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Abstract

In the era of Deep Learning (DL), there is a fast-growing demand for building and
deploying Deep Neural Networks (DNNs) on various platforms. This thesis proposes
five tools to address the challenges for designing DNNs that are efficient in time, in

resources and in power consumption.

We first present Aegis and SPGC to address the challenges in improving the memory
efficiency of DL training and inference. Aegis makes mixed precision training (MPT)
stabler by layer-wise gradient scaling. Empirical experiments show that Aegis can
improve MPT accuracy by at most 4%. SPGC focuses on structured pruning: re-
placing standard convolution with group convolution (GConv) to avoid irregular
sparsity. SPGC formulates GConv pruning as a channel permutation problem and
proposes a novel heuristic polynomial-time algorithm. Common DNNs pruned by

SPGC have maximally 1% higher accuracy than prior work.

This thesis also addresses the challenges lying in the gap between DNN descriptions
and executables by Polygeist for software and POLSCA for hardware. Many novel
techniques, e.g. statement splitting and memory partitioning, are explored and used
to expand polyhedral optimisation. Polygeist can speed up software execution in
sequential and parallel by 2.53 and 9.47 times on Polybench/C. POLSCA achieves
1.5 times speedup over hardware designs directly generated from high-level synthesis
on Polybench/C.

Moreover, this thesis presents Deacon, a framework that generates FPGA-based
DNN accelerators of streaming architectures with advanced pipelining techniques
to address the challenges from heterogeneous convolution and residual connections.
Deacon provides fine-grained pipelining, graph-level optimisation, and heuristic ex-
ploration by graph colouring. Compared with prior designs, Deacon shows re-
source/power consumption efficiency improvement of 1.2x/3.5x for MobileNets and
1.0x/2.8x for SqueezeNets.

All these tools are open source, some of which have already gained public engage-
ment. We believe they can make efficient deep learning applications easier to build

and deploy.
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Chapter 1
Introduction

This chapter gives a general introduction to this thesis. We describe our motivations,

corresponding challenges, and our contributions that aim to resolve such challenges.

1.1 Motivation

Deep learning [85] is being pervasively used in many applications nowadays. It
powers smart cameras that can recognize objects in real-time [82] [184], translates
hundreds of human languages under a unified framework [308], and game agents
that can reach [211] and even exceed the best human player [257]. Despite all these
merits, the huge demand for computation resources hinders broader usage of deep
learning methods: people cannot develop their deep learning applications without
access to large data centres with numerous [GPUs|, not to mention deploying them
on small, hand-held devices. Being motivated by this situation, this thesis aims to

provide practical solutions to make deep learning more accessible.

Even though [CPUs| and [GPUs are the most common deployment platforms for deep

[m} [Hardware generatorji K

Figure 1.1: An overview of a deep learning application build and deployment procedure.
D is the prepared dataset; M and M™* are the deep learning models, before
and after training; P denotes the compiled program; and H is the hardware
design generated.
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C2: Multi-level
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[Cl: Memory-efficient DL]
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Deacon: DNN acceleration
on FPGA with operator fusion
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gradient scaling
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Figure 1.2: Thesis structure. The middle layer lists the three challenges, labelled by
The bottom layer demonstrates all the corresponding solutions.

learning applications, this thesis focuses on an alternative target: reconfigurable
devices, or CPUs and GPUs are general-purpose processors, and they
sacrifice time and energy for their generality. Empowered by the reconfigurability,
people can build customised circuitry on FPGA that is just used for one specific deep
learning application to push further the boundary of efficiency. Nevertheless, the
[EDAHlavoured toolchains for FPGA development make it a less favourable plat-
form than CPU and GPU for deep learning engineers that come with a software

background.

There are three steps to take to build and deploy a deep learning application. First,

after understanding the application requirements, an engineer should design a model

based on [Deep Neural Network (DNN)| the fundamental architecture for deep learn-

ing. This DNN should be properly trained on a dataset and improved until its
evaluation performance meets the expectation. Second, once a trained model is pro-
duced, we need to compile it into an executable program on the target platform. It
is desirable if the compiled program can run fast and fully leverage the functionality
that the target platform provides. Finally, an extra step should be taken to leverage
the customisability if the target platform is FPGA: we should generate a specific
hardware design that is dedicated to executing the provided DNN in an optimised,

efficient manner. Figure [L.1]illustrates the whole procedure.

1.2 Challenges

There are three specific challenges that this thesis aims to address following the

aforementioned motivation. An overview of the challenges and their corresponding

contributions (Section can be found in Figure [1.2]
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1.2.1 C1: Memory-efficient training and inference

The most capable DNNs typically require a substantial memory footprint during
training due to the need to store a remarkable quantity of parameters. This creates
a barrier for those who do not have access to multiple, high-end GPUs, thus limiting
the potential benefits. An effective method for diminishing the memory footprint
is mixed-precision training. This technique employs low-precision data types with
shorter bit-widths to represent parameters that are not sensitive to precision, thereby
significantly reducing memory usage compared to default single-precision floating-
point representations, without detrimentally impacting performance. Nevertheless,
this approach has one primary challenge: low-precision data types exhibit a limited
representation range, which can lead to unexpected numerical issues during training.
These issues can either interrupt the training procedure or lead to a degradation in
accuracy. One instance, highlighted by [209], reveals that when training a DNN
using half-precision floating-point, approximately 50% of non-zero activation gradi-
ents become zero due to the constrained representation range, adversely affecting
training outcomes. Current methodologies [209, [159] 208] can partially address this
issue using meticulously adjusted heuristics. However, a more desirable solution
would be one that can be generalized across various DNN models without extensive

hyperparameter tuning.

In addition to training, DNN inference performance can also deteriorate when con-
fronted with an extensive memory footprint. This issue is amplified on deployment

platforms, such as mobile phones and embedded devices, which typically have re-

source constraints. A frequently utilised solution is the [network pruning, which

eliminates parameters that contribute negligibly to model accuracy. This pruning
strategy reduces the memory footprint while ensuring minimal variations in the
model output. Nonetheless, the removal of parameters in a arbitrary manner could
result in models exhibiting irregular sparsity, thereby impinging on execution effi-
ciency. This irregularity stems from an uneven workload distribution among multiple
processors and irregular memory references. As depicted in Mao et al. [198], given
the same compression level, a model utilizing coarse-grained, structured pruning
only requires 65.3% of the memory references compared to one using fine-grained,
irregular pruning. However, the challenge lies in devising a method that can simul-
taneously remove a significant number of parameters while maintaining a structured

model architecture.
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1.2.2 (C2: Polyhedral compilation framework for multi-level

representations

A DNN is a specific type of program that supports a restricted set of operations,
interconnected via a computational graph [2]. Each node in this graph represents
a distinct operation such as matrix multiplication or convolution, while each edge
signifies dataflow between nodes. This high-level abstraction can encapsulate a wide
range of DNN architectures. However, it also leaves a substantial optimisation gap

that the compiler must address to generate an efficient executable program.

A compiler mechanically transforms the input program from one representation to
another, implying the need to automate the optimisation of the DNN computational

graph. As the majority of operations in DNNs are grounded in nested loops with

static control-flow, the [polyhedral model model can be adapted to automate loop

transformations, enhancing parallelism and locality.

Several studies [231], 207, 281, 280] have integrated the polyhedral approach into their
comprehensive, deep learning-oriented frameworks. These have yielded promising
results, but have not yet addressed FPGA deployment needs. Moreover, owing
to confidentiality or internal integrated design, these frameworks cannot be simply
extended to support FPGAs.

For instance, our experiments revealed that connecting an existing polyhedral com-
piler, such as Pluto [30], with a high-level synthesis tool led to significant per-
formance degradation. On the Polybench/C benchmark [330], average wall-time

inflated by a factor of 4.08 compared to not using polyhedral transformations.

It remains a challenge to create a compiler framework that can effectively interface
the polyhedral representation with high-level DNN graphs, and further transform

them into executable programs, including FPGA designs, with adequate extensibil-

ity.

1.2.3 C3: FPGA accelerator design for efficient DNN archi-

tecture

The FPGA has emerged as a potential platform for executing DNN inference tasks
on resource-constrained devices. Leveraging its reconfigurability, an FPGA can of-
fer a solution that ideally balances the trade-off among processing speed, power
consumption, and resource utilization. However, as DNN architectures evolve to-

wards higher efficiency, the emergence of fragmented structures using interconnected
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lconvolution blocks| [48|, [118] has increased design complexities for custom FPGA ac-

celerators, in comparison to past works[331] 332, [44] 130, 277] that focused on more

generalized DNN models.

One major challenge in FPGA deployment pertains to the design of convolution
blocks within the desired accelerator. Rather than accelerating an isolated type
of layer, processing an entire block concurrently appears to be a more efficient ap-
proach. This can minimise data transfer overhead between the FPGA and host,
i.e., only twice per block instead of multiple instances for each sub-layer within the

block. Furthermore, a deeper pipeline can enhance throughput.

This methodology, termed as operator fusion, has found applications not only in
FPGA [197, [10] [182] but also GPU domains [187, 220]. However, the potential com-
binations of layers within a block can be vast, indicating that a universal template
for operator fusion on FPGA may not exist. Thus, our focus should be on discov-
ering a general strategy that can navigate the search space for an optimally fused

design.

1.3 Contributions

This thesis contributes novel solutions to address the three previously mentioned

challenges.

1.3.1 Mixed precision training and structured pruning

We propose two methods that address the problems with memory-efficient deep
learning: Aegis for the numerical issues in mixed precision training, and SPGC for

the imbalanced workload in pruned inference models.

Aegis approaches the numerical issues caused by the narrow representation range
of low-precision data types by scaling the gradient per layer during
fion. Gradients have a rather wide range of values, and by scaling them we can
control them within the range that our target data type can represent. In contrast
to existing methods [209] 159, 208| that scale the gradients using a singular factor,
Aegis calculates the scale factor for each gradient per layer during training, which
is more versatile and stabler since the data distributions of gradients can vary sig-
nificantly, both spatially (across different layers) and temporally (across different

training iterations). To achieve this, Aegis modifies the backpropagation algorithm
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to use gradient statistics to estimate the optimal scale factor leveraging probabilis-
tic models. Experiments have shown that Aegis can produce better mixed precision
training results over existing methods on image recognition (ResNet [110]), object
detection (SSD [184]), and semantic segmentation (SegNet [12]) tasks.

SPGC addresses the imbalanced workload issue from pre-trained DNNs with irreg-

ular sparsity by adding structural constraints, targetting [group convolution layers|

Handling the same size of the input, a group convolution layer consumes 1/G of
the run-time and parameters of its standard convolution counterpart, in which G
is the number of groups. A group convolution layer contains G number of small
convolution layers, each of which takes a 1/G fraction of the overall workload. More
importantly, all these sub-convolution can run in parallel, which is ideal for efficient
deployment. Given a determined number of groups, SPGC proposes a heuristic
algorithm that can iteratively resolve important parameters for each group. More-
over, to avoid searching within the large hyperparameter space that contains G for
all layers, SPGC leverages a local search algorithm to efficiently explore different
options. Empirical evaluation on CIFAR-10/100 has shown that SPGC performs on
par with the state-of-the-art approaches [122], while SPGC is more efficient since it

can directly process pre-trained models instead of training from scratch.

1.3.2 MLIR-based polyhedral compilation framework

Given the multi-level representations involved when compiling from high-level DNNs
to low-level programs or hardware with polyhedral optimisation, this thesis presents
two polyhedral compilation frameworks, Polygeist and POLSCA, which target soft-
ware and hardware respectively, and novelly integrate MLIR [167]. MLIR, a recent
compiler infrastructure originated from LLVM [165], features a uniform interface for
designing multi-level intermediate representations and their transformations. MLIR
is proven successful in many domain applications [104], 203|195 28], especially, deep
learning [86], 228, [134]. Therefore, the support of polyhedral compilation on MLIR

can be extended and benefit all these domains.

Polygeist focuses on raising C/C++ code into MLIR representations and applying
polyhedral transformations within the MLIR ecosystem. Initially, the input C/C+-+
code is translated into low-level MLIR dialects, collections of operations and trans-
formations that targetting specific domains, e.g., Standard for LLVM-like represen-
tation, and SCF for structured control flow. Then, Polygeist tries to raise these
representations into Affine [210], a dialect for polyhedral representations. However,

Affine is not connected to polyhedral scheduling tools like Pluto [30]. One major
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contribution from Polygeist is enabling the conversion between MLIR and polyhedral
tools using an intermediate format, OpenScop [20], by establishing the mapping be-
tween arbitrary MLIR operations and C-like statements. This mapping algorithm
is robust and can deal with different hazardous scenarios. A core component of
Polygeist that handles polyhedral scheduling, named Polymer, proposes a statement
splitting heuristic, which showcases that using MLIR can enlarge the optimisation
space that a polyhedral tool can explore. Experiments show that Polygeist is capa-
ble of processing on the whole Polybench/C [330], a benchmark suite that contains
typical polyhedral workloads, and providing the same or even better performance

compared with existing tools.

POLSCA is a compiler framework aiming to connect polyhedral methods and hard-
ware design tools better. POLSCA targets [High-Level Synthesis (HLS)| designs,

which describe hardware as software programs to alleviate the heavy labour when

using [Register-Transfer Level (RTL)| However, even HLS is good at processing in-

put with nested loops, existing polyhedral tools are not well prepared for targetting
HLS and may generate bad designs without careful tuning and manual intervention.
After entering the MLIR realm from C/C++ using Polygeist [214], POLSCA prepro-
cesses and automatically annotates SCoPs for polyhedral transformation, and post-
transforms the potentially complicated code generated from polyhedral optimisers
by loop transformations and memory partitioning to ease the burden from the back-
end HLS tools. Finally, POLSCA emits legit and simple LLVM IR as the ultimate
hardware description, which will later be consumed by Xilinx Vitis [319]. Perfor-
mance evaluation on Polybench/C and MachSuite [241] demonstrate that POLSCA
is capable of carrying out polyhedral transformations on pure and hybrid polyhedral

C/C++ code.

It is worth noting that both Polygeist and POLSCA have publicly available code-

bases EHEHﬂ and are receiving external contributions.

1.3.3 DNN acceleration by streaming architecture

Generating a hardware accelerator design for a given DNN is a challenging task:
even if we have a functionally correct design, to achieve an optimal performance,
we still need to explore multiple design choices under certain resource constraints,

especially when the DNN architecture is much finer-grained with smaller layers for

!Polygeist main repository: https://github.com/wsmoses/Polygeist
2Polyhedral module in Polygeist: https://github.com/kumasento/polymer
3POLSCA: https://github.com/kumasento/polsca.
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efficiency purposes than those early pioneers that basically stack multiple large lay-
ers, as stated in Streaming architecture that interconnects components by data
pipelines is a promising design choice in such scenario, since all the data stays on-
chip by being immediately consumed after production. However, it is challenging
to achieve optimal performance with a streaming architecture by orchestrating the
large amount of pipelines and exploring the induced large design space. This thesis
proposes Deacon, a novel framework that generates FPGA-based DNN accelera-
tors of streaming architectures with advanced pipelining techniques, to address the
pipelining challenges that emerged from recent DNN topologies equipped with het-
erogeneous convolution and residual connections. The key contributions from Dea-
con are new fine-grained pipelining based on computation sequences, graph-level
optimisation on the input DNNs, and heuristic design space exploration empow-
ered by graph colouring and simulated annealing. Compared with prior designs for
MobileNets and SqueezeNet, Deacon shows resource/power consumption efficiency
improvement of 1.2x/3.5x, and 1.0x/2.8x averaged by geomean. Deacon can opti-
mise large DNNs such as ResNet-18, with 2.7x/35.6x efficiency improvement over

the baseline.

1.3.4 Summary

This section presents five tools that are the major contributions from this thesis.
These tools cover the three key stages to have a DNN model efficiently working
on a reconfigurable device, from training and exporting the model for inference,
to transforming the model for more efficient execution on software and hardware,
and finally, land into a hardware accelerator on FPGA. These tools are therefore

connected and can benefit each other.

We can combine these tools in various application domains. For instance:

o Efficient training: Aegis (Section is mainly for numerical stability and
model accuracy, which involves the creation of multiple computation graphs
for the gradient scales calculation. These new computation graphs are not
optimised, and we can leverage the Polygeist tool to automatically find a
better schedule of all the nested loops to further improve the speed of mixed-

precision training.

» Efficient inference: Similarly, we can combine SPGC (Section with the
Polygeist framework to create GConv-based DNN models that execute effi-

ciently after being optimised by automatic polyhedral transformations.
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o Polyhedral streaming architecture: The Deacon framework (Chapter [5)) uses a
dataflow representation of the hardware accelerator, which can be translated
to corresponding polyhedral representations [59]. We can leverage POLSCA
(Section to directly produce Deacon designs from high-level programming

languages.

Making the connections is beyond the scope of this thesis. We leave the invention

of novel hybrid tools a future work.

1.4 Publications

There are various papers being published or under review that form the major parts

of this thesis, listed in the order of appearance in each chapter:

o Ruizhe Zhao, Brian Vogel, Tanvir Ahmed, and Wayne Luk, Reducing Under-
flow in Mixed Precision Training by Gradient Scaling, in Proceedings of the
Twenty-Ninth International Joint Conference on Artificial Intelligence, IJCAI
2020.

o Ruizhe Zhao and Wayne Luk, Efficient Structured Pruning and Architecture
Searching for Group Convolution, in 2019 IEEE/CVF International Confer-

ence on Computer Vision Workshops.

o William S. Moses, Lorenzo Chelini, Ruizhe Zhao, and Oleksandr Zinenko,
Polygeist: Raising C to Polyhedral MLIR, in 2021 30th International Confer-
ence on Parallel Architectures and Compilation Techniques (PACT) H

o Ruizhe Zhao, Jianyi Cheng, Wayne Luk, George A. Constantinides, POLSCA:
Polyhedral High-Level Synthesis with Compiler Transformations, 2022 32nd
International Conference on Field Programmable Logic and Applications (FPL).

e Ruizhe Zhao, Ho-Cheung Ng, Wayne Luk, Xinyu Niu, Towards Efficient Con-
volutional Neural Network for Domain-Specific Applications on FPGA, in 2018

28th International Conference on Field Programmable Logic and Applications
(F'PL).

e Ruizhe Zhao, Ho-Cheung Ng, Wayne Luk, Xinyu Niu, Deacon: Mapping Deep
Neural Network to Streaming Architecture with Advanced Pipelining, a jour-

nal paper submitted for review.

4William S. Moses, Lorenzo Chelini, and Ruizhe Zhao have equal contributions towards this
paper
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1.5 Thesis organisation

The remaining chapters of thesis are listed as follows:

o Chapter |2/ reviews the essential background related to our proposed methods.

o Chapter [3| presents the memory-efficient deep learning methods, specifically,
Aegis (Section and SPGC (Section [3.3)).

o Chapter {] focuses on the multi-level polyhedral compilation infrastructure,
which includes the detailed description on Polygeist (Section , Polymer
(Section [4.3), and POLSCA (Section [4.4).

o Chapter 5| demonstrates the Deacon DNN accelerator library.

o Chapter [6] summaries this thesis and ideates future work.



Chapter 2
Background

In this chapter, we review the preliminaries and related work in the following four

topics:

» Deep Learning (Section [2.1)): covers the concepts of convolutional neural net-
work, including variants of the convolution layer, and efficient training and

inference techniques, e.g., mixed precision training, pruning, etc.

» Reconfigurable computing (Section : explains the FPGA architecture, de-

sign methodology, and the application of Deep Learning accelerator.

e Polyhedral compilation (Section: describes the core idea of the polyhedral
modelling techniques, including the mathematical formulation, the develop-
ment of polyhedral scheduling and code generation approaches, and relevant

tools.

 The MLIR framework (Section [2.4)): illustrates the MLIR compilation frame-

work, and how it is related to the major topics of this thesis.

Within these sections, we also demonstrate existing efforts to address the aforemen-

tioned challenges, specifically:

o Challenge C1 (Section |1.2.1)): efficient Deep Learning training approaches
based on mixed-precision training are described in Section [2.1.3] and Sec-
tion describes the papers related to efficient inference using pruning and

group convolution.

 Challenge C2 (Section [1.2.2)): existing polyhedral toolchains and frameworks
are mentioned in Section (4.3

11
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o Challenge C3 (Section [1.2.3]): we cover the recent efforts to design a DNN
accelerator on reconfigurable platforms in Section [2.2.3

2.1 Deep Learning

Deep Learning is a broad topic. This section mainly covers the essential aspects
that this thesis focuses on, including Convolutional Neural Network (Section [2.1.1)),
mixed-precision training (Section [2.1.3)), and efficient inference (Section [2.1.2)).

2.1.1 Convolutional Neural Network

[Convolutional Neural Network] (CNN) is one of the most successful inventions in
Deep Learning. CNN has broad applications in computer vision, e.g., image recog-
nition [258, [110], object detection [82]245] 244], and segmentation [133], while recent
study also shows the potential of CNN in natural language processing [148], [140].

The major component of CNN is the convolution layer, which is a three-dimensional
(height, width, and depth) convolution filter with trainable kernels. A CNN conven-
tionally stacks many convolution layers together, e.g., 50 as in [110], and interleaves
them with auxiliary layers to carry out activation (e.g., ReLU [109]) and normalisa-
tion (e.g., batch normalisation [129]) tasks to make training easier. However, even
this typical CNN structure is sufficiently powerful, there are still space for execution
performance improvement: this thesis mainly looks at the more efficient variants of

the standard convolution layer.

Convolution layer

The [standard convolution Jayer] correlates an input X and weights W

together and produces another feature map Y. The feature map is a four-dimensional

tensoxﬂ: suppose the shape is N x C x H x W, then the feature map contains N
images, each of height H and width W and has C channels (Figure . N is also
known as the batch size. A convolution layer process each image within the feature
map independently, therefore, given an input feature map of shape N x C x H x W,
there will be an output of shape N x C’ x H’ x W' in which C’, H, W’are the
number of channels, height, and width of each output image. The weights are also

represented as a four-dimensional tensor of shape C’ x C x Ky x K,,,. For each output

ITensor in deep learning literature is a term interchangeable with multi-dimensional array.
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Figure 2.1: The shape of a single image in a feature map.
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Figure 2.2: An illustration of the 2D convolution operator *. Here, I is a single channel

of a single image from X, and K is a single kernel from the weights W.

and input channel combination, 0 < ¢/ < C’ and 0 < ¢ < C, there is a kernel W, .
of shape Ky, x K,,,.

C
Yi,c’ = Z xi,c * Wc’,c (21)

c=1

Algorithm 1: 2D convolution * and accumulate.
1 for ¢/’ + 0 to C’ do

2 for c < 0 to C do

3 for x’ + 0 to H' do /* Spatial */
4 for y' < 0 to W' do

5 for ky < 0 to Ky, do /* Kernel */
6 for k,, «+ 0 to K,, do

7 Yi,c/,x’,y’ — xi,c,x’+kh,y’+kw X Wc’,c,kh,kw + Yi,c/,x’,y’

Equation [2.1|demonstrates how each kernel is correlated by each channel of the input
feature map to get the output. We use * to represent the 2D convolution operation,
which applies element-wise multiplication between the kernel and each Ky x K,, of
the input feature map (Figure . The algorithm of this 2D convolution operation,

together with the across-channel accumulation, is listed under Algorithm [I]
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Type Time complexity =~ Weights size
Standard ~ O(NHW x C?K?) 0O(C?K?)
Depthwise O(NHW x CK?)  O(CK?)
Pointwise ~O(NHW x C?) O(C?)

Table 2.1: Comparison on the time and space (weight size) asymptotic complexity among
standard, depthwise, and pointwise convolution layers.

As shown in Algorithm [T} we can describe a convolution layer as a set of perfectly-
nested, interchangeable loops. We refer to a specific sequence of loops as a com-
putation sequence (CompSeq). This thesis focuses on two computation sequences:
filter-major, as what Algorithm [1| demonstrates; channel-major, which we can get

by swapping the outermost ¢’ and ¢ loops in Algorithm [1]

Depthwise convolution: Y. = Xi . * W, (2.2)

C
Pointwise convolution:  Yj o = Z Xi,e X Wer e (2.3)

c=1

Depthwise and pointwise convolution

There are two popular variants to the standard convolution layer [48], [118] 1334]:

1. [Depthwise convolution layer| (Equation only applies 2D convolution to

each channel of the input feature map without accumulation, which can only

learn spatial correlations.

2. |Pointwise convolution layer| (Equation [2.3)) sets the kernel size to 1 x 1, which

results in a convolution layer that only explores cross-channel correlations, i.e.,

no spatial correlation can be learned.

These two variants are computationally more efficient that the standard convolution.
Considering a standard convolution layer that produces a feature map that has the
same shape as the input, e.g., both are N x C x H x W, and assuming the weight
kernels are square, i.e., C x C x K x K, we can get the time and space complexity
for each type of convolution layer as shown in Table 2.1 Regardless of the impact
on model accuracy, depthwise and pointwise convolution layers are obviously better

choices to build faster and smaller models.
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Type Time complexity Weights size
Standard O(NHW x C?K?) O(C?K?)
Stacked O(NHW x 2CC;K?) O(2CCiK?)
Depthwise separable  O(NHW x (CK? + C?)) O(CK? + C?)
Bottleneck O(NHW x (C2K% +2CC;)) O(C2K?2+2CCy)
Separable bottleneck O(NHW x (C;K? +2CC;)) O(CiK? +2CC;)

Table 2.2: Time and space complexity for different convolution blocks. Cj is the number
of channels of the intermediate feature maps in between layers.

Pointwise
Pointwise

Depthwi Depthwi
Standard @ @@ ept@

Pointwise Pointwise

Pointwise

it
i

Standard ]
(b) Depthwise separa- (d) Bottleneck separa-
(a) Stacked block ble (c) Bottleneck ble

Figure 2.3: Illustrations of different convolution blocks.

Another variant, |group convolution layer|, which separates the input feature map

into groups by the channel axis and processes each of them in parallel by standard
convolution layers, can be seen as a generalized version of depthwise convolution. If
a channel group only contains a single channel, then the corresponding group con-
volution becomes depthwise convolution. More details related to group convolution
are covered in Section 2.1.2]

Convolution block

Simply replacing a single standard convolution layer with an individual depthwise or
pointwise convolution layer can inevitably degrade the model accuracy. One reason
is the significant reduction of model parameters that results from layer replacement,
which can decrease the learning capacity of a model [85, p. 423]. The other reason
is that depthwise or pointwise convolution can only learn either of the cross-channel
or spatial correlations, both of which the original standard convolution is capable
to learn. A common practice is to compose convolution layers into a
block, which is a building block that connects multiple relatively small convolution
layers together. Compared with the standard convolution layer counterpart (with
the same input and output shape), empirically, a convolution block can have at least

the same learning capacity but runs faster with less memory footprint. This thesis
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mainly explores the following four types of convolution block (Figure :

1. A lstacked convolution block stacks two standard convolution layers together.

The number of channels C; from the inner feature map, an intermediate result
from the first layer, is normally smaller than the channels of the block input
and output feature maps, so that the computational cost can be reduced com-
pared to using a single standard convolution. Based on Table 2.2} if 2C; is
less than C, the stacked block is more efficient than the standard convolution

counterpart. ResNet-34 [110] extensively uses stacked convolution blocks.

2. A |depthwise separable block [T, |48 [118] connects a depthwise convolution

layer with a pointwise convolution, aiming to learn both the cross-channel
and the spatial correlations, which can further reduce parameters compared
to the stacked block.

3. A |bottleneck block consists of a stack of pointwise convolution, standard con-

volution, and another pointwise convolution. Suppose the two intermediate
results are feature maps of the same number of channels, Ci, and its value is a
fraction to C, e.g., }‘, the overall complexity can still be significantly reduced
from the standard convolution counterpart (Table . Bottleneck block is
first demonstrated in ResNet-50 ([110]) and is gaining prevailing use in recent

days.

4. A |separable bottleneck blockl is a variant to the bottleneck block, which uses

depthwise convolution as the inner layer, that is proposed and used in Mo-
bileNet V2 [251]. Its promise is to combine the efficiency of depthwise convo-

lution with the effectiveness of the bottleneck structure.

Note that there can be residual connections between the input and the output of the
blocks, e.g., ResNet-50 adds up the result from the final pointwise convolution with
the input to the first pointwise layer as the result of a whole bottleneck block. These
residual connections are critical to successfully training very deep neural networks,
but since it is unlikely that they will affect much the computational performance,

this thesis will not explicitly discuss them.

Winograd algorithm

Previous optimisations have no improvement on the 2D convolution (Algorithm
implementation, which implies that the time complexity for each pixel is still O(Kj, x

Ky ). Recent research [168] adapts the Winograd’s minimal filtering algorithm [305,
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Model Block Ops (GOPS) Params (M) Top-1 (%)
VGG-16 — 30.95 138.3 71.5
ResNet-50 Bottleneck 7.72 24.3 75.2
MobileNet V1 = Depthwise separable 1.14 4.01 70.9
MobileNet V2 Separable bottleneck 0.61 3.31 71.9

Table 2.3: Efficient CNN models statistics. Top-1 (%) indicates the top-1 recognition
accuracy on ImageNet ILSVRC 2012 [248].

p. 39], originally for efficient processing of filters, to further push the perfor-

mance boundary of 2D convolution.

Y=AT[[6wG"] © [B'xB] |A (2.4)

Following the notation in [168], an instance of 2D Winograd is denoted by F(Ty x
T, Ky x K,,), where Ty, x T, is the shape of a 2D tile of the output that will be
produced simultaneously, and K;, x K,, is the shape of a 2D convolution kernel.
When the height and width are identical for both the tile shape and the kernel
shape, i.e., T =T, = T,, and K = K;;, = K,,, the 2D Winograd convolution can
be formulated as equation In this formula, w is a K x K kernel, and x is a
single tile of shape (T + K —1) x (T + K — 1) from the input feature map. © is
the Hadamard product, i.e., element-wise matrix multiplication. G, B, A are three
constant transformation matrices of shape (T+K—1) x K, (T+K—1)x (T4+K—1),
and (T + K — 1) x T respectively. These matrices contain integer and fractional
numbers that are by-products produced while deriving the Winograd convolution
using the Chinese Remainder Theorem [143]. More details of their contents can be
found in [168].

A widely used instance is F(4 x 4,3 x 3), due to the popularity of 3 x 3 kernels in
CNN [258, [110]. When using standard convolution, the total amount of floating-
point multiplication operations to calculate all the 16 output elements is kernel size x
tile size = 3 x 3 x4 x4 = 144. Regarding 2D Winograd convolution ( Equation ,
the Hadamard operation takes (T + K — 1) x (T + K — 1) = 36 multiplications,
which is equivalent to the size of the transformed input tile or the transformed
kernel. Given that these constant transformations can be calculated without any
floating-point multiplication, and floating-point multiplications take the most of the
computation time, it is reasonable to say that the overall computational complexity

can be reduced by a factor of 144/36 = 4 when using 2D Winograd F(4 x 4,3 x 3).
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Efficient Models

The efficiency of an individual convolution layer or convolution block is computa-
tional: we only consider the time and space complexity when an input feature map
is being processed. The efficiency of a CNN model, however, is more complicated,
since we should take into account the overall achievable accuracy for specific tasks.
A model is more efficient than the other if it can achieve better accuracy with fewer
parameters and operations. For example, as listed in Table 2.3} compared with the
baseline model VGG-16 [258], ResNet-50 [110], MobileNet V1 [118] and V2 [25]]
are more efficient since they have much fewer parameters and operations while still
able to achieve around the same or even better accuracy. Even though in recent
research there are more efficient CNN models [268|, 269, [120], in this thesis we only
cover the models in Table because they are much more popular than the more

efficient counterparts.

2.1.2 Efficient inference

To build an efficient CNN model, we can start from scratch by designing convolution
layers, exploring their connectivities, and training them with randomly initialized
parameters. It is a rather tedious procedure, since training can consume much com-
putational resource [263], e.g., several GPUs running in full workloads for days.
This section discusses an alternative approach, which searches for an efficient model
after it has been trained, i.e., at the inference phase. We first present
volution [ayel, the design of which is variable, determined by the number of groups
G. Then we demonstrate the key concepts of network pruning, a technique that
produce smaller CNN models from pre-trained, big models. Finally, for comparison,
we also mention the recent progress on Neural Architecture Search, a method that
finds efficient CNN models from scratch.

This section reflects the related work that aims to address Challenge C1 (Sec-

tion .

Group convolution

Group convolution was originally proposed by [156] for purposes of better parallelis-
ing across multiple GPUs. Since its introduction however, group convolution is pre-

dominately used to build efficient CNN models. A group convolution layer partitions
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Figure 2.4: Illustration of a group convolution with G = 2, which processes two groups of
the input feature map, split by half along the channel axis.

its input channels into disjoint groups and separately convolves each with a group-
specific set of filters. Concretely, given an input feature map shaped C x H x W,
assuming batch size N = 1, a group convolution of group size G runs G convolution
layers between each pair of C/G x H x W input partition and C’'/G x C/G x Ky, x K,

weight group. Figure [2.4]illustrates how group convolution works.

Group convolution is computationally more efficient than standard convolution:
given the same input and output feature maps, and assuming they have identical
shape, a group convolution with group size G has space complexity of O(C2K?/G)
and time complexity of O(NHW x C?K?/G), which is 1/G over a standard con-
volution counterpart (Table . And to avoid losing much the learning capacity
due to the reduced number of parameters, we can encourage information exchange
among groups [334] using channel permutation, which shuffles the channels of the
input and the output feature maps before and after processing the internal array of
standard convolution layers [334, [333] 310]. There are other approaches to enhance
information exchange, e.g., adding pointwise convolution [311],[128] 227], using block
Hadamard transform [339], etc., but since they need extra floating-point operations,

they are less desirable than channel permutation.

To construct a CNN by GConv, one can build and train from scratch [334] 128, 311,
339, 1310], or prune from pre-trained models. CondenseNet [122] prunes by a multi-
stage, from-scratch training and regularisation procedure. FLGC [297] follows a
similar approach to optimise the GConv topology while training from scratch. Peng
et al. [227] consider a GConv layer as a low-rank approximation of a convolution
layer. This approach produces models with high test accuracy but always needs
to add pointwise layers. We also intend to prune convolution into GConv and our

method is one-shot and does not add test-time overhead.
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Figure 2.5: The steps of network pruning.

Network pruning

Removing unimportant parameters from a pre-trained model without changing much

the accuracy is commonly referred to as [network pruning [171], [107, [108]. By lever-

aging pruning, one can get smaller models directly from a pre-trained one without
training from scratch, which can save much time and energy budget. The ma-
jor challenge of pruning is to decide which parameters are unimportant, i.e., what
the importance criterion is. There are many candidates: magnitude, e.g., L1, L2
norms [198| [105], [174) [190], first-order [212] [74] or second-order [171], 108 [62] gra-
dients, average percentage of zero [190} [119], singular values [227, 200], etc. Each
criterion takes different computation budget and embeds variable heuristics of pa-
rameter importance: for example, a magnitude-based criterion assumes that if a
parameter is close to zero, it can have minor contribution to model accuracy, which
is easy to calculate but potentially too basic; while a gradient-based criterion is more
sound (e.g., derived from information theory [171]), but gathering the first-order,
or even the second-order derivatives uses non-trivial calculation and may need to
go through significant amount of the training data until the gradient estimation

stabilises.

Figure [2.5| summarizes the steps of network pruning. Once the importance criterion
is determined, the rest of the pruning procedure is to remove those parameters seen
as unimportant and replace the internal implementation based on dense tensors
with sparse tensors to practically reduce computational workload and speed up
processing. There can be an extra step of fine-tuning, i.e., start training again from
the pruned model with small learning rate, to further improve the model accuracy
after pruning. In case that the original pre-trained model is hard to be pruned, for
example, suppose the target criterion is magnitude-based, there are very few of the
parameters are close to zero, i.e., not very sparse. We can apply regularisation before
pruning to sparsify the model. L1 norm is studied for regularising CNN models [185],
105] to produce parameters that are zeros, or close to zero. However, the parameters
resulted from L1 norm regularisation are typically unstructured, i.e., the positions of
the zero or close-to-zero parameters cannot form a pattern, which may lead to uneven
workload when processing the model. There are some other regularisation methods
use group LASSO [329] to encode specific sparse structures [223], 3011, [170] [122]. In
this thesis, we are interested in how to produce structured sparse model that can

resemble group convolution.
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Figure 2.6: The general abstracted procedure of [neural architecture searchl following the
framework proposed in [66].

