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ABSTRACT 

In this thesis we investigate the homotopy properties 

of the space of Lorentz metrics on a manifold, and in 

particular its splitting into sectors, the metrics in one 

sector not being continuously deformable into those of another. 

These sectors are known as kinks and the metrics in them as 

kink metrics. 

The first chapter deals with the reasons for and the 

classification of these sectors. We then choose as our base 4 
manifold R ; by placing certain boundary conditions on the 

metrics, this manifold is effectively compactified to R x 53, 

and hence the space of Lorentz metrics splits up into sectors. 

We give a method of determining to which sector any given 

metric belongs. 

The next two chapters deal with the physical properties 

of kink metrics. After proving some general results, we 

study in detail the restricted class of spherically-symmetric 

static kinks. Explicit examples are given in Chapter 3. 

The final chapter is concerned with kink metrics on 

the manifold R x S ' x J*1 x S 1 . We restrict our attention to 

a Z 2 family of kinks, for which we calculate the energy-momentum 

and Weyl tensors, these are found to have a particularly simple 

form. We also study the local properties of these metrics, 

emphasising the curious features of the underlying light-cone 

structure. 
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INTRODUCTION 

This thesis involves the study of certain classes of 

space-times which have come to be known as kinks. 

The formal definition of kinks will be left to the next 

chapter: for now we shall give a brief discussion to give the 

term some meaning. Given a fixed four dimensional manifold M^ 

we consider the space of all metrics with a lorentzian signa-

ture. It is found (how will be explained later) that this 

space splits up into a number of sectors, such that metrics in 

one sector cannot be deformed continuously into a metric in 

another. These classes of metrics, and by an abuse of language 

any representative of these classes, are known as kinks. 

Before indicating the areas we will be investigating, let 

us first look at what we will not be studying. We shall not 

take the view that these metrics in some way represent fundamental 

particles. This view can be found in Misner et al, ref. (5). 

The second line of argument we will not follow is associated 

with the above; it is that certain kink sectors exhibit some-

thing akin to spin, and hence might represent spin half 

particles, ref. (3, 4, 10, 11). These lines of approach have 

never really been taken up after the initial papers. The main 

reasons are that they both involve considerable interpretational 

problems, and that other theories to explain the particle 

spectrum were being developed at that time. These included 

Yang-Mills, grand unified and super gravity theories. The other 

reason for not taking the above point of view is that they 

develop in a direction tangent to our approach, which is to 

consider any representative of a kink sector as representing 

a space-time in total, and the theory as representing all 

possible space-times on a fixed manifold. 

The investigation which follows is purely classical. We 
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will not make any attempt to incorporate our discussion into 

a quantum picture. This step would be very desirable, but it 

is beset with problems. As well as the normal problems of 

quantizing gravity, things are made considerably worse by 

the intrinsic way space and time are intertwined, in all 

sectors other than that which contains the flat metric on 

the manifold. ' These points can be found in Misner et al, 

ref. (5), and have been elucidated in a private communication 

from Dr. Gibbons, for which I am most grateful. 

The line of thought we develop is however motivated by 

the possibility of forming a quantum picture. This comes 

about in two ways. The first is that kinks only occur in 

the lorentzian sector, and hence would be lost in any attempt 

at Riemmanization. We believe that a full picture of quantum 

gravity will involve lorentzian and not Riemmanian metrics, 

hence the kink sectors will be a part of the quantum theory 

of gravity. That we are motivated by a quantum picture can 

also be seen in the way we set up the problem. We consider 

the space of lorentzian metrics on a fixed manifold. These 

metrics will be well defined over the whole of the manifold. 

We will not try to extend the manifold, so the metrics will 

not necessarily be geodesically complete. 

We now proceed with an outline of the contents of the 

thesis. It begins with an investigation of the classification 

scheme for kink sectors. This is not new and can be found in 

Williams et al, ref. (3) . We then fix our venue to be the 
4 manifold R , with boundary conditions on the metrics so that 

4 
R is effectively (for topological purposes) compactified to 

. On this manifold we give a method of determining to which 

sector any given metric belongs; this step is new and cannot 

be found anywhere in the literature. We then look at a family 
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of spherically symmetric static kinks on R 4. 

The second and third chapters constitute a detailed study 
4 

of the physical properties of kink metrics on R . The general 

results at the beginning of Chapter 2 are completely new, 

while for the rest some of the results have been recorded in 

certain papers, refs. (_3, 4, 5, 7, 8, 91, while others have 

not, and in the main these extend the known results. 
4 

Kinks on R are classified by a single integer, this does 

not hold for other parallelizable manifolds, where the classi-

fication is usually Z © z r where m depends on the manifold. 

Nowhere has there been a real study of the Z^ factor. In the 

fourth chapter we make some remedy for this by choosing 

IK * 5'y 5' v 5' . Here it is found that the kinks are 

classified by 7. ® Z-*. ® 2. a. The approach, we take is 

to write down a family of metrics, and then prove that it is a 

kink family labelled by Z 2, i.e. they split up into two 

sectors, metrics in one not being continuously deformable into 

metrics in the other. Using this family of metrics, we proceed 
4 

along the same lines as the case where M = R , to form a physical 

picture of what the effect of the Z 2 factor in the classification 

is. The most interesting phenomenon is that the metrics in one 

sector are time orientable, while the metrics in the other are 

not. 

To finish, we again state the main aims of this investigation. 

These are to build a classical picture of kink metrics which 

clarifies much of the past confusion. That extends most of 

the old results and adds some new ones, in the hope of 

obtaining a model that will make the horrendous problem of 

their quantization more tractable. 
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CHAPTER 1 

THE MATHEMATICAL THEORY OF KINK METRICS 

1.1 Kinks and their Classification 

When studying the space of Riem,anian metrics on a 

manifold, one finds that there are no obstructions to the 

deformation of one metric into another. However, in the 

case of lorentz metrics the situation is radically different: 

this space decomposes into sectors, the metrics in one sector 

not being continuously deformable into those in another. 

We will consider only parallelizable four-dimensional 
4 

manifolds. The frame bundle L(/V\) of these manifolds admits 

cross-sections, which are maps of the form C . M1*—^, L. C M ̂  
such that "JTo C z I m " where IT is the projection map in the 

fibre bundle. G-L C <+. /O —>> L. C A^? 
•FT 

4/ 
M * 

(l.i.D 

For such bundles both the tangent and cotangent bundles 

are trivial, as are any bundles associated with them. 

The bundle of lorentz metric tensors Ta.i. CM1*") is of 

particular interest. It is defined as follows. Let Sif-.'i 

be the space of all real 4x4 non-singular symmetric matrices 

of signature - Z . The group G-L C 1+,/Z) acts on this space 

by the congruence $ ~=> /\T S A where f \ & 

and ^ ^ S/f • T x u C M * ) a s s o c i a t e < ^ t o the cotangent 

bundle T * C M ^ w i t h the given action of G-L C t h e 

fibres. 

Any 3 C T ^ C/A^J c a n represented in the following 
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way, given that is parallelizable, we can choose a global 

basis {U^i" of the cotangent bundle, C /V)*J. With this 

basis g can be written as 3 - Z 11 !) .11 W ^ s U 1 * where ll^wll 

is an element of • A s C m 4 ^ i s associated with 

"T* C An4") from above the bundle is trivial. The cross-

sections are the lorentz metric tensor fields on and 

it is these we want to classify up to a homotopy. 

Two cross-sections C C ^ Xul CM**) are said 

to be homotopic if there exists a one-parameter family of 

continuous cross-sections 

such that 

c . c and C , - C • We shall denote the homotopy classes 

of these cross-sections by £l /V)4", T-xu C M 4 * ) il and if 

there are more than one of these /Y) is said to admit kinks. 

The homotopy classes we are using are pointed, as only 

base point preserving maps are being considered. These are 

maps for which a fixed point of the manifold is always taken 

into the same element of .3 . For the cases in which we 

are interested, base-point preserving maps can arise in two 

ways. The first is where the manifold has a compact spatial 

section, (for example 
R « S'y. 5' 

). An arbitrary point 

on the manifold is taken to be the base point, and this point 

is always mapped into Q g , 3 where Q - ^L I ex. 
(1, -1, -1 , -1). For the second case the basic manifold is 4 
R , but the boundary conditions on the metrics essentially 

compactify this to Rxs-3 ; the sphere at spatial infinity is 

identified to a point which we will select as our base point 

again mapping it into 

As the bundle ^ — , u... 
5 W. 3 5 IzL ir 

v ( 1 . 1 . 2 ) 
M 1* 



9-

is trivial, it is equivalent to the product bundle 

1 -
^ (1.1.3) 

where I is the inclusion map and p is the projection map for 

this product bundle. It is a property of trivial bundles 

that the cross-sections are in one-one correspondence with 

continuous maps of /VI ̂  into . We will use the notation 

EL 5 ^.-j 1 for the 

homotopy classes of these maps. 

So the classification scheme can be reduced to 
E m * . t . U U - x 1] = [ / v \ W O . d.1.4) 

This result can be simplified further by noting that the 

space S Lf., 3 has the same homotopy type as ft P 3 . The proof 

follows from the fact that 5* can be viewed as the total 

space of the fibre-bundle 
5> S h . i 

? (1.1.5) 

R P3 
where C-7 is a seven-dimensional cellAas such is contractible, 

hence maps of M 1* into ft P^ can be lifted to maps into S 3 

and this lifting preserves homotopy; so we have 

[>/vu = , C ^ i v p O . 

(1 . 1 . 6 ) 

We shall restrict our attention to the case where there is a 

fibration of /Vi^ by a system of time-lines. This means that it 

is a vector bundle whose fibre is R and where the base space 

is a 3-dimensional manifold M. For such a fibration, M is a 

strong deformation retract of M^, giving us [/W^, = L/V\ 
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4 
A simple case of this fibration is where M = MxR. M will 

always be a closed, connected and orientable manifold. 

Thus, to classify kinks, the space C / V ^ R P 3 ] needs 

to be calculated. This calculation is discussed in detail 

in ref. (3) , where it is shown that jl/VX R - 2. CP 

where Z -J" is 2 a © © - • --"̂ a. ( L times) . We shall 

now give a brief discussion of this result. L is determined 

by H ' which varies from manifold to manifold, but 

will always be of the form 1 £ yŷ  ZL-S) " where either 

L = k or L. = k-1 , depending on the nature of the manifold. To 

distinguish the two possible values of L, we first define the 

degree of a map f3: fY\ -o R-P*. Intuitively it is the number of 

times the function wraps M around A P x . To be more precise 

we note that for a compact, connected and orientable three 

manifold M, the third integral singular homology group 

H 3 C ^ - Z So we have that H 3 C A ) * M * C R = 

A map ^ ! A) —^ R p 3 induces a homomorphism 

C A O H a which must correspond 

to multiplication by an integer n, known as the degree of the 

map. If M admits a map into 

of degree one then it is 

known as a manifold of type 1; otherwise it is said to be of 

type 2. With these definitions the values of L are 

L = Ck-1 if the manifold is of type 1 

(^k if the manifold is of type 2 (1.1.7) 

Finally, let us consider a few examples of manifolds 

which would be of interest in general relativity: 
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T« WU- i 

M T 7 P £ H' C M . Z O C M . R.P'1 

S 3 X 

| 
I 

o 
! j 

z 

R?3 1 2 =L 

r x 5 1 X j 2 Z © Z - ^ 

5 1 X 5-' y / 2. 2.1 z © z l 
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4 1 .2 Kinks on R 

When studying the topological properties of the space of 
4 

lorentz metrics on R one finds that there are no obstructions 

to the deformation of any metric into another. However, if we 

restrict our attention to asymptotically flat metrics the 

situation is very different. The effect of this constraint is 

to identify the sphere at spatial infinity to a point which 

leaves us considering the manifold RX5 3. Using the results from 

the last section, we find that the space of asymptotically flat 

lorentz metrics decomposes into sectors which are labelled by 
R P 1 ] = L s \ R p ^ l -- T L c r p 5 ) ^ Z 

and hence giving rise to a countable infinity of kinks. For 

the rest of the chapter the above shall be referred to as 

metrics. 

