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ABSTRACT

This thesis is divided into two parts.

The first part is concerned with the development of efficient 

algorithms for solving the general mathematical programming problems. 

Such problems frequently arise in optimization based design of control 

system or circuits. The thesis concentrates on a specific class of 

algorithms which obtain a search direction by solving a quadratic 

approximation to the original problem and then utilizes an exact 

penalty function to compute the step length. One of the defects of 

existing algorithms in this category is that the quadratic approxi­

mation to the problem is such that no feasible solution exists. A 

new quadratic aproximation is therefore introduced with the following 

properties: a feasible solution always exists and the solution of 

the programme yields a search direction which is a descent direction 

for the exact penalty function used to compute step length. Using 

this a new algorithm for constrained optimization is developed and shown 

to be globally convergent. A simplified version of the algorithm 

for the convex case is also developed. Finally the special structure 

of the quadratic approximation is exploited to obtain a simple procedure 

for updating the penalty parameter. Global convergence of this version 

of the algorithm is also established.

It is then shown that if a secant procedure is used to generate 

the approximation to the Hessian of the Lagrangian (employed in the 

quadratic approximation) the resultant algorithm is globally con­

vergent and has a Q-superlinear rate of convergence. A new version 

of the B.F.G.S. procedure for approximating the Hessian is proposed



and the resultant algorithm is shown to be globally convergent and 

have an R-superlinear rate of convergence. Numerical examples 

illustrate the results.

In the second part, a modified version of the differential 

dynamic programming (DDP) method, for discrete unconstrained control 

problems, is introduced and is proven to be a 'step by step' 

implementation of Newton's method for solving systems of nonlinear 

equations. Finally, an extension of this method is developed to cope 

with control constraints. The resultant algorithm is shown, under 

some assumptions, to be globally convergent and have a quadratic rate 

of convergence.
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Glossary of Symbols

Besides the symbols defined along the text, we followed the 

notation below:

Standard Symbols:

 ̂ ~>> o, n, {*}, — , 5̂, ^ ^ j ,  V; +j — j X;

/; °°; U,b]; Ca,b); '(a,b); Ca,bl; || • ||; |-|; |; +; ;=>;
n

<=>; 4 ; I s I ; <■.'>;
i=l jes

pT; lim; lim ; ( m o d . n ) ; /*; R; Rn ; L(.Rn); V; V2;
i-*» rK) 0+

V ; V ; f ; f ; f x xx* x xx xu

Special Symbols

f : Rn Rm - the map f from Rn into Rm

x -* p ’ (•, B*,c) - the map p* (x,B*,c)

{x.}. T or {x.}T - the set {x. e {x.} |i e 1} l lei i I l l 1

x. ^ x* - {x^}j converging to x*

I - I' - the set {i e I|i 4 I!)

K-T - short for Kuhn-Tucker

4.-CP2. _ derivative of z(») with respect to A. computed 
dA. 1

at the origin

|| • 11̂ - the -fp-norm on Rn , 1 < p <'«»

A*B cartesian product (A,B sets)
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INTRODUCTION.

This thesis is divided into two parts,

In the first part we deal with iterative methods to solve the 

general mathematical programming problem (GMP) below;;

GMP

min f(x)
(xeRn)

subject to: g(.x) < 0

h(x) = 0

where:

f : Rn + R, g : Rn -> Rm, h : Rn ->

There is an extremely diverse range of practical applications which 

require the determination of the ’best’ solution to certain mathematically 

defined problems, either in the general form above or in some special 

forms as : linear programming, linearly constrained programming, 

quadratic programming, convex programming, etc. A number of such 

applications can be found in the proceedings of a conference on 

’Optimization in Action' [Dixon (.1976)3 and many more, of course, in 

the specialized technical literature of almost every activity in which 

numerical information is processed (Science, Engineering, Mathematics, 

Economics, Commerce, etc.)

Although most of these applications are finite dimensional 

problems, the solution of GMP is also of interest for some infinite 

dimensional problems. In particular, continuous time optimal control 

may be put into the GMP form through the use of an appropriate dis­

cretization [see Cannon, Cullum and Polak (1970) 3 .
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Also, many prohlems of synthesizing a system from components whose 

values are only known within a certain tolerance,for example circuit 

design problems with tolerances and multivariable control design problems , 

can be cast into the form of a mathematical programming problem where 

the constraints are infinite dimensional. Then, either by the selection 

of a finite number of ’worst cases' CBandler, Liu and Tromp (1976)1 

or through outer approximations algorithms [Mayne, Polak and Trahan

(1979)1 with automatic constraint dropping schemes [Gonzaga, Polak 

(1979)1, these problems can be solved as the limit of a sequence of 

finite dimensional GMP's.

Most of the methods proposed to solve the GMP are iterative; 

given a start point x^ they build a sequence {x^} through the general 

iteration

xi+1
x.i + a. p i i

where p^ is a 'search direction' previously obtained by solving an 

auxiliary sub-problem and ol is the 'step length' computed by some 

procedure in order to assure that x. + ̂ satisfies a certain improvement 

condition.

In fact, the nature of the sub-problem used to determine p^ and 

the way ol is computed may be used to characterize diverse types of methods 

to solve GMP's.

In the so called 'methods of feasible direction^'[Zountendijk 

(1960)1 the sequence {x^} remains feasible, that is ; x^ satisfies the 

constraints of the GMP for all i. The search directions are in gen­

eral obtained by minimizing, over the feasible set of GMP, a function 

which approximates the objective function f(*) about the current



point x^, either linearly, as in the conditional gradient method, or 

quadratically, as in the Newton’s method for constrained optimization 

[Levitin and Polyak (.1966)].

Since in these methods x^ remains feasible (for ol <_ a < 00 , say) 

the step length is chosen to ensure a strictly monotonic decrease of 

the objective function so that under reasonable assumptions a convergent 

sequence, whose limit point solves GMP, is obtained [see Ortega and 

Rheinboldt (1970) for a discussion of convergence of ’descent methods’]

On the other hand, nonlinear equality constraints can make the 

solution of the sub-problems used to determine p^ quite cumbersome 

and unless the equality constraint functions of GMP are affine such 

methods do not have much appeal.

Simpler sub-problems can be achieved if the constraints are 

linearized about the current point, although the objective function 

must then be modified to include information about the curvature of the 

constraints [Beale (1967)] if superlinear convergence is required .

In particular, the use of second order approximation to the 

objective function of GMP and linearization of the constraints 

[see Wilson (1963)] lead to a quadratic problem which, because it can 

be solved by many well known algorithms in a finite number of iterations 

[see Fletcher (1971) ]r is a suitable search direction sub-problem.

Algorithms of this class have been shown to be locally convergent 

with a quadratic rate of convergence [see Robinson (1974)3 but their 

global stabilization posed a new question. Because they generate 

sequences {x^} which are not necessarily feasible, it may be difficult 

to decide whether, for a certain value of a, the iteration
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leads to a improvement.

Alternatively, the search direction can be found by the unconstrained 

minimization of an appropriate function, as in the multiplier method 

of Glad and Polak (.1969) and exact penalty function methods [see 

Pietrzykowski (1969)3.

Although these methods have an advantage over the sequential 

unconstrained minimization of the classical exterior penalty function 

[see Fiacco and McCormick (1968)3 in the sense that the penalty parameter 

can be kept bounded from above rather than going to infinity, their 

success depends greatly on the particular unconstrained optimization 

algorithm eventually chosen for minimizing the seldom simple and 

often nondifferentiable augmented objective function.

Moreover, despite the fact that the penalty parameter required is 

finite it has to be estimated. Repetitive unconstrained minimization 

with an increasing penalty parameter may lead to unnecessary waste of 

time; moreover, as the penalty parameter increases, the unconstrained 

minimization becomes more difficult.

Nevertheless, exact penalty functions are a useful mechanism 

to order unfeasible points, thereby permitting a suitable choice of 

step length to be made in algorithms which generate a search direction 

by solving an approximation to GMP. This idea was employed by Han

(1977) and later, but independently, by Mayne and Maratos (1979) .

Recently the use of Quasi-Newton methods to determine the search 

direction and an exact penalty function to determine step length has 

been a common feature to many algorithms [see Powell (1978), Chamberlain

(1980), Yamashita (1982), Mayne and Polak (1982)3.

It is interesting to note in these methods the double role of the 

penalty parameter. First, it is necessary that the final value of this



parameter should be large enough (although finite) to enforce 

equivalence with the original problem (that is, to ensure that a 

strict local minimimum of the penalty function is a strict local 

minimum of GMP). Second, at each iteration the parameter must be

chosen so that the search direction is a descent direction of the 

exact penalty function; in this respect these algorithms differ from 

the pioneering works of Conn (1973); Conn and Pietrzykowski (1977) 

where the search direction is chosen to be a descent direction for 

the penalty function with the penalty parameter being selected a priori.

Much of the literature on these methods either assumes that 

a suitable value of the penalty parameter is known a priori (in practice 

many computations with different choices of the penalty parameter may 

be necessary) or employs heuristic procedures for iteratively updating 

the parameter.

Mayne and Polak (1982) suggested an automatic rule for the choice 

of the parameter which ensures ultimate equivalence with the original 

problem but, except in the neighbourhood of a solution point of 

GMP, does not guarantee that the direction obtained from the quadratic 

problem is a descent direction of the penalty function ; in this case 

an alternative first order search direction is generated. This same 

'alternative is employed by the last two authors to cope with inconsistent 

constraints in the quadratic problem, while Powell (1982) suggests that, 

if the linearized constraints are inconsistent, the objective function 

of the quadratic problem should be minimized over an extended feasible 

set. Besides requiring the addition of further routines to the main 

algorithm, both remedies suffer from the drawback of being activated, 

only after an unsuccessful attempt to solve the quadratic problem.
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The rate of convergence of this class of algorithms (indeed, 

the rate of convergence of Quasi-Newton methods to unconstrained mini­

mization) depends on the choice of the matrices of the quadratic 

problem and also on the achievement of an asymptotic step length of 

unity. Much research has been done on the problem of choosing the 

sequence of matrices so that, if the step length is of unity for all 

i sufficiently large, then the rate of the convergence is superlinear.

The question of unitary step length is also important. Maratos

(1978) has pointed out that the use of a line search strategy to guarantee 

a decrease of the penalty function may lead to a truncation of the step 

length no matter how close the current point is to a solution. This 

difficulty occurs because of the linearization of the constraints and 

may prevent the algorithm from achieving a superlinear rate of con­

vergence.

To avoid this difficulty, Chamberlain et al (1981) suggested a 

'watchdog technique' where in some iterations the criterion of reducing 

the penalty function is relaxed so that unitary step length can be used. 

The technique requires some heuristic choice of parameters and does not 

ensure the decrease of the penalty function at all iterations. As a 

result, many iterations may be required before the algorithm converges.

A mechanism to be preferred is employed by Mayne and Polak (1982).

They avoid the eventual occurence of the so called 'Maratos effect* by 

replacing the linear search strategy

xi+1
x.l +a.p.i i

by the search arc

xi + 1
2~x. + a.p. + a.p.

i  l i  i r  i
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where p. is chosen so that the above arc satisfies the constraints to 

second order; the calculation of second order derivatives is avoided.

All the algorithms presented in Part I of this thesis solve a 

quadratic problem to find the search direction and compute the step 

length using an exact penalty function.

In the first chapter a special quadratic problem is introduced 

which always has a solution and generates a descent direction of the

penalty function independently on the value of the penalty parameter. An 

algorithm is then developed and it is proved to be, under reasonable 

assumptions, globally convergent.

In the second chapter a simplified version of this Basic Algorithm 

is suggested to solve problems with convex inequalities. Here the 

special structure of the quadratic problem is also used to develop 

a simpler procedure to update the penalty parameter.

In the third chapter the Basic Algorithm is modified so that a 

’secant update’ can be used to construct the sequence of matrices. Under 

fairly mild assumptions the resultant algorithm is proved to be globally 

convergent. Furthermore, for all i large enough a step length of unity 

is obtained ; it can then be shown that the algorithm generates sequences 

with a superlinear rate of convergence.

In the fourth chapter a new modification of the classical BFGS 

update is introduced to deal with constrained problems. A modified 

version of the algorithm presented in the first chapter is also developed 

and, under reasonable assumptions, proved to be globally convergent.

Also, the step length is shown to be of unity for i sufficiently large 

and a superlinear rate of convergence is shown to be achieved.

Some numerical results are given in the fifth chapter and in the 

last chapter of Part I suggestions are given for further research.
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The second part of this thesis deals with the N-stages discrete 

optimal control problem (DCP) below :

DCP
N-l

min y T. (x. ,u.) + <j>(x.J L 1 1  1 NmxN . ...ueR i=0

with (x.,u.) connected by: i i J

x. = f. (x.,u.), i = 0. ..N-ll + l  l i ? *

and satisfying ;

ĝ Cu.) <0, i = 1,. ,.N-1
s = 1 ,. ,.

T. Rnl
Rn

f. Rnl
x^ = o

X

0

X. e Rnl
u. e Rm

1

m
R x R -+ R

,m

(the state vector) 

(the control vector).

The solution of this fixed-time optimal control problem is re­

levant to problems with free-end-time and problems with constrained 

terminal state (that is x^ e c Rn) as they can be solved as the limit 

of a sequence of fixed-time problems with additional penalty terms 

[see Canon, Cullum and Polak (1970) and Mayne and Polak (19 80)].

Also note that when using digital computers to solve continuous 

optimal control problems we may encounter a DCP through the use of 

some form of discretization [see Canon, Cullum and Polak (1970)3.
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Now, the DCP can always be treated as a GMP in R^m+n) ^ s0 that 

any method to solve mathematical programming problems could be applied 

to solve the DCP. However, this may not be a wise choise because 

the dimension of the GMP would be dependent on the number of stages N 

and consequently it could be forbiddingly high.

On the other hand, specific necessary conditions of optimality 

have been directly developed for control problems, either through the 

calculus of variations, as in Pontryagin's maximum principle 

[see Halkin (1966)3 or through dynamic programming [see Bellman (1957)3.

The use of necessary conditions expressed in the form of a maximum 

principle to construct a method for solving discrete control problems 

requires the solution of a system of coupled equations involving 

state variable, control variable and costates vectors; this may be 

rather difficult to solve. In particular, the presence of control con­

straints and/or severe nonlinear dynamic equations makes it impossible 

to express, a priori, the optimal control in terms of optimal state 

and costate making this approach highly unattractive.

Dynamic programming provides a very general approach with a 

broad range of applications [see Bellman and Dreyfus (1962)3, but the 

backward procedure implied by the principle of optimality' requires 

that, at each stage, a large number of minimizations must be performed 

(with different state vectors). Such procedure also requires a great 

deal of storage and, consequently, the application of conventional 

dynamic programming to DCP remains a formidable task, unless the dim­

ension of the state vector is smaller than, say, 3.

A mechanism to avoid this difficulty was provided by Mayne (1966)

* with the introduction of the Differential Dynamic Programming (DDP) method 

to solve optimal control problems. The idea behind this approach is
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the following: given state and control nominal sequences the DPP

method compares them with neighbouring sequences and selects that 

neighbouring sequence which yields an optimal decrease in cost. The 

new control and state sequences become the nominal sequences 

for the next iteration. Since at each iteration attention is 

confined to a suitable small neighbourhood of the current nominal state 

sequence, it is possible to approximate the improved cost function by 

a truncated Taylor series expansion. This results in a tremendous re­

duction of the storage required, when compared with the conventional 

dynamic programming method. Among other applications of this technique, 

Jacobson and Mayne (1970) developed a second order algorithm for uncon­

strained discrete control problems.

The relative simplicity of this algorithm, which at each stage 

solves a sub-problem of the same dimension as the control space, makes 

it quite appealing.

Moreover, although not proven, practical applications of the 

algorithm suggested a quadratic rate of convergence. Actually, the 

fact that it provides one step convergence for problems with quadratic 

objective function and linear dynamics(LQP) hints at some link between the 

DDP method and'Newton's method to solve nonlinear equations.

Another problem is the extension of the DDP technique to constrained 

discrete control problems.

In the first chapter of Part II a modified version of the DDP 

method for unconstrained discrete control problems is introduced and 

is proven to be identical to Newton's method. That is, given a nominal 

control sequence both methods will compute the same successor sequence.

It is afterwards shown that the new version coincides with the original 

whenever the dynamics are linear. Hence, the results for LQP may be thought 

of as a special case of the fact that the original version coincides with 

Newton's method if the dynamical equations are linear. The last result



11

of this chapter shows that the second-order algorithm suggested by 

Jacobson and Mayne (.1970) for unconstrained discrete control problems 

indeed has a quadratic rate of convergence.

In the second chapter of Part II an algorithm to solve the con­

strained discrete control problem is introduced and, under some assum­

ptions, is proven to be globally convergent with a quadratic rate.

As in Part I, in the last chapter of Part II further research is 

suggested.

The references come next, listed in alphabetical order by author 

and then in chronological order.

It is useful to indicate now the general numbering scheme adopted 

throughout the thesis.

The two parts (numbered I and II) are each divided into chapters 

(numbered from 1.1. to 1.6 and from II.1 to 11r4) which are divided 

into the several sections (denoted by numbers of the type 1.2.1, 1.2.2, 

etc.)and, for some chapters, an appendix (AP.I.2 denoting the appendix 

of Chapter 2 in Part I, etc.).

Lemmas, propositions and theorems are indicated by capital letters 

within each chapter regardless the section (e.g., L.3.A) and, when 

required, expressions obtained during the proof of a particular pro­

position (or lemma or theorem) will be indicated.by low-key roman numbers 

(i, ii, etc.) .That is, II.2.A-xi stands for expression (xi), Proposition 

A, Chapter 2 of Part II .

Expressions outside the proofs are indicated by capital roman 

numbers but now only within chapters. That is, II.l.V stands for express­

ion V in the first chapter of Part II.

Finally, the results and definitions of the literature which are

given in the appendix are numbered consecutively inside each 

appendix which, unless expressly stated, is assumed to
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correspond to the chapter where the result or definition was referred. 

That is, AP.l denotes the result (or definition) 1 in the appendix 

at the end of the current chapter.

1.1 BASIC ALGORITHM

1.1.1 Introduction

The use of exact penalty functions to compute step length along 

a direction obtained by solving a quadratic programming sub-problem, is a 

common feature of many algorithms lately suggested for solving the 

general mathematical programming problem (GMP) below :

GMP

min f (x)
xeRn

s. t,

g(x) £  0

h(x) = 0

where:

f: Rn-* R * g: Rn Rm h: Rn + .

The quadratic problem that have been generally used is of the form:
.0

qp:

min
peRn (x^p T+ p B.p

g3 (xi) + S^Cxi)>p < 0 , j e m

h^ (xi) + h^(xi)p =0, j e '4
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where:

x^ e Rn denotes the current point at iteration i 

B. is a real nxn matrixi
m, Z denote, respectively, the sets {l,2,...m} 

and {l,2,... t ]

Calling p? the solution of QP?, the next point x^+  ̂of the 

iteration process is set as :

x. . l+l x.i
0+ a.p.iri

where ol e (0,13 is chosen by some procedure which ensures the sat­

isfaction of the following condition :

I.l.I
y(x. + a.p., c.) < y (x.,c.) ‘ i iri i i i

where y : Rn x r R belongs to the following class of penalty functions 

studied in Han and Mangasarian (1979) :

I.l.II

y(x,c) = f(x) + c Q(||g(x) + , h(x) ||) 

where:

c is a nonnegative real number 

g3 (x)+ A max{0, g3 (x) }

|| *|| is any fixed vector norm in Rra+̂

and

Q is some function from the nonnegative real line into 

itself with the following properties:
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I.l.III 

Q ( 0 )  =  0
Q(r) >. 0 for r > 0

Q(r)-Q(0)
60 > Q* (0 ) h lim ----------  > 0

+ r-H) r

A condition to assure that y(x,c) has a minimum at a minimum 

of GMP for all sufficiently large but finite values of c is due to 

Pietrzykowski (1969) and requires the linear independence of the 

gradients of all equality constraints and of those inequalities satisfied 

as equalities at the point being considered.

Note that the classical exact penalty function

m . Z
Y-, (x,c) A f(x) + c{ l  gJ (x) -+ l | hJ Cx) 1 }

j=l j=l

can'be obtained from I.l.II by setting Q(r) = r and using the 1-norm.

On the other hand, the classical exterior penalty function-

m . ? Z . 9
Y2(x,c) A f(x) + c{ l [g;,(x)+] + l [hJ(x)] }

j=l j=l
2corresponds to setting Q(r) = r and using the 2-norm, but does not 

satisfy the third part of I.l.III as in this case

Q * ( 0 + )  =  0

which is not a surprise because it is well known that for the classical 

exterior penalty function the penalty parameter goes to infinity.
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In fact, if the second order sufficiency conditions (see AP.l) 

are satisfied for GMP at some (x, A,y) e Rn x Rm x r -̂ then a result 

due to Han and Mangasarian (1979) shows that x will be a strict local 

minimum of y(x,c) for all c > c with c being defined by:

I.l.IV

_ ll(̂ )H' '
Q '  C O )

where:

|| *|| is the dual norm of the vector norm used in II.l.II.

Now, it is readily seen that two problems may occur when generating 

the search direction through the quadratic problem QP? :

1.1. V

The solution p? may not be a descent direction to the

penalty function TCx^^c )̂

1.1. VI

QP? may have inconsistent constraints.

The occurrence of I.l.V. depends basically on two factors:

- The nature of the matrix B. in QP^i x i
- The current value of the penalty parameter.

Actually, the definition of what is a descent direction may vary 

with the type of exact penalty function being used (some are not diff­

erentiable) .

The above factors are combined in the following sufficient

condition :
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I f ,
Cp°)Tb-p° > o^1/ lrl

and

c i  > lk^i>Ui)ll' •

Then,

p? is a descent direction to y ( x . , c . )  ri i i
where

are tfre multipliers associated with p? at the 

solution of QP?

A convenient way of ensuring (p^B^ p? > 0 is to assume positive 

definiteness of the sequence {B_̂ }, as in Han (1977), or to construct 

the sequence on. such a way that positive definiteness is indeed

enforced, as in Powell (1978).

The condition c^ >. ||(A?,y?)|| presents an interesting question. 

Large parameter values cause the penalty function to have steep sides 

at the boundary of the feasible region so that the satisfaction of the 

condition

y(x. .,c.) -y(x.,c.) < 0 1 v l + l  iJ 1 i  i

may lead to excessively small step lengths.

Also, if one tries to satisfy c^ > ||(A?,y?)|| by setting c^ = c 

large enough or by increasing c^ whenever this condition is violated, 

one may end working with far larger values of c^ than required to 

ensure the compatibility of y(*,c^) with GMP (see I.l.D). Moreover,
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the multipliers may vary discontinuously and even be unbounded

so that setting > ||(X?, y?)|| may bring convergence problems [see 

Chamberlain (1979)1 .

Inconsistent constraints in QP? have been dealt with in different
1

ways.

Han (1977) simply rules out I.l.VI by assuming that the quadratic 

problem always has a Kuhn-Tucker point [see Theorem 3.2 in Han (1977)1 

or makes some assumptions, for instance g(») is convex [see Theorem 

3.2 in Han (1977)1, which are sufficient to assure that I.l.VI never 

occurs but that also clearly reduce the range of application of his 

algorithm.

Powell (1982) suggests that, if I.l.VI occurs, the objective 

function should be minimized satisfying the following conditions:

^ ( x ^  + h^(xi)p = 0, j = 1,2 ,...£

Cg;’(xi) + gj.(xi)p < 0, j e

g  ̂ (xi )  + g ^ O ^ p  -  °* j e Si

where:

m = V. us. l i

is the set of indices of the inequalities 

that are violated at x.l
£ is a constant chosen from the interval

[0,§ 1/with \  being the largest value in [0,11 

such that the above conditions are satisfied.

This procedure may require many computations not only to find 
\  but also in solving a quadratic problem with inconsistent constraints.
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This last drawback is shared by the refaedy proposed by Mayne and 

Polak (1982) which consists of generating an alternative search direction, 

if I.l.VI occurs, through the following unconstrained minimization:

I.l.VII
T-min {1/2 p Hp + 0(x,c,p)}

DnpeR
where

H is any positive definite matrix (e.g. nI , ri > 0)
A

0(x,c,p) A fx(x)p + c(^(x,p) - ip(x)) 

with:

Kx) A max{g*) (x), j e m; |ĥ (x) \, j e £ ‘, 0}

and
A  • • •

iKx,p) A maxCg*1 (x) + g^(x)p,j e m; \h3 (x) + h^(x)p| , j e l ; 0} .

In this chapter we present an algorithm which generates the search
% #

direction through a quadratic problem which always has a solution 

which is a descent direction to y(*, c )̂ (regardless of the value of 

c^). This allows us to update the penalty parameter with the sole 

objective of ultimately satisfying I.l.IV. With fairly mild assumptions 

it is proved that any accumulation point of a bounded infinite sequence 

constructed by the- algorithm satisfies the Kuhn-Tucker conditions for GMP.

If second order sufficiency conditions are satisfied at any 

Kuhn-Tucker point of GMP we prove a much stronger result, that is:

*
x^ -+ x (strict local minimum of G4P ).
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1.1.2 The Algorithm

Consider the general- mathematical programming problem (GMP) defined 

in the previous section.

Let ip: Rn Rm be defined as :

\{j(x) = maxfg-^x), j e m; Ih^x)!, j e 1} .

Let y * Rn x R R be defined as :

Y(x,c) A f(x) + tJj(x )c

where c > 0 is a penalty parameter.

For each iteration i let (p.,w.,A., u. ,v.) denote the Kuhn-Tuckerri i i Hi i
point for the quadratic programming problem below:

Tmin f (x.)p + 1/2 p B.p + c.w x l r r 1 x
r nn-fcl(p,w)eR
subj ect:

g3 tx±) + g^Cxi)p < w, j e m 

|ĥ  Cx±D + h^(xi)p| _< w, j £ |

w > 0

where,

x^ . is the current point

c^ is the current value: of the penalty parameter

X^eR111 is the multiplier associated with the first m

inequalities



e R is the multiplier of the last inequality 

p e Rn and w e R.

Let A: Rn-> R and U : R R be defined by;

(A(x),y(x) A arg min { || Vf(x) + g (x)TA + h (x)Ty||2X X
(A,u)eRmxR'£

+ I  O K x t - g ^ x ) ; ) 2^ ) 2* l c«x>- |hJ 
jem jc l

Let c : Rn ■> R be defined by:

c(x) A { £ |A^(x)| + £ |y^(x)| + b), b > 0 , "small”
jem-

A

Let : Rn x Rn -► R be defined by:

A . .

Kx,p) A max{gJCx) + g^(x)p, jem; |hJ (x)+h^(x)p | , j < }  .
A  X

A
Let y : R  x r x r r be defined by:

A A

y(x,p,c) A f(x) + fxCx)p + c\|;(x,p).

Let T : Rn ->■ R be defined by:

T ( x )  A CipCxD + || V f ( x )  + g  ( x ) T I  ( x )  + h  C.x)Ti i ( x ) | | 2 ] 2A t X
where,

A+(x) is the vector e Rm whose component is:

AJ (x) = max{0; A**(x)}.+

VL e R is the multiplier associated with the next

t inequalities
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Let 0 ; Rn x Rn x R R be defined by :

/s
0(x,p,c) A YCx,p,c) - y(x,c).

We say that p' e Rn is a 'descent direction' to the exact penalty 

function y(x,c) if:

0(x,p', c) < 0  .

Finally, for each i, let p^ denote the minimum norm solution, 

if a solution with norm smaller than || p^ || exists, of the following 

system :

gJ(xi+pi) + gx(xi)p = 0,

lv*(x.+p.) + h^(x.)p = 0,v 1 ri x l r

where,
A
I. A {j e m| A? > 0}i--̂ - i

of this system has norm greater 

to zero.

Basic Algorithm.

Basic Algorithm

If the minimum norm solution 

than || p^ || , then p^ is set equal 

We are now hble to state the

j e I,

j e !

Data : x^ e Rn; B^(nxn positive definite matrix); Cq e (O,00)

$,£ e(0,l); 6 s (1,2)
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Step 0 : Set i = 1

Step 1 : Ifc. . > c(x.), set c. = c. , r l - l  — l  i  l - l

Else, set c. = max{Sc. - cfx.)} i i-l t

Step 2 : Find (p^,w^), the solution of QpV 

Step 3 : If :

T(x.) < e
l  —

w. = 0  
i

Then:

compute p^

Else:

set p. = 0
r i

Step 4: Compute k^, the first integer in the sequence {0,1,,..} 

satisfying:
k. 2k. _ k.

Y ( X +$ +3 1 Pi, c±) - Y(xi,ci) £  3 1Q(xi,pi,ci)/8

k. 2k.
Step 5:: Set x^+  ̂= x^ + 3 1 + 3 1 p^

Step 6 : Update to B^+^

Step : 7 Set i = i+1; Go to Step 1.

Before proceeding to establish convergence of the above algorithm

it is perhaps interesting to point out that the problem solved at

Step 2 is indeed a quadratic programming problem because the t  nonlinear
winequalities of QP^ ,

«

| h^ (Xj , ) + h ^ x p P l  1  w>  ̂ e  -



are e q u i v a l e n t  to the 2£ l i n e a r  i n e q u a l i t i e s  b e l o w  ;

h**(x.) + h^(x.)p < w, j e t

and

-h:j(xi) - hx(xi)p £ w ,  j * 1 .

Note also that, in constrast to GPM and QP?, there exist no
w i iequality constraints in QP^. Therefore all the multipliers

v^, associated with (p^,w^) at the solution of QP‘ , are non-negative,

for all i and j.

1.1.3 Convergence Results

In the analysis of the global convergence properties of the algorithm 

we will initially assume that the three following conditions are satisfied: 

HI: The functions f,g,h are all continuously differentiable .

H2: For all x e Rn the vectors {Vg^ (x), j e I(x); Vh*5 (x), j e I^(x)}

are linearly independent, where :

I(x) A {j e m|g^(x) = ^(x)} and I^(x) A {j e l  |ĥ (x)| =

H3: For all i, e L+ c L(Rn) where :

L+ _A {B e L(Rn) there exist m*, M positive s.t,

m ’ II y II2 1  y?B y <_ M || y ||2, Vy e Rn } ,
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Proposition I,JLA

For all i = 1,2,3 ,.,

0(.x,,p.,c.) < -pT B p. - v
1 1 1  — 1 1 1  1 1

Proof:

Consider the t  nonlinear inequalities of QpV as 2Z linear 

inequalities and let t^ and s^ denote the multipliers respectively 

associated with,

ĥ  (x ) + h^(x )p <_ w, j e £
1 A x

and

- V  (x.) - h{(x )p £  w, j e l  .
X A  X

WAt the solution of QP^ the following Kuhn-Tucker conditions are 

satisfied, in addition to the constraints :

n+1 equations

fVf(x.) + B.p.ll r i + I. i Vg;,(Xi)j + S  t? jWtx.)'
“ c. L -1 ) U l  [ -1

• 0  ' ' 0 '

- V h ^ C x . ) + V  . 1 -
•

- i  \

X,
■

r 1 (—1
 o

. 0  .



25

^  (gJ (x ) + g ^ UJp.- W  ) = 0 , j e m
X 1 X  x 2 1 ~

t-j(h^(x.) + h (x.)p - W.) = 0  , j e l
1 V v 1 X 1 1 “

s? (-h^ (x.) - h*̂ (x. )p̂  - w.) = 0 , , j e l
i i  i r i i

v. w. = 0
l  l

A? > 0, t? > 0, s? > 0 , v. > 0, Vi,j
l — l — i — i  —

Now,

But,

y(x.,p.,c.) - y(x.,c.) = f (x.)p. + c. , p •) - iJj( x . ) )1 rl 1 ' 1 1 x 1 rl 1 TV 1* rl 1

and

0 £  ^ ( x i , p i ) £  wi

£x Cxi)pi = 'piBipi • J  <Ai gx (xi:)'pi> : L  <li hx(xi3’pi:j ern j e £

-  I  <Si C- h v ( x i ) ] ’P i >  • 
j e £  1 X 1 1

As the constraints are satisfied we have :

4(.Xi)Pi < - g-1 (X.) , j e in

ĥ (x.)p* < w. - ĥ (x.) , j £ tx 1 r i  — 1 v 1

and

• -ĥ (x.)P- < w. + ĥ Cx.) ,x 1 r i  — 1 v 1 j e i  •
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Then,

Y(xi,Pi,ci) -Yfx^c ) £  -Pi B.p * I gT.xp + I hJ(x )
j e m j e £

+ I  s - t - h J ( x , ) 3

wic I ' + I t- + I s-] + ci ))
1 j * m 1 j U  1 1 1 1  1

t hBut, from the (n+1) equation,

( i ) c. = l  A3 + £ t3 + \  s3 + v.
1 j e m 1 j e £  1 j e £  1 1

then,

Y(x. ,p. ,c ) - Y(x. ,c ) < -p-B.p. + I 1 gJ (x,) + I t- hJ(x.) +1 1 1  1 1 - 1 1 1  jem 1 1 j 1 1

+ I  s j :
j * £  1

- w. (c. - v.) + c. fw. - lKx.))* 
1 1  1 1 1  1

But, by the complementarity condition, 

Also,

g3 (xi) £  ^(xi) 

h3 (xi) £  ^Cx±) 

-h3 (xi) £  xpCx±)

Vj e_m 

Vj ^ l  

Vj * l  .

0.

Then,
YCxi , P i , c i ) y ( x . , c . )  < -p. B.p.  + ^ ( x . ) t  y a3 + y t?1 1 —  r i  1 1  1 .L 1 .L n 13 em 3 e £

-c.
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or,
TtY ( x i .P i >ci ) -  y (.x i , c i ) <_ ~Pi Bi p i  - Vi  ipCxi )

a

Now, denote by p'(x,B,c) the map that leads to p^ and by 

p(x,p) the map that leads to p.j i.e.

P t  4  p ' O ^ . B j ^ c p

and

Pt A p(xi,pi) .

The next proposition is a result due to Mayne and Polak (1978) 

Proposition I.l.B

Let x be any point in Rn and let N be a compact 

neighbourhood of x.

Then, there exists a function

(a,x,p' ,p) 0(a,x,p' ,p)

such that

|y(x+ap' +a p,c) - y(x,ap'+a p,c)| < a 0(a,x,p',p)

and

0(a,x,p',p) 0 uniformly in

(x,p',p) e N x $k (0) x 3k(0), as a- ■* 0 
where, k and c are both arbitrary positive constants and 3^(0) 

is the compact ball c Rn with radius k centered at the origin. 

Proof:

See Proposition A.3 in Mayne and Polak (1978).
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Proposition I.l.C

For all c > 0 and all B e L+

the map x p ’ (x,B,c) is continuous.

Proof:

See appendix at the end of this chapter.

Proposition I.l.D

Consider the problem below:

0 (x,m, c) = min {(m/2)||p||2 + 0(x,p,c)}
PeR

If 0(x,m^,c^) = 0, for some m^ > 0 and c^ > 0 

Then,

0(x,m,c) = 0, for all m > 0 and c >_ c^.

Proof:

See appendix at the end of this chapter. 

Corollary

Consider the problem below:

0^(x,B,c) = min {l/2p^ B p + 0(x,p,c)} . 
peR n

If, for some x e Rn , c > 0 and e L+ 

01Cx,B1,c) = 0.

Then,

0^(x,B,c) = 0, for all B e-L+

Proof:

For all B € L+ we know that,

m' || p||2 £  pT B p £  M|| p||2 , for all p e Rn . 

Then, for an arbitrary B e L+ we have :

(i) 0(x,m',c) £  0^(x,B,c) _< 0(x,M,c).

Now, by hypothesis B^ e L+ and 0^(x,B^,c) = 0.
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Hence, from (i) and the fact that 0(x,m,c) _< 0, for all 

x e Rn and all positive m and c, we have :

QCx^MjC) = 0.

But this implies, by Proposition I.l.D, that :

0(x,mT,c) = 0.

Then, from (i), ©^(x^jC) = 0, for all B̂ -e L+.

Lemma I.1.E
* n +For any x e R t c > 0 and B^, B^ both belonging to L let,

TQ^(p,w,c) A 1/2 p B^p + VfC^)p + cw 

Q2(p,w,c) A 1/2 pTB2P + Vf(x*)p + cw

F A. { (p ,w) e Rn+11 ĝ  (x*)+g*̂  (x*)P < w, j e m; |h^(x*) + h^,(x*)p|<w
j e£}

CP1>W1) A ar§ min{Q1Cp,w,c)| (p,w) e F}

(p2,w2) A arg min{Q2(p,w,c)| (p,w) e F} .

Then,

II p2_pl  II £  U/m')  II Pill II B2_Bill

Proof:

See appendix at the end of this chapter.
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Now define

Dc A {x e R |0(x,l,c) = 0}
and,

D A x e Rn | g. (X,u) s.t. (x,A,u) is a Kuhn-Tucker

point of GMP

Proposition!.l.F.

Let c j> c(x)

Then,

x e D <=> x e D. c
Proof:

—> This part of the proof is identical to the proof of .part (i)

of propostion 5 in Mayne and Polak (1978).

<= For any m > 0 consider the problem,

0(x,m,c) A min{(m/2) || p||2 + 0(x,p,c) |p eRn}

As shown in Proposition A.2 of Mayne and Polak (1978), this problem 

has the following dual :

0(x,m,c) = max c [<y,g(x)> +- <k,h(x)> - ^(x)3 - (l/2)m||VL ||2
(y,k)

subject to:

y _> 0; k = k1~k ; k _> 0; >_ 0

and

I y-* + I 4 + f 4 - 1j ern jef j

VL A Vf(x) + c(4(x) y + h^(x)k).

where:



31

By hypothesis x e D. Then,

h(x) = 0; g(x) £  0; = 0; ^ (A, y) such that :

A > 0; < A, g(x)> = 0; Vf(x) + g^(x)A + lJ(x) = 0.

But, as shown in Proposition 2 of Mayne and Polak (1978), if 

x e D we have :

X(x) = A and y (x) = y..

Let c > c(x) be arbitrary.

By construction, c(x) > j A'1 + Jy^ .
j e m  j e l

Then, setting y = (l/c)A and k = (1/c) y yields

VL = 0; y > 0; l yJ + l  k J < 1 
j em j e£

Substituting these values into the last dual problem we have : 

0(x,m ,c) = 0.

The result then follows from Proposition I.l.D.

Let {A|(x^,B_^,c^)} denote the sequence of maps} in:4ie.*ig or/ftirn-j wViiclx

next point x. with p. =0. That is : r l + l  r i

k .
A!, (x. ,B. ,c.) = x. 1 = x. + (3 1 p i i i iJ i+l i ri.

Proposition I.l.G.

Let c > 0 be arbitrary. Then, any accumulation point x* of an
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infinite bounded sequence { x̂ } ? where

x. 1 = A!(x.,B.,c) for all i, satisfies, 
l.+'J. 1; 1 1

X* e D . C

Proof:

Let I be a sequence such that

x. I x*.l

As c L+, J at least one subsequence I* c I such that:

x. 1 x* and B.. i B* e L+.i  l

Now, there exists a unique solution p* to the problem,

0-(x*,B*,c) A min {1/2 pTB*p + 0(x*,p,c)}
peR

Suppose x* £ Dc-

Then, from the Corollary of Proposition I.l.D, 

01(x*,B*,c) < 0.

Hence, as B* e L+,

(i) 0(x*,p*,c) < 0.
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Now, as shown in the proof of Proposition I.l.C, there exists a 

continuous map S(x) such that, for all B e L+ and all x e Rn,

|| p'(x,B,c)|| < S(xD A (l/m')|| Vf(x) 1| + t (1/m')21| Vf(x) 1|2+

+ 2(c/m')iP M !''2 .

By HI and the boundedness of {x.} the above inequality implies

the existence of a k < 00 such that

Pi e for a11 i ’

From Proposition I.l.B it can be readily seen that:

(ii) |y(x + ap,c) - y(x,ap, c)| £  a 0(a,x,p) 

where,

0(a,x,p) 0 uniformly in (x,p) e N x 3^(0).as
a -*• 0, with N being any compact neighbourhood of x*.

From (i), there exists an integer k ’ such that :

C.iii) 0C$k,x,p) £  -6(x*.p*,c)/8 

for all (x,p) e N x 3^(0).

A

Now, since y(.x,cxp,c) is convex in a,

/*\
(iv) y(x,ap,c) - y(.x,c) < ot 0(x,p,c), for all a <s[0,l]



34

Hence, from (if), (iii) and (iv) ,

(v) Y(x+Bk p,c) -Y(x,c) £  3k C0(x,p,c) - 0(_x*,p*,c)/8)

for all k £  k* , all (x,p) e N * 3̂ (0) •

Now, the map 0(*,*,c) is continuous with respect to both arguments. 

Then, there exists ££ > 0 such that

(vi) 0(x,p,c) £  0(x*,p*,c)/2

for all (x,p) e 3 (x*) x 3 (p*).
E 1 E 1

On the other hand, by Proposition I.l.C the map x p'(x,B*,c) is 

continuous.

Then, there exists > 0 such that , for all x e 3 (x*)),

(vii) p ' C.x,B*,c) e 3 (p*) .
~L;

If we now define e 4  minie^je^^ > from (vi) and (vii),

(viii) 0(x,p'(x,B*,c) ,c) £  0(x*,p*,c)/2 

for all x e 3 (x*).

But, by construction,

0(x,pi,c) - 0(x,p’(x,B*,c),c) = VfCx^Cp^p’ (x,B*,c))
A A

+ cOK-X^) - ^(x,p’C.x,B*,c)) 

or,
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T.(ix) 0 C.x,pi,c)- 0 p’ (x,B*,c) ,c) £  Vf(x) A (Pj^-P’ (x,B*,c))
i T "+ c max{|g^(x) Cpi~pt (x,B*,c))|, j e m;

lhv^x^T CPn ~ P ' I   ̂ j  e ^Jv X

T f *

But, B„ B .l
Then, from (ix) and Proposition I.l.D,

(x) |6Cxi,Pi,c) - 0C.xi,pf Cxi,B*,c) | £ - 0(x*,p*,c)/4 
for all i e i' , i _> i say.

T»From (viii) , (x) and the convergence x. x*, there exists an

e. > 0 such that :4

(xi) 0 (xi,pi,c) £  0(x*,p*,c)/4

for all x. e 3 (x*), i e I'.i p
4

Hence, from (v) and (xi) >

y(xi+3k pi,c) - y(xi,c) £  3k 0 (.x*,p*,c) / 8

for all x. e 3 (x*), i e I' and all k £  k’
1 £4

But, from the computation of Step 4, k^ £  k'. 

Therefore,

yCxi+i^c) -YCxi,c) £  $k 0(x*,p*,c)/8 A -5X < 0

for all x. e 3 (x*) > i e I’.
1 e4

I > *
This last result contradicts the fact that x. . **■ x .i
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The contradiction arose from the supposition that :

0.1 C x * , R * , c )  < 0 .

Hence, 6^(x*,B*,c) •= 0 and the proposition follows from the 

Corollary of Proposition I.l.D.

Let {A^(x^,B^,c.)} denote the sequence of maps which find the 

next point x^+  ̂with p^ ^ 0. That is :

A.l(xi,Bi,ci)

Proposition I.l.H

Let c > 0 be arbitrary, 

an infinite bounded sequence

Then, any accumulation point x* of

{x. 1 , where i

x. . = Afx.,B.,c) for all i, 
l + l  v i i  *

satisfies,

x* e D . c

Proof:

The proof is similar to the last proposition and is given in the 

appendix at the end of this chapter.

Proposition I.1.1

Let c > 0 be arbitrary. Then, any accumulation £oint x* of an 

infinite bounded sequence { x } , where for all i x^+^ is either equal
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to A' (x. ,B. ,c.) 
1 l. 1

or equal to A(x^,B^,c^) satisfies

x* e Dc

Proof:

Let I’ be a subsequence such that :

I* , I' +x. -r x* and B. -+ B* e Ll l

Let I" c i' and I” ' c I' be the subsequences defined as:

I" A {i e l» | x.+1 = A’Cxi,Bi,c)}

and

I"' A {i = I' |x. , = A(x. ,B. ,c)}.

Suppose,

01(x*,p*,c) < 0.

Then,

(i) as shown in the proof of Proposition I.l.G there exists 6^ > 0 

such that :

y(x1+1,c) - yC^ c) <_ - 6X < 0 
for all i e l", i i say.

(ii) as shown in the proof of Proposition I.l.H there exists 

§2 > 0 such that :

Y(xi+:l,c) - YCx.,c) <_ - 62 < 0 

for all i e I"' , i _> i say.
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But, I‘ = I.” u I'M

Hence, from (i) and (ii), there exists 6 ^ 4  rnin{6^;6^̂  and

i„ A max{i,:in} such that : o — 1 2

y(xi + i,c) - y(xi,c) <_ - 63 < 0

for all i e I ’ , i _>

I«This last fact contradicts x. + x*.
1

Then, 0^(x*,p*,c) = 0 and the proposition follows.

Theorem I.1.J

Any accumulation point x* of an infinite bounded sequence {x^} 

constructed by the algorithm satisfies 

x* e D

Proof:

Again let I1 be the subsequence where

I» , I'x. -* x* and B. ■* B*.1 1

♦

Now, from Proposition I.l.F, Proposition I.l.I and the continuity 

of e(*), all the hypothesis of Theorem 1 in Mayne and Polak (1978] 

are satisfied.

Hence, as x. is assumed to be bounded, c. . is increased only 
1 i-1 J

finitely often.

Then, there exists an i* and a c > 0 such that

c. = c for all i > i*.
1 —

The theorem then follows from Proposition I.l.I and Proposition

I.l.F.
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To proceed further we need to strengthen our hypothesis. We 

replace HI by:

HI’; f,g and h are three times continuously differentiable 

and add a further assumption:

H4: At each Kuhn-Tucker triple (x,A,u) of GMP the second-order

sufficiency conditions (see AP.l) hold with strict complementary 

slackness, i.e. (A^) > 0 for j e I(x) ^  {j e m|g^(x) = 0} .

Lemma I.1.K

Let x be any point in Rn and let N be any compact neighbourhood 
of x. Let k > 0 and c > 0 be arbitrary finite numbers. Then, there

exists a constant d^ > 0 such that :

~ 2~Y(.x,ap’+a p,c) -y(x,c) <_ aC0(x,p',c) + d^al 

for all (x,p’,p) e N x $k(0) x $k(0) } d  6(0,1]

Proof:

See appendix at the end of this chapter.

Proposition I.l.L

Let { x̂ } be an infinite sequence constructed by the algorithm.

Suppose I is a subsequence such that :

c. = c > 0 for all i e I i
and

' x. 1 x e Rn . l
Then,

p. i 0.r i

Proof:

See appendix at the end of this chapter.
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Theorem I.l.M

Let be an infinite bounded sequence constructed by

algorithm. Then,

Proof:

Consider x* any accumulation point of {x.}.

By Theorem I.l.J, x* e D and c^ = c (constant) for i ^  ^  say. 

Let C be a compact ball in Rn containing {x^}.

Because of H4 we can use Theorem 4 of Fiacco and McCormick (1968) 

to see that any Kuhn-Tucker point of GPM is isolated.

Then, as shown in the proof of Theorem 3 of Mayne and Polak (1978), 

the set S A {x*,...,x*} of accumulation points of {x^} in C is finite and 

each element of this set is a K-T point of GPM.

Now, as {x^} is bounded by hypothesis any infinite sequence of 

points contains at least one convergent sub-sequence.

That is, given z > 0 there exists an i^ such that, for i >_ i^, 

x^ belongs to at least one of the balls with radius z and centered 

at each point x* e S . In other words, for i > i^, say, x^ belongs

to at least one subsequence converging to some point x* eS,K
Then from Proposition I.l.L, we have :

(i) || xi+1 - xjl ->0 as i oo.

Let,

d A. min{ || x* , x* e s} . 
S1 s2

As the points are isolated, d > 0 . 

Le t £ = d/4.
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From ( i ) , for i _> i2> sa-Y> II xj_+i“xi II —  c *

Hence, if x e 3 (x* ) for some Z G S, x. G 3 (x*) for all i~ e o K L t

That is,

x. + xt A x*, as i -► 00.
i Z —

1.1.4 Remarks

The rem  edy suggested by Mayne and Polak (1982) when the quadratic 

sub-problem QP? has inconsistent constraints or when its solution is not 

a descent direction of the exact penalty function is to generate an 

alternative search direction by solving the unconstrained problem 

below:

I.1.VIII

min {(l/2)pTHp )+8(x,p,c)} 
peR

where :

and

H is any positive definite matrix

9(x,p,c) is defined in section 1.1.2.

As pointed out by the two authors, 1,1.VIII is equivalent to the

following quadratic problem :
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ia. ix

min fx(x)p + l/2pTHp + cCw-ipCx)}

(p,w)eR xR 
subject to:

gJ(.x) + g^Cxjp^w. j = 1,..., m

(x) + h^(x)p $ w, j = 1

where:

ijj(x) is defined in section I a. 2.

Now, i a a x  always has a solution and its solution p̂, is

a descent direction of the exact penalty function y(x,c) (defined

in Section I a . 2) for any value of c [see Mayne and Polak (1978)].
wHence, the sub-problem can be thought of as an extension of

the robust first order method given by Ll.IX which allows the matrices

to vary, a necessary feature to achieve a superlinearrate of convergence.
wOn the other hand, QP^ can be put into the form 1.1.VIII with

replacing H. This fact makes the search direction p^ generated 
wby QP^ similar to the direction used in the non-differentiable optimi­

zation method suggested by Fletcher (1981b). The differences are that 

here a quadratic sub-problem is solved and a L exact penalty function 

is used to generate global convergence, while Fletcher (1981b) mini­

mizes a L_̂ exact penalty function subject to the additional constraint 

below;

I.I.X
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This step restriction is used to define a 'trust region' with h. 

being automatically changed in order to force the convergence 

[see Fletcher (1981a)]. For different reasons, a constraint of the 

type I.l.X is also used in the algorithm suggested by Mayne and 

Polak (1982). Actually, the matrices used by this algorithm in the 

quadratic sub-problem are not required to be positive definite and a 

restriction on the norm of its solution is necessary.

Here, assumption H3 ensures that the sequence of matrices {B^} 

remains positive definite with eigenvalues bounded away from zero, and 

this provides an upper bound to || p.|| . [see inequality (i) in the

proof of Proposition I.l.C in AP.I.l]
It is interesting to compare Theorem I.l.J with the global con­

vergence result given by Theorem 3.2 of Han (.1977), for problems where 

all the constraints are inequalities.

In the latter, besides HI and H3, two other assumptions are re­

quired to show that any accumulation point x* is a Kuhn-Tucker point 

of the mathematical programming problem to be solved. Namely:

I.1.X1

for each i , there exists a Kuhn-Tucker point of QP? with 

a Lagrange multiplier vector bounded from above by the penalty 

parameter,' in 00 - norm.

1,1.XII

S^(x*) .A {p e Rn |g(_x*) + VgCx*)Tp < 0} f- 0.
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Here, in the absence of equalities, the extra assumptions are :

H2: For all x e Rn the vectors (Vg1(x), j e I(x)} are linearly

independent, where :

I(x) = {jem|g^(x) = iKx)}.

I.1.XIII

{x.} remains bounded.

The consistency assumption of QP? required in I.l.XI, implies that:

I.l.XIV

S(xi) A {p e Rn |g(xi) + Vg(xi)Tp £  0}  ̂0.

Now, if the points {x^} are considered to be feasible* I.l.XI 

and I.l.XIV would be trivially satisfied with p = 0. Otherwise, suppose 

these points to be infeasible. Then, a necessary condition to I.l.XI 

and I.l.XIV is :

I.l.XV

For all x e X A {x. }  ̂X there exists p e R such, that : 
—  i

Vg^(x)p < 0, j e I1(.X)

X is the set of all accumulation points of {x^}.

where:
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and

I1(x) = {jem| gj (x) > 0}.

In fact, as the set X cannot be specified a priori, I.l.XV 

should, for practical purposes, be assumed to be satisfied for all
nnx e. R .

In this case, it can be shown using theorems of alternative 

[see McCormick (1967)] that I.l.XV would be equivalent to :

I.l.VI

For all x e Rn there exists no a*1 > 0, j e I (x) such that: 

l  aj V^gfx) = 0.
j ^ O O

Now, the restriction of the aJ to the positive side of the real 

line makes the above assumption milder than requiring the linear 

independence of the gradients.

On the other hand, the cardinality of I(x) is generally expected to 

be small and, moreover, the definition of ij/(x) clearly implies that, 

for any infeasible x we have :

I(x) c il(x)

The requirement of H2 is not linked with the existence of solution
wto the quadratic sub-problem (QP^ is always feasible). The purpose 

of H2 is to make sure that the estimates X(«), y(_*) are well defined
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In 1,1.2 so that a continuous function c(*) can be used to update the 

penalty parameter c.. If an appropriate value of the penalty parameter 

is supposed to be a priori known, as in I.l.XI, the assumption H2 

could be dropped.

Note yet that I.l.XI also implies that for each i the multi­

pliers of QP? must be finite, something that may not be always true 

unless further assumptions are made with respect to the constraints 

of the quadratic sub-problem [see Theorem 1 of Fiacco and McCormick 

(1968), for instance],

Furthermore, there is a real possibility of the sequence of 

multipliers of QP? becoming unbounded so that I.l.XI is not satisfied , 

as can be seen in the example given by Chamberlain (1979) where the 

multipliers of QP? go to infinity even if the sequence {x^} is bounded.

Here, the boundedness of {x^} implies that the penalty parameter

c^ is increased only finitely often and this in turn is sufficient to
wguarantee that the sequence of multipliers of QP^ will remain bounded.

As pointed out by Mayne and Polak (1982) two conditions mild 

enough to be found in practice are sufficient to assure the boundedness 

of {x^}. Namely:

The function f(#) in the GMP is bounded from below by a 

number d.

Any of the m + 21 sets {xlg^x) _< e, jem}, (xlh^x))^ e , 

j e t ]  and (xlh-^x)]^ -e, je£} is compact, where 

e = [y(x1,c1) - d]/c1 .

Further assumptions, such as the boundedness of {x^}, to avoid the
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Note, however, that :

Kx) = II g00+ , hfx) 1̂

Therefore, the exact penalty function y(x,c) belongs to the 

class of functions defined by I.l.II and the derivative indicated in

I.l.III is equal to one. Then, as H2 implies linear independence 

of the gradients of the active constraints at any feasible point of GMP, 

we satisfy all the conditions of Theorem 4.4 of Han and Mangasarian

(1979), so that :

there exists a 0 < c< °° such that for all c > c

any strict local minimum of the GMP,is a strict local

minimum of y(x,c).

Furthermore, as (A(x^) ,u(x^)) (X(x*), n(x*)) = and

because of the way c^ is updated, at any Kuhn-Tucker point (x*,A *,]ii*) 

of G.MP we have :

1  IK^=r)ll1 •

Hence, with the additional assumption H4, it is also possible 

to apply Theorem 4.6 of Han and Mangasarian (1979).to see that the 

x* of Theorem I.l.M is indeed a strict local minimum of y(x,c), with 

c. = c for i sufficiently large,l
Note that the proof of the strong result given by Theorem I.l.M 

depended on two facts :

p o s s i b i l i t y  that c-̂  ->■ is o f t e n  f o u n d  in exact p e n a l t y  algorithms.
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Because of H4 the number of Kuhn-Tucker points of G MP inside 

any compact set is finite

p^ -* 0 as i ->• 00

This observation makes Theorem I.l.M closely delated to Theorem

14,1.5 of Ortega and Rheinboldt (1969),

The positive definiteness of {B^} makes possible to apply success­

fully a number of methods to the solution of the quadratic sub-problem. 

However, when implementing the routine to solve QP^ we must bear in 

mind that such solution has to be found for all iterations. Therefore, 

information about the solution of previous sub-problems may be helpful to 

find the solution of QP™ at the current iteration. in particular the 

convergence of p^ to zero, the linear independence of H2 and the strict 

complementarity of H4 will enable us to show (see Theorem 1.4.0) that, 

for i i* say, QP^ will predict correctly the activfe constraints 

at x*.

This fact makes quite attractive the use of the ’active set

method’ Csee Fletcher (1981)1 in the routine to solve the quadratic 
sub-problem.

The reason for the test w^ = 0 in Step 3 is that the addition of 

p^ forces the vector (p^+p\) to satisfy the constraints up to second 

order. This is only meaningful if the constraints are already satis­

fied to the first order, which implies w. = 0.
1

On the other hand, the test T(x^) < £ is intended to delay the 

activation of the procedure to compute p^ until x^ is ’close’ to x*.

Now, although some numerical results suggest that the»use of the 

second order component p^ relatively far away from the solution may
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reduce the total number of iterations (see Chapter 1-5), the search 

arc is not necessary to prove the global convergence results of 

Theorem I.l.J and Theorem I.l.M.

However, p is necessary for obtaining a superlinear rate of 

convergence of the algorithms of Chapter 1.3 and Chapter 1.4. The 

use of the search arc in the algorithm of this chapter was intended to 

show how it does not spoil the global convergence eventually obtained 

through the use of the line search. [see Proposition I.l.G and Propos­

ition I.1,H3
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APPENDIX (Chapter 1,1)

AP.1 Second-Order Sufficiency Conditions

A Kuhn-Tucker point (x,X,u) of G MP satisfies the second-order

sufficiency conditions if for every nonzero vector y eRn satisfying

y^ V (x) = 0, for all j e e ml ^  >0}

yT V gJ (x) £  0, for all j e F2 A I(x) -

and

y^ V h*̂ (x) = 0, for all j e t

it follows that,

yT V2 L(x,X,u)y _> 0

where,

V2 L(x ,A,U) A V2 f ( x )  + l  V2g^ (x) + l  y t v 2 h j (x ) .
j em j ef.

Proof of Proposition I.l.C

As i|j(x) does not depend on p or w, the quadratic problem 
wQP. can be written as : i

Tmin {f (x)p + \  p Bp + c (w -i|j(x))}X
(P,w)
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subject to;

g*5 0 0  + g^OOp £  j e m
A

|h^ 0 0  + h^OOpI 1  W, j S £  ,

From the definition we have ;

0(x,p,c) A fx [x)p + c($(x,p) - \p(x))

^ U , p )  A max{gJ (x) + g^O O p ,  j e m ^ h ^ x )  + h ^ ( x ) p | ,  j e £ ; 0 }

Then the above problem is equivalent to :

TS^CXjBjCjA min i h p Bp + 0(x,p,c)} .
n npeR

Setting p = 0 we can see that 0^(x,B,c) 0 .

Then,

__ rp i
p'(x,B,c) e T(x,B,c) A {peR |%p 'Bp + 0(x,p,c) £ 0 }

A

As ij;(x,p) j> 0, we have:

T(x,B,c)cT (x,B,c) A {peRn |^T Bp .+ <Vf(x),p> - cijj(x) £  0} .

Then, from H3

TCx ,B,c)cT2(x ,B,c) A {pERn |(?fi<'/2j| p||2 + <V£(x) ,p> - cip(x) < 0}
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t o  II p | |  1  CA/ ”>'■) || V f (x l  || + i; t l / m ' ) 2 || V£(x) ||2

+ 2(c/m') A S(x) ,

Now, the map x ■+ S(x) is continuous and’,

T2(x ,B,c) C {p e Rn | || p|| < S(x)} .

Hence, for any x e Rn and e > 0, there exists a compact set 

F such that,

T(x,B,c) c T^(x,B,c) c .T2(x ,B,c) c F

for all x e (x).
£

. Then, for x e 3 (x) we can always say :
£

T0^(.x,B,c) = min{^ p Bp + 0Cx,p,c) |p e F} .

But,

Tz(P) A % p Bp + 0(x,p,c) is a continuous numerical functional.

Then, by the Maximum Theorem [see Berge (1962) pg. 1163 we have:

0^(_*,B,c) is continuous at x and the solution set is 

upper-semicontinuous at x.
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As Z0) is strictly convex and x is arbitrary, the proposition 

is proved.

Proof of Proposition 1,1, D

It is shown in Proposition A»2 of Mayne and Polak (1978) 

that 0(x,m,c) is dual to the problem below:

where

VL A Vf (x) + c(g^(x)t + h^(x)s ) .
,X A

Now,

(x) <_ i|j(X) , Ih** (x) | _< ij;(x) , i|j(x) >_ 0 for all j and x e Rn .

For m = m^, c = c^, and taking into account that the multipliers 

sum to less than unity, at the solutiqn of the above problem

the following equations hold :

c1C<^,g(x)_> + <s1,h(x)> + <s2,-h(x)> - ^(x)) = 0

VL = Vf (x) + c.^(g-£(*x) t  + h^(x )  ( s 1- s 2) )  = 0,
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Clearly,

(i) 0(x,m,c) £  0 , Vx e R,n f Ym, c > 0 .

Hence, if for any m > 0 and c _> we let ; 

t = t(c^/c); s^ = §1(c1/c); = s ^ c ^ c )

we would have :

cC<t*,g(x)> + O^, h(x)> + <s^, -h(x)> - ip(x)) = 0

and

VL = V'fCx) + cCg^(x)t’ + h^CxHsy- sp) = 0.

Moreover, as c > c^, t', s^, satisfy the constraints of

0'(x,c). m
Then, from (i) we have 0(x,m,c) = 0 and the proposition is

proved.

Proof of Lemma I.l.E 

Let,

zx A  Cp 1>w1) J z2 i  Cp2 *w2) •

As the above vectors minimize differentiable functionals over 

the same convex set, we know that :

(i) (z -z 1 ) TVQ1 (z 1, c) -> 0 , for all z e F

(ii) (z-z2)TVQ2(z2,c) _> 0 , for all z e Ffor all z e F .
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Substituting z = in (i) and z = z in (ii), after a re­

arrangement we ha,ve;

e 2-z1)TcvQ2e 2,c) - vq^c^. c)] < (z2-za)T|:VQi^i,c) -

- VQ2C?1,c)]

But,

VQ2 ( z.2 , c )  = B 2 p 2 + V f Cx * ) > i V Q ^ z ^ c )  = 'B l P l + V f C x * )  '

c c

VQ2 ( z 1 , c )  = B ^ + V f C x * )  '

Then,

(P2-Pr V W1)T b2(p2-Pi)' £ (P2-pr w2'wi)T • ( b i - b 2 ) P i '

0k J . o .

(P2-Pi)Tb2(P2-Pi) 1 ( P ^ P ^ - B ^ .

