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ABSTRACT
This thesis is divided into two parts.

The first part is concerned with the development of efficient
algorithms for solving the general mathematical programming problems.
Such problems frequently arise in optimization based design of control
system or circuits. The thesis concentrates on a specific class of
algorithms which obtain a search direction by solving a quadratic
approximation to the 6rigina1 problem and then utilizes an exact
penalty function to compute the step length. One of the defects of
existing algorithms in this category is that the quadratic approxi-
mation to the problem is such that no feasible solution exists. A
new quadratic aproximation is therefore introduced with the following
properties: a feasible solution always exists and the solution of
the progfamme yields a search direction which is a descent direction
for the exact penalty function used to compute step length. Using
this a new algorithm for constrained optimization is developed and shown
to be globally convergent. A simplified version of the algorithm
for the convex case is also developed. Finally the special structure
of the quadratic approximation is exploited to obtain a simple procedure
for updating the penalty parameter. Global convergence of this version

of the algorithm is also established.

It is then shown that if a secant procedure is used to generate
the approximation to the Hessian of the Lagrangian (employed in the
quadratic approximation) the resultant algorithm is globally con-
vergent and has a Q-superlinear rate of convergence. A new version

of the B.F.G.S. procedure for approximating the Hessian is proposed



and the resultant algorithm is shown to be globally convergent and
have an R-superlinear rate of convergence. Numerical examples

1llustrate the results.

In the second part, a modified version of the differential
dynamic programming (DDP) method, for discrete unconstrained control
problems, is introduced and is proven to be a 'step by step'’
implementation of Newton's method for solving systems of nonlinear
equations. Finally, an extension of this method is developed to cope
with control constraints. The resultant algorithm is shown, under
some assumptions, to be globally convergent and have a quadratic rate

of convergence.
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Glossary of Symbols

Besides the symbols defined along the text, we followed the
notation below:

Standard Symbols:

b; e d5 o5 25 us 0 {eds=5 A <5 <5 > 255 Vs - XS

/; «; (a,bl; [a,b); (a,b); [asbl; “ -]; K ],-+; =>;
n
=5 A5 )05 T <>
i=l jes
pT; lim; "lim ; (mod.n); fl; R; R" ; L(Rn); v; VZ;
i 0 0
+
V., s V.5 £ ;
X xx’ "x* Txx’ “xu

Special Symbols

£: R > R" - the map f£ from R" into R"
x > p'(+, B*,c) - the map p'(x,B*,c)

{x.}

ilier ©F {xi}I - the set {xi € {Xi}ll e I}

X, $xr - {xi}I converging to x*

I -1I'- the set {i e I|i ¢ 1'}

K-T - short for Kuhn-Tucker
42(0) | gerivative of z(*) with respect to A; computed
dA.

* at the origin

- the £ -norm on R", 1 < p <
P — ——

AXB ~ cartesian product (A,B sets)



INTRODUCTION

This thesis is divided into two parts.
In the first part we deal with iterative methods to solve the

general mathematical programming problem {GMP) below:

GMP

min Cf(x)
(x<R")
subject to: gx) <0

h(x) =

|
o

where:

There is an extremely diverse range of practical applications which
require the determination of the 'best'! solution to certgin mathematically
defined problems, either in the general form above or in some special
forms as : linear programming, 1ineafly constrained programming,
quadratic programming, convex programming, etc. A number of such
applications can be found in the proceedings of a conference on
'Optimization in Action' tDixon (1976)1 and many more, of course, in
the specialized technical literature of almost every activity in which
numerical information is processed (Science, Engineering, Mathematics,
Economics, Commerce, etc.)

Although most of these applications are finite dimensional
problems, the solution of GMP is also of interest for some infinite
dimensional problems. In particular, coﬁtinuous time optimal control
may be put into the GMP form through the use of an appropriate dis-

cretization [see Cannon, Cullum and Polak (1970)1].



[38]

Also, many prohlems of synthesizing a system from components whose
values are only known within a certain tolerance, for example circuit
design problems with tolerances and multivariable control design problens .
can be cast into the form of a mathematical programming problem where
the constraints are infinite dimensional. Then, either by the selection
of a finite number of 'worst cases' [Bandler, Liu and Tromp (1976)]
or through outer approximations algorithms [Mayne, Polak and Tfahan
(1979)1 with automatic constraint dropping schemes [Gonzaga, Polak
(1979)1, these problems can be solved as the limit of a sequence of
finite dimensional GMP's.

Most of the methods proposed to solve the GMP are iterative;

given a start point x_ they build a sequence {xi} through the general

0

iteration

where P is a 'search direction' previously obtained by solving an
auxiliary sub-problem and oy is the 'step length' computed by some

procedure in order to assure that X, satisfies a certain improvement

1
condition.

In fact, the nature of the sub-problem used to determine P; and
the way o, is computed may be used to characterize diverse types of me thods
to solve GMP's.

In the so called 'methods of feasible direction$'[Zountendijk
(1960)1 the sequence {xi} remains feasible, that is : x, satisfies the
constraints of the GMP for all i. The search directions are in gen-

eral obtained by minimizing, over the feasible set of GMP, a function

which approximates the objective function f£(+) about the current



w

point X, either linearly, as in the conditional gradient method, or
quadratically, as in the Newton's method for constrained optimization
[Levitin and Polyak (1966)1].

Since in these methods Xi remains feasible (for ai j_& < ® | say)
the step length is chosen to ensure a strictly monotonic decrease of
the objective function so that under reasonable assumptions a convergent
sequence, whose limit point solves GMP, is obtained [see Ortega and
Rheinboldt (1970) :for a discussion of convergence of 'descent methods']

On the other hand, nonlinear equality constraints can make the
solution of the sub-problems wused to determine P quite cumbersome
and unless the equality constraint functions of GMP are affine such
methods do not have much appeal.

Simplér sub-problems can be achieved if the constraints are
linearized about the current point, although the objective function
must then be modified to include information about the curvature of the
constrain;s [Beale (1967)]1 if superlinear convergence is required .

In particular, the use of second order approximation to the
objective function of GMP and linearization of the constraints
[see Wilson (1963)1] lead to a quadratic problem which, because it can
be solved by many well known algorithms in a finite number of iterations
[see Fletcher (1971)1, is a suitable search direction sub-problem.

Algorithms of this class have been shown to be locally convergent
with a quadratic rate of convergence [see Robinson (1974)] but their
global stabilization posed a new question. Because they generate
sequences {xi} which are not necessarily feasible, it may be difficult

to decide whether, for a certain value of «, the iteration



leads to a improvement.

Alternatively, the search direction can be found by the unconstrained
minimization of an appropriate function, as in the multiplier method
of Glad and Polak (1969)and exact penalty function methods [see
Pietrzykowski (1969)1].

Although these methods have an advantage over the sequential
unconstrained minimization of the classical exterior penalty function
[see Fiacco and McCormick (1968)] in the sense that the penalty parameter
can be kept bounded from above rather than going to infinity, their
success depends greatly on the particular unconstrained optimization
algorithm eventually chosen for minimizing the seldom simple and
often nondifferentiable augmented objective function.

Moreover, despite the fact that the penalty parameter required is
finite it has to be estimated. Repetitive unconstrained minimization
with an increasing penalty parameter may lead to unnecessary waste of
time; moreover, as the penalty parameter increases, the unconstrained
minimization becomes more difficult.

Nevertheless, exact penalty functions are a useful mechanism
to order unfeasible points, thereby permitting a suitable choice of
step length to be made in algorithms which generate a search direction
by solving an approximation to GMP. This idea was employed by Han
(1977) and later, but independently, by Mayne and Maratos (1979).

Recently the use of Quasi-Newton methods to determine the search
direction and an exact penalty function to determine step length has
been a common feature to many algorithms [see Powell (1978), Chamberlain
(1980), Yamashita (1982), Mayne and Polak (1982)1].

It is interesting to note in these methods the double role of the

penalty parameter. First, it is necessary that the final value of this



parameter should be large enough (although finite) to enforce
equivalence with the original problem (that is, to ensure that a

strict local minimimum of the penalty function is a strict local
minimum of GMP). Second, at each iteration the parameter must be
chosen so that the search direction is a descent direction of the

exact penalty function; in this respect these algorithms differ from
the pioneering works of Conn (1973); Conn and Pietrzykowski (1977)
where the search direction is chosen to be a descent direction for

the penalty function with the penalty parameter being selected a priori.

Much of the literature on these methods either assumes that
a suitable value of the penalty parameter is known a priori (in practice
many computations with different choices of the penalty parameter may
be necessary) or employs heuristic procedures for iteratively updating
the parameter. -

Mayne and Polak (1982) suggested an automatic rule for the choice
of the parameter which ensures ultimate equivalénce with the original
problem but, except in the neighbourhood of a solution point of
GMP, does not guarantee that the direétion obtained from the quadratic
problem is a descent direction of the penalty function; in this case
an alternative first order search direction is generated. This same
‘alternative 'is employed by the last two authors to cope with inconsistent
constraints in the quadratic problem, while Powell (1982) suggests that,
if the linearized constraints are inconsistent, the objective function
of the quadrétic problem should be minimized over an extended feasible
set. Besides requiring the addition of further routines to the main
algorithm, both remedies suffer from the drawback of being activated.

only after an unsuccessful attempt to solve the quadratic problem.



The rate of convergence of this class of algorithms (indeed,
the rate of convergence of Quasi-Newton methods to unconstrained mini-
mization) depends on the choice of the matrices of the quadratic
problem and also on the achievement of an asymptotic step length of
unity. Much research has been done on the problem of choosing the
sequence of matrices so that, if the step length is of unity for all
i sufficiently large, then the rate of the convergence is superlinear.

The question of wunitary step length is also important. Maratos
(1978) has pointed out that the use of a line search strategy to guarantee
a decrease of the penalty function may lead to a truncation of the step
length no matter how close the current point is to a solution. This
difficulty occurs because of the linearization of the constraints and
may prevent the algorithm from achieving a superlinear rate of con-
vergence.

To avoid this difficulty, Chamberlain et al (1981) suggested a
'watchdog technique' where in some iterations the criterion of reducing
the penalty function is relaxed so that unitary step length can be used.
The technique requires some heuristic choice of parameters and does not
ensure the decrease of the penalty function at all iterations. As a
result, many iterations may be required before the algorithm converges.
A mechanism to be preferred is employed by Mayne and Polak (1982).

They avoid the eventual occurence of the so called 'Maratos effect' by

-

replacing the linear search strategy.

by the search arc

2
. = X. + Q.p. + Q.
X1+1 i 1p1 1p



where Si is chosen so that the above arc satisfies the constraints to
second order ; the calculation of second order derivatives is avoided.

All the algorithms presented in Part I of this thesis solve a
quadratic problem to find the search direction and compute the step
length using an exact penaltb function.

In the first chapter a special quadratic problem is introduced
which always has a solution and generates a descent direction of the
penalty function independently on ‘the value of the penalty parameter. An
algorithm is then developed and it is proved to be, under reasonable
assumptions, globalIAa convergent.

In the second chapter a simplified version of this Basic Algorithm
is suggested to solve problems with convex inequalities. Here the
special structure of the quadratic problem is also used to.deveIOp
a simpler procedure to update the penalty parameter.

In the third chapter the Basic Algorithm is modified so that a
'secant update' can be used to construct the sequence of matrices. Under
fairly mild assumptions the resultant algorithm is proved to be globally
convergent. Furthermore, for all i 1large enough a step length of unity
is obtained ; it can then be shown that the algorithm generates sequences
with a superlinear rate of convergence.

In the fourth chapter a new modification of the classical BFGS
update is introduced to deal with constrained problems. A modified
version of the algorithm presented in the first chapter is also developed
and, under reasonable assumptions, proved to be globally convergent.
Also, the step length is shown to be of unity for i sufficiently large
and a superlinear rate of convergence is shown to be achieved.

Some numerical results are given in the fifth chapter and in the

last chapter of Part I suggestions are given for further research.



The second part of this thesis deals with the N-stages discrete
optimal control problem (DCP) below :

DCP
N-1
min ) T, (xgoup) + d(xyg)
mxN |,
ueR 1=0

with (xi,ui) connected by:
X, = fi(xi,ui), i=20...N-1

1+1

and satisfying :

gi(_ui)io, i=1,...N-1
s =1,.. ,Zi
T. : R* x R+ R
6 : RT-+R
£, R" x R™ > R gi R™ > R, Vi,s
X, = x0 s, glven
X, € R® (the state vector)
u, e R® (the control vector).

The solution of this fixed-time optimal control problem is re-
levant to problems with free-end-time and problems with constrained
terminal state (that is Xy € XN c Rn) as they can be solved as the limit
of a sequence of fixed-time problems with additional penalty terms
[see Canon, Cullum and Polak (1970) and Mayne and Polak (1980)].

Also note that when using digital computers to solve continuous
optimal control problems we may encounter a DCP through the use of

some form of discretization [see Canon, Cullum and Polak (1970)1].



Now, the DCP can always be treated as a GMP in R(m+n) N so that
any method to solve’mathematical programming problems could be applied
to solve the DCP. However, this may not be a wise choise because
the dimension of the GMP would be dependent on the number of stages N
and consequently it could be forbiddingly high.

On the other hand, specific necessary conditions of optimality
have been directly developed for control problems, either through the
calculus of variations, as in Pontryagin's maximum principle
[see Halkin (1966)] or through dynamic programming [see Bellman (1957)1].

The use of necessary conditions expressed in the form of a maximum
principle to construct a method for solving discrete control problems
requires the solution of a system of coupled equations involving
state variable, control variable and costates vectors; this may be
rather difficult to solve. In particular, the presence of control con-
straints and/or severelnonlinear dynamic equations makes it impossible
to express, a priori, the optimal control in terms of optimal state
and costate making this approach highly unattractive.

Dynamic programming provides a very general approach with a
broad range of applications [see Bellman and Dreyfus (19621, but the
backward procedure implied by the 'principle of optimality' requires
that, at each stage, a large number of minimizations must be performed
(with different state vectors). Such procedure also requires a great
deal of storage and, conséquently, the application of conventional
dynamic programming to DCP remains a formidable task, unless the dim-
ension of the state vector is smaller than, say, 3.

A mechanism to avoid this difficulty was provided by Mayne (1966)
with the introduction of the Differential Dynamic Programming (DDP) method

to solve optimal control problems. The idea behind this approach is
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the following: given state and control nominal sequences the DPP
method compares them with neighbouring sequences and selects that
neighbouring sequence which yields an optimal decrease in cost. The
new control and state sequences become the nominal sequences

for the next iteration. Since at each iteration attention is

confined to a suitable small neighbourhood of the current nominal state
sequence, it is possible to approximate the improved cost function by
a truncated Taylor series expansion. This results in a tremendous re-
duction of the storage required, when compared with the conventional
dynamic programming method. Among other applications of this technique,
Jacobson and Mayne (1970) developed a second order algorithm for uncon-
strained discrete control problems.

The relative simplicity of this algorithm, which at each stage
solves a sub-problem of the same dimension as the control space, makes
it quite appealing.

Moreover, although not proven, practical applications of the
algorithm suggested a quadratic rate of convergence. Actually, the
fact that it provides one step convergence for problems with quadratic
objective function and linear dynamics(LQP) hints at some link between the
DDP method and Newton's method to solve nonlinear equations.

Another problem is the extension of the DDP technique to constrained
discrete control problems.

In the first chapter of Part II a modified version of the DDP
method for unconstrained discrete control problems is introduced and
is proven to be identical to Newton's method. That is, given a nominal
control sequence both methods will compute the same successor sequence.
It is afterwards shown that the new version coincides with the original
whenever the dynamics are linear. Hence, the results for LQP may be thought
of as a special case of the fact that the original version coincides with

Newton's method if the dynamical equations are linear. The last result
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of this chapter shows that the second-order algorithm suggested by
Jacobson and Mayne (1970) for unconstrained discrete control problems
indeed has a quadratic rate of convergence.

In the second chapter of Part II an algorithm to solve the con-
strained discrete control problem is introduced and, under some assum-
ptions, is proven to be globally convergent with a quadratic rate.

As in Part I, in the last chapter of Part II further research is
suggested.

The references come next, listed in alphabetical order by author
and then im chronological order.

It is useful to indicate now the general numbering scheme adopted

throughout the thesis.

The two parts (numbered I and II) are each divided into chapters
(numbered from I.1. to I.6 and from II.1 to II:A) which are divided
into the several sections (denoted by numbers of the type I.2.1, 1.2.2,
etc.)and, for some chapters, an appendix (AP.I.2 denoting the appendix

of Chapter 2 in Part I, etc.).

Lemmas,; propositions and theorems are indicated by capital letters
within each chapter regardless the section (e.g., L.3.A) and, when
required, expressions obtained during the proof of a particular pro-
position (or lemma or theorem) will be indicated by low-key roman numbers
(i, ii; etc.) . That is, II.2.A.xi stands for expression (xi), Proposition
A, Chapter 2 of Part II .

Expressions outside the proofs are indicated by capital roman
numbers but now only within chapters. That is, II.1.V stands for express-
ion V in the first chapter of Part II.

Finally, the resulfs and definitions of the literature which are
given in the appendix are numbered consecutively inside each

appendix which, unless expressly stated, is assumed to
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correspond to the chapter where the result or definition was referred.
That is, AP.1 denotes the result (or definition) 1 in the appendix

at the end of the current chapter.
I.1  BASIC ALGORITHM
I.1.1 Introduction
The use of exact penalty functions to compute step length along
a direction obtained by solving a quadratic programming sub-problem, is a

common feature of many algorithms lately suggested for solving the

general mathematical programming problem (GMP) below :

GMP
mig f(x)
X€R
s.t.
g(x) <0
h(x) =0
where:

£ R%> R- g: R* > R® h: R® > RC .

The quadratic problem that have been generally used is of the form:

0
P
Qi

. T
min fx(xi)p +Pp Bip
peR

g (x) +gx)p <0, jenm

j j - :
h (Xl) + hx(xi)P - 09 J €

S
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where:
X, € R" denotes the current point at iteration i
B. is a real nxn matrix
m, £ denote, respectively, the sets {1,2,...m}

and {1,2,...4}

Calling pg the solution of QP?, the next point X; 41 of the

iteration process is set as

where a; € (0,11 is chosen by some procedure which ensures the sat-
isfaction of the following condition

I.1.1

0 _
Y(x, + opry e <Y (%5,¢;)

where v : R® x R + R belongs to the following class of penalty functions
studied in Han and Mangasarian (1979)
L.1I1
Y(x,0) = £00 + c Q(flex),, h
where:
¢ is a nonnegative real number
g (0, b max{o, g0}

l £

. . . M+
is any fixed vector norm in R

and
Q 1is some function from the nonnegative real line into

itself with the following properties:
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1.1.I11
Q(0) =0
Q(xr) > 0 forr >0
Q(r)-Q(0)
©> Q'(0,) Alim — ———— >0
r+0+ T

A condition to assure that y(x,c) has a minimum at a minimum
of GMP for all sufficiently large but finite values of c¢ 1is due to
Pietrzykowski (1969) and requires the linear independence of the
gradients of all equality constraints and of those inequalities satisfied
as equalities at the point being considered.

Note that the classical exact penalty function

m £ .
Y, (x,€) A £(x) + c{jz1 g (), -+ J-Zl ECRE

can’ be obtained from I.1.II by setting Q(r) = r and using the l-norm.

On the other hand, the classical exterior penalty function-

m ) 2 £ . ’
Y, (x,¢) A £(x) + cf [ 1%+ ) )19}
2 - j=1 * j=1

corresponds to setting Q(r) = r2 and using the 2-norm, but does not

satisfy the third part of I.1.III as in this case

Q'(0,) = 0

which is not a surprise because it is well known that for the classical

exterior penalty function the penalty parameter goes to infinity.
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In fact, if the second order sufficiency conditions (sce AP.1)
are satisfied for GMP at some (X, A,M) € R" x R™ x RK then a result
due to Han and Mangasarian (1979) shows that x will be a strict local

minimum of y(x,c) for all ¢ > ¢ with c¢ being defined by:

I.1.1V

el
Q' (0)

c

where:

\ }
|| *|| is the dual norm of the vector norm used in II.1.II.

Now, it is readily seen that two problems may occur when generating
the search direction through the guadratic problem QP? :

1.1.v

The solution pg may not be a descent direction to the
penalty function Y(xi’ci)
I.1.VI

QP? may have inconsistent constraints.

The occurrence of I.1.V. depends basically on two factors:

- The nature of the matrix B.1 in QP%

- The current value c. of the penalty parameter.

Actually, the definition of what is a descent direction may vary
with the type of exact penalty function being used (some are not diff-
erentiable).

The above factors are combined in the following sufficient

condition :
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"If,
0,T, 0 .
(py) B;p; >0

and

0 0y
ey > 10800 .

Then,
0. . .
p; is a descent direction to Y(xi,ci)
where

0 0

(Ai,ui) are the multipliers associated with pg at the

solution of QP?

A convenient way of ensuring(p(i))TBi pg > 0 is to assume positive
definiteness of the sequence {Bi}, as in Han (1977), or to construct
the sequence {Bi} on: such a way that positive definiteness is indeed
enforced, as in Powell (1978).

The condition c, > H(Ag,ugﬂ' presents an interesting question.
Large parameter values cause the penalty function to have steep sides
at the boundary of the feasible region so that the satisfaction of the

condition
Y(Xi+1,ci) -Y(Xi,ci) <0

may lead to excessively small step lengths.

. . . 0 .
Also, if one tries to satisfy . > H(Ai,ugﬂlby setting c, = ¢
large enough or by increasing c, whenever this condition is violated,
one may end working with far larger values of c; than required to

ensure the compatibility of Y(-,ci) with GMP (see I.1.D). Moreover,
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the multipliers (Ag,ug) may vary discontinuously and even be unbounded
so that setting ¢, > “(Ag, ugﬂ] may bring convergence problems [see
Chamberlain (1979)1]

Inconsistent constraints in QP? have been dealt with in different
ways.

Han (1977) simply rules out I.1.VI by assuming that the quadratic
problem always has a Kuhn-Tucker point [see Theorem 3.2 in Han (1977)]
or makes some assumptions, for instance g(*) is convex [see Theorem
3.2 in Han (1977)1, which are sufficient to assure that I.1.VI Aever
occurs but that also clearly reduce the range of application of his
algorithm.

Powell (1982) suggests that, if I.1.VI occurs, the objective

function should be minimized satisfying the following conditions:

gnd (x,) + b (x)p = 0,

\e)
1]
—

-
N

-
(o]

j j :
£g  (x;) + gi(x)p < 0, j eV

J j j
g (x;) + g (x)p>0, <S5

where:

m=V., US,
- i i

Vi is the set of indices of the inequalities
that are violated at X;
£ is a constant chosen from the interval

_[O,Z],with £ being the largest value in [0,1]

such that the above conditions are satisfied.

This procedure may require many computations not only to find

g€ but also in solving a quadratic problem with inconsistent constraints.
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This last drawback is shared by the refredy proposed by Mayne and
Polak (1982) which consists of generating an alternative search direction,
if I.1.VI occurs, throﬁgh the following unconstrained minimization:
I.1.VII

min {1/2 pHp + 8(x,c,p)}

peR"

where

H is any positive definite matrix (e.g. nI , n > 0)
0(x,c,p) A £,(0p + c(Wx,p) - V()

with:

¥(x) A maxigd (), e m w5 <45 0

and

00x,p) A max{yd (0 + g 0ap.d e m W0 + lpl L 5« 50

In this chapter we present an algorithm which generates the search
direction through a quadratic problem which always has a solutibn .
which is a descent direction to Yy(*, ci) (regardless of the value of
ci). This allows us to update the penalty parameter with the sole
objective of ultimately satisfying I.1.IV. With fairly mild assumptions
it is proved that any accumulation point of a bounded infinite sequence
constructed by the  algorithm satisfies the Kuhn-Tucker conditions for GMP.

If second order sufficiency conditions are satisfied at any
Kuhn-Tucker point of GMP we prove a much stronger result, that is:

*

xi;+ X (strict local minimum of G¥P).
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1.1.2 The Algorithm
Consider the general mathematical programming problem (GMP) defined
in the previous section.
Let Y: R" + R" be defined as
P(x) = max{g’(x), j em; |RT(x], j <L} .
Let v; R" x R - R be defined as :
y(x,¢) A £(x) + ¥(x)c¢
where ¢ > 0 1is a penalty parameter.

For each iteration i let (pi,wi,ki,pi,vi) denote the Kuhn-Tucker

point for the quadratic programming problem below:

QY
min fx(xi)p + 1/2 pTBip * v
(p,w)eRnfl
subject:
Fx) +gxdp<w, jen
W x) + Wlepl <w, 5=
w>0
where,
X; is the current point
c; is the current value.- of the penalty parameter
AieRm is the multiplier associated with the first m

inequalities
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U, e R is the multiplier associated with the next
£ inequalities
v. € R is the multiplier of the last inequality
n
p<R and w e R.

- - n
Let A: R R and U : R > R" be defined by:

(A(x),u(x) A arg min {|| VEx) + gx(x)TA + hx(x)TuHZ +
1) eRPRE L . .
+ ] 00-g0 0O T - b (0 )0 )
jem jel

Let ¢ : R" - R be defined by:

ce) Al T Ml +Y WP +b), b >0, "small"
=R =t
- n n " .
Let ¢y : R© X R" > R be defined by:
V(x,p) A max{g’ () + g} (X)p, jem; [W) (x)+h) (0P| , jeL} .
~  n n .
Let y: R* X R X R+ R be defined by:
Y(x,p,c) A £(x) + £ (X)p + c¥(x,p).
Let T : R" + R be defined by:
T - T- 242
T() A ) + || VE@) + g ()7 X (x) + h (x) ux) |

where,

= . m .t .
A+(x) is the vector € R whose j h component 1is:

X (0 = max{o; M (0}
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Let 8 : R® X R" X R + R be defined by :

e(,X,P,C) é Y(X,P,C) - 'Y(X,C).

We say that p' e R" is a 'descent direction' to the exact penalty

function y(x,c) if:
8(x,p',c) <0 .

Finally, for each 1i, let Ei denote the minimum norm solution,
if a solution with norm smaller than H piH exists, of the following

system :

]
o
(=5

m
—

j J
g (x;+p;) + g3 (x;)p

n
o

e
m
&

j j
h” (x;+p,) + hi(x)p

where,

N .
A {3 7>
IlL=_{J € m] Al 0}
If the minimum norm solution of this system has . norm greater
than || Pi“ , then Ei is set equal to zero.

We are now able to state the Basic Algorithm.

Basic Algorithm

Data : x, € Rn; Bl(nxn positive definite matrix); cy € (0,)

1
B.e «(0,1); 6 = (1,2)
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Step 0 : Set 1 =1

S H . >-‘ o=
tep 1 : If c_ __c(xl], set ¢,

1 Cia1

Else, set c, = max{dciﬁl; c(xi)}
Step 2 : Find (p,,w.), the solution of ng

Step 3 : If :

T(xi).i £

1]
o

w.
1
Then:

compute Ei

Else:
set p; = 0
Step 4: Compute ki’ the first integer in the sequence {0,1,...}
satisfying:

ki 2ki . ky
Y(Xi+8 P; +B P;» Ci) - v(x,e5) < B e(xi,pi,ci)/S

. - i
Step 5:: Set xi+l =X + B p; + B pi

Step 6 : Update Bi to Bi+1

Step : 7 Set i = i+l; Go to Step 1.

Before proceeding to establish convergence of the above algorithn
it is perhaps interesting to point out that the problem solved at
Step 2 1is indeed a quadratic programming problem because the £ nonlinear
inequalities of QPY s

W) s ndxopl <w, Get



are cquivalent to the 2£ linear inequalities below

j j . .
h”(x,) + hilx)dp <w, jel

and
'hJ (xl) - hi(lep E_W, J € ’_e .
Note also that, in constrast to GPM and QPS, there exist no
equality constraints in QP?. Therefore all the multipliers Xi,lii,

Vi’ associated with (pi,wi) at the solution of QPY, are non-negative,

for all i and j.
1.1.3 Convergence Results

In the analysis of the global convergence properties of the algorithm
we will initially assume that the three following conditions are satisfied:

H1l: The functions f,g,h are all continuously differentiable.

H2: For all x « R" the vectors-{VgJ(x), j e I(x); VhJ(x), j € Iz(x)}

are linearly independent, where :
1) A {5 emlgd (0 = v} and 1,00 A {5 = £}[87 ()] = (0}
. + n
H3:; For all i, Bi e L < L(R") where :

L A{Be L(Rn)lthere exist m', M positive s.t.

myl2 < y'BY <m|ylf, vyer™} .
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Proposition I.1.A

For all i = 1,2,3 ..,
0(x.,p.,c.) < -pl B,p. - v, ¥(x.)
XyoP35C3) 2 7Py BiPL -V VX

Proof:

Consider the £ nonlinear inequalities of QP: as 2£ linear
3 .

inequalities and let ty and s; denote the multipliers respectively

e

associated with,

A
=
-
.

m
o)

j j

and

I A

nJ Y .
h (xi) hx(xi)p w, jed.

At the solution of QP? the following Kuhn-Tucker conditions are

satisfied, in addition to the constraints :

VE(x,) + Bipi] - )\g(ng (<) + 1 t] (th(xi)]

jem 1) -
n+l equations ‘i 1 jek v -l
0 0
I ond : I
PoLosy PTG | vy s
jel -1 0
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Jed j - ;
Ai(g (x) + gX(xi)pi- w.) =0 , jem
0 0xg) + b (xpdp - W) =0, jed

Jod o o - .
s:(-h7(x;) - WP (x)ps- W) =0, je4

Now,

Y(xi,pi,ci) - Y(xe) = £ (xJp, + o (Wx,,py) - W(x))
But,

0=< \P(.Xi,Pi) < Wi
and

T i j
£(x.)p. = -p:B.p. - ) <A g (x.),p.> -} <ti hl(x.),p.>
X 11 1171 JGII_} 1 "X 1 1 JEJE L X" 1 1

- Jpipd
jZ£<Si[ hx(xi)],pi> .

As the constraints are satisfied we have :
& (x)p. <w, - g (x,) jem
X1l - i ? -
h (x,)p; < wy - b (x,) jek
xTiF1L — i i ’ -

and

j j :
-hy(xdpy <wy +hT(x) ek
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Then,

» T i R
Y(Xl ,Pl:Cl) —Y(Xl’ci) _<_ —pl Blpi + z A;J. g (Xl) + 2 ti hJ (Xl)
JeEm jel

+ .Zﬂ s; [-hJ(xi)}
JE

- wi[ DK A? ) tg + ) si] + ci(wi-w(xi)).

jem *oeb e
' th :
But, from the (n+1) equation,
. j j J
(i) c. =) A o+ Jti+ )sto+v,
1 jem 1 Jeg 1 Je’g- 1 1

then,

iJJ
;8 (xi) +

It nl(x) +
jem jeg *

o T
Y(Xi,pi,ci) - 'Y(.xi,ci) _<_ -piBipi + .Z >\

Jr_pd
+ jéﬂ s;[-h7 (x,)]

- wicci - Vi) + ci(wi - w(xi))'

But, by the complementarity condition, we v, = 0.

Also,A
g(x) <¥(x) ., Vien
Wx) <vx) . Vied
j .
-h (Xi) i IP(Xi) > VJ "_}'
Then,

" T j j j
Y(x;5P;5¢5) = Y(x5,¢;) < -py Bpy w(xi)tjgni A +j§£ £ + Jé;i’

- v(x;)



or,
- T

Now, denote by p'(x,B,c) the map that leads to P; and by

p(x,p) the map that leads to 5i’ i.e.

1
p' é p (xi’Bi,ci)

and

T
i

P(x;,p;)

The next proposition is a result due to Mayne and Polak (1978)

Proposition I.1.B

Let Xx be any point in R" and let N be a compact
neighbourhood of x.

Then, there exists a function

(o,x,p',p) > B(a,x,p',P)
such that
|y (xvap? 075, ) - y(xsap'+0%p,0) | < @ Bla,x,p',5)
“and

¢(a,x,p',5) + 0 uniformly in

(x,p',P) = N x B, (0) x B, (0), as & = ©
where, k and c are both arbitrary positive constants and Bk(O)
is the compact ball c R" with radius k centered at the origin.

Proof:

See Proposition A.3 in Mayne and Polak (1978).

27



Proposition I.1.C

For all ¢ > 0 and all B € L+
the map x +~ p'(x,B,c) is continuous.

Proof:

See appendix at the end of this chapter.

Proposition I.1.D

Consider the problem below:

B(x,m,c) = min_ {m/2)||plP + 6(x,p,c)}

PeR

If 5(x,m1,c1) = 0, for some m, > 0 and c

>0

1 1

Then,
5(x,m,c) =0, for allm > 0 and ¢ > ¢
See appendix at the end of this chapter.
Corollary

Consider the problem below:

1

Gl(x,B,c) = min {.1/2pT B p + 8(x,p,c)} .

peR”

If, for some x « R", ¢ > 0 and B, « L*

1
elv(i,Bl,E) = 0.
Then,
8,(x,B,8) = 0, for all B e L’
Proof:
For all B € L* we know that,
| plP <p' Bp<MlplF, forallp
Then, for an arbitrary B L" we have :
(1)  B(x,m',c) < 8, (x,B,0) < B(x,M,c).

Now, by hypothesis Bl e L¥ and el(i,Bl,E

€ Rn.

) = 0.

28
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Hence, from (i) and the fact that g(x,m,c) < 0, for all

n ..
X € R and all positive m and c, we have :

But this implies, by Proposition I.1.D, that :
B(x,m',c) = 0.

Then, from (i), el(i,B,E) = 0, for all B-e L .
Lemma I.1.E
For any x* € Rn, ¢ >0 and Bl’ B2 both belonging to L let,
Ql(P:W,C) A 1/2 pTBlp + VE(X)p + cow |

Q,(p,w,c) A 1/2 pTsz + VE(X*)p + cw
Fol{mw e g megd r  <w, jem [0l « hlamp| <w
jet)

(_pl,wl) A arg min{Ql(p,w,c)l (p,w) € F}

(pz,wz) A arg min{Qz(p,w,c)I (p,w) € F} .

Then,

Ip,-p, Il < c/m)ll e, Il 18,05,

Proof:

See appendix at the end of this chapter.



30

Now define
Dclé {x e Rnlg(x,l,c) = 0}
and,
D A(x e R%| 4 (Au) s.t. (x,A,u) is a Kuhn-Tucker
point of GMP

Propositionl.1.F.

Let ¢ > c(x)
Then,
x €D <= x e D.
c

Proof:

=> This part of the proof is identical to the proof of :part (i)
of propostion 5 in Mayne and Polak (1978).
<= For any m > 0 consider the problem,

8C,m ) & min{(m/2) || pl + 8Cx,p,) p k™

As shown in Proposition A.2 of Mayne and Polak (1978), this problen
has .the following dual :

5(x,m,c) =max c¢ [<y,g(x)> + <k,h(x)> - Y(x)I - (1/2)mHVL|F
(y,k)

subject to:

and

where:

VLA VE(x) + clgr(x) y + hi(OK).
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By hypothesis x € D. Then,
h(x) = 0; g(x) £ 0; P(x) = 0; 3 (A, 1) such that :

A > 05 <, g(0> = 05 VE() + gr(0A +hi(x) = 0.

But, as shown in Proposition 2 of Mayne and Polak (1978), if

X € D we have :
A(x) = A and U (x) = u.

Let ¢ > c(x) be arbitrary.

By construction, c(x) > ) 2o+ ZMJ.
jem jed

Then, setting y = (1/c)A and k = (1/c) Hyields

VL =0; y>0; Z yJ + 2 »kJ;i 1
jem jet

Substituting these values into the last dual problem we have :
8(x,m ,c) = 0.

The result then follows from Proposition I.1.D.
Let {Ai (xi,Bi,ci)} denote the sequence of maps,‘m;-“,a:A]'6ori).l‘.‘fn.)n\i,»,;c\,,L )(;M]‘ 'I\u

next point X541 with p; = 0. That is :
t = = 1 .
Ai(xi,Bi,ci) X X, + B " p.

i+l i 1

Proposition I.1.G.

Let ¢ > 0 be arbitrary. Then, any accumulation point x* of an
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infinite bounded sequence {Xi}’ where

X.

- At . s
i+l Aiﬁxi,Bi,c) for all i, satisfies,

X* eD .
c

Proof:

Let I be a sequence such that

As {Bj}, ;< L*, 3 at least one subsequence I' ¢ I such that:
X, 3 x* and Bi‘—I>l B* e LY.

Now, there exists a unique solution p* to the problem,
el(x*,B*,C) é:gign {1/2 pTB*p + B8(x*,p,c)}

Suppose x* ¢ DC.

Then, from the Corollary of Proposition I.1.D,
el(x*,B*,c) < 0.
+
Hence, as B* € L,

(i) 6 (x*,p*,c) < 0.
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Now, as shown in the proof of Proposition I.1.C, there exists a

continuous map S(x) such that, for all B e L and all x € Rn,

I p' (x,B,0) || < S A (1/m) || VEG) || + La/m') 2| vECx) |2+

s 2(e/m)P(x) 17

By H1 and the boundedness of {xi} the above inequality implies

the existence of a k < ® such that
p; € Bk(O) for all 1i.
From Proposition I.1.B it can be readily seen that: -

(i1) |y + op,c) - y(x,0p, ©)| < o P(a,x,p)
where,
#{a,x,p) + 0 uniformly in (x,p) € N x Bk(O).as

o > 0, with N being any compact neighbourhood of x*.
From (i), there existsan integer k' such that :

(ii1) B(8%,x,p) < -B(x*.p*,c)/8

for all (x,p) € N x Bk(O).

A

Now, since y(x,0p,c) is convex in o0,

(iv) v(x,0p,c) - v(x,¢) < a 6(x,p,c), for all a €[0,1]
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Hence, from (ii), (iii) and (iv),

(V) Y pe) -y(x,0) < BN(B(x,p,e) - B(x*,p*,c)/8)

for all k > k', all (x,p) = N x 8, (0)

Now, the map 6(*,*,c) is continuous with respect to both arguments.

Then, there exists £, > 0 such that

1

(vi) 6(x,p,c) < B(x*,p*,c)/2
for all (x,p) e Be (x*) x Be (r*).
1 1 )

On the other hand, by Proposition I.1.C the map x » p'(x,B*,c) is

continuous.
Then, there exists €, > 0 such that ., for all x ¢ Be (x%)),

2.