We will now develop a method to determine the kink sector 

in which a given metric lies. This procedure splits up into a 

number of steps. The first is to associate with the metric a 

map of Rx£3 into 3 in the following way. As any metric 
4 

we consider lies on R , the coordinate system (t, x, y, z) is 

well defined over the whole manifold. In this coordinate 

system we can employ the globally defined frame 

V ^ ^ * a ? J 

which at each point P spans the tangent space of the manifold. 

This leads to a dual basis of the cotangent space (dt, dx, dy, 

dz) in terms of which the metric can be written at each point 

as 3 c P) = ^ v c p ) d x " ® c^y^ where the matrix 

I 1 3/n/vIIjo Sii, i • This gives the desired map 

l|3r|l ; £ X S 3 — ? 5 m , * 

p ^ II v H 
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and as we are only considering asymptotically flat metrics 

we have the constraint 

\b rn -->\\VH -

o 

o 

o 

o 

- 1 

o 

o 

- \ 

o 

o 

o 

o o 

as r x + z" 

( 1 . 2 . 2 ) 

The map || S^y/W ^ X ^ ^ can be viewed as a one-

parameter family of maps I I : 5 3 0 S ^ , * and 

as the development of these maps in t is continuous they will 

all lie in the same homotopy class. Thus it is how s3 maps 

into S , 3 which determinesto which sector the map 

\\ ; A.X S 3-^ S w ^belongs, so the topological 

information about this map is carried by the map 

II 3̂ /v/ (I t —:> evaluated at any t. 
From now on we will work with the map corresponding to 

t = 0 which we will denote by \\ . 

The next stage involves the study of certain properties 

of the space 3 • The classic works which cover this are 

Steenrod and Chevally, refs. (1, 2). We have already mentioned 

the projection R 7 ^ Sq., 3 

lf 
V / 

A Sok - ( 1 . 2 . 3 ) 

We now want to know how any given element of Sip, 3 is 

projected onto Sp. 3 A S"o • ^ Y S. £ 3 can be 

written uniquely in the form X. = £ oL where 
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Q Or Sk-,3 A S O 4- a n d O ' 5 s . o b e i r v? 

the space of symmetric, positive definite matrices. The 

desired projection is then P C ^ - P C G oC) : <o 

and the matrix is derived from t in a number of steps. 

1) First form the symmetric, positive definite matrix, 

, T T T 

2) Then diagonalize this matrix to give s , « u * v v 

3) Then define £ by § •= J"^ 

4) Finally we define - 4."1 £ and note that this 

satisfies the requirement oL G S 

Once we have calculated , Q follows easily as 

We will also need to use the result that any 

G G S i A 5oi+ c a n written in the form 

q _ li^^j) where R £ J04. . We shall now 

return to consider the map 

o 
p t p II 3/OS/11 (1 .2.4) 

From the first section we know that to work out the homotopy 

sector in which this map lies we have to investigate the 

associated map 

G : - R p 3 

(1.2.5) 
p p c - £ f 

We shall now analyse the topological properties of this map. 

The space p. "p3 can be viewed as a quotient space 

P P 3
 = 5 0 4 / 0 3 so that Q : S"* 5o 4 /o3 

We factorize this map to the form 

5 0 4 0 3 

5A jh/01 (1.2.6) 
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using the commutivity of the above diagram, we have that 

G = R \ . We then apply a short homotopy exact sequence to 

^ i" o if 

S ^ / o i ( 1 ' 2 - 7 ) 

to give 

<T> 
T r 3 c r 0 c v i . - n o 

(1.2.8) 

where -l i s t h e generator of 711 C and = JZ^ ^ ^ 

So the degree of Q is (n^-n2). To work out n^, n 2 we proceed 

as follows from the map 

<5 ; 5 3 ^ -Tiy, i A SoU-
(1.2.9) 

and using the fact that at each point = £ p ^ 

where fX.̂  £ We obtain the map 

P* : 5*0 h 

p (1.2.10) 

To ascertain n^, n 2 we will make use of the isomorphism 

Jo tp ~ JTuu t-o * c-^ / :z 
( 1 . 2 . 1 1 ) 

n^ is the degree of the map of 5 3 into 5" ̂  L - -S"3 and 

n 2 is the degree of the map of 5 3 into 5 ^ a. - $ 3 

As we have started from a given metric we know explicitly 

the map A - .5 3 —->-So . we need to calculate from this the. 

maps <p 1 N 3 <• and ^ / -S i — . We will 



16-

deal with this in the following way. We choose two arbitrary 

maps S 3 -o and ^ [ 5 3 5 Cx) and 
A. 

calculate the associated map /< l o and then 

compare with the given map • 5 5 J" o ^ t o w o r ^ o u t 

the maps f and f . 
/N 

The effect of R f> £ 5 ° 4 a t a nY point is to rotate the 

four vector 
V 

L 

R 
into another four vector 

( 1 . 2 . 1 2 ) 

We first represent this four vector with a complex 2x2 

matrix C X o X + L T. x.) where the T c. are the Pauli matrices 

(E = 1,2,3). Then associated to is a matrix 

A V = A X t E. T. I3"1 w h e r e A , B 4 J i k W 
Noting that (A,B) and (-A,-B) are associated with the same 

rotation matrix, we have the desired isomorphism 

S o L+- * 5 1 A l / Now any 5 matrix 

can be written in the following form 

i d - L 

cL a> - L (A , do + E- ci. (1.2.13) 

where 

X Y cL i"2" cL -V 7 - \ 
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/VW - M N 
O P 

To - <- <P3 s + 4X3 tlx 

Xi + Xo-lX 

To* 

(1.2.14) 

where C ^ o , an<* C V-o , vf(. , ̂  ( f^) are the 

values of the map at the point P . From this we find that at 

each point p 

y o - o Re. M z R o L X ; 

x . o 

X => ) AO o 

X J? — / m M 

Z. 1 "v. X I 

X- a - L v X L 

2. <x * ; X L 
(1.2.15) 

Reading off the coefficients gives us the rotation 

matrix 

CX C c 

» cj? CA_ 1 

where 

Cx 1 ® 

CL I I <X_ , 3 

eg CX X 3 

v _ . CX 3 i ( X 3 0 CX 3 \ 3 _l (1.2.16) 

a o O 3 C fo To + P, f. + P*. + 

a 0 c - |> + - f - Pj + P/ 
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CX = C ~ fa ̂ ru - fx. ^po h <P. P O 

cxo ^ - L - r o - + r-i. - fx v O 

X E o , L - ^ - ^ o 4- ^o t ft K ] 

O.LN r C ? 0 Y-o V ft - K l T u - ft*/) 

T c t ft^+^^oyj Y ^ 

C - <P* t ft - ?0 ^ F Y O 

tl - f V O 4 ^ h ^ f x - y.U 

c ^ o - y , y, 4 ¥ - ^ - 3 ^ 

C f o f 4- <Po ^ o k 

c - t o + ^ t ^ - y ^ l 

L fo ̂  t t- ^ t o + 

L K - ^ t ^ -

c. r o ^ o - f » - n t x t ^ • 

a I S r 

Ol o 3 

\ ~ 

CX. -

a. -L. 3 " 

X 3, o -

X ^ I 

: 

( 1 . 2 . 1 7 ) 
V 
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By letting (_ f Q , f, , fx ' % ) and C f y < ^ . K , 

be the components of the maps Cp : S 3 -o S and 

vjv. (x. Cxi* rather than the values of the map 

at a point p the matrix above can be viewed as the map 

fV. s 3 — ^ S 0 4- By comparing with^Igiven map R ' 

and using ^ - cf. ^ vR - ^ we can work out 

the explicit maps Cx") anc^ ^ ^ ^ ^ 1 

The degrees of these maps are n^ and in turn. The 

difference n ^ - ^ will label the homotopy sectors"of the maps 

£> S"5 —s 5 o 4 - A . "3 and hence the kink sector. 

The matrix corresponding to the maps <p and is 

- I +- 'XeLt Z ol, 1 0(0 ol ^L < O cL 

L 

"X 0L0 i x 

2. ck o oL 

dk 

(1.2.18) 

where 
R. -- C f0 ̂a + f , + t 

, c - ^ f^ . (p. f r * r . * fc + o 

C - Y<o * cp, ̂  + cpo - ^ ) 

C - 4-0 t ^o ^ , - fl ̂ x) 
( 1 . 2 . 1 9 ) 

We note that <>L V- b 3 h ©( s - I so ©4 is 

itself a map of 5T3 into 5 3 . 

We now consider what might seem a special case of the 
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above, where the matrix B in /Y\ ̂  z A C X o 1 C X. 

is the identity map at every point p, i.e. V o - \ and 

- - o . Then we obtain the map 

? 

S o L+. 

where 

R 

Vx 

- - ^ o 

<p« f o 

(1 .2.20) 

In this case n 2 = 0 and the kink number is the degree of the 

map T - 5 3 5 U. t . c o - S 3 T h e m a P C * ^ —o 5 S"Hi ̂  

corresponding to the above map is 

5* 

P 
0 5 o H /\ 5 L, , 3 

r 

Explicit matrix multiplication gives 

l y . f , 2. To fx x 

i . r - f, - 1 ^f,1" 2 <p, 2 f? 

x p. P i 2 - 1 + 2 ^ ( K 2 > 2 1 x f a 

This is not actually a special case, as the most general 6 as 

in eq. (I. 3.. "20 can be written in the above form using 

instead of <f . So £ can be written as 
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o CO o o - di «d-j_ - eC 

1N d o d 3 - X O — 1 o o X, flk O - d^ ^ 

O O 

^ 3 ^ O O o - I > d * d 

leaving the kink number as the degree of the map oL 

the degree of dbeing the difference of degrees of 

f ; S * -o ^ ^ and Y S" —-p S 3 

-((1 .2.22) 

1.3 A Family of Kink Metrics on R 
4 We now investigate a family of kinks on R where 

3/V/n/ - - & ̂ w +- v - c?, i , x , > 

- C o 5 d c r ) and <pL - ZKA. Sir\ dCf > 
r-

(1.3.1) 

This family of metrics was discussed from a mathematical point 

of view in ref. (3 ), and used as a model for space time in 

ref. ( 1? ) . 

The choice of <d(r) gives the precise form of the kink 

metric. We have the following constraints on <d (r) , that 

<d C o) = T f and <=L C O O as f-z> The 

map <p is initially a map 9P ' ^ S 3 t the condition 

that cdCvO—9 O as r~ •—a effectively compactifies 

R to 5"3 giving us the map Cf: $ z 5 . The constraint 
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that ©L C ob - TT ensures that the map ' S3 is 

a degree one map of S 3 onto itself. 

We shall analyse this family of kinks. Setting 

L •= U 3/wn/ \\ we first have to calculate . The 

given can be written in the following way, x . r v p T 

where ^ , / / ^ U and p-. 

