), with respect to a fized cyclic order on w, where b(z) € B denotes
the unique end point of the component of X containing z.

Proof. (=) First let us assume that X is a hairy Cantor set and let B be the base Cantor set of
X. We only need to show that the conditions (ii) and (vi) hold. According to Proposition 6.26,
there exists a Jordan curve w such that w N X = B. Now we may use Lemma 6.27 to complete
the proof.

(<) Let us assume that X is a compact subset of the plane that satisfies the conditions
described in the theorem. Since B is a Cantor set, w \ B is a union of open arcs'® in w. Let
x € B be an end-point of a connected component of w\ B. Then condition (vi) implies that
b=1(b(z)) = {z}. Since B is a Cantor set, the set consisting of such x is dense in B. Therefore,
the set of point components of X is dense in B. To prove that X is a hairy Cantor set, we
now only need to show that the points in the interior of arc components of X are not accessible
from R? \ X. Let 2 € X be an interior point of an arc component of X and assume that it
is accessible from R?\ X. According to Remark 4, the proof of Lemma 6.18 does not rely on
condition (vi) in the definition of the hairy Cantor sets. Therefore, using the same argument,
we see that R? \ (X Uw) has two connected components. We consider the case where z belongs
to the unbounded connected component of R? \ (X Uw). The other case is similar. Since z is
accessible from the unbounded connected component of R?\ (X Uw), we may find a simple curve
A C {2z} U(R?\ (X Uw)) that connects x to infinity.

For any two points y,z € X that belong to the same connected component of X, we define
[z, z] to be the unique, possibly degenerate, Jordan arc in X that connects y and z. Let p, denote
the end point of the arc component of X containing x that does not belong to B. We may find
a Jordan domain W such that

b(x),z] CW, p, ¢ W.
We may also assume that OW intersects [b(z), p,] at exactly one point, namely y, and intersects
w at exactly two points.

According to condition (vi), there are sequences («;)ieny and (5;);en in X that converge to p,
such that b(a;) < b(x) < b(5;) for all @ € N. Possibly after removing finitely many elements from
these sequences, we may assume that

VieN, bla)eW, a; ¢ W, b(B;)eW, Bi¢W.
For all i € N, we define &; to be the unique point in [b(«a;), a;] such that
&; ¢ W, [b(ei), da] \ {di} S W.

We may similarly define Bz Let 6; € OW be the Jordan arc that connects é&; to Bz and intersects
[b(z), px]. The sequences (&;)ien and (B;)ien both belong to X N AW. Therefore, possibly by
passing to a subsequence, we may assume that they are both convergent. We have b(&;) — b(z),
so the limit point of ()i is contained in [b(z), p,] N OW = {y}. Similarly, we also see that f;
tends to y.

Now note that for any ¢ € N, the Jordan arc
mi = [b(), &) U [b(Bs), Bi] U{w € w | b(ew) < w < b(B;)} € X Uw

BAn open arc is a homeomorphic image of an open interval in R.
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does not intersect A\. The Jordan domain bounded by 7; U §; contains the point x. Therefore
A intersects d;. For any ¢ € N, choose y; € AN J;. We know that §; C OW is the Jordan arc
connecting ¢&; to ; and we have &; — y and B; — y. Therefore we have y; — y € OW N X. Since
A is a closed subset of the plane, we conclude that y € AN X # (). This contradiction rules out
the possibility of = being accessible from R? \ X and completes the proof. O

Corollary 6.29. FEvery straight hairy Cantor set is a hairy Cantor set.

Proof. Every straight hairy Cantor set X satisfies the conditions (i)-(v) in the definition of the
hairy Cantor sets. Let I C R be a closed interval such that X NIR C I and let w to be the
boundary of the rectangle I x [—~1,0] € R2. Now we may use Theorem 6.28 to see that X is a
hairy Cantor set. O

Remark 5. For hairy circles, “the set of base points” is a Jordan curve and it has a canonic cyclic
order. In the proof of Corollary 6.29, we choose the base curve as the boundary of the rectangle
I x [—1,0]. In this case, the cyclic order on the base Cantor set B induced by the base curve is
similar to the order of the points in B as a subset of the real axis. However, it is straightforward
to see that we may find infinitely many base curves such that the cyclic orders induced on B are
pair-wise distinct. In other words, the order induced on the base Cantor set by the base curve is
not canonic. However, as seen in Lemma 6.27, not every cyclic order is permissible.

