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ABSTRACT•TIC

Piecewise determ ine processes theory is a powerful mathematical tool for 
treating probabilistic models analytically. It is due to and developed by Professor 
M.H.A. Davis (1984). Virtually all non diffusion models can be encompassed within 
this framework.

In this thesis we apply piecewise deterministic processes theory in order to 
treat analytically various models from insurance risk, queuing, storage, dam and 
point processes theories.

In insurance risk theory we examine various possible capital surplus models. 
The questions asked are associated with probabilities of ruin for both the finite 
and infinite horizon cases. Also simple optimization problems are dealt with.

A new approach to queuing, storage and dam theories is provided. The main 
processes examined are the virtual waiting time of the G /G /l queue, the shot
noise process, the M /G/00 queue and various generalizations and modifications of 
them. Of interest are stationary distributions and hitting times.

Double st ochastic point processes are another field where piecewise
deterministic processes theory is seen to be useful. As "intensities" we consider 
processes having been examined in the thesis. Of interest are the joint
distribution of the values of a doubly stochastic point process Nt at times
tj,t2,........,tn and/or the asymptotic behaviour of Nt. Furthermore we look at the
distribution of point interarrival time intervals. Possible applications are also 
considered.

The methods used are based on the infinitessimal generator. We obtain
appropriate integro-differential equations; we solve them and we find suitable 
martingales that lead us to the desirable results.
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I N T R O D U C T I O N

T h e  m a th e m a t ic a l  a n a ly s is  o f  c o n t in u o u s  t im e  s to c h a s t ic  p r o c e s se s  h a s  b e e n  

an  o b je c t  o f  s tu d y  f o r  a p p lie d  p r o b a b ilis t s  f o r  m a n y  y e a r s . M a r t in g a le  m e th o d s  

a re  a  p a r t ic u la r ly  p o w e r fu l  m a th e m a t ic a l  to o l e m p lo y e d  b y  th e m  to  a n a ly z e  f a ir ly  

s o p h is t ic a te d  m o d e ls . E n o r m o u s  su c c e s s  h a s  b e e n  a c h ie v e d  o v e r  th e  y e a r s  a s  f a r  as  

d i f f u s io n  p r o c e s s  m o d e ls  a r e  c o n c e r n e d . T h e  d e v e lo p m e n t  o f  s to c h a s t ic  (I to )  

c a lc u lu s  h a s  a d v a n c e d  th e  s u b je c t  v e r y  m u c h  ( se e  C h u n g  & W illia m s  (1 9 8 3 )). 

H o w e v e r , th e ir  a p p l ic a t io n  is  r e s tr ic te d  to  d i f f u s i o n  p r o c e s se s . A n  im p o r ta n t  

" u n ify in g "  in  th e  sa m e  ser\$e a t te m p t  to  e m b r a c e  a p p a r e n t ly  a l l  n o n  d i f f u s io n  

m o d e ls  a n d  to  d e v e lo p  a m a th e m a t ic a l  to o l to  tr e a t  th em  s y s t e m a t ic a l ly  is  th e

p a p e r  b y  M .H .A .D a v is  (1 9 8 4 )  on  p ie c e w is e  d e te r m in is t ic  M a r k o v  p r o c e s se s .

E s s e n t ia l ly  a p ie c e w is e  d e te r m in is t ic  p r o c e ss  is  a p ro cess  w h ic h  in c lu d e s  n o  

d i f f u s io n  e le m e n t . So i t  is  a f a ir ly  g e n e r a l c o n c e p t . T h e  p a p e r  b y  D a v is  

•  f o r m u la t e s  a n d  d e f in e s  su c h  a p r o c e ss  a n d  a n  o p e r a to r  a s s o c ia te d  w i th  i t  its

g e n e r a to r  w h ic h  w i l l  h e lp  u s to  o b ta in  m a r t in g a le s  a n d  th u s  p r o v e  r e su lts  a b o u t  

s p e c i f i c  m o d e ls . Y e t , th e  p a p er  d o e s  n o t  o n ly  p r o v id e  u s w ith  a to o l to  tr e a t  

a p p a r e n t ly  d i f f e r e n t  m o d e ls  s y s t e m a t ic a l ly  b u t w i t h  a u n i f y in g  a p p r o a c h  to  th e m  

as w e l l .  T h is  th e s is  is  on  h o w  to  e x p lo it  th is  to o l a n d  th is  a p p r o a c h . B y  u s in g  th e  

th e o r y  p r o v id e d  b y  D a v is  w e  w i l l  i l lu s tr a te  h o w  to  tr e a t  m o d e ls  f r o m  d iv e r s e

f i e ld s  su c h  a s  r isk , d a m  a n d  q u e u in g  th e o r y . T h is  is  b y  n o  m e a n s  th e  f ir s t

a t te m p t  f o r  a u n i f y in g  a p p r o a c h . N .U .P r a b h u  in  h is  b o o k  (1 9 8 0 )  p r o v id e s  a 

u n i f y in g  a p p r o a c h  b a se d  o n  Wiener-Hopf factorization t e c h n iq u e s  m a in ly . A s  

P r a b h u  p o in t s  o u t  in  h is  in tr o d u c t io n  th e se  m o d e ls  h a v e  s im i la r  m a th e m a t ic a l

p r o c e s se s  a n d  g iv e s  th e m  th e  c o m m o n  t i t l e  "s to r a g e  p rocesses" . T h is  th e s is  w i l l  a lso  

m a k e  th e s e  s im i la r i t i e s  to  se e m  a p p a r e n t  (e .g . th e  d u a l i ty  o f  th e  m o d e ls  in  

s e c t io n s  1.1 a n d  2.1; th e se  a r e  th e  A n d e r se n  s u r p lu s  p r o c e ss  in  r isk  th e o r y  a n d  th e  

v ir tu a l  w a i t in g  t im e  o f  th e  G / G / l  q u e u e ) . H a v in g  s a id  th a t , i t  s h o u ld  b e  s tr e sse d  

th a t  th e s e  s im i la r i t i e s  a r e  f a r  fr o m  m a k in g  th e  m o d e ls  id e n t ic a l  a s th e  q u e s t io n s
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to  b e  a s k e d  fo r  d i f f e r e n t  m o d e ls  w i l l  be o f  a d i f f e r e n t  n a tu r e .

In  th e  f ir s t  c h a p te r  w e  w i l l  a p p ly  p ie c e w is e  d e te r m in is t ic  p r o c e s se s  in  

in s u r a n c e  m a th e m a t ic s , e x a m in in g  th e  p r o b le m  o f  ruin f o r  m o d e ls  w h ic h  a re  

e ith e r  n e w  or n o t  v e r y  th o r o u g h ly  e x a m in e d  in  th e  l i t e r a tu r e . T h e  u se  o f  

m a r t in g a le  m e th o d s  in  r is k  th e o r y  h a s  b e e n  v e r y  sp a r se  o v e r  th e  y e a r s . G er b e r  is  

p r o b a b ly  p io n e e r in g  th e ir  u se  in  h is  b o o k  (1 9 7 9 ; c h a p te r s  3 a n d  9 ) a n d  a p a p er  

on  a  q u ite  s o p h is t ic a te d  m o d e l fo r m u la te d  in  a t im e  s e r ie s  fr a m e w o r k  (1 9 8 2 ) . T h e  

a lm o s t  t o ta l  a b se n c e  o f  th e  u se  o f  m a r t in g a le  m e th o d s  in  th e  l i t e r a tu r e  is  r a th e r  

s u r p r is in g  a s th e  id e a  o f  " fa ir  gam e" in v o lv e d  in  th e  c o n c e p t  o f  a m a r t in g a le  is  

th e  "bread  a n d  b u tter"  o f  r isk  th e o r y  (G e r b e r  (1 9 7 9 )p .3 4 ) . C h a p te r  1 o f  th is  th e s is  

m ig h t  b e  s e e n  as a c o n t in u a t io n  or r a th e r  a n  e x t e n s io n  o f  m y  M .Sc. th e s is  (1 9 8 4 );  

se e  a lso  D a s s io s  & E m b r e c h ts  (1 9 8 7 ) . Y e t , th e  m o d e ls  e x a m in e d  a r e  fa r  m ore  

s o p h is t ic a te d . M o st o f  th e  r e su lts  fo u n d  a r e  n e w . R e c e n t ly ,  w o r k  is  b e in g  d o n e  

b y  D e lb a e n  & H a e z e n d o n c k  (se e  1986 & 19 87).

*  T h e  r e la t io n s h ip  to  m y  M .Sc. th e s is  s to p s  th e r e . In  c h a p te r  2  w e  e x a m in e  h o w

p ie c e w is e  d e te r m in is t ic  p r o c e ss  th e o r y  c a n  b e  a p p lie d  to  a n s w e r in g  q u e s t io n s  a b o u t  

q u e u e s  a n d  s to r a g e  p r o c e s se s . A  f e w  a lr e a d y  k n o w n  r e su lts  a r e  p r o v e d  a g a in  in  a 

q u ic k e r  w a y  a n d  m a n y  n e w  r e su lts  are  o b ta in e d . A n  im p o r ta n t  p r o c e s s  e x a m in e d  

is  th e  sh o t  n o is e  p r o c e ss  ( se e  a lso  H ari_$o n  & R e s n ic k  (1 9 7 2 )  o n  w h ic h  a lo t  o f  

w o r k  h a s  b e e n  d o n e  so  w e  w i l l  a lso  lo o k  a t  v a r io u s  g e n e r a l iz a t io n s  w h ic h  a re  n o t  

v e r y  o f t e n  v i s i t e d  in  th e  l i t e r a tu r e , a t  le a s t  n o t  w i th  th e  a im  to  f in d  e x p l ic i t  

r e su lts .
li

In  c h a p te r  3 w e  m o v e  to  d o u b ly  s to c h a s t ic  (or  c o n d it io n a l ly  P o is so n )  p o in t  

p r o c e sse s . T h e s e  a re  "Poisson" p r o c e sse s  w h o s e  in t e n s i ty  is  s t o c h a s t ic  a n d  in  

p a r t ic u la r  p a r t  o f  a p ie c e w is e  d e te r m in is t ic  M a r k o v  p r o c e ss . T h e  n e e d  fo r  

th e  d e v e lo p m e n t  o f  s o p h is t ic a te d  p o in t  p r o c e ss  m o d e ls  is  a p p a r e n t  in  m a n y  f ie ld s  

su c h  as  r isk  th e o r y  ( se e  S e a l (1 9 8 3 ))  a n d  r a in f a l l  m o d e ls  ( se e  C o x  & Ish a m  

(1 9 8 6 )) . T h e  a s s u m p tio n  th a t  c la im s  ( in  in s u r a n c e )  a n d  ra in s  ( in  r a in f a l l  m o d e ls )  

o c c u r  in  te r m s o f  a ( e v e n  n o n  h o m o g e n e o u s )  P o is so n  p r o c e ss  is  o f t e n  in a d e q u a te
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w h e n  f a c e d  w ith  a c t u a l  d a ta . So a l t e r n a t iv e  p o in t  p r o c e sse s  h a v e  to  b e  p r o p o se d  

a n d  p e r h a p s  d o u b ly  s to c h a s t ic  p o in t  p r o c e s se s  m ig h t  p r o v e  t h e m s e lv e s  to  b e  

s u it a b le .  W e w i l l  m o s t ly  u se  th e  p r o c e sse s  o f  c h a p te r  2, w h ic h  w i l l  h a v e  b e e n  

a n a ly z e d  to  so m e  d e g r e e  b y  th e n , as in t e n s i t y  p r o c e sse s . W e w i l l  a lso  p r o p o se  

p o s s ib le  a p p l ic a t io n s ,  o n e  o f  th e m  in  r isk  th e o r y , o b t a in in g  a g a in  r e le v a n t  r e su lts .

In  th e  la s t  c h a p te r  w e  w i l l  a p p ly  p ie c e w is e  d e te r m in is t ic  p r o c e s se s  th e o r y  in  

o p t im iz a t io n  p ro b lem s; th e  th e o r y  th e n  a p p e a r s  to  b e  p a r t ic u la r ly  p o w e r fu l .  We 

w i l l  c o n c e n tr a te  on  in s u r a n c e  m a th e m a tic s  m o d e ls  p r o p o se d  b y  o th e r s  a n d  w e  w i l l  

tr e a t  th e m  m o r e  in  d e p th . H o w e v e r , w e  w i l l  a v o id  e m p lo y in g  d y n a m ic  

p r o g r a m m in g  te c h n iq u e s ;  w e  w i l l  c o n c e n tr a te  o n  e v a lu a t in g  a p p r o p r ia te  q u a n t i t ie s  

w h ic h  w i l l  e n a b le  u s to  c h o o s e  th e  o p t im u m  s tr a te g y . A d d it io n a lly  w e  w i l l  p r o p o se  

a n d  a n a ly z e  s l ig h t ly  m o d i f ie d  a l te r n a t iv e s  f o r  w h ic h  m ore  e x p l ic i t  r e su lts  c a n  be  

o b ta in e d .

We w i l l  n o w  g iv e  a  b r ie f  su m m a r y  o f  D a v i s ’ p a p e r  so  a s  to  s ta te  th e  v e r s io n

•  o f  th e  th e o r y  w e  w i l l  a p p ly  in  th is  th e s is .

A  p ie c e w is e  d e te r m in is t ic  p r o c e ss  is  a g e n e r a l iz a t io n  o f  th e  c o n c e p t  o f  a

piecewise linear process w h ic h  is  d u e  to  G n e d e n k o  & K o v a le n k o  (1 9 6 6 ) . W e w i l l

g iv e  a d e f in i t i o n  a d o p te d  b y  V e r m e s  (1 9 8 0 ) . A  p ie c e w is e  l in e a r  p r o c e ss  is  a

p r o c e s s  w ith  tw o  c o m p o n e n ts  ( n t,S t ). n t is  in t e g e r  v a lu e d  a n d  ta k e s  v a lu e s

f r o m  a n  in t e r v a l  [a n ,b n ] w h e n  n t= n  (b n m a y  b e  + • ) .  M o tio n  s ta r ts  a t  (n ,£ )  a n d

as lo n g  a s n t = n , St =(;+t u p  to  th e  f i r s t  ju m p  a t  t = T 1. J u m p s o c c u r  s p o n ta n e o u s ly

in  te r m s o f  a P o is so n  p r o c e ss  w ith  r a te  X(nt ,^ t ). A lso  a ju m p  o c c u r s  w h e n  h it s  
to

th e  e n d  p o in t  b n  ̂ o f  it s  in te r v a l .  T h e  lo c a t io n  o f  th e  p r o c e ss  a t  T j w h ic h  d e n o te s

th e  t im e  o f  th e  i 1*1 ju m p  is  s e le c te d  b y  a p r o b a b i l i t y  d is t r ib u t io n  Q ( - , ( n T  ,£ T  ))i" i"
so  th e  p r o c e ss  h a s  r ig h t  c o n t in u o u s  p a th s . A f t e r  a ju m p , m o t io n  r e su m e s  as 

b e fo r e .

D a v is  g e n e r a liz e s  th is  c o n c e p t  b y  a s s u m in g  th a t  n t € K  (a c o u n ta b le  s e t) ,  

d e f in in g  d:K -»N  to  b e a k n o w n  f u n c t io n  a n d  s e t t in g  M n to  b e  a n  o p e n  s u b se t  o f  

f o r  a l l  n € K .
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A ls o  d e f i n e  E = { (n ,0 :n € K ,^ € M n } a n d  E to  b e  a c la s s  o f  m e a s u r a b le  s u b se ts  o f  

E  c o n s is t in g  o f  a l l  (n ,L n ) = { ( n , 0 : ^ L n ) su c h  th a t  L n is  M n -B o r e l m e a s u r a b le . T h u s  

(E ,/s )  is  a  B o r e l sp a c e . T h e  p r o c e ss  x t= (n t ,^ t) is  n o w  d e te r m in e d  b y

i)  V e c to r  f i e ld s  X n , nG K  su c h  th a t  f o r  e a c h  £€M n th e r e  e x i s t s  a u n iq u e  in te g r a l  

c u r v e  0 n ( t ,O  s a t i s f y in g

5 7 f « t >  =  x n f « t >
w h e r e  f  is  a s u it a b le  ( sm o o th )  f u n c t io n  f r o m  IR^11) to  R  F u r th e r m o r e  th e  in te g r a l  

c u r v e  h a s  to  b e  d e f in e d  f o r  a l l  t (n o  e x p lo s io n s ) .

i i )  A  m e a su r a b le  f u n c t io n  XiE-^R*" (ju m p  in t e n s i ty ) .

i i i )  A  t r a n s it io n  m e a su r e  Q :(£ x E u r * )-* [0 ,l] .

6M n is  th e  b o u n d a r y  o f  M n a n d  9*M n th e  b o u n d a r y  p o in ts  th r o u g h  w h ic h  

in t e g r a l  c u r v e s  o f  X n e x i t  fr o m  M n . r*  is  d e f in e d  as th e  u n io n  o f  a l l  9*M n  

(n € K )  a n d  d e f in e  a lso  t*(n ,O =inf{t:tf>n (t,t;)€ 0 * M n }. D e n o te  X n f ( n , ■ ) (£ )  b y  X f ( n ,£ )  

a n d  (n ,£ )  b y  x  f o r  c o n v e n ie n c e .

We su p p o se  th a t  f o r  a ll x € E  th e r e  e x is t s  €> 0 su c h  th a t  th e  f u n c t io n  

s-*X (n,0n (s ,5 ))  is  in te g r a b le  f o r  s€ [0 ,€ ).

A  t r a n s it io n  m e a su r e  Q (L ,x )  is  a m e a s u r a b le  f u n c t io n  o f  x  f o r  a l l  g iv e n  LEE 
a n d  d e f in e d  f o r  e a c h  x e E u r *  as b e in g  a p r o b a b i l i t y  m e a su r e  o n  (E ,E ).

T h e  p r o c e ss  e v o lv e s  a s  f o l lo w s .  D e f in e  a s u r v iv o r  f u n c t io n  F (t )  b y

F (t )
j e x p [ - j \ (n ,< # )n ( s ,0 ) d s ]
l n

t< t* (x )

t£ t* (x )

S e le c t  a  r a n d o m  v a r ia b le  T t su c h  th a t  P r ( T 1> t)= F (t )  a n d  a n  in d e p e n d e n t  E -v a lu e d  

r a n d o m  v a r ia b le  (N ,Z )  w ith  d is t r ib u t io n  Q ( - ,0 n ( T l f g))* T h e  tr a je c to r y  o f  x t = (n t ,5 t ) 

is  g iv e n  b y

t < T t
(nt»^p = |

1 (N ,Z )  t= T  ±
W e th e n  s ta r t  fr o m  X j  a n d  s e le c t  th e  n e x t  in te r -ju m p  t im e  T 2- T 1 a n d  th e  n e x t  

p o s t-ju m p  lo c a t io n  x j .  s im i la r ly  a n d  so  on .
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We a lso  m a k e  o n e  a s su m p tio n . T h a t  is

E { n ( T ^ t ) }  < «  f o r  a l l  t 
i

T h is  im p lie s  Tj-*® a.s. a s  i-*®.

N o w  lo o k  a t  th e  a s s o c ia te d  ju m p  p ro c e ss . We d e f in e  a f i l t r a t io n  F t= o { x s ,s $ t)

p (t ,L )  =  L I (x T  € L ) a n d  p? = E I (x T  e r * ) .  A ls o  d e f in e  th e  p r o c e ss  
T ^ t  1 T j« t  1

p(t,L) = J^Q(L,xs)X(xs)ds + J^Q(L,xs)dp*
w h e r e  th e  s e c o n d  in t e g r a l  is  d e f in e d  in  a  R ie m a V s t ie l t j e s  f a s h io n  ( se e  C h u n g  & 

W illia m s  (1 9 8 3 )p .2 4 -2 5 ) .

T h e n  p (t ,L )  is  th e  compensator o f  p (t,L ); th a t  is  p (t ,L )-p (t ,L )  is  an  

Ft - m a r t in g a le  ( se e  p r o p o s it io n  4.3 o f  D a v is  (1 9 8 4 )).

D a v is  th e n  p r o c e e d s  to  d e f in e  a n d  d e s c r ib e  th e  p r o p e r t ie s  o f  th e  g e n e r a to r  

(a n  e x t e n d e d  v e r s io n )  o f  a  p ie c e w is e  d e te r m in is t ic  M a r k o v  p r o c e ss . W e w i l l  n o t  

g iv e  a n y  p r o o fs  o f  r e s u lts  as a l l  c a n  b e fo u n d  in  D a v is ,  p a p e r  w h e r e  a lso  

e x t e n s io n s  c o v e r in g  local martingales a n d  a s s o c ia te d  c o n c e p ts  a r e  d e v e lo p e d . We 

w i l l  ju s t  g iv e  th e  r e s u lts  ( s l ig h t ly  m o d i f ie d  as a l i t t l e  w e a k e r  v e r s io n s )  th a t  are  

g o in g  to  b e  a p p lie d  in  th is  th e s is .

T h e  g e n e r a to r  A  o f  th e  p r o c e ss  is  a n  o p e r a to r  o f  f u n c t io n s  f:Eur*-*IR a n d  its  

domain c o n ta in s  f u n c t io n s  f  s a t i s f y in g  th e  f o l lo w in g  r e q u ir e m e n ts  ( se e  th e o r e m  5.5  

o f  th e  p a p er )

( i)  F o r  a l l  (n ,i; )e E u r *  th e  f u n c t io n  t-* f(n ,0 n ( t ,O )  is  a b s o lu te ly  c o n t in u o u s  fo r  

t€ [0 ,t* (n ,C ))

( i i )  f  (x )  = f  f ( y ) Q ( d y ,x )  fo r  x e r *•'E
( i i i )  E { I  | f ( x T  ) - f ( x T . ) | }  < ® ( th e  ju m p s  in  f  s h o u ld  n o t  b e  to o  la rge!)

T^t 1 1 '

C o n d it io n  ( i i i )  is  w e a k e r  th a n  th e  o r ig in a l  c o n d it io n  g iv e n  in  th e o r e m  5.5 o f  

D a v is  (1 9 8 4 )  a n d  it  is  t r iv ia l ly  s a t i s f i e d  i f  f  is  b o u n d e d  in  v ie w  o f  th e  

a s s u m p tio n  m a d e  b e fo r e .

F o r  th e  f u n c t io n s  w e  u se  in  th is  th e s is  th e  f i r s t  r e q u ir e m e n t  is  u s u a l ly
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t r iv ia l l y  s a t i s f i e d  a n d  w e  w i l l  o m it  th e  r e le v a n t  in v e s t ig a t io n .  T h e  s e c o n d  

r e q u ir e m e n t  is  a lw a y s  in v e s t ig a t e d  w h e n  n o t  m e a n in g le s s  ( i t  is  m e a n in g le s s  w h e n  

r*  is  e m p ty ) . T h e  th ir d  r e q u ir e m e n t  is  t r iv ia l ly  s a t i s f i e d  in  m o st  c a se s  e ith e r  

b e c a u s e  th e  c h o s e n  f u n c t io n  is  b o u n d e d  or  b e c a u se  i t  is  o th e r w is e  c le a r  th a t  th e  

e x p e c t a t io n  is  f i n i t e  a n d  in  su c h  c a se s  w e  w i l l  o m it  th e  r e le v a n t  in v e s t ig a t io n .  

H o w e v e r , w h e n  t h in g s  a r e  n o t  c le a r  th e n  w e  w i l l  e x p la in  w h y  th e  c h o se n  

f u n c t io n  s a t i s f i e s  ( i i i ) .

N o w , th e  m o st  im p o r ta n t  f a c t  is  th a t  i f  f  b e lo n g s  to  th e  d o m a in  o f  A , th e n

is  a n  f^ -m a r t in g a le .

T h e  g e n e r a to r  A  a c t in g  on  a f u n c t io n  f  b e lo n g in g  to  it s  d o m a in  is  g iv e n  b y

a n d  i f  w e  w a n t  to  in c lu d e  t im e  t e x p l i c i t ly  as a c o m p o n e n t  o f  o u r  p r o c e s s , th e n  

th e  a u g m e n te d  g e n e r a to r  is  g iv e n  b y

I f  w e  m a n a g e  to  f in d  a f u n c t io n  f  su c h  th a t  A f = 0  th e n  f ( x t) is  a n  F t -m a r t in g a le .

In  a l l  a p p l ic a t io n s  w e  w i l l  u se  a s  7  ̂ th e  natural f i l t r a t io n  o f  th e  p r o b a b i l i t y  

sp a c e  e a c h  t im e  a n d  w e  w i l l  u se  th e  te r m  m a r t in g a le  r e f e r in g  to  a m a r t in g a le  

w ith  r e sp e c t  to  th e  n a tu r a l f i l t r a t io n .

B y  n o w , i t  s h o u ld  b e c le a r  th a t  s o lv in g  th e  e q u a t io n  A f= 0  f o r  v a r io u s  

c ir c u m s ta n c e s  w i l l  b e  im p o r ta n t  in  o u r  th e s is . We w i l l  s o lv e  th e  e q u a t io n  fo r  

m a n y  a p p a r e n t ly  d i f f e r e n t  m o d e ls . In  m o st  s i t u a t io n s  th is  w i l l  b e  th e  a p p r o p r ia te  

e q u a t io n  to  s o lv e . H o w e v e r , in  so m e  m o d e ls  th is  c o u ld  be in a d e q u a te  a n d  w e  w i l l  

th e n  r e so r t  to  o th e r  e q u a t io n s  (e .g . A f (x )= h (x )  w h e r e  h is  a k n o w n  f u n c t io n ) .

In  o r d e r  to  e x a m in e  so m e  p r o c e sse s  w e  m ig h t  h a v e  to  in c lu d e  o th e r  p r o c e sse s  

in  th e  f o r m u la t io n  o f  o u r  m o d e l so  as to  e ith e r  m a k e  th e  m o d e l M a r k o v  or

A f ( x )  = X f ( x )  + X (x){JE [ f ( y ) - f (x ) ] Q ( d y ,x ) }

d ir e c t ly  in v o lv e  q u a n t i t ie s  o f  in te r e s t  in  o u r  c a lc u la t io n s .  

A  su m m a r y  o f  o u r  t e c h n iq u e  is  th e  fo l lo w in g :



1) We f ir s t  fo r m u la t e  ou r  m o d e l a s  a p ie c e w is e  d e te r m in is t ic  M a r k o v  p r o c e ss  

in c lu d in g  a d d it io n a l  v a r ia b le s  as a p p r o p r ia te .

2) W e th e n  s ta te  th e  e q u a t io n  A f = 0  (o r  a n y  o th e r  s u it a b le  e q u a t io n )  a n d  lo o k  

f o r  s o lu t io n s .

3) We f in d  th e  s o lu t io n s  th a t  w i l l  b e tte r  s u it  o u r  n e e d s  ( i t  is  b y  n o  m e a n s

n e c e s s a r y  to  f in d  a l l  s o lu t io n s ;  o th e r  s o lu t io n s  e i th e r  le a d  n o w h e r e  n e a r  w h a t  w e  

s e e k  to  f in d  or  t h e y  le a d  to  th e  sa m e  r e su lts ) .

4 ) We u se  th e  m a r t in g a le  or m a r t in g a le s  fo u n d  to  e s ta b lis h  r e su lts . O f  g r e a t

im p o r ta n c e  f o r  th is  p u r p o se  is  D o o b ’s o p t io n a l  s to p p in g  th e o r e m .

We c o n c lu d e  o u r  in tr o d u c t io n  b y  s ta t in g  a v e r s io n  o f  th is  im p o r ta n t  th e o r e m .  

It is  ta k e n  f r o m  K a r l in  & T a y lo r  (1 9 7 5 )  (p .3 2 0 )

T h e o r e m  Let { X t , t£ 0 )  be a martingale (with respect to a suitable filtration) and T 

a stopping time. If  Pr(T <°‘>) = 1 and E {su p  | X t |}<°° (uniform integrability) then
E { X 0} = E (X t ) and in case X Q is given deterministically X Q= E { X T}. P r denotes the 

-♦  restriction of our probability measure on 7 Q and E  denotes E { - | F 0}.

A  s to p p in g  t im e  (or  o p t io n a l  t im e  or M a r k o v  t im e  b y  so m e  a u th o r s )  is  a 

m ap  fr o m  0. to  [0,°®) su ch  th a t  th e  e v e n t  {T£t} is  ^ - m e a s u r a b le  f o r  a l l  t. A n

e q u iv a le n t  s ta te m e n t  is  th a t  {T<t} is  F t-m e a su r a b le .

*
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1.1 T H E  A N D E R S E N  M O D E L

W e a r e  v i s i t in g  in  th is  s e c t io n  th e  A n d e r s e n  m o d e l w h ic h  is  w e l l  k n o w n  in  

in s u r a n c e  m a th e m a t ic s  . It is  d u e  to  S p a rre  A n d e r s e n  (1 9 5 7 ) . T h is  m o d e l h a s  a lso  

b e e n  e x a m in e d  b y  T h o r in , u s in g  a d i f f e r e n t  a p p r o a c h  th a n  th e  o n e  w e  w i l l  a d o p t  

( s e e  T h o r in  (1 9 8 2 )  a n d  a ll  r e fe r e n c e s  to  th e  sa m e  a u th o r  g iv e n  th e r e in ) .  We 

a ssu m e  a  c o m p a n y  r e c e iv e s  p r e m iu m  in c o m e  a t  a c o n s ta n t  r a te  c. C la im s  a r r iv e  in  

te r m s  o f  a r e n e w a l  c o u n t in g  p r o c e ss  N t ; th a t  is  th e  c la im  in t e r a r r iv a l  t im e  

in t e r v a ls  a r e  in d e p e n d e n t  id e n t ic a l ly  d is t r ib u te d  r a n d o m  v a r ia b le s . P (y )  is  a s su m e d  

to  b e  th e ir  d is t r ib u t io n  f u n c t io n  (y  G IR+ ). T h e  c la im  s iz e s  a r e  in d e p e n d e n t

id en tica lly  distributed random variables Y* ( i= l,2 ,...... ) w hich are independent of
th e  c la im  a r r iv a l  p r o c e s s  as w e ll .  T h e ir  d is t r ib u t io n  f u n c t io n  is  G (y ) , (y  €  JR+), 

a n d  w e  a lso  a ssu m e  th a t

« V )  -  g (  v )  =  J ^ + e v y d G (y )  

e x is t s  o n  a n  in t e r v a l  (0,oc) (ooO ). T h e  su r p lu s  p r o c e s s  is
Nt

St -  s0+ct" E Y i
i=l

where £0 is the in itia l capital o f the company. We also assume that 
cJ^ +ydP(y) > J^+ydG(y) (net profit condition)

W h en  P (y )  = l - e “ (P o is s o n  c la im  a r r iv a l  p r o c e ss )  w e  h a v e  th e  c la s s ic a l  m o d e l.

We w i l l  a lso  in c lu d e  in  o u r  p ie c e w is e  d e te r m in is t ic  p r o c e ss  u t , th e  t im e  

e la p s e d  s in c e  th e  la s t  c la im  a r r iv e d  (so  u t in c r e a s e s  w ith  u n it  r a te  t i l l  a c la im
fa r r iv e s ;  th e n  i t  is  s e t  b a c k  to  0). We w i l l  a lso  a ssu m e  th a t  P (y )  p o sse se s  a 

d e r iv a t iv e  ( d e n s it y )  p (y )  (y  G IR+ ).

C o n s id e r  th e  p ie c e w is e  d e te r m in is t ic  p r o c e ss  ( £t , u t , t). Its  g e n e r a to r  a c t in g  

o n  a  f u n c t io n  f ( £ ,u , t )  b e lo n g in g  to  it s  d o m a in  is  g iv e n  b y

3 f  3 f  3 f  p (u ) rA f « . u . t )  -  + —  + —  +^ ( J R+f(C -y ,0 ,t )d G (y )- f (C ,u ,t ) )  (1 .1 .1 )

(P (u)=l-P(u))
We w i l l  a lso  d e f in e  T =  in f ( t  : £t <0). I f  £ 0  fo r  a l l  t > 0  th e n  T^00. O u r
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a im  is  to  f in d  e x p r e s s io n s  in v o lv in g  Pr(T  $ t) ( f in i t e  h o r iz o n  r u in  p r o b a b i l i t y )  a n d  

Pr(T  < °°) ( in f i n i t e  h o r iz o n  p r o b le m ). We s ta r t  w i th  a t e c h n ic a l  le m m a .

L e m m a  1.1.1 Let 'P(y), G(y) be probability measures (y  €  IR+J, and

<PM = g(-v) = v ^ d G (y ), p (v j  =  J ^ + e '^ d P f y )
A s s b ^  c t & o  3  o i e  s A . (^(y)^ “o

then for all 0 > 0  there exists a unique Vg > 0  such that
0fvM 0+cvj = 1 (1.1.2)

is satisfied.
Furthermore if  c f  .y d P ( y )  -> J  ^ y d G fy ) (the net profit condition), then for 0 > 0

* IK * ¥ IK
Athere exists a unique v Q > 0  that satisfies (1.1.2) as well (<p(vQ)p(cvQ) =  1).

P r o o f

0 (v )p (0 + c v )  is  a c o n v e x  f u n c t io n  o f  v  s in c e  i t s  s e c o n d  d e r iv a t iv e  is  

J^ + J ^ + C x-cy)2 e v x ' ( 0 + c v )y d G (x )d P (y )  > 0

so s in c e  f o r  v = 0  <f>(v)p(0+cv)=p(0)<l , th e r e  e x is t s  a  u n iq u e  Vq>0 su c h  th a t  (1.1.2) 
is  s a t i s f i e d .

F o r  0= 0  0 (v )p (0 + cv )= O  a t  v= 0  b u t th e  f i r s t  d e r iv a t iv e  a t  0 is  n e g a t iv e  b y  

th e  n e t  p r o f i t  c o n d it io n ,  so  th e r e  a g a in  e x is t s  a u n iq u e  v Q s a t i s f y in g  (1 .1 .2 ).

□

We w i l l  n o w  f in d  a m a r t in g a le  in  o r d e r  to  s o lv e  th e  p r o b le m  o f  r u in .

T h e o r e m  1 .1 .2  Let ^t ,u t as defined; then
e x p  [ (0 + c v )u t]

e x p ( - v 0 £t )e x p (-0 t ) P(ut) J u e x p j(0 + c v ^ x jp (x )d x

is a martingale for all 0^0 , where v 0 is defined by (1 .1 .2 )

P r o o f

T o  f in d  a m a r t in g a le  o f  th e  fo r m  f ( ^ t ,u t ,t) w e  h a v e  to  s o lv e  

0 f  9 f  9 f  p (u ) .
%  +i r +i ^

(1 .1 .3 )

(1 .1 .4 )
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trying a solution of the form e"®t e"v^h(u) we get

-0 h (u ) -c v h (u )+ h  (u )+ P(u)
P(u) (0 (v )h (O )-h (u ))= O (1-1-5)

a n d  s o lv in g  (1 .1 .5 )

h (u )= h (0 )e x p [(6 + c v )u ]
P(u) ^ 0(v)J^p(x ) e x p[- (0 + c v )x ]d x + [l-4 > (v )p (0 + c v )] j  (1 .1 .6 )

N o w  f o r  e"v ^e- ®l h (u )  to  b e lo n g  to  th e  d o m a in  o f  th e  g e n e r a to r  w e  s h o u ld  

m a k e  th e  s e c o n d  te r m  in  th e  b r a c k e ts  in  (1 .1 .6 ) to  v a n is h , a s  i t  w i l l  o th e r w is e  

v io la t e  th e  4 l j i  r e q u ir e m e n t  fo r  f  to  b e lo n g  to  th e  d o m a in  o f  th e  g e n e r a to r  

( s e e  in t r o d u c t io n ) .  F o r  th a t  p u r p o se  w e  c h o o s e  v=Vq ;th en

h (u )=  h Ô p ^ ^ e+CV^^U^ ( v 0)Ju P (x )e x P[~ ( 0 + c v Q)x ]d x  
h (u )$ h (O )0 (v )  so  it  is  b o u n d e d  ; t h e r e f o r e  in  o r d e r  to  v e r i f y  th a t

(1 .1 .7 )

e [ E l f ( * r ) - f ( x T _)l] < »
TjSt 1 1

f o r  a l l  t£ 0  , i t  s u f f i c e s  to  s h o w  th a t  i f  Y  h a s  d is t r ib u t io n  f u n c t io n  G (y )  , th e n  

E [e x p (v g Y )]< « > w h ic h  is  tr u e  s in c e  0(V g) e x is ts .  T h e  o th e r  r e q u ir e m e n ts  a re  

t r iv ia l l y  s a t i s f i e d ,  so  th e  th e o r e m  h a s b e e n  p r o v e d

□

So w e  c a n  n o w  a p p ly  th e  m a r t in g a le  w e  fo u n d . rA t =  m in ( r ,t )  is  a s to p p in g  

t im e  so  a p p ly in g  D o o b ’s o p t io n a l  s to p p in g  th e o r e m , ( n o t ic e  th a t  u T= 0 )

e x p ( - v  q Sq) gXPp (9u+C)^ )U Q1 0(Ve)Ju P (x )e x p [-  ( 0 + c v 0 )x ]d x =

E [ e x p ( - v 0 5T-0T ) lu 0,T $t]P r(T $t |u 0)+  

e x p  [ (0 + c v )u t] „
E [ e x p ( - v e  £t )ex p (-0 t)< K v e ) f  ex p [-(0 + c V g )x ]  p ( x ) d x l  T > t ,u 0 ] P r ( T > t lu 0) P(ut) u t

( 1-1-8)
S e t t in g  0= 0 in  (1 .1 .8 )  w e  g e t

e x p ( -v 0 £ 0) M y j f  p (x )e x p [-  c v Qx ]d x  / P ( u 0 )=

E [e x p ( -v 0 5T) |T ^ t ,u 0 ]P r (T ^ t |u 0 ) +



E{exp[-v0 $t] 0(vo)JfX>p(x)exp[-cvo x]dx /P ( u t) l r > t ,u 0}P r(T > t l u 0) (1.1.9)
u t

L e t t in g  t -» 00 , -* 00 a.s. b e c a u s e  o f  th e  n e t  p r o f i t  c o n d it io n  (a  d ir e c t

a p p lic a t io n  o f  th e  s tr o n g  la w  o f  la r g e  n u m b e r s) . So -» 00 o n  {T=°°} s a v e  o n  a se t  

o f  z e r o  p r o b a b i l i t y  a n d  (1 .1 .9 ) y ie ld s

e x p ( - v 0 £ 0) 0 (v o)jf° p (x ) e x p [ - c v o x ]d x  / P ( u 0 )=  E [e x p ( -v QST) |T < «i^ ]P r(T < «> 1 1̂ )  (1 .1 .1 0 )
uo

a n d  th u s

P r ( T < « |u 0 )=  exp(-vQ; 0) 0(vQ)J^p(x)exp[-cvo x]dx / ^ ( u ^ E[exp(-v0 £T) (1.1.11)
(1 .1 .1 1 )  is  th e  g e n e r a l iz a t io n  o f  th e  fo r m u la  fo r  th e  c la s s ic a l  m o d e l (se e  

G e r b e r  (1 9 7 9 )  p .1 3 4 , D a s s io s  (1 9 8 4 )  p .17 )

F r o m  (1 .1 .8 ) w e  a ls o  g e t

exp(-v eS0) CX"^9+^ U^ 0(v6)Jf<>p(x)exp[-(0+cve)x]dx £

E [ e x p ( - v 0 5T-0T ) lu 0 ,T ^ t]P r (T ^ t\u 0 ) £

e x p ( -0 t ) E { e x p ( -v 0 5T) |r ^ t , u o } P r (T ^ t |u o) (1 .1 .1 2 )

fo r  a l l  0 £ 0. So f r o m  (1 .1 .1 2 )  w e  g e t

p r ( T « t |u 0 ) * i n f  (exp(0t-ve{;o) e x P ^ +^ ) u cJ 0(V0)J^p(x)exp[-(O+cv^xjdx) (1 .1 .1 3 )

(1 .1 .1 3 )  is  r a th e r  sh a r p  as  th e  s e c o n d  term  in  (1 .1 .8 ) d e c r e a s e s  e x p o n e n t ia l ly  

w ith  t. A  sh a r p  in e q u a l i t y  m ig h t  b e  b e tte r  th a n  m a n y  " ex p lic it"  fo r m u la s  

in v o lv in g  in v e r s io n s  o f  c o m p lic a te d  L a p la c e  tr a n s fo r m s . T h is  in e q u a l i t y  is  k n o w n  

♦  to  p e r fo r m  p a r t ic u la r ly  w e l l  in  th e  c la s s ic a l  c a se  a t le a s t  f o r  w h ic h  i t  h a s  a lso

b e e n  o b ta in e d  b y  G e r b e r  (1 9 7 9 )  (p .1 3 9 ).