(i) pGebne) < B (Y

If we now define €4 A min{el;ez} , from (vi) and (vii),
(viii)  8(x,p'(x,B",¢c),c) < B(x*,p*,c)/2
for all x € B_(x*).
€
3
But, by construction,

8(x,p;,¢) - 8(x,p' (x,B*,¢),¢) = VE() T (p.-p' (x,B*,¢))

+ c(upy) - DD (x,B%,0)

or,



(1) 8(x,p,,C)=8(x: P! (X,B%,0),¢) < VE(X) (p;-p' (x,B*,¢))
I 0 ont (x.B* —
+ ¢ max{|gy (%) (py-p' (x,B%,0)) [, j < m;

0 0 e, -t (x,Bx, ) |, 5 € L)
But, Bi ;'B*.

Then, from (ix) and Proposition I.1.D,

() [60x;,p;50) - 8(x;,p' (x,,B%,¢) | < - 8(x*,p*,c)/4

for all i € I', i 2_i0 say.

1
From (viii), (x) and the conyergence Xs 3 x*, there exists an

84 > 0 such that :

(xi) 6(x,,p;»¢) < O(x*,p*,0)/4
* 1 t
for all x; € Be (x*), 1 I,

4

Hence, from (v) and (xi),

Y(x,+8 p.,0) - Y(x;,0) < B B(x*,p*,c)/8

for all X, € Be (x*), 1 € I' and all k > k!
4
But, from the computation of Step 4, kiji k'.

Therefore,
k! '
Y(x,150) -Y(x;5¢) < B 8(x*,p*,c)/8 4 -5, <0

for all x. €eB _ (x*), i € I'.
i €y

. . Iv =
This last result contradicts the fact that xi > X .

35
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The contradiction arosc from the supposition that :
6, (x*,B*,c) <0

Hence, el(x*,B*,c)~= 0 and the proposition follows from the
Corollary of Proposition I.1.D.
Let {Ri(xi,Bi,ci)} denote the sequence of maps which find the

next point X5, with gi # 0. That is :

1

} ki Zki -
Aj(xgoByocy) = Xy 0 = X + B 7p; + 8 7 opye
Proposition I.1.H
Let ¢ > 0 be arbitrary. Then, any accumulation point x* of

an infinite bounded sequence'{xi} , where

X,

ie1 " A(xi,Bi,c) for all i,

satisfies,

x* e D .
c

Proof:

The proof is similar to the last proposition and is given in the
appendix at the end of this chapter.

Proposition I.1.T

Let ¢ > 0 be arbitrary. Then, any accumulation point x* of an

infinite bounded sequence{ xg', where for all i x is either equal

i+l
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t(x.,B.,c. A(x.,B.,c.), isfi
to A (xl, i cl) or equal to A(xl,Bl, 1) satisfies

x* € D
c

Proof:

Let I' be a subsequence such that :

t ! 1]
X. ; X* and B. l B* e L+ .
i i

Let I'" < I' and I"' < I' be the subsequences defined as:

I"A{iel"] X, = A (Ax.l,Bi,c)}

and
I __A—_ {i € I’|Xi+l = j-\(xi’Bi’c)}'
Suppose,
elcx*,P*,C) < 0.
Then,

(1) as shown in the proof of Proposition I.1.G there exists 61 >0

such that :

Y(x, 100 - ¥(x ©) <= 8 <0

for alli e.I", i > i_ say.

1

(ii) as shown in the proof of Proposition I.1.H there exists

62 > 0 such that :

Y(x5,106) = v(x,0) £ -6, <0

for all i € I"', 1 > i_ say.

2
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But, I' = I" v I
Hence, from (i) and (ii), there exists 63 A min{él;éz} and

i, A max{i,;i,} such that :
3 = 1°72

for all i € I', i 3.i3.

1
This last fact contradicts Xi ;‘x*.

Then, el(x*,p*,c) = 0 and the proposition follows.

Theorem I.1.J

Any accumulation point x* of an infinite bounded sequence {xi}
constructed by the algorithm satisfies
x* € D
Again let I' be the subsequence where
X; i x* and Bi il B*.
Now, from Proposition I.1.F, Proposition I.1.I and the continuity
of ¢(*), all the hypothesis of Theorem 1 in Mayne and Polak (1978)
are satisfied.

Hence, as xi is assumed to be bounded, c,.

i-1 is increased only

finitely often.

Then, there exists an i* and a c¢ > 0 such that
c. =¢ for all i > i*.

The theorem then follows from Proposition I.1.I and Proposition

I.1.F.
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To proceed further we need to strengthen our hypothesis. We

replace H1 by:

H1': f,g and h are three times continuously differentiable
and add a further assumption:

H4: At each Kuhn-Tucker triple (%,X,i) of GMP the second-order
sufficiency conditions (see AP.1) hold with strict complementary
slackness, i.e. (AJ) > 0 for j ¢ I(X) A {j‘e‘plgj(ﬁ) = 0} .

Lemma I.1.K

Let X be any point in R" and let N be any compact neighbourhood
of Xx. Let k > 0 and ¢ > 0 be arbitrary finite numbers. Then, there

exists a constant d1 > 0 such that

;(x,ap'+a25,c) -Y(x,¢) <alf(x,p',c) + dla]
for all (x,p',p) € N x B, (0) x B (0) , «t&(o,4]
See appendix at the end of this chapter.

Proposition I.1.L

Let { xg' be an infinite sequence constructed by the algorithm.

Suppose 1 1is a subsequence such that :

ci =¢ >0 for all 1 € I
and
X. l X € Rp.
i
Then,
I
p;, >0
Proof:

See appendix at the end of this chapter.
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Theorem I.1.M

Let {x,;} be an infinite bounded sequence ctonstructed by the
algorithm. Then,

X3 > x* e D , as i = .

Consider x* any accumulation point of {Xi}'

By Theorem I.1.J, x* € D and c; = ¢ (constant) for i > iO’ say.

Let C be a compact ball in R" containing {xi}.

Because of H4 we can use Theorem 4 of Fiacco and McCormick (1968)
to see that any Kuhn-Tucker point of GPM is isolated.

Then, as shown in the proof of Theorem 3 of Mayne and Polak (1978),
the set S A {x*,...,x;} of accumulation points of {xi} in C is finite and
each element of this set is a K-T point of GPM.

Now, as {xi} is bounded by hypothesis any infinite sequence of
points coﬁtaiﬁs at least one convergent sub-sequence.

That is, given € > 0 there exists an i, such that, for i > i

1 -1

Xy belongs to at least one of the balls with radius € and centered
at each point ﬁ: €S . In other words, for i 2_i1, say, X; belongs
to at least one subsequence converging to some point xi €S,

Then from Proposition I.1.L, we have :

(i) “ X.

ie1 " Xi” >0 as i »> o,

Let,
d A min{|| x* -x* || |x* , x* €58} .
= s, s s Sy
As the points are isolated, 4 > 0 .

Let e = d/4.



41

From (i), for i > i,, say, llxi+1-xi||f-€'
Hence, if X € Bs(x* ) for some £ € S, xX; € BE(XZ) for all
2
i 2_i2, say.
That is,

X, - xz_g x*, as i > ».
i )

I.1.4 Remarks

The remedy suggested by Mayne and Polak (1982) when the quadratic
sub-problem QPg-has inconsistent constraints or when its solution is not
a descent direction of the exact penalty function is to generate an

alternative search direction by solving the unconstrained problem

below:
I.1.VIII
. T~

min {(1/2)p Hp )+0(x,p,c)}

peR
where :

H is any positive definite matrix
and

B8(x,p,c) is defined in section I.1.2.

As pointed out by the two authors, I.1.VIII is equivalent to the

following quadfatic problem :
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! I.1.IX

min [ £,00p + 1/2p p + e - y(x)
(p,w) R xR
subject to:

g+ g®pgw, J=1,...,m

"
—
-
-
)

hj(x) + hi(X)p gW, ]
where:
Y(x) is defined in section I.1.2.
Now, I.1.IX always has a solution and its solution ﬁi is
a descent direction of the exact penalty function y(x,c) (defined
in Section 1.1.2) for any value of ¢ [see Mayne and Polak (1978)1].
Hence, the sub-problem QPY can be thought of as an extension of
the robust first order method given by I.1.IX which allows the matri ces
to vary, a necessary feature to achieve a superlinesrrate of convergence.
On the other hand, QP? can be put into the form I.1.VIII with
Bi replacing H. This fact makes the search direction Py generated
by QP? similar to the direction used in the non-differentiable optimi-
zation method suggested by Fletcher (1981b); The differences are that
here a quadratic sub-problem is solved and a L_ exact penalty function
is used to generate global convergence, while Fletcher (1981b) mini-
mizes a L1 exact penalty function subject to the additional constraint

below:

el <n,



This step restriction is used to define a 'trust region' with hi
being automatically changed in order to force the convergence
[see Fletcher (1981a)l. For different reasons, a constraint of the
type I.1.X is also used in the algorithm suggested by Mayne and
Polak (1982). Actually, the matrices used by this algorithm in the
quadratic sub-problem are not required to be positive definite and a
restriction on the norm of its solution is necessary.

Here, assumption H3 ensures that the sequence of matrices {Bi}
remains positive definite with eigenvalues bounded away from zero, and
this provides an upper bound to || piH . [see inequality (i) in the

proof of Proposition I.1.C in AP.I.1]

It is interesting to compare Theorem I.1.J with the global con-
vergence result given by Theorem 3.2 of Han (1977), for problems where
all the constraints are inequalities.

In the latter, besides H1 and H3, two other assumptions are re-
quired to show that any accumulation point x* is a Kuhn-Tucker point

of the mathematical programming problem to be solved. Namely:

1.1.X1

for each i , there exists a Kuhn-Tucker point of QP? with
a Lagrange multiplier vector bounded from above by the penalty

parameter, in ® - norm.

I1.1.XII

s%x*) A {p = R%|g(x®) + vgx)p < 0} £ p.
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Here, in the absence of equalities, the extra assumptions are :

H2: For all x ¢ R" the vectors {Vgl(x), j € I(x)} are linearly

independent, where :

1x) = {jenlg’ (x) = v(0) ).

I.1.XIII

{xi} remains bounded.
The consistency assumption of QP? required in I.1.XI, implies that:

I.1.XIV

S(x,) A {p = R%|g(x;) + Va(x)'p < 0} # 6.

Now, if the points {xi} are considered to be feasible, I.1.XI
and I.1.XIV would be trivially satisfied with p = 0. Otherwise, suppose
these points to be infeasible. Then, a necessary condition to I.1.XI

and I.1.XIV is

I.1.XV

- ) ©om A .
For all x ¢ X A {x.} U X there exists p € R such that :
= "1

Vg’ (0p <0, j eI,
where:

X is the set of all accumulation points of {xi}.
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and

Il(x) = {jE@Igj(x) > 0}.

In fact, as the set X cannot be specified a priori, I.1.XV
should, for practical purposes, be assumed to be satisfied for all
x <R,

In this case, it can be shown using theorems of alternative

[see McCormick (1967)] that I.1.XV would be equivalent to :

I.1.VI
For all x € R" there exists no al > 0, je Il(x) such that:

z aj ng(x) = 0.
jel 0

Now, the restriction of the al

to the positive side of the real
line makes the above assumption milder than requiring = the linear
fadependence of the gradients.

On the other hand, the cardinality of I(x) is generally expected to

be small and, moreover, the definition of Y(x) clearly implies that,

for any infeasible x we have :
I(x) ¢ Il(x)

The requirement of H2 is not linked with the existence of solution
to the quadratic sub-problem (QP? is always feasible). The purpose

of H2 is to make sure that the estimates A(*), ﬂ(}) are well defined
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in 1.1.2 so that a continuous function c(*) can be used to update the
penalty parameter cy- If an appropriate value of the penalty parameter
is supposed to be a priori known, as in I.1.XI, the assumption H2
could be dropped.

Note yet that I.1.XI also implies that for each i the multi-
pliers of QP? must be finite, something that may not be always true
unless further assumptions are made with respect to the constraints
of the quadratic sub-problem [see Theorem 1 of Fiacco and McCormick
(1968), for instancel.

Furthermore, there is a real possibility of the sequence of
multipliers of QP? becoming unbounded so that I.1.XI is not satisfied ,
as can be seen in the example given by Chamberlain (1979) where the
multipliers of QPg'go to infinity even if the sequence {xi} is bounded.’

Here, the boundedness of {Xi} implies that the penalty parameter
c, is increased only finitely often and this in turn is sufficient to
guarantee that the sequence of multipliers of QPY will remain bounded.

As pointed out by Mayne and Polak (1982) two conditions mild
enough to be found in practice are sufficient to assure the boundedness

of {xi}. Namely:

- The function f(*) in the GMP is bounded from below by a
number d.

- Any of the m + 2£ sets {xlgj(x) <e, jem}, {xlhj(xﬂ_i e,
j € £} and {x|hj(x)Lz -e, jef} is compact, where

e =A[Y(x1,c1) - d]/c1

Further assumptions, such as the boundedness of {xi}, to avoid the
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possibility that c¢j - =, is often found in exact penalty algorithms.

Note, however, that :

Ve = |letx) L el

Therefore, the exact penalty function y(x,c) belongs to the
class of functions defined by I.1.I11 and the derivative indicated in
I.1.1IIT is equal to one. Then, as H2 implies linear independence
of the gradients of the active constraints at any feasible point of GMP,
we satisfy all the conditions of Theorem 4.4 of Han and Mangasarian

(1979), so that :

there exists a 0 < & « such that for all ¢ > ¢
any strict local minimum of the GMP,is a strict local

minimum of Y(x,c).

Furthermore, as (X(xi),ﬁ(xi)) > (A(x*), 1(x*)) = (A*,u*) and
because of the way s is updated, at any Kuhn-Tucker point (x*,A?,w*)

of GMP we Hhave :
c, > o umll, -

Hence, with the additional assumption H4, it is also possible
to apply Theorem 4.6 of Han and Mangasarian (1979).to see that the
x* of Theorem I.1.M is indeed a strict local minimum of y(x,c), with
c; = ¢ for i sufficiently large,.

Note that the proof of the strong result given by Theorem I.1.M

depended on two facts
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- Because of H4 the number of Kuhn-Tucker points of GMP inside

any compact set is finite
- pi + 0 as 1 > |

This observation makes Theorem I.1.M closely Felated to Theorem
14.1.5 of Ortega and Rheinboldt (1969).

The positive definiteness of {Bi} makes possible to apply success-
fully a number of methods to the solution of the quadratic sub-problem.
However, when implementing the routine to solve QP? we must bear in
mind that such solution has to be found for all iterations. Therefore,
information about the solution of previous sub-problems may be helpful to
find the solution of QPz at the current iteration. In particular the
convergence of p; to zero, the linear independence of H2 and the strict
complementarity of H4 will enable us to show (see Theorem I.4.0) that,
for 1 > i* say, QP? will predict correctly the activé constraints
at x*.

This fact makes quite attractive the use of the 'active set
method! [see Fletcher (1981)] in the routine to solve the quadratic
sub-problem.

The-reason for the test wi = 0 in Step 3 is that the addition of
Ei forces the vector (pi+§i) to satisfy the constraints up to second
order. This is only meaningful if the constraints are already satis-
fied to the first order, which implies W, = 0.

On the other hand, the test T(xi) < € is intended to delay the
activation of the procedure to computexgi until Xy is 'close' to x*.

Now, although some numerical results suggest that the.use of the

second order component Si relatively far away from the solution may
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reduce the total number of iterations (see Chapter I-5), the search
arc is not necessary to prove the global convergence results of
Theorem I.1.J and Theorem I.1.M.

However, Si is necessary for obtaining a superlinear rate of
convergence of the algorithms of Chapter I.3 and Chapter I.4. The
use of the search arc in the algorithm of this chapter was intended to
show how it does not spoil the global convergence eventually obtained
through the use of the line search. [see Proposition I.1.G and Propos-

itiom I.1.H]
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APPENDIX (Chapter I.1)

AP.1 Second-Oxrder Sufficiency Conditions

A Kuhn-Tucker point (x,A,u) of GMPsatisfies the second-order

. ‘L . n . .
sufficiency conditions if for every nonzero vector y eR satisfying

yT Vgl(x) =0, forallje Fl o {j m| A > 0}
y' v gd(® <0, forallje F,A1(%) - Fy

and
yT Vhi(X) =0, for allje ja

it follows that,

yT v L(x,A,0)y > 0
where,
VLA AV £ + ) M VPR s T P v .

jem jet

Proof of Proposition I.1.C

As Y(x) does not dépend on p or w, the quadratic problem

W .
QPi can be written as :

min {£ ()p + % p'BP + c-b(x))}
(p,w)
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subject to;

g (x) gi(x)p <w, Jjem
Iﬁu)+@am|§mjeg.

From the definition we have :

8(x,p,¢) A £,()p + c(x,p) - ¥(x)

~ . . . .
V(x,p) A max{g) ) + g3 (0p, § < m|h’ (0« Wl (P, 5 < £;0)
Then the above problem is equivalent to :

6,(x,B,c)A min {4 pTBp + B(x,p,c)} .

peR"

Setting p = 0 we can see that el(x,B,c) <0.
Then,
p'(x,B,c) € T(x,B,c) A {peRnl%pTLBp + etx,p,c) 5_0}
As @(x,p) > 0, we have:
T(x,B,0)<T, (x,B,¢) A {peR”Iip” Bp + <VE(x),p> - ch(x) < O}.
Then, from H3

T(x,B,c)<T,(x,B,c) A {peR™i(mY2] p|? + <VE(x),p> - c¥(x) < 0}
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W el < amollvecall + Lamn 2l veco P
+ 2(e/m) P17 A S().
Now, the map x > S(x) is continuous and,
T,(x,B,c) < {p e R'| | pll s} .

n - .
Hence, for any x € R* and € > 0, there exists a compact set

F such that,
T(x,B,c) c.Tl(x,B,c) c_Tz(x,B,c) c F
for all xeB (x).
£
. Then, for x € B_(X) we can always say :
£
5 e T
1(x:B,¢) = min{l p Bp + O(x,p,c)|p € F} .
But,
z(p) A% pTBp + B(x,p,c) is a continuous numerical functional.

Then, by the Maximum Theorem [see Berge (1962) pg. 1161 we have:

61(',B,c) is continuous at X and the solution set is

upper-semicontinuous at Xx.
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As Z(*) 1is strictly convex and X is arbitrary, the proposition
is proved.

Proof of Proposition I,1,D

It is shown in Proposition A.2 of Mayne and Polak (1978)

that 5(x,m,c) is dual to the problem below:

R
61 (x,¢) = max[c(<t,g(x)> + <s,h(x) > - Y(x))-m/2" || VL[
t,s
t>0, s = 51-52, 51>0, 52>0
[+ Ts1+ ] sp<1
| Jem jeb jet J

where

VL A VE(x) + c(g)T((x)t +hL(x)s ).
Now,
g (x) <V, W] <9, ¥(x) >0 for all j and x « R .
Far m = ml, ¢ =cys and taking into aecount that the multipliers
sum to less than unity, at the solution (f,gl,gz) of the above problem
the following equations hold :

c1(<€,g(x)_> + <§1,h(x)> + <§2,-h(,x)>_- Y(x)) =0

VL = VE(R) + cp(g (0t * hl(x)(8,-8.)) = 0.
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Clearly,
(i) 8(x,mc) <0, ¥x<R, ¥ym, c>0.

Hence, if for any m > 0 and ¢ z_cl we let

t
=t N t = § : t = §
t tlc,/e); s 5,(cq/e)5 55 = 5,(c /)
we would have :

c(<t',g(x)> + <si, h(x)> + <si, -h(x)> - Y(x)) =0

and

VL = VE(x) + c(gT(x)t‘ + hT(x)(s‘—- s)) =0

X X 1 2 '
Moreover, as c > cl, t', si, sé satisfy the constraints of
1

Gm(x,c).

Then, from (i) we have g(x,m,c) = 0 and the proposition is
proved.

Proof of Lemma I.1.E

Let,

Zl é (p1:w1) 3 Zz A (PZ:WZ)-

As the above vectors minimize differentiable functionals over

the same convex set, we know that :

\%
o

() @) QG0 >

(1) (22, ¥Q,(z,,0) >

s for all ze F

\Y2
o

s for all z € F.



in (1) and z = z

Substituting z =z 1

2

arrangement we haye:

Zz_zl)TEVQz@z’c) T et (Z‘z'zl)TWQltz‘l’c) )

- VQ2(Zl,c)]

But,
= =) - = ( * .
VQZ(Z.Z,C) B, +VE(x*)|; VQ, (2 ,¢) B.p +VE(x") \;
¢ \ ¢ )
- f *
VQ,(z,,¢) = (Byp +VE(x*) )
\ ¢ J
Then, .
(P,=Pys Wy ) (B (P,Py)) < (Do-pyoW,-w) T ((B,-B.)p
2°71° "2 71 22 *1 — 2F1°72 71 U1 OT2071
0 0
or,
T
By hypothesis, B2 e L’
Then,
m' ” PZ‘P1”2 _<_ ” Pz'p]_“ H BZ—BlII “ Pln
or,

I o, <crmy ol I,

in (ii), after a re-

55
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Praoof of Proposition I,1.H

Let I' be the subsequence defined in Proposition I.1.G.

That is :
! 1
x, + x* ; B. 3 B*.
By censtruction,

) A - ~ . . .
Y(x,0p;,¢) - v(x,ap; + &'p;,C) = -oc2<\7f(,x),pi> + ¢ max{g’ (x) +ocgi(><)Tpi,J€r_n;
W 0+ on)(x) 'p, 1, jeLs 0
. . si .
-c.max{g’ (x) + agl(x)p, + a g (X)p,, jeu ;

W (0 + an) (0p, + &’h) 0B 1L € 45 O

Then,

ly(x,upi,c) - y(x,0p; * azai,c)] < a Lo VEx) || + c.max{a| gi(x)“ , jem;

ol ol , jet 5 03Bl

or

A A 2~ ~
ly(x,0p;5€) - y(x,0p;+a"p, ,e)| < o t(a,x,p,).

The map t(°,x,§i) is continuous for any (X’Ei? e R™xR™ .
Then,
(1) t(‘,x,gi) + 0 uniformly in (x;ﬁi) X N><8k(0) as a > 0 where
N is any compact neighbourhood of x* and Bk(O) any compact ball.

Now, as shown in the proof of Proposition I.1.G, we can always
define a compact ball Bk(O) such that : p; € Bk(O) for all 1i.

By construction,

p, € 8,(0) = p. = B,(0).
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Suppose x* ¢ Dc'
Then, as shown in the proof of Proposition I.1.G., therc exists a

61 > 0 such that :

(11) 6CX*’ p"*,c) f_ - 61 <0
where
p* = arg minn {1/2 PTB*P + e(x.*:P:C)} .
peR

From (i) and (ii), there exists an o € (0,1] such that :

t(a,x,g.)< - e(x*,ﬁ*,c)/SZ
1——

Vxe Rn, ielI' (@ z_io, say) and o = (0,al.
Consequently,

~ 9 2~
(iii) IY(x,api,C) - Y(x,0p +a’p. ,¢) I< - aB(x*,p*,c)/32

for all x e N, i e I' (i > iy, say) and a « (0,al.
Now, from Proposition I.1.B, there exists a (0,11 such that:

(iv) ]ch+api+a‘§i,c) - Y(x,upi + uzgi,c)Li -a B(x*,p*,c)/ 32

for all x €N, i e I'(i > i, say) and o « (0,al.
Let o' A min{3d; o}. From (iii) and (iv)

) Iy (x +ﬂpi+oc2 Ei »€) - Y(.X,Otpi,c)l -0 8 (x*,p*,c)/16

for all x e N, i € I' (i 3_10, say) and o €(0,a']
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Again by Proposition I.1.B, there exists a €(0,1] such that :

i) frCoopi,c) - v(x o+ apyse)| < - o 8(x*,pr,e)/16

for all x e N, 1 € I' (4 > io, say) and o € (O,&].

Let OLO A min{a'; al.

From (v) and (vi),

(vii)  |y(x + ap, + aZEi,c) - yx + oapi,c)l < --a 6(x*,p*,c)/8

for all x e N, i € I"(1 > iO’ say), and o € (D,aol.

1
Now, as Xs 1 x*, there exists an il € I' such that, for all
ielI', i> il’ we have : x. € N.
- 1
Furthermore, because 6(x*,p*,c) < 0, similar reasoning to the

proof of Proposition I.1.G will show that :

(viii) there exists an i2 and al €(0,1) such that
Y(xi+upi:c) - Y(xi)c) _<_ - Q e(X*sp*:c)/4

for all i « I'(1 > i,) and for all o e (O,all.

From (vii) and (viii), there exists an integer k {0,1,.. },

with Bk_i min{ao,al}, and 1 A max{ilgiz} such that :

2k~
'Y(Xl'*'kal"'B kPi:C) "Y(.xi:c) i = Bk e(X* >P*,C)/8

* ~
for all i € I', 1 > i, and all k > k .

But, from the computation of the step length, ki < k. Hence,
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Y(x,

K
1412S) T Y(gH0) S8 B (xxpre)/8 A -5 <0

*
for all 1 e I', 1 > 1

t
This contradicts the fact that xi ; x*,
The contradiction arose from the assumption that x* ¢ DC and,
therefore, the proposition is proved.

Proof of Lemma I.1.K.

By construction,

A

Y(x,0p! + 0%F ,0) - Y(x,8) = a < VE(X),p'> + a’<VE(x),p> +

j j T 23 T~ .
+ c.max gJ(x) + otg;(x) p' + a gi(x) P » Jem

W)+ andeopr v o w05l 5 <2
- cp(x)
or,
1) y(x,0p'+a?p,0) - Y(x,0) < & <VE(x),p'> + c(P(x,mp') - B(x)) *
+ dz <Vf(x),5>_+ c.max[[gi(x)5|,j €m

[h) (0p1,5 = ¢

But, for any compact neighbourhood N of x and any compact

ball Bk(D), there exists d1 > 0, finite, such that :

(i1)  |<V£),P> + e max{|g) (0B, § e ms (W) (0B, < 2 < a4,

for all (x,p) = N x B, (0).

The lemma follows from (i), (ii) and the definition of °

e(-".,. ’.
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Proof of Proposition I.1.L

As shown in the proof Proposition I.1.A
0(x.,p.,c) < —pT B.p
A ARG S L
Then, by H3,

(i) 8(x;,p;,¢) < -m'[lp [P for all i.

Now; as shown in the proof of Proposition 1I.1.C, there exists

a continuous function S(*) such that :
I pi“ < S(x), for all i« I
But, by hypothesis, X, 2! x*
Hence, there exists a k < @ and an iO such that :

(ii) I Ei” <l piH.i k for all ie1,1i2>i,.
From Lemma I.1.K, there exists a constant d1 > 0 such that :

~ 2.
(1ii)  v(x;,0p; +a7p;,¢) - Y(x;,¢) < ald(x,,p,,c) + d;d

for all (xi, p;»P;) € N X Bkﬁo) X Bk(o)-
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From Proposition I.1.B,
(V) [y(x, +ap, + a%Bi,0) - Y(x:up. 407D, ,0) | < o Blasx, 5D, 5D, )
Xy T OPy i i7%PyTe Pyl 2 »X3 5P 5P

where,
¢(a,xi,pi,§i) + 0 uniformly as o -~ 0

for all (x;, p.> Si) e N x ﬁk(o) X Bk(o).

Suppose that for some infinite subsequence I' < I there exists

a 81 > 0 such that :

- 3 1
(v) G(Xi,pi,c) < 61, .for all i € I',
By (iv) there exists an integer k' such that :

: k! ~ k'
(vi) BB 5 x5 P Py) + BT < 8,/2

for all (x;,p,,p;) < N'x 8 (0) x 8, (0).
Hence, from (ii), (iii), (iv), (v) and (vi) we have :

kl zk! ~ kl
Y(x, + 87 py+ BT P;y.C) - Y(x;,¢) <- B §,/2

for all i € I', i > ig.

But, from the computation of the step length, k.l > k' for all
iel',i>1i
Hence,
kl
»€) - Y(xi,c) _<_-6 61/2 <0

Y(xi+1

for all i eI} i _>_i0.



This last result contradicts the hypothesis that

Y

w1

The contradiction arose from (v).
Hence, there .not exist any infinite subsequence I' < I where
e(xi,pi,c) remains bounded away from zero.

That is,
.. ‘ 1
(vii) e(xi,pi,c) 0.

The proposition follows from (vii) and (i).



I.2 CONVEX INEQUALITIES CASE
I.2.1 Introduction

Consider the problem CIP below, which is a special case of

the GMP, having no equalities and convex inequalities.
CIP

min {£(x)|g(x) < 0}

xeRn

where:
£:R" >R, g: R >R"

and

gJ(ﬁ) is convex for all j e m.

In this case the sub-problem QPg would be :

qp°

i
. T
min fx(xi)p + D Bip
peRn
s.t.
F(x) + Px)p<0, Viem .
i xTi0Y = 77 -
Because of the convexity assumption, it is readily seen that
if there exists a poiﬁt x' satisfying the constraints of CIP then the

constraints of QPS are consistent. In fact, if x' is any point satisfying

gj(x') <0 for all j em



then p' é:(x'—xi) satisfies:
gj(x.) + gj(x )p' <0 .Vj em
1 x i - -

In this case the use of QPY instead of QPg is only useful
to ensure that the solution of the quadratic problem is a descent
direction for the exact penalty function (with the current value of
ci). On the other hand, it is possible to show [see Lemma I.2A]
that : if there exists a point p satisfying the constraints of
'QPg then the solution w. of QP? satisfies W, = 0, whenever c; sat-

isfies :

¢, 2 190,

where

o

(p.,kg) is the Kuhn-Tucker couple of QP? .

[=]

Actually, the absence of equalities enable us to strengthen
this result a little and say that wo will be equal to zero if and only
if I1.2.1 is satisfied [see Proposition I.2.BJ.

Although pq is adescent direction for the penalty function
regardless of the value of the penalty parameter ci, so that I.2.1
does not need to be satisfied at all iterations, in the convex
inequalities case the occurence of wo > 0 at the solution of QP? can
be used in a procedure to update the penalty parameter ensuring that,

v

for i sufficiently large,

c; =& > 13l
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where

(x,A) is a Kuhn-Tucker couple of CIP.

This idea is used to construct the next algorithm which,
under some assumptions, will generate a sequence of points {xi}
such that : any accumulation point {xi} satisfies the Kuhn-Tucker
conditions to CIP. As in the algorithm of I.1, if the second order
sufficient conditions are satisfied at all Kuhn-Tucker points of
CIP we can prove a stronger result :

As 1 + o, X; -+ x* (strict local minimizer of CIP).
I1.2.2 The Algorithm

Consider the convex constrained problem (CIP) defined in the
A ~

last section. Let the maps Y, vy, ¥, y and 6 be as previously

defined. Let (pi, wi,Ai, Vi) be the solution and multipliers of :
—
QP
. T
min fx(xi)P + 4p B.p + c.W

(p,w) e R™xR

subject to:

j j -
g(x) +glx)lpsw, jem w>0
Ai are the multipliers of the first m inequalities and
vy of the last.
Algorithm

Data: x, € Rn, Bl(an positive definite); b, c,, § €(0,%); B « (0,1)

1
Step O : Set i =1

1)

Step 1 : Find (pi,wi) to solve ﬁﬁg
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Step 2 If w. >0, set c, =c. +bw, +38
i+l i i
Else,
set c. 4 = ¢
Step 3:

a) Compute k., the first integer in {0,1,...} satisfying :
k. k‘i
i
Y(.xi+6 pl’ci) - Y(xi’ci) _<__ B e(xi’pi,ci)/s

- 1
b) Set Xipgp =% 0t 3] P

Step 4:  Update Bi to Bi+1

Step 5 : Set i = i+l; Go to Step 1.

Because we are only concerned in this chapter . with the eventual
effects that the use of the simple procedure to update c; might cause
to the global convergence of the algorithm, we use, for the sake of
simplicity, a line search at step 3. Note, however, that, as shown
in the previous chapter, the addition of Ei would not destroy the

convergence.
I.2.3 Convergence Results

To study the convergence of the algorithm we initially
assume that the following conditions are satisfied:
Cl : f,g are continuously differentiable and gj(}) is convex for all

Cc2 : f 1is bounded from below and

v 8 x|g(x) < 0} £
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€3 : Forall i, B, <L’ A(B e LM [m' || y|? < yTBy < M|y |

for all y « R™}

where
m' >0 and M <
Cc4 : There exists at least one j € m such that :
VoA {x[gJ(x)_i 0} . is compact
C5 : For all i, the gradients of the active constraints of Q?Y

are linearly independent.

Lemma I1.2.A
Let (ﬁi,ii, ﬁi) be the K-T point of QPS (see section I1.1.1)
Let (ﬁi,ﬁi,xi,pﬁy be the K-T point of QPZ (see section I.1.2)
AIf Q) is feasible and

A . -

o2 I AT I

Proof:
For any w > 0 let pg denote the solution of :

w

Q2!

1

T
3 1
min_ fx(xi)p + 35p Bip
peR

subject to:

=

] j :
g (x;) + g (x)p<w, je

j j -
ho(x;) +h(x)p<w, je

(Ko
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W, W,
For w = w.,p.l denotes the solution of Q2.1
1 1 V-Vl
Hence, as ﬁi is a feasible point for inl ,

W, w W.
T -

: 1 1, i,T 1 = 1. oin 3
(l) fx(xl)pi + 2(pl ) Bipi f_ fx(xi)Pl +°3 plBi i *

Now define :

Y. A_ [‘;’.l‘—‘}.l-.-l‘;.] € Rm+£
i= 11 i
and
roa ook e e ™
i= i i i i

As the objective function and the constriants of QPS and
QQY are convex for all i and w, we can apply the sensitivity
result of AP.1 which is proved by Luenberger (19691. Thgn,

w w w

i i B IAT a4 - i 1 iT i .
(11) L£,(x)P; + Py By Byl = LE (xIpy™ + %a(p, ™) Byp; 71 < <yy o7y

From (i) and (ii)

. N T .
(1i1)  CF (xP; + Py ByPyd = TE, (xy)p; + 'pyBipy] < <y 732

Let us compare the values of the objective function of

W . . . - = . A .
QPi for the two pairs : (pi,wi), (pi,O).

Call,
V. A £ (x.)p. *+ Y%pr B.p. + c.W
1= "x"i7F1 0 L TiYi Tid
and
V. A £ (x.)P. + 4. B.P
2= i pi épi 1p1
That is,

<
Nl
<
|
1]
-~
Hy
»
"
»
H.
—
o>
e
+
%y
He o=
(o]
e
o
e
[ )
|
L ]
H
~
r~
b
}—h
—
ol
H.
+
%»—‘
ho]
e
1
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From (iii),

..j _j -
But, <yi’ri> < (sz |>\il + JZ.Z ‘Uil)wi

Hence,

5]
V, -V, 2 o) |>\i|+ .

53] - e, -
e jeg 1 i’

But &1.3 0 and, by hypothesis, c. > Y |Xi| ) |ﬁi‘ .
jem jet

But, (ﬁi, Qi) solves QP? and (ﬁi,O) is a feasible point
to this problem.  Then

(v) vV, - V, <0.

The lemma follows from (iv), (v) and the uniqueness of the

R W
solution to QPi.

Proposition I.2.B

Let (ﬁi,Xi) be the K-T point of Qﬁg defined below :

=50
@

T
i L
min_ fx(xi)p + 2p Bip
peR



- ]' c: '] s

Then, the solution of ﬁﬁg will be

(pi,wi) = (p;,0)
if and only if,

N
c. > Z A .
i jem i

Proof:

The first part comes directly from Lemma I.1.A.
Now, suppose (pi,wi) = (pi,O).
At the solution of QF?'the following K-T conditions

are satisfied :

m R .
n+l {[Vf(xi) " Bipi]~ " jzl xJi[VgJ (xi)] AR

equations C. -1

1

M0, jem v, >0

Then,

. A i o) -
(1) VE(x,) + BB, + .Z M Vgl (x) =0

Jj m

and

.. _ i
(ii) c, = .Z Ai v

JEm
But, at the solution of Qﬁg s
~ Ay
(iii) f(xi] + Bipi + Z Ki vg (xi) =0

jem
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Now, by the complementarity condition which is satisfied

at the solution of QF? and Qﬁg and because of assumption CS5, we have:

AL = kz , for all j € m .

[

The proposition then follows from (iii) and the fact that

Proposition I.2.C

There exists ¢ and i, both finite, such that :

- - - - . > .
C. c ;oW 0, for all i 2 i,

Proof:

From C4, there exists j' e m such that:
i n, j' .
V' A {xeR'|g’(x) < 0} is compact.

1
But, from Cl1, gJ(') is convex and continuously differentiable.

Then, by Lemma 4.1.14 pg 139 of Stoer and Witzgall (1970),

.1 T
(i) Vi:é {xeRn|gJ (x) < s} is compact for all finite s.

By C2, there exists a d > -« such that :
£(x) > d, VxeR.

Since ci > c it can be shown that

1,



bx;) <s

1 étY(xl’cl) - d]/c1 <o , for all 1i.

Hence, X is bounded and

jt n j' .
x. € V2 A {xeR'|g’ (x) <s,} , for all i.
i Sy = =1

1!
But, from (i), Vi is compact.

1

Then we can apply Lemma 3.3 in Han (1977) [see AP.2] to

show that :

(i1)

there exists r < «© such that :

) A?i r, for all i.
€

Jem
Now, suppose there exists an infinite subsequence I1 such
that
(iii) wi >0 for all i « Il.
As at each i e I1 w, is increased by an amount greater than
§ >0 and I1 is supposed to be an infinite subsquence, there exists a
finite i, such that :

0

c. >r for all i > i_ .
1i-—- -0

Hence, from (ii) and Proposition I.2.B,

w., =0 for all i1 > i,.
1 — 0



This contradicts (iii) and therefore no such subsequence
I1 exists, that is, Wy > 0 only finitely often.
The proposition then follows from the fact that <. is only

increased if Wy > 0.

Theorem I1.2.D

Any accumulation point x* of an infinite sequence {xi} con-

structed by the algorithm satisfies,

x* € D,
Proof:
Let I be such that:
X, & x*,
i
*
Because of C3, there exists B~ « LY and I' < I such that :
I .
(1) Bi + B
From the last proposition, for all 1 sufficiently large
(i1). c. =¢ >0 andw. = 0.
i i
Hence, from Lemma I.1.E and (i),
1
(iii) . p, *p*

1

where p* 1is the unique solution of :
. * T s
min fx(x Jp + p B'p
peR

subject to:

gJ(x*) + g;(x*)p <0, j € m,

7
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Clearly,

(iv) p* = 0 = x* « D.

Now, from (ii) and Proposition I.2.B,
B, ~J
c, =c> ) Ao for all i sufficiently large.
jem

Then, as shown in Proposition 1 of Mayne and Polak (1978),

for i > i_ say, we have:

0
- T
) 8(x;,p;») < -p; By p, < -m'p, [

Suppose p* # 0.

