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Unlimited Sampling of Bandpass Signals:
Computational Demodulation via Undersampling

Gal Shtendel, Dorian Florescu, and Ayush Bhandari

Abstract—Bandpass signals are an important sub-class of ban-
dlimited signals that naturally arise in a number of application
areas but their high-frequency content poses an acquisition
challenge. Consequently, “Bandpass Sampling Theory” has been
investigated and applied in the literature. In this paper, we
consider the problem of modulo sampling of bandpass signals
with the main goal of sampling and recovery of high dynamic
range inputs. Our work is inspired by the Unlimited Sensing
Framework (USF). In the USF, the modulo operation folds high
dynamic range inputs into low dynamic range, modulo samples.
This fundamentally avoids signal clipping. Given that the output
of the modulo nonlinearity is non-bandlimited, bandpass sam-
pling conditions never hold true. Yet, we show that bandpass
signals can be recovered from a modulo representation despite
the inevitable aliasing. Our main contribution includes proof of
sampling theorems for recovery of bandpass signals from an un-
dersampled representation, reaching sub-Nyquist sampling rates.
On the recovery front, by considering both time- and frequency-
domain perspectives, we provide a holistic view of the modulo
bandpass sampling problem. On the hardware front, we include
ideal, non-ideal and generalized modulo folding architectures that
arise in the hardware implementation of modulo analog-to-digital
converters. Numerical simulations corroborate our theoretical
results. Bridging the theory–practice gap, we validate our results
using hardware experiments, thus demonstrating the practical
effectiveness of our methods.

Index Terms—Analog-to-digital conversion (ADC), approxima-
tion, bandpass sampling, modulo, Shannon sampling theory.

I. INTRODUCTION

D IGITAL signal acquisition methodology is the workhorse
of all modern world electronic systems. This technology

is pivoted on Shannon’s Sampling Framework wherein point-
wise samples are digitized using the so-called analog-to-digital
converter or the ADC. For the theory and practice to work in
perfect tandem, it is imperative that the input signal’s dynamic
range is matched to the ADC’s dynamic range. When this is
not the case, even in noiseless conditions, the resulting samples
are distorted due to saturation or clipping. Such a scenario
leading to permanent loss of information poses a fundamental
bottleneck in all digital systems.

To overcome this bottleneck, the Unlimited Sensing Frame-
work (USF) [1]–[6] has been recently proposed as an alterna-
tive digital acquisition technology. Unlike previous sampling
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approaches where hardware and reconstruction algorithms
were mostly decoupled, the USF is pivoted on the theme
of computational sensing [7] as it harnesses a co-design of
hardware and algorithms. In particular,

• Encoding. Signal folding1 is implemented in the hardware
pipeline so that any arbitrary high-dynamic-range (HDR),
continuous-time input is folded or wrapped within the
dynamic range of the ADC. This results in low-dynamic-
range samples and entails that signal clipping or saturation
problem is eliminated in the encoding stage.

• Decoding. Given folded samples, the input HDR signal is
mathematically unfolded using recovery algorithms. To this
end, one of the first recovery guarantees was provided in [1],
[3]. It was shown that bandlimited signals can be recovered
from a constant factor oversampling of modulo samples with
a sampling rate that is independent of the threshold λ. We
refer to Fig. 1 for a summary of known recovery rates for
different bandlimited signal types [1], [3], [4], [8], [9].

To validate the practical utility of the USF, we have
implemented signal folding in hardware using different non-
linearities including

➠ Modulo ADCs [4], [5], [10]–[12],
➠ Generalized Modulo ADCs [13]–[15], as well as,
➠ Time-Encoding Architectures [6], [16], [17].

Let λ > 0 denote the saturation threshold of the modulo
ADC (M–ADC). Hardware experiments [4] have established
that inputs as large as 25λ to 30λ can be recovered in the
presence of non-idealities, system noise and quantization. This
was achieved by a Fourier-domain recovery algorithm referred
to as the Fourier-Prony or US-FP method. The US-FP method
is a) non-iterative, b) agnostic to λ, c) operates at the tightest
possible sampling rates, and d) is empirically robust to system
noise [4], [5] and outliers [10], thus making it particularly at-
tractive for real-world experiments. For theoretical guarantees
in the case of noise for the nonideal scenario, the generalized
modulo ADC and associated sampling model introduce an
additional parameter called hysteresis which was used in the
context of uniform sampling [13] and time encoding [6].

Related Work on Unlimited Sampling. Several follow-up
papers, summarised below, have adopted the USF strategy for
modulo sensing and reconstruction e.g. [18]–[26], predomi-
nantly focused on bandlimited signals (barring [5], [27])

1To get a sense of the hardware functionality of the modulo ADCs built in
[4], we refer the reader to the live YouTube demonstration for (a) Sinusoidal
Waveform https://youtu.be/JuZg80gUr8M and (b) Arbitrary Bandlimited
Waveform https://youtu.be/prV40WlzHh4 .

https://bit.ly/USF-Link
https://youtu.be/JuZg80gUr8M
https://youtu.be/prV40WlzHh4
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Fig. 1. Summary of recovery guarantees for commonly occurring types of bandlimited signals in the context of unlimited sensing framework (USF) together
with different folding architectures denoted by Mλ, ›Mλ,MH. We also summarize our contributions in terms of extending the results for bandlimited signal
type to their corresponding bandpass case, especially in the undersampled regime.

Previous research on bandlimited signals on a real line [1],
[3], periodic2 bandlimited signals [4] and sinusoidal tones
[9] (see Fig. 1). Ordentlich et al. studied modulo sampling
via rate-distortion theory [18], and also proposed a recovery
method [19] assuming a number of unfolded samples known
a priori. Gong et al. [24] proposed a multi-channel method
with complex-valued moduli to recover HDR inputs. Azar
et al. [25] extended the Fourier-Prony approach [4] with
additional time-domain constraints. A robust algorithm based
on optimization was presented in [28] which was validated via
hardware experiments.

Motivation for Bandpass Sampling Theory. The topic
of Bandpass Sampling has been studied in detail from the
perspective of sampling theory e.g. [29]–[31] as well as
application-centric contexts, e.g. sonar [32], [33], radar sys-
tems [34], [35], ultrasound imaging [36] and optics [37], [38].

Since bandpass functions are also bandlimited, a natural first
thought is to sample them at their Nyquist rate. However,
this requires the ADC to operate at very high sampling
rates [30], which causes implementation challenges and imply
higher power consumption in the ADC [31]. Furthermore, this
simplistic view does not leverage the fact that a bandpass
signal contains no information in the lowpass region.

—Existing Strategies for Bandpass Sampling. Researchers
developed the following strategies for efficient acquisition.
• Hardware-only approaches [39] use mixers to demodulate

the signal so that it is concentrated in the baseband region.
This leads to lower sampling rates but results in complex
and more expensive hardware implementation [31].

• Algorithmic approaches achieve an equivalent of hardware
demodulation (above) by aliasing the bandpass signal into
its passband via undersampling [29]–[31], [33]. This is
schematically explained in Fig. 4 and the focus of our work.

2We remind the reader that the transform domain separation principle in
[4] is also applicable to aperiodic signals. The periodicity assumption leads to
an efficient implementation via the Fast Fourier Transform (FFT) algorithm.

Fig. 2. An amplitude modulated signal, its associated modulo signal and
undersampled modulo samples. The frequencies of the message and carrier
signals are fM = 35 Hz and fC = 400 Hz, respectively. For a sampling
period TS = 2.5 ms, modulo samples coincide with underlying baseband
signal samples, which directly results in demodulation.