Neural architecture search

The motivation for pruning is to find a more efficient version of a pre-trained DNN
model. |[Neural architecture search| (NAS) [66] also aims for a similar objective of

finding the most efficient DNN model, while the its candidates are not constrained

by a specific pre-trained DNN model: NAS can examine models with arbitrary ar-
chitectures and train them from scratch. The key procedure of iteratively
switches between proposing a candidate architecture from a search space using a
search strategy and evaluating the performance of that candidate, mostly by esti-
mation due to the heavy workload of training from scratch, to provide feedback on
its achievable accuracy [66] (Figure [2.6)).

This iterative searching procedure can naturally fit into the framework of Reinforce-
ment Learning (RL) [267, B03], for example, [349, 350} 270], 268] use RL to find the
DNN architecture that are more efficient than their counterparts on certain tasks.
Evolutionary algorithm is another solution to the searching problem [242 [45] 178].
To make NAS more efficient, using gradient-based method [179] or reducing the
search space [177] is proposed as well. [}: Add more NAS papers.] This thesis does
not adapt the NAS practices due to their resource-heavy nature, however, the it-
erative searching procedure in our problem setting (Section can potentially be
improved by NAS techniques.

State-of-the-art related to Section [3.3

Regarding the structured pruning method targeting GConv in Section [3.3] we ex-
plicitly compare with CondenseNet [122] that presents a multi-stage, from-scratch
training and regularisation procedure to prune into GConv. We also compare with
network slimming [185] on pruning performance in general. There is also Peng et al.
[227] working on network pruning into group convolution, which is another candidate

for our comparison.
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Figure 2.7: Illustration of the representable range for single-precision floating-point
(fp32) and half-precision (fp16). The range of fp16 is much narrower than
fp32. The values out of the representable range can be underflow , if close to
zero, or overflow , if too large. Those vertical bars mark the minimum and
maximum values for £p32 (above) and fp16 (below). The scale of the axis is
roughly logarithmic.

2.1.3 Mixed Precision Training

Training a DNN model can take much resource and computation budget, and it is
largely attributed to the expensive single-precision floating-point data type (£p32):
storing a parameter of such type uses 32 bits, and the corresponding floating-point
arithmetic is much more complicated than plain integer data types [215]. While
switching to lower precision can save space and speed up training, data types with
lower precision are error-prone. One example of low precision data type is half-
precision floating-point (£p16), They can have narrower representation range that
can cause either overflow, i.e., large values that exceed the boundary become incom-
putable NaN (not-a-number), or underflow, i.e., small values that are close to zero
eventually rounded to zero. This phenomenon is shown in Figure 2.7, On the other
hand, they can have larger gap between adjacent values that leads to pervasive
rounding, which can potentially be problematic for sensitive applications. [Mixed|
precision training (MPT)) is proposed to balance the trade-off between high- and

low-precision by a mixture of them during training. This section first reviews the

key concepts of floating-point arithmetic and dives deeper into numerical issues like
overflow and underflow, then covers the elements of backpropagation, the funda-

mental DNN training algorithm. Finally, this section describes the recent progress

in jmixed precision training), specifically, reveals the details of loss scaling [209], the
first and still widely applied MPT algorithm.

The content in this section provides the background and related work for Challenge

C1 (Section |1.2.1)).

o0
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Floating-point format and arithmetic

An N-bit floating-point number x has one signed bit, N, exponent bits, and N,
mantissa bits, that is, N = 1 4+ N, + N,,. Suppose the bitwise representation of
an N-bit floating-point number x is {s,eq,...,en,, My,..., My, }, in which each
element is a single bit, and s and my,, are the most and the least significant bits,
then the value that x represents is (—1)% x M x 2F. Here, M is the significand equals
to 14+ Y "™ mi2~ %, and E is the exponent equals to 3_1\¢, e;2Ne i 41—2Ne=1 £p32
has N, = 8 and N,, = 23 and represents magnitude ranging from 1.17 x 10738 to
3.40x 1038, Equationshows the interpretation of an example £p32 number. fp16
only has 5 exponent bits and 11 mantissa bits, resulting in the representation range
of [6.55 x 10%,6.10 x 10~°], denoted by [Aminy Amax). In the following discussion, we
take £p32 and fp16 as the default pair of data formats for mixed precision training,

and we will present other choices at the end of this section.

This thesis mainly focuses on two problematic aspects of floating-point arithmetic:
overflow and underflow, and swamping, which appears in the summation of big
and small floating-point numbers. More information on general floating-point arith-
metic can be found in [215, [84]. The consequence of fp16 having a much narrower
range of representation than fp32 is the higher probability of inducing overflow
and underflow (Figure . The appearance of overflow is destructive: overflow
introduce a special representation, NaN (not-a-number), which irrecoverably forces
subsequent arithmetic results to be NaN. Underflow has a relatively milder effect:
a value smaller than the minimum representable number just becomes zero. In the
context of DNN training, overflow immediately terminates training, while underflow

may hinder further training when the updates are too small.

Swamping [112] 246] is a well-studied error from floating-point arithmetic that ap-
pears from adding up a pair of big and small numbers. The small number will be
shifted to the same scale as the big one, which leads to truncation on the small
number, and there will be much larger error if a big number is being accumu-

lated iteratively with many small numbers. There are much literature on swamp-
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ing [112], 246] [196, [60], and especially, Wang et al. [296] looks into swamping in the

context of low-precision floating-point DNN training.

E= _ZL(f(Xi»W)’yi) (26)

DNN training and backpropagation

Training a DNN is an optimisation problem: the objective is to minimise the [oss
value, a metric measures how the DNN predictions are deviated from the ground-
truth. By representing a DNN model as a function f(x, W), where x is an input
sample (e.g., an image as for CNN), and W are the model parameters, we can have
the optimisation objective as Equation [2.6] In this equation, we denote the ground-
truth of prediction (also known as label) as y, and the objective is an averaged
loss across all m training samples. The loss function, L(y,y’), can take various
forms, e.g., mean squared error |y —y’||? if the predictions are continuous, or cross-
entropy [216, p. 57] if the predictions are discrete. This formulation of training as

optimisation is commonly referred to as empirical risk minimisation [85, Chap. 8|.

(t) OE

W(t+1) W(t) _ _
< (0.4 oW

(W) (2.7)

A typical way to solve this empirical risk minimisation is |[stochastic gradient de-|
[33, 34}, 135] (SGD)). |Gradient descent|is an algorithm that iteratively updates
the model parameters W by the gradients of the empirical risk E, which are the

partial derivatives of form 9E/ow. Equation demonstrates the basic form of
gradient descent: at the optimisation step t, the optimiser subtracts W) by the
gradient controlled by the step size « (also known as learning rate). Calculating the
exact gradient needs to go through the whole training dataset, which is impracti-
cal due to its heavy computational budget. SGD estimates the gradient based on
a stochastically sampled small batch of the training data, which is more efficient
and becomes the default optimisation algorithm for almost all DNN models. Re-
cent studies further improves SGD by changing how the weights are updated by the
gradient [149] 188 63| [114] from the basic form Equation [2.7]

Parameters in a DNN are connected through computation graph, in which nodes
are DNN operators, e.g., convolution (Algorithm |1}, matrix multiplication, etc.,
and edges representing data blocks and their flow directions. Some nodes in a

computation graph just generates data by taking input from a source or reading
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Figure 2.8: The feedforward and backpropagation computation graphs of the same DNN
consisting of one convolution layer and one matrix multiplication operation,
both of which are connected to their weights, W7 and W,. The feedforward
graph propagates the input feature map X, weights, and intermediate outputs,
Y: and Y3, top down until reaches the loss function. And the backpropaga-
tion graph propagates from the bottom, and the data being propagated are
the gradients of the loss value. The V symbol before each operator in the
backpropagation graph indicates that it calculates gradients by automatically
differentiating the feedforward definition.

from memory for parameters. Figure [2.8a] provides an example of a computation
graph that computes in a feedforward direction, i.e., data flow from the input feature
map to the output prediction. If we reverse all the edges in the feedforward graph,

and replace the data being propagated with their gradients of the loss value, we can

get a |backpropagation) graph [2.8bl The key step of the backpropagation algorithm is

to generate such a graph, mainly by|automatic differentiation|[21],165, 25], a technique

that evaluates the gradients based on the chain rule [§].

(2.8)

OW, 0Y; oW, \dY,dY; /) oW,

oL oL 9Y;, ( oL avz) oY,
For example, to get the gradient 9L/aw, Figure , we can use the chain rule to
expand it into 9L/ay, x 9Y1/aw,, in which the second term can be evaluated locally,
and the first term is propagated from the next layer. It is feasible to evaluate 2Y1/ow,
locally because Y7 is the direct outcome from applying convolution on both the input
feature map and the weights Wy. And as demonstrated in Equation 2.8 we can
calculate oL/ay, by further expansion through the chain rule. In this way, we can
build the whole backpropagation graph (Figure . In Section we present

how to modify this backpropagation algorithm for mixed precision training.
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Figure 2.9: The mixed precision version of a matrix multiplication layer. Weights are
typecast from fp32 to fp16 in the beginning and then passed to Matmul.
Matmul takes fp16 input feature map and weights, and produces fp16 out-
put. During backpropagation, the gradients of the output, V Output, and the
original input, are passed to V Matmul as £p16, to get the gradients updates
for weights, also in £fp16. This mixed precision operator finally typecasts the
gradient update to £p32 and accumulates it to the weights, which are stored
as £p32.

Mixed precision operator

The presumption of mixed precision training is that some DNN operations are less
precision sensitive than the others. Empirically, for example, convolution and ma-
trix multiplication, which are operators that multiply and accumulate many long
vectors, are less sensitive to the precision of a single element-wise calculation, while
operators that use logarithmic and exponential subroutines, e.g., log and exp, re-
quires high-precision data formats. Meanwhile, when using floating-point, the stor-
age format for weights normally takes higher precision, since the whole training
procedure needs to accumulate gradient updates onto weights (Equation , it will
be much less accurate if the data precision is low due to [swampingl Based on this
presumption, Figure[2.9|shows an example of the mixed precision matrix multiplica-
tion layer. Although it seems that the mixed precision version is more complicated
than plain matrix multiplication, recent architectures can well support such
mixed precision computation patterns. For example, NVIDIA GPUs have Tensor
Cores [221], 222] that accelerate the pattern that computes matrix multiplication in
fp16 first, and then adds the result to another input using £p32, which matches the

gradient calculation and update scenario as in Figure [2.9
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Loss scaling

One major issue with the mixed precision training is the wide dynamic range of
gradient values cannot fit into the representation range of a low precision data
type, e.g., fp16. Those gradients with values larger than 6.10 x 10~° immediately
terminates training, and those less than 6.55 x 10* trigger underflow and become
zero. Underflow seems to be harmless, however, empirical study in [209, Figure 3]
shows that there can be 20% of gradient values rounded to zero during training due to

underflow, and scaling up the gradients to avoid underflow can significantly improve
training result. This phenomenon motivates the invention of [209].

Loss scaling is based on a straightforward idea: scaling up the loss value before
backpropagation can scale up all the gradients. For example, if we scale up the loss
value by a factor of 8, then all the gradients will be 8 times larger. This scaling
factor is a hyperparameter, which can be a constant value chosen based on heuristics,
or a dynamic value tuned during training. One dynamic update strategy is back-
off [159, 271, 272], which gradually increases the scale factor until it reaches to a
maximum value (e.g., 65536), and once overflow occurs, reduces the factor by half
and restart the current training iteration. Mellempudi et al. [208] improves back-off
with a minimum threshold, i.e., the scaling factor cannot be reduced further below a
certain value, in order to make loss scaling more effective at handling underflow with
much lower precision data types, e.g., £p8. Even though loss scaling can make mixed
precision training better and has been widely adapted [271], 272], finding a good loss
scale factor, or tuning for a certain dynamic scaling rule, can still be time-consuming
and diminish the actual speed-up benefits from using lower precision. Moreover,
layers in a DNN model can have different data distribution, which implies that a
single scale factor at the back can hardly properly scale every gradient in every layer.
Sun et al. [266] propose GradScale that assigns a trainable scale factor to each layer
that can be adjusted during training and works well even with ultra-low precision
like fp4. This thesis aims to address the same challenge, instead, our work [341],
published around the same time as [260], uses an alternative approach that leverages
the gradient statistics. Detailed discussion can be found in

Contents in this section are the state-of-the-art research on using loss scaling to

improve mixed precision training performance.

Other mixed precision training methods

Our discussion so far focuses on using fp16 and £p32 as the low- and high-precision

data types, and leveraging loss scaling to mitigate the underflow issue. Another
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major issue from low-precision floating-point is the rounding error (e.g., swamping]),
and there are several papers target at addressing this problem. Wang et al. [290]

devise a chunk-based accumulation mechanism, which splits the accumulation of
long vectors into smaller chunks, and consequently, the probability of adding big
numbers to smaller ones is reduced. Sakr et al. [250] address the same problem,
and they propose to find the optimal bit width of floating point accumulation that
minimizes the effect from swamping, by maximizing the variance retention ratio, a
statistical property that reflects the quality of computation. Besides accumulation,
Hoffer et al. [117] identify the numerical issues in batch normalization that happen
when computing the variance, and propose to replace it by numerically stabler
alternatives. Outside deep learning, Higham et al. [113] and Blanchard et al. [27]
provide theoretical analysis on mixed precision arithmetic units in NVIDIA GPU
typically for linear systems, which can inspire further improvement in the mixed

precision training field.

Many papers are based on different low precision data types: shorter floating-point
(e.g., £p8 [296], fp4 [266], bf16 [139]), as well as other novel data representations,
e.g., short integers and fixed-point [58, [17, [325] 103}, 307], ternary [47, [124], or even
binary formats [52], 53, [54], to speed up DNN training. Notably, Zhang et al. [337]
present a novel fixed-point based DNN training method that adapts the fixed-point
representation during training for varying gradient distributions across layers, which

has similar insights as our approach towards loss scaling for floating-point.

2.2 Reconfigurable computing

The deployment target for [DNN]in this thesis is a reconfigurable platform, specif-
ically, a [Field-Programmable Gate Array (FPGA)| Unlike [CPU] and [GPU| FPGA
can be customised at the circuit-level for specific applications to achieve better per-
formance and power efficiency. Compared with [ASIC], another technique to build

application-specific circuits, an FPGA takes much shorter time and lower budget

to build and iterate, and an FPGA can be easily reconfigured for different ap-
plications [I32]. Nevertheless, a big obstacle to gain these benefits from FPGA,
especially for software developers who intend to improve their applications run-
ning on CPU or GPU, are the FPGA design methodologies. FPGA designs are
traditionally implemented by hardware engineers using conventional [Electronic De-|
bign Automation (EDA] tools and [Register-Transfer Level (RTL ) abstraction, which

has a steep learning curve for software developers. [High-Level Synthesis (HLS)| a

methodology that translates high-level software descriptions directly down to low-
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level hardware designs, can be a potential solution for the aforementioned prob-
lem and has already empowered the development of many applications, including
those in high-performance computing and deep learning. This section describes
what reconfigurable devices are (Section , typical design methodologies (Sec-
tion , including the roofline model and high-level synthesis, and example ap-
plications (Section [2.2.3). Todman et al. [273] provide more comprehensive review

on reconfigurable computing in general.

2.2.1 Reconfigurable devices

A high-level abstraction of a reconfigurable device, typically, an FPGA, is an inte-
grated circuit interconnects massive building blocks, on which the interconnections
are reconfigurable. Building an FPGA design is to configure the interconnections
among these building blocks, so that the resulting circuit can carry out the desired
computation. This section describes common FPGA building blocks, FPGA archi-
tectures, design process, and design optimisation methods that are especially useful

for high-performance computing and deep learning.

FPGA building blocks

There are four types of building blocks on an FPGA that are commonly identified
(e.g., in datasheet [316] 321]):

» A|Look-Up Table (LUT)| unit conceptually represent a truth table [6], a math-
ematical construction that outputs a 1-bit true-false value for any fixed-width
binary input. Internally, a LUT can be implemented by connecting
by cascaded [MUXs, For example, a 4-input LUT has 16 SRAM bits that can
be connected by a tree of 15 number of 2:1 MUXs [4, Figure. 2| to produce

a 1-bit output. A LUT is versatile and can implement any boolean algebra

equation among a fixed number of bits.

o A |Flip-Flop (FF)| unit, or a register, represents state in an FPGA design. An

FF connects an 1-bit clock signal and a 1-bit data input, and it produces
its stored bit as output. When the clock signal rises, i.e., changes from 0

to 1, the FF stores the current data input, which consequently changes the

following outputs. We can leverage FFs to implement a [Finite State Machine|

[158] or a pipelined design [300, 252].
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« A[Block Random Access Memory (BRAM)|block is used to implement on-chip

memory, which stores larger amount of data that persist longer than FF. It

can exposes read and/or write ports, which read data from or write data to
specific addresses when the connected clock signal rises. A BRAM block is
characterised by its width, how many bits of data that a certain address can
associate, and depth, the size of its address space. [UltraRAM (URAM)|
blocks are bigger but less versatile variants of BRAMs that appear in some
recent FPGA boards .

« A [Digital Signal Processing (DSP)| block is a special computation unit that is

built for efficient arithmetic operations. An arithmetic operation implemented
by DSP can run much faster than using other resources, e.g., LUT and FF. A
DSP block can be configured to multiple tasks, for example, a DSP48 [317] can
carry out multiplication, accumulation, and even [Single-Instruction Multiple-|

Data (SIMD) operations.

Whether these resources are fully and properly utilised determines how good an

FPGA design can perform.

FPGA architecture

An FPGA architecture organises these building blocks in a reconfigurable way. A
typical FPGA architecture has three components [273) 38, 4] (Figure [2.10)):

« A [Configurable Logic Block (CLB)| wraps LUTs, FFs, arithmetic carry logic
(e.g., adders with carry chains), and MUXs into a single processing unit [321].
It is also referred to as |Adaptive Logic Module (ALM)| [4] or slice by

different vendors.

o Programmable interconnects are switch boxes and routing channels that con-
nect CLBs and other blocks, e.g., DSPs, BRAMs, 1/O blocks, etc. These
interconnects have a matrix-like placement, and they can be reconfigured to

direct signals among blocks in different manners.

e I/0 blocks handle the input and output requests between the FPGA chip and

the external world, e.g., memory and network interfaces.

To leverage an FPGA architecture, we need place and route [138], the key FPGA de-

sign procedure that determines which blocks to use and how they are interconnected
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Routing Channel Switchbox

I/0 Block Slice

Figure 2.10: An illustration of an FPGA architecture from Kastner et al. [142, Figure 1.3].
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for a specific hardware design. If the interconnected blocks are close, the resulting
design can have better timing, i.e., the delay it takes to propagate signals among ad-
jacent FFs. And the path that has the maximum delay is the critical path [115],205],
which longer the critical path is, slower the design will be. Some modern FPGA
architectures [321] have multiple dies that are physically more distant, and paths in-
terconnecting them have longer delays, which requires more considerations for place
and route [313], 293].

Design process

An FPGA engineer normally starts from describing the desired hardware designs
using certain [RTL}based [HDLs| [279]. RTL abstracts synchronous circuits, in which

the changing in state is synchronised across the whole design. Engineers working

with RTL need to connect wires among registers and other logic operators, which
is at a much lower level than normal software descriptions. In Section [2.2.2] we

describe ways to build designs beyond RTL.

Once the RTL code is written, a synthesis tool [318] takes in the RTL descriptions
and produces a netlist that contains the connectivity information among[LUTSY] [FFS|
and other components. A synthesis tool can optimise the design by simplifying the
logic using boolean algebra, or choosing FPGA building blocks with regards to an
objective that either minimising the area (resource usage) or maximising the speed

(clock frequency).

Starting from the synthesised netlist, an implementation [322] tool carries out the
previously mentioned place and route process for a specific FPGA chip. The place
and route solves another constrained optimisation problem that tries to find the
optimal placement under resource (not to overuse existing units) and timing con-
straints (not to have critical path longer than a threshold). Place and route is

computation-intensive, which can take several hours and even days [254].

Finally, we can generate a bitstream file from the placement result that can configure
the target FPGA chip. We also need to provide the accompanying software that

can interact with the design on FPGA to complete an application.

Design optimisation for throughput

There are several objectives to consider when optimising an FPGA design.
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. measures the time (s) it takes to complete a single operation. It is

better to have lower latency.

. denotes the number of operations that within a unit of time the
design can process (op/s). It is better to have higher throughput.

o Area refers to the hardware resource usage of the target design. It is more

efficient if the same design can be implemented with fewer resources.

e Power indicates how much energy that the design consumes within a unit of
time during processing the input (W). A design is more energy efficient if the

power is lower.

It is rare that we can achieve all these objectives at once. A common scenario is to
optimise for one or two objectives and balance the trade-off among them all. This
thesis focuses on improving the throughput mainly because DNN applications should
process inputs in batches, and an increased throughput can reduce the run-time

more significantly than the other metrics. There are two typical design optimisation

techniques aiming for higher throughput: [pipeline| and replication|

Pipeline Intuitively, pipelining a hardware design is to insert registers between
combinational logic. Pipelining can break the critical path into smaller parts, and
therefore, improve the timing. And more importantly, a pipelined design can run the
same task for multiple input simultaneously: suppose a pipeline has N stages (there
are N cascaded registers), then at most N input elements can be processed at the
same time within the pipeline at different stages. Consequently, the throughput of
the design is improved by N times given N pipeline stages. There are two drawbacks
though: the latency can be increased since now we need N clock cycles to complete
the computation of a single input, and there are more resource usage. A systematic
way to pipeline a design, typically described in is retiming [173] (172} 259] 194!
50].

Replication A [Processing Element (PE)|carries out the task of a specific opera-

tion. And if we replicate the same PE N times, we can get a design that can ideally
achieve N times higher throughput than the original version. It is especially suitable
for applications that have structure. The more replications we have, the more
resources the design needs to use. The impact on latency is less explicit: in cases
that additional map (distributing input across PEs) and reduce (gathering results
from all PEs) logic should be deployed, the latency will be higher due to these added

components.
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X Peak floating-point performance

Attainable throughput

Compute-bound application

Memory-bound application

Operational intensity

Figure 2.11: Visualizing the roofline model. Operational intensity is on the x-axis (with
unit flop/B), and the attainable performance (flop/s) is on the corresponding
y-axis. There is a ‘roofline’ that captures both the constraints by memory
bandwidth (the sloped line) and peak (floating-point) computation perfor-
mance (the horizontal line) of a processor. The angle of the sloped line de-
picting memory-bound performance is the off-chip memory bandwidth (B/s).

2.2.2 High-level design methodologies

This section describes three high-level design methodologies that this thesis lever-

ages: we use the [roofline model| to understand the peak throughput of a design, we

carry out the [Design Space Exploration (DSE)| process to find the optimal design

under certain constraints, and we describe the design using [High-Level Synthesis|

(HLS).

The roofline model

The [roofline model| [304] provides a valuable insight into how off-chip memory band-

width can constrain processor performance. The key contribution from the roofline
model is the proposal of the operational intensity measurement, which means the
number of operations executed per byte of DRAM]traffic, and it suggests the
bandwidth required by a particular computation kernel. In Figure 2.11] if an ap-
plication has low operational intensity, the application is memory bound, and its
peak attainable performance cannot exceed the product between the operational
intensity and the memory bandwidth (the left dashed line); on the other hand, if

the operational intensity is high and surpasses the intersection of the roofline, X,
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then the peak performance will be constantly the peak floating-point performance
provided by the system (the right dashed line).

Closely related to this thesis, Zhang et al. [331] first use the roofline model to analyse
and optimise FPGA-based CNN accelerator design. Given all the possible design
choices, which can be characterised by their operational intensity and attainable
performance, i.e., points in Figure [2.11] we can use the off-chip memory band-
width and the peak floating-point performance given by target platform to draw
the roofline and pick out best design choices within the boundary. Their follow-up
work, Caffeine [332], further explores the roofline model for more variants of CNN

accelerators.

Design space exploration

An FPGA design normally comes together with configurable parameters, e.g., the
number of PE replicates, the data representation to use, etc. The union of the
domains from these parameters can be seen as the design space, and each point in
the space is a design of a specific configuration. Not all of the design points are
feasible due to the constraints from the target hardware, e.g., available resources
and technology. Therefore, we need to explore the design space to find the design

point that is optimal and yet feasible.

x* = arg min f(x) (2.9)
xeX

In theory, we can formulate [Design Space Exploration (DSE)|as a constrained op-

timisation problem, in which the objective is a cost function that maps from the
design parameters to a single, or multiple cost values that we intend to minimise.
A DSE problem can be formulated as Equation [2.9] in which x is a single design
point, X is the design space, and f is the cost function. Our ultimate goal is to find
x*. One key challenge to DSE is that the cost function is often a black-boz, i.e., the
analytical form between parameters and the cost is unknown. And evaluating this
black-box function can be time-consuming, since synthesizing and implementing an
FPGA design can take several hours (Section [2.2.1]).

There are extensive research on this topic [3|, 260] [344] 345, 218, 217, 237]. Nardi
et al. [218] propose HyperMapper, a DSE framework for FPGA that leverages the
machine learning based hyper-parameter tuning techniques [24) 23, [7]. The
is used for cost function estimation as well [217, 331]. Moreover, DSE is a
crucial step to take to get high throughput DNN accelerator designs [237, 331, 332].
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void dot_product(float A[10][32], float B[10][32], float C[10][32]) {
#pragma HLS ARRAY PARTITION wvariable = A dim = 1 complete
#pragma HLS ARRAY_PARTITION wariable = B dim = 1 complete
#pragma HLS ARRAY PARTITION wvariable = C dim = 1 complete
Loopl: for (int i = 0; i < 10; ++ i) {
#pragma HLS UNROLL
Loop2: for (int j = 0; j < 32; ++ j) {
#pragma HLS PIPELINE
Clil [j] += A[il[j] = BLil[j];

X
}
3

Listing 1: An example code to Vitis HLS. This function implements the dot-product cal-
culation among 10 different vectors of length 32. Vitis HLS directives are repre-
sented using the C compiler pragmas, specifically, ARRAY_PARTITION instructs
the compiler to expand the first dimension of every input array into separated
32-length partitions so that they can be accessed in parallel, UNROLL replicates
the inner loop (Loop2) by 10 copies, and PIPELINE indicates the innermost loop
should be implemented by pipelines. The resulting design has 10 replicates of
a pipelined dot-product processing unit that operate in parallel on different
partitions of the input arrays.

High-level synthesis

Building FPGA designs in can be tedious: describing a design based on a
given specification in RTL needs engineers attention on how each wire is connected
among components, not to mention the extra effort to take if the initial design
should be further optimised. Neither building a nor making is
trivial to achieve. [High-Level Synthesis (HLS)| [204, [55] aims to alleviate this burden

from hardware engineers: instead of implementing in RTL, they can describe the

design at a much higher-level, e.g., using software programming languages, and HLS
tools will take care of the rest by automatically generating RTL descriptions. More
importantly, just by providing optimisation directives to HLS tools, we can control
how the RTL designs will be generated for specific objectives (Listing [1]). This saves
huge amount of time engineers would have devoted to iterate on the RTL designs
to make improvement. HLS also provide an alternative way for software developers
to program FPGA, which is more familiar and has a much less steep learning curve
than RTL.

Many HLS tools starts from imperative languages like C/C++, OpenCL, and Java
1320, 127, 1338, [40, 9, 98, 202]. Among these, this thesis mainly use Vi-
tis [319] for the compiler study in Chapter , and MaxCompiler [202] for building
DNN in Chapter [5] Some other works are built upon functional programming lan-
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guages, e.g., Lava [26], Ruby [102], Chisel [11], and Spatial [152]. There are papers
on building the compiler infrastructure that supports HLS, e.g., CIRCT [49], and
Calyx [219].

Even that HLS tools is thriving in many fields, including HPC and deep learn-
ing, there are still many challenging problems. For example, loop pipelining and
splitting [I80] [181], data reusing [230], memory partitioning [299], loop transforma-
tions [352], design generation [51, 295], and dynamic scheduling [135] [46]. Many of
these solutions leverage the [polyhedral modell which is described in Section [2.3] and
its interaction with HLS tools is the key field of study in Chapter [4| These works,
especially [352], are seen as the state-of-the-art of the problems that POLSCA Sec-

tion [4.4] aims to solve.

2.2.3 Deep learning on reconfigurable platforms

This section introduces the background on using reconfigurable platforms to deploy
DL applications, which is one of the major focuses of this thesis. Given that this
thesis only covers CNN, although there are extensive research on accelerating many
other DL models, e.g., RNN [100, 233], we mainly review recent progress of CNN
on reconfigurable platforms. Not just the accelerator designs are reviewed, this
section also discusses the corresponding tools that maps CNN topologies to low-

level hardware, which is also an important topic of this thesis.

This section contains the materials that describe the recent study for Challenge C3

(Section [1.2.3)).

Accelerator taxonomy

We first review and categorise different approaches to design high-performance ac-

celerators for CNN. A common taxonomy is to divide CNN accelerators into

volution Layer Processors (CLPs] and [Streaming Architectures (SAs)|

Convolution Layer Processor A majority of existing CNN accelerators use a
single CLP, which executes a single convolution layer at a time and transfers data
between FPGA and the host before and after processing. Zhang et al. [331] propose

one of the earliest CLP designs since the era of Deep Learning started, which features

the usage of the froofline model| for design space exploration. Ma et al. [191], 192]
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optimise CLP by loop transformations to improve data reuse and save buffer us-
age. They [193] also customise their designs for residual connections primarily to
orchestrate the data flow for the element-wise adder in a generic CLP. Facilitating
the technique, Light-OPU [328] provides a CLP design that we can con-
figure to run different DNNs, which has a significantly different design philosophy
compared to SA. Another flavour of CLP implements convolution by matrix multi-
plication [265, [99], which can achieve high throughput, but imposes an overhead to
reorder the input and output images before and after applying matrix multiplication.
Moreover, exploiting sparsity [189, 224] and custom data formats [277, 294] can also

improve CLP performance, which resonates with the discussion in Section [2.1.2]

Beyond single CLP, some recent papers aim to allocate multiple, heterogeneous
CLPs to scale up throughput even further. One direction is to leverage [layer fusion],
which maps repetitive components of a DNN into a single pipelined design, as seen
in [197, 1309 [183], 323]. A layer-fused design keeps intermediate results on-chip,
which improves power efficiency by reducing off-chip memory transactions. Another
direction is to place discrete CLPs with different capabilities, e.g., CascadeCNN [154]
provides two processors for high- and low-precision, and DNNExplorer [336] proposes
a heterogenous design that handles different workloads of a CNN by an SA and a
CLP, depending on their characteristics.

Streaming Architecture In contrast to CLP, a SA-based CNN accelerator aims
to put not just a single layer, but the whole network onto the target hardware. A
major benefit from leveraging SA is, similar to layer fusion, that the off-chip memory
transactions are significantly reduced. Ideally, only the initial input to the network
and the final output should be transferred between the accelerator and the host.
Meanwhile, we can improve the throughput even more by exploiting the pipelining
opportunities across the whole network, since all operators are executed concurrently
in the accelerator, which a CLP-based design can hardly achieve. This thesis focuses

on SA techniques.

There are several SA-based DNN accelerators. Venieris et al. [283] propose an SA
mapping method for DNN based on the synchronous data-flow model. Their method
can partition a DNN into multiple parts, each of which can fit into an FPGA.
Shimoda et al. [256] optimise inter-layer pipelining of an SA that supports tiling.
Their design is highly customised for a specific network, MobileNet-v1 with PSPNet
though. DNNBuilder [335] also targets mapping a whole DNN onto an FPGA using
an SA design, while DNNBuilder targets only sequential DNNs, which are lack of the
topologies in efficient networks (Section . These pieces of literature concentrate
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Table 2.4: Comparison among CLP, layer fusion (LF), and SA. Resource Eff. indicates
the resource efficiency that different architectures can achieve, and among the
listed CLP can be the most efficient; Off-Chip Trans. lists the bandwidth
requirements of memory transactions between FPGA and off-chip memory, of
which SA demands the least.

Mapping Resource Eff. Off-Chip Trans.

CLP Single layer Highest Highest
LF Multi-layers < CLP Moderate
SA Full < CLP Lowest

on inference DNNs, and there are other papers on DNN training. Given that DNN
training demands efficient inter-layer pipelining, LayerPipe [278] and PipeLayer [261]
propose different approaches by constrained optimisation or batch-level computation
overlapping. The constrained optimisation techniques from LayerPipe are useful for
DNN training and too heavy-weight for DNN inference. PipeLayer designs pipelining
techniques for batched input, while inference models often take a single image at a

time.

Table summarises the major differences among CLPs, layer-fusion designs, and
SA. Generally speaking, a CLP uses less on-chip memory and imposes more pressure
on off-chip memory bandwidth than an SA. Given a sufficient amount of on-chip
memory, which is the assumption of this paper and achievable by many recent DNNs
optimised for inference, the throughput of an SA can scale up to a higher peak

compared with a CLP due to its much less off-chip memory bandwidth requirement.

It is worth to mention that these works are treated as the state-of-the-art for Deacon

evaluation Section [5.5

Supporting tools

When mapping a DNN to FPGA, we can leverage compiler techniques to transform
the input graph. How this mapping works heavily depends on the target accelera-
tor architecture: if it is a CLP-based design, then the hardware itself is relatively
fixed, and the mapping is mainly about generating instructions for the processors;
if the target architecture is based on SA, then the mapping workload is largely on
the hardware end, while the software that drives the accelerator will be relatively

straightforward that only streaming in and out the data is required.

DNNVM [323] targets layer-fused CLPs. It explores multiple opportunities to trans-

form a DNN graph, so that we can either find efficient hardware designs or software
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Table 2.5: Comparison on functionalities with prior frameworks. LF as a design target
means layer fusion, and OVL is for CLP equipped with overlay. ILP stands
for inter-layer pipeline optimisation in SAs, DWS and RES denote whether a
framework targets or optimises for depthwise separable and residual convolu-
tions respectively. The last column specifies the design space to explore, PAR
includes parallelism, and SEQ is computation sequence

Target ILP DWS RES DSE

fpgaConvNet [283]  SA X X X PAR
DNNBuilder [335] SA v X X PAR
DNNVM [323) LF « X / PAR
LighttOPU [328]) OVL X « «/ PAR
Deacon (Chapter 5) ~ SA v v v PAR & SEQ

instructions. However, their optimisations focus on high-level, tensor arithmetic-
based opportunities, which is a general solution, but may lose optimisation op-
portunities that only appear at a lower level. Once the reconfigurable design is
generated, prior papers that partially map a DNN require extra scheduling work
to get software instructions [323], 343]. TVM [43] provides a comprehensive frame-
work that compiles ML models onto various devices through layered intermediate

representations, which is also adaptive to support CLP-based accelerators.
As mentioned above, one benefit of mapping DNNs to SAs is that there is no extra

work required for software scheduling: we only need to prepare the input and collect
the output. A selection of the frameworks is compared in Table 2.5

2.3 Polyhedral Modelling

This section gives a brief review of the key concepts from polyhedral modelling that

are relevant to Chapter [df We demonstrate the fundamental concepts of the polyhe-

dral representation, including the affine expression, [Static Control Parts| (SCoP), etc.

We also describe Pluto [30], a polyhedral scheduling algorithm that this thesis relies
on, and its variants. Moreover, we discuss polyhedral code generation, a topic that
has almost the same importance as the polyhedral scheduling algorithm in order to
achieve high-performance programs. Finally, on the application side, we dive deeper
into the topic of polyhedral HLS, which is closely related to this thesis (Section .
For more information beyond the scope of this thesis, Benabderrahmane et al. [22]

present a detailed overview of the polyhedral methodology.
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2.3.1 Preliminaries

This section elaborates two important preliminary concepts for polyhedral mod-

elling: affine expression and static control parts.