Then, from (iii) and (v), there exists a.&z > 0 such that :

(vi) 8(x*,p*,c) <-8, <0.
| But then, following the reasoning of the proof of Proposition
I.1.G, thereexists a finite i, such that :

1

chb& ,C) -Y(xi,c) < - 63 <0, forall 11, i i.ll.

This last inequality contradicts the fact that:

1
X, L x*.
i

Hence, p* = 0 and, from (iv), the theorem is shown.

As in the previous chapter if C1 is replaced by C!-

1
Ci : f,g are three times continuously differentiable
with the further assumption below:
C6: at éach Kuhn-Tucker couple (x*,A*) of CIP the second-

order sufficiency conditions hold with strict slackness

then, a stronger result can be shown. Namely :
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Theorem I1.2.E

Let X5 be an infinite sequence constructed by the algorithm.
Then,

X. »x*e D, as i » o«
1

Proof:
As shown in the last theorem, for any convergent subsequence
I we have :

X. ; x* € D
i
By Proposition 1.2.C,

c; = ¢ >0 for all i sufficiently large.

Then, a detailed examination shows that Proposition I.1.L
remains valid.
Therefore,
1 i 0, for all convergent subsequence I.
The rest of the proof is identical to the proof of Theorem

I.1.M.
1.2.4- Remarks

The variable w in the quadratic sub-problem QP: has in
the algorithm of this chapter a different role from that of the previous
algorithm. |

While in the lattexr the addition of w to QPg served to
overcome the possibility of this quadratic sub—pfoblem having inconsistent
constraints, in the former that possibility is avoided through the assum-

ptions made. That is:
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gJ convex for all j ) 0
=> QPi always has feasible points.

+

V = {x]g(x)<0}# ¢

On the other hand, the variable w is used here in the
procedure which updates the penalty parameter c. without computing
the estimates A(*), u(*) and the function c(*).

Now, in the first algorithm the continuity of c¢(*) is suff-
icient to the existence of a bound to {ci} whenever the sequence
{xg remains bounded. As no such continuous function is employed in
the simpler procedure to update c, introduced in this chapter, it is
interesting to emphasize how the penalty parameter is proved to be
finite. [see Proposition'I.Z.C]. The finiteness of c, results
directly from the way 5 is updated and the existence of a r < « such
that :

[l&i|h <r for all i

where ‘ki e R™ is the multiplier vector associated with P; at the

solution of QPg.

Nevertheless, the boundedness of {xi} is still 1linked with
c; being increased only finitely often because the existence of the

bound on || AiH could only be established to bounded sequences {xI.
1

In order to explain this remark better,we point out the role

played by the several assumptions.

First recall that :

f bounded from below )

. +., _
v __A_={xlgJ (x) < 0 compact| => {Xi} is bounded.

for some jem
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Clearly,

{xi}.bounded => there exists a compact set U such that

{x.} = U .
i

But, as shown in Lemma 3.3. of Han (1977), [see AP.2] we have :

gJ convex for all j )

0 +
VoAl g(x) <0} #8
¥ => there exists a r < © such that

Cs

+ for all i H Ai|H< T.
{x,} < U compact -

Now, the set V A {x|g(x) < 0} is the intersection of all

the sets,

v {x|gh®) <0}, j em.

Then,

v {ngJ(x) < 0} compact

=> V compact
for some j e m

The conditions assumed by Theorem I.2.D are identical to the
the conditions of Theorem 3.3 of Han (1977), see AP.3, with the add-
ition of C5. In fact C5 was required in order to make sure that
the procedure to update c; would not lead to c; > . [see proof of
Proposition I.Z;CJ. Thergfore, the further requirement of C5 is
linked with the fact that here the algorithm updates the penalty
parameter automatically while Han (1977) assumes that an appropriate
constant value for the penalty parameters is chosen from the start.

Another difference between the algorithms is that our step



length procedure does not require exact minimization along the search

direction, therefore involving less computation.

APPENDIX (Chapter I.2)

ApP.1 Sensitivity Result [see Luenberger (1969)1].
Let f and G be convex and suppose Xys X are the res-

pective solution of :

min £(x) min £(x)
s.t H s.t
G(x) f_zo e R™ G(x) f_zl e R"
Then,
<zl-zo, z;>_i f(xo) - f(xl) §_<zl-z0,z6>
where,
26 and zi are the multipliers associated with X and Xy
respectively.
AP.2 Paraphrase of Lemma 3.3 in Han (1977).

Let f and gj, jem, be continuously differentiablenand let
the following conditions be satisfied:
(1) gj(-) are convex for all jem
i) V0 A LxeRMg(x) < OF # 9.
(ii1) B, < LY for all i
then

n
for any compact set U c R and any vector norm | , there
exists r > 0 such that, for all x; U we have :

[lAiII < r where A, is the multiplier vector of 632

78
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AP.3 Paraphase of Theorem 3.3 given in Han (1977) to the algorithm

suggested there.

Let f and gJ

, jem, be continuously differentiable and let
the following conditions be satisfied:
(1) gj(') are convex for all jem
(i) VA {xeR"|g(0) < 0} # @
(iii) v A {xeRnlg(x) < 0} is compact

(iv) £ 1is bounded from below

(v) B < L" for all i .

Then, if {xi} is an infinite sequence constructed by the algorithm,
for any starting point x? there exists a T >0 such that :
if || Xj“ w S r for all i, then :

any accumulation point x* of {xi} belongs to D.

I.3 SECANT UPDATE CASE
I.3.1 Introduction

The satisfaction of assumption H3 by the sequence of matrices
{Bi} can, of course, be achieved if B, is set equal to a fixed positive
definite matrix, for instance the unity matrix. Although the resultant
method would be globally convergent its rate of convergence would in
general be at most Q-linear (see AP.1). This makes the use of a fixed
positive definite matrix in the gquadratic sub-problem unattractive
because to be competitive the algorithm should be superlinearly convergent

(see AP.1).
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In the unconstrained minimization of a function f(x) through
quasi-Newton methods, a standard technique for proving that the method
is Q-superlinearly convergent (see AP.1) is to show that, as {xi}
converges to x*, {Bi} converges to the Hessian matrix Vxxf(xf).
Although not necessary, the last convergence is indeed a sufficient cond-
ition for the achievement of a superlinear rate of convergence [see
Dennis and More (1974)1 . In the constrained case, the convergence
of {Bi} to'V;XL(X*)J the Hessian matrix of the Lagrangian function at
x*, is a sufficient condition to Q-superlinear convergence [see Han
(1976)1.

The first method to use, in the quadratic sub-problems,
matrices converging to vxx L(x*) is due to Wilson (1963), but as in
Newton's method to unconstrained problems, it requires the computation
of second order derivatives which is undesirable.

The most direct approach for avoiding the computation of
derivatives is to approximate them by difference quotients. In
particular, the use of n+l auxiliary points to interpolate the function

F:R' >R" ina neighbourhood of X characterizes the 'general
secant method' for solving the system of equations
F(x) = 0.

The method [see Ortega and Rheinboldt (1970)] is defined by:

I.3.1
X = x, - J(x.,H )-lF(x )
i+l i i’i i
where
J(x,H) = [F(x+Hel) - E(x),...,F(x+He™- F(x)IH !
and

with given auxiliary points x? , k=1,...,n
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1 n
H.l = (xi - xi,...,xi—xi).

In general, the secant method requires n+1l evaluations
of the function F at each iteration - namely at the points xi,
x;, xi ,...,x? - but it is weli known that particular definitions
of the auxiliary points can save the number of function evaluations.
The greatest saving is obtained through the 'sequential n+1 - point
secant method' suggested by Wolfe (1959) which uses the function
evaluations computed in the last n previous iteration so that
only one new evaluation is required-namely, at X5

Local convergence results for secant methods rely upon the
operator J of I.2.I being a'consistent approximation' [see definition in
Ortega and Rheinboldt (1970)] to the derivative whose computation is
being avoided. The operator J of Wolfe's method is not guaranteed
to satisfy this condition; hence local convegence is not guaranteed
for this method. In fact, examples have been found [see Ortega and
Rheinboldt (1970)] showing that it does not always converge.

For unconstrained minimization a secant method, which is locally
convergent at a superlinear rate yet requires few function evaluations -
namely, two new evaluations by iteration - is suggested by Polak (1974).

In this method a sequence of matrices {Hi} is constructed such that H;

differs from Hi-l by only one column j which is set as the vector below:

I.3.11
(1/si)[F(xi + siej) - F(xi)]

where
.= | X; - xi-l” .

In the next section an extension of the above procedure to
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constrained problems, suggested by Mayne and Polak (1982), will be used
to build an algorithm derived from the Basic Algorithm of the first
chapter.
Now, when using a secant update, assumption H3 becomes too
strong for practical purposes. On the other hand, the positive definiteness
of the matrices {Bi}, although sufficient, is not a necessary, condition

to assure that :

I.3.1II1
pI B.l P < 0.
If the second order sufficiency conditions are satisfied
at x*, Bi is close enough to vxx L(x*) and xiiSsclose enough: to
x* then I.3.II will be satisfied even if Bi is not positive definite.
Hence, besides constructing the sequence of matrices {Bi}

such that

Bi »+ V L(x*) as x. - x*
1 XX ( ) i K]

to ensure global convergence we need to guarantee that I.3.III will be
satisfied also when X5 is not close to x*. This will be done adding
a multiple of the unity matrix I to :the matrix Hi obtained through the

secant update yielding :

I.3.1IV

where Y is a nonnegative number which is set equal to zero at the
start of each iteration and is then increased if some tests are not
satisfied. The addition of a multiple of the unity matrix to the
matrix vxx f.(xi), in unconstrained optimization, is due to Goldfeld,

Quandt and Trotter (1966). But, as Hi is intended to be an approxi-
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mation to vxx L(xi) rather than this matrix itself, I.3.IV is perhaps
more closely related to the works of Levenber (1944) and Marquardt
(1963) which, in the context of nonlinear least squares, also added a
multiple of the unity matrix to an approximation of the Hessian matrix.
The resultant algorithm is shown to generate sequences {xi}
with all the accumulation points x* lying on the set D of Kuhn-Tucker
points for GMP. Furthermore, the rate of convergence of x; to x*

in D is Q-superlinear.

I.3.2 The Algorithm

Consider the general mathematical programming problem (GMP)

defined in the first chapter.

A A

Let the maps ¥, Y, ¥, Y, A, u, T and O be as defined in
section I.1.2.

Again let (pi, Wi AL, ti’ S, vi) denote the solution and multi-

1

pliers of the quadratic problems QPY (see 1.1.2) and Ei the minimum norn

solution, if a solution with norm smaller than I piH exists, of the system:
gj(x+p)+gj(><)p=0 je? =A{j€m|)\j>0}
i*i x 1 ’ 1 =%y
hj(x.+p.) + hj(x.) p=0,jel.
iFi X1 <

If such a solution does not exist Si is. set equal to zero.
Now, suppose {Hi} is a sequence of matrices generated by the
secant update where Hi+1 is obtained from Hi by replacing the column i

(mod n) by the vector :
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(/A )TV L(x;,q*05e  R0x ) onlx, ) = 9 Lix,, A0k, ),

U(x 1))]
with,
A4 min{ || X1 " xiH ;€ }
SZ:A small positive number
.th . n
e. A 17 orthogonal basis vector of R

L(*,*,*) 1is the Lagrangian function.

The matrix Bi in QP? is obtained from Hi with the addition of

a multiple of the unity matrix (see I.3.IV).

Algorithm

Data: X, € Rn; H, L(Rn); c

1 » b, Ke (0,9); 8§ >1; 8, e <(0,1)
Step 1: Set i =1

0

Step 2: Set Bi = Hi; Yi =0

Step 3: If i q z.c(xi), set ¢ T Sy
Else, '
set ¢, = max{éci_l; c(xi)}
Step 4: Find (ﬁi,wi), the minimum norm sélution of QPZ

Step 5: If,

@ 50> x
or

(b) e(xi,pi,ci)>max{-T(xi); -e}.
Then,

set Y; = Yi + b; set Bi = Hi + YiI; Go to Step 4.
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Else,

Py

i

set p;
Step 6: If W o= 0 , compute Ei.

Else,

set p,

n
o

Step 7:
a)  Compute ko the first integer in {0,1,..} éatisfying :

k. 2k |3
i

i i
chi + B p’ + B Pi’ci) - Y(Xi’ci) _<_ B e(xi’pi)ci)/B

i
k.1 2ki~
b)  Set xi+1 = xi+B p; * B P;

Step 8: Update H, to Hi+1 by the secant update defined in the previous
page.

Step 9: Set i = i+l, Go to Step 2

1.3.3 Global Convergence

In order to prove that any accumulation point of a bounded sequence
constructed by the algorithm is a Kuhn-Tucker point of GMP, we will
assume that the assumptions H1 and H2 of the first chapter are satisfied.

That is:

1

HT: f£,g,h are dhee times combimuovs by difforentiable..
H2: for all x € R" the Vectors {VgJ(x), jEI(x);th(x),ljelz(x)}
are linearly independent, where :

1) & Genlg (0 = 90} and 1,00 & Get| [nlel| = y(o)
Also,
D A {XERn|§{x,n,c) =0} , n>0 arbitrary

c
where, 5[x,n,c):é minn{(ﬂ/Z)”p > + 6(x,p,c)}
peR
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DA {ﬁéRn| there exists (A,HU) such that: (X,X,0) i$ a K-T triple
to GMP)

Our first result was given (without proof) in Mayne and Polak
(1978).

Proposition I.3.A

T(x) = 0 <> x = D.
Proof:
Given in the appendix at the end of the chapter.

Proposition I.3.B

Let {xi} be a bounded sequence constructediby the algorithm .

Then there exists a finite positive number M s.t. , for all i,

-Mf| y [P =< )’T Hy < M|| y|[*, for all y e R" .

Proof:

Given in the appendix at the end of the chapter.

Proposition I.3.C

Let {xi} be a bounded infinite sequence constructed by the
algorithm.

Then, for éll i, the loop between Step 5 and Step 4 is per-
formed a finite number of times.
Proof:

For some i let k denote the number of times the loop is
performed.

Because of the last proposition, the fact that b > 0 and the
way Bi is constructed at Step 5, we have ;

(1) for any m' > 0 there exists kO < © such that :

yr B,y > m' | yI?, vy « R" and k > «°,
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Now, as shown in the proof of Proposition I.1.C Lsee AP.I.11, if

yT B.y >m'| y|?, for ally « R" then,

Byl < rmyll veeep ||+ Ca/mn ) veGe) 2 + 2 /nt) wix,) T2

Clearly, the right hand side of the above inequality diminishes

with the increase of m'.

Then , from (i), there exists a k* < o such that, for all 1,
* -
k >k =$'|]pill < K (constant of Step 5).
That is, at each iteration test (a) of Step 5 will never be
satisfied for k sufficiently large (but finite).

Now, as shown in the proof of Proposition I.1.A, for all i

we have :
8(x,,p.» €.) < —ﬁ? B. p..
TitFL? TiT — Fi i Ti
Then, from (i), for k sufficiently large but finite
8(x.,p.,C:) < 5T B.p. < -
1°F1°7L — Y1 TiYi —

and the proposition is proved, as both tests of Step 5 will never be

satisfied for k > k, say (k <= ).

Proposition I1.3.D

Let ¢ z_E(x)
Then,

XxXe€D <= xeD.
. c
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Because DC, D and c(*) are defined exactly in the same way
as in Mayne and Polak (1982), the proposition is identical to
Proposition 5 proved in this paper.

Proposition I.3.E

Let {xi} be a bounded infinite sequence constructed by the
algorithm.

Let I be a subsequence such that :

X. l X*
1

with, for all i € I,
c, = ¢, for some c > 0.

Then,
x* € D

Proof:

From Lemma I.1.K, there exists a d1 > 0 such that, for any

compact neighbourhood N of x* and any k > 0 we have,

. - 2~ - '
(1) Y(Xi’u‘pi +a Pi:c) _Y(xic) _<_ OLLe(Xi,Pi:C) + dlu':]

for all (x;, p,, P;) < N x B, (0) x 8 (0).

Also, from Proposition I.1.B,

.. 2 A 2~ ~
(.11) |Y(Xi+°‘Pi+O‘ Pisc) -Y(Xl 3 Of'Pl +0 Pisc) l i o Q(u’ xl’pl’pl)
where,

¢(a,xi,pi,pi) >0 asa~=> 0

for all (xi, P> pi) € N x 8, (0) x Bk(O)-
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Now, as X5 2 x* and [Ipill < K by construction, (i) and (ii)
will always be satisfied for all i € I.
If x* ¢ D the proposition would follow from Proposition I.3.D.
Otherwise, suppose x* # D.
Then, from Proposition I.3.A, T(x*) > 0.
As T(*) is continuous and X; + Xx* we can then say that:
there exists a 61 > 0 such that :

\ ‘ . s
T(xi, 2.61 for all 1 € I (i 2 iy say).

But then, as the test (b) at each iteration is ultimately not

satisfied, we have :

(iii) B(x;, P> ¢ < -d, A max{-&l; -} <0

for all i e I (i > iO’ say).
Now, from (ii), there exists an integer k' such that:
. . k! ~ k! £ .
(iv) g(e, x;5p;oP;) + 448 f_d2/2 or all i «I.
Then, from (i), (ii), (iii) and (iv), for all i € I(d Z.io’ say),

k! 2k'~ k! k!
YCXi+B pi+8 pi,C) -Y(xi,ci) <B Scxi,pi,c)/Zg -B d2/2.

But,

k' k!
B” 8(x,,p;,¢)/2 < B” 6(x;,p,,¢)/8.

]
Then, at Step 7 a step length greater than or equal to Bk

is found and:‘
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k'
Y(xi+1sc) - ‘Y(,xi}c) i _B d2/8 <0

for all i e I (i Z_io, say).

Now, this result contradicts the fact that

X. i xX*.
i

The contradiction arose from the supposition that x* ¢ D.
Hence x* « D and the proposition follows from Proposition I.3.D,

Theorem I.3.F

Any accumulation point x* of a bounded infinite sequence constructed

by the algorithm satisfies

-

x* «.:D.

Proof:

Let I be the subsequence where

X. ; xX*.
i

Because of Proposition I.3.D, Proposition I.3.E and the continuity
of c(*), all the assumptions of Theorem 1 in Mayne and Polak (1978)
are satisfied. Hence, as {xi} is by hypothesis bounded, ¢, , is in-
creased only finitely often. That is, for i > iO’ say, c. = ¢ >0

(constant).

The theorem then follows Proposition I.3.E and I.3.D.

Observation:

Before proceeding with the analysis of the rate of convergence of

the algorithm of this chapter, it is interesting to point out that the

v

stronger result of Theorem I.1.M cannot be shown because we have not proved

that pi > 0 in all convergent subsequences.
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I.3.4 Rate of Convergence

In this section we will assume that the following conditions,

defined in the first chapter are satisfied :

|

H1! (repiacing H1); H2; H4.

In addition, we assume that

X, > x*¢ D, as i+ =
Let (ﬁg, wg) denote the minimum norm solution of QPY at tﬁe first
performance of Step 4 at iteration i(yi = 0; Bi = Hi).
Considering the £ nonlinear inequﬁlities of QP? as 2£ linear
inequalities (see Proposition I.1.A) let (Ag, tg, sg, vg) be the multi-

plier vector associated with (ﬁg, wg).

Proposition I.3.G

-0 0 .0 0 0 e x

[Pi’wi’ki’ (ti si)] -+ [o, o, A% u*]
where

*
(A ,u*) is the multiplier associated with x*.
Proof:
As shown in the proof of Theorem I1.3.F, for i sufficiently large
c. =¢
i

As shown in Proposition 7 of Mayne and Polak (1978)'
*‘ * * *
Hi-*VxxL(x,}\,u)asxi-*xéD.

Then, for Y; = 0, the quadratic problem QP? can be considered

as a perturbation of the following 'unperturbed' problem
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min VE(x*)p + 3p V__ L(x*,A*,u*)p + cw
(p,w) o

subject to,

8j(X*) + gi(x*)p <w o, jem

hj(x*) + ﬁi(x*+p <wo, jel

W - h p<w L, el
w>0

Let (p', w') be the minimum norm solution of this problem and

(A', t', s',v') the associated multiplier vector.

As x* € D, the minimum norm solution is the pair :

(1) (p', w') = (0,0).

Clearly, from H4, at this solution the 'unperturbed' problem

satisfies the second-order sufficiency condition with strict complementarity

slackness. Hence we can use Theorem 2.1 of Robinson (1974) to show
that :
(ii) 0 0 ,0 0 0 0 - . Con

(Py» Wis Ass tys S v;) (p's w', Al s', v').

As there exists only one multiplier vector associated with x*

at the solution of GMP, we have :

(iii) A= A and U* = (t' - s').

The proposition follows from (i), (ii) and (iii). N
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Proposition I.3.H

For Y, = 0, for i large enough wg = 0 at the solution of QPY.
Proof:

At the solution of QPZ we have:

CO T I IR S G I N O IR

jem jet jek
Also, by construction
(11) e, 2 1 R+l JR?] ¢ b
Jem jed
Note that for i sufficiently large, c; = c.
Suppose there exists an infinite set IO c {1,2,...} such that:
(iii) W) >0, forall i e I'.
. 0 e 0,3 0.3
Clearly, if W, > 0 only one of the multipliers (ti) , (si)
can be different from zero, for all j e £

That is :

(i) ifw, >0, (s?)j 40 = (_tg)j - 0 and (t(i))j 20 = (s?)j - 0.

Let bq be the vector: bq_é (t? - 59).
. 1= 1 i
From (iv) we have:
f (.tiOJJ, if (t?)J £ 0
' SR
0 0 C
() (bi)J = _(si)J, if (s;)° #0
. 0.3 _ .05 _
0 , if (t;)7 = (s;)” = 0.

\

From the last proposition we have :

0

LA
i

(vi) by > ur 5 A
Also, as shown in Proposition 2 of Mayne and Polak (1978)

(vii)  A(x)) > A5 op(x) > ow.



(viii)

and

(ix)

(x)

proved.
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From (vi) and (vii), there exists an i1 such that :

33 0,j o
jgm | 1R ] - D] < b/e, for all i > i,

-] 0,3 o
L PG - Te | [ <b/e, foratn i 2 4y
J -

But, from (v),
0.3y _ ,.0.3 0.3
| )7 = (s5)7 + (2)):
Hence, from (ii), (viii) and (ix), we have :
. . j
c> ) (XOJJ ) (tQ)J + ) 1(59) + b/2
Z L . i . i
jem jet j=t
for all i sufficiently large, i ¢ IO_
From (x) and (i), we obtain:

vg >b/2 >0, for all i sufficiently large, i ¢ 1°.

This contradicts (iii) because of the complementarity condition.

0 . s .
Hence, no such subsequence I exists and the proposition is

Proposition I.3..I

with Yy

For i > io, say, the tests of Step 5 will never be satisfied

= 0.
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Proof:

As shown in Proposition I.3.G.,

59 -0 as i + o |
1
Hence, for i > iO’ say, ||ﬁ2|l < K and test (a) is never

satisfied, for 1 Sufficiéntiy large.
Now, as shown in the proof of Proposition 8 in Mayne and
Polak (1978), for X5 close ehouglto x* there exists a unique Kuhn-

Tucker point for the problem QP(x.,Hi) below:
i

min Vf(xi)p + %pT Hi P

per”

. . I

hJ(_xi) + hi(,xi)p =0, jef

Hence, from the last proposition, ﬁg is the unique solution for
the above problem and, therefore,the proposition follows from Proposition
11 in Mayne and Polak (1978) and the fact that T(xi) > 0 as X; > X*

Theorem I.3.J

xi > x*¥ ¢eD , as 1 = @ s
Q - superlinearly.‘
Because of Proposition I.3.H and Proposition I.3.I, for i.z iO’
say, the algorithm of section 1.3.2.coincides with the algorithm of

Mayne and Polak (1978). Hence, the result follows directly from Theorem

4 of this paper.
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I.3.5 Remarks

The use of the sccant update given by I.3.V and the test of Step 5
make the algorithm of this chapter very similar to the algorithm of
Mayne and Polak (1982). There exists two features where the algorithms
are different, namely :
- The structure of the quadratic sub-problem where the matrix

Hi obtained by the secant update is tentatively used.

- The nature of the alternative procedure adopted in case the
solution of the quadratic sub-problem above is considered to be

not satisfactory.

The difference between the quadratic sub-problems is that
here we use QPZ instead of QPg.

As QP? is always feasible, it is not necessary to test the
existence of solution to the quadratic sub-problem and, consequently,
the algorithm of page 84 has one test less than the algorithm of Mayne
and Polak (1982).

Another effect of using QPZ is given in Proposition I.1.A, that
is:

for any value of c, we have :
pT B. p. >0 => 6(x,, p.> ¢.) <0 .
i7ifi S S A |

. . . . . . 0
The implication above is not necessarily true when using QPi,

unless N satisfies the further condition

0 0
ey 2 Nl wlly
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where (kg,lg) is the multiplier yvector associated with the solution
pg of QP?. As a result, the solution P, of QP? with Bi = Hi is more

likely to satisfy the test

e(xi’ pl’ Ci) < -T(xi)

than the correspondent solution of QP?.

Therefore, because of this last conclusion and the consistency
of the constraints in QPY, the algorithm presented here will probably
activate the alternative procedure less often than the algorithm of
Mayne and Polak (1982).

We now compare the alternative procedure of both algorithms.

In the algorithm of Mayne and Polak (1982) the search direction used
when the solution of QPg fails to satisfy some tests is obtained by

solving :

. T-
mlg{p Hp + e(xi- P> Ci)}

peR
where:
H = nl, n being a positive constant.
Here, the alternative direction is the solution of :
min{pTEH. + v.I0p + 6(x,,p,c.)}
pERn i i i i
where :
H, is obtained by thé secant up date
and

Y5 > 0 1s automatically set.
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That is, while the strategy of Mayne and Polak (1982) to stabilize
the locally superlinear convergent secant method is to revert to the
'steepest [with respect to the norm || pl| =(pTﬁp)%] descent direction’, here
we add a multiple of the unity matrix to the H.1 obtained by the secant
update.

Similar differences occur, in the context of unconstrained
minimization of a function f(x), between the method of Goldstein and
Price (1967) and the method of Goldfeld, Quandt and Totter (1966),
both suggested to stabilize Newton's method. Indeed, whenever the
Hessian matrix vxx f(xi) is not positive definite or the direction
obtained in the minimization of the quadratic approximation is nearly
orthogonal to Vf(xi), Goldstein and Price (1967) switch to the steepest
descent direction - Vf(xi), while Goldfeld, et al.(1966) prefer to add
a multiple of the unity matrix to Vxxf(xi) and use the resultant
matrix, say

Ai - Vxx f(xi) * YiI’ Yy >0,

in the quadratic form to be minimized.

Now, as pointed o&t by Fletcher (1980), the latter meihod (and
by extension the method suggested here) has the advantage of using the
quadratic information given by Vxx f(Xi) (Hi in our case), even when
this matrix is not positive definite. In particular, if the Hessian
(or Hi) is close to being positive definite then it may only be necessary
to add a small multiple of I so as to give a good search direction.
Because the curvature information: is ignored by the alternative
procedure of Goldstein and Price (1967), as it is also ignored by the
first order method suggested by Mayne and Polak (1982), if the alter-

native iteration operates successively for a number of iterations, it

is likely that slow oscillatory behaviour would be observed.
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On the other hand, the computation of Y5 through the loop
between Step 5 and Step 4 is clearly a disadvantage of the algorithm,
although some devices can be used to reduce the number of times this
loop is repeated. ‘First note that for i > 1y, say, the tests of
Step 5 are never satisfied so that the alternative procedure is not
activated. (see Proposition I.2.J). In any case the loop is repeated
only a finite number of times because we increase the eigenvalues of
Hi by adding the term YiI so that for Y; sufficiently large the matrix
Bi = Hi * YiI will be positive definite (see Proposition I.3.C). Hence,
it would be advantageous -if the matrix Hi given by the secant update
remains positive definite during the initial iterations.

Accordingly, unless x, is close to x* and a good approximation

1

*
to Vxx L(x*, A , u*) is known, an adequate choice for H1 is

= >
H1 nl , n 0.

Actually, the ideaof giving an initial bias towards the
steepest descent direction which would be gradually reduced as X,
approaches x* cén be exploited with the use of the function T(*).
Recall that T(x) is a continuous function which assumes positive values
for all x e R" except at Kuhn-Tucker points for GMP where it is equal to
zero. Hence, a possibly good choice to n would ben = T(xl).

This would take into account eventual bad scaling and would make

the positive eigenvalues of H, depend on how far xl is from the solution.

1

Similar reasoning suggests the following modification to Step 5.

in case any test is satisfied set,

Y-.= Y. *+ b 5 Bi = Hi + YlT(X1)1°
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Now because of Proposition I.1.A, it is easily seen that, if

test (b) is satisfied,

rI-‘
. < i :
P; By py e, A mln{T(xi) ; €1,
Hence, another modification of Step 5 which can make the increase

on v, in a more efficient way is :

in case test (b) is satisfied set,

Y; =Yt (62 - Py Bi pi)/T(xi) +b; Bi = Hi + yiT(xi)I.

Note that with b being chosen small, the above expression

for Y; avoids excessive change on the matrix Hi obtained through the
secant update. This feature is particularly useful when l-l.1 is close to
being positive definite.

These modifications are likely to keep the number of times the
loop is repeated low.

In addition, tﬁe tests of Step 5 can be made more difficult to
satisfy with € small (say 10-8) and K large (say, 10 || 51“ ), as
suggested by Mayne and Polak (1982).

Hidden in Theorem I.3.J is the fact that the computation of
Step 7 will lead to step length of unity for i sufficiently large.

This is proved in Proposition 12 of Mayne and Polak (1978)

and the proof relies upon the convergence,

*
H. »V__ L(x*, A, u*) as 1 > »
i XX

2~ . .
and the use of the search arc ap, + a'p; in the computation of the
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step length a.

Our next theorem shows that the above convergence, although
sufficient, is not necessary %n*the achievement of step length of unity
when using the search arc. We start with some further definitions.

Let Ni be the matrix whose columns are the gradients
gi(xi), j e I(x*) éz{jemlgj(x*) = 0}. Let r(xi) denote the vector
whose components are gj(xi), j € I(x*), ordered in the same way as the

columns of Ni' Let Yi denote a matrix whose columns are orthogonal

basis vector for the null space of Ni' That is
T .
N. Y. =0 for all 1i.
i1
Let P, A Y, YT.
i="1i"'1

Let a;, ~ bi mean that there exists an integer i, and positive

1

constants dl’ d2 such that

d1 f—(ai/bi) f.dz’ for all i > iy.

Let a;, ® bi mean that there exists an integer i, and a positive

2
constant d3 such that:

a, <d b, forall i>i

i—"3 2’

Let o(*) stands for an expression whose ratio to the term inside the
brackets tends to zero as i - « ,

Consider the problem QPg, defined in I.1.1, with Bi being given by:

B. = L. + A.1 , for all i,
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where:
n
. . . + * * * . foe)
Li e L(R") satisfies : Li vxx L(x*, A, u*), as i ~»
and

{Ai} is any sequence of positive definite matrices with
* n .
Ai +A e L(R) as i =+ o,

Lemma I.3. K
Let the assumptions of the last section be satisfied.
Let {Bi} be constructed as above.
Then,
for 1 sufficiently large QP? will correctly predict the
active constraints to GMP at x*.

Proof:

Given in the appendix at the end of the chapter.

Theorem 1.3.L.

Let the assumptions of the last section be satisfied.

Let P be obtained by solving QPg with {Bi} being constructed
as above and c; being updatfed as in Step 3.

Then,

the step length obtained through the search arc of Step 7 will

be unity for all i sufficiently large.

Because of the last lemma, two results obtained in the proof
of Proposition 12 of Mayne and Polak (1978) are easily seen to remain

valid. Namely :

(i) o, I~ i py [P
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and
(ii) Y(x;+py*pyscs) - Y(xg,64) = ¢(xi,ci) tE;
where,
= 3 > 1 . >
and
A 3
e 2 v P
As shown in the proof of Lemma I.3.K,
JRT * s * *
(iii) Ai > A, ui > opr, as x. > X
where,
(Ai,ui) is the multiplier vector associated with p; -
Then,
l . * *
. . o U
vxx L(xi"Ai’ L&) Vex L(x*, A, H)
and,
(iv) (L = Ve LOX Aps W) > 0.

Now, the step length is of unity if,
Tl _A; Y(xl+pl+pl’ci) - Y(Xi,ci) - e(xl’pi’ci)/s _<_ 0.
By (ii),

- . 3 1 a
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But,

) T T
Vf(xl) = -Blpl - Aigx(xl) - bi hx(xi)‘

Then,

. ~ ~ T ~ T ~
(Vl) <Vf(xl) )pi> - '<Pi:BiPi> - >\i gx(Xl)Pi - pi hx(xl)Pl .

. * ) *
By hypothesis, Li - VXX L(x*, A , y*) and Ai > A,

Hence, {Bi} is bounded and, from (i)
i) g B Bl = B

From (vi), (vii) and taking into account the way Si is computed,

we have :
(viii)  <VE(x.),P.> = AL g(x:+p.) + Wh(x,+p.) + &.
i’’F1 i 151 1 ifi i

where,

5~ oI

Now, from Proposition 1 of Mayne and Polak (1978), (iii), the conwergences
X(xi) > A*;ﬁ(xi) + u* and the way c, is updated, we have:

T
e(Xlspl,Cl) _<_ ‘Pl Bl pl.

Then, from (viii), (v) and expanding g(xi+pi) and h(xi+pi)

to third order we have :

. 1 ' _ 1
(ix) T, < (3/8)0(x;,p;s0x + %5<p,, (Vo L(,xi,ki,,u.l) B))p;> + &y
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where,

- 3
SRR

Now,

() Py (e BlxgAy505) = Bpy> = <pys (et Blxgugoug) = Ly -AJp>
Hence, from (ix) and (x) we have :
T. < (3/8)8(x.,p.,¢.) - pr A, p. +o(| p.|2).
1i— 1 1 1 1 1 1 1
But, by hypothesis, A.l is positive definite. Then,
(xi) T, < (3/8)8(x;,p ;) + ol p; Iy

Now, again by the positive definiteness of Ai’ we have :

T

A . - T s .
i73Yi Ppositive definite => Ys Bi Y; positive definite.

*
But, by H4 and the convergence Li +V  L(x*, A, u*), for i suffi-
X

X
ently large YI Li Yi is indeed positive definite.

Hence, a detailed examination shows that Pr0pdsition 10 of

Mayne and Polak (1978) remains true. That is :
(xil)  8(x;pysc) ~ ClieCxp ||+l Py VECGxp |1

From (xii) and (xi) we have :
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(xiii)  Tx Lz P VEG) IPT + oClpy %)

But, as proved by Powell (1978a),

Fo, I~ 1) IF+ 12y vECx) ]

Hence

G eglF x eGg) I+l eece I

But,

=GOl + ey VEED[* >0 .

It is obvious from (xiv) and (xiii) that, for i sufficiently large,
Ti < 0 and the theorem is proved .

We now compare Theorem I.3.L with previous results in the literature
of quasi-Newton methods.

In the unconstrained case the conditions which ensure that the
steps length along a descent direction P; will be set equal to unity, for
i sufficiently large, are often also sufficient to guarantee a
superlinear rate of convergence. Among these conditions is the con-
vergence, in direction and length, of the vectors P; to 'the Newton
iteration [éee Theorem 6.4 of Dennis and Moré (1977)1].

It has also been shown [see Theorem 8.9 of Dennis and Moré
(1977)1 for algorithms generating a sequence {Bi} of positive definite
matrices, that the convergence of Bi to the Hessian matrix is not necessary

for asymptotic step length of unity and superlinear rate of convergence.
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In the presence of constraints similar conditions were found
to guarantee superlinear rate of convergence for yariable metric
algorithms [see Han (}976)] but these conditions are no longer suffi-
cient for an asymptotic step length of unity. Because the constraints
are linearized in the quadratic sub-problem, examples by Maratos (1978)
show that no such result can be proved when using line search proce-
dures. Hence, it is interesting to know whether the use of the search
arc (api + azgi) makes sufficient conditions for superlinear convergence
also sufficient for an asymptotic step length of unity.

Under assumptions similar to those of Theorem I.3.L, Han (1976)
shows that the following condition is sufficient to ensure a Q-super-

linear rate of convergence for variable metric algorithms.

I.3.VI
. I Bi- Vix L(Z*))(xi+l-xi)||
lim =0
i
”VZi-*-l - Zl”
where,
= * - * A * oy*
Z; (xi, Ai, ni) and z (x*,A7,Hu*).
The next theorem shows that the above condition is also suffi-
cient to ensure unity step length if the search arc is used. As

the sequence of matrices {Bi} is supposed to remain positive definite
with eigenvalues bounded away from zero, the theorem is stated for the

Basic Algorithm of Chapter I.1.

Theorem I.3. M

Consider the algorithm of page 21 and let assumptions H1,
H2, H3 and H4 be satisfied.

I1f,
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condition I.3.VI is satisfiecd

then,
fori » io’ say, the computation of Step 4 will set a
step length of unity.
Proof:
Note that the assumptions of Theorem I.1.M. are satisfied,
so that:
z, > z*, as i > o,
i
Clearly, this convergence implies:
‘ . .
(1) Ve L(zi) - Vxx L(z*), as i > o,

Now, as in the proof of Theorem I.3.L, we can show that the
step length is set equal to unity at Step 4  whenever

Ti < 0, where

(i1) T, £ (7/16)8(x;,p;»cy) + 4<p,, (Ve L(zy) - B,)p>

+o(flpy 1M
But, because of (i) and condition I.3.VI, we have
(111)  <pi, (Vg Llzg) - BIp> = ol py ) -

Hence, from (ii), (iii), H3 and Proposition I.1.A there exists

a m1 > 0 such that

T‘l _<_ _mlll Pinz + 0(“ piHZ) .

The theorem follows from the convergence : || piH -+ 0



Now, recall that in Theorem I.3.L we did not require Bi to be

positive definite but assumed :

I1.3.VI1

with:
- * I o
Hi vxx L(z*) as i » o
and
Ai positive definite for all 1i.
Suppose Ai is of the form:
I1.3.VIII
A, = v, (T(x)I + N,C.ND)-
i i i itivi
where:
Ni is the matrix whose columns are the active gradients
of the quadratic sub-problem.
C, is any positive definite matrix
and

109



110

In this case, if assumption H4 is satisfied, there exists a
v*¥ < w s,.t, for all V. 2 v* the matrix Bi given by I.3.VII is positive
definite. Note however that, while a step length of unity can be
shown (Theorem I.3.L) to be ultimately achieved, this result could not
be proven using Theorem I.3.M because condition I.3.VI is not satisfied.

