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ABSTRACT 

The first part of the thesis deals with the rela-

tions among meson-baryon scattering amplitudes detained 

under various collinear symmetries. The auxiliary group 

and its role in constructing relativistic field theories 

that incorporate internal symmetries is developed in the 

introductory chapter following Feldmann and Hatthews. 

The collinear groups, in particular S(11(3)0U(3)) is dis-

cussed in detail. Various predictions among the meson-

baryon scattering amplitudes are worked out under this 

group and also under SU(6)w  and compared with experimental 

data. These processes are also considered under the colli-

near groups SU(4)w  and S(U(2)20(2 )),.y. These smaller 

groups are used to compare the effects of symmetry-breaking 

in SU(3) and SU(4). 

The second part examines the decomposition of the 

unitary irreducible representations of SL(2,c) restricted 

to U(1)AT(2) and SU(l,l). Integral representations for 

unitary matrices that allow to pass from one set of basis 



vectors to another (labelled by the corresponding 

Casimir operators of the subgroups SU(2), SU(1,1) and 

U(1)AT(2)) are derived using the theory of Induced 

Representation. 
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PART ONE 

BARYON-MESON 	 SINGSCATTE 	IN S OIE 

COLLINEAR GROUPS 



Introduction: 

Once the internal and space-time symmetries of 

the elementary particles were found to produce modest 

success in the static SU(6)(1), it was natural to attempt 

to combine the two symmetries relativistically. As it 

was, all the possibilities of this program were soon 

carried out resulting in various versions of relativis-

tic SU(6). 

The group SL(5,c) as the smallest relativistic 

generalisation for SU(6) was first put forward by nhl, 

Fulton and Wess, and Charap and Matthews
(2). These 

authors completed the covariant version simply by com-

bining the Lorentz invariance group SL(2,c) with the 

internal symmetry group SU(3). The whole theory was 

then required to obey invariance under the larger 

group SL(5,c). 

However, in the aforementioned SL(6,c) theory, 

one has to introduce space reflection invariance from 



2. 

outside. This has been rendered unnecessary in the 

formulation of the more restrictive U(6,6) theory of 

Salam, Delbourgo and Strathdee:, and Sakitax and Wall(3 .) 

This extension has been achieved by using the U(2.2) 

group as the space-time symmetry group instead of the 

Lorentz group. The initial success of this version of 

relativistic SU(6) was quite astounding in that it 

could ascribe an explanation to the equality of the 

electric and magnetic form factors of proton. Another 

advantage scored over SL(6,c) was in assigning a definite 

value to this proton magnetic moment which agrees 

fairly well with experiment. 

It was .00n realised that these symmetries are 

not compatible in general with the Unitarity conditions(4) 

Besides, ignoring the unitarity problem, calculations 

of scattering processes with U(6,6) invariant amplitudes 

yield results which are in violent disagreement with 

experiment.() 

We shall examine here some consequences in the 

case of the mesoll-baryon scattering processes of the 
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SL(6,c) and its subgroups. It is convenient to build 

up the relativistic SUM in the way Feldman and 

Matthews
(6) 

have done by using the concept of auxiliary 

group and index invariance. This formalism, together, 

with the different subgroups of U(6,6) and SL(6,c), 

forms the content of the first chapter. 

In the second chapter, we consider the group 

U(3M(3)(7)  (which is the collinear subgroup of 

SL(6,c)) and work out the predictions for the meson-

baryon scattering processes in this group.
(8) 

Com-

parison is made with the results obtained from the corres-

ponding U(6,6) subgroup. 

Chapter three examines how far the very success-

ful Johnson-Treiman(9) relations survive in the hier-

archy of subgroups. This has been done using the 

collinear subgroups of various invariance groups that 

can be constructed on the basis of Feldman-Eatthews 

method. 



4 
CHAPTER I 

The Auxiliary group 

The use of the auxiliary group as described by 

Feldman and iiatthews
(6) h

as proved a considerable 

boon in the understanding and study of the symmetries, 

of high energy physics. They showed how the need for 

an auxiliary group and the corresponding auxiliary 

operaters arose in a natural and elegant way. 

Any physical particle state should belong to the 

unitary representations of the inhomogeneous Lorentz 

group (better known as the Poincare group). Under the 

transformation of this group the one-particle states 

or the operators which create them from the vacuum 

transform in a rather complicated way because the spin 

undergoes a Wigner rotation 11(A V) = AOtNP),\A-1(''). 

(Here A is the Lorentz transformation, P is the momen-

tum and A(p) is such that A()P = where P is the 

normal four-vector for a little group of the Poincare 

group:). This rotation depends upon the parameters of 

the Lorentz transformation and on the momenta of the 
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particle before and after transformation i.e. P and ,\P. 

Auxiliary operators are constructed from the creation 

and annihilation operators so that these may have very 

simple transformation properties under the Poincare 

group. These operators can then be made to be the 

finite-dimensional representations of some auxiliary 

group which can be any group provided it contains the 

homogeneous Lorentz group as a subgroup. The only re-

quirement on the representations is that they should 

include the required spin of the physical particle 

state_in their decomposition. It is in this capacity 

that the finite non-unitary representations of the 

Lorentz group enter the theory. Thus the homogeneous 

Lorentz group serves as the smallest auxiliary group. 

When local fields are constructed from the auxiliary 

operators and are required to satisfy causal commuta-

tion relations, these fields also introduce antiparticles 

and CTP invariance. S-matrix elements formed out of 

these local fields by saturating auxiliary suffices 

ensure crossing symmetry and CTP invariance. This 
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has been discussed by Wienberg(10) in great detail. 

These fields can be made to accommodate larger 

multiplets by a corresponding extension of the homo-

geneous Lorentz group. S-matrix elements constructed 

from the new fields will then remain invariant under 

the index transformation of the extended auxiliary 

group. 

We examine below in detail these ideas about the 

auxiliary groups and the corresponding operators with 

the homogeneous Lorentz group, U(2,2) group and their 

extension with internal symmetry groups as the auxiliary 

groups. 

The Poincare group: 

The Poincare group is the grain of all transforma- 

tions L = (A,a) composed of a matrix 	a trans-

lation 'a' acting on the elements of a real, four 

dimensional vector space, 

L x' x = 	a 	(1) 
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We shall consider only those transformations where /\is 

such that 

dtt 	= +1, /,,0> I 

which alone form the proper orthochronons Lorentz group. 

The infinitesimal generators of the group have the 

following commutation relations 

Ejp,v , J43 = i(gp\,gpv 	gppJXy 	gyXj[lp 	gypjA) 	

(2) 

EFx,Ptl] = 0 , [Px, Jilv] = i(gxliPv 	gXvP ) 

The basic spinor representation of the generators 

4,v is given by the six 4x4 matrices 

o~av = rtCY 	,1 p Y (3) 

where the four matrices Y,,, are the Dirac matrices satis-

fying 

[yp , yv] = 2gitv 	with metric (1,-1,-1,-1). (3a) 

Since yo is hermitian and y1(i=1,2,3) are antihermitian, 

are hermitian and 	antihermitian. 

The irreducible representation can be partially 

labelled by the value of the Casimir operator 

< P2 > =m2  
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Furthermore, the sign of po, the eigenvalue of the 

operator Po, may also be specified, since it cannot be 

reversed by any operator of the group. It is found 

that depending upon these two specifications we may have 

disjoint classes of four-momenta. But the physical 

states must have 

< p2 . m2 > 0 and P
o 0 	(4) 

Thus a partial labelling is given by equation (4) which 

shows that we have selected those states corresponding 

to a given mass. Clearly the manifold of states satis-

fying the above specifications is infinite; it is called 

an orbit. Correspondong to this orbit, we take the re-

presentative element or point to be the zero-momentum 

state,. 

P = P = m = (m,0), m >0 
	

(5) 

Any other- bpoint on the orbit can be reached by a Lorentz 

transformation, such that 

A(p)P = P 	 (6) 

that is, for each state P there is an operator that 



brings it to the zero-momentum state. For each Lorentz 

transformation and each four-vector P, there is the 

Wigner's rotation 73.(i,P), defined as 

71(,,r) = A(NP)AA-1(AP) 	(7) 

such that 

a(i\D)'P = P 	 (8) 

This shows that a(np) are the set of all Lorentz trans-

formations which leave the four-vector i" invariant. 

This, by definition, is the little group for P. It 

can be shown that the little group is the same for 

all points on an orbit(11) For the Physical state 

defined by equation (4), the little group is the group 

of three-dimensional rotation, 0(3). This result can be 

easily detained in the following way: 

3y using the coatautation relations (2), the effect 

of a Lorentz transformation on any four-vector may be 

expressed in terms ,of the corresponding spinor matrix, 

defined by = 	. For an infinitesimal Lorentz 



transformation on viL, we obtain 
i 5/ 7 E [a 	/] 

= m 	-oJ  1  Y  

We find that under transformations generated by the 

infinitesimale a..the above equation remains ge nerators 10  

invariant. These precisely generate the compact sub-

group 0(3) which is thus the little group of the 

Poincare group for points on :physical orbit. 

Thus, we may further specify the physical state 

by specifying the value of the Casimir operator 01
2 

for a representation of the:little group and that of 

IJ31 
for the state in the representation. For one 

particle state these specifications are just the spin 

s and spin-component z • This completely determines 

the one particle physical state so far as its space-

time properties are concerned. Thus we have the nota-

tion 

rn2,s;P,sz> = J P,s > 

for a single parLicle state, where m
2 s determine the 



irreducible representation and P, sz  fix a state in this 

representation. The right hand expression is just an: 

abbreviation for the same state; for example, for the 

state at rest we write 

‘m2, s; 0, s
z
> = im,s> 
	

(9) 

To consider the effect of a general Poincare 

transformation on a single particle state, we note that 

such a transformation Darametrised by Allvand a is 

,a) = exp[iPli 	11" Jilv] 
	

(10) 

It is also convenient to use the boost operator A-1(P) 

defined in equation (5) which in spinor representation 

takes a particularly simple form 

1P,s> = N exp[-ic(P) k] ka,s> 	(11) 

where k = Jo. and 6(P) is the direction of P and satis-

fies 
P. 

'cosh m= ° s 	e1 = 

 

(12) 

 

and N is a normalisation factor. Thus, a pure Lorentz 
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transformation on a general one-particle state is 

U(e\P) 1P,s> = e-l)  — IP,s> 

Im,s> (13) 

where e(PI) = c' 

ie:k -ilk -iek Ue notice that e 	e 	e 	= a(/\13) is the 

Wigner's rotation, as follows from definition. Eecause 

we have here 

'Ek (AP) im,s> 	eic.k e-1 1k e-i --Im,s> 

ic'k 	i 

	

= e 	— e 	P, s> 

ekf_;5- u(AP)1P,s> 

= im,s> 

Therefore, this is the little group mentioned above and 

is unitary. We may write 

7,(AP)Ira,s > = ims'>< ms' D(P) fms > 	(14) 

	

where we have dropped , 	R(AP) and written t(AP) = D(P). 

Equations (13) and (34) give 

U(AP) i Ps> = 1P's'>< ms'i D(P) Im,s > 	(15) 
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Under a tram -lation a 

exp(i 	)P9 s> 

= ext.(iPtlaP') P,s > 	 (15) 

These transformation properties can also be shown by 

.t:aking a non-degenerate vacuum state '  such that o 

a (p)>0 	P, s> 

-1  U(A)a (p9s)., („,) = a (10,s1) <nS  D(P) rns> (17) 

and since D(P) is unitary 

U(N) a(P,$)U " = <m,s! D
- 
 ,D,(ms5a1.0, IN 

‘1 pS I 

(18) 

Under a displacement aµ , 
U(a) a(P,$) 

U-1
(a) = e-iPilat2 a(P,$) 	(19) 

and 	U(a)a-/-(P,$) U-1(a) = eiPliallal-(P,$) 	(20) 

These equations show clearly the transformation proper-

ties of the one-particle states. One can obtain the 

general form of tie interaction Lagrangian allowed by 

Poincare invarianr.e, in nrinciple, by forming invariants 

!P, s> 
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from the creation and annihilation operators of the 

varions particles of the theory. ilut, as we have seen 

the matrices D(P) has complicated dependence not only 

on the parameters 11 , but also on the initial and 

final momenta of the operator being transformed. For 

this reason we introduce the auxiliary operators, which 

have very simple Lorentz transformation properties. 

To this end, we notice that the exponential factors 

appearing in the definition for D(P) involve the 

0eneratorsK.of the pure Lorentz transformation so 

that these generators are to be included in any auxili-

ary group we wish to use. This shows that the simplest 

auxiliary group is the homogeneous Lorentz group and 

the most convenient representations are the finite-

dimensional non-unitary ones,ice> which contain spin s 

of the particle. This is because spin is generated by 

the compact subgroup 0(3) of the Lorentz group and both 

the unitary representations D 	of 0(3) and the non- 

unitary finite dimensional representations D(i9j)  of 

the Lorentz group are defined over it. Over this common 

• 



domain of definition, the D(j)  arc equivalent to cer-

tain of the D(j'j). For example the representation 

D(j'°)  is equivalent to (can be chosen to be equal to) 

Cm-2 representation D(j)  where they are both evaluated 

at the same pure rotation a, 

D'0)() = D0)() 

Of course, for some Lorentz transformation A other 

than pure space-rotation, 
D090) 

 (1\) is no longer a 

unitary matrix. Using the spinor representation in 
77 

	

which D(jap 9°)(A(P)) =<ocIe 	D'49°1(A)=<atel 	1p) ap 

we can write 

<misi!D-1(?) {m,e> =<msgia><alei51  IP><ei  *11  y> 

<11 e-4-1L 1 ,5><61m,s> 

We may then define the function 

Aa( P) = <a e-i.E'L 	a(p,$) 	
(21) 

= U410)  a(p,$) 

U(A)Acr)U-1(,A.) = <a/e-° °L Ip><pfm,s>U(A)a(p,$)U 1N 

= <a)e-i.E°LINIps><ms)D-1(p)ims >a(p's'). 

= C 

	

ay 	Ip> 
P(13') 

= SP A 31 	 (22) 
- a  P(10') 

9°  0 
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So 'Lie new functions transform with the finite non-

unitary matrLx SaP(D(J20) as used a::,ove) which is 

parametrised only by' -the pure Lorentz transformation 

parameters, decoupled from the momentum P. This has 

the desired simplicity. The non-unitary states 	\a> 

have no direct physical significance. The link between 

the physical scats im,s> and the non-unitary auxiliary 

statcsia> is given by the constant spinor <alm,s>. It 

is however important that in the construction of Aa(P) 

the representation la> should contain the spin s, as 

has been noted earlier. Ifla> contains several spins, 

this can be used in putting particles of different 

spin in the same multiplet. 

he 	olperator dual to Aa(P) is 

Aa(p) = a+(pp)<m,s ± p><p:eiE°K la> 	(23) 

with the transformation properties 

U(A)Aa(p)u-1 ( AR(p~ ) <p 
r
ie  =

(PI) 

 

 

AP(131) (s-1)a (24) 
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so that 

Aa(p) Aa(p1)  

is a scalar. T:lowever, because a-representation is not 

unitary, Aa(r) is not the heLuatian conjugate of Aa' 

To satisfy reality requirements it is necessary to find 

the transformation properties of (Aa)+  for each case 

separately. 

The transformation properties of these operators 

under translation follows from the definition, equations 

(19) and (20). 

Aa(p) 	Aa(p)  

Aa(p) 	eiP1.2 	Aa(p) 
	 (25). 

With these auxiliary operators one can construct 

Poincare invariants. All one has to do is to take 

product of the appropriate operators and saturate the 

indices. For example 

T = SAa(pi)  AP (p2) 	Aa(p3)/$(p4) x 54(pl +p24-4...-p3 p - 

d p1  ...d p4  
is invariant under the Poincare group. The 5 function 

is necessary to remove the phase factors that arise 
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because of translations. The construction of these 

invariants does not require any antiparticle which, 

however, has to be introduced in connection with the 

local fields. 

These local fields Toc(x) satisfy the causal commu-

tation (or anti commutation) relations, 

[‘va(x)9  -yr(y)] = 0 if (x-y)2<0 . 	(25) 

which is the causality relation. 

-T a(x) can be obtained from Au(P) by taking Fourier 

transform, but it will be necessary to have terms with 

positive and negative frequencies, corresponding to 

creation and annihilation operators. Operators with 

positive frequencies can be introduced through the 

matrices defined below. 

For any pure rotation D there exists a matrix B 

such that 

-1 
<rrisiD(ra,s i> = <m,s1, 3 DD I at, s> (27) 
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This shows that alternately we can write 

U(A)a+(p9s)U-1 N = <m,s1B-1DBfm,st> a+(pisY); (28) 

and consequently analternate auxiliary field can be 

defined; 

Aa(P) = <ccie-i *Elp<plBlm,s> a+(p,$) 	(29) 

which under pure Lorentz transformation transforms as 

U(A)Aa(P) U-1(n) 	<ale1.:24-ip;(131) 	(30) 

This is the same as for Aa(P). :however, under transla-

tion 

1a(10) 	ia(P) 	 (31) 

which is opposite to that for Aa(P), equation (25). 

Then we  can define a local field '4/a(x) 

-,1) a 	= (A
a(D

Nie-iP.x + 7i(p)eiP.x)44(1,0)271 8(p2,...m2.)d4Pr  

(2n)4  
(32) 

where a new particle of mass m and spin s with the 
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auxiliary field 

a(p)  = <ale-i °1113><piBIE -6-> b+(p,$) 

ia(p) 1)-1-(p,F) 

has been introduced. The variable s sums over the same 

range of values as s but the matrix <alms> may be 

different from <TIE b-> . 

If we now construct commutator (and anticommutator) 

using the above definition for the local fields, we 

have 

EYa(x), 4/0(y)]+ rUs06 U - 	(p),(  p(p)) e-iP(x-Y);  Va%)(p-(p))7'E. 

eiP(x-Y)
`1" ) 

271 8(p2_,,,m2)  d4P 
0/ 	(2704 

(34)  

For causality relation (26) to be satisfied, we must 

have 

[Alla(x), 	-113-(x)4 = ga  (8) 
eip(x-y)mpo) 

x 2n6( E2_m2)4)4  

= faP(a) ̂ :(x—Y). (35)  

The important point to ncitice is the minus sign appear-

ing in between the two exponential factors. One term 

(33) 
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comes from a-particles and the other from b-particles, 

and so it is necessary to include the latter to satisfy 

the causality condition. This also leads to the re-

lation between spin and statistics, and to the relative 

parities of particle and antiparticle. This is illustra-

ted below by considering the cases for zero and k spin 

particles. 

