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e ABSTRACT

Piecewise dctermi‘stic processes theory is a powerful mathematical tool for
treating probabilistic models analytically. It is due to and developed by Professor
M.H.A. Davis (1984). Virtually all non diffusion models can be encompassed within
this framework.

In this thesis we apply piecewise deterministic processes theory in order to
treat analytically various models from insurance risk, queuing, storage, dam and
point processes theories.

In insurance risk theory we examine various possible capital surplus models.
The questions asked are associated with probabilities of ruin for both the finite
and infinite horizon cases. Also simple optimization problems are dealt with.

A new approach to queuing, storage and dam theories is provided. The main
processes examined are the virtual waiting time of the G/G/1 queue, the shot
noise process, the M/G/® queue and various generalizations and modifications of
them. Of interest are stationary distributions and hitting times.

Double st ochastic point processes are another field where piecewise
deterministic processes theory is seen to be useful. As "intensities" we consider
processes having been examined in the thesis. Of interest are the joint
distribution of the values of a doubly stochastic point process N; at times
tstoseenen ot and/or the asymptotic behaviour of N;. Furthermore we look at the
distribution of point interarrival time intervals. Possible applications are also
considered.

The methods used are based on the infinitessimal generator. We obtain
appropriate integro-differential equations; we solve them and we find suitable

martingales that lead us to the desirable results.
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INTRODUCTION

The mathematical analysis of continuous time stochastic processes has been
an object of study for applied probabilists for many years. Martingale methods
are a particularly powerful mathematical tool employed by them to analyze fairly
sophisticated models. Enormous success has been achieved over the years as far as
diffusion process models are concerned. The development of stochastic (Ito)
calculus has advanced the subject very much (see Chung & Williams (1983)).
However, their application is restricted to diffusion processes. An important
"unifying" in the same sen§e attempt to embrace apparently all non diffusion
models and to develop a mathematical tool to treat them systematically is the

paper by M.H.A.Davis (1984) on piccewise dcterministic Markov processes.

Essentially a piecewise deterministic process is a process which includes no
diffusion element. So it is a fairly general concept. The paper by Davis
formulates and defines such a process and an operator associated with it its
generator which will help us to obtain martingales and thus prove results about
specific models. Yet, the paper does not only provide us with a tool to treat
apparently different models systematically but with a unifying approach to them
as well. This thesis is on how to exploit this tool and this approach. By using the
theory provided by Davis we will illustrate how to treat models from diverse
fields such as risk, dam and queuing theory. This is by no means the first
attempt for a unifying approach. N.U.Prabhu in his book (1980) provides a
unifying approach based on Wiener-Hopf factorization techniques mainly. As
Prabhu points out in his introduction these models have similar mathematical

processes and gives them the common title "storage processes". This thesis will also

make these similarities to seem apparent (e.g. the duality of the models in
sections 1.1 and 2.1; these are the Andersen surplus process in risk theory and the
virtual waiting time of the G/G/l1 queue). Having said that, it should be stressed

that these similarities are far from making the models identical as the questions



to be asked for different models will be of a different nature.

In the first chapter we will apply piecewise deterministic processes in
insurance mathematics, examining the problem of ruin for models which are
either new or not very thoroughly examined in the literature. The wuse of
martingale methods in risk theory has been very sparse over the years. Gerber is
probably pioneering their use in his book (1979; chapters 3 and 9) and a paper
on a quite sophisticated model formulated in a time series framework (1982). The
almost total absence of the use of martingale methods in the literature is rather
surprising as the idea of "fair game" involved in the concept of a martingale is
the "bread and butter" of risk theory (Gerber (1979)p.34). Chapter 1 of this thesis
might be seen as a continuation or rather an extension of my M.Sc. thesis (1984);
see also Dassios & Embrechts (1987). Yet, the models examined are far more
sophisticated. Most of the results found are new. Recently, work is being done
by Delbaen & Haezendonck (see 1986 & 1987).

The relationship to my M.Sc. thesis stops there. In chapter 2 we examine how
piecewise deterministic process theory can be applied to answering questions about
queues and storage processes. A few already known results are proved again in a
quicker way and many new results are obtained. An important process examined
is the shot noise process (see also Harijon & Resnick (1972) on which a lot of
work has been done so we will also look at various generalizations which are not
very often visited in the literature, at least not with the aim to find explicit
results.

In chapter 3 we move to doubly stochastic (or conditionally Poisson) point

processes. These are "Poisson" processes whose intensity is stochastic and in
particular part of a piecewise deterministic Markov process. The need for
the development of sophisticated point process models is apparent in many fields
such as risk theory (see Seal (1983)) and rainfall models (see Cox & Isham
(1986)). The assumption that claims (in insurance) and rains (in rainfall models)

occur in terms of a (even non homogeneous) Poisson process is often inadequate



when faced with actual data. So alternative point processes have to be proposed
and perhaps doubly stochastic point processes might prove themselves to be
suitable. We will mostly use the processes of chapter 2, which will have been
analyzed to some degree by then, as intensity processes. We will also propose
possible applications, one of them in risk theory, obtaining again relevant results.

In the last chapter we will apply piecewise deterministic processes theory in
optimization problems; the theory then appears to be particularly powerful. We
will concentrate on insurance mathematics models proposed by others and we will
treat them more in depth. However, we will avoid employing dynamic
programming techniques; we will concentrate on evaluating appropriate quantities
which will enable us to choose the optimum strategy. Additionally we will propose
and analyze slightly modified alternatives for which more explicit results can be
obtained.

We will now give a brief summary of Davis’ paper so as to state the version
of the theory we will apply in this thesis.

A piecewise deterministic process is a generalization of the concept of a
piecewise linear process which is due to Gnedenko & Kovalenko (1966). We will
give a definition adopted by Vermes (1980). A piecewise linear process is a
process with two components (n,8y)- ng is integer valued and {; takes values
from an interval [a,,b,] when ng=n (b, may be +=). Motion starts at (n,{) and
as long as ng=n, {;=f+t up to the first jump at t=T,. Jumps occur spontaneously
in terms of a Poisson process with rate ).(nt,gt). Also a jump occurs when Lt hits
the end point bnt of its interval. The location of the process at T; which denotes
the time of the ith jump is selected by a probability distribution Q(-,(nTi_,;Ti_))
so the process has right continuous paths. After a jump, motion resumes as
before.

Davis generalizes this concept by assuming that n, €K (a countable set),
defining d:K-N to be a known function and setting M, to be an open subset of

RA(M) for all nek.



Also define E={(n,{):n€K,{eM_} and E to be a class of measurable subsets of
E consisting of all (n,L)=((n,5):5€L,} such that L is M -Borel measurable. Thus
(E,E) is a Borel space. The process xt=(nt,§t) is now determined by
i) Vector fields X, n€K such that for each {€M, there exists a unique integral

curve ¢, (t,5) satisfying

;‘;mo = Xpf(5p)

where f is a suitable (smooth) function from RI(M) to R Furthermore the integral
curve has to be defined for all t (no explosions).
ii) A measurable function M:E-RT (jump intensity).
iii) A transition measure Q:(ExEUTr*)-~{0,1].

6Mn is the boundary of M, and a*Mn the boundary points through which
integral curves of X, exit from Mp. T* is defined as the union of all M,
(neK) and define also t*(n,§)=inf{t:¢n(t,;)Ga*Mn}. Denote X f(n,-)(§) by Xf(n,t)
and (n,f) by x for convenience.

We suppose that for all x€E there exists €>0 such that the function
s=Mn,$,(s,8)) is integrable for s€0,¢).

A transition measure Q(L,x) is a measurable function of x for all given L€E
and defined for each x€EUTr* as being a probability measure on (E,E).

The process evolves as follows. Define a survivor function F(t) by

¢ .
xp[- Mn,8p(s,8))ds] t<t*(x)
F(t) = {e °
0 t2t*(x)
Select a random variable T, such that Pr(T,>t)=F(t) and an independent E-valued
random variable (N,Z) with distribution Q(-,0,(T,8)). The trajectory of x¢=(ny,§4)
is given by
n,6,(t0))  t<T,
(npgt) =
(N,Z) t=T,
We then start from xp and select the next inter-jump time T,-T, and the next
i

post-jump location x . similarly and so on.
1



We also make one assumption. That is
E{?:I(TiSt)) <o for all t
This impliels T;»= as. as i~
Now look at the associated jump process. We define a filtration Ft=o{xs,s€t}

p(t,L) = & I(xp.€L) and pf =
.St 1 T, st

I(x.€T*). Also define the process
.< 1
1 1

BLL) = [[QULxgMxds + [QLxgdp3
where the second integral is defined in a RiemaEx-Stieltjes fashion (see Chung &
Williams (1983)p.24-25).

Then p(t,L) is the compensator of p(t,L); that is p(t,L)-B(t,L) is an
Fi-martingale (see proposition 4.3 of Davis (1984)).

Davis then proceeds to define and describe the properties of the generator
(an extended version) of a piecewise deterministic Markov process. We will not
give any proofs of results as all can be found in Davis, paper where also
extensions covering local martingales and associated concepts are developed. We
will just give the results (slightly modified as a little weaker versions) that are
going to be applied in this thesis.

The generator A of the process is an operator of functions f:EUr*-R and its
domain contains functions f satisfying the following requirements (see theorem 5.5
of the paper)

(i) For all (n,f)€EUTr* the function t-f(n,$,(t,§)) is absolutely continuous for

t€[0,t*(n,{))
(i) f(x) = J‘Ef(y)Q(dy,x) for xer*

(iii) E{ X ]f(xT_)-f(xT,_)|} < @ (the jumps in f should not be too large!)
T: st 1 1
1

Condition (iii) is weaker than the original condition given in theorem 5.5 of
Davis (1984) and it is trivially satisfied if f is bounded in view of the
assumption made before.

For the functions we wuse in this thesis the first requirement is wusually



trivially satisfied and we will omit the relevant investigation. The second
requirement is always investigated when not meaningless (it is meaningless when
I* is empty). The third requirement is trivially satisfied in most cases either
because the chosen function is bounded or because it is otherwise clear that the
expectation is finite and in such cases we will omit the relevant investigation.
However, when things are not clear then we will explain why the chosen
function satisfies (iii).

Now, the most important fact is that if f belongs to the domain of A, then

t
f - | Af(x.)ds
(xp) - [ Af(xg)
is an Fi-martingale.

The generator A acting on a function f belonging to its domain is given by

AL(x) = XE(X) + €[ IF)-F1Qdy.x))
and if we want to include time t explicitly as a component of our process, then

the augmented generator is given by

Z_tf""t) + X000 + MO IE-F DI, (x,0)
If we manage to find a function f such that Af=0 then f(x;) is an Fi-martingale.

In all applications we will use as ¥, the natural filtration of the probability
space each time and we will use the term martingale refering to a martingale
with respect to the natural filtration.

By now, it should be clear that solving the equation Af=0 for various
circumstances will be important in our thesis. We will solve the equation for
many apparently different models. In most situations this will be the appropriate
equation to solve. However, in some models this could be inadequate and we will
then resort to other equations (e.g. Af(x)=h(x) where h is a known function).

In order to examine some processes we might have to include other processes
in the formulation of our model so as to either make the model Markov or
directly involve quantities of interest in our calculations.

A summary of our technique is the following:



1) We first formulate our model as a piecewise deterministic Markov process
including additional variables as appropriate.

2) We then state the equation Af=0 (or any other suitable equation) and look
for solutions.

3) We find the solutions that will better suit our needs (it is by no means
necessary to find all solutions; other solutions either lead nowhere near what we
seek to find or they lead to the same results).

4) We use the martingale or martingales found to establish results. Of great

importance for this purpose is Doob’s optional stopping theorem.

We conclude our introduction by stating a version of this important theorem.
It is taken from Karlin & Taylor (1975) (p.320)
Theorem Let {X,, t20} be a martingale (with respect to a suitable filtration) and T
a stopping time. If Pr(t<=®) = 1 and E{suplXt|}<°° (uniform integrability) then
E{(X =E{X¢{} and in case X, is given deterministically X =E{X;}. Pr denotes the
restriction of our probability measure on ¥, and E denotes E{- |}'°}.

A stopping time (or optional time or Markov time by some authors) is a
map from Q to [0,®) such that the event {T2t} is F,-measurable for all t. An

equivalent statement is that {T<t} is F;-measurable.



1.1 THE ANDERSEN MODEL

We are visiting in this section the Andersen model which is well known in
insurance mathematics . It is due to Sparre Andersen (1957). This model has also
been examined by Thorin, using a different approach than the one we will adopt
(see Thorin (1982) and all references to the same author given therein). We
assume a company receives premium income at a constant rate c¢. Claims arrive in
terms of a renewal counting process Ny, that is the claim interarrival time
intervals are independent identically distributed random variables. P(y) is assumed
to be their distribution function (y € R'). The claim sizes are independent
identically distributed random variables Yi (i=1,2,.....) which are independent of
the claim arrival process as well. Their distribution function is G(y), (y € R%),
and we also assume that
o(v) = g(V) = [, eVYdG(y)

exists on an interval (0,«) (e=0). The surplus process is
8¢ = Eotct- ;t Y;

where §, is the initi::lcapital of the company. We also assume that
c[p+¥dP() > [, ydG(y)  (net profit condition)

When P(y) = l-¢” Ay (Poisson claim arrival process) we have the classical model.
We will also include in our piecewise deterministic process u., the time
elapsed since the last claim arrived (so u; increases with unit rate till a claim
arrives; then it is set back to 0). We will also assume that P(y) posseses a

derivative (density) p(y) (y € Rh.

Consider the piecewise deterministic process ( 8t Ugs t). Its generator acting
on a function f(§,u,t) belonging to its domain is given by

of aof p(u)

of
ALt = o3+t +P(u)(I,R+f(g-y,o,t)dc(y)-f(;,u,t» (1.L1)

(P(u)=1-P(u))

We will also define T = inf(t : §;<0). If §; > 0 for all t >0 then T== Our



aim is to find expressions involving Pr(T < t) (finite horizon ruin probability) and
Pr(T < «) (infinite horizon problem). We start with a technical lemma.

Lemma 1.1.1 Let P(y), G(y) be probability measures (y € RY), and

o) = g(-v) = [ eVdGly). B(v) = [ eVdP(y)
Asstme  abho 7 e /fofoo;?, s cf(y)-ym 2 Yl

then for all ® >0 there exists a unique vg >0 such that
$(V)p(8+cv) = 1 (1.1.2)
is satisfied.
Furthermore if cf’mydP (y) > IIR"de(Y) (the net profit condition), then for 6 >0
there exists a unique v, >0 that satisfies (1.1.2) as well (¢(vo)ﬁ(cv0) = 1)
Proof

A o . . . . . .
¢(V)p(B+cv) is a convex function of v since its second derivative is

[l e xmey)? VX (Br V4G ) dR(y) >0
so since for v=0 ¢(v)§(e+cv)=f)(e)<l , there exists a unique vg>0 such that (1.1.2)

is satisfied.

For 6=0 ¢>(v)f)(e+cv)=0 at v=0 but the first derivative at 0 is negative by

the net profit condition, so there again exists a unique v, satisfying (1.1.2).

O
We will now find a martingale in order to solve the problem of ruin.
Theorem 1.1.2  Let Leoup as defined; then
exp [(B+cV)uy] o
exp(-vg §¢)exp(-6t) I ex:’fhcvéap(x)dx (1.1.3)
P(u,) Ut

is a martingale for all 820 , where vg is defined by (1.1.2)

Proof

To find a martingale of the form f({;,u;,t) we have to solve

of af of p(u)

o0 o P an T Ut G 00GM-F(Lu0)=0 (1.1.4)




trying a solution of the form e~ Bt - Vgh(u) we get

-6h(u)-cvh(u)+h ' (w)+ % (¢(V)h(0)-h(u))=0 (1.1.5)

and solving (1.1.5)

h(0)exp[(6+cv)u]
P(u)

h(u)= (6 fp(renol (Srevixiaxsi1-eipesonl]  (1.16)

Now for e Vie eth(u) to belong to the domain of the generator we should
make the second term in the brackets in (1.1.6) to vanish, as it will otherwise
violate the - Lu'r‘l requirement for f to belong to the domain of the generator

(see introduction). For that purpose we choose v=vg ;then

h(o);z:))[(9+C\fb)u]¢(ve)‘r:p(x)exp[_ (9+CV6)X]dX (1.1.7)

h(u)<h(0)¢(v) so it is bounded ; therefore in order to verify that

> ) -
E[T.stlf(;ri) f(xTi_)l] <

1

h(u)=

for all t20 , it suffices to show that if Y has distribution function G(y) , then
E[exp(vgY)l<® which is true since ¢(vg) exists. The other requirements are
trivially satisfied, so the theorem has been proved
O
So we can now apply the martingale we found. TAt = min(7,t) is a stopping

time so applying Doob’s optional stopping theorem, (notice that u,=0)

exp[(8+cwp)u J
P(u,)

exp(-vgb,) d)(ve) I:p(x)cxp[- (6+cve)x]dx=
)
E[exp(-Vgl-0T) lug, TStIPr(T<t [u )+
exp [(8+cv)uy] o
E[e xp(-vg {)exp(-8t)p(vg) ——— uexp[-(9+cv9)x] p(x)dx | T >t,u IPr(T>tlu )
P(uy) t

(1.1.8)
Setting 6=0 in (1.1.8) we get

exp(-vobo) #v) [ P(¥IexpL- cvoxIdx /P(ug)=
(o]
E[exp(-vog.r) |T€t,uo]Pr(T <t |uo) +

10



E{exp[-v,&;] ¢(vo)rp(x)exp[- cvyxldx /P(uy) lT>t,u°}Pr(‘r>t|uo) (1.1.9)

u

t
Letting t - = , §y - = as. because of the net profit condition (a direct
application of the strong law of large numbers). So £ = @ on {T==} save on a set

of zero probability and (1.1.9) yields

exP(-o8.0) (Vo) [ PRIEXPL- oV XIdx /P(ug)= E[eXD(-vokp) | T<oipPr(T<e|sp) (1.1.10)
o]

and thus

Pr(T<°°|uo)= exp(-Vgio) ¢(VO)I:§(x)exp[- cV, x]dx /{&’(uo) E[exp(-vogT)|T<°°,u°}7 (1.1.11)
(1.1.11) is the generalization of the formula for the classical model (see
Gerber (1979) p.134, Dassios (1984) p.17)

From (1.1.8) we also get

exp(-v gt o) ~ELNG o) 1 exl- (B+ovgxidx >
P(u,) u,
E[exp(-vg§,-0T) lu,, T<t]Pr(T<thu ) >
exp(-8t)E{exp(-vgip |T$t,u°}Pr(‘rSt | u,) (1.1.12)

for all 8 > 0. So from (1.1.12) we get

exp[(8+cwp)u ]
P(u,)

Pr(TStluo) € inf {exp(Bt-vgl,) ¢(ve)f:p(x)exp[- (8+cvg)xldx} (1.1.13)
620 o

(1.1.13) is rather sharp as the second term in (1.1.8) decreases exponentially
with t. A sharp inequality might be better than many "explicit" formulas
involving inversions of complicated Laplace transforms. This inequality is known
to perform particularly well in the classical case at least for which it has also
been obtained by Gerber (1979) (p.139).

All results and derivations up to this point can also be found in Dassios
(1984) and Dassios & Embrechts (1987); in the latter for a slightly more general
model. The reason for including them in this thesis is that the method used in
the proof of theorem 1.1.2 and the idea of adding a supplementary variable (in
this case the time elapsed since the last claim) will be used extensively

throughout this thesis. The idea of adding a supplementary variable in order to

11



make the process Markov is not new. For a reference see Cox (1955).

We will also look at a new alternative method to solve the problem. We
replace uy, the time elapsed since the last claim, with Vi the time needed for the
next claim to arrive. v¢ decreases with unit rate till it reaches 0; at this time a
claim is assumed to occur, §; moves to gt_+Yi and the post-jump location of \L" is
a random variable independent of the past whose distribution function is P(y).
There is no need for P(y) to posses a density any more and we drop this
assumption. The generator of the piece wise deterministic process ( 8 Voo t)

acting on a function f({,v,t) belonging to its domain is given by

AL(LVY = ok 28O0 (1.1.14)
T Tar 8t av "

The set of boundary points that can be reached via deterministic motion is
Rx{0}xR* and for f to belong to the domain of the generator the following

requirement has to be fulfilled (requirement iii in the introduction):

(50,0 = [ [pif(5-¥:x.0dG(y)dP(x) (1.1.15)

We can now prove the following martingale theorem

Theorem 1.1.3 Let &, vy as defined, 620 and vg as defined by lemma 1.1.1then

exp(-8t)exp(-vglJexp[-(8+cvg)v,] is a martingale
Proof

We try a solution of the form exp[-8t-v{-(8+cv)v] which clearly satisfies
Af=0; it remains to be seen for which v,8 (1.1.15) is satisfied as well. Substituting

into (1.1.15) we get

exp(-et)exp(-ve§)=exp(-9t)‘|‘[R+ W_exp[-ve(!;-y)]exp[-(9+cv9)y]dG(y)dP(x) (1.1.16)
leading to 1 = $(V)p(B+cv) , so v=vyg

exp(-8t)exp(-vgl Jexp[-(8+cvg)v ] trivially satisfies the other requirements for
it to belong to the domain of the generator by applying the same argument as in

theorem 1.1.2 u

12



The martingale obtained in theorem 1.1.3 will lead to results equivalent to
those already obtained as E{exp[-(9+cv)vt]|ut)=E(exp[-(9+cv)(X-ut)]|X>ut} where X

is a random variable with distribution P(y),so

exp [(8+cv)uy] o
E{exp[-(8+cv)vt]|ut} = — I exp[-(8+cvgx]dP(x) (1.1.17)

P(u,) Ut
An advantage of using v, instead of u; is that we do not have to assume a
density for P(y). On the other hand while in most applications u, is observed, \2
is not, making our process somewhat artificial. From a mathematical point of
view using v, is usually easier; yet there might be situations where the equations

involved are impossible to solve. In specific situations we will use either ug or v

depending on the individual circumstances of the problem.

1.2 EXPONENTIALLY INCREASING INCOME

We are now going to examine an insurance model with non linear income of
a specific form. We are assuming that the funds available to the company are
invested yielding a rate of income 8{; where §; represents the funds available at
time t. No premiums are paid. So {; increases deterministically with rate 8Ly;
jumps (claims) occur with Poisson rate ) and the post-jump location is .Y if
Y; € &4 and the process moves to the absorbing state 0 if Y; > {t. - Y; has as
before distribution function G(y) supported on RT. Yi's are independent between
them and of the claim arrival process as well. The generator of the process (5pt)

acting on a function f({,t) belonging to its domain is given by

of of
Af = — + 80 — + )\

£ = 5 o M g E0IGEHOIGE- F(5.0) (1.2.1)

>0 G(y)=1-G(y)

13



A, acting on f(f) (a function of { only) gives

A f(5) = 8LF(L) + X{J'(O g)f(Q-y)dG(y) + £(0)G(%) -Of(c)} (1.2.2)
’ ;>
Notice that we are not required to have f(0+) = f(0) . We will now find a
martingale.

Theorem 1.2.1 Let §; as defined,

1-8(%)

8®)=[ V4G , G- :

*
and G a probability measure such that

jIR e 8YdGH(y) = exp[-(x/s)jz (A}(u)du]
then G*(gt) is a martingale
Proof
To find a martingale we have to solve

8L (L) + X{f f(8-y)dG(y) + £(0)G(L) - £(5)} = 0 (1.2.3)

(0,8)
Applying Laplace transforms on (1.2.3), we get

d A A A A A
'Sd—g‘lif(i)] + ME(E)g(O)+(0)KE)-f(¥)] = 0 (1.2.4)

which can also been written as

d A A A A
qrexpl(v/8)f EG (Wdutf(2)) = (A/8)(0)IG(E)exp[(r /8) ZG(u)du] (1.2.5)

and therefore

E£(8)-£(0) = Kexp[-(x/s)jZG (u)du] (1.2.6)

where K is an arbitrary constant, so

*
f(g) = £f(0) + KG (¢) (1.2.7)
is the solution of (1.2.3) and f(§;) is a martingale and in particular G*(gt) is a
martingale. (As it is bounded it clearly belongs to the domain of the generator)

O

A
exp[-(k/S)IiG(u)dta is the Laplace transform of a probability measure. ( see

Feller (1969) p.441). So G* depends on » and & via (\/8) only and if ()\/8) is
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fairly large (and in practice it is) we can with some justification pretend that it
is an integer and interpret G" as the distribution function of a sum of identically
distributed random variables. Furthermore the Laplace transform of all infinitely
divisible probability measures can be written in this form (see Feller (1969)p.450).

Now to use the martingale we found we must first prove a technical lemma
about the behaviour of §g as t > = We define the process X¢ = go-gte""’t. Xy is
the discounted sum of claims up to time t; that is ¥ Y;exp(-8T;) for all i such
that T;<t, where T; is the time of the ith claim. So the events {£s>0 all s€0,t]}
and {x¢<{,} are identical.

We define T

]

inf{ t : §=0 } (== if {>0 for all 1), so {T>t} is equivalent
to {x¢<8.}
Lemma 122 §, = « on {T==} save on a set of zero probability

Proof
w
{T==} and ({x4<{, all t } are edivalent. But ({x.<{, all t} implies

supx, <L . Since Xy is a random sum whose terms have distributions with no point
’

masses, (because of the T;s), {supx,=0} has zero probability and given T==

supxy<{, with probability one. This means there exists ¢>0 such that Supx,£§ o-€,

S0 X¢$f € for all t , so go-gte‘Stsgo-e for all t and ;tzecf’t 80 Ly = @ with

probability one.

O
We are now ready to use the martingale of theorem 1.1.1
Theorem 1.2.3 Let G* > &4 » T as defined, then
Pr(T < =) = G'(§,) (1.2.8)
Proof
Since G*(;t) is a martingale ,
G (5) = E{ G (47pp)} = O Pr(T<t) + E{ G (£ |T>)Pr(7>t) (1.2.9)
Letting t = « and in view of lemma 1.2.2
G'(ty) = Pr(T==)limG"(¢) = Pr(1=) (1.2.10)
and the theorem is provec%.-m a
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This solves the infinite horizon problem. In particular when claims are
exponentially distributed (dG(y)=ce *Y), we have

_ ) C a)\/ﬁy( )\/8)'1e'ay
[ G M=(e/ )N, 50 Pr(r==)="° e

(Gamma ()\/8) distribution function)

Now to look at the finite horizon problem we will examine the process
g: which behaves as §; up to the point it reaches 0 (if ever). Then 8¢ does not
stop but it continues evolving taking negative values.

The generator of (§; , t) acting on a function f({,t) belonging to its domain

is given by

of

of
Af = 5 88 o+ My TEX0dGO) T E0) (1.2.11)

We now define x: = go-gte'St (§Z=§o) as we did for £ The generator of

(x:,t) acting on f(x,t) is

{ly
af ) }l
Agf = o= + W[ fxrye heftan) (1.2.12)

Theorem 1.24  For all v > 0,

t A
exp(-VX:)exp{)‘J‘o[l-g(ve'ss)ds} is a martingale
Proof

To find a martingale we have to solve
ddy
o + x(]‘ f(x+ye 5t tﬂf(x t)) = 0 ’ (1.2.13)
at A -
We will try a solution of the form e” YXh(t) (v20). (1.2.13) can be written as
e™VXh'(H)+xe VX( [ R Lexp(-vye¥dG(y) - 1)h(t)=0 (1.2.14)
which is equivalent to
h'(t) +Mh(t)[ g(ve ®)-1]1 = 0 (1.2.15)
whose solution is

h(t) = Kexp{) j‘ Z[l-g(ve'SS)as} (1.2.16)

K is an arbitrary constant

16



Since |e' VX|$1 , our solution clearly belongs to the domain of the generator

and the theorem has been proved.

O
We will now use this martingale to solve the finite horizon problem
Theorem 1.2.5 Let g: , T as defined and define a measure G: such that
VY4GHy) = expl-(8)[" g, G (w)d 1217
[t 1) = expl-0/8)[ _g¢ G (wdu] (1.2.17)
then
Pr(t >t) = [ dGy(y) (1.2.18)
[0,8,)
Proof

As we saw before (1>t} and {x:<§0} are equivalent. We define the probability
measure G: by

Pr( x:<§°) = Pr(T >t) = J'[O,Co)

By the martingale in the previous theorem,

dGy(y) (1.2.19)

E{exp(-vx:)cxp{x f 2[1-;(ve'ss)ds}} =1 (1.2.20)

that is

E{exp(-vxt)} = J'[R+e'VYdG:(y) = exp{- XJ':[l-g(ve'ss)ds} = exp[-( )‘/S)L\; -5t (A} (u)du]

(1.2.21)
|

Clearly the mass of G: at zero has measure e . As t » ® we can see by
(1.2.21) that G: tends in distribution to G*, the solutionof the infinite horizon
problem.

