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ABSTRACT

The first part of the thesis deals with the rela-
tions among meson-baryon scattering amplitudes detained
under various collinear symmetries. The auxiliary group
and its role in constructing relativistic field theories
that incorporate internal symmetries is developed in the
introduc:ory chépter following Feldmann and Hatthews.

The collinear groups, in particular S(U(3)&U(3)) is dis-
cussed in detail. Various predictions among the meson-
baryon scattering amplitudes are worked out under this
group and also under SU(6)w and compared with experimental
data. These processes are also considered under the colli-
near groups SU(&)W and S(U(Z)QU(Z))I-Y. These smaller
groups are used to compare the effects of symmetry-breaking
in SU(3) and SU(%).

The second part examines the decomposition of the
unitary irreducible representations of SL(2,c) restricted
to U(1)AT(2) and SU(1,1). Integral representations for

unitary matrices that allow to pass from one set of basis



vectnrs to another (labelled by the corresponding
Casimir operators of the subgroups SU(2), SU(1,1) and
_U(lXAT(Z)) are derived using the theory of Induced

Representation.

e



The work presented in this thesis has bcen ggrrieé
out under the supervision of Professor P.T. Mattéews
at the Imperial College of Science and Technology
between October 1964 and October 1967. The materiél
contained hereinis original except where stated and
has not been submitted to this or any other University
for any other degree. It consists of two destinct
parts: (i) Baryon-meson scattering in some collinear
groups and (ii) Decomposition of the unitary irreducible
representations of SL(2,c) restricted to U(1)AT(2)
and SU(1,1).

I have no adequate means of expressing my indebted-
ness to Professor Matthews for his magnanimity, patience
and encouragement. I also thank Professor A. Salam
and Dr. . Delbourgo for their continued help and en-
couragement and other members of the group for useful

discussions; in particular Mr. K. Koller for his

permission to use an unpublished work carried out in

3



collaboration with him.
Financial assistance from the Education Department,

Government of Assam is gratefully acknowledged.



PART OME |

Baryon-meson Scattering in some collinear groups.

Introduction

Chapter I: The Auxiliary,Group

The Auxiliary Group
U(2.2) as the auxiliary group

Extended Auxiliary Group including Internal
Syrmetry

J(6.6), 8L(6,7) and the hierarchy of subgroups

' SU(6)W

SL(6,C)

Chapter II: S( (3) & U(3)) and meson-baryon scat-

tering
Introduction
S(U(3)&3(3))
Meson-baryon scattering in S(U(3) & U(3))

SU(6)W results for meson-baryon scattering

and baryon resonance production processes

Comparison of S(U(3) @ U(3)) amplitudes with
SU(6)w results and experiment

Johnson-Treiman Relations

Discussion

Page

25

34
&0
45

48

53
59

63

75

(o]
O

94



Chapter III: Collinear Subgroups of SL(4.1)

and U(4,4) I.¥
1. Introduction 97
2. Auxiliary groups SL(2,C) X SU(Z)I'Y,SL(Z-WC)I°Y9
U(2.2) X SU(Z)I.Y and U(Q,é)I.Y 99
3. SL(&,C)I‘Y and its subgroups 1(.6
4, U(Q,Q)I.Y and its subgroups 110
5. Conclusion 117

REFERENCES FO™ PART ONE

PART TWO
Decomposition of the Unitary Irreducible
representations of SL(2,c) restricted to
U(1)AT(2) and SU(L,1).
1. 1Introduction 124

2. 1) Irreducible representations of SL(2,c)

ii) Unitary irreducible representations of
SU(1,1) 133

iii) Unitary irreducible representations of the
Eucledean Group, U(1)AT(2) 137

3. Decomposition of SL(2,c) restricted to U(L),T(2)139

4. The transforration matrix <lm\km:> 145
5. The transformation matrix <:km1jny> 152
6. Conclusion 156

.« REFERENCES FOR PART TUO - 158



PART ONE

BARYON-IMESON SCATTERING IN SOME

COLLINEAR GROUPS
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Introduction:

Once the internal and space~time symmetries of
the elementary particles were found to produce modest
success in the static SU(G)(l), it was natural to attempt
to combine the two symmetries relativistically. As it
was, all the possibilities of this program were soon
carried out resulting in various versions of relativis-
tic SU(6).

The group SL(5,c) as the smallest relativistic
generalisation for SU(6) was first put forward by RUhl,
Fulton and Wess, and Charap and Matthews(z). These
authors completed the covariant version simply by com-
bining the Lorentz invariance group SL(2,c) with the
internal symmetry group SU{(3). The whole theory was
then required to obey invariance under the larger
group SL(G,e).

However, in the aforementioned SL(6,c) theory,

one has to introduce space reflection invariance from



outside. This has been rendered unnecessary in the
formulation of the more restrictive U(6,6) theory of
Salam, Delbourgo and Strathdee:r, and Sakitax and Wali(3?
This extension has been achieved by using the U(2,2)
group as the space-time symmetry group instead of the
Lorentz group. The initial success of this version of
relativistic SU{6) was quite astounding in that it
could ascribe an explanation to the equality of the
electric and magnetic form factors of proton. Another
advantage scored over SL(6,c) was in assigning a definite
value to this proton magnetic inoment which agrees
fairly well with experiment.

It was c2oon realised that these symmetries are
not compatible in general with the Unitarity conditions(é).
Besides, ignoring the unitarity problem, calculations
of scattering processes with U(6,6) invariant amplitudes
yield results which are in violent disagreement with
experiment.(s)

Je shall examine here some consequences in the

case of the meson -haryon scattering processes of the



SL(6,c) and its subgroups. It is convenient to build
up the relativistic SU(6) in the way Feldman and

(6)

Matthews have done by using the concept of auxiliary
group and index invariance. This formalism, together,
with the different subgroups of U(6,6) and Si(6,c),
forms the content of the first chapter.

In the second chapter, we consider the group
U(3k§p(3)<7) (which is the collinear subgroup of
S1(6,c)) and work out the predictions for tiie meson-

(8)

baryon scattering processes in this group. Com-
parison is made with the results obtained from the corres-
ponding U(6,56) subgroup.

Chapter three examines how far the very success-

(9)

ful Johnson-Treiman relations survive in the hier-
archy of subgroups. This has been done using the
collinear subgroups of various invariance groups that

can be constiructed on the basis of Feldman-ilatthews

method,



fy,
CHAPTER I

The Auxiliary group

The use of the auxiliary group as described by

(6)

Feldman and liatthews has proved a considerable

boon in the understanding and study of the symmetries;
of high energy physics. They showed how the need for
an auxiliary group and the corresponding auxiliary
operaters arose in a natural and elegant way.

Any physical particle state should belong to the
unitary representations of the inhomogeneous Loréntz
group (better known as the Poincare group). Under the
transformation of this group the one-particle states
or the operators wnich create them from the vacuum
transform in a rather complicated way because the spin
undergoes a Wigner rotation R(AF) = ACNP)&A-ls?).
(Here ~ is the Lorentz transformation, ¥ is the momen-
tum and A(:) is such that A(f)P = P where P is the
normal four-vector for a little group of the Poincare

group ). This rotation depends upon the parameters of

the Lorentz transformation and on the momenta of the
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particle before and after transformation i.e. P and AP.
Auxiliary operators are constructed from the creatiom
and annihilation onerators so that these may have very
gimple transformation »roperiies under the Poincare
group., These operators can then be made to be the
finite~dimensional representations of some auxiliary
group which can be any group provided it contains the
homogeneous lorentz group as a subgroup. The only re-
quirement on the representations is that they should
inciude the required spin of the physical particle
state.in their decomposition. It is in this capacity
that the finite non-unitary representations of the
Lorentz group enter the theory. Thus the homogeneous
Lorentz groun serves as the smallest auxiliary group.

When iocal fields are constructed from the auxiliary
operators and are requiréﬂ to satisfy causal commuta-
tion relations, tliese fields also introduce antinarticles
and CTP invariance. S-matrix elements formed out of
these local fields by saturating suxiliary suffices

ensure crossing symmetry and CTP invariance. This



Y

(10)

has been discussed by Wienberg in great detail.

These fields can be made to accommodate larger
multiplets by a corresponding extension of the liomo-
geneous Lorentz group. S-matrix elements constructed
from the new fields will then remaln invariant under
the index transformation of the extended auxiliary
group.

We examine below in detail these ideas about the
auxiliary groups and the corresponding operators with
the homogeneous Lorentz group, J(2,2) group and their
extension with internal! symmetry groups as the auxiliary

groups.

The Poincare group:

The Poincare group is the groun of all transforma-
tions L = (/N,a) ccmposed of a matrix Kﬂ:and a trans-
lation 'a' acting on the elements of a real, four

dimensional vector space,

T
X == x' =Ax + a (1)



7.

We shall consider only those transformations where /\ is
such that
. 0 a2
det A = +1, /\OZ i
which alone form the proper orthochronons Lorentz group.
The infinitesimal generatars of the group have the
following commutation relations

[Jpv’ Jkp] = 1(gukgpv B guthv + gkaup B gvauk)

(2)
[PX’PM] =0 , [PX’ JMV] = i(ghqu - gKVPH)
The basic spinor representation of the generators

Juy is given by tie six 4x4 matrices

L 2

=4 =

2 OUV I[YHB YV] (3)
where the four matrices Y. are the Dirac matrices satis-
fying

[YH’ Yv] = quv with metric (L,-1,-1,-1). (3a)

Since vy, is hermitian and Yi(i=1,2,3) are antihermitian,
¢7; are hermitian and s3. antihermitian.

The irreducible representation can be partially
labelled by the value of the Casimir operatar

< Pz > = m2



Furthermore, the sign of Py? the eigenvalue of the
operator Po, may also be specified, since it cannot be
reversed by any operator of the group. It is found
that depending upon these two specifications we may have
disjoint classes of four-momenta. But the physical
states must have

< P2 > = mg > 0 and Po >0 (4)
Thus a partial labelling is given by equation (4) which
shows that we have sélected those states corresponding
to a given mass. Ciearly the manifold of states satis-
fying the above specifications is infinite; it is called
an orbit. Correspondong to this orbit, we take the re-
presentative element or point to be the zero-momentum

state,-

%i = P = m, = (m,0), m >0 (5)

Any other point on the orbit can be reached by a Lorentz

transformation, such that
A(p)P = P | (6)

that is, for each state Pp there is an operator that
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brings it to the zero-momentum state. For each Lorentz
transformation /M and eachi four-vector P, there is the

Wigner's rotation 2(»,P), defined as
2(P) = AC\P)ﬁ\A-l(AP) (7)

such that
. “ P
20\P}P =P (8)
his shows that R(AP) are the set of all Lorentz trans-
o o - o o -
formations which leave the four-vector P invariant,
e
This, by definition, is the little group for P. It
can be shown that the little group is the same for
. ., (11) s
all noints on an orbit . For the physical state
defined by equation (%), the little group is the group
of three-dimensional rotation, 0(3). This result can be
easily detained in the following way:
By using the commutation relations (2), the effect
of a Lorentz transformation on any four-vector may be
expressed in termsof the corresponding spinor matrix,

defined by ? = P Y, . For an infinitesimal Lorentz

wly



transformation on #, we cbtain

o = 5 e*Vlo,,, #]

= }4': I EHV[GH\N YO]

We find that under transformations generated by the
infinitesimal generators cijthe above equation remains
invariant. Thése precisely generate the compact sub-
group 0(3) which is thus the little group of the
Poincare group for points on »hysical orbit.

Thus, we may furtier specify the physical state
by specifying the value of the Casimir operator §J\2
for a revresentation of the. little group and that of
{JBQ for tihe state in the representation. For one
particle state tirese specifications are just the spin
s and spin~component éz. This completely determines
the one varticle pliysical state so far as its space~

time properties are concerned. Thus we have the nota-

tion

. . . 2 .
for a single particle state, where m”, s determine the



irreducible representation and 2, s fix a state in this
representation. The right hand expression is just an:
abbreviation for the same state; for examnle, for the

state at rest we write
[m®, s; O, sz> = |m,s> (9)

To consider thie effect of a general Poincare
transformation on a single particle state, we note that

. . ; v .
such a transformation parametrised by AV and a, is

1 Vv
N +"2-?i J ] (10)

U(A ,a) = exp[i]?u 2, "

. . , -1
It is also convenient to use the boost operator A ~(P)
defined in equation (0) which in spinor representation

takes a particularly simple form
[P,s> =1 exp[-ie(?) k] |m,s> (1)

where k = Joi and ¢(P) is the direction of P and satis-

fies
Fe P
fcosh g= = fsinh g]= -=- (12)

"

and N is a normalisation factor. Thus, a pure Lorentz



transformation on a general one-particle state is

U(AP) |P,s> = e

vhere e(?P') = &'
. . i
We notice that e

Wigner's rotation, as

we have here

2(AP) |m,s> =

-1k

-ﬂ;fg(eigfk -1 k ~igk

- e =e —) imys> (13)

Nl wgel
(X oTIER 2(AP) is the

follows from definition. Zecause

=11k =~iek
e =% e =%|m,s>

== }P,s>

LEX y(ap) P, s>

herefore, this is the little group mentioned above and

is unitary. We may write

2AP) m,s> = {ms'>< ms'{ D(F) |ms > (14)

where we have dropped A in R(AP) and written R(AP) = D(P).

Lquations (13) and (14) give

U(AP) | Ps> = [P's'>< ms') D(®) {m,s > (15)



pert
(W3]

Under a tran.'lation au,
'P,s> ~—> exp(iPpa“) ip, s>

= ex@(i?pa“) Pys > (15)

These transformation properties can also be shown by

i !
t:aking a non-degenerate vacuum state i }6 such that

+
a (P)>O = !P,S>

. + e + | _
o . U(/\)a (P,s)"l 1(’/\) = g (PV’S') <mSV{D(P)§ms> (}-7)

and since D(P) is unitary

T —l -l
J(:"\) a(}?,s)U (/\) = <{m,s | b (D {E}S“)B.(Pe’sv)

4

(18)
Under a displacement au,
-1 - B
U(a) a(P,s) U 1(a) = e TP a(p,s) (19)
-1 1P, al
and U(a)a+(P,s) U (a) = otthe a%(P,s) (20)

These equations show clearly the transformation »roper-
ties of the one-particle states. One can obtain the
general form of the interaction Legrangian allowed by

Poincare invariance, in principle, by forming invariants



from the creation and ammihilation overators of the
varions particles of the theoxy. But, as we have seen
he matrices D(P) has complicated dependence not only
on the parameters‘@uv, but also on the initial and

final momenta of the onerator being transformed. TFor
this reason we introduce the auxiliary owserators, which
have very simple Lorentz transformation properties.

To this end, we notice that the exponential factors
appearing in the definition for D(P) involve the
generatdrs Ki of the pure lorentz transformation so

that tiiese generators are to be included in any auxili-
ary group we wish to use., This shows that the simplest
auxiliary group is the homogeneous Lorentz group and

the most convenient representations are the finite-
dimensional non-unitary ones, o which contain spin s

of the particle. his is because spin is generated by
the compact subgroup 0(3) of the Loréntz group and both
the unitary representations D(J)'of 0(3) and the non-
unitary finite dimensional representations D(j’j) of

the Lorentz group are defined over it. Over this common



domain of definition, the D(J) arc equivalent to cer-

tain of the D(J’J). For example the representation

i, 0) . . .
D(J’ ) is equivalent to (can be chosen to be equal to)

the representation D(J) where they are both evaluated

k2]

at the same pure rotation R,

D(j’0>(i) - D(j)(R)

0f course, for some Lorentz transformation A other

. i,0) .
than pure space-rotation, D(J’ ’(ﬂ) is no longer a

unitary matrix. Using the sninor representation in

which Dé%’o)(A(P)) =<a %ei§325>, Déé’o)(A)=<m§ei?K ig),
we can write
<ms’3n“l(?) (m,8> =<ms'ia><a;ei§5 Bo<e™ £ 45
<y}e"i§5£ | 8><81im,s> .
We may then define the function
Aa(P) = <« {e"ii‘ﬁ 18><sm,s> a(p,s) (213

= Ua?p) a(p,s)

3 U(ﬂ)AdkP)U~1(A) = <ale~CEE yg5¢pim,s3U(Malp,s) T (A)

= <a}e"15°5]6%ms><ms}D"1(p)}ms'>a(p's').
: ot

it

Ht
w2
w
=
(0]

(22)



So tl:ie new functionstransform with the finite non-

(3,0)

unitary matrix SQB(D as used a-ove) which is
parametrised only by "i-the pure Lorentz transformation
parameters, decoupied from the momentum P. This nhas
the desired simplicity. The non-unitary states fo>
have no direct physical significance. The link between
the physical stats |m,s> and the non-unitary auxiliary
statesa> is given by the constant spinor <alm,s>. It
is however important that in the construction of A (P)
the representation la> should contain the spin s, as
has been noted earlier. Ifla> contains several spins,
this can be used in »putting particles of different
spin in the same multiplet.

The auxiliary operator dual to A (P) is
2%p) = at(ps)<m,s | B><pietEE jo> (23)

with the transforiration properties

U(A)A%(p)U ()

s n
%,

AB(p,) <Bl’e«l"“-"Ig ;OC>

= 4B ~1ya
= Ay (570 (24)



so that

A5(R) Ly (pr)

is a scalar. iowever, because c-representation is not
unitary, Aa(P) is not the hermitian conjugate of A .
To satisfy reality requirements it is necessary to find
the transformation properties of (Aa)+ for each case
separately.

The transformation properties of these operators
under translation follows from the definition, equations
(19) and (20).

_.P ap,
A — T
a(p) e T Ay(p)

P aM (25).

o i o
A(p)-a—éeu A

(p)

With these auxiliary operators one can construct
Poincare invariants. Alil one has to do is to take
product of the‘appropriate operators and saturate the
indices. For example
p = [ a® AP ceeo A % 8(Ps+Doteee=Pa=D 4
A () H(py) @(p5) B (py) ) P1TRe 3704

d p..lonod p4 e
is invariant under the Poincare group. The 6 function

is necessary to remove the phase factors that arise



frmd
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because of translations. The construction of these
invariants does not require any.antiparticle which,
however, has to be introduced in connection with the
local fields.

These local fields ¥B(X) satisfy the causal commu-

tation (or anti commutation) relations,

[vo(x), w1 =0 if (xy)°<0 . (25)

which is the causality relatiomn.

¥ ,(X) can be obtained from A (P) by taking Fourier
transform, but it will be necessary to have terms with
positive and negative frequencies, corresponding to
creation and annihilation operators. Operators with
positive frequencies can be introduced through the B
matrices defined below.