We will now describe an alternative definition for straight hairy Cantor sets as well.

Corollary 6.30. A compact set X C R? is a straight hairy Cantor set if and only if there is a
Cantor set C C R and a function | : C — [0,00) such that

X={(z,y) eR?*|2€C,0<y <I(z)}
and the following conditions hold.

(i) The set {x € C | l(x) # 0} is dense in C.
(i) The points in the set {(z,y) € R? |z € C,0 <y < l(z)} are not accessible from R?\ X.

Proof. Corollary 6.29 implies that every straight hairy Cantor set is compact and satisfies the
conditions (i) and (ii). Now consider a compact set X C R2, a Cantor set C' and a function
Il : C — [0,00) satisfying the given properties. Note that X satisfies the properties in the
definition of the hairy Cantor set. The function [ is bounded and upper semi-continuous since
its under-graph is compact. Let I C R be a closed interval such that C' C I and let w to be the
boundary of the rectangle I x [—1,0] C R?. Now we may directly use Lemma 6.27 to see that X
satisfies the second condition in the definition of the straight hairy Cantor sets. U

6.3. Ambient homeomorphism. Here we will show that all hairy Cantor sets in the plane are
ambiently homeomorphic. For this, we will use some classical results from the theory of prime
ends. For more details, one may consult [Car13] or [Koel5]. We will use the notations d¢ and

diamg for the distance and the diameter with respect to the spherical metric on C.

Definition 6.31. Let U C C be a simply connected domain such that |dU| > 1. A fundamental
chain in U is a sequence of non-empty, simply connected domains ; C U, for i € N, such that
the following hold.

e For alli € N, the set 9Q; NU 1is a Jordan arc with its interior contained in U, connecting

two points on the boundary of U.

e For alli € N, we have 0Q; N U NI 11 NU = .

e For alli € N, we have Q;,1 NU C ;.

o We have diamga (9% NU) — 0 as i tends to infinity.
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As a consequence, we see that (892- N U)z‘eN s a sequence of disjoint Jordan arcs, each of which
connect two distinct points of OU. If there is a point x € U such that x ¢ 0Q; NU, for alli € N,
and diamg ({2} U (0 NU)) — 0, as i tends to infinity, then we say that = is a principal point of
the fundamental chain (;);en. The impression of a fundamental chain (;);en is defined as the
set (N;en -

Note that, in this definition, a fundamental chain (€2;);cny does not necessarily have a principal
point. However, if it has a principal point, then it is unique.

Definition 6.32. Let U C C be a simply connected domain such that |0U| > 1. Two fundamental
chains (Q;)ien and (2)ien in U are called equivalent if for every integer i > 0 there is an integer
J > 0 such that Q; C Q) and Q; C Q;. A prime end for U is an equivalence class of fundamental
chains. The set of principal points of a prime end is defined as the set consisting of all the principal
points of the fundamental chains in its equivalence class. The impression of a prime end is defined
as the impression of any fundamental chain in its equivalence class. This is well-defined by the
definition of the equivalence stated above.

Note that, in this definition, the impression of a prime end for U is a subset of OU that contains
its principal points.
Throughout this subsection, we will fix a hairy Cantor set X and a base curve w.

Definition 6.33. Define
X, =XUw, X,:=fll(X,).
Lemma 6.18 shows that C \ X, has two connected components. Let U' and U be the bounded

and unbounded connected component ofC \ X, respectively. Note that U’ is the Jordan domain
bounded by w and we have

X,=X,UuU, U=C\X..
We will now extend the domain of the maps p and b, the peak map and the base map respectively,
to X, by setting
Vee X, \ X, plx):==z bz =2
Also define
Ve € Xpy \ X, [b(z),p(x)] = {x}.