The formulas obtained in this section for the ruin probabilities have also
been obtained by Segerdhal (1959) (see also Gerber(1980) p.135) although by a
different method. This model is included in the present thesis as a simple
illustration of a method that is going to be used for more complicated models.The
results themselves are going to be applied as well.

As an example consider the case where dG(y)=ce™® (exponentially distributed
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claim sizes).

J‘we"’ydc’;’(y) =[(etve 8 /(arV)]V8 = [e7Bt + (1-eBho/(ar)]MB  (1.2.22)
This can be interpreted as follows. We pretend )/6 is an integer. Since in
most applications it will be large this 1is fairly reasonable. Suppose
D, Q). e ’XX/S are independent identically distributed random variables with
exponential («) distribution. Also define
. 0 with probability eS¢
X; = i=1,..,\/8 (1.2.23)
X; with probability 1-¢~5t
then G: is the distribution of X +X,+uuennns +XX/8
Now to calculate the ruin probability in general we can again pretend )\/8§

is an integer. Then

exp[-(3/8) L StG(u)du] = {exp[- L StG(u)du] 1M8 (1.2.24)

{exp[-L StG(u)du] } is the Laplace transform of a probability measure

with a mass at 0 and Gt(y) is the distribution function of éZi with Z; being
1

independent identically distributed random variables with

E{exp(-VvZ;)} = exp [- {:;-St G (u)du] (1.2.25)

From (1.2.25) we can see that

E(Zy) = u,(1-¢75Y (1.2.26)

and

Var(Z;) = u,(1-e"28%)/2 (1.2.27)
Ky, i, being the first two moments of the distribution G assuming they exist.
So as a first approximation we can use a central limit theorem

approximation

Pr(t < t) - 9 [L50/8)r,(1-¢)] / [(0/8)u,(1-e728E)% ) (1.2.28)

where ® is the standard normal distribution function
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1.3. GENERALIZATIONS

We will now generalize the model in section 1.2 by allowing its parameters to
be time dependent. Consider the process ;: of section 1.2. The deterministic
motion will not be an exponential increase any more, but B¢ (corresponding to ;:)
will be increasing with variable rate 8(t){; . 5(t) is a positive Riemann integrable
function of t. Also the claim arrival rate is not constant but it varies with time;
it is Xt) a non negative Riemann integrable function of t. The claim sizes
depend on time as well. They have distribution function G(y;t), which is a
distribution function for all t and Riemann integrable with respect to t for all y
( yeR"). Furthermore we will also make the assumption that M\(t) is bounded on
all intervals [0,t;) ; that is no explosions are allowed.

The generator of the generalized process (%, t) acting on a function f({,t)

belonging to its domain is given by

of of
A = 5+ 8O 5=+ MO0 [y FE¥0dG:0) - £G,0) (1.3.1)
We will use a transformed process as we did in the previous section. We

define

Xy = ;o-gtexp{-fss(s)ds} (1.3.2)

So the generator of (xt , t) acting on f(x,t) is given by

of
Af = ; + Mt) IfR+f(x+yexp {-J:B(S)ds},t)dG(y;t)-f(x,t) } (1.3.3)

Theorem 1.3.1 Let x, as defined, then

t A
exp(-vx¢)exp{ IX(u)[l-g(vcxp(- Iuﬁ(s)ds};u)]du} Is a martingale for all v>0
° ° (g(u,t) is the L.T of G(y,t)
Proof

In order to find a martingale we have to solve

af
5+ O f ’R+f(x+yexp{-_[:8(s)ds},t)dG(y;t)-f(x,t) }= 0 (1.3.4)

We will try a solution of the form e  YXh(t) as in the previous section.
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Substituting we get

h'(t) + X(t)h(t)[;(vexp(- j‘:s(s)ds};t N -11=0 (1.3.5)

Solving (1.3.5)

h(t) = Kexp( sz(u)[l-;(vcxp{- f:s(s)ds};u)]du} (1.3.6)

where K is an arbitrary constant. Therefore

exp(-vx, )exp( I:’X(u)[l-g(chp{- J':s(s)ds};u)]du} (1.3.7)

is a martingale

a
As in theorem 1.2.5 we have (by exactly the same derivation)
Pr(t >t) = [ dGy(y) (13.8)
[0,8,)
where
t A
j c'vde’:(y) = exp{-j Mu)[1-g(vexp{- fus(s)ds};u)]du} (1.3.9)
R* o o

To find Pr(r=%) we just have to let t - =,

In practice most examples involve functions of a periodic nature thus
incorporating a seasonal component which is important in insurance (see Beard
et.al. (1984)p.20-21 for a discussion). One should compare these results with
section 2.4 later on.
ig

Another generalization we can make to the model of section 1.2 is to relax
the assumption that the claim arrival process is Poisson. We will now assume that
it is a general renewal process. We define our model as follows. It consists of ¢
and v, the time needed for the next claim to occur. §; is as in section 1.2 with
the exception of the claim interarrival time intervals which are independent
identically distributed random variables, but their distribution function is not
exponential any more. It is assumed to be P(y) (y>0). So vy decreases with unit
rate till it reaches 0 and a claim arrives, while vy takes a new value with

distribution function P(y).
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The generator of the process ({,, v{ , t) acting on f({,v,t) is given by

Af(g,ut) = 6f — +— - — (1.3.10)
For f to belong to the domain of the generator the following condition has

to be satisfied as well

£10.0 = o, [ f(E-¥.v.0dG(y)dP(v) (1.3.11)

We are going to set

Xp = Lo-bye™® (1.3.12)

as before. The generator of (xt » V¢ , t) acting on f(x,v,t) is thus given by

* of of

Af= —-— 1.3.1
at dv (1.3.13)

and for f to belong to its domain the following has to be satisfied.
(0.0 = [, [ f(xtye ™ v,0dG(y)dP(Y) (1.3.14)
To find a martingale we now have to solve
of o _, (1.3.15
8t 8v 315

subject to (1.3.14)
(1.3.15) is satisfied by functions of the form k(x,t+v) and substituting into

(1.3.14) we get

k(x,t) = LR +ij k(x+ye St t+v) dG(y)dP(v) (1.3.16)
In particular if we want to obtain a martingale of the form exp(-vx)h(t+u,)

we should solve

h(t) = g(ve'ﬁt)‘[fR L h(t+v)dP(v) (1.3.17)

Let r = ve'® and m(r) = h(t). Then (1.3.17) becomes

A
m(r) = g(r)_[[R+m(rc'8V)dP(V) (1.3.18)
(1.3.18) can be solved directly in various special cases. The case dP(v)=)‘e')‘v
corresponds to the process in section 1.2. Another case is when dP(v) is

degenerate, at T say. Then (1.3.18) becomes
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m(r) = gr)m(re8T) (13.19)

whose solution is

m(r) =§ o(re-i5T) (1.3.20)

which implies that

h(t) = 1 g(ve-S(t+iT)) (1.3.21)
[o]
Since exp(-vxph(t+v,) is a martingale
E{exp(-vxy) T g(vexp[-6(t+T+v]}) = I g(ve-8(1+1)T) (1.3.22)
v

(we are assumié without any real loss of generality that v,=T). vy is deterministic

and equal to T[t/T]+T-t ([t/T] is the integer part of t/T); therefore

E(exp(-vxt)}§ ;{vexp{-s(iT+T+[t/T]}} = oil'; ;(ve'SiT) (1.3.23)

and hence

T .
[tA ] g(ve ®Ty T
i

E(exp(-vx,)) =
1 0<t<T

(1.3.24)

To solve (1.3.18) in general we will try to find a series solution of the form

° M
m(r) = x—0-r0
o n! .
By differentiating (1.3.18) n times (assuming it can be differentiated; that is

the nt? moment of G exists) we get the recursion

M, = g[;’] g {M;p(i5) (1.3.25)

where i is the i moment of G. This leads to

M, = {ngllf] by M;p(i5) }/{l-;(ns)} (1.3.26)

This means that if all moments of G exist

© M © M
E{exp(-vxt)gi —n—‘n-{vexp{-s(t+vt)}}n} = cg—n’Jl{wxp(-suo)n (1.3.27)

since exp(-vxt)m(ve'St) is a martingale.By (1.3.27) , we have
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* M
lim E{exp(-vx,)} = c)’:Tn-(vexp(-Suo)n (1.3.28)

{

So

Pr(t < ) = I[C w)dQ(Y)
o

where Mjexp(-ndu,) are the moments of Q . Compare these results with those in

section 2.5 later on.

1.4. BORROWING -- ABSOLUTE RUIN

The importance of the model in section 1.2 is not so much its practical value
as is its relation to other more complicated models to which results obtained in
section 1.2 can be applied.

We will now describe such a process. We assume the classical surplus process
in insurance with the added option of borrowing. This problem has been solved
for exponentially distributed claim sizes (see Dassios (1984)p.94 and Dassios &
Embrechts (1987)). The process evolves as follows. When & > 0 we have
deterministic motion of §¢ with constant rate ¢ and claims occur in terms of a
Poisson process with rate ). Claim sizes are independent identically distributed
random variables with distribution function G(y) (y>0). The net profit condition
c>ip, where p, is the first moment of G holds as well. When I becomes
negative we do not assume ruin occurs but the company is allowed to borrow
money instead, paying interest. Suppose the force of interest is 6; that is the rate
of change of §; below 0 is c+8f; Clearly, if {, falls as low as -(c/8) or less,
there is no positive income any more and no way back for the company. We call
this event absolute ruin. We aim to evaluate the infinite horizon probability that

this happens.
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Our piecewise deterministic process consists of §; and n,. n; indicates
whether £, is above or below 0 or even below -(c/6). When §; is negative but
larger than -(c/8), ng=1; when {; is positive or 0 it is n=2. When g, falls to
-(c/8) or below, n,=0 and this is an absorbing state. The generator of the process

(ng , &) acting on a function f,(f) (n=0,1,2) is given by

(c+8L)(8) + N[ £, (§-y)dG(y)+f o(-)G(5+(c/8))-f (L)}

(0,§+(C/8)) -(c/5)<§$0
Af =
cf, () + X{J'(O,Q]fz(g-y)dG(yH j(g’g+(c/s))f,(Q-Y)dG(Y)+fo(-)G(§+(C/§5;2)-fz(§)}
(1.4.1)
We should also have the continuity requirement
limf,(£)=f,(0) = £,(0) (1.4.2)
{10
We will also set f (-) = 0
Theorem 1.4.1 Let L, as defined and
£,(5) £20
£(g) = { £,(8) -(c/8)<L<0 (1.4.3)
0 £<-(c/8)
where f,(8) = h({+(c/8)) and
A l A
h(®) = fp e hiy)dy = —expl-0/5)] Glu)du) (1.4.4)
and
A 1 h(c/8)-(/0) *Phice/s)y) [ e ¥dGy+x)dy
£,(8) = [ e ,(ndy = — - 2 . (1.4.5)
¢ 1 - (Ac)G(E)
then f(;t) is a martingale
Proof
In order to find a martingale we should solve
(c+80) (8) + X (O.g+(o/5y 1 ENICWH,(0) = 0 (1.4.6)
of , (§) + X J’(O’g]fz(c-y)ds(yn ) (tga(ey gy [ EVICH-T (0= 0 (1.4.7)

subject to (1.4.2)

To simplify things we set z={+(c/8) and h(z)=f (). (1.4.6) then becomes
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8zh'(z) +)\{ I(o z)h(z-y)dG(y) - h(z)} = 0 (1.4.8)

This is (1.2.3) of section 1.2 and its solution is h(z) where

A - l E A
h(t) = J'We SYn(y)dy = K——exp[-(1/8) f . G (u)du] (149)
K is an arbitrary constant and without loss of generality we take K =I.
We can now concentrate on solving (1.4.7) which is very much like solving

the classical problem. (1.4.7) can be rewritten as

of, (5) + xcf(o,mfz(c-y)de(y)«« I(§,§+(c /5y PEHE/BAGEIE,(0) = O (1.4.10)
Taking Laplace transforms
IO AOSHAGI G LY (L.L(e/ 5y EHE/BYAGAL = 0 (14.11)

Changing the order of integration

. c/8 .
[t o aeyn HEHE/DAGWIAL = [ Ph(e/8)3) [ et dGyndy  (14.12)

and since f,(0) = h(c/8) by (1.4.2),

h(e/8)-0/) [ “h((e/®9) [ & Gy +0)dy
L - (VeGE)

A 1
£,(0) = [V, (ndy = < (1.4.13)
which is (1.4.5) indeed

a

Theorem 1.4.2.  Let T=inf{t:{; $-(c/8)} (T== if §;>-(c/8) all t) and ¥W§,) = Pr(T<>)

be the probability of ruin with initial capital §,, then

0@ = [ ety mdy =
I (1.4.14)

, h(e/8)-0/0) [ (/8 [ e HXaG(y+dy

" [ [Pty ooy (1 - (*/C)G(i)l/[l'(“‘i/"”]

and if -(c/®)<t, , we then have

8 )
o) = 1 - { h(sore/Nwn/e) / [ Pniey/ommidy ) (1.4.15)

)
h is given by theorem 1.4.1 and 1, is the first moment of G (recall that c>\p,)

Proof
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We must first prove that { - « on {T==} save on a set of zero probability.
Indeed given that T== because of lemma 1.2.2 in section 1.2 there exists t* such
that (o > 0 for all t >t* and then 8¢ behaves like the classical surplus process
(see section 1.1) and £ = @ save on a set of zero probability.

We also need to find lim f,(§)

;-—mo

. a0/ [ Phe/sry)Gdy
lim £,(5) = lim Ef(E) = 0
- {20 1 - Ow/o)

(1.4.16)

Using (1.4.8) we can see that
5 5 ,
1 PhersrnGmay = 63 [ vy (1.4.17)
(from section 1.2 we know that h’' (y) exists)
(1.4.16) & (1.4.17) give us
5 <) )
he/o-8/0)f “yway [ Tey/emynay

lim f,(¢) = = (1.4.18)
L 1 - (\n /c) I - (e /c)

By the usual reasoning f,(§,) = E{f,(§;p))} = E{fz(gt)|T>t}Pr(T>t) and letting

t—hco

1 - (&) = Pr(1==) = [,(5,) / ll_.n; £,(5) (1.4.19)
Now, if Azb(i) is the Laplace transformg of (L) , by (1.45) & (1.4.18) , (1.4.14)
follows.
If, however, we start with negative capital {,< 0 (but larger than -(c/8)),then
by (1.4.3) and (1.4.18) , (1.4.15) follows
a
Furthermore using (1.4.16) we can obtain the asymptotic behaviour of ¥(§,)
for large {, in the same line of argument as Cramer (1930) did for the classical
model (see also Buhlman (1970) p.149-151 and Feller (1969) p.377). Assume G is
such that there exists « > 0 so that
_|"R LeVYdG(y) < v € [0,0)
Then since c>\p, there exists p > 0 such that (X/c)a(-p) = 1 and in line with

Cramer’s argument $({,) ~ Lexp(-p{,). Of course L is not the same as the

26



constant evaluated by Cramer for the classical model; indeed it is much smaller.

We let ¥(5,) = k(E,)exp(-pt,), then ﬁ(g) = tlﬁ(t-p) and therefore

limk(§) = lim§;<(§) =
g—»eo §10

h(e/8)-0/0) [ hi(e/8)n) [ e Xy +mdy

lim[(¢+p)/E1| I - = : (1.4.20)
Ei-p foﬁ/ )[1-(8y/0)h(y)]dy[l - (Me)G(8)1/[1-(M, /)]
and since
lin(l)tl-(x/c)c(a-p)l / & = -(\/c)G ' (-p) (14.21)
Bl
h(c/8)-(\/c)| *Phi(c/8)y) [ e tXdG(y+x)dy
L = limk(f) = (1/p)|1 - 75 o R (1.4.22)
g (/o) 7 sy /eIy [ yePYGly)dy / [ 1Ok, /0)]

1.5 THE CLASSICAL MODEL WITH INVESTMENT

We will now consider a model m.iXx.ing the characteristics of the classical
model and the one described in section 1.2 . We assume that the company receives
an income due to premiums with a constant rate c. In addition to that the funds
available to the company are again invested yielding a rate of income 8L So
the total income rate is c+6L;. The process of the claims is as before; Poisson
arrivals with rate )\ and independent identically distributed claim sizes with
distribution function G(y) (y>0). When {, goes negative then we assume it reaches
the absorbing state 0 and it ceases to evolve. The generator of §; acting on a

function f({) belonging to its domain is given by

Af = (c+80)f'(L) + )\{J‘(O g)f(E-Y)dG(Y) + £(0)G(%) -Of(E)} (1.5.1)
) §>

(note that f(0+) # f(0) in general)
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Now before actually solving the problem of ruin as in the previous sections
we can first try to find a shortcut. Indeed z, = §+(c/8) is the same as the
process in section 1.2 as long as z; 2> (c/8). Recall that f(z;) is a martingale

where

£(z) = | (O'Z)dG*(y) and J'!R+e'§de*(y) = exp{-()/5) J:(A;(u)du}
Now let T*= inf{t: §¢ <0} = inf{t: z, < c¢/8), then applying the usual
argument
f(zy) = E{f(z.r*)| T*<2)Pr(T*<®) + Pr(T*=%) (1.5.2)
(limf(z)=1 and z~* by lemma 1.1.2)
So
1-f(z,)

Pr(T* < ®) = (1.5.3)
1-E(f (zg#) | T*<=)

and therefore

1-£(§,+(c/8))
Pr(T* < ) = (1.5.4)
1-E{f((c/8)+L7+ |T*<}

Usually the size of one particular claim would be small compared to ¢/, so
applying a no overshoot approximation the probability of ruin in the infinite

horizon is approximately
) 4 | *
(§0+(c/8)’w)dG )/ Jess),=dG (v) (1.5.5)

This is more or less satisfactory for large {, However, it is not applicable
for small {, For example for {,=0 (1.5.5) gives the value 1 which is useless
result (although it might be very near to 1). So ther is some scope in trying to
find an exact formula.

Theorem 1.5.1 Let £(t) be such that

£ = [ e 8% emdx = (1/8)] (e/8)exp(-(c/8)xlexp((1/8) [ Glu+E)du}dx
R o 0 (1.5.6)
then (&) is a martingale

Proof
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To find a martingale we have to solve

(c+8E)f'(5) + x{I(O 0

Without loss of generality we set f(0)=0 and we try

f(8-y)dG(y) + £(0)G(E) - £(8)} = 0 (1.5.7)

f©) = [*hy)dy + £(04)

Integrating by parts

J0,0){EVGW) = FONGLE) - Jﬁh(;-y)c(y)dy (1.5.8)

so we have to solve

(c+85)h(E) +ME(0+)G(Y) - Jih(E-y)G(Y)dy} =0 (1.5.9)

Taking Laplace transforms

ch(c)-sg-glh(ﬁ)] = Mh(§) G(§)-M(0+) G(§) (1.5.10)
The only solution of (1.5.10) that can be a Laplace transform is
h(g) = £(0+)exp((ct/8)( x/S)foG(u)du}j(x/s) exp(-(c/8)x)exp((1/5) | Glu)du) Gx)dx
3

(L5.11)
which can be rewritten as (we also integrate by parts)

h(¢) = £(0+) J':(c/s)cxp{-(c/s)x}exp{(X/S)I:(A;(u+§)du}dx (1.5.12)
SO
£(8) = £O+X1/D)_(e/8)exp(-(c/5)x)exp((3/8)[ Glu+E)du)dx (15.13)

f clearly belongs to the domain of the generator since it is continuous and

B0, = [P £(5-v0dG()- £(5,)

at all claim times which is finite by (1.5.7)

So

limf(g) = f(0+)+j':h’(y)dy

g—aco

I:(c/S)exp{-(c/ 8)x}exp{(»/ S)J':(Ai(u)du}dx (1.5.14)

and reasoning as before
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YLo) = 1 - £(5,)/1imf(E) (1.5.15)

and in particular :
- X A -1
o) = 1 - [J'o(c/s)exp{-(c/S)x}exp{(x/s) [ oG(u)du}dx] (1.5.16)
(1.5.16) can also be used as a correction factor in approximation (1.5.5) for
numerical calculations.
When claims are exponentially distributed an explicit and direct formula can

be obtained (see Dassios (1984)p.35)

1.6 CONTINUOUS PATH MODELS

In this section we will deal with insurance arrangments where the claims
made are not to be paid instantanecously but in a continuous rate over a certain
time period. For example suppose a person is insured against illness paying
premiums with a constant rate and when ill receiving benefit with a constant
rate as well.

Very little work has been done on models of this kind. It can usually be
found in insurance literature concerning specific examples such as the one
mentioned later in this section.

Suppose the income rate of the company is ¢ and when paying it pays out
benefits with rate a , making its income c-a (which has to be negative, to make
senge for the insured). Time spans without illness and durations of illnesses are
independent and independent between them random variables with distribution

functions Pi(y) and P,(y) (y>0) respectively. P, is such that there exists «>0 s.t.
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i [R+epydP2(y) < for p € [0,0)

Our piecewise deterministic process consists of Lt (capital surplus), n, (state
of illness (n; = 2) or non illness (ng = 1)), v¢ the time needed for a transition
from one state to another to occur and finally time t. Again we will use the
time needed for the next jump rather than the time elapsed since the last to
cater for point masses in P, and P,. The generator of the process acting on a

function f(n,{,v,t) belonging to its domain is given by

caf(l,g,v,t) i af(1,L,v,t) . of(1,g,v,t)
at ov at
Af = (1.6.1)
(c-2) of(2,L,v,t) ) of(2,g,v,t) . of(2,L,v,t)
ag v ot
In addition, for f to belong to the domain of the generator the following

conditions have to be satisfied
£(1,6,0,0 = [ f2,8V.0dP,(v) (1.6.2)

£2,86,0.0 = [, f(1,Lv.0dP (V) (1.6.3)
We start by proving an anlytical lemma

Lemma 1.6.1 For all 8 > 0 ther exists a unique vg > 0 such that

p,(cv+8)p,(8-(a-c)v) = 1 (1.6.4)
is satisfied, where

p;(v) = [ s AP i=1,2

Furthermore, provided

c ‘R+ydP1(y) > (a-c)fm+ydP2(y) (net profit condition) (1.6.5)
there exists v, > 0 satisfying (1.6.4); that is

61(0\’0)62('(3'0)\)0) = 1 (1.66)

Proof

f)i(cv+9)62(e-(a-c)v) is a convex function of v since its second derivative with
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respect to Vv is

| o m+[cx-(a-c)y]2e'(°"+e)x'[e'(a'c)"]ydP(x)sz(y) >0
and since p,(c v+8) b ,(8-(a <)v) = D,(8)p,(8) < 1 at v = 0 the first part of the
lemma follows. By (1.6.5) the first derivative is negative at v = 0 is negative and

the rest of the lemma follows as well.

Theorem 1.6.2 Let f g be such that

exp(-vgi)exp(-8t)exp{-(cvg+8)v}) n=1
fg(n,g,v,t) = N (1.6.7)
exp(-vegt)exp(-et)exp{[(a-c)ve-B]v}p1(cve+e) n=2
then fg(ng,0,v¢,t) is a martingale for all 8 2 0

Proof

In order to find a martingale we should solve

af(l’g’VSt) af(l9§’v7t) af(ISE,v’t)
c - + =0

ag ov ot (1.68)

af(2,8,v,t) <'5f(2,§,v,t)+ af(2,8,v,t)
ag av at

subject to (1.6.2) and (1.6.3)

(c-a) =0 (1.6.9)
We try a solution of the form e Ote- vghn(v). (1.6.8) gives h'(v)=-(cv+8)h (v)
and therefore

h,(v) = K e (cv+O)v (1.6.10)
(K, a constant)

Similarly by (1.6.9)

h'(v) = K,el(c-a)v+] (1.6.11)
(K, a constant)

Now (1.6.2) gives
K, = K,p,(6-(a-c)v) (1.6.12)
and (1.6.3) gives

K, = K,p,(cv+0) (1.6.13)

2
(1.6.12) & (1.6.13) combine to give us (1.6.4), so we choose v = vg and therefore

fe(nt,gt,vt,t) is a martingale since it satisfies (1.6.8),(1.6.9),(1.6.2) and (1.6.3). By
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reasoning as in theorem 1.1.2 of section 1.1, it belongs to the domain of the

generator.

If §,,v, are the initial values of {4,vi and ny=1 , letting TEinf{t:§t<0}

exp(-vgl)E{exp[-(cvg+O)v ]} = E{e‘eTcxp[ [(a-c)vg-8lvy ]’f)i(cv9+6)|TSt}Pr(TSt) +
A n,-1
e’etE{exp(-veQT)exp[-(2-nt)(cve+9)vt][exp[[(a-c)ve-e]vt]p (cvg+8)] t |T>t}Pr(T>t)
(1.6.14)
Letting t = « in (1.6.15) (for 8=0 we need that £y = © as., but this is once
again ensured by the net profit condition and the strong law of large numbers)
E{e'erexp[[(a-c)ve-e]v.r]|T<°°}Pr('r<°°) = exp(-vgl )E{exp[-(cvg+B)v ]} / Si(cve+9)
(1.6.15)
and letting 6 = 0 in (1.6.15)
Pr( T < @) = exp(-v,§o)E(exp(- vy o)} / Elexpl(a-c)vovyl|T<=}p,(cvy)  (1.6.16)

Furthermore we can find as in section 1.1 an inequality for the finite

horizon problem. Leaving out the second term in the right hand side of (1.6.14)

exp(-vgl ) E{expl-(cvg+8)v ]} > Efe¥Texp[ [(a-c)vg-8]v, b, (cvg+8) | T<t)Pr(z<t)

> ¢ 8 Eexp] [(a-c)vg-8]vy b, (cvg+8) | T<)Pr(T<1)
> ¢8 B (cvg+0) Pr(Tst) (1.6.17)

and from (1.6.17) we get

P(T < t) < inf (e®t exp(-vgl )E(expl-(cvg+8)v D} / B, (cvg+6)) (1.6.18)
To illustrate thte::g results we will consider the following example (Ramsay
(1984)). When the insured person is healthy illness occurs with a Poisson rate \;
the person gets healthy again with a Poisson rate p. However, he does not receive
benefit immediately after he gets ill but only after a fixed time T has elapsed
and he has not recovered. When he does recover, benefit ceases. In this example

we have dP,(v) = pe®V and P, is such that

p,(8) = G+ /OE)] /[ 1 - D/O+DIA-eET) (1.6.19)

(1.6.11) gives (after some algebraic manipulations)
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(cv9+9+)\e"‘T)[u+9-(a-c)v9] = \pexp[-(cvg+68+u)T] (1.6.20)

and for 8 = 0

(cv0+Xe"‘T)[u-(a-c)v0] = pexp[-(cv +i)T] (1.6.21)
Now, we assume that the person is healthy initially and that ug is
exponential (). Because of the memoryless property of the exponential vp is

independent of T and exponentially (p) distributed. Hence (1.6.16) gives

Pr(T < <) = [N/ (Mevy)lexp(-vgt,) (1.6.22)
and the relevant inequality for the finite horizon problem follows too (we omit

details).

We now consider other income rates dependent on [ Consider a process with
two states 1 and 2. The process changes from 1 to 2 with Poisson rate )\ and
from 2 to 1 with rate . Income rate is c,(§¢) when at 1 and cz(gt) when at 2.
¢, and c, are Riemann integrable functions (there is no requirement for them to
be either positive or negative; they can even change signs). The generator of the
piecewise deterministic process (n.§,) acting on a function f ({) is given by

¢, (DF(8) + Mf,(8)-f,(§)} n=1
Af = ' (1.6.23)
C, (), (8) + u{f,(5)-f,(5)} n=2

and in order to find a martingale we should solve

¢ (B () + ME,(0)-f,(§)} =0 (1.6.24)
c,(DF5(8) + mf (5)-F,(5)} = 0 (1.6.25)
The solution of the system (1.6.24), (1.6.25) is given by
5 X X
f,00) = Kf (x/ci(x))exp{xjedy/ci(y) + uf Ldy/e,(¥) Jdx (1.6.26)
€ i 2
g X X
£,(0) = KI (/e Vexp0 [Tdy/e,(y) + uf7dy/e,(y) Jx (16.27)
€ i 2

K, €, €,, €, are arbitrary constants.

