L.(’ "T

METRIC KINKS IN GENERAL RELATIVITY

by
Martin Francis Lynch Wall

A thesis submitted for the degree of Doctor of Philosophy of
the University of London and for the Diploma of Membership cof

Imperial College

Theoretical Physics Group
Imperial College of Science & Technology

LONDON SwW7 September 1983



CONTENTS

Abstract

Preface

Introduction

CHAPTER 1. THE MATHEMATICAL THEORY OF KINX METRICS
1.1 Kinks and their classification

1.2 Kinks on R

1.3 A family of kink metrics on R4
CHAPTER 2. THE PHYSICAL PROPERTIES OF KINK METRICS
2.1 General results
2.2 A class of spherically-symmetric static
kink metrics
2.3 Further results for the restricted family
of kinks
CHAPTER 3. EXAMPLES OF KINK METRICS ON R4
3.1 The energy conditions
3.2 Examples of one kink metrics
3.3 A one-parameter family of 2-kinks
3.4 A two-parameter family of 2-kinks
CHAPTER 4. KINKS ON R x S' x §8' x §!
4.1 The classification of kinks on
M=RxS5'x &' x 8!
4.2 The light-cone structure
4.3 Geometrical quantities associated to a
family of kink metriecs on R x S' x S' x S'

4.4 Examples of kink metrics on

M=R x 8'" x 8' x &'

12
21
27

27

32

38
47
47
50
53
55
57

57
60

61

63



ABSTRACT

In this thesis we investigate the homotopy properties
of the space of Lorentz metrics on a manifold, and in
particular its splitting into sectors, the metrics in one
sector not being continuously deformable into those of another.
These sectors are known as kinks and the metrics in them as
kink metrics.

The first chapter deals with the reasons for and the
classification of these sectors. We then choose as our base
manifold R4; by placing certain boundary conditions on the
metrics, this manifold is effectively compactified to R x 57,
and hence the space of Lorentz metrics splits up into sectors.
We give a method of determining to which sector any given
metric belongs.

The next two chapters deal with the physical properties
of kink metrics. After proving some general results, we
study in detail the restricted class of spherically-symmetric
static kinks. Explicit examples are éiven in Chapter 3.

The final chapter is concerned with kink metrics on
the manifold R x §' x 5' x S5'. We restrict our attention to
a 22 family of kinks, for which we calculate the energy-momentum
and Weyl tensors, these are found to have a particularly simple
form. We also study the local properties of these metrics,
emphasising the curious features of the underlying light-cone

structure.
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INTRODUCTION

This thesis involves the study of certain classes of
space-times which have come to be known as kinks.

The formal definition of kinks will be left to the next
chapter: for now we shall give a brief discussion to give the
term soﬁe meaning. Given a fixed four dimensional manifold M4
we consider the space of all metrics with a lorentzian signa-
ture. It is found (how will be explained later)} that this
space splits up into a number of sectors, such that metrics in
one sector cannot be deformed continuously into a metric in
another. These classes of metrics, and by an abuse of language
any representative of these classes, are known as kinks.

Before indicating the areas we will be investigating, let
us first look at what we will not be studying. We shall not
take the view that these metrics in some way represené fundamental
particles. This view can be found in Misner et al, ref. (5).
The second line of argument we will not follow is associated
with the above; it is that certain kink sectors exhibit some-
thing akin to spin, and hence might represent spin half
particles, ref. (3, 4, 10, 11). These lines of approach have
never really been taken up after the initial papers. The main
reasons are that they both involve considerable interpretational
problems, and that other theories to explain the particle
spectrum were being developed at that time. These included
Yang-Mills,grand unified and super gravity theories. The other
reason for not taking the above point of view is that they
develop in a direction tangent to our approach, which is to
consider any representative of a kink sector as representing
a space-time in total, and the theory as representing all
possible space-times on a fixed manifold.

The investigation which follows is purely classical. We



will not make any attempt to incorporate our discussion into
a quantum picture. This step would be very desirable, but it
is beset with problems. As well as the normal problems of
quantizing gravity, things are made considerably worse by

the intrinsic way space and time are intertwined, in all
sectors other than that which contains the flat metric on

the manifold. °~ These points can be found in Misner et al,
ref. (5), and have been elucidated in a private communication
from Dr. Gibbons, for which I am most grateful,

The line of thought we develop is however motivated by
the possibility of forming a quantum picture. This comes
about in two ways. The first is that kinks only occur in
the lorentzian sector, and hence would be lost in any attempt
at Riemmanization. We believe that a full picture of quantum
gfavity will involve lorentzian and not Riemmanian metrics,
hence the kink sectors will be a part of the quantum theory
of gravity. That we are motivated by a quantum picture can
also be seen in the way we set up the problem. We consider
the space of lorentzian metrics on a fixed manifold. These
metrics will be well defined over the whole of the manifold.
We will not try to extend the manifold, s¢ the metrics will
not necessarily be geodesically complete.

We now proceed with an outline of the contents of the
thesis. It begins with an investigation of the classification
scheme for kink sectors. This is not new and can be found in
Williams et al, ref. (3). We then fix our venue to be the
manifold R4, with boundary conditions on the metrics so that
R4 is effectively (for topological purposes) compactified to

pxs'+ ©On this manifold we give a method of determining to which
sector any given metric belongs; this step is new and cannot

be found anywhere in the literature. We then look at a family



of spherically symmetric static kinks on R4.

The second and third chapters constitute a detailed study
of the physical properties of kink metrics on R4. The general
results at the beginning of Chapter 2 are completely new,
while for the rest some of the results have been recorded in
certain papers, refs. (3, 4, 5, 7, 8, 9}, while others have
not, and in the main these extend the known results.

Kinks on R4 are classified by a single integer, this does
not hold for other parallelizable manifolds, where the classi-
fication is usually EZ Gaizzrwhere m depends on the manifold.
Nowhere has there been a real study of the 22 factor. 1In the
fourth chapter we make some remedy for this by choosing
M"'..-—:. R x 3w Slu 5! . Here it is found that the kinks are
classified by z D Z,_ ® Z,_ %Zx The approach we take is
to write down a family of metrics, and then prove that it is a

kink family labelled by 2 i.e. they split up into two

27
sectors, metrics in one not being continuously deformable into
metrics in the other. Using this family of metrics, we proceed
along the same lines as the case where M= R4, to form a physical
picture of what the effect of the 22 factor in the classification
is. The most interesting phenomenon is that the metrics in one
sector are time orientable, while the metrics in the other are

not.

To finish, we again state the main aims of this investigation.
These are to build a classical picture of kink metrics which
clarifies much of the past confusion. That extends most of
the o0ld results and adds some new ones, in the hope of

obtaining a model that will make the horrendous problem of

their quantization more tractable.



CHAPTER 1

THE MATHEMATICAL THEORY OF KINK METRICS

1.1 Kinks and their Classification

When studying the space of Riem anian metrics on a
manifold, one finds that there are no ohstructions to the
deformation of one metric into another. However, in the
case of lorentz metrics the situation is radically different:
this space decomposes-into sectors, the metrics in one sector
not being continuously deformable into those in another.

We will consider only parallelizable four-dimensional
manifolds. The frame bundle L(ﬂ%) of these manifolds admits
cross-sections, which are maps of the form C:N\“‘_7 L Mm%
such that -]TD L - IM» where 711 is the projection map in the
fibre bundle. GL C4h.rRY —> L {(m"¥]

J/'n'
M (1.1.1)

For such bundles both the tangent and cotangent bundles
are trivial, as are any bundles associated with them.
The bundle of lorentz metric tensors -F1L fﬂﬂ“? is of

particular interest. It is defined as follows. Let _54,3

be the space of all real 4x4 non-singular symmetric matrices

of signature -2 . The group &L (l4,R) acts on this space
by the congruence §_— ATS A where A €& G—L C4,R)
and Se Sy . Tao ( M*) is associated to the cotangent

bundle T*( M¥with the given action of (] C k.,R) on the

fibres.

Any 3€_T;L.th4] can be represented in the following



way, dgiven that MY is parallelizable, we can choose a global
basis {\WJ *} of the cotangent bundle, T =~ CM"). wWith this
basis g can be written as 9 =°;b H 'j,.L_,n L]"’@\,j"’ where HCJQLH
is an element of S5, ; . As Too (M%)  is associated with
T* {m*) from above the bundle is trivial. The cross-
sections are the lorentz metric tensor fields on \\* and

it is these we want to classify up to a homotopy.

Two cross-sections C,C:-mx s Toom are said
to be homotopic if there exists a one-parameter family of
continuous cross-sections Ce :Aﬂ*la>T;L'(ﬁﬁ*) such that
Co - C_ and (, . ('. We shall denote the homotopy classes
of these cross-sections by [ ML‘L. T.L,_ (_ML") Il and if
there are more than one of these /M* is said to admit kinks.

The homotopy classes we are using are pointed, as only
base point preserving maps are being considered. These are
maps for which a fixed point of the manifold is always taken
into the same element of Sy, s . For the cases in which we
are inferested, base-point preserving maps can arise in two
ways. The first is where the manifold has a compact spatial
section, (for example R « 5'% S'x 5 ). An arbitrary point
on the manifold is taken to be the base point, and this point
is always mapped into (& ¢ _S-U“ 3 where G - e
(1, ?1, -1, =-1). For the second case the basic manifold is
R4, but the boundary conditions on the metrics essentially
compactify this to Rxg®; the sphere at spatial infinity is
identified to a point which we will select as our base point
again mapping it into &

A dl —
s the bundle S4..3 —_———— l2 L (m™)

ar
(1.1.2)

<



is trivial, it is equivalent to the product bundle
Sz,..,‘_’. - 8 5 MH‘XSq..'a

l”

me (1.1.3)

where L is the inclusion map and p is the projection map for

this product bundle. It is a property of trivial bundles

that the cross-sections are in one-cne correspondence with

continuous maps of /W‘* into S5w.4 . We will use the notation
C. M*, S.,..» ) for the homotopy classes of these maps.

So the classification scheme can be reduced to

E M“-, Tavw (M“"\ ] = [N\H‘,Sq.z.]-

(1.1.4)

This result can be simplified further by noting that the
space 5, ,; has the same homotopy type as RP?* . The proof
follows from the fact that S,.3 can be viewed as the total

space of the fibre-bhundle
Cr — Ju.3

l"’ (1.1.5)

RE?
Qﬂck
where C 9 is a seven-dimensional cell.as such is contractible,
hence maps of M"™ into RP® can be lifted to maps into Suv3

and this lifting preserves homotopy; so we have

[me mcema ) = [ s, = [me el
(1.1.6)
We shall restrict our attention to the case where there is a
fibration of ﬁﬂL“ by a system of time-lines. This means that it
is a vector bundle whose fibre is R and where the base space
is a 3-dimensional manifold M. For such a fibration, M is a

strong deformation retract of M, giving us Cam* Re] = Dmrept)
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A simple case of this fibration is where M4 = MxR, M will
always be a closed, connected and orientable manifold.