By hypothesis, s L+ .

Then,

m' II P 2' P l H 2 £  II P 2 ' P l ^  II B2_B1 II II P i l l

or,

P2”P ! II £ 0 / f f l ' >  II p 1 II II b2-b1|| .
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Let I' be the subsequence defined in Proposition I.l.G.

That is :

T t Tl
X- * x* ; B. 4 B *.1 * l

By construction,

A A 2~ 2 ~ i i Ty(x,ap. ,c) - y(x,ap. + a p.,c) = -a <Vf(x),p.> + c max{gJ(x)+agJ (x) p. Jem
X X X  X, A X

)ĥ  (x) + ahj.(x)Tpi l, jef; 0}

-c.maxfg3 (x) + ag^(x)p + a V ( x ) p  , j^m ;
A X  A X

|h^(x) + ah^(x)p. + a2h^.(x)p. | ,j e l \  0}
A X A X

Then,
A A 2 ^  -j
|y(x,ap.,c) - yCx,ap. + a p. ,c)| < a Ca|| Vffx) || + c.max{a|| g^(x) || , jem;

all h^(x) || , je£ ; 0} ||p. || 
or

/s /N
|y(x,ocpi,c) - y(x,ocpi+a ,c) | <_ a tCa,x,pi).

The map t(*,x,p^) is continuous for any (x,p^) e Rn*Rn .

Then,

(i) t(*,x,p.) 0 uniformly in (x,p.) x N x 8 (o) as a 0 where

N is any compact neighbourhood of x* and 3^(0) any compact ball.

Now, as shown in the proof of Proposition I.l.G, we can always 

define a compact ball 3-, CO) such that : p. e 3V (0) for all i.K 1 K

By construction,

Pi € => Pi e \ ('°') *

Proof of Proposition I,l.H
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Suppose x* •£ D^.

Then, as shown in the proof of Proposition I.I.G., there exists a 

6^ > 0 such that :

(ii) 0(x*, p*, c) _< - 61 < 0 

where
Tp* = arg min (h p B*p + 9(x*,p,c)} . 

peRn

From (i) and (ii) , there exists an a e (0,11 such that :

t(a,x,pi)<_ - 0(x*,p*,c)/32

V x e Rn , i e l» (i 2> i , say) and a e (0,aJ.

Consequently,

A  A  2 ^

(iii) Iy Cx ^ p ^ c) - yCxi^Pi+a p^,c) |_< - a0(x*,p *,c)/32 

for all x e N, i e i' (i >_ 1q , say) and a e (0,a].

Now, from Proposition I.l.B, there exists a «(0,1] such that:

(iv) |Y(x+api+azpi,c) - Y(x,api + a p ^ c ) \< -a 0(x*,p* ,c)/32 

for all x e N , i e I’(i _> say) and a e (0,al.

Let a ’ ^  min{a; a}. From (iii) and (iv) :

IY(x + api+a p t ,c) - Y(x,api,c)| <_ - a 9(x*,p'*,c)/16 
for all x e N, i e I’ (i i^, say) and a e(Ova ’]

Cv)
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A

(vi) |y.Cx,api,c) - y(x + ap.,,c)| < - a 0(x*,P* ,c)/16 
for all x e N, i e I' (i _> i^, say) and a e (0*al.

Let a° A minla’; a}.

From (v) and (vi),

i 2~ i(vii) |y(.x + ccpi + a pi,c) - y(x + ap.,c) | < - a 0(x*,p*,c)/8 

for all x e N, i e IT(i _> i , say), and a e (0,a^].

T»Now, as x. + x*, there exists an i, e I' such that, for alli 3 1
i e l * i > i ,  we have : x e N.— 1 i

Furthermore, because 0(x*,p*,c) < 0, similar reasoning to the 

proof of Proposition l.l.G. will show that :

(viii) there exists an i^ and e(0,l) such that

y(xi+api,c) - y(xi,c) <_ - a 0(x*,p*,c)/4 

for all i e I’(i _> and for all a e (0,a^].

From (vii) and (viii), there exists an integer k e{0,l,., }, 

with _< min{a^,a^}, and i A max{i^;i2) such that :

1c 'P\crsj Vy(xi+3 pi+3 Pi,c) -yCx ,c) <_ - 3 0(x*,p*,c)/8
for all i e I’, i>_i , and all k _> k .

But, from the computation of the step length, k^ <_ k. Hence,

Again by Proposition I.l.B, there exists a e(_0,l] such that :
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Y ( x  ,c) - y C.x.,c) < 3k 3(x*,p*,c)/8 A -<5_ < 0 l+l i - L•kfor all i e I1, i > i

I*Tills contradicts the fact that x. -+ x*,r
The contradiction arose from the assumption that x* and,

therefore, the proposition is proved.
Proof of Lemma I. I X .

By construction,

Y(x,ap< 2~ ? ~ a p ,c) - y U,c) = ot < Vf(x),p'> + a <Vf(x),p> +

+ c.maxf j, s jr ,T . 2 j .g 00 + aĝ (x) p» + a ĝ (x) p, , j e m
|h^(X) + ot h ^ (x )Tp ' + a 2 h ^ (x )Tp | , j e t

N

J

- cipCx)
or,

(i) Y(x,ap'+a p,c) - y(x,c) <_ a <Vf(x),p'> + c(tjj(.x,ap!) - iJj(x )) +

+ a^f<V f(x )  ,p> + c.maxf | V  (x )p  | ,j e m '
JhiCx)p| ,j « l t

But, for any compact neighbourhood N of x and any compact 
ball 3̂ (0), there exists d̂  > 0, finite, such that :

(ii) |<VfCx),p> + c max{ |ĝ .(x)p 1, j e m; |ĥ (x)p|, j « l } \  ± d1 

for all (x,p) e N x $ (0) ,

The lemma follows from (i), (ii) and the definition of
00
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Proof of Proposition I.l.L

As shown in the proof Proposition I.1,A

0(x.,p,,c) < -p. B.p, x rx — rx ir

Then, by H3,

(i) 0(xi?Pi,c) £  -m'IIPj.ll2 for a11 i-

Now;, as shown in the proof of Proposition T.l.C, there exists 

a continuous function S(y) such that :

II Pĵ  II 1  SCx.), for all i e I.

X *But, by hypothesis, x^ ^ x

Hence, there exists a k < 00 and an i^ such that ;

(ii) II ^11 1  II Pill 1  k for all i e I , i > iQ.

From Lemma I.l.K, there exists a constant d^ > 0 such that :

^  9
Y(xi,otpi +a“pi,c) - yCx^c) £  oi[0(xi,pi,c) + d̂ od 

for all (Xĵ » Pi^Pi) e N x 3^(0) * $k (0).

(iii)
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(iv) |y(xi + api + a p^c) - yCx-^c^+ci p..,c) | <_ a 0(a,xi,p..,pi) 

where,

0(a,x^,p^,pp -*■ 0 uniformly as a -*■ 0 

for all (xij Pi, Pi) e N x ^ ( 0) x 6k(0) .

Suppose that for some infinite subsequence I’ c I there exists 

a 6^ > 0 such that :

(v) 0(x^p^,c) _< - 6^, .for all i e I',

By (iv) there exists an integer k ’ such that :

(vi) 0(3k , xt, p ^  p^) + d13k < 6x/2

for all (xjL,pi,pi) e'tf'x 3^(0) x 3^(0) .

Hence, from (ii), (iii), (iv), (v) and (vi) we have :

y(x. + 3 Pt+ 3 P^c) - y(x.,c) <- 3k 6^2 

for all i e I1, i > iQ.

But, from the computation of the step length, k^ _> k 1 for all 

i e r ,  i > i0.

Hence,

Y(xi+i,c) - y(xt,c) £-3k 51/2 < 0

for all i e I’1 i > i ,
"  0

F r o m  P r o p o s i t i o n  I.1,B,
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This last result contradicts the hypothesis that :

I - x . x .
1

The contradiction arose from (v).

Hence, there not exist any infinite subsequence I' c I where 

0(xi,Pi,c) remains bounded away from zero.

That is,

(vii) 0 ( x i , p i , c ) l 0.

The proposition follows from (vii) and (i).
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1.2 CONVEX INEQUALITIES CASE

1.2.1 Introduction

Consider the problem CIP below, which is a special case of 

the GMP, having no equalities and convex inequalities.

CIP

where:

and

min {f (x) | g(x) <_ 0} 
xeRn

f ; Rn R, g : Rn -> Rm 

g^(*) is convex for all j e m.

In this case the sub-problem QP^ would be

QP,

min f ( x  )p + p B p
A X  X

peR

s. t .

g3 + g^Cx i ) p  1  o,  v j m

Because of the convexity assumption, it is readily seen that : 

if there exists a point x ’ satisfying the constraints of CIP then the 

constraints of QP? are consistent. In fact, if x' is any point satisfyitig-

g^Cx’) < 0 for all j e m
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then p' A (x'-x^) satisfies:

gJ Oi) + gJx(x.)p’ <_ 0, Vj e m .

w 0In this case the use of QP^ instead of QP^ is only useful

to ensure that the solution of the quadratic problem is a descent

direction for the exact penalty function (with the current value of

c^). On the other hand, it is possible to show Csee Lemma I.2A3

that : if there exists a point p satisfying the constraints of
0 wQP. then the solution w. of QP. satisfies w. = 0, whenever c. sat-

< l  i  l  i  l

isfies :

I . 2 . 1

where
> H i

(p?,A?) is the Kuhn-Tucker couple of QP?

Actually, the absence of equalities enable us. to strengthen 

this result a little and say that w^ will be equal to zero if and only

if 1.2.1 is satisfied [see Proposition I.2.B3.
wAlthough p^ is a descent direction for the penalty function

regardless of the value of the penalty parameter c , so that I.2.I
i

does not need to be satisfied at all iterations, in the convex
winequalities case the occurence of w^ > 0 at the solution of QP^ can

be used in a procedure to update the penalty parameter ensuring that,
¥for i sufficiently large^ 

c. = f. > || All 1
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where

(x,A) is a Kuhn-Tucker couple of CIP.

This idea is used to construct the next algorithm which, 

under some assumptions, will generate a sequence of points {x^} 

such that : any accumulation point {x^} satisfies the Kuhn-Tucker 

conditions to CIP. As in the algorithm of 1.1, if the second order 

sufficient conditions are satisfied at all Kuhn-Tucker points of 

CIP we can prove a stronger result :

As i x^ x* (strict local minimizer of CIP) .

1.2.2 The Algorithm

Consider the convex constrained problem (CIP) defined in the
A

last section. Let the maips ip, y, y and 0 be as previously 

defined. Let (p^, w^,A^, v^) be the solution and multipliers of :

Tmin f (x.)p + hp B.p + c w
A  1  X X

(p,w) e R xR
subject to:

gJ(x ) + g^.(x.)p <_ w, j e m w > 0 .

A? are the multipliers of the first m inequalities and

v. of the last. 
i

A1gorithm

Data: x^ e Rn, B^(nxn positive definite); b, c^, 6 e(0,°°); 3 e (0,1)

Step 0 : Set i = 1

Step 1 : Find (p^,w^) to solve QpY



66

Step 2 : If w. > 0, set c. . = c. + bw. + 6
1 i  l + l  l  l

Else,

set c. 1 l  + l
c.

i

Step 3:

a) Compute k^, the first integer in {0,1,...} satisfying :

k. k.
YC^i+3 1Pi,ci) - y(xi,ci) 1  3 1 B(xi,pi,ci)/8

k.
b) Set x. 1 = x. + 3 1p.

J i +I  i

Step 4: Update to B^+^

Step 5 : Set i = i+1; Go to Step 1.

Because we are only concerned in this chapter with the eventual 

effects that the use of the simple procedure to update c^ might cause 

to the global convergence of the algorithm, we use, for the sake of 

simplicity, a line search at step 3. Note, however, that, as shown 

in the previous chapter, the addition of p^ would not destroy the 

convergence.

1.2.3 Convergence Results

To study the convergence of the algorithm we initially 

assume that the following conditions are satisfied:

Cl : f,g are continuously differentiable and ĝ (.*) is convex for all j

C2 : f is bounded from below and

V° A {x|g(x) < 0} # 0
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C3 : For all i, Bi e L+ A{B e L(Rn) |m* || y||2 £  yTBy <_ M||y ||2

for all y e Rn}

where

m* > 0 and M < 00

C4 : There exists at least one j e m such that :

V3 k (x[g3(x) £  0} , is compact

C5 : For all i, the gradients of the active constraints of QpV

are linearly independent.

Lemma I.2.A
/N A  A q

Let VL) be the K-T point of QP_̂  (see section 1.1.1)
-  -  -  wLet (p^,w^^A^,pJ be the K-T point of QP^ (see section 1.1.2)

(If QP. is feasible and 
i

c.
i

j e m
♦ • I \t{

Then,

Proof:

p . = p . and w . = 0. 
r i  r i  i

wFor any w > 0 let p.

Q 2 .w
denote the solution of :

mi"n fxCxi)p +peR

subject to:

g3 + gx ^ x 0 v  -  W> 3 e  ®

h3 (xi) + h3 (,xi)p £ w, j e!
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(i)

w . w .
For w = w. ,p .1 denotes the solution of 02. 1i * i  - iw .
Hence, as p. is a feasible point for 02.1 ,l l

w . w . w .
f (x.)p.1 + h ( v -i)TB,p .1 < f (x.)p. + h pTB.p. .
X l rl *1 1- 1 —  X 1 rl rl lrl

and

Now define :
a r- - ~ l nm+£y . A Lw.»w. t ...#w.3 e R 

i =  i i  i

r * rr 1 rm -m - I . _m+1 r. A CX.,...,A., u.».,.,u.3 e Ri =  l i i  i

~,.W02 . are i

As the objective function and the constriants of QP? and 

convex for all i and w, we can apply the sensitivity

result of AP.l which is proved by Luenberger (1969). Then,

(ii)
w w w

[f (x.)p. + %pT B. p.3 - [f (x.)p.^ + h(p .  ̂ )TB.p. ̂ 3 < <y.,r.>X 1 rl rl 1 rl X 1 rl ri iri —  J 1 1

From (i) and (ii)

(iii) Cf (x.)p. + ?ipT B.p.3 - Cf (x.)p. + J^p.B.p.] < <y. ,r„>x i'ri rl lrl X V rl rl lrl. —  J 1 1

Let us compare the values of the objective function of

QpV for the two pairs : (p^,w^); (fL ,0)

Call,
_T

V. A f (x.)p. + %p. B.p. + c.w.1 =  X 1 rl rl lrl 1 1

and

V A f (x.)p. + ^pT B.p. . 2 — x l ri l i i

V -V = [f (x.)p. + JspTB.£.3 - [f (x.)p. + %pTB.p.3 - c.w. .2 1 x l ri ri iri x l ri ri iri l l

That is,
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From (iii),

V - V  < <y., r.> -c.w. .v 2 l - ^ i i  ii

But, <y.,r.> < ( I  |X3. |  + l  ly-lJWj
1 1  j em j

Hence,

V - v < (T |X̂|+ £ |p"? | - ĉ)w-;*
? 1 — >  1 i 1 . S 1 l 1 i  i
z jem 3 ^

But w. > 0 and, by hypothesis, >_ £ |X̂ | + £ |ŷ
jem j eZ

Then,

(iv) V2 -  V1 < 0 .

But, (p^, w^) solves QP^ and (p^,0) is a feasible point 

to this problem. Then

(v) vi - v2 i°-

The lemma follows from (iv), (v) and the uniqueness of the
wsolution to QP..
i

Proposition I.2.B

Let (p ,X ) be the K-T point of QP? defined below :

QP?

min f (x.)p nn x i r 
pe R

T
+ h v  B^p



subject to :

g' (x ) + g ^ U J p  1  0, j e m .

Then, the solution of QP^ will be
1

( P - w . )  = ( P ^ O )  

if and only if,

Proof:

The first part cqmes directly from Lemma I.l.A.

Now, suppose (pi,wi) = (p^O).

At the solution of QP^ the following K-T conditions 

are satisfied :

n+1 Vf(x.) + B p ■ + ! i! (VCx.)! + V. ■ o'
equations ̂

i i i
l Cj_ J j=i 1

-1 ̂ J
1

0
i J

x] > 0, j e m; v. > 0.
l  — -  i  —

Then,

(i)

and

(ii)

Vf(x.) + B.p. + 
l  i i

l  A? Vg^ ( x i ) = 0 
j m

c.
l j e m

+ V. .
1

7 ^ 0But, at the solution of QP

A

f(x.) + B.p. +
l  i r i I \  V g T x ^  = 0

j em
(iii)
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Now, by the complementarity condition which is satisfied
- nr I. i Qat the solution of QP^ and QP^ and because of assumption C5, we have

\ l  = x l  1 1
, for all j e m

The proposition then follows from (iii) and the fact that

v. > 0. 
i  —

Proposition I.2.C

There exists c and i^, both finite, such that :

c. = c : w. = 0, for all i > in
i  i  — 0

Proof:

From C4, there exists j’ e m such that:

V** A {xeRn |ĝ (.x) <_ 0} is compact.

i *But, from Cl, g (•) is convex and continuously differentiable 

Then, by Lemma 4.1.14 pg 139 of Stoer and Witzgall (1970),

.t ..
i  T1 I T *(i) \r A. {xeR |gJ (x) <_ s} is compact for all finite s.

By C2, there exists a d > -00 such that :

nf(x) > d, Vx e R .

Since c. > c., 
i  — 1

it can be shown that



72

ip(x̂ ) <_ A[y(x^,c^) - dJ/c^ < 00 , for all i.

Hence, x. is bounded and 
1

x. e V** A {xeRn |g-̂ (x) < s 1} , for all i.
l  s i =  1 — 1

■j*But, from (i), V is compact.
S1

Then we can apply Lemma 3.3 in Han (1977) Csee AP.2] to 

show that :

(ii) there exists r < 00 such that :

/s j  r
\  X _< r, for all i. 

jem

Now, suppose there exists an infinite subsequence 1^ such

that

(iii) w. > 0 for all i <=: T.
i 1

As at each i e I w^ is increased by an amount greater than 

6 > 0 and 1^ is supposed to be an infinite subsquence, there exists a 

finite î  such that :

c. > r for all i > i^ . 
i  —  —  0

Hence, from (ii) and Proposition I.2.B,

w. = 0 for all i > in.l  — 0
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This contradicts (iii) and therefore no such subsequence 

1̂  exists, that is, vl > 0 only finitely often.

The proposition then follows from the fact that c^ is only 

increased if w. > 0.l

Theorem I.2.D

Any accumulation point x* of an infinite sequence {x^} con­

structed by the algorithm satisfies,

x* e D.

Proof:

Let I be such that:

1 *x. ■+ x*. 
i

* +Because of C3, there exists B e L and I' c I such that

(i) B. i '  B*.
l

From the last proposition, for all i sufficiently large 

fii). c. = c > 0 and w. =0.v l  l

Hence, from Lemma I.l.E and (i),

(iii) • Vi ^ P*

where p* is the unique solution of :

min f (x*)p + %pT B* p 
peR X

subject to:

gJCx*) + g^.(x*)p £  0, j e m ,
A  *
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Clearly,

(iv) p* = 0 => x* e D.

Now, from (ii) and Proposition I.2.B,

c.1 c > l  , — . L i for all i sufficiently large.

Then, as shown in Proposition 1 of Mayne and Polak (1978), 

f°r i ig say, we have:

(v)
_ T

( x . , p . , c )  < - p :  B.  p .  < -m* l b .l ri — ri l ri — Iri

Suppose p* f 0.

Then, from (iii) and (v), there exists a .d̂  > 0 such that :

(vi) 9(x*,p*,c) <_- 6 2 < 0 .

But then, following the reasoning of the proof of Proposition

I.l.G, there exists a finite i^ such that :

Y(x^+i ,c) -y(x^,c) <_ - 5 ̂ < 0 , for all i e I, i i^.

This last inequality contradicts the fact that:

I»x. ->■ x*.i

Hence, p* = 0 and, from (iv), the theorem is shown.

As in the previous chapter if Cl is replaced by Ĉ - 

: f,g are three times continuously differentiable

with the further assumption below:

C6 : at each Kuhn-Tucker couple (x*,A*) of CIP the second-

order sufficiency conditions hold with strict slackness 

then* a stronger result can be shown. Namely :



75

Theorem I.2.E

Let x^ be an infinite sequence constructed by the algorithm. 

Then,

x . + x * e D >  a s i - > o o  •
1

Proof:

As shown in the last theorem, for any convergent subsequence 

I we have :
I +X. -> X* e D 1

By Proposition I.:2.C,

= c > 0 for all i sufficiently large.

Then, a detailed examination shows that Proposition I.l.L 

remains valid.

Therefore,
Ip^ -»■ 0, for all convergent subsequence I.

The rest of the proof is identical to the proof of Theorem

I.l.M.

1.2.4- Remarks

wThe variable w in the quadratic sub-problem QP^ has in 

the algorithm of this chapter a different role from that of the previous 

algorithm.

While in the latter the addition of w to QP? served toi
overcome the possibility of this quadratic sub-problem having inconsistent 

constraints, in the former that possibility is avoided through the assum­

ptions made. That is:
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g** convex for all j 
+

V = {xIg(x)<0}^ $
=> QP^ always has feasible points.

On the other hand, the variable w is used here in the 

procedure which updates the penalty parameter c^ without computing 

the estimates X(*)> u(*) and the function c(*) .

Now, in the first algorithm the continuity of c(*) is suff­

icient to the existence of a bound to {c^} whenever the sequence 

{x̂ } remains bounded. As no such continuous function is employed in 

the simpler procedure to update c^ introduced in this chapter, it is 

interesting to emphasize how the penalty parameter is proved to be 

finite. Csee Proposition I.2.C3. The finiteness of c^ results 

directly from the way c^ is updated and the existence of a r < 00 such 

that :

II Hi £ r for a11
A JTJ /Nwhere X̂  e R is the multiplier vector associated with p^ at the 

solution of QP?.l
Nevertheless, the boundedness of {x.} is still linked withi

c^ being increased only finitely often because the existence of the

bound on || X. || could only be established to bounded sequences {x.}.
1 1 1

In order to explain this remark better, we point out the role 

played by the several assumptions.

First recall that :

f bounded from below 
+ .i t - "i I

VJ A. (x|gJ (x) 0 compact

for some j^m

=> {x.} is bounded. i
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Clearly,’

{x.} bounded => there exists a compact set U such that

{x.} c U .1
But, as shown in Lemma 3.3 of Han (1977), [see AP.2] we have 

convex for all j

v° | g ( x )  < 0} ^ 0•f
C3 
+

{x^} c u compact

=> there exists a r < 00 such that
A

for all i || ||̂<_ r.

Now, the set V A (x|g(x) _< 0} is the intersection of all

the sets,

V** A {x|g^)x) < 0}, j e m.

Then,

= {x|g^(x) £ 0} compact 

for some j e m >
V compact

The conditions assumed by Theorem I.2.D are identical to the 

the conditions of Theorem 3.3 of Han (1977), see AP.3, with the add­

ition of C5. In fact C5 was required in order to make sure that 

the procedure to update c^ would not lead to c^ -*■ 00. [see proof of 

Proposition 1.2.Cl. Therefore, the further requirement of C5 is 

linked with the fact that here the algorithm updates the penalty 

parameter automatically while Han (1977) assumes that an appropriate 

constant value for the penalty parameters is chosen from the start.

Another difference between the algorithms is that our step
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length procedure does not require exact minimization along the search 

direction, therefore involving less computation.

APPENDIX (Chapter 1,2)

AP.l Sensitivity Result [see Luenberger (1969)].

Let f and G be convex and suppose Xq , x  ̂ are the res-

pective solution of :

min f(x) min f(x)

s. t. ; s, t.

Then,

G(x) < Zq e Rm G(x) < Z^ e R*° .

where,
<zr V  zp  £  fCx0) - f(xp <

z* and z* are the multipliers associated with x^ and x^

respectively

AP.2 Paraphrase of Lemma 3.3 in Han (1977).

Let f and jem, be continuously differentiable and let

the following conditions be satisfied

(i) g 3 (•) are convex for all jem

(ii) V° A {.'ceRn |g(xL< 0}’ + 0.

then

(iii) B. e L+ for all i 1

for any compact set U <= Rn and any vector norm || • || , there

exists r > 0 such that, for all x. e U we have :i ̂  ̂ — 0|| Â || <_ r where X^ is the multiplier vector of QpV
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AP.3 Paraphase of Theorem 3.3 given in Han (1977) to the algorithm 

suggested there.

Let f and ĝ  , j^m, be continuously differentiable and let 

the following conditions be satisfied:

(i). g^(#) are convex for all jem

(ii) V° A (xeRn |g(x) < 0} i  0

(iii) V A. {xeRn| g(x) <0} is compact

Civ) f is bounded from below

Cv) B. e L+ for all i .l

Then, if {x^} is an infinite sequence constructed by the algorithm, 

for any starting point x^ there exists a r •> 0 such that :
/s

if || X || ^ <_ r for all i, then :

any accumulation point x* of {x^} belongs to D.

1.3 SECANT UPDATE CASE

1.3.1 Introduction

The satisfaction of assumption H3 by the sequence of matrices 

{B^} can, of course, be achieved if is set equal to a fixed positive 

definite matrix, for instance the unity matrix. Although the resultant 

method would be globally convergent its rate of convergence would in 

general be at most Q-linear (see AP.l). This makes the use of a fixed 

positive definite matrix in the quadratic sub-problem unattractive 

because to be competitive the algorithm should be superlinearly convergent 

(see AP.l).
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In the unconstrained minimization of a function f(x) through 

quasi-Newton methods, a standard technique for proving that the method 

is Q-superlinearly convergent (see AP.l) is to show that, as {x^} 

converges to x*, {B.} converges to the Hessian matrix V f(x*).1 XX
Although not necessary, the last convergence is indeed a sufficient cond­

ition for the achievement of a superlinear rate of convergence [see 

Dennis and More (1974)] . In the constrained case, the convergence 

of {B.} to V L(x*)., the Hessian matrix of the Lagrangian function at1 XX
x*, is a sufficient condition to Q-superlinear convergence [see Han

(1976)3.

The first method to use, in the quadratic sub-problems, 

matrices converging to V L(x*) is due to Wilson (1963), but as inXX
Newton's method to unconstrained problems, it requires the computation 

of second order derivatives which is undesirable.

The most direct approach for avoiding the computation of 

derivatives is to approximate them by difference quotients. In 

particular, the use of n+1 auxiliary points to interpolate the function 

F : Rn -+ Rm in a neighbourhood of x^ characterizes the 'general 

secant method' for solving the system of equations 

F(x) = 0 .

The method [see Ortega and Rheinboldt (1970)] is defined by:

where

and

1.3.1
-1.x. = x. - J(x.,H.) F(x-) 

l + l  l  i  i  v i

J(x,H) = CF(x+He1) - F(x),...,F(x+Hen)- F(x)]H_1

with given auxiliary points x^ , k = l,...,n
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1-1.i
n,x.-x.).i i

In general, the secant method requires n+1 evaluations 

of the function F at each iteration - namely at the points x^, 

x f ,  x? . . . . . x 1? - but it is well known that particular definitionsi l l  r
of the auxiliary points can save the number of function evaluations.

The greatest saving is obtained through the ’sequential n+1 - point 

secant method' suggested by Wolfe (.1959) which uses the function 

evaluations computed in the last n previous iteration so that 
only one new evaluation is required-namely, at x^ .

Local convergence results for secant methods rely upon the 

operator J of 1.2.1 being a'consistent approximation' [see definition in 

Ortega and Rheinboldt (1970)1 to the derivative whose computation is 

being avoided. The operator J of Wolfe's method is not guaranteed 

to satisfy this condition; hence local convegence is not guaranteed 

for this method. In fact, examples have been found [see Ortega and 

Rheinboldt (.1970)1 showing that it does not always converge.

For unconstrained minimization a secant method, which is locally 

convergent at a superlinear rate yet requires few function evaluations - 

namely, two new evaluations by iteration - is suggested by Polak (1974). 

In this method a sequence of matrices {FL } is constructed such that H. 

differs from Ih  ̂by only one column j which is set as the vector below:

1.5.II

(l/e.)[F(x. + e.e.) - F(x.)l i i i  j  i
where

In the next section an extension of the above procedure to
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constrained problems, suggested by Mayne and Polak (1982), will be used 

to build an algorithm derived from the Basic Algorithm of the first 

chapter.
Now, when using a secant update, assumption H3 becomes too 

strong for practical purposes. On the other hand, the positive definiteness 

of the matrices {B^}, although sufficient, is not a necessary, condition 

to assure that :

1.3.Ill

pT B. p. <0.ri l ri
If the second order sufficiency conditions are satisfied 

at x*, B^ is close enough to L(x*) and x^ iss close enough, to 

x* then I.3.II will be satisfied even if B^ is not positive definite.

Hence, besides constructing the sequence of matrices {B^}

such that
Bi -»■ V L(x*) as x. x*,

XX 1

to ensure global convergence we need to guarantee that I.3.Ill will be 

satisfied also when x^ is not close to x*. This will be done adding 

a multiple of the unity matrix I to the matrix obtained through the 

secant update yielding :

I.3.IV

B. = H. + y .Il l l

where y^ is a nonnegative number which is set equal to zero at the 

start of each iteration and is then increased if some tests are not 

satisfied. The addition of a multiple of the unity matrix to the 

matrix V f (x.), in unconstrained optimization, is due to Goldfeld,
XX 1

Quandt and Trotter (1966). But, as is intended to be an approxi-
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mation to V L(x^) rather than this matrix itself, 1.3. IV is perhaps 

more closely related to the works of Levenber (1944) and Marquardt 

(1963) which, in the context of nonlinear least squares, also added a 

multiple of the unity matrix to an approximation of the Hessian matrix. 

The resultant algorithm is shown to generate sequences {x^} 

with all the accumulation points x* lying on the set D of Kuhn-Tucker 

points for GMP. Furthermore, the rate of convergence of x^ to x* 

in D is Q-superlinear.

1.3.2 The Algorithm

Consider the general mathematical programming problem (GMP) 

defined in the first chapter.
A /S

Let the maps ip, y, tp, y, A, u, T and 0 be as defined in 

section 1.1.2.

Again let (p. , w. , A., t., s.,: v.) denote the solution and multi- 
1 1 1 1 1 1

w ^pliers of the quadratic problems QP^ (see I..1.2) and p^ the minimum norm 
solution, if a solution with norm smaller than j| p^ || exists, of the system

• • A

g](x.+p.) + ĝ .(x )p = 0, j <E I = A{jem|A? > 0}
X X  a  1 X " X

hj(x.+p.) + h^(xt) P = 0,,j e l  .

rsjIf such a solution does not exist p^ is set equal to zero.

Now, suppose {H^} is a sequence of matrices generated by the 

secant update where is obtained from by replacing the column i

(mod n) by the vector :
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I.3,V

with,

(1/A.)CVX L(x. . ,+A.e. ,A(x.  . . ) , u(x. J )v. / X v 1 + l  x  1  ̂ 1 + 1 ^  x + r ' VxLCxi*l’X(xi+l>'

^ xi+1» ]

A min{|| xi+ 1 - xj| ; e2 }

4  smaH  positive number

*th ne^ 4  i orthogonal basis vector of R1

L(•,•,•) is the Lagrangian function, 

wThe matrix B. in QP. is obtained from H. with the addition of i i l
a multiple of the unity matrix (see I.3.IV).

Algorithm

Data: x^ e Rn ; H1 e L(Rn); c , b, K e (0,°°); 5 > 1 ; e e(0,l)

Step 1: Set i = 1

Step 2: Set B. = H.; y. = 0r i l l
Step 3: If c. . > c(x.), set c. = c.

r  l - l  — v l  i  l - l

Else,

set c. = max{6c. • c(x.)}
i l-l i >
- WStep 4: Find (p^,w^), the minimum norm sblution of QP^

Step 5: If,

(a) II ̂ 11 > K
or

(b) 0(xi,pi,ci)>max{-T(xi); -e}.

set Y. = Y. + b; set B. = H. + Y-Ij Go to Step 4.i i l i i. r

Then,
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Else,

set p. = p.ri
Step 6: If = 0 , compute p_̂ .

Else,

set p . = 0i
Step 7:

a) Compute k^, the first integer in {0,1,..} satisfying :

b) Set x. = x.+3 ^p. + 3 ^px 1.1 1 * 1 L ‘
k. 2k.2k.

— i x . ' p  u .  ' M  V  •i+l i *i *i

Step 8: Update to by the secant update defined in the previous

page.

Step 9: Set i = i+l, Go to Step 2

1.3.3 Global Convergence

In order to prove that any accumulation point of a bounded sequence 

constructed by the algorithm is a Kuhn-Tucker point of GMP, we will 

assume that the assumptions HI* and H2 of the first chapter are satisfied.

That is:

Hi': f,g,h are Wee. W e s

H2: for all x e Rn the Vectors (Vg*1 (x), jel(x) ;Vlr* (x), jel^(x)}

are linearly independent, where :

Also,
100 4  {jeJ?|g**(30 = ^(x) } and I^(x) A {jef| |h*W| = i|j(x)}

Dc 4  (xeRn|0(x,H,c) =0} , n > 0 arbitrary 

0fx,n,c) A minn((n/2) ||p ||2 + 0(x,p,c)}where,
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D A {x^Rn | there exists (A,VO such that: (x,A,jj) is a K-T triple
to GMP}

Our first result was given (without proof) in Mayne and Polak

Proposition I.3.A

T(x) = 0 <=> x e D.
Proof:

Given in the appendix at the end of the chapter.

Proposition I.3.B
Let {x^} be a bounded sequence constructed;.by the algorithm .

Then there exists a finite positive number M s.t. , for all i>

(1978).

-M|| y||2 _< y^ thy <_ M|| y||2, for all y e Rn .

Proof:

Given in the appendix at the end of the chapter.

Proposition I.3.C

Let {x^} be a bounded infinite sequence constructed by the 

algorithm.

Then, for all i , the loop between Step 5 and Step 4 is per­

formed a finite number of times.

Proof:

For some i let k denote the number of times the loop is 

performed.

Because of the last proposition, the fact that b > 0 and the 
way is constructed at Step 5, we have :

(i) for any m* > 0  there exists k^ < 00 such that : 

y^ B^y >_ m' || y||2, Vy e Rn and k >_ k^.
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Now, as shown in the proof of Proposition I.l.C [see AP.I.l], if 

yT B^y > m' || y||2, for all y s Rn then,

IIpJI £  Cl/m')|| VfCxpll + C CX/m'D 2H Vf(x.) ||2 + 2(c../m') «x.) J 1

Clearly, the right hand side of the above inequality diminishes 

with the increase of m ’.
*

Then , from (i), there exists a k < «■ such that, for all i, 

k j> k ==> || p^ || <_ K (constant of Step 5).

That is, at each iteration test (a) of Step 5 will never be 

satisfied for k sufficiently large (but finite).

Now, as shown in the proof of Proposition I.l.A, for all i 

we have :

-T< -p. B. —  ri 1

Then, from (i), for k sufficiently large but finite

SCx̂ Pĵ .cp < -pT B.p. <—  rl lrl — -e

and the proposition is proved, as both tests of Step 5 will never be 

satisfied for k > k, say (k < 00 ) .

Proposition I.3.D

Let c > c(x)

Then,

x s D <=> x e D. c
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Proof:

Because D , D and c(*) are defined exactly in the same way 

as in Mayne and Polak (1982), the proposition is identical to 

Proposition 5 proved in this paper.

Proposition I-3.E

Let {x̂ } be a bounded infinite sequence constructed by the 

algorithm.

Let I be a subsequence such that :

x. i x* 
i

with, for all i e I,

c. = c, for some c > 0 . 
i

Then,

x* e Dc
Proof:

From Lemma I.l.K, there exists a d^ > 0 such that, for any 

compact neighbourhood N of x* and any k > 0 we have,

~ 2~(i) y(x.,ap^ + a p^,c) -y(x^c) <_ a[0(x^,p^,c) + d^a] 

for all (xi, pt, pi) e N x 3^(0) x 3k (0).

Also, from Proposition I.l.B,

(ii) |Y(xi+api+a2pi,c) - y ^  , ctpi + a2̂ ^ )  | £  a 0 (a, x ^ p ^ p ^  

0 (a,x. ,p. ,p.) ->-0 as a 0
l i i

for all (xi? pi, pi) e N x 3k CO) x $k (0).

where,
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Now, as i x* and || || <_ K by construction, (i) and (ii)

will always be satisfied for all i e I.

If x* e D the proposition would follow from Proposition I.3.D. 

Otherwise, suppose x* D.

Then, from Proposition I.3.A, T(x*) > 0.

As T(*) is continuous and -* x* we can then say that: 

there exists a 5^ > 0 such that :

T(x^) _> 8  ̂ for all i e I (i _> i , say) .

But then, as the test (b) at each iteration is ultimately not 

satisfied, we have :

(iii) 0 (x., p^, c) _< -&2 4  max{-6 ;̂ -e} < 0

for all i e I (i ig, say).

Now, from (ii), there exists an integer k’ such that:

Civ) 0 ($k , xi,pi,pi) + d13k <_d2/ 2 for all i e-i.

Then, from (i) * (ii), (iii) and (iv), for all i e I(i >_ i , say), 

k f 2k 1 ~ k' k tYCx.+0 p.+3 p. ,C) -y(x c.) <_ 3 0 (x.,p.,c) / 2  < -3 d j 2 .
JL «X Ja X  X  X  X  M

But,

3k 9(.xi,pi,c)/2 < 3^ e(xi,Pi,c)/8.

k fThen, at Step 7 a step length greater than or equal to 3

is found and:



90

Y ( * i + 1 ,c) - Y ( xi, c) £  - 3 k d2/8 < 0

for all i e I (i _> i^, say).

Now, this result contradicts the fact that

x. i x*.1

The contradiction arose from the supposition that x* £ D.

Hence x* e D and the proposition follows from Proposition I.3.D,

Theorem I.3.F

Any accumulation point x* of a bounded infinite sequence constructed 

by the algorithm satisfies :

x* e.;D.

Proof:

Let I be the subsequence where

x. i x*. 
i

Because of Proposition 1.3.D, Proposition I.3.E and the continuity 

of c(»), all the assumptions of Theorem 1 in Mayne and Polak (1978) 

are satisfied. Hence, as {x^} is by hypothesis bounded, c^  ̂is in­

creased only finitely often. That is, for i Iqj say, c^ = c > 0 

(constant).

The theorem then follows Proposition I.3.E and I.3.D.

Observation;

Before proceeding with the analysis of the rate of convergence of 

the algorithm of this chapter, it is interesting to point out that the

stronger result of Theorem I.l.M cannot be shown because we have not proved 

that p^ -> 0 in all convergent subsequences.
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1.3.4 Rate of Convergence

In this section we will assume that the following conditions, 

defined in the first chapter are satisfied :
i

HI' (replacing HI); H 2; H4.

In addition, we assume that :

x. -> x* £ D, as i 00 
i  *

Let (p?, w?) denote the minimum norm solution of QPW at the first 
i  i  l

performance of Step 4 at iteration i(y\ = 0; = H.).

Considering the t  nonlinear inequalities of QPY as 21  linear 

inequalities (see Proposition I.l.A) let (A?, t?, s|?, v?) be the multi­

plier vector associated with (p?, w?).

Proposition I.3.G

where

[p°,w?,X°, (t°-s°)] -»■ [0 , 0 , X*,U *]*1  1 1 V 1 '

X

(A , y*) is the multiplier associated with x i

Proof:

As shown in the proof of Theorem I.3.F, for i sufficiently large

c. = c.
l

As shown in Proposition 7 of Mayne and Polak (1978)

H. ->■ V L(x*, A*, u*) as x. -*■ x*€D. 1 xx v * 1

wThen, for y^ = 0, the quadratic problem QP^ can be considered 

as a perturbation of the following ’unperturbed* problem
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rain Vf(x*)p + 'ip V L(x*,A*,u*)p + cw 
Cp,w) xx

subject to,

T

g3(X*) + g^(x*)p < w j e rnx —

h^(x*) + h^(x*+p < w , j e Z

-h^(x*) - hx(.x*)p 1  w j e !

w > 0

Let Cp’, w') be the minimum norm solution of this problem and 

(A*, t', s',v') the associated multiplier vector.

As x* e D, the minimum norm solution is the pair :

Ci) (p«, w') = (0 , 0).

Clearly, from H4, at this solution the 'unperturbed' problem 

satisfies the second-order sufficiency condition with strict complementarity 

slackness. Hence we can use Theorem 2.1 of Robinson (1974) to show 

that :

Cii) 0.V tp», w » , a ;  s', v ' ) ,

As there exists only one multiplier vector associated with x* 

at the solution of GMP, we have :

( i i i )  A = A' and U* = (t* - s ' ) .

The p r o p o s i t i o n  f o l l o w s  from ( i ) , ( i i )  and ( i i i ) .
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Proposition I.3.H

Proof:

For = 0, for i large enough w? = 0 at the solution of QP^

(i)

(ii)

At the solution of QP. we have:
i

c. = l  (A°) + l  (tu) + l  (su) + vu 
1 jem 1 j l l  1 j e l  1 1

Also, by construction

> I P o p h + i  |ij(xph + b.
^  j U

Note that for i sufficiently large, c^ = c.

Suppose there exists an infinite set 1̂  c {1,2,...} such that

(iii) w? > 0 , for all i e 1 .̂

Clearly, if w? > 0 only one of the multipliers (t?)**, (s?)^ 

can be different from zero, for all j e t  

That is :

(iv)

0. 0. 0

if w > 0 , ( s ° ) j £ 0 => Ct°)j = o and ( t V  i«0 => ( s V  = 0 .
-L J -L J- J

Let b? be the vector: b^ A ft? - s?). 1 1 = 1 1

From (iv) we have:
c t V . if (t°)3 t 0

(V) (b°p -

1

if t 0

0 ,
*

if

O -H 
(/)II

From the last proposition we have :

(vij b? y* ; A? A* .

Also, as shown in Proposition 2 of Mayne and Polak (1978)

A(xt) -> A* ; y(xi) + y*.(vii)
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From (vi) and (vii), there exists an 1^ such that :

(viii) l  | IX^C^) | - (A?)^ | £  b/4, for all i _> i1 
jGm

and

(ix) l  I Ifihx ) I - | (b?)•* | I < b/4, for all i > i..
j c £  1 1 1 “  1

But, from (v),

I (b°)j | = Cs°F + (t°)j .

Hence, from (ii), (.viii) and (lx), we have :

(x) c >  J (A0).'-* + I (t*?)** + I '( s ° J + b/ 2
j em j e£ ■ j

for all i sufficiently large, i e 1 .̂

From (x) and (i), we obtain:

v? £  b / 2 > 0, for all i sufficiently large, i e 1 .̂

This contradicts (iii) because of the complementarity condition. 

Hence, no such subsequence 1^ exists and the proposition is

proved.

Proposition I.3.J

For i > i say, the tests of Step 5 will never be satisfied 

with y. =
l

0.
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Proof:

As shown in Proposition I.3.G.,

- 0
P i

as i -> 00 .

Hence, for i >_ ig* say, || p̂ || £  K and test (a) is never

satisfied, for i sufficiently large.

Now, as shown in the proof of Proposition 8 in Mayne and

Polak (1978), for x^ close enou|i to x* there exists a unique Kuhn-

Tucker point for the problem QP(.x ,H.) below:i 1

Tmin Vf(.x.)p + ?̂ p H. p 
PeRn

subject to:

g3 C^) + g ^ U ^ P  —  0*  ̂ G ®

h3(xi) + h^Cx^p = 0, j e l

Hence, from the last proposition, p? is the unique solution for

the above problem and, therefore,the proposition follows from Proposition

11 in Mayne and Polak (1978) and the fact that T(x^) -»• 0 as x^ x* .

Theorem I.3.J

x. x* € D , as i + 00 ,1

Q - superlinearly.

Proof:

Because of Proposition I.3.H and Proposition 1.3.1, for i > i 

say, the algorithm of section I.3.2.coincides with the algorithm of 

Mayne and Polak (1978). Hence, the result follows directly from Theorem 

4 of this paper.
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1.3.5 Remarks

The use of the secant update given by I.3.V and the test of Step 5 

make the algorithm of this chapter very similar to the algorithm of 

Mayne and Polak (1982). There exists two features where the algorithms 

are different, namely :

The structure of the quadratic sub-problem where the matrix 

IT obtained by the secant update is tentatively used.

The nature of the alternative procedure adopted in case the 

solution of the quadratic sub-problem above is considered to be 

not satisfactory.

The difference between the quadratic sub-problems is that
w 0here we use QP^ instead of QP^.
w .As QP^ is always feasible, it is not necessary to test the 

existence of solution to the quadratic sub-problem and, consequently, 

the algorithm of page 84 has one test less than the algorithm of Mayne 

and Polak (1982).
wAnother effect of using QP^ is given in Proposition I,. l.A, that 

is:

for any value of c^ we have :

p. B. p. > 0
r i  l  r i

=> 0 ( x . , p., c.) < 0 .
l . i  l

The implication above is not necessarily true when using QP^, 

unless c. satisfies the further condition

i  l k x - »  $ H ' i
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where (A?, q?) i s  t h e  m u l t i p l i e r  v e c t o r  a s s o c i a t e d  w i th  t h e  s o l u t i o n

0 0 wp. of OP.. As a result, the solution p. of QP. with B. = H. is more 
1 1 1 *i l i i

likely to satisfy the test

©( x . , p., c.) < -T(x.)
r i  i  l

than the correspondent solution of QP?.

Therefore, because of this last conclusion and the consistency
wof the constraints in QP^, the algorithm presented here will probably 

activate the alternative procedure less often than the algorithm of 

Mayne and Polak (1982).

We now compare the alternative procedure of both algorithms.

In the algorithm of Mayne and Polak. (1982) the search direction used 

when the solution of QP? fails to satisfy some tests is obtained by 

solving :

T_min{p Hp + 0(x.. p, c.)}
tJ I  r  r  v 1 r  1p^ R

where:

H = ql, q being a positive constant.

Here, the alternative direction is the solution of :

where

and

Tmin{p LH. + Y-Ilp + 0(x.,p,c.)} „ n r  i  i  r  i r ipeR

is obtained by the secant up date

> 0 is automatically set.
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That is, while the strategy of Mayne and Polak (1982) to stabilize 

the locally superlinear convergent secant method is to revert to the
T*

'steepest [with respect to the norm || p|| = (p Hp)̂ il descent direction', here 

we add a multiple of the unity matrix to the ih obtained by the secant 

update.

Similar differences occur, in the context of unconstrained 

minimization of a function f(x), between the method of Goldstein and 

Price (1967) and the method of Goldfeld, Quandt and Totter (1966), 

both suggested to stabilize Newton’s method. Indeed, whenever the 

Hessian matrix V f(x.) is not positive definite or the direction
XX 1

obtained in the minimization of the quadratic approximation is nearly 

orthogonal to Vf(x^), Goldstein and Price (1967) switch to the steepest 

descent direction - Vf(x^), while Goldfeld, et al-:(1966) prefer to add 

a multiple of the unity matrix to V f(x.) and use the resultant 

matrix, say

A.
l
= Vxx f(xi) + YiI, y ± > 0 ,

in the quadratic form to be minimized.

Now, as pointed out by Fletcher (1980), the latter method (and 

by extension the method suggested here) has the advantage of using the 

quadratic information given by V ^Cx.) (H. in our case), even when 

this matrix is not positive definite. In particular, if the Hessian 

(or H^) is close to being positive definite then it may only be necessary 

to add a small multiple of I so as to give a good search direction. 

Because the curvature information, is ignored by the alternative 

procedure of Goldstein and Price (1967), as it is also ignored by the 

first order method suggested by Mayne and Polak (1982), if the alter­

native iteration operates successively for a number of iterations, it 

is likely that slow oscillatory behaviour would be observed.
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On the other hand, the computation of y^ through the loop

between Step 5 and Step 4 is clearly a disadvantage of the algorithm,

although some devices can be used to reduce the number of times this

loop is repeated. First note that for i j> i , say, the tests of

Step 5 are never satisfied so that the alternative procedure is not

activated. (see Proposition I.2.J). In any case the loop is repeated

only a finite number of times because we increase the eigenvalues of

lh by adding the term y^I so that for y^ sufficiently large the matrix

’+ y I will be positive definite (see Proposition I.3.C). Hence

it would be advantageous if the matrix given by the secant update

remains positive definite during the initial iterations.

Accordingly, unless x^ is close to x* and a good approximation 
★

to L(x*, X , U*) is known, an adequate choice for is :

H1 = n l  , n > 0.

Actually, the idea of giving an initial bias towards the 

steepest descent direction which would be gradually reduced as x^ 

approaches x* can be exploited with the use of the function T(*).

Recall that T(x) is a continuous function which assumes positive values 

for all x e Rn except at Kuhn-Tucker points for GMP where it is equal to 

zero. Hence, a possibly good choice to r\ would be p = T(x^) .

This would take into account eventual bad scaling and would make 

the positive eigenvalues of H^ depend on how far x^ is from the solution 

Similar reasoning suggests the following modification to Step 5.

in case any test is satisfied set,

y., = y. + b 
i  i

B.
i

H. + y.T(x.)I. 
i  11 l
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Now because of Proposition I.l.A, it is easily seen that, if 

test (b) is satisfied,

Tp: B. p. 
r i 1 r i

< A min{T(x.)2 — l £>.

Hence, another modification of Step 5 which can make the increase 

on in a more efficient way is :

in case test (b) is satisfied set,

Yi = Yi + (e2 ' Pi Bi P p /T(xp  + b ; Bi = Hi + YpCXj)!.

Note that with b being chosen small, the above expression 

for avoids excessive change on the matrix obtained through the 

secant update. This feature is particularly useful when H^ is close to 

being positive definite.

These modifications are likely to keep the number of times the 

loop is repeated low.

In addition, the tests of Step 5 can be made more difficult to 

satisfy with e small (say 10 ) and K large (say, 10 || p̂ || ), as

suggested by Mayne and Polak (1982) .

Hidden in Theorem I.3.J' is the fact that the computation of 

Step 7 will lead to step length of unity for i sufficiently large.

This is proved in Proposition 12 of Mayne and Polak (1978) 

and the proof relies upon the convergence, /

H. -> V L(x*, X , u*) as i -»• 00 
1 x x

and the use of the search arc ap_̂  + a p^ in the computation of the
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step length a.

Our next theorem shows that the above convergence, although 

sufficient, is not necessary jor the achievement of step length of unity 

when using the search arc. We start with some further definitions.

Let be the matrix whose columns are the gradients 

gJ (x.), j e I(x*) ^  {je©ig^ (x*) =• 0}. Let r(x.) denote the vector 

whose components are (x^), j e I(x*), ordered in the same way as the 

columns of th . Let denote a matrix whose columns are orthogonal 

basis vector for the null space of 1L . That is :

nT Y. = 0  for all i. l i

Let P. A Y. YT .
1 = 1 1

Let a^ ~ b^ mean that there exists an integer i^ and positive 

constants d^, d^ such that :

d. < (a./b.) < d_, for all i > ii.

Let ~ b^ mean that there exists an integer i^ and a positive 

constant d^ such that:

a. < d_ b., for all i > i.. i —  3 i —  2

Let ©(_•) stands for an expression whose ratio to the term inside the 

brackets tends to zero as i 00 .

Consider the problem QP?, defined in 1.1.1, with Ih being given by:

B. = L. + A. , for all i,i l l
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w h e r e :

L e L(Rn) satisfies : L. + V L(x*, A*, p*) , as i -> ~ ,1 X Xa

and

{■Â } is any sequence of positive definite matrices with 

A_̂  + A e L(Rn) as i -*■ ».

Lemma 1. 3 K

Let the assumptions of the last section be satisfied.

Let {B.} be constructed as above.
l

Then,

for l sufficiently large QP? will correctly predict the 

active constraints to GMP at x*.

Proof:

Given in the appendix at the end of the chapter.

Theorem I.3.L,

Let the assumptions of the last section be satisfied.

Let be obtained by solving QP? with {B^} being constructed 

as above and c^ being updated as in Step 3.

Then,

the step length obtained through the search arc of Step 7 will 

be unity for all i sufficiently large.

Proof:

Because of the last lemma, two results obtained in the proof 

of Proposition 12 of Mayne and Polak (1978) are easily seen to remain 

valid. Namely :

( i ) P i l l  *  ii  P i l l 2
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and

(ii) y ( x . + p . + p . , c . ) -  y ( x . , c . )  = 0 ( x . , c . ) + e.  
1 1 1 r i 1 i i i i i

where,

and

0(x.,c.) = e(x.,p.,c.) + < Vf(x.),p.> + !i<Pi,Vx f(x.)p.:

e. ~ p. 
i  " r i

As shown in the proof of Lemma 1.3 .K,

(iii) At -* A , p. + p*, as x. x*

where,

(A.,u.) is the multiplier vector associated with p. 
i  i  *1

Then,

and,

(iv)

7 xx L(xi> xi> V  •* vxx L(x*> A y )

(Li - Vxx LCxi’ V  V 3 + °'

Now, the step length is of unity if,

T i  A Y ( x i + P i + P i , c i ) -  Y ( x i , c i )  -  6 ( x i , p i , c i ) / 8  £

By (ii),

(v) = (7/8)e(x.,pi,c.) + <Vf(xi), pi> + £(xi)Pi> + ^
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But ,

Vf(x.) = -B.p. - ATg (x.) - pT h (x.), i iri i x  1 1 x i

Then,

(vi) <Vf(x.),?.> = -<P i ,B 5i > - Cx.)p. - uj hx(x.)?.

* * By hypothesis, L. -»■ V: L(x*, A , p*) and A". -►  A .

Hence, {B^} is bounded and, from (i)

(vii) |<pi, Bi Pj>| » || Pi

From (vi), (vii) and taking into account the way p^ is computed,

we have :

(viii) <Vf(xi),pi> = aT gCXĵ +Pĵ ) + u7h(xi+pi) + ei

where,

-  II Pi IP

Now, from Proposition 1 of Mayne and Polak (1978) , (iii) , the convergences

A(x^) -► A*;p(x^) -► p* and the way is updated, we have:
T0(x.,p.,c.) < -p. B p..l i l —  ri i i

Then, from (viii), (v) and expanding g(x^+p^) and h(x^+p^) 

to third order we have :

(ix) T. < (3/8)0 ( x . ,p.,c.> + %<p., (V L ( x . ,A.,p ) - B.)p.> + e!
1 — 1 r l  1 r i  XX 1 1  1 1 r l  1
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where,

£! 
1 II p , ll:

Now,

Cx) ^ i ’ ̂ xx L('Xi’Ai,Ui:) " Bi3pi> = ^ i ’Wxx U  - A ^ p ^

Hence, from (ix) and (x) we have :

Ti 1  C3/8)0(xi,pi,ci) - pi k ± pi + o C || Pil|2)

But, by hypothesis, is positive definite. Then,

(xi) T i  < (3/8)0 (xi,pi,ci) + o C || Pi l| )

Now, again by the positive definiteness of A^, we have :

T p
positive definite => positive definite

But, by H4 and the convergence L. -+ V. L(x*, A, u*), for i suffi
1 xx 

Tently large Y. L. Y. is indeed positive definite.

Hence, a detailed examination shows that Proposition 10 of 

Mayne and Pdlak (1978) remains true. That is :

Cxii) 6C.xi,Pi,ci) » U K x .jP II +|| Pi Vf(xi) |2n

From Cxii) and (xi) we have :
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(xiii) T. ~ -L || r(x.) || + || P. Vf (x. ) ||2] + o( ||p. ||2) . 

But, as proved by Powell (1978a),

II Pill ~ II r(xP II +ll pi Vf(xp II .

Hence

(xiv) II p.||2 s II r(x.)|| HI ^Vf^i)!!2.

But,

|| r(x.) || + || P. V£(xi) ||2 - 0 .

It is obvious from (xiv) and (xiii) that, for i sufficiently large, 

T\ <_ 0 and the theorem is proved .

We now compare Theorem 1.3,L with previous results in the literature 

of quasi-Newton methods.

In the unconstrained case the conditions which ensure that the 

steps length along a descent direction p. will be set equal to unity, for 

i -sufficiently large, are often also sufficient to guarantee a 

superlinear rate of convergence. Among these conditions is the con­

vergence, in direction and length, of the vectors p^ to -the Newton 

iteration [see Theorem 6.4 of Dennis and More (1977)1.

It has also been shown [see Theorem 8.9 of Dennis and More

(1977)1 for algorithms generating a sequence {B^} of positive definite 

matrices, that the convergence of to the Hessian matrix is not necessary 

for asymptotic step length of unity and superlinear rate of convergence.
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In the presence of constraints similar conditions were found 

to guarantee superlinear rate of convergence for yariable metric 

algorithms Csee Han (.1976)1 but these conditions are no longer suffi­

cient for an asymptotic step length of unity. Because the constraints 

are linearized in the quadratic sub-problem, examples by Maratos (1978) 

show that no such result can be proved when using line search proce­

dures. Hence, it is interesting to know whether the use of the search 
2~-arc (ctp.̂ + a pi) makes sufficient conditions for superlinear convergence 

also sufficient for an asymptotic step length of unity.

Under assumptions similar to those of Theorem I.3.L, Han (1976) 

shows that the following condition is sufficient to ensure a Q-super- 

linear rate of convergence for variable metric algorithms.

I.3.VI

where,

l i m
i-XDO

L(z*)) (xi+1-xi)||

i+1 .Z .
■ 1

0

z. = (x., X., P.) and z* = (x*,X*,M*).
1 1 1 1

The next theorem shows that the above condition is also suffi­

cient to ensure unity step length if the search arc is used. As 

the sequence of matrices {B^} is supposed to remain positive definite 

with eigenvalues bounded away from zero, the theorem is stated for the 

Basic Algorithm of Chapter 1.1.

Theorem I.3. M

Consider the algorithm of page 21 and let assumptions HI, 

H2, H3 and H4 be satisfied.

If,
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condition I.5.VI is satisfied

then,

fori i. , say, the computation of Step Zj will set a 

step length of unity.

Proof:

Note that the assumptions of Theorem I.l.M. are satisfied, 

so that:

as i -> M .

Clearly, this convergence implies;

(i) Vxx L(z_.) ->• V xx L(z*), as i +

Now, as in the proof of Theorem I.5.L, we can show that the 
step length is set equal to unity at Step 4 whenever 

<_ 0, where :

(ii) T. < (7/16)0(xi,pi,c.) + %<pi,(Vxx L(z.) - B.)p.>

+ o ( l l  P i  if ) •

But, because of (i) and condition I.3.VI, we have :

(iii) <Pi)(Vxx L(z.) - B.)p.> = o(|| p.||2) .

Hence, from (ii), (iii), H3 and Proposition I.l.A there exists 

a m^ > 0 such that :

T. < -nr 
i  — 1

Tlie t h e o r e m  follows f r o m  the c o n v e rgence - * ■  0 .
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Now, recall that in Theorem I.3.L we did not require to be 

positive definite but assumed :

I.3.VII

B. = H. + A

with:

and

H. +  V LCz*) as i  ->• “  1 xx

A^ positive definite for all i.

Suppose is of the form:

I.3,VIII

A. = V. (T(x.) I + N.C.N7)
1 X I  1 1 1

where:

is the matrix whose columns are the active gradients 

of the quadratic sub-problem.

Ch is any positive definite matrix

v. > 0 .
l

and
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In this case, if assumption H4 is satisfied, there exists a

v* < 00 s.t. for all > v* the matrix EL given by 1.3. VII is positive

definite. Note however that, while a step length of unity can be

shown (Theorem 1.3.L) to be ultimately achieved, this result could not

be proven using Theorem I.3.M because condition I.3.VI is not satisfied.

On the other hand, since T(x.) 0 as i + “ and P.N. =0,
1 1 1

the following limit is satisfied.

I.3.IX

l i m
A -XDO

P. (-B.-Vxx L(z*)P*P•
I  X x x  1 1

II ?i II
= 0

where,

P^ is the projection matrix onto the null space of

Now, I.3.IX is shown by Powell (1978a)to be a sufficient con­

dition for variable matric algorithms to achieve a two-step superlinear 

rate of convergence.

Hence, the use of an update of the form I.3.VII, with given, 

by I.3.VIII and v^ sufficiently large, ensures the global convergence 
of the Basic Algorithm at a two-step superlinear rate. A related
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idea will be employed to update in the next chapter.

A result similar to Theorem I.3.M can be proved if the condition 

1.3.IX is satisfied and the further assumption below is made.

I . 3 . X

there exists a r^ > 0 such that:

II P ill > r ill P i.il]2 fo r a11 i  •

It is interesting to note that this condition is not intended 

to induce a quicker convergence of to zero. On the contrary, it 

avoids the case where || p || / || p^ |̂|2 0. As will be discussed in

1.4.5, condition I.3.X is also useful to establish Q-superlinear 

rate of convergence of variable metric algorithms which, otherwise, 

could only be shown to achieve a R-superlinear rate.

Theorem I.3. N

Consider the algorithm of page 21 and let assumptions HI',

H2, H3 and H4 be satisfied.

If,

conditions I.3.IX and 1.3.X are satisfied,

then,

for i > ip , say , the computation of Step  ̂ will 

set the step length equal to .unity.

Proof:

Again by Theorem I.l.M, we have :
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(i) z, ->• z* and V L(z.) ■* V L(z*) . as i1 xx 1 Xx

Also, the step length is set equal to unity if T\ 0, where:

(ii) T. < (7/16)0(x.,p.c.) + h<p-j> (V L(z.) - B.)p.>v J i _  v. / j k 1 »r1 -x j v v x j i r i

+  ° c l l  P i l l ' ) -

But, by Proposition 1,1.A and assumption H3 there exists 

a > 0 such that

(iii) (7/16)9Cxi,pi,ci) £  -mjl p± ||2 .

Now, as shown in the proof of Proposition 10 of Mayne and Polak 
1 2(1978), = p^ + p^ where :

1 T p^ lies on the null space of

and
2p. is the minimum norm solution of :r i

NTp + r(x.) = 0.i r  v l

That is:

(iv) p 1 = P.p„ 
f i  1 ^ 1

and

C.v) II Pill ~ l|r(xi)||.

Now, recall that I(x*) was defined as ;
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I(x*) A {j e m|gJ(x*) = 0}.

Because {B^} is bounded, || p̂ . || 0 and H4 gives a strict

complementarity slackness, it is possible to show [.Powell (1978a)] 

that for i sufficiently large we have :

g3(xi) + £3 (xi)Pi = °* vi e I(x*)-

Also,

h3(xj) + h^(xi)pi= 0, Vj e l  .