Note that, in this definition, b|,, = Id,, and b|x are continuous maps with closed domains that
take the same values on the intersection of their domains. Hence b : X, — w is continuous.

Lemma 6.34. The set U is a topological disk and we have X, = OU.

Proof. The set U = C\ﬁll(Xw) is open and simply connected. Hence it is a topological disk. The
set C\ U is an open set that is contained in C \U =X, = X, UU’. Since X, has no interior
points and U’ is a Jordan domain, we have C\ U C U’. Hence X, C C\ U’ C U. Therefore

U =UNC\U=UnC\U)=UnNX,uU)=UNX,=X,,. O

Before we state the next lemma, let us recall the following classical results from the theory
of prime ends. If V' C C is a simply connected domain such that [0V| > 1, then the following
statements hold.

e If two fundamental chains (Q});en and (2?);ey in V are not equivalent, then there exists
N € N such that Q% N Q% =0.
e Every prime end of V' has at least one principal point.
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e A point p € 9V is accessible from V if and only if it is the unique principal point of at
least one prime end of V. In this case we say the corresponding prime ends are accessible.
e Every point p € 9V is contained in the impression of a prime end of V.

Lemma 6.35. The following statements hold.
(i) The set of impressions of the prime ends of U is equal to {[b(2),p(z)] | z € Xu}.
(ii) Every prime end of U is accessible and the set of points in X, that are accessible from U
is equal to {p(z) | z € Xu}.
(iii) Distinct prime ends of U have disjoint impressions.

Proof. Let P be a prime end for U and let (I';);en be a fundamental chain of P. For any i € N,
the set OI'; N U is a Jordan arc connecting two points of X,,. Let us call these points «; and f;.
Considering the cyclic order on w and the fact that

LpnNUCT;, CT; N,
we may assume that for all ¢ € N, we have

ba;) < b(evit1) < b(Bit1) < b(Bs)-

Moreover, for any ¢ € N and z € 9I'; N U, we have b(c;) < b(z) < b(5;). On the other hand, for
any z € X,,, the inequality b(c;) < b(z) < b(3;) implies that [b(z), p(z)] C oT';.

We start by finding the impression of P.

(i) : Let = be a point in the impression of P. First we show that the impression of P
is contained in [b(x),p(x)]. Since diamg(9T; NU) — 0, we have dg(a;, ;) — 0. The map
b: X, — w is uniformly continuous. Therefore we have da(b(a), (BZ)) — 0. On the other hand,
for any ¢ € N, the point = belongs to 0I';, which implies b(az) < b(z) < b(B;). Therefore we have
b(x) = lim; o b(cv;), which shows that b(x) does not depend on the choice of z. In other words,
for any point y in the impression of P, we have y € b=1(b(z)) = [b(z), p(z)].

Fix 1 € N. We have

b(ai) < b(ait1) < blaite) < b(x) < b(Biv2) < b(Bit1) < b(Bi).

The «a;’s and 3;’s are distinct points in X, that are accessible from U. Therefore they can not
be interior points of an arc component of X. Hence the points b(«;), b(a;+1) and b(a;4+2) can not
all be equal. After using a similar argument for 3;’s, we see

b(ai) < b(aita) < b(x) < b(Bit2) < b(Bi),

which implies that [b(z),p(z)] is contained in OI';. Since the argument is independent of the
choice of i, we conclude that [b(z),p(z)] is the impression of P.