For zero spin, things are quite simple, as IP,s> 

is the trivial representation of the little group and 

la> is the trivial representation of the auxiliary 

group i.e.the homogeneous Lorentz group in this case. 

Thus, we have 

u = v= 
	and A(P) = a(P), IT(P) = b(P) 

Assuming Bose statistics (and hence commutation relations 

for the operators a and b), we find 

[0(x)10(y)] =A(x-Y) 

which is the causality-relation (26), thus trivially 

satisfied. Although for causality relation to be 

satisfied we do not need to know about the parity 
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explicitly, we may make the natural assumption for the 

local fields under which 

95(x)a = ± gx02- ) 

where is the parity-operator. This condition then 

requires that particles and antiparticles of zero- 

spin must have the same intrinsic parity. 

Spin-2 particle case: 

For the spin-1/2 case we use the reducible 

representation (1/2,0) + (0,1/2) of the auxiliary group. 

If we use the Dirac matrices (3a), then from the defini- 

tion
- 

 of U
s 
a(a) 	

v
s 

and 	, , (equations (21) and (33)) we 

get 
s 

ua (p) 

TT S 
ua (p) 

, 5 
''a(p) 

~a( p)  

= (e-iCIGoI/2)a <81m,s> 

= <m,s1,5> (e-iElaol(2)a 
P 

=(e-ice.o1/2)8a <6.1BIE E> 

= <Fri EiBio>(e-i eoji 2),5̀ 

(36) 

Also equations (3) and (12) give 

Y P 
- ( 	11)y 11 	0 

(37) 
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The yo  matrix has the properties of the parity operators. 

It is necessary to assume anti-conuautation relations 

so that causality relations may be satisfied. Depend-

ing on what conditions are placed on the constant 

spinors <*ilt s> and <a\m,s> , the spin sums UU
.s 
 and VV 

appearing in the causity relations (34), will be differ-

ent. 

Thus, if there are as many s as there are a , then 

Im,s> =bas 

and we have parity-doubling, 
yo im,S/,2> 	im,S1,2> 

Yo ! m '33,4>  = 	I m $ S3,4>  

and similarly for the antiparticles. Using (36) and 

(37) the sin sum is carried out and the causity rela- 

tion becomes 

t 
iY,8„ ,.Y .....3 

lf la(x) 	p(y) (J. + 	m ' 	
(x y)  

There is no equation of motion for -V4n) since there 

are no -restrictions on Aa(p) and a(P). Equations of 

motion appear only when the number of s is not equal 

to a . As far as causabokty.it concerned, there is no 

. 	_ 
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necessity for the antiparticles to appear. 

If we restrict the parity of the particles by the 

relation 

(yo)aP <i3 I in,s> = <alm,s> 	(38a) 

we find that only when the antiparticles take opposite 

parity 

(yo)a <13) E,E> 	-<a -M.,E> 	(38b) 

the causality relations are satisfied. With these 

restrictions on the particle and antiparticle states, 

the sums appearing in the causality relation (34) 

are 

Ull= 
	-161Gol/2 (1+Yo 	-le.o . 02/2 = e ` 2 ) 	

1 
 

(
-ie-o . //2 ( 1-y 	o 	-i6i001/2 , 

v -  = e 	
1 01 	

) e ` 

The- causality relation is then 

P 4-111  
( 
42 
	)Yo 

p 
( 	11 

-m

2 )Y0 

a(x) , 11(y) if = t (1(81-m)Y0j 	2, (x-y) 

This shows that .the equation of motion Of the fie d is 

(y Dil+m) 11/(x) = 0 	(39) 
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From the above analysis, it is particularly clear that 

the equations of motion such as (39) are just the 

boosts of the restrictions imposed by parity to reduce 

the number of independent components of the auxiliary 

operators Aa(p)  to the number of independent operators 

a(P,$). 

U(2,2) as the auxiliary group: 

In this section, we shall extend the auxiliary 

group to U(2,2) and examine how local fields which com-

bine particles of different spin may be constructed 

under this group. 

U(2,2) is the group of transformations whose in-

finitesimal generators care F
r
(r=1,2,...16). In the 

basic 4x4 representation la>, (quark representation) 

<a 	F.  9 P> =fir) 13  2 	a 

A 
= 	' 	5 'T' T411' 

15 - -4ToVY223 	= 

These generators satisfy 

60( (-1;)+  To 

where 

(40)  

a p,v • 

(41)  
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As in the Lorentz group case, we can define an 

auxiliary operator 

Aa(p) = <a 	 ip>q m,s>a(p,$) 	(42) 

wherela> is now a representation of U(2,2). Under a 

U(2,',) index transformation, we get 

Aa(p) 	
<aleil 

	
./ Ifi>J5,0 13) = To! AP(P) 

	(42) 

where .Yl r  are the parameters of the group. The auxiliary 

operators dual to Aa(p)  is Ac6)  defined by 

Aa(p) - a(p,$)  <m,s113><I3 ie.K 4 e - 	fa> (43) 

which transform under U(2,2) as 

Aa(p) --->AP(p)(T-lq 	(44) 

In this basic 4x4 representation Ail,)  has the same 

transformation properties as A
P 
 (y )a

P' 
 which is verified 

from the definition of the U(2.2) generators (41). 

All other auxiliary operators are to be constructed 

from these tensors. 
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We construct local fields from the auxiliary opera-

tors, For spin 2  particles, the lowest representation 

of U(2.2) which contains spin 2-1 Particles is the basic 

representation. :.:eduction under the Lorentz group 

gives (1/2,0) + (OM representation. Construction of 

such fields follows exactly the same procedure as for 

the Lorentz group. 

In the case of integral spin, we find that fields 

of spin 0 and I can be constructed from auxiliary 

operators like 

A2(p) 	(u())a a(p,$) 
	

(45) 

where 

(u
(P 
s
) a 
)P 

- 
- <a1' e-iL°E a13'><al ; P 	' 

i
lm s> 

= 	(e-iciGo1/2) a' < 	
(eis 1c oi/2\P 

a 	a t 	ip, 	(46) 

From this operator we can construct the local fields 

0a(x) as in the previous case 

4(x) -ii(APa(p) e—il"x  + 1(13x(p)e1l"x)27c0(1)0)8(p2—m2) 	 4P (47,,  
(21 ) 4 
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where again we have used a field for another particle. 

of mass m, with auxiliary field 

aP(p) = <aPPI, at m,s>10-4-(p,7) 

 

=((p)s)2 b±(P9E). 

 

(43) 

Assuming the operators a(p,$), b(p,$) etc., to be Bose 

operators so that they obey commutation relations, we 

have 

DM(x), 4+( y)] = (U )(U ) 
(P) a (P) m 

e-iP(x-Y)  

eip(x-y) 	2 2  d413 
2n4)(1)0)5(p -m ) 4 (49) 00  

Causality relations demand it to have the following 

form 

u02(x), 4(y)] = f  aP(a) 4x(x—y) 

This requires the suukaation of UtY. and vvr . As in the 

spin .1/2  case the summation depends on the choice of the 

projection operators,  

0"P 	<P 	s><rn sr> af3 a " 

07tocCi3 = <al3 P3k,g>Cm,E nP> 
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If S has as many values as a,p we then have 

07tp = ZmP = S m  6 P 
ap a p 

0• (U 	)13  
(P) a (Ur SHP = ( 	)P 	- 

(P) 	(P) a 	(P) 	- 

and 

Y 	)p n Y Y 	A 

	

( 	0 	(  0  
m  /a 	m  ,p  

+ 	iy ey 	iy 

	

[02(x),(y)] = ( 	m c)).(Y0 	11111  A(x...y) 

This will mean a multiplet with sixteen particles and 

sixteen antiparticles, with no equation of motion, as 

there is no restriction on the operators. 

Various restrictions can be imposed on the field 

through parity. Parity-operator in this representation 

is 

< P1R ,  P>  
a 	i n (Yo): (Y0)Pp (50) 

9e may require a state Imps> to have a definite parity, 

say positive or negative. This restriction due to parity 

will result in an 'quation of motion for the fields. 

This has been shown below by taking the most restric-

tive parity requirement, where over and above the field 

having a definite parity, we require each quark-component 
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to have a definite parityLe.each basic representation 

is subjected to a definite parity. This restriction 

will lead to the equations of motion for the fields 

which are the Bar man-aligner equations introduced by 

Salam, Delbourgo and Strathdee(3) and discussed in 

great detail by Charap, Eatthews and Streater
(12) 

We specify a positive or negative quark-parity 

for the state Im,s> by 

(yo OC IL 
)n  <P 

	

	I 2  m,s> = + <P m s> a  (51) 

The antiquark-parity is positive or negative accord-

ing as 

<2! m,s>(yo)r)  = ± <0c13 1 m,s> 	(52) 

Let the quark-parity be positive, so that 

(Yo) 	t in's>  = 	m,s> 
(53) 

a 
< 13  m,s> 	-15-(1+y )7' <P  •..0 a Tr 

Further, if we require the parity of the state 1m, s> 

to be negative, that is if 

(yo) <71P I m,s> (yo)pP = 	Imo> 
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then, the antiquark parity has to be negative 

k2s>(yo)g 	Im,s> 

<aP 	m,s> 	2 (I-yo p  )13  <aPim'  s> 	
(54) 

Then, 	0743  = <a13  Im ,s><m,s P> ap 

= 2(1+Yo)a <13  )m,s><m,s P> 

= 2(1+)(0) 7ct6 (1—Y0)P <Pt im,s><m,si 

= 14.(1+Yo) (1-Y0)P 

To satisfy the causality relations, the quark-parity 

for Im,s> must be taken opposite to that for Im,s> 

This leads to 

Z7g = 461(1-Yo)a 

.% K(x), ge(Y)] = 

(1-1-Y0)P  

42  [((iyil+m)Y0)Tha(Yo(iyll-m)) ] m  

The equations of motion for the fields are 

(iyile-m)70tc  0(x) = 0 

4(x)(iyllall+m)P = 0 
	(55) 
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which are boosts of the parity-restrictions, equations 

(53) and (54). 

These fields O c  contain Particle operators for 

spin-zero and spin-one particles. The spinors arising 

in its decomposition - equation (<:9), into positive and 

negative frequency parts obey the equations 

(1( Ph -m)7c1c 	= ea(P) 
	

)P  - 0 	
(56) 

(liP id-n1)7ta v7Pt(P) =4,6(P) (Y110-m)P = 0 

3y this extension of the auxiliary group it be-

comes possible now to incorporate in a single causal 

field several irreducible representations of the 

Poincare group. This is naturally expected as the auxil-

iary group used here contains the homogeneous Lorentz 

group as one of its subgroups. These extended particle-

multiplets will form irreducible representations of 

some extended little group. The little group can be 

determined in the following way: 

This will be the group of all transformations that 

leave invariant the form ma+ (0,$) a(0 ) for all single 
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particle operators. This denotes the projection of 

the free-particle energy-momentum operator at rest. 

When expressed in terms of the auxiliary operator, this 

takes the form 

m(A0c (0))+<at ni t s><m,s p> AR (0) 	m(Acc (o)) +  Oa AR (0) (57) 

Since under the little group transformations the momen-

tum remains invariant, it will be a sub-group of the 

auxiliary group that leaves the operator (57) invariant. 

In any representation la>, these are elements T which 

satisfy 

(T-4-  0 T)Ic3c  = Oa 

In terms of the regular representations r 
o 	= OP 

or, 	(or 	= ( 1—'0)a 
	

(58) 

Since OP always contatns the unit matrix, equation a 

(58) implies that 

(59) 
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Equation (59) allows only the hermitian generatOrs 

to form the subgroup, so that the subgroup can be no 

larger than the maximal compact subgroup. c,owever, 

the little group is further restricted by the choice 

of OR . For the choices of 0 PI  0743  made so far for 
a 	 a aP 

particles of spin 2, 0 and I cases, the generators 

are found to be those of U(2)0 U(2). As has been shown 

by Feldman and flatthews )  if more restrictions are im-

-)osed on the fields, the little group may turn Gut to 

be U(2). 

Extended Auxiliary Group including  Internal Symmaqx: 

The inclusion of internal symmetry in a large 

auxiliary group is very simple. If in addition to the 

Poincare invariance we assume that the single particle 

states transform as representations of an internal 

symmetry group s (for example 5;I 3) or isospin group 

SU(2) I), we know that the little group will be 

su(2)a s for these states. SU(2) refers here to the 

spin group. Then -we introduce the auxiliary fields 
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which are the representations of some auxiliary group• 

incorporating the internal symmetry group S mentioned 

above. From the properties of the auxiliary group we 

know that it must contain the Lorentz group and the 

little group as its subgroups. Naturally, the smallest 

possible auxiliary group is then SL(2,c)0S. The auxi-

liary fields are then 0as where a specifies a represen-

tation of the Lorentz group and s a representation of 

S. The auxiliary group transformations are index 

transformations and the indices of the two groups are 

used independently. Interactions invariant under the 

Poincare group and the internal symmetry group can be 

constructed by saturating the two indices independently. 

Now, this auxiliary group can be enlarged to 

SL(2S,C) (we have used this only symbolically, bearing 

in mind that the internal groups we shall use are su(n) 

type) under the tiansformations of which the space-

time symmetry group and the internal symmetry group are 

interrelated. This means that the Lorentz group index 

a and the internal symmetry index s now no longer act 



36. 

independently. Corresponding to such auxiliary groups, 

auxiliary fields are,-Ns  ,--- A 
 where A denotes a represen-

° 

tation of SL(2s,c). 

Analogously larger auxiliary groups can be con-

structed incorporating s with U(2.2). The auxiliary 

group is then U(2,2)S and the basic representation is 

,s  where C{ is a renresentation in U(2,2) and s is the 

- same as above. In the index transformations, the two 

indices are independent so that for an interaction to 

be invariant under the group, the two indices are satur-

ated independently. if parity restrictions are no • 

stronger than those for U(2,2), the little group will 

be U(2)&17(2)2S. It is again a simple matter to extend 

this group to the larger U(2s,2S) auxiliary group, 

having sooe additional transformations which relate the 

two subgroups, namely U(2,2) and 	The basic quark 

representation is -wrx= 	 where A is coupled to S 

and x is a representation of the larger group U(2S,2S). 

Tlith this knowledge about the extended auxiliary 

groups we may now examine the extent to which these 

can be used in constructing theories incorporating 
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higher symmetries. For this discussion, we can safely 

exclude the internal symmetry group. The implications 

of extending the auxiliary group to U(2,2) are that we 

can construct multi lets such as 	Oapy  which are 

representations of U(2,2) and which combine different 

irreducible representations of the Poincare group. 

These fields also carry the desired properties of the 

local fields, such as CTP invariance, crossing symmetry, 

existence of the antiparticles etc. 

The interaction Lagrangian has to be invariant 

under the index transformation of U(2,2) and is con-

structed by saturating all the indices of the group 

in the product of the appropriate fields. This restric-

tion to index invariance leads to a restricted sub-

class of Poincare invariants. Thus, a term like 

Aya(q)(YX pNPI)  

which is Poincare invarianct, or even 

Ati a(i )P 	P  X8 (Y11) Xe  a  
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which are index invariant under the homogeneous Lorentz 

group, are excluded. 

The allowed index U(2,2) invariant interaction 

is invariant under the little group transformations 

in the static limit. It is in this sense that the 

extended auxiliary groups SI(6,c) or U(6,6) are the 

covariant versions of the non-relativistic SU(6) or 

11(6)0U(6) respectively. However, in spite of such 

restrictions on the interaction Lagrangian, it is not 

possible to obtain S-matrix elements having this U(2,2) 

index invariance. This is because these S-matrix 

elements necessarily contain factors of the form P yP 

which destroys the generalised invariance leaving only 

Poincare invariance. Thus, for theories with auxiliary 

groups such as SL(6,c) or U(6,-6) the only surviving 

invariance is that of PftSU(3). 

This is as expected and shows that theories 

built with the auxiliary operators do not violate the 

Poincare theorem.(13)  According to this theorem, it 

is not possible to extend the invariance of a theory 
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with respect to a group larger than PGSU(3), which 

contains this outer product group as subgroup without 

extending the energy-momentum vector to more than four 

components. 

Theories with a large number of energy-momentum 

vector components have been considered by various 

authors 19)  For example, in the case of IU(2,2) the 

inhomogeneous U(2,2) - the energy-momentum operator 

has sixteen components. Auxiliary operators can then 

be constructed in the same way as was done for the 

Poincare group, and finally, to make contact with the 

physical world, all the P and x are restricted to run 

only over the real four values. This guides us essen-

tially to the same kind of theories discussed above. 

The only difference is that such a theory leads to the 

interesting possibility of the so-called irregular or 

derivative couplirg(15)  in the interaction Lagrangian. 

It is befitting to conclude this section with 

two theorems established by Feldman and -tatthews
(16) 

regarding unitarity in such index invariant theories. 



These are:- 

a. Unitarity Theorem! Invariance of the S-matrix with 

respect to the index transformations of the auxiliary 

group is incompatible with the unitarity of the S-

matrix, unless all the auxiliary operators are unitary 

representations of the auxiliary group, and there is 

one-to-one correspondence between the components of 

the auxiliary representation and the states of the 

corresponding physical multiplet:- 

b. The Causality Theorem: A local field constructed 

from the auxiliary operators satisfying the Unitarity 

theorem cannot satisfy a causal coaffautation relation. 

U(6.6), SL(6,c) and the hierarchy of subgroups: 

We shall discuss briefly these two relativistic 

versions of the SU(6) group with some of their important 

representations. Also we shall consider the hierarchy 

of subgroups under which collinear and coplanar processes 

remain invariant. 

.6 6 

40. 
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(i) 	li(•6, 6) 

U(6,6) is the group whose infinitesimal genera- 

tors F (x=1;144) are obtained from the outer product 

of the sixteen basic generators 1/2r. of U(2,2) with the 

nine basic generators Xiof U(3). These generators, 

F • : act on the fundamental 12-component (quark) 
x 

spinor: which transforms under the group as 

14A 
-4 S B 

A B 

where s = exo(-0 E )̂ L 2 x 

A = ia, i = 1,2,3, a = 1,2,3,4 (60) 

summation is indicated for the saturated indices and E 

are real parameters. This leaves 	yr  yo T invariant 

and this satisfies 

YoFx1-  10 =F 
	 (61) 

Here, the adjoint (antiquark) representation is seen to 

be 

-A 	
-Tfia  =(.\41ip)+(Y0); 
	

(62) 

The group is non-compact and so all the unitary represen-

tations are infinite-dimensional. Finite-dimensional 
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but non-unitary representations of 11(.6,6) may be built 

up from the product of these quarks and antiquarks. 