Hence, as shown in the proof of Proposition J.2 of Mayne and POlak 

(1978) we have :

+ p i - i + Pi-pl s  H p i - i

and

Cxx- 1  + Pi-1 + Pi-p i-1

Then , by the definition of r(x^) Csee Pagc 101) an<i Cv) j we
have :

Cvi) || -2,
Pi' P i - 1

13 -r

But, from Civ) we have :
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Cvii) <p..,(V L(z.) - B.) p . > = <(p1tp2), (V L(z.) - B.)(p1+p2)>1 1 XX 1 1 L 1 ri ; '•'XX ^ 1/ 1 U 1

= <Pi V  (VKX ^ i ^ V W

+ 2<PiPi» ^xx LCz.)-B.)p2>

- <Pi , CVXX L(z.)-B.)p2> .

From the boundedness of P. and condition I.3.IX we have :l

Cviii) !<PiPi’(Vxx L C z p - B p P ^ H  - oCllppi2).

From the boundedness of the matrices involved and (vi), there

exists a < 00 such that :

l<Pi V (? x x L(V  - V p '4  l MlllPlll II Pi- 1 II3 •

Hence, from the convergence p^  ̂ 0 and condition I.3.X,

we have :

(x) l<pipi> cvxx L^i) - Bpp- H  - ®cll Pill2) •

(x)

Similarly,

l<pi’(Vxx L(zi) ■ Bi)Pi> l =°dl M 2)

Now, (x), (iv) and Cviii) into (vii) lead to:

(xi) hPi-C^x L(ZP  - Bi)pi> 1 =oCl|pi H2) •
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The theorem then follows from (xi) , (iii), (ii) and the 

convergence . p^ “»■ 0 .

APPENDIX (Chapter 1.3)

AP.1 Quotient Convergence Factors [From Ortega and Rheinboldt (1970)] 

Definition:

Let {x.} c Rn be any convergent sequence with limit x*.

Then the quantities

%
{ X . }  a

1 =

lim sup
i->oo

x. 1~x* 
l  + l

x. -x" IF

if x^ = x*, for all but finitely many i

if x^ j- x*, for all but finitely many i

+00 otherwise

defined for all p e Cl,00), are the quotient convergence factors, or 

Q-factors, for short, of {x^} with respect to the norm || • || on Rn . 

Definition:

Let C(A,x*) denote the set of all sequences with limit x* 

generated by an iterative process A. Then,

Qp (A,x*) = sup{Qp{xi}| e C (A, x*) }

are the Q-factors of A at x* with respect to the norm in which 

the Qp(x^} are computed.

Definition:

Whenever Q^(A,x*) = 0, we say that the process has Q-super-
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linear convergence at x*, while, if 0 < Q (A,x*) < 1 in some norm , 

the convergence is called Q-linear.

Proof of Proposition I.3.A

(a) => T (x),= 0 => ap(x) = 0 => x i s  a f e a s i b l e  p o i n t  to  GMP 

Vf(x) + g^(x)X + (x) + h^(x)l4(x) = 0.

Then, it only remains to show that (x,A+(x)) satisfies the 

complementarity condition, i.e.,

H ( x ) g J (x) = 0 , j  e m .

Now, consider the definition of ( X (x ) , u ( x ) ) .  That is :

(A(x) ,ij(x)) A arg'min {||V£(x] + ghx)A + hhx)u-||2 +
(A,U0 X X

+ l  tw w  - gJcx))2(Ah2] 2* I lckx)-!^*  l y o v r i
j em j

, j rvi h 2-, 2-r

As (X(x) , y(x)) is the solution of the above problem and taking
T - - - T - - -into account that Vf(x) + g (x)A+(x) + h (x)y(x) = 0 ,

II Vf(x) + g^(x)X (x)  + h^ (x )  y ( x ) | | 2 + l  C-g3 (x)XJ (x))
j e m

1  l  C-g^ Cx)X^.(x))2 . 
j em

But, by definition of A (•) we have•f

Cĝ  ( x ) X ^ ( x ) ) 2 £  (g^ (x)A^ Cx))2 , f o r  a l l  j e m.
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Then,

CX+ ( x ) ,  y ( x ) )  = ( X ( x ) , y ( x ) ) ,

Now at the solution of the last problem, we must have :

2
II v f w  + g^;)X(x) + h^(i)j;l(x)|| + i c - g h x ) ! 3 w ) 2 = o.

j em

Hence,

Xjj.OOg-’ (x) = X^Cx)g^Cx) = 0.

Cb) <=

X e D = 0 .

Vf(x) + g^(x)X + h^(x)p 

XJ gJ (x) = 0 , j<=jn .
X > o

o for some ( X , p ) .

But then (.X,y) would be the unique solution of the unconstrained 

minimization which defines ( X ( x ) , u ( x ) )  and, T(x) = 0 .

Proof Proposition I.3.B.

Consider the following sequence of matrices {G^}

G.
l.
A V=  xx LCxi+1,Xcxi+13, mCxi+1U .

As all the functions involved are continuous and {x^} is supposed

to be bounded, there exists a < °°, such that :

(i) II G. || < M1 for all i.
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Now, let i > n + 1.
t hSuppose, without loss of generality, that the n column of

H. is:

(1/A.) [V LCx. , + A. e ,ACx. J,u(x. J) - V x L(x. , * i x l+l 1 n w l+l i+l" x v i+l

Xtii+1). uO i+1)U-

t l iThen, the norm of the difference between the n n columns of H

and is :

/1[vxx LUi+1,M.xi+1) ,utx .  + 1)) - ’x* Ltxi+l+t Ai V

ij(xi+l3Uen dt || .

Call A the above norm.

As f,g,h are all three times continuously differentiable, 

there exists a < 00 such that :

1
A < M / || t A || dt .

z 0

As A. < £_ for all i, there exists a NL < 00 such that : i — 2 3
A <_ for all i.

Moreover, the same bound applies to the norm of the difference 
t hbetween the (n-k) columns of H. and G. . , k = 0,...,n-l.

l  l - k  '

The proposition follows from (i).
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Proof of Lemma I,3.K
* * 0 As L. ■+ V L(x*,A jU+) and A. A , we can consider QP. as i xx f i i

a perturbation of the problem below:

min Vf(x*)p + ' L(x*,A ,p*) + A 3p
peRn xx

subject to:

g J  (X * ) + g^Cxpp 1 0 , j e m

hHx*) + hAx*)p = 0Jvi ? j e £

* *
By H4, and as A is at least positive semi-definite, (0,A ,u*) is

the unique Kuhn-Tucker triple for the above problem.

Moreover, at this point the second-order sufficiency conditions

are satisfied.

Then, we can use Theorem 2.1 of Robinson (1974) to see that:

p . ->• 0 , as i “(i)
and

•k
(ii) A. -► A • , as iv x

Recall that ^(x*) 4  (j e m lg^(x*) < 0}.

From (i) we can say that, fox i sufficiently large,

gJ (x ) + g^(x.)p. < 0 for all j e I (x*).

That is, for i > 'i f say , none of the non-active constraints 
at x* is predicted to be active.

The lemma then follows from (ii) and the strict complementarity 
slackness given by H4.
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1.4 MODIFICATION OF BFGS UPDATE CASE

1.4.1 Introduction

Although the loop between Step 5 and Step 6 of the last algorithm 

is not executed for all i sufficiently large [see Proposition

I.3.C] and a suitable choice of parameters makes the tests of Step 6 

more difficult to satisfy [see discussion in 1.3.53 , the existence 

of this loop is an undesirable feature.

The tests are used to enforce global convergence and, as in 

the Basic Algorithm, are not required if the matrices {B^} are bounded 

and have positive eigenvalues bounded away from zero [see assumption 

H3, pg 23 ]. Furthermore, the use of {B^} satisfying H3 have also 

the advantages of making the solution of the quadratic sub-problem 

easier-many routines only perform well if the matrix is at least 

positive semidefinite - while providing a bound to || p^ || [see 

inequality I.l.C.il.

In the unconstrained minimization of a function f(x), the 

use of symmetric positive definite matrices for the determination 

of the search direction characterizes the ’variable metric methods, 

the most successful being [see Fletcher (1980)3 the one which generates 

the sequence of matrices through the BFGS update below:

1.4.1

H ' x1 3 H.  l + l  i

H.6 . 6 : H. 
1 1 1 1

6TH.6 .
i l l

Tv .  v .
' 1  11
. T
o . v*l  11

where:

6.
i

x.
i + 1 X.

1
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and

y. = f (x. J  - f (x.) 
1  x  1+1 x 1

From the Kuhn-Tucker first order optimality conditions, 

a natural extension of the BFGS update to constrained problems would be 

obtained by setting :

I.4.II

with:

y. = V L(x. ..,X.,ii.) - V L(x. ,X., y.) 'l X 1 + 1 1 1  x v 1 1 1

—  o.  *

^i'^P being estimates of the multipliers (X,y*) 

associated with x* at the solution of G'MP.

It is well known Csee Fletcher and Powell (1963)1 that:
Tif H. is positive definite and 6. y. > 0  then H.-. will also

be positive definite, when 1.4.I is used. This property, which

works well in unconstrained problems, is not so readily applied in
Tthe constrained case because 1.4.II may lead to 6^ y^ <_ 0. Hence, 

Powell (1973) suggested that, instead of using y^ in the update

1.4.1, we use the vector r\̂  defined by :

1.4.Ill

where:

Tl. = 6. y. + (1l  i  i
0.)H.6. 

l  i i

0^ e(o,l] is chosen so that:

sT n. > r* <$7 H.6., for some rf > 0.
l  l  — i l l
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This definition and the subsequent use of q^ in 1.4.I. has two 

consequences which, for reasons that will be made clearer later in 

this chapter and the next, we prefer to avoid.

Namely:
The vector y^ is multiplied by a coefficient which may be 

different from unity no matter how close x^, is to x*.

The use of in the definition of q^ makes the last term of 1.4. 1 

also dependent on 1L .

Instead we define the vector q. as :
l

I.4.IV

q. = y . + A. 6 .
l  ' i  i i

where,

is a (nxn) positive definite matrix which does not 

depend on {H^} , but is chosen to ensure,

6 . q. > r 6 . r, for some r > 0 . 
i  i  — " i  11

As we shall see, the definition of A^ is motivated by the 

second-order sufficiency conditions.
wThe matrix B^ to be used in QP^ is then computed as :

I.4.V

B. = H. + T(x.)I.
l  l  i

In the next section we will present two algorithms.
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The first one is a direct application of the above procedure 

to generate {B^} in the Basic Algorithm of the first chapter. With 

milder assumptions than those of Theorem I.l.M, - namely : the eigen­

values of {B.} are not assumed to remain bounded away from zero - 
1

any bounded infinite sequence generated by the algorithm will converge 

to x* e D. (see Theorem 1.4.I)

The second algorithm is a slight modification of the previous 

one. A further test is performed before setting p^. Although no 
result of the kind x. ■> x* e D is proved to this algorithm, under 

reasonable conditions the algorithm will generate sequences with 

accumulation points in D. [see Theorem I.4.N1 .

An interesting point to be observed in the proof of Theorem

I.4.N is that it does not require H3 and, in this sense, it resembles 

the convergence result of Powell (1971) for the variable metric 

method for unconstrained optimization .

From the definition I.4.V given above and Proposition I.3.A, 

the sequence of matrices {B^} will have eigenvalues bounded away 

from zero, except possibly in subsequences such that :

x^ -* x* (a Kufin-Tucker point for G.MP) .

The assumption that {B^} is bounded can be replaced by the 

condition :

The term
T

V i

6 -n -i  i

in 1.4.1 is bounded from above.
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That this condition is satisfied is established in Proposition

1.4. L. The result is possible because of the choice of A^. In 

general boundedness of this term is not guaranteed if it depends on

H. , unless, of course, we assume {H.} is bounded which is tantamount
1 1

to assuming the boundedness of {B^} because T(#) is a continuous 

function and the sequence {x^} is assumed bounded.

The results on the rate of convergence are valid for both 

algorithms. Under the assumptions of section 1.4,4, both algorithms 
generate sequences converging to x* e D and, furthermore, for i suffici­

ently large they are equivalent.
In contrast to the secant update case, here {H^} is not 

expected to converge to V L(x*). Hence, we can not prove from

1.4. V and Theorem I.3.L that unity of the step length will ultimately

be achieved. Nevertheless, under assumptions mild enough to be satisfied 

whenever . {H^} converges to H* e L(Rn) as x^ -*■ x*, a result similar 

to Theorem I.3.L is shown for constrained problem versions of the 

update 1.4.I [see Theorem 1.4.S3. Through this result we prove that

the algorithm of page 126 will set the step length equal to unity 

for all i sufficiently large and a R-superlinear rate of con­

vergence [see AP.13 is established.

I. 4.2 The Algorithms

Consider the general mathematical programming problem (GMP.),
A A ____

defined in the first chapter. The maps ifj, y, y, A, y, T, c, 0

are as defined in section 1.1.2. Let (p.,w.,A., t.,s.,v.) denote
r i  i  i  i  i . , i

w ^the solution and multipliers of QP. (see 1.1.2) and let p.. be defined as
l  j--

before. Let L(*,*,*) be the estimate of the Lagrange function defined by:
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and,

L(x,X(x) A f(.x) + l
j e m

Also,

VxL(x,A(x), y(x)) A VfCx)

Vxx L(x>A(x), uOO) A ^ xx

Xj (x) g*’ (x) + l  ^ C x ) h - ^ ( x )  .

* l  ^(x)VJ(x) 
j e m *

+ I UJ(x)Vh;)(x)
j 4

f ( x )  + l  XJ (x) V gJ (x) + 
j e m xx

+ l ijJ (x) 
j e t

VXX h"1 ( x ) .

and

Let I ’ 0) and I(*,«) be the maps defined by : 

I’ (x) .A {j e m|X**(x) > 0} 

f ( x , p )  A {j e m|g^Cx) + g ^ (x )p  = 0}.

fSJ
Let N(x,p) be the matrix whose columns are the gradients 

g^(x) > j e I'O) n I (x,p) •

Let N (x,p) be the matrix defined below :

N' (x,p) ^  CNCx^p) }Vh*(x) ... Vaf (x)3.

Let {lh} be the sequence of matrices constructed as follows

1 . 4 . VI

H.6. <$T H. n- nT 
H. = H. - -i-i— i— - + — i— - 

l + l  l  oi *T„6T H. S. 
i l l

where,

6. = x. 1 
l  l + l

x.
i
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n. = Y. + a. (T(x.)<5. + N(x.,p.) 6 .), where: 
1  i  x x i  i  l  1

Yi  A Vx L(xi + 1 , X ( x . ) ,  y C xi ))  - V L ( x . ,X ( x i ) , y ( x . ) )

and

a. A 
x —

0 ' i f  6 i  Yi  -  II II2 > e (0 ,1 )

1 , if 0 <_ dT <[min{T(x^); e^}] || d^

(T(x.)|| dill2 - dj Yi)
1 +

(T(x.)|| d .||2 + d ^ N C x . ^ V
, otherwise

Algorithm A

The algorithm is the Basic A1gorithm (repeated below for con­

venience) with {B^} constructed as follows :

B. = T(x.)I + H.1 x x

where

{1L} is generated by the update I.4.VI .

Data: x^ e Rn ; H^(n*n positive definite); c^ e (0,°°),d e(l,2) ,

3 > e e(o,l) .

Step : Set i = 1 .

Step 1 : If c. . > c(x..)> set c, = c.r x - l —   ̂x x x-1
Else, set c. = max{dc. c(x.)) •' X X-1 v 1

wStep 2 : Find (p.,w.), the solution of QP.

Step 3 : If

T(x.) < e and w. =0. x —  x
Then,

compute p^ .
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Else, set p. = 0.
r i

Step 4;: Compute k^, the first integer in {0,1,...,} satisfying:

k. 2k._ k.
y(xi + 3 1 p i + 3 1pi  ̂ c^) - y Cx±,c±) _< 3 1 0 (xi,pi,ci )/8

k. 2k.
Step 5 : Set x^+  ̂= + B 1 p^ + 3 1 p. .

Step 6 : Update IL to by 1.4.VI ; set = T(x^)I + IL .

Step 7 : Set i = i+1; Go to Step 1.

Algorithm B

The algorithm is identical to Algorithm A with the addition

of one further test after Step 3. Namely:

Step 3' : If || Bipi|| > M|| pj| , set pi = 0.

Else,

proceed to Step 4

M < 00 is a positive constant which should be added to the data.
4

1.4.3 Global Convergence 

Algorithm A

In the analysis of the global convergence properties of the 

first algorithm given in this chapter, we will assume that the two
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following conditions, defined in 1.1.3, are satisfied :

HI ; H2.

In addition, we will require :

H3b: there exist M < 00 , positive, such that

II yT Hj.y II < M|| y ||2 , Vy e Rn , Vi

where {H.} is defined by I.4.VI. 
i  y

Note that H3b is milder than H3 (defined in the first chapter) 

because the eigenvalues of {B^} are not assumed to be bounded away 

from zero.

Since Algorithm A is identical to the Basic Algorithm, with

{B^} being generated by the method described in the previous section, 
if H3 were satisfied all the global convergence results of the

first chapter would hold.

As it happens, the replacement of H3 by H3b will require some 

changes in the proofs although most of the propositions of 1.1.3 (those 

which did not require the sequence {B^} to have eigenvalues bounded 

away from zero) clearly remain valid. Thus, Proposition I.l.A; Propositon

I.l.B; Proposition I.l.C; Proposition I.l.D and Corollary; Lemma I.l.E; 

Proposition I.l.F; Lemma I.l.K are all valid.

We start by showing that the update given in the previous section 

is well defined and constructs a sequence {H^} of positive definite

matrices.
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Proposition I.4,A

For any finite i*

p. . = 0 ^>x.. e D .
r i *  l *

Proof: Because of HI and the way {B^} is constructed it is readily

seen that, for any finite i*, there exists a M.. < «> such that
i *

PT B..* P £  Mt *ll p ||2 , for all p e R?

Then,

Ci3 mi" n {P TBi* lp£R
p,ci<t} < min^ {M.*|| p|| +

peR
9Cxi * , p , c.

i

Now, as shown in the proof of Proposition I.l.C,

(ii) is equivalent to Tminn  ̂P Bi*P + Q(xi*,p,ci*)}. 
peR

B u t ,  p i 4
w0 is the solution of QP^*

Then, from (i) and (ii) we have :

9Cxi*,Mi,,ci) A minn {M || p ||2 + 
peR

0CxjL*,p,cij }  =o.

Hence, from Proposition I.l.D we have :

0 [x, . ,l,c. .) = 0 =-=>
x i^

£ Dc.. 1
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But, by construction, c^* > c(x^*).

Then, by the first part of Proposition I.l.F, which clearly 

remains valid, x^* e D and the proposition is proved.

Proposition I.4.B

For any finite i*, there exists an integer k* e {o,l,... } 

such that, at Step 7 of the algorithm,

* VI
|3 >_ S > 0

Proof:

Given in the appendix at the end of the chapter. 

Proposition I.4.C

Proof:
For any finite i*, is positive definite.

Let c:{l,2,...} be the subset where a^ = 0. By construction,

( i )  <5? n i  >. e-J I  ||2 , V i e ^

Let K. c{l,2,...} be the subset where _> 0. By construction,

(ii) 6T ni ^  T(xi) || «i ||2, Vi e K2.

Now, from Proposition I.3.Ay which clearly remains valid:

(iii) T(x^) = 0 <=*> x^ e D.

As we are interested in infinite sequences {jĉ }, we can assume, 

without loss of generality that :

v  *■D-
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Then, from (i), (ii.) , (iii), there exists a r^ > 0 such that

Civ) V ni ^ ri 11 6 i*

But, from Proposition 1.4.A and Proposition I.4.B,

( v ) « ± *|] > 0-

From (iv) and (v), there exists r^ > 0 such that

V  V - r 2 > ° -

It is well known that, if 1L is positive definite and 
T6  ̂ > 0 , will be positive definite when computed through

1.4.VI. The proposition is then proved because is positive 

definite.

Again let {A* (x^,B^ic^)} denote the sequence of maps which

find the next point x. .. with p. =
r  i l+ l  r i

. = 0. That is:

A ' (x. , B.,c.) = x. . = 3  ̂p. + x. . 
i*  l  l  l + l  i

Proposition I.4.D

Let c > 0 be arbitrary. If x* is any accumulation point of 

a bounded infinite sequence {x^} where

x. . = A!(x.,B.,c) for all i, 
i + I  i  i  i  ^
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Then, x* e D .c

Let I be a sequence such that :

I * x. -> x*.
1

P r o o f :

Because of H3b and the boundedness of {x.}it is clear that
1

{B.} is bounded. 
i

Hence, there exists at least one subsequence I* c I

such that:
I» i» *x. + x* and B. * B .

i  i

Note that, because of Proposition I.4.C, B is at least 

positive semi-definite.

Suppose x* ^ Dc - From Proposition I.1,F, x* ^ D. Then, 

T(x*) > 0 and, by construction, there exists a m* > 0 such that :

(i) P ^ P  > m' || p ||2 , Vp € Rn , Vi e I’

Also, if x* ^ Dc, 9(x*,l,c) < 0. Then, from the Corollary 

of Proposition I.l.D,

Cii)  0 1 Cx*,B*,c) < 0.

*Now, from (i), B is positive definite. Hence, (ii) implies 

9(x*,B ,c) <0.

The rest of the proof is identical to the proof of Proposition
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I.l.G where it is shown that expression (ii) leads to a contradiction 

so that x* indeed belongs to D^.

Theorem I.4.E

Any accumulation point x* of an infinite bounded sequence 

{x.} built by the algorithm satisfies 

X* e D.

Proof:

Because of the last proposition, an examination of the proof 

of Proposition I.l.H and Proposition I.l.I show that they remain valid. 

The proof of the theorem is then identical to the proof of Theorem

I.l.J.
As in the first chapter, we will now strengthen our hypothesis 

by assuming that the following conditions are satisfied:

HI' (replacing HI) ; H4.

Proposition I.4,F

Suppose {x^} is an infinite sequence constructed by the algorithm 
*

Let (x*, X , y*) be any K-T triple for GMP. Suppose {x^}j

is a subsequence such that:

x. i x* e D.
1

Then,

there exists an i^ such that:

c.>1 jern
Vi I > 1 - h

y ) is the K-T triple for QP^
where,



P r o o f :

For simplicity of notation let

By construction, c. _> £ |X? |
j em

- I I
j e t

i )  A ( X ( x . ) ,

\ i \ + b .
y(x.)

We already know that ;

(A^y^ + (A ,y*) as xi + x*.

Hence,

(i) there exists an i^ such that

c i  i  I ( M j + I I Cu*5J I + b/2j em je J t

for all i e I, i i .

Now, let Cp^, A|,yp be the K-T point of the sub-problem
JcP. below :

* TP. : min f (x*)p + 1/2 p B. p 1 n̂n x v  i  *p
s.t. gJU*) + gi(x*)p < 0 , j e m

|h^(x*) + h^Cx*)f)| £  0 , j e l  .

As x* e D and is positive definite we have :

(ii) pl̂  = 0 , for all i.

Then, by H2, we have ;
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(iii) (A.,, dp  = (A ,y*), for all i.

k

Clearly, for all i the sub-problem itself satisfies the 

second-order sufficiency conditions with strict complementarity 

slackness.
k

Moreover as ELp* = 0 for all i, the map f^ defined below, 

does not depend on B^.

£? A CVL!, (A'!)T Cg! (x*) ] , (u!)TCh! (x*)]]1 =  1 V 1 1 1 X

where,

VL! A f(z*) + B p! + l (AiPghx*) + I (y!)Jh^(x*)
1 “  1 1 jem 1 X j e l  1 *

g|Cx*) T = Cg1 (x*> + g*Cx*)pp...,gm(x*) + g“ Cx*)pp

and

h! (x*) T = Ch1Cx*) + hhx*) p!,... ,h£(x*> + hfjLx*Dp!3 .X X X  X X

Then, considering (for all i) sub-problem QP? as a pertur-
kbation of P^, we can apply Theorem 2.1 of Robinson (1974) to see that

(iv) There exists an open neighbourhood Nq of x* such that, for
/v Q

all-x^ s Nq , (p^, Ae ,£L) is the unique K-T triple of QP^, satisfies the 

second order sufficiency conditions with strict complementarity slack­

ness and,

( p i , X i , a i D ( p p A ' . , ! ! 1. ) .

From (ii), (iii), and (iv) we have :

a. a.

+  ( 0 , A  , u  ) .
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Then there exists an such that, for all i e I, i > i

we have:

( v)  |C I  + l I d j D I - I C  l ( x V  + l | ( u * ) j | ) |  < b /4 .
j em j j em j

Hence, from (i) and (v), for all i e I sufficiently large

c. > 
1 — + b/4

and the proposition is proved.

Proposition I.4.G

Suppose {x^} is an infinite sequence constructed by the algorithm. 
*

Let (x*,A ,y*) be any K-T triple for GMP. Suppose {x^} ^

is a sub-sequence such that ;

x. i  x* e D. 
i

Then,

there exists an i’ such that, for all i e I, i > i'
A

p. = p. ; w. = 0 ; X. = X.; (t.-s.) = ft.. r i r i i i l i i  i

Proof:

By hypothesis, x. J x* e D,

Then, by the continuity properties of g, g ,h and h , we can
X X

say that, for all i e I, i sufficiently large, sub-problem QP? 

is feasible.

Now, as is positive definite, Lemma I.2.A remains valid. 

Hence, the proposition follows from Proposition I.4.F and 

the fact, shown in the proof of this proposition that, for all i e I,
* ni -q * ■' >■ (fh,X^,£L) is the unique K-T triple for QP^.
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Proposition 1,4.H

Let {x.} be an infinite sequence constructed by the algorithm.

Suppose {x^}j is an infinite subsequence such that

c. = c > 0 , for all i e I 
i

and
I - Dn x. * x e R . 

i

Then,

P*. 0 .r i

Proof:

If x e D, from Proposition I.4,G

p^ = p^, for all i e I, i sufficiently large.

But, as shown in the proof of Proposition I.4.F,

p. 0 .
r i

Then, if x e D the proposition is proved.

Otherwise, suppose x ^ D.

In this case, there exists a m* > 0 such that :
T(x.) _> m*, for all i e I.

Hence, from Proposition I.l.A and the way is defined, 

0(xi,Pi,c) < -p£ Bi p. < -m*|| P i ||2 

for all i e I.

The rest of the proof of the proposition is identical to the 

proof of Proposition I.l.L.

Theorem I.4.I

Let be an infinite bounded sequence constructed by the

algorithm.

Then,

x. -> x* e D.
l
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Because of Theorem I,4,E, Proposition I.4.I and assumption H4, 

the proof of this theorem is identical to the proof of Theorem I.l.M. 

Algorithm B
In the analysis of the global convergence properties of the 

second algorithm given in this chapter, we will assume that the 

three following conditions, defined in the first chapter, are satisfied 

HI' ; H2 ; H4

Note that assumptions H3 or H3b are not required. Actually, 

no assumption are made about the sequence {B^}. This fact make the 

previous approaches, to show the global convergence of the Basic 

Algorithm (see 1.1.2) and Algorithm A, inadequate. Nevertheless, a 

careful analysis shows that some previous results, those which did 

not depend on H3, remain true. Namely: Proposition I.l.A ; Proposition

I.l.B; Proposition I.l.F; Lemma I.2.A ; Propostion I.3.A ; Proposition

I.4.A ; Proposition 1.4.B ; Proposition I.4.C ; Proposition I.4.F ; 

Proposition I.4.G ; Proposition I.4.H.
Proposition I.4.J

Let { } be an infinite sequence constructed by the algorithm .

Then,

there exists a constant r* > 0  

such that :

<$T n. > r* II 6. ||2 for all i.
1 1 — 11 1 "

Proof:
Given in the appendix at the end of the chapter.

Proposition I.4.K

Let {x^} be a bounded sequence constructed by the algorithm.

Proof:
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Then,

there exists a L' < such that :

a. < L’ , for all i.
1  —

Proof:

Given in the appendix at the end of the chapter.

Proposition 1.4.L

Let { Xj) be a bounded infinite sequence constructed by the 

algorithm.

Then,

there exists a K~ < °° such that :

Ihjp „
— ^----_< K , for all i.

a i  n i

Proof:

Given in the appendix at the end of the chapter.

Proposition I.4.M

Let {x^} be a bounded sequence constructed by the algorithm.

Let {x^}jbe any infinite subsequence such that:

c. = c > 0, for all i e I 
i

and
I  -  ,x. -*■ x f. D.l

Then,

there exists an integer k f e{o,l,...}

such that : 
k -3 1 >_ 3 >0, for all i e.r.

Proof:

Given in the appendix at the end of the chapter.
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Theorem I.4.N

Any accumulation point x* of a bounded infinite sequence constru- 

cted by the algorithm, under the further assumptions that : 

there exists a compact neighbourhood 

of x* where,

and

OP? is feasible for all x. i 1

c i  t I + I loil .1 jem 1 jee 1

satisfies :

x* e D.

Proof:

Let I c {1,2,.. } be such that :
I  * x. -*■ x*.

i

Hence, for i sufficiently large, i el, x^ e N̂ .

Because of the assumptions on we can see from Lemma I.2.A

.that,

for all i e I, i sufficiently large,
w . 0QP^ is equivalent to QP^.

Hence, for all i e I, i sufficiently large, the following 

constraints are satisfied :

( i )  g3 (xi ) + 1  0,  j e m

and

h ^ ( x . )  + h ^ ( x . ) p .  = 0 ,  j e  {v  x  1 - ' r 1  J

But,  from P r o p o s i t i o n  I . 4 . H ,
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(ii) p.  -> 0 r i

Then, by the continuity of the scalar product and HI', we have 

from (i) and (ii)

and
g** (x̂ ) -+ g’1 (x*) £ 0 , for all jem 

h^(x.)-> h^x*) = 0» for all je£

That is :

(iii) x* is a feasible point for Ĝ IP.

Now, consider the trace of the matix H. „
l + l

tr(H. ) = tr(H.) - 
l + l  i

INi  5 . I P  l l n j r

sTh . 6. sT n.
1 1  1 1 1

Hence, for any j e {0,1,... } we have :

i INi l̂l2 i II n.
Civ) tr(H )-= tr(H ) - }  + l  - y —

J 1 = 1 O.H., 6. 1=1 o. n*
1 1  1

Now, as is positive definite for any j, the right hand

side of (iv) is positive. Then,

cv) l  I I V z IF n i ir

i=l rvT H . - tr + X Tt5.  H. <S. i = l  5.  p.
l  : . i  l  l  l

* i
From (v) and Proposition I.4.L, there exists a number < 00 

and independent of j such that :

H. 6 . 2l  l 11

T T T T ~  < M2 ji=i 6 : H.5.
i  i i

for any j.
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Hence,

Cvi) Y .
II H, 6. ||

1
i e l 6!h .6.X X X

1 A

Now, as {x^}

< j M , for any j

Now, as {x^} is assumed bounded, we can apply Theorem 1 in 

Mayne and Polak (1978) to see that,  ̂ is increased only finitely 

often.

That is, for i sufficiently large we have : 

c. = c > 0.
l

Then, for i e I, sufficiently large,

(vii) c > J A? + £ |y-? | , where ^  t.-s. .~" • _ x . <> x x x x

wNow, at the solution of QP^, the following equation is satisfied

Cviii) Vf(x.) + B p + l  A^Vg1Cx.) + £ y? Vhhx.) = 0.
1 1 1 j e m  1 1 j «£  1 1

j 1But, from (vii), the multipliers A;; and are bounded.

Hence, from HI’ and the boundedness of {x.}, we have a < 00 suchx 3
that:

Cix) Vf(xp + l  Vg^Cxp 
j e m

+ . X l ^ V h ^ C x J  
, j U  1 1

< m3

for all i e 1 .

Then, from (ix) and (viii),
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(x) for all i £ I,

Now, from (ii) and the fact that || p || <_ || p̂ || by 

construction, we have :

(xi) (Sj, i 0

Also,

(xii) + II B±p± || , for all i.

But, from the test at Step 3’,

(xiii) || pi || , for all i.

Then, from (xiii), (xii), (x) and (ii), we have a < 00 

such that

(xiv) || 6 || <_ M^, for all i el.

From (xiv) and (xi), we have:

<5T B. 6 . 1  0.
1 1 1

But,

H. 6. < <$T B. 6. . , for all i.
l i  l — i  i  i

Hence,

(xv) 6? H.6 . i  0.i l l
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The only way of (xv) and (vi) being simultaneously satisfied 

is:

(xvi) H.6 . -*• 0 .
1 1

Now,
k. 2k.

(xvii) H.5. = 3 1 H.p.+ 3 1 H. p.
i i  i  i  l  r i

From the definition of B^, the continuity of T(*) and the 

boundedness of {x^}, there exists a < 00 such that :

II H.p. II < II Bvp. II + Mr II P- II for aH  i.II 1 r 1  ll _  ll  1 r 1  II 5  I I  r 1  n

• «

Hence, from the test at Step 3’,and the fact that 

II Pj.ll £  II Pjl » we nave :

(xviii) || HiPi || £  (M + Mg) || p± || .

From (xviii) and (ii) we have :

(xix) H.p. -> 0.r i

Supposes* j- D.

Then, from Proposition I.4,M, there exists k ’ such that: 

k. k*
(xx) 3 1 3 >0? for all i e..i.

From (xx), (xix) and (xvi) into (xvii), we have :
¥

H. p. 1 0 .
1 r i(xxi)
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But,

(xxii) || Bipi || £  || H±pi || + M5 || p || for some M '<

Then, from (xxii), (xxi) and (ii),

(xxiii) B.p. i  0.
i r  1

From (xxiii) and (viii),

(xxiv ) Vf(x.) t I V g ^ O ,) + 1 4  ^ ( x j  i 0."
1 j a p  1 1 j e £  1 1

But, as the multipliers are bounded, there exists at least 

one subsequence 12 c- I such that

(xxv) A^ ->2 A ; ^  +2p*

where

(A ,p*) e R x r .

Clearly,

Then, from (xxiv) and (xxv),

(xxvi) Vf(x*) + £ (A )̂  Vg^ (x*) + £ (y*)-*Vh** (x*) = 0.
j em 3

Recall that, from (iii),

(xxvii) TpCx*) = 0.
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Let I* denote the set : I* A. {jem|g^(x*) < 0} .

From (ii) , the convergence x* and the complementarity
wcondition at the solution of QP^, we have :

(xxviii) = 0 , j e I*

for all i s I, i sufficiently large.

From (xxviii) and (xxv),

(xxix) (A )J =0, j e l  ,

Then, from (xxvi), (xxvii), (xxix), the definition of 

(A(x), u(x)) arid H2, we have :

(X(x*) , ii(x*)) = (X ,p*).

Hence, from (xxvi) and (xxvii) we have :

T(x*) = 0.

The theorem then follows from Proposition I.3.A.

1.4.4 Rate of Convergence

Throughout this section we will assume that the following 

conditions, defined in the first chapter, are satisfied.

HI' ; H2 ; H3 ; H4.

Note that because of H3, both Algorithm A and Algorithm B 

can be shown to satisfy Theorem I.l.M that is ,
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if {X^} is a bounded infinite sequence constructed by the
algorithm, then,

x. -+ x* e D.
1

As we shall show (see Proposition I.4.Q),

Then, by the boundedness of {B^} (ensured by H3) and the 

convergence of *+ 0,for i large enough the test of Step 3’ in 

Algorithm B will be always satisfied. That is, 

for all i sufficiently large Algorithm A 

and Algorithm B are equivalent.

Hence, the results of this section are valid for both algorithms. 

In addition to the four conditions above, we introduce a new 

condition which is assumed to be satisfied throughout this section. 

Namely:

H5: II H. 5. - n - II 0, as i -> °°.11 i  i  l 11 *

Now, H5 can be better understood if we note that :

H. <5. = n. .> for aH  i.l + l  i  i

Therefore, a sufficient condition to H5 being satisfied is :

-+ H e L(Rn) , as i + ®

■k
Clearly, such H would be at least, postive semi-definite.
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So, M3 does not seem to be excessively strong.

Proposition 1.4.0
Let {x^} be a bounded infinite sequence 'constructed by the 

algorithm. Let x* e D be such that : 

x^ x* as i -»• 00.
Then

there exists an i* such that, for all 
wi _> i*, QP^ does predict correctly the 

constraints to GMP! which are active at x*.

Proof:

We already know that, as {x^} is bounded,

Cj, = c > 0, for all i sufficiently large.

Now, as shown in the proof of Proposition I.4.F,

^ *X. -► X ; 6. 0, as i ^

But, from Proposition I.4.G, for i sufficiently large,

Hence,

*
X. -> X : p. 0, as i ->■ M . 

i  * r i

From the strict complementarity slackness assured by H4, we 

can then see that :

there exists an i^ such that :

\ {  > 0, for all j s.t. g^(x*) =0, i >_ i^.
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Now, as w^= 0 for i sufficiently large, the last t  con-
wstraints are ultimately active at the solution of QP^.

Then, all the active constraints at x* are active at the solution 
wof QP^, for all i sufficiently large.

Bu,t, as x. ->■ x* e D and p. -> 0. we can see that, for i suf-i  * i  *

ficiently large,

g^O^) + g^(xi)Pi < 0, for all j e I2(x*)
where,

12Cx*) A (jem|g^(x*) < 0} .

Hence, for i sufficiently large, none of the non-active 

constraints °1-GMP will be active at the solution of QP^ and the 

proposition is proved.

Proposition I.4.P

There exists an integer k*e{o,l,..} such that, 
k. k'
3 1 _> 3 > 0, for all i.

Proof:

Note in the proof of Proposition I.4.M that the hypothesis 

that x ^ D was only necessary to make sure that T(x^) remains 

bounded away from zero, so that :

T-Pi p^ < -m || p^ ||2 for some m ' > 0.

This condition is now assured by H3, The proof of this 

proposition is then identical to the proof of Proposition I.4.M.
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Proposition I.4.Q

p p i - i i  P i

Proof:

Given in the appendix at the end of the chapter. 

Proposition I.4.R

where,

and

y ( x i +p i +p i , C p  " y ( x i » c i )  = + e t

0(x ,c ) = 0(x. ,p. ,c ) + <Vf (x ,p )> +%<p ,V f(xOp >
X X  X X X  X X  X A A  X X

» II p.lir

Proof:

Given in the appendix at the end of the chapter. 

Theorem I.4.S

Consider the Basic Algorithm (see 1.1,2) with {B^} 

being updated through I.4.VI with given by : 

ri. = L. 8. + A. 5., where
i  l i  l i

L. e L(Rn) satisfies : L. V L(x* ,A ,u*) as x. + x* e DX X XX X
and (A } is a sequence of positive-definite matrices.

If HI', H2, H 5 are satisfied, then the step length

obtained through the search arc of Step 4 will be unity for all i 

sufficiently large.

Proof:

First note that, because HI , H2, H3 and H4 are assumed to be

satisfied, Theorem I.l.M is valid so that :

x. -> X* £ D. 
l
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Then, for i sufficiently large, T(x^) < e.

As shown in Proposition T.4.G, w^ = 0 for all i sufficiently

large. Also, from Proposition I.4.Q and and the fact that p^ 0,

for all i sufficiently large, || p^ || <_ || p_̂ |[ . Hence, for all i

sufficiently large p^ is not set equal to zero.

Now, the step length is unity if :

A y(xi+pi+pi,ci) - y(xi,ci) - 0(xi,pi,ci)/8 £  0 .

Because of the last two propositions, we can follow the same 

reasoning of the proof of Theorem I.3.L to see that :

(i) T. < (3/8) 0(x. ,p. ,c.) + H <p.,(V L(x.,A.,y.) - B.)p.: v J 2 .^ 1  i  *i v xx v 1* 1 i ri

+ °cii Pi in.

By hypothesis, condition H5 is satisfied. Then,

(ii) <6.,(V L(x.,A.,y.) - H.)<5.> < <6.,(V L(x.,A.,y.)5. - ry)>
1 XX ^ 1  1  1  1  1  — 1  XX 1  1 1  1 1

+ °cii qin

But, by definition,;

C i i i ) ti. = L.6 . + A . 6 . . 
l  i i  i i

As shown by Proposition I.4.F and Proposition I.4.G, (x^A^,]!)
•k-> (x*,A , y*) as i Then,
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Civ) V L(x , A. , p.) + V L(x*,A*,P*) as i ->■ «.AA A i l  -\-A

Also by hypothesis,

(v) L i  ■> Vxx L(x*,A , p*) as i

From (iii)> (iv), (v) into (ii), we have :

<6 . ,(V L(x. ,A.,pi.) - H.)6.> < - <5., A. 5.> + o(|| 5. II2)1 v XX 1 1 l' 1 —  r i i vn l 11 '

But, by hypothesis, is positive definite. Then,

Cyi) < V (Vxx L(x - H.)6.> < o(|| St

k. 2k.
Now, 6. = 3 1 p- + 3 1 p..i  r i  r  i

Then,

<3 ' p.,(V L (x., A., p.) -H.)3 1 p.> = <5.,(V L(x.,A . )-H.) S.> ri xx - i i Ki l ri 1 xx '•i i 1 1 1
2k.

-2<6.,(V L(x., A. , p ) -H.)3 1 p.>l xx i l l  i *i
2k. _ 2k.

+ <3 1 p., (V L(x. ,A.,p.) - H.)3 1 p*.>*i  ̂xx v i i v v

k. k.'
From Proposition I.4.P, 3 1 ̂  3 >0, for all i. Hence,

2k
dividing both sides of (viij by 6 1 ’ takinS int0 account
and Proposition I.4.Q-, we have :

(viii) <p.,(V L(x. ,X. , p.) - H.)p. <.o(|| p. |f)
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Recall that B^ = Ih + T(x^)I, By the continuity of T(*) and 

Proposition 1,3.A, we have : T(x.j.) 0 as i Then,

(ix) <Pi,(Vxx LCx^X^u.) - Bi)p.> < <Pi-(Vxx(Lx.,Xi,pi) - H.)p.>

+ ocii «iin •

From Proposition 1,1.A and H3, there exists a r^ > 0 such

that :

(x) 3/8 0(xi,pi,ci) £  -r1 1| p^H2 , for all i.

From (x), (ix) , (viii) and (i), we obtain

Ti - -rlll Pill - 0(11 Pill2)-

The theorem then follows from the convergence

p . II -*■ 0 as i  -> oo.

Proposition I;,4.T

For i sufficiently large the algorithms of this chapter 

will compute a step length of unity.

Proof:

We already know that x^ -»■ x* e D as i ■> 00
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Now. by construction, n . = y. + a. A. 6. ' J * x 'i 1 i i

A. A T(x.)T + CN(x.,p.)]CN(x.,p.)3 , 
1 — 1 1 * 1  x

where :

By definition, yi = Vx L(xi + 1 ,X(xi ) ^ ( x ^ .)) - L(xi  ,X(x.)  ,u (x ± ) )

then,

y. = G. 6 n, for all iX I X
where,

1
G* A / Vxx L(xi+t6i,X(_xi) ,uCxi))dt.

But, 6a. + 0 and (XCx^) ,jl (x^)) (A, u *)

as x. ** x* e-D. 
i

Then it is clear that

Gi Vxx L(x*,X ,iy*) as i -> 00 .

But, the matrix a^A^ is positive definite for all i. The 

proposition then follows from Theorem I.4.S.

Proposition I.4.U

There exists a > 0 

such that : II p. . || < v_ j| . p. IIii r i t l 11 — 3 "• l 11

for all i sufficiently large.

Proof:

Given in the appendix, at the end of the chapter.

Theorem I.4.V

Let {x^} be a bounded infinite sequence constructed by the

algorithms.
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Then,
x -* x* e  d

1

with a rate which is, at least, R-superlinear,

Proof:
We already know that x x* e D , from Theorem I.l.M.

i.
Let c{i>2,..} be the set of iterations where

(i) there exists a r^ > 0 such that :

for all i e K^.

Let k2 be the complement of K^.

As no r^ > 0 satisfying (i) can be found for K , we can say that

II f A II T(ii)   0 as i -> 0

for any infinite subsequence I c K .

As shown in the proof of Proposition I.4.U,

Ciii) II pjl ~ II V X*H '

Also,

(iv) || Pi+1H £  V3II || * for all i sufficiently large.

From (.ii), (iii) and (iv) we have :

(v) as i -> °o

2 *for any i n f i n i t e  s u b s e q u e n c e  I c K,
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Let x! denote x. + p.
i  i  r i

Let z. denote ( x . -, p. J  1 1 1 - 1  1 - 1

Let zl denote (x!,X.,u.)
i  l  i ' ' i

*
We already know that : -> z* A (x*,X ,y*).

Also from Proposition I.4.Q, for i _> iQ, say , p_̂ is not
set equal to zero. That is, || p^ || <_ || p^ || and || || £  M|| p^ || ,

for all i sufficiently large.

Then, for all i sufficiently large, we have :

x. . = x.' + p. . l+l i *i

Now, for all z let q(z) be defined by :

VL(z)
,1 1 r ^(z)

q(z) A
\  g O )

h|lz)

JL-f  ,hi(z)
,

Under our assumptions Csee pg 7 of Garcia and Mangasarian 

(1976)], we have M^, such that :

Cvi) II q Czp II <. Mx II - z± IP + || CVXX L czi } - B.)(x!-x.) 
1 1  1



and Jsec Lemma 3.7 in (Jarcia and Mangasarian (1976)3

(vii)

we can

(viii)

where

where,

(ix)

Cx)

(xi)

(xii)

(xiii)

z. 1 - z. ,
l + l  l + l 1 M2 II Cl(Zi + 1) || •

Now, by H5, Proposition I.4.T and Proposition I.4.Q 

show , as in the proof of Theorem I.4.S, that :

IK Vxx L(z.) -H.J (x!-x.) || x  || (V L(z.)Cx!-x.) - Q

+ o C|| x p x i || ) .

Qi |G. + ai(T(xi)I + CNtx.^)] CN(xi,pi)3 )

But, as shown by Mayne and Polak (1978),

p. = r. + q.
r i  l  n i

r^ lies on the null space of [N(x^,p^)3
is orthogonal to null space of [N(x^,p^)3

Then,

II <7xx LCzp-QpCxI-xpll.HKV^ LCz J - + T X

We already know that :

(Vxx LCzp - G ) 1| - 0, as i +

T(x^) -+ 0, as i + «
a. < L’ for all i 

i  —

EN(x^,p^)3Tr^ = 0, for all i.
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Hence, from (ix), (x), (xi), (xii) and (xiii), there exists a
M, < 00 such that ;4

(V L(z.) - Q.) (x!-x.) II < M
XX 1 1 1 1 11 — i.

0 c II r .
i

But, q. l r. => n i  l rilll p. || . Then,

(xiv) (Vxx L ( z . ) - Qp (x!-Xj) || < M4||qi oCHpJD

Now, as shown in the proof of Proposition I.4.R,

| g J C X i , i  ♦  +  P i . p l  ~  I I  P i . ! I I 3
for all j el (x*) A. {jem| g-* (x*) = 0} .

Hence, from Proposition I.4.T,

(xv) |gJ (xi)| ~ || P±-11|3 , for all j e I(x*) .

On the other hand, is the minimum norm solution of,

(xvi) CN(xi,pi)]Tp + r(xi) = 0.

Then, from (xvi), (xv), Proposition 1.4.0 and (i), we obtain,

(xvii) || q 1 1| = o(|| x[-xi || ) for all i. e .

F r o m  ( y i i i ) , ( x i ) , (xiv) an d  (xvii) w e  h a v e  :
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(xviii) || CVxx Ltz^ - BjHx^-xpH = oC|| xj.-Xj.ll ) 

for all i s K^.

But, || x^-xi|| < || zNzJI .

Then, from (xviii) and (vi) we have :

(xix) || q(z[)|| 1  \ \ \  - ẑ || , for all i e ^
with a . ■> 0 as i -»• °°. 

i

Also, (z! - z*) -> 0 and p. 0, so, there exists Mc < 00 x i  5

such that:

C.xx) || q(zi+1) || £|| q(z[) || + Mg || ||
for all i e K^.

But,

(xxi) || pjl ~ || p± ll2 £ ||ẑ - z± || .

Hence, from (xix) , (xx) and (xxi) we obtain :

(xxii) || q(.zi+1)|| £  || z!- z. || , for all i ®

with a! -»■ 0 as i
l

Then, for (xxii) and (vii) we have :

(xxiii) II pi+i|| < II z^+1 - zi+1 [| <_ a” II z!_ - z. || , for all i s ^

with aV 0 as i 00
l



160

Now, as shown by Powell (1978a),

(xxiv) II pi || ~ || r(xi)|| +|| Pj. Vf(x.) || .

/v j TDefine the vector w^ = [A^ , j e I(x*){ii-,.
• ’ u i ]

as follows:

where,

w. A.„arg min {|| N.'w + Vf(x.)|| } 
1 w

N. A N(x.,p.) , for all i.
l  =  l  r i

Hence,

(xxv) N.CN. w. + Vf(x.)3 = 0.v i l l  l

As i|j(x )̂ 0 , we can see that

(xxvi) Ai -+ A(x.) and jj + p(xi)

as l

Now, becuase w^ is the least square solution of (xxv),
Tprojection of Vf(x^) onto tne null space of N^ is :

(xxvii) P^ Vf(x^) = Vf(x^) + nT

From (.xxvi) and (xxvii) we have :

II Pi VfCxj) || ~|l Vf(x.) + gT(xi)A(xi) +h^(xi) yCxi) ||

the

(xxviii)



and u(x.
1

(xxix)

(xxx)

(xxxi) 

and

(xxxii)

q(*), we 

(xxxiii)

(xxxiv)
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But, X. , ->■ A , A. ->• A , U -*■ 4*, U. M*, A(x.) + Al - l  '  l  l - l  i  ^ l

->■ q*, as i -> 00

Hence, from (xxviii) we obtain :

P. Vf(x.)|| ~ II VxL(z.)

Recall that :

A Cĝ  (x±) , j € I(x*Mh^ (x.), j e p

Also,

Â  < c , for all j and i sufficiently large.l. —

A? = 0, j i I(x*)
and

\ [  > o, j € ICx*) .
, for i sufficiently large

From (xxix), (xxx), (xxxi), (xxxii) and the definition of 

have :

llqO^II ~ lk(xi) || + || P± Vf(x±) || t

But, from (.vii) and (xxii), we have :

II P i+ lH -  “ i  M2II ^ p l l  ’ f0r a11 1 e *1

with a’.! -> 0 as i -»■ 00 
i

As shown in the proof of Proposition I.4.U,
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(xxxv) || pi+1|| ~ || xi+1-'x*ll '

Hence, from (xxxv),(xxxiv), (xxxiii), (xxiv) and (iii)

we have :

X .  t ~ X * II T ti+l_____ _ X n as 1 •> w
II x.-x*||

for any infinite subsequence I’ c K^.

As {1,2,..,} = u K^, the theorem follows from (v) , (xxxvi) 

and Proposition T.4.U.

1.4.5 Remarks

First of all, note the similarity between the algorithms 

of this chapter and the Basic Algorithm of the first chapter. Besides

the introduction of an update procedure to B^, the only difference is

the test after the computation of p^ in Algorithm B. Namely :

(i) II BjP. || > Mj pi|| => = 0.

Now, by definition, p^ is only set different from zero, if,

II ^11 < II Pill

Hence, as the constant can be chosen arbitrarily large, 

the reason for the inclusion of test (i) is that (in constrast to the 

first chapter where H3 was assumed) we do not not assume the boundedness 

of {B^} when proving Theorem I.4.N. It is interesting to point out

II
(xxxvi) —
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how the absence of H5 was overcome in the proof of Theorem I.4.N, 

because this can cast some light in other features of the update 

given by I.4,VI. Recall that H3 implies existence of two constants, 

m' > 0 and M < , such that :

rr* __

(H3a) P B^p m|| p ||2 , for all i and all p e R .
and

(H3b) p^ B^p <_ M|| p||2 , for all i and all p e Rn

Assumption H3a was avoided by the addition of T(x^)I to the pos­

itive definite matrix 1L obtained in Step 8. The sequence {B^} 

constructed is then shown to have positive eigenvalues which are 

bounded away from zero, except perhaps, in subsequences such that

x. -> x* e D .
l

Now, test (i) is related to the way in which the necessity 

for H3b was avoided. Although H3b is not enforced, we can still 

prove the existence of the following bounds :

II nj
(ii)

ii ii ~  
j T  i  K < “  * 
6 i n i

f o r all i

(iii) II B iPill f  m 2< »  , f or all i

Note that (ii) can only be proved because (in constrast

to the suggestion of Powell (1978)) the update given by I.4.VI does not

include H. in the definition of q .. The bound of (iii) comes from 
i  i

the satisfaction of the Kuhn-Tucker conditions at the solution of
wQP^ with multiplier vectors which remain bounded.
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An examination of the proof of Theorem I.4.N shows that

(iii), (ii), test (i) and the convergence of -> 0 in all con­

vergent subsequences (see Proposition I.4.H) are the means for avoiding 

H3b.

However, the main interest of Theorem I.4.N is theoretical.

The possibility of showing the result of this theorem suggests that 

indeed the sequence of matrices will remain bounded whenever {x^} is 

itself bounded.

This point will be briefly discussed in the next chapter.

We now discuss the rate of convergence of the algorithms 

and compare the results of section 1.4.4 with other results in the 

literature.

Powell (1978a) proved that a variable metric algorithm to solve 

GMP, which uses in the quadratic sub-problem a matrix B^ obtained 

through another modification (see 1.4.Ill) of the BFGS update given 

by 1.4.I, will have a R-superlinear rate of convergence, provided 

that the following assumptions are satisfied :

PI - f,g,h are twice continuously differentiable and the second 

order derivatives are Lipschitz continuous on Rn .
P2 - x. x* as i -+■ 00

l

P3 - equivalent to H4 •

there exists a positive constant v^ such that, for i sufficiently 

large,

yT B . y  > v- || y ||2 .i  — i

for all y e Rn satisfying :
T1 * * T1

Y (N ) (N ) y = 0

P4
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where, N* A N(x*,0).,

P5 - The step length is of unity.

P6 - {B.} remains bounded,r

Note that PI is slightly milder than Hl? in the sense that PI 

implies HI* almost everywhere. Also, P4 is milder than H3(a), although 

P4 together with P3 indicate some relation between the accumulation 

points of {B.} and V L(z*).
X XX

The next proposition shows that H3(a) can be substituted by 

P4 in our rate of convergence result.

Proposition I.4.X

Theorem I.4.V will remain valid if assumption H3a is replaced 

by assumption P4 above.

Proof:

Given in the appendix,

A less clear correspondence is the one between H5 and P5.

This is the object of the next proposition.

Proposition I.4.W

Theorem I.4.V will remain valid if assumption H5 is replaced

by P5.

Proof:

Because assumptions HI, H2, H3a, H3b, H4, Theorem I.l.M and 

the step length of unity ensure that all conditions listed above are 

satisfied, to prove a R-superlinear rate of convergence to the algorithm 

it is convenient to follow the method of Powell (197 8a) . We start 

showing that the key result of Lemma 7 in this last paper has a corr­

esponding result, whose proof is given in the appendix. That is :
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Lemma I.4.Y

Let v3 be a positive constant such that :

rCx^) II <_ v3 1| (I for all i.

Then,
•cH. it rh T II  ̂ II rh  „ rh T || CD.H.r. -r. )TH. (D.H. r . -r.)
Di Hi+1  °i " 1 Up -  11 °i Hi °i " 1 IIf " -1-- 1 1 1 1 1  1

Tr. H. r.i l l
+ e +°C|| Pĵll )

where:
e s (|| r(xi) || / || rjl ) and

= (P P^) , with + denoting the generalized inverse.

If we follow carefully the subsequent results of Powell 

(1978a) we shall see that they are not affected by the additional term
3

°C|| Actually, the results become easier to prove because the

above lemma does not involve the update parameter 0^. Then, if 6  ̂

were equal to the solution of the quadratic sub-problem with 1L re­

placing B^, the proposition would be proved. That is., if p!̂  denotes 

this solution :

Actually, as the step length is of unity we have :

(ii) ^  + p£ .

But, as shown in Proposition I.4.Q,
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Pill -« II Pi

From (1) we have :

Civ) Pill - II ̂11 i II ̂ iII i II Pill + II pt

Hence, from (iii) and (iv), there exist positive constants jn 

and Mq such that, for all i sufficiently large :

0  <  “ 0  1  C | |  S i l l  /  I I  P i  II  D  1  M g  <

Then,

(v) II 6i*lH , M0 limlim ------- < —  .. _  —  m_ i-x»i-*00 ii II 0
II p,i+1

6i-iH i-1

Now define

d. = p. - p! .i ri i

Similarly to (i v ), we have :

( v i )  I | p p | - I l d i l l  i l l  P i l l  1  I I  P [  I I  +  I I  d i l l  •

But,

B.- H. = T(x.).l l11 l

Hence, from Lemma I.l.E, there exists a constant M ’ < 00

such that :
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(vii) || d. || < T(x^)M' || pi || .

But, T(x^) ->■ 0 as i -»■ 00 .

Then, from (vii) and (vi), there exist positive constants 

m^ and M2 such that, for all i sufficiently large :

0 < “i £ (II Pi 11/ II P[ II) £ ~ .

Hence, the proposition is proved because from (i) and (v) ,

lim
i-x» — m

0

lim
i-x»

l l  p i + 1 l l
pi-i

M M
< — lim II P!+1II

-  = 0 .

V i j - xxj pi-i

2~Because the use of the search arc (ap_̂  + a p.,) still permits 

a monotone decrease on the exact penalty function, it is possible to 

show (see Theorem I.l.M) that, under the assumptions HI, H2, H3, H4, 

we indeed have :

x. -*■ x* e D as i ->1

But, if the alternative approach of the ’watchdog technique’

[see Chamberlain et al (1982)3 is used to achieve a step length of unity 

in variable metric algorithms, as done by Powell (1982b), only the 

weaker result of Theorem 1 of Chamberlain et al (1982) could be proved. 

That is :

there exists a subsequence converging to a point belonging

to D.
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Hence, when using the ’watchdog technique', the simultaneous 
requirement of P2 and P5 seems to be a bit too strong. It would thus 

be interesting to know whether H5 and the use of the search arc would also 

ensure a step length of unity when using the update of Powell (1978).

Recall that in H5 the vector was defined as :

q. = G. 6. + a. (T(x.) I + N. N:)<5. 
X  1 1  1  1  1 1 J 1

where,

a^ is given by I.4.VI.

The corresponding vector q| in the update of Powell (1978) is:

I.4.VII

n'. = e. g . 6. +. (i-e.)H. 6.
1 1 1 1  1 1 1

where :

1, if 6T y . > 0,.2 dT H. 6.l ' i — i l l
0.8 6T H. 6.i l l if 6. y. < 0.2 6: H.d.i i i i iT T 9 6. H. 6 .-6 .y. i i i i 1 i

Now, when proving Proposition I.4.T directly through the 

reasoning of Theorem I.4.S, we would arrive at the following inequality :

<6.,(V L(x.,X.,p.) - H.)6.> = <6 .,(V L(x.,X.,y.) 6 .-n.>
1  XX 1  1  jL 1  1  1  XX 1 1 1 1  1

+ 0(11 6j|2)

As a.(T(x.)I i i
TN_^Np is positive definite, we deduce that:
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<Q.,(V L(x. ,A. ,u\) - H.)6.> < <$.,(V L(x.,A.,y.) -G.)6.>l. xx x x i  1 x —  'x xx i? 1 1

+ 0(|| 5. II2) .

The inequality above and the convergence

(G. - V L(x.,A ,p.)) -*■ 0 as i^ i xx i i i

is enough to ensure a step length of unity.

But, if we had qj instead of q_̂ , after similar reasoning 

we would arrive at the following inequality :

<6.,(V L(x.),A.,u.). -H.)6.> < <6.,(V L(x.,A.,y.) -0.G.)6.>
1 XX v 1 J * 1 1 J 1 1 — 1  X X  v 1 l * * ! '  X 1 1

♦ o(H 6. ||2) .
Hence, the convergence of (G.-V L(x.,A., q.)) to zero

1  XX I X  X
% 0

would no longer ensure a step length of unity, unless 0  ̂ = 1 for 

i large enough, something that may not happen. Another important 

difference between q^ and is that the latter depends on while 

in the former this matrix does not appear. As already pointed out, this 

feature enabled us to prove the result of the Theorem I.4.N, without re­

quiring H3(b).

It would thus be interesting to know whether the sequence

of matrices {H.} will indeed remain bounded whenever the sequence

{x^}is itself bounded. This would be a useful result, particularly
*if the convergence -> H could be proved as then H5 is shown to be 

satisfied. On the other hand, H5 is not sufficient to establish a 

bound for the sequence {B^} , although a slightly weaker result can

be shown.
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Let HI, H2, H3a, H4 and H5 be satisfied.

Let { x^ } be a bounded infinite sequence built by the 

algorithm.

P r o p o s i t i o n  I < 4 . Z

Then ,
*

there exists a L < °° such that :

Proof:
11 BiPi 1 1  1  L  1 1  Pi I I  . f o r  a11 i-

By the continuity of f ^ C O  * 5(0, T(0
and the convergences,

x. x* e D; p. 0 , as i 00 , i ri
it is clear that :

(i) there exists Lq < 00 such that :

where,

I I  Q. I I  < L , for all i.
II ^  II —  Q

Now,

Q. A G. + a.(T(x.)I + CN(x.,p.)1CN(x:,p/)]T) l •—  i l i i i i i

n. = Q.6. , for all ii l l

Hence, from H5 we have :

(ii) II Hi6i || < II Q.st || + k” II aj|
where,

k" ■> 0 and i -> 00 . i

Then, there exists L^ < 00 such that :00 such that :
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Now,

II Hi M  i M  M  •

k. 2k,.
61 3 1 Pj  + 6 1 .

From Proposition I.4.P, we have a r ’ > 0 such that :

k.
3 1 > r* >0, for all i.

Hence,.from (ii), we have :

k. 2k.
r' II H.p.|| < || 6 1 HiPt || <|| 6. || + kV || 6. J| * || 0 XH. ^

k.
But, by construction, 0 1 < 1 for all i. Then,

(iii) || Hipi || £  Cl/r’KlI Qi || (|| pt || + || p.|| ) +

+ kV CII Pi ll + II ^11 ) + || H ^ H  ] .