(1 .3.2) 

It is possible to check that P P T - 1 so p £ 

To find <© we need to compute . We first form » 

\ -
p ̂  P T •=. p |P r _ Z 

-1 T' So csL, r a nd it follows that = "1, giving us G - ^ d -r L 

This result could have been seen directly as ^ is an 

element of Ly. A 3 • As is already in the form 

& -z P T we can immediately read off the map 

P ; 5 3 —:> -5"o 14- . Using the results of the last section 

this corresponds to the map C.-O and the 

trivial map of S 3 into SUfl(2). So the kink number is 

simply the degree of the map *. S3 s 3 / which, from the 

definition of the map, is one. So the above metrics are a 

family of one kink metrics. 

We now show that X = U l\ - f ^ F corresponds 

to a family of N-kink metrics. The first step is to prove 

that 
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P o p i 

f, ? o 
r* 

- A 

- f . -
/v 
Pi 

- ? 1 1 a 

—v. -<f, ? 

(1.3.3) 

where ^ 0 = cos N and Sf7 ̂  -

as follows. Given 

X ; Sin /^"k The proof is 
r 

P = 

C c=> s << x 5" I A X 
r 

- X L P A C c? 5 ok X i n ^ - ^ 
y-

r 

Si n oL r-

Ti n ok £ ok J m ^ 
r r-

^ " X J") n ̂  C o S o k 
r r 

(1 .3.4) 

we have by matrix multiplication 

C o _s -z.es o i 
r 

X j m "Xck C o s 3 - vTi rs ~ XoL 
X r r 

jml^ - '2-Sir\1cL CoS fsn'Xck 
r r 

— r~ r~ r 5) 
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noting that if 

r Cos x. XJl/vMX "Z J*| jq /v\ < 
r r r 

~ - L^r (v\ X 1 J"io/V\X JIa 
P ^ f 

- JVr> M ^ C o 5 /A < x M o l 
»- r r-

- 2 XIK\/V\X f» A m x - x Jlq (y)o( C^s /v\ x 
r r ( R 3 . 6 ) 

Then it follows from matrix multiplication 

r r r 

? 
_ S\r\ Cos C/^OH^eL ^ ( - Jlo £ a\w)«< 

r r r . 

C Al t-O-L S\ * C/ht-OJk y 
r r r-

- T J") p C AAMJ J - X J-)n 65s ( ^ H U 
v- r r 

^ (173.7) 

So it follows by induction that 

Cos fiS oL a Av oU n A^oL 
r r~ 

a/ L n A / 1 (Tox A/ok 2. Ji n A^cX - ^ Y) A AAA 
v— 

^ ~ z J) n /VOL /V/ oL X A7O( 
r 

- f/JL V) J") A - Z ^ ^ XcX Cos A/dL. 
r 

(1 .3.8) 
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Following the same line of argument used for the N = 1 case, 

we find that the kink number is the degree of the map 

7 : S"* From the definition of 9 we find that the 

degree of this map is N. So we have a family of N-kink metrics 

We shall end this section by deriving a result which will 

be used in a following chapter. Given the two maps .S"3--̂ '3' 

where fo . , *PL « l)ln ot a n d 

r 
where ^ _ then the metric associated 

where 
= Cos fi,ti Sia a 

r 1 

with these maps is p ^ 'Y) f fJI 

% Vx. ?3 
^ o ft -ft. 

" f t ft <p, 

- f 3 fx. -V. ft 

ft ft ft 
-ft ^ n -ft-

Y o V t 

- Y B y - ^ f v ft 

(1 .3.9) 

is a two-kink metric. The proof is as follows by matrix 

multiplication. 

Co-s < dtp) X I ^ C ^ ) jd 
r f r* 

- X J>r> IzJ^t^+f*) vilhOvg) 

J,n CcUa) - ̂  j) r\ CoUp) C&SCoLXp) )C foC+f) 
~r" »— r 1 

r r r 

(f.3.10) 

We again follow the same line of argument previously used 

to obtain the result that the kink number is the degree of the 



map (z> where (3>0 _ Co s ^ © x> ^mCcst 
The separate conditions on and f? are oU o 3 r Tr and 

Z C o as r - ^ cP and TT and ^ C v A - d g 

as cp so the degree of the map is two, giving us a 

two kink metric. 
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CHAPTER 2 

THE PHYSICAL PROPERTIES OF KINK METRICS 

2.1 General Results 

The aim of this chapter is to build up a.physical picture 

of kink metrics. We start by proving some general results 

before proceeding to the study of the restricted class of 
J fc lOI V 

sphericaliy-symmetric f Jcink metrics which take the 

form 

c b N C - l + X C o S ^ / s / x } cl-t* -»-£ T L X ' J", n X cckk 
L r 

2 1 C - \ 4- X <71? SI r A fij C* ̂  cl ck ̂ c3* 
u, j — 

( 2 . 1 . 1 ) 

Firstly, we shall prove that there are no kink 
4 i metrics on R. . From the above metric it is clear that 

kinks exist, so the proof will consist of showing that the 

second requirement for a metric, which is the 

vanishing of the cross-terms (1 = 1,2,3) can not hold if 

the metric is in a non-trivial kink sector. 

We will approach this by considering metrics where the 

cross-terms do vanish, in this case ll^jpoll c a n be written 

in the following way: 

where G is a 3x3 matrix. We again emphasize that the indices 

fo, "0 are matrix indices. The relationship between these 

o 

o 
o 

o o cj 

- Or 
( 2 . 1 .2) 
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indices and coordinate indices is as follows. Given any 

metric 5) on a manifold, it can always be written in a 

neighbourhood of P in the form d ? X ^ g ^ b C ^ W ^ W 1 0 

where W"]® and vj^, are basis frames and I) 3u\» M ^ C X q , ? 

For a parallelizable manifold, there exists a basis frame 

that is globally defined, so then it is possible to write 

g in the form X ^ ^ , where now \\5«~bl\'. 
4 In the case of pinned R , the coordinate frame is such a 

globally defined frame, hence it is possible to write g as 

This result is meaningful globally. 
g = zj R cZ where ( I Vv, ^ - ̂  ^ . 

The first result we have to prove is that 9 o o>0 

everywhere. From 2.1.2 we find that &L<lL | J ( r - j^^-cy 

As g is a continuous function, if g changes sign it must oo 3oo 
go through zero somewhere, and at this point )\ ^ v / U z O 

which is not admissible as we have demanded that i] 

be non-singular. With this condition that g o o>0 it follows 

that G is a 3x3 symmetric positive definite matrix, so 2.1.2 

can be written as 

O O o 

O - t O o 

O O - i 

do 

o 

O 

O O O 

Cr 
(2.1 .3) 

where _ 
9 o o 

O 

O 

O 

& O 

Or 

is positive definite 
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So the projection of I) 9ywv ||e 

onto A J o i*-) will be H 

Hence the metric X 9 ck*^ Ay" ^ s 3,11 t ri vial kink 

sector. From this we have that no . •SWc'c. metric can be 

a kink metric. 

The existence of these cross-terms leads us to explore 

a certain feature of kink metrics, the tumbling of their 

light-cone. We take the general N-kink in the form ds2 -

^pv/ ^ x ^ We note that through 

W p (t Sl, , j is not restricted to lie in 

51*,i . -Following the standard method the light-cone structure 

is the solution to the equation ^ - q 

To simplify the problem we restrict ourselves to work in the 

t-x' = t-x plane) so the above equation reduces to 

J o* Cf>} oCt*" -f C pY d t 3„ CfO cXx^ = o 

The solution follows easily and is 

cix. _ 
cp) 

giving us the two branches of the light-cone 

(2.1.4) 

c\h\ - - ^p^ 4 S^X pi - Cp e),, 
ckyc )p 9oo Cpj 
qk^V = - < - vj fO _ °)oo eft 9., cp) 

(2.1.5) 

From this we see that for a general point p "" gp-V 

So the light-cone has tilted, that is,.the central time-like 

direction does not point along the t-axis, but at some angle 

to it. 
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This result can be extended considerably, for this we 

need to return to a study of the matrix 3^/vll ̂  for a 

general N-kink metric. Using the results of the last 

chapter this matrix can be written as 

\ I 9^11 r -

-

- 1 + 1 % " A Z V o f3 f 9 K k 

a fo % j+ifi 1" Z f, ^ 3 L M A/ 

2-fo r-if, r-u Vi M P <3 

R r o n i f . r, 
p 

k A/ Gl R , 
P 

(2 .1 .6 ) 

where ¥ is a mapping of degree N of S^ into & t and as such 

satisfies the constraint o K f T,"1 c i I For a 

degree N-map ?<» must pass through +1 N-times, at these 

We have points P i 1 = 1 ...2 N 

\l V A 

O 

O 

O 

O CD 

j: 3 k k 

9 L M fj 

k A\ P Q 

pc 
(2.1.7) 

The constraint that | | g ^ ||p. is symmetric forces upon 

us the condition J C p-t) r K C p\.) r |< C p\ ) r O 

leaving us with 
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$ D O 

r 

o 

- L 
- /V\ 

/v\ 

- iO 

A^ 

- Q 

<9 - aM ~G> - R 
(2 .1 .8 ) 

So we are led to the conclusion that at these 2 N points 

the cross-terms g &| c pcX ' 3 ov C ar*d 3 0 1 C f \ ; 

vanish. At these points the solution of the light-cone 

structure equation gives the two branches to be 

c d J L V ± v/ - ̂ 00 C \pj } u C 
C p'A 

and hence we have \ - \ This implies at 

each p; the central time-like direction of the light-cone 

points along the t-axis. 

Taken together, these results give us a complete 

description of the tumbling of the light-cone structure in 

the x-t plane. At r = ©b the central time-like vector of 

the light cone points along the q-t direction, and as r decreases 

the light-cone rotates. When the value of r is such that 

(j0Q(r) = -1, the angle of rotation of the light-cone will be 

71" radians, with the central time like vector pointing 

along the -t direction. For a one kink metric this point 

will be the origin. If N is greater than one, then this point 

P: will be at some distance r^ away from the origin, and 

the light-cone will continue to rotate with decreasing r 

until it points along the -t direction at the origin. For 

the general N-kink the total angle of rotation of the light-

cone is N 7T radians. 
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It follows immediately from the above proof that the 

same behaviour will take place in the t-y and t-z planes. 

2.2 A Class of Spherically-Symmetric . ̂  . Kinks 

In order to proceed with our investigations we shall 

now make two restrictions on the space of metrics we consider. 

The first is to only work with kinks where 

II P <=. 5 4 j 3 A SO ft These metrics have the 

form 

cAft - C - 4- ft ft^ ckxX (2.2.1) 
pj N/ ' / 1 

The second restriction is to consider only spherically-

symmetric kinks. This is achieved by imposing the 

following constraints on 

and i - v; /v ̂ c r i where © L C v V is an'arbitrary 
r-

function of r. 

The normal procedure would now be to transform to a 

spherical polar coordinate system. This we shall do. 