Any point z € X,, = OU is contained in the impression of a prime end of U. Therefore we have
proved that the set of impressions of the prime ends of U is equal to {[b(z),p(2)] | z € X}

(i) : Assume (T';);en has a principal point, namely y. We will show that y = p(y). If
p(y) = b(y), there is nothing to prove. Let us assume that [b(y),p(y)] is a Jordan arc and
y # p(y). We continue the Jordan arc [b(y),p(y)] in the direction of b(y) to obtain a slightly
larger Jordan arc  such that

7N Xy = [b(y), p(y)]-
Since

y € [b(y), p(y) \ {r(y)},

there is a small Jordan domain D containing [y, b(y)] such that D \ v has two connected compo-
nents, namely D; and Ds, and p(y) ¢ D. We may choose D in a way that D intersects w at
exactly two points. We name the connected components of D \ v so that for any z; € D Nw and
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z9 € Dy Nw, we have z1 < b(y) < z2. As a consequence, we have b(«;) € Dy and b(8;) € Do for
large 1.

According to the definition of hairy Cantor sets and principal points, we have [a;,b(;)] —
[y, b(y)], [Bi, b(Bi)] = [y,b(y)] and diamg((OT; NU) U {y}) — 0. Therefore we have

[, b(a)] U AL, NU U [B;,b(8:)] € D,

for large i. Fix a large i consider the set [a;, b(a;)] UOL; N U U (B, b(B;)]. This set is a Jordan arc
contained in D \ v that does not intersect . Therefore its end points, b(«;) and b(f5;), belong to
the same connected component of D \ v, which is a contradiction. The contradiction shows that
y =p(y).

The impression of P is equal to [b(z),p(z)], for some x € X,,. We have proved that for any
fundamental chain of P that has a principal point, p(z) is the principal point. Therefore p(x) is
the unique principal point of the prime end P. Hence P is accessible. On the other hand, any set
of the form [b(x), p(z)], for x € X,,, is the impression of a prime end of U. Therefore any prime
end of U is accessible and = € X, is accessible from U if and only if x = p(x).

(iii): Let P! and P? be two different prime ends for U, such that their impressions intersect.
According to (i), this implies that their impressions are equal and equal to [b(y.), p(y«)], for some
ys € X,. Let (Q%)ieN and (Q?)ieN be fundamental chains in P! and P? respectively. There is
J € N such that le ﬁQ? = (). For all i € N, choose y; € Q. Then we have d(y;, [b(y.), p(ys)]) — 0.

Let (T')ien = (Q%)ieN and define the sequences («;)ien and (53;)ien as above. The open set

Wj = int (97]2 U ﬁ)
is a Jordan domain bounded by
992 N U U oy, b(a;)] U [85,b(8;)] U {w € w | b(B;) < b(w) < bley)}).

In particular, we have [b(y«), p(y«)] € Wj. Since d(y;, [b(y«), p(y«)]) — 0, there is N > j such that
yn € W;, which implies yy € W; NU = QJQ Therefore we have

1 2 1 2
which is a contradiction. O

In the remainder of this subsection, we will need to use the following classical results. If V' C C
is a simply connected domain such that [0V| > 1 and ¢ : D — V is a Riemann map, then the
following statements hold.

e For any fundamental chain (;);en in V, the sequence (¢~ 1(€;))ien is a fundamental
chain in . Moreover, equivalent fundamental chains of V' are mapped into equivalent
fundamental chains of ID. This correspondence induces a bijection between the set of
prime ends of V' and the set of prime ends of D.

e Any prime end of DD is accessible. The map that sends a prime end of D to its unique
principal point induces a bijection between prime ends of D and angles in R/277Z. As a
consequence, there is a one-to-one correspondence between the angles in R/27Z and the
prime ends of V.

e If a prime end of V has a unique principal point and § € R/27Z is the angle corresponding
to P, then the limit

lim ¢(re'?)
r—1
exists and it is equal to the principal point of P. (See Corollary 2.17 in [Pom92]).

14We use the notation int (A) to denote the interior of the set A.
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Definition 6.36. Consider a Riemann map ¢ : C \D — U with ¢(00) = co and define
A;:¢({zeé\®| 2] < 2}) U X,

The set A is a compact annulus. In fact, its complement in C is the union of two topological
disks, one being the bounded region in the complement of w and the other one being

o({z € C\D]| |z| > 2}).