A l l  r e su lts  a n d  d e r iv a t io n s  u p  to  th is  p o in t  c a n  a lso  b e  f o u n d  in  D a s s io s

(1 9 8 4 )  a n d  D a s s io s  & E m b r e c h ts  (1 9 8 7 ); in  th e  la tte r  fo r  a s l ig h t ly  m o re  g e n e r a l  

m o d e l. T h e  r e a so n  f o r  in c lu d in g  th e m  in  th is  th e s is  is  th a t  th e  m e th o d  u se d  in  

th e  p r o o f  o f  th e o r e m  1.1.2 a n d  th e  id e a  o f  a d d in g  a s u p p le m e n ta r y  v a r ia b le  ( in  

th is  c a se  th e  t im e  e la p s e d  s in c e  th e  la s t  c la im )  w i l l  b e  u se d  e x t e n s iv e ly  

th r o u g h o u t  th is  th e s is . T h e  id e a  o f  a d d in g  a su p p le m e n ta r y  v a r ia b le  in  o r d e r  to

11



m a k e  th e  p r o c e ss  M a r k o v  is  n o t  n e w . F o r  a  r e f e r e n c e  s e e  C o x  (1 9 5 5 ) .

W e w i l l  a ls o  lo o k  a t  a n e w  a l t e r n a t iv e  m e th o d  to  s o lv e  th e  p r o b le m . We 

r e p la c e  u t , th e  t im e  e la p s e d  s in c e  th e  la s t  c la im , w i th  v t, th e  t im e  n e e d e d  f o r  th e  

n e x t  c la im  to  a r r iv e . v t d e c r e a s e s  w ith  u n it  r a te  t i l l  i t  r e a c h e s  0; a t  th is  t im e  a 

c la im  is  a s su m e d  to  o c c u r , m o v e s  to  £t _+Y j a n d  th e  p o s t -ju m p  lo c a t io n  o f  v t is  

a r a n d o m  v a r ia b le  in d e p e n d e n t  o f  th e  p a s t  w h o s e  d is t r ib u t io n  f u n c t io n  is  P (y ). 

T h e r e  is  n o  n e e d  f o r  P (y )  to  p o sse s  a d e n s ity  a n y  m o re  a n d  w e  d ro p  th is  

a s s u m p tio n . T h e  g e n e r a to r  o f  th e  p ie c e  w is e  d e te r m in is t ic  p r o c e s s  ( £t , v t , t ) 

a c t in g  o n  a f u n c t io n  f ( 5 ,v ,t )  b e lo n g in g  to  it s  d o m a in  is  g iv e n  b y

A fU ,V ,t ) 3 f
'at

af
at

af
dv

(1 .1 .1 4 )

T h e  s e t  o f  b o u n d a r y  p o in ts  th a t  c a n  b e r e a c h e d  v ia  d e te r m in is t ic  m o t io n  is  

!Rx{0}xjR+ a n d  f o r  f  to  b e lo n g  to th e  d o m a in  o f  th e  g e n e r a to r  th e  f o l lo w in g  

r e q u ir e m e n t  h a s  to  b e  f u l f i l l e d  (r e q u ir e m e n t  i i i  in  th e  in tr o d u c t io n ):

f U ,0 , t )  = JJR+JjR+f ( t -y ,x ,t ) d G ( y ) d P ( x )

We c a n  n o w  p r o v e  th e  f o l lo w in g  m a r t in g a le  th e o r e m
(1 .1 .1 5 )

T h e o r e m  1.1.3 Let v^ as defined, 0£O and v 0 as defined by lemma 1.1.1,then
exp(-0t)exp(-V0^t)exp[-(0+cVQ)vt] is a martingale
P r o o f

We tr y  a s o lu t io n  o f  th e  fo r m  e x p [ -0 t -v ^ -(0 + c v )v ]  w h ic h  c le a r ly  s a t is f ie s  

A f= 0 ;  i t  r e m a in s  to  b e  s e e n  f o r  w h ic h  v ,0  (1 .1 .1 5 )  is  s a t i s f ie d  a s  w e l l .  S u b s t itu t in g  

in to  (1 .1 .1 5 )  w e  g e t

e x p ( - 0 t ) e x p ( - v 0 S )= e x p (-0 t)  J ^ + J ^ +e x p [ -v 0( £ -y )]e x p [-(  0 + c v 0)y ]d G (y )d P (x )  (1 .1 .1 6 )

le a d in g  to  1 = 0 (v )p (0 + c v )  , so  v = v 0

e x p ( - 0 t ) e x p ( - v 0 £ ) e x p [ - ( 0 + c v 0 )v  ] t r iv ia l ly  s a t i s f i e s  th e  o th e r  r e q u ir e m e n ts  fo r  

it  to  b e lo n g  to  th e  d o m a in  o f  th e  g e n e r a to r  b y  a p p ly in g  th e  sa m e  a r g u m e n t  as in

th e o r e m  1.1.2 □



T h e  m a r t in g a le  o b ta in e d  in  th e o r e m  1.1.3 w i l l  le a d  to  r e s u lt s  e q u iv a le n t  to  

th o s e  a lr e a d y  o b ta in e d  a s  E { e x p [ - (0 + c v )v t] | u t} = E { e x p [ - (9 + c v ) (X -u t)] |X > u t} w h e r e  X

is  a  r a n d o m  v a r ia b le  w i t h  d is t r ib u t io n  P (y ) ,so
e x p  [ (0 + c v )u t] „

E { e x p [ - (0 + c v )v t] | u t} = -----------------------  J  e x p [ - ( 0 + c v 0) x ] d P ( x )  ( 1 1 1 7 }
P (u t) u t

A n  a d v a n ta g e  o f  u s in g  v t in s te a d  o f  u t is  th a t  w e  d o  n o t  h a v e  to  a ssu m e  a 

d e n s i t y  f o r  P (y ) . O n  th e  o th e r  h a n d  w h i le  in  m o st  a p p lic a t io n s  u t is  o b s e r v e d , v t 

is  n o t , m a k in g  o u r  p r o c e s s  so m e w h a t  a r t i f i c i a l .  F r o m  a m a th e m a t ic a l  p o in t  o f  

v ie w  u s in g  v t is  u s u a l ly  e a s ie r ;  y e t  th e r e  m ig h t  b e  s itu a t io n s  w h e r e  th e  e q u a t io n s  

in v o lv e d  a r e  im p o ss ib le  to  s o lv e . In  s p e c i f i c  s i t u a t io n s  w e  w i l l  u se  e i t h e r  u t or v t 

d e p e n d in g  o n  th e  in d iv id u a l  c ir c u m s ta n c e s  o f  th e  p ro b le m .

♦

1.2 E X P O N E N T I A L L Y  I N C R E A S I N G  IN C O M E

We a re  n o w  g o in g  to  e x a m in e  an  in s u r a n c e  m o d e l w ith  n o n  l in e a r  in c o m e  o f  

a s p e c i f i c  fo r m . We a r e  a s s u m in g  th a t  th e  f u n d s  a v a i la b le  to  th e  c o m p a n y  are  

in v e s t e d  y ie ld in g  a  r a te  o f  in c o m e  6 S t w h e r e  St r e p r e se n ts  th e  f u n d s  a v a i la b le  a t  

t im e  t. N o  p r e m iu m s  a r e  p a id . So in c r e a s e s  d e te r m in is t ic a l ly  w i th  r a te  8S t ; 

*  ju m p s  (c la im s )  o c c u r  w i t h  P o is so n  r a te  X a n d  th e  p o s t-ju m p  lo c a t io n  is  St_ -Y | i f

Y j $ £t _ a n d  th e  p r o c e ss  m o v e s  to  th e  a b so r b in g  s ta te  0 i f  Y j  > £t _ . Y j  h a s  as  

b e fo r e  d is t r ib u t io n  f u n c t io n  G (y )  s u p p o r te d  o n  IR+ . Y j s  are  in d e p e n d e n t  b e tw e e n  

th e m  a n d  o f  th e  c la im  a r r iv a l  p r o c e ss  as w e l l .  T h e  g e n e r a to r  o f  th e  p r o c e ss  ( £ t ,t)  

a c t in g  o n  a f u n c t io n  f ( S ,t )  b e lo n g in g  to  it s  d o m a in  is  g iv e n  b y

9f Qf
A xf  =  —  +  85 —  +  X {f f « - y , t ) d G ( y ) + f ( 0 ) G ( O - f « , t ) }  (1 .2 .1 )

at J(o,s)
S>0 G (y )= l-G ( y )
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A xf(s) = 8 5 f ( S )  + X( f  , f « - y ) d G ( y )  + f ( 0 ) G « )  - f(»} (1 .2 .2 )
5>0

N o t ic e  th a t  w e  a r e  n o t  r e q u ir e d  to  h a v e  f (0 + )  = f ( 0 )  . We w i l l  n o w  f in d  a 

m a r t in g a le .

T h e o r e m  1.2.1 Let as defined, 

g ( 5 ) = /R+e ' 5 y d G (y )  , G ( y ) =
$and G  a probability measure such that

JR+e-^dG*(y) =  e x p [-(X /5 )J *  G ( u ) d u ]
♦then G  ( £ t ) is a martingale 

P r o o f

T o  f in d  a m a r t in g a le  w e  h a v e  to  s o lv e

At acting on f(g) (a function of £ only) gives

S C f U )  +  X {f f (C -y )d G (y )  +  f ( 0 ) G « )  - f ( t ) }  =  0  (1 .2 .3 )

A p p ly in g  L a p la c e  t r a n s fo r m s  o n  (1 .2 .3 ), w e  g e t

- S - ^ - U f U ) ]  + M f ( O g ( O + f ( 0 ) G ( O - f ( O ]  = 0 (1 .2 .4 )
d$

w h ic h  c a n  a ls o  b e e n  w r it t e n  as

L ( e x p [ (  X /6 )J ^ G  (u )d u (f( l) )  =  (X /8 )f (0 )G (()e x p [(X  /8)J“*G(u)du] (1 .2 .5 )

and t h e r e f o r e

5 f ( 5 ) - f ( 0 )  =  K e x p [ - ( X /8 )J ^ G (u ) d u ]  (1 .2 .6 )

w h e r e  K  is  a n  a r b itr a r y  c o n s ta n t , so

f U )  =  f ( 0 )  +  K G * (C ) (1 .2 .7 )

is  th e  s o lu t io n  o f  (1 .2 .3 ) a n d  f ( 5 t ) is  a m a r t in g a le  a n d  in  p a r t ic u la r  G  ( £ t ) is  a 

m a r t in g a le . (A s  i t  is  b o u n d e d  i t  c le a r ly  b e lo n g s  to  th e  d o m a in  o f  th e  g e n e r a to r )

□

|S A ^
e x p [ -(X /6 )J ^ G (u )d u ]  is  th e  L a p la c e  tr a n s fo r m  o f  a p r o b a b i l i t y  m e a su r e . ( s e e  

F e lle r  (1 9 6 9 )  p .4 4 1 ). So G * d e p e n d s  o n  X a n d  6 v ia  (X /8 )  o n ly  a n d  i f  (X /8 )  is



f a i r l y  la r g e  (a n d  in  p r a c t ic e  i t  is )  w e  c a n  w ith  so m e  j u s t i f i c a t io n  p r e te n d  th a t  it  

is  a n  in te g e r  a n d  in te r p r e t  G  as th e  d is t r ib u t io n  f u n c t io n  o f  a su m  o f  id e n t ic a l ly  

d is t r ib u te d  r a n d o m  v a r ia b le s .  F u r th e r m o r e  th e  L a p la c e  tr a n s fo r m  o f  a l l  in f i n i t e l y  

d iv i s ib le  p r o b a b il ity  m e a su r e s  c a n  b e w r it t e n  in  th is  fo r m  (se e  F e l le r  (1 9 6 9 )p .4 5 0 ) .

N o w  to  u se  th e  m a r t in g a le  w e  fo u n d  w e  m u st f i r s t  p r o v e  a t e c h n ic a l  le m m a  

a b o u t  th e  b e h a v io u r  o f  as t -* °°. We d e f in e  th e  p r o c e ss  x t = £ 0 - 5 t e “5 t . x t is  

th e  d is c o u n t e d  su m  o f  c la im s  u p  to  t im e  t; th a t  is  E Y je x p ( -5 T j)  f o r  a l l  i su c h  

th a t  T ^ t ,  w h e r e  T j  is  th e  t im e  o f  th e  i 1*1 c la im . So th e  e v e n t s  {£ s> 0  a l l  s ^ 0 ,t ] }  

a n d  { x t < £ 0 } a r e  id e n t ic a l .

We d e f in e  T =  in f {  t : £ t= 0  } (T=® i f  £t>0 f o r  a l l  t), so  (T>t) is  e q u iv a le n t  

to  { x t < £ 0}

L e m m a  1.2 .2  ”* 00 on {T=°°} save on a set of zero probability
P r o o f

u.
{T=®} a n d  { x t< £ 0 a l l  t } a re  eq jiv a len t. B u t { x t< £ 0 a l l  t)  im p lie s  

s u p x t ^ £0 . S in c e  Xj. is  a ra n d o m  su m  w h o s e  term s h a v e  d is t r ib u t io n s  w ith  n o  p o in t  

m a sse s , (b e c a u s e  o f  th e  T j s ) ,  { s u p x t=0} h a s  z e r o  p r o b a b i l i t y  a n d  g iv e n  t =°° 

s u p x t < ^ 0 w i th  p r o b a b i l i t y  o n e . T h is  m e a n s  th e r e  e x is t s  e> 0  su c h  th a t  s u p x t $t;o-€ , 

so  x t ^^0-€ f o r  a l l  t , so  £ 0-i;t e"5 t $i;o-€ fo r  a l l  t a n d  £t £ € e 5 t ,so  £t -* 00 w ith  

p r o b a b i l i t y  on e .

□

W e a r e  n o w  r e a d y  to  u se  th e  m a r t in g a le  o f  th e o r e m  1.1.1 
$T h e o r e m  1.2.3 Let G  , , T as defined, then

Pr(T < » ) = G * U 0) (1 .2 .8 )

P r o o f
$S in c e  G  ( g t ) is  a m a r t in g a le  ,

G * « 0 ) =  E { G * (5 T A t)} = 0- P r(T S t) + E{ G * (5 t ) |T > t}P r (T > t)  (1 .2 .9 )

L e t t in g  t -*■  00 a n d  in  v i e w  o f  lem m a  1.2.2

G * U 0) =  P r (T = « ) l im G * (0  = P r(T = «) (1 .2 .1 0 )

a n d  th e  th e o r e m  is  p r o v e d . □



«

T h is  s o lv e s  th e  in f i n i t e  h o r iz o n  p r o b le m . In  p a r t ic u la r  w h e n  c la im s  a re

e x p o n e n t ia l ly  d is t r ib u te d  (dG (y)= cxe- a y ), w e  h a v e

* r J /M V 6 ) - L - a y
J ^ + e ' ^ d G  (y)=(a/a+0X/8 , so  P r (T = « )= J o °  -----------r ( \ / 6 ) --------d y

(G a m m a  (X /5 )  d is t r ib u t io n  f u n c t io n )

N o w  to  lo o k  a t  th e  f in i t e  h o r iz o n  p r o b le m  w e  w i l l  e x a m in e  th e  p r o c e ss  

w h ic h  b e h a v e s  a s  u p  to  th e  p o in t  i t  r e a c h e s  0 ( i f  e v e r ) . T h e n  d o e s  n o t  

s to p  b u t  i t  c o n t in u e s  e v o lv in g  ta k in g  n e g a t iv e  v a lu e s .

T h e  g e n e r a to r  o f  ( £ t , t) a c t in g  o n  a f u n c t io n  f ( £ , t )  b e lo n g in g  to  it s  d o m a in  

is  g iv e n  b y

V  =  + 5 & 5 “  + M j ro+ f ( 5-y»t)d G (y)- ■,-f(5,t)} ( 1.2.11)
at * as VJ ir+

We n o w  d e f in e  x *  = S0-S*e"5t (S * = S 0) a s  w e  d id  fo r  £ t . T h e  g e n e r a to r  o f
$( x t ,t )  a c t in g  o n  f ( x , t )  is

3 f
A sf - g p + u L + f(x+yeIR+

f r y
( 1.2.12)

T h e o r e m  1 .2 .4  For all v  > 0,

e x p ( - v x t )e x p { X | [ l - g ( v e -S s )d s} is a martingale
P r o o f

T o  f in d  a  m a r t in g a le  w e  h a v e  to  s o lv e

0 f  i *
+ H j R +f ( x + y e - 5 t ,t )! lf (x ,t))  =  0  (1 .2 .1 3 )

We w i l l  tr y  a s o lu t io n  o f  th e  fo r m  e - v x h (t)  (v £ 0 ) . (1 .2 .1 3 )  c a n  be w r it t e n  as

e"v x h ’(t)+ X e 'v x {J ^ +e x p ( -v y e “5 t)d G (y )  - l} h ( t )= 0  (1 .2 .1 4 )

w h ic h  is  e q u iv a le n t  to
A

h ’(t)  +X h(t)[ g ( v e ’ 5 t) - l ]  = 0  (1 .2 .1 5 )

w h o s e  s o lu t io n  is

h (t )  =  K e x p { x j j l - g ( v e " 5s)d s )  (1 .2 .1 6 )

K  is  a n  a r b itr a r y  c o n s ta n t
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S in c e  |e " v x | $ l  , o u r  s o lu t io n  c le a r ly  b e lo n g s  to  th e  d o m a in  o f  th e  g e n e r a to r  

a n d  th e  th e o r e m  h a s  b e e n  p r o v e d .

□

We w i l l  n o w  u se  th is  m a r t in g a le  to  s o lv e  th e  f in i t e  h o r iz o n  p r o b le m
$ ♦T h e o r e m  1.2 .5  Let ^  , T as defined and define a measure G t such that

J R+e -v y d G * (y )  =  e x p [ - ( X / 6 ) j ^ \ 6t G ( u ) d u ]  (1 .2 .1 7 )

then

Pr(T  *  1 } = L r (1 -2 .1 8 )
P r o o f

A s  w e  sa w  b e fo r e  {T>t} a n d  { x t < ^ 0} a re  e q u iv a le n t .  We d e f in e  th e  p r o b a b i l i t y  

m e a s u r e  G t b y

P r( x * < £ 0 ) = Pr(T  > t )  = f d G * (y ) (1 .2 .1 9 )
bo-'

B y  th e  m a r t in g a le  in  th e  p r e v io u s  th e o r e m ,

* t AE{exp(-vxt )ex p {\J jl-g (v e_5s)ds}} = 1 (1.2.20)
th a t  is

E {e x p (-v x * )}  = J|R+e_vydG*(y) = ex p f-x jjl-g tv e ’^ d s )  = e x p [ - ( X / 6 ) ^ _ gt <J(u)du]
(1.2.21)

□

C le a r ly  th e  m ass o f  G * a t z e r o  h a s m e a su r e  e _>kt. A s  t -* 00 w e  c a n  se e  b y  
* £(1 .2 .2 1 )  th a t  G t te n d s  in  d is t r ib u t io n  to  G  , th e  s o lu t io n o f  th e  in f in i t e  h o r iz o n  

p r o b le m .

T h e  fo r m u la s  o b ta in e d  in  th is  s e c t io n  f o r  th e  r u in  p r o b a b i l i t ie s  h a v e  a lso  

b e e n  o b ta in e d  b y  S e g e r d h a l (1 9 5 9 )  ( se e  a lso  G e r b e r (1 9 8 0 )  p .1 3 5 ) a lth o u g h  b y  a 

d i f f e r e n t  m e th o d . T h is  m o d e l is  in c lu d e d  in  th e  p r e se n t  th e s is  a s  a s im p le  

i l lu s t r a t io n  o f  a m e th o d  th a t  is  g o in g  to  b e  u se d  fo r  m o re  c o m p lic a te d  m o d e ls .T h e  

r e s u lt s  th e m s e lv e s  a r e  g o in g  to b e  a p p lie d  as w e l l .

A s  a n  e x a m p le  c o n s id e r  th e  c a se  w h e r e  d G (y )= a e -a y  ( e x p o n e n t ia l ly  d is t r ib u te d
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claim sizes).

*

♦

J ^ + e ' ^ d G j C y )  = [ ( a + v e " 8 t ) / ( a + v ) ] x / 5  = [e - s t  + ( l - e - 5 t) a / ( a + v ) ] x/ 5 ( 1 . 2 . 2 2 )

T h is  c a n  b e  in te r p r e te d  as f o l lo w s .  We p r e te n d  X /8  is  a n  in te g e r . S in c e  in  

m o st  a p p lic a t io n s  i t  w i l l  b e  la r g e  th is  is  f a i r ly  r e a s o n a b le . S u p p o se

X 1SX 2, ....... , X a r e  in d e p e n d e n t  id e n t ic a l ly  d is t r ib u te d  r a n d o m  v a r ia b le s  w ith

e x p o n e n t ia l  (a )  d is t r ib u t io n .  A ls o  d e f in e

*
-

0 w i t h  p r o b a b il ity  e"5t
i= l» .....,X /B (1 .2 .2 3 )

X j  w i t h  p r o b a b il ity  l - e _5t

th e n  G | is  th e  d is t r ib u t io n  o f  X 1+ X 2+ ...................+ ^ \ / 8

N o w  to  c a lc u la t e  th e  r u in  p r o b a b i l i t y  in  g e n e r a l w e  c a n  a g a in  p r e te n d  X /8  

is  a n  in te g e r . T h e n

e x p [ - ( X / 8 ) j ^ .5 t -G (u )d u ]  = { e x p [-  J ^ _ 5 t G ( u ) d u ]  } x/ 5 (1 .2 .2 4 )
-v A 6(e x p [-  I _s t -G (u )d u ]  } is  th e  L a p la c e  tr a n s fo r m  o f  a p r o b a b i l i t y  m e a su r e  

* X /8w it h  a m a ss a t  0  a n d  G t (y )  is  th e  d is t r ib u t io n  f u n c t io n  o f  X Z: w i th  Z: b e in gi i 1 1
in d e p e n d e n t  id e n t ic a l ly  d is tr ib u te d  r a n d o m  v a r ia b le s  w ith

*v AE { e x p ( -v Z j) )  = e x p  [ - J^e _5t G ( u ) d u ]  

F r o m  (1 .2 .2 5 )  w e  c a n  se e  th a t
(1 .2 .2 5 )

E (Z ;)  = ^ ( l - e ' 81) (1 .2 .2 6 )

a n d

V a r (Z j)  = ( i2( l - e - 2 8 t ) / 2  (1 .2 .2 7 )

il2 b e in g  th e  f i r s t  tw o  m o m e n ts  o f  th e  d is t r ib u t io n  G  a s s u m in g  t h e y  e x is t .

So as a f i r s t  a p p r o x im a t io n  w e  c a n  u se  a c e n tr a l  l im i t  th e o r e m  

a p p r o x im a t io n

Pr(T  < 0  „  ${  [ S o d / S ^ d - e ' 51)] /  [(X /8)M 2( l - e - 2 8 t )]^  ) (1 .2 .2 8 )
w h e r e  $> is  th e  s ta n d a r d  n o r m a l d is t r ib u t io n  f u n c t io n
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1.3. G E N E R A L IZ A T IO N S

We w i l l  n o w  g e n e r a l iz e  th e  m o d e l in  s e c t io n  1.2 b y  a l lo w in g  it s  p a r a m e te r s  to
$b e  t im e  d e p e n d e n t . C o n s id e r  th e  p r o c e ss  ° f  s e c t io n  1.2. T h e  d e te r m in is t ic

♦m o t io n  w i l l  n o t  b e  a n  e x p o n e n t ia l  in c r e a s e  a n y  m o r e , b u t  ( c o r r e s p o n d in g  to  £t ) 

w i l l  b e  in c r e a s in g  w i t h  v a r ia b le  r a te  8 (t)^ t . 8 (t)  is  a p o s i t iv e  R ie m a n n  in te g r a b le  

f u n c t io n  o f  t. A ls o  th e  c la im  a r r iv a l  r a te  is  n o t  c o n s ta n t  b u t  i t  v a r ie s  w ith  tim e ;  

i t  is  X(t) a n o n  n e g a t iv e  R ie m a n n  in te g r a b le  f u n c t io n  o f  t. T h e  c la im  s iz e s  

d e p e n d  o n  t im e  as w e l l .  T h e y  h a v e  d is t r ib u t io n  f u n c t io n  G (y ;t) , w h ic h  is  a 

d is t r ib u t io n  f u n c t io n  f o r  a l l  t a n d  R ie m a n n  in te g r a b le  w ith  r e s p e c t  to  t f o r  a l l  y  

( y€lR+ ). F u r th e r m o r e  w e  w i l l  a lso  m a k e  th e  a s s u m p tio n  th a t  X(t) is  b o u n d e d  on  

a l l  in t e r v a ls  [ 0 ,t o ) ; th a t  is  n o  e x p lo s io n s  a re  a l lo w e d .

T h e  g e n e r a to r  o f  th e  g e n e r a liz e d  p r o c e ss  ( £ t , t)  a c t in g  o n  a f u n c t io n  f (S ,t )  

b e lo n g in g  to  it s  d o m a in  is  g iv e n  b y

0f 0f* V  =  g j -  +  S (t)5  —  + X(t){ J R+ f (5 - y ,t )d G (y ; t )  - f « , t ) }  (1 .3 .1 )
We w i l l  u se  a tr a n s fo r m e d  p r o c e ss  as w e  d id  in  th e  p r e v io u s  s e c t io n . We 

d e f in e

x t = S0 -S te x P ^ 5(s) d s> (1 .3 .2 )
So th e  g e n e r a to r  o f  ( x t , t) a c t in g  o n  f ( x , t )  is  g iv e n  b y

9f - -tA2f = —  + X(t){ |^ +f(x+yexp{-Jo8(s)ds},t)dG(y;t)-f(x,t) } (1.3.3)

#
T h e o r e m  1.3.1 Let x t as defined, then

I

e x p ( - v x t )e x p {  f X (u ) [ l-g (v e x p { -  f 8 (s )d s} ;u )]d u )  1 J o ■ 'o
Proof

In  o r d e r  to  f in d  a m a r t in g a le  w e  h a v e  to  s o lv e

is a martingale for all v> 0  
(g (u ,t )  is the L.T of  G (y ,t)

3f + Mt){ J +f(x+yexp{-Jt8(s)ds),t)dG(y;t)-f(x,t) }= 0at x ,v JIR+ -o
We w i l l  tr y  a s o lu t io n  o f  th e  fo r m  e - v x h (t)  as in  th e  p r e v io u s  s e c t io n .

(1 .3 .4 )
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Substituting we get

h (t)  + X (t)h (t)[g (v e x p {-  f t 6 ( s )d s } ; t )] - 1] = 0 (1 .3 .5 )
Jo

S o lv in g  (1 .3 .5 )

h (t )  =  K e x p {  / ^ ( ^ [ l - g ^ e x p f -  fUS (s)d s};u )]d u } (1 .3 .6 )
J o Jo

w h e r e  K  is  a n  a r b itr a r y  c o n s ta n t . T h e r e fo r e

e x p ( - v x t )e x p {  f X ( u ) [ l-g (v e x p { -  f S (s)d s};u )]d u } (1 .3 .7 )
1 J o Jo

is  a  m a r t in g a le

□

A s in  th e o r e m  1.2.5 w e  h a v e  (b y  e x a c t ly  th e  s a m e  d e r iv a t io n )

P r(T  > t ) =  f  d G * (y )  (1 .3 .8 )

w h e r e

 ̂ t  ^ uJjR+e_vydGt(y) = exp{- JQX(u)[l-g(vexp{- JoS(s)ds};u)]du) (1.3.9)
To find P r(7=°°) we just have to let t -* ®.

In  p r a c t ic e  m o st e x a m p le s  in v o lv e  f u n c t io n s  o f  a p e r io d ic  n a tu r e  th u s  

in c o r p o r a t in g  a s e a s o n a l c o m p o n e n t  w h ic h  is  im p o r ta n t  in  in s u r a n c e  ( se e  B ea rd  

e t .a l . (1 9 8 4 )p .2 0 -2 1  fo r  a  d is c u s s io n ) .  O n e  s h o u ld  c o m p a r e  th e s e  r e s u lts  w ith  

s e c t io n  2 .4  la te r  on .

II
A n o th e r  g e n e r a l iz a t io n  w e  c a n  m a k e  to  th e  m o d e l o f  s e c t io n  1.2 is  to  r e la x  

+ th e  a s s u m p tio n  th a t  th e  c la im  a r r iv a l p r o c e ss  is  P o is so n . We w i l l  n o w  a s su m e  th a t

it  is  a g e n e r a l  r e n e w a l p r o c e ss . We d e f in e  o u r  m o d e l as f o l lo w s .  It c o n s is t s  o f  

a n d  v t th e  t im e  n e e d e d  f o r  th e  n e x t  c la im  to  o c c u r . is  as in  s e c t io n  1.2 w ith  

th e  e x c e p t io n  o f  th e  c la im  in te r a r r iv a l  t im e  in t e r v a ls  w h ic h  a re  in d e p e n d e n t  

id e n t ic a l ly  d is t r ib u te d  r a n d o m  v a r ia b le s ,  b u t th e ir  d is t r ib u t io n  f u n c t io n  is  n o t  

e x p o n e n t ia l  a n y  m o re . I t  is  a s su m e d  to  b e  P (y )  (y > 0 ). So v t d e c r e a s e s  w ith  u n it  

r a te  t i l l  i t  r e a c h e s  0 a n d  a  c la im  a r r iv e s , w h i le  v^ ta k e s  a n e w  v a lu e  w ith  

d is t r ib u t io n  f u n c t io n  P (y ).
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T h e  g e n e r a to r  o f  th e  p r o c e ss  ( £ t , v t , t)  a c t in g  o n  f ( £ ,v ,t )  is  g iv e n  b y

af af arA f(C ,u ,t )  =  8 C - + — ( 1. 3. 10)  

F o r  f  to  b e lo n g  to  th e  d o m a in  o f  th e  g e n e r a to r  th e  f o l l o w in g  c o n d it io n  h a s  

to b e  s a t i s f i e d  a s  w e l l

♦

4

f(S,0,t) = J|R+J1R+f(^-y,v,t)dG(y)dP(v) 
We are going to set

(1 .3 .1 1 )

xt = ?0-&te' 8t
as b e fo r e . T h e  g e n e r a to r  o f  ( x t

(1 .3 .1 2 )

v t , t) a c t in g  o n  f ( x ,v , t )  is  th u s  g iv e n  b y

* af afA  f = ——  ------
at dv

a n d  f o r  f  to  b e lo n g  to  it s  d o m a in  th e  f o l lo w in g  h a s to  b e  s a t i s f i e d .
(1 .3 .1 3 )

f(x,0,t) = J|R+J|R+f(x+ye"5 t ,v,t)dG(y)dP(v) 
To find a martingale we now have to solve

(1 .3 .1 4 )

af af 
—  - —  =  o  

at 3v
s u b je c t  to  (1 .3 .1 4 )

(1 .3 .1 5 )  is  s a t i s f i e d  b y  f u n c t io n s  o f  th e  fo r m  

(1 .3 .1 4 )  w e  g e t

(1 .3 .1 5 )

k (x ,t+ v )  a n d  s u b s t i t u t in g  in to

k (X ,t)  = JjR+JjR+k (x + y e ’ 5 t ’t + v ) d G ( y ) d P (v )  (1 .3 .1 6 )
In  p a r t ic u la r  i f  w e  w a n t  to o b ta in  a m a r t in g a le  o f  th e  fo r m  e x p ( - v x t )h ( t+ u t ) 

w e  s h o u ld  s o lv e

h (t )  = g (v e" 8 t)J*^+ h (t+ v )d P (v )  (1 .3 .1 7 )

L e t  r = v e -8 t  a n d  m (r) = h (t) . T h e n  (1 .3 .1 7 )  b e c o m e s

m (r ) =  g (r )J ^ + m (r e '8 v )d P (v )  (1 .3 .1 8 )

(1 .3 .1 8 )  c a n  b e  s o lv e d  d ir e c t ly  in  v a r io u s  s p e c ia l  c a se s . T h e  c a se  dP (v)= X e"^ v  

c o r r e sp o n d s  to  th e  p r o c e ss  in  s e c t io n  1.2. A n o th e r  c a se  is  w h e n  d P (v )  is  

d e g e n e r a te , a t  T  sa y . T h e n  (1 .3 .1 8 )  b e c o m e s
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m (r ) = g (r )m (re" 5 T ) 

w h o s e  s o lu t io n  is
(1.3.19)

CO a

m (r) = n  g (r e -^5^ )  
o

w h ic h  im p lie s  th a t
(1 .3 .2 0 )

h (t )  = n  g (v e" 5 (t+ *^))  
o

S in c e  e x p ( - v x t )h ( t+ v t) is  a m a r t in g a le

E { e x p ( -v x t ) n  g { v e x p [ -6 ( t+ iT + v t )]}) = n  g (v e" 5 (1+1)T )

(1 .3 .2 1 )

(1 .3 .2 2 )

(w e  a r e  a s su m i^  w ith o u t  a n y  r e a l lo ss  o f  g e n e r a l i t y  th a t  v 0= T ). v t is  d e te r m in is t ic  

a n d  e q u a l to  T [ t /T ]+ T -t  ( [ t /T ]  is  th e  in te g e r  p a r t  o f  t /T ) ;  t h e r e fo r e

E { e x p ( -v x t )}n g { v e x p { -8 ( iT + T + [t /T ]} } = n  g ( v e ’ 5 iT )1 o i (1 .3 .2 3 )
a n d  h e n c e

E { e x p ( -v x t )} =
g (v e" 5 iT ) t> T  

i

1
(1 .3 .2 4 )

OStST

T o  s o lv e  (1 .3 .1 8 )  in  g e n e r a l w e  w i l l  tr y  to  f in d  a  s e r ie s  s o lu t io n  o f  th e  fo r m  

°° m
m (r) =  I ----- ^ r 11o n!

B y  d i f f e r e n t ia t in g  (1 .3 .1 8 )  n t im e s  (a s s u m in g  i t  c a n  b e d i f f e r e n t ia t e d ;  th a t  is  
>thth e  n in  m o m e n t  o f  G  e x is t s )  w e  g e t  th e  r e c u r s io n  

M n =  | [ n] » ln - iM iP (i8 )
w h e r e  /ij is  th e  j 1*1 m o m e n t o f  G . T h is  le a d s  to

M n =  | nE1(jn](* n -iM iP (i s ) ] / { l - p ( n S ) }

T h is  m e a n s  th a t  i f  a l l  m o m e n ts  o f  G  e x is t

(1 .3 .2 5 )

(1 .3 .2 6 )

°o M  «  ME{exp(-vxt)E — -n-{vexp{-8(t+vt)}}n} = E ——“ -(vexp(-8u0)n 1 o n! 1 o n !  °
s in c e  e x p ( - v x t ) m ( v e '5 t) is  a m a r t in g a le .B y  (1 .3 .2 7 )  , w e  h a v e

(1 .3 .2 7 )
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» m
l im E { e x p ( - v x t )} = E —- ^ v e x p C - B u ,,) 11 1 o n! u£-♦ 00

(1.3.28)

So

P r(T  < « ) = f  d Q (y )  
t̂ o*00)

w h e r e  M n e x p ( - n 5 u 0) a r e  th e  m o m e n ts  o f  Q  . C o m p a r e  th e se  r e s u lt s  w i t h  th o se  in  

s e c t io n  2 .5  la te r  o n .

1.4. B O R R O W IN G  -  A B S O L U T E  R U I N  

T h e  im p o r ta n c e  o f  th e  m o d e l in  s e c t io n  1.2 is  n o t  so  m u c h  i t s  p r a c t ic a l  v a lu e  

as is  i t s  r e la t io n  to  o th e r  m o re  c o m p lic a te d  m o d e ls  to  w h ic h  r e s u lt s  o b ta in e d  in  

s e c t io n  1.2 c a n  b e  a p p lie d .

We w i l l  n o w  d e s c r ib e  su c h  a p ro cess . We a ssu m e  th e  c la s s ic a l  su r p lu s  p r o c e ss  

in  in s u r a n c e  w i t h  th e  a d d e d  o p t io n  o f  b o r r o w in g . T h is  p r o b le m  h a s  b e e n  s o lv e d  

f o r  e x p o n e n t ia l ly  d is t r ib u te d  c la im  s iz e s  ( se e  D a s s io s  (1 9 8 4 )p .9 4  a n d  D a s s io s  &  

E m b r e c h ts  (1 9 8 7 )) . T h e  p r o c e ss  e v o lv e s  as f o l lo w s .  W hen > 0 w e  h a v e  

d e te r m in is t ic  m o t io n  o f  w i th  c o n s ta n t  r a te  c  a n d  c la im s  o c c u r  in  term s o f  a

P o is so n  p r o c e s s  w ith  r a te  X. C la im  s iz e s  a re  in d e p e n d e n t  id e n t ic a l ly  d is t r ib u te d  

♦  r a n d o m  v a r ia b le s  w ith  d is t r ib u t io n  f u n c t io n  G (y )  (y > 0 ). T h e  n e t  p r o f i t  c o n d it io n

c>X /zA w h e r e  fi± is  th e  f i r s t  m o m e n t o f  G  h o ld s  a s  w e l l .  W h en  b e c o m e s  

n e g a t iv e  w e  d o  n o t  a ssu m e  r u in  o c c u r s  b u t th e  c o m p a n y  is  a l lo w e d  to  b o r r o w  

m o n e y  in s t e a d , p a y in g  in te r e s t . S u p p o se  th e  f o r c e  o f  in te r e s t  is  6; th a t  is  th e  r a te  

o f  c h a n g e  o f  (;t b e lo w  0 is  c + 6 ^ t . C le a r ly , i f  f a l l s  as lo w  as - ( c /8 )  or le s s ,

th e r e  is  n o  p o s i t iv e  in c o m e  a n y  m o re  a n d  n o  w a y  b a c k  fo r  th e  c o m p a n y . We c a ll  

th is  e v e n t  absolute ruin. We a im  to  e v a lu a t e  th e  in f in i t e  h o r iz o n  p r o b a b i l i t y  th a t  

th is  h a p p e n s .
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O u r p ie c e w is e  d e te r m in is t ic  p r o c e ss  c o n s is t s  o f  a n d  n t . n t in d ic a te s  

w h e th e r  £t is  a b o v e  or b e lo w  0 or  e v e n  b e lo w  - ( c /8 ) .  W hen is  n e g a t iv e  b u t  

la r g e r  th a n  - ( c /8 ) ,  n t= l ;  w h e n  is  p o s it iv e  o r  0 i t  is  n t=2 . W hen  f a l l s  to  

- ( c /8 )  o r  b e lo w , n t= 0  a n d  th is  is  an  a b so r b in g  s ta te . T h e  g e n e r a to r  o f  th e  p r o c e ss  

( n t , 5t ) a c t in g  o n  a f u n c t io n  f n (Q  ( n = 0 ,l ,2 )  is  g iv e n  b y

A f  =
(c+SSJf’jU) + X(f f l (5-y)dG(y)+f0(.)G(^(c/8))-f1(0}

( 0 ,s + ( c /8 ) )  - ( c /8 ) < £ « 0

cf'2(0 + M/(0i fa(C-y)dG(y)+ lr r^ /^ f 1(C-y)dG(y)+f0(-)G(C+(c/8))-f2(0}( ; , ; + ( c / 6 ) )

We s h o u ld  a lso  h a v e  th e  c o n t in u it y  r e q u ir e m e n t  

l i m f  t ( 0 - f  t (0 ) = f  2(0 )

We w i l l  a lso  s e t  f 0( - )  =  0 

T h e o r e m  1.4.1 Let as defined and 
r f 2t t )  P O

f ( 0  = - f t( 0  -(C /S )^ 0
 ̂ 0  5 < - (c /8 )where f 4(g )  = h (^ + (c /8 ) )  and

P O
(1 .4 .1 )

(1 .4 .2 )

(1 .4 .3 )

1h( 0  = J|R+e"5yh(y)dy = -^exp{-(X/S)JoG(u)du}
and

0 .4 .4 )

* c /8
a ! h ( c /8 ) - ( X /c )  f h ( ( c / 8 ) - y ) f  e '^ x d G (y + x )d y
f 2< 0  = L + e ‘ 5 y f 2( y )d y  = -  • -------------------- ^ -----------------------------------------------(1 .4 .5 )

JR+  ' $

then f(£ t ) is a martingale
P r o o f

1 - ( X /c ) G ( 0

In  o r d e r  to  f in d  a m a r t in g a le  w e  sh o u ld  s o lv e

(c+SOf'^O + X(f f 1( C -y )d G (y ) - f1( 0 }  =  0  (1 .4 .6 )J ( 0 ,5 + (c /5 ) )

<*’* « )  +  H j ^ ^ f a C ^ d G C y H / ^  ^ ^ ^ f ^ S - y J d ^ y K . f S ^  0  (1 .4 .7 )
s u b je c t  to  (1 .4 .2 )

T o  s im p l i f y  th in g s  w e  se t  z = £ + ( c /8 )  a n d  h ( z ) = f 1( 0 -  (1 .4 .6 ) th e n  b e c o m e s



(1.4.8)S z h ’(z )  + \ {  f  h (z -y )d G (y )  - h (z )}  = 0  J (0 ,z )

T h is  is  (1 .2 .3 )  o f  s e c t io n  1.2 a n d  it s  s o lu t io n  is  h (z )  w h e r e

1i^+o ^ntyjay = i^ -y ex p H  
K  is  a n  a r b itr a r y  c o n s ta n t  a n d  w ith o u t  lo s s  o f  g e n e r a l i t y  w e  ta k e  K  =1 .

h (5 )  =  f (0+e - 5 y h ( y ) d y  =  K ——- e x p [ - (X /8 )J '  G ( u ) d u ] 0 - 4 .9 )

We c a n  n o w  c o n c e n tr a te  on  s o lv in g  (1 .4 .7 ) w h ic h  is  v e r y  m u c h  l ik e  s o lv in g  

th e  c la s s ic a l  p r o b le m . (1 .4 .7 ) c a n  b e r e w r it t e n  as

Cf'2 « )  +  X{J(0  f 2( t - y ) d G ( y ) +  f  h (C + (c /S )-y )d G (y ) - f  2( 0 )  =  0  (1 .4 .1 0 )
T a k in g  L a p la c e  t r a n s fo r m s

A  A
c5S(5)-cf2(0)-X5f2(O G(O +xJR+e - « / (w+(c/8))

C h a n g in g  th e  o r d e r  o f  in te g r a t io n
h U + ( c /8 ) - y ) d G ( y ) d £  = 0 (1 .4 .1 1 )

f +e-(( fJR+ J (E ,C + (c /8 ))
fC/6h (C + (c /S )-y )d G (y )d C  = f '  h ( ( c /6 ) - y )  f  +e ^ x d G (y + x )d y  (1 .4 .1 2 )

a n d  s in c e  f , ( 0 )  = h ( c /5 )  b y  (1 .4 .2 ),

f 2 ( 0  =  J p + e ’ ^ f j C y j d y  =  —  

w h ic h  is  (1 .4 .5 )  in d e e d

1 h ( c / 5 ) - ( X / c ) J ^ 5h ( ( c /5 ) - y ) J jD+e"^x d G (y + x )d yf i t
1 - ( X /c ) G ( 0

(1 .4 .1 3 )

□

T h e o r e m  1.4 .2 . Let T = in f{t:i;t $ - (c /S )}  (T=°° if  £t > - (c /S )  all t) and <P(S0) = P r (r < » )  

be the probability of ruin with initial capital £ 0 , then

0  ( 0  = J ^ + e ‘ ^y 0  ( y )d y  =

___1_

and if  - ( c / 8 ) < 5 0 , we then have

(1 .4 .1 4 )

h(c/8)-(X/c)JC//5h((c/8)-y)Jro+e"^xdG(y+x)dye l
J (C /5 )[ l - ( 5 y / c ) h ’(y )]d y  [ 1 - (X /c) G ( 0 ] / [ 1 - ( X m1/ c) ] .