Thus, to classify kinks, the space [:ﬁA’R‘Faj needs
to be calculated. This calculation is discussed in detail
in ref. (3), where it is shown that [ m RF"—l - Z @Z:
where Z.% is Z.o ® 2. ® ...2, (L times). We shall
now give a brief discussion of this result. L is determined
by F{'C.ﬁQ.Z,:) which varies from manifold to manifold, but
will always be of the form L¥‘C/Y\-:11\ = ;Z:‘ where either
L =k or L = k-1, depending on the nature of the manifold. To
distinguish the two possible values of L, we first define the
degree of a map ¥: ﬂ\a:Rfk. Intuitively it is the number of
times the function wraps M around R P®* . To be more precise
we note that for a compact, connected and orientable three
manifold M, the third integral singular homology group

H3(Wﬂ:Z So we have that HJ[M)=}43(RFQ=2

A map P: M = RP> induces a homomorphism

701. : H; (M) - H 2 C Rfﬂ) which must correspond
to multiplication by an integer n, knoﬁn as the degree of the
map. If M admits a map into FLE’B of degree one then it is
known as a manifold of type 1; otherwise it is said to be of
type 2. With these definitions the values of L are

L = k-1 if the manifold is of type 1

{:k if the manifold is of type 2 {(1.1.7)
Finally, let us consider a few examples of manifolds

which would be of interest in general relativity:



Table
‘N\ TYPE | H em .z LM RPIY
53 2 0 Z
r
RPZ ! = . ' p
S*x s’ >} Z . Z ® Z.
S' S wS 2 z . Zz ® 23

11
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1.2 Rinks on R%

When studying the topological properties of the space of
lorentz metrics on R4 one finds that there are no obstructions
to the deformation of any metric into another. However, if we
restrict our attention toasymptotically flat metrics the
situation is very different. The effect of this constraint is
to identify the sphere at spatial infinity to a point which
leaves us considering the manifold Rxs?®. Using the results from
the last section, we find that the space of asymptotically flat
lorentz metrics decomposes into sectors which are labelled by

LRxs* RP*]:=[s> rprd = Th(rRe) =2
and hence giving rise to a countable infinity of kinks. For
the rest of the chapter the above shall be referred to as
metrics.

We will now develop a method to determine the kink sector
in which a given metric lies. This procedure splits up into a
number of steps. The first is to associate with the metric a
map of RxS?® into 54,3 in the following way. As any metric
we consider lies on R4, the coordinate system (t, x, y, 2) is
well defined over the whole manifold. 1In this coordinate
system we can employ the globally defined frame

;gﬁ o -

L 3% 2y 3=
which at each point P spans the tangent space of the manifold.
This leads to a dual basis of the cotangent space (dt, dx, dy,
dz) in terms of which the metric can be written at each point

as 3CP):gv YpvP) ol,g”@ A xv where the matrix

I 3Nu|h, ¢ 5, 3 . This gives the desired map

3ol 0 RxS3 —= 54,3

(1.2.1)
P [ ] “9
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and as we are only considering asymptotically flat metrics

we have the constraint

“‘jrvnf-7 \\A’/w“ - r— I

I O O O

o - @ O

as [_1.= XL-t- 71-‘{-11—‘7&
o o -\ O
_CD o IS - (1.2.2)

The map H Ipuull: RxS*- Su.2 can be viewed as a one-
parameter family of maps || "jr,\,\lh . S 3 — S 3 and

as the development of these maps in t is continuous they will
all lie in the same homotopy class. Thus it is how S° maps
into .Su” 3 which determinesto which sector the map
\\ 3yv'l:'R~X 53_q Slﬁfsbelongs, so the topological

information about this map is carried by the map

(] 3N“‘]b ; ¢3 —a'SH,B evaluated at any t.

From now on we will work with the map corresponding to
t = 0 which we will denote by |} 3Hdh° .

The next stage involves the study of certain properties
of the space 5%53 . The classic works which cover this are

Steenrod and Chevally, refs. (1, 2). We have already mentioned

the projection R’ —s  Sy,3
P
N
S%,snsoq—_RPg (1.2.3)
We now want to know how any given element of ~fq,3 is
projected onto qug ANSot . my TUe J¢,3 can be

written uniquely in the form U= & < where
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G e Sy.3s NSol and A€ Sy, o - Sy, o being

the space of symmetric, positive definite matrices. The
desired projection is then P CT)Y = P (G &Y =z &
and the matrix is derived from T in a number of steps.

1) First form the symmeﬁric, positive definite matrix,

DL\_— .‘CT‘-(-

-\

2) Then diagonalize this matrix to give S. = cf-°{\ 9

3) Then define § by S = }S.

4) Finally we define . - 9-' ¢ 4 and note that this
satisfies the requirement A ¢ S'—r .
Once we have calculated ., ¢ follows easily as
é;:‘(d:‘. We will also need to use the result that any
C e S,,3 A Soy can be written in the form

G = R|IIp}} RY where R € Soy . We shall now

return to consider the map

H‘ZJ,.NHD.' S%_) .S;_,‘.E

S

P r—— LP - Hﬂpun‘, (1.2.4)

From the first section we know that to work out the homotopy
sector in which this map lies we have to investigate the
associated map

€ : S35 Sy,3NSey = RP?

(1.2.5)
P > PCtP) < GF

We shall now analyse the topoleogical properties 6f this map.

The space R P7 can be viewed as a guotient space
RP?’:SOH /Og so that & . §3 ~ SoL,‘/D3

We factorize this map to the form

S°3 ‘jiﬁgp Soy <«— O3

A

So /03 - (1.2.6)
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using the commutivity of the above diagram, we have that

& = R9 . We then apply a short homotopy exact sequence to

53 ) Soy
\\\\\\ ( o
¢ ) L
Soy /03 (1.2.7)
to give
G * 1 E:La"ﬁj(:SOLf\ :ﬁl:D'ﬁscuﬂaH/CD3)
m
Tl_;; C.S'J) Cn.nay Ny - N0

(1.2.8)

where 4 is the generator of TJJ, ( §3) and Lw = Ry T
So the degree of & 1is (n1—n2). To work out n,, n, we proceed

as follows from the map

(1.2.9)
P S—) é;b

and using the fact that at each point (;k = Rf HALN“ R\;

where P‘P € Sol4. We obtain the map

[N s So y

P~ Ap (1.2.10)

To ascertain n,, n, we will make use of the isomorphism

Solk = S, (ad = Su. (D /=,
(1.2.11)

n, is the degree of the map of S* into SW _ (2> §3 ang
n, is the degree of the map of <3 into § W <) = <3

As we have started from a given metric we know explicitly
the map R: 535504, We need to calculate from this the.

maps P.I% > SU_ 2D and YU I 5 FTwadx) . We will
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deal with this in the following way. We choose two arbitrary
maps F.S53 SUkLCi,\ and ¥ * $3 5&,1(1) and
calculate the associated map ﬁi . 5% SO 4 and then
compare with the given map 3 . % _, §o 4 to work out
the maps ¢ and ¥ .

The effect of ﬁf. e 5011 at any point is to rotate the

four wvector

T 7 T
X A
= X
Rp |7°
xl into another four wvector %
[]
X 3 X:
X 3 X3 (1.2.12)
L - ~ .

We first represent this four vector with a complex 2x2
matrix { Xo L + U V. x) where the T are the Pauli matrices
(L = 1,2,3). Then associated to Ti? is a matrix
Me = AC2eL + LTix) BT where 4, B ¢ 5 ue)
Noting that (A,B} and (-A&,-B) are associated with the same
rotation matrix, we have the desired isomorphism

Sety = SW_ () X_S-LLR(Z3 /=~ Now any Swu.c2) matrix

can be written in the following form

B B

Ao - L oy N

- da oL L, Lo 4+ Los (1.2.13)

where

okgt'r‘OLl-L‘r -:-"'OL-;-:\
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. .

Mn -\ M N ?O-L?Z*,Cf’l“t‘ﬁ x,;LXj‘-Xz{U.\ %"L%:‘\h*kﬁ

(L]

At hL?' ) Pot\fy x-,_i.'l.)t“xa—LXj "f:.*'i\ﬁ ‘\Po- 2

- - d L 1L

(1.2.14)

where ( Po. ¥\ P ¥ and C ‘o, V¢ - P, ¥s) are the

values of the map at the point P . From this we find that at

each point P

Yo 2 e M 2 Uol X

Y .__:DRQ_O-. T i XL

X, — 1M o

X_; - ‘mm

> S N— X
' (1.2.15)

Reading off the coefficients CA .y gives us the rotation

matrix
&oo O‘IO C)\:_\: C&.gc
CAL v CAL 1) G -y o3
CA 4 o CA 4 CAL 2 2 Chon 3
a. A 33
| Ao 3 > 4 1.2.18)
where

A oo = E?o‘f’o + (I‘pu\FI + {0"-""-‘{' ?97%3]

A o :[-900\01'1'?93\{/1..— ?)LYJJ +P:‘Pa]
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Kon= L -Fo Yo = Pa. ¥ + P Yo FE ¥
Goir « L =% ¥s - Py Yo + Pa f - P ¥ )
Ny o o2 L-FPe Pr- BFe + P ¥ oY)
cen 2 [ Po Yor AY, - Pti-B¥)

CL.\‘J;. - E_ (PL\P; 1-%3)1"'900\{"34'5037“&

O< v 3 = E-'CPZ \PO'I'(Pl\PS "?O(J)JLE'??YVJ]
e = L -Pavo 4@ ¥ +@, o - PaVi]

1= S SN = L ?1.. Al + cpl N - CP‘JK'JJ‘B - CF'-"‘{-‘Q‘)

Yy Yo - L ¥, +LFL\'P'L"‘C€3\P3’)

¢
rl
P
m

aas = L @eve + BWs x Po¥e r Fa¥)
Nyo T L T ¥y Yo + Fowy ¢ Py, - Putid
as = L 9o 1+ Py YL @Yo + AFa)
asn 2 LP5 Ve = o i o guyy - Powe )
Azny - L Pove - o ¢ - Patar P32 2

(1.2.17)
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By letting ( %o, ¢  P.. ?9,) and C ¥, ¥ . ", hH)

be the components of the maps g:$¥5 S W _Cxy and
oo $3 5 S a€) rather than the values of the map

at a point p the matrix above can be viewed as the map

ha.
L s3 - Souy By comparing with%\given map R:$3-5304

and using pY (.{:)L cf’a. - i\P Yooz we can work out

the explicit maps and i ¢3 » S Wacy)

@ S3— SUL\_(L)

The degrees of these maps are n, and n, in turn. The

difference n,-n, will label the homotopy sectors of the maps

G . S3 - Souy N Su.3 and hence the kink sector.

The matrix corresponding to the maps ¢ and 4 1is

‘_‘ T
—l+ 2do 2 ded, 2 ele ke U Ko dhny
2o . -\+1°L‘1 lok- oL 1"\\_0'\%
S de dn Yo dn =) R 2elaT Ldady
A
2 d o iz L o sl 2. ke Ly ‘\"1&5
L T(1.2.18)
where
A = C Po Yo + CFl\,J' 4 ‘fz__\Pq_i- ?D.] *3)
Aa o C - P ¥y - ®, ¥o t Po¥, + ?3 “l"x)
°L3 - C"cf‘\_\f"o + QFJ Y/)___‘f-(fc\‘]b\_—?J k{-/')
°4'—1 ~ C - Lf’3 Yo + %o ¥a b (PI\FI - ﬂ'?"‘:.)
(1.2.19)
We note that ol "¢ ola + oi; F o(: - 1 so & is

itself a map of S* intoS?® .