For any pure rotation D there exists a matrix 3

such that

{ -1
<ms{D{m,s'> = <m,s} B DB { m, s> (27)



19,

This shows that altermately we can write
+ 1 _ ~1 +
U(A)a (p’S)U” (~) = <w,s|{B 'DB{m,s'> a" (p's!). (28)

and consequentiy an.;alternate auxiliary field can be

defined;

K (p) = <aje ™ &Eip><g|BIm,s> at(p,s) (29)
which under pure Lorentz transformation transforms as
UMNE (P U () = <atetdEips (o) (30)

This is the same as for A _(P). Iiowever, under transla-

tion

- : T
£ (p) —> ey I (p) (31)

which is opposite to that for AaﬂP)’ equation (25).
Then we can defins & local field \Va(x)

‘;, O(,(X) - j (Aa(p)e-lPJC + B(p)elP'X>@(PO)2ﬂ. 6(p2—m2,2%~;§z
(32)

vhere a new particle of mass m and spin s with the

-
,
(5



20,

auxiliary field

-y

Ba(p)

i

ale  eLip><plBlE 5> b1 (p,s)

il

(33)

Voc(p) o7 (p,8)
has been introduced. The variable s sums over the same
range of values as s but the matrix <afms> may be
different from <B|T 5> .

If we now construct commutator (and anticommutator)
using the above definition for the local fields, we

have

Ll‘

=

D¢ a(x), e ], = [{055) (T py)® P 7 00y Gl

oip(x~y) } 6(p,) 2n 6(p2~m2) Qﬁ£4 (34)
J 2712)

For causality relation (26) to be satisfied, we must
have
¢ . .
- o+ 3 - - -
[, (%), WB(X)]i = fg (8) (e ip(x=y)_ ipn(x Y))@(po)

4
x 2ﬂ%(P2—m2)%?%)4
£,P(8) L(x=y). (35)

1

he important point to ngtice is the minus sign appear-

ing in betwesn the two exponential factors. One term



comes from a-particles and the other from bh=-particles,
and so it is necessary to include the latter to satisfy
the causality condition. This also leads to the re-
lation between spin and statistics, and to the relative
parities of particle and antiparticle. This is illustra-
ted below by considering the cases for zero and % spin
particles,

For zero s»in, things are quite skuple, as |P,s>
is the trivial representation of the little group and
la> is the trivial representation of the auxiliary
group i e.the homogenecous lorentz group in this case.
Thus, we have

P +
u= v=1 and A(P) = a(?), Z(P) = b (P)

Assuming Bose statistics (and hence commutation relations

for the operators a and b), we find

[8(x),8(y)] = L(x-y)

which is the causality-relation (26), thus trivially
satisfied. Althougli for causality relation to be .

satisfied we do not need to know about the parity



)22::

explicitly, we may maxe the natural assumption for the

local fields under which
. =1
RP(xIR T = £ B(x_,-x)

where R is the parity-operator. This condition then
requires that particles and antiparticles of zero-
spin must have the same intrinsic parity.

Snin-% particle case:

For the spin-% case we use the reducible
representation (%,0) + (0,%) of the auxiliary group.
If we use the Dirac matrices (3a), then from the defini-

s ~8
£i nd ati 33 7e
jon of U o{p) ¢ Vo(p) (equations (21) and (33)) v
get

Uas(p> = (e“lgzoor/z)g <&{m,s>

s ® ~le_o_../2\Q
Uy () <m,s18> (e77 7T 34 )g
~ B _, —die_c. /2.6 -~ =
Va(p) =(e” " 1701 %), <5 iBla 5>

~r

e 8 T e e ~igno . a
Va(p) h SiBIS>(eT =T 01/2)5

(36)
Also equations (3) and (12) give
. P
e 18101 = (.'.Y-&_H‘.)Y (37)



+23,

The v, matrix has the properties of the parity operators.
It is necessary to assume anti-commutation relations

so that causality relations may be satisfied. Depend-

e

ng on what conditions are placed on the constant

. .
spinors <aim,s> and <aim,s> , the spin sums UU and VV
appearing in the causity relaticns (34), will be differ-

ent,

Thus, if there are as many s as there are o , then
s 8
{aim,s> =6,
and we have parity-doubling,
Yo im,8172> = + [ m,S1’2>
S =
Yo [m:85,42 = = 1m85 >
and similarly for the antiparticles. Using (35) and
(37) the spin sum is carried out and the causity rela-
tion becomes
iy, 9, .Y. B
[ o+ y o o lpptlo A
£y = —— AN T .
t‘4a(x)’ qu(y) %+ ( m )a (z~¥)
There is no equation of motion for%%én) since there
- A ed = - . =
are no restrictious on Aa(P) and 20 (p)* Equations of
motion avnear only when the number of s is not equal

to o . As far as causatity is concerned, there is no



necessity for the antiparticles to appear.
If we restrict the parity of the particles by the

relation
(v,)P <8 lm,e> = <afm,s> (38a)

we find that only when the antiparticles take opposite

parity
(v,)f <81 5,5 = —<a| &,5> | (35b)

the causality relations are satisfied. With these
restrictions on the particle and antiparticle states,
the sums appearing in the causality velation (34)

are

- —ie. 0. 14y ~ie.o . v, p"4m
(™) = e ° 91/2 (*5”3) e }‘91/2:= (“ﬂﬁy”~0Yo
22

: -le.0_ . 1=y, . =ie.o_. . -
) = o 1 oM/2 (o i/ (el Ty

=l

&

_<

The causality relation is then

LS.

{ : .4 ? - (; : B N _
1q;a(x) ) g/B(y) ;= L(Y6+m)Yo b (x-y)
This shows that the equation of motion of the field is

(Yua“+m) ‘V(x) =0 - (39)



From the above analysis, it is particularly clear that
the equations of motion such as (39) are just the

boosts of the restrictions imposed by parity to reduce
the number of independent components of the auxiliary

operators Aa(P

) to the number of independeﬁt operators
a(P,s).

U(2,2) as the auxiliary group:

In this section, we shall extend the auxiliary
group to U(2,2) and examine how local fields which com-
bine particles of different spin may be constructed
under this group.

U(2,2) is the group of transformations whose in-
finitesimal generators are F (e=1,2,...16)., 1In the

basic &4xé representation jad>, (quark representation)

@ lFe> = HHE (40)

T
vhere i

T %5 0 Yur ¥s¥ur Opv
X 2 _
¥5 = Fo¥i¥e¥s 0 ¥5 T 1

These generators satisfy

Bl M) yo = 1" (41)
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As in the lorentz group case, we can define an

auxiliary operator

£ (p) = <o | e EE {p5<pim,s>a(p,s) (42)

where| ¢> is now a representation of U(2,2). Under a

U(2,2 index transformation, we get

7R

AOC(p) — <OC!eih‘] ® 16>A{3(p) = TOCB AB(p) (12-2)

where v} are the parameters of the group. The auxiliary
o

operators dual to A is A%_ . defined b
: a(?) (?) Y

P P

A%y = a(p,s) @rs BB 1 ™2 E fa> (43)
which transform under U(2,2) as
1%(p) > 4Py (a7 E (1)

. . . a
In this basic 4x4 renresentation A has the same
: (

P)
transformation properties as Ag(yo)g, which 1is verified
from the definition of thie U(2.2) gemerators (41).

All other auxiliary operators are to be constructed

from these tensors.



Yle construct local fields from the auxiliary opera-
tors, For spin % particles, the lowest representation
of U(2.2) which contains spin % particles is the basic
representation. 3Reduction under the Lorentz group
gives (%,0) + (0,%) representation. Construction of
such fields follows exactly the same procedure as for.
the Lorentz group.

In the case of integral spin, we find that fields
of spin O and 1 can be constructed from auxiliary

operators like

AaB(p) = (U(;))g a(p,s) (45)

where

(U(;))i = ?'><a?‘{m,s>

ie. o .
= (e €1%i/2) * Flrme> (¢ T 01/2y8  (46)

From this operator we can construct the local fields
¢§(x) as in the previous case

~ - a4p
P ; - p. 2y 4
g(x(x) .g (A (P) p X -+ Bg(p)el X)QTEQ(PQ)&(F - )(2n)4

(47
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where again we have used a field for another particle-
of mass m, with auxiliary field
iy i =~le.K £i + =
5 P(p) = ¢ Fl o8 E | B5iB n,oo0%(p, D)

ot

~ 8y B L tr. =
= Y b s). 08
( (p) )a (p9 ) ( u)
Assuming the operators a(p,s), b(p,s) etc., to be Bose
operators so that they obey commutation reiatioms, we
have

8,0, 22 (1] = j (o)™ iR (=)

(p

W(E))ﬁ (Q(Z))Eﬁ . tple-y) 2n@(Po)5(p2-m2)—§ﬁ§-’z (49)
VA

Causality relations demand it to have the following

form

BP0, 22 (01 = 287 (9) Alxmy)

s oda

This requires the summation of Uo and Vv . As in the
spin % case the summation depends on the choice of the

projection operators,

Ogg = <§ im,s><m,sli>
™ _ PIRin.5 S1P
Onp = <a!B!m,s><m,s {5
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If S has as many values as «, B we then have
nP _ KNP _ T B
OaB = OaB =8, Gp

¥F O

) (DS

—~ i T
( \/'(;))SC (V(;))'lpt =

b b
P Yoy (YoluP

( m )a m )g

+ iy a“y iy ot ‘
(8,0 (x), 25 ()] = (=00 ~E—)E Alx-y)

Tais will mean a multiplet witihh sixteen particles and
sixteen antiparticles, with no equation of motion, as
here is no restriction on thie operators.

Various restrictions can be imposed on the field
through parity. Parity-operator in this representation
is’

<IREES = (7)) " (v)Pg (50)

e may require a state |m,s> to have a definite parity,
say positive or negati?e. This restriction due to pnarity
will result in an =aquation of motion for the fields,

This has been shown below by taking the most restric-
tive parity requirement, where over and above the field

ing finite parit we require each guark-component
having a def T ’ q T
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to have a definite parityie. eacihh basic representation
is subjected to a definite parity. This restriction
will lead to the ecquations of motion for the fields

which are tiie Bargman-Wigner equations introduced by

dae(3) and discussed in

(12)

great detaill by Charap, l.atthews and Streater .

Salam, Delbourgo and Strath

We specify a positive or mnegative cuark-parity

for the state Im,s> by

(v )" B lmes =+ Blme> (51)

The antiquark-parity is positive or negative accord-

ing as
<ap§ m,s>(Yo)g = + <“B1 m,s> (52)

Let the quark-parity be positive, so that

(yo)g <ﬁ jm,s> = <§{ m,s> (53)

. 1 N -
e <QBI m,s> = ?(1+YO)§ <§ jm,s>

Further, if we require the parity of the state jm,s>
to be negative, that is it

(vo)y <7 Jm,s> (Yo)pB == <& |mys>



then, the antiquark parity has to be negative
<§ Zm,s>(yo)g = ~ <aB ?m,s>

. B =1 B ¢ P
G < mys> = 5 (1—yo)p <o im,s> (50)

Then, Ogg = <aB {m,s><m,s }g>

1 ;
= 5(1+YO)§ <E im,s><m,s)| i>

= 701+v,) 5 (=1 )E <8 {m,s>cm,s) £
=1 T B
= 4(1+YO)OC (1'Yo>p

To satisfy the causality relatiomns, the quark-parity
for |m,s> must be taken opposite to that for {m,s> .
This leads to

~mB _ 1 v B
oag = G1=v )% ()0

o R (=), ﬁ§+(Y)] = %;§~ [((ivu6“+m)vo)g(vo(ivua“-m))g]zxﬂwxv

The equations of motion for the fields are

(1y,ot-m)g Ar(x) = 0

1l

0 (55)

#5(x) (v, 0%4m) |
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whicih are boosts of the parity-restrictions, equations
(53) and (5¢4).

These fields ¢g contain particle onerators for
spin-zero and spin-one particles. The spinors arising

in its decomposition - equation (49), into positive and

negative frequency parts Obey the equations

It

(v B*-m) T Uh(p) = v(p) (v, Ph+m)E = 0

(56)

i
Il

(v Bh4m) ] v Do) = v8(p) (v 2"-m)P = o
By tinis extension of the auxiliary group it be-
comes possible now to incorporate in a single causal
field several irreducible representations of the
Poincare group. This is naturally expected as the auxil-
iary group used here contains the homogeneous Lorentz
group as one of its subgroups. These extended particle-
multiplets will form irreducible representations of
soﬁe extended little group. The little group can be
determined in the trollowing way:

This will be the groun of all transformations that

leave invariant the form ma (0,s) a(o 8) for all single
2 [
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particle operators. This denotes the projection of
the free-narticle energy-momentum operator at rest.
When expressed in terms of the auxiliary operator, this

takes the form
m(4,(0))¥<a} ms><m,s | B> Ag(0) = m(a,(0))" ob 45(0) " (57)

Since under the little group transformations the momen~
tum remains invariant, it will be a sub-group of the
auxiliary group that leaves the operator (57) invariant.
In any representation (o>, these are elements T which

satisfy
+ B - oB
(07 O T)a = Oa

In terms of the regular representations r
(r*or)P = of
or, (or')OCB = (rfo) (58)
Since Og always cornains the unit matrix, equation
(58) implies that

é—. = i“'+ (59)
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Equation (59) allows only the hermitian generatodrs

to form the subgroup, so that the subgroup can be no
larger than the maximal compact subgroup. However,

the little group is further restricted by the choice

of Og . For the choices of OaB’ Ogg made so far for
particles of spin %, O and 1 cases, the generators

are found to be those of U(2)® U(2). As has been shown
by Feldman and Hatthewsgb) if more restrictions are im~

nosed on the fields, the little group may turn aut to

be U(2)}.

Extended Auxiliary Group including Internal Symmetry:

The inclusion of internal symmetry in a large
auxiliary group is very simple. If in addition to the
Poincare invariance we assume that the single particle
states transform as representations of an internal
symmetry group S (for example sy{3) or isospin group
SU(Z)I)’ we know that the little group will be
su(2)8 s for these states. SU(2) wefers here to the

spin group. Then 'we introduce the auxiliary fields



which are the representations of some auxiliary group-
incorporating the internal symmetry group S mentioned
above. From the properties of the auxiliary group we
know that it must contain the Lorentz group and the
little group as its subgroups. Naturally, the smallest
possible auxiliary group is tﬁen S1L(2,¢)RS. The auxi-
liary fields are then ﬁas where o specifies a represen-
tation of the Lorentz groun and s a representation of
S. The auxiliary group transformations are index
transformations and the indices of the two groups are
used independently. Interactions invariant under the
Poincare group and the internal symmetry group can be
constructed by saturating the two indices independently.
How, this awxiliary group can be enlarged to
SL(28,C) (we have used this only symbolically, bearing
in mind that the internal groups we shall use are su(n)
tyne) under the tiansformations of which the space-
time symmetry group and the internal symmetry group are
-

interrelated. This means that the Lorentz group index

a and the internal symmetry index s now no longer act



independently. Corresponding to suchi auxiliary groups,
auxiliary fields are l ﬁ% where A denotes a respresen-

tation S.(2s,c).

Analogously larger auxiliary grouns can be con-

ok
[N
M
ﬁ

Y

structed incorporating s with U(2.2). The auxil
group is then U(2,2)2S5 and tlie basic wepresentation is
W« 5 Where o is a vepresentation in 7(2,2) and s is the
same as above, In the index transformaticns, the two
indices are independent so that for an interaction to
be invariani under the group, tiie two indices are satuxr-

ated indenendently., If parity restrictions are nc

stronger than those for U(2,2), the little group will

e

be U(2)RU(2)RS. It is again a simple matter to extend
this group to the larcer U(2S§,2S) auxiliary group,
having some additional transformations wich relate the
two subgrouns, nanely U(2,2) and s, The basic guark
representation is W, = Wi, where «is coupled to S
and % is a representetion of thes larger group U(2§,25).
With this knowledge about the extended auxiliary

grouns we may now examine the extent to which these

can be used in constructing theories incorperating



higher symmetries. Tor this discussion; we can safely
exclude the internal symmetry group. The implications
of extending the auxiliary group to U(2,2) are that we

can construct multiplets such as ¢aB, % wirich are

apy
representations of U(2,2) and which combine different
irreducible represenctations of the Poincare group.

These fields alsc carry the desired properties of the
local fields, such as CTP invariance, crossing symmetry,
existence of the antiparticles etc.

The interaction Lagrangian has to be invariant
under the index transformation of U(2,2) and is con-
structed by saturating all the indices of the group
in the product of the appropriate fields, This restric-

tion to index invariance leads to a restricted sub~

class of Poincare invariants. Thus, a term like
o B 3
v ()Mo We)E,

which is Poincare invarianct, or even

S v XS K,



which are index invariant under the homogeneous Lorentz
group, are excluded.

The allowed index U(2,2) invariant interaction
is invariant under the little group transformaiions
in the static 1limit. It is in this sense that the
extended auxiliary groups SL(6,c) or U(6,6) are the
covariant versions of the non-relativistic SU(6) or
U(6)8U(6) respectively. However, in spite of such
restrictions on the interaction lagrangian, it is not
possible to obtain S-matrix elements having this U(2,2)
index invariance. This is because these S-matrix
elements necessarily contain factors of the form Puy“
which destroys the generalised invariance leaving only
Poincare invariance. ‘Thus, for theories with auxiliary
groups such as SL(6,c) or U(6,6) the only surviving
invariance is that of PRSU(3).

This is as exrected and shows tiiat theories
built with the auxiliary operators do not vioclate the

(13)

Poincare theorem. According to this theorem, it

is not »ossible to extend the invariance of a theory
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with respect to a groun larger than PBSU(3), waich
contains this outer product group as subgroup without
extending the energy-momentum vector to more than four
components.

Theories with a large number of energy-momentum
vector components have been considered by various
authorsslg) For example, in the case of IU(2,2) the
inhomogeneous U(2,2) - the energy-momentum operator
has sixteen components. Auxiliary operators can then
be constructed in the same way as was done for the
Poincare group, and finally, to make contact with the
physical world, all the P and x are restricted to run
only over the real four values, This guides us essen-
tially to the same kind of theories discussed above.
The only difference is that such a theory leads to the
interesting possibility of the so-called irregular or

5)

. . . 1 . . . .
derivative coupllng( in the interaction lagrangian.

It is befitting to conclude this section with
(16)

two theorems established by Feldman and Matthews

regarding unitarity in such index invariant theories.



These are:-

a. Unitarity Theorem! Invariance of the S-matrix with
respect to the index transformations of the auxiliary
group is incompatiblé with the unitarity of the S-
matrix, unless all the auxiliary operators are unitary
representations of the auxiliary group, and there is
one~to-one correspondence between the components of
the auxiliary representation and the states of the
corresponding physical multiplets-

b. The Causality Theorem: A local field constructed
from the auxiliary operators satisfying the Unitarity

theorem cannot satisfy a causal commutation relation.

U(6.6), SL(6,c) and the hierarchy of subgroups:

We shall discuss briefly these two relativistic
versions of the SU(6) group with some of their important
representations. Also we shall consider the hierarchy
of subgroups under which collinear and coplanar processes
remain invariant.