’ Nowj B. =H. +T(x.)I and Tfx.) 0 as x. x* e D.1 1 1  1 1

Then, from the test of Step 3’, we have :

Civ) there exists a < 00 such that :

II HiPi II —  L2II pi II ' for ail i-

By construction, || p.|| <_ || p ||, Them, from (iv), (iii) and

(i), we obtain :

i
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there exists a < 00, such that ;

Hipill x M  Pi11 •

The proposition follows from the boundedness of T(x^).

Note that, in the definition of y. , we used the estimatesx
X(*), y(') while Powell (1978) suggests the use of the multipliers

obtained when solving the quadratic sub-problem. When using QP?

the multipliers may become unbounded even if the sequence {x^} remains

bounded. Consequently [see Chamberlain (.1979)1 the update given

by I.4.VI, with given by I.4.VII [as suggested by Powell (1978)1

may make the sequence of matrices {th } unbounded and the algorithm may

cycle between non-desirable points.
w 0Because we use QP^ instead of QP^, it is possible to show 

(From I.l.A.i and the fact that : {x^} bounded => c^ = c > 0 for • 

i sufficiently large) that the multipliers (X^,tL) will remain bounded 

whenever the algorithm generates a bounded sequence {x^}. Therefore, 

the vector y^ could also be defined as below without bringing further 

complications.

y. = V L(x. X., pi.)- V L(x.,X.,y.) 'i x i+l i l x v 1 x x
where,

w(X^,]u) is the multiplier vector of QPx

Finally, we comment on the two-step superlinear rate of con­

vergence given by Theorem I.4.V. It was shown during the proof 

of this theorem, that a Q-superlinear rate of convergence can be 

achieved if,
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I.4,VIII
there exists a r^ > 0 such that Pill i-1

for all i.

An interesting consequence of this condition is that it 

implies the limit

which is a condition reckoned by Powell (1978a)’as sufficient for 
establishing a Q-superlinear rate of convergence for an algorithm 

which, otherwise, could only be proved to be R-superlinearly convergent.

In fact, as shown in the proof of Theorem I.4.V,

II rCxj_) II ~ II -J|3 • But, as shown in the proof of Proposition
I.4.V,

II ~ II p jl .

Hence,

II r txp ||

II xi-x*||

and, from 1.4.VIII,

, . || r(x.) ||lim 11 v 1 11
i-*x>

II xi"x*ll

ii Pj-iir
, ii Pi ii

lim II r(xi} 
^  llx.-x*

The conclusion was made possible because the search arc 

satisfies the constraints to second order. Indeed, if the
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search line is used we can only guarantee that ;

Pi-1
2

In this case, the corresponding sufficient condition to the 
above limit being zero is that :

there exists a r > 0  such that2

As p_̂  -*■ 0, this last condition is stronger than 1.4.VIII. 

In fact, the use of the search arc also made it possible 

to show (see proof of Theorem I.4.V) that :

for any convergent subsequence I' either

ii xi+ r x Hlim ---— ---- = 0
iel1 II x. -x* ||u x II

or
'I xi+r x*Hlim --------

i e i ' I I  x i . 1 - x * l i :
0 .

In other words, for the subsequences for which we could not 

prove one step superlinear rate of convergence we were able to show super­

quadratic two step rate,of convergence. Hence, proving a R-superlinear 

rate of convergence instead of a Q-superlinear rate does not seem to 

be important.
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AP.1 - Root-Convergence Factors [From Ortega and Rheinboldt (1970)]

Definition:
Let {x^ c Rn be any sequence converging to x*. Then the

numbers

, if p = 1 

, if p > 1

are the root convergence factors, or R-factors for short, of {x^}.

If A is an iterative process with limit point x*, and C(A,x*) is 

the set of all sequences generated by A which converge to x*, then

Rp(A,x* ) = sup{R^{x^}|{x^)eC(A,x*)},
l<p<a>

APPENDIX (chapter 1,4)

R { x. } = P i

r lim sup || x.-x* ||1//;L
i-xx> 1

lim sup || x. -x*i-Ko ^

are the R-factors of A at x*.

Definition:

If 0 < R^(A,x*) < 1, we shall say that the convergence of 

A at x* is R-linear while for R^ = 0 and R^ = 1 we call the conver­

gence R-superlinear or R-sublinear, respectively. Similarly, if

0 < R2 (A,x *) < 1

we say that, the convergence is quadratic, while for R^ = 0 we call the 

convergence R-superquadratic.
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Proof of Proposition I.4.B

Let TI : R -t R be the map defined by :

2~T[ (a) A y(xi+api+a pi? Cj)- -ae(.xi,Pi,cp/8 .

Then,

2~  2~(i) T|(a) = f(xi+api+a pj.) - fCx^) + ^L^C^+ap.+a p ^  -

- - ot0Cxi,pi,c±)/8.

Because of HI' AWr£ ecoisVfy fe” < oo <buoK. -Hnai jor 1= L*

O O
(ii) f(x.+ap.+a pt) £  f(x^ +afx (x.) (p^+ap^ + a2K" || pi+a pi ||2 

and, for all j e m,

(iii) (xi+api+a2pi) £  g*5 (xi)+ag^(xi) (pi+api> + a2KM || p-^ap.^ ||:

and, for all j e t

(iv) h^ (x . +ap. +a2p .) £  h^ (x. )+ a h { (x  ) (p +ap ) +a2K" || p . +ap ||2 .
1 1  X 1 Jv 1 1 1 1 1

(v)

From C.i) > Cii) > (iii) and (iv), we have :

T! (ex) <a 0 (x. ,p. ,c.) +a2f (x. )p.+a2[max{ĝ  (x. )p. , j e m}]
i  — 1  r i  1  X  1 1 1  1

+ a2[max{ |ĥ  (x^)p^ |, j ef-] + a2 '̂ V api :-a9 (x. ,pic^)/8

i = L*.for
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Also, there exists a < 00 such that ;

(y i ) fx(x.)p. < K". || ||

(vii) -  K'M II pi II > £or a11

C v ii i ) Cxi)Pi 1 i  K"' || V ± || , for all j .

From (v) , (vi) , (vii)' and (viii) we obtain :

(ix) T!(a) < a(7/8)0(xi,p. ,Ci) + 3K" 1 || p. || a2 + 3K" || p . ^  ||2 a2 . 
jor l ~  i * .

Now, for any finite i*, there exists a nr* such that,

T(x.J > nu* > 0

unless x^* e D, hypothesis that we did not consider because we are 

interested in infinite sequences.

Hence, from Proposition I.l.A and the way {B^} is defined,

we have:

(x) T9Cxi*>Pi*,ci*) < -Pi* Bit Pi* < -m±*||-p1* Ir. 

From (x), (ix) and Proposition C, we obtain :

(xi) T!*Co) < C7/8) m. J|p. J 2 a  + 3K’" | £ . J  a 2+ 3K" |[p ̂ +0? .  J 2 a2
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Suppose p^* ?=■ 0 .

Then, from (x^), we have :

(xii) T^*(a) _< 0, for all a <_ (7/8) m^*/K"

Otherwise let p^* / 0.

From the definition of p. we then have :
i

(xiii) wi  ̂= 0 .

By the mean value theorem, there exist e[x^*,x^*+p^*] 

such that, for all j e (mu£), we have :

(xiv) gj(xi*+pi*) = g-iCxi*)+g^:(xi*)pi*+!Sp^[Vxxg:l(5|*)]pi* 

and

(xv) (xi*+piJt) = (x^*) +h ^ xi*^Pi* + ®SPi* HV.^gh.5?*)^*

wFrom (xiii), at the solution of QP^*, we have :

(xvi) + S ^ i ^ i *  = °> i e { j e m | > 0} 

and

(xvii) hjCx.p + (h^ ex.*)?'.; = 0, j e l .

Hence, from (xvii), (xyxi) , (xv), (xiv) and HI', there exists
A

a K < 00 such that :
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(xix) V C pO 1  - '(7 /8 )  m. J  p . J 2a  t  3K"' ic II p. J 2 a2 + 3K" || P.* 

+ 3K"< K2a || P.t||3 a3 + 3K"' K2 II p . J 2 a 4 .

Now, the last two terms on the right hand side of the above

inequality can be rewritten as

(XX) 3K" K 2a|| p. J|3 a35 (3K"' K 2a21| p . J  ) || p . J 2 a2

and

A  di*H Pi* II2 “2
> *•

3K"' K2 || p .Jp  a4 5 (3K"> K2 ||p .j|2 a 2) ||p .J2,:a2.

A bi*ll Pi* IP a2

But, as shown in the proof of Proposition I.l.C there

exists a continuous function S(*) such that

(xxi) II Pi*ll£SCx.J A Cl/m.j|| V f(x.t)|| + [(l/miJt)2 || Vf(x. *) ||

2 2̂+ 2(c./m.,) K x ^ 3 .

Hence, from (.xx), (xxi) . cmd Hi'

there exists a < 00 such that

(xxii) d.* < Kn; b. < K , l* —  0 i* —  0

From (xxii), (xx) and (xix), we obtain :
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T ^ t o )  < - ( 7 / 8 )  P i , a t C3 Kn ’ + 3K” + 2 Kq] || p..J|2 a2.

Hence,

(xxiii) T̂ *(_a) ^  0,
m. *

for all a < (7/8) ------ -------— A
3Kn1K+3KU+2K0

The proposition then follows from (xxiii) and (xii).

Proof of Proposition I.4.J

Let K_ c {1,2,..} be the subset where a. =0.
3 i

By construction,

(i) for all i e

Let c {l,2,...} be the subset where a^ _> 1. 

By construction,

(ii) 6T n. > T(x.) || 6. ||2 + 6T [N(x. ,p.)][N(x. ,P.)]T6.1 1 — 1 " 1 11 1 1 1  1 * 1  1

for all i e K^.

Because of Proposition I.4.A, Proposition I.4.B, Proposition

I.3.A and as we are interested in infinite sequences {x^}, we can say, 

without loss of generality, that :

(iii) T(x^) > 0, for all finite i.

Hence, by (i), (ii) and (.iii), it only remains to prove 

the existence of such r* > 0. in the subsequences {x^}^ c such that



182

Civ) T(x.) + 0
1

As T(«) is continuous, (iv) and Proposition I.3.A

(v) X. -»• X* -e D . 1

By Proposition I.4.H,

(vi) p. -*■(), r i

where,

Consequently, 'jk 0 ; 6^ ->-.0.

Now, by construction,

tvii) Yi 4  vx L(xi+1> ^(xi)>y(xi)) - Vx L(xi,A(xi),ii(x.

= G. 6. 
l  i

G. = / V L(x +t6 ,X(x.),ii(x ))dt. 
1 t=0 1 1  1 i

Let (X ,y*) be the multiplier associated with x* e 

By Proposition 2 of Mayne and Polak (1978) we have :

(viii) X(x^) i  X ; + 'y* •

From (v), (yi) and (viii), we obtain

(ix) G,. i  G* A LC.x*,X*,y*)

imply,

) )



183

H4, for

(x)

(xi)

we have

(xii)

(xiii)

Let I denote the set of active constriants to GMP at x*.

By (yiii) and the strict complementarity slackness given by 

all i e I sufficiently large,

X*5 (x̂ ) > 0 for all j e l .

Also, by HI* and (vi), for all ie I sufficiently large, 

g^C^) + S^Xî pi < °* f°r a11 j  ̂1 •

Hence, by HI*, (xi), (x) and the definition of N (•,•)* 

N(xi,p ) 1 N(x*,0) .

By H4, there exists a r^ > 0 such that :

y  * 2
p G p _> || p ||2 for all p e R such that :

pT[N(x*,0)]CN(x*,0]Tp = 0.

Now, pTCN(x*,0) 3 CN(.x*,0) ]Tp >_ 0,. for all p e Rn

From CLx. ) dnd CxU) the re e x ists  r3 > O t>uck ikaf:

T T G i f >  >,(xiv)
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for all p £ R such that, pT[N(x*,0)1 (N(x*,0)3T p = 0 .

By definition,

6T p. = dTy.' + a. (T(x.) |l 6 . ||2 +
1 1 1 1 T.  l  11 i 11 <5^[NCXi,pi ) H N CXi,Pi)]T6i) .

Let K_ c K4 be the subset where a. = 1. 
5 H i

Then, from (yii)

* 'p
(xv) dT n. = ’ d..G.6 .+dT[N(x. ,p.)][N(x. ,p.)]T6 . + T(x. ) || 6 . II21 1  l l l l  l 1 1 1 1 l !"

for all i £ Kr

But, from (ix), (xii)> (xiii), (xiv) and the continuity 

of the scalar product, there exist r^ > 0 and i^ such that :

(xvi) dT G.d. + dT[N(x. ,p.) ][N(x. ,p.) 3 T d. > r II d. 4|2
i l l  i  l  r i  l  r i  i  — 4 11 i  11

for all £ I, i ^  i.Q.

But, from Proposition I,3.A and the continuity of T(*), 

there exists r̂  > 0 such that

(xvii) T(x^) _> r^, for all i £ I, i _< î .

Hence, from (xvii), (xvi) and (xv), there exists r, A.o —

min{r^; r^} such that :

(xviii) dT _> r̂ || d̂ ||2 , for all i £ I with a^ = 1 .
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If a. >1, then 6. y. < 0-, Let K. <= k . be the subset where, x ? x x 6 4 *

a. = 1 + 
i

c.TCxi) f| SjJI2 - sT Yi)

T(.x.) || 6i||2+6hN(xi.,p.)][NCx. ,p.)]T6.

Hence,

(xix) sT ni = 2T(xi) || 6± ||2 + sTunGx .̂ .,) ] LNCx^p^ ]T ^
for all i e K,,

6

Again by (ix), (xii), (xiii), (xiv) and the continuity of 
the scalar product there exists r̂  > 0 and î  such that,

(xx) 6^CN(xi,pi)][N(xi,pi)]T <$. _> ry|| 6±\\z

for all i £ I n K̂ , i >_ î .

Also, by Proposition I.3.A and the continuity of T(*), there 
exists r > 0 such that,

O

(xxi) T(x.) > r , for all i e I, i < i-.
1 o — -I

From (xix), (xx) and (xxi), there exists r̂  A min {r̂ ;rg} 
such that :

T* _ 9(xxii) 6. n. > rn II <$. II , for all i e I where a. >1.J x. x — 911 r 11 7 x

The proposition follows from (xxii), (xviii) and (i).
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Proof of Proposition 1,4.K

U )

If sT y. >0, a. < 1. Otherwise let dT y. < 0. 
i  ' i  — x  — l  11

Then,

CT(x.) || 6i||2 - &l

a. = 1 + -----------------------------------
T(x.)|| 6. ||2 * 6 h N (x i ,p . )H N (x . ;p . ) ] T 6.

Now, by HI', the continuity of X(*), y(*) and the
boundedness of {*.}, there exists a M* < 00 such that :

|| Gj| < M’ for all i

Then,

(ii) -dT y  ̂ M* || 6̂  ||2 , for all i.

Also, by the continuity of T(«) and the boundedness of {x̂ }, 
there exists a < 00 such that :

(iii) T(x̂ ) , for all i.

Hence, from (i)* (ii), and (iii) we obtain ;

C M '  +  M J  | |  6 .  | | 2
(iv) a- <_ 1 + ---- — ---------------------------- •

T(x.) || 6£ ||2 + dT CN(xi,pi)][NCxi,pi)3di
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exists r

(v)

i

Proof of

(i)

(iii) 

Civ) 

Cv) -

But, as shown in the proof of Proposition I.4,J, there 
> 0 such that ;

T(x.) || d . ||2 + 6TCN(x. ,p.)] C N(x. ,p.) ]Td. > rn || 6 . 1,2 ̂ 11 n " n i  r i /  i  — 0 11 ix A x'

for all i where a. > 1 .
i

From (iv) and (v) we obtain :

(M* + M )
a. < 1 + ---------  A t 1 < 00 , for all i

1 _  r o

Proposition I.4.L

By Proposition I.4.J, there exists r’ > 0, such that : 

dT rî .>_ r' || <5jJ|2 for all i 

Then,

Now, as shown in the proof of Proposition I.4.K,

T(x.) < M. < 00 , for all i

II T i l l  1  M* || 6 .  || , M' < »

a. < .L' < 00 , for all i«
x —

Also, by HI' and the boundedness of {x^}, there exists

K* < 00 such that :
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(vi) || CN(;xi,pi)] C N C x ^ 3 T || < K’, for all i.

From (i) > (ii) > (iii) > (iv) , (.v ), (vi), we obtain :

sil
<

CM1 + L'(M1+K’)]

T x

A K < oo, for all i.

Proof of Proposition I.4.M

An examination of the proof of Proposition I.4.B shows that 

the sole purpose of the assumption that i* is finite is to ensure 

the condition

(i) T(xi*) > 0 , so that p ^  B^p.* > 0 .

Now, as x is supposed i  D, condition (i) will be satisfied

for all ie I. The rest of the proof is identical to the proof of

Proposition I.4.B.
Proof of Proposition I.4.Q

Let r(x^) be a vector whose components are (x^+p^), j e I(x*) 
and h** (x^+p^) jeZ, ordered in the same way as r(x^) .

By Proposition 1.4.0, for i sufficiently large, we have :

g^(x.) + (x )p = 0  , j e I(x*) = (jemlg^Cx*) = 0}

h**(x.) + (x.)p. = 0 , j e £.

Hence, by HI* we have : || r(x^) || ~ || ||2 .

Now, from the definition of p^, the definition of N(x^,p^),
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the fact that X(x^) ^ X and Proposition 1.4.0, for i sufficiently 

large,

V i  = arg min{|| p || 
peRn

N.p + r(x.) i r  v 1
= 0}

Hence,

II ^11 E ||rCxi ) || S II Pill2 •

Proposition I.4.R

From HI' and the mean value theorem, for all i and all j,

we have :

where,
g3 Ĉ i+Pi+Pi) = gJ (x.+P.) + g^xi+Pi)Pi+!sPi ’xx^C^i^i

5i e Cxi +P i ’ Xi +P i +P i ;i

Now for i sufficiently large, we have :

gJ(xi+Pi) + g^Cxi)Pi = 0 , for all j e I(x*) .

Since || g ^ C ^ P ^  - gj C^) || ~ || P^ II and || p± || ~ || PiJ|2 ,

we have :

g^ C ^ + P i + P i )  1 ~  II P ^ l l 3

for all j el(x*),
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A similar result holds for |]r* (x̂ +p̂ +p̂ ) |, jef
so that

Ct) ^Cxi + pi + p + ) ^ 1! p̂ li3
and

(ii) I f C x + P j + p p  - £ (^ 5  -<V£Cxi ) . P j +P j * - ^ P i ^ x x f  (xi l̂pi >i~ll P i  ll:

From (i) and (ii) we have ;

where,

and,

Proof of Proposition I.4.U
Because H3 is supposed to be satisfied, we can use the same 

arguments used in the proofs of Lemma 4 and Lemma 5 in Powell (1978a) 
to see that the following relations are satisfied.

y (x. +p. +p..,c.) -y (x.,c.)= 0(x.,c.) + e.'v i ri xJ ' v i i J i x i

0(xi,ci) A <Vf(xi),pi+pi> + h < V ^ xx £(xi)Pf> ‘

= 0(x.,p., c-) +:<V f(x.),p.> + %<p.,V f(x.)p. >v x’ ^x xJ  ̂xJ ’ x̂. xx  ̂l'*l

e .  s  p .  .
i  r i

(i) || P± li ~ II ||+ || PiVfCxi) ||
and
(ii) || x±-x* 1| ~ || rCxi)|| +|| PiVffxi)

where x. ■> x* e D.x
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From (i) and (ii) we obtain :

(iii) 

and-'

II pi+1ll ~ II V i

Civ) II xi-x*|| ~ II Pill

Now,

Cv) X. .,-X*| < x.-x* + I X. .-X.1+1 11 — 11 1 11 11 1+1 1

From Proposition I.4.T and Proposition I.4.Q we have

(vi) X. , - -X. 1+1 1

From (iv), (v) and (vi) we obtain

(vii) x. --X* l+l

The proposition follows from (vii) and (iii)

Proof of Proposition I.4.X

P4 is sufficient to ensure that the following condition 

(as shown in the proof of Lemma 4 in Powell (1978a)) is satisfied :

( i)  II P ill ~ II r (xi )  II + ll P-jVfCxp || .

Also, as shown in the proof of Proposition 10 of Mayne and 

Polak (1978) ,(i) and P4 are sufficient to guarantee the satisfaction of 

the condition below:

(ii) e(xi,pi,ci) a-(.|| rfxp ||+ || P.VfOx^ f) .

Now> an examination of the proofs of Proposition 1.4.0, 

Proposition I.4.Q and Proposition I.4.R shows that they do not rely upon
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H3, so these results remain true.

Following the proof of Proposition I,4.T, we arrive at the 

following inequality;

(iii) T1 1  (3/8)0(xi,pi,ci) + ^C|lpif|2)

From (ii) and (iii)

(iv) T\ « -CllrCx.) II +|| P.Vf(xp ||23 + O'(II p. II2) .

But from (i),

(V) II p.||2= [||r(x.)|| +|| P^fCx.) II2] .

Since [ llr(x̂ ) || + || P^Vf(x^) ||2] 0 , it is obvious from

(iv) and (v) that,

T\ £  0 , for all i sufficiently large.

Hence, Proposition I.4.T remains true. That is, for i 

large enough the step length is unity. But, P4 and this last cond­

ition are sufficient [see Lemma 5 in Powell (1978a)] to show that

(Vi) II x.-x+H ~ || r(x.)||+ || P.Vf(x.) || .

From (i) , Cvi) and the step length of unity, an examination

of the proof of Proposition I.4.U will show that its result remains

valid. The proposition follows because Theorem I.4.V itself does

not depend on H3.

Proof of Lemma IV4.Y

Let H. ..be the matrix below : i+l
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H.  1 = H.  -  l + l 1

T TH.r. r.H. 6.3.i i  li i i
Tr.H.r.i l l

+ T
r .  3 -ii

where,

(i)
and

C.ii)

lies on the null space of [N(x^,p^)l T

3 i  = Gi r i  + a i ( T ( x i ) r r i  + C N ( x i , p i ) ] C N ^ p .^1 r . , )

From (i) and (ii),

(iii) 3- = G.r. + a.T(x.)r. .l li i i i

As shown in the proof of Lemma 6 of Powell (1970a), the fact

that the Frobenius norm of .a matrix A is the square root of the trace of 
TA A gives the equation :

Civ) Hi+1D | -  I||F - ||d* h .d* -  I||p - v u i

where,

u0“ 1 - 3TD.3. y2i i i
rTg. >1 1

- r.H.D.H.r.1 - 1 1 1 1 1
Tr! H-: r.i l l

)2

and

A  2
f(g DiHiDiBi)(r.H.r.)-(6iD.Hir.) )

(rT$.)(r?H.r.)
1 1 1 1 1

-  2
r(rT H.D.H.D.H.r.)(rTH.r.) - (rTH.D.H.r.)2 ̂ i  l i i i i i  i i i  v i i i i i

T 2
( r .  H.  r . ) zl i

1 1Let Uq and u^ denote the first terms of u^ and u^ respectively, 

Now, as shown in the proof of Lemma 7 in Powell (1978a),

(y) D. G. r. = r. .i i i  1

Then, from (iii), (iv) and (v) we have :
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(vi)

exists a

(vii) 

and

(viii)

(vii) we

(ix)

(X)
and

Cxi)

1
U0 1 - $T ;r. + a.T(x.)3^ D. r.'ll i i i l i 

T
12

a.T(x,)
BTD.r.1 1 1

1 1  T a r. p. i i

But,

T3: D. r.l i l (rT G. + a. T(x.) rT)D.r. = rT r. +a. T(x.)rTo.r.i l. i. i i i i l i  i v i J i i i

Hence

1u = o
T Ta. T(x.)(r.r. +a. T(x.)r..D.r. ^i i i i i 1 1 1 1

Tr: 3.i i

Now, as CN(x^,p^)3 = 0 and because of H3a ( or P4), there
r* > 0 such that

r . 3. > r* r .i i — 11 i

r; H. r. > r* II r., II2i l i — 11 i: 11
But is a bouVide4 semi-definite matrix, 

obtain :

Then, from (vi) and

uo±
fa;T(x,)]2_l i M  ; n  < c o  .

Now, from (iii) and (V) we obtain :

eT D. H. D. B. = (rT + a. TCxOnD-lH. (r. + a.T(x.)D;r;)
i  i  i  i  i  i  i  i  i  t  r  i  l  i  *■

3J D. R. r. = (rT + a. T(x.)rTp;)H; r- • 
1 1 1 1  1 1 1  1 viynLl L

From (iv), (viii), Cx) and (xi) we have

(xii)
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We already know that :

(xiii) ||. pjl ~ ||r(xi) || +|| PjVf(Xj) || .

Define the vector w. = [Xt , jel(x*){ y-? , je£] 

as follows :

A arg*min{ || [N(xi,pi J-:w + Vf(xp || } . 
w

Hence,

(xiv) N(xi,pi) (C N(xi,pi)'Jw + Vf(x.)) = 0.

As ip(x̂ ) -*■ 0, it is clear that :

(xv) X± + X(x.) and ^  -**y(xi) .

Now, w^ is the least squares solution of (xiv). Then, the 

projection of'Vf(x^) onto the null space of [N(x^,p^)j is:

(xvi) PiVf(xi) = Vf(x^) + [N(xi,pi)]A

From (xv) and (xvi) we obtain :

(xvii) ||Pi f(x.) || ~ || V£(x.) + g^(xiH ( x i) + hx(xP  uCxp II

But, i(i(xp £  || r(xi) 1^ .

SO,

(xviii) ip(x̂ ) ~ || r(xi) || .

From (xviii), (xvii), (xiii) and the definition of T(*),

we have



(xix)

(xx)

(xxi)

(xxii)

(xxiii)

(xxiv)

does not 

(xxv)
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T(x.) « || p.

From (ix} j (xi ij erricL Cxix) w e  oUdiri:

Ug = o CHpJI ) i ui = o0lp//.
Hence, from (iv), (xii) and (xx), we have :

H. ^  ~ III2 < II D̂ H.D̂  - I
1 l+l l "p — i l l  “p

(D.H.r.-r.) H.(D.H.r.-i.)2 ^ 1 1 1  i J lv 1 1 1 l'
Tr. H. r.i l l

+  ° c  II P i  I I ) .

Then, to prove the lemma it only remains to show that :

H. 1 - H. -l+l 1+1 C || xOcj.) 11/ II r t p  .

Now , by Proposition I.4.J there exists a r^ > 0 such that

6i i ̂ ill fijl2

As the step length is unity, we have :

6. = p. + p. .i ri ri

We can also see in the proof of Proposition I.4.Q that it 

depend on H5 so that it remains true, that is,

Pi Pi

From (xxiv) we have : || <5̂|| j> || p^ || - || p^ 

Then, from (xiii),

6i ni i  ?iH Pill2 -2 ?ill Pill II Pill +ll Pill2
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As -* 0, we can use (xxv) to see that :

T6.. n. > rl. l. — 1 Pi If - o C|| P in

Then, there exists a r" > 0 such that :

(xxvi) 6i ni ̂  || p± ||2 -

Let N̂  ̂  [N(x̂ ,p̂ )3, for simplicity of notation, 
Now,

(xxvii) pi " qi + ri
where,

and
q. = -B71 N. (NT B^NO'^Cx.) l x x l. i. i i

r- = {B. 1N. (NTb:1NO"1NT. bT1- BT1}Vf(x.). i l, x i x. i J i i i v v

As q. J. r., || p. || >_ || r.
then, from (xxvi) we have ;

(xxviii) <$T r\  ̂ >_ ,rM || r. ||2, r " > 0 .

Now, yT B̂  y _> ŷ  ILy, Vy e Rn.
Then, from (xxvii) and (viii) we obtain :
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(xxix) pTB. p. = rT B. r. + r(x.)(NT B71N.) *r(x.) > r* II r. ||2ri i: i i ll. 1 1 1  i  ̂i — 11 i 11
But,

or
s! B. 6. = (pT  + pT)B. (p.+p.)1 1 1 *̂1 rl !Vil rl

T p ~P p ^  ~ r * .(Si B. 6 . =p. B. p. + p . B. p. +p. B. p. +p. B. p.
i l l  * i  i  * i  F i  i  * i  F i  i  * i  F i  i  * i

Then, by H3a (or P4) , (xxv) and the convergence p^ •+ 0, 
there exists a r^ > 0 such that :

(xxx) (S. B. 6. > r || p. ||2l l l — 2 11 ri11

Now, 6T H. 6. = 6T B. 6. - T(x.) || 6. I l l  1 1 1 .  x 11 .1

Then, from (xix), (xxx) and the convergence of ]| 6̂ || -+ 0, 

there exists a r > 0 such that :

(xxxi) 12

From (xxxi), (xxviii), (viii) and (vii) we can see that all

the denominators that occur in the definitions of H. - and H. arel+l i+l
bounded from below by a multiple of || r̂ jj2.

Now, as shown in the proof of Theorem I.4.V, is the mini­

mum norm solution of :

nT p + r(xi) = 0.

then,



199

where,

(xxxii)

where,

(xxxiii)

e: II r(x.

Also, by hypothesis, || r(.x̂ ) || < || r^

Hence,

H.r.rTH.
1 1 1 1

H.6 .6TH.
1 1 1 1

Tr.H. r. 6TH. 6 .i l l l i  i

Now,

3. = n- + e.i i i

II Sill s II rO p  II •

.[||r(x.) || /|| r. || ]

Hence, from (vii), (xxviii) and the condition ||r(x..) || _< 
, we have :

ei eI
T3 -r.1 l

T
ni ni
nT6.1 1

C II r(x.) || /|| r.|| ]

From (xxxiii) and (xxxii) it is clear that (xxii) is indeed

true and the lemma is proved.
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1.5 Numerical Results

1.5.1 Introduction

In this chapter practical versions of the Basic Algorithm are 

applied to solve the following problems:

Problem A

min (1/2)x^ x^ 
xeR7

subject to:

(x4-x6 ) 2 +. > 4

Cx3 V V 5 )/(x2*x3)%- 1

Cxl V X3X4 + Cx2-xP x53/Cx3+fx2-x1)2l% - 1

x7 —  1. .

CX3 V X2X7)/(V X3)!5- 1
2 2 l'[x x -x x +(x -x )x 1 / Cx +(x -x ) ] 2 > 1 1 5  5 0 2 1 /  5 2 1  —

X1 > 0

X 3  —  °  *

Problem B

min,, e 
xeRb

X1X2X3X4X5

subject to:
2 2 2 2 2-

W X3+V X5 - 10 = 0

X2X3 - 5 X4X5 = °
3 3 -
Xi 2 1 = °
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where,

e is the exponential function.

Problem A is due to Powell (1977) and consists in finding 
the triangle of smallest area that can contain two non-overlapping 

discs of unit radius and Problem B is given in Powell (1969) as 

an illustration of a linear convergent method for solving problems with 

nonlinear equality constraints.
As pointed out by Mayne and Polak (1982) it is possible to 

employ any heuristic for choosing c^ finitely often without destroying 

the results obtained. In the application of the Basic-Algorithm to 

the above problems we incorporate in the algorithm the following pro­

cedure, suggested in this last referred paper, which has the advantage 

of permitting high initial values and low final values for c^. That is

If c. > c(x.), set c. = c. -. l-l —  i i l-l

If c. . < c(x.), set c. = max {c. +A : cfx.)} .i-1 —  i l l-l v i

Set c. = (l/2i)c.i l-l
Set c. = max (c., c.} i i i

Note in this procedure that the problem dependent rule

c. = max{c. - + A; c(x.)} , A > 0 i l-l i
replaces

c. = max{6c. ; c(x.)} , 6 > 1 i l-l v i

something that clearly does not invalid any of our results.

In the solution of Problem A, two versions of the BFGS 

update for constrained problems were used. Namely : a slight modi­

fication of the method suggested by Powell - the estimates X(x^) ,y(x^) 

replacing the multipliers of the quadratic sub-problem in the definition
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of - and the method suggested in the last chapter with the additional
Tpractical feature of only using the matrix J'LI'h in the computation of

ni if T(x^) is small. In order to emphasize the features of the new

update given by I.4.VI, this last method was applied to Problem B.

Two strategies were adopted in relation to the use of the search 
2~arc ap^ + a p^ . First we delay the computation of p^ until T(x^)

<_ e (given small number). Afterwards we compute p from the start.

Because the test w^ = 0 does not affect the rate of convergence (see

Proposition 1.4.G) and as we are interested in the effects of using 
w' ‘ 0QP^ instead of QP^, this test was not used.

In the results of the next section, the value of w^ is given 

as the last element of the vector PI and it is underlined whenever 
different from zero.

The data used was the following :

Problem A

xQ = 3.0; 0.0; 2.0; -1.5; 1.5; 5.0; 0.0; 0.0.

H0

c0

fI

0-
100

o'

0J
, where I is the (7x7) identity matrix.

; A = 1.0; b = 1.0 (definition of c(*)).

e = .5 (test of step 3); £^ = .1 (in the update of I.4.VI). 

3 = .9 (step length procedure).

Problem’B

xQ = 1 .0 ; 1 .0 ; 1 .0 ; 1 .0; 1 .0 ; 0 .0 .

H0
I .. .o'

4

0 . . . 0 ,

where I is the (5x5) identity matrix.
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Cq , A , b , £ , e 1 , 3 are the same as in Proposition A.

The variables involved in the numerical results given in the

next section are defined below:

ICT = Interaction number; COST = f(x^);

X = x. ; XI = ip(x.) ; C = c. ;
1 i i

GPM(X) = X(x.); (MU(X) = pCx.);

TX = min{T(x^) ;

where,

e2 .1 for Problem A 

1*0 for Problem B

ATX = T(x.)l PI = P. ; Lll = p.; l ri

NQACTIV = Number of active constraints at the solution of QP^.
wIQACTIV = Set of active constraints at the solution of QP^

wQPLMD = Multipliers at the solution of QP^

THETA = 0(xi,pi,ci); STEP LENGTH = a. ;l

NEWX = Tx. , ; C = Y- <5. ; C = <5T H. 6.l+l i i i 2 i l l

T
0 . 6 ., in Powell’s update

C3 =
1 1
|| d̂ ||2, in the update of 1.4.VI

C = dT N. NT 6 . ; D = TX || 6 . ||24 l l l l  l 1

T= r)̂  6 ,̂ in the update of 1 .4.VI.

DLGR2 = p.l
CONSTR = h^(xi), j = (in Problem B) .
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Note in the data how x. and H. both have additional elements,
1 1 *

always set equal to zero, as consequence of the inclusion of the variable 

w in the quadratic sub-problem. are \eJji oiA oj- ^coccAorg.

The algorithm is stopped when

II Pi 111 io'5

at the solution of the quadratic sub-problem. The reason for this 

test is that (see Proposition I.4.A) :

II P i  II = ° => x i e

but better stop rules may be found.
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1.5.2 Results

A.1 Basic Algorithm, with the update given by I.4.VI and p. computed after 
T(x^) e , applied to Problem A

ICT-l
THE 1 9Y 3 MATRIX X

3.0 00000 0.. 2.O0CC00 -1.500000 1.500000
5.000000 0. 0.

C OS T » 3 .
XI-2.5
C*50.

THE 1 BY 9 MATRIX GPM(X )
.63599135-03 .129*1966-01 .918*5796-01 .15783ol .*8 17* 5 25-01
.21902675-02 .1656819 .27937166-01 .6609vo2E-01

TX« .1

N0ACTIV*8 
ARRAY rOACTV 
1*1 I9ACTV*5 
I«2IJACTV*3 
I»3I0ACTV* 
I»*I3ACTV*7 
1*519ACTV«2 
1*610ACTV*1

THE 1 8Y 9 
.10*0583 

0.
MAT* IX P L M 0

3.2 37211 
5.* 10 5 20

5.173*00 A.863/52
). 0.

$ 140

THE 1 3 Y 8 MATRIX ?I
2.659575 -1.33d79d

-1.6*8329 1.000000
THETA--119.9976082*22 
STEP LENGTH*!..
THE 1 3Y 3 MATPlxNEWX

5.659575 -1.338798
_ 3 .351671 1.000000

01*^1368935958963 
C2*l3.1173*71*35 
C3* 13. 1173371 * 35 
C *» O'.01*1*31173371*35 
■ r* -  THE NEW UPOATE SCHEME

pARAM*0.
T H E  1 8 Y 8 MATRIX CIGP 2

.8326329 -.56105735-01
-.19560*96-01 .10311595-01

C 5 - * . 365935958963-
THE 8 BY 8 

.7883753 

.2382391 

.2592296 
-. 1670*3*
.1565375E 
.13*3*63 

-.1670*65 
.1020390 
.67971085 

-.*5 360*06 
.2382391 
.8501216 

-.1**8303 
.9093*316 

0.0.*********
ICT-2

MATRIX H
.2592296 

-.1**8303 
.81*09*9 
.1013610 
.1*20158 

-.83175*06-01 
.1139329 

-.61899826-01 
-.5037*326-01 
.27529356-01 

-.1670*3* 
.9093*316-01 
.1013610 
.9**6288 0.

C.

- 0 1

•01
•01

- 0 1

THE 1 3Y 3 MATRIX X
5.659575 -1.838793
3.351671 1.000000

C0ST-10.079357*0166 
XI*.91301*32*995*
C ■ 2 5.

THE 1 BY 9 MATRIX GPM(X) 
.2*172625-01 .1521933
.77988056-01 1.758139

TX* .1

1.561678
•

1.12u902 SocMOOO

3.561378
•

-.3 790933 L,009000

1.28*337
0.

-.13117596-01 -.239°?^3--01

.1565375E-01 
0 • -.1670*65 . o7 37l0°5-r>l
.1*20158 0, .1139329 -. 503'r*3R = -Ol
1.2*3169 

0 . -.100*90* .3*57<»*oc-01
-.100*90* 
0 .

.9306905 . 3 1 0 U 5 M  = -oi

.3*578*86-01 
0 .

.31021506-01 .9863938
.1363*63 

0 .
.1020390 -.*5360*M = -Vi

-.33175*01:—01 
0 •

-.61899o26-01 .275293S=-mi
0.
0.

0. 0.

3.561373 -.3 7909d3 1»COM000
0-.

.2307*96 .*515331 .8*6*17*

.27117*16-01 .993x9716-01

NQACTIV-3 
ARRAY IOACTV 
1*1 I 3ACTV*3 
I-2IQACTV-5 
I*3I0ACTV*7 
I** I9ACTV** 
I«5I0ACTV»1

1 3 Y 9 
5102888

MATRIX GPLhO 
C. 5. 107661 1.51613: 7.921**7
9.208125 0 . 0.
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THE 1 BY 8 MATY I X °I
1.491303 - . 2 5 4 6 L C 6 .1*51452 .43 -. 2 5 74 . 7 '3 4 1 1 '>'»

-.7950**4 .4 L33o7iE-l l ).
Th e t a - - 1 9 , o * 6 2 1 7 0 9 * 4 5  
STEP LE NGT H- 1 .

THE 1 3 T 6 MAT0 [ * »• = ,. X
7,4 5 0 H 7 5 - 2 .  } J79J3
2.544o26 1.000)00

3 . 7 0 7 J 'j o 
0 .

J3 1V 7 4^11’

C 1 ■ . 4 1 3 3 6 0 4 4 h 7 3 *
C 2 -3.009J051.68L7S 
C3-5.1949C1998278 
C A- 0.
01 5 1 93 901 99* 2 78
IN THE N E J LOCATE SCHEME
PARAM-0,

THE 1 BY

C 5 ■

THE

A T 9 I < l* L 01
2869*35 -. 3* 1 = 2* 7*-01
5411382E-01
613880554739

.85*22*73-01

8 8 Y 3 MATS IX H
9529354 • 4 7 1 * * 9 5 E - 0 1
2664053 .* M5 * 9 3 ■,*—Ui
871***53-01 .7*7*554192^603 . 1 v 4 11 ,7933147
7443*566-01 . 1 2 1 7 6 74 c- )1
2 9 0 6 5 5 9 .1 4 9 7 V i

, v C h i  » i t'
“ :*231^0£-OZ
:2664043 
,3*87389_
,^599356-0 1
. 4,3603 17E-0 1 

0.
0 .****#♦♦**

ICT-3

THE7 5 5 0 S 7 5 3 MATOI-2!o ^ ^ 3
h l l l l l l  1.000000

COST-13.9957956*592 
XI-.19229319013o8
C ■ 16.8 9 9 6 6 8 8 * * 2 2

— , 6*9 102 3 £ — 01 
— . 135*760 
,1 5C7610 

-.1*70603 .636R317E-C1 
. 1 5 0 11 C 6 
.005*614 

0.
0.

^• 6268 726
j .

-.90**19 1 4-01 -. 13 7° * i ” -M l

• ? 9 3 51 6 7 — .2*«jI679 - . J 2 * 1 M 8 1

. 10 \> 3 d 3 9 . 1 0 = * 7 V 1 - . 1 9 5 * 7 4 *
1.642417 

J .
- . i * 4 3 c 5 3

- •L * * 3 - 5 0 12J*71 M6_r>i

• ■> * 2 (. 1 1 \j

-.*1235719S-01 .9993733c —0 2 . 673* 794

*76834 5t>E—01 .119*831 . 4 2 31 *90 = -'”

* 121 7676E-G1 
0 .’
0 .
0 .

-.8991023c-0 1 .L50741M

0. 0.

3.707066 
0 .

.1531593 • 1. 7 85 11’

THE 1 BY 9 MATRIX G3M(X) 
.3100919 •199*631
,41 51974E-01 9.935051

2.90*360 2.*91292 9.96',9°2
• il 793 7 * t-Jl .232319Ot“01

TX-.l
NO ACTiV-5 
ARRAY IQACTV 
1-1 IOACTV-3 
1-2 IOACTV-7 
I-3IOACTV-5 
I-9I3ACTV-1 
1-5 IQACTV-9

1 BY 9 MATRIX OPLMO 
29390*0 0. 2.990232 1.820*73

5.353063 0. 0.
5.93490*

THE 1 3Y 8 MATRIX °I
-1.06*660 .6*63519
-.3517*56 -.9947387E-01

THE TA--3.79*64256 L023 
STEP LENGTH-1.

,*H (,0166c-01 .1660931
*379678 — 01

536”'3 91 --91

THE 1 9 Y 9 
6.996219 
2.209*91

,M A T 0 I x .N E 4 X
-1.241057

."551213
Cl»-.07911639*9*211 
C 2 - 1.5 1*9 21 1 4 59 32 
C3* 2.0153*109665*
C * - 0 .
01- . 2015391096559 
THE VECTOR NN T-0 I WAS SFT TO l - l  
IN THE NEW 'JPOATE SCh EMP 
RARA.M* 2.367760993735

3.659069 
0 .

THE 1 BY 9 MATRIX 
-.95*9593 
.4959021

C 5* .9030682193307

CLOP 2
1302511
8 * 3 5 9 50E-C1

-.6099932
0.

THE 8 3Y 4 MATRIX 
.730912* 

-.6659693.12650*1
.3670673 
.9296933 

-.9731626 
.3901209 

-.1572996 
-.6591807 
.6373697 

-.6659693 
1.346771 
.1*96*25 

- . 5373223E-01 
0.
0 .

H
12850*1 
i*96925 
5685183 
1177326 
1911311E-01 
1919620 
2276917 
3*0 99 9 5 E-0 2i 3 2 6 0 J 4
7l-**2l3E-01 
3 o 7Q6 7 3
’I73224E-L1 
1177328 
1231069

.4296933
0.
.1*115112-01
2.692323 

3 .
, . 99 32843 

-!5195078
n ,
-.9731620

"! 19 19 4 20 
). 
j •
J .

.3912029

-.39173d!

» 3*01209  
- . 2 2 7 6 9 1 7  

. 9*32883  
1.C7027C 

— . 3725130  
- . i .572'9 9 6 

« 3 * «, * * 9 6 c — 2 
0.

1..43871*

. 3 7 0? 3 mo

-.*591 h ̂  7  

-. 1 3 245”

- .  3 724 ’ 30

• * 3 * ’ 4 ’ 0 
. 4 3 7 8 4 4 7

. 7 1 9 * 2 1 3 = - Ml
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*«•*«««*+i c r ■*
THE 1 BY a 

6.9 9*2 1 <.
2. 2 06 d 8i

M A T R [ t X
- i . 1 3 1 j 5 7 
.9351113

3. t 5 909 6i. . 3 6 1 2026 1 . j 3 J 7 l *•

COST-1 1.06671779609 
X I - .03228719125116 
C-16.36921977096
THE 1 BY 9 

.6112221 
-.27955 76E'

MATRIX G R " (X )
-. 89R1221E-01 

-01 5.06 30*9
3.601017 
.1116 9 9 GE— 01

2.3>jC762
-,o37u2o7E-02

5.o5a 39?

TX- . 1
NQACTIV-5 
ARRAY IQACTV 
1-1 IDACrv-1 
I-2I0ACTV-3 
I»3 IQACTV-5 
I -6I0ACTV-7 
I-5I0ACTV-6

*

THE 1 BY 9 
.8016671 

0 .

MATRIX CPLMD 
0.
5.069673

6,136616 
0 .

2.396670
G.

5.98599*

THE 1 BY B MATRIX PI
-1.0^5501 .6335692 .3812165 .3066120
.1398239 .2129639E-01 .23o33 76E-01

THETA--1.717266866255 
STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX
5.960713 -.6176877 6.C60279 .6693166 2,00*363

• 2.366705 .9763662 0 .
CI^TS? 1902232037*
C 2 - .3623696996397 
C3-1.762086079521 
C 6* 0.
01-.1762086076521 
IN THE NEW UPDATE SCHEME 
PARAM-0.
THE 1 8Y 8 MATRIX 0LGR2

-.6663636 -.92*60066-01 -.7936865E-01 -. 5663152E-01 ,2160073.8657520 -.1222265 0.
C 5 - .5619022320376 •

THE 8 BY 8 MATRIX H
.8258303 .26 79665 .9350690 .3617825 -.5059910

-.99*5771 .2526392 0.
.2679665 .5265097- •2350286E-02 -•2UC6165 -.276**75
.1186395. .1266936 0.
.9350690 .285O28ofc-02 2.696515 .6626009 -.5C09573-1.173957 .1596997 0.
.3617825 -.2008165 .6626069 1.067903 -.3330126-.1705875 .19357725-01 0.

-.5050010 -.2766*25 -.6006573 -.3330126 .*6
.6062995 ♦2035201E-01 0.

-.9965771 .1186395 -1.173957 -.1705875 .*069*95
1.910709 -.26*6658 0.
.2526392 . 1266936 .1596997 .19357726-01 .20 3* 701c-91

-.2686658 .9506569 0.
0 . 0. 0. C. j •0.*********

ICT-5
0. c.

THE 1 BY 8 MATRIX X
5.6607L3 > -.6176077 6.060279 .6698166 2.Q53***
2.366705 .9763662 0.

COST-11.03160235681 
XI- .06 31720725 7105 
C -18.36921977096

THE 1 BY 9 MATRIX GPM(X)
.7316869 -.2902627 c-01 6.007791 2.067918 5 . 2  6"T9 9 "5
-1693216E-03 6.626019 .65009596-02 — . 365o 9636—0 2

TX-.03135270395615

n q a cT T v .5
ARRAY IQACTV
I-1IQACTV-1
1-2 IQACTV-3
I-3IQACTV-5
I-9HACTV-7
I-5IQACTV-9

THE 1 BY 9 MATRIX CPLMD
.8567637 0. 6.662886 3.027962 5.637996

0. 6.385636 0. 0.

THE 1 8Y 8 MATRIX PI
-.6751720 .6368723
.98771036-01 -.23657936-01

THETA--1.065801621177 
PASSED TEST OP STEP 3

3855739 .2928591
67091726-01

23 39 709

THE 1 3Y 5 MATRIX 111
.1951609 -.23252636-01 .2665520 ,o239935c-0i . R3 9a£*93"-“'i
.15300806-01 .67091726-01 0.

STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX
6 . 98066 2 - . 3  3 630 396 — 0 2 6 . 6 9 6 7 0 6  1 . 005018 2 . 3 90 .̂9 9
2 . 658777  l.OOOOnn 0 .
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Cl- ,3996Pe7^P23A6 
C 2-.29b3A190A]b82 
C 3-1.1629267117?6 
C8-0.
01- .03686095908122 
IN THE NE l> UPDATE SCHEME 
PARAM-O.

THE 
“ •

C5-!

1 br 0 H AT P IT DLGR2 
A 7 7 0 2 6 5 -,6965083t-C2
8 A 5 5 A e1 -.5909lP6fc-Cl
3996P876023AO

.96639386-02 
0.

6611008E-02

THE 8 BY 6 MATRIX 
1.328019 

-1.662206
.297F07Q 
•356712°F-G1 
1.067939 

-1.60182P 
• 3 6669 5 5 

-.2812862 
-.9718138 
.3228188 

-1.652206 
2.956280 
.2932568 

-.2728192 
0.
0.*********

ICT* 6

H
.2976679 
.2932568 
.5232058 
.136E78U 
.3592E65E-01 
.2199260 

-.2055823 
.2B17368E-01 

-.2626690 
.296O938E-01 
•3567139E-01 

-.2728182 
.1366780 
.9858819 

0.
0.

1.057939
0.
-.3592885E-01
0.
2.826659 

0.
. 8281002

0.
-.6325681
(>.
-1.601826
0.
.2199250

0.
0.
0.

.3666955 
-.2055823 

.8261002 
1•Oo3b96 

-.3367856 

-.2812882 

• 2 817368E-Q1 

0.

THE 1 BY 8 MATRIX X
8.980652 -.386P039E-02 8.698705
2.856777 l.OUOLGO 0.

COST-11.69181622556 
X 1 » .01836001308852 
C-16.36921977098

1.0C5018

THE 1 BY 9 MATRIX G M I X )
.0851201 -.38*17506-02. 8.061763
.5178036E-02 3.608311 .18770666-02

3.219658
-.11860356-02

TX- .000233061 1387779
H0 A C TIV■5
ARRAY IQACTV
I-lIOACTV-1
I-2I0ACTV-5
I-3I3ACTV-3
I-8I0ACTV-8
I-5IQACTV-7
THE 1 BY 9 MATRIX OPLMD

.8581872 0. 8.762880 3.303591
0. 3.628007 0. 0.

THE 1 BY 5 MATRIX PI 
• -.7375261E-01 .3767929E-01

-.93132856-02 -.61861956-12
THETA--.2902918806918 
PASSED TEST OF STEP 3

ITHE 1 BY B MATRIX Lll
.71858965-03 .12582706-03

-.2100738F-03 .10021556-11
STEP LENGTH-1.

THE 1 BY 8 MATRIX N6«<X
8.907688 .33936636-01
2.889253 1.000000

cT-To 0 29 37236202738 
C 2 - .008338850752607 
C 3 - .01022891995898 
C 8-0.
01-.000002998277885859 
IN THE NEW UPDATE SCHEME 
P ARAM-0.

THE 1 BY 0 MATRIX OIGP 2
-.87881876-01 -.23912866-01
.31183806-01 -.33320136-01

C5*.002937236202738

• 5566Q7GE-010.

.7331819E-03
0,

8.751099
0.

IE 8 Br 8 MATR-IX H
2.070872 .6636910

-2.975721 .8290565 0.6636910 .7008530-.6096392 .8055557 0
.3037176 -.53002276-01-1.178658 .13931606-01 0.3129357 -.2307100-.1838616 -.12801286-01 0-.3320108 -.2230867
.50398686-•01 .1861885 0

-2.975721 -.6096392
5.183515 -1.190813 0
.8290565 .8055557

-1.190819 1.323102 30. 0. 0
0.. . 0. 0

.19905086-01 0 •

.9087176

I5308227E-01
1.356328

•8138126
*8689062

1.178658 '
*1393160E—01

.12210886-01

.3885119E-08

1.017188

.36768786-02

.3129357 

-.2307100 

.8138128 

1.06b996 
-.3823689 

-.1838616 
-.12881286-01

1 8 5ARB'3c-ni

— .8 71°13P 

-  • 2 P Z*' n 3A 
-.632*6Q1
-. 336705*- 
.66853?A

. 32 2=<1 oo
,29 6' 'e>?8c-ni

0.

2.39*8 30

8.870935

5.02638?

• 5 6 3 0 n 7C-M?

— •866?3 38--08 

2.396061

-.1O70O37E-O1

-.3320108
-.221Q867

- .868308? 
-.3823600 
.6560327 

.5u3966ac-01 

. 18 81 885
0 0
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*********
ICT-7
THE 1 *5 Y 3 H T CI< x

4 . 907644 .33 9 35)05=-CL 9 . 7 5 1 0 9 9
2 . 999253 l.OUCOOO 0.

C QS W 1 . 655 35070096  
X I - . 0000020997 11 713722  
C - 1 6 . 35921977099

1.017199 2,399091.

™ E '1AT:* ** .*14-00036-02 9.  735969
*.2933599E-02 i .  5 22769 ,5745774t-03

TX- 3. 071775219827E- 7
N3ACTIV-5 
ASSAY 10AC TV 
I * 1 19 A C. r V « 1 
I -2 I OAC TV-5 
I*3I3ACTV*3 
I « 9 l ‘3ACrv»9 
1-5 IOAC TV-7
THE X 8T •3609936  

0.
9 MATRIX OPLMO

0.
3 . 501132

9 . 7 7 9 9 3 9  
0 .

3 . 2ol 922  
.5 bo00936-03

3 . 306399
0.

9.9117*6

9.393572

THE 1 3Y 3 MATRIX PI
- . 3 6 6 5 5 2 2 E - 0 1  . 52551 7 9 5 - 0 2

35 321 38E-02 . 7 9 0 4 4 3 3 5 - 1 0
THETA*-.0 0 1 l.5 0 0 1H384935  
PASSED TEST Or STEP 3
THE 1 0Y 3 MATRIX 

. 1 8 0 1 9 7 2 5 - 0 3  
- . 3 9 3 0 3 5 5 = - 0 9  -

STEP LENGTH*!,

I l l
21540445-04 
7 *047835-10

• 3 5023 5 5E-J1
3.

. 1900920E- 030.

2 6 0 9533c —02

3955339E-C5

119»7V3e_nt

3095176C-0'.

THE 1 3Y 6 
4 . 6 71177  
2 . 9 9 0 6 6 6

matrix n 5 y *
. 3 9 2 1 3 9 0 6 - 0 1
1.000000

C l » . 0 0 0 5 9 9 9791509653  
C2- . 001090591052109  
C 3 * . 0 0 2 8 0 0 9 1 9 1 5 1 2 7  
C9- 6 . 97770 9 2 0 5 9 1 6 E- 1 1  
0 1 - 8 . 6 2 6 8 1 6 9 9 9 0 7 6 E - 1 0  
IN THE NEW UPCATE SCHEME 
P A R A-M » 0 •

4.706317 0 . 1* 019756 2 . 4  07 9=17

THE 1 3Y 8 MATRIX DIGS?
- . 1 9 5 9 8 7 3 F - 0 1  - . 6 8 7 3 9 9 8 6 - 0 2

. 3913517 e - 0 1 - . 1 7 6 5 0 5 6 E - 0 3
C 5 - . 0005999793509653

. 1630O11E-O1 0 • 3187h 28E-03 - . 329740?=-01

THE 8 BY 8 .MATRIX H
2. 973352 . 5701757 . 6989088 . 3560381 . 3695484- 9 . 0 9 1 7 2 9 . 5695923 0.
. 5701757 . 9033201 . 1108117 - . 1 9 1 0 7 9 5 . 2u9??03- . 7 1 8 2 3 8 0 . I 0 4 9 o 5 9 0.
.693AcJc3 . 1103117 1 . 991528 . 3699392 — 1. 9 7?? 15- . 3 7 3 3 9 8 ? . 2976511 0.
. 3560331 - . 1 9 1 0 7 9 3 . 3699392 1 . 063881 - . 3295951

- . 2 0 2 5 9 5 2 . 1 4 9 7 6 0 0 5 - 0 1 0.. 8695659 . 2092203 - 1 . 9 7 2 9 1 5 - . 3 2 9 5 9 5 1 2. 65???  1.- 2 . 3 3 6 2 5 2 . 1716918 0.- 9 . 0 9 1 7 2 9 - . 7 1 8 2 3 8 0 - . 3 7 3 8 9 8 2 - . 2 0 2 5 9 5 2 - 2 . 3 34 ? 5 ?7 . 603092 - . 9 0 2 8 0 2 2 0.
. 5695923 . 10 8 9-659 . 2976511 . 199  7600£—01 . 1714910

- .  902802? 1 . 089065 0.0. C . 0. 0. 0.0 .*********
IC T = 3

0 . 0.

THE ! i f  3 MATRIX x
9 . 3 7 1 1 7 7 . 39213906- 01 9 . 78  6 i  1 7 1.0197. )  0 2 . 90?4 0 7
2 . 9  90666 1 .' 0 C G 0 C .C O S T - l l . 55799960939  

X l * 5 . 0 691513533 31 E-7 
C* 1 6 . 359?  1.97 70 S
THE l  BY 9 MATRIX GTP'M ( X )

. 8558325 -  • 3 7 2 1Q97E-03 9 . 7 7 9 0 9 3 3 . 339330 4 . 8 7 1 ?58• . 1 7 0 1 5 6 5 E- 0 2 3 . 966223 . 3C73639E-03 - . 3 0 3  71985-03
TX*6.6266326146155-8
NQACTIV-5
ARRAY 1QACTV
I*1I9ACTV*1
I ■2 13ACTV «5
1*310 ACTV»3I»9IQACTV*9
I-5IQACTV-7
THE 1 9Y 9 MATRIX QPL.MD

. 8553956  0 .  9 . 7 9 8 9 7 5  3 . 3 7 2 1 8 3  9 . 851576
0 .  3 . 997921  0 .  0.

THE 1 BY 8 MATRIX PI
— .9006327=-01 -.1699733E-01 .33939275-01
-.177 5.5J12P- OL -j_L5.71 3 3 9.6-Q3. 0 ,

6669 311c - 0  2 . 91 7= 791 = -n->



210

THETA*-.OK
pas s e d  test  nr ' . i ff  ?
THE 1 9r 4 “AT PI x 

.2255921F-*3 

. 17 A 6 a j : . = - C A 
STEP LENGTh -J.

THE 1 BY 8 MATRIX 
A.B3133Q 
2. 422929

Lll
• 1 b? 79 S i E - 04 
. 1 1,71 329 6 - 0 6

M -X
.221 97746-01
1.000000

. 2 h93£v‘i s F-0 3
0.

4.625551 
0 .

. 33Gu721F-04 A30730'3C-OA

1.011x27

C l * .0007207 Bc3?7031 3 
C 2 * .000926‘'2 6b6d3b4o 
C3-.0038P.fc 2 53 1 00323 
C 4 » 9 .9880 i 3520*. ?> 6 -13 
Dl-2.576022 36] 5?‘.E-1C 
IN THE NEW UPDATE SCHFMF
PARAMO.
THE 1 5Y 8 HAT:IX 

-.1567150=-01 
.3139352E-01 

C 5* .00072 87S532763x 3

DIGS 2
97S0736E-C2
795‘*47cE“04

T H E  0 B Y  B  H A T H  I X  H
2.759774 .7136323

-4.631308 .6038991
.7136323 .4461759

-1.092010 .1526849
. 2954030 -.1160515E-C1
.5481135 .1987313
.3270197 -.2360801

-.1946919 .39887486-01
1.701344 .5081549

-4.264245 .3065323
-4.681308 -1.092310
8.936084 -.9290134
.6038091 .1526849

-.9290134 1.068012
0. 0.

. o.* ********
ICT-9

0.

THE 1 9Y 9 1 ATP IX X
4.931339
2.422929

COST-11.65693726849 
XI»7.9849961576096-7 
C*18.36921977094

.22197795-01
1.000000

THE 1 BY 9 *1A T 9 I X GPM(X) 
9548791 .34637966-03
4534390E-03 3.411445

TX-1..925611311433E
NO ACT IV* 5 
ARRAY IQACTV 
I-1I JACTV-1 
I-2IQACTV-5 
I *310 AC TV * 3
1*410 AC TV*4
I-5I3ACTV-7

9

THE 1 3Y 9 
.3541994 

0.
MATRIX QPIMO

U 3.425297

.23525656-01 -.44215325-03 43C’ p *0s- ^
0.

.28540309 .3270197 1.701 "*4 4
- I11605156-01 
0 •

-.2360601 .5681540
L . 6 Z 9 9 5 6  

0 •
.46db8 76 -2.450113

• *686376 
0 •

1.034799 -.4484500

-2.*5011.3 
0 •

-.4484509 5.C13R4P
* 5*81135 

0 •
-.1946919 -4.264245

.19873139 t .39367486-01 .3065323
0.
A _ 0. 0.

4.825551 1.011127 2.4166210.

4.820266 3.401258 4.83*224
• 16413231— 04 -. 15o 55536-04

4.dl7065
0.

3.396359
0.

4.839609

THE 1 8Y 9 MATRIX PI .
-.53200466-02 -.15 e 39 a 9e-01
-.71949266-02 -• L2118 ? lb-0'9

• THETA--.0001396413x27135 
PASSED TEST OF STEP 3

: THE 1 3Y 9 MATRIX L U
.11639925-04 -.96 4 9133 E-C5
.11122335-04 .12113315-09

STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX
4.826031 .6346057E-02
2.415755 1.000000

Cl - .0001002195 471709 
C2- .00013084679819 
C 3 - .0004225212385089 
C4-1.34L08295408E-12 
01-8.136116763477E-13 
IN THE NEV UPOATE SCHEME 
PARAM-O.

THE 1 BY 8 MATRIX DLGR2
.1323490E-02 -.2720028E-02

-.26489315-02 -.36088395-05
C 5-.0001002195471709

.326193 be—02 
0 ,

.14931006-04

4.830828
0.

. 6588643E— 02 0.

-• 7 962 7 ILiE-O2 -. 77 49*3 5 = -01

. 11631556-04 . B20*,'l?. = -07

1.003175 2.41*946

-. 3216600E-04 -.1319530 = -01

THE 8 9Y 8 MATRIX H
2.568304

-4.146890
.7436156
.5425326

.2715840 
0 .

.4076158 1.564799
.7436156 

. -1.200535
.4992129
.1721200

-.1586235 
C .

-.2607617 .9341637
.2715840
.6497708

-.1586235
.1689094

2.214454
0.

.5056698 -3.290914
.4076158

-.4146616
-.2607617
.63661556-01

. 5056698 
0.