, ( c / 8 )M 0) =  1 - ( h ( t 0+ ( c /8 ) ) ( l - X |£ 1/ c )  / £  [ l - ( 5 y / c ) h ( y ) ] d y  } (1 .4 .1 5 )

h  is given by theorem 1.4.1 and is the first moment of  G  (recall that c > \fi±) 
P r o o f
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We m u st  f i r s t  p r o v e  th a t  5 -* °® o n  {T=«} s a v e  o n  a se t  o f  z e r o  p r o b a b i l i t y .  

I n d e e d  g iv e n  th a t  T=m b e c a u s e  o f  le m m a  1.2.2 in  s e c t io n  1.2 th e r e  e x i s t s  t*  su c h  

th a t  £t * > 0 f o r  a l l  t > t*  a n d  th e n  b e h a v e s  l ik e  th e  c la s s ic a l  s u r p lu s  p r o c e ss  

( s e e  s e c t io n  1 .1) a n d  -* 00 s a v e  on  a s e t  o f  z e r o  p r o b a b ility .

We a lso  n e e d  to  f in d  l im  f 2( 0

a h ( c /8 ) - ( X /c ) f C/,Sh ( ( c /8 ) - y ) G ( y ) d y
l im  f 2( 0  =  l im  = ------------------------ 2--------------------------------- (1 .4 .1 6 )
6—  U O  1 - (X jij/c )

U s in g  (1 .4 .8 )  w e  c a n  se e  th a t

J C^8 h ( ( c /8 ) - y ) G ( y ) d y  = (B /X ) J C/ Ŝy h ’(y )d y  (1 .4 .1 7 )
;o •’o

( fr o m  s e c t io n  1.2 w e  k n o w  th a t  h ’ (y )  e x is t s )

(1 .4 .1 6 )  & (1 .4 .1 7 )  g iv e  u s

h ( c / 5 ) - ( 5 / c ) f Ĉ  y h ’( y )d y  f ^ 5\ l - ( 5 y / c ) h ,(y ) ]d y
lim  f 2( 0  = ----------------------^ ----------------------------------  (1 .4 .1 8 )
S - 00 1 - (X/£t / c )  1 - (X#£1/ c )

•  B y  th e  u s u a l r e a s o n in g  f 2(^ 0) = E { f 2(i;T^ t)} = E { f  2(t;t ) |T > t}P r(T > t) a n d  le t t in g
{ -» 00

1 - iPU0) = P r (T o -)  = f 2( 5 0 ) /  l im  f 2( t )  (1 .4 .1 9 )

N o w , i f  0 ( 0  is  th e  L a p la c e  tr a n s fo r m  o f  0 (Q  , b y  (1 .4 .5 ) & (1 .4 .1 8 )  , (1 .4 .1 4 )  

f o l lo w s .

I f ,  h o w e v e r , w e  s ta r t  w ith  n e g a t iv e  c a p ita l  5 0 < 0 (b u t  la r g e r  th a n  - ( c /8 ) ) , t h e n  

b y  (1 .4 .3 ) a n d  (1 .4 .1 8 )  , (1 .4 .1 5 )  f o l lo w s

• □

F u r th e r m o r e  u s in g  (1 .4 .1 6 ) w e  c a n  o b ta in  th e  a s y m p to t ic  b e h a v io u r  o f  0 ( £ o) 

f o r  la r g e  £ 0 in  th e  sa m e  l in e  o f  a r g u m e n t  as C ra m er  (1 9 3 0 )  d id  f o r  th e  c la s s ic a l  

m o d e l ( se e  a lso  B u h lm a n  (1 9 7 0 )  p. 14 9-151  a n d  F e lle r  (1 9 6 9 )  p .3 7 7 ). A s s u m e  G  is  

su c h  th a t  th e r e  e x i s t s  a  > 0 so  th a t

J^+evydG(y) < » v e  [0,«)
A

T h e n  s in c e  c>X/x1 th e r e  e x is t s  p  > 0 su c h  th a t  (X /c )G (-p )  =  1 a n d  in  l in e  w ith  

C r a m e r ’s a r g u m e n t  0 ( £ o) ~  L e x p (-p t;o ). O f  c o u r se  L  is  n o t  th e  s a m e  a s  th e
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constant evaluated by Cramer for the classical model; indeed it is much smaller.
We le t  0 ( 5 O) = k ( £ 0) e x p ( - p £ 0 ), th e n  k ( 0  = a n d  t h e r e fo r e

l i m k ( 0  =  l i m ? k ( 0  =  
5—  U O

l i m [ t t + p ) / t ]
U - P

a n d  s in c e

h (c /6)-( X/c) 5h((c/ 5 ) -y ) J ^ e ' 5 x d G (y + x )d y
1 ' 7375T ° xf  ' [ l - ( B y /c ) t i ( y ) ] d y  [ 1 - ( X /c )G (5 )] /[  1- ( Xm±/ c)]

(1 .4 .2 0 )

l im [ l - ( X /c ) G U - p ) ]  /  l =  - (X /c )G  * (-p )  
H O

c /S  
oL = lim k (S )  = ( 1 /p )

h ( c /5 ) - ( X /c ) J 2 Sh ( ( c /5 ) - y )  L + e ‘ ^x d G (y + x )d y
| tJ IK

(X/c)J C 5 [ l - ( 5 y /c ) h ’( y ) ] d y £ y e ^ y G ( y ) d y /  [ 1-(X m±/ c)]

(1 .4 .2 1 )

(1 .4 .2 2 )

1.5 T H E  C L A S S IC A L  M O D E L  W IT H  IN V E S T M E N T

We w i l l  n o w  c o n s id e r  a m o d e l m. \ x . i n g  th e  c h a r a c te r is t ic s  o f  th e  c la s s ic a l  

m o d e l a n d  th e  o n e  d e s c r ib e d  in  s e c t io n  1.2 . We a ssu m e  th a t  th e  c o m p a n y  r e c e iv e s  

an  in c o m e  d u e  to  p r e m iu m s  w ith  a c o n s ta n t  r a te  c. In  a d d it io n  to  th a t  th e  fu n d s  

a v a i la b le  to  th e  c o m p a n y  a re  a g a in  in v e s te d  y ie ld in g  a r a te  o f  in c o m e  6 5 t . So  

th e  to ta l  in c o m e  r a te  is  c + 6 5 t . T h e  p r o c e ss  o f  th e  c la im s  is  a s  b e fo r e ;  P o is so n  

a r r iv a ls  w i t h  r a te  X a n d  in d e p e n d e n t  id e n t ic a l ly  d is t r ib u te d  c la im  s iz e s  w ith  

d is t r ib u t io n  f u n c t io n  G (y )  (y > 0 ). W hen g o e s  n e g a t iv e  th e n  w e  a s su m e  i t  r e a c h e s  

th e  a b s o r b in g  s ta te  0  a n d  i t  c e a se s  to  e v o lv e . T h e  g e n e r a to r  o f  a c t in g  o n  a  

f u n c t io n  f ( g )  b e lo n g in g  to  it s  d o m a in  is  g iv e n  b y

A f  = ( c + 8 0 f ’U )  + X {f f U - y ) d G ( y )  +  f (0 ) G (O  - f ( O )  (1 .5 .1 )
(0,£) £>Q

(n o te  th a t  f (0 + )  t  f (0 )  in  g e n e r a l)
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Now before actually solving the problem of ruin as in the previous sections
w e  c a n  f i r s t  tr y  to  f in d  a sh o r tc u t. I n d e e d  z t = £ t+ ( c /8 )  is  th e  s a m e  as th e  

p r o c e s s  in  s e c t io n  1.2 a s  lo n g  as z t £ ( c /8 ) .  R e c a l l  th a t  f ( z t ) is  a  m a r t in g a le  

w h e r e

f ( z >  =  f (Q z ) d G * (y )  a n d  / ^ e ’ ^ d G ^ y )  = e x p { - (X /8 )_ ^ G (u )d u }  

N o w  le t  T*= in f{ t :  < 0 ) = in f{ t :  z t < c /8 } ,  th e n  a p p ly in g  th e  u su a l

a r g u m e n t

f ( z Q) =  E { f ( z T*) | T*<®}Pr(T*<®) + Pr(T*=») (1 .5 .2 )

( l im f ( z ) = l  a n d  z t -*m b y  le m m a  1.1.2)

So

l-f(z0>Pr(T * < ») = ---------------------------  (1 .5 .3 )
l - E { f ( z T* ) |T * < « )

a n d  th e r e f o r e

l - f ( 5 0+ ( c /8 ) )
Pr(T * < °°) ------------------------------------------  (1 .5 .4 )

•  l - E { f ( ( c /8 ) + 5 T* |T*<°°}

U s u a l ly  th e  s iz e  o f  o n e  p a r t ic u la r  c la im  w o u ld  b e  sm a ll c o m p a r e d  to  c /8 ,  so

a p p ly in g  a n o  o v e r s h o o t  a p p r o x im a t io n  th e  p r o b a b i l i t y  o f  r u in  in  th e  in f in i t e

h o r iz o n  is  a p p r o x im a te ly

W(c/s),")dG*(y) / (̂(c/6),«)d G *(y) (1-5-5)

T h is  is  m o r e  or le s s  s a t is f a c t o r y  f o r  la r g e  £ 0- H o w e v e r , i t  is  n o t  a p p lic a b le  

f o r  s m a ll  £ 0 . F o r  e x a m p le  f o r  £ o= 0  (1 .5 .5 ) g iv e s  th e  v a lu e  1 w h ic h  is  u se le s s  

r e s u lt  (a lth o u g h  i t  m ig h t  b e  v e r y  n ea r  to  1). S o  th e is  is  so m e  sc o p e  in  t r y in g  to  

f in d  a n  e x a c t  fo r m u la .

T h e o r e m  1.5.1 Let f ( £ )  be such that

f ( 0  = JK+e"^xf(x)dx = ( l /O J o(c/S)exp{-(c/8)x}exp{(X/S)J*G(u+Odu}dx 
then f(5 t) is a martingale 
Proof

(1.5.6)
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To find a martingale we have to solve

«

«

(c+8t)f'(t) +  M L  f (C -y )d G (y )  +  f(O)GU) - f»)} = 0  (1 .5 .7 )
W ith o u t  lo s s  o f  g e n e r a l i t y  w e  se t  f (0 ) = 0  a n d  w e  try

f«) =  f 5h (y )d y  +  f(0+)
J o

I n te g r a t in g  b y  p a r ts

L  r / ( 5 - y ) d G ( y )  =  f(0+)G C S) - / h ( 5 - y ) G ( y ) d y  (1 .5 .8 )J (0 ,5 )  Jo
so  w e  h a v e  to  s o lv e

( c + S » h (C )  + X { f(0 + )G « )  - J^h((-y)G(y)dy) =  0  

T a k in g  L a p la c e  t r a n s fo r m s

(1 .5 .9 )

c h ( 0 - 8 7 ; [ h ( 0 ]  = X h ( O G ( O -X f( 0 + ) G (O  (1 .5 .1 0 )d$
T h e  o n ly  s o lu t io n  o f  (1 .5 .1 0 )  th a t  c a n  b e  a L a p la c e  tr a n s fo r m  is

h ( 0  = f ( 0 + ) e x p { ( c $/& )-( X /S )f^ G (u )d u }  f (X /8 )  e x p { - (c /8 )x } e x p { (X /8 )  fXG (u )d u )  G (x )d x
0 -U  0 (1 .5 .1 1 )

w h ic h  c a n  b e  r e w r it t e n  as (w e  a ls o  in te g r a te  b y  p a r ts )

h ( 0  = f (0 + )  J ( c /5 ) e x p { - ( c /8 ) x ) e x p { ( X /6 ) J  G (u + O d u )d x  (1 .5 .1 2 )

so

f ( 0  = f(0+X l/O j (c/6)exp{-(c/6)x}exp{(X/8)JXG(u+Oclu}dx (1 .5 .1 3 )*
f  c le a r ly  b e lo n g s  to  th e  d o m a in  o f  th e  g e n e r a to r  s in c e  i t  is  c o n t in u o u s  a n d

E { f U t ) - f « t J }  =  f ( S t . - y ) d G ( y ) - f ( { ,_ )
a t  a l l  c la im  t im e s  w h ic h  is  f in i t e  b y  (1 .5 .7 )

□

So

lim f(0  = f(0+)+J h’(y)dy = J (c/8)exp{-(c/8)x}exp{(X/8)J G(u)du}dx 
and reasoning as before

(1.5.14)
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(1.5.15)0 U O) = 1 - f U 0) / l i m f (S)
a n d  in  p a r t ic u la r

0 (0 )  = 1 - ( c /8 ) e x p { - ( c /6 ) x ) e x p { ( X /6 ) J XG (u )d u )d x j  (1 .5 .1 6 )

(1 .5 .1 6 )  c a n  a lso  b e  u se d  as a c o r r e c t io n  f a c t o r  in  a p p r o x im a t io n  (1 .5 .5 ) fo r  

n u m e r ic a l  c a lc u la t io n s .

W h en  c la im s  a r e  e x p o n e n t ia l ly  d is t r ib u te d  a n  e x p l ic i t  a n d  d ir e c t  f o r m u la  ca n  

b e o b ta in e d  ( se e  D a s s io s  (1 9 8 4 )p .3 5 )

*

1.6 C O N T I N U O U S  P A T H  M O D E L S

In  th is  s e c t io n  w e  w i l l  d e a l w ith  in s u r a n c e  a r r a n g m e n ts  w h e r e  th e  c la im s  

m a d e  a r e  n o t  to  b e  p a id  in s t a n ta n e o u s ly  b u t  in  a c o n t in u o u s  r a te  o v e r  a c e r ta in  

t im e  p e r io d . F o r  e x a m p le  su p p o se  a p e r so n  is  in s u r e d  a g a in s t  i l ln e s s  p a y in g  

p r e m iu m s  w i t h  a c o n s ta n t  r a te  a n d  w h e n  i l l  r e c e iv in g  b e n e f i t  w i t h  a c o n s ta n t  

r a te  a s  w e l l .

V e r y  l i t t l e  w o r k  h a s  b e e n  d o n e  on  m o d e ls  o f  th is  k in d . It c a n  u s u a lly  be
n

f o u n d  in  in s u r a n c e  l i t e r a tu r e  c o n c e r n in g  s p e c i f i c  e x a m p le s  su c h  a s  th e  o n e  

m e n t io n e d  la te r  in  th is  s e c t io n .

S u p p o se  th e  in c o m e  r a te  o f  th e  c o m p a n y  is  c a n d  w h e n  p a y in g  i t  p a y s  o u t  

b e n e f i t s  w i t h  r a te  a , m a k in g  its  in c o m e  c -a  (w h ic h  h a s  to  b e  n e g a t iv e ,  to  m a k e  

s e n j e  f o r  th e  in su r e d ) . T im e  sp a n s  w ith o u t  i l ln e s s  a n d  d u r a t io n s  o f  i l ln e s s e s  are  

in d e p e n d e n t  a n d  in d e p e n d e n t  b e tw e e n  th e m  r a n d o m  v a r ia b le s  w ith  d is t r ib u t io n  

f u n c t io n s  P t (y )  a n d  P 2(y )  (y > 0 )  r e s p e c t iv e ly . P 2 is  su c h  th a t  th e r e  e x i s t s  ooO s.t.
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J ^ + eP y d P 2(y )  < «  fo r  p e  [0,oc)

O u r p ie c e w is e  d e te r m in is t ic  p r o c e ss  c o n s is t s  o f  ( c a p ita l  s u r p lu s ) , n t ( s ta te  

o f  i l ln e s s  ( n t = 2 ) or n o n  i l ln e s s  ( n t = 1)), v t th e  t im e  n e e d e d  f o r  a t r a n s it io n  

f r o m  o n e  s ta te  to  a n o th e r  to  o c c u r  a n d  f in a l l y  t im e  t. A g a in  w e  w i l l  u se  th e  

t im e  n e e d e d  f o r  th e  n e x t  ju m p  r a th e r  th a n  th e  t im e  e la p s e d  s in c e  th e  la s t  to  

c a te r  f o r  p o in t  m a sse s  in  P t a n d  P 2. T h e  g e n e r a to r  o f  th e  p r o c e s s  a c t in g  o n  a 

f u n c t io n  f (n ,i; ,v ,t )  b e lo n g in g  to  it s  d o m a in  is  g iv e n  b y

r 9 f ( l ,£ ,v , t )  3 f ( l ,g ,v , t )  3 f ( l ,£ ,v , t )c -------------------- ----------------- + -----------------9£ 9v  9t
A f  = ( 1.6.1)

, 9f(2,5,v,t) 9f(2,£,v,t) 9f(2,£,v,t)(c -a )  — :--------  - -------:--------  +9£ 9 v  9t
In  a d d it io n ,  f o r  f  to  b e lo n g  to  th e  d o m a in  o f  th e  g e n e r a to r  th e  f o l lo w in g

c o n d it io n s  h a v e  to  b e  s a t i s f i e d

f(l,£,0,t) = J^+f(2,£,v,t)dP2(v)

f(2,^,0,t) = J^+f(l,5»v,t)dP1(v)
We s ta r t  b y  p r o v in g  a n  an alytica l le m m a  

L e m m a  1.6.1 For all Q > 0 ther exists a unique Vg > 0 such that 
p 1( c v + 0 )p 2(0 -(a -c )v )  = 1

♦

is satisfied, where

P j ( v )  = JjR+e‘vydPi(y) i= l ,2  

Furthermore, provided

c JR+ y d p i (y )  > (a - c V y d P  2(y )  (net profit condition) 
there exists v Q > 0 satisfying (1.6.4); that is

Pi(cvo)P2Ha-c)vo) = 1

(1.6.2)

(1 .6 .3 )

(1 .6 .4 )

(1 .6 .5 )

( 1.6.6)

P r o o f

p 1( c v + 0 ) p 2(0 - (a -c )v )  is  a c o n v e x  f u n c t io n  o f  v  s in c e  it s  s e c o n d  d e r iv a t iv e  w ith
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respect to v is

0

*

JJR+J|R+[cx-(a-c)y]2e'(cv+0)x_[0-(a"c)v]ydP(x)dP2(y) > 0 
and since P 1( c v + 0 ) p 2(0-(a-c)v) = p 1(0)p2(0) < 1 at v = 0 the first part of the 
lemma follows. By (1.6.5) the first derivative is negative at v = 0 is negative and 
the rest of the lemma follows as well.

Theo r e m  1.6.2 L e t  f q  b e  s u c h  t h a t

□

f 0(n,£,v,t) =
exp(-Vgi;t)exp(-0t)exp{-(cv0+ 0)v} n=l 

^exp(-v0(;t)exp(-0t)exp{[(a-c)v0-0]v}p1(cv0+ 0) 

t h e n  i s  a  m a r t i n g a l e  f o r  a l l  Q  2  0

Proof

In order to find a martingale w e  should solve 

3f(U,v,t) 0f(l,5,v,t) 0f(l,5,v,t)

(1.6.7)
n=2

as 3v at = o (1.6.8)

, x3f(2,5,v,t) 3f(2,£,v,t)
(c-a) — — ----- ----1----  +

9f(2,S,v,t)

at = o (1.6.9)as 9v

subject to (1.6.2) and (1.6.3)

W e  try a solution of the form e" 0te‘v ^hn (v). (1.6.8) gives h ’1(v)=-(cv+0)h1(v) 

and therefore

h t(v) = K 1e-(cv+0)v (1.6.10)
( K 4 a constant)

Similarly by (1.6.9)

h ’2(v) = K 2e-t(c-a)v+0l (1.6.1 1 )
( K 2 a constant)

N o w  (1.6.2) gives

K i = K 2p 2(0-(a-c)v) (1.6.12)

and (1.6.3) gives

K 2 = K 1p 1(cv+0) (1.6.13)

(1.6.12) &  (1.6.13) combine to give us (1.6.4), so w e  choose v = v 0 and therefore 

f0(nt,^t,vt,t) is a martingale since it satisfies (1.6.8),(1.6.9),(1.6.2) and (1.6.3). By
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reasoning as in theorem 1.1.2 of section 1.1, it belongs to the domain of the 

generator.

□

If £0,v0 are the initial values of £t,vt and n 0=l , letting T=inf{t:^t<0}

exp(-VQ£o)E{exp[-(cvQ+0)v0]} = E{e“0Texp[ [(a-c)v0-9]vT ]p1(cve+0) |T$t)Pr(T$t) +

e"0tE{exp(-V0^T)exp[-(2-nt)(cV0+0)vt][exp[[(a-c)v0-0]vt]p1(cv0+0)]nt 1 |T>t}Pr(T>t)
(1.6.14)

Letting t -* 00 in (1.6.15) (for 0=0 w e  need that -*• °® a.s. , but this is once 

again ensured by the net profit condition and the strong law of large numbers)

E{e“0Texp[[(a-c)V0-0]vT]|T<«}Pr(T<«) = exp(-v0So)E{exp[-(cv0+0)vo]} / p t(cv0+0)
(1.6.15)

and letting 0 = 0 in (1.6.15)

Pr( T < « ) = exp(-v0 ^0)E{exp(-cvQv 0)} / E{exp[(a-c)vQvT] I r ^ p ^ c v ^  (1.6.16) 

Furthermore w e  can find as in section 1.1 an inequality for the finite 

horizon problem. Leaving out the second term in the right hand side of (1.6.14)
•

exp(-v0So)E{exp[-(cve+0)vo]} £ E{e'0Texp[ [(a-c)v0-0]vT ]p1(cv0+0) |T$t}Pr(T*;t)

£ e“0tE{exp[ [(a-c)V0-0]vT ]p1(cv9+0) |TSt}Pr(T$t)

£ e-0t p 1(cvQ+0) Pr(TSt) (1.6.17)

and from (1.6.17) w e  get

P(T S t) S inf {e0t exp(-v05o)E{exp[-(cv0+0)vo]} / p (cv0+0)) (1.6.18)
0£O

To illustrate these results w e  will consider the following example (Ramsay 

t (1984)). W h e n  the insured person is healthy illness occurs with a Poisson rate X;

the person gets healthy again with a Poisson rate ij l However, he does not receive 

benefit immediately after he gets ill but only after a fixed time T  has elapsed 

and he has not recovered. W h e n  he does recover, benefit ceases. In this example 

w e  have d P 2(v) = n & ~ ^ v  and P t is such that

P t(5) = c-^+ ")T [X/(X+0] / [ 1 - [X/(X+0](l-e^T ) 1 (1.6.19)

(1.6.11) gives (after some algebraic manipulations)

33



(1.6.20)(cvQ+0+Xe“̂ )[^+0-(a-c)VQ] = X/iexp[-(cvg+0+fi)T]
and for 0 = 0

(cv0+Xe'^T )[^-(a-c)v0] = X{iexp[-(cv0+*z)T] ( 1.6.21)
No w ,  w e  assume that the person is healthy initially and that u 0 is 

exponential (X). Because of the memoryless property of the exponential vT is 

independent of T and exponentially (jx) distributed. Hence (1.6.16) gives

and the relevant inequality for the finite horizon problem follows too (we omit 

details).

W e  n o w  consider other income rates dependent on £t. Consider a process with 

two states 1 and 2. The process changes from 1 to 2 with Poisson rate X and 

from 2 to 1 with rate f L Income rate is c 1(^t) w h e n  at 1 and c 2(5t) w h e n  at 2.

c t and c 2 are R iemann integrable functions (there is no requirement for them to 

be either positive or negative; they can even change signs). The generator of the 

piecewise deterministic process (nt,£t) acting on a function fnU )  is given by

Pr(T < «) = [X/(X+cv0)]exp(-v0 £0) ( 1.6.22)

A f  =
' c . U K i U )  + M f z U K i U ) }  n=l

c2(O f’2(0  + Mtf^O-faCO) n=2
(1.6.23)

and in order to find a martingale w e  should solve

c . U K ’iU) + X{f2(5)-f1(0) = 0 

c 2(S)f*2(S) + M{f1(C)-f2(5)) = 0

(1.6.24)

(1.6.25)

The solution of the system (1.6.24), (1.6.25) is given by

f ±(5) = (X/c1(x))exp{X fXdy/c<(y) + /xfXdy/c2(y) }dx (1.6.26)

f t( 0  = -K| (jx/c,(x))exp{xfXdy/c1(y) + #xfXdy/c2(y) }dx (1.6.27)

K, €, s € 2 are arbitrary constants.
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A n  application can be c t( 0  = c+8t; , c 2 ( l )  = c+8t;-a ; that is the model at 

the beginning of the section with P 1,P2 exponential and interest included. O ne 

should observe that if 5* reaches (a-c)/B, ruin can not occur any more. So w e  see 

that the probability of ruin is just the probability that reaches 0 before 

(a-c)/8. By (1.6.26) and (1.6.27), f(nt,£t) is a martingale where f(n,£)=fn (£) and

f \ ( 0  = fC(X/6)[(c/8)+x](V8)-l{[(a.c)/8).x}(f(/6)dx 
1 J  0

(1.6.28)

f 2(C) = fE(ji/8)[(c/S)+x](x/8) {[(a-c)/8]-x}(»i/8)-1dx (1.6.29)

Let T* = inf{t: £t=0 or £t=(a-c)/8) 

Clearly T* is a stopping time so

(1.6.30)

f itto )  = E{f(nT*,5T*))
(we are assuming n Q = 1)

If t;T* = 0 then nT* = 2 and if £T* = (a-c)/8 then n T* = 1 

Therefore, by (1.6.31)

(1.6.31)

f t(50) = faWPrdJ^OJ+f.aa-cVBjP^fi^Ka-cJ/B) = f 1((a-c)/8)Pr(^T*= 

so the probability of ruin is

=(a-c)/8)
(1.6.32)

1 - Pr(5T*=(a-c)/8) = l -[f1(50)/f1((a-c)/B)]

which is

f5°(X/8)[(c/8)+x](x/5)-1{[(a-c)/8]-x}^/6)dx 
J 0

(1.6.33)

.(a-c)/8 (x/S)[(C/S)+x](x/8)-1 {[(a-c)/&]-x} ( 8 ) dx 
J o

(1.6.34)



CHAPTER 2
Q U E U E S  &  R E L A T E D  M O D E L S

Queues and related models are of supreme importance in the theory of 

stochastic processes as well as in practical applications. Applications include a 

wide range of fields such as hydrology (e.g rainfall models, see Cox &  Isham 

(1986)) to computer networks. Inventories and storage systems are models related 

to queues too. T he s h o t  n o i s e  p r o c e s s  and some variations of it will also be dealt 

with in this chapter. Also there is an apparent duality with insurance processes, 

as it will be evident by the properties of the processes and the results found. 

Martingale methods have been used in association with these processes (e.g 

Rosenkrantz (1981)) but have so far been applied to diffusion models mainly. The 

piecewise deterministic processes approach seems well equijed to be used in 

queues and storage models not containing a diffusion element. So w e  are going to 

examine the properties of these processes in a n e w  way, finding some n e w  results 

• in the process of doing so.

2.1 T H E  G / G / l  Q U E U E

A  complicated model k n o w n  for a long time is the G/G/l queue. It consists 

of one server and customers arrive in terms of a renewal process and have 

service requirements which are independent identically distributed random 

variables, the model is so complicated that w e  can not even find a simple 

expression for the expected busy period in terms of the system parameters. 

Spectral theory is usually the w a y  to treat this process analytically (see 

Kleinrock (1975) p.273)
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W e  will provide an alternative in this section. Furthermore w e  will see 

various different ways to use piecewise deterministic processes theory which are 

going to be useful in analyzing other models later on. The time a customer that 

will just arrive will have to wait till starting to be served is called the v i r t u a l  

w a i t i n g  t i m e .  W e  define the virtual waiting time process xt as follows. As long as

x t>0 the process decreases linearly with unit rate and at times Tj (i=l,2,.. ) xt

jumps to x t=xt_+Yj. T j+ j-Tj are independent identically distributed random 

variables with distribution function P(y) (y>0) and the Yj’s are independent 

identically distributed random variables and independent of the arrival process as 

well. Their distribution function is G(y) (y>0). Furthermore the first moments of 

P and G  exist, are p ± and respectively and

H  < Pi (2.1.1)
W h e n  x t reaches 0 (and it does so infinitely often because of (2.1.1)) xt

ceases to decrease and remains at 0 till the next jump occurs (queue idle).

W e  define the piecewise deterministic process (nt,xt,vt,t) as follows. n t is an 

index process taking the values 0 and 1. As long as n t=l xt and v t (the time 

needed for the next jump to occur) decrease linearly with unit rate. W h e n  vt 

reaches 0, n t stays at 1, xt moves to x t_+Y^ where Y- has distribution function 

G(y) and the post jump location of v^ has distribution function P(y). W h e n  x t 

reaches 0, n t moves to 0 and as long as n t=0, x t=0 while v t decreases as before; 

w h e n  v t reaches 0 n t moves back to 1, x t to a post jump location with 

distribution function G(y) and vt the same with P(y). So vt is the remaining 

lifetime process associated with the renewal process of arrivals and n t indicates 

whether the queue is busy(l) or idle(0). The generator of the piecewise 

deterministic process (nt,xt,vt,t) acting on a function f(n,x,v,t) belonging to its 

domain is given by

Af(n,x,v,t) =

"3 3 3
— f(l,x,v,t) - — f(l,x,v,t) - — f(l,x,v,t) n=l
qt ox ov

— f(0,0,v,t) - — f(0,0,v,t) 
Lot ov

(2.1.2)
n=0

For f to belong to the domain of A  the following have to be satisfied
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f(l,0,v,t) = f(0,0,v,t) (2.1.3)

f(i,x,0,t) = f j  +f(l,x+y,v,t)dG(y)dP(v)
^ M  (i=0,l)

The somewhat complicated state space is {0}x|R+u  {l}x|R+x|R+.

Using (2.1.3) w e  can suppress dependence on n and write f(l,x,v,t) as

and f(0,0,v,t) as f(0,v,t) with

A*f(x,v,t)

af ar af
9t 8x 0v

9f 0f

0t d v

and the condition to be observed is

x>0

x=0

f(x,0,t) = Jjp+Jjp+f(x+y»v»t)dG(y)dP(v)

W e  will n o w  set on to prove results about the G/G/l queue. 

Theorem 2.1.1 T h e  l o n g  r u n  a v e r a g e  p r o p o r t i o n  o f  t i m e  t h e  q u e u e  

Hl^/Pi)- T h a t  i s

ft Pr(xs=0)ds
lim— 2-----------  = 1 - ( i l J p J

t-** t
Proof

Consider the process

i s

(X
zt = j  l(xg=0)ds

0 (I is the indicator function)
then the augmented generator B  acting on a function f(z,x,u,t) is given by

Bf(z,x,v,t) =

0f 0f 0f
0t 0X d v

0f 0f 0f
0Z + 0t d v

x>0

x=0

and (2.1.6) becomes

f(z,x,0,t) = J|R+/ |R+f(z,x+y,v,t)dG(y)dP(v)
So, in order to find a martingale w e  should solve Bf(z,x,v,t) = 0 

subject to (2.1.8).

W e  try a solution of the form z-Kt+h(x,v); (2.1.9) becomes

(2.1.4) 

f(x,v,t)

(2.1.5)

(2.1.6)

i d l e  i s

(2.1.7)

(2.1.8)

(2.1.9)
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af, a h
-k  - —  - —  = o

3x 3v

3fc

K  " 3v

(2.1.8) becomes

= 0
x=0

(2.1.10)

(2.1.11)

h(x,0) = J^+ J^+h(x+y,v)dG(y)dP(v) (2.1.12)

h(x,V) = -x+(l-K)v satisfies (2.1.10) &  (2.1.11) and then (2.1.12) is satisfied if

and only if

-x = J|R+J1R+[-x-y+(l-K)v]dG(y)dP(v) (2.1.13)

which is equivalent to

that is
-Mi + (l-K)p, = 0 (2.1.14)

Thus
K  = 1 - (Mi/Pi) (2.1.15)

zt ' [1-(M1/P 1 )]t - x t + (H i / p i ) v t  

is a martingale and therefore

E{zt ) - [l-(|£1/p1)]t - E{xt) + E K n ^ p ^ v ^  = - E{x0) + E K i ^ / p J v J  (2.1.16)

and dividing by t and letting t-® (E{vt}^E{vT }=p1 where T  is the time of the 

last jump).

lim =  j . (Ml/Pi) (2.1.17)

But

E{zt) = E{J*I(xs=0)ds) = J*E{I(xs=0))ds = fp r(x s-0)ds 
and therefore

ftPr(xs=0)ds
lim — ^-----------  = 1 - (^i/Pi) (2.1.18)
t-*® t

□

So w e  have obtained a well k n o w n  result (see for example Cohen (1969) 

p.290-291) in a n e w  way, via piecewise deterministic processes. Note that theorem

2.1.1 gives us the asymptotic (stationary) probability that the queue is idle, should 

such a limit exist.
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W e  will n o w  try to find an expression related to the Laplace transform of 

the distribution of xt.

Theorem 2.1.2 S u p p o s e  t h e r e  e x i s t s  X>0 s u c h  t h a t  

j*̂ +evydP(y) < « f o r  v €  [0,\)

A l s o  s u p p o s e  v>0 a n d  B(v) i s  d e f i n e d  b y  g(v)p(-B(v)) = 1 (g, p a r e  t h e  L a p l a c e  

t r a n s f o r m s  o f  G ,  P r e s p e c t i v e l y ) .  T h e n

E{exp(-vxt)exp[J3( v)vt]} - E{exp(-vxQ)exp[B( v)v J) =

Jt[v-0(v)]E{exp(-vxs)exp[0( v)vs]I(xs>0)}ds - jV v ^ ex p ^ C v ^ m x ^ O ^ d s (2.1.19)
o

Proof

e-vxe3(v)v satisfies (2.1.6) so it belongs to the domain of the generator A *  

given by (2.1.5). Applying A *  w e  get

[v-B(v)] e'vxe®(v)v x>0A*[e-vxee(v)v] =
L -B(v)e®(v )v x=0

and since for f(x,v) belonging to the domain of A *

(2.1.20)

f(xt,vt) - JtA*f(xs,vs)ds
is a martingale,so

ft *t
exp(-vxt)exp[0( v)vt]-J [v-0(v)]exp(-vxs)exp[0( v)vs]I(xs>0)ds+J B(v)exp[ 0(v)v ]I(x =0)ds

0 0 (2.1.21)
is a martingale.

Applying expectations to (2.1.21) and because the integrants of the integrals 

are non negative, expectations and integral signs are interchangeable and (2.1.19) 

is obtained.

□

In theorem 2.1.2 w e  obtained an equation relating aspects of the joint 

distribution of xt and vt (and n t for that matter). In specific examples this could 

lead to more simple and explicit results.

A n  example could be the M / G / l  queue (see Cohen (1969) p.249-258). That is 

dP(v)=Xe"^vdv. Theorem 2.1.2 can be applied as follows. vt and xt are 

independent in this case and vt is exponentially distributed with parameter X;



E{exp[0(v)vt]} = X/[X-0(v)] = l/g(v) 

so (2.1.19) gives

E{exp(-vxt)}- EtexpC-vx^} = \ \ v- X[ 1 -g(v)]}E{exp(-vx )I(x> 0)}ds- f  X[ 1 -g(v)]Pr(x =0)ds
0 0 (2.1.22)

Now ,  E{exp(-vxt)} is differentiable with respect to t since if xt>e 

E{exp(-vxt+€) |xt) = exp[-v(xt-€)]e"^€ + (l-e"^€)E{e"v Y ) 

where Y  is an appropriate random variable, and for x t<€

E{exp(-vxt+6)|xt} = (l-e-X6)E(e-v Y )

By letting elO w e  see that a right derivative exists (similarly for the left 

derivative). So differentiating (2.1.22)

”“E{ exp(-vxt)I(xt>0))+^-Pr(xt=0) = (v-X[l-g(v)]}E{exp(-vxt)I(xt>0)}- X[l-g(v)]Pr(xt=0) 
dt dt (2.1.23)
which is a rather more explicit form and if xt is stationary; that is the

derivatives in (2.1.23) are zero, w e  see that the stationary distribution is such

that

X [l-g(v)]
E{exp(-vxt)I(xt>0)} = -----------Pr(x,=0) (2.1.24)

l-X[l-g(v)]
and setting v=0 in (2.1.24)

Pr(xt>0) = ^ - P r ( x t=0)

SO

Pr(xt=0) = 1 -

and

X [l-g(v)]
E{exp(-vxt)I(xJ^O)} = -----------(1-Xjx1)

l-X[l-g(v)]

(2.1.25)

(2.1.26)

(2.1.27)

W e  will n o w  proceed to examine other aspects of the process. Once again, we 

start with a technical lemma.

L e m m a  2.1.3 A s s u m e  t h a t  t h e r e  e x i s t  coO a n d  X>0 s u c h  t h a t



J^+evy<iP(y) < 00 f o r  v €  [0,X) a n d  J^+evydG(y) < 00 f o r  v G  [0,oc)

T h e n  f o r  0£O t h e  e q u a t i o n

g(v)p(0-v) = 1 (2.1.28)

h a s  e x a c t l y  t w o  r e a l  r o o t s  v01 a n d  V g 2 s u c h  t h a t  v 01£O a n d  v 02<O 

Proof

At v=0, g(v)p(0-v)=p(0)<l if 0>O; so for 0>O it is sufficient to show that it is 

convex. Indeed its second derivative is

JjR+JjR+(v-y)2e‘(0' v)v' vydP(v)dG(y) > 0

Even for 0=0, it is convex. v=0 is one root and since its first derivative at 0 

is which is positive, the other root is negative.

□

♦

Theo r e m  2.1.4 L e t  G(y) a n d  P(y) a s  i n  l e m m a  2 . 1 . 3 .  T h e n  

v01e’0texp(-vg2x t)exp[(v02-0)vt] - v 02e'0texp(-v01xt)exp[(v01-0)vt] 

i s  a  m a r t i n g a l e .

