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The dynamics of neuron populations commonly evolve on low-dimensional
manifolds. Thus, we need methods that learn the dynamical processes

over neural manifolds to infer interpretable and consistent latent
representations. We introduce a representation learning method, MARBLE,
which decomposes on-manifold dynamics into local flow fields and maps
theminto acommon latent space using unsupervised geometric deep
learning. In simulated nonlinear dynamical systems, recurrent neural
networks and experimental single-neuron recordings from primates and
rodents, we discover emergent low-dimensional latent representations that
parametrize high-dimensional neural dynamics during gain modulation,
decision-making and changes in the internal state. These representations
are consistent across neural networks and animals, enabling the robust
comparison of cognitive computations. Extensive benchmarking
demonstrates state-of-the-art within- and across-animal decoding accuracy
of MARBLE compared to current representation learning approaches, with
minimal user input. Our results suggest that a manifold structure provides a
powerful inductive bias to develop decoding algorithms and assimilate data

W Check for updates

across experiments.

Itisincreasingly recognized that the dynamics of neural populations
underpin computations in the brain and in artificial neural networks'~
and that these dynamics often take place on low-dimensional smooth
subspaces, called neural manifolds* ™% From this perspective, sev-
eral works have focused on how the geometry*”">"* or topology®*’
of neural manifolds relates to the underlying task or computation.
By contrast, others have suggested that dynamical flows of neural
population activity play an equally prominent role'*"” and that
the geometry of the manifold is merely the result of embedding of
alatent dynamical activity into neural space that changes over time
or across individuals*'®, Although recent experimental techniques

provide ameans to simultaneously record the activity of large neuron
populations”?, inferring the underpinning latent dynamical processes
from data and interpreting their relevance in computational tasks
remains a fundamental challenge'®.

Overcoming this challenge requires machine-learning frameworks
thatleverage the manifold structure of neural states and represent the
dynamical flows over these manifolds. There is a plethora of meth-
ods for inferring the manifold structure, including linear methods
suchas principal-component analysis (PCA), targeted dimensionality
reduction (TDR)? or nonlinear manifold learning methods such as
t-distributed stochastic neighbor embedding (¢-SNE)* or Uniform
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Manifold Approximationand Projection (UMAP)*. Yet, these methods
do not explicitly represent time information, only implicitly to the
extentdiscerniblein the density variationin the data. While consistent
neural dynamics have been demonstrated using canonical correlation
analysis (CCA), which aligns neural trajectories approximated as lin-
ear subspaces across sessions and animals*'®, this is only meaningful
when the trial-averaged dynamics closely approximate the single-trial
dynamics. Similarly to manifold learning, topological data analysis
infers invariant structures, for example, loops® and tori’, from neural
states without explicitly learning dynamics. Correspondingly, they can
capture qualitative behaviors and changes (for example, bifurcations)
but not quantitative changes in dynamics and geometry that can be
crucial during representational drift* or gain modulation®.

To learn time information explicitly in single trials, dynamical
systems methods have been used®*; however, time information in
neural states depends on the particular embedding in neural state
space (measured neurons), which typically varies across sessions and
animals. The Latent Factor Analysis for Dynamical Systems (LFADS)
framework partially overcomes this by aligning latent dynamical pro-
cesses by linear transformations’’; however, alignment is not mean-
ingful in general as animals can employ distinct neural ‘strategies’
to solve a task®. Recently, representation learning methods such as
PhysicsInformed Variational Auto-Encoder (pi-VAE)* and Consistent
EmBeddings of high-dimensional Recordings using Auxiliary variables
(CEBRA)** have beenintroduced toinfer interpretable latent represen-
tations and accurate decoding of neural activity into behavior. While
CEBRA can be used with time information only, finding consistent
representations across animals requires supervision via behavioral
data, which, like LFADS, aligns latent representations but uses non-
linear transformations. For scientific discovery, it would be desirable
to circumvent using behavioral information, which can introduce
unintended correspondence between experimental conditions, trials
or animals, thus hindering the development of an unbiased distance
metric to compare neural computations.

Here, weintroduce arepresentation learning method called MAR-
BLE (MAnifold Representation Basis LEarning), which obtains inter-
pretable and decodable latent representations from neural dynamics
and provides awell-defined similarity metric between neural popula-
tion dynamics across conditions and even across different systems.
MARBLE takes as input neural firing rates and user-defined labels
of experimental conditions under which trials are dynamically con-
sistent, permitting local feature extraction. Then, combining ideas
from empirical dynamical modeling®, differential geometry and the
statistical theory of collective systems**?, it decomposes the dynam-
ics into local flow fields and maps them into a common latent space
using unsupervised geometric deep learning®®*°. The user-defined
labels are not class assignments, rather MARBLE infers similarities
betweenlocal flow fields across multiple conditions, allowing a global
latent space structure relating conditions to emerge. We show that
MARBLE representations of single-neuron population recordings of
the premotor cortex of macaques during a reaching task and of the
hippocampus of rats during a spatial navigation task are substantially
moreinterpretable and decodable than those obtained using current
representation learning frameworks®®**. Further, MARBLE provides a
robust data-driven similarity metric between dynamical systems from
alimited number of trials, expressive enough to infer subtle changes
inthe high-dimensional dynamical flows of recurrent neural networks
(RNNs) trained on cognitive tasks, which are not detected by linear
subspace alignment*">'®, and to relate these changes to task variables
such as gain modulation and decision thresholds. Finally, we show
that MARBLE can discover consistent latent representations across
networks and animals without auxiliary signals, offering awell-defined
similarity metric.

Ourresults suggest that differential geometric notions canreveal
unaccounted-for nonlinear variations in neural data that can further

our understanding of neural dynamics underpinning neural computa-
tions and behavior.

Unsupervised representation of vector fields

over manifolds

To characterize neural computations during a task, for example,
decision-making or arm-reaching, a typical experiment involves a set
of trials under a stimulus or task condition. These trials produce a set
of d-dimensional time series {x(¢; ¢)}, representing the activity of d
neurons (or dimensionally reduced variables) under condition ¢, which
we consider to be continuous, such as firing rates. Frequently, one
performs recordings under diverse conditions to discover the global
latent structure of neural states or the latent variables parametrizingall
tasks. Forsuchdiscoveries, one requires ametric to compare dynami-
cal flow fields across conditions or animals and reveal alterations in
neural mechanisms. Thisis challenging as neural states often trace out
complex, but sparsely sampled nonlinear flow fields. Further, across
participants and sessions, neural states may be embedded differently
due to different neurons recorded**°.

To address these challenges, MARBLE takes as inputanensemble
of trials {x(¢; ¢)} per condition c and represents the local dynamical
flow fields over the underlying unknown manifolds (Fig. 1a showing
one manifold) in a shared latent space to reveal dynamical relation-
ships across conditions. To exploit the manifold structure, we assume
that {x(¢; c)} for fixed c are dynamically consistent, that is, governed
by the same but possibly time-varying inputs. This allows describing
the dynamics as a vector field F.= (f,(¢), ..., f,(c)) anchored to a point
cloud X, = (x4(c), ..., X,(c)), where n is the number of sampled neural
states (Fig. 1b). We approximate the unknown manifold by a proxim-
ity graph to X, (Fig. 1b) and use it to define a tangent space around
each neural state and a notion of smoothness (parallel transport)
between nearby vectors (Supplementary Fig.1and equation (2)). This
construction allows defining a learnable vector diffusion process
(equation (3)) to denoise the flow field while preservingits fixed point
structure (Fig. 1c). The manifold structure also permits decomposing
thevector field intolocal flow fields (LFFs) defined for each neural state
iasthevector field at most a distance p fromiover the graph (Fig. 1d),
where p canalso be thought of as the order of the function that locally
approximates the vector field. Thislifts d-dimensional neural states to
a O(d"*")-dimensional space to encode the local dynamical context of
the neural state, providing information about the short-term dynami-
cal effect of perturbations. Note that time informationis also encoded
as consecutive neural states are typically adjacent over the manifold.
As we will show, this richer information substantially enhances the
representational capability of our method.