Affine expression. An affine expression is represented as f(x) = Ax + b, which
maps an integer vector x € Z" into f(x) by first multiplying it with a constant
integral matrix A € Z™*™ and then adding it with a constant integral vector b €
Z™. 1t is frequently used in polyhedral modelling to represent a mapping from
loop induction variables to another induction variable, a loop bound, or a memory

address. For instance, we can represent the address accessed by A[2i, 3j + 1] using

~[e SB[

Here, i and j are two loop induction variables that encloses the memory access

the following affine expression:

2
3+ 1

operation.

The definition of the affine expression innately prohibits applying operations other
than addition and subtraction between two variables. For instance, we cannot repre-
sent A[i*j] using affine expression. The properties associated with affine expressions
are essential prerequisites to affine analysis, which is not just a key component of
the whole polyhedral modelling methodology [71], [72], but also a core technique in
a wider compiler community [175, 87, [176]. Integrating non-affine expressions into

the polyhedral framework [285] is a topic beyond the scope of this thesis.

Quasi-affine expression. Compared with the original definition of the affine ex-
pression, its extension, quasi-affine expression, is more pervasively used in polyhedral
modelling, e.g., it is a major constituent of many polyhedral tools [286] 289]. In gen-
eral, quasi-affine expressions further allow integer divisions using floordiv |¥/c|,
ceildiv [*/c|, and the modulo operator mod, given the right-hand side operand c an
integer constant. It is an expressive extension, for instance, the induction variable
of a loop 1 tiled by 32 can be represented as a quasi-affine expression: |i/32], which
is not available as an ordinary affine expression. In the following discussion, if not

explicitly mentioned, we refer a quasi-affine expression as an affine expression.



42 Chapter 2. Background

Presburger formula. In polyhedral literature, a quasi-affine expression is com-
monly used together with a Presburger formula [262] to represent constraints and
relations. A Presburger formula composites quasi-affine expressions with first-order
logic (—, /\, V, 3), equal (=), and less-than-or-equal (<) [287]. We can use a
Presburger set S[i] to describe the instances of statement S under a loop induction
variable i that starts from 0 and ends at N with a step size of 2 in the following
form: {S[A]:1 < NAO0<i1A1mod2 = 0}. Meanwhile, we can use Presburger rela-
tion S[i] — Al|/2]] to indicate that statement S accesses A at index |i/2], given i
a loop induction variable. In the next section, we demonstrate how the Presburger

formula becomes a cornerstone of polyhedral representation.

Static control part. A [Static Control Parts|is normally used to indicate a loop

nest that can be described using a polyhedral representation. There are certain

conditions that a statement should meet to be included in a SCoP:

e Loop. The loop boundaries should be affine expressions of constants or other
variables defined within the SCoP, e.g., a loop induction variable of an outer
loop that is within the SCoP.

o If-conditional. An if-statement describes a set of constraints, and similarly
to loops, these constraints should also be affine expressions on constants or

internal variables.

e Memory access. Any statement that accesses to an array, the address should

be an affine expression as well.

Listing [2] demonstrates an example SCoP, which meets all the conditions mentioned.

We will explain the purpose of these conditions in the next section.

2.3.2 Polyhedral representation

This section briefly describes how to describe a program in polyhedral representation
using Presburger formulas. The polyhedral representation of programs uses three
key sets and relations [20] to describe a statement: iteration domain, scattering

function, and access function.
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void f(const int N, float A[N], float B[N]) {
#pragma scop
for (int i = 0; i < N; i ++) {
S1: A[i] 0.0f;
for (int j =i + 1; j < min(N, 2 * i); j ++)
if (A + j) %h 2 ==0)
S2: A[i] += B[il;

¥

#pragma endscop

¥

Listing 2: An example SCoP. All the loops have affine boundaries, the if-conditional de-
scribes a quasi-affine constraints, and the statements S1, S2 contains only affine
addresses. pragma scop and pragma endscop mark the begin and the end of a
SCoP when using PET [289].

Iteration domain. An iteration domain is a set of statement instances, which are
constrained by loop induction variables and their static affine boundaries. We can
infer the iteration domain of each statement by taking the joint of the sets defined
by affine constraints as specified under loops and if-conditionals. For instance, S1

and S2 in Listing [2| has iteration domains as follows, described in Presburger sets:

{S1i]: 0 <i< N}
{S2[i,jl: 0 <Ki<NAi+1<j<NAj<2iA(i+j) mod 2 =0}

Scattering function. A scattering function describes how to schedule statements.
We normally use Presburger relations to map a statement to a timestamp, which
relatively determines the execution order. For instance, statement S1 is executed at
the beginning of the outer loop, and statement S2 is executed subsequently within

the inner loop, then we can use the following relations to describe their schedule:

{S11] = ,0,05; S204, ] — [i, 1]}

Timestamp [i,0,0] is lexicographically ordered before [i,1,j]. This representation,
which can be traced back to Kelly et al. [146] [144], is just one schedule representa-
tion. There are also schedule matrix as in Girbal et al. [81], or schedule tree as in

Verdoolaege et al. [292], which are beyond the scope of this thesis.

Access function. Access functions map from statements to memory addresses

they access. For instance, we can use Presburger relations as follows to describe the



44 Chapter 2. Background

access functions of ST and S2 in Listing [2}

{S10] — A[i]; S2[i,j] — Alil} (write)
{S2[i,j] — Alil; S2[i,j] — Bli] }(read)

In a summary, if a program satisfies the pre-conditions of a SCoP, then for every
statement in it, we can deduce their iteration domains, scattering functions, and
access functions. In the next section, we describe how to improve a program based

on its polyhedral representation.

2.3.3 Polyhedral scheduling

Early research on automatic parallelisation. Polyhedral scheduling is, to
some extent, explored to find solutions for automatic parallelisation in the early
days. Automatic parallelisation requires a formalisation of the dependence among
statement instances, so that we can either find existing statements that have no
dependence on each other and are parallelisable, or we should transform the input
program to enhance parallelism. The affine expression and polyhedral represen-
tation, after years of research, are proven to be feasible and suitable solutions to

automatic parallelisation.

The ideas of polyhedral methodology can be dated back to more than 30 years ago.
Array expansion [69] aims to relocate accessed array elements to avoid unnecessary
dependence, and therefore, improve parallelism, by solving an integer programming
problem. It imposes affine constraints on the input program that are similar to those
for SCoP. Under the same pre-conditions of programs, Feautrier [70] proposes an-
other analytical framework based on affine expressions to solve the problem of finding
references or uses, which are embedded in statement instances, of an array element.
Later, Feautrier [71l,[72] expands the affine formulation into solving scheduling, which
is formulated as a problem of assigning execution dates to statement instances, and
instances happen earlier should have dates that are lexicographically ordered before
dates of those happen later. Farkas Lemma [68] is introduced by an algorithm that
produces valid scheduling solutions, and under the same framework, there are solu-
tions that minimize latency or have bounded delay [201]. Not just the Feautrier’s
algorithm, there are many other important scheduling methodologies emerge, e.g.,
the hyperplane method [163] that works on perfectly nested loop with uniform depen-
dence [141], the affine-by-statement scheduling [56] [57] that extends the hyperplane
method by allowing scheduling per statement, and Lim and Lam [175, [176] pro-

pose an algorithm that extends Feautrier’s algorithm by an abstraction of affine
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Ll: for (int t = 0; t < T; t ++)
L2: for (dnt 1 = 1; i < N - 1; i ++)
S: A[t][i] = A[t-11[i-1] + A[t-1][i+1];

Listing 3: An example that cannot be rectangularly tiled. An intuitive explanation is that,
every row t in each rectangular tile depends on the results from the previous
row t — 1 in adjacent tiles, e.g., the leftmost column in a tile depends on the
result from the neighbour tile on the left A[t — 1][i — 1], and the rightmost
column depends on elements in the right tile A[t— 1][i+ 1], which suggests that
we cannot finish the computation of a tile as a whole without interfering with
other tiles, and therefore, the rectangular tiling is invalid.

partition to maximise parallelism while minimizing synchronisation. Feautrier 73]

summarises prior research and names the relevant methodologies as polytope model.

Tiling and the Pluto algorithm. Loop tiling is another widely researched topic
in the compiler community, which is a key technique to enhance locality and boost
data reuse. Tiling is a transformation that turns a single loop into a two-level loop
nest, the outer loop of which iterates over the tiles (or partitions) of the iteration
domain, and the inner loop traverses the internal of each tile. Irigoin and Triolet [130]
propose the supernode partitioning method, which is a comprehensive solution to the
tiling problem. Many other papers continue this journey [324, [116, [240] to optimise
tiling for various objectives, however, they are mostly constrained to a setting of
perfectly nested loops with a single statement, which is restrictive and not practical

for a wide range of problems.

This thesis focuses on Pluto [30, 29, 32], an polyhedral scheduling algorithm that
provides a general solution to the loop tiling and parallelisation problem. One of
its key contributions is a cost function, which minimises the distance of two state-
ments within a dependence. This distance, on the other hand, can be interpreted
as the amount of data to be communicated among tiles. By solving the optimisa-
tion problem that minimises this cost function, constrained on a legit tiling condition
originated from [130], the Pluto algorithm can find a tiling transformation on SCoPs

that minimises inter-tile communication.

When the loops cannot be tiled in the rectangular shape, e.g., in stencil computing
applications, Pluto automatically skews the iteration space to allow rectangular
tiling, which may be a suboptimal solution. For instance, the code in Listing (3| will
be transformed into Listing {4 by Plutoﬂ. This kind of transformation may be a

feasible solution for multicore CPU, however, since it results in a wavefront parallel

2Using command: ./polycc <code file>.
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for (t1 = -1; t1 <= floord(T - 1, 16); ti1++) {
lbp = max(ceild(tl, 2), ceild(32 * t1 - T + 2, 32));
ubp = min(floord(T + N - 3, 32), floord(i6 * t1 + N + 13, 32));
#pragma omp parallel for private(lbv, ubv, t3, t4)
for (t2 = lbp; t2 <= ubp; t2++) {
for (t3 = max(max(max(0, 16 * t1), 32 * t1 - 32 * t2 + 1),
32 % t2 - N + 2);
t3 <= min(min(min(T - 1, 16 * t1 + 31), 32 * t2 + 30),
32 ¥ t1 - 32 * t2 + N + 29);
t3++) {
1bv = max(max(32 * t2, t3 + 1), -32 * t1 + 32 * t2 + 2 * t3 - 31);
ubv = min(min(32 * t2 + 31, -32 * t1 + 32 * t2 + 2 * t3), t3 + N - 2);
for (t4 = 1bv; t4 <= ubv; t4++) {
At3]1[(-t3 + t4)] =
Alt3 - 11[(-t3 + t4) - 11 + A[t3 - 11[(-t3 + t4) + 1];
Frr7

Listing 4: Code transformed by Pluto from Listing The original loops are skewed in
this case. The pragma omp is added to annotate the tile loop is parallelisable.

processing pattern, the level of parallelism it achieves is not balanced (lower at the
beginning and the end, higher in the middle), which is not promising for devices like
GPU. Grosser et al. [92 03] propose split tiling that results in trapezoidal-shaped
tiles and hybrid hexagonal tiling that produces hexagonal tiles, which are effective
for massively parallelised devices like GPU. Bondhugula et al. [31] also integrate the
diamond tiling idea into polyhedral scheduling. All these ideas can help mitigate the
imbalanced parallelism problem with loop skewing and ensure a concurrent start.
Grosser et al. [94] compare hybrid-hexagonal tiling and diamond tiling and propose

a unified framework. In Chapter 4| we explore these tiling problems for HLS.

Although the original version of the Pluto algorithm can be improved in various
aspects, it is still a powerful method to transform and tile loops in general, and that
is why we build our polyhedral tools on Pluto (see Chapter {4)). There are other
scheduling algorithms that emerge from Pluto, for instance, Verdoolaege et al. [291]
propose a scheduling algorithm based on Pluto for GPU, which is implemented by
isl [286] and is sometimes referred to as the isl scheduler. The isl scheduler is later
extended by Verdoolaege [290] and Zinenko [348] for better spatial locality. We will

leave these work as a future extension of ours.

Application on high-level synthesis. Even in the early days of polyhedral re-
search, analysing and transforming loops for hardware designs was an active topic.
Quinton [235] proposes a systematic approach of mapping a problem to a solution

in the form of a systolic array [161] with the help from Uniform Recurrent System
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of Equations [141]. Rajopadhye and Fujimoto [238, 239] extend the mapping al-
gorithm to support affine recurrent equations, and consequently, support mapping
data pipeline architectures and control signals. There is still progress in this field
until very recently, Wang et al. [295] propose the AutoSA compiler, extended from
PolySA [51], which leverages polyhedral representations to automatically transform
programs that describe a systolic array architecture, and its optimisations are more

pragmatic and FPGA-oriented, compared with prior research.

The polyhedral methodology, in general, has much wider impact on the high-level
synthesis community than systolic array. Zuo et al. [352] demonstrate how polyhe-
dral scheduling can be effective for high-level synthesis, especially to analyse data
access patterns and use them to transform loops. Pouchet et al. [230] extend the
Pluto algorithm to enhance data reusing on FPGA scratchpad memory. Wang
et al. [299, 298] leverage polyhedral models to formulate and solve memory par-
titioning problems. Since the polyhedral representation can describe exactly the
dependence among statements, it is a perfect method to analyse and improve loop
pipeline [213] [180} [I8T]. Nevertheless, as what we will demonstrate later in this sec-
tion, given all the merits from the polyhedral methodology in high-level synthesis,

it is still not very popular due to the lack of compiler support.

2.3.4 Polyhedral code generation

A polyhedral scheduling algorithm transforms polyhedral representations that are
extracted from a program, however, to make the transformation effective, we need to
generate program back from the transformed polyhedral representation. This is the
process of polyhedral code generation. Quilleré et al. [234] bring the polyhedral code
generation into the focus of the research community. The Quilleré algorithm formu-
lates the problem of generating nested loops as scanning polyhedra. For instance,
when there is a single polyhedron of a single statement, the Quilleré algorithm re-
sembles the Fourier-Motzkin elimination procedure to find loop bounds, which is
an improvement over an earlier work of Ancourt and Irigoin [5]. When there are
multiple polyhedra belong to multiple statements, Quilleré can separate the union
of these polyhedra into distinct parts, each of which will have a corresponding loop
nest that scans its domain. Finally, Quilleré can generate code from a union of
polyhedra in a recursive manner that can balance the trade-off between efficiency
and code size. Bastoul [18, [19] later extend Quilleré by allowing non-unit stride,
exploiting loop merge and split opportunities, and reducing code size, which result
in the CLooG (Chunky Loop Generator) tool. Note that the description here is

much simplified.
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Chen [42] proposes CodeGen+, a reworked version of CodeGen from Kelly et al.[145].
These methods first generate an initial AST from the polyhedra and then make
improvement, while CodeGen+ explicitly explores the trade-off between loop over-
head and code size and simplifies if-conditionals. Grosser et al. [96] further extends
the AST-based code generation into a framework, which not only provides various
novel optimisation techniques, but also allows users to customise code generation
for domain-specific applications. Moreover, Zuo et al. [351] customize CLooG for
generate polyhedral code that uses instructions more friendly to hardware than the

others and explore parallelogram tiling.

2.3.5 Polyhedral compilers and tools

The major focus of this thesis (Challenge C2, Section [1.2.2)) is to design better tools
for polyhedral optimisation, and consequently, benefit high-level synthesis and deep
learning. This section reviews the development of various polyhedral compilers and

tools.

Parametric Integer Programming (PIP) [69] is an algorithm that efficiently solves
the integer programming problems arising from polyhedral methodology, and a tool
(named PipLibE[) that later becomes the cornerstone of many polyhedral scheduling
algorithms [70]. Omegaﬂ, a tool that includes the Omega test [232], a dependence
testing system, and a unified framework for reordering-based program transforma-
tions [147]. PolyLib [302] is another polyhedral transformation library, which is
built on the ALPHA framework/language [169] that is used to design systolic ar-
rays. The Quilleré code generation algorithm also targets ALPHA and uses PolyLib
to manipulate polyhedral representation. The Parma Polyhedral Library (PPL) [15]
is proposed and used in various hardware and software verification projects. Finally,
we have LooPd’| [89], a source-to-source polyhedral transformation tool. These tools
share similar underlying concepts, however, they still have many differences, e.g.,
supported operations on the polyhedral representations, how to translate between
polyhedra and code, etc. And none of these tools works at the scale of an industrial-

level compiler.

New tools emerge to focus on some small, but critical components in polyhedral
modelling. Clanf|and PET [289] are two polyhedral representation extraction tools.
They consumes programs typically written in C/C++ and produces polyhedral rep-

3http://www.piplib.org/

4http://www.cs.umd.edu/projects/omega/
Shttps://www.infosun.fim.uni-passau.de/cl/loopo/
Shttp://icps.u-strasbg.fr/~bastoul/development/clan/docs/clan.html
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resentations in various format, e.g., OpenScop [20]. These tools first verify that the
input program satisfies the SCoP pre-conditions, and if so, they extracts loop struc-
tures, including the induction variables and their boundaries and steps, and inner
statements. The scatter functions and access functions are resolved as well in this
process. Meanwhile, Cand]lj is dedicated to analyse dependences among statement
instances. This task can be done by other more fundamental libraries as well, e.g.,
isl [286]. We also have CLooG [19] that carries out the polyhedral code generation
task. These tools are also integrated into the Pluto compilelﬁ, a source-to-source

polyhedral transformation framework based on the Pluto algorithm [30].

Recently, polyhedral compiler is much closer to the industrial requirements than
the past. Pollyﬂ [90] successfully puts polyhedral modelling into LLVM [165], an
industrial-level compilation framework. Polly is implemented upon isl and is the
foundation of various novel polyhedral scheduling algorithms [93, 97]. Graphite
is another polyhedral component inside an industrial compiler GC(ﬂ [276]. Tt is
built on PPL, and features various pragmatic improvements over other polyhedral
compilers [160]. R-Stream [206] is a commercial polyhedral compiler, which can
perform source-to-source transformation and automatic parallelisation and support
many different platforms including GPU and dataflow FPGA.

When deep learning becomes popular, there are some new polyhedral frameworks
come out, which take either the deep learning models or tensor computation for-
mulas as input. Given a computation task described in Einstein notation, Tensor
Comprehensions [280] can automatically compile it into executable program using
polyhedral transformations. Halide [236] is proposed to be a language to define
image processing algorithms that can be automatically parallelised by polyhedral
transformations, however, it becomes useful for deep learning optimisation as well.
We can also find polyhedral representations in TVM [43]. R-Stream-TF [231] applies

the R-Stream compiler on TensorFlow.

2.4 The MLIR framework

This section reviews the essential background on the MLIR compilation framework,

which is a key component to our work in Chapter [4

"http://icps.u-strasbg.fr/people/bastoul/public_html/development/candl/
8https://pluto-compiler.sourceforge.net/
9https://polly.1llvm.org/

Ohttps://gcc.gnu.org/wiki/Graphite
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2.4.1 LLVM and MLIR

MLIR is an optimizing compiler infrastructure inspired by LLVM [165], a compiler

infrastructure. LLVM includes a set of tools and technologies, covering from the

frontend of a compiler that translates source code into |Intermediate Representation|

[TRY), to compiler backends that gradually lower IRs into optimised machine instruc-
tions. A key property of the LLVM IR is its [Static Single Assignment (SSA)| [247]

form: only one variable can be assigned in an instruction, and it is frozen after the

assignment. SSA form makes it substantially simpler to implement compiler optimi-
sation. Another benefit from LLVM is that it organises its optimisation techniques
into modularised, composable passes, which are reusable in the process of construct-
ing other compilers. However, the core LLVM IR is hard to extend, and any other
compiler tasks that are not as low-level as the LLVM IR, e.g., transforming Deep

Learning computation graph, cannot reuse LLVM passes.

Compared with LLVM, MLIR has a focus on extensibility and modularity [167]. Its
main novelty is its IR supporting a fully extensible set of instructions, which are
named operations in MLIR, with types and attributes. Specifically, MLIR combines
SSA with nested regions, allowing one to express concepts ranging from machine
instructions (e.g., floating-point addition) to structured control flow (e.g., loops),
from hardware circuitry [49] to large machine learning graphs [86], which overcomes

the drawback in the extensibility of the LLVM IR.

%c = "dialect.operation"(%a, %b)
{attribute = #dialect<"value">} ({
// Inside a nested region.
“basic_block(/block_argument: !dialect.type):
"another.operation"() : (O -> O
}) : ('dialect.type) -> !dialect.result_type

Figure 2.12: Generic MLIR syntax depicting an operation with two operands, one result,
one attribute and a single-block region. The types of the operation and the
block arguments are annotated as well.

MLIR operations define runtime semantics of a program and process immutable val-
ues. Compile-time information about values is expressed in types, and information
about operations is expressed in attributes. Operations can have attached regions,
which in turn contain basic blocks of further operations. The generic syntax, ac-
cepted by all operations, illustrates the structure of MLIR in Fig.[2.12] Additionally,
MLIR supports user-defined custom syntax.

Attributes, operations and types are organized in dialects that resemble modular

libraries. MLIR provides a handful of dialects that define common operations such
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as modules, functions, loops, memory or arithmetic instructions, and ubiquitous
types such as integers and floats. These dialects can be transformed from one to
another using modularised MLIR transformations, for instance, from a dialect that
describing a high-level concept, we can transform it all the way down to a dialect
that directly maps to LLVM, which can be converted to actual LLVM IR to generate
the final executable program. Next, we present several dialects that are related to
this thesis.

2.4.2 Dialects

There are two dialects that this thesis focuses on, Affine and MemRef. The Affine di-
alect resembles polyhedral representation, on which we build out polyhedral schedul-
ing tool. The MemRef dialect operates on values of MemRef, which is the common

representation of memory in MLIR.

Affine

The Affine dialect [210] aims at representing [Static Control Parts (SCoPs)| (Sec-
tion with explicit polyhedral-friendly loop and conditional constructs.

Values. The values in the Affine dialect are categorised into symbols, dimensions,

and other non-affine values, which are common in polyhedral literature. Specifically,

e a symbol is an integer value that is loop-invariant but unknown at compile
time, also referred to as program parameters, e.g., the dimensions of the input

array or other function arguments;

« a dimension is an extension of symbols that also accepts induction variables

of affine loops.

Symbols and dimensions have index type, which is a platform-specific integer that

fits a pointer.

Attributes. MLIR provides two attributes relevant for the Affine dialect. One is
affine map, which is a multi-dimensional quasi-affine function that maps a list of di-
mensions and symbols to a list of results. Dimensions and symbols are separated to

allow quasi-affine expressions: symbols are treated as constants, which can therefore
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be multiplied with dimensions, whereas a product of two dimensions is invalid (Sec-
tion [2.3.1)). For example, (do, d1,d2,0) — (do + di1, o - d2) is a quasi-affine map,
which can be expressed in MLIR as: affine map<(d0,d1,d2) [s0]->(d0+d1,
s0%*d2)>.

Another is integer set, which is a collections of integer tuples constrained by con-
junctions of quasi-affine expressions. For example, a triangular set {(do,d;) : 0 <
do < so /N0 < dy < do}is represented as affine set<(d0,d1) [s0]: (dO >= 0,
s0-d0-1 >= 0, d1 >= 0, d0-d1 >= 0)>.

It is worth to mention that, although affine map and integer set are both expressed
in Presburger arithmetic, FPL [229] provides a fast and comprehensive Presburger
implementation that is also inside the MLIR codebasd'!} This thesis does not take
this path to re-implement Presburger arithmetic in MLIR, instead, we decide to
convert Affine code into a representation that can be used by other existing, mature
libraries that support Presburger operations and polyhedral scheduling, since we

care more about functionality than efficiency.

%cO0 = constant O : index
%0 = memref.dim %A, %cO : memref<?xf32>
%1 = memref.dim %B, %cO : memref<?xf32>
affine.for %i = 0 to affine_map<()[s0] -> (s0)>()[%0] {
affine.for 7%j = 0 to affine_map<()[s0] -> (s0)>(O) [%1] {
%2 = affine.load %A[%i] : memref<?7xf32>
%3 = affine.load %BI[%j] : memref<7xf32>
%4 = mulf %2, %3 : £32
%5 = affine.load J%CI[%i + %j] : memref<?xf32>
%6 = addf %4, %5 : £32
affine.store %6, %C[%i + %j] : memref<?7xf32>

Listing 5: Polynomial multiplication in MLIR, using Affine and MemRef dialects.

Operations. The Affine dialect makes use of the concepts above to define a set
of operations. An affine.for is a for-loop with loop-invariant lower and upper
bounds expressed as affine maps with a constant step. An affine.if is a conditional
construct, with an optional else region, and a condition defined as inclusion of the
given values into an integer set. Finally, affine.load and affine.store express
memory accesses where the address computation is expressed as an affine map.
Listing |p| illustrates the Affine dialect for a polynomial multiplication, C[i+j] +=

A[i] = B[j]. This simple example highlights the fact that MLIR supports, and

encourages, IRs from different dialects to be used together.

Unhttps://github.com/11vm/11vm-project/tree/main/mlir/1ib/Analysis/Presburger
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MemRef

A core MLIR type—memref, which stands for memory reference—and the corre-
sponding memref dialect are also featured in Listing [f] The memref type describes
a structured multi-index pointer into memory, e.g., memref<?xf32> denotes a 1-d
array of floating-point elements; and the memref dialect provides memory and type
manipulation operations, e.g., memref .dim retrieves the dimensionality of a memref

object.

memref does not allow internal aliasing, i.e., different indices always point to different
addresses. This effectively defines away the delinearization problem that hinders the

application of polyhedral techniques at the LLVM IR level, e.g., in Polly [95].

Throughout this thesis, we only consider memrefs with the default layout that cor-
responds to contiguous row-major storage. In practice, memrefs support arbitrary

layouts expressible as affine maps, but these are not necessary in this thesis.

Other Relevant Core Dialects

MLIR provides several dozen dialects. Out of those, only a handful are relevant for

our discussion:

o The Structured Control Flow (scf) dialect defines the control flow operations
such as loops and conditionals that are not constrained by affine categorization
rules. For example, the scf.for loop accepts any integer value as loop bounds,

which are not necessarily affine expressions.

o The Standard (std) dialect contains common operations such as integer and
float arithmetic, which is used as a common lowering point from higher-level
dialects before fanning out into multiple target dialects and can be seen as a
generalization of LLVM IR [165].

e The LLVM dialect directly maps from LLVM IR instructions and types to
MLIR, primarily to simplify the translation between them.

e The OpenMP dialect provides a dialect- and platform-agnostic representation
of OpenMP directives, which can be used to transform OpenMP constructs or
emit LLVM IR that interacts with the OpenMP runtime.

e The Math dialect groups together mathematical operations on integer and

floating type beyond simple arithmetic, e.g., math.pow or math.sqrt.
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2.4.3 Applications

This section briefly reviews compiler applications built on MLIR.

Deep Learning. MLIR becomes a part of TensorFlow [86] almost since the release
date of MLIR. There are several dialects defined for TensorFlow, e.g., TensorFlow
IR that describes the TensorFlow computation graph, XLA HLO IR that resembles
the existing IR in the TensorFlow and linear algebra compilation framework XLA H,
etc. Similarly, Torch-MLIR [275] is another effort that brings MLIR into the deep
learning framework PyTorch [226], which aims to convert representations in the
current PyTorch compilation flow, e.g., TorchScript, into MLIR and reuse existing
MLIR passes to support different backend devices (CPU, GPU, etc.). Vasilache et al.
[282] provide a comprehensive study on using MLIR to compile tensor computation

programs in a composable and modularised way.

Polyhedral compilation. Even though Affine provides a fundamental polyhe-
dral representation and corresponding transformations, there are much more to be
accomplished to have a MLIR-based polyhedral compilation workflow as powerful as
existing polyhedral tools. PET-to-MLIR [153] redirects the schedule tree [292] out-
put from PET [289] into MLIR. Bondhugula [28] carries out a detailed comparison
between MLIR and other libraries and compilers, including Pluto, on the GEMM

application.

High-level synthesis. ScaleHLS [327] is a HLS framework built upon MLIR,
which uses MLIR transformations (e.g., tiling, unrolling) on source program and
emits C++ code in the end with annotated HLS directives. For the new Versal
AlEngine devices, Xilinx releases an MLIR-based tool-chain [312] that produces
instructions for them. LLHD [253] focuses at a lower-level of circuit synthesising and
proposes a unified IR that represents vendor-agnostic transformations on hardware
description languages. Even though LLHD predates MLIR, it is gradually integrated
into the MLIR-based CIRCT project [49].

?https://www.tensorflow.org/xla/architecture


https://www.tensorflow.org/xla/architecture

2.5. Summary 95

2.5 Summary

This chapter gives a comprehensive description of the background for this thesis,
including the preliminary knowledge and the related work. As a recap, here we
highlight the gaps between the each of the challenges and the best result that the

related work achieves.

o The challenges in mixed precision training (Section are targetted by
[209, [159] 2711, 272 208], 266]. These papers mainly use the idea of loss scal-
ing, which can partially solve the problems, however, they normally require
hyperparameter tuning, and they cannot easily adapt to the situation appeared

dynamically during training.

o The structured pruning challenges (Section appear in [334, [128] 311,
339, [3101, 122, 297, 227 223, 301, [170]. They provide different ways to build
GConv-based models, either by training from scratch or by pruning pre-trained
models; and those papers using pruning may leverage group regularisation.
These existing GConv-based structured pruning approaches need long training
or fine-tuning time, and it is not mentioned that how we can choose the number

of groups per GConv layer.

« Existing polyhedral tools [69] 232, [302], 169} 15, [89] 289], 30, 90, 206], 351], either
research-oriented or industrial, allow us to leverage the polyhedral methodol-
ogy at various stages: polyhedral representation extraction, scheduling, and
code generation. Unfortunately, most of these tools (except Polly [90]) are
not designed in a modularised, reusable, and extensible way, which limits the
optimisation opportunities we can explore from a compiler perspective. Mean-
while, other than Zuo et al. [351], the support for high-level synthesis is also

limited from existing tools. This situation leaves a research gap for Challenge

C2 (Section |1.2.2)).

o There are many papers and projects on accelerating DNN through FPGA [331],
1911, (19211193, [328], 265,199, [189, [224], 277, 294 197, 309, [183] [323], 283, 1335, [256],
and they broadly fall into two categories, Convolution Layer Processor and
Streaming Architecture. As the FPGAs are having more resources, we can
leverage their potential by putting a whole DNN on the board, which is a
topic rarely explored by prior work (e.g., [283]). Even if this challenge (C3,
Section is targetted, there is still a gap between the existing approaches
and the new DNN topologies that feature more complicated connectivities,

which are not yet properly addressed for streaming architectures.



Chapter 3

Memory-Efficient Deep Learning

3.1 Introduction

Deep Learning is memory-intensive: a powerful deep learning model can have mil-
lions, or even billions of parameters. For example, GPT-3 [39], one of the most
recent language model, has 175 billion parameters, which demands 700 GB memory
space if all parameters are stored in FP32 that can hardly fit in a single GPU. Things
can become worse when we try to deploy a trained model: the target environment
may have only a few megabytes memory space available. Both cases motivate us
to find solutions that can mitigate the pressure on memory from Deep Learning

applications, which is the overarching challenge that this chapter aims to address.

The life-cycle of a Deep Learning model consists of two stages: the training stage and
the inference stage, and there are two big categories of memory reduction method:
quantisation and pruning. Generally speaking, quantisation is about adapting lower-
precision data types. Lower-precision means shorter bit-width, which can effectively
reduce memory footprint. For example, we can use half-precision floating-point in
training tasks [209], or use short integer types (e.g., int8) to perform inference [131].
Pruning, on the other hand, is a method that aggressively removes “unimportant”
weights, which have negligible effect on accuracy if being removed, to save more
memory space [171]. These weights can be close to zero, or relatively small compared
with others in the same layer. More in-depth introduction on both methods can be

found in Chapter [2|

In this chapter, we build upon the established concepts of quantisation and pruning,
while introducing innovative solutions to tackle two critical challenges associated

with their utilization:

o6
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o Numerical issues in quantised training. While training with low-precision, it is
very likely that the gradient values cannot be properly represented since they
have large dynamic ranges. An out-of-range gradient value can cause either
overflow or underflow, and affect training results. Mixed precision training
(MPT), a technique that jointly uses low- and high-precision data types, has
been proposed to address this problem. But it still has practical problems,

e.g., tedious hyperparameter searching, less satisfying heuristics, etc.

o Unstructured pruning result. 1f we greedily remove as many as the unimportant
weights until we reach the target memory footprint, the resulting model can
have an unstructured sparsity pattern, e.g., the distribution of the number
of zeros on each line varies much. This can lead to unbalanced workload
across parallelised processing units, which is a red flag for bad performance.
On the other hand, however, considering both the structure and the weight

importance can significantly raise the complexity to finding the optimum.

This chapter features two novel techniques: One is Aegis, An Efficient Gradlent
Scaling based mixed precision training method. It is designed to address the nu-
merical problems in MPT, especially underflow, by calculating a loss scale for each
gradient tensor during training. Loss scale was first proposed in [209], which was
originally carried out by scaling up the loss value by a fixed scale before backpropa-
gation. Its major drawback is the need to search for a good loss scale, which can be
time-consuming. Alternatively, Aegis updates the loss scale for each layer on-the-fly
using a novel probabilistic model, which makes MPT more efficient and stabler. We
assess the advantages of Aegis by considering not only the model accuracy, a promi-
nent metric highly regarded by the ML community, but also the ease of achieving
stable training. Specifically, we investigate whether a MPT algorithm necessitates
extensive exploration of hyperparameters (e.g., loss scale) to avoid divergence. In
Section [3.2.3] we present compelling evidence that Aegis attains comparable, if not
superior, model accuracy compared to other MPT methods across various computer
vision tasks, all while eliminating the need for hyperparameter search efforts typi-

cally required by alternative approaches.

The other technique is SPGC, Structured Pruning by Group Convolution, the aim
of which is to reduce the computation budget of a trained DL model in a way
that can be translated into faster inference speed. This objective requires us to
prune the model in a structured pattern, so that the inference workload can be
balanced among processors running in parallel. SPGC chooses group convolution
(Section as the pruning target and formulates the pruning process as an op-

timisation problem that can be heuristically solved. With SPGC, we can more
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effectively balance the trade-off between model accuracy and inference speed. The
key metric we focus on is the model accuracy achieved by a pruned model while
adhering to reduced computational and storage budgets. In this regard, our method
SPGC demonstrates comparable performance to various other approaches when ap-
plied to CIFAR, ImageNet, and CUB-200 image recognition tasks. Moreover, we
recognize the significance of assessing the time required for searching a suitable prun-
ing recipe and obtaining the pruned model Unlike many existing methodologies that
need fine-tuning or regularization during the pre-training stage, SPGC leverages its
underlying heuristic algorithm to efficiently explore the Pareto front encompassing
model size and accuracy (Figure [3.7)).
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3.2 Mixed Precision Training by Gradient Scaling

This section illustrates the Aegis method in details. We first demonstrate how
we estimate the scale factor for a given gradient tensor during training time (Sec-
tion . Then we present the gradient scaling algorithm that integrates this
estimation model with backpropagation (Section . We list experimental re-
sults in the end (Section [3.2.3).

Notation Explanation

Amins Amax ~ The representation range of FP16: [Apin, Amax] = [6 X
1078, 65504]
X, W Activation and weight tensors.
VX, VW Gradients of activation and weight tensors.
MixedGEMM(X,Y) The mixed-precision GEMM function: Z <+ aXY + BZ.
Here Z is the matrix being updated with the multiplication
result between X and Y. Coefficients oc and 3 are ignored in
the notation without loss of generality. The multiplication
between X and Y are performed in mixed-precision.
typecast(X) The explicit typecast function.

Table 3.1: Notations used for describing Aegis (Section .

Table summarises all the notations being used in this section.

3.2.1 Estimate Gradient Scale

The preliminaries are reviewed in Section [2.1.3]

Underflow happens when non-zero FP32 values are too small to be represented by
FP16, which implies that the FP32-to-FP16 typecasting should be the target to

address underflow. In MPT, gradient is often typecast at two places:

1. Mixed-precision GEMM that computes gradients during backpropagation im-
plicitly typecasts intermediate results in FP32 to FP16 before output.

2. Gradients can be typecast from FP32 to FP16 during the backward pass of an
explicit FP16-to-FP32 operator, which is typically inserted before precision-

sensitive operators like softmax.