We now consider what might seem a special case of the
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above, where the matrix B in M, = A (X, 1 + €T xX)RF

is the identity map at every point p, i.e. Yo = |\ and
Y, - ¥a = %3 = © . Then we obtain the map
PR s3 s So L
P S P\P
where
- T
Soc:u Q'P\ cpl CP‘S
R - Clo\ CFO (F'3 = sOL
P -
- (,0"_ - CIDS SDO (F[
- P P P (Po
- _ (1.2.20)

In this case n, = 0 and the kink number is the degree of the
map  P:S? = S (ay=x SPThe map §:57 5 Soun S,
corresponding to the above map is

G s 5 Sou NSy, 3
p —— 6/;, = j-l.f./y) R‘aT

Explicit matrix multiplication gives

Sy 2P 29 P 2P Pr L Po Pa

fF - »
L P - ) &~ 2.9, 2 P Pu L PP

2L P @, L v, ~lide 1A Y.
\ 2.
L Yo Pa 2 ¢ Ps 2Ly -1+ 2% (4 521

—

This is not actually a special case, as the most general & as

in eq. (1. 2.2V) can be written in the above form using

instead of § . So ¢ can be written as
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— M --‘ — -1
°L4:n °£\ 941__. OLS ' o o (%] "'LO - ‘k\ - 'L']_ - 0(3
_-ol\ ﬂ(a 0{3 - ‘,L,L D =1 ) o oA, A O - cL;, ,L_&
~ely Ay o, Aol O O o - sk - dq Ay Ao
- - L
- - L
1(1.2.22)

leaving the kink number as the degree of the map oJ : §3,5 §2
the degree of o being the difference of degrees of

; 5 - S and W oS3 5 S3

1.3 A PFPamily of Kink Metrics on R4

We now investigate a family of kinks on R4 where

9,\.«\.- = "'S(.,u 1—1?’,?‘, /\J,V:L?,l.lr3

Po = Coos Levd and @ = 22y Sin &ACvr>
~

{1.3.1)

This family of metrics was discussed from a mathematical point
of view in ref. (3 ), and used as a model for space time in
ref. (¢).

The choice of o{(r) gives the precise form of the kink
metric. We have the following constraints on < (r), that

A Cod= 11 and & C¢r) =2 O as [-—> oo The

map ¢ is initially amap 9 : R3— 53 , the condition
that Jlevd— © as r — oo effectively compactifies

R3 to 33 giving us the map ¢:. 35 5> . The constraint
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that oL ¢ oN= T ensures that the map ?N §35 §3 is
a degree one map of s* onto itself,

We shall analvyse this family of kinks. Setting

T= 19,0 W) we first have to calculate & . The

given T can be written in the following way, U = PN P1.

=

where D - H’qvu\\ and [ = qp P, P qgh
o = 3

| "q’: CP‘Q H§? "92

- cP'?. "'CPE: CPO (Pl

'-'CF3 QP':_ - CFO

= = (1.3.2)
It is possible to check that PPRP7=1 so Pe SO

To find & we need to compute « . We first form 4.

di= TET = pRPTPIPT PRYPT = PPTL L

So o ,. 1 and it follows that « =1, giving us G = ™' T
This result could have been seen directly as U is an

element of Seu AT, ,3 - As € is already in the form

G=PMPT we can immediately read off the map
P: 853 - Souy . Using the results of the last section
this corresponds to the map P: S3 55W_ cx) and the

trivial map of S°3 into SU,(2). So the kink number is
simply the degree of the map <. $3% - 53 , which, from the
definition of the map, is one. 8So the above metrics are a
family of one kink metrics.

We now show that T = \\9pu1\ﬂ = ?Nfﬁ P corresponds

to a family of N-kink metrics. The first step is to prove

that
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(1.3.3)
where E{Jt,: cos N o4& and Cf; = X. S;n /YK The proof is
: c
as follows. Given
Cos . ¥ Sink Y Iimat Z Sink
Gi - r
- Sina Cos A Z_J_:n& —\iflf\d\
s v ~
-;\_/_S;noL -2 5ind Ceo S ol K Iin A
B r D
-~ 2 Sind :L Shn ol "Zi.finaL Co s oA (1.3.4)
S r‘ 'r__ r_‘ m—— - -

we have by matrix multiplication

—

Cos 2 éflnlol \j_f:hlak 'Z-__Ilr\l"(
'\ r L

=X Sin 2 Cog 2ol EE;&Wr\‘ld,
- e

=9 Jin2d
=

-9y Sim2dk - Z5in2d Cos 2k ASin2d
s = r

—Z Sim2dk 2 Sinuk =X finddk Cos
~ =

DL
- v __j('l.3.5)
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noting that if

Cos M« X Ha mAa §1 Sin Mm~A Z in mA
r r

~
P

- X Slnn"\d\ Los M\ o, __2-_'J'1.qMoL - Jin o

r r F
~Y Iin M4 —Z Tinmh (oS M & X Sin M

r r ~
-z Sinmk 2 SHiamk -X Sinmx Gos moa |
L r r (1.3.6)

Then it follows from matrix multiplication

CosS Cmadd X Sin CMy) ok g SinmedaL Z Sin (m'+l)_<’J,

et =% Sin (Ml Cos CmMrd 2 Sin (meda Y Sin {mr)e
L r

P

“Y SHim Cmedd =2 Sin Mrda

Cos (M) o X SInCMmedd
r T

—

SR ML Y fiamrdd =X Sya (M Cos (mudy
i r

T~
I

(1%3.7)

So it follows by induction that

—

Cos Mok X Sim Mot 2 Sintvel 2 Sin Ve
r

r r
P. = Syin Nk Cos Vel 2 fin vk =Y §n A
v r -

- Sin M "E-_S)I\NOL Co{NcL XA M
~ r ~

“2Z SR MA Y Hin Mk -xX Onwvel Los asdl
L " ~

(1.3.8)



Following the same line of argument used for the N = 1 case,

—~

SD-S3__>S3

we find that the kink number is the degree of the map

From the definition of ? we find that the

degree of this map is N. So we have a family of N-kink metrics.

We shall end this section by deriving a result which will

be used in a following chapter. Given the two maps ¥: 535t

where @o -2 (o5 . Pl < %K §,p, o and . $* —» st
' r
where ¥, = Cos B, Yo - y‘,'t $in then the metric associated
. » r
with these maps is <. Pa (’(‘ mp ~ Io: where
— 4 ™ 7
(P" CF' ‘P"— ?3 _\”0 \fb1 Wl %"3

P-L - —CFI Fo CP3 "C(DL FB - "'\F' \}Jo s -\}JL'

-F> -3 Fo @ “Fra=¥z Yo ¥,

~Pr PP Py “Fa e =F Yo

— |

(1.3.9)

is a two-kink metric. The proof is as follows by matrix

multiplication.

-

Cos <4t A Sinlargy Y S Colr 2. Sinddx
Pa Ps = p . (;_r___m (%\_r___ n Lot p)

=X Sin ) Cog Catp) ZNnarp -y Sin(hrg)
. r r

-y Sin (Axg) =2 5in (o (rlDS'(ok't"&)) X $in (0{4-]9)
- = r

r r—-
—Z Sinld Y fin (As) ")(fir\(&\-fa) Los (atp)
— — —-‘r
L_ r Y J
(1.3.10)

We again follow the same line of argument previously used

to obtain the result that the kink number is the degree of the
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map C?'.SB?D-S'3 where (2, : Cos Ca+ g o . >_<_r'_~_Smu;ca+,o§
The separate conditions on 7. and # are alod= 71 and

Al )= © S r -5 &b and BCoed= T7 and @(w)-—pa
as r —= o= 50 the degree of the map is two, giving us a

two kink metric.



27

CHAPTER 2

THE PHYSICAL PROPERTIES OF KINK METRICS

2,1 General Results

The aim of this chapter is to build up a. physical picture
of kink metrics. We start by proving some general results
before proceeding to the study of the restricted class of

slakbion LW

sphericaliy—symmetric,h'_ K kink metrics which take the

form

CLSL: C.-! + Q_Cﬁoslfdd\)Ki4:-.y %; 3~2%}.SIP\Q_AJJ\ Ju&lakt

- gz' C-1 3+ 2 2t 2T Fiat o ) kot AT
+ T —-—_r'.'l.
(2.1.1)

Firstly, we shall prove that there are no o kink
metrics on Ré. From the abowve metric it is clear that séabmhaﬂb
kinks exist, so the proof will consist of showing that the
second requirement for a - J&e&ie - metric, which is the
vanishing of the cross—-terms 9o, (1 = 1,2,3) can not hold if
the metric is in a non-trivial kink sector.

We will approach this by considering metrics where the
cross~terms do vanish, in this case l!afvol] can be written

in the following way:

= —
Joo o o <
1 9y '
| jﬂ[l o
- G
o (2.1.2)
O —

where G is a 3x3 matrix. We again emphasize that the indices

pJ,‘O are matrix indices. The relationship between these
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indices and coordinate indices is as follows. Given any
metric 9 on a manifold, it can always be written in a
neighbourhood of P in the form Y, = zb Fun PO WS wh
where Ww®*, and bf} are basis frames and |13ub|\P £S5,z
For a parallelizable manifold, there exists a basis frame
that is globally defined, so then it is possible to write
g in the form ?\: Jup W Wh , where now Waesll. M o50.3
In the case of pinned R4, the goordinate frame is such a
globally defined frame, henée it is possible to write g as
g = E.VE’J,VQ A AV where [} 9pull:/M = 543
This result is meaningful‘globally.

The first result we have to prove is that g00>0
everywhere. From 2.1.2 we find that ahLE.[ljﬂu)I: - Do ha kb
As 950 is a continuous function, if Joo changes sign it must
go through zero somewhere, and at this point PYRS qwg[\zcb
which is not admissible as we have demanded that I 9~v11
be non-singular. With this condition that goo>0 it follows

that G is a 3x3 symmetric positive definite matrix, so 2.1.2

can be written as

T T - 1
! O ) = Yoo O o O
- 4] <
c - @ G
(2.1.3)
S -1 o
© O < - ]
where — —
Yoo o O © is positive definite
o
o G
L © ]
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So the projection of ])Spu” & CJ)C M, Sg‘,)
onto  C° ¢ M, S4,3 NTo ) will be “”)]W“
Hence the metric E_"v 9 pv hx™ Ay 1s in the trivial kink
sector. From this we have that no . Stubic - metric can be
a kink metric.
The existence of these cross-terms leads us to explore
a certain feature of kink metrics, the tumbling of their
light-cone. We take the general N-kink in the form ds? -
%..v D CpD Ax Ay We note that th ough
0 9’“[] e Sy, 3, 'Urv\ is not restricted to lie in
Sy.3 A3%% Following the standard method the light-cone structure

is the solution to the equation ¥ J,,(P) Ax”AxY . o

My oy
To simplify the problem we restrict ourselves to work in the
e r’
t-x' = t-x plane} so the above equation reduces to

oo (p) At™ 4+ 2 96, ¢PY dxadk ¥ Fncpd dx® = ©

The solution follows easily and is

Cl\__tl - . B P + \IC‘JQ:C. £ - fjnLC\?)qu?)