AsLFFsencodelocal dynamical variation, they are typically shared
broadly across dynamical systems. Thus, they do not assign labels to
neural states as in supervised learning. Instead, we use an unsuper-
vised geometric deep-learning architecture to map LFFs individually
to E-dimensional latent vectors (Fig. 1e), which introduces parameter
sharing and permits identifying overlapping LFFs across conditions
and systems. The architecture consists of three components (Fig. 1f,
see Methods for details): (1) p gradient filter layers that give the best
p-thorder approximation of the LFF around i (Supplementary Figs.1-3
and equation (8)); (2) inner product features with learnable linear trans-
formations that make the latent vectors invariant of different embed-
dings of neural states manifesting as local rotations in LFFs (Extended
Data Figs. 1and 2 and equation (10)); and (3) a multilayer perceptron
that outputs the latent vector z; (equation (11)). The architecture has
several hyperparameters relating to training and feature extraction
(Supplementary Tables1and 2). While most were kept at default values
throughoutandled to convergent training, some were varied, as sum-
marized in Supplementary Table 3, to tune the behavior of the model.
Their effect is detailed in the examples below. The network is trained
unsupervised, which is possible because the continuity of LFFs over
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infers dynamical overlaps across datasets based on similar LFFs. f, The model
has three steps: feature extraction from LFFs using p-th order gradient filters;
(optional) transformation into rotation-invariant features for embedding-
agnostic representations (otherwise, representations are embedding-aware);
and mapping features into latent space using a multilayer perceptron. g, Using
the continuity over the manifold, the network is trained using unsupervised
contrastive learning, mapping neighboring LFFs close and non-neighbors
(both within and across manifolds) far in latent space.

the manifold (adjacent LFFs being typically more similar (except at a
fixed point) than nonadjacent ones) provides a contrastive learning
objective (Fig. g and equation (12)).

The set of latent vectors Z. = (z,(c), ..., Z,(c)) represents the flow
field under condition cas an empirical distribution P.. Mapping multi-
ple flow fields c and ¢’ simultaneously, which can represent different
conditions within a system or different systems altogether, allows
defininga distance posthoc d(P., P..) betweentheir latent representa-
tions P., P., reflecting the dynamical overlap between them. We use
the optimal transport distance (equation (13)) because it leverages
information of the metric structure in latent space and generally out-
performsentropic measures (for example, Kullback-Leibler (KL) diver-
gence) when detecting complex interactions based on overlapping
distributions”.

Embedding-aware and embedding-agnostic
representations

The inner product features (Fig. 1f) allow two operation modes.
As an example, consider linear and rotational flow fields over a
two-dimensional (2D) plane (d = 2, trivial manifold) in Fig. 2a. As shown
later, MARBLE can also capture complex nonlinear dynamics and mani-
folds. We have labeled these flow fields as different conditions (treating
them as different manifolds) and used MARBLE to discover a set of
latent vectors that generate them.

In embedding-aware mode, the inner product features are disa-
bled (Fig. 2b, left) to learn the orientation of the LFFs, ensuring maxi-
mal expressivity and interpretability. Consequently, constant fields
are mapped into two distinct clusters, whereas rotational fields are
distributed over a ring manifold based on the angular orientation of
LFFs (Fig. 2b, left, insets and Extended Data Figs. 1 and 2). This mode
is useful when representing dynamics across conditions but within a

given animal or neural network with the same neurons being sampled
(Figs.2c-eand 3a-g) orwhenaglobal geometry spanning all conditions
issought after (Fig. 4e).

Inembedding-agnostic mode, the inner product features are ena-
bled, making the learned features invariant to rotational transforma-
tions of the LFFs. As aresult, the latent representation of the vector field
will be invariant to different embeddings (conformal maps)*, which
introduce local rotations. Thus, this mode is useful when comparing
systems, such as neural networks trained from different initializations
(Fig.3h-j). Our example shows that constant vector fields are no longer
distinguishable based on LFF orientation (Fig. 2d, right, insets and
Extended Data Figs.1and 2); however, we still capture expansion and
contraction in LFFs over a one-dimensional manifold (Extended Data
Fig. 3). In both embedding-aware and -agnostic examples, note that
LFFs fromdifferent manifolds (defined by user labels) are mapped close
or faraway, depending on their dynamical information, corroborating
that labels are used for feature extraction and not for supervision.

To demonstrate embedding-agnostic mode for nonlinear dynam-
icsonanonlinear manifold, consider the Van der Pol oscillator mapped
to a paraboloid while varying the damping parameter ¢z and the mani-
fold curvature (Fig. 2c and Methods). Using short, randomly initialized
simulatedtrajectories for 20 values of 1, labeled as different conditions,
we used embedding-agnostic MARBLE to embed the corresponding
vector fieldsintoasharedlatent space (£ =5). Despite the sparse sam-
pling, we detected robust dynamical variation across conditions as u
was varied. Specifically, the similarity matrix between conditions
D.. = d(P.,P,) displays a two-partition structure, indicating two
dynamical regimes (Fig. 2d). These correspond to the stable and
unstable limit cycles separated by the Hopf bifurcation at i = 0. This
result is observed independently of manifold curvature (Extended
Data Fig. 4). Furthermore, and despite the sparse sampling across
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Fig.2|Illustrative examples of joint MARBLE latent representations of
dynamics across conditions and manifolds. a, Four toy vector fields sampled
uniformly at random over a flat (trivial) manifold approximated by a graph (black
lines). Two constant (top) and two rotational fields (bottom). b, Embedding-
aware representations distinguish rotational information in LFFs (left).

The ring manifold in latent space parametrizes the angular variation (insets).
Embedding-agnostic latent representations learn only vector field expansion
and contraction (right). The one-dimensional (1D) manifold in latent space
parametrizes the radial variation of LFFs (insets). ¢, Vector fields of the Van der
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and stable (i = 0.25) regimes sampled from randomly initialized trajectories.
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distance between respective MARBLE representations. Clustering indicates

an abrupt dynamical change at u = 0. e, 2D MDS embedding of the distribution
distance matrix recovers the ordering of parameter u over two weakly connected
one-dimensional manifolds.

conditions, the two-dimensionalembedding of D, using multidimen-
sional scaling revealed a one-dimensional manifold capturing the
continuous variation of  (Fig. 2e). Notably, manifold variation was not
captured when training an embedding-aware network (Extended Data
Fig.4), confirming thatembedding-agnostic representations are invari-
ant to manifold embedding with only marginal loss of expressivity
compared to the embedding-aware mode.

Comparing dynamics across recurrent neural
networks
There hasbeenasurge of recentinterestin RNNs as surrogate models
for neural computations™***, Previous approaches for comparing
RNN computations for a given task relied on aligning linear subspace
representations of neural states'**>*, which requires a point-by-point
alignment of trials across conditions. While this is valid when the
trial-averaged trajectory well approximates the single-trial dynamics*'®,
itdoes not hold when flow fields are governed by complex fixed point
structures. Thus, systematically comparing computations across RNNs
requires an accurate representation of the nonlinear flow fields.