Proof

A  function of the form e"0te"vxe^v satisfies

af af af
0t 3x 6v

(2.1.29)

if and only if v-0-0=O; that is 0=v-0. Also (2.1.6) is satisfied if (2.1.28) is 

satisfied and so v can only take the values v 01 and v 02. So (2.1.6) and (2.1.29) 

are satisfied by any linear combination of e-0texp(-v01x)exp[(v01-0)v] and 

e~0texp(-v02x)exp[(v02-0)v] and for

9f
at x=0

3f
9v

= 0
x=0

to be satisfied , w e  should take

L{ v e ie"0texp(-V0 2x)exp[(vg 2-0)v] + v0 2 e“0texp(-v01x)exp[(v0 r 0)v]} 

where L  is an arbitrary constant and the theorem has been proved.

□
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So this leads to the following result concerning the time needed for xt to 

cross a fixed level b.

Corollary 2.1.5 S u p p o s e  G(y) a n d  P(y) a r e  a s  i n  l e m m a  2 . 1 . 3 .  A s s u m e  x0<b w h e r e  

b i s  a  f i x e d  l e v e l  a n d  d e f i n e  Tb=inf{t: xt b̂}. T h e n

E{exp(-0rb)[-(v02/g(v02))exp(-v01xT )-Kv01/g(v01))exp(-v02xT )]} =
b b

(2.1.30)E{-v02 e xpG-v^x^expIXvQ^VQ] + v 01exp(-v02x o)exp[(v02-0)vo] }
Proof

Clearly Pr(Tb<°®) = 1 (consider the first time a jump of size larger than b 

occurs; if this is not feasible consider the first time a sequence of jumps with 

"net" size larger than b occurs; as "net" size w e  understand the s u m  of their sizes 

minus any deterministic decrease that took place between them). So Tb is a 

stopping time and applying D o o b ’s optional stopping theorem (2.1.30) follows in 

view of the fact that at t=Tb v t has distribution function P(v) and is independent 

* of Tb and the then value of xt, so its m o m e n t  generating function valued at v-0

is p(0-v)=l/g(v).

□

This is a n e w  result in the sen£e that it can not be found in the standard 

literature. It is a generalization of the result by Kennedy (1984) for the M / G / l  

queue.

Using (2.1.30) w e  can find an approximate expression for the Laplace 

transform of the distribution of Tb by applying a n o  o v e r s h o o t  approximation as 

Kenn e d y  does.

E{-v02 exp(-v01x o)exp[(v01-0)vo] + v 01exp(-v02x o)exp[(v02-0)vo] }
E{exp(-0rb)} -------------- ------------------------- ----------------------------

K v 0 2/g(v0 2))exp(-v0 p )  + (v0 t/g(v01))exp(-v0 2b)]
(2.1.31)

A  case where (2.1.30) leads to an exact formula is the G / M / l  queue. In this 

case dG(y) = ae_otydy; at t=Tb xt-b has exponential (a) distribution and is 

independent of Tb because of the memoryless property of the exponential. All 

these lead to the expression
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E{-v 02 exp(-v01x o)exp[(v01-0)vo] + v 01exp(-v02x o)exp[(v02-0)vo] )
E{exp(-0Tb)} ------------------------------------------------------------------------

{-[v02(a+v02)/(a+v01)] exp(-v01b)+[ v 01(a+v01)/(a+v02)] exp(-v02b)}

(2.1.32)
To  find an expression for the Laplace transform of the distribution of the 

time needed for xt to cross a fixed level b starting from x 0>b, is a rather 

easier task since w e  can ignore the behaviour of the process below b and in 

particular at 0. Consider the process xjf which behaves exactly as xt till it 

reaches 0 for the first time and then continues to decrease with unit rate till the 

next jump occurs etc. In fact -xjf is the insurance surplus process in section 1.1. 

Clearly for 0$t$Tb ( Tb=inf{t: xt=b) ) w e  have xj£=xt. The generator of (x£,vt,t) 

acting on a function f(x,v,t) is given by

9f 3f 3f

0t 0X 0V
with the condition for f to belong to the domain of the generator

(2.1.34)

f(x,0,t) = JJR+J]R+f(x+y,v,t)dG(y)dP(v) (2.1.35)
but with no conditions at x=0 this time. So going back to the proof of theorem
2.1.4 e“®texp(-v01x)exp[(v01-0)v] can be admitted as a solution of

0f 0f 0f _
0t 3x 0V

satisfying (2.1.35) where v01 is the non negative root of p(S-v)g(v) = 1, so

e"0texp(-v01xp  exp[(v01-0)vt] (2.1.36)
is a martingale and applying Doob’s optional stopping theorem

E{exp[-0(TbAt)]exp(-v9lx*bAt)exp[(v01-0)vTbAt]}= E{ exp(-v01x*) exp[(v01-0)vQ] }
(2.1.37)

This leads to

Theorem 2.1.6 L e t  x Q>b a n d  Tb a s  d e f i n e d ,  t h e n

E{exp(-0Tb)exp[(v01-0)vTb]} = exp(v01b)E{ exp(-v01x y  exp[(v01-0)vQ] }
(2.1.38)

Proof

(2.1.38) is a direct consequence of (2.1.37). Indeed, (2.1.37) gives



E{exp(-0Tb)exp(-v01x£b)exp[(v01-0)vTb] |Tb$t}Pr(Tb$t) +

E{e-0*exp(-v01xf) exp[(v01-0)vt] |Tb>t}Pr(Tb>t) = E{ exp(-v01x*) exp[(v01-0)vo] } 

and letting t-*00 and in view of the fact that x£b = , (2.1.38) follows.

□

A n  example where (2.1.31) leads to an exact result is the M / G / l  queue where 

dP(v)=\e"^vdv; then vTb is exponentially (X) distributed and therefore

E{exp(-0Tb)} = [(X+0-v01)/\] exp(v01b)E{ exp(-v01x*) exp[(v01-0)vo] }
(2.1.39)

Finally w e  will generalize theorem 2.1.1 and find the asymptotic behaviour 

of the higher cu yfl iulants of

»t
zt = J l(xs=0)ds 

W e  have already seen that 

E{zt)
lim------ = 1 - 0 ^ / p J
t-*°° t

by theorem 2.1.1. W e  extend it as follows

Theorem 2.1.7 L e t  7  €  [0,a) (a>0) a n d  0 b e  t h e  u n i q u e  p o s i t i v e  s o l u t i o n  o f

g(-7)P(7-9) = 1 (2.1.40)

( O f  c o u r s e  w e  a s s u m e  g(-7) e x i s t s  o n  [0,oc) ) .  T h e n

exp(-yzt)e0texp(7xt)exp[-(7-0)vt] (2.1.41)

i s  a  m a r t i n g a l e .

Proof

Recall that the generator of (zt,xt,vt,t) is given by

Bf(z,x,v,t) =

9f 9f 9f—  - — - — x>09t 3x 6v

af af af 
aT + iT ' x=0

with f being continuous at x=0 and the requirement

(2.1.42)

f(z ,x ,0 ,t )  = J|R+J/R+f(z ,x + y ,v ,t)d G (y )d P (v ) (2.1.43)



e"7ze0te7xe"(7“0)v satisfies Bf = 0 and is continuous at x=0. (2.1.43) has to be
satisfied as well, so w e  get

e-7ze0te7x = J ^ +e-7Ze0te7(x+y)e-(7-e)vdG(y)dP(v) 

which is equivalent to (2.1.40) and the theorem has been proved.

(2.1.44)

□

By theorem 2.17 w e  have that

E{exp(-7zt) exp(7xt)exp[-(7-0)vt]) = e'0t E{exp(-7z0) exp(7xo)exp[-(7-0)v J) (2.1.45)

and asymptotically

-log(E{exp(-7zt) exp(7xt)exp[-(7-0)vt]}} ~ 0t (2.1.46)

No w ,  notice that exp(7xt)exp[(0-7)vt] has finite expectation which does not grow 

with t, so (2.1.46) leads to

-log{E{exp(-7zt)} ~ 0t jl (2.1.47)

By differentiating n times and setting 7=0 w e  get the asymptotic behaviour 

of the n*k cuTv^iulant of zt. W e  thus see that all cummulants grow asymptotically 

linearly with t. Furthermore the coefficients give the moments of the asymptotic 

distribution of x t should it exist.

The importance of theorem 2.1.7 will be evident in chapters 3 and 4 w h e n  

this line of thinking will be adopted w h e n  analyzing various different models.

*

2.2 G E N E R A L  D E C A Y  R U L E

A n  important process described in the paper by Cox &  Isham (1986) is a 

process decaying with a general rate and making additive positive exponentially 

distributed jumps at Poisson times. Such models are of use in hydrology, computer 

networks and storage models (an example is modelling the level of water in dams
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*

*

where the supply from the d a m  is a rather complicated function of the level of 

water in it).

T he piecewise deterministic process x t evolves as follows. x t decreases with 

rate -c(x), where c(x) is a non negative continuously differentiable function of x 

(x>0). Jumps occur in terms of a Poisson process with rate X and their sizes are 

independent identically distributed random variables with probability density g(y). 

N o w  x t can reach 0 if and only if

- M
liml dy/c(y) < ®
XAO x

dx
(This should be clear by looking at the equation —  = -c(x) ).

dt

Should this happen w e  assume that x t remains at 0 till the next jump occurs. Of 

course if xt can not reach 0 this assumption is not needed. Such processes are 

also called storage processes. For a different treatment see Harrison &  Resnick 

(1972 &  1978). The generator of (xt,t) acting on a function f(x,t) belonging to its 

domain is given by

r  Of 3f—  - C(x)— + X[f f(x+y,t)g(y)dy-f(x,t)]at o x  J  o

x>0

Af(x,t) (2.2.1)

—  + M  f f(y,t)g(y)dy-f(0,t)] x=0L at j o
(notice that the second leg is optional).

Formally w e  should have defined n t as in the previous section indicating
P

whether x=0 or x>0; however w e  suptess dependence on n t aswe did then.

The usual approach of applied probabilists to this and other models is via 

the Kolmogorov forward equations. The approach via piecewise deterministic 

processes has its o w n  merits as w e  shall see. It could be quite illustrative to 

derive a form of the forward equation from the generator of the process. Clearly 

the method used in the proof can be applied to several other different processes. 

W e  will for that purpose restrict ourselves to the case where x t can not reach 0 

so as to avoid unnecessary complications.
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Proposition 2.2.1 Let xt as defined anklet
, MpiVl

liml dy/c(y) = 00 
xaO x

I f  p(x,t) i s  t h e  d i s t r i b u t i o n  d e n s i t y  o f  xt a t  t i m e  t a n d  c(x)p(x,t) i s  a s s u m e d  t o  b e

d i f f e r e n t i a b l e  w i t h  r e s p e c t  t o  x, t h e n

p(x,t)-p(x,0) = j {^fc(x)p(x,s)]+X[J^p(x-y,s)g(y)dy-p(x,s)]}ds a l m o s t  e v e r y w h e r e

(2.2.2)

Proof

Consider a class of functions B  such that each m e m b e r  f:IR+-*lR+ belongs to 

the domain of the generator A  and such that if

J/R+P1(x)f(x)dx= J^+p2(x)f(x)dx for all f e B  

then p1(x)=p2(x) almost everywhere (such a class can be f(x)=e"vx (v£0) ). Now
df

Af(x) = c(x)—  + X[| f(x+y ,g(y)dy-f(x )j (2.2.3)
dx J o

and since
*

ft
f(xt) - J Af(xg,s)ds is a martingale

E{f(xt)}-E{f(x0)} = -E{J^c(xs)f’(xs)ds}+XE{j|jof(xs+y)g(y)dyds}-XE{jV(xs)ds (2.2.4) 

Since the integrants are non negative, expectations and integration signs are 

interchangeable, so (2.2.4) yields

J^+f(x)p(x,s)dx- J^+f(x)p(x,0)dx =

* |{-JjR+c(x)f,(x)p(x,s)dx+xJ^J,of(x+y )g(y)dyp(x,s)dx-X J^+f(x)p(x,s)dx)ds (2.2.5)

But

- J^+ c(x)f’(x)p(x,s)dx = J^+f(x)g^c(x)p(x,s)]dx and
oo ^

y of(x+y )g(y)dyp(x>s)dx = J|R+f (x)Jop(x-y>s)g(y)dydx 
So (2.2.5) gives

y f(x )p (x ,s)d x - J^+f(x)p(x,0)dx =
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(2.2.6)

*

»

jf^lf {^c(x)p(x,s)]+X[J*p(x-y,s)g(y)dy-p(x,s)]}dsdx 
and since fGZ? this leads to (2.2.2).

□

Differentiating (2.2.2) with respect to time gives the forward equation in its 

derivative form.

Since p(x,t) is a density

co
f p(x,t)dx = 1* n (2.2.7)

has to be observed for all t. Also the solution of

~[c(x)p(x)]+xJ*p(x-y)g(y)dy-Xp(x) = 0 (2.2.8)
subject to (2.2.7) gives the stationary distribution (should it exist).

Suppose w e  do not allow the process to exceed the value M. That is at a 

jump time Tj, xt becomes (xt_+Yj)AM, so the generator becomes

df »M-x
Af(x) = c(x)—  + X[J f(x+y,t)g(y)dy+f(M)G(M-x)-f(x)] (2.2.9)

dx J o

Yet, proceeding as in the proof of proposition 2.2.1 it can be shown that (2.2.6) 

still holds but n o w  with the condition

fMp(x,t)dx = 1 (2.2.10)
J o

instead of (2.2.7). This has the following implication. The stationary distribution 

in this case will be the restriction on (0,M) of the stationary distribution in 

proposition 2.2.1. This situation occurs in dams with finite capacity.

W e  will n o w  concentrate on an important problem. W e  want to find aspects 

of the distributions of Tfe and Tb where Tb is the time needed to cross a fixed 

level b starting from below b and Tb from above exactly as in the previous 

section. To simplify matters w e  assume the jumps are exponentially distributed 

( g(y)=ae_<xy ). Trying to find an explicit expression for their Laplace transforms 

will not lead us anywhere since w e  should then try to find a martingale of the 

form e'®*f(xt) which involves solving
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-0 f (x ) - c (x ) f ’(x)+X[ f f(x+y)oce-ocyd y -f(x )]  = 0 (2.2.11)
o

T he solutions of (2.2.11) can not be written in a simple form for a general 

c(x) (although it can for various special cases as w e  shall see in subsequent 

sections). W e  can of course find series solutions to (2.2.11) but this will amount 

to the same mathematics that are going to follow coupled with several more 

technical problems. T h e  alternative w e  will follow is to try to determine the 

moments of the distributions of Tb and Tb.
W e  start with Tb. First of all w e  have to be sure that Pr(Tb<°°)=l. This is 

clearly true since in the worst case w e  will just have to wait for the first time a 

j u m p  larger than b occurs. W e  n o w  define the process x£ as equal to xt up to 

time Tb; then xj moves to the absorbing state w  and then even time stops so the 

generator at w  has no terms and w e  can assign any function as f(w,t). The 

generator of xf is given by

(once again the second leg is optional because 0 m a y  or m a y  not be attained).

W e  n o w  proceed to find moments of Tb.
T h e o r e m  2.2.2 C o n s i d e r  t h e  f a m i l y  o f  f u n c t i o n s  qj(x) i=0,l,2,.. d e f i n e d  o n  [0,b]

a s  f o l l o w s

Af(x,t) =

~  - c(x)-^ + xtfb Xf(x+y,t)ae"ocydy+f(w,t)e“a(b'x)-f(x,t] at ox J o

3f b x— + \[ f X f(y,t)ae"aydy+f(w,t)e'ab-f(0,t)] at J o

0<x$b

x=0

(2.2.12)

Q 0(x) = 1

qj(x) ={ exp[ax+ X J^dz/c(z)]/c(x)} •
(2.2.13)

(2.2.14)

q ;(b) = (l/X){iqi.1(b)-ieabf,’fbexp[- X fbdz/c(z)] [e‘ayq; (y)]’dy}
J 0 " y 1

(2.2.15)

T h e n

0^x*^b
o

f(xf,t) = i s  a  m a r t i n g a l e
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P r o o f
For f(xf,t) to be a martingale w e  should have

9 m riru 9 m rrru
—  [If. ]tm -q;(x)] - c(x) —  [ E[. ltm - qi(x)] +
9t 0 '*1 J O X  0  J  1

X(Ef It"1'1/ Xq:(x+ y )ae"aydy+tm e"cx(^”x)- 51 tm-lQr(x)} = 0 
o 1 0 o 1

but

9 m  m  m  m  m  m
—  [ E[. ]tm -id i(x)l = E[. J(m-i)tm 'i_1q j(x) = E[. ]tm -ik li.1(x)

0 1 0 1 1 1
So looking at the coefficient of t1 in (2.2.16) (i=l,....,m-l ; the coefficient

trivially q 0(x)=l).

iqj.^x) - c(x)q-(x) + X{ Jb Xqj(x+y )ae_<xydy - q^x)} = 0 

which is equivalent to

iQi_ ±(x) - c(x)qj(x) + X e ^ j V ^ e ' ^ d y  - Xe^ q ^ t y e -0̂  = 0 

and to

♦  jexp[- xj^dz/c(z)] J^qj(y)e'<xydyj + iqi. 1(x)e'axexp[-xjbdz/c(z)]/c(x) =

Xqj(b)e"a^exp[- X fbdz/c(z)]/c(x)
Jx

Integrating (2.2.20)

fbqj(y)e"aydy = iexp[ X fbdz/c(z)] fb{ q i.1(y)e"Qy exp[-X fbdz/c(z)]/c(y)}dy -
x *x x •’y

Xqi(b)e"ocbfb{exp[- X fbdz/c(z)]/c(y))dy
x 7

Differentiating (2.2.21) and integrating by parts w e  get (2.2.14)

• Also if x t can reach 0 w e  need

iQi-iCO) + X{Jbqi(y)ae’a^dy-qi(0)} = 0 

which by (2.2.18) is equivalent to

limc(x)q*(x) = 0 
xlO

and therefore (2.2.14) gives (2.2.15)

In case x t can not reach 0 w e  still require (2.2.23) and thus (2.2.15) 

otherwise by (2.2.14)

(2.2.16)

(2.2.17) 
of tm is

(2.2.18)

(2.2.19)

(2.2.20) 

(2.2.21)

(2.2.22)

(2.2.23) 

to hold,
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*

l»b »
I Qi(y)dy

clearly diverges as xiO and not only it is unbounded but it does not belong to 

the domain of the generator either. If (2.2.23) and (2.2.15) hold, then if w e  

assume q^_1(x) is bounded,

|Jbqj(y)dy| * K | f  J*exp[-xjbdz/c(z)]dy{ exp[xjbdz/c(z)]/c(x)}dx | =
x J q 0 y x

rb b
(K/X) {1 - exp[- xj dz/c(z)] }dy 

Jo y
which is bounded and since q 0(x)=l is trivially bounded, by induction qj (x) is 

bounded for all i and f belongs to the domain of the generator.

□

W e  n o w  proceed to utilise theorem 2.2.2 

T h e o r e m  2.2.3 L e t  q^(x) b e  a s  i n  t h e o r e m  2 . 2 . 2 ,  t h e n

E{ (Tb)m |x0} = q m (x0) (2.2.24)

Proof
By theorem 2.2.2

f(xf,t)
OSxJ'Sb

tm  x*=w
is a martingale and {Tb=t} means x ^ = w  for the first timeand by D o o b ’s optional 

stopping theorem and since Tb is a stopping time (2.2.24) follows immediately.
□

Using theorem 2.2.2 one can find the functions qj(x) recursively and by 

theorem 2.2.3 the moments of the distribution of rb.

For example if w e  assume w e  start from x Q=b (after x t leaves [0,b] b is the 

point of re-entry should this occur), w e  have

E(Tb| xo=b) = q4(b) = (l/X){l+eobj V - ° tyexp[-\Jbdz/c(z)]dy) (2.2.25)
(we omit the calculations).
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No w ,  to determine the moments of the distribution of Tb (we start from 

x Q>b ), w e  first have to determine the conditions under which Pr(Tb<®)=l, 

otherwise b is a transient state and of course all moments of Tb are infinite. W e  

examine the behaviour of xt till (if ever) it reaches b. So the behaviour w h e n  

x t<b (and in particular w h e n  xt=0) is irrelevant and w e  assume that the 

generator of the process is given by

—  - c(x)—  + X[f f(x+y,t)ae_aydy-f(x,t)] (2.2.26)
at ox J o

L e m m a  2.2.4 S u p p o s e  M  > b and M  > x 0 > b. L e t  T ^ s i n ^ f . x p M  or x t=b), t h e n

{exp[ocx0-X J °dz/c(z)]+J aeayexp[-xjydz/c(z)]dy)
Pr(xTb=b) = ----------------------------------^ --------------- -----------------  (2.2.27)

eab + f^e^expf-X  fydz/c(z)]dy)J b J b
Proof

Consider the process y t which agrees with xt as long as b$xt$M. W h e n  xt> M  

y t moves to an absorbing state w  as before. Suppose f(w,t)=0 and if w e  want to 

find a martingale as before w e  have to solve

-c(x)f’(x) + X[ fM  X ̂ x+yjae'^dy-^x)] = 0 (2.2.28)
* o

Solving (2.2.28)

f(x) = f(M) + f(M)e-a^  » J { Xe^expt X JMdz/c(z)]/c(y)}dy (2.2.29)

and then

r f(yt) b$yt$ M
f(yt) = {

*• 0 y,=w
is a martingale and

f(x0) = Pr(xTb=b)f(b) (2.2.30)
M

therefore

Pr( xTb =b) 
‘ m

f ( x 0 )

f(b)

1 + e“° ^  J { Xe^expl X JMdz/c(z)]/c(y)}dy 
__________ ^ __________ l_____________

1 + e-0̂  J^{ Xe^expf X JMdz/c(z)]/c(y)}dy
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e"a^exp[ax0-xfM dz/c(z)] + e-a^ f M  ae^expt X fM dz/c(z)]dy 
_________________^2________________ I^q___________ _y___________

e-aMeXp[ab -x fMdz/c(z)] + e-a^ f M ae^expt X f dz/c(z)]dy
J b Jb Jy

exp [ax0-X f °dz/c(z)] + f ae^expf-X fydz/c(z)]dy
•'b J x. J b

eab + ̂ a e^expI-X fydz/c(z)]dy}
•’b J b

which is (2.2.27)

N o w ,  by letting M-** in (2.2.27) w e  conclude that (we omit details)

□

*09  * y
Pr(Tb<°°) = 1 if and only if j ae^expt-Xj dz/c(z)]dy) is divergent

Jx J b

Furthermore if the integral converges

exp [otx0-X f °dz/c(z)] + f ae^expt-X fydz/c(z)]dy
• h  *  v  *  KPr(Tb<°°) =
eob +JMaeayexp[-xJydz/c(z)]dy}

(2.2.31)

• W e  will n o w  try to find the moments of the distribution of Tb w h e n  

Pr(rb<«>) = 1 (a similar approach can be used to find conditional on Tb<® 

moments w h e n  Pr(Tb<°°) < 1).

As Pr(Tb<w) = 1 is not enough for the moments to exist, w e  have to see 

w h e n  b is a null recurrent state. Trying to find a martingale of the form t+f(yt) 

w e  have to solve

1 - c(x)f’(x) + X[ f f(x+y)ae-aydy-f(x)] = 0 (2.2.32)
i o

# and assuming f(M)=l w e  get

f ’(x) = { exp[ax -X fX dz/c(z)]/c(x)} J ae-ayexp[ X fydz/c(z)]dy
J b Jx J b

This implies that for E{Tb) < « w e  need to have

f ae_<xyexp[ XJ7dz/c(z)]dy 

being convergent. W e  once again omit details.

Simlarly to theorem 2.2.3 w e  prove
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T h e o r e m  2.2.5. Suppose

f oce'^expf X fydz/c(z)]dy (2.2.33)
Jb Jb

is convergent and consider functions q(x) (i=0,l,....) (x e  [b,00) ) defined as follows
r0(x)=l (2.2.34)

r\(x) = iX{exp[ocx-\J^dz/c(z)]/c(x)} J jr i_1(y)e"ayexp[\Jydz/c(z)]/c(y))dy+i [ri. 1(x)/c(x)]
(2.2.35)rj(b) = 0 (i*0) (2.2.36)

Then

*

E{ (Tb)m |x0} = rm(x0) (2.2.37)

Proof

W e  are examining properties of xt above b so w e  are not interested in its 

behaviour below b. The generator is given by

A **f = I T  " + f(x+y,t)ae_ay dy-f(x,t)]
at ox Jo

N o w

m  m
f(xt,t) = E [. j f - f y x , )

0 1
is a martingale. W e  can see this as in theorem 2.2.2 by substituting and verifying 

that A**f(x,t) = 0. The condition that rj(b)=0 for i*0 is not necessary but it 

makes things easier w h e n  applying D o o b ’s theorem. Since the integral (2.2.33) is 

convergent the process is positive recurrent so Tb is a stopping time and (2.2.37) 

follows by D o o b ’s optional stopping theorem.

□

In particular

E{Tb |x 0) = [ °X{exp[ocx-xJx dz/c(z)]/c(x)} J {e_ayexp[xjydz/c(z)]/c(y)}dydx+[ °-y^= 
Jb k x b Jb C(X)

= [ °{ exp[ax-X fx dz/c(z)]/c(x)} f a {e _ayexp[X fydz/c(z)]}dydx (2.2.38)Jb Jb
If w e  assume that x Q-b has exponential (a) distribution (the first point of 

re-entry of x t to the set (b,00) has such a distribution because of the memoryless 

property of the exponential distribution),
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f "  j*b + 5  x  CO y

E{Tb} = oce_oc* {exp[ax-Xj dz/c(z)]/c(x)} J a {e "^expt XJ dz/c(z)]}dydxd£ = 
J0 Jb b J x  Jb

= (1/X)ea^ f a (e "^expf X fydz/c(z)]}dy - (1 /X) (2.2.39)
Jb Jb

If w e  view the process as an alternating renewal process going above and 

below b, then (see Cox &  Miller (1965) p.350-356) w e  can deduce that w h e n  x t is 

stationary its distribution function is P(b) = 1 - P(b) where P(b) is equal to

( 1/X)eak f  a {e _ayexp[ X fydz/c(z)])dy - (1/X)
"b * b

(l/X){l+ea^^ae'^expl-X fbdz/c(z)]dy) +(1/X)ea^ f  a ( e -ayexp[X fydz/c(z)]}dy - (1/X)
J O Jy J b J b

and therefore

J a {e -ocyexp[ XJYdz/c(z)]}dy - e-oĉ
P(b) = — -------------- --------------------------------------- (2.2.40)

f ae'^expf-X  f dz/c(z)]dy+ f a (e ““ êxpE X fydz/c(z)]}dy
J o i b J b

which can also be derived from the forward equation (see Cox &  Isham (1986) )

rM
By letting blO w e  see that if dy/c(y) is divergent P(0)=1, while if it converges 

P(0)<1.

2.3 THE SHOT-NOISE PROCESS
A  famous particular example of the process described in the last section and of 

particular interest in m a n y  diverse fields is the s h o t - n o i s e  p r o c e s s  where the decay 

is exponential (c(x)=8x, where 8 is a constant). W e  will have generally distributed 

jump sizes with distribution function G(y) (y>0). F r o m  the last section it should 

be clear that the process can not ever reach 0. The generator of the process
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(xt,t) acting on a function f(x,t) belonging to its domain is given by
3f 3fAf(x,t) = —  - 5X“  + X[Ĵ +f(x+y,t)dG(y)-f(x,t)] (2.3.1)

For this process we can find the distribution of xt at any given time t 
given the distribution of xQ. We start with a related theorem.
Theorem 2.3.1 L e t  zt= xte5t. T h e n

(g(v)=J|Rte-vydG(y))cxp(-uzt)exp{X Jt[l-g(veSs)]ds)
i s  a  m a r t i n g a l e  f o r  a l l  v£0.
Proof

The generator of (zt,t) acting on a function f(z,t) is given by

3f » c.4.A*f(z,t) = — + X[J|R+f(z+ye5t,t)dG(y)-f(z,t)]
So in order to find a martingale w e  should solve

0f“  + >‘[JjR+f*(z+ye5t,t)dG(y)-f(z,t)] = 0 
and trying a solution of the form e"vzh(t) we get

(2.3.2)

(2.3.3)

h ’(t) + X[g(ve8t)-l]h(t) = 0

yielding
(2.3.4)

h(t) = K exp{\Jjl-g(ve5s)]ds} (2.3.5)
and since e"vz is bounded it belongs to the domain of the generator and the 
theorem has been proved.

□

W e  will n o w  use the martingale found.

Theorem 2.3.2 L e t  xt a s  d e f i n e d .  T h e n

E{exp(-vxt)|x0} = exp(-vx0e'5t)exp{-xjt[l-g(ve" 5s)]ds) (2.3.6)

Proof

F r o m  theorem 2.3.1 for a fixed time t* and a fixed constant v*£0 w e  have

t*
E{exp(-v*zt*)|x0) = exp(-v*z0) exp{-xj [l-g(v*e5s)]ds) (2.3.7)
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t*E{exp(-v*e8t xt* )|x 0} = exp(-v*xQ) exp{-\J [l-g(v*e8s)]ds) 
and setting v=v*e8t* we have

t̂
E{exp(-vxt*)|x0} = exp(-ve"8t x 0)exp{-xj [l-g(ve"8(t_s))]ds}=

= exp(-ve"5t*x0)exp{-X f^l-^ve" 8s)]ds} (2.3.8)
J o

Since (2.3.8) holds for an arbitrary fixed t*, it holds for all t£0 and the theorem 

is proved.

□

Also the asymptotic (stationary) distribution can be obtained from theorem

2.3.2

Corollary 2.3.3 T h e  a s y m p t o t i c  d i s t r i b u t i o n  o f  x t h a s  L a p l a c e  t r a n s f o r m

exp{-X f [l-g(ve" Ss)]ds)
J o

• w h i c h  c a n  a l s o  b e  w r i t t e n  a s

exp{-(X/6)fVG(u)du) ( G(u)=[l-g(u)]/u )
J o

Proof

W e  let t-*00 in (2.3.6) and the corollary follows immediately.

□

O n e  should notice the analogy of theorem 2.3.1, the Laplace transform found 

in theorem 2.3.2 and corollary 2.3.3 with results in section 1.2. Although the

# process in section 1.2 is transient and here w e  have a recurrent process, there are 

m a n y  c o m m o n  features and this is not a coincidence (zt here and x t of section

1.2 are essentially the same process with 8 positive and negative respectively).

If w e  cut the process at M  as in the previous section (see the notes after 

theorem 2.2.1) then the generator is given by

3f gf
—  - 5x—  + X[ f f(x+y,t)dG(y)+f(M,t)G(M-x)-f(x,t) (2.3.9)
Ot O X  *'(0,M-x)

As w e  have said in the previous section the stationary distribution function is

an d  s in ce  z t = x t e 8t
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G j^ y ), w h ich  is su ch  th a t

G&y) = G*(y) /  J[0M]dG*(y) (0*y$M and g*(v) = exp{-(X/6)JoG(u)du})

Using the martingale found in theorem 2.2.1 w e  can find the second and 

higher order properties of xt. W e  proceed as follows.

L e m m a  2.3.4 L e t  t1#t2,.... ,tn b e  f i x e d  t i m e s  a n d  v*,v*,..........,v* f i x e d  p o s i t i v e

c o n s t a n t s .  T h e n

E{IIexp(-vf2t+t.) |z 0} = exp(-p1z0)exp{-xJt+tl[l-g(p1e5s)]ds}II expt-xJ^j^l-gtpj e5s)]ds}i 1 0 2 t+ti-i
(2.3.10)

w h e r e

P i = Ev*

«

Proof

W e  proceed by induction. (2.3.10) is clearly true for n=l by theorem 2.3.1. 

Suppose it is true for n=k; then

k+l k
E{IIexp(-vfzt+t.)|z0} = E{exp(-v£+1zt+t ) IIexp(-v*zt+t.) |z0) = ̂ 1 Kt 1  ̂ 1

k
E{E{exp(-v£+ lZt+tk+ ) | zt+tk> nexp(-vj2t+t.) | z0} (2.3.11)

but by theorem 2.3.1 w e  have

E{exp(-v£+1zt+tk+i) |z t+tk} = exp(-v|+1zt+t|) exp{-xJ^V^-g(v5+1e8s)]ds}
and since (2.3.10) is true for n=k using it with v£+1+v£ in place of vj, (2.3.10)

follows for n=k+l.

□

W e  proceed to find the joint Laplace transform of xt at various points in 

time. What w e  need to do is to set zt=xte5t and vj!=v*exp[-5(t+tj)] in l e m m a  2.3.4
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Theorem 2.3.5
n t+t a

EfllexpC-ViX^JlxQ} = exp(-51e5tx 0)exp{-\J ^ l - g ^ e x p ^ t ^ e " 553) ^ }  •
i 1 0

n t’-t*
IIexp{-\ f 1 1’l[l-g(5iexp(8ti)e-6s)]ds) (2.3.12)
2 Jo 1 1

w h e r e

n
5; = Evjexp(-8tj) (2.3.13)

i
Proof

W e  substitute v^=v-exp[-8(t+t-)] in (2.3.10) and (2.3.12) follows if w e  observe

that

Jt+tl[l-gU1e"8(t_s))]ds = ft+tl[l-g(^1exp(6t1)e"5s)]ds 
Jo 1 •’o 1 1

and

=  I*1 tl_1[l-g(^iexp(6ti)e"5s)]ds
Jt+tj_1 1 Jo 1 1

□
W e  can also get the asymptotic behaviour of xt.

Corollary 2.3.6

limE{ITexp(-Vjxt+t.) |x 0) = exp (-$^ x^ exp f-X  f [l-g($ 1exp(8t1)e_5s)]ds)•
{ ; -K X >  J  1  '  0

11 f t*
ITexp{-X f 1 1"1[l-g(5: exp(8t: )e"5s)]ds) (2.3.14)
2 J 0

w h e r e  a r e  a s  i n  t h e o r e m  2 . 3 . 5 .

Proof

W e  let t-*00 in (2.3.12) and (2.3.14) follows immediately.

□

Another important problem is to find aspects of the distribution of the time 

needed for xt to reach a fixed level b starting from above (x0>b). Again it 

should be noted that w e  are interested in the behaviour of x t above b only.
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Theorem 2.3.7 Let Tb = inf{t: xt=b) (xQ>b). Then for all 0>O 

^  -0 T b Joexp(-xou)exp[(X/6)J^G(v)dv]u(0/ 5)-1du
I X q} “ (jo u AJ exp(-bu) exp[(X/6)J* G(v)dv]u(0/ S)"^du (2.3.15)

Proof

T o  find a martingale of the form e_0tf(xt) w e  have to solve (we apply the 

generator)

*9f (x)-6xf’(x)+X [J|^+f (x+y)dG(y)-f (x)] = 0
- C O

Trying a solution of the form | e“xuh(u)du w e  get* r\

O * O
Integrating by parts

xf e"xuuh(u)du = f e“x u [ uh(u)]’du* rt * rt

(2.3.17) and (2.3.18) give us

(2.3.16)

-0 j  e'xuh(u)du+6xj e'xuuh(u)du+X[J e'xuh(u)g(u)du- J e“xuh(u)du] = 0 (2.3.17)

(2.3.18)

-0h(u)+6[uh(u)]’-X[l-g(u)]h(u) = 0 

and solving (2.3.19)

h(u) = Kexp[(X/5)J* G(v)dv]u(0/5)":

so

(2.3.19)

(2.3.20)

_ C O  ^  Ae_0tJ exp(-xtu)exp[(X/6)J G(v)dv]u^0/ 5)-^du 
is a martingale. (This function belongs to the domain of the generator of the 
process evolving up to the time xt=b since it is then bounded).

Applying D o o b ’s theorem (2.3.15) follows.

□

W e  can find all moments of Tb by succesively differentiating (2.3.15) with 

respect to 0. First notice that by integrating by parts

Q b f {exp(-x0u)exp[(X/5)f G(v)dv]} u(0/5)du
E{e'0T |x0} = -g---------------------g-*-------------------J { exp(-bu) exp[(X/8)J* G(v)dv]}’ u(0/5)du (2.3.21)
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By d if fe r e n t ia t in g  (2.3.21) and le tt in g  040, w e get

b f {exp(-x0u)exp[(X/8)fU G(v)dv]},(l/8)logudu

E <e’0T | xo>= - 7S----------------- --------- ;---------- +
J {exp(-bu) exp[(X/8)j G(v)dv]} du

J ( exp(-x0u)exp[(X/8)J G(v)dv])’du J { exp(-bu)exp[(X/8)J G(v)dv]}’(l/8)logudu
0̂0  ̂ UL a ^ ={J { exp(-bu) exp[(X/8)J G(v)dv]}’du}

f o{{ exp(-bu) e xp[(X/8) J^G(v)dv]}’- { exp(-x0u)exp[(X/8) J^G(v)dv])’}(l/8)logudu =
00 A

(1/8)j* (l/u)[exp(-bu)-exp(-x0u)]exp[(X/8)J G(v)dv]du (2.3.22)

It is m u c h  more difficult to solve the problem of finding the distribution of 

the time needed for xt to cross b starting from below b. Complicated formulas 

involving the distribution of the overshoot will be involved. However, w h e n  

jumps are exponentially distributed, the approach of the previous section is 

applicable and w e  just have to substitute c(x)=8x in theorem 2.2.5.

A n  application is the following. Consider the process xt decaying with rate 

c+8xt instead of 8xt; then the problem of finding the distribution of the 

time needed for x t to reach b starting from x 0>b is solved by looking at the 

process xJ=(c/8)+xt which has rate of decay 8xJ as before, b corresponds to 

(c/S)+b, so n o w

o b / exp[-[x o+(°/S)]u ] exp[(\/8)J’U G(v)dv]u(e/6)'1du

E(e lx°} = 7s---------------------------------- ------------- l O / M  V (2-3-23)J exp[-[b+(c/6)] u] exp[(X/8)j G(v)dv]u^y/5 "̂1du 

So if x t models the level of a river with 8xt being the rate of water lost 

due to evaporation and c due to other causes and the jumps represent rains 

adding water to the river then the Laplace transform of the distribution of the 

period the river has water is (notice that the distribution function of x 0 is G(y); 

the first rain after an empty river)
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(2.3.24)

and the m e a n  is

(2.3.25)

(calculations are omitted).

If the process is like the ones in section 2.2; that is at 0 (empty river) no 

deterministic change occurs, the expected time the river will take to have water 

again is 1/X, so if w e  view the process as an alternating renewal process the 

probability that the river is empty is

Furthermore w e  can find the stationary distribution of xt in this case. 

T heorem 2.3.8 L e t  xt a s  d e s c r i b e d  ( d e c a y  w i t h  r a t e  c+5 x ^ )  a n d  x*=xt+(c/8) ( w h e n  

x t r e a c h e s  c/8 i t  r e m a i n s  t h e r e  t i l l  a  j u m p  o c c u r s ) .  T h e n

(1/X)
(2.3.26)

which after integrating by parts simplifies to

1
(2.3.27)

J (l/u)[l-exp(-xJu)]exp[(X/5)J G(v)dv]du-8j exp(-vx*)I(x*>c/8)exp[(X/8)J G(v)dv]ds+

i s  a  m a r t i n g a l e .  

Proof
The generator of xjf acting on a function f(x) is given by

(2.3.29)

If w e  apply it on
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f(x) = JV(l/u)[l-exp(-xu)] exp[(X/6)JUG(v)dv]du

♦

w e  get

-6xf’(x)I(x>c/6) + X [ J^+f (x+y)dG(y)-f (x)] =

-8xf(x)I(x>c/8) + X JJR+f’(x+y)G(y)dy =

-sj xe_xuexp[(X/6)J G(v)dv]duI(x>c/8) + xj e-xuexp[(X/8)J G(v)dv]G(u)du =

y  A  y  A  A
-8e"xvexp[(X/8)J G(v)dv]I(x>c/8)-8I(x>c/8)- xj e-xuexp[(X/8)J G(v)dv]G(u)duI(x>c/8) 

+ xj e'x u exp[(X/8)JUG(v)dv]G(u)du =

-8e_xvexp[(X/8)J G (v)dv]I(x>c/8)-8I(x>c/8)+xJVe-x u exp[(X/8)JUG (v)dv]G (u)duI(x=c/8)
and since

f(x£) - j|A*f(x*)ds

is a martingale (2.3.28) is a martingale.