6 6



(1) u(e, 6
U(6,6) is the group whose infinitesimal genera-
tors F_ (x=1;14%4) are obtained from the outer product
2
of the sixteen basic generators %I° of U(2,2) with the
nine basic generators Kiof U(3). These generators,
F_ ;‘i¥ act 6n the fundamental 12-component (quark)
x =

spinor : whaich transforms under the group as

- B.. . .
Wy = 8, vy A =da, 1 =1,2,3, a =1,2,3,4 (60)

0 EX)

where s = exp( X

o

e

summation is indicated for the saturaced indices and &
. . T + . .
are real parameters. This leavesWV¥= Yy yoq/ invariant

and this satisfies

llere, the adjoint (antiquark) representation is seen to

be

A _ -did _ ¢ + o

v o= ¥ = (\illﬁ) (YO B (62>
The group is non-compact and so all the unitary represen-

tations are infinite-dimensional. Finite-dimensional

- - N
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but non-unitary representations of U(6,6) may be built
up from the product of these quarks and antiquarks.
Then multispinors transform according to the following

general rule

CD,.. ; A B! ~1,C -1yD CtDr...
AB... SA SB coe (8 )C' (8 )Dl°" A'B!, .. (63)

whiere S is given by equation (50) above.

To associate physical states with an irreducible
finite~-dimensional representation of the group U(6,6),
the usual procdedure is to break up the indefinite
metric into a set of subspace each of which is definite
and invariant under the little group v(6) x v(6). This

is the maximal compact subgroup for which
+
= 9 (64)

However to obtain spin specification in the little
group, it is aessential to use genevralis:® Jargmann-
Wigner equations after reducing U(6,6) to Sy(3)&8L(2,c)

. . . -1, -
by means of the antisymmetric matrix (C 7) . The two

most important multispinors are for mesons and baryons.



For mesons, it is the 143 regular representation of
(6,6) ﬁi which undergoes the following reduction on

applying Bargmann-Wigner equations,
B_ 4P - L J J
ﬁA - ﬂoci - 2|~'- (25+U)(‘Yu)ﬁui - YS /@5 l))g

where ¢gi and ¢%i correspond to the 1- and O parts
of the multinlet respectively and p is the degenerate
multinlet-mars. From eaclh can be separated an Sv(3)

octet and singlet part,

g4 =8,01) + g,(8)

B { = B5(1) + #5(8) (66)

The baryon representation is obtained from the
fully symmetric 364 representation of U(6,6). After
reducing with BargmannWigner equations, the baryon

multiplet comes out as

)
Vape = 75 5 (Fem) Vi ag Py (igx)

1,4 ¢
+ Jg[((2+m)y50)a5 €5 41 NY w t cycl](67)

Q

5)



bdy,

.3 .
Here D denotes the spin & decuplet, N the spin % octet,

2
and m is the degenerate mass of the multiplet.
We have seen above that U(6)3U(6) is the sub-
group whose representations stand for particles at rest,

This is obtained by restricting the U(€,6) transformations

to the following condition,

Yo FA = rﬁA Yo

that is, all the transformations of U(6,6) which commute
with v, form the little group U(6)U(6).

For collinear processes characterised by two
indenendent momenta we can find a group of transformatiors
which have these two momenta invariant., In the frame
in which each vector can be expressed in the form
P = PO Yo P3Y3, the generators are all the generators
of U(6,6) which commute with yoand'p3and clearly, these

are

; )
5 rf'% )\i®(19 YS'Y‘] ’ YSYQ" 012) (65)

This is the outer product of U(1l) and SU(6)w defined

by Lipkin and Meshkov(17).
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Coplanar processes are characterised by three
independent momenta where each vector can be written
as

B =P, Yy + By¥y + Povp

The transformations which leave this invariant are to
commute with Yor Y10 Y o and the subgroup which is formed
out of such generators turns out to be U(3)&U(3) with
the generators %(1iy55y3)@5% % Ai. This hierarchy of
subgroups of U(6,6) are also called the 'lesser' and
'least' groups, respectively; however, they are more
sopularly known as 'collinear' and 'coplanar' groups.

N o,
SU(6,w°

Since we shall be dealing with this important
collinear subgroup, it is worthwhile to discuss it in
a little greater detail. This is an SU(6) group where
the ordinary SU(Z)O spin group is replaced by the SU(Z)w
W-spin group, consisting of generators 0191 Y T932
Yo 031" These onerators satisfy SU(2) commutation
relations and represent a 'conserved spin' in any theory

which is invariant under U(6,6). From the definition
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these generators commute witih: the generators of
the Lorentz group in the z-direction as such a par-
ticle moving with any momentum in the z-direction
will have the same W-spnin as at rest. Thus it is
a good symmetry for all collinear processes i,e. ,guch
as two-body decays of resonance, forward and back-
ward scattering, photo=-production in the forward-
direction; radiative decay into a particle and a
ohoton etc,

The W-spin and SU(6)W classification for

mesons and baryons can be obtained from the follow-

ing transformation properties of quarks and anti-~

quarks
W w, =0 W
HyYs2 TA Xy Y92 A
|24 WA T \VA (59)
LY - Xy Y
v gl =T WA
z z
where WX v,z refer to the three components of the
2 ?

W-spin generators, yoc"/Z, Yoov/z, Yooi/z res-
e J

pectively. The W-spin content remains the same for



T

all momenta. Taking the rest-state, we. get y0=+1

in tha above equations. Considering baryons, which
are obtained from three quarks, we find that tihe
W-spin is the same as tne ordinary spin for baryons

as well as for anti-baryons. HNext comnsidering four
meson states constituted from quark anti~-quark

pair, we find that the two-vector meson states

V+1l with spin prcjections +1 on the z-axis have

WZ = +1 and:therefore, W = 1. However the vector-
meson VO with spin projection zero along the z-
direction is the W-spin singlet (with W = 0) state

and the pseudescalar meson PO is the WZ = ( component
of the We-snin tripilet. This spin W-spin flin occurs
becausa of the negative sign appearing in theﬂ'
equation (69). Therefore, the W-spin triplet is
(Vi’?o’v;l) and the W-spin singlet is Tb. wWith this,

the 35 meson repr:sentation of SU(G)W can be decom-~

nosed into its SU(B)C‘@SU(Z)W content in the follow-

ing way
i al
= Qsa = N T GO S 1 B | i3 .
gg bj (GZ Po o T Wt A | bj
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and the 36 baryon representation has got the usual

SU(6) — SU(3)®sU(2) decomposition, namely

1 . L
= t o o o, - i1 .
Yaze = Pabe ik =~ 3V2 (eljttab “ke "FijkiEbeia
re. e wE Y (D)
kil Fca ' ¢
where D .., Tepresent tiie decuplet and N?, the
abc,ijk = i
baryon~octet.
SL(6.C)

SL(6.C) is the smallest group that contains
SU(6) as a subgroup (or the little group) and pemita
covariant generalization for this rest-symmetry group.

The seventy generators of thie groun are

£

1 ».t'. - Y e 4
.}\. 3 Y'SI\' - {'rl,}\l. T “1/56‘//’\1 ".‘.Dr‘- ""?‘
since Y%gﬂ»:; fe, » together with Gij . Ys 07

form tile generators i of SL(2,C).



In this formalism, discussed in detail by Charap
and fatthews, and 2 {1thl, by means of the unitary trick

the non-unitary representations are obtained as those

of a chiral U(6) x U(6) having the generators
. i
5, 5(1ir) T AL

We generalise the two-component spinors of the
homogeneous Lorentz group to six component quarks by

defining

U, = U, o= 1,2,3, a= 1,2

where < labels the SU(3) properties of the quarks.
Similarly we have

r:{

vy = Uy, W =ve, v TR

The warticle multiplets are then constructed from these

entities. For example, the meson field can be described

A A
¢B, ¢B

by the four different spinors ¢A? ¢A3

Bargmann-Wigner equations however, relate these fields
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such that we have

A m . 4B
Fonh = Pog B (1)

CRA AR o . a8
A = Pop A

where s 1s the degenerate mass of the multiplet. The
decomposition into the subgroup SL(Zyc)QQSU(S)(Z) can
be written as
A &b (P U
67 =5 2Ty @ + {5 ¥a') (73a)
L
The fields g'give a covariant combination of octets
of particles of spin 1 and spin zero; similarly m”is
an SU(3) singlet of spin 1 and spin zero.
he parity-conjugate representation of the above
is defined Similarly by
. N O - - TN A
Qup = F%ap (Yq B +HF v, m°) (73b)
in terms of fields ﬁj’h and @7,
: A . A
The two representations ﬁw and ¢B can be decom-

posed respectively in terms of self-dual and anti-
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self-dual tensor fields. However, as has been pointed
out above, all the representations are related through
the Bargmamm. Vligner equations.
Baryons are described in terms of the representations
: c B¢ ABC o
g . Again, these are related b
Vasc Vanr Wa ¥ gEE y

the Bargmarm-Wigner equations in the following way

C
; 1 CC
Yap=2® VYaso
3¢ CC ~ B
Ya Tm2 P P Wane
ABe_ 1 JCoBB AA
1 m3 L YABC

where m is the degenerate mass of the multiplet. Thes=
correctly reproduces the 36 representation when restric-
ted to the static SU(6) subgroup.

As in U(6,6) we can now consider the chain of sub-
groups of SL(6,6). For collinear processes, where
there is one independent momentum vector, we can define
the collinear subgroup as the group under which the
momentum vector remains invariant. This leads to the

U(3) x U(3) collinear group described in detail in the
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next chapter. TFor coplanar processes the subgroup

turns out to be U(3).
Thus, we have the following hierarchy of subgroups
for U(56,6) and SL(6,C) on restricting thieir invariance

to rest-symmetry, collinear and coplanar processes

respectively.

SL(6,6) —> SU(6) = S(U(3)xU(3)) - SU(3)

U(6,6) — U(6)xU(6) — SU(6)W —  U(3)xU(3).
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CHAPTER . II

S(U(3) & U(3)) and meson-baryon scattering

Group theory is useful in scattering processes
because the assumption that the S«matrix is invariant
under some group of transformations forces a nu—ber
of physically distinct scattering amplitudes to be
related to each other. This is evident even in such a
group as the isospin group SU(2). TFor example, pion-

nucleon scattering

H - . H .

NATE e N T
would be described by eight independent amplitudes 1f
there was no invariance group but only two if the
S-matrix is isospin invariant. This is because N and

3

can combine only into isospin I = % and I = /2 states.
herefore there are six relations among the eight
different scattering amplitudes. It is evident that

if we enlarge the group, more and more amplitudes will

be related.
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This chapter begins witih a discussion of pseudo-
scaler meson-baryon scattering inlthe SU(3) group. It
then describes in detail the callinear S(U(3)(3U(3))
group and some calculations of meson~baryon scattering
and baryon-resonance production in this group. The
corfesponding calculations in SU(6)w are briefly dis-
cussed., Comparison of these predictions with the
available experimental data and a short discussion

conclude the chapter.

. s

To illustrate how group theory works in such a

calculation, consider the process
B+ ¥ — B'"+ 1 - (1)

where B and B' beiong to an irreducible representation
D,'and i and Ii' to the representation D' of the group
considered. In crder to find the independent amplitudes
invariant under the group transformations, one has to
find the irreducible representations from the direct-
product D(:)D'. vSincé the amplitude is invariant

only those irreducible representations that occur on
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both sides contribute and deieraine the numbder of in-

variant ampilitudes. For »ion-nucleon scaitering

=4
1f
AN
H
[Ned
P—I

1 1
¥l
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o
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There are oniy s jossile invariant ampiitudoess
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Zxtending the group to SU(3), we find that mesons and
baryons belong to ti:e representation . e then have
the following direct wroduct decocmposition intoe irre-

enresencations:

o
b
O
}; e
i
l'u-d
1)
H

898 = 198,08 H100D D27 (2)

arz tl.e symnetric aad ancisymmetric coia-

WeTe 3 a’ 3

i

s
23

binations, and 10 and 10 are coniugatz representations.

Sine the same direct-nroduct appears on boti sides we
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iave eighit independent, SU(3) invariant annlitudes.,

This oumber 1is radiced o :seven vecauss time-raversal
invariance iumpilies wiat A L = A .
- = CF = 4d o4 8f

To detaraine tie davariant aupiituades for Drocesses

wiich: involwve a barycn-rascnance, for examdie
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]
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we note tiiet I occurs in the 1

SU(3) and also that

8 x 10 = {BIODRTE3S (4

Then from (2) anad (&) we find £hiat thers will
indenendeni, invariant amplitudes to descrive all the

m
1

he scattering amniitude is

=

nrocesses of the tyve (3).

given Dys

A AN e P
(Emfﬂéﬁ)'lv Ly o ‘gﬁmfigfﬁ'f1

3
'
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| N T ‘})M ‘L’x j ~ ! \"-.);_ :}p.‘\ VT f
TS "
Bo.oved

Ty ie = ,&4 { H \\ b _'_1‘,.,‘ e s} T A ':_‘_
wiere Tif <\ {ffiif and the SJ(3) Clebsch

vdon Coefficients are such that
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T( ne . {\ wwwww ( "Nﬂ /‘\1“ R Y\} ‘Hn ’ i A,
R - !fl_, Y Vm Vg Ji s ' ﬁjzﬁm
v
MY denota collactivaly ithe eigenvaiues of different
S'1(3) operators, as defined by de Swart(ﬁn) and ¥

def

P
i8

ines comnistely a state in a SU(3) representation.
This way of caiculating ihe scattering amwplitudes
cumbersome {and wmch more so for the nlghier groups

we shall bz considering) as it means using thie SU(3)
Clebischi=Govrdon coefificients emnilcitly. e nay avo:l
this difficulity by using tonsor renresentations and cone
stiructing the invariant counlings of tiie four vepresen-
tations. For meson-barycn scattering (1) let us re~
nresent tiie four octets by four 3x3 watiices,
Ai(i = 1,2,3,4). The possionle invariants arz of tw0
Lynes,

Tr(A1A2A3A4>
six of waich are independent and

A
Tr(Al"

) T (AA)
“ IS

2



of which three are independent. Tuus vea rarz nine
invariants in all. Alsc there is one Linear velairion
among tl:ese nine invariants wilch comes foom Burgovna's
. 17

Identlty( );

S -

\\ o ] N\

o TL(AAAA ) =y T (A A) T (AR, (5)

[P LA

& differeant »nermutations 3 dif

Tiie nine invariants witl: sne’
i | (2 E

tuus reduced to eight Iindependent invariants, giving

tae same result as obtained frow tihie direct »roduct

nuasrous siorit cuts Lo obtain weiations anong various
amnlitudes, particular’y in SU{(3). These uwethods are
usefu’, simnie and even elegant, Luat wmfortunat:ly, are
not apnlicasle in gsaneral grouwds. In thé zaiculations
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ta foliowr, w2 sihali second metliod to
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ottain Lwwvariant amplitucsas.



S(I(3YRT(3)):

4( B) As in U(%,0), collinz2ar nrocasses awe chavactaye
ised by two indepzudent momenta and al rarticlas cam

be made ©o wove in the z-diwactlion in a pacticular

Lorentz frame. In thils frame, tle nmomenbtusn-vector

so that v., Vv, never occur, Tuerecfore, uader all

transformnations walcel, comrmits wit.. v and ., P will
)

O

vemain invariant. This subgroud is Lilus a 90c0¢ symaetry
for tlese nrocesses., This is the S(CIKS)®I(3Y) siab-

r@;\

ined Uy the senerators 1¢(imy ' walch

cominine with all Loventz tewansfornations in the Z-

direction and tlocrefore zives8 a momenlum-independoni

classification of a” 1 »articlzesiatbos with momeniwn in
=2 z diroction only. This subgrou? has besn used ©o

obtain many »vedicilons for collirear nirccesses such

P

(235;

form=-factors vertex funciisns , forward and’

as
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Caring and ro=-ody decays incluading

1 (235
]S o

"ectromagnetic and wealk decas

1

-
28!

orard scath

Tt wiil Bbe useful 4o Introduce T.2 trinlet of

cuarks whic: corressond to the fundai

5

nn ghtainiae the rTesrescntations Zov
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S.uysical states, althoug: as in all nigher symmeluy-

? 3 - P -~ 3 S P Rt Fa o~ 3 ~ =1
cl.emes, ysical cuarks nced nNoL eXist. novsing thie
KPR | =T . Gu o~ -
zedivection as ihe cuantisatlon-axis Lo Tue 82N O

T A . ., 3 e oo 7 e IY P, e aes ey [
iz gniarks, tie Lwo U5, stnploiads Lransiomit Lue

S = 4% ouark-states in the following way:
= - -
- = L2 1N = L s
Gy Z Ta & (3,10 S, = _ £)
e AN
Ty = AN («,.,) Sv = ~}’2‘
In contravariant raoyresentations, S_ chang2s sign:
’ e
1 .
. - 1
o o= & (3 S, = =3
.7. 5 o 1 -
- = % & (1,3) S = +3 (77
. Z .
- . o - e 1
Ti.at s, S A dafine tie guark-states iitin 5 = +3
ot
and § = -% vesoectively and ¢® and ¢

corressonding anti-cuark states. The weprassentatioms
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(3,2) and (1,3) are velated tirougl. parity-iransformations.

N FIR =z s 4 - feT g 2y g - ] .
Under »narvicve-itransformation, ti:z momentum will cnange

f T
frbe

sign, but since momentum does not occur exnlicitly in

this fermalis:, we can define an extended narity
onerator

P' = (ex» iﬁ%).? = ?y(Tﬁ.? (5)

where P is the normal narity ooerator and R (n) defines

a rotation throuch 71 abou: the x-axis. P' leaves

momanta invariant but changes tiie sign of Sz' Therefor
o1 D
(2,1) —= (1,3) l.e. g =3 . (9)
~ s

Since charge-conjuga-ion effec s only the SU(3) pronexr-

ties, we Lave under cunarge conjugatlon,

C
- C
o] ) e PRSI,
_179.-?_> —‘.‘? 39.’- 1.2, & 8 ?Cm

*
S
v
~~
{
[
S’

: c ;
(1,3 = (5 te. gy af

mesons splits

way,

L (11&)
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M = M= + 67 M
[32 B 2 B

Ma1 = M

I, =g (11b)
° B

Hi2 = 1%

Bl P

This represents the decomposition,

35 = (8,1) & (1,8) &(3,3) ) (3,3) (12)

Reduction under SU(3) leads to the following SU(3) metrices

gl 1 (O) S
R R ALY
B2 T8 2
g = v(Ha gr o L 52 (1) g
P § 5 3 B >
o oy g2 L L oga o(1)g2 (1109
B B 1 ,'f? B 1
and I = .2 5] V(l) — /D Sg V(1)

N . . .
Here (V=) is the vector octet with §,=*1, Pis the
pseudoscalar meson octet..and S§ stands for various spin-

states.