Then multispinors transform according to the following 

general rule 

gATSB1 	/ -1)aCt (s-1)D 
AB... 	B ° ° 	‘' (63) 

where S is given by equation (SO) above. 

To associate physical states with an irreducible 

finite-dimensional representation of the group U('6,6), 

the usual prodedure is to break up the indefinite 

metric into a set of subspace each of which is definite 

and invariant under the little group V(6) x v(6). This 

is the maximal compact subgroup for which 

S yo  S-1  = 7o 
	i.e. S-1 = S+ 
	

(64) 

However to obtain spin specification in the little 

group, it is essential to use -,eneralis-= Dargmann-

Wigner equations after reducing u(6,6) to Su(3)aL(2,c) 

-1 a 
by means of the antisymmetric matrix (C ) . The two 

most important multispinors are for mesons and baryons. 



For mesons, it is the 143 regular representation of 

U(6,6) OPA which undergoes the following reduction on 

applying Bargmann-Wigner equations, 

0A 3 = tai. OPi = 2µ U+0(it,Op,1 - y5 05 l» Pa -  

where 1 Oi. 	j 05i and 	correspond to the 1 - and 0 - parts 
1-1  

(65) 

of the multiplet respectively and is the degenerate 

multiplet-mars. From each can be separated an Sv(3) 

octet and singlet part, 

0111 = 011(i) + Op,(8) 

05 1 = 05(1) + 05(8) 
	

(66) 

The baryon representation is obtained from the 

fully symmetric 364 representation of UM6). After 

reducing with Bargmann-Wigner equations, the baryon 

multiplet comes out as 

'ABC = 	Psr.2 ((xcm) YµC)ap Dµy(ijk) 

+ 2m4E((t+m)y5C)ap eij~Ny + cycl] 
(67) 
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Here D denotes the spin 3 — decuplet, N the spin -1-2-  octet, 2 

and m is the degenerate mass of the multiplet. 

We have seen above that U(6M(6) is the sub- 

group whose representations stand for particles at rest. 

This is obtained by restricting the U(6,6) transformations 

to the following condition, 

Yo PA = EA Yo 

that is, all the transformations of U(6,6) which commui;e 

with yoform the little group U(6)0U(6). 

For collinear processes characterised by two 

independent momenta we can find a group of transformations 

which have these two momenta invariant. In the frame 

in which each vector can be expressed in the form 

P = Po  yo  P
3y3, the generators are all the generators 

of U(6, 6) which cot 	cute with yo  andy3  and clearly, these 

are 

7 4 )̀ig)(1 2 YsYl ' Y5)12° a12) 	(68) 

This is the outer product of U(1) and SU(6) defined 

by Lipkin and Meshkov
(17) 
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Coplanar processes are characterised by three 

independent momenta where each vector can be written 

as 

P = Po  yo  + P1  y1 + P2y2  

The transformations which leave this invariant are to 

commute with yo, yv y 2  and the subgroup which is formed 

out of such generators turns out to be U(3)(5DU(3) with 

3 
the generators .12-(11-y 5  y 3  K9 7  1 	X i. This hierarchy of 

subgroups of U(6,6) are also called the 'lesser' and 

'least' groups, respectively; however, they are more 

popularly known as 'collinear' and 'coplanar' groups. 

SU(6) 

Since we shall be dealing with this important 

collinear subgroup, it is worthwhile to discuss it in 

a little greater detail. This is an SU(6) group where 

the ordinary SU(2)0. spin group is replaced by the SU(2)w  

W-spin group, consisting of generators a12, y o  a23, 

Yo G3'. These operators satisfy SU(2) commutation 

relations and represent a 'conserved spin' in any theory 

which is invariant under U(6,6). From the definition 
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these generators commute with the generators of 

the Lorentz group in the z-direction as such a par-

ticle moving with any momentum in the z-direction 

will have the same W-spin as at rest. Thus it is 

a good symmetry for all collinear processes - i.e. .,such 

as two-body decays of resonance, forward and back-

ward scattering, photo-production in the forward-

direction, radiative decay into a particle and a 

photon etc. 

The W-spin and SUM classification for 

mesons and baryons can be obtained from the follow-

ing transformation properties of quks and anti-

quarks: 

. or 	41A N9Y9z 

= Cr 	(69) C700,  x,y 	 x9Y 

	

7,.1z 
	

A 	= A 

	

where W 	refer to the three components of the 
x,y,z 

W-spin generators, y 0 /2, y G /2, y 0/2 res- 
o x 	o y 	0 z 

pectively. The W-spin content remains the same for 



all momenta. Taking the rest-state, we get yo=+1 

in tha above equations. Considering baryons, which 

are obtained from three quarks, we find that the 

W-spin is the same as the ordinary spin for baryons 

as well as for anti-baryons. Next considering four 

meson states constituted from quark anti-quark 

pair, we find that the two-vector meson states 

7+1 ,Jith spin prcjections +I on the z-axis have 

W = +1 and therefore, W = 1. However the vector-
z — 

meson Vo 
with spin projection zero along the z-

direction is the W-spin singlet (with W = 0) state 

and the pseudescalar meson P
o 
is the Wz 

= 0 component 

of the W-spin triplet. This spin W-spin flip occurs 

because of the negative sign appearing in the 

equation (69). Therefore, the W-spin triplet is 

(V„P0,1/ 1) and the W-spin singlet is V. With this, 

the 35 meson repisentation of SU(G) can be decom-

posed into its SU(3)60SU(2)w  content in the follow-

ing way 

00 	= Oa = (o.z  P o +1 T
-
o 
 + W

+  V1  + '7 - v-1bj )ai -7, 	bj  
i,j = 1,2,3 
a,b = 1,2. 

(70) 



with 

w + = + 	(w -I- 	) 9 x y 

and the 56 baryon representation has got the usual 

SU(6) 	SU(3)®SU(2) decomposition, namely 

ABC 	
g c  N.1* = Dabc ijk 3V1 'ijttab "kc jkV-bc la 

L 

	

6ca 	) (71)  

where D
abc,ijk represent the decuplet and 	the 

baryon-octet. 

SL(6.C) 

SL(6.C) is the smallest group that contains 

SU(6) as a subgroup (or the little group) and pennita 

covariant generalization for this rest-symmetry group. 

The seventy generators of the group are 

Y- 	(57' .;\ 	 0 , 1 . • • • • S' . 

since Yricr'[ 	, together with 

form tAe generators 	of SL(2,C). 
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In this formalism, discussed in detail by Charap 

and Matthews, and 	by means of the unitary trick 

the non-unitary representations are obtained as those 

of a chiral U(6) x U(6) having the generators 

k(1-FiY")$ ;-(1+1 )0' 1'. 	\i. 5 	2 	J 

We generalise the two-component spinors of the 

homogeneous Lorentz group to six component quarks by 

defining 

	

U
A 
= Uoxa 	c<= 1,2,3, a = 1,2 

where d labels the SU(3) properties of the quarks. 

Similarly we have 

U 
+ = u 	vA  = 	v+A= v+ aA  , A a 

The particle multiplets are then constructed from these 

entities. For example, the meson field can be described 

	

1
'D 	

A A 
by the four different spinors fr OL, OD, Oh • 

Bargmann-Wigner equations however, relate these fields 
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such that we have 

es,4AB , ,AA dB 
A 
0 

135i '6)1 

/-13 	-211 A 

M) 

where r, is the degenerate mass of the multiplet. The 

decomposition into the subgroup SL(2,C)DSU(3)(2) can 

be written as 

ab 	(2> = 3-2  f[0.) (rni) + 	0,4  m (73a) 

The fields re40-ive a covariant combination of octets 

of particles of spin I and spin zero; similarly m Aiis 

an SU(3) singlet of spin I and spin zero. 

The parity-conjugate representation of the above 

is defined similarly by 

QAB = 40,at 
(yBa ip.+4  yBa 	(73b) 

in terms of fields rieV&  and IA  . 

The two representations 	and yt can be decom- 

posed respectively in terms of self-dual and anti- 
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self-dual tensor fields. However, as has been pointed 

out above, all the representations are related through 

the Bargman-,..7igner equations. 

Baryons are described in terms of the representations 

L~ 	ABC 
ABC' 1.VAB' 	A ' 	. Again, these are related by 

the Bargmaiu-Wigner equations in the following way 

C 
i CC 

41 AB 

Att 1 DAA 
= ;73 	VABc 

where m is the degenerate mass of the multiplet. These 

correctly reproduces the 56 representation when restrir-

ted to the static SU(6) subgroup. 

As in U(6,6) we can now consider the chain of sub-

groups of SL(6,6). For collinear processes, where 

there is one independent momentum vector, we can define 

the collinear subgroup as the group under which the 

momentum vector remains invariant. This leads to the 

U(3) x U(3) collinear group described in detail in the 

YABC 

tO 1 OC 
A 	Fri2 P P 	VABC 
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next chapter. For coplanar processes the subgroup 

turns out to be U(3). 

Thus, we have the following hierarchy of subgroups 

for U(6,6) and SL(6,C) on restricting their invariance 

to rest-symmetry, collinear and coplanar processes 

respectively. 

	

n(696) 	su(6) 	S(U(3)xU(3)) 	SU(3) 

	

U(6,6) 	U(6)xU(6) 	SU(6)w 	U(3)xU(3). 
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C1:1APTER II 

S(U(3) jU(3)) and meson--baryon scattering  

Group theory is useful in scattering processes 

because the assumption that the S!-matrix is invariant 

under some group of transformations forces a nu-lber 

of physically distinct scattering amplitudes to be 

related to each other. This is evident even in such a 

group as the isospin group SU(2). For example, pion-

nucleon scattering 

N -t- 	- 	Nc-t -n I  

would be described by eight independent amplitudes if 

there was no invariance group but only two if the 

S-matrix is isospin invariant. This is because N and 

can combine only into isosoin = % and I = 	states. 2 

Therefore there are six relations among the eight 

different scattering amplitudes. It is evident that 

if we enlarge the group, more and more amplitudes will 

be related. 
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This chapter begins with a discussion of pseudo-

scalar meson-baryon scattering in the SU(3) group. It 

then describes in detail the collinear S(U(3)®U(3)) 

group and some calculations of meson-baryon scattering 

and baryon-resonance production in this group. The 

corresponding calculations in SU(6)w  are briefly dis-

cussed. Comparison of these predictions with the 

available experimental data and a short discussion 

conclude the chapter. 

To illustrate how group theory works in such a 

calculation, consider the process 

B + M 	B' + M' 	(1) 

where B and B' belong to an irreducible representation 

D, and N and 1.1' to the representation D' of the group 

considered. In crder to find the independent amplitude: 

invariant under the group transformations, one has to 

find the irreducible representations from the direct-

product DOD'. Since the amplitude is invariant 

only those irreducible representations that occur on 



Ii  
2 
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both sides contribute and determine the number of in-

variant amolit des. For .3on-nucleon scattering 

N + 

I = . .1/2 	1: 	-'-2- 	1 
3 	3 

D 2i_k) D---  = D2 i14) D7  .,,, 

There are only two .)ossnle .invariant aLr2 =itudcs: 

Extending the grou3 to SU(3), we find that mesons and 

baryons belong to the.. representation C. T:le then hare 

,-.11e following direct nrodct decomposition into irre-

ducnle representations: 

808 = 1403,4)8 ,(D1.003T6 
	

27 
	

( ) 

td, 5, are tl.c symmetric and antisymmetric com-

binations, and 10 and 10 are conlugate re2resentations. 

Sine the sarc,e direct-product aoDears on bothsides we 
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eig -,t independent, SU(3) invariant alolitudes. 

This nun- 3,er is reduced to :seven because time-reversal 

invariance iixAises 	A„ 	
8d = Ard 	 f.  

To det-m_ine 	iniar-lant aAplitudes foL pcocesses 

which involve a baryon-resonance, for e','Iacrnle 

+ 	± 
	

(3) 

we note that 	occurs in the LO re7)resentat on of 

SU(3) and also that 

a ii  13 = i 10 	 (4) 

Then from ( ) and (4) we flne zlat there Jill be four 

inde2endent, invariant amplitudes to describe all the 

orocesses of the type (3). The scattering amlitude is 

gi/en by: 

where 

\ , 	4 

	

i 	K • m t i 

	

.1)B .Vfti 	 I 

= 
T., = 	-1-- i I 

,i 
b \ 	and the STJ(3) Clebsch- 1 , 	Il i{ 

Gordon Coefficients are such tliat 
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/ i`i 	A-4 

( 

i  6 1  so 

'-') '6 1)1'4  

denote collectively the eigenvalues of diffe-Lent 

SU(3) ooerators, as defined by de Swart 2) and 0 

defines coliplPtely a state in a SU(3) reoresentation. 

This way of calculating the scattering sol_itudes 

Is cuoDersor.e (and :,.uch more so for te higher g-2,ops 

we shall be considering) as it :seans usinn-  theSU(3) 

Clebsc-Gordon coefficients cx--)licf_ly. 'Te nay avoid 

nis difficulty by using tenor re'oresentaions and con-

structing the invariant couolings of if:Le four reoresen-

tations. For neson-baryon scattering (1) let us re-

present the four octets by four 3x3 foatrices, 

Ai( = 1,9„394). The possiole invariants are of two 

t7nps, 

T (A_A r 	4 

six of which are indeoendent and 

Tr  (A,A,) T (A ,A,,  ) 
A 	r 



invariants in a~~l. Also is 
.. . 

one Lln8ar ~e~ation 

,-
::::) T:;:.,(A1 A;.) Tl.,(AJA1) (5) 
'---

G c1iffere::lt neri.i1utations 

Ti.le nine inva:ciants '.lit: .. one: linea:;: re1.at:Lons (5) are 

t~ .. us reduced to eight indeJ.)2ndent invariants? [?;3_ving 

"'·"F .... l-,t- 1 J..4P<" -:"'a-L~·:--lcu·~a-.~-!q -i"'l C!1(3) cu..~.j""'-~_ ....... ("l_""<j~.J _-. __ - _,) __ '" ~~ • 

sec:Ji."1c: ~rl2 :::.>oc~ to 
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SO(3)07.7(3))! 

This is the collinear s-o-ogrom of the c7rou-3 

S1,(S,C.). As in 1.1(6,C,), 	 ses a-  re cLaracte,:- 

ised by two inde)a-:dent momenta and ail 	_cs can 

oe made to llov in _e z-d-__raction in a particula-r 

Lorentz frame. In tilis fra:qe, 1,e ..1.o,2ntu.:,-vecLor 

can 0e wiAtten in the 

A 
= ? 

o 3 

so tat y 	s  nefe occur. Therefore under all 

ti:.ansf -orma'tions 	 and y,, P -Jill 

1-pmain invariant. This s:y.-5grou-o is thus a good s raaetry 

for these 7rocesses. This is Z112 S(JC)iDU(3),) S'11).." 

5,...-3-177, defined. by the generators A, 

commte ,1Yc.h a17 Lentz 17.ansforations in the t-

direction and therefore gives a momenum-indeDendent 

classification of a".7. 2ari:icl-states with momentum 

z dirction. only. This suogron? 	been used to 

obtain many - redictions for collinear ,1.1;accesses such 

as form-factors vertex functions(2), forward and' 



r r  

backward scattering 	and to---)ody decays incllAding 

(2') C.ectromagnetic and weak decays -- 

It will 	-1.7.sc,f1 
	

introduc,2 tie tri-olet of 

qua-rks 	corres--)ond to t7.-le. fundaio.ental renrasentation 

(3) of StJ(3) in obtaining 'Lie re-,resentations 

in al' ni ler syrilaeZry- 

sc:Lemes, 	. s --ect not. mLisL. Caoosin,- th4-.1 

z-dircti-n as ..he cantisat:_on-awis 	soin of 

Tj(3) 	transforo 3:.7.1e 

S = 4-1/2  ,.park states in the following way: 

S= 

a S = 2 
	(1, 3) 

In t7J.e. contravariant a:-e-Y;:esentations, Sz 
changes sign: 

J- 2 

by \ y / (7) 

2;c, 	n define 	gliark-state-s 	S = 
A 

and S = 	1..es.oectively and 	and 
7 

corres)onding antikark states. 7:}e :::e,oresentations 
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(3,1_) and 	3) are related tizzoug:-, parity-tzansformations. 

Under -)arity-transformation, 	momentula wii°1 change 

sign, but since oomentum does not occur ex-Ilicitly in 

this for:nalis,i, 7.7e can define an extended oarity 

onerator 

P' = (ex- ill" ).P =
x
(T).P 

where P is the normal -oarit-r o-oerator and a_.(T) defines 

a rotation through n about the x-axis. P' leaves 

Illamenta invariant but changes Lie sign of S. Therefore, 

DI 	 2' 

(3,1) 
	

(1 y  3) 	i.e. 	C 	(1- 	(9) 

Since charge-conjugaiion effec.:s only tfie SU(3) proper-

ties, we 1,ave under charge conjugaon, 

() 

	

( 1) i.e. c 
(1o) 

( 	-4 (1, •e• 

The 35 representations of SU(6) for mesons splits 

under S(U(3)1gU(3)) in the follotng way. 

„ 
I. 	= 	; +- 	 0,1 

.5 	- 	i•; 
= • 9 3, ) 

rIA. 9 ;Z-I 	• 1- 

(11a) 
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H
P  
a l = 11

P  
_ a +ilr  1  5,  a , 

i  

2 M . ma 4.  1 5a m  

	

P2 	.P 	 1.  'e 
ai 
M 	= 1\1-c- 

	

P2 	12, 
E. 

pi -a
P 	P 

	

2 	11, 
1  

This represents the decomposition, 

(11b) 

35 = (8,1) 6)(1,8)(j:3(3,3)0(3,3) 	(12) 

Deduction under SU(3) leads to the following SU(3) matrices 

ma- 
	pa + v(o)0„ s.  

	

'T P 	1 

T1. 
. 1 pa 4_ v(0)a s2 

	

T P 	P 	2 

,a 1 5a v(1) si  

	

= VHa 	7 St + 	3 p 2 	2 
,a = ,(+)cx ,2 + 1 ,a ,(1),2 ,y3 	vp 	01  	il. up  , 	01  

and M = J2 st1  v(1)  . -,r2 S22  V(1)  .. 