1> -2
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An application can be c,(f) = c+8f , ¢,(f) = c+8f-a ; that is the model at
the beginning of the section with P ,P, exponential and interest included. One
should observe that if §; reaches (a-c)/8, ruin can not occur any more. SO we see
that the probability of ruin is just the probability that £y reaches 0 before

(a-c)/6. By (1.6.26) and (1.6.27), f(nt,gt) is a martingale where f(n,0)=f,(£) and

£.0) = [Fovee/sx0/8(a-o/s10 0 Dax (1.6.28)
£, = i(u/s)[(C/S)H](V ® ([(a-c)/81-x)(H/ ®)-1dx (1.6.29)
Let T = inf{t: {{=0 or {;=(a-c)/8}) (1.6.30)

Clearly T* is a stopping time so

fi(go) = E{f(n-rihg-r*)} (1.6.31)
(we are assuming n, = 1)
If {z# = 0 then npx = 2 and if {;* = (a-c)/8 then Nox = 1
Therefore, by (1.6.31)
£,(50) = £,(0)Pr({r3=0)+f ((a-c)/8)Pr(Lpr=(a-c)/8) = f,((a-c)/8)Pr(L 4=(a-c)/s)

(1.6.32)
so the probability of ruin is

1 - Pr(Lpa=(a-c)/8) = 1 -[f (§,)/f ((a-c)/8)] (1.6.33)

which is

J‘zo(\/ﬁ)[(C/S)ﬂ](VS)'l{[(a-c)/g,]_x}(u/‘a)dx

(1.6.34)

JEO® o1er8 OO a-ey /81 Dax
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CHAPTER 2

QUEUES & RELATED MODELS

Queues and related models are of supreme importance in the theory of
stochastic processes as well as in practical applications. Applications include a
wide range of fields such as hydrology (e.g rainfall models, see Cox & Isham
(1986)) to computer networks. Inventories and storage systems are models related
to queues too. The shot noise process and some variations of it will also be dealt
with in this chapter. Also there is an apparent duality with insurance processes,
as it will be evident by the properties of the processes and the results found.
Martingale methods have been wused in association with these processes (e.g
Rosenkrantz (1981)) but have so far been applied to diffusion models mainly. The
piecewise deterministic processes approach seems well equijed to be used in
queues and storage models not containing a diffusion element. So we are going to
examine the properties of these processes in a new way, finding some new results

in the process of doing so.

2.1 THE G/G/1 QUEUE

A complicated model known for a long time is the G/G/1 queue. It consists
of one server and customers arrive in terms of a renewal process and have
service requirements which are independent identically distributed random
variables. the model is so complicated that we can not even find a simple
expression for the expected busy period in terms of the system parameters.
Spectral theory is wusually the way to treat this process analytically (see

Kleinrock (1975) p.273)
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We will provide an alternative in this section. Furthermore we will see
various different ways to use piecewise deterministic processes theory which are
going to be useful in analyzing other models later on. The time a customer that
will just arrive will have to wait till starting to be served is called the virtual
waiting time. We define the virtual waiting time process x; as follows. As long as
xt>0 the process decreases linearly with unit rate and at times T; (i=1,2,.....) X¢
jumps to X=X +Y; Ty T are independent identically distributed random
variables with distribution function P(y) (y>0) and the Y;s are independent
identically distributed random variables and independent of the arrival process as
well. Their distribution function is G(y) (y>0). Furthermore the first moments of
P and G exist, are p, and p, respectively and

By < Py (2.1.1)
When x; reaches 0 (and it does so infinitely often because of (2.1.1)) X¢

ceases to decrease and remains at O till the next jump occurs (queue idle).

We define the piecewise deterministic process (nt,xt,vt,t) as follows. ng is an
index process taking the values 0 and 1. As long as n=1 x; and v (the time
needed for the next jump to occur) decrease linearly with unit rate. When Vi
reaches 0, n; stays at 1, x;, moves to X +Y; where Y; has distribution function
G(y) and the post jump location of v, has distribution function P(y). When X¢
reaches O, n; moves to 0 and as long as nt=0, xt=0 while v, decreases as before;
when Vi reaches 0O ng moves back to 1, X¢ to a post jump location with
distribution function G(y) and v¢ the same with P(y). So v¢ is the remaining
lifetime process associated with the renewal process of arrivals and n, indicates
whether the queue is busy(l) or idle(0). The generator of the piecewise
deterministic process (“t’xt’vt’t) acting on a function f(n,x,v,t) belonging to its
domain is given by

d 3 ]
—f(l,x,v,t) - —f(1,x,v,t) - —f(1,x,v,t) n=1
t X av

Af(n,x,v,t) = (2.1.2)

_f0903at'_f’39 =
at( v,t) av(00vt) n=0

For f to belong to the domain of A the following have to be satisfied
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£(1,0,v,t) = £(0,0,v,t) (2.1.3)

f(i,x,0,t) = f(1,x+y,v,t)dG(y)dP(v) (2.1.49)
J R* I R (i=0,1)
The somewhat complicated state space is {0}xRTU {1}xRtxR*.

Using (2.1.3) we can suppress dependence on n and write f(l,x,v,t) as f(x,v,t)

and f(0,0,v,t) as f(0,v,t) with

of of of
— - - = x>0
A*f(x,v,t) = ot ox dv
of of 0 (2.1.5)
at  av *=
and the condition to be observed is
[0, = [ [ f(x+y,v.0dG(n)dP) (2.1.6)

We will now set on to prove results about the G/G/1 queue.

Theorem 2.1.1 The long run average proportion of time the queue is idle is

1-(r,/p,). That is

[tPr(xg=0)ds
lim=——— =1 - (&,/p,)

toe t
Proof

Consider the process
t
zy = J‘o I(xg=0)ds

(I is the indicator function)
then the augmented generator B acting on a function f(z,x,u,t) is given by

of of aof 0
— - — - — X
3 ox ov g

Bf(z,x,v,t) = (2.1.7)
of . of of 0
- = . = x=
9z ot ov

and (2.1.6) becomes
£zx,0t) = [1 [ f2x+y,v,.0dGE)dP(Y) (2.1.8)
So, in order to find a martingale we should solve Bf(zx,v,t) = 0 (2.1.9)

subject to (2.1.8).

We try a solution of the form z-Kt+h(x,v); (2.1.9) becomes
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ah b
K-2.59_, 2.1.10
9x v ( )

1 .x. & =0 2.1.11)
v |x=0

(2.1.8) becomes

h(x,0) = [, fp h(x+y,1)dG(y)AP(Y) (2.1.12)
h(x,¥) = -x+(1-K)v satisfies (2.1.10) & (2.1.11) and then (2.1.12) is satisfied if

and only if

x = IW J"R_lj-x-y+(l-K)v]dG(y)dP(v) (2.1.13)
which is equivalent to

-u, + (1I-K)p, =0 (2.1.14)
that is

K=1-(u/p) (2.1.15)
Thus

zt - [l'(ﬂi/Pi)]t - xt + (ﬂi/Pi)Vt
is a martingale and therefore

E{zt} = [1'(u1/p1)]t = E{xt} + E{(ui/pi)vt} = - E{xo} + E((u'i/pi)vo} (2-1°16)

and dividing by t and letting t-= (E{v{}<E{vp)=p, where T is the time of the

last jump).
. E{z;}
lim —{tf— =1 - (n,/p,) (2.1.17)
too

But

E(z,) = E{ J'il(xs=0)ds} = | toE{I(xs=0)}ds = J‘:)Pr(xs=0)ds
and therefore
t
IoPr(xs=0)ds

lim =1 - (1,/p,) (2.1.18)
toe t

O

So we have obtained a well known result (see for example Cohen (1969)
p.290-291) in a new way, via piecewise deterministic processes. Note that theorem
2.1.1 gives us the asymptotic (stationary) probability that the queue is idle, should

such a limit exist.
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We will now try to find an expression related to the Laplace transform of
the distribution of X¢-

Theorem 2.1.2  Suppose there exists >0 such that

[peeYaPB) < = for v € [0

Also suppose v>0 and B(v) is defined by g(v)ﬁ(-B(v)) 1 (g, 6 are the Laplace

It

transforms of G, P respectively). Then

E{exp(-vx)exp[B( v)v,]} - E{exp(-vx Jexp[B( V)v J}

t t

IO[V-B(V)]E{exp(-vxs)exp[B( V)vgll(xs>0)}ds - J'OB(V)E(exp[B(v)vs]I(xs=0)}ds (2.1.19)

Proof |
e~ VXeB(V V gatisfies (2.1.6) so it belongs to the domain of the generator A*

given by (2.1.5). Applying A* we get

[v-B(v)]e VXeBMVV x50

A*eVXeBVIV] o { (2.1.20)

-B(v)eBMV x=0
and since for f(x,v) belonging to the domain of A*
f(xpVvy) - th*f(xs,vs)ds
(o]

is a martingale,so
exp(-vx,)exp[B(V)v ]- I Z[V-B(v)]exp(-vxs)exp[B( Vv II(xg>0)ds+ J':)B(v)cxp[ B(V)vgIl(x=0)ds
is a martingale. @121

Applying expectations to (2.1.21) and because the integrants of the integrals
are non negative, expectations and integral signs are interchangeable and (2.1.19)
is obtained.

O

In theorem 2.1.2 we obtained an equation relating aspects of the joint
distribution of x, and v, (and n; for that matter). In specific examples this could
lead to more simple and explicit results.

An example could be the M/G/l queue (see Cohen (1969) p.249-258). That is
dP(v)=)\e')‘Vdv. Theorem 2.1.2 can be applied as follows. vy and x, are

independent in this case and ve is exponentially distributed with parameter );
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also B(v) = X[l-g(v)] and thus
E{exp[B(V)v]} = M[M-B(V)] = 1/g(V)
so (2.1.19) gives
E{exp(-vxy)}-E{exp(-vxy)} = | :){v-X[l-@(v)]}E{exp(-vxs)I(xQ~0))ds- [ ZX[I-Q(V)]Pr(xS=O)ds
Now, E{exp(-vx,)} is differentiable with respect to t since if x >e (2122
E{exp(-vx, ) |Xg} = expl-V(xg-e)le ™ € + (1-e2)E(eVY)
where Y is an appropriate random variable, and for X¢<€
E{exp(-vXy, o) |X¢} = (1-e" 2 )E(e"VY}
By letting €10 we see that a right derivative exists (similarly for the left
derivative). So differentiating (2.1.22)
d—E{ exp(-vxt)I(xt)O)}+d—Pr(xt=0) = {v-X[l-@(v)]}E{exp(-th)I(xt‘>O)}- )‘[l-/g\(v)]Pr(xt=0)
dt dt (2.1.23)

which is a rather more explicit form and if X¢ is stationary; that is the

derivatives in (2.1.23) are zero, we see that the stationary distribution is such

that
N [1-8(V)]
E{exp(-vx)I(x70)} = ————Pr(x,=0) (2.1.24)
1-\[1-g(V)]
and setting v=0 in (2.1.24)
AL
Pr(x(>0) = ———Pr(x;=0) (2.1.25)
1-2p,
)
Pr(xt=0) =1 -\ (2.1.26)
and
A [1-g(V)]

E{exp(-vx)I(x 0)) = (1-3,) (2.1.27)

1-M[1-g(V)]

We will now proceed to examine other aspects of the process. Once again, we

start with a technical lemma.

Lemma 2.1.3 Assume that there exist .0 and >0 such that
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[peeVYaPO) < = for v €[0N) and [ eVdGy) < = for v € [0,0)
Then for 0820 the equation
8(V)B(8-v) = 1 (2.1.28)
has exactly two real roots vg, and vg, such that vg,20 and vg,<0
Proof
At v=0, g(v)p(8-v)=p(8)<l if 8>0; so for B>0 it is sufficient to show that it is

convex. Indeed its second derivative is

J‘IR+I’R+(V-y)zc'(e'v)v'vydP(v)dG(y) >0
Even for 6=0, it is convex. v=0 is one root and since its first derivative at 0

is p,-p, which is positive, the other root is negative.

O
Theorem 2.1.4 Let G(y) and P(y) as in lemma 2.1.3. Then
ve1e'etexp(-vezxt)exp[(vez-e)vt] - veze‘etexp(-ve1xt)exp[(v91-9)vt]
is a martingale.
Proof
A function of the form e ®te VXeBY gatisfies
a—f gf- or 0 (2.1.29)
8 o8x 8v T

if and only if v-B-6=0; that is B=v-6. Also (2.1.6) is satisfied if (2.1.28) is
satisfied and so v can only take the values vg, and vg,. So (2.1.6) and (2.1.29)
are satisfied by any linear combination of e‘etcxp(-veix)exp[(vei-e)v] and

e’etexp(-vezx)exp[(vez-e)v] and for

ar o
8t 1x=0 avlx=0 )
to be satisfied , we should take
-8

L{vg,e texp(-vezx)exp[(vez-e)v] + veze‘etexp(-ve1x)exp[(vei-e)v]}

where L is an arbitrary constant and the theorem has been proved.
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So this leads to the following result concerning the time needed for X to

cross a fixed level b.

Corollary 2.1.5 Suppose G(y) and P(y) are as in lemma 2.1.3. Assume X, <b where

b is a fixed level and define T =inf{t: x;2b}). Then

E(exp(-6T,)[-(vVg,/8(Vg,))exp(-vg X7 JHVg ,/8(vg)exp(-vg XD =

(2.1.30)
E{-vg, exp(-vg,xJexp[(vg-8)v ] +vg, exp(-vg, X Jexp[(vg,-6)v,] ]

Proof
Clearly Pr(7,<®) = 1 (consider the first time a jump of size larger than b
occurs; if this is not feasible consider the first time a sequence of jumps with
"net" size larger than b occurs; as "net" size we understand the sum of their sizes
minus any deterministic decrease that took place between them). So T, is a
stopping time and applying Doob’s optional stopping theorem (2.1.30) follows in
view of the fact that at t=T, v, has distribution function P(v) and is independent
of T, and the then value of X¢s SO its moment generating function valued at v-0
is D(8-v)=1/8(V).
O
This is a new result in the senge that it can not be found in the standard
literature. It is a generalization of the result by Kennedy (1984) for the M/G/I
queue.
Using (2.1.30) we can find an approximate expression for the Laplace
transform of the distribution of T, by applying a no overshoot approximation as

Kennedy does.

E{-vg, exp(-vg xJexp[(vg-8)v ] +vg, exp(-vg,x Jexp[(vg,-8)v,] }

E(exp(-6T,)} = - ~
[-(vg,/8(vg,))exp(-vg b) + (vg,/8(vg,))exp(-vg,b)] 2131)

A case where (2.1.30) leads to an exact formula is the G/M/1 queue. (II; .this
case dG(y) = oe"®dy; at t=T, x-b has exponential («) distribution and is
independent of T, because of the memoryless property of the exponential. All

these lead to the expression
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E{-vg, exp(-vg, x Jexpl(vg,-8)v,] +vg, exp(-vg,x Jexp[(Vg,-€)v,] ]

E{exp(-6T})} =
{-[vg,(atvg,)/(etvg )] exp(-vg, b)+[ vg,(axtvg,)/(atvg,)] exp(-vg,b)]

(2.1.32)
To find an expression for the Laplace transform of the distribution of the

time needed for Xy to cross a fixed level b starting from x,>b, is a rather
easier task since we can ignore the behaviour of the process below b and in
particular at 0. Consider the process x’t" which behaves exactly as x; till it
reaches 0 for the first time and then continues to decrease with unit rate till the
next jump occurs etc. In fact -x{ is the insurance surplus process in section 1.1.
Clearly for 0s<t<t® ( TP=inf{t: x,=b) ) we have x}=x,. The generator of (x}.vpt)

acting on a function f(x,v,t) is given by

o o o (130
8t dx av o
with the condition for f to belong to the domain of the generator
(0.0 = [p [ fCcty,v,0dG(y)dP(Y) (2.1.35)

but with no conditions at x=0 this time. So going back to the proof of theorem

2.14 e‘etexp(-veix)exp[(vei-e)v] can be admitted as a solution of

of of of

at dx v
satisfying (2.1.35) where vg, is the non negative root of G(e-v)'é(v) = 1, so

e-Btexp(-vg,x}) expl(vg,-0)v,] (2.1.36)
is a martingale and applying Doob’s optional stopping theorem
E{exp[-e(‘rb/\t)]cxp(-ve1x3‘.b/\t)exp[(v9i-G)VTbAt]}= E{ exp(-vg,x¥) exp[(vg,-6)v,] 22 )

1.37
This leads to

Theorem 2.1.6 Let x,>b and TP as defined, then

E{exp(-8T°)exp[(vg,-8)v{b]} = exp(vg,b)E{ exp(-vg,x¥) exp[(vg,-0)v,]}

(2.1.38)
Proof

(2.1.38) is a direct consequence of (2.1.37). Indeed, (2.1.37) gives
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E{exp(-8TP)exp(-vg, x¥b) exp[(vg,-6)vb] |rbst}Pr(rbst) +
E{e'etexp(-veix’t") expl(vg,-6)v] |7b>t}Pr('rb>t) = E{ exp(-vg,x¥%) exp[(vg,-0)v,]}
and letting t-« and in view of the fact that x?b =, (2.1.38) follows.
0
An example where (2.1.31) leads to an exact result is the M/G/1 queue where
dP(v)=Xe')‘Vdv; then v b is exponentially ()\) distributed and therefore
E{exp(-87P)} = [(M+8-vg,)/\] exp(vg,b)E{ exp(-vg,x*) exp[(vg,-8)v,] }(2 139)

Finally we will generalize theorem 2.1.1 and find the asymptotic behaviour

of the higher cumiulants of

t
z; = I I(xg=0)ds
0
We have already seen that
E{z()
Iim

to t
by theorem 2.1.1. We extend it as follows

=1-(n,/py)

Theorem 2.1.7 Let 7 € [0,a) (e>0) and 8 be the unique positive solution of

8(-7p(r-9) = 1 (2.1.40)
(0f course we assume §(-7) exists on [0,a) ). Then

cxp(-7zt)e9texp(7xt)cxp[-(“/-9)vt] (2.1.41)
is a martingale.
Proof

Recall that the generator of (24X, Vot) is given by

of ar of
a - 'a—x' - 'a—v x>0
Bf(z,x,v,t) = (2.1.42)
o o
0z ot ov

with f being continuous at x=0 and the requirement

fzx00) = [, [0 fEx+y.v,0dG(y)dP(Y) (2.1.43)
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e V2e9eYXe~(7-8)V satisfies Bf = 0 and is continuous at x=0. (2.1.43) has to be

satisfied as well, so we get

e 72e8te7x - J‘IR +IIR +e‘7zeete7(x+3’)e’(7'e)VdG(y)dP(v) (2.1.44)

which is equivalent to (2.1.40) and the theorem has been proved.

By theorem 2.17 we have that
E{exp(-7z,) exp(7xp)expl-(7-8)v,]) = ¢ %t E{exp(-7zo) exp(7x Jexpl-(7-8)v ) (2.1.45)
and asymptotically
-log{E{exp(-7zy) exp(Yxy)exp[-(7-8)v(l}} ~ 6t (2.1.46)
Now, notice that exp(‘)’xt)exp[(e-’)')vt] has finite expectation which does not grow

with t, so (2.1.46) leads to

-log{E(exp(-yz,)} ~ 6t w,,LI (2.1.47)
|

By differentiating n times and setting y=0 we get the asymptotic behaviour
of the nth cuv:ulant of z;. We thus see that all cummulants grow asymptotically
linearly with t. Furthermore the coefficients give the moments of the asymptotic
distribution of x; should it exist.

The importance of theorem 2.1.7 will be evident in chapters 3 and 4 when

this line of thinking will be adopted when analyzing various different models.

2.2 GENERAL DECAY RULE

An important process described in the paper by Cox & Isham (1986) is a
process decaying with a general rate and making additive positive exponentially
distributed jumps at Poisson times. Such models are of use in hydrology, computer

networks and storage models (an example is modelling the level of water in dams
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where the supply from the dam is a rather complicated function of the level of
water in it).

The piecewise deterministic process x¢ evolves as follows. x, decreases with
rate -c(x), where c(x) is a non negative continuously differentiable function of x
(x>0). Jumps occur in terms of a Poisson process with rate ) and their sizes are
independent identically distributed random variables with probability density g(y).
Now x, can reach 0 if and only if
lim j‘Mdy/c(y) <
x10°X
(This should be clear by looking at the equation % = -¢(x) ).

Should this happen we assume that X¢ remains at 0 till the next jump occurs. Of
course if x, can not reach 0 this assumption is not needed. Such processes are
also called storage processes. For a different treatment see Harrison & Resnick
(1972 & 1978). The generator of (x¢t) acting on a function f(x,t) belonging to its

domain is given by

ar af ®
PRIy Pal R f L4y, D8(n)dy-f(x,0)] x>0

Af(x,t) = (2.2.1)
O [T DE()dy-E0.0)] x=0
at o ’

(notice that the second leg is optional).

Formally we should have defined ng as in the previous section indicating
whether x=0 or x>0; however we sup‘tess dependence on n, aswe did then.

The usual approach of applied probabilists to this and other models is Qia
the Kolmogorov forward equations. The approach via piecewise deterministic
processes has its own merits as we shall see. It could be quite illustrative to
derive a form of the forward equation from the generator of the process. Clearly
the method used in the proof can be applied to several other different processes.

We will for that purpose restrict ourselves to the case where X¢ can not reach 0

so as to avoid unnecessary complications.
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Proposition 2.2.1 Let Xy as defined an‘llet

. M
lim [ dy/c(y) = =
x10° X
If p(x,t) is the distribution density of Xy at time t and c(x)p(x,t) is assumed to be
differentiable with respect to X, then
ta
p(x,t)-p(x,0) = I(a—-{0(X)p(x,S)]+X[fxp(x-y,S)g(y)dy-p(x,S)l}ds almost everywhere
00X o (2.2.2)
Proof

Consider a class of functions B such that each member f:Rt-Rt belongs to

the domain of the generator A and such that if

[P (O G)dx= [P, (E(X)dx for all feB

then p, (x)=p,(x) almost everywhere (such a class can be f(x)=eVX (v20) ). Now

df o , _
Af(x) = c(x)— + M[ fx+y g(y)dy-f(x ) (2.2.3)
dx )
and since
t
f(xy) - IoAf(xs,s)ds is a martingale

t ) t o® t
E(f(x)}-E(f(x,)) = -E(J SO (xg)ds}+AE [ Oj F(xg+y)g(y)dyds)-NE( [ f(xg)ds (2.2.4)
Since the integranfs are non negative, expectations and integration signs are

interchangeable, so (2.2.4) yields

[ f D)= [ £(OP(x,0)dx =

t ©
J{-fm+c(x)f (x)p(x,8)dx+1 [ WJ’ Jlxty Je(y)dyp(x,s)dx- \ ]‘IR f(x)p(x,5)dx)ds (2.2.5)
o
But
- [ COOE GIR(x,8)dx = [ £(x) aa;[c(x)p(x,s)]dx and

[l £y JEAYRAAX = [ 8 p(x-y.e(y)dydx

So (2.2.5) gives

I,R+f(x)p(x,s)dx- I,R+f(x)p(x,0)dx =
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ta X
W[ (G TePCaIA [ _p(x-y,9)g(y)dy-plx,s))dsdx (2.2.6)
Rt 00X )
and since f€B this leads to (2.2.2).
a
Differentiating (2.2.2) with respect to time gives the forward equation in its

derivative form.

Since p(x,t) is a density

f :p(x,t)dx =1 (2.2.7)

has to be observed for all t. Also the solution of

d >4
[P p(x-)8(y)dy-rp(x) = 0 (2.2.8)
subject to (2.2.7) gives the stationary distribution (should it exist).
Suppose we do not allow the process to exceed the value M. That is at a

jump time T;, x¢ becomes (xt_+Yi)/\M, so the generator becomes

df M-x
Af(x) = c(x)a + X[Io f(x+y,t)g(y)dy+f(M)G(M-x)-f(x)] (2.2.9)
Yet, proceeding as in the proof of proposition 2.2.1 it can be shown that (2.2.6)

still holds but now with the condition

M

[ PODdx = 1 (2.2.10)
instead of (2.2.7). This has the following implication. The stationary distribution
in this case will be the restriction on (0,M) of the stationary distribution in

proposition 2.2.1. This situation occurs in dams with finite capacity.

We will now concentrate on an important problem. We want to find aspects
of the distributions of 7, and T° where T, is the time needed to cross a fixed
level b starting from below b and T° from above exactly as in the previous
section. To simplify matters we assume the jumps are exponentially distributed
( g(y)=ce™® ). Trying to find an explicit expression for their Laplace transforms
will not lead us anywhere since we should then try to find a martingale of the

form e'etf(xt) which involves solving
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LOF(X)-c(X)f (X)+ ] j':f(x+y)ae'°‘ydy-f(x)] =0 2.2.11)

The solutions of (2.2.11) can not be written in a simple form for a general
c(x) (although it can for various special cases as we shall see in subsequent
sections). We can of course find series solutions to (2.2.11) but this will amount
to the same mathematics that are going to follow coupled with several more
technical problems. The alternative we will follow is to try to determine the
moments of the distributions of T, and T°.

We start with T,. First of all we have to be sure that Pr(T <~)=1. This is
clearly true since in the worst case we will just have to wait for the first time a
jump larger than b occurs. We now define the process x{ as equal to x; up to
time T.; then x‘{ moves to the absorbing state w and then even time stops so the
generat:or at w has no terms and we can assign any function as f(w,t). The

generator of x{ is given by

af af -
— - o(x)— + M/ P (x+y, D)0 dy+£(w, e OX).f(x,4] 0<x <b
at ax o
Af(x,t) = (2.2.12)
of -
o 177 £y, Y dy+f (w06 0-£(0,1)] x=0
0

(once again the second leg is optional because 0 may or may not be attained).
We now proceed to find moments of T,.

Theorem 2.2.2 Consider the family of functions q;(x) i=0,1,2,..... defined on [0,b]

as follows

qo(x) =1 (2.2.13)

aix) ={explax+) [ dz/c(2))/e(x)

(ie"Pa;_,(b)-i " expl- A dz/e@)] "y, (1) dy-a;(0)e™0) (2.2.14)
ai(®) = (1/3)(ia o (b)-ief expl ) [ dz/e(a)] e Vaj. (1)]dy) (2.2.15)
Then m o )
E(i Jtmigu(x¥)  Osxtsh
f(x’t",t) = is a martingale
tm xf=w
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Proof

For f(x?,t) to be a martingale we should have

 ®m . d ™m .
| E[i Jemiag(01 - ex) 21 E[i Jtm-ig;(x)] +

xtg [’ln] tm'i_[:-xqi(x+ ¥ o™V dy+tme-{b-x). %n [':’] t™ig;(x)) = 0 (2.2.16)
but

9 mem . m i m i

=1 E[i Jemeig;x)] = )j[‘i“](m-l)t lg:(x) = f[rln]t ig;_,(x) (2.2.17)

So looking at the coefficient of ti in (2.2.16) (i=1l,..,m-1 ; the coefficient of t™ is

trivially q,(x)=1).

ia;. (x) - c(x)ax) + X I:xqi(x+y)oze’°‘ydy - q;(x)) = 0 (2.2.18)
which is equivalent to

ia;_,(%) - c(x)ai(x) + xeaxj'zq’i(y)e'“ydy - %eXgy(b)e™® = 0 (2.2.19)
and to

[exp[- xj:dz/c(z)] I:q;(y)e'“ydy] + iqi_i(x)e""xexp[- xf:dz/c(z)]/c(x) =

xaj(b)e P expl- [ dz/c(2)]/c(x) (2:2.20)

Integrating (2.2.20)

f; ay)e™¥dy = iexpl XJ':dZ/C(Z)] f:{qi-i(y)e'dyexp[- Xj;bdZ/C(Z)]/C(y)}dy -

o b b
Maj()e [ expl- A [ dz/e(2)/e(y))dy (2221)
Differentiating (2.2.21) and integrating by parts we get (2.2.14)

Also if X can reach 0 we need

. b -
iqg,(0) + X{qui(y)ae Ydy-q;(0)} = 0 (2.2.22)
which by (2.2.18) is equivalent to
lime(x)qyx) = 0 (2.2.23)
x40
and therefore (2.2.14) gives (2.2.15)

In case x; can not reach 0 we still require (2.2.23) and thus (2.2.15) to hold,

otherwise by (2.2.14)
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b

[Cajndy

X
clearly diverges as xi0 and not only it is unbounded but it does not belong to
the domain of the generator cither. If (2.2.23) and (2.2.15) hold, then if we

assume q;_,(x) is bounded,
b s b x b b

|fLaiway] < k[ fexorr[az/canay exoir[Pdz/c@yemiax| -
X 0 X

b
b
(K/x)j(l - exp[-\[ dz/c(2)] )dy
o y
which is bounded and since qo(x)=1 is trivially bounded, by induction q; (x) is

bounded for all i and f belongs to the domain of the generator.