—Unlimited Sampling of Bandpass Signals. The widespread
prevalence of bandpass signals, also studied in the hardware
context necessitates, the development of associated HDR
ADCs (cf. [39]–[41]). Such approaches do not leverage the
co-design approach e.g. USF. From the computational sensing
perspective, bandpass signals have not yet been incorporated
in USF, yet they are highly relevant in known and emerging
applications such as USF based radar [42], [43].

On the one hand, modulo folding renders a bandlimited sig-
nal, non-bandlimited [1] so it is expected that undersampling in
the spirit of [29]–[31], [34]–[37], is likely to be a theoretical
dead-end. On the other hand, in our hardware experiments
with M–ADC and amplitude-modulated (AM) bandpass signals,
we have observed something surprising; in certain settings,
undersampling an AM signal with M–ADC allows us to directly
access its baseband version without any need for recovery
algorithms. A hardware example with our M–ADC depicting
this scenario is shown in Fig. 2. The preservation of the
bandpass spectral features in this undersampled scenario, even
though the energy of the modulo signal is distributed over
infinite frequency support as illustrated in Fig. 3, indicates
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Fig. 3. The Fourier-domain representation of a modulo signal. The sum of
a bandpass component ĝBP (ω) (upper) and a residual component −ε̂gBP (ω)
(middle) composes the modulo signal ẑBP (ω) = ĝBP (ω)− ε̂gBP (ω) (lower).

that there may be a certain structured form of aliasing. This
observation raises the following questions

Q1) Under what conditions one can recover a bandpass
signal from undersampled, folded samples?

Q2) Can the undersampling strategy be applied to different
signal folding architectures arising in practice?

Q3) Can the related recovery algorithms be validated using
real experiments with the M–ADC?

Contributions. In this work, we formulate and address the
problem of HDR sampling and recovery of bandpass signals
with modulo non-linearities, especially with an emphasis on
undersampling. Our main contributions are as follows,

1) Given folded samples, we provide recovery guarantees for
bandpass signals acquired at low sampling rates that enable
sub-Nyquist sampling (see Fig. 1).

2) By considering different modulo folding architectures that
explain hardware observations, namely, (a) ideal, (b) gen-
eralized modulo non-linearities, and (c) non-ideal architec-
tures, our work offers algorithmic flexibility for practical
solutions.

3) Beyond numerical simulations, we validate our theoretical
results and algorithms via hardware experiments, thus
closing the gap between theory and practice. This also es-
tablishes the empirical robustness of our recovery methods.

The far-reaching goal of our work is to enable HDR com-
putational sampling of bandpass signals, which arise in a
number of applications [32]–[38] including USF-Radar [42],
[43]. Compared with the bandlimited signals, our recovery
guarantees are summarized in Fig. 1.

II. SIGNAL FOLDING ARCHITECTURES

In this section, we revisit the ideal [1], [3], generalized [13]
and non-ideal modulo operators [4], motivated from practical
scenarios and hardware experiments. We also summarize the
corresponding recovery algorithms that will be re-purposed to
handle bandpass signals, thus increasing the applicability to a
wider range of signal folding architectures.

A. Ideal Modulo Folding (Mλ)

Acquisition. In the ideal case, folded samples are acquired
using the centered modulo mapping defined by,

Mλ : g 7→ 2λ

Åïï
g

2λ
+

1

2

òò
− 1

2

ã
, [[g]]

def
= g − ⌊g⌋ (1)

where ⌊g⌋ defines the floor function3. Even when g ≫ λ,
the range of Mλ is bounded or Mλ(g (t)) ∈ [−λ, λ). For a
sampling period TS > 0, we denote modulo samples by y [k] =
Mλ(g (kTS)) while γ [k] = g (kTS). A hardware prototype of
the modulo ADC was presented in [4].

Reconstruction Strategy. From the modulo decomposition,

g (t) = Mλ(g (t)) + εg (t) , εg ∈ 2λZ (2)

we can deduce that unfolding y [k] is equivalent to recovering
r [k] = εg (kTS) ∈ 2λZ (residue) which is a simple function
[3]. This recovery approach was first introduced in the Unlim-
ited Sampling Algorithm or US–Alg [3]. Key to the recovery
in US–Alg is the idea that r [k] can be extracted from y [k].
For any g ∈ BΩ, its samples are highly correlated and hence,
∥∆Nγ∥∞ ⩽ (TSΩe)

N∥γ∥∞. This implies that oversampling
shrinks the higher order differences,

(
∆Nγ

)
[k]. Choosing,

TS ⩽ TUS =
1

2Ωe
and N⋆ ⩾

°
log λ− log βg
log (TSΩe)

§
(3)

with βg ⩾ ||g||∞, βg ∈ 2λZ it is guaranteed that ||∆N⋆

γ||∞ <
λ [3]. For {TS, N⋆} above, it follows that ∆N⋆

γ =
Mλ(∆

N⋆

γ) = Mλ(∆
N⋆

y) or ∆N⋆

εg = Mλ(∆
N⋆

y) −
∆N⋆

y. Thereon, stable inversion of ∆N⋆

is facilitated by
leveraging the restriction on the residual function’s amplitudes
or εg (kT ) ∈ 2λZ and growth properties of g ∈ BΩ. Finally,
g (t) is obtained by interpolating γ [k] = y [k] + r [k].

B. Generalized Modulo Nonlinearity (MH)

A generalized modulo architecture or MH [13]–[17]
was proposed to tackle fundamental hardware non-idealities
e.g. hysteresis which is present during ADC quantization. This
means that the threshold is different when the input signal is
increasing or decreasing. Since modulo samples can be inter-
preted as quantization noise relative to the continuous input
[27], it was argued that the hysteresis effect is also present
in Mλ–ADCs [14]. Including hysteresis in MH is beneficial to
the model, allowing to tackle non-standard sampling scenarios
such as incomplete folds [13], non-pointwise average sampling
[15], or event-driven sampling [16], [17].

Acquisition. We define the MH as follows.

Definition 1 (Generalized Modulo). The analog modulo en-
coder with threshold λ, hysteresis parameter h ∈ [0, 2λ) and
transient parameter α, is an operator MH : L2 (R) → L2 (R),
H = [λ, h, α], that generates an analog function z (t) =
MHg (t) , t ⩾ τ0 in response to input g ∈ PWΩ defined by

z (t) = g (t)− εH (t) ,

3Greatest integer less than or equal to g i.e., ⌊g⌋ = max {k ∈ Z | k ⩽ g}.
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where εH (t) =
∑

p∈Z spε0 (t− τp) , t ∈ R is known as the
residual, ε0 (t) = 2λh

[
(1/α) t · 1[0,α) (t) + 1[α,∞) (t)

]
, λh =

λ− h/2, sp = sign (g (τp)− g (τp−1)) , p ⩾ 1 and {τp} is an
asynchronous sequence satisfying τ0 = 0 and

τ1 = min {t > τ0|Mλ(g (t) + λ) = 0}
τp+1 = min {t > τp|Mλ(g (t)− g (τp) + hsp) = 0} .

The MH operator was shown to accurately describe the
experimentally observed output of the M–ADC for different
values of the design parameter h4.
Reconstruction Strategy. The typical assumption is that the
input belongs to L2 (R)∩BΩ, also known as the Paley-Wiener
space PWΩ. We filter the data with ψN , which leads to

ψN ∗ y [k] = ψN ∗ γ [k]− ψN ∗ r [k] ,
where r[k] = εH(kT ) and ψN can be the finite difference
filter ∆N [13] or a generalized filter allowing additional noise
robustness [14]. The general idea is to compute r [k] and then
γ [k] = y [k] + r [k]. Thus, the only unknowns are the folding
times τp and signs sp. Generally, when the transient duration
α is not negligible, the recovery is performed via thresholding,
exploiting that ψN ∗ r [k] consists of pulses centered in each
folding time, with shape given by ζN [k] =

∑k
i=−∞ ψN [i],

the step response of ψN . Thresholding requires that ψN ∗γ [k]
is small and that the folding times are separated so that the
pulses corresponding to different folds do not overlap. This
can be enabled via the hysteresis parameter h allowing a lower
bound on the spacing between folds τp+1 − τp ⩾ h

Ω∥g∥∞
. For

ψN = ∆N , the thresholding recovery conditions are [13]
1) (TΩe)

N ∥g∥∞ + 2Nη∞ ⩽ λh

2N ,
2) (N + 1)TΩ∥g∥∞ ⩽ h∗, h∗ = min {h, 2λ− h}.