Here (V±) is the vector octet with Sz  = + 1, P is the - 

pseudoscalar meson octet-and S stands for various spin-

states. 
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Under S(U(3)0U(3)) the 55 baryon representation 

of SU(6) split in the following way: 

56 = (10,1)(;3(1,10)e(6,3)(0(3,6). 	(13) 

Or 	D 	= B A3G 	aPY — 
B -apy 	apy (14a)  

where under SU(3) these tensors reduce to decuplet D 

and octet baryons: 

Bupy 	Dapy  (S)iii  

B 	= D
a" 

(5)222 a77  
B0437  = ,T3Dapy  (s)112 	( 	+11-6pE 	) S. a-opy 	oay 

	

/ 	+55  e n) s2 
r3D- 	(s) 2 +/T7 	Ps- 	Y 	a' Baby am( 12 - 

Nigher representations of SU(6) can be analysed in a 

similar way under S(U(3) U(3)), but in our calculations 

only these two will be used. 

Heson-baryon Scattering in S(U(3))U(3)):  

In order to obtain the invariant amplitudes for 

pseudoscalar-meson baryon scattering we shall follow 

the second procedure described in section 1. Using (lib) 

• 

(14b)  
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and (14b) it is easy to write down the most general 

expression which contains these scattering processes 

Thus we write the following S(UP)OU(3)) invariant 

expression for the scattering amplitude; 

A = AinaPT 
Bap'`( 

 nc6)  mPo  + k2BaPTB 	145  
aPY i5 

+ A
4naP763 OPY 

+ A6naP7li apO  '- 

+ A8BaPYBa8F 

n6  mP + A
5 
 BaP7B 

P 	P a 

iia 1J5  + A7  BOTB M 
v P I 

171(5pM5  + A BaPTB 	
1,Z  MP 

a5p   9 (15) 

In writing (15) we note that the contribution with 

opposite baryon helicity-states may be obtained by a 

parity-transformation defined in equation (9), so that 

suchtermsarenotincluded.ThedifferentA.'s are 

not necessarily irdependent. This can be seen by con-

sidering the direct product of S(U(3)0U(3)) represen-

tations of the baryons and pseudo-scalar mesons. It 

decomposes into the following irreducible representations: 

+ A
3
naPT B 	m6a   47 

M 
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vapv 	"I'L '-vccov 
	1.18 f (6,3)0(8,1)q)(3,6)0D(8,1) 

(24,3) x (5,3).-V6,3)C0(15,3)0(3,6)(i-')(15,6)e(g,6). 

(16) 

Thus there are only seven invariant amplitudes, so that 

there must be two linear relations among the invariant 

amplitudes of equation (15). Again time-reversal in-

variance implies that 

	

.A(,(693) --7-> (396)) 	k3,6) ---+ (613)) 

which reduces the number of independent SCp)ODU(3)) 

invariant amplitudes to six. 

The same invariant amplitudes are also suitable 

for describing processes which involve baryon resonance: 

with Sz  = 	
and vector mesons with Sz 

= 0. TJe shall 
— 

use this fo find relations for those processes where 

only this type of baryon-resonances and vector-meson 

states occur. While this enables us to obtain more 
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relations than from SU(3), these are fewer than from. 

SU(6) because, we cannot relate these processes with 

those which involve baryon-resonance states with S 
z 2 

and vector-meson states with S = z 	± 1. 

The calculation is easily performed by using the 

expression for 134-,? 	etc., obtained from equations 

(11c) and (14b). Since we shall consider baryon re-

sonance production processes which involve one baryon 

decuplet in the final state, and pseudo-scalar meson-

baryon scattering, it is convenient to break up (15) 

into two distinct parts. Thus using (la) for the out 

PT going baryon state B 	in (15) we obtain, 

. 5 	 i. A  = [;r3DaPY +4(4 OPY Ng goco()][AIBafepmo 

15 + A2 Bapy  - p 3 M + 	° • 3  (2.7) 

where we have dropped the spin wave functions S1 , S112  

etc. Since we always have a baryon-octet in the ini-

tial state, we need retain only the octet part for BoT  

and only the pseudo-scalar octet parts for rq and 1.71 1 , 

This results in the following amplitude for the Baryon- 



T;ccPy[( A =ju Ai +A2 ) 1\110,,j'  p y  +1173  Ell i) Tv( PP) +A3  (114":€.8pi+ 

,5 p PaPp + A (NY e 	+Nicl  
4 8  ")PY 	- 

1,1,
o

.)Pp
a

+A
5 

 (N
8  ve 

i P 	14y+  

5p P- + A (Na+1F 	r5  P+ (N12  
8 	a -z:118P 8  'p-alp 2PPIA9'-a — p5P+  

of the anisym- we use the properties a convenient from, 

metric tensor: 

air= 2! aPY eaP Y  = 3! 

5v 6v 
cc 5P a or 51) 	.8A)/ 

-I P 
5v  • 
' 

6P 
u 
 Av P 

Y 	a 	P 

al.ty 
apy 

pvp = oR 
aPY 

(19) + 81; 5v  OP ••-51t a  Sv  5P 
Y a P 	Y 

(16), (14b) and (11c), we get the follow- whence, using 

a2T(FP) T (NP) + 

ing amplitudes: 

A = a1T(NN)Tt(PP) + 

resonance production processes: 

+ NP- 	)P5 
PP,OY P 

o 	t 
148 P+ A6 a  (Nlj" -t- 48 	p )PS  P.y +A7fa 	+ a  

) 15(3 )] + No vap a 

To find the amplitude 

(18) 

for the meson-baryon scattering in 

+ a4Tr(N1\TPP)+ a5Tr(RNPP)4. a6Tr(RPPN) 

+ a8  T (NPNP)+ a T (7PPN). r 	9 1: 

67' 

a
3
T
t
(FP) T(HP) 

+ a7Tr(RPM 

(20) 



Here the a's are linear combinations of the A's, 

a1 	= 1 2   [16(A1+A2) + A +A +A +4A -A
8 
 -A .1.6A 3 4 5 7 	9 6 

a2  = 	[-A-+A8  +A9  ] = a3 12 	.)  

a4  
= 12 [A3+4 s5--2A7--A8-A9  

a5  =  12 [A3+4A4-2A-A8-A9] 

1 
2 a6 = 1 [ -A 5-4A7+A8+A9  ] 

= T.2  [-A3-3A81 a7   

a8 1 
1 
2 = 	[- )A--3A9] 

ao 	1 2 = 	[-A 1-4A61-A8+114]. 
J 	-1 

(21) 

We notice that
2 

=(-43  identically, and from Burgoyne's 

Identity, equation (5) we know that there are only 

eight independent ,A's. These two linear relations 

among the 	redice the number of independent invar-

iant amplitudes to seven, which agrees with the number 

obtained from the direct-product decomposition in (16). 

If we apply time reversal invariance, we get oc7  = (Y.s, 

which gives us As  = A9. 	 (22). 

0  8r . 
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This further reduces the number of independent invariant 

amplitudes to six. 

To calculate the traces in (20) explicitly, we 

use the following SU(3) matrices representing the 

baryon octet pseudoscalar meson-octet and the anti- 

baryon octet: 

and 

/ip 	o 
/ 7 + t 

We shall also need the SU(3) assignments for the 

baryon decuplet, 
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D= 

D111 = -14*-1-1- D112 = Y*,/fT3 D122  = 11-')1°,4,3 D ..10
—  22 

%,,-.1. 	Y o 	:•::1-__ 
Y—  	Y— D113 = 73 	D123 = 77-6 D223= 75 

., 
. -.=., 

. D133 	.r3 	D233= ,r3 	
(24) 

I)
33 

We have calculated all the pseudoscalar meson-baryon 

scattering amplitudes with P as the target particle. 

These are tabulated in Table I in terms of the invariant 

amplitudes Al' A2 etc. 

In Table II all the allowed baryon-resonance 

production processes with a proton as the target particle 

are tabulated. We note here that only Sz  = 	decuplet- 

states contribute to these processes. Since all these 

amplitudes are obtained in terms of six independent 

invariant amplitudes, we would naturally get a large 

number of linear relations among them. We discuss 

some of these linear relations with respect to experimen-

tal results and compare these with the predictions 

(22)  obtained from SU(6) 	in the next section. 
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SU(6)
w  results for heson-baryon Scattering and Baryon-

resonance production processes: 

A large number of predictions were made about 

meson-baryon scattering amplitudes in the collinear 

SU(6)w  subgroup of U(6,6) by crter et al(22). The 

calculation was performed using SU(6) Clebsch-Gordan 

Coefficients. We here show how these results can be 

obtained in a much simpler way by constructing SU(6)w  

invariant amplitudes from the tensor representation of 

the group and list some of the results. 

We note that the mesons belong to the 35 :represen-

tation and the baryons to the 56 representation in 

SU(6)w. For meson-baryon scattering the direct product 

decomposition gives 

35 	56 = 5 	0 i-F7) 700 (c) 1134 	(25) 

Therefore, there are only four invariant amplitudes 

to describe all processes involving any of the 35 

mesons and any of the 56 baryons. It is evident that 

there will be a lot more relations among these scatter- 
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ing amplitudes than obtained from SO(3)0U(3)) or 

SU(3). The most general amplitude invariant under 

SU(6)w  can be written as 

1,T TD 	-D 
A  = T BC  'L a'ABC 4 4 4-1403D(El'i,7f  C + 	NE) 

+ d -yzau  M1 	(26) 

wher
eyABC'  0 are the baryon and meson representations -B 

in SU(6) respectively, introduced in equations (71) 

and (70) of chapter one. Using these equations to 

obtain SU(3) matrices equation (26) becomes equation 

(26) for meson-baryon processes with 

a1  = a + 6b + 6c + 2d 

a2 = a3 = - 3d 

a
4 = 6b + 3d 

a5  = 6c + 3d 	 (27) 
a6 = -6b - 2d 

a8  = 2d 

-6 c - 2d 

Thus under SU(6) we get the additional relations, 

3 a8 
2(a4+a5) 	2(a4+a6) = a8 

	 (28) 
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Although there seems to be too many relations among the 

SU(3) invariant amplitudes, we find that these five 

relations also contain the condition imposed by Burgoyne's 

Identity, equation (5) so that the total number of 

SU(6) invartant independeht amplitudes are correctly= 

reproduced. From these also follow the relations 

A3 = - An  
0 

A5 = 2A7 

A
4 

= 2A
6 

(27) 

among the S(U(3))1U(3)) invariant amplitudes, so that 

on imposing these relations in the S(U(3)0U(3)) ampli-

tudes, we obtain the SU(6) results. 

The baryon resonance production processes in 

SU(6)
1,7 

are of particular interest, as all such processes 

are described in terms of one single amplitude. This 

can be seen from (26) using equations (70)and(71)in 

chapter one, which gives the amplitude 

14 = d  abc 	 \ (Pa
bpe (Nd gear 

N  
"gad) 	(36) el 	c-- 	e 
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This is also obtained by Carter et al(7). This result 

can be seen more easily by examining the coupling in 

the crossed channel where the processes appear as 

baryon-antibaryon annihilation into two mesons; that is, 

B5 —y Iii 
	

(31) 

or 	56 (.9 56 	35 	35 

Using the direct-product decompositions 

56 (2D 56 = 1 EF) 35 6)405 (4)2695 

35 035 = 1 Et)35Fe35De405 (.1-75180 C.) 280 (10280 

We see that there are four SU(6)w  invariant amplitudes 

denoted by 1, 35F, 35D  and 405. For the processes 

(listed in Table III) the only allowed channel is 

405, because the total quantum numbers Y=2, T=
3 
 /2 , 

w=2 belonging to processes (31) do not appear in the 

1 or 35 channels. The total W-spin of the two mesons 

must be either W=0 or w=2 and BD can only have w=1 or 

2, so that only the w=2 channel is allowed. The use of 

the crossed channel has nothing to do with crossing 
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symmetry. Nor are we relating a physical process in one 

channel to another physical process in another channel. 

We are only expressing the scattering amplitudes of 

the direct channel in terms of a different set of in-

variants which are defined by the irreducible represen-

tations of SU(6)w 
contained in the decomposition of the 

direct-product of one incoming and one outgoing particle 

at a time. 

Amplitudes for these processes are given in Table 

III. These are also obtainable by imposing (29) on the 

results of Table II. 

Table III 
	

Amplitudes for HB -- MB in SU(6) w 	_ 

PROCESSES AMPLITUDE =txd PaOCESSES AMPLITUDE = f8xd 
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Table III (cont.) 

PROCESSES AMPLITUDE=,r8xd PROCESSES AHPLITUDE=Tr8id 

K
+
=  

-1 

-0 *4- 

	

-1 	K N 	0 

.* 
	0 N si2 

I. K+Nle+  46 
_4 Ko*++ 

	

2 	 0 

	

r2 	Ko K
+
N
*o 

0 

*- + *o 
TEN 	203 	K N 	0 

Comparison of S(U(3)W(3)) amplitudes with SU(6)w  

results and experiment: 

From Tables I and II we can find a large number 

of relations among various processes. We shall enumer-

ate here some of *.hose results which can be obtained 

neither in SU(3) nor in isospin invariance. We shall 

also compare the relations with'those obtainable from 

SU(6)
w 

and see how these two sets of results compare 

with experiment. Since both groups (SU(6)w  and 
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S(U(3)0U(3)) contain SU(3) as the inte.mal symmetry 

group, the effects of SU(3) symmetry-breaking will be 

present in both to the same extent. The important 

thing is that this comIarisou may provide us with a 

knowledge, however insufficient, of the relative magni-

tude of discrepancies resulting from the extension of 

SU(3) to SI,(6,c) and U(6,6). From the scanty experimen-

tal data available at the moment. S(U(3)®U(3)) results 

seem to fare much better in comparison with the SU(6)17  

results. 

We begin with the most famous equation - the 

Johnson-Treiman relations( 9)• In view of the imrortaL,-,e 

of this result, we shall postpone a discussion of it 

until the next section; for the present we simply 

observe that the full Johnson-Treiman relations are 

not obtained in the group S(U(3)0U(3)); instead, as 

can be seen from Table I. we have the sum-rule 

(k+13)e,c  - (k P 
	(kop)  _(

ep)efl_ 	(32) 

(g-FP)ef 	(gP)ef 
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This has been derived in the context of full SL(6,c) 

groups by Ruhl
(15) and in S(U(3)0U(3)) by Volkov and 

Ruegg(7). As has been noted by Ruhl, when the i::regu-

lar couplings are neglected, we get certain relations 

among the invariant amplitudes. In terms of S(U(3)0U(3)) 

invariant amplitudes described in(15), these relations 

are 

A4  - A5  - 2A6 
2A7 = 0 

A
8 - A9 = 0 	(33) 

The second relation also follows from time-reversal 

invariance. If was noted by Ruhl that on imposing the 

restraints (33), the full Johnson-Treiman relations 

are recovered. We notice that the set of relations in 

(33) is less restrictive than those in (29) which give 

the full SU(6) invariance. 

The simple equalities of S(U(3)U(3)) scattering 

amplitudes which can be read from the Table I are 
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= 	k77 

kjr=0) 

-(k P- 

0=0) 

In terms of the differential cross-sections in the for-

ward and backward directions, these become 

kw-(k-P k=) = 

= 

= 

(J(k P 

(:(7:13  

- 
-(k

o 
 P 

k°=°) 

0'17) 

kl-=0) 

(34) 

Naturally these can also be obtained in SU(6)w. 

Since two of these equalities relate amplitudes which 

involve essentially the same masses, they should provide 

a good test. A rough estimate of the experimental results 

shows that for baLkward scattering the relation 

ka(k P 	k°=°) = a(k P 	k1-=7) 	— (35) 

is fairly well-satisfied, but there is a large dis- 

crepancy in the forward direction. 

Similar relations can also be obtained for the 



84, 

following differential cross-sections in the backward 

and forward directions 

G(K°P ej 
.o +) = 2 ci (11-P --> 

(36) 
'o 	o + 	-o u(k P --3> 	) = u(k P 

Besides these direct relations, we have numerous 

triangular relations - relations among three scattering 

amplitudes. These equalities for scattering amplitudes 

may be translated into inequalities between experimen-

tally measurable quantities; for example, the relation 

2(k--P --> el-cc)) = (lc--P 	+ (E°P 

yields the inequality 

2R(k-P hen°) < R r+) R(Eon  , 1,+=0 (37)  ," 	, 

where 

R(ablod) = [u(a10 --i>od)] 
1/2- 	

(38) 

We may also have inequalities involving more than 

three processes smh as the following huadrangular 

inequality' involving four scattering processes: 
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ll(TE-11 	+ R.(Th+Plit'I+)>14-t(1L'p i)+?...2(ii:°Pk+7°) (39) 

However, these are not very useful so far as experimen-

tal verification is concetned.. 

From the Table II we find the following relations 

for the scattering amplitudes: 

(i) 11-71:1:1 

(40) 

(ii) r3(k°P --i>kIT):(kP-->kj):(kmP-->kV)=1:1:1 

SU(6)
w 
 Predicts these two sets of amplitudes to be 

identically zero. For the last process in the second 

set, although there it a fall towards zero at forward 

and backward angles, the cross-section is non-_ 

vanishing.
(22) 

The relations between reactions involving differ-

ent charge states for the same initial and final 

isospin multiplets present no difficulty in making com-

parison with experimental data. As has been pointed 

out by Jackson(23), even in such cases SU(6) results 

generally show discrepancies of factors of 10 to 40 in 
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the forward direction. All such relations are absent 

in S(U(3)6DU(3)). For example, corresponding to the 

SU(6)w  result 

(k P -> - Y ): (k - P 	- Y ) 	(k P-->n *o 

= 4:16:9 

which shows a violent disagreement with experiment, the 

S(U(3)U(3)) relation 

2(k P 	7°Y*o  ) = (k p 	gT-Y*4-) 	(k-P 

is just the one obtained from isospin-invariance. 

This agrees well with experiment. 

Olsson(24) has shown that a good experimental 

check has been obtained corresponding to.  the SU(6)w  

result that all processes. 

+ N 

where Lis N , one proportional to a single quantity. 

Since in general, we have two isospin amplitudes 

3 
T = 2f  T = /2 to describe these processes, this implies 
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that there exists a ratio between these two isospin 

aiplitudes. For axample, using 

(7c 	 ) 	- 43 	2 

from SU(G) and 

3 
+ *- (n-P 	N ) = 4[44 A3  +A1  

we find n.at A
I 

Olsson has found this to be true from a study of the 

scattering lengtas .. Jackson
(23) has argued that 

predictions from SU(6) may account only for the non-

peripheral -oart of the scattering cross-sections. 