Under S(U(3)®U(3)) the 55 baryon representation

of SU(6) split in the following way:

= (10,1)(1,10)43(6,3)(+)(3,6). (13)
or B,.. = BaBY ©3___® :aBY G B o7 (14a)

agy

where under SU{3) these tensors reduce to decuplei D

and octet I! baryons:

Bugy = Doy (8444

B&B7 = Doy (8) 222
Bogt = Dapy (3112t (Mo€ap g€ goy) 5y (140)
Bogy = Py (5)420 o (Ng BaY+I$ € 5ap) 52

1gher representations of SU(6) can be analysed in a
similar way under S(U(3) U(3)), but in our calculations

only these two will be used.

ifeson-baryon Scattering in S(U(3)0U(3)):

In order to obtain the invariant ampiitudes for
pseudoscalar-meson baryon scattering we shall follow

the second procedure described in section 1. Using (11b)

- N

“ .
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and (14b) it is easy to write down the most general
exﬁression which contains these scattering processes
Thus we write the following S(UR)®U(3)) invariant
expression for the scattering amplitude:

AlB@BY B om0 P 4+ 4 B“BYBa

ap? “p U5 T 42

aBy _wmd P
+ A3B B5QY i . MB

S P
075

aB¥n = w0 P aBY _Omp
+ A4E ]36BY np Ma + A5B B&Bvﬂpma

EOLB?B; o ila I/Ip + A7 OCBYBCLBSIq S-TI

¥

~i ‘Ol

- mouP By
. w65 Tt + 4gBYPYB oo 1

P
5 R
Y

(15)
In writing (15) we note that the contribution with
opposite baryon helicity-states may be obtained by a
parity-transformation defined in equation (9), so that
such terms are not included. The different Ai's are
not necessarily irdependent. This can be seen by con-
sidering the direct product of S(U(3){U(3)) represen-
tations of the baryons and pseudo-scalar mesons. It

decomposes into the following irreducible yepresentations:



Yoy DM W o ® uf; = (6,3)®(8,1)®(3,6)®(8,1)

= (24,3)@ (3,3)@(6,3)®(15,3)®(3,6)@(15,6)H)(5,6).

(16)

Thus there are only seven invariant amplitudes, so that
there must be two linear relations among the invariant
amplitudes of equation (15). Again time-reversal in-

variance implies that
A - = [Y . \
{6,3) — (3,6))” 43,6) — (v,3))

which reduces the number of independent S{}KB)@QU(B))
invariant amplitudes to six.

The same invariant amplitudes are also suitable
for describing processes which involve baryon resonance:n
with SZ = + % and vector mesons with SZ = 0, We shail
use this fo find relations for those processes where
only this type of baryon-resonances and vector-meson

states occur. While this enables us to obtain more
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relations than from SU(3), these are fewer than from

SU(S)H because, we cannot relate these processes with

fwo

those which involve baryon-resonance states with Sz=+

N

and vector-meson states with S, =& 1.

The calculation is easily performed by using the
expression forvr Eﬁﬁ? , iig etc., obtained from equations
(11lc) and (14b). Since we shall consider baryon re-
sonance production processes wiiich involve one baryon
decuplet in the final state, and pseudo-scalar meson-
baryon scattering, it is convenient to break up (15)
into two distinct parts. Thus using (l4b) for the out-
BY

; =0 . » .
going baryon state B in (15) we obtain,

A= [rsp®®Y p L eOPY b wf e%%T) ILa, B M1

e WP ]
+ AQBQBY ﬁﬁ M8 oo e . ] (17)

where we have dropped the spin wave functions Sl’ 8112
etc; Since we always have a baryon-octet in the ini-

tial state, we need retain only the octet part for E&ﬁ?
and only the pseudo-scalar octet parts for Moé and ﬁ’g,

This results in the following amplitude for the Baryon-
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resonance production processes:

i =k DY (a, +a0) (e 0y I € oy ) BBR) +A5 (ks +
+ Nb P5Y)B PE + A (N5€£“BY+Ngf:u5y)? Py o5 (1 PBY
- N‘é‘ Cusy )P Pp*‘ A (Noc‘:chSJrNB‘:l'océ)PaP thq (Nl €upst
N Ié &, )P £$ + A (Na “H5p+u6é:“ap)£ PRA (N! S
* é“épap)gfp)] =

To find the amplitude for the meson-baryon scattering in

a convenient from, we use the properties of the anisym-

metric tensor:

wBY _ . - Bl _ b,
Sapy & TG Eopr E %
e ¢ WV o gbhogV gt gV

1 Ll .
B v Yy B’

b &Y 8P - st aV + 5“ 5, &8 - 8Y- 65 oF

- o UV = Y
+ 85 8 80 - 6 & 80 (19)

whence, using (16), (14b) and (llc), we get the follow-

ing amplitudes:
A = a1Tf(NN)Tf(PP) + aQTfCNP) Tf(NP) + aBTf(NP) Tr(NP)

+ a4Tr(NNP?)+ a5mr(NN?P)+ a6Tr(NP?N) + a7mr(NPNF)

+ asT (VENR)+ o,T .(NPPW). (20)
81’.‘ 91‘ .



Here the a's are linear combinations of the A's,

_ 1 .
a, =75 [16(A,+4,) + Aghh g+ A gt 4An =Dy Agdan,

ay = %5 [— +A ] = 0t

@ = 1o [45+4igm2h-Ag=i ]

ag = } [a+48,~20g-Ag-ig ]

tg = Fp [-Ag-digrigriy] (21)
g = 3, [-A5-344]

o ='}2 [~a5-34]

Un = %2 [-2 ~4Ag+hg +“4]

We notice that Ay =HRq identically, and from Burgoyne's
Identity, ecuation (5) we know that there are only

eight independent «'s. These two linear relatiomns

among the o's redice the number of independent invar-
iant amplitudes to seven, which agrees with the number
obtained from the direct-product decomposition in (16).
If we apply time reversal invariance, we get d7 = gy
which gives us Ay = Ag. (22).
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This further reduces the number of independent invariant
amplitudes to six.

To calculate the traces in (20) explicitly, we
use the following SU(3) matrices representing the
baryon octet pseudoscalar meson-octet and the anti-

baryon octet:

- O T " ;/ (-O
/om0 * k“\ [T+ %6 5 PN

+ T
j 2T . ; . \
= | - T o0 - 50 A ,
P = 2‘ T v, By k / B—-i ya St D |
i - =0 2% - _0 2 ‘
N\ E kKoo=m g = = =%

and

(23)

e shall also need the SU(3) assignments for the

baryon decuplet,
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T 1'7.;—!-—*— — lr*_ T:.'{LO __—\ K.‘

Dyqq = U Dyyp =N /173 Dypp = Ui /i3 D, =1
e ¥0 5 -
- _x Y Y
b= Praz =i Paoz = DT
_%o ;f“
Diz3 = F=  Dozs™ i (24)
D33 = -

We have calculated all the pseudoscalar meson-baryon
scattering amplitudes with P as the target particle.
These are tabulated in Table I in terms of the invariant
1? A2 etc.

In Table II all the allowed baryon-resonance

amplitudes A

production processes with a proton as the target particle
are tabulated. We note here that only Sz = +% decuplet-
states contribute to these processes. Since all these
amplitudes are obtained in terms of six independent
invariant amplitudes, we would naturally get a large
number of linear relations among them. We discuss

some of these linear relatioms with respect to experimen-
tal results and compare these with the predictions

obtained from SU(G)W(ZZ) in the next section.



Table It  Amplitudes for MB - M'D' in 3[U(3)®U(3)].

PROCESSES AMPLITUDES i 724
A i l A A {
iLB _;4 _‘\.5 3.6 d 7 3 9 /‘3\.1
=0y (w0 1 1 4 2 2 2 16
Pk B S 1 s O | O 6
+_0 2 1 2
= k= -7 SO
+ 1 2 I L
T L 73 T3 iT5 12 T3
T 2 2 Y 1 x
>N 5 3 3 3 3 5 3
+o 1 2 S
=TI T3 3 75 T2 3
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Table I: (Cont.)

PROCESSES AMPLITUDES X /24
by by Ay by Aqg Ag A A A
-5 K0 n’é‘ ,7’6' ,'TE' rfg k,fg
.o 1 4 2 2 1 1 1
— YL 3Fe 02 32 B2 372 672 372
6 2 2 1 2 1 1 1
—> 1N T8 S S B T2h G
- - - 1 4 16 16
i P"“"') T P r‘r'g' i r/-‘é" 'z/""6' ;‘-,E'
0. 1 1 2 2
= e M2 J3 T3
> \3 T2 T2 T3 3 3 T3
co 31 2 1 1A
> ¥ 5 5 3 3 7
1
- KON 1 1 -1 )
+ =~ 2 2_ 1
A e 46 ¢ ¢
- 1 4 16 16
n P~ W P 76 /T T 76
2
> X'5" 7 7
3 - 1 1 2 4 2 2 16 16
e 4 £ 5 & £ W™ O® XK
Lo+ oy 5 2 16 16
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Table IT: Auplitudes for processes MB —> M'B* in 5[U(3) GU(3)]

PROCESSES 3 AMPLITUDES X 8
iy by Ay kg Ay Ay kg i,
£op— EOW T -1 2
- ki T 3 23
- Kkt="0 4 5 -1
N T T T T
> 7T - 2 2
X P k° % -1 -1 2
SR A -1 2 -1 2
- n'kYJT” 2 -1 -
— % ;@ X ~1 -4
~> kT="" 2 -1 -
Py K 1 -2
- E%° 1 -2
~ M1 1 1 ~2 -2 -2 1

€1



Table II (Cont.)

PROCESSES LMPLITUDES X /8
A3 4 4 AS A6 A7 A8 A9 A A2
o.X0 3 1 1 n 3
= ¥ E W2 02 /e 2 el
- Xy 2 -4 -1
0- %o 1 4 4
— k7Y ;7'2‘ tf.é‘ -.'_f 2 -r-fé- rf 2
— T 203 i3 -l
w0 1 1 1 2 2 2 1
- 6 N 6 =75 T4 76 B
2tpey KT -4 1 2 o -1
-t -1 1 -1 =2 2 -2 -
0. %+ 4 ! 2 '3
~ 7N ":rz % % -6 16 16 )
" 1 1 - 1
-5 e 75 77 W2 12 2 o)
Py kO il 217%
- X 1 _2
kOP—a k+Hﬁo 1 )

.17L
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SU(6)W Results for lieson-baryon Scattering and Baryon-
resonance production processes:

A large number of predictions were made about
meson-baryon scattering amplitudes in the collinear
SU(6)w subgroup of U(6,6) by C;rter et al(zz). The
calculation was performed using SU(6) Clebsch-Gordan
Coefficients., We here show how these results can be
obtained in a much simpler way by constructing SU(6)w
invariant amplitudes from the tensor representation of
the group and list some of the results.

We note that the mesons belong to the 35 represen-
tation and the baryons to the 36 representation in
SU(6)W. For meson-baryon scattering the direct product

decomposition gives

35 (056 = 56 (-» 70 (x> 700 {x) 1134 (25)

_\_

Therefore, there are only four invariant amplitudes
to describe all processes involving any of the 35
mesons and any of the 56 baryons. It is evident that

there will be a lot more relations among these scatter~
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ing amplitudes than obtained from S(U(3)U(3)) or
SU(3). The most general amplitude invariant under

SU(6)w can be written as

. -»)ABC‘( " Dl B D
A = | & Wage % 5 +1;z,{BD(buﬁﬂc + oMy M)
. P e
* 4 Vpp My My (26)

wherekyABC, Mg are the baryon and meson representations
in SU(6)W respecfively, introduced in equations (71)
and (70) of chapter one. Using these equations to
obtain SU(3) matrices equation (26) becomes equation

(26) for meson-baryon processes with

¥, = a + 6b + G6c + 24

1
Gy = a3 = - 3d

ay = 6h + 34

g = 6c + 3d (27)
Cp = -6 -~ 24

Qg = Og = 2a

g = ~6c - 24

Thus under SU(6)w we get the additional relations,

2¢, = 24

p = 203 = - 30q = - 30

2(a4+a5) = 2(a4+a6) = g (28)



Although there seems to be too many relations among the
SU(3) invariant amplitudes, we find that these five
relations also contain the condition imposed by Burgoyne's
Identity, equation (5) so that the total number of

SU(6)W invariant independent amplitudes are cdrrectly=

reproduced. From these also follow the relations

W
co

>
I

2A (27)

>
i

L= %A

among the S(U(3)&U(3)) invariant amplitudes, so that
on imposing these relations in the S(U(3)®U(3)) ampli-
tudes, we obtain the SU(6)W results,

The baryon resonance production processes in
SU(6)W are of parcicular interest, as all such processes
are described in terms of one single amplitude, This
can be seen from (26) using equations (0) and @D in
chanter one, which gives the amplitude

4= ayPe (2IpS) (vg € pen” FE L 8) (36)

rea

zad
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This is also obtained by Carter et alCzé. This result
can be seen more easily by examining the coupling in
the crossed channel where the processes appear as
baryon-antibaryon annihilation into two mesons; that is,
BB — Ml (31)

or 5605 -

453)
<

Using the direct-rroduct decompositions

__@@E = 1 35 ©405 & 2695
35 ©35 =1 35,635,405 (1180 (V280 280

We see that there are four SU(6)w invariant amplitudes
denoted by 1, 35;, 35, and 405. For the processes
(listed in Table III) the only allowed channel is

405, because the total guantum numbers Y=2, T=%/2,

w=2 belonging to processes (31) do not appear in the

1 or 35 channels. The total W-spin of the two mesons
must be either W=0 or w=2 and Eﬁ* can only have w=1 or

2, so that only the w=2 channel is allowed. The use of

the crossed channel has nothing to do with crossing



symmetry. Nor are we relating a physical process in one
channel to another physical process in another channel.
We are only expressing the scattering amplitudes of
the direct channel in terms of a different set of in-
variants which are defined by the irreducible represen-
tations of SU(6)w contained in the decomnosition of the
direct-product of one incoming and one outgoing particle
at a time,

Amplitudes for these processes are given in Tgble
III. These are also obtainable by imposing (29) on the

results of Table II.

Table III Amplitudes for B — MB' in SU(6)

PROCESSES AMPLITUDE ='8xd PROCESSES AMPLITUDE = /8xd

K p— ©2° -1 w PRy -1
=% + et
-1 Y -1 -7 I -1
e o 3
— ’E+Y 2 —3 'JEON -\!-2-
% = = 1
S % — N -5
ow - e 1
— K= 2 ReP— My - i
- KT 0 — Y —
*0 1 +., %0 1
-~ NY ) 7Y H



Table III (cont.)

PROCESSES AMPLITUDE=/8xd PROCESSES AMPLITUDE=/8%4d

~ K= -1

i P=> i -1 — RO 0
— O q’% — N 0
— O 2 Kpes KN 0

- Ky 2 NS 0
R Rop— KO 0
— T 2:73 — KT 0

Comparison of S(U(3)®U(3)) amplitudes with SU(6)W
results and experiment:

From Tables I and II we can find a large number
of relations among various processes. We shall enumer-
ate here some of those results which can be obtained
neither in SU(3) nor in isospin invariance. We shall
also compare the relations with those obtainable from
SU(6)W and see how these two sets of results compare

with experiment. Since both groups (SU(6)W and
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i

S(U(3)®U(3)) contain SU(3) as the internal symmetry
group, the effects of SU(3) symmetry-breaking will be
present in both to the same extent. The important

thing is that thie comparison may provide us with a
knowledge, however insufficient; of the velative magni-
tude of discrepancies resulting from the extension of
SU(3) to SL(6,c) and U(6,6). From the scanty experimen-
tal data available at the moment. S(U(3)RU(3)) results
seem to fare much better in comparison with the SU(6)W
results,

We begin with the most famous equation ~ the
Johnson-Treiman relations(g). In view of the importaunce
of this result, we shall posipone a discussion of it
until the next section; £for the present we simply
observe that the full Jolmnson-Treimarn relations are
not obtained in the group S(U(3)K®WU(3)); instead, as

can be seen from Table I, we have the sum-rule

(kJ“P)ef - (k"’P)ef = (koP)ef—(EoP)ef& (32)

+ (TE+P)€'£ - (ﬁ"P)ef °
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This has been derived in the context of full SL(6,c)
1

groups by Ruhl(‘s) and in S(U(3)&U(3)) by Volkov and

(7)

Ruegg . As has been noted by QNuhl, when the irregu-
lar couplings are neglected, we get certain relations
among the invariant amplitudes. In terms of S(U(3)®U(3))

invariant amplitudes described in(1l5), these relations

are

A, - A, =0 (33)

The secondArelation also follows from time -reversal
invariance. It was noted by Buhl that on imposing the
vestraints (33), the full Johnson-Treiman relations
are recovered. We notice that the set of relations in
(33) is less restiictive than those in (29) which give
the full SU(6)W invariance,

The simple equalities of S(U(3)®U(3)) scattering
amplitudes which can be read from the Table I are

RO



1l

5P K'2) = (TR KT )
= -(EOP-+ k+:o)
= -(k P~ koio)

In terms of the differential cross-sections in the for-

ward and backward directions, these become

il
~
~

]
+J
~

3o (k Py K'=")

c(7ZTP =k %) (34)

I

= C(EOP — k+:o)

Naturally these can also be obtained in SU(6)W.
Since two of these equalibies relate amplitudes which
involve essentially the seme masses, they should provide
a good test., A rough estimate of the experimental results

shows that for backward scattering the relation

1 - 0o - A - .

ok P =»>k =) =0(kP - k=) 2 - (35)
is fairly well-satisfied, but there is a large dis-

crepancy in the forward direction.

Similar relations can also be obtained for the



following differential cross-sections in the backward

and forward directions

i

o(E°2 —» 7 5) = 20(XP = w3°)
(36)

(P =3 2™ ;‘_5'_0)

i

(&P — 7% v )

Besides these direct relations, we have numerous
triangular relations -~ relations among three scattering
amplitudes. Thege equalities for scattering amplitudes
may be translated into inequalities between experimen-
tally measurable quantities; for example, the relation
2(k7P = 5°1°) = (KP = n” s7) + (E°P - k=)

yields the inequality

oR (k7P g—fn") <CR(x"RP)r” £ + R(EP iik‘“_-—;o) (37)
where

R(ableca) = [olab — cd)]yL (38)

Ve may also have inequalities involving more than
three processes suich as the following fuadrangular

inequality' involving four scattering processes:
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R(nmP‘k+§f) + R(n+P‘k+§?)ZJ%R(EOP hff)+%2(E°P1nfz?)(39)

However, these are not very useful so far as experimen-
tal verification is concerned..
From the Table II we find the following relations
for the scattering amplitudes:
(1) 73(k"P—> KH ) s (EOPr3 k71 F) s (EOP— KO F)=ls1:1
(40)
(1i) B(°P —> kTH ) ¢ (kP k T ) £ (kTP kO ) =101 01
SU(6)w predicts these two sets of amplitudes to be
identically zero. For the last process in the second
set, althougih there iF a fall towards zero at forward
and backward angles, the cross-section is non-
vanishing.czz)
The relations bétween reactions involving differ-
ent charge states for the same initial and final
isospin multiplets present no difficulty in making com-~
parison with experimental data. As has been pointed

(23)

out by Jackson , even in stuch cases SU(6)W results

generally show discrepancies of factors of 10 to 40 in
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the forward direction. All suci: relations are absent
in S(U(S)GDU(B)). For example, corresponding to the

SU(6)W result

ote,
piy
X7

- =, - + F- - R
LP=>a7Y D (kP =~ Y ) : (x P->10Y O)

= 4:16:9

which shows a violent disagreement with experiment, the

S(U(3X0U(3)) relation
20k = 71°¢0) = (kP = 1Y) 4+ (kP =)

is just the one obtained from isospin-invariance.
This agrees well with experiment.