□

The martingale in theorem 2.3.8 provides us with the equation

y  ^  A
E{J (l/u )[l-ex p (-x J ‘u)]exp[(X /8)J G (v)dv]du) - 

E {J^(l/u)[l-exp(-x*u)]exp[(X /8)J^G (v)dv]du} =

&J E{ exp(-vx*)I(x*>c/8)} exp[(X/8)J G(v)dv]ds - 8jtPr(xs>c/8)ds +

t V  ^ II A
xj J exp[-(c/8)u]G(u)exp[(X/8)J G(v)dv]duPr(x*=c/8)ds (2.3.30)

F r o m  (2.3.30) w e  conclude as with the forward equation (see proposition 

2.2.1) that if x£ is stationary its distribution should obey the following

E{ exp(-vxpI(xJ>c/8)} exp[(X/8)J G(v)dv] - Pr(xt>c/8) +

(X/8) JV exp[-(c/8)u]G(u)exp[(X/8)JUG(v)dv]duPr(xJ!=c/8) = 0 (2.3.31)

Integrating by parts
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E{ exp(-vxpI(xJ>c/5)} exp[(X/6) JVG(v)dv] =

1 - / V ̂ V 11 ̂
{e“cv/s exp[(X/S) f G(v)dv] + f (c/8)exp[-(c/5)u]exp[(X/8) f G(v)dv]du}Pr(x*=c/8) 

0 0 0 (2.3.32)
Letting t-"0 in (2.3.32)

Pr(x*=c/8) = J (c/8)exp[-(c/8)u]exp[(X/8)JUG(v)dv]du (2.3.33)

(cf (2.3.27)) and (2.3.32) &  (2.3.33) give us

E{ exp(-vxJ)I(x5f> c /8)} exp[(X /8) JVG (v)dv] = 

e"cv / 5 exp[(X /8)J  G (v)dv] + J ( c / 8 )e x p [-(c /8)u]exp[(X /8)J G (v)dv]du
^ 00 A

J^(c/8)exp[-(c/8)u]exp[(X/8)J G(v)dv]du 

- e"cv/5 exp[(X/8)J^G(v)dv] + j"(c/B)exp[-(c/B)u]exp[(X/B)J^G(v)dv]du
00 u  A

J^(c/8)exp[-(c/8)u]exp[(X/8)J G(v)dv]du 

and integrating by parts

 ̂ oo '' u /a-J exp[-(c/8)u]C5(u)exp[(X/8)J G(v)dv]du
E{ exp(-vxpI(xf>c/8))=exp[-(X/8)J G(v)dv]

J^(c/8)exp[-(c/8)u]exp[(X /8)JUG (v)dv]du
(2.3.34)

(2.3.34) gives the distribution of x£ w h e n  it is stationary. Then x t is 

stationary too and w e  have

\  00 A  21 A
/ v A “ f exp[-(c/B)u]G(u)exp[(X/8) f G(v)dv]di

E{exp(-vxt)I(xt>0)}=ecv/%xp[-(X/8)J G(v)dv]£-£
J* (c /8 )exp [-(c/8 )u ]exp [(X /8)JUG(v)dv]du

(2.3.35)

Finally one should observe that from (2.3.34) and (2.3.33) w e  have

.v
E{ exp(-vxj) | xf>c/8) = exp[-(X/8)J G(v)dv]

oo ^ 2j ̂ex p [-(c /8)u]G (u)exp[(X /8)J  G (v)dv]du
00 2| ^J ( c / 8)e x p [-(c /8)u]exp[(X/8 )J  G (v)dv]du

(2.3.36)

w hich is not in general the restriction o f a distribution w ith Laplace transform
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2.4 TIME DEPENDENT PARAM ETERS
W e  are n o w  going to generalise the shot noise process described in the 

previous section by allowing all its parameters to depend on time. So w e  assume 

8(t), X(t), G(y;t) are all Riemann integrable functions of t and they are positive. 

Furthermore X(t) is bounded on all intervals [0,t) (t>0) (no explosions allowed). 

8(t)xt is the rate of decay, X(t) the rate of jump arrivals and G(y;t) (y>0) a 

distribution function for all t is the distribution function of their sizes. So the 

generator of (xt,t) acting on a function f(x,t) belonging to its domain is given by

W e  will find an expression for the Laplace transform of the distribution of 

xt at time t.

L e m m a  2.4.1 L e t

Af(x,t) = 6(t)x —  + X(t) [JjR+f(x+y,t)dG(y;t )-f(x,t)] (2.4.1)

o
t h e n  f o r  a l l  v*£0

i s  a  m a r t i n g a l e ,  w h e r e

g(v;s) = J^+e“vydG(y;s)



P ro o f
The generator o f  (zt,t) is given by

A *f(z,t) = ^  + X(t) [J^+ f(x + y ex p [jV u )d u ],t)d G (y ;t)-f(x ,t)] (2.4.2)
Substituting e_v*zh(t) in A*f=0 we get

h ’(t) + XCtHgCv^exptjVuJdufctHlhCt) = 0

and solving (2.4.3) w e  get

ft sh(t) = Kexp{J X(s)[ 1 -g(v*exp[ J^6(u)du];s)]ds)
and the result follows.

(2.4.3)

□

Theorem  2.4.2

B[exp(-vxt) | x 0) = exp[-vx0e x p (-J QS(u)du)]exp{ I X(s)[l-g(v*exp[ JQ6(u)du];s)]ds} (2.4.4) 

for  v£0.
P roof

We f ix  t and set

v* = v ex p (- fS8(u)du)
J o

in analogy to what w e  did in the proof of theorem 2.3.2 and the result follows.

□

W e  can try to obtain information about the asymptotic behaviour of x t by 

letting t-*°». Of course xt can be transient or recurrent and it m a y  have or it 

m a y  have not an asymptotic distribution.

W e  can also obtain second and higher m o m e n t  properties as in theorem 2.3.5 

by using the martingale in theorem 2.4.1 and working in exactly the same way. 

W e  omit details.

A n  example could be wh e n  G(y;t)^G(y), 8(t)=8, but X(t)=X0+ X 1cos(27Zt/T) 

(0<X1<XQ). This might model the level of a d a m  whose outflow rate is 8xt and 

inflow is in terms of jumps (due to rains) whose rate of arrival varies 

periodically. W h e n  rain is at its peak (t=kT, k an integer) w e  say w e  have

67



"winter" and when at its low est (t= (2k + l)T /2  ) we call the event "summer".
By theorem  2.4.2

ft
B[exp(-vxt) |x0} = exp[-vx0e“5t]exp{ [X0+ X 1cos(277s/T)][l>g(ve_5(t"s^]ds} (2.4.5)

J o
so we can evaluate E{xt)

ft
E{xt) = E{x0}e-5t + [X0+ X 1cos(27Ts/T)]/i1e‘6 t̂-s)(5S _

o
E {x0}e"5t + (X0#i1/8 )(l-e" 5 t ) + X1/i1e-5 tJte Sscos(277s/T)ds (2.4.6)

But integrating by parts

fte 5scos(27ls/T)ds = ( l / 5 ) e 5tcos(277t/T) - 1 + ft(l/8)(277/T )e5ssin(27is/T)ds 
Jo J o
and

ft(l/6)(277/T )e5ssin(27is/T)ds = (l/8 )(2 7 i/T )e5tsin(27Zt/T) - (277/8T)2 fte 5scos(27rs/T)ds 
Jo Jo
and therefore

E{xt} = E{x0}e-8t + (Xo(il/B)(I-e-°l) + ( X 1M 1/5)8t cos(277t/T)+(277/T8)sin(27rt/T)-e'5t

l+(277/8T)2
Writing t=kT+t* (0$t*<T), letting k-*00 and denoting

(2.4.7)

E{xt*} = lim E {xkT+t*}k-*«>
(the expected level o f the dam at the "season" t* when a steady state has been 
reached), we have

cos(2nt*/T)+(277/T8)sin(27Zt*/T)
*  E{Jt*} = (X0|i1/8) + (  X1|£1/8)------------------------------------------  (2.4.8)

1+(27I/8T)2

w hich can also be rew ritten as

cos[ (277t*/T)-0]
E { it*} = { \ 0 iLt / 8) + ( \ i n i/  8)----------------- —  (2.4.9)

{ 1+(2tt/8T)2}/S

where tan<f> = 277/8T.

So the expected level at t* varies periodically as X(t) does. However, there is
a phase difference between them with the maximum (minimum) expected level

68



being attained some time after "winter” (between 0 and T/4; that is between 

"winter” and "spring"). The phase difference is a decaying function of 5. That is 

the fastest the decay the more "domination" X(t) has on the model.

2.5 SHOT-NOISE PROCESS WITH A  RENEWAL PROCESS 
AS U N D E R L Y IN G  JUMP A R R IV A L  PROCESS

In this section w e  examine the shot-noise process of section 2.3 with rate of

• decay 8xt and jump sizes independent identically distributed random variables

which are independent of the jump size variables as well and their distribution

function P(u) posseses a derivative (density) p(u). Also p ± its first m o m e n t  exists.
$

T he restriction that P(u) possesses a density is by no means necessary but we  

include it since this time w e  will include in our process as our supplementary 

variable the time elapsed since the last jump rather than the time needed for the 

next. This is because the mathematics involved will be m u c h  simpler and more 

elegant. The generator of the process (xt,ut,t) acting on a function f(x,u,t) 

belonging to its domain is given by (ut denotes the time elapsed since the last 

jump)

9f 9f 9f p(u) *A f(x ,u ,t) = —  + 8 x—  + —  + ^ y [ J |R+f(x+ y,0 ,t)dG (y)-f(x,u ,t)] (2.5.1)

W e  will first state a useful proposition which is a well k n o w n  result in 

renewal theory.
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Proposition 2.5.1 T h e  a s y m p t o t i c  a n d  s t a t i o n a r y  d i s t r i b u t i o n  o f  u t h a s  d e n s i t y  P(u)/p1 

(For proof see Cox &  Miller (1965) p.347)

W e  will n o w  proceed to find the moments of xt as w e  did in sections 1.3 

and 2.1. W e  start by the first two moments.

Theorem 2.5.2 S u p p o s e  t h e  f i r s t  t w o  m o m e n t s  o f  G  e x i s t  a n d  a r e  i l ±  a n d  f i 2 , t h e n

a )

e 5t[xt - M 1exp(-8ut)/P(ut)] (2.5.2)

i s  a  m a r t i n g a l e ,  a n d

b )

e26t[X2 _ 2/Jt1xtexp(-8ut)/P(ut) - (ji2-2/^)exp(-28ut)/P(ut) (2.5.3)

i s  a  m a r t i n g a l e  t o o .

Proof

• a)

Trying to find a martingale of the form x te5t+h(u,t) w e  substitute in the 

equation Af=0 and get

-8xe5t+8xe5t+— -+— +^-^-[xe5t+|x1e5t-xe5t+h(0,t)-h(u,t)] = 0 (2.5.4)
ot ou P(u)

and simplifying (2.5.4)

9h 9h p(u) ef
- T  + T -  + ^ H - [ H 1e8t+h(0,t)-h(u,t)] = 0 (2.5.5)
0t 0U P(U)

and trying a solution of the form e5tk(u)

. p(u)
6k(u) + k(u) + — — - [k(0)-k(u)+Mj = 0 (2.5.6)

P(u)

which is equivalent to

[k(u)P(u)]’ + 8P(u)k(u) + p(u)(k(0)+fi1) = 0 (2.5.7)

and

k(u) = -M1e-8u/P(u) (2.5.8)

is the only solution that belongs to the domain of the generator since all the
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others involve [P(u)]-1(as before) but in this case

*

%

E{e-8 T /P(T)} = JJR+{e-8up(u)/P(u)}du < - 

and (a) follows, 

b)

Along the same lines w e  try a solution of the form 

x 2e25t+2Xe5th t(u,t)+h 2(u,t)

Substituting in Af=0

Rt9h. 9h. 9h, 9h.
2xebt[— L+— L]+ — ^+— 1 

l9u 9t 9u 9t

P(u)

P(u)

which implies

[2xe5th 1(0,t)+2M1e6th 1(0,t)+2x/i1e25t+ M 2e25t-2xe5th 1(u,t)-h2(u,t)] = 0

9h. 9h. p(u) Rt
2{iT + i^ + ^ [ M Bt+Mo.o-M».t)D - 0

which is (2.5.5) and therefore

k 4(u,t) = -e5t j^e"511/P(u)

and

¥ 2+ i t  + ^ ■ f - 2 'i?e26t+'12e28t+h2(0’t)-h 2(u ’t)] = 0 (2.5.9)
and solving (2.5.9) exactly as (2.5.5) w e  get

h 2(u,t) = -(/z2-2/i2)e25ue"26t/P(u)

and (b) follows.

□

So w e  conclude the following.

Corollary 2.5.3 L e t  G  p o s l s s  a t  l e a s t  t w o  m o m e n t s  i i ±  a n d  p 2 . L e t  a l s o  p(9) 

d e n o t e  t h e  L a p l a c e  t r a n s f o r m  o f  p(y). T h e n

limE{(xt)1exp(i8ut)) a n d  limE{(xt)1}
f-»co £-»oo

e x i s t  a n d  i f  w e  d e n o t e  t h e m  b y  Lj a n d  Mj r e s p e c t i v e l y ,  w e  h a v e
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a)

L t = lV[l-P(®)] (2.5.10)

M i = * V P i 8 (2.5.11)

L 2 = [ n z / 2  + nJp(8)/[l-p(B)]) / [l-p(2B)l (2.5.12)

M 2 = {m 2/2 + Mjp(S)/[l-p(B)]} / Pl8 (2.5.13)

Proof

B y  (2.5.2) w e  have

E{xt} - E^expf-SUtVPtUt)} = e"®t{E{x0) - EO^exp^Big/PCig}} 

and by proposition 2.5.1

r°V5u P (U)lim E{exp(-6ut) /P (u t)} = ——  •--------du = l /5 p
t-«> J0p (u) Pi

• so (2.5.11) follows immediately by letting t-*09. Furthermore this shows the

existence of M r

W e  also have that

E{xt) = E{xtexp(6ut)exp(-5ut)}

but xtexp(6ut) and u t are independent by the structure of the process. x texp(8ut) 

denotes the value of the process justafter the last jump which is independent of 

ut because the jump interarrival time intervals are independent and independent 

t of the sizes of the jumps. Therefore

E{xt) = E{xtexp(8ut))E{exp(-8ut)}

and

L 1[l-p(S)]/p18 = M t  

so (2.5.10) follows.

By (2.5.3) w e  have that
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E{xt2} - 2 n 1E(xtexp(-8ut)/P(ut)} - (^2-2pt2)E{exp(-2ut)/P(ut)} =

e"25t{E{x2} - 2/i1E{x(j5xp(-Su0)/P(u0)} - (M2-2pti)E{exp(-2u0)/P(u0)}) 

Letting t-*00, M 2 exists and

M 2 = lim{2#i1E{xtexp(8ut)}E{exp(-28ut) /P(ut)} + (n2-2#£*)E{exp(-2ut)/P(ut)}} = 
£-*00

= 2 ^ /2 p t8[l-p(8)] + (|Ij-2m*)/2P i8 = {|i2/2 + (X?p(6)/[ 1-p(8)]} / P l8

which is (2.5.13) and since

E{x^ exp(28ut)}E{exp(-28ut)) = E{x^}

L 2[l-p(28)]/Pl8 = M 2 

and (2.5.12) follows.

□

W e  will n o w  generalize theorem 2.5.2 aiming at finding asymptotically all 

moments of x t.

T heorem 2.5.4 L e t  A- i=0,l,2,..... b e  c o n s t a n t s  s u c h  t h a t  A 0= 1 a n d

if ] A rtfk_r = 0 k=l,2,......,m
o ̂

( W e  a r e  a s s u m i n g  t h a t  t h e  f i r s t  m  m o m e n t s  o f  G  e x i s t ) ,  t h e n

m-i m
(xt)m em5t + (em5t/P(ut))E [. ](xt)1exp[-(m-i)8ut]Am .i

o 1
i s  a  m a r t i n g a l e .

Proof

For f(xt,ut,t) to be a martingale w e  need 

9f 9f 9f p(u) .

'8xiT + iT+ S  + p (^ V  (x+y,0,t)dG(y)'f(x’u’t)1 = 0
W e  set h(x,u,t)=P(u)f(x,u,t) and (2.5.16) can be written as 

9h 9h 9h r

'8xa^ + iT + i7 + p(u)Jro+h(x+y.o.t)d G (y) = o'IR+
Substituting

h(x,u,t) = P(u)xm em5t + em 5 t E [m ]x*e"(m "*)5uA m _j
m-l

(2.5.14)

(2.5.15)

(2.5.16)

(2.5.17)
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we get
m -l

p(u) x (  + p (u) x f ]  Am . iz; Q x in j . j  = o
0 J 0 1 0 J

All other terms cancel with each other. Notice that

(-Sx^—  + —  + — )(xicm8te-(m -‘)5u) = 0 
ox 6t 6u

But

m -l
I
o

m -l m -l
(” ) V - £ [ j > V j  = Exi E [” )[•]1 O J 0 j 1 J

and so (2.5.18) is equivalent to

m -l m -lm -l
E
o

[ p xj"m-j + Exj ^ Q Q ^ i - j A m - i  = 0J 0 . j 1 J
Equating coefficients of xJ in (2.5.19) w e  get

and setting k=m-j

“k Q  + - 0

SO

but

D O  - Q O
and (2.5.20) gives

O *  ^ O O ^ . r A r = 0

which leads to (2.5.14).

Corollary 2.5.5

(2.5.18)

(2.5.19)

(2.5.20)

□

L m  = limE{(xt)m exp(8ut)}
(-400

e x i s t s  f o r  a l l  m=0,l,2,....  a n d
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(2.5.22)

»

a f 1 rITK
L m  + [l-p(m8)]"1E [ . j L i A ^  = 0 m=0,l,2,,

o 1
a s s u m i n g  m  m o m e n t s  o f  G  e x i s t .

Proof

B y  theorem 2.5.4

m-1 m
E {(xt)mexp(m 5ut))E{exp(-m 8ut)} + E{exp(-m 8 ut) /P (u t)}E [ .  ] A m.iE {(xt)1ex p (i8 ut)) =

o 1
m-i m

e-m 6 t (E{(x0)m} + E{exp(-m8u0)/P(u0l}I [. ] A m .jE{(x0)1exp(i6u0))} (2.5.23)
0 1

Letting t-*00 and using proposition 2.5.1.

a m-1 rm.
L m [l-p(m8)]/m8p1 + ( l / m S p ^ E  [ . j L i A ^ j  = 0

o 1
leading to (2.5.22).

Existence of L m  can be shown by induction. By letting t-*09 in (2.5.23) then

if L 15L 2,... L r_1 exist then L r exists as well and since L 15L 2 exist by theorem

2.5.3 L m  exists for all m  as soon as m  moments of G  exist.

□

Furthermore w e  can find a recursive relationship involving p - f s .

Theorem 2.5.6 S u p p o s e  t h a t  m  m o m e n t s  o f  G  e x i s t .  L e t  L m  a s  b e f o r e ,  t h e n

m-l ^
L m  = [l-p(mS)]"1 Z [. (2.5.24)

0 1
Proof

(2.5.22) can be rewritten as

ii* ixii
L m B(m6) = r[ jLjA^i 

o 1
Consider the expansions

CO 00 00

Ev^Lj/i! , E v*L|p(iS)/i! and E v^Aj/i! 
o o  o

By (2.5.25)

c o  CO CO

f £ v'Lj/i! 1 1 Z v*Aj/i! j = Z v'Lj&isyi!
 ̂o J ̂  o 0

also by (2.5.14) (the definition of the Aj’s)

(2.5.25)

(2.5.26)
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E (r) Ar»tk-r = 0
so in the product

00 00

v* A j / i l j f z  v ’f i i / i i ]
the only non zero term is pt0A 0=l so

00 00

0 0 
(2.5.26) &  (2.5.27) give us

00 00 00

I Ev iL ipasV iilf Iv V i / i l ]  = E v'Lj/i!
 ̂0 J'* o o

and by looking at the coefficient of vm  w e  get

(2.5.27)

(2.5.28)

411 m
L m  = E ( iJ L i « i8)'Im-iA 1

which leads to (2.5.24).

(2.5.29)

□

O n e  should compare (2.5.24) with (1.3.25) in section 1.3. The fact that the 

formulas are the same is no coincidence. The structure of the models is similar.

Finally w e  find the asymptotic limits of all the moments of x t.

Corollary 2..5.7 L e t  M m  d e n o t e  t h e  m ^  a s y m p t o t i c  m o m e n t  o f  xt ( w e  a s s u m e  m  

m o m e n t s  o f  G  e x i s t ) .  T h e n  M m  e x i s t s  a n d

m-1444 * m
M m  = O / 111) E [•)M iP(i5)if£m-i/[1“P(i8)] (2.5.30)

Proof

Existence follows immediately from the existence of L m . Furthermore since

E{(xt)1} = E{(xt)1exp(i8ut)}E{exp(-i8ut)} 

w e  have that

M j  = L i[l-p(i8)]/iSp1

W e  substitute in (2.5.24) and (2.5.30) follows immediately.

□

A n  example is w h e n  dG(y) = ae-aydy. W e  then have exponentially distributed
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jump sizes. We can now find Mj explicitly. By theorem 2.5.6
m  m

L m  = I [. ] L ip(iS)(m-i)!aI"m  

and looking at

00 00

{EL^p^/i!} -{«/(a-v)} = IL^/i! 
o o

leading to

00 00 00

aE L y& iSV i! = alLjvVi! - E L^vV ti-l)! 
o 0 1

so iL j .i  = ocLj[l-p(i5)] and therefore  

Lj = i! / {oc*II[ l-p (j6 )]>
l

so

•j_1 AMi = ( i - 1 )! / (  S p ^  n[l-p(jS)]}

(2.5.31)

(2.5.32)

*

#

2.6 C O N T I N U O U S  P A T H  M O D E L S  

L

Suppose that in the shot noise process described in section 2.3 jumps do not 

occur instantaneously. Instead, the process enters a state where it increases 

deterministically for a while. For example w h e n  modeling levels of dams or 

rivers, rains might not be considered as instant events but as having a duration 

and an intensity. In particular consider the following model. It consists of nt and 

xt. n t takes the values 1 and 2 and transitions from 1 to 2 occur with Poisson 

rate \ ± and from 2 to 1 with Poisson rate X2. While n t=l x t i n c r e a s e s  with 

constant rate c; and w h e n  nt=2 x t d e c r e a s e s  with rate 8xt (exponential decay).

77



T he generator of the process (nt,xt,t) acting on a function fn(x,t) belonging to its 

domain is given by

*

A fn(x,t) =
3F 9f

c ix*+ it1+ xi[f2<x’tH 1(x.t)]

3f 3f
’5xajf + d f + X2tfi(x>t)-f2(x>t)]

(2.6.1)

W e  will n o w  try to find the stationary distribution of the process.

Theorem 2.6.1 L e t  xt a s  d e s c r i b e d .  F u r t h e r m o r e  s u p p o s e  xt i s  s t a t i o n a r y  a s  w e l l .  

T h e n  t h e  d e n s i t y  o f  x t i s

y(^2/s)-1exp(-X1y/c)[(c/8)+y]

f y(X2/5)‘iexp(-X1y/c)[(c/6)+y]dy 
J  o 1

( a  m i x t u r e  o f  G a m m a ( \ z / S )  a n d  G a m m a ( ( \ z f 8)+l) d i s t r i b u t i o n s .

Proof

W e  will try to find a function fn (x) such that A f n(x) = e-vx-K where K  is

a suitable constant. So w e  have to solve

cf’,(x) + = e'vx - K  (2.6.2)

-6xf’2(x) + X2[f1 (x)-f2(x)] = e'vx - K  (2.6.3)

Multiplying (2.6.2) by X2, (2.6.3) by X 1 and adding them together.

X2cf’1(x) - X 1 6xf2(x) = (e'vx-K)(X1+ X 2) (2.6.4)

Differentiating (2.6.2) w e  bet

cf"t(x) + X 1[f2(x)-f’1(x)] = -ve"vx (2.6.5)

and by (2.6.4)

cf^x) - x / ’2(x) + (X.c/SxJf'/x) = (e“vx-K.)(X2+ X 2) / 8 x (2.6.6)

and solving (2.6.6)

f  *j(x) = ( l /c ) x ' ( X2 / 5 )exp(X 1 x /c ){J X{(e"vy-K)(X 1 +X2 ) ( l / 8 y)-ve“vy}y X2 / 5 exp(-X 1 y/c)dy+ Q }  
where Q is a constant. Now i f  Q=0 f ’t w ill be bounded so we choose it this way. 
Therefore

f’̂x) = (l/c)x'(X2/5)exp(X1x/c) f {(e'vy-K)(X1+ X 2)(l/8y)-ve"vy}yX2/5exp(-X1y/c)dy
0 (2.6.7)

W e  will also choose f ̂ so that f 1 belongs to the domain of the generator. For

this a sufficient condition is
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(2.6.8)

limf’̂ x) = 0 
x-*°°

so w e  should have

J q { (e"V^-K)( X i+ X 2)(l / 8y)-ve"vy}y x 2 / 5exp(- X A y/e)dy = 0 

but integrating by parts w e  have that

J oVe“v y y X2/5exp(-X1y/c)dy = <fo{(e-v'y-K){(X2/6y)+(X1/c)) y X2/5exp(-X1y/c)dy 

and so (2.6.8) becomes

/o{(e“Vy“K ){(Xl/5y)+(Xl/C)}yX2/SeXP(-Xiy/C)dy = 0

and therefore

f e“vy y^X2/5)-1exp(-X1y/c)[(c/6)+y]dy 
K  = ---------------------------------- (2.6.9)

f y(x 2/®)* ‘cxp(- X y/c)[(c/8)+y]dy 
•'0

So n o w  is found by integrating f^ and adding an arbitrary constant and f2 is 

given by (2.6.2)

W e  have that A f n(x) = e-vx-K and therefore

f nt<x t) ‘ J% xp(-vxs)-K)ds 
is a m artingale giving

E{fnt(x t)} - E ^ ^ ) }  = JJ  E{exp(-vxs)}-K)ds 

so if the process is stationary E{exp(-vxt)} = K  and by (2.6.9) and the uniqueness 

of the Laplace transform the result follows.

• □

O f  course if w e  let X 1-»00, c-*00 with \ ± / c  remaining constant w e  get the 

distribution of a stationary shot noise process with exponentially distributed jump 

sizes.

IL

W e  will n o w  consider the process in I with a slight modification. The rate of 

income of xt w h e n  n t=l is n o w  c-Sxt instead of c. W h e n  nt=2, xt still decreases 

with rate 8xt. This is a little bit more realistic whe n  modeling water levels
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since the outflow does not cease w h e n  it rains. Furthermore (this can turn out to 

be an advantage or a disadvantage of the model depending on the circumstances) 

the level of water clearly can not reach and certainly can not exceed c/S. n t 

goes from 1 to 2 with Poisson rate \ ± and vice versa with X2 sa before. The 

generator of the process acting on a function fn(x,t) is given by

A f n (x,t) =

3f< 3f<
^C"SX) dx + 0t*+ Xi[f 2(x»t)“f i(x’t)]

3f 9f
"6xaf + d f + x2[f i<x’t)-f 2(x>‘)]

(2.6.10)

W e  will try to find the distribution of the process w h e n  stationary as w e  

did before.

Theo r e m  2.6.2 L e t  (x^,nt) b e  a s  d e s c r i b e d  a n d  l e t  t h e m  b e  s t a t i o n a r y  a s  w e l l .  T h e n  

t h e  d i s t r i b u t i o n  o f  xt h a s  d e n s i t y

y (  ̂2 / 1 [(c/ 8)-y ]( x i / 1
— — -----------------------  (0<y<c/8)

fC y(X2/5 -̂1[(c/8)-y](xi/s)"1dy 
* o

( a  B e t a  d i s t r i b u t i o n ) .

Proof

As in theorem 2.6.1 w e  are going to try to find fn (x) such that A f n(x)= 

e_vx-K. So w e  have to solve

+ X J f ^ x K ^ x ) ]  = e-vx-K (2.6.11)

-8xf’2(x) + X2[f,(x)-f2(x)] = e'vx-K (2.6.12)

Multiplying (2.6.11) by X2, (2.6.12) by Xt and adding them together.

X 2(c-8x)f’1(x) - X18xf’2(x) = (X1+ X 2)(e-Vx-K) (2.6.13)

Differentiating (2.6.12)

-8[xf2(x)]’ - X 2f2(x) + X2f’1(x) = -ve“vx 

and with (2.6.13)

-S[xf2(x)]’ - (X2/x)xf2(x) + [X 18/(c-8x)]xf2(x) + [(X1+ X 2)/(c-8x)](e“vx-K) = -ve'vx
(2.6.14)

For f to belong to the domain of the generator w e  choose the solution with

limx(X2/5)+1f 2(x) = 0 
x aO

that is
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f,2(x)=x-(X2/5)-1[(c/S)-x]’X i/5{JX{[ (X1+ X 2)(e'vy-K)/[(c/6)-y]]+ve‘vy}y(X2/8)[(c/8)-y](V8)
0 (2.6.15)

For f to belong to the domain of the generator w e  also choose

l im  [(c/ 8 ) - x ] ( x i / % 2(x ) = 0 
x-<c/S)

that is

f(C/5)(Xt+ X 2)(e“vy-K)y(X2/8)[(c/8)-y](Xi/5)’1dy=f(C/5)ve-vyy(X2/8)[(c/8)-y](Xi/5) dy 
0 0 (2.6.16) 

Integrating by parts the second integral as in the proof of theorem 2.6.1 w e  get

JoC/5 {[(>'1+>‘2)/(c-8y)]+[Xi,/8y H X 1/(c-Sy)]}{e-vy-K}dy = 0 (2.6.17)

which means that

f  ̂ e_vyy(X2/8)-i[(c/&)-y](Xi/8)-1dy
K  = ------ J Z ----------------------------  (2.6.18)

f y( X 2/S)- 1[(C/S)-y](X Ĵ /̂ )- l̂ Jy
J o

f* is given by (2.6.13) and by integrating and adding an arbitrary constant. f2 

is given by (2.6.12). By our choice of f t and f2, f belongs to the domain of the 

generator, so A f n(x) = e'vx-K and therefore

fn t<xt) " j\cxp(-vxs)-K)ds 

is a martingale giving

E ^fn t(xt^ ‘ E (fn 0(xo)> = JJ E{exp(-vxs)}-K}ds 

so w h e n  the process is stationary E{exp(-vxt)} = K  and by (2.6.18) and the 

uniqueness of Laplace transforms the theorem is proved.

4 □

W e  can also generalize the models in I and II by allowing as rates of 

increase in state 1 and decrease in state 2 general Riem a n n  integrable functions 

c A(x) and c2(x). W e  proceed as in theorems 2.6.1 and 2.6.2 and produce similar 

results.

Furthermore w e  can allow N  possible states where N  is a fixed integer with

change rates c-(x) (i= 1,2, ,N) which can be positive or negative or indeed change

signs should w e  so wish. The generator will have the form
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(2.6.19)Afj(x,t) = + c i(x) ^ “ +^E Xij[fj(x,t)-fi(xft)] (i=l,2,...,N)

In this case w e  can proceed as before and w e  will prove the same theorems.

W e  will eventually have to solve

Cj(x)f|(x) + E Xjj[fjW-fjCx)] = hj(x) (i=l,2,....,N) (2.6.20)
i*j

where h-(x) are k n o w n  functions. W e  omit details as solving the system (2.6.20)

m a y  be quite cumbersome.

• 2.7 T H E  M/G/°° Q U E U E

W e  will n o w  consider a queuing model with an infinite number of servers 

available, where the customers arrive in terms of a Poisson process with service 

time requirements being independent identically distributed random variables with 

distribution function G(y) supported on IR+. Service for each customer commences 

as soon as he arrives. The M / G / 00 queue can be used in approximating queuing 

systems with large numbers of servers available and the other parameters of the 

model (drawn from everyday experience) making the event of having a customer
*

waiting for a server highly unlikely. Usually queues with infinite numbers of 

servers are used in association with computer or other network models. Using the 

piecewise deterministic processes theory approach w e  are going to determine the 

joint distribution of various quantities associated with the process. These are the 

following; the busy period T of the process, that is the time interval between the 

first time the queue ceases to be idle and the first time it becomes idle again; 

the number of customers N  served during that period and W  the total work done
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during that same period. W e  define W = Y 1+ Y 2+.... +Yj^ (a random sum) where

the Y jS represent the time requirements of the customers served during a busy 

period. The Yj’s are neither independent of N  nor independent between them 

conditionally on any value of N. So the "naive" argument that W  is a s u m  of 

independent identically distributed random variables and therefore E{e'v^}= 

E{[g(v)]N ) is not true.

O ur piecewise deterministic process consists of t (time), xt the work still to 

be done for the existing customer with the highest unfinished service requirement 

(clearly the event that the queue is idle is equivalent to xt=0), n t the number of 

customers having arrived up to time t and w t where

Et
Wt = I Y;

1
Yj being the service requirements of the customers (who m a y  or m a y  not have 

left the system). xt decreases linearly with unit rate, while n t and w t remain 

constant. Jumps occur with rate X. At t=Tj the time of the i ^  jump x^ moves to 

xt=max(xt_,Y-), n t moves to n t=nt_+l and w t to w t= w t_+Y*. The generator of the 

process (xt,wt,t,nt) acting on a function f(x,w,t,n) is given by

A f(x,w ,t,n ) = ^  + MJof(x»w +y,t,n+l)dG (y)+J f(y ,w + y,t,n+ l)dG (y)-f(x ,w ,t,n )]
(We denote f(Q>x] by J* and by j” ) (2.7.1)

W e  will concentrate on the behaviour of the process till x t reaches 0. (That 

is w h y  w e  have laid no specific assumptions about what happens w h e n  xt reaches 

0). The fact that x t as defined m a y  turn negative does not matter for our 

calculations. W e  start by finding a suitable martingale.

L e m m a  2.7.1 L e t  xt, n t a n d  w t a s  d e f i n e d .  C o n s i d e r  c o n s t a n t s  0£O, v£0, OS0S1. 

T h e n

e ' ^ e x p ^ v w ^ B  e_(^+ ^ yexp[\0jy JUe'vvdG(v)du]dy 

i s  a  m a r t i n g a l e .

Proof

For f(xt,wt,t,nt) to be a martingale w e  have to solve Af(x,w,t,n)=0. W e
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substitute a function of the form e"^te“vw0nh(x) in the equation and we get

-J3h(x) - h ’(x) + X[0h(x)jVVydG(y)+0j~h(y)e-vydG(y)-h(x)] = 0 (2.7.2)

and integrating by parts this becomes

-Bh(x) - h ’(x) - X 0 1*°° fye“vudG(u)h’(y)dy - Xh(x) = 0 (2.7.3)
■’x J o

Differentiating (2.7.3)

-Bh’(x) - h"(x) + X0h’(x)JXe-vudG(u) - Xh’(x) = 0 (2.7.4)

and solving (2.7.4)

h ’(x) = - K e ^ + ^ e x p t X O j *  JUe- w dG(v)du] (2.7.5)

where K  is an arbitrary constant and

h(x) = K  f°V(^+ ^)yexp[X0 fY fU e"vvdG(v)du]dy (2.7.6)
Jx JoJo

This is bounded so our function belongs to the domain of the generator and 

the l e m m a  is proved.

□

Corollary 2.7.2 L e t  TQ b e  t h e  f i r s t  t i m e  xt r e a c h e s  0. T h a t  i s T Q=inf{t: x t=0}, t h e n  

f o r  J3£0, v£0, OS0S1,

E{exp(-BTo)exp(-vwTQ)0n T o | w 0,n0) =

f e"^+ ^ yexp[X0 fy fU e‘w dG(v)du]dy 
n,, J x n  J  o J  o

E{exp(-vwo)0 ° } — f ----------------------------------  (2.7.7)

J e“̂ + ^̂ y exp[X0jy JUe“w dG(v)du]dy

Proof

It is immediate by D o o b ’s optional stopping theorem and the martingale of 

theorem 2.7.1.

□

Theorem 2.7.3 L e t  T b e  t h e  l e n g t h  o f  t h e  b u s y  p e r i o d  o f  t h e  M / G / 00 q u e u e , N  t h e  

c u s t o m e r s  s e r v e d  d u r i n g  t h a t  p e r i o d  a n d  W  t h e  t o t a l  w o r k  d o n e .  T h e  j o i n t  L a p l a c e  

t r a n s f o r m - p r o b a b i l i t y  g e n e r a t i n g  f u n c t i o n  o f  t h e i r  d i s t r i b u t i o n  i s  g i v e n  b y
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*

oo
0 [ Jye-w dG(v)e’(0+X)yexp[X0jy f V vvdG(v)du]dy 

E{e-3Te-vW 0N} = Jo ° -- ■ ^ ° - ----------------- (2.7.8)
J e"(^+x)yexp[X0j*y J Ue“vvdG(v)du]dy

Proof

W e  start operating the queue the time the first customer arrives; so w e  set 

x 0= w 0= Y 1 where Y ± has distribution function G(y) and n Q=l. Then (r0,wT ,nT ) 

becomes (t ,W,N) s o  using corollary 2.7.2

JCO

e“vx f e’̂ + exp[ X 0 fy fU e“vvdG(v)du]dy

a- XJ e"(^+x)y exp[X0jy J Ue‘VvdG(v)du]dy
a -

and by changing the order of integration in the numerator the result follows.

(2.7.9)

□

By suitably differentiating (2.7.8) w e  can get any joint moments of r, N, W  

w e  wish. For example one can find E{W) = j ^ e ^ i  and E{N) = e x#£i implying 

that the "naive" approach for W  mentioned at the beginning of this section is 

correct for the first moment. However, w h e n  looking at the second m o m e n t  w e  

get

E ( W 2} = + 2 \ n l n 2 + 2 X2 f exp(xf G(u)du)yG(y)dy} (2.7.10)
0 y (G(y)=l-G(y))

while a "naive" approach would have yielded

ex^i{pt2 + 2X/z* + 2 X2j* exp(xj G(u)du)yG(y)dy) 

underestimating the variance by a term propotional to ( i 2 - v the variance of Yj.

Not surprisingly m a n y  relevant results are to be found in the literature.

Takacs (1962) has given a method to evaluate moments of r. Shanbhag (1966)

went even further and evaluated the joint Laplace transform probability

generating function of a slightly more general model where customers arrive in 

batches. That is at each arrival time point Tj, q  customers arrive with

probability pr having service requirements Y p ^ Y j ^ , .., Y j ^  (independent). Our

method can easily be modified to accomodate this generalization. Furthermore w e  

do not need Y ^ 1),...., Y j ^  to be independent. The only thing w e  need to k n o w
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is the joint distribution of Y jW + Y j^ + ...+ Y j ^  and m a x ( Y ^ ^ ,.. ,Yj^)

conditional on rj.

Formula (2.7.8) can be used to evaluate the variance of T. In terms of 

numerical approximations Ramalhoto (1984) and Sathe (1985) found bounds for 

this variance in terms of the first moments of G. It might be the case that the 

methods applied by them can be modified to yield similar bounds for higher 

moments of the distribution of T.

*
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CHAPTER 3
D O U B L Y  S T O C H A S T I C  P O I N T  P R O C E S S E S  

A G G R E G A T E D  P R O C E S S E S

3.1 G E N E R A L

M a n y  actuaries have questioned in the past the validity of the Poisson

assumption about the claim arrival process in insurance models. Other processes 

have indeed been used; one example is the Andei ̂ en model w e  encountered in 

section 1.1 or the Polya process (see Beard et al p.38 ). But there is no clear 

natural reason to assume any particular process (see Seal (1983) for a discussion 

of the Poisson assumption). So there is m u c h  scope about developing other models

to use as claim arrival processes. M a n y  claims are associated with natural

phenomena (fires, floods). There is of course a seasonal element then. W e  have 

already seen such a model in section 1.3 (see also Dassios (1984), Dassios &

• Embrechts (1987); for aspects of seasonality see Beard et al p.32 ). There is a 

complicated stochastic background as well. For example fires occur randomly but 

fires are less catastrophic w h e n  there is a large rainfall and more catastrophic 

w h e n  strong winds prevail; events which are of a stochastic nature themselves. 

Here comes the importance of more elaborate stochastic models such as doubly 

stochastic point processes.

M a n y  results about point processes can be calculated with the aid of 

piecewise deterministic processes theory and w e  will set on this task in this
*

chapter. W e  will not concentrate on insurance aspects, however, with the exception 

of the penultimate section where insurance applications will be considered.

Doubly stochastic or conditional Poisson point processes can be viewed as two 

step randomization procedures. A  process Xt is used to generate another process 

N t by acting as its intensity. That is N t is a Poisson process conditional on \t (if 

Xj. is deterministic then N t is a Poisson process). The term "doubly stochastic" was 

introduced by Cox (1955a). Examples which in practice could model various forms
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of clustering will be examined in this chapter. Most of the intensities that will 

be considered will be processes examined in the previous chapter.

W e  will n o w  define the piecewise deterministic process ( N t,Xt,ut,t) 

(ut= u lt,....,un t; w e  allow for any necessary additional variables so as to m a k e  the 

process Markov). W e  will state what form the components which determine the 

piecewise deterministic process have (see introduction).