To showcase MARBLE on a complex nonlinear dynamical system,
we simulated the delayed-match-to-sample task*® using RNNs with a
rank-two connectivity matrix (Fig. 3a and Methods), which were previ-
ously shown to be sufficiently expressive to learn this task*’. This com-
mon contextual decision-making task comprises two distinct stimuli
with variable gain and two stimulus epochs of variable durationinter-
spersed by a delay (Fig. 3b). At unit gain, we trained the RNNs to con-
verge to output 1if a stimulus was present during both epochs and -1
otherwise (Fig. 3b). As expected*®, the neural dynamics of trained
networks evolve on arandomly oriented plane (Fig. 3c). Yet we found
that differently initialized networks produce two classes of solutions:
in solution I the neurons specialize in sensing the two stimuli,

characterized by the clustering of their input weights W}, Wi (Fig. 3d),
whereas in solution Il the neurons generalize across the two stimuli
(Extended DataFig. 5d). These two solutions exhibit qualitatively dif-
ferent fixed pointlandscapes (three fixed points for zero gain and one
limitcycle forlarge enough gain), which cannot be aligned via continu-
ous (linear or nonlinear) transformations (Fig. 3e and Extended Data
Figs.5c,eand 6).

Wefirst asked whether MARBLE could infer dynamical neural cor-
relates of loss of task performance as the stimulus gain is decreased
beyond the decision threshold. For a given gain, we simulated 200
trials of different durations, sampling different portions of the non-
linear flow field due to randomness (Extended Data Fig. 6). We formed
dynamically consistent datasets by subdividing trials at the stimulus
onset and end to obtain four epochs. We then formed two groups,
one from epochs where the stimulus was on and another where the
stimulus was off (Fig. 3b). Repeating for different gains, we obtained
20 groups of stimulated epochs at different gains and 20 additional
groups fromunstimulated (no gain) epochs. We used the latter as nega-
tive controls because the flow fields vary across them due to sampling
variability and not gain modulation. We then trained embedding-aware
MARBLE to map all 40 groups, labeled as distinct conditions, into a
common latent space. Theresulting representational similarity matrix
between conditions exhibits a block-diagonal structure (Fig. 3f). The
top left block denotes distances between unstimulated controls and
contains vanishing entries, demonstrating the robustness of MARBLE
to sampling variability. The two bottom-right sub-blocks identified
by hierarchical clustering indicate a quantitative change in dynam-
ics, which notably corresponds to asudden dropin task performance
(Fig. 2g) from1to 0.5 (random). Thus, MARBLE enables the detec-
tion of dynamical events that are interpretable in terms of global
decision variables.
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controlled by the ‘gain’ during stimulus epochs (red) and is zero otherwise (gray).
¢, Neural dynamics of a trained rank-two RNN evolves on arandomly oriented
plane. Phase portrait of field dynamics superimposed with a trajectory during a
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represent 3 x s.d. of fitted Gaussian distributions. e, Mean-field dynamics for
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two clustersin the nonzero gain sub-block, indicating a qualitative change point
(red dashedline). g, The predicted change point corresponds to the bifurcation,
causing the loss in task performance. h, Networks trained from different
initializations can have different dynamics over differently embedded manifolds
(solution, II). Networks sampled from the same weight distribution produce
the same fixed point structure over differently embedded manifolds (solution
1/1,1/2).1, Similarity across networks and gains (left) or no gain (control, middle)
based on embedding-agnostic representations. We compare this to CCA (right).
Shading represents gains from O to 1. j, MDS embedding of the distance matrices
shows the continuous variation of latent states during gain modulation (left),

no variation across no-gain conditions (middle) and clustering across network
solutions. For CCA the same plot shows clustering across network solutions but
no variation due to gain modulation.

Next, we define a similarity metric between the dynamical flows
across distinct RNNs. Consider network solutions I and II, which have
different flow fields (Fig. 3h) and as a negative control, two new net-
works whose weights are randomly sampled from the Gaussian dis-
tribution of solution I whose flow fields provably preserve the fixed
point structure. Due to the arbitrary embedding of neural states
across networks, we used embedding-agnostic MARBLE to represent
data from these three RNNs at different gains (£ =5). We found that

latent representations were insensitive to manifold orientation, detect-
ing similar flow fields across control networks (solutions I/1 and 1/2)
and different ones across solutions I and Il (Fig. 3i, left). Further, the
multidimensional scaling (MDS) embedding of the similarity matrix
shows one-dimensional line manifolds (Fig. 3j, left) parametrizing
ordered, continuous variation across gain-modulated conditions. As
expected, for unstimulated conditions, we could still discriminate
different network solutions but no longer found coherent dynamical
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reach conditions as labels. The MARBLE representation reveals as an emergent
property the latent global geometric arrangement (circular and temporal
order) spanning all reaches reflecting physical space.f, Linear decoding of hand
trajectories from latent representations. g, Decoding accuracy measured by R?
between ground truth and decoded trajectories across all sessions for the final
position (left) and instantaneous velocity (right). Two-sided Wilcoxon tests
(pairedsamples), *P<1x107%**P<1x107%;***P<1x10™* NS, not significant.
Horizontal and vertical bars show meanand1 x s.d., respectively (n =43).

changes (Fig. 3i,j, middle). For benchmarking, we used CCA, which
quantifies the extent to which the linear subspace representations of
data in different conditions can be linearly aligned. While CCA could
distinguish solutionsland Il having different fixed point structures, it
could not detect dynamical variation due to gain modulation (Fig. 3ij,
right). This suggests that finding coherent latent dynamics across
animals using CCA*' has likely succeeded in instances where linear
subspace alignment is equivalent to dynamical alignment, for exam-
ple, when trial-averaged dynamics well-approximate the single-trial
dynamics. Here we find that MARBLE provides arobust metric between
more general nonlinear flow fields possibly generated by different
systemarchitectures.

Representing and decoding neural dynamics
during arm-reaches

State-of-the-art representation learning of neural dynamics uses a
jointembedding of neural and behavioral signals®*; however, it would
be advantageous to base biological discovery on the post hoc inter-
pretation of neural representations, which do not introduce corre-
lations between neural states and latent representations based on
behavioral signals. To demonstrate this, we reanalyzed electrophysi-
ological recordings of a macaque performing a delayed center-out
hand-reaching task®® (Methods). During the task, a trained monkey
moved a handle toward seven distinct targets at radial locations from
the start position. This dataset comprises simultaneous recordings of

hand kinematics (Fig. 4a) and neural activity via a 24-channel probe
from the premotor cortex over 44 recording sessions (Fig. 4b shows
one session).

Previous supervised approaches revealed a global geometric
structure of latent states spanning different reach conditions**.
We asked whether this structure could emerge from local dynami-
cal features in MARBLE representations. As before, we constructed
dynamically consistent manifolds from the firing rates for each reach
condition (Fig. 4c,d), which allows for extracting LFFs. Yet, the latent
representation across conditions remains emergent because the
LFFs are local and shared across conditions. Using these labels, we
trained an embedding-aware MARBLE network and benchmarked it
against two other prominent approaches: CEBRA**, which we used as
asupervised model using reach condition as labels (CEBRA-behavior)
and LFADS*, an unsupervised method that uses generative recurrent
neural networks.

