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Abstract

The focus of this thesis is on the development of theory and methods of statisti-

cal signal processing for noncircular quaternion random variables. Although it is

straightforward to model three- and four-dimensional signals as real-valued trivari-

ate and quadrivariate vectors, the division algebra of quaternions provides several

crucial advantages. These include nonexistence of the gimbal lock associated with

vector algebras and generic extensions of real and complex learning algorithms.

However, traditional quaternion techniques are based on the assumption of circu-

lar (rotation-invariantly distributed) quaternion variables, a very limiting assump-

tion for real-world applications. Only recently, advances in augmented quaternion

statistics have revealed the suboptimality of such an assumption and have intro-

duced the widely linear processing methodlogy, which is suitable for second-order

noncircular signals.

First, a simultaneous diagonalisation of the covariance matrix and the three

complementary covariance matrices of noncircular quaternion variables is develo-

ped. This forms a basis for the proposed quaternion approximate uncorrelating

transform (QAUT), which can be used to decorrelate noncircular quaternion varia-

bles, and offers both computational and practical advantages in many applications.

Using the QAUT, the performance of existing minimum mean square error

estimation techniques for noncircular quaternion signals is thoroughly explored.

The performance advantage of widely linear estimation over strictly linear esti-

mation is theoretically quantified, and the convergence performance of a class of

quaternion adaptive filters is established in the mean and mean square sense.

Several novel adaptive estimation techniques for noncircular quaternion sig-

nals are proposed. A novel quaternion least mean magnitude-phase adaptive filter

is shown to outperform the quaternion least mean square filter in several practical

scenarios. Computationally efficient algorithms are also introduced for the quater-

nion estimation framework, through a special decomposition of the mean square
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error. Finally, a class of quaternion multiple model adaptive estimation algorithms

are proposed to effectively deal with model uncertainty in quaternion-valued state

estimation.
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Chapter 1

Introduction

Overview

In recent years advances in sensing technology have enabled more recording from

three- and four-dimensional data sources, sparking a resurgence of study on sta-

tistical signal processing based on quaternions, as quaternions are a compact and

natural representation of those multidimensional phenomena and avoid problems

associated with vector algebras. Compared to real variables, quaternion variables

have different statistics like the noncircularity, which have not been fully exploited

in the literature. In this chapter, a survey of statistical signal processing in the

real, complex, and quaternion domains that are relevant to the work in this thesis

is presented. This helps clarify the motivations and contributions of the work in

this thesis.

1.1 Statistical Signal Processing in the Real Dom-

ain

A stochastic process is a mathematical model for a phenomenon that evolves in

time in an unpredictable manner, where the unpredictability arises from effects

such as interference or noise in the information link. Statistical signal processing,

a popular approach to signal processing, treats signals as stochastic processes and

utilises their statistical properties to perform processing. A recurring theme in

statistical signal processing is estimating some sets of signals based on informa-

tion obtained from measurements of other signals. This has found a number of
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applications, such as signal enhancement, system identification, and noise can-

cellation. The quantitative metrics for the assessment of estimation performance

include mean square error (MSE), mean absolute error, mean mean signed er-

ror, etc., within which the MSE is the dominant metric. Aiming at minimising the

MSE between the desired signal and the estimate, the minimum mean square error

(MMSE) estimation has been extensively used since the method of least squares

was proposed by Carl Friedrich Gauss in the late 18th century [1].

The Wiener filter is the optimal MMSE estimator when the statistics of the

signal are known and time-invariant [2]. However, the design of the Wiener filter

is impossible when the statistical information is unknown or time-varying. To mi-

tigate this limitation, adaptive filters have been proposed and widely used in the

past decades [3–5]. An adaptive filter, starting from some predetermined set of

initial conditions, is self-designing in that it relies on a recursive algorithm making

it adapt to variations in statistics and from their interactions with the environ-

ment. In a stationary environment, the filter converges to the optimum Wiener

solution in some statistical sense after successive iterations (steady state), while in

a non-stationary environment, the filter can track time variations in the statistics

of the input data. The convergence performance of an adaptive filter is generally

evaluated in terms of its transient and steady-state behaviours. The former cha-

racterises the stability and convergence rate of the adaptive filter, whereas the

latter quantifies the filtering error at the steady state. It is a standard means

of analysing filtering performance to evaluate the convergence performance in the

sense of mean and mean square errors [3, 4].

1.2 Statistical Signal Processing in the Complex

Domain

The need for processing multidimensional signals has been highlighted by deve-

lopment in sensing technology. The complex domain, C, provides a natural and

convenient manner to represent the physical characteristics of signals and the trans-
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formations they go through. To fully exploit the complete information carried by

the interrelationship of the real and imaginary parts or the magnitude and phase

of the complex-valued signal, it is desirable to carry out signal processing directly

in the complex domain.

Traditionally, statistics in C was regarded as an extension of that in the real

domain R, and consequently complex-valued algorithms were considered as simple

extensions of the established corresponding algorithms in the real domain. For in-

stance, the covariance matrix of a complex random vector x, E
{
(x− E {x}) (x− E {x})H

}
(E {·} is the statistical expectation operator), was transformed from the covariance

matrix E
{
(x− E {x}) (x− E {x})T

}
in R by replacing the transpose operator

(·)T with the conjugate transpose (Hermitian) operator (·)H [6]. In this manner,

the second-order moments of the complex-valued random variables were impli-

citly assumed to be circular (rotation-invariant) in the complex domain. Thus,

the complex-valued algorithms based on this implicit assumption are only optimal

for circular complex signals, and suffer performance degradation for noncircular

complex signals, as the covariance does not describe the inner-relation and power

imbalance between the real and imaginary components of complex random varia-

bles. Further research found that both the covariance and the pseudo-covariance,

E
{
(x− E {x}) (x− E {x})T

}
, should be considered to fully describe the second-

order statistical information of general complex-valued variables [7]. This is the

basis of widely linear complex signal processing, which uses the augmented vec-

tor xa =
[
xT ,xH

]T
, contrary to the strictly linear processing using only x. The

study of covariance and pseudo-covariance matrices in widely linear complex signal

processing have received significant attention.

In gradient-based optimisation with respect to complex-valued variables, the

CR calculus (also known as Wirtinger calculus) [8,9] has been introduced to calcu-

late the partial derivatives of real-valued functions with respect to complex-valued

variables, which are not complex analytic, conditioned by the Cauchy-Riemann

equations, and therefore are not differentiable in the standard complex derivative
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sense. The resulted complex derivatives are an extension of the standard com-

plex derivatives to non-analytic complex functions. The CR calculus allows for

the consideration of general complex functions in a unified manner, and greatly

simplifies the differentiation and analysis of the complex functions. The gradient

decent method based on the CR calculus has been applied to a number of complex

signal processing techniques, like the complex adaptive filtering algorithms [10].

1.3 Statistical Signal Processing in the Quater-

nion Domain

Quaternions, a four-dimensional skew field, were first described by William Rowan

Hamilton in 1843 when he was posed with the problem to extend complex numbers

into higher dimensions [11]. A quaternion has one-dimensional real component and

three-dimensional imaginary component. Frobenius’ finding that quaternion alge-

bra is the highest associative division algebra made it more attractive to work with

as compared to other hypercomplex spaces. Quaternions were also the first non-

commutative division algebra to be discovered. Because of the non-commutativity

of the quaternion algebra, quaternions have many different properties from real

and complex numbers [12, 13].

Quaternions have been extensively used in mathematics and physics, in par-

ticular for calculations involving three-dimensional rotations, as their division al-

gebra rectifies the gimbal lock problem associated with vector algebras, and pure

quaternions provide a more concise and computationally efficient representation of

three-dimensional rotations than rotation matrices [14]. With the four-dimensional

nature, quaternions have been used to represent a number of three- and four-

dimensional phenomena, such as image data, voltages in three-phase electric po-

wer systems, locations and orientations of objects in three-dimensional space,

space–time-polarization block codes in communications, and Pauli matrices in

quantum mechanics. Quaternions provide a compact model of mutual information

between multiple dimensions and the inherent physically meaningful interpretation
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for multidimensional data. Recently, quaternions have seen increasing applicati-

ons in communications, motion tracking, and biomedical signal processing [15–18],

since the state-of-the-art advances in sensing technology have enabled more recor-

ding from three- and four-dimensional data sources, such as measurements from

seismometers [19], ultrasonic anemometers [20], and inertial body sensors [17].

Compared to real- and complex-valued statistical signal processing, quaternion-

valued statistical signal processing is still in its infancy. Due to the lack of a

suitable mathematical framework, most traditional quaternion signal processing

techniques took the approach of essentially transforming quaternions into a vector

of quadrivariate real-valued components, where most advantages of quaternions

such as their division algebra and their underlying physical interpretation were

lost. Within the quaternion domain, some algorithms were introduced as a straig-

htforward extension of the counterpart algorithms in real and complex domains,

where the freedom inherent in quaternions were lost and the performance degra-

ded for general quaternion signals. The recently introduced mathematical tools

for developing rigorous quaternion signal processing techniques, such as augmen-

ted second-order quaternion statistics [21, 22] and the HR and generalised HR

calculi [23,24], have triggered a resurgence of research on quaternion-valued signal

processing including estimation [25], neural networks [26], independent component

analysis [27], and Fourier transforms [28].

A mathematical framework termed augmented quaternion statistics has been

established to exploit complete second-order statistical information of noncircular

quaternion random variables [21,22]. A quaternion variable is called circular if its

probability distribution is rotation invariant, implying the independence and po-

wer balance between the real and imaginary components. Specifically, it is called

second-order circular (proper) if its second-order moments are rotationally inva-

riant; otherwise it is called second-order noncircular (improper)1. Although the

1In this thesis, only the lower-order quaternion statistics is considered, so the terms “circu-
lar/noncircular” and “proper/improper” are used interchangeably.
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standard covariance fully explains the second-order statistics of circular quaternion

variables, it does not characterise the unique second-order statistics of noncircular

quaternion variables. Whereas, the unique statistical information is contained in

the complementary covariances, the cross-covariances between the quaternion vari-

able, x, and its rotations around the three imaginary axes (involutions), xı,xj,xκ.

The augmented quaternion statistics form a basis for widely linear quaternion

signal processing, which uses the augmented vector xa =
[
xT ,xıT ,xjT ,xκT

]T
, con-

trary to the strictly linear processing, which uses only x [21,29]. The performance

advantage of widely linear processing over the strictly linear counterpart has been

proven in an indirect fashion via an intermediate, the semi-widely linear proces-

sing [30, 31].

Similar to the complex case, the non-differentiability of quaternion functions

is a major block in gradient-based optimisation with respect to quaternion varia-

bles. It is known that a quaternion-valued function of quaternion-valued variables

is quaternion differentiable if and only if its partial derivatives satisfy the Cauchy-

Riemann-Fueter equation. But this condition does not hold for general polynomial

functions or real-valued functions. Following the same path as the CR calculus, a

framework termed the HR calculus [23], which allows for calculating the derivati-

ves of quaternion functions directly in the quaternion domain, was developed by

establishing a duality between quaternion functions in H and their corresponding

quadrivariate real functions in R
4. This theory has been further developed into the

generalized HR calculus [24,32,33] by employing quaternion rotations in a general

orthogonal system, leading to novel product and chain rules of derivatives, which

can be used to solve complicated quaternion optimisation problems.

1.4 Contributions of the Thesis

The focus of this work is on the development of theory and methods of statistical

signal processing for noncircular quaternion random variables. The contributions

of this thesis can be divided into three areas, roughly corresponding to how this
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thesis is organised, as shown in Figure 1.1.

1. Simultaneous approximate diagonalisation of covariance and complementary

covariance matrices

A novel technique is proposed for a simultaneous approximate decomposition

of the covariance matrix and the three complementary covariance matrices

of noncircular quaternion random variables. A singular value decomposition

is proven to be sufficient to approximately diagonalise all of the four covari-

ance matrices. This forms a basis for the proposed quaternion approximate

uncorrelating transform (QAUT) which can be used to decorrelate improper

quaternion signals. This contribution is elaborated in Chapter 3 and was

introduced in [34].

Relevant Publication :

[34] Min Xiang, Shirin Enshaeifar, Alexander Stott, Clive Cheong Took, Yili

Xia, Sithan Kanna, and Danilo P. Mandic, “Simultaneous diagonalisation

of covariance and complementary covariance matrices in quaternion widely

linear signal processing,” submitted to Signal Processing.

2. Performance analysis of existing MMSE estimation techniques

• Performance advantage of widely linear quaternion estimation

The performance advantage of widely linear processing over strictly li-

near processing in quaternion MMSE estimation is proved by comparing

their optimal solutions. The relationship between this performance ad-

vantage and the properties of the quaternion input signal, especially

the noncircularity, is established. This is achieved by examining the

structure of the covariance and complementary covariance matrices of

the input signal and by employing the QAUT. This contribution is ela-

borated in Chapter 4 and was introduced in [35].

Relevant Publication :
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[35] Min Xiang, Sithan Kanna, Scott C. Douglas and Danilo P. Man-

dic, “Performance advantage of quaternion widely linear estimation:

An approximate uncorrelating transform approach,” in Proceedings of

2016 IEEE International Conference on Acoustics, Speech and Signal

Processing (ICASSP), Shanghai, 2016, pp. 4348-4352.

• Convergence performance of quaternion adaptive filters

An analysis framework for the mean and mean square convergence ana-

lyses of general quaternion adaptive filters in non-stationary environ-

ments is established. Transient and steady-state performance of a ge-

neral class of quaternion adaptive filters for noncircular input signals

are provided by exploiting the augmented quaternion statistics. The

exploitation of QAUT produces intuitive closed-form expressions for

the performance of quaternion least mean square (QLMS) filters with

Gaussian inputs, providing new insights into the relationship between

the filter behaviour and the complete second-order statistics of the input

signal, that is, quaternion noncircularity. The closed-form expressions

for the performance of strictly linear, semi-widely linear, and widely

linear QLMS filters are investigated in detail. This contribution is ela-

borated in Chapter 5 and was introduced in [36].

Relevant Publication :

[36] Min Xiang, Sithan Kanna, and Danilo P. Mandic, “Performance

analysis of quaternion-valued adaptive filters in non-stationary environ-

ments”, submitted to IEEE Transactions on Signal Processing.

3. Novel adaptive estimation algorithms

• Quaternion least mean magnitude-phase adaptive filtering algorithm

The MSE criterion widely used in existing quaternion-valued estimation

techniques has only one degree of freedom. For the separate control of

the magnitude and phase, a novel estimation criterion allowing for more
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degrees of freedom is proposed. Based on the criterion, a quaternion

least mean magnitude-phase (QLMMP) filtering algorithm is derived

and is shown to provide a unified form for the QLMS algorithm, a mag-

nitude filtering algorithm, and a phase filtering algorithm. The conver-

gence analysis of QLMMP employs a connection to that of the QLMS

with a quaternion-valued stepsize. This contribution is elaborated in

Chapter 6 and was introduced in [37].

Relevant Publication :

[37] Min Xiang, Scott C. Douglas, and Danilo P. Mandic, “The qua-

ternion least mean magnitude phase adaptive filtering algorithm,” in

the 22nd International Conference on Digital Signal Processing (DSP),

London, 2017.

• Four-channel quaternion estimation

Quaternion-valued estimation algorithms are computationally intensive

(e.g. one quaternion multiplication requires eight real multiplications)

while standard methods to reduce this computational complexity cast

the problem in the real domain, where the physical meaning inherent

in the quaternion domain is lost. A four-channel quaternion estima-

tion method is proposed by decomposing the standard MSE into the

MSEs in estimating the real and imaginary parts. This allows for the

development of computationally efficient quaternion-valued estimation

algorithms while the processing still remains within the quaternion dom-

ain. This contribution is elaborated in Chapter 7 and was introduced

in [38].

Relevant Publication :

[38] Min Xiang, Clive Cheong Took, and Danilo P. Mandic, “Cost-

effective quaternion minimum mean square error estimation: From wi-

dely linear to four-channel processing,” Signal Processing, vol. 136, pp.

81-91, 2017.
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• Widely linear quaternion multiple model adaptive estimation

Existing quaternion state estimation techniques are only suitable for dy-

namical systems represented by a single known model [39]. To deal with

model uncertainty in real-world problems, a class of widely linear qua-

ternion multiple model adaptive estimation (QMMAE) algorithms are

introduced, based on widely linear quaternion Kalman filters and Baye-

sian inference. Within the widely linear QMMAE framework, a widely

linear quaternion interacting multiple model algorithm is proposed to

track time-variant model uncertainty, while a widely linear quaternion

static multiple model algorithm is proposed for time-invariant model

uncertainty. To efficiently evaluate the estimation error, a recursive

algorithm for the performance analysis of the QMMAE algorithms is

also proposed. This contribution is elaborated in Chapter 8 and was

introduced in [40].

Relevant Publication :

[37] Min Xiang, Bruno Scalzo Dees, and Danilo P. Mandic, “Multi-

ple model adaptive estimation for 3D and 4D signals: A widely linear

quaternion approach”, submitted to IEEE Transactions on Neural Net-

works and Learning Systems.

1.5 Organisation of the Thesis

Figure 1.1 shows an overview of structure of the thesis which is organised as follows:

• Chapter 2: Statistical signal processing in the quaternion domain

The aim of this chapter is to provide the reader with the fundamental kno-

wledge of quaternions and the necessary background on quaternion-valued

statistical signal processing. This chapter includes an introduction to qua-

ternion algebra, generalised HR calculus, augmented second-order quater-

nion statistics, and widely linear quaternion estimation, within which some
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estimation algorithms including QLMS and quaternion Kalman filtering al-

gorithms are introduced.

The chapters outlining the contribution of the thesis are grouped into three parts.

Part I: Simultaneous diagonalisation of covariance and complemen-

tary covariance matrices

• Chapter 3: Quaternion approximate uncorrelating transform

This chapter introduces a simultaneous approximate decomposition of the

covariance matrix and the three complementary covariance matrices of non-

circular quaternion random variables. It has been shown that a singular

value decomposition is sufficient to diagonalise approximately all of the four

covariance matrices. This forms a basis for the proposed QAUT which can

be used to decorrelate noncircular quaternion variables.

Part II: Performance analysis of existing MMSE estimation techniques

• Chapter 4: Performance advantage of widely linear quaternion estimation

This chapter provides a proof of the performance advantage of widely linear

processing over strictly linear processing in quaternion MMSE estimation.

By examining the structure of the covariance and complementary covariance

matrices of the input signal and by employing the QAUT, the relationship

between the performance advantage and the signal properties, including the

noncircularity and power of the input signal and the degree of widely linear

nature of the system, is established.

• Chapter 5: Convergence performance of quaternion adaptive filters in non-

stationary environments

This chapter extends an analysis framework for real-valued adaptive filters

to the mean and mean square convergence analyses of a general class of
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quaternion adaptive filters in non-stationary environments. To model a non-

stationary environment, the system weights are assumed to vary according

to a first-order random-walk model. Transient and steady-state performance

of the filters for noncircular input signals are derived. The exploitation

of QAUT produces intuitive closed-form expressions for the performance of

QLMS filters with Gaussian inputs, providing new insights into the relations-

hip between the filter behaviour and the complete second-order statistics of

the input signal, that is, quaternion noncircularity. The convergence perfor-

mance of strictly linear, semi-widely linear, and widely linear QLMS filters

are investigated in detail.

Part III: Novel adaptive estimation algorithms

• Chapter 6: Quaternion least mean magnitude-phase adaptive filter

This chapter decomposes the MSE cost function into the cost functions for

estimating the magnitude and phase of a quaternion signal, whereby the

magnitude and phase can be estimated separately. Accordingly, a QLMMP

adaptive filtering algorithm is proposed. The QLMMP not only outperforms

the existing QLMS algorithm by virtue of the enhanced degrees of freedom,

but also provides a unified form for the QLMS, a magnitude filtering, and a

phase filtering algorithm. Employing a connection to the normalised QLMS

with a quaternion-valued step size, the convergence performance of the nor-

malised QLMMP is analysed.

• Chapter 7: Low-complexity quaternion adaptive filters

This chapter elaborates on the four-channel estimation methodology which

decomposes the MSE cost function into the MSEs in estimating the real

and imaginary parts of a signal so that separate estimators can be used to

minimise the our cost functions independently. The four-channel estima-

tion scheme allows for the necessary degrees of freedom to model general
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quaternion-valued signals, and enables computationally efficient quaternion

adaptive filters while the processing still remains within the quaternion dom-

ain.

• Chapter 8: Widely linear quaternion multiple model adaptive estimation

In order to deal with model uncertainty in quaternion state estimation, this

chapter proposes a class of widely linear quaternion multiple model adap-

tive estimation QMMAE algorithms based on Kalman filters and Bayesian

inference. Within the proposed framework, a widely linear quaternion in-

teracting multiple model algorithm is proposed to track time-variant model

uncertainty, while a widely linear quaternion static multiple model algorithm

is proposed for time-invariant model uncertainty. As a cost-effective alter-

native to the traditionally used Monte Carlo simulation method, a recursive

algorithm for the performance analysis of the QMMAE algorithms is also

proposed.

• Chapter 9: Conclusions and future work

Concluding remarks drawn from the thesis and ideas for future works are

outlined in this chapter.
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Chapter 2

Statistical Signal Processing in

the Quaternion Domain

Overview

This chapter provides the reader with the fundamental knowledge of quaternions

and necessary background on quaternion-valued statistical signal processing. It

includes an introduction to quaternion algebra, generalised HR calculus, augmen-

ted second-order quaternion statistics, and widely linear quaternion estimation.

Some popular quaternion estimation algorithms including QLMS and quaternion

Kalman filtering algorithms are reviewed.

2.1 Quaternion Algebra

The quaternion domain H is a four-dimensional vector space over the real field

R, spanned by the basis {1, ı, j, κ}. A random quaternion variable x ∈ H consists

of a real part R [·] and an imaginary part I [·] which comprises three imaginary

components, so that

x = R [x] + I [x] = R [x] + Iı [x] ı+ Ij [x] j+ Iκ [x]κ (2.1)
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where R [x] , Iı [x] , Ij [x] , Iκ [x] are real variables and ı, j, κ are imaginary units

with the properties

ı2 = j2 = κ2 = −1, ıj = −jı = κ

jκ = −κj = ı, κı = −ıκ = j

A quaternion can be represented by a pair of complex numbers through the Cayley-

Dickson construction [41, 42], that is

x = z1 + z2j (2.2)

where

z1 = R [x] + Iı [x] ı, z2 = Ij [x] + Iκ [x] ı (2.3)

The conjugate of x is defined as

x∗ = R [x]− I [x] = R [x]− Iı [x] ı− Ij [x] j− Iκ [x]κ (2.4)

The modulus of x is given by

|x| =
√
R2 [x] + I2

ı [x] + I2
j [x] + I2

κ [x]

and the product of two quaternions x, y ∈ H by

xy = R[x]R[y]− I[x] · I[y] +R[x]I[y] +R[y]I[x] + I[x]× I[y]

where “·” denotes the scalar product and “×” the vector product. The presence

of the vector product causes non-commutativity of the quaternion product, that

is, xy �= yx. The quaternion product has the following properties:

|xy| = |x||y|, (xy)−1 = y−1x−1, (xy)∗ = y∗x∗
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A quaternion x is called a pure quaternion if R [x] = 0, and it is called a

unit quaternion if |x| = 1. Similar to complex numbers, a quaternion x can be

represented in the polar form as x = |x| eζ , where ζ is a pure quaternion, and the

exponential can be represented by the sum eζ =
∞∑
n=0

ζn

n!
and satisfies

(
eζ
)∗

= e−ζ [43].

Another important notion is the quaternion involution [44], which defines a self-

inverse mapping, analogous to the complex conjugate. The general involution of

the quaternion variable x is defined as xα = −αxα, which represents the rotation

of the vector part of x by π about a unit pure quaternion α. The quaternion

involutions have the property: (xα)α = x. Accordingly, (xα)∗ = (x∗)α, and they

can be compactly denoted by xα∗. Widely used in quaternion signal processing,

three special cases of involutions about the ı, j and κ imaginary axes are given

by [44]

xı = −ıxı = R [x] + Iı [x] ı− Ij [x] j− Iκ [x]κ (2.5)

xj = −jxj = R [x]− Iı [x] ı+ Ij [x] j− Iκ [x]κ (2.6)

xκ = −κxκ = R [x]− Iı [x] ı− Ij [x] j+ Iκ [x]κ (2.7)

Through the above defined quaternion involutions, the four real-valued components

of x can be expressed as

R [x] =
1

4
(x+ xı + xj + xκ) (2.8)

Iı [x] = −1

4
ı (x+ xı − xj − xκ) (2.9)

Ij [x] = −1

4
j (x− xı + xj − xκ) (2.10)

Iκ [x] = −1

4
κ (x− xı − xj + xκ) (2.11)
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2.1.1 Quaternion Matrices

For a general quaternion matrix A, (A∗)T = (AT )∗, (A∗)α = (Aα)∗, (Aα)T =

(AT )α, (Aα)H = (AH)α, (Aα)β = (Aβ)α = Aγ, for distinct α, β, γ ∈ {ı, j, κ}.
Two general multiplicative quaternion matrices, A and B, have the properties:

(AB)H = BHAH , (AB)α = AαBα.

Due to the non-commutativity of quaternion products, quaternion matrices

have many different properties from real and complex matrices. For example,

for two general multiplicative quaternion matrices, A and B, (AB)T �= BTAT ,

(AB)∗ �= A∗B∗. A quaternion square matrix A ∈ H
L×L has two types of eigen-

values [12]. If Ax = xλ for λ ∈ H and some non-zero x ∈ H
L×1, then λ is called

a right eigenvalue of A, and x is a right eigenvector of A. If Ax = λx for λ ∈ H

and some non-zero x ∈ H
L×1, then λ is called a left eigenvalue of A, and x is a

left eigenvector of A. Right eigenvalues have been well studied in literature, while

left eigenvalues are less known and are not computationally well-posed [12,45–47].

Relevant to our analysis, a Hermitian quaternion matrix H ∈ H
L×L has exactly

L right eigenvalues, which are also left eigenvalues and are real-valued. Note that

H can also have non-real left eigenvalues. There exists a unitary quaternion ma-

trix U ∈ H
L×L, which satisfies UHU = UUH = IM , such that H = UΛUH is

the eigendecomposition of H with the right eigenvalues of H on the diagonal of

a diagonal real matrix, Λ. A Hermitian quaternion matrix is called positive defi-

nite, positive semi-definite, negative definite, or negative semi-definite if xHHx is

respectively positive, non-negative, negative, or non-positive for any non-zero qua-

ternion vector x ∈ H
L×1. This is the case if and only if all right eigenvalues of H

are positive, non-negative, negative, or non-positive. In the rest of the thesis, wit-

hout loss in generality, the eigendecomposition of Hermitian quaternion matrices,

H = UΛUH , which only involves right eigenvalues, will be applied. For concise-

ness, use the terminology, eigenvalues and eigenvectors, to denote right eigenvalues

and right eigenvectors of Hermitian quaternion matrices [13].
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The Weyl’s inequality about the eigenvalues of Hermitian complex matrices

also applies to Hermitian quaternion matrices. If A and B are Hermitian qua-

ternion matrices with eigenvalues λ1 (A) ≥ λ2 (A) ≥ · · · ≥ λL (A), λ1 (B) ≥
λ2 (B) ≥ · · · ≥ λL (B), then C = A + B is also Hermitian with eigenvalues

λ1 (C) ≥ λ2 (C) ≥ · · · ≥ λL (C), satisfying

λi (A) + λj (B) ≤ λm (C) ≤ λk (A) + λl (B)

if k + l − 1 ≤ m ≤ i+ j − 1
(2.12)

∀i, j, k, l ∈ {1, 2, . . . , L} [48].

The singular value decomposition (SVD) has also been recently extended to

the quaternion domain [12]. For any A ∈ H
L1×L2 , there exist unitary quaternion

matrices U ∈ H
L1×L1 and V ∈ H

L2×L2 such that A = UMV, where M ∈ R
L1×L2

is a diagonal matrix (may be rectangular) with non-negative diagonal elements.

The positive diagonal elements of M are singular values of A.

2.2 Generalised HR Calculus

The differentiability of quaternion-valued functions of quaternion variables is chal-

lenging to deal with due to the non-commutative product. A function f(x) :

H → H is defined to be quaternion-differentiable on the left at a point x ∈ H if

the limit

lim
h→0

h−1 [f (x+ h)− f (x)]

exists. It has been proven that f(x) is quaternion-differentiable on the left if and

only if the partial derivatives of f satisfy the left Cauchy-Riemann-Fueter equation

given by
∂f

∂R [x]
+ ı

∂f

∂Iı [x]
+ j

∂f

∂Ij [x]
+ κ

∂f

∂Iκ [x]
= 0

Likewise, f(x) is defined to be quaternion-differentiable on the right at x ∈ H if

the limit

lim
h→0

[f (x+ h)− f (x)]h−1
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exists. f(x) is quaternion-differentiable on the right if and only if the partial

derivatives of f satisfy the right Cauchy-Riemann-Fueter equation given by

∂f

∂R [x]
+

∂f

∂Iı [x]
ı+

∂f

∂Ij [x]
j+

∂f

∂Iκ [x]
κ = 0

However, general polynomial functions (even the identity f(x) = x) and real-

valued functions (f(x) : H → R) do not satisfy the above Cauchy-Riemann-

Fueter equations. This has been a major block in solving quaternion optimisation

problems, most of which require the minimisation of a real-valued function of

quaternion-valued variables. An elegant solution to this problem is the generalised

HR calculus [24], which includes the left and right forms because of the non-

commutative quaternion multiplication. The left generalised HR derivatives are

defined as

∂f

∂xq
� 1

4

(
∂f

∂R [x]
− ∂f

∂Iı [x]
ıq − ∂f

∂Ij [x]
jq − ∂f

∂Iκ [x]
κq

)

∂f

∂xq∗ � 1

4

(
∂f

∂R [x]
+

∂f

∂Iı [x]
ıq +

∂f

∂Ij [x]
jq +

∂f

∂Iκ [x]
κq

)
while the right generalised HR derivatives are defined as

∂rf

∂xq
� 1

4

(
∂f

∂R [x]
− ıq

∂f

∂Iı [x]
− jq

∂f

∂Ij [x]
− κq ∂f

∂Iκ [x]

)

∂rf

∂xq∗ � 1

4

(
∂f

∂R [x]
+ ıq

∂f

∂Iı [x]
+ jq

∂f

∂Ij [x]
+ κq ∂f

∂Iκ [x]

)
for any q ∈ H and q �= 0.