If α is negligible, then the recovery can also be performed
with US–Alg, as will be detailed in Section III-B.

C. Non-Ideal Modulo Folding ( ›Mλ)

In practice, despite its simplicity, εg satisfies εg ̸∈ 2λZ. In
that case, any algorithm that assumes εg ∈ 2λZ will fail to
recover the residue signal5. This required flexible algorithms
that are agnostic to λ and can handle εg ̸∈ 2λZ.

Acquisition. The non-ideal modulo operator ›Mλ(·) [4] is
implicitly defined via g (t) = ›Mλ(g (t)) + Rg (t) where,

Rg (t) =
∑

m∈M
cm1Dm (t), ∪·m1Dm = R, cm ∈ R. (4)

M is the set of folding instants, D ⊆ R and unlike εg in (2),
Rg can take arbitrary real values. The non-ideal residue in (4)
can describe (a) the effect of reset- or shot-noise disruptions
on the sampled signal [10], (b) imperfections in the acquisition
device [15] and, (c) deviations in the modulo threshold.
Reconstruction Strategy. To recover g ∈ BΩ from y [k] =›Mλ(g (kTS)), the “Fourier-Prony” algorithm or US-FP was
devised in [4]. The US-FP seeks to recover r [k] = Rg [k]

4To get a sense of the hardware functionality, we refer the reader to the
live hardware demonstration here: https://youtu.be/R4rji5jOjD8.

5In the example of the US–Alg, g ∈ BΩ and εg ̸∈ 2λZ can no longer be
separated by ∆N operation because εg ̸∈ 2λZ ⇒ ∆Nγ ̸= Mλ(∆

N⋆
y).

in the Fourier-domain while making no assumptions about λ.
Instead, the spectral properties of y [k] and the g ∈ BΩ are
exploited to achieve a Fourier-domain separation between γ [k]
and r [k] 6. It was shown that using the US-FP algorithm, a τ -
periodic, Ω-bandlimited signal folded at most M times can be
exactly recovered (up to a constant) from its modulo samples
if the sampling period obeys,

TS ⩽ TFD =
τ

K
where K ⩾ 2

Å°
Ωτ

2π

§
+M + 1

ã
. (5)

With TS above, spectral estimation techniques are harnessed
by US-FP to robustly recover r [k] and hence g (t).

III. TOWARDS COMPUTATIONAL DEMODULATION
VIA MODULO UNDERSAMPLING

In the following, we consider a real-valued bandpass signal
gBP ∈ B(ΩL,ΩU) ⊆ BΩU

, where 0 < ΩL < ΩU. We can use
(2) to write zBP (t) = Mλ(gBP (t)) = gBP (t) − εgBP (t). The
samples of zBP (t) at intervals of TS = 2π/ΩS are

yBP [k]
def
= zBP (t) |t=kTS

=

=γBP[k]︷ ︸︸ ︷
gBP (t) |t=kTS

−
=rBP[k]︷ ︸︸ ︷

εgBP (t) |t=kTS
.
(6)

Since gBP (t) ∈ BΩU
, we can reinterpret a bandpass signal as a

bandlimited signal with bandwidth ΩU and thus, the recovery
methods of the USF apply. A naive reconstruction approach
to obtain gBP (t) from modulo samples yBP [k] would entail
working with the three recovery models in Section II and the
corresponding sampling periods given in Fig. 1. Since this
approach does not exploit ĝBP (ω) = 0, ∀ω ∈ [−ΩL,ΩL],
we observe that the corresponding USF sampling periods are
exorbitant, and often impractical in real-world scenarios.

This paper focuses on a computational sensing framework
for efficient sampling of folded bandpass signals. Before we
discuss the context of modulo samples, we discuss the con-
ventional setup [29]–[31] and revisit the concept of sampling-
based-demodulation. In this case, the natural interplay between
the following two entities is leveraged,

• Fourier-domain bandpass structure.
• Spectral shifting by controlling sampling rate.

Sampling a signal at period TS replicates its spectral content
on intervals with period ΩS. If ΩS is smaller than the critical
period of 2ΩU, the replicas alias inside (−ΩL,ΩL), and a
corresponding lowpass signal can be extracted. We qualita-
tively demonstrate this for 4 exemplary periods in Fig. 4.
When ΩS ⩽ 2ΩU, as in Fig. 4(b)-(d), the lowpass signal
appears within the zero-centered band of (−ΩL,ΩL). Notice
the spectrum mirroring effect in Fig. 4(b). For recovery to be
possible, the aliased replicas must not overlap. The conditions
for non-overlapping spectral lobes are formalized in the next
lemma, also known as the bandpass sampling theorem [30].

Lemma 1. Let gBP ∈ B(ΩL,ΩU) be a continuous-time band-
pass signal and let γBP [k] be its uniform samples with

6Note that g ∈ BΩ but ›Mλ(g (t)) /∈ BΩ. The spectrum of ›Mλ(g) can
be split into an in-band component (g ∈ BΩ) and an out-of-band component
that only contains Rg . Furthermore, the parametric structure of Rg with the
number of parameters depending on the folding instances, dictates the number
of out-of-band accessible values that are required for the recovery of r [k].

https://youtu.be/R4rji5jOjD8
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ω
ΩL ΩU−ΩU −ΩL

ΩS

2

(a) ΩS ⩾ 2ΩU

(b) ΩU ⩽ ΩS ⩽ 2ΩL

(c) 2ΩU/3 ⩽ ΩS = ΩL

(d) 2ΩU/3 ⩽ ΩS ⩽ ΩL

ω
ΩL ΩU−ΩU −ΩL

ω
ΩL ΩU−ΩU −ΩL

ω
0 ΩL ΩU−ΩU −ΩL

γ̂BPδ(ω)ĝBP(ω) Bandpass Function Fourier Series

−ΩS

2

ΩS

2
−ΩS

2

ΩS

2
−ΩS

2

ĝ(ω)

ĝ(ω)

ĝ(ω)

ĝ(ω)

Fig. 4. The computation of the baseband function g(t). The Fourier transform
of the bandpass function (red), and periodicity of the Fourier series of the
bandpass samples (blue) at four sampling frequencies. (a) Sampling above
the critical rate of the bandpass signal. (b) Sampling frequency within the
wedge of P = 2. (c) Maximal valid sampling frequency for P = 3. (d)
Sampling frequency within the wedge of P = 3.

TS ⩽ π/ΩU,L where ΩU,L
def
= ΩU − ΩL. Define γ̂BPδ (ω) =

TS
∑

k∈Z γBP [k] e
−ȷωkTS . If there exists P ∈ N such that,

π (P − 1)

ΩL
⩽ TS ⩽

πP

ΩU
, (7)

then γ̂BPδ (ω) = ĝBP (ω) , ω ∈ (−ΩU,−ΩL) ∪ (ΩL,ΩU) and
gBP (t) can be recovered from γBP [k].

In Lemma 1, P is a integer constant such that there are
P − 1 periods within (−ΩL,ΩL), i.e.,

ö
2ΩL

ΩS

ù
= P − 1 ∈ N.