We found that MARBLE representations (£ = 3) could simultane-
ously discover the latent states parametrizing the temporal sequences
of positions within reaches and the global circular configuration across
reaches (Fig. 4e and Extended Data Fig. 7a). The latter is corroborated
by the diagonal and periodic structure of the condition-averaged
similarity matrix between latent representations across reach condi-
tions (Extended DataFig. 7b) and acircular manifold in the associated
MDS embedding (Extended Data Fig. 7c). By comparison, although
CEBRA-behavior could unfold the global arrangement of the reaches,
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Fig. 5|Interpretable representation and cross-animal decoding of neural
activity inrat hippocampus during linear maze navigation. a, Experimental
setup of arat navigating alinear maze with tracked position and direction of
motion (top). Raster plot showing spiking activity in 120 neurons in asingle session
(bottom). Rat image credit: [designer_an]/stock.adobe.com. b, Comparison of
latent representation (£ = 3) of unsupervised MARBLE against self-supervised
(time-only labels) and supervised (time, position and direction labels) CEBRA.
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samples), ***P<1x10*. Horizontal and vertical bars show meanand1xs.d.,
respectively (n=2,000). e, Cross-animal consistency as measured by R of linear
fit between the optimally aligned 3D latent representations of asource animal toa
targetanimal.

the neural states were clustered within a condition due to the supervi-
sion, meaning that temporal information was lost. Meanwhile, LFADS
representations preserved the temporalinformation within trials but
not the spatial structure (Fig. 4¢). As expected®, TDR also evidences
the spatiotemporal structure of reaches; however, to a lower extent
than MARBLE or CEBRA, yet with supervision using physical reach
directions (Extended Data Fig. 8). Other unsupervised methods such
as PCA, t-SNE or UMAP, which do not explicitly represent the dynam-
ics, discovered no structureinthe data (Extended DataFig. 9). Hence,
MARBLE candiscover global geometricinformationin the neural code
asanemergent property of LFFs.

This interpretability, based on a geometric correspondence
between neural and behavioral representations, suggests a potent
decoder. Toshow this, we fitted an optimal linear estimator between the
latent representations and their corresponding hand positions, which
is broadly used in brain-machine interfaces and measures interpret-
ability based on how well the latent states parametrize complex non-
linear dynamics. Notably, the decoded kinematics showed excellent
visual correspondence to ground truth comparable to CEBRA-behavior
and substantially better than LFADS (Fig. 4f and Extended DataFig. 7d).
A tenfold cross-validated classification of final reach direction and
instantaneous velocity (Fig. 4g) confirmed that while reach direction
couldbedecoded fromathree-dimensional (£ = 3) latent space, decod-
ingtheinstantaneous velocity required higher latent space dimensions
(E=20; Fig. 4g) due to the variable delay between the GO cue and the
onset of the movement. Of note, MARBLE outperformed competing
methods in velocity decoding (Fig. 4g), showing that it can represent
both the latency and full kinematics. Overall, MARBLE caninfer repre-
sentations of neural dynamics that are simultaneously interpretable
and decodable into behavioral variables.

Consistent latent neural representations
across animals
Recentexperiments evidence astrong similarity between neural repre-
sentations across animals in a given task**, with profound implications
for brain-machine interfacing; however, as shown above (Fig. 3i,j),
linear subspace alignment such as CCA” and related shape metrics™"**
donot,ingeneral, capture dynamical variation that otherwise preserves
the geometry of the neural manifold. While it is possible to align mul-
tiple latent representations through auxiliary linear*® or nonlinear**
transformations, this relies on the assumption that the respective
populations of neurons encode the same dynamical processes.

Given that MARBLE can produce latent representations that
are comparable across RNNs (Fig. 3h,i) and are interpretable within
an RNN (Fig. 3e-g) or animal (Fig. 4h-j), we finally asked whether it
can produce consistently decodable latent representations across
animals. To this end, we reanalyzed electrophysiological record-
ings from the rat hippocampus during navigation of a linear track*®
(Fig. 5a and Methods). From the neural data alone, MARBLE could
inferinterpretable representations consisting of aone-dimensional
manifold in neural state space representing the animal’s position
and walking direction (Fig. 5b). Remarkably, unsupervised MAR-
BLE representations were more interpretable than those obtained
with CEBRA-time, supervised by time labels over neural states and
comparable to CEBRA-behavior using behavior (both position and
running direction) as labels (Fig. 5b). This finding was corroborated
by significantly higher decoding accuracy (two-sided Wilcoxon tests,
P<1x107*) using a k-means decoder (Fig. 5c,d).

Whenwe aligned MARBLE representations posthoc usingalinear
transformation between animals, we found them to be consistent
acrossanimals. This consistency, quantified using the R*fit fromalinear
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model trained using one animal as the source and another animal as the
target, was higher for MARBLE than for CEBRA-time, although not as
good as CEBRA-behavior (Fig. 5e). This is notable given that MARBLE
does notrely on behavioral data yet finds consistent representations
despite experimental and neurophysiological differences across ani-
mals. These findings underscore MARBLE’s potential for data-driven
discovery and applications such as brain-computer interfaces.

Discussion

A hallmark of large collective systems such as the brain is the exist-
ence of many systemrealizations thatlead to equivalent computations
defined by population-level dynamical processes’*. The growing
recognition that dynamicsin biological and artificial neural networks
evolve over low-dimensional manifolds>**° offers an opportunity to
reconcile dynamical variability across system realizations with the
observed invariance of computations by using manifold geometry
as aninductive bias in learning dynamical representations. We have
shown that nonlinear dynamical systems can be represented as a
decomposition of LFFs that are jointly mapped into latent space. Due
to the continuity of the dynamics over the manifold, this mapping
canbelearned using unsupervised geometric deep learning. Further,
latent representations can be made robust to different embeddings of
the dynamics by making the extracted LFFs rotation-invariant. These
properties enable comparing dynamics across animals and instances
of artificial neural networks.

Torepresent neural states, MARBLE uses condition labels to pro-
vide structural knowledge, namely, adjacency information among
neural state trajectories that are dynamically consistent (share input
patterns). While adjacency information allows extracting features
(LFFs),itdoes notintroduce a correlation between neural states (input)
and latent states (output) as learning is performed viaan unsupervised
algorithm and the features impose no condition assignment as they
are broadly shared between conditions. Our approach is similar in
spirit to spectral clustering, where the user defines adjacency infor-
mation, which is used to extract features (Laplacian eigenvectors)
and then fed into an unsupervised clustering algorithm (k-means).
Likewise, aggregating trials within conditions is similar to applying
PCAtocondition-averaged trials, yet MARBLE does not average across
trials. This has profound implications for representing complex non-
linear state spaces where averaging is not meaningful. In contrast, in
supervised representation learning®*, labels guide the embedding of
neural states with similar labels close together and different ones far
away. We note, however, that in terms of user input, MARBLE is more
demanding than LFADS**', which does not require condition labels.
Thus, LFADS can be more suitable for systems where unexpected inputs
can occur; however, we have shown that this mild assumption allows
MARBLE to leverage the manifold geometry as an inductive bias to
obtain more expressive representations.

Our formalism can be framed as astatistical generalization of the
convergent cross-mapping framework by Sugiharaetal.”>, which tests
the causality between two dynamical systems through a one-to-one
map between their LFFs. MARBLE generalizes this idea to a distribu-
tional comparison of the LFFs to provide a similarity metric between
any collection of dynamical systems. In addition, due to the locality
of representations, our approach diverges from typical geometric
deep learning models that learn vector fields globally**** and are thus
unable to consider the manifold embedding and the dynamics sepa-
rately. Locality also allows assimilating different datasets without
additional trainable parameters to increase the statistical power of the
model even when individual datasets are poorly sampled. Although
our method does not explicitly learn time information®, temporal
ordering naturally emerges from our similarity-preserving mapping
of LFFsinto latent space. Beyond its use ininterpreting and decoding
neural dynamics, we expect MARBLE to provide powerful representa-
tions for general machine-learning tasks.