1.003393 -.4587064
1.564799

-4.018132
.9341637
.3180304

-3.298814
0.

-.4587864 6.746306
-4.146890
7.453999 -1.200535

-.7618229
.6487708

0.
-.4146616 -4.019132

.5425326
-.7618229

.1721200
1.050823

.1689094
0.

•6366155E-01 .3180304
0. 0. 0 . 0. J3 «0. •0. Ov
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ICT-10
THE l  9V 9 MATRIX <

6. 326031  , o363057E- 02  
2 . 615755  i . 000000  

COST-11. 65636263833  
XI* 3 . 787666360555E—3 
C - 1 8 . 36921977096

6 . 3 303 28 
0 .

1. 003175 2. 61^866

THE 1 BY 9 MATRIX GPM(X)
. 8539306 . 1367852E- 03  
-<*378529E-06 3.<*08513

6 . 8 2 9 5 6 7  
- ,  19Q75O6E-06

3. 615621  
. 19927O1E-06

6 . 825669

TX- 1 . 626962620913E- 11
N0ACTIV-5 
ARRAY IOACTV 
I-1I0ACTV-1 
1-2 IQACTV-5 
I-3I0ACTV-3  
I-6IQACTV-6 
I-5I9ACTV-7
THE 1 8Y 9 MATRIX QPIMD 

. 3536695 0.
0 .  3.<*15772

6 . 6 2 6 5 3 6
0 .

3 . 611613
0.

6 . 3 30009

THE 1 BY 8 MATRIX PI
.  17522266- 02  1- . 6115911E-02  

-•16<*713 5 6 - 02  . 1 3677956- 11
- . 1 7 6 0 C2 3 E- 0 2  
0 »

- . 3G60326E- 02 —. 16 103 77E- 0 ?

THETA--,  oo ’JO 1602-892!3 35 
PASScO TEST OF STEP 3
THE 1 BY 8 MATRIX L11

. 6567673E- 12  .136<*2<*2E-11 
- .  3520<*36E-0o . 3528622E- 06  

STEP LENGTH-. 59CA9
. 1 366262E- 11

0 .
• 3 52u6 77 c—0 6 - • 3 5285 31 “ - 06

THE 1 8Y 8 MATRIX m Ew X
<*. 827066 . .2 736673c- 0  2 
2 . 616782  i .  300000

6 . 3 2 9 7 8 6
0.

1 . 001368 2 . 615013

Cl-*.0066iAAo36010 967b 
C2-.3000156522<*6<*71o6 
C 3 - . 000067666 6131 3567 
C 6 - 1 . 635573207975- 15  
Dl - 9 . 3 7 8 6 1 6 0 7 2 2 9 O6 —16 
IN THE NEW UPOATE SCHEME 
PARAM-O.
THE 1 BY 3 MATRIX DLGP2

• 2605112E- 02 - . 2b76279E-03 
- . <*3176396- 02 - . 2 2 9 6 2 5 1 E - 0 5  

C5-  . 00001 <*663601096 78
. 6633333E—03 

0. . 1 9 2 6 3 9 9 6 - 0 5 — . 12961039- 02

THE 8 BY 3 MATRIX H
2 . 662650  . 7015072  

—3. 765998  . 5030262  
. 701507? . 5061669  

- 1 . 1 1 6 7 6 7  . 1723363  
. 6561303 - . 1 7 0 9 5 5 9  
. 2603127  . 1765163  
. 6673771 - . 2 6 1 0 6 6 6  

- . 5 6 3 9 2 8 5  . 6P08621E-01  
1. 101676  . 9592066

. . 6561303
- ! l 7 0 9 5 5 9
0.

2 . 2 3 2 3 1 7
0.

. 6 9 7 0 3 1 6
0.
- 3 . 3 2 0 6 7 1

. 6673771  
- . 2 6 1 0 6 6 6  

• . 6970316  
. 9966731  

- . 6 3 0 9 5 6 8

1 . 101976  
.  95 9’ 066 

- 3 . 3 2 0 6 7 1  
- . 6 3 0 9 5 6 0  

6 . 765087
- 3 . 0 3 0 1 9 6  .299R031  
- 3 . 7 6 5 9 9 6  - 1 . 1 1 6 7 6 7  

6 , 6 01505  - . 6 7 3 1 0 6 7  
. 5050262  . 1723333  

- . 6 7 3 1 0 6 7  1 . 067912  
0 . C .

0 .  0.  
* * * * * * * * *

ICT-11

0.
. 2 6 03127  

0 *
. 1765163

0 .

J .
V .

- . 5 6oV2b5 
.  o 3086-2 l c  - 0  1
t

- 3 . C30196
.2999011

0,

THE 1 BY 3 MATRIX x
6 . 827066  . 2735673E-G2  

„ 2 . 616762  l.OOOOCO 
COST-11. 65685236636  
X I - 6 . 7 6 8 5 5 1 5 6 2 5 0 6 E—7 
C - 1 0 . 36921977096

6 , 3 2 9 7 3 8
0. 1 . 001368 2. 615013

THE 1 BY 9 MATRIX GPM(X)
. 3537157 ,  636906 1E-0 6 
♦ 12 31900E-06 3 . 611261

6 . 8 2 9 2 5 9  
- .  LI0 7663c—06

3 . 61523C 
. l l u 8 t 3 8 E- C6

6 . 626799

TX- 1 . 666039730525E- 12
NOACTIV-5
ARRAY IQACTV
I-1I0ACTV-1
I-2IQACTV-5
1-3 IQACTV-3
I-6I0ACTV-6
I-5IOACTV-7
THE 1 3Y 9 MATRIX QPLMO 

. 8535630 0.
0.  3 . 616396 6 . 6 2 8 2 2 3

0 .
3 . 613935  

0.
6 , d 28 603

THE 1 BY 3 MATRIX PI
. 1307661E-0 2 - . 2 7 5 3 9 8 1 = - 0 2  

-..59.1.79 3 8 E-Q3 - .  123J38aE- Jf
- .  13 08 5 2 1 1 —0 2 
0  .

- . 137V5526- C2
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THETA* - .00000'-? 05 3 V- 244 2 201 
PASSED TEST OF STEP 3

THE 1 AY 8 MATRIX L11
.4547473E-12 . I1o a 2*.2s- U

- . 1095L38E-06 .10964226-06
STEP LENGTH-,9

THE 1 3T 8 MATRIX NEVX
A , 8 2 02 A 3 . 2 5 3 5900 E-0 3
2.414249 l.OOOOCO

Cl- .0000033440 5078591 A 
C2-.000003A35077*12110 
C3-.70001 39069215 3047 
CA-A.O03OAA591O2E-13 
0 1 • 2 . 2 0 9 1 3 <, 5 3 6 0 A E -1 7 
IN THE NEW UPDATE SCHEME 
PARAM-O.

THE 1 BY 8 MATRIX 0LGR2
.1343255E-02 -.14210632-04

-. 265 7&736-02 -.12915936-06
C 5-.000003394850785914

A,3 2 8 2 A 3 . 2535900E- C3
2.A1A2A9 l.OOOOCO

COST-11. 6 5 6 3 51037A7 
XI-A. 602115A5978OE-7  
C- 18. 3692197709A
THE 1 BY 9 MATRIX GPM(X)

. 3535683 . 9770591E- 05
- . 2 7 5 5 131E-06 3 , 41 3 0 5 2

T X - 2 . 2712951360675- 13  'NQACTIV-5 
’ ARR AT IOACTV 

1*1 IOAC TV-l  
! I -2 IOACTV-5 

I-3I3ACTV-3
! I-A I 3AC TV-A
; I -510 AC TV-7

THE 1 BY 9 MATRIX Q P L M 0 
. 8535503 0 .

Q. 3 . 01 0 2 3 5

. 1360202E-110.

0.0286 11 
0 ,

.3558710£-J<+
0.

THE 8 3 Y  8 MATRIX H
2.016173 .6393116

-3.630029 .0939533 0.
.6893116 .5001290 " •-1.092019 .1722325 0.
.5023395 -.17o 72 o 3 2
.1661613 .1750306 0.
.0795310 -.2609219

r.5738356 • 6 J 2 80 31E-01 o!. 56 57139 .9590567 -3
-2.793118 .2983762 D.
-3.680029 -1.092019
6.177130 -.6500756 o l
.0939533 .1722325 • .

-.6500756 1.007766 0.
0. 0. 0.
0.********* 0. 0.

ICT-12

THE 1 BY 3 MATRIX X

0963338

1661613

0.328611

0.323566
-•10712185—05

. 1Cv 5 i 795-06 -. I0463<’l = -r>6

1.000127

, 0 795310 

-.2609219 

.0963038

• 9960096 

-.0290352 

-.5738856

• 6820021£-01

0.

1.000127

2 . 01010^

» 755*. 7M5E-07 -. 7G19704C-OA

.9857199 

.9580667 
-3.31*>31c 

-.A29n 3 5 ?

6 . 7373P7 
-2.793110 

.2933762 
0.

2 . A 1A X 0 *

3.A1A395 0.020213
.10712565-05

6.3280070. 3.010185
0. 0 . 82PA07

THE 1 Br '3 MATRIX pi 
1793522E-03- -.2566835£-03
38 020675-00 r . 10UL.5.79.E-06.

THET4--.000006250665062737 
PASSED TEST OF STEP 3

- . 1 7e3956t-03Oj. 1231993E-03 3906A?6=-o<.

THE 1 BY 3 MATRIX 111
0. .90949075-12 .9090907E-12 .13602025-11 . 1 364 ?4? = -1!
.1313909E-11 .10139895-11 0.

STEP LENGTH-1.

THE 1 BY 8 MATRIX NE-X
0.820022 -.30930005-05 0.828032 .9999985 2.414915
2.01A211 l.OOCOOO J .

C 1» 3.6 71 75 93 2'9 5* 6 E -8 
C2-3.683222096379E-E 
,C3-1.5536610Q]556E-7 
,C0«2.78160?3958O3E-13 
iDl-3. 5‘tC160O32636E-2O 
I N  THE NEW- UPDATE SCHEME 
, PARAM-O.

i THE 1 BY 9 n n i X  D L G R 2
. 1 5 382665-03 .1035 573E-0A -.2 5010 2 3 5-0*1 -.3 5732001-06 .50Isq57=-0A

. -.30635505-03 .35594636-05 0.
C5-3.67176M329506E-fc

THE 8 BY 9 MATPIX H
2.390979 .6726169 .5524713 ,489o914 ,8641901

-3.583035 .4041533 0.
.6729169 ,5017746 -.1641338 -.2549957 .4420040

-1.0664?C .1713382 0.
.5524713 -.1641330 2.212572 .4939705 -3•2 77612
.5918715E-01 .1773664 0.
,4996914 -.2599957 .4939705 ,99o2131 -.42 3 0 0 77

-.594678a .654 70A9E — 01 0.
.8541991 ,9*.25u42 -3.272612 -.4230622 6.630^8°

-2.515392 .2931954 V •
-3.583025 -1.056420 . , 591 6715t-01 -.5906764 -2.515299
5.913279 -.6344163 J •
.4841333 .1713902 .1773654 . 664 7 049E—01 • 2 9 31 15 r> 0

-.6344183 1.047562 0.
0. 0. u . 0. 0.
0. V . 0.
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Basic Algorithm, with the slightly modified Powell’s update and 
computed after T(xi) £  e, applied to Problem A.

*********
ICT-1
THE 1 BT 8 MATRIX X

3.000000 0. 2.000000 -1.500000 1.50"nno
5.000000 0. 0.

COST-3.
X I - 2 . 5 
C-50.
THE 1 BY 9 MATRIX GPM l X )

.63 599 13E-03 .129 A 196£-01
•219Q287E-Q2 .1856819

9 1 B9579E-Q1 .1575361 . A b 1? 9 5 ’ = -n 1
2793 71fat-01 .6609962E-01

T X ■ 1.

NQACTIV-6 
ARRAY IOACTV 
I-1 IOACTV-5 
I-2 1QACTV-3 
I-3I0ACTV-9 
I-9IQACTV-7 
I•5 10AC T V *2 
I-6IQACTV-1

THE 1 BY 9 MATRIX OPLMO 
•1090683 3.237211

0. 5.<*10520
5.173*000. A .8667920. 6 . JIA^’ 3

THE 1 BY 8 MATRIX PI
2.659575 -1.838798 1.561876 1.120902-1.698329 1.000000 

THETA--119.9976082922 
STEP LENGTH-1,

0.

THE 1 BY 8 MATRIX NEWX
5.659575 -1.838798 3.561878 -.37909833.351671 1.000000

Cl-9.365935958963 
C2-18.1173871935 
IN POWELL UPDATE SCHEME 
PARAM-1.

0,

, DOOonno

1.0QO000

THE 1 BY 8 MATRIX 0LGR2
.8326329 -.5610578E-01 1.28*337

-.1956099E-01 .1031159E-01 0.
C3-9.365935958963

-.1311759E-01 -•2 8 9R 2 7 36-01

THE B BY 8 MATRIX H
.7683753
.2382391

.2592296
-.1998303

.1565875E-010. -.1670965 .678719«E-'U
.2592296

-.1670939
.8190999
.1013610

.19201580. .1139329 -.503793?=-01
.15658756-01
.1363963

.1920158 
-.8317 5 90 E-01

1.2931690. -.1009909 .39578986-01
-.1670965
.1020390

.1139329
-.6159982E-01

-.10099090. .9306905 .310*1506-01
•6787108E-01 

— .95 36090E-01
-.5037932E-01
.2752935E-01

,395789 8E-01 
0.

.3 102160E-01 . 9*J68'3‘?r
.2382391
.8501218

-.1670939
.9093931E-01

.13639630. .1020390 -, 953609"c-f)l
-.1990303
.9093931E-01

.1013610

.9998288
-.8317590E-010. 6189982E-02 .27529356-01

0.0.*********

oo 0. 0. 0. 0.
ICT-2

THE 1 BY 8 MATRIX X
5.659575 -1.838798
3.351671 1.000000

COST-10.079357A0166 
XI- .9130193299959 
C-25.

THE 1 BY 9 MATRIX GPM(X) 
•2917262E-01 .1521963
• 7798805E— 01 1..75ei89

3.561878

.2807996 
• 27117AIt— 01

-.3790983

.9515331
•993x971E-01

1 . 0 0 0 0 0 0

.8966126

TX-1.
7T0 A'CTT V ■ 5 
ARRAY IQACTV 
1-1IOACTV-3 
I -21QACTV-5 
I-3IQACTV-7 
I-AIOACTV-9 
1-5 JQACTV-1
THE 1 BY 9 MATRIX QPIMD 

.5102888 0.
0. 9.208125

5.107661
0.

1.516185
0.

7.921*67

f
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THE 1 b r 0 HATt-' IX PI
1 . 891300  - . 2 5 0 6 1 0 0  . 1951862  . 5392076  . 78511??

- .  79 5 09 9 6 . 6 2 9 5 9 0 9 6 - 1 1  0.
TH6TA--19. 09621709989  
STEP LENGTH-1.
THE 1 BY 8 MATRIX NEwx

7 . 550875  - 2 . 0 9 7 9 0 8  3 . 7 0 7 0 6 6  . 1551593 1 . 73511?
2 . 556626  1.000CU0 0 .

Cl* . 6136605567958  
C 2 - 3 . 009095168212  
IN POWELL UPDATE SCHEME 
PARAM-1.
THE 1 BY 8 MATRIX 0LGR2 - • 3 3 7 I,9 5C< = -012869935 —. 3 5 1 0 2 5 7 E-01 . 6263726 - . 9 0 9 9 198E-01

5 8113 8 2 E - 0 1 
6138805587988

, 38922  978- 01 0 .

8 BY 8 MATRIX H - . 2 9 0 0 5 8 9 - . 3 2 9 1 9 5 "9529355 • 6719895E- 01 . 2938167
2665053 . 995993  5 E- 0 1 0 .

. 1 Cb9791 - . 195A76A6 7198 9 5 E - 0 1 , 7979556 . 1003639
1920603 . 1561106 0 .

- . 1 9 9 3 8 5 0 - . 1 2 3 5 7 i a = - « l2938167 . 1003639 1 . 88 2 8 1 7
7883956E- 01 . 1217676E- 01 0 . . 9993739C-0?2906589 . 1069791 - . 1 9 9 3 3 5 0 . 9920110
1199831 - . 6 9 9 1 0 2 3 E - 0 1 0 .

. 9993733E-02 . 6 739‘, 363291950 - . 1 9 5 9 7 6 6 - . 1 2 3 5 7 1 9  E-01
9231990E- 02 . 1507610 0. -

. 9 2 3 1 9 9 " =- " ’2665053 - . 1 9 2 0 6 0 3 . 78839 56 E-01 . 1199831
8987889 . 6 3 6 9 3 1 7E-01 0 .

- . 6 9 9 1 0 2 3 E - 0 1 . 15076109959935E- 01 . 1561106 . 1 2 1 7676E- 01

6369317E- 01 . 9059615 0. 0 .0 . 0. 0.
0. 0 .0.

0.*********
ICT-3

THE 1 BY 0 MATRIX X
7.550875 -2.097908
2.556626 1.000000

COST-13.995 79569597 
XI- .1922931901356 
C-16.89966589926

3.707066
0.

1551593 1. 78511?

THE 1 BY 9 MATRIX GPM(X) 
.3100918 .1999631
.6151979E-01 9.935051

2.909380 2.991292 9»96,9?2
•1179379E-01 .2325190E-01

TX-1.
NOACTIV-5 
ARRAY IQACTV 
I-1IQACTV-3 
1-2IQACTV-7 
1-3IQACTV-5 
I-9IQACTV-1 
:I-5IQACTV-9
THE 1 BY 9 MATRIX QPLMD

.2939090 0. 2.990232
0. 5.053063 0.

1.820973
0.

5 . 936999

THE 1 BY 8 MATRIX PI
-1.069660 .0963519
-.3517956 -.9987867E-01

THETA--3.799682581025 
STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX 
6.966219 -1.251057
2.209881 .9551213

'Cl--.07911638993296 
C2-1.519921155979 
IN POWELL UPDATE SCHEME 
PARAM-.7626799050368

THE 1 BY 8 MATRIX DLGR2 
-.2969777 .1138903
.3967997 -.5357203E-01

C 3 - .3028892311958

THE 8 BY 8 MATRIX H
.5073162 .1959139

-.3993085 .1066626 0
.1959139 .5955930
.2696685 .1312199 0
.6793828 . 502 2967E-01

-.7173371 .1112765 0
.1276068 -.1582531
.1365107 -.3699A91E-01 0

-.5570638 -.1586975 —
.9689199 .9206573E-01 0

-.3993085 .2696685 —
.9336299 ,773 3109 E-02 0
.1066626 .1312199
.7733109E-02 .9198993 0

0. 0. 0
0. 6. 0

-.9 800166 E-01 
.99 878 6 7 E—01

3.659069
0.

-.59333500.

.6793828 

15022967 E-01 

2.760950 
12980695

.1112765

. 1860931 . 536"3«1P-"1

. 3912029 1 . 8 3 0716

- . 1 7 6 8 6 8 0

. 1276068
- . 1 5 8 2 5 3 1

. 2980695

. 0838218
- . 2 9 6 9 3 9 1

. 1365107
- . 3 6 9 9 9 9 1 E - 0 1
0.

. 322*630

-.5570*30
-.1506975
-.5378335

-.2960391
.987710?
.9680199
•9206573E-01

0.
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*********
IC T ■ 4
THE 1 BY 3 MATRIX X

6.A 862 1* -1.251037
2.2 0 A 8 8 1 . 'V 5 51213

COST-11.86679779607 
X I- .08228719125265 
C-18.36921977093
THE 1 BY 9 MATP I X & P M (X )

.6112221 -.89A1221E-01
-• 2 7 9 5 5 7 A E-01 5.0o30A9

TX*.32*212186*552

NUAC r 1 V-5 
ARPAY IQACTV 
1■1 IQACTV■ 1 
I-2 IQACTV-3 
I-3IOACTV-5 
I-AIQACTV-7 
I-5 IQACTV-A
THE 1 BY 9 MATRIX QPLMD 

.7955867 0.
0. 5.11*922

3.65906A
0.

3.601017 
,111* 9 90 E“01

.361202*

2 . 3007*2  
• . o37u237E- 02

1. 8 3̂  71 6

5.65q70?

<i. 19*125
0.

2.232978
0.

6.03160”

THE 1 BY 8 MATRIX PI
-1.5AA858 ,861*935
•15*1217 -. 5861787E-02

THETA— 2.0A879A2239 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX Lll
.2008367 .A808073E-02
.18 8 568 5 E-01 .507A0A6E-01

STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX 
5.1*2193 -.38*755*
2.377859 1.000000

"Cl-1.119039783*7 
C2-1.90062286996*
IN POWELL UPDATE SCHEME 
P ARAM*1•

.A1SAAA9 • 3b53067

.507A0A6E-01

• *316625 
0 .

A.509172
0.

.1020185

.8085276

.2671053

.187*566

2 . 293P75

. 1 BY 8 MATRIX DLGR2
•6676656 -.96AA810E-01 .88903AAE-01 -.696215AE-01 .6086327P-01
1.397317
1.119039783A7

-.15982A8 0.
8 BY 8 MATRIX H

.8872385 .2689832 •7A3083A .1913071 -.5369518
1.12669* .2150076 0.
.2689832 •5A0831A - .5996011E-01 -.1709157 -.211*06*
.1010232 .13A052A 0.
.7A3083A -.5996011E-01 1.963506 .9618A32E-01 -.9056980
.9*51957 .12 912 AAE-01 0.
.1913071 -.1709157 •9618A32E-01 .861512* -.3185*96
.1210882E-01 -.A266351E-01 0.
.5369518 -.211A0bA -.9055980 -.3185*96 .8183555
.3878585 .A3b2783E-01 0.
1.12669A .1010232 -.9*51957 -.1210882E-01 .3870585
2.53559A -.22798A8 0.
.2150076 •13A052A • 12812AA E-01 -. A266351E-01 . A36?7<n = -01
•22798A8 .9285219 0.
• 0. 0. 0. 0.
• 0. 0.*********

ICT-5

THE 1 BY 8 MATRIX X
5,1*2193 -.38*755*
2.377859 1.000000

COST-11.593516*9*28 
X I-.03737*591*0851 
.0*19.36921977093

THE 1 BY 9 MATRIX GPM(X)
.792*523 -.1215683E-01
•A7819A0E-02 3.932037

TX- .003596952001138
NQACTIV-5
ARRAY IQACTV
I-1I0ACTV-1
I-2IQACTV-3
I-3IQACTV-5
I - A IQAC TV-7
I-5IQACTV-A
THE 1 BY 9 MATRIX QPLMD 

•85*1355 0.
0. . 3.798319

A.509172
0.

A .A 97769 
.3510898E-02

.5085276

3.095386
-.1963515E-02

2 . 293?7a

5.08891?

A.956991
0.

3.SA9135
0.

5 . 11695?

THE 1 BY 8 MATRIX PI
-.3729530 .3772396 .3335720

, .3A5AA58E-01 .3A31033E-09 0.
THETA —  .7071255623A83 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX Lll
•2375516E-01 .3179723E-02

-.10A5522E-01 -.3A25526E-09
STEP LENGTH-1.

THE 1 BY 8 .MATRIX NEWX
A,792995 -.A 3360AAE-02 A.868AA3
2.A019A9 1.000000 0.

. 1 8 6 8 0 6 2

.2569959E-01 .3AA1591S-020.

.9987753

. 132A?6?

. 112nn76c_^2

2.A 26 8 2 A
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Cl- .0997728*3*0987 
C 2-. 1061777365939 
IN POWELL UPDATE SCHEME 
PARAM-1.

THE 1 BY 8 MATPIX 0LGR2
-.2727913 -.6 3 990* 5E-01 .8023163E-01 -.3158256E-01 -. 690'571oc-01
.578*176 -.7A8OA30E-O1 0.

C 3■ .0997728*3*0967

THE 8 BY 8 MATRIX H
1.633002 .***821* .5319222 .2 78313* -.3797*A«

-2.702570 .*167810 0.
.***821* .572*319 -.1993706 -.1576908 -.12616*3

-.3298797 .1900830 0.
.5319222 -.1993706 1.208606 .5282752E-02 -.5120*2*

-1.038388 .2769353E-01 0.
.278313* -.1576908 .52 82 7 52E-02 .8662732 -.26*5*5*

-.2398365 -.1296628E-01 0.
-.3797868 -.12616*3 -.512082* -.26*5858 .6150781
.3*57569 .A75A979E—01 0.

-2.702570 -.3298797 -1.038388 -.239fa3b5 ,3*575*0
5.508*58 -.6105256 0.
.*187810 .1900830 •2769353E-01 -.1298628E-01 .*75*0208—01

-.6105256 .9777353 0.
0. 0. 0. 0. 0.
0.*********

ICT-6

0. 0.

THE 1 BY 8 MATRIX X
2.*2A*2**.792995 -• A3360AAE-02 *.868**3 .9987753

2.*019*9 1.000000 0*
COST-11.6672133*661 
XI-.0007687467673156 
C-19.36921977093

THE 1 BY 9 MATRIX GPM(X)
.8530271 • 7895031E-03 A.871395 3.*777*2 A.79f>311

-.92*230 5 E-0 3 3.356776 -.2503792E-03 .2505658E-03

TX-7.A05393128506E-7
NQACtl V-5 
ARRAY IQACTV 
I-lIQACTV-1 
I-2IOACTV-5 
I-3I3ACTV-3 
I-A1QACTV-7 
I-5IQACTV-A

THE 1 BT 9 MATRIX QPLMD 
.850*182 0.

0. 3.375697
A.853597 3.*601330 . 0 .

*.79931*

THE 1 BY 8 MATRIX PI
• 16 7 5605 E-01 -.1399110E-01
• 38 52502 E-0 3 .2A89955E-08

THETA--.02519097795758
PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX Lll

.55015 88E-0* .1061A29E-0A
-.33961A5E-0* -.2 *899*8E-08

STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX
*.809806 -.1831632E-01
2**02300 1.000000

-.2131815E-010.

•A891350E-0A
0.

*.8*717*
0.

790883*6-02

•7256226E-05

.9908736

.9811651F-0?

. 173A°9RC_o*

2. *16005

Cl-.0001*6613233*65 
C2- .0002*0781191502*
IN POWELL U P D A T E  SCHEME 
PARAM-1.

THE 1 BY 8 MATRIX DLGR2
•11630A0E-01 .1507213E-02

-.268087AE-01 -.3917908E-02
C3-.0001*6613233*85

-.6876712E-020. 92509A6E — 03 .16010R5C-01

THE 8 BY 8 MATRIX H
2.097320 .2908772 .39*3259 .2 *51** 5 .76*3597

— *.030683 -.3225* 87E-01 0.
.2988772 .*3*1056 -»33 7*13faE-01 -.209912* -. 229*986c-01

-.1*28*32 •6855870E-01 0.
.39*3259 -.337A136E-01 1.16807* •5b73*20E-01 -1.16*7*0-,*917303 .3362830 0.
•2A51AA5 -.209912* . 5673*20t-Oi .8*73360 -.1881 9*5-.2233272 -.7031376E-01 0.
.78*3597 -.22VA966E-01 -1.1667*9 -.16619*5 2.3 300* 5

-2.397271 -.*1272*9 0.
-*.030683 -.1*28*32 *917303 -.2233272 -2.397’7]9.019093 .350239b 0 .
-.3225A87E-01 .6855670E-01 .3362830 -.7031376E-01 *1273*9
.3502396 1.039516 0 .

0. 0. 0. 0. 0.0. 0. 0.
• ICT-7

THE 1 BY 8 MATRIX X
*.809806 -.1831632E-01 * .8*717* .9906736 2.*16995
2.*02300 1.000000 0.

COST-11.65698*77189 
XI-3.*21007903626E-7 
C-19.36921977093



THE 1 0Y 9 MATRIX GPM ( X )
.8524201 .1 <>2 1 750E-03

-.802280SE-03 3.391831
TX-3.75393222544QE-9
NQACTIV-5 
ARRAY IQACTV 
I■ 1 IQACTV-1 
I-21QACTV-3 
I■3 IQACTV- 5 
1-4IQACTV-7 
1-5IQACTV-4

THE 1 BY 9 MATRIX QPLMO 
o .8523306 ^3.392030

A. 6 52816 
1373731E- 03

4.846467
0.

3 , 449723  
. 1 3 726x 4 6-03

3.441559
0.

4.809?7?

4.807880

THE 1 BY 8 MATRIX PI
.1074242E-01 .1835109E-02
• 3 7992 3 7E-02 - . 21538 3 3E-10

THETA--.0001012135014269 
PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX L11

- . 1086521E-01
0.

, 90 A1 9 9 7 E —03 - .  288?MOP-n?

• l702406E-04 
-.12 2 A965 6-0 5 

STEP LENGTH-1.

•3653520E-08
•2153655E-10

THE 1 BY 8 MATRIX NEWX
A.820568 -.18A808 5 E-01
2.A06098 1.000000

Cl-.0000A98168A087A87 
C 2- .000095506102 80919 
IN POWELL UPOATE SCHEME 
PARAM-1.

THE 1 BY 8 MATRIX DLGR2
• A9291A8 E-02 .2A20A7AE-02

-.9827637E-02 -.1660001E-OA
C3-.0000A98168A087A67

THE 8 BY 8 MATRIX H
2.561916 

-5.0AA7A0 
• A806131

.A806131 
— .119A297E—01 
. A07A193

.1748063E-0A
0.

A .836326
0.

-,58 56226E-02
0.

-•7726176E-01
0.
-.A383169E-01

.123351AE-05

.9917792

-.5520223E-04

.2070207

-.29h 1869

-. 344?5?4 = -*5

2. 414108

. 117T190=-M1

1.86A706

.3509155

-.7244101 .1225977 0.
-.7726176E-01 -.4893169 E-01 1.353335 .2155928 -2.17037?
.8578933 .2358159 0.
.2070207 -.2941B89 .2155928 •80125b7 -.312056?

-.2712854 — .392810IE-01 0.
1« 8 64706 .3500155 -2.179372 -.3120562 4.8269?b

-4.849163 -.3420945 0.
— 5.044740 -.7244101 .8578933 -.2712854 -4.84016?
10.88279 .3930706 0.

-.1194297E-01 .1225977 .2358159 -.392B101E-01 -.3420045
.3930706 1.018677 0.

0. 0. 0. 0. 0.
0.*********

ICT-8

0. 0.

THE 1 BY 8 MATRIX X
4.820566 -.1648085 E-01 4.836326 .9917792 2.414108
2.A06098 1.000000

COST-11.65691512AA2 
XI-8.35212A325A8AE-9 
C-19.36921977093

THE 1 BY 9 MATRIX GPM(X)
•85255A3 -.1076857E-03

- • A896239E-03 3.A07A81

TX-9.317900028927E-10 
NQACTrV-T 
ARRAY IQACTV 
I -1IQACTV-7 
1-2IQACTV-1 
■ 1-3 IQACTV-3 
I-AIQACTV-5 
I-5IQACTV-A

THE 1 BY 9 MATRIX QPLMD 
.8529872 0.

• -0. 3.400493
THE 1 BY 3 MATRIX PI

•8939749E-02 .88867026-02
•57A2739E-02 .5403482E-09

I19A18978863 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX Lll
#13522996-04 -.AA 68628E-U5

STEp6f?i5S6rSE. I ? 5 - • 5 « 3 < ,6 « - 0 9

t h e  1 8Y 8 MATRIX NEWX
A.829519 -.7598617E-02
2.A118A7 1.000000

0.

A.8A0633 
-.55213066-04

3.432578 
.5 552o59t-0A

A.837284 0.  .

-.9002598E-02 0.

.15 89124E— 04 0 .

A . 827340
0.

3.A29A01
0.

.AA1885AE-02

.5292952E-C5

A.829842

■ 9 962 0 3 4

A.818519 

-.132*D«3*?-0?

- .  215357«;c-05 

2.41778?



Cl- .000061 3622 6174 522 
C2 - .00008084142004401 
IN POWELL UPDATE SCHEME 
PARAM-1.
THE 1 BY 6 MATRIX 016*2

.2267610E-O2 .27858246-02
-.45185066-02 - . 5 1 4 504 3 E-0 5

C3« .0000613622&174522

THE 8 BY 8 
2.558302 

-4.932722 
.6634794

-1.104622 
. -.4733749 

1.825079 
.1957691 

-.2371201 
2 . 482949 

— 6.228169 
-6.932722 
10.32506 
.3390392E 
.2662571 

0.
0.*********

MATRIX H
.6636796 
•3398392E-01 
.6608303 
.8020163 E-01 

-.2175938 
.3166620 

-.2870230 
-.36110026-01 
.8667662 

-.6079230 
-1.186622 
.2662571

-01 .80201636-01
.9963667

0.
0.

-.67066296-02 
0 .

-.6733769
0.
-.2175938
0.
1.336169 

0 .
.2032759

0.
-3.636567
0.
1.825078

0.
.31666200 .

0 .0 .

-.39610536-06

.1957691 
-.2970230 
.2032759 
.3001866 

-.3069206 

-.2 3712U1 

-.3611U02E-01 

0.

ICT-9
THE 1 BY 9 MATRIX X

6.929519 -.75986175-02
2.611867 1.000000

COST-11.65636686155 
Xl-O.
C-19.36921977093
THE 1 BY 9 MATRIX GPM(X)

.8530988 -.1755185E-03
-•1065737E-03 3.618306

TX-3.203389593899E-11
NQACTIV-5 
ARRAY IQACTV 
I-1IQACTV-7 
1-2IQACTV-1 
1-3IQACTV-3 
I-6IQACTV-5 
I-5IQACTV-4

THE 1 BY 9 MATRIX QPLMD 
.8533678 0.

0. 3.609337

6.827360
0.

6.828999 
•1068076E— 06

.9962036

3.615693
-.1039265E-06

6.831562
0.

3.619573
0.

THE 1 BY 8 MATRIX PI
•3552810E-03 .5081O19E-O2
• 2181977E-02 .2698628E-09

THETA--.00001579237099072 
PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX Lll

.11836266-05 -.1006682E-05

.83686 59E-06 -.2698628E-09
STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX
6.829876 -.1718603E-02
2.616030 1.000000

Cl-i00001228606779662 
C 2-.00001566507666039 
IN POWELL UPDATE SCHEME 
PARAM-1.

THE 1 BY S MATRIX DLGR2
-.12 906 07E-0 2 .6856867E-03
.2579071E-02 -.6312901E-06

C3-.00001228606779662

THE

-• 3616611E-03
0.

.13 86536E— 05
0.

6.826979
0.

-. 1650679E-020.

ICT-10
THE 1 8Y 8 MATRIX X

6.829876 -.1718603E-02
2.616030 1.000000

COST-11.65685520825 
XI-9.665797051639E— 10 
C-19.36921977093
THE 1 8Y 9 MATRIX GPM(X)

.8536516 -.7169666E— 06

.6883761E-05 3.616970

6.826979
0.

6.827270 
.11677 07E-06

.2936U13E-02

•1381673E-05

.9991607

-.2598026E-05

8 BY 8 MATRIX H
1.984212 .6416417 -.3266430 .1768260
3.552438 .1403924 0.
.6416417 .4955352 -.3078112 -.2353094
1.157440 «7265788E-01 0.
.3266430 -.3078112 2.054905 .2029034
1.540556 .3186938 0.
.1768260 -.2858094 .2029034 .7996646
.1929533 -•3122978E-01 0.
1.781981 1.056131 -3.893765 -.3172085
4.711022 -.3549951 0.
3.552430 -1.157440 1.540556 -.1929533
7.024463 -.1320721E-02 0.
.1403924 .7265788E-01 .3186938 -.3122978E
.1320721E-02 .9784048 0.
• 0. 0. 0.
• 0. 0.

.9991607

3.612672
-.1167634E-06

.13411

2.48*949 

, 64 6* 442 
-3 .4  345*7 
-.3069746 
7,5 8600? 

-6.22*140 

-.4079**0 

0.

2.41278?

4.830037

4.824891

.755541 4 C - m

.1421OOPC-04

2.410538

.330**9*F-0?

1.781981

1.056131
-3.893765
-.317*085

6.298017

-4.71102*
-.3549951

0.

2.413538

4.8 3008 9

TX-2.3^070138 8 5116-13



NQACT I V-5 
ARRAY IOACTV 
I*1 IQACTV-7 
I*2 IQACTV-1 
1*313 AC TV*3 
I * A IQAC TV-4 
I*5 IQACTV-5
THE 1 BY 9 MATRIX QPIMD 

•8535140 0.
0. 3.413299

A.029010 
0 . 3.415216

0.
A .82774?

THE 1 BY S MATRIX PI
-.11619796-02 .16953756-02
• 2596713E-0 3 -.A 7B12 A2E-09

THETA--.000001 736 A 15502027 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX Lll
.A5A7A7A6-12 .13&A2A2E-11

-•6118A12 6—0 7 .61 130226-07
STEP LENGTH*.25A1865828329

THE 1 BY 6 MATRIX NEWX
A.829580 -.12876616-02
2.A1A096 1.000000

^2 *1.1163653638656-7 
IN POWELL UPDATE SCHEME 
PARAM-1.

THE 1 BY 8 MATRIX DLGR2
-.25538246-03 -.16AA8AOE-0A
•5106A30E-03 -.3102036E-07

C3-1.0189517571AE-7

,1160565 E —02
0.

.136A2A2E-11
0.

A.82727A
0.

•3968332E-0A
0.

. 8A 75 759E-03

.61 18821E-07

.9993562

• 9 766613E-03

. 58846* ° = -07

-. 6112M3P-07

2.4 1 3 4 * 7

- .  7927.S25P-04

8 BY 8 MATRIX H
1.614625 .5422165 -. 26108 67E-01 .1664710 .904?O*l
2.660023 .2124939 . 0.
.5422165 .4785972 -.2584961 -.2872501 .9189716
.9372655 .8269613E-01 0.
• 26108 6 7E-01 -.2584961 1.911896 .2069998 -3.4981*0
.8788530 .2901483 0.

-.3282*01.1664710 -.2872501 .2069998 .-7995589
.1706787 -.3049286E-01 0.
.9042081 .9189716 -3.498180 -.3282301 7.212007
2.792328 -.2781818 0.
2.660023 -.9372655 .6788530 -.1706787 -2.792328
4.909991 -.1564331 0.
.2124939 •8269613E-01 .2901483 -.30492866-01 -.2781*1*
.1564331 .9732670 0.
• 0. 0. 0. 0.
9 0. 0.*********

ICT-11

THE 1 BY 8 MATRIX X
4.829580 -.1287661E-02
2.A14096 1.000000

COST-11.65685472506 
X 1*2.159131184953E-8 
C«19.36921977093
THE 1 BY 9 MATRIX GPM(X)

.8534772 5534636E-04
•6888547E-05 3.416383

TX«9.503845021976E-14
NQACTIV*5
ARRAY IOACTV
1*1 IOACTV *4
I-2I0ACTV-1
I-3IQACTV3
I-4IQACTV-5
I-5IQACTV-7
THE 1 BY' 9 MATRIX OPLMD 

.8535492 0.
0. 3.414117

4.327274

4.827487
.91131346-05

.9993562

3.A129 5 5 
-.9113010E-05

2.4176*7

4.829744

A.828489
0.

3.414320
0.

4 . 82*7*7

THE 1 BY 8 MATRIX PI
-.11342016-02 .1301776E-02
•12B4711E-03 -.3829882E-08

THETA*-.000001459453583741 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX Lll
•4547473E-12 .1364242E-11

-•4828376E-0 7 .4825738E-07
STEP LENGTH*.2541865828329

THE 1 BY 8 MATRIX NEWX
4.829292 -.9567669E-03
2.414128 1.000000

Cl*7.3i9O95l0A30AE-8 
C2*7.3305378910766-8 
IN POWELL UPDATE SCHEME 
PARAM-1.

THE 1 BY 8 MATRIX DLGR2
-.22685 59E-03 -.2538 A30E-0A
.45363466-03 -.2135242E-07

C3-7.31909510A304E-8

.11332296-02
0.

•1364242E-11
0.

4.827563
0.

0 . 6124988E— 04

.65084076-03

.9995216

. 5227544 = -'!*

• A 829285E-07 -.A82*320 = -07

2.417820

.12012596-07 - . 122AA10F-03



THE 8 BT 8 
1.578652 

-2.570619 
.5306079 

-.9119181 
•8999601E
• 80 3 3 9 13
• 1659017 

-.1685160
.8028296 

-2.578229 
-2.570619 
9.695866 
.2207077 

-.1730505 
0 .

• 0.* ********
ICT-12

MATRIX H
.5306079 
.2207077 
.9763719 
.83698826-01 

-02 -.2522602
.2876507 

-.2873803 
-.3098199E-01 
.9026932 

-.2728950 
-.9119181 
-.1730505 
.83698026-01 
.9731772 

0 .
0.

THE 1 BY 8 MATRIX X
9.829292 -.95676696-03
2.919128 1.000000

COST-11.65605991802 
XI-3.905396853395E-8 
C-19.36921977093
THE 1 BY 9 MATRIX GPM(X )

.8539960 -.913 2 39 IE-09

.53299196-05 3.915838
TX-3.79691882628E-19
NQACTIV-5
ARRAY IOACTV
I-l'IQACTV-9
I-2I0ACTV-1
I-3I0ACTV-3
1-9 IQACTV-5

.89996016-02
0 .
-.2522602
0.
1.8996900 .
.2073290 

0.
-3.959287
0.
.8033913

0.
.2076507

0.
0 .
0.

9.8275630.

9.827720
.683l665t-05

I-5IQACTV-7
THE 1 8Y 9 MATRIX OPLMD 

.8535530 0.
0. 3.919209

9.628933
0.

THE 1 BY 8 MATRIX PI
-.8628836E-03 .9581181E-03
.86239596-09 -.6021097E-08

THETA--.000001199507909511 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX 111
• 95 9 79 73 E-l2 .1369292E-11

-.2729568E-07 .27285056-07
STEP LENGTH-.3986789901

THE 1 BY 8 MATRIX NEWX
9.828991 -.6226918E-03
2.919159 1.000000

C1-7.699902587551E-8 
C2-7.698857903936-8 
IN POWELL UPDATE SCHEME 
PARAM-1.

THE 1 BY 8 MATRIX DLGR2
— .23 399 51E-0 3 -.2767989E-09
.9678392E-03 -.21955296-07

C3-7.699902587551E-8

-.6226918E-03
1.000000

9.828991 
2.919159

COST-11.65685920918 
XI-9.199579935206E-8 
C-19.36921977093

THE 1 BY 9 MATRIX GPM(X)
.8535166 — .26919 75E-09
•3502632E-05 3.915272

•8623739E—03
0.

.1369292E-11
0.

9.827863
0.

0.
66791196-09

THE 8 BY 8 MATRIX H
1.579303 .5291250

-2.559396 .2219029 0
.5291250 .9760806

-.9086503 •S389168E-01 0
.1385912E-01 -.2519033
.7928791 .2873039 0
.1653307 -.2873888

-.1683738 -.30981916-01 0
.7889997 .9009890

-2.599090 -.2721951 0
-2.559396 -.9086503
9.668359 -.1759937 0
.2219029 • 8389168 E-01

-.1759937 .9731759 0
0. 0. 0
0.*********

ICT-13
0. 0

THE 1 8Y 3 MATRIX X

. 1385912E— 01
12519033
1.892299

12073995

3.998213

1 7 9 2 8 7 9 1

’1 2 8 7 3 0 3 9

9.827863
0.

9.827966 
• 99 592 89 E-05

.1659017 

-.2073803 
.2073290 

.7995575 
-.3289217 

-.1685160 
-.3098199E—01 

0.

. 9995216

3 • <.13266 
-.68316226-05

3.919229
o;

.9 790 3 30E-0 3

• 2729978E-0 7 

.9996887

•5791591E-08

.1653307
-.2973888

.2073995

.7995575

-.3289631

-.1683738
-.3098191E-01

0.

.9996887

3.913595 
.9959269E-05

. 8020 796 

. 90 2^9 
-3 . 9 5AP97 
-.3239717 

7.103957 

-2.578?79 
-.2729A50 

0.

2.9139?0

9.829916

9.828970

.39300586-03

- . 2 7 2 0 O 9 A C - O 7

2.913957

- . 133533ic_rn

.7089997
,9009960

- 3 . 9 9 9 7 1 3
-.3289631

7,08990*'
-2.599090

-.2721951

0.

2.9139S7

9.629072

TX-1.190307308389E-19



NOACTIV-5 
ARRAY I 0 A C T V 
1-1 I3ACTV-A 
1-2 IOACTV-1 
I-31QACTV-3 
I■A 13ACTV-5 
1-5 IQACTV-7

THE 1 8T 9 MATRIX 0PLMD 
.8535533 0.

0. 3.A1A213
A . 828A 28

0.
3 . AiA21A 

0.
A . b 2° A ? 7

THE 1 BY 8 MATRIX PI
- . 5636981E-03 .622bb79E-03
.55130C0E-0A - . 7 199 A 3 2 E-0 8

THETA- — 8.9121 8 5161227E — 7 
PASSED TEST OF STEP 3

.5635295E-03
0. .3113307E-03 .256’067K 7

THE 1 BY 8 MATRIX 111
.A 5 A 7 A 7 A E-l2 .13bA2A2E-ll

— • 116089 7 E-0 7 .1160931E-07
STEP LENGTH-.6561
THE 1 8r 8 MATRIX NE*X

A.828621 -.21A1A62E-03
2.A1A195 1.000000

Cl- 1.15706A05S728E-7 
C 2-1.1569068A916E-7 
IN POWELL UPDATE SCHEME 
PAR AM-1.

THE 1 BY 8 MATRIX DLGR2
-.207O629E-O3 -.3 A26180E-0A
• 5 7 A08 68E-0 3 -.310819AE-07

C3-1.15706A05B728E-7

.136A2A2E-11
0.

A.828233
0.

.8271289E-0A
0.

11613C6E-07 lifaORjTc-07

9998929 2. AIAIP^

-.53C3121E-08 - . 16 51 75 ] c-c>7

THE 8 BY 9 MATRIX H
.78635101.57A153 .5290193 • 1A65777E-31 . 165A092

-2.558555 .22217A8 D .

.5290193 .A 760575 -.2512826 -.297379A .90G19A 5
-.90837A3 .8387A22E-01 0. -3.AA71«7•1A65777E-01 -.2512926 1.891800 .2073218
.791125A .2872252 0. -.3289177• 16 5A 0 9 2 -•287379A .2073218 .7995575

-.1685308 -.30A81A2E-01 0.
-.3289177 7.087078.7869530 .90019A 5 -3. AA7187

-2.5AA693 -.2719877 0 .
-2.5AA693-2.558555 -•908 37 A 3 .791125A -.1685308

A.66559A -.1759886 0. -.2719577.22217A8 •8387A22E-01 .2872252 -.30A81A2E-01
-.1759886 .973175A 0.
0. 0. 0. 0. 0.
0. 0. 0.*********

ICT-1A
THE 1 BY 8 MATRIX X

A.828621 -.21A1A62E-03
2.A1A195 1.000000

COST-11.65685A0773 
XI-A.328671820986E-8 
C-19.36921977093
THE 1 BY 9 MATRIX GPM(X)

.8535A07 -.9256256E-05

.121203AE-05 3.A1A578

TX-2.630671360932E-15
NOACTlV-5
ARRAY IQACTV
1-1IOACTV-A
1-2 IQACTV-1
1-3 IOACTV-3
I-AIOACTV-5
1-5 IQACTV-7

THE 1 BY 9 MATRIX QPLMD 
•853553A 0.

0. 3.A1A21A

A.828233

A.828268 
• 15 33017E— 05

.9998929 2 ,.A 1A1 7 5

3.A1A00C A .8 286 A 9
1533016E-05

A.828A270. 3.A1A21A A.828A770.

THE 1 BY 8 MATRIX PI
— .19A09816-03 .21A1315E-03
.188A309E-0A 7502223E-09

THETA--6.81A031876765E-7 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX Lll
0. .909A9A7E-12
.1818989£-11 .1318989E-11

STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX
A.828A27 -.1A73591E-07
2.A1A21A 1.000000

.19AlA71E-030.

• 909A9A7E-12
0.

A.828A27
0.

1070 6C 6 E-0 3 . 8827100E-0A

136A2A2E-11 .136A7A?c-11

1 . OOOGOO 2 . A 1A ? 1 A



Cl-3.181101 1 1O427E-0 
C2-3.10O964739421L-8 
IN POWELL UPDATE SCHEME 
PAR AM- 1.

THE l 8 Y 8 MATRIX DLGP2
-.15O5023E-O3 -.18O4109E-G4 .4353713E-04
.30120616-03 .1108437E-07 0.

C3-3.L31101110427E-8
THE 8 8Y B 

1.574970 
-2.559981 
.5292801 

-.9088712 
.1494458E 
.79049 1 7 
.1655500 

-.1688125 
.7066042 

-2.543876 
-2.559981 
4.668032 
.2222098 

-.1760587 
0.

.0 .

MATRIX H
.5292001 
.2222098 
.4761002 
.8 38 78 39E-01 

-01 -.2512955
.2872150 

-.2873626 
— .3048144 E —01 
.9002471 

-.2719674 
-.9088712 
-.1760587 
.83878 39E-01 
.9731754 

0.
0.

.1494458E — 01 
0 .
-.2512955
0.
1.8915660.
.2072811

0.
-3.446734
0.
.7904917

0.
.2872150

0.
0 .
0.

*********
ICT-15

THE 1 BY 0 MATRIX X
4.828427 -.1473591E-07 4.828427 .
2.414214 1.000000 0.

COST-11.65605421449 
XI-7.965674342358E-9 
C-19.36921977093

THE 1 BY 9 MATRIX GPM{X)
.8535534 -.8153501E-09 4.828427
• 06 74761E-09 3.414214 .2464417E-09

TX-6.345196909843E-17
NQACTIV-5
ARRAY IQACTV
I■ 1 IOACTV-4
I-2IQACTV-1
I-3IQACTV-3
I-4IQACTV-5
I-5I0ACTV-7

THE 1 BY 9 MATRIX QPLMD 
.8535534 0.

0. 3.414214
4.8284270.

THE 1 BY 8 MATRIX PI
-.3408769E-07 .1563026E-07
-.1086501E-0 7 .6039613 E-l3

THETA--1.161325941108E-7 
PASSED TEST OF STEP 3

THE 1 BY 0 MATRIX Lll
0. ,9094947E-12
.1818989E-11 .1818989E-11

STEP LENGTH-1.

THE 1 BY 8 MATRIX NEWX
4.828427 .8952643E-09
2^414214 l.OOOOOU

Cl-3tO48848606567E-16 
C2-6.817311419973E-16 
IN POWELL UPDATE SCHEME 
PARAM-1.

THE 1 BY 8 MATRIX DLGR2
-.2016025E-O7 -.1187563E-07
.5728954E— 07 -.1086264E-08

C3-3.048848686567E-16
THE 8 BY 8 

2.875458 
-6.180898 
1.294453 

-3.037219 
-1.043512 
3.279918 
.7413102 

-1.866223 
2.526289 

-6.584407 
-6.180898 
14.57420 
.3322471 

-.5763187 
0.
0.

MATRIX H
1.294453 
.3322471 
.9262901 
.1497467 

-.8605782 
-.4 7198 59E-01 
•5253010E-01 

-.3224167E-01 
1.914203 
.3050194 

-3.037219 
-.5763187 
.1497467 
.9322498

•4825337E— 07 
0 .

• 9094947E— 12 
0.

4.828427

• 1942796E— 07 0.

-1.043512 0 .
-.86857820.
1.5595890.

-.5073530 
0 .
-2.767873
0.
3.2799180.

-.4 7198 59 E-Oi0.
0.
0.

-. 13133C6E-07

.1655500 

-.2073626 

.2072811 

.7995575 

-.3280362 

-.1668125 
-.3O40144E-O1 
0.

1.OoCOJG

3.414213
-.2464306E-09

- .  6705<'9?c-O4

. 7 6 6 ^ 4 ?

. 900’471 

-3.44*704 
- • 3 2 8° 3 4 ’
7.084471 

- 2 • 543n70 
-.2719474 

0.

2.41A?1A

4.820427

3.414214 4.024427
0.

. 6 34 705 0E-08 . 1371’01 c-07

.1364242E-11 ' .1364’47 = -11

1.000000 2.414214

-.8302962E-08 -. 322691 OE-''7

.7413102 

•5253010E-Q1 

-.5073530 

1.003743 

.8732137 

-1.866223

-.3224167E-01

2.524700
1.914203
2.76337^ 
,873’!37 

5.736430 
6.584407 
.3050104

0
0 0 0



Basic Algorithm, with the update given by I.4.VI and pi computed 
from the start, applied to Problem A.

ICT-l
THE 1 HY 8 MATRIX X

3.000000 0.
5.000000 o. 

COST-3.
XI - 2 . 5
C-50.

2.000000 
0 .

-1.500000 1.500000

THE 1 BY 0 MATRIX GPM(X)
.6359913E-03 .l29419bE-01 
.2 10020 7E-02 . 1856819

TX-. 1
NQAC T I V-6 
ARRAY IOACTV 
I-1IQACTV-5 
1-2 IQACTV-3 
I-3IUACTV-4 
I -4IQAC T V■7 
1-5IQACTV-2 
I-6IQAC TV-1

.9194579E-01 

.2793716E-01
.1578361 
. 660998 2E-01

. A 812 A 5 2 E-0 1

THE 1 BY 9 MATRIX QPLMO
.10A0683 3.237211 5.1 7 3 A 0 0 A .866792 5.81A029

0. 5.A 10520 0. 0.

THE 1 BY 8 MATRIX PI
2.659575 -1.838798 1.561878 1.120902 -.5000000

- 1 .6A8329 1 .000000 0.
THETA--119.9976082A22 
PASSED TEST OF STEP 3

THE 1 BY 8 MATRIX Lll
.7A07258 -.6057378 .7995119E-01 • 4238319 -.2828404E-ll

-.3391403 
STEP LENGTH-1.

.863309AE-1? 0.

THE 1 BY 8 MATRIX NEWX
6.A00301 -2 , AAA535 3.6A1829 . AA73366E-01 1.000000
3.012531 1,000000 0.

Cl-A.365935958963 
C2-18.1173871A35 
C3-18.1173871A35
C A -0.
01-1.31173871435
IN THE NEW UPDATE 
PARAM-O.

SCHEME

THE 1 BY 8 MATRIX DLGR2
.8326329 -.5610578E-01 1 .28A337 -.1311759E-01 - . 2898273E-01- . 1956049E-01 

C5-A.365935958963
•1031159E-01 0.

THE 8 BY 8 MATRIX H
.7683753 .2592296 .1565875E-01 -.1670465 .6787108E-01.2382391 -.1AA8303 0.
.2592296 .81A09A9 •1A20158 .1139329 - . 5037432E-01- . 1670A3A .1013610 0.
.1565875E-01 .1A20158 1.243169 -.1004904 .34578A8E-01. 1363A63 -.83175A0E-01 0.
1670A65 .1139329 - . 100A90A .9306905 . 3102150E-01.1020390 — .6189982 E — 01 0.

•6787108E-01 -.5037A32E-01 .3A578A8E-01 . 3102150E-01 .9863935-.A5360A0E-01 .2752935E-01 0.
.2382391 -.1670A3A . 1363A63 .1020390 - . 4536040E-01.8501218 • 9093A3 1E-01 0.

-. lAAd303 .1013610 -« 83175AOE— 01 -.6189982E-01 .2752935E-01.9093A31E-01 .9AA8288 0.
0. 0. 0. 0. 0.0. 0. 0.

ICT-2

THE 1 BY 8 MATRIX X
6.400301 -2.444535 
3.012531 1.000000 

COST-11.65440060996 
XI-.6348404389385 
C-25.

3.641829
0.

• 4473366E-01 1.000000

THE 1 8Y 9 
. 7078324E- 
. 1225813

MATRIX GPM(X) 
-01 .2251396 

2.615912
. 7147024 
. 2156885E-01

,7723693
.9872368E-01

1.675365

TX-. 1 
NQAC11V-5 
ARRAY I Q AC TV 
I-1I0ACTV-3 
I-2IQAC TV-5 
I■3IQAC TV-7 
I-4IQACTV-4 
I ■51QAC T V »1

THE 1 BY 9 
.4734375 

0.
MATRIX QPLMO 

0.
9.219083

3.915526 
0 .

1 .272844 
0. 6.A7CA21



THE 1 BY 0 MATRIX PI
.5883493 .9151717 .1905429

-.7890377 .159H721E-11 0.
THETA--14.109911J1472

PASSED TEST OF STEP 3
THE

STEP

1 BY 0 MATRIX 111 
7902512E-01 -.40999046-01
4 56694 7 E—01 -.25052 16E-11
LENGTH-1.

-.3038035E-020.

THE 1 QY 
6.909625 
2.269162

0 MATRIX NEWX
- I .5703631.000000 3.8293340.

Cl--.05067469093131 
C2-2.853026996147 
C3-2.806834594718 
C 4 - 0 .
01-.2806834594718
THE VECTOR NNT*PI WAS SET TO ZERO 
IN THE NEW UPDATE SCHEME 
PARAM-2.209042210901

THE 1 BY 8 MATRIX DLGR2
.3551515 .1778869 -.2284814E-02

•5631618E-02 .1285567 0.
C5-.5613669189436

THE 8 BY 8 MATRIX H
.8802023 .1710177 -.4551771E-01
.3810066 -.5269484E-01 0.
.1710177 .5133730 . 35 0448 OE-01
.8235269E-01 .1613150 0.

— •4 5 51771E-01 .35044B0E-01 1.211566
.2099964 - . 7798100E— 01 0.

-.2580522 .7946003E-01 -•95 2 478 5 E-01
.8973491E—01 -,9882097E— 01 0.

-•4 59 8907E-02 -.3421673 -.7205603E-01
.2032645 • 92 807 56E-01 0.
.3810066 .8235269^-01 .2099964
.6784813 .7889886E-01 0.

-.5269484E-01 .1613150 -.77 9 8100E-01
•7889886E-01 .9732349 0.

0. 0. 0.
0.*********

ICT-3

0. 0.

THE 1 8Y 8 MATRIX X
6.909625 -1.570363 3.829334
2.269162 1.000000 0.

COST-13.22963047621 
XI-.01165113083177 
C-19.40176651691

THE 1 BY 9 MATRIX GPM(X)
.6166670 -.1211852 3.786967

- • 3314612E-01 5.359347 .1066547E-01
TX-. 1
NQACTIV-5 
ARRAT IQACTV 
I-1IQACTV-3 
1-2 I QAC TV-5 
I-3IQACTV-7 
I-4IQACTV-4 
I-51QAC TV-1
THE

0
1 BY 

5182833
9 MATRIX QPIMD

0.
4.862857

4.115408
0.

.2096030E-01

.3185842

.3842781

-.1575892

-.2580522 
•7946003E-01 

-.9524785E-01 
.9742599 

-. 1013678Er01 
.89734916-01 

-.9882097E-01 

0.

.3842781

2.500866 
-. 5322962E-02

2.979173
0.

.9817404

-.1195176 

1.862223

.2014777

-.4598907E-0; 

-.3421673 

-.7205603F— 01 
-.101367 8E—01 

.7045150 

.2032645 

.9280756E-01 

0.

1.862223

5.959600

5.545501

THE 1 BY 8 MATRIX PI
-.8490120 1.133437
.1761427 -.2444267E-11

THETA — 1.72591842377 
PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX 111

•2713175E-01 — .2016190F— 01
.4413382E-01 .2595923E-11

STEP LENGTH-1,

THE 1 BY 8 MATRIX NEWX
6.087745 -.4650879
2.489439 1.000000

C1-.5298822042943 
C 2•1,133074757979 
C3-2.155352662461 
C 4-0.
D1-.2155352662461 
IN THE NEW UPDATE SCHEME 
PARAM-0.
THE 1 BY 8 MATRIX DLGR2

-.3455678 .8022277E-01
.7090257 -.1228928

C5-.5298822042943

.3638672E-01
0.

• 6431258E— 01
0.

3.930033
0.

-.4873593
0.

3157533

7092323E—01

7709546

.1334241

.3693754 E— 01 

2.032584

1011553 .7165695
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THE 1 BY 9 MATRIX QPLMD
.9276963 0. A,173570 2.011006 6.023884

0. 4.950167 0. 0.
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THE 8 BY 8 MATRIX H
. 8187215  . 3360076  . 3 3 2 5 7 1 1  . 1759409  - . 6 0 2 7 0 4 9

- .  105 3073 . 1 380521 0
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NOACTIV-5 
ARRAT i q a c t v
I-1IQACTV-7 
1-2 IQACTV-1 
I-3I0ACT V =-1? 
I»AIQAC TV-3 
I-5IUACTV-*

THE 1 BY 9 
. 8 502535 

0.

MATRIX QPLMD 
0.
*.107563

*.2689*7
0.

2.590177 
0 .

5.337669

THE 1 BY 8 MATRIX PI
-.1*61889 .613177SE-02 .9996*51E-01 . A136691E-03 .3023302E-01
-.3b*9536E-01 .3316*586-11 

THETA--.1*98363985099 
PASSED TEST OF STEP 3

0.

THE 1 BY 8 MATRIX L11
•1939021E-02 .1966966E-03 .2**0191E-02 • 203623 5E-0* -.6305590E-0*

-.6700096E-03 -.33192**E-11 
STEP LENGTH-1.

0.

THE 1 8Y 8 MATRIX NEWX
5.263099 .2798226 *.**7532 1.1*868* 2.331763
2.6*081* 1.000000 0.

C1-.007133359851819 
C2-.02607901235*27 
C3-.0336*78189*2*3 
C*«0.
D1-.0000316915**956 
IN THE NEW UPDATE SCHEME 
PARAM-O.

THE 1 BY 8 MATRIX DLGR2
- . 70A8719E-01 -.3395992E-01 .5187791E-01 -. 13099*8E-01 -.9A93980E-01
•1**9859 -.19A0500E-01 0.

C5-.007133359851819

THE 0 BY 8 MATRIX H
1.320392 .*037778 .2810226 .15*179* .5795007

-2.038273 .28320*9 0.
.*037778 .36*2*12 -. 72*275*E-01 -.1710161 .3235718

-.5579573 .1112915 0.
.2810226 -.72*275AE-01 1.58935* -. 3982560E-01 -1.25*567
.75*3083 -.7665953E-01 0.
.15*179* -.1710161 - . 3982560E-01 .69*0083 .1727297

-.2*5512* -.180*161 0.
.5795007 .3235718 -1.25*567 .1727297 1.876260 .