(24)

Olsson has shown that a good experimental
check has been obtained corresponding to the SU(6)W
result that all nrocesses

A N n+ A\

where [\is F , one proportional to a single quantity,
Since in general, we have two isospin amplitudes

T =%, T==:%2 to describe these processes, this implies
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that there exists a ratio between thwese two isospin

amplitudes., For axample, using

N

+ SR o - £
(2 =n ) s (e P =gl )=-J3
from SU(G)  and
v

+ ottty 2
(n"P — 7 N )-:J’-;A3

- Aoy Lr 2
(i"P =N ) = _f,fswg .A3+Al]
we find that A,/A, = J10.
Olsson

has found this to be twrue from a study of thwe

o 23 .
scattering lengzthis .. Jackscn( 3) hag argued that

[

[~o

red

"J

ctions from SU(G}w may accouni only for the non-
peripheral nart of the scattering cross-sections.

Since i1 o»roduction processes are predoninantly S-wave,

butions are unimportant which explains

™
‘ I
0
P
b
fon]

aore inequalities are obtained from the

following ecuality relations among the scattering am-
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0y 4 (k7P X1

(TE+P"91{+Y:}:+) = (K — k
(BOP—k0) = (P YT + (k%P ¥TiO)
-

Ly

(41)

2 (T P=kCY0) = (K°P-kT="0) + (XP- k

dictions are not avail-

Acdequate data to test these nre
these »rocesses have a common

In ~SU(¢

able.
W7
by some numerical factors (Table III)

?3 ed b i
0 an independent

amplitude mult
ection by referring
co find

was nronosed in order to fin

A

e end th

25 .
(25) which

quaxrk medel
rard scattering ampnlitudes and hience total cross-
=1

is

small

>)

(\

foxv !

sections. This model was extended to include
L) L3 o (?
“crs and inelastic scattering srocesses .

momentm transf
additivity

The main assumdstion of the model is that of
all scattering amplitudes
simply

reactions arsa

for any

that
arsa

whichh states
azson~bariyon or daryon=baryon

nossible

rk and quark-

quark-qua

given by the sum of all
It is usual

28.

reaciticon ampliitud

antiquarl
the meson and baryons to a known multinsle’
78 om the aSaﬂmﬁtlon

or SU(6)., This of course follox



=) . em

or 1}

‘a‘l a

that any O feson
any of the octet or
quarks. It ig usual to
of invariance under SU(3)

1.
w12

S(U(3)8(3)) etec..

I"“I

found r.ich do mot follox

nietries, However,
of the model has yet been

work without anybody

Jolinson=Treiman T“elations:

One of the early

the
of

total cross sections

elastic scattering

i

Aer*e) - o(x7P)]

i

where o(mn) is the total

scalar meson

decuplet b

sSredictions £

no rigorous justi

succes

prediction of thes foll

proton elgstic scattering.

a cuark-~antiguark pair and

u

aryons consists

malze additional assumniions

or some othier groun to cbtain
orx hiigher symmetries, such as

Seme new relations are also
Kt - = 2.7, a5 1 -
from any of thie higher sym-

ification of the use

m?

found., The model seems to

knowing wiy

ses of SU(6) symmetry was

owing relations between the

the proton-pseudoscalar meson

[o(k°P) ~ «(E°P)]

(42)
[c(x"2) ~ o(n7P)]
cross-section for the pseudo-

The derivation
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~

of the wvesult follows from t:

-
)
[
o
(¢]
ot
o,
e
oy
0
e
e
[p]
[
i
Yy
O]
0
la
1

product decomposition of thza 35 and ithe 3G dimensional
representations yields four irreducible renresentations,

namely

35 & 36 =56 §70 9700 9 L1354

of SU(G), so that all meson-baryon scattering amplitudes
can be expressed in terms of four invariants., The six
scattering amplitudes become connected by the relations

UP)) = (£(k°D) - £(E°2))

{i

(£(x"P) - £(n7P))

where f(»,m) is the amplitude for proton-meson elastic
scattering. The apnlication cf the optical thieorem then
implies the corresponding relations (£2) for the total
cross-sections.,

A very simple way of deriving this result is to
note that meson-baryon scatitering can also be described
by thie same coupling as the ammihilation of baryon-
antibaryon producing two mesons. This is because the

one process is the crossed channel of the other., It
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turns out that the amplitudes corresponding to the anti=-
symmetric two-meson staites are just the difference Dbe-

tween the amplitudes for the two diffevent meson-baryon

reactions. TFor euxamnle

{?P%(n+n" - n"n+)\> P§n+n 3 - <:Pgn‘n+>

hecones in the crossed~channel

N

R BRI §

Ti:e Johnson=Treiman reactions (42) involve just such
processes. in the annihilation channel, the direct-

nroduct decompositions of 56836 and 35 # 25 show that
there are four allosved couplings, namely 1, 25_, 3
and 405, Only the 35F coupling contains an antisymmetric

1
L

two-meson state. Thus each of the amplitude-difference

in (4£3) are expressible in terms of this antisymmetric
15 C27)
coupling .

The same vesult (42) has aiso

e

different models. One of them uses tihe exchange of the

NN
(BU/ ‘. )

feanm Sy PP g -
ezge trajectories ACEEe Tl

octet vectosr=meson
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trajecteries in the pure F caupling‘tc the baryon are
retained. It is also shown that $.0() mixing of singlet
vector-meson etc. do not effect the result.

The velations as derived by Johmnson and Treiman
were subjected to the usual ambiguities associated with

(&)

apolying SU(6) to a non-static situation. It was showr
et a1(5>

}-.!a

by Tlackenbecklew that they remain valid in

U(5,6) if the ampliitudes are restricied to the four

3 -

reguiar amplitudes constructed from the fields vy satur-
- : .33 : gt (15)
ating their U(6,6) indices. Chara? and latthews
demonstrated that even on inclusion of the irregular

amnlitudes, constructed from the fields and momentun

hegse relations remained wvalid. The same is

4]
T

]
)
o]
n
[
[}

true also fow SU(G)W, where it was shown by Lipkin and
Harari , That faclusion of some non-collinear

imeson exchange graphs with SU(())W invariant vertices

As has beern onointed out before, only the sum of
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o (kTP) o (k"2)=0(k°P) = (E°P) +o(nTP) - o(n-P) (44)

is obtained from SL(G,c). Both these relations are
obtained if only regular amplitudes are allowed. This
is also true for S(U(3)RU(3)). However, it is worth
observing that this linear relation (44) is better
satisfied thah the full Johnson-Treiman relations(zg).
The relations (42) and (44) are also.obtained in
the quark model(zs). For the full Johnson-Treiman
relations, one has to use invariance under SU(3) be-
sides the quark model, while the sum-rule (44) is ob-
tained simply from the quark model without any additiomal
invariance assumption,Lipkin(So) has shown that the
assumptions in the derivation of the Johnson-Treiman
relations in quark model are less restrictive than the
fu11'SU(6)w group. This agrees with our finding that
these relations are obtained in S(U(3)RU(3))} when we
use only the regular couplings (compare equations(29)

which come from SU(G)W invariance and (33), obtained

on restricting the amplitudes to the regular ones).
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In view of all these different derivations, it 1is
clearly not possible to claim that the agreement of the
Johnson-Treiman relations with experiment is good evi-
dence for wvalidity of any of these models or symmetry-

groups.

DISCUSSION:

The use of higher-symmetry groups in meson-baryon
scattering processes is a knotty problem. All higher
symmetries which have been considered contain su(3),
which is notoriously bad for scattering processes. We
can only hope that at very high energy where the mass-
differences among the particles contained in a single
multiplet have little effect, the SU(3) relations may
agreec reasonabl well, Also we do not know at what
energies experimental comparisons should be made. It
is fashionably to make comparisons using an ansatz
given by lieshkov, Snow and Yodh(sl) where a comparison

of squares of the invariant amplitudes is made as a

function of ¢ value in the final state. The results



obtained from SU(3) alone are poor, but consistent -
about 20-30 percent out.

When collinear groups are considered, things be-
come more complicated. Under invariance of such =&
group, we obviously have collinearity of the momenta
of the particles before and after the scattering, but
what about the intermediate states? Not all the in-
termediate states will be collinear. The predictions as
such involve assuming that only the collinear intex-
mediate states are contributing to the scattering ampli-
tudes; contributions from all symmetry-breaking non-
collinear intermediate states being neglected. 1In
physical terms, it excludes the modifications introduced
by the existence of competing, channels and the re-
sultant inelasticities of the 1ow p&rtiél waves.

The two important results derivable from S(U(3)RU(3))
and comparable with existing experimental data are the
sum-rule for the Johﬁson~Treiman relations (44&) and

the relation

o {K P Kf’i") :4c*t<1<‘p K" (45)
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The former is extremely well satisfied whereas the
latter is satisfied only in the backward direction,
showing a large discrepancy in the forward direction,
This latter relation also follows from SU(6)W. The
predictions about the polarisations o¢f resonance in

the forward and backward directions made in SU(G)w

are also in complete disagreement with experiments
whereas no such predictions can be made in S(U(3)&U(3)).
Thus, we believe that as far as four=popint functiomns
are concerned, S(U(3)RU(3)) is the better collinear

symmetry of the two.
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CHAPTER III

Collinear Subgroups of SL(Q,C)I y and U(Q,A)I .
? 14

In the previous chapter we have found that the
predictions for meson-baryon scattering processes and
baryon-resonance production processes from S(U(3)2U(3))
agree a little better with experiment than those from
SU(6)W. The same results are obtained from SL(6, )
and U(6,6) respectively. We can attribute the better
agreement of SL(6,c) predictions to the fact that we
have used the Lorentz group extended by S5U(3) as the
auxiliary group (and hence as the relativistic group
in the sense discussed in chapter I). This leads
us to believe that the Lorentz group is the correct
space-time symmetry as most of the unwanted results of
U(6,6) are eliminated here. But unfortunately, not
all the bad opredictions of U(6,6) are eliminated; we

{_equation 45 in Chapter 11)
still have one relation (2.45)/which is badly violated
in the forward direction. Desides this one, we have

the bad SU(3) predictions still hanging around. Can
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we get rid of them by using some smaller invariance
groups? Certainly strong interaction obeys isospin
symmetry and hypercharge conservation very accurately.
It remains to be seen how this fares when combined
with any of the space~time symmetries. Since the
magnitude of SU(3) breaking is fairly well-knowmn, it
will also allow us to compare the magnitude of space-
time symmetry-breaking effects with those of SU(3).

In this chapter, we shall consider the internal
symmetry group SU(Z)IQU(Z)Y, abbreviated as SU(Z)I,Y
and its relativistic generalisations using the space=-
time symmetry groups SL(2,c) and U(2,2) respectively.
Results of some scattering-processes and baryon-resonance
production processes considered in the last chapter
are deduced in the.se groups, using only the collinear

subgroup in both cases.

Auxiliary groups SL(2,c)asu(2)

1, yaSklé,e)y o

U(2,2)85U(2) and U(4,4) (32)

1,v

I,Y

From the discussion of chapter I om auxiliary
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group, it is clear that one can trivially extend these
auxiliary groups, if besides Poincare invariance, in-
variance of some other group is alsc required. The
group SU(Z)I,Y has the generatars <€ ,Y =\(%(LO—JZ LS)
where ) , X, are the two SU(3) generators and T gener-
ate the isospin group SU(2)I. The explicit expression
for Y shows that SU(Z)I,Y is a subgroup of SU(3); but
in what follows we have nothing to do with SU(3) and

we can avoid s An in the expression for Y. e can
O

Xo
then have the auxiliiary groups:
(1) SL(Z,c)ﬁSU(Z)LY with the generators q;v}f)y,

The basic representations is ¢J.S where «,8 are the
vy

SL(2,¢) and sU(2) y indices respectively. Under the

H
transformations of the group, the indices transform in-
dependently. The iittle group, representations cf which

define a physical state, is SU(2) . 25U(2) the

I,v’
collinear group is U(l)ﬁU(l)ﬁ$U(2)I g
H]
(i) U(2,2)QSU(2)I v with the generators Y%,;f, Y.
9 i\

he basit representation is # < where = is now the
)

U(2,2) index. The two indices transform independently
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under transformations of the auxiliary group. The
little group is U(Z)ﬁU(Z)QSU(Z)I y and the collinear
9

groun, SU(Z)WQSU(Z)

i

« where SU(2) is the W-spin
I’.L ‘-\7

group defined already.

(iii) sL(4&,c) which is the abbreviation for

1,7
SL(&,C)IQSL(Z,C)Y. It is obtained by enlarging (i)
above and the basic representation is ¢p = ¢c§s such
that the indices ¢ ,s are no longer independent of each

other but inter-related by means of the additional

transformations generated by

s Tand G.o@Y. The

little group is SU(&) = SU(A)IQSU(Z)Y with the

I,V

generators 7Tmf, T,5 , ¥RY where ¢ generate the or-
dinary spin-grobip. We recognise SU(Q)E as the super-
multiplet group of Wigner and SU(2)Y as the strange
qiark=-spin introdu.ed by Lipkinqu. The collinear sub-
group is then S(U(Z)EU(Z))I’Y.

(iv) finally U(é,é)I’Y = U(A,&)IQU(Z,Z)Y with the
generators Yy, v, 3 Y ¥,- It takes account of the

badly broken SU(3) symmetry and generalises the ordinaxy

space-time symmetry SL(2,c) group to U(2.2). Besides



the generators of the group (ii) it contains the addi=

tional generators vy.,7T which interrelates the two

symmetry groups, U(2,2) and SU(2)I ¢+ As a result the
. b4

basic representation is ¢A =@ The little group

Ag”’
is (U(Q)ﬁU(Q))I v and the collinear group is

¥
(SU(4)W)I,Y:(SU(4)W.IESU(Z)W,Y)’ For brevity we shall
réfer to this group simply as SU(A)W from now on. These

groups, little groups and collinear groups are summar-

ised in Table V.

Table V

Relativistic groups Little groups Collinear groups

(1) SL(2,c)RSU(2) v su(z)fﬁsu(z)I v U(l)@su(l)saﬁ(z)];Y

(ii)U(Z,Z)ﬁSU(Z)I’Y U(z)sau(z)@smz)g’Y SU(2)W§QSU(2)I,Y
(iiﬂSL(é,c)I’Y SU(&)I’Y S(U(Z)ﬁU(z))I,Y
(iv)U(4,4); o (U(LRU(&)) o (SU(8) ) ¢

We shall calculate some of the scattering processes
considered earlier using the two groups SL(&,C)I v
9

and U(4,4)I v out of the groups listed in Table V,
9
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Ve shiall use only the collinear subgroups, although the
physical particle‘states are first identified as the
representations of the corresponding little group.
However, we shall note the following points regarding
SU(Z;)I’Y whose relativistic generalisations are
SL(&,C)I’Y and U(6’6)I,Y'

1) The proton-neutron magnetic moment ratio
which is the first big success for the static SU(6)

theory(BB) (34).

is alsc derivable in this group
2) The definite value for the proton-magnetic

moment that was first derived in the U(6,6) theory is

not due to the extension of the internal symmetry group

to SU(3); this result follows from the extension of

the Loremtz group to the U(2,2) group. The same definite

value for the protin magnetic moment has alsc been

(35)

obtained by llacfarlane et al using the extension
{ o dn) .

of SU(:-)I to U(&, )I
3) Referring to the SU(6) group, there are two

ways of breaking this symmetry to give smaller symmetry-

groups. One way is
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su(s) :t)su(z)J % SU(3) ::su(z)J x su(z}I x U(1)Y

Here the SU(3) multiplets are decoupled according to
spin first, and then each SU(3) multiplet is broken
according to isospin x hypercharge. An alternative

way of breaking SU(6) symmetry is:
- év \
sU(6)>5(4), x SU(2)_ x U(l)Y:>SU(2)Ix 8U(2)y x

% SU(2) x U(l)Y

b
In this the total spin J is decoupled first into two
parts, J = N + g, Il from the nonstrange particles and
§ from the strange particles.

One very interesting experimental question will
be to £ind which of the symmetries SU(2) x SU(3) and
SU(4) x SU(2) x U(l) is more cleosely realised in nature.
No clear preferenc-. has vet been found from experiment.

Despite SU(3) normally being considered a better
symmetry than SU(4) Dyson(36) has argued to the con-
trary with the following evidence.

i) The scattering amplitudes for the baryon-

resonance production processes are related in SU(3) as



which is satisfied by neither wmnor @. However, the

SU(4) mass formula
e+ P = 2

is very well-satisfied. The squares of the masses are
used in each case.
As will be shown below, there is a reaction

derivable from SU(&4) which agrees fairly well with

1,vY
experiment in the backward direction, but is badly
viclated in the forward direction. However, these ex-
perimental results need confirmation. Good agreement
in the forward direction would be a strong piece of
evidence for SU(4).
. (32)

It was pointed out by Delbourgo et al that

this same question would occur in the relativistic

theories as a question of the superiority of the re-

duction
U(6,6) - U(2,2) & SU(3)

versus U(6,6) =~ U(&,4) 2 U(2,2)
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in U(6,6) and of the reduction
SL(6,c) = SL(2,c)8 SU(3)
versus SL(6,c) = SL(A,C)IQSL(Z,C)Y

in SL(6,c). The calculations for meson-baryon scatter-
ing below will be carried out according to the second
method of reduction in each case, without however,
assuming invariance under the larger relativistic

group.

SL(l:-!c)I v and its subgroups:
1

As has been noted in the begimning of the chapter,
SL(A,C)I’Y affords a relativistic generalisation of the
little group SU(Q)I’Y. Gursey, Radicafi and Pais(zg)
call this group W(Y)RSU(4)(T) x SU(2)(X) and Lipkin(27)
SU(&)Pﬂ_ﬁSU(Z)%. Tuese authors have discussed in some
detail some of the physically interesting representations.
Reduction of a large number of SU(6) multiplets under
this group has been obtained by Delbourgo et 31(32).

e can write down the following decomposition for some

well-knovm SU(6) multiplets:
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35— (4,2,1)0(15,1,0)9(1,3,009(1,1,0)8(%,2,-1)  (2)
_5__6_"" (209191)@(109290)@(493"1)®\'1949"2) (3)
70— (20,1,1)©(10,2,0)6(6,2,0)R(4,1,-1)8(4,3,-1)@(1,2,-2)

(4)
The third entry in each bracket refers to the hyper-

charge of the SU(Q)I multiplet. 20,20' come from the

Y
7
completely symmetric and mixed symmetric quark multiplets
respectively.