In summary, MARBLE’s LFF learning approach enriches neural
states with context information over a neural manifold to provide
interpretable and consistent latent representations that were previ-
ously only attainable with supervised learning approaches that use
additional behavioralinformation. This suggests that neural flow fields
in different animals can be viewed as a projection of common latent
dynamics and can be reconstructed as an emergent property of the
similarity-preserving embedding of local flow fields.
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Methods

MARBLEisarepresentation learning framework that works by decom-
posing aset of vector fields, representing possibly different dynami-
cal systems or the same dynamical system under different latent
parameters, into LFFs and thenlearning a similarity-preserving map-
ping from LFFs to a shared latent space. In latent space, the dynami-
cal systems can be compared even if they were originally measured
differently.

Mathematical setup
As input, MARBLE takes a set of discrete vector fields F. = {f,(¢), ...,
f,(c)} supported over the point cloud X, = (x;(¢), ..., X,(c)), which
describe a set of smooth, compact m-dimensional submanifolds ar,
of the state space RY. Here, cindicates an experimental condition or
a dynamical system, f;(c) € R? is a vector signal anchored at a point
x;(c) € R and represented in absolute (world) coordinates in neural
space or some d-dimensional representation space that preserves
the continuity of the data. Given time series x(¢; c), the vectors fi(c)
canbe obtained, for example, by taking first-order finite differences
f(c) :=x(t+1;¢c) - x(¢& c). Given thisinput, MARBLE jointly represents
the vector fields as empirical distributions P(Z,) = 2;’:0 6(z;(c))of latent
vectors Z.=(z,(c), ..., Z,(c)). The mapping F,~ Z_.is point-by-point and
local in the sense that {f;; j € iU V(D)} ~ z;, where V(i) represents the
neighborhood of i. This locality means that it suffices to describe
MARBLE applied to a single vector field. We will thus drop the
subscript c below for concise notation. The generalization of the
method to the joint latent representation of multiple vector fields
isimmediate.

We now introduce an unsupervised geometric deep learning
architecture for performing thisembedding. The pseudocode for the
MARBLE algorithm can be found in Supplementary Note 1.

Data subsampling

We first subsample the data to ensure that LFFs are not overrepre-
sented in any given region of the vector field due to sampling bias.
We use farthest point sampling, a well-established technique in
processing point clouds®® that controls the spacing of the points
relative to the diameter of the manifold mij?\x(llxi =Xjll2) < a diam (M),
where a € [0, 1] is a parameter setting the spacing with O being no
subsampling.

Approximating the manifold by a proximity graph
We definelocality on M by fitting a proximity graph to the point cloud
X. We use the continuous k-nearest neighbor (ck-NN) algorithm®,
which, contrary to the classical k-NN graph algorithm, can be inter-
preted as a local kernel density estimate and accounts for sampling
density variations over M. The ck-NN algorithm connectsiandjwhen-
ever |x; — X;|I3 < 6][X; — X2 [1X; — X, |2 , where u, v are the k-th nearest
neighbors of i, j, respectively, and || - ||, is the Euclidean norm. The
scaling parameter & can be used to control the number of nearest
neighbors and thus the size of the neighborhood.

This proximity graphendows M withageodesicstructure (for any
i.j € m),thereisashortest path with distance d(i,j). We can then define
the LFF atias the p-hop geodesic neighborhood N, p).

Parametrizing the tangent spaces

Todefinetrainable convolutionfilters over », we define tangent spaces
g ateachpointiover the manifold thatlinearly approximate 2 within
aneighborhood. Specifically, we assume that the tangent space ata
point i, 7m, is spanned by the edge vectors e; € RY pointing from i to
Knodesjinits neighborhood onthe proximity graph. We pick K > deg(i)
closestnodestoionthe proximity graph where Kisahyperparameter.
Larger Kincreases the overlaps between the nearby tangent spaces and
we find that K = 1.5|7(i, 1)|is oftenagood compromise between locality
and robustness to noise of the tangent space approximation. The m

largest singular values t” e R? of the matrix formed by column-
stacking e; yield the orthonormal basis

T e RO = (¢, . ¢™) 60

spanning M. As a result, T/f; acts as a projection of the signal to the
tangent spaceinthe ¢, sense. We perform these computations using a
modified parallel transport unfolding package®. We illustrate the
computed frames on a spherical manifold (Supplementary
Fig.1la-c).

Connections between tangent spaces

Having thelocal frames, we next define the parallel transport map #_,;
aligning the local frame at to that at i, which is necessary to define
convolution operations in acommon space (Supplementary Fig. 1d).
While parallel transport is generally path dependent, we assume that
adjacent nodes i,/ are close enough to consider the unique smallest
rotation, known as the Lévy-Civita connection. Thus, for adjacent
edges, 7.,;canbe computed as the matrix 0, corresponding to 7_,;, as
the orthogonal transformation (rotation and reflection)

0; = arg omin, [IT; = T;0ll, )

where|| - ||is the Frobenius norm. The unique solution (up toachange
of orientation) to equation (2) is found by the Kabsch algorithm®’. See
Supplementary Note 2 for further details.

Vector diffusion

We use a vector diffusion layer to denoise the vector field (Fig. 1c), a
generalization of the scalar (heat) diffusion, which can be expressed
as akernel associated with the equation®

vec(F(1)) = e % vec(F). 3)

Here, vec (F) € R"!the row-wise concatenation of vector-valued sig-
nals, Tis alearnable parameter that controls the scale of the LFFs and
£ is the random-walk normalized connection Laplacian defined as a
block matrix whose nonzero blocks are given by

W Lusm fori=j @
L(i,)) =
—deg()'0; forje N(i,1).

See ref. 61 for further details on vector diffusion. The advantage of
vector diffusion over scalar (heat) diffusion is that it uses a notion of
smoothness over the manifold defined by parallel transport and thus
preserves the fixed point structure. The learnable parameter rbalances
the expressivity of the latent representations with the smoothness of
the vector field.

Approximating local flow fields

We now define convolution kernels on  that act on the vector field to
represent the vector field variation within LFFs. We first project the
vector signal to the manifold f, = T/f;. This reduces the dimension off;
fromdto mwithoutloss ofinformation as f;was already in the tangent
space. We drop thebar in the sequel to understand that all vectors are
expressedinlocal coordinates. Inthis local frame, the best polynomial
approximation of the vector field around iis given by the Taylor-series
expansion of each componentf;,of f;

1
Fio = fir + Vi — x;) + E(xj - xi)TVZfi,l(xj —X)+ ... 5)
We construct gradient filters to numerically approximate the gradient

operators ofincreasing order in the Taylor expansion (see Supplemen-
tary Note 3 for details). In brief, we implement the first-order gradient
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operator as a set of m directional derivative filters {D@} acting along
unitdirections {t\”} of the local coordinate frame,

Vi~ (DO, D) . ©)

The directional derivative, D@(f;)is the [-th component of

n
DOE) = Y K VP i(F), %)
Jj=

where 7_,; = Oy is the parallel transport operator that takes the vector
f; from the adjacent framej to a common frame at i. @9 € R™" is a
directional derivative filter* expressed in local coordinates at i and
actingalong tE"). See Supplementary Note 3 for details on the construc-
tion of the directional derivative filter. As aresult of the parallel trans-
port, the value of equation (7) isindependent of the local curvature of
the manifold.