Typically, if the FP32 input is scaled up before typecasting, the underflow rate of
the typecast result will be reduced. This trick, which is often used in other mixed-

precision scenarios [27], inspires us to devise gradient scaling for MPT.
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The objective of gradient scaling is to adopt scaling before typecasting to reduce the
underflow rate. To formulate and then solve this objective, we need to quantify to
what extent the underflow rate will be reduced by a given scale on actual gradient
data. In this section, we construct a statistical model to estimate the mapping
between the underflow rate and gradient scale, which helps us decide the gradient

scale for various typecasting operators.

Assumptions about Gradient Distribution

Intuitively, the underflow rate of VX after casting from FP32 to FP16 can be for-
mulated as P(|Vx| < Anin), the CDF of the absolute gradient values evaluated at
Amin- If VX is scaled by «, the underflow rate y then becomes:

Y = P( VX[ < Ain) (3.1)

Equation relates the underflow rate and the gradient scale. Our model should
characterize P(|Vx]|) to reveal the underlying mapping between « and y. However,
precisely characterizing the distribution of all gradients is intractable. Therefore, we
adopt the following assumptions that are commonly used in prior papers to derive

mathematically tractable models.

Assumption 1. VX, X, and W are independent of each other, and their elements
are mutually independent and identically distributed, which can be characterized

by random variables Vx, x, and w, respectively.

Assumption |1]is used in recent papers [109, 83] to derive the statistical relationship
among variables during forward and backward propagation for scenarios like network
initialization.

Assumption 2. Product terms in GEMM are mutually independent and identically
distributed in zero-mean normal distribution, i.e., p ~ N(0,0?), where p is the

random variable representing any product term.

A linear layer, e.g., convolution, applies GEMM on X and W in the forward pass to
produce output Y = MixedGEMM (X, W). During backpropagation, VY is multiplied
by the Jacobian % = W to propagate the gradient to the previous layer, i.e.,
VX = MixedGEMM(VY, W). Assumption [2| is needed to model the distribution of
the output from this GEMM routine. Sakr et al. [250] assume that product terms are
i.7.d. with zero mean. Based on our empirical observation, we additionally suppose

that these product terms share a normal distribution.
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Assumption 3. Gradients propagated from softmax has a log-normal distribution.

We need to typecast softmax input from FP16 to FP32, and therefore, gradients
propagated from softmax will be typecast from FP32 to FP16. Assumption (3| is
applied to estimate the underflow rate of gradients in such cases. Since softmax
gradients are exponentially relatedﬂ to the normally distributed activations (As-
sumption [2) output from the last linear layer, it is plausible to assume that they are

log-normally distributed.

Statistical Model

We first introduce the following lemma, which can be directly derived from the

assumptions given above.

Lemma 1. Gradients VX calculated from MixedGEMM(VY, W) are normally dis-

tributed with zero mean and standard deviation

Ovx = VNOv, O, (3.2)

where N is the accumulation length in this GEMM.

Proof. Under Assumption [2| each element in VX is an accumulation of N product
terms {p;}; from N(0, Gé) . Given Assumption |1} o}, should be oy 0y, E| We can
then derive Equation since {pi}]i\‘:1 are independent of each other. ]

Lemma (1| characterizes the distribution of a gradient produced by GEMM. The

following theorem adopts this lemma to provide the underflow rate for such scenario.

Theorem 3.1. Given scale «, the underflow rate of VX = MixedGEMM(xVY, W)
when casting results from FP32 to FP16 is

Ao
= P(«Vx| < Apin) = €1f | —— —— 3.3
Y (odVx] ) (oc\/Z_NGvyGW)’ (3:3)

where erf is the error function.

'When using cross-entropy loss, softmax gradient is in the form of e/ e* —y, where y is
the one-hot label vector. Ignoring the multiplier > e* and bias y, we can get the exponential
relationship.

2We ignore the mean terms to simplify the expression.
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Proof. |Vx| follows a half-normal distribution since Vx is normally distributed (LemmalL)).
Equation [3.3] can be straightforwardly derived from the CDF of half-normal distri-
bution and Equation . E| [

We also propose the following theorem to estimate the underflow rate when type-
casting softmax gradients.

Theorem 3.2. Given scale « and gradients VY from softmax, the underflow rate
of VX = typecast(aVY) is

1 1 InApim —p—Inax
~/ f 4
2 Zer ( \/_20‘ ) ’ (3 )

where 1 and o are measured on In VY.

Proof. Vy has a log-normal distribution from Assumption [3| which implies that
Vy > 0 and In Vy ~ N(u, 02). Scaled Vy in the log space, i.e., In(aVy) = In Vy +
In o, has distribution N(u + In ¢, 6?). Meanwhile, since P (In(aVy) < InApi) =
P(aVy < Auin), we can calculate the CDF of In(aVy) evaluated at In Ay, to get
P(aVy < Amin). Given that y = P(aVy < Apin), we can figure out Equation .

O

These equations together form the statistical model for gradient scaling. In the next
section, we will present how to incorporate this model with the backpropagation

algorithm to implement gradient scaling.

3.2.2 The Gradient Scaling Algorithm

The statistical model from the previous section relates the underflow rate and gra-
dient scale, such that we can estimate the required scale from a given underflow
rate. That is the core idea of gradient scaling: this algorithm inserts gradient scale
calculation for each type cast on the backpropagation path to reduce the rate of

underflow. This section provides more details about this algorithm, including;:

« How to scale down gradients before updating weights to keep its original mag-

nitude by propagating scales.

3Note that if ReLU is applied to VY before MixedGEMM, oy, becomes /N/ 20vy 0,y as argued
by [109], and we should update Equation accordingly. We will not explicitly mention the
difference in the following discussion.
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Algorithm 2: The gradient scaling algorithm.

[uny

© w0 N o

10

11

12
13
14
15
16
17

18
19
20
21
22

Input: A DAG of backpropagation operators, of which op(i) denotes the
type of the i-th operator; a threshold y’; and a list of initial
gradients in FP32.

for 1 < ID of operators in their reversed topological order of the given

computational graph do

if op(i) is MixedGEMM then
variables: scaled input gradient (o, VY), weights W, and the
accumulation length N

statistics: o «+ \/Ncrvy Ow

. ] 1 )\min Amax
scale: local gradient scale 3 «— min <ﬁcerf—‘ o) N max|VX\max|W|>'

update: W < W + MixedGEMM(X,VZ)/x
propagate: (fa, MixedGEMM(BVZ, W))
Ise if op(i) is typecast applied to softmax then
variable: scaled input gradient (&, VY)
statistics: compute u and o on In Vy

scale: B < min <e[ln?\min—u—0ﬁerf*1 (2y—1)] Amax )

) max VY|
propagate: (B, VY)
else if op(i) is concatenation then
‘ Duplicate the gradient scale to each partition.
else if op(i) is branching or splitting then
input: a list of gradients {(ot, VXi)}M,
scale: B < max({o}};), such that
B max |[VXi|/xi < Amax, V1 <1< M
propagate: {(, BVX;/a;)}M,
else
‘ Pass through the received scaled gradient.
end

[©)

end

o The optimization problem to be solved for each scale to reduce underflow rate

without causing overflow.

o Besides MixedGEMM and typecast, how other operators, e.g., concatenation

and branching, affect the scales being propagated.

Algorithm [2| covers our gradient scaling algorithm. We explain it piece by piece in

the following sections.

Propagating Scaled Gradient

We keep track of the scale value during backpropagation in the form of a 2-tuple

(or, VX), in which « is the product of all the scales applied before propagating to
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VX. If we further scale (@, VX) by a local scale 3, suppose the operator is typecast,
the new tuple we will get is (3, BVX). (&, VX) also indicates that without gradient
scaling, the magnitude of the gradient calculated at the same point will be & times

smaller.

Weight updates, which are gradients propagated to weight variables, should have
the same magnitude as what we get without gradient scaling. Otherwise, it may
affect gradient descent optimizers, e.g., SGD and Adam [149], in the sense that
these gradient scales change the step size differently for weight update. If the scales
are being tracked and updated correctly, then the weight update, in the form of
(ot, VW), can be correctly applied by using VW/x. Line @ in Algorithm [2[ shows
how weights are updated.

Optimizing Gradient Scale

Gradient scale should minimize the underflow rate after type casting without caus-
ing overflow. This requirement can be formulated as a constrained optimization
problem, in which the objective function can be expanded through Equation |3.3
and Equation [3.4] and the constraint ensures the largest value will not exceed Ayax.
Note that even if the statistical model for vy is biased, the overflow constraint is

strong enough to prevent numerical problems.

miny = P(a|VX| < Apin)  s.t.  amax |VX| < Apax
x

Because y monotonically decreases with &, we end up with deciding & by A,/ max [VX].
In cases that max |[VX| < Ayax, making such a decision can result in very large scale
value, which is not necessary and even harmful, since « > 1 will enlarge the variance

of gradients, i.e., Var(aVX) = o?Var(VX) > Var(VX), and may trigger gradient
explosion [83], 110}, [106].

A safer way to decide the scale is by reducing the underflow rate only below a pre-
determined threshold v/, that is, finding the lower bound on « given by P(x|VX| <
Amin) < Y'. By default, we set ¥’ to 1073, which indicates our intention to keep the
underflow rate below 0.1%. In practice, we constrain the scale value to be a power
of two, such that scaling up and down will be simply shifting the exponent bits. It
is also worth to mention that o« can be smaller than 1, if the type cast will cause

overflow for any o« > 1.
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Handling Specific Operators

The input to Algorithm [2| is a DAG representing backpropagation, in which each
node denotes an operator of different types, e.g., type cast, GEMM, etc., and each
edge specifies dependency. This algorithm loops over each node in the order of
dependency, and its body is a big switch conditioned on the operator type. For each
case, besides executing the operator itself, we need to make extra effort to scale

gradients:

« GEMM and type casting. Simply solve the optimization problem based
on Equation [3.3 and

o Concatenation. Since the backward pass of a concatenation operator only
splits a gradient into multiple parts, we can just distribute the scale of the

original gradient.

e Branching and splitting. Both operators need to combine multiple gradi-
ents, possibly with different scales, together into one scaled gradient. Input
gradients should be rescaled to one common value, which can be selected from
their current scales in a descending order until one that will not cause overflow
to any gradient. Details can be found in Line [17] of Algorithm [2|

Extra computation cost

Although Algorithm [2| introduces additional operations compared to the typical
backpropagation algorithm, the computational cost incurred by this modification
is minimal, if not negligible. Our experimental observations (Section have
not revealed any noticeable slowdown. This outcome can be attributed to the fact
that the supplementary operations involve calculating the variance of gradients and
performing element-wise addition and multiplication (with time-complexity O(N?)),
which are typically much faster than the primary computation in backpropagation,
namely matrix multiplication (with time-complexity O(N?3)), in DNNs that use large
matrices. Moreover, it is worth noting that variance calculation is pervasive in
DNNs, such as in various normalization layers [129]. As a result, we have not

explicitly accounted for this aspect in the subsequent evaluation sections.

3.2.3 Experiments

This section empirically evaluates the effectiveness of gradient scaling.
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Experimental Setting

Software. We implemented gradient scaling in the Chainer [274] framework (ver-
sion 6.3.0). Chainer provides a dynamic computational graph based programming
paradigm similar to PyTorch. We also use ChainerCV [1] to apply our algorithm
to concrete training examples. The CUDA library (version 10.1) we use supports
FP16 and TensorCore [199].

Hardware. Most of our experiments run on NVIDIA RTX 2080Ti that has the
latest Turing architecture [221] and enables TensorCore operations. We also have
limited access to a multi-GPU cluster that has several NVIDIA Tesla V100 installed

to run distributed training.

Baseline methods. We compare gradient scaling (GS) with the state-of-the-art
MPT method with loss scaling, which has two variants: using fixed loss scale (Fixed-
LS), or dynamically updating loss scale (Dyn-LS). We also compare with FP32

training results.

Hyperparameters. The only hyperparameter for gradient scaling is the under-
flow rate threshold v/, which is set as 1073 for all experiments. The update frequency
of the gradient scale is per 100 iterations, such that the overhead of calculating gra-
dient scales can be ignored. Task-specific hyperparameters will be listed in the

following sections.

Image Recognition

We first examine ResNet-18 and ResNet-50 [110] on the ILSVRC 2012 dataset [248].
These are convolutional neural networks (CNNs) with ReLU, batch normaliza-
tion [129], and residual connections, which sum up two outputs from distinct layers.
Both networks can properly benchmark MPT since they are typically used for recog-
nition tasks, and their architectures are representative of recently developed CNNs.

We train them in the same hyperparameter setting as [88[] with 16 GPUs.

Table presents the results. Due to limited computational resources, we only train
each scenario once, using 128 as the loss scale for Fixed-LS. Note that among the

FP16 results, GS produces the best test accuracy for both networks. However, since

4The script we use is revised from https://github.com/chainer/chainercv/blob/master/
examples/classification.
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Model Type Method Test Acc.

FP32 N/A 70.76%
N/A 71.24%
ResNet-18 PLG Fixed-LS 71.39%
Dyn-LS  71.39%
GS 71.44%
FP32 N/A 76.49%
N/A 76.07%
ResNet-50 :
FP16 Fixed-LS  76.03%

Dyn-LS  76.12%
GS 76.22%

Table 3.2: ResNet-18/50 results on the ILSVRC 2012 dataset.

the residual structure partially mitigates underflow, the benefit from using gradient

scaling is not significant.

Object Detection

We choose SSD as the benchmark for measuring the performance of MPT with
different scaling methods on object detection tasks. SSD is trained on a joint of the
PASCAL VOC 2007 and 2012 training sets, and validated on the 2007 test set. The
training methodﬂ is the same as the original paper, with the data augmentation in
[75].

SSD uses VGG [258] as the backbone, which is initialized by pre-trained weights
instead of random values. The two SSD variants we examine, SSD-300 and SSD-
512, operate on images of 300x300 and 512x512 resolution, respectively. Multiple
outputs from the backbone are branched out to feed into predictors that estimate
location and class of possible objects at various scales. The use of pre-trained weights
combined with the branching structure of the architecture can make loss scaling
hard to use, since they enforce the gradients at different places to have distinct
distributions. However, gradient scaling is expected to be better suited at handling

such distributions.

Table [3.3] shows the result. We first train SSD-300 and 512 with batch size 8, and
the reported accuracy is averaged from multiple runs. Specifically, we use a range
of loss scales and choose the best result for Fixed-LS. We see that GS performs

similarly as the best result from Fixed-LS, and achieves much higher performance

5The original training script can be found at https://github.com/chainer/chainercv/blob/
master/examples/ssd/.
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BS Model Type Method Test mAP

N/A Diverged
Fixed-LS 76.23% (best in 7 runs)
Dyn-LS  69.26%

SSD-300 FP16

3 GS 76.35%
N/A Diverged
Fixed-LS  79.29% (best in 8 runs)
SsD-512 FP16 5SS
GS 79.24%
FP32 N/A 80.50%
N/A Di
32 SSD-512 / erged

Fixed-LS 80.01%
Dyn-LS  80.17%
GS 80.31%

FP16

Table 3.3: SSD-300/512 training results. BS denotes batch size.

than Dyn-LS. We also trained SSD-512 for the same number of iterations but with
batch size 32, and in this scenario, GS also gives the highest test mAP in MPT
results, only worse than the FP32 baseline. Note that the results from Fixed-LS
are the best among multiple runs, which implies the additional training effort that

Fixed-LS requires. The following includes some details for further discussion.

Fixed loss scaling. Fixed-LS requires searching for a loss scale value. Figure
shows the non-trivial differences in accuracy among loss scale choices. Taking into
account the cost for searching such a hyperparameter, Fixed-LS can be multiple

times slower than GS to achieve the same performance.

Dynamic loss scaling. Dyn-LS performs poorly especially when the batch size is
8 (Figure . The major reason is that Dyn-LS implicitly increases the loss scale
value and only decreases it when overflow occurs. The distribution of gradients in
SSD is very different, and a large loss scale can easily cause overflow. With the same
number of training iterations, these more frequent overflows correspond to wasted
computation, such that the convergence rate of Dyn-LS slows down. Since larger
batch sizes can reduce the chance of exploding gradient, Dyn-LS performs better
when the batch size is 32.

Scale distribution. Figure|3.2|shows the distribution of gradient scales computed

for each convolutional layer. Those layers with peak scales are located in network
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Figure 3.1: SSD MPT details using different scaling methods [341].

Model Type Method mlIoU CLS GLB

FP32 N/A 51.1% 68.3%  83.9%
SegNet N/A Diverged
FP16 Dyn-LS 48.3% 64.1% 82.4%
GS 49.6% 64.6% 83.4%

Table 3.4: SegNet MPT test results on CamVid.

branches that predict object positions and classes at various resolutions. Other

layers use smaller scales to further adjust gradients.

Segmentation

SegNet [12], a fully convolutional network with an encoder-decoder architecture,
is our benchmark for image segmentation. Its encoder part is a VGG-like CNN
with batch normalization, and its decoder takes the output from the encoder and
processes it by multiple upsampling and convolution layers. The loss is calculated
by pixel-wise softmax. When training it with mixed precision, we can cast the
encoder-decoder part into FP16 and cast the output back to FP32 for the pixel-wise

softmax.

SegNet is evaluated on the CamVid road scenes dataset, which has 367 training
and 233 test images at the resolution of 360x480. When training it, we use SGD
with batch size 12, learning rate 0.1, and momentum 0.9 for 16K iterations. We

compare gradient scaling with other loss scaling methods for MPT, as well as the
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Figure 3.2: Mean gradient scales for all layers of SSD-300/512 across all training iterations.
Layer are labelled from input to output in topological order. Black lines are
error bars [341].

FP32 training baselineﬂ

As shown in Table 3.4 GS performs the best among all MPT results and a bit worse
than the FP32 baseline. No exhaustive search for Fixed-LS has been performed, and
we only use Dyn-LS as a counterpart. Validation results in Figure shows that
training by Dyn-LS can be less stable than GS.

Explaining GS benefits. Figure [3.3b| compares the computed gradient scales
in different layers and training iterations. The last layer (ID=8) is the type cast
from FP16 to FP32 before pixel-wise softmax, layers 4-7 are the convolution layers
in the decoder, and layers 0-3 are in the encoder. The type cast always requires
large scales, otherwise the underflow rate will be around 70%. GS can correctly
calculate this scale for that type cast. It can also scale down gradients to prevent
overflow when ainly because the extremely small pixel-wise softmax gradients, and

fully mitigating underflow requires & > Ajax.

3.2.4 Discussions

This section presents Aegis, a novel method to tackle gradient underflow in MPT.
The key idea is to adjust the scale of each gradient tensor during training, which

is more effective than the existing loss scaling method. We present the assumption

5The original SegNet training script: https://github.com/chainer/chainercv/tree/
master/examples/segnet. We also collect the FP32 baseline result through this script, which
is better than the reported values from the original paper.
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Figure 3.3: Details in the SegNet training procedure [341].

on gradient distribution, othe accumulation length is long, specifically, at the inter-
section of encoder and decoder, which is not available with a single loss scale. The
accuracy gap between GS and FP32 is mur gradient scaling algorithm, and details
on handling specific operators. Our empirical evaluation on a variety of vision-based

model architectures shows improved accuracy compared to existing MPT methods.

The superior performance achieved by Aegis compared to existing methodologies
stems from our observation that the distribution of gradients varies across layers and
training steps, as evidenced in Figs. and [3.3b] To overcome numerical challenges
in MPT, our method, Aegis, employs the gradient scaling algorithm (Algorithm
to accurately compute the appropriate gradient scale for each layer during training.
This novel approach distinguishes Aegis from existing methods and contributes to

its ability to effectively mitigate numerical issues and improve overall performance.

While Aegis presents several benefits, it is essential to acknowledge certain limita-

tions that may affect its efficacy:

o The effectiveness of our estimation of the underflow rate equation 3.2 and the
subsequent calculation of the gradient scale heavily relies on the assumption
that the distribution of gradient values follows a Gaussian distribution [250].
If this assumption does not hold, the estimated underflow rate and calculated

gradient scale may not be as accurate or effective as intended.

o Although it is intuitive to associate a high percentage of underflow with un-
healthy training progress (indicating numerous zero gradients), accurately de-

termining the exact impact of underflow on the final model accuracy in MPT
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is not straightforward.

o In the case of smaller neural networks, the additional computational cost as-
sociated with calculating gradient scales can have a more significant impact

on the overall computational budget compared to larger networks.
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3.3 SPGC: Structured Pruning by Group Convo-

lution

As mentioned in earlier sections, the objective of SPGC is to prune a pre-trained
CNN model into a GConv-based model.Details about GConv are reviewed in Sec-
tion [2.1.2] The following sections formulate GConv pruning as an optimisation
problem that searches for channel permutations, demonstrate the layer-wise heuris-
tic pruning algorithm that efficiently solves this problem, and show how to explore

model sparsity under inference budget constraints.

3.3.1 Group Convolution Pruning

This section first finds the relationship between GConv and block matrix multipli-

cation, based on which we then formulate the pruning problem.

class GroupConv2d(Module) :
def forward(self, x):
dim = 1 # 4ndex of channel
gs = index_select(x, dim, self.ind_in) .split(self.G, dim=dim)
os = [self.conv[i] (g)
for i, g in enumerate(gs)]
return index_select(
cat(os), dim, self.ind out)

Listing 6: This GConv is implemented as a PyTorch [225] Module, which performs com-
putation in the forward method. We permute (index_select) the input x by I
(ind_in) along the channel axis and the output by Jou (ind_out). Convolution
groups (conv) takes input groups (split) and concatenate (cat) their results.

Group convolution. Eq. formulates GConv. X and Y are both 3D tensors
indicating input and output feature maps; X, and Y¢ are 2D images belong to input
channel ¢ and output channel f respectively; and W € RCoutXCinXKnxKw jg 5 4D
tensor denoting weights. I and J,, are two sets of channel indices that specify
permutation, e.g., I(c) is permuted to c. When performing GConv, we permute X
into X by input channel indices I, partition X into G groups {X° € RCin/ C“XHX"V}QG:1
along channel, run a convolution layer (%) between X9 and weight group W9 €

R Cout/Gx Cin/GXKnxKw for each group g, concatenate their output {?9}521 into a
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Figure 3.4: Two variants of GConv that are different in information exchange mecha-
nism [340].

tensor Y by channel, and permute Y by output channel indices J,,; to produce the
result Y.

XC = XI(c) ?g = Wg * >~(9 Yf = ?jout(f)

(3.5)
v]gfgcout ]<C<Cin 1<9<G

Alternatively, we can treat GConv as a sparse convolution. To illustrate this idea,
we reshape W into a 6D tensor W € RGXGxCout/ GxCin/GxXKuxKw by partitioning the
input and output channels of W into G groups. Considering each K; x K, kernel
as a single element, this representation can be viewed as a generalised block matriz
with G x G number of C,/G x C;,/G sized blocks. Similarly, we can partition
X and Y into 4D tensors X € REXCin/GXHXW and Y ¢ REXCout/GXHXW and view
them as generalised block vectors. Note that 2D images are considered as elements

in these block matrices.

G
dgr = Z Wyrge ¥ Xg. V1<gr<G (3.6)
gc=1
Y = diag({Wyglg_;) X
W11 0 s 0 DC1 :)C1 * W11

0 Wy -+ 0 X2 X * Wa, (3.7)

0 0 WGG f)CG DCG *WGG
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We can define convolution among group partitioned tensors Y = W x X as a gen-
eralised block matriz-vector multiplication. Here, the multiplication between entries
in W and X is interpreted as convolution. For example, Eq. illustrates the
dot-product routine that computes the convolution between two blocks in W and X.
Interestingly, if W is a generalised block-diagonal matrix, i.e, only Wy4 are non-zero,
then this convolution becomes a group convolution Eq. . Ignoring permutations
in Eq. and considering Wgg as W9, X4 as X9, and Y4 as Y9, it is obvious
that Eq. is equivalent to Eq. . This is the basis of the following analysis.

Wi1 Wiz Wi3 W21 W33 W33
W21 W W o= 13% | W w (3.8)
_— .
21 22 23 —1.3.2) 11 13 12
W31 W32 W33 W31 W33 W33

Pruning and channel permutation. Pruning means removing weights with low
contribution to model accuracy from a trained model based on a specific criterion.
Eq. shows that removing weights to form a block-diagonal matrix is equivalent
to pruning into GConv. A straightforward approach to prune is just removing
kernels outside the diagonal. It can hardly perform well since we cannot guarantee
that kernels around the diagonal are important to the model accuracy. Since we
allow channel permutation on both input and output, we can formulate pruning as
an optimisation problem that targets at finding the channel permutation that can
move most of the important kernels to diagonal blocks. To be specific on permutation,
Eq. shows an example result after applying a pair of permutation indices Jgu
and I on weights. w;; denotes a single kernel, and rows and columns represent

output and input channel axes respectively.

Optimisation problem. Eq. (3.9) formulates the optimisation problem of finding

optimal permutations I and J* ,. We need to find the pair of permutations such

out’
that, after applying it on the original weights W, the importance reduction caused
after removing weights outside the diagonal will be minimal. {ng}gG:] denotes
all the diagonal-blocks of permuted weights. C is the criterion that measures the
importance. We choose a magnitude-base criterion that sums the L2 norm of all
kernels, based on the assumption that kernels with greater magnitude contribute

more to model accuracy [174].

argmin  C(W) — € (diag({Wgg}S_,))
5,95, (3.9)

st Wy = WO Wi =W,

out

(F)I*(c)
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We notice that solving this problem requires similar efforts as solving the Bottleneck
Travelling Salesman Problem (BTSP) [80], which is known to be NP-complete. Since
the number of channels can be hundreds or even thousands, directly solving this
problem is computationally intractable. Next section presents a heuristic algorithm

that produces satisfiable solutions within a limited time.

3.3.2 Prune a Layer

This section focuses on the layer-wise pruning problem: for a given sparsity, in-
dicated by the number of groups G, we aim to find the pair of column-wise and
row-wise permutations that minimise the pruning objective defined in Eq. (3.9).

Column and row refer to input and output channel axes of weights respectively.

G Cout/G Cin/G

max ) ) ) [Waere| (3.10)

g=1 f=1 c=1

We start from replacing € with L2 norm to convert the original problem to an
equivalent maximisation problem that mazimises the sum of L2 norm of weight

kernels in diagonal blocks of W, as shown in Eq. (3.10).

icout
GC(C» 9) = Zf:ggcouﬁ_] HchH

o (3.11)
o) =Y Wil

- G mn

Sub-problem. Suppose we only maximise the sum-of-norm for the G-th block di-
agonal component Wg g, and we are only allowed to permute input channels, an in-
tuitive solution for this sub-problem is sorting input channels by o.(c, G) Eq. .
Under the given restrictions, sorting by o, in an increasing order practically moves
the most important weights to Wgg. Similarly, if only output channels are permit-
ted to permute, we can sort them by o¢(f, G) as well to maximise the importance
of Wgg.

Heuristic Algorithm. This intuition leads us to a heuristic algorithm that solves
Eq. (3.10). Instead of considering this problem as a whole, we dissect it into sub-
problems similar to the example above, which can be solved block by block through

sorting with regards to o. and oy. Specifically:
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Figure 3.5: This figure shows W that is being sorted. It is running at the 3rd block
(green). Kernels covered by previous blocks (red) are now frozen for further
sorting (gray). When updating the 3rd block, input channels (columns) are
sorted by oc(c,3) in range D and output channels (rows) are sorted by o¢(f, 3)
in range @ [340].

(i) Our algorithm runs in G iterations and the g-th iteration works on optimising

block Wg_g+1,6—g+1 only.

(ii) Each iteration sorts input and output channels by o.(c, g) and o¢(f, g) respec-

tively for Ng rounds.

(iii) All channels related to previously resolved blocks remain frozen, i.e., the upper
bounds for f and ¢ that can be sorted are (G — g+ 1)Coy/G and (G — g +
1)Ci,/G.

Fig. [3.5] illustrates an intermediate step of this algorithm. Nsg is a hyperparam-
eter that denotes the number of sorting rounds for each block. A sorting round
means sorting input channels and then output channels. Ng is necessary since we
permit sorting both input and output channels: after finishing a sorting round,
the increasing order of input channels regarding o, may be violated, and running
a new round may fix it. For example, as shown in Fig. [3.5 kernels in the white
region are not covered in o, when sorting input channels at first, and after output
channels are sorted, some may enter the blue region and affect the evaluation of

0.. What we present here is a polynomial time algorithm and its complexity is
O(GNs x (S log(Se) + Sa log(Sa)).
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Figure 3.6: Evaluation results on the heuristic algorithm. Recovery ratio is the percentage
of magnitude, measured by L2 norm, retained in the diagonal blocks after
pruning [340].

*

Zg,f,c ngfc
Zg,f,c HWQQfCH

recovery ratio =

(3.12)

Empirical Evaluation. We empirically justify this algorithm by running it on
randomly generate sample weights and real-world pre-trained models. We first create
a block-diagonal matrix, then permute it by random indices, and try to recover the
original permutation as much as possible. We measure the quality by the recovery
ratio defined by Eq. , in which W denotes weights permuted by optimal
permutations decided by our algorithm. We notice that the recovery ratio becomes
higher for more samples when Ng increases, and when Ng = 10, most samples can
achieve 100% recovery ratio. It shows that by using our heuristic algorithm with
Ns = 10 we can move most important weights to diagonal blocks, which implicitly

guarantees our GConv pruning performance since we remove weights out of diagonal
blocks.

We also measure the recovery ratio on weights from pre-trained ResNet—5(ﬂ as
shown on the right of Fig. [3.6, compared with the baseline that does no sorting
(Ns = 0), our method can recover about 3% more for different numbers of groups.
Besides the recovery ratio, we compare the final test accuracy between using and
not using our heuristic method in Table In the future, we will provide formal

proof regarding the performance of this heuristic algorithm.

"Pre-trained models downloaded from https://pytorch.org/docs/stable/torchvision/
models.html
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3.3.3 Optimise Group Configuration

To prune a whole CNN model into one that uses GConv, we need to determine the
group configuration, which is a combination of all layers’ numbers of groups. Group
configuration can affect both the model accuracy and the inference budget, and
therefore, finding an optimal group configuration is an optimisation problem that
maximises accuracy under budget constraints. Prior papers use some ad-hoc rules
to decide group configuration, e.g., using a uniform group number for all layers [122]
or scaling the number of groups by the number of channels [227, 339]. When us-
ing these methods, the only way to find the configuration that gives the highest
model accuracy is by trial-and-error, i.e., manually picking a group configuration
and fine-tuning from it, which is cumbersome. To address this problem, we propose
a group configuration optimisation algorithm, which finds near-optimal configura-
tion regarding model accuracy by utilising pre-trained weights through our GConv

pruning algorithm.

L

arg min Z cost(WV G))
9 _
= (3.13)

— Njur — Nipk

s.t. ; 91 < Npar g 9—1 < Nops

This method is formulated as Eq. (3.13)). The variable G is a vector that specifies
the number of groups of each layer 1. The function cost denotes the minimal pruning
cost returned from solving Eq. (3.9). We assume that the lower the pruning cost,

the higher the accuracy of a pruned model. The objective is to minimise the sum of

estimated pruning cost of all layers subject to constraints on the maximum numbers

max
par

max

and operations Ny~

of parameters N

Our approach is a local search algorithm [249, Chap. 4]. We notice that by adding the
number of groups of a layer, the total cost increases and the numbers of parameters
and operations decrease. Based on this observation, we devise this local search
algorithm by starting with a G that sets G to 1 for all layers, and in each of the
following iterations, selecting one layer that minimally increases the cost when its
number of groups is changed to the nearest larger candidate. The whole procedure
terminates when the resource constraints are satisfied. To estimate pruning cost
more precisely, we can optionally prune and fine-tune the model by the current G

at the end of each iteration. This algorithm is summarised in Algorithm [3|

As a final step, based on the optimised G, we prune and fine-tune the given model
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Algorithm 3: The local search algorithm to solve Eq. (3.13)

1 § + maximal numbers of groups of all layers;

2 while budget of G is under constraints do

3 1 < layer that reduces cost the most;

4 G(1) < next larger number of groups for 1i;

5 (optional) prune model by § and then fine tune;
6 end
7 return G;

again to improve its model accuracy as much as possible. Empirically we find this
algorithm works well. As shown in the next section (Fig. , we can explore
configurations within given budget and the explored models perform competitively

compared to ad-hoc configurations.

3.3.4 Experiments

This section presents various experiments to empirically evaluate our method.

Experiment Setup

Datasets and models. Our method is evaluated on CIFAR-10/100 [155] and
ImageNet [248]. [326] is used to build and train CIFAR-10/100 baseline models.
Regarding ImageNet, we evaluate on ILSVRC2012 and augment data by random
cropping and then random horizontal flipping and the validation accuracy is evalu-

ated by center-cropping.

We choose various CNN models for evaluation: ResNet-110 [110], ResNet-164 [111],
and DenseNet-86 [121] for CIFAR-10/100; ResNet-18/34/50/101 [110] for ImageNet.
Our models are all implemented by PyTorch [225] v1.1.

Pruning and fine-tuning. When deciding group configuration G, we may use
a uniform G value for all layers, a configuration borrowed from a prior work, or
one generated by solving Eq. . Once § is settled, we run the heuristic layer-
wise pruning algorithm (Section to get channel permutation, which indicates
which weights should be pruned and how to permute input and output channels.
The hyperparameter Ng is normally set to 10 based on Fig. [3.6]

After pruning the model, in the fine-tuning phase, we normally choose a relatively

small learning rate to train the pruned model for a few more epochs. The fine-



3.3. SPGC: Structured Pruning by Group Convolution 81

Table 3.5: Evaluation on CIFAR-10 (C10) and CIFAR-100 (C100). Number of parameters
(# Param.) and operations (# FLOPS) are measured on CIFAR-100. Note
that we consider one FMA as two operations. Pruned ResNet-165 models are
labelled by X% pruned, which indicates the ratio of pruned channels as in [180].
When pruning by our method, since we cannot prune away a whole channel,
we only take the number of parameters of the corresponding models from [185]
as the optimisation constraint.

Test Error (%)

Model C10 C100 # Param. Pruned # FLOPS Pruned
ResNet-164 (Baseline) 4.81 22.83 1.73M — 504M —
ResNet-164 (40% pruned) 4.91 22.71 1.46M 15.5% 462M 8.4%
ResNet-164 (60% pruned) 5.08 23.66 1.21M 29.7% 430M 14.7%
ResNet-164 (40% pruned) [185] 5.08 22.87 1.46M 15.5% 333M 33.3%
ResNet-164 (60% pruned) [I85] 527 2391 121M  29.7% 247M 50.6%
DenseNet-86 (Baseline) [122] 4.44 20.57 2.03M — 506.1M —
DenseNet-86 (G = 4) 5.94 25.96 0.59M 70.94% 132.7M 73.77%
DenseNet-86 (opt. for 50% budget) 4.98 22.41 1.00M 50.74% 256.5M 49.33%
CondenseNet-86 (G = 4) [122] 500 23.64 0.50M  70.94%  1327M  73.77%

tuning period could be around one third of the original training from scratch time.
We will tune training hyperparameters further in the future to see at least how much

workload is required to recover the accuracy of a pruned model.

Results

ResNet-164 on CIFAR. We list our results on CIFAR-10/100 in Table[3.5, We
first compare ResNet-164 with network slimming [185], a state-of-the-art channel-
wise structured pruning method based on regularisation. Their models are pruned
with respect to the percentage of removed channels, which are quite different from
our GConv-based results. To compare our method with them at a similar pruning
level, we set the number of parameters of their models as constraints for our group
configuration optimisation, and use optimised configurations to prune ResNet-164.
As shown in Table [3.5] our models have much smaller test error than their counter-
parts with the same number of parameters. Considering model topology, our result-
ing models are also easier to process: convolution layers with arbitrary amount of
channels produced by [185] may not be friendly to low-level accelerator, while ours

are basically GConv, which runs efficiently on modern hardware.