However, when dealing with kink metrics this step deserves 

careful consideration. In this coordinate system 

c u t n v n 

r _ p 4 S\rX & which has zeroes at Q = 0 and © = TT 

that is U singular on these two surfaces * But 

the method we use to determine to which kink sector a given 

metric lies in demanded that the matrix I 1 ftv, II was non-

singular everywhere. This might seem a small point that could 

make no real difference, however : the. techniques 

outlined in the first chapter, we find that in this coordinate 

system the kink "vanishes". This would affect global results 

but not the local results that we will be considering for the 

rest of the chapter. 
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In a spherical polar coordinate system (t, r, ) the 

above family of metrics takes the form 

ck^ - C o s XA^OL C - c A r ^ f. X S j a X A / ^ ckr ck± 

- r 1" ( cA S-ia^qs A.cp'*- ) (2 .2 .2) 

The first point of interest for our discussion is the zeroes 

of these are the solutions to the equation r Cos 1 A/oCr o 

for N = 1. This becomes g = cos 2 ^ = 0 which has two 
oo 

solutions, one at X - "jE , the other at ^ T . This means 

that the manifold splits up into three regions: 

a) o $ okc.r) < TT where g >0 
I+. oo b) ZL <_ ok c ̂ } < 3XL where g <0 and 

i+ ^ oo 
c) 3TT < A c r ) <: If where g >0 (2.2.3) 

Tf N 0 0 

We see that the surfaces of g = 0 bind a region where g <0. 3oo ^ ^oo 

In this region t becomes a- spatial coordinate and r a temporal 

one, this region is very similar to the egosphere for the Kerr 

solution. 
-s 

For these metrics is a killing vector as the com-

ponents of the metric are not functions of t. However it is not 

time-like everywhere; in the region 9 o o
< 0 it is a space-like 

killing vector. 

The extension of these results to the general case where 

/\/ ^ ] follows naturally. We now have to solve the equation 

g Q Q = cos ^ — o . There are X A/ solutions at - /ViTT 
If A/ where m = 1 . . . 4 ^ - 1 , giving us 2N-1 regions of alternating 

sign of g 3 oo 
We have already seen that the light-cone structure of 

kink metrics is very interesting, so we go on to give the com-

plete solution to the light-cone equation in the r-t plane for 

the above family of metrics. The equation of interest is 

ds2 = 0, which gives us 
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OS c ckkz - ckr^} + _ r (ck(S~ ± JLcf 

(2.2.4) H o 

The restriction to the r-t plane leads to the equation 

C o s l A / d l - cArX ) j- n cX^ cAl --O 

(2.2.5) 

The solution is obtained by the following method. We rewrite 

(2.2.5) in the form 

E~ C Cos a - -5"i n ^ .O cE4= C Cos a/ ok t II Y\ X ) 1 x 

C C Ccs^cC t JinA/^cAt- C CQSA>ok } 
(2.2.6) 

This gives us two equations, the solution of each leads to a 

branch of the light-cone these equations are 

- <1 Cos r^/ ok - J" / a> o O cAt - C Coi A/ck 4. Si a A^oO 2 7) 

C Cos A7 ck -f Ss a r^oO ĉ  C C OJ-A/^ _ J, V cAr-̂ 2 2 8) 

The solutions to these in turn are 

cK fc \+ - Cos- /V ok + - Si A C as +• v'/b-) 
oCr J JmV^ ~ CoS"*- CoS C Âok +Tr/c+) 

O- r\ C /^ok 4- k. / (2.2.9) 

- _CoS a/ - n - ft a c a ^ x - tt/̂  
' Cos ^ ok -1/ p Cos C - TT / v-0 

- T a n C A/X - 7 2 (2.2.10) 

From this we can calculate the angle between the branches of 
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the light-cone and the positive t-axis, which are 

A , = Tcxrs- 1 cAt\+ TVry ~1 T\ A C Vol + TT ̂  r fSoi + T, 
X J -fc 

(2.2.11) 

Tcs/N-1 - To, A " ' T<\A C Vol* XL )- ^ ^ - H 
<Ar-J q- v-

(2.2.12) 

the angle between the branches being cK . - cA-̂  •= We now 

have the basic features of the light-cone structure in the r-t 

plane. These are that the angle between the branches of the 

light-cone is always X radians. While the central time-like 

direction rotates the angle of rotation measured from infinity 

being A/ . 

For the case where N = 1, we find that the central time-

like direction points along the positive t-axis. As r decreases 

oi increases. When r = r^ ,the position of the first zero of g Q Q 

we have that ^Lcr,}- 7T radians and one branch of the light-
H-

cone points along the r-axis . This surface of 9 o o
= 0 has the 

curious property that all the time-like directions point along 

the negative r-axis, so this surface is a trapped surface, 

particles and light can cross this surface in one direction 

only. This is similar to the famous g =0 surface for the 
q_ 

SchwarzfchiId solution. 

We now consider what happens for a radius r<r^. We find 

that d continues to increase and when we reach cX = "3JL a t a 

radius of r~, g is again zero with now the second branch of 
2 oo 

the light-cone pointing along the r-axis. For this radius and 

all smaller radii the positive half of the light-cone points 

along the negative t-axis; this strange phenomenon is in direct 
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variance with our normal ideas of causality. 

To develop our understanding of these results, we shall 

now investigate the equations for the null geodesies associated 

with these metrics. These equations are obtained by varying 

the action for particles in the space time. This will give us 

S~ / 4 C o y l k C t " - r ' ) X J . ^ X - o k r 4. . 

- r ^ C e?1- 4- J i A ^ e c O 

dA 

where A = ^ - This leads to Euler-Lagrange equations 

d c. Co5 Xok t j m Xck r 1 o 
clj 

oL C r"1" e } - r <s> Cos e cp 

cL • C r ' y . n e 9 > ^ o 
oL 5 cZ C 51 n ok -t - 1 C O J r 3 x 
cks 

x 

_ -x.^' Y i a I ^ t + Sx* V- ̂  - l+ck! G o l l c L r t 

_ x r~ C 0 x 4- -TirO" © ^ } 

( 2 . 2 . 1 2 ) 

where ©k' - cCqL We shall not use this last equation, but 
cA 

instead we will use 

C o 5 X ok C ^ - f ^ ^ -h r 4 

- r^ C e> ^ -h <p 9 = o (2.2.13) 

This set of equations completely determines the motion of a 

light-like particle in the above space time. However, we are 

mainly interested in the motion in the r-t plane, so we make 
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the restriction S> f - o With this the set of equations 

reduces to 

sL c - i - S j A ^ o ^ Y D r a (2.2.14) 
ck * 

Co s a. oR C ft1" - r ft 4- I S k r4: . Q (2.2.15) 

The solution to equation (2.2.14) is cos 2 t + sin 2*. r = L 

where L is a constant. This result can be rearranged to give 

i L - fir> O. ok r- (2.2.16) 
C O i 

Substituting this into equation (2.2.15) leads to the result 

L2 - r2 = 0 , which, upon integration, yields 
r - t L 5 4- cL (2.2.17) 

Finally, when (2.2.17) is substituted into equation (2.2.16), we 

obtain 

-L =. L t L r m lot, L C C o ^ {") rN r.) 
Co.* C C o s or ± Si 

- JL Tc^r\ c 51 TT -) 
V-

(2.2.18) 

Consider a particle of light moving along the negative 

r-direction from some point r where <=<Cr0)< IT . Then 
° 4 

• i 

r ^ r 0 - c s and t - L T o. A ( o4 + JT) An examination 

of these results shows that with increasing s, r decreases and 

t increases, both of these results seem physically reasonable. 

However, we also have the following result, that as 

oL c ) —o jL ft — o o . This means it takes 

an infinite time to approach this surface of 9 o o
= 0 * bY looking 

at the other approaches to surfaces of U o o
=0- We always find 

that it takes an infinite time for a light-like particle to 
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cross from a region where the future is measured by +t to a 

region where is is measured by -t. We can also conclude that 

these space-times are incomplete, and that singularities 

exist. 

2.3 Further Results for the Restricted Family of Kinks 

We will now examine some of the geometrical properties 

of the following family of kink metrics: 

^ s" = St- S^w -r X f M ol v X oK x^ 

(2.3.1) 

where T& - - C o s a^ bC and -- Xi. a/oc 
r 

This involves the calculation of their curvature, energy-

momentum and Weyl tensors. From these results we can prove 

that the energy-momentum tensor can not vanish everywhere. 

We also derive an even stronger result that the curvature 

scalar R does not vanish. The consequence of this is that 

the above family of metrics can not be solutions to Einstein-
t<s —r h* f j 

equations of the form - - « where T „ the energy-

momentum tensor is generated byAConformal field, such as the 

electromagnetic or Yang-Mills fields. 

We will work in a spherical polar coordinate system 

which is permissible as we are only studying local properties. 

In this system the family of metrics takes the form 

ai S^ - Co S 2. N CcA-b^-cLr"1-}- 1 Tin 1/VJ, ^r oA^ 

- r1- C A Q1' +- Si rS o cK Cf>̂  ) (2.3.2) 

The most effective way to approach these calculations is to 

use the tetrad notation. In this notation we have 

o ^ r C ~ C U A ) ^ - C U / " ^ - C i j 1 ^ 
where 
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^ - C o s X cA R - Sin Â ds ck 

V) 1 - -T/aa^ol. -t CojXoA cAr-

- r d 0 

U'"5 r T i n 0 c^<p 

(2.3.3) 

We proceed in the following manner. By using Cartan's first 

structure equation cA- U A = - U/^ A W 1 0 we can obtain 

the These are 

W f ^ _ oO 5~i /V/ol. U/° _ A/o<.' ( o s W 1 

- 1 _ 5*. a a/ W 3 

r 

- -L J*, A rv/ oL W 3 

r 

- Co 5" ̂  X 
r-

C o J- A7 X W 1 

w ̂  - - i_ c.-L © W3 
r 0..3- <+ 

The rest follow from the symmetry relations, 

= u ! c w ^ - o , W * -- w ; U l - lJo7 

w j .. W I , w L - U x U/ 3 . - U/ ? 

Using the Wi^ and the second cartan structure equation 

we can calculate the components of the curvature tensor. The 

equation of interest is 

w t 

w L , 

w ' . 
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cK^i f ULr A ^ , J- U t A W K ^ L Tk. VVJ A W 

( 2 . 3 . 5 ) 

So the components of the curvature tensor are 

- i _ C C o s x a/ " 

= = - n. C O T L A / o l l ' 

^ R 3 o o 3 - _ i a Cos t a / ^ I ' o o • O-r-

R o i « - I C C O 5 A-7 

lO,, ̂  r r ^113 - Co S x . a / 

PL - C I - C o s /V ol 

( 2 . 3 . 6 ) 

Where we have a' - a . using these results we can 
cAr-

obtain the Ricci tensor by the following contraction, 

R j - A , K T giving 

R o o - I r 
( o 5 X A7 cA "D — C Cos T.A/,0 

o, r 

/T)i - C C o s x a / x l " F 1, L 6oS -xa/OO1 
^ r 

R-.-WV. - -i- C Cos xAy=><T)' - _L. C i - ' XA/oil 
r r" 
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ft 3 - J__ C C o s O- r~> < 0 - f t C I - Coj- 2.aTolA (2.3.7) 

all terms of the form IK\ j where L vanish. By using 

a second contraction we obtain the curvature scalar R = rY 

P. - - [1 C o j i — it C ( 0 3 ' 
r 

4- 72- H ) - C o s z. a/ 

( 2 . 3 . 8 ) 

To calculate the energy-momentum tensor we first find the 

Einstein tensor G ^ . We do this via 

leading to 

o - _L C C o s 7./V ' _ Ci I - C O J 

6r\ - I - C C o 5 1_ a/oEa' - ft C.1 - C o r i v ^ 

r r^-

G-\_ - _ft_ C o s -2-A^oZ A " 4- C C o s T V o O ' 

2 - C C o s O - A ^ 3 " 4- ft C C o s X A / ^ Q 

( 2 . 3 . 9 ) 