As in the S(U(3)®U(3)) case, we shall explicitly

make use of the quark representation, and denote the

quark and anti-quark states by

(i) and g_ = A for the marks

Qe =
ac 5
q®% = (pA) and g% = A for the anti-quarks.
vhere, 2 = 1,2 is the isospin index and = 1,2 refers
to a quark or anti-quark state with s, = L, =% respec-

tively. With this specification, all the particle
states can be obtained. Thus, for (k,k ), we have the

tensor

1 g2
8 ﬂaQ @ 11

B R |
la l%l @r a2 ‘ (5)

o al
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% A L .
vhere, for example, ha is the ka with s, = +1,
1
(M24&M1 ) represents the physical k¥ and k with s =
al 37 ' a a Z
and so on. For w,p , « the SU(és)I y tensor has the

following decomposition under U(2)8U(2):
- . al a2l
e = 123 25 e e 2 (a,b = 1,2) (6)
As an example for the baryons, we take the (20,1)
representation for N,l.\ff which decomposes under U(2)RU(2)

as

Bine = Bua.pb.ye ™ Baber111%8apc5112%Ba0c 122
where ® Babcs222
™ = ,* i (M )
Babe S112 = VWMo +E (H € + M, € )8,
(7)
B = | * % - e 1S
“abc S122 dsNab +2 (hb ca T He®ap’o2

N,N* are the physical particles and S refers to the
various space wave functions. These two S(U(2)8U(2))
representations are related through parity-transformation.
The amplitudes invariant under S(U(2)%U(2)) are
constructed from these representations, from which the

scattering-amplitudes for various processes are ob-



tained. It is easy to see that vhereas we needed only
six independent, invariant amplitudes in S(U(3)RU(3))

to describe the processes in Table I and II, we shall
require a much larger number of amplitudes now. Be-
sides obtaining the isospin resulits, relations for pro-
cesses involving particles belonging to the same SU(&)Isy
representations are obtained which are the same as in
S(U(3)aU(3)). Thus the following S(U(3)RU(3)) results

survive:

1l
~r

(1) 2(kP=>k°=°%) = (kP> «'="

—

w++) (%P~ anw++) : (K P— KN )

(ii) (E°P-s &°u
(K" Pms kwﬂwc) = 1:=J3:1:1

(111) (KP= k°="): (K P= K121 (£ K127

= 1:2:1 (8)
(iv) &p— Py (e KT (k0P 1ED

=-3:1:1

None of the triangular relations obtained in S(U(3)& U(3))

survive. The first relation (i) which was claimed to



be a purely SL(6,¢) (and hencc S(U(3)RU(3))) result,(7’8)
is also obtained from this smaller group. However, we
have seen that neither of the Johnson~Treiman relations
(2.40) are left in this group, not even thg sum=rule
(z42); this is because k,k, i all belong to different
repreggntations of S(U(2)RU(2)).

Tﬁis collinear group has also been studied by

(21)

Buccella and Gatto . These authers have deduced
many implications of this collinear symmetry for various
processes such as collinear photoproduction, nucleon-
antinucleon annihilation, non-leptonic decays, magnetic
moments of various baryons etc. In the last exampie,
the predictions derived from this group require a

very accurate experimental data to distinguish them

from those obtainec from SU(3).

U(QLQ)I v and its subgrouns:
$
le shall conclude this chapter with a consideration

of the group U(&,A)I y = U(4,4)Iﬁ0(2,2) first ob=
9

(35)

Y?

tained by lacfarlane et al who have established



a definite value for proton magnetic mdment in the
basis of this group alomne. Their result clearly showed
that it was by extending the space=-time symmetry from
the Lorentz group to U(2,2) which fixes this value.
Since there will be no more symmetry-breaking in the
internal symmetry.part, it will be very interesting to
see how any predictions from this group compare with
xperiment. Comparison with results obtained in the
previous section will also pfovide the magnitude of
the symmetry-breaking caused by the extension of the
space-time symmetry alone, Nwachuku’s results(Bg) for
p-p annihilation obtained in this scheme are found to
be highly satisfactory.

Some predictions from the collinear subgroup of
SU(6)W for coliireir photoproduction of mesons, nucleon
and hyperon electromagnetic form-factors, wesak non-
leptonic decays etc. are studied by Duccella(éo).
Below, we obtain the predictions concerning the scatter-
ing-amplitudes listed in Tables I and II in an attempt

to see if the bhadly-viclated predictions from SU(6)w
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could be avoided.

. . . . N v (35)
The first task in the extension of Macfarlan's
U(4,4) is to construct the tensor representations for

mesons and baryons. In the reduction )

U(6’6) —">U(4‘94‘)I QU(292)Y

the U(% tensors are obtained in the obvious way

A
14 r)IgY
from the U(6,6) tensors ﬁi amd \?POR' For example

ﬁ% - ‘515522}@ %55?3 ¢ ¢5§§ZS) @¢.3£§§é’ ((99))

and
Yeor =W¥1(apy,abe) ®Y2(apy,absteyolin abe) (10)
+1¥3(aﬁy,a33+cyq( in a,bgc)+1v4(asy,333)

where P,Q,R are the U(6,6) indices, %.8,v(=1,2,3,4),
the U(2,2) indices and a,b,c(=1,2), the SU(Z)I indices
and the meaning of ¢lgﬂﬂ, etc. 1is made clear belov.

Finally, with the reduction

U(z-,,,z.\):[,sz - U(2,2) ] su(z)LY
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we obtain the following decomposition of the U(6,6)
tensors:
146 — (15,3)815,1)a(1,3)a(1,1)e(1,2)a(15,2)a(1,3)

®(15,2)a(15,1)®8(1,1). (11)

364 — (20,£)8(20',2)9(20,3)a(20',3+1)a(20+20",2)

5(20,1)8(%,1) (12)

Contact with space~time symmetry is achieved by the
" restriction of U(2,2) to SL(2,c) and by imposing on the
fields vy, ¢,.etc. the Bargmann-Tigner equations. This
finally gives us the physical states obtained in (2)
and (3) corresponding to (11) and (12) respectively.
Now the meaning of -y, ¢p etc. 1is clear, because we
find that

(L) y, o, 1), W D(2,2T), W, Do

g >(mpwn), B,=(k,K), B,OK,E, £,2(8,%)

Je shall not, however, use the full U(&,Q)I’Y

group for the calculation of the scattering amplitudes,
instead as in U§6,6), we shall only use the collinear

subgroup SU(Q)W:SU(Q)I ﬁSU(Z)Y . The SU(Z;)W tensor
M H b k



representations for the mesons and baryons can be
directly obtained from the above reductions i.e. in
terms of the reduction of SU(6)W — SU(&)W, given by
equation (2) and (3), respectively.

Tensor representations for some of these SU(L)

multiplets are:

(20,1 = Wysanc 2 VY17 (ai,bi,ck)

ats

X i .
T abe, 15001 273¢€ab €15 Mot

* eb JL ]a i T Cea (‘;’kiHb,j) (13)
(10,2) =*¥2,ABE =1M2g(ai,bj,c3)
— Y (ab 1jk) (6 Y(ab) 1‘,. C (ab), +
+tE oy Y(ab),j)y (14)
3 .1 .
_ - ib T A jsb
(15,1) = B1,, = 0,55, =7 (6P +cV +cV +1 ‘Vo)i’a (15)
(442) = ¢. 1r~3=;LQJ. —a-(o"%’-!—;v-i-'o:vwv)j (16)
“2°A - "¥2ia A} + - """0’ia

where PO represents thepseudoscalar mesons and V+,VO
refer to the s, = + 1,0 states of the vector-mesons

respectively and A,3,C and A,@ are respectively (SU(&)I)w



and (SU(Z)Y)w indices. The tensor representations for
the remaining SU(Z:.)w states can be similarly written.
The single expression In équation 26 of chapter
two contains all the amplitudes for the processes we
have considered in SU(B)W, but in SU(Z',)w we shall have
to find the expressions for each of the following types
of process independently and the invariant amplitudes

will be different in each case:

nl => wH, AN -> kT, kIl —> kil |

i - . (17)

kil = k=, kil = 7n Z
where, for example; it refers to all the particles of the
SU(ZL)W multiple which contain .

The invariant amplitudes are written down using the
SU(Z:-)w tensor representations. For example, for
(7 -7 N), we have the invariant expression

-c\ABC .;qD "‘ ABC

A=ay Yy Wiane '@1 prip T 8l 14807 11: '?1)6

— ABG © 'D — ABC
+azV¥,  Wiamp Pte HE T 2V “*1Am:¢§c ¢1P (18)

while for "N =5 kZ, the amplitudes are obtained from

D - ABC = .
G T bo¥y  W,AED %B@e (19)

~ABC

- E
A=D1 Woush Ye
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Similar expression can be written for each of the
remaining processes in (17). Using expressions (13),
(15) for ., ﬁl etc., scattering amplitudes for differ-
ent processes can be easily calculated. We have found
that all the SU(6)w relations among processes which
are described by the same type in (17) are retained
in SU(&)W. For example, the processes

~ #0

rP=r T, nTPani 0, Py uE”

1" P=p T, atPon N, ntpnluttt

are contained in MN-=TN; therefore, the same amplitudes
will describe all the processes, and the SU((S)W result

is reproduced, namely
(n"P=>r%#0) 1 (7P 7)1 (17> 1) 2 (T B> O
= )\B : '\r8 : '\[14: l

Thus, some of the notorious SU(G)W results are still
true in'SU(&-)w , namely,
i) the amplitudes of

A + i - - t:‘*'
(K p= KO, (k%P KN, (KP= KN ),

(%= KN T) (20)
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are identically zero

- - - 4 - - o3
11) (K P— LY ) a(k Py 7Y ):(k P~y 27 °)

¢

il

2:4:3 (21)

2:1:1  (22)

It

133)(l P— k+:-)=(ka- 1°=°): (kK Tn—y %7

The result (21) is extremely bad, as has been discussed
in the SU(6)w case, and the other two results are also
not in agreement with experiment. Also, as T, k, k
belong to different SU(Z:-)W representations we lose both
the Johnson-Treiman relations.

Predictions of the polarisation\and alignment of
particles produced in the forward and backward direc-
tions were made in SU(6)w which are wholly contradictory
to experimental results(zs). The same bad predictions

about polarisation also follow from SU(A)W.

CONCLUSION:

Comparison of the above rercults from SU(.Z:;)W and
,(U(Z)QU(Z))l Y.with SU(,6)w thus shows that not only
,Y
are we unsuccessful in eliminating the bad SU(G)w

results from SU(@)W, but we have also lost both the
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JohnsonsTreiman relations in each group. The relation
(22) is very important for the group (U(Z)fEﬁ,.U(Z))l,Y

as it is the minimum group that con predict this result.
Also this result is not obtained in SU(3); therefore:
agreement with experiment would clearly show that sym-
metry=-breaking in SU(4) is much smaller than that in

su(3).
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PART TWO

DECOMPOSITION OF THE UNITARY IRREDUCIBLE
REPRESENTATIONS OF SL(2,c) RESTRICTED

TO U(L)AT(2) AND SU(1,1)
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Introduction:

The development of harmonic analysis in recent
times as applied to the scattering amplitude has been
drawing the attention of -many physicists. The dis-
covery of the relationship between the complex angular
momentum and the representation of the three-dimensionsal

(1,2) is one of its very interesting

Lorentz group 0(2,1)
by-products. Another important result to follow from
this new direction of study is the group theoretical

proof(B) (4) re-

of the cénjecture of Freedman and Wong
garding the daughter trajectories assoclilated with each
Regge trajectory at zero-squared momenuum transfer.

The application of harmonic analysis to the
scattering amplitude involves two steps. Firstly the
amplitude has to be represented as & function of the
elements of a group and then this function is to be
expanded in terms of the unitary irreducible represen-

tation of the group. Partial wave analysis is an example

of harmonic analysis where the -group applied is the

three dimenticnal rotation group (or the two dimensional
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unitary unimodular group which is homomorphic to it).
By noticing that this is the little group of the loreniz

. s 11 . 2_ 2. . .
group SL{2,c) under wnich «ll 7 with P =nm >>g vemain
invariant, one can also use the other little groups
equally well to perform the ‘crossed partial wave
analysis'. Applying instead the representations of
. .. (5>
0(2,1) Toller and Sertorio, Joos, Boyce and Hadjiannou'™-
have been able to establish the aforementioned relation-
ship to the complex angular momentum. This group,
however, is the little group of SL(2,c) having all the

. . -2 2,

Lorentz transformations that leave P with I -w < 0
invariant. The great merit of this expansion is that
it circumvents the usual cumbeiscome procedure for panc-
ing to ‘complex J.

Taking the scattering of two particles, it is
convenient to consider separats s the cases of equal
and unequal mass.

In the equal mass case, the four-momentum transfev

G is spacelike or vanishes, so that in the former case

one can use the 0(2,1) ok :equivalently SU(1,1) which
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is homomorphic to it) group representations to expand

the scattering amplitude. If ¢ = 0, the little group

is the Lorentz group itself and naturally, the expan-

sion of the scattering amplitude is in terms of the matrix
elements of the principal unitary representations of

this group. The high energy asymptotic behaviour of the
amplitude can then be obtained in terms of the Lorentz
poles in the complex 4.plane, Qhere ¢~ 1s an eigen-

value of a Casimir operator of the group. Also iﬁ is
observed that if the Regge hypothesis of poles in the
complex J plane is carried to the complex ¢~7 ane, to

one pole in ¢-plane, there corresponds a host of
integrally-spaced poles in the complex J-plane. This
result was anticipated by Gribov and Volkov(é) who
had found that wvhen the momentum transfer vanishes,
the various Regge-pole contributions can no more be
independent on each other but must be arranged in
families of integrally spaced poles.

It is pertinent to remark here that instead of

using the 0(3,1) group one ¢an also work with the four
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dimensional rotation group by analytic continuation to
imaginary values of the energy variable. This enables
one to get over the difficulties connected with the
non-compactness of the 0{3,1) group. But its analytic
continuation does not lead naturally to the above
result(7).

In the unequal mass case, the four-momentum
transfer can never vanish. Here ¢ may either be space-
like, time-like or light-1ike. The corresponding
little group for light-like four-momentum transfer is
the two-dimensional Euclidean group U(1)AT(2). This
case is of interest in the consideration of the for-
ward scattering of unegual masses and of all backward
scattering.

The considerations above point to the fact that the
various little group representations are related to each
other. This is the aim of this part of this thesis to
find such relations between SU(1,1) and U(1)AT(2),
and SU(2) and U(L)AT(2). The method applied is the

(3)

one used by Toller and Sciarrineo in finding the
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corresponding result for SU(l,1) and the Lorentz group.
Basically this problem can be viewed in the follow-
ing ways: the conventional method for constructing the
basis vectors of the homogeneous Lorentz group is to
diagonalise its SU(2) subgroup and to designate the
states Ijoavjd>where jo,ad are Casimir labels of the
Lorentz group, Of course, one may equally well diagona-
lise the SU(1,1) or U(i)AT(2) which are contained in
the Lorentz group in which case the states could be
equivalently denoted by jokm or 1jdr [m?;respectively

These new state vectors now have the connotations:

2.2 .2 .
(JB—kl-kZ) fjog-km>

k(k+1) |5 o kmy

i 4

2.2 ., g2 .
or R figrfn 5 L7 figefn>

;

where Ll = kl+J2’ L7=Jl-k2, J, K are the usual

Lorentz group generators and m is the J3 eigenvalue,
All these representations are on a par with one

another, though depending on circumstances one set of

basis vectors may be more useful than another. If we
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then find the unigary transformation functions

{jmihﬂ}, (jmiﬁn>, {kmllm}

Y

then it becomes very easy to pass from one set of
state vectors to another. The results of the decom-
position carried out here exactly give these transfor-
mation matrices.

In the first two sections we briefly desctibe the
unitary irreducible representations of the homogenious
Lorentz group ~~d of the subgroups SU(Ll,l) and U(L)AT(2).

In the third section we perform the decomposition
of the irreducible unitary representation of SL(2,c)
restricted to the subgroup U(L)AT(2) into a direct
integral of its unitary irreducible representations.

We note that this result is also obtained by Stfﬁm(s)
using a differential method for infinitesimal genera-

8)
(8) by a simpler method.

tors and by Delbourgo et al
In the next section the same method is invoked to

find the remaining relation between the subgroups

SU(1,1) and U(L)AT(2). The results are the same as
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obtained in the last reference. In the final section,

for completeness' sake, we briefly state the result

(3)

obtained by Toller and Sciarrino of the decomposi~

tion of the Lorectz group restricted to SU(l,1) and

s

thus find the transformation matrix {jm%km).
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-r

2. Irreducible Tlepresentations of SL(Z,é):

SL(2,c) is the group of unimodular complex 2x2

matrices of the form
(%11 %12

a =]
\#21 22 )

The unitary (and also the non-unitary) irreducible

811899781981 = 1 (1)

representation of this group have been investigated
and classified by Gelfand and Naimark(g), The method

used by these authors for the construction of these

(10)

representations has been generalised by liackey in

S

the theory of induced representation.

The infinitesimal generators of the group are

il

3= Jyzs I3 J1p)

K= (Jgy0 Jop» Jo3)

with the commutation relations,

it

;.97 = 5 ¢y 5 I

;R ) = 1e,,, K (2)

K. ,K.}) = 1 ¢..
[\1’\31 Cl]k T
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and the Casimir invariants

.2 . ..
s {ﬂ\’Jf V= Jg T O +1 %‘Ehwxjﬂgﬁvif 2leV'(3)

It is possible to label a complete set of basis

i

vectors |j g, jm ywith the two additional quantum
O /

i

numbers obtained from diagonalising the SU(2) subgroup.

It is convenient to parametrise the finite Lorentz

transformation in the form:
a=U(#,0,%; 5;%5%,0',8") = U(4,0,%) a (HUG,018") (&)

because upon taking representatives in the basis

{ jog'; jm>, we get

jo(r’ .;--—-ﬂ i jO o j' LIPY
im j'm'(a) 2‘,_.[%77 D:nmvs.(ﬁaga“i/) djuujv(‘3)Dmtomw(¢’sev"§’;
(5)
where D:l .(ﬁ 9,%) is the well-known SU(2) representa-
3 -igk
et o . 3 ! - - ”IF
tion function and § . Jﬂj(\) = <de3 jmi e gjoé,J m
N
= Dy D u du G
J JQ (u) ( (a (C;)) v) ( ) ( )
SU(2)

is the SL(2,c) representation functioms which has

" (11)

been calculated by Strd

4,

[N

7

)
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The unitary irreducible representations of SL(2,c)
fall intoc two categories in each of which each represen-

tation of SU(2) occurs only once:

a) Principal series:

ze(r) = 0 and ~oo{Img-(w
1 1 = 0. % 1 ..3_
J?/JO 9 23 =3 25'00

and m= -3, =j+l,... ]

b) Supplementary series:
Im ¢ =0, 0<Rea’ Q, j, = 0 with
j=0,1, 2 ...
m=~j, =-3j+l, ... j.

In what follows we shall consider the principal

series of representations only, as they alone permit

the construction of a ililbert space.