L 00 Cp)
(2.1.4)
giving us the two branches of the light-cone
+ - %
g{_t\ = -9 ¢p) 2 N9aFepy - Yea D) Dl
OL)( P 3aoC|o)
d_\E\— = - 3'51(?3 - \Jj;_u:-c-ﬂ) = c3:90 Ctl‘;\ 9\.(}:;)
Axip oo CP)
{2.1.5)

. . de \* b \-
From this we see that for a general point p -3\-;)? * - 7\_)
* P

So the light-cone has tilted, that is,. the central time-like

direction does not point along the t-axis, but at some angle

to it.
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This result can be extended considerably, for this we
need to return to a study of the matrix H,ﬁpv\]? for a
general N-kink metric. Using the results of the last

chapter this matrix can be written as

~ - _ -
'I+JTCP:’- l?ucﬂ 2“?’“ (iol 3—9"0?3 5: 3 L\ k
\[Bﬂu”f, -
19.F 1+l ® 2P P TEH 9L MmN
T
200 B LP P -1r21P 2P.0, h M P &
LR
L L¥ B 2P B P N -“-}_?’3J R _k N oQ p\JP

(2.1.6)

where % is a mapping of degree N of 53 into 53, and as such
satisfies the constraint ‘Po" + QP: + ?: + 5931 - | For a

degree N-map % - must pass through +1 N-times, at these

points Pi 1=1...2N We have
- 1T T
i o O © JCS‘“"‘
9 L M wN
\laﬁv”: (@ -/ o =
P
h m P Q
) O -1 =
M oa R
O O o - | K
) i B JP'«
(2.1.7)
The constraint that l, 3N“ HP‘ is symmetric forces upon

us the condition 9JCpy) = hCpu) = Kk Cpy) = O

leaving us with
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r -
; o o o

1\3}“‘,{\‘: & - L AL - N
o N <
o Y, - R {2.1.8)

So we are led to the conclusion that at these 2 M points
the cross-terms 9, <pid 3°L(\3L) and 903 (P
vanish. At these points the solution of the light-cone

structure equation gives the two branches to be

+

f/i__‘:) = +M-Y90cec<pid 911 CPD

A 4Py J .
3OQCP\)

.l—
and hence we have 9&&:} -
Ax )P

each P; the central time-like direction of the light-cone

C&Efx- . . This implies at
hx J P <

points along the t-axis.
Taken together, these results give us a completé
description of the tumbling of the light-cone structure in
the x-t plane. At r = 0 the central time-like vector of
the light cone points along the +t direction, and as r decreases
the light-cone rotates. When the value of r is such that
?Do(r) = =1, the angle of rotation of the light-cone will be
77 radians, with the central time like vector pointing
along the -t direction. For a one kink metric this point
will be the origin. TIf N is greater than one, then this point
P: will be at some distance r, away from the origin, and
the light-cone will continue to rotate with decreasing r
until it points along the -t direction at the origin. For
the general N-kink the total angle of rotation of the light-

cone is N T radians.
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It follows immediately from the above proof that the

same behaviour will take place in the t-y and t-z planes.

Sakiona ry

2.2 A Class of Spherically-Symmetric . _. . Kinks

In order to proceed with our investigations we shall
now make two restrictions on the space of metrics we consider.

The first is to only work with kinks where

H3uwll, ¢ Sua N So These metrics have the
form
As™ = Z - Spv o+ 2 Po Pu) Ax Ax” (2.2.1)
FV

The second restriction is to consider only spherically-
Jkak. s neny

symmetric . kinks. This is achieved by imposing the
following constraints on ¥, Po = Les M <D
and FiL = ¥, S$,n N oLcyr) Where ol cvd is an’arbitrary

-

function of r.

The normal procedure would now be to transform to a
spherical polar coordinate system. This we shall do.
However, when dealing with kink metrics this step deserves
careful consideration. 1In this coordinate system sz%:\\gﬂd“
-~ - % s, g vwhich has zeroes at ©= 0 and ©= T
“that is \\ 9Nu]l is singular on these two surfaces, But
the method we use to determine to which kink sector a given
metric lies in demanded that the matrix |1 9, , I was non-
singular everywhere. This might seem a small point that could
make no real difference, however - e the. techniques
outlined in the first chapter, we find that in this coordinate
system the kink "vanishes". This would affect global results

but not the local results that we will be considering for the

rest of the chapter.
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In a spherical polar coordinate system (t, r, ®, ¢ ) the
above family of metrics takes the form
As™ =2 Cos 2ro c AxT— Ar™) + A SiAau~r A Ardi
™ + R .
— S
r C A"+ Sin"® CL:P b (2.2.2)
The first point of interest for our discussion is the zeroes
of Too’ these are the solutions to the equation Yoo = (o5 UMz O
for N = 1. This becomes g__ = cos 2 ® = 0 which has two
solutions, one at o= q% , the other at &= 3T . This means

vy
that the manifold splits up into three regions:

a) O < Sher) = T_J_:, where goo>0

b) _'E < ACv)d < '335 where goo<0 and

c) 3T <« Ay s T where g_ >0 (2.2.3)
r Q0

We see that the surfaces of oo = 0 bind a region where goo<0.
In this region t becomes a spatial coordinate and r a temporal
one, this region is very similar to the egosphere for the Kerr
solution.

For these metrics %i is a killing vector as the com-
ponents of the metric are not functions of t. However it is not
time-like everywhere; in the region goo<0 it is a space-like
killing vector.

The extension of these results to the general case where

N % 1 follows naturally. We now have to solve the equation

oo = COS 2 ML T o . There are 2. A/ solutions at dm = MTT
L A

wherem =1 ... 4 VN -1, giving us 2N-1 regions of alternating

sign of Joo"

We have already seen that the light-cone structure of
kink metrics is very interesting, so we go on to give the com-
plete solution to the light-cone equation in the r-t plane for
the above family of metrics. The equation of interest is

ds? = 0, which gives us
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Cos amd < AL" =der) LSinrn ol drdhlt o (AhB" o fitte kot
+ P

(2.2.4)
- o
The restriction to the r-t plane leads to the equation
Cosrmd CAL" mAAr*) 4§ 25in wrvee A Ak -0

(2.2.5)

The solution is obtained by the following method. We rewrite

(2.2.5) in the form

ECCO-S'Nd\-S‘If\H’L>°L'l: + C Cos ~ o +.5-l‘r\/\/ak)okr--}x

L ( Cos Mo -rJ‘:r\NM-)J\\:" C Cos N o —Finnd YA

(2.2.6)

This gives us two equations, the solution of each leads to a

branch of the light-cone. These equations are

- ¢ Cosne =JinnadAl -+ (los N “"5'“;\}"“)&'-(2.2.7)

Clos M ¢ Aiava)db- ¢ Corvas Siavaddr, 5.

The solutions to these in turn are

At \T . Cos Ao 4 Tinnvk = Sin( e+ Ty
cAr Sina/st ~  Cog Cos ( Aok + TT/4)

n

Ton € M + IE)
. W

(2.2.9)
a._(_é.)— = Cos M = Sin Ak - Jin CAve~ TT/H
chr Cos Mok + Jin Aros Cos C Ao = TT?¢ )
= Tan C~= - TL) (2.2.10)

From this we can calculate the angle between the branches of
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the light-cone and the positive t-axis, which are

A, = Tan' ALY = Tan-! Tan (ML o TV = Mo + T,
Ar b

(2.2.11)

L - Tan-' d&\ 2 Toan-' TaniMol. W)z Mot - T
"

v T
{(2.2.12)
the angle between the branches being o, - dh~ = T We now

have the basic features of the light-cone structure in the r-t
plane. These are that the angle between the branches of the
light-cone is always 'E: radians. While the central time-like
direction rotates the angle of rotation measured from infinity
being M4 |
For the case where N = 1, we find that the central time-

like direction points along the positive t-axis. As r decreases
o{ increases., When r = rTJthe position of the first zero of 9,

o
we have that o ¢rd= T radians and one branch of the light-

cone points along the rj;xis . This surface of g00=0 has the
curious property that all the time-like directions point along
the negative r-axis, so this surface is a trapped surface,
particles and light can cross this surface in one direction
only. This is similar to the famous g00=0 surface for the
Schwanzghild solution.

We now consider what happens for a radius r<r We find

1°
that o continues to increase and when we reach = 37T at a
L
radius of Tor 950 is again zero with now the second branch of
the light-cone pointing along the r-axis. For this radius and

all smaller radii the positive half of the light-cone points

along the negative t-axis; this strange phenomenon is in direct
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variance with our normal ideas of causality.

To develop our understanding of these results, we shall
now investigate the equations for the null geodesics associated
with these metrics. These equations are obtained by varying

the action for particles in the space time. This will give us

SS § Cosak CE™- F*) + 2L 5imnaek L

1

Crt C & & Siare @) Q

where A = %% . This leads to Euler-Lagrange equations
A - cCos ra E +-5m7_ck1"‘—_\=o

ch s

A (r*6) = FHne Cos©® @

P S

& Crisine ¢ ) =0 e n ok
A s

O 25~ o~ £ - 2 Cosa2e r )=

ais

e v Sk B o+ xSk v T Ld Cos2art

- ’j_r“C(.BL-I—- Sin- & ?13

(2.2.12})
where ol = q%fi.We shall not use this last equation, but
instead we will use

Cos =2 &~ C {Q’*-vli‘\ + A Sin ok f’i:
- rTceT+ Sinte 7)) =0 (2.2.13)

This set of equations completely determines the motion of a
light-1like particle in the above space time. However, we are

mainly interested in the motion in the r-t plane, so we make
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the restriction & = ¥ = © With this the set of equations

reduces to

d L Cosarat +Sin2a 1o (2.2.14)
A s

s Y )
Cos 2ok CHE"-F*) + LSin2rt |4 (2.2.15)

The solution to equation (2.2.14) is cos 2« t + sin 2« F = L

where L is a constant. This result can be rearranged to give

£ - - Sinad
Cos ok

(2.2.16)

Substituting this into equation (2.2.15) leads to the result
L? - r? = 0, which, upon integration, yields

r - £ Ls &4 : (2.2.17)

Finally, when (2.2.17) is substituted into equation (2.2.16), we

obtain
E - L+ L rsin2za = L € CoSct T 6Hina)
los a o | ( Cos & + Jinasl)y
= L Tan ¢~ 3 109
L,

(2.2.18)

Consider a particle of light moving along the negative

r-direction from some point r_ where °<Cf53<.¥g . Then

MFr= Yo~ [ s and ﬁ * L Tan ¢ = +%j An examination
of these results shows that with increasing s, r decreases and
t increases, both of these results seem physically reasonable.
However, we also have the following result, that as

devrd — ;E , . —> oo . This means it takes
an infinite time to approach this surface of goo=0’ By looking
at the other approaches to surfaces of goo=0. We always find

that it takes an infinite time for a light-like particle to
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cross from a region where the future is measured by +t to a
region where is is measured by -t. We.can also conclude that
these space-times are incomplete, and that sSingularities

exist.

2.3 Further Results for the Restricted Family of Kinks

We will now examine some of the geometrical properties
of the following family of kink metrics:
stz I L -Suv o L FL P A A
%

(2.3.1)

where %o = - (os M o and €. - XT-'" Sin Aok
This involves the calculation of their curvature, energy-
momentum and Weyl tensors. From these results we can prove
that the energy-momentum tensor can not vanish everywhere.
We also derive an even stronger result that the curvature
scalar R does not vanish., The consequence of this is that
the above family of metrics can not be solutions to Einstein-
equations of the form &= - Tr: where T’: the energy-
momentum tensor is generated by:conformal field, such as the
electromagnetic or Yang-Mills fields.

We will work in a spherical polar coordinate system

which is permissible as we are only studying local properties.

In this system the family of metrics takes the form

VLS‘L-:. Cos 2N & ¢ (J\‘tu-ckr-“) - 2 Sin AN derAke
-~ " AE" » SinTe At (2.3.2)

The most effective way to approach these calculations is to
use the tetrad notation. 1In this notation we have
29
N 3
As> = (w7~ (WD - (W) - (W)

where
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Ww® Cos r~on Ak -

Sin AV A

- Sin A oo At + Cos Mo, Ar

1

r A e

%

r &S & ckqo

(2.3.3)
We proceed in the following mannexr. By using Cartan's first
structure equation ch Lt = - VJ; Aw® we can cobtain
the Lf% These are
WS = _ Aol Tia vk W - Mt Cos M W
Wh = - 1 Siann~ve W3

r
W% « - L SiaNa W
1 R
 gud
(
\"Jg - -_[__ Cos Mo w3
e
\/‘J; - - I Co'l'_. = wg
r
2.3 4
The rest follow from the symmetry relations,
L * Y 2 £
We = Wo=Wwi:Wh 2o | WPl Wy Wiz We
a Y ' L= ! 3 z 3
Wi = Wo ’ W o - W, LJ} : - Wi bja :- Wy
Using the LJ}

and the second cartan structure equation

we can calculate the components of the curvature tensor.