We now introduce the function ^Jc. r ) r J"( rY* A/ cc • 

At this stage of the discussion this will be for purely 

notational convenience * However, as we proceed it will become 

clear that it plays a much more important role. In terms of 
sr r ** the function pJ C r ) we rewrite O- v in the following 

way: 
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O I 
Cr D •=. Cr , - __ x cK r'* cX 

r ckr"1 

and R - C r ^ " ^ (2.3.10) 

/n/ 
K -nowing G v the energy-momentum tensor follows from 

Einstein's equation G-R = - T ^ giving 

T°a T v © x cK a , 
r 

t A - r \ j_ 
r 

and also 

T ~ = "X. T-l - R ^ C ( 2 . 3 . 1 1 ) 
L r1- ^ ^ 

The energy-momentum tensor describes the non-propagation 

part of the curvature tensor. To investigate the part of 

the tensor which propagates, we would need to construct the 

Weyl tensor. This is done via 

c , , ^ x - r ^ b c a •+• 4 c 9 o - r u 4-

9 b JL R c c - 3 ON R. R b c . - 3 b e RON cK — 

- 3 c ̂  3 b e ) 
(© (2.3.12) 

For the special family of kink metrics we are working with, 

we find that the components of the Weyl tensor are 
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C o i o i " — /Â  

C o a. o i. - /\ 

C o 3 o S __ / \ 

. ̂  - - A 

Ci-i 13 - - A 

X A 

(2.3.13) 

where A = i . C C o j k M a l " . J- C C o s a a/ o O ' ix r 

- J c. / - Cos These components, with those 

that are derived from the symmetry of the Weyl tensor, are the 

only non-zero components. As we pointed out earlier, these 

calculations were carried out in the tetrad notation. We 

now return to the spherical-polar coordinate system to study 

the energy-momentum tensor. The formula that relates these 

two notations is the following: "J* - J ^ ^ 'h lJ ̂  \ j t T T ' 

where the Greek indices refer to the spherical-polars and the 

Latin indices to the tetrad basis . is defined by 

^ VJ ̂  ckx " 

With this result the components of 

the energy-momentum tensor in a spherical polar coordinate 

system are 
T " - r : , j i j S 

"X -t-3 , , 1- r~> 
\ -k 1 3 - -L_ cL r (2.3.14) 

There is one very striking consequence of these results, as 

^/^CrO _ is invariant under the trans-
y 

formation N —s? -N, it follows that T v is also invariant. 
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Hence both the kink and anti-kink are solutions to the same 

Einstein's equation. Here we have an example where an 

Einstein equation has two solutions that cannot be deformed 

into each other. 

A less immediate but equally important consequence of 
fj 

the above results is that T v cannot vanish. The proof is 

as follows. If it did vanish, then T 9 h- ^ p ~ o 

implying that V 0 , which, on integration, gives 

X ^ c r ^ - c. Hence we obtain the result s \ ^ - JS— 

The right hand side of this equation tends to infinity as 

r 0, while the conditions on ot lead to the left hand 

side being equal to zero at r = 0. So the two sides cannot 

be matched; the implication of this is that there are no 

kink solutions that satisfy T ^ < o . The only exception 

is when N = 0, and here the metric reduces to the Minkowski 

metric, which has an energy-momentum tensor that is zero 

everywhere. 

The proof of the stronger result that R cannot vanish is 

basically the same. If R = 0, then it follows that 
p. •= A X C r A/~ cr^ 0 - O 

r ^ ac^ ' 
which would imply = leading to - C t 

where c and d are constants, v.sing A * ~ rJir\vA/ok We 

obtain the result that S",^ ̂  ck ~ \f~© S ' We again 
r r"1-

have the right hand side tending to infinity as r 0, 

while the conditions on dk lead to the left hand side 

becoming zero when r = 0. So the two sides cannot be matched 

(except when N = 0). This means that there are no kink 

solutions, which satisfies R = 0. The consequence of this 

result can be obtained by using Einstein's equation, 

V 
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6-C , fiSl - .L. S k K ' R 

Taking the trace gives - T ^ - - ^ r k r - i k - - R 

So R = T ̂  , hence the fact that R cannot equal zero every-

where implies the same is true for the trace of the energy-

momentum tensor. This leads us to the conclusion that the 

energy-momentum tensor for kink metrics cannot be generated 

by conformal fields, because if it was its trace would 

vanish. 

The function - TSir^ ok has so far played 

an important notational role. We shall now show it plays an 

important physical role as well. From T% - cK 
Zir 

it follows that ju^ J ^ ^ T t ^ The right 

hand-side is proportional to the mass inside a radius R," 

the constant of proportionality we shall set to be one. 

So /^'cAO - I'kii Ac.fk^ will be the mass of the 

N-kink inside the radius R. This gives us a useful relation-

ship between the mass inside a given radius and the angle of 

rotation of the light-cone at this radius. For N - 1 we 

have i 1̂ c M - iZjm1" A c ^ and it is possible to 

choose ^(r) such that ps (R) is monotonically increasing. 

This means that the mass of the kink will always increase 

with increasing radius. It also would imply that > 0 

everywhere. Examples of this point will be given in the next 

chapter. This situation cannot be maintained for n > 1 where 

pj ̂  c. s Y A c ^ H e r e i t i s impossible to 
f j 

choose oMr) so that p/ (R) is monotonically increasing. 

This leaves us with the curious phenomenon that as the radius 

of the kink increases, the mass of the kink inside the radius 

at first increases, then decreases. The implication of this 

is that T° < 0 for some region of the manifold. 



46-

We will now use the above to derive a relationship 

between the mass of an N-kink and the mass of a one-kink. 

We define the mass of the kink to be ft " c. ** 3 - L /̂ "'c R) 
' o oa 

We also assume that the mass of the one-kink is non-zero 

and finite (J1 c ocO -- LX1 c nO> - L\«\ jXSirJ1-̂  -=• c. 4 o 
CO A J <*» 

The claim is that the mass of the N-kink will be N2c.. f.he 

proof is by induction. Firstly, 
J^ C ^ - L) C z Li an dk. Cos oc. 

a oo A-—J 

- ft L v an, iVi-) Y ck Cok"" oE = ft 
oO 

(2.3.15) 

The next step is to showAif the mass of an M-kink is m2c, 

then the mass of an (M + 1) kink is (M + 1) 2C. This is done 

as follows: 

ft***' C cac S - Li /y\ 0 IX S)*- c /y.41 ) ^ 

L. i rp, C R c 5 1 r Y ^ 4 - 1 J i r \ / Y \ c i . H a ol. t J ft < 0 ^ 1 

c ft m c ̂  ^ 4- ft^cooi ftftTftT 4 ft 1 C -o ) 

— y v f t c . 4 - X 4 - C - C ^ ^ ft c . 

(2.3.16) 
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CHAPTER 3 

EXAMPLES OF KINK METRICS ON R4 

3.1 The Energy Conditions 

Reviewing the structure of the last chapter, we find 

that we started with a study of the general kink metric on 
4 

R (with the appropriate boundary conditions), this was 

followed by a more detailed investigation of the restricted 

class of stationary spherically-symmetric kinks. These take 

the form J^ C o s i a / « C cA fc*" - ck ^ -

- r"*" C A e 1 J"» a1- o ck. The corresponding energy-

momentum tensor is 

-r-6 -t- 1 

oGr-

r x -- , J_ c ^ 
r ckr 

pj" C r ) — -5"i rs~ /V ck 

where 

We shall now continue this process of increasing specialization 

by going on to explore certain examples where a definite form 

for fJ is chosen. After we have formulated the example 

our main concern will be the structure of its energy-momentum 

tensor. 

To carry out the above program we first have to study 

certain conditions that T £ has to satisfy to be considered 

physical. The minimal requirement is that T ^ satisfies the 

weak-energy condition that is T v D where is 

either time like or null. The indices refer to a spherical 

polar coordinate system. We shall choose ^ to be a time-
p 



48 

like or null linear combination of the ^ where as before 

Vj ° - ( o J /V c*. ©(.Ac - ckr~ 

Vj v - J"/n At oC ĉ. -h Cos f/ ^ ck r-

r 4 e 

U)" 3- r / n (s> cL <p 
(3.1.1) 

From the W we can find the ^ by using 

z VJ^, dlx7 We obtain 

(Vo z Cos N < Ul° = - J m /v/ot U l ^ o - o 

» . » 
W ' o r Tin N/ok Uf \ r Co /V d W - O U 3 - 0 

a t . i . 

Vj1" — O o Vj r W a to 
& 

Vj\ to' 0 Vo 3 , o -- o U3-. rJ 

(3.1 .2) 

It can be observed that the following conditions h<>Lc\_ 

-- I w ; u 1 " u > U / ^ to = o 

(3.1 .3) 

and VJ y Vj = o for a / b. So taking 

^ - C ca. W ^ t- k U/'p, +. c U/p, t o l v j ^ ^ 

we find that the constraint that ^ ^ is time-like or null 

reduces to ^ r CX^ - - c"1* - ol^ v 0 With these 

choices the weak energy condition takes the form 
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TZ Co. VI ̂ + c + Va?,) (<X b L/^ c_ bj1"^ 
^ o (3.1.4) 

_ <1 <j o 

which, upon using T q = T^ and T 2 = T^ can be rewritten 

as 
C T^ , C c V c ^ T\. z ° 

(3.1.1) 

There are two possibilities which we shall study in turn. The 

first is, a / 0 b = c = d = 0. This gives ^ ° 

Hence ^ ^ is time-like, in this case the weak energy 

condition will be a 2T° >/ 0, which implies that ^ 0. The 

second case is the general one, where a ^ 0 , b ^ 0 , c / 0 

and d / 0. Here (3.1.1) can be written as 

CoA- T o - T^i ? o (3.1.5) 
C 

2 2 2 2 If "Jf, is null, then a -b = c + d , and thus from (3.1.2) 

we obtain the result T° - T 2 > 0. If ^ f is time-like we 
a2 - b2 

have > 1. With this, (3.1.5) can be rewritten as c2 + d2 

S To 4- C To - T \ } o with S > 0. If the 
condition T° - T? > 0 is satisfied, then so will be the above o 2 ' 
condition. These results lead to the conclusion that for the 

energy-momentum tensors we are considering the weak-energy 

condition takes the form 

T° > 0 and T° - T? > 0 (3.1.6) 
O O 2 

There is a stronger energy condition which is sometimes 

required for a space-time to be considered as physical. The 

strong energy-condition can be written as follows 
fit . v/-

- / X v J ^ / J o using the same approach as in the case 

of the weak-energy condition. We obtain the following 
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constraints on R^/ , - R°o ? ° and - 3 ° 

These can be rewritten using the results R° = T^ and R^ = T°, 
tj a 

which follow from the calculations of R v and T v . The 

strong-energy condition then takes the form: 
-T? > 0 and T° - T? > 0 (3.1.7) 2 o 2 

3.2 Examples of one-kink Metrics 

We shall now investigate the kink metrics associated 

with specific choices for ^ (r) . The first example of a yv/ (r) 

will lead to a one kink metric. We will take as our choice 

- rsin2 = •• ^ r — . From this we obtain that SM 

and Cd>5oL- Cr- qn̂  . We notice how natural this choice 
J 

for py (r) is. With the half line 0 < r < being 

projected onto a circle of radius a, the kink metric 

associated with p/ (r) is 

^ ^ = C I - f c r 9 £ ckt*" -
r e O -

Jxc r̂ c V~- ON7 cA <A -t - c cA © ± -T) A1" 6 cX (p2- 3 

with the corresponding anti-

kink metric 

CAJR - C 1 - 4 cxr- } ^ CAA3- - A r ^ -
r \ a l 

4 V/.-X. QN.tr c.r. M clr A t 1 - r"1" C cA -+- 4 n" 0 CK ) 
r̂ -v O- 1 

We have before us what looks like a problem. We ask the 

rhetorical question, "Why not send a to zero?", as, when a = 0 

both the kink and anti-kink metrics reduce to 

— V (<A S 1-S\r\~Q <A <p jwhich. is the Minkowski 

metric in a spherical-polar coordinate system. So it seems we 
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have constructed a continuous deformation between different 

kink sectors. We can consider this more carefully by looking 

at the function cos <>l - c r " . If a is strictly zero 

everywhere, then cos ot = 1. However, if a is arbitrarily 

small but non-zero, then as r 0 cos a. tends to -1 , which 

leads to a contradiction. The process of going from an arbi-

trarily small a to a = 0 is not in fact a continuous 

deformation. This is an example of a case which is studied 

in considerable detail in ref. (6), that for a parametrised 

family of kink metrics g( X ), the process of going from an 

arbitrarily small X to X = 0 is not continuous. 