On the other hand, since'T(xi) + 0 as i + « and P.N. =0,

the following limit is satisfied.

1.3.1X
lim Py (By-Viex LPsp [l 0
o :
Il p, I

where,

Pi is the projection matrix onto the null space of Ni'

Now, I.3.IX is shown by Powell (1978a)to be a sufficient con-
dition for variable matric algorithms to achieve a two-step superlinear
rate of coﬂvergence.

Hence, the use of an update of the form I.3.VII, with Ai given .
by I.3.VIII and vy sufficientiy large, ensures the global convergence

of the Basic Algorithm at a two-step superlinear rate. A related



111

idea will be employed to update Bi in the next chapter.
A tesult similar to Theorem I.3.M can be proved if the condition

I.3.IX is satisfied and the further assumption below is made.

there exists a rl > 0 such that:

ol > x e foran i

It is interesting to note that this condition is not intended
to induce a quicker convergence of Py to zero. On the contrary, it
avoids the case where || piH /|l Pi-1“2 > 0. As will be discussed in
I.4.5, condition I.3.X is also useful to establish Q-superlinear
rate of convergence of variable metric algorithms which, otherwise,

could only be shown to achieve a R-superlinear rate.
Theorem I.3. N

Consider the algorithm of page 21 and let assumptions H1',
H2, H3 and H4 be satisfied.
I1f,
conditions I.3.IX and I.3.X are satisfied,
then,

for i >1i say , the computation of Step 4  will

0 3
set the step length equal to unity.
Proof:

Again by Theorem I.1.M, we have :



. . . .
(1) 2, > 2 and vxx L(;i) - zx L(z*), as i » o,
Also, the step length is set equal to unity if Ti < 0, where:

.. ) 1 -
(1) T, < (7/16)6(x;,p;cy) + 5<p;, (Zc( L(z;) - B;)p;>

+o(llp; 19

But, by Proposition I.1.A and assumption H3 there exists

a m1 > 0 such that

(ii1) (7/16)8(x;»py5¢) < -millp |

Now, as shown in the proof of Propesition 10 of Mayne and Polak

= ol 2 .
(1978), P; =P, +p; where :

pi lies on the null space of NI

and
pi is the minimum norm solution of :
T -
Nip + r(xi) = 0.
That is:
(iv) 1. P
P; = 54Py
and
W e~ lra]
; P; i .

Now, recall that I(x*) was defined as ;



1) & {3 = nlgd (0 = ol ~

Because {Bi} is bounded, H piH > 0 and H4 gives a strict

complementarity slackness, it is possible to show [ .Powell (1978a) ]

that for i sufficiently large we have :
3 J = ; *
g (x;) + g (x;)p; =0, Vj <« I(x¥).

Also,

hJ(,xJ.) * hi(xi)pi= 0, Vjek.

Hence, as shown in the proof of Proposition 12 of Mayne and Polak

(1978) we have :

ESCHPRS HFRS NN W

and
O R TR O
Then, by the definition of r(xi) (see page 101) and (v), we
have :
(vi) IpZl = le, P
Pill o~ Py 4l

But, from (iv) we have :
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Ny | 1 2 1, 2
(vid) <py, (v L(z)) - Bpy> = <(pytpi), (Y L(z;) - B.) (pj+p})>

1]

Pipyr (Vo L(zy)-B)P;p,.>

+

2
2<Pipi, (Vyx L(zi)-Bi)Pi>

. <l

2
i » (VXX L(Zi)-Bi)pi>

From the boundedness of Pi and condition I.3.IX we have :
o _ 2
(viii) |<Pipi’(vxx L(zi)-Bi)Pipi>| = o(|| pi“ ).

From the boundedness of the matrices involved and (vi), there

exists a M1 < «» such that :

2
|<Pipi’ (v XX L(zl) - BI)P1>| f_ Mlll Plll “ Pi—lll3

Hence, from the convergence P 1 +—0 and condition I.3.X,

we have :
2 .

(x) [<P.p;s (Y L(z) - BOpY >| = ol p, IP) -

Similarly,

2 2 :

(x) |<p7s (% L(zy) - BRI =o'l py [P)

Now, (x), (iv) and (viii) into (vii) lead to:

(xi) ;s (T L(zy) - BP>| = ol p, P -



115

The theorem then follows from (xi), (iii), (ii) and the

convergence . p. 0.
APPENDIX (Chapter I.3)

AP.1 Quotient Convergence Factors [From Ortega and Rheinboldt (1970)1]
Definition:
Let {xi} c R" be any convergent sequence with limit x*,

Then the quantities

(0 if x, = x*, for all but finitely many i
. “ Xi,,,l_X*H
lim sup R
s VT
Qp{xi} A 1me ” X% “ if x5 # x*, for all but finitely many i
+o0 otherwise

defined for all p e [1,»), are the quotient convergence factors, or

n
on R .

Q- factors, for short, of {xi} with respect to the norm
Definition:
Let C(A,x*) denote the set of all sequences with limit x*

generated by an iterative process A.  Then,
QP(A,X*) = suP{Qp{xi}l {x.} e ca,xn}

are the Q-factors of A at x* with respect to the norm in which
the Qp{xi}‘are computed.
Definition:

Whenever Ql(A,x*) = 0, we say that the process has Q-super-
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linear convergence at x*, while, if 0 < Ql(A,x*) < 1 in some norm ,
the convergence is called Q-linear.

Proof of Proposition I.3.A

(a) = T(x)= 0 => [Y(X) = 0 => x is a feasible point to GMP

3

VE(R) + gz(i) XG0+ iE(R R = 0.

Then, it only remains to-'show that (X,A_(x)) satisfies the

complementarity condition, i.e.,

Mg =0 ,j=n.
Now, consider the definition of (A(X), W(x)). That is :

(G0.iit) & srgrmin (PG + gr (A +hy (P +
(A,H)

-+ Jre® - daloh’® T @G- G 700 MY
Jer_n JE_ .

As (A(x),H(x)) is the solution of the above problem and taking

into account that Vf(x) + g};(;‘c) X+(>‘<) + hz()-c) ux) =0,

v + g, (OR® + LD P + [ & P &)

JjEm
< T oM,

jem

But, by definition of X (+) we have :

(@GN < @V E)? . foraljen
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Then,
(A, (0, 1(x)) = A, u).
Now at the solution of the last problem, we must have :

- - - 2 3 - - 7 -—
| veo + LR + bR+ I & X )% = 0.
jem

Hence,

Mg ® = Ve ® - o.

) <=
xeD= [Y(Xx) = 0.

- T.- - T - - o .
VE(x) + gx(X)A~+ hx(x)u\= 0 , for some (A,n).

Mgg=0 , jem.

>

J

>0
\
But then (A,1) would be the unique solution of the unconstrained
minimization which defines (A(X),n(x)) and, T(x) = O.

Proof Proposition I.3.B.

Consider the following sequence of matrices {Gi}

AV Lx oA, )5 Hxi, 1))

As all the functions involved are continuous and {xi} is supposed

to be bounded, there exists a M, < %, such that :

1

(i) I Gi” <M, for all i.
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Now, let i > n+l.

Supposec, without loss of generality, that the nth column of

H. is:
i
(L/8) TV, Llxg,q + &y e WA(x, )on(x, D) = Vx L(x,
A(xl“‘l) ] U(xi+l))]'
Then, the norm of the difference between the nth columns of H;
and G; is :

1 s - <
R T A T TRIC R

ﬁ(xi+1))1en at|| .

Call A the above norm.
As f,g,h are all three times continuously differentiable,
there exists a M2 < « such that :

Bew [ ol
0

As Ai f_ez for all i, there exists a M3 < « such that :

B < Mg, for all i,
Moreover, the same bound M3 applies to the norm of the difference
between the (n-k)th columns of Hi and Gi-k’ k =0,...,n-1.

The proposition follows from (i).
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Proof of Lemma I,3.K

* *
As L, = V__ L(x*,A ,;*) and A, >~ A , we can consider QP? as
1 XX 1 1

a perturbation of the problem below:

* *
min_ VE(x*)p + 4p [V L(x*,Ai%) + A Ip
peRn XX

subject to:

gl (x*) + gi(X*)p <0 ,jem

hj(x*) + hi(x*)p =0 ,jek

* *
By H4, and as A 1is at least positive semi-definite, (0,A ,u*) is
the unique Kuhn-Tucker triple for the above problem.

Moreover, at this point the second-order sufficiency conditions

are satisfied.

Then, we can use Theorem 2.1 of Robinson (1974) to see that:

(1) pi >0 5 as i » o«
and
(ii) A AL, as i w,

Recall that I, (x*) A {j = mlg’ (x*) < 0},

From (i) we can say that, for .i sufficiently large,
j j : *
g (xi) + gx(xi)pi <0 for all j e Iz(x ).

That is, for 1 ?'il , say , none of the non-active constraints
at x* is predicted to be ‘active.
The lemma then follows from (ii) and the strict complementarity

slackness given by H4.



1.4 MODIFICATION OF BFGS UPDATE CASE
I1.4.1 Introduction

Although the loop between Step 5 and Step 6 of the last algorithm
is not executed for all i sufficiently large [see Proposition
I.3.C] and a suitable choice of parameters makes the tests of Step 6
more difficult to satisfy [see discussion in I.3.5] , the existence
of this loop is an undesirable feature.

The tests are used to enforce global convergence and, as in
the Basic Algorithm, are not required if the matrices {Bi} are bounded
and have positive eigenvalues bounded away from zero [see assumption
H3, pg 23 1. Furthermore, the use of {Bi} satisfying H3 have also
the advantages of making the solution of the quadratic sub-problem
easier-many routines only perform well if the mafrix is at least
positive semidefinite - while providing a bound to || pi“ [see
inequality I.1.C.il.

In the unconstrained minimization df a function f(x), the
~use of symmetric positive definite matrices for the determination
of the search direction characterizeé the 'variable metric methods,
the most successful being [see Fletcher (1980)] the one which generates

the sequence of matrices through the BFGS update below:

I.4.1
H.6. 8! H, Y YT
H - H - ii ii i
o 6Ty s, 57 .
ii’i i
where:
§. = x. - X
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and

Yy

N fx(xi+1) B fx(xi)'
From the Kuhn-Tucker first order optimality conditions,

a natural extension of the BFGS update to constrained problems would be

obtained by setting :
1.4.11

Yi = vx L(xi+1,)\i)ui) = Vx L(xi)ki: “i)
with:
- ~ %
(Ai,pi) being estimates of the multipliers (A,u*)

associated with x* at the solution of GMP.

It is well known [see Fletcher and Powell (1963)] that:
if H. is positive definite and 6? Y. > 0 then H..., will also
i i'i i+1
be positive definite, when I.4.I is used. This property, which
works well in unconstrained problems, is not so readily applied in
the constrained case because I.4.1I may lead to 6; Y; < 0. Hence,

Powell (1973) suggested that, instead of using Y4 in the update

1.4.1, we use the vector n; defined by :

1.4.1I11

n. = ei Yi + (1 - ei)Higi
whete:

8. «(0,1] 1is chosen so that:

GT n. > r' 6? H.§., for some r' > 0.
1 1 1 11



This definition and the subsequent use of n; in I.4.1. has two
consequences which, for reasons that will be made clearer later in

this chapter and the next, we prefer to avoid.

Namely:

- The vector Yy is multiplied by a coefficient which may be
different from unity no matter how close xi, is to x*.

- The use of Hi in the definition of ny makes the last term of I1.4.1
also dependent on Hi'
Instead we define the vector ni as
1.4.1IV
g =Y °F Ai 61
where,

Ai is a (nxn) positive definite matrix which does not

depend on {Hi} , but is chosen to ensure,

$. n. é_f,” 61”?, for some T > 0 .
As we shall see, the definition of Ai is motivated by the
second-order sufficiency conditions.

. . W
The matrix Bi to be used in QPi is then computed as

1.4.V

Bi = Hi + T(xi)I‘

In the next section we will present two algorithms.



The first one is a direct application of the above procedure
to genecrate {Bi} in the Basic Algorithm of the first chapter. With
milder assumptions than those of Theorem I.1.M, - namely : the eigen-
values of {Bi} are not assumed to remain bounded away from zZero -
any bounded infinite sequence generated by the algorithm will converge .
to x* € D. (see Theorem 1.4.1)

The second algorithm is a slight modification of the previous
one. A further test is performed before setting Ei' Although no

result of the kind X, > x* € D is proved to this algorithm, under
reasonable conditions the algorithm will generate sequences with
accumulation points in D. [see Theorem I.4.Nl]

An interesting point to be observed in the proof of Theorem
I.4.N is that it does not require H3 and, in this sense, it resembles
the convergence result of Powell (1971) for the variable metric
method for unconstrained aoptimization .

From the definition I.4.V given above and Proposition I.3.A,
the sequence of matrices {Bi} will have eigenvalues bounded away

from zero, except possibly in subsequences such that :
X, > x* (a Kuhn-Tucker point for GMPj .

The assumption that {Bi} is bounded can be repiaced by the

condition :

- The term in I.4.1 is bounded from above.
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That this condition is satisfied is established in Proposition
I.4.L. The result is possible because of the choice of Ai' In
general boundedness of this term is not guaranteed if it depends on
Hi’ unless, of course, we assume {Hi} is bounded which is tantamount
to assuming the boundedness of {Bi} because T(*) is a continuous
function and the sequence {xi} is assumed bounded.

The resultson the rate of convergence are valid. for both
algorithms. Under the assumptions of section I.4.4, both algorithms
generate sequences converging to x* € D and, furthermore, for i suffici-
ently large they are equivalent.

In contrast to the secant update case, here {Hi} is not
expected to converge to vxx L(x*). Hence, we can not prove from
I.4.V and Theorem I.3.L that unity of the step length will ultimately
be achieved. Nevertheless, under assumptions mild enough to be satisfied
whenever . {Hi} converges to H* € L(R™) as x; * x*, a result similar
to Theorem I.3.L is shown for constrained problem versions of the
update I.4.I [see Theorem I.4.S1. Through this result we prove that
the algorithm of page 126 will set the step length equal to unity
for all i sufficiently large and a R-superlinear rate of con-

vergence [see AP.1] is established.
I.4.2 The Algorithms

Consider the general mathematical programming problem (GMP),
~ A
defined in the first chapter. The maps ¥, Y, ¥, Y, A, H, T, ¢, 6
are as defined in section I.1.2. Let (p.,W.,A,, t.,s.,Vv.) denote
17717717 17710

the solution and multipliers of QPZ’(see 1.1.2) and let 5: be ‘defined as

before. Let L(*,*,*) be the estimate of the Lagrange function defined by:
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LCGALAG) & £+ § Mg + | i oon
jem jel
Also,

VLOGAO, T0) AVEG) + T Meov e « 31 commd
i jem S

and,
gxuxnn,Mn)gnxﬂm+jgx%mvng%n +
+ P v, pe.
jet
Let I'(*) and f(-,-) be the maps defined by :
') A en[Me > 0l
and

Ix,p) & {3 = mlgd () + g (x)p = 0}
Let ﬁ(x,p) be the matrix whose columns are the gradients
g (x), j « ') n I (x,p).
Let N'(x,p) be the matrix defined below :
~ 1
N* (x,p) A IN(x,p) :Vhl(x) ce Vﬁ?(x)].

Let {Hi} be the sequence of matrices constructed as follows:

I1.4.V1

where,



ni = Yi + ai(T(xi)Si + N(xi,pi) di), where:
Y é VXL(xi;l’ )\(xl)’ }J(xi)) - VxL(xl’k(xl)’“(xl))
and

2
I

. T
r0 3 1f 61 Yl _>_ Elll 61 ) €1 € (0)1)

o
>

. T .
1o, if 0 < 8; v; <Imin{T(x); e 111 85 IP

T
(Tl 8311 -85 v
1 + T T
| (TCe ) | 8511 + 85 TNCx;,p1) 176

, otherwise

Algorithm A

The algorithm is the Basic Algorithm (repeated below for con-
venience) with {Bi} constructed as follows :

B, = T(x)I +H,

where
{Hi} is generated by the update I.4.VI .
Data: xl € Rn; Hl(an positive definite); oy < (0,%),6 «(1,2),
B, € €(0,1) .

Step : Set i =1

Step 1 : If c, z_E(xi), set ¢, = c;

i-1 i-1°
Else, set c, = max{éci_l; E(xi)}
Step 2 : Eind,(pi,wi), the solution of QP?

Step 3 : If
T(x.) <€ and w. = 0.
i’ — i
Then,

compute 5i



Else, set Ei = 0.
Step 4.: Compute ki, the first integer in {0,1,...,} satisfying:

k. 2k, k

i i~ i
Y(Xl + pl + B pl: Cl) - Y(Xi’ci) f_ B8 e(Xl,Pl;Ci)/g .

ki 2ki N
Step 5 :  Set x. . =X, ¥ B p; +8 P, -
Step 6 : Update Hi to Hi+1 by I.4.VI ; set Bi = T(xi)I + Hi
Step 7 : Set i = i+l1l; Go to Step 1.

Algorithm B
The algorithm is identical to Algorithm A with the addition

of one further test after Step 3. Namely:

r . iy it =
step 3' : If || B.p. |l > M|p. || , setp, =o.

Else,

proceed to Step 4.
M < » 1is a positive constant which should be added to the data.
I.4.3 Global Convergence

Algorithm A

In the analysis of the global convergence properties of the

first algorithm given in this chapter, we will assume that the two
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following conditions, defined in I.1.3, are satisfied :
H1 ; H2.
In addition, we will require :

H3b: there exist M < « , positive, such that
IyTuyll <l ylP v e R7, vi

where {Hi} is defined by I.4.VI.

Note that H3b is milder than H3 (defined in the first chapter)
because the eigenvalues of {Bi} are not assumed to be bounded away
from zero.

Since Algorithm A is identical to the Basic Algorithm, with

{Bi} being generated by the method described in the previous section,

if H3 were satisfied all the global convergence results of the
first chapter would hold.

As it happens, the replacement of H3 by H3b will require some
changes in the proofs although most of the propositions of I.1.3 (those
which did not require the sequence {Bi} to have eigenvalues bounded
away from zero) clearly remain valid. Thus, Proposition I.1.A; Propositon
I.1.B; Proposition I.1.C; Proposition I.1.D and Corollary; Lemma I.1.E;
Proposition I.1.F; Lemma I.1.K are all valid.

We start by showing that the update given in the previous section
is well defined and constructs a sequence {Hi} of positive definite

matrices.
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Proposition I.4.A

For any finite i*

Proof: Because of H1l and the way {Bi} is constructed it is readily

seen that, for any finite i*, there exists a Mi* < » such that

p B.w P < Ml pl , for all p < &

Then,
€ in {p'By,p + b < ming O, pl® + 0 ).
i) mlnl’i P l*p (Xi*, p,Ci* < mlnn i * P + (Xi*:P, Ci*)} .
pER pER

Now, as shown in the proof of Proposition I.1.C,

(ii) QPY* is equivalent to : mign{ PTBi*p + e(xi*,p,ci*)}.
pe

But, Pix = 0 1is the solution of ng*.
Then, from (i) and (ii) we have :

o . , )
B(x;45M;45¢5) A g:ﬁ“ M, , |l ol + 8(x,,,P,¢;,)} =0.

Hence, from Proposition I.1.D we have :

1i* C.

l,c.,) =0 => x. e D
i - T



).

But, by construction, C.x E‘E(xi*
Then, by the first part of Proposition I.1.F, which clearly
remains valid, X; € D and the proposition is proved.

Proposition 1.4.B

For any finite i*, there exists an integer k' e .{0,1,... }
Yy

such that, at Step 7 of the algorithm,

Proof:
Given in the appendix at the end of the chapter.

Proposition 1.4.C

For any finite i¥*, Hi* is positive definite.

Proof:
Let Kl ={1,2,...} be the subset where ai = 0. By construction,
O EN Vi e K
il =1y ? 1
Let K, cf1,2,...} be the subset where 3112_0. By construction,

. . T .

(i) Si Ny z_T(xi)” Qiuz, Vi € K,.
Now, from Proposition I.3.A; which clearly remains valid:

(iii) T(xi) =0 <= x; € D.

As we are interested in infinite sequences {xi}, We can assume,

without loss of generality that :

¢ D.

X,



Then, from (i), (ii), (iii), there exists a T
. T )
(}LV) Oi*ni*z‘ rl ” 61*” °

But, from Proposition I.4.A and Proposition I.4.B,

(v) Il 61*” > 0.

From (iv) and (v), there exists r, > 0 such that

It is well known that, if Hi is positive definite and

Si n, > 0, Hi+1 will be positive definite when computed through
I.4.VI. The proposition is then proved because Hl is positive
definite.

Again let {A'(xi,Biyci)} denote the sequence of maps which

find the next point X5, with Ei = 0. That is:

1

k-

1 = = 1
Atlxgy Bysey) = x50 =B 5 py x5

Proposition I.4.D

Let ¢ > 0 be arbitrary. If x* isany accumulation point of

a bounded infinite sequence {x;} where

— t 3
X = Ai(xi,Bi,c) for all i,

> 0 such that :



Then, x* = Dc'

Proof:

Let I be a sequence such that :

Because of H3b and the boundedness of {xi}it is clear that
{Bi} is bounded.

Hence, there exists at least one subsequence I' < I
such that:

1 1 *

X. * x* and B, ; B .
1 1

*
Note that, because of Proposition I.4.C, B 1is at least
positive semi-definite.
Suppose x* ¢ Dc' From Proposition I.1.F, x* ¢ D.  Then,

T(x*) > 0 and, by construction, there exists a m' > 0 such that :
. T ' 2 n . '
(i) pBpP>m el » vpeR , Viel

Also, if x* ¢ Dc, g(x*,l,c) < 0. Then, from the Corollary

of Proposition I.1.D,
*
(ii) el(x*,B ,¢) < 0.

*
Now, from (i), B 1is positive definite. Hence, (ii) implies:

*
8(x*,B ,c) < 0.

The rest of the proof is identical to the proof of Proposition



[.1.G where it is shown that expression (ii) leads to a contradiction
so that x* indeed belongs to Dc'

Theorem I.4.E

Any accumulation point x* of an infinite bounded sequence
{xi} built by the algorithm satisfies

x* € D.

Because of the last proposition, an examination of the proof
of Proposition I.1.H and Proposition I.1.I show that they remain valid.
The proof of the theorem is then identical to the proof of Theorem
I.1.J.

As in the first chapter, we will now strengthen our hypothesis
by assuming that the following conditions are satisfied:

H1' (replacing H1) ; H4,

Proposition I.4.F

Suppose {xi} is an infinite sequence constructed by the algorithm :

*
Let (x*, A , u*) be any K-T triple for GMP.  Suppose {xi}I

is a subsequence such that:

I
X. > x* € D.
1

Then,
there exists an i0 such that:
c.> ) Ai + ) Lﬁ?l , VielI, 1>,
1 Jexll je,@ 1
where,

R 0

(pi,ki,ui) is the K-T triple for QPl
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Proof:
For simplicity of notation let ; (Xi’ﬁi)'é (X(xi), ﬁ(xi)
By construction, ¢, > ) |AJ| + § |¥| +b
i—. i . i
jem jet
We already know that :
- - o .
(}\1’“1) -+ (}\ > H ) as xi - X7,
Hence,
(1) there exists an i1 such that
¢ 2 I 7« T Jam?| +vr2
jem jeb
for all i e I, i > il'
Now, let (pi, Ai,ui) be the K-T point of the sub-problem
Pf below :
i
* T
P, ¢ min_ fx(x*)p + 1/2p Bi P
PR ,
s.t. gl (x*) + gi(.X*)P 20, jem
In? () + b (x)p| <0, 5 2
As x* ¢ D and B.l is positive definite we have :
(ii) pi =0 , for all 1i.

Then, by H2, we have :
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(iii) (Ki, pi) = (A ,u*), for all 1i.

Clearly, for all i the sub-problem Pz itself satisfies the
second-order sufficiency conditions with strict complementarity
slackness.

Moreover as Bip' = 0 for all i, the map f; defined below,

does not depend on Bi'

£ A L, ) Trg! (x93 ) Tth! (x4)11
i & VL, () Tgg > () Thy

where,
VLI A £(z%) + B.p' + § O g + T u)Ind (xm
i= iti . i’ °ex . i’ Tx
jem jeL
T . 1 1
gi(x*) = [g (x*) +AgX(x*)pi,...,gm(x*) + gz(x*)pi]
and
1 1 Z )
h! (x*) Tothtxn + B (x*)pl, .., h T (x%) + hﬁﬁx*)pi] .

Then, considering (for all i) sub-problem QP? as a pertur-

*
bation of Pi’ we can apply Theorem 2.1 of Robinson (1974) to see that :

(iv) There exists an open neighbourhood No of x* such that, for
all-xi e NO,(ﬁi,ii,ﬁi) is the unique K-T triple of QPg, satisfies the
second order sufficiency conditions with strict complementarity slack-
ness and,

~

~
. N . t ! !
(Pi’xi,ui) - (pi,Ai,Ui)‘
From (ii), (iii), and (iv) we have :

A

N * *
B;oA0;) ~(0A 1),
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Then there exists an i, such that, for all i €I, i > i

2 2

we have:

I O N I YT e S LIRS N O R SRR

jem jet jem jet
Hence, from (i) and (v), for all i € I sufficiently large

c. > 7} A s ) |ﬂil + b/4
1 jEm JE/K X

and the proposition is proved.

Proposition I.4.G

Suppose {Xi} is an infinite sequence constructed by the algorithm.
* .
Let (x*,\ ,u*) be any K-T triple for GMP.  Suppose {xi} 1
is a sub-sequence such that
X. i x* € D.
i
Then,

there exists an i' such that, for all i € I, i > i

p. = ﬁi s W, =05 ki = Xi; (ti-si) = ﬁi.
By hypothesis, X; i x* « D,
Then, by the continuity properties of g, gx,h and hx’ we can
say that, for all i e I, i sufficientlylarge, sub-problem QPg
is feasible.
Now, as Bi is positive definite, Lemma I.2.A remains valid.
Hence, the proposition follows from Proposition I.4.F and

the fact, shown in the proof of this proposition that, for all i €I,

. . A . . P Q
> i ., say , - X
iz say (pi,ki,ﬁi) is the unique K-T triple for QPl.
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Proposition I.4.H

Let [xi} be an infinite sequence constructed by the algorithm.
Suppose {xi}I is an infinite subsequence such that

¢ >0, forall ielI

c. =
i
and
x. ¥ % e R"
i
Then,
Py * 0
Proof:

If x ¢ D, from Proposition I1.4.G
p; = ﬁi, for all i € I, i sufficiently large.
But, as shown in the proof of Proposition I.4.F,

~ 1
p; ~ 0.

Then, if x € D the proposition is proved.
Otherwise, suppose X ¢ D.
In this case, there exists a m* > 0 such that :
T(xi)_i m*, for all i = I.
Hence, from Proposition I.1.A and the way Bi is defined,
8(x,p;»¢) < -p; B, p, < -m| p,|P
for all i € I.
The rest of the proof of the proposition is identical to the
proof of Proposition I.1.L.

Theorem I.4.1

Let x, be an infinite bounded sequence constructed by the

algorithm.
Then,

X. > x* € D.
i



Proof:

Because of Theorem I,4.E, Proposition I[.4.I and assumption H4,
the proof of this theorem is identical to the proof of Theorem I.1.M.
Algorithm B

In the analysis of the global conyvergence properties of the
second algorithm given in this chapter, we will assume that the
three following conditions, defined in the first chapter, are satisfied:

H1' ; H2 ; H4

Note that assumptions H3 or H3b are not required. Actually,
no assumption are made about the sequence {Bi}. This fact make the
previous approaches, to show the global convergence of the Basic
Algorithm (see I.1.2) and Algorithm A, inadequate. Nevertheless, a
careful analysis shows that some previous results, those which did
not depend on H3, remain true. Namely: Proposition I.1.A ; Proposition
I.1.B; Proposition I.1.F; Lemma I.2.A ; Propostion I.3.A ; Propositiomn
I.4.A ; Proposition I.4.B ; Proposition I.4.C; Proposition I.4.F ;
Proposition I.4.G ; Proposition I.4.H.

Proposition I1.4.J

Let {xi} be an infinite sequence constructed by the algorithm .
Then,
there exists a constant r' > 0
such that :
§Tn. >zt |6, |2 for all i.
i'i- i
Proof:
Given in the appendix at the end of the chapter.

Proposition I.4.K

Let {xi} be a bounded sequence constructed by the algorithm.
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Then,
there exists a L' < « such that :
a. < L', for all 1i.
l.—-

Proof:

Given in the appendix at the end of the chapter.

Proposition I.4.L

Let {xi} be a bounded infinite sequence canstructed by the

algorithm.
Then,
there exists a K- < o such that :
2
In 2 .
__T’_—_ﬁi K , for all 1i.

% Ny

Proof:

Given in the appendix at the end of the chapter.

Proposition I.4.M

Let {xi} be a bounded sequence constructed by the algorithm.

Let {xi}Ibe any infinite subsequence such that:

c, =¢ >0, for all i.eI
and
I
X, * X ¢ D
Then,
there exists an integer k' {0,1,...}
such that :
ki K
B*>8" >0, for all iel.
Proof:

Given in the appendix at the end of the chapter.
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Theorem I.4.N

Any accumulation point x* of a bounded infinite sequence constru-
cted by the algorithm, under the further assumptions that :
there exists a compact neighbourhood

Nl of x* where,

QP? is feasible for all xi e N

1
and
j j
e, > 1 A+l Iyl
i-— jem i jeL i
satisfies
x* €D
Proof:
Let I < {1,2,.. } be such that :
X. ; x*.
i
Hence, for i sufficiently large, i I, X; € Nl'
Because of the assumptions on N1 we can see from Lemma I.2.A
.that,

for all i € I, i sufficiently large,

QP? is equivalent to QPS.

Hence, for all i ¢ I, i sufficiently large, the following

constraints are satisfied :

A
o
-
.

m

=]

W P g, <

and

1]
o
.

m
e~

j j
h”(x;) + hy (x,)p;

But, from Proposition I1.4.H,
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(i1) p. * 0,

Then, by the continuity of the scalar product and H1', we have

from (i) and (ii)

g (x) * g (x) <0, for all jem

and . I 3
hJ(xi)+ h(x*) = o, for all jef
That is
(iii) x* is a feasible point for GMP.

Now, consider the trace of the matix Hi+1

., 6.1 I n. P
tr(H. ,) = tr(H.) - 1 + L
i+l i . 5. &l n,
11 1 .1 1

Hence, for any j € {0,1,... } we have :

(iv)  tr(H, ) (H,) i B &[F i lnglP
iy r(H, = tr - L * )
j+l 1 i1 &'H. 5. i1 8¢ n;
i1 i 11

+1 is positive definite for any j, the right hand

side of (iv) is positive. Then,

Now, as Hj

L | ns|P i | P

o ) Ih%l ooy ? e
§. H.S. i=1 8. n.
1 .1 1 1 1

From (v) and Proposition I.4.L, there exists a number M2 <
and independent of j such that :
|1, s, |P
i i

_— <M
i=1 &1 H.8,
1 1 1
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Hence,
(PN ‘
(vi) ) ——jf—jg—— <j My, forany j.

iel 7ii7d

i<j

Now, as {xi} is assumed bounded, we can apply Theorem 1 in

Mayne and Polak (1978) to see that, c:_ is increased only finitely

1
often.
That is, for i sufficiently large we have :
c. =c¢>0.
l L]
Then, for i € I, sufficiently large,
s j j
> -
(ii) c> 7} AL+ ) ]uil » where 1. A t.-s,

j €m ieg

Now, at the solution of QPY, the following equation is satisfied

e ) s . .
.. 1 .
(viii) Vf(xi) + Bipi + .2 Ang (xi) + .Z ui VhJ(xi) = 0.
jem jet

But, from (vii), the multipliers A% and u% are bounded.
Hence, from H1' and the boundedness of {xi}, we have a M3 < « such
that:

G [vEe) « I M vdep o T oW mie) Il

jE]P ‘je,g, 1 3

for all i = I.

Then, from (ix) and (viii),



(x) ” Bi piH < MS’ for all i € I.

Now, from (ii) and the fact that || Si“-i I piH by

construction, we have :

(xi) 5, %0
Also,
(i) [ B;8; 01 < IBipyll + [[Bypll » for alr i

But, from the test at Step 3',
(xiii) i‘fBiI?-l‘Hf_ M [lpfl . for all i

~ Then, from (xiii), (xii), (x) and (ii), we have a M4 < =

such that

(xiv) || B, 5i|| <M, forall icl.

From (xiv) and (xi), we have:

B. 6§.. , for all 1i.
i Tic
Hence,

T, 1
(xv) éi Hiai 0.
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The only way of (xv) and (vi) being simultaneously satisficd

is:
(xvi) H.§. 30
Vi 1% .
Now,
ki 2ki
(xvii) HiGi =B Hipi+ B Hi 1

From the definition of Bi’ the continuity of T(*) and the

boundedness of {xi}, there exists a Ms < » such that :

B0 < BBl g 15 for a1n .

. -

Hence, from the test at Step 3',and the fact that

I Si” < Pi” , We have :

(xvii) [ upll < oM llp -

From (xviii) and (ii) we have :

(xix) H.p. = 0.

Suppose x* ¢ D.

Then, from Proposition I.4.M, there exists k' such that:

k. k'
(xx) g~ > >0, for all i e-I.

From (xx), (xix) and (xvi) into (xvii), we have :

=

(xxi) H. p
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But,

Gexis) I gpgl < el g el or some ;< o
Then, from (xxii), (xxi) and (ii),

(xxiii)  Bp, Lo,
From (xxiii) and (viii),

(xxiv ) VE(x.) + z A? ng(x.) + z u? th(x.) i 0.

But, as the multipliers are bounded, there exists at least

one subsequence.l, < I such that :

2

(xxv) Al iz A* u izu*
i ? i
where
) e R™ x RY .
Clearly,
X iz x*

Then, from (xxiv) and (xxv),

(xxvi) VE(x*®) + ) (K*)j ng(x*) + (lﬁ)thj(X*) = 0.

jem jet
Recall that, from (iii),

(xxvii) P(x*) = 0.
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Let I* denote the set : I* A {jeT|gJ(x*) <0} .
From (ii), the convergence Xy ; x* and the complementarity

- . W
condition at the solution of QPi, we have :

(xxviii) Ai =0, 3jeI*

for all i € I, i sufficiently large.

From (xxviii) and (xxv),

. * 3 . *
(xx1ix) (A) =0, jeI.

Then, from (xxvi), {(xxvii), (xxix), the definition of

(A(x), u(x)) add H2, we have :

Q) , Bx*) = (A, u).

1

Hence, from (xxvi) and (xxvii) we have :

T(x*) = 0.

The theorem then follows from Proposition I.3.A.
I.4.4 Rate of Convergence

Throughout this section we will assume that the following
conditions, defined in the first chapter, are satisfied.

H1' ; H2 ; H3 ; H4.

Note that because of H3, both Algorithm A and Algorithm B

can be shown to satisfy Theorem I.1.M that is ,
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if {xi} is a bounded infinite sequence constructed by the
algorithm, then,

X. > x* ¢ D.
1

As we shall show (see Proposition I1.4.Q),

~ |l 2
EARINR

Then, by the boundedness of {Bi} (ensured by H3) and the
convergence of p; 0,for i 1large enough the test of Step 3' in
Algorithm B will be always satisfied. That is,

for all i sufficiently large Algorithm A

and Algorithm B are equivalent.

Hence, the results of this section are valid for both algorithms.

In addition to the four conditions above, we introduce a new
condition which is assumed to be satisfied throughout this section.
Namely:

HS: ||Hi csi-nill + 0, as i > =,
Now, H5.can be better understood if we note that :
= hi , for all 1.

Hi+161

Therefore, a sufficient condition to HS5 being satisfied is :

* n .
Hi +H «L(R) , as i + =

*
Clearly, such H would be at least, postive semi-definite.
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So, H3 does not seem to be excessively strong.

Proposition I.4.0

Let {x;} be a bounded infinite sequence "constructéd by the
algorithm. Let x* ¢ D be such that :
X5 = X*' as i > o,
Then
there exists an i* such that, for all
i> i, QP? does predict correctly the
constraints to GMP'which are active at x*.
Proof:
We already know that, as {xi} is bounded,
¢, =c >0, for all i sufficiently large.

1

Now, as shown in the proof of Proposition I.4.F,

>
¥
>

™

+0, as i >

But, from Proposition I.4.G, for i sufficiently large,

A, A p; 0, as i =+ o,

From the strict complementarity slackness assured by H4, we
can then see that :

there exists an i1 such that

)\Ji >0, for all j s.t. g (x*) = 0, i>ig.
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NOw, as w.= 0 for i sufficiently large, the last £ con-
straints areé wultimately active at the solution of QP?.

Then, all the active constraints at x* are active at the solution
of QP?, for all i sufficiently large.

But, as X + x* € D and p; ~ 0, we can see that, for i suf-

ficiently large,

gJ(xi) . gi(xi]pi <0, for all j e I,(x¥)
where,

I(x*) & (emlg) (x*) < 0} .

Hence, for i sufficiently large, none of the non-active
constraints OF:GMP will be active at the solution of QPZ and the
proposition is proved.

Proposition I.4.P

There exists an integer k'«{0,1,..} such that,

k. k!
8t>8 > 0, for all i.

Proof:
Note in the proof of Proposition I.4.M that the hypothesis

that x ¢ D was only necessary to make sure that T(xi) remains

bounded away from zero, so that :
-pT B, p. < -m| p.|* for some m > 0
i7ifi i )

This condition is now assured by H3. The proof of this

proposition is then identical to the proof of Proposition I.4.M.
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Proposition 1.4.Q

EARENG

Proof:

Given in the appendix at the end of the chapter.

Proposition I.4.R

Y(xi+pi+Pi;Ci) - Y(Xi’ci) = ﬂ(xi)ci) + ei

where,
- < D.)> +k >
¢(xi’ci) e(xi’pi,ci) + Vf(xl,pl) +2<Pi:vxxfcxi)pi
and
- 3
Proof:

Given in the appendix at the end of the chapter.

Theorem 1.4.S

Consider the Basic Algorithm (see I.1.2) with {Bi}
being updated through I.4.VI with ﬁi given by :

ni = Liai + Ai Si, where

Li 5 L(Rn) satisfies : Li - vxx L(x* ,k*,u*) as xi'+ x* € D
and {Ag'is a sequence of positive-definite matrices.

If H1', H2, H3,H 4., H5S are satisfied, then the step length
obtained through the search arc of Step 4 will be unity for all i
sufficiently large.