Based on the left and right generalised HR derivatives, the differential of f(x)
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can be represented by various forms given by

df = ∂f
∂x
dx+ ∂f

∂xıdx
ı + ∂f

∂xjdx
j + ∂f

∂xκdx
κ

= ∂f
∂x∗dx

∗ + ∂f
∂xı∗dx

ı∗ + ∂f
∂xj∗dx

j∗ + ∂f
∂xκ∗dx

κ∗

= dx∂rf
∂x

+ dxı ∂rf
∂xı + dxj ∂rf

∂xj + dxκ ∂rf
∂xκ

= dx∗ ∂rf
∂x∗ + dxı∗ ∂rf

∂xı∗ + dxj∗ ∂rf
∂xj∗ + dxκ∗ ∂rf

∂xκ∗

Both the left and right generalised HR derivatives can be used in optimisation

in the quaternion domain. For f(x) : H → R, the left and right generalised HR

derivatives are identical. As the optimisation of real-valued functions of quaternion

variables are studied in the thesis, the left generalised HR derivatives will be used

in subsequent analysis. They satisfy the product and chain rules given by

∂ (fg)

∂xq
= f

∂g

∂xq
+

∂f

∂xgq
g

∂ (fg)

∂xq∗ = f
∂g

∂xq∗ +
∂f

∂xgq∗ g

∂f(g(x))
∂xq = ∂f

∂gν
∂gν

∂xq +
∂f
∂gνi

∂gνi

∂xq + ∂f
∂gνj

∂gνj

∂xq + ∂f
∂gνk

∂gνk

∂xq

= ∂f
∂gν∗

∂gν∗
∂xq + ∂f

∂gνi∗
∂gνi∗
∂xq + ∂f

∂gνj∗
∂gνj∗
∂xq + ∂f

∂gνk∗
∂gνk∗
∂xq

∂f(g(x))
∂xq∗ = ∂f

∂gν
∂gν

∂xq∗ +
∂f
∂gνi

∂gνi

∂xq∗ +
∂f
∂gνj

∂gνj

∂xq∗ +
∂f

∂gνk
∂gνk

∂xq∗

= ∂f
∂gν∗

∂gν∗
∂xq∗ +

∂f
∂gνi∗

∂gνi∗
∂xq∗ + ∂f

∂gνj∗
∂gνj∗
∂xq∗ + ∂f

∂gνk∗
∂gνk∗
∂xq∗

It has been proven that the derivative ∂f
∂x∗ defines the direction of the maxi-

mum rate of the change in f (x).

It is straightforward to extend the above theory to the derivatives of quaternion-

valued scalar functions with respect to quaternion vectors [32].
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2.3 Augmented Second-order Quaternion Statis-

tics

2.3.1 Quaternion Properness

The set of involutions in (2.5)-(2.7), together with the original quaternion x,

forms the most frequently used basis for augmented quaternion statistics, the

core of the recently proposed widely linear processing methodology [21, 22]. Be-

nefiting from the involution basis, the augmented second-order statistics of a

zero-mean random quaternion variable x is exploited by the ı-, j-, and κ- co-

variances, Cxxα = E {(x− E {x}) (x− E {x})α∗} , α = ı, j, κ, which are referred

to as complementary covariances, together with the standard covariance Cxx =

E {(x− E {x}) (x− E {x})∗}. These covariances, taken together, enable the cha-

racterisation of quaternion impropriety (second-order noncircularity) arising from

the degree of correlation and/or power imbalance between the imaginary compo-

nents relative to the real component. The impropriety coefficients of a random

quaternion variable x are defined as [49, 50]

rα �
∣∣∣∣Cxxα

Cxx

∣∣∣∣ , α = ı, j, κ (2.13)

which measure the correlation between x and each of its involutions, normalised

by the signal power. Note that rα ∈ [0, 1]. The four degrees of freedom in the

quaternion domain allow for different notions of properness: H-properness, Rα-

properness and C
α-properness.

A random quaternion variable x is H-proper if it is uncorrelated with its

involutions xı, xj and xκ, so that Cxxı = Cxxj = Cxxκ = 0; x is R
α-proper if it

is only uncorrelated with the involution xα, so that only Cxxα among the three

complementary covariances vanishes; x is Cα-improper if it is only correlated with

the involution xα , so that all complementary covariances except Cxxα vanish; x
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is maximally improper (rectilinear) if its impropriety coefficients are maximal, so

that rı = rj = rκ = 1.

Similarly, the augmented second-order statistics of a zero-mean random qua-

ternion column vector x are exploited by the ı-, j- and κ- covariance matrices,

Cxxα � E{(x− E {x}) (x− E {x})αH}, α ∈ {ı, j, κ}, referred to as complemen-

tary covariance matrices, together with the standard Hermitian covariance matrix,

Cxx � E{(x− E {x}) (x− E {x})H}. The α-complementary covariance matrix is

α-Hermitian, which means Cxxα = (Cxxα)αH . The knowledge of both the covari-

ance and the three complementary covariance matrices is necessary to ensure the

utilisation of complete second-order statistical information of x in H.

A random quaternion vector x is H-proper if it is uncorrelated with its in-

volutions xı, xj and xκ, so that Cxxı = Cxxj = Cxxκ = 0; x is R
α-proper if it

is only uncorrelated with the involution xα, so that only Cxxα among the three

complementary covariances vanishes; x is Cα-improper if it is only correlated with

the involution xα , so that all complementary covariances except Cxxα vanish; x is

maximally improper (rectilinear) if it is maximally correlated with its involutions,

so that the impropriety coefficients of the elements of x are all unit.

In order to explore the statistical relationship between two quaternion random

vectors, the concept of cross properness has been defined [21]. Two quaternion

random vectors, x and y, are cross H-proper if the three complementary cross-

covariance matrices vanish, that is, Cxyı = Cxyj = Cxyκ = 0; x and y are

cross R
α-proper if only Cxyα among the three complementary cross-covariances

vanishes; x and y are cross Cα-proper if all complementary cross-covariances except

Cxyαvanishes.

Note that when x is zero-mean, the expressions of the covariance and com-

plementary covariance matrices are simplified, e.g., Cxx � E{xxH}, Cxxα �
E{xxαH}. In Chapters 3-7, zero-mean quaternion random vectors are conside-

red for simplicity, but this does not affect generality of the analysis results. In
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Chapter 8, nonzero-mean quaternion random vectors are studied to analyse biased

estimators.

2.3.2 Quaternion Multivariate Gaussian Distribution

The augmented second-order statistics pave the way for the theory of the Gaussian

distribution of quaternion random variables. Using the augmented vector

xa �
[
xT ,xıT ,xjT ,xκT

]T
(2.14)

the Gaussian distribution of an N -dimensional improper quaternion random vec-

tor, x, can be characterised by xa ˜N (μa,Cxaxa), where μa � E {xa}, with a

probability density function given by [22]

fG (xa | μa,Ca) =
4N exp

{
−1

2
(xa − μa)H C−1

xaxa (xa − μa)
}

π2N
√|Cxaxa | (2.15)

For a C
η-improper quaternion random vector, the generic form of the quaternion

multivariate Gaussian distribution (QMGD) in (2.15) simplifies to xb˜N (μb,Cxbxb

)
,

where xb �
[
xT ,xηT

]T
, η ∈ {ı, j, κ}, μb � E

{
xb
}
, with a probability density

function given by

fG
(
xb | μb,Cb

)
=

4N exp
{
− (xb − μb

)H
C−1

xbxb

(
xb − μb

)}
π2N |Cxbxb | (2.16)

For an H-proper quaternion random vector, the QMGD in (2.15) simplifies to

x˜N (μ,Cxx), where μ � E {x}, with a probability density function given by

fG (x | μ,C) =
4N exp

{
−2 (x− μ)H C−1

xx (x− μ)
}

π2N |Cxx|2
(2.17)
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2.4 Widely Linear Quaternion Estimation

Consider the estimation of a quaternion-valued variable, y ∈ H, conditional to a set

of quaternion-valued observations, x ∈ H
L×1. Quaternion estimation techniques

aim to find the optimal estimate ŷ = E {y |x}. The estimation model ŷ = f (x),

which represents the prior knowledge about the relation between y and x, is cru-

cial for estimation performance. Traditionally, the strictly linear (SL) model is

employed as [25]

ŷ = ĥHx (2.18)

where ĥ ∈ H
L×1 is the weight vector. This model achieves optimal estimation for

quaternion signals driven by SL systems but is suboptimal for general quaternion

signals because the lack of the knowledge about complementary covariances. To

exploit the complete second-order statistical information, involutions of x can be

incorporated to produce a widely linear (WL) model given by [29]

ŷ = ĥHx+ ĝHxı + ûHxj + v̂Hxκ = ŵaHxa (2.19)

where xa �
[
xT ,xıT ,xjT ,xκT

]T
is the augmented vector of the x, and ĥ, ĝ, û, v̂ ∈

H
L×1 are the estimated weight vectors which can be compactly represented in the

augmented form, ŵa �
[
ĥT , ĝT , ûT , v̂T

]T
.

For semi-widely linear (SWL) systems, the WL model reduces to a SWL model

given by [51,52]

ŷ = ŵbHxb (2.20)

where xb �
[
xT ,xηT

]T
, η ∈ {ı, j, κ}, is the semi-augmented vector, and ŵb ∈ H

2L×1

the weight vector.

Similar to the duality between complex filters and bivariate real filters [7,53],

quadrivariate real filters are isomorphic to widely linear quaternion filters, but are

totally different from strictly and semi-widely linear quaternion filters.
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2.4.1 Quaternion Least Mean Square Filters

A widely linear quaternion least mean square (WL-QLMS) filter for quaternion

MMSE estimation has been introduced by implementing the WL model in an ite-

rative fashion [24,29]. In each iteration, the weights in the WL model are updated

in the opposite direction of the gradient of the squared error Jn = |yn − ŷn|2,
where ŷn = ŵaH

n xa
n. The gradient of Jn with respect to ŵa

n is calculated through

the generalised HR calculus, and is given by

∇wa∗
n
Jn =

∂
∣∣yn − ŵaH

n xa
n

∣∣2
∂ŵa∗

n

= −0.5xa
n (yn − ŷn)

∗

Incorporating a step size, μ, and absorbing the constant, 0.5, the weight is updated

as

ŵa
n+1 = ŵa

n − μ∇ŵa∗
n
Jn = ŵa

n + μxa
n (yn − ŷn)

∗ (2.21)

μ is fixed and real-valued in most applications and also in most part of this thesis,

except in Section 7.4.4, where μ is time-varying, and in Section 6.3, where μ is

quaternion-valued.

If xn and yn are cross Cη-improper, the WL-QLMS reduces to the semi-widely

linear quaternion least mean square (SWL-QLMS) based on the SWL model in

(2.20), that is [54]

ŷn = ŵbH
n xb

n

ŵb
n+1 = ŵb

n + μxb
n (yn − ŷn)

∗

If xn and yn are crossH-proper, the WL-QLMS reduces to strictly linear quaternion

least mean square (SL-QLMS) based on the SL model in (2.18), that is

ŷn = ŵH
n xn

ŵn+1 = ŵn + μxn (yn − ŷn)
∗
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2.4.2 Quaternion Kalman Filters

The widely linear quaternion state estimation based on the model

xa
n = Fa

n−1x
a
n−1 + ua

n−1

zan = Ha
nx

a
n + va

n

(2.22)

has been proposed and has shown its optimality for processing widely linear qua-

ternion dynamical systems with general (circular or noncircular) noise [39]. In

(2.22), xa
n, z

a
n, u

a
n−1, and va

n are the augmented forms of the state variable vector

xn, the observation vector zn, the state noise vector un−1, and the observation

noise vector vn, as in (2.14), while the state transition and observation matrices

Fa
n and Ha

n have the structures

Fa
n−1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

Fn−1 Fı,n−1 Fj,n−1 Fκ,n−1

Fı
ı,n−1 Fı

n−1 Fı
κ,n Fı

j,n−1

Fj
j,n−1 Fj

κ,n−1 Fj
n−1 Fj

ı,n−1

Fκ
κ,n−1 Fκ

j,n−1 Fκ
ı,n−1 Fκ

n−1

⎤
⎥⎥⎥⎥⎥⎥⎦

Ha
n =

⎡
⎢⎢⎢⎢⎢⎢⎣

Hn Hı,n Hj,n Hκ,n

Hı
ı,n Hı

n Hı
κ,n Hı

j,n

Hj
j,n Hj

κ,n Hj
n Hj

ı,n

Hκ
κ,n Hκ

j,n Hκ
ı,n Hκ

n

⎤
⎥⎥⎥⎥⎥⎥⎦

where Fn−1,Fı,n−1,Fj,n−1,Fκ,n−1,Hn,Hı,n,Hj,n,Hκ,n are quaternion matrices.

The widely linear quaternion Kalman filtering (WL-QKF) algorithm is given

by Algorithm 2.1, where Qa
n−1 and Ra

n are the augmented covariance matrices of

ua
n−1 and va

n, x̂
a
n|n−1 and x̂a

n|n the a priori and a posteriori estimates of xa
n, and

Pa
n|n−1 and Pn|n the augmented covariance matrices of the a priori and a posteriori

state estimation error vectors.

Under the condition of Cη-improperness, the WL state space model in (2.22)
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Algorithm 2.1: Widely linear quaternion Kalman filter.

Initialisation: x̂a
0|0 = E {xa

0}, P0|0 = E
{
(xa

0 − E {xa
0}) (xa

0 − E {xa
0})H

}
.

To estimate xn from the observation zn, the previous estimate x̂n−1|n−1 , and the
previous augmented covariance matrix Pa

n−1|n−1 ,
1. predict

x̂a
n|n−1 = Fa

n−1x̂
a
n−1|n−1

Pa
n|n−1 = Fa

n−1P
a
n−1|n−1F

aH
n−1 +Qa

n−1

2. update
Sa
k = Ha

nP
a
n|n−1H

aH
n +Ra

n

Ka
n = Pa

n|n−1H
aH
n Sa−1

n

x̂n|n = x̂n|n−1 +Ka
n

(
zan −Ha

nx̂
a
n|n−1

)
Pa

n|n = (I−Ka
nH

a
n)P

a
n|n−1

reduces to the SWL model given by [55]

xb
n = Fb

n−1x
b
n−1 + ub

n−1

zbn = Hb
nx

b
n + vb

n

(2.23)

where the state transition and observation matrices Fb
n and Hb

n have the following

structure

Fb
n−1 =

⎡
⎣ Fn−1 Fη,n−1

Fη
η,n−1 Fη

n−1

⎤
⎦ , Hb

n =

⎡
⎣ Hn Hη,n

Hη
η,n Hη

n

⎤
⎦

The state estimation based on the SWL model in (2.23) is therefore optimal when

the true system model is SWL with C
η-improper un−1 and vn. Correspondingly,

the SWL-QKF can be deduced from the WL-QKF by replacing the augmented

forms of matrices and vectors with their semi-augmented forms, e.g., xa
n with xb

n.

Under the condition of H-properness, the WL state space model in (2.22)

reduces to the SL model given by

xn = Fn−1xn−1 + un−1

zn = Hnxn + vn

(2.24)
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The state estimation based on the SL model in (2.24) is optimal only when the

true system model is SL while un−1 and vn are H-proper. Under this condition,

the SL-QKF can be deduced from the WL-QKF by replacing the augmented forms

of matrices and vectors with their original forms, e.g., xa
n with xn.
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Part I

Simultaneous Diagonalisation of

the Covariance and

Complementary Covariance

Matrices
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Chapter 3

Quaternion Approximate

Uncorrelating Transform

Overview

Recent developments in quaternion-valued widely linear processing have establis-

hed that the exploitation of complete second-order statistics requires consideration

of both the standard covariance and three complementary covariance matrices.

Although such matrices have a tremendous amount of structure and their decom-

position is a powerful tool in a variety of applications, the noncommutative nature

of the quaternion product has been prohibitive to the development of quaternion

uncorrelating transforms. To this end, this chapter introduces a novel technique for

simultaneous decomposition of the covariance and three complementary covariance

matrices of noncircular quaternion variables, whereby the quaternion approximate

uncorrelating transform is proposed.

3.1 Introduction

Diagonalisable matrices play a fundamental role in engineering applications, whe-

reby the related uncorrelating transforms greatly simplify the analysis of complex

problems, both in terms of enabling a solution and providing a methodological fra-

mework (e.g. performance bounds). Computational advantages associated with

matrix diagonalisation include a reduction in the size of the parameter space from

N2 to N, while the statistical advantages include the possibility to match source

properties (e.g., orthogonality) in blind source separation. In addition, joint dia-
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gonalisation of matrices in some blind source separation applications has a close

link with the canonical decomposition problem for tensors [56,57]. The real linear

algebra is a maturing area, however, covariance matrices in widely linear signal

processing in the complex and quaternion division algebras and their structures

have recently received significant attention.

In the context of complex-valued signal processing, for a complex random vec-

tor, both its covariance and pseudo-covariance matrices are necessary to capture

complete second-order statistical information [7]. This is achieved by simultane-

ous diagonalisation of the Hermitian covariance matrix and the symmetric pseudo-

covariance matrix, which is performed respectively via the eigenvalue decomposi-

tion (eigendecomposition) and the Takagi factorisation. While such decorrelations

exist in their general forms in mathematics [58], De Lathauwer and De Moor [59]

and Eriksson and Koivunen [60] have given them a practical value through an im-

portant engineering contribution called the strong uncorrelating transform (SUT),

together with its extension, the generalised uncorrelating transform (GUT) [61].

The SUT and GUT not only decorrelate the complex variables in the random vec-

tor, but also eliminate the correlation between the real and imaginary components

within each complex variable. Recent contributions in this case include a com-

putationally efficient approximate uncorrelating transform (AUT) [62]. In some

application scenarios, the multiple bivariate sources are required to be mutually

decorrelated, while at the same time, the correlation between the constitutive com-

ponents of each individual bivariate source must be preserved. To this end, the

correlation preserving transform (CPT) has been proposed, preserving the corre-

lation between the real and imaginary components within each complex variable

in the random vector [63].

Whilst real-valued and complex-valued matrices are well understood [58], the

quaternion-valued matrix algebra is still under development [12,64]. The recently

introduced theory of quaternion matrix derivatives provides a systematic frame-

work for the calculation of derivatives of quaternion matrix functions with respect
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to quaternion matrix variables [32]. Advances in structural quaternion matrix de-

compositions include tools to diagonalise quaternion matrices [65, 66], and in the

context of quaternion widely linear processing, it was shown that for a quater-

nion random vector x, the diagonalisation of the Hermitian covariance matrix can

be performed straightforwardly using the quaternion eigendecomposition, whereas

the diagonalisation of the complementary covariance matrices can be computed

via the quaternion SVD [64]. To jointly diagonalise the covariance and comple-

mentary covariance matrices, the SUT was extended from the complex domain to

the quaternion domain in [67]. However, the following issues remain unsolved.

• There is no closed-form solution1 to perform a simultaneous diagonalisation

of the covariance matrix and the three complementary covariance matrices.

• Given the dimensionality of the problem, a simple approximate diagonalising

transform which would apply to both the covariance and pseudo-covariance

matrices would be beneficial.

This chapter sets out to propose solutions to these open problems, and supports

the analysis with illustrative examples.

3.2 Simultaneous Diagonalisation of the Covari-

ance Matrix and One Complementary Cova-

riance Matrix

The eigendecomposition of the covariance matrix Cxx is given by Cxx = QΛxxQ
H ,

where Q is a quaternion unitary matrix, and Λxx is a real-valued non-negative di-

agonal matrix with the eigenvalues of Cxx on the diagonal [12]. It has been proven

that the α-complementary covariance matrix, Cxxα , α ∈ {ı, j, κ}, can be factori-

sed as a special quaternion SVD, Cxxα = QαΛxxαQαH
α , where Qα is a quaternion

1Iterative solutions were proposed in the context of quaternion ICA [50].
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Algorithm 3.1: Quaternion Uncorrelating Transform (QUT).

1. Compute the eigendecomposition of Cxx, as Cxx = QΛxxQ
H .

2. Compute the whitening matrix, W = QΛ
− 1

2
xx QH .

3. For an α ∈ {ı, j, κ}, calculate the α-complementary covariance matrix of the
whitened data, s = Wx, as Cssα = E{ssαH}.

4. Compute the SVD of Cssα , as Cssα = QαΛssαQ
αH
α .

5. Compute the QUT matrix, V = QH
α W. Transform x to y = Vx, then,

Cyy = I, Cyyα = Λssα.

unitary matrix and Λxxα is a real-valued non-negative diagonal matrix with the

singular values of Cxxα on the diagonal [64]. This enables the diagonalisation of

quaternion complementary covariance matrices and degenerates into the Takagi

factorisation of complex symmetric matrices if the quaternion vector x has two

vanishing imaginary parts [68].

In order to simultaneously diagonalise the covariance matrix and a comple-

mentary covariance matrix of a zero-mean quaternion random vector x, [67] has

proposed the quaternion uncorrelating transform (QUT), which is summarised as

Algorithm 3.1.

Recall that for a C
α-improper vector x, only the α-complementary covariance

is non-vanishing while the other two complementary covariances vanish. Thus, the

QUT of Cα-improper signals, for example, for the case α = κ, satisfies

Cyy = I Cyyı = Λyyı Cyyj = Λyyj Cyyκ = Λyyκ

where Λyyκ is a diagonal matrix and Λyyı = Λyyj = 0. In other words, for a

C
α-improper quaternion vector, the QUT can be regarded as the quaternion ver-

sion of the SUT [59, 60]. For a general improper quaternion vector, however, the

remaining two complementary covariance matrices are still not diagonalised by the
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QUT. In fact, so far there is no closed-form solution to joint diagonalisation of four

covariance matrices for general improper quaternion vectors. To circumvent this

problem, the next section will introduce an approximate way to simultaneously di-

agonalise all four covariance matrices, a practically useful tool in most applications

of quaternions.

3.3 Simultaneous Approximate Diagonalisation

of the Covariance Matrix and Three Com-

plementary Covariance Matrices

Following the approach in Section 3.2, the quaternion analogue of the AUT for

complex-valued data [62] shall be derived. For a zero-mean quaternion random

vector x, consider finding a unitary transform y = Φx which simultaneously dia-

gonalises the covariance matrix, Cyy = E
{
yyH

}
= ΦCxxΦ

H , and the three com-

plementary covariance matrices, Cyyα = E
{
yyαH

}
= ΦCxxαΦαH , α ∈ {ı, j, κ}.

For N samples of x, N > L, the covariance matrix, and the α-complementary

covariance matrix can be estimated as

Cxx =
1

N

N∑
n1=1

x (n1)x
H (n1) (3.1)

Cxxα =
1

N

N∑
n1=1

x (n1)x
αH (n1) (3.2)

Their quadratic forms, CxxC
H
xx and CxxαCH

xxα , are calculated as

CxxC
H
xx =

[
1

N

N∑
n1=1

x (n1)x
H (n1)

][
1

N

N∑
n2=1

x (n2)x
H (n2)

]
(3.3)

=
1

N2

N∑
n1=1

N∑
n2=1

x (n1)

[
L∑
l=1

x∗l (n1)xl (n2)

]
xH (n2)
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CxxαCH
xxα =

[
1

N

N∑
n1=1

x (n1)x
αH (n1)

][
1

N

N∑
n2=1

xα (n2)x
H (n2)

]

=
1

N2

N∑
n1=1

N∑
n2=1

x (n1)

[
L∑
l=1

x∗l (n1)xl (n2)

]α
xH (n2) (3.4)

If
L∑
l=1

x∗
l (n1) xl (n2) =

[
L∑
l=1

x∗
l (n1) xl (n2)

]α
(3.5)

then, CxxC
H
xx = CxxαCH

xxα , and hence CyyC
H
yy = CyyαCH

yyα , which implies that

if Cyy is diagonal, so too is Cyyα , and vice versa. Furthermore, if

L∑
l=1

x∗
l (n1)xl(n2) ∈ R (3.6)

then, (3.5) holds for any α ∈ {ı, j, κ}, and thus the simultaneous diagonalisation

applies to the covariance matrix and all of the three complementary covariance

matrices. As shown in Section 3.3.1, (3.6) holds approximately if the four com-

ponents of each quaternion variable in x are highly correlated. Therefore, the

following quaternion approximate uncorrelating transform (QAUT) can be conclu-

ded.

QAUT: Each of Cxx, Cxxı, Cxxj and Cxxκ can be diagonalised by some unitary

tramform. A unitary transform, Φ, that diagonalises one of the four matrices

can approximately diagonalise the other three, owing to their structural similarity.

As E{xxT} = 1
2
(Cxxı + Cxxj + Cxxκ − Cxx) [22], the pseudo-covariance matrix,

E{xxT}, is also approximately diagonalised in this way.

The QAUT agrees with the intuition that similar statistical information is

contained in the covariance and complementary covariance matrices of a quater-

nion random vector, in which the variables consist of highly correlated real and

imaginary components, so that the diagonalisation of one of the four matrices

could also diagonalise the other three. For example, the transformation matrix Φ
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can take the form of the eigenvector matrix of Cxx, that is

Cxx = QΛxxQ
H

Cxxı ≈ QΛxxıQıH

Cxxj ≈ QΛxxjQjH

Cxxκ ≈ QΛxxκQκH

(3.7)

3.3.1 Principle of QAUT

The QAUT is based on the assumption in (3.6). To examine the validity of this

assumption for highly improper quaternion signals, consider the case where the

four components of the quaternion variable, xl, are highly correlated. xl fits the

Cayley-Dickson construction

xl = xa + xbı+ xcj+ xdκ = c1 + c2j

where c1 = xa + xbı and c2 = xc + xdı are complex variables defined in the plane

spanned by {1, ı}. This gives

x∗
l (n1) xl (n2) = c∗1 (n1) c1 (n2) + c2 (n1) c

∗
2 (n2)+

[c∗1 (n1) c2 (n2)− c2 (n1) c
∗
1 (n2)] j

(3.8)

Applying the statistical expectation operator to (3.8) yields

E {x∗
l (n1) xl (n2)} = E {c∗1 (n1) c1 (n2)}+ E {c2 (n1) c

∗
2 (n2)}

+E {c∗1 (n1) c2 (n2)− c2 (n1) c
∗
1 (n2)} j

(3.9)
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where

E{c∗1 (n1) c1 (n2)} =E{xa (n1) xa (n2) + xb (n1) xb (n2)}+
E{xa (n1) xb (n2)− xa (n2) xb (n1)}j

≈E{xa (n1) xa (n2) + xb (n1) xb (n2)}
∈R

in which the approximation is due to the high correlation between xa and xb.

Likewise, E{c2 (n1) c
∗
2 (n2)} is also approximately real-valued. Moreover, as c1 and

c2 are highly correlated, they can be expressed as c2 (t) ≈ kc1 (t), where k is

complex-valued, to give

E {c∗1 (n1) c2 (n2)− c2 (n1) c
∗
1 (n2)}

≈ E {c∗1 (n1) kc1 (n2)− kc1 (n1) c
∗
1 (n2)}

= 2kE {I [c∗1 (n1) c1 (n2)]}
≈ 0

Therefore, it follows from (3.8) that

E {x∗
l (n1) xl (n2)} ∈ R (3.10)

approximately holds. Given the assumption

E {x∗
l (n1) xl (n2)} ≈ 1

L

L∑
l=1

x∗
l (n1)xl(n2)

(3.6) holds approximately. The above analysis implies that the simultaneous dia-

gonalisation holds exactly when four components of each quaternion variable are

perfectly correlated (maximally improper). For general quaternion signals, ho-

wever, these components are not perfectly correlated, causing the approximation
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error influenced by the correlation coefficients defined by

ρab �
cov[xa, xb]

σxaσxb

, ρac �
cov[xa, xc]

σxaσxc

, ρad �
cov[xa, xd]

σxaσxd

,

ρbc �
cov[xb, xc]

σxb
σxc

, ρbd �
cov[xb, xd]

σxb
σxd

, ρcd �
cov[xc, xd]

σxcσxd

within the range [−1, 1], where “cov” denotes the covariance and σ the standard

deviation. From the simultaneous diagonalisation condition in (3.5), the diagona-

lisation error of Cxxα arises from and is positively correlated with

x∗
l (n1) xl (n2)− [x∗

l (n1) xl (n2)]
α = 2Iβ [x

∗
l (n1) xl (n2)] β + 2Iγ [x

∗
l (n1) xl (n2)] γ

for distinct, α, β, γ ∈ {ı, j, κ}
(3.11)

Note that the imaginary part of x∗
l (n1) xl (n2) is given by

I [x∗
l (n1) xl (n2)]

= [xa (n1) xb (n2)− xa (n2) xb (n1) + xc (n2) xd (n1)− xc (n1) xd (n2)] ı

+ [xa (n1) xc (n2)− xa (n2) xc (n1) + xb (n1) xd (n2)− xb (n2) xd (n1)] j

+ [xa (n1) xd (n2)− xa (n2) xd (n1) + xb (n2) xc (n1)− xb (n1) xc (n2)]κ

(3.12)

Similar to the complex AUT proposed in [62], (3.12) can be rewritten as

I[x∗
l (n1) xl (n2)]=

(
ξab
√
1− ρ2ab + ξcd

√
1− ρ2cd

)
ı+
(
ξac
√

1− ρ2ac + ξbd
√

1− ρ2bd

)
j

+
(
ξad
√

1− ρ2ad + ξbc
√

1− ρ2bc

)
κ

(3.13)

where ξab, ξcd, ξac, ξbd, ξad, ξbc are real-valued coefficients dependent on the statistics

of xl.

It is now obvious that as the components of quaternion data become more

correlated, (3.13) decreases and the diagonalisation error hence decreases. Owing

to the cumulative nature, the error in assuming (3.6) increases with the data

62



segment length, L. Since this error leads to errors in all off-diagonal elements of

the matrices in (3.3) and (3.4), the simultaneous diagonalisation error increases

with L.

Remark 3.1. The simultaneous diagonalisation of the covariance and complemen-

tary covariance matrices becomes exact for quaternion variables with special second-

order statistical properties, such as H-proper variables, the variables with fully

correlated components, and the variables for which the covariance and comple-

mentary covariance matrices have the same singular vectors. This can be verified

by exploring the structures of the matrices.

3.4 Simulations

The effectiveness of the proposed QAUT techniques is illustrated via simulations

on both synthetic and real-world quaternion signals. In the experiments, the

covariance and complementary covariance matrices were estimated based on (3.1)

and (3.2).