O
We now proceed to utilise theorem 2.2.2
Theorem 2.2.3 Let q;(x) be as in theorem 2.2.2, then
E{ (Ty)™|xo} = ap(xe) (2.2.24)

Proof
By theorem 2.2.2
m
m .
g[i ]tm"qi(x{ OSXf <b

f (x{,t) =

tm x¥=w
is a martingale and (T, =t} means x{‘:w for the first timeand by Doob’s optional

stopping theorem and since T, is a stopping time (2.2.24) follows immediately.
a
Using theorem 2.2.2 one can find the functions q;(x) recursively and by
theorem 2.2.3 the moments of the distribution of T,
For example if we assume we start from x =b (after x, leaves [0,b] b is the

point of re-entry should this occur), we have

E{Tb|x0=b} = qi(b) = (1/)\){1+e°‘bft;oce'°‘yexp[- )‘J’bdz/c(z)]dy} (2.2.25)
y

(we omit the calculations).
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Now, to determine the moments of the distribution of 7P (we start from
xo>b ), we first have to determine the conditions under which Pr(TP<)=1,
otherwise b is a transient state and of course all moments of TP are infinite. We
examine the behaviour of x, till (if ever) it reaches b. So the behaviour when
x¢<b (and in particular when x¢=0) is irrelevant and we assume that the

generator of the process is given by

af af ®
— - c(®x)— + MJ  f(x+y,)ae”Vdy-f(x,1)] (2.2.26)
ot 9x o

Lemma 2.24 Suppose M > b and M > x, > b. Let Ty=inf{t:x >M or x=b}, then

{explox o-) J;xodz/c(z)] +IMo:e°‘yexp[-kj'idz/c(z)]dy}
Pr( X7b =b) = —— (2.2.27)
e +Ib ae“yexp[-xIZdz/c(z)]dy}

Proof

Consider the process y, which agrees with X¢ as long as b&x <M. When x>M
y¢ moves to an absorbing state w as before. Suppose f(w,t)=0 and if we want to

find a martingale as before we have to solve

c(x)f'(x) + )\ J'I:_x f(x+y)ae"¥dy-f(x)] = 0 (2.2.28)
Solving (2.2.28)

£ = £M) + £ M [V (reexpl ) [ dz/c@)/c(y))dy (2.2.29)
X Yy

and then

f(yy) by M
o = {
0 V=W
is a martingale and
f(xg) = Pr( xrkd:b)f(b) (2.2.30)
therefore
M
f 1 + eM I { \eexp[ XIMdz/c(z)]/c(y)}dy
(xo) x y
Pr(x;b=b) = = 0 =
M

® 1 M [M0eexpr s [ dz/e@) cydy
y
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e exp[axo-xJ'Mdz/c(z)] + e'“MJ'M aeYexp[ M J‘:'Idz/c(z)] dy
X0 Xo

e Mexp[ab -xjrdz/c(z)] + e'“MJ':I aeYexp[ \ jMdz/c(z)]dy
y

exp [ex o) be°dz/c(z)] +J.Mozc°‘ycxp[- XIZdz/c(z)]dy
X0

3db t ' 5 ane)(p -\ I)dz c(z)1d

O
Now, by letting M-« in (2.2.27) we conclude that (we omit details)
(-]
Pr(TP<®) = | if and only if I ae“yexp[-szdz/c(z)]dy} is divergent
X
Furthermore if the integral converges
M
exp [ex o) be°dz/c(z)] +I acGYexp[-dez/c(z)]dy
Pr(TP<=) = %o (2.2.31)

eod +J':4ae°‘yexp[-xJ‘Zdz/c(z)]dy}

We will now try to find the moments of the distribution of T° when
Pr(t°<=) = 1 (a similar approach can be used to find conditional on TP<=
moments when Pr(TP<®) < 1).

As Pr(tP<=) = 1 is not enough for the moments to exist, we have to see
when b is a null recurrent state. Trying to find a martingale of the form t+f(y¢)

we have to solve

1 - c(x)F'x) + )\ !I:-X f(x+y)oe” Y dy-f(x)] = 0 (2.2.32)

and assuming f(M)=1 we get

f'(x) = {exp[ex -xj': dz/c(z)]/c(x)) j'idoze'“yexp[ k.f:;dz/c(z)]dy

This implies that for E{TP} < ® we need to have

I ac'“yexp[x.fydz/c(z)]dy
x b
being convergent. We once again omit details.

Simlarly to theorem 2.2.3 we prove
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Theorem 2.2.5. Suppose

J': ae” Yexp[ )\bedz/c(z)]dy (2.2.33)
is convergent and consider functions ry(x) (i=0,1,...) (x € [b,®) ) defined as follows
ro(x)=l1 (2.2.34)

rj(x) = iM explox-) j’; dz/c(z)]/c(x)} | Eri-i(y)e'“yexp[x | 1dz/c(z>]/c(y))dy+i 1y (x)/c(x)]

(2.2.35)
ry(b) = 0 (i%0) (2.2.36)

Then
E{ (TO)™ |Xo} = rp(x4) (2.2.37)

Proof

We are examining properties of Xy above b so we are not interested in its

behaviour below b. The generator is given by

ar or o
A¥ = — - c(x)— + X[I f(x+y,Dee™® dy-f(x,t)]
ot ax o

Now

m o )
f(xqt) = E[i Jtmiry(x,)

is a martingale. We can see this as in theorem 2.2.2 by substituting and verifying

that A**f(x,t) = 0. The condition that rj(b)=0 for i#0 is not necessary but it

makes things easier when applying Doob’s theorem. Since the integral (2.2.33) is

convergent the process is positive recurrent so TP is a stopping time and (2.2.37)

follows by Doob’s optional stopping theorem.

0
In particular
X X Al o d
E(b o) = J’bo \ exp[«x'xfb dz/c(z)}/c(x)) J'x {e "exp[ )‘J'ZdZ/C(Z)]/C(Y)}dydx+ j‘b‘%(%:
_ J‘ o{ exp[OlX')\_r; dz/c(2)]/c(x)} J’:a {e 'Wexp[xfzdz/c(z)]}dydx (2.2.38)

b
If we assume that Xo-b has exponential («) distribution (the first point of

re-entry of x; to the set (b,®) has such a distribution because of the memoryless

property of the exponential distribution),
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-] b+§

E(TP) = I ae™%b J {exp[ax-x_[: dz/c(z)]/c(x)} J.moz {e "Yexp[ X J‘Zdz/c(z)]}dydxd; =
o X

b
_ ab (T, (a-ay, 4

= (1/\)e j‘ba{e exp[ \ j‘bdz/c(z)]}dy - (1/N) (2.2.39)

If we view the process as an alternating renewal process going above and

below b, then (see Cox & Miller (1965) p.350-356) we can deduce that when X¢ is

stationary its distribution function is P(b) = 1 - P(b) where P(b) is equal to

(1962 [a (e Pexplr [ dz/c@dy - (1/3)

(1/0){1+e% ["oe-Dexpf- A ["dz/c(@)1dy} +(1/2e%® [ a (e Vexpp) ["dz/c(2)dy - (1/3)
o y b b
and therefore
_[:oz {e '“yexp[)‘ﬁdz/c(z)]}dy - eob

P(b) = - N = (2.2.40)
oe”expl[- M| dz/c(z)]dy+ | a{e " Fexp[ | dz/c(z)]}dy
["ee~Vexp[- [ 1dy+ | afe"Vexp[) ['dz/c(z)])
o] y b b

which can also be derived from the forward equation (see Cox & Isham (198§) )
M
By letting bi0 we see that if J'b dy/c(y) is divergent P(0)=1, while if it converges

P(0)<1.

2.3 THE SHOT-NOISE PROCESS

A famous particular example of the process described in the last section and of
particular interest in many diverse fields is the shot-noise process where the decay
is exponential (c(x)=86x, where & is a constant). We will have generally distributed
jump sizes with distribution function G(y) (y>0). From the last section it should

be clear that the process can not ever reach 0. The generator of the process
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X;,t) acting on a function f(x,t) belonging to its domain is given by
t

af af
Af(xt) = = - 8x— + M [ fx+y,0dG)-(x,0)] (2.3.1)

For this process we can find the distribution of X¢ at any given time t

given the distribution of x, We start with a related theorem.

Theorem 2.3.1 Let z, = xteSt. Then

t A A
exp(-vzgexp{\ [ [1-8(ve®)]ds) BW=[ eV dG(y))
is a martingale for all v20.

Proof

The generator of (z¢,t) acting on a function f(zt) is given by

A*(zt) = Z—f + M R+f(z+yeSt,t)dG(y)-f(z,t)] (2.3.2)

So in order to find a martingale we should solve

of
o+ M pfE+yePlndGy)-zn] = 0 (2.3.3)

and trying a solution of the form e  VZh(t) we get

h'(t) + Mg(vedt)-11h(t) = 0 (2.3.4)

yielding

h(t) = Kexp()[ Z[l-g(chS)]ds} (2.3.5)

vz

and since e” is bounded it belongs to the domain of the generator and the

theorem has been proved.

O
We will now use the martingale found.
Theorem 2.3.2 Let x{ as defined. Then
E(exp(-vxy) |Xo) = exp(-vxoe'St)exp{-xf:[l-§(vc‘ 5s)1ds) (2.3.6)
Proof
From theorem 2.3.1 for a fixed time t* and a fixed constant v*2>0 we have
E{exp(-v*zg#) |X,} = exp(-v¥z,) exp{—XIgl-g(v*eSS)]ds} (2.3.7)
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and since z; =xtest

t* A
E{exp(-V*CSt*xt*)lxo} = exp(-v¥x,) exp{-)\_[o[l-g(v*ess)]ds}

) *
and setting v=v*e®!" we have

*
E{exp(-vx#) |x o} = exp(-ve’ Bt*y o) exp{-XIZ[ 1 -g(vc's(t's))]ds}=

exp(-ve'St*XO)exp{-kf?l-@(ve‘ 58)1ds) (2.3.8)
Since (2.3.8) holds for an arbitrary fixed t¥, it holds for all t20 and the theorem
is proved.

O

Also the asymptotic (stationary) distribution can be obtained from theorem

2.3.2

Corollary 2.3.3 The asymptotic distribution of Xy has Laplace transform

exp{-xfjl-g(ve' 58)1ds)

which can also be written as

exp(-0/8) [ Gu)du) ( G(w)={1-8w)]/u )

Proof

We let t»= in (2.3.6) and the corollary follows immediately.

O

One should notice the analogy of theorem 2.3.1, the Laplace transform found
in theorem 2.3.2 and corollary 2.3.3 with results in section 1.2. Although the
process in section 1.2 is transient and here we have a recurrent process, there are
many common features and this is not a coincidence (z; here and x; of section
1.2 are essentially the same process with & positive and negative respectively).

If we cut the process at M as in the previous section (see the notes after

theorem 2.2.1) then the generator is given by

af af
— . Bx— + )\ f f -x)- 3.
5 Kt [ j( o Moo (x+y,t)dG(y)+£(M,t) G(M-x)-f(x,t) (2.3.9)

As we have said in the previous section the stationary distribution function is

58



Gy((y), which is such that

A wh
GHy) = G*(y) / f[ode*(” (0¢ysM and  g*(¥) = exp(-(1/8)[ G(u)du))

Using the martingale found in theorem 2.2.1 we can find the second and
higher order properties of Xy We proceed as follows.

Lemma 234 Let tt,,..... oty be fixed times and ViVi,... Vi fixed positive

constants. Then

n t+t, A n t+t: A
E(llexp(-Viz, +t)]%0) = exp(-pizo)exp{-xfo '[1-g(p,e5%)1ds)TI exp{-xfmf[l-g(piess)]ds}
i 2 1-1

(2.3.10)
where

Proof
We proceed by induction. (2.3.10) is clearly true for n=1 by theorem 2.3.1.
Suppose it is true for n=k; then
k+1 k
E{TCXD('VﬁtHi”Zo} = E{exp(-vﬁﬂzﬁtkﬂ)TiIexp(-v’i"zt+ti)|zo) =
k
E(E{exp(-vf, 1Zt+tk+ 1) | zt+tk} Iilexp(-v’l’%t“i) |20} (2.3.11)

but by theorem 2.3.1 we have

E{exp(—viﬂzt_,_tkﬂ)]zt_,_tk} = exp("’f(+1zt+t12 exp{-XII::l‘il-li-g(v§+1e55)]ds}
and since (2.3.10) is true for n=k using it with v§+i+v§ in place of Vv§, (2.3.10)
follows for n=k+l.
O
We proceed to find the joint Laplace transform of X¢ at various points in

time. What we need to do is to set zt=xt<:St and Vi=v;exp[-8(t+t;)] in lemma 2.3.4
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Theorem 2.3.5

n t+t A
E(Tlexp(-ViXpy1)|Xo) = exp(-§,e®'xglexp(-] " *[1-8(% ;exp(st,)e™>)]ds)-
1

n t:-t: A
Hexp{-xj'ol "‘[l-g(&i exp(st; )e'ss)]ds} (2.3.12)
2
where
n
§1 = injexp(-Stj) (2.3.13)
Proof

We substitute v’l"=viexp[-8(t+ti)] in (2.3.10) and (2.3.12) follows if we observe

that

f?t‘[l-é(zie's(t's))]ds = J ?ti”'@(i1°xp('5tx)°'ss)]ds

and

) g (g8 S)ds = ) 410 exp(sty e B9)ds
t+ti_1 °

We can also get the asymptotic behaviour of X¢- .
Corollary 2.3.6
1im E{IllTexp(-vixmi) |xo) = exp(- ,e®txJexp(-) [ : [1-g(¢  exp(st ) 55)]ds) -
o
rﬁcxp{-xfzi-ti'i [1-8(E; exp(t; )e5%)]ds) (2.3.14)
where &, are as in theorem2 2.3.5.
Proof
We let t»= in (2.3.12) and (2.3.14) follows immediately.
O

Another important problem is to find aspects of the distribution of the time
needed for x; to reach a fixed level b starting from above (x,>b). Again it

should be noted that we are interested in the behaviour of x; above b only.
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Theorem 2.3.7 Let T° = inf{t: x=b} (xo>b). Then for all 850

© u A
exp(-x u)exp[()/8) G(v)dv]u(e/s)'ldu
E{e' eTb I Xo) = J-g ° J.lol A
joexp(-bu) e xp[(A/8) oG(v)dv]u(e/S)-ldu

(2.3.15)

Proof

To find a martingale of the form e'etf(xt) we have to solve (we apply the

generator)

-8f (x)-8xf )+ [ £ (x+y)dG(y)£ (x)] = 0 (2.3.16)

Trying a solution of the form I ¢ XUh(u)du we get
[o]

-ej:e'x"h(u)du+sx f :e'xuuh(u)du+x[ f :e'xuh(u)g(u)du- ]‘:e'xuh(u)du] -0 (23.17)

Integrating by parts

X I:e'xuuh(u)du = I:e’x“[ uh(u)]'du (2.3.18)

(2.3.17) and (2.3.18) give us

-8h(u)+8[uh(w)] -\ 1-g(u)]h(u) = 0 (2.3.19)
and solving (2.3.19)

h(w) = Kexpl(3/8)[ G(v)dvu(®/8)-2 (2.3.20)

SO

@ u/\
e'etj' exp(-xtu)exp[()\/s)j G(v)dv]u(e/s)'ldu
0 )
is a martingale. (This function belongs to the domain of the generator of the
process evolving up to the time xt=b since it is then bounded).

Applying Doob’s theorem (2.3.15) follows.

O
We can find all moments of TP by succesively differentiating (2.3.15) with
respect to 8. First notice that by integrating by parts
(-] u/\ ,
b f{exp(-xou)exp[(X/S)f G(v)dv]} u(8/8) gy
E(e 87" |x,) = =8 -0 (2.3.21)

f:{ exp(-bu) e xp[(3/8) | :(A}(v)dv]}' u(®/8) gy
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By differentiating (2.3.21) and letting 810, we get

J':{ exp(-xou)exp[(X/s)j:é(v)dv]}'(l/s)logudu

jw{ exp(-bu) e xp[(x/s)j“é(v)dv]}’du
o] [¢]

b
E(e 8T |Xo)=- +

[ explx expl(3/8) [ G(v)aviYdu [ { exp(- buexpl(v/8) [* G(vdvly (1/8)logudu
(o] (o] (0] [o]

© A , 2
Uo{ exp(-bu) e xp[(k/s)'[:G(v)dv]} du}

I {(exp(-bu) e xpl03/8) [ GV~ exp(-xou)exp[(x/s)j:é(v)dv]}’}(1 /8)logudu =

(1/8)f :(l/u)[exp(-bu)-exp(-xou)]exp[(X/S)J':(A}(v)dv]du (2.3.22)

It is much more difficult to solve the problem of finding the distribution of

the time needed for x¢ to cross b starting from below b. Complicated formulas
involving the distribution of the overshoot will be involved. However, when
jumps are exponentially distributed, the approach of the previous section is

applicable and we just have to substitute c(x)=56x in theorem 2.2.5.

An application is the following. Consider the process x¢ decaying with rate
c+6x, instead of ©x; then the problem of finding the distribution of the
time needed for X; to reach b starting from x, >b is solved by looking at the
process x’t"=(c/'6)+xt which has rate of decay 8&x{ as before. b corresponds to

(c/8)+b, so now

f:exp[-[xo-i-(c/s)]u 1 exp[( X/S)f:é(V)dv]u( 6/8)-144

E(e 87" |x,) = (2.3.23)

J':exp[-[b+(c/8)] u] exp[(X/S)fzé(v)dv]u(e/s)'ldu

So if x¢ models the level of a river with 6x; being the rate of water lost
due to evaporation and ¢ due to other causes and the jumps represent rains
adding water to the river then the Laplace transform of the distribution of the
period the river has water is (notice that the distribution function of x, is G(y);

the first rain after an empty river)
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| mexpl-(c/ §)uJg(u) exp[()/6) | “&(v)dv]u(G/ 8)-14u
=0 0

i a (2.3.24)
I exp[-(c/B)ul e XD[(X/S)IUG(v)dv]u( 8/8)-14y
° o}
and the mean is
(l/s)j:exp[-(c/ 8)ulG(u) exp[(\/ s)I:G(v)dv]du (2.3.25)

(calculations are omitted).

If the process is like the ones in section 2.2; that is at 0 (empty river) no
deterministic change occurs, the expected time the river will take to have water
again is 1/), so if we view the process as an alternating renewal process the

probability that the river is empty is

(/%)
= ~ o= (2.3.26)
(1/%) + (1/8)] _expl-(c/8)ulG(u)exp[(3/8)[ G(v)dvidu
which after integrating by parts simplifies to
1
(2.3.27)

R uA
[ (c/8)e xp[-(c/8)ulexp[() /S)IOG(v)dv]du
Furthermore we can find the stationary distribution of X¢ in this case.

Theorem 2.3.8 Let Xy as described (decay with rate C+5x¢) and x{=xt+(c/8) (when

X¢ reaches c/% it remains there till a jump occurs). Then

V) u”t t v

I (l/u)[l-exp(-xfu)]exp[()‘/s)j G(v)dv]du-sj' exp(-vx;‘)l(x§>c/s)exp[(X/S)I G(v)dvids +
) o ) )

5 ftl(x;>c/s)ds - x_[t j'v exp[-(c/S)u](A}(u)cxp[(x/S)Iu&(v)dv]dul(x§=c/8)ds (2.3.28)
o [e)gilo] [0}
is a martingale.

Proof

The generator of x’t" acting on a function f(x) is given by

sxf '(x)+\ [ el CHNAGW-L (] x>/

(2.3.29)
A [j',R £ (x+y)dG(y)-f (x)] x=c/8

A*f(x) = [

If we apply it on
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£(x) = I:(l/u)[l-exp(-xu)] exp[(x/s)_[:(;(v)dvmu

we get

“SXE(X)I(x>c/8) + N[ f(x+y)AGIE (0] =

-6xf (x)I(x>c/8) + ) Im+f'(x+y)G(y)dy =
-sfvxe'x“exp[(vs)Iu&(v)dv]dul(»c/s) + va c'x“exp[(X/S)Iu&(v)dv]é(u)du =

0 0 o 0

-Se'x"exp[(X/S)I:&(v)dv]l(x>c/8)-81(x>c/8)- )\J‘:e'x“exp[()\/s)J':E}(v)dv]a(u)dul(xm/8)

+ xj'v e'xuexp[(X/S)fu&(v)dv]&(u)du =

0 [o]

-Se'xvexp[(X/S)I:&(v)dv]l(xw/8)-81(x>c/8)+ xj':e'x“exp[(x /8)f :&(v)dv]&(u)dul(x=c/8)

and since

() - [AM (s

is a martingale (2.3.28) is a martingale.

O
The martingale in theorem 2.3.8 provides us with the equation
E(f(1/wl1-exp(-xfu)]expl(h/8) G(vavidu) -
o )
E([ (1 /w)l1-expCxgmlexpl(0/6) [ *G(v)dvidu) =
) o
SItE{ exp(-VX;‘)I(x§>c/8)} exp[(k/s)fvé(v)dv]ds - SItPr(xS>c/8)ds +
) ) 0
)‘J't Iv exp[-(c/ 8)u](A}(u) exp[()\/S)J‘u&(v)dv]duPr(xg=c/8)ds (2.3.30)
0’0 0

From (2.3.30) we conclude as with the forward equation (see proposition

2.2.1) that if x? is stationary its distribution should obey the following
E( exp(-vx’{)l(xf>c/5)} exp[()/s).va(v)dv] - Pr(x(>c/3) +
)
\V) ~ u”?
(\/%) J.o exp[-(c/'é)u]G(u)exp[(X/S)J‘oG(v)dv]duPr(xf=c/8) =0 (2.3.31)

Integrating by parts
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E{ exp(-VX’{)I(x’t">c/8)} exp[(k/s)fza(v)dv] =

1 - {e°V/8expl(2/8) f G(v)dv] +J’ (c/6) exp[-(c/8)ulexp[()/5) _[ G(v)dv]du}Pr(xg-c/s)
2.3.32)
Letting t-= in (2.3.32)

1
(2.3.33)

Pr(x{:c/s) = = TG
[ (c/8)expl-(c/8)ulexp(A/6) [ G(v)dvidu
(cf (2.3.27)) and (2.3.32) & (2.3.33) give us
Ef{ exp(-VX‘{)I(x’{>c/ 8)} exp[()/5) J':&(v)dv] =

e"CV/Bexp[() /s)J'E(v)dv] + J':(c/ 8) exp[-(c/8)ulexp[(}/ S)I:&(V)dvldu

[ (e/8)expl-(c/)ulexpl(M/8) ] G(v)dvidu

- &SV/Bexp[(V/8) I:&(v)dv] + _[:(c/s) exp[-(c/8)ulexp[()/8) :&(v)dvldu
[ (e/®)expl-(e/8)ulexpl(V/ S)J':CAi(V)dV]du

and integrating by parts

—I exp[- (C/S)U]G(U)cxp[(k/'é)f G(v)dv]du

E{ exp(-vx}H)I(xF>c/8))=exp]- (x/s)j‘ G(v)dv]
[ (e/8)e xpl-(c/Byulexpl(3/8) N G(v)dvidu

(2.3.34)
(2.3.34) gives the distribution of x’t" when it is stationary. Then Xy s
stationary too and we have
A
-I exp[- (C/S)u}G(u)exp[(X/S)J' G(V)dV]dl

f (¢/8)e xp[-(c/B)ulexp[()/8) I G(v)dvidu
(2.3.35)

E{ exp(-vxJI(x, >0)}—e°v/% xp[- ()./S)I G(v)dv]

Finally one should observe that from (2.3.34) and (2.3.33) we have

7 expl- (c/5u1G(w) expl(1/5) I G(v)dv]du
J‘ (c/8)e xp|- (c/S)u]exp[(x/s)_[ G(v)dvidu
(2.3.36)

E{exp(- vx*)| x*>c/8) = exp|- (X/B)I G(v)dv]

which is not in general the restriction of a distribution with Laplace transform
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VA
exp{-(X/S)IoG(u)du} as when we cut the process from above (see the notes after

corollary 2.3.3).

24 TIME DEPENDENT PARAMETERS

We are now going to generalise the shot noise process described in the
previous section by allowing all its parameters to depend on time. So we assume
8(t), Mt), G(y;t) are all Riemann integrable functions of t and they are positive.
Furthermore X(t) is bounded on all intervals [0,t) (t>0) (no explosions allowed).
'¢5(t)xt is the rate of decay, X\t) the rate of jump arrivals and G(y;t) (y>0) a
distribution function for all t is the distribution function of their sizes. So the

generator of (x.t) acting on a function f(x,t) belonging to its domain is given by

of of
Af(xt) = — - B(t)x — + \(t f(x+y,t)dG(y;t )-f(x,t 2.4.1
(68 = ==+ BOX — + MO ([ fx+y,0dG(t )-f(x,0)] (24.1)
We will find an expression for the Laplace transform of the distribution of
X, at time t.

Lemma 24.1 Let

t
= 8(u)du],
zZy xtexp[.l'o (u)du]
then for all v¥20

t
cxp(-v*zt)exp{J X(s)[1-§(v*exp[Isos(u)du];s)]ds}
(¢] .

is a martingale, where

B(vis) = [1,e™VdG(yi)
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Proof

The generator of (z,t) is given by

af t
AM(D) = =+ MO [, Ly expl[ 8(w)dul,ndGly;0-f(x,0] (24.2)

Substituting e"V*Zh(t) in A*f=0 we get

h'(t) + X(t)[g(v*cxp[J'tos(u)du];t)-l]h(t) =0 (2.4.3)
and solving (2.4.3) we get

t
h(t) = Kexp(J M(s)[1-8(V*exp[ jis(u)du];s)]ds}
o]

and the result follows.

Theorem 2.4.2

t

E{exp(-vxt)|xo} = exp[-vx  exp(- J'is(u)du)]cxp{f x(s)[l-§(v*exp[fis(u)du];s)]ds} (2.4.49)
)

for v20.

Proof

We fix t and set

v¥ = vexp(- Iis(u)du)
in analogy to what we did in the proof of theorem 2.3.2 and the result follows.
O

We can try to obtain information about the asymptotic behaviour of x¢ by
letting t»=. Of course x; can be transient or recurrent and it may have or it
may have not an asymptotic distribution.

We can also obtain second and higher moment properties as in theorem 2.3.5
by using the martingale in theorem 2.4.1 and working in exactly the same way.
We omit details.

An example could be when G(y;t)=G(y), 8(t)=6, but N(t)=),+\ cos(2nut/T)
(0<\,;<),). This might model the level of a dam whose outflow rate is 8x; and
inflow is in terms of jumps (due to rains) whose rate of arrival varies

periodically. When rain is at its peak (t=kT, k an integer) we say we have
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"winter" and when at its lowest (t=(2k+1)T/2 ) we call the event "summer".

By theorem 2.4.2

t
HCXD('VXt)|x°} = exp[-vxoe'at]cxp(I [xo+x1cos(2ns/T)][l-@(ve's(t's)]ds} (2.4.5)
o]
so we can evaluate E{x;}
t
E{x,} = ]3{)(0}e"6t + I[x°+xicos(2ns/T)]u1c'8(t'5)ds =
o]
E(xoJe 8t + (\or,/8)(1-eBt) + X p, e8] ZeSScos(zns/T)ds (2.4.6)

But integrating by parts

f:,csscos(ZTIs/T)ds = (1/86)eBtcos@nt/T) - 1 + J‘:’(1/8)(2n/T)esssin(27Is/T)ds

and

ji(l /8)(21/T)e%Ssin(2ns/T)ds = (1/8)(2n/T)eBtsin(2nt/T) - (21/5T)2 J’}Sscos(zns/T)ds

and therefore

cos(2mt/T)+(2m/T8)sin(2mt/T)-¢" Bt

E(xg) = E(xo)e 8 + (\on,/8)(1-e"8t) +( ) u/8)
1+(2n/8T)2

(2.4.7)
Writing t=kT+t* (0<t*<T), letting k-= and denoting

E(Xp#) = LmE(xy, %)
k-
(the expected level of the dam at the "season" t* when a steady state has been

reached), we have

cos(2mt* /T)+(21/T8)sin(2nt*/T)

E{(Xg#) = Oglt,/8) +( X 1t,/6) > (2.4.8)
1+(2n/8T)
which can also be rewritten as
. cos[ (2nt*/T)-¢]
E{x¢#) = (Wi, /8) +( 3 1,/®) (2.4.9)

i
{(1+(2n/5T) Y%
where tan¢ = 2n/6T.