For ΩS and P satisfying Lemma 1 and given γ [k] def= g (kTS),
we define γ̂δ (ω)

def
= TS

∑
k∈Z γ [k] e

−ȷωkTS . Then gBP (t) can
be obtained by computing the inverse FT of,

ĝBP (ω) = 1D(ΩS,P ) (ω) γ̂δ (ω) , where (8)
D (ΩS, P ) =

1
2 [−PΩS,−(P − 1)ΩS] ∪ 1

2 [(P − 1)ΩS, PΩS].

From Spectral Overlap to Bandpass Recovery. Sampling-
based-demodulation is designed so that bandpass content
occupies the vacant lowpass regions via aliasing. Adapting
this strategy to the USF is highly non-trivial as zBP (t) /∈
B(ΩL,ΩU). The relation between the bandpass and the residual
components is shown in Fig. 3, and reveals that for modulo
bandpass signals there is no interval on which ẑBP (ω) =
ĝBP (ω) − ε̂gBP (ω) = 0. Therefore, previous approaches do
not apply [29]–[31]. Nonetheless, the example in Fig. 2
implies that spectral overlapping does not necessarily prevent
demodulation, albeit in the context of bandpass signals. On
the flip side, we show that one can demodulate even non-
bandpass signals such as ẑBP (ω) by sampling. The goal of this
paper is to develop mathematical guarantees and frameworks
for computational demodulation of modulo signals. By looking
at the two components of a modulo signal (2), the task is to
determine the intersection between sampling periods that,

1) do not create spectral overlap of gBP (t), and,
2) are sufficient to recover the residual samples.

A. Undersampling with the Ideal Modulo Architecture

In what follows, we prove a sampling theorem enabling
ideal modulo sampling of bandpass signals with a sampling
rate that improves the known result TS ⩽ TUS = 1/2Ωe (3).

Theorem 1 (The Unlimited Bandpass Sampling Theorem).
Let gBP (t) ∈ B(ΩL,ΩU) and zBP (t) = Mλ(gBP (t)). Let
yBP [k] = z (kTS), k ∈ Z be the modulo samples of gBP (t) at
period TS > 0. If there exists P ∈ N such that TS satisfies,®

π(P−1)
ΩL

⩽ TS ⩽ 2πe(P−1)+1
2eΩU

P ∈ 2N+ 1
2πeP−1
2eΩL

⩽ TS ⩽ πP
ΩU

P ∈ 2N
(9)

where e denotes Euler’s number, then gBP (t) can be recovered
from yBP [k] up to an integer multiple of 2λ.

Proof. We define the normalized FS with coefficients yBP [k],

ŷBPδ (ω)
def
= TS

∑

k∈Z
yBP [k] e

−ȷωkTS (10)

(6)
= TS

∑

k∈Z
[γBP − rBP] [k] e

−ȷωkTS = [γ̂BPδ − r̂BPδ] (ω) ,

and the lowpass filtered signal g (t) via its spectrum,

ĝ (ω) = 1ï
−ΩS

2 ,
ΩS

2

ò (ω) γ̂BPδ (ω) . (11)

Using that TSγBP [k] are the FS coefficients of γ̂BPδ (ω)
together with (11) we write,

γBP [k] =
1

2π

∫ ΩS/2

−ΩS/2

γ̂BPδ (ω) e
ȷωkTSdω (12)

=
1

2π

∫ ∞

−∞
1ï

−ΩS

2 ,
ΩS

2

ò (ω) γ̂BPδ (ω) eȷωkTSdω

(11)
=

1

2π

∫ ∞

−∞
ĝ (ω) eȷωkTSdω = g (t)|t=kTS

def
= γ [k] .

We can use (2) to write g (t) = z (t) + εg (t), where z (t) =
Mλ(g (t)). Respectively, we write the samples γ [k] as,

γ [k] = y [k] + r [k] . (13)

The difference between the two discrete modulo sequences is,

yBP [k]− y [k] = γBP [k]− γ [k]︸ ︷︷ ︸
=0 from (12)

+r [k]− rBP [k] . (14)

For the LHS of (14), since yBP [k] ∈ [−λ, λ) and −yBP [k] ∈
(−λ, λ], we get that yBP [k]−y [k] ∈ (−2λ, 2λ). For the RHS,
r [k]− rBP [k] ∈ 2λZ. Hence, the intersection set between the
two sides of (14) must be zero and we get,

yBP [k]− y [k] = r [k]− rBP [k] = 0 ⇒ yBP [k] = y [k] . (15)

Substituting (12) and (15) into (10) we get,

ŷBPδ (ω) = ŷδ (ω) = γ̂δ (ω)− r̂δ (ω) , (16)

where γ̂δ (ω) and r̂δ (ω) are the FS of γ[k] and r [k], respec-
tively. From (16), we get that ŷδ (ω) = γ̂δ (ω)− r̂δ (ω) which
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means that under the conditions of the US theorem [3] we can
get γ [k] (and hence, g (t)) from yBP [k]. Moreover, if (7) is
satisfied then from Lemma 1, gBP (t) can be obtained and

Ωg
U =

®
ΩU − P−1

2 ΩS P ∈ 2N+ 1
P
2 ΩS − ΩL P ∈ 2N

, (17)

where Ωg
U is the bandwidth of g. The USF recovery condition

for g (t) requires that ΩS ⩾ 4πΩg
Ue. For P ∈ 2N+1, plugging

(17) allows to re-write the USF recovery condition as

ΩS ⩾ 4πΩg
Ue = 4πe

(
ΩU − P−1

2 ΩS

)

⇔ ΩS ⩾ 4πe
1+2πe(P−1)ΩU.

(18)

It can be directly shown that 4πe
1+2πe(P−1)ΩU ⩾ 2ΩU

P , which
yields the final condition on ΩS,

4πe

1 + 2πe (P − 1)
ΩU ⩽ ΩS ⩽

2ΩL

P − 1
. (19)

For P ∈ 2N, using the same derivation as in (18), we get
ΩS ⩾ 4πe

(
P
2 ΩS − ΩL

)
, which yields

2ΩU

P
⩽ ΩS ⩽

4πe

2πeP − 1
ΩL. (20)

Using TS = 2π
ΩS

in (19,20) yields the desired result; then
gBP (t) can be recovered from its modulo samples. ■

Theorem 1 is consistent with (3). Given that gBP ∈
B[ΩL,ΩU] ⊆ BΩU

, if we sample above the critical rate we have
P = 1 and thus condition (19) is satisfied for TS ⩽ TUS.
Nevertheless, for P > 1, the bandpass prior is exploited and
this results in lower sampling periods. In the bandpass result of
[30], P is bounded by P ⩽

ö
ΩU

ΩU,L

ù
. We can find an equivalent

bound for the modulo bandpass case from (19) and (20) as,®
(P − 1)2πeΩU,L ⩽ ΩL P ∈ 2N+ 1

2πePΩU,L ⩽ ΩU P ∈ 2N

which implies that,
{
P ⩽

ö
ΩL

2πeΩU,L
+ 1
ù

P ∈ 2N+ 1

P ⩽
ö

ΩU

2πeΩU,L

ù
P ∈ 2N

. (21)

Since the bound in (21) is tighter for the even case, we get
that P ⩽

ö
ΩU

2πeΩU,L

ù
, which is stricter than P ⩽

ö
ΩU

ΩU,L

ù
. The

sampling frequencies from Theorem 1 that achieve minimal
bandwidth Ωg

U = ΩU,L for g are®
ΩS = 2

P−1ΩL P ∈ 2N+ 1

ΩS = 2
P ΩU P ∈ 2N

(22)

which produce the baseband relocation cases, and demon-
strated in Fig. 4(c) for P = 3.