3.4.1 Performance of QAUT for Synthetic Improper Sig-

nals

To assess the performance of QAUT, the squared diagonal error of the comple-

mentary covariance matrix Cxxα was measured by an average power ratio of the

off-diagonal, λα,ij, versus diagonal, λα,ii, elements of the approximately diagonal

matrix Λxxα , given by

ε2α =

L∑
i,j=1
i �=j

|λα,ij|2

(N − 1)
L∑
i=1

λ2
α,ii

× 100%

63



Synthetic quaternion signals with a varying degree of correlation between the real,

ı, j and κ components were considered. For simplicity, the six correlation coeffi-

cients of the four components were assumed to be equally distributed in (0, 1] and

denoted by ρ, where ρ = 1 indicates full correlation and ρ = 0 no correlation. A

synthetic quaternion data vector with a varying ρ was generated from a quater-

nion white Gaussian signal. Then, the performance of the QAUT was assessed

comprehensively against the degree of correlation present in the data components,

ρ ∈ [0.5, 1], and the length of data segment, L ∈ [5, 20]. Conforming with the ana-

lysis, Figure 3.1 shows that the diagonalisation error increased as ρ or L increased.

The increase with L reflects that the added data in the segment complicated the

data correlation and hence hindered the simultaneous diagonalisation. The per-

formance was excellent, for example, for a moderate correlation degree, ρ = 0.5,

and a long data segment, L = 20, where the squared diagonalisation error was less

than 1%, while for a high correlation degree, ρ is close to unit, where the error

was negligible.

3.4.2 Performance of QAUT for Real-World Signals

The QAUT was also applied to 4-D real-world electroencephalogram (EEG) signals

by combining four adjacent channels of real-valued EEG signals into a quaternion-

valued signal. The four channels measuring adjacent brain regions exhibited strong

correlation with each other while the channels measuring distant brain regions were

relatively weakly correlated [69, 70]. The QAUT was tested on such quaternion

EEG signals with low, medium and high correlations between the four dimensions,

with the data segment length L varying between 5 and 20. Figure 3.2 illustrates

that the diagonalisation error increased with either an increase in L or a decrease

in the degree of correlation present in the data. The squared diagonal error was

less than 0.2%.
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Figure 3.1: Squared diagonal error [in %] against the correlation degree and the
data segment length for synthetic data.
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Figure 3.2: Squared diagonal error [in %] against the correlation degree and the
data segment length for EEG data.
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3.4.3 QAUT for Rank Reduction

In many practical applications the acquired data are highly correlated or even

collinear, with redundant elements that do not contribute to the accuracy of pro-

cessing but require excessive computational resources and may affect stability of

algorithms through the associated singular correlation matrices. It is therefore de-

sirable to use the minimum number of variables to describe the information within

a data set; this is typically achieved through a low-rank matrix approximation.

For data requiring rank reduction, the assumption that the components of vari-

ables are highly correlated is sensible, that is, the approximation conditions for

the QAUT hold. The QAUT can be therefore rearranged to decompose the data

matrix X into a sum of uncorrelated rank one vector outer products

X = ΦHY =
M∑

m=1

φH
mym

where φm and ym are rows in the matrices Φ and Y, respectively, and the trans-

formed variables, ym, are monotonically non-increasing in the variance. The use

of variables for which the variance is above a defined threshold and the disposal

of the remaining variables, which account for noise, provides the reduced rank

approximation of X in the form

X̂ =
P∑

m=1

φH
mym, where P < M

which is illustrated in Figure 3.3. This is analogous to the real domain where the

SVD provides a change of coordinates to yield uncorrelated variables for which the

variance is monotonically non-increasing.

To illustrate the potential of the QAUT in rank reduction of quaternion data,

a 2D quaternion process, x1, x2, was generated where x1 and x2 were highly

correlated as shown in Figure 3.4, which plots the component relationship in the
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Figure 3.3: Rank reduction using the QAUT.

real, ı, j and κ planes. The QAUT decorrelated x1, x2 into y1 and y2. Figure 3.5

shows significant variation only in the y2 axis while the y1 variation corresponds

to noise, indicating that the true dimensionality of the process is one rather than

two. Note that this method is not suitable when the noise power is comparable to

signal power.
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Figure 3.4: Scatter plots showing high correlation between the original x1 and x2

variables.
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Figure 3.5: Scatter plots showing no correlation between the original y1 and y2
variables.
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Rank reduction is commonly used in chemometrics where many sets of mea-

surements are required to examine a process and the important information may

not be directly observable. For example, Near Infrared Spectra (NIR) are used to

examine the chemical content of a data sample and are often highly correlated or

collinear. The QAUT was applied to the NIR obtained from 80 samples of corn

using three different spectrometers [71]. A pure quaternion variable was formed

for each corn sample by combining its spectra from the three spectrometers. The

QAUT diagonalised the data covariance matrices successfully to show that one

quaternion variable was sufficient to express most of the information, as the lar-

gest diagonal element was 39 compared to 0.01 for the next largest, as shown in

Figure 3.6, which displays the logarithm of the ratio of variance explained by each

variable, compared to the total variance in the data. The insert plot in Figure

3.6 shows the cumulative ratio of variance explained by including further variables

for the original and transformed data. Observe that the transformed data with

much fewer variables explain the same information as the original, thus verifying

the QAUT.
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Figure 3.6: The logarithm of the ratio of the variance explained by each variable
to the total variance. Insert diagram: The cumulative ratio of variance against
the number of variables for the original and decorrelated corn data.
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3.4.4 QAUT for Imbalance Detection in Three-Phase Po-

wer Systems

As shown in Section 3.3, when the components of data are highly correlated, the

QAUT diagonalises all complementary covariance matrices at the expense of a

small error, however, this error increases for lower degrees of correlation. This

data dependence of the QAUT can be exploited to detect imbalance in a three-

phase power system.

In general, the instantaneous voltages of a three-phase power system are given

by [72]

v1(n) = V1 sin(2πfTn+ ϕ1)

v2(n) = V2 sin(2πfTn+ ϕ2)

v3(n) = V3 sin(2πfTn+ ϕ3)

(3.14)

where V1, V2, V3 are the amplitudes, ϕ1, ϕ2, ϕ3 the phases, f the system frequency,

and T the sampling interval. In a balanced three-phase system, A1 = A2 = A3,

ϕ2 − ϕ1 = 2π
3
, ϕ3 − ϕ2 = 2π

3
, and the correlation between each component is

equivalent [73]. The power grid is usually designed to operate optimally under

balanced conditions; however, faults in the power system can cause imbalanced

operating conditions that propagate through the network, threatening its stability.

Therefore, it is important in fault detection and mitigation applications to identify

the incidences when the power grid is operating in an unbalanced fashion [74].

Pure quaternions have been used to deal with data recordings from all three

phases simultaneously as x(n) = v1(n)ı + v2(n)j + v3(n)κ [72]. Organise the re-

corded data into a pure quaternion vector, x = v1ı + v2j + v3κ, where vm =

[vm(1), vm(2), . . . , vm(n)]
T , m = 1, 2, 3. Then, the QAUT can be applied to x and

the diagonalisation errors of the complementary covariance matrices can be em-

ployed as an indicator of power imbalance. This can be explained by the overall
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diagonalisation error given by

I [x∗
l (n1) xl (n2)]=[v2 (n2) v3 (n1)−v2 (n1) v3 (n2)] ı+[v1 (n1) v3 (n2)−v1 (n2) v3 (n1)]j

+[v1 (n2) v2 (n1)−v1 (n1) v2 (n2)]κ

(3.15)

which is a reduced form of (3.12) and is positively correlated with the diagonali-

sation error. When the system is balanced, by substituting (3.14) into (3.15), it

can be derived that the three imaginary parts of x∗
l (n1) xl (n2) in (3.15) are equal,

leading to identical diagonalisation errors of the three complementary covariance

matrices, which is an implication of (3.11). On the other hand, when the system

becomes unbalanced, the three imaginary parts of x∗
l (n1) xl (n2) differ, resulting

in different diagonalisation errors of the three complementary covariance matrices,

which is implied by (3.11). This allows the QAUT to be used in an imbalance de-

tection application. To this end, the QAUT was applied to a sliding window of 0.04

seconds of a three-phase power system for which a fault occurred at 0.25s lasting for

0.25s before the system returned to a balanced state. During this fault, v1 decrea-

sed significantly in amplitude whereas v2 and v3 increased in amplitude (v2 > v3).

Figure 3.7 shows that the diagonalisation error for Cxxj and Cxxκ increased while

the error for Cxxı decreased and therefore analysing the difference between the

errors is an appropriate detection method for the power imbalance. This can be

explained via (3.14), (3.15) and (3.11). The decrease in the amplitude of v1 and

the increase in the amplitudes of v2 and v3 induced an increased ı-imaginary part

and decreased j-imaginary and κ-imaginary parts of x∗
l (n1) xl (n2), so that the

diagonalisation error of Cxxı declined and the diagonalisation errors of Cxxj and

Cxxκ rose.
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Figure 3.7: Three-phase power signal and imbalance detection.

3.5 Summary

A novel simultaneous matrix factorisation technique for the covariance and com-

plementary covariance matrices, which arises in widely linear quaternion algebra,

have been introduced. It has also been shown that for improper quaternion data,

a typical case in quaternion signal processing applications, a single eigendecompo-

sition of the covariance matrix is sufficient to diagonalise approximately the three

complementary matrices. The analysis of the so introduced QAUT has demonstra-

ted its usefulness for improper quaternion signals. Simulation studies on synthetic

and real-world signals support the proposed QAUT technique.
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Part II

Performance Analysis of

Minimum Mean Square Error

Estimation Techniques
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Chapter 4

Performance Advantage of

Widely Linear Quaternion

Estimation

Overview

Widely linear processing has been shown to be superior to the traditional strictly

linear processing in quaternion minimum mean square error (MMSE) estimation.

However, a quantifiable performance difference between strictly and widely linear

processing and the relationship between the performance and quaternion impro-

priety are still lacking. To this end, this chapter presents a proof for the perfor-

mance advantage of widely linear estimation and relates the performance bounds to

signal properties by exploiting the approximate joint diagonalisation of quaternion

covariance matrices. This work can be seen as a generalisation of complex-valued

MMSE estimation, and can thus also be applied to the complex-valued case.

4.1 Introduction

Conventional strictly linear quaternion MMSE estimators utilise the standard co-

variance and are optimal only for estimating second-order circular quaternion sig-

nals. Advances in quaternion statistics have established that in order to capture

complete second-order statistics of quaternion signals, widely linear MMSE esti-

mators that exploit three complementary covariances in addition to the standard

covariance are needed [21, 22, 29]. Due to the non-trivial nature of quaternion al-
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gebra, a closed-form performance comparison between strictly and widely linear

MMSE estimators has not yet been presented. The only available result was achie-

ved in an indirect fashion via the semi-widely linear estimator [30,31,75], which is

a generalisation of the corresponding analysis for complex estimation [76] to the

quaternion domain. In addition, the extent to which the performance bounds of

these estimators are affected by the impropriety of signals remains unclear.

This chapter provides an analytical understanding and second-order perfor-

mance comparison between strictly and widely linear estimators. This is achieved

by examining the structure of the covariance and complementary covariance ma-

trices of the input signal, and by employing the QAUT proposed in Chapter 3. In

this way, the relationship between the MMSE and second-order statistics of the

input signal is established, and the effect of signal properties on the performance

is quantified. The analysis is supported by illustrative simulations.

4.2 Performance Advantage of Widely Linear Es-

timation

Consider the desired signal, y, which is generated by a widely linear system driven

by noise, υ, to give

y = hHx+ gHxı + uHxj + vHxκ + υ = hHx+wcHxc + υ = waHxa + υ (4.1)

where wa =
[
hT ,gT ,uT ,vT

]T
denotes the true augmented weight vector of the

widely linear system, while wc =
[
gT ,uT ,vT

]T
designates the true complementary

weight vector of the widely linear system, xc =
[
xıT ,xjT ,xκT

]T
, and υ is quater-

nion white Gaussian noise that is statistically independent of x. The variance of

υ is denoted by σ2
υ.
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4.2.1 MMSE in Strictly Linear Estimation

It has been proved that the optimal weight of the strictly linear estimator in (2.18)

is provided by the Wiener solution [75], given by

ĥo = E
{
xxH

}−1
E {xy∗} = h+C−1

xxCxxcwc (4.2)

Note that ĥo �= h if C−1
xxCxxcwc �= 0, which occurs when the system is widely

linear (wc �= 0) and x is not H-proper (Cxxc �= 0). The strictly linear estimator

yields the steady-state error, esl, given by

esl � y − ĥH
o x = wcHxc −wcHCH

xxcC−1
xxx+ υ

and the corresponding MMSE is given by

E
{|esl|2} = σ2

υ +wcHMwc (4.3)

where M = Cxcxc − CH
xxcC−1

xxCxxc is the Schur complement of the augmented

covariance matrix Cxaxa , which has the following block structure:

Cxaxa =

⎡
⎣ Cxx Cxxc

Cxcx Cxcxc

⎤
⎦ (4.4)

4.2.2 MMSE in Widely Linear Estimation

The optimal weight vector of the widely linear estimator in (2.19) is given by the

Wiener solution

ŵa
o = E

{
xaxaH

}−1
E {xay∗} = wa
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resulting in the steady-state error, ewl = υ, and the corresponding MMSE

E
{|ewl|2

}
= σ2

υ (4.5)

4.2.3 MMSE Comparison Between Strictly and Widely Li-

near Estimation

The difference between the MMSEs of the strictly and widely linear quaternion

estimators, δe2, is obtained from (4.3) and (4.5), to yield

δe2 � E
{|esl|2}− E

{|ewl|2
}
= wcHMwc (4.6)

Since Cxaxa is positive semi-definite, its Schur complement, M, is also positive

semi-definite [77], and thus δe2 ≥ 0, indicating that the widely linear estimator has

a smaller or equal MMSE compared to its strictly linear counterpart. However,

their MMSEs are equal, that is, δe2 = 0, if at least one of the following three

conditions is satisfied:

1. The system being modelled is strictly linear, that is, wc = 0.

2. The input signal vector x is rectilinear, that is, x = ρıx
ı = ρjx

j = ρκx
κ with

probability 1, where ρα (α ∈ {ı, j, κ}) is a unit quaternion with a vanishing

α-imaginary component. In this case, Cxxα = Cxxρα, and M = 0.

3. The complementary weight vector wc falls within the nullspace of M, that is,

Mwc = 0. This case is highly unlikely in practical engineering applications.

Remark 4.1. Widely linear processing has a lower MMSE than strictly linear pro-

cessing when estimating signals generated by widely linear systems, unless the

second or third condition holds. Otherwise, their MMSEs are equal.

Also notice that

δe2 ≤ wcHCxcxcwc
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This equality holds if at least one of the following two conditions is satisfied:

1. x is H-proper, that is, Cxxc = 0.

2. The complementary weight vectorwc falls within the nullspace ofCH
xxcC−1

xxCxxc ,

that is,
(
CH

xxcC−1
xxCxxc

)
wc = 0. This case is highly unlikely in practice.

4.3 Performance Analysis Using the QAUT

The QAUT introduced in Chapter 3 allows for a simultaneous diagonalisation of

the covariance matrix,Cxx, and the complementary covariance matrices,Cxxı ,Cxxj ,Cxxκ ,

using a unitary transform. To understand the effect of matrix M on δe2 in (4.6),

the following assumption shall be used.

Assumption 4.1. There exists a quaternion unitary matrix Q such that

Cxx = QΛxxQ
H , Cxxα = QΛxxαQαH , α = ı, j, κ (4.7)

where Λxx is a diagonal real-valued matrix containing the eigenvalues of Cxx on

the diagonal, and Λssα are diagonal quaternion matrices.

It can be verified that Assumption 4.1 holds exactly when one of the following

conditions on x is met:

1. The covariance and complementary covariance matrices of x are related by

scalar multiplication. This condition holds for quaternion random vectors

with special second-order statistics, such as an H-proper vector (Cxxα =

0Cxx) and a rectilinear vector (Cxxα = Cxxρα).

2. x can be expressed by applying the unitary transform,Q, to a white Gaussian

random quaternion vector v, that is, x = Qv.

For quaternion inputs that do not meet the above two conditions, Assumption

3.1 holds approximately as the result of the QAUT. Under this assumption, the
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block partitioned matrices in (4.4) can be expressed as

Cxxc = Q
[
Λxxı Λxxj Λxxκ

]
UH (4.8)

Cxcxc = U

⎡
⎢⎢⎢⎣

Λxx Λı
xxκ Λı

xxj

Λj
xxκ Λxx Λj

xxı

Λκ
xxj Λκ

xxı Λxx

⎤
⎥⎥⎥⎦UH (4.9)

where U = bdiag (Qı,Qj,Qκ) is a unitary block diagonal matrix with the involu-

tions of Q as the block diagonal entries. Therefore, the Schur complement matrix,

M, in (4.6), can be factorised as M = USUH where

S =

⎡
⎢⎢⎢⎣

Λxx −Λ∗
xxıΛ−1

xxΛxxı Λı
xxκ −Λ∗

xxıΛ−1
xxΛxxj Λı

xxj −Λ∗
xxıΛ−1

xxΛxxκ

Λj
xxκ −Λ∗

xxjΛ−1
xxΛxxı Λxx −Λ∗

xxjΛ−1
xxΛxxj Λj

xxı −Λ∗
xxjΛ−1

xxΛxxκ

Λκ
xxj −Λ∗

xxκΛ−1
xxΛxxı Λκ

xxı −Λ∗
xxκΛ−1

xxΛxxj Λxx −Λ∗
xxκΛ−1

xxΛxxκ

⎤
⎥⎥⎥⎦

and (4.6) becomes δe2 = wcHUSUHwc.

4.3.1 Impact of Impropriety of the Input Signal

In order to clarify the relationship between the performance advantage of widely

linear estimation and impropriety of x, it is useful to discuss the following two

special cases prior to the general case.

H-proper signal

For an H-proper x,

δe2 = wcHCxcxcwc = gHQıΛxxQ
ıHg + uHQjΛxxQ

jHu+ vHQκΛxxQ
κHv
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If Λxx = λI, where I is the identity matrix, then,

δe2 = λ
(‖g‖2 + ‖u‖2 + ‖v‖2) = λ‖wc‖2 (4.10)

Remark 4.2. Without loss in generality, the performance difference between widely

linear and strictly linear estimation increases as the Euclidean norm of the com-

plementary weight vector, ‖wc‖, increases. This statement is true regardless of

the impropriety of the input signal since the complementary weight of the widely

linear system cannot be modelled by the strictly linear estimator.

Uncorrelated improper signal

For an improper random quaternion vector x for which the elements are uncorre-

lated and have equal power and impropriety degree, the covariance and comple-

mentary covariance matrices are Cxx = cxI, Cxxı = cıI, Cxxj = cjI, Cxxκ = cκI,

where cx is a real-valued constant, and cı, cj, cκ are quaternion-valued constants.

The performance difference in (4.6) therefore becomes

δe2 = wcH

⎛
⎜⎜⎜⎝
⎡
⎢⎢⎢⎣

cx − c−1
x |cı|2 cıκ − c−1

x c∗ı cj cıj − c−1
x c∗ı cκ

cjκ − c−1
x c∗j cı cx − c−1

x |cj|2 cjı − c−1
x c∗j cκ

cκj − c−1
x c∗κcı cκı − c−1

x c∗κcj cx − c−1
x |cκ|2

⎤
⎥⎥⎥⎦⊗ I

⎞
⎟⎟⎟⎠wc (4.11)

where “⊗” denotes the Kronecker product [78].

General improper signal

To examine the effect of matrix M on the performance difference δe2, its trace

shall be inspected. Since U is unitary, the trace of M is

Tr (M) = Tr

(
3Λxx −

∑
α=ı,j,κ

Λ∗
xxαΛ−1

xxΛxxα

)
=

L∑
l=1

λl

(
3−

∑
α=ı,j,κ

r2α,l

)
(4.12)
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where λl is the l-th diagonal element of Λxx, and rα,l the α-impropriety coefficient

of the l-th element of the transformed random vector, QHx. As the degree of signal

impropriety, which is reflected in rα,l, increases, Tr [M] decreases, so do eigenvalues

of M, and hence δe2 decreases.

Remark 4.3. An H-proper quaternion random vector x and its involutions are

uncorrelated, and the Wiener solution of strictly linear estimation is equal to h,

the system weight of x in (4.1). In contrast, an H-improper quaternion random

vector x and its involutions are correlated, therefore some information about the

involutions that is embedded in x can be exploited using the strictly linear model,

in which case the low performance of strictly linear estimation is compensated for

by the additional term C−1
xxCxxcwc in (4.2). This could explain why widely linear

estimation shows only slight improvement in MSE performance over strictly linear

estimation for highly improper signals, such as the 4D wind data in [79].

4.3.2 MMSE Analysis for Complex MMSE Estimation

The above analysis reduces to the complex case when the quaternion signal reduces

to the complex one, that is, x = x1 + ıx2, where x1,x2 ∈ R
L×1. It follows that

Cxxı = Cxx, Cxxj = Cxxκ = E{xxT}. Define the pseudo-covariance of x as

Pxx = E{xxT}. The difference between the MMSEs of strictly linear and widely

linear complex estimators [7] can now be obtained through a degeneration of (4.6),

and is given by

δe2 = E
{|esl|2}− E

{|ewl|2
}
= gH

(
C∗

xx −P∗
xxC

−1
xxPxx

)
g (4.13)

which conforms with the previous work [80], while (4.12) reduces to

Tr (M) = Tr
(
Λxx −Λ∗

pΛ
−1
xxΛp

)
=

L∑
l=1

λl

(
1−
∣∣∣∣λp,l

λl

∣∣∣∣2
)

(4.14)
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where Λp is a diagonal matrix with diagonal elements, λp,l, and
∣∣∣λp,l

λn

∣∣∣ reflects the
degree of impropriety of the complex-valued x. The performance advantage δe2

of complex widely linear estimation increases with the widely linear nature of the

system, propriety of x, or power of x. A higher degree of impropriety indicates

higher correlation between x and its conjugate x∗, meaning that some information

about x∗ that is embedded in x can be exploited via the strictly linear model,

which compensates for the performance loss of strictly linear estimation.

4.4 Simulations

The simulation study was conducted by averaging the steady-state error power

from 100 independent trials of quaternion least mean square (QLMS) algorithms.

A quaternion random vector x with a varying degree of impropriety was generated

and the widely linear system in (4.1) was constructed. To avoid the excess MSE of

QLMS [4], the noise υ was omitted from the system. The length of x was 4, and the

complementary weights of the system were set as g = u = v = βh with β ∈ R, a

varying coefficient reflecting the widely linear nature of the system. For simplicity,

elements of x were generated to be uncorrelated and with equal power, so the

theoretical performance advantage of widely linear estimation could be calculated

from (4.11). The impropriety coefficients rı, rj, rκ of x were equalised to a unique r.

The QLMS algorithms based on the strictly linear and widely linear models were

employed to estimate y. As shown in Figure 4.1 , the theoretical and simulated

performance advantage of the widely linear QLMS over the strictly linear QLMS

were in agreement, and they both increased with the norm of the complementary

weight vector of the widely linear system and the variance of the input signal, and

decreased as the impropriety coefficient of x increased. The curves in Figure 4.1

(a) and (b) are parabolas, conforming with the quadratic forms of wc and rα in

(4.6) and (4.12). The linear trend shown in Figure 4.1 (c) conforms with the linear

form of λ in (4.12).
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Figure 4.1: Effects of (a) widely linear nature of the system, (b) impropriety of
the input signal, and (c) variance of the input signal on the MMSE advantage of
the widely linear QLMS estimator.

4.5 Summary

This chapter has compared the performance of the strictly linear and and widely

linear models for MMSE estimation of quaternion signals. The widely linear model

has been proved to achieve a lower or equal MSE than the strictly linear model,

and this performance advantage has been found to be dependent on the degree

of widely linear nature of the system, impropriety and power of the input signal.

Simulations on synthetic signals support the analysis.
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Chapter 5

Convergence Performance of

Quaternion Adaptive Filters in

Non-stationary Environments

Overview

Quaternion adaptive filters have been extensively used, but complete analysis of

their performance is still lacking, partly due to the cumbersomeness of multi-

variate quaternion analysis. This causes difficulties in both understanding their

behaviour and designing optimal filters. This chapter extends an analysis frame-

work for real-valued adaptive filters to convergence analysis of a general class of

quaternion adaptive filters in non-stationary environments. The extension is non-

trivial, considering the non-commutative quaternion algebra, quaternion gradient,

and multidimensional augmented quaternion statistics. Transient and steady-state

performance of the considered filters is established. For the analysis of QLMS fil-

ters with Gaussian inputs, the QAUT proposed in Chapter 3 is utilised to yield

intuitive closed-form solutions, which relates the filter behaviour to the complete

second-order statistics of the input signal, that is, quaternion noncircularity. The

closed-form expressions of the performance of widely, semi-widely, and strictly

linear QLMS filters are investigated in detail.
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5.1 Introduction

Contrary to the research on real-valued adaptive filters [4,5,81,82], complete per-

formance analysis of quaternion adaptive filters is still an open problem, causing

difficulties in understanding their behaviour and in the design of optimal filtering

strategies. Since the quadrivariate real filters are not isomorphic to the whole

class of quaternion filters, it is impossible to use the performance of the former

to straightforwardly analyse the latter, and thus the performance analysis of the

latter must be undertaken in the quaternion domain. The mean convergence ana-

lysis for the QLMS filters was proposed in [83], but the non-commutativity of

quaternion products poses a challenge to the application of classical mean square

convergence analysis methods for real-valued and complex-valued adaptive filters

to the quaternion domain. For the mean square convergence analysis, the work

in [49] discussed a simple case, the univariate strictly linear QLMS algorithm, and

derived the bounds of the step size. However, considering the difficulty in multi-

variate quaternion analysis due to the non-commutativity of quaternion products

and the lack of quaternion matrix factorisation methods, it is challenging to extend

the analysis in [49] to general multivariate QLMS algorithms.

Based on the analysis framework for real-valued adaptive filters developed

in [81,82], this chapter analyses the mean and mean square convergence of general

quaternion adaptive filters with general (proper or improper) quaternion inputs in

non-stationary environments, and thus quantifies their transient and steady-state

performance. The proposed analysis not only treats different adaptation appro-

aches uniformly, but also caters for different linear models for quaternion signal

estimation. In order to model a non-stationary environment, the system weights

are assumed to vary according to a first-order random-walk model. By decor-

relating the quaternion regressor vector, the analysis of the QLMS filters with

Gaussian inputs yields closed-form solutions relating to the second-order statistics

of input data. The analytical results of the strictly linear QLMS (SL-QLMS),
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widely linear QLMS (WL-QLMS), and semi-widely linear QLMS (SWL-QLMS)

filters are investigated in detail. The key contributions of our work are as fol-

lows: (i) a unified performance analysis for a general class of quaternion adaptive

filters, encompassing various adaptation approaches and quaternion linear esti-

mation models; (ii) the mean square performance of QLMS filters with Gaussian

inputs is linked to the second-order statistics of quaternion inputs by representing

a fourth-order quaternion moment matrix in terms of covariance and complemen-

tary covariance matrices; (iii) the application of a new decorrelation technique for

random quaternion vectors to the Gaussian regressors of QLMS filters leads to

concise and physically meaningful closed-form results. This work is therefore a

non-trivial extension of the real-valued analysis [81,82] to the quaternion domain.

Compared to [81,82], careful attention is paid to the non-commutative quaternion

algebra, and quaternion analysis techniques are employed to deal with augmen-

ted quaternion statistics. Compared to the mean square analysis of univariate

SL-QLMS in [49], a general class of multivariate quaternion adaptive filters are

considered by using a generic filter form and quaternion multivariate statistics.

The so established analytical results bring new insights into the behaviour of the

quaternion adaptive filters.

After an introduction to a class of quaternion adaptive filters to be considered,

this chapter presents a convergence analysis framework to obtain the bounds of

stability conditions and steady-state performances of such filters, from which the

performance of QLMS filters with Gaussian regressors is deduced. Then, the

QAUT proposed in Chapter 3 is used to derive concise and intuitive closed-form

analytical results, which are exemplified with the SL-QLMS, SWL-QLMS and

WL-QLMS.
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5.2 A Class of Quaternion Adaptive Filters in

Non-stationary Environments

Consider the problem of estimating yn ∈ H from xn ∈ H
L×1. Given a general form

of linear estimation model

ŷn = ŵH
n sn (5.1)

where sn ∈ H
M×1 is the regressor vector and ŵn ∈ H

M×1 the weight vector,

the three linear estimation models introduced in (2.18)-(2.20) arise from (5.1) as

follows

• Strictly linear model:

sn = xn, M = L (5.2)

• Semi-widely linear model:

sn = xb
n, M = 2L (5.3)

• Widely linear model:

sn = xa
n, M = 4L (5.4)

Based on (5.1) and the stochastic gradient decent approach to the minimisation of

MSE, a number of quaternion adaptive filtering algorithms fit the following form:

ŷn = ŵH
n sn

en = yn − ŷn

ŵn+1 = ŵn + μf (sn) sne
∗
n

(5.5)

where μ is the fixed real-valued step size, f (sn) a real-valued scalar function of

sn, f (sn) : HM×1 → R. Specific values of f (sn) correspond to specific filtering

algorithms. For example, f (sn) = 1 results in the QLMS, f (sn) = ‖sn‖−2 results

in the normalised QLMS, and f (sn) =
(
ε+ ‖sn‖2

)−1
results in the ε-normalised
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QLMS [84]. The case of f (sn) being a matrix-valued linear or nonlinear function

worth further research. Equation (5.5) is similar to the quaternion nonlinear gra-

dient decent algorithm given by [33]

ŷn = ϕ
(
ŵH

n sn
)

en = yn − ŷn

ŵn+1 = ŵn + μsn
∑

ν∈{1,ı,j,κ}
∂ϕ(q)ν

∂q

∣∣
q=ŵH

n sn eν∗n

(5.6)

which aims to minimise the cost function, |en|2, in a stochastic gradient de-

cent manner, where ϕ (·) is a quaternion-valued nonlinear function. Note that∑
ν∈{1,ı,j,κ}

∂ϕ(q)ν

∂q

∣∣
q=ŵH

n sn is an counterpart to f (sn). In the reduced case of linear

function, e.g., ϕ (q) = q, (5.6) degenerates into the QLMS.

The estimation model in (5.1) is actually based on the assumption that the

desired signal arises from the following linear system:

yn = wH
n sn + υn (5.7)

where the system noise υn is i.i.d., zero-mean, independent of sn, and with variance

σ2
υ. For the desired signal in (5.7), the optimal weight in the MMSE estimation

based on (5.1) can be calculated as

E
{
sns

H
n

}−1
E {sny∗n} = E {wn} (5.8)

which is time-varying. To explore the filter behaviour in non-stationary environ-

ments, the system weight vector wn ∈ H
M×1 is assumed to vary according to a

widely used first-order random-walk model given by [4, 5, 84, 85]

wn = wn−1 + qn (5.9)

where qn ∈ H
M×1 is a random quaternion vector that is i.i.d, zero-mean and
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independent of sn. The expression in (5.9) is an approximation of a Markov model

given by [86]

wn = Awn−1 + qn (5.10)

where the coefficient matrix A is assumed to be close to IM in a number of practi-

cal applications. For example, in modelling Rayleigh fading channels in a wireless

communications environment, (5.10) is a first-order approximation of the variation

of fading coefficients, and A is usually close to IM [5]. In order to simplify the

derivation during the convergence analysis, the real-valued adaptive filtering litera-

ture customarily assumes A = IM to employ the first-order random-walk model in

(5.9), which can be straightforwardly extended to the quaternion domain. Despite

the simplified non-stationary scenarios studied here, the essence of the problem

that is common to more complicated situations is retained.