Proof:

First note that, because H1l , H2, H3 and H4 are assumed to be

satisfied, Theorem I.1.M is valid so that :

X. > X* ¢ D.
i
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Then, for 1 sufficiently large, T(xi) < e,
As shown in Proposition I.4.G, W o= 0 for all 1 sufficiently
large.  Also, from Proposition I.4.Q and and the fact that p; > 0,

for all i sufficiently large,“ SiH f_” piH . Hence, for all 1
sufficiently large Ei is not set equal to zero.
Now, the step length is unity if :

T A v(x;+pi+psscy) - ¥(x,cy) - e(xi,pi,ci)/S_i 0.

Because of the last two propositions, we can follow the same

reasoning of the proof of Theorem I.3.L to see that :

(1) Ty < (3/8)8(x;;p;,6;) * U <pyL (V LxALW) - By

+ o]l b, I
By hypothesis, condition H5 is satisfied. Then,

+ O(“ 61”2) :
But, by definition,:

(iii) n. = L.§. + A.S..

As shown by Proposition I.4.F and Proposition I.4.G, (Xi’ki’ﬂi)

*
> (&*,A ,u*) as i > o, Then,



3 * * * :
(iv) vxx L(xi’Ai’pﬁ) - vxx L(x*,X* ,W*) as 1 > o,
Also by hypothesis,
*
N s oo
(v) Li - Vxx L(x*,A , ) as i = o=,
From (iii), (iv), (v) into (ii), we have :

A 2
655 (Vo LlxguAowy) - B> < - <8, Ay 8> o (]l &%),

But, by hypothesis, Ri is positive definite. Then,

(vi) <8, (V Lix;>A,m) - H)6> < o]l 6,7 .

k. . k
.. i - i = -
(_Vll) <B Pi 3 (VXX L(Xi ,)\i 4 111) Hi) B _Pi> <6i b (VXX L (Xi I kl 4 ul) Hl) 6i>
2k,
N o~
-2<8,, (Y L(xi,Ai, ui) -H.)B p;”
2k. 2k.

i i~
+ <B Py» (Vxx L(Xi’ki’pi) B Hi)B Pi” -

1

k. k.
From Proposition I.4.P, B 1 >B8 >0, for all i. Hence,
2k

dividing both sides of (vii) by B i, taking 1n§o account (vi)

and Proposition 1.4.Q, we have :

(viii) <p;» (Vo Llx,A, 1) - Hypy < o] pilﬁ)
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Recall that Bi = Hi + T(xi)I. By the continuity of T(*) and
Proposition I.3.A, we have : T(xi) + 0 as i > o, Then,

(IX) <pi,(vXX L(Xi,li,ui) - Bi)Pi> f_ <pi)(vxx(in:)\i:Ui) - Hi)Pi>

+ocll 8P -

From Proposition I.1.A and H3, there exists a ry >0 such

that :
(x) 3/8 e(xi,pi,ci) f_-rlu piH2 , for all 1.
From (x), (ix) , (viii) and (i), we obtain:
T, < -yl 1P+ ol ey 1B
The theorem then follows from the convergence

Ilpi“ >0 as i > o,

Proposition I.4.T

For i sufficiently large the algorithms of this chapter
will compute a step length of unity.
Proof:

We already know that X; >x*¥ ¢ Das 1 >
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Now, by construction, ng = Y; *fay A.l Gi where :

i
' T
Ai=é T(xi)I + [N(xi,pi)][N(xi,pi)] .

By definition, Y; = Vx L(Xi+l’xcxi)’u(xi)) - Vx L(Xi>A(Xi):U(Xi))
then,
Y. = Gi Gi’ for all i

where,

Vs LOe#t8,5A(x),ulx;))de.

- - * .
But, §; = 0 and (A(x;)n(x)) >~ (A, u¥)
as x. »+ X* e.D.
1
Then it is clear that

*
* hall 1 [e e}
Gi - Vxx L(x*,A ,y*) as i ~»

But, the matrix aiAi is positive definite for all 1i. The
proposition then follows from Theorem I.4.S.

Proposition 1.4.U

There exists a V3 >0

such that : [ p, Il < vg p, |l
for all i sufficiently large.

Proof:

Given in the appendix. at the end of the chapter.

Theorem 1.4.V

Let {xi} be a bounded infinite sequence constructed by the

algorithms.
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Then,
X. *x* €D
i

with a rate which is, at least, R-superlinear,

Proof:

We already know that x -+ x* ¢ D , from Theorem I.1.M.

i

Let El c{1,2,..} be the set of iterations where

(1) there exists a Ty > 0 such that :
Ip, I > xllp; (I* » foralliecKk,.

Let EZ be the complement of E{.

As no T > 0 satisfying (i) can be found for EZ’ we can say that

e, I
(ii) L Lo asi=so

2

e, I

for any infinite subsequence I C,Eé.

As shown in the proof of Proposition I.4.U,
fes N -
@in) eyl ~ xexe
Also,
(iv) I pi¥1|| f-VSH piH , for all 1 sufficiently large.

From (ii), (iii) and (iv) we have :

” Xi+l-x* ” I -
) >0, as i >

| x, x|

i-1

for any infinite subsequence I < 22
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Let x! denote x, + p,
i i i

Let 25 denote (‘xi’}‘i-l’ ui-l)
Let z! denote (x!,A.,u.)
i i’ i’

We already know that : 2, > z* A (x*,)\*,u*).

Also from Proposition I.4.Q, for i > io’ ‘say , Si is not
set equal to zero. That is, || 51” < pill and || Bigi” < M|l p.l|| ,
for all i sufficiently large.

Then, for all i sufficiently large, we have :

Now, for all 1z 1let q(z) be defined by :
[ VL(2)
11
A8 (2)
a(z) A
A? g (2)
hi (2)

hE(2)

Under our assumptions [see pg 7 of Garcia and Mangasarian

M, such that :

(197% )1, we have Ml’ 5

o) llaGDlzmllzg -z P+ Il Ty Llzp) - BOGE-x) ]
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and [sec Lemma 3.7 in Garcia and Mangasarian (197¢)]
(vii) Iz

i+l - Zi+1“ iMz“ q('zi+l)ll .

Now, by HS, Proposition I.4.T and Proposition I.4.Q

we can show , as in the proof of Theorem I.4.S, that :

(viii)  [JC v, L(z) -H) (xd=x) l< |l (V. L0z) (x)-%5) - Q; (x}-x;) I

+ ol xgxg b

where
T
. .Qi A G +a (T(x)I + [N(xi,Pi)J EN(xib,Pi_)l )
But, as shown by Mayne and Polak (1978),
Py 573 74
where,
T, lies on the null space of [N(xi,pi)]T
a; is orthogonal to null space of [N(xi,pi)]T
Then,
(ix) IV, LCz3)-Q) (xf-x) | =ll(V,, L(z) - Q) Cay + )l -
We ilready know that :
(x) I (Vo L) - Gi) | =0, asi~>w
(xi) T(x;) >0, asi~>e ’
(xii) a; < L' for all i

T _ .
(xiii) [N(xi’Pi)] ri = 0, for all 1.
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Hence, from (ix), (x), (xi), (xii) and (xiii), there exists a

M4 < « such that :

(xiv)

(xv)

(xvi)

(xvii)

AY

IV Lzp) - Q) xi=x) b < s llagll + ol = Il
But, q; L r; => || riH_i | p; Il . Then,

I, Lez) - Q) (xi=x) I < Myllay I+ oClb, ID -
Now, as shown in the proof of Proposition I.4.R,

EACWRS IS M Il B WY

for all j I (x*) A {jem| g’ (x*) = 0} .
Hence, from Proposition I1.4.T,
j ~ 3 . *
lg" (x| = |l »Pi_1|| , for all j e I(x*)
On the other hand, q; is the minimum norm solution of,
[N(x.,p )]Tp + r(x.) =0.
i’Fi i :
Then, from (xvi), (xv), Proposition 1.4.0 and (i), we obtain,
- - [ N >
]|qi“ o( || x} xi“ ) for all e K .

From (viii), (xi), (xiv) and (xvii) we have :



(xviii)
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“ (Vxx L(Zi) ) Bi)(xi-xi)” - 0(“ xi-xil\)
for all i = El‘
put, || xg=x; [l < [l 2=z, -

Then, from (xviii) and (vi) we have :

(xix) | q(zi)” j_&iH 2} - zi“ , for all i « El
with &i+o as i - =,
Also, (;i - 2z*) > 0 and Ei-+ 0, so, there exists M5 < o
such that:
x  latz,pllaEDl+ Ml eyl
for all i e El'
- But,
. N -
ORI SR
Hence, from (xix), (xx) and (xxi) we obtain :
(xxii) || q(zi+1)n_i ol I 2!~ zi” , for all i e El
with ai >~ 0 as i - o,
Then, for (xxii) and (vii) we have :
(xxiii) | py, Il 2|l 2 ,q " Zi+1l|f_@¥“ 2} - Zi” , for all i e El

with ag -0 as i+
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Now, as shown by Powell (1978a),

(xxiv) o~ [FeCx I+l Py VEGO

. ~ ~J . '~1 ~f
Define the vector Wy = [Ai , J € I(x*);ui,...,ui

]

as follows:

#. A.arg min {|| N}w + Vf(xi)H }

o W
" where,
Ni:é N(xi,pi) , for all 1i.
Hence,
T ~
(xxv) Ni[Ni W+ Vf(xi)] = 0.

As wai) +~ 0 , we can see that :

(xxvi) Ai -+ A(xi) and Hy > g(xi)

as i1 > o,

Now, becuase Q; is the least square solution of (xxv), the

projection of Vf(xi) onto tne null space of NI is

(xxvii) Py Vf(xi) = Vf(xi) + N. w.

B -]

From (xxvi) and (xxvii) we have :

(xviii) [P, VEG) ||~ VE(xp) + gTlx)A(x;) +h) (x) Tx) |



lo1

* *

But, A A, A 2 A L M e e, ) oA

and ﬁ(xi) > u*, as i >

(xx1x)

(xxx)

(xxxi)
and

(xxxii)

q(*), we

(xxxiii)

(xxxiv)

Hence, from (xxviii) we obtain :

I P, vExpll ~ IV Lz |-

Recall that :

r(x) A Lg(x), § = 1) (x), § < 23

Also,

AJ < c, for all j and. i sufficiently large.

. -

>
—.
|

=0, j ¢ I(x*)
and , for 1 sufficiently large.

M >0, 5 e I(x%)

From (xxix), (xxx), (xxxi), (xxxii) and the definition of

have :
laGzol ~ ke I+ e, v -
But, from (vii) and (xxii), we have :

Ipy, il < et mllatzpll, for al1 i K,

with ag +0 as i >

As shown in the proof of Proposition I.4.U,



(xxxv) ” pi+l” ~ “ xi_,.l"x*“' .

Hence, from (xxxv),(xxxiv), (xxxiii), (xxiv) and (iii)
we have :

¥
(xxxvi) M —I)-lO s as i »

-k
T
for any infinite subsequence I' < %1’
As {1,2,...} = K; U K, the theorem follows from (v), (xxxvi)

and Proposition T.4.U.
1.4.5 Remarks

First of all, note the similarity between the algorithms
of this chapter and the Basic Algorithm of the first chapter. Besides
the introduction of an update procedure to Bi’ the only difference is

the test after the computation ofSi in Algorithm B. Namely :

~

@ I3 0> wlell =5 - o

Now, by definition,,gi is only set different from zero, if,

13,0 < le,ll-

Hence, as the constant M, can be chosen arbitrarily large,

1
the reason for the inclusion of test (i) is that (in constrast to the
first chapter where H3 was assumed) we do not not assume the boundedness

of {Bi} when proving Theorem I.4.N. It is interesting to point out



how the absence of H3 was overcome in the proof of Theorem I.4.N,
because this can cast some light in other features of the update
given by I.4.VI, Recall that H3 implies existence of two constants,
m> 0 and M < » , such that :

pTB p>npl? , for all i and all p ¢ R"
(H3a) iv - ? )
and

(#3)  p' B,p < M| pf* , for all i and allp < "

Assumption H3a was avoided by the addition of T(xi)I to the pos-
itive definite matrix Hi obtained in Step 8. The sequence {Bi}
constructed is then shown to have positive eigenvalues which are

bounded away from zero, except perhapé, in subsequences such that

x.l—>x4’<-:D.
Now, test (i) is related to the way in which the necessity
for H3b was avoided. Although H3b is not enforced, we can still
prove the existence of the following bounds

[l ny | -
—— % K <o, for all i.

(i1)
T
§; Ny

(iii) I Bipi“ <M<, for all i.

Note that (ii) can only be proved because (in constrast
to the suggestion of Powell (1978)) the update given by I.4.VI does not
include Hi in the definition of n;- The bound of (iii) comes from
the satisfaction of the Kuhn-Tucker conditions at the solution of

QP? with multiplier vectors which remain bounded.
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An examination of the proof of Theorem I.4.N shows that
(iii), (ii), test (i) and the convergence of p; ~ 0 in all con-
vergent subsequences (see Proposition I.4.H) are the means for avoiding
H3b.

However, the main interest of Theorem I.4.N is theoretical.
The possibility of showing the result of this theorem suggests that
indeed the sequence of matrices will remain bounded whenever {xi} is
itself bounded.

This point will be briefly aiscussed in the next chapter.

We now discuss the rate of convergence of the algorithms
and compare the results of section I.4.4 with other results in the
literature.

Powell (1978a) proved that a variable metric algorithm to solve
GMP, which uses in the quadratic sub-problem a matrix Bi obtained
through another modification (see I.4.III) of the BFGS update given
by I.4.I, will have a R-superlinear rate of comvergence, provided

that the following assumptions are satisfied :

P1 - f,g,h are twice continuously differentiable and the second

. . . . . n
order derivatives are Lipschitz continuous on R.

Pz - X; Xx* as i+

P3 - equivalent to H4

P4 - there exists a positive constant vy such that, for i sufficiently
large,

y By >vlly I
1

for all y ¢ R® satisfying :

Ty Ty = o
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where, N A N(x*,0).

P5 - The step length is of unity.

P6 - {Bi} remains bounded.

Note that P1 is slightly milder than H1' in the sense that Pl
implies H1' almost everywhere. Also, P4 is milder than H3(a), although
P4 together with P3 indicate some relation between the accumulation
points of {Bi} and vxx L(zf).

The next proposition shows that H3(a) can be substituted by
P4 in our rate of convergence result.

Proposition I.4.X

Theorem I.4.V will remain valid if assumption H3a is replaced
by assumption P4 above.

Given in the appendix,

A less clear correspondence is the one between H5 and PS.

This is the object of the next proposition.

Proposition I.4.W

Theorem I.4.V will remain valid if assumption H5 is replaced
by P5.

Because assumptions H1l, H2, H3a, H3b, H4, Theorem I.1.M and
the step length of unity  ensure that all conditions listed above are
satisfied, to prove a R-superlinear rate of convergence to the algorithm
it is convenient to follow the method of Pewell (197 6a). We start
showing that the key result of Lemma 7 in this last paper has a corr-

esponding result, whose proof is given in the appendix. That is :
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Lemma 1.4.Y
Let 53 be a positive constant such that :
I r(xi)“ §_§3H riH for all i,
Then,
. T
! 5 ! ! D.H.r.-r.) H.(D.H.T,-r.
I Df Hi+1 D; - I”p.ﬁ I Df Hi Df - I”F - idi'i rl) 1( it rl)
rT H. r.
i1
- : 3
v & vo(] p, IP)
where:

en (el /lwy 0y and

Di = (Pi Gi Pi)+, with + denoting the generalized inverse.

If we follow carefully the subsequent results of Powell
(1978a) we shall see that they are not affected by the additional term
o(“ piIB. Actually, the results become easier to prove because the
above lemma does not involve the update parameter Gi. Then, if Si
were equal to the solution of the quadratic sub-problem with Hi Te-
placing Bi’ the proposifion would be proved. That is, if pi denotes
this solution :

o I
(i) lim —2l”  _ g

1 ->00
ey

Actually, as the step length is of unity we have :
(i1) §. = p. + p.

But, as shown in Proposition I1.4.Q,



5.

(iii) el = 1l e,
From (i) we have :
(iv) Fe, Il - Ilp;

Hence, from (iii) and (iv), there exist positive constants m

and MO such that, for all

0 <my < (]

Then,
s,
) lim —2*1°
i
[

Now define :

o< lesl < eyl + 113,

i sufficiently large :

/e 1) <My <o

= ﬁg j-o0 ‘
s, I

Similarly to (iv), we have :

(vi)

But,

” Bi- Hi ” = T(Xi) .

Hence, from Lemma I.1.E, there exists a constant M' <

such that :

1

I

Ioyl- el < Iodl < Uotlle el

167
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(vii) Il < Txpme | oyl

But, T(xi) +0 asi~>ow,

Then, from (vii) and (vi), there exist positive constants
m, and M2 such that, for all i sufficiently large :

0<m < (lpllV IIpgld <My <

Hence, the proposition is proved because from (i) and (v),

5. M . MM !
. | 85,4l i;;;g- i by, M, et | N
v || 852]] T Mo v |lp, |l mmy i [l p! |

2~ . .
Because the use of the search arc (OLpi +Q pi) still permits
a monotone decrease on the exact penalty function, it is possible to

show (see Theorem I.1.M) that, under the assumptions H1, H2, H3, H4,

we indeed have :

xi > X* ¢ D as i =+ o,

But, if the alternative approach of the 'watchdog technique'

[see Chamberlain et al (1982)] 1is used to achieve a step length of unity

in variable metric algorithms, as done by Powell (1982b), only the

weaker result of Theorem 1 of Chamberlain et al (1982) could be proved.

That is :

there exists a subsequence converging to a point belonging

to D.
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Hence, when using the 'watchdog technique', the simultancous
requirement of P2 and P5 seems to be a bit too strong. It would thus
be interesting to know whether HS5 and the use of the search arc would also
ensure a step length of unity when using the update of Iowell (1978).

Recall that in H5 the vector ni was defined as :

) T
ny =G &; * a,(Tx)I + N, N6,

where,
a; is given by I.4.VI.
The corresponding vector ni in the update of Powell (1978) is:
1.4 .VII
[ - -
ni = 8; G O3 + (1-8)H; &
where :

o . T T
1, if §; v; > 0.2 8, H 6,

.= | 0.8 6L H. &
: .8 6. H, 6,

11 1 46687y, <0.260 HS. .

T T 1 '1 1 11
8T H, 6,.-61y.
1 1 1 11

Now, when proving Proposition I.4.T directly through the

reasoning of Theorem I1.4.S, we would arrive at the following inequality

050 Uy LOxyuAiomy) - Hy)8,> = <8, , (V) Lx;uA, 50,08, -n,>

* O(llﬁiHZ)

As ai(I(xi)I + NiNE) is positive definite, we deduce that:
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<0i“’ (.Vxx L(XI,)\i’ui) - Hi)(si> i <6~i_’ (.Vxx L(xl’xi’ui) —Gi)6i>

2
+ 0(” (Si“) .
The inequality above and the convergence
(Gi - Vxx L(xi,ki,ui)) +0 as i>

is enough to ensure a step length of unity.
But, if we had ni instead of ni, after similar reasoning

we would arrive at the following inequality :

<5i,(vxx L(xi),)\i’ul) -Hi)6i>i <61’(V.XX L(Xi:)\13ui) -61G1)61>

+ ol 8510 -

Hence, the convergence of (Gi-‘&x L(xi,ki, ui)) to zero
would no longer ensure a step~1eng%h of unity, unless Gi = 1 for
i large enough, something that may not happen. Another important
difference between n; and n; is that the latter depends on Hi while
in the former this matrix does not appear. As already pointed out, this
feature enabled us to prove the result of the Theorem I.4.N, without re-
quiring H3(b).

It would thus be interesting to know whether the sequence
of matrices {Hi} will indeed remain bounded whenever the sequence
{xi}ﬂis itself bounded. This would be a useful result, particularly
if the convergence H.1 >H could be proved as then H5 is shown to be
satisfied. On the other hand, H5 is‘not sufficient to establish a

bound for the sequence {Bi} R althouéh a slightly weaker result can

be shown.
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Proposition I.4.Z

Let H1, H2, H3a, H4 and HS5 be satisfied.
Let { xi} be a bounded infinite sequence built by the
algorithm.

Then ,

*
there exists a L < « such that :
b .
1323 < lpll s for a1 i

Proof:

By the continuity of fxx(}), gxx(f), hxx(f),XC‘), He), T(*)
and the convergences,
X, *x*eD; p. >0, asi->w,
i i

it is clear that :

(1) there exists L0 < «® such that :

loll <1, for a1l i

where,
17
Q A Gy + a, (T(x)T + IN(x,;,p, ) IIN(x;,p.)17)
Now,
n; = Qiéi , for all 1i.
Hence, from H5 we have :
P I3 "
(ii) ” Hioi“ = ” Qiai“ + ki “ 61”
where,

kg +~0 and 1 > > .

Then, there exists L1 < © such that :



172

Now,
- ki Zki -
§i B T Py * g = Py
From Proposition I.4.P, we have a r' > 0 such that :
k.
B>yt >0, for all i.
Hence, . from (ii), we have :
k.l Zki o
R I - R Y A N O O B e
k.
But, by construction, B 1 < 1 for all i. Then,
Gin el < aentholl dieg 13500 +

cgClp, s 13,0 + 5,03 .

. . - .
Now ; Bi Hi + T(xi)I and T(xi) -0 as X, > x* e D.

Then, from the test of Step 3', we have :
(iv) there exists a L2 < o« such that :
[Hp I <Lyl pgll, for aln .

By construction, || Eill < piH. Them, from (iv), (iii) and

(i), we obtain :
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there exists a L3 < «©, such that ;

Hgp I <Lgllesdl

The proposition follows from the boundedness of T(Xi)'

Note that, in the definition of Yi» we used the estimates
A(*), u(*) while Powell (1978) suggests the use. of the multipliers
obtained when solving the quadratic sub-problem. When using QP?
fﬁe:nultipliers may become unbounded even if the sequence {xi} remains
bounded. Consequently [see Chamberlain (1979)] the update given
by I.4.VI, with Ny given by I.4.VII [as suggested by Powell (1978)1]
may make the sequence of matrices {Hi} unbounded and the algorithm may
cycle between non-desirable points.

Because we use QP? instead of QPS, it is possible to show
(From I.1.A.i and the fact that : {xi} bounded => ¢; = ¢ > 0 for
i sufficiently large) that the multipliers (Ai,ui) will remain bounded
whenever the algorithm generates a bounded sequence {xi}. Therefore,
the vector Yy could also be defined as below without bringing further
complications.

Vi =V L0y yp Ags Hy)= T, LA )
where,

(Ai,pi) is the multiplier vector of QP?.

Finally, we comment on the two-step superlinear rate of con-
vergence given by Theorem I1.4.V. It was shown during the proof
of this theorem, that a Q-superlinear rate of convergence can be

achieved if,
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.4 VIII

there exists a r, > 0 such that || pi||z_rl I piquZ

1

for all 1i.

An interesting consequence of this condition is that it

implies the limit

Lim Iz Gyl 0
e “ Xi-X* ”

which is a condition reckoned bvaowell (1978a) as sufficient for

establishing a Q-superlinear rate of convergence for an.algorithm

which, otherwise, could only be proved to be R-superlinearly convergent.
In fact, as shown in the proof of Theorem 1I.4.V,

||r(xi)” :‘H pi_lll3 . But, as shown in the proof of Proposition

1.4.v,

Izl ~ pgll

Hence,
(EICION RN B
Ix-==ll gl

and, from I.4.VIII,

The conclusion was made possible because the search arc

satisfies the constraints to  second order. Indeed, if the
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search line is used we can only guarantee that ;
~ 2
lzeepll = 0 py 4l
In this case, the corresponding sufficient condition to the

above limit being zero is that

there exists a r2 > 0 such that

>

Fe Il > =l e, 4l -
As P; * 0, this last condition is stronger than I.4.VIII.
In fact, the use of the search arc also made it possible

to show (see proof of Theorem I.4.V) that

for any convergent subsequence I' either

| ., -x*||
lim —xtt = 7 0
iel! ” x.~x*”
i
” n n
X, ,=X¥
lim —1*1 7 _

ieT “ Xi__l‘x’:’“z

In other words, for the subsequences for which we could not
prove one step superlinear rate of convergence we were able to show super-
quadratic two step rate.of convergence. Hence, proving a R-superlinear
rate of convergence instead of a Q-superlinear rate does not seem to

be important.
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APPENDIX (chapter 1.4)

AP.1 - Root-Convergence Factors [From Ortega and Rheinboldt (1970)1]

Definition:
n .
Let {x,} < R be any sequence converging to x*. Then the
1

numbers

lim sup || xi—x*“l/i , if p =1
hRgass)

R {x.}=
p i

L
lim supll.x,-x+|/P" > P> 1

1->00

are the root convergence factors, or R-factors for short, of {xi}.
If A is an iterative process with limit point x*, and C(A,x*) is

the set of all sequences generated by A which converge to x*, then

Rp(A,x*) = sup{Rp{xi}[{gi}eC(A,x*)},

1<p<=

are the R-factors of A at x*.
Definition:

If 0 < Rl(A,x*) < 1, we shall say that the convergence of
A at x* is R-linear while for R1 = 0 and R1 = 1 we call the conver-

gence R-superlinear or R-sublinear, respectively. Similarly, if
0 < R2 (A, x*) <1

we say that.the convergence is quadratic, while for R2 = 0 we call the

convergence R-superquadratic.
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Proof of Proposition 1.4.B

Let Ti : R R be the map defined by :

2N
T: (@) & y(x;+0p;+07p;s €)= Y(x55e5) -080x;,p;,¢,)/8

Then,
(i) T1(0) = £(x.+ap.+ap.) - £(x.) + c.[U(x.+0p.+a’p.) -
: it {TOP{TY Py i iRYLX TOP;FO Py
- ‘P(,Xl)] - Oce(Xi,Pi:Ci)/s-

Because of H1' there Q/X;iS*S h"< o such ‘Wmﬂ' -jor i=i"
we havc’.'.
(11)  £(x.+ap,+a’p;) < £(x,)+af (x.)(p;+op;) + oK' || p.+a’p. |
: §TOP;FO Py I X JFOL X U AP TOPy P;*% Py

and, for all j € m,

j 2~ ' j ~ 2 ~
(iii) g’ (x;*op.+a'p.) < g’ (xi)+0tgi(xi) (p;+op,) +a K" I P;*op. |12
and, for all j € £
(iv)  hI(x,+ap.+a’p.) < hi (x.)+oh’ (x.) (p.+ap.)+aK" || p. +ap. |
' i Pyt Pyl 2 17T x M AP TERy el

From (i), (ii), (iii) and (iv), we have :

W) TU(@)<a B(x, ,p. ¢, )+0f (x,)7. +0°Imaxig’ (x.)P, , j € m}]

: s R S R xi7Fd R e -

+ aZEmax{th ('Xij;i!’jeéj + OLZK"” pi+a5i||g-oa8(xi,pici)/8

for ~ i= (.



173

Also, there exists a K'' < » such that ;

Vi) £, (x)p;

[ A

k| 5,

A

.. j ~ el .
(vii)  ge(x))p; < K[l pyll , for all jem
wiid) [0l (x)p | < k|l py I, for all jeg .
From (v), (vi), (vii) and (viii) we obtain :
(i) TI(0) < a(7/8)8(x,p;c.) + K. || o + 3K p.+dp, [P o
it 2 i°Pi7 % i 1P
{or 1= 0"
Now, for aﬁy finite i*, there exists a m. . such that,

T(xi*) > My > 0

unless Xi* € D, hypothesis that we did not consider because we are
interested in infinite sequences.
Hence, from Proposition I.1.A and the way {Bi} is defined,

we have:

T
(x) e(,Xi*,pi*,Ci*) = Py« Bi* pi* < _mi*” Pi* ”2
From (x), (ix) and Proposition C, we obtain :

: . T 2 o~
(x1)  Ti,(0) < (7/8) my, b, o v 3K By, [l o 3K b sopy o?
1



(xii)

(xiii)

Suppose Ei* = 0.

Then, from (Xi)’ we have :
Ti*(a)_i 0, for all o < (7/8) mi*/Kn

Otherwise let Ei* # 0.

From the definition 'of 5i we then have :

179

By the mean value theorem, there exist 'é?;[xi*,xi*+pi*]
1

such that, for all j ¢ (muf), we have :

(xiv)

and

(xv)

(xvi)
and

(xvii)

A

I

gJ (Xi*+pi*)

)

[t}

hY (x, ,+p,

... . w
From (xiii), at the solution of QPi*, we have :

g (x;) + £ (x;)pg, = 05§ € Uenl > 0]

jed.

|
o

J i o
h (_xi*)+(hX (xi*)Pi* =

Hence, from (xvii), (Xvxi), (xv), (xiv) and H1'

a K < o, such that :

. , P
g (x, D480 (%, )0, o, [V, 2 (E)7p,,

j j T PRI
hJ (Xi*) +h3(('xi*)Pi* + J/zpi* [Yxng (E?L*)in*

, there exists
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. ; - 2 2
(xix) Ty, () < -17/8) m, [l pyulPo v 3km K |l p 17 o+ 3kt | p,IF o

w3k K2a || oy, P o® w s kP py, P ot

Now, the last two terms on the right hand side of the above

inequality can be rewritten as :

(00 3k K 2 p, IF ¥ sk ko 20® ] byl Iy o

| 2. 2
A di*” Pi*” o

and

KK pysllt of = K KT py I a) (e, [P e

\>

2

But, as shown in the proof of Proposition I.1.C there

exists a continuous function S(*) such that :
. 2
(XXJ-) ” pi*“ f_ S(_Xi*) é (1/mi*) “ v f(’Xi*) “ + \[(1/mi*) ” Vf(xi*) “ +
2 5
)1

Hence, from (xx), (xxi) and HY'

there exists a Ko < o such that :

(xxii)  di, < K5 b, <K, .

From (xxii), (xx) and (xix), we obtain :
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Tiwl@) < = (7/8) myull pyull® o+ R+ 3K+ 2 K| p, |17 o

Hence,
m,
(xxiii) Ti*(g) <0, for all o < (7/8) i

3K"‘K+3K"+2KO

The proposition then follows from (xxiii) and (Xii).

Proof of Proposition I.4.J

Let K < {1,2,..} be the subset where a, = 0.
By construction,
&

, for all i ¢ K.

. T
1) 85 My 2 eqll & 3

Let K, c {1,2,...} be the subset where a; > 1.

By construction,

.. T 2 T T
(ii) 8, ny > T(x,) I 8, >+ 8 INCx, ,p, ) IIN(x,,p,) 176,
for all 1 ¢ K,.
Because of Proposition I.4.A, Proposition I.4.B, Proposition

I1.3.A and as we are interested in infinite sequences {Xi}’ we can say,

without loss of generality, that :
(iii) T(xi) > 0, for all finite 1i.

Hence, by (i}, (ii) and (iii), it only remains to prove

the existence of such r* > 0 in the subsequences {x,}; < K, such that



(iv)

()

(vi)

(vii)

where,
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I
T(xi)+ 0.
As T(*) is continuous, (iv) and Proposition I.3.A imply,
X. i x*.e D .

By Proposition I.4.H,

-

Consequ;antly,"f)i £~0 5 6i +.0.

Now, by construction,

Vi & Yy Llxg,ge Ax)LH)) - Vo LOGLA(R) SH(X,))

= G, O,
i’i

1
Gi =t£0 Vxx L(xiftéi,K(xi),u(xi))dt.

*
Let (A ,u*) be the multiplier associated with x* € D.

By Proposition 2 of Mayne and Polak (1978) we have :

(viii)

(ix)

Ax) A" nex) Fus
i ’ i
From (v), (vi) and (viii), we obtain :

I « 2w
G, 76 AV Lx*) ,u%)



”

*
Let I denote the set of active constriants to GMP at x*.
By (viii) and the strict complementarity slackness given by
H4, for all i € I sufficiently large,
-j . *
(x) A (xi) >0 for all Je:1 .
Also, by H1' and (vi), for all ie I sufficiently large,

(xi) g (x;) + g (x,)p; < 0, for all j ¢ 1.

Hence, by H1', (xi), (x) and the definition of N(*,*),

we have :
(xii) N(x; ) * NG, 0)

By H4, there exists a 52 >0 | such that :
(xiii) pTG*p > §§ | p|2 for all p « R" such that :

p IN(x*,0)JIN(x*,01°p = 0.

Now, pT[N(x*,O)][N(_x*,O)JTp >0,  forallpe R®

From (ix) and (xii) there exists F >0 such that:

(xiv) PGPy Hylw®
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for all p ¢ R such that, pT[N(x*,OJJEN(x*,O)lT p=0.

By definition,
T _T_ ~ N12. T T
8.y = 85ty (TCxp) |l 8 [P+ 65 INCx, ,p, ) IINCx, ,p,)1765)

Let KS c K4 be the subset where a; = 1.

Then, from (vii)

‘ T,
T . T T, 2
(xv) 8; My = 6,6,8,+6; INGx;,p)IIN(x,,p)176, + T(x) || 5 |

for all i ¢ KS .
But, from (ix), (xii), (xiii), (xiv) and the continuity

of the scalar product, there exist 54 >0 and io such that :

. T T T - a2
(xvi) 8, 6.8, + 6 IN(x;,p.)IIN(x;,p.)1" 6, 3{r4H Giﬂ

for all e I, 1 Z.io‘

But, from Proposition I.3.A and the continuity of T(*),

there exists ié > 0 such that

(xvii) T(xi) z.rs, for all 1 € I, i 5_10.

Hence, from (xvii), (xvi) and (xv), there exists 56 A

min{fs; 54} such that :

(xviii) 61 ny 2_§6H 61“2 , for all i e I with a, = L.



185

1f a; > 1, then GE Yi < 0, Let K, < K4 be the subset where,

6

e 80 - 87 vy

T T
T(x;) || 8, [P+6; IN(x,;,p,)IIN(x,,p,) 176,

Hence,

. T _ 2 T T o
(xix) 8, ny = 2T(xi)H 5. 1% + S;IN(x, ,p;)IIN(x; ,p) 1" 6,

for all i e,K6.

Again by (ix), (xii), (xiii), (xiv) and the continuity of
the scalar product,. there exists §7 > 0 and i1 such that,
(xx)  STIN(x.,p.)IIN(x.,p.)1T 6, > T 6. |1

S R 1 i’¥i i—~"70%;
for all i € I n K6’ i 2_11.

Also, by Proposition I.3.A and the continuity of T{+), there

exists r, > 0 such that,

8

(xx1i) T(xi) > for all i ¢ I, i f-il'

8,

From (xix), (xx) and (xxi), there exists 59 A min {;7;58}

such that :

.. T - 2 .
(xxii) Si ny i_rgﬂ Gi” » for all i € I where a; > I.

The proposition follows from (xxii), (xviii) and (i).
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Proof of Proposition I1.4.K

I£60 y. >0, a. < 1. Otherwise let 8. v. < 0.
1 1 - 1L - 1 1

Then,

2 T .

(1) a. =1+
2 T T
Tex) | 6, 1% + 8 INGx; ) TIN(x,, p )1 8,

Now, by  H1', the continuity of X(*), u(*) and the

boundedness of {xi}, there exists a M' < o such that :
|Gl <M forall i
Then,
(ii) Ty, < M6, |, for all i.
i'i- i

Also, by the continuity of T(+) and the boundedness of {xi},

there exists a M1 < ® such that :

(iii) T(xi)_g M for all 1i.

1 2

Hence, from (i), (ii), and (iii) we obtain :

M M & 1P

i . <1+
(iv) a: <

: T
T(x) || 85 1F + 65 INCx,,p,)IINCx;,p,)36,



But, as shown in the proof of Proposition I.4.J, there

exists ro > 0 such that :

2 T T 2
) T(x,) || 8| + 8 IN(x;,p;)30 N(x;,p)17°6; > r0|| 8. ||

for all i where ai > 1.

From (iv) and (v) we obtain :

(M o+ Ml)
ai_<_1+___._..._.__
%o

AL' <o, for all i.

Proof of Proposition I.4.L .

By Proposition I.4.J, there exists r' > 0, such that :

Gz n;- 2 '] 61”2 for all i

Then,

[ P Y
(i) - <—

UM

Now, as shown in the proof of Proposition I.4.K,
(iii) T(xi)_i M1 < , for all i
@ vl <wlel s w <
) . a, <L<e , forall i.

Also, by H1' and the boundedness of {Xi}’ there exists

K' < o such that :

187
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(vi) I IN(x.,p)IIN(x, ,p )17 ]| < K', for all i,
11 17713 -

From (i), (ii), (iii), (iv), (v ), (vi), we obtain :

” nillz [M!' + L'(Ml"'K')]

= <
= ‘
Gi n; T

K < », for all i.

=

Proof of Proposition I.4.M

An examination of the proof of Proposition I.4.B shows that,
the sole purpose of the assumption that i* is finite is to ensure

the condition

. T
(1) T(xi*) > 0, so that P« Bi*pi* >0 .
Now, as Xx is supposed ¢ D, condition (i) will be satisfied

for all ieI. The rest of the proof is identical to the proof of

Proposition I.4.B.

Proof of Proposition 1.4.Q

Let }(xi) be a vector whose components are gJ(xi+pi), joe I(x*)
and hq(xi+pi) jel, ordered in the same way as r(xi).

By Proposition I1.4.0, for i sufficiently large, we have :

Fx) +g (x)p, =0 L el = Genlg () = 0)

j 3 _ |
h (xi) + hx(,xi)pi 0 , Je k.

Hence, by H1i' we have : || ;(xi)ﬂ ~ |l piH2 .

Now, from the definition of Ei, the definition of N(xi,pi),
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- *
the fact that A(xi) +~ A and Proposition I.4.0, for i sufficiently

large,

p, = arg min{|| p|| |Np + F(x,) = 0} .
peRn

Hence,

o = ez [, IP

Proposition I.4.R

From H1' and the mean value theorem, for all i and all j,

we have :

j R PR s 05T o Jdehi
g (x;*p;+p;) = g (x+py) + gL (x,+p, )P +ap; V. g (87)p;

where,
Eie [x;+P3> X;3+P;+P; )
Now for i §ufficiently large, we have :
gj(xi+pi) + gi(xi)gi = 0, for all j e I(x*)
since || £txy+p) - G| = oyl ana [ Byl = [ pglP
we have :

g xprpy ) Lz oy P

for all j e I(x¥),.
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A similar result holds for lhj(xi+pi+;i)l, jek

so that
. ~ , 3
(1) Wix; + py +py) = Npgll
and
(ii) [£(xgp +p,) - £0x) -<VE(x;)p,*p,> - <p,L Y, £ (x)p =l ey 1P
From (i) and (ii) we have :
Y(X+pi*Py5cy) ~Y(xgoed = B(x,c.) + ey
where,
P(x;5e) A <VEG),pi+p;> + <P,V £0x)P;> = ci¥(x;)
= . 5 1
- e(xi:Pi’Ci)+‘<Vf(Xi)’Pi> + 2<pi:vxxf(xi)pi >
and,

- 3
s, = Ip, I,

Proof of Proposition I.4.U

Because H3 is supposed to be satisfied, we can use the same
arguments used in the proofs of Lemma 4 and Lemma 5 in Powell (1978a)

to see that the following relations are satisfied.