-1.5*563* .39*1*00 0.
-2.038273 -.5579573 .75*3083 -.2*5512* -1.5*563**.89*8** -.*6953** 0.
.28320*9 .1112915 -.7665953E-01 -.180*161 .39*1*00

-.*6953** .9877*00 0.
0. 0. 0. 0. 0.
0. 0.*********

ICT-6

0.

THE 1 8Y 8 MATRIX X
5.263099 .2798226 * .**7532 1.1*868* 2.3317632.6*081* 1.000000 0.

COST-11.7039006*815
XI-.00002512969*18689 
C-19.*0176651691

THE 1 BY 9 MATRIX GPM(X)
. 8617611 -.6251562 E-02 * . 3356*3 2.680395 5.239919
• 11072A3E-01 3.9*5859 » 2667796E— 02 -.28391A8E-02

TX-.OO02871301311358
NOACTIV-5
ARRAY I0AC TV
I-1I0ACTV-1
I-2IQACTV-3
I-3IQACTV-5
I-AIGACTV-*
I-5I0ACTV-7

THE 1 BY 9 MATRIX QPLMD 
.8719921 0.

0. 3.560703
*.632313

0.
3.125399

0.
*.950502

THE 1 BY 8 MATRIX PI
-.*561289 -.1772693 
-.1908173 -.83169036-11 

THETA — .08267718518833 
PASSED TEST OF STEP 3

.35*21*9
0.

-.1011190 .100*817

THE 1 BY 8 MATRIX 111
.2022A51E-01 -.1577701E— 02 

— .12A9AA1E-02 . 832159 3E-11 
STEP LENGTH-1.

.2602690E— 01 
0.

•2739759E-02 -.23*1833 E—02

•THE 1 BY 0 MATRIX NEWX
*.827195 .1009757 
2.**87*8 1.000000

* .827773 
0.

1.05030* 2.*29903



Cl". 06275372U85A74 
C2-.08218352879094 
C 3". 4216789798509 
C4-0.
Dl". 0001210767407818 
IN THE NEW UPDATE SCHEME 
PARAM-O.

THE 1 BY 8 MATRIX DLGR2
-.1755347 -.04040706-01 .2214968 -.3192466E-01 -.4771687
. 3 A 5 7 3 5 5 -.9744297E-02 0.

C5".06275372885474

THE 8 BY 8 MATRIX H
1.563804 .4337775 2323615E-01 .1390065 1.393478-2.603929 .2607690 0.
.4337775 .3070063 -.1079538 -.2147470 .5312965-.6885058 .8320810E-01 0 .

- . 2323615E-■01 -.1079530 1.969606 -. 1950454E-01 -2.275496
1.463333 -.4779558E-01 0.
.1390065 -.2147A70 -.19504546-01 .6669952 .1957788

-.2520456 -.1964115 0.
1.393478 .5312965 -2.275496 . 1957788 4.408907

-3.329975 .3637420 0.
-2.603929 -.6885058 1.463333 -.2520456 -3.329975
6.148615 -.4426738 0.
.2607690 .8320810E-01 -.4779558E-01 -.1964115 .3637420

-.4426738 .9792878 0.
0. 0. 0. 0. 0.
0. 0. 0.*********

ICT-7
THE 1 BY 8 MATRIX X

4.827195 .1009757 4.827773 1.050304 2.429903
2.448748 1.000000 0.

COST-11,65230214582 
XI".0009410457052965
C-19.40176651691
THE 1 BY 9 MATRIX GPM(X)

•02
.1764041E-02 4.804133 3.376544 4.8204253.378228 .2427235E-04 -.7591410E-05

TX-.000003359560307014
N0ACTIV-5 
ARRAY IQAC TV 
I-1IQACTV-4 
I ■2IQAC TV-3 
I-3IQACTV-1 
I -4 I OAC TV -5 
I-5I0ACTV-7
THE 1 BY 9 MATRIX QPLMD

.8492625 0. 4.777388 3.368839 4.8278550. 3,415014 0. 0.

THE 1 BY 8 MATRIX PI
-.7755141E-02 -.9473331E-01 
-.35220 3 4E-01 -. 1771454E-09 

THETA — . 01533 556907706 
PASSED TEST OF STEP 3

.8966867E-02 
0.

-.477063 9E-01 -.1230451E-01

THE 1 BY 8 MATRIX Lll
•3139187E-03 -.2858654E-03 
.2381980E-03 .1771454E-09 

STEP LENGTH-1.
.3807240E-03 

0.
.3745034E-03 ■.25851Q1E— 04

THE 1 BY 8 MATRIX NEWX
4.819754 •5956492E-02 
2.413765 1.000000

4.837121
0.

1.002973 2.417625

Cl".003282556684255 
C2-.00336492651082 
C 3-.01273272015427 
C 4 - 0 .
01-4.294431924597E-8
IN THE NEW UPDATE SCHEME PARAM-0.

THE 1 BY 8 MATRIX DLGR2
.28 7081OE— 01. 19523416 -01 -.11884496-01 . 9849785E-03 -. 5 3 4 3474 E —01

-.4089077E -01 -.1489421E-02 0.
C5-.003282556684255

THE 8 BY 8 MATRIX H
1.617769 .3864847 . 1241189 . 1716935 1.195002

-2.568523 .2084082 0.
.3864847 . 3412306 -.2030885 -.2284102 .6799454

-.6453163 .1049728 0.
. 1241189 -.2030885 2.211875 -.7939189E-03 -2.697910
1.210565 -.7719261E-01 0.
.1716935 -.2284102 -.7939189E-03 .6557101 . 1282343-.3845781 -.1780805 0.
1.195002 .6798454 -2.697910 .1282343 5.049621-3.199264 .4715111 0.

-2.568523 -.6453163 1.210565 -.3845781 -3.199264
5.409095 -.2291161 0.
.2084082 .1049728 -.7719261E-01 -.1780805 .4715111-.2291161 .9495154 0.

0. 0. 0. 0. 0.0. 0. 0.
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I C T - 8

th e 1 BY 8 MATRIX X
.5956A92E-022 . A 1 3765 1.000000

COST• L1.656866A222 
XI - . 0000 05 3'*10 723 093 28 
C-19.A0176651691

<*. 8 37 12 1 0 . 1.002973 2 .<*17625

THE 8530983 9 ^ ^ T R i x  GPM(X) 
U 8 5 7 0 5 E - 0 3  i l l t i o y ^ ' 03

IX-2.05917761 “15966-10ilUAL I 1V*3
a r r a y  i q a c t v  
I •1IOAC TV»3 
I -2IQACTV-A 
I-3IQACTV-1 
I"AIQACTV"5 
I ■5 IQAC T V"7

A .836371 
. 67A3200E-OA

3 . A 2 5 1 A 9 
.673A725E-0A

A .010709

THE 1 BY 9 MATRIX QPIMD 
o .653i655 A.Q2AA56

0.
3.A09Q28

0.
A .826665

THE 1 BY 8 MATRIX PI
.6552650E-02 5O6670AE-02

-•6A 5002 7 E-0 A -. 2701A83E-l0
THETA--.0001293988659856 
PASSED TEST OF STEP 3

-.6586951E-02
0.

2327685E-02 -.27A8A50E-Q2

THE 1 BY 8 MATRIX Lll
•TB7A95AE-05 .11A81A7E-05

S T l p V ^ S L r ? 5 • 2 701 A 8 A E— 10
.70572A5E-05 0 . 6157722E-06 -.1057909E-05

THE 1 BY 
A . 32 6 31 A 
2.A13697

8 MATRIX NEWX
.2909355E-03 
1 . 0 0 0 0 0 0

Cl".00002391069918569 
C2-.000035A0A219A3A97 
C3-.000133990610282A 
CA-6.A9980572A891E-11 
D1-2.75910A817329E-1A 
IN THE NEW UPDATE SCHEME 
PARAM-O.

A.8305A1
0. 1.0001A 5 2.A1A875

THE 1 BY 8 MATRIX DLGR2
.A68799AE-02 .78A5185E-03

-.9396A52E-02 -.26A88A1E-05
C 5".00002891069918569

-.187618 AE— 02 
0. 1926868E-05 .3755356E-02

THE 8 BY 8 
1 .92855A 

-2.783A75 
. A2857A0 

- . 652A002 
. A13 1908 
.925361IE* 
.1AA6A79 

-.3055323 
•93A8516 

-1.888829 
-2.783A75 
A.651831 
.151A609 

-.636639AE* 0.
0.*********

MATRIX H
.A2857A0 
.151A609 
. 3A63951 
.9A1953AE—01 

• -»1A16173
■01 -. 2A0A0A0E-02

-.2335A01 
-.1815213 
.6171265 
.3618652 

-.652A002 
-.636639AE-01 
.9A1953A E— 0 1 

■01 . 9A2AQ77
0.
0,

. A 13190 8
0.
-. 1A16173
0.
1.550333

0.
. 3520001E-01

0.
-1.79A205
0.
.9253611E-Q1 

0.
-.2A0A0A0E-02
0 .
0 .
0.

.1AA6A79 

-.2 335A01 

.3520001E-01 

.65A0AA7 

. 7 5 5 7 5 8 8 E u 0 l  

-.3055323 

-.1815213 
0.

.93A8516 

.6171265 

-1.79A205 

•7557588E-0] 

3.8566A3 
-1.888829 

.3618652 

0.

ICT-9

THE 1 BY 8 MATRIX X
A.82631A .29093 5 5 E-03 A.8305A1 1.0001A5 2.A1A875
2.A13697 1.000000 0.

COST-11.65685513108 
Xl-i.80A320959309E-8 
C"19.A0176651691

THE A l l i s ? "  M‘ I R I X . 6 v 5 3 6 3 9 E - 0 5  5 . 6 3 0 6 7 5
—• 5 8 6 5 2 5 3 E —0 5  3 . 5 1 0 9 0 2  - . 1 6 1 2 5 9 3 E - 0 5

TX-1.A88123A70635E-13 
NOACTIV-5 
ARRAY IQACTV 
1-1IQACTV-3 
I "2IUACTV-A 
1*31OACTV-1 
I-AIQACTV-5 
I-5IQACTV-7

3.A17320 A.826129
.1611782E—OA

THE

0
1 BY 9 

8535271
MATRIX QPLMD

0.
3.A1A00A

A.828258
0.

3.A1A086
0.

A.828253

1 BY 8 MATRIX 
207 6281 E-02 -,3 A 57AA9E-03
<vSl6 6 6 2 A J E - 0 . 3  . . 5 7 9 < t A 7 6 E - l  L

-.207 88A AE-0 2 
0.

172P203E-03 - . 6 5 8 8 5 9 5 E - 0 3



THE FA--. 0000021<i537701 53<»0 
PASSED TEST UP STEP 3
THE 1 3 Y 0 MATRIX L U

.45A7473E-12 .1364242E-11
- . 767730bE-07 .76849A7E-07

STcP LENGTH".2541065828329
THE 1 BY 8 MATRIX NEWX

4.82G042 .20305180-03
2.413021 1.000000

Cl».000001323951998139 
C 2-.0000018540363312 12 
C3-.000009452879504518 C 4 - 4 . 5040297324030-16 
D 1 - 1 .4067051 85575E-18 
IN THE NEW UPDATE SCHEME 
PARAM-0.
THE 1 BY 6 MATRIX DLGR2

. 1124441 0-02 .3950219 E— 03
2249723E-02 - . 3365996E-06

C 5-. 00000182 8951990139
THE 8 BY 8 MATRIX H

ICT-10 
THE 1 BY 8 MATRIX X

4.826842 
2.413821

COST-11.65685453521 
XI-4.504734363309E-8 C-19.40176651691

2030518E-03
1.000000

.13642420-11
0.

4 .830013
0.

2.070837 .4657614
-2.986319 .1248520 0
.4657614 .3535260 -

-.6896109 .8408587E-01 0
.4187639 -.1225960

-. 2557364E-01 . 2663 50 7E-01 0
. 1464842 -.'2 3 28 386

-.3095595 -.1314259 0
1.034493 .6212092 -

-1.894358 .3092070 0
-2.906319 -.6896109 —
4.844238 - . 5652032E— 02 0
.1248520 .8408587E-01

-. 5652032E-02 .9411194 00 . 0 . 00 . 0 . 0

-.95301580-03
0.

.4187639

1.400264
I3316351E-01

*. 2663587E-01

4.830013
0.

THE 1 BY 9 MATRIX GPM(X)
. 8 535640 . 45814 54 E-04

-. 3673465E-04 3.411734
TX»6.32634_8281739E-14
NQACTIV-5
ARRAY IQAC TV „
I - 1 IQACTV-3 
1-2 IQACTV-4 
I-3IQACTV-1 
I-4 IQAC TV-5 
1-5IQACTV-7 .
THE 1 BY 9 MATRIX QPLMD 

.8535522 0.
0. 3.414205

4.830078 
- . 1209197E-04

4.828419
0.

THE 1 BY 8 MATRIX PI

.15846480-02 - . 2069140E-03

.3913877E-03 7^502227IE-08
THETA--.000001687000197165 
PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX 111

.4547473E-12 .13642420-1]
-. 43236250-07 .4327102E-0'/

STEP LENGTH-.282429536481
THE 1 BY 

4.827290 
2.413931

8 MATRIX NEWX
.1446132E-031.000000

C1-.000001055803310212 
C2-.000001055832152262 
C 3-* 000005 4 77791398 777 
C4-3.348584969061E-l5 
D1-3.465441620338E-19 . 
IN THE NEW UPDATE SCHEME 
PARAM-O.

-.15 86026E-020.

.1364242E-110.

4.8295650.

THE 1 BY 8 MATRIX DLGR2
.8439827E-03 .3072017E-0:

-. 1688382E-02 - .1795171E-0*
C 5-.000001055803310212*

-.7413136E-030.

.7677715F-07

1 . 0 0 0 1 0 2

- . 1917127F-06

.1464842 
-.2328386 
•3316351E-01 
.6540377 
.7924765E-01 

-.3095595 
-.1814259 
0.

1 . 0 0 0 1 0 2

3.416550 
•1208740E— 04

3.414208
0.

- . 1034361E-03

.4 32403 5E-07

1.000072

- . 1214648E-06

.76B453BF-07

2.414708

.1905529E-02

1.034493 
.6212092 

-1.615266 
,7 92 4 765 E-01 
3.710346 

-1.894358 
.3092070 

0.

2.414708

4.826704

4.828419

- . 4944785E-03

- . 4326693E-07

2.414568

.1482351E-02
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MATRIX H
. A 6 0 12 1 2

-01

-02
0,
0.

1 2 32 3 5A 
35A0162 
, 83A9513E-01 
1216513 
20O7A15E-O1 
2327901 
101A25A
62 moo
i 3063A6 1 
■692151A 2A0A606E-02 
. 0 3 A 9 5 1 b E-01 
'9 A 11162

THE 0 BY 0 
2.000092 

-2.990060 
.A60 1212 

— .69? 1 51 A 
. A 1 0 0 9 0 A 
311A009E 

. 1 A66166 
-.3090265 
1.0A 107 A 

-1.896959 
-2.998860 
A .057356 
. 1 2 3 2 3 5 A 

-. 2AOA606E 
0.
0.

*********
ICT-11
THE 1 BY 0 MATRIX X

A.027290 .1AA6132E-03
2.A13931 1.000000

COST-11.65605A2O5O5 
XI-5.93O813529176E-0 
C-19.A0176651691
THE 1 BY 9 MATRIX GPM(X)

. 8535610 . 32 86680E-0A
-. 2636B25E-OA 3.A12A35

TX-Z . 7A2A922O9 706E-1A
N0ACTIV-5
ARRAY IOACTV
I-1IQACTV-3I-ZIQACTV-A
I-3IUACTV-1
1-AI0ACTV-5
I-5IQACTV-7
THE 1 BY 9 MATRIX OPLMD 

.8535533 0.
0. 3.A1A21A

.A1 0 0 90 A 
0.
-.1216513
0.
1 . 392000 

0.
.330AA35E-01 

0 .
- 1 .606A27
0.-.311A009E-01
0.
.2807A15E-01

0 .
0.
0 .

A.829565
0.

A.829612 
-.8676276E-05

. 1A66166 
-.2327901 
. 330AA35E-01 
.65A0376 
.79A R 3 5 8 E-01 

-.3098265 
- . 181A25A 
0.

1.C00072

3. A15890 
. B673922E-05

1.0A107A 
.6210100 

- 1.606A27 
. 7 9A 8 3 5 8 E —0 1 
3.71277A 

-1.896959 
. 3063A61 

0.

2.A1A560

A.827191

A.828A26 3.A1A213 A.828A270 . 0.

THE 1 BY 8 MATRIX PI
.113 7 A19 E-0 2 - . 1A53882E-03
.2819322^^03 - . 7067500E-08

THETA — .0000013 77150 17 A527 PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX Lll

- . 1 1 38050E-02 -.72688AAE-0A -.35AAA6 6 E-030.

•$5A7A73E-12 .I36A2A2E-11
-.2221217E-07 .2222785E-07

STEP LENGTH-.A30A6721
THE 1 BY 8 MATRIX NEWX

A . 027779 .8202835 E — OA
2.A1A053 1.000000

C1-5.A35323629669E-7 
C2-5.A35326A8623E-7 
C 3-.000002820A2009AA91 
CA-6.16723983AA22E-15 
Dl-7.73A980306AbAE-20 
IN THE NEW UPDATE SCHEME 
PARAM-O.
THE 1 BY 8 MATRIX DLGR2

•6050228E-03 .2207058E-03
- . 1210213E-02 8696735E-07

C5-5.A35323629669E-7
THE 8 BY 3 MATRIX H

0. L36A2A2E-11 .222I626E-07 - . 2222376E-07

A.829075 1.0000A10.

-.53269A8E-03
0.

-.6627562E-07

2. A1AA15

.1065278E-02

2.087881 .A679722 .A190152 . 1A66086 1.0A0805
-2.998266 .1231376 0. -
.A679722 .3539355 -.1215*2* -.2327930 .6215932

-.6917879 .8 3 A 59 51E — 01 0.
.A190152 1215A2A 1.3927*3 • 3305139E-01 -1.606297

- . 315A801E-01 .281602 6 E-01 0.
. 1A66086 -.2327930 .3305139E-01 .65A0376 .79A6950E

-.3098105 - . 181A25A 0.
1.0A0805 .6215932 -1.606297 . 79A6950E-01 3.712*81

-1.896105 .3061739 0.
-2.998266 -.6917879 - . 315A801E-01 -.3098105 -1.896105
A. 855792 -. 2209075E-02 0.
.1231376 .8 3 A5951E-01 •2816026E-01 - . 181A25A .3061739

- . 2209075E-02 .9*11162 0.
0. 0. 0. 0. 0.
0. 0. 0.*********

ICT-12
THE 1 BY 8 MATRIX X

A.827779 .8202835E-OA
2.A1A053 1.000000

COST-11.65685398707 
XI-6.601A131050A5E-8 
C-19.A0176651691
THE 1 BY 9 MATRIX GPM(X)

.3535577 .187190AE-0A
- . 1501A77E-0A 3,A 13201

A.829075
0.

A .829102 
- . A9A0689E-05

1.0000A1

3.A15169 
. A939926E-05

2.A1AA15

A.827723

TX-1.00970678811AE-1A



NQACT1V-5 
ARRAY I 0AC TV 
I-1IQACTV-3 
I- 2 IQAC TV-A 
I-3 IOACTV-1 
I -A I Q A C T V • 5 
I-5IQACTV-7
THE 1 3Y 9 MATRIX QPLMD 

. 8 5 3 5 5 3 A 0.
0. 3.A1A21A

A .828A27
0.

3 . A IA 2 1 3
0.

A .828A27

THE 1 3Y 8 MATRIX PI
.6A78233E-03 8219761E-0A
•1607202E-03 - . 7922353E-08

THETA--.00000110A5899899A6 PASSED TEST OF STEP 3
THE l BY 6 MATRIX i l l

0. ,909A9A7E— 12
.1818989E-11 .1818989E-11STEP LENGTH- 1 ,

THE 1 BY 8 MATRIX NEWX
A.828A27 16926A0E-062 . A ' *• 21 A 1.000000

C l - 1 7  6 2 A 2 9 7 8 0 3 16 E - 7 
C2-1.762A32967975E— 7 
C3-9.1AA7029A8522E-7 
CA-8.03A923693911E-15 
Dl-9.233A686A2A12E-21 
IN THE NEW UPDATE SCHEME 
PARAM-0,
THE 1 BY 8 MATRIX DLGR2

.3AAA519E-03 .1256786E-03
-,688 399 2E-03 231611Ab-07

C5-1.762A29780316E-7
MATRIX H

.A6758A0 

.1231258 

.35378A8 

.83A5522E— 01 
121A628 

,2817063E-01 
-.2328017 
-. 181A25A 
.6212370 
.3061532 

-.6910870 
-.2185583 E-02 
. 83A5522 E-01 
,9A 11162 

0.
0.

-01

- 0 2

THE 8 BY 8 
2.086885 

-2.996A82 
. A6758A0 

-.6910870 
.A191730 

-.3168151E 
. 1A658A6 

-.3097625 
1.039950 

— 1.89A759 
-2.996A82 
A.852639 
,1231258 

-» 218 558 3E 
0.
0.$***$**$*

ICT-13
THE 1 BY 8 MATRIX X

A.828A27 -.16926A0E-06
. 2 . A1A21A 1.000000
COST-11.65685395253 
XI - 5 .6AA6559A266E —8 
C-19.A0176651691
THE 1 BY 9 MATRIX GPM(X)

.853553A -.2038887E-08
• 57A8720E-09 3.A1A21A

TX-3.18621A112397E-15 
NQACTIV-T 
ARRAY IQACTV 
I-1IQACTV-3 I•2 IOAC TV-A 
I-3IQACTV-1 
I-AIQACTV-5 
I- 5 IQAC TV-7
THE 1 BY 9 MATRIX QPLMD 

.853553A 0.0. 3.A1A21A

-.6A792A6E-03
0.

.909A9A7E-12 
0 .

A .82 8A27
0,

- . 303A202E-030.

.A191730
0.
- . 121A628 
0.
1.393237

0.
.3307256 E-010.

-1.606810
0.
- . 3168151E-01 
0.
.2817063 E-01 

0.
0.
0.

A .828A27
0.

A.828A27 
• 382769A E-09

A .828A27
0.

-.A1 10373E-OA

.136A2A2E-11

.9999999

. 2509960E-07

.1A658A6 
-.2328017 
• 3307256E-01 
. 65A0376 
.79A2718E-01 

-.3097625 
-.181A25A 
0.

.9999999

3.A1A213 
— .3827790E— 09

3.A1A21A
0.

- . 2017723E-03

.136A2A2E-11

2.A1A21A

. 6068A72E-03

1.039950 
.6212370 

-1.606810 
.79A2 718 E-01 
3.712555 

- 1 . 89A759 
.3061532 

0.

2.A1A21A

A .828A27

A.828A27

THE. 3 U ? 6 « l - 3 a TRIX. 2 M 9 578E-06
.3699299E— 07 8 B8OOEn0_9.

THETA--7.978103A99371E-7 
PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX Lll

0. .909A9A7E—12
.1818989E-11 .1818989C-11

STEP LENGTH-1.
THE 1 BY 8 MATRIX NEWX

A.828A27 .3A69A73E-07
2.A1A21A 1.000000

•11963AAE-06
0.

* 909A9A7E-12 0 .

A.828A27
0.

.1000A 56E-06

.136A2A2E-11

1.000000

.3A10929E-07

. 136A2A2E-11

2.A1A21A
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C1--Z.98ZZ03387472E-16 C2-1.643007439316E-14 
C3-6.846445420821E-14 
C4-1 .2730495 32654E-14 
D 1 ■ 2 . 18L424104507E-28 
IN THE NEW UPDATE SCHEME 
PARAM-1.023425666567
THE 1 QY 8 MATRIX DLGR2

7260772E-08 . 44 20792 E-08 .467155 7E-07 .1671349E-06 -. 2093269E
- . 8893390E-07 .1732113E-06 0.

C5-1.273049532654E -14
THE 8 QY 8 MATRIX H

1.875072 .2880930 -.1157107 — .2549826E“01 1.145059
-2.546145 -. 4791095E-01 0.
.2880930 .2946203 -.2795639 -.2010901 .5436485
5849045 .1188244 0.
1157107 -.2795639 1.064023 .5707770 -2.389017.3560767E-01 .5926171 0.

- • 2549826E-01 -.2010901 .5707770 2.836884 -2.670838
-1.417899 2.081867 0.
1.145059 .5436485 -2.389017 -2.670888 7.154110

-.4213639 -2.543951 0.
-2.546145 -.5849045 .3560767E— 01 -1.417899 -.4213639
5.164414 -1.156266 0.

- . 4791095E-01 .1188244 .5926171 2.081867 -2.543951
-1.156266 3.287716 0.
0. 0. 0. 0. 0.
0. 0. 0.



Basic Algorithm, with the slightly modified Powell’s update and p 
computed from the start, applied to Problem A.

* > * $ * $
IC T -1
T HP \ < f M ' I A P U  X

3. j j 'VjIO 0.
5.0100 C’ C U.

C0i r*j .
Xl*2.5
C-5G.
THE 1 H  9 M A IR I X G P M ( X )

. 60 ̂ 1 ?t-03 . 1 3 90 i 966-01

.2i90287£-02 .1336319
TX» .1
NOAC'irr.‘i 
ARRAY LQACT V 1*110 ACT 7=5 
I *2 IOAC TV*3 I « 3 1 1A0 T</ = 9 
1*9 I J A C T 7 = 7 
1 * 5 1 9 A C T V - 2 
I *611ACT 7*1

2.C'OOGOU0.

. 9 1 8 9 6 79E-01 

.2 7937ifct-0i.

-1.20oG0C

. 1 5 7fr 3ts 1 . b Ob'* ■ -ft £-01

1•309960

9 0 1 0 9 * 0 = -ni

THE 1 BY 9 MAI i? IX OPlMQ 
.1090t>83 3.237?_li

0. 5.910620
3.173900 9 . 0 o 0 7 9 2

0.
'3.9 1 <V> 0

THE 1 BY 3 MATRIX PI
2.659575 -i.H?079H

-1.698329 1.0U0000
THETA*-119.9C760B2922 
PASSE'3 T P S T 'if STEP 3
THE 1 BY 8 MATRIX Lil

.7907253 -.6037378
-.3391903 .8633U99E-12

THE 1 3Y S' M ATP I X N£WX 
6.900301 -2.999535
3.012531 l.UOOOOO

IN POJELL" UPDATE SCHEME PARA-m-1 ,

1 . 561678

.7995119L — 01
0.

3.691629
0.

1 . 129902

.9238319

•90733O0P- o 1

- .  5uOrinr' r'

- .2»2°96/<c - l i

1. OÔ OOO

IE 8 8Y 0 MATP 1 X H
.7162 U 9 .2902 776 • 9 5 3 9 9 6 d c — J 1 -. 1 91 2 5 3 7 . 6597 09 n = -ni
.2385203 -.1201232 0.
.2902775 . 76579 56 .1203931 .1350 999 -« 936n 1 17=-6T

-. 179 3 760 .67736156-01 0 .
. 95 3«9fc.3E-0 1 .1203931 1 . 362172 — .95728930 —u 1 .190900^=-^!
.1096927 -.55092o 76-01 0 •

-.1912537 .1350999 -.95728936-01 .9192 713 . 278699 6C -01
.1109337 -.6556275E-G1 0 ., S9cn?£.r' = -ni ~.9?t^l 1 7‘.-0] . 19892991.-01 . ? 7-15 99 2 0-01 .7910170

-. 3?ov952i--01 .17^90290-01 0 .
.2 3 B 8 ? C3 - . 1793760 .1096927 . 1109j 37 -. 35 55 65.0 = -Ol• 8 5 819 0 8 .71375636-01 0 .

- . 1 2 0 1 2 3 2 .87735156-01 - . 55G9267E-01 -.55265750-01 . 1789000 = -^]
. 71 375836-01 • vo90 o 7 7 0.

0. 0 . u . G. G.0. 0. 0 .
ICT-2
THE 1 BY 0 MAIPIX X

6.900361 -2.999535
3.012531 1.OGuOGJ

C0ST*11.66990060996 
XI*.6390909307 385 
C * 2 5. '
THE 1 BY 9 MATRIX GRM(X) 

.70763296-01 .2251396

.122581? 2.615912
TX* .1
NQACTIV»5 
ARRAY 10AC TV 
r * H 0 A C T Y = 3  
I ■ 2 1 Q A C T V * 6 
I * 3 10 A cTV= 7 
I * 9 IQAC TV*9 
I*510 a CTV*1
.THE l BY 9 MATS I a QPIMQ 

.9799780 0.
0 • 9.23 5659

3.691829 
0 .

•7197U29 
• 2 1 5 6 h r:Sc — 0 i

• 99 7 3 36 6E — 01

.7723693

.9b723o2E-Ol

1 . oo^ooo

1.6 76768

3.92636*0 1 . 292 VO;i ■j .
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ic r ■<*
THr l M Y h ■« a I y M  x

6 < •) ̂  *i •> 7'' - . i 8 9 2 9 2 '■
2 • o 8 1 * 1 1 • DuCoou

COS 1 * 1 1 . 7̂ 1- >* )5' M  9 
X I ■ .Oi n7 2 \'7U6
C*l9.9lK7355b2b7
THE 1 * Y q A T =t I x G 0 M ( * )

, 7005057 — , 9 9 3 *•• 3 9 1 ► — 0 1
. 7 7 71 2(10 6-0 2 9. 7 a I z 1 ‘V

T X = . 01 2 6 2 9 7 * 7 '♦ 3 0 ? l
NQ A C f 1 v * •;
ARRAY IOACrv 
I * 1 I 0 A C I V ■ 8 
I*2IOACTV*8 
1*31 3 A C 7 </ * 7 
I * 9 10 Acrv*i 
1*51 JACT V*9
THE 1 8 Y 9 MAT0 I < 0 PL ̂ 0) 

.8959917 0.
0. A.693060

THE 1 BY P MATRIX *1
-.503951)7 .9 79 59 79
.107977') -.8*079636-13

THETA*-.32-3307922306 
PASSEO TEST OF STE? 3
THE 1 8 Y 3 MATRIX Lil

.29950596-01 .66127325-03
-.139031*6-01 .13*6273E-12

THE 1 *Y B MATRIX NEwX 
5.3*0067 .2911660
?.676875 1.000000

IN POWELL UPDATE SCHEME
P AR AM* 1.
THE 9 BY 8 MATRIX H

1.1*1172 
-.9500167 
. 361721 3 
.11601596-01 .9705396 

-.9920777 
. 26 90713t--'U 
.90935696-02 

-.05910576-01 
.3358933 

-.9300167 
3 .6 5 C. 9 0 9 
.1011399 

- . 15 63003 
0.
0.

I C T *5

. ?6 1 7213 

.101139s 

.9035967 

.t 529679E-01 
-«3523blOt-Oi 
•B&55695E-02 

— .?21( *265 
-.2002969-.95299925-01
.1391335 
.1 1 6 B 16 9 E — 01 

-.1563005 
.65296 79E-01 
.9317699 

0.
0.

THE 1 BY 8 MATRIX 
5.3H0067 
2.675875

COS T- 1 1 . 7 3657 333999 
X I * .00153 560690808 9 
C*19.91693556267

y
.2911660
1.0 00000

THE 1 *Y 9 MAT*It3569*29
12 2 5 8 3 0E-.) I

S pH ( X )
• 9 7 2 2 0 3 0 1 - 0 2
9, 0 9 s 9 5 •*

T X * .0006389537673239
NOAOI 1V = 5
ARRAY IOACTY
I -1 10 ACrV *3
I»? I 3ACT V*5
1*3 I'JACTV* 7
1*9 I JACTV*!
1«5I0ACTV*9
THE 1 *Y 9 MATRIX UPLMO 

.8519958 0,0. 9.013959

9 . 'J 2 9 •> 7 1 
0 .

1 . 9 19976 _
• b 3 2 1 9 0 9 E — 0 2

9.196222
0.

. 2 9 19 3 9 d 
0 .

.911790 8 c—01
0.

9.362969
0.

.9705398 
0 .
-.35236106-01
0.
1.339908 

0 .
-.1217615
0.
-.5626689 
0 .
-.9920777
0.
.66556955-02 

0 .
0 .
0.

9.362969
0.

9.231893 
.32 6 9 777c-02

9.279762 
0 .

THE 1 BY 3 MATRIX PI-.196913? .12910396-01
-.91553596-01 -.19506178-10

THETA*-.07937728888597 
PASSED TEST OF STEP 3
THE 1 BY 9 MATRIX L 11.33770956-02 .91113716-03

-.13876911--0 2 . 19999 116-10
THE 1 BY 9 m a j p i x  NE'WX

5.196531 .3035878
2.632939 1.000UO0

.1350190 
0 .

.90862266-02
0.

9.502065
0 .

> i 0 s 5 9 i ?

7 . 2 r 1 r> 7 *'
- W.j j I 2 V.9 -0 2

2.2 3 3 o 9 0

. 2 3 7 8 s 9 6

• 99 7U 813 E-U2 

1.156907

,2b99712E -01 
-.2210265 
-.1217615 
. 5072 126 
.3*792756-01 
.9u4 3 bd 6E-0 2 

— .20o29o9 
0.

1.l./69u7

2 . > 9 J 6 2 9 
— . 3 6 v/ 3 B * o c — u 2

2.607920
0.

.92 8 8129 E—0 2

• 5 9 2 2 3 9 0 E —0 9 

1.1612*9

5,

5 . 7' 9 e ° 7 A

5.9 9191 ? 

.1 705P?3

.i93,'lTT 

2.305597

-. 9691 097C-01
-. 95 29Q97E-D1 
-. 5 8 2*6*9 
.39?*?7OC-0V 
.772*7*5 
. 33 5**33 
. 1 391 33*

0.

2. 3 Q5 c A 7

5.39^765

5.2563*9

,A3B9790 = -'U

-.9089M9AC-D9

2.359359



IN P'lwFLL '.i^OAlt SCHEME 
P A k i ^  I .
THE 8 *Y MAT 

1 . 539 l'. Q 
-2 . 607659 
. A ? 1 0 2 2 I 

- . 7 l 6 <i H 9 ?
. 2 1 L 0 9 4 9 .8143609 
.632*9512-01 

-.25 2 2705 
,9009836 

-2.0 7 0 b P. 7 
-2.607669 

6.7 9 9 6« 3 
.1330021 
3606211

0.
0 .

I t H
. 4 : 10 z ? 1
. 1f 3 00 21 
. 3 6 9 11 2 6 _
, 4 6 4 /-11 o f” — 01

- , 6 Vc04q6E-01
y'UE-Jl 

-.2? Jn 72o 
-.1**1211 , ? ■( 0 >.4 v 3 
. 2 7 0 3 9 3 5 -, 7 1 ̂  4 4 c 2 

- .  3’SC'- 211 
.4 04 5648E — Ul 
.<** 3 75 1 3 

0 .
0 .*********

ICT-6
THE 1 31 3 MATRIX X

5.196531 .3039375
2.632934 1.000000

COS T »11.69701050159 
X I * .0000503999330151 
C « 19.51393555257
THE 1 dT 9 MATRIX GPM(X)

.8652392 -.3573o38E-C2

.1062324E-01 3.843073
T X « .0002323650932088
NQAC T 1 V* 5 
ARRAV IQACTV 
I -1 J-34Crv-5 
I-2I 3ACTV-3 
I«3IQACTV*7 I -4 IOAC TV- 1 
I-5I3ACTV-4
THE 1 3T 9 MATRIX Q ^ m d .8330435 0.

0. 3.5i 4 2 o 0

THE 1 BY 8 MATRIX PI
-.3861333 -.1743679
-.1749686 .2497593 E-09

THETA*-.0674322975C 045 
PASSED TEST OF STEP 3
THE 1 BY 3 .MATRIX 111

.1521634E-01 -.1844437E-02

.1638075E-03 - .2447377E-09
THE 1 BY

4.325614
2.453129

8 MATPIX N0WX
.1277751
1.000000

, IN POWELL UPDATE SCHEME P AR AM«1 .
THE 8 BY 8 

1 .835999 
-3.3097*3 
.5619683 

-1.145429 -.1742738 
1.366*16 
.1319100 

— .41*4433 
1.762372-4.241166 

— 3.3 0 97*3
8.334993
.2103346

-.4195902
0.
0.*********

ICT-7

MATRIX H
.5818663 
.2108346 
.4301071 
.1144162 

-.2032831 
-.°431544F— 01 
-.1950532 
- . 1« J ? 1 9 7 

.6740937 

. 3 6 5 22 4 7 
-1.145429 
-.4195902 
.11441 62 
.9459747 

C.
0.

THE 1 BY B M A T P l ’x x
4.925614 .1277751
2.458129 1.000000

COST-11.65495582391 
XI*.000602429*54679 5 
C«19.41893556267
THE 1 9 Y 9 MATRIX &P.M ( X )

.9608372 .2326836E-02

.21074930-02 3.366430
TX*.000004046329328411
NQACTIV=5 
ARRAY IQACTV
I«lI0ACrv*8
•I*2I0ACTV«3 
I * 3 10 A C T V * 4 I-4 IOACTV* 1 
I*5IJACTV*7

.2110099 . 6 * 2 9 -x L I l — 0 i . V 0 9 A*

- 1 6 9 2 0 485c-01 -.220C 726 ,2c 5q993
0 . -1 . 149 4111.527521 -.15061x1
0 .
- . 1 30511i . 5 10 9 9 0 5 . lb 741\1

-1,349631 
0 .
.8143609

. W i l l i 2.46°*!*
-.2 522 705 - 2.u 7^*?7

0 .
— .5484991t— 01 
0 .

-.1*61211 . 2 7 63 0 3 *>

0 . 0. 0.
0 .

4.502085 
0 .

1.161249 2.354354

4.392774 2 . 769U29 5.177364
,2289385E-02 -. 2 3 5 5 2o21-02

4.595655 
0 .

.3089594
0.

.1941126E—01 
0 .

4.630455
0.

-.1742788
0.
-.2032881
0.
1.814164 

0 .
-.2084097
0.
-2.244426
0.
1.966316 

0.
-. 9 9 3 1 5V4C-0i
6!
0.

4.830455
0.

4.901100
-.29171508-06

3.0 92 rib  
0.

- . 794833oE-01

.2402751E-02

1 .06416 b

.1319100 
-.1950532 
-.2094097 
.5217596 
.3459104 

— .4 19 4433 
-.1812197 
0.

1. Oo 410 8

3.3 5 v 7o 7 
. 2 9 5 2 54 5 E -0 4

4 . 9977J 4

. 51976*79-01

- . 2 i 51 a 31 s - m  

2.434176

i .  76777? 
.674^937 

- 2.244476 
. 34 59104 
4.7 19’ 47 

-4.2411*6 
.3657747 

0.

2.434179

4 . S W 1  0



5 1 1 7 7THE 1
. a 6 7 71 ° 6 

0 .

I i a l rt i)
0 .

5 ° ) n
6 . 7 6 9 3 o 1 3 . 3,1 1 d 2

0.
A . M

THE 1 BY t- A T - I x PI-  . L 7 1 6 3 *  ̂p -' •;: -  . I ? 6 f! 5 1 0
-, a a ■< /s vi <■• -■ - ■) i . i * 7« z h •, r—  o 9

T H 5 T A • - . '0 I P. 5 7 3 <12 2 2 7 H 5 ‘3 
PASSED Y FST Cl? M f P  3
THE 1 ‘3 Y 3 * A T K I * L 11• 53179'? 7° -0 3 -.^3162 5 22-03

, ?q )!,0h 9P-0 3 - .3670033E-O9

. 032903 OF-Oj -. -.352 5072-0 i - . 1 O'1 * ̂ 7 - 1
0 .

. 61065022-05  . 50 '.92^u E-02  . a ?6- 1^=-06

THE 1 BY 6. «?6B17 
2.62902? 

l *T Pn«nu_ UPDATE SCHEME 
P AR Ai1» l .

MATRIX N E W X.65003328-01 
1.yOfiOOO

6,031015 1.022661
0

THE 3 0 Y 3 MATRIX H

2.6290 22 1 .000'jrj'j
COST-11.66630166379 
X I* .000 55176 269902 71 
C*19.6l6°3556267
THE 1 3V 9 1 ATP 1 Y pp;i ( < )

.3561297 . 909 6712 E-03
• 76 0 666 3E“0 3 3.396 190

TX«5.608666557319fc-7
NOACT IV’ 5'ARRAY I 0 A C T \l I - i n A C T V r ^
I ■2 1 9 ACT 7 *6 
I ■ 3 10 A C T 7 * L 
I*6J0ACTV»6 
I » 5 I 3 A C W » 7
THE 1 BY 9 MATH IX wPlMD 

.8533008 0.
0 ■» 3.616799

0.

6,3206 0 6 3.60v'Ji6
— .20 956262 — 06 . 266 70i3E—U 6

6.826726 3.611162
0.  0.

2.621P5?

1.3 3 9 ° L’ 3 .5326002 . 80890168-02 .1107372 1 . 6 76 •’ 6 6
-3.030079 . 1 6 760 79 0 .
.5326082 .6566081 -.2777169 -.1936335 . 307105°-1.000503 .1220565 0 •
.0009016E-02 -.2777169 2.0 G 110 b -.20o8679 -2 .
1.606131 -.1001827 0 .
. 1 1 67372 -.1936335 -.2068579 .5201732 . 3 6 °'5° 1 ?

-. 360070(3 - . 1 8 5 ° 0 6 5 0 .
1.670266 .8071060 - 2 .699692 .3689312 5.3 71-3.767759 .3918076 0 .

-3.030677 - 1.0 3 0503 1.606131 -.3 590700 -3.767750
6.6 7 6 01 C -.2279036 0 .
.1576079 .1220566 -.1061927 -.1059065 . 39 1P676

-.22 79036 .9326023 0 .
0 . 0. 0. 0 . 0.
0, 0. 0 .

ICT-0
THE 1 BY 8 MATRIX X

6.326017 .65IJ5332E-01 6.831015 1.022681 ? .621 9*2

6.82T ?77

6.6 29661

THE 1 BY 3 MATRIX PI
.63166511-02 -.6630526E-01

-.16782312-01 32 28 39 6-09
THETA--.008626219263^56 
PASSEO TEST np STPR 3
THE l BY >3 MATRIX 111

.77975902-06 -.51335266-06

.2522 161E-06 , 605 71w9 t-11
THE 1 BY 8 MATRIX MEWX

6.829211 - . 5932503E-O3
2.616266 1.000000

IN POWELL UPDATE 3CHEMF PAR AM*1.
MAT:THE 8 BY 0 

1.836120 -3.001096 
.5339977 

-1.009690 
.1231268E-01 1.691070 
.1006791 

-.3250660 
1.605680 -3.760500 

-3.00T 396 
fc.572115 
. 15 73 730 

-,2?776 a 3 
0.
0.

IX H
.5330977 
.1573730 
.65^10 7** 
.1229196 

-.2737520 
- .  10667V)3 
-.1306091-.ie56690
. 61 v)6 a 7 7 .3926156 

-T . O-iwnOO 
-.2277063.1220190
.9326110 0 .

0.

-.3665300b— J2 - . 2 2 3 1 3 6 2 L -0 i - . 0051 67i c-"?
0 .

• S29095M  -06 . o 026 7v;6t-06 . 09076 3 6 =-0
0 .

6.827663 
0 .

. 1231268t-Ui 
0 .
-.2787528
0.
2.009616 

0 .
-.2187363 
0 .
-2.618313 
0 .
1.091076 

0 .
-. 1066709 
0 . i; ,
0 .

,0997679

.1006791 
- .  1 (' 0 5 8 91 
-.2137360 
.6192176 
• 3 705 9 5 3 

— . 32 5 0 980 
— . 1 05 66 9 5 
0.

2 . 6 1 ^ 1  0

1,663036 
.0106677 

- 2 .61° 7 77 
. i 7 G 5 7 5 7 
5. 617S7R 

-3 . 75r3‘>°n 
.3926156 

0.
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ICT- i
THE 1 ;w

a , ? -} •>;
2.a LA?* 

C GS 1 »1 1 . • 
* I * . V; 0 0 ■' ] 
C

H M AT - [ X *
1 . LX" LUO

■Ci 3 3 "> VI 3 
? 6 j " / • l 15 r19.61a 5.?E:>''?67

THE 1 <Y v MAI-lx
.3535260 -.3:. I 1 1 3 C^E-bA 3.

N 0 A lj T 1 V * ■>
A P P. A Y I 0 A C r V 
I-1 IQAC1 7*3
i * 2 ; o a c r v - a
I « 3 n  A c T V * l 
I ■ 10 A 0 1 V ■ 3
I «5 1 J AC W * 7

A /; ‘-0^2—06 
' I >

THE 1 '1 r 9 
.3535962 

0 .
•3 A TP IX 0 P L H D 

0 .
3. A iAu?J

a . 0 2 7 6 •» 3 
0 .

A . 12 7 7 1. 
. M>7 IX' ■ —0 •

a • B 2 a 7 3 7 
0 .

7 «i 7 A 7 V

J • a I J 2 1 2
• u >. * f j i ". — 0 3

3 . •> 1 a 6 6 6 
0.

7 , a I a T i n

a .02°389

THE I ‘3 Y 6 MATRIX P I
- .6' m i ‘U E - O  3 . *3 n 2 ̂  3 11-G-t3- . 7 W j ^ 7 - > 0 ^  .52220 69E-L2

T H E T A * - . J C 9 0 I'-* 0 2 5 A ? 6 3 2 3 o 3 
PASSED TEST 0 F STEP 3
THE 1 ■ (< ° MATRIX 111

.0567676^-12 ,13 6 A2A 2 4-11
-.1 3 56063::-O7 , 1366335E-U7

THE 1 0Y 9 MATE' I x HP WX
6,R? h 51B -.3157916E-06
?. .616260 1,000000

in p n ' m i  u p d a t f  s c h e m e
P AR AH»1 .
THE 3 BY « MATRIX H

.693256 3E-0 3

.13o6262t-ii 
0 .

A,320336 
0 .

.2519510E-U3

.135O-373 E-07

. 9999999

*********
ICT -10
t h e  T BY H MATRIX X

6.02051B -.313 7 9 L o E-0 6
2.616260 1.000000 

COST*11.65635336658 
X I * 8.60 7 7 060 5 7170 t-H 
C»19.61093556267
THE 1 «r -9 m a t r i x  <;°m (x >, ° 5 3 rM  ? 6 — • ? 6 ) 6 ? y j r. _ 5

.2303 7 9 6 " - 0 6 3.6 16365
TX»7.6039606123115-15
NOACTI V« 5 
a r r a y  i o a c t v  
I«lI0ACTV-3 
I*21'JACTV«6 
I « 3 10 A C T V = L 
I«6lOACT'/»5 
1*510ACTV*7
THE 1 BY 9 MATRIX 0?L-v-D 

.0535651 0.
0. 3.616210

a.628336
0.

6.EI6229 
. 6 9 19 3 6 61-06

.969V999

3 . 6 i 6 ) 7 6 
— . h i i V r> 9 i - u 6

. 27 7^’i \ 3 = - 9 3

-  . 1355096C-T7

2.616137

1.060065 .6010080 .3137076 — .169C s 66E — 01 1.066191
-2.555362 . 75?6O0?E-O1 0 .
.6310008 .6312665 -.1725667 -.2 1 v£2O0 .6<,f)90SQ

-.0509656 .1012310 0.
.3137076 -.172.566 7 1.601030 -.1100366 -1.959906
.6703670 -.33632335-01-. 16 906 6 at. _oi -.2192206 -. 11H036o . 5 0 L c 0 2 9 .1966P3A

-.23636216-01 -.1975611 9.
1.066 L91 .6661959 - 1 . 9 5 9 2 0 a .1966030 6.366716

-2. 199667 .2698265 0 .
-2.555362 - . b 8 0 9 6 8 6 .6 7B3670 — . 2 2 6 2 o/' 1 F - 0 1 -2.199667

6.6 0 70(13 -.13672H0F-O1 0.
. 75 2 6 0 0 3 6-01 .1012310 -.33632336-01 -.1979611 , 9 r, ?6C

-. 1 3 6 72 0BF-01 .9260100 0.
0. 0. 9. 0. 0 .
0. 0. 0.

2 . 61A1B7

6.8 2 B 6 3 9 
0 . 3.61622b 

b.
6.02°6’7

THE 1 iff 3 MATRIX PI
-.901 09069- )A .18631 375-05
— .75 8 159^.6-0 6 — . 1 3 6 0 7 6 9 E - 0 7

T H E I A 3 - . 0 C T  0' 1 3 C 5 8 6 9 9 A 2 7 5 6 
PASSED TEST OF STEP 3
THE 1 BY 8 MATRIX L 11

0. .9QLA9A7E-12
.18]8989E-11 .IB18909E-11

THE 1 nY 0 MATRIX NEJX
6*020620 ,_I536°66E — q
2.616216 1.000000

.9036359E-06 
0 .

909696 7c-12

6 . d 20626

. 9062905E—05

. 1 366262E-11

1.000001

.267996?c-9A

, 136A?63 = -] 1

2.61A7J6



*H
-H

X»
—

1 
-4

X
r>

 z
X

X
fX

 
X

C
O

i 
i

i
1 

1 
~r>

70
m

O
m

l/i
 m

 |
 

| 
rr

.
• 

• 
• 

• 
UJ

 f\
) V

—*
t>

 T
7

rv
j /

"
• 

•
S'

 •
• 

•
sJ

' V
J1 

l*C
vJ

 vT
, •

 
*

3T
LJ

• 
•

el
l*

, o
j

m
o

 j
fv

G
W

O
'O

V
.’l

 O
 «»

U 
J„

Xs
 C

DH
-

tx
 

♦-*
O

 »
 O

ot
p-

*
iV

c>
r. 

~
jJ

^'
V

I-
*

K
tN

J
r-»

1 
O'

 O
'

v_n
 X

' 
£j

r\>
J1

3.
 X

liN
JO

J
• 

r~
X'

 j
dc

i:
X

 
CD

—n
r 

C
3H

>3
M

C
W

H
iV

U
'M

l.,
 '

 M
J1

 f-
 U

.'.—
 V_

*l -
<

r~
no

 x
> 

-v
X-

 
X

ai
» 

r
 X

 X
xi

O
'H

i'
 r

—
 

X
'O

c*
 x

 cr
 n

o
; -

X'
 v

j
4)

H
-.U

.M
H

-r
. n

:H
 T

r
O

’
O

oc
m

 
or

0*
T

uT
*.

U
1

Co
 v

l 
1 

1
o

o
Z>

X
►-

* 
rc

T
P

lO
O

>
x>

£>
r-

 
l>

no
 cr

 c
r 

>
,-p

-H
—

l
KT

.\\>
 

-H
C

50
—

*
r 

X,
M

W
l

»—
•

Hh
n

n
v 

•—
*

o
o

1
•

i 
i

X
O

X
X

-o
r

 
{

h-
*»

• 
•

f\
;«

 
•

,T.
 -4

-4
\r

 i\
j r

- j
 r

 a
-«

s» 
x-

 
v.n

 X
• 

co
 Z

f—
 o

r
U

JW
M

M
 -c

H
t-

C
/H

-T
 C

l-a
 *

40
. ' ►

—
ro

x'
C

O
cr

n
i

U.
CC

P-
*

T
lV

v
C

f
n 

x-
 x

- x
*

rr
.

0
£

»
-

r
-C

r
1 

-O
re

.
j2

 -v
jv

ra
.H

-1
X-

 4
: n

o 
t 

>*-
-.

o
j 

r 
a-

O
v

l^
*-

• -
ji

m
 4.

' 
v-

v
j.

rc
-j

a
 o

u
.

O
X

'
Co

 co
-4

4L
 v

G
»-

 J
M

jJ
» 

r •
—

 r
 -

j 
r 

o
 o

- ^
C

P
CO

X'
0

-4
V

 V
 -s

iO
O

C
 +

2C
'f 

S'*
..

on
ro

*—
 rx

j
o

co
0

-4
O

C
O

rp
~n

.-f
un

r»
‘ 

m
rr

.m

o
o

O
r

 r
p

-O
i—

w-
i ►—

-v
l

O
vj

»

o
c

o
 

o
t 

c
1 

o
u

 t
 c

o
O • 

•
• 

•
ui

o
 

•
•X

 
UJ

#
•O

vj
c

OJ
4.1

 
V

a:
 

u
j

a
c

NJ
o

»—
*

XT
cr

CT
- 

Cw
O'

CJ
»

no
 

cn
*-*

 
no

<x
VJ

»
OD

no
CJ>

U
/ 

►—
cn

 
v.

v
cr

-C
rv

»—
 

OJ
-j

 
h~

IM
X'

ex
no

o
o

•C
 

a?
O

 
-*s

l
n 

>
m

rr
\

m
IT*

1 o
•

1 O
»

o
I—

h*
OJ

3—
O'

O
 

I
1

i
i 

i
1

•
no

>_
no

x-
 

O'
rv

 
O

'
•

h-
-4

o
O

IN
)

•r
 

4
O

' 
ro

o
CO

X'
u-

c
-C'

»v
 

3.
IN

. 
c

a
O'

X'
x

»T
 

tv
i

tv
 

rv
fv

cr
no

-v
l

u»
 

'.r
a

IV
e

cr
»—

►
- 

o»
c

IV
O'

i;
r-

' 
4T*

n 
-o

o
rv

cr
rr

m
rn

rr
,

1 o
c

1 o
r

c
w

U
i

♦—
4

►—
o

o
i

1 
1

• 
•

OJ
• 

r—
*

IV
•

•

►—
Vj

i
O

'
ro

 
u

• n
 

O
6

X'
sO

IV
4.

O'
fN

j
4-

 
45

x-
 

a
O'

4
v

l
—*

 
n

r-
 

a
4

N)
O'

o
 

o
N»

o
4

X*
o

-4
r-»

 
Vj

>1
 

o
o\

3
vl

J1 
o

3 
3

n 1 O
3 v|

—4
« 

p»
 Z

4
n

 k
o

 
h

• 
*-

—1
X

■ 
«

■
*

«
■

 
«

o
 

^
X

■ 
—

 O
 

X
o

 w
X

O
 

m
vj

> 
j-

u
.r

o
 

x
)t

>
| 

"
m

h
 «

i/
>

 
rr

—1 *
 O

O
 

I
I

 
1 

I
I

T1
• 

•
►

-P
-.

P
-P

-*
—

b
-r

J
 p

• 
•

0»—
* —

ir
j 

x
-

« 
4

 •
*—

■J
O

O
O

O
O

O
-C

—
ll 

•
VJ

1
• 

• 
N 

• 
•

I—
 •

*
•J

. X
' •

 
* 

• 
• 

v
j 

VJ
 -

 J
 *>

J 
J.

 A
 • 

*
•

x
n

r
o»

 r
> 
t>
 o

 j
>

 
■—

 
c

j
O

 c
j.»

—
l-

O
P

 r
 o

o
t-

ro
’/

o
c

 
iO

u
. 

u
;

 ^
* 

;
 o

-i:
C

o
O

O
O

O
O

—
»<

■
•v

j t
o

f—
 x

.*
-r

-T
j

*■
O

 u
a

 -
V

 -
jr

- 
x

 X
 V

^C
JN

SJ
 T

.n
j

3
CJ

1C
E

—
.—

1
-.

—
1

—
lo

 >
 

-*■
\n

 o
 X

-
i

 X
 •

 
.

'
J

i
&

c
.-j

j
i

O
"v

v
|-

>
 

j
 

>
._

r 
l-

>—
ir

.U
v

n
-<

<
<

c
_

 w
 i

.a
, 
o

C
 *

_*
. -

c
o

tw
 
r

rv
j*

 -
<

4
C

 O
 —

 T
 '

V.
 

l 
o-

 
X

 J
 C

 
vl

 0
 

J-
^

 -
c

VO
« 

« 
II

 
#

 
. 

o
 

^
r •

»
O

’H
X

)
o

 
n 

O
 -

V
 

c
 »

-»
 v

n
:«

 r
 c

 X
 V

X
-

-0
 v

T 
r-

* 
J-

 X
I 

—
.

vi
e;

;
/»

c
 r

 -
n

-x
■r

 
n

 
—

■ 
d

 x
 —

 o
 \

> 
r>

 M
'm

y
■o

<
. 

-*■
T

l 
XJ

v
r:

 o
 

c 
ir

.1
)1

. 
11

 
15

«v
1

I
I

 
I

I
.X

o
J

 
o:

v
. j

 p
O

- 
^

 
O

 * 
3

h-
*

V
j

0 0
‘V

 
j>

v—
 i—

>
-4

-v
j

--
»

v
j-

v
 X

- 
—
i

—
,

X
V

n
 v

* 
x

4:
iT%

•—
1 X

 
—

o
 >

1
>*

4
,»

--
r>

O
 

1 
I

I
I

>.
u

>
«

t—
»

!>
>•

h
*«

• 
c

<rr
• 

x'
% 

—
♦ 

>*
.

c
 

u
v

:.
*

v
';

 j
 >»

 r
o

 x
: 

>•
 • 

#*d
 j

 
r-

4.'
 
X.

X*
 

-u
♦'

 v
3 

w
O

c
r

■N
) 

/-
1 

o
»—

 C
 

C
 J

T
'D

J
'U

/i
- 

v
.‘

v*
'I:

h
 

r
o

- 
r-

 
“5

C
i '
t

'0
\j
 d

 *
n

> 
X 

►—
 

!. 
vj

 ^
n

r
4

 r
£

r-
 

s.
X

' r
 —

•
O

x
-

v
ji

r-
- 

O
 D

~
J

-4
i>

jr
 *

u
) 

j 
'.j

»—
in

j 
CT

C
- 

o
»—

 N
 

v
l

.
, 

'.
X

-
’j

i'
v

#
1'-

.*
. 

X*
 

C
>—

>
*—

 —
 W

O
 i

*
V

‘-
i?

C
*

n
;.

r
-'

H
H

 
f

.H
t

 
r-

i'
U>

\r
 c*

.»
C

 .
7*

J 
vj

 X
- O

 
*w

 
'j

.' 
T

 U
* 

C
 v

 
/ 

“
r-

• i
.

•T
r:

:«
-r

5 
|7

 
rr

- 
.n

c
C

 C
 

o
 

T
 

^
vj

-
►—

 f—

o
o

O
O

C
• 

c
O

 
1 

c
i

c
C

. 
I 

.
• 

X
-

• 
-Is

• 
X

s
•

x
«

•
<

nv
•

c
•

Cw
*

cv
>

c:
. n

-
u

.
<y

O
•>

a
X

“
o

O
'

ro
t-

IV
rv

cr
vC

vj
.V

U
’

V
05

O
 '

X-
nr

.
cu

C
x-

a
T

o
L»

J
x-

X
' -

c*
X

'
V

J
O

'
c

fv
CL

V
cr

IV
j

n^
►—

no
O

'
J>

4
V

V
J

-v
 o

U
1

rv
U

-.
■C

C
r“

rr
.

m
rr

o •J
*

cu
h

-

o
1

o
i

1
1

i
• 

u>
• 

u
‘—

•
o

 •
•

rv
v

j
fc—

X
'

c
V

X
'

■J
, x

x
c

o
’T

xv
J

1 ̂
-

7 
-T

 K
-

/y
cr

L
c

-\
^ 

-
y

 x
-

r
no

n
u

»—
■x.

*—
rv

x*
 n

o
c

X
4—

>
V

-
fv

-
3—

V.
' 

H
c

.
*—

r—
x-

, 
_

X
'

»
~

r
j

*—
>

U
-

T
•r

X
.T

• r
■j

1
-

rr
'r

-

c
O

X

o
i

1
v

x>
rv

•
•

»—
X

-
•

I—
•

•
•

•
.V

•
•

K
•

■>
*

■ r
.

X
-

c.
rr

.
O

•y
r~

no
IV

►—
X

'
ro

o
c

►
-

D
X

n
4

o
V

j
o

4
4

C*
n

j
J)

>0
o

—
•

3
'0

3
\>

4
»—

*
sH

V
>

vl
4

r
_n

3
v

l
D

* 
X-

X*
3

3
3

3

to -fc
* c

P A P A ̂  *



B.l Basic Algorithm, with the update given by I.4.VI and p computed 
after T(x^) <_ e, applied to Problem B.

«**«*?***
ICT -1
THE 1 QY 6 MATRIX X

1.000000 1.000000 
0 • 1.000000 1.000000 1.000000

COST-2.718281828*59 
XI -5 .
C ■ 50.
THE 1 9Y 3 MATRIX MU(X) 

-1.3591*1 0. 0.
ATX-5. T X ■ 1 ,
N0ACTIV-3 
ARRAY IQACTV 
I-1IQAC TV»*
I "2IQAC TV■5 
I *3IQAC TV*3 i
THE 1 BY 6 MATRIX QPLMD 

0. 0.
0.

1.2698*1 2.8608*2 .6122**9

THE 1 BY 6 MATRIX PI
-.306122* -.1938776 
0.

THETA — 2*3.20*295*253 
STEP LENGTH".6561

3.6156*6 -. 5782313E-01 -. 5 782313 E-01

THE 1 BY 6 MATRIX NEWX 
.*711031 .8727969 

0.
3.372226 .9620622 .9620622

C l — 23.5*96916105* 
C2"5.9262*5008*d8 
C3"5.9262*5008*38 
C*-0.
Dl"5.9262*5008*38 
THE VECTOR NNT*PI WAS SET TO 
IN THE NEW UPDATE SCHEME 
PARAM-5.973796*89*81

ZERO

THE 1 BY 6 MATRIX DLGR2 ’ 
5.390869 2.17*003 

0.
C5-11.852*9001698

6.377931 1.972251 1.972251

THE 6 BY 6 MATRIX H
3.*0*728 .977**95 

0.
.977**95 1.396029

0 ••

3.112588
1.220769

.0936535

.3609392
.8936 535 
.3609392

. 3.112588 1.220769
o. 3.*62**0 1.076*72 1.076*72

.8936535 .3609392 1.076*72 1.327939 .3279393
°!8936535 .3609392 1.076*72 .3279393 . 1.327939
0 .
0. 0. 
0.

0. 0. 0.