So the expected level at t* varies periodically as \(t) does. However, there is

a phase difference between them with the maximum (minimum) expected level
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being attained some time after "winter" (between 0 and T/4; that is between
"winter" and "spring"). The phase difference is a decaying function of 6. That is

the fastest the decay the more "domination" \(t) has on the model.

2.5 SHOT-NOISE PROCESS WITH A RENEWAL PROCESS

AS UNDERLYING JUMP ARRIVAL PROCESS

In this section we examine the shot-noise process of section 2.3 with rate of
decay 8x, and jump sizes independent identically distributed random variables
which are independent of the jump size variables as well and their distribution
function P(u) posseses a derivative (density) p(u). Also p, its first moment exists.
The restriction that P(u) possessles a density is by no means necessary but we
include it since this time we will include in our process as our supplementary
variable the time elapsed since the last jump rather than the time needed for the
next. This is because the mathematics involved will be much simpler and more
elegant. The generator of the process (x4u4st) acting on a function f(x,u,t)
belonging to its domain is given by (u; denotes the time elapsed since the last
jump)

a o o p(u)
Af =L e+ &
xwt) = ot B Y S

f(x+y,0,t)dG(y)-f(x,u,t)] (2.5.1)

We will first state a wuseful proposition which is a well known result in

renewal theory.
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Proposition 2.5.1 The asymptotic and stationary distribution of u; has density P(u)/p,

(For proof see Cox & Miller (1965) p.347)

We will now proceed to find the moments of x; as we did in sections 1.3

and 2.1. We start by the first two moments.

Theorem 2.5.2 Suppose the first two moments of G exist and are g, and p,, then

a)

e®lx; - i, exp(-5up)/P(uy)]
is a martingale, and

b)

e28tx? - 2u,x; exp(-Bu)/P(uy) - (i,-2u2)exp(-26u,)/P(u,)

is a martingale too.
Proof

a)

Trying to find a martingale of the form xteSt+h(u,t) we substitute

equation Af=0 and get

o6h 6h p(u)

-8xe8t+8xe8t+—+—+——[xe5t+u1e5t-xe5t+h(0,t)-h(u,t)] =0

8t du P(u)
and simplifying (2.5.4)

dh Bh p(u) 5t
— + — + —— h(0,t)-h(u,t)] = 0
PR l,(u)[uie +h(0,t)-h(u,t)]
and trying a solution of the form e5tk(u)
p(u)

sk(u) + k'(u) + ;(u—)[k(O)-k(u)ﬂLi] =0

which is equivalent to

k(w)P)] + Pk(u) + p(u)(k(0)+u,) = 0

and

k(u) = -p e ®/P(u)

(2.5.2)

(2.5.3)

in the

(2.5.4)

(2.5.5)

(2.5.6)

(2.5.7)

(2.5.8)

is the only solution that belongs to the domain of the generator since all the
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others involve [P(u)]"!(as before) but in this case

E(e®T/P(T) = [, (e® p(u)/Pw)du < =
and (a) follows.
b)
Along the same lines we try a solution of the form
x2e28t,0xeBth L(u,t)+h,(u,t)

Substituting in Af=0

oh, dh, 6h
St_Ll_l. —2
2xe [au at ]+8u 5?2‘*
p(u)
P(u)

which implies

[2xe8th  (0,t)+2p £B%h , (0,t)+2x 1, €28t4p1,e288.2xeBth (u,t)-h,(u,1)] = 0

oh,, 8h, p)
at du P(u)

which is (2.5.5) and therefore

2{ ———[1,e®t+h, (0,t)-h, (u,0)]} =

k,(u,t) = -8t p e 8U/P(u)

and

dh,, By P, 281, 26t
at T au P LS e, (0.0-h, (u0] = 0 (2.5.9)

and solving (2.5.9) exactly as (2.5.5) we get
h,(ut) = -(,-202)e8% 25 /P(u)

and (b) follows.

So we conclude the following.

Corollary 253 Let G poséss at least two moments 1, and p,. Let also 3(6)

denote the Laplace transform of p(y). Then

limE{(x)lexp(ibu,)} and limE{(x,)})

t—)m t—rco

exist and if we denote them by L; and M; respectively, we have
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a)

L, = u,/[1-p(8)] (2.5.10)

M, = u,/p,5 (2.5.11)
b)

L, = (1,/2 + k3p(8)/[1-D(8)]} / [1-D(28)] (2.5.12)

M, = {1,/2 + p2p(8)/[1-D(8)]} / p,5 (2.5.13)
Proof

By (2.5.2) we have

E(x¢) - E(,exp(-su,)/P(uy)} = e BYE(x)) - E(,exp(-6u,)/P(u})

and by proposition 2.5.1

Ime-su P 4o - 1/6
JPW P, Py

so (2.5.11) follows immediately by letting t-« Furthermore this shows the

limE{cxp(-Sut)/P(ut)} =
t-un
existence of M,.

We also have that

E(x¢} = E{x(exp(8uy)exp(-5uy)}
but xexp(duy) and u; are independent by the structure of the process. x¢exp(8uy)
denotes the value of the process justafter the last jump which is independent of
uy because the jump interarrival time intervals are independent and independent

of the sizes of the jumps. Therefore

E{x{} = E{x.exp(6uy))E{exp(-5uy)}

and

L,[1-B(8))/p,8 = M,
so (2.5.10) follows.

By (2.5.3) we have that
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E(x{} - 21,E(x¢exp(-up)/P(u)} - (i,-20u3)E{exp(-2uy)/P(uy)} =

28 E(x2) - 21 E(x £xp(-8u/P(up)} - (i,-2u3)E(exp(-2ug/P(ug))

Letting t==, M, exists and

M, = lim(2p,E(xexp(su))E(exp(-26u) /P(up)} + (,-21)E(exp(-2u)/P(up))} =

t—)&

202/2p, 8[1-D(8)] + (1,-212)/2p,6 = {1,/2 + 13D(8)/[1-D(B)]} / p,®

which is (2.5.13) and since
E(x{exp(26u,)}E{exp(-26u,)} = E{x?}

L,[1-b28)l/p,5 = M,

and (2.5.12) follows.
|
We will now generalize theorem 2.5.2 aiming at finding asymptotically all

moments of Xy

Theorem 2.54 Let Ai i=0,1,2,........... be constants such that A= 1 and

k

k
I L)Aruk_r =0 k=1,2,meereere ,m (2.5.14)
o

(We are assuming that the first m moments of G exist), then

m-1
m : .
(xt)meIr18t + {emSt/P(ut)}Z [i ](xt)’exp[-(m-l)Sut]Am_i (2.5.15)
0
is a martingale.
Proof

For f(xu,t) to be a martingale we need

5 of . of N of . p(u) J-
- x— — —
ox 8t du P(u) 'Rt

We set h(x,u,t)=P(u)f(x,u,t) and (2.5.16) can be written as

f(x+y,0,t)dG(y)-f(x,u,t)] = 0 (2.5.16)

h oh
-5x— + — + — + p(u)[ _ h(x+y,0,)dG(y) = 0 (2.5.17)
u R
Substituting
m-1 ms .
h(x,u,t) = P(u)xMem8t 4  mbty [ ]x‘e'(m'l)suAm_i
1

o]
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we get

m-1 . -1 i .
p(w) & () xdug ; + p(u) T [I.m)f’xm.iil ()xuy5 = 0
o J o ! o J

All other terms cancel with each other. Notice that

a ) a _ .
(-8x— + 7 a)(xlemme‘(m")su) =0

But

m-1 i, m-1 m-1 .
() Am.iZ [}]XJ”i-j - = x(]) (}) H-jAm-i
) ) 0 j

and so (2.5.18) is equivalent to

T (ot + 20 E () bigAme = 0
o J o, j 73

Equating coefficients of xJ in (2.5.19) we get

m-1 :
i) + () kiAme = 0

and setting k=m-j

-1 .
By [l:] + }:k[ﬁ [nll_k] Mi-m+kAm-i = 0

SO

k -
) + ) Ckerts

but

() God = GO

and (2.5.20) gives

() + T mrt, = 0

which leads to (2.5.14).

Corollary 2.5.5

L, = LimE{(x;)Mexp(5u,)}

t-wo

exists for all m=0,1,2,.......... and

74

(2.5.18)

(2.5.19)
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m-1
A -
Ly + [-pme) L ([ JLiAp =0 m=0,12,.... (2.5.22)
(o]
assuming m moments of G exist.
Proof

By theorem 2.5.4

m-1 .
E((xt)mexp(mSUt)}E{exp(-mSut)) + E{exp(-m8uy)/P(u)}Z [I?]Am_iE{(xt)lexp(iSut)} =
[o]

m-

1 .
e MBYE((x )™} + Efexp(-mbug)/PUYE () Am-iE((xiexp(isug) (2.5.23)
o 1
Letting t—= and using proposition 2.5.1.

m-1

m
L [1-p(m8)]/mBp, + (1/msp,)L i]LiAm_i =0
(o]
leading to (2.5.22).
Existence of L, can be shown by induction. By letting t~= in (2.5.23) then
if L,L, L., exist then L, exists as well and since L,L, exist by theorem

2.5.3 Lm exists for all m as soon as m moments of G exist.

a
Furthermore we can find a recursive relationship involving K;’s.
Theorem 2.5.6 Suppose that m moments of G exist. Let L, as before, then
A 1m-1 m: A
Ly, = [1-pms)™t £ [i]Lip(is)”m-i (2.5.24)
(o]
Proof
(2.5.22) can be rewritten as
A m m
L,p(ms) = E[i]LiAm_i (2.5.25)
Consider the expansions
IviLy/il, IVILBG8)/i! and IViAyil
o (o} [o]
By (2.5.25)
[z viLi/i!] [z viAi/i!] = TViLp(is)/i! (2.5.26)
) ) 0

also by (2.5.14) (the definition of the A;’s)
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kK k
E[T]Ar“k-r =0

so in the product

[z viAi/i!][Z viui/i!]
o) o}

the only non zero term is pyA =1 so

[ZviAi/i!][Zviui/i!] =1 (2.5.27)
[¢] [o]
(2.5.26) & (2.5.27) give us

<] ©

[ZviLiﬁ(iS)/i!][;viui/i!] = IviLyi (2.5.28)
and by loo?(ing at the ctoficient of vr;)1 we get
m m
Ly, = Z[i]LiB(is)um_i (2.5.29)
which leads to ‘()2.5.24).
O
One should compare (2.5.24) with (1.3.25) in section 1.3. The fact that the

formulas are the same is no coincidence. The structure of the models is similar.

Finally we find the asymptotic limits of all the moments of X¢-

Corollary 2.5.7 Let My, denote the m?” asymptotic moment of X, (we assume m

moments of G exist). Then M, exists and

m-1
Mp = (1/m) T ()MBG8Yiny.i/11-BGi5)] (2.5.30)
o}
Proof

Existence follows immediately from the existence of L. Furthermore since

E((xp)} = E{(x)lexp(isu)}E{exp(-i6uy)}

we have that

We substitute in (2.5.24) and (2.5.30) follows immediately.

a

An example is when dG(y) = ae"®¥dy. We then have exponentially distributed
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jump sizes. We can now find M; explicitly. By theorem 2.5.6

Ly = Z(;) L8 m-iiat™

and looking at

(ELMIB(I8)/il} -(o/(-V)} = EL;vi/il

o o
leading to
«LL;Vip(is)/il = «ZLyVi/il - EL;_ vi/(-1)!
o) [¢] 1

so iL;_, = oL;[1-p(i8)] and therefore

L; = il / (I 1-p(j8)]) (2.5.31)
i
SO
g1
M; = G-1)! /(8p o M[1-p(jB)]} (2.5.32)
i
2.6 CONTINUOUS PATH MODELS

L

Suppose that in the shot noise process described in section 2.3 jumps do not
occur instantaneously. Instead, the process enters a state where it increases
deterministically for a while. For example when modeling levels of dams or
rivers, rains might not be considered as instant events but as having a duration
and an intensity. In particular consider the following model. It consists of ng and
X¢ N, takes the values 1 and 2 and transitions from 1 to 2 occur with Poisson
rate A\, and from 2 to 1 with Poisson rate X,. While n=1 x, increases with

constant rate ¢; and when n=2 x{ decreases with rate 8x; (exponential decay).
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The generator of the process (ngx,t) acting on a function f (x,t) belonging to its

domain is given by

of of
c &1 + 51 + N[, (x,0)-f ,(x,1)]
Af, (x,t) = { af, of e
_Sx-a—-xz + az + Xz[f 1(X,t)'fz(x9t)‘.|

We will now try to find the stationary distribution of the process.

Theorem 2.6.1 Let X, as described. Furthermore suppose X¢ is stationary as well.

Then the density of X is

y(*2/8) texp(-x  y/e)(c/8)+y]

f: yO2/8)texp(-) y/c)l(c/8)+y1dy

(a mixture of Gamma(X,/%) and Gamma((\,/%)+1) distributions.
Proof
We will try to find a function f (x) such that Af (x) = e’VX.K where K is
a suitable constant. So we have to solve
cf (x) + X\ J[f,(x)-f,(x)] = eVX - K (2.6.2)
-8xf,(x) + M, [f,(x)-f,(x)] = eVX - K (2.6.3)
Multiplying (2.6.2) by X,, (2.6.3) by )\, and adding them together.
Mof (%) - X, 8xf(x) = (e VE-K)(\,+),) (2.6.4)
Differentiating (2.6.2) we bet
cf (%) + N [f,(x)-f(x)] = -ve VX (2.6.5)
and by (2.6.4)
cf(x) - MNFx) + (h,e/8x)f(x) = (€VX-K)(A,+),)/6x (2.6.6)

and solving (2.6.6)

£'(x) =(1/¢)x"(*2/®exp(x 1x/c){f’;((e"’Y-K)(x +3,)(1/8y)-ve VWyy 2/ Bexp(-), y/c)dy+Q)

where Q is a constant. Now if Q=0 f’1 will be bounded so we choose it this way.

Therefore

fi(x) = (l/c)x'(xz/s)exp(xix/c) f:{(e‘vy-K)(x1+X2)(1/8y)-ve'vy}yXz/sexp(-)‘iy/c)dy
(2.6.7)

We will also choose f'1 so that f, belongs tothe domain of the generator. For

this a sufficient condition is
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lim f'i(x) =0

x-N!)

so we should have

I:{(c'vy-K)(x1+x2)(l/8y)-ve'vy}y)‘z/ Bexp(-),y/c)dy = 0 (2.6.8)

but integrating by parts we have that

J':ve“’yy*z/ Bexp(-),y/c)dy = f:{(c'vy-K){(kz/ 8y}+(%,/c)) y*2/Bexp(-),y/c)dy

and so (2.6.8) becomes

[TUEVY-RYO /Y0 /) 2/ Bexp(h  y/e)dy = 0

and therefore

i j:e“’y y(22/8)texp(-x, y/0)(c/8)+yldy

- (2.6.9)
[ yP2/® texp(-), y /)l (c/B)+y1dy

So now f, is found by integrating f’1 and adding an arbitrary constant and f, is
given by (2.6.2)

We have that Af (x) = e™V*-K and therefore

(%9 - jZ(exp(-vxs)-K)ds

is a martingale giving

E(fp (x0) - Elfy (xp) = IZ{ E(exp(-vxg)}-K)ds
so if the process is stationary E{exp(-vxt)} = K and by (2.6.9) and the uniqueness
of the Laplace transform the result follows.
O

Of course if we let A 0@, co with X ,/c remaining constant we get the
distribution of a stationary shot noise process with exponentially distributed jump
sizes.
1L

We will now consider the process in I with a slight modification. The rate of

income of X¢ when nt=1 is now Cc-5x4 instead of c¢. When nt=2, X¢ still decreases

with rate 8. This is a little bit more realistic when modeling water levels

19



since the outflow does not cease when it rains. Furthermore (this can turn out to
be an advantage or a disadvantage of the model depending on the circumstances)
the level of water clearly can not reach and certainly can not exceed c¢/S. n,
goes from 1 to 2 with Poisson rate )\, and vice versa with X\, sa before. The

generator of the process acting on a function f (x,t) is given by

af of
c-6X) &1 + a‘ + NI, (x,0)-f, (x,1))
Af(x,t) =

(2.6.10)
of, orf
-ng;z + 5t—2+ M (x,0)-F ,(x,1)]

We will try to find the distribution of the process when stationary as we

did before.

Theorem 2.6.2 Let (xy,n;) be as described and let them be stationary as well. Then

the distribution of x; has density

yO2/Br 2 (c/8)-y (M1 /8)-4

5 (0<y<c/8)
IZ/ y(o/BF21(c/8)-y1*1/8)-tay

(a Beta distribution).

Proof

As in theorem 2.6.1 we are going to try to find f (x) such that Af (x)=

e"VX-K. So we have to solve
(c-8x)f (x) + X\ [f,(x)-f,(x)] = eVX-K (2.6.11)
-8xf,(x) + ), [f, (x)-f,(x)] = eVX-K (2.6.12)

Multiplying (2.6.11) by X,, (2.6.12) by ), and adding them together.

2, (c-8x)f ((x) - X BxF,(x) = (A +),)(e"VX-K) (2.6.13)
Differentiating (2.6.12)

-B[xE (X)) - X, f(x) + N, f(x) = -veVX
and with (2.6.13)

-8[X (X)) - (0, /X)XEAX) + [N, 8/(c-8x)IxE(x) + [(X,+),)/(c-8x))(eVX-K) = -ve VX
(2.6.14)
For f to belong to the domain of the generator we choose the solution with

limx(}2/8)*+1f2(x) = 0
x40
that is

80



£ Ca/ B 1(o/8)xI 1/ B (L (8 43, ) (VYK 1/ 8)-yT1+ve Wy o/ Dpe/8)-y14®)

(2.6.15)
For f to belong to the domain of the generator we also choose
tim  [(c/8)-x]*1/®f(x) = 0
x-(c/8)
that is
f (00/5)01“ DEeVY-K)y*2/8)(c/8)-y1 Mo/ 8)'1‘-‘13’:.[ (C,C/S)Ve'vyy(xz/ ®i(c/8)-y1(*1/®) gy
(2.6.16)
Integrating by parts the second integral as in the proof of theorem 2.6.1 we get
(c/8) vy
JU O ) By 78V /(e-8y)D e -K)dy = 0 (2.6.17)

which means that

I e (VL) GV SR
K = (26.18)
f Z/SY(XZ/ 8)11(c/8)-y1(*1/®)1ay

f'1 is given by (2.6.13) and f, by integrating and adding an arbitrary constant. f,

is given by (2.6.12). By our choice of f, and f,, f belongs to the domain of the

generator, so Af (x) = ¢™V*-K and therefore

fn (%) - '[:)(exp(-vxs)-K)ds

is a martingale giving

E(fy () - E(fp (%) = [ (E(exp(vg)-K)ds
so when the process is stationary E{cxp(-vxt)} = K and by (2.6.18) and the
uniqueness of Laplace transforms the theorem is proved.
O
We can also generalize the models in I and II by allowing as rates of
increase in state 1 and decrease in state 2 general Riemann integrable functions
ci(x) and c,(x). We proceed as in theorems 2.6.1 and 2.6.2 and produce similar
results.
Furthermore we can allow N possible states where N is a fixed integer with
change rates c;(x) (i=1,2,...,N) which can be positive or negative or indeed change

signs should we so wish. The generator will have the form
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of. of.
Af:(x,t) = =L +c(x)=L + I Mf(x,0)-f:(x,t)] (i=1,2,..,N) (2.6.19)
In this case we can proceed as before and we will prove the same theorems.
We will eventually have to solve
cl(x)f’i(x) + X XiJ[fJ(X)-fi(X)] = hi(x) (i=1,2,....,N) (2620)
i#j

where h;(x) are known functions. We omit details as solving the system (2.6.20)

may be quite cumbersome.

2.7 THE M/G/* QUEUE

We will now consider a queuing model with an infinite number of servers
available, where the customers arrive in terms of a Poisson process with service
time requirements being independent identically distributed random variables with
distribution function G(y) supported on Rt. Service for each customer commences
as soon as he arrives. The M/G/* queue can be used in approximating queuing
systems with large numbers of servers available and the other parameters of the
model (drawn from everyday experience) making the event of having a customer
waiting for a server highly unlikely. Usually queues with infinite numbers of
servers are used in association with computer or other network models. Using the
piecewise deterministic processes theory approach we are going to determine the
joint distribution of various quantities associated with the process. These are the
following; the busy period T of the process, that is the time interval between the
first time the queue ceases to be idle and the first time it becomes idle again;

the number of customers N served during that period and W the total work done
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during that same period. We define W=Y +Y,+..... +Y)y (@ random sum) where
the Yi’s represent the time requirements of the customers served during a busy
period. The Y;’s are neither independent of N nor independent between them
conditionally on any value of N. So the "naive" argument that W is a sum of
independent identically distributed random variables and therefore E{é"’w}=
E{[g(v)]N} is not true.

Our piecewise deterministic process consists of t (time), x¢ the work still to
be done for the existing customer with the highest unfinished service requirement
(clearly the event that the queue is idle is equivalent to xt=0), n, the number of
customers having arrived up to time t and Wy where

oy
Wy = X Y;
1
Y; being the service requirements of the customers (who may or may not have
left the system). x¢ decreases linearly with unit rate, while n, and w; remain
constant. Jumps occur with rate A\ At t=T; the time of the ith jump x; moves to
x¢=max(x,Y;), n, moves to ne=n +l and w, to w=w,+Y;. The generator of the

process (X4,Wt,ny) acting on a function f(x,w,t,n) is given by

af of X o
Af(x,w,it,n) = — - — + X[I f(x,w+y,t,n+1)dG(y)+_[ f(y,w+y,t,n+1)dG(y)-f(x,w,t,n)]
at ox ) X
(We denote j‘ by Ix and I by J'm ) 2.1.1)
(0,x] 0 (x,®) b
We will concentrate on the behaviour of the process till x; reaches 0. (That
is why we have laid no specific assumptions about what happens when x; reaches
0). The fact that x; as defined may turn negative does not matter for our

calculations. We start by finding a suitable martingale.

Lemma 2.7.1 Let x¢, n, and w; as defined. Consider constants B20, v20, 0<8<l.

Then

e Btexp(-uwy)8 L[ e (B+Mexpne [’ [MeVWdG(v)duldy
xt o*o0
is a martingale.
Proof

For f(xq,wt.ng) to be a martingale we have to solve Af(x,w,t,n)=0. We

83



substitute a function of the form c‘Bte'VWenh(x) in the equation and we get

-8h(x) - h'(x) + MBh(x) ze'vde(y)+eI:h(y)e'vde(y)-h(x)] =0 (2.7.2)

and integrating by parts this becomes

-Bh(x) - h'(x) - X8 _[: J’Ze'V“dG(u)h’(y)dy - Mh(x) = 0 (2.7.3)

Differentiating (2.7.3)

-Bh'(x) - h"(x) + 8h'(x) j:e'V“dG(u) - W'(x) = 0 (2.7.4)

and solving (2.7.4)

h'(x) = -Ke"B+MXexp[ro _[’; f :c'WdG(v)du] (2.7.5)

where K is an arbitrary constant and

o u
h(x) = K[ e B+Nexppof” ["eVVdG(v)duldy (2.7.6)
X 0°0
This is bounded so our function belongs to the domain of the generator and
the lemma 1is proved.
|

Corollary 2.7.2 Let T, be the first time x, reaches 0. That is T =inf{t: x¢ =0}, then

for B20, v20, 0<6¢1,

E(exp(-BT p)exp(-vwy )8 To|wong) =
(o]

J"” e (B+N)Yexpre f yj‘“e""’dG(v)du]dy
X o°o
0 (2.7.7)

IQ o (B+ X)yexp[ A Bjy J.uc'VVdG(v)du]dy
o 0’0

E(exp(-vw )8 ).

Proof
It is immediate by Doob’s optional stopping theorem and the martingale of
theorem 2.7.1.
O

Theorem 2.7.3 Let T be the length of the busy period of the M/G/® queue, N the

customers served during that period and W the total work done. The joint Laplace

trans form-probability generating function of their distribution is given by
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eI [eVVaG(v)e BN exppe [ [ eV aG(vduldy
E{G'BTC'VWGN) - o © 0To

= (2.7.8)
[~ B exppro[” [ Ye-VaG(v)duldy
(o] 00 ‘

Proof
We start operating the queue the time the first customer arrives; so we set
Xo=Wo=Y, where Y  has distribution function G(y) and ny=1. Then (T,w; o,n.ro)

becomes (T,W,N) so using corollary 2.7.2

(-]

6 J‘ e VX[ B+ N)expro [ [Ve"VVdG(v)duldy
o X o*o

E{eBTe-VWgNy (2.7.9)

_f: e'(B"')‘)yexp[xSj'z_":e“’vdG(v)du]dy
and by changing the order of integration in the numerator the result follows.

O

By suitably differentiating (2.7.8) we can get any joint moments of 7, N, W

we wish. For example one can find E{W) = uie)‘ui and E{(N} = e implying
that the "naive" approach for W mentioned at the beginning of this section is
correct for the first moment. However, when looking at the second moment we
get

E(W’) = Ma(u, + g, + 232[ exp(r] G(u)du)yG(y)dy) (2.7.10)
° y (G(y)=1-G(y))

while a "naive" approach would have yielded
<:>"‘1{u2 + 2w+ 2x2J':cxp()‘_[':G(u)du)yG(y)dy}
underestimating the variance by a term propotional to uz-uf, the variance of Y;.
Not surprisingly many relevant results are to be found in the literature.
Takacs (1962) has given a method to evaluate moments of 7. Shanbhag (1966)
went even further and evaluated the joint Laplace transform probability
generating function of a slightly more general model where customers arrive in

batches. That is at each arrival time point T: r:; customers arrive with

1 1

method can easily be modified to accomodate this generalization. Furthermore we

do not need Yi(l), ......... ,Yi(ri) to be independent. The only thing we need to know
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is the joint distribution of Y;W+y,P+..+Y;®) and max(y;O,...Y;[)
conditional on r;.

Formula (2.7.8) can be used to evaluate the variance of T. In terms of
numerical approximations Ramalhoto (1984) and Sathe (1985) found bounds for
this variance in terms of the first moments of G. It might be the case that the

methods applied by them can be modified to yield similar bounds for higher

moments of the distribution of T.
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CHAPTER 3

DOUBLY STOCHASTIC POINT PROCESSES

AGGREGATED PROCESSES

3.1 GENERAL

Many actuaries have questioned in the past the validity of the Poisson
assumption about the claim arrival process in insurance models. Other processes
have indeed been used; one example is the Ander §en model we encountered in
section 1.1 or the Polya process (see Beard et al p.38 ). But there is no clear
natural reason to assume any particular process (see Seal (1983) for a discussion
of the Poisson assumption). So there is much scope about developing other models
to use as claim arrival processes. Many claims are associated with natural
phenomena (fires, floods). There is of course a seasonal element then. We have
already seen such a model in section 1.3 (see also Dassios (1984), Dassios &
Embrechts (1987); for aspects of seasonality see Beard et al p.32 ). There is a
complicated stochastic background as well. For example fires occur randomly but
fires are less catastrophic when there is a large rainfall and more catastrophic
when strong winds prevail; events which are of a stochastic nature themselves.
Here comes the importance of more elaborate stochastic models such as doubly
stochastic point processes.

Many results about point processes can be calculated with the aid of
piecewise deterministic processes theory and we will set on this task in this
chapter. We will not concentrate on insurance aspects, however, with the exception
of the penultimate section where insurance applications will be considered.

Doubly stochastic or conditional Poisson point processes can be viewed as two
step randomization procedures. A process LY is used to generate another process
N; by acting as its intensity. That is N¢ is a Poisson process conditional on X (if
M is deterministic then N is a Poisson process). The term "doubly stochastic" was

introduced by Cox (1955a). Examples which in practice could model various forms
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of clustering will be examined in this chapter. Most of the intensities that will
be considered will be processes examined in the previous chapter.

We will now define the piecewise deterministic process (N, hpsug,t)
(“t=“1t’""’un,t; we allow for any necessary additional variables so as to make the
process Markov). We will state what form the components which determine the
piecewise deterministic process have (see introduction).