Sampling-Based Demodulation of Modulo AM Signals.
There are particular cases where the result of Theorem 1 can
be improved based on an even stronger prior. For example,
we can consider the case of double-sideband AM signals [44],
which are bandpass functions whose spectrum is consisted of
two adjacent sidebands that are mirrored around a carrier fre-
quency. These signals are among the most common waveforms
that are encountered in practical applications. Because of their

spectral structure, AM signals can be recovered even when
ΩS = ΩU,L [29]. In the next corollary, we extend this result
for modulo-folded AM signals.

Corollary 1 (Unlimited Sampling of AM Signals). If the side
lobes of ĝ are symmetric, i.e., ĝ (ΩL + ω) = ĝ (ΩU − ω) ,∀ω ∈
[0,ΩU,L/2], then gBP(t) can be recovered via Algorithm 1 if
there exists PAM ∈ N such that

ΩS =
ΩU +ΩL

2PAM
and

ΩU +ΩL

ΩU − ΩL
⩾ 4πePAM. (23)

Proof. We require that the sideband copies lead to pairs of
lobes that perfectly overlap, such that a pair is centered around
the origin. This is true if the LHS equation in (23) is satisfied.
Furthermore, to ensure that adjacent pairs of lobes do not lead
to additional overlaps, which ensures that the information can
be recovered, we further assume ΩS ⩾ ΩU,L. This leads to the
following condition on ΩU,ΩL:

ΩU +ΩL

ΩU − ΩL
⩾ 2PAM. (24)

Lastly, we compute Ωg
U, in order to derive a bound for USF.

The pair of lobes centered in the origin has width ΩU − ΩL,
therefore its bandwidth is Ωg

U =
ΩU,L

2 . This yields the USF
condition ΩS ⩾ 4πe

ΩU,L

2 = 2πeΩU,L. By using the LHS
equation in (23) it is translated in terms of ΩU,ΩL that leads
to the RHS equation in (23). ■

We remark that the RHS equation in (23) is a tighter
condition than (24), and thus is enough for input recovery in
the case of AM signals. As a particular case, we highlight the
implication of Corollary 2 for sinusoids, which can be viewed
as AM signals with a constant modulated amplitude, QL that
corresponds to the carrier frequency and ΩU,L −→ 0. While [9]
demonstrated that these signals allow lower sampling rates
than in the general bandlimited case, under the conditions of
Corollary 2, this improvement can be further enhanced.

B. Undersampling with Generalized Modulo Architecture

Here, we assume that gBP ∈ PW[ΩL,ΩU] is sampled with
MH and TS > 0. The goal is to recover gBP (kTS) up to an
integer multiple of λh. The output samples satisfy

yBP [k] = MHgBP (kTS) = (γBP + rBP) [k]
(12)
= (γ + rBP) [k] ,

(25)
where g (kTS) is defined in (11) and the residue rBP [k] =∑

p∈Z spε0 (kTS − τp). We assume that the transient is negli-
gible (α = 0), and thus ε0 (kTS − τp) = 2λh1[τp,∞) (kTS) ∈
{0, 2λh}. Therefore, samples γ [k] (25) can be recovered up
to 2λhZ using a variation of US–Alg, as explained next. Using
the same reasoning as in US–Alg, ∀k ∈ Z we require that∣∣∆N (γ + η) [k]

∣∣ < λh, which is true if (TSΩe)
N ∥g∥∞ < λh.

Subsequently, γ̃ [k] = γ [k] + 2Mλh,M ∈ Z, is computed
using ∆Nγ [k] = Mλh

(
∆Ny [k]

)
. In the following, we give a

theorem guaranteeing recovery from generalized modulo data.

Theorem 2 (Generalized Modulo Recovery). Let gBP ∈
PW[ΩL,ΩU] and yBP [k] = MHgBP (kTS) be the generalized
modulo samples of gBP with sampling period TS > 0. We
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Algorithm 1: Bandpass Recovery via Unlimited Sensing

Input: yBP [k], λ,βgBP = ||gBP||∞, ΩL, and ΩU.
Result: Bandpass function, g̃BP (t).
1) Compute Ωg

U using (17).

2) Compute N =

°
log λ−log βgBP

log(TSΩ
g
Ue)

§
.

3) Compute
(
∆Ny

)
[k]

(15)
=

(
∆NyBP

)
[k].

4) Compute
(
∆Nr

)
[k] =

(
Mλ(∆

Ny)−
(
∆Ny

))
[k].

Set s(0) [k] =
(
∆Nr

)
[k].

5) For n = 0 : N − 2

(i) s(n+1) [k] = S
(
s(n)

)
[k], S : {s[k]}k∈Z+ →

∑k
m=1 s[m].

(ii) s(n+1) [k] = 2λ

°
⌊s(n+1)/λ⌋

2

§
(rounding to 2λZ).

(iii) Compute κ(n) =

ú
S2(∆nr)[1]−S2(∆nr)[

6βgBP

λ +1]

12βgBP
+ 1

2

ü
.

(iv) s(n+1) [k] = s(n+1) [k] + 2κ(n).
end

6) γ̃ [k] = S
(
s(N−1)

)
[k] + yBP [k] + 2mλ, m ∈ Z.

7) Compute γ̂δ (ω) = TS
∑

k∈Z γ̃ [k] e
−ȷωkTS .

8) Estimate g̃BP (t) from γ̂δ (ω) using (8) and P from (9).

assume that there exists P ∈ N such that TS satisfies (9).
Then gBP can be recovered from ∆NyBP [k] up to an integer
multiple of 2λh, where N is defined as

N =

°
log λh − log βg
log (TSΩ

g
Ue)

§
, (26)

and Ωg
U is defined in (17).

Proof. From (25) we get that ∆NyBP = ∆N (γ + rBP), where
γ [k] = g (kTS) and g is defined in (11). It can be directly ver-
ified that the value of N in (26) guarantees (TSΩe)

N ∥g∥∞ <
λh, which was also shown in [3] for the case h = 0. Similarly,
given that rBP [k] ∈ {2mλh | m ∈ Z}, it can be directly shown
that ∆NrBP [k] ∈ {2mλh | m ∈ Z}. Then, using a similar
reasoning as for US–Alg, we get that Mλh

(
∆NrBP [k]

)
= 0

and thus ∆Nγ [k] = Mλh

(
∆NyBP [k]

)
. Further on, the US–

Alg can be used to recover g (t). Even though the recovery
of g (t) has no direct link to the bandpass property of gBP (t),
this is required in order to get back gBP (t) from g (t). As
shown in Theorem 1, this is possible if (9) is satisfied. ■

C. Fourier-Domain Approach for Modulo Undersampling

The recovery procedure from non-ideal modulo samples
exploits both the parametric structure of the residual signal
(4), and the partitioning of the modulo signal in the frequency
domain. For bandpass signals, two partitioning intervals can
be leveraged for the signal recovery, since ĝBP (ω) = 0,
∀ω ∈ R, |ω| /∈ (ΩL,ΩU). As a first observation, we note that
the bandpass prior interval of ω ∈ (−ΩL,ΩL) can be used
to recover the residual signal’s parameters without the need
for demodulation, for any ΩS > 2ΩU. Qualitatively, this can
be observed in Fig. 3. However, for further reduction of the
sampling frequency, demodulation will be necessary.

Fourier-Domain Partitioning of Modulo Bandpass Signals.
We use the DFT to develop the modulo bandpass sampling
conditions in the discrete frequency domain. The function
gBP (t) is considered to be τ -periodic. To avoid spectral
leakage, we assume that TS = τ

K , where K ∈ Z denotes the
number of samples. Moreover, without reducing the generality,
we assume that ΩL ΩU are integer multiples of 2π

τ . Then we
define QL ∈ Z and QU ∈ Z as

QL
def
=

KΩL

ΩS
, QU

def
=

KΩU

ΩS
. (27)

For TS > 0, sampling yBP (t) over a period produces
K = τ/TS discrete samples. In terms of the K–length DFT
of yBP [k], (16) becomes,

ŷBP [n] = TS

K−1∑

k=0

yBP [k] e
−ȷ 2π

K kn = ŷBPδ (ω) |
ω=

2π
τ n

= (γ̂δ − r̂BPδ) (ω)|ω= 2π
τ n = ĝ [n]− r̂BP [n] .