Followingthis construction, the p-th order gradient operators can
be defined by theiterated application of equation (6), which aggregates
informationin the p-hop neighborhood of points. Althoughincreasing
the order of the differential operatorsincreases the expressiveness of
the network (Supplementary Fig. 3), second-order filters (p =2) were
sufficient for the application considered in this paper.

The expansionin equation (5) suggests augmenting the vectorsf;
by the derivatives (equation (6)), to obtain a matrix

£ €2 = (6 Vfots oo, Vi VUi o VWi ) ®

of dimensions m x c whose columns are gradients of signal compo-
nents up to order p to give a total of ¢ = (1 - m”*")/(m(1 - m)) vectorial
channels.

Inner product for embedding invariance

Deformations on the manifold have the effect of introducing rotations
into the LFFs. Inembedding-agnostic mode, we can achieve invariance
to these deformations by making the learned features rotation-
invariant. We do so by first transforming the m x c matrix f’toalxc
vector as

f2 o 0 = (EOFD), ... €OED)). ©)

Then, by taking for each channel the inner product against all other
channels, weighted by a dense learnable matrix A® e R™™ and
summing, we obtain

c
EVE?) = £0 (£2: A7) 1= 3 (2.0, AOF2(. ),

s=1

(10)

forr=1, ..., c (Fig. 1f). Taking inner products is valid because the col-
umns of £ all live in the tangent space at i. Intuitively, equation (10)
achieves coordinate independence by learning rotation and scaling
relationships between pairs of channels.

Latent space embedding with a multilayer perceptron
Toembed eachlocal feature, fi“’ or f?,depending onifinner product
features are used (equation (9)) we use a multilayer perception
(Fig.1g)

z; = MLP(f"; w), (i
where w are trainable weights. The multilayer perceptronis composed
of L linear (fully connected) layers interspersed by rectified linear unit
(ReLU) nonlinearities. We used L =2 with a sufficiently high output
dimension to encode the variables of interest. The parameters were
initialized using the Kaiming method®.

Loss function

Unsupervised training of the network is possible due to the continuity
inthe vector field over 2, which causes nearby LFFs to be more similar
than distant ones. We implement this via negative sampling*’, which
uses randomwalks sampled at each node toembed neighboring points
onthe manifold close together while pushing points sampled uniformly
at random far away. We use the following unsupervised loss
function*®

J@) = —log(0(z/7)) — QEyw l0g (0 (-2]z()), (12)
where o(x) = (1 + e*)'is the sigmoid function and U(n) is the uniform
distribution over the n nodes. To compute this function, we sample
one-step random walks from every node i to obtain ‘positive’ node
samples for which we expect similar LFFs to that at node i. The first
term in equation (12) seeks to embed these nodes close together. At
the same time, we also sample nodes uniformly at random to obtain
‘negative’ node samples with likely different LFFs from that of node i.
Thesecond termin equation (12) seeks toembed these nodes far away.
Wealsochoose Q=1.

We optimize the loss equation (12) by stochastic gradient descent.
For training, the nodes from all manifolds were randomly split into
training (80%), validation (10%) and test (10%) sets. The optimizer was
run until convergence of the validation set and the final results were
tested on the test set with the optimized parameters.

Distance between latent representations

To test whether shifts in the statistical representation of the dynami-
cal system can predict global phenomena in the dynamics, we define
a similarity metric between pairs of vector fields F,, F, with
respect to their corresponding latent vectors Z; = (zy, ..., Z, ;) and
Z, = (211, ..., Z,,1)- We use the optimal transport distance between the
empirical distributions P, = 37" 6(z;1), P, = 3" 6(z;,)

d(Pl’PZ) = mymz Vuu”zu,l - zu,2||§* (13)

uv

whereyisthetransportplan, ajoint probability distribution subject to
marginality constraintsthat) ,y,, =P, Y,V =Piand|| - ||,is the Euclid-
eandistance.

Further details on the implementation of case studies

Below we detail the implementation of the case studies. See Sup-
plementary Table 3 for the training hyperparameters. In each case,
we repeated training five times and confirmed that the results were
reproducible.

Van der Pol. We used the following equations to simulate the Van der
Pol system:
X=y
I (14)
y=pl-x)y-x,

parametrized by u. If u = 0, the system reduces to the harmonic oscilla-
tor;if u <0, thesystemisunstable,and if u > 0, the systemis stable and
converges to a limit cycle. In addition, we map this two-dimensional
system to a paraboloid as with the map

X,y X,),z = parab(x,y)
X,y X,y,Z = parab(x + X,y + y) — parab(x, ),

where parab(x,y) = —(ax)* - (ay)*

We sought to distinguish on-manifold dynamical variation due to
pwhilebeing agnostic to geometric variations due to a. As conditions,
weincreased i from-1, whichfirst caused acontinuous deformationin
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thelimit cycle fromasymmetric (corresponding to slow-fast dynamics)
tocircularand then anabrupt change in crossing the Hopfbifurcation
at zero (Fig.1d).

We trained MARBLE in both embedding-aware and -agnostic
modes by forming distinct manifolds from the flow field samples at
different values of y and manifold curvature. Both the curvature and
the sampling of the vector field differed across manifolds.

Low-rank RNNs. We consider low-rank RNNs composed of n =500 rate
unitsin which the activation of the i-th unitis given by

dX,' N .
r S x4 3 1,00 ) + 8O + 0D, x(0) =0,
J=1

dt 5)

where 7=100 ms is a time constant, ¢(x;) = tanh(x;) is the firing rate, J;
istherank-R connectivity matrix, u,(¢) isaninput stimulusand n(t) isa

white noise process with zero mean ands.d. of 3 x 102 The connectivity
matrix can be expressed as

1 R
J= N > mn/, 16)
r=1

for vector pairs (m,, n,). For the delayed-match-to-sample task, the
inputisofthe form

4;(0) = wiu (6) + wiuy(2), 17

where wy;, w,;are coefficients controlling the weight of inputs u;, u, into
node . Finally, the network firing rates are read out to the output as

N
o) = ) W p(x). (18)
i=0

To train the networks, we followed ref. 47. The experiments consisted
of five epochs; a fixation period of 100-500 ms chosen uniformly at
random, a 500-ms stimulus period, a delay period of 500-3,000 ms
chosen uniformly at random, a 500-ms stimulus periodand a1,000-ms
decision period. During training, the networks were subjected to two
inputs, whose magnitude (the gain) was positive during stimulus and
zero otherwise. We used the following loss function:

£ =|o(T) —6(T)), (19)

where Tis the length of the trial and 6(7) = 1 when both stimuli were
presentand -1otherwise. Coefficient vectors wereinitially drawn from
a zero mean, unit s.d. Gaussian and then optimized. For training, we
used the ADAM optimizer®® with hyperparameters shown in Supple-
mentary Tables 2 and 3.

See the main text for details on how MARBLE networks were
trained.

Macaque center-out arm-reaching. We used single-neuronspike train
dataaspublishedinref.30 recorded using linear multielectrode arrays
(V-Probe, 24-channel linear probes) from rhesus macaque motor (M1)
and dorsal premotor cortices. See ref. 30 for further details. In brief,
eachtrialbeganwiththe hand atthe center. After avariable delay, one
target, 10 cm from the center position, was highlighted, indicating
the GO cue. We analyzed the 700-ms period after the go consisting of
adelay followed by the reach. A total of 44 consecutive experimental
sessions with a variable number of trials were considered.