For this parametrised family of kink metrics it is 

possible to find the zeroes of g Q Q in terms of the radial 

coordinate instead of oL. We do this by solving the equation 

3oo -i ) - h c o . There are two solutions at 

r-t = a (2 ± 73) . It has already been noted that all kinks 

have one or more regions of anomalous behaviour. For the 

above family there is one region bounded by the larger zero 

of 9QQr i.e. by r- = a (2 + /3). It can be seen that this 

region becomes more and more localized as a gets smaller. To 

take this result further we look again at the explicit form 

of y ( r ) which is ^ c = 1 - X ^ ^ — The "mass" 
1 > r^ + a"1-

of the kink will be equal to c e^Y Lt^ / ^ u ) ' oo 
This gives us a direct relationship between the mass of the 

kink and the extent of the anomalous region. A very massive 

kink would contain a large region of space-time in which there 

could occur phenomena that would be considered unphysical. 

We shall now investigate the properties of the energy-

momentum tensor. From a/(r) : it follows 
' r^-raX 

immediately that ^ ij tx3 ̂  and 
cKr " c r k y - R 
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cftft = ft ft C ft - 3 ft ̂  

which gives 

T : T; = X ^ . y c j _ ! _ 
<Ar r cr^+O-V 

X ^ s W ? C. - 3 ^ r- c r*- + 

(3.2.1) 

and 

From the above we find that the condition T° >, 0 is satisfied 
o ' 

everywhere, so we are furnished with an example where an X. (r) 

can be chosen for a one-kink metric, so that /J (r) is a mono-

tonically increasing function. Looking at the second condition 

on T ^ which is that T° - T 2 > 0, we find, on substituting 

in the explicit forms for T° and T?, this condition will read 
o 2 T - - _J C C r f t c O - ) - C f t - 3ft) ) 

f— C r f- cv J 

^ which is greater than 

zero everywhere t aence the weak energy condition is satisfied. 

However, if we turn to the strong energy condition, we find 

that, while the constraint T° - T? >. 0 is satisfied, the 
O 2 

2 

second constraint, that T 2 ^ 0 everywhere, is not, as 

T\_ - ft o? C ft - 3r vi is positive for r < 
r C r"*~+- oAf 1 J 3 

It would be of interest now to study a more complicated 
one-kink metric, which can be done by choosing /v/c«0 r f \3> 

ft 4-1= ) 
\ "x / 

This choice gives us, J"» n ok = J _ £ \ *x-
l— ' 

and Co5 r - J ) - JL. Lt^Ti V > where we take the 

positive branch of this function for r > r , r Q being defined 

by 9 0 0 ( r
0 ) = with the negative branch being used for r < r Q 
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The kink-metric corresponding to this choice of f (r) is 

cks- - L i - c - c U -
f~ r-

- f1- c cA©v 9 cA I 
r . (3.2.2) 

With these results we find that T° > 0 and that also T° - T 2 = 
o o 2 

C m / — — , \ ? -p o everywhere, so again the weak 
r-— k J 

energy condition is satisfied. If we look at the strong energy 
2 

condition we have T2 > 0 for r < i, so the condition that 
2 

T2 ^ 0 is not satisfied everywhere. 

At the present time the question of the existence of a 

one-kink metric which satisfies the strong-energy condition is 

open. 

3.3 A one-parameter family of 2-kinks 

We now turn our attention to examples of two-kink metrics 

For one of our examples of a 1-kink metric we chose ^/(r) = 

r sin2 = "X ov r"^ # There is a natural choice of a 2-kink 

metric associated with this, which is where : r Ji/\ . 

By using certain trigonometrical relationships, we obtain 

js/"*~ trO - V ex. r*"1* C r - oci1" , This leads to the following 
C r^ * (O-

2-kink metric 

cKs'3- - C I - ) C + 3X ^ ^ C ck-k^- cUM 

Y s JIl cm- Lr- o q ) - ifr qv r 1 k r- cl-k 
t CA 
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— r ^ c ck ©"^ t o cA. 
( 3 . 3 . 1 ) 

F o r t h i s m e t r i c w e w o u l d e x p e c t f o u r z e r o e s o f g w h i c h w e oo 
f i n d a t 

r - . i - ± / > - - 1 
L C t L l J c i + fet 

a n d 

- L c - k 3 A -
- \ 

J-Y 
J"v 

( 3 . 3 . 2 ) 

T h e n e x t s t e p i s t o c a l c u l a t e t h e e n e r g y - m o m e v b u m t e n s o r 
•z. 

U s i n g t h e a b o v e f o r m f o r y (r) w e f i n d t h a t 

cA A 
«Ar 

a n d 

A- C r J 

w h i c h l e a d s t o 

jb , p.r- C r~ - c O JT "X cv5 r 4- C v r " - 3 
C r x f cj- ) ̂  

r ^c^ 

- T ; r 3 ° C ^ c v 
r- c 

I i- — 
-+• <\r ~ ex. 

•—x . — 3 
a n d 1 -2- - ' i 

U> - i r s - +- | ck r 3 - X o J r r - & c A v + } 
C 

( 3 . 3 . 3 ) 
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The weak energy condition fails as T° < 0 in the region 

(_1 a < r < a. This agrees with the general statement 

made in the last chapter, that for N-kinks with N > 1, the 

energy-momentum tensor is such that T° cannot be greater than 

zero everywhere. 

We will now check the mass formula of the last chapter. 

The mass of the one-kink metric is 

ft ' C r _ L I m [l^-l -

and the mass of the 2-kink metric is 

J/wv pr^ s - L, ̂  C & ^ r-7- Cr - cO^ 1 - -
t 3 P r— i -e» Q V o > 

Hence the mass formula - /v/' c ^ ^ is verified. 

3.4 A two parameter family of 2-kinks 

The two kinks we have so far studied form a one parameter 

family of metrics. We shall now investigate a two parameter 

family which generalizes the above. 

Given 2 one-kink families generated by 

V S~) R\~ CK. - -X_CXR> AND 

r 

there is a natural family of 2-kink metrics associated with 

these generated by jv/1"" c z r i C ) 

The explicit form for the 2-kink metric is 
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cks1- ,: T / I - i+or 5 / J - ^ r ^ g r yT^- Cr-.O b)\l 
L r ^ - t - ^ ^ r x + C r M a h C r H ^ j / J 

4- A \ C \ - 4 V : ^ a xlTTr Cr.o,\ + C I " ^ X v/TT^ Cr> U 

~ r^ C A o'*- + S.K*- O <k f^) (3.4.2) 

The energy-momentum tensor has a very complicated form 

which we will not commit to print. However, we can show quite 

easily that the weak-energy condition is not satisfied. 

Consider ^ <.r)this function is zero at r = 0 and r = Jab, 

hence is not a monotonically increasing function. This 
l -v. ___ CJ implies that ? changes sign somewhere, hence I 0 
Ar 

~ <X fA cannot be positive everywhere 
r"1- cA. r~ 

and the weak energy condition fails. 



CHAPTER 4 

KINKS ON R x S' x S* x 5* 

4.1 The classification of kinks on M = R x S' x l' x^' 

In the previous chapters we have investigated kink 
4 

metrics on R . In this, the final chapter, we take as our 

underlying manifold the torus R x ^ x 4 x . This will 

lead to some interesting new results as well as showing that 
4 some of the results already derived for R carry over to 

c» c1 M = R x 3 x-5 x  J . 

From the general classification scheme set up in the 

5' c' cl 
r _ x j x j are 

classified by 

[ n v ^ ' x y ' x S 1 , C R y s ' x s 1 x J 1 ] -

L R x 3"* X s ' X 5* . 5*v., ,yl " L X J1 X s-> x s l , 

- Z & © Z l © Xtl. (4.1.1) 

where we remember that the homotopy classes we use are pointed, 

in this case an arbitrary base point is mapped into 

\\ ' V ^ V G 5" v ^ 

The step of going from the homotopy classes of cross-

sections of the bundle 5c,.5 27 C ^ k ^ rS 1 ) 

I 
R X 5l Xj1 

(4.1.2) 

to homotopy classes of maps of R x i*' x i1 x *' into S^ ^ is 

meaningful as the above manifold is parallelizable, hence 
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there exists a global frame Uft , with this ft t (M) 

can be written in the form 9 cp) - X Cp) LJ^Eft 

where II ft, 3 This holds at every point r 
of the manifold. 

The frame we will use is ^ x " which gives us 

5 =. X d x ^ c k x ^ This needs to be justified 

as ft is not strictly a globally defined frame. To show 

such a step is permissible^ k/e proceed in the following way: 

choosing dx° = dt, dx' = d © , , dx2 = = ^ © 3 (noting 

that we have chosen all the radii of the torus to be unity), 
then we have a well defined global frame in the regions 

O ^ ©, < I T o <. © ^ < "h-Tf O S Gi, < 2_1\ 
M 

_ ̂  k ^ oo This means dx is well defined on a dense 

subset of R x 5"' x S 1 x S' , hence the map // /)A —3 

is defined on this subset. If we also use the fact that 

ft 9pj II is a continuous function on this dense subset, 

then when we continue to the whole manifold, the continuation 

of fftx/U i.e. Jl V f t : i - ' x <r' ft, 3 

will also be well defined and continuous. 
4 

For the metrics on R (with asymptotic boundary 

conditions) we devised a program by which we could work out 

to which kink sector any given metric belongs. For the case 

where M = R x -S" x 5' x 5 l , any attempt to develop a similar 

program would be very difficult, the problems lying mainly in 

the Z 2 part of the classification. 

The precise step at which the argument used for M = R x S 3 

would break down for M = R x X ' x 5 ' x f is where we equated 

SO ftwith SU(2) x SU(2). Strictly, it should have been 

So h -X LLK c tu 3 x a c-U / F o r M = R x-5"3 this was 

permissible as the classification depended on the third 

homotopy group of S04, and it is true that 
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"n3(S*QLf) C "tf-3 C 5 uc-m y J u C x ^ However, for 
M = R x J x S l x S' the classification also depends upon 

7f, C J014.) which is not the same as "711 C x»Jia C2.J ) 

and hence our approach to the analysis of the maps into SO Ij. 

does not hold in this case. 