The
equation of interest is
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: < P L -
CLW.L. 4 LJ(. /\wl— = -Ii P\Ll_,j-k "‘J /\Wk
(2.3.5)
So the components of the curvature tensor are
i
R, 6 -~ 1L L Cosam~mald
2
\ 1
raz_ou_ = quaz = R~3|3 = -1 L Ces Q_AJaL—ll
1.
R R’ ‘
o o T oo 3 - - i C Cos 2 prest’)
I
|
R R < A C Cos kY
=

T ) t

R 'y = L3 = ;E_ L Cos 2wk
—
3
Roans = L. L1~ Cos a4l
r
(2.3.6)
Where we have A'-:_%k A . “sing these results we can

obtain the Rjcci

le

R\‘j’ = lej‘

Roo boed -_— __I__
-

Rll = —I._
X

[ = '—"-—
-

tensor by the following contraction,

giving

[ Cos l/\fakj“— S Cos 2/’
r

L Cos wamoeI' + L L los nwad
r

C Cos )_/vez,'a' - l_;_ Ct="Cos 2.k A

r
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Ras = - Cos-LNxH‘- } L | - Cos 2~ (2.3.7)

—

' r>

all terms of the form R.,y where (35 vanish, By using

. . i
a second contraction we obtain the curvature scalar R = Ri

R - . [ Cosamud' = & [losarm=]
r~
+ = L) - Cos 2.Aa =D
r':..

(2.3.8)

To calculate the energy-momentum tenscor we first f£ind the

Einstein tensor G : . We do this via
Cfr; = =5 - L sy I
leading to
6—0 - C (o s-x_AJdUUJ‘_ Bt - Cos )
r -
2 C Cos 2rma) -t [Ll-Llos2r)
L r~
t
C—- 1 L Cos 2armaD’ 1 1 L Cos rel)
= r
)
(L2 - L L Cos 2~ T L L Closrnetd
3 S p=
(2.3.9)
We now introduce the function F/Zp) Y N S VI

At this stage of the discussion this will be for purely

notational convenience: }However, as we proceed it will become

clear that it plays a much more important role. In terms of
. ~ X #~” . .

the function fJ Cr) we rewrite (v in the following

way:
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CT',_-, k= CI'. - - 2 c)\ d’v
T e
R R R
r At
and R - _'2___ cLL E r'lv"-} (2.3-10)

re Al

kfinowing G f: the energy-momentum tensor follows from

Einstein's equation G-, . - T'v giving
ch - T: - —'2_.__ cL ﬁr’
r- A~
Tﬁ;_. = T33 = __L_. CA-L/\"N
_’-~
r ykf'-‘_
and also
T= T T, = &= 2 & o’ (2.3.11)
- r'- a*'_‘!-

The energy-momentum tensor describes the non-propagation
part of the curvature tensor. To investigate the part of

the tensor which propagates, we would need to construct the

Weyl tensor. This is done wvia

C-u..‘:;;k = )lﬂ\.ht—ﬂh + 'l:-—- C 90-‘ Rhck +
Yook Reec - ook Roce - e Rl d

B C 9ab ek - Gack e
S (2.3.12)

For the special family of kink metrics we are working with,

we find that the components of the Weyl tensor are
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Co\ol = - 2L A

COLCL - A
Coz o3 - A
C\1_1L- -A
C\'S\‘.'- - -A

(2.3.13)
where A= I_C Cos Lmad’ . L C CosanmolD!
EN o
- T 1 - Cos 2LAMNLD These compcnents, with those

& r™>

that are derived from the symmetry of the Weyl tensor, are the
only non-zero components. As we pointed out earlier, these
calculations were carried out in the tetrad notation. We

now return to the spherical-polar coordinate system to study
the energy-momentum tensor; The formula that relates these
two notations is the following: T’: : 9¥t . \,\Ji W -]'t

where the Greek indices refer to the spherical-polars and the

Latin indices to the tetrad basis ., \h’;, is defined by
W = W; Ax ™ With this result the components of

the energy-momentum tensor in a spherical polar coordinate

system are

— ]
\ a =2 -r } - D_L Ol- ::"
i Ar
Tl-a_ - T33 - -.-1._ CLLC: ~
r AT

(2.3.14)

There is one very striking consequence of these results, as

p/"<J—) = Ssintaroe is invariant under the trans-

—

formation N —s» -N, it follows that I“: is also invariant,
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Hence both the kink and anti-kink are solutions to the same
Einstein's equation. Here we have an example where an
Einstein equation has two solutions that cannot be deformed
into each other.

A less immediate but equally important consequence of
the above results is that T’i cannot vanish. The proof is
as follows. If it did‘vanish, then 7T - %ﬁ_éééf - o
implying that i*-_r_ﬂ"'-. o + Which, on integration, gives

~™erd = & vYence we obtain the result SiAa~M= '-ji?:

The right hand side of this equation tends to infinity as

r - 0, while the conditions on o4 lead to the left hand
side being equal to zero at r = 0. So the two sides cannot
be matched; the implication of this is that there are no
kink solutions that satisfy TC <« © . The only exception
is when N = 0, and here the metric reduces to the Minkowski
metric, which has an energy-momentum tensor that is zero
everywhere.

The proof of the stronger result that R cannot vanish is

basically the same. If R = 0, then it follows that

R= Z AT C e ) = O
- A

: . A -

which would imply . Crp”)=0, leading to %= ¢+ A
’ -
where ¢ and d are constants, v.sing »~~- TmSint A HWe
obtain the result that S,n ~v o = =4 L We again
™~ r>-

have the right hand side tending to infinity as r = 0,
while the conditions on J lead to the left hand side
becoming zero when r = 0. So the two sides cannot be matched
(except when N = 0). This means that there are no kink
solutions, which satisfies R = 0. The consequence of this

result can be obtained by using Einstein's equation,
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~ o~
v = @P:I - J,s_— S R =~ lv
Taking the trace gives - T:, = P\: - -—'—::S: o= - LR - R

So R = T‘;,, hence the fact that R cannot equal zero every-
where implies the same is true for the trace of the energy-
momentum tensor. This leads us to the conclusion that the
energy-momentum tensor for kink metrics cannot be generated
by conformal fields, because if it was its trace would
vanish.

The function M7ce> = TSI Mo has so far played

an important notational role. We shall now show it plays an

important physical role as well. From To = %} Jegf
“ L ad
it follows that m~cRr)= _fo L:—_ TS AT The right

hand-side is proportional to the mass inside a radius R,
the constant of proportionality we shall set to be one.
So M7CARY = [RASiATA A TD will be the mass of the
N-kink inside the radius R. This gives us a useful relation-
éhip between the mass inside a éiven radius and the angle of
rotation of the light-cone at thig radius. For M= 1 we
have M e = RSsa"olcem and it is possible to
choose < {r) such that ;V'(R) is monotonically increasing.
This means that the mass of the kink will always increase
with increasing radius. It also would imply that Tg >0
everywhere. Examples of this pbint will be given in the next
chapter. This situation cannot be maintained for n > 1 where
M e = A5 ATV CRG) Here it is impossible to
choose oA (r) so that pfkR) is monotonically increasing.
This leaves us with the curious phenomenon that as the radius
of the kink increases, the mass of the kink inside the radius
at first increases, then decreases. The implication of this

is that Tg < 0 for some region of the manifold.
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We will now use the above to derive a relationship
between the mass of an N-kink and the mass of a one-kink.
We define the mass of the kink to be /V”c )= Lim MTOR)
i o
We also assume that the mass of the one-kink is non-zero
and finite pM'c d - Lim M)z Lm RSt = < #0
Ry oD A=y o

The claim is that the mass of the N-kink will be N?c , The

proof is by induction. Pirstly,

/‘JLC_-D‘) - Lim C &Saﬂxlok—.) = Lim L—)&Sm‘"okﬁgs",g
s oo A= oo
1.
= L}_ L e 5 - N Cos o = LY <
R~ o>
(2.3.15)
thatk

The next step is to show.if the mass of an M-kink is m3c,
then the mass of an (M + 1) kink is (M + 1)2C . This is done

-as follows:

f/“*" C > = lum LU SHn™ ¢Cvma ), d =

= /V C wo D + 2 J/\/"‘amﬁ\{_/\/'c.a; -}-/\flt...::)

= ™M < + 2L Mme  + O = Cm+ 3" o

(2.3.16)
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CHAPTER 3

EXAMPLES OF KINK METRICS ON R4

3.1 The Energy Conditions

Reviewing the structure of the last chapter, we find
that we started with a study of the general kink metric on
R4 (with the appropriate boundary conditions), this was
followed by a more detailed investigation of the restricted
class of stationary spherically-symmetric kinks. These take
the form Ast = Cos Lo C Al o dAe™) - LSinanvddrdt

-y cd et i fint @ Ak qol\ The corresponding energy-

momentum tensor is

] i
To - T = 2 ~
LT & dT
r A
—
) 4 = Tg - L OK-LF:N
Toke> where
fJN’(rﬁ s ron N

We shall now continue this process of increasing specialization
by going on to explore certain examples where a definite form
for ffycrﬁ is chosen. After we have formulated the example
our main concern will be the structure of its energy-momentum
tensor.

| To carry out the above program we first have to study
certain conditions that T C has to satisfy to be considered
physical. The minimal requirement is that TC’ satisfies the
weak-energy condition that is _rt T%fﬁv 72 0 where MW" is
either time like or null. The indices refer to a spherical

pelar cocordinate system. We shall choose 7N to be a time-
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like or null linear combination of the er where as before

W Cos oo d - Sianmot Ar

W' - Sia w~vee At 4 (os pa dr
WY - o de

Lf3.: r Sine d P
{(3.1.1)

From the W  we can find the \J“p by using

W = -u‘;:, dx We obtain

W% = Cos m ok WS = —Jianva Wiz o W% : o
1 1
Wo 9= StAn N oo wlos Cos Nk Wa. = o Wi, - o
- .
\Jt, - o LJT - e \o o = T Wa =
2 9 3
W % = = \rd-!: - o bJ'!.. = O Wiz FSin®
(3.1.2)
It can be observed that the following conditions hel o
o oM ! (~ L e 3 IM
Wi W= Wo W™ Wp W W, Who
(3.1.3)
o b
and W y W = © for a # b. So taking
%) y b W) W L W

we find that the constraint that ’Uﬂ is time~like or null
reduces to '7%’ﬁ": o= h* - ¢~ A 3 o With these

choices the weak energy condition takes the form
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To CaW, s bl + c Whad W) (e bu'h o W) AL
> o (3.1.4)

which, upon using Tg = T} and Tg = Tg can be rewritten

as

Cor-b*dYTo - Crd™NTo zo

(3.1.1)

There are two possibilities which we shall study in turn. The

1

’
first is, a # 0 b = ¢ d = 0. This gives 4%'% Zz o

Hence 7 _ is time-like, in this case the weak energy
condition will be azTg ¥ 0, which implies that Tg > 0. The

second case is the general one, where a # 0, b # 0, ¢ # 0

and 4 # 0. Here (3.1.1) can be written as

— T
Coar-b>) 7T - T2 =20 (3.1.5)
Ca""-}-o&")
. 2.2 _ 2 2
If “J, is null, then a"-b“ = ¢ + 4%, and thus from (3.1.2)
we obtain the result Tg - T% > 0. 1If /nﬂ is time-like we
2 _ 12
have 2 =P 5 4 with this, (3.1.5) can be rewritten as
c2 +d2
S T + CTo - Ta) 3o with $§> 0. If the