Since It 7)roduction processes are predominantly S-wave, 

peripheral contributions are unimportant which explains 

the agreepent obtained by Olsson. 

A few more inequalities are obtained from the 

following equality relations among the scattering am-

;Ilitudes: 
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+ *+. 	ft (0-2—k Y" ) = (k°-•--> 1{=: ) + (k-1)--> 

o+ *o kk 2.4k 	) = (k-P-->TC-Y*-1-) ± (k°P--> ki-N*°) 

(P)2->k+=*°) + 	k-Z*4-) 

(41) 

Adequate data to test these :)redictions are not avail-

able. In 'SUM all these ,.)rocesses have a common 

amplitude multiplied by some numerical factors (Table III). 

We end this section by referring to an independent 

quark model(25) which was proposed in order to find 

forward scattering amolitudes and hence total cross-

sections. This model was extended to include small 

momentum transfers and inelastic scattering processes(26) 

The raain assum?tion of the model is that of additivity 

which states that all scattering am?litudcs for any 

meson-baryon or baryon-baryon reactions are simply 

given by the sum of all possible quark-quark and quark-

antiquark reaction amplitudes. It is usual to assign 

the meson and baryons to a known mult 7.1et in SU(3) 

or sU(6). This of course follows from t:ie assurntion 
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that any 0 or I-  meson is a ouark-antiquark pair and 

any of the octet or decuplet baryons consists of three 

quarks. It is usual to make additional assumtions 

of invariance under SU(3) or come other grow n to obtain 

.:any of the3redict4ons fi:ocz• higher symetrics, suel as 

SU(6) 17, SO(3)fl(3)) etc.. Some new relations are also 

found -Lich do not follo17 fro .a any of the higher sym-

metries. However, no rigorous justification of the use 

of the model has yet been found. The model seems to 

work t!iout anybody knowing T7:17 

Johnson-Trey .pan 7,elations  

One of the early successes of SU(6) symmetry was 

the prediction of the following relations between the 

total cross sections of the proton-pseudoscalar meson 

elastic scatterinc, 

2[c(114-2) - c(k-P)] = MOP) - G(E°P)] 

= [(-5( 42) 
(42) 

where e,--(m) is the total cross-section for the pseudo-

scalar meson proton elastic scattering. The derivation 
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of the result follows from the fact that the di,:ect-

product decomposition of the 35 and the 53 dimensional 

representations yields four irreducible representations, 

namely 

35 S 5e = 56 4) 70 4) 700 1) 1134 

of SU(6), so that.all meson-baryon scattering amplitudes 

can be expressed in terms of four invariants. The six 

scattering amplitudes become connected by the relations 

Vf(k'P -c--3n)) = (f(k°r) 	2)) L%. 

(43) 
= (f(t±P) - f(m-P)) 

where f(p,m) is the amplitude for proton-meson elastic 

scattering. The apnlication of the optical theorem then 

implies the corresponding relations (42) for the total 

cross-sections. 

A very simple way of deriving this result is to 

note that meson-baryon scattering can also be described 

by the same coupling as the annihilation of baryon-

antibaryon producing two mesons. This is because the 

one process is the crossed channel of the other. T t 
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turns out that the amplitudes correspondin7, to the anti-

symmetric two-meson states are just the difference be-

tween the =plitudes for the two different meson-baryon 

reactions. For el-am-ole, 

q21(7L+n- 	en+)\>= /1)PITE+71-\ .e )701 7t-l-c) 
\ f 

becomes in the crossed-channel 

• <:7E+ I  Plt+>1  (PTE- 

The Johnson-Treiman reactions (42) involve just such 

processes. In the annihilation channel, the direct-

oroduct decomositions of 56a56 and 35 fi 35 show that 

there are four allowed comlings, namely 1, 35 F' 35D 

and 405. Only the 35, coupling contains an antis m Letric 

two-meson state. Thus each of the arEnlitude-dirference 

in (43) are expressible in tercas of this antisymetric 

coupl3ng
(27) 

The same result (42) has also been derived in 

different models. One of them 118es the exchange of the 

, 	(20) 	1 octet vector-meson 7,egge trajec.tories 	wziere 
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trajectories in the pure F coupling to the baryon are 

retained. It is a3 so shown that 0. Co mixing of singlet 

vector-meson etc. do not effect the result. 

The relations as derived by Johnson and Treiman 

were subjected to the usual a2abiguities associated with 

applying SU(G) to a non-static situation. It was shown 

by 7,1ackenbeck1er et al(5) that they rar'ain valid in 

U(G,G) if the amPlitudes are restricted to the four 

regular art 	constructed from the fields by satur- 

ating their U(G, ) indices. Charap and ,atthews
(15) 

demonstrated that even on inclusion of the irregular 

amplitudes, constructed from the fields and momentum 

spinors, these relations remained valid. The same is 

tale also for E.:U(5) , where it was shown by Lipkin and 
'KJ 

7:Iarari
(2g) That ilciusion of some non-collinear 

meson exchange graphs with SUM invariant vertices 

does not invalidate the result. 

As has been pointed out before, only the sum of 

the two relations of (42) i.e. 



93. 

a(k+P)-(5.(k-P)=a(k°P)-a(R°F)+G(n+P)-a(n-P) 
	

(44) 

is obtained from SL(6,c). Both these relations are 

obtained if only regular amplitudes are allowed. This 

is also true for S(U(3)W(3)). However, it is worth 

observing that this linear relation (44) is better 

satisfied than the full Johnson-Treiman relations(29) 

The relations (42) and (44) are also obtained in 

the quark model
(25). For the full Johnson-Treiman 

relations, one has to use invariance under SU(3) be-

sides the quark model, while the sum-rule (44) is ob-

tained simply from the quark model without any additional 

invariance assumption,Lipkin
(30) has shown that the 

assumptions in the derivation of the Johnson-Treiman 

relations in quark model are less restrictive than the 

full SU(6)w  group. This agrees with our finding that 

these relations are obtained in S(U(3)faU(3)) when we 

use only the regular couplings (compare equations(29) 

which -come from SU(6)XJ  invariance and (33), obtained 

on restricting the amplitudes to the regular ones). 
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In view of all these different derivations, it is 

clearly not possible to claim that the agreement of the 

Johnson-Treiman relations with experiment is good evi-

dence for validity of any of these models or symmetry-

groups. 

DISCUSSION: 

The use of higher-symmetry groups in meson-baryon 

scattering processes is a knotty problem. All higher 

symmetries which have been considered contain SU(3), 

which is notoriously bad for scattering processes. We 

can only hope that at very high energy where the mass-

differences among the particles contained in a single 

multiplet have little effect, the SU(3) relations may 

agree reasonabl well, Also we do not know at what 

energies experimental comparisons should be made. It 

is fashionably to make comarisons using an ansatz 

given by lieshkov, Snow and Yodh
(31) where a comparison 

of squares of the invariant amplitudes is made as a 

function of Q value in the final state. The results 



95. 

obtained from SU(3) alone are poor, but consistent - 

about 20-30 percent out. 

When collinear groups are considered, things be-

come more complicated. Under invariance of such a 

group, we obviously have collinearity of the momenta 

of the particles before and after the scattering, but 

what about the intermediate states? Not all the in-

termediate states will be collinear. The predictions as 

such involve assuming that only the collinear inter-

mediate states are contributing to the scattering ampli-

tudes; contributions from all symmetry-brewing non-

collinear intermediate states being neglected. In 

physical terms, it excludes the modifications introduced 

by the existence of competing, channels and the re-

sultant inelasticities of the low partial waves. 

The two important results derivable from S(U(3)RU(3)) 

and comparable with existing experimental data are the 

sum-rule for the Johnson-Treiman relations (44) and 

the relation 

CT' 	P 	40-  (K- P ---1<°V)) 	(45) 



The former is extremely well satisfied whereas the 

latter is satisfied only in the backward direction, 

showing a large discrepancy in the forward direction. 

This latter relation also follows from SU(6) . The 

predictions about the polarisations of resonance in 

the forward and backward directions made in StJ(6) 
X7 

are also in complete disagreement with experiments 

whereas no such predictions can be made in SN(3)W(3))4 

Thus, we believe that as far as four-point functions 

are concerned, SN(3)0U(3)) is the better collinear 

symmetry of the two. 
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CHAPTER III 

Collinear Subgroups of SL(4,c), y  and U(4,4)/y  , 	t  

In the previous chapter we have found that the 

predictions for meson-baryon scattering processes and 

baryon-resonance production processes from S(U(3)0U(3)) 

agree a little better with experiment than those from 

SU(6) . The same results are obtained from SL(6, ) 

and U(6,6) respectively. We can attribute the better 

agreement of SL(6,c) predictions to the fact that we 

have used the Lorentz group extended by SU(3) as the 

auxiliary group (and hence as the relativistic group 

in the sense discussed in chapter I). This leads 

us to believe that the Lorentz group is the correct 

space-time symmetry as most of the unwanted results 

U(6,6) are eliminated here. But unfortunately, not 

all the bad predictions of U(6,6) are eliminated; we 
( equation 45 in Chapter II) 

still have one relation (2.45)/which is badly viorated 

in the forward direction. Besides this one, we have 

the bad SU(3) predictions still hanging around. Can 
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we get rid of them by using some smaller invariance 

groups? Certainly strong interaction obeys isospin 

symmetry and hypercharge conservation very accurately. 

It remains to be seen how this fares when combined 

with any of the space-time symmetries. Since the 

magnitude of SU(3) breaking is fairly well-known, it 

will also allow us to compare the magnitude of space-

time symmetry-breaking effects with those of SU(3). 

In this chapter, we shall consider the internal 

symmetry group SU(2),RtU(2)y, abbreviated as SU(2),,y  

and its relativistic generalisations using the space-

time symmetry groups SL(2,c) and U(2,2) respectively. 

Results of some scattering-processes and baryon-resonance 

production processes considered in the last chapter 

are deduced in the3e groups, using only the collinear 

subgroup in both cases. 

Auxiliary groups SL(2,0pSU(2), y,SL(4,c),,y,  

p(2,2)41SU(2)ia,.andU(4,4),,y1,(32)  

From the discussion of chapter I on auxiliary 
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group, it is clear that one can trivially extend these 

auxiliary groups, if besides Poincare invariance, in-

variance of some other group is also required. The 

group SU(2)I9Y has the generators
r2  
3 ,Y =,j--(x 	) o 	8 

where Xo  , X,  
. 0 are the two SU(3) generators and -tgener- - 

ate the isospin group SU(2)I. The explicit expression 

for Y shows that SU(2)1,y  is a subgroup of SU(3); but 

in what follows we have nothing to do with SU(3) and 

we can avoid X0, 	in the expression for Y. We can 

then have the auxiliary groups: 

(i) SL(2,c)RSU(2)1y  with the generators ,  

The basic representations is 0 	where 0s are the 

SL(2,c) and SU(2)1y  indices respectively. Under the ,  

transformations of the group, the indices transform in-

dependently. The little group, representations of which 

define a physical state, is SU(2)AISU(2), y; the ,  

collinear group is U(1)20(1)1a8U(2), y. ,  

(ii) U(2,2)EISU(2), y  with the generators Yilv y Y. ,  

The basic representation is 0 	where ix is now the 
S 

U(2,2) index. The two indices transform independently 
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under transformations of the auxiliary group. The 

little group is U(2)011(2)0SU(2), y  and the collinear ,  

group, SU(2) RSU(2)I Y  where SU(2)17  is the W-spin ,  

group defined already. 

(iii) SL(4,c), y  which is the abbreviation for 

SL(4,c)IRSL(2,c)y. It is obtained by enlarging (i) 

above and the basic representation is 0  = Ocis such 

that the indices 	are no longer independent of each 

other but inter-related by means of the additional 

transformations generated by ;,,s(Eand 51,,'„oy. The 

little group is SU(4) 	= SU(4),RSU(2)y  with the 

generators 	where generate the or-

dinary snin-grolip. We recognise SUM, as the super- 

multiplet group of Wigner  and SU(2) as the strange 

wark-spin introdu,ed by Lipkin. The collinear sub- 

group is then S(U(2)0U(2)),,y. 

(iv) finally U(4,4)1,y  = U(4,4)1OU(2,2)y  with the 

generatorsyR  , 	
Yy.. It takes account of the 

badly broken SU(3) symmetry and generalises the ordinary 

space-time symmetry SL(2,c) group to U(2.2). Besides 
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the generators of, the group (ii) it contains the addl.-4 

tional generators y,t, which interrelates the two 

symmetry groups, U(2,2) and SU(2)1y. As a result the 

basic representation is 0A  = 0,xs. The little group 

is (U(4)RU(4)), y  and the collinear group is ,  

(SU(4)u),,y=(SU(4)w119SU(2)w,y). For brevity we shall 

refer to this group simply as SU(4)w  from now on. These 

groups, little groups and collinear groups are summar-

ised in Table V. 

Table V 

aelativistic groups 

(i) SL(2,c)aSU(2)
19 
y  

(ii)U(2,2)OSU(2)19y  

(iii)SL(4,c)I9y  

(iv)U(4,4),,y  

Little groups Collinear groups 

SU(2),r0SU(2)19y U(1)0SUWRZT;(2)ix  

U(2)11U(2)0U(2)v  SU(2)w2SU(2)4y  

su(4)I9y 	SCO(2)ffii(2))19y 

(u(4)ou(4))19y  (5T(4)17 )I9y  

We shall calculate some of the scattering processes 

considered earlier using the two groups SL(4,c) IfY 

and U(4,4)I Y  out of the groups listed in Table V. 
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We shall use only the collinear subgroups, although the 

physical particle states are first identified as the 

representations of the corresponding little group. 

However, we shall note the following points regarding 

SU(4)
IY whose relativistic generalisations are 9  

51,(4,c)1,y  and U(6,6)I,y. 

1) The proton-neutron magnetic moment ratio 

which is the first big success for the static SU(6) 

theory(33)  is also derivable in this group(34). 

2) The definite value for the proton-magnetic 

moment that was first derived in the U(6,6) theory is 

not due to the extension of the internal symmetry group 

to SU(3); this result follows from the extension of 

the Lorentz group to the U(2,2) group. The same definite 

value for the pronn magnetic moment has also been 

obtained by Uacfarlane et 
al(35) using the extension 

of SU(4)1  to U(4,4)I. 

3) Referring to the SU(6) group, there are two 

ways of breaking this symmetry to give smaller symmetry-

groups. One way is 
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SUM .7.)SU(2)J  x SU(3) ;)SU(2) x SU(2)I x U(1) 

Here the SU(3) multiplets are decoupled according to 

spin first, and then each SU(3) multiplet is broken 

according to isospin x hypercharge. An alternative 

way of breaking SU(6) symmetry is: 

SU(6) 72,S(4)6  x SU(2)s  x U(1)yDSU(2)1x SU(2)14  x 

x SU(2) x U(1) 

In this the total spin J is decoupled first into two 

parts, J = N S, IT from the nonstrange particles and 

S from the strange particles. 

One very interesting experimental question will 

be to find which of the symmetries SU(2) x SU(3) and 

SU(4) x SU(2) x U(l) is more closely realised in nature. 

No clear preferenc-_, has yet been found from experiment. 

Despite SU(3) normally being considered a better 

symmetry than SU(4) Dyson(36)  has argued to the con-

trary with the following evidence. 

i) The scattering amplitudes for the baryon-

resonance production processes are related in SU(3) as 
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which is satisfied by neither Lonor 0. However, the 

SU(4) mass formula 

(+ 0  = 2k*  

is very well-satisfied. The squares of the masses are 

used in each case. 

As will be shown below, there is a reaction 

derivable from SU(4)I Y  which agrees fairly well with 

experiment in the backward direction, but is badly 

violated in the forward direction. However, these ex-

perimental results need confirmation. Good agreement 

in the forward direction would be a strong piece of 

evidence for SU(4). 

It was pointed out by Delbourgo et 
al(32)  that 

this same question would occur in the relativistic 

theories as a question of the superiority of the re-

duction 

U(6,6) 	U(2,2) 0 SU(3) 

versus 	U(6,6) 	U(4,4) a U(2,2) 



in U(6,6) and of the reduction 

SL(6,c) 	SL(2,c)0 SU(3) 

versus 	SL(6,c) 	SL(4,c)1610L(2,c)1  

in SL(G,c). The calculations for meson-baryon scatter-

ing below will be carried out according to the second 

method of reduction in each case, without however, 

assuming invariance under the larger relativistic 

group. 

SL(4,c)1 Y  and its subgroups: 

As has been noted in the beginning of the chapter, 

SL(4.,c)I Y  affords a relativistic generalisation of the 

little group SU(4), y. ,  

call this group W(Y)OSU(4)(T) x SU(2)(X) and Lipkin
(27)  

SU(4)., OSU(2) . Mese authors have discussed in some 

detail some of the physically interesting representations. 

Reduction of a large number of SU(6) multiplets under 

this group has been obtained by Delbourgo et al
(32). 

1e  can write down the following decomposition for some 

well-known SU(6) multiplets: 

Gursey, Radicafi and Pais
(38) 
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35-- (4,2,1).0(15,1,0M1,3,0)9)(1,1,0WZ,2,-1) 	(2) 

56-- (20,1,1).®(10,2,0)4)(41.3,-1)(04,4,-2) 	(3) 

70-- (20:1,1),@(10,2,0)(1)(6,210)2(4,1,-1)X4,3,-1)4)(1,2,-2) 

(4) 

The third entry in each bracket refers to the hyper-

charge of the SU(4), y  multiplet. 20 20' come from the 9   

completely symmetric and mixed symmetric quark multiplets 

respectively. 

As in the S(U(3)(011(3)) case, we shall explicitly 

make use of the quark representation, and denote the 

quark and anti-quark states by 

aa = (2) 
and q_ = )‘ for the marks 

a 
qaa = (F) and q(71  = X for the anti-quarks. 

where, a = 1,2 is Cie isospin index and = 1,2 refers 

to a quark or anti-quark state with sz  = 	respec- 

tively. Tath this specification, all the particle 

states can be obtained. Thus, for (k,k ), we have the 

tensor 

MF = 	Al 	M 	112  aa 	al 	al ' a 	a2 (5) 



where, for example, K is the ka with sz = +1, a1 
(1.1

2 
 Q. N1  ) represents the physical ka  and ka with sz= al  a2  

and so on. For lt,p 	the SU(0 I Y tensor has the /  

following decomposition under U(2)fiU(2); 

maa = val ma2 mal 43. 0a2 
bp 	b2 	b2 	bi (a,b = 1,2) 	(6) 

As an example for the baryons, we take the (20,1) 

representation for N,N which decomposes under U(2)U(2) 

as 
BABC = Baaepb.yc -4 Babc98111 Babc8112QBabcS122 

where 	
BabcS222 

1) 	
S 	= 43N* abc 	(N 	N 4  )S abc 112 	a - be 	b -ca 1 

(7) 
= 	 c 

abc 129 
j3W  

abc 	("b -̀ca 	1c 	)S2 

N,N are the physical particles and S refers to the 

various space wave functions. These two S(U(2)(4U(2)) 

representations are related through parity-transformation. 