We extracted the spike trains using the neo package in Python
(http://neuralensemble.org/neo/) and converted theminto rates using
a Gaussian kernel with a s.d. of 100 ms. We subsampled the rates at
20-ms intervals using the elephant package®* to match the sampling
frequency in the decoded kinematics in ref. 30. Finally, we used PCA

to reduce the dimension from 24-channels to five. In Supplementary
Fig. 4, we analyze the sensitivity to preprocessing hyperparameters,
showing that our results remain stable for a broad range of Gauss-
ian kernel scales. We also note that decoding accuracy marginally
increased for seven and ten principal components at the cost of slower
training time.

We trained MARBLE in the embedding-aware mode for each ses-
sion, treating movement conditions as individual manifolds, whichwe
embedded into ashared latent space.

We benchmarked MARBLE against LFADS, CEBRA (Fig. 4), TDR
(Extended Data Fig. 8), PCA, UMAP and ¢-SNE (Extended Data Fig. 9).
For LFADS, we took the trained models directly from the authors. For
CEBRA, we used the reach directions as labels and trained a supervised
model until convergence. We obtained the best results with an initial
learning rate of 0.01, Euclidean norm as metric, number of iterations
10,000 and fixed temperature 1. For TDR, we followed the procedure
inref.22. Werepresented the condition-averaged firing rate for neuron
iattimetas

ri () = Bio(®) + Bix(Ocx + Biy(D)c, (20)

where (c,, ¢,) denotes the regressors (the final direction in the physical
space of thereaches), and S are corresponding time-dependent coef-
ficients to be determined. For the seven reach directions, the regres-
sors (c,, ¢,) takes the following values: ‘DownLeft’ (-1,-1), ‘Left’ (-1, 0),
‘UpLeft’ (-1,1),‘Up’ (0, 1), ‘UpRight’ (1,1), ‘Right’ (1, 0) and ‘DownRight’
(1,-1). Toestimate (c,, ¢,), we constructed the following matrix Mwith
shape conditionsx regressors. All but the last column of M contained
the condition x condition values of one of the regressors. The last col-
umn consisted only of ones to estimate f,. Given the conditions x neu-
rons matrix of neuralfiring rates R and conditions x regressors matrix
M, the regression model can be written as:

R(&) = M[Bi 0, Bix: Biy)- 21)

We perform least squares projection to estimate the regression
coefficients

(Bio» B Biy) = (MTM) "' MTR. 22)
We projected neural datainto the regression subspace by multiplying
the pseudoinverse of the coefficient matrix with the neural data matrix
R.Fordecoding, we used the estimated regression coefficients to pro-
jectsingle-trial firing rates to the appropriate condition-dependent
subspaces.

To decode the hand kinematics, we used optimal linear estimation
to decode the x and y reaching coordinates and velocities from the
latent representation, asin ref. 30. To assess the accuracy of decoded
movements, we computed the tenfold cross-validated goodness of fit
(R?) between the decoded and measured velocities for x and y before
taking the meanacross them. We also trained asupport vector machine
classifier (regularization of 1.0 with a radial basis function) on the
measured kinematics against the condition labels.

Linear maze navigation. We used single-neuron spiking data from ref.
50,where werefer the reader for experimental details. In brief, neural
activity was recorded in CAl pyramidal single units using two 8- or
6-shank silicon probes in the hippocampus in four rats while walking
in alternating directions in a 1.6-m linear track. Each recording had
between 48-120 recorded neurons.

We extracted the spike trains using the neo package (http://neu-
ralensemble.org/neo/) and converted theminto rates using a Gaussian
kernel with an s.d. of 10 ms. We fitted a PCA across all data for a given
animal to reduce the variable dimension to five. In Supplementary
Fig.5, we analyze the effect of varying preprocessing hyperparameters,
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showing that our results remain stable for a broad range of Gaussian
kernel scales and principal components.

Wetrained MARBLE inembedding-aware mode separately on each
animal. The output dimensions were matched to that of the benchmark
models.

For benchmarking, we took the CEBRA models unchanged from
the publicly available notebooks. To decode the position, we used a
32-dimensional output and 10,000 iterations as per their demo note-
book (https://cebra.ai/docs/demo_notebooks/Demo_decoding.html).
To decode therat’s position from the neural trajectories, we fita k-NN
decoder with36 neighbors and acosine distance metric. To assess the
decoding accuracy, we computed the mean absolute error between
the predicted and true rat positions.

For consistency between animals, we used a three-dimensional
(E=3)outputand15,000iterations, as per the notebook https://cebra.
ai/docs/demo_notebooks/Demo_consistency.html. We aligned the
latent representations across animals post hoc using Procrustes
analysis. We fit alinear decoder to the aligned latent representations
between pairs of animals: one animal as the source (independent vari-
ables) and another as the target (dependent variables). The R? from
the fitted model describes the variance in the latent representation
of one animal that can be explained by another animal (a measure of
consistency between their latent representations).

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability
The datagenerated during the simulations are available at https://doi.
org/10.7910/DVN/KTE4PC (ref. 65).

Code availability

The code to carry out the simulations and analysis can be found at
https://github.com/Dynamics-of-Neural-Systems-Lab/MARBLE under
MIT license.
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Extended Data Fig. 1| Embedding-invariant representations on rotational

vector fields. a Vector fields sampled uniformly at random (n=512) in the interval
[-1,1]?and fitted with a continuous k-nearest neighbor graph (black lines, k=20).

bEmbedding-aware joint MARBLE representation of the vector fields using

second-order (p=2) gradient filters (rotation-preserving). Each point represents
an LFF and points close together represent similar LFFs. Features from the linear
vector fields aggregate (clusters 2 and 9), while those from the vortex fields fall

on separate halves of a one-dimensional circular manifold corresponding to

the one-parameter (angle) variation between them. Black lines show k-means
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clustering (k=15). c Embedding-agnostic joint MARBLE representations but
with rotation-invariant filters. Features from linear fields can no longer be
distinguished (cluster 15) because the filter does not preserve rotational
information. Features from vortex fields fall onalinear one-dimensional
manifold parametrized by the distance from the center. d The histogram of
rotation-preserving features can distinguish all fields. e The histogram of
rotation-invariant features can discriminate linear fields from vortex fields but
not the orientation.
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Extended Data Fig. 2 | Effect of embedding-agnostic MARBLE representations Thetypes correspond to the clusters. a For embedding-aware representations,
onlocal flow fields. Samples of local flow fields (LFFs), each drawn randomly LFFs rotate counter-clockwise as the cluster number increases. b For embedding-
from the corresponding MARBLE representation in Extended Data Fig. 1b-c. agnostic representations, LFFs contract as cluster number increases.
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Extended Data Fig. 3| Embedding-invariant representations of convergent
and divergent vector fields. a Convergent and divergent vector fields sampled
uniformly at random (n=512) in the interval [-1, 1]>. bEmbedding-agnostic
MARBLE representations can distinguish the fields, even without rotational
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information. Black lines show k-means clustering (k=15). c Histogram of LFF
types confirming the disjoint representations of the two flow fields. d One LFF
drawn randomly from each cluster displays expanding LFFs for types 1-8 and
contracting LFFs for types 9-15.
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a b
Restricted parameter range
0.1