> 0 is satisfied, then so will be the abhove

MM g o

condition Tg - T
condition. These results lead to the conclusion that for the
energy-momentum tensors we are considering the weak-energy
condition takes the form

2
2

(o]

o
'I'o > 0 and To - T, >0 {3.1.6)

There is a stronger energy condition which is sometimes
required for a space-time to be considered as physical. The
strong energy-condition can be written as follows

fd ' . .
-~ R V’ﬁ,ﬁ? =z o using the same approach as in the case

of the weak-energy condition. We obtain the following
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o a
constraints on v , - R 2z ° and Ri-Roe z0
These can be rewritten using the results Rg = T% and R2 = To'
. o ~
which follow from the calculations of Rv and T, . The

strong-energy condition then takes the form:

2 Te] 2
-T; > 0 and T, - T; > 0 (3.1.7)

3.2 Exampies of one-kink Metrics

We shall now investigate the kink metrics associated
with specific choices for M (r). The first example of a A (r)

will lead to a one kink metric. We will take as our choice W(rﬁ

e ——
rsin? & = 2T —— . From this we obtain that Sinstzf3or
rr4-co Y'"-&-f-\.."'
and (osot=z Cr—od . We notice how natural this choice
- Jreaor

for p (r) is. With the half line 0 < r < o® being
projected ento a circle of radius a, the kink metric

-associated with P/(r) is

AsT

Cl - Leavr YO AL - Ae™d

|t S Ny

Lo Jaee Cr-a) Ae-dt - ¢ cd ot + Sin © ci?a)

r-L'-\-h::"'

with the corresponding anti-

kink metric

As™ =z Cl- kac ) ¢ dd>~ A/ ~

r'l-.*_“_'l.

x -
L Vaer er- oY hedkt A +Sin o olc( )

e
We have before us what looks like a problem. We ask the

rhetorical question, "Why not send a to zero?", as, when a = 0

e 8
both the kink and anti-kink metrics reduce to As =

L b
' oktl“—- Avt) - v (A o +Jm16 J? )which. is the Minkowski

metric in a spherical-polar coordinate system. So it seems we



51

have constructed a continuous deformation between different

kink sectors. We can consider this more carefully by looking

e o)

at the function cos & = ————— . If a is strictly zero
Jrrer e
everywhere, then cos &4 = 1. However, if a is arbitrarily

small but non-zero, then as r - 0 cos « tends to -1, which
leads to a contradiction. The process of going from an arbi-
trarily small a to a = 0 is not in fact a continuous
deformation. This is an example of a case which is studied
in considerable detail in ref. (6), that for a parametrised
family of kink metrics g( ™ ), the process of going from an
arbitrarily small ™ to > = 0 is not continuous.

For this parametrised family of kink metrics it is
possible to find the zerces of 90 in terms of the radial

coordinate instead of . We do this by solving the equation

Yoo = ) - B oct = © ., There are two solutions at
e
r+ = a (2 + /3). It has already been noted that all kinks

have one or more regions cf anomalous behaviour. For the
above family there is one region bounded by the larger zero

of 950’ i.e. by r-= a (2 +/3). It can be seen that this
region becomes more and more localized as a gets smaller. To
take this result further we look again at the explicit form
of w~{r} which is f-/c»d = rSinTd = _?:L"':___ The "mass"

r—l"‘f;‘&-‘-
of the kink will be equal to ¢ w) = Lim SR} T e

2.~ o
This gives us a direct relationship between the mass of the
kink and the extent of the anomalous region. A very massive
kink would contain a large region of space-time in which there

could occur phenomena that would be considered unphysical.

We shall now investigate the properties of the energy-

momentum tensor. From /V’Cr3 ~ 2ear® it follows
r’--e—ll-"
immediately that ddpm . L c3r and

AT Crieav)
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d\L,:_! Lo Ca®- 3r)
Ae™ (F™y a3

1]

which gives

7. o= V. =z X o4y = ¥ ol !
™ Ar P >y and
TN = TR = -:_— Ap . La® Cut-3e™
o p r— Q"‘"-{-a")?
(3.2.1)

From the above we find that the condition Tg > 0 is satisfied
everywhere, so we are furnished with an example where an X (r)
can be chosen for a cne-kink metric, so that a (r) is a mono-

tonically increasing function. Looking at the second condition

2
2

in the explicit forms for Tg and Tg, this condition will read

on T‘: which is that Tg - T > 0, we find, on substituting

T - Ta = 4o _+ C L ocr ) - Ca" -3 )
R - C.PL+&?31
= h.ms N B L 5y o3
— Cr‘-l'ﬁ-q,")s

which is greater than
zero everywhere .  hnence the weak energy condition is satisfied.
However, if we turn to the strong energy condition, we find
that, while the constraint Tg - T2

2
second constraint, that Tg £ 0 everywhere, is not, as

> 0 is satisfied, the

-—
Fa = Le® (for-3e™2 is positive for r « &

r Celv o 3 43
It would be of interest now to study a more complicated

3
one-kink metric, which can be done by choosing pee) = (fE._ijl
1L

S/
. : ; Siach = A 2 -
This choice gives us, 1N - L 1+L.3
=

3
- ¥ - 2.
and (Ceos & = /l — C"u-l?\ ; Wwhere we take the
positive branch of this function for r > ryr T, being defined

by goo(ro) = 0, with the negative branch being used for r < r,-
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The kink-metric corresponding to this choice of ~ (r) is

3
AsT - L = .EE:‘.\ 1 ¢ AKX~ drm)
r- -

=

3 3
- (fiﬂ \\ZL‘V//:_— 3 (;E_ che At
r 1t L TS B

o e FTinT e dp™)

(3.2.2)
With these results we find that Tg > 0 and that also Tg - Tg =
\ 5 ' .
6::_:: L;—_‘*’_“;\ - a everywhere, so again the weak

energy condition is satisfied. If we look at the strong energy
condition we have Tg > 0 for r < %, so the condition that
Tg £ 0 is not satisfied everywhere.

At the present time the question of the existence of a

one-kink metric which satisfies the strong~energy condition is

open.

3.3 A one-parameter family of 2~kinks

We now turn our attention to examples of two-kink metrics.
For one of our examples of a 1-kink metric we chose rJ(r) =
r sin? & = L& r>= | There is a natural choice of a 2-kink
[t
metric associated with this, which is where p’LC"3= SN 2 .

By using certain trigonometrical relationships, we obtain

r;‘ [ ¥ oor®™ (r-ad® . This leads to the following
Crxy a™~Y™>

2=kink metric

As* - C 1 o- b ar + 3L 6 rt ) ( Ok-&l"_ d A
.'L-}-O\L Cl""+o:“1

¥ I oe LrowDd [ I - Lar ) dr Ak

P"q-b:'
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—r- cdo™ ¢ Sin e fACPLB
(3.3.1)

For this metric we would expect four zeroes of Y00 which we
find at

|¥1

I |

-r

L (:‘ f (3.3.2)
C J—__ _1;5

The next step is to calculate the energy-momertum tensor.
Using the above form for

Al

~ (r) we £ind that

A" - b ar G- ) L 2ea®r +er= o3
Ar Cr-‘L_‘_Q_L)'}

and

CMLEL = 142 L-—')..t‘s—?,c\.r'"'-flb.a:'r‘— 2—‘\5r,,_
Ay Cr‘"-!-c:')H

- Lot ref)
which leads to

— —_— ) 1 1. 1
le=z 1, = 3:Lj:_C.P-«3 CLrLa ~ +ar - a_)
r Crtr o)
— —3 -
and V= 1y S
'
o o L-2c5-3arY 4 oo r?
Crtea™)

- 2l rT - Loty + a® )

(3.3.3)
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The weak energy condition fails as Tg < 0 in the region
(-1 + 2} a < r < a. This agrees with the general statement
made in the last chapter, that for N-kinks with N > 1, the
energy-momentum tensor is such that Tg cannot be greater than
zero everywhere,

We will now check the mass formula of the last chapter.

The mass of the one-kink metric is

Lim ff' crd . Lim [:1-“'3-—3 = X
r*a

=) oo r—s & o~

and the mass of the 2-kink metric is

- h™
liem MTery . Lim [ gar®tr-al ) = Fo =) an
r-2 o= r—) o= (..v""'-l- N e
Hence the mass formula /thc.ow = (DuiL M wy is verified.

3.4 A two parameter family of 2-kinks

The two kinks we have so far studied form a one parameter
family of metrics. We shall now investigate a two parameter
family which generalizes the above.

Given 2 one-kink families generated by

/Vc_v-ﬁ.-_ S A = 2 e and

pPlery = Y Sinsl oz 2 b " (3.4.7)
et S
there is a natural family of 2-kink metrics associated with

these generated by MT e = rs oy Cole &)

The explicit form for the 2-kink metric is
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A (1 man (l— bhr _ ge Vel Crow <r-b)ﬂ<4€‘- A)

r-+ar rt: b Crig ety Crta ™)y

£ x L8 LN
~labl YL ok r*4a R

2 {c V- b ) AV3ar C(roay ¢ (- bac Y2 Vo br Cr*—l-...)]frkr'd(k

- rL c A@l + Sint @ OL?L) (3.4.2)

The energy-momentum tensor has a very complicated form
which we will not commit to print. However, we can show quite
easily that the weak-energy condition is not satisfied.
Consider Fl‘(r\this function is zero at r = 0 and r = {55,

hence ™(r) is not a monotonically increasing function. This
I\I

™ oy =}
implies that J‘ﬁ changes sign somewhere, hence T
M
= d_t? cannot be positive everywhere
- A~

and the weak energy condition fails.
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CHAPTER 4

KINKS ON RX5' X S x5

4.1 The classification of kinks on M =R x § x§ xS

In the previous chapters we have investigated kink
metrics on R4. In this, the final chapter, we take as our
underlying manifold the torus R x5 x §5' xS . This will
lead to some interesting new results as well as showing that
some of the results already derived for R4 carry over to
M=RxS x st x5,

From the general classification scheme set up in the
first chapter we know that kinks on R x 5 x 5 x 5 are

classified by

Lil-xS'xS'X-S . Tad L/ka‘xs‘XS'] ol

L Ax s' 5" %5, LEVERSA CAx 5"« s was', R\s's_)_

2 Z ® Z.a® 2. @ 7.4 (4.1.1)

where we remember that the homotopy classes we use are pointed,

in this case an arbitrary base point is mapped into

The step of going from the homotopy classes ©of cross-

sections of the bundle 5.3 5> Tat CRxs' xs' g5

L

R;(S‘&S1XS’
(4.1.2)
is

to homotopy classes of maps of R x $'x 5" x ¥' into S4 3
!

meaningful as the above manifold is parallelizable, hence
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there exists a global frame W > , with this 9¢ T Lt (M)
can be written in the form 9Scp) .+ I Jan (P WA
where [ 3athf e Su,3 This holds at every point
of the manifold.

The frame we will use is % x" which gives us

9= T Y AxMdy v This needs to be justified
as o w is not strictly a globally defined frame. To show
such a step is permissible, We proceed in the following way:
choosing ax® = dt, dx' = de, , dx? = d@z, ax? = d93 (noting
that we have chosen all the radii of the torus to be unity),
then we have a well defined global frame in the regions

0= © =< 271 o< O, < LT os Oy <« T

- e Lk s oo This means dx is well defined on a dense
subset of R x § xS' x S', hence the map llaﬂv“f,wx—a Sy,
is defined on this subset. If we also use the fact that

N 9null is a'continﬁous function on this dense subset,
then‘when we continue to the whole manifold, the continuation
. of Nouvin i.e. “;:vﬂ: Pn¢5'x${x5'~ﬂ Su. 3
will also be well defined and continuous.