One drawback of our method on this ResNet-164 case is the relatively higher FLOP
number, which is caused by the fact that layers closer to the output normally have
lower pruning cost but less contribution to FLOP. Our method tends to give these
layers higher pruning priority. This issue will be mitigated by introducing FLOP

into the pruning cost measurement in our future work.
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Comparison with CondenseNet. CondenseNet [122] introduces a multi-staged,
group-lasso regularisation based GConv pruning procedure. With a given group
configuration, this paper provides the state-of-the-art GConv pruning results on
variants of DenseNet [123]. For the comparison purpose, we select DenseNet-86, a

variant of DenseNet and is pruned to CondenseNet-86 in [122], as a baseline model.

Since they put more efforts in training and regularisation, it is hard for our post-
training pruning method to surpass their level of accuracy. Table[3.5|shows that our
G =4 result is around 1-2% worse on CIFAR-10/100 validation accuracy than the
CondenseNet counterpart. This accuracy loss can be explained by the additional

regularisation effect introduced while training CondenseNet.

Even though using our method is still beneficial in some scenarios. CondenseNet
can only be trained by a fixed, manually picked group configuration, while we can
explore the group configuration from pre-trained DenseNet models. We can find
more accurate models under different inference budget, e.g., in Table [3.5] we show
a better option under a looser budget of 50%. Performing similar exploration in

CondenseNet will take much longer time due to the need to train from scratch.

Group Configuration Exploration. One of our major benefits is that we can
explore group configuration under given inference budget constraints, as mentioned
earlier. To evaluate the quality of the exploration, we gradually reduce the upper
bound of number of parameters and run the model pruner. Results for ResNet-164
on CIFAR-100 are in Fig. 3.7, The granularity of exploration here is 0.1M and we
use the same training schedule for each sparsity configuration. Results demonstrate

that explored models can perform on par with manually selected configurations.

ImageNet. We evaluate various pre-trained ResNet models on ImageNet [110] .
The fine-tuning phase has 30 epochs (1/3 of what [110] uses) with learning rate
starting at Te~2 and being multiplied by 0.1 every 10 epochs. Limited by hardware

resources, we only select uniform numbers of groups.

Results are listed in Table[3.6] Since models for ImageNet are rarely sparse, removing
many parameters in one-shot normally degrades the accuracy significantly. For
ResNet-18, we can reduce 83% parameters and 95% FLOPS with an increase of
14.5% in test error. It is not promising regarding the high test error, but this
performance is on par with [339], even if they have higher budget in both training
and inference phases: their ResNet-18 example is trained from scratch and the

Hadamard transform adds overhead.
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Figure 3.7: Change in ResNet-164 on CIFAR-100 accuracy while reducing number of pa-
rameters. Each sample point is collected from the model found by our model
pruning algorithm under the given number of parameters constraint. Man-
ually configured models either use uniform group size G or set a maximum
channel number Gpq. The latter approach assigns each layer a group number
that ensures max(Cin/G, Cout/G) < Gpm. We also list the estimated pruning
cost for each explored sparsity configuration. Accuracy numbers listed here
are collected from fine-tuning [340].

Table 3.6: ImageNet evaluation results. The first sample in each section is the baseline.

Model # Params. # FLOPS Top-1 Error
ResNet-18 11.69M 3.64G 30.24%
ResNet-18 G=8 1.91M 0.20G 44.711%
ResNet-18 G=8 [339) 1.91M 0.33G 44.60%
ResNet-34 21.80M 7.34G 26.70%
ResNet-34/A 17.36M 3.48G 28.42%
ResNet-34/B 9.06M 1.89G 32.44%
ResNet-34/A[227] 18.2M 3.98G 27.05%
ResNet-34/B[227] 11.1M 2.62G 27.75%
ResNet-50 25.56M 8.21G 23.85%
ResNet-50 G=2 13.82M 3.77G 25.90%
ResNet-101 44.55M 15.7G 22.63%
ResNet-101 G=2 23.34M 7.50G 24.22%

We also compare ResNet-34 to [227], which uses low-rank approximation to perform

GConv pruning. This method requires adding pointwise 1 x 1 convolution after each



84 Chapter 3. Memory-Efficient Deep Learning

Table 3.7: CUB-200 evaluation results.

Model # Params. # FLOPS Top-1 Error
ResNet-50 23.92M 8.21G 21.76%
ResNet-50 (G=2) 12.18M 3.77G 23.01%
ResNet-50 (G=4) 6.31M 1.78G 26.49%
MobileNet-224 3.41M 1.15G 27.83%
MobileNet-224 (G=2) 1.97M 0.82G 32.50%
MobileNet-224 (G=4) 1.25M 0.65G 36.81%
ThiNet-GAP [190] 7.91M 2.01G 30.57%
ThiNet-Tiny 1.12M 1.44G 34.55%

GConv. Since they use more parameters that potentially increase learning capacity,
their accuracy can be higher. For the two configurations from [227], ResNet-34/A
and /B, models produced by us are smaller but less accurate. However, as mentioned
before, their GConv is always appended by a pointwise convolution, which means
with the same number of groups they use more resources, and they cannot deal with
1 x 1 group convolution. Specifically, for ResNet-50/101 that heavily uses 1 x 1
kernels, our method can still reduce around 50% budget without increasing much

test error.

CUB-200. We start from ImageNet pre-trained ResNet-50 and MobileNet-224,
fine-tune them on CUB-200 first, then run our pruning method (Table[3.7). We still
apply uniform G on all layers, however, for MobileNet we only prune its last seven
1 x 1 convolution layers. When pruning to G=4, ResNet-50 adds around 5% test
error while MobileNet increases about 10%. It is not surprising since MobileNet
is already compact. Comparing with ThiNet [190], which is constructed by filter-
level pruning, our results are better in general. However, it is worth to note that
ThiNet is pruned from either AlexNet or VGG-16 [258], which are less efficient than
ResNet-50 in the first place.

Inference speed. To support our claim on using structured pruning can lead to
better inference performance than unstructured pruning, we compare our GConv-
based model with others on real-world hardware devices. We evaluate MobileNet
on both a rack server that hosts an Intel Xeon X5690 CPU and an NVIDIA 1080Ti
GPU, and NVIDIA Jetson TX2, which is an embedded device consists of an inte-
grated 256-core Pascal GPU.

MobileNet is built on depthwise separable convolution, and since depthwise is in fact

GConv (G equals to Cy,), we can only prune the pointwise part into GConv. Due
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Table 3.8: Inference speed of MobileNet-224. Batch size equals to 1 for all cases. CPU
and GPU denotes the Xeon and 1080Ti on the rack server and TX2 refers to
the embedded GPU on Jetson TX2.

Time (ms)
Model Method CPU GPU TX2
MobileNet (baseline) Dense 345 4.75 10.4
MobileNet (G=2) 33.6 549 18.1

SpMM

MobileNet ([346]) 485 558 235

Table 3.9: Comparison of the top-1 test error (%) between using the heuristic algorithm
and not using (plain). ResNet-50 results are collected on ImageNet.

heuristic plain
Model Cc10 C100 C10 C100

ResNet-110 (G =2) 6.69 27.63 7.13 28.08
ResNet-110 (G =8) 9.39 33.28 11.17 37.29
)

ResNet-50 (G =2 25.90 28.04

to the lack of support for sparse convolution from PyTorch, we need to manually
implement 1 x 1 GConv by sparse matriz multiplication (SpMM)ﬂ. Results are
listed in Table [3.8f Compared with the highly optimised dense implementation,
our sparsified model is normally slower. However, we can achieve notable speed-
up compared with the counterpart model [346] pruned to the same level of sparsity
(~50%) but in an unstructured Wayﬂ We will explore more on inference acceleration

methods in the future.

In Table 3.8, inference speed of our pruned model is faster than dense model hand-
crafted by ourselves on matrix multiplication, but relatively slower than those im-
plemented by heavily tuned DNN libraries. We will explore inference acceleration

methods and deploy them to custom hardware in the future.

Ablation Study

This section investigates the effect of different design choices that may appear while

using our method.

8torch.sparse package documentation: https://pytorch.org/docs/1.0.1/sparse.html
9This pruned model is downloaded from the Model Zoo of the Distiller project: https://
nervanasystems.github.io/distiller/model_zoo/index.html


https://pytorch.org/docs/1.0.1/sparse.html
https://nervanasystems.github.io/distiller/model_zoo/index.html
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Table 3.10: Comparison between pruning and training from scratch for ResNet-164 on
CIFAR-100 regarding top-1 train and test error.

Train Err. (%) Test Err. (%)
Method G=2 G=4 G=2 G=4
Pruning 1.75 10.50 23.66 27.15

Shuffle  0.81  3.55 23.77  26.60
None 258 16.28  26.63 32.00

Effect from heuristic algorithm. We compare our algorithm with a plain algo-
rithm, which tries to perform GConv pruning without sorting channels. Referring
to Section [3.3.2] this plain algorithm simply sets Ng to 0. This comparison is per-
formed under the same group configuration to see whether our heuristic algorithm
can improve the resulting accuracy. Table presents the comparison between
both approaches on ResNet-110 (CIFAR-10/100) and ResNet-50 (ImageNet) with
uniform G. All experiments use the same training scheme (learning rate, number of

epochs, etc.).

We notice that by using the heuristic algorithm, the test error of all variants on all
datasets is reduced. This result is also in line with the relative order of recovery
ratio as shown in Fig. 3.6t Ns=0 has less recovery ratio than Ng=10 that is used
by our heuristic algorithm, and it performs worse regarding the model accuracy.
It can provide a concrete evidence that maximising recovery ratio, or equivalently

minimising pruned magnitude, is an effective approach to conduct GConv pruning.

Compare with training from scratch. Inspired by [186], we try to investigate
that besides the reduction in training budget whether pruning can also achieve higher
test accuracy than training from scratch. We focus on training GConv variants of
ResNet-164 on CIFAR-100 by the same training from scratch schedule as [326].
These variants use uniform G numbers 2 and 4, and they may use channel shuf-
fle [334] to exchange information among groups or not. We also provide models

with the same G number produced by our pruning method.

Table [3.10] shows that overall training from scratch with channel shuffle performs
better than other methods. Comparing pruning with channel shuffle, we notice that
the difference in train error is much larger than test error, which implies that the
worse performance from the pruning method may due to its improper training setup,
e.g., the number of training epochs is too limited. But still, pruned models perform
much better than their counterparts that are trained from scratch without channel

permutation. It shows that the permutation of channels after GConv is indeed an
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important architectural choice.

3.3.5 Discussions

This section proposes a novel pruning method that prunes a trained CNN model
into one that is built on GConv. We formulate the layer-wise pruning problem as
finding optimal permutations to incorporate the structural constraints imposed by
GConv, and we efficiently solve it through our heuristic algorithm. We can further
explore the best sparsity configuration of a whole model under specific inference

budget constraints.

Our empirical findings demonstrate that SPGC can effectively achieve a wide range
of pruning levels while maintaining high model accuracy. Figure illustrates that
even when pruning up to 70% of the parameters, the decrease in accuracy remains
below 5%. In comparison to existing approaches, our method consistently achieves
nearly identical accuracy levels when pruning to the same degree for ResNet-18 on
ImageNet [339] (as shown in Table [3.6)).
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3.4 Summary

This chapter proposes two novel methods, Aegis and SPGC, for memory-efficient
DL training and inference respectively. Aegis addresses the challenges in mixed
precision training, specifically, the underflow problems that appear in each gradient
tensor during training, through a statistical model and the gradient scaling algo-
rithm. SPGC aims to provide an efficient algorithm that can prune a convolution
layer into group convolution, so that the total computation budget can be reduced
while the inference speed can retain. We find the relationship between GConv and
block matrices and propose a heuristic algorithm that operates on the block repre-
sentation. Empirically, Aegis results in a stabler mixed precision training algorithm
that produces better models, and SPGC can prune pre-trained models into GConv-

based ones without losing much accuracy.



Chapter 4

Polyhedral Compilation

Infrastructure

4.1 Introduction

IDeep Neural Networks (DNNs)| are built upon nested loops. The most common

DNN operators are matrix multiplication and convolution, which iterate through
their multi-dimensional operands by nested loops to carry out computation. Loop
bounds, as well as data access addresses in these operators are calculated from affine
combinations of their enclosing loop indices and other constant parameters. More-
over, a typical DNN topology has no dynamic control structure, i.e., the control-flow
should not change during runtime. Given all these properties, DNN topologies are
great targets for polyhedral modelling. Polyhedral modelling (Section[2.3) provides a
powerful toolbox for analysing and optimising computation tasks with nested loops,
affine loop bounds and data access addresses, and static control-flow. The instances
of each statement in the nested loops are abstracted as points with integer values in a
polygon. Dependence analysis, scheduling, and loop transformations are formulated
as clear mathematical problems using linear algebra and solvable by linear program-

ming. With the help from these features, we can easily reason and concisely specify

compilation optimisation strategies, especially for suitable tasks like DNNs. {G1}

While the polyhedral methodology has been successfully adopted in Deep Learn-
ing frameworks [280, 231 [14], there are still gaps to be addressed in the compila-

tion infrastructure domain to enhance the usability of polyhedral methods. In this

89
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chapter, our primary focus is on addressing the key problem of seamlessly integrat-
ing the polyhedral methodology as a reusable and modularized component within
an industrial-level compiler infrastructure. This integration targets both software
compilation and hardware synthesis, aiming to enhance the overall efficiency and

effectiveness of the compilation process.

To address this challenge, our novel contributions in this chapter are two projects im-
proving the state-of-the-art modularized compiler infrastructure MLIR [166]. One
is called Polygeist, a framework that brings C/C++ code into polyhedral repre-
sentation in MLIR and performs polyhedral scheduling through interfacing with
external polyhedral tools. The other is named POLSCA, a framework that expands
the effort of Polygeist into high-level synthesis. When evaluating our contributions,
we investigate whether our compiled programs, either software or hardware, can
achieve a comparable, or even higher level of speed-up compared to existing poly-
hedral tools. The speed-up is measured by run-time for sequential or parallelized
software programs and by wall clock cycles for hardware designs. We evaluate both
work on Polybench/C [330], and it shows that both Polygeist and POLSCA can
handle conventional polyhedral workload and generate either efficient software pro-
gram or hardware designs through an external polyhedral scheduler. Note that we
do not aim to improve the core polyhedral scheduling algorithms, instead, we intent

to create a better toolchain that is agnostic to a specific polyhedral scheduler.

We demonstrate the details about Polygeist and POLSCA in the following sections,
which are originated from our published papers [214] [342]. Polygeist is a collabo-
rative project, and the main contribution from this thesis is Polymer (Section {4.3)),
a bridge between MLIR and polyhedral schedulers. Section mainly presents the

work from other authors of [214].



4.2. Polygeist: Affine C/C++ in MLIR 91

4.2 Polygeist: Affine C/C++ in MLIR

This section describes the Polygeist framework. In general, the purpose of Polygeist
is to bring C/C++ code into MLIR and apply transformations within the MLIR

scope. We mainly perform polyhedral transformation, which requires that the input

C/C++ code have valid polyhedral representation, i.e., we can find [Static Control|
Parts (SCoPs) within them.

G

Cor C++ Clang AST MLIR SCF MLIR Affine

— Clang — Frontend — Pre-Opt —%Stmt Split

9 Stage1 . Stage 2
Binary LLVM IR MLIR Parallel OpenSCoP
< LLVM <-— Backend < Post-Opt %Polyhedral
; Stage 4 i Stage3

Figure 4.1: The Polygeist compilation flow consists of 4 stages. The frontend traverses
Clang AST to emit MLIR SCF dialect (Section [£.2.1]), which is raised to the
Affine dialect and pre-optimized (Section . The IR is then processed
by a polyhedral scheduler (Sections [4.34.3.2) before post-optimization and
parallelization (Section . Finally, it is translated to LLVM IR for further
optimization and binary generation by LLVM [214].

Polygeist consists of 4 components, listed in the order as demonstrated in Fig. 4.1}

1. a frontend that allows entering MLIR at the SCF loops level from C or C++

code (Section [4.2.1));

2. a preprocessing step in MLIR that raises to the Affine dialect (Section 4.2.2));

3. a polyhedral scheduler of the Affine parts of the program wvia a round-trip to and
from OpenSCoP (Section and running Pluto transformations, controlled
by the new statement splitting heuristic (Section [4.3.2));

4. a backend that runs postprocessing MLIR optimizations (Section [4.2.3) and

final lowering to an executable.

This section covers components 1, 2, and 4, which are mainly about how to transform
C/C++ code into MLIR and optimises them for better executable code. We discuss
the component 3, which is also named as Polymer, in the next section. Polymer

focuses on the polyhedral transformation part of Polygeist.
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There is a particular challenge associated with each of the frontend, the preprocess-
ing step, and the backend. The frontend needs to address the challenge from the
discrepancy between the C/C++ semantics with the MLIR IRs we target, e.g., the
control-flow operations in the SCF dialect (Section are at a higher level than
those in C/C++, and representing C/C++ local variables may result in illegal MLIR
IR code. The preprocessing step is about converting SCF code to Affine code, so that
we can identify which parts of the code are optimisable by polyhedral schedulers. It
is challenging to find patterns of Affine code, including loop bounds and condition-
als, from what the frontend produces. Finally, the backend that receives polyhedral
optimised code should convert them into efficient lower-level dialects, specifically,
we need to identify the parallelism opportunities that commonly exist in polyhedral

products and turn them into corresponding MLIR parallelised operations.

Most of the contents in this section are published in Moses et al. [214]. The Polygeist
framework is open-sourced at https://github.com/11lvm/Polygeist.

4.2.1 Frontend

Polygeist relies on the Clang AST to emit MLIR IRs. It thus avoids reimplement-
ing parsing and language-level semantic analysis and handles modern C and C++
features. As is typical for compiler frontends, Polygeist creates a recursive symbol
table data structure to look up the correct variable for a given scope. Polygeist
lazily registers all global variables and functions found in the AST to its symbol
table before generating any code. Polygeist then traverses the call graph from a
given entry function (main by default), creating and defining MLIR functions as

necessary.

Control-flow In contrast to traditional compiler pipelines, targeting a branch-
based IR, Polygeist leverages the high-level MLIR operations such as scf.while (a
looping construct) and scf.if (a conditional construct) within the SCF dialect to
preserve the control flow structure of the source code. Although we can delay the
construction of Affine dialect in the preprocessing step, if there exist #pragmascop
that are used by many polyhedral tools [289] to indicate code regions that are known
as SCoPs, Polygeist uses affine.for instead of scf.while to directly indicate the

loop as an affine loop.

Typing and local variables While emitting operations, Polygeist must decide

how to represent C/C++ types within MLIR. For primitive types such as int or
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void set_array(int N, double val, doublex array) {
for (int 1 = 0; i < N; i ++)
array[i] = val;
}
int main(int argc, char** argv) {
double array[10];
set_array(10, array)

3

4

func @set_array(%N: i32, Y%val: £f64
fharray: memref<?7xf64>) {
%0 = index_cast %N : i32 to index
affine.for %i = 0 to 70 {
affine.store Yval, Jarray[%i] : memref<?7xf64>

3

return

}

func @main(argc: 132,
hargv: !1lvm.ptr<ptr<i8>>) -> i32 {
Jharray = memref.alloca() : memref<10xf64>
lharraycst = memref.cast Jarray : memref<10xf64> to
memref <?7xf64>
call @set_array (%N, %val, Jarraycst)
(i32, f64, memref<?xf64>) -> ()

Listing 7: Example demonstrating Polygeist frontend. For functions expected to be com-
piled with Polygeist such as setArray, pointer arguments are replaced with

memref’s [214].

float, Polygeist emits an MLIR variant of that type with the same width as would
be used within LLVM/Clang. On the other hand, for pointer, reference and array
types, Polygeist uses memref type (Table . This allows Polygeist to preserve
more of the structure available within the original program (e.g., multi-dimensional

arrays) and enables interaction with MLIR’s high-level memory operations.

We use memref to represent local variables stored on stack. These memref will be
located at the top of each function or block. This permits the desired semantics of
C or C++ to be implemented with relative ease. However, as many local variables
and arguments contain memref types, this immediately results in a memref of a
memref, which is illegal outside of Polygeist. As a remedy, we implement a memory-
to-register (mem2reg) transformation pass that eliminates unnecessary loads, stores,
and allocations within MLIR constructs, which empirically eliminates all memrefs
of memref in the Polybench/C suite [330].

Listing [7| summarises the effect from the Polygeist frontend.
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C type LLVM IR type MLIR type

int i32 (on machine X) 132 (on machine X)
intNN_t  iNN iNN

uintNN _t iNN uiNN

float float £32

double double f64

ty * ty * memref<? x ty>

ty & ty * memref<1xty>

ty *x* ty *x* memref<memref<?xty>>
ty[NJ[M] [N x [M x ty]lx memref<NxMx ty>

Table 4.1: Type correspondence between C, LLVM IR and MLIR types [214].

4.2.2 Raising to Affine

The translation from C or C++ to MLIR directly preserves high-level information
about loop structure and n-D arrays, but does not generate other Affine operations.
Polygeist subsequently raises memory, conditional, and looping operations into their

Affine dialect counterparts if it can prove them to be legal affine operations.

Memory operations and loop bounds We need to convert legally affine op-
erations and loop bounds using the affine map structure. To achieve this, we
should fold primitive operations, especially those that calculates arithmetic on loop

induction variables, into affine map.

To convert an operation, Polygeist replaces its bound and subscript operands with
identity affine maps. It then folds the operations computing the map operands,
e.g., addi for integer addition, into the map itself. Values that are transitively
derived from loop induction variables become map dimensions and other values

become symbols. The differences between symbol and dimension are explained in

Section 2.4.2

For example, affine _map<() [s0]->(s0)>[/bound] with /bound = addi %N, %i,
where 71 is an induction variable, is folded into affine_map<(d0) [s0] ->(sO +
d0)>(%1) [%N]. The process terminates when no operations can be folded or when

Affine value categorization rules are satisfied.

Conditionals Conditional operations are emitted by the frontend for two input
code patterns: if conditions and ternary expressions. The condition is transformed
by introducing an integer set (Section [2.4.2)) and by folding the operands into it

similarly to what we apply on the affine maps. Specifically, if there is an and
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operation, we separate the set constraints; if there is a not operation, we invert
the constraint. Polygeist processes nested conditionals with C-style short-circuit
semantics, in which the subsequent conditions are checked within the body of the
preceding conditionals, by hoisting conditions outside the outermost conditional

when legal and replacing them with a boolean operation or a select.

The for-loop in Listing [7] is not annotated within a #pragmascop region, but can
still be translated to affine.for thanks to the Affine raising.

4.2.3 Post-Transformations and Backend

The result from the previous section is a mixture of different MLIR dialects, includ-
ing Affine. If there are any Affine code, we will pass them to Polymer (Section
to carry out polyhedral optimisation. Once it is done, we have polyhedral-optimised
code described in Affine, and in this section, we describe how to continue the jour-
ney and produce efficient executable code. There are two transformations, one is to
identify and extract reductions from loops, and the other is to match parallel loop

structures.

Transforming Loops with Carried Values (Reductions) Polygeist leverages
the first-class support from MLIR for loop-carried values to detect, express and
transform reduction-like loops. This support does not require source code annota-
tions, unlike source-level tools [243] that use annotations to enable detection, nor
complex modifications for parallel code emission, unlike Polly [61], which suffers
from LLVM missing first-class parallel constructs. We do not modify the polyhedral
scheduler either, relying on post-processing for reduction parallelization, including

outermost parallel reduction loops.

The overall approach follows the definition proposed in [137] with adaptations to
MLIR’s region-based IR, and is illustrated in Figure f.2] Polygeist identifies mem-
ory locations modified on each iteration, i.e. load/store pairs with loop-invariant
subscripts and no interleaving aliasing stores, by scanning the single-block body
of the loop. These are transformed into loop-carried values or secondary induction
variables, with the load/store pair lifted out of the loop and repurposed for read-
ing the initial and storing the final value. Loop-carried values may be updated by
a chain of side effect-free operations in the loop body. If this chain is known to be

associative and commutative, the loop is a reduction.
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%init = affine.load Y%r1[0]

%red = affine.for %i = ...
iter_args (farg = %init) {
// Reduction accumulation
%5 = addi Yarg, %2
// Loop-dependent load
%10 = affine.load %r2[%il
%15 = addi %10, %2
// Interleaving store
%20 = affine.load %r2[0]
affine.store %21, %r2[0]
%25 = addi %20, %2
// May have side effects
%30 = affine.load %r3[0]
call @f (%30, %2)
// Yield accumulated
affine.yield %5

}

affine.store Yred, Y%ri1[0]

affine.for %i = ... {
// Reduction into r1[0]
%1 = affine.load %r1[0]
%5 addi %1, %2
affine.store %5, %ri[0]
// Loop-dependent load
%10 = affine.load %r2[%il]
%15 = addi %10, %2 =
// Interleaving store
%20 = affine.load %r2[0]
affine.store %21, %r2[0]
%25 = addi %20, %2
// May have side effects
%30 = affine.load %r3[0]
call @f (%30, %2)

Figure 4.2: Polygeist detects memory locations accessed in all loop iterations, e.g. reduc-
tion accumulators such as %r1[0] and transforms them to loop-carried values
(secondary induction variables), except when computed with side-effects, in-
terleaved stores or by non-associative/commutative operations .

Late Parallelization Rather than relying on the dependence distance informa-
tion obtained by the affine scheduler, Polygeist performs a separate polyhedral anal-
ysis to detect loop parallelism in the generated code. The analysis itself is a clas-
sical polyhedral dependence analysis 70} [64] implemented on top of MLIR region
structure. Performing it after SSA-based optimizations, in particular mem2reg and
reduction detection, allows parallelizing more loops. In particular, reduction loops
and loops with variables whose value is only relevant within a single iteration similar
to live-range reordering [288] but without expensive additional polyhedral analyses

(live-range of an SSA value defined in a loop never extends beyond the loop).

4.2.4 Evaluation

Our evaluation has two goals:

1. We want to demonstrate that the code produced by Polygeist without ad-
ditional optimization does not have any inexplicable performance differences

than a state-of-the-art compiler like Clang.

2. We explore how Polygeist’s internal representation can support a mix of affine
and SSA-based transformation in the same compilation flow, and evaluate the
potential benefits compared to existing source and compiler-based polyhedral

tools.
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We leave polyhedral scheduling related evaluation in Section [£.3.4l The experiment

setup will stay the same.

Experimental Setup

We ran our experiments on an AWS c5.metal instance with hyper-threading and
Turbo Boost disabled (Table . The system is Ubuntu 20.04 running on a dual-
socket Intel Xeon Platinum 8275CL CPU at 3.0 GHz with 24 cores each, with 0.75,
35, 35.75 MB L1, L2, L3 cache per socket, respectively, and 256 GB RAM. We ran
all 30 benchmarks from PolyBench [330], using the EXTRALARGE dataset. We
ran a total of 5 trials for each benchmark, taking the execution time reported by
PolyBench; the median result is taken unless stated otherwise. Every measurement
or result reported in the following sections refers to double-precision data. All
experiments were run on cores 1-8, which ensured that all threads were on the same

socket and did not potentially conflict with processes scheduled on core 0.

Table 4.2: Hardware setup.

CPU Clock rate  OS RAM (GB) L1/L2/L3 (MB)

Intel Xeon Platinum 8275CL 3.0 GHz Ubuntu 20.04 256 1.5, 48, 71.5

In all cases, we use two-stage compilation: (i) using clang at -03 excluding unrolling
and vectorization; or Polygeist to emit LLVM IR from C; (ii) using clang at -03 to
emit the final binary. As several optimizations are not idempotent, a second round
of optimization can potentially significantly boost (and rarely, hinder) performance.
This is why we chose to only perform vectorization and unrolling at the last opti-
mization stage. Since Polygeist applies some optimizations at the MLIR level (e.g.,
mem?2reg), we compare against the two-stage compilation pipeline as a more fair
baseline (CLANG). We also evaluate a single-stage compilation to assess the effect
of the two-stage flow (CLANGSING).

Baseline Performance

Polygeist must generate code with runtime as close as possible to that of existing
compilation flows to establish a solid baseline. In other words, Polygeist should not
introduce overhead nor speedup unless explicitly instructed otherwise, to allow for
measuring the effects of additional optimizations. We evaluate this by comparing

the runtime of programs produced by Polygeist with those produced by Clang at
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the same commit (Apr 2021)E|. Fig. summarizes the results with the following

flows:

o CLANG: A compilation of the program using Clang, when running two stages

of optimization;

o CLANGSING: A compilation of the program using Clang, when running one

stage of optimization;

e MLIR-CLANG: A compilation flow using the Polygeist frontend and prepro-
cessing optimizations within MLIR, but not running polyhedral scheduling nor

post-processing.

Performance Analysis

Benchmarking The transformation of reduction loops, in particular paralleliza-
tion, may result in a different order of partial result accumulation. This is not al-
lowed under IEEE 754 semantics, but is supported by compilers with -ffast-math
option. We found that Polybench allocation function hinders Clang/LLVM alias
analysis, negatively affecting performance in, e.g., adi. Therefore, we modified all

benchmarks to use malloc that is known to produce non-aliasing pointers.

Finally, we found that the custom allocator used by Polybench had a nontrivial
impact on the runtime of the kernel, particularly on the adi test. This partially
stems from the implementation of the allocation itself and LLVM’s optimization
pipeline assuming that calls to malloc do not alias with existing allocations. To
maximize the fairness of the evaluation, all flows were modified to use a standard

malloc as its memory allocation function.

Baseline Comparison We did not observe a significant difference between the
runtimes of CLANG and CLANGSING configurations, with a geometric mean of 0.43%
symmetric diﬂerenceﬂ across benchmarks. Therefore, we only consider CLANG as
baseline throughout the remainder of this thesis. We did not observe a significant
difference between the runtimes of CLANG and MLIR-CLANG configurations either,

with a geometric mean of 0.24% symmetric difference.

We found a variation in runtimes of short-running benchmarks, in particular, the

example named jacobi-1d. This can be attributed to the interaction with the

ILLVM commit 20d5c42e0ef5d252b434bcb610b04f 1cb79fe771
2Symmetric difference is computed as 2 - |a — b|/(a + b).
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data initialization and benchmarking code, and with other OS processes. Excluding
the benchmarks running in under 0.05s (jacobi-1d, gesummv, atax, bicg) from the
analysis, we obtain 0.32% and 0.17% geomean symmetric differences respectively for
the two comparisons above. These results suggest that our flow has no unexplained

(dis)advantages over the baseline.

4.2.5 Discussions

This section presents Polygeist, a framework that connects C/C++ with MLIR
in the polyhedral domain. Polygeist addresses the challenges in the frontend that
maps C/C++ code to MLIR dialects (SCF, Affine, etc.), in the preprocessing step
that raises SCF to Affine, and in the post-processing step that further improves the
polyhedral-optimised code by considering reduction and parallelism opportunities.
Empirical evaluation shows that on Polybench/C, Polygeist provides almost the
same performance as using Clang, which demonstrates the usability of this frame-

work.

Although the implications of this chapter may not directly influence the user inter-
face of a deep learning framework, it subtly enhances the optimisation process of
operator kernels conducted by researchers behind the scenes. Traditionally, these
kernels, more often described in high-performance languages like C/C++ rather
than Python, can be elevated into MLIR via Polygeist. This upgrade allows them
to leverage a plethora of MLIR-based, modular compilation optimisation passes.
This breakthrough, in turn, considerably alleviates the need for laborious manual
performance tuning, paving the way for a more streamlined and efficient research

process.

In the next section, we present the core polyhedral scheduling part of Polygeist, i.e.,

Polymer, and its evaluation results.
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4.3 Polymer: Polyhedral Scheduling in MLIR

This section focuses on the polyhedral scheduling part of Polygeist, which is re-
ferred to as Polymer. In general, Polymer builds an interface between MLIR Affine
and external polyhedral schedulers, so that we can perform fully fledged polyhedral

transformation on the polyhedral representations in MLIR.

The key task that Polymer should do is the conversion between MLIR Affine and
a representation that polyhedral tools understand. We chose to implement a bi-
directional conversion to and from OpenScop [20], an exchange format readily con-
sumable by numerous polyhedral tools, including Pluto [30], and further convertible
to isl [286] representation. This allows Polymer to seamlessly connect with tools

created in polyhedral compilation research without having to amend those tools to
support MLIR.

There are two major challenges that Polymer should address in this procedure. First,
most polyhedral tools are designed to operate on C or FORTRAN inputs build around
statements, which do not have a direct equivalent in MLIR. We should design a mech-
anism that maps MLIR instructions to and from statement-like structure. Second,
it is not always clear which instructions should be organised into a statement, or
multiple statements. Different mappings may result in different optimisation results

from the polyhedral scheduler.

Polymer aims to address these challenges by a creating a statement mapping mecha-
nism, which can tackle the scenario when there are hazardous dependencies. Mean-
while, We further demonstrate that this gives Polymer an ability to favourably affect
the behaviour of the polyhedral scheduler by controlling statement granularity (Sec-
tion , which can improve performance if well utilised. Finally, we empirically
evaluate the performance of Polymer, in comparison with Pluto and Polly on the
Polybench/C benchmark suite. Like Polygeist, Polymer is also open-sourced as an

individual project at: https://github.com/kumasento/polymer.

4.3.1 Statement mapping

Simple Statement Formation Observing that C statements amenable to the
polyhedral model are (mostly) variable assignments, we can derive a mechanism
to identify statements from chains of MLIR operations. A store into memory is
the last operation of the statement. The backward slice of this operation, i.e., the

operations transitively computing its operands, belong to the statement. The slice
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extension stops at operations producing a value categorized as affine dimension or
symbol, directly usable in affine expressions. Such values are loop induction variables

or loop-invariant constants.

Some operations may end up in multiple statements if the value is used more than
once. However, we need the mapping between operations and statements to be
bidirectional in order to emit MLIR after the scheduler has restructured the program
without considering SSA value visibility rules. If an operation with multiple uses
is side effect free, Polygeist simply duplicates it. For operations whose duplication
is illegal, Polygeist stores their results in stack-allocated memref’s and replaces all
further uses with memory loads. Figure [§| illustrates the transformation for value

%0 used in operation 7,20. This creates a new statement.

Region-Spanning Dependencies In some cases, a statement may consist of
MLIR operations across different (nested) loops, e.g., a load from memory into an
SSA register happens in an outer loop while it is used in inner loops. The location
of such a statement in the loop hierarchy is unclear. More importantly, it cannot
be communicated to the polyhedral scheduler. Polygeist resolves this by storing the
value in a stack-allocated memref in the defining region and loading it back in the
user regions. Figure |§|illustrates this transformation for value 70 used in operation
%10. Similarly to the basic case, this creates a new statement in the outer loop that

can be scheduled independently.

This approach can be seen as a reg2mem conversion, the inverse of mem2reg per-
formed in the frontend. It only applies to a subset of values, and may be undone
after polyhedral scheduling has completed. Furthermore, to decrease the number
of dependencies and memory footprint, Polygeist performs a simple value analysis
and avoids creating stack-allocated buffers if the same value is already available in

another memory location and can be read from there.

SCoP Formation To define a SCoP, we outline individual statements into func-
tions so that they can be represented as opaque calls with known memory footprints,
similarly to Pencil [13]. This process also makes the inter-statement SSA dependen-
cies clear. These dependencies exist between calls that use the same SSA value since
all use-def chains (except for induction variables that are processed separately) have
been encapsulated into statements. We lift all local stack allocations and place them
at the entry block of the surrounding function in order to keep them visible after

loop restructuring. Figure [9] demonstrates the resulting IR.
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affine.for %i = ...
%0 = affine.load %A[%i]
affine.store Yother, Y%A[%il // motion-barrier
affine.for %j = ... {
%1 = affine.load %B[%j]
%10 = mulf %0, %1 : f64 // use-1
store 10, Yres([%i, %j]

%20 = addf %0, %0 : f64 // use-2
%.tmp = memref.alloca() : memref<1xf64>

affine.for J%i = ...
%0 = affine.load %A[%il]
affine.store %0, Y%tmp[0] // store to scratchpad
affine.store Yother, Y%A[%i]l // motion-barrier
affine.for 7%j = ...
%1 = affine.load %BL%k, %j]
%2 = affine.load %tmp[0] // load back for use-1
%10 = mulf %2, %1 : f64 // use-1 (%2 instead of %0)
affine.store %10, Yres[%i, %j]
%19 = affine.load 7%tmp[0] // load back for use-2
%20 addf %0, %0 : f64 // use-2 (%19 instead of ¥%0)
//

Listing 8: Polygeist breaks region-spanning use-def chains and handles multi-use values
by introducing scratchpad storage when operation duplication is illegal. In
absence of motion-barrier statement, the %0 load would be duplicated and
sunk. Pseudo-MLIR with types and braces omitted for brevity [214].