Extended DataFig. 4| Embedding-agnostic MARBLE representations over
deforming manifolds. We illustrate the MARBLE representation of the Van der
Pol oscillator example with 40 values of u. aFor the parameter range u € [-1,1]
the dynamical regimes (stable/unstable) are clearly defined as clusters.b Asina,
but forarestricted parameter regime u € [- 0.1, 0.1] to highlight the definition of

d Variable manifold
(embedding-aware)

Variable manifold
(embedding-agnostic)
0.1 =

011 0 0.1

m
the cluster borders. cInembedding-agnostic mode, varying the curvature of the
paraboloid B(x* +y?) by drawing B uniformly at random from the internal B [-
0.2,0.2] does not alter the MARBLE representation. d In embedding-aware mode,
the same variation as in c destroys the cluster structure.
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Extended DataFig. 5| Structure and activity of arank-2 RNN during the
delayed-match-to-sample task. a Schematic of alow-rank RNN, taking as input
two stimuli and producing a decision variable as the output. Arrow endings
represent inhibitory and excitatory connections. b Example input pattern for
one of the stimuliand corresponding output pattern. Red and gray-shaded bands
show stimulated and unstimulated periods. c Mean-field dynamics (heatmap

%
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and stream plot) superimposed with a sampled trajectory (orange) during one
trial. d Space of input weights in a trained RNN. Unlike in Fig. 3d, here the network
generalizes, that s, gives the same weighting to each input. Colors obtained by
k-means clustering indicate two subpopulations specialized in one or the other
input. e Mean-field dynamics for the low-rank RNN with input weightsind.
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Extended Data Fig. 6 | Qualitatively distinct RNN solutions to the DMS task. Heatmaps and steam plots show the mean-field dynamics for the two independently
trained RNN solutions, superimposed with five trajectoriesillustrating single-trial instances of the network dynamics.
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reflect the arrangement of reaches in physical space when compared to LFADS. embedding-agnostic MARBLE and LFADS. d Hand trajectories linearly decoded
b The matrix of optimal transport distances between pairwise conditions from MARBLE representations show much stronger spatial correspondence to
within sessions shows a stronger periodic structure for MARBLE than LFADS. ground-truth kinematics than LFADS.
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macaque in seven reach conditions. b Latent representation of neural dataacross
conditions in a single session regressed to the corresponding TDR subspaces.
cLinear decoding of hand trajectories from latent representations.
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Extended Data Fig. 8| Representation and decoding of neural signals during
macaque arm-reaching kinematics using supervised targeted dimensionality
reduction (TDR). This method regresses neural firing rates to subspaces defined
by the different reaching directions. a Ground truth hand trajectories of a
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Extended Data Fig. 9 | Latent representations of neural signals during macaque arm-reaching kinematics using unsupervised PCA, t-SNE and UMAP.
These methods only map the neural states and do not explicitly account for the dynamics. Hence, they cannot reveal the geometric structure of latent dynamics.
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Give P values as exact values whenever suitable.
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X X X
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For Bayesian analysis, information on the choice of priors and Markov chain Monte Carlo settings
For hierarchical and complex designs, identification of the appropriate level for tests and full reporting of outcomes

Estimates of effect sizes (e.g. Cohen's d, Pearson's r), indicating how they were calculated

Our web collection on statistics for biologists contains articles on many of the points above.

Software and code

Policy information about availability of computer code

Data collection  The data in this study partly constitutes experimental data from the literature and partly generated by custom code. The code used to
generate the synthetic datasets can be found at https://github.com/agosztolai/MARBLE.
Data analysis The code to carry out the simulations and analysis can be found at https://github.com/agosztolai/MARBLE.

For manuscripts utilizing custom algorithms or software that are central to the research but not yet described in published literature, software must be made available to editors and
reviewers. We strongly encourage code deposition in a community repository (e.g. GitHub). See the Nature Portfolio guidelines for submitting code & software for further information.

Data

Policy information about availability of data
All manuscripts must include a data availability statement. This statement should provide the following information, where applicable:

- Accession codes, unique identifiers, or web links for publicly available datasets
- A description of any restrictions on data availability

- For clinical datasets or third party data, please ensure that the statement adheres to our policy

The data generated during the simulations is available here https://doi.org/10.7910/DVN/KTE4PC.
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Human research participants

Policy information about studies involving human research participants and Sex and Gender in Research.

Reporting on sex and gender Not applicable.

Population characteristics Not applicable.
Recruitment Not applicable.
Ethics oversight Not applicable.

Note that full information on the approval of the study protocol must also be provided in the manuscript.
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Field-specific reporting

Please select the one below that is the best fit for your research. If you are not sure, read the appropriate sections before making your selection.

Life sciences |:| Behavioural & social sciences |:| Ecological, evolutionary & environmental sciences

For a reference copy of the document with all sections, see nature.com/documents/nr-reporting-summary-flat.pdf

Life sciences study design

All studies must disclose on these points even when the disclosure is negative.

Sample size No explicit a priori sample size calculation was performed since we used publicly available datasets and synthetic data.

For the experiments involving synthetic data, the sample size was chosen to ensure that the dynamic changes of interest could be reliably
detected and statistically evaluated. Specifically, we generated a sufficiently large number of samples (200 trajectories for RNN) to observe
the variability of the system across different conditions (changes in gain) and to ensure that the trends were stable and not due to random
fluctuations. Since we did not perform a statistical test here - no explicit sample size calculation was necessary.

For the macaque experimental dataset, we used all available data from the repository https://github.com/nplcode/Ifads-neural-stitching-
reproduce. The size of this dataset is inherently determined by the number of trials and recordings in the original experimental design. Given
that this data has been widely used in the literature and is considered robust, we believe the sample size is sufficient to provide valid insights
for our analyses.

Similarly, for the rat experimental dataset, we used the full dataset available from the repository https://crcns.org/data-sets/hc/hc-11/about-
hc-11 As with the macaque data, this dataset represents a comprehensive set of trials designed to capture the behavioral and neural
dynamics under study. Thus, the sample size reflects the original experiment's design, which is presumed to be sufficient for detecting the
relevant neural or behavioral effects.

Data exclusions  No data was excluded.
Replication MARBLE neural networks were trained five times. The results obtained on each attempt were consistent and reproducible.

Randomization  Randomization was not applicable to this study because the data used were derived from pre-existing datasets (synthetic data, macaque
experimental data, and rat experimental data) collected under controlled experimental conditions. In these datasets, the experimental
conditions and variables were already predetermined by the original study design. As such, our study did not involve any intervention or
group assignment where randomization would be necessary. Instead, our focus was on analyzing the available data to observe specific neural
and behavioral dynamics, which does not require further randomization of experimental groups.

Blinding Blinding was not applicable to this study because the analysis was conducted on pre-existing datasets (synthetic data, macaque experimental
data, and rat experimental data) that had already been collected under controlled conditions. The primary aim of the study was to analyze
objective, quantitative data, such as neural and behavioral metrics, which are not subject to subjective interpretation or observer bias. Since
the data analysis did not involve subjective assessments, treatment interventions, or human participants, there was no need to implement
blinding procedures.

Reporting for specific materials, systems and methods

We require information from authors about some types of materials, experimental systems and methods used in many studies. Here, indicate whether each material,
system or method listed is relevant to your study. If you are not sure if a list item applies to your research, read the appropriate section before selecting a response.




Materials & experimental systems

Methods
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Involved in the study

Antibodies

Eukaryotic cell lines
Palaeontology and archaeology
Animals and other organisms
Clinical data

Dual use research of concern

n/a | Involved in the study

|:| ChIP-seq

|:| Flow cytometry

X[ ] MRi-based neuroimaging
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