The amplitudes invariant under S(U(2)G1U(2)) are 

constructed from these representations, from which the 

scattering-amplitudes for various processes are ob- 



tained. It is easy to see that whereas we needed only 

six independent, invariant amplitudes in S(U(3)RU(3)) 

to describe the processes in Table I and II, we shall 

require a much larger number of amplitudes now. Be-

sides obtaining the isospin results, relations for pro-

cesses involving particles belonging to the same SU(4),,y  

representations are obtained which are the same as in 

S(U(3)RU(3)). Thus the following S(U(3)RU(3)) results 

survive: 

(1) 	2(k-P---4) k°=°) = 	P 	 ) 

(ii) (01)-4 VN°±1.) : (EPP—) kN*4-1-) 	k-N*±): 
- *o 

	

(k 	k N ) = 

- 
(iii) (k P-1 k° *o= ):(k 	k

+ - 
= ):(ko 
	

k
+ *0 
= ) 

(iv) (k
+ 
 k°N* ):(0-13- 

None of the triangular relations obtained in S(U(3)fi.U(3)) 

survive. The first relation (i) which was claimed to 

= 1:2:1 	(3) 

+0 
kN*) 
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be a purely SL(6,c) (and hencc S(U(3)W(3))) result,(79°  

is also obtained from this smaller group. However, we 

have seen that neither of the Johnson-Tretman relations 

(2.40) are left in this group, not even the sum-rule 

(2.42); this is because k,K,:a all belong to different 

representations of S(U(2)0U(2)). 

This collinear group has also been studied by 

Buccella and Gatto
(21)  . These authers have deduced 

many implications of this collinear symmetry for various 

processes such as collinear photonroduction, nucleon-

antinucleon annihilation, non-leptonic decays, magnetic 

moments of various baryons etc. In the last example, 

the predictions derived from this group require a 

very accurate experimental data to distinguish them 

from those obtaine(' from SU(3). 

U(4,4)/9y  and its subgroups: 

We shall conclude this chapter with a consideration 

of the group U(4,4)I,y  = U(4,4)1Ir(2,2)y, first ob-

tained by tiacfarlane et 
al(35) who have established 



a definite value for proton magnetic moment in the 

basis of this group alone. Their result clearly showed 

that it was by extending the space-time symmetry from 

the Lorentz group to U(2,2) which fixes this value. 

Since there will be no more symmetry-breaking in the 

internal symmetry part, it will be very interesting to 

see how any predictions from this group compare with 

experiment. Comparison with results obtained in the 

previous section will also provide the magnitude of 

the symmetry-breaking caused by the extension of the 

space-time symmetry alone, Hwachuktes results
(39) 

for 

p-p annihilation obtained in this scheme are found to 

be highly satisfactory. 

Some predictions from the collinear subgroup of 

SU(6) for collinelr photoproduction of mesons, nucleon 

and hyperon electromagnetic form-factors, weak non-

leptonic decays etc. are studied by :uccella
(40)  

Below, we obtain the predictions concerning the scatter-

ing-amplitudes listed in Tables I and II in an attempt 

to see if the badly-violated predictions from SU(6)17 
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could be avoided. 

The first task in the extension of Macfarlants(35)  

U(4,4) is to construct the tensor representations for 

mesons and baryons. In the reduction 

U(6,6) --->U(4,4)I  2U(2,2)y  

= U(4,4),,y  

the U(4,4)I,Y tensors are obtained in the obvious way 

from the U(6,6) tensors OP  arnd 'N.1) 	. For example Pqa 

P  
= 	(P) 	es (Pip) A) 	(P3 ) 00.31c3c3'0) 	(9) '1( aa0 '2(a3) ' '3(aa) 	

(9) 

and 

VPQR =V1(apy,abc)1"2(api,ab3+cyclin abc) 	(10) 

4-11)3(a(3y,a33-1-cycl in a,b,c)"'4(apy,333) 

where P, 1, are the U(6,6) indices, e(,f3;((=l,2,3,4), 

the U(2,2) indices and a,b,c(=1,2), the SU(2)1,  indices 

and the meaning of 01,-Vi, etc. is made clear beloW. 

Finally, with the reduction 

U(4,4)I,Y 	U(2,2) R SU(2) I,Y 



113. 

we obtain the following decomposition of the U(6,6) 

tensors: 

144 -- (15,3)4(15,1)41(1,3)A(1,1>R(1,2W15,2)0(1,2) 

434(15,2) (15,1)4)(1,1). 	(11) 

364 -- (20,4)0(20',2)0(20,3)11(20',3+1).(204-201 ,2) 

4D(20,1)(1)(70) 	(12) 

Contact with space-time symmetry is achieved by the 

mestriction of U(2,2) to SL(2,c) and by Imposing on the 

fieldsv, 0, etc. the Bargmann-Wigner equations. This 

finally gives us the physical states obtained in (2) 

and (3) corresponding to (11) and (12) respectively. 

Now the meaning of-yo  00  etc. is clear, because we 

find that 

'\1/ 3D(14,W1-) 	--D(=,=4?), V4  -.3 

7"-• (np 6)1) 4 02  -21)  (k 	E017*, 037-V,X) 

We shall not, however, use the full U(4, 4),,y  

group for the calculation of the scattering amplitudes, 

instead as in U6,6), we shall only use the collinear 

subgroup SU(4),72SU(4), OU(2)y,  . The SU(4) tensor 
9 



. 
1 ab 

1.14- 

representations for the mesons and baryons can be 

directly obtained from the above reductions i.e. in 

terms of the reduction of SU(6) 	SU(4) , given by 
'w 	Ea 

equation (2) and (3), respectively. 

Tensor representations for some of these SU(4)w  

multiplets are: 

(2091) = 'el'ABcaVV(ai,bj,ck) 
* 	1 ... N .. 4----E.. N — 
(abc,1310 243(   Cab 13 c,k+  

+.N ) (13) be -jk a,i 	b,j 

(10,2) ---,1i/2,ABE f.'4,12,(ai,bj,c3) 

Y (ab,ijk) += 13(G..Y J6 	(ab),k‘ jk 

(15,1) . 019A: 

Y(ab),.i) 	
(14) 

01
' is 

- ( 
a 
Po  6:v 'V  +1 Vo  )i9

a 
 (15) 

, 

	

(4,2) . 0.2' A 	(c .  P 	;di 	crV +1 

	

'29  A 	.2ia 	' 	7.,"o 	0 t,a (16) 

where Po represents thepseudoscalar mesons and V-1-9 Vo 

refer to the sz  + 1,0 states of the.  vector-mesons 
— 

respectively and A,I3,C and A,3 are respectively (SU(4)I)w 
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and (SU(2) ) indices. The tensor representations for 
Y 

the remaining SU(4)w  states can be similarly written. 

The single expression In equation 26 of chapter 

two.  contains all the amplitudes for the processes we 

have considered in SU(6) , but in SU(4)
t 7 
 we shall have 

to find the expressions for each of the following types 

of process independently and the invariant amplitudes 

will be different in each case: 

—> TEE, ITN —> k L , kIT —> 

kip —> 	11 
	 (17) 

where, for example; a_ refers to all the particles of the 

SU(4)V7  multiple which contain it 

The invariant amplitudes are written down using the 

SU(4) tensor representations. For example, for 

(VN-TIN), we have the invariant expression 

_ABC 	4.E ..,,,D 4 	,),ABC 	 D eit 
A=ai lip. Au 

	

i 	-1ABC '1 D'1E 	-771. 	-4i1ABWJE 1)e 

	

..,.. - 	
fili  IP) 
	" 

fl ABC 
	 JD 

a 	le 0 . (18) 
' a l 11,V1ABD -1C lE + 4

Nil
ABC 

 -. k: 1 	lADE le -LB 

	

while forii-N 	the amplitudes are obtained from 

(.19) 



Similar expression can be written for each of the 

remaining processes in (17). Using expressions (13), 

(15) for \t1, 01  etc., scattering amplitudes for differ-

ent processes can be easily calculated. We have found 

that all the SU(6) relations among processes which 
va 

are described by the same type in (17) are retained 

in SU(4) . For example, the processes 

n 	TEP-n 1411- 

n+P-4n+le+, 

are contained inI1N-11N; therefore, the same amplitudes 

will describe all the processes, and the SU(6)w  result 

is reproduced, namely 

(n-P-an°E*°)(TETP-->n+I -):(7E-P-p+N*-):(m+p-IT°H*++) 

= tf3:,,r8:k114:1 

Thus, some of the notorious SU(6)11  results are still 

true in SU(4) , namely, 

i) the amplitudes of 

(0.13--) k°e+),(0P--) 	kN*+), 

(171°P— k-e+) 	(20) 



are identically zero 

-  
ii) (k 	Y ):(k 	iLY

* 
 ):(k 	TLY

*o 
 ) = 2:4:3 (21) 

iii)(kP-- 	 1c°=°):(1t-n-4 k°="") 	= 2!1t1 (22) 

The result (21) is extremely bad, as has been discussed 

in the SU(6) case, and the other two results are also 

not in agreement with experiment. Also, as it, k, k 

belong to different SU(4)w  representations we lose both 

the Johnson-Treiman relations. 

Predictions of the polarisation and alignment of 

particles produced in the forward and backward direc- 

tions were made in SU(6) which are wholly contradictory 

to experimental results
(23) The same bad predictions 

about polarisation also follow from SU(4)w. 

CONCLUS ION: 

Comparison of the above reruns from SU(4)w  and 

(U(2)gU(2))1y. with SU(6)w  thus shows that not only ,  

are we unsuccessful in eliminatint, the bad SU(6)w  

results from SU(4) , but we have also lost both the 



Johnson7Treiman relations in each group. The relation 

(22) is very important for the group (U(2)011(2))1 y  

as it is the minimum group that can predict this result. 

Also this result is not obtained in SU(3); therefore: 

agreement with exper!ment would clearly show that sym-

metry-breaking in SU(4) is much smaller than that in 

SU(3). 
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PART TWO 

DECOMPOSITION OF THE UNITARY IRREDUCIBLE 

REPRESENTATIONS OF SL( 2 , c) RESTRICTED 

TO U(1)AT(2) AND SU(1,1) 
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Introduction: 

The development of harmonic analysis in recent 

times as applied to the scattering amplitude has been 

drawing the attention of-many physicists. The dis-

covery of the relationship between the complex angular 

momentum and the representation of the three-dimensional 

,, 
Lorentz group 0(2,i)

(1,2) 
 is one of its very interesting 

by-products. Another important result to follow from 

this new direCtion of study is the group theoretical 

proof(3)  of the conjecture of FreedMan and Wong
(4) re-

garding the daughter trajectories associated with each 

Legge trajectory at zero-squared momenuum transfer. 

The application of harmonic analysis to the 

scattering amplitude involves two steps. Firstly the 

amplitude has to be represented as a function of the 

elements of a group and then this function is to be 

expanded in terms of the unitary irreducible represen-

tation of the group. Partial wave analysis is an example 

of harmonic analysis where the:group applied is the 

three dimentional rotation group (or the two dimensional 
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unitary unimodular group which is homomorphic to it). 

By noticing that this is the little group of the Lorene :z 

group SL(2,c) under which all P with P
22 

- remain 

invariant, one can also u. the other little groups 

equally well to perform the 'crossed partial wave 

analysis'. Applying instead the representations of 

0(2,1) Toiler and Sertorio, Joos, Boyce and Hadjiannou(5)  

have been able to establish the aforementioned relation-

ship to the complex angular momentum. This group, 

however, is the little group of SL(2,c) having all the 

Lorentz transformations that leave P with
9

-LT"
2KO 

invariant. The great merit of this expansion is that 

it circumvents the usual cumbersome procedure for paqL-

ing to-comDlex J. 

Taking the scattering of two particles, it is 

convenient to consider separate the cases of equal 

and unequal mass. 

In the equal mass case, the four-momentum transfer 

Q is spacelike or vanishes, so that in the former case 

one can use the 0(2,1)* lequivalently SU(1,1) which 



126. 

is homomorphic to it) group representations to expand 

the scattering amplitude. If 	0, the little group 

is the Lorentz group itself and naturally, the expan- 

sion of the scattering amplitude is in terms of the matrix 

elements of the principal unitary representations of 

this group. The high energy asymptotic behaviour of the 

amplitude can then be obtained in terms of the Lorentz 

poles in the complex q plane, where is an eigen- 

value of a Casimir operator of the group. Also it is 

observed that if the Regge hypothesis of poles in the 

complex J plane is carried to the complex cr-I 	LO 

one pole in (5'-plane, there corresponds a host of 

integrally-spaced poles in the complex 3-plane. This 

result was anticipated by Gribov and Volkov(6)  who 

had found that when the momentum transfer vanishes, 

the various Legge-pole contributions can no more be 

independent on each other but must be arranged in 

families of integrally spaced poles. 

It is pertinent to remark here that instead of 

using the 0(3,1) group one can also work with the four 
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dimensional rotation group by analytic continuation to 

imaginary values of the energy variable. This enables 

one to get over the difficulties connected with the 

non-compactness of the 0(3,1) group. But its analytic 

continuation does not lead naturally to the above 

result(). 

In the unequal mass case, the four-momentum 

transfer can never vanish. Here C5 may either be space-

like, time-like or light-like. The corresponding 

little group for light-like four-momentum transfer is 

the two-dimensional Euclidean group U(1)AT(2). This 

case is of interest in the consideration of the for-

ward scattering of unequal masses and of all backward 

scattering. 

The considerations above point to the fact that the 

various little group representations are related to each 

other. This is the aim of this part of this thesis to 

find such relations between SU(1,1) and U(1)AT(2)9 

and SU(2) and U(1)AT(2). The method applied is the 

one used by Toller and Sciarrino(3)  in finding the 
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corresponding result for SU(1,1) and the Lorentz group. 

Basically this problem can be viewed in the follow-

ing way: the conventional method for constructing the 

basis vectors of the homogeneous Lorentz group is to 

diagonalise its SU(2) subgroup and to designate the 

states 146-jm>where jo, 	are Casimir labels of the 

Lorentz group. Of course, one may equally well diagona-

lise the SU(1,1) or U(1)AT(2) which are contained in 

the Lorentz group in which case the states could be 

equivalently denoted by j
o
km or Ijoc. Im> respectively 

These new state vectors now have the connotations: 

2 	2 
(J3-ki

2
-k2) I j 0 0- km) = k(k+i) I jou- km;›  

or (L
1
+1,
2
) 

 

where L1 
= k1+J2, L

2
=J
1-k2' 

J, K are the usual 

Lorentz group generators and la is the J
3 
 eio-envalue. 

All these representations are on a par with one 

another, though depending on circumstances one set of 

basis vectors may be more useful than another. If we 
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then find the unitary transformation functions 

-OM km > , /3.  mifrn 	Q!ztn1 • 

then it becomes very easy to pass from one set of 

state vectors to another. The results of the decom-

position carried out here exactly give these transfor-

mation matrices. 

In the first two sections we briefly desckibe the 

unitary irreducible representations of the homogenious 

Lorentz group r.-1.d of the subgroups SU(1,1) and U(1)/J(2). 

In the third section we perform the decomposition 

of the irreducible unitary representation of SL(2,c) 

restricted to the subgroup U(1),NT(2) into a direct 

integral of its unitary irreducible representations. 

We note that this result is also obtained by Strom(5)  

using a differential method for infinitesimal genera-

tors and by Delbourgo et al(̀)  by a simpler method. 

In the next section the same method is invoked to 

find the remaining relation between the subgroups 

SU(1,1) and U(1)AT(2). The results are the same as 



130. 

obtained in the last reference. In the final section, 

for completeness' sake, we briefly state the result 

obtained by Toiler and Sciarrino(3) of the decomposi-

tion of the Lorectz group restricted to SU(1,1) and 

thus find the transformation matrix Klmikm). 
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2. Irreducible'representations of SL(2,c): 

SL(2,c) is the group of unimodular complex 2x2 

matrices of the form 

a =f 	
1 a 	

a
11
a
22
-a
12
a
21 

= 1 

\\,a21 	22 j 

The unitary (and also the non-unitary) irreducible 

representation of this group have been investigated 

and classified by Gelfand and Naimark(9). The method 

used by these authors for the construction of these 

representations has been generalised by Mackey
(10)  in 

the theory of induced representation. 

The infinitesimal generators of the group are 

= (J239 *31' J12)  

	

K = (J01,J 	J03) 02'  

with the commutation relations, 

[J.,Jj] = 
	J ijk- 	k 

= i  ijk Kk 

(K.,K.3 = 	e.. J, 
J 	ijk 

(2.) 

(1) 
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and the Casimir invariants 

.2 	2 	, 
3o - 	I  2ijo (3) 71' 

It is possible to label a complete set of basis 

vectors 600-, jrn>with the two additional quantum 

numbers obtained from diagonalising the SU(2) subgroup. 

It is convenient to parametrise the finite Lorentz 

transformation in the form: 

9 	9 	9 a=U(0,G,4H 	(3°  0') = U(0999-j) az  (S)U(799 0 ) 	(4) 
5   

because upon taking representatives in the basis 

k J 1--; jm), we get 

f, 	i 	jo 	1  
D.-  , ,(a) 	' 	D' ,, (09g,W) d. , .,(c)Dj,, ,(09 cg 
ori 3 m 	ti-r-T 	MM • 	"al j 	- m in 

(5) 

where Di  ,(0,9,Y) 

Lion function and 

is the well--known SU(2) representa- 
-ir,k3  

-0 	 • 	\ = ,, 	‹jcify jml e ram jct.] 	Ooc-' 

jo 
.' D,(u) (D(az(c)) IAjom I) (u) 

0m  
S13(2) 

du 	(6) 

is the SL(2,c) representation functions which has 

been calculated by StrBra
(11) 
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The unitary irreducible representations of SL(2,c) 

fall into two categories in each of which each represen-

tation of SU(2) occurs only once: 

a) Principal series: 

le(4-) = 0 and -co< Im '/co 

°9 	
— 29 	99a** 

=  

and 	m = -j, 	3 

b) Supplementary series: 

Im a-=0, 0<ae cr <1, with jo = 0 

j = 0, 1, 2 ... 

m =-j, -j+1, 	j. 