Consider the continuous function 0 : U \ {oo} — R/27Z defined by 0(y) = arg(¢p—1(y)).
We will use 0 to extend the domain of b to include the set A. The set of prime ends of U
is in one-to-one correspondence with angles in R/2nZ. Every prime end in U is accessible by
Lemma 6.35. Therefore, for every 0 € R/2n7Z, the limit lim, 1 ¢(re?) exists and belongs to the
set {p(z) | z € w}. Note that we have x = ¢(|¢p~1(x)[e??®)), for any x € A\ X,,. We define

Vo€ A\ Xo,  b(z) := b(lim P(re? @),

For any = € X,,, there is a unique value of §(z) € R/2xZ for which the above equation holds.
This is true since [b(x),p(b(x))] is the impression of a unique prime end in U, which in turn
corresponds to a unique angle in R/277Z. As a consequence, we see that for every w € w, the set

b (w) = [w,p(w)]U{z € A\ X, |w= b(1inm (re?@)))
r—
is a Jordan arc in A that connects the two boundary Jordan curves of A.

Lemma 6.37. The map b: A — w is continuous.

Proof. We want to show that b=!(K) is closed for every closed set K C w. Since w is a Jordan
curve, it is sufficient to prove that b=!(K) is closed whenever K C w is a either a point or a
Jordan arc. If K is a single point, then b6~ (K) is a Jordan arc and therefore closed. Let K C w
be a Jordan arc and let a and 3 be its end-points. We know that b~ (a) and b~!(3) are disjoint
Jordan arcs that connect the two boundary components of A. Therefore the set

int (A)\ (b"1(a) Ub~1(B))

is a disjoint union of two Jordan domains, namely Vi and V. The sets Vi Nw and Vo Nw are
Jordan arcs in w that have o and 8 as their end-points. Hence one of these sets, say Vi Nw, is
equal to K. We know that the Jordan arcs b=!(w), for w € w, are disjoint and their union is
equal to A. Therefore V; is a union of some of the Jordan arcs in {b~!(w) | w € w}. Hence we
have

Vi=bto(W)=bv'(Vinw) =b Y(K). O

For every w € w and x,y € b~ (w), we define [z, %] to be the unique Jordan arc in b~*(w) that
ends at these points. Note that if x,y € X, N b~!(w), then this notation is consistent with the
previous definition of [z,y]. Since b~!(w) is a Jordan arc, we may define a natural linear order
on it. We will consider the linear order where w = b(w) is the smallest point.

Lemma 6.38. For any sequence (z;)ien in A such that x; — x. € A, we have

lim [x, b(z;)] = [x4, b(xy)]

1—>00

in the Hausdorff topology.
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Before we start the proof of this lemma, we state a classical result from complex analysis. Let
V C Cbea simply connected domain such that |0V| > 1. Also let z,y € V and let y,\ C V
be Jordan arcs with end points x and y such that ~ is a geodesic with respect to the hyperbolic
metric on V. Then the Gehring-Hayman theorem asserts that

diamg () < Can diamg(N),
where Cgpr is a universal constant. (see Theorem 4.20 in [Pom92])

Proof. The set of non-empty compact subsets of A with the Hausdorff metric is compact. There-
fore it is sufficient to prove that for any sequence x; — x, where ([x;,b(z;)])ien is a convergent
sequence in the Hausdorff metric, we have [x;, b(x;)] — |24, b(x4)].

Let (z;);en be a convergent sequence in A with the limit z, € A such that the sequence
([zi, b(x;)])ien converges to a set K C A in the Hausdorff topology. Since b is continuous, K is
contained in b~1(b(z)). The set K is the Hausdorff limit of [z;, b(z;)], so we have

K ={y|y= lim g,y € [2i,0(z:)]} > {2+, b(z:)}-

Moreover, each set [x;,b(z;)] is connected so their limit K is also connected. Hence we have
K = [y, b(ys)] for some y, € b=1(b(x,)). We have 2, € K = [y., b(y«)], 50 7+ < ys with respect
to the linear order on b=!(b(z,)). We will assume y, > z, and prove the lemma by deriving a
contradiction.