5.3 Convergence Performance Analysis of Qua-

ternion Adaptive Filters

To analyse the convergence performance of the filters in the form of (5.5), define the

weight-error vector as w̃n � wn−ŵn, and express the filter error as en = w̃H
n sn+υn.

Then the weight-error vector recursion is expressed as

w̃n+1=w̃n−μf (sn) sne
∗
n+qn=

[
IM−μf (sn) sns

H
n

]
w̃n−μf (sn) snυ

∗
n+qn (5.11)

5.3.1 Mean Analysis

Since υn and qn are i.i.d., zero-mean and independent of sn, the expectation of

(5.11) is given by

E {w̃n+1} = E
{
IM − μf (sn) sns

H
n

}
E {w̃n} (5.12)
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A convenient change of coordinates is enabled by the eigendecomposition given

by E
{
f (sn) sns

H
n

}
= UΛUH , where U is a unitary quaternion matrix and Λ is

a real diagonal matrix containing eigenvalues of E
{
f (sn) sns

H
n

}
on the diagonal.

Define w′
n = UHw̃n. Then, (5.12) becomes

E
{
w′

n+1

}
= E {IM − μΛ}E {w′

n} (5.13)

from which one can observe that lim
n→∞

E {w′
n} = 0 if and only if the eigenvalues of

the matrix E {IM − μΛ} are all within (−1, 1), or equivalently [4]

0 < μ < 2λmax

(
E
{
f (sn) sns

H
n

})−1
(5.14)

5.3.2 Mean Square Analysis

Define the a priori and a posteriori estimation errors as

ea,n � wH
n sn − ŵH

n sn = w̃H
n sn

ep,n � wH
n sn − ŵH

n+1sn = (w̃n+1 − qn)
H sn

and the weighted a priori and a posteriori errors as eΣa,n � w̃H
n Σsn and eΣp,n �

(w̃n+1 − qn)
H Σsn, where Σ is a quaternion Hermitian positive definite weighting

matrix. For notation conciseness, denote sHn Σsn by ‖sn‖2Σ. From (5.11) and

eΣp,n = eΣa,n − μf (sn) ens
H
n Σsn = eΣa,n − μf (sn) en ‖sn‖2Σ (5.15)

it can be derived that

w̃n+1 + sn

(
eΣa,n
)∗

‖sn‖2Σ
= w̃n + sn

(
eΣp,n
)∗

‖sn‖2Σ
+ qn (5.16)
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Evaluating energies of both sides of (5.16) yields

‖w̃n+1‖2Σ +
|eΣa,n|2
‖sn‖2Σ

= ‖w̃n‖2Σ +
|eΣp,n|2
‖sn‖2Σ

+ ‖qn‖2Σ + 2R

[
qH
n Σ

(
w̃n + sn

(eΣp,n)
∗

‖sn‖2Σ

)]

which can be rewritten by combining (5.15) as

‖w̃n+1‖2Σ = ‖w̃n‖2Σ1
+ μ2 |υn|2 f (sn)

2 ‖sn‖2Σ + ‖qn‖2Σ + 2R

[
qH
n Σ

(
w̃n + sn

(eΣp,n)
∗

‖sn‖2Σ

)]
−
2μR

[
f (sn)

(
eΣa,n − μf (sn) ‖sn‖2Σ ea,n

)
υn
]

Σ1 � Σ− μf (sn)
(
sns

H
n Σ+Σsns

H
n

)
+ μ2f (sn)

2 ‖sn‖2Σ sns
H
n

The application of the statistical expectation operator to the above equation yields

E
{‖w̃n+1‖2Σ

}
=E

{‖w̃n‖2Σ1

}
+ E

{‖qn‖2Σ
}
+ μ2σ2

υE
{
f (sn)

2 ‖sn‖2Σ
}

(5.17)

For simplicity, assume that the sequence of sn is i.i.d.. Thus (5.17) becomes

E
{‖w̃n+1‖2Σ

}
=E

{‖w̃n‖2Σ′
}
+ E

{‖qn‖2Σ
}
+ μ2σ2

υE
{
f (sn)

2 ‖sn‖2Σ
}

(5.18)

Σ′�E {Σ1}=Σ+μ2E
{
f (sn)

2 ‖sn‖2Σ sns
H
n

}−μ
(
E
{
f (sn) sns

H
n

}
Σ+ΣE

{
f (sn) sns

H
n

})

Stability condition

Consider now the transient behaviour of E
{‖w̃n‖2

}
by letting Σ = IM in (5.18).

Similar to the analysis in [81], matrix Σ′ can be vectorised into a vector referred

to as vec (Σ′) by stacking the columns of Σ′ on top of one another. Refer to ‖·‖2Σ′

as ‖·‖2vec(Σ′) and define

E � IM2 − μA+ μ2B

where

A � IM ⊗ E
{
f (sn) sns

H
n

}
+
(
E
{
f (sn) sns

H
n

})T ⊗ IM
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B � E
{
f (sn)

2 (snsHn )T ⊗R

(
sns

H
n

)}
in which “⊗” denotes the left Kronecker product

A⊗B �

⎡
⎢⎢⎢⎣

[A]1,1 B . . . [A]1,M B
...

. . .
...

[A]M,1 B . . . [A]M,M B

⎤
⎥⎥⎥⎦

and “⊗R” the right Kronecker product [78]

A⊗R B �

⎡
⎢⎢⎢⎣

B [A]1,1 . . . B [A]1,M
...

. . .
...

B [A]M,1 . . . B [A]M,M

⎤
⎥⎥⎥⎦

Then, (5.18) can be rewritten as

E
{‖w̃n+1‖2

}
=E

{
‖w̃n‖2Evec(IM )

}
+E

{‖qn‖2
}
+μ2σ2

υE
{
f (sn)

2 ‖sn‖2
}

(5.19)

Notice that the eigenvalues of E are all real-valued as E is a Hermitian quaternion

matrix [13].

Based on the Cayley-Hamilton theorem, [81] has proved that (5.19) is stable

for real variables if and only if all eigenvalues of E are within (−1, 1), which is

equivalent to

0 < μ < min

⎧⎪⎨
⎪⎩λmax

(
A−1B

)−1
,max

⎧⎨
⎩λ

⎛
⎝
⎡
⎣ A/2 −B/2

IM2 0

⎤
⎦
⎞
⎠ ∈ R

+

⎫⎬
⎭

−1
⎫⎪⎬
⎪⎭ (5.20)

This conclusion also holds for quaternion variables since the Cayley-Hamilton the-

orem applies to the quaternion domain [12], implying that (5.20) is also the mean

square stability condition of quaternion adaptive filters. In contrast to real and

complex analyses [5,7], the steady-state performance of quaternion adaptive filters

is difficult to quantify in a closed form via the above analysis approach, since the re-
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quired vectorisation of quaternion matrices is hindered by the non-commutativity

of quaternion products.

Performance bounds

The sufficient and necessary stability condition shown in (5.20) is difficult to in-

terpret owing to the complicated structure of matrices A and B. Next, simple

sufficient and necessary conditions for the mean square stability shall be derived.

Set Σ = IM , then the evolution of E
{‖w̃n+1‖2

}
can be deduced from (5.18) as

E
{‖w̃n+1‖2

}
= E

{‖w̃n‖2Σ′
}
+ E

{‖qn‖2
}

+ μ2σ2
υE
{
f (sn)

2 ‖sn‖2
}

(5.21)

where

Σ′ = IM − 2μE
{
f (sn) sns

H
n

}
+ μ2E

{
f (sn)

2 ‖sn‖2 snsHn
}

Notice that the Cauchy–Schwarz inequality can be applied to the Hermitian qua-

ternion matrix E
{
f (sn)

2 ‖sn‖2 snsHn
}
[87], yielding

Σ′�IM−2μE
{
f (sn) sns

H
n

}
+μ2E

{
f (sn) sns

H
n

}2
=
(
IM − μE

{
f (sn) sns

H
n

})2
(5.22)

Observe that Σ′ is positive semi-definite, and its eigendecomposition is given by

Σ′ = TΛΣ′TH , where T is a quaternion unitary matrix, and ΛΣ′ a real diagonal

matrix with non-negative eigenvalues of Σ′ on the diagonal. Thus,

E
{‖w̃n‖2Σ′

}
= E

{
w̃H

n TΛΣ′THw̃n

}
(5.23)

From (5.23), observe

E
{‖w̃n‖2Σ′

} ≤ λmax (Σ
′)E
{‖w̃n‖2

}
(5.24)
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where λmax (Σ
′) is bounded by

λmax (Σ
′) ≤ ξ1 � 1− 2μλmin

(
E
{
f (sn) sns

H
n

})
+ μ2λmax

(
E
{
f (sn)

2 ‖sn‖2 snsHn
})

which is based on (2.12). This inequality, together with (5.21) and (5.24), yields

E
{‖w̃n+1‖2

} ≤ ξ1E
{‖w̃n‖2

}
+ E

{‖qn‖2
}
+ μ2σ2

υE
{
f (sn)

2 ‖sn‖2
}

(5.25)

which is stable if ξ1 < 1, thus implying the following sufficient condition for the

mean square stability

0 < μ <
2λmin

(
E
{
f (sn) sns

H
n

})
λmax

(
E
{
f (sn)

2 ‖sn‖2 snsHn
}) (5.26)

From (5.23), observe

E
{‖w̃n‖2Σ′

} ≥ λmin (Σ
′)E
{‖w̃n‖2

}
(5.27)

where λmin (Σ
′) is bounded by

λmin (Σ
′) ≥ ξ2 � 1− 2μλmax

(
E
{
f (sn) sns

H
n

})
+ μ2λmin

(
E
{
f (sn)

2 ‖sn‖2 snsHn
})

This inequality, together with (5.21) and (5.27), yields

E
{‖w̃n+1‖2

} ≥ ξ2E
{‖w̃n‖2

}
+ E

{‖qn‖2
}
+ μ2σ2

υE
{
f (sn)

2 ‖sn‖2
}

(5.28)

Thus, a necessary condition for the convergence of E
{‖w̃n‖2

}
is ξ2 < 1, or equi-

valently

0 < μ <
2λmax

(
E
{
f (sn) sns

H
n

})
λmin

(
E
{
f (sn)

2 ‖sn‖2 snsHn
}) (5.29)

From (5.22), another necessary condition for the convergence of E
{‖w̃n‖2

}
is that the eigenvalues of the matrix

(
IM − μE

{
f (sn) sns

H
n

})2
are all less than
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unit, which yields the same step size bound as in (5.14).

Remark 5.1. Any value of μ that satisfies the mean square stability condition given

in (5.20) also guarantees the mean stability.

Next, the steady-state performance of quaternion adaptive filters will be

bounded through a similar approach. At the steady state, lim
n→∞

E
{‖w̃n+1‖2

}
=

lim
n→∞

E
{‖w̃n‖2

}
, and thus the bounds of MSD = lim

n→∞
E
{‖w̃n‖2

}
can be derived

from (5.25) and (5.28) as

MSD ≤ μ2σ2
υTr(Css)+Tr(Cqq)

2μλmin(E{f(sn)snsHn })−μ2λmax(E{f(sn)2‖sn‖2snsHn })
MSD ≥ μ2σ2

υTr(Css)+Tr(Cqq)

2μλmax(E{f(sn)snsHn })−μ2λmin(E{f(sn)2‖sn‖2snsHn })
(5.30)

Since

E
{‖w̃n‖2Css

}
= E

{
w̃H

n KΛssK
Hw̃n

}
where KΛssK

H is the eigendecomposition of Css, it follows that

λmin (Css)E
{‖w̃n‖2

} ≤ E
{‖w̃n‖2Css

} ≤ λmax (Css)E
{‖w̃n‖2

}

so that EMSE = lim
n→∞

E
{‖w̃n‖2Css

}
is bounded by

λmin (Css) ·MSD ≤ EMSE ≤ λmax (Css) ·MSD (5.31)

5.3.3 Performance Analysis of QLMS

As mentioned in Section 5.2, when f (sn) = 1, the general filter form in (5.5) re-

duces to the QLMS. Therefore, the performance of QLMS filters can be obtained

by substituting f (sn) = 1 into the above analysis results for general quaternion

adaptive filters. Specifically, the mean weight-error vector recursion in (5.12) be-

comes

E {w̃n+1} = (IM − μCss)E {w̃n} (5.32)
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while the mean stability condition in (5.14) reduces to

0 < μ < 2λ−1
max (Css) (5.33)

which is the same as the mean stability condition obtained in [83].

The mean square stability condition in (5.20), which is also the overall stability

condition, becomes

0 < μ < min

⎧⎨
⎩λmax

(
Ā

−1
B̄
)−1

,max

⎧⎨
⎩λ

⎛
⎝
⎡
⎣ Ā/2 −B̄/2

IM2 0

⎤
⎦
⎞
⎠ ∈ R

+

⎫⎬
⎭

−1⎫⎬
⎭

Ā � IM ⊗Css +CT
ss ⊗ IM

B̄ � E
{(

sns
H
n

)T ⊗R

(
sns

H
n

)}
(5.34)

Furthermore, if the regressor vector sn arises from a Gaussian distribution,

the analysis results shown in (5.26), (5.29), (5.30) and (5.31) can be simplified by

expressing the fourth-order moment matrix E
{‖sn‖2 snsHn } in terms of covariance

and complementary covariance matrices of sn as

E
{‖sn‖2 snsHn } = Tr (Css)Css +

1

2

(
C2

ss +
∑

α=ı,j,κ

CssαC
H
ssα

)
(5.35)

which can be proved as follows.

Represent the quaternion variables using the Cayley-Dickson construction,

that is, the m-th element of sn is written as sm = cm + dmj, where cm and dm

are complex variables defined on the basis {1, ı} [42], and then apply Isserlis’

theorem [88] to the constitutive complex variables. This leads to the element on

the a-th row and b-th column of the fourth-order moment matrix E
{‖sn‖2 snsHn }
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as

[
E
{‖sn‖2 snsHn }]a,b

= E

{
M∑

m=1

sms
∗
msas

∗
b

}
= E

{
M∑

m=1

(cm + dmj) (c
∗
m − dmj) (ca + daj) (c

∗
b − dbj)

}
=

M∑
m=1

(E{cmc∗mcac∗b+cmc
∗
mdad

∗
b+dmd

∗
mcac

∗
b+dmd

∗
mdad

∗
b}

+E {cmc∗mdacb+dmd
∗
mdacb−cmc

∗
mcadb−dmd

∗
mcadb}j )

=
M∑

m=1

E {cmc∗m+dmd
∗
m}E {cac∗b+dad

∗
b+(dacb−cadb) j}

+
M∑

m=1

(E {cmca}E {c∗mc∗b}+ E {cmc∗b}E {c∗mca}+

E {cmda}E {c∗md∗b}+ E {cmd∗b}E {c∗mda}+ E {dmca}E {d∗mc∗b}+
E {dmc∗b}E {d∗mca}+ E {dmda}E {d∗md∗b}+ E {dmd∗b}E {d∗mda} )

+
M∑

m=1

(E {cmda}E {c∗mcb}+ E {cmcb}E {c∗mda}+

E {dmda}E {d∗mcb}+ E {dmcb}E {d∗mda} − E {cmca}E {c∗mdb}−
E {cmdb}E {c∗mda} − E {dmca}E {d∗mdb} − E {dmdb}E {d∗mca} ) j

Observe that

[Css]a,b = E {sas∗b} = E {(ca + daj) (c
∗
b − dbj)}

= E {cac∗b + dad
∗
b}+ E {dacb − cadb} j

[Cssı ]a,b = E {sası∗b } = E {(ca + daj) (c
∗
b + dbj)}

= E {cac∗b − dad
∗
b}+ E {dacb + cadb} j

[Cssj ]a,b = E {sasj∗b } = E {(ca + daj) (cb − d∗bj)}
= E {cacb + dadb}+ E {dac∗b − cad

∗
b} j

[Cssκ ]a,b = E {sasκ∗b } = E {(ca + daj) (cb − d∗bj)}
= E {cacb − dadb}+ E {dac∗b + cad

∗
b} j
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From the above equations, one can verify

[
E
{‖sn‖2 snsHn }]a,b = Tr (Css) [Css]a,b +

1
2
[C2

ss]a,b +
1
2

∑
α=ı,j,κ

[CssαC
α
ssα ]a,b

Therefore, (5.35) holds.

It follows (5.35) that

λmax

(
E
{‖sn‖2 snsHn})≤Tr (Css)λmax(Css)+

1
2

[
λ2
max (Css)+

∑
α=ı,j,κ

p2max (Cssα)

]

λmin

(
E
{‖sn‖2 snsHn})≥Tr (Css)λmin(Css)+

1
2

[
λ2
min (Css)+

∑
α=ı,j,κ

p2min (Cssα)

]

where pmax (Cssα) and pmin (Cssα) are maximum and minimum singular values of

Cssα respectively. A sufficient stability condition is deduced from (5.26) as

0 < μ <
4λmin (Css)

2Tr (Css)λmax (Css) + λ2
max (Css) +

∑
α=ı,j,κ

p2max (Cssα)
(5.36)

while a necessary stability condition is deduced from (5.29) as

0 < μ <
4λmax (Css)

2Tr (Css)λmin (Css) + λ2
min (Css) +

∑
α=ı,j,κ

p2min (Cssα)
(5.37)

The upper and lower bounds of MSD are then deduced from (5.30), as in

MSD ≤ 2μ2σ2
υTr(Css)+2Tr(Cqq)

4μλmin(Css)−μ2

[
2Tr(Css)λmax(Css)+λ2

max(Css)+
∑

α=ı,j,κ
p2max(Cssα )

]

MSD ≥ 2μ2σ2
υTr(Css)+2Tr(Cqq)

4μλmax(Css)−μ2

[
2Tr(Css)λmin(Css)+λ2

min(Css)+
∑

α=ı,j,κ
p2min(Cssα )

] (5.38)

The upper and lower bounds of EMSE can be calculated based on the MSD bounds

in (5.38), as in (5.31).
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5.4 Mean Square Analysis of QLMS with Gaus-

sian Regressors Using QAUT

As shown in Section 5.3.2 and Section 5.3.3, unlike the analysis for real and complex

adaptive filters [5, 7], the mean square performance of quaternion adaptive filters

is difficult to evaluate exactly in a closed form, owing to the non-commutative

quaternion algebra and the lack of structural quaternion matrix decomposition

methods. To obtain a concise closed-form solution to the mean square conver-

gence equation, (5.18), for QLMS with Gaussian regressors, the structures of the

involved quaternion covariance matrices can be simplified by using the following

assumption.

Assumption 5.1. There exists a unitary transform s̄n = GHsn such that

Cs̄s̄ = Λss, Cs̄s̄α = Λssα , α = ı, j, κ (5.39)

where Λss is a diagonal real matrix containing the eigenvalues of Css on the dia-

gonal, and Λssα are diagonal quaternion matrices.

It can be verified that Assumption 5.1 holds exactly when one of the following

conditions on sn is met:

1. The covariance and complementary covariance matrices of sn are related

by scalar multiplication. This condition holds for regressor vectors with

specific second-order statistics, such as an H-proper regressor vector (Cssα =

0Css) and a rectilinear regressor vector (Cssα = Cssρα, where ρα is a unit

quaternion).

2. sn can be expressed by applying a unitary transform to a white Gaussian

random quaternion vector vn, that is, sn = Gvn, where G is a unitary

quaternion matrix.
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For quaternion inputs that do not meet the above two conditions, Assumption

5.1 holds approximately as the result of the QAUT. Under this assumption, define

w̄n = GHw̃n, q̄n = GHqn, Σ̄ = GHΣG and convert (5.18) into

E
{‖w̄n+1‖2Σ̄

}
= E

{‖w̄n‖2Σ̄′
}
+ μ2σ2

υE
{‖s̄n‖2Σ̄}+ E

{‖qn‖2Σ
}

Σ̄′ = Σ̄− μ
(
E
{
s̄ns̄

H
n

}
Σ̄+ Σ̄E

{
s̄ns̄

H
n

})
+ μ2E

{‖s̄n‖2Σ̄ s̄ns̄
H
n

} (5.40)

where

E
{‖s̄n‖2Σ̄ s̄ns̄

H
n

}
= Tr

(
Σ̄Λss

)
Λss +

1
2
Σ̄

(
Λ2

ss +
∑

α=ı,j,κ

ΛssαΛ
∗
ssα

)
(5.41)

is derived similarly to the derivation of (5.35). Let Σ̄ be a diagonal real matrix,

then Σ̄′ is also diagonal and real, and hence these two matrices can be completely

characterised by their diagonal entries. Define σ̄ � diag
(
Σ̄
)
, σ̄′ � diag

(
Σ̄′),

λs � diag (Λss), λq � diag
(
E
{
q̄nq̄

H
n

})
, and refer to ‖·‖2Σ̄ and ‖·‖2Σ̄ as ‖·‖2σ̄ and

‖·‖2σ̄′ . The compact forms of (5.40) and (5.41) can be obtained as

E
{‖w̄n+1‖2σ̄

}
= E

{‖w̄n‖2Eσ̄

}
+ (μ2σ2

υλs + λq)
T
σ̄

E = IM − μA+ μ2B

A = 2Λss

B = 1
2

(
Λ2

ss +
∑

α=ı,j,κ

ΛssαΛ
∗
ssα

)
+ λsλ

T
s

(5.42)

Stability condition

Similar to the stability condition of (5.20), (5.42) is stable if and only if all ei-

genvalues of E are within (−1, 1). These eigenvalues are easily seen to be always

greater than -1. It can be proved that they are upper bounded by unit if and only
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if 0 < μ < λmax (A
−1B)

−1
, which is verified to be equivalent to

0 <

M∑
m=1

2μλs,m

4− μλs,m

(
1 +

∑
α=ı,j,κ

r2s̄α,m

) < 1 (5.43)

where λs,m is the m-th element of λs, and rs̄α,m is the α-impropriety coefficient

of the m-th element of s̄n. According to Remark 5.1, the condition in (5.43) is

sufficient and necessary for the algorithm stability both in the mean and mean

square sense.

Remark 5.2. The stability condition in (5.43) indicates that the upper bound of μ

decreases with the increase in the length of the regressor vector, M , the increase

in the power of the regressor reflected by λs,m, and the increase in the impropriety

degree of s̄n reflected by rs̄ı,m, rs̄j,m, rs̄κ,m.

MSD and EMSE

Iterating (5.42) gives

E
{‖w̄n‖2σ̄

}
= E

{‖w̄0‖2Enσ̄

}
+
(
μ2σ2

υλs + λq

)T n−1∑
l=0

Elσ̄ (5.44)

The MSD and EMSE at iteration n can now be derived from (5.44) by letting

σ̄ = 1M and σ̄ = λs, respectively. Equation (5.44) also yields the iteration

E
{‖w̄n+1‖2σ̄

}
=E
{‖w̄n‖2σ̄

}
+E

{
‖w̄0‖2En(E−IM )σ̄

}
+ (μ2σ2

υλs + λq)
T
Enσ̄ (5.45)

which characterises the evolution of MSD when σ̄ = 1M , and characterises the

evolution of EMSE when σ̄ = λs.

At the steady state, lim
n→∞

E
{‖w̄n+1‖2σ̄

}
= lim

n→∞
E
{‖w̄n‖2σ̄

}
, so that (5.42)

yields

lim
n→∞

E
{
‖w̄n‖2(μA−μ2B)σ̄

}
=
(
μ2σ2

υλs + λq

)T
σ̄
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Finally, the steady-state MSD and EMSE become

MSD = lim
n→∞E

{
‖w̄n‖21M

}
=
(
μ2σ2

υλs + λq

)T (
μA− μ2B

)−1
1M

EMSE = lim
n→∞E

{
‖w̄n‖2λs

}
=
(
μ2σ2

υλs + λq

)T (
μA− μ2B

)−1
λs

which can be rewritten as

MSD =

2
M∑

m=1

μ2σ2
υ+λq,mλ−1

s,m

4−μλs,m

(
1+

∑
α=ı,j,κ

r2s̄α,m

)

μ−μ2
M∑

m=1

2λs,m

4−μλs,m

(
1+

∑
α=ı,j,κ

r2s̄α,m

)
(5.46)

EMSE =

2
M∑

m=1

μ2σ2
υλs,m+λq,m

4−μλs,m

(
1+

∑
α=ı,j,κ

r2s̄α,m

)

μ− μ2
M∑

m=1

2λs,m

4−μλs,m

(
1+

∑
α=ı,j,κ

r2s̄α,m

)
(5.47)

Remark 5.3. Observe from (5.46) and (5.47) that the steady-state EMSE and MSD

increase with the length of the regressor vector, M , the power of the regressor

reflected by λs,m, the impropriety degree of s̄n reflected by rs̄ı,m, rs̄j,m, rs̄κ,m, and

the variance of the system weight variation reflected by λq,m.

Table 5.1 summarises the sufficient stability conditions, necessary stability

conditions, necessary and sufficient stability conditions, MSDs, and EMSEs for

general quaternion adaptive filters and QLMS filters with Gaussian inputs. The

closed-form representations of the performance of SL-QLMS, SWL-QLMS, and

WL-QLMS with Gaussian regressors satisfying Assumption 5.1 can be obtained by

replacing s with xn, ẋn, and ẍn respectively in (5.43), (5.46) and (5.47). Exploring

the second-order statistics of input signal, the following three subsections further

address the performance of the three classes of QLMS algorithms.
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Table 5.1: Analysis results of quaternion adaptive filters. S: sufficient; N: necessary.

Stability condition Steady state

S N N&S MSD EMSE

General quaternion

adaptive filter
Eq.(5.26) Eq.(5.29) Eq.(5.20)

Eq.(5.30)

(bounds)

Eq.(5.31)

(bounds)

QLMS with

Gaussian inputs
Eq.(5.36) Eq.(5.37) Eq.(5.34)

Eq.(5.38)

(bounds)

Eq.(5.31)

(bounds)

QLMS with

Gaussian inputs on

Assumption 5.1

Eq.(5.36) Eq.(5.37) Eq.(5.43) Eq.(5.46) Eq.(5.47)

5.4.1 SL-QLMS

Scalar input

The stability condition of the SL-QLMS with a scalar regressor xn is obtained from

(5.43) as

0 < μ <
4

σ2
x

(
3 + r2xı + r2xj + r2xκ

) (5.48)

where σ2
x is the variance of xn. This condition is the same as the analysis result

obtained in [49]. The steady-state performance can be derived from (5.46) and

(5.47) as

MSD =
2
(
μ2σ2

υσ
2
x + σ2

q

)
μσ2

x

[
4− μσ2

x

(
3 + r2xı + r2xj + r2xκ

)] (5.49)

EMSE =
2(μ2σ2

υσ
2
x+σ2

q)
μ[4−μσ2

x(3+r2xı+r2xj+r2xκ)]
(5.50)

where σ2
q is the variance of the weight variation qn.

H-proper input vector

The diagonalisation of Cxx completely decorrelates an H-proper quaternion input

vector xn. For such inputs, rx̄α,m = 0,∀m,α, so that the stability condition in
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(5.43) and the steady-state performance in (5.46) and (5.47) become

0 <

M∑
m=1

2μλx,m

4− μλx,m

< 1 (5.51)

MSD =

2
M∑

m=1

μ2σ2
υ+λq,mλ−1

x,m

4−μλx,m

μ

(
1− μ

M∑
m=1

2λx,m

4−μλx,m

) (5.52)

EMSE =
2

M∑
m=1

μ2σ2
υλx,m+λq,m
4−μλx,m

μ

(
1−μ

M∑
m=1

2λx,m
4−μλx,m

) (5.53)

Rectilinear input vector

If the Gaussian input vector xn is rectilinear, it can be expressed as xn = eζzn,

where zn is a random Gaussian real vector, and ζ a constant pure quaternion

scalar [89]. For such inputs, the covariance and complementary covariance matrices

can be represented by Cxx = Czz, Cxxα = eζ
(
e−ζ
)α

Czz, α = ı, j, κ. Therefore,

Cxx and Cxxα can be simultaneously diagonalised via the diagonalisation of the

real symmetric matrix Czz. Note rx̄α,m = 1,∀m,α, so that the stability condition

in (5.43) and the steady-state performance in (5.46) and (5.47) become

0 <
M∑

m=1

μλx,m

2− 2μλx,m

< 1 (5.54)

MSD =

M∑
m=1

μ2σ2
υ+λq,mλ−1

x,m

2−2μλx,m

μ

(
1− μ

M∑
m=1

λx,m

2−2μλx,m

) (5.55)

EMSE =

M∑
m=1

μ2σ2
υλx,m+λq,m
2−2μλx,m

μ

(
1−μ

M∑
m=1

λx,m
2−2μλx,m

) (5.56)
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5.4.2 SWL-QLMS

H-proper input vector

If the random quaternion vector xn is H-proper, Cẋẋ reduces to a block diagonal

matrix. Denote the eigendecomposition of Cxx by Cxx = QΛxxQ
H , where Λxx is

a diagonal real matrix containing all eigenvalues of Cxx on the diagonal, and Q is

a unitary quaternion matrix containing eigenvectors of Cxx. By using the unitary

transform

G =
1√
2

⎡
⎣ Q −Q

Qη Qη

⎤
⎦

s̄n = GHxb
n is a C

η-improper vector and satisfies

Cs̄s̄ = I2 ⊗Λxx, Cs̄s̄η = Diag(1,−1)⊗Λxx

This reduces the stability condition in (5.43) and the steady-state performance in

(5.46) and (5.47) to

0 <

M/2∑
m=1

2μλx,m

2− μλx,m

< 1 (5.57)

MSD =

M/2∑
m=1

2μ2σ2
υλx,m+λq,m+λq,m+M/2

λx,m(2−μλx,m)

μ

(
1− 2μ

M/2∑
m=1

λx,m

2−μλx,m

) (5.58)

EMSE =

M/2∑
m=1

2μ2σ2
υλx,m+λq,m+λq,m+M/2

2−μλx,m

μ

(
1−2μ

M/2∑
m=1

λx,m
2−μλx,m

) (5.59)

Rectilinear input vector

As shown in Section 5.4.1, the covariance matrix of a rectilinear quaternion random

vector xn is real-valued, so its eigendecomposition can be represented by Cxx =
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QΛxxQ
T , where Q is a real orthogonal matrix. By using the unitary transform

G =
1√
2

⎡
⎣ Q −eζ

(
e−ζ
)η

Q(
eζ
)η

e−ζQ Q

⎤
⎦

s̄n = GHxb
n satisfies

Cs̄s̄ = Diag(2, 0)⊗Λxx

Cs̄s̄η = Diag(2eζ
(
e−ζ
)α

, 0)⊗Λxx, α = ı, j, κ

which reduces the stability condition in (5.43) and the steady-state EMSE in (5.47)

to

0 <

M/2∑
m=1

μλx,m

1− 2μλx,m

< 1 (5.60)

EMSE =

M/2∑
m=1

2μ2σ2
υλx,m+λq,m
1−2μλx,m

+
M∑

m=1+M/2

λq,m

2μ

(
1−μ

M/2∑
m=1

λx,m
1−2μλx,m

) (5.61)

In this case, the steady-state MSD is uncertain as the weight solution is not unique.