Moreover, g (t) defined in (11) is τ -periodic as well, given
that its frequencies are obtained by shifting ĝBP (ω) by integer
multiples of ΩS = 2π

TS
.

Given that we assume ΩL > 0, we get ΩL ⩾ 2π/τ and
thus QL ⩾ 1. We know that the values of the DFT of
γ[k] = g(kTS) map to the magnitudes of ĝ(ω)|

ω=n
2π
τ =n

ΩS

K

.

It then follows from (17) and (27) that the indices of the
passband frequencies in ĝ [n], the DFT of g(t), are contained
in {−Qg

U, Q
g
U + 1, . . . ,−Qg

L}∪{Qg
L, Q

g
L + 1, . . . , Qg

U}, where

Qg
U =

®
QU − P−1

2 K P ∈ 2N+ 1
P
2K −QL P ∈ 2N

and, (28)

Qg
L = Qg

U −QU,L,

where QU,L
def
= QU − QL and P − 1 = 2ΩL

ΩS
∈ N represents

the number of periods ΩS within (−ΩL,ΩL). We have that
g(kTS) = gBP(kTS) via (12). Then, using the periodicity
of the DFT ŷBP [K − q] = ŷBP [q] ,∀q ∈ {0, 1, . . . ,K}, the
following holds

ŷBP [n] =

{
ĝ [n]− r̂BP [n] , n ∈ E[Qg

L ,Q
g
U],K

−r̂BP [n] , n ∈ IK \ E[Qg
L ,Q

g
U],K

where the set E[Qg
L ,Q

g
U],K

is given by, E[Qg
L ,Q

g
U],K

= [Qg
L, Q

g
U]∪

[K −Qg
U,K −Qg

L]. The partition is schematically illustrated
in Fig. 5. As can be seen, the two sets on which the residual
and the lowpass signals can be separated are,

FBP =

®
[Qg

U + 1,K −Qg
U − 1] (Outer Set)

[0, Qg
L − 1] ∪ [K −Qg

L − 1,K − 1] (Inner Set)
.

(29)
A sampling density criterion that enables recovery based on
the two sets is given in the next theorem.

Theorem 3 (Bandpass Fourier-Domain Recovery). Let gBP ∈
B(ΩL,ΩU) be a τ -periodic function. Suppose that we are given
K modulo samples of yBP [k] = ›Mλ(gBP (kTS)), at sampling
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Fig. 5. The partitioning of a bandpass signal into its modulo (red) and residual
(blue) components in the discrete Fourier-domain. (a) Decomposition of the
bandpass spectra into modulo and residual components. (b) The inner and
outer intervals as defined in (29) on a single DFT period.

period TS = τ
K > 0, folded at most M times. If there exists

P ∈ N such that TS satisfies,
{

(P−1)τ
2QL

⩽ TS ⩽ Pτ
2(QU+M+1) , P ∈ 2N+ 1

(P−1)τ
2(QL−M−1) ⩽ TS ⩽ Pτ

2QU
, P ∈ 2N

or,{
(P−1)τ

2(QL−M−1) ⩽ TS ⩽ Pτ
2QU

, P ∈ 2N+ 1
(P−1)τ
2QL

⩽ TS ⩽ Pτ
2(QU+M+1) , P ∈ 2N

, (30)

and QL > M + 1 for P ∈ 2N or P ∈ (2N+ 1) \ {1} in (30).
Then, gBP (t) can be recovered from yBP [k] up to 2λZ.

Proof. We start from (7) and multiply by K to get,Å
P − 1

2

ã
K ⩽

KΩL

ΩS
⩽
KΩU

ΩS
⩽
Å
P

2

ã
K. (31)

Re-arranging (31) with respect to the number of samples K,

2

P

KΩU

ΩS
⩽ K ⩽

2

P − 1

KΩL

ΩS
. (32)

Then, using (27), we get an equivalent of the bandpass
sampling condition (7) in the discrete frequency domain

2QU

P
⩽ K ⩽

2QL

P − 1
. (33)

Next, to recover the bandpass samples we note that for a
modulo sequence with M folds, the first order difference of the
residual, r [k], is a 2M -parametric signal. Its recovery requires
2M + 1 samples in the outer set (29), for which ŷBP [n] =
−r̂BP [n]. This is guaranteed by K − 2Qg

U − 1 ⩾ 2M +1. By
substituting with Qg

U from (28) and isolating K we get,®
K ⩾ 2(QU+M+1)

P P ∈ 2N+ 1

K ⩽ 2(QL−M−1)
P−1 P ∈ 2N

.

For every M ⩾ 0, P > 0, we get that 2(QU+M+1)
P ⩾ 2QU

P

and 2(QL−M−1)
P−1 ⩽ 2QL

P−1 . Integration with the bound in (33)
and substitution K = τ/TS yields the first condition in (30).

Algorithm 2: Bandpass Recovery in the Fourier-Domain

Input: {yBP [k]}K−1
k=0 , τ,ΩL,ΩU, and M = |M| (4)

Result: Bandpass function, g̃BP (t).
1) Compute ŷ

BP
[n], the DFT of y

BP
[k].

2) Compute Qg
U or Qg

L using (28).

3) Define r̂ [n] def= −ŷ
BP

[n]
(15)
= −ŷ [n], where n ∈ FBP (29).

4) Use spectral estimation to estimate r̃ [k] [4].
5) Estimate r̃ [k] =

∑k
m=1 r̃ [m] (up to an unknown

constant), and compute γ̃ [k] = r̃ [k] + yBP [k].
6) Compute γ̂δ (ω) = TS

∑
k∈Z γ [k] e

−ȷωkTS .
7) Estimate g̃BP (t) from γ̂δ (ω) using (8) and P from (30).

For the set [0, Qg
L − 1]∪ [K −Qg

L − 2,K − 2] we require that
2 (Qg

L − 1) ⩾ 2M . We use Qg
L from (28) and isolate K to get,®

K ⩽ 2(QL−M−1)
P−1 P ∈ 2N+ 1

K ⩾ 2(QU+M+1)
P P ∈ 2N

. (34)

As in the outer set case, we integrate (34) with the bound in
(33), and replace K = τ/TS to get the sampling condition in
(30). For TS that satisfies (30) for some P ∈ N, gBP (t) can
be recovered from its modulo samples by Algorithm 2. ■

Remarks on Theorem 3:
➠ For QU = QU,L (bandlimited signal case), we return to

the expected result that 2(M+1) modulo samples beyond
the maximal non-zero frequency of the signal are needed.

➠ For P = 1, reconstruction from the inner set samples
requires QL ⩾M +1, regardless of the sampling period.

➠ As P gets larger, more replicas of the bandwidth occupy
the outer set (even P case) or the inner set (odd P case).
Consequentially, fewer folds can be recovered.

➠ For a given P , the outer set (even P case) or the inner
set (odd P case) shrinks as K increases. Consequentially,
larger M would require lowering the sampling period for
recovery based on a specific interval. This implies that
in modulo undersampling, the sampling period should be
optimized based on the recovery strategy (the exploited
interval, and the parity of P ).

Similarly to Corollary 1, the prevalence of AM signals and
their spectral structure motivates the proof of the next corollary
for non-ideal modulo bandpass sampling.