The remaining components of the polyhedral representation are derived as follows:
the domain of the statement is defined to be the iteration space of its enclosing
loops, constrained by their respective lower and upper bounds, and intersected with
any “if” conditions. This process leverages the fact that MLIR expresses bounds
and conditions directly as affine constructs. The access relations for each statement
are obtained as unions of affine maps of the affine.load (read) and affine.store
(must-write) operations, with RHS of the relation annotated by an “array” that
corresponds to the SSA value of the accessed memref. Initial schedules are assigned
using the (2d 4+ 1) formalism, with odd dimensions representing the lexical order
of loops in the input program and even dimensions being equal to loop induction
variables. Affine constructs in OpenScop are represented as lists of linear equality (=
0) or inequality (> 0) coefficients, which matches exactly the internal representation

in MLIR, making the conversion straightforward.

Code Generation Back to MLIR The Pluto scheduler produces new schedules
in OpenScop as a result. Generating loop structure back from affine schedules
is a solved, albeit daunting, problem [19, [06]. Polygeist relies on CLooG [19] to

generate an initial loop-level AST, which it then converts to Affine dialect loops and
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func @S1(%A: memref<?xf64>, Jtmp: memref<1xf64>,
%i: index)
%0 = affine.load %A[%il
affine.store %0, Jtmp[0] // store to scratchpad

func 0S2(%A: memref<?xf64>, Yother: f64, %i: index)
affine.store Yother, Y%A[%i]

func @S3(%B: memref<?x?xf64>, Jtmp: memref<lxf64>,
Lhres: memref<?x?xf64>, ’i: index, %j: index)
%1 affine.load %B[%k, %j]
%2 affine.load 7tmp[0] // load back for use-1
%10 = mulf %2, %1 : fe64 // use-1
affine.store %10, %res[%i, %jl

func @S4(/tmp: memref<1xf64>, ...)
%19 = affine.load %tmp[0] // load back for use-2
%20 = addf 70, %0 : f64 // use-2
//

Jtmp = memref.alloca() : memref<1xf64>

affine.for i = ...
call @S1(%A, %tmp, %i)
call @S2(%A, %other, %i)
affine.for 7%j = ...
call @S3(%B, %tmp, Y%res, %i, %hj)
call @S4(Jtmp)

Listing 9: Outlining makes polyhedral “statements” visible in code from Listing .

conditionals. There is no need to simplify affine expressions at code generation since
MLIR accepts them directly and can simplify them at a later stage. Statements are

introduced as function calls with rewritten operands and then inlined.

4.3.2 Controlling statement granularity

Recall that Polygeist reconstructs “statements” from sequences of primitive opera-
tions (Section . We initially designed an approach that recovers the statement
structure similar to that in the C input, but this is not a requirement. Instead,
statements can be formed from any subsets of MLIR operations as long as they
can be organized into loops and sorted topologically (i.e., there are no use-def loops
between statements). To expose the dependencies between such statements to the
affine scheduler, we reuse the idea of going through scratchpad memory: each state-
ment writes the values required by other statements to dedicated memory locations,
and the following statements read from those. The scratchpads are subject to partial
array expansion [69] to minimize their effect on the affine scheduler as single-element

scratchpad arrays create artificial scalar dependencies. This change in statement
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for(i=0; i<NI; i++)
for(j=0; j<NJ; j++)
for (k=0; k<NK; k++)

S: A[il [j]1+=£(B[k][i],C[k]I[j1);
J
for (i=0; i<NI; i++) double M[NK];
for(j=0; j<NJ; j++) for (k=0; k<NK; k++)

double M[NK]; for(i=0; i<NI; i++)

for (k=0; k<NK; k++) for(j=0; j<NJ; j++)
S: M[{k]l=£f(B[k]l[il,C[k]1[j1); S: M[kI=£f(B[k][il,C[k]1[jl1);
T: A[i]1 (3] += M[k]; T: Ali1[3] += M[k];

Listing 10: Splitting a nested reduction statement (top) into a fully parallel compute state-
ment and a trivial reduction statement (bottom left) makes Pluto generate
different schedules (bottom right). Further scratchpad array expansion may
enable loop fission and give scheduler even more liberty [214].

granularity gives the affine scheduler unprecedented flexibility allowing it to chose

different schedules for different parts of the same C statement.

Consider, for example, the statement S in Listing (top) surrounded by three loops
iterating over i, j and k. Such contraction patterns are common in computational
programs (this particular example can be found in the correlation benchmark with
B=C, see Section . The loop order that best exploits the locality is (k, i, j),
which results in temporal locality for reads from B (the value is reused in all iterations
of the now-innermost j loop) and in spatial locality for reads from C (consecutive
values are read by consecutive iterations, increasing the likelihood of L1 cache hits).
Yet, Pluto never proposes such an order because of a reduction dependency along
the k dimension due to repeated read/write access to A[i] [j] as Pluto tends to
pick loops with fewer dependencies as outermost. While the dependency itself is
inevitable, it can be moved into a separate statement T in Listing (bottom left).
This approach provides scheduler with more freedom of choice for the first statement
at a lesser memory cost than expanding the entire A array. It also factors out the
reduction into a “canonical” statement that is easier to process for the downstream

passes, e.g., vectorization.

Implementing this transformation at the C level would require manipulating C AST
and reasoning about C (or even C++) semantics. This is typically out of reach for
source-to-source polyhedral optimizers such as Pluto that treat statements as black
boxes. While it is possible to implement this transformation at the LLVM IR level,
e.g., in Polly, where statements are also reconstructed and injection of temporary
allocations is easy, the heuristic driving the transformation is based on the loop
structure and multi-dimensional access patterns which are difficult to recover at

such a low level [95].
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The space of potential splits is huge—each MLIR operation can potentially become
a statement. Therefore, we devise a heuristic to address the contraction cases similar

to Listing [I0] Reduction statement splitting applies to statements:

o surrounded by at least 3 loops;
o with LHS#RHS, and using all loops but the innermost;

o with two or more different access patterns on the RHS.

This covers statements that could have locality improved by a different loop order
and with low risk of undesired fission. This heuristic merely serves as an illustration

of the kind of new transformations Polygeist can enable.

4.3.3 Comparison to Polly

Polly [90] is the state-of-the-art polyhedral compilation framework working together
with LLVM-IR, which shares various similar features with Polymer. This section

compares Polymer to Polly in details.

Translating into Polyhedral Representation In [90, Section 5.1], we can find
specific constraints that Polly imposes on the input LLVM-IR to ensure SCoP trans-
lation feasibility, which state that the control-flow structure should be for-loops and
if-conditions, the boundaries and constraints should be affine, and the only valid
statements are assignments that store the result of an expression to an array ele-
ment. Polly recovers the high-level control-flow structures and statements by em-
ploying existing LLVM semantic analysis toolbox. Since Polymer consumes input
described in the Affine dialect, most of these constraints are enforced already. For
instance, the constraints on and translation steps from LLVM-IR loops described
in [90, Section 5.2] are not necessary when the input representation is the Affine

dialect, which innately requires the loop bounds to be affine expressions.

Nevertheless, when dealing with IR instructions, Polly and Polymer demand simi-
lar validation steps and face alike challenges. Both Polly and Polymer only allow
instructions without side effects. Moreover, Polly and Polymer need to carry out

memory aliasing analysis.

Additionally, even though Polly exhibits various transformations on LLVM IRs when
mapping them to SCoP, the SCoP transformations leveraged by Polymer are still
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largely unique. It is unclear if Polly applies similar transformation as our region-
spanning dependence analysis, which should be done in the LLVM semantic analysis
step instead of Polly based on its design as stated in [90, Section 5.2]. The maximal
SCoP detection algorithm [90, Section 5.5] may also workaround this problem by
smaller SCoPs that will not incur cross-region def-use chains. DeLICM [I57], a work
extended from Polly, shares similar insights on the problems we are facing, specif-
ically, in [157, Listing 1-4]. Their approach, however, is designed at a higher level
than ours, and it is unclear how much similarity between their low-level implemen-
tation and ours. On the other hand, our statement granularity controlling heuristic

Section 4.3.2] is novel regarding existing Polly literature as far as we understand.

Translating from Polyhedral Representation Both Polly and Polymer need
to translate from a polyhedral representation, namely SCoPs, back to the source
representation, which are LLVM IR and MLIR Affine respectively. Polymer’s re-
verse translation is relatively simpler than Polly, since we only need to ensure the
correct mapping of the statements between MLIR and SCoPs, while Polly adds ex-
tra optimisation steps to allow generating SIMD operations [90, Section 7.3]. Both

frameworks leverage CLooG [19] as the underlying polyhedral code generator.

4.3.4 Evaluation
Compilation Flows

We evaluate Polymer within the Polygeist framework against Pluto and Polly, specif-

ically, we have the following compilation flows:

« PrLuTO: Pluto compiler auto-transformation [30] using polycd with flags

--noparallel and --tile;
o PLUTOPAR: Same as above but with --parallel flag;

o PorLy: Polly [91] LLVM passes with affine scheduling and tiling, and no

pattern-based optimizations [78];
o PoOLLYPAR: Same as above with auto-parallelization;

o PoryGEIsT: Our flow with Pluto and extra transforms;

3Pluto commit dae26e77b94b2624a540c08ec7128£20cd7b7985
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e POLYGEISTPAR: Same as above but with --parallel Pluto schedule and

Polygeist parallelisation and reductions.

Running between source and LLVM IR levels, we expect Polygeist to benefit from
both worlds, thus getting code that is on par or better than competitors. When using
Pluto, both standalone and within Polygeist, we disable the emission of vectorization
hints and loop unrolling to make sure both transformations are fully controlled by
the LLVM optimizer, which also runs in Polly flows. We run Polly in the latest
stage of Clang compilation, using --m11lvm -polly and additional flags to enable
affine scheduling, tiling and parallelization as required. Polly is taken at the same
LLVM commit as Clang. We disable pattern-based optimizations [7§] that are not
available elsewhere. Fig. 4.4 and Fig. summarize the results for sequential and

parallel flows, respectively.

Performance Differences in Sequential Code

Overall, Polygeist leads to larger speedups, with 2.53x geometric mean, than both
Pluto (2.34x) and Polly (1.41x), although improvements are not systematic. Some
difference between Polygeist and Polly is due to the employed polyhedral schedulers,
e.g., in 1u and mvt. Polygeist produces code faster tha both Pluto and Polly in 2mm,

3mm and others thanks to statement splitting, see Section [4.3.4

Given identical statements and schedules, codegen-level optimization accounts for
other performance difference. seidel-2d is the clearest example: Pluto executes
2.7-10"" more integer instructions than Polygeist. Assuming these to be index/ad-
dress computations, a mix of add (throughput 1/2 or 1/4) and imul/shl (through-
put 1), we can expect a ~ 5%s difference at 3GHz, consistent with experimental ob-
servations. Polygeist optimizes away a part of those in its post-optimization phase
and emits homogeneous address computation from memref with proper machine size
type, enabling more aggressive bound analysis and simplification in the downstream
compiler. Conversely, jacobi-2d has poorer performance because Polygeist gives
up on simplifying CLooG code, with up to 75 statement copies in 40 branches, for
compiler performance reasons, as opposed to Clang that takes up to 5s to process it
but results in better vectorization. Further work is necessary to address this issue

by emitting vector instructions directly from Polygeist.
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Figure 4.5: Median speedup over CLANG for parallel configurations (log scale), higher is better. Polygeist outperforms (9.47x geomean speedup)
both Pluto (7.54x) and Polly (3.26x) on average. Pluto can’t process adi, which is therefore excluded from summary statistics [214].
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for (i=0; i<_PB_W; i++){ %z = constant 0.0 : f64
yml = SCALAR_VAL (0.0); affine.parallel %i = ... {
/S affine.for %j = ...
for (j=0; j<_PB_H; j++){ iter_args (%yml=%z)->£64 {
yml = y1[il1[j]; %0=affine.load %y1ll[%i,%j]
/. .x/ ) //
} affine.yield %0
13

Figure 4.6: Excerpt from the deriche benchmark. The outer loop reuses ym1 which makes
it appear non-parallel to affine schedulers (left). Polygeist detects parallelism
thanks to its mem2reg optimization, reduction-like loop-carried %yml value
detection and late parallelization (right) [214].

Performance Differences In Parallel Code

Similarly to sequential code, some performance differences are due to different sched-
ulers. For example, in cholesky and 1u, both Pluto and Polygeist outperform Polly,
and the remaining gap can be attributed to codegen-level differences. Conversely, in
gemver and mvt Polly has a benefit over both Pluto and Polygeist. On ludcmp and
syr(2)k, SSA-level optimizations let Polygeist produce code which is faster than
Pluto and at least as fast as Polly. These results demonstrate that Polygeist indeed
leverages the benefits of both the affine and SSA-based optimizations.

Polygeist is the only flow that obtains speedup on deriche (6.9x) and symm (7.7 ).
Examining the output code, we observe that only Polygeist manages to parallelize
these two benchmarks. Considering the input code in Figure [.6] one can observe
that the i loop reuses the ym1 variable, which is interpreted as parallelism-preventing
loop-carried dependency by polyhedral schedulers. Polygeist performs its own paral-
lelism analysis after promoting ym1 to an SSA register (carried by the j loop) whose

use-def range does not prevent parallelization.

Similarly, the Polygeist paralleliser identifies two benchmarks with parallel reduction
loops that are not contained in other parallel loops: gramschmidt and durbin.
gramschmidt benefits from a 56x speedup with Polygeist, compared to 34 x with
Polly and 54x with Pluto. durbin sees a 6x slowdown since the new parallel
loop has relatively few iterations and is nested inside a sequential loop, leading to
synchronization costs that outweigh the parallelism benefit. Section [4.3.4] explores
the durbin benchmark in more detail. Polybench is a collection of codes (mostly)
known to be parallel and, as such, has little need for reduction parallelization on
CPU where one degree of parallelism is sufficient. When targeting inherently target
architectures as GPUs, however, exploiting reduction parallelism could be vital for

achieving peak performance [164, [243].
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Figure 4.7: Mean and 95% confidence intervals of run time across 5 runs of Polybench
where statement splitting is applicable (Section , lower is better. It
results in faster run time (geomean 1.28x sequential, 1.39x parallel speedup)
except for sequential 2mm (—4%) and parallel trmm (—9%) [214].

Case Study: Statement Splitting

We identified 5 benchmarks where the statement splitting heuristic applied: 2mm,
3mm, correlation, covariance and trmm. To assess the effect of the transforma-
tion, we executed these benchmarks with statement splitting disabled, suffixed with
-nosplit in Figure . In sequential versions, 2mm is 4.1% slower (3.13s vs 3.26s),
but the other benchmarks see speedups of 25%, 50%, 51% and 27%, respectively.
For parallel versions, the speedups are of 36%, 20%, 44%, 40% and —9% respectively.

Examination of polyhedral scheduler outputs demonstrates that it indeed produced
the desired schedules. For example, in the correlation benchmark which had the
statement A[i] [j1 += B[k] [i]*B[k] [j] Polygeist was able to find the (k,1,j) loop
order after splitting. Using hardware performance counters on sequential code we
confirm that the overall cache miss ratio has indeed decreased by 75%, 50%, 20%, 27%,
and —26%, respectively. However, the memory traffic estimated by the number of
bus cycles has increased by 9% for 2mm, and decreased by 18%, 32%, 32%, and 21%
for the other benchmarks. This metric strongly correlates with the observed perfor-
mance difference in the same run (r=0.99,p = 3-10~'"). This behaviour is likely due
to the scheduler producing a different fusion structure, e.g., not fusing outermost
loops in 2mm, which also affects locality. Similar results can be observed for parallel
code. Further research is necessary to exploit the statement splitting opportunities,

created by Polygeist, and interplay with fusion.
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Figure 4.8: Reduction parallelization allows POLYGEISTPAR to produce larger speedups
in durbin and at smaller sizes than POLLYPAR, POLYGEISTPAR without re-
duction support. PLUTOPAR fails to parallelize, hence no speedup [214].

Case Study: Reduction Parallelization in durbin

In this benchmark, Polygeist uses its reduction optimization to create a parallel loop
that other tools cannot. For the relatively small input run by default, N = 4000
iterations inside another sequential loop with N iterations, the overall performance
decreases. We hypothesize that the cost of creating parallel threads and synchro-
nizing them outweighs the benefit of the additional parallelism and test our hy-
pothesis by increasing N. Considering the results in Figure [£.8] one observes that
Polygeist starts yielding speedups (> 1) for N > 16000 whereas Polly only does so
at N > 224000, and to a much lesser extent: 6.62x vs 1.01x. Without reduction
parallelization, Polygeist follows the same trajectory as Polly. Pluto fails to paral-
lelize any innermost loop and shows no speedup. This evidences in favour of our

hypothesis and highlights the importance of being able to parallelize reductions.

4.3.5 Discussions

This section presents Polymer, the core polyhedral scheduling part to Polygeist,
which interacts between external polyhedral schedulers and MLIR. Polymer ad-
dresses two challenges arouse in this procedure, one is to find a mapping between
MLIR instructions and polyhedral statements, which needs concrete analysis on
the instruction dependences, the other is to explore different ways of splitting mul-
tiple instructions into different statements, which can give us performance boost
depending on how the external polyhedral scheduler works. Empirically, we find
that Polymer can provide Polygeist better performance than Pluto and Polly, on
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average, and we gather evidence that the statement splitting is beneficial.

Next section explores the polyhedral methodology in the domain of [High-Level Syn-|
thesis (HLS), in which we present the tool called POLSCA that is an extension to
Polygeist/Polymer, built upon MLIR.
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4.4 POLSCA: Polyhedral High-Level Synthesis

To alleviate the heavy labour in building RTL designs, engineers start to describe
designs using abstract, C-like languages and let the high-level synthesis (HLS) tools
generate low-level representations. After years of development, HLS has shown its
potential in many domains, e.g., high-performance computing and deep learning,
but it still has many challenging problems, most of which rely on precise depen-
dence analysis among statements within nested loops. If the input code is restricted
to static control flow using only affine expressions for bounds and addresses, i.e.,
Static Control Parts (SCoPs), we can leverage polyhedral models to find formal so-
lutions [180} 230, 299]. Using the polyhedral model, which depicts loop statement
instances as integral points within polyhedra, we can not just formally analyse de-
pendences, but also automatically transform nested loops for better parallelism [30].
Despite the promising merits, polyhedral transformation is not yet pervasively used

in HLS due to the lack of a proper framework.

The current polyhedral HLS workflow has two stages: using existing polyhedral
tools (e.g., Pluto [30], isl [286]) to transform C/C++ code and passing its result
to backend HLS tools (e.g., Xilinx Vitis) that produce hardware. Unfortunately,
polyhedral and HLS tools are independently developed following their own agenda,
which consequently leads to unsatisfactory interfacing and poor user experience.

There are two challenges:

1. SCoP annotation. Users should annotate their code to indicate which parts
are SCoPs that polyhedral tools should transform. These SCoPs should satisfy
the affine constraints imposed by polyhedral models, which HLS engineers are
not familiar with. Moreover, since polyhedral tools are HLS-agnostic, their

optimization can be suboptimal for HLS if SCoPs are annotated improperly.

2. HLS directives. Code generators [19, [06] scan the transformed polyhedral
representation to generate the optimized program. Unfortunately, this opti-
mized program is normally unreadable, on which users can hardly specify HLS
directives to produce efficient hardware. Meanwhile, in most cases we may fur-
ther transform polyhedral optimized code, e.g., to apply memory partitioning,

which is challenging due to the code complexity.

Both challenges indicate the lack of automated processes between polyhedral meth-
ods and HLS. This thesis presents POLSCA[] a compiler framework that aims to

4POLSCA = POLyhedral high-level Synthesis using Compiler Automation. Code repository:
https://github.com/kumasento/polscal


https://github.com/kumasento/polsca
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Figure 4.9: Summary of our contributions (right) in polyhedral HLS compared with ex-
isting methods (left).
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address these challenges by applying pre- and post-polyhedral code transforma-
tions. Pre-polyhedral transformations identify and annotate SCoPs by heuristics
that balance the code complexity and parallelism, and post-polyhedral transfor-
mations inject HLS directives and make certain optimization opportunities, e.g.,
memory partitioning, explicit for HLS tools. Our prototype POLSCA tool con-
sumes HLS designs in C/C++ and produces optimization results to backend HLS
tools using LLVM IR.

To summarise, this thesis presents three major contributions:

1. auto-identification of SCoPs and generation of polyhedral representation from
arbitrary HLS code;

2. transformations of polyhedral-generated code for HLS tools to produce opti-

mized designs;

3. performance evaluation on Polybench/C [330] that contains fully polyhedral-
optimisable examples demonstrating the benefits of POLSCA by achieving 1.5
times latency reduction compared with applying HL.S on C code.

Two steps will illustrate how polyhedral tools can be integrated with HLS as a
framework: first, adopt a polyhedral optimizer that can deal with a wide variety of
HLS designs to support the proposed approach; second, further optimize the results
from the polyhedral optimizer. This thesis focuses on the first step.
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LO: for p = 0 to P
// get hashed input
Li: for i = 0 to M
for 1 = 0 to L
D[i][1] = array[addrIn[p]l[i][1]]
// two consecutive matrix multiplication
L2: for i = 0 to M
for j = 0 to N
T[il[j]l = 0.0
for k = 0 to
T[i][j] +=
L3: for i = 0 to
for 1 = 0 to L
D[iJ[1] *= b
for j = 0 to N
D[il[1]1 += TI[il[j]l = Clpl[jl1[1]
// get hashed output
L4: for 1 = 0 to M
for 1 = 0 to N
array [addrOut [p] [1]1[1]1] = D[i][1]

* Alpl[il[k] = B[pl[k]I[j]

= =X

Listing 11: A motivating example for POLSCA. It is modified from 2mm [330] with ad-
ditional indirect memory addresses that create non-SCoPs. There are four
separated loop nests below the outermost LO: L1 gathers data from array
into D through a hash table addrIn, L2 and L3 run two GEMMs (generalised
matrix multiplication) tmp = alpha * A * BandD = beta * D + tmp * C,
and L4 distributes D back to array using another hash table addrQOut.

A motivating example

Listing (11| shows a motivating example for POLSCA. This example blends typical
polyhedral workload (L2 and L3) as in 2mm from PolyBench/C [330], with common
non-SCoP program parts (L1 and L4) as in AES from MachSuite [241]. L1 and L4
are not SCoPs due to the existence of non-affine memory accesses to array. This

example resonates with the two challenges previously mentioned.

First, we need to annotate which parts should be SCoPs. Even though it is trivial for
polyhedral experts that L1 and L4 should be disregarded due to non-affine accesses,
and only L2 and L3 are SCoPs, HLS engineers can find it difficult. Moreover, we can
realize variables like M and N should be constants, which is a prerequisite that loops
here have affine bounds, but there are cases we should leverage static analysis tools
to gather such information. We also need to ensure these variables are constants

and propagate them into array definitions so that HLS tools can accept this code.

Second, after applying polyhedral transformation on L2 and L3, we can get several
tiled nested loops, but the resulting code can be about 10 times longer to handle
different combination of conditions on memory sizes. Even these loops are tiled, HLS
tools can hardly exploit the parallelisation opportunities since the complicated code
hinders accurate dependence analysis. Partitioning the memory into non-intersected

parts makes it explicit that each tile has no conflicting accesses with others. HLS
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tools provide memory partitioning directives, but they cannot help when a memory
size is not divisible by the tiling factor, and there is no automatic procedure to
make decisions when there are several valid partitioning tactics and a memory are

accessed across SCoPs and non-SCoPs.

We realize that compiler techniques can help address these challenges and overcome
the limitations imposed by existing tools. The next section reviews the essential

background on polyhedral methods.

4.4.1 Methodology
Pre-polyhedral transformation

POLSCA searches within the user input program for nested loops and discovers those
that satisfy the affine constraints—the loop bounds should be affine expressions, and
all memory accesses reach affine addresses—imposed by polyhedral methodology. To
get valid input for polyhedral tools, POLSCA should annotate certain loop nests as
SCoPs that will be transformed later. An annotated SCoP will be in the polyhedral
representation that the polyhedral tools can recognize and operate on. This section
demonstrates how POLSCA decides which loop nests to annotate, specifically, how

to determine the SCoPs when there are multiple affine loop nests.

Li: for i =1 to N - 1
B[i]l = (A[i-1] + A[i] + A[i+1])/3;

L2: for i =1 to N - 1
Alil = (B[i-1] + B[il + B[i+11)/3;

Figure 4.10: Jacobi-1d algorithm. We can either annotate a big SCoP over the outermost
loop LO, or two small SCoPs covering inner loops L1 and L2. Memory accesses
to arrays A[N] and B[N] make LO and L1 interdependent.

Hazardous interdependent loops Consecutive loop nests can be covered by a
single SCoP, or by multiple separated SCoPs. These two approaches can produce
significantly different results if the loop nests are interdependent, i.e., they have
hazardous read and write accesses to the same array, at the same address. When
provided a large SCoP, polyhedral algorithms intend to schedule interdependent

loops closer to improve locality and parallelism. This strategy would be beneficial
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Loop 2
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Figure 4.11: Demonstrating the SCoP decomposition algorithm. In this particular exam-
ple, we have 4 consecutive loops at the same depth, and there are interde-
pendences (arrows) among loop 1 and 2, 1 and 3, 2 and 4, 3 and 4. The
minimum cuts required for SCoP covering loop 2 and 3 is 0, which will prop-
agate through Eq. and lead to the optimal solution as shown that uses
2 cuts (dashed horizontal lines).

for multi-core CPUs, however, the resulting program can be too complicated to be
optimized by HLS tools. For example, a polyhedral optimizer can produce about 30
loops with sophisticated control from the Jacobi-1d code (Fig.4.10)), which originally
just have 2 loops that are interdependent on arrays A and B. This situation also
applies to our motivating example (Listing , specifically, the two consecutive

matrix multiplication loop nests.

SCoP annotation heuristic Instead of modifying the sophisticated internals of
Pluto, POLSCA addresses this problem by a heuristic: avoiding SCoPs containing
interdependent loops can produce simple and efficient HLS code. This heuristic is
based on our observation that SCoPs without interdependent loops will not trigger
major loop reconstruction in polyhedral optimizer, and therefore, the optimized code
will still close to the simple form of the human-readable user input. The simpler the
optimized code is, the more efficient the final design will be, since the backend HLS
tools need less effort to resolve statement dependencies, and consequently, better
identify parallelisation and pipelining opportunities. Future HLS releases may be
capable of handling more complicated code, in which case POLSCA can search for

the optimal set of SCoPs that should apply such heuristics.

In Fig. 4.10] annotating two SCoPs on the two inner loops produces a design with
just two independently tiled loops, which is sufficient to achieve much higher paral-
lelism than the original code. Moreover, only separately annotating the two inner
affine loop nests in Listing L 1| produces two tiled matrix multiplication subroutines,

which HLS tools are familiar with.
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SCoP decomposition To apply this heuristic, we should decompose SCoPs hav-
ing interdependent internal loops into pieces such that their internal loops only
have external dependencies. The simplest solution is to annotate a SCoP per loop,
which is suboptimal since loops that are not interdependent cannot be transformed
together, e.g., we cannot further simplify loops accessing different arrays through

fusion.

We prefer a top-down solution: starting from a big SCoP containing all consecutive
affine loop nests, POLSCA tries to find the minimum number of cuts on all inter-
loop dependencies to remove them. Adapted from graph theory, we define a cut on
the inter-loop dependency graph of a single SCoP, in which vertices are loop nests
within the SCoP and edges are their dependencies. Each cut decompose a SCoP into
two parts, and aiming at minimizing the number of cuts avoid creating excessively

small SCoPs that hinder optimization.

This thesis considers the minimum cut problem on a graph consisting of consecutive
loop nests at the same depth. Suppose there are N loop nests, we can assign an
integer label to each loop following their execution order, e.g., 0 to the first loop
nest and N — 1 to the last, and any partition of this graph can be represented as an
interval. For instance, an interval [S, E) covers the loop nests with labels from S to

E — 1. Moreover, we can formulate a cut as a partition of intervals.

min[S, E) + minimum {min[S,i) + min[i, E) + 1} (4.1)
cut i€[S+1,E) cut cut

Following the discussion above, we can formulate this minimum cut problem as
Eq. . For a range of loops labeled from S to E — 1, the minimum number of
cuts (mine,) equals to the minimum sum of the solutions for two sub-ranges cut
at one particular position i. The base case is those ranges without interdependent
loops, which requires 0 minimum cut. This equation can lead to a straightforward
dynamic programming algorithm with polynomial time complexity. One example
solution found by this algorithm is shown in Fig.

Fusion options in polyhedral schedulers Our SCoP decomposition algorithm
is functionally similar to setting certain loop fusion options in the polyhedral sched-
uler, for instance, Pluto [30] provides -—nofuse, —-smartfuse, and --maxfuse options,
which decide whether fusion should happen across Strongly-Connected Components
(SCCs) in the dependence graph. Our proposed solution works at a higher level

than making fusion decisions on SCCs within each SCoP: we instead decide how to
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// Tile loops
for i = 0 to 2
for j = 0 to 3
for k = 0 to 4
// Point loops
for ti = i * 32 to (i + 1) * 32
for tj = j * 32 to (j + 1) * 32
for tk = k * 32 to (k + 1) * 32
CLltil[tj]l += A[til[tk] * B[tkI[tjl;

|} outlining PEs

PE(i, j, k, A, B, C);

Figure 4.12: Sketch of polyhedral-transformed matrix multiplication. The loop nest ini-
tially has a depth of 3, and each loop has been tiled by a factor of 32 as listed
here. The 3 outer loops i, j, k are referred to as tile loops, and the inner
loops ti, tj, tk are point loops. After PE outlining, the inner 3 point loops
are wrapped into a new function PE.

decomposite SCoPs, and which each SCoPs, we give the polyhedral scheduler the

freedom to decide whether to fuse or not among SCCs.

Post-polyhedral transformations

This section introduces transformations applied after receiving the optimized code
generated from the polyhedral tools, which are not optimal to describe HLS designs
due to the lack of directives and their undesirable code structure. Directives help
HLS tools find better designs based on user-provided domain knowledge, and well-

structured code can ensure HLS tools exploring all dependencies among instructions.

This section mainly describes how POLSCA makes memory partitioning opportu-
nities, which are critical to the achievable level of parallelism, visible to HLS tools.
We also demonstrate additional loop transformations that set the boundary be-
tween software and hardware. The expected final production is an HLS design that
clearly indicates parts that are hardware processing elements (PEs) with properly

partitioned memory interface and HLS directives.

Point loops as processing elements A tiled loop nests normally have two sepa-
rable parts, tile loops that iterate over tiles, and point loops that iterate within each
tile (Fig. [4.12)). Heuristically, it is desirable to unroll the tile loops so that the HLS

tools can have a better chance to utilize the parallelism that tiling implies. Point
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loops are less common for unrolling, and we normally leverage pipelining to improve

performance.

POLSCA draws a boundary between tile and point loops by outlining point loops
into functions (Fig. 4.12). Replacing nested loops with a single caller can help HLS
tools realize there is no dependence among tiles and find parallelisation opportuni-

ties.

Memory partitioning HLS tools can be too conservative to parallelize PE in-
stances across tiles, mainly because each PE accesses to the same memory object,
which does not specify whether they access non-intersected partitions. For instance,
in Fig. [4.12] PEs of different i, j values access to different 32x32 partition of array
C, but it is not explicit.

A common approach to address this problem is memory partitioning, i.e., breaking
a single memory block into smaller parts that are accessed by different PE instances.
Here we assume only using the block partition scheme [299]. There are corresponding
optimization directives in HLS tools that can transform the input code, e.g., turn
A[64] into A[2] [32] if partitioned by blocks with a factor of 32, to apply memory
partitioning. But it is still challenging for users to identify which memory blocks

should be partitioned.

Concretely, there are two major challenges:

1. A single PE can access multiple partitions, e.g., the statement E| in Jacobi-1d
(Fig. [4.10) accesses two neighbouring tiles on either boundary (i = 0 or 31
supposing the factor is 32).

2. We can decide the partitioning factor by the size of the iteration domain of
the memory access, e.g., if i iterates 32 times, we partition A[i] by a factor
of 32. But the same array can be accessed in different loop nests of various
domain sizes, and we should reconcile them to one value. These dependencies
should be explicit to HLS.

POLSCA provides two corresponding solutions, one to analyze how many partitions
that each PE instance needs to access given a block partition factor, and the other

one reconcile a single partition factor size for each array.

5A[i-1] + A[i] + A[i+1]
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void top(float A[70], int B[70])
for i = 0 to 70 { A[B[i]] = ... } // Non-SCoP
for i = 0 to 3 { PE(i, A) } // SCoP
void PE(int i, float A[70])
for ti = i * 32 to (i + 1) * 32
Alti]l = A[ti] + Af[ti-1]
(a) Before memory partitioning. Array A is accessed by both non-SCoP and SCoP loops. The tile
factor in the polyhedral-transformed SCoP is 32. Special handling for invalid access A[-1] is
omitted.

void top(float A[3]1[32], int B[70])
for i = 0 to 70 { A[B[i] / 321[B[i] % 32] = ... }
for i = 0 to 3 { PE(i, A[i]l, A[i-11) %}
void PE(int i, float P[32], float Q[32])
for ti = 0 to 32
P[ti] = P[ti] + (ti == 0 ? Q[(ti-1) % 32]
PL(ti-1) % 32] )

(b) After memory partitioning. A is partitioned by a factor of 32 after reconciling both accesses.
Dynamic addresses from B are transformed to access the partitioned array, and the PE interface
is extended to pass in an extra partition for the boundary accesses.

Figure 4.13: A memory partitioning example that applies partition factor reconciliation
and PE interface extension.

Affine analysis on accessed partitions

Figuring out the number of partitions that a single PE instance needs to access is

crucial to understanding the profitability by using a specific block partition factor.

Definition 4.1 (Profitable partition factor). A partition factor T is more profitable
than another T’ if it can get a PE instance that accesses fewer partitions, or has the

same partitions but exposes higher level of parallelism, denoted by T’ < T.

For instance, partitioning A in Fig. by 32 is more profitable than 33, which
requires some PE instances to access more than 1 partition; and 64, the PE instance

of which still accesses 1 partition but reduces the potential level of parallelism by

half.

As suggested previously, PEs only have point loops resulted from polyhedral trans-
formations, which are SCoPs and satisfy the prerequisites for affine analysis. We
limit the access pattern to scalar address in the following discussion, while these

results can be extended to general cases.

Problem 4.1 (Determine partitions accessed differently). For any two addresses
f(i) and g(i) being accessed, where 1 is an induction variable, f and g are affine
transformations from 1 to addresses, e.g., f(i) = ai + b, they access different parti-

tions if there exists solution for the following:
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[fO/B| # [90)/B], Tk<i<Tk+T,

in which T is the tile size for the point loop, k is an induction variable of an outer

loop that encloses the loop that i belongs, and B is the block partition factor.

By solving Problem among all memory accesses for a block partition factor
B, we can get the number of partitions that a PE will access, which consequently
determines the profitability (Definition of B.

Even though Problem is solvable by a linear solver, the candidate set of B is as
large as the target memory size, e.g., B used to partition a 1-D memory of size 1,024
can take at most the value of 1,024. Repeatedly running a linear solver for all B
candidates can be computationally intractable. Therefore, we propose the following
theorem that directly relates partition factor B and a predetermined parameter, tile

size T.

Theorem 4.1. Given block partition factor B equals to a predetermined tile size T,
and 1 has an iteration domain [Tk, Tk+T) where k is an outer loop induction variable,
then the partitions accessed for a set of addresses, {f;(i) = a;i+ b;j,j =1,...,M},

are included in the following set:

b; b; —1
Cljk+ \‘T]J,Cl)k‘f‘]"—\‘ ]T J]

Proof. First of all, [ax+b/x| = a + |b/x|. Given that i has a iteration domain

[Tk, Tk + T), for each address fj, we can apply this equation to get the lower and

M
j=1

upper bound of fj(i). Specifically,

o its lower bound is |fi(T%)/T| when i = Tk;

 and its upper bound is |fi(Tk+T)/T| when i = Tk 4 T.