Unitary Irreducible Representations of SU(1l,1):

This is the subgroup of SL(2,c) formed by all

complex matrices of the form:

ve=(® By g?-qpPen (7)
o
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The infinitesimal generators of the grcup are

J,, k., and k2 that satisfy the commutation relations

3 51
[x,8)] = -13, , [35,5,] = ix,, [35,%,] = -i%, (8)

Unitary representations have J3, K,, K, hermitian. The

2
2_ g Kl Lg = k(1l-k) and the basis

vectors are labelled by !Uﬂ)'wheca m refers to the J3

Casimir operator is X'=

eigenvalue, A convenient parametrisation of the group

element is:

v = Uz(u) a_(g) U_(v), 0 v < 4w, 0 <v <2x.

0 £ @ ... (%)

The unitary irreducible representations have been
(12)

obtained by Dargmann . The representation matrices

have the form

~ . _
DmmKUZ(/) ax(g) Jz(u)) exp (- ~imm imw) d .(g)

(10)

where the subscript A stands for the parameters which

label the equivalence glasses of irreducible represen-
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tations. The Bargmann classification of the unitary
irreducible representations fall into the following
clisses with the values of A shown explicitly:

a) Discrete classes: A gtands for E+ with

3
k=75% 1, T ees

i

D+ has m ky k+t1, ... and

D has m = -k, ~k-1, =k-2 ... .

b) Continuous classes:

The parameters are &, kX where &is either
0 or % according as the representations are integral
or half-integral type. here are again two subclasses
of representation; principal series of representation
correspond to complex values of the parameter k with
nek=-%¥andm=290, +1, +2 ... or = +%, +5, ...

and the complementary series representations have
-X Rek{0 , Imk=0

and m taking all integer values, m=0,+1,+2 ... .
The preceding discussion of the irreducible

representations implicitly assumes that SU(1,1) has only



136.,

one and two-valued representations up to a factor.

The functions d . () defined in equation (9) for
the principal series are just the continuation
cos 8 =¥ cosh~ of the ordinary SU(2) representations
and can be expressed in terms of the hypergeometric x

series in the form:

dk (<) = (f?k-m +1) r(k+mk1)) ( h )2k+m m( m-m’

o ! M(k4ra"+1) T (kem+1)

inhE‘Z-)

ZFl(muk, -n'=k; m-m'+1; tanhzg)/ (n-m'+1)

m}m'_ (1)

and has the following symmetry relations,

kN n-m- 1 4=
d> () = (-7 m’ dfm,_n,(\;), = @) =(-1)F m' g ()
(12)

F r the discrete series, this finction is

k+ _ Hm=ktl) C(mHek1) & -2%4m' -m m-m'
dmmi(";) = (—r(m T 1) f(m"k—}-l)) ( ch5/2)" (shs/2)"

ZFl(m-k,~m'—k; mem’+1; tanhzé)/ftm-m'+l) (13)
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and

dk+ a dk+ k=1
cmf-n(e) ¢ Cm'(s) T “em'-m(c)

Iz
C 21 .
dmm'(’) ete

Unitary irreducible Representations of the Fucledean

Groun:

UQARI(2) is a three-parameter group consisting of
all the distance preserving transformations (reflections
excluded) of a plane into itself, 1In fact it is the
semi-direct product of the abelian subgroup of trans-
lations in two-dimensions and the rotation subgroup
(in onendimension)(l3).

The infinitesimal operators of this group are J3,

= + = - L] r.L.. 13 | 94 L= ] 1 ]
Ly Ky J2 and L2 K2 Jl The commutation relations
between these operators are

L,y 1=0, 03,1 T=iL,, 5,10, 1= -in,  (14)
The elements of this group can be parametrised in the
following unique way:

t =0 (M) U (), Oguddn, Ogv<2n, (15)

0gr<co
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The Casimir operator is L%+i§=f2 except when {=0
and the states are diagonalised with respect to the
J3 eigenvalue. Thus, there are two classes of represen-
tation of this groupn; these are,

a) Discrete series:

Here [=0, alsc 1,=L,=0. The representations
are denoted by OS and consists of the matrices eisg of
rotation in x-y plane through an angle © s=m can be
zero, integer or half integer, negative or positive.

b) Principal series:

0{f (&, Imf =0 and
O, :!:.29 * o 0

+1,
m = =3
(55 255 -no

In the former case, the representation is single valued
and in the latter, two-valued. These two are the only
series representations of interest.

The representation functions dﬁm,(r) are just the
Bessel's functions i,e., dém.(r) = Jn-m'(fr). Also

the following connection with the tepresentation. func-

tions of SU(2) and SU(l,1) is worth noticing:



¥3%.

]._im dl:']lm'(-){%]s.) = Jm-'m'dlr)
Jj—

The symmetry properties are those of the Besser func-

tions, namely

@ == dd @ e

im win ' =1

3. Decomposition of 5L(2,c) restricted to U(LIAT(2).

This section will be devoted to decomposing the
irreducible unitary representations DJoagf SL(2,c)
restricted to U(I)AT(2) into a direct integral con-
taining the irreducible unitary representations Df of
U(L)AT(2) described in the previous section. The pzob-

(10)

lem involves two stages: firstly, liackey's general
method of decomposing the restrictions of a represen-
tation is applied to the SL(2,c) unitary representa-
tion which is restricted to those of U(1)AT(2). These
reducible representations are then decomposed into a

direct integral of irreducible unitary representations

of U(LIAT(2) by the application of the Plancherel

-

4

Jo
formula. Finally the matrix elements Djmj'm(a) are
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explicitly calculated in terms of the matrix elements
A et - . - -
Dmmqﬁt) of the representation functions of the Eucledean
group.
The induced representations are to be constructed

by means of the subgroup K which consists of the com~

plex matrices of the forms

-1

_ N 1
k = (O 7\) (17)

with the following one-dimensional unitary representa-

tionsg

Ljod(k) - )7\.(1!) t2(0‘+jo) Lh(k) 'j"‘zjo° (18)

Q

where AMk) is an element of the matrix Kj j0 is integer
or half-integer and ¢'1is a pure imaginary parameter,

Mow we shall have to determine the double~cosets
of SL(2,c) with respect to its subgroups K and U(L)NT(2)
in order to perform the first step, namely, to decom-
pose the restrictions of SL(2,c) representations in
reducible representations of U(I)AT(2). To do this, we
note that every element ae SL(2,c¢) can be written in
the form

= kU where k&K, J€8sU(2)
KU (o) Yz (19)

)
{

]
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Iriting,
U,(8) = Kz K&K z=(l 0) (20)
Y B =R r 1
gives
@ . )
r=tan /2 for 0¢(8 (%, O (rw (21)

This shows that every element a 3L(2,c) can be uniquely
wyritten as

a =1t where t €U(LIAT(2) (22)

so that there is only a single double coset of SL(2,c)
with respect to the subgroups U(L)AT(2) and K.

This means that for every function f(a) dzfined
over the Hilbert space of SL(2,c) representation, we
get a function £(t) defined over the.subgroup U(1)AT(2).

These functions obey the covariance relation
e .
fla) = £(ke) = L “(k) £(t) (23)

This relation follows from the reptesentation property
of .the subgroup X.

The scalar product is. then



27 T

1.4"20

; \£(w)|%au = &= | av | \e (U, (8)U_(v))® sinoao
U

2) ] o]

2 @ .
=k ] o e | e
0 Q
OIS
u(1)az(2) (24)
Where
r(e) = 42558 (25)

This shows that the representation operators operate

on the Hilbert space H in the following manner(
2o (505" |
P(4! (% S
1) = ,,
[D(6)2](6*) = } v (Erey= ) £(t't)
-1 . 2
vhere we have f?(t'(t“)o_)§ = 14r

vhich follows from relations (20). This gives,
(D(£)FYLE') = F(E't)

Fquation (28) clearly defines the Hilbert

£

of the regular representation of the Ducledean

14)

(26)

(27)

(28)

space

group.
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Therefore, we can get a decomposition in direct integral
of irreducible representations of the Eucledean group
from the regular representation so obtained. This
decomposition is achieved by means of the Plancherel
formula

U(lj)\ EZ;‘ = g%ﬂz‘s%m 3. ‘ de (29)
AT o

where dp is the Plancherel measure, and

-1
Lo [ v of, ¢y at
t t
mm U(l)AT(z) mm
1 oo rof (% 1
. y _
= &2 S ap. S av j r.dr _]_-;T_%Zl Iém,('b )
0 0 0
4y 21 o .
= %—TEQ f dn. j dv J{ ,»f2°r.dr(l+:c2)o l‘f(u)DKm,(,b
0 e 0
1 % 2% o .
= =0 f ap j dv ;{ 2.1, dr(l—i—r yoo eyp(lp( ~J,tm)
o} ‘0
i £
+ iv(mt—m)) dJ 2(98) m,(/{r)
Using
£(u) = £0ct) = 0 (k) £(4) = (1422)"°¢(+)  and

f(u) = ﬁJ (W) = exp(=ij p~imv) d3 (9).



This yields,

AL J ¢
Pt = Opqt Im (30)
where
J (s} CO, 2. =1 /(
{ 2 o= J
6/(“'13 j 2 1 dr (l-l-I' ) d (Q) Jxﬂ -j ((I')
o
(31)

a series of Heijer's G-

This can be expressed as a

functions as has beenr shown in references (8) The

result is
J < .. . . %‘l —m..jc
dImJ (- 1) ((J‘J )!(J+JO)!(J-m)!(3+m)!) (ﬁ)
Jj-m I
< L (-1)
* LTRG-S otk ) TG -L~K)

=0
k+m+j A
) (32}

(gﬂ lLFMTJO—C 1 jo

using the following representation for the SU(2) repres

entation function
1
j"jo .. .. . . 2
(-1) (=3 ) G+ (=m) E(G+m) 1) x

I =
ajom
j 10 m‘i"io
A k+ﬁ§“

7 (-1)(cos7)

s

LY RN

=0
7+ ...13_.10

% (sing/2) “ (k! (§-m=k)! (3 +mik) ! (j- -ig ~k)! )
(33)

Equation (31) is the transformation matrix denoted by

GIEN
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F.r t=0, this also gives the orthonormality condi-~

j &
tion for the 4, .:
fmj
e e
o o _—
IS E N T (34)

Using the following symmetry properties for the

SU(2) representation functions

3 = (. \m“mn i
d -m'-m(8)" (-1) dm'_m(e)
(35)

i e (oqy~Rem
4 om @) (-1) dm-m'(@)

in conjunction with these for tlhie Bessel functions

Joe
(16), we arrive at the symmetry-relation for dy;ﬁ:
WL
g -J 5
o o
d . = d, . 36
£ -mj fmj (36)

4, The Transformatiocn matrix {{fm | km> .

In this section we are finding an integral ex-
pression for the matrix {m {kmz> that relates the
unitary irreducible representations of the two subgrouns
U(1L)~T(2) and SU{1,1). The procedure is completely
analogous to the one just outlined for the matrix

<{[m§jﬁf>. But however, there is one important modi~
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fication to be made which we shall explain as we come
across it.
We have noted before that every element a&SL(2,c)

can be written dovm in the following wmique way

a =Kt, wvhere ek, téiU(l)/\T(z)
With thé parasstrisation used for the SU(L,1) and U(L)AT(2)

vgroups; we find +theat

.}- . v
={r) = kb a{g('-‘;) with v = tanh-;-. where

0 r{®™® and O gC{OO (37‘)_:7
L+ 1 0 -
bt = (5 1) (38)

It is clear in this case that while g coveis its
full range, r canrange only over C<{r (1. Therefore,:
to cover the full range of r we must introduce the follow-

ing additional relation

t(r) = kb a_x(‘g) with v = Cc’tb-g’/2 (39)>
where ; '
- 0 -1
b= T (40)

These two equations show that the range of r is now
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fully covered by %L . As has been shown by Delbourgo

(8)’ "i'I'CJZ-

et al this is just the additional rotation e
Equations (37) and (39)) can be used to form the

double cosets of SL(Z,c) with respect to the subgroups

K and SU(1,1), and we find that each a£SL(2,c) can be

written in ome of the following two forms:
. ot . - =
(1) a=kbv and (ii) a=kb v (41)

These double cosets are disjoint and contain all the
elements of SL(2,¢).

This decomposition into double cosets allows us
to obtain restrictions on the representations of SL(2,c)
in pairs of reducible representations of SU(1,1). This
necessitates decomposing the Hilbert spaces I of func~
tions f(a) defined on‘SL(Z,c} into two Hilbert spaces
£ and & of functions fi(v) defined on SU(1,1). The
nrocedure is completely analogous to the previcus case,
except that for each f(a) of SL(2,c) instead of one
£(t) of U(1)AT(2), nov we obtain two F{v) defined on
two Hilbert spaces " and #” of SU(L,1). Thus H and

- + . .
i are formed by functions f=(v) defined by
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.!..
f;l_:(v) = f(b=v). (42)
Using the change of variables of equations (37)

and (39) we get,

{ 2n o9} o
forey (24 L L 2 . ) -
U(J_)/\%}(%I‘(ﬁ)] at = 5= of dv o“ [f((r)UZ(v))\ r.dr. (75
2n ©
%Z dv j !fp(ax(t; )UZ(V))}Z('{Erz)ZSlAhS A%
p o 0
2
L 2
(4z§sh§)
= ji;-» { | o{ v)}2 dv (43)
5U(1, 1)

where dv = (4n)~2 sinhg dg  and F?v’) 'crgshc* fp(ax(q)U (v))

(44)
and p stands for +.

This defines the following decomposition
T Y'+ T
H=d @ H

ale
where the functions defining the Hilbert spaces H—

are with norms

j‘F(v)i av = ||’
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The representation functions 0%v§ are such that
'}'jo + '] + t
(0= “(v)F=)(v') = F=(vv") (45)

which is the regular representation of the SU(1,1)
group. Then application of the Plancherel formula
yields the following decomposition into a direct inte-

gral of the irreducible SU(1,1) representations.

r 2 /M-W "\i 7 X
Vol PP av = | TlF dA (46)
) IF
su(i,1) 0x3 ®

© tio = ( H" e (47)

Which, in termg 93 _jbpe VI;IJ;lVbert spaces, give; H R It e
Here dA is the Plancherel measure and H'— denotes the

Hilbert spaces of the irreducible representations of

_ B |
sU(l,1) composed of functions FSL, defined by
A “ly oF
L fmm= (0, 7y ) v (48)

Mow,

riv) = () (0,0 a (U, (v)  using (44)

4__'_f_2__._ ) f(biUz (Ha, )8, ()

coshg

- G2 ) £ O)e)u, (v)

cosh

J2 ,osh :
= (==, ) Gz ) £(t)
cosh Conts~
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= gooks) ot 3?(*)

(fr) (£88hsy -1 (49

exp(+ ijo Mm=imv) J T

j-m

o

where r is used only symbolically as it ensbles us to
write two equations in one and has to be replaced by
T = (zi:.an"a'“-'/’Z)il for F;:f;; respectively.

Therefore using equations (48) and (49), we obtain

P T T A i
P = 15,2 J dp J dv J’I sinhc .45 exp(lm'p.+1mv+130p ~imv)
0 o 0
A cos Ty o~1
a - (5) ($222) Jjo_m(ff)-
@ m+j
= I -~ o gn ) she¥1
8 m! éf = sinhZ 4F (-1) dmijo(g)JJo.,,mu/:?) (%2f2¢1
j or ) .
= émm‘ km,( v ' ": J c&;
where '
..;i- o QO m—j 2{“ B
°y =3 [ s - 0¥ . tanh’t neay
dkm,( = 5 '6! sinh 4 (~1) dmjo(g)Jgo_m(,(/ /o) (cos 23
(50)
and
J o= ® w1 . G21\
km[ fsmnh‘g‘ ag (1) dm_jo(s‘)Jjo_m( feotht/2) (sinhg/2)

o)

(51)
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Apart from a normelisation constant, these matrices

(8)

are the same as those given by Delboursc et al It
has been shown 'that these matrices can alsc be expressed
in terms of teijer's G-functions. This is achieved

here by using the series expansion for the hypergeometric
function occuring in the expression for d;' in equation
(11) and expressing the Bessel functions in terms of

15

° ‘o’

Meijer's G-function with the help of equaticn (5.6.3)(

The integrals thus obtained are evaluated by changing
2". + C e L3

the variables to (tarh ?)— and using equations (20.5.1)

1 h
and (20,5.2)(L6) respectively. The results come out as,

5 @+ whj 2
o _ . _2_\ o7 PR ] I
dl{_mK -A].{,S,rﬂjo (ZI ‘( (t 1\.) G .-,([s‘ jo o jo':‘ﬁ":'s}
(52;
Jor" - 2 gek]
o) mtj s=k+j _+4m
= )}\ s 2 0 -’ —'1‘-' [ o by
Uxef -k,s,mg-Jo(i) l(ucxmk)r 3(G t st o+ am 3, o
(53
where
= ,)mem’<fg,\(n—kvs) (sqn —K)an—p +1) 1
A, s,m,m' é:; V(=) {(~m’~k) "(s+m-n *l)sa(m=m e
fkk~m':i))(1 b1 ) %
( ) (54)

Pkt 1) V(k=T5H1)
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5. Transformation matrix <km‘ jm Y .

For completeness' sake we include this where we
calculate the transformation matrices <km ijuﬁ}which
relates the SU(2) basis vectors to the SU(1,1) basis
vectors. This was first calculated by Toller and

(3)

Sciarrino using the method presented in the previous
two sections.

We enumerate briefly the decomposition of unitary
irreducible representations of SL(2,¢) (with the
SU(2) subgroup diagonalised) restricted to SU(1,1l)
into a direct integral containing the unitary represen-
tations of SU(1,1)., This will lead to the transforr a-
tion matrix <:bm gjm:). This involves decomposition of
the restrictions of the SL(2,¢) representations into
reducible representations of SU(L,1) in pairs; thus
decomposing the Hilbert space of 51(2,c) functions into
twvo Hilbert spaces, because, in a search for the
double~cosets of SL(Z,c) with respect to.the subgroups
SU(1,1) and K, we find that there are three disjoint

double~-cosets one of which has vanishing invariant



measure., This can be shown easily as follows:

We find that an element z €.SL(2,¢) can be uniquely
written as A = k.ﬁ , ke K, uelU and with the
parametrisation for U and V given in section 1, we

notice that UY(O) = kb+av(g) for tan% = tanh-%

06 /2, 04x{w, | (55)
W, observe that again this is not sufficient to

cover the whole range of 8, so that we shall have to

L) i‘nT
introduce the additional rotation e whereby,
UY(Q) = kbﬂax(g) with
tans = coth Z(e(R, o C: (56
anyg by s (88 Fy 0(5 L )

+ - " . . .
b and b are the matrices given in section &.

This allows s to write

+
= %))
a = kb'a (U, () {
a = kb a (QU_(3) (57)
a =

kU, (7it/2)3 (V)
Y Z

With the realisation that a"(q)Uz(v) = v & SU(1,1),

the above equation defines. the three double-cosets.
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Because the last one has vanishing invariant measure,
we only deal with the first two.

This allows them to obtain

j’ {f(u)lz du =m§:; j‘(ng)zz dv where F?v) =
su(2) Su(i,n) T

!