Due to this and that, for M = R x S' x Sl x S[ we 

are interested in the Z2 component of the classification^ 

We follow a different line of logic. Consider the family 

of metrics 0C5-1- = CoSZvcA. CcA^1"- d ©^ ^ 4-

"2-5/ r\ a. A/X A®, c/t. - R^cke^ where ©k is a function of ©, 

only with «>C(0) = 0 and ©k g -x. tt^ IT We make the claim 

that for even a/ these metrics are deformable into 

cks*- - C ft" ci&R- I - c l e ^ - <J a ^ 

which is the flat metric on R x x J"* x , while, for odd 

no such continuous deformation exists. 

The proof of this statement is as follows. Writing the 

metrics in tetrad notation gives us 

^U1--- C U / ' ^ - C W - p - -

where 

IaJ° - C-C7-S a/ ok <X t + Xin A/ok ft, <=A 

l/j - Cdlt a/ok ft, cA-6, - jin a/ ok j t 

U1" x R-*- cJ © u 

W ^ x ft-3 cl © 3 

(4.1.4) 

We then consider maps of J into the space of tetrads, 

7 he explicit circle we choose is obtained from R x S' x 5"' x 

by fixing t, 0 2 ® 3 anc^ letting ©, vary between o and ZTj" 

At ©( = 0 we have W ° t ©L-fc U ^ f t ^ c L © ^ 

and W 3 s R 3 J while at ITT we obtain the 

following: W°- C-il'^-L W - R, J 
-a- a, 

W - ftjA and Z ft^ . For even N 
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these two sets of tetrads are the same, while for N odd they 

are different. This implies for N even it is possible to 

contract the circle into a point without breaking the con-

tinuity of the map of S' into the space of tetrads, while 

for odd N this is impossible, so completing the proof. 

4.2 The light-cone structure 

One of the most interesting features of this family of 

metrics is its light-cone structure. Restricting ourselves 

to the ©, - -b. plane and also setting R^ = 1 and - <3 

we obtain the light-cone structure equation <Ay~ -

C6 S C ©A- ek © ̂  -f cZ e> cJL-t _ o 
The two solutions give us the branches of the light-cone. We 

find these at the angles Ai r h* <a TT and = A^d - X 

radians to the t-axis. Hence, we have that the branches are 

at an angle of radians to each other and the central time-

like direction rotates the angle of rotation measured from 

© =• 0 is H rads. 

We have already commented on the fact that for this 

family of metrics, if N is even, then the metrics are 

deformable into the flat metric on the turns, while for N-odd 

the resulting metrics are not. We shall now see how this is 

reflected in the light-cone structure. The angle of 

rotation is ok , as © varies from 0 = 0 to 

which means that the range of Nok is o ^ / v ^ ^ ^ T T 

For N even the central time-like direction would have rotated 

from the positive t-axis back to the positive t-axis. Hence 

the space-time is time orientable. However, for N odd it 

rotates from the positive t-axis at 0 to the negative 

t-axis at © = 2 "ft . This means that the kink part of the 

above family of space-times is not time-orientable. This 
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result agrees with a statement of Geroch, that for a given 

manifold a non time orientable space-time cannot be deformed 

continuously into a time-orientable space-time. 

4.3 Geometrical quantities associated with a family of kink 

metrics on M = R x i"' x 5' x 5' 
4 

Following the same pattern as for kinks on R , we now 

calculate certain geometrical quantities related to the Z 2 

kinks on R x s l x x J1 . These are the curvature, energy-

momentum and Weyl tensors. 

We carry out this program using the tetrad formalism. 
I The family of metrics of interest is " 

I - I t 1 Co d t ^ - C I - ^ A/oi ) (L^d 
+- X /X, J i M . y . 1 cA-©, ck 4: - R -L cL © ^ _ d 

In tetrad notation this will read as 
C U T - c v where 

- C o < \ r oc -b .+. / n AJok A.©, 

uil- Co.r vok cA ©, - jin a/ d k 

kl1, Z (P-toL. cA. © ^ 

U ; 3 - I V ( 4 . 2 . 1 ) 

Using Cartan's first structure equation ~ __ L/Jl A L/14 

we obtain the following 

W ! •= - v I/n/Jok UJ° _ AJ ( o s A / A U/* 
/V A , 

U; o -- _ Ji n U/ ° - /V^J A^CA W 1 

Rv 
( 4 . 2 . 2 ) 

with all the other Id I being identically zero. From these 

and the second Cartan structure equation, 
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c 4 - b j ' k U * _ lCr /c. U/ tAW , <-p u - _ • -i-T 

we obtain 

R o t o - ^ l l G - J__ cA^. c C o s Z Y o C 
xRi*- a © , ^ (4.2.3) 

with all the other components of the curvature tensor being 

zero. To obtain the Ricci tensor, we carry out the following 

contraction, « to yield 

(loo - _ J E. C o j l / V A " ) 
3 L T & a 

R i \ - ^ C x (v̂ oc.71 
a © M (4.2.4) 

R22 = R33 = a n d a 1 1 t h e R V with l i J being zero. A 

further contraction R = R^ gives us that 

_ J _ C C o r 

By using G^ = - i S 1 R / the Einstein's tensor is 
u J 2 J obtained: 

Cj- o - o 

Gr^ - I "i- Q Ccls XA^oLT) 
(A©,1 

Cr- 3 - 1 cA^" £ Cos X ctCB 

(4.2.5) 

By using the definition = cos 2N©<, and the Einstein' s 
y) ^ 

equation T ^ = -G v , the energy-momentum tensor follows easily. 
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T° = t] = 0 and T? = T? = 1. J? ^ (4.2.6) 
° 1 2 3 r ^ - 3 V 

with the curvature scalar R being equal to J_ 

The calculation of the Weyl tensor is via 

C c U A = A ^ b c. cA. _L C / ^ M + / A ^ 

- - 3 b e /Ac^ b jf 

(4.2.7) 
giving 

C 3 5 i A — 3 tj. ) 
Co 

CO I O , - /X / 6 

C o "3 o 1 - - fZ* / r -u 
c i i T - n. 1 
C. 3 . 2. - I"*- I 

-- IX/ 6, (4.2.8) 

with all the other components of the 

Weyl tensor being identically zero. 

For the above family of kink metrics on R x iv x vT1 x -S 1 

the proofs that the energy-momentum tensor and its trace 

cannot vanish everywhere both follow from proving that R = 0 . 

This proof is as follows. If R = 0 everywhere, then it would 

follow that cXXji - o giving fc = C <s>, + This implies 
A ©A 

that cos xn -z c © 4 - w h i c h is impossible as C 

is a monotonically increasing or decreasing function in the 

range 0 < < 2 o where cos is not. 

i i ' 
4.4 Examples of kink metrics on M = R x ^ x j X P 

We now investigate certain explicit examples of Z2 
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kink metrics on R x r' x -?1 x ^ . The first is where we 

choose <=>. ) = This gives the family of metrics 
- 2 -

oLft r C <=» s A/ €>, C oE-ft - /ft cE ©ft 4. 

2-ifN/vfi, - fft J. ft - e ^ 
(4.4.1) 

As before, we are interested in the zeroes of g , which are oo 
the solutions to the equation cos bJ <& , ~ o These occur at 

<=>, s 7T . . . . -C b'f-A t\ . Each pair of zeroes of g 

separate regions where g Q Q > 0 and g Q Q < 0. Taking the case 

where N = 1, then from above we have two zeroes of g , one 
oo 

at -s JT , the other at ©, - ^JL . In the range 

31L_ •<• Q, < TT g Q O is greater than zero, otherwise 

it is less than zero. 

For the general case we find that there are 2N zeroes 

of g Q O separating 2N regions of alternating sign for U 0 0-

There are two main differences between the above A. the similar 
4 4 example for M = R . The first is for the N-kink on R . There 

were only 2N-1 regions of alternating sign for 9 Q O- The 
4 second difference is that for the case of R the number of 

zeroes of g was twice the kink number, while for ^oo ' 
M = R x 5% x x sx we take the number of zeroes of g , ^oo 

divide it by 2, and if the number is odd we have a metric 

which is not deformable into the flat metric on R x T x s' x s' 

and if it is even, then it is continuously deformable into the 

flat metric. 

Following the general procedure for studying examples 

of kink metrics, we now check if the weak energy condition is 

satisfied. As before, this condition takes the form, T° > 0 
o and T° - T 2 > 0. As T° = 0 the first part of the condition o 2 o c 

is automatically satisfied. However, 
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t* - T 1 ^ r - c C o s = C OS- / V & 

which is clearly not greater or equal to zero everywhere, 

so the weak energy condition fails. We note that this is 

true for the above metrics, whether or not they are deformable 

into the flat metric on R x S* x x ** . 

The energy-momentum tensor for these metrics has some 
2 other interesting features; the first is that T2 has its own 

zeroes and these occur for the same values of as the zeroes 
2 3 

of g Q Q . Secondly, T2 and T^ are strictly bounded, the value 

of this bound increasing with increasing N. 

For our second example, we investigate a family of 

metrics, which are labelled by two integers ( /V, /n ) . To do 

this we choose ok-- — We note that <(0) = 0 

and okc-2-tr̂  t. T • This gives us the following metrics: 

c K ^ -z ( O J fj ^ © L ^ ^ j C d ^ - A,"4 «A © R 9 

- y. n A/ Ov_ ^ ^ k clo, 

cA - © 5 

(4.4.2) 

We will only study the case where N = 1. Then 

5 o o -- C 

_ ^ _ m -1 \ Zn m 

has two zeroes/ the first at 0, - C Z J l> , the 

second is at Ci)'^*1 It . For M = 1 these 

will become G>. U and 0, r v/T TT For the region 
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Ti ©. <- J3 TT we find that g < 0. So in 00 
this example the anomalous region with g Q Q < 0 occupies less 

of the circle 0 < < 2 Tf . H.ence if we consider the 

extent of the kink to be this region, the kink is more 

localized in this example than for v^ix**- , 

For the case where - we found that the weak-energy 
•i. 

condition failed. Will this change if - (^Si ^ 

Checking.the two constraints, we find that = 0, so > 0 

is satisfied, the other condition is T° - T? > 0, this fails 
o 2 as T° - T? = _L JL- E Sin ^L t © ^ Cor 1 

° 1 "2— IT k P X.T! — i.71 

which is less than zero for some regions of ^ . We will not 

carry out an analysis of cases where M > 1, but if we did we 

would find, firstly, that the region with g Q Q < 0 would occupy 

a decreasing part of the circle 0 < ^ < 27 with increasing 

M, and secondly, the weak energy condition fails for all 

M > 0. 
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Appendix 

Mathematical Definitions 

We present here a collection of mathematical references 

which will be useful in studying this thesis. For the most 

part it is based upon references (12,13,14,15). 

1) A map f of an open set o C. K to an open set 0 is 
T" / I A \ 

is said to be of class c if the coordinates ( x' - V > .. . X J 
of the image point ¥(p) in are r-times continuously 

i t. 

differentiable functions of the coordinates C x , x . .. ^ ) 

of p in 0. If a map is c r for all r > 0, then it is said to 

be c ** . By a c° map we mean a continuous map. 

2) A c r n-dimensional manifold A\ 7is a set M together with a c r 

atlas 
that is .to say, a collection of charts 

( U-ok , cf ̂  ) , where ^ ^ are subsets of M and ^ ^ are one-
N 

one maps of the corresponding to open sets in R , such 

that 

1) The VA^cover M, i.e. /f\ - ^ ^ ^ 

2) If la. a A II ̂  i s non-empty, then the map 
<P+ o ; C a /Uxft -:> <p < CI/, A f t ) 

is a c r map of an open subset of R n to an open subset of R n. 