5.4.3 WL-QLMS

H-proper input vector

If xn is H-proper, Cxaxa reduces to a block diagonal matrix. Consider the eigen-

decomposition of Cxx, Cxx = QΛxxQ
H . By using the unitary transform

G =
1

2

⎡
⎢⎢⎢⎢⎢⎢⎣

Q −Q −Q −Q

Qı −Qı Qı Qı

Qj Qj −Qj Qj

Qκ Qκ Qκ −Qκ

⎤
⎥⎥⎥⎥⎥⎥⎦
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s̄n = GHxa
n satisfies

Cs̄s̄ = I4 ⊗Λxx

Cs̄s̄ı = Diag(1, 1,−1,−1)⊗Λxx

Cs̄s̄j = Diag(1,−1, 1,−1)⊗Λxx

Cs̄s̄κ = Diag(1,−1,−1, 1)⊗Λxx

The stability condition in (5.43) and the steady-state performance in (5.46) and

(5.47) become

0 <

M/4∑
m=1

2μλx,m

1− μλx,m

< 1 (5.62)

MSD =

M/4∑
m=1

4μ2σ2
υλx,m+λq,m+λq,m+M/4+λq,m+M/2+λq,m+3M/4

2λx,m(1−μλx,m)

μ

(
1− 2μ

M/4∑
m=1

λx,m

1−μλx,m

) (5.63)

EMSE =

M/4∑
m=1

4μ2σ2
υλx,m+λq,m+λq,m+M/4+λq,m+M/2+λq,m+3M/4

2(1−μλx,m)

μ

(
1−2μ

M/4∑
m=1

λx,m
1−μλx,m

) (5.64)

Rectilinear input vector

If xn is rectilinear, the quaternion unitary matrix

G =
1

2

⎡
⎢⎢⎢⎢⎢⎢⎣

Q −Q −Q −Q(
eζ
)ı
e−ζQ − (eζ)ı e−ζQ

(
eζ
)ı
e−ζQ

(
eζ
)ı
e−ζQ(

eζ
)j
e−ζQ

(
eζ
)j
e−ζQ − (eζ)j e−ζQ

(
eζ
)j
e−ζQ(

eζ
)κ

e−ζQ
(
eζ
)κ

e−ζQ
(
eζ
)κ

e−ζQ − (eζ)κ e−ζQ

⎤
⎥⎥⎥⎥⎥⎥⎦

allows the transformed vector s̄n = GHxa
n to satisfy

Cs̄s̄ = Diag(4, 0, 0, 0)⊗Λxx

Cs̄s̄α = Diag(4eζ
(
e−ζ
)α

, 0, 0, 0)⊗Λxx, α = ı, j, κ
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which reduces the stability condition in (5.43) and the steady-state EMSE in (5.47)

to

0 <

M/4∑
m=1

2μλx,m

1− 4μλx,m

< 1 (5.65)

EMSE =

M/4∑
m=1

4μ2σ2
υλx,m+λq,m
1−4μλx,m

+
M∑

m=1+M/4

λq,m

2μ

(
1−2μ

M/4∑
m=1

λx,m
1−4μλx,m

) (5.66)

In this case, the steady-state MSD is uncertain as the weight solution is not unique.

5.5 Simulations

The performance of the three considered classes of QLMS algorithms with Gaus-

sian inputs was evaluated by averaging results over 1000 independent numerical

simulation trials. Throughout the simulations, the length of the synthetic corre-

lated input vector xn was L = 4, and the eigenvalues of Cxx were kept the same.

For simplicity, the elements of xn were set to have an equal impropriety coefficient,

that is, rm,ı = rm,j = rm,k = r.

5.5.1 SL-QLMS

In the simulations for the SL-QLMS, the desired signal was generated from the

strictly linear model in (5.2) and (5.7). The variance of the additive Gaussian

noise υn was σ2
υ = 0.01, and the Euclidean norm of the Gaussian weight variation

qn was 0.0016. Figure 5.1 depicts the theoretical and simulated EMSE and MSD

learning curves of the SL-QLMS for an improper input with r = 0.5 and μ = 0.02.

These curves exhibit a good match between the theory and simulation results.

Figures 5.2 and 5.3 illustrate the theoretical and simulated steady-state EMSEs

for different values of the step size μ when xn is H-proper and when xn is improper

with r = 0.5, respectively. The theoretical bounds of μ are also indicated. Both

figures show that there was a good match between theory and simulations and their

difference increased with μ, which is similar to the behaviour of real-valued LMS
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Figure 5.1: Theoretical and simulated learning curves of SL-QLMS for an improper
input with r = 0.5 and μ = 0.02.

filters [81]. Observe that the decrease in the stability bound for the improper input

conforms with Remark 5.2. Figure 5.8 illustrates a match between the theoretical

and simulated steady-state EMSEs for inputs with various impropriety coefficients

r ∈ [0, 1] and μ = 0.2. The increase in the steady-state EMSEs with r conforms

with Remark 5.3. As shown in Remark 5.2, Figure 5.2, and Figure 5.3, the upper

bound of μ decreases with the increase in r. So, for a fixed μ, the theoretical EMSE

for more improper inputs is less accurate, as μ is closer to the upper bound. This

explains the difference between the theoretical and simulated steady-state EMSEs

for a large r in Figure 5.4 as well as in Figures 5.8 and 5.12. The underlying cause

of the performance degradation for highly improper input signals might be the

complicated structure of those signals, which is worth further research.
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Figure 5.2: Theoretical and simulated EMSEs of SL-QLMS as a function of the
step size, for an H-proper input.
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Figure 5.3: Theoretical and simulated EMSEs of SL-QLMS as a function of the
step size, for an improper input with r = 0.5.

5.5.2 SWL-QLMS

In the simulations for the SWL-QLMS, the desired signal was generated from

the semi-widely linear model in (5.3) and (5.7). The variance of the additive

Gaussian noise υn was σ2
υ = 0.01, and the Euclidean norm of the Gaussian weight

variation, qn, was 0.0008. Figure 5.5 depicts theoretical and simulated EMSE and

MSD learning curves of the SL-QLMS for an improper input with r = 0.5 and

μ = 0.02. These curves exhibit a good match between the theory and simulation

results. Figures 5.6 and 5.7 show theoretical and simulated steady-state EMSEs

for different values of the step size μ when xn is H-proper and when xn is improper

with r = 0.5. The theoretical bounds of μ are also indicated. Both figures illustrate

a good match between theory and simulations and an increase in their difference

with μ. The decrease in the stability bound for the improper input conforms with
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Figure 5.4: Theoretical and simulated EMSEs of SL-QLMS as a function of the
impropriety coefficient, for μ = 0.2.

Remark 5.2. Figure 5.8 illustrates a match between theoretical and simulated

steady-state EMSEs for inputs with various impropriety coefficients r ∈ [0, 1] and

μ = 0.1. The increase in the steady-state EMSEs with r conforms with Remark

5.3.

5.5.3 WL-QLMS

In the simulations for the WL-QLMS, the desired signal was generated from the

widely linear model in (5.4) and (5.7). The variance of the additive Gaussian noise

υn was σ2
υ = 0.01, and the Euclidean norm of the Gaussian weight variation qn

was 0.0004. Figure 5.9 depicts theoretical and simulated EMSE and MSD learning

curves of the SL-QLMS for an improper input with r = 0.5 and μ = 0.02. These

curves exhibit a good match between the theory and simulation results. Figures

5.10 and 5.11 show theoretical and simulated steady-state EMSEs for different

values of the step size μ when xn is H-proper and when xn is improper with

r = 0.5. The theoretical bounds of μ are also indicated. Both figures display a

good match between theory and simulations and an increase in their difference

with μ. The decrease in the stability bound for the improper input conforms with

Remark 5.2. Figure 5.12 illustrates a match between theoretical and simulated

steady-state EMSEs for inputs with various impropriety coefficients r ∈ [0, 1] and

μ = 0.05. The increase in the steady-state EMSEs with r conforms with Remark
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Figure 5.5: Theoretical and simulated learning curves of SWL-QLMS for an im-
proper input with r = 0.5 and μ = 0.02.

5.3.
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Figure 5.6: Theoretical and simulated EMSEs of SWL-QLMS as a function of the
step size, for an H-proper input.
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Figure 5.7: Theoretical and simulated EMSEs of SWL-QLMS as a function of the
step size, for an improper input with r = 0.5.

0 0.2 0.4 0.6 0.8 1
−19

−18

−17

−16

−15

Impropriety coefficient r

EM
SE

 (d
B

)

Simulation
Theory

Figure 5.8: Theoretical and simulated EMSEs of SWL-QLMS as a function of the
impropriety coefficient, for μ = 0.1.
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Figure 5.9: Theoretical and simulated learning curves of WL-QLMS for an impro-
per input with r = 0.5 and μ = 0.02.
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Figure 5.10: Theoretical and simulated EMSEs of WL-QLMS as a function of the
step size, for an H-proper input.
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Figure 5.11: Theoretical and simulated EMSEs of WL-QLMS as a function of the
step size, for an improper input with r = 0.5.
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Figure 5.12: Theoretical and simulated EMSEs of WL-QLMS as a function of the
impropriety coefficient, for μ = 0.05.
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5.6 Summary

Convergence of quaternion adaptive filtering algorithms in non-stationary envi-

ronments has been analysed by extending an analysis framework for real-valued

adaptive filters to the quaternion domain. For rigour, the first-order random-walk

model has been employed to model the variation of system weights in a non-

stationary environment. The bounds on transient and steady-state performance

of general quaternion adaptive filters have been derived. For QLMS filters with

Gaussian inputs, an innovative quaternion decorrelation technique has simplified

the analysis and enabled the step size bounds, MSDs and EMSEs to be expressed

in closed forms. The analytical results, which are shown to be influenced by the

second-order statistics of input signals, provide new insights into the statistical

behaviour of the considered filtering algorithms. Effectiveness of the proposed

analysis has been verified by numerical simulations for SL-QLMS, SWL-QLMS

and WL-QLMS filters with correlated Gaussian inputs.
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Chapter 6

The Quaternion Least Mean

Magnitude-Phase Adaptive

Filtering Algorithm

Overview

Quaternion-valued adaptive filters based on the MSE criterion have been extensi-

vely studied in recent years. However, the MSE cost function has only one degree

of freedom. To circumvent this problem, this chapter introduces another criterion

which enables separate control of the magnitude and phase. Accordingly, a quater-

nion least mean magnitude-phase (QLMMP) filtering algorithm is proposed and

is shown to provide a unified form for the quaternion least mean square (QLMS)

algorithm, a magnitude-only filtering algorithm, and a phase filtering algorithm.

The convergence analysis of the normalised version of the QLMMP employs a con-

nection to the normalised QLMS with a quaternion-valued step size. The proposed

algorithms are validated over case studies of the identification in three-phase power

systems.

6.1 Introduction

The LMS algorithm is known not to perform most efficiently for complex- and

quaternion-valued signals with different dynamics in their magnitudes and phases,

like those caused by Doppler effects [90]. To improve the filtering performance, se-

veral criteria have been proposed to separately extract the magnitude and/or phase
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information from complex-valued signals, such as the least mean phase (LMP) al-

gorithm for phase estimation [90], the constant modulus channel estimator for

magnitude estimation [91], and the least mean magnitude-phase (LMMP) algo-

rithm for advanced estimation of magnitude and phase variations [92, 93]. The

LMMP has shown superior performance for the applications where different con-

vergence performances in the magnitude and phase are needed. For example, when

the signal is contaminated by larger magnitude noise and smaller phase noise, slo-

wer adaption in magnitude and faster adaption in phase is desired.

Magnitude/phase coupling is inherent to quaternion-valued signals. Based

on a definition of phase in the quaternion domain, a quaternion LMP (QLMP)

algorithm has been introduced [94]. However, it requires complicated computati-

ons and the phase change in each iteration is restricted to be less than π/2. To

this end, this chapter proposes a quaternion LMMP (QLMMP) filtering algorithm

which decomposes the instantaneous squared error cost into a composite of the

squared magnitude error and a term representing the phase error between the de-

sired signal and the estimate. In this way, a separate control of magnitude and

phase is achieved, together with the corresponding weight updates. The conver-

gence analysis for the normalised QLMMP algorithm is proposed by regarding

the QLMMP as a special case of QLMS with an adaptive quaternion-valued step

size. This provides a very general algorithm. By setting equal step sizes for the

magnitude and phase update, the QLMMP is equivalent to the standard QLMS

with a real-valued step size, while the vanishing phase (or magnitude) step size re-

duces the QLMMP to a magnitude-only (or phase) filtering algorithm. The phase

filtering algorithm is shown to converge faster than the QLMP, and can be an

alternative to the QLMS when combined with a simple magnitude adjustment.

The performances of the proposed algorithms are validated by simulations in the

context of frequency estimation of three-phase power systems.
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6.2 The QLMMP Algorithm

Assume that the desired quaternion-valued signal at time n arises from a strictly

linear model, yn = wHxn + υn, where xn ∈ H
L×1 is the known input vector,

w ∈ H
L×1 is the unknown optimal weight vector of the system, and υn ∈ H is

zero-mean white Gaussian noise with variance σ2
υ. To get the estimate of yn as

ŷn = ŵH
n xn, where ŵn ∈ H

L×1 is the weight vector, the QLMS algorithm, based

on the minimisation of the instantaneous squared error cost Jn = |yn − ŷn|2, has
been proposed [25]. Using a step size μl and the gradient of Jn with respect to the

conjugate of the weight vector, ∇ŵ∗
n
Jn = −xn (yn − ŷn)

∗, the weight update rule

of the normalised QLMS is given by [24]

ŵn+1 = ŵn − μl

‖xn‖2
∇ŵ∗

n
Jn = ŵn +

μl

‖xn‖2
xn (yn − ŷn)

∗ . (6.1)

Following the LMMP approach for estimating complex-valued signals [92], the

squared error cost can be decomposed into

Jn = (|yn| − |ŷn|)2︸ ︷︷ ︸
Jm,n

+ 2 |ŷn| |yn| (1− cos θn)︸ ︷︷ ︸
Jp,n

(6.2)

where Jm,n is the magnitude cost, Jp,n the phase cost, θn ∈ [0, π] the absolute value

of the angle between ŷn and yn, and cos θn = R [y∗nŷn] |ynŷn|−1. Similar to the

complex LMMP algorithm [92], the minimisation of a linear weighted combination

of Jm,n and Jp,n, Jlmmp,n = αmJm,n+αpJp,n, where αm, αp ∈ R
+ denote the weights,

leads to a new algorithm referred to as the QLMMP. Note that Jlmmp,n ≥ 0, where

the equality holds only when yn = ŷn. The gradients of Jlmmp,n with respect to the

conjugate of the weight vector are then calculated as [23, 24]

∇ŵ∗
n
Jlmmp,n = 0.5xn

[
αm

(
1− |yn|

|ŷn|
)
ŷn + αp

( |yn|
|ŷn| ŷn − yn

)]∗
.
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With the step size μ ∈ R
+, the weight update of the normalised QLMMP becomes

ŵn+1 = ŵn − μ ‖xn‖−2 ∇ŵ∗
n
Jlmmp,n

= ŵn +
xn

‖xn‖2
[
μm

(
|yn|
|ŷn| − 1

)
ŷn + μp

(
yn − |yn|

|ŷn| ŷn
)]∗ (6.3)

where μm = 0.5μαm and μp = 0.5μαp control the respective convergence rates in

the magnitude and phase, so that they are termed magnitude and phase step sizes.

By adjusting μm and μp, the QLMMP provides enhanced degrees of freedom in the

minimisation of the cost function, and different convergence rates and accuracies

in the magnitude and phase estimation. In contrast, the QLMS does not allow for

such separate control of magnitude and phase.

From (6.3), given the new weight estimate ŵn+1, the improvement in the

estimate for dn is

Δŷ = ŵH
n+1xn − ŷn = μm

( |yn|
|ŷn| − 1

)
ŷn︸ ︷︷ ︸

Δŷm

+ μp

(
yn − |yn|

|ŷn| ŷn
)

︸ ︷︷ ︸
Δŷp

where Δŷm aligns with ŷn, and Δŷp rotates ŷn towards yn. Figure 6.1 visualises

the estimation improvements in an iteration of QLMS [24], QLMP [94], and the

proposed QLMMP. On the plane where yn and ŷn lie, the estimation improvement

in the QLMS, Δŷqlms, points to yn, while the estimation improvement in the QLMP,

Δŷqlmp, is perpendicular to ŷn, indicating that the rotation angle of Δŷqlmp is

always less than π/2. By weighting Δŷm and Δŷp via μm and μp, the estimation

improvement in the QLMMP spans the area between Δŷqlms and Δŷqlmp.
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Figure 6.1: Geometric interpretations of the QLMMP, QLMS, and QLMP. Alt-
hough H is a four-dimensional vector space over R, yn, ŷn, and Δŷ are on the same
plane.

The above QLMMP algorithm can be extended to the widely linear QLMMP

algorithm by incorporating the widely linear model. That is,

ŷn = ŵaH
n xa

n

ŵa
n+1 = ŵa

n +
xa
n

4 ‖xn‖2
[
μm

( |yn|
|ŷn| − 1

)
ŷn + μp

(
yn − |yn|

|ŷn| ŷn
)]∗

6.3 Convergence Analysis

The step size of QLMS is confined to a real number in most applications but can be

quaternion-valued alternatively. The quaternion-valued step size is an extension

of the complex-valued step size in complex gradient learning algorithms [95–97].

From (6.1) and (6.3), at time n, the QLMMP and QLMS are equivalent if the step

size in (6.1) is quaternion-valued, that is,

μl = μp +
(μm − μp) (|yn| − |ŷn|)

|yn − ŷn|2 |ŷn|
ŷn (yn − ŷn)

∗ . (6.4)

This connection between the QLMMP and the QLMS with a quaternion-valued

step size provides new insights into the convergence of the QLMMP, which is
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difficult to analyse straightforwardly, owing to the high nonlinearity of the cost

function, μmJm,n+μpJp,n. For a set of μm and μp, if all values of μl calculated from

(6.4) for all yn and ŷn fall into the convergence region of the normalised QLMS, the

corresponding normalised QLMMP achieves a monotonic decrease in MSE. The-

refore, the convergence performance of the normalised QLMS with a quaternion-

valued step size is a prerequisite for the convergence analysis of QLMMMP.

6.3.1 Convergence Analysis of Normalised QLMS with a

Quaternion Step Size

Denote the weight error vector by vn = w − ŵn, and (6.1) leads to

vn+1 =
(
I− μl ‖xn‖−2 xnx

H
n

)
vn − μl ‖xn‖−2 xnυ

∗
n (6.5)

Applying the statistical expectation operator to (6.5) yields

E {vn+1} =
(
I− μl ‖xn‖−2 xnx

H
n

)
E {vn} . (6.6)

The eigendecomposition, E
{
xnx

H
n

}
= QΛQH , enables a coordinate transform

given by x̄n = QHxn and v̄n = QHvn. Applying the statistical expectation

operator to (6.5) yields

E {v̄n+1} =
(
I− μlE

{‖x̄n‖−2 x̄nx̄
H
n

})
E {v̄n} . (6.7)

Thus, the sufficient condition for the mean convergence is

∣∣1− λ
(
E
{‖x̄n‖−2 x̄nx̄

H
n

})
μl

∣∣ < 1

which implies

2R [μl]− |μl|2 λ
(
E
{‖x̄n‖−2 x̄nx̄

H
n

})
> 0 (6.8)
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where λ
(
E
{‖x̄n‖−2 x̄nx̄

H
n

})
represents any eigenvalue of E

{‖x̄n‖−2 x̄nx̄
H
n

}
. It

can be proved that 0 < λ
(
E
{‖x̄n‖−2 x̄nx̄

H
n

}) ≤ 1, and so the expression in (6.8)

can be tightened to 2R [μl]− |μl|2 > 0.

To analyse the convergence in the mean square sense, the variance of the

weight error vector can be calculated from (6.5) as

‖vn+1‖2 = vH
n+1vn+1 =

(|μl|2 − 2R [μl]
) ‖xn‖−2 vH

n xnx
H
n vn+

vH
n vn + |μl|2 σ2

η ‖xn‖−2 + cross terms.

Upon taking statistical expectations of both sides of the above equation, the MSD

is given by

E
{‖vn+1‖2

}
= E

{
vH
n Evn

}
+ |μl|2 σ2

ηE
{‖xn‖−2}

E = I+
(|μl|2 − 2R [μl]

)
E
{‖xn‖−2 xnx

H
n

}
.

(6.9)

The recursion in (6.9) converges if and only if all eigenvalues of E are within

(−1, 1) [81], which is equivalent to

−2 <
(|μl|2 − 2R [μl]

)
λ
(
E
{‖xn‖−2 xnx

H
n

})
< 0.

It can be proved that 0 < λ
(
E
{‖xn‖−2

2 xnx
H
n

}) ≤ 1, and so the above inequality

can be tightened to 2R [μl]− |μl|2 > 0.

Therefore, the normalised QLMS converges in the mean and mean square

sense for 2R [μl]− |μl|2 > 0.

Note that (6.9) yields

E
{‖vn+1‖2

}
=E

{‖vn‖2
}
+ |μl|2 σ2

ηE
{‖xn‖−2}+ (|μl|2 − 2R [μl]

)
E
{‖xn‖−2 |ean|2

}
where ean = vH

n xn is the a priori error. At the steady state, lim
n→∞

E
{‖vn+1‖2

}
=

lim
n→∞

E
{‖vn‖2

}
. Through a further assumption that ‖xn‖2 is statistically indepen-
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dent from |ean|2, the steady-state EMSE can be derived as

lim
n→∞

E
{|ean|2} = |μl|2 σ2

η

(
2R [μl]− |μl|2

)−1
. (6.10)

6.3.2 Convergence Analysis of Normalised QLMMP

(6.4) yields

R [μl] = μp +
(μm − μp) (|yn| − |ŷn|)

|yn − ŷn|2
(|yn| cos θn − |ŷn|)

|μl|2 = (μm−μp)(|yn|−|ŷn|)
|yn−ŷn|2 [(2μp cos θn + μm − μp) |yn| − (μm + μp) |ŷn|] + μ2

p

from where

2R [μl]− |μl|2 = g(cos θn) |yn|2 |yn − ŷn|−2 (6.11)

with

g(cos θn)= 2 cos θn

[
(1− μp) (μm − μp) + (μm + μp − μmμp)

|ŷn|
|yn|

]
+

2μp − μ2
p + 2μm

|ŷn|2
|yn|2 + 2 (μp − μm)

|ŷn|
|yn| −

(
μm − μp − μm

|ŷn|
|yn|

)2
being a linear function of cos θn ∈ [−1, 1] which attains the extrema when cos θn

attains the extrema. Therefore, if g(1) > 0 and g(−1) > 0, then g(cos θn) >

0, ∀θn ∈ [0, π], so that 2R [μl]− |μl|2 > 0 always holds.

Now the sufficient condition for g(1) > 0 and g(−1) > 0 can be deduced. It

is obvious that g(1) > 0 if and only if 0 < μm < 2. Also note that

g(−1) = (2μm − μ2
m)

|ŷn|2
|yn|2 + 2 (μ2

m − 2μmμp + 2μp)
|ŷn|
|yn|+ (2μp − μm) (2 + μm − 2μp)

When |ŷn| = 0, it can be proved that g(−1) > 0 if and only if μm

2
< μp < 1 + μm

2
.

Under the condition μm

2
< μp < 1 + μm

2
, g(−1) increases with |ŷn|

|yn| ∈ [0,+∞), so

g(−1) > 0 for all yn and ŷn. This yields a sufficient convergence condition for
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QLMMP:

0 < μm < 2, 1
2
μm < μp < 1 + 1

2
μm. (6.12)

Practically, the step sizes can exceed the sufficient condition given by (6.12),

as shown in Section 6.5.

6.4 Special Cases of QLMMP

1) For μm = μp, the QLMMP is equivalent to the QLMS with a real-valued step

size μm. The sufficient convergence condition in (6.12) reduces to 0 < μm < 2, and

the steady-state EMSE is obtained from (5.31) as (2− μm)
−1 μmσ

2
υ.

2) For μm �= 0, μp = 0, the QLMMP becomes a magnitude-only filtering

algorithm which is equivalent to the QLMS with a real-valued step size μm under

the constraint that the estimate ŷn always aligns with the desired signal yn, that

is, θn ≡ 0, n = 1, 2, . . .. The sufficient convergence condition in (6.12) then

reduces to 0 < μm < 2, while the steady-state EMSE is obtained from (5.31) as

(2− μm)
−1 μmσ

2
υ.

3) For μm = 0, μp �= 0, the QLMMP reduces to a phase filtering algorithm

for which the following holds:

ŷn+1 = ŷn + μp

(
yn − |yn| |ŷn|−1 ŷn

)
(6.13)

• If μp = |ŷn| |yn|−1, phase estimation is completed in one iteration, regardless

of the value of phase difference. This is a fundamental advantage over the

set of LMP algorithms introduced in [90, 94], for which the phase change in

one iteration must be less than π/2.

• If μp < |ŷn| |yn|−1, then |ŷn+1| < |ŷn|, and the phase difference θn monotoni-

cally converges to zero.

• If μp > |ŷn| |yn|−1, then ŷn+1 and ŷn lie on two sides of yn on the plane shown

in Figure 6.1, and |ŷn+1| > |ŷn|, so that the magnitude of the estimate incre-
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ases until μp ≤ |ŷn| |yn|−1. This adaptive behaviour indicates the stability of

the phase filtering algorithm for all positive μp.

When μm = 0, μp �= 0, and for stationary signals, the steady-state condition

is ∠ŷn ≈ ∠yn, |yn| ≈ |yn+1|, |ŷn| ≈ |ŷn+1|. Therefore, after each weight up-

date, a magnitude adjustment to the output can be implemented by ŷnewn+1 =

|yn| |ŷn|−1 ŷn+1, resulting in the complete estimation of both phase and magni-

tude of yn+1. This algorithm, termed modified QLMMP (MQLMMP), can be

used as an approximate alternative, but with superior stability, to the QLMS.

6.5 Simulations

The considered class of QLMS algorithms were used to estimate the frequency of

a simulated balanced three-phase power system for which the voltages at time n

are given by [73]

vm,n = V sin

(
2πfTn+ ϕ+

2π

3
m− 2π

3

)
, m = 1, 2, 3 (6.14)

where V is the instantaneous magnitude, ϕ the initial phase, f the frequency,

and T the sampling interval. The three voltages can be combined into a pure

quaternion given by [72]

qn = ıv1,n + jv2,n + κv3,n

=
√
1.5V [ζ sin(2πfTn+ ϕ) + ζ ′ cos(2πfTn+ ϕ)]

=
√
1.5V e−ζ′′(2πfTn+ϕ)ζ ′

(6.15)

where ζ =
√

2
3

(
ı− 1

2
j− 1

2
κ
)
, ζ ′ =

√
0.5 (j− κ) , ζ ′′ =

√
1
3
(ı+ j+ κ) are the ima-

ginary units. (6.15) leads to

qn+1 = e−ζ′′2πfT qn. (6.16)
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Through the identification of the autoregressive (AR) system in (6.16), the fre-

quency of the three-phase power system can be adaptively tracked, and one-step

ahead prediction of the voltages can be achieved. A three-phase power system was

simulated, for which f = 50Hz, V = 1V, T = 1ms, and the following two cases

of voltage measurements corrupted by different time-varying noise on magnitude

and phase were considered.

Signal 1: The magnitudes of the three voltages in (6.14) were corrupted by

the same white Gaussian noise, an, with mean 1 and variance changing from

0.01 to 0.04 at 0.5 s. The quaternion-valued measurements of the voltages were

additionally subject to additive noise, hence
√
1.5anV e−ζ′′(2πfTn+ϕ)ζ ′ + υn, where

υn was quaternion-valued circular white Gaussian noise with variance 0.0003.

Signal 2: The phases of the three voltages in (6.14) were corrupted by the

same zero-mean white Gaussian noise, βn, with variance changing from 0.01 to 0.04

at 0.5 s. The quaternion-valued measurements of the voltages were additionally

subject to additive noise, hence
√
1.5V e−ζ′′(2πfTn+ϕ+βn)ζ ′ + υn.

Figure 6.2 illustrates the evolution of the MSD averaged over 200 simulation

runs for three algorithms: 1) normalised QLMMP with μm = 0.04 and μp = 0.4, 2)

normalised QLMS with μ = 0.4, and 3) normalised QLMS with μ = 0.04. As shown

in Figure 6.2 (a), for Signal 1, the QLMMP achieved a lower steady-state MSD than

the QLMS with μ = 0.4. Although the QLMS with μ = 0.04 had a similar steady-

state MSD to the QLMMP, its convergence was slower. Figure 6.2 (b) indicates

that the QLMMP attained the least steady-state MSD among the three algorithms

and also converged faster than the QLMS with μ = 0.04. The performances of

QLMMP and QLMP were compared in one-step ahead prediction of the phase of

the quaternion variable, qn. Figure 6.3 shows the evolution of the phase error power

averaged over 200 simulation runs for two algorithms: 1) normalised QLMMP

with μm = 0 and μp = 0.4, and 2) normalised QLMP with μ = 0.4 [94]. Observe

that the QLMMP converged faster than the QLMP in the phase estimation. The
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Figure 6.2: MSD curves for identification of the three-phase power system using
the normalised QLMMP and normalised QLMS.
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Figure 6.3: Phase error power curves for filtering three-phase voltages using the
normalised QLMMP and normalised QLMP.
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Figure 6.4: MSD curves for one-step ahead prediction of three-phase voltages using
the normalised MQLMMP.
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Figure 6.5: MSE curves for one-step ahead prediction of three-phase voltages using
the normalised MQLMMP.

normalised MQLMMP was tested for one-step ahead prediction of the quaternion

variable, qn. Figures 6.4 and 6.5 show the evolution of the MSD and MSE averaged

over 200 simulation runs for the normalised MQLMMP with μp = 0.4 introduced

in Section 6.4. Figures 6.2 and 6.4 indicate that, as expected, the MQLMMP can

achieve one-step prediction of qn, although with lower accuracy than the QLMMP

and QLMS. Since the phase cost function, Jp,n in (6.2), is not quadratic, the

estimation errors of the QLMMP and MQLMMP decreased to a lower point before

reaching their steady state when the signal is contaminated by high noise in phase,

as shown in Figure 6.2 (b), 6.4 (b), and 6.5 (b).
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6.6 Summary

This chapter has defined a novel cost function for quaternion adaptive filtering

which represents a weighted combination of the magnitude error and phase error.