For the metrics on R4 (with dsfmptotic boundary
conditions) we devised a program by which we could work out
to which kink sector any given metric belongs. For the case
where M = R x S' xS5' x §', any attempt to develop a similar
program would be very difficult, the problems lying mainly in
the 22 part of the classification.

The precise step at which the argument used for M = R x 5°?
would break down for M = R x §' x §' x §' is where we equated
SO 4with SU(2) x SU(2). Strictly, it should have been
So b n Swecrd X Swer) /=, For M =R x5?% this was
permissible as the classification depended on the third

homotopy group of S04, and it is true that
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MaGoy) = Ty CSutay x Suewd) However, for
M=Rzx3 x5 x 5" the classification also depends upon
T, ¢ Sow) which is not the same as Ti; ¢ Fucr) x Fuwe2))
and hence our approach to the analysis of the maps into SO4
does not hold in this case.
Due to this and that, for M = Rx 5' x S' x 5' we
are interested in the 22 component of the classification,
we follow a different line of logic. Consider the family
of metrics As™ = Cosapk CaAt™-pn Ao )d +
2SIinANMK R AB A B - RS ake:_- R:oke;' where « is a function of O,
only with o&(0}) = 0 and oA c¢c2w)= T We make the claim
that for even ~ these metrics are deformable into
Ads™ = CAt - _RT do>) - Ra Aor - RYd er
which is the flat metric on R x s x5 x Sl, while, for odd
no such continuous deformation exists.
The proof of this statement is as follows. Writing the

metrics in tetrad notation gives us

Ast= CWweod - CLudT - CwaY - ()™

where
W = Cos M. At + Sinamv R okra‘
W' = Cos Mo R, AO, — Sinnva Ak
W = R~ Ao,

Na’: Rz Aoy
(4.1.4)

We then consider maps of 5J into the space of tetrads,
The explicit circle we choose is obtained from R x §' x st x st
by fixing t, ©, © , and letting ©, vary between © and AT
At ® = 0 we have W’ = A+ Ww'=rnde, W:asdo.
and W= R de, while at 9= LT we obtain the
following: W= (-0 4t W' ¢~ on, 4 o,

- 3
W - RAe, and W = Ay A&, - For even N
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these two sets of tetrads are the same, while for N odd they
are different. This implies for N even it is possible to
contract the circle into a point without breaking the con-
tinuity of the map of 5s' into the space of tetrads, while

for odd N this is impossible, so completing the proof.

4.2 The light-cone structure

One of the most interesting features of this family of
metrics is its light-cone structure. Restricting ourselves
to the ©, - + plane and also s_etting R, = 1 and © = ©
we obtain the light-cone structure equation As™ -

Cos 2pae CAL = A ™ 4+ 2rin2vd dodt = o
The two solutions give us the branches of the light-cone. We
find these at the angles A =z Mo & TC and &~ = Ao - I&‘
radians to the t-axis. Hence, we haveq£hat the branches are
at an angle of Tva_radians to each other and the central time-
like direction rotates the angle of rotation measured from

© =0 is Mo rads.

We have already commented on the fact that for this
family of metrics, if N is even, then the metrics are
deformable into the flat metric on the turns, while for N-odd
the resulting metrics are not. We shall now see how this is
réflected in the light-cone structure. The angle of
rotation is ML , as © varies from @ =0 to O~ W
which means that the range of NA is © T AL = AT
For N even the central time-like direction would have rotated
from the positive t-axis back to the positive t-axis. Hence
the space-time is time orientable. However, for N odd it
rotates from the positive t-axis at ©= 0 to the negative
t-axis at 9= 2{{ . This means that the kink part of the

above family of space-times is not time-orientable. This



61

result agrees with a statement of Geroch, that for a given
manifold a non time orientable space-time cannot be deformed

continuously into a time-orientable space-time.

4.3 Geometrical gquantities associated with a family of kink

metrics on M =R x § x 5§ x 5

Following the same pattern as for kinks on R4, we now

calculate certain geometrical quantities related to the 22

kinks on R x S' x §' x s'. These are the curvature, energy-
momentum and Weyl tensors.

We carry out this program using the tetrad formalism.
The family of metrics of interest is As™ -

Cotl L CosTma) di™ - Cl- Lsinmvat) LG

LR Sinn sk ket -~ RO Ao L o tdex
3
In tetrad notation this will read as
As™ = C WO - Cusd - CLo™Y o (w3 where
W= Cosare At 4+ 10 ra R.AQ

Ww'= Cos vk Ride, - in vt db
Nl: P\Lol.e-,_

W? = Ry A®, (4.2.1)

Using Cartan's first structure equation Aw' = - W

we obtain the following

wo { o
yoE M E Sindaa W ~ N Cos A d W
R .
W = - A~ Sina WO - pu! Cos vl W
R\ R\ ’
(4.2.2)

with all the other kl; being identically zero. From these

and the second Cartan structure equation,
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; L e L
o\‘\,\!"l- + WPALJL = _.)i_ R:.:; le ["Jyf\ W«

we oObtain
1 L]
Kolbz R - l CCOSQ./\/DLS

A~
2R Je+ (4.2.3)

with all the other components of the curvature tensor being

zero. To obtain the Ricei tensor, we-carry out the following

ke
contraction, Ry = Rk to yield
Poe = - 1 A C Cos 2rve?)
lR|L JQ}‘-
v = L A C Cos 2 aro™)
R, -
oA & (4.2.4)
R22 = R33 = 0, and all the R } with ¢ # J being zero. A

further contraction R = R; gives us that

e = - 1 &t Tlos a3
a Jdor
. i _ i 1 i . .
By using G-, = R_. - = § R , the Einstein's tensor is
J J 2 J
obtained:
Gs = o
N
kN
R L AT L Cas 2NV
LR det
3
G5 = L dt £ (os 2~

TR TN g =
do, (4.2.5)

By using the definition /9= cos 2N and the Einstein's

equation T ﬁ = -G': , the energy-momentum tensor follows easily.
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’L .
T2=T:]I = 0 and T§=Tg = 1 45} (4.2.6)
TR deF
with the curvature scalar R being equal to L ‘AL@
R"L OIL

The calculation of the Weyl tensor is via

Coabed = Rabe 4+ Q9=~°— fzb,k T 94 Rae

R
3.

—_ 9mb p-.c_ek - 95.; ﬂ\c\eL) 4~

%; C Y ae Hsa —_ 9 ek b))

(4.2.7)
giving
Coior = /6

Coroa - - Rl
Coz3oe 3 = - !, A
Gyt = = | 2
Ciz312 = 1= )
C = 2! 6

T3 LT ] (4.2.8)

with all the other components of the

Weyl tensor being identically =zero.

For the above family of kink metrics on R x ' x ' ox st
the proofs that the energy-momentum tensor and its trace
cannot vanish everywhere both follow from proving that R = 0.
This proof is as follows. If R = 0 everywhere, then it would
follow that Qg;& =0 giving A= C&, 4 | This implies
that cos 9 v« ::0' C O, +ot which is impossible as (o A
is a monotonically increasing or decreasing function in the

range 0 < ® < 27 where cos LAk is not.

I
4.4 Examples of kink metrics on M = R x s X S x 3

We now investigate certain explicit examples of Z,
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kink metrics on R x §' x §' % S'. The first is where we
choose A< O, )= 9 This gives the family of metrics
'
= oags NSO £ - \ 3,
As* C L e - R de™Y 4

25N N O, R.\ CAQ:‘*& - rl'!:- &LB::_- - K:de;\
(4.4.1)

As before, we are interested in the zeroes of oo which are

the solutions to the equation cos M e, = o These occur at
®, = T .37 ... .C4~37_ Each pair of zeroes of g
A =+~ 2 A oo

separate regions where Yoo > 0 and Yoo < 0. Taking the case

where N = 1, then from above we have two zeroes of Joor ONE

at & = I, the other at e,z 3.11'5 . In the range
3L < 9, < Eﬁ o0 is greater than zero, otherwise

it is less than zero.
For the general case we find that there are 2N zeroes

of o0 separating 2N regions of alternafing sign for g
anh
There are two main differences between the aboveathe similar

example for M = R4. The first is for the N-kink on R4. There

oo’

were only 2N-1 regions of alternating sign for 00" The
second difference is that for the case of R4 the number of
zeroes of oo WS twice the kink number, while for
M=RxS5 x5 x5 we take the number of zeroes of goo’
divide it by 2, and if the number is odd we have a metric
which is not deformable into the flat metricon R x & x 5' x </
and if it is even, then it is continuously deformable into the
flat metric.

Following the general procedure for studying examples
of kink metrics, we now check if the weak energy condition is

satisfied. As before, this condition takes the form, Tg

2
2

is automatically satisfied. However,

>0

and Tg - T, > 0. As Tg = 0 the first part of the condition



65

1T . dt L loswoy: NT Loswve,
Thar Ter A~

which is clearly not greater or equal to zero everywhere,

so the weak energy condition fails. We note thét this is

true for the above metrics, whether or not they are deformable
into the flat metric on R x & xS' x §' .

The energy-momentum tensor for these metrics has some
other interesting features; the first is that Tg has its dwﬁ
zeroes and these occur for the same values of O, as the zeroes
of Joo" Secondly, T% and Tg

of this bound increasing with increasing N.

are strictly bounded, the value

For our second example, we investigate a family of

metrics, which are labelled by two integers (a. m }. To do
- S 1M

this we choose * %%- iﬁ] We note that «(0)}) =0

and A (=271y: T . This gives us the following metrics:

As* = qosﬂ[@_L@_Y‘] Cht'- ptd o™»
. 2T

- 25 N EQ{L%AM) Re h© di

_ RS el - Ry Ao
(4.4.2)

-We will only study the case where N = 1. Then

9500 = Les L@_ @_'Y"]

O LT
. m-;)‘/mn —

has two zeroces, the first at G, . (2 1l , the
second is at ©, . cL™') (Y R . For M = 1 these

will become & = T and © < V3 W For the region
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T @ < 3w we find that 9o < 0+ So in

this example the anomalous region with Yoo < 0 occupies less
of the circle 0 ¢ ®, < 2T7. HM.ence 1if we consider the
extent of the kink to be this region, the kink is more
localized in this example than for bthe <eurluer <wampla.

For the case where o= %%. we found that the weak-energy
condition failed. Will this change if A = %% Egﬁ\

Checking. the two constraints, we f£ind that Tg = 0, so Tg >0

is satisfied, the other condition is Tg - T% > 0, this fails

as T - Tg = L L Lsinegl ¢ o~ Cos 77
.0 T R A '.“_' 7

which is less than zero for some regions of Q. We will nét
carry out an analysis of cases where M > 1, but if we did we
would find, firstly, that the region with o0 < 0 would occupy
a decreasing part of the circle 0 < & < 2T with increasing
M, and secondly, the weak energy condition fails for all

M > 0.
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Appendix

Mathematical Definitions

We present here a collection of mathematical references
which will be useful in studying this thesis. For the most

part it is based upon references (12,13,14,15).

n Lag
1) A map ¥ of an open set © ¢ R to an open set 0 < R

a0 X, Am
I if the coordinates (x - X' . ...X ]

is said to be of class c¢
of the image point P(p) in o’ are r-times continuously

differentiable functions of the coordinates € X'- XL x")
of p in 0. If a map ;s ct for all r > 0, then it is said to

o

be ¢ By a c° map we mean a continuous map.