Deterministic motion is given by the vector fields:

0 (for Ny Ny 1s piecewise constant), co(x,u,t)a— , ci(x,u,t)i- 5 eeneseseneas , C (X,u,t)a— ,a—

a 3u, n Bu, 8t
Jumps occur with rate XM+p()u,¢t). The transition measure is as follows. With
probability }/[Mp(}u,t)] N; moves to N;+1 with MUt not changing value. Also
with probability p()\u,t)/[Mp(),u,t)] N, remains where it is and \-u; change value
according to a measure Q(-;)\u,t). These determine the piecewise deterministic
process (Ny,\,ug,t). The generator A of the process acting on a function f(N,)\u,t)

belonging to its domain is given by

a3 d 3 a
Af(N,)‘auat) = co()‘sust)_a_)‘ +ci()\,u,t)'a—ui+ ............ + Cn(x,u,t)gl;n-}- a_t +
p()\,u,t)
D+ D ———— [F(N+ L0 u,0)-F (N, u,0] + == [f(N,y,v,)dQ(y,v;},u,1)
Mp(h,u,t) A3, u,t) (N )\ u,0)]
(3.1.1)
Simplifying
0 G| 3
Af(N,\u,t) = co(x,u,t)-a—)‘ +ci(x,u,t)ai+ ............ + cn(x,u,t)gdn+ a_t +

X[f(l\]“}'l9Xdl,t)'f(I\I’)"u’t)] + p(x,u9t) [J'f(N’y’vJ)dQ(Yava )"uat) 'f(NsX,u,t)]

(3.1.2)
We denote
ALT(N M u,t ¢ t)a+(> t)a+ tcp(h t)a+a +
= AW t)— +¢, (Aut)— +........ Cc(Aut)— A
\ ( ) ’u,) co u a)‘ i u au1 n u aun at
PO, [[E(N,Y,v,)dQ(y,v; ), u,t) -F(N, ) u,1)] (3.1.3)
So we can write
AENALE = MEN+LLBO-FIN D]+ Ayf(N,)u,t) (3.1.4)
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and if we consider a function f()\u,t), then

Af(\ut) = Ayf(Xu,t) (3.1.5)

We can see that (xt,ut,t) could have been constructed as a piecewise
deterministic process (with generator Ay acting only on functions f()u,t)
belonging to its domain) by itself. However, we just consider it as part of the
piecewise deterministic process (Nt,xt,ut,t) and the filtration used will be the

natural filtration o{Ng,)g,u 0<s<t).

S:

In this chapter we will also consider the process

t
X = I Ads (the aggregated process) (3.1.6)

o
Since Q,cy,..c, and p do not depend on the first component of the state
space it can be shown that conditionally on (X520} the process {Nt20} is a

non-homogeneous Poisson process with intensity t-=\;, in particular

E{eNtz' b g Oss<t) = exp[-(l-e)J‘Zixsds] = exp[-(1-8)(x;_-x )] (3.1.7)
This suggests the equivalence of the problem of finding the distribution of
N; to the problem of finding the distribution of x¢. Other quantities of interest
in this chapter will be higher order propertics of Nt and x, as well as point
interarrival time intervals of Ni.
We close this introductory section with a lemma that will be useful when
trying to find the distribution of point interarrival time intervals.
Lemma 3.1.1 Let (Nt,xt,ut,t) as defined. Suppose that f(\u,t) belongs to the

domain of the generator A of the process (Nt’)‘t’“t’t) and furthermore

t
lim E{f O\, up,t)exp(- [ A ds)|Ng,uq) = 0 (3.1.8)
t—o o

If h(\u,t) is such that

AhOLu,0)-f(\u,0)] + Ayf(u,t) = 0 (3.1.9)

then if T =inf(tN =1 |No=0}
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E{h()“r1’“‘ri’71)|)‘o*uo} = f(X\4,u4,0) (3.1.10)
Proof

By (3.1.9)

t
fOpupt) + [ MO ug9)-FOgugs)ds (3.1.11)
is a martingale (always with respect to the filtration o{NS,xs,us:OSsSt)) and 'ri/\t

is a stopping time. Therefore by Doob’s optional stopping theorem

T, At
i
E(fOr ApUz AeToAD [ Nolto) +E(f o hOUES-TOGuESIAS| N u0) = £(3g,04,0)
(3.1.12)
We now condition on the realisation \,u, O0<vst
E(fOr Apr AeT Aot} = I}i{f(xT1 AT AET 1 AD | Ay8y,0€v AP0, uy)
0 (3.1.13)
and
T, At
E(f o MhOues)-TOGuSIds| N gug) =
T, At
j E(jo AR, U,8)-T (05U, 8)1ds| hy 1,0 v <}AP(,u,,) (3.1.14)
Q

where dP(M\,,u,) is the probability differential of a particular realisation (in
actual fact X u, represents a set of realisations with N, O<vs¢t taking any
values) in Q the set of all possible realisations.

N is Poisson conditionally on ). 0O<rst, so T At is distributed with density

r
xrexp(-foxsds) on (0,t)

and a mass

t
cxp(-J‘o)\Sds) at t

Therefore we have
E{f(» u T ,At) | N,,u,,08vEt)=f (), u,,t)ex (-J.t)‘ ds)+_|ltf(k u.,r)k ex (-J‘rk ds)dr
Til\t’Til\t’i lv’v"‘_ ot p oS o D rXP oS

(3.1.15)
and
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T, At
E(]’o N[O, ue,8)-T (g ug,9)1ds| Ay ,Uy, 0 €V €LY =

t t t or r
J’o xs[h( xs,us,s)-f( xs,us,s)]dsexp(-.foxsds)+foj'o xs[h( xs,us,s)-f( )\S,us,s)]dsxr exp(-J'o)‘sds)dr

(3.1.16)
and integrating by parts
T, At
E A [h(A g ug,8)-F (Mg, Ug,8)1dS| hyysu,,,0€vEL) =
(f, NhOGugS)-fOgugs)ds|ry,u,.0¢v<t)
t r
[, xr[h(xr,ur,r)-f(xr,ur,r)]exp(-]’oxsds)dr (3.1.17)

Adding together (3.1.15) & (3.1.17) and in view of (3.1.13) and (3.1.14), (3.1.12)

becomes

t t r
E(f(xt,ut,t)exp(-joxsds)|xo,uo}+I J‘oh(xr,ur,r)xrcxp(-joxsds)drdp(xr,ur) = f(2gou,,0)
Q

(3.1.18)
Letting t-« and noticing that the first term tends to 0 by (3.1.8) we get
(3.1.10).
O
3.2 A PIECEWISE CONSTANT DENSITY
L

We will now examine a process N, whose underlying density process M

evolves as follows. >‘t is constant until a jump occurs and then xt moves to a
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new value whose distribution function is G(y) (y € RY) and is independent of its
previous value and the time needed for this change to occur. Jump interarrival
time intervals are independent identically distributed random variables with

distribution function P(v) (v € R") and such that there exists 0 so that

IIR_,_eBVdP(v) <= for BE0,x)

We are going to investigate the behaviour of N, when (X,u;) is stationary.
For this purpose we will examine the aggregated process xt=J'szds which 1is an
equivalent problem as we have seen in the previous section. We will take u; the
time elapsed since the last change of value of \{ as our supplementary variable.
It will then be easy to manipulate expectations when exploiting the properties of
the martingales obtained. We have of course to assume that P(u) possejes a
density p(u).

Our piecewise deterministic process consists of U, M, X¢and t. The generator

of the process (x4,),Uuyt) acting on a function f(x,)\u,t) belonging to its domain is

given by
AfGoamg) = v L& +ﬂ‘i)-{j' £(x,y,0,0)dG(y)-f(x,\u,t) (3.2.1)
s = AT A a X,y¥,U, = s AU, oL
> dx du 4t P(u) ‘Rt y Y ]

(P(u)=1-P(u))
We will now find a martingale. We start with a definition of a function.

Definition 3.2.1 Let P(u) and G(u) as described and let

8v) = [, eVdG(y)

We define the function B(v)[0,2)-[0,2) by the relationship

j':exp[s(v)z]p(z)g(vz)dz -1 (3.2.2)

B(v) is uniquely defined since J':eBZp(z)g(vz)dz is a monotone function of B
for all v. It is not feasible to express explicitly B(v) in terms of v even for the
most simple non trivial situations. However it is easy to find derivatives of B(V)
evaluated at v=0 which in fact are the quantities of interest as we shall see

later. For example differentiating (3.2.2) once we get
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IOB'(V)Zexp[B(v)z]p(z)’g\(vZ)dz + Io exp[B(v)z]p(z)g'(vz)zdz =0 (3.2.3)
and setting v=0 in (3.2.3) we get B( 0)p1-u1p1 (we are assuming k,.p, are the first

moments of G,P respectively and that they exist), so therefore

B'(0) = p, (3.2.4)
Differentiating (3.2.3) and setting v=0 we get

B"(0) =- (p,/p,)(Ky-2) (3.2.5)
(k,.p, are the second moments of G,P assuming they exist).

We now proceed to find a martingale.

Theorem 3.2.2 Let X¢ohg,Up as defined. Then

{exp(-vxt)exp[-B(v)ut]exp(vxtut)/P(ut)}I: exp[B(v)z]exp(-vXz)p(z)dz exp[B(V)t] (3.2.6)
t
is a martingale.

Proof

We will try to find a martingale of the form exp(-vxt)eBth(xt,ut).

Substituting into Af(x,)\u,t) = 0 we get

h  p(u)
Bh(),u) - Avh(),u) + 0 + P)

which is equivalent to

[ (0GR = 0 (3.2.7)

g‘[3‘3“‘?' AUP(u)h()u)] =~°Bu°'xvup(u)f h(y,0)dG(y) (3.2.8)
du Rt

which leads to

h(vu) = [ IR+h(y,O)dG(y){e'B“e)‘V“/P(u)}f eBZe-MWzp(z)dz + K(\)ePue VU /pu) (3.2.9)
u
where K()\) is an arbitrary function of ). However, while the first term belongs
2™t )
to the ) generator since it is bounded the expectation of the second term

conditional on all values of A\¢ greater than B/v is infinite so our solution

belongs to the domain of the generator if and only if K())=0. Therefore

hO\u) = j‘wh(y,O)dG(y){e'B“eW“/P(u)}_[:eﬁze'sz(z)dz (3.2.10)

Setting u=0 in (3.2.10)

hOL0) = [, h(30)dG() [ ePre X Vop(a)dz (32.11)

93



SO

I‘R_l_h(y,O)dG(y) = | R+h(y,0)dG(y)j'[R+ j':eBZe'WZp(z)dsz(y) (3.2.12)

so we need to have

_[Oexp[s(v)z]p(z)g(vz)az =1 (3.2.13)
and therefore B = B(v) and by (3.2.10) we coclude that the required solution of

Af=0 is

Le~VXexp[B(V)t]{exp[-B(V)ule *V¥/P(u)} f:exp[B(v)z]e' AWzp(z2)dz (3.2.14)

where L is an arbitrary constant and the theorem is proved.

One can of course in the same way prove the analogue for Ny, that is

eNt( exp[-B(l-B)ut]exp[(l-B)Xtut]/P(ut)}I:cxp[B(l-B)Z]cxp[-xt(l-e)z]p(z)dz exp[B(1-8)t]
is a martingale. t (3:219)

So we can now apply theorem 3.2.2 to find the behaviour of X¢ when A\ and
u, are in the stationary state. It is clear that when stationary, A has distribution
function G(y) and is independent of u; which has probability density P(u)/p, (see

proposition 2.5.1). So we can now prove the following theorem.

Theorem 3.2.3 Let LY be stationary. Then

[ 3Pz | :B(v) ¢ xp[B(V)z] 8(vZ)P(2)dz

Efexp(-vxy)} = =2 N
py(l - [ 8(v2)P(2)dz)

exp[-B(V)t] (3.2.16)

Proof

By theorem 3.2.2 and recalling that x,=0
E{ {exp(-vxt)exp[-B(v)ut]exp(vxtut)/ P(ut)}ju exp[B(v)z]exp(-vi z)p(z)dz } =
t

exp[-B(WtIE{ {exp[-B(V)u Jexp(vi;u )/P(u ")}Iu exp[B(V)z]lexp(-v,z)p(z)dz } (3.2.17)
(o]

Now, by the structure of the process (xt,ut) is independent of x;-M u; (the

position of Xx¢at the time of the last change of value of \) so (3.2.17) can be

written as
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E(expl-V(x;- 3 upDE((exp[-B0)ugl /P)}f explBMzlexp(-vh2)p(z)dz) =
t

exp[-B(Wt]E( {exp[-B(v)uo]exp(vXtu 0)/P(uo)}‘fu exp[B(v)z]exp(-vz)p(z)dz } (3.2.18)
)

When stationary, u; and ) are independent and distributed with density

P(u)/p, and distribution function G(y) respectively. The same is true for Aol g

So
E((exp[-B)ug] /P(up)f explB(zlexp(-vi2)p(a)dz) =
t

,l',RJ:{cxp[-B(V)u]/P(u)}[:exp[s(v)z]e'VYZp(z)dz{P(u)/p )dudG(y) =

“exp[B(V)z]-1

(1/p)f expl-80u1 [ explBzle™Veptadzdu = (1/p)) | FE
(o]

g(vz)p(z)dz =

[1/p BV - [ 80vap(z)dz) (3.2.19)
Also

K {exp[-B(V)u o]exp(vxtuc)/P(u()}I: exp[B(v)z]exp(-viz)p(z)dz} =
(o]
| ,R+f :(CXD[-B(V)UICVY“/ P(U)}I:CXD[B(V)z]e'vyzp(z)dz{P(u) /p,}dudG(y) =
(170 S : f :exp[B(v)z]c'Vyzp(uu)dzdudG(y) - /pi)J': f :exp[B(v)z]@(vz)p(z+u)dzdu

= (1/py)] :exp[s(v)z]g(vz)l’(z)dz (3.2.20)
(3.2.18), (3.2.19) & (3.2.20) combine to give

] :B(V) ¢ xp[B(V)z] 8(vz)P(z)dz

E{exp[-v(x¢-)up)l} = = (3.2.21)
1 - [ g(v2)P(z)dz)
)
and because Aug and X¢-hup are independent
E{exp(-vx()} = E{exp[-V(x{-Mu) E{exp(-viiu,)} (3.2.22)

But

Efexp(-whup} = [ [ VYR @)/p,)dudG(y) = (1/p,)( 8(v2)P(2)dz
e = Jpel, ' I, (3.2.23)
(3.2.21), (3.2.22) & (3.2.23) give us (3.2.16).
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Lim ko
Formula (3.2.16) also gives us thcﬂdistribution of

t+s
"‘t A dr (also 7"“{‘(Nt +5"Np) of course).

If we take logarithms in (3.2.16)

[ ol - [ 8(v2)P(2)dz)
-log{E{exp(-vx)}} = Bt + log|—=% = ~ (3.2.24)
[ [ 8v2)P()dz [ B(v) e xp[B(v)z] B(v2)P(2)dz
and setting
[ Pl - [ Ev2IP()dz)
o«v) = logl—=— =0 - (3.2.25)
I_ Io g(vz)P(z)dz IOB(V) e xp[B(V)z] g(vz)P(z)dz
-log{E{exp(-vxy)}} = Bt + a(v) (3.2.26)

which is an expression for the cumr ulant generating function and if we denote
by k,(t) the nth cum ulant of x¢ and by B(“)(v) and o:(")(v) the nth derivatives

of B(v) and o«(Vv)

ky(t) = (DB + «M(0)) (3.2.27)

(we assume that n derivatives of o8 exist; that is n moments of P,G exist).
We already seen in the beginning of the section how easy is to calculate
derivatives of B(v). We have proved that the cum. wulants of x¢ are linear when
MsUg is stationary and we have found the appropriate coefficients. By (3.2.26) and

(3.1.4) the analogue for N¢ follows; that is

-log{E{SNt}} = B(1-8)t + «(1-8) (3.2.28)

We will also try to find the distribution of interarrival times of points of
N;. By T, we denote the length of the interval between the (k-l)th and the kth

point. We will not merely concentrate on finding the distribution of T, (the
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Qs
distribution of T, given ), v, is the samc wih the distribution of Ty given the

same values for xrk_i,v.rk_i), but we will look at higher order properties as well.
We will now include v, the time needed for the next jump to occur in our
process instead of u;. So we do not need the assumption that P(y) has a density
any more. Furthermore we will not need B(v) also so we drop the assumption that
J'IR+eBVdP(v) exists for B>0. The generator of the process (Nt,xt,vt,t) acting on a

function f(N,),v,t) belonging to its domain is given by

of of
Af(N\,t) = a " 5 +ME(N+1,3,v,t)-f(N,)\,v,t)] (3.2.29)
v
with the requirement for f to belong to the domain of the generator (boundary
condition)
NAOD = [0 [0 fNy.v.0dG(y)dP(Y) (3.2.30)

An implication of (3.2.30) is that at v=0 f has to be functionally independent
of X
We will now prove an important theorem.

Theorem 3.2.4 Let k(\v) be a function such that

[ | g K@ WGP < =

Let N,=0 and T, =inf{t:N =1}. Define also

[rofpee Gy Ze(B+Y)Zk(y,z)dzdP(u)dG(y)

B(B:k) = (3.2.31)
LR+LR+[1-e'(B""Y)“]dP(u)dG(y)
Then
‘ v,
E{exp(-BTi)k(kTi,vnHxo,vo} = {B(B;k)Ho,f k(X g,2)exp[(B+X,)z]dz}exp[-(B+X )V ]
[o]
(3.2.32)
Proof
By lemma 3.1.2 if
a—f - aL +)‘[c'Btk(x,v)-f()\,v,t)] =0 (3.2.33)
ot v

and
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f(2,0,t) = I’R+J‘[R+f(y,v,t)dG(y)dP(v) (3.2.34)

then

E{exp(-8T 1)k(x.l.i,v.ri) [ YosVo} = f(X gV 0:0) (3.2.35)
So we need to solve (3.2.33) subject to (3.2.34). We try a solution of the form

e Bt h(\,v) and we get

-Bh(),v) - -2-13- + Mk(»Vv)-h()\v)] = 0 (3.2.36)

and

h0,0) = [, [ h(3v)dG(x)dP() (3.2.37)

(3.2.37) implies

h(},0) = K (3.2.38)

where K is an arbitrary constant. (3.2.36) can be rewritten as

Z—u[e(B“)Vh(x,v)l = kO, v)e(BH)V (3.2.39)

SO

hOw) = @I [V k(,2)eBHN2dz + Ko (BHY (3.2.40)
[s]

and using (3.2.37)

K = [ [ BV ey [ ky.2eB2dz)aGy)dap(v) (3.2.41)
SO
e'(B+Y)Vy ve(B"'Y)Zk(y,z)dzdP(u)dG(y)
K = I‘R+I'R+ ] > = B(B:k) (3.2.42)
I +Irn L [1-e"(B+¥)U1aP(u)dG(y)
and hence
h(\v) = [BB:K)+) J‘Zk(x,z)e(ﬁ*‘Uzdz]e'(Bﬂ)V (3.2.43)
proving the theorem with (3.2.35)
0

So we can immediately conclude about the Laplace transform of the

distribution of T .
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Corollary 3.2.5

E{exp(-BTi)|xo,vo} = B(B;1)exp[-(B+X )v,] + [Mg/(B+X DI 1-exp[-(B+X )V, 1] (3.2.44)

where
[ ¥/ (B+I1-B(B+y)AG(y)
B(B1) = - (3.2.45)
jwll-p(Bw)]dG(y)
Proof
We just set k()\,v)=l in theorem 3.2.4.
O

Using theorem 3.2.4 we can proceed further to higher order properties. We

can find the joint Laplace transform of the distribution of 7,,7,,....T,. We will

n

demonstrate how to do that with T, and T,. If we wish to include more T;’s the

same procedure as in the proof of the next theorem has to be repeated.

Theorem 3.2.6

E{exp(-B,T,-B,T,) | oV} =

A2[exp[(B,+) )V ]-1] e'(Bi‘”‘o)"o
(By+3)(B,+)¢) (3.2.46)

)y
{B(BiszZ)HO[B(Bz;l)- ";g;][exP[(BfBZ)VO]'1]/[81'82] +

where B(B,;1) is given by (3.2.45) and

Y D(B,+y)-D(B,+y)  y2[1-D(B,+y)]
[ BB y+B,  B,-B, (B, +Y)(B,+y) }4Ge)

B(Bi;kgz) = (3.2.47)

[ [ 1-P(B +3)1AG(y)

Proof

Using corollary 3.2.5 and the fact that T, given the values of X\, v, has the

same distribution as T, given the same values for M\ and vy we get
1 i

E{exp(-BzT2)|Ti,xTi,vTi) = E(exp(-BzT2)| )‘Ti,vTi) = sz()‘Ti’vri) (3.2.48)

where

kg, 001 ovr ) = BBuNexpl-(Bythg vy 1+ Dg /(Byidg DI(1-expl-(By+3r vy 1) (3.2.49)
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We use theorem 3.2.4 with kp in place of k. Then (3.3.31) gives
BZ

J'[pifime‘(B+Y)VyJZe(B+Y)ZkBZ (y,2)dzdP(u)dG(y)

Im +J’rR [1-e"(B+Y)UdP(w)dGy)

B(B kg ) = (3.2.50)

But
[TeBN2kg (v.2)dz = [ (B(B,;1)expl-(B,+3)2] +1y/(B,+)][1-expl-(B, +y)al Jexpl(B+y)z]=

(B(B,;1)-Ty/(B,+y)D) | expl(B-B,)z1dz + [y/(B,+y)][ expl(B +y)eldz =

exp[(B-B,)v]-1 exp[(B+y)v]-1

B(B,;1)- 3.2.51
{B(B,;1)-[y/(B,+y)I} B -8, + [y/(B,+y)] Bty (3.2.51)
Substituting into (3.2.50), (3.2.47) follows and
E{exp(-BiTi-Bz‘rz)po,vo} = E{cxp(-Bi‘ri)E(exp(-Bzrz)|x.,.i,v.ri}po,vo} =
E(cxp(-BiTi)sz(xTi,vTi) | XV o) (3.2.52)
and by theorem 3.2.4, (3.2.49) follows.
g

As we have said the last step of the proof can be repeated so as to
incorporate T,,7, etc in our formula. Also one should be very careful when using
corollary 3.2.5 or theorem 3.2.6 because some of the integrals might not exist

when B=0,8,=0 or B,=0 and take limits where appropriate.

3.3 THE VIRTUAL WAITING TIME OF THE M/G/1 QUEUE

AS INTENSITY

The approach to establishing the properties of the distribution of N; or x;
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by finding a martingale of the form exp(-vxy)exp[(B(V)t]h(};) might fail because
we might not be able to solve the equation involved. So we need an alternative
approach to give us the behaviour of some of the moments at least.

An example is the case where ¥ is set to be the virtual waiting time of the
M/G/1 queue. We have already examined some of the properties of a more
general process in the previous chapter. We assume A decreases linearly, jumps
arrive with rate p and G(y) is the distribution function of the jump sizes. When
M reaches 0 it remains there till a jump occurs. Such a process N; with M as
intensity can be used to model some form of clustering. For example we can
consider rains as consequent events of “"storms" (represented by jumps) which fade
out. Also x; might be useful itself when applied to evaluating costs associated
with networks involving the M/G/1 queue. We will examine x¢. The generator of

the process (x4,\t) acting on a function f(x,)\t) belonging to its domain is given

by
Nl S e, [ F M 4y,0)dG(y)-f(x, 0] )
~_ ~ = - 1P X,AtYy, Y)-LI(X,A, >
Af(x,\t) = { ox ot ax R* (3.3.1)
af 3=0
o+ ARy DdGE-(x0.0

We also assume that p, the first moment of G exists and pp,<l so as to
make \; recurrent.
In order to find a martingale of the form exp(-vxt)csth(xt) we need to

substitute in Af = 0 and get

(BB - WO + p[[ hO+y)AG(y)-h(V] = 0 (33.2)
P IR+h(y)dG(y) = (B+p)h(0) (3.3.3)
(3.3.3) is equivalent to h'(0) = 0 (3.3.4)

To solve (3.3.2) subject to (3.3.4) is not easy since there is no simple solution
in general and no direct relationship between B and v. A series solution approach
will lead to the same mathematics that will follow adding some technical

difficulties as well. We will examine the behaviour of moments as we have
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already done before when facing similar problems.

We start with some heuristics. Assume there is a martingale of the form

exp(-vxt)exp[B(v)t]e‘a(xt;") (we write h(\)=e2(V)) By a;(\;v) we denote the ith

derivative of a();v) with respect to v. Differentiating cxp(-vxt)exp[B(v)t]e'a(xt;")we

get

{(-x¢ + Bt - a,(% ;v)}exp(-vxt)exp[B(v)t]e'a(Xt;v)

(3.3.5)

and setting v=0 and assuming B(0)=0 and a(};0)=0 this becomes -xt+B'(0)t-a1(xt;0)

and it suggests to try to find a martingale of the form x¢-K t+h (}).

Theorem 3.3.1 Let x4\ as defined. Suppose G(y) posseses at least two moments

K, and p,; then xg - Kyt + h,(\) is a martingale where
K, = pu,/[2(1-p,)]
h, (V) = 22/[2(1-py,)]

Proof

We substitute x-K, t+h (}) into Af=0 and we get

Y- K, - h() + p[IrR+h1(x+y)dG(y)-h1(X)] =0
and
h'(0) = 0
(cf (3.3.4)
Setting h (M)=A,)?* (so (3.3.9) is satisfied)
M- K, - 2A,) + pQA pu +A,u,) = 0

and equating coefficients in (3.3.10)

A, = 1/[2(1-puy)] K, = pu,/[2(1-p1 )]

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

(3.3.10)

(3.3.11)

E{x;} and E{)\%) are finite for all t so our function belongs to the domain of

the generator.

Theorem 3.3.1 leads to the asymptotic behaviour of E{x)}.

Corollary 3.3.2

E
lim—{—x‘}— = pi,/[2(1-pu,)]
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Proof

By theorem (3.3.1)

E{x.} = tou,/[2(1-pn,)] - E{xg} + E(AE-23Y/[2(1-pk,)] (3.3.13)

Dividing both sides of (3.3.13) by t and letting t-= (3.3.12) follows.

O
Of course it is immediate that
. E{N
lun—{Ttl = pu,/2(1-pu,)] (3.3.14)

t—oo

We now proceed to examine the behaviour of the second moment of X By
continuing our heuristics we see that the second derivative of
exp(-vxJexp[B(W)tle 2 tV) evaluated at v=0 is (-x+B'0)t-a, (3002 + B'(O)t -a,(7;0)
suggesting a martingale of the form {xt-K1t+h1()‘t)}2 - K,t + h,(A\) with K, and
h,()) being the same as in theorem 3.3.1.

Theorem 3.3.3 Let X4\ as defined and suppose G(y) posseses at least four

moments [, 1, k, and I, then {xt-Kit+h1(>‘t)}2 - K,t + hz(xt) is a martingale,

where
K, = pit,/12(1-p1,)] (3.3.15)
h,(\) = 23/[2(1-pp,)] (3.3.16)
Iy Spuyt, Pok3
o= p {4(1-pu1)2 " 6(lony)® | 2(1-puy)” J (3317
h,(\) = 3(—1%21)—“3 + {2’21“_;”1)3 + 2?121%11)4 }xz (3.3.18)
Proof

Substituting {x-K1t+h1()\)}2 - K,t + h,()) into Af=0 we get
2[\-K -h’(M][x-K , t+h , (M]-K ,-h,(0)+

AR0x-K O b, Oy)AGW)-h (V] [ EO+Y)AGH)-h {0+ [ b, O+y)dG(3)-h, (4)1=0

; (3.3.19)
as well as h,(0)=0 and h'(0)=0.

Using (3.3.8) from the previous theorem we obtain
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K, - b)) + pf LR+[h1(x+y)-h1(x)]2dG(y)+ J'[R+h2(x+y)dG(y)-hz(X)]=0 (3.3.20)

and since h,(3) = \?/[2(1-px,)] we get

, w4 \+4p, N3
K., - h,()) + 43 2 h, (M y)dG(y)-h, ())1=0 3.3.21
2 T )+ P + [ 04y)dG()-h, () (33.21)
Trying h,(3) = A Z*+A,)\?
A, M4, 22

-K,-3A,22-2A pl

Wpp)?  HASG B A, Der,)) = 0 (3322)
i

Equating coefficients in (3.3.22)

P K,

As = 3.3.23

3 3(1-pu,)? ( )

Pua 31X3pu2 pua pzug

A2 = Jem)® T 20- = PR YT IRY (3.3.24)

(1-pny) (1-pp,) 2(1-pp,)®  2(1-pi,)
and
R = p4(lpu>2 Ak +A2"2}=
1

3
- 0 PHH, + PHH, + PoH, ]___

{4(1 pu)? T 3(-pr)® | 2(lepry)® | 2(1-piy)?