@ gl ~ el I p,9eex) |
and
G el ~ e Il pgveey |

where xi -+~ x* ¢ D.
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From (i) and (ii) we obtain :

(iii) ey g~ gl
anél;~'
(iv) ==l ~ el
Now,
W) (PR RS RS S | N (E e

From Proposition I.4.T and Proposition 1.4.Q we have:

(vi) “ xi+1-xi“ R ” Pi” .
From (iv), (v) and (Vvi) we obtain :
(vii) “ Xi+1_x* ” ~ ” pi“ .

The proposition follows from (vii) and (iii).

Proof of Proposition I.4.X

P4 is sufficient to ensure that the following condition

(as shown in the proof of Lemma 4 in Powell (1978a)) is satisfied :
(1) Fp b~ e+l Py VEE)

Also, as shown in the proof of Proposition 10 of Mayne and
Polak (1978) ,(i) and P4 are sufficient to guarantee the satisfaction of

the condition below:

(ii) 8(x;,p;,¢;) == (Il r(x) Il I P VEG) P

Now, an examination of the proofs of Proposition I.4.0,

Proposition I.4.Q and Proposition I.4.R shows that they do not rely upon
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H3, so these results remain true.

Following the proof of Proposition I.4.T, we arrive at the

following inequality:
s « 2
(ii1) T, < (3/8)8(x,,p;,c) + ol )
From (ii) and (iii)

G 1y UG |l PR I+ ol by )

But from (i),
) Ip; 1P ClleCe) Il +1l P VEG) (2D

Since [lle(x) || + || P,VE(x)[P1 » 0, it is obvious from

(iv) and (v) that,

Ti < 0, for all 1i sufficiently large.

Hence, Proposition 1.4.T remains true. That is, for 1
large enough the step length is unity. But, P4 and this last cond-

ition are sufficient [see Lemma 5 in Powell (1978a)] té show that

i) lxgexsll o~ e e ey ]

From (i), (vi) and the 'step length of unity, an examination
of the proof of Proposition I.4.U will show that its result remains
valid.  The proposition follows because Theorem I.4.V itself does
not depend on H3.

Proof of Lemma I1.4.Y

Let H. be the matrix below :
i+1



) H,r, rIHi BiBI
= H, - +
i+1 i T T
Ty 7By
where,
(i) T lies on the null space of EN(xi,pi)]T
and
. o T

(i1) Bi = Giri + ai(T(xiJIri + [N(xi,pi]J[N(xi,pi)J ri)

From (i) and (ii),

(iii) Bi = Giri + aiT(xi)ri .

As shown in the proof of Lemma 6 of Powell (1974a), the fact
that the Frobenius norm of a matrix A is -the square root of the trace of

ATA gives the equation :

) : B L 5 s
(iv) “Di Hi.,.]_Di ‘ I“ F~ “ Di HiDi - I“F = _uo+ u]_
where,
8Tp g, 12 rH.D.H. 1, )2
At 1i71 - 1-"1171171
Y= g LU H: T
i7i T S |
and
T T T 2
Ao (B"D;H,D,8,) (r;H;T,)-(B;D.H,T,)
u, 2
1 —

T T
(r;8;) (r;H;7,)

111 1

(rT H.D.H.D.H.r.)(rTH.r.) - (rTH.D.H.r.)2
-2 i TiididiiiT il i

T 5
(r; H; 75)

Let ué and ui denote the first terms of u, and uy respectively.

Now, as shown in the proof of Lemma 7 in Powell (1978a),
(V) Di Gf T, =T

Then, from (iii), (iv) and (v) we have :



(vi)

exists a

(vii)

and

(viii)

(vii) we

(ix)

(x)

and

(xi)

(xii)
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BT T, + a.T(;.)BT D, r, )? BTD.r 2
1 _ i i i 71771 1d _ 11i
u. = |1 - = la.T(x.)
0 T i T
r. B. r. B.
i1 i"i

But,

T
1

Hence.
T )
1 a. T(x.)(r.r. +a, T(x.)nTD.r.
ul = i i7YiTg i iiviTd
(o]
rr.r B.
i7i

T T T
Bi Dy Ty = (3 Gy + 3y T(xy) r)Dyry =1,

. +a. T(x.)rTD.r..
i i 7717101

Now, as [N(xi,pi)]Tri = 0 and because of H3a ( or P4), there

r* > 0 such that

rl g, > || r, ||?
1 1 - 1

rH, T, >z, |2
iici i

But Di is a bounJeA semi-definite matrix.

obtain :

2
aiT(xi) —_

A

1
u, < ; M <o,

r*

Now, from (iii) and (Vv ) we obtain :

\

T . T T
By Dy My %y = (ry + 2y TGIT; DHry -
From (iv), (viii), (x) and (xi) we have :

1 2
ul ’,{,’T(IL) .

Then, from (vi) and

fT _ T T
Bi D, H, D, B; = (ri +a, T(xi)QDQHi(ri+aiT(xi)DLn)



We already know that :
(xiii) Ipgll ~ lleCx) |+l pvex)

~ ~1 1t~
Define the vector Wy = [Ai, JeI(x*)! pd, jell
i <

as follows :

WN‘i -é arg'min{ | INCx, Py T+ VE(x;) 3.

Hence,

(xiv) N(x,,p,) ([N(xi,pi)ﬁi + VE(x,)) = 0.

As w(xi) -+ 0, it is clear that :
(xv) Ai -> A(xi) and Wy +‘L(xi) .
Now, ;i is the least squares solution of (xiv). Then, thé
" projection of'Vf(xi) onto the null space of [N(xi,pi)] is:
. T~
(xvi) Pin(xi) = Vf(xi) + [N(xi,pi)] W,
From (xv) and (xvi) we obtain :
(xvii) P, £x )1~ [ VE(x) + g (x)R(x;) + hi(x)Ux.) |
iV i xR x il By

But, v(x;) < l=(x) I, -
SO,

(xviii) ZCIN RIEN] [

From (xviii), (xvii), (xiii) and the definition of T(*),

we have :
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(xix) T(x) = || o, .
From (ix) ) (xil) and (xix) we obfain:

. 3 LR
(xx) ug = oClp; 1) 5 wo=0lipl).

Hence, from (iv), (xii)“and (xx), we have :

T
s 5 (D3H;r; -7 ) 'H; (DA Ty -75)

1
2 p?

; % 5 2
(xxi) I Di HisgP I s I”F )

2
li‘I”Ff_”D

-3
v ol .l

Then, to prove the lemma it only remains to show that :
(xxii) [ O N O R 7
Now, by Proposition I.4.J there exists a r; > 0 such that:
(xxiii) §Tn, > T s> - .
i i—="1""3
As the step length is unity, we have :
(xxiv) Gi =p; *p; -

We can also see in the proof of Proposition I.4.Q that it

does not depend on H5 so that it remains true, that is,
iy ~ 2
(xxv) e = ey P
From (xxiv) we have : [IGiII > | pill—]lgi“ .
Then, from (xiii),

T
6; my

| v

Bl wy <2 &0 e, 13,0+ 5,07
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As p; > 0, we can use (xxv) to see that :

ny 2 1l P I - ol p; M.

Then, there exists a r'' > 0 such that :
(xxvi) §. n. 2.r“H piHZ.

Let N. A& [N(xi,pi)], for simplicity of notation.

i=
Now,
(xxvii) P; = q; * T
where,
-1 T -1 -1
Q; = -B;" Ny (N; ByN) Tw(xy)
and

e | To-1y, -1.T -1 -1,
T, = {Bi Ni(NiBi N;) N B, - si.er(xi).

,__

As qi Ii» “ Pi” 2 “ ri”

then, from (xxvi) we have :

(xxviii) 6E ni.z_ rt|| riHZ, rT'">0.

Now, yT Bi y > yT Hiy, Vy € R,

Then, from (xxvii) and (viii) we obtain :
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. T T T -1 -1 2
(xxix) piBi\pi =T Bi Tyt r(xi)(Ni Bi Ni) r(xi)_z T* || riH .

But,

T T ~T ~
8; By & = (py * Py)B;(py*py)-

or

T : T ~T T ~ ~ ~
di Bidi = Py B, p; +py B, py *+p; B, P, + p, B. p.

Then, by H3a (or P4), (xxv) and the convergence 1 -+ 0,

there exists a fz > 0 such that

(xxx) N B, 61-1 52“ piHZ

Now, 61 H, §, = 61 B, 8. - T(x.)| 6. |7
iicvi iici i i
Then, from (xix), (xxx) and the convergence of H Sin -+ 0,
there exists a r > 0 such that :
T

(xxxi) si Hiéi\z-;” Pinz_i ;” TiHZ-

From (xxxi), (xxviii), (viii) and (vii) we can see that all
the denominators that occur in the definitions of ﬁi+1 and Hi+1’ are
bounded from below by a multiple of || ri“2.

Now, as shown in the proof of Theorem I1.4.V, q; is the mini-

mum norm solution of :

T -
Ni P+ r(xi) = 0.

then,
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where,
Fetll = Frexp Il
Also, by hypothesis, || r(xi)llj_QS I riH.
Hence,
I
(xxxii) " - . z‘.[Hr(xi) I/ riH 1.
T.H, §.H, ¢
i'i74 il i
Now,
Bl = T]i * el
where,

el = ITrxp) Il

Hence,  from (vii), (xxviii) and the condition |r(x.)|| <

53“ riH , we have :

(xxxiii)

el TSIV

From (xxxiii) and (xxxii) it is clear that (xxii) is indeed

true and the lemma is proved.
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I.5 Numerical Results

I.5.1 Introduction

In this chapter practical versions of the Basic Algorithm are
applied to solve the following problems:

Problem A

min (1/2)x1 X

XeR

subject to:
2 2
- - >
(x4 x6) + (xs x7) > 4

> 1
X 2

1
X, X )/(xgtxé)z_i 1

(X3X,=X)Xs

2 2.4
[xlxs—x3x4 + (xz-xl)xsl/[x3+(x2-xl) 17 >1

-
(xgxgXpXp) [ (Xprxg) = 2 1

. 2 2.
[xlxs-x3x6+(x2-x1}x73/[x3+(x2-x1) 1% >1

Problem B

. *1%2%5%4 %5
min [S]

xeR

subject to:

AN

x2+x2+x2+x2+x
172 7374
2x3 -5 x4x5 =0

xi + xg +1=0
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where,

¢® is the exponential function.

Problem A 1is due to Powell (1977) and consists in finding
the triangle of smallest area that can contain two non-overlapping
discs of unit radius and Problem B 1is given in Powell (1969) as
an illustration of a linear convergent method for solving problems with
nonlinear equality constraints.

As pointed out by Mayne and Polak (1982) it is possible to
employ any heuristic for choosing c; finitely often without destroying
the results obtained. In the application of the Basic.Algorithm to
the above problems we incorporate in the algorithm the following pro-

cedure, suggested in this last referred paper, which has the advantage

of permitting high initial Qalues and low final values for c, - That is:
If & , >c(x), set & =¢ ..
If 61-1 f_E(xi), set éi = max {ci_l +A E(xi)} .
Set &, = (1/2)E, ;.

0
(o]
ct
(¢]
n

max {&., ¢.}
i’ i

Note in this procedure that the problem dependent rule

o>
]

max{ci_1 + A c(xi)} s A>0

replaces

~
C.

max{Sc.
i i-

13 E[xi)} , 6 >1
something that clearly does not invalid any of our results.

In the solution of Problem A, two versions of the BFGS
update for constrained problems were used. Namely : a slight modi-

fication of the method suggested by Powell - the estimates X(xi),ﬁ(xi)

replacing the multipliers of the quadratic sub-problem in the definition



of Y - and the method suggested in the last chapter with the additional
practical feature of only using the matrix NiNz in the computation of
ny if T(xi) is small. In order to emphasize the features of the new
update given by I.4.VI, this last method was applied to Problem B.

Two st;ategies were adopted in relation to the use of the search
arc ap, + azﬁi . First we delay the computation of ﬁi until T(x,)
< € (given small number). Afterwards we compute ﬁi from the start.
Because the test w, = 0 does not affect the rate of convergence (see
Proposition I.4.G) and as we are interested in the effects of using
szwinstead of QP?, this test was not used.

In the results of the next section, the value of W, is given
as the last element of the vector PI and it is underlined whenever
different from zero.

The data used was the following :

Problem A

XO = 3.0; 0.0; 2.0; -1.5; 1.5; 5.0; 0.0; 0.0.
I 0

HO = | , where I is the(7x7) identity matrix.
0..0

¢, =100 ; A =1.0; b = 1.0 (definition of c(*)).

€ = .5 (test of step 3); e = .1 (in the update of I1.4.VI).
B = .9 (step length procedure).
Problem'B
XO =1,0; 1.0; 1.0; 1.0; 1.0; 0.0.
I...0
HO = E , where I 1is the (5x5) identity matrix.

0...0



203

Cy > A ,b, e, €y s B , are the same as in Proposition A.

The variables involved in the numerical results given in the
next section are defined below:
ICT = Interation number; COST = f(xi);
X = X3 XI = w(xi) ; C = ci;
GPM(X) = A(x;); (MU(X) = n(x,);

TX = mln{T(xi) ; 82}

where,
82 = {.1 for Problem A
1.0 for Problem B

1
ATX = T(xi)/2 ; PL =P, ; Ll =5

NQACTIV = Number of active constraints at the solution of QPi.
IQACTIV = Set of active constraints at the solution of QP?
QPLMD = Multipliers at the solution of QP?

THETA = 6(x.,p.,c.); STEP LENGTH = a, ;
1 1 1 1
v . _ T . _ &7
NEWX = Xip1 3 C1 =y Gi 5 C2 Si Hiéi.
T : \
ny 61’ in Powell's update
Cy = -
| 6,1, in the update of I.4.VI.
T T ) ) 2
C, =8 N; N & 5D =TX I8, |l
C. = nT 8., in the update of I1.4.VI,
5 i 71’ e
DLGR2 = ni

CONSTR = gf(xi), j =1,...,4 (in Problem B).
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Note in the data how Xs and Hi both have additional elements,
always set equal to zero, as consequence of the inclusion of the variabie
w in the quadratic sub-problenL'Thes are\a§{ ovt ol the UFAa%C Fracadune.

The algorithm is stopped when

-5
10
Ipill< 1

at the solution of the quadratic sub-problem. The reason for this
test is that (see Proposition I.4.A)
lpsll =0 = x b,

but better stop rules may be found.
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computed after

Py

»4812452E-01

~+23972771%291

1.507709
9.81%027
-, 5uy"N10Nn
1.039991

=eL311759E=01

-1.50000G0
4365732
1.12uv82

0.
'03790953
1.284337

2,000Cu0
Jde

.
le561578

e
3.561378

5¢173409
O.

,)'

C.
Q.

1

Basic Algorithm, with the update given by I.4.VI and
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Basic Algorithm, with the slightly modified Powell's update and Py

computed after T(xi)'i e, applied to Problem A.
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Basic Algorithm, with the slightly modified Powell's update and P

computed from the start, applied to Problem A.
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B.2 Basic Algorithm, with the update given by I.4,VI

from the start, applied to Problem B.
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I.5.3 Remarks

The apparent advantage of computing ﬁi from the start, suggested by
the lower number of iterations taken by the algorithm to converge, does not
have a theoretical explanation, although it can be argued that as by
definition 5i # 0 only if ‘Iﬁi\'f-\‘pi‘\ this test is perhaps a better

indicator of when to start the computation of ﬁi than the test T(xi) < e.

The table below summarizes the results obtained here {or Problem A
when using the new modification of the BFGS update, case A.3, and the
results given by Powell (1982b) {or a variable metric algorithm which
incorporates the 'watchdog technique' [see Chamberlain et al (1982)]
and updates the matrices by the scheme suggested by Powell (1977).

Both algorithms started from the same initial point.

No. of
Algorithm | iteratioms - Last point (xg) - lef-xkl
A.3 13 (4.828472; .3469473x 10 75 4.828427; | 6.44704
1,03 2.4142143 2.4142145 1.0) x 10~/
Powell's ] 14 | (4.830647; .004184; 4.826209; 6.02268
‘ 1.002093; 2.414177; 2.416344; 1.0) x 10~3

The vector x* = (2 + 2/2; 0; 2 + 2/2; 1.0, 1 + /23 1.0) is the
exact solution of Problem A. The graph on the next page illustrates

the behaviour of both algorithms.

We do not have results of variable metric algorithms applied to
Problem B. In Maratos (1978) a quadratically convergent algorithm is
used, starting from 20 = (=23 23 23 =-1; =-1), and after 6 iteratioms

-14

it achieves a point X, such that ]|x6 - xM]| <4 x 10 7, with

Xy = (-1.717145 1.59571; 1.82725; =-.76364; —.76364) being an approxi-

mation of the exact solution x*.

Here, case B2, the point Xe = (-1.717144; 1.595710; 1.827246;
.7636431; .7636431) is obtained after 8 iterations starting from
Xé = (1.1; 15 13 1). Clearly the signs of the last two components of

X and Xy indicate the existence of two exact solutions x* to Problem B.
Note however that our starting point is farther from any x* than
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1.5.3 Remarks

In relation to the number of iterations, both versions of the
Basic Algorithm compare well with reported applications of variable
metric algorithms for solving Problem A.

For instance, the point achieved after 13 iterations when
using the new update proce&ure and ﬁi computed from the start, namely:

7

Xyg = (4.828427; .3469473x10 " 34.828427;1.000000; 2.414214; 2.414214;

1.000000)

compares favourably with the point obtained by Powell (1982b) after 14

iterations, namely :

i14 = (4.830647; .004184; 4.826209; 1.002093; 2414177; 2.416344;

1.000000)

in the sense that some conditions that prevail &t the' solution x*, namely :

are here satisfied up to the sixth decimal digit.

'Also, the number of interations (11) required when using the
slightly modified Powell's update - recall A(*) replacing Xi in the
definition of Y - is the same number required by the algorithm of
Mayne and Polak (1982) when using the original version of Powell's
update.

We do not have results of other variable matric algorithms applied
to Problem B but the results here obtained seem to be satisfactory.

As to the apparent advantage of computing ﬁi from the start,

Q
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in the Maratos case, that is: 1lxé - x*|| = 2.921265464 and \lio - x*x|| =
.620511759. A comparison of the performance of both algorithms is made
more difficult by the fact that x* is not exactly determined. Actually,
if we call v(x) the maximum violation of the constraints and f£(x)

the value of the objective function, we have: v(xM) = 3.4}(10-5;
f(xM) = ,053951049 and V(Xf) = —1.324167 x 10—10 5 f(xf) = .053949748.
That is, the point obtained here after 8 iteratioms is clearly a
better approximation to x* than the point adopted by Maratos (1978)
as the optimum point. The graph below illustrates the performance

of the algorithm presented here.
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it does not have a theorctical explanation, although it can be argued

that as by definition ﬁi # 0 only if

AR TR

this test is perhaps a better indication of when starting the computation

of p; than the test T(xi) <e,
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1.6 SUGGESTIONS FOR FURTHER RESEARCH

As pointed out in the introduction, the linearization of the
constraints makes necessary a modification of the objective function
of GMP to include information about the curvature of the constraints.
An example given in Beale (1967) shows that the use, in the sub-
problem which generates the search direction,of a linear approximation
to.a quadratic constraint.leads to oscillatory behaviour. The question
posed is whether the satisfaction of the constraints to second-order
is sufficient to avoid such modification of the objective function
f(+). In other words, whether the matrices Hi generated by the update
could then be computed to approximate Vxxf(x*] rather than Vxx L(x*).
In order te understand the problem better, consider, without loss of
generality, that GMP has no equality constraints and define the two
sub-problems below :

ar*

. T ) : :
min £ (x)p + Bp [V, £(x;) + ] (_x(xi))vang (x;)1p
peR Jem

subject to:
j j -
g (Xl) + gx(xl) P S 03 J€I_1:1 M

Q2*

. T
min_ fi(xi)p + + P Vxx f(xi)p
peR

subject to :

. : T : '
g (x;) + gi(‘xi)wp Vox g (x)p <0, jem.

Let (pl,Xl) and (pz,kz) be Khun-Tucker couples of Qll and
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QZl respectively.
At the solution of QlL the following condition is satisfied :

1.6.1

T 5y v g
£05) Pyl 0y + jgm x))7 V8 (x)] +

+ J =
) >\ g, (x,)

jem

At the solution of Q21 the following condition is satisfied :

fcx)+p2 L)+ ] Ajtgcx)+p2 gcx)l—o.

jem 2
or, rewriting,
I.6.11
T j j
£ (x) + p IV £(x,) + ) Ay Vo & (x)1 +
jem
j -
jem

If the second-order sufficiency conditions are satisfied at
x* ¢ D, with X; > x* as i + o, for i sufficiently large both Qli and
Q2i have unique couples satisfying I.6.I and I.6.II, respectively.
Moreover, as X(xi) and AZ both converge to A*, as x; > x*, near a
solution (x*,Ai) for GMP the vectors Py and p, must be very close.
Thus, the uée of Qli and in to generate the search direction are
likely to give similar rates of convergence.

In practice, the use of QZi has not much appeal because the
quadratic constraints makes its solution far more complicated than

the solution of a quadratic sub-problem. On the other hand, although
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not requiring second-order derivyatives, the search arc ap; + uzpi
defined in the first chapter satisfies the constraints to second-order.
It is then a topic for further research to ask whether the use of
the search arc ensures superlinear rate of convergence even if
the objective function of the quadratic sub-problem does not involve
the constraints.

The advantages of this procedure are emphasized when applying
the algorithm of the second chapter. In contrast to the other
algorithms of Part I, the function c(*) is not used there to update
the penalty parameter. Thus, the estimates A(*) and u(+) are only
necessary to compute the matrix Bi’ either through the secant update
or through the modification of the BFGS. Hence, if the simplified
objective function is used in the quadratic sub-problem, the sometimes
cumbersome computation of A(*) and U (*) can be avoided.

Another aspect is the use of the simple procedure to update

"the penalty parameter, introduced in I.2, in the presence of non-
convex inequalities. In theory, an infinite subsequence I may be
generated where the constraints of the quadratic sub-problems QPg
are inconsistent, for all i ¢ I. It may also happen that, for some
infinite subsequence I', ||)%r 3o . Consequently (see Proposition
1.2.B), w. may be greater than zero infinitely often and the penalty
parameter may become excessively high.

Nevertheless, convergence can still be proven if the following

conditions are included in the assumptions:

- The sequence of multipliers {Ag} remains bounded.
- for all i sufficiently large the constraints of QP?

are consistent.
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As these conditions are likely  to be found in practice,
it is perhaps advantageous apply the algorithm of I.2 even if the
constraints of GMP are not convex. Further research is necessary
on this topic.

The asymptotic properties of the sequence of matrices
{Hi}generated by the update of I.4.VI is another topic where further
research is required. For the unconstrained minimization of convex
functions, Powell (1971) shows that the variable metric method with
the BFGS update is globally convergent and afterwards it is established
that the positive eigenvalues of the sequence {Hi} remain bounded
from above and bounded away from zero, Recently, Ren-Pu and Powell
(1982) show that the sequence {Hi} generated by the BFGS update
in unconstrained minimization éctually converges to some H*e L(Rn).

Now in the same way as Theorem 1 of Powell (1971), Theorem
I1.4.N is proven without requiring a priori either the boundedness of
{Hi}or that its positive eigenvalues remain bounded away from zero.

It is then useful to investigate whether results similar to those
of Powell (1971) can be proven for the update given by I.4.VI and to
extend the results of Ren-Pu and Powell (1982) to constraiﬁed problenms.

Finally, although the numerical examples of the last chapter
are encouraging, more applications of the algorithms suggested here are

required before asserting their competitiveness.
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II.1 UNCONSTRAINED CONTROL CASE
I1.1.1 Introduction

We deal in this cha%ter with the special case of the discrete
optimal control problem (DCP) where there exists no constraints. That
min { ) Ti(xi,ui) + ¢(xN)}

ueRan i=0

with the dynamic system:

X5, = fi (xi,ui), i =0, N-1
Xy = xo, given
where: -
Ti:R“me+:R; ® : RT >R ; fi:R“me+R"

x. ¢ R* being the state vector

u. ¢ R" being the control vector , i = 0,...N-1.

Now, defining an augmented state vector with the intro-

duction of

n+l n+l . . nel

X541 = fi (xi’ui)’ i=1,...,N-1; X0 =0
with

n+1 _ .n-1

fi (Xiﬂli) =x, o+ Ticxi’ui)

and a objective function F(xN) given by:
F(x,) AR o (x)
N T AN N

it is readily seen that we can, without loss of generality, consider

the unconstrained discrete control problem in the following form.



UDCP
min F(x.)
mxN N
ueR
with the dynamic system : X;1 = fi(xi’ui)’ i=20,...,N-1
Xy = xo s, glven

where:

n

F:R'>R £, ¢ R x R™ >R,

xo and control

Let the cost due to the initial condition x

0
sequence {u;} be expressed by :
Vo (Xg» {ui}) = Flxy)
with:
X, = xO ;X = £ (x.,u.), 1 =0 N-1
0 > i+l i i e :

Now, to employ dynamic programming, it is necessary to define

the cost of a trajectory with initial condition Xy (at time i) and

i+12°0UN-1

control schedule {uk} = {ui,u.+ }. This cost is expressed
by :
u =

Vi(xi,{ k}) F(XN)

with:
Xpe1 = fk(xk,uk , k =1,...,N-1.
Let m denote any policy (i.e., sequence of control laws
o i .

u =h(x), k= 0,...,N-1)and 7 the optimal policy.

Also, let OVi(xi) denotes the cost due to initial condition
xi(at time i) if the optimal policy is employed.
Then, by the 'principle of optimality' [see Bellman (1957)1]

we have :
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11.1.1

ovi(xi) = minm{ov

i Y By Gy dd
i

Performing the minimization indicated above for all
X, € Rn, with the boundary condition OVN(XN) = F(xN), yields the
optimal cost function Ovi(*) and the optimal control law Ohi(‘),
at time 1i. Iteration of this procedure for i = N-1,...,0 yields
the optimal control policy O ='{Oh0(3),...,ohN_l(')}. and, given
the initial condition Xq = xo, the problem is solved. On the
other hand, the performance of the minimization II.1.I and the storage
of Ovi(xi), Ohi(xi) for all X € R" is usually impossible.

Instead of finding a solution to the UDCP in one iteration,
as in the dynamic programming,we are interested in iterative methods.
That is

given a''mominal. control sequence' {ﬁi} and a correspondent

'nomimﬂ.trajectory'{ii} = 0,...,N-1, find a 'successor

control sequence‘{ui} and a correspondent ‘'successor

trajectory' {xi} , i=0,...,N-1, such that an improvement is
obtained towards the solution of UDCP. The new control and
state sequences become the nominal sequences for the next
iteration.

In the Differential Dynamic Programming method [see Jacobson
and Mayne (1970)] the measurement of such improvement is done in a
neighbourhood of {ii} , where the policy 7 = {ho(-),...,hN_1(°)}

is defined by :

.=,
UI i + SU—i

Suj = oy * By Oxy

dx. = X. - X. .
i i i
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In the second-order algorithm of Jacobson and Mayne (1970), ,

the function Vi(xi,ﬂ), which denotes the cost due to initial condition

X; (at time i) and policy m, is approximated to second order by

Taylor series and this approximation is minimized, for i =

to generate the sequences {ai} and {Bi}.

N-1,...,0,

Omitting the argument T

for notational simplicity, the Taylor series coefficients V;(ii)

and Vxx(ii) are estimated through the following recursive equations

IT.1.1I
i- o i T i
Vi (x3) = Hy + By Hy
I1.1.111

i, T
Vix(X)=As - B, C; B,

where:
i+l = R S T
Hy (rgou Ve (3,000 = IV 703 ) 0 (%5 )
so that :
i iaT i+l - i AaT i+l -
Hx = [fX] VX (Xi+1) 5 H_u = [fu] Vx (Xi+1)’
th i fied ar ts being X.,0., V-T1(x. )
e unspecified arguments being x,,u;, V. "(x; ;).
Also,
-1
B1 " Ci Bl
and,
I1.1.1IV
i . . i+1 .
_ T, i+l .= i.T - i
A —[fxx] Vx (Xi+1) * l:fx] Vx (Xi+1) [fx]
R T i R I olq i+l - i
Bi = [fux] Vx (xi+1) + [fu] vxx (xi+l) [fX]
_ el T i+l - i.T i+l - i
Ci = [fuu] Vx (xi+1) + [f] Vxx (xi+1) [fu]
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The boundary conditions are ;

N - - N - -
VX(XN) = FX(XN) : VXX(XN) = FXXCXN)-

The sequence {ai} is computed backwards as :

IT.1.V

_ . iT ., T. o =1
o, = arg mlnn{[H 10 + Lo Cia} > a; = -C; Hy.

oeR
In order to enforce global convergence, the algorithm suggested
by Jacobson and Mayne (1970) incorporates a step-length procedure

using the estimated change in cost of the new policy given by:

ILIVE
ag = - 1 )T ]ty
120

The complete algorithm is given below.
1- Given initial condition xo and schedule {ﬁi}, calculate
{ii}. Set € = 1.
i,- i+l - .
2 - Calculate {vxcxi)} and {vxx (xi)} using 1I1.1.1I, II.1.III
1 1

H', B. = -C" B.,
1

and the boundary conditions. Store a. = -G,
1 1 u 1 1

i = N-1,...,0.

- ; 0
3 - Compute : xi+1 = fi(xi’uiJ s x0 = X .
ui =u, + sui + Bi(xi-xi)
4 - Calculate a, using II.1.VI and the actual change in cost :

AV, = Fxg) - F(x)
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Jav, |
5 - If A VO >0 or < ¢,0<c¢cx1,

Ia(l—e/Z)aOI

set € = £/2 and repeat Step 3.

6 - Set T = u, i=0,...,N-1; x. =x,, i=20,...N
1. 1 1 1

and repeat Step 1.

Jacobson and Mayne (1970) do not discuss the global convergence
of this algorithm but indicated how it could be proved. Although
a formal proof can be obtained as a special case of the results of the
next chapter, here we will discuss the rate of convergence of the
algorithm and its relationship with Newton's method when applied
to the UDCP.

A slightly modified version of the DDP method is presented
in the next section and the successor sequences({ui} ,{xi}) it computes
is later proved to be identical to the successor obtained through
Newton's method. As a result, it is shown that the original
version of the DDP method does.not in general coincide with Newton's
method, except when the dynamic system is linear.

Finally, it is proved that a quadratic rate of convergence

is also achieved by the original version of the DDP method.

11.1.2 Modified DDP/Newton's method

Modified DDP

Consider the algorithm of Jacobson and Mayne (1970) which
was stated in the previous section. The addition of the term
BT H' to H. in expression II.1.I1I, and of [—BT C. B.1 to A, in II.
iy X i7iTi i

1.III, is meant to send information backwards and is clearly important



for obtaining a sunperlinear rate of conyergence, But, since

the corrected estimate Vi(ii) is also used to compute equations II.1.I1V
the term BE Hi is also affecting the computation of the matrices

Ai, Bi’ Ci‘ As shown on pages 108-109 of Jacobson and Mayne (1970),
the error on the estimate Vix(ii) is already of order ai. Hence,

as H%land o, are of the same order (recall that aif=—Cg} Hig, no
advantage is obtained using the correction BI Hi in the equations for
estimating the second-order derivatives. Another way of seeing this
is to observe that H%l+ 0 as ﬁi -+ u* (desirable), so that with or with-
out the term BI Hilthe sequences of matrices {Ai}, {Bi} and {Ci}

will converge to the same matrices. Therefore, the rate of convergence

to the algorithm is not expected to be affected if, instead of using

I1.1.1IV, we define the matrices Ai’ Bi’ Ci as follows:

II.1.VII
i [ T-i+1,- i,T i+l -~ i
Ai - [fxx] Vx (xi+l) * [fx] Vix (Xi+1) [fx]
i T il iiT i+l - i
B, = [fux] Ve (xi+1) + £, VXx (xi+1)[fxl
_ el T 2141 - i T i+l .- . i
¢, = tfy? Ve (Xi+l) + [£f,] Vix (xi+1) £l
where: P ol
X X X
with
=N _
Vx = Fx(XN)'
Another point to be discussed is the use of Sxi in Step 3,
when constructing onwards the new control sequence. The method of

Jacobson and Mayne (1970) uses a linear control policy of the form:

Su. = a. + B. 6x. .
i i i T
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-

This is then justified (see pg 19) as follows. Because
the equation

0

0\ _
Vilx;) = min V341 (X410

1

is expressed to second order only when generating the recursive equ-
ations II.1.II and II.1.III, there is no point in finding a
relationship between 6ui and Gxi of order higher than linear.  Suppose

otherwise that Gui is computed as :

_ ., 2 .
6u, = a, + B, 6x, + €7(Sx;) + terms of higher order.
where,

n
€2( xi) indicated a 2 d order term in 6xi.

Because of the differentiablility assumptions and the mean
value theorem, when neglecting ez(éxi) in the above equation, the
DDP method is neglecting second order terms in (uj-ﬁj), j < i.
Therefore, after deciding tokuse Bi as the coefficient }n a linear
policy, thére‘is no gain in accuracy from multiplying B; Sy éxi instead

of the first order estimate Ai given below:

II.1.VIII
i-1,.i-2 1 .0 - i-1.i-2 2 1 -
Ai=é fx fX ...fx fu(uo-uo) + fx fX fX fu(ul—u1)+...+
i-1 -
fu (ui_l-ui_l).

The modified version of the DDP method consists in the same

algorithm given in the previous section, with two modifications:
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- Compute Ai, Bi’ Ci through II,1.V II, at Step 2

- Set,

- T
u, = ou; *oEo, Bi Ad , at Step 3.

Newton's method

Using the dynamic equations and initial condition, we can
transform the UDCP, given in IT.1.1, into the equivalent problem below:

P2

A

min F(.u) é F(fN—lg(‘fN-z(. . .fO(xO’uO) ’ul) L ,u‘N_l) .
(ueRmxn)

Given a nominal sequence u, the new control obtained through
Newton's method is :

uN = arg min ¢N(u),

(ueR™Ny

where ¢N(f) is the following quadratic function :

) = F @ e ¢y e @ e

with
V'Eu @ ) , 'Fuu(ﬁ)... ifuu @ )
0 0o 0°N-1 °
Fu(u) = : and Fuu(u) =
oW F ...F Q)
UN-1 Un-1Y% UN-1YN-1
y J

Omitting the arguments (ii,ﬁi), from the definition of F(*)

we obtain ;



271

I1.1.1X

S AT AT -1
RECRR LN (£ F,.

and, for j - 1i.

IT.1.X

~

: 4T = . _
- (f )Tt hT e ?)(fix)T(f;*l)T e (Y TEx

i+1. T

j-1
ceE ™ @

AT g

T T

Iy T g3 T g3+ T j+3
(e TeEh Tyl

j+1, T, .j+2. T, j+3. T o N-1.T j+1.T
EHTELHTESHT @D - @

(fi+2)T(fi;3)T(fi+4)T . (fz-l)T -

b e EDHTEH T DT Y

X XX

J+1 40
(£ )fo}.

Also,
II1.i.XI

1+1 T i+1.T, i+2.T

% 1,T
P, T ETD e T e

-1, T
(5 E,

i+1. T, i+2, T 1+3 T 1. T
e EHTERDTE T TR

(f1+1)T(f1+2)T .. F fN-l‘.. f1+1]f1 i
X X XX X X u



8]
~!
(3]

Observation
n
i+1, T N-1.T. _ irr i+1. T N-1.T. 4
(f ) (£, 71 .. (£ )V E = jgl{ﬁfj].xt(fx ) (£, ) Fx 1y
and

T, . 1+1.T -1.7T B i, T i+1. T N-1.T }
ot T = T e et T @D TR

where the subscript j indicates jth component of the n-vectors.

I1.1.3 Results

Assume the functions F, f all have the required continuous

derivatives and let :

uD denotes the successor obtained through the original
version of the DDP method (g = 1)

u' denotes the successor obtained through the modified
version of the DDP method (e =1)

uN denotes the successor obtained through Newton's method.

Theorem II.1 A

Let F_ (W) be positive definite.
Then,

N ..
the two successors u', u coincide.

Proof:
From II.1.II, II.1.IIT and II.1.VII we have :
. i i\ T, AT -1, T i+l T N-2,T,T ,N-1
W H = et LT e e e T
1T, i+1.T -3.T,T N-2 i, T, T i+l
S TET LT ey, WY e T HE
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CED N N M (s RN C s L SR O (T o R Gk
(fz_l)TFx
- cf;*l)ch;;Z)chi+5?chi*4)T e ETH TR
e TRt E NN TR (Y L
(£ 1D
- TET L @A o B D D
- EnTErDT L E T 0 8 I ETD L )
- EHTEDT L@ o B L )
- (fl)T[BLl 101 Branl ()
ain o =TT L@ R s Tl TR L
£,
+ (fi+1)T(fi;2)T(fi+3)T L (fi l) F (f1+1)
. (fi+1)T(fi+2)T(fi:3)T(fi+4)T o (fi-l)T F (fl+2)(fx+l)

i+1,T, i+2,T N-1,T N-1 1+l
e Tt L ED T @ )

1+1 T N-2.T

" (f A ey

N-1 'n-1 BN-l
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8. ](Aflil).

i+1 1+1 i+l

_ (fl)T[BT

From II.1.IX and (i) we obtain :

STt L EHT ey w - T

. ~ 1+1
(iv) F

N-3.T,T N 2

(£, 7) By, Hy

i+1. T N 4. T.T N 3. i T, T i+l
- (f ) (f ) .. ( ) BN 3 u - (f ) 81+1 u

From II.1.X and (ii) we obtain :

’T!Z

i+1. T

v) 'j—(f)(f ) ...(fJ l)B +(f)(f1+1T...

N 2,T. T

N-2
(£, ) IBy_q Cyop Byog

1€,

j+1

j
2™ )

-3 N-3
2 D ENDT L8, g By 1EN)

J+1y (¢
&)

. (f) (f1+1)T (fJ) [BJ+1 jo1 B30 ) .