The result can be achieved by taking the union of the lower and upper bounds from
all addresses. O

FExample 4.1. For statement A[i-1] + A[i] + A[i+1], we have:

(Cl1,b1):(1,—]) (a2>b2):(1)0) (03,b3):(1,1).
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Using Theorem [4.1] the union of all of their partitions is:
k—Tku{klu{k,k+1}={k—1,k,k+ T}
For tile k, there are three neighbouring partitions accessed.

We leverage Theorem to determine the optimal partition factor in the following

sections.

Partition factor reconciliation

The optimal partition factor for a memory block is mainly determined by its ac-
cesses and their parent loop nests. Given that the amount of valid candidates for a
partition factor can be enormous, and finding a global optimum is computationally
intractable, we choose to search for a local optimum using an algorithm derived from

the following propositions.

Theorem 4.2. If a dimension of an array is accessed by an induction variable 1i,
which has an affine bound of [Tk, Tk + T) where T is a predetermined tile size and
k is an outer loop induction variable, then it is more profitable to have a block

partition factor B that equals to T than other B candidates.

Proof. Let us consider four possibilities for the value of B: B equals to T; B is an
integer multiples of T, denoted by nT; B is a factor of T, denoted by T/n; and none

of the above. Here, n is an integer that is larger than 1.

1. If B =T, there is a single partition that will be accessed by a PE instance;

2. If B=nT and n > 1, there is also a single partition that will be accessed, but
within each partition, there are n number of sub-partitions of size T that can

potentially be parallelised, which makes nT less profitable than T.

3. If B=T/nand n > 1, a PE instance needs to access n partitions, which

induces T/n is less profitable than T.

4. When partitioning by any of the rest candidates, which are not an integer
multiple or a factor of T, a PE instance must access at least two partitions,

which makes it less profitable than T.

Therefore, we conclude that B = T is the most profitable block partition factor

under the given presumptions. [
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Theorem helps determining the partition factor for each access of a memory
block. And if it is satisfied, based on Theorem [4.1], we can compute the total number
of partitions accessed. In case the determined values are not identical, for every pair
of access A and block partition factor B, suppose N(A, B) is the number of accessed
partitions per PE instance, and P(A, B) is the achievable level of parallelism, we

introduce Definition [4.2] for reconciliation.

Definition 4.2 (Profitability among multiple accesses). Given memory accesses
A1 n, each of which is an address that is an affine mapping from loop induction
variables to a scalar, and block partition factors By n, By is (local-)optimally prof-

itable if for any other Bg:

B, has less number of partitions, i.e., ) ; N(Ai,Bp) < > ; N(Ai,Bg), or

e B, can provide higher level of paralellism when the number of partitions is the
same, i.e., ) ; P(Ay,Bp) > > P(A, Bq) A Y N(Ay,By)=)  N(Ay, Bg).

Notably, we use the properties aggregated by summation over all accesses, which
implies that we treat every access of equal importance. This approach is potentially
not global-optimal if some PEs have much longer latency than the others, and
in those cases, we should properly weight each term before aggregation. These
particular cases make no appearance in the benchmark examples that this thesis

covers, and therefore, we decide to stick to the local-optimal solution.

Finding the most profitable factor under Definition for each memory has com-
putationally tractable time complexity of O(n?), imposed by calculating N(, -) and
P(-,-). Suppose there are m memory blocks in the input program, the overall time
complexity for the partition factor reconciliation algorithm becomes O(mn?). After
that, we can transform the input code to accommodate the partition factor, e.g.,

A[i] to A[i floordiv 32][i mod 32] if partitioned by a factor of 32.

4.4.2 FEvaluation
Implementation details

POLSCA is built upon MLIR [166] (Section 2.4). The polyhedral representation
and affine analysis are implemented upon the Affine dialect, a collection of oper-
ations and representations that are dedicated to polyhedral modelling. The input
code that POLSCA accepts is in C/C++, which are translated into MLIR through
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C/C++ — Polygeist M Pre-poly SR Poly-opt

LLVM Polygeist ‘
IR |
Hardware < HLS tool «—— Post-poly

Figure 4.14: The overall workflow of POLSCA. Our contributions are highlighted in the
dashed region.

Polygeist [214] (also in Section[4.2). The internal polyhedral optimizer is Pluto [30],
and POLSCA translates the polyhedral representation between MLIR and Pluto.
The final outcome from POLSCA is in LLVM [165] IR that can be consumed by
backend HLS tools. HLS directives are specified in the LLVM IR as well, follow-
ing the format that the target HLS tool understands. Fig. shows how they

interconnect.

We experiment POLSCA on Xilinx Vitis HLS (2020.2) and leverage its LLVM fron-
tend following open-sourced instructionsﬂ We setup an ideal scenario that the
FPGA board is large enough (Zynq UltraScale+ XQZU29DR), since this thesis
mainly focuses on pushing the performance boundary by polyhedral transforma-
tions without considering design space exploration. We use co-simulation to collect
precise cycle numbers of latency and verify the correctness of the generated design.
As the top module we synthesize only contains memory interfaces and no memory
instances are instantiated, there is no BRAM or URAM usage introduced by our

designs.

The baseline of our experiment is using POLSCA without any polyhedral trans-
formation, i.e., the input C/C++ will be translated to MLIR through Polygeist
first, then translated to LLVM IR immediately without any optimization, and fi-
nally passed to Vitis HLS. By design, there is no optimisations towards throughput
carried out by the HLS backend for those baselines, specifically, there is no loop
unrolling that would have fundamental impact on the design throughput. The ra-

tionale behind this choice is explained at the end of Section 4.4.2]

Polybench/C

POLSCA is evaluated on Polybench/C [330], one of the most popular benchmark
suites for high-performance computing that only contains code that is fully polyhedral-

optimizable, i.e., their core functions are all affine loop nests. While POLSCA can

Shttps://github.com/Xilinx/HLS/tree/2020.2
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Table 4.3: Evaluation of our approach on a set of benchmarks. NA stands for whether an example contains non-affine loop nests or not. The base
column covers the designs directly synthesised using Polygeist, the poly column covers the designs directly synthesised using the MLIR
from polyhedral, and ours covers the designs synthesised using the code from Polygeist. Geom. Mean measures the geometric mean of
values from the baseline over other corresponding scenarios.

LUTs DSPs Cycles (k) Fmax (MHz)  Wall clock time (us)
base poly ours base poly ours base poly ours base poly ours base poly ours

X 1,525 3,259 17,144 15 18 144 960 1,625 580 103 60 60 9,318 27,077 9,661
X 641 1,439 5326 1 0 24 250,000 250,024 203,192 106 109 103 2,358,490 2,293,798 1,972,737
gemm X 1,895 4,116 13,720 26 29 191 10,610 63,580 6,009 103 102 103 103,009 623,335 58,344
gesummy X 1,584 3,418 18,610 15 27 137 375 263 132 103 60 60 3,641 9,388 2,191
jacobi-1d X 1463 5215 7321 14 14 56 163 1,082 123 103 100 103 1,581 10,818 1,197

X

X

v

Benchmarks NA

bicg
floyd-warshall

jacobi-2d 3,015 13,955 18,169 17 28 150 36,908 19,244 14,297 99 96 103 372,807 3,229,785 138,801
mvt 1,635 1,943 8,010 14 16 56 1,290 669 698 60 60 60 21,506 11,146 11,641

3,827 2,149 21,817 0 0 0 197 229 148 78 78 76 1,407 1,633 1,025
Geom. Mean I1x 05x 0.1x 1x 0.8x 0.2x 1x 0.5x 1.7x 1x 1.2x 1.1x 1x 0.4x 1.5%

radix sort
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process all Polybench examples, we select 7 typical examples covering all categories,
including linear algebra (gemm, gesummv, bicg, mvt), stencil (jacobi-1d, jacobi-2d),
and medley (floyd-warshall). Even though POLSCA is able to use arbitrary tile
sizes, the HLS backend cannot synthesize array partitioned with a large (> 20) fac-
tor, therefore, we manually select a set of tile sizes for each example, which can be

automated in the future.

Table 4.3| summarizes our results. POLSCA can achieve 1.5 times speed-up averaged
by geomean over the baseline directly applying HLS tools on C source code. More
importantly, without POLSCA, applying polyhedral optimization directly results in
worse performance than the baseline. In general, the performance benefit gained

from POLSCA over plain polyhedral designs is mainly from:

1. heuristic SCoP annotation that can avoid generating over-complicated polyhedral-
transformed code, especially for stencil examples like jacobi-1d and jacobi-2d,
which will result in at least 10 times longer code after polyhedral optimization

without conventionally recognizable tiling structure as in Fig. [4.12}

2. memory partitioning that practically generates parallelisable designs, for in-
stance, gemm being polyhedral-transformed into a blocked version is a typical
HLS input that can be parallised, however, due to the lack of directives and
code transformation, the performance (63,580k cycles) is much slower than
the original (10,610k cycles).

Among these examples, linear algebra and stencil applications can be optimized to a
level (about 2 times) better than the others. There are two examples that POLSCA
does not perform well: bicg and floyd-warshall, which can attribute to the default

behaviour of the polyhedral optimizer Pluto.

Although POLSCA optimized bicg has worse wall clock time than the baseline, it
is mainly due to the fact that Fmax is reduced more (about 1.71 times) than the
level of reduction in the number of cycles (about 1.65 times). This suggests that the
improvement in parallelism leads to increased design complexity, which makes the
HLS tools less effective in enhancing performance. The major source of complexity
is the additional loops generated by the polyhedral optimizer originally targeting
better CPU cache locality.

Many polyhedral optimizes such as Pluto are not exceptionally good at optimizing
the Floyd-Warshall algorithm [214]. The resulting program can be tiled and par-
titioned, but the dependencies among the tiles are hard to exploit for enhancing

parallelism, so performance improvement is minor.
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Resource usage

We notice that the usage of resources is scaled at a higher rate than performance
gain, which is mainly due to the general-purpose nature of the Pluto polyhedral
optimizer. Pluto optimizes for less communication among tiles, which does not
explicitly lead to solutions that are more resource-efficient, e.g., using local buffers

to reduce control and save resources.

Also, the memory partition expression we introduce, which involves floordiv and
modulo arithmetic, makes it more difficult for Vitis HLS to find expressions like
MAC (multiply and accumulate), so leads to higher resource usage. For instance,
regarding the core arithmetic statements in gemm, the DSP usage scales from 25 to
103 (4.1 times), while LUT usage increases from 1,197 to 9,733 (8.1 times), when
comparing the original design with the POLSCA-optimized one. Our future work

will include additional optimizations to reduce resource.

Partially polyhedral-optimizable code

We evaluate POLSCA on a partially polyhedral-optimizable example selected from
MachSuite [241], radix sort. Radix sort contains affine loop nests, as well as non-
affine ones that have indirect memory accesses, i.e., accessing by addresses looked

up from another memory like A[B[i]].

POLSCA can not just recognize affine loop nests and annotate them as SCoPs, but
also perform memory partition based on a factor reconciled from all affine and non-
affine accesses. We can gain about 37% speed-up over the baseline using POLSCA.
We also run just polyhedral optimization on the affine parts of the code without any
POLSCA transformations, and the result becomes about 16% worse due to the lack
of memory partitioning and the increased code complexity. It is worth mentioning
that all these transformations are included in POLSCA, and therefore, easy for

application builders to adopt.

Choice of baseline

The baseline of our approach is obtained from applying HLS to the output of
Polygeist (Fig. [4.14]). Another possible baseline is applying HLS directly on the
C/C++ design without going through Polygeist. The reason for our choice is to ex-

clude the benefits of Polygeist in our evaluation, and to minimize the effects due to
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the disparity between Clang, the frontend compiler that Vitis HLS uses, and MLIR,
which POLSCA uses.

Moreover, we notice that, for the examples that we evaluate, the geomean of LUT
and DSP usage from Clang baselines are 1.25 and 1.20 times more than the MLIR
baselines, while the geomean of the wall clock time stays the same between both
baselines. This suggests that the MLIR baselines are even stronger than Clang

baselines, which can support our choice.

Finally, the fundamental workflow of our choice of baseline only marginally diverges
from the traditional application of HLS tools. The key differentiation lies in the pro-
cess of converting C/C++ into LLVM-IR as opposed to the core HLS optimization
passes which happens after the creation of LLVM-IR. This implies that our evalua-
tion emphasises the differences specifically at the level of code transformation, the

unique and novel part of our approach.

4.4.3 Discussions

This section presents POLSCA, a novel compilation framework that optimises the
workflow of applying polyhedral transformations on HLS designs. POLSCA is de-
signed to take arbitrary C/C++ code as input, and produce the corresponding HLS
code that are optimised for better consumption by the backend HLS tools to gener-
ate high-performance hardware. POLSCA has two major passes, one that happens
before polyhedral transformations can auto identify and decompose SCoPs from
input HLS code, the other one takes the code generated from the polyhedral sched-
uler and turns it into a form with PE functions and memory partitions. These pre-
and post-polyhedral passes together produce optimised polyhedral HLS designs with

simplicity and explicit dependencies.

Our research, while pioneering on the front of polyhedral toolchain, has various
limitations. One major limitation is the omission of support for systolic array ar-
chitectures in our framework. This signifies that when dealing with programs that
exhibit regular data-flow patterns, the designs produced by POLSCA may not be
able to harness the system’s full memory throughput potential. Taking into con-
sideration the state-of-the-art accelerator design for matrix multiplication in the
Tensor Processing Unit (TPU) as delineated by [136], it becomes apparent that

their model leverages the efficiency of the systolic array. This design paradigm is

considered optimal based on the [roofline model| of performance analysis, as illus-
trated in [130, Figure 5]. In contrast, our design, as detailed in Table , utilizes

a row-major, blocked matrix multiplication algorithm, generated automatically by
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Pluto [30]. Unfortunately, this configuration results in a memory efficiency that is
suboptimal when compared to the wavefront data propagation pattern found in a
systolic array. Future work should investigate the integration of systolic arrays into

our design framework to enhance memory efficiency.

In the context of our evaluation, it is essential to note that this chapter does not
embark on a comparison with methodologies necessitating an in-depth understand-
ing of HLS optimisation capabilities. This can be exemplified by the Polybench
case studies, where the meticulous selection and combination of HLS pragmas could
exploit system resources to their maximum potential. It is plausible that such an
approach would yield more efficient designs than those presented in this chapter: we
only use a basic set of pragmas that are reused across all examples, and our focus is
on transforming the given code even before the pragma insertion happens. However,
this deviation turns away from the central objective of this research, which seeks to
lessen the dependency of non-HLS experts on manual optimisation. Instead, we aim

to enhance their design through automated polyhedral transformations.
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4.5 Summary

This chapter we present three tools for polyhedral compilation: Polygeist, Polymer,
and POLSCA:

o Polygeist is a framework that aims to connect MLIR to C/C++, so that
existing C/C++ code can benefit from the modularised and reusable MLIR
transformations. It addresses the challenges that lie in the semantic differences
between MLIR and C/C++, in the target of raising lower-level IRs into the
higher-level Affine dialect, and in the postprocessing step that creates reduc-
tions and parallelised operations from polyhedral transformed code. Empiri-
cally, code compiled by Polygeist performs almost the same as those compiled
by Clang for the examples in Polybench/C, which indicates the usability of
the Polygeist framework.

o Polymer works together with Polygeist, which provides the core functional-
ity that translates between MLIR Affine and external polyhedral tools, so
that MLIR code can be transformed by existing, well-developed polyhedral
scheduling algorithms. Polymer tackles the problems around mapping MLIR
instructions to polyhedral statements, which are the elements that a polyhe-
dral scheduler operates on. Polymer provides an algorithm that implements
the statement mapping, which carefully works with the dependences among
instructions, and a heuristic that splits a single polyhedral statement into mul-
tiple ones, which is empirically beneficial. Compared with Pluto and Polly on
Polybench/C, Polygeist supported by Polymer can achieve 2.34x times and
1.41x times speed-up over Pluto and Polly, respectively, when compiled for

sequential execution; and 7.54x times and 3.26x times when in parallel.

o POLSCA further extends our application domain into high-level synthesis.
POLSCA targets the problem that existing polyhedral tools do not support
high-level synthesis well and provides a solution based on compiler transforma-
tions. Around an existing polyhedral scheduler, POLSCA can transform the
input C/C++ code into MLIR using Polygeist and identifies and decomposes
SCoPs so that the polyhedral scheduler can generate optimised while simple
code; POLSCA can also memory partition the polyhedral-transformed code
to produce a hardware friendly result. With POLSCA, we can get around
1.5 speed-up of the hardware designs generated from Polybench/C over an
existing C-based HLS tool.
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Dataflow DINN accelerator

5.1 Introduction

Streaming architectures (SAs) can effectively leverage the benefits of reconfigurable
computing: by mapping the most time-consuming parts of an application to a
pipelined, control-less hardware design, we can get an efficient accelerator that
utilises most of the clock cycles and hardware resources for actual computation,
instead of wasting them on control logic. A reconfigurable device, i.e., Field-
Programmable Gate Array (FPGA), equipped with SAs can therefore have higher
efficiency than its counterparts like CPU and Graphic Processing Unit (GPU), which
have to spare a considerable amount of control logic for generic programs. Accel-
erating Deep Neural Networks (DNNs) presents a promising scenario for SA: the
clock cycles of each layer are statically known during synthesis, from which we can
customise Processing Engines (PEs) to avoid unexpected stalls and scale throughput
up to the whole model; since SAs are designed to store intermediate results on-chip,
off-chip memory bandwidth is less likely a bottleneck, and power consumption is
reduced due to less off-chip data movement. This chapter aims to provide a tool

that can better leverage streaming architectures for DNN acceleration.

Recent FPGA boards are sufficiently largeﬂ to accommodate the parameters and
intermediate results of DNN models optimised for rapid inference, including Mo-
bileNets [118|, 251] and SqueezeNet [125]. However, optimally mapping a DNN to a
SA on an FPGA presents notable challenges:

1. The performance of inter-layer pipelining and buffer usage is significantly in-

'For instance, a Xilinx VU9P provides around 9.5 MB of on-chip memory, which exceeds the
requirements of models such as MobileNets and SqueezeNet.

134
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DNN Graph
Described in ONNX, interchangeable with
major DL tools (TensorFlow/PyTorch)
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(a) The overall workflow of Deacon. Deacon takes
a DNN model described in a graph format as
input, and processes it in three major steps.
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(b) Graph-level optimisation on efficient convolution topologies. Four different convolution blocks
can be transformed for more efficient streaming architecture deployment, including depthwise-
separable convolution (DWS CONYV), split-concat convolution (SC-CONYV), residual convo-
lution (R-CONV), and residual convolution with shortcut projection (RS-CONV). The block
arrows indicate transformation. Each rectangle indicates a single layer, and the shaded rounded
rectangles depict which layers from the original network will be transformed into a new one.
Detailed explanations are presented in Section

Figure 5.1: Key concepts in Deacon: the Deacon framework is listed in the left, and the
core graph-level optimisations are demonstrated in the right.
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fluenced by the interaction between computation sequences of adjacent layers.

2. Contemporary DNNs incorporate novel topologies with heterogeneous convo-
lution layers, such as depthwise-separable [118], 251] and residual [110] convo-

lution layers, making it complex to balance pipeline stages.

3. The necessity of customising the PE for each DNN layer complicates the design

space exploration required to find an optimised solution.

This thesis is committed to addressing these three challenges, each a pivotal aspect
of optimizing DNN implementation within the streaming architecture paradigm on
FPGA boards. An important point of clarification is that these challenges do not
arise from the fundamental design of DNN accelerators in general. For instance, the
deployment of ResNets on a device with a single, unified convolution processing unit
[101] will not face the same challenges as ours. Instead, they pertain more to the
unique situation addressed in this thesis: the mapping of DNN models onto stream-
ing architectures. As will be demonstrated in subsequent chapters, the benefits from

using the SA approach justify the efforts taken to overcome these challenges.

To address these challenges, we propose Deacon (DEep Accelerator for CONvolu-
tion), a groundbreaking framework that efficiently maps an entire DNN to an SA.

We present the following advanced pipelining techniques for the first time:

1. We exploit the computation sequences of adjacent Processing Elements (PEs)

in an interleaved manner to facilitate fine-grained inter-layer pipelining (Sec-

tion .

2. We carry out graph-level optimisations to enhance resource efficiency—the
throughput per arithmetic resource usage—of pipelined heterogeneous con-
volution layers, including depthwise separable and split-concatenate convolu-
tions. Furthermore, we enhance data locality for distant residual connections

to circumvent stalls or the requirement of large buffers (Section [5.3)).

3. We efficiently navigate the vast design space related to the proposed pipelining
techniques by leveraging graph colouring for search space pruning, and resort
to simulated annealing for optimisation (Section [5.4)).

Given our principal intent to generate streaming architectures, primarily due to their
power efficiency as discussed in the initial paragraph, our central metric of interest

is power efficiency. This is defined as the throughput per power usage (measured in
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watts). Concurrently, we also scrutinize resource efficiency, quantified as through-
put per DSP, a metric often evaluated in related works. Experimental results in
Section demonstrate that, in comparison with preceding designs on MobileNet
vl, v2, and SqueezeNet, designs incorporating Deacon’s advanced pipelining tech-
niques display a resource/power efficiency improvement of 2.0x/1.7x, 1.2x/3.5x, and
1.0x/2.8x in geomean, respectively. Additionally, Deacon is capable of deploying
and optimising large DNNs with residual connections, such as ResNet-18, attaining
a 2.7x/35.6x resource/power efficiency improvement over the baseline. Simultane-
ously, when compared to prior non-streaming designs, Deacon designs require sig-
nificantly lower memory bandwidth, enabling them to scale the throughput up to a
level restricted solely by arithmetic resources. These improvements come from all
the novel advanced pipelining techniques listed above, and we provide ablation study
on how each point makes its contribution (Figs. and As Deacon refrains
from altering the input DNN models, we can enhance the processing efficiency of a

DNN model using a Deacon design while preserving the model’s accuracy.

The overall workflow of Deacon is presented as Fig. , of which the Codebaseﬂ is
publicly available. Deacon takes three main steps: transforming the DNN graphs,
exploring the design space, and generating designs. All these steps are implemented
in the Python programming language. Deacon produces designs described in MaxJ,

a high-level data-flow hardware description language. We can synthesise such designs
by MaxCompiler [202] and deploy the final bitstream on FPGAs.

The initial version of the framework is published in [339]. The Deacon framework is
a rework based on that version, with extra improvement of pipelining. This chapter

also strips the content about transfer learning that is presented in the original paper.

5.2 Streaming Architecture Design

SAs generated by Deacon are Processing Engines (PEs) interconnected by streams.
We define PE as a design component that contains arithmetic units and on-chip
scratchpad memory. We orchestrate PEs to run synchronously, i.e., they share
the same state synchronised by a single clock signal. The interfaces of a PE are
streams, i.e., FIFO blocks, which allow asynchronous processing among PEs. A PE
stays idle if its input FIFOs are empty or its output FIFOs are congested. Based on
this definition, we do not restrict that one PE should handle one layer; instead, if

multiple layers can run synchronously, we can put them together into a single PE.

2Codebase location: https://github.com/kumasento/deacon.


https://github.com/kumasento/deacon

138 Chapter 5. Dataflow DNN accelerator

[0.0]o.1Jo.2[1, 01 1[1.2[2.0]2.1]2.2] [TER
b 4 4
C,\HAQJNSFEL|070|1,0|2,O|0,1 [1.1]2.1]0,2[1,2]2 2]

[e.0]o. 1[0 2[.0[r [1.2[2 0]z 1 [2.2] TR
FILTER Y Y ¥
Ao 190 0, 1 0.2[1,0[1.1]

(a) Pipelining scenario started with filter-major layers.
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(b) Pipelining scenario started with channel-major layers. The first channel-
major layer produces the result consecutively, which demands the next layer
to consume them immediately (top); otherwise, it will stall (bottom).

Figure 5.2: These two figures illustrate how computation sequences affect pipelining per-
formance. Each rectangle indicates a channel to process in each layer, and
its text indicates the output and the input channels (0-indexed). The shaded
rectangles show when the corresponding output channel is ready, and the ar-
rows indicate the producer-consumer dependency. For instance, the rectangle
with (0, 2) means the PE is processing the third channel of the input image for
the first output channel. When channel-major follows filter-major (top-left),
there is no pipeline stall. Whenever the 2" layer needs an input, it will be
ready from the 1 layer. If two filter-major layers are adjacent, the 2" layer
will be stalled to wait for the 15 layer to produce output.

For instance, under scenarios in Section [5.3] unifying multiple layers into one PE
can reduce inter-PE FIFO resources. In this chapter, we assume that an SA that
Deacon generate are in the form of a Directed Acyclic Graph (DAG), which ensures
there is no deadlock. Fig. demonstrates a typical SA.

Deacon generates parameterised designs. Table lists the key design parameters.
Each PE has its design parameters. We derive H, W, C, F, K, P, and S from
the layer or layers that the PE associates. They are fixed during design space
exploration Section Only parallelism parameters (Pc and Pg) and computation
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Figure 5.3: SA for a DNN. There are three types of convolution PEs: the left processes
a single convolution layer, the middle one can process two layers that can be
unified (e.g., depthwise separable convolution), and the right one demonstrates
the layer with a residual connection.
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Figure 5.4: A base convolution layer design. The definition of the symbols are listed
in Table On-chip memory resources are used by all the buffers and weights
ROM (read-only memory). DSPs are consumed by the arithmetic units. The
two FIFOs indicate input and output streams.

Table 5.1: SA PE configurations. This table only shows when a PE corresponds to a single
layer. In cases that a PE processes multiple layers together, these parameters
will be duplicated and certain constraints apply.

Param Description

H,W,C,F Height, width, channels, filters

K, P, S Kernel size, padding width, and stride size
Pc, Pr Parallelism along channel and filter axis
1o, 1om Uses filter-/channel-major or not

sequence configurations (1., and 1g,) are tunable.

Teony = (HH2P)/s 5 (WH2P)/s 5 [C/pc] x [F/p] (5.1)
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5.2.1 Design Overview

Before we dives into the details, this section gives a high-level overview on how
a DNN is mapped to a SA through the Deacon framework. At the beginning, a
network specification is given as input to Deacon, and Deacon will figure out the
parameters of each convolution layer, and how these layers are connected together.
Deacon will draft an initial design, which resembles the streaming architecture in
Fig.[5.3, with a nuance that the leftmost FIFO is connected to the input data stream,
and the rightmost FIFO produces the final model predictions.

Deacon then decides the internal implementation of each convolution processing en-
gine, which is sketched in Section[5.2.2l CNNs with a topology no more complicated
than a single list do not require additional treatment, Deacon only needs to apply
inter-layer pipelining techniques that decide the computation sequences Section[5.2.3]
using the idea presented in Section [5.2.4]

If the model has a relatively complicated topology, like ResNet that includes residual
connections, or MobileNet that features depthwise-separable convolution, Deacon
needs to perform an additional level of optimisation that will change the graph
structure Section [5.3] For instance, when there are residual connections, instead of
having multiple basic convolution PEs, Deacon will switch to an optimised block
Fig. which has more than one FIFOs around the computation units, and the

connectivities are improved to avoid dataflow congestion.

Now, we have a design sketch that illustrates the PEs and their connectivities de-
rived from the initial network specification and the intermediate optimisation passes.
However, this design is still parameterized, i.e., the level of parallelism within each
layer is yet to be instantiated. At the final stage, Deacon runs a hyperparameter
search to decide these numbers, with respect to an objective on resource efficiency.
Note that we choose resource efficiency instead of power efficiency as the objective,

mainly because it can be formulated more concisely.

5.2.2 Processing Engines

Deacon inherits its PE designs from a base convolution layer processor that has the

following four major components:

1. arithmetic units that carry out multiply-accumulate (MAC) operations in par-
allel, e.g., to compute the convolution between a kernel and a sliding window

from the input image;
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Table 5.2: Buffer usage of a PE that follows different computation sequences. Table
lists the definitions of the parameters.

CompSeq Input Buffer Output Buffer
Filter-major HWC HW
Channel-major HW HWF

2. an input buffer that caches the input feature map for local reuse;
3. an output buffer that stores and accumulates intermediate results;
4. a line buffer that outputs size K x K sliding windows;

5. a ROM (read-only memory) that stores weights;

6. and a control logic that keeps the counter and generates buffer addresses.

Figure [5.4] illustrates how these components are connected and the width of data-
paths. The number of clock cycles to process a single image by a convolution layer
is Teonv (Eq. (5.1)). This base design (Fig. is versatile. We can derive a
depthwise convolution processor from this base design by removing adders within
the arithmetic units that sum intermediate results across channels. These adders
are not required as shown in Eq. . We can also derive a pointwise convolution
processor by setting K to 1 and omitting the line buffer. Moreover, we can extend
the base design to implement a pooling layer by replacing the multipliers in the

arithmetic units with maximisation/minimisation and discarding the weights ROM.

5.2.3 Computation Sequence

A computation sequence indicates the order of the nested loops that implement
a convolution layer (Algorithm . This chapter focuses on two computation se-
quences: filter-major and channel-major. Section describes them in detail.
The computation sequence of a PE has two impacts on its behaviour and resource

usage:

« Different computation sequences produce output at different frequencies. For
instance, as shown in Fig. the filter-major PE generates outputs every
[€/pc] cycles, while the channel-major PE only outputs results at the final
[F/Pe] cycles;
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e The size of input and output buffers corresponds to the computation sequence
(Table . A filter-major PE operates on a single output channel at a time,
suggesting that its output buffer can be as small as the size of a single channel
of an output image. A channel-major PE keeps one input channel at a time,

so its input buffer can take only the size of an input channel.

5.2.4 Inter-Layer Pipelining Techniques

Computation sequences affect pipelining performance. Fig. demonstrates that
two adjacent PEs using filter-major and channel-major can be pipelined without
any stall, assuming they have the same number of channels and spatial dimensions.
However, if two layers share the same computation sequence, there will be stall.
Fig. shows that two consecutive filter-major PEs incur pipeline stall, due to that
the 2 PE waiting for its input data from the 1%* PE. In Fig. , we demonstrate
that if both PEs use channel-major, the 15 PE should wait for the 2"¢ PE to take

all the intermediate results, and the 15 PE stalls in the meantime.

We take Fig. as an example to dive deeper into our observations. There are two
consecutive convolution layers, both of which have identical spatial dimensions and
the number of channels and filters. These two layers are mapped to two adjacent
PEs. The 1% PE uses filter-major, which generates a frame of size H x W every

three iterations. There are two different scenarios:

(1) If the 2°¢ PE uses channel-major, it can consume the output immediately after
the 1% PE produces them. Therefore, the 15* PE will not stall and continue
processing the next channel, meanwhile, the 2"¢ PE can finish the computation

on the frame it takes.

(2) On the other hand, If the 2"¢ PE uses filter-major as well, as shown in Fig. ,
there will be clock cycles that the 2°¢ PE waits for the output from the 1%
PE.

The extra waiting clock cycles make scenario (2) less promising than scenario (1).

From the observations above, we derive that interleaving computation sequences can
avoid pipeline stalls. Indeed, we can mitigate pipeline stalls by enlarging intermedi-
ate buffers, but given that an SA already has much demand on on-chip resources, it

is less profitable to increase the buffer size than to interleave computation sequences.
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Figure 5.5: Comparison among different CompSeq configurations for two (left) or three
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(right) consecutive PEs. Every PE consumes and produces feature maps of
the same shape. Among x-axis labels, F stands for filter-major, C denotes
channel-major, and a sequence of {F, C} indicates the computation sequences
of all PEs, from top to bottom.
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Figure 5.6: Pipeline improvement by interleaving computation sequences. With inter-

leaved computation sequences, the 2" image can be processed immediately
after the 15* image. Ty1q and Tnew indicate the latency between the 15¢ im-
age and the 2"d image before and after the interleaving computation sequence
technique is applied.

We also evaluate this heuristic on SAs deployed on real hardware, the result of which
(Fig. shows that designs with interleaved computation sequences have the best
throughput. Notably, the best versions have around 2 times higher throughput

than the others, which meets our expectation: interleaving computation sequences

eliminates pipeline stalls and allows us to process 2 images at a time instead of 1

(Fig. . We need the following two assumptions:

« adjacent PEs take input images of the same size.

o adjacent PEs process images using the same number of cycles per filter.

The first assumption is satisfied by many DNN models, e.g., ResNet, MobileNets,
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Figure 5.7: A special case that interleaved computation sequence fails. The DNN struc-
ture is shown on the left, in which the 5-tuple indicates the (H,W,C,F,S)
configuration of a layer. CONV 1 and POOL 1 both have 2-stride, which
scales the spatial dimensions by 16 times when reaching CONV 2. CONV 2
expands the filters by 16 times to have the same processing time as CONV 1
(T = T2). While CONV 2 is running, the output of CONV 1 is halted since
the FIFO is full.

etc. By padding input images, convolution layers in these models produces out-
put images of the same size as their input. Meanwhile, we can satisfy the second

assumption by adding constraints (Section [5.4)).

Interleaving computation sequences may not work as expected, especially when there
is downsampling. A downsampling operation scales down the spatial size of an image
while scales up its output channels, so that the output image has the same number of
pixels as the input but a significantly different ratio between spatial dimensions and
channels. For instance, if an image has shape (H, W, C), a downsampling operation
will produce an image of shape (H/n, W/n,n?C), n is a small integer lager than 1. As
demonstrated in Figure even if we interleave computation sequences, as there

are much more output channels to process, the 2°d PE can still stall the 15 PE.

We can employ double-buffering to mitigate this issue, that is, we put two output
buffers after downsampling. Double-buffering increases buffer usage, but at the
whole DNN level, the overall memory efficiency (throughput over on-chip memory
usage) can even improve. As shown in Fig. , even buffers are doubled, the

memory efficiency can still be significantly enhanced. There are two reasons:

o As down-sampling is not common in the tested networks, the increased buffer

usage is not significant.

« A single pipeline stall can slow down the whole processor (Section [5.4.1)).
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5.3 Graph-Level Optimisation

The base SA (Fig. is general to map any convolution-based, acyclic DNN models.
This section explores different mapping strategies. A straightforward approach is
to map a single layer to a single PE (Fig. , and PEs are connected by FIFOs.

Nevertheless, this strategy may abuse resources:

« if two adjacent PEs can never have balanced processing time, pipelining them

cannot improve the throughput more than the increased resource usage (Sec-

tion ;

« if multiple layers can run synchronously, there is no need to separate them
into PEs that have individual buffers (Section [5.3.2));

o Having imbalance workloads, paths that share the same source and sink can
lead to significant FIFO usage and affect timing (Section [5.3.3]).

We discuss these scenarios in the following sections, and propose our approaches to
optimise the input DNN graph. Figure lists all our graph-level optimisation

techniques.

5.3.1 Depthwise Separable Convolution

A direct mapping of DWS convolution creates two PEs, one for the depthwise con-
volution layer, and the other for pointwise convolution layer. A FIFO block connects
these two PEs. To avoid congesting the FIFO, the pointwise PE should take input
of the same data width as the output of the depthwise PE; otherwise, the producing
and consuming rates will not match. We also know that the input and output data
width are the same for the depthwise PE based on the design described in Sec-
tion m Therefore, we can derive that the design parameters (Table of these
two PEs should satisfy P(Cd) = Péd) = P(Cp), in which (d) or (p) indicates depthwise

or pointwise PE.

T(d) Hx W x [¢/p@)] S2

TO) ™ (H/S) o (W/S) < [</pE T[0T~ 700

(5.2)

As Eq. (5.2) demonstrates, the processing time of that depthwise and pointwise
PEs take, T4 and T®) are significantly different. Given that S mostly takes

value 1 or 2, and F can be as large as 512, T(4) can be much less than T®®). And
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Figure 5.8: Optimised DWS convolution PE. When counter f = 0, this PE processes
depthwise convolution, taking weights from the corresponding ROM and read-
ing from the line buffer; its results are accumulated horizontally from the 2D
multiplier array and feeds into the input buffer, which will be processed in
the following iterations when f > 0 to produce pointwise convolution results.
Final results from pointwise are vertically reduced from those element-wise
multiplications.