Ky Spu,k, Pk }
- + + (3.3.25
{4(1-pui)z 6(1-ppy)®  2(1-pp,)* )
and the theorem has been proved.
O
So we then find the asymptotic behaviour of the variance of X¢
Corollary 3.34
x.-K  t 2
limE{[—t‘/TJ—] } =K, (3.3.26)

t—

Proof
We just have to use the martingale of theorem 3.3.3 and exactly as in
corollary 3.3.2 we divide by t and let t-=.
a
So the variance of x; behaves asymptotically like K,t; that is it is
asymptotically linear. Using that var(Nt) = var(xt) + E{Nt) the variance of N¢

behaves asymptotically like (K1+K2)t.
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We can carry on our heuristics to establish the asymptotic behaviour of
higher cummulants of x; and N;. For example looking at the third derivative of
exp(-vxt)exp[B(v)t]c’a()‘t3") at v=0 we get
(-x+B'(O)t-2, (000} 3+3(B"(0)t+a ,(A 300} (-x(+B'(0)t-a, (1 ;0)}+BENO)t+a ,(1;0)
suggesting that we should try to find a martingale of the form
(xK  t+h, 0013 + 3(x¢K , t+h DMK, t+h,(0)) - K4t + h (0
where K, ,h ,K,h, are already found and K,,h, are to be found by finding the

appropriate solution of Af(x,)t)=0.

3.4 SHOT NOISE INTENSITY

In this section we assume a shot noise process like the one examined in
section 2.3 as our intensity process. So we consider a point process Ny which is
conditionally Poisson with intensity M- A is a shot noise process with rate of
decay &), rate of jump arrivals p and jump size distribution function G(y) (y>0).
We will actually examine the aggregated process x; and use relationship (3.1.4) to
deduce results about N,. The generator of the process (xt,xt,t) acting on a

function f(x,\t) belonging to its domain is given by

af af ar
Af(x\t) = at g T Bae ol ]‘ rR_l_f(x,x+y,t)dG(y)-f(x,)«,t)] (3.4.1)

Also the generator of (N, 2.t) acting on f(N,)\t) is given by

of of
A*(N,\t) = — + MNE(N+1,\t)-f(N,\t)] - 68X — + p[I f(N, My, t)dG(y)-f(N,),1)]
at o TR (3.4.2)
In this situation we can do much better than merely establishing the
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asymptotic behaviour of x; and N We will be able to evaluate the Laplace
transform of the distribution of x, at time t. Afterwards we will look at higher

order properties as well.

Theorem 34.1 Let x; and )\ as defined above and evolving up to a fixed time t*,

. etk
Also, consider constants «x . and kK, such that k,20 and K,2-K,€ 5t s then

exp(-k ,8x,)exp[-(k +k 2eSt))‘t]sxp{pj';[l-g(|< Lt zess)]ds} (3.4.3)
(W) = [, e™YdGH) )
is a martingale.
Proof
Define W =0X ¢+ M and zt=xt68t, then the generator of the process (Wt’zt’t)

acting on a function f(w,zt) is given by

A f(wzt) = Z—f+ ol j ‘R+f(w+y,z+yeSt,t)dG(y)-f(w,z,t)] (3.4.4)
and f(w,z,t) has to satisfy A, ,f=0 for f(wg,z4,t) to be a martingale. Trying
exp(-k w)exp(-k,z)h(t) we get the equation

h'(t) - pl1-g(x,+x,eBhn(t) = 0 (3.4.5)
exp(-k,w)exp(-k,z)h(t) belongs to the domain of the generator because of our
choice of «,,k, (the function is bounded for all t<t* and our process evolves up
to time t* only; we are not interested in what happens afterwards, to avoid
complications we can assume the process ceases to evolve and remains where it
is).

Solving (3.4.5)

h(t) = Ke xp{pﬁ)[l-g(k1+lczess)]ds) (3.4.6)

where K is an arbitrary constant. Therefore

t
exp(-x 1wt)exp(-lc 2Z¢)€ xp{pj‘o[l-g( K, K 2e“ss)]ds)

is a martingale and hence (3.4.3) is a martingale.
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Corollary 3.4.2 Let v,20, v,20, v20, 0<8<1 and t,,t, be fixed times. Then

E{exp[-vi(xtz—xti)]exp(-vzxtz)Ixti,xti) = Ef{exp[-v,( xtz-xti)]exp(-vzxt2)|)\ti} =

t,-t

exp(-hy, (v, ZH)expl-s(t,-t )Y exp(-pf [ +(v,r SH)e89)1ds) (3.4.7)

(o]
and

N, -N N; -N
E(® 'z ‘tiexp(-w), )Ny M} = E(6 t2 ‘tiexp(-w, [ ) =
2 i 2 i

1-8 1-8 tty  .1-8 1-8. g
exp{-X{ 5 +(v - =7)exp[-6(t,t )]}} cxp{-pfo [1-eC5 +(v - TR 7)]ds) (3.4.8)
Proof
We set k, = v, /6, k, = [vz-(vi/s)]exp(-'étz), t"‘?tz in theorem 3.4.1 and (3.4.7)
follows immediately.

(3.4.8) follows by (3.4.7) and (3.1.4) of section 3.1.

O
Corollary 3.4.3 Let XNy, M as before; then
\v tZ-ti AV -85
E{exp[-V(x¢ -x¢ )| X¢ } = exp{- {1-exp[-5(t,-t )]\ }exp{-pf [1-g((1-€7°%))Ids}
2 i 1 2] 1 o 5 (3.4.9)
N, -N; 1-8 Bty . 1-8 o
E(® '2 ti|) ) = exp({- —[l-exp[-8(t,-t )]\ Jexp(-pf = [1-8(—(1-¢"5%))ids)
t 5 t ° 5 (3.4.10)
Furthermore if M\ is stationary then
trrtya y
-8s
E{expl-v(x; -x; )1} = exp(- (pv/8) . G(1e7%)ds) (3.4.11)
N, -N tr-tyn 1-8
E(® t2 t1) = cxp{-(p/'e)(1-e)j‘o G(?(l-e'ss))ds} (3.4.12)

where (A;(u) = [1-g(w)]/u
Proof

Set v,=0, v=0 in (3.47) and (3.4.8). (3.4.9) and (3.4.10) follow. When A s

stationary it has a distribution with Laplace transform

v/\
exp[-(p/8) [ G(u)du]
(see corollary 2.3.3 section 2.3); therefore
V[1-exp[-8(t,-t,)] A

t -t
E{exp[-w(x;_-x¢ )]} = exp{-(p/S)j G(u)dujexp(-p 02 ‘[l-ﬁ(ﬁl-e'“))]ds}
o
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tz‘t1 AV -85 -85 1.~B5S tz-ti AV -83
= expl-pf  ([1-B(1-e N1/ 1-75))eBds)expl-pf = [1-8(H{1-e75)ds) =

t-t, AV, _gs -85 trtia v -85
= cxp{'PIO {[1-g(1-e">)1/(1-e7>))ds) = expf- (pV/S)IO G( (1-e7>%))ds)

(3.4.13)
Similarly (3.4.12) follows.

Y ]..h O
v .)(\u ‘(‘J}“\“ )\’\
(3.4.11) & (3.4.12) give us the asymptotic beha‘lour of “x; (and therefore of

Ny) if we let t,-t, become large.

o A Ay
-logE{exp(-vxp)) _ pl1-8(v/8)]t - (pv/8){[ (G(v/6)- G({1-¢"®))ds} (3.4.14)
we get the asymptotic behaviour of all cummulants of X¢- This implies the

following very simple result. If p . the rth moment of G exists and k. (t) denotes

the rth cummulant of X¢s

limk (t) = i (3.4.15)
to

The analogue of (3.4.14) for N, is

N A © A ~ 1-8 -
-logE(8 "} _ p[1-8((1-0)/®)t - (p/8)(1-8){[ (G((1-8)/8)- G(—(1-">))ds}  (3.4.16)
Using the important corollary 3.4.2 we can also look at higher order
properties of x. We are going to find the joint Laplace transform of the
distributi f Xy , “X¢
istribution o xtz Xt > Xt Xt,

X¢ (n succesive increments).
n+1 n

Lemma 344 Let XM\ as defined and V,Vv,,....V and 7Yy, be non negative

constants; then

k
E V- - - Y )y =
{Tilexp[ vl(xti+1 X)) eXP(Yicyy tk+l)l t,}

k-1 Bt a vy Vo -85
E( rilexp[-vi(xtm-xti)] exp(-7kktk)|xt1}exp{-pfo [1-8( 4Ty g7 Je)1ds) (3417
where
v Vi
Tk = —sk * (Va5 JOxPEB(xy X)) (3.4.18)
Proof
- k

v - - X M )=
E{I;Iexp[ vilxe, X¢ 1 eXP(-Vgs 4 tk+l)l t,}
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k-1
E{ Mexp[-v:(x; -x,)]E{exp[-vi(Xx; -x;)]exp(- A Xt 3Xp goeesXg 3 Mg seresX Y
{ s p[-v;( tire ti)] {exp[-vy( ters tk)] P(-Yk+4 tk+1)l t,*t, ot tk}l ti}

(3.4.19)
but

exp[-vi(x; -X;)]exp(- A X 3Xg geeesXg s Mg geeng X =
Hexpl-vi(xe, | e S I L T Rl

- - - ]y by 4.2
Rexp[ Vk(xtk+1 xtk)] exXP(-Yy 44 tk+1)l tk} (3.4.20)
and by theorem 3.4.2

E{exp[-vk(xtk+l-xtl?] exP(-Vk44 th+1) | )‘tk} =

v \V e te A v V)
expf-y, (5 + s s exol-sx,, xe N} Jexpen ™ ALy -0 59lds)

(3.4.21)
Define
- Yk
k=% * (Ykss- 5 )CXD['S(thH'th)]
and the lemma is proved.
a

Theorem 3.4.5 Let XM\ be as defined. Let also v k=12,..,n be non negative

constants. Then
n
E{llexpf-v:(x, -x b =
{1 pl-v;( tire ti)]l ti)

2y n Yt A v Vier -85
exp{-xtif - [exp(-sq>-exp(-6ti+,)1exp(8t1>}111exp{pj o B (e e ®ds

n, (3.4.22)
where &y = exp(Stk)Z—;-cxp[-S(ti-ti ) IR (k=1,2,...,n)
k

Proof
By succesively applying lemma 3.4.4 we get
T n bttt a vy Vi, s
E{Tilexp[-vi(xtiﬂ-xti)]lxti} = exp(‘?’i)\ti)l}exD{PIo [l-g(i5 &gy - . Ye™%%)1ds
(3.4.23)
with
- - Yk
Tned=0 and Y = <5+ (Vyym)exPlB(x  xp )] (3.4.24)

(3.4.24) can be rewritten as
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v
YKkexp(-5ty) —sk[exp(-Stk)-exp(-Stk_'_ I+ Vg exp(-8ty )

therefore
k-1,,,
Ykexp(-8ty) = 7, exp(-6t,) - I —SL[exp(-Sti)-exp(-StiH)] (3.4.25)
1
so
n-1 Vs
Y4 16XP(-8t, ) = 7,exp(-6t,) - L —8'-[exp(-8ti)-exp(-8ti+i)] (3.4.26)
1
and since 7,,,=0,
n-1,,
7, = exp(st,) L —SL[cxp(-Sti)-exp(-StiH)] (3.4.27)
1
and
Vi
Yk = exp(Stk)f 5 [exp(-5t;)-exp(-8t;, ,)] (3.4.28)

Substituting (3.4.27) & (3.4.28) into (3.4.23) we get (3.4.22)
0
The problem of finding the distribution of Tizinf{t:Nt=l|Nt=O} can be easily

solved since we have found the distribution of N,;. By corollary 3.4.3 and (3.4.10)

Nt 1-9 t A 1-9 _ss
E(® |\gN,=0} = cxp{-—s—[l-cxp(-‘at)]Xo}exp{-pj'g[l-g(?(l-e )Ids) (3.4.29)
So setting 6=0 we get the tail of the distribution of T,.

l_e-SS

t
Pr(T,>t|3g:N,=0) = Pr(N=0|%,,N;=0) = exp{-()o/8)(1-¢"5))exp(-p 0[1-@( ——)]ds)

(3.4.30)
However, if we want to find the distribution of the point interarrival time

W Ha&wbmw)
intervals of N when A\ we can not substitute the stationary distribution of ¢
for A\, We have to assume that )\, is a time at which a point of N, has occured,
and clearly if we denote by x(n) the value of )\, when N, takes the value n for
the first time when the process is stationary, the distribution of x(n) is not the

same as the distribution of A and we have to find it.

Theorem 3.4.6 Let T, be the time of the nth point of Ny. Assume p, is the first

moment of G and that it exists. When the process My, is stationary
1

E(exp(-ir,) = [GO)/kJexn(-(p/8)[ G(u)du) (3.4.31)
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Proof

We will use lemma 3.1.2 which implies that if f()) and h(}) are such that

MhO)-E(V)] - M0 + o I’R+f(x+y)dG(y)-f(X)] =0 (3.4.32)

and (3.1.9) is satisfied then by starting the process from T;

E{h(\Ti_'_i)[)‘Ti} = f()\'ri) (3.4.33)

We will use

gM .
f = - A V)‘ B
= > 1) Je (3439
f()) clearly satisfies (3.1.9) and substituting into (3.4.32)
e Vs £ _8W o _
Ah())-)e +l-g( > ]+ v x{x _g(v)} e
I 1O ) P VS VR (W L1V
P {x l-g(v)] g(v) - eVig (v) {x -g( )} (3.4.35)

Notice that terms with e~ ")‘g (v) in the right hand side cancel each other

and dividing by ) and simplifying

g'(v)

h()) = eV {M(1-8v) - (1-sv)l_§(v) + 6 + p[1-8(V)]} (3.4.36)
and by (3.4.33)
g'v) A
E(xTi+1exp(-vxTi )(1-8v) - (1- Sv)—(v—)exp( vxT ) + [8+p[1-g(v)]]exp(-vxTiH)} =
E(hr exp(-va1) - gg(( ))E{exp( W) (3.4.37)

Assuming stationarity XT_+1and M. have the same distribution whose Laplace
1 1

transform we denote by H(v); by (3.4.37) we then have

, g'(v) v BV
-(1I-sVv)H (V) - (1-8v)—=——H(V) + [6+p[l- g(v)]]H(v) -H(v) - == (3.4.38)
1-g(v) 1-g(v)
and grouping similar terms together
, Ay l_/\
HV) + 2 (( )) +(p/5) i(") JH(V) = 0 (3.4.39)
So H(v) is given by solvmg (3.4.39) subject to
HO) =1 (3.4.40)

(it has to be the Laplace transform of a distribution); and we get
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1-g(v)

HO) = A7 exp{-(p/s)j‘:G(u)du} (3.4.41)

where A, is a constant and because of (3.4.40) A = 1/p, and

A VA
H(V) = [G(v)/kJexp(-(p/8)] G(u)du) (3.4.42)
O
We shoulc& now notice the interesting fact that this is the distribution of the
pnoettnted
sum of two“random variables one having the the stationary distribution of A as
its distribution and the other having density G(y)/u,.
We can now substitute in (3.4.30) and find the tail of the point interarrival
time intervals when stationarity has been achieved and this is
Al 1
A1 1 5 t l-g(—-—e SS)
—_ ——n" __5_8__
Pr(T>t) = [G(—-—¢ t)/ui]exp{-p'[ ds) (3.4.43)
5 6 o l_e-SS
Another interesting fact is that if we integrate (3.4.43) we get E{T}=8/(pn,)
which means the expected point interarrival time is the inverse of the average
intensity of the process.
The model so far described can be generalized so as to allow its parameters
be time dependent; that is Riemann integrable functions of time as in section 2.4.
Exactly the same method can be carried over to this model producing the
generalizations of the results of this section (with the exception of the last

theorem). Details are omitted as there will be no new ideas and formulas

obtained are rather complicated.
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3.5 SHOT NOISE INTENSITY WITH GENERALLY DISTRIBUTED

JUMP INTERARRIVAL TIME INTERVALS

We can generalize the shot noise process of the previous section by assuming

a general renewal process as its jump arrival process in the lines of section 2.5.

We assume B8X; is the rate of decay of A\ jump sizes being distributed with

distribution function G(y) (y>0). We also assume the jump interarrival time

intervals are independent identically distributed random varialilfs} with
alig T

density p(u) and that they are independent of the jump sizes as well, ere exists

a positive constant ¥ such that

j‘: eBYp(y)dy < for B € [0,7)
We define x; = J'szds and N; as a doubly stochastic point process having A¢ as
its intensity. We also include u; the time elapsed since the last jump in our
piecewise deterministic process. The generator of the process (X¢sMsUpot) acting on

a function f(x,)\u,t) belonging to its domain is given by

Af(x,\u,t) = x% + Z—f + Z—Z - sxg—i + l%%—[j’ gL CAHY0.04GE-fx WD) (3.5.1)
We will not be able to find explicit results for the distribution of x; at a
fixed time t. However we can investigate the asymptotic behaviour of x; (and
therefore deduce the asymptotic behaviour of N, as well).
We start with a definition.

Definition 3.5.1 Suppose v20. We define the function B[0,2)-{0,) as B(v)=B where

p(-B)g(v/8) = 1 (3.5.2)

(B = [eVpydy and V) = [0 ,eV¥dGH))

Theorem 3.5.2 Let xt,xt,ut as defined; then for all vz0

exp[-v(xt+lsL)]exp[B(v)t}J':exp[B(v)v]p(v)dv /{exp[B(v)ut]P(ut) (3.5.3)
t

Is a martingale.
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Proof
For f(xyMupt) to be a martingale we should have Af(x,\ut) = 0.

Substituting exp[-v[x+()\/8)]]thh(u) into Af=0 we get

p(u)

PQ) [8(v/8)h(0)-h(u)] (3.5.4)

Bh(u) + h'(n) +

Its solution is

hO)f BVpvdvev/e)  hO
h(u) = —3 + [1-B(-B)2(v/8)] (3.5.5)
eBuP(u) eBup(u)

If we choose B=B(v) then ﬁ(-B)@(v/S):l and

h(0)|"eB¥p(v)dvE(v/e)

eBup(u)

h(u) = (3.5.6)

which is bounded and belongs to the domain of the generator.

(It is not the case that other solutions will not lead to martingales. As a
matter of fact by choosing a different B we see that other solutions belong to
the domain of the generator and they do lead to martingales. However, we chose
the particular h(u) because it is bounded and it will be the most suitable for our
aims).

Since h(u) satisfies (3.5.4) exp[-v(x+(\/8)lexp[B(V)t]h(u) satisfies Af=0 and the

theorem is proved.

a
Theorem 3.5.3 Let x4,\,uy as defined; then for all v20
exp(-vo/8)expl-B(V)t]] _expIB)(v-ug)p(v)dv /P (o)
E{exp[-v(xt+’g‘)]} = 0 (3.5.7)

E( I:texpw(v)(v-ut)1p(v)dv/P(uo) |uo)

Proof

Because of the structure of the process we can see that

exp(duy)-1
xtexp(iSut) and  x; - )‘tls—t)_

are independent of uy (they are the positions of x; and A just after the last
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jump in X see also section 2.5).

exp(du,)-1 exp(5u,)
t +
5} 5}

PN )y
But x4 - ) = X4 + EL SO X¢ + EL is independent of

u, as well.

Using the martingale of theorem 3.5.2

2 -3
E( exp[-V(xt+g'-)]exp[B(v)t}fu exp[B(V)vIp(v)dv /{exp[B(V)u P(up) | hp,up) =
t

exp(-v),/ 8).[: eBVIVp(v)dvy
[o]

(3.5.8)
exp(Buy)P(u,)
So
2 ©
E( exp[-Wx+- DI 2o o) BNE([_explBOVIp(vIdv /fexplBvu IP(u) |uo) =
t
exp(-vi,/ s)J': BMVVp(v)dy
2 (3.5.9)

exp(Bu,)P(u,)
and (3.5.7) follows.
0
So using theorem 3.6.3 we can deduce the asymptotic behaviour of Xt Clearly

as t-*® we have

-logE{exp[-v(xt+l$L)]} ~ B(w)t (3.5.10)
and since as t~« the cummulants of \¢ are dominated by the cummulants of X¢
we conclude that

Iimlﬁ'—(t—) = (-1)I~18()0) (3.5.11)
(by k(1) tw: denote the rth cummulant of x; and by BM(v) the rth derivative of

B(v), should they exist). We similarly get for N

-logE{eNtexp[(l-e)xt/S]} ~ B(1-8)t (3.5.12)
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3.6 INSURANCE APPLICATIONS

In this and the next sections we will consider possible applications of doubly
stochastic point processes with a shot noise process as intensity.

In this section we will use such a point process as our claim arrival process
in a surplus process in risk theory. We consider the surplus process 8¢ with
constant income rate ¢, claim sizes independent and identically distributed with

distribution function H(y) (y>0). H(y) is such that there exists «,>0 so that

[peeVdHE) < = for v € [0,,)
The claim arrival rate is X where ) is a shot noise process with a renewal
process as its jump arrival process. We assume \¢ decays with rate 8\¢; jump
interarrival time intervals have density p(u) with no further assumptions imposed
on it this time in contrast to the previous section. Jump sizes have distribution

function G(y) which is such that there exists «,>0 so that

J'm+e"de(y) <= for v € [0,x,)
We also include u; the time elapsed since the last jump in ). The generator of
the piecewise deterministic process (§prpupt) acting on a function  f(L,\u,t)

belonging to its domain is given by

of of
Af(g,xauat) = ¢+ a'*' A [IIR+f(;'Y9)"ust)dH(y)'f(gsxaust)]"'

8¢
of _ 8 p(u)
ot P )[jm+f(g My, u,0)dG(y)-f(§,),u,1)] (3.6.1)

We will try to find a martingale as in section 1.1. We will first have to prove a
relevant lemma.

Lemma 3.6.1 Consider the equation

p(8+cv)g(-

for fixed 020, where

d’(‘;)'l) =1 (3.6.2)

B(®) = [e®pindy, V) = [ cVAGH) and 6v) = [ VYAHY)  (3.63)
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then the following are true:
i) For all 050 there exists a unique positive Vg such that (3.6.2) is satisfied for
V=Ve.

ii) Given that

c>np/p,d (3.6.4)
where
n, = [pydHO) 5 v = [ 346, e, = [ yp(n)dy (3.6.5)
then for =0 there exists a unique positive Vg SO that (3.6.2) is satisfied for v=Vv,.
Proof
A A, P(V)-1 . .
p(8+cv)g(- ) is a convex function of v for all 820. Indeed looking at

its second derivative we see that it is

’ ” -1
I,R+J';R+{[‘°“+¢E.,V) y1%+ ¢;v) }e'(e+°")“exp(¢(\;) Y)p(w)dudG(y) > 0 (3.6.6)

A A '1
Also at v=0 p(8+cv)g(- ¢(\2

) = B(e) < 1 if 6>0 so there exists a unique vg
which is positive and satisfies (3.6.2).

For 6=0 we neced the first derivative to be negative at v=0 for v, to exist

)
(uniqueness is guaranteed by convexity. Indeed the derivative at v=0 is
-cp,+(n, 1, /8) and this is negative by (3.6.4).

a

Theorem 3.62 Let Sp- MUy as defined. Suppose also c>n pu,/p, 8 (net profit
condition; it is (3.6.4)). Let 620 and vg be such that (3.6.2) is satisfied when v=vg.

Then

$(v)-1

c:xp(-vel,;t)e'etexp(xt )fu cxp[-(9+cve)v]p(v)dv/exp[-(G+cve)ut]P(ut) (3.6.7)
t

is a martingale.

Proof

In order to find a martingale we should solve Af=0. If we try

V)

2 h(w)

e Ve Btexp(
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we get

] A 'l
h(u) - (8+cv)h(u) + ;iz))[g(- ¢(\;) )h(0)-h(u)] = 0 (3.6.8)
Solving (3.6.8)
Ime-(9+cv)vp(v)dv . Bl 1 - P(B+ev)a(- 4’(\;)-1)
h(u) = h(0)= - h(0 3.6.9
(u) (0) JECITSY 8( 5 ) + h(0) ~(OrcVup) (3.6.9)

but for our function to belong to the domain of the generator we should make
the second term which has infinite expectation to vanish so as to be left with

the first which is bounded. For that purpose we should have

A A Vv)-1
p(8+cv)g(- at 5) ) =1 (3.6.10)
and therefore v = vg (3.6.11).
So, then

J.wc-(e-l'CV)Vp(v)dv

A v)-1
h(u) = h(0)~ g(- $0) ) (3.6.12)
e‘(9+°")uP(u) 3
and the theorem is proved.
a

We can now prove important inequalities about ruin probabilities with the

help of this martingale.

Theorem 3.6.3 Let Lt Mouy as defined and ¢ > n p,/p,8. Define TEinf{t:§t<O) (the

time of ruin); then

6 -(0 \
. Bt . é_l\_l'u::’xp[( +evg)vIp(v)dv
Pr(TStlxo,go,uo) ¢ inf A——exp(-vego)exp(xo )
8>0 Wp(8+cvy) 5 exp[-(8+cvg)uJP(u,)
(3.6.13)
1 )1 j'u::)xp( cvvIp(v)dy
Pr(‘r<<=°| Aosborllp) € T c:xp(-\)ogo)exp(x0 5 ) (3.6.14)

p(cvo) exp(-cvyu )P(u,)

Proof

(3.6.7) is a martingale and TAt a stopping time; so by Doob’s optional

stopping theorem we have
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o(va)-1 I: exp[-(8+cvg)vip(v)dv
E{CXD(-VGgTAt)C-e(TAt)CXp( _se_ x'I'/\t) At l ;07 x(puo} =
exp[-(8+cvg)upps IP(ugppy)

[ expl-(8+cvg)vVIp(v)dv
uO

o) (3.6.15)
exp[-(8+cvg)u JP(u,)

$(vg)-1 \

exp(-vgt g)exp(
SO

()1 f:exp[-(6+cve)v]p(v)dv
E{e 8T exp(-vgt)exn( g \p) —T |Sordorllop TS} P(TSL) +
exp[-(8+cvg)u ]P(u;)

J‘wexp[-(9+cve)v]p(v)dv
Uy

t) | 8 0s ool s T>}PI(T>1)
exp[-(8+cvg)u, IP(uy)

$(vg)-1 \
5

E{e % exp(-vgt Jexn(

Imexp[-(9+cve)v]p(v)dv
Ug

o) (3.6.16)
exp[-(8+cvg)uJP(u,,)

$(vg)-1 \

exp(-vgt)exp(
So we have

j‘wexp[-(9+cve)v]p(v)dv
uO

) 2
° exp[-(8+cvg)u,JP(u,)

1
exp(-vgtexp( T2

fwexp[-(9+cv9)v]p(v)dv
ur

) | S 05 Xorl s T £t} Pr(Ts<t) (3.6.17)
exp[-(9+cve)uT]P(uT)

$(vg)-1 \

E(c"®Texp(-vgt rexn(
Therefore

f wcxp[-(9+cve)v]p(v)dv
Ug

$(vg)-1 \

exp( -vgt)exp( o)

2

exp[-(8+cvg)u JP(u,)

J‘wexp[-(6+cve)v]p(v)dv
Ur

=) | £ 0o Mool o T SEY Pr(T $1)
exp[-( 9+cve)uT]P(uT)

®(vg)-1 \

e SE( exp(-vgh p)exn(

(3.6.18)

o(Ve)-1 Iuexp[-(9+cve)v]p(v)dv
but exp(-vgls)2l as. , exp(——e—)\.[.)zl a.s. and T ?f)(e+cv9) a.s.
5 exp[-(8+cvg)u P (uy)

(the last inequality follows from the monotonicity of this function). (So (3.6.18)
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gives us

o “exp[-(8 d
et d(v-1 IuixD[( +cvg)vip(v)dv
Pr(tst) € —exp(-vgilexp(dg 5 ) (3.6.19)
p(8+cvg) exp[-(8+cvg)u JP(u,)
for all 820, so (3.6.13) follows.
Also setting 6=0 in (3.6.19)
1 $(v)-1 Iuixp(-cvov)p(v)dv
Pr(Tst) ¢ " exp(-V, Eo)exp(rg ) (3.6.20)
p(evy) 5 exp(-cvyu g )P(u,)
(3.6.20) is true for all t so (3.6.14) follows.
O

It should be appropriate for us to repeate the comment we made in section
1.1 that the inequalities of theorem 3.6.3 are rather sharp since the second term
in the left hand side of (3.6.16) tends to 0 with exponential rate (remember that

L= as. as t»=; see section 1.1)

3.7 "MULTIPLE" SHOT NOISE PROCESSES

We can investigate other possible applications of doubly stochastic point
processes by trying to incorporate them in more elaborate and sophisticated
models. For example using the shot noise process to model the level of water in
dams and rivers is in practice quite inadequate. Rains do not occur according to
a Poisson process and more complicated models might be needed. This is exactly
what doubly stochastic point processes can provide us with. Leaving the seasonal

element apart, it is much more realistic to assume there is some form of
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clustering. We will assume the rain arrival rate (intensity) is a shot noise process
itself. So we consider the following process. w; the quantity of interest (the level
of water, say) decays with rate yw,; (exponentially) and additive jumps occur
whose sizes are independent with common distribution function H(y) (y>0). The
intensity of jump arrivals is M which is itself a shot noise process with rate of
decay &), constant rate of jump arrivals p and jump sizes independent
identically distributed random variables with distribution function G(y) (y>0). We
call the process (wy,)) a "double” shot noise process. The generator of the process

(We,hot) acting on a function f(w,\t) belonging to its domain is given by

af of
ATWAL) = === 7w =+ j',R+f(w+y,x,t)dH(y)-f(w,x,t)] -

of
“BA—— p[IIR+f(w,x+y,t)dG(y)-f(w,x,t)] (3.7.1)

We will find the joint Laplace transform of the distribution of Wi, at a
fixed time t, given its value at t=0. We define @(v),ﬁ(v) as the Laplace

transforms of the distributions with distribution functions G,H.