From I1,1.XT and (iii) we obtain ;

(vi) F _ i+1.T N-2T..T N-2
gty = Gt (f) (f e G By O By 1)
(5 ()
1 N-3.T. T N-3
e Er DT @), o, By END)
b
i+1, T N-4.T_,T -4
e (w0 DT L T L g By E )
2 (£l
i, T..T
(f ) [81+1 i+l 1+1 1(£ )
Now,
u' = u, +a, + BT A,
i i i i~
Also,
o =c'1Hi; B.é-cla
1 1 u 1 1
Hence,
. i .
(vii) Hu = -Ci(ui - ui) Bi Ai
From (iv) and (vii) we obtain :
L 1.T N-2,T,T -
(viii) Fui= - e EEDT ATy - By
1+1)T N-2.T T
e TERh T @D ey o By M
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1+1.T N-3.T,T v -

S ErhT @R Ly, - By
i+1. T N-3.T., T
S EST LTy, Gy Byl
i+1.T N-2,T_T -
- (f ) (f )T (£ ) By g (g - Uy o)
i+1,T N-4.T..T
- (f ) (f )T o (fX ) [BN-3 CN_3 BN-SJAN-3
i\ T, T - i\ T,.,T
- (f ) B1+l( o1 ui+l) - (fu) [Bi+l i+l 6i+1]Ai+1 .
Recall that :
_opi-1 Li-2 1 .0 i-1 2
Ai = fx fX ces ﬁk fu(ué - ub) + fx - f (u -u ) +
. i-1, -
+”..-tfu uq - ui-l)

Then, from (v) and (viii) we have :

. = ~ ~ ] - - ~ ] _ -
(ix) i F T F .u, (u. ui+1) ¥ Fu.u. (ui+2 ui+2) *
1 i i+l 1+1 ii+2

i N-1
+ (f ) (f1+l)T . fN 2T [sN L O By 1][fN'2 . fi+1
f (ui - u.)
fz_z fﬁ's .- fi fi-l(pi-l S U ) et fz'z e
£ fo(u )]



i+1, T
X )

+

i, T
(£) (£

PR

i\ T, T
(£)7IB;,1 C

1+1

+

i

(x)

4

i+1. T
)

+

N-3.T..T

s (BT By, Oy By !

"N-2

fi+1

i | S
£ £ (u!

u’1

- N-

ui_l) +.. .0t

1 ¢0 (u'
u

0

£ - uo)]

B.

i _on i
1+1][fu(ui ui) + fX f

+1

]

-2, T, T
e Cfi ) [By_q Cn-1 BN-l

u.
1-

ii-1,
fx fu (ui-1

1)

i-20, s N-
fo G -y )t £y
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[fN-3
X
ui)
3
i-1J i
u (g Yy
.-
i+l ui+l)
+1
N2,
X
z2 £
D
A ik C T
x X u i-1
-3 1 0,., -
“ee fX fu(.uo-uo)]
et
D -
u0 uO)]
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Now,

2
=

i-1
. -7 = s i\T, d+1,T N-2,T
(xi) B,A; ~.Z Fu‘lhz(ui uj) - P TETD) T s (D)
=0 "i7j
T -2 i -1, -
[Bn-1 Cn-1 BN-1][f§q< AR Ty
N-2 i-1_i-2
+ fx fx fu (ui 5 " u1—2) + +
N-2 el 0 () - uO)]
X u
i, T, i+1.T -3.T.T N-3 i
- E T ET LD TR, Oy By R L £
i-1 '
£ Uy
+ £33 fi-1 f1-2( ST R £N-3 £l f0
X X u i-2 i-2 X Tu
L -
(uo uo)]
i, T. T i i-1. 1 - )
- (£ 1By,g Cpg By TE, £ 77(0p_mu, )+ ¥
i 10 1-
fX e fx fu(go uo)]

Hence, from (x) and (xi), we have :

N-1

~

F . 1.1 _ oyt (B
U, U (uj uj) = Hu + Bi Ai + Ci(ui ui)

™
+
I~ 8

i =0

Pre-multiplying the right hand side of the above equality

by Cil“ we obtain :
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~ . - -1 4 -1 -
R | - o A | =
F + ) F (u} -u.) C;” Hy - (C77BA, + (u - 14;) =0.

This  equality holds for all i.  Then,

F( + F (0 (u'-B) = 0
where,

}

1] ] 1 ]
u' A {uo, ujse Uy g

That is, u' satisfies the first order condition to minimize
N
¢ (u).

The theorem follows from the positive definiteness of %uu(ﬁ).

Theorem II.1.B

Let ?uu(ﬁ) be positive definite.

Let the dynamic equations of the unconstrained control prdéblem
be linear .

Then,

N D ..

.. the two successors u , u coincide.
Proof :

As the dynamic equations are linear by hypothesis

i

qu

= £ = £ =0, for all i.
XX uu
Hence the matrices Ai’ Bi and Ci are identically computed by
both versions of the DDP method. Also, by the linearity of the

dynamic equations

§x. = A, , for all i,
i i

Therefore uD.EJu‘ and the result follows from Theorem II.1.A.
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Let D be the set of all schedules {uk} satisfying the first
order necessary condition of optimality below :
HY=0,i=0,...N-1.
u

Theorem I1,1.C

Let Ci be invertible for all 1
Let F (u*) be positive definite for all u* A {u*, u* .,uﬁ_l}eD .
Then,

the convergence uD + u* has a quadratic rate.

Proof:

D
By hypothesis , u - u* ¢ D and F (u*) is positive definite
for all u* ¢ D.
Hence, for all u near enough to u* we have :

F (W is positive definite.

As we are interested in asymptotic properties, we can, without
loss of generality, apply Theorem I.1.A and say that :

~_N
u' = u..

Now, let Ci, Bi denote the matrices obtained by the modified
version of the DDP method and Ci s Bi the matrices obtained by the
original version.

From II.1.IV and I1.1.VII, we have :

- i+1.T
@ ooy = ETEDTEDT L@ H Tl Wl gl
3\ T N 2
(fﬁ ) BN 2 u

P Cfi+1lTBT i+2 . T Hi+1 ]

X “i+2 u ~1+1 “u



and

(i1)

and

(iii)

(iv)

)

' i+1. T _i+2. T N 2. T T N 1
Bi (f ) [(f ) (fx ) R ( ) BN 11y +
i+1,T.T N-2 i+1,T.T i+2
(fx ) BN_2 Hy oo+ (fx ) Bl .o Hu +
T i+l
Bi+1 u 1.
Now,
D 0
Co(uO - uo) - Hy
0
.11 Y= ~H
Couh ug u

Then, from (i), we have :
Dy = - (0 TreelyT | (N-2yTgT  N-1
Colugmup) = = (Eo) LCED . (e 5yTay L B 4
T 1., -
81 Hu](uo uo)
But, H;(u*) = 0 and u > u*.
Then, by the diffefentiability assumptions we have :

there exists a ¢ < © s.t.

I @] < &l Gour ||, for a11 3

From the existence of c;1 for all i, (iv) and (iii), we have

there exists a ¢ < @

such that:

D ~ - -
[ uy-ugll < el w-u*] || ut-af] .

But, from the quadratic comyergence of Newton's method and

TheoremlI.1.A, we have :
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(vi) there exists a c' < ®

such that :

[ u =gl < et u-ur

o

From (v) and (vi) we obtain :

(vii) there exists a CO < ®
such that :
n 0 -
log-ugll < <2l Geurlf?
Now,
e

D -. _ .1
(viii) Cl(u1 - u) = -Hu Bldxl .

From (ii) and (iv) we can say that :

i3 = ' - -
(ix) 818x1 B1 6x1 e 6x1
where,

13,0~ 0wl

By the mean value theorem, 3 u, € [ﬁo,ug] such that :

0,- .. D =" D - .T.0 D -
(x) -ﬁxi = fu(uo)(uo—uo) + L (uo = uo) fuu(ua)(uo - uo)
Also,
. D - . D.. -
(xi) “ uO-UOll s “ uo"uélh' “ ué'uoll'

From (xi), (x), (ix), (viii) and (vii) we obtain :

(xii)  C (u’-a)

1 \ -
, (uymyy - Hu B1 6xl + e

2
where,

B
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But,
1 - 1 1
111 B L = - -
(xiii) Cl(_ul ul) Hu B1 Al .
Now-,
. S "
(xiv) A f (uo)(u u,) -

Then, from (xiv), (x), (xi), (vii) and (vi), we have :

(xv) there exists a ¢ < » such that :
|8y x| < e i
From (xv), (xiii) and (xii) we have :

. D - Coe -
Govi) o Cyluy - uy) - Gylug-up) = ey
where,

e ll = Il v-u*] .

il

But, from (i),

N-1
.. ! - 1 T N-2, ., T H
(xvii) Cl(ui-ul) C (u -u ) + (f ) [fl+ ) .(fX )BN-I u

T 2., -
+...+82 Hu](gl-ul).

Then, from (iv), (vi), (xvi) and (xvii), we obtain :

D_ [ - =
Cl(u1 u') = e

1 4

where

lagh = fawle
Hence, by the existence of Ci%, we have :

.. . 1
(xviii) there exists a ¢” < @
such that

D 1) -
| D-ull < Y eur e



284

Repeating the xeasoning which led to (vii) and (xviii) for
1= 2,(v., N-1, similar results can be obtained. That is

there exists ci< o, 1 =0,...N-1,

such that:

D: i -
gl < oF | G

Hence,
(xix) there exists a M, <«
such that:
e
But,
(xx) a2t | < lout J fut-ut

By the quadratic convergence of Newton's method and Theorem

I.1.A, we can see that :

(xx1i) there. exists a M2\</OQ
such that:

o ~u* |} < M, || Geur

From (xix), (xx) and {(xxi) we obtain
there exists a M < =
such that :

I wP-ur]| < M| Gour ]

which is the desired result.
I1.1.4 Remarks

First note that a direct application of Newton's method to

solve the unconstrained discrete control problem has in general no
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practical interest because of the high dimension of the resultant
Hessian matrix. In other words, the DDP method has the advantage
of performing N inversions of (mxm) matrices instead of the
cumbersome task of inverting a (mNXmN) matrix. This reduction in
the dimension of the matrices is also relevant to the solution of
some systems of equations which can be transformed into an equivalent
discrete control problem.

For instance, solving the system below,

II.1.XII

z2 + 2y2 =1

-322 + y3 = -1
is equivalent to solving the following control problem :

IT.1.XIII

min  {|| x2H2}= F(x,)
(ug»uy)

with the dynamics given by :

2
b X, +u
11 170 0 _
X = fO (xo,uo)

X X. - 3u

271 2°0 0
X, = X, + 2u2-1
172 171 1
I T T

with,
2 . . _
X; € R%, 1=0,1,2 ... N; x, = (0,0)

jxi denoting the jth component of X5

u. ¢ R, 1 = 0,1.
i
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Clearly, if xg = (0,0) is a reachable point through some
control sequence {ua ) uI}this'sequence is the solution of II,1.XIII
and z = us s Yy = uI will be the solution of I.1.XII. If at the
solution of II.1JXIII xE # (0,0) then the system II.1.XII has no
solution. Now, if we apply Newton's method to solve IL.1,XII a (2X2)
matrix has to.be inverted at each iteration. The application of the
modified version of the DDP method, described in the section I1I.1.2,
to solve II.1.XIII would generate the same sequence of points as Newton's
method but only requiring, at each iteration, the trivial inversion
of two real numbers.
So, besides providing an easy way of proving the results

of Theorem II.1.B and Theorem II.1.C to the original version
.of the DDP method, the modifications suggested here. have the interest
of being a 'step by step' implementation of the well known and highly
successful Newton's method.  Indeed, although we were mainly concerned
in this chapter with the rate of convergence of the DDP method, it is
clear that Theorem II.1.A makes possible the direct application of

a great number of results in the literature related to Newton's
method [e.g., the Global Damped Newton Theorem of Ortega and
Rheinboldt (1970)1 . In particuiar, the one Step convergence of the
. DDP method for LQP problems (linear systems, quadratic performance
index), which was already shown [see Jacobson and Mayne (1970)1]

by noting tﬁat in these cases the method reduces to the conventional
dynamic programming can now also be seen, through Theorem II.1.B,

as a'conséqucnéé - of the well known one step convergence of
Newton's method when applied to quadratic functions. This last approach
seems more natural because both the DDP and Newton's methods converge

in one iteration only in the quadratic case, while the conventional

dynamic programming is an one-step convergent method.
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As an illustration of the results shown in this chapter,
we will apply the different methods to the solution of the unconstrained
discrete control problem given by IT.1.XIII, For both the versions
of the DDP method and for Newton's method we start by detailing their
first iterations. Afterwards another iteration of Newton's method and
the corresponding one of the modified DDP method are again detailed.
Hopefully this will help to clarify the proof of Theorem II.1.A.
Finally the complete solution of the problem is given. As we shall
see, the original version of the DDP method does differ from Newton's
method, but ultimately both methods perform equally well, something
to be expected from Theorem II.1.C.

The nominal sequences from which all the methods started is :

1f0) 1 [ 2]
{u.} = {1;1} = {x.} =% ; ;
* * 0 -3 -1

A similar step length procedure to the one suggested by
Jacobson and Mayne (1970) is applied to the direction originated by
Newton's method but with the estimate of the change in cost a, being
computed as
I~ N =y.~ N -
= -[Fuo (uo U& + Fulgu1 ul)]

J
where (ug, ui)is obtained by Newton's method. Because of Theorem

20

IT.1.A, Theorem II.1.C and the quadratic convergence of Newton's
method, we expected a step length of unity to be ultimately achieved
by all methods. As it happened.,, the step length was set, by all
methods, equal to unity from start to finish.

A 10-digit cglculator was used and differences smaller than

9><10"8 are negligible.



Ist ITERATION

DDP method (original)

Date :

backward:

{u;}

{ el
13 1} = {x.} = ;
X, . )

>
1]

X

.1 1.T < 1 -
By =H_ + (f) Fxx(xzjfx = [4u
1 1.T - 1
C,p=H  + (£) F (X)) £ = [4
+ [4u

= 54,
-1

B, = -C "B, = [-8/54 -6/541]

1 11
v1 = Hl + BT nt = 1.518518519

X X 1 u

-3,111111111

vi = a -gTcs. = [ .814814815

xx 1 17171 )

- .888888888

o, = -C—}Hl = -,185185185

1 17

1 1.7 -1 .
1 i x * (fx) Fxx(xz)fx - Fxx(XZ) - [

-.888888888 |

1.333333334

288
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al = -i(Hl)F l = -50/54,
0 0,7,1 L0 0 1 0.T 1 £0 1
= = =V
A0 x (f ) Vxx X fxx X (f ) vxx X \xx
0 1 0,T ,1 .0 _ 1 - 1 -
Co = oy Vi * (£,)7 Vi £, = [2 01V + [2u, -3vaX 2u,
L -3
= 30.96296295
o = -C 0 = - 464114832,
0 .0 u
_ _ 0\Ta-1 0 _
3y = 2 = 2(H ) Co Hy = -4.26027942
onward:
e =1
D_o = .535885168
YUp =Y " % 7 -
X, = .x_ +u’ = .287172913
171~ 170 0o -
Xy = Xy " 3uy = - 1.60765504

(- 712827087

(og]
>

"
—
»

1
=)l
]

1]

1 11 1. 392344496
L=+ 4 B. Ax. = . 765713883
1 1 1 1771
R PL 2uS-1 = .459808414
2x2 = le + u,+l = -_.158703864
. -
F(x,) = X, + /X = .236610693

step length
procedure:

AV, = F(x,) - F(x,) = -4.763389307 < 0

0 2)



€ = 1 is accepted.

1st ITERATION

Newton's method

Data : {u.} ={1; 1} = {x}.
i i

290

S N =« _ A= 2 _
Ful = £, (xpup)t Fr(xy) = Tauy Sujd (2 X | =10
2 2%,
v 0 s =T A= = T o= - f ooy L
Fuo = fu (xo,uo) fx(xl’ul) Fx(xz) = [2u0 3] 2‘1x2 = 14
2 9%,
F =F T 0,- - T..1 .- = T. .- 1.- - .T
u u, u, —-fu(xo,uo) [f (X u) "Fo(x) + £ (x5u))
- 1- - T
Fxx(XZ)fX(X’ul)]
_ 2 0 4u1
= [2u0 -3] - = -2.
0 2 3u1

0

1

u.u uu

070

- - T1.- - - 0,- = .T
f (‘XO’uO) fx(_x ,ul)Fx(XZ) + fu(XO’uO} [fix(il’ﬁl)'r

- P . - - .0, -
F o)+ £.G 0D E (R)E LB IE (R)H T )

i}

Lo |

N

(o]

—_
————

N
[

Y+[2u -31 {2 0] (2u = 34

0 0
o 2| | 4
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»

) - - T - 1.- - . T. .. .
Uy T fiu(xl’ul) F )+ £ (o) Fxx(x2)fi(xl’ul)

12

- - - -2 (1"
[4 6u1] 2 1x2 J+ [4ul 3u1] 2 0 t4u1
-2
- 0 2||3u
2 % 1
That 1is :
F = (14 s F_= (34 -2
u uu
10 -2 54
~ -1 -3
Now:  (F_) = = | .029475982 1.091703x10
1.091703%10" > .018558951
and
Nea- @ OYE - (576419222 )
uu u
' l.799126648 l
New trajectory :
X, = X+ u = .332259119
171~ 170 0
Xy = sz - 3u, ;—1.729257665
— 2 -
1x2 = lx1 + Zul 1 = .609465919
X, = x. +ud+1- .218932675
272~ 271 1 '
F(x,) = x2 + X, = ,419380226
“2 172 T 272 T ¢

step length

procedure : AV, = F(x,) - F(iz) = -4.580619774 < 0



- _F N -1 N_" - 7 9=z
aO = ~Fu (uO uO)_Fu (pl ul) = -7.938864412
0 1
|av, |
— = 1,153 .. > &
272!

€ = 1 is accepted.

1st ITERATION

DDP method (modified)

Data : {u,} = {1 ; 1} = {x.} =(
1 1

backward:
Al(unchanged) = Fxx(xz) = (2 0
o 2
Blcunchanged) =[4 3% 2 o0
Yy

o 2

- y |

Cl(pnchanged) = {4 6u2] 2 4%,

2 )%
Bl(unchanged) = —C;l B1 = [-8/54

1 1 T 1
Vx(unchanged) = Hx + Bl Hﬁ 2
-3
2.5(\_

Vl(new) = H = 12 J = [ 4 )
X J

2 sz -2

,___“
o o
~——

- -2
+ [4u1 3u1][2

-6/541

.518518519 )
L111111111 J



T
Vix (unchanged) = Al - Bl C‘1 Bl = (

1
ql[unchanged) =-C Hu =

Ay (modified)

CO(modified)

onward :

(Just to

Al(new) =

ui(modified)

Observation:

Note that :

n

N
luo—u('jl

and

N
‘ul'Nil

f0
u

.814814815
-.888888888

11 -.185185185

fO Vl . (fO)Tvl f0 - Vl
X X7 XX 7Xx

1]

XX

[2

01 V! + 20
X 0

= 33.92592592

= -.423580786
u

= ,576419214

= ,332259111

- 1.729257642

compare) ={-.667740889 ]

1.270742358

(u) - uy) =a

2u,) = {-.847161572
0

3 1.270742358

= u1 + ul + 81 Al = .799126638.
8x10‘9 < gxlo‘s

1x10”8 < 9x1078,

293

-.888888888 )

1.333333334

|



These differences are negligible and are due to lack of
precision,
In order to avoid the accumulation of these errors distur-
bing our comparisons, we will use in the next iteration the same
nominal sequence both to Newton's method and the modified version of

the DDP method.

2nd ITERATION

Newton's method

Current sequences:

1

{u,} = [.576419222) = {Ri} = [ 0);{ .332259119) ;
.799126648 tL0] (-1.729257665
609465919
~.218932675
F = [4u 3410 2 % =  3.057456752
u1 1 1 1" 2
L 2 2%
Fuo = [2u, -31[2.,%) = 2.718827533
L 22%2 |
[24 -31{ 2 0)M(4u.) = -4.12474983
usu Q 1
o1 5
kO 2) 311
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12

e
]

= . " - \ -
ugl, 2 o1l (2 X, f2ug 3 ][2 0\ (2, ]

272

23,09593663

11

- IR - =2 -
ulu1 [4 6u1 2 1x2 + [4u1 3ul] 2 0 4u1
0 2|{3°
2 % 1
2%2
= 30.55223434.
That is
- 2.718827533 N (23.09593663 -4.12474983
= 3 F =
u uu
3.057456752 |- 4.12474983  30.555223434
Now:
.044367405 5.9898875x10" >
N -
(F. ) = =
uu -3
5.9898875x10 ..033539504
and :
- FOYE = 437478077 )
uu u
l .680295596 J

2nd ITERATION

DDP method (modified)

Current sequences:

{ﬁi} = [ .576419222 ] = {x,} = [{o T ;[ 0332259119 }; [ .609465919

.7991266438 0 -1.729357665 -.218932675



hackwaxd ;

A

1

<
K=
]

>
3

2 ! =[ 2
Fxx(XZ)' 0
0 2
4%, 30%1 (2 o) = I
u 1 u 1 =
0 2
- - \ -
{4 6ul] 2 1x2 + [4u
-2 2x2
30.55223434
VB = [-.20924863
151
g+ 8T ul = 1 579163202
be 1 u
\-.821307473
gt =f 2 %) = ( 1.21893
1%2
|2 ,% -.43786
= A -8YC. B, =[ .662270
- 1 °1 "1 :
- .R01761
-1
- C 7 gl - - 100073098,
1 u
1
VXX
0o -1
fxx VX

= 1 ]
+ [ZuO -3l Vxx ZuO
-3

-.125412117]

|

1838..

535

756

316

3.831620397]

-.801761316 ]

1.519468379

22.,53906866



-1
- TLUN
ao = - CO ”u = -.138941145
onward:
u! = ao + oy = .437478077.
A, = 2 - 0) =a, (28] = (-.160176693
1 u- 0 0 0 0 ( ’
-3 { 416823435
! - e =
u1 uy + al + Bl Al .680295594.
Comparing with Newton's we have :
N -9
|uy - upl< 1.x10
and
|ug - ull < 3.x107°
Again the difference is negligible and are due to lack of
precision.

Finally, in the next pagé , we have the complete solution
of II.1.XIII by both Newton's and the original version of the DDP

method.



Method -~

Iteration +

NEWTON's

DDP

(original)

u = {1; 1} u ={1; 1}
1 ul' {.576419222; .799126648 } RO .535885168;..765713883}

I x I = .419380226 I x, |7 = 236610693

u = {.576419222; .799126648} | u = { .535885168; .765713883}
2 uN= {.437478077; .680295596} | uD = {..425362292; .663617459}

I x,|? = .013840913 | %, |2 = 0040692655

u = {.437478077; .680295596} | u = { .425362292; .663617459}
3 o= {.424464777; .643873171} W= { .421254214; .642502274}

I x, |2 = 1.2854101x10™* I x, | = 1.160171099x10™

u = {.424464777; .643873171} | u ={ .421254214; .642502274 }
4 o {.421257407; .641320785} NURNS .421250877; .641310327 }

I x2H2 = 1.8099364x107° I x2H2 - 1.26540677x10" ™0

u = {.421257407; .641320785} | u = { .421250877; .641310327}
5 uM= {.42125084 3 .641306374} WP - { .421250849; .641306369}

S/ . !
I xzn? - 8.84x10"1°

17

Il x, [ = 1.8x107




299

II.2 CONSTRAINED CONTROL CASE

II1.2.1 Introduction

In this chapter we will be concerned with the solution of

the discrete control problem (DCP) below:

DCP

N-1
min  { ) T, (x;,u) + ¢(XN)}
UGRmXN i=0

with the dynamic system:

X1 fi(xi’ui)’ i=20,...,N-1

-0 :
X, =x, given

and satisfying:

gis (u) <0, i=0,..., N-1

s = 1,00, Qi

For the same reasons given in the introduction to the previous

chapter we can, without loss of generality, consider the above problem

in the form

DCP

min F(XN)

uER_me

with the dynamic system:

b
I

i+ fi(xi,ui), i=0,..., N-1

0 XO (given)

»
"
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and satisfying:
gi(ui) <0, 1=20,..., N-1

where for all i we have:

L.
fi: R" x R" - Rn; 8t "+ R *

and

x; € R" being the state vector, i =0,..., N
m. . .
u, € R being the control vector, 1. = 0,..., N-1

F: R" ~ R.
Clearly, with the defimition of the vector

. = (x,,u,) € ROOFWN
zl (xl’ul) = R .

R(m+n)N.

this problem can be solved as a GMP in However, the

dependence of the dimension on the number of stages makes this
approach unattractive, although the similarities between the DCP

and the GMP are exploited during the analysis of the algorithm which
is proposed in the next section for solving DCP. The algorithm is
an extension of the DDP method, given in the second section of the

previous chapter, for problems with control constraints.

The definition of o by II.1.V suggests that in the constrained
case we should have:
Q. = i '[Hi‘]Tu-+£aTC algf @, +a) <0
i arg mlnm ¢ u i g:.L ui Q

oER
s = 1,..., 2.

1
where ({Ei}, {Gi} are given nominal sequences.

But, as in Newton's method for constrained optimization
[see Levitin and Polyak(1966)] the non-linearity of the constraints

g(+) may make this sub-problem rather difficult. Hence, as already
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done in Part I of this thesis, a linearization of the constraints

is performed and the objective function is modified to take into
account the curvature of g(-). That is, the algorithm computes,
backwards, (ai,ki), the Kuhn-Tucker couple of the following quadratic

sub-problem:

Qp,

- T
minm [HJ’] o+ iaTDia
0ER

subject to:

s , - s ;= _
g; (ui) * 58, (ui)a‘i 0, s = 1,..., Qi

where 9.
Po-s - s -

. =C, + . L) .

D; = ¢ 2 Al (ul)lguu(ul)

s=1
. =5 = . . s

with Ai (ui) being an estimate to Ai .

In the unconstrained case the new sequence is obtained forwards

by adding the term BiAi to the oy computed backwards. That is:
I1.2.1

éui =a, + BiAi

with Ai given by II.1.VIII.
In the constrained case the addition of a similar term may
lead to the new sequence not satisfying the linearized constraints.

On the other hand, with the o, Bi being defined by

- i _ a1
o. =-C. H and Bi = Ci Bi’

I1.2.1 is clearly identical to:
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|

. Su. = arg min_ J[H.
* Su€R™ [

: T
1 1 B.A.] Su+ b6urcC. Su
1 1 1

Hence, in the presence of constraints the new sequence {ui}
can be constructed as follows:

I1.2,11

where, for all i, dui solves the quadratic sub-problem below:

DQP;

min [H]' + B.A.]Téu + £5uTD.6u
suer® U iti i

subject to:

s - s /=
8; (ui) * 18y, (ui)éu L0, s=1,..., %

Note that, considering Ai as a perturbation, the sub-problem R
above may be thought of as a perturbation of QPi' Calling
z: R® > R™ the map which for each Ai associates the solution of the
perturbed sub-problem DQPi, we can use resiults from Fiacco and

MCCormick(1968) on sensitivity to show that:

dz(0) _ _. -t
b, D; By

The expression above is the appropriate extension to

the definition of Bi in the unconstrained case and

II.2.IIT

with:

oy solving QPi and Bi = —Di B
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is a first order approximation to the solution of DQPi.

In order to understand better the modifications that the
recursive equations II.1.II, IL.1.III (and consequently the matrices
A;, B, Ci) undergo because of the constraints g(.), recall ~that

Vi(;i, m) denotes the cost due to initial condition ;i (at time 1)

and policy 7 = {hi(°),..., hN_1(-)}. That is:

Vi(xi,ﬂ) = F(x)y)
with

X = fi(xk’uk) , k=1,..., N-1

k+1
and

U = hk<xk) s k=1,..., N=1,
Now, let m' be the policy defined by:

()yeeeyhy ()}

7' = {l-_l.‘,h N~1

1271+

That is, w' differs from 7 only at time 1i.

After computing 0., a first order approximation to Vx(;i’ﬂ)

. i, -
can be obtained from VX (Xi,ﬂ') as:

I1.2.IV

i= U S
. . + . .
A (x; ,m) v (x;,T ) Vo (g o

. 1
But,
-— ' _ - -
So that:
I1.2.V

i+1(_

i,= . _ ei= =
VX (Xi,ﬂ ) = fx(xi’ui)vx xi+1,ﬂ)



304

Hence, from the definition of H;’ in II.1.II, we have:

IT1.2.VI

i
X

i,=- "y -
v, (xi,ﬂ ) =H

t

Also, from II1.2.V, we have:

L= o Leed = = L Toitl - i,= =\ .T

v (Xi,ﬂ )—[fux(xi,ui)] VX (xi+1’ﬂ)+[fu(xi’ui)]
i+, - iz =
VXX (xi+1,n)fx(xi,ui)

Then, from I1.1,.IV, we have:
I1.2.VII
i .= Yy —
qu(xi’Tr ) = Bi

Hence, IT1.2.VI and II1.2.VII into II.2.IV lead to:

I1.2.VIIT
v'(x.) =H' + B.a
X 1 X 1

where the argument 7 is omitted.
Now the minimization indicated in II.1.V implies that:
i
C.a.. + H =0=0. =0C. H
i7i u ;

Hence, II.1.I1 comes from the above equation, II.2.VIII and the

definition: R. = -Cc. 'B..
i i i

In the constrained case o, is the solution of QPi and satisfies

the following equation:
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I71.2.1IX
L. L.
i s i 1, i, v,s i
Hu + 2 A g, * D.a. = 0=aq, = —Di [Hu + 2 Ai 8, ]

1 171 1
s=1 s=1

Hence, II.2.IX into II.2.VIII leads to the expression below

which corresponds to II.1.II in the presence of constraints:

11.2.X
£
1 1 S 1
Vo Gy = HD + BRS¢ ) A7g) ]
s=1
=-p. '
By =P; By
and
2
A. €R

being the multiplier associated withfdi at the solution of QP

with the boundary condition:
N ,~- -
vV = F Gy,

Now, as can be seen in the proof of Theorem II.1.A, the matrix
with the correction term B;rCiBi in II.1.III must be the same
matrix used to define o, so that the step by step computation does
not lose contact with the whole problem. Hence, the use of Di in

QPi makes it necessary toreplace IIL.1.III by the expression given

below:
11.2.XI
i, - T
Vex¥i) = A; - By DBy
where

A is given by II.1.VII
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with the boundary condition:

N ,= . _ -
VXX(XN) = FXX(XN

)

As in the unconstrained case, a step length procedure is
incorporated in the aigorithm in order to guarantee its global
convergence. As the solution of the sub-problem DQPi may not
satisfy the inequalities of DCP, we use an exact penalty function

to determine step length.

The definition of Ai involves the new controls {uk},
k =0,..., i-1. Hence, whenever the step length of unity is
not accepted by the step length procedure we have to solve a
new sequence of quadratic sub-problems DQPi. In oxder to avoid
this drawback, we make use of the approximation given by II.é.III.
That is, if the sequence {Gui} obtained by solving {DQPi} is
such that {Gi+6ui} fails to make a 'substantial' reduction on the

exact penalty function, then the new sequence {ui} is set as:

where € € (0, 1) is the automatically adjusted step length. The
resultant algorithm is shown to be, under some assumptions, globally
convergent. Moreover, if the {Sui} obtained by solving the
sub-problems DQP, ultimately satisfies the test in the step length

procedure, then the rate of convergence i§ quadratic.
I1.2.2 The Algorithm
Let wi: R™ + R be defined as:
wi(ﬁi) A max{0; gf (ai), s = 1,2,..., Qi}

Let S, denote the set {1,2,..., Qi}
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2. .
Let‘Ki: R" > R * be the map below:
X.(u.) & arg min || H by y 2S¢ S(G.)[[ +
1 1 = 'Q“i u SES u 1
AER i

= S ;=\ 2,52
sés,[(wi(“i)'gi N ]
1

Recall that QPi and DQPi are defined as:

QP.

+ T
min (H') Su + ﬁéuTDidu
Suer® Y

subject to:

s - s =
g; (ui) + 18, (ui)éu <0, s¢€s;
and

DQP;

min [B> + B.A,176u + 48u™D,6u
Su€r™ ot ot

subject to:

s = s (=
gy (ug) + 84 (ui)éu_i 0, s €58,

Let @: RmXN + R be defined as:

(D A ) v
i=0

Let Y: RWXN x¥ R >~ R be the penalty function below:

v({u;}, ©) A FGxp + vw{u;h

where r > 0 is the penalty parameter.

Note that the above definitions are valid for any pair
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({xi}, {ui}) satisfying the dynamic equations of DCP.

RmXN define:

Also, for any {Gui} €

N-1
ll)({ui},{(Sui}) é izomaX{O; gis (L—li)""gus (ui)&“i’s € Si}
N-1 .
ag A ) (H;')TGUi
i=0

§({Gi}’{6ui}’ r) Q:F(QN) *ag ¥ r@({ﬁi},{éui})

and

8({5;},{8u}, ©) & (T, {6u,}, ©) =y({(5,}, 1)

Finally, recall that Ai was defined as:
_oLi-1.1-2 1.0 = i-1.1i-2 21 -
By o= £ £ T E T (ugmug)E E T E T (u—ud+...
i-1 =
Gy Ty

ALGORITHM

pata:  {u;} € V(= (X} € R r > 05 6 € (0, 1.

1]
o

Step 1: Set 1 = N-1; set € = 1; set &

Step 2: Compute Ai’ Bi’ Ci through II.1.VII, with

v', v' given by II.2.X and II.2.XI.
X XX

Step 3: Compute Ai ézki(ui)

Step 4: Set, D, =C, + Al (u.
P > Ui i sési i iguu 1)

Step 5: Find 0., the solution of QPi'
~1

Step 6: Compute Bi = —Di Bi-
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Step 7¢ If 1 > 0, set i = i-1; Go to Step 2.

Step 8: Compute the new control and state sequences by:

= < . = O
X: 1 fi(xi,ui) 3 Xg = X
u, =W o+ éui, where:
Su. = solves DQP. -
i i

Step 9: Compute 8 é:e({ﬁi}, {ui},r)
Step 10: If Y({ui},r) - Y({Gi},r) <€ %/16

a) set X. = X.
i i

b) set £ = %+1, go to step 1.
Step 11: Set € = §& ; set i = 0.

Step 12: Compute:

Xe,, = fi(;i,ui), Xq = Xg

1+1
and

u. = u. + . + B.A.
1 ul = al Bl 1

Step 13: If 1 < N-1, set 1 = 1+1; go to step 12.
Else,

go to step 10.

I1.2.3 - Global Convergence

We will require in our convergence results, to the algorithm

of the previous section, the three following assumptions:

Gi: All the functions F, fi’ gf are three times

continuously differentiable in all their arguments.



G2: There exist m and M, both finite positive numbers,

such that:
2 T 2
|| pl|® < p™Dp <M p
for all p € R™, Vi and all iteratioms.
G3: r > 2 A; , for all i, for all iterationms
SES.;
i

where,

Aﬁ? denotes the multiplier associated with
g5 (@) + .g° (@) (u.-5.) <0
i i i%u i i 717 =

at the solution of QPi .

Proposition II.2.A

LN
8 < Y [-a, D,a.1<0
_— . 1 11

1=0

Proof:
At the solution of QPi’ the following equation is satisfied

i s s
H~ = -D.a. - z A. .g
u i71 sESi i i%u

Then,

. iT. B _ T s s\T
1)\ )7y = -0y Doy - ] Ap (g ) ey
v s€Si

But,

i) () e, = -gd @)

for all s € S, such that: Xf #0



From (1), (i1i) and the definition of 6 we have:
N-1

et = T -
(iii) 8 =7 [-o; Do+ ] A g’ (u)] +
1=0 sESi

({5}, o) - va DI,

But,
(iv) ${a;},{ab) =0
and
N-1
@ vy b A ] v ().
1=0
Also,
(vi) ;@) > g @), Vs €5, .
Then, (iv), (v), (vi) into (iii) lead to:

N-1 N-1

(i) § < [-ofDioy + 1 AU @)1l ] ¥, GPT

1=0 S€S
1

1=0
But, by G3,
(viii) r >} A7, for all i

Then, from (viii) and (vii), we obtain:

N N-1 T
1=0

The proposition then follows from G2

Proposition II1.2.B

Let ({Gi},{§i}) be such that

a, =0, Vi
1

Then,

{Gi} satisfies the first order optimality conditions to DCP.



Proof:

Clearly, DCP is equivalent to the mathematical programming

problem below:

MP1

min {F(z)}
zé_(x,u)ER(nﬂn)XN

subject to:

gi(z) <0,1i=0,..., N-1

=9, F n, m

where,

: fi(z) é:xi+1 - fi(xi’ui)
and

Now, as ({Ei},{ﬁi}) follows the dynamic equations and, by

hypothesis, o; = 0 at the solution of QP for all i, we have:
(1) ({Qi},{ﬁi}) is feasible for MP1.

At a Kuhn-Tucker point z* of MP1, the following equations

must be satisfied, for some multipliers

>
p g

31 2



a, €ER"; X, € RV
1 1

Mty ooor NV e

(ii) F,(z%) + 2 £ (z%)"a; +.2 g, (z¥)°A; = 0.
1=0 1=0

(iii) X7 >0, Vi, s,

(iv) Xf g (z%) =0, Vi, s .
Let,

* * * *
z% A_(xi R N NELIEY uN_1)

From (ii) and the definitions of fi(z) and gi(z),(a, N

must satisfy:

i * % 17T _ _
(v) [fX (xi sy )] a; aj_q = 0

i=0,...,N-2

(vi) -f L (x.* ,'\ii* )Tai + [gul (ui* ) ]Til =0

u i
and
(vii) ag_, = -F (x*0)
see _ N-1 * * T N-1 * Ty -
(viii) [fu (XN—1’uN~1)] ayq ¥ [gu (uN_1)] AN—1 =0

Clearly, any (a,\) satisfying (v) to (viii) would also

satisfy (ii).

Now, at the solution of QPi the following equations are

satisfied:

i
H
u

i,=.T .
* Doy + g (ui) Ay =0, Vi
s .
Ai >0, Vvi, s

S, s ,= s - .
‘Ki [gi (ui) + .8y (ui)ui] =0, Vi, s

or, as a, = 0 by hypothesis:



. i i,- T .
(ix) HY + g, (ui) Ai + D.o; =0, for all i
(x) Af >0, for al i,. s

(x1) }\is gis (Gi) = 0, for all i, s.