Deterministic motion is given by the vector fields:

a 9 a a
0 (for N t; N t is piecewise constant), c (X,u,t)—  , c (X,u,t)—  ....... , cn(X,u,t)—  —

1 1  ax 9ut 11 9un 9t

Jumps occur with rate X+p(X,u,t). The transition measure is as follows. With 

probability X/[X+p(X,u,t)] N t moves to N t_+1 with Xt,ut,t not changing value. Also 

with probability p(X,u,t)/[X+p(X,u,t)] N t remains where it is and Xt,ut change value 

according to a measure Q( ;X,u,t). These determine the piecewise deterministic 

process (Nt,Xt,ut,t). The generator A  of the process acting on a function f(N,X,u,t) 

belonging to its domain is given by

Af(N,X,u,t) = c0(X,u,t)—  + c 1(X,u,t)—  +..... + c (X,u,t)—  + —  +
ax 1 9 u t 11 9u„ 9t

a a
- H
*n

[X+p(X,u,t)] v * [f(N+l,X,u,t)-f(N,X,u,t)] + v’-’t , j ff(N,y,v,t)dQ(y,v;X,u,t)
X+ptX.U,*) X+p(X,u,t) J -f(N,X.u,t)]

(3.1.1)
Simplifying

Af(N,X,u,t)
d d

c 0 ( K u > t ) —  + c 1(X,u,t)—  + 
a \  3u,

,+ c (X,u,t)—  + 
0un

a_
at

+

X [f(N+1, X,u,t)-f(N, X,u,t)] + p(X,u,t) [Jf(N,y,v,t)dQ(y,v;X,u,t) -f(N,X,u,t)]

W e  denote
(3.1.2)

A\f(N,X,u,t)
3 9 3 9

C0(\,u,t)—  +c (X,u,t)— +......... + C (X,U,t)— + — +u ax au4 11 aun at
p(X,u,t) [Jf(N,y,v,t)dQ(y,v;X,u,t) -f(N,X,u,t)] (3.1.3)

So w e  can write

Af(N,X,u,t) = X[f(N+l,X,u,t)-f(N,X,u,t)] + A xf(N,X,u,t) (3.1.4)
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and if we consider a function f(\,u,t), then

Af(\,u,t) = A xf(X,u,t) (3.1.5)

W e  can see that (\t,ut,t) could have been constructed as a piecewise 

deterministic process (with generator A x acting only on functions f(X,u,t) 

belonging to its domain) by itself. However, w e  just consider it as part of the 

piecewise deterministic process (Nt,Xt,ut,t) and the filtration used will be the 

natural filtration o{Ns,Xs,us: 0$s£t}.

In this chapter w e  will also consider the process

Since Q,c0,..,cn and p do not depend on the first component of the state 

space it can be shown that conditionally on {Xs:s£0} the process { N t:t£0} is a 

non-homogeneous Poisson process with intensity t->Xt, in particular

This suggests the equivalence of the problem of finding the distribution of 

Nj to the problem of finding the distribution of x t. Other quantities of interest 

in this chapter will be higher order properties of N t and xt as well as point 

interarrival time intervals of N t.

W e  close this introductory section with a lemma that will be useful wh e n  

trying to find the distribution of point interarrival time intervals.

L e m m a  3.1.1 L e t  (Nt,Xt,ut,t) a s  d e f i n e d .  S u p p o s e  t h a t  f(X,u,t) b e l o n g s  t o  t h e

d o m a i n  o f  t h e  g e n e r a t o r  A .  o f  t h e  p r o c e s s  ( N t,Xt,ut,t) a n d  f u r t h e r m o r e

( t h e  a g g r e g a t e d  p r o c e s s ) (3.1.6)

i
(3.1.7)

(3.1.8)

I f  h(X,u,t) i s  s u c h  t h a t

X[h(X,u,t)-f(X,u,t)] + A xf(X,u,t) = 0 

t h e n  i f  T^infftiN^l | N o=0}

(3.1.9)
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E{h(XTi,uTi,T1)|X0,u0} = f(Xo,uo,0) (3.1.10)

Proof

B y  (3.1.9)

f(Xt,ut, Xg[h( Xs,us,s)-f (Xs,us,s)]ds (3.1.11)

is a martingale (always with respect to the filtration o{Ns,Xs,us:0$s^t}) and T^At 

is a stopping time. Therefore by D o o b ’s optional stopping theorem

T. At
E ^ XT 1At’u T 1At’T iAt)|Xo’u o} + E ^fC)1 xsth (xs»u s’s)“f(XS’u S’s^ ds|xo’u o) = f(xo’u o’°)

W e  n o w  condition on the realisation Xy,uy 0Sv$t.
(3.1.12)

E ^(Xr1At,uT1At,TiAt) | xo,uô  

and

[ E{f(XT At,uT At,T1At)IXy,uy,0^v^t}dP(Xy,uy)
1 1 (3.1.13)

T.At
E (J 1 >̂s[h(Xs,us,s)-f(Xs,us,s)]ds|X0,u0} =

Xs[h( Xs,us,s)-f (Xs,us,s)]ds| Xy,uy,0Sv$t}dP(Xy,uy) (3.1.14)

where dP(Xy,uy) is the probability differential of a particular realisation (in 

actual fact Xy,uy represents a set of realisations with N y O^v^t taking any 

values) in the set of all possible realisations.

N t is Poisson conditionally on Xf 0$r$t, so T 1At is distributed with density

fr
Xrexp(-J Xgds) on (0,t) 

and a mass

/•t
exp(-J Xgds) at t

Therefore w e  have

E{f(XT AAt’ur tAt’7 1At  ̂I V uv’° $v St}=f(Xt,ut,t)exp(-J^Xsds)+j V (Xpur,r)Xrexp(-J^Xsds)dr
(3.1.15)

and
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T ̂  At
E{Jo Xs[h(Xs,us,s) -f(Xs,us,s)]ds|Xv,uv,0^v^t} =

J* Xs[h(Xs,us,s)-f(Xs,us,s ) ]d s e x p (- j \sd s)+ j|j^ X s[h(Xs,us,s)-f(Xs,us,s)]dsXr exp(-J^\sds)dr
(3.1.16)and integrating by parts 

7^ At
E{J Xs[h(Xs,us>S) -f(Xs,us,s)]ds| Xv,uv,0^v^t} =

J* Xr[h(Xr ur,r)-f(Xr,up r)]exp(-J^Xsds)dr (3.1.17)
A dding together (3.1.15) & (3.1.17) and in view  o f (3.1.13) and (3.1.14), (3.1.12) 
becomes

E{f(Xt,ut,t)exp(-Jt Xsd s)|X 0,u 0} + [ J th(Xr,ur,r)Xrexp(-Jrxsds)drdP(Xr,ur) = f(Xo,u o,0)O J Q o 0
(3.1.18)

Letting t-*00 and noticing that the first term tends to 0 by (3.1.8) we get
(3.1.10).

□

3.2 A  P I E C E W I S E  C O N S T A N T  D E N S I T Y  

L

We w ill now exam ine a process N t whose underlying density process Xt 
evolves as follow s. Xt is constant until a jump occurs and then Xt m oves to a
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*

n e w  value whose distribution function is G(y) (y €  IR+) and is independent of its 

previous value and the time needed for this change to occur. J u m p  interarrival 

time intervals are independent identically distributed random variables with 

distribution function P(v) (v €  IR+) and such that there exists a>0 so that

J^+e^dPtv) < « for 0€[O,cc)

W e  are going to investigate the behaviour of N t when (Xt,ut) is stationary.

rt
For this purpose w e  will examine the aggregated process xt=J \sds which is an

equivalent problem as w e  have seen in the previous section. W e  will take u t the

time elapsed since the last change of value of \t as our supplementary variable.

It will then be easy to manipulate expectations w h e n  exploiting the properties of

J
the martingales obtained. W e  have of course to assume that P(u) possesses a 

density p(u).

Ou r  piecewise deterministic process consists of u t, Xt , xtand t. The generator 

of the process (xt,Xt,ut,t) acting on a function f(x,X,u,t) belonging to its domain is 

given by

x 3f 3f 0f p(u) ,
Af(x,X,u,t) = X—  + —  + —  + — -fj +f(x,y,0,t)dG(y)-f(x,X,u,t)] (3.2.1)

3x 0u 0t P(U) JIR+ (P(u)=l-P(u))
W e  will n o w  find a martingale. W e  start with a definition of a function.

Definition 3.2.1 L e t  P(u) a n d  G(u) a s  d e s c r i b e d  a n d  l e t

g(v) = J|R+e-vydG(y)

W e  d e f i n e  t h e  f u n c t i o n  0(v):[O,oo)-*[O,00) b y  t h e  r e l a t i o n s h i p

co
f exp[0(v)z]p(z)g(vz)dz = 1 (3.2.2)
J o

J3(v) is uniquely defined since f e^zp(z)g(vz)dz is a monotone function of 0
J o

for all v. It is not feasible to express explicitly 0(v) in terms of v even for the 

most simple non trivial situations. However it is easy to find derivatives of 0(v) 

evaluated at v=0 which in fact are the quantities of interest as w e  shall see 

later. For example differentiating (3.2.2) once w e  get
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00 00
f 3’(v)zexp[3(v)z]p(z)g(vz)dz + f exp[3(v)z]p(z)g’(vz)zdz = 0 (3.2.3)
■'0 J o
and setting v=0 in (3.2.3) w e  get B ( 0 ) p i - f i i p 1 (we are assuming n i , p i are the first

moments of G,P respectively and that they exist), so therefore

0 ’(O) = n x (3.2.4)
Differentiating (3.2.3) and setting v=0 w e  get

6'(0) =- ( P l / P i ) ( n 2 - n { )  (3.2.5)
(pt2,p2 are the second moments of G,P assuming they exist).

W e  n o w  proceed to find a martingale.

T h e o r e m  3.2.2 L e t  xt,Xt,ut a s  d e f i n e d .  T h e n

00
{exp(-vxt)exp[-0(v)ut]exp(v\tu t)/P(ut)}J exp[3(v)z]exp(-vXtz)p(z)dz exp[3(v)t] (3.2.6)

ut
i s  a  m a r t i n g a l e .

Proof

W e  will try to find a martingale of the form exp(-vxt)e^th(Xt,ut). 

Substituting into Af(x,X,u,t) = 0 w e  get

3h ofu)
3h(X,u) - Xvh(X,u) + —  + ^ - [ f  ,h(y,0)dG(y)-h(X,u)] = 0 (3.2.7)

3u P(u) J JR+

which is equivalent to

g
—  [e®ue” XvuP(u)h( X,u)] =-e6ue-Xvup(u)JjR+h(y,0)dG(y) (3.2.8)

which leads to

h(X,u) = JjR+h(y,0)dG(y)(e_eueXvu/P(u)}j”e6ze“Xvzp(z)dz + K(X)e_/3ueXvu/P(u) (3.2.9) 

where K(X) is an arbitrary function of X. However, while the first term belongs 

to the h  generator since it is bounded the expectation of the second term 

conditional on all values of Xt greater than 3/v is infinite so our solution 

belongs to the domain of the generator if and only if K(X)^0. Therefore

h(X,u) = JjR+h(y,O)dG(y){e"0ueXvu/P(u)}J%6ze'Xvzp(z)dz (3.2.10)

Setting u=0 in (3.2.10)

h(X,0) = J*̂ +h(y,0)dG(y) J*^e^ze-Xvzp(z)dz (3.2.11)



so

*

JR+h(y,0)dG(y) = JR+h(y,0)dG(y)J|R+ j V ze-yvzp(z)dzdG(y) (3.2.12)
so we need to have

CO
f exp[0(v)z]p(z)g(vz)dz = 1 (3.2.13)
J o

and therefore 0 = 0(v) and by (3.2.10) w e  coclude that the required solution of 

Af= 0  is

oo
Le"vxexp[0(v)t]{exp[-0(v)u]e*vu/P(u)}J exp[0(v)z]e"^vzp(z)dz (3.2.14)

where L  is an arbitrary constant and the theorem is proved.

□

O n e  can of course in the same w a y  prove the analogue for N t, that is

0 \  exp[-0(l-0)ut]exp[(l-0)Xtu t]/P(ut))f exp[0(l-0)z]exp[-Xt(l-0)z]p(z)dzexp[0(l-0)t]
ut (3.2.15)

is a martingale.

So w e  can n o w  apply theorem 3.2.2 to find the behaviour of x t w h e n  Xt and 

u t are in the stationary state. It is clear that w h e n  stationary, Xt has distribution 

function G(y) and is independent of ut which has probability density P(u)/p1 (see 

proposition 2.5.1). So w e  can n o w  prove the following theorem.

Theo r e m  3.2.3 L e t  Xt,ut b e  s t a t i o n a r y .  T h e n

CO CO
f g(vz)P(z)dz f 0(v) exp[0(v)z] g(vz)P(z)dz

E(exp(-vxt)} = ------------------------  exp[-B(v)t] (3.2.16)
p,(l - J g(vz)P(z)dz)
1 J 0

Proof

B y  theorem 3.2.2 and recalling that x Q=0

co
E{ (exp(-vxt)exp[-0(v)ut]exp(vXtu t)/P(ut)}J exp[0(v)z]exp(-vXtz)p(z)dz ) =

ut
CO

exp[-0(v)t]E{ {exp[-0(v)uo]exp(vXtu o)/P(uo)}J exp[0(v)z]exp(-vXQz)p(z)dz} (3.2.17)
uo

N o w ,  by the structure of the process (X^,ut) is independent of x t-Xtu t (the 

position of x t at the time of the last change of value of Xt) so (3.2.17) can be 

written as
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E{exp[-v(xt-Xtu t)]}E{{exp[-/3(v)ut] /P (u t)}J exp[3(v)z]exp(-vXtz)p(z)dz) =
u t

exp[-3(v)t]E{ {exp[-e(v)uJexp(vXtu 0)/P(u0)}J exp[3(v)z]exp(-vXQz)p(z)dz} (3.2.18)
u o

W h e n  stationary, u t and Xt are independent and distributed with density 

P(u)/p1 and distribution function G(y) respectively. The same is true for XQ,u0. 

So

00

E{{exp[-3(v)ut] /P(ut)}Ju exp[3(v)z]exp(-vXtz)p(z)dz} =

fjR+fo{exp[-3(v)u]/P(u)}Juexp[6(v)z]e"vyzp(z)dz{P(u)/p1}dudG(y) =

(1/P1)J exp[-3(v)u]f exp[3(v)z]e'vyzp(z)dzdu = (l/p1) [ CXP^ ^ Z  ̂1 g(vz)p(z)dz =
J 0 Ju 1 J 0 3(v)

00

[1/P±3(v)]{l - f g(vz)p(z)dz) (3.2.19)
* o

Also

00E[ {exp[-3(v)u0lexp(vXtu 0)/P(u0)}J exp[3(v)z]exp(-vXQz)p(z)dz} =
♦ uo

J|P+f o{exP[-3(v)u]evyu/P(u)}J^exp[3(v)z]e_vyzp(z)dz{P(u)/pi }dudG(y) =

(1 /P l)^ ^ o l eXP[3(V)Z]e‘VyZp(Z+U)dzdlldG(y) = O /P i) /  J exP[B(v)zlS(^ )P (z+u)dzdu 
00

= (l/P1)Joexp[3(v)z]g(vz)P(z)dz (3.2.20)

(3.2.18), (3.2.19) &  (3.2.20) combine to give

00J 3(v) exp[3(v)z] g(vz)P(z)dz
E{exp[-v(xt-Xtu t)]} = — 0---------- r r --------------- (3.2.21)

* 1 - j g(vz)P(z)dz)
J o

and because Xtu t and x t-Xtut are independent

00

E{exp(-vxt)} = E{exp[-v(xt-Xtu t)]}E{exp(-vXtu t)} (3.2.22)

But

E{exp(-vXtu t)} = J +J e“Vyu{P(u)/p1}dudG(y) = (l/p±) f g(vz)P(z)dz
0 0 (3.2.23)

(3.2.21), (3.2.22) &  (3.2.23) give us (3.2.16).

□
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I ih iv
Formula (3.2.16) also gives us theAlistribution of

rt+s
Xrdr (also ’ • J ( N t+s- N t) of course).

*

If w e  take logarithms in (3.2.16)

-log{E{exp(-vxt)}} = B(v)t + log 

and setting

P j l  - J g(vz)P(z)dz)

f g(vz)P(z)dz f B(v) e xp[B(v)z] g(vz)P(z)dz* n J n

(3.2.24)

a(v) = log
P j l  - J g(vz)P(z)dz)

f g(vz)P(z)dz f B(v) e xp[3(v)zl g(vz)P(z)dz• r\ n

(3.225)

-log{E{exp(-vxt)}} = B(v)t + a(v) (3.2.26)

which is an expression for the cum:' ulant generating function and if w e  denote 

by k n (t) the n**1 c u m  ulant of xt and by B^(v) and a^(v) the n ^  derivatives 

of B(v) and oc(v)

k n (t) = (-l)n,,1{|3to(0)t + a^)(0)} (3.2.27)

(we assume that n derivatives of a,B exist; that is n moments of P,G exist).

W e  already seen in the beginning of the section h o w  easy is to calculate 

derivatives of 0(v). W e  have proved that the cum. mlants of xt are linear whe n 

Xt,ut is stationary and w e  have found the appropriate coefficients. By (3.2.26) and 

(3.1.4) the analogue for N t follows; that is

-log{E{0N t }} = B(l-0)t + o(l-0) (3.2.28)

IL

W e  will also try to find the distribution of interarrival times of points of 

N t. By w e  denote the length of the interval between the (k-l)^ and the k ^

point. W e  will not merely concentrate on finding the distribution of T ± (the
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asdistribution of T± given X0,vQ is the same the distribution of given the
same values for XT ,v -  ), but w e  will look at higher order properties as well.fk-i *k-i
W e  will n o w  include v t the time needed for the next jump to occur in our 

process instead of u t. So w e  do not need the assumption that P(y) has a density 

any more. Furthermore w e  will not need 0(v) also so w e  drop the assumption that 

J^+e^vdP(v) exists for 0>0. The generator of the process (Nt,\t,vt,t) acting on a 

function f(N,X,v,t) belonging to its domain is given by

Af(N,X,V,t) = +X[f(N+l,X,v,t)-f(N,X,v,t)] (3.2.29)
ot ov

with the requirement for f to belong to the domain of the generator (boundary 

condition)

♦

f(N,X,0,t) = JjRfJ|R+f(N,y,v,t)dG(y)dP(v) (3.2.30)

A n  implication of (3.2.30) is that at v=0 f has to be functionally independent 

of X.

W e  will n o w  prove an important theorem.

Theorem 3.2.4 L e t  k(X,v) b e  a  f u n c t i o n  s u c h  t h a t

JjR+J|R+k(y,u)dG(y)dP(v) < «

L e t  N o=0 a n d  T 1=inf{t:Nt=l). D e f i n e  a l s o

T h e n

B(0;k)
ffR+f|R+c ^ g+y v̂ yf^e(<3+y)zk(y,z)dzdP(u)dG(y) 

[ 1--e-(0+y)u]dP(u)dG(y)
(3.2.31)

E{exp(-er1)k(XT ,vT )|XQ,v0} = {B(0;k)+XoJ °k(X0,z)exp[(3+X0)z]dz}exp[-(B+\0)v0] 
1 1  o

(3.2.32)
Proof

By l e m m a  3.1.2 if 

9f 3f
—  - —  +X[e-6tk(X,v)-f(X,v,t)] = 0 (3.2.33)
ot ov

and
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f(X,0,t) = JJR+J|R+f,(y»v>t)dG(y)dP(v) (3.2.34)

then

E{exp(-3T1)k(\Ti,v7O | \ 0,v0) = f(XQ,vo,0) (3.2.35)

So w e  need to solve (3.2.33) subject to (3.2.34). W e  try a solution of the form 

e“^th(X,v) and w e  get

6h
-3h(X,v) - —  + X[k(X,v)-h(X,v)] = 0 (3.2.36)

ov

and

h (X,0) = JjR+JjR+h(y,v)dG(y)dP(v) (3.2.37)

(3.2.37) implies

h(X,0) = K (3.2.38)

where K  is an arbitrary constant. (3.2.36) can be rewritten as

— [e(^+^)vh(X,v)] = Xk(X,v)e^+ ^)v 
ou

(3.2.39)

so

h(X,v) = e"^+ ^^v xf k(X,z)e^+ ^)zdz + Ke"(^+ ^ v 
J 0

(3.2.40)

and using (3.2.37)

K  = JR + J|R+e-(6+y)v{K+yj\(y,z)e(6+y)zdz}dG(y)dP(v) (3.2.41)

so

/iD+Jn+e '̂(6+y)v yfVe(B+y)zk(y,z)dzdP(u)dG(y)
K  = ----------La-----------------------------------------  =  B (6;k )

JR + /R + [l-e-<B+y)u]dP(u)dG(y)
(3.2.42)

and hence

h(X,v) = [B(3;k)+xf k(X,z)e^+ ^ zdz]e"(^+ ^ v 
J 0

(3.2.43)

proving the theorem with (3.2.35)

□

So w e  can immediately conclude about the Laplace transform of the

distribution of T±.
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Corollary 3.2.5

ECc x p C-Gt J I X ^ V q} = B(0;l)exp[-(B+Xo)vo] + [XQ/(0+Xo)][l-exp[-(B+Xo)vo]] (3.2.44)

w h e r e

*

♦

L +[y/(0+y)] [ i -p(£+y)]dG(y)
B(0;1) = ----- ----------------------- (3.2.45)

J|R4Il-P(B+y)]dG(y)

Proof
W e  just set k(X,v)=l in theorem 3.2.4.

□

Using theorem 3.2.4 w e  can proceed further to higher order properties. W e

can find the joint Laplace transform of the distribution of t 1,t2,..... Tn. W e  will

demonstrate h o w  to do that with t 4 and T2. If w e  wish to include more Tj’s the 

same procedure as in the proof of the next theorem has to be repeated.

Theorem  3.2.6

E{exp(-B1T1-6jTJ)|X0,v0} =

{BCB^kg )+X0[B(B2;l)--^-][exp[(B1-B2)v0]-l]/[B1-B2] 

w h e r e  B(02;1) i s  g i v e n  b y  ( 3 . 2 . 4 5 )  a n d

^ntexpKB.+XJVnl-ll -(B,+X„)v„ 

(Bi+ X 0)(B2+ X 0) (3.2.46)

JR+{y [B (B 2;D-
_y__p(g?+y)-p(g4+y)+ y2[i-p(gi+y)]
y+02 0r 02 + (Bz+yKS^y) }dG(y)

JJR+[l-P(S1+y)]dG(y)
(3.2.47)

Proof
Using corollary 3.2.5 and the fact that T t given the values of X0,vQ has the 

same distribution as T, given the same values for XT and vT w e  get
‘ i * i

E{exp(-02T 2)|t 1,Xt  ,vTi) 

where

E{exp(-B2T 2) T >VT ) — (Xt ,VT ) 1 i ‘ 1 m2 1 i * 1
(3.2.48)

:B (XT >vt ) = B(B2;l)exp[-(B +XT )vT ]+[XT /(B2+XT )]{l-exp[-(B +X- )v_ ]} 
2 1 1 ‘ 1 * 1  *1 *1 1 1 (3.2.49)
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We use th eorem  3.2.4 w ith  k g  in  p lace  o f  k. T h en  (3.3.31) g iv e s

B(0 ;k0 ) = 
M2

But

f (R+f /R+e^ g+y v̂yf^e(<3+y)zkg^(y,z)dzdP(u)dG(y)

^JR+^(R+1 * "e "^+y Û]dP(u)dG(y)
(3.2.50)

Joe^ +y^ k0 2(y>z)dz = Jo{B (02;l)exp[-(02+y)z] + [y/(02+y)][l-exp[-(02+y)z]}exp[(0+y)z]= 

{B(32;l)-[y/(32+y)]}J%xp[(3-32)z]dz + [y/(32+y)]J%xp[(3 +y)z]dz =

(3.2.51)
exp[(3-3,)v]-l

(B(02;l)-[y/(32+y)]}~ + [y/(32+y)]

Substituting into (3.2.50), (3.2.47) follows and

exp[(3+y)v]-l

3 + y

E{exp(-31T1-3 2T2)|X 0,v0) = E{exp(-31T1)E{exp(-32T2)|X T i,vT i)|X 0,v 0} =

E{exp(-31T 1)kg2(XT ^,vTi) | X0,vQ} (3.2.52)

and by theorem 3.2.4, (3.2.49) follows.

* □

As w e  have said the last step of the proof can be repeated so as to 

incorporate t 3,t 4 etc in our formula. Also one should be very careful w h e n  using 

corollary 3.2.5 or theorem 3.2.6 because some of the integrals might not exist 

w h e n  3=0,3t=0 or 3 2=0 and take limits where appropriate.

3.3 T H E  V I R T U A L  W A I T I N G  T I M E  O F  T H E  M / G / l  Q U E U E

A S  I N T E N S I T Y

The approach to establishing the properties of the distribution of N t or xt
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by finding a martingale of the form exp(-vxt)exp[(0(v)t]h(Xt) might fail because 

w e  might not be able to solve the equation involved. So w e  need an alternative 

approach to give us the behaviour of some of the moments at least.

*

A n  example is the case where Xt is set to be the virtual waiting time of the 

M / G / l  queue. W e  have already examined some of the properties of a more 

general process in the previous chapter. W e  assume Xt decreases linearly, jumps 

arrive with rate p and G(y) is the distribution function of the jump sizes. W h e n  

Xt reaches 0 it remains there till a jump occurs. Such a process N t with Xt as 

intensity can be used to model some form of clustering. For example w e  can 

consider rains as consequent events of "storms” (represented by jumps) which fade 

out. Also xt might be useful itself w h e n  applied to evaluating costs associated 

with networks involving the M / G / l  queue. W e  will examine xt. The generator of 

the process (xt,Xt,t) acting on a function f(x,X,t) belonging to its domain is given 

by

3f af af .
f X«“  +  aT  '  + P [ j ro4-f (x »x+y ’t)d G ( y ) - f (x »M )] X>0

Af(x,X,t) = 9x 9t 9X J,R+L 9f
7^- + P[J|R+f(x,y,t)dG(y)-f(x,0,t) x=0

(3.3.1)

W e  also assume that f i ± the first m o m e n t  of G  exists and p m a<1 so as to 

m a k e  Xt recurrent.

In order to find a martingale of the form exp(-vxt)eath(Xt) w e  need to 

substitute in A f  = 0 and get

(B-Xv)h(X) - h ’(X) + p[JR+h(X+y)dG(y)-h(X)] = 0 (3.3.2)

pJR+h(y)dG(y) = (B+p)h(0) (3.3.3)

(3.3.3) is equivalent to h ’(0) = 0 (3.3.4)

T o  solve (3.3.2) subject to (3.3.4) is not easy since there is no simple solution 

in general and no direct relationship between 0 and v. A  series solution approach 

will lead to the same mathematics that will follow adding some technical 

difficulties as well. W e  will examine the behaviour of moments as w e  have
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a lrea d y  d o n e  b e fo re  w h en  fa c in g  s im ila r  problem s.

4

4

W e  start with some heuristics. Assume there is a martingale of the form 

exp(-vxt)exp[0(v)t]e-a(*t’v) (we write h(X)=e-a^ ’v)). By a^(X;v) w e  denote the i**1 

derivative of a(X;v) with respect to v. Differentiating exp(-vxt)exp[0(v)t]e-a^ t ’v^we 

get

{-xt + B ’(v)t - a 1(Xt;v)}exp(-vxt)exp[0(v)t]e-a^t’v  ̂ (3.3.5)

and setting v=0 and assuming 0(O)=O and a(X;0)=0 this becomes -xt+ 0 ’(O)t-a1(Xt;O) 

and it suggests to try to find a martingale of the form xt- K 1t+h1(X).

T h e o r e m  3.3.1 L e t  X j,Xj a s  d e f i n e d .  S u p p o s e  G(y) p o s s e s e s  a t  l e a s t  t w o  m o m e n t s  

a n d  112 ; t h e n  x t - K 4t + h^X) i s  a  m a r t i n g a l e  w h e r e

K ,  = pMj/pd-pn,)] (3.3.6)

h 4(X) = Xa/[2(l-pnt)] (3.3.7)

Proof

W e  substitute x - K 1t+h1(X) into Af=0 and w e  get

X - - h'{X) + Pt/jft.h^X+yJdGCyH^X)] = 0 (3.3.8)

and

h ’̂0) = 0 (3.3.9)
(cf (3.3.4))

Setting h 1(X)=A1X2 (so (3.3.9) is satisfied)

X - K ±  -  2 A ± \  + p(2A1Xpt1+ A 1M 2) = 0 (3.3.10)

and equating coefficients in (3.3.10)

A ,  = 1/[2(1-p m ±)] K t = pM2/[2(l-p/z1)] (3.3.11)

E{xt) and E{x£) are finite for all t so our function belongs to the domain of 

the generator.

□

Theorem 3.3.1 leads to the asymptotic behaviour of E{xt).

Corollary 3.3.2

Efx )
= p n 2/[ 2(l-pMt)] (3.3.12)£-»00 t
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P r o o f
By theorem (3.3.1)

E{xt} = tPK 2/[2(l-pn1)] - E{x0} + E(Xj-Xq}/[2(1-P ^ 1)] 

Dividing both sides of (3.3.13) by t and letting t-** (3.3.12) follows.

O f  course it is immediate that

lim^ 1-- = pjx2/[2(l-pM1)]
t~»» t

(3.3.13)

□

(3.3.14)

*

W e  n o w  proceed to examine the behaviour of the second m o m e n t  of xt. By 

continuing our heuristics w e  see that the second derivative of 

exp(-vxt)exp[/3(v)t]e'a(xt»v) evaluated at v=0 is {-xt+0’(O)t-a1(Xt;O)}^ + B"(0)t -a2(Xt;0) 

suggesting a martingale of the form {xt- K 1t+h1(Xt))^ - K 2t + h 2(Xt) with K t and 

h t(X) being the same as in theorem 3.3.1.

T h e o r e m  3.3.3 L e t  xt,Xt a s  d e f i n e d  a n d  s u p p o s e  G(y) p o s s e s e s  a t  l e a s t  f o u r  

m o m e n t s  a n d  f i 4 ; t h e n  (xt- K 1t+h1(Xt)}^ - K 2t + h 2(Xt) i s  a  m a r t i n g a l e ,

w h e r e

K ± = PM2/[2(1"PM1)]

h t(\) = xV^o-pii,)]

K . = p[.
4(l-pfi1)‘

SpV-xP, 
6(1 - P H , ) 3

P,P-, 1
20-pfij)4 J

h 2(X) P  P'2 X 3 r  P P 3 P ; P g  ) X 2

3(l-ppt)s l  2 ( l - p n l ) 3 2(1 -P(tl)4 J
Proof

Substituting (x-K1t+h1(X)}^ - K 2t + h 2(X) into Af=0 w e  get

(3.3.15)

(3.3.16)

(3.3.17)

(3.3.18)

2[X-K1-h,1(X)][x-K1t+h1(X)]-K2-h’2(X)+

P(2(x-K, t)[JR+h , ( X+y)dG(y)-h1(X)]-JR+h j(X+y)dG(y)-h J(X)+ J h 2 ( X+y)dG(y)-h2 ( X)) =0 
as w ell as h 2(0)=0 and h ’1(0)=0.

Using (3.3.8) from the previous theorem we obtain
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(3.3.20)- K 2 - h'2(X) + p{/|R+[h1(X+y)-h1(X)]2dG(y)+JR+h 2(X+y)dG(y)-h2(X))=0 

and since h t(X) = X2/[2(l -p#i1)] w e  get

- K 2 - h 2(X) + p( ^ (l_ ^  )2 2 + JRfh I(X+y)dG(y)-h2(X)]=0 (3.3.21)

Trying h 2(X) = A 3X3+ A 2X2

0 pt.+4jLtaX+4pt,X2
- K 2- 3 A 3X2- 2 A 2X+pC~4 - 3— -j-2— + A 3(3X2^ 1+ 3 Xm 2+PL3) + A 2(2Xm 1+ M 2)} = 0 (3.3.22)

Equating coefficients in (3.3.22)

A 3 =
PH,

(3.3.23)
30-PMi)3

a 2 =
P(i3 3 A  , p u , p h 3 p 2h 2

(3.3.24)
2(1-PP1)3 " 2(l-pp1) 2(l-pp2)3 ' 2(l-pp1)4

K 2 - p| ~ 4 x2 + A 3H 3 + A
u o - p ^ r  3 3

2h 2 | =

nf ^  , P f l ^ , p w t  p y ,  \

K l4(l -p/Zi)2 ' 3(l-p//1)3 2(l-pp1)3 ' 2(l-pp1)4 J

r ^  spt'sf'j
i P2" 2 ] (3.3.25)

^ ( l - p ^ ) 2 " 6(l-p//1)3 2(l-pp1)4 J
and the theorem has been proved.

□

So w e  then find the asymptotic behaviour of the variance of xt.

Corollary 3.3.4

H ^ ] 2} ■ (3-3-26)
Proof

W e  just have to use the martingale of theorem 3.3.3 and exactly as in 

corollary 3.3.2 w e  divide by t and let t-*00.

□

So the variance of x t behaves asymptotically like K 2t; that is it is 

asymptotically linear. Using that var(Nt) = var(xt) + E { N t) the variance of N t 

behaves asymptotically like ( K 1+ K 2)t.
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W e  can carry on our heuristics to establish the asymptotic behaviour of 

higher cummulants of xt and N t. For example looking at the third derivative of 

exp(-vxt)exp[!3(v)t]e"a^t»v) at v=0 w e  get

{-xt+ B ’(0)t-a1(Xt;0)}3+3(6"(0)t+a2(Xt;0)}{-xt+ 6 ’(0)t-a1(\t;0)}+8(s)(0)t+a,(Xt;0) 

suggesting that w e  should try to find a martingale of the form 

{ x ^ t + h ^ X j ) } 3 + StXt-Kjt+h^xpK-Kjt+h^X,)} - K 3t + h 3(Xt)

where K 1,h1, K 2,h2 are already found and K 3,h3 are to be found by finding the 

appropriate solution of Af(x,X,t)=0.

*

3.4 S H O T  N O I S E  I N T E N S I T Y

In this section w e  assume a shot noise process like the one examined in 

section 2.3 as our intensity process. So w e  consider a point process which is 

conditionally Poisson with intensity Xt. Xt is a shot noise process with rate of 

decay 5\t, rate of jump arrivals p and jump size distribution function G(y) (y>0). 

W e  will actually examine the aggregated process xt and use relationship (3.1.4) to 

deduce results about N t. The generator of the process (xt,\t,t) acting on a 

function f(x,X,t) belonging to its domain is given by

Af(x,X,t) = —  + X —  - SX—  + p[JR+f(x,X+y,t)dG(y)-f(x,X,t)] (3.4.1)

Also the generator of ( N t,Xt,t) acting on f(N,X,t) is given by

0f 0f
A*f(N,X,t) = —  + X[f(N+l,X,t)-f(N,X,t)] - 6X— + P[ L.f(N,X+y,t)dG(y)-f(N,X,t)]

d t  3X JIR+ (3.4.2)
In this situation w e  can do m u c h  better than merely establishing the
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*

asymptotic behaviour of x t and N t. W e  will be able to evaluate the Laplace 

transform of the distribution of x t at time t. Afterwards w e  will look at higher 

order properties as well.

T h e o r e m  3.4.1 L e t  x t a n d  \t a s  d e f i n e d  a b o v e  a n d  e v o l v i n g  u p  t o  a  f i x e d  t i m e  t*. 

A l s o ,  c o n s i d e r  c o n s t a n t s  k ±  a n d  k 2 s u c h  t h a t  k ^ O  a n d  K2 -̂ic1e"5t*; t h e n

exp(- x j Sxt)exp[-( x ,+k 2e6t)Xt]exp{p | \l -g( x 4+x 2eSs)]ds) (3.4.3)

( i(v) = J|pi+c'vydG(y) ) 

i s  a  m a r t i n g a l e .

Proof

Define w t=5xt+\t and zt=\test, then the generator of the process (wt,zt,t) 

acting on a function f(w,z,t) is given by

A 1f(w,z,t) = —  + P[J^+f(w+y,z+ye5 ,t)dG(y)-f(w,z,t)] (3.4.4)

and f(w,z,t) has to satisfy A Af=0 for f(wt,zt,t) to be a martingale. Trying 

exp(-K1w)exp(-K2z)h(t) w e  get the equation

h(t) - p[l-g(K1+ K 2e6t)]h(t) = 0 (3.4.5)

exp(-K1w)exp(-K2z)h(t) belongs to the domain of the generator because of our 

choice of (the function is bounded for all t$t* and our process evolves up

to time t* only; w e  are not interested in what happens afterwards, to avoid 

complications w e  can assume the process ceases to evolve and remains where it 

is).

Solving (3.4.5)

h(t) = Kexp{pft[l-g(K + k eSs)]ds) (3.4.6)
J o 1 c

where K  is an arbitrary constant. Therefore

exp(-K1w t)exp(-K2zt)exp{pJ,J l-g (K 1+K2e Ss)]ds} 
is a m artingale and hence (3.4.3) is a m artingale.

□

1 0 6



Corollary 3.4.2 L e t  v ^ O ,  v 2^0, v£0, 0<9< 1 a n d  tlst2 b e  f i x e d  t i m e s .  T h e n  

E{exp[-v1(xt^-xt^)]exp(-v2Xt )̂ |xt^,Xt }̂ = E f e x p t - v ^ x ^ - x ^ e x p ^ X ^ )  | X^} = 

exp{-Xt { ^ + ( v 2- ^ 1 )exp[-6(t2-t1)]}} exp{-pf 2 1[l-g(^+(v2- ̂ -)e"5s)]ds) (3.4.7)
l o o  '0 8 8

a n d

N t -N t , x _ _ N t -NtU  l i / i v n / . t A  \  I X T  \  T   XT r  Q  l ,  l .E{0 l 2 liexp(-vXt )|Nt ,Xt } = E{9 l z liexp(-vXt )|Xt } =

1-0 1-0 -V 11 a 1-0 1-0 cc
exp{-Xt{ —  +(v - —  )exp[-6(t2-t1)]}} exp{-pJQ [l-g(—  +(v - —  )e"5s)]ds)

Proof

(3.4.8)

W e  set k ± = v 1/6, k 2 = [v2-(v1/8)]exp(-6t2), t*£t2 in theorem 3.4.1 and (3.4.7) 

follows immediately.

(3.4.8) follows by (3.4.7) and (3.1.4) of section 3.1.

□

Corollary 3.4.3 L e t  x t,Nt,Xt a s  b e f o r e ;  t h e n

E{exp[-v(xt -xt )]|Xt ) = exp{-^[l-exp[-8(t -t )]Xt }exp{-pf 2 1 - g ( 1 -e"Ss))]ds}
12 1 i 1 1 i 8 •'o 8 t

N t -Nt 1-0 2_ti A 1-0
E{0 x z |X^} = exp{-—  [l-exp[-8(t2-t1)]Xt^}exp{-p|o [l-g(—  (l-e_5s))]ds)

F u r t h e r m o r e  i f  Xt i s  s t a t i o n a r y  t h e n

E{exp[-v(xt -xt )]} = exp{- (pv/8) f 2 *G(  ̂ (l-e"5s))ds)
12 Jo 8

(3.4.9)

(3.4.10)

(3.4.11)

(3.4.12)E{0N t 2_Nti} = expHp/8)(l-0)ft2 llG(-7-(l-e'5s))ds)
J o 8A ^

w h e r e  G(u) = [l-g(u)]/u 

Proof

Set v 2=0, v=0 in (3.4.7) and (3.4.8). (3.4.9) and (3.4.10) follow. W h e n  Xt is 

stationary it has a distribution with Laplace transform

exp [-(p /8)JVG(u)du]
(see corollary 2.3.3 section 2.3); therefore

fE {exp [-v (x t ^-xt ^)]} = e x p { -(p /8 ) |
v[l-exp[-8(t2-t1)]A

G(u)du)exp{-p f ‘ 1[l-g(~(l-e"5s))]ds}* ft R
t2-ti a  V
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t 2 't i A V t2“t i a .V.= exp {-p f { [l-g (" (l-e" Ss))]/(  l-e"5s)}e"5sds}exp{-p f [ 1 -g( —(1 -e”Ss))]ds> =* n £ * n R

t„-t.
= exp{-pj { [l-g(“(l-e'5s))]/( l-e“5s)}ds) = exp{-(pv/6)J G (  ~(l-e"5s))ds}

2 a .V
-<o 6

Similarly (3.4.12) follows

t2_t1~ v
(3.4.13)

•V.U ^ DO — ---- “ v
(3.4.11) &  (3.4.12) give us the asymptotic beha’iour of xt (and therefore of 

N t) if w e  let t2-t1 become large.