The QLMMP algorithm has been derived based on such a cost function, and

theoretical analysis has been conducted to find a range for the step sizes that

guarantees the convergence. The QLMMP has been shown to outperform the

QLMS and the QLMP by virtue of the enhanced degrees of freedom in the cost

function.
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Chapter 7

Low-Complexity Quaternion

Adaptive Filters

Overview

Widely linear quaternion estimation caters for both proper and improper quater-

nion signals, but are computationally expensive owing to the use of augmented

variables and statistics. To reduce the computation cost while maintaining the

performance level, this chapter proposes a four-channel estimation framework as

an efficient alternative to quaternion widely linear estimation. This is achieved by

using four linear models to estimate the four components of quaternion signals.

Furthermore, any of the four channels is able to replace a strictly linear quaternion

estimator when estimating strictly linear systems. The proposed method is shown

to reduce computational complexity and provide more flexible algorithms, while

preserving the physical meaning inherent in the quaternion domain. The frame-

work is applied to quaternion MMSE estimation to yield the reduced-complexity

versions of the QLMS, quaternion recursive least squares (QRLS), and quaternion

nonlinear gradient decent (QNGD) algorithms. The convergence performance of

the proposed QLMS algorithm is investigated.

7.1 Introduction

Advances in quaternion statistics have established that in order to capture com-

plete second-order statistics of quaternion signals, widely linear estimators which

use the complementary covariances, in addition to the standard covariance, are
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needed for estimation of general quaternion signals [29, 98]. However, the widely

linear approach requires four times the number of parameters to update, inducing

higher computational complexity. To reduce the computation cost, efficient algo-

rithms casting the computations from H to R have been proposed, for example, the

reduced-complexity widely linear quaternion least mean square (RC-WL-QLMS)

algorithm employs a quaternion-valued weight vector and a real-valued input vec-

tor [99], while the multi-channel LMS (MLMS) algorithm exploits the duality

between R
4 and H [100]. Despite computational efficiency, these algorithms have

no means of exploring the physical meaning inherent in H, as the input and weight

vectors no longer reside in H.

In order to obtain physically meaningful estimates of quaternion signals at low

computation cost, this chapter extends the recently proposed complex dual chan-

nel estimation [101] to a four-channel quaternion estimation framework, which

comprises four sub-estimators for the four components of the quaternion. In this

way, four degrees of freedom are provided to capture complete second-order sta-

tistical information; the so introduced estimation model and weight update rule

reduce the computational cost compared with the conventional widely linear es-

timation, while achieving equivalent estimation performance. In this way, the

physical meaning inherent to the quaternion domain is also preserved, together

with enhanced flexibility as the convergence of the four sub-estimators can be

controlled individually. When estimating strictly linear quaternion systems, the

proposed four-channel estimation simplifies to a single-channel problem, which can

also be used as an efficient alternative to conventional strictly linear estimation.

For rigour, a class of four-channel quaternion MMSE estimation algorithms are

derived, including the four-channel quaternion least mean square (FC-QLMS), the

four-channel quaternion recursive least squares (FC-QRLS), and the four-channel

quaternion nonlinear gradient decent (FC-QNGD). The convergence performance

and computational complexity of the FC-QLMS algorithm are established, and

an adaptive step size strategy based on the Barzilai-Borwein method is introdu-
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ced. Simulations on synthetic and real-world multi-dimensional signals support

the analysis.

7.2 Four-channel Quaternion Estimation Model

Consider a quaternion-valued desired signal, y, given by a widely linear system

corrupted by independent noise, υ, in the form

y = hHx+ gHxı + uHxj + vHxκ + υ (7.1)

where h,g,u,v ∈ H
L×1 are the true weight vectors. According to the relationship

between the components of a quaternion and its involutions, shown in (2.8)-(2.11),

the four real-valued components of y can be represented by four linear models, as

R [y] = R
[
(h+ gı + uj + vκ)H x+ υ

]
Iı [y] = Iı

[
(h+ gı − uj − vκ)H x+ υ

]
Ij [y] = Ij

[
(h− gı + uj − vκ)H x+ υ

]
Iκ [y] = Iκ

[
(h− gı − uj + vκ)H x+ υ

]
(7.2)

Therefore, the desired signal (7.1) can be expressed as

y = R
[
wH

1 x
]
+ ıIı

[
wH

ı x
]
+ jIj

[
wH

j x
]
+ κIκ

[
wH

κ x
]
+ υ (7.3)

where w1,wı,wj,wκ are quaternion-valued weight vectors. This motivates us to

separately estimate the four real-valued components, R [ŷ1], Iı [ŷı], Ij [ŷj], Iκ [ŷκ],

of y, in the form

ŷ1 = ŵH
1 x, ŷı = ŵH

ı x, ŷj = ŵH
j x, ŷκ = ŵH

κ x (7.4)
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which are respectively referred to as channel 1, ı, j and κ. Then, these components

can be combined into a quaternion-valued estimate

ŷ = R [ŷ1] + ıIı [ŷı] + jIj [ŷj] + κIκ [ŷκ] (7.5)

for which the estimation error is given by

e = y − ŷ = e1 + ıeı + jej + κeκ

where

e1 = R [y]−R [ŷ1] , eı = Iı [y]−Iı [ŷı] , ej = Ij [y]−Ij [ŷj] , eκ = Iκ [y]−Iκ [ŷκ]

are the respective estimation errors in the four channels (components). Refer

to the equations in (7.4) and (7.5) as the four-channel linear estimation model,

which avoids the summation of the four quaternion quantities in the widely linear

estimation model (2.19) and consequently reduces the computation cost.

7.3 Four-channel Quaternion MMSE Estimation

On the basis of the four-channel linear model in (7.4) and (7.5), MMSE estimation

of quaternion signals can be undertaken by analysing the four individual channels.

Let ŵ1,o denote the optimal estimate of the system weight w1. Then, the optimal

estimate of R [y] is given by

R
[
ŵH

1,ox
]
=

1

4

[
ŵH

1,ox+ ŵıH
1,ox

ı + ŵjH
1,ox

j + ŵκH
1,o x

κ
]

which is the projection of R [y] onto a Hilbert subspace spanned by the involution

basis, and obeys the orthogonality principle

e1 ⊥ x e1 ⊥ xı e1 ⊥ xj e1 ⊥ xκ
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where “⊥” refers to orthogonality. This orthogonality condition is equivalent to

E {xe∗1} = E {xıe∗1} = E {xje∗1} = E {xκe∗1} = 0 (7.6)

Substituting e1 = R
[
(w1 − ŵ1,o)

H x
]
+R [υ] into (7.6) yields

E
{
xxaH

}
⎡
⎢⎢⎢⎢⎢⎢⎣

ŵ1,o

ŵı
1,o

ŵj
1,o

ŵκ
1,o

⎤
⎥⎥⎥⎥⎥⎥⎦ = E

{
xxaH

}
⎡
⎢⎢⎢⎢⎢⎢⎣

w1

wı
1

wj
1

wκ
1

⎤
⎥⎥⎥⎥⎥⎥⎦

which implies ŵ1,o = w1. Similarly, the remaining three optimal estimated weights

can be derived as ŵı,o = wı, ŵj,o = wj, ŵκ,o = wκ. This indicates that the four-

channel estimator is the optimal estimator for the desired signal shown in (7.1).

For w1 = wı = wj = wκ, Equation (7.3) reduces to a strictly linear model y =

wH
1 x+ υ, and the optimal estimated weight vectors of the four-channel estimator

are ŵ1,o = ŵı,o = ŵj,o = ŵκ,o = w1. Therefore, a single sub-channel is sufficient

for the estimation of the weight vector w1, and the signal estimate is consequently

given by

ŷ = R
[
ŵH

1 x
]
+ ıIı

[
ŵH

1 x
]
+ jIj

[
ŵH

1 x
]
+ κIκ

[
ŵH

1 x
]
= ŵH

1 x

This reduced form of the four-channel estimation is referred to as single-channel

estimation.

Next, three adaptive algorithms for quaternion MMSE estimation within the

proposed four-channel framework will be introduced.
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Figure 7.1: Architecture of the FC-QLMS algorithm.

7.3.1 FC-QLMS Algorithm

Based on the four-channel linear estimation model in (7.4) and (7.5), a FC-QLMS

algorithm shall be derived. As shown in Figure 7.1, the desired signal at the n-th

iteration, yn, is estimated as

ŷn = R
[
ŵH

1,nxn

]
+ ıIı

[
ŵH

ı,nxn

]
+ jIj

[
ŵH

j,nxn

]
+ κIκ

[
ŵH

κ,nxn

]

while the weights are updated to minimise the cost function

JLMS
n = |yn − ŷn|2 =

(
e21,n + e2ı,n + e2j,n + e2κ,n

)

where

e1,n = R [yn]−R
[
ŵH

1,nxn

]
eı,n = Iı [yn]− Iı

[
ŵH

ı,nxn

]
ej,n = Ij [yn]− Ij

[
ŵH

j,nxn

]
eκ,n = Iκ [yn]− Iκ

[
ŵH

κ,nxn

]
As the maximum change of JLMS

n occurs when the weight update is collinear with

the conjugate derivative of JLMS
n , which has been introduced in Chapter 2, the
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weight vectors at the (n+ 1)-th iteration can be derived from the n-th iteration

as

ŵα,n+1 = ŵα,n − μfc∇ŵ∗
α
JLMS
n , α ∈ {1, ı, j, κ} (7.7)

where μfc is a positive step size. The derivative in (7.7) is calculated based on the

generalised HR calculus as

∇ŵ∗
α
JLMS
n = −0.5eα,nxnα

−1 (7.8)

Therefore, the component-wise weight updates are given by

ŵα,n+1 = ŵα,n + μfceα,nxnα
−1 (7.9)

where the constant 0.5 in (7.8) is absorbed into the step size μfc.

If the desired signal obeys the strictly linear model, the four-channel esti-

mation can be replaced with single-channel estimation, so that the FC-QLMS

simplifies to a single-channel QLMS (SC-QLMS) algorithm. The SC-QLMS using

channel 1 is therefore given by

ŷn = ŵH
1,nxn

ŵ1,n+1 = ŵ1,n + μfc (R [yn]−R [ŷn])xn

(7.10)

The proposed model is also scalable, for example, when the quaternion in-

put signal reduces to a complex one, that is, x = R [x] + ı�ı [x], the FC-QLMS

algorithm reduces to a complex algorithm, as

ŷn = R
[
ŵH

1,nxn

]
+ ıIı

[
ŵH

ı,nxn

]
ŵ1,n+1 = ŵ1,n + μfcR

[
y − ŵH

1,nxn

]
xn

ŵı,n+1 = ŵı,n − μfcIı

[
y − ŵH

ı,nxn

]
xnı

which is equivalent to the dual channel complex LMS algorithm in [101].
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In addition to the reduction of computational cost owing to the four-channel

estimation model, by comparing (7.9) to (2.21), it is observed that the FC-QLMS

has a more efficient weight update rule than existing QLMS algorithms [24, 33].

Another advantage of FC-QLMS is that the step sizes of the four channels can be

different, and thus the convergence rate of each channel can be controlled indivi-

dually, which provides the algorithm with more flexibility in practical applications.

7.3.2 FC-QRLS Algorithm

The class of QRLS algorithms include the strictly linear QRLS (SL-QRLS) algo-

rithm given by [102]

epn = yn − ĥH
n−1xn

pn � Pn−1xn

(
ρ+ xH

n Pn−1xn

)−1
(7.11)

ĥn = ĥn−1 + pne
p∗
n

Pn = ρ−1
(
Pn−1 − pnx

H
n Pn−1

)

and the widely linear QRLS (WL-QRLS) algorithm given by [102]

epn = yn − ŵaH
n−1x

a
n

pa
n � Pa

n−1x
a
n

(
ρ+ xaH

n Pn−1x
a
n

)−1

ŵa
n = ŵa

n−1 + pa
ne

p∗
n (7.12)

Pa
n = ρ−1

(
Pa

n−1 − pa
nx

aH
n Pa

n−1

)

where Pn ∈ H
L×L and Pa

n ∈ H
4L×4L are the estimated inverses of the covariance

and augmented covariance matrices, and ρ ∈ (0, 1] is the forgetting factor. A

FC-QRLS version of the WL-QRLS algorithm can be derived to minimise the cost
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function

JRLS
n =

n∑
m=0

ρn−m |em|2

em = ym −R
[
ŵH

1,nxm

]− ıIı

[
ŵH

ı,nxm

]− jIj

[
ŵH

ı,nxm

]− κIκ

[
ŵH

κ,nxm

]
where the weight update is derived from the WL-QRLS weight in (7.12) according

to the isomorphism in (7.2), to yield

ŵα,n = ŵα,n−1 + 4Ψ [ep∗n ] rnα α ∈ {1, ı, j, κ} (7.13)

In (7.13), rn ∈ H
L×1 contains the first L entries of pa

n, Ψ [·] = R [·] when α = 1,

Ψ [·] = Iı [·] when α = ı, Ψ [·] = Ij [·] when α = j, Ψ [·] = Iκ [·] when α = κ. The

weight calculation in (7.13) is more efficient than the weight update of WL-QRLS

in (7.12). If the desired signal obeys the strictly linear model, a single sub-channel

is sufficient for optimal estimation, leading to a more efficient single-channel QRLS

(SC-QRLS) algorithm.

7.3.3 FC-QNGD Algorithm

The class of QNGD algorithms include the strictly linear QNGD (SL-QNGD)

algorithm, given by [33, 103]

qn = ĥH
n xn

ŷn = ϕ (qn)

ĥn+1 = ĥn + μxn

∑
ν∈{1,ı,j,κ}

∂ϕ(qn)
ν

∂qn
(yn − ŷn)

ν∗

and the widely linear QNGD (WL-QNGD) algorithm, given by [103]

qn = ŵaH
n xa

n

ŷn = ϕ (qn)

ŵa
n+1 = ŵa

n + μxa
n

∑
ν∈{1,ı,j,κ}

∂ϕ(qn)
ν

∂qn
(yn − ŷn)

ν∗

140



where ϕ (qn) is a nonlinear function of qn, μ ∈ R
+ a step size.

The FC-QNGD algorithm can also be derived on the basis of the four-channel

estimation model. Consider the minimisation of the cost function

JNGD
n = |en|2 = |yn − ϕ (qn)|2

where

qn = R
[
ŵH

1,nxn

]
+ ıIı

[
ŵH

ı,nxn

]
+ jIj

[
ŵH

j,nxn

]
+ κIκ

[
ŵH

κ,nxn

]

The maximum change of JNGD
n occurs when the weight update is collinear with

the conjugate derivative of JNGD
n , so the weight vectors can be updated as

ŵα,n+1 = ŵα,n − μfc∇ŵ∗
α
JNGD
n , α ∈ {1, ı, j, κ}

where the derivative is calculated based on the generalised HR calculus as

∇ŵ∗
α
JNGD
n =

∑
ν∈{1,ı,j,κ}

∂|en|2
∂eνn

∂eνn
∂ŵ∗

α,n
= −1

8

∑
ν∈{1,ı,j,κ}

eν∗n
∂ϕ(qn)

ν

∂Ψ[qn]
xnα

−1
(7.14)

Therefore, the weight update is given by

ŵα,n+1 = ŵα,n + μfc

∑
ν∈{1,ı,j,κ}

eν∗n
∂ϕ(qn)

ν

∂Ψ[qn]
xnα

−1
(7.15)

where the constant 1/8 in (7.14) is absorbed into the step size μfc.

If ϕ (q) is a split quaternion nonlinear function ϕ (q) = ϕ1 (q) + ıϕı (q) +

jϕj (q) + κϕκ (q), where ϕ1 (q) is a real-valued nonlinear function applied to R [q],

ϕı (q) to Iı [q], ϕj (q) to Ij [q], and ϕκ (q) to Iκ [q], then the cost function can be

written as JNGD
n =

∑
α∈{1,ı,j,κ}

e2α,n, where eα,n = Ψ [yn]−ϕα (qn) are split errors. The
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conjugate derivative of JNGD
n is derived as

∇ŵ∗
α
JNGD
n =

∂JNGD
n

∂eα,n

∂eα,n
∂ŵ∗

α,n

= −0.5eα,n
∂ϕα (qn)

∂Ψ [qn]
xnα

−1 (7.16)

and the weights are updated as

ŵα,n+1 = ŵα,n − μfc∇ŵ∗
α
JNGD
n = ŵα,n + μfceα,n

∂ϕα (qn)

∂Ψ [qn]
xnα

−1 (7.17)

where the constant 0.5 in (7.16) is absorbed into the step size μfc.

The FC-QNGD weight update is obviously less complicated than the WL-

QNGD weight update. When the desired signal obeys the strictly linear model, a

single channel is sufficient for optimal estimation, yielding a more efficient single-

channel QNGD (SC-QNGD) algorithm.

7.4 Performance of FC-QLMS

The performance of the FC-QLMS algorithm is next compared with the QLMS

algorithms.

7.4.1 Equivalence of the FC-QLMS and WL-QLMS

Recently proposed QLMS algorithms include the strictly linear quaternion least

mean square (SL-QLMS) algorithm [33]

ŷn = ĥH
n xn

ĥn+1 = ĥn + μxn (yn − ŷn)
∗ (7.18)

and the widely linear quaternion least mean square (WL-QLMS) algorithm [24]

ŷn = ŵaH
n xa

n

ŵa
n+1 = ŵa

n + μxa
n (yn − ŷn)

∗ (7.19)
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where μ is a positive step size.

Let Ψ [·] ∈ {R [·] , Iı [·] , Ij [·] , Iκ [·]}, then, the four components of the FC-

QLMS estimate have a unified form given by

Ψ [ŷn] = Ψ
[
ŵH

α,kxn

]
= Ψ

[(
ŵH

α,0 + μfceα,0αx
H
0 + · · ·+ μfceα,n−1αx

H
n−1

)
xn

]
= Ψ

[
wH

α,0xn

]
+ μfc

(� [xH
0 xn

]
eα,0 + · · ·+ � [xH

n−1xn

]
eα,n−1

)
where α = 1 when Ψ [·] = R [·], α = ı when Ψ [·] = Iı [·], α = j when Ψ [·] = Ij [·],
α = κ when Ψ [·] = Iκ [·]. Similarly, the components of the WL-QLMS estimate

are represented as

Ψ [ŷn]

= Ψ
[
ĥH
n xn

]
+Ψ

[
ĝH
n xı

n

]
+Ψ

[
ûH
n xj

n

]
+Ψ

[
v̂H
n xκ

n

]
= Ψ

[(
ĥ
H
0 + μe0x

H
0 + · · ·+ μen−1x

H
n−1

)
xn

]
+Ψ

[(
ĝH
0 + μe0x

ıH
0 + · · ·+ μen−1x

ıH
n−1

)
xı
n

]
+Ψ
[(

ûH
0 + μe0x

jH
0 + · · ·+ μen−1x

jH
n−1

)
xj
n

]
+Ψ

[(
v̂H
0 + μe0x

κH
0 + · · ·+ μen−1x

κH
n−1

)
xκ
n

]
= Ψ

[
ĥ
H
0 xn + ĝH

0 xı
n + ûH

0 xj
n + v̂H

0 xκ
n

]
+ 4μ

(� [xH
0 xn

]
Ψ [e0] + · · ·+ � [xH

n−1xn

]
Ψ [en−1]

)
Remark 7.1. From the above two formulas, the estimates of FC-QLMS and WL-

QLMS are identical if μfc = 4μ, and the initial values of estimated weights satisfy

ĥ0 = ĝ0 = û0 = v̂0, ŵ1,0 = 4R
[
ĥ0

]
, ŵı,0 = 4ıIı

[
ĥ0

]
, ŵj,0 = 4jIj

[
ĥ0

]
, ŵκ,0 =

4κIκ

[
ĥ0

]
. This also implies that the FC-QLMS and WL-QLMS algorithms have

identical steady-state MSE if μfc = 4μ.

7.4.2 Transient Performance

For the FC-QLMS algorithm, the weight error vector in channel α at the n-th

iteration is defined as w̃α,n � wα− ŵα,n, so that the estimation error in channel α

becomes eα,n = Ψ
[
w̃H

α,nxn + υn
]
, and the weight error vector at the next iteration

can be expressed as

w̃α,n+1 = w̃α,n − μfceα,nxnα
−1 (7.20)
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which yields

w̃1,n+1 = w̃1,n − 1
4
μfcxn

(
xH
n w̃1,n + xıH

n w̃ı
1,n + xjH

n w̃j
1,n + xκH

n w̃κ
1,n +R [υn]

)

w̃ı,n+1 = w̃ı,n − 1
4
μfcxn

(
xH
n w̃ı,n + xıH

n w̃ı
ı,n − xjH

n w̃j
ı,n − xκH

n w̃κ
ı,n + Iı [υn]

)
w̃j,n+1 = w̃j,n − 1

4
μfcxn

(
xH
n w̃j,n − xıH

n w̃ı
j,n + xjH

n w̃j
j,n − xκH

n w̃κ
j,n + Ij [υn]

)
w̃κ,n+1 = w̃κ,n − 1

4
μfcxn

(
xH
n w̃κ,n − xıH

n w̃ı
κ,n − xjH

n w̃j
κ,n + xκH

n w̃κ
κ,n + Iκ [υn]

)
Applying the statistical expectation operator to the above four equations yields

E {w̃1,n+1} = AE {w̃1,n} − μfc

4

(
CxxıE

{
w̃ı

1,n

}
+CxxjE

{
w̃j

1,n

}
+CxxκE

{
w̃κ

1,n

})
E {w̃ı,n+1} = AE {w̃ı,n} − μfc

4

(
CxxıE

{
w̃ı

ı,n

}−CxxjE
{
w̃j

ı,n

}−CxxκE
{
w̃κ

ı,n

})
E {w̃j,n+1} = AE {w̃j,n} − μfc

4

(−CxxıE
{
w̃ı

j,n

}
+CxxjE

{
w̃j

j,n

}−CxxκE
{
w̃κ

j,n

})
E {w̃κ,n+1} = AE {w̃κ,n} − μfc

4

(−CxxıE
{
w̃ı

κ,n

}−CxxjE
{
w̃j

κ,n

}
+CxxκE

{
w̃κ

κ,n

})
A � I− 1

4
μfcCxx (7.21)

the solution to which is dependent on second-order statistics of x. It is useful to

discuss the following three special cases prior to considering the general case.

H-proper signal

If x is H-proper, the three complementary covariances vanish, and the four weight

error vectors obey the same recursion form given by

E {w̃α,n+1} =

(
I− 1

4
μfcCxx

)
E {w̃α,n} , α ∈ {1, ı, j, κ} (7.22)

The equivalence between the evolution of the four weight vectors is a consequence

of the four components of x being uncorrelated and with the same variance. The

weight error vectors converge if all the eigenvalues of the matrix
(
I− 1

4
μfcCxx

)
are
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within (−1, 1), that is,

0 < μfc <
8

λmax

where λmax is the maximum eigenvalue of Cxx.

According to the expression for the SL-QLMS algorithm in (7.18), the weight

error vector recursion of SL-QLMS is given by

E
{
h̃n+1

}
= (I− μCxx)E

{
h̃n

}
(7.23)

Remark 7.2. For an H-proper quaternion signal x, the ratio between the conver-

gence rate of the FC-QLMS and the SL-QLMS is μfc

4μ
. If μfc = 4μ, these two

algorithms exhibit identical weight error evolution, which is illustrated in Figure

7.2 showing the averaged weight trajectories along the error surfaces while estima-

ting a moving average (MA) process.

C
η-improper signal

For a C
η-improper quaternion signal x, use η′ and η′′ to denote any other two

imaginary units among ı, j, κ. Then the weight error vector recursions in (7.21)

reduce to

E {w̃1,n+1} =
(
I− μfc

4
Cxx

)
E {w̃1,n} − μfc

4
CxxηE

{
w̃η

1,n

}
E {w̃η,n+1} =

(
I− μfc

4
Cxx

)
E {w̃η,n} − μfc

4
CxxηE

{
w̃η

η,n

}
E {w̃η′,n+1} =

(
I− μfc

4
Cxx

)
E {w̃η′,n}+ μfc

4
CxxηE

{
w̃η

η′,n

}
E {w̃η′′,n+1} =

(
I− μfc

4
Cxx

)
E {w̃η′′,n}+ μfc

4
CxxηE

{
w̃η

η′′,n

}
Observe that the evolutions of w̃1 and w̃η are the same, while w̃η′ and w̃η′′ also

exhibit identical evolution, and the paths of the four weight errors are symmetric

about the weight error path of SL-QLMS in (7.23). This is illustrated in Figure 7.3

showing the averaged weight trajectories in the estimation of an MA process. Fi-

gure 7.3 can also be interpreted by the Cayley-Dickson construction of Cı-improper
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Figure 7.2: Averaged weight trajectories for the estimation of a strictly linear
MA(1) process driven by H-proper white Gaussian noise.
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Figure 7.3: Averaged weight trajectories for the estimation of a strictly linear
MA(1) process driven by C

ı-improper white Gaussian noise.

quaternion vectors. A C
ı-improper x can be expressed as x = z1 + z2j where z1

and z2 are proper complex vectors defined in the plane spanned by {1, ı} [104],

that is, the real and imaginary parts of each of z1 and z2 are uncorrelated and with

the same variance, so that channel 1 and ı or channel j and κ follow the same path,

similarly to the H-proper case in (7.22). On the other hand, z1 and z2 are related

or with different powers, so the two pairs of paths are in opposite directions.
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General quaternion-valued signal with uncorrelated components

If the four components of x are uncorrelated, the covariance and complementary

covariance matrices of x can be expressed as

Cxx = C1 +Cı +Cj +Cκ

Cxxı = C1 +Cı −Cj −Cκ

Cxxj = C1 −Cı +Cj −Cκ

Cxxκ = C1 −Cı −Cj +Cκ

where C1 = E
{
R [x]R [x]T

}
, Cı = E

{
Iı [x] Iı [x]

T
}
, Cj = E

{
Ij [x] Ij [x]

T
}
,

and Cκ = E
{
Iκ [x] Iκ [x]

T
}
. The corresponding weight error vectors are given by

E {w̃1,n+1} = (I− μfcC1)E {R [w̃1,n]}+ ı (I− μfcCı)E {Iı [w̃1,n]}
+j (I− μfcCj)E {Ij [w̃1,n]}+ κ (I− μfcCκ)E {Iκ [w̃1,n]}

E {w̃ı,n+1} = (I− μfcCı)E {R [w̃ı,n]}+ ı (I− μfcC1)E {Iı [w̃ı,n]}
+j (I− μfcCκ)E {Ij [w̃ı,n]}+ κ (I− μfcCj)E {Iκ [w̃ı,n]}

E {w̃j,n+1} = (I− μfcCj)E {R [w̃j,n]}+ ı (I− μfcCκ)E {Iı [w̃j,n]}
+j (I− μfcC1)E {Ij [w̃j,n]}+ κ (I− μfcCı)E {Iκ [w̃j,n]}

E {w̃κ,n+1} = (I− μfcCκ)E {R [w̃κ,n]}+ ı (I− μfcCj)E {Iı [w̃κ,n]}
+j (I− μfcCı)E {Ij [w̃κ,n]}+ κ (I− μfcC1)E {Iκ [w̃κ,n]}

(7.24)

and converge if all the eigenvalues of the matrices (I− μfcC1), (I− μfcCı), (I− μfcCj),

and (I− μfcCκ) are within (−1, 1), that is,

0 < μfc <
2

σmax

(7.25)

where σmax is the maximum eigenvalue of C1, Cı, Cj and Cκ. From (7.24), notice

that when different step sizes are used in the four channels, their ranges are all

identical to that shown in (7.25).
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Figure 7.4: Averaged weight trajectories for the estimation of a strictly linear
MA(1) process driven by general improper white Gaussian noise.

General improper signal

Equation (7.21) indicates that for a general improper quaternion signal, x, the

four weight error vectors obey different recursions which are symmetric about the

weight error path of SL-QLMS, as shown in Figure 7.4.
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7.4.3 Computational Complexity

Compared with the existing widely linear and strictly linear quaternion estimation

approaches, the proposed four-channel estimation technique requires less computa-

tion cost. This is because the proposed estimation algorithm avoids the quaternion-

quaternion addition in (7.4) and (7.5) while the proposed weight update rule in

(7.9) replaces quaternion-quaternion multiplications, which cost 8 real multiplica-

tions and 28 real additions per multiplication [105], with real-quaternion multipli-

cations costing only 4 real multiplications per multiplication. Table 7.1 and Figure

7.5 compare the FC-QLMS and SC-QLMS algorithms with the existing QLMS al-

gorithms in terms of the number of real-valued operations required per iteration.

Observe that the FC-QLMS and SC-QLMS require only about half the number

of multiplications and an eighth of the number of additions, as compared to the

WL-QLMS and the SL-QLMS. Therefore, the four-channel estimation framework

allows for an efficient formulation of WL-QLMS and SL-QLMS in the form of

FC-QLMS and SC-QLMS. Although the RC-WL-QLMS [99] and the MLMS [100]

also have such low computational complexity, they bring about a loss of physical

meaning inherent in the quaternion domain.

Table 7.1: The number of real-valued operations per iteration for the QLMS algo-
rithms, for an adaptive filter of length L.