In what follows we shall consider the principal 

series of representations only, as they alone permit 

the construction of a ;Albert space. 

Unitary Irreducible :`representations of SU(1,1): 

This is the subgroup of SL(2,c) formed by all 

complex matrices of the form: 

v = (a 	) 
a 

\ai2 - tpl2 = 1 (7) 
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The infinitesimal generators of the grcnp are 

J3' k1 and k2 
that satisfy the commutation relations 

[K1 91(2]  = '4j3 9 [j39 1  = 1K29 [j3942]  = '41E1 (3)  

Unitary representations have J3, Ki , K2 hermitian. The 

2 2 ? 2 
Casimir operator is=J3  -K1'-k2  = k(1-k) and the basis 

vectors are labelled by 1  km) where m refers to the J3  

eigenvalue. A convenient parametrisation of the group 

element is: 

v = Uz([1) a,(1-) U,  (v)  9 	0< 	< 4n, 	0 <v <2m 

(9) 

The unitary irreducible representations have been 

obtained by Dargmann
(12) The representation matrices 

have the form 

A 
D :(Uz(7) ax(c) Uz(1))) = exp(-imitA-imv) dmm,(s) 

(10) 

where the subscript A stands for the parameters which 

label the equivalence classes of irreducible represen- 
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tations. The 273argmann classification of the unitary 

irreducible representations fall into the following 

classes with the values of  \ shown explicitly: 

a) Discrete classes: /\ stands for K+ with 

k = 2, 1, 4, ... 
+ 
D has m = k, k+1, 

D has m = -k, -k-i, -k-2 

b) Continuous classes: 

The parameters are Ey k where L-is either 

0 or 2  according as the representations are integral 

or half-integral type. There are again two sutclasses 

of representation; principal series of representation 

correspond to complex values of the parameter k with 

Re k = - and m = 0, +1, +2 ... or = +1/2, ,2 • • 0 

and the complementary series representations have 

4 (Re 4 ,<0 	Im k = 0 

and m taking all integer values, m=0,+1,+2 	. 

The preceding discussion of the irreducible 

representations implicitly assumes that SU(1,1) has only 

and 
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one and two-valued representations up to a factor. 

The functions dk ,(c) defined in equation (19) for 

the principal series are just the continuation 

	

cos 9 	coshr;of the ordinary SU(2) representations 

and can be expressed in terms of the hypergeometric x 

series in the form: 

d ,(7;) 	Ok-m:+1) r(k+m-i-iW- 

	

mm 	r(k-m1) 1  2 
( h C

N2k+ra'-m
(sint;l)m-m'  

2 

2F1(m-k, -n'-k9 	tanhI)/ (m-m'+1) 

d/./>m'  

and has the following symmetry relations, 

m-m' k 	 t 
g(c) = (-1) 	d 	dmm,(c) .(-1)m-m  d` 

	

mm 	-m,-m 	fri'm(c) 

(12..) 

F r the discrete series, this finction is 

	

d
k+ 	f r(m-k+1) r(m71-k-1-1))1,;i(chC/2)-2k4-mt-m tVc) 	‘r(m'-k) r(mg+ki-1)/ 	

(sh5/2)I1.1-m 
mm  

2F1(m-k,-m'-k; m-m1+1; tanh 2
".)/i(m.um'-i-1) (13) 
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and 

d
k- 1,% Ak+ 	,k+ 

,\)/ = 	, % and u 	= d 	, etc. 
-m -mkc) -m 	mm ( ) tout 

Unitary irreducible :representations of the Eucledean 

Group 

UOL)AT(2) is a three-parameter group consisting of 

all the distance preserving transformations (reflections 

excluded) of a plane into itself. In fact it is the 

semi-direct product of the abelian subgroup of trans-

lations in tuo-dimensions and the rotation subgroup 

(in one-dimension) (13)  

The infinitesimal operators of this group are J3' 

I,
1 
= K1+J2 

and 1.2=K21.  The commutation relations 

between these operators are 

= o, 	= iL2 , L',J3,L2,] = -iT i 	(14) 

The elements of this group can be parametrised in the 

following unique way: 

t = U2(p)t(r) UzM, 04X4m, 0<v<27c, 	(15) 

0(r<00 
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2 	A2 The Casimir operator is 1,
14-1,2

2 
 =x except when 60 

and the states are diagonalised with respect to the 

J
3 

eigenvalue. Thus, there are two classes of represen- 

tation of this group; these are, 

a) Discrete series: 

Here f=0, also 1171,2=0. The representations 

are denoted by Os  and consists of the matrices e
is9 of 

rotation in x-y plane through an angle 9,s=m can be 

zero, integer or half integer, negative or positive. 

b) PrinciDal series: 

Otj <OD, Tint = 0 

k / 0, +1, +2, ... m . 
3  1.1-t 

and 

In the former case, the representation is single valued 

and in the latter, two-valued. These two are the only 

series representations of interest. 

The representation functions d!int(r) are just the 

Bessel's functions i.e., d,(r) = Jm-m'(fr). Also 

the following connection with the representation:func-

tions of SU(2) and SU(1,1) is worth noticing: 
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lim d3  (Li)1 	= Jm,mar) 
mm  J- Co 

The symmetry properties are those of the Sesser func-

tions, namely 

d ,(r) = d(  , (r) = (-1)m-m t  df, (r). 	(16 ) mm 	-m -ma  	 m m 

3. Decomposition of 51,(2,c) restricted to U(l)nT(2). 

This section will be devoted to decomposing the 

jocl" 
irreducible unitary representations D of SL(2,c) 

restricted to U(1),N,T(2) into a direct integral con-

taining the irreducible unitary representations Df  of 

U(l)AT(2) described in the previous section. The irob-

lem involves two stages: firstly, flackeys
(10)general 

method of decomposing the restrictions of a represen-

tation is applied to the SL(2,c) unitary representa-

tion which is restricted to those of U(1)/NT(2). These 

reducible representations are then decomposed into a 

direct integral of irreducible unitary representations 

of U(1)/q(2) by the application of the Plancherel 
jor' 

formula. Finally the matrix elements D. .t  (a) are 
Fa.] m 
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MOIL 
explicitly calculated in terms of the matrix elements 

DA 1q  (t) of the representation functions of the Eucledean mi 
group. 

The induced representations are to be constructed 

by means of the subgroup K which consists of the com- 

plex matrices of the form: 

k = (X 	1 ) 
0 X 

(17) 

,fith the following one-dimensional unitary representa-

tions; 

Li oG(k) = p.(k) 12(Ci+jo) LX(k) rjo. 	0  

(18 ) 

where /t(k) is an element of the matrix K; Jo is integer 

or half-integer and g'  is a pure imaginary parameter, 

Now we shall have to determine the double-cosets 

of SL(2,c) with respect to its subgroups K and U(l)AT(2) 

in order to perform the first step, namely, to decom-

pose the restrictions of SL(2,c) representations in 

reducible representations of U(1),T(2). yo do this, we 

note that every element aen(29 c) can be written in 

the form 

P = kU 	where keK, 	UELSU(2) 

K U (ti) Um (I)) 	 09) 
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rJriting, 

U (9) = .K,z 	
z.(r1 	 (20) 

gives 

r = tan /2 for 0 ‘.9 h,<1 	0 Kr <oo 	(21) 

This shows that every element a SL(2,c) can be uniquely 

written as 

a = k:t 	Where t(LU(1)y-,T(2) 	(22) 

so that there is only a single double coset of SL(2,c) 

with respect to the subgroups U(1)"T(2) and K. 

This means that for every function f(a) defined 

over the Hilbert space of SL(2,c) representation, we 

get a function f(t) defined over the,subgroup u(1)xi.(2) 

These functions obey the covariance relation 

f(a) = f(kt) = L °(10 f(t) 
	

('23) 

This relation follows from the rep-esentation property 

of.the subgroup K. 

The scalar product is then 



„2n 	TE 
1 

\f(lOrdif 	d ( 4m 	v  
SU 2) 
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U,C4Uz i  (v)\1k2  sinCdn 

1 	?Tccb . 
4n 	J dv 
	If (t) 

0 

fl

F(t) 2  dt 

U(1)AT(2) 

where 

4'2f(t)
F(t) 	11-r2 

24r.dr 

(24)  

(25)  

This shows that the representation operators operate 

manner
(14) 

on the Hilbert space M in the following 

2 
[D(t)11(t1) 2(titct??Tn1  

. 2 	9 
where we have 11)(t'(C)0-)i 	= 	1-Fr-  (27)  

which follows from relations (20). This gives, 

(D(t)F)tt') = F(t't) (28)  

Equation (28) clearly defines the Hilbert space 

of the regular representation of the Eucledean group. 



Therefore, we can get a decomposition in direct integral 

of irreducible representations of the Eucledean group 

from the regular representation so obtained. This 

decomposition is achieved by means of the Plancherel 

formula 

kf(t)( 2dt 
UWAT(?) 

FE-11 ism  
2 dP 	(29) 

where dp is the Plancherel measure, and 

I P(t) Dmm' 	' 
 (t-1) dt 

U(1)AT(2) mm 

_ 1 	47c  
8„2 	dr, 

1 4n 
= - 772 

f 

2g 	co 

dv j r.dr 
r2f 
l+r m t-1) 

0 	0 

27t 	co 
dv 1,,r2.r.dr(l+r2)G-1f(u)DK -1 mrAt ) 

0 

	

m 	2 m 1 	4 	oo 	, 	2 G-1 

	

= 87t2 f 	J dv 	112.r.dra+r ) 	exp(ig-jo+m) 

	

0 	0 	0 

Using 

+ iv(mt—m)) d 
o
(Q) 

J m  
(Kr) 

f(u) = f(kt) = L
jno 

 (k) f(t) = (l+r2)-4f(t) 	and 

f(u) =„, o'(u) = exp( jcp-imy) Jom(0). 



2 k+m-i-j04 
13 	 na 

G21 ( 
J o) 
	

(32) 

144,. 

This yields, 

.1J 	 d
joc 

mmt 	
= 6 

mmt Imi 

where 

(30) 

j 0v 	00,  
g = 
AlTi j  

O 

(-1 r/.2 r dr (1+r2) di (0)  J  
jom 	 -i0(r) 

(31) 

This can be expressed as a series of Eeijerfs 

functions as has been shown in references (8). The 

result is 
1 

j 
	 1 di° 	= (-1) - °((j-j0)1(j+j0):(j-m)!(j+m)!)

7 
 (-2) 

-m-jo 

x 

using the following representation for the SU(2) repres 

entation function 

di 
joLa  

1 
J-J 

= (-1) 	°((i-J 0)!(JI-J 0):(i-m)!(i+m)!) x 

j—M 111-1- jn 
)k 	2 k-1 (cos"2)  

11;--O 
jAo 

x(sinQ/2) 
+k-4 

 (ki(j-m-k)!(jo+m+k)!(j-jo-k)!)-1 
133) 

Equation (31) is the transformation matrix denoted by 

(fm 
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t=09 this also gives the orthonormality condi- 
Jo  

tion for the d hj: 

( Jdr 
d . d 	de = d..$ 	(34) 
las.] f:a3 	JJ 

Using the following symmetry properties for the 

SU(2) representation functions 

`

m-mg  dj-m'-m(9) (- 	dm°m(®) 

di  ,(er (-1)--  mm 	m-te(G) 

(35)  

in conjunction with these for the Bessel functions 
jov 

(16), we arrive at the symmetry-relation for d.7  

dj = d j   
(-raj 	km] 

(36)  

4. The Transformation matrix <km t km> . 

In this section we are finding an integral ex- 

pression for the matrix 	km that relates the 

unitary irreducible representations of the two subgrouns 

U(1)T(2) and SU(1,1). The procedure is completely 

analogous to the one just outlined for the matrix 

(km jra ). • But however, there is one important modi- 
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-1 where 

(40) b-  = 
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fication to be made which we shall eplain as we come 

across it.  

We have noted before that every element al,(2,c) 

can be written down in the fol1owin3 unique way 

a =:Kt, where is.9  t6iU(1)/a(2) 
With the paraetrisation used for the SU(1,1) and U(1),NT(2) 

groups; we find that 

t(r) = kb+  a (c) with r = tent-1;' where 9 

0 r <on and 0 < (37) 

(38) 

It is clear in this case that -While 5;covei:s 

full range, r cal range only over 0.r.41. Therefore, r 

cover the full range of r we must introduce the follow 

ing additional relation 

t(r) = kb-  ca.(5) 	with r = coth5/2 
	

(39))  

These two equations show that the range of r is now 
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fully covered by r • As has been shown by Delbourgo 

") et al, this is just the additional rotation e 	G. 

Equations (37) and (39)) can be used to form the 

double cosets of SL(2,c) with respect to the subgroups 

K and SU(1,1), and we find that each aES1,(2,c) can be 

written in one of the following two forms: 

(i) aft  kb
+
v and (ii) a = kb-v 	(ild) 

These double cosets are disjoint and contain all the 

elements of SL(2,c). 

This decomposition into double cosets allows us 

to obtain restrictions on the representations of SL(2,c) 

in pairs of reducible representations of 0(l,1). This 

necessitates decomposing the Hilbert spaces H of func-

tions f(a) defined on SL(2,c) into two Hilbert spaces 

and H of functions f.-(v) defined on SU(1,1). The 

procedure is completely analogous to the previous case, 

except that for each f(a) of SL(2,c) instead of one 

f(t) of U(1)1  q(2), now we obtain two F(v) defined on 

two Hilbert spaces Nt and if of SU(1,1). Thus H /-  and 

II are formed by functions f,-(v) defined by 
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„4.(V) = f(biV). 
	 (42) 

Using the change of variables of equations (37) 

and (39) we get, 

1 	27t 	co 2 

U(1) 	

, 

f (2)
1111(t) 12  dt = 	of dv oi if(( )Uz(v))12r.dr.('J-77r2  2n AT 

2n 	co 
_1 

L..  
77 f dv if 

t 
-.5   

0 o • 
(ax(c )1Tz  v ) (472) 2sinh 

fl+r \2 
2cos ‘hi 

7- 	I p 1
2 
	 (43) = 	IF(v) dv 

P SU(1,1).  
IT2 	. where dv = (4n)-2  sinh;dc and I'(v) -  coshc 

p 
 (ax(C);(`')) 

(44) 
and p stands for +. 

This defines the following decomposition 

H = L-1 	N 

where the functions defining the Hilbert spaces H-

are with norms 

	

Ji F(v)12  dv = 	
F± 
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o 
The representation functions 0-

+ 
v)  are such that ( 

+j  (0— °(v)P—+  )(v°) = F±(vv') (45) 

which is the regular representation of the SU(1,1) 

group. Then application of the Plancherel formula 

yields the following decomposition into a direct inte-

oral of the irreducible SU(l,l) representations. 

1-1 A4  ct.A (47) which, in terms of the Hilbert spaces 0 
	

_ 
, gives H 	)atio 

Here d A is the PlanCherel measure and H - denotes the 

Hilbert spaces of the irreducible representations of 

SU(1,1) composed of functions Fes--, defined by 

A+ 
F 	6-1.14 m 

A 	.1 
D 	(v -) r-4v) dv (4%) 

/A+ 
It  F±( v) 2 dv = 	di\ 	(46) 

SU6,1) 	
d

m 
 M 

Stj 

Now, 

g(v) = ( ) f-
+  

	

(Uz(0--) a .(r! 	)) coshc 	z 

v- ( 00sh s 4f2 	) f03 -Uz(1^)ax(c )Uz(d) ) 

= (11-osh ) f(k-l
Uz( )t(r)U (v)) 

1.:0Sh 	
f(t) `cosh /  

using (44) 

Cont;-, 
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(cosh')a-- 1,(t).  
1±r 

= exp(4: ijo 	34 _,m,  (fir) (L--÷".1c) 	(49) 

0 

where r is used only symbolically as it enables us to 

write two equations in one and has to be replaced by 

r = (tanhC/2)- for F T respectively. 

Therefore using equations (48) and (49), we obtain 

4n 	2n 	op 
A+ = M2  1 	d j' dv f sinhs .dcexp(imtp.+imv-4--ijop.-imv) 

0 	0 
 

0 
(r). 

Jo-m  

co 	 jo 8 i 	
A 	 0-1 

o 
sinhc d5 (-1)m-T- 

	
d 	. (c )J. 	

( 
a.,„ \  (coshg'', = mm j 2 m+o 	m -,  

0 

.Joqt = 6mml  dkrar 

where 
. co 

d jo0+ 
km 

1 f" --- .1 sinh A 
m-j 

d 	(-1) 	°dkjo (c )3 .
Jo-m 

 (ft(anhV2)(cosh 

(50) 

and 

Jo°-  
- 
A
kmj = 

rip 	 a-1 
J sinh:' 	(-1)m+j °dkm... . (7)3 	( foothr/2) (sink /22) 

jo 	Jo-M  
(51) 
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Apart from a normalisation constant, these matrices 

are the same as those given by Delbourgo et al(8). It 

has been shown .that these matrices can also be expressed 

in terms of Meijer's G-functions. This is achieved 

here by using the series expansion for the hypergeometrie 

function occUting in the expression for di. in equation 
mj 

Meijer's G-function with the help of equation (5.6.3)(15) 

The integrals thus obtained are evaluated by changlng 

the variables to (tanh-1)± and using equations (20.5.1) 

and (20.5.2)
(16) respectively. The results come out as, 

ja:+ 
dkra°f = 	s 9 mi 0  (17) 	° Cl jo';'  -1-S; j0 

( 

) oc 
kmf t- A m7I-j 	70 f2s-k+jo 

s"-j (2) 	° 	cr'-ic)F13(27(s+  0 	 30' -  Jo 
pa 

where 

I-1k sra, tr.' = 

co 
(-I) 

l(M-k+S)1(5.4Mg.-k)rilM-M6+1) 
- 	s  

5=0 
(0.-*k) -MI  -k) r(S4M-ffig4-1)5:1(M-M.  

(16—m 9 4.1)1 (k+m+1) \  
r(k-1,1+01  (51) 

0 

(11) and expressing the Bessel functions in terms of 
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5. Transformation matrix <km 1 im>. 