2) A c* n-dimensional manifold m is a set M together with a c®
atlas t\h‘~,q°*& that is .to say, a collection of charts
( W . Pw ), where We are subsats of M and P& are one-
one maps of the corresponding Lo to open sets in RN, such
that

1) The Ww.cover m, i.e. M= U Yo

2) If wwaAMp is non-empty, then the map

?’*0?,;' | GPF(W«/\\JLP) > PA (U\xnm/_\)

is a c* map of an open subset of R® to an open subset of rR™.
3) In the thesis there occur many examples of lie groups, for
instance 6L (4., Soy . Swu.(2) etc.

Let G be a set endowed with a group structure and a
structure of a differential manifold. These two structures are
said to be compatible if the mappings (x,y) - xy of G x G
into G and x — x-1 of G into G are of class ¢ ® . A group
endowed with a sfructure of a differential manifold which is
compatible with the group structure is called a lie group.

4) The real projective space Rp’ is defined to be < R*-0) /5
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where s is the equivalence relation defined by X35VY & X = r¥
for some real number r. It is homeomorphic to S?*/ T where

XTY &7 %X = t vy i.e. Rp® can be obtained from s3
by identifying antipodal points.

We also note the Rp? can be viewed as a quotient space

in the following way. RP* = Soi /o3

5) A differential fibration (or simply a fibration) is by
definition a triple » = C >, @, W) in which x and B are
differential manifolds and T is a c* mapping of x into
B which is surjective and satisfies the following condition
of local triviali;y, that is, for each beB there exists an
open neighbourhood u of b in B, with a differential manifold
F and a diffeomorphism f. xfF — Tewd such
that T € Py, &3) = 9 for all Y& and & < F
The manifold x is calledﬂzbtal space of the fibration
the manifold B its base space} and the mapping T its pro-
jection., For each be B the inverse image Xa= T’ ¢b)
is a closed submanifold of x called the fibre of X over b.

If all the fibres are diffeomorphic to the same manifold F,

then x is said to be a fibre bundle of fibre type F. We often

use the notation F > %
l-w
B
for a fibre bundle.
6) Let CE®& T be a differential fibration, such that
for each beB the fibre £r = T ¢ b is endowed with a

structure of a finite dimensional vector space. Then E' endowed
with the structure defined by the fibration ¢ &- 8.7) and the

vector space structure on the fibres El:’ is said to be a real
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vector bundle if the following condition is satisfied. For each
b «B there exists an open neighbourhood u of b in B, a finite-
dimension real vector space ¥, and a diffeomorphism

PruxE > T W) such that TC ¥Ycoidd) =y
for w & W and % « £, and such that for each point v &
the partial mapping %< ¥.. ) is an R-linear bijection of the
vector space F onto the vector space Ey'

An important example of a vector bundle is the tangent bundle
which is defined as follows, Let M be a differential manifold
and let TIM) be the union of tangent spaces T« (M) as x runs
throughm. Let Om: TLmY D /M be the mapping which
associates with each tangent vector h.e & Tx € my the
point x ¢ ~ (the "origin" of h—). Then there exists a
unique structure of a differential manifold on T{(s) such that
T = (T{m), m, Om) is a fibration, the tangent spaces Tx(m)
being the fibres, with the following condition being satisfied.
For each chart <« = C%. ¥) on the mapping M. : (X h)

€ Aae & Y. of U x R® onto Owm"" ¢ WD is a
diffeomorphism. The tangent spaces T _(s) are vector spaces
and the fibration T defines on T(m) a structure of a real vector
bundle, this vector bundle is called the tangent vector bundle
or more briefly, the tangent bundle.

The cotangent bundle T*(m) can be defined in a similar
manner, where the fibres are the cotangent spaces T*(m), this
being also a real vector bundle.

7) We now define what is meant by two maps being homotopic or
continuously deformable into each other.

Given two maps £, 9: v -5 x such that £/A = g/A
where N ey we say £ == g rel A if there is a map
F: v ¥ I — ¥ satisfying
1) Fl(y,0) = f(y) all ye Y

L]
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2) Fl(y,1) gly) all y ¢ ¥

3) Fl(y,t) f(y) = g(y) all y « A

F is called a homotopy from f to g, and if such a map exists

the £ is homotopic teo g.

8) The relation f=g rel A of the last section is an equivalence
on the space of maps of y - X such that the image of A under any
of these maps is the same. We shall call this subset of x, A'.

Any equivalence relation on a space defines a set of equi-
valence classes, -For the space of maps we are considering we
shall denote the equivalence classes by [Y,A, X,A']. We will
only be interested in the case where A is a single point in y,
known as the base point and denoted by Yo The image of this
point in X shall be *=.

Of particular interest is the case where y = s™. Here we
have the equivalence classes L5 Sa, M. Mo)
where m is the manifold into wﬂich s” is mapped.' A special
notation is used for the above which is Ta €M, M)

These are known as the pointed homotopy groups of M.

We state without ﬁroof that the Tal M, Mo, are
indeed groups, bﬁt note in general that the classes [y,A,X,A']
are not groups.

9) A subspace A of atopologicalspace X is a retract of x if
there exists a map r - A (called a retraction), such
that r(a) = a for all &G&A : if i : A = X denotes the
inclusion map, then r is a deformation retraction -‘(and A is
a deformation retract of x) if Ller = Ix If also Lleor =y
rel A,then r is a strong deformation retraction, and A is a
strong deformation retract of X.

10) We now define the long exact homotopy segquence for the
bundle < £. 8. T) with fibre F.

Firstly we define what we mean by an exact sequence, given
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£ g
any triple (x,y,z) such that x — y - 2z, then this sequence

is exact if ker g = Im F

An infinite sequence — Y, -5 Wa. ~> .+ Xm -D is known
as a long exact sequence if any pair of adjacent maps are
exact in the sense of the above.

Now consider the bundle C &, B, 7Y with fibre F.
We will assume that F and B have base points ey and bO
respectively, and that F is identified with W™ ' (b.) e E

via a map L f— & giving the diagram

o —= E
T
AV
B
With Te L = bo (the constant map which takes every

element of F into bo).

Then we have the long exact homotopy sequence,

5 Ta (BY -3 TTa-t CFEY © Wa-t C€CEY =@ Tp. R =

This sequence is of particular use when the homotopy groups of

one of the spaces vanish, for instance in the case where the

bundle is )
y
o2
which was considered in the thesis , Ta < gﬂ) T © for

all n. Then the above sequence splits up into a number of short
exact sequences © P A 543D Tn (RpPI) 5 0

This implies that MTa €54,3) 2 ra crp?) for all n, w/hen
such a condition holds the spaces are called weakly homotopically
equivalent.

11) We now define singular homology modules. This is done in

a number of steps.
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Firstly we take a countable infinite product R” of

copies of R and consider the vectors.

Eo = (0,0, ...0,...)
E1 = {1,0,....0....)
E2= {0,1,-.-.0,...) Qck

We identify R™ with the subspace having all components of
the n-th equal to 0. We let, for any q > 0, & g denote the g
dimension geometric simplex spanned by E0 P Eq called the
standard (geometrical) g simpléx. Thus b6, 1is a point, A,
the unit interval, 5.2 a triangle {(including its interior)
etc.

If Po. . .- P are points in some affine space
{Es. . .. €4 ) will denote the restriction &4 of the unique
affine map RT = e taking Ee- into fPa. .. &=
into f’q' Thus { L o *°° Eq) is the identity map of
which will be denoted § ¢

Given a space x, a singular g-simplex in x is a map
Thus for g = 0 it can be identified with a point in ¥, for
g = 1 it is a path in ¥ etc. The affine map (po . pq) is
a singular g-simplex in the affine space .

We add and subtract these singular g-simplexes in a purely
formal manner. We also give ourselves a commutative ring R
and we will multiply by scalars from R. More precisely define

349 < %> to be the free R-module generated by all the singular
q simplexes. The elements of S q ¢xdare formal linear combi-
nations %\’ « © where 6 runs through singular
g-simplexes, and the coefficients W are from R. These

sums are called singular g-chains.

For q > 0 we define F;_: Ag-v == bg for 0 < i < g
A
to be the affine map (¢ £., .. EL_, E4) where £, means "omit
£. ". In other words, .F‘l( £y = {E; 5<£.
Erzer T 20
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For an arbitrary singular g-simplex & in a space x define
the i-th face 6 (1) of & to be the singular {g-1)-simple €

g o;:; Thus F% is the i-th face of d¢ , and if

E 2 Cpo .- Pad , X effns, e L CPr f P
Thus +:;_ maps &g - homeomorphically and affinely onto
the set theoretic face of A4 q,0pposite to the vertex E .

We now define the boundary of a singular g-simplex 6 to
be the singular (g-1) chain 9 <) = ;'_ c-nt gL

Lzo

In the special case & = (P .- Pa
a

DCPa ... PN = Li;bc_—\b"'cpa ﬁt PO
we extend ) to a module homomorphism Sg € xy =y Fa -1 Cw)
by linearity, thus ¢ T V¢ 6 = I Ve 9 ¢ ) For
q = 0 the boundary of a 0-chain is defined to be zero. It
can be proven that D2 = 0.

A singular g-chain such that 2 ¢ <5 is called a
cycle; if C = ®cCec') for some (gq+1) chain ¢’ is
called a boundary. Two g—-chains which differ by a boundary

are called homologous, written as c ~Cye From 2° = 0

1
the boundaries form a submodule of the module of cycles, the
gquotient module Zq/Bq is called the g-th singular homology
module of ¥ denoted by Hq(X,R) or simply Hq(x) when the
reference to R is understood.
12) We now define singular cohomology modules.
The module §* ¢x) of all singular cochains on X is

HMoemp € S2¢x) , &) Thus a singular cochain of dimension

g is a R-linear homomorphism <€ @ 549 (x) - B8 If we

denote the value of this homomorphism on a chain Zas L£%.c3

then we have the identities

CZ, ¢, +¢.J] Lz .Y+ [2, ¢

It

LE,.C].{, E'E'L.(]

(%}

L2 + 2. <)



74

and £ =& .veld 2 v E L, e e O, ve)

so that [ ,] is a bilinear pairing. We note that a g-cochain

is uniquely determined by its wvalues on the singular g-simplexes,
and those values can be assigned arbitrarily. Thus Sl(x) is
isomorphic to the direct product of as many copies of R as

there are singular g-simplexes in x.

Since Sq is a function from topological spaces to R-modules
and *‘“ﬂ‘a < CORD is a contrafunctor on the category
of R-modules, the composed function s9 is a contrafunctor
from topological spaces to R-modules. More explicitly, if
f: x >y is any map then S™C£): 5% 9y » ST Cx)
is defined by the formula L = s* ey e d L5y cgd== cd
for any g-chain z, g-cochain ¢. In the case where z is a
singular g-simplex & the formula becomes

Ce. s%*egded = L foe, 2
In other words, S* e is the transpose © 54 ¢ty of
Sq(f). There is a unique homomorphism

S s+rc vy = ST G
satisfying [ 2% ,¢2 < L &, &2 for all (q + 1)-
chains z and g-cochains ¢. If £f : x = y is any map, then

I CFY = SR LY 6 Moreover,
£§s = 0. We call § the coboundary operator.

We define the modules of cocycles and coboundaries by
2T (D 2 e St STAx) o S axg
B 4y = temase §° STy » 5% ¢y

and the cohomology module H * ¢ %, Ry by

H % ox, Ay = ZFCny g% Cxy

If £f : ¥ -—» y is any map then s9(£) respects cocycles and

coboundaries, hence it induces by passage to the quotient,a
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- &
homomorphism Hr*cg :hHtayy > nre %)

This makes H? into a contrafunctor

so that the cohomology modules are topological invariants.
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