If y« > x4 and y. € U, we define

v e 4 (97 @I+ 197 (@))/2 iz €T,
(lo~ (ya)| +1)/2 if , ¢ U.

Consider the compact set
A =X, Up({ze C\D]| |z| <ro}) C A.
Since x; — x4, there is an integer N such that for all ¢ > N, we have
z; € X, or |~ (21)] < ro.

In other words, z; € A’ for i > N. Hence we have [z;,b(x;)] C A’ for i > N. Therefore the
Hausdorff limit of the sets [x;,b(x;)] also belongs to A’ which is a contradiction since we have

|6~ (ys)| > ro.

Now consider the case y. > z, and y. € X,. Since y. > x, > b(y.), we have y, € X. Fix
a cyclic order on w. By passing to a subsequence we may assume that the convergent sequence
(b(z;))ien is monotone. Therefore, without any loss of generality, we may assume b(z;) 1 b(zx).
For any i € NU {x}, let

Y = bil(b(l’z)) t; == rnax{%} €y N (8A \ w).

and for some by slightly smaller than b(x1), let 7o := b=*(by). The Jordan arcs 4o and 7. bound
a subset of A, namely the set

R={z€ A|by <b(z) <b(x)}

Choose two points wy, 2« € 7. such that z. < 2. < wsx < y». We may find Jordan arcs
AY A% 1 ]0,1] — R such that

AY(0) = wy, wo:=AY(1) €79, A”((0,1)) Cint (R),
A(0) = zi, 20:=N(1) €7y, N((0,1)) Cint(R),
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and A NA* = (). The set R\ (A\* UA") has three connected components. We name the connected
components Rf, R™ and R’ such that

z, € OR, y. € OR".

According to the definition of K, there is a sequence (y;);en such that y; € [z;,b(x;)] for all
i € N and y; — vs. After possibly removing finitely many i’s, we may assume that z; € R and
yi,t; € RY, for all i € N. As a consequence, we see that both [z;, ;] and [t;, z;] intersect A¥. For
any 7 € N, we may choose o, B; € A N~y; such that

a}u<$i<ﬁ%w,

and the Jordan arc A’ C A" that connects o}’ to 3’ intersects v; at only «;” and ;. We define
W; to be the Jordan domain bounded by [af, 5] U AY.

We know that x; € R and AP N Rb = (). Therefore z; and Ay are contained in different
connected components of W; \ A*. In other words, \* separates x; from Ay within W;. We want
to find two points a7, 37 € ; and a Jordan arc A7 C W; N\, that connects them such that

NNy ={af,B7}, of <af <z < pf < B
Define
I; ={AC XN |XisaJordan arc, AN [z;,0"] #0, ANz, 7] #0, int(N)Neg’, 5] = 0},

and note that I'; is a non-empty set containing finitely many elements. Let FE; denote the set
of end-points of Jordan arcs in I';. By cutting A\* at the points in F;, we may obtain a finite
collection of Jordan arcs, namely I". Since

¥=JAr [IM<oo,
A€l

we may find an element A\ € I” that separates x; from A¥ within W;. Any Jordan arc in IV \ T
can only intersect one of [z;, af’] and [z;, 5"]. Hence we have A € T'. Since A intersects OW; only
at its end-points and A N W; # 0, it follows that A7 := A C W; N A\* has the desired properties.

-7 bo b(z.) >~

Now we consider two cases and derive a contradiction in each case. Either there are infinitely
many ¢ € N, where X N A? # () or we have X N \? = (), for all large ¢ € N. First we consider the
former case. After possibly passing to a subsequence, we may assume that XNA? # (), for all i € N.
Let z; be an arbitrary point in X NAL. If z; € 4, then we have z; € v; N AL = {aZ, 87} C RV N,
and o’ < af < 37. Hence

[23,0(2:)] VA 2 {a’} # 0.
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If z; ¢ 74, then z; € W; and b(z;) ¢ W;. Hence we have [z, b(2;)] N OW; # (. However, using the
fact that 7; N b~ 1(b(2;)) = 0, we see that