Table 5.3: Extra buffer usage and parallelism constraints imposed by different residual
connection implementations.

Design Buffer Constraints
R-CONV  HW(1}}) x C2)) pl) = pl®)
RS-CONV-A W(lcme ) P(Z) PUI(FM /e
RS-CONV-B W(1£m My/s2 4 plt —pl?
HW(15) x C2))

as Eq. shows, the ratio between depthwise and pointwise PEs processing time
is solely controlled by P](Ep), which suggests that no depthwise design parameters
can reduce the imbalance. In another word, even if we increase the parallelism of
the depthwise PE P(Cd), there will be no impact on overall throughput, and the

computation resources will be wasted.

Our optimisation, as illustrated in Fig. chooses to share the resources between
depthwise and pointwise PEs. That is, instead of pipelining the depthwise and
pointwise PEs, we time-multiplex them. Specifically, we share the multipliers, which
reduces their overall usage from P(Cd) (P](Ep) +K?) to P(Cd) maX(P](Ed), K?). On the other

hand, time-multiplexing increases the processing time from T®) to T(d) 4 T(®)
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Figure 5.9: Split and concatenation with buffer sharing. The input buffer is being shared
by the two split convolution layers. There is a FIFO that delays the processing
of the pointwise (1x1) convolution since it runs faster than the 3x3 convolu-
tion, and we need to make sure they process at the same speed to ensure we
concatenate the right pairs in the end.

Most DWS convolutions use K = 3, and by setting Pr = 8 we can save almost 50%
multipliers. For example, by setting Pr = 8 for all layers of MobileNet-v1 [118],
in which all DWS has K = 3, we can save the DSP usage from 1,840 to 1,008.
Meanwhile, Fig. empirically justifies that improvement in resource efficiency

we can get.

5.3.2 Split and Concatenation

The key component in SqueezeNet [125], the fire module, is based on split and
concatenation. A fire module processes an input image by two convolution layers
running in parallel and concatenates their output images along their channels. These
two convolution layers have the same input and output channels, while one is a
standard convolution (K = 3), the other is a pointwise convolution (K =1). We can
use two different PEs following the base design (Fig. , but there are two caveats:

o These two PEs take the same image as input, but they have two independent

input buffer.

e They should produce output images at the same rate, otherwise, there can
be congestion during concatenation. However, the asynchronous behaviour

between these two PEs makes it harder to achieve.
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main branch that takes data from the right
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(b) Stacked residual block with or without shortcut projection. The dashed horizontal
line separates the design into two PEs. The shaded area in each design indicates
the residual connection. R-CONYV is a design that processes a residual layer without
shortcut projection, while RS-CONV-A/B can handle those with shortcuts. This is
applicable for both ResNet-18 and the inverted bottleneck in MobileNet v2 [251]. For

the latter case, even though there are three layers, the last two form a depthwise
separable layer and can be fused into a single PE.

Figure 5.10: Graph-level optimisation for residual connections.

Therefore, a single PE design is a better choice for the fire module. A single PE just
has one input buffer, and all its components run synchronously. There are several
extensions we should make on the base PE design (Fig. [5.4)).

PE;” — P P}(f) =FY%F x Pr 1€ {pw,std} (5.3)

Fig. 5.9 demonstrates the single PE implementation:

e An input buffer is shared between two convolution.

o There are two arithmetic units, one implements the pointwise convolution, the
other implements the standard convolution.
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e There is a delay FIFO between the input buffer and the pointwise arithmetic
units since the standard convolution runs slower, and we need to ensure point-

wise and standard components have the same output rate.

e The two convolution components have their own parallelism parameters, but
they should satisfy the constraints described in Eq. (5.3)). Specifically, the in-
put parallelism should be the same between both PEs, and the output channel

parallelism should be distributed based on their numbers of output channels.

5.3.3 Residual Connection

Due to the existence of non-local connections ranging from the 1% layer to the 27¢
or even the 3", residual connections are particularly challenging for SAs, which
become less efficient when the data locality is degraded. Consequently, a direct
mapping of a residual connection is problematic: the FIFO that implements the
residual connection should have a depth that can buffer one or two input feature
maps; otherwise, the processing of the main branch, a sequence of convolution layers
that the residual connection attached to will be stalled or even deadlocked. For
instance, a stack of two convolution layers in ResNet-18 connects its original input
to the final output, and if the residual FIFO has a depth of N and N is smaller
than the input feature map size, the FIFO will be full even before the 15 layer
finishes processing, and its data cannot be consumed since the 2" layer will not start
unless the 1% finishes. Fig. illustrates this issue. Regardless of the lowered
memory efficiency imposed by the enlarged residual FIFOs, this direct mapping
implementation can still struggle to meet timing constraints: finding storage blocks
(either registers or BRAMs) of a large amount and closely connected is already
difficult, not to mention the requirements to build the main branch by keeping the

two ends of the FIFO physically close.

To improve data locality, Deacon proposes to pack the residual data with the values
passing through the main branch. Take the 2-layer stack with residual connection as
an example, when the 1 layer produces a filter of output, it outputs a channel of the
input data as well. How the extra input is handled depending on the channels/filters
of the two layers (Fig. . If there is no shortcut projection, the extra input will
be stored in a residual buffer, the size of which depends on the CompSeq of the 27¢

layer:

o if it is channel-major, we can apply residual addition to the filter f equals to

the current input channel ¢, with which a buffer of size H x W is sufficient;
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o if it is filter-major, all the input data should be buffered when processing the
first filter, and therefore, the residual buffer should be as large as F x H x W.

Considering the residual buffer size, we can use it as a heuristic that the 2°¢ layer

in a residual stack should be in channel-major when exploring the design space.

When there exists a shortcut projection, we should process an extra pointwise con-
volution. Both PEs for the 15 and the 2°¢ layers can carry out this task, as shown
in the middle (RS-CONV-A) and the rightmost (RS-CONV-B) of Fig. |[5.10b| They

impose different trade-offs:

« putting a shortcut to the 2"¢ PE needs an extra input buffer, while we can
choose the computation sequence more flexibly, i.e., there is no significant

disadvantage of choosing one over another;

e leaving shortcut in the 1% PE can save an input buffer by sharing, however,
an extra residual buffer is required for the 2"¢, and the shortcut convolution

needs its own output buffer.

In addition, to match the width of the data-paths, there are different extra con-
straints imposed by these designs, as shown in Table [5.3], which will be discussed in
detail.

5.4 Design Space Exploration

This section discusses Design Space Exploration, a major step we take to find viable

and optimised configuration for Deacon design generation.

Although our SA is designed to support any DNN graphs that are DAGs, there
are prerequisites on graph properties that should be met to have an accurate design
model. First of all, we assume that the DNN graph is 3-colourable, i.e., suppose there
are three colours, then every adjacent node can be coloured with a different colour.
This is empirically a well-met condition: given that DNN graphs are commonly
neither complete graphs (every pair of nodes is connected) nor cycle graphs (nodes
within form a single chained cycle), according to the Brook’s theorem [37], any such
graph with node that has maximally 3 neighbours can be 3-coloured, while many

DNN graphs have such property. Note that this property just needs to be met
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on the corresponding graph of PE nodes after finishing graph-level optimisation
(Section . For example, those graphs with multiple split branches are likely to
have more than 3 neighbours, however, applying the optimisation (Section
can reduce these branches into a single chain, which still fits into the 3-colourable

category.
Based on this 3-colourable prerequisite, we propose the following Lemma:

Lemma 1. We can always find an assignment of computation sequence on a Deacon

SA that at most two adjacent nodes have the same value.

Proof. A Deacon SA is a 3-colourable graph of PEs. Assuming the three colours
are C (channel-major), F (filter-major), and FC (filter- /channel-major), then we can
find an assignment that no C, F, or FC are adjacent. We should resolve FC to either
C or F in the end, and no matter which value it takes, the final result will never

have three connected PEs that have the same colour. OJ

Lemma (1] is useful for deriving the performance model.

, 2 BW=38
Rdsp = IVPC/X—I X Pg x K X = (54)
1 BW=16

5.4.1 Design Model

This section describes the design model, which estimates the resource usage and the

performance of a design characterised by the parameters (Table .

Resource Model

A resource model estimates the usage of on-chip memory and DSP from the provided
design configurations described by parameters from Table [5.1. The total resource
usage is the sum of those consumed by each PE. Depending on the arithmetic
bit-width (BW), the DSP usage per PE is either the same as the total MACs if
BW = 16, or half of the MACs when BW = 8 and Pc > 1. The latter is possible
mainly because our targetting FPGA, Xilinx UltraScale+, provides DSP48E2 blocks
that can be configured to carry out two MACs in parallel when the bit-width is 8

or lower, if one of the input operands is shared, e.g., a(b + ¢) [76]. We can share
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the input feature map along the parallel input channels, and therefore, the overall
DSP usage can be reduced by half.

Rpram = HX W x (1g, x C)  (input buffer)
+HXW X (1¢m x F)  (output buffer) (5.5)
+ W x K x Pc (line buffer)

On-chip memory is mainly taken by buffers, as shown in Eq. , in which 1g, and
1., takes 1 if filter-/channel-major is used respectively. 1g, will be 1/c when using
channel-major, and 1., will be 1/F when using filter-major. Note that here Ryrqm
estimates the total number of elements that should be stored on-chip, while the exact
BRAM blocks consumed needs a scaling factor of BW/18x1024, assuming BRAM18K
is targetted. As an alternative resource for on-chip storage, UltraRAM (URAM) can
also be leveraged to implement certain buffers. We do not distinguish between these
two resources while modelling and use their total capacity as a resource constraint.
We also need to further adjust the estimation after considering the optimisations
from Section [5.3] Weight ROMs are left out since they are mostly constant for
changes in design parameters. Although the storage used by FIFOs scale up by the
parallelism as well, they are omitted from our model since their depth are much
smaller than PE buffers.

P(Ce) = P](ES) for all FIFOs connecting s, e (5.6)

Constraints

The production and consumption rate should be matched at both ends of a FIFO to
avoid congestion. Based on this principle, we first introduce a set of constraints on
the parallelism, which determines the processing rate, between any pair of adjacent
PEs, as shown in Eq. . Additional constraints on parallelism are introduced
if there is split-and-concatenation, see Eq. , or residual connections exist (Ta-
ble . Besides, there are constraints on resource usage, capping the sum of Rysp

and Rypram below a certain threshold to avoid depleting available resources.

Performance and Cost Models

A streaming design is pipelined, and the overall throughput is determined by the

longest latency (Tyax) among its stages. Ideally, every PE occupies a single stage
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of the pipeline, and T, equals the maximum number of cycles that a PE takes
to produce a single feature map. This scenario is based on a presumption that the
computation sequences are interleaved (Section , or in the context of graph,
every node (PE) has a computation sequence different from all its neighbours. We

discuss how to interleave computation sequences in the next section.

. HW/[</pc]  (C) I HW (C) 57)
HW (F) HW/[¥/p:]  (F)

If there are adjacent PEs that share the same computation sequence, they cannot be
fully pipelined, and we will model them as a single pipeline stage with a summed up
latency. With Lemma [T, we know that there will not be three nodes in a row that
have the same computation sequence, by which there is no need to derive latency

formulation.

Moreover, two adjacent PEs with different computation sequences can still stall the
pipeline if they have imbalanced processing time, i.e., the data consumption rate
(T.) is less than production rate (Ty), defined in Eq. (5.7). In most cases, the stall
effect can be mitigated by the FIFO buffering, however, if there is downsampling
(Fig. the latency can be amplified. For instance, if a channel-major PE (A) is
stalled and there is a pooling layer with a 2-strided one following, then producing a
single input for the next PE (B), supposedly in filter-major, requires S? number of
output from A. Instead of modelling this side-effect, we choose to avoid it by adding
a double buffer after each downsampling layer if there exists T. < T¢. The extra
buffer size for channel-major equals the whole feature map since a bulk of output
will be produced at once (Fig. [5.2b]), while for filter-major the size of a buffer can

be a single output channel.

Tinax = max{TH) . Tl

| | (5.8)
TG + T(k‘), . T0Om) + T(km)}

As a summary, Eq. (5.8) gives the formula that calculates the longest pipeline stage
latency, when there are n PEs {i;,...,1,} that has no neighbour with the same
computation sequence, while m pairs of PEs that are both channel-major or filter-

major.

Definition 5.1. The resource efficiency of a design is defined by throughput over
DSP usage.

Since the throughput of an SA design is determined by the longest-running PE, the
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latency of which is defined in Eq. (5.8)), we can get the SA resource efficiency as

follows:

SA Resource Efficiency = 1/TpaxxRacp- (5.9)

Resource Efficiency: SA versus CLP

We can derive the resource efficiency of a CLP-based accelerator as follows. Con-
ventionally, a CLP design computes every layer sequentially without any execution
overlap. The throughput of a CLP design is therefore the reciprocal of the total

execution time. We can further compute the CLP resource efficiency as:

CLP Resource Efficiency = /5N, T xRyqp. (5.10)

In Eq. (5.10), N is the total number of layers, and TV is the processing time for

layer 1.

One typical scenario that an SA design has worse resource efficiency then a CLP is
when there exists layers that have much fewer MAC operations than the others. For
instance, suppose there is a network that has N layers with identical configuraions.
We can build an SA design that achieves the same processing time for all layers,
ie., TS = Ts(lx) =...= TS“;I\). In this case, all PEs should have the same number
of DSPs (denoted as Rg;p), since to achieve identical processing time for layers of
the same configuration, the parallelism parameters for all layers should be the same,
which leads to the same DSP usage across layers. The resource efficiency for this
design is 1/(T&3* x REP). On the other hand, a CLP design has identical processing
time for all layers as well, as it processes any layer at the same speed, and all layers
have the same amount of workload. Suppose this CLP design uses RdCSLﬁ’, number
of DSPs overall, and each layer has processing time as Tcrp, we have its resource

efficiency as 1/(N x Tcrp X Rdcsﬁ,).

Assuming one layer now has a much less workload than the others, we argue that
the SA design still has the same resource efficiency, while the resource efficiency
of the CLP design improves. It is because even one layer has much less workload,
T3 does not change, and the level of parallelism is constrained by Eq. , the
RDSP stays the same as well. For the CLP design, however, the total processing
time is reduced, and therefore, its resource efficiency improves. Although it is an
oversimplified scenario, we have observed similar circumstances in the networks we

empirically study.
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5.4.2 Optimisation Algorithm

An optimisation algorithm is required to find an optimal design configuration regard-
ing the cost function. Each point in the design space is a configuration, which con-
sists of the computation sequence (1em, 1) and the parallelism parameters (Pc, Pr)
for each PE (Table [5.1]). Despite the constraints on parallelism (Section [5.4.1)), the
number of combinations is still enormous, which imposes a serious challenge to the

optimisation algorithm.

Design Space Pruning

The design space is pruned by eliminating the choices on computation sequences that
are heuristically sub-optimal, i.e., have identical computation sequences in adjacent

PEs. There are two cases:

1. if the graph of PE is 2-colourable, we run a 2-colouring algorithm to get all

the 2-coloured candidates, using channel-major or filter-major as colours;

2. otherwise, the graph should be 3-colourable (Lemma , and we apply 3-

colouring with an extra colour representing channel-/filter-major.

The 2-colouring scenario has linear-time complexity, which can be solved by Depth-
First-Search (DFS) straightforwardly, and each solution is a valid PE graph with
interleaved computation sequences. The 3-colouring problem is NP-Complete [79],
for which we apply the well-studied heuristic DSatur algorithm [36]. For each 3-
coloured graph we get, we duplicate it by deciding the value for the extra colour,
either channel-major or filter-major. Pruning for a 2-colourable graph reduces the
design space by at most O(2N~1) for a chain graph, which appears frequently ac-
cording to common DNN graph topologies after applying graph-level optimisations
(Fig. [5.1b)).

Global Optimisation
Our optimisation objective is to improve resource efficiency of a design, or equiva-

lently, we want to minimise a cost, which we can define as the reciprocal of resource

efficiency:

Cost = Tmax X Rasp (5.11)
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Algorithm 4: Design space exploration algorithm.

Input: PE graph G after graph-level optimisation
Output: Optimised design configuration D*

Design space pruning. Initialise candidates § <+ @

if G is 2-colourable then
‘ G + TwoColouring(G)

else /* G is 3-colourable x/
L G « DSatur (@)

[ B U

Simulated annealing. Initialise state S

for i<+ 0 to N do

Temperature T < 1 —(1+1)/N

Sample a neighbour S’ by tweaking a parallelism parameter or switching to
an element € G

10 if E(S) > E(S’) or exp(—[E(S)=E(S)l/T) > U[0, 1] then

11 L S« S’

© o N o

12 return S as the optimised design configuration D*

Table 5.4: Xilinx UltraScale+ VU9P resource capacity.

LUTs FFs DSP BRAM URAM
1,1822 K 2,364.5 K 6,840 4,320 960

Design space exploration is a global optimisation problem: we are trying to find
a global minima of the cost function over the whole set of design configurations
constrained by certain conditions (Section . It is extremely difficult to apply
deterministic algorithms, as the problem falls into the category of NP-hard, Mixed-
Integer Non-Linear Programming (MINLP) due to the solutions (Pc, Pr, 1, lem)
are integers, and the cost function and constraints have non-linear components T,

and Rdsp .

Leveraging simulated annealing [150], a heuristic, probabilistic global optimisation
technique, we can approximately solve our design space optimisation problem. The

definition of its key components in our context is as follows:

e a state is a vector of the design parameters;

o neighbours of a state are those generated by tweaking either one parallelism
parameter (Pc, Pg), obeying the corresponding constraints, or changing to a
different colouring found from the pruning step, with the undecided sequence

randomly initialised by uniform distribution if the graph is 3-colourable;

« the energy of a state equals to the cost function defined in Eq. (5.11)), and

if the resource constraints are broken, the energy is modified to value that is
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larger than all possible cost values.

The sketch of the full design space exploration algorithm is summarised in Algo-
rithm [4]

5.5 Experiments

The designs that Deacon generates target MaxCompiler (version 2021.1) [202], a
tool that describes in and synthesises from hardware specifications within the SA
paradigm. The target platform is MAXS5, a system that is shipped together a Xilinx
UltraScale+ VU9P FPGA with an Intel Xeon E5-2643 CPU. Table summarises
the resource capacity of VU9P.

There are four DNN models we evaluate: MobileNet v1 [I18], v2 [251], SqueezeNet
(1.1) [125], and ResNet-18 [L110]. We use a 16-bit fixed-point data format for the
designs accelerating compact models like MobileNets and SqueezeNet. While for
ResNet-18, due to its rather larger number of parameters, we need to quantize the
model to 8-bit integer [131]. Deacon is not optimised for data types and quantisation
schemes, and the bit-width chosen are the largest available that will not deplete
hardware resources. The accuracy of the input models will be preserved during

Deacon processing.

Input data are streamed into Deacon designs: an input image will be consumed
once the design is ready, i.e., the previous image is processed by the first layer and
passed to the subsequent layers. There is no batch processing, and Deacon designs

are under fully utilisation if there is a continuous stream of input data.

The performance metrics we mainly look at are resource efficiency, measured by
FPS per DSP block, and power efficiency, which is calculated by FPS per Watt. For
a fair comparison, the resource efficiency is normalised by 0.5 if the bit-width is 8,
since a single DSP block (DSP48E2) can be shared by at most two 8-bit operations
on VU9P. Due to the reported numbers from different work can use different clock
frequency, we will use results normalised to 200 MHz for comparison, assuming the

resource efficiency from past papers can scale linearly with the clock speed.

5.5.1 Compare with Existing Work

Our objective is to exceed all existing approaches on power efficiency, since there is

no off-chip memory transactions except the initial input and the final output; and
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(¢) SqueezeNet v1.1. White bars are the first layer of each fire module.
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(d) ResNet-18. White bars are the residual layers with shortcut.

Figure 5.11: Pipeline balancing results of the best Deacon designs. From left to right are

the latency of pipeline stages from the top to the bottom.

try to have resource efficiency on par, and even surpass existing work.

MobileNet vl and v2

Table compares MobileNet vl and v2 with existing work. For MobileNet v1,

the two other approaches based on a single Convolution Layer Processor (CLP)



160 Chapter 5. Dataflow DNN accelerator

perform worse than Deacon, regarding resource efficiency (FPS/DSP) and power
efficiency (FPS/W). Specifically, Deacon is 1.13 times more resource efficient than
Light-OPU [32§], and 3.63 times better than RR-MobileNet [264]. The depthwise
separable convolution is optimised by the corresponding technique in Section [5.3]

which explains the higher resource efficiency.

Deacon produces MobileNet v2 accelerators more resource and power efficient than
the rest of the designs for comparison, with a geomean of 1.22 and 3.54 times
improvement. Deacon detects and transforms the depthwise separable convolution
within each inverted bottleneck block (the middle and the last layer) as well, which

guarantees resource efficiency improvement despite the imbalanced pipeline stages

as seen in Fig. and Fig. [5.11b]

Deacon is better than most existing MobileNet v2 designs regarding DSP resource
efficiency (GFLOPs/DSP), except those two provided by [151] and the small design
from [306]. The underlying reason is that, due to the existence of residual con-
nections, there are more constraints on the parallelism parameters for MobileNet
v2 than v1, which increases the difficulty of balancing pipeline stages in Deacon

designs, and therefore, some DSP resources are idle.

Moreover, Deacon designs require much less off-chip memory bandwidth, specifically,
the geomean of memory bandwidth reduction rate from using Deacon over prior

papers are 220.1 and 150.4 respectively for MobileNet v1/v2.

SqueezeNet

Regarding resource efficiency, Deacon is not significantly better than the others
when the target model is SqueezeNet (Table [5.6). The major reason is that, based
on the SqueezeNet definition and the discussion in Section [5.3.2] the P of a split-
concatenation layer is the sum of the Pg of its two inner convolution layers. This
constraint cannot be eased to make sure there is no blocking in the SA, while it
can produce convolution layers that run much faster than expected, e.g., the first
layer of a fire module being marked as white in Fig. [5.11d Still, although being less
efficient than unzipFPGA [284], Deacon can generate a design that has performance
on par with Shen et al. [255], and 1.2 times more efficient than Light-OPU [32§].
The geomean of memory bandwidth reduction is 17.25 comparing the prior examples

and Deacon.
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Table 5.6: SqueezeNet v1.1 performance comparison.
BRAMs, and Mem. BW are the same as in Table

The definition of rows DSPs,

[328] [255] [284] Ours
FPGA K325T V690T ZUTEV VU9P
Clock (MHz) 200 170 200 200
Precision 8 16 16 16
Architecture OVL-CLP CLPs CLP SA
DSPs 704/840  2880/3600 1728/1728 2248/6840
BRAMSs 387/890 317.5/1470 135/312 1877/4320
Mem. BW 16.52 92.10 62.20 2.642
Power (W) 18.57 — — 13.04
OPS (G) 0.70 0.70 0.70 0.70
GFLOPs 293.92 909.70 553.20 601.17
GFLOPs/DSP 0.19 0.23 0.32 0.27
GFLOPs/W 15.83 — 46.10
FPS 420.90 1173.0 792.20 860.90
FPS/DSP 0.30 0.33 0.46 0.38
(norm.) 0.30 0.39 0.46 0.38
FPS/W 22.67 — — 66.02

Table 5.7: ResNet-18 performance comparison. We list three results from Deacon here,
(a), (b), and (c), in which (a) is the baseline without parallelism, (b) is con-
strained by around 2k DSP blocks, and (c) is capped by 5k. DSPs, BRAMs,

and Mem. BW are the same as in Table

[284] [41] Ours (a) Ours (b) Ours (c)
FPGA 277045 77045 VUu9pP Vu9pP VU9pP
Clock (MHz) 150 250 200 200 200
Precision 16 16 8 8 8
Arch. CLP ISA SA SA SA
DSPs 900 256 292 2011 5216
BRAMs 547 547 2591 2643 3458
Mem. BW 10.43  4.468 0.004 0.070 0.209
Power (W) — — 12.13 14.41 17.30
OPS (G) 3.59 3.59 3.59 3.59 3.59
GFLOPs 179.07  76.73 29.57 550.54 1,637.75
FPS 49.90 21.38 8.07 150.19 446.78
FPS/DSP 0.058 0.084 0.014 0.037 0.043
(norm.) 0.077 0.074 0.014 0.037 0.043
FPS/W — — 0.66 10.42 25.83

ResNet-18

Compared with existing ResNet-18 results, what Deacon produces is not as ap-

pealing as others. Even though we can reach much higher throughput, the resource
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Figure 5.12: Empirical study on Deacon optimisation techniques.

efficiency is about half of the other work. This is primarily due to a reason similar to
SqueezeNet: the shortcut layers are constrained to have the same parallelism as the
main branches they are attached to (Fig. [5.11d)), which makes these layers run much
faster than the blocking pipeline stage, and therefore, the resource efficiency is lim-
ited. As shown in Table increasing the resource usage will improve throughput,
however, the resource efficiency is still capped by the faster-than-required shortcut
layers. Other approaches are not based on SA, so their resource efficiency can be-
come higher. Nevertheless, due to their high memory bandwidth requirement, scal-
ing their throughput up to the same level as Deacon designs, e.g., 446.78 FPS got
from (c), the most resource-efficient design from [284] requires 93.38 Gb/s off-chip
memory bandwidth, which can hardly achieve with the state-of-the-art Dynamic
Random-Access Memoryﬁ.

5.5.2 Empirical Study on Optimisation Techniques

This section demonstrates at what scale the optimisation techniques used by Dea-
con can help improve the performance, compared with a corresponding SA design

baseline.

Table already shows how the DWS-CONYV optimisation helps improve resource
efficiency. In Fig. [p.12a we further evaluate the resource efficiency gain by com-
paring the designs generated by Deacon for MobileNet v1 and v2 under the same
resource constraints, using either the original DWS design, or the optimised DWS-

CONV. There can be about 2 times improvement over the original baseline.

Section mentions the necessity to enlarge the FIFO depth after pooling layers,

otherwise, the performance of the pipelined designs can be significantly reduced.

3DDR4, the commonly used memory, can only support 2400 Mb/s data bandwidth.
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However, enlarging FIFO depth involves more BRAM resources. Fig.[5.12b|evaluates
the memory efficiency, defined by the resource (DSP) efficiency over the total on-
chip memory space used. Results on SqueezeNet and ResNet-18, the two models
with pooling layers, show that despite the overhead in BRAM usage, the memory

efficiency is still improved.

5.6 Discussion

Despite Deacon demonstrating its power efficiency advantage through empirical eval-
uation across numerous benchmark examples, certain limitations persist. Primarily,
Deacon presupposes that the target FPGA boards possess sufficient size to accom-
modate the entirety of the DNN model. This assumption may not hold true in
instances involving the deployment of an extraordinarily large network or the uti-
lization of a compact FPGA board on embedded devices. Various strategies can
mitigate these challenges, such as implementing lower-precision versions of the tar-
get network or harnessing the multi-board streaming technique as exemplified by
fpgaConvNet [283]. However, an exhaustive examination of the repercussions of

these potential solutions falls outside the scope of this thesis.

This thesis incorporates up-to-date research, including some of the most recent ad-
vancements in the field at the time of its composition, such as the work by Venieris et
al. [284]. However, the rapidly evolving nature of this field inevitably leads to some
oversights, which is another acknowledged limitation of this study. Furthermore,
while we strive to select and analyze the most relevant accelerator designs for the
convolutional neural network (CNN) models examined in this thesis, these models
might not reflect the most contemporary CNN design spaces. The introduction of
novel models since the invention of ResNet is continuous; regrettably, due to the

boundaries of this study, we are unable to include all these developments.

5.7 Summary

We present Deacon, a novel framework that generates efficient SA that processes
a single DNN model. Deacon addresses the challenges on DNN SA by the follow-
ing advanced pipelining techniques: exploiting the computation sequences to avoid
pipeline stalls and reduce buffer usage, transforming the original DNN graphs for
better resource efficiency and data locality when heterogeneous convolutions and

residual connections present, and exploring the enormous design space by a graph
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colouring-based pruning method and simulated annealing. While SA is theoreti-
cally bounded by CLP in resource efficiency, Deacon can still perform on par with,
or even better than prior approaches on compact DNNs; including MobileNet v1,
v2, and SqueezeNet. For larger DNNs like ResNet-18, Deacon can scale well over
the baseline, even though the designs produced can be less resource efficient than

those from related work.
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Conclusion

6.1 Summary of Thesis Achievements

This thesis presents tools for efficient Deep Learning within three different domains.
Please refer to Fig. for an overview of the thesis structure.

First, in Chapter |3| we describe two tools for efficient Deep Learning training and
inference. One is Aegis, which is an improvement over the existing mixed precision
training algorithm that particularly aims to address the challenges from gradient
underflow. Aegis demonstrates the potential of its gradient scaling algorithm by
the empirical evaluation results on various computer vision tasks, which show that
Aegis can make mixed precision training stabler and produce models with better ac-
curacy. The other one is SPGC, which is a structured pruning method that prunes
a trained network into ones that use more efficient group convolution without los-
ing much accuracy. SPGC works around the combinatorial complexity challenges
from this problem and provides a heuristic algorithm based on a block matrix for-
mulation. SPGC also enables neural architecture search based on the number of
groups per group convolution. By combining Aegis and SPGC, we can train a Deep
Learning model more efficiently, and result in an efficient inference model through
pruning. Both tools are published in mainstream Machine Learning conferences and

workshops [341], 340], and their codebases are released as open-source projects []

Next, in Chapter [4] we present three frameworks, Polygeist, Polymer, and POLSCA,
all of which aim to address the challenges from constructing a fully fledged poly-

hedral compiler. Since most of the Deep Learning workloads can be described by

! Aegis: https://github.com/kumasento/gradient-scaling, SPGC: https://github.com/
kumasento/gconv-prune.
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polyhedral representations, these efforts can be translated to better Deep Learning
runtime performance. Specifically, Polygeist connects C/C++ to MLIR and raises
certain parts of a program into polyhedral representation, Polymer leverages ex-
ternal polyhedral schedulers to apply comprehensive polyhedral transformations on
MLIR, and POLSCA aims to fill the gap of a missing polyhedral high-level syn-
thesis tool following the compiler transformation based paradigm as Polygeist and
Polymer. Evaluated on Polybench/C, we see that Polygeist can compile example
programs to executable binaries that have similar performance as those from Clang;
Polymer offers about 2.34x and 1.41x times speed-ups over Pluto and Polly when
compiled in sequential execution, and 7.54x and 3.26x times speed-ups when in
parallel; and POLSCA results in hardware designs that are on average 1.5 times
faster than those synthesised by existing high-level synthesis tools without polyhe-
dral transformations. Not only are these projects published in mainstream compiler
and hardware conferences [214, 342], but also gained attention from the industry

and even become a LLVM incubation projectﬂ.

Finally, in Chapter b, we present Deacon, a framework that synthesises a whole
Deep Neural Network onto a single FPGA with a streaming architecture. Dea-
con mainly addresses the pipelining challenges when dealing with different network
topologies, especially those with various convolution layers and branches. The ad-
vance pipelining techniques can novelly solve the problems appeared when aiming
to synthesise a whole residual network and other efficient convolutional neural net-
works on an FPGA. Compared with prior designs for MobileNets and SqueezeNet,
Deacon shows resource/power consumption efficiency improvement of 1.2x/3.5x, and
1.0x/2.8x averaged by geomean. Deacon can optimise large DNNs such as ResNet-
18, with 2.7x/35.6x efficiency improvement over the baseline. Deacon is originated

from our previous publication [339], and is released as an open-source projectﬂ

Reflecting upon the central research inquiry of this dissertation: What approaches
can be adopted to develop tools that enhance the efficiency of Deep Learning?
Throughout this investigation, we have traversed numerous areas including efficient
Deep Learning training and inference, compilation, and hardware synthesis. While
substantial strides have been made in each realm, we have not yet, and it may even
prove infeasible, succeeded in developing a comprehensive framework that integrates
these elements seamlessly. However, the idea of an integrated framework, although
appealing, may not necessarily be the optimal solution. Each chapter of this dis-
sertation has specified a variety of constraints and assumptions about the specific

cases where the proposed tools are most effective. An amalgamation of these tools

’https://github.com/11vm/Polygeist
3https://github.com/kumasento/deacon
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could introduce further limitations, thereby considerably restricting their applicable
scenarios. In lieu of attempting to directly answer the initial research question, the
proposition that emerges from this thesis is a shift in perspective. We propose that
it would be more efficient to design tools that are customised to address the unique

requirements at each stage of the Deep Learning workflow.

6.2 Future Work

This thesis presents various tools for efficient Deep Learning, the contents from each
chapter are not connected, and one major future work of our thesis is to demonstrate

the potential from these tools by combining them together. Specifically for each tool:

o Regarding future work of Aegis, we want to evaluate gradient scaling on other
tasks and models, especially those for Natural Language Processing, as well
as extending it to even lower-precision representations such as 8-bit floating-

point, fixed-point, etc.

o For SPGC, future work includes exploring different importance criteria to im-
prove the quality of explored models, tuning the pruning hyperparameters to
achieve higher model accuracy after the fine-tuning phase, and investigating
the contribution of the regularisation effect on the better accuracy from Con-
denseNet. It is also possible to utilise NAS to improve our group configuration
optimisation solution, since each group configuration basically determines an

architecture.

o For Polygeist, as it is part of the LLVM incubation projects, we will make
sure it can work smoothly with other components in the LLVM tool-chain and
expand its domain to other high-performance computing application suites
besides Polybench/C.

o For Polymer, since we only support Pluto at the moment, it will further extend
its impact if other polyhedral schedulers are supported, especially those based
on isl [286].

o For POLSCA, we will further explore the design space to optimise designs for
resource efficiency. It is also interesting to search for the best set of polyhedral
scheduler hyper-parameters with POLSCA. We will also adapt POLSCA for

other polyhedral schedulers, e.g., isl, to provide alternative solutions to Pluto.
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o For Deacon, we will explore other novel topologies and their impact on SA, as
well as larger models by scaling their size down using reduced bit-width. In
conjunction with Neural Architecture Search (NAS) [67], we can also adapt
Deacon to find DNN models that are more suitable for streaming architectures,
i.e., the pipeline stages can be better balanced, while maintaining the overall
accuracy. We can also leverage NAS to find models that use less parameters
and/or fewer bits in data representations when the FPGA boards have limited

amounts of on-chip memory.

6.3 Final Thoughts

As Deep Learning techniques become more popular, there is growing demand for
better tools that can make Deep Learning practice more efficient. The topics covered
by this thesis are what industry cares about, e.g., PyTorch continuously works on
improving the support for better mixed precision traininﬂ and their approach is
aligned with what we propose in Aegis; Polygeist is part of the LLVM incubation
community, and MLIR in general is accepted by many Deep Learning frameworks
including TensorFlow and PyTorch; and as the FPGAs have more resource capacity,
Deacon can synthesise larger networks on to a single FPGA, so that people can
benefit from more power efficient acceleration. We believe these approaches will
lay the foundation for next-generation Deep Learning tools not just with superior
performance and energy efficiency, but also with enhanced ease of use to significantly

improve productivity of application builders.

In a long-term, although this thesis provides tools that are built upon the assump-
tion of a heterogeneous system involving CPU/GPU/FPGA, we believe these tools
will benefit future generations of systems. For instance, Aegis will be useful for other
low-precision data types that future devices may support, since it provides a generic
framework to solve the underflow problems under backpropagation. Another exam-
ple is Polygeist, which is a tool based on polyhedral optimisation that is agnostic to

a particular (preferably parallelisable) device.

The tools we present in this thesis are designed in a composable manner. They serve
at particular stages in the end-to-end workflow from high-level DNN descriptions to
device-specific implementation. They can be aggregated together and customised
to create domain-specific tools for different purposes; for example, we can leverage
POLSCA (Section to directly produce Deacon designs (Chapter |5) from high-

level programming languages. Additionally, we can interface these tools to other

“https://pytorch.org/docs/stable/notes/amp_examples.html
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frameworks. For instance, we can support other polyhedral scheduling algorithms
as in [347, 295, [51] in Polygeist or POLSCA, and we can extend Deacon to interface
with HeteroCL [162], without changing the core design and algorithm within the
tools. Therefore, we believe the tools in this thesis are likely to remain influential

in the foreseeable future.
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