-logE{exp(-vxt)} _ p[l-g(v/8)]t - (pv/6){j”(G(v/S)- G (  ̂ l-e'8s))}ds) (3.4.14)

w e  get the asymptotic behaviour of all cummulants of xt. This implies the 

following very simple result. If the r1*1 m o m e n t  of G  exists and k r(t) denotes 

the r*k cummulant of xt,

limkr(t) = — - f -  (3.4.15)

The analogue of (3.4.14) for N t is

-logE{0N t ) _ p[l-g((l-0)/8)lt - (p/8)(l-0){j"(G((l-8)/8)-G(i^-(l-c-8s)))ds} (3.4.16)

Using the important corollary 3.4.2 w e  can also look at higher order

properties of x t. W e  are going to find the joint Laplace transform of the

distribution of xt -xt , x t -xt ........,xt -xt (n succesive increments).
12 13 l2 ln+l ln

4

L e m m a  3.4.4 L e t  xt,Xt a s  d e f i n e d  a n d  v lsv 2,.. ,vk a n d  7 k+1 b e  n o n  n e g a t i v e

c o n s t a n t s ;  t h e n  

kE{nexp[-V:(xt -Xt )] exp(-7k+ xt )|Xt } =
. 1 li+l li lk+l 1 i

k_1 A + l^ k  a Vi. Vu Rc
E{ IIexp[-vi(xti+i-xti)] exp(-7k Xtk)|Xt^}exp{-pjo [l-g( ̂ +(7fc+1-^ )e_5s)]ds) 

w h e r e

(3.4.17)

7k = - ^  + ( ^ k + r ^ k 'cxP[-8(xtk+1'xtk)] (3.4.18)

Proof
kE{nexp[-V:(xt -Xt )] exp(-7k+ xt )|Xt } =

1 Li+1 i lk+l 1
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k-1
E{ nexp[-V:(xt -xt)]E{exp[-vk(xt -xt )]exp(-7k + 1 V  )|xt ,xt ,1 1 li+l l i * lk+l lk lk+l 1 l 2 •5Xt 5lk

but

• y i y

(3.4.19)

B te x p l-v ^ x ^ -x ^ ) ]  exp(-7k + 1X ^ )  | x t ̂ Xj ̂ ....x^.Xj ̂ ....X^} -

5exp[-vk(xtfc+i-xti)]exp(-7k + 1 Xtk+i) | X^} (3.4.20)

and by theorem 3.4.2

*

fc

5exp[-vk(xtk+ -xt))] exp(-7k + , X , ^ )  | X^} =

ex p {-X,k{ ^  + (7k+l-^k)exp[-8(xtk+i-xtk)]}jexp(-pJok+1 k[l-g(^k+(7k+1- ^ k)e-8s)]ds)

(3.4.21)
Define

7k “ f  + ^ k +1-^)«Pt-S(xtk+i-xtk)] 

and the lemma is proved.
□

Theorem 3.4.5 L e t  xt,Xt b e  a s  d e f i n e d .  L e t  a l s o  vk k=l,2,..,n b e  n o n  n e g a t i v e

c o n s t a n t s .  T h e n

Etllexpl-v^ -xt)]|Xt } =4 1 Li+1 1 L i
n n ^k+l"^k ^  ^exp{-Xt i Z-^-[exp(-6ti )-exp(-6ti+1)]exp(5t1)}lIexp{pJo [ l - g ( ^ + U k+1--^ )e " 5s)]ds

n v . (3.4.22)
w h e r e  5k = exp(8tk)E -f-exp[-6(ti-ti+1)] $n+1=0 (k=l,2,...,n)

k 5
Proof

B y  succesively applying lemma 3.4.4 w e  get

n n
E{nexp[-vj(xt + i -x t )] |Xt }̂ = ex p (-7 1Xt ^)TIexp{pJtk+i"tk[i -g(-^+( ̂ k+ r  ̂ k)e"5s)l(is

w ith
(3.4.23)

7 n + i=0 and 7 k = ^  + (7k+1-^k)exp[-8(xtk+i-xtk)] (3.4.24)

(3.4.24) can be rewritten as
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therefore

7 k exp(-8tk ) = ^[exp(-St^-exp(-8tk+J)] + 7k+1exp(-8tk+1)

k-l V;

SO

7 k exp(-8tk) = 7 1exp(-8t1) - I -^-[expt-Bt^-expt-St^)]
i 5

n-l y .
7 n + i e x P (-5 tn + i )  = 7 1ex p (-8 t1) - I  -^ -[ex p t-S t^ -ex p t-S t^ )]

i 5
and since 7 n+1=0,

n -l V:
7 t = exp(8t1) E -f-[exp(-8tj)-exp(-8ti+1)]

i  5
and

(3.4.25)

(3.4.26)

(3.4.27)

V;
7 k = exp(8tk ) I  “ ■ [exp(-8ti)-exp(-8tj+1)] 

k 5
Substituting (3.4.27) &  (3.4.28) into (3.4.23) w e  get (3.4.22)

(3.4.28)

□

The problem of finding the distribution of T 1=inf{t:Nt=l |Nt=0) can be easily 

solved since w e  have found the distribution of N t. By corollary 3.4.3 and (3.4.10)

.Ni 1-0 1-0
E (9 tK . N o=°} = exp{-— [l-exp(-8t)]X0}exp{-pf [l-g( —  (l-e'5s))]ds)1 D * o 8
So setting 0=0 w e  get the tail of the distribution of T 1.

t
p r(T± > t  | Xq,N o=0) = Pr(Nt=01 Xo,No=0) = exp{-(X0/S)(l-e'5t)}exp{-pJ [l-g(

(3.4.29)

1-e-8s
■)]ds)

(3.4.30)
However, if w e  want to find the distribution of the point interarrival time 

intervals of N t w h e n  Xt w e  can not substitute the stationary distribution of Xt 

for XQ. W e  have to assume that XQ is a time at which a point of N t has occured, 

and clearly if w e  denote by X ^  the value of Xt w h e n  N t takes the value n for 

the first time wh e n  the process is stationary, the distribution of X ^  is not the 

same as the distribution of Xt and w e  have to find it.

Theorem 3.4.6 L e t  T n b e  t h e  t i m e  o f  t h e  n ^  p o i n t  o f  N^. A s s u m e  p . ±  i s  t h e  f i r s t  

m o m e n t  o f  G  a n d  t h a t  i t  e x i s t s .  W h e n  t h e  p r o c e s s  Xj. i s  s t a t i o n a r y

E {exp(-vX T .) = [ G ( v ) / f z J e x p H p /  8) J ^ G (u )d u ) (3.4.31)
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P r o o f
W e  will use l e m m a  3.1.2 which implies that if f(\) and h(X) are such that

X[h(X)-f(X)] - 8Xf’(X) + PtJR + f(X+y)dG(y)-f(X)] = 0 

and (3.1.9) is satisfied then by starting the process from Tj

(3.4.32)

E{h(XT .+ i)|XT .} = f(XT ) 

W e  will use

f(X) - ( x - 4 ^ i
l l-g(v) J

■ VX

(3.4.33)

(3.4.34)

f(X) clearly satisfies (3.1.9) and substituting into (3.4.32)

X[h(X)-Xe“vX+ A ^ - e ' vX] + 8 v x ( x - - 4 ^ ) e ' v X - 8Xe"vX =
l l-g(v) Jl-g(v)

-P {x"r iS ))e'vxa(v) ■ e'vxr(v) ■ (3.4.35)

Notice that terms with e" vXg’ (v) in the right hand side cancel each other 

and dividing by X and simplifying

h(X) = e-vX{x(l-6v) - ( l - S v ) A ^ -  + 6 + p[l-g(v)]} 
and by (3.4.33)

(3.4.36)

g ’(v)
E{Xt> exp(-vXT . )(l-8v) - (l-8v)— exp(-vXT . ) + [8+p[l-g(v)]]exp(-vXx . )} =

Ai+i Ai+i l-g(v) Ai+i 1 1+ i

g (v)
E{Xt  exp(-vXx  )} - — a— E{exp(-vXx  )} 

1 i Ai l-g(v) A i
(3.4.37)

Assuming stationarity Xx  and Xx  have the same distribution whose Laplace
Ai+i Ai

transform w e  denote by H(v); by (3.4.37) w e  then have

A  V A  » ,  \

-(l-8v)H'(v) - (1-8v ) 4 ^ - H ( v ) + [8+p[l-g(v)]]H(v) = -H'(v) - 4 ^ H ( v )  (3.4.38)
l-g(v) l-g(v)

and grouping similar terms together 

. g ’(v) 1 l-g(v)
H(v) + H(v) + [- + ( p / 8 ) - ^ ] H ( v )  = 0 (3.4.39)

l-g(v) v v

So H(v) is given by solving (3.4.39) subject to

H(0) = 1 (3.4.40)

(it has to be the Laplace transform of a distribution); and w e  get
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(3.4.41)

where A ± is a constant and because of (3.4.40) A t= 1/m 1 and

H(v) = [ G(v)//i1]exp{-(p/5)J^G(u)du) (3.4.42)

□

W e  should n o w  notice the interesting fact that this is the distribution of the 

s u m  of t w o ' n m d o m  variables one having the the stationary distribution of Xt as 

its distribution and the other having density G(y)/m 1.

W e  can n o w  substitute in (3.4.30) and find the tail of the point interarrival 

time intervals w h e n  stationarity has been achieved and this is

Another interesting fact is that if w e  integrate (3.4.43) w e  get E{T}=8/(p/i1) 

which means the expected point interarrival time is the inverse of the average

The model so far described can be generalized so as to allow its parameters 

be time dependent; that is Riemann integrable functions of time as in section 2.4. 

Exactly the same method can be carried over to this model producing the 

generalizations of the results of this section (with the exception of the last 

theorem). Details are omitted as there will be no n e w  ideas and formulas 

obtained are rather complicated.

Pr(T>t) (3.4.43)

intensity of the process.
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3.5 S H O T  N O I S E  I N T E N S I T Y  W I T H  G E N E R A L L Y  D I S T R I B U T E D

J U M P  I N T E R A R R I V A L  T I M E  I N T E R V A L S

#

♦

W e  can generalize the shot noise process of the previous section by assuming 

a general renewal process as its jump arrival process in the lines of section 2.5. 

W e  assume 8Xt is the rate of decay of \t, jump sizes being distributed with 

distribution function G(y) (y>0). W e  also assume the jump interarrival time 

intervals are independent identically distributed random variables with 

density p(u) and that they are independent of the jump sizes as well. There exists 

a positive constant y  such that

f e^yp(y)dy< 00 for 0 e  [0,7)
J o

ft
W e  define x t = J Xgds and N t as a doubly stochastic point process having Xt as 

its intensity. W e  also include u t the time elapsed since the last jump in our 

piecewise deterministic process. The generator of the process (xt,Xt,ut,t) acting on 

a function f(x,X,u,t) belonging to its domain is given by

3f 3f 3f 3f p(u) f

Af(x,X,u,t) = X—  + —  + —  - 8X —  + — — [j f(x,X+y,0,t)dG(y)-f(x,X,u,t)] (3.5.1)
o x  a t  3u 3X P(u)

W e  will not be able to find explicit results for the distribution of xt at a

fixed time t. However w e  can investigate the asymptotic behaviour of x t (and 

therefore deduce the asymptotic behaviour of N t as well).

W e  start with a definition.

Definition 3.5.1 S u p p o s e  vM). W e  d e f i n e  t h e  f u n c t i o n  0:[O,w)**[O,,n) a s  0(v)=3 w h e r e  

p(-S)g(v/8) = 1 (3.5.2)

( P(v) = J Qe"vyp(y)dy a n d  g(v) = fjR+e"vydG(y) )

Theo r e m  3.5.2 L e t  xt,Xt,ut a s  d e f i n e d ;  t h e n  f o r  a l l  v£0

exp[-v(xt+^-)]exp[3(v)t} exp[3(v)v]p(v)dv /{exp[0(v)ut]P(ut)

i s  a  m a r t i n g a l e .

(3.5.3)
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P ro o f

♦

4

For f(xt,\t,ut,t) to be a martingale w e  should have Af(x,\,u,t) = 0.

Substituting exp[-v[x+(X/5)]]e^th(u) into Af=0 w e  get

Bh(u) + h'(u) + g(v/ 8)h(0)-h(u)] (3.5.4)
P(u)

Its solution is

h(0)J eevp(v)dvg(v/6) h(0)
h ( u ) ------- ------------------ + -------- [l-p(-0)g(v/8)] (3.5.5)

ePuP(u) e0uP(u)

If w e  choose 0=0(v) then p(-6)g(v/S)=l and 

h(0)f e^vp(v)dvg(v/8)
h(u) = ----------------------- (3.5.6)

e3uP(u)

which is bounded and belongs to the domain of the generator.

(It is not the case that other solutions will not lead to martingales. As a 

matter of fact by choosing a different 0 w e  see that other solutions belong to 

the domain of the generator and they do lead to martingales. However, w e  chose 

the particular h(u) because it is bounded and it will be the most suitable for our 

aims).

Since h(u) satisfies (3.5.4) exp[-v(x+(X/8)]exp[0(v)t]h(u) satisfies Af=0 and the 

theorem is proved.

□

Theorem 3.5.3 L e t  xt,Xt,ut a s  d e f i n e d ;  t h e n  f o r  a l l  v£0

CO

exp(-vXo/8)exp[-0(v)t]J exp[0(v)(v-uo)]p(v)dv/P(uo)

E{exp[-v(xt+^-)]} = --------------- ^ ^ ---------------------------- (3.5.7)

E{Juexp[0(v)(v-ut )]p(v)dv/P(u0) |u Q)

Proof

Because of the structure of the process w e  can see that

, x  ̂ exp(8uf)-l
Xtexp(8ut) and x t - Xt---- 1------

are independent of u t (they are the positions of xt and Xt just after the last
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♦

jump in \t; see also section 2.5).

exp(8ut)-l exp(8uf) Xt Xt . .
But xt - Xt------ 1---- + Xt------ ■—  = xt + — so Xj + L is independent of

8 8 8 8

u t as well.

Using the martingale of theorem 3.5.2

X CO
E{ exp[-v(xt+-^-)]exp[0(v)t}J^exp[3(v)v]p(v)dv /{exp[3(v)ut]P(ut) | X0,u0) =

exp(-vXn/8)f e^(v)vp(v)dv 
Juo___________

exp(3u0)P(u0)
(3.5.8)

So

E{ exp[-v(xt+^-)] | X Q ^ o J e ^ t E f  Ju exp[3(v)v]p(v)dv /{exp[3(v)ut]P(ut) |u0) =

exp(-vXn/8)f e ^ v v̂ p(v)dv 
Juo___________

exp(3u0)P(u0) 

and (3.5.7) follows.

(3.5.9)

□
-V V> —v ̂

So using theorem 3.6.3 w e  can deduce the asymptotic behaviour of xt. Clearly 

as t-*00 w e  have

Xt
-logE{exp[-v(xt+ - t-)]} ~ 3(v)t (3.5.10)

8
and since as t-*00 the cummulants of Xt are dominated by the cummulants of x t 

w e  conclude that

lim^1^ -  = (-l)r-13W(0) (3.5.11)
•[->00 t

(by k r(t) w e  denote the r**1 cummulant of xt and by 3^(v) the r ^  derivative of 

3(v), should they exist). W e  similarly get for N t

-logE{0Ntexp[(l-9)Xt/6]} ~ 3(l-0)t (3.5.12)
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3.6 IN S U R A N C E  A P P L IC A T IO N S

In this and the next sections w e  will consider possible applications of doubly 

stochastic point processes with a shot noise process as intensity.

In this section w e  will use such a point process as our claim arrival process 

in a surplus process in risk theory. W e  consider the surplus process with

constant income rate c, claim sizes independent and identically distributed with 

distribution function H(y) (y>0). H(y) is such that there exists a t>0 so that

The claim arrival rate is Xt where Xt is a shot noise process with a renewal 

process as its jump arrival process. W e  assume Xt decays with rate 8Xt; jump 

interarrival time intervals have density p(u) with no further assumptions imposed 

on it this time in contrast to the previous section. J u m p  sizes have distribution 

function G(y) which is such that there exists oc2>0 so that

W e  also include u t the time elapsed since the last jump in Xt. The generator of 

the piecewise deterministic process (£t,Xt,ut,t) acting on a function f(£,X,u,t) 

belonging to its domain is given by

W e  will try to find a martingale as in section 1.1. W e  will first have to prove a 

relevant lemma.

L e m m a  3.6.1 C o n s i d e r  t h e  e q u a t i o n

J e ^ d H C y )  < • for v €  [<),«,)

J^+e^dGCy) < « for v e  [0,oc2)

(3.6.1)

(3.6.2)

f o r  f i x e d  9^0, w h e r e

p(0) = Joe“0yp(y)dy, g(v) = J|R+e-vydG(y) a n d  < p ( v )  =  JJR+evydH(y) (3.6.3)
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4

t h e n  t h e  f o l l o w i n g  a r e  t r u e :

i )  F o r  a l l  0>O t h e r e  e x i s t s  a  u n i q u e  p o s i t i v e  Vg s u c h  t h a t  ( 3 . 6 . 2 )  i s  s a t i s f i e d  f o r  

v=v0.

i i )  G i v e n  t h a t

c > r i i p i / p i Z  (3.6.4)

w h e r e

71 ± = JjR+y^y)» = J|p+ydG(y)’ p i = J0yp(y)dy (3.6.5)

t h e n  f o r  0=0 t h e r e  e x i s t s  a  u n i q u e  p o s i t i v e  vQ, s o  t h a t  ( 3 . 6 . 2 )  i s  s a t i s f i e d  f o r  v=vQ. 

Proof

A A  0 ( V ) - 1
p(0+cv)g(-------) is a convex function of v for all 0£O.

its second derivative w e  see that it is

Indeed looking at

JK+J^+{[-cu+^^-y]2+^^-}e_(0+cv)uexp(^-i-y)p(u)dudG(y) £ 0 (3.6.6)

Also at v=0 p(0+cv)g(-
0(v)-l

) = p(9) < 1 if 8>0 so there exists a unique v 0

which is positive and satisfies (3.6.2).

For 0=0 w e  need the first derivative to be negative at v=0 for vQ to exist 

(uniqueness is guaranteed by convexity. Indeed the derivative at v=0 is 

-cp1+(n1pt1/6) and this is negative by (3.6.4).

□

Theo r e m  3.6.2 L e t  £t,\t,ut a s  d e f i n e d .  S u p p o s e  a l s o  o n  i f i i / p i S  ( n e t  p r o f i t  

c o n d i t i o n ; i t  i s  ( 3 . 6 . 4 ) ) .  L e t  0£O a n d  Vg b e  s u c h  t h a t  ( 3 . 6 . 2 )  i s  s a t i s f i e d  w h e n  v=v0. 

T h e n

Of <f>(v)-l
exp(-v0^t)e_otexp(Xt— -— )j^ exp[-(0+cv0)v]p(v)dv/exp[-(0+cv0)ut]P(ut) 

i s  a  m a r t i n g a l e .

Proof

(3.6.7)

In order to find a martingale w e  should solve Af=0. If w e  try

e~v Se~9texp(\^ ^ — S h(u)
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we get

*

, p(u) a </>(v)-l
h (u) - (0+cv)h(u) + j^y[g(- — — )h(0)-h(u)] = 0

Solving (3.6.8)

(3.6.8)

J e-(9+cv)v p(v)dv 1 - p(8+cv)g(- ̂  1)
h(u) = MO)-*— --- ----------g ( - ^ 7 — ) + M O ) — ---- ---------5---e-(0+CV)up(u) 5 e-(0+cv)up(u)

but for our function to belong to the domain of the generator 

the second term which has infinite expectation to vanish so as 

the first which is bounded. For that purpose w e  should have

a, 0 a 4>(v)-l 
p(0+cv)g(- — -— )

and therefore v = v q

So, then

= 1

(3.6.9)

w e  should ma k e 

to be left with

(3.6.10)

(3.6.11) .

J e (6+cv)vp(v)dv

h(u) = h(0)-“— --- ----------
e-(6+cv)up(u) 6

and the theorem is proved.

(3.6.12)

□

W e  can n o w  prove important inequalities about ruin probabilities with the 

help of this martingale.

Theo r e m  3.6.3 L e t  £t,Xt,ut a s  d e f i n e d  a n d  c > n 1j[i1/p16. D e f i n e  T=inf{t:£t<0} ( t h e  

t i m e  o f  r u i n ) ;  t h e n

Pr(TSt|X0,£0,u0) $ inf 
0>O

0t

------- exp(-ve£0)exp(X
(0+cv0)

0(V(H 
0 6

f exp[-(0+cvQ)v]p(v)dv^ 

-------------------
exp[-(0+cv0)uo]P(uo) .

(3.6.13)

p r(T<«| X0,^0,u0) S
1

P(cvQ)
exp(-v0 £0)exp(X

1
0 6

exp(-cvn v)p(v)dv 
uo
exp(-cvQu 0)P(u0)

(3.6.14)

Proof

(3.6.7) is a martingale and TAt a stopping time; so by D o o b ’s optional 

stopping theorem w e  have
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CO
f  exp[-(0+cv0)v]p(v)dv

E(exp(-ve^TAt)c-9(TAt) e x p ( - ^ ^ X TAt) ^  -----;------ — ---  | xo’u o>
exp[-(0+cv0)uTAt ]P(urAt)

0(vq)-
exp( -v0£ 0)exp( — f—  X0)

oo
J Juexp[-(0+cv0)v]p(v)dv

exp[-(0+cv0)uo]P(uo)
(3.6.15)

so

t /  -k | f exp[-(0+cv0)v]p(v)dv

E{e'BTexp( -v0^T)exp(^-^—  XT) -=*■ £0,X0,u0,T$t}Pr(T«;t) +
exp[-(0+cv0)uT]P(uT)

E{e"0texp(-v0St)expC-^-f^Xt) — 1-------------------- K 0,X0,u0,T>t}Pr(r>t)
5 exp[-(0+cv0)ut]P(ut)

j”exp[-(9+cve)v]p(v)dv

exp(-vfl;0)exp( - ^  ' X0)

00-1 Juexp[-(0+cv0)v]p(v)dv
exp[-(0+cv0)uo]P(uo)

(3.6.16)

So w e  have

CO
« v fl)-l Jexp[-(0+cv0)v]p(v)dv

exp(-vgC0)exp(^-^—  X0) — a-------------------
5 exp[-(0+cv0)uo]P(uo)

E(e"0Texp( -v0£T)exp( XT)

Therefore

oo
x/■ V . f exp[-(0+cv0)v]p(v)dv
0(yeHx x_^r________________

exp[-(0+ev0)uT]P(uT)
|^0,X0,u0,T^t)Pr(T^t) (3.6.17)

exp( -v0t 0) e x p ( ^ ^  X0)

00
f exp[-(0+cv0)v]p(v)dv

0(v8)-\o)

exp[-(0+cv0)uo]P(uo)

j“exP[-(8+cv0)v]P(v)dv

e-0tE{ exp( -v0^T)exp( — f— XT) — 1-------------------
5 exp[-(0+cv0)uT]P(uT)

l0,\0M 0,T*t}?T(T*t)

(3.6.18)

«v„)-I J exp[-(9+cv0)v]p(v)dv ^
but exp(-v0(;T) M  a.s. , exp(— H— XT) M  a.s. and — 1------------------- £p(0+cv0) a.s.

5 exp[-(0+cv0)uT]P(uT)

(the last inequality follows from the monotonicity of this function). (So (3.6.18)
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gives us

e6t fexp[-(9+cve)v]p(v)dv

Pr(T^t) $  -------exp (-ve ^0)exp(Xc~ f —)— Q-------------------  (3.6.19)
p(0+cv0) 5 exp[-(0+cv0)uo]P(uo)

for all 0£O, so (3.6.13) follows.

Also setting 0=0 in (3.6.19)

00

1 « VJ-1 Juexp('cvov)P(v)dv
Pr(TSt) «  -----exp(-vQ ̂ c x p ^ - 1 ^ — )— 2---------------- (3.6.20)

P(cv0) 5 exp(-cvQu 0)P(u0)

(3.6.20) is true for all t so (3.6.14) follows.

□

It should be appropriate for us to repeate the comment w e  m a d e  in section

1.1 that the inequalities of theorem 3.6.3 are rather sharp since the second term 

in the left hand side of (3.6.16) tends to 0 with exponential rate (remember that 

a.s. as t-*00; see section 1.1)

3.7 " M U L T I P L E "  S H O T  N O I S E  P R O C E S S E S  

W e  can investigate other possible applications of doubly stochastic point 

processes by trying to incorporate them in more elaborate and sophisticated 

models. For example using the shot noise process to model the level of water in 

dams and rivers is in practice quite inadequate. Rains do not occur according to 

a Poisson process and more complicated models might be needed. This is exactly 

what doubly stochastic point processes can provide us with. Leaving the seasonal 

element apart, it is m u c h  more realistic to assume there is some form of
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4

O

clustering. W e  will assume the rain arrival rate (intensity) is a shot noise process 

itself. So w e  consider the following process. w t the quantity of interest (the level 

of water, say) decays with rate y w t (exponentially) and additive jumps occur 

whose sizes are independent with c o m m o n  distribution function H(y) (y>0). The

intensity of jump arrivals is Xt which is itself a shot noise process with rate of

decay 8\t, constant rate of jump arrivals p and jump sizes independent

identically distributed random variables with distribution function G(y) (y>0). W e  

call the process (wt,Xt) a "double" shot noise process. The generator of the process 

(wt,Xt,t) acting on a function f(w,X,t) belonging to its domain is given by

9f 9f .
Af(w,X,t) = —  - 7w  —  + X[]^+f(w+y,X,t)dH(y)-f(w,X,t)] - 

9f -
-6X—  + p[JjR+f(w,X+y,t)dG(y)-f(w,X,t)] (3.7.1)

W e  will find the joint Laplace transform of the distribution of w t,Xt at a 

fixed time tt given its value at t=0. W e  define g(v),h(v) as the Laplace

transforms of the distributions with distribution functions G,H.

Theorem 3.7.1 L e t  w t,Xt a s  d e f i n e d  a n d  e v o l v i n g  u p  t o  t i m e  t*. L e t  k ±  a n d  \ c 2  b e  

c o n s t a n t s  s u c h  t h a t

k ±  2  0 a n d

A
e"8s[l-h(K 1e^s)]ds (3.7.2)

t h e n

exp(-K1e^tw t)exp{ XteSt[ K2- e ' 5s[l-h(ic1e^s)]ds]) •
,t s (3-7.3)

exp{pj [1-g [i<2e 5s-e 5sJ e"5u[l-h(K 1e^u)du]]ds}
i s  a  m a r t i n g a l e .

Proof

W e  will try to find a martingale of the form exp(-a1(t)wt)exp(-a2(t)Xt)em (t) 

where a 1(t)50, a 2(t)£0 for t£t* so the corresponding function belongs to the 

domain of the generator of the process (assuming it evolves up to time t* only). 

Substituting into Af=0 w e  get
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(3.7.4)

A
-wa’/t) - Xa2(t) + m ’(t) + 7 w a t(t) + Xfhta^t))-!] + 8Xa2(t) + p[g(a2(t))-l] = 0

*

Equating coefficients in (3.7.4)

a'i(t) = 7 a t(t) (3.7.5)

-a 2(t) + 6 a 2(t) = 1 - h (a t (t)) (3.7.6)

and
m ’(t) = p[l - g (a 2(t))] (3.7.7)

Solving (3.7.5), (3.7.6) &  (3.7.7)

a A(t) = (3.7.8)

a 2(t) = K2e 5t - e 5*]** e"Ss[l-h(K 1e7's)]ds] (3.7.9)

m(t) = k3 + p |  [1-g [ic2e 5s-e5sJ^e"5u[l-h(K 1e7'u)du]]ds (3.7.10)

W e  choose k 15k 2 satisfying (3.7.2) and k 3=0 and it follows that (3.7.3) is indeed a 

martingale.

□

Theorem 3.7.2 L e t  w t,Xt a s  d e f i n e d  a n d  l e t  t ̂ b e  a  f i x e d  t i m e ,  t h e n

E{exp(-v1w ti)exp(-v2Xt^)|w0,X0} = e x p ^ v ^ ^ i w ^  •

a n d  t h e r e f o r e

exp{-X0[v2e"sti+ f 1e‘5(ti"s)[l-h(v1e“7's)]ds]} •
J o

It ̂ ^ s ^
[1-g [v 2e-5s+e-5s J e ^ l - h ^ e ^ X i d v J i d s }

(3.7.11)

f s ^[1-g [v 2e"5s+ e'5sJ e ^ t l - h ^ e ' T ^ d v l l d s }
i.  o o

(3.7.12)
Proof

W e  choose t * 2 t ± and let a 1(t) = and a 2(t) = v 2. This means that w e  set

= v1e"7'ti

and

(3.7.13)
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and therefore

(3.7.15)
o

Also

o

(3.7.16)

Using the martingale of theorem 3.7.1 w e  get (3.7.11). (3.7.12) is obtained by 

letting t-*00 in (3.7.11).

The "double” shot noise process concept can be generalized as follows. W e  

consider the concept of a "multiple" shot noise process. It consists of n component

allow time dependence on all parameters as in section 2.4) and additive jumps 

occur with rate Xj+1 t (ie each process acts as a jump intensity for the previous 

one). Jumps sizes are independent identically distributed random variables with 

distribution functions Gj(y;t) (y>0). Xn t decreases with rate Sn(t)Xn t but its jump 

arrival rate is deterministic p(t). Its jump sizes have distribution function G n(y;t). 

6|(t), G|(y;t), p(t) are all Riemann integrable functions of t and for all t*, p(t) is 

bounded on [0,t*] (no explosions). W e  will also consider the process

which can be useful either by itself or in evaluating aspects about a point 

process N t which has X t t as its intensity. The generator of the process

□

,,Xn ,t) belonging to its,,Xn t,t) acting on a function f(x,X15X2,,



domain is given by

A*f(x,X1,X2,....,Xn ,t) =

9f 9f n 9f "-1 .
Xl9x + 9x ’ E5i(t)Xi9)7 + I M+iU|R/ (x’X i’X2’*"’Xi+y’"-’Xn’t)d G i(y’t)"f(x’X i’-”’V ^  +

P(t)[JjR+f(x,X1,X2V..,Xn+y,t)dGn (y;t)-f(x,X1,X2,....,Xn,t)] (3.7.17)

W e  can n o w  find a martingale.

Theo r e m  3.7.3 L e t  x t,Xit,X2 t’...,xn t a s  d e f i n e d  a n d  e v o l v i n g  u p  t o  t i m e  t*. L e t

(3.7.18)

a l s o  \  b e  a  p o s i t i v e  c o n s t a n t .  W e  d e f i n e  t h e  f o l l o w i n g  f u n c t i o n s

t pt ta i(t) = KiexP[J 8 t(u)du - exp[J 5 1(u)du]ds

aj(t) = KjexptjS^iOdu - \  [ e x p t j ^  (^duKl-gj.^aj.^s^lds (3.7.19)
0 J o s i=2,3,...,n

ft ^
m(t) = p(s)[l-gn (an(s);s)]ds (3.7.20)

J o
w h e r e  k 1,k 2,...,Kn a r e  c o n s t a n t s  s u c h  t h a t  aj(t)^0 o n  [0,t*] f o r  a l l  i=l,2,..,n. T h e n

n

exp(- \ xt)TIexp(-ai(t)Xj t)em ^^ (3.7.21)
i

i s  a  m a r t i n g a l e .

Proof

In order to find a martingale w e  should solve A*f=0. Substituting

n

e" ̂ xIIexp(-a j(t) X j)em ^) 
i

into A*f=0 w e  get

n n n-1

“M  - EXja-O) + m ’(t) + E5i(t)Xiai(t) + ZXi+1[gi (ai(t);t)-l] + p[gn(an(t);t)-l] = 0i i i
(3.7.22)

but

n-l nA
Exi+J8i(ai(t);t)-1] = 2:xi[Si-1(ai_1(t);t)-l] 
1 2 

so equating coefficients in (3.7.22) w e  get

- a ’̂ t) + B^tja^t) = 0

■aj(t) + 6i(t)ai(t) + [g£_1(ai_1(t);t)-l] i=2,3,.. ,n

(3.7.23)

(3.7.24)

(3.7.25)
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m ’(t) = p(t)[l-gn (an(t);t)] (3.7.26)

Solving (3.7.24), (3.7.25) &  (3.7.26) w e  get (3.7.18), (3.7.19) &  (3.7.20) and assuming

aj(t)^0 for t€[0,t*], our function belongs to the domain of the generator of the

process that evolves up to t* and satisfies A*f=0 as well so the theorem has been

proved.

□

W e  can n o w  find the joint Laplace transform of the distribution of 

x t’*i t’ 2̂ t’..... »^ntat a time tr

Theo r e m  3.7.4 L e t  xt>^i t>̂ 2 v ....»^n t a s  d e f i n e d  a n d  $,v15v 2,... ,vQ b e  n o n

n e g a t i v e  c o n s t a n t s .  D e f i n e  a  s e t  o f  f u n c t i o n s  a*(t) and constants k*,k*,...,k* s u c h

t h a t

a*(t) = aj(t) a n d  k* = (3.7.27)

faj’s a n d  tcj’s o f  t h e o r e m  3 . 7 . 3 )  w i t h

af(tj) = V; (3.7.28)

T h e n

n

E{exp(-$xt )nexp(-viXi t ) |x 0,x1}0,x2,0,...>xn ,o> =

nexp(-Kj'Xio)exp[-J^1p(s)[l-gn(a*(s);s)]ds (3.7.29)

%

Proof

It is a direct application of the martingale of theorem 3.7.3 W e  just set 

and (3.7.29) follows immediately.

□

Finally it should be noted that if one should like to find results about

higher order properties of x t»^i t>̂ 2 t*... ’̂ nt cou^  by adopting the procedure

of section 3.4.
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C H A P T E R  4

In this chapter w e  will look at various optimization problems arising in 

insurance mathematics. The piecewise deterministic processes approach is very 

powerful w h e n  tackling optimization problems although not only then, as it 

should have been evident by now. W e  will restrict ourselves to simple applications 

and modifications of some well k n o w n  insurance models. W e  will avoid the use 

of dynamic programming as it is very m u c h  outside the scope of this thesis. W e  

will illustrate h o w  a simple mathematical approach via piecewise deterministic 

processes theory can solve fairly general optimization problems. There is not m u c h  

work that has been done on optimization problems in insurance mathematics and 

it is limited to very simple (and thus not particularly realistic) models. So there 

is m u c h  scope for the use of piecewise deterministic processes in this field as 

problems otherwise difficult to treat mathematically can be put within this 

• framework. For non insurance applications one should look at Davis et.al.(1987).

♦
4.1 S I M P L E  D I V I D E N D  P R O B L E M S

W e  will n o w  consider a simple dividend payout scheme. W e  assume a classical 

surplus process with the possibility for the company to pay out dividends to 

its shareholders at a rate r(£t). Our objective function will be

X  = fTe-0sr ( U d s  (4.1.1)
J o a

where T=inf{t:^t<0} (4.1.2)

(the time of ruin). Notice that X  is a random variable. 0 is a discount factor 

and r(g) is a non negative Borel measurable function of £. X  is the total
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discounted dividend the company pays out. increases deterministically with 

constant rate c. Claims arrive with Poisson rate X and have independent sizes 

with c o m m o n  distribution function G(y). Most of the work done on the model is 

to find the strategy r() that maximizes E{X} (see Buhlman (1970)p.l69, Gerber 

(1980) p.146, Dassios &  Embrechts (1987)). The optimum strategy is then of the 

form r(5) = cl(i;=w) (I is the indicator function) assuming 50<w. These are called 

barrier strategies. The company does not pay out anything while its surplus is 

below w  while w h e n  it reaches w  it pays out its whole income as dividends (see 

B u h l m a n  (1970) p.168-171 and related references given therein to see w h y  they 

are optimal). W e  will restrict ourselves to such strategies not only because of 

their optimality properties in this specific problem but because they are easily 

realisable in practice too. W e  will not merely evaluate an expression for E{X} but 

for other moments of X  as well. Notice that wh e n  a barrier strategy is adopted 

then can not exceed w  and ruin is certain, however late it occurs.

W e  will consider the following piecewise deterministic process. It consists of 

n t, 5t, x t and time t. n t can take the values 0,1,2. 0 indicates that ruin has 

occured; 1 that the surplus is between 0 and w; and 2 that the surplus is at w  

and all income is being paid out as dividends. While n t=2, x t the total discounted 

dividends paid up to time t increases deterministically with rate ce'^. O n e  should 

note that X = x T. n t=0 (ruin) occurs w h e n  turns negative and it is an absorbing 

state; the process ceases to evolve thereafter. The generator of the process 

(nt,^t,xt,t) acting on a function f(n,S,x,t) belonging to its domain is given by

A f  =

9f 9f - -
~ i  1,£,x,t)+c— (1,5,x,t)+ X[ f f(l,£-y,x,t)dG(y)+j f(0,£-y,x,t)dG(y)-f(U,x,t)]
9t 9; J(0,£] J(S,«)
9f d f

W2,w,x,t)+ce"0t^2,w,x,t)+X[f f(l,w-y,x,t)dG(y)+f f(0,w-y,x,t)dG(y)-f(2,w,x,t)] ^at a& J(o,w] ■ '(w,00)

with the continuity condition
(4.1.3)

lim f(l,£,x,t) = f(2,w,x,t) (4.1.4)
£ Tw

So w e  can n o w  set out to find expressions about E{x^} (=E{X}). As n t=0 is
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an absorbing state the generator then has no terms and w e  can set any function 

w e  like as f(0,£,x,t). W e  will use functions of the form V(x). So because of 

(4.1.4) w e  can suppress dependence on n.

L e m m a  4.1.1 L e t  f(£,x,t) be such that

8f af . ™
—  + c — + X[f f(C-y,x,t)dG(y) + x m G(0-f(C,x,t)] = 0 (4.1.5)
9t 35 J« U ]  G(5)=l-G(5)
a n d

t h e n

8f

as S=w S=w
(4.1.6)

E { x f K 0} = f(5o,0#0) (4.1.7)

Proof

W e  set f(0,S,x,t) = xm  and w e  can immediately see that f(l,S,x,t)=f(S,x,t) and 

f(2,w,x,t)=f(w,x,t) satisfy Af=0 by looking at (4.1.3) and (4.1.4), so then 

rf(xt,£t,t) n t*0
(4.1.8)

x ™  n t=0

is a martingale and since T is a stopping time (remember Pr(T<»)=l) by D o o b ’s 

optional stopping theorem w e  have

f
E{x?*|50} = f(50.*o>°) (4.1.9)

but x Q = 0 so (4.1.7) follows.

□

So w e  can n o w  try to find E{x™}.

Theorem 4.1.2 C o n s i d e r  f u n c t i o n s  hj(0 s u c h  t h a t

h i(0  = rV U h ;(5 )d 5  = -----------------------------    (4.1.10)
0 %  - (Bi/c) - (X/ c)[l-g(0]

fg(0 i s  t h e  L a p l a c e  t r a n s f o r m  o f  t h e  d i s t r i b u t i o n  w i t h  d i s t r i b u t i o n  f u n c t i o n  G(y ) )  a n d  

c o n s t a n t s  Kj(w) ( d e p e n d e n t  o n  w) s u c h  t h a t

K|(w)h-(w) = iKj_1(w )h|(w) (4.1.11)

K 1(w)h’1(w) = 1 (4.1.12)
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th e n

m
E { X “ |£0} = E{x “ |50} = K m (w)hm « 0)

Proof

W e  will consider a function of the form

f(5»x»t) = E[.
o 1

Substituting into (4.1.5) w e  get

-E[. Jxm-10ie"^ltfj(O+cH [. j x ^ e - ^ t f ’iCO-
o
m

XZ [ . ]x m-ie-Bit f  f ;«-y)dG(y)-f;«)] + \x mG «)  
o 1 ■'(0,5]

which is satisfied by fj(0 such that 

f0(5) = 1 (say)

and
-6ifj(5) + cfj(5) + X[f fi«-y)dG (y)-f;«)] = 0 

Taking Laplace transforms in (4.1.17)

= 0

■flfiU) + c5fi(0 - cfj(O) + Xfi(Og(0 - Xfj(0 = 0

yielding

fi(0 =
f*i(0)

5 - (Bi/c) - (X/c)[l-g(01
(4.1.6) gives

m m  • • m m
Z f . j x ^ e - ^ w )  = e’̂ * E (\ J(m-i)xm _ ^"1e"^tfj(w) 
o 1 o 1

m  m
= l[. l(m-i+l)xm “1fi_1(w) 

o 1-1
m  m  . .

= E Jxm-1e"^ltifi_t(w)

(4.1.20) gives

f-(w) = ifj.^w)

(4.1.16), (4.1.19) &  (4.1.21) imply

fi(5) = ^ i(w )hi(5)
m m

and therefore x m  + E [. ]xm ‘̂ e"^tKj(w)h|(5) satisfies (4.1.4) and by
A 1

(4.1.13)

(4.1.14)

(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)

(4.1.19)

(4.1.20)

(4.1.21)

(4.1.22) 

l e m m a  4.1.1
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m
E { X  |50} = E{Xy | £0} = K m (w)hm (50) (4.1.23)

□

Let us n o w  demonstrate h o w  to use theorem 4.1.2. W e  will first examine the 

asymptotic behaviour of hj(£).

L e m m a  4.1.3 L e t  hj(£) b e  s u c h  t h a t

1
hj(0 = \ e-«hi(S)dS =

0 5 - (Bi/c) - (X/c)[l-g(5)l
S u p p o s e  a l s o  t h a t  t h e r e  e x i s t s  7>0 s u c h  t h a t

g(-U = Jjp+e^dGCy) < « f o r  \ < y .