1] 7& [Zi, b(zz)] NoWw; = [Zi, b(zl)] N ([Oé;ﬂ, Blw] U )\;U) = [Zi, b(Zz)] NAY C [zi, b(zz)] N\,

i S
Therefore we may find w; € [z;,b(z;)] N A* for all @ € N. According to the definition of hairy
Cantor sets, we have [z, b(z;)] — [24,b(z4)]. On the other hand b(w;) — b(w,) and w; € A* for
all 7 € N, which implies w; — w,. However w; € [z, b(z;)] for all i € N and w, ¢ [z, b(2;)], which
is a contradiction.

Now we may assume that X N A7 =, for all large ¢ € N. We have b(a?) — b(z) and af € \*
for all ¢ € N, which implies o — z,. Similarly, we have 57 — z.. Hence

lim diamg (A7) = 0.
1—00
The Jordan arc [a}, 5] is a geodesic with respect to the hyperbolic metric on U and the Jordan

arc A7 is contained in U for large i. Therefore, according to Gehring-Hayman theorem, for large
1 € N, we have

diam@([af,ﬁf]) < Can diam@()\f).
On the other hand, z; € [of, 57] and of — 2z, so we have

limioglf diamg([af, B7]) > diamg ({24, 24}) > 0.

11—
Therefore
diam([a?, 37 diama ({2, 74
lim inf diamg (A7) > lim inf tamg([of, 57 > famg ({2, 2.}) > 0,
1—00 1—00 CGH CGH
which is a contradiction. O

Theorem 6.39 (Theorem B). All hairy Cantor sets in the plane are ambiently homeomorphic.

In particular, using Corollary 6.29 we see that all hairy Cantor sets are ambiently homeomor-
phic to the straight hairy Cantor set described in Proposition 6.2.

Proof. According to Proposition 6.3, it is sufficient to prove that every hairy Cantor set in the
plane is ambiently homeomorphic to a straight hairy Cantor set. Let X be a hairy Cantor set in
the plane, let w be a base curve for X and recall Definition 6.33 and 6.36.

Consider a Whitney map u for the set A and define

h:A—[0,00), h(x):=p(z,bx)]).

Lemma 6.37 and 6.38 show that b and h are continuous. Note that if b(x) = b(y) and h(x) = h(y),
then we have [z,b(x)] = [y, b(x)], which implies z = y. Consider a Jordan arc I C w such that
B C I and consider a parametrisation of the Jordan curve w : [0,1] — w([0,1]) such that
w=H(I) = [0, 5], for some 0 < s < 1. Now define

U:{zcA|bx)el}—=0,8] x[0,00), U(x):=(w (bx)),h()).

The map WV is injective and continuous with a compact domain so it is a homeomorphism. The
domain and the image of ¥ are both closures of Jordan domains. Hence ¥ can be extended to
a homeomorphism of the plane. According to Corollary 6.30, the set W(X) is a straight hairy
Cantor set. 0

Corollary 6.40. For any hairy Cantor set X, the set of the end points of the arc components of
X is dense in X.

Proof. This immediately follows from Proposition 6.10 and Theorem 6.39. O
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6.4. Abstract hairy Cantor sets. Hairy Cantor sets are topological objects in the plane. In
this subsection we generalise the notion of hairy Cantor sets to metric spaces and define abstract
hairy Cantor sets. In other words, we characterise all metric spaces that are homeomorphic to
a hairy Cantor set.

Definition 6.41. A compact metric space X is called an abstract hairy Cantor set if the following
conditions are satisfied.

(i) Every connected component of X is either a single point or a simple arc.*®

(ii) Closure of the union of the point components of X is a Cantor set, namely B C X.
(iii) Any arc component of X meets B at exactly one of its end-points.
(iv) Whenever x; — x within X, the unique arc in X connecting x; to B converges to the
unique arc in X connecting x to B, with the convergence in the Hausdorff topology.
(v) The set of the end points of the arc components of X is dense in X.