Corollary 2 (Fourier-Domain Recovery for AM Signals). If
gBP(t) ∈ B(ΩL,ΩU) is a τ -periodic function such that the side
lobes of ĝ are symmetric, i.e., ĝ (ΩL + ω) = ĝ (ΩU − ω) ,∀ω ∈
[0,ΩU,L/2], then gBP(t) can be recovered from K modulo
samples folded at most M times via Algorithm 2 if there exists
PAM ∈ N such that ΩS = 2π

KTS
= ΩU+ΩL

2PAM
and

ΩU,L ⩽ ΩS ⩽
4π (QL −M − 1)

τ(2PAM − 1)
. (35)

Proof. Just as in Corollary 1, ΩS = (ΩU +ΩL) / (2PAM)
guarantees perfect overlapping of the spectral lobes. For re-
covery to work, we further require that ΩU,L ⩽ ΩS. Here, only
the outer set [Qg

U + 1,K −Qg
U − 2] can be used and hence,

we require that (K − 2Qg
U − 2) ⩾ 2M . Then, the RHS of



JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. X, MONTH 20XX 9

ReconstructionSampling Frequency 
Shift BPF

Bandpass Signal
<latexit sha1_base64="oYvU7caEIDLwU0gMHqdgg7hIa60="> </latexit>

gBP(t)

<latexit sha1_base64="83p0vXQNA4V+AJ0BagM5Km0SrdU="></latexit>

yBP[k]
<latexit sha1_base64="1y/fj5n9VwR1JT3Ju21LQQaUqrI="></latexit>

e�BP[k]
<latexit sha1_base64="sWN1PDNXRHdozAjZ3C2ns6+ohgA="></latexit>

e�[k]

ReconstructionAcquisition

<latexit sha1_base64="tse8yMf5eTQGHMbWmoqzc8xQXX4="></latexit>

M

Reconstructed Signal
<latexit sha1_base64="ti2jHlkaZdMlkLUaXz68yMykFCc="></latexit>

egBP(t)

Modulo 
Samples

Baseband 
Samples

<latexit sha1_base64="WRMdDnY5WEegfmADtWpLPKfbRmk="></latexit>

zBP(t)

Folded 
Signal

Bandpass 
Samples

Fig. 6. Modulo bandpass acquisition and reconstruction pipeline.

(35) follows by substituting Qg
U (28) (with P = 2PAM) and

K = (ΩSτ) /(2π). ■

IV. EXPERIMENTS

This section provides experiments that validate the theo-
retical results and demonstrate the potential of our modulo
undersampling technique based on the sampling periods in
Section III. We demonstrate computational demodulation and
recovery of a bandpass signal from its modulo samples.

A. Numerical Simulations

As the most practical use case, we consider the case of
baseband relocation. In the experiments, the bandwidth of the
positive Fourier-domain coefficients is ΩU − ΩL = π, and
their complex values are generated randomly so ĝBP (ω) =
100U0+ȷ120U1, ∀ω ∈ [ΩL,ΩU], where (U0, U1) ∈ (0, 1)×(0, 1)
are sampled from a uniform distribution. The negative Fourier-
domain coefficients are the complex conjugate of the positive
Fourier-domain coefficients. The bandpass signal is normal-
ized so ||gBP||∞ = 1. The experimental pipeline follows the
block diagram in Fig. 6. The modulo of the bandpass signal,
zBP (t) is sampled at period TS for a time interval τ to produce
a sequence of K = τ/T modulo samples yBP [k], and the
samples that are recovered by Algorithm 1 and Algorithm 2 are
denoted by γ̃USBP [k] and γ̃FPBP [k], respectively. Both algorithms
recover the signal up to an additive constant of 2λZ. This
factor is estimated from the ground-truth samples γBP [k], and
the MSE between the signals is measured and denoted by
E
(
γBP, γ̃

US
BP

)
and E

(
γBP, γ̃

FP
BP

)
.

—• Time-Domain Recovery. The evaluation on this exper-
iment is based on 1000 random realizations of a bandpass
signal gBP ∈ B(50π,51π) with λ ∼ U (0.05, 0.1). According
to (3), the sampling period should satisfy TS ⩽ TBP

US =
1/ (102πe) ≈ 1.1× 10−3. However, according to Theorem 1
with P = 5 recovery is still possible for 0.080 ⩽ TS ⩽ 0.085.
We set TS = 0.080 to achieve baseband relocation in (22).
The maximal reconstruction error achieved by Algorithm 1
is E

(
γBP, γ̃

US
BP

)
= 8.54 × 10−32. This verifies the validity of

theorem 1, and shows a factor of 8πe reduction in the required
sampling period for bandpass signals recovery. The modulo
samples of gBP (t) with λ = 0.07 and the reconstruction using
Algorithm 1 with N = 3 are shown in Fig. 7.

—• Fourier-Domain Recovery. To test the utility of our
numerical algorithm, 1000 random realizations of the signal
gBP ∈ B(199π,200π) and λ ∼ U (0.02, 0.1) were generated. The
maximum number of detected folds was M = 259. Without

Fig. 7. Reconstruction of a bandpass signal with ΩL = 50π,ΩU = 51π
from its modulo samples at TS = 8 × 10−2, where λ = 0.07, P = 5.
Reconstruction with Algorithm 1 achieves E

(
γBP, γ̃

US
BP

)
= 2.06× 10−34.

undersampling, recovery of gBP using the US-FP algorithm
requires a sampling period smaller than 4.4× 10−3. Based on
(30), we observe that with P = 2 the sampling period can be
eased to 5.8×10−3 ⩽ TS ⩽ 10×10−3. We set TS = 10×10−3,
which relocates the bandpass signal to a baseband position
(22). The maximal reconstruction error using Algorithm 2 is
E
(
γBP, γ̃

FP
BP

)
= 6.39× 10−32.

B. Hardware Experiments

Experimental Protocol. The results for non-ideal modulo
architectures can be validated via hardware experiments, by
achieving computational demodulation and recovery of a band-
pass signal from its modulo samples. The input signal follows,

gBP (t) = AM (1 + cos (ΩMt+ θM)) sin (ΩCt+ θC) (36)

where {AM,ΩM, θM} are the amplitude, frequency and phase
of a message wave, and {ΩC, θC} are the frequency and phase
of a carrier wave. The minimal and maximal frequencies of the
bandpass signal in (36) are ΩL = ΩC−ΩM and ΩU = ΩC+ΩM,
respectively. In the experimental prototype, the signal (36) is
generated by a TTI-TG5011 function generator, and then fed
into the M–ADC and a 4-channel DSO-X 3024A oscilloscope
that simultaneously samples the input and the output of the
M–ADC to produce the ground-truth and the modulo samples.
The sampling and reconstruction pipeline follows Fig. 6. For
validation purposes, standard curve fitting techniques are used
to estimate the parameters of (36).
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TABLE I
HARDWARE EXPERIMENTS–SUMMARY OF PARAMETERS AND PERFORMANCE

Exp. Fig. No. TS (ms) K τ (ms) ΩL(rad/s) ΩU(rad/s) ρ AM ΩM(rad/s) θM(rad) ΩC(rad/s) θC(rad) E (γ, γ̃)

0 Fig. 2 2.5 24 59.8 2.29× 103 2.73× 103 2.49 −2.502 219.91 1.147 2.51× 103 −0.17 1.7× 10−3

1 Fig. 8 10 30 299 584.33 672.30 3.77 3.72 43.98 2.644 628.31 −0.93 7.1× 10−3

2 Fig. 9 2.5 24 59.8 2.29× 103 2.73× 103 2.6 2.47 216 −1.57× 10−2 2.5× 103 −1.57× 10−2 4.26× 10−4

0 0.05 0.1 0.15 0.2 0.25
Time

-5

0

5

Experimental Measurments and ReconstructionExperimental Measurements and Reconstruction

Time (s)

Fig. 8. Reconstruction from experimental data using M–ADC. The experimen-
tal parameters are in Table I (Exp. 1).