3) In the thesis there occur many examples of lie groups, for 

instance G-L C h , fO , S o 4- . S a. etc. 

Let G be a set endowed with a group structure and a 

structure of a differential manifold. These two structures are 

said to be compatible if the mappings (x,y) xy of G x G 

into G and x x of G into G are of class c . A group 

endowed with a structure of a differential manifold which is 

compatible with the group structure is called a lie group. 

4) The real projective space Rp3 is defined to be 
C - o ) / s 
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where s is the equivalence relation defined by "V V r cy 

for some real number r. It is homeomorphic to S 3 / t where 

X T y <-? x -t y i.e. Rp3 can be obtained from s z  

by identifying antipodal points. 

We also note the Rp3 can be viewed as a quotient space 

in the following way. A p 3 = / 0 3 

5) A differential fibration (or simply a fibration) is by 

definition a triple ^ = C v , fij ti) in which x and B are 

differential manifolds and T is a c mapping of x into 

B which is surjective and satisfies the following condition 

of local triviality, that is, for each b«B there exists an 

open neighbourhood u of b in B, with a differential manifold 

•Rand a dif f eomorphism \ k y f such 

that Tie ^ <= ^ for all ^ «= ea. and k <t A 

The manifold x is called"total space of the fibration 

the manifold B its base space, and the mapping TT its pro-

jection. For each b t B the inverse image Xb Ti'* c E ) 

is a closed submanifold of x called the fibre of X over b. 

If all the fibres are diffeomorphic to the same manifold F, 

then x is said to be a fibre bundle of fibre type F. We often 

use the notation R . y. 

B 
for a fibre bundle. 

6) Let C E e> } be a differential fibration, such that 

for each beB the fibre Rb - "TP* e k) j_s endowed with a 

structure of a finite dimensional vector space. Then E' endowed 

with the structure defined by the fibration £ £' g, tt) and the 

vector space structure on the fibres is said to be a real 
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vector bundle if the following condition is satisfied. For each 

b ^B there exists an open neighbourhood u of b in B, a finite-

dimension real vector space F, and a diffeomorphism 

cp : ik-x-p TT" 1 such that T T C ^ c ^ , V 

for ^ e Va. and ^ t -p , and such that for each point ^ fe la. 

the partial mapping cpc v,. 3 is an R-linear bijection of the 

vector space F onto the vector space E^. 

An important example of a vector bundle is the tangent bundle 

which is defined as follows. Let M be a differential manifold 

and let T(/v\) be the union of tangent spaces T* ( m ^ as x runs 

through/w. Let T^ ^ ^ ~ ~ ^ be the mapping which 

associates with each tangent vector ^ -x. <£: T"* c /*\ ̂  the 

point v c= (the "origin" of . Then there exists a 

unique structure of a differential manifold on T(m) such that 

T = (T(m) , H\, 0 ) is a fibration, the tangent spaces T̂ (/vi) 

being the fibres, with the following condition being satisfied. 

For each chart = C k*., cp} o n t h e m appi ng ^ c : C x . M 

C c^x Cf )"1 . Gk of U x. R n onto Om' 1 C w ) is a 

dif feomorphism. The tangent spaces are vector spaces 

and the fibration T defines on T(aO a structure of a real vector 

bundle, this vector bundle is called the tangent vector bundle 

or more briefly, the tangent bundle. 

The cotangent bundle T* f/vO can be defined in a similar 

manner, where the fibres are the cotangent spaces T*(M)/ this 

being also a real vector bundle. 

7) We now define what is meant by two maps being homotopic or 

continuously deformable into each other. 

Given two maps j:, 3 ; 7 x such that f/A = g/A 

where J\ y we say f — g rel A if there is a map 

F: y x I —7 v satisfying 

1) F(y,0) = f(y) all y ^ Y 
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2) F(y, 1) = g(y) all y c- Y 

3) F(y,t) = f (y) = g(y) all y * A 

F is called a homotopy from f to g, and if such a map exists 

the f is homotopic to g. 

8) The relation f-̂ g rel A of the last section is an equivalence 

on the space of maps of y such that the image of A under any 

of these maps is the same. We shall call this subset of y, A 1. 

Any equivalence relation on a space defines a set of equi-

valence classes, -for the space of maps we are considering we 

shall denote the equivalence classes by [Y,A, X,A']. We will 

only be interested in the case where A is a single point in y, 

known as the base point and denoted by y . The image of this 

point in X shall be . 

Of particular interest is the case where y = S n. Here we 

have the equivalence classes C. I To , M. 

where m is the manifold into which s^ is mapped. A special 

notation is used for the above which is TTa C RN 

These are known as the pointed homotopy groups of M . 

We state without proof that the "IT a A\, i>\o) are 

indeed groups, but note in general that the classes [y,A,x,A'] 

are not groups. 

9) A subspace A of a topological space X is a retract of x if 

there exists a map «x A (called a retraction) , such 

that r(a) = a for all cxtA : if i : A X denotes the 

inclusion map, then r is a deformation retraction (and A is 

a deformation retract of x ) if L.r r 1-* if also -

rel A,then r is a strong deformation retraction, and A is a 

strong deformation retract of X. 

10) We now define the long exact homotopy sequence for the 

bundle C £. G, J} with fibre F. 

Firstly we define what we mean by an exact sequence, given 
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f g 
any triple (x,y,z) such that x — ^ y —» z, then this sequence 

is exact if ker g = I m -F 

An infinite sequence —^ v., _-5 V-i_ -o - —o is known 

as a long exact sequence if any pair of adjacent maps are 

exact in the sense of the above. 

Now consider the bundle C O, X\\ with fibre F. 

We will assume that F and B have base points e and b 
0 0 

respectively, and that F is identified with Cfc> c. £ 

via a map l •. f * £ giving the diagram 
f £ 

3 

With JTo L « b> o (the constant map which takes every 

element of F into b Q). 

Then we have the long exact homotopy sequence, 

-=5 TTa C - t C fT ) -=> "n^-i C<=3 -9 Tf n ,, C G) 

This sequence is of particular use when the homotopy groups of 

one of the spaces vanish, for instance in the case where the 

bundle is 
c =5 3 

1 
which was considered in the thesis , ITn c cP ) •= o for 

all n. Then the above sequence splits up into a number of short 

exact sequences o —•2 ^ c i^.j) ir^ ( R p J ) ^ , o 

This implies that IT ̂  c tt^ c ^ f tor all n # l^hen 

such a condition holds the spaces are called weakly homotopically 

equivalent. 

11) We now define singular homology modules. This is done in 

a number of steps. 



72-

sO 
Firstly we take a countable infinite product R of 

copies of R and consider the vectors. 

E q = (0,0, . . . 0 ) 

E1 = (1,0, 0 ) 

E 2 = (0,1, o,...) ec-t 

We identify R n with the subspace having all components of 

the n-th equal to 0. We let, for any q > 0, A q denote the q 

dimension geometric simplex spanned by E q ... E called the 

standard (geometrical) q simplex. Thus is a point, 

the unit interval, 2 a triangle (including its interior) 

etc. 

If po , . . . ip ̂  are points in some affine space 

( , £<1_) will denote the restriction of the unique 

affine map R^ — t a k i n g into . • - -

into p . Thus ( C ... r ) is the identity map of 
4 Si 

which will be denoted S" x 

Given a space X/ a singular q-simplex in x is a map 

Thus for q = 0 it can be identified with a point in X, for 

q = 1 it is a path in y etc. The affine map (p ... p ) is u 4 
a singular q-simplex in the affine space 

We add and subtract these singular q-simplexes in a purely 

formal manner. We also give ourselves a commutative ring R 

and we will multiply by scalars from R. More precisely define 

S C x U o be the free R-module generated by all the singular 

q simplexes. The elements of i ^ c ^ a r e formal linear combi-

nations ^ 6, <S where 6 runs through singular 

q-simplexes, and the coefficients 6 are from R. These 

sums are called singular q-chains. 

For q > 0 we define f ̂  : A »• -=> ^ for 0 < i < q 
A A 

to be the affine map c , Ei - • £ iX where means "omit 
£ L " . In other words, ^ q g y ̂  f £ j j<( 

^ k'fl j z L 
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For an arbitrary singular q-simplex £ in a space x define 

the i-th face 6 ^ of £ to be the singular (q-1)-simple 6 

o f 1 Thus F^ is the E-th face of % % , and if 

6 , c f o . • • f O , X < ^ ^ ° 

Thus maps homeomorphically and af finely onto 

the set theoretic face of &^opposite to the vertex E^. 

We now define the boundary of a singular q-simplex € to 

be the singular (q-1) chain ^ C c3 
(.•.a 

In the special case £ . J°iJ 

ftp O - • -P O - X b C - O L C /»0 ... .. yO^ 

we extend ^ to a module homomorphism c —3 c. x) 

by linearity, thus c. 6 3 - X. ̂ c. > c ) For 

q = 0 the boundary of a 0-chain is defined to be zero. It 

can be proven that ^ ^ = 0. 

A singular q-chain such that c c i s called a 

cycle; if c •= ^ c. ' ) for some (q+1) chain c ' is 

called a boundary. Two q-chains which differ by a boundary 

are called homologous, written as c^ ^ C2. From ^ = 0 

the boundaries form a submodule of the module of cycles, the 

quotient module Z /B is called the q-th singular homology 

module of v denoted by H^(X,R) or simply H^(x) when the 

reference to R is understood. 

12) We now define singular cohomology modules. 

The module S 1 U ) of all singular cochains on x is 

M o /yy a* £ ' Thus a singular cochain of dimension 

q is a R-linear homomorphism c : S^ Cxj -:> R if w e 

denote the value of this homomorphism on a chain "Zas C ̂  > (-3 

then we have the identities 

c ? , c, + z C a . c,l + E Z . C x l 

£ * ft, O L a, , cl 4 C-^ . <3 
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and -- V C . c "3 c C 2 . v/ O 

so that [ l ] is a bilinear pairing. We note that a q-cochain 

is uniquely determined by its values on the singular q-simplexes, 
l 

and those values can be assigned arbitrarily. Thus S (x) is 

isomorphic to the direct product of as many copies of R as 

there are singular q-simplexes in x. 

Since S^ is a function from topological spaces to R-modules 

and e . i s a contrafunctor on the category 

of R-modules, the composed function S^ is a contrafunctor 

from topological spaces to R-modules. More explicitly, if 

f: x y is any map then f f ) : £ -o s c 

is defined by the formula t .S"̂  c/j c U ^ c. 

for any q-chain z, q-cochain c. In the case where z is a 

singular q-simplex 6 the formula becomes 

C G , J^-cjlDc-T C;fo<i, 

In other words, S^ C i s the transpose S ̂  of 

Sg(f). There is a unique homomorphism 

s c 1 ^ 

satisfying C 3 , - C 52: , for all (q + 1) -

chains z and q-cochains c. If -f : x -=> y is any map, then 

T T ^ P : c/-> G Moreover, 

£ £ = 0. We call S the coboundary operator. 

We define the modules of cocycles and coboundaries by 
2 ^ C x "i ^ Ic-o-f- £ 5 ^ ^ ^ £ c x \ 

G ^ - £ \ S / X.5 S * C Y,-) 

and the cohomology module H * c -x,' jo by 

- " Z ^ c ^ / G ̂  C X.) 

If f : x y is any map then Sg(f) respects cocycles and 

coboundaries, hence it induces by passage to the quotient,a 
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homomorphism c f ) : H 1 c Y^ ^ H c 

This makes H g into a contrafunctor 

so that the cohomology modules are topological invariants. 
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