Algorithm Real multiplications Real additions

Estimation of widely linear systems

Proposed : FC-QLMS 32L+ 4 32L

WL-QLMS [24] 64L+ 4 256L

RC-WL-QLMS [99] 32L+ 4 32L

MLMS [100] 32L+ 4 32L

Estimation of strictly linear systems

Proposed : SC-QLMS 8L+ 1 8L

SL-QLMS [33] 16L+ 4 64L
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Figure 7.5: The number of real-valued operations per iteration for the QLMS
algorithms, for an adaptive filter of length L.
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7.4.4 Adaptive Step Size

Standard adaptive algorithms might experience degraded convergence when pro-

cessing non-stationary signals with large dynamical ranges. This degradation can

be circumvented by algorithms that adaptively optimise the step sizes. For the

FC-QLMS algorithm, the four step sizes in the four channels can be optimised

separately as μ1,n, μı,n, μj,n, and μκ,n, before the weight vectors are updated as

ŵα,n+1 = ŵα,n − μα,n∇ŵ∗
α
JLMS
n , α ∈ {1, ı, j, κ}

The Barzilai-Borwein method [106] can be used to obtain the optimal step sizes

at the n-th iteration, as

μα,n = argmin
μ∈R+

‖ŵα,n − ŵα,n−1 − μΓα,n‖2 , α ∈ {1, ı, j, κ}

where

Γα,n =
∂Ψ[yn−ŵH

α,nxn]
2

∂ŵ∗
α,n

− ∂Ψ[yn−ŵH
α,n−1xn]

2

∂ŵ∗
α,n−1

= Ψ
[
(ŵα,n − ŵα,n−1)

H xn

]
xnα

−1

By setting

∇μα,n ‖ŵα,n − ŵα,n−1 − μα,nΓα,n‖2 = 0

the optimal step size can be obtained as

μα,n =
R
[
(ŵα,n − ŵα,n−1)

H Γα,n

]
ΓH

α,nΓα,n

= ‖xn‖−2 (7.26)

which is equivalent to a unit step size after data normalisation [3].

7.5 Simulations

All estimation algorithms discussed were evaluated by simulations over synthetic

and real-world signals. The performance index in the form of normalised MSE
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(NMSE) was calculated at each iteration through averaging the error power nor-

malised by the signal power from 100 independent trials, to yield

NMSEn =
1

100

100∑
l=1

∣∣∣y(l)n − ŷ
(l)
n

∣∣∣2∣∣∣y(l)n

∣∣∣2

where y
(l)
n is the desired signal and ŷ

(l)
n the estimate at the l-th trial. For a fair

comparison, according to the theoretical analysis result shown in Remark 7.1, the

values of step sizes of the four-channel and single-channel algorithms were set to

four times those of their widely linear and strictly linear counterparts, and the

weight vectors in the algorithms were initialised to zero vectors.

7.5.1 QLMS

The QLMS algorithms were implemented to identify a strictly linear MA system,

given by

yn = b0xn + b1xn−1 + b2xn−2 + b3xn−3 + υn (7.27)

and the widely linear MA system

yn = b0xn + b1x
ı
n−1 + b2x

j
n−2 + b3x

κ
n−3 + υn (7.28)

where b0, b1, b2, b3 ∈ H, the signal x and noise υ were H-proper quaternion-valued

white Gaussian data, and the signal-to-noise ratio was 10 dB. Figure 7.6a illus-

trates that when estimating the strictly linear MA system in (7.27), FC-QLMS,

WL-QLMS, SC-QLMS, and SL-QLMS behaved identically, while the FC-QLMS

and SC-QLMS with an adaptive step size (7.26), which are referred to as the

adaptive FC-QLMS and adaptive SC-QLMS, exhibited faster convergence. Fi-

gure 7.6b shows that when estimating the widely linear MA system in (7.28),

the FC-QLMS and the WL-QLMS behaved identically, and had a much smaller

steady-state NMSE than the SL-QLMS, while the adaptive FC-QLMS converged
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Figure 7.6: NMSE curves of the QLMS algorithms for the estimation of MA sys-
tems.

fastest. The 2000 iterations of WL-QLMS took 11.6 s, while the 2000 iterations of

FC-QLMS took only 6.1 s. The 2000 iterations of SL-QLMS took 2.4 s, whereas

the 2000 iterations of SC-QLMS took only 1.9 s.

The considered QLMS algorithms were also used to forecast quaternion-valued

wind data, the four components of which contain the wind speed in the north-

south, east-west, and vertical directions, and the temperature. As shown in Figure

7.7, the FC-QLMS and the WL-QLMS behaved identically, while the adaptive FC-

QLMS had the fastest convergence.

7.5.2 QRLS

Figure 7.8 and 7.9 illustrate the performance of QRLS algorithms in the identifica-

tion of the MA systems in (7.27) and (7.28), and in the prediction of quaternion-

154



0 500 1000 1500 2000
−25

−20

−15

−10

−5

0

N
M

SE
(d

B
)

Sample number

 

 

SL−QLMS
WL−QLMS
FC−QLMS
Adaptive FC−QLMS

Figure 7.7: NMSE curves of the QLMS algorithms for the wind forecasting.

valued wind data. The FC-QRLS behaved identically to the WL-QRLS for both

synthetic and wind data, while when identifying the strictly linear MA system,

the SC-QRLS achieved equivalent performance. The 500 iterations of WL-QRLS

took 3.3 s, while the 500 iterations of FC-QRLS took 3.0 s. The 500 iterations of

SL-QRLS took 1.2 s, whereas the 500 iterations of SC-QRLS took 1.0 s. The ad-

vantage of FC-QRLS and SC-QRLS is not so significant as that of the FC-QLMS

and SC-QLMS since the computational complexity of the intermediate variables in

(7.11) and (7.12), Pa, pa, P, and p, cannot be reduced by the proposed approach.

7.5.3 QNGD

The QNGD algorithms were employed in a one-step ahead prediction of the 4D

Saito’s chaotic circuit data, which is governed by four state variables x1, y1, x2, y2

and five parameters, as [107]

⎡
⎣ ∂x1

∂τ

∂y1
∂τ

⎤
⎦ =

⎡
⎣ −1 1

−α1 −α1β1

⎤
⎦
⎡
⎣ x1 − γ β1

1−β1
h (z)

y1 − γ 1
1−β1

h (z)

⎤
⎦

⎡
⎣ ∂x2

∂τ

∂y2
∂τ

⎤
⎦ =

⎡
⎣ −1 1

−α2 −α2β2

⎤
⎦
⎡
⎣ x2 − γ β2

1−β2
h (z)

y2 − γ 1
1−β2

h (z)

⎤
⎦

155



0 100 200 300 400 500

−30

−20

−10

0
N

M
SE

(d
B

)

Sample number

 

 

SL−QRLS
WL−QRLS
FC−QRLS
SC−QRLS

(a) Strictly linear MA system

0 100 200 300 400 500

−30

−20

−10

0

10

N
M

SE
(d

B
)

Sample number

 

 

SL−QRLS
WL−QRLS
FC−QRLS

(b) Widely linear MA system

Figure 7.8: NMSE curves of the QRLS algorithms for the estimation of MA sys-
tems.
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Figure 7.9: NMSE curves of the QRLS algorithms for the wind forecasting.
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Figure 7.10: Performance of the QNGD algorithms for the one-step ahead pre-
diction of Saito’s chaotic circuit data.

h (z) =

⎧⎨
⎩ 1, z ≥ −1

−1, z ≤ 1

z = x1 + x2

where τ is the time constant of the chaotic circuit. The parameter values were

chosen as γ = 1.3, α1 = 7.5, α2 = 15, β1 = 0.16, β2 = 0.097. Figure 7.10 shows

that the FC-QNGD and WL-QNGD behaved identically and outperformed the

SL-QNGD. The 4000 iterations of WL-QNGD and SL-QNGD took 50 s and 31 s,

respectively, while the 4000 iterations of FC-QNGD took only 29 s.
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7.6 Summary

This chapter has introduced a four-channel linear model for quaternion signal

estimation and has proposed the corresponding adaptive MMSE estimation al-

gorithms, referred to as the FC-QLMS, FC-QRLS and FC-QNGD. These have

been shown to be cost-effective alternatives to existing widely linear algorithms,

while exhibiting identical performances. The proposed individual estimation of

real and imaginary quaternion components has maintained the four degrees of

freedom necessary for widely linear estimation, together with providing physical

insight into quaternion estimation and enhanced flexibility through the estimation

in each channel being controlled independently. In this way, the computational

complexity has been dramatically reduced, while maintaining the performance of

the original algorithms. Simulation studies on synthetic and real-world signals

have validated the analysis.
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Chapter 8

Widely Linear Quaternion

Multiple Model Adaptive

Estimation

Overview

Quaternion state estimation techniques have been used in various applications, yet

they are only suitable for dynamical systems represented by a single known model.

In order to deal with model uncertainty, this chapter proposes a class of widely

linear quaternion multiple model adaptive estimation (QMMAE) algorithms based

on widely linear quaternion Kalman filters (WL-QKFs) and Bayesian inference.

The augmented second-order quaternion statistics is employed to capture com-

plete second-order statistical information in improper quaternion signals. Within

the QMMAE framework, a widely linear quaternion interacting multiple model al-

gorithm is proposed to track time-variant model uncertainty, while a widely linear

quaternion static multiple model algorithm is proposed for time-invariant model

uncertainty. For improper quaternion signals, the proposed widely linear QMMAE

algorithms exhibit enhanced performance over their strictly linear counterparts.

8.1 Introduction

Quaternion-valued state estimation methods have been proposed but are only suit-

able for dynamical systems represented by a single known model [39]. In reality,

however, there is often considerable uncertainty about the system model. For
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example, in target tracking, the target motion may follow the constant velocity

model, the constant acceleration model, or other kinematic models [108]. For

real-valued state estimation, an effective method for circumventing the system un-

certainty is through multiple model adaptive estimation (MMAE), which can be

seen as an application of the mixture of experts methodology [109, 110] to the

state estimation problem. A real-valued MMAE algorithm typically consists of a

bank of filters based on multiple models that represent possible system behaviour

patterns, referred to as modes, and a fusion algorithm that fuses the state esti-

mates of different filters to form the overall estimate. The fusion algorithm may

be based on Bayesian inference [111] or neural network training [112]. Existing

MMAE algorithms are divided into two categories: static multiple model (SMM)

algorithms and interacting multiple model (IMM) algorithms. The former are valid

for time-invariant system uncertainty and the latter are effective for time-variant

system uncertainty. Both have been extensively used in practical applications such

as target tracking, fault diagnosis, and intelligent control [108,113–115], and have

been recently extended to the complex domain [116]. The theoretical performance

analysis of the MMAE algorithms, especially the IMM, however, is challenging.

Recent research on this issue has been focused on recursive approaches, inclu-

ding the hybrid conditional averaging technique for predicting the mean square

error [117–119], and the posterior Cramer-Rao lower bound technique for com-

puting the lower performance bound [120]. These approaches have been shown

to be computationally efficient alternatives to the traditionally used Monte Carlo

simulation method.

However, quaternion MMAE (QMMAE) algorithms for hybrid systems, which

have practical engineering applications, have not yet been investigated in the lite-

rature. The QMMAE is a non-trivial extension of the real-valued MMAE since the

augmented second-order quaternion statistics must be incorporated to deal with

improper quaternion signals. This chapter proposes a class of widely linear QM-

MAE (WL-QMMAE) algorithms based on the widely linear quaternion Kalman
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filter (WL-QKF) introduced in Algorithm 2.1. This approach accounts for the

complete second-order statistics of improper quaternion signals. For time-varying

system uncertainty, a widely linear quaternion IMM (WL-QIMM) algorithm and

a recursive algorithm for the analysis of its performance are proposed. For time-

invariant system uncertainty, the WL-QIMM can simplify to a widely linear qua-

ternion SMM (WL-QSMM) algorithm. In a similar spirit, for semi-widely linear

systems with C
η-improper noise, the WL-QMMAE reduces to the semi-widely li-

near QMMAE (SWL-QMMAE), while for strictly linear systems with H-proper

noise, the WL-QMMAE reduces to the strictly linear QMMAE (SL-QMMAE).

For rigour, the convergence of WL-QSMM has also been proven.

8.2 QMMAE Algorithms

If a quaternion dynamical system is represented by the widely linear model in

(2.22), but the state transition matrix, observation matrix, and properties of the

noises are uncertain over time, a quaternion Kalman filter based on a single known

model will suffer a great performance loss. In such cases, Nm potential models may

be employed as candidates for the unknown system model, and each of them is

represented by

xa
n = F

a[l]
n−1x

a
n−1 + u

a[l]
n−1

zan = H
a[l]
n xa

n + v
a[l]
n

(8.1)

where l ∈ {1, 2, . . . , Nm} is the model index, u
a[l]
n−1 and v

a[l]
n are zero-mean improper

state and observation noise, and F
a[l]
n−1 and H

a[l]
n−1 are state transition and obser-

vation matrices corresponding to model l. Refer to the system behaviour pattern

as a mode. For example, if the system can be represented by model l at time

n, the system is called in mode l at time n. By applying Nm WL-QKFs to the

observations, Nm augmented state estimates and error covariances are given by

x̂
a[l]
n|n = E

{
xa
n | Za

n, τ
[l]
n

}
(8.2)
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P
a[l]
n|n = E

{(
xa
n − x̂

a[l]
n|n
)(

xa
n − x̂

a[l]
n|n
)H

| Za
n, τ

[l]
n

}
(8.3)

By fusing the Nm estimates, the overall augmented estimate can be obtained as

E {xa
n | Za

n} =
Nm∑
l=1

p
(
τ [l]n | Za

n

)
x̂
a[l]
n|n (8.4)

while the overall augmented error covariance can be derived as

E
{
(xa

n − E {xa
n | Za

n}) (xa
n − E {xa

n | Za
n})H | Za

n, τ
[l]
n

}
=

Nm∑
l=1

p
(
τ
[l]
n | Za

n

)[
P

a[l]
n|n +

(
x̂
a[l]
n|n − x̂a

n|n
)(

x̂
a[l]
n|n − x̂a

n|n
)H]

=
Nm∑
l=1

p
(
τ
[l]
n | Za

n

)[
P

a[l]
n|n + x̂

a[l]
n|n
(
x̂
a[l]
n|n
)H]

− x̂a
n|n
(
x̂a
n|n
)H (8.5)

where Za
n �

[
zaT1 , . . . , zaTn

]T
=
[
ZaT

n−1, z
aT
n

]T
is the set of measurements, and τ

[l]
n is

the event that the system is in mode l at time instant n. For simplicity, assume

that the system model is always included in the Nm candidate models. Then, the

conditional probability in (8.4) and (8.5), p
(
τ
[l]
n | Za

n

)
, can be derived using Bayes’

law, as

p
(
τ
[l]
n | Za

n

)
=

p
(
zan|Za

n−1,τ
[l]
n

)
p
(
τ
[l]
n |Za

n−1

)
∑Nm

i=1 p
(
zan|Za

n−1,τ
[i]
n

)
p
(
τ
[i]
n |Za

n−1

)

=
p
(
zan|Za

n−1,τ
[l]
n

)∑Nm
i=1 p

(
τ
[i]
n−1|Za

n−1

)
p
(
τ
[l]
n |τ [i]n−1

)
∑Nm

i=1 p
(
zan|Za

n−1,τ
[i]
n

)∑Nm
j=1 p

(
τ
[j]
n−1|Za

n−1

)
p
(
τ
[i]
n |τ [j]n−1

)
(8.6)

where p
(
zan | Za

n−1, τ
[l]
n

)
is the likelihood function of τ

[l]
n . Note that p

(
zan | Za

n−1, τ
[l]
n

)
=

p
(
r
a[l]
n | τ [l]n

)
, where

ra[l]n � zan −H[l]
n x̂

a[l]
n|n−1 (8.7)

is referred to as the augmented residual vector. Following the principle commonly

used for real-valued and complex-valued MMAE, the augmented residual vector

can be assumed to be Gaussian distributed, with r
a[l]
n ∼ N

(
0,S

a[l]
n

)
, where S

a[l]
n

is the augmented covariance matrix of r
a[l]
n . Thus, the estimate of the likelihood
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function, denoted by L[l]
n , can be computed as

L[l]
n = fG

(
r
a[l]
n | 0,Sa[l]

n

)
(8.8)

Note that S
a[l]
n is an intermediate result in the WL-QKF algorithm corresponding

to model l, shown in Algorithm 2.1. The estimated mode at time n is therefore

given by arg max
l∈{1,2,...,Nm}

p
(
τ
[l]
n | Za

n

)
. The above constitutes the main framework of

the proposed widely linear QMMAE (WL-QMMAE).

8.2.1 WL-QIMM Algorithm

To understand the WL-QMMAE, the probability p
(
τ
[l]
n | Za

n−1

)
in (8.6) needs to

be explained further. For systems with a time-varying mode, one can make the

standard assumption that the mode transition is governed by a first-order Markov

chain, that is

p
(
τ [l]n | τ [i]n−1

)
= π[il], ∀i, l ∈ {1, 2, . . . , Nm} (8.9)

where π[il] is the Markov transition probability from mode i to mode l. Upon

incorporating this assumption and imposing a reinitialization step at the beginning

of the estimation to couple theNm WL-QKFs, the WL-QMMAE framework results

in a practical WL-QIMM algorithm, an extension of the real-valued IMM [121].

An iteration of this WL-QIMM algorithm at time n can be described as follows.

Step 1 (Reinitialisation). For l = 1, . . . , Nm, i = 1, . . . , Nm, the probability

of the system being in mode i at time (n− 1) given that the system is in mode l

at time n, is computed as

γ[li]
n � p

(
τ
[i]
n−1 | τ [l]n ,Za

n−1

)
=

π[il]μ
[i]
n−1∑Nm

j=1 π
[jl]μ

[j]
n−1

(8.10)

where μ
[i]
n−1, termed mode probability, is the estimate of p

(
τ
[l]
n−1 | Za

n−1

)
in the

previous iteration. For l = 1, . . . , Nm, compute the augmented initial state of filter
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l based on Bayes’ law as

x
a[l]
0n = E

{
xa
n−1 | τ [l]n ,Za

n−1

}
=

Nm∑
i=1

x̂
a[i]
n−1|n−1γ

[li]
n (8.11)

and the augmented initial error covariance of filter l as

P
a[l]
0n =

Nm∑
i=1

γ
[li]
n

[
P

a[i]
n−1|n−1 +

(
x
[l]
0n − x̂

a[i]
n−1|n−1

)(
x
[l]
0n − x̂

a[i]
n−1|n−1

)H]
=

Nm∑
i=1

γ
[li]
n

[
P

a[i]
n−1|n−1 + x̂

a[i]
n−1|n−1

(
x̂
a[i]
n−1|n−1

)H]
− x

a[l]
0n

(
x
a[l]
0n

)H

Step 2 (Mode-conditioned Kalman filtering). ImplementNm WL-QKFs

with the initial conditions x
a[l]
0n and P

a[l]
0n . Specifically, for l = 1, . . . , Nm, compute

the predicted augmented state:

x̂
a[l]
n|n−1 = F

a[l]
n−1x

a[l]
0n (8.12)

predicted augmented error covariance:

P
a[l]
n|n−1 = F

a[l]
n−1P

a[l]
0n

(
F

a[l]
n−1

)H
+Q

a[l]
n−1 (8.13)

augmented residual:

ra[l]n = zan −H[l]
n x̂

a[l]
n|n−1 (8.14)

augmented residual covariance:

Sa[l]
n = Ha[l]

n P
a[l]
n|n−1

(
Ha[l]

n

)H
+Ra[l]

n (8.15)

filter gain:

Ka[l]
n = P

a[l]
n|n−1

(
Ha[l]

n

)H (
Sa[l]
n

)−1
(8.16)
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updated augmented state:

x̂
a[l]
n|n = x̂

a[l]
n|n−1 +Ka[l]

n ra[l]n (8.17)

updated augmented error covariance:

P
a[l]
n|n = P

a[l]
n|n−1 −Ka[l]

n Ha[l]
n P

a[l]
n|n−1 (8.18)

Step 3 (Combination). For l = 1, . . . , Nm, compute the likelihood for mode

l as in (8.8), and the estimate of p
(
τ
[l]
n | Za

n

)
, denoted by μ

[l]
n , as

μ[l]
n =

L[l]
n

∑Nm

i=1 π
[il]μ

[i]
n−1∑Nm

i=1 L[i]
n

∑Nm

j=1 π
[ji]μ

[j]
n−1

(8.19)

according to (8.6) and (8.9). Based on (8.4), the overall augmented state estimate

is a weighted sum of the augmented state estimates from Nm WL-QKFs, and is

given by

x̂a
n|n =

Nm∑
l=1

μ[l]
n x̂

a[l]
n|n (8.20)

Based on (8.5), the overall augmented error covariance is given by

Pa
n|n =

Nm∑
l=1

μ
[l]
n

[
P

a[l]
n|n +

(
x̂
a[l]
n|n − x̂a

n|n
)(

x̂
a[l]
n|n − x̂a

n|n
)H]

=
Nm∑
l=1

μ
[l]
n

[
P

a[l]
n|n + x̂

a[l]
n|n
(
x̂
a[l]
n|n
)H]

− x̂a
n|n
(
x̂a
n|n
)H (8.21)

8.2.2 Performance Analysis of WL-QIMM

The stability condition of the real-valued IMM algorithm proved in [122] is rea-

dily extended to the QIMM, that is, if the system is uniformly controllable and

uniformly observable, the covariances of the mode-conditioned Kalman filters are

uniformly bounded from above and below. Furthermore, to efficiently evaluate the
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estimation performance of WL-QIMM, this subsection extends the hybrid conditio-

nal averaging algorithms for the performance analysis of real-valued IMM [117,118]

to the quaternion domain. The resulting recursive algorithm, without recourse to

multiple trials, is more computationally efficient than the commonly used Monte

Carlo simulation method [118]. Note that owing to the widely linear nature of

the WL-QIMM algorithm, the performance analysis algorithm must also be in a

widely linear form, since the augmented second-order quaternion statistics must

be incorporated.

The performance of WL-QIMM depends on the operating scenario, so that the

performance analysis must correspond to a definite operating scenario S in which

the system can be represented by a widely linear quaternion state model in the form

of (2.22). Compared with (8.1), the model in (2.22) is general in the sense that

Fa
n−1, H

a
n, u

a
n−1 and va

n may or may not belong to the candidate model sets used

by the Nm WL-QKFs. Define x̄ � E {x | S} to denote the mean of the quaternion

random vector x in a scenario S, while Cov (x,y) � E
{
(x− x̄) (y − ȳ)H | S

}
denotes the cross-covariance of two quaternion random vectors x and y in S.
Based on these definitions, a recursive algorithm can be derived to estimate the

MSE of WL-QIMM without generating observation data in multiple trials. This

is achieved by the conditional expectation operation mentioned above, through

which the randomness of the error covariance due to the noise is averaged out.

This recursive algorithm is similar to the performance analysis algorithm for real-

valued IMM [118], which originated from [117], but is different in two respects:

(i) the augmented forms of the quaternion variables are employed; (ii) the QMGD

with the generic probability density function in (2.15) is incorporated into the

evaluation of the average likelihood functions and the average mode probabilities.

An iteration of the proposed performance analysis algorithm at time n is described

as follows, while the derivation is omitted for its generic extension from the real-

valued algorithm, for which the derivation can be found in [117,118].

Step 1. Compute the means of the initial conditions of the mode-conditioned
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WL-QKFs. For l = 1, . . . , Nm, i = 1, . . . , Nm, compute the mean of the mixing

probability as

γ̄[li]
n � E

{
γ[li]
n | S} ≈ π[il]μ̄

[i]
n−1∑Nm

j=1 π
[jl]μ̄

[j]
n−1

(8.22)

For l = 1, . . . , Nm, compute the mean of the initial condition of filter l as

x̄
[l]
0n =

Nm∑
i=1

γ̄
[li]
n x̄

[i]
n−1|n−1

(8.23)

P̄
a[l]
0n =

Nm∑
i=1

γ̄
[li]
n

[
P̄

a[i]
n−1|n−1 +

(
x̄
a[l]
0n − x̄

a[i]
n−1|n−1

)(
x̄
a[l]
0n − x̄

a[i]
n−1|n−1

)H]
=

Nm∑
i=1

γ̄
[li]
n

[
P̄

a[i]
n−1|n−1 + x̄

a[i]
n−1|n−1

(
x̄
a[i]
n−1|n−1

)H]
− x̄

a[l]
0n

(
x̄
a[l]
0n

)H

Step 2. Compute the means of residuals and estimates of the mode-conditioned

WL-QKFs. For l = 1, . . . , Nm, define the estimation error of filter l as e
[l]
n �

xn − x̂
[l]
n|n, and the error of the initial state of filter l as e

[l]
0n � xn−1 − x

[l]
0n. It can

be proved that their means are related by

ē
[l]
0n ≈

Nm∑
i=1

γ̄[li]
n ē

[i]
n−1 (8.24)

For l = 1, . . . , Nm, define the model error as

Δa[l] � Ha
nF

a
n−1 −Ha[l]

n F
a[l]
n−1 (8.25)

compute the mean of the augmented residual as

r̄
a[l]
n = H

a[l]
n F

a[l]
n−1ē

a[l]
0n +Δa[l]x̄a

n−1
(8.26)

and then compute

P
a[l]
n|n−1 = F

a[l]
n−1P̄

a[l]
0n

(
F

a[l]
n−1

)H
+Q

a[l]
n−1 (8.27)

167



Sa[l]
n = Ha[l]

n P
a[l]
n|n−1

(
Ha[l]

n

)H
+Ra[l]

n (8.28)

Ka[l]
n = P

a[l]
n|n−1

(
Ha[l]

n

)H (
Sa[l]
n

)−1
(8.29)

x̄
[l]
n|n = F

a[l]
n−1x

a[l]
0n +Ka[l]

n r̄a[l]n (8.30)

P̄
a[l]
n|n = P̄

a[l]
n|n−1 − K̄a[l]

n Ha[l]
n P̄

a[l]
n|n−1 (8.31)

ē
a[l]
n =

(
I−K

a[l]
n H

a[l]
n

)
F

a[l]
n−1ē

a[l]
0n +(

Fa
n−1 − F

a[l]
n−1 −K

a[l]
n Δa[l]

)
x̄a
n−1

(8.32)

Update

x̄a
n = Fa

n−1x̄
a
n−1 (8.33)

Step 3. Compute the cross-covariances of augmented residuals and aug-

mented estimates of the mode-conditioned WL-QKFs. For l = 1, . . . , Nm, i =

1, . . . , Nm, compute the cross-covariances of augmented residuals as

Cov
(
r
a[l]
n , r

a[i]
n

)
= Ha

nQ
a
n−1H

aH
n +Δa[l]Cov

(
xa
n−1,x

a
n−1

) (
Δa[l]

)H
+

H
a[l]
n F

a[l]
n−1Cov

(
e
a[l]
0n , e

a[i]
0n

)(
H

a[i]
n F

a[i]
n−1

)H
+

H
a[l]
n F

a[l]
n−1Cov

(
e
a[l]
0n ,x

a
n−1

) (
Δa[i]

)H
+

Δa[l]Cov
(
e
a[i]
0n ,x

a
n−1

)H (
H

a[i]
n F

a[i]
n−1

)H
+Ra

n

(8.34)

and the cross-covariances of augmented estimation errors as

Cov
(
e
a[l]
n , e

a[i]
n

)
=
(
I−K

a[l]
n H

a[l]
n

)
Fa[l]Cov

(
e
a[l]
0n , e

a[i]
0n

)(
F

a[i]
n−1 −K

a[i]
n H

a[i]
n F

a[i]
n−1

)H
+(

Fa
n−1 − F

a[l]
n−1 −K

a[l]
n Δa[l]

)
Cov

(
xa
n−1,x

a
n−1

) (
Fa

n−1 − F
a[i]
n−1 −K

a[i]
n Δa[i]

)H
+
(
F

a[l]
n−1 −K

a[l]
n H

a[l]
n F

a[l]
n−1

)
Cov

(
e
a[l]
0n ,x

a
n−1

)(
Fa

n−1 − F
a[i]
n−1 −K

a[i]
n Δa[i]

)H
+
(
Fa

n−1 − F
a[l]
n−1 −K

a[l]
n Δa[l]

)
Cov

(
e
a[i]
0n ,x

a
n−1

)H (
F

a[i]
n−1 −K

a[i]
n H

a[i]
n F

a[i]
n−1

)H
+
(
I−K

a[l]
n Ha

n

)
Qa

n−1

(
I−K

a[i]
n Ha

n

)H
+K

a[l]
n Ra

n

(
K

a[i]
n

)H
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where

Cov
(
e
a[l]
0n ,x

a
n−1

)
≈

Nm∑
i=1

γ̄[li]
n Cov

(
e
a[i]
n−1,x

a
n−1

)
(8.35)

Cov
(
e
a[l]
0n , e

a[i]
0n

)
≈

Nm∑
k=1

Nm∑
j=1

γ̄[lk]
n γ̄[ij]

n Cov
(
e
a[k]
n−1, e

a[j]
n−1

)
(8.36)

For l = 1, . . . , Nm, update

Cov
(
e
a[l]
n ,xa

n

)
=
(
I−K

a[l]
n Ha

n

)
Qa

n−1+
(
I−K

a[l]
n H

a[l]
n

)
F

a[l]
n−1Cov

(
e
a[l]
0n ,x

a
n−1

)
FaH

n−1

+
(
Fa

n−1 − F
a[l]
n−1 −K

a[l]
n Δa[l]

)
Cov

(
xa
n−1,x

a
n−1

)
FaH

n−1

(8.37)

Cov (xa
n,x

a
n) = Fa

n−1Cov
(
xa
n−1,x

a
n−1

)
FaH

n−1 +Qa
n−1 (8.38)

Step 4. Compute the means of mode probabilities. For l = 1, . . . , Nm,

employing the fact that r
a[l]
n ∼ N

(
r̄
a[l]
n ,V

a[l]
n

)
, where V

a[l]
n = Cov

(
r
a[l]
n , r

a[l]
n

)
, the

mean of likelihood function can be computed as

L̄[l]
n =

∫
HN L[l]

n fG

(
r
a[l]
n | r̄a[l]n ,V

a[l]
n

)
dr

[l]
n

=
∫
HN fG

(
r
a[l]
n | 0,Sa[l]

n

)
fG

(
r
a[l]
n | r̄a[l]n ,V

a[l]
n

)
dr

[l]
n

=
(
2
π

)2N
∣∣∣∣∣
[(

S
a[l]
n

)−1
+
(
V

a[l]
n

)−1
]−1

∣∣∣∣∣
0.5

∣∣∣Sa[l]
n

∣∣∣0.5∣∣∣Va[l]
n

∣∣∣0.5 exp

{
−0.5

(
r̄
a[l]
n

)H (
V

a[l]
n + S

a[l]
n

)−1

r̄
a[l]
n

}
(8.39)

and the mean of the mode probability as

μ̄
[l]
n

=
∫
HN μ

[l]
n fG

(
r
a[l]
n | r̄a[l]n ,V

a[l]
n

)
dr

[l]
n

=
∫
HN

∑Nm
i=1 π[il]μ

[i]
n−1fG

(
ran|0,Sa[l]

n

)
fG

(
ran|r̄a[l]n ,V

a[l]
n

)
∑Nm

i=1

∑Nm
j=1 π

[ji]μ
[j]
n−1fG

(
ran|0,Sa[i]

n

) drn

= L̄[l]
n

Nm∑
i=1

π[il]μ̄
[i]
n−1

∫
HN

fG

(
ran|
[
V

a[l]
n

(
S
a[l]
n

)−1
+I

]−1

r̄
a[l]
n ,

[(
S
a[l]
n

)−1
+
(
V

a[l]
n

)−1
]−1
)

∑Nm
i=1

∑Nm
j=1 π

[ji]μ̄
[j]
n−1fG

(
ran|0,Sa[i]

n

) drn

(8.40)

Step 5. Compute the MSE of the overall estimate. The covariance matrix of
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the overall augmented estimation error is given by

E

{(
xa
n − x̂a

n|n
)(

xa
n − x̂a

n|n
)H

| S
}

≈
Nm∑
l=1

Nm∑
i=1

μ̄
[l]
n μ̄

[i]
n

[
Cov

(
e
a[l]
n , e

a[i]
n

)
+ ē

a[l]
n

(
ē
a[i]
n

)H] (8.41)

and the MSE of the overall estimate is

E
{(

xn − x̂n|n
)H (

xn − x̂n|n
) | S} = 1

4
Tr

(
E

{(
xa
n − x̂a

n|n
)(

xa
n − x̂a

n|n
)H

| S
})

(8.42)

Remark 8.1. In order to derive a closed-form solution, the approximations in (8.22),

(8.35), (8.36) and (8.41) based on the zero correlation assumption between the

involved variables have been applied.