T h e n  f o r  ~3>0 t h e r e  a r e  t w o  a n d  o n l y  t w o  r e a l  r o o t s  o f  t h e  e q u a t i o n

(4.1.24)

5 - (Bi/c) - (X/c)[l-g(01 = 0 (4.1.25)

Vj a n d  -pj w h i c h  a r e  s u c h  t h a t  Vj a n d  a r e  p o s i t i v e .  F u r t h e r m o r e  t h e  a s y m p t o t i c  

b e h a v i o u r  o f  hj(ij) i s  g i v e n  b y

1
hj(0 _ exp(v.lS)[---- l—

Li a - (  \  t

- e x p [ - ( vi+PiKlj (4.1.26)
■1 +(X/c)g (Vj) 1+(X/c)g (-Pi)

A l s o  w h e n  G(y)=l-ae_ay a n d  t h e r e f o r e  g ( 0 = a/(«+0 ( e x p o n e n t i a l  c l a i m s ) ,  w e  i n  f a c t  

h a v e

a+Vi a-p i
hi(5) = --------e x p ^ O  - -------- exp(-piO (4.1.27)

vi+Pi vi+pi

Proof

i)

W h e n  $=0 $-(3i/c)-(X/c)[l-g(0] = -3i/c < 0 and $-(3i/cMX/c)[l-g(0] is convex 

as its second derivative is (X/c)g"($)>0> so there are two and only two real roots 

of (4.1.25) one positive and one negative and w e  denote them by V| and - p - v

ii)

Since Vi is a root of (4.1.25),if w e  write hi(0=exp(Vi^)ki(^) then

A A 1 1
ki(5) = hiU+Vj) = A v . A (4.1.28)

S+vr (3i/cM X / c ) [  1 - g (  ^vj)] H  X / c ) [ g ( V i ) - g (  5+vj)]
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which is the Laplace transform of a bounded function. Also,

A * 1limkjCO = lim 5kj(0 = lim ----------------------------  = --------- ------5-** 5*0 5*0 5-(X/c)[g(vi)-g($+vi)] l+ (\/c)g’(vi)
W e  further define

(4.1.29)

aiU) = kj(0 -

then

l+a/cJg’Cvj)

1

(4.1.30)

1 1
ai(0 = A . . A (4.1.31)

5-(X/c)[g(vi)-gU+vi)] l+(X/c)g (vf) 5 

Th e  only non zero real root of the denominator of the first term is -(v*+p-), so 

letting aj(0 = expKvj+pjKlbjU)

A 1 1 1
bj(0 =

and as with k;

5-p i-(3i/c)-( X/c)[ 1 -g( 5-p j)] 1 +(X/c)g (vj) S-Vj-pj
(4.1.32)

1

so

with

limb^O = lim5bj(0 = ------ ----C ~ 5*0 l+(X/c)g’(-pi)

hj(5) = exp^ol"------;--- + b^OexpKVi+pjK]]
Ll+(X/c)g’(vi) -I

1
limbjU) = ------- ----
$ - > < » l+(X/c)g’(-pi)

(4.1.33)

(4.1.34)

(4.1.35)

iii)

W h e n  g(5) = «/(«+0 

1 «+5
hi(5) =

a+v- 1 a-p j 1

H0i/c)-(X/c)U/(a+O] 52+[a-(0i+X)/c] S-a3i/c Vj+pj 5-Vj Vj+pj $+p

and inverting the Laplace transform

OC+V; a-Pi
hj(5) = ------exp(vjg) - ------ expt-pjO

vi+Pi vi+pi

fc.1.36)

(4.1.37)
□
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It is easy to check that (4.1.27) is (4.1.26) with equality for exponential 

claims.

N o w  if w e  just want to maximize E { X | 5 0) as in Buhlman (1970) (p.169) and 

Gerber (1980) (p.169) then E { X | ^ 0) = K 1(w)h1(^0) ( K 1(w)=l/h’1(w)) and w e  just

have to maximize K t(w) with respect to w  since E { X | S 0} depends on w  via 

K £( w ) only. This is equivalent to minimizing h ’̂ w )  with respect to w; hence w e  

will have to solve the equation h”1(w)=0 and assuming 0 is small then w *  

satisfying h"t(w)=0 will be large (see Buhlman (1970) p.174) and by l e m m a  4.1.3

1 1

and therefore

l+(Vc)g (v4)
nexp(v^) +

l+U/cte’t-pj)
-exp(- p£)

v
h\(0 _

l+(Vc)g (vt)
-exp^^) +

p\

l+(X/c)g '(-Pj)
-exp(- p £ ) (4.1.38)

and so an asymptotic expression for w *  would be

v!

l+(Vc)g (vt)
-exp(v1w*)*) -

pi

l+CVcte’t-pi)
-exp(- p t w*) _ 0

and so

w log
V i+P i

pJl+CX/cjg^V^]

. vj[ l + ( \ / c ) g ( - p J ] .

(4.1.39)

In particular for exponential claims w e  need not worry if 0 is small or not 

since w e  then have an exact result.

a-p ±a+v
h{tt) =

Vi+Pi
exp(vA 0

v i+P>
- p \  exp(-p^) (4.1.40)

and

w *  = log
(a-Pi)PI2 n

(4.1.41)
v t+pt L(oc+v^v* J

(4.1.39) produces a good approximation if it yields a large enough w* 

(compared to i i ± the first m o m e n t  of G, say). (4.1.41) works if it produces a 

positive w*. Otherwise the best policy is to payout everything immediately.
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*

%

Alternatively w e  m a y  look at expectations of other functions of X  since w e  

can effectively evaluate or approximate expectations of functions of X  in terms 

of its moments. For example another objective can be to maximize

E { X | £ 0} + (0/2)E{X2 |£o}

where 0 is a small constant. W h e n  0>O this is a "risk seeking" criterion while if 

0<O a "risk averse". E { X  | ̂ o}+(0/2)E{X^ | £0) depends on w  via K A(w) and 

(0 /2 )K 2(w ) only so w e  can try to maximize K 1(w)+(0*/2)K2(w) (0* will depend 

on £0 but will again be small). W h e n  w e  have exponentially distributed claims 

this is to maximize

1

c c + v t  c t - p  t
------ v ± exptyw) + ------ p ± e x p ^ w )

Vi +Pi Vi+Pi
a + v .

1 - (9*/2) vi+Pi
■expfyw) -

oc-p 4
v i+Pi

■exp (-ptw)

a+v2 a-p2
------v 2 exp(v2w) + ------p 2 exp(-p2w)

(4.1.42)

v 2+ p 2 v 2+ p 2

or in the case of generally distributed claims

1

v i Pi
------- ---- expCv^) - ------- ------exp(- p ■w)
l+(Vc)g*(v^ l+(X/c)g'(-p^

1
------------exp(v4w) +
l+(X/c)g'(V±)

1 - (0*/2)---------------------

1
------- ------exp(- p ■w)
l+(X/c)g’(-p^

(4.1.43)

v2 Pa
------- ---- exp(v2w) - ------- ------exp(- p 2w)
l+(X/c)g’(v2) l+(X/c)g’(-p2)

W e  should point out that w e  do not claim that barrier strategies are optimal in 

this case. W e  have just showed h o w  to find the optimal barrier strategy. Barrier 

strategies are important because they are easily realisable even w h e n  they are not 

optimal.

Finally, it should be noted that w e  can generalize our model by allowing the
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option of borrowing w h e n  falls below 0 as in section 1.4. The mathematics are 

roughly the same as w e  can see in Dassios &  Embrechts (1987).

4.2 A N  A L T E R N A T I V E  M O D E L

W e  will n o w  consider an alternative to the model proposed in the last section. 

Instead of discounting the dividends paid out by the company, w e  assume that 

« the cash funds available to the company are continuously undervalued (due to

inflation, operating costs and other factors) with a rate 8t;t so that its net real 

income rate is c-6^t. n o w  denotes the comp a n y ’s surplus in real terms. Claims 

again arrive in terms of a Poisson process with parameter X and their sizes have 

distribution function G(y) (y>0). Notice that the comp a n y ’s real surplus can not 

exceed c/8 and ruin is certain. W e  will again assume a barrier strategy. W h e n  the 

comp a n y ’s real surplus reaches a fixed level w, the company pays out dividends 

with a rate c-8w (its whole income) and w e  can n o w  define xt as the total (not
%

discounted) dividends paid out up to time t, or more formally 

x t = j\c-8w)I(^s=w)ds

Our objective function is xT where T=inf{t:^t<0} is the time of ruin.

W e  define the following piecewise deterministic process. It consists of nt, £t, 

xt and time t. nt can as in the previous section take the values 0 (ruin), 1 

(0$t;t< w  and no dividends paid out) and 2 (£t=w; dividends being paid out). 0 is 

an absorbing state as in the previous section and the generator of the process
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(nt,^t,xt,t) acting on a function f(n,^,x,t) belonging to its domain is given by 

Af(n,£,w,t) =

8f
f;r{l,

af
Xx,t)+(c-5£)— (l,£,x,t)+ X[f f(l,£-y,x,t)dG(y)+r f(0,£-y,x,t)dG(y)-f(U,x,t)]

9t 9$ J(0,5] J(5,«)

9f 2,w,x,t)+(c-6w) |^2,w,x,t)+Mf(0 w]f(l ,w-y,x,t)dG(y)+J f(0,w-y,x,t)dG(y)-f(2,w,x,t)]at' ’ ’ 7 ' # 85

with the continuity condition
(4.2.1)

♦

lim f(l,g,x,t) = f(2,x,w,t) (4.2.2)
5Tw

W e  will n o w  try to find E{exp(-0xT) | 50}. W e  will prove a l e m m a  similar to 

(but not exactly the analogue to) l e m m a  4.1.1.

L e m m a  4.2.1 L e t  f(£) b e  s u c h  t h a t

(c-BS)f'(S) + X [f f«-y)dG(y)+G«)-f(0] = 0 (4.2.3)
a n d

f’(w) = -0f(w) (4.2.4)

T h e n

E{exp(-0xT)|5o) = f(50) (4.2.5)

Proof

Set f(0,5,x,t) = e"0x, f(l,5,x,t) = f(5)e"0x, f(2,w,x,t) = f(w)e"0x and substitute 

into the equation Af=0; by the first leg of the generator w e  get

(c-85)f'(5) + X(f f(5-y)dG(y)+G(5)-f(t)] = 0 (4.2.6)

Furthermore by the second leg of the generator and (4.2.2) w e  get 

f'(w)=-0f(w), so then

r exp(-0xt)f(5t) n t*0
(4.2.7)

^ exp(-0xt) n t=0

is a martingale and since T is a stopping time w e  use D o o b ’s optional stopping 

theorem and get

E{exp(-0xT)|£o} = f(g0) (4.2.8)

□
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This leads to the following theorem.

Theorem 4.2.2 S u p p o s e  h(0 i s  a  f u n c t i o n  o f  5 f£€[0,w],) b e l o n g i n g  t o  t h e  d o m a i n  o f  

t h e  g e n e r a t o r  A  a n d

(c-St)h’(C) + \[ L  h(S-y)dG(y)-h({)] = 0 (4.2.9)

t h e n

8h(C0)
E{exp(-9xT) U 0) = 1 - ------------  (4.2.10)

h ’(w)+0h(w)

w h i c h  m e a n s  t h a t  Pr(xT=0|^o} = 1 - h(50)/h(w) a n d  c o n d i t i o n a l l y  o n  xT>0 t h e  

d i s t r i b u t i o n  o f  xT i s  e x p o n e n t i a l  w i t h  p a r a m e t e r  h ’(w)/h(w) ( m e a n  h(w)/h’(w)>).

Proof

Set

0hU)
f(5) = 1 " ------------  (4.2.11)

h ’(w)+0h(w)

then by substituting into (4.2.6) w e  see that (4.2.6) and (4.2.9) are equivalent; 

therefore by (4.2.5)

® M 5 0) h(50) h(50) h ’(w)/h(w)
E{exp(-0xT) K o} = f(50) = 1 - ------------  = [1------] + -----•--------------

h ’(w)+0h(w) h(w) h(w) [h’(w)/h(w)]+0
(4.2.12)

□

The simplest possible example is wh e n  the claims are exponentially 

distributed; that is dG(y)=ae_aydy. W e  can then find E{exp(-0xT) | £0) explicitly. 

(4.2.9) can be written as

(c-SC)h'(O + X[f?h(5-y)ae-a>'dy-h(0] = 0 (4.2.13)
J 0

Applying the operator D+ocI on (4.2.13)

(c-50h"(0 - 6h’( 0  + o^c-BOh^) - Xh'U) = 0 (4.2.14)

whose solution is

5C -(X/8)-i
h'(C) = Ke-“ 5[1- — ] (4.2.15)

c

where K  is an arbitrary constant; setting £=0 in (4.2.13) h(0)=Kc/X so
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4

.t 8y -( V 5)-1
h ( 0  = Kc/X + K  e ' ^ l - - ]  dy

J o c
(4.2.16)

and therefore

E{exp(-0xT)|£o} = 1 -

r 5y -(V&)"1
0{c/X + ffc° e-«y[i--i] dy}* a

5 w  '( V 6)_i -w 6y "(V 5)-1
e - o c w [ l _ _ ] + 0{C/X + f e-ocy[l- — ] dy}r» * a  ^

(4.2.17)

Suppose n o w  that w e  want to find w *  so as to maximize

l-E£exp(-8xT) | ^ } 0!(O

E(L (x t )| ;0) = | 9 (4.2.18)

1 E{xt |(0) 0=0

W h e n  0>O this is a r i s k  a v e r s e  criterion, w h e n  0<O a r i s k  s e e k i n g  and w h e n  

0=0 a r i s k  n e u t r a l .  W e  have that

E{L(x t ) K 0} =

r 5y -(V8)-i
c/X + H 0 e_ay[l-—  ] dy

* A A

8 w  "(V5)_1 -w 6y "(V 5)-1
e aw[i_— ] + 0{C/X + f e_ay[l- — ] dy}

~ * A A

(4.2.19)

C '0  c

So maximizing E{L(xT)|50} is equivalent to minimizinng

8 w  "(V&)-1 .w 8y "(V 5)'1
e-ow[1. _ ] + 0(c/x + f e_oĉ [1-— ] dy}

n * n n (4.2.20)

whose first derivative is

-oce_aw [1- —  ] 
c

and w *  is given by

8w /(*/5)-1 ( X/ 8)+l _<xw rt Sw ' ^ / 5)" 2 _ f Y W  _  8w/ ^ / 8 -̂1

c/8
e-«w [{.— ] +0e_aw [1-— ] 

c

-ae"a w  [1- —  ] 
c

5W * -(VS)-i (X/8)+l _a w *„. 8w * " ^ / 8 “̂2

c/8
e-«w fl. _  -J + 0e“a [1- —  ] 

c

5W *-(V&)-1

SO

(4.2.21)

= 0

(4.2.22)

(4.2.23) 

(4.2.22)
(X/B)+l

O f  course if this turns out to be negative, then the company is better off by

which is equivalent to

(X/8)+l 8 w * -1
-a + [1- —  ] + 0 = 0 

c / 8  C

a- 0
w *  = (c/8) -
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investing everything immediately.

The advantages of this model compared with the one in the previous section 

are obvious from a calculations point of view. In the previous section w e  merely 

found h o w  to calculate the moments of the objective function while here we 

proved that our objective function is actually exponentially distributed and the 

only thing remaining to be done is to determine the parameter of the distribution 

either analytically (e.g w h e n  the claims are exponentially distributed) or otherwise 

if the claim size distribution is complicated (simulation techniques).

4.3 T H E  T A P I E R O  Z U C K E R M A N  M O D E L

In this section w e  will deal with a more elaborate model for investment. It 

is described and dealt with by Tapiero &  Zuckerman (1983). W e  will treat this 

model with a piecewise deterministic processes approach.

The model consists of two processes; is the classical surplus process 

increasing with constant rate c. Claims arrive with rate X and have sizes 

distributed with distribution function G(y) (y>0). W e  adopt a barrier strategy in 

the lines of the previous sections. W h e n  reaches w  it ceases to increase as its 

income is invested. However not the whole of it since an investment cost is 

levied leaving the rate of income invested as ac (a<l). So the rate of increase of 

x t which is the other process of our model is acl(5t=w)-ri;t; is an opportunity 

cost (due to inflation etc; r is a constant). A n  additional feature is that the 

company is not ruined w h e n  a claim larger than its available surplus arrives. In
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that case the surplus of the company falls to 0 and the remaining part of the 

claim is paid by disinvesting. However, disinvestment costs occur as well and 

therefore the amount subtracted from xt is b(Y-^t_) where Y  is the size of the 

claim (b> 1). x t is the total m o n e y  invested up to time t minus all costs.

The generator of the process (xt,£t,t) acting on a function f(x,£,t) belonging

to its domain is given by

9f 9f 3f 3f
Af(x,£,t) = —  - r£—  + cl(£<w) — — + acIU=w)—

at o x  3x

+ xl L  f(*.S-y.t)dG(y)+f f(x-b(y-5),0,t)dG(y)-f(x,5,t)] (4.3.1)

f has to be continuous with respect to S even at w. W e  have suppressed

dependence on the indicating process n t as in the previous sections.

The objective is to find w  so as to maximize

E{xt)
lim------
t-*« t

which is the long run average value of xt the total investment minus the costs.
*

In the paper by Tapiero &  Zuckerman this problem is solved for the case of 

exponentially distributed claim sizes and they propose a diffusion approximation 

to be applied otherwise. W e  will solve the problem for exponentially distributed 

claim sizes as well but substantially reducing the relevant calculations. W e  will 

also propose an asymptotic approximation for other claim size distributions. 

Furthermore w e  will look at higher order moments of xt (eg the behaviour of 

E{x£}). In the next section w e  will also propose an alternative model.

%  T heorem 4.3.1 L e t  xt,£t a s  d e f i n e d  a n d  a s s u m e  t h a t  /z1 t h e  f i r s t  m o m e n t  o f  G

e x i s t s .  I f  h 1( 0  i s  a  f u n c t i o n  o f  £ 0) s u c h  t h a t

A

r K 1 Xb £ 1- G U )

•>!«)= L + e ' ^ M O d S  = ------ ------ ^ -----—  (4.3.2)
R  1 - (\/c)G(t)

G({) = J ^ e - ^ G t t J d S  G({) = l-G(S)

a n d  K t i s  a  c o n s t a n t  c h o s e n  s o  t h a t

h ±(w) = a (4.3.3)
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t h e n

*

%

i s  a  m a r t i n g a l e .

Proof

For f(xt,£t,t) to be a martingale w e  should have 

Af(x,£,t) = 0

Continuity of f at £ =w means that as in the previous section

a
9f

9x £=w

8f

as S=W

Trying a function of the form x - K 1t+f1( 0  w e  get

(4.3.4)

(4.3.5)

(4.3.6)

■r5"K-t+cf’l(0+X[ f f 1(5-y)dG(y)+f t(0)G(O-bf ,(y-»dG(y)-f ,(5)] = 0 (4.3.7)

with

f’A(w) = a (4.3.8)
CO

Notice that f x(y-£)dG(y) = f G(y)dy and applying Laplace transforms on (4.3.7)
J(^a>) •’s

A
t i . - G ( l )  A

- 1 -ft(»] = 0- “7" Y * +  c(5f1(t)-fI(0))+X[f ̂ O g f U + f ,(0)0(5) (4.3.9)

which gives

5ft( 0  - f t(0)

which is equivalent to

r K *  Xb n r G q )  

c t , 2 +  c f ,  +  c  ' K

1 - (X/c)G(0

f’i(0 = M g )

and (4.3.8) to

h t(w) = a

proving the theorem.

This leads to the following corollary.

(4.3.10)

(4.3.11)

(4.3.12)

□
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Corollary 4.3.2

in

*

E{xt}
l im------ = K.
t-*® t

(4.3.13)

Proof

xt - K tt + J th 1(y)dy

is a martingale, so

E(xt) = K ± t + E{ JQt h1(y)dy) - Jo°h1(y)dy (4.3.14)

A
But J h t(y)dy is bounded since it is continuous and defined on the closed interval

[0,w], so dividing both sides of (4.3.14) by t and letting t - * m  (4.3.13) follows.

□

W e  will later illustrate h o w  to use theorem 4.3.1 and corollary 4.3.2.

Another question arising, not considered by Tapiero &  Zuckerman is the 

behaviour of higher moments of xt. O n e  could try to find a martingale of the 

form exp(-vxt)e®tf(^t;v) which will involve solving

(rvS+e)f(S)+cf'(S)+X[J f(t-y)dG(y)+f(0)J> =)cv(y-»dG(y)-f(O]=0 (4.3.15)
which is not easy to solve even w h e n  G  is exponential.

Yet, w e  can adopt the procedure of finding moments one by one as in 

section 3.3 for example. Looking at the problem heuristically and differentiating 

e"vxe®tf(£;v) twice w e  get the form [xt- K tt+f 1(^t)]^-K2t+f2(£t). A n  equivalent 

form is (xt- K 1t)^+2(xt- K 1t)f 1(^t)-K2t+f2(^t) so we will try to find a martingale 

of this form.

Theorem 4.3.3 S u p p o s e  p 2  t h e  s e c o n d  m o m e n t  o f  G  e x i s t s  a n d  l e t  h 2( 0  (t>0) b e  

s u c h  t h a t  i t s  L a p l a c e  t r a n s f o r m  i s

2 r h \ t t )  2rht( Q  2 K <h <( Q  K , _ Xb ( M / 2 ) - ^ + G ( Q  

+ c$2 + c$ + c£ " c ________52

1 - (X/c)G(0
(4.3.16)

w h e r e  K 1,h1( 0  a r e  g i v e n  i n  t h e o r e m  4 . 3 . 1  a n d  K 2 i s  a  c o n s t a n t  c h o s e n  s o  t h a t
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Jw
h (y)dy 

o 1
(4.3.17)

%

♦

t h e n

2 5
(X t  - K^t) + 2(xt - K 1t)JQth 1(y)dy - K 2t + j * h z ( y ) d y  (4.3.18)

i s  a  m a r t i n g a l e .

Proof

Substituting

( x - K j O ^ x - K j t )  J ^ h 1(y)dy-K2t+fa(;) 

into Af=0 w e  get (after cancelling out similar terms)

2 K 1J ^ h 1(y)dy-2r5j5h 1(y)dy-K2+cf,2(0

+ M L  , f2(5-y)dG(y)+f2(0)G(5)+b2 f (y-{)'dG(y)-f2(?)] = 0 (4.3.19)

^  00 00
Noticing that f (y-£) dG(y) = f f G(u)dudy and taking Laplace transforms as

JU,00) J£Jy
in theorem 4.3.1 w e  get

- 2 K . ^ 4 p  ■2 r [!il̂ ]  ' 7 ^  + c» f 2(5)-f2(0)] +

*f2( » 8 ( » - X f 2(0)G(»-Xf2( » + X b * (-̂ — ■p * G a )  = o (4.3.20)

giving

_2rh’<( 0  2rh1( Q   ̂ 2 K ih 1( Q  K ,  Xb _(ft^/2)-/t<+ G ( Q

A c l  c l 1  c l  c l  ~  c  ' $2
5f2( 0  - f2(0) = -------------- ----------- ^ 5-------  (4.3.21)

1 - (X/c)G(0

and therefore

f'2(t) = h 2(t) (4.3.22)

and (4.3.6) yields

f2(w) = a j ^ f 1(y)dy (4.3.23)

thus proving the theorem.

□
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Corollary 4.3.4 L e t  K ±  a n d  K 2 a s  i n  t h e o r e m s  4 . 3 . 1  a n d  4 . 3 . 3 ;  t h e n

E{(xt- K 1t)2} 
lim------------  = K ,

t

Proof

(4.3.24)

Since (4.3.18) is a martingale

5 £E U x fK jt)2} + 2E{(xt-K i t)J h 1(y)dy} - K 2t + E { j ' h 2(y)dy} (4.3.25)
0 »o

Dividing by t w e  get

(xt-K t+J* th 1(y)dy) f th 2(y)dy-(f *h (y)dy) f °h (y)dy
E { — -— — — ------ } - K 2 + E{— ^ ^ ------ (4.3.26)

t t t

^h.(y)dy and fS 
0 J o

a closed interval)

and since J h 1(y)dy and J h 2(y)dy are bounded (continuous functons defined on

(xt-K t+f lh (y)dy) 
lim E{ — ----- ^ ----------} = K 2
t-»« t

(4.3.27)

but

.5
and since J h 1(y)dyis bounded

.Ci
(xt" K 1t+f th 1(y)dy)

E { ----------0--------- }
t

fCt
J h t(y)dy

--------- -* 0 a.s as t-*°», therefore
Vt

EfCxt-K,!)2)
-----------

t

and (4.3.24) follows.

(4.3.28)

(4.3.29)

□

This procedure can be followed to investigate the asymptotic behaviour of 

higher moments of x t.

W e  will n o w  show h o w  to use these results. F r o m  theorem 4.3.1 it is clear 

that in order to find w e  have to invert the Laplace transform h £(^) and 

solve h t(w)=a. For simple claim size distributions such as the exponential this is
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straight forward as w e  shall see. For a more general distribution w e  will look for 

an asymptotic formula.

L e m m a  4.3.5 L e t  h 1( 0  b e  s u c h  t h a t

r K ,  Xb 
— + - » +  — —
c r  c$ \

h t( 0  =
1 - (X/c)G(0

S u p p o s e  a l s o  t h a t  G(y) i s  s u c h  t h a t  t h e r e  e x i s t s  y > 0  s o  t h a t

(4.3.30)

Jp+sUydG(y) < - f o r  V €  [0,7)

F u r t h e r m o r e  w e  a s s u m e  c > \ f i i  ( t h e  n e t  p r o f i t  c o n d i t i o n ) .  T h e n  t h e  a s y m p t o t i c  

b e h a v i o u r  o f  h i( 0  i s  g i v e n  b y

K

K
h.U) _ ----1 +

\IL,
_L_. _ i +(xb/c)G ( ^
cvj cv0 V.

+ exp(-vo0 - (4.3.31)
c - \ p i  c - \ p i  2  (c-X/^r -(X/c)G(-v0)

A

w h e r e  v 0 i s  t h e  u n i q u e  p o s i t i v e  r o o t  o f  (X/c)G(-v) = 1.

A l s o ,  w h e n  dG(y)=ae-ocy ( e x p o n e n t i a l ) ;  t h a t  i s  g(0 = a/(a+5), w e  a c t u a l l y  h a v e

t h a t

roc K ta - rX/(coc-X) ^ rX - X[oc-(X/c)]+(Xb/ca)[a-(X/c)]^
h t( 0  = -----£ + ----------------  + exp[-(oc-—K ] ----------------------------------

ca-X coc-X c (ca-X)^
(4.3.32)

Proof

a

W e  have already seen in section 1.1 that wh e n  c>X/£1, v Q as defined exists. 

W e  rewrite h t( 0  as follows.

h A(0 =
r  k i

C-X/it l

1
+

1 r  r \ p 2 l  

--- + ------

1
+ — ■

K. K

$ Lc-XG(0 c-x/zj

C-Xpt1 2 (c-X/i1)z J $ Lc-XG(0 c - \ f i ± (c-X/i1)‘

Xb-
5

C-XG(0
(4.3.33)

N o w  the last three terms are all Laplace transforms of functions tending to
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zero and behave asymptotically as Ljexp(-v0 0  (i=l,2,3) where Lj are 

constants. W e  can determine Lj’s as follows.

L i
f $ f r r r\M2(5-v0) V

lim <------ • \--- a-----  - ----+ --------
5 * 0  lU -v 0)2 l c - X G ( 5 - v 0) c-\n± (c-\n±)2 J.

r/(cv£)

-(X/c)G’(-v0)

5 K K.
L 2 = lim

510 LU-v0) Lc-XG(^-v0) c-X/iJ

-Kt/cvp

• ( V c ) G ’(-v.)

L 3 = lim 
U O

Xb. ( X b / C ) ^ ^
t-vn v-

c-XG(5-vn) -(X/c)G’(-v„)

Also the first term in (4.3.33) is the Laplace transform of

----£
c-Xj^

and the second term of

K \IL,

c-\il± 2 (c -\ii±r

Adding (4.3.34), (4.3.35), (4.3.36), (4.3.37) &  (4.3.38) together (4.3.31) follows.

ill

If w e  take g($)=a/(«+0 w e  have

a r(a+0 + K . 5 ( a + 0  + Xb$2/a
h t(0 = -------------------------

$2(ca+c$-X)

and analyzing it into partial fractions

a roc 1 K ta - rX/(ca-X) 1 rX - K 1X[a-(X/c)]+(Xb/coc)[a-(X/c)]2
ht(0 = •“ + *“ + Z

ca-X I;2 ca-X  ̂ (ca-X)^[a+^-(X/c)]

and inverting (4.3.40), (4.3.32) follows.

suitable

(4.3.34)

(4.3.35)

(4.3.36)

(4.3.37)

(4.3.38)

(4.3.39)

(4.3.40)

□

O n e  can easily check that the coefficients of (4.3.31) and (4.3.32) match.

In the case of exponentially distributed claim sizes w e  can solve h 4(w)=a and



a(ca-X) - roc + [rX/(ca-X)]exp[-[oc-(X/c)]w] - (Xb/ca)exp[-[a-(X/c)]w]
(4.3.41)K i --------------------------------------------

a - (X/c)exp[-[a-(X/c)]w]

Therefore the optimum w *  is found by maximizing (4.3.41) with respect to w. 

W h e n  w e  have a general claim size distribution with the restriction of l e m m a

4.3.5 then w e  can use the asymptotic formula (4.3.31) as an approximation and 

get

a -
X/£2 r cv0

■w + --- •-------  - exp(-v0£)---
cv„

*i =
■x^i 2 (c - \ i i . y -(X/c)G’(-v0)

(4.3.42)

C-X#£1 Xv0G ’(-v0)

In this case w e  again find an approximation for w *  by maximzing (4.3.42). 

However, this is reliable only if w *  is large enough; that is large compared with

l̂i-

In case w e  have different objectives (either risk seeking or risk averse) such 

as to maximize K 1+ 0 K 2 where 0 is a small constant w e  can then calculate K 2 or 

an asymptotic approximation for it. W e  will have to maximize K A+ 0 K 2 as w e  did 

with K t in order to find w*.

*

4.4 A N  A L T E R N A T I V E  M O D E L

W e  will n o w  reconsider the Tapiero Zuckerman model with an alteration. W e  

are not going to assume that opportunity costs are subtracted from xt the total 

amount invested minus the costs. W e  assume that these are subtracted from £t, 

the cash surplus. So increases with rate (c-6^t)I(^t<w) and the rate of
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investment is a(c-8w)I(5t=w). A  barrier strategy is assumed as before. It is clear 

that w e  should have w  < c/5 since can not exceed c/8 anyway.

The generator of the process (xt,£t,t) acting on a function f(x,t;,t) belonging 

to its domain is given by

9f 9f 3f
Af(x,£,t) = —  + (c-8£)I (£<w) —  + a(c-8w)I(£=w)—

at 3$ ox

+ rif(x»5-y»0d G (y) + r r f(x-b(y-O,0,t)dG(y)-f(x,5,t)] (4.4.1)

(f should be continuous at £=w).

E{xt)
W e  will n o w  try to find lim----  , the long run average a m m o u n t  invested as

t->» t
w e  did in the previous section.

T heorem 4.4.1 L e t  x t,t̂  a s  d e f i n e d .  L e t  a l s o  f 1(0 b e  a  f u n c t i o n  o f  £ f£€[0,w],) 

s u c h  t h a t

-K, + (c-SOf'.U) + X[f n f 1(?-y)dG(y)+f1(0)G(C)-brG(y)dy-f 4«)] = 0 (4.4.2)

a n d  a  c o n s t a n t  s u c h  t h a t

f’/w) = a (4.4.3)

t h e n

x t - K,t + f ^ t )  (4.4.4)

i s  a  m a r t i n g a l e .

Proof

In order to find a martingale w e  should solve Af=0. Applying the generator 

A  on x - K 1t+f1(0 w e  get

-K, + (c-SOf^U) + X[f r f 1(5-y)dG(y)+f ,(0)0(0^ fG(y)dy-f1(0] = 0 (4.4.5)
(°»5j s a  < w)

- K t + (c-8w)a + X[J r f 1(5-y)dG(y)+f1(0)G(O-brG(y)dy-ft(0] = 0 (4.4.6)
5 (£ = w)

but in view of (4.4.5), (4.4.6) and (4.4.3) are equivalent, so f A as defined is a 

solution of the equation Af=0 and the theorem is proved.

□
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Corollary 4.4.2

E{xt}
lim------ = K ± (4.4.7)
t->» t

Proof

Since x t- K 1t+f 1(5t) is a martingale w e  have

E{xt) - K ,t + - f ±(^0) = 0 (4.4.8)

is a continuous function on a closed interval so it is bounded and dividing 

(4.4.8) by t and letting t-*0®, (4.4.7) follows.

□

W e  will n o w  use theorem 4.4.1 and corollary 4.4.2 for the specific case of 

exponentially distributed claim sizes. In order to find f 1( 0  and subsequently 

w e  have to solve equation (4.4.2) subject to (4.4.3). W h e n  dG(y)=ae-aydy (4.4.2) can 

be written as

-K, + (c-SOf'iU) + X[fef 1(t-y)ae-ot>,dy+f1(0)e-a5-(b/a)e-ot̂ f1(O] = 0 (4.4.9)
» 0

Applying the operator D+od on (4.4.9)

-aK, + (c-SOf’iU) - 8 ^ ( 0  + o t c - S O ^ U )  - Xf’iU) = 0 (4.4.10)

F r o m  (4.4.10) w e  get

^e“ 5[(c/8)-5](V6)+1 f;(o] = (oK1 /8)[(c/6)-5]X/Se“  ̂ (4.4.11)

and integrating (4.4.11)

e“^[(c/8)-C](X/5)+1 f;«) = J^(«K1/8)[(c/8)-y]X/6e“ydy + f'1(0)(c/8)(X/8)+1 (4.4.12)

9 Setting ^=0 in (4.4.9) w e  get

f'iW) = ( K 1/c)+(Xb/ca) (4.4.13)

and (4.4.12) can be rewritten as

„r (X/6)+ i , -C X/8 (X/8)+i
e“s[(c/8)-5]v f,«) = f  (oKj/BJKc/Bj-y] e ^ d y t  [ (K^/cWXb/ccOKc/Br

0 (4.4.14)
F r o m  (4.4.3) w e  should have f’1(w)=a, so

ae<xw[(c/ 8)-w{ X/̂ +1 = K 1[(a/8)J^[(c/8)-y]X/5eaydy +(1/ c)(c/ 8 / X/5 +̂1]+ ^ ( c/ 5 / X̂ 5 +̂1
(4.4.15)

ca
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giving us

K i
a e - t(c/8) . w P /8)+1. ^ ( c / 8 ) ( X / 5 ) + 1  
______________________________ CO____________________________

rw  X/8 /w (X/8)+i
(«/6)Jo [(e/6)-y] e^dy+(l/c)(c/8)

(4.4.16)

In order to maximize the long run average amount invested minus the costs

w e  need to maximize (4.4.16) with respect to w.

If one wants to investigate the higher moments of xt he has to repeat the

procedure followed in section 4.3. However, in this section w e  will aim for 

something rather different.

T heorem 4.4.3 L e t  xt,£t a s  d e f i n e d  a n d  s u p p o s e  f(Q i s  s u c h  t h a t

(c-85)f'(0 + m L  r f«-y)dG(y)+f(0)f ev(y-^dG(y)-f(S)] = 0 (4.4.17)
y(0,£] J(^00)

( w e  a s s u m e  t h a t  f ev(y"^dG(y) e x i s t s )  

a r i d  s u p p o s e  a l s o  t h a t  v i s  c h o s e n  s o  t h a t

II P < /—
\

(4.4.18)

exp(-vxt)f(^t). (4.4.19)

i s  a  m a r t i n g a l e .

Proof

W e  substitute e-vxf(0 into Af=0 and w e  get (4.4.17) and

-av(c-8w) + X[f f(w-y)dG(y)+f(0) f ev^ ' w ^dG(y)-f(w)] = 0 (4.4.20)
J(0,w] T w “)

but (4.4.17) and (4.4.20) give us (4.4.18), so e-vxf(0 satisfies Af=0. It also belongs 

to the domain of the generator and therefore (4.4.19) is a martingale.

□

If for some particular values of w  v>0, w e  can then use the concept of ruin 

for x t. W e  will fix a level -x* (x*>0) and w e  will look at the probability that 

x t^-x* for all t. W e  define r=inf{t:xt<-x*} with T = m  if x t£-x* for all t. Since 

exp(-vxt) is a martingale and rAt a stopping time w e  use D o o b ’s optional stopping
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theorem and w e  have

f(£o) = {̂exp(-vx.j.̂ )f(£jŷ )} =

= E{exp(-vxT)f(^T)|T^t}Pr(T$t) + E{exp(-vxt)f(i;t) |T>t}Pr(T>t)

(4.4.21)

and letting t-*00 in (4.4.21) since f is bounded and assuming that xt-*« a.s. as t- 

(this is equivalent to assuming K t>0).

Pr(T<«)E{exp(-vxT)f(£T)|T<«} = f(£0) 

or equivalently

(4.4.22)

,-vx’

Pr(T<°°) = ■f(U
(4.4.23)

E{exp[-v(xT-x*)]f(^T) |T<«)
W e  will n o w  evaluate v explicitly for the case of exponentially distributed 

claim sizes (dG(y)=ae-ocydy). In this case (4.4.17) can be written as

(c-85)f'(S) + Mf5f(C-y)«e'aydy+f(0)-^-e-a -̂f(O] = 0
4 o a-bv

Applying the operator D+al on (4.4.240 w e  get

(c-8S)f"(S) - 8f'(t) + ot(c-SOf’(S) - Xf'(5) = 0 
and solving (4.4.25)

f’(5) = f’(0)(c/8)(X/8)+1e-o5[(c/8)-5]‘ (V8)' ‘ 
Setting £=0 in (4.4.24) we get

, Xbv
f(°) = -f(0)

a-bv

so

f(5) = -
Xbv

a-bv

(X/8)+i - (X/8)- if(0)(c/8)v e-“5[(c/8)-C]
and therefore

(4.4.24)

(4.4.25)

(4.4.26)

(4.4.27)

(4.4.28)

1 Xbv ____ (X/S)+iP£ - (X/5)- i
f(0 = f(0)(l - -• ̂ f ( 0 ) ( c / 5 ) w  fs e-WRe/sVy] 

L c a-bv J o
dy (4.4.29)

and (4.4.18) gives
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1 Xbv r r w  -(X/8)-i -(X/8)-i av Xbv <*w - (X/6)- i
c-aw[(c/5)-w] = av(c/8) - — •-----f e ^ ^ c / S ^ y ]  dy

c a-bvJ oc a-bv 

and assuming v*0
(4.4.30)

a - (Xb/coc)e"a w [l-(6w/c)]
-(X/6)-i

V = a-
-(X/8)-i

(4.4.31)

1 + (X/c)Jo e-“y[l-(8y/c)]

W e  assume v>0; that is

a > (Xb/ca)e-aw[l-(8w/c)]  ̂ ^  (4.4.32)

exp(-vxt) is a martingale where v is given by (4.4.31) and f is given by (4.4.29). 

Th e n  as in (4.4.23)

rVx’
Pr(r<°°) = (4.4.33)

E{exp[-v(xT-x*)]f(£T) |T<«)

Notice that n o w  -(xT-x*) (the o v e r s h o o t )  is exponentially distributed with 

parameter a/b because of the memoryless property of the exponential distribution. 

Therefore

a
E{exp[-v(xT-x*)]f(5T)|T<«} = — — E{f(£T)|T<«} 

W e  actually have ST=0. So

E{exp[-v(xT-x*)]f(£T)|T<«} = ~  f(0)
1 1 1 a-bv

and hence

x x v>y * «"bv f(5n) 
Pr(T<») = e'vx •----

a f(0)

(4.4.34)

(4.4.35)

(4.4.36)

(4.4.36) implies that w e  can use v as a measure for the likelihood of ruin 

irrespective of x* and £0. So v can be justifiably chosen as a criterion for 

optimality to compare barrier strategies. W e  should then choose w  so as to 

maximize

-(X/S)-i
a - (Xb/ca)e ^[l-tSw/c)]

v = a------------------------------—  (4.4.37)

1 + (\/c)J e'“y[l-(Sy/c)]
-a /s)- i
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It has to be stressed that that this is an extremely r i s k  a v e r s e  criterion as the 

c ompany is only interested to minimize the chance that the level of x t ever falls 

below a fixed level. It might be too unenterprising a criterion for the company 

to regard it as sensible. However, whatever the objectives of the company are it 

is of supreme importance to have an idea of h o w  large the probability that 

everything goes entirely wrong is; that is the probability that x t falls below a 

certain level.

¥

%
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