THE 1 8Y 3 MATRIX CONSTR 
*.2067*5 -1.68*551 *********

ICT-2
1.769*30

t

THE 1 BY 6 MATRIX X
.*711031 .8727969 3.372226 .9620622 .9620622

0 •COST"3.60878303892* 
XI-*.2067*500853* 
C"25.
THE 1 BY 3 MATRIX MU(X) 

-.6065259 •56**5*7 -1.7*2332
ATX-81.1991700532* 
TX " 1 .
NQACTIV-3 
ARRAY IQACTV 
I-1IQACTV-2 
I" 2 1QAC TV"6 
I-3IQACTV-1
THE 1 BY 6 MATRIX QPLMD 

.9010*95 .8215580 
3.'03529*

0. 0. 0.

THE 1 BY 6 MATRIX PI
-2.25*218 -.1175063 -.1*73681 -.2296557 -.2296557
0 •

THETA — 130.36687*6116 
STEP LENGTH".729 r
THE 1 BY 6 MATRIX NEWX 

-1.172222 ,78713*9 3.26*79* .79*6*32 . 79*6*32
0.



C 1 -2<». 4498492^022 
C 2 - 1 1.8 160790^67 
C3 -2.775453905567 
C4-0.
Dl-2 .775453905567 
IN THE NEW UPDATE SCHEME
p a r a m -o .
THE 1 BY 6 MATRIX DLGR2 

-13.61774 -4.660533 
0 • -1.378383 -4.495695 -4.495695

C5-24.44984928022
THE 6 BY 6 MATRIX H

7.617102 2.639123 
0 • .6994650 2.386664 2.386664
2.639123 2.039184 

0 • .4992684 .9415875 .9415875
.6994650 .4992684 

0 • .5598541 .3763622 .3763622
2.386664 .9415875 0. .3763622 1.851519 . 8 515194
2.336664 .9415875 0 • .3763622 .8515194 1.051519

0. 0. 
0. 0. 0. 0.

THE 1 BY 3 MATRIX CONSTR 
A 3.915432 -.5374561 * * * * * * * * *

ICT-3
-.1230600

THE 1 BY 6 MATRIX X
-1.172222 .7371349 
0.

COST-.1492380143984
Xl-3.9154dl802351
C-12.5

3.264794 .7946432 . 7946432

THE 1 BY 3 MATRIX M U (X )
. 504 5331E-01 -. 2792634E-01 . 5210355E-02

ATX-4.171978681292 TX-1.
NQACTIV-3 
ARRAY IQACTV 
I-1I0ACTV-5 
I-2IQACTV-1 
I-3IQACTV-3

4

THE 1 BY 6 MATRIX QPLMO 
•6718755E-01 0.

0.
•8302392E-01 0. .8260925E

THE 1 BY 6 MATRIX PI
-.2610329 .6451231 
0.

THETA— 49.23422220596 
STEP LENGTH-1.

-.8986198 .1021091 .1021091

THE 1 BY 6 MATRIX NEWX 
-1.433255 1.432258 2.366174 .8967523 .89675230 ♦

Cfi. 4323492023122 
C2 - . 5920836700038 
C 3 -1.312692097748 
C 4 -0 •
01-1.312692097748 
IN THE NEW UPDATE SCHEME 
PARAM-0.

•

THE 1 BY 6 MATRIX DLGR2 
-.2030505 .4183539 0.

C5-.4323492023122
-. 5495330E-01 .2941681 .2941681

THE 6 BY 6 MATRIX H
7.404652 2.709615 

0 •
.5185339 2.192443 2.192443

2.709615 2.212449 
0 .

.6254023 1.274861 1.274861
*5185339 .6254023 .4279836 .3013155 .3013155

0.
2.192443 1.274861 .3013155 2.041457 1.0414570 •
2.192443 1.274861 ,3013155 1.041457 2.041457

u •
0. 0. 
0.

0. 0. 0.
THE 1 BY 3 MATRIX CONSTR 

1.312692 -.6318517
ICT-4

.9938628

THE 1 BY 6 MATRIX X
-1.433255 1.432258 2.366174 .8967523 .8967523
0 •

'COST-.02012007772103 
XI-1.312692097706 
C-6.25
THE 1 BY 3 MATRIX MU(X)

.1667471E— 01 - . 1244056E-01 .2390092E— 02
ATX-1.314427332775 
TX-1 .
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THE 1 BY 6 MATRIX 111

- . *5 * 7 * 7 * 6 - 1 2  ’ . 2728*8*6-110#
STEP LENGTH-1.
THE 1 BY 6 MATRIX NEWX 
‘ - 1 . 7171**  1.595710

£ 1 - 2 . 2 7 3 9 2 7 * 5 5 9 * 7 6 - 1 5  
C 2 - 2 , 2 7 3 9 0 2 2 * 5 9 0 6 6 - 1 5  
C 3 " 1 . 3 8 5 9 9 8 3 * 5 1 3 9 6 - l *  
C * « l .  * * * 2 7 8 0 5 * 3 * 6 - 2 2  
0 1 - 5 . 3 2 2 9 9 8 7 1 0 6 7 E - 3 6  
IN THE NEW UPDATE SCHEME r* AK AM -0 »
THE 1 BY 6 MATRIX DLGR2

• 3 9 0 2 2 0 1 E-0 8 - . 1 * 3 0 5 2 6 6 - 0 7
0.

C 5 - 2 . 2 7 3 9 2 7 * 5 5 9 * 7 5 - 1 5

. 9069032E-07

. 18189896-11

1 . 8 2 7 2 * 6

.1370793 E-07

.5*5*7836-08

.2 1600506-11

. 7 6 3 6 * 3 1

. 293*31IE-08

.5389033E-08

. 9 5 * 9 6 9 * 5 - 1 1

. 7 6 3 6 * 3 1

. 2925630E-08



CO

01tu
vT 

f\J
r- 

c> 
cr 

n-
m

 
rv

m
 

o
 

—< o
*—

I 
h

-

01LUr\r so 
n-

-r 
o

 
nT

«n 
t 

(7*
m cn 

a*
n
 o- 

a-
h

 
O

' 
f\J

vj- 
rvj 

»

I
e

0
 

o
1 

I
tu

 
U
J

m
 

o
 

-O
m
 

o 
o
 

m
 

O
'

N
 

N
 

(\J 
(X5 

T3
V0 

T—* 
<0 

<7
m

m
o

C
'C

T
 

•—
i 

CT 
sO

 
r\j 

C
*

*—« 
n- 

xt 
• r\j

1
O

mvj-:Ce>on-

sOrvj
lT\Coo*

aoo*inCTinm

OIUJ*TOrvja-cu-

01U
Jf\JinmfMn-sT

01iu0“vT-J-•nm
icr

o
 

o
 

t 
I

UJ 
UJ 

O 
'O 

O «NJ
23 

ru 
a

 
j

«\j 
m 

(\i n»
o

 
>o 

^
 

<M
•n 

o
 

m
 

o
•n 

O 
O

,0
 

_
«

xa:
o

< 
—4

rr 
oi

O
 

u
/

n
j 

^
 

co 
co

r\j 
vr 

m
>- r-4 

>r 
a? 

r-
m

s* 
r- 

o 
o

nj 
m 

o m
•O

 vj- 
m

 
n

- 
*-i

m
 

#~4
tu 

O
 

O
 I O

 I O
 I o

o
 

X

0r—I1LUOJro<T3sO0H1UJ 
cr> 

arm 
h-in 
l/O

TD
 

7
: in

 
c?m
t->—<
x I
a:•—i
t: —

* I
C

' LLl

in
 

>- m
 

m
m
 

o
«—icO 
m

o
u

j I 
X



24 9

B.2 Basic Algorithm, with the update given by I.4.VI and p .1 i
from the start, applied to Problem B.

*********
ICT-l
THE 1 3Y 6 MATRIX X

l.OOGOCC l.OOOuOO 
0 .

COST-2.718281826459 
X I -5 .
0  50.

1 . 000000 1 . OOOOOG I .000000

THE 1 BY 3 MATRIX MU(X) 
- 1 . 359141 0. 0.

ATX-?.
TX-1.  
NOACTIV-3 
ARRAY ICACTV 
I-110ACTV-4 
1-2 IOACTV-5 
I-3I0ACTV-3
THE 1 BY 6 MATRIX OPLMD 

0.  C.
0. 1. 269841 2.360542 .6122449

THE 1 BY 6 MATRIX PI
- . 8061224 - . 1938776  0.

THETA--243. 2042954253  
PASSEO TEST OF STEP 3

3 . 615646 -.5762313E-01 -.5782313

THE 1 PY 6 MATRIX LH
.1151475 - . 6255251  

0.
—5.087C66 —. 6430301 - . 6430301

STEP LENGTH-,6561
THE 1 BY 6 MATRIX NtWX

.4711031 .8727969  
0. 3. 372226 .9620622 .9620622

C 1 - - 2 3 . 54969161054 
C2 - 5 . 926245008483  
C3 - 5 . 926245003488 
C 4 -0 •
01-5. 926245008488  
THE VECTOR NNT*PI WAS SET TO 
IN THE NEW UPOATE SCHEME 
PARAM-5.973796489481

ZERO i

THE 1 BY 6 MATRIX DLGR2 
5.390869 2.174003  

0.
C5- 11 . 85249001698

6.377931 1.972251 1.972261

THE 6 BY 6 MATRIX H

'3.404728 .9774495 3. 112588 .6936535 .£9365350 •!9774495 1.396029 1. 220769 .3609392 .3609392
Q

3.112568 1.220769 3. 482440 1.070472 i .076472
Q

*.8936535 .3609392 1.076472 1.327939 .3279393
Q

I8936535 .3609392  
0.
0.  0.
0.

-
1,076472

0.
•327^343

0.
1.327939

0.

THE 1 RY 3 MATRIX CONSTR 
4,206745 - 1 . 684551  *********

ICT-2
1. 769430

THE 1 BY 6 MATRIX X
.4711031 .6727969  

0.
COST-3.600783086924 
X I - 4 . 206745008534 
C-25.

3.372226 .9620622 .9620622

THE 1 BY 3 MATRIX MU(X) 
- . 6065259  .5644547 - 1 . 7 4 2 3 3 2

ATX-81.19917005324  
TXrl.
NQACTIV-3
array iqactv
I-1I0ACTV-2 
I-2IQACTV-6 
1 - 3 IQACTV-1

computed

- 0 1



2S0
THE 1 BY 8 MATRIX 0 P L M D 

.9010*05 . .121 55 BO 
3.03529* 0 . u • f%

THE 1 BY 6 MATRIX PI
- 2 . 25*216 - . 1175063  0.

THtTA*- l j0. 3o‘' 87*Ml 6  
PASSED TEST OF STEP 3

- . 1 * 7 3 6 8 1 - . 2  2'>c557 -.2296557

THE 1 BY 6 MATRIX Ll l
.5707593 1.388393  0. -1 . 53*669 .*26*7-. - . *2697o2

STEP LENGTH*.729
THE 1 3Y 6 MATRIX NCWX 

-1 . 172222 .73713*9  0. 3. 26*79* « 7 9^6*32 , 7 9 h  b 5 j
Cl *2*.**98*928022  
C 2« 11.8160790*67  
C 3 - 2 . 775*53905567  
C*-0.
D l * 2 . 775*53905567 
IN THE NEW UPDATE SCHEME 
P A R AM * 0.
THE 1 BY 6 MATRIX 0LGR2 

- 13 . 6177*  - * . 880533  0 • - 1 . 3 7 6 3 8 3 -*. *95695 - * . *95695
C5 - 2 * . **98*928022
THE 6 BY 6 MATRIX H

7.617102 2,639123  
0 • , 699*650 2 • 3a&66* 2.3 0o6b*

2.639123 2.03910*  
0 . .*99268* .9*15675 .9*15875

.699*650 ,*99266*0 t . 55985*1 .376362? .3763622
2.38666* . 9*15675  

0 • . 3763622 1,8515^9 .851519*
2.36666* .9*15075  0 • . 3783622 .651519* i . 851519

0 . o , 
0. 0. C. 0,

THE 1 BY 3 MATRIX CONSTR 
3.915*62 - . 587*561  * ********

ICT ■ 3
- . 1 2 3 0 6 0 0

THE 1 BY 6 MATRIX X
- 1 . 172222 . 78713*9  
0 • 3.26*79* .79*6*32 .79*6*32

COST*.1*923301*898* 
XI«3. 915*81302851  C-12.5
THE 1 BY 3 MATRIX MU( X )

.50*5301E-01 - , 279263*E-01
ATX-*.171979681292 TX-1.

, 52103 55E-Q2

NQACTIV-3 
array IQACTV 
I-1I3ACTV-5 
I-ZIOACTV-1 
I-3IQACTV-3
THE 1 BY 6 MATRIX QPLMD 

. 67187555-01 0, • 9 30239 2E-01 0, .8260925

THE 1 BY 6 MATRIX PI
- . 2610329  . 6*51231
0.

THETA-—*9,23*22220596  
PASSED TEST OF STEP 3
THE 1 BY 6 MATRIX Ll l

- . 1975*19  -«965 80 70E-01
Ot

STEP LENGTH-1.
THE 1 BY 6 MATRIX NEWX

- 1 . 630796
0.

1.335669

C l * . 3752251806689  
C 2 - 1 . 7875*12110? 
03*1. 68113053765  
C A *0.
D l - 1 . 68113053765
IN THE NEW UPDATE SCHEME
PARAM*0.

- . 8 9 8 6 1 9 8

- . 101882*

2.16*292

.1021091

- . 1372138

.7595386

.1021091

.1372138

.7595386
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1.5.3 Remarks

The apparent advantage of computing p^ from the start, suggested by 
the lower number of iterations taken by the algorithm to converge, does not 
have a theoretical explanation, although it can be argued that as by 
definition p^ / 0 only if || p.J| <_ || p.J| this test is perhaps a better 
indicator of when to si-art the computation of pL than the test T(x^) e.

The table below summarizes the results obtained here jor Problem A 
when using the new modification of the BFGS update, case A.3, and the 
results given by Powell (1982b) |or a variable metric algorithm which 
incorporates the ’watchdog technique’ [see Chamberlain et al (1982)] 
and updates the matrices by the scheme suggested by Powell (1977).
Both algorithms started from the same initial point.

Algorithm
No. of 

iterations Last point (x^) II xf -x*||

A.3 13 (4.828472; .3469473x10~7; 4.828427; 6.44704
1.0; 2.414214; 2.414214; 1.0) x 10"7

Powell’s 14 (4.830647; .004184; 4.826209; 6.02268
1.002093; 2.414177; 2.416344; 1.0) x 10“3

The vector x* = (2 + l/~2 ; 0; 2 + i f l  ; 1.0, 1 + /*2 ; 1.0) is the 
exact solution of Problem A. The graph on the next page illustrates 
the behaviour of both algorithms.

We do not have results of variable metric algorithms applied to 
Problem B. In Maratos (1978) a quadratically convergent algorithm is 
used, starting from x~ = (-2; 2; 2; —1; —1), and after 6 iterations 
it achieves a point x^ such that || x^ - x̂ || < 4 x 10 , with
x^ = (-1.71714; 1.59571; 1.82725; -.76364; -.76364) being an approxi­
mation of the exact solution x*.

Here, case B2, the point x^ = (-1.717144; 1.595710; 1.827246; 
.7636431; .7636431) is obtained after 8 iterations starting from

t .Xq = (1.1; 1; 1; 1). Clearly the signs of the last two components of
xr and x,, indicate the existence of two exact solutions x* to Problem B. f M
Note however that our starting point is farther from any x* than



256

1.5.3 Remarks

In relation to the number of iterations, both versions of the 

Basic Algorithm compare well with reported applications of variable 

metric algorithms for solving Problem A.

For instance, the point achieved after 13 iterations when 

using the new update procedure and p computed from the start, namely:

x = (4.828427; . 3469473xl(f7 ;4.&28427;l. 000000; 2.414214; 2.414214; 

1.000000)

compares favourably with the point obtained by Powell (1982b) after 14 

iterations, namely :

x = (4.830647; .004184; 4.826209; 1.002093; 2414177; 2.416344;

1.000000)

in the sense that some conditions that prevail at the* solution x*, namely

—* y T̂ • y^ “ y ̂
X1 " X3 ’ X5 " 6

are here satisfied up to the sixth decimal digit.

Also, the number of interations (11) required when using the 

slightly modified Powell's update - recall X ( * )  replacing X̂  in the 

definition of y^ - is the same number required by the algorithm of 

Mayne and Polak (1982) when using the original version of Powell's 

update.

We do not have results of other variable matric algorithms applied 

to Problem B but the results here obtained seem to be satisfactory.

As to the apparent advantage of computing pu from the start,
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in the Maratos case, that is: || X q - x*|| = 2.921265464 and || X q - x *|| =

.620511759. A comparison of the performance of both algorithms is made 
more difficult by the fact that x* is not exactly determined. Actually, 
if we call v(x) the maximum violation of the constraints and f(x) 

the value of the objective function, we have: vCx^) = 3.4x10 
fCx^ = .053951049 and v(xf) = -1.324167 x 10~10 ; f(xf) = .053949748.
That is,the point obtained here after 8 iterations is clearly a 
better approximation to x* than the point adopted by Maratos (1978) 
as the optimum point. The graph below illustrates the performance 
of the algorithm presented here.
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it does not have a theoretical explanation, although it can be argued 

that as by definition pL  ̂ 0 only if

II Pill 1 II Pill >

this test is perhaps a better indication of when starting the computation

of p. than the test T(x.) < z . r i  i  —
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1 , 6 SUGGESTIONS FOR FURTHER RESEARCH

As pointed out in the introduction, the linearization of the

constraints makes necessary a modification of the objective function 

of GMP to include information about the curvature of the constraints.

An example given in Beale (1967) shows that the use, in the sub­

problem which generates the search direction,of a linear approximation 

to a quadratic constraint.leads to oscillatory behaviour. The question 

posed is whether the satisfaction of the constraints to second-order 

is sufficient to avoid such modification of the objective function 

f(#). In other words, whether the matrices generated by the update 

could then be computed to approximate V f(x*) rather than V L(x*).
XX XX

In order to understand the problem better, consider, without loss of 

generality, that GMP has no equality constraints and define the two 

sub-problems below :

Q1 i

peRrainn £x(V p + ^ CVxx £('Xi ) + J  ^ ^ f ^ ^ x x ^ ^ i ^ P
j e m

subject to:

gJ Cx^ + P S °> jem •

Q2 i

subject to :

Let (p^,Ap and (p^jX^) be Khun-Tucker couples of Ql1 and
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Q2 respectively.

At the solution of Ql1 the following condition is satisfied

1 . 6 , 1

f (x.) + PiCV f(x.J + y (A(x.))^ V g^(x.)] + x r rl xx v i ,L v J xx 1
j c m

* I 4  4 (xd = °-j e m

At the solution of Q2 the following condition is satisfied

f (x.) + p 
x  1 r 2 Vxx fCxp + W V  + P ‘ V g^Cxp] =0.

jem

or, rewriting,

1.6.II

fx ( X . ) pltV
XX

fCx.) I
j e m

K  V g
XX CXj.)]

* }  X2 ■ °-j e m

If the second-order sufficiency conditions are satisfied at

x* c D, with x. x* as i + °°, for i sufficiently large both Ql1 and

Q21 have unique couples satisfying 1.6.I and 1.6.II, respectively.
_  *

Moreover, as A(x^) and A  ̂both converge to A , as x. x*, near a 
*

solution (x*,A“) for G MP the vectors p^ and p  ̂ must be very close.
i iThus, the use of Ql and Q2 to generate the search direction are 

likely to give similar rates of convergence.

In practice, the use of Q21 has not much appeal because the 

quadratic constraints makes its solution far more complicated than 

the solution of a quadratic sub-problem. On the other hand, although
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not requiring second-order derivatives, the search arc cqx + u 
defined in the first chapter satisfies the constraints to second-order. 
It is then a topic for further research to ask whether the use of 
the search arc ensures superlinear rate of convergence even if 
the objective function of the quadratic sub-problem does not involve 
the constraints.

The advantages of this procedure are emphasized when applying 
the algorithm of the second chapter. In contrast to the other 
algorithms of Part I, the function <:(•) is not used there to update 
the penalty parameter. Thus, the estimates AC*) and U(*) are only 
necessary to compute the matrix B̂ , either through the secant update 
or through the modification of the BFGS. Hence, if the simplified 
objective function is used in the quadratic sub-problem, the sometimes 
cumbersome computation of A(#) andy(*) can be avoided.

Another aspect is the use of the simple procedure to update 
‘the penalty parameter, introduced in 1.2, in the presence of non- 
convex inequalities. In theory, an infinite subsequence I may be 
generated where the constraints of the quadratic sub-problems QP? 
are inconsistent, for all i e I. It may also happen that, for some 
infinite subsequence I', || A?j| i » . Consequently (see Proposition
I.2.B), ŵ  may be greater than zero infinitely often and the penalty 
parameter may become excessively high.

Nevertheless, convergence can still be proven if the following 
conditions are included in the assumptions:

- ' The sequence of multipliers {A?} remains bounded.
-• for all i sufficiently large the constraints of QP?
are consistent.
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As these conditions are likely to be found in practice, 
it is perhaps advantageous apply the algorithm of 1.2 even if the 
constraints of G'MP are not convex. Further research is necessary 
on this topic.

The asymptotic properties of the sequence of matrices
{Ĥ.} generated by the update of 1.4.VI is another topic where further
research is required, For the unconstrained minimization of convex
functions, Powell (1971) shows that the variable metric method with
the BFGS update is globally convergent and afterwards it is established
that the positive eigenvalues of the sequence {lh } remain bounded
from above and bounded away from zero. Recently, Ren-Pu and Powell
(1982) show that the sequence {Ĥ } generated by the BFGS update

* nin unconstrained minimization actually converges to some H e L(R ).
Now in the same way as Theorem 1 of Powell (1971), Theorem

I.4.N is proven without requiring a priori either the boundedness of 
{FL}or that its positive eigenvalues remain bounded away from zero.
It is then useful to investigate whether results similar to those 
of Powell (1971) can be proven for the update given by I.4.VI and to 
extend the results of Ren-Pu and Powell (1982) to constrained problems.

Finally, although the numerical examples of the last chapter 
axe encouraging, more applications of the algorithms suggested here are 
required before asserting their competitiveness.
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11,1 UNCONSTRAINED CONTROL CASE

11.1,1 Introduction

We deal in this chapter with the special case of the discrete 
optimal control problem (DCP) where there exists no constraints. That

1S 1 N-1
min { l T (x uA + <f>(xj >
nnxN i=0 1 1 1 NueR

with the dynamic system:

x. . l + l
f. (x. ,u .), i = 0, N-l

i l l

where:
T. : Rn x Rm -* R ; $ : Rn -+ R ; f. : Rn x Rm Rn

i  l

x̂  c Rn being the state vector

e Rm being the control vector , i = 0,...N-1.

Now, defining an augmented state vector with the intro­
duction of

n+1 ~n+l . .. i n+1 .x i + 1  = f t  Cxi , u i ) ,  i  = 1 , . . . , N - 1 ;  x Q = 0

with
-n+l, n-l m r ^f. (x u . ) = x. + T. (x. ,u.) 

i  r  i  i  i  i  l

and a objective function F(x̂ ) given by:

F(V  = *n +1 +

it is readily seen that we can, without loss of generality, consider 
the unconstrained discrete control problem in the following form.
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UDCP

m m
ueRmxN F (‘V

with the dynamic system

where:

x. - = f. (x.,11.), i = 0,...,N-1 l+l 1 i* i 9
0x = x , given

F : Rn -> R ; f. : Rn x Rm -+-Rn . ' i

Let the cost due to the initial condition x^ = x and control
sequence {u^} be expressed by :

Vq Cxo > F -̂xn^

with:

x0 = X° ; Xi+1 = ^i^xi*uî  * 1 =

Now, to employ dynamic programming, it is necessary to define

the cost of a trajectory with initial condition x^ (at time i) and

control schedule {u, } = {u.,u. ,...,u.T .}. This cost is expressedk i l+l N-l r
by :

W {V >  = F< V
with:

V i = W V  • k ■

Let 7T denote any policy (i.e., sequence of control laws 

u^ = h^(x^), k = 0,,. ,,N-l)and °7T the optimal policy.

Also, let °V.(x.) denotes the cost due to initial condition
i  i

x^(at time i) if the optimal policy is employed.

Then, by the 'principle of optimality' [see Bellman (1957)1

we have :
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1 1 . 1 , 1

°V .(.x.) = ™ i y ° V i+IC_fiCx.,ui)}
U.. £ K 

1

Performing the minimization indicated above for all 

£ Rn, with the boundary condition °V^(x^) = F(x^), yields the 

optimal cost function °V^CO and the optimal control law °h^(*)> 
at time i. Iteration of this procedure for i = N-1,...,0 yields 

the optimal control policy %  = { ° h Q } and, given 

the initial condition xQ = x^, the problem is solved. On the 

other hand, the performance of the minimization II.1.I and the storage 

of °V^(Xj.), °h^(x^) for all x^ £ Rn is usually impossible.

Instead of finding a solution to the UDCP in one iteration, 

as in the dynamic programming*we are interested in iterative methods. 

That is :

given a'’ftominal. control sequence’ fu } and a correspondent 

' nominal traj ectory’{x^ } = 0,...,N-1, find a ’successor 

control sequence* {ih} and a correspondent ’successor 

trajectory’ {x^} , i = 0,.,.,N-1, such that an improvement is 

obtained towards the solution of UDCP. The new control and 

state sequences become the nominal sequences for the next 

iteration.
In the Differential Dynamic Programming method [see Jacobson 

and Mayne (.1970)] the measurement of such improvement is done in a 

neighbourhood of {x^J , where the policy 7T = {h^(•),... ,h^ 

is defined by :

%  = U
1 + <$U£

6u^ = a.i + 3- <5xi

n•H
<

o X.
i - x. .i
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for i = 0, .. . , N- 1.

In the second-order algorithm of Jacobson and Mayne (1970), ,

the function V. (x. ,tt) , which denotes the cost due to initial condition 
1 i

(at time i) and policy tt, is approximated to second order by 

Taylor series and this approximation is minimized, for i = N-1,...,0, 

to generate the sequences {a.} and (3^}. Omitting the argument tt 

for notational simplicity, the Taylor series coefficients V*(x^) 

and V (x.J are estimated through the following recursive equations :
XX 1

1 1 . 1 , 1 1

v1(x.) = Hi + 3T H1x i x Ki u

where:

so that

II.1.Ill

V1 (x.)=A:, - $T C. 3. xx'- 1 J 1 1 1  1

H.(x.,u. ,V1+1(5. .)) = [V1+1(x. .)]T£. ( x . , u . )
1 1 1 X 1 + 1 X  ̂ 1 + 1 1 1 1

H1 = Cf1]1 V1+1 (x. ) ; H1 = [fV V1+i(x. J,x x x  l+l u u x i + l
i,T ,Ti+l,-

ri+lthe unspecified arguments being x^,u^, (x^+ )̂

Also,

and,

3. = cT1 B.
i  i i

II.l.IV
i+l

a . =tf ]Tv1+1cx. o  + cf1]1 v (x. .) c r :1 XX X v 1+1 X XX V 1+1  X

. = Cf 1 ] TV1 + 1 ( x .  J  + [ f 1 ] V1 + 1 ( x .  Cf 1 ]
1 UK X 1 + 1 u  x x  i  + l  X

1,  , , i + l

C. = [f1 ]TV1+1Cx. J + [f„]T v1+1(x. .) [f1] .
1 UU X 1 + 1 U XX 1 + 1 ]1
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The boundary conditions are ;

Fx (' ^N' ) : Vx x (' ^N' ) Fxx^Sp

The sequence (a.) is computed backwards as

II.l.V

a. = arg mm {[H J a + Hx C. a }  => a- = - C.  H„.
1  m u  i  i i uaeR ^

In order to enforce global convergence, the algorithm suggested 

by Jacobson and Mayne (1970) incorporates a step-length procedure 

using the estimated change in cost of the new policy given by:

11,1. VI N-l

a o = - .1 m i b T .i=0

The complete algorithm is given below.

1 - Given initial condition x^ and schedule calculate

{x.}. Set e = 1. 
i

2 - Calculate {V^(x.)} and {V^+^(x.)} using II.l.II, II.1.Ill
X 1  XX 1

and the boundary conditions. Store a. = -C.* H1, 3. = -C.1 B.,J 1 M  ]i 1 1 1

i = N-l,...,0.

3 - Compute : x. . = f. (x.,u’.) , x. = x . 
r  l + l  l  i  i  0

u. = u. + ea. + 3.(x.-x.) 
i  i  i  i l l

Calculate a^ using II.l.VI and the actual change in cost

AV0 = F O ^ )  -  F Cxn )

4
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AV
5 - If A V > 0 or0

Q

e(l-e/2)a
< c, 0 < c < 1,

set £ = e/2 and repeat Step 3.

6 - Set U = u i = 0,,..,N-1; x. = x. , i = 0,...Nl . i  i l
and repeat Step 1.

Jacobson and Mayne (1970) do not discuss the global convergence 

of this algorithm but indicated how it could be proved. Although 

a formal proof can be obtained as a special case of the results of the 

next chapter, here we will discuss the rate of convergence of the 

algorithm and its relationship with Newton’s method when applied 

to the UDCP.

A slightly modified version of the DDP method is presented 

in the next section and the successor sequences ( {û } ,{x^}) it computes 

is later proved to be identical to the successor obtained through 

Newton's method. As a result, it is shown that the original 

version of the DDP method does, not in general coincide with Newton’s 

method, except when the dynamic system is linear.

Finally, it is proved that a quadratic rate of convergence 

is also achieved by the original version of the DDP method.

II.1.2 Modified DDP/Newton’s method

Modified DDP

Consider the algorithm of Jacobson and Mayne (1970) which

was stated in the previous section. The addition of the term

3? H1 to H1 in expression II.l.II, and of C-$T C. $.3 to A. in II. i u x r 1 1 1  1
1,111, is meant to send information backwards and is clearly important
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for obtaining a sunperlinear rate of convergence, But, since

the corrected estimate V^(x^) is also used to compute equations II.l.IV 
T ithe term 3^ H u is also affecting the computation of the matrices 

Af, B^, C., As shown on pages 108-109 of Jacobson and Mayne (1970), 

the error on the estimate V 1 (x.) is already of order a.. Hence,
XX 1 J 1

-1 „i. noas H u and ou are of the same order (recall that a^- = -C^ H
T iadvantage is obtained using the correction |3h in the equations for 

estimating the second-order derivatives. Another way of seeing this

is to observe that H u 0 as u^ -> u* (desirable), so that with or with-
T iout the term 3. H the sequences of matrices {A.}, {B.} and {C.}
1 U 1 1  1

will converge to the same matrices. Therefore, the rate of convergence 

to the algorithm is not expected to be affected if, instead of using 

II.l.IV, we define the matrices A., B., C. as follows:i l l
II.1.VII

A.l

where

with

C.l
v1

= [f1 ]TV1+1(x. ,) + [f1]TV^+1(x. ) [f1]
XX X v 1 + 1 X XX 1 + 1 X

r„i - i + l r- , ri,T.,i+l . r A-,= Cf ] V (x. .) + [f 3 V (x. JCf 3ux x l+l u xx l+l x

= tfi :T v1+1Cx. j  + [f13;]Tv1+1(x. ,) [£,6d x l + l u xx v i  + r  u

f1 vi+1
X X

t  - W

Another point to be discussed is the use of 6x^ in Step 3, 

when constructing onwards the new control sequence. The method of 

Jacobson and Mayne (.1970) uses a linear control policy of the form:

6\i. = a. + 3- 6x. ,i i i. i
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This is then justified (see pg 19) as follows. Because 

the equation

V?(x.) = min [V? hx. J]
1 1  i+l l+lu.l

is expressed to second order only when generating the recursive equ­

ations 11.1,11 and II.1.Ill, there is no point in finding a 

relationship between 6u^ and 6x^ of order higher than linear. Suppose 

otherwise that 6u. is computed as :

where,

= a. + 3 -  5x. + £ 2 ( 5 x .) + terms of higher order, i i i i v i

2
£ f x.) indicated a 2 order term in 6x.. l l

Because of the differentiablility assumptions and the mean
2value theorem, when neglecting £ (6x^) in the above equation, the 

DDP method is neglecting second order terms in (u_.-û ), j < i .

Therefore, after deciding to use (3̂ as the coefficient in a linear 

policy, there is no gain in accuracy from multiplying (3̂ by 6x^ instead 

of the first order estimate A^ given below:

II.1.VIII

A. A f1"1^ " 2, i =  x x
1 ~0, - . a -1-1-2 -2 -1, - .f f (u -uj + f f f f (u -iO +x u 0 0 x x x u 1 1 . +

A-l, -f (u. ,-u. 1). u v l-l 1-1

The modified version of the DDP method consists in the same 

algorithm given in the previous section, with two modifications:
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Compute A^, through II,1.V II, at Step 2

Set,

Tu. = u. + ea. + 3. A.. , at Step 3.l l i' i i r

Newton's method

Using the dynamic equations and initial condition, we can 

transform the UDCP, given in IT.1.1, into the equivalent problem below: 

P2,

min F{;u) ^  F 1 2 ̂ * "̂0 ̂ ^0 Ûo) ̂ ‘ ^ 1̂  *
(ueR )

Given a nominal sequence u, the new control obtained through 

Newton's method is :

ir = arg mm
(ueR )

,N. ^$ O)

Nwhere 4> (•) is the following quadratic function :

dN (u)  = Fu ( u ) T ( u - u ) + h (u-u)TFuu(u)(u-u)

with

F (5) 1 
uo

' F (u).. . 
u0Uo

F (u) 1 
U’0UN-1 '

F (u) = u

F (u)
V i  J

and F (u) = uu

F (u) .
V i uo

.F (u) 
UN-1UN-1

* >

Omitting the arguments (x^?u^), from the definition of F(*)

we obtain ;
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II,JLIX

?u. “ tf^ T ( ^ T -X

and, for j > i.

11*1,X
F f ~iv. T - «i + l̂  Tu.u. = (f ) ff )

1 j  ̂ u  ^ x  J . . c j ~ b T( f j ) T( f j +1) T ... c^ V f*X 11X ' X

+ t<)TC<+V  ... C^'1)1 {Cfi)TC(f^1)Tc4+2)T(4+3)T 

... ( W fX x

+ c4+V ( . f ^ V ( 4 +3:>T ... < % b \  ♦ (4+1)T

c4 +2)TC.£̂ 3)TC^+4)T ... Cf^'V F

+ . . . .  + XX X^ +13Ttfi+25T- ^ ' 1)TF ~ c e 1)...

Also,
II.i.XI

u.u. i 1
(f* )T(f1+1)T..V UU V X

c.eVi

. ( f N’ 1) TF +(£i ) T ( £1+l ) T ( f 1+2)T  ̂ x x ^ u  xx ^ x  y

cft+1)T(£t̂ 2)Tcfi+3)T... c ^ - ^ V . ..XX

(f1+1)T(f1+2)T p fN"1,.. f1+1]f1
u X v X 7 XX X X u
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Observation

cf1 )T(f1+1)T. ( f N‘1:)TF'X x v v
n

x x l  {[f1]'1, C (f1+1)T• 1 J • X X JJ = 1
. (fN_1)TFx ] .} x. J

and

Cf1’ )T (f1+1)T .,.(fN"1)TF = l {[f1]1 C(f1+1)T ... CfN~ 1D Tf  ̂j1-' UU X X  J X . “ ] uu 4  J V X J X j3 = 1

where the subscript j indicates j1*1 component of the n-vectors

II.1.3 Results

Assume the functions F, f all have the required continuous 

derivatives and let :

u° denotes the successor obtained through the original

version of the DDP method (e = 1)

u ' denotes the successor obtained through the modified

version of the DDP method (e = 1)
Nu denotes the successor obtained through Newton's method.

Theorem II.1,A

Proof:

Let F (u) be positive definite

Then,
Nthe two successors u', u coincide.

From 11.1,11, II.1.III and II.1.VII we have :

(i)

From II.1,.

H1 =u u

+ ( f xy

X x u ^ X

N-2 u

N-? T T N-l (f1N ) 3XT -.n x J N-l u

'u i+1 u



273

(ii) B. = (f1 )T(fr+1)T.
1 UX X

..(fN' V F  + (f1)T[(f1+1)T(fI+2JT X X ^ ir  ̂xx '  ̂x
(£N- V fX X

- c<+i)Tcf^2)Tcf;+s)Tc4+4)T ••• cf̂ '1)TFx(fx+1)

. ' C£N- V f. (fN-1) ...X XXv X J

(fx+1)](fx3

( f ^ V  ... N- 9 T T 9(f n 1 L3xt 1CM A t ) .. X N-l N-l N-l v x . • (f1)

C f 1 ) T ( f 1 + 1 ) T  . . .U v X W ^ ^ L ^ W ^ x " 33 ••. (f1 )v X

( f 1 ) T C f 1 + 1 ) T  •••U V X CN-3 W O ” • (f1)X

- <fu)Tp L i  ci+i

c .  = ( f 1  ) T ( £ 1 + 1 ) T .i uir  ̂x . (^’V f + Cf1)Ti:(f1+1 )T(£1+2)Tv x J x  ̂ir *■ xx J  ̂x J
(fN-1)TFX x

+ ___ Fx (f^+i)-N-^T „ , -i+1.

+ ( f ^ V c f ^ V ^ V c f ^ V  ••• (f̂ '1)T FxCfx+23 Cfxtl}

+ C ^ V c r x " 2)1 ••• ^x'^'^xx^"13 ••• Cf̂ +1)Kfu 3.i+1.

- rfi')Trfi+1]T rfN'2)Tc6T c b Hf^”2*)LV  1 x J ' L x J LPN-l n-l PN-1 1 x J *“

(f1+1)(f1)v x * v
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--i^T.pi+l.T ,,.N-3..TraT „ lf-N-3,(fu) c.fx )  (fx )  c e N . 2  c N _ 2  e N . 2 ] ( f x  )  . . .

(f1+1)( f1)
X  ̂ U

, i .Tr i+l.T (fu ) (fx ) '•' CN-3 < W O

(4+1) c o

( O X +i W W X -

From II.l.IX and (i) we obtain :

(iv) F = H1 - (£1)T (£1+1)T . v ' u. u v U  ̂X1
. (fN' 2)T £  H ^1 - (f1)T( f1+1) Tx J N - l u  u ^ x

N-3.T T N-2 
(fx } 3N-2 Hu

(f1)T(f1 + 1)T
v U v X

N-4.T T N-3 
(fx 3 BN-3 Hu  • • - (f1)T6?' H1+i V U 1+1 u

From II.l.X and (ii) we obtain :

(v) u.u, = (f ) ff  )
1 j  V U V X J

. Cf^-Ve1 + (f1)T(£1+1)T ...
^ X  J J v ir v x

CN-1 •••

(fj+1) cfj )v X J K i r

+ (£1)T (£1+1)Tv u' V x T r  Q n . „N-3,. 
£̂x ^N-2 CN-2 ^N-2](*fx ^

cf^1) cfb
X u

- c X X V  ... (4)Tc@}+i c B.+1ufj) .U X
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From 11*1.XI and (iii) we obtain ;

(Vi) V i  ' ci + V T c 4 +1)T ...

(f1+1) (V)
X v u

f i.T i+1 T , _ N - 3  Tr.T r Q ,, J J - 3 .+ (f„3 C-fx (fx ) [6N-2 CN-2 SN-2j|:fx ) •••
(£1+1)(£1)v X v IT

V V i +V  ... C£^-VceJi-3 cN.3 « w  V 4) •••U ' X

(f1+1)(f1)
X u

+  ( f 1 ) T [ e T  .  c .  ,  e .  ^ ( f bU 1+1 1+1 1+1 v ir

Now,
Tu’ = u. + a. + 3. A. .

i  1 i  l  i

Also,
a. = CT1 H1 ; 3.  ̂- CT1 B. . 

1 i u 1 1 1

Hence,

(vii) H1 = -C. (u! - u:) - B. A. .
U 1 1  1 1 1

From (iv) and (vii) we obtain :

ul ( -i. T, -i+l̂  T ,_N-2vT T c , - .F = H - ff ) ff ) *. . f f ) BV1 1 fuv\ - - uXT .)u. u v ir V;x x  ̂x N-lc N-l N-1'l

- • ( O ' c C 1)1'.., c ^ b X - i  s., V i ]V i

(viii)
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cf*)T (.f*+ 1 ) T
ffN-3 T T 
(£x 3 BN

(f1 ) T (£1 + 1 ) T
U  X

N- 3 T ' . (f C3,
X  j

(fl ) T (f1 + 1 ) T ̂ U J K X
... ( f " ' 2 ) T B ^

N-2 N-2 'N-2 N-2

r A . T,-i+l. T TroT n 0 nA
£u 3 C£x 3 *" £̂x 3 Ĉ N-3 CN-3 N̂-33AN-3

i T T(f ) B? - ( u 1 1 - u. ,) u 1+1 i+1 1+1 (f1)T[BT , C. . B. .3A. .v U 1+1 1+1 1+1 1+1

Recall that ;

A. = f1"1 f1"2 f1 f°(ui - u<) + f1’*'1. l x x X- u 0 0 x f2 f^u'-u.) + 
X u 1 1

+" - - < ' 1(ui-l - V l 3 •
Then, from (v) and (viii) we have :

(ix) H = F + F (u» - u. J + F (u! n - u. J +u u. u.u. v - i+l u.u. v i+2 i+2l l l+l i+l l i+2

+ > * '+ Fu.-u (uN-l " UN-Pi N-l

+ (f1)T(f1+1)T .. ir v x J C£N'2)T[bI JCfNx N-l N-l N-l x
-2 î+1

f (u! - u.)uv 1 i

-N-2 rN-3 + f f x x f1 f1-1 (u|. 1 X U  1-1
. -N-2u. J +,..+ f

i - l  X

f1 £°(u' uj] x u1- Q - 0
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, ,-.4 T..i + 4 T r„N-3.TrQT r R lr.N-3 
+ (fx 5 •" (fx 3 CPN-2 CN-2 eN-2Hfx

.1 + 1 .1 . . - .f f (u! - u.) .X u 1 i
.N-3 -l .1-1 . , . .N-3+ f . . . f f (u - u. ,)+...+ f x x u  1 - 1  i-l x

f1 f° (u' -X u 0 - u0)]

+ (f1)T[eT . c .  . 6. . ] Ef1 (u!, - u.) + f1 f1"j (u! , - U. .)v uy i+l i+l i+l u i i x u  ̂i-l l-r
.i 4-1

+ f1 ... f1 f°(u' . uj] x x 0 0

From (vi) and (ix) we have :

(x) H + C.(u! - u.) = F + F (u!-u.) + F (u! -u. J
U 1 1 1 U. U.U 1 1 u.u 1 + 1 1 + 1i l l  i i+l

+ ---+ Fu. u K - l  - V l }i N-l

(£1)T(f1+1)T ... Cf̂ '2)TCBM , C 6 1HfN'2...v u v x  ̂x N-l N-l N-l x

ft f1_1(u! , - u. ,) X u  1-1 1-1
.N-2 .1-1 .i-2r , - . .N-2 .1+ ± ... £ f (u! . - u. _)+...+ f ... £x x u i-2 i-2 x x

v ui - V ]

r.î T i + l T .-N-3. TroT r  D -ir.N-3 .i .i-l. ,+ (f ) (f ) . . . ) C3X, o cxi o 3.. 0Hf ...f f Cu! .-u.K u '   ̂ x  ' x N-2 N-2 N-2 x x u l-l i-
N-3 .i .i-l. ,

+ f::"“ r : ~ ( uj , - 1  j +...+ ^rN-3
’x

.i-l .i-2
x u i-2 i-2

(f1)T[6T , C. , B. .Hf1 f1_1(u! , - u. .) + ...+v U 1 + 1 1+1 1 + 1 X U  1-1 1-1

f1 ... f1 f°(u! - Uj]x x 0 0
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Now,

F = (F ) *u.u. u.u.
1 3 3 1

Then, from (v) and the definition of Â , we obtain :

i-1
(xi) B.A. = l F (u'.-u.) - (f1)T(f1+1)T ... (fIN"Z) 

1 1 . L n  U. U.  1 y  U  ̂ X v x '
.N-2.T

j=0 i j 3 3

CgN-l CN-1 eN-l][fx'2 fx - V l >
N-2+ f • . f.X -

_N-2 4f . f
X X

i-l̂ i-2 , . -f (u! - - u. -x u  i-2 i-2*

x u
, 4 4 , 4 + 1 4  ,JJ-34_QT ,r~N-3 4- (f„) (f, ) ...Cfx ).C3n_2 S-2 gN-2]Cfx ••• f-U ' X X

f1"1 (u! -u. Ju v i-i i-r
 ̂ -N-3 .pi-1 4-2, . - , -N-3 4  _0+ f ... f f (u! - u. _)+...+ f ... f fx x u i-2 i-2 x x u

: (uo -

- < $ X +i ci+i ei+F [fx fu’1(ui-r“i-F *••• *
F  ... f1 £°(F-uJ3x x U . 0 0

Hence, from (x) and (xi)., we have :

N-l
Fu. + Fu.Ui (u!-u.) = H1 + B. A. + C.(u! - u.)i j=0 i J j y u l i  iv i i'

Pre-multiplying the right hand side of the above equality
,-lby C. ■' we obtain : J i
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N-l ^
F + y F (ill -u.) =

u .  L  U . u . v  ■) y

j "0 i. J
-C71 H1 - (C"1B.)A. + (u! - u.) = 0

1 U 1 1 1. 1. 1

This equality holds for all i. Then,

F(.u) + FuuCu) (u’-u) = 0
where,

u' A {u>

,,N. ,* 00 •
That is, u' satisfies the first order condition to minimize

The theorem follows from the positive definiteness of Fuu(u) .

Theorem II.l.B

Let FuuCu) be positive definite.

Let the dynamic equations of the unconstrained control problem 

be linear .

Then,

. t h e  two successors u^, u^ coincide.

Proof :

As the dynamic equations are linear by hypothesis

f1 = f1 = f1 = 0 , for all i. u x  x x  uu

Hence the matrices A^, B^ and are identically computed by

both versions of the DDP method. Also, by the linearity of the

dynamic equations
6x. - A. , for all i. r x

Therefore u^ = u ’ and the result follows from Theorem II.1.A.
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Let D be the set of a,11 schedules {u^} satisfying the first 

order necessary condition of optimality below :

H 1 = 0, i = 0,..tN-l.

Theorem II,1.C

Let C. be invertible for all i 
i

r>j

Let Fuu(u*) be positive definite for all u* A {u*, u*...,u* ^}eD 

Then,

the convergence u1̂ +- u* has a quadratic rate.

Proof:

By hypothesis , u^-> u* e D and F (u*) is positive definite 

for all u* e D.

Hence, for all u near enough to u* we have :

F (u) is positive definite.

As we are interested in asymptotic properties, we can, without

loss of generality, apply Theorem I.l.A and say that :
. - Nu' = u .

Now, let C!, B! denote the matrices obtained by the modified 
i i  J

version of the DDP method and C. , B. the matrices obtained by the
i  i  J

original version.

From II.l.IV and II.1.VII, we have :

(i) c  ’ —  c  =  ( f i , ) T C C j £ + 1 D T C f l ' ' 2 ) T-uu
N-2 T T N-l i+1 T 

^  3% - l  Hu  + <f x 3

J ' 3 T T  N-2 
Cfx 3 3N-2 u

,ri+l t oT ui+2 0T ui+l t +,,.+ (f ) 8. 0 H + 3- h H ] v x ■ yi+2 u i+l u
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and

(ii). B! - B. = (f1 )Tf(f1+I)T(f1+2)T «x > V l Hu +

, i+l-T T N-2 
(fx } 6N-2 H u  + ••• + (f1+1)T3T 9 H1+2 + v x ' i + 2 u

3T 1 H1+1]. 1 + 1 u

Now,
r  r D
c o Cuo V = -  Hu

and

’Hu
Then, from (i), we have

Ciii)

(iv)

W ' W  = -  ( £ °  , H ^ 1 ♦ . . .v uir K X J v X ' J N-1 u

^  Hijcu'-v

But, H1(u*) = 0 and u ■> xi*. u '
Then, by the differentiability assumptions we have : 

there exists a c < ® s.t,

II H*(u) II £  c|| u-u* || , for all i 

From the existence of C.^ for all i, (iv) and (iii), we have
l

(v) there exists a c < 00

such that:

II V uoll 1 1̂1 “-U*H II u'-'“ll •

But, from the quadratic convergence of Newton's method and 

Theoremll*1.A, we have :
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(yi) theye exists a c’ < 00 

such that :

II u ' -u|| £  c' || u-u* ||,

From (v) and Cvi) we obtain :

(vii) there exists a < 00 

such that :

llvuoll - C°H -̂u*ll2
Now,

(viii) C1(u^ - ur) = -H* - B16x1 .

From (ii) and (iv) we can say that :

(ix)

where,

w

B i 6 x i  =  B i  4 x i  -  e i  5 x i

U-U*

By the mean value theorem, 3 u e [u ,u ] such that

■j5xi  = W  ( V V  + h  ( u o * V  W V  ( u o • V

Also,

(Xi) II v V H  £  II U0'u0 ll+ II •

From (.xi), (x), (ix), (viii) and (vii) we obtain

(xii) V V V  - - - B« 6X1 + 5 2

where f

II ®2 II ~ II ^-u* IP •
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(xiii)

(xiv)

(xv)

(xvi)

where,

(xvii)

where

(xviii)

But,

W V  = -Hu - B1 A1 '

Now',

A1 = *°UC V  (uo ~ V  •
Then, from (xiv), (x), (xi), (vii) and (vi), we have

there exists a c < 00 such that :

A1 - 6 x !  II 1  =11 u - u * |f

From (xv), (.xiii) and (xii) we have

CX  - V  - = 53

u-u*

But, from (i),

C> i - V  “ W - V  + (f uu5T [fx+1) T

N-lr,N-2.ftT H1N 
•(£x )BN-1 U

+ - - - +B2

Then, from (iv), (vi), (xvi) and (xvii), we obtain :

C1 (U1 ■ UP  = 5 4

II e j  s  || u -u * ||2 .

- 1Hence, b y the existence of , we have :

there exists a c < 00

such that

V ui II 1 cl II
2
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Repeating the reasoning which led to Cvii) and ( x v i i i )  for
i - 2,,,,, N-l, similar results can be obtained, That is 

there exists c1< °°, i = 0,..,N-1, 

such that;

||u?-u!;|| < c 1 ||i-u*||?

Hence,

(xix) there exists a < °° 

such that;

I|u°~u1 || < Ma || u-u* ||2 

But,

(xx) ' |^-u*||< UuD-u* ||+ ||u'-u* fl •

By the quadratic convergence of Newton’s method and Theorem
I.l.A, we can see that :

(xxi) there exists a -< 00 

such that:

Hu'-U*|| <_ M2 II u -u *  II2 .

From (xix), (xx) and (xxi) we obtain 

there exists a M < 00 

such that :

II u°-u* || _< M || u-u* ||2 

which is the desired result.

11.1,4 Remarks

First note that a direct application of Newton's method to 

solve the unconstrained discrete control problem has in general no
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practical interest because of the high dimension of the resultant 

Hessian matrix. In other words, the DDP method has the advantage 

of performing N inversions of (mxm) matrices instead of the 

cumbersome task of inverting a (mNxmN) matrix. This reduction in 

the dimension of the matrices is also relevant to the solution of 

some systems of equations which can be transformed into an equivalent 

discrete control problem.

For instance, solving the system below,

11.1. XII
2 2z + 2y = 1
2 3-3z + y = -1

is equivalent to solving the following control problem :

11.1. XIII

with,

min {|| x |p}= F(x )
( v v

with the dynamics given by :

X = - x„ + 2  ̂u~1 1 1 0 0

, x  = x„ 3u„2 1 2 0 0

. x_ = x + 2 u j- l
1 2 1 1

x„ = x + u„ +12 2 2 1 1

X1 =  £ o  C x o * V

x2 - V v V

x. e R , i = 0,1,2 ... N; xQ - (P,0) 

jX^ denoting the component of x^

u^ e R , i  = 0 , 1 .



Clearly, if x* = (0,0) is a reachable point through some 

control sequence (u* , u*)this sequence is the solution of 11,1,XIII 

and z = u* , y = uj will be the solution of 1.1'.XII. If at the 

solution of II.1.XIII x* f  (0,0) then the system II.1.XII has no 

solution. Now, if we apply Newton's method to solve II. 1,XII a (2x2) 

matrix has to.be inverted at each iteration. The application of the 

modified version of the DDP method, described in the section II.1.2, 

to solve II.1.XIII would generate the same sequence of points as Newton’s 

method but only requiring, at each iteration, the trivial inversion 

of two real numbers.

So, besides providing an easy way of proving the results 

of Theorem II.l.B and Theorem II.l.C to the original version 

of the DDP method, the modifications suggested here have the interest 

of being a 'step by step’ implementation of the well known and highly 

successful Newton’s method. Indeed, although we were mainly concerned 

in this chapter with the rate of convergence of the DDP method, it is 

clear that Theorem II.1.A makes possible the direct application of 

a great number of results in the literature related to Newton's 

method le.g., the Global Damped Newton Theorem of Ortega and 

Rheinboldt (1970)3 . In particular, the one step convergence of the 

DDP method for LQP problems (linear systems, quadratic performance 

index), which was already shown [see Jacobson and Mayne (1970)3 

by noting that in these cases the method reduces to the conventional 
dynamic programming can now also be seen, through Theorem II.l.B, 
as a consequence of the well known one step convergence of

Newton’s method when applied to quadratic functions. This last approach 

seems more natural because both the DDP and Newton's methods converge 

in one iteration only in the quadratic case, while the conventional 

dynamic programming is an one-step convergent method.
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As an illustration of the results shown in this chapter, 

we will apply the different methods to the solution of the unconstrained 

discrete control problem given by II.1,XIII, For both the versions 

of the DDP method and for Newton’s method we start by detailing their 

first iterations. Afterwards another iteration of Newton’s method and 

the corresponding one of the modified DDP method are again detailed. 

Hopefully this will help to clarify the proof of Theorem II.1.A.

Finally the complete solution of the problem is given. As we shall 

see, the original version of the DDP method does differ from Newton's 

method, but ultimately both methods perform equally well, something 

to be expected from Theorem IT.l.C.

The nominal sequences from which all the methods started is :

r s

{ i f }  = {1 ;  1} => { x i >
0 ' ' 1 2

> J

o _ .-3 , ’I ,v. J

A similar step length procedure to the one suggested by 

Jacobson and Mayne (1970) is applied to the direction originated by 

Newton's method but with the estimate of the change in cost a^ being 

computed as :

a -  ■ - c f u 0 + v u? -0

N N.where (u^, is obtained by Newton's method. Because of Theorem

II.1.A, Theorem II.l.C and the quadratic convergence of Newton's 

method, we expected a step length of unity to be ultimately achieved 

by all methods. As it happened.,,, the step length was set, by all 

methods, equal to unity from start to finish.

A 10-digit calculator was used and differences smaller than
-  89x10 are negligible.



1st ITERATION

DDPmethod (original)

Date : {u.} = {l ; 1} => { x .} = 
a  i

r
' 0 ' ' 1 • 2 '

> J
0 . - 3  . . - 1 .

backward:

A. = H 1 + ( f V  F (xjf1 = F (xj =xx  ̂x xx 2 x xx 2

B„ = H1 + CfhTF (xjf1 = [4u ux v u xx 2 x 1 3u^]

2 0

0 2

'2 0

2

C = H1 + (f1)1 F (x,} f1 = [4 6U131 uu u xxv 2 u 1

2 x  ̂1 2

22X2

+ C4u1 3u2]^ 2 0

0 2

= 54.

B = - C f V  = [-8/54 
1 1 1

1 1 T 1V = H + 3*  H =X X 1 u

-6/543

1.518518519

-3.111111111

Vxx = A! - ■ f ,814814815 

- , 8 8 8 8 8 8 8 8 8

- , 8 8 8 8 8 8 8 8 8

1.333333334

a ,  = - C ^ H 1 = 1 1 u
-.185185185



0 c T V  = -50/54,2 u 1 u
. „0 , -0, T 1 _0 -0 ,,1 . i .Tl _0 1Ar.=H + (f ) V f ~ f V + (f)V f = V 0 xx x xx x xx x x xx x xx

0 1 0 T 1 0  1 -  1Cn = £U V + (f J V f = C2 03V + C2un -33V0 uu x ir xx u x 0 xx

= 30.96296295
a„ = -C^H0 = -.464114832. 0 0 u

onward:

IIo ai =

£ = i

e o 
o II uo + “o =

1X1 lx0
2

+ uo

2X1 2X0 ' 3u<

S  = [X1 -Xl]

D
U1 = \  + °1 +

1X2 = 1X1 + 2u:

2X2 2X1
3

+ U1

0,T -1 „0

.712827087'

1.392344496

1 1

F(x2) = 2x2 + 2x2 = ,23661069.3
step length 
procedure:

AVq = F(x2) - F(x2) = -4.763389307 < 0
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K

V 2

- 2,23 > %%

Then,
e = 1 is accepted.

1st ITERATION
Newton's method

Data : {u.} = {1 ; 1} => {x.} -
i  l

7 o  \  1

0 * -3 ̂ v

'  2 ^

C 1 j +

F = f2(x ,u )T F (x ) = E4u1 3û ] 
u  1 1 x 2 '  1 1 2 1X2

l 2 2X2

= 10

\  ■ fu ^ o V  £x V V  ‘ V X2> ■ C2i0 -3] f 2 l h )

2 2X2

= 14

7 = F T -0.- - . Tr _1 . T , £l r- - .T
V l  U1U0 * ' £u (V V  C£« ( * 1 ' V  W  + f u W

F (x,)f1(x,uJ]T xx 2 x 1

oCM f4u 1
3] 1-20 2 v J [3ui I = - 2 .

U0 U0
+ ^ O ’V V XX 1 1

FxCV  + £̂ Xl’V TpxxCx2)̂ Cxi’iiT H uCx0’ao)

= [2 0] (2 x 'I 12 + [2u0 -3] fs
>

' O' '2“o '

2 2X2 >
0 2 -3 ̂ y

34
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V l = f1 C x ^ u J ^  fxj + f1(x,,uJTFr  r r  r x x ^ ^ l ’V

1—
1

6 u ^ ] 2  , x  1 
1 2

+ [4u 3u^] '2 0

9  Y 0 2

^  2  2  ^ w >

u
U1

3 u !

That is :

ii '1 4 ’ ii '34 - 2u

-1 0 .

UU

- 2 54

Now: (F )UU
- 1 .029475982

1.091703X10
1.091703x10
.018558951

and
Nu = u (F )UU .576419222 ' 

.799126648

New trajectory :

1X1 = 1X0 + u o = • 3 3 2 2 59119

2xi ‘ 2x0 - 3u0 ”-1* 729257665 

1X2 =  1X1 +  2U1 _1 =  *609465919 

2X2 =  2X1 +  U1 +  1 "  ' 218932675

F(x2) = Xx22 + 2x2 = ,419380226 

step length
procedure ; AV̂  = F(x ) - F(x2) = -4.580619774 < 0
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a - -F (iu -uJ-F (u^-uj =-7.938864412 0 uQ 0 0. u ' 1 1

I AVr

V 2I

= 1,153 ,. > %

E = 1 is accepted.

1st ITERATION
DPP method (modified)

rr 0 1 1 ' 2 Y
Data : {u.} = (l ; 1} ="=> {x.} = y y

1 1 il 0 J . - 3 . . - 1  J .
backward:

A1 (unchanged) = Fxx(*2) =

B.(unchanged) « [4 3u?] 
1 u„ 1

2 0

0 2

(2 0 C8 63
0 2 V* J

(unchanged) = C4 6u23 S x 1 12 + CH  5“x] ' 2 o' 4Ui'

2 2̂ 2v* J
0 2. ,-2l3UjJ

31 (unchanged) = -C  ̂ = C-8/54 -6/543

Cun changed) = Hx + 3̂  = 2.518518519 1 
-3.111111111

V1 (new) = Ĥ " =X X
' 2 1*2 ' = ' 4 '

‘ 2 2*2 ' .2k /

= 54
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Y1 (unchanged)

Cun changed) - 

Aq (modified) = 

CQ(modified) =

A1 ' 1̂ CJL 1̂ ,814814815
-,888888888

C~1 H* = - ,185185185

f °  V1 + ( f 0 ) ^ 1 f °  = v 1xx x v x xx x xx

[2 03 V1 + [2uax 0 -33 Vxx r2u.

-3
= 33.92592592

ol = - C"1 H° = -.423580786 0 0 u
onward :

= uQ + aQ = .576419214

1X1 = 1X0 + U0 = *3 3 2 2 5 9 1 1 1  

2 X = 2X0 '  3^o = '  lm 7 2 9 2 5 7 6 4 2

$x^ (Just to compare) '-.667740889 ' 
1.270742358 ^

A^(new) fu (u0 - V

u^(modified) =

f2u 1 0 — '-.847161572 '

. -3 1.270742358>> J

32 A = .799126638.

Observation:

Note that :

Iu q-u Î = 8xl0~9 < 9xl0'8
and

|u^-Nj| = lxio"8 < 9xl0"8,

, 8 8 8 8 8 8 8 8 8

.333333334
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These differences are negligible and are due to lack of 

precision..

In order to avoid the accumulation of these errors distur­

bing our comparisons, we will use in the next iteration the same 

nominal sequence both to Newton's method and the modified version of 

the DDP method.

2nd ITERATION 

Newton's method

Current sequences:

- '.576419222' => {x..} = f' o' . (>i .
.799126648k > 1

-
\O V

.332259119

-1.729257665

.609465919

-.218932675

F = [4tL 3tr] 
u^ 1 1 2 1*2

2 9*9l 2 2)

3.057456752

F = I2un -3 1
u o 0

2 1*2

2 2X2

2.718827533

F I2un -3 ] 
la “ l

2 0

0 2

'*V
, - 23u^

= -4,12474983
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C 2 0 1 (2 x 1 1 2 t C2 u q - 3  ]

f
2 o 1

'2" o  '
0 2 . -3

•2 2 X 2'

= 23,09.593663

F
U1U1 [4 6u^ 3f2 x  ̂12 + C4u 3up r2 o' K 1

.2 oX7-
0V. 2, 3u2 .

That is
30.55223434.