Fig. 9. Reconstruction from experimental data using the generalized M–ADC.
The experimental parameters are in Table I (Exp. 2).

Exp. 1: Reconstruction from Non-ideal Modulo Samples.
To show demodulation and reconstruction using Algorithm
2, a signal with a period of τ = 299 ms that obeys (36)
with the parameters AM = 3.72,ΩM = 43.98 rad/s, θM =
2.64,ΩC = 628.31× 103 rad/s, and θC = −0.93× 10−2 rad
is generated. The signal was fed into the M–ADC with a
threshold λ ≈ 2.01 ± 3/20, where ±3/20 is a manually
adjustable design parameter, and then sampled at period TS =
10 ms. The produced modulo samples y [k] have Qg

U = 3
and M = 4. As (36) is an AM signal, we validate that
ΩS = 2π/TS = 200π rad/s satisfies (23) with PAM = 1
and also satisfies (35) since ΩU,L = 28π ⩽ 200π ⩽ 293π.
The conditions of Corollary 2 are satisfied so we can use
Algorithm 2 with input y [k], to produce the recovered samples
γ̃FP [k]. The error compared to the sequence γ [k] = g (kTS)
is E

(
γ, γ̃FP

)
= 7.1×10−3, which verifies that yBP [k] ≈ y [k]

when undersampled. We then use interpolation with sinc (ΩSt)

to get g̃FP (t), and recover g̃BP (t) = g̃FP (t) sin (ΩCt+θC)
sin θC

. The
corresponding signals are shown in Fig. 8.

Exp. 2: Reconstruction From Generalized Modulo Non-
linearity. The input is generated using (36) with ΩM =
216 rad/s,ΩC = 2.5 × 103 rad/s, θM = θC = −1.57 ×
10−2 rad, and AM = 2.47. The generalized modulo nonlinear-

ity parameters are λ = 1.93, h = 0.88, leading to a ratio ρ =
2.6 between the input amplitude and modulo threshold. The
input is bandpass, satisfying {ΩL,ΩU} = {2.29, 2.73} × 103.
The input and output of the modulo were sampled with period
TS = 2.5 × 10−3, which is more than double the Nyquist
sampling period of TNS = 1.2 ms. This resulted in K = 24
samples. The input gBP (t), modulo output z (t) and output
samples y [k] = z (kTS) are depicted in Fig. 9. The samples
of the baseband signal g (kTS) were subsequently recovered
using Algorithm 1 with threshold λh. The signal g (t) is
reconstructed via interpolation with sinc (Ωt), where Ω = π

TS
.

The input gBP (t), recovered as g̃BP (t) = g̃ (t) sin (ΩCt+θC)
sin θC

, is
depicted in Fig. 9. The error between the recovered input and
ground truth is E (γBP, γ̃BP) = 4.26× 10−4.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we proposed a computational sensing-based
solution for the efficient acquisition of bandpass signals with a
high dynamic range. Our approach is based on modulo folding
architectures, whose distinct advantages had been previously
proven for bandlimited signal types, but such advantages have
not yet been capitalized for bandpass signals. In the sequel,
we have shown that the characteristics of a bandpass input
signal can be leveraged to allow a unique mapping between
bandpass and modulo samples at sub-Nyquist rates. Based
on that, we provided new sampling conditions guaranteeing
recovery in the case bandpass and periodic bandpass signals.
Considering the practicalities of modulo ADCs, we analyzed
three different folding architectures, namely, the ideal modulo,
non-ideal modulo and generalized modulo. Furthermore, fea-
sible recovery algorithms that show that recovery is possible
at the reported rates in both time- and frequency-domains are
presented as well. Our numerical experiments validated the
underlying theoretical findings. Taking a step closer to prac-
tice, we validated our algorithms with hardware experiments,
thus establishing their practical advantages.

The main message of this work is that folding architectures
are suitable for undersampling-based acquisition. Several real-
life signal processing systems implement undersampling using
ADCs but suffer from dynamic range limitations, thus creating
a research gap; our work on the other hand shows its relevancy
to a wide range of real-life signal processing systems.

—Future Work: The next step forward will be a study of
the framework’s integration into different architectures that
leverage bandpass sampling in hardware devices [39]–[41],
and the challenges that arise in the context. This may include

—• Multi-channel time-interleaved ADC, where the sam-
ples follow a non-uniform, periodic pattern and aliasing
is present in the baseband signal as well [31].
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—• Sigma-Delta ADCs, where a feedback loop is utilized
for noise shaping around a centered frequency [40].

—• Software-defined radios, where algorithms are required
to effectively filter and process multiple passbands.

APPENDIX

TABLE II
FREQUENTLY USED SYMBOLS

Symbol Definition
1D (t) Indicator function on the domain D.
Mλ Ideal modulo non-linearity with threshold λ.›Mλ Non-ideal modulo non-linearity with threshold λ.

MH
Generalized modulo operator with H = [λ, h, α] where h
is the hysteresis parameter and α is the transient duration.

gBP(t), g(t) Bandpass and corresponding bandlimited input signals.
ΩS, TS Sampling frequency (rad/s) and period TS = 2π/ΩS (s).
γ[k], γBP[k] Input samples γBP[k] = gBP(kTS), γ[k] = g(kTS).
y[k], yBP[k] Modulo samples of lowpass and bandpass functions.
r[k], rBP[k] Residual samples of lowpass and bandpass functions.
f First order difference, f [k] = ∆f = f [k + 1]− f [k].
∆N (·) Finite difference operator of order N .
f̂ (ω) Continuous-time Fourier transform (FT) of f (t).
f̂δ (ω) Normalized Fourier series (FS) with coefficients f [k].
f̂ [n] Discrete Fourier transform (DFT) of the sequence f [k].
ΩL,ΩU Minimum and maximum frequencies of a function.
ΩU,L Passband bandwidth ΩU,L = ΩU − ΩL.
Ωg

U Bandwidth of baseband function g computed via (17).
QL, QU, Q

g
U Indices for ΩL,ΩU,Ω

g
U on a discrete, normalized axis (27).

BΩ Space of Ω-bandlimited functions.
B(ΩL,ΩU) Space of functions with spectrum inside [ΩL,ΩU].

E (x,y) Mean squared error between vectors x and y.

Notation. The sets of real, integer and natural numbers are
denoted by R, Z, N respectively. We denote by f (t), t ∈
R continuous-time functions and by f [k], k ∈ Z discrete-
time sequences. The p-norm for functions in f ∈ Lp (R) is
denoted as ||f ||p, for 1 ⩽ p < ∞. The Fourier series (FS)
representation of a τ -periodic f (t) is,

f (t)
def
=

∑
k∈Z

fke
−ȷ

2π
τ tk, fk = 2π

τ

∫ τ/2

τ/2

f (t)eȷ
2π
τ tkdt.

The notation f̂ (ω) is used for the Fourier transform of a
continuous-time function f (t) ∈ L1 (R). The sampled or
discrete Fourier transform (DFT) of sequence {f [k]}K−1

k=0

is f̂ [n] def
=

∑K−1
k=0 f [k] e−ȷ 2π

K kn. The Paley-Wiener class is
denoted by PWΩ, that is, f ∈ BΩ ∩ L2 (R). The Dirac distri-
bution is denoted δ (t). The first order difference sequence
is defined as f [k] = (∆f) [k] = f [k + 1] − f [k], and(
∆Nf

)
[k] =

(
∆
(
∆N−1f

))
[k] is the N th order difference

sequence. The mean squared error (MSE) between x,y ∈ RK

is E (x,y)
def
= 1

K

∑K−1
k=0 |x [k]− y [k]|2.
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