Now, as o, = 0 for all i, from II.2.X and the definition of Hx

we have:

(xii) V) (&) iy G Yy L i=o0,..., N2

with the following boundary condition:

N

N-1 =, _
(Xi) - fX

e -1 -
(viii) Vx Fx(xN)

Also, as o, = 0 for all i, from (ix) and the definition of

i
Hu-, we have:

. i, 1+1 = i, -7, _ _
(x1iv) £ Vx (Xi) + g, (ui) ki =0, 1=0,...N-2
and
| N-1_ ,= - T _
(xv) £, Fx(xN) + gu(ui) Ag—1 = 0.
Hence,
(xvi) w;th ag_q = ~F(xy) and A=1 = Ay-1
we have:

(xv) U (xiii) = (viii) U (vii)
Similarly, for i = 0,..., N-2, we have:

(xvii) with,

it \T 142 T
a; = (£ YEST .

(f )

) F_(x

N-1 T =
X X °N

and

.:'
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we have:
(xiv) U (xii) = (v) U (vi)

In other words, with (a,\) given by (xvi) and (xvii), the
condition (ii) is satisfied at ({Ei},{ﬁi}). But, for ii = A{s
we have: (x) = (iii) and (xi) = (iv). Hence, the Kuhn-Tucker

conditions (ii) to (iv) are satisfied at ({;i}’{ai}) and the

proposition is proved.

Proposition I1.2.C

1f 6({u,},{0;},1) =0
then,

{Gi} satisfies the first order optimality

conditions to DCP
Proof:

From Proposition II.1.A, we have:

- N-1 T
8 <-) [0, D.a,]
- . i7iv1
1=0
Hence, from G2, 8 =0= o, = 0 for all 1.

The Proposition then follows from Proposition II.2.B.

Proposition II.2.D

Let {ui} be any control sequence.

Let U< R™ x R™ x...x R be any compact neighbourhood of {ui},
N S
N times
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Let r, k > 0 be arbitrary.
Then, there exists a function
(e, {ui},{du;}) > ¢ (e, {ui},{éui})
with
o (g, {ui},{dui} ~0ase~+0

uniformly in ({ui},{dui}) €U x Bk(O) X Bk(O)... X Bk(O)

N times
such that
IY({ui+edu£} ,r)-?({ui} ,{edui},r) Iged)(e,{ui} ,{Gui})
Proof:

Given in the appendix at the end of the chapter.

Theorem II.2.E

Let {u?} be any accumulation point of the sequence of

control sequences {ui}g constructed by the algorithm. Then,

{u;} satisfies the first order optimality

conditions for DCP.
Proof:
Let J be a subset of iterations such that:
@ (5 L Wl

As Xg = xo, there exists a {X?} such that:



G G L
i i
Also, by G2, there existsJ'cJ and {Dz} such that:
]
i) ¢ L of
i i
From (i), (ii), (iii) and Lemma 3.2 in Han (1977), we have:

(iv) there exists {ai} with ai solving QP,

to ({;i}’{ai}) = ({xi},{uz}) and such that:
o' L ey .

Suppose there exists an infinite subset J' < J' where
uy is set at step 8. Then, also from (i), (ii), (iii) and

Lemma 3.2 in Han (1977), we have:
111
0 (su b L (sud)
Sui solving DQPi to ({;i}’ {Gi}) B ({x?}, {u?}).

But, if u, is set at step 8, € = 1. Then from (i)

we have:

wi) {6u* Lo,

In this case, QP,=DQP, at ({xi},{u;‘}) . But then, from (iv),
(v) and (vi), a;‘= 0 for all i and the theorem is proved by
Proposition II1.2.B. Otherwise suppose that no such J" exists.
That is, from one point onwards, uy is set at step 12. It

{a?} # 0 then, by Proposition II.2.B,
(vii) 9({ui},{ui}, r) <0

Now, from (i), (iv) and G1, we have:



318

(wviih) 8u (et L e lef), 0

Hence, from (vii) and (viii), there exists b > 0 and 2% < o

such that:

(ix) 6({ui}2,{ai}l,r) <-b <0

for all £ € J', & > &%,
But, since ;({ui},{s'Sui},r) is convex in €',
(x)?({ui},{s'éui},r)-Y({ui},r)‘5 8'6({u;},{6u£},r)
for any sequences {ui};{éu;} and all ¢' € [0, 1].

Also, because of (i), (ii), (iv), G1 and G2, it is possible

to show [see proof of Proposition I.1.C] that:

(xi) there exists aK < o such that:

%
Il

Q. <K, Vi, 2 € J"
l —

But, from (i), there exists a compact neighbourhood U

of {ui} such that:
(xii) {Gi}g €U, for all £ € J', £ > &', say.

Then, from (xi), (xii) and Proposition II.2.D, there exists

an integer k' € {0,1,...} such that
- . A — 1 ]
eiid) [yl +6* o 1, 0=y a M (6 o0 0 | < 65/

for all 2 € J', & 2.2', say.

Now, from (i), (u. - ) SN 0, for all i, hence

1-1 i-1

Ai 3, 0, for all i,



Then, there exists a £ < ® such that, for all £ € J

Z'z £, we have :

Geiv)  [y(Cag e 48,810 0 ({546 0 30 m) | < 8 b/a

~

From (xiii) and (xiv), there exists a £ < ® such that:

- k' 2 A= 8% k' k'
(xv) |Y({ui+6 ai+BiAi} ’r)-Y({ui} {6 ai},r)l <8 b/2
for all 2 € J', % Z_@.
From (ix), (x) and (xv) we obtain:

~

(xvi) there exists % < « such that:

Y({Gi+6k'ai+BiAi}2’r)-Y({Gi}’r) < -ék’b/z

~

for all 2 € J", & > L.

Hence, from the way € is set at step 11 and step 10 with

u; computed at step 12, we have:

(xvii) € > &%

, for all L € J', 2 > 1 .
From (xvi) and (xvii) we have:

Geviid) ({50 - v e < -65b/2 <0

for all & € J', & large enough .

But (xviii) contradicts (i), the contradiction coming from

(vii) through (ix).

So, 8({u¥},{a*},r) = 0 and the theorem follows from
i i

Proposition II.2.C.



I1.2.4 - Rate of Convergence *

If we eliminate the variable x in DCP, through the dynamic
equations and initial condition Xy = xO, we would arrive at
the following mathematical programming problem which is equivalent

to DCP.

MP2

min ﬁ(u):é F(fN—1(fN—2("'fO(XO’uO)’u1)’u2)" )

. oy
(uerR™™)

subject to:

gis (u) <0, i=0,..., N-1

s € S.
1

In the analysis of the rate of convergence of the algorithm
introduced . in this chapter, we will require G1 .and the further

assumptions below:
Gh: {ui}x — u* (Kuhn-Tucker point for MP2).

G5: At each K-T couple for MP2, the second-order
sufficiency conditions are satisfied with strict
complementarity slackness and at these points
the same second-order sufficiency conditions also

hold for each DQPi, i=0,..., N-1.

G6: TFor all u € RmXN

S ¢
the vectors g’ € Ii(u)
are linearly independent for all i = 0,..., N-1, with

L(w A {8 W]gS W =y, (w}. -

G7: The step length € is unity.
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Suppose we apply to MP2 a slightly modified version of
Wilson's method [see Wilson (1963)] where the estimate of the
multipliers Xi(ﬁi) is used to compute the estimate of the Hessian

matrix. That 1is:

. . . w
at each iteration we find u to solve
the quadratic problem QP2 and iteratively
make:

-2+1 w
u =u

with QP2 being the following quadratic problem:

QP2 |

e Eu(E)T(u—G)*‘%(u-l—l)TP(G)(u-t-l)
(u€RmXN)

subject to:

S S ,- -
gy (u) + ;g (u) (u-u;) <0

I
o
-
L]
.
=
I
—

for all 1 =

i}
.
.
.
=

for all s

where,
N-1
P AF, (W + Y[ ] A°@).el @)1,

R i 17 1%uu
1=0 séZS:.L

Proposition II.2.F

Let the sequence of points u” be such that:
" — u* (K-T point to MP2)

Let H5 and H6 be satisfied. Then,
u” — ux

at least R—quadratically.
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Proof:

Given in the appendix at the end of the chapter.

Proposition II.2.G

Let u” — u* (K-T point to MP2)
Let H4, H5, H6,H7 be satisfied. Then,

for u near enough to u* both the
quadratic problem QP2 and the sequence
{DQPi} will predict correctly the

active constraints to MP2 at u%.
Proof:
Given in the appendix at the end of the chapter.

Observation:

As shown in the proof of the last proposition, the sequence
{fg} of multipliers to {DQPi} will converge to A*, the multiplier
associated with u* at the solution of MP2, Hence, the strict
complementary slackness holds for {DQPi} as a consequence of
being assumed for MP2. The sole reason for including {DQPi}

in G5 was to guarantee that:
I1.2.X1T
If p € R™ is such that:igE p =0,
then:
;;F‘Dip > 0, for all i

with D. being computed at u = u¥*,



w
3]
]

Note, however, that II1.2.XII is milder than assuming

the positive definiteness of {Di} at u = u¥,

Theorem II.2.H

Let {ui}g be constructed by the algorithm of this chapter.
Let G1; GA; G5, G6 and G7 be satisfied. Then,
{ui}e—'* ux , as {—oo.
at least R-quadratically.
Proof:

If we consider {Gi} as a perturbation of u* we can regard sub-
problem QP2 as a perturbation of MP2. Hence, calling p é:{ai}
and E:é u*, we can, as suggested by Robinson (1974), define the

following maps:
L(u, A, p) = 6(s, p) + A"G(u, p)
where,
BCu, p) A F (D (-0 + 4 (u=) TP (@) (ui)

and
() Ty (@ +48, (Bg) (uy=ig) ]

ATG(u,p)

fi>

T - - —
o)™ Doy g (o) g8y Qo ) Qg muyg )

Also define:



hCu, 0, IALL (u,),) kgl (B) e (5) Cag=ag) T, . - -

Yo %o,- . %o - .
‘9 A0 [go (uo) +Ogu (uo) (uo_uo) ] g s

1 1 - 1,- -
A >\N_1 [gN__1 (uN_1)+N"'1gu(UN—1) (uN—1_uN_1) ] soe s

L 2 9.
FN-1, “N-1,- N-1 - T
o Ageq leyog Cugopdtyoqgy (ugogmuyogdd

Now, because of G5 we can use Theorem 2.1 of Robinson (1974)

to see that:

there exists a continuous map Z(-)
which for any p near enough to 5
associates the K-T point to QP2 and
such that:

z(p) = (u*, A*) = K-T couple to MP2.

As the conditions to Theorem 2.2 in the last paper referred to

are also satisfied, we have:

(i) for any € € (0, 1], 3 open neighbourhoods

ME(E) and Ne(u*, A*) such that:

for any 5 € ME(E) and any z € Ne(z*)
we have:

1z - z2® < G- I n %07 || | 0ED ]

with

z% A (u*, X)),

Now, G5 and G6 ensure the existence of the inverse

above.

Therefore, from (i), we obtain:



(iid)

h(zD,G)
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(i1) there exists a cy < such that, for

u near enough to u%*, we have:

” ZD - Z(G)II < C1H h(zD,G)H

where,
P @P® 8 1w, @A, LR )]
K-T couples to DQPi
Also let,
YA @AY = 2.
Now,
S =g° =0, for all i, i
& u. Eu.u, » tor a S>3, 1.
i3 j i
Hence, recalling the definition of P(:) we have:
D - .= D - -~ D - - D - D,T i
(u,-u,)+F (us=u,) +...#F (uy ,—uy D+A (us-u ) +[A41 g
ugu, 1 1 Tugu, 2 72 Uguy_q N-1 N-1 00 "0 0" 0%u
D - .% D_- ~ D _- = D = DT
(uy~u,) +F (ug=u,) +..+F_ . (uy_,—uy_ ) +A, (u -u) ) +[A7] g
uug 00 u1?2 2 72 Ul N-1 "N-1 171 17 154
+F (L3 )+F (D=5, )+t (D ( )+
u_qu 07Uy oy fUpTup e -2 g e ﬁv?

N-170 N-1"1 UN-1 N2

X [go(u )-fog (u )(uO 0)]

.
.
.

4 2 ) %
0.D 0,~- 0,- D -
lofgo (uo)-FOgu_(uO)(u0~u0)]

.

1.D 1 - ’ 1,- D -
Ag—q Lo (e ) * g8y (uyny) Cuygog oy )]
2 2 ) 2
N-1.D N-1 N-1,- D -
My-1leyey Cyog) + o8y Cuy_ ) Cuyogmuygoy) ] _




where,

~ s~ T
Ai A Fuiui * [A(ui)] i8

From the recursive equations we have:

(iv) Hi.=(fi)T(fi+1)T...(fN-1)TF +eH Tt T e el
u u X X X

N-1
N-1 . T
(B, *Ay—1 n-18y]
1+1 T N-3,T,T N- 2 T
i,T i+1
* fuBi+1[ u i+1 i+1gu]

where

Ki is the multiplier associated with o; at QPi

el i+1 T N1 T 1+1 T i+2,T
(v) Bi—(fu ) (fX ). ( ) F +(f )T [(f (fX ) R

N-1.T 1+1.T, 142, T i+1
(fX ) Fx+(fX ) (fXX ) ...FxfX
+ (fl+1)T(f1+2)T(fl+3)T(fl+4)T,,,,F f1+1f1+2 +
X X XX X X X X
cow (EETOT T N T
X X XX X X X

i+1 T N-2, T, ,T N-2 i i+1
(f ) (f ) (fX ) [B. ,D. .B ]fx ...fx-(f ) (f ) e

N-1"N-1"N-1
N-3,T,,T N-3 i
SR € o Rl (-l N NS e SR
- - (f)[B B. ]fi

i+1 1+1 i+1



Observation:

. . n . .
EOTEM T =3 (e HTEH T )
X X X i X. X. X.
1=1 ] J N
Also,
i) o=t ) TEr DT DT s DT DT L
i+1.T, i+2, T, i+3,T N-1L i+t i+1\T
+ (£ ) (fXX ) (fX ) ...(fX )FXfX +.. +(fX )T ..
.(fN_1)TF fN-1,,,fl+1]fl
X XX X X u
iI\T, i+1\T N-2,T,,T N-2 i+1,1
- EDTE D E D) (8- 1Py—1By—1 1y £ R
1+1 T N-3,T,,T N-3 i+1 i
(f ) [81+1 1+1 1+1]
Now, from the definition of E(-), we have:
(vii) F (f) (fl+1)T G-
1.11 X X
Hence, for j > 1
> i+1 T 3= T, 23 T, .3+1\T N=-1.T
(viii) L i (f ) (f ) -(fX ) (fﬁx) (fX ) ...(fx ) Fx
i+19T = INTy T i+ N T, j42 T N-1
+ EDTEDT L@ EH TrE i T L

JHINT, 3+2T, . 3+3,T
+ 3T TE )T

j+2.T,.j+3 T
(fx ) (fXX ) ...

oot (f3+1)T(fJ+2)T..
X X

.(fX

Fogitlgdt2
X X X

f

XX X

N-

1

.(fN_1)TF fJ+1+(fJ+1)T
X X X X

e edy
X X



while,
(ix) F i (T, i+1.T N-1,T 1+1 T ei+2yT
uiui“(fuu) (fX ) ...(fX )'F (f ) Kf ) (£ X ).
i+1\T, 1+2. T, 1+3,T i+1 i+1,T
+ (fx ) (fxx) (fX ) ceo B E H(ETTT)
,(fN_1)TF fN_1,.,f1+1]f1
X XX X X u
From (iv) and (vii) we obtain
~ i iNT,i+1\T N-2,T N-1
(x) Fui—Hu (EP L DT T8y (1) +AN_1 N-184]
1+1 T N-3,T,T N-2 T
- (f ) (f ) .(fX ) BN_Z[H +XN 9 N-284 ] -
i\T,T 1,,T
(fu) Bi+1[Hu+>\i+1 i+1gu]
From (v) and (viii), we obtain for j > 1
S AT, itNT 3=1,T,T 141, T N-2,T
(x1) Fuiuj—(fu) (fx ) ...(fX ) B +(f ) (f ) ..(fX )
T N-2 J+1.j
[By-1Dy-Byg1E "oy f
1+1 T N-3,T,,T N-3
+(f ) (f ) -(fX ) [BN—ZDN—ZBN-Z]fx
AL R
X u
1+1 T j J
+ (f ) (f ) (f ) [BJ+1 5+ J+1]

From (vi) and (ix) we have:

(£
X
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(3]
(o]
O

.. ~ 1+1.T,_ 1+2.T N-2.T, ., T
(x11) Fuiul C,+(f ) (f ) (fx ) ...(fX ) [BN-1DN-1BN-1]
fN-Z fi+1fi
x "TTx u
1+1,T N=-3.T,,T N-3 i+1.1
+ (f ) (f ) ..(fX ) [BN-ZDN—ZBN-Z]fx ...fX fuf.“.
+ ehTel, v, B, 16

i+1 1+1 i+1

Now, recalling that (ai,Ai) is the K-T couple .of QPi we have:

1 T _ L _ =
H o+ Ai 18y T Di(oci ui)

But, from H5 the sequence of sub-problems {DQPi} also satisfies
the second-order sufficiency conditions with strict complementarity

slackness, at the point {Gi} = u¥%,

Hence, from theorem 2.1 of Robinson (1974), for all {Gi}‘
near enough to u¥%, DQPi will also have a unique K-T couple
(Gui, A?) where the second order sufficiency conditions are
satisfied with strict complementary slackness. Then, considering
DQPi as a perturbation of 'QPi, Theorem 6 of Fiacco and McCormick (1968)

shows that a first order approximation to ((Sui - ai) is:
(0, = 8u,) = DT1B.A.
i i i 7iti

. s
Moreoever, as the functions F, fi and g; are all supposed
to be three times continuously differentiable, we can ,5rmjbﬂj {o

Theorem 15 of Fiacco and McCormick (1968) , see that:

o. = Su., + D71B.A. + e
1 1 1711 1

where
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Hence,
AP S _ D_- .\ _ -
(xiii) H, o+ Ai 18y = —Di(ui ui) BiA, + e
where,
Dy _ ¢~
{ui} = {ui + Sui}
with
Sui being the solution of DQP. .
From (x), (xiii) and recalling that B, = —DiBi, we obtain:
. = i+1 T N-2,T_T D -
(xiv) Fui (f ) (f )7 (ET) By—1(Uy=1 ug_q)
i+1,T N-2,T,,T
- (f ) (f ) .. (fX ) [BN 1Px- 1BN—1]AN-1
i+1\T N-3,T,T D -
- (f) (f ) e (E ) By o (ug o muy o)
i+1,T N-3,T
- (f) (f )l (BT [BN 2Py-2Pn-218y-2
el TLT D _ i\T
(fu) Bi+1(ui+1 Ui+ ) (f ) [Bl+1 J.+1BJ.+1]A +1
+ E1
where,

el =~ 1o l?

From (xi), (xiv) and the definition of Ai’ we have:



i ~ - ~ D - ~ D
(xv) H' = F +F (u; . —u, )+F (u; . =u. ,)+...+F (u, -
u uy uiui+1 1+1 “i+1 usus 1+2 “1+2 Uy N-1

1+1)T ,(fN_Z)T[B D ][fN %N 3 1+1fi(uD

(£, RN N-1PN-18-1 x fplugTyg

i.i-1, D - N-2 1 0 D -
+E, TEL T E ] (ui__1 ug_dFe. ot TLE E(uge) ]

1+1)T ..(f§_3)T[BT N-3 .fl+1fl(uD—G.)

+(f ) (f N—ZDN—ZBN—Z][fx Ttk Tuti i

N-3 N=4 i.1-1 - N-3 1.0, D -
+fx fx ...fxfu (ui_1 ui_1)+...+fx ...fxfu(uo uo)]

.
.

1 i-1 -
(u1_1 ui_1)+- e

(f, LTgT 1 &3 (u -u )+f

i+1 1+1 1+1

i.i-2 1.0, D - -
+fxfx ...fxfu(uo—uo)] - e,

From (xv) and (xii) we obtain

) i D -, .2 ~ D
(xvi) Hu+Ci(ui—ui)-FufFu u(u 3.)+F (u . )t +F (u

i+l 1+1 u.u N-1

i%i i%i+1 19N-1

N-2.T,,T N~-2 i i-1
.(fx )°[B. .D. .B fo ...fxfu

1+1)T
N-1"N-1"N-1

+(f ) Tee

N-2  pi-1gi-2,D = N-2

1.0, D -
S8 TS S {op Wi ) te .t ...fxfu(uo-uo)]

(£t ) Tra?

i+1 1+1 1+

o>

(2]

e
I

(F )T, from (xi) and the definition of Ai we
i% T3t
have :

UN-1

D
(w_iw

U.

1][fl gi- 1(u i P I L A €Y
p.< X

o(heg]



w
w
N

. o D -
(xvii) B.A. = z F (u.-u.)
i71 520 uiuj 3 3
1+1 T N-2.T.,T N-2 i.i-1, D -
(f ) (f '(fx ) [BN—1DN-1BN—1][EX "'fxfu (ul 1 ul_1)
N-2 i-1.1i-2, D - N-2 1.0, D -
+ f . fX fu ( fop7Us 2)+...+fX "'fxfu(uO uo)]
1 i-1 - 1 0 D -
SEGRELGTO IR G A G TR R SRR N Charvp
From (xvi) and (xvii) we have:
R 1 D - _ = N-1-= D - -
(xviii) Hu + BiAi+Ci(ui - ui) = Fu. . 2 Fu u.(uj u.) - e;.
i, i3
J=0
By definition
(xix) D, =c, + [x@)]T
i 1 1 uu
and
(xx) & =F + N@H1T
i “u.u, i i8yu
i1
Now, at the solution of DQPi we have:
. i D - D.T
(xxi) Hu + BiAi + Di(ui - ui) + [Xi] u s 0
and
(xxii) xD[gS(G ) + .g2@u )(uD - u.)] =0, for all i =0 N-1
s it8i N 18y Ui/ Y T Yy ’
for all s = 1,..., li

Hence, (xxii), (xxi), (xx) and (xix) into (iii) lead to:



Gxii) [ nG, D ~ [ o)

But, because of H5, it is possible to show [see proofs of

Lemma 4 and Lemma 5 in Powell (1978a)] that:

(xxiv) there exists a constant c < ©
such that:

[w® = all < elld - ull

Then, from (xxiii), (xxiv) and the definition of Ai’ we

obtain:
(xxv) there exists c* < ® such that:
Iz, D < exlld - uwx||?
Then, from (ii) and (xxv), we can see that:
(xxvi)  there exists a CO < ® such that:
[ I (e

where,

u” is the successor obtained by the modified Wilson method.

Now, because of Proposition II.2.F, we already know that:

(xxvii) there exists a c¢' < © such that:

| - ull <e'llu - ux]

But,

I+ T -l

(exviii) [P = Gl < [[o® - u



Hence, from (xxviii), (xxvii) and (xvii), we obtain:
there exists a ¢ < © such that:
1o -5l < el - u)®

which is the desired result.

II.2.5 - Remarks

Note that the algorithm presented in this chapter is not
a discrete time version of the algorithm suggested by Jacobson and
Mayne (1970) for continuous time control problems with control
inequality constraints. While here the sequence {ui, i =N-1,..., 0}
is found backwards by solving the sequence of quadratic programming
problems {QPi}’ the discretization of the corresponding computation
in the algorithm of Jacsbson and Mayne (1970) would require the
solution, for i = N-1,..., 0, of the following non~linear programming

problem:
I1.2.X1I11

. - = i
min H.(x.,u. + Su, V)
i1 X

SuER™

]

subject to

us + 8u € U = feasible controls set.

Now, in contrast to the solution of the quadratic sub-
problem, which can be found in a finite number of steps, the
above minimization, in general, involves an infinite iterative
process, where the solution is only reached as a limit. If the
method suggested by Wilson (1963) is applied to solve II.2.XIII a

sequence of quadratic programming problems must be solved.



In this sense, the solution of QPi may be thought of as the
first iteration of a process intended to solve the nonlinear
programming problem given by II.2. XIII. That is, instead of
pursuing the complete minimization indicated by II.2.XIII we only
take, at each iteration, one step towards its solution. This
feature may greatly reduce the number of computations. On the
other hand, as pointed out by Jacobson and Mayne (1970), the
solution to II.2.XIII can be found even when the matrix
Hiu(;i, ;i’ Vi) is not positive definite, although their
algorithm would require the positive definiteness of the matrix

i

[Huu + Xigiu] when evaluated a Gi + Suz (ki being the multiplier

assoclated with Guz at the solution of II.2.XIII).

Here , the matrices D. = gt o+ X.(G.)g are assumed
1 uu 1 1 uu
to be positive definite for all the nominal sequences, when
proving the global convergence. Given the way Di is constructed,
assumption G2 is perhaps excessively strong. Some remedies can

be suggested to overcome this drawback.

As in the changes made to the Basic Algorithm of the first
chapter, to cope with the secant update (see algorithm of section
I.3.2), a multiple of the identity matrix can be added to D,
whenever the solution of QP fails to satisfy some tests. This
device may enforce global convergence without requiring the
rather restrictive assumption G2. Moreoever, if Y remains equal
to zero for all i large enough, or Y; > 0 as {Gi} -> {uz}, a
quadratic rate of convergence could still be achieved (see dis-—

cussion in section I.3.5).

335
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Another approach would be the replacement of QPi by
some variable metric method. That is, instead of computing
D, directly from the recursive equations, an update could be
used keeping the matrices {Di} positive definite yet allowing
the achievement of a superlinear rate of convergence. This

idea will be briefly discussed in the next section.

The role played by the positive definiteness of Di is to
ensure that the solution o of QPi is a descent direction for
the exact penalty function used to compute the step length. Now,
because X is fixed, a reduction on step length € not only
affects the movement along the direction 7 but also reduces
the norm of Ai’ therefore making the solution of QPi closer to
the solution of DQP;. Hence, if the eigenvalues of the matrices
{Di} are positive and bounded away from zero, we could see
through Proposition II.2.A that for € small enough (but bounded
away from zero) we would have a reduction on the exact penalty

function even if no future correction is made.

In other words, if the new control sequence {ui} is constructed
ignoring the future change on the trajectory, that is according

to:

IT.2.XIV

then we can still prove global convergence, provided that assumption
G2 holds. Note that II.2.XIV differs from the first order method

below, due to Jacobson and Mayne (1970),



oL
(@3]
~

I1.2.XV

because (—Hi) would be equal to o, only if Di = 1. Therefore,
iteration II.2.XIV can be expected to work better than II.2.XV.
However, its rate of convergence is not likely to be faster than
iinear. Actually, a superlinear rate of convergence will depend
not only on the way the matrices {Di} are defined but also on
the forward correction of us due to the change of trajectory. As
shown in the proof of Theorem II.2.H, the computations of step 8

and step 12 only differ by a second order term in Ai’ But
Ai + 0 as {ui} > {u*}

Therefore, although the quadratic convergence result of
Theorem II.2 was proved assuming that the forward correction is
ultimately performed by step 8, the computation of step 12 may
also lead to a superlinear rate of convergence provided that
€ = 1. 1Indeed, it is the achievement of a step length of unity
which motivated the introduction of the quadratic problem DQP. ,
instead of making the correction always through step 12. As
we have seen in Part I, the degree of accuracy with which the
constraints are satisfied may play a major role in the establishment
of superlinear rate of convergence for algorithms which approximate

the constraints around the current point.

While the solution of the quadratic problem DQPi satisfies
the constraints to first order, this may not be so with the

computation of step 12.
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Furthermore, as in Part I, a second order term ;i may be
added to the solution of DQPi and the resultant search arc be used
to compute the step length. As this arc satisfiesthe constraints
to second order, a step length of unity is then more likely to be
accepted by the test of step 10. In particular, this could
avoid trouble eventually arising from the occurrence of the

Maratos "effect'" [see Maratos (1978)].

The structure of the method described in this chapter makes
it possible to apply most of the ideas employed in Part I. For
instance, with the additional wvariable W, new sub-problems DQP;’
and QPZ can be used replacing DQPi and QPi respectively, thus
preventing any inconsistent constraints in the quadratic optimization

problems.

A procedure, similar to the one suggested by Mayne and Polak(1982),
which was used in the'Basic Algorithm to update the penalty parameter
Css could also be incorporated into the algorithm. Alternatively,
when the constraints g(.) are convex, something often found in
practice, the simpler procedure described in chapter I.2 may also

be useful.
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APPENDIX (Chapter IT.2)

Proof of Proposition II.2.D

Let d(e,{u;} {8ui}, 1) A [y(lug+eduid, )=y ({u},{edu},0)l

Let
{Xi} denote the sequence obtained with {ui}
and

{xi} denote the sequence obtained with {ui+€6u£}

From the definitions of vy(-, r) and ¥(+,+,r) we have:

' ' N2t '
(1) d(e,lu;},{6ud,r) < |F(XN>-F(XN>—iZO<H3>Tesui|

+ rl&({ui+€6u;})—@({ui},{saui})l.

Now, the expression (for the discrete case) of the change
in cost due to a change in the control sequence, corresponding
to the continuous time expression in Mayne (1973), is:

(i1) Flx)-F(x,) —N§1[H ( vedul, Vi -m, ( vty
B G TS S A AR (%0015 Vy

where
T
Hi(x, u, w) Aw fi(x, u)

Because of G1 and the mean value theorem, there exists an us

lying on the segment [ui, u, + Eéﬁi] such that:

. i+1
H. (x.,u.
1(X1’u1’vx

~

i+1 el i+1,,T 1
)-. )—[Hu(xi,ui,vX )] Eéui

¢ o 0 : '
ii . (%.,u.+e8u.
(iii) Hl(xl,ul eéul,VX

From (ii) and (iii) we obtain:
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(iv) F(xN) - F(XN) = .zO[Hu(Xi’usx )] €<Sui
l:
where,

~ 1
for all i, ug lies on the segment [ui,ui+€6ui]

(iv) 1into (i) leads to:

N-1 . . . .
v) d(E,{ui},{Su;},r) 5—E.Zo[llH;(xi’ui’vi+1)-Hi(Xi’ui’V;+1)IhliSULH

+ v |y(lu +esu; D=0 ({u, ), {edu; D |

Now, again by G1 and the mean value theorem, for all i, all
A ]
s € S;» there exists an ui, lying on the segment [ui,ui+€6ui]

such that:
. s 'y _ .S s ,AS '
(vi) g; (u;+edu)) g; (ui) * gy (u; dedu; .

Hence, from (vi) and the definition of W(+), ¥(+,+) we have:

R . N-1 R \
(vii) iW({u£+€6u£})-¢({ui},{Eéui})|§1§0[22§{|ligi(ui _igz(ui>H}€ HéuiH] .
i

Now, there exists a compact set U' such that, for € € (0, 1],

u; €U and Gu; € BK(O), we have:
[ui, u, + €6u£] c U', for all i

. i s .
Also, the functions H;, ;8, are all continuous and,

1

. . . '
therefore, uniformly continuous in U .

Hence,



f i ~ o i i i+1
(viii) |‘H$(xi,ui,V; 1)—H$(xi,ui,vx Y|~ o,
uniformly in U x BK(O), as € +~ 0
and
. s ,~s s
(ix) H igu (ul ) - igu (ul) || ' -+ 0,

uniformly in U x BK(O), as € >0 ,

The proposition follows from (ix), (viii) and (v).

Proof of Proposition IIL.2.F

Recall that in the first chapter the map A(*) was defined
for all x € R*. 1If we apply these maps to estimate the multipliers

of the mathematical programming problem MP2, we have:

- - ~ - T2 % — S ,m1 2,082
(1) A(u) A min{ Fu(U) + gx(u)X|| +) [(w'(u)-gi(u)) A1
AER s=1

N-1
where, R A } %, and P' (@) = max{0; gis (w}
i=0

We already know that:
X(u) > A* as u > u* (K-T point to MP2)
Now, for all i the maps Xi(') were defined as:

(i) ;@ 4 arg miy (|| i+ ] 2%° @) 1747 (s G=gS @24
AER 1 s€Si sESi
where,

wi(t—li) A max{0; gis (Gi)}

s€
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Since u -+ u* (K-T point to MP2), we have:

(iii) wi(ﬁi) + 0, for all i
and

(iv) v '@ =0

From the recursive equations and the definition of F(-)

it is possible to show (see Theorem II.2.H) that:

. ~ i+1 T N-2.T,T N-1 .T
(vi) F = Hy (gh RO RN W s SO S
1+1 T N -2 .T
- (f ) (f ) ( )BN 2[ +XN -2 N-284 ]
i1, T.T i ) T
(f ) 81+1[ * >‘:‘.+1 i+1gu]

Now, at the. solution of QPi we have:

.. i T _

(vii) D.o; + [H +A; g, =
As shown in the proof of Theorem II.2.E,

(viii) {ai} > {az} as u > u*

where,

u? solves the problem below:

mln [H (u*)] o+ éu D. (uf)a
a€R™ v

subject to:

(u ) o+ (u Jo. < 0, s € S;

where,



K %
Di(u<) means that the sequence {ui}

is used to compute D..
Clearly, from G5, a? =0 for all 1i.

Hence, from (viii) and (vii) we have:

(ix) [Hi + AE igu] + 0, for all 1i.

Then, from (ix) and (vi) we have:

(%) (F - HY) + 0, for all i.

From (x), (iv), (iii), (ii) and (i) we then have:
(X(u) - {Xi(ﬁi)}) >0

Then,
A @)Y "

From the above convergence, G! and the definition of
P(+), we have:

g S (u¥y

w = * + S
P(u’) =~ Fuu(u ) +-25 ki 1®uu 1

1,

Then, the proposition follows from Theorem 3.1 in Robinson(1974).

Proof of Proposition I1I1.2.G

By G4 we have: {ui} > u® (R-T point to MP2).

Then, by G7,

{Gui} -0

Also, as u” + u*, &u” é:(uw -u) >0
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Hence, for U near enough to u*, none of the non-active
inequalities at u* are predicted to be active, either by QP2

or the sequence {DQPi}.

Now, let X? denote the multiplier vector of DQPi and
A" the multiplier of QP2. Because of G1 and the boundedness
of P(u), it is possible to show [as in the proof of Proposition

I.4.F] that:
AY > A\* (multiplier to MP2),

Then, the first part of the proposition (concerning QP2)
comes directly from the strict complementary slackness assumed

in G5.

Now, let Ni be the matrix whose columns are the gradients
of the active gi(-) at uz, calculated at Gi' From the fact that
none of the non-active gi(°) at uz are predicted to be active

by DQPi, at the solution of this problem we have:

H' + B.A, + D,8u, = N.Z.
u i71 i1 i“1
with
s,.D} s, %y _
Then, as Gui + 0 and Bi and Di are bounded, we have:
(i) lim N*z, = N'z
ive T
where,

i, . .
N” 1s the matrix whose columns are the gradients

. * 3
of the active gi(') at u., calculated at uz
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and
;) S o %y _
Z = {Xi |gi (u™) =0}

with

~

A; being the wultiplier associated with the

solution of DQPi, for u = u”.

From (i) and the independence of the columns of N*

assured by G6, we have:

>

.. D
(ii) Ai -

But, for u = u* we have seen in the proof of the last

proposition that a, = 0, for all i. That is
DQP, = QP, .

Then, (see Proposition II.2.B), the K-T conditions to

MP2 are satisfied at u = u* with:
1)

(iii) A* = {ii}

But, by G6, the multiplier A* is unique, so that, from

(ii) and (iii), we have:
D *

And again by the strict complementary slackness assumed

in G5, the last part of the proposition is proved.
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II.3 SUGGESTIONS FOR FURTHER RESEARCH

The modified version of the DDP method, presented in
II.1, is shown (see Theorem II.1A) to give the same successor as
Newton's method, without requiring the cumbersome task of inverting a
(mN) x(mN) matrix at each iteration. In practice, when applying Newton's
method, it is a common feature to replace the inversion of the matrix by
the solution of a system of linear equations. The Gauss elimination
is among the most commonly used methods to solve linear systems.
It is a point for further research to compare the computation
involved in the method of II.1 with that involved in the triangular-

ization procedure of Gauss's method.

The requirement of positive definiteness of the matrices
{Di} to establish convergence of the algorithm of II.2 reduces the
applicability of this algorithm, in particular if the matrices D,

are computed as suggested. That is:

D. = C. +
i 1

L. v
P oo - s =
LAy (uy) e Cup)
s=1

Of course if, at all iteratioms, Di is set equal to a positive
definite matrix (say aI, o > 0) for all i, assumption G2 would be
satisfied and any accumulation point of the sequence of control
sequence {ui} constructed by the algorithm satisfies the first-
order optimahkﬁ\ conditions for the discrete control problem
(see Theorem II.2.E). But the result of Theorem II.2.H would

no longer be valid as only a linear rate of convergence can be

expected.

A method which keeps the sequence {Di} positive definite while

. + . .
updating {Di}g 1 through an extension of the update given by
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1.4.V1 is given below.
L.

. i
. ' - 1 S s ,=-
Let T, A min{m ; [, Cupd+ [IHu +Sz1ki iguu(ui)l|] and
for each iteration & defime: TV é:max{Ti|i =0,..., N-1}.

For 1 = 0,..., N-1 let Ni be the matrix whose columns are

the gradients of the active constraints at the solution of QP .

}2+1

The sequence {Di}z can then be updated to {Di as follows:

Lk, BT L L2, AT
T (G U S T

(9o} 5% 69 ™}

for i = 0,..., N-1, where:

6i-—— i i
ooyttt s bt Tl
with
L. .
A [H +zl;\s AR [Hi+21As s (5.1
Y;i & M 18 VY u i i "%
s=1 s=1
and L
. T % 2
0, if (&;v))” > e (I 8117 , e, € (0, D
% . T ) ) 2
aj A £ 1, if 0 < (d.y.)g < [m1n{€1; T }] (|| (SiH )
(] s, 12 -6yt
1 + 7 otherwise

T
T (H 8, | ) +(6iNiNic‘Si)

Proposition II.2.B, the definition of Tz and assumption G5
are sufficient to show that the above update is well defined and
generates a sequence {Di}2 of positive definite matrices for all i.

It is then a point for further research to know whether a super-

linear rate of convergence can be established for the algorithm



of II.2 when using the above update procedure. Note that, at
cach stage i, the constraints gg , J = 1,...,Ri, only aepend

on u,. Hence, the matrices Di are not obtained recursively but
are constructed from Ci using estimates of the multipliers Ai'

If the constraints are of the form gf (u ) the

0o Wqs e oy
recursive equations must be modified in a similar way to that
suggested by Jacobson and Mayne (1970) for the continuous time

case. Further research is required on this problem as well as

on the question of how to cope with state constraints.
$

Finally, application of the algorithm of II.2 to practical

problems is required before asserting its competitiveness.
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