2.718827533 23.09593663 -4.12474983 '
F = ; F =u

3.057456752 ^
uu

r 4.12474983 30.555223434,

Now:

(Fuu
-1*

.044367405

5.9898875x10\

5.9898875xl0'3 1 

..033539504

and
Nu = u (F ) v uu

-1 Fu .437478077 ' 
.680295596V. '

2nd ITERATION
DPP method (modified)

Current sequence's:

,576419222 1 '-=> {x. } ~ i o ’ f ,332259119 '> .609465919 V

L ,799126648 l 0 . -1,729357665 .218932675



296

backward
/V = F (x ). = 1 xx 2 2 0 

0 2

Bi  = C4ui
3u23 2 0

0 2

= C6.393013184 3.831620397]
t-

1 11 1—
1

6 u  ] 2 x   ̂
1 2

+  C 4 u ^ 3 u ^  ] ' 2 o'
’ * 1  '

• 2
2 X 2 .

0 2 . - 3 u 2 -

= 30.55223434

*1 -

V1 =

-C"J B = C-.20924863 -.125412117]

H1 + 3T H1 = r .579163202 x 1 u
-.821307473

V1 = H1 = 2 1V — 1.218931838 'x x 1 2 

.2 2*2 . -.43786535

V1 = A, •XX 1
T
ei ci Bi ■ .662270756 -.801761316 '

-.801761316 1.519468379

a ,  = -  C  H 1  =1 u -.100073098,

An * V 0 xx

C „  = £ °  V 1 + C 2 u  - 3 3  v 10 xx x 0 xx = 22,539.06866

-3
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an = - Cn 11° = -.138941145 0 0 u

onward:

u. = uq + aQ = .437478077.

ao 'I2u0 = '-.160176693 '
. -3. .416823435

U1 ” U1 a i + e i  Ai .680295594.

Comparing with Newton's we have ;

u! -  u i I <  l . x i o0
-9

0

and

- u'0\ < 3.xl0- 9

Again the difference is negligible and are due to lack of 
precision.

Finally, in the next page > we have the complete solution 

of II.1.XIII by both Newton's and the original version of the DDP

method.
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Method 
Iteration i

NEWTON's DDP
(original)

1
u = {1; 1}
uN= {.576419222; .799126648 } 
|| x2||2 = .419380226

u = { 1; 1}
uD = { .535885168;..765713883} 
|| x2 ||2 = .236610693

2
u = {.576419222; .799126648} 
uN= {.437478077; .680295596} 
|| x2 ||2 = .013840913

u = { .535885168; .765713883} 
uD ={..425362292; .663617459} 
|| x2 ||2 = .0040692655

3
u = {.437478077; .680295596} 
uN= {.424464777; .643873171} 
|| x2||2 = 1.2854101xl0~4

u = { .425362292; .663617459} 
uD = { .421254214; .642502274} 
|| x21|2 = 1.160171099X10"5

4
u = {.424464777;,.643873171} 
uN= {.421257407; .641320785} 
|| x21|2 = 1.8099364X10'8

u ={ .421254214; .642502274.} 
uD = ̂  .421250877; .641310327 } 
|| x2 ||2 = 1.26540677x10'10

5
u = {.421257407; .641320785} 
uN= {.42125084 ; .641306374} 
|| x2 ||2 = 8.84x10'16

u = { .421250877; .641310327} 
uD = { .421250849; .641306369} 
|| x2 ||2 = 1.8X10'17
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II.2 CONSTRAINED CONTROL CASE

II. 2.1 Introduction

In this chapter we will be concerned with the solution of 

the discrete control problem (DCP) below:

DCP
N-1

min { \ Ti(xi,ui) + <KxN>} 
u C l f xN i = 0

with the dynamic system:

xi+1 = fi(xi,ui), i = 0,..., N-1 

0Xq = x , given 

and satisfying:

8 i  ^Ui^  1  °» i  * °> • • •» N_1 

s = 1 , Z .’ * l  •

For the same reasons given in the introduction to the previous 

chapter we can, without loss of generality, consider the above problem 

in the form

DCP

m m
^.-.mxNutR

with the dynamic

F(xn)

system:

xi+1 = fi(xi,ui), i = 0,..., N-1 

0
x 0 x (given)
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and satisfying:

gi('ui') 1 °> i  = °»* * • » N_1

where for all i we have:

f. : Rn x Rm Rn ; g. : Rm + R 1
1  • & i

and

x^ € Rn being the state vector, i

ik £ Rm being the control vector, i

0,

0,

., N 

., N-1

F: Rn + R.

Clearly, with the definition of the vector

z. = (x.,u.) e R(n:(ta)N 1 1* 1

this problem can be solved as a GMP in R^m+n^ *  However, the 
dependence of the dimension on the number of stages makes this

approach unattractive, although the similarities between the DCP

and the GMP are exploited during the analysis of the algorithm which

is proposed in the next section for solving DCP. The algorithm is

an extension of the DDP method, given in the second section of the

previous chapter, for problems with control constraints.

The definition of ok by II.1.V suggests that in the constrained 

case we should have:

a. arg min 
a€R‘m

f . T
{ [hJ- ] a + i a  C. a g£S (u. + a) £ 0 

s — 1,...,
►

where ({x^}, {u^} are given nominal sequences.

But, as in Newton’s method for constrained optimization 

[see Levitin and Polyak(1966)] the non-linearity of the constraints 

g(*) may make this sub-problem rather difficult. Hence, as already
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done in Part I of this thesis, a linearization of the constraints 

is performed and the objective function is modified to take into 

account the curvature of g(*). That is, the algorithm computes, 

backwards, (oUjA^), the Kuhn-Tucker couple of the following quadratic 

sub-problem:

Q P -
min [H 1 ] a + £a^D.a
a€R

subject to:

m u

g.s (u.) + ,gs (u.)a < 0, s = 1,..., I  &i i i&u l —  * 3 3 :
s /-

where SL.l  _
D. =C. + l  A. (u.)-g (u.)1 1 L . 1 1 1 &UU 1s = 1

with A. (u.) being an estimate to A. . i i °  i

In the unconstrained case the new sequence is obtained forwards 

by adding the term to the ou computed backwards. That is :

II.2.I

<5u. = a. + 3-A.i  i i i

with A^ given by II.1.VIII

In the constrained case the addition of a similar term may 

lead to the new sequence not satisfying the linearized constraints

On the other hand, with the ou, being defined by 

a. = -C~1 H 1 and =-C.~1B.,
1 1 U 1 1 1 *

II.2.I is clearly identical to:
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Su. = arg min -ItH1 + B.A.] 8u+£5u^C.8u
6u€Rm i u 1 1

Hence, in the presence of constraints the new sequence {u_̂ } 

can be constructed as follows:

II.2.II

U . = U . + oU.1 1 u 1

where, for all i, 6u^ solves the quadratic sub-problem below:

DQP.

min [H 1 + B.A.]^6u + £8u^D.5u
5uER

subject to:

m u i  l

g.s (u.) + .g S (u.)6u < 0, s = 1,..., %.  & 1 1 i&u l —  * * * 1

Note that, considering A^ as a perturbation, the sub-problem 

above may be thought of as a perturbation of QP^. Calling 

z: Rn -+■ Rm the map which for each A^ associates the solution of the 

perturbed sub-problem DQP^, we can use results from Fiacco and 

McCormick(1968) on sensitivity to show that:

-  - dT ’ b .dA. i i
i

The expression above is the appropriate extension to 

the definition of 8- in the unconstrained case andl

II.2.Ill

with:
6u. = a. + 8-A.i  i i i

- ia. solving QP. and 8- = -D. B. 
i  & x i  i  i i
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is a first order approximation to the solution of DQP^.

In order to understand better the modifications that the

recursive equations II.1.II, II.1.Ill (and consequently the matrices

A^, B^, C^) undergo because of the constraints g(0, recall ^-that

V.(x., tt) denotes the cost due to initial condition x. (at time i)
1  l  ’ l

and policy tt = (h^(•),..., hN_^(*)}. That is:

V;j.(xi,7r) = F(x n)

with

xk+1 = fi(xk’uk} > k = i,..., N-1
and

Uk = hk(‘xk̂  * k = N_1 ‘

Now, let 7T? be the policy defined by:

TT -  ( u ^  »h£+ i ( * ) , . . .  ( ’ ) }

That is, tt’ differs from tt only at time i.

After computing ou, a first order approximation to V (x £,tt)
can be obtained from V 1 (x .,tt’) as:x 1 *

II.2.IV

i  / “V " ( x .,tt) = V 1 (x. ,tt?) + V x (x., TT')a.X  1 X  1* XU- l ’ 1
1

But,

V . (x . , TT ' ) = V. . (f (x. ,U. ) ,TT) 1 1 * 1+1 1 * 1 ’

So that:

II.2.V

V 1 (x .,ttt) = f^(x . ,u . )V^+1 (x . . ,tt) x i* x 1 * 1  x i+1’
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Hence, from the definition of H 1 in II.1.II, we have:x *

II.2.VI

V 1 (x. ,7T1) = H 1 X I *  x

Also, from II.2.V, we have:

V1( V ) = [fux(5i’V  ]V +1 G  f1r)+[f fo.-S.) ]T

v i + 1  (x. . ,ir)f *(x. ,u.)XX 1+1* X 1* 1

Then, from II.1.IV, we have:

II.2.VII

V1 (x. ,TTf) = B . x u  1 ’ 1

Hence, II.2.VI and II.2.VII into II.2.IV lead to

II.2.VIII

V l
x + B.a. 

i  i

where the argument tt is omitted.

Now the minimization indicated in II.1.V implies that:

C.a. + H 1 = 0 = > o u =  C ~ 1 H 1 l l u a l u

Hence, II.1.II comes from the above equation, II.2.VIII and the 

definition: 3* = -C.  ̂B..l l i

In the constrained case a. is the solution of QP. and satisfiesi  x l

the following equation:
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II.2.IX

H
£.  1.
1 _ 1 . 1

1 + I A S g L + D.a. = 0 =* a. = -D. [H 1 + l  X . s g 1 ]u  ^ , 1 toU  1 1  1 1 U  ^ , l touS = 1  S = 1

Hence, II.2.IX into II.2.VIII leads to the expression below 

which corresponds to II.1.II in the presence of constraints:

II.2.X

V* <;i>
i..1

= Hx1 + B . t H 1 + l  A.s g 1 ]C 1 U L „ 1 touS = 1

and
f t.

B.l

£.
l a 1i

being the multiplier associated with ol at the solution of QP^ 
with the boundary condition:

V N (x ) = F (x ) . x N x N

Now, as can be seen in the
Twith the correction term 3- C.3-

i  i i

matrix used to define a. so thati

not lose contact with the whole 

QP^ makes it necessary to replace 

below:

proof of Theorem II.1.A, the matrix 

in II.1.Ill must be the same 

the step by step computation does 

problem. Hence, the use of in

II.1.Ill by the expression given

II.2.XI

V 1 (x.) = A. - 3-T D • 3 •XX 1  1 1  1 1

where

A^ is given by II.1.VII
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with the boundary condition

V N (x.T) = F (x.T)xx N xx N

As in the unconstrained case, a step length procedure is 

incorporated in the algorithm in order to guarantee its global 

convergence. As the solution of the sub-problem DQP^ may not 

satisfy the inequalities of DCP, we use an exact penalty function 

to determine step length.

The definition of A. involves the new controls {u, }, 

k = 0,..., i-1. Hence, whenever the step length of unity is 

not accepted by the step length procedure we have to solve a 

new sequence of quadratic sub-problems DQP^. In order to avoid 

this drawback, we make use of the approximation given by II.2.III. 

That is, if the sequence {6u^} obtained by solving {DQP^} is 

such that {u^+6u^} fails to make a ’substantial’ reduction on the 

exact penalty function, then the new sequence {u^} is set as:

u . = u . l  i
+ ea.i 6iAi

where e £ (0, 1) is the automatically adjusted step length. The 

resultant algorithm is shown to be, under some assumptions, globally 

convergent. Moreover, if the {du^} obtained by solving the 

sub-problems DQP^ ultimately satisfies the test in the step length 

procedure, then the rate of convergence is quadratic.

II.2.2 The Algorithm

Let i l l .  : Rm R be defined as:r i

^i(ui) Ẑ maxlO; g ? (û ) , s = 1,2,..., iL)

Let S. denote the set {1,2,..., £.} l  9 9 9 i
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l .
Let X. : R R be the map below: 

- i

=  a r g   ̂Uu  +  ̂ ASgu II +l iXGR \ sGS.l

l  [ <^i(ui)-gis (ui))2(Xs)2]
sGS.l

Recall that QP^ and DQP^ are defined as:

Q p i

i T Tmin (H ) 6u + £6u D.5u
6u€Rm U 1

subject to:

g.S (u!) + .gS (u.)6u < 0, s € S.&1 1 l ^ U 1 — * 1

and

DQP.

min [H 1 + B.A.]T6u + £6uTD.6u 
6u€Rm u 1 1 * 1

subject to:

g.S (u.) + . g ° (u.)6u < 0, s € S. 1 i&u l —  * 1
s /“

Let i(J: Rmx^ R be defined as:

N-1
if({ui}) A l ^i(ui)

i=0

mxNLet y: R x R + R be the penalty function below:

y({u^}, r) ^  f (x n ) +

where r > 0 is the penalty parameter

Note that the above definitions are valid for any pair
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({x^}, {u^}) satisfying the dynamic equations of DCP.

mxNAlso, for any {6u^} € R define:

N-1
$ ( { u . } , { 6 u .}) A £ max{0 ; g. ( u . ) +g  ( u . ) 6 u . ,s € S.}

1  1  # a  i> X U  <L JL JL
i =0

N; 1 i  t

a0 i  .1 <Hu > 6ui1=0

and

"/({u^} ,{6ui), r) ^  F(xn) + aQ + ri|J({u^},{5u^})A. „ -  _•

A

0({u^},{6u^}, r) A y ({u .},{6u .}, r) -y({u^}, r)

Finally, recall that A^ was defined as:

a -i-1ri-2 _ 1 - 0 ( - -i-1-i-2 2 . 1 , - nA. = f f ...f f (ur.-uA)+f f . ..f f (ui-u1) + , l x x  x u O O x x  x u 1 1

+ f ̂  ̂(u. - u . , )u i - 1  i - 1

ALGORITHM

Data: {iij} £ RmxN(=» {xi> £ RnxN) ; r > 0; 6 £ (0, 1).

Step 1: Set i = N-1; set £ = 1; set i  = 0 .

Step 2:

Step 3: 

Step 4: 

Step 5:

Compute A^, B^, (L through II.1.VII, with 

V 1 , V 1 given by II.2.X and II.2.XI.
X  X X

Compute A^ ^  A^(u^)

Set, D. = C. + I A.S ,gS (u.) 
1 1 s£S. 1 1 UU 1l

Find a., the solution of QP.i * l

Step 6: Compute l B. •l
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( St ep 7:  

Step 8:

Step 9: 

Step 10:

Step 11 : 

Step 12:

If i > 0, set i = i-1; Go to Step 2.

Compute the new control and state sequences by:

Xi + 1 = ; x 0 = X°

u . = U. + 6u. , where:l  l  l  *

6u. = solves DQP. • 
i  x l

Compute 0 A. ©({u^}, (cu},r)

If y({u^},r) - y({u^},r) _< e 6L/16

a) set x. = x.l  i

b) set % = £+1, go to step 1 .

Set £ = 6 £ ; set i = 0.

Compute:

x .,> = f.(x.,u.) , xn = xn i +1 i  i * l  9 0 0

and

u. =u. + £ a. +0.A. 
i  i  l i i

Step 13: If i < N-1, set i = 1+1; go to step 12 

Else,

go to step 10.

II.2.3 - Global Convergence

We will require in our convergence results, to the algorithm 

of the previous section, the three following assumptions:

sG1: All the functions F, f., g. are three times> i » &i

continuously differentiable in all their arguments.



310

Propo

Proof

G2: There exist m and M, both finite positive numbers,
such that:

mII p II2 < pT̂ ip £ m || p ||2

for all p £ Rm, Vi and all iterations

G3: r >_ £ \.s , for all i, for all iteratiions
sGS

where,
A/3 denotes the multiplier associated with

giS (V  + igu < 0

at the solution of QP.

sition II.2.A
N-1

0 < y [ -a / D. a. ] <0
-  i=0 1 1  1

At the solution of QP̂ , the following equation is satisfied

H

Then,

= -D.o. - l  \ . S -gS1 1  1 1 ® Us£S.l

/ k T T ̂  r I s / SvT(i) (H ) a. = -a. D.a. - ) A. (.g ) a.u  i i i i  1 l e U  1
i

But,

(ii) (i8uS) \  = -8^

for all s £ S. such that: A.  ̂0 
i  i
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From (i), (ii) and the definition of 9 we have:

(iii) <5i>] +

r [$({u^} , {ou}) -  i|j({u^})]

But,

(iv) $({u^},{ou }) = 0

and

N-1
(v) $({u.}) A J (u.) .

i=0

Also,

(vi) ^(u^) (u J  , Vs f. .

Then, (iv), (v), (vi) into (iii) lead to:

N-1 N-1
(vii) 0 £  I [-a. D.a. + J A.s il. (u.) ]-r[ 1 iMu.)] #

i=0 s€S. i=0i

But, by G3,

(viii) r _> i  X? , for all i
sG Si

Then, from (viii) and (vii) , we obtain:

N-1
9 < I [ “ <*4 D.a.]

i= 0

The proposition then follows from G2

Proposition II.2.B

Let ({u£},{x^}) be such that 

a. = 0, Vil  ’

Then,

{u^} satisfies the first order optimality conditions to DCP.
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Proof:

Clearly, DCP is equivalent to the mathematical programming 
problem below:

MP1

min (F(z)}
(n+m)xNz A_ (x,u)£R

subject to:

f̂ (z) = 0, i = 0,..., N-1

g. (z) < 0, i = 0,..., N-1

xQ = x°; f̂ (z) G Rn; ĝ Cz) € R1m

where,

and
?i(z) A xi+1 - fi(xi,ui)

g i ( z )  4  § i ( ui)

Now, as ({x̂ },{û }) follows the dynamic equations and, by 
hypothesis, a. = 0 at the solution of QP̂  for all i, we have:

(i) ({x.},{u.}) is feasible for MP1 .l  l

At a Kuhn-Tucker point z* of MP1, the following equations 
must be satisfied, for some multipliers

a 4  (aQ > • • •» aN-l  ̂  ̂ 4  ’ * * * * ^N-1 ^

where,
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jn
i 7 i ' '

N-1 N-1
(ii) F (z*) - I f 1 (z*) a. + \ g 1

i=0 Z 1 i=0 Z
(iii) X s >l — 0, Vi, s .

(iv)  ̂s s X. g.l l (z*) = 0, Vi, s .

= 0

Let,

z* 4 »* * * 9 xn » UQ ’* * *» UN-1 ̂

From (ii) and the definitions of f̂ (z) and ĝ (z), (a, X) 
must satisfy:

and

(v) [f 1 (x* ,u.*)]X 1 * 1

(vi) r i / * \ T -fu .Uj ) .

(vii) aN-1 = ”F x (-x *N

(viii) -[f N_1 ( x *  u L u x̂N-r ]

= 0 

* m T;
r i = 0,...,N-2

N-1 = 0

Clearly, any (a,X) satisfying (v) to (viii) would also 
satisfy (ii).

Now, at the solution of QP̂  the following equations are
satisfied:

H 1 + D.a. + g 1 (u.)T X. = 0, Vi
U  1  1  eu 1  1  *

X. > 0, Vi, s 
i  —

■ X s [gs (u.) + ,gB (u.)a.] = 0, Vi, s
1  ° 1  1  l toU  1  * *

s /-

or, as a. = 0 by hypothesis:
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(ix) H 1 + g (u. )^A. + D.a. = 0, for allu U 1 i i i  ’

(x) A .s > 0, for al i, si —

(xi) , s s A. g.1 °1 (Si> = 0, for all i, s.

Now, as a. = 0  for all i, from II.2.X and the definition of H 

we have:

(xii) V (x.) = f ̂  V (x . >) , i = 0, . . . , N-2 x i  x x  i +1 ’ ’ ’

with the following boundary condition:

(viii) VxN_1 (x.) = fxN_1 Fx (xn)

Also, as a. = 0 for all i, from (ix) and the definition of

H 1 , we have: u

(xiv) f ^ V ^ C x . )  + g ̂  (u.)TA. =0, i=0,..  .N-2 u x 1 &u 1 1 * 9

and

(xv) fu " 1 Fx(V  + = 0

Hence,

(xvi) with a(J_1 = -F(xN) and AN_, = A ^  

we have:

(xv) U (xiii) => (viii) U (vii)

Similarly, for i = 0,..., N-2, we have:

(xvii) with,
/^i+KT/-i+2vT /.pN-lvT

ai = (fx ) (fx > ••• (fx ) Fx(V
and
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we have:

(xiv) U (xii) => (v) U (vi)

In other words, with (a,A) given by (xvi) and (xvii), the 

condition (ii) is satisfied at ({x^},{u^}). But, for A^ = A^, 

we have: (x) => (iii) and (xi) => (iv). Hence, the Kuhn-Tucker 

conditions (ii) to (iv) are satisfied at ({x^},{u^}) and the 

proposition is proved.

Proposition II.2.C

If 0({u^} ,{ou} ,r) = 0

then,

{u^} satisfies the first order optimality 

conditions to DCP

Proof:

From Proposition II.1.A, we have:

N-1
6 £ - I [a. D.a.]

i=0

Hence, from G2, 0 = 0 => ou = 0 for all i.

The Proposition then follows from Proposition II.2.B.

Proposition II.2.D

Let {u^} be any control sequence.

Let U cr Rm x Rm x...x Rm be any compact neighbourhood of
N times



Let r, k > 0 be arbitrary.

Then, there exists a function

(e, {û },{6û }) <|>(e, {û },{6û })

with

tf>(e, {u.},{6u.} -*■ 0 as e 0' i  > i

uniformly in ({u^},{6u^}) £ U x 3^(0) x 3^(0)... x 3^(0)
'-------------------------- ,--------------- '

N times

such that

|Y({ui+e6u^},r)-Y({u^} ,{e6u^},r) | <£(})(£,{u^},{6u^})

Proof:

Given in the appendix at the end of the chapter.

Theorem II.2.E

Let {u^} be any accumulation point of the sequence of
,  i  ocontrol sequences iû J- constructed by the algorithm. Then,

{u*} satisfies the first order optimality 

conditions for DCP.

Proof:

Let J be a subset of iterations such that:

_ a
(i) {u^}

a 0As Xq = x , there exists a {x?}1 such that:
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(ii) {x .}£ i y { x n  .1 1

Also, by G2, there exists J'ciJ and {D*} such that:
i

(iii) {D.}* C  {D*}

From (i) , (ii) , (iii) and Lemma 3.2 in Han (1977), we have:

(iv) there exists {a^} with a| solving QP^

to ({x^},{uj.}) = ({x^},{u£}) and such that:

iou) —► lou) •

Suppose there exists an infinite subset j" c j' where 

u^ is set at step 8. Then, also from (i), (ii), (iii) and 

Lemma 3.2 in Han (1977), we have:

(v) {6u.}& £ 1 {fiup ,

6u £ solving DQP^ to ({x^}, {u^}) = ({x?}, {u?}) .

But, if u^ is set at step 8, e = 1. Then from (i) 

we have:

(vi) {6uJ^ 0 .

In this case, QP.= DQP. at({x*},{u*}). But then, from (iv) ,
1 1 3 - 1

(v) and (vi) , a *  = 0 for all i and the theorem is proved by 

Proposition II.2.B. Otherwise suppose that no such J" exists. 

That is, from one point onwards, u_̂  is set at step 12. If 

{a*} ^ 0 then, by Proposition II.2.B,

(vii) 0({u?},{a?}, r) < 0

Now, from (i), (iv) and G1, we have:
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(viii) 9({u^}^,{ou }^,r) 9({u^},{a*},r)

Hence, from (vii) and (viii), there exists b > 0 and £* < 00 

such that:

(ix) 0({u^}^,{ou }^,r) £  -b < 0 

for all £ € J T, £ _> £*.

But, since y((u^},{e16u^},r) is convex in e1,

(x)Y({up,{e,6u^},r)~Y({u^},r) £ e’9({u^} ,{6u^} ,r)

for any sequences {u^ljldu^} and all e’ € [0, 1].

Also, because of (i) , (ii), (iv), G1 and G2, it is possible 

to show [see proof of Proposition 1.1.C] that:

(xi) there exists aK < 00 such that:

|| || £ K, Vi, £ € J ’

But, from (i), there exists a compact neighbourhood U 

of {u?} such that:

(xii) {u^}^ £ U, for all £ € J ’, £ > £’, say.

Then, from (xi), (xii) and Proposition II.2.D, there exists 

an integer k* € {0,1,...} such that

(xiii) |y ({u ^+6^ a^}^,r)~Y({u^}^,{6k oul^r) | £  6^ b /4

for all £ € J ’, £_>£*, say.

Now, from (i) , (û _.j “ tu_.j) f°r aH  i > hence

A . 0, for all i .l  *



Then, there exists a £ < 00 such that, for all £ £ J 
£ £ £, we have :

(xiv) |Y({û +5k â +3^A^}^,r)-y({u^+6k ou}\r) | £ 5k b/4 .

/sFrom (xiii) and (xiv), there exists a £ < 00 such that:

(xv) |y({û +6k ai+3iAi}^,r)-y({ui}̂ ',{6k ou},r)| £ 6k b/2 

for all £ £ J’ , £ £ £.

From (ix), (x) and (xv) we obtain:

(xvi) there exists £ < 00 such that:

y({u.+6k a. +3-A. }̂ ,.r)-y({u.} ,r) < -6k b/2T. I l l  1 —

for all £ € J’, £ £ £.

Hence, from the way € is set at step 11 and step 10 with 
û  computed at step 12, we have:

k  ’ ~(xvii) e £ <5 , for all £ £ J’, £ £ £ .

From (xvi) and (xvii) we have:

(xviii) y({u^}^+1,r) - y({û }̂ ,r) £ -6k b/2 < 0

for all £ £ J’, £ large enough .

But (xviii) contradicts (i) , the contradiction coming from
(vii) through (ix).

So, 0({u^},{a|} ,r.) = 0 and the theorem follows from 
Proposition II.2.C.
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II.2.4 - Rate of Convergence'

If we eliminate the variable x in DCP, through the dynamic 

equations and initial condition = x^, we would arrive at 

the following mathematical programming problem which is equivalent 

to DCP.

MP2

min F(u) A F(fN-1 (fN_2(.. .fQ(x0 ,uQ) ,u,) ,u2)... ,u[J_ 1) 
(uSR^)

subject to:

8 i  ^Ui ^ 1  °» i  = ° » • • • > N" 1 

s e S.l  *

In the analysis of the rate of convergence of the algorithm 

introduced . in this chapter, we will require G1 „and the further 

assumptions below:

G4: {u^}^ —y u* (Kuhn-Tucker point-for MP2).

G5: At each K-T couple for MP2, the second-order

sufficiency conditions are satisfied with strict 

complementarity slackness and at these points 

the same second-order sufficiency conditions also 

hold for each DQP^, i = 0,..., N-1.

G6: For all u £ R1112̂  t^e vectors . g S p I.(u )itou 1
are linearly independent for all i = 0,..., N-1, with 

Ii(u) A {^g^ (u)|g£S (u) = ij^(u)}.

G7: The step length £ is unity.
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Suppose we apply to MP2 a slightly modified version of 

Wilson’s method [see Wilson (1963)] where the estimate of the 

multipliers A^(u^) is used to compute the estimate of the Hessian 

matrix. That is:

at each iteration we find uW to solve 

the quadratic problem QP2 and iteratively 

make:
-£+1 w u = u

with QP2 being the following quadratic problem:

QP2

min F (u)^(u-u)+](u-u)^P(u)(u-u)
( u e R ™ " )  U

subject to:

giS (ui> + igu (ui) < 0
for all i = 0,... , N-1

for all s = 1 ,. .., i  .

where,
N-1

P(u)  A F (u) + j  [ £ A.S ( u . )  .g s ( u . )  ]=  UU . 1 1 l bUU 1i=0 sGS.l

Proposition II.2,F

# wLet the sequence of points u be such that

uw —> u* (K-T point to MP2)

Let H5 and H6 be satisfied. Then,

wu —* U5C

at least R-quadratically.
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Proof:

Given in the appendix at the end of the chapter.

Proposition II.2.G

Let uW — >• u* (K-T point to MP2)

Let H4, H5, H6,H7 be satisfied. Then,

for u near enough to u* both the 

quadratic problem QP2 and the sequence 

{DQP^} will predict correctly the 

active constraints to MP2 at u*.

Proof:

Given in the appendix at the end of the chapter.

Observation:

As shown in the proof of the last proposition, the sequence 

of multipliers to {DQP^} will converge to A*, the multiplier 

associated with u* at the solution of MP2. Hence, the strict 

complementary slackness holds for {DQP^} as a consequence of 

being assumed for MP2. The sole reason for including {DQP^} 

in G5 was to guarantee that:

I I . 2 . X I I

If p € Rm is such that:^g^ p = 0,

then:

I? D^p > 0, for all i 

with being computed at u = u*.
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Note, however, that II.2.XII is milder than assuming 

the positive definiteness of {D^} at u = u*.

Theorem II. 2.H

Let {u^}^ be constructed by the algorithm of this chapter. 

Let G1, G4, G5, G6 and G7 be satisfied. Then,

{u^} — >■ u*  ) ^  •

at least R-quadratically.

Proof:

If we consider {u^} as a perturbation of u* we can regard sub­

problem QP2 as a perturbation of MP2. Hence, calling p {u..} 

and p A_ u*, we can, as suggested by Robinson (1974), define the 

following maps:

L(u, X, p) = 0(u, p) + ATG(u, p)

where,

0 ( u , p)  A Fu ( u ) T ( u - u )  + K u - u ) TP ( u ) ( u - u )

and

X G(u,p) A_
( V .  [ g o ( “ ) + o s u S ) ( u < r u o ) ]

^N-1 •*  ̂gN-1 UN-1 ̂ +N-18u UN-1 ̂ UN-1 _UN-1 ̂

Also define:
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1 1 —  1 —  —h(u,X ,p) A_{L^(u,X ,p) , Xq [§q (u q) +q Su  ̂> * * * *

o o
Or 0 , - 0 , -

Ao [ g o ( u o ) + o§u  ( u o } ( u o " u o ) ] ’

*’ AN-1 *-gN-1 ̂ uN-1^+N-1su^uN-1^uN-1 ^ - 1 ^ ’
o o Qv N-1r ^N-1 . N-1, n T

*’ XN-1 gN-1 W - 1 ^  N-1gu UN-1 UN-1  ̂ •

Now, because of G5 we can use Theorem 2.1 of Robinson (1974) 

to see that:

there exists a continuous map Z(0 

which for any p near enough to p 

associates the K-T point to QP2 and 

such that:

Z(p) = (u*, X*) = K-T couple to MP2.

As the conditions to Theorem 2.2 in the last paper referred to 

are also satisfied, we have:

(i) for any £ £ (0, 1], 3 open neighbourhoods 

M^(p) and N^(u*, X*) such that:

for any p f. M^(p) and any z € N£(z*) 

we have:

|| z - Z(p) || £ (1-£) 1 || hu(z*,p*) 1 || || h(z,p) ||

with

z* ^  (u*, X*)'

Now, G5 and G6 ensure the existence of the inverse

above.

Therefore, from (i), we obtain:
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(iii)

h(zD ,u)

(ii) there exists a < 00 such that, for 

u near enough to u*, we have:

D n / - N ii „ ii , , D - n nz - Z(u) || <_ || h(z ,u'

where,

D « / D ■> Dv « r/’D-.Dv , D ■> Dv ✓ D vD \ i2 A _ ( u , A ) A _ [  (UQ , 1̂'| * ̂ ̂ ' > • • • > -| * 1 ̂

K-T couples to DQP,

Also let,

zW A_ (uW ,AW) = Z(u)

Now,

s sg = g = 0 , for all s, j, i. u.u. °u.u. ’ J1 J 1 i

Hence, recalling the definition of P(0 we have:

? +F (u?-u.)+F (u?-u0) + ....+F (u? ,-u ,)+An(u?-un) +[X?]Tng
u0 uoUl 1 1 uou2 2 2 U0UN-1 N~ N_ 0 0 0 0 0&u

D d - N f;d t
?u , + iu , u 0 (u O- “o ) +* u , u2 (u 2""2} + -  + iU2uN_ , ( uN- 1 1  > + i 1 (u f S >+ [ ^ ] > v

+F ( u ? - u n )+F  ( u ? - u 1) + ... +F ( u j ? 0- u T ^+4 <.(£ rHi g
UN-1 UN-1U0 ° UN-1U1 1 UN-1UN-2 H  ^ 1 N i W N.! u

h o [ g ’ ( u0 ) + 0 g ’ (u 0 ) ( u ^ 0) ]

o £
V d f 0 , - L

V g0 (V  + 0gu. (u0} (u0“u0} ]

XN-1 ̂ gN-1 ̂ N-1^ + N-1gu^UN-1) (uN-1 UN-1^

5 2 5V h D  r N-1,- w  N-1,- W D - N, 
^N-1 gN-1 ÛN-1 + N-1gu UN-1 UN-1 UN-1



where

A. A F
1  =  u . u .l  1

+ [A(u.)] T i ^ u u

From the recursive equations we have:

(iv) Hl=(fL)T(fl+1)T .u u ( f x ' 1 )T V ( f u ) T ( f x + 1 ) T ' - - ( f x ' 2 ) T 6 N-1

r i jN-l  . -v T -I
IX .  +XN-1 N-1 Suu

+ ( f V ( f i + 1 ) T
U  X

,.N-3>.TqT ru^"2 . T ,f̂- ) N̂-2 Hu + N̂-2 N-2̂ u +’* *x

-ioT rTTi+1 .T n
,,+ fu^i+1 Hu ^i+1 i + 18û

where

A^ is the multiplier associated with ou at QP^

(v) B. =(f1 )T(fi+1)T...(fN_1)'IF +(fi)T[(fi+1)T (fi+2)T ....
L U X  X  X  X U  X X  X

... (fN_1)TF +(fi+V ( f i+2)T...F fi+1
X  X X  X X  X X

+ ( f i + 1 ) T ( f i + 2 ) T ( f i + 3 ) T ( f i + V
X  X  X X  X

.F fi+1fi+2 + ...
X X  X

... + (fi+1)T (f"-1)tf fN-'
X  X X  X

i+1
X  '  X

..f~' 'If1

y-r-iNT✓ -^T / ,-N 2x T r qT 0 -i _N—2
( f u } ( f X } > [ e N-1DN - 1 6N - 1 ] f x ..fi-(fi)T(fi+1)T

X U  X

/_N 3 . T rftT q , _N—3
... (fx ) [ ̂N-2DN-2 ̂N-2 f x * * *f x

(fu)T[el l Di+,Si+,)fx
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Observation:

<£* )T(fi+1)T...F = l {(ft }
X  X  X . ^ ,  X .  X .  X .J =1 J J J

n .i NT/ri+KT

Also,

(vi) C.=(fi )T(f1+1)T...(fN 1)TF +Cfi)T[(fi+1)T(fi+2)T...(fN_1)TF 
1 U U X  x x u x x x  X X

+ (fl+l)T(fl+2)T(fl+3)T...(fN’’1)TF fl+1 + ...+(fl+1)T
X  X X  X  X X X  x

,..(fN-1)TF fH"1...fi+1]fi
X  X X  X  X U

,_ivT/-i+1vT ,.N-2sTrDT _ 0 ,.N-2 ri+1ri
- (fu> (fx > 5 [6N-1DN-ieN-1lfx •••fx fu

✓ ,-i\ T/,-i+l x T ,_N—3vTrQT Q ,_N-3- (fu) (fx ) ...(fx ) [SN_2DN_26N_2]fx ...fx £u

• • •  -  <f u ) T [ 6 L , Di + , e i + , ] < -

Now, from the definition of F(*), we have:

(vii) F = (fi)T(fi+1)T...(fN 1)TF
U .  U  X  X X1

Hence, for j > i

(viii) F . =(fl)T(fi+1)T...(fj 1)T(f̂  )T(fj+1)T...(fN 1)TFx xu . u .  U  X  1 J X U X  X

+ (f b T (f t +1)T • • ■ (f i"1) T{ (f b T n  f it1)T (f 2+2)T- • • (f1N 1) tfy
X  A.U  X U  X X  X

+ (fj+1)T(£j+2)T(fj+3)T...(fN_1)TF fj+1+(fj+1)T
X  X X  X  X  X  X  X

(fj+2)T(fj+3)T....F fj+1fj+2
X  X X  X X X

...+ (f̂ +1)T(f̂ +2)T...(fN 1)tf fN 1...f̂ +l]f̂ l
X  X X  X X  X X X
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while,

(lx) Fu.u.=(f)T(fl+1)T .. .(fN 1)Tf -Kf1)T[(f1*1)T(fL+2)T .. .(fN 1)Tf
1 1 U U X  X X U X X x  X X

+ (fi+1)T(fi+2)T(fi+3)T ...F fi+,+...+(fi+1)T
X  X X  X X X  X

,..(fN-1)TF fN_1...fi+1Jf1
X  X X  X  X U *

From (iv) and (vii) we obtain

(x) F =Hl-(fl)T(fl+1)T ...(fN 2)T3n AU® i m 'u. u u x x N-1 u N-1 N-1 u‘
1

,_iv.T,,i+KT , _N-3n TqT ruN-2 ,T n- (f ) (f )...(£ ) „[H +A o m o§ ]u x x N-2 u N-2 N-2touJ

From (v) and (viii), we obtain for j > 1

(xi) F =(fl)T(fl+1)T ...(f^”1)TBT+(fl)T(fl+1)T ...(fN“2)Tu.u. U X X 1 U X X1 J

[gjj .D B 1]fN_2...f:i+lfjN-1 N-1 N-1 -X x u

/ c  i  \ T / r  i  "*■ 1\T / /jN—3\ T i-qT q  -i -N 3+(r) (fx ) ...(fx ) [BN_2DN_28N_2]fx

+ ...
X  U

+ ( f l ) T ( f l + 1 ) T . u x (fx)Tl6I+l V l Bj + 1>fu

From (vi) and (ix) we have:
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/ . . ~ n , c i>. T , ri + K T / r i+2>. T /̂ .N-2>.TrQT Q ,(xi1) f = c.+(f ) (f ) (f ) ...(f ) [3m .d 3m Ju.u. 1 u x x x N-1 N-1 N-1
l  l

..N-2 1 if ...f fx x u

/.lvT/.i + KT /-N-3sTrnT a -.N-3 fi+1 ,+ (f ) (f ) ...Cf ) [3m 0Dm 03„ 0]f ...f f tu x x N-2 N-2 N-2 x x u

+ (fu>TtSll Di+lSi+1]fu

Now, recalling that (ou is the K-T couple .of OP̂  we have:

H1 + XT .g = -D.(a. - u.) u 1 1 ° U 1 1  1

But, from H5 the sequence of sub-problems {DQP̂ } also satisfies 
the second-order sufficiency conditions with strict complementarity 
slackness, at the point {û } = u*.

Hence, from theorem 2.1 of Robinson (1974), for all {û } " 
near enough to u*, DQP̂  will also have a unique K-T couple 
(6û , X\) where the second order sufficiency conditions are 
satisfied with strict complementary slackness. Then, considering 
OQP̂  as a perturbation of QP̂ , Theorem 6 of Fiacco and McCormick (1968) 
shows that a first order approximation to (6û  - ou) is:

(a. - 6u.) = d71B.A.
i  i  i l l

• sMoreoever, as the functions F, f̂  and ĝ  are all supposed
to be three times continuously differentiable, we can j siTDjItfrlij lo 
Theorem 13 of Fiacco and McCormick (1968)  ̂ see that:

a. = 6u. + D.̂ B.A. + e, 
i  i  i l l  1

where

Ai
2



Hence,

(xiii)

(xiv)

H1 + xT .g =u 1 i°u -D.(u?-u.) - B.A. + e. 
1 1 1  1 1  1

where,

{ i i ?} ' = { u . + 6 u .  }i  i  i

with

6u^ being the solution of DQP^.

From (x) , (xiii) and recalling that we obtain

Z TTi x-ivT.-i+KT / i.N-2x T_T , D - *F = H -(f ) (f ) ...(f ) B (uM a“U„ .)u. u u x x N-1 N-1 N-1
l

-  « u ) T ( f x + 1 ) T - - - ( f r 2 ) T ' SN - , DN - 1 6N - l l V l

(fi)T(fi+1)TU X
,̂ .N-3x T„T / D n
f x BN - 2 uN-2 UN-2

(fi)T(fl+1)TU X ^f x  ) ^ N - 2 DN - 2 ^ N - 2 ^ N - 2

' « u>TbI i(u?+, - 5i+,>-<fy i BI+1Di+1Bi+d Ai+,

+ e.

where,

e , II »  II A i

From (xi), (xiv) and the definition of A^, we have:
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(xv) H = F +F (u. -u. ,)+F (u._-u. „)+...+F 1 )u u. u.u. . l + 1 i+1 u.u. l0 i+ 2  i + 2  u .il. > N-1 N-1l  l  i  + 1 l  i+ 2  l l -

,.ivT,.i + KT ,.N-2.TrcT _ Q lr.N-2.N-3 .i+1.i, D - .
+(fj  (f.. ) [ V i DN-iVi1[fx \ - fx fu(ur uiU X X

.N-2.N-3 .i.i-1 ( D - w  -N-2 -1.0, D -v ,+f f ...f f (u. -u. ,)+...+f ...f f (u -u)]x x  xu i-1 i-1 x x u 0

,,.i\T, .i+1 vT , N-3xTrfiT Q lr J-3 .i+1.i, D - *
+ (fu} (fx 5 tBN-2DN-2eN-2][fx ' • ‘fx fu(ur ui}

-N-3.N-4 -i.i-1, D - , _N-3 .1.0, D - . ,+f f ...f f (u. , —u. J + ...+f ...f f (uA-un)]x x  xu i-1 i-1 x x u 0 0

-i.i-2 .1 .0/ D - v,+f f ...f f (un-un)] - e. . xx x u 0 0 J i

From (xv) and (xii) we obtain

(xvi) H +C.(u.-u.)=F +F (u.-u-)+F (u. ,-u. ,,)+.. .+F (uXT -uM ,)u l i l u. u.u. l l u.u., i+1 i+1 u.u„ ; N-1 N-1i l l  l i+1 l N-1

, , .i\ T, .1+1 % T ,.N—2\TtqT _ q -ip _N—2 .1 .1—1, D — n + (fu} (fx )...(fx ) [BN_1DN-1BN-1l[fx •••fxfu ^ - f W

, .N-2 .i-1.i-2, D - v .N-2 .1.0, D - v,+f ...f f (u. 0-u. 0)+...+f ...f f (u -un)]x x u i-2 i-2 x x u 0 0

BliDi+16i+, )+-•-+f̂  •-fxfK - ^  J

- e.
i

As F = (F ) , from (xi) and the definition of A. we u.u. u.u. i1 J J i
have :
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i-1
(xvii) B.A. = Y F (u?-u.)1 1  .Ln u.u. j j j=0 1 j

, _ix T/,i+1vT / rN-2v TrQT _  D , r cN-2 ci.i-1 ,  D - (f ) (f ) . ..(f ) [PM .D 1 3»t < ] [ f ...f f (u. .-u. ,u x x N-1 N-1 N-1 x xu i-1 i-1

A ,N-2 .i-l-i-2, D - % ,j.N-2 .1.0, D - ,+ f ...f f (u.  0- u .  0)+...+f ...f f (uA- u n) ]x x u  i - 2  i - 2  x x u 0 0

r;i «: 1 r;0 / D -  v_.+f . . .f f (un-ur.) ] x x u 0 0 J

From (xvi) and (xvii) we have:

(xviii) H1 + B.A.+C.(u? -u 1 1 1 1 Ui) F NV1 F (u?-u.) - e.
ui +̂ 0 uiuj J J

By definition

(xix) Di = Ci + [X(ui)]T uu

and

(xx) A. = F + [X(u.)] -g1 u.u. 1 i&uul  l

Now, at the solution of DQP̂  we have:

(xxi) H1 + B.A. + D.(u?u 1 1  1 1 Ui) [A?]T .g = 0 1 leu

and

(xxii) ^ [ g ? ^ )  + i§û ui^ui ” ui^ = °» for a11 1 = N”1
for all s = 1,..., i.9 i

Hence, (xxii), (xxi), (xx) and (xix) into (iii) lead to:



(xxiii) || h(z°, u) 2A.
1

But, because of H5, it is possible to show [see proofs of 
Lemma A and Lemma 5 in Powell ( 197 8a)] that:

(xxiv) there exists a constant c < 00
such that: 

Du - u < c u - u*

Then, from (xxiii), (xxiv) and the definition of Â , we
obtain:

(xxv) there exists c* < 00 such that:

h(ZD, u) || < c* || u - u*||2

Then, from (ii) and (xxv), we can see that

(xxvi) there exists a ĉ  < 00 such that:

û  - uW11 < ĉ || u - u*||2

where,

uW is the successor obtained by the modified Wilson method

Now, because of Proposition II.2.F, we already know that

(xxvii) there exists a c ’ < 00 such that

uw - u II < c T 11 u — U * | | 2

But,

D
U -

D wi u - u wu -(xxviii) u < + u
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Hence, from (xxviii), (xxvii) and (xvii), we obtain: 

there exists a c < 00 such that:

|| - u 11 <_ c 11 u - u*||̂

which is the desired result.

II.2.5 - Remarks

Note that the algorithm presented in this chapter is not 
a discrete time version of the algorithm suggested by Jacobson and 
Mayne (1970) for continuous time control problems with control 
inequality constraints. While here the sequence {cu, i = N-1,..., 0} 
is found backwards by solving the sequence of quadratic programming 
problems {QP̂ }, the discretization of the corresponding computation 
in the algorithm of Jacobson and Mayne (1970) would require the 
solution, for i = N-1,..., 0, of the following non-linear programming 
problem:

II.2.XIII

min H.(x.,u. + 6u> V1 )
1 1 * 1  ' x

6u£Rm 

subject to

u. + 5u f. U = feasible controls set.
1

Now, in contrast to the solution of the quadratic sub­
problem, which can be found in a finite number of steps, the 
above minimization, in general, involves an infinite iterative 
process, where the solution is only reached as a limit. If the 
method suggested by Wilson (1963) is applied to solve II.2.XIII a 
sequence of quadratic programming problems must be solved.
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In this sense, the solution of QP̂  may be thought of as the
first iteration of a process intended to solve the nonlinear
programming problem given by II.2.XIII. That is, instead of
pursuing the complete minimization indicated by II.2.XIII we only
take, at each iteration, one step towards its solution. This
feature may greatly reduce the number of computations. On the
other hand, as pointed out by Jacobson and Mayne (1970), the
solution to II.2.XIII can be found even when the matrix
H1 (x., u., V1) is not positive definite, although their uu 1 1 x
algorithm would require the positive definiteness of the matrix 
[H + A.g ] when evaluated a u. + 5u. (X. being the multiplieruu 1®UU 1 1 1 ®  K

associated with 6u. at the solution of II.2.XIII).
i

Here , the matrices D. = H1 + X.(u.)g are assumedl uu 1 1 &uu
to be positive definite for all the nominal sequences, when 
proving the global convergence. Given the way is constructed, 
assumption G2 is perhaps excessively strong. Some remedies can 
be suggested to overcome this drawback.

As in the changes made to the Basic Algorithm of the first 
chapter, to cope with the secant update (see algorithm of section 
1.3.2), a multiple of the identity matrix can be added to 
whenever the solution of QP̂  fails to satisfy some tests. This 
device may enforce global convergence without requiring the 
rather restrictive assumption G2. Moreoever, if ŷ  remains equal 
to zero for all i large enough, or y. 0 as {û } -> {u^}, a 
quadratic rate of convergence could still be achieved (see dis­
cussion in section 1.3.5).
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Another approach would be the replacement of QP̂  by 
some variable metric method. That is, instead of computing 

directly from the recursive equations, an update could be 
used keeping the matrices {D̂ } positive definite yet allowing 
the achievement of a superlinear rate of convergence. This 
idea will be briefly discussed in the next section.

The role played by the positive definiteness of is to
ensure that the solution a. of QP. is a descent direction for

1  1

the exact penalty function used to compute the step length. Now, 
because Xq is fixed, a reduction on step length £ not only 
affects the movement along the direction ou but also reduces 
the norm of therefore making the solution of QP̂  closer to 
the solution of DQP̂ . Hence, if the eigenvalues of the matrices 
{]Di} are positive and bounded away from zero, we could see 
through Proposition II.2.A that for £ small enough (but bounded 
away from zero) we would have a reduction on the exact penalty 
function even if no future correction is made.

In other words, if the new control sequence {û } is constructed 
ignoring the future change on the trajectory, that is according 
to:

II.2.XIV

u. = u. + £ a.i - i  i

then we can still prove global convergence, provided that assumption 
G2 holds. Note that II.2.XIV differs from the first order method 
below, due to Jacobson and Mayne (1970),



because (-Ĥ ) would be equal to cu only if = I. Therefore, 
iteration II.2.XIV can be expected to work better than II.2.XV. 
However, its rate of convergence is not likely to be faster than 
linear. Actually, a superlinear rate of convergence will depend 
not only on the way the matrices {D̂ } are defined but also on 
the forward correction of û  due to the change of trajectory. As 
shown in the proof of Theorem II.2.H, the computations of step 8 
and step 12 only differ by a second order term in Â , But

A. 0 as {û.}

Therefore, although the quadratic convergence result of 
Theorem II.2 was proved assuming that the forward correction is 
ultimately performed by step 8, the computation of step 12 may 
also lead to a superlinear rate of convergence provided that 
£ = 1. Indeed, it is the achievement of a step length of unity 
which motivated the introduction of the quadratic problem DQP^, 
instead of making the correction always through step 12. As 
we have seen in Part I, the degree of accuracy with which the 
constraints are satisfied may play a major role in the establishment 
of superlinear rate of convergence for algorithms which approximate 
the constraints around the current point.

While the solution of the quadratic problem DQP̂  satisfies 
the constraints to first order, this may not be so with the 
computation of step 12.
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Furthermore, as in Part I, a second order term may be 
added to the solution of DQP̂  and the resultant search arc be used 
to compute the step length. As this arc satisfies the constraints 
to second order, a step length of unity is then more likely to be 
accepted by the test of step 10. In particular, this could 
avoid trouble eventually arising from the occurrence of the 
Maratos "effect" [see Maratos (1978)].

The structure of the method described in this chapter makes
it possible to apply most of the ideas employed in Part I. For
instance, with the additional variable ŵ  new sub-problems DQP^ 

wand QP̂  can be used replacing DQP^ and QP̂  respectively, thus 
preventing any inconsistent constraints in the quadratic optimization 
problems.

A procedure, similar to the one suggested by Mayne and Polak(1982), 
which was used irt the'Basic Algorithm to update the penalty parameter 
ĉ , could also be incorporated into the algorithm. Alternatively, 
when the constraints g(.) are convex, something often found in 
practice, the simpler procedure described in chapter 1.2 may also
be useful.
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APPENDIX (Chapter II.2)

Proof of Proposition II.2.D

Let d(e,{û } {6û }, r) A. | Y({u^+e6up ,r)-y({u^}, {£6û } ,r )| 

Let
{x̂ } denote the sequence obtained with {û }

and
{x̂ } denote the sequence obtained with {û +e6û } 

From the definitions of y(*, r) and y(»,*,r) we have:

r N-1 .
(i) d(£,{u.},{6u.},r) < |F(x')-F(x )- £ (H1)T£6u . |l l — 1 N N . u i'i=0

+ r|\ | j({u^+£6u^})-^({u^} >( e û^}) |

Now, the expression (for the discrete case) of the change 
in cost due to a change in the control sequence, corresponding 
to the continuous time expression in Mayne (1973), is:

N-1
(ii) F(x]Jj)-F(xn) = l [Hi(xi,ui+£6u!, v*+1)-Hi(xi,ui,V*+')]

i =0

.i+1

where

PL (x, u, w) A. w f̂ (x, u)

Because of G1 and the mean value theorem, there exists an u.
lying on the segment [û , û  + e6u ]̂ such that:

(iii) H.(x.,u . + e 6 u . ,V1+ )̂-. 1 1 ’ 1 1 * x H.(x.,u.,V^+ )̂=[H1(x.,u.,V1+1)]i£6u! i i* i* x u 1 * i* x 1

From (ii) and (iii) we obtain:
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N-1
(iv) F(xm) - F(xM) = £ [H (x . ,u.,V )] eSu .N N . ̂ p. u l i* x li =0

where,
Tfor all i, lies on the segment [û ,û +e6û ]

(iv) into (i) leads to:

N-1
(v) d(e,{u.},{6u!} ,r) < e J [

i =0

+ r | ^ ( { u ^ + £ 6 u | } ) - $ ( { u i } , { e 6u ^ } ) |  . .

Now, again by G1 and the mean value theorem, for all i, all 
s € Si# there exists an u?, lying on the segment [û ,û +£ 6u_̂ ] 
such that:

H1 (x.,u.,V1+ )-HL(x.,u.,V1+ )̂ u i* i* x u i* i* x mu k i i

(vi) g/5 (u^cdu!) = g^ (ui) + igus (u^edu! -

Hence, from (vi) and the definition of ^(*,‘) we have

(vii) |i[»({u.'+e6u.})-ij;({u.},{£6u.}) | <_ £ [max{ 
1 1  1 1 i=0 s£S. i8u(“i)"i8u(ui) ll5uilll

Now, there exists a compact set U* such that, for £ € (0, 1],
u. £ U and 6uv £ 3̂ (0), we have:1 1 is.

[u., u. + e6u!] c= UT , for all i , 
i *  i  i

Also, the functions H1, .gS are all continuous and,* u i&u 5
therefore, uniformly continuous in U*.

Hence,



541

(viii) || H1(x. ,u. ,Vl + 1)“Hl(x. ,u,,vi+1)
1  X

II -o,

and
uniformly in U x 3̂ (0) ,K as e 0

(ix) II i§us (Si*) - iSus ( V  II -> o,

uniformly in U x 3̂ (0),K as £ ■> 0 ,

The proposition follows from (ix), (viii) and (v).

Proof of Proposition II.2.F

Recall that in the first chapter the map X(*) was defined 
for all x G Rn. If we apply these maps to estimate the multipliers 
of the mathematical programming problem MP2, we have:

(i) X(u) A min{ ]| F (u) + g*(u)X ||2+£ [ (<!>' (u)-g?(u))2(X)2]
jJ U X  0 =  1 LXGR 1

N-1
where, £ A_ £ £. and ij/(u) = max{0; g. (u)} 

i=0 1 1
i = 0,..., N-1
s = 1 ,..., £.* j i  .

We already know that:

X(u) X* as u -*■ u* (K-T point to MP2)

Now, for all i the maps X̂ (*) were defined as:

(ii) X.(u) A arg min {|| H^+ £ XSg S (u.) ||2 +1 (iji. (u.)-g?(up )2 (X)2]
T * i  sGS. sGS.XGR l i

where,

\p.(u.) A max{0; g. (u.)}l  l  =  _ n  toi  i
sG£^



Since u u* (K-T point to MP2) , we have:

(iii) ijĵ(û) 0» for all i
and

(iv) ip (u) 0

From the recursive equations and the definition of F(*) 
it is possible to show (see Theorem II.2.H) that:

, .s ~ ui /̂ iv T, i+1 \ T , N-2vTqT ruN_1xJ l(vi) F = H -(f ) (f ) ...(f ) $ [H +\ . M .g Ju. u u x x N-1 u N-1 N-1 u
1

, ivT,.i+1vT / ,N-3>. qT r N“2 »T ,
(fu} (fx  ̂ **-(fx  ̂̂N-2 Hu +̂ N-2 N-2gu

, i. T0T r i ,T ,
(fû  î+1 Hu Xi+1 i+1Su

Now, at the. solution of QP̂  we have:

(vii) D.a. + [H1 + A.T g ] = 0
1 1  u 1 °u

As shown in the proof of Theorem II.2.E,

(viii) {â } {a*} as u -> u*

where,
ou solves the problem below:

min [H1(u*)]'̂ a + . (u*)cx
aGR1

subject to:

m u

gi (uî  + i8u (ui)a i °» s e si

where,
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jD̂ (u'c) means that the sequence {û } 
is used to compute D̂ .

Clearly, from G5, a* =0 for all i.

Hence, from (viii) and (vii) we have:

(ix) [H1 + X? .g ] ->■ 0, for all i.u 1 itou *

Then, from (ix) and (vi) we have:

(x) (F - H1) 0, for all i.u. ul

From (x), (iv), (iii), (ii) and (i) we then have: 

(X(u) - (X̂ (û )}) 0

Then,

( X^ ( u ^ ) }  X* .

From the above convergence, G1 and the definition of 
P(•), we have:

P(uW) + F
i,s

Then, the proposition follows from Theorem 3.1 in RobinsonC1974).

uu ( U*) + 1 s x .  , g s ( u*)
. L  1 1 &UU 1

Proof of Proposition II.2.G

By G4 we have: {û } u* (K-T point to MP2) . 

Then, by G7,
{<$û } 0

Also, as uW u*, 6uW (uW - u) -»■ 0



Hence, for u near enough to u*, none of the non-active 
inequalities at u* are predicted to be active, either by QP2 
or the sequence {DQP̂ }.

Now, let A? denote the multiplier vector of DQP̂  and 
AW the multiplier of QP2. Because of G1 and the boundedness 
of P(u), it is possible to show [as in the proof of Proposition
I.4.F] that:

AW -* A* (multiplier to MP2).

Then, the first part of the proposition (concerning QP<?) 
comes directly from the strict complementary slackness assumed 
in G5.

Now, let N̂  be the matrix whose columns are the gradients 
of the active g.(0 at u., calculated at u. . From the fact that 
none of the non-active ĝ (*) at u* are predicted to be active 
by DQP̂ , at the solution of this problem we have:

H1 + B.A. + D.6u. = N.Z. u 1 1  1 1  1 1

with

zi A (SA°|g?(up = 0}

Then, as 6u. -*• 0 and B. and D. are bounded, we have: 
l  i i

(i) lim N1Z. = NXZ
i-xx> 1

where,

N1 is the matrix whose columns are the gradients
of the active g.(*) at uV, calculated at u?toi  i  ’ i
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and

with

(u*) = 0}

X̂  being the mulli-plier. associated with the 
solution of DQP̂ , for u = u .

From (i) and the independence of the columns of N1 
assured by G6, we have:

n ^(ii) X. -* X.
1 l

But, for u = u* we have seen in the proof of the last 
proposition that ou = 0, for all i. That is

DQP. = QP. .

Then, (see Proposition II.2.B), the K-T conditions to 
MP2 are satisfied at u = u* with:

(iii) X* = {X.} 4

But, by G6, the multiplier X' is unique, so that, from 
(ii) and (iii), we have:

{A?} * X*

And again by the strict complementary slackness assumed 
in G5, the last part of the proposition is proved.
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II.3 SUGGESTIONS FOR FURTHER RESEARCH

The modified version of the DDP method, presented in
II.1, is shown (see Theorem II.1 A) to give the same successor as 
Newton's method, without requiring the cumbersome task of inverting a 
(mN)x(mN) matrix at each iteration.. In practice, when applying Newton' s 
method, it is a common feature to replace the inversion of the matrix by 
the solution of a system of linear equations. The Gauss elimination 
is among the most commonly used methods to solve linear systems.
It is a point for further research to compare the computation 
involved in the method of II.1 with that involved in the triangular- 
ization procedure of Gauss's method.

The requirement of positive definiteness of the matrices 
{D̂ } to establish convergence of the algorithm of II.2 reduces the 
applicability of this algorithm, in particular if the matrices 
are computed as suggested. That is:

D.l
i

=  c .  +  y  x . s  ( u . )
s=1

s
î uu

Of course if, at all iterations, is set equal to a positive 
definite matrix (say al, a > 0) for all i, assumption G2 would be 
satisfied and any accumulation point of the sequence of control 
sequence {û } constructed by the algorithm satisfies the first- 
order optimality. conditions for the discrete control problem 
(see Theorem II.2.E). But the result of Theorem II.2.H would 
no longer be valid as only a linear rate of convergence can be 
expected.

A method which keeps the sequence {D̂ } positive definite while 
updating {D̂ } through an extension of the update given by
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1.4.VI is given below.
Jl.1

Let T. A mm{m ; [ip.(u.)+ H + Y A. .g (u.) ] andl = l i 11 u L . 1 i6uu 1 11s = 1
for each iteration Jl define: Â max{T_̂ |i = 0,..., N-1}.

For i = 0,..., N-1 let N. be the matrix whose columns are 
the gradients of the active constraints at the solution of QP̂ .

The sequence {D̂ }̂  can then be updated to {D̂ }̂ +  ̂as follows

X L 1 T J  Z f IT
n*+i _ *, h W  Di W
Di l /(.JUTJlrJl ^ L T  Jl(67) d7 67i l i < V  ^

for i = 0,..., N-1, where:

. -£+1 -£ o. A u. - u.
1 = 1  l
Z . JL Z rrrZ ^ „Z,-.Z^TlXZn± A y i + a.[T + N̂ (N̂ ) ]6£

with
Jl. ' Jl.

y .  A [H1 + 1 X.s .g  s ( S . ) ] 5'+1-  [H1 + I  X.s . g s ( u . ) ]1 1 =  U  L . 1 1 & U  1 U  L . 1 1 & U  1S=1 S=1

Jl

and

a.

( Jl
0, if (fiTy.)* > E l (|| 6 J I 2 ) , e, £ (0, 1) 

j i  J I, if 0 < (6TYi)A < [minfe^'TbKlI Sill2 )

1 +
A l l  Sĵ ll2 )2-(sTyi)Jl

A  || 6. ||2 )S,+ (6?n .nTi$.)2'11 l "  1 1 1 1

, otherwise

. . JlProposition II.2.B, the definition of T and assumption G5
are sufficient to show that the above update is well defined and

jlgenerates a sequence {D-} of positive definite matrices for all i
It is then a point for further research to know whether a super- 
linear rate of convergence can be established for the algorithm
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of II.2 when using the above update procedure. Note that, at 
each stage i, the constraints gP , j = only depend
on u.. Hence, the matrices D. are not obtained recursively but 
are constructed from using estimates of the multipliers Â .
If the constraints are of the form ĝ  (u^,u^,...,û _̂ ) the 
recursive equations must be modified in a similar way to that 
suggested by Jacobson and Mayne (1970) for the continuous time 
case. Further research is required on this problem as well as 
on the question of how to cope with state constraints.

Finally, application of the algorithm of II.2 to practical 
problems is required before asserting its competitiveness.
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