4 : 4 -
which gives the two Hilbexrt spaces iI and H for the

it

SU(1,1) functions Fi(v) ie. H=g®u,
The represent.iions that act in these Helbert

spaces are ot respectively such that

(05 (v) FEY(v') = FE(vv')

This being the definition of the regular representa-
tions of SU(1l,1), allows the application of the Planchereil
formula for obtaining a direct integral of the irredu-

cible representations of SU(i,1). Thus,

. { '
‘( Q,Fi(v) *2 dv = JZ:-FKZ 2 an
sUu(i,1)’ | Arg

vhere

A .

- “lyko

I ,( D__(v DF=(v) dv.
M “;JO,m sU(L,1) T
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This leads to the result

At LR 2n A
F+= (2J¢1)2 ( ar | x![ (cosh ) (g-) s (<)
o’ o NP mri,
m'+] crq -
(=1)" =70 exp(i(m'-m)V)(4N)
R J c’+
= §
Tml (/\,m,_’])
where
jgri % G?’ i 5= j 4+
d(f"\gmsj)” (ZJ+L) O; (CCSL’lg) djom(g"‘) [1"‘_] (!’, )/Slnh':; d‘;
(58)

Here A stands for the parameters of the SU(l,1) represen-
tations: This integral is the transformation matrix

<.ku }j hat can change the S$U(2) basis vectors in

/

the usual designation of SL(2,c) representations into
SU(1,1) basis vectors. Analytic properties of this

function has been discussed in great detail by Tolker

(3)

and Sciarrino . This also is expressible in terms of
a serics of ileijer’s G-function and has also becen ob-
(&)

tained by Strdm and Delbourgo et al using different

methods,
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This result is importanthbecaﬁée;‘with the asymp-
totic behaviour of this function, Toller and Sciarrino(3>
has been able to decompose a single pole in the Lorentz
group space into several integraliy-spaced poles in

the complex angular momentum plane, which is the space
of the SU(1,1) subgroup. This is not surprising be-
cause in the zero-momentum transfer limit the little
group enlarges to the whole Lorentz group, so that

one would expect from the analyticity of the scatter-

ing amplitude a connection between the representations

of the two groups.

&. Conclusion:

Ye have obtained in this part the deccmposition
of the principal series representation of SL(2,c) as
a direct integral over unitary regresentations of the
subgroups SU(1,1) and U(I)AT(2). As has been noted
before, these equations stand also for the integral
representations of the transformation matrices <Fﬂxljm>,
<fm ( jm> and <‘km' | {m >. Since thesc matrices allow

.



157.

us to go from onme set of basis vectors (of a little group
which has been diagonalised in the correspending SL(2,c)
representation) to another, it is believed that these
matrices may prove useful in the generalized partial

wave analyses for establishing relations between the
various possible harmonic analyses and their continua-

tions ifto the complex Casimir plane,



158,

References (Part II)

. Toller. HNuovo Cimento 17, 631,(1965);

Ibid, Internal Reports, University of Rome nos.’/6
(1965) and 84 (1965).

tle also refer to the following two review papers:
iis Toller, CIRH Report 67/562/5 - Th 780, This
contains an extensive list of past references

and summaries the author's own work on the topic.

J.F. Boyce, 2. Delbourgo, A. Salam and J. Strathdse.
1C/67/9.

R.J. Oakes, Phys. Lett. 24, 154,(1967).
G. Domokos and P, Suranyi, Fcl.Phys. 54,529(1964).
G. Domokos. University of Berkeley preprint, 67/1.

1. Toller and A, Sciarrino, Journ.Math.Phys. 8,
1252, 1967.

D. Freedman and J, Wong, P.R.L., 17, 569, (1966).
ibid.Phys.lev. 153, 1506, (1967).

L. Sextorio and ii, Tollexr, luovo Cimento, 33, 413,

(1964).

1. Joos, P.132 - Lectures in Theoretical Physics,
Vol VIIa, 1964, Goulder, Colorado.

F.T, !ladjiannon, Huovo Cimento, 44, 185,(1966).



159

J.F. Boyce, Journal of Hath. Phys. 8,675, (1967),

6. D.V. Volkev and V.H. Gribov, Sov.Phys.JETP, 17,
720, (1963). '

N. Gribov, Ibid 16, 1050, (1963).
7. See Toller, reference (2).
8. S. Stroém, Arkiv for Physik 34, 215, (1967).

e Delbourgo, K. Koller and P. lizhanta, Huovo
Cimentc (to be published).

9. M.A. Naimark, Linear representations cf the Lorentz
Groupn.

10, G.W, liackey, The Theory of Group lepresentations,
University of Chicago Notes, 1955,

11. S.Strom, Arkiv fotr Physik, 29, 467, (1965).
S. Strdm , Axkiv for Physik 33, 465, (1967).
12, V. Bargmann, Arm.iath. 48, 56, 1947.

13, For a detailed discussion of the representation of
the Fucledian group we refer to ¥W.T. Sharp,
Racah Algcbra and the contraction of Groups.
Report AECI - 1098, ChalkRiver, 1960.

For a summary of all the groups discussed here,
we refer to Delbourgo et al, reference (2).

14. The equation is given in Toller and Sciarriro,
reference 3. Here, given t of SL(2,c), (%)
an arbitra-y unitary matrix wh;ch belongs to the
same coset, such that t(t) belonvs to the sub-
group K.



150",

15, A, Erdelyi, W. ilagmmus, F. Oberhettinger and
G. Tricomi, Bateman lianuscript Project, Higher
Transcendental functions, Vol.I.

16, 1Ibid, Tables of Integral Transforms, Vol,II.



P. MABANTA T
21 Agosto 1966

1 Nuovo Cimento .

" Serie X, Vol. 44, pag. 1250-1251

R . !
Barion Resonance Decays in Broken U; x U ().

P. MAHANTA
Department of Physics, Imperiol College - London ®
I

(ricevuto il 6 Giugno 1966) J

This note presents a new sum-rule (eq. (4)) for baryon resonance decays. It
agsumes an interaction which breaks 8T, to first order within the context of the
symmetry scheme of Uy x U,.

U, x Us is the well-known collinear subgroup of S, (*) and as such has gen-
erators % Ai(1+,) (2). The predictions of this scheme are less restrictive than those
of. 8Ty, this being the corresponding collinear subgroup for Uy, (3).

The relations obtained under exact SU, symmetry are

(1 (N* > Nw) = — V2 (Y*> Ax) = /3 (Y* — In) = 2 (E*—> Em),
aﬁd to first order, the symmetly-breaking perturbation gives (¢)

@), (N*>Nrw) + 2 (E*—> En) =2(—3/\/§)(Y*->A7r)——i2§(Y*f> n).

The symmetry-breaking is described by a spurion which transforms as a member
of (8, 1) + (1, 8) multiplet under the U, x U; symmetry and as an I=0, Y= 0 member
of an octet under SU,. There is only one invariant coupling for the baryon-resonance
decays in exact U;x U; (5):

DBy Mi + DS B,; M2 .

) (*) The research reportcd in this document has been sponsored in part by the Air Force Office
of Scientific Research OAR through the European Office Aerospace Research U. 8. Air Force.
(1) W. RUAL: Nuove Cimento, 37, 301 (1965); J. M. CHARAP and P, T. MaTraews: Proc, Roy. -
Soc., A 289, 300 (1965); T. FULTON and J. WESs: Phys. Lett., 14, 334 (1965).
(*) H. Rueee and D. V. VoLkov: to be published in Nuove Cimento; F. BUCELLA and R. GATTO
Nuovo Cimenio, 40, 684 (1965). -~
(*) Exhaustive references for U, and SU, are to be found in A. SAzaM, R. DELBOURGO, M, A.
RasvD and J. STRATHDEE in High Energy Physics and Elementary Particles published by IAEA,
_ Vienna.
. {*) V., GUurPrA and V. SiNgH: Pyhs. Rev., 135, B 1442 (1964); M, KoNomA and Y. TOMOZAWA
Pyhs. Lett., 10, 347 (1964); C. BECCHI, E, EBERLE and G. MORPURGO: Phys. Rev., 136, B 808 (1964).
(*) The notation used has been explicitly given by RUEGG and VOLKOV in ref. (%),
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Because of the assumed behaviour of the Symmetry-bréaking interaction, only the
(6, 3) + (3, 6) members of the decuplet contribufe to the amplitnde. By introducing
the spurion §, the U, X U,-invariant amplitude is constructed for the process:

"8 4+D->B+M. .
The four decay processes considered here are found to be expressible in terms of

two independent linear combinations of the invariant amplitudes (°). There then
follows the relations: ’ :

(3)- Y*sAn=—(E*>Enr)
[
and
@ 2 (N* > Nx) - VB (Y > An) = /3 (Y*-> Zm) .

Equation (3) is similar to that obtained under exact SU, symmetry and when
combined with eq. (4), it produces the well-known SU,-breaking relation (2). It
is interesting to nete that similar caleulations carried out by introdueing broken
SU, into T,,, SU,, or 8U,, have produced different results, but in each case ome
of the three SU,-symmetric results of eq. (1) is retained (7).
For these decay processes, the reduced widths A and the total decay widths
are related by .
— [Al2p3 My -
= AP s

B

where My, My ave the masses of the baryons and decaying resonances respectively,
I is the decay width and P, the final-state momentum. With the experimental
data available at present (8), eq. (3) shows a slight improvement on previous results (7).
A triangular relation for the reduced widths is then obtained:

(5 QAWN* > Nm) = v/ A(Y*-> Am) 4 V3 A(Y*—> Sn) .

Present data give a value of 0.72 for the Lh.s. of this expression and at most
(0.614 0.06) for the r.h.s.

% % %

The Author is grateful to Prof. P. T. MarTHEWS for encouragement and guidance
and he would also like to thank Mr. G. I'RasER and Mr. F. HussaiN for helpful
suggestions.

(®) These are similar to the one constructed for meson-baryon seattering in ref. (*).

(") V. DE ALFARO and Y. ToM0OZAWA: Phys. Rev., 188, B 1193 (1965); R. FERRARI and M. Ko-
NUMA: Phys. Rev. Letl., 14, 378 (1965); H. Harari, D. HorwN, M, KvucLEr, H. J. LiPRIN and
S. MESHEKOV: Phys. Rev., 140, B 1003 (1965); P. BABU: Nuovo Cimento, 40, 261 (1965),

®) A. H. RosenrFELD and M. Roos: UCRL 8030 (revised on 1 October 1965).
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Represen'tatidn Mixing in U,, ()

0. NWACHUKU, P. MAHANTA and D. AKYEAMPONG (™)

‘Department of Physics, Imperial College - London

(ricevuto il 13 Giugno 1966) .

Summary. — Some consequences of the assumption that the physical
baryons belong to some mixed representations of Uge are studied in the
context of the 3-point, electromagnetic and weak vertices and the 4-point
Johnson-Treiman relations.

Introduction. -

The work of ADLER and WEISBERGER has prompﬁed a number of authors
to look at some possible sort of representation mixing in U, ® U, and SU,,
The various investigations (*?) so far, have taken place in the context of the
algebra-of-currents component, In what follows, we shall look at the problem
in U,. symmetry. We assume that the physical baryons belong to some mixed
states of the 20%, 56, and 707 irreducible representations of (*) U, ® U,, each

(*) The research reported in this document has been sponsored in part by the
Air Force Office of Scientific Research OAR through the European Office Aerospace
Research, United States Air Force.

(**) At the International Centre for Theoretical Physics, Trieste.

(1) R. Garro, L. MA1ANI and G. PrEparaTA: Phys. Rev. Lett., 16, 377 (1966).
R. Garro and L. MATANI: preprint, Florence. ) ‘

(?) H. HararI: Phys. Rev. Lett., 16, 964 (1966). '

(3) N. CaBieeo-and H. Rurcg: preprint CERN, Geneva.

() This assumption breaks U, ® U, symmetry since the physical baryon tensor
is no longer irreducible in U, ® U; space. By 20+ we mean (20, L = 0)*. We restrict
‘our considerations to L =0 positive-parity states, since the procedure for constructing
positive-parity baryon states with odd integer I is not yet clearly understood in Up,
terms. It may require the inclusion of quarks of the second type, viz. (1, 6).
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2 - REPRESENTATION MIXING IN '5’12 ' : [731]

of which contains the octet spin 1* baryons. We investigate the consequence

of this assumption on the weak and electromagnetic 3-point vertex (BBM) -
and on the Johnson-Tireman relations for the four-point vertex (BBMM).

We shall merely discuss our results as the technique for the calculations is

well known. :

1. — The 3-point vertex (BBM).
. W’é assume that the physical baryon wave function |B) can be written as
(1) B> = al20) + BIB65 + 71705 ,
where «, f, y are mixing parameters and
attfrtyr=1.

The contributions to the F/D and G,/G, ratios irom the various irreducible
representations contained in |B) are given in Table I. From this Table we see

Tasre 1. — The different F/D and G4)Gy ratios for the irreducible representations
considered. The calculations are based on the expression for the multiplets given by
DELBOURGO et al. (°). It is worth pointing out that the magnetic moment part of the
vector current has the same F/D ratio as the pseudoscalar and axial vector currents.

' I:D for magnetic| F: D for charge | #:D for pseudo-
Current for moment part of | part of vector scalarandaxialvec-| G,:Gy
each LR. vector current (y,)| current (P) tor current y;, y,ys
<$61J|56> 3D+ 2F 3F 3D+ 2F 5/3
(2071205 _D F ' D 1
<T07]70%, : 7 _D —1
7017703, D+ F) ¥ , YD+ F)y 1
<701 [56) — (3D + 5F) B D+ iF — (3D + 5F) —
{70[J]20> D—F —(3D+ F) o D—F —
N - l

(%) VDELBOURGO’, et al.: The 1712 Symmetry, in High-Energy Physics and Klementary
Particles, 1.A.E.A., Vienna. ‘
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[732] 0. NWACHUKU, P. MAHANTA and D. AKYEAMPONG 3

that the charge part of the vector current (°) for the cross terms <70|J |56
and <70|J|20> are not pure F. Thus the experimental and theoretical requi-
rement that the charge of the neutron be zero (i.e. p,(n)=0), when applied
to these terms gives either '

(2) ‘ y =10,
which corregponds to a mixing of the 56* and the. 20% only, or
3) , C a=kp, _ % eons)ta,nt ,

‘which corresponds to a mixing of the 3 irreducible representa.twns
Oa,lculatlons with (2) or (3) yield identical result, to wit:

’ GA D+F
4 —_—
*) ‘ | G, 3F—D’

This is in agreement with the U, ® U, results obtained by CABIBBO and
RUEGG (3) from a consideration of the mixing of the (56, L=0)" and the
(20, L=0)* and of the (56, L==0)" and the (70, L=0)" in the context of
current algebra. '

‘We notice that the inplusibn of the 70 representation does not give any
new result.. However, it is satisfying that with a mixfure of 3 representations,
we do come out with a definite prediction. This is not always possible as
pomted out by CABIBBO and RUEGG (>7)

The prediction (4) is bad compared w1th recent expenments and with the
predictions of HARARI (2) and GATTO et al. (). They obtained a value

Gi_ D+F
Gy 3(D—F)’

by considering (56, L=10)" and (20, L=1)". This is in excellent agreement
with experimental value of 1.2 for &,/¢, and 1.75 for D(F. If in (4) we use
D[F=1.75, we get G,/G,=2.2. Alternatively, if @,/G,=1.2, D/F=118.
However, if D(F'=% which corresponds to u(p)/u(n)=—%, a good experi-
mental result, then (4) gives &,/@, =—3, the old ST, result.

Thus if we assume (1), then the requirements that -

I : fe(n) =0,
o pp) 3
1i) ' m =73

(&) In current algebra approach there are no cross terms as the current generator G
takes an irreducible representation R into itself, i.e. G/E)= |E).

() We have a definite prediction here probably because we restrict ourselves to
L =0, and are assuming a higher symmetry for the 3-point M-function.
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4 - REPRESENTATION MIXING IN o [733)
automatically fix the ratio 4,/G, to —%. No more, no less. So far, it ap-
pears that Only the mixture of the (56, L =0)* with the (20, L=1)" ean
really depress % to the expenmental value 1.2 (%).

2. — The 4-point vertex (BBMM).

With the assumption (1) we shall consider the Johnson-Treiman type of
reactions for the 4-point vertex. The number of amplitudes are gfea:tly reduced
for such processes when the crossed channel is used. As pointed out by Lip-
KIN (%), the difference relations for two different meson-baryon scattering re-
actions are expressible in the erossed channel in terms of an antisymmetric
two-meson coupling. To make the calculations simpler we use the collinear
8U,, subgroup. The contributions to the amplitudes come from the follow-
ing 8U,, scalars:

(@220 @ 20 + £2536 ® 56 + 270 Q 70, +»*T0 ® 70, + |
+ay20 @70 + 56 ®70) X (35(K) @ 35'(— K) — 35(— K) ®35'(K)) ,

written apart from some coupling constants. Direct calculations show that
the first four amplitudes, containing no cross terms, separateély satisfy the
~ Johnson-Treiman relations. KURIYAN and SUDARSHAN. (®) have also obtained .
similar results using noninvariance group. The last two amplitudes, contain-
ing cross terms, do not, however, give the Johnson-Treiman relations. Thus’
if we choose our parameters (b) in such a way that the cross terms drop out,
the Johnson-Treiman relations are reproduced unambiguously. In fact, such
‘a choice of parameters will give relations-of the type (2) and (3). It is also
worth observing that since only the 70" representation introduces the cross
terms in the amplitude, the Johnson-Treiman relations are perfectly satisfied
by a mixing of the 56" and the 20" irreducible representations only.

The authors would like to thank Prof. A. SALAM for suggesting -the prob-
lem, Prof. P. T. MATTHEWS for constructive criticism and Dr. R. DELBOURGO
for useful suggestions and for critical reading of the manuseript.

(%) H. LipgIN: Now we are SU,, in High-Bnergy Physws and Elementary Pm*twles,
I.A.E.A., Vienna.
(9 J. G. Kurivax and E. C. G. SubarsuaN: Phys. Rev. Lett., 16, 825.(1966).

1053



[734] - 0. NWACHUKU, P. MAHANTA and D. AKYEAMPONG 5

RIASSUNTO ()

Nel quadro dei vertici debole ed elettromagnetico a tre punti e delle relazioni di
Johnson-Treiman a quattro punti, si studiano alcune conseguenze dell’ipotesi che i
barioni fisici appartengano a gqualche rappresentazione mista di Usgg.

(") Traduzione a cura della Redazione.

Cwelnannoe npencTaBjienue B U,

" Pestome (*). — Mccnenyrorcs HEKOTOpHIE NMOCTENCTBHA NPEANONOXEHUs, 410 (H3u-
yeckre GApHOHB! IPHHAIIOKAT K HEKOTOPHIM CMEINAHHLIM INperncrasieHusM.- Ug ¢, B CBI3H
"¢ 3-TOYEYHBIMI 3NMEeKTPOMATHUTHBIMY W CHAGBIMM BEPIIMHAME, W ¢ YeTEIPEX TOYEYHBIMH
coorHOmeHuaMH JxOHCOHa-TpeiiMaHa. )

(") ITepesedeno pedaryueii.
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