If x,y are points in X that belong to the same connected component of X, we use [z,y] to denote
the unique (possibly degenerate) simple arc in X joining  andy. We define the base map of X
as the map b : X — B that sends any point x € X to the unique point in the connected component
of X containing x that belongs to B. We will say that b(x) is the base point of x.

First we show that this notion is indeed a generalisation.
Proposition 6.42. Any hairy Cantor set is an abstract hairy Cantor set.

Proof. We only need to check condition (v) in the definition of abstract hairy Cantor sets. How-
ever, this is the statement of Corollary 6.40. O

Note that an abstract hairy Cantor set in the plane is not necessarily a hairy Cantor set.
In fact, if X is a straight hairy Cantor set with base Cantor set C' C R and length function
[:C —[0,00), then for any z € C' with [(z) # 0, the set

X'i={(z,y) € X |z <z}
is an abstract hairy Cantor set that is not a hairy Cantor set.

Remark 6. Assume X is an abstract hairy Cantor set in the plane. Using arguments similar to
the proof of Proposition 6.26 and Theorem 6.39, one can show that X is ambiently homeomorphic
to a compact set of the form

Y= {(z,y) eR* |z € C,0 <y <l(x)},

where [ : C' — [0,00) is a function such that the set {x € C | I(z) # 0} is dense in C. If all the
points in the set {(x,y) € R? |z € C,0 < y < I(x)} are inaccessible from R? \ Y, then we may
use Corollary 6.30 to see that X is a hairy Cantor set. However, as shown in Figure 6.4, this
condition is not always satisfied.

Theorem 6.43 (Theorem C). All abstract hairy Cantor sets are homeomorphic.

Proof. Let X be an abstract hairy Cantor set with base Cantor set B C X and base map
b: X — B. According to Theorem 6.39, it is sufficient to show that X is homeomorphic to a
straight hairy Cantor set. Consider a Whitney map u : H[X] — [0, 00) and let

h:X —10,00), h(z):= p([z,b(x)]).

Lowe say a compact metric space is a simple arc if it is homeomorphic to a closed interval in R.
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FicURE 7. This figure illustrates how an abstract hairy Cantor set in the plane
may fail to be a hairy Cantor set. The last vertical arc on the right hand side of
the picture is not approximated by vertical arcs from both sides.

According to the definition of the abstract hairy Cantor sets and the Whitney maps, h is contin-
uous on X and injective on every connected component of X. Let C' C R be a Cantor set and let
g : B — C be a homeomorphism. Define

O:X = Cx[0,00), @)= (g(b()), h(x)).

If for some x1,z2 € X, we have g(b(x1)) = g(b(z2)) and h(x;) = h(z2), then x; and x2 belong
to the same connected component of X and we have [z, b(x1)] = [z2,b(x2)], which implies that
x1 = x2. In other words, ® is injective. The function ® is continuous and injective with a compact
domain. Therefore it is a homeomorphism. According to the definition of the Whitney maps, we
have
h10)={re X |z=0bx)}=B.
Therefore there exists a function [ : C'— [0, 00) such that
(X)) ={(z,y) eR* |z C,0<y<I(z)}.
Let
Ey:={(z,0) € R? |2 € C,l(x) #0}, E,:={(z,l(z)) €R? |z C,i(x) #0}.

Condition (v) in the definition of the abstract hairy Cantor sets shows that Ej, U E), is dense in
X. We have o
Eyn{(x,y) eR?* |z e Cie <y <l(z)} =0,
for any € > 0, which implies that
E, 2 {(x,y) eR? |z € Ce <y <li(x)}
Hence we have
E 2 [ H@y) eR? |zeCe<y<i(a)} ={(z,y) eR* |z € C,0<y < I(x)},
e>0
which implies that
By 2 {(z.y) €R* |2 € C,0 <y <l(x),l(x) # 0} 2 Ep.

Therefore E), is dense in X. Now we see that ®(X) satisfies the requirements of Proposition 6.11.
Hence ®(X), and therefore X, is homeomorphic to a straight hairy Cantor set. O
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