8.2.3 WL-QSMM Algorithm

If the system mode is time-invariant, the WL-QIMM algorithm can reduce to a

WL-QSMM algorithm, which does not require reinitialisation and exhibits simpli-

fied computation for the mode probabilities [108]. Specifically, the time-invariant

system mode implies that

p
(
τ [l]n | τ [i]n−1

)
=

⎧⎪⎨
⎪⎩
1 l = i

0 l �= i

(8.43)

so that (8.19) becomes

μ[l]
n =

L[l]
n μ

[l]
n−1∑Nm

i=1 L[i]
n μ

[i]
n−1

(8.44)

An iteration of the WL-QSMM algorithm includes two steps as follows.

Step 1 (Mode-conditioned Kalman filtering). Implement Nm parallel

WL-QKFs with the initial states and covariances being the estimates obtained
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in the previous iteration. This step is the same as Step 2 in WL-QIMM except

that x
[l]
0n and P

a[l]
0n in (8.12) and (8.13) are replaced with x̂

a[l]
n−1|n−1 and P

a[l]
n−1|n−1 for

l = 1, . . . , Nm.

Step 2 (Combination). Compute the mode probabilities according to (8.8)

and (8.44). The overall augmented estimate and overall augmented error covari-

ance are given by (8.20) and (8.21).

The performance analysis algorithm presented in Section 8.2.2 applies to the

WL-QSMM algorithm by replacing ē
a[l]
0n , x

[l]
0n and P

a[l]
0n with ē

a[l]
n−1, x̂

a[l]
n−1|n−1 and

P
a[l]
n−1|n−1, for l = 1, . . . , Nm.

Convergence analysis

Next, the WL-QSMM algorithm is proven to converge to the candidate model

closest to the true system model in the sense of the Kullback–Leibler divergence.

The Kullback–Leibler divergence betweenN (E {ran} ,Sa
n) andN

(
E
{
r
a[l]
n

}
,S

a[l]
n

)
,

where ran is the augmented residual corresponding to the filter that exactly matches

the true system model and Sa
n is its covariance matrix, is given by

Kl �1
2
ln

∣∣∣Sa[l]
n

∣∣∣
|Sa

n| + 1
2
Tr

(
R

[(
S
a[l]
n

)−1

Sa
n

]
− I

)
+

1
2

(
E
{
r
a[l]
n

}
− E {ran}

)H (
S
a[l]
n

)−1(
E
{
r
a[l]
n

}
− E {ran}

)
=1

2
ln

∣∣∣Sa[l]
n

∣∣∣
|Sa

n| + 1
2
Tr

(
R

[(
S
a[l]
n

)−1

E

{
r
a[l]
n

(
r
a[l]
n

)H}]
− I

) (8.45)

The second equality in (8.45) is based on E {ran} = 0 and

E

{
r
a[l]
n

(
r
a[l]
n

)H}
− E

{
r
a[l]
n

}(
E
{
r
a[l]
n

})H
= Sa

n (8.46)

which is a straightforward extension of the analysis result for real-valued misma-

tched Kalman filters [123] to the quaternion domain. Denote the index of the

candidate model closest to the true system model in the sense of Kullback–Leibler
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divergence by t = arg min
l∈{1,2,...,Nm}

Kl. For l �= t, define Λ
[l]
n � μ

[l]
n /μ

[t]
n and obtain

Λ
[l]
n

Λ
[l]
n−1

= L[l]
n

L[t]
n

=

√ ∣∣∣Sa[t]
n

∣∣∣∣∣∣Sa[l]
n

∣∣∣ exp
{

1
2

[(
r
a[t]
n

)H(
S
a[t]
n

)−1

r
a[t]
n −

(
r
a[l]
n

)H(
S
a[l]
n

)−1

r
a[l]
n

]}

=

√ ∣∣∣Sa[t]
n

∣∣∣∣∣∣Sa[l]
n

∣∣∣ exp
{

1
2
Tr

(
R

[(
S
a[t]
n

)−1

r
a[t]
n

(
r
a[t]
n

)H
−
(
S
a[l]
n

)−1

r
a[l]
n

(
r
a[l]
n

)H])}
(8.47)

Applying the the statistical expectation operator and the natural logarithm to 8.47

yields

ln
(
E
{
Λ[l]

n /Λ
[l]
n−1

})
= Kt −Kl < 0 (8.48)

and E
{
Λ

[l]
n /Λ

[l]
n−1

}
< 1, which implies that μ

[l]
n decreases to 0 and hence μ

[t]
n

increases to 1 when n → ∞. This proves the convergence of the WL-QSMM

algorithm to model t.

Remark 8.2. Since the Kullback–Leibler divergence in (8.45) is nonnegative and

vanishes only when the filter model exactly matches the true system, the WL-

QSMM will converge to the true system model if the true model belongs to the

candidate model set.

8.2.4 Semi-Widely Linear and Strictly Linear QMMAE

For semi-widely linear quaternion systems with C
η-improper quaternion Gaus-

sian noise, the above WL-QMMAE algorithms reduce to corresponding SWL-

QMMAE algorithms, by replacing the augmented forms of variables with the

semi-augmented forms. Based on the probability density function in (2.16), the

likelihood functions in the SWL-QIMM and SWL-QSMM algorithms are given by

L[l]
n = fG

(
r
b[l]
n | 0,Sb[l]

n

)
(8.49)

For strictly linear quaternion systems with H-proper quaternion Gaussian

noise, the WL-QMMAE algorithms reduce to corresponding SL-QMMAE algo-
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rithms, by replacing the augmented forms of variables with the original forms.

Since the QMGD is associated with the probability density function in (2.17)

under this condition, the likelihood functions in the SL-QIMM and SL-QSMM

algorithms become

L[l]
n = fG

(
r
[l]
n | 0,S[l]

n

)
(8.50)

The SL-QMMAE and SWL-QMMAE algorithms can be seen as reduced-order

WL-QMMAE algorithms [124], and therefore are suboptimal for widely linear

quaternion systems and general improper quaternion noise.

8.3 Simulations

8.3.1 QIMM for Filtering Quaternion Signals

This section presents simulation results for evaluating the SL-QIMM, SWL-QIMM

andWL-QIMM algorithms and the corresponding performance analysis algorithms.

Since the linear nature (strictly, semi-widely or widely linear) of the involved qua-

ternion system essentially affects the estimation performance, a strictly linear qua-

ternion hybrid system with noise at different levels of impropriety was employed,

to study the impact of impropriety on the estimation performance. The considered

system, which was used in [116], is represented by the following one-dimensional

state-space model

xn = b[l]xn−1 + u
[l]
n−1

zn = c[l]xn + v
[l]
n

(8.51)

where l ∈ {1, 2}, b[1] = 0.95, b[2] = 0.85, c[1] = 1, c[2] = 0.4, and w
[1]
n−1, w

[2]
n , v

[1]
n , v

[2]
n

are proper or improper quaternion Gaussian noise with power 2dB, 0dB, 0dB, 0dB.

The system mode was 1 from n = 1 to 100 and from n = 200 to 300, and was 2 from

n = 100 to 200. In each experiment, 500 Monte Carlo simulation runs of the three

considered QIMM algorithms were implemented and the estimation performance

was evaluated through the averaged MSE. The initial mode probabilities were set
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to μ
[1]
0 = 0.1 and μ

[2]
0 = 0.9. The proposed performance analysis algorithms were

also implemented for comparison with Monte Carlo results.

Figure 8.1 illustrates the simulation results of the three QIMM algorithms for

improper state noise with impropriety coefficients rı = rj = rκ = 0.2 and improper

observation noise with rı = rj = rκ = 0.9. Figure 8.1 (a) shows the average proba-

bilities of the hypothesising mode 1 over 500 Monte Carlo runs. Observe that the

WL-QIMM converged faster to the true mode than the other two algorithms, while

the SL-QIMM exhibited the slowest convergence. As shown in Figure 8.1 (b), the

WL-QIMM achieved the smallest MSE while the SL-QSMM attained the largest

MSE; the MSE computed from the proposed performance analysis algorithm for

WL-QIMM matched the MSE averaged over the Monte Carlo runs, with 12% dif-

ference on average. The error arose from the approximations in (8.22), (8.35),

(8.36), (8.41) and the integral calculation in (8.40). The 500 Monte Carlo runs of

WL-QIMM took 79 minutes while the proposed performance analysis algorithm

took only 2 minutes on a standard PC. Obviously, this computation efficiency

advantage of the performance analysis algorithm will increase with the data size.

Figures 8.1 (b), 8.2 (b) and 8.3 (b) display significant errors of the performance

analysis algorithm in a short time after the mode transitions. The phenomenon

is due to the slower response of the average probabilities calculated as (8.22) and

(8.40) than the real probabilities in the WL-QIMM algorithm, because of the ap-

proximation in (8.22) and the integrity in (8.40). Further research is needed to

improve the accuracy of those average probabilities.

Figure 8.2 illustrates the simulation results of the three QIMM algorithms

for C
ı-improper state and observation noise. Figure 8.2 (a) shows the average

probabilities of the hypothesising mode 1 over 500 Monte Carlo runs, and Figure

8.2 (b) shows the MSEs of the three QIMM algorithms. As shown in Figure 8.2, the

WL-QIMM and SWL-QIMM exhibited the same performance, achieving a lower

MSE than the SL-QIMM, and the MSE computed from the performance analysis

algorithm for WL-QIMM matched the MSE averaged over the Monte Carlo runs,
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Figure 8.1: Learning curves of the three QIMM algorithms when the state and
observation noise are improper.

with 16% difference on average.

Figure 8.3 illustrates the simulation results of the three QIMM algorithms

for H-proper state and observation noise. Figure 8.3 (a) shows the average pro-

babilities of the hypothesising mode 1 over the 500 Monte Carlo simulation runs,

and Figure 8.3 (b) shows the MSEs of the three QIMM algorithms. As shown in

Figure 8.3, the three QIMM algorithms had the same performance for H-proper

noise, and the MSE computed from the performance analysis algorithm for WL-

QIMM matched the MSE averaged over the Monte Carlo runs, with 14% difference

on average.
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Figure 8.2: Learning curves of the three QIMM algorithms when the state and
observation noise are C

ı-improper.

Figure 8.4 depicts the average MSEs of the three QIMM algorithms over the

whole simulation period. Figure 8.4 (a) illustrates the results for H-proper obser-

vation noise and improper state noise with varying impropriety coefficients. For

simplicity, the three impropriety coefficients of the state noise were set to be equal,

that is, rı = rj = rκ = r. Figure 8.4 (b) illustrates the results for H-proper state

noise and improper observation noise with various impropriety coefficients. The

three impropriety coefficients of the observation noise were also equal. Figure 8.4

shows that for the H-proper noise, the three QIMM algorithms exhibited the same

MSE, while for the improper noise, the WL-QIMM achieved the smallest MSE

and the SL-QIMM attained the largest MSE. As the impropriety degree of the
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Figure 8.3: Learning curves of the three QIMM algorithms when the state and
observation noise are H-proper.

noise increased, the MSE difference between the three algorithms also increased.

Interestingly, the MSE of SL-QIMM increased with the impropriety coefficient of

state noise but was unaffected by the impropriety coefficient of observation noise,

while the MSEs of SWL-QIMM and WL-QIMM decreased with the impropriety

coefficients of state and observation noise. The MSE estimated from the perfor-

mance analysis algorithm for WL-QIMM shows the same trend as the Monte Carlo

simulation result, with about 10% difference in value.
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Figure 8.4: The Monte Carlo (MC) simulated MSEs of the three QIMM algo-
rithms and the MSE computed from the proposed performance analysis algorithm
(Analysis) for WL-QIMM, as a function of the impropriety coefficient of noise.

8.3.2 QSMM for Filtering Quaternion Signals

This section presents simulation results for evaluating the SL-QSMM, SWL-QSMM

andWL-QSMM algorithms and the performance analysis algorithm for WL-QSMM.

The simulation settings were the same as that for the QIMM algorithms in Section

8.3.1, except that the system mode was constantly 1. Figure 8.5 illustrates the

simulation results of the three QSMM algorithms for improper state noise with

rı = rj = rκ = 0.2 and improper observation noise with rı = rj = rκ = 0.9.

Figure 8.5 (a) shows the average probabilities of the hypothesising mode 1 over
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Figure 8.5: Learning curves of the three QSMM algorithms when the state and
observation noise are improper.

500 Monte Carlo runs. Observe that the WL-QSMM converged faster to the true

mode than the other two algorithms, and the SL-QSMM exhibited the slowest

convergence. As shown in Figure 8.5 (b), the WL-QSMM achieved the smallest

MSE while the SL-QSMM attained the largest MSE; the MSE computed from the

performance analysis algorithm for WL-QSMM matched the MSE averaged over

the Monte Carlo runs, with 5% difference. The performance analysis algorithm

for WL-QSMM was more accurate than the analysis algorithm for WL-QIMM si-

mulated in Section 8.3.1 because of the less complicated mechanism of the QSMM

algorithm compared to the QIMM algorithm.
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Figure 8.6: The Monte Carlo (MC) simulated MSEs of the three QSMM algo-
rithms and the MSE computed from the proposed performance analysis algorithm
(Analysis) for WL-QSMM, as a function of the impropriety coefficient of noise.

Figure 8.6 depicts the average MSEs of the three QSMM algorithms over the

whole simulation period. Figure 8.6 (a) illustrates the results for H-proper ob-

servation noise and improper state noise, over a range of impropriety coefficients.

For simplicity, the three impropriety coefficients of the state noise were set to be

equal. Figure 8.6 (b) illustrates the results for H-proper state noise and impro-

per observation noise with various impropriety coefficients. The three impropriety

coefficients of the observation noise were also equal. Figure 8.6 shows that for H-

proper noise, the three QSMM algorithms exhibited the same MSE, while for the

improper noise, the WL-QSMM achieved the smallest MSE and the SL-QSMM
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attained the largest MSE. As the impropriety degree of the noise increased, the

MSE difference between the three algorithms increased. It is also noticeable that

the MSEs of WL-QSMM and SWL-QSMM decreased with the impropriety coeffi-

cients of state and observation noise, and the MSE of SL-QSMM was unaffected by

the impropriety coefficients. The MSE estimated from the performance analysis

algorithm for WL-QSMM matched the Monte Carlo simulation result.

8.3.3 QIMM for 3D Target Tracking

The effectiveness of the proposed WL-QIMM algorithm is next illustrated in the

context of target tracking in a 3D space. The task is to track the position and

velocity of a moving target using the measurements of its position. Denote the po-

sition by (Xn, Yn, Zn), velocity by
(
Ẋn, Ẏn, Żn

)
, and acceleration by

(
Ẍn, Ÿn, Z̈n

)
.

Consider two quaternion-valued kinematic models. The first one is the constant

velocity model given by [108]

xn =

⎡
⎣ 1 Δt

0 1

⎤
⎦xn−1 + un−1

with the measurement given by

zn =
[
1 0

]
xn + vn

where xn =
[
ıXn + jYn + κZn; ıẊn + jẎn + κŻn

]
, Δt is the sampling interval, un−1

a zero-mean pure quaternion Gaussian noise vector, and vn zero-mean pure qua-

ternion Gaussian noise. The covariance matrices of state noise are

Cuu =

⎡
⎣ 1

3
Δt3 1

2
Δt2

1
2
Δt2 Δt

⎤
⎦ σ2

u

Cuuı = ruıCuu, Cuuj = rujCuu, Cuuκ = ruκCuu
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where σ2
u indicates the power of state noise, and ruı, ruj, ruk ∈ R are the impropriety

coefficients satisfying ruı + ruj + ruk = −1. The covariances of observation noise

are Cvv = σ2
v , Cvvı = rvıCvv, Cvvj = rvjCvv, Cvvκ = rvκCvv, where σ2

v indicates the

power of observation noise, and rvı, rvj, rvk ∈ R are the impropriety coefficients

satisfying rvı + rvj + rvk = −1.

The second model is the constant acceleration model given by [108]

xn =

⎡
⎢⎢⎢⎣

1 Δt 1
2
Δt2

0 1 Δt

0 0 1

⎤
⎥⎥⎥⎦xn−1 + un−1

with the measurement given by

zn =
[
1 0 0

]
xn + vn

where

xn =

⎡
⎢⎢⎢⎣

ıXn + jYn + κZn

ıẊn + jẎn + κŻn

ıẌn + jŸn + κZ̈n

⎤
⎥⎥⎥⎦

The pure quaternion Gaussian noise un−1 and vn in this model have the same

properties as those in the constant velocity model, except for

Cuu =

⎡
⎢⎢⎢⎣

1
20
Δt5 1

8
Δt4 1

6
Δt3

1
8
Δt4 1

3
Δt3 1

2
Δt2

1
6
Δt3 1

2
Δt2 dt

⎤
⎥⎥⎥⎦ σ2

u

In our simulation, Δt = 0.1 s, and the target initially had a position of (0, 0, 0),

velocity of (1, 2, 0.5) and vanishing acceleration. The target followed the constant

velocity model with σ2
w = 0.01 (mode 1) for 150 seconds before following the

constant acceleration model with σ2
u = 1 (mode 2) for another 150 seconds. During

the whole 300 seconds, ruı = ruj = ruk = −1/3, ρvı = ρvj = −25/27, ρvk = 23/27,
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Figure 8.7: Learning curves of the three QIMM algorithms for target tracking in
a 3D space.

σ2
v = 1. In the estimation algorithms, the initial estimate of the state vector was set

to [2ı+ 2.1j+ 2.2κ, 0.1ı+ 0.2j+ 0.3κ, 0.05ı+ 0.05j+ 0.05κ], and the initial mode

probabilities were μ
[1]
0 = 0.1, μ

[2]
0 = 0.9. Figure 8.7 illustrates the Monte Carlo

simulated performance of the three considered QIMM algorithms. As shown in

Figure 8.7 (a), the probability of mode 1 increased to 0.9 in the first 150 seconds,

and decreased towards 0.2 in the second 150 seconds. Figure 8.7 (b) shows that

the WL-QIMM achieved a lower MSE of the position and velocity estimation,

compared to the SL-QIMM and SWL-QIMM.
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8.4 Summary

This chapter has proposed a class of WL-QMMAE algorithms, which employ

the augmented second-order quaternion statistics to cater for both proper and

improper quaternion Gaussian signals. The WL-QIMM algorithm for tracking

time-variant system mode uncertainty and the WL-QSMM algorithm for tracking

time-invariant system mode uncertainty have been proposed based on Bayesian

inference. A recursive algorithm has been derived to efficiently assess the perfor-

mance of WL-QIMM, and a convergence proof of WL-QSMM has been provided.

It has shown that, as expected, the WL-QMMAE reduces to the semi-widely linear

form for C
η-improper signals, and further reduces to the strictly linear form for

H-proper signals. The effectiveness of the proposed algorithms has been verified

by numerical simulations over three- and four-dimensional signal processing case

studies.
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Chapter 9

Conclusions and Future Work

9.1 Conclusions

Motivated by the natural ability of quaternions to model three- and four-dimensional

phenomena, this thesis has developed the theory and methods of statistical signal

processing for noncircular quaternion random variables. This has been achieved

based on the recently proposed augmented second-order quaternion statistics, wi-

dely linear processing framework, and generalised HR calculus.

The contributions of this thesis are summarised as following:

1. A technique for the simultaneous diagonalisation of the covariance matrix

and the three complementary covariance matrices of noncircular quaternion

random variables has been proposed. A singular value decomposition has

been proven to be sufficient to approximately diagonalise all of the four qua-

ternion covariance matrices, and this forms a basis for the QAUT, which

can be used to decorrelate noncircular quaternion random variables. The

QAUT, a fundamental tool for statistical analysis of noncircular quaternion

variables, promises to pave the way for various quaternion-valued signal pro-

cessing techniques and analyses.

2. This thesis has thoroughly explored the performance of existing MMSE es-

timation techniques for noncircular quaternion signals, including the MSE

bound of quaternion MMSE estimation and the convergence performance of

quaternion adaptive filters. The closed-form solutions of the quantitative
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analysis derived by using the QAUT, have proven the lower MSE of widely

linear processing than the strictly linear processing and have related their

difference in MSE to the noncircularity and power of the quaternion input

signal and the degree of widely linear nature of the system. The mean and

mean square analyses of the widely linear, semi-widely linear, and strictly

linear quaternion adaptive filters have been undertaken to provide the con-

vergence condition, steady-state MSE and MSD, which have also been related

to the noncircularity and power of the input signal. These essential findings

provide new insights into the statistical behaviour of the quaternion MMSE

estimation algorithms and is potentially useful for algorithm design.

3. Novel adaptive estimation algorithms for noncircular quaternion signals have

been proposed and their performance have been illustrated by theory and

simulations. First, a QLMMP filtering algorithm has been proposed by de-

composing the MSE of quaternion estimation into the cost functions in the

estimation of magnitude and phase, allowing for separate control of the mag-

nitude and phase. This algorithm has been shown to outperform the existing

QLMS algorithm by virtue of the enhanced degrees of freedom. Second, a

four-channel quaternion estimation framework has been proposed by decom-

posing the MSE into the MSEs in the estimation of real and imaginary parts,

allowing for the development of cost-effective alternatives to existing widely

linear quaternion algorithms while the processing still remains within the

quaternion domain. Finally, in order to deal with the uncertainty of model

in quaternion-valued state estimation, a class of WL-QMMAE algorithms

have been proposed by combining WL-QKFs and Bayesian inference. To

efficiently assess the estimation performance, a recursive algorithm has been

proposed in an off-line fashion, and this has much lower computational com-

plexity than the traditionally used Monte Carlo simulation method.
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9.2 Future Work

The research into quaternion-valued signal processing has brought to light new

directions that are worth pursuing. These directions are as follows:

1. Convergence performance analysis of undermodelled and overmo-

delled quaternion adaptive filters. Whilst transient and steady state

performance analysis of a class of quaternion adaptive filters have been in-

troduced in Chapter 5, the analysis is based on the assumption that the

length of the filter is equal to that of the system impulse response. In many

applications, however, the length of the system impulse response is unknown,

so that the filter used in practice might be underfitting or overfitting. A con-

vergence performance analysis of such filters is still an open problem.

2. Comparison between the convergence performance of widely, semi-

widely, and strictly linear quaternion adaptive filters. In Chapter 5,

the convergence performance of the quaternion adaptive filters is based on

the assumption that they are the optimal filters for the considered systems.

However, in practical applications, the filter model might not match the

system and is hence suboptimal, e.g., the strictly linear quaternion adap-

tive filter is used for a widely linear system. It is required to explore the

convergence performance of such suboptimal filters in these scenarios.

3. Extension of the proposed quaternion estimation algorithms. Alt-

hough the QLMMP algorithm, introduced in Chapter 6, is based on the

stochastic gradient decent and thus is a variant of the QLMS algorithm,

the framework based on separate estimation of the magnitude and phase

can be generally applied to various quaternion estimation algorithms. The

four-channel linear processing methodology, proposed in Chapter 7, can be

applied to a wide range of applications in widely linear processing of quater-

nion signals, like widely linear series expansions [125]. Whereas the QMMAE
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algorithms, presented in Chapter 8, use quaternion Kalman filters for linear

state estimation of Gaussian quaternion signals, the estimation framework is

general and therefore can incorporate other types of filters and neural net-

works for nonlinear estimation of non-Gaussian quaternion signals [126,127].

4. Complete convergence performance analysis of QLMMP. The per-

formance analysis of the QLMMP filtering algorithm, proposed in Chapter 6,

is far from sufficient, and the sufficient convergence condition derived is quite

restricted. A complete analysis to quantify the convergence performance of

QLMMP is challenging but worth further study. It is expected to obtain

a necessary and sufficient condition for convergence and the steady-state

performance.

5. Extension to distributed quaternion-valued signal processing. In

recent years, the study of sensor networks for distributed learning tasks has

gained popularity in both academia and industry. The work presented in this

thesis can be extended to distributed statistical signal processing of noncir-

cular quaternion random variables over networks, which has the potential to

benefit the three- and four-dimensional signal processing in our increasingly

interconnected world.
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Molina, “A semi-widely linear filtering algorithm for C η-proper quaternion

signals based on randomly modeled observations,” in Proceedins of 17th In-

ternational Workshop on Signal Processing Advances in Wireless Communi-

cations (SPAWC), (Edinburgh), pp. 1–5, July 2016.

[56] L. De Lathauwer, “A link between the canonical decomposition in multilinear

algebra and simultaneous matrix diagonalization,” SIAM Journal on Matrix

Analysis and Applications, vol. 28, no. 3, pp. 642–666, 2006.

[57] A. Cichocki, D. P. Mandic, G. Zhou, Q. Zhao, C. Caiafa, H. Phan, and

L. De Lathauwer, “Tensor decompositions for signal processing applications:

From two-way to multiway component analysis,” IEEE Signal Processing

Magazine, vol. 32, no. 2, pp. 145–163, 2015.

[58] R. A. Horn and C. R. Johnson, Matrix Analysis. Cambridge University

Press, 1990.

[59] L. De Lathauwer and B. De Moor, “On the blind separation of non-circular

sources,” in Proceedings of the 11th European Signal Processing Conference

(EUSIPCO), (Toulouse), pp. 1–4, 2002.

[60] J. Eriksson and V. Koivunen, “Complex random vectors and ICA models:

Identifiability, uniqueness, and separability,” IEEE Transactions on Infor-

mation Theory, vol. 52, no. 3, pp. 1017–1029, 2006.

[61] E. Ollila and V. Koivunen, “Complex ICA using generalized uncorrelating

transform,” Signal Processing, vol. 89, no. 4, pp. 365–377, 2009.

[62] C. Cheong Took, S. Douglas, and D. P. Mandic, “On approximate diago-

nalization of correlation matrices in widely linear signal processing,” IEEE

Transactions on Signal Processing, vol. 60, no. 3, pp. 1469–1473, 2012.

[63] C. Cheong Took, S. Douglas, and D. P. Mandic, “Maintaining the integrity

of sources in complex learning systems: Intraference and the correlation

195



preserving transform,” IEEE Transactions on Neural Networks and Learning

Systems, vol. 26, no. 3, pp. 500–509, 2015.

[64] C. Cheong Took, D. P. Mandic, and F. Zhang, “On the unitary diagonalisa-

tion of a special class of quaternion matrices,” Applied Mathematics Letters,

vol. 24, no. 11, pp. 1806–1809, 2011.

[65] S. Sangwine and N. L. Bihan, “Quaternion singular value decomposition

based on bidiagonalization to a real matrix using quaternion Householder

transformations,” Applied Mathematics and Computation, vol. 182, pp. 727–

738, 2006.

[66] N. L. Bihan and S. Sangwine, “Jacobi method for quaternion matrix singu-

lar value decomposition,” Applied Mathematics and Computation, vol. 187,

pp. 1265–1271, 2007.

[67] S. Enshaeifar, C. C. Took, S. Sanei, and D. P. Mandic, “Novel quaternion

matrix factorisations,” in Proceedings of 2016 IEEE International Confe-

rence on Acoustics, Speech and Signal Processing (ICASSP), (Shanghai),

pp. 3946–3950, 2016.

[68] F. Zhang, The Schur Complement and Its Applications. Springer, 2006.

[69] C. Park, C. Cheong Took, and D. P. Mandic, “Augmented complex common

spatial patterns for classification of noncircular EEG from motor imagery

tasks,” IEEE Transactions on Neural Systems and Rehabilitation Engineer-

ing, vol. 22, no. 1, pp. 1–10, 2014.

[70] S. Enshaeifar, C. Cheong Took, C. Park, and D. P. Mandic, “Quaternion

common spatial patterns,” IEEE Transactions on Neural Systems and Re-

habilitation Engineering, 2016.

[71] “NIR of corn samples for standardization benchmarking.” http://www.

eigenvector.com/data/Corn/, June 2005.

196



[72] S. P. Talebi and D. P. Mandic, “A quaternion frequency estimator for three-

phase power systems,” in Proceedings of 2015 IEEE International Conference

on Acoustics, Speech and Signal Processing (ICASSP), (Brisbane), pp. 3956–

3960, Apr. 2015.

[73] Y. Xia, S. C. Douglas, and D. P. Mandic, “Adaptive frequency estimation in

smart grid applications: Exploiting noncircularity and widely linear adaptive

estimators,” IEEE Signal Processing Magazine, vol. 29, no. 5, pp. 44–54,

2012.

[74] S. Kanna, D. H. Dini, Y. Xia, S. Y. Hui, and D. P. Mandic, “Distributed

widely linear kalman filtering for frequency estimation in power networks,”

IEEE Transactions on Signal and Information Processing over Networks,

vol. 1, pp. 45–57, March 2015.

[75] C. Jahanchahi, S. Kanna, and D. P. Mandic, “A theoretical bound for

the performance advantage of quaternion widely linear estimation,” in Pro-

ceedings of the 19th International Conference on Digital Signal Processing

(DSP), (Hongkong), pp. 254–258, 2014.

[76] B. Picinbono and P. Chevalier, “Widely linear estimation with complex

data,” IEEE Transactions on Signal Processing, vol. 43, no. 8, pp. 2030–

2033, 1995.

[77] R. Sznajder, M. S. Gowda, and M. M. Moldovan, “More results on Schur

complements in Euclidean Jordan algebras,” Journal of Global Optimization,

vol. 53, no. 1, pp. 121–134, 2012.
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