For completeness sake we include this where we 

calculate the transformation matrices <kraLjmi)uhich 

relates the SU(2) basis vectors to the SU(1,1) basis 

vectors. This was first calculated by Toiler and 

Sciarrino(3)  using the method presented in the previous 

two sections. 

We enumerate briefly the decomposition of unitary 

irreducible representations of SL(2,c) (with the 

SU(2) subgroup diagonalised) restricted to SU(1,1) 

into a direct integral containing the unitary represen-

tations of SU(1,1). This will lead to the transforra- 

tion matrix /km t  jra). This involVes N 
decomposition of 

the restrictions of the SL(2,c) representations into 

reducible representations of SU(1,1) in pairs thus 

decomposing the Hilbert space of SL(2,c) functions into 

two Hilbert spaces, because, in a search for the 

double-cosets of SL(2,c) with respect to the subgroups 

SU(1,1) and K, we find that there are three disjoint 

double-cosets one of which has vanishing invariant 
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measure. This can be shown easily as follows: 

We find that an element a ESI,(2,c) can be uniquely 

written as A = k. u , 	1K9  uSU and with the 

parametrisation for U and V given in section 1, we 

notice that Uy(0) = kb -+ 
 
ax(c) for tan-2  = tanh 

9 (i1/2, 0 	 (55") 

W observe that again this is not sufficient to 

cover the who range of 9, so that we shall have to 

-17-CT2 
introduce the additional rotation e 	whereby, 

U
V(9)  = kba " 

with 

9 	
2  2 tan-2 

 = coth"
2 	

— 4\9 ,/ 	0<c c,00 

b
+ 
and b-  are the matrices given in section 4. 

(56) 

This allows us to write 

a = kb
+
a _(-01U (4,1)

5C 	Z 

a = kb-a_(*U,(-10 

a = kUY 
 (A/2)U z(y) 

  

 

(57) 

 

With the realisation that a:c(c)Jz(.),J) = v 6;SU(1,1), 

the above equation defines. the three double-cosets. 
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Because the last one has vanishing invariant measure, 

we only deal with the first two. 

This allows them to obtain 

r 
j 	I f (u) i2 du = 

SU(2). 	'SU(1,1) 
dv where Ff

(v) 
(v) 7)7Nc 

which gives the two Hilbert spaces U and H-  for the 

SU(1,1) functions F±( v)  i.e. H = 	- . 

The represent,Itions that act in these Helbert 

spaces are 0± respectively such that 

(0±(v) F--)(v° ) = 14(vv') 

This being the definition of the regular representa-

tions of SU(1,1), allows the application of the Plancherel 

formula for obtaining a direct integral of the irredu-

cible representations of SU(l,l). Thus, 

I 1F±(v) ( 2  
SU(1,1) n  

dv = d r'-- 2   
M 

where 

A 	Je. ecie 
F 	D 	1(v

.1  
 )F—(v) dv. 

SU(I,,1) ran 
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This leads to the result 

L 41t 	DI OD 
Flm 	

= (2j+1)-2 f dtA I ch) I (cosh )6--idl (G±)dA ' 
	

(C) 
J 	in om o o 	a 	±jo - 

(-1)719±10 exp(i(m m))(4g)-2 dr. 

where 

= MM 
d
irr 

(A,m,j) 

CO 
irr+ 1 

d(A9i5 (21+1)2rri  cosLIO-o m( 
0—)dra~j  (s)gsinhc dc. 

o 
(58) 

Here ,\ stands for the parameters of the SU(1,1) represen- 

tations: This integral is the transformation matrix 

< km Om '›that can change the SU(2) basis vectors in 

the usual designation of SL(2,c) representations into 

SU(1,1) basis vectors. Analytic properties of this 

function has been discussed in great detail by Toiler 

and Sciarrino(3). This also is expressible in terms of 

a series of ileijer's G-fraction and has also been ob- 
ur 

tained by Str3m and Delbourgo et al / using different 

methods. 
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This result is important because, with the asymp-

totic behaviour of this function, Toiler and Sciarrino(3) 

has been able to decompose a single pole in the Lorentz 

group space into several integrally-spaced poles in 

the complex angular momentum plane, which is the space 

of the SU(1,1) subgroup. This is not surprising be-

cause in the zero-momentum transfer limit the little 

group enlarges to the whole Lorentz group, so that 

one would expect from the analyticity of the scatter-

ing amplitude a connection between the representations 

of the two groups. 

6. Conclusion:  

We have obtained in this part the decomposition 

of the principal series representation of SL(2,c) as 

a direct integral over unitary representations of the 

subgroups SU(I,D and U(l)AT(2). As has been noted 

before, these equations stand also for the integral 

representations of the transformation matrices Qualjm• 

<Km ( m and <km ( fin 	Since these matrices allow 
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us to go from one set of basis vectors (of a little group 

which has been diagonalised in the corresponding SL(2,c) 

representation) to another, it is believed that these 

matrices may prove useful in the generalized partial 

wave analyses for establishing relations between the 

various possible harmonic analyses and their continua-

tions ifito the complex Casimir plane. 
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Barton Resonance Decays in Broken U3  x U3 (*). 

P. 'MAHANTA 

Department of Physics, Imperial College - London e 

(ricevuto ii 6 Giugno 1966) 

This note presents a new sum-rule (eq. (4)) for baryon resonance decays. It 
assumes an interaction which breaks SU3  to first order within the context of the 
symmetry scheme of U3  x U3 . 

U3  X U3  is the well-known collinear subgroup of SL6 ,0  (I) and as such has gen-
erators 124(1+ a y ) (2 ). The predictions of this scheme are less restrictive than those 
of SU6 ,„ this being the corresponding collinear subgroup for U8,5  (3 ). 

The relations obtained under exact SU3  symmetry are 

(1) Xn) — v 2 (Y*--)- An) = v"5 (Y* Er) 	(E*-÷ En), 

and to first order, the symmetry-breaking perturbation gives (4 ) 

(2) 	(X* 	\/2 (E*—> Ern) 	VY)( Y*---)- An) — 23  (y* En) . 

The symmetry-breaking is described by a spurion which transforms as a member 
of (8, 1) + (1, 8) multiplet under the U3  X U3  symmetry and as an /.= 0, Y= 0 member 
of an octet under SU3. There is only one invariant coupling for the baryon-resonance 
decays in exact U3  x U3  (5): 

D'b6  B adz  2111, 	DabZ B ab7y  

(*) The research reported in this document has been sponsored in part by the Air Force Office 
of Scientific Research OAR through the European Office Aerospace Research IL S. Air Force. 

(') W. 	Nuovo Cimento, 37, 301 (1965); J. M. CHARAP and P. T. MerruEws: Proc. Roy. 
Soc., A 289, 300 (1965); T. FuLTox and J. WEBS: Phys. Lett., 14, 334 (1965). 

(2 ) H. EBBW:: and D. V. Voracov: to be published in Nuovo Cimento; F. Bucvf.T.A and R. GATTo: 
Nuovo' Cimento, 40, 684 (1965). 

(9 Exhaustive references for tJ1, and SU5  are to be found in A. SALAM, R. DELBOURGO, M. A. 
RASHID and J. STRATIMEE in High Energy Physics and Elementary Particles published by IAEA, 
Vienna. 

(') V. GuPTA and V. SINGH: Pyhs. Rev., 135, B 1442 (1964); M. KoNumA and Y. TOMOZAWA : 
Pyhs. Lett., 10, 347 (1964); C. BRoom, E. EBERLE and G. MORPEFROO: Phys. Rev., 136, B 808 (1964). 

(6) The notation used has been explicitly given by RTIEGG and VOLIKOV in ref. C). 
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Because of the assumed behaviour of the symmetry-breaking interaction, only the 
(6, 3) + (3, 6) members of the decuplet contribute to the amplitude. By introducing 
the spurion Sr, the Ua x U3-invariant amplitude is constructed for the process: 

The four decay processes considered here are found to be expressible in terms of 
two independent linear combinations of the invariant amplitudes (8 ). There then 
follows the relations: 

(3) Y* 3An 	(E7* --)- 
• 

and 

(4) 2(X* -->- 	..\/ ( Y* --> Arc) = Va ( Y * Dr) . 

Equation (3) is similar to that obtained under exact SU3  symmetry and when 
combined with eq. (4), it produces the well-known SU3-breaking relation (2). It 
is interesting to note that similar calculations carried out by introducing broken 
SU3  into U13, sus ,„ or SU„ have produced different results, but in each case one 
of the three S U3-symmetric results of eq. (1) is retained (7 ). 

For these decay processes, the reduced widths A and the total decay widths 
are related by 

• MB111.12p3
MB• 

 

where MB , MB. am the masses of the baryons and decaying resonances respectively, 
r is the decay width and P, the final-state momentum. With the experimental 
data available at present (8 ), eq. (3) shows a slight improvement on previous results (7 ). 
A triangular relation for the reduced widths is then obtained: 

(5 
	2A(JV* -*NIT) = 	A( )7.-* --> Arc) 	A(Y*-->- En) . 

Present data give a value of 0.72 for the l.h.s. of this expression and at most 
(0.61+ 0.06) for the r.h.s. 

* * * 

The Author is grateful to Prof. P. T. MATTHEWS for encouragement and guidance 
and he would also like to thank Mr. G. FRASER and Mr. F. HUSSAIN for helpful 
suggestions. 
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(7) V. DE ALFARO and Y. TOISIOZAWA: Phys. Rev., 138, B 1193 (1965); R. FERRARI and M. 310-

NindA: Phys. Rev. Lett., 14, 378 (1965); H. HARAM, D. Holm, M. KUGLER, H. J. LIPKIN and 
S. MEM:IKON,' Phys. Rev., 140, B 1003 (1965); P. HABIT: Nuovo Cimento, 40, 201 (1965). 

(6 ) A. H. ROSENFELD and M. Boos: UCRL 8030 (revised on 1 October 1965). 
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Representation Mixing in 012  (*). 

0. NWACHITICIT, P. MAIIANTA and D. AKYEAMPONG (") 
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(ricevuto it 13 Giugno 1966) 

Summary. — Some consequences of the assumption that the physical 
baryons belong to some mixed representations of U6,6 are studied in the 
context of the 3-point, electromagnetic and weak vertices and the 4-point 
Johnson-Treiman relations. 

Introduction. 

The Work of ADLER and WEISBERGER has prompted a number of authors 
to look at some possible sort of representation mixing in U3  0 U3  and. SU,, 
The various investigations (1.3 ) so far, have taken place in the context of the 
algebra-of-currents component. In what follows, we shall look at the problem 
in t symmetry. We assume that the physical baryons belong to some mixed 
states of the 20+, 56+, and 70+ irreducible representations of (4 ) U, C) U6 , each 

(*) The research reported in this document has been sponsored in part by the 
Air Force Office of Scientific Research OAR through the European Office Aerospace 
Research, United States Air Force. 

(") At the International Centre for Theoretical Physics, Trieste. 
(1) R. GATT(), L. MAIANI and G. PREPARATA : Phys. Rev. Lett., 16, 377 (1966). 

R. GATT() and L. MAIANI: preprint, Florence. 
(2) H. HARARI : Phys. Rev. Lett., 16, 964 (1966). 
(3) N. CABIBBO and H. RUEGG: preprint CERN, Geneva. 
(4) This assumption breaks U6  0 U6  symmetry since the physical baryon tensor, 

is no longer irreducible in U6 0 U, space. By 20+ we mean (20, L = 0)+. We restrict 
our considerations to L = 0 positive-parity states, since the procedure for constructing 
positive-parity baryon states with odd integer 1 is not yet clearly understood in U12  
terms. It may require the inclusion of quarks of the second type, viz. (1, 6). 

O 
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of which contains the octet spin 	baryons. We investigate the consequence 
of this assumption on the weak and electromagnetic 3-point vertex (BBM) 
and on the Johnson-Tireman relations for the four-point vertex (T3BM111). 
We shall merely discuss our results as the technique for the calculations is 
well known. 

1. — The 3-point vertex (BB/1/) . 

We assume that the physical baryon wave function !B> can be written as 

(1) 	 1./3> = al20> + /3156> + y170> , 

where a, /I, y are mixing parameters and 

+ 182 + 7,2 1 

The contributions to the FID and G,,/G,, ratios from the various irreducible 
representations contained in 1B> are given in Table I. From this Table we see 

TABLE I. — The different F ID and GA/G,, ratios for the irreducible representations 
considered. The calculations are based on the expression for the multiplets given by 
DELBOURGO et al. ( 5 ). It is worth pointing out that the magnetic moment part of the 
vector current has the same F ID ratio as the pseudoscalar and axial vector currents. 

Current for 
each I.R. 

<561,7156> 

F :D for magnetic 
moment part of 

vector current (y,) 

F : D for charge 
part of vector 
current (P a ) 

F :D for pseudo- 
scalar and axial vec- 
for current Ys,  iy,y5  

GA:GV 

3D + 2F 3F 3D + 2F 5/3 

<201J120> —D F —D —1 

<701J170>1  F — D —1 

• <701J170>a  . j.(D+F) 	F i(D + F) 1 

<701,7156> — (3D + 5F) D+1111  — (3D + 5F) — 

<7.01J120> D — F —(3D {-F):  D— F 

(5 ) DELBOUEGO, et al.: The U12  Symmetry, in High-Energy Physics and Elementary 
Particles, I.A.E.A., Vienna. 
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that the charge part of the vector current (6 ) for the cross terms <701J156> 
and <701J120> are not pure F. Thus the experimental and theoretical requi-
rement that the charge of the neutron be zero (i.e. ite(n) = 0), when applied 
to these terms gives either 

(2) 	 y 	0 , 

which corresponds to a mixing of the 504-  and the• 204-  only, or 

(3 ) 
	 a 	, 	 k constant , 

which corresponds to a mixing of the 3 irreducible representations. 
Calculations with (2) or (3) yield identical result, to wit: 

D+F 
Gv —  3F — D 

This is in agreement with the TI,OU3  results obtained by CABIESO and 
RUEGG (3) from a consideration of the, mixing of the (56, L. 0)+ and the 
(20, L=0)+ and of . the (56, L= 0)+ and the (70, L= or in the context of 
current algebra. 

We notice that the inclusion of the 70 representation does not give any 
new result. However, it is satisfying that with a mixture of 3 representations, 
we do come out with a definite prediction. This is not always possible as 
pointed out by CABI13B0 and RUEGG (3.7 ). 

The prediction (4) is bad compared with recent experiments and with the 
predictions of HARARI ( 2) and GATTO et al. (1). They obtained a value 

D+F  
Gy 	3(D— F)' 

by considering (56, L=0)+ and (20, L=1)— . This is in excellent agreement 
with experimental value of 1.2 for 	and 1.75 for DIF. If in (4) we use 
DIF =1.75, we get GAIG,.-=2.2. Alternatively, if GAIG,--=1.2, 
However, if DI.F=1- which corresponds to ,u(p)//z(n) =- —1, a good experi- 
mental result, then (4) gives 	v the old SU, result. 

Thus if we assume (1), then the requirements that 

i) 	 ,u,(n) =- 0 , 

,u(p) 
,u(n) 	2 

(6) In current algebra approach there are no cross terms as the current generator G 
takes an irreducible representation R into itself, i.e. GIR>'=,  IR>. 

(7) We have a definite prediction here probably because we restrict ourselves to 
L=-. 0, and are assuming a higher symmetry for the 3-point .31-function. 

(4) 

ii) 
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automatically fix the ratio GAN, to 	No more, no less. So far, it ap- 
pears that only the mixture of the (56, L = 0)+ with the (20, L=1)-  can 
really depress 3  to the experimental value 1.2 (1). 

2. - The 4-point vertex (BBMM). 

With the assumption (1) -we shall consider the Johnson-Treiman type of 
reactions for the 4-point vertex. The number of amplitudes are greatly reduced 
for such processes when the crossed channel is used. As pointed out by LIP-
KIN (8), the difference relations for two different meson-baryon scattering re-
actions are expressible in the crossed channel in terms of an antisymmetric 
two-meson coupling. To make the calculations simpler we use the collinear 
SU,„ subgroup. The contributions to the amplitudes come from the follow-
ing SUG,, scalars: 

(x220020-I- /32 56 056 + 7,2 70 070, +.72 70 070u + 

ocy 20 070 -I-- fly56 070) x (35(K) 0 35`(— K) 35(— K) 035' (K)) 

written apart from some coupling constants. Direct calculations show that 
the first four amplitudes, containing no cross terms, separately satisfy the 
Johnson-Treiman relations. KURIYAN and SUDARSHAN (8) have also obtained 
similar results using noninvariance group. The last two amplitudes, contain-
ing cross terms, do not, however, give the Johnson-Treiman relations. Thus 
if we choose our parameters (5) in such a way that the cross terms drop out, 
the Johnson-Treiman relations are reproduced unambiguously. In fact, such 
a choice of parameters will give relations of the type (2) and (3). It is also 
worth observing that since only the 70+ representation introduces the cross 
terms in the amplitude, the Johnson-Treiman relations are perfectly satisfied 
by a mixing of the 56+ and the 20+ irreducible representations only. 

* * * 

The authors would like to thank Prof. A. SALAM for suggesting the prob-
lem, Prof. P. T. lIATTabws for constructive criticism and Dr. R. DEL1301:TRGO 
for useful suggestions and for critical reading of the manuscript. 

(8) II. LIPKIN: Now we are $116 , in High-Energy Physics and Elementary Particles, 
LA.E.A., Vienna. 

(9) J. G. KURIYAN and E. C. G. SUDARSHAN: Phys. Rev. Lett., 16, 825 (1966). 
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RIASSUNTO (*) 

Nel quadro dei vertici debole ed olettromagnetico a tre punti e delle relazioni di 
Johnson-Treiman a quattro punti, si studiano alcune conseguenze dell'ipotesi the i 
barioni fisici appartengano a qualche rappresentazione mista di U6.6 

(') Traduzione a curs della Redazione. 

Cmemannoe npeBeTannellne u V12. 

Pewome (*). — Hccnex(yloTcB BexoTopme DOCTheACYDIDI HpeD110110)KCHDA, tao 4)143B-
mecicHe 6apkroma npHrragnewaT K HexoTopEam cmeatamthrm npeacrasnemrsim Um, B CBK30 
C 	 aDeKTP0MaTIMTHIAMIL H cna6mmu nepuriummu, H C nenapex TOLIVIDSIMD 
COOTHOIlleIDDIMD AxcoHcolia-Tpelimazia. 

(*) Irepeeedeno pedwalueil. 
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