Theorem 3.7.1 Let w,\, as defined and evolving up to time t*. Let «, and K, be

constants such that

t* A
kK, 20 and «x, 3 _[o e ®S[1-h(k,€7%)]ds (3.7.2)

then

exp(-k 1<3'7twt)exp( xteSt[ K z-fo 3'58[1-}1( K 1<=,7'S)]ds]) .

t . . (3.7.3)
cxp{pL[l-g (x 2e'E’S-e"5sj.oe'5u[l-h( K 1e'ﬂ‘)du] 1ds}

is a martingale.
Proof

We will try to find a martingale of the form exp(-ai(t)wt)exp(-az(t)xt)em(t)
where a (t)20, a,(t)20 for t2t* so the corresponding function belongs to the
domain of the generator of the process (assuming it evolves up to time t* only).

Substituting into Af=0 we get
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-wa'(t) - da(t) + m'(t) + ywa (t) + Mh(a,(t)-1] + 8xa,(t) + plg(a,(t)-1] = 0

(3.7.4)
Equating coefficients in (3.7.4)
a'(t) = ya,(t) (3.1.5)
-a'(t) + Ba,(t) = 1 - ﬁ(ai(t)) (3.7.6)
and , N
m(t) = p[l - g(a,(t)] (3.7.7)
Solving (3.7.5), (3.7.6) & (3.7.7)
a,(t) = ket (3.7.8)
a,(t) = k,edt - eStfo e'ss[l-ﬁ(xids)]ds] (3.7.9)
t N
m(t) = x, + pJ. O[l-g (k,eB%eBs J‘ie'SU[l-h(xie“/U)du]]ds (3.7.10)

We choose «,,k, satisfying (3.7.2) and x,=0 and it follows that (3.7.3) is indeed a

martingale.

Theorem 3.7.2 Let W, \¢ as defined and let t, be a fixed time, then

E{exp(-vlwt 1)exp(-v2 xti) I Waosdo) = exp(-vie"yt 1twy)-

t A
e::(p{-)‘o[vzc'st 1+J’ pe( 1'5)[1-h(vie'7s)]ds]} .
)

t A
exp{-pI 1'[ 1 "g [VZ e Ss+e-85 J'ic SV[ 1 -h(\) ) e-yV)]dv] ]dS}
o]

(3.7.11)
and there fore

o«

lim E{exp(-v, W Jexp(-v, )t )} = exp{-pf [1-g (Vzc'ss+e'85_[iesv[l-h(vie")'v)]dv]]ds}
(o]

t—;m
(3.7.12)
Proof

We choose t*at1 and let a,(t) = v, and a,(t) = v,. This means that we set

k, = v,e 7t (3.7.13)

and
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t

*e8S[1-h(v, ¢ 7S)ds (3.7.14)

t, A
v, = KzeSti - CStiJ' e'ss[l-h(vteq(ti's))]ds = KZCSti - J'
(o]

(¢]
and therefore

t, A
K, = vze'8t1+I ¢8(ty~S)[1-h(v e77%)]ds (3.7.15)
o]
Also

m(t) = pf{‘l-g [xzeSS-essj'ie'S“[l-ﬁ(x1e7“)]c1u] s =
0
t A A
P 1(l-§ v, e 8(ty-5),eBs tie,"é(ti'u)[l-h(v e"7%))du-e~88 se"‘s’u[l-h(v e 7(t - U1y }ds =
. 2 o 1 3 1
t A
pJ 1{l-@ [vze's(t1'5)+cssf:‘c’su[l-h(vie"y(t1'“))]du]}ds =
o

ti ~ A
pI [1-g [vzc""’sﬂz"‘-’s Ises"[l-h(vie'w)]dv]]ds} (3.7.16)
(o]
(o]
Using the martingale of theorem 3.7.1 we get (3.7.11). (3.7.12) is obtained by

letting t-= in (3.7.11).

The "double" shot noise process concept can be generalized as follows. We
consider the concept of a "multiple" shot noise process. It consists of n component
processes xi,t,xz,t, ........ ,xn’t and for i=1,2,...,n-1 xi,t decays with rate si(t))‘i,t (we
allow time dependence on all parameters as in section 2.4) and additive jumps
occur with rate )‘i+1,t (ie each process acts as a jump intensity for the previous
one). Jumps sizes are independent identically distributed random variables with
distribution functions G;(y;t) (y>0). Xn,t decreases with rate Sn(t))‘n,t but its jump
arrival rate is deterministic p(t). Its jump sizes have distribution function Gp(y;t).
8;(t), Gi(y;t), p(t) are all Riemann integrable functions of t and for all t* p(t) is

bounded on [0,t*] (no explosions). We will also consider the process

t
Xt = J.o)\i,sds
which can be useful either by itself or in evaluating aspects about a point

process N, which has A ¢ as its intensity. The generator of the process

(XX 0 P T s \n t,t) acting on a function f(X,\,),,.... »A\pst) belonging to its
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domain is given by

AN ) gy A pot) =

of f f n-1

We can now find a martingale.

Theorem 3.7.3 Let XXy phy g g A8 defined and evolving up to time t*. Let

also ¢ be a positive constant. We define the following functions

t
aft) = Kiexp[_[:”éi(u)du - EJ‘ cxp[IZSi(u)du]ds (3.7.18)
o
t
aj(t) = cxp[f 5; (u)du - E,I cxp[_f 8; (u)du][1- gl_i(al_ (s),s)]d23 (3.7.19)
1=2,3,...,n
t
m(®) = [ po1-Eplan@Hds (3.7.20)
o

19K g Ky @re constants such that a;(t)20 on [0,t*] for all i=1,2,.,n. Then

n
exp(-ExTlexp(-a;(t)}; em(®) (3.7.21)
i
is a martingale.

Proof

In order to find a martingale we should solve A*f=0. Substituting

n
e'EXHexp(-ai(t)xi)em(t)
1
into A*f=0 we get

n-1

-2 - ):x i3i (t) + m(t) + ZS i(D)Xa;(t) + Z)‘i+1[§i (a;(t)t)-1] + p[gn(an(t);t)-l] =
i

(3.7.22)
but
n-1
me[gl (a;(t);t)-1] = zx [gl-i(a -4 (th0)-1] (3.7.23)
o) equatmg coefficients in (3.7.22) we get
-§ - al(t) + 8,(a,(t) =0 (3.7.24)
-ai(t) + 8(haj(t) + [g5,(a;,(h0-1]  i=2,3,..n (3.7.25)
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m'(t) = p(O[1-8,(ap(tht)] (3.7.26)

Solving (3.7.24), (3.7.25) & (3.7.26) we get (3.7.18), (3.7.19) & (3.7.20) and assuming

a; (t)20 for t€f0,t*], our function belongs to the domain of the generator of the

process that evolves up to t* and satisfies A*f=0 as well so the theorem has been

proved.

O

We can now find the joint Laplace transform of the distribution of
xt’)‘i,t’)‘z,t’ ............ ’)‘n,t at a fixed time t,.

Theorem 3.74 Let xt’)‘z,t’)‘z,t’ ......... ’)‘n,t as defined and §,V ,V,,... .V be non

negative constants. Define a set of functions af(t) and constants «%,k3%,... K Such
that

at(t) = a(t) and ¢ = (3.7.27)
(a;’s and «x;’s of theorem 3.7.3) with

a¥(t,) = v (3.7.28)
Then

n
E{exp(-E,xt1)Hexp(-vixi,ti)|x°,>\1’o,x2,o, ....... Apol =
i

Ichp(-lc’l")‘i’o)exp[-_[:i p(s)[1 -én(a}‘l(s);s)]ds (3.7.29)
i

Proof
It is a direct application of the martingale of theorem 3.7.3 We just set
k;=x¥ and (3.7.29) follows immediately.
O
Finally it should be noted that if one should like to find results about

higher order properties of XX o, To— ’kn,t he could by adopting the procedure

of section 3.4.
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CHAPTER 4

In this chapter we will look at various optimization problems arising in
insurance mathematics. The piecewise deterministic processes approach is very
powerful when tackling optimization problems although not only then, as it
should have been evident by now. We will restrict ourselves to simple applications
and modifications of some well known insurance models. We will avoid the use
of dynamic programming as it is very much outside the scope of this thesis. We
will illustrate how a simple mathematical approach via piecewise deterministic
processes theory can solve fairly general optimization problems. There is not much
work that has been done on optimization problems in insurance mathematics and
it is limited to very simple (and thus not particularly realistic) models. So there
is much scope for the use of piecewise deterministic processes in this field as
problems otherwise difficult to treat mathematically can be put within this

framework. For non insurance applications one should look at Davis et.al.(1987).

4.1 SIMPLE DIVIDEND PROBLEMS

We will now consider a simple dividend payout scheme. We assume a classical
surplus process with the possibility for the company to pay out dividends to

its shareholders at a rate r(§,). Our objective function will be

T
X = _f e'Bsr(gs)ds (4.1.1)

0
where T=inf{t:(, <0} (4.1.2)
(the time of ruin). Notice that X is a random variable. B is a discount factor

and r(f) is a non negative Borel measurable function of §{ X is the total
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discounted dividend the company pays out. {, increases deterministically with
constant rate c. Claims arrive with Poisson rate X and have independent sizes
with common distribution function G(y). Most of the work done on the model is
to find the strategy r(-) that maximizes E{X)} (see Buhlman (1970)p.169, Gerber
(1980) p.146, Dassios & Embrechts (1987)). The optimum strategy is then of the
form r(f) = cl({=w) (I is the indicator function) assuming {,<w. These are called

barrier strategies. The company does not pay out anything while its surplus is

below w while when it reaches w it pays out its whole income as dividends (see
Buhlman (1970) p.168-171 and related references given therein to see why they
are optimal). We will restrict ourselves to such strategies not only because of
their optimality properties in this specific problem but because they are easily
realisable in practice too. We will not merely evaluate an expression for E{X} but
for other moments of X as well. Notice that when a barrier strategy is adopted
then §, can not exceed w and ruin is certain, however late it occurs.

We will consider the following piecewise deterministic process. It consists of
ng, Ly X and time t. n, can take the values 0,1,2. 0 indicates that ruin has
occured; 1 that the surplus is between 0 and w; and 2 that the surplus is at w
and all income is being paid out as dividends. While nt=2, x; the total discounted
dividends paid up to time t increases deterministically with rate ce™Bt. One should
note that X=x;. n=0 (ruin) occurs when {; turns negative and it is an absorbing
state; the process ceases to evolve thereafter. The generator of the process

(048 pXpst) acting on a function f(n,§,x,t) belonging to its domain is given by

1,;,x,t)+c2—2(1,;,x,t)+x[j(o,uf(l,;-y,x,t)dc(y)+j(g’w)f(o,;-y,x,t)dG(y)-f(1.;,x,t)] ne)

g(
Af=[a_t<
of af
3t 2,w,x,t)+cc'3t5i(2mx,t)+x[f(o,wlf(l,wy,x,t)dG(y)+f( v‘}"(09),\%y,x,t)dG(y)-f 2w, x,0] a2
(4.1.3)
with the continuity condition
lim f(1,8,x,t) = f(2,w,x,t) (4.1.4)

LTw

So we can now set out to find expressions about E{xP} (=E{X}). As n=0 is
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an absorbing state the generator then has no terms and we can set any function
we like as f(0,f,x,t). We will use functions of the form V(x). So because of
(4.1.4) we can suppress dependence on n.

Lemma 4.1.1 Let f(¢,x,t) be such that

af

Ef- +Cc— + )‘[J‘ f(;'Yaxst)dG(Y)'l'me(g)'f(§9x9t)] =0 (4-1-5)
o % TG0 G(5)=1-G(¥)
and

af af

-Bt

or = Bt 4.1.6

3 |y ox |§=w (4.1.6)
then

E(x7 |80} = f(£4,0,0) (4.1.7)
Proof

We set £(0,4,x,t) = x™ and we can immediately see that f(1,{,x,t)=f({,x,t) and

f(2,w,x,t)=f(w,x,t) satisfy Af=0 by looking at (4.1.3) and (4.1.4), so then
f(x4:84:t) n#0

{ m (4.1.8)

is a martingale and since T is a stopping time (remember Pr(T<®)=1) by Doob’s

optional stopping theorem we have

E(xP |80} = f(§4:X0:0) (4.1.9)

but x, = 0 so (4.1.7) follows.
O
So we can now try to find E{xT").

Theorem 4.1.2 Consider functions hi(;) such that

A " 1

hi(8) = [ e tShy(g)dy = (4.1.10)

)

& - (Bi/c) - (3/ ON1-8(¥)]
(8(8) is the Laplace transform of the distribution with distribution function G(y))and

constants K;(w) (dependent on w) such that
K;(w)hj(w) = iK;_ (w)h;(w) (4.1.11)

K,(w)h(w) = 1 (4.1.12)
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then

E(X |80} = EG®L} = Ky(Whp(%o)
Proof

We will consider a function of the form

ﬂmﬁ=§@kW%WMO

Substituting into (4.1.5) we get
m m . . m m . .
> m-1g; -Bltf_ +cX m-1 -Bltf’_ +
- [i ]x ie j(8) +c > [i ]x e (%)

m . P

Sl xm-xe-Blt[
2 (;) o
which is satisfied by f;(f) such that

fo(8) =1 (say)

and

-Bif(¥) + cfj(¥) + x[J(O fiENABWHE(O] = 0

Taking Laplace transforms in (4.1.17)

Bify(8) + CEfi(E) - of;(0) + M(DEE) - Mi(8) = 0

yielding

£,(0)

£,(8) =

& - (Bi/c) - (M )[1-8(8)]
(4.1.6) gives

%l [1:1] xm-ie-Bitf'i(w)

m m .
E (i_l](m-iﬂ)xm'lfi_i(w)

- (M i,-Bit
X [i ]xm'le' e, (w)
(o]
(4.1.20) gives
f'i(w) = if; (W)
(4.1.16), (4.1.19) & (4.1.21) imply

£,(8) = K;(w)h;(%)

£;(8-Y)AG-f3(D]1 + 2xMG(E) = 0

m . .
eBE (7 ) (m-p)x i+ te-Bite (w)
o 1

(4.1.13)

(4.1.14)

(4.1.15)

(4.1.16)

(4.1.17)

(4.1.18)

(4.1.19)

(4.1.20)

(4.1.21)

(4.1.22)

m
m . .
and therefore x™ + Z[, ]xm"e'B‘tKi(w)hi(g) satisfies (4.1.4) and by lemma 4.1.1
o 1
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E(X" |Co} = EGR{Lo) = Ky(Why(So) (4.1.23)

O

Let us now demonstrate how to use theorem 4.1.2. We will first examine the
asymptotic behaviour of h;(£).

Lemma 4.1.3 Let hy(§) be such that

A © 1
hy(8) = [ e tny(0)dg = - (4.1.24)
° g - (Bi/c) - (\/0)1-8(})]

Suppose also that there exists y>0 such that

8C0) = [,etdGy) < = for t<y.

Then for B>0 there are two and only two real roots of the equation

§ - (Bi/c) - (\/Q)I-E(R)] = 0 (4.1.25)
v; and -p; which are such that v; and p; are positive. Furthermore the asymptotic
behaviour of hi(g) is given by
1 1

hi(0) _ exp(y®)[———r—+ —expl-(vi+et] (4.1.26)
OO 1+0VOR Ry

Also when G(y)=1-ae™*Y and therefore §(§)=a/(a+§) (exponential claims), we in fact

have
otV; cz-pi
hy(6) = exp(v;t) - exp(-p;8) (4.1.27)
VitpPg Vi+pi
Proof
i)

When §=0 &-(Bi/c)-(M/c)[1-8(8)] = -Bi/c < 0 and &-(Bi/c)-(A/c)[1-8(§)] is convex
as its second derivative is (X/c)g"(§)>0, so there are two and only two real roots
of (4.1.25) one positive and one negative and we denote them by v; and -p;.

ii)
Since v; is a root of (4.1.25),if we write hi(§)=exp(vi§)ki(§) then

1 1

k;(8) = hi(g+v;) =

" = — (4.1.28)
E+v;-(Bi/c)-(V/e)[1-g(E+v;)]  E-(M/c)[8(v;)-8(8+V;)]
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which is the Laplace transform of a bounded function. Also,

A g 1
limk;(f) = limgky(g) = lim —— = — (4.1.29)
- £10 §10 §-(Z/c)g(vy)-8(8+Vvy] 1+(2/c)g (v;)
We further define
1
3;(8) = k() - ——— (4.1.30)
1+(x/c)g (v;)
then
1 1 1

a;(¢) = -

— — = (4.1.31)
§-(3/c)e(v;)-8(§+v;)] 1+(M/c)g (v;) &

The only non zero real root of the denominator of the first term is -(v; +p; ), SO

letting a;(§) = exp[-(v;+p;)E1b;(8)

A 1 1 1
bi(%) = - ~ - —. (4.1.32)
§-p i-(Bi/c)-(M/O)1-g(8-p P 1+(M/C)g (V) &-vi-p;
and as with k;
A 1
limbi(g) = limibi(i) = (4.1.33)
[ £10 1+(7/c)g (-p;)
so
1
hi(6) = expvid) [ ——— + by(Dexpl-(v;+epi] (4.1.34)
1+(2/c)g (v;)
with
1
limby(§) = ———— (4.1.35)
o 1+()/c)g (-p;)
iii)
When g(§) = of(a+t)
A 1 o+ § atv; 1 ap; 1
h;(8) = = = . - :
E-(Bi/c)-(MO)&/(a+8)]  E*+[a-(Bi+N)/clE-aBi/c  Vi+p; v, viHp; g-l-p2
4.1.36)
and inverting the Laplace transform
o+V: d—pi
hy(¢) = exp(v;t) - exp(-p;t) (4.1.37)
Vitp; Vi+p4 a
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It is easy to check that (4.1.27) is (4.1.26) with equality for exponential
claims.

Now if we just want to maximize E{(X|L,} as in Buhlman (1970) (p.169) and
Gerber (1980) (p.169) then E{X|{y} = K, (Wh, (§5) ( Ki(w)=1/h’1(w)) and we just
have to maximize K, ((w) with respect to w since E{XI;O} depends on w via
K,(w) only. This is equivalent to minimizing h'i(w) with respect to w; hence we
will have to solve the equation h"i(w)=0 and assuming B is small then w*

satisfying h"i(w)=0 will be large (see Buhlman (1970) p.174) and by lemma 4.1.3

1 1
h(f) . —————=xp(vy) + ———F—exp(-pf)
1+()/c)g ‘v) 1+(\e)g (- Py
and therefore
: vi e}
h(g) _ ——cxp(vig) + ————exp(- py) (4.1.38)
1+(M/c)g v) 1+(M\/C)g (- Py

and so an asymptotic expression for w* would be

vz pz
—————-exp(viw*) - ——-——exp(- pw*) _
1+(M\e)g'(v) 1+(M/©)g (-p )

and so

w¥*

~

1 [ P 1+(M/e)g (V)] ]
log |- (4.1.39)

A
v, +p, V2[ 1+(0/c)g (-p)]
In particular for exponential claims we need not worry if B is small or not

since we then have an exact result.

oV, a-p
hy(g) = vZ exp(y, §) - p2 exp(-p,b) (4.1.40)
VitPy Ve,
and
1 (o-p,)pd
w¥ = log (4.141)
v, +p, (v V2

(4.1.39) produces a good approximation if it yields a large enough w*
(compared to u, the first moment of G, say). (4.1.41) works if it produces a

positive w¥*. Otherwise the best policy is to payout everything immediately.
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Alternatively we may look at expectations of other functions of X since we
can effectively evaluate or approximate expectations of functions of X in terms

of its moments. For example another objective can be to maximize

E(X|to) + (8/DE(X°|5o)
where 0 is a small constant. When 6>0 this is a "risk seeking" criterion while if
6<0 a "risk averse". E{X|§°}+(6/2)E{X2|§°} depends on w via K, ,(w) and
(8/2)K,(w) only so we can try to maximize K, (w)+(8*/2)K,(w) (8* will depend
on §, but will again be small). When we have exponentially distributed claims

this is to maximize

otV o-p
v, exp(y, w) +
v1+P1 v1+p1

P 1 CXD('P 1W)

i atv, a-p, W
exp(v, w) - exp(-p,w)
v, +p, vip,
1 - (8%/2) (4.1.42)
atV, a-p,
v, exp(y, W) + P, exp(-p,W)
A V,+p, VP, i

or in the case of generally distributed claims

1
v, Py
—exp(v W) - ————exp( pw)
1+()/c)g ‘v) 1+()/c)g (- Py
I 1 1 ]
—-———exp(viw) + ——exp( PN
1+(\e)g'(v) 1+(M/c)g'(-p )
1 - (6*/2) (4.1.43)
v, P,
———-exp(v M) - ————cxp( pw)
X 1+(A/C)g'(v) 1+(M\/C)g'(-p,) |

We should point out that we do not claim that barrier strategies are optimal in
this case. We have just showed how to find the optimal barrier strategy. Barrier
strategies are important because they are easily realisable even when they are not
optimal.

Finally, it should be noted that we can generalize our model by allowing the
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option of borrowing when §¢ falls below 0 as in section 1.4. The mathematics are

roughly the same as we can see in Dassios & Embrechts (1987).

42 AN ALTERNATIVE MODEL

We will now consider an alternative to the model proposed in the last section.
Instead of discounting the dividends paid out by the company, we assume that
the cash funds available to the company are continuously undervalued (due to
inflation, operating costs and other factors) with a rate 8{, so that its net real
income rate is c-8L;. ¢ now denotes the company’s surplus in real terms. Claims
again arrive in terms of a Poisson process with parameter M and their sizes have
distribution function G(y) (y>0). Notice that the company’s real surplus can not
exceed ¢/6 and ruin is certain. We will again assume a barrier strategy. When the
company’s real surplus reaches a fixed level w, the company pays out dividends
with a rate c-8w (its whole income) and we can now define x¢ as the total (not

discounted) dividends paid out up to time t, or more formally

X¢ = IZ(C-SW)I(§s=w)ds
Our objective function is x; where T=inf{t:{;<0} is the time of ruin.
We define the following piecewise deterministic process. It consists of ng, &y,
x¢ and time t. ng can as in the previous section take the values 0 (ruin), 1
(Osgt<w and no dividends paid out) and 2 (§¢=w; dividends being paid out). 0 is

an absorbing state as in the previous section and the generator of the process
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(04,8 pXpt) acting on a function f(n,{,x,t) belonging to its domain is given by

Af(n,L,w,t) =

of of
I,, = 1,9, A fl,'9s f9'a,d "f.,,
g( EERIIC s;)a—a;; LX)+ [f(o,;]( CyndGf | FOLyx0dGE)-I1Lx.0]
8t 2,W,X,t) +(C-8W) a_g(za“,,x’t)+X[J'(O,w{(la‘v'y,xvt)dG(Y)'*'J'(w,m)f(O’W' Yaxst)dG(Y)'f(2$wax’t)]
(4.2.1)
with the continuity condition
lim f(1,5,x,t) = f(2,x,w,t) (4.2.2)

Ltw
We will now try to find E{exp(-ex.r)lgo}. We will prove a lemma similar to

(but not exactly the analogue to) lemma 4.1.1.

Lemma 4.2.1 Let f(f) be such that

(c-8E)E'(E) + M (0, ENICW+GE-FD) = 0 (4.2.3)
and

f'(w) = -8f(w) (4.2.4)
Then

E{exp(-0x7) |0} = £(3,) (4.2.5)
Proof

Set £(0,5,x,t) = e 8% f(1,0,xt) = £(5)e®%, f2,w,xt) = f(w)e®® and substitute

into the equation Af=0; by the first leg of the generator we get

(c-8L)'(L) + \[I(o,g]f(Q'Y)dG(Y)'PG(Q)'f('S)] =0 (4.2.6)
Furthermore by the second leg of the generator and (4.2.2) we get
f'(w)=-8f(w), so then
exp(-ext)f(l;t) n#0
{ (4.2.7)
exp(-ext) nt=0
is a martingale and since T is a stopping time we use Doob’s optional stopping
theorem and get
E{exp(-8x) |80} = f(E,) (4.2.8)

0
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This leads to the following theorem.

Theorem 4.2.2 Suppose h(L) is a function of § (L€[0,w]) belonging to the domain of

the generator A and

(c-8L)h'(L) + x[f(o ENACEIR)] = 0 (4.2.9)
then
8h(g )
E{exp(-8xp)[§o} = 1 - ————— (4.2.10)
h (w)+68h(w)

which means that Pr(xT=O|§o} = 1 - h(§,)/h(w) and conditionally on x>0 the
distribution of xg is exponential with parameter h'(w)/h(w) (mean h(w)/h'(w)).
Proof

Set

6h(¢)
fg) = 1 - ———— (4.2.11)
h'(w)+8h(w)

then by substituting into (4.2.6) we sece that (4.2.6) and (4.2.9) are equivalent;

therefore by (4.2.5)

8h(g,) h(t,)  h(t,) h'(w)/h(w)
E{exp(-8x7) |80} = f(Ly) =1 - ——— = [I- I+ "
h (w)+8h(w) h(w) h(w) [h(w)/h(w)]+6
(4.2.12)

O
The simplest possible example is when the claims are exponentially
distributed; that is dG(y)=ae"*Ydy. We can then find E{exp(-BxT)|§o} explicitly.

(4.2.9) can be written as

(-8'E) + N[ h(E-y)aeVdy-h()] = 0 (42.13)
Applying the operator D+ol on (4.2.13)
(c-8L)h"(5) - 8h'(E) + ofc-85)h'(L) - M'(E) = 0 (4.2.14)

whose solution is

-()\/8)-1
h'(g) = Ke %5[1- Sc_§] (4.2.15)

where K is an arbitrary constant; setting {=0 in (4.2.13) h(0)=Kc/) so
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-(\/8)-1
h(f) = Kc/) + Kj'ze'“y[l-i—y] dy (4.2.16)

and therefore

~-(\/8)-1
8(c/) + J'z° e'“y[l-i—y] dy}
-8 =1 - 2.
E{exp(-0x7)|§o) = 1 — 7o o o @2
e V1. —] + 8(c/x + [ e [1-—=] dy}
C o C
Suppose now that we want to find w* so as to maximize
1-E{exp(-8x,) | ¢} 820
E(L(x{) [§o) = 8 (4.2.18)
E(x7|%o) 8=0

When 6>0 this is a risk averse criterion, when 6<0 a risk seeking and when

0=0 a risk neutral. We have that

-()\/8)-1
c/) + Ii" c‘“y[l-%)-,] dy
E(L = 4.2.19
(L(xp)|Lo) -y . o (4.2.19)
e OW[1- —] + 8(c/x + [ e [1-—] dy)
c o c
So maximizing E{L(x.r)|§o} is equivalent to minimizinng
-(7/5)-1 -(\/8)-1
e'“W[l-s—W] + 8{c/) + J'we'dy[l-s—y] dy) (4.2.20)
c ) c
whose first derivative is
-(\/8)-1 -(\/8)- 2 -(\/6)-1
~ae” %W [1- s—w] + Me'“w[l-i‘f] +ee'°‘W[1-8—w] (4.2.21)
c/® c c
and w* is given by
x-(\/86)-1 x-()\/8)-2 *-(\/6)-1
e (1. 2 o OO ey B¥7 + gerawyy. 2 =0
c c/8
(4.2.22)
which is equivalent to
%=1
- Q/'E’il—[l-'é—w +8=0 (4.2.23)
c/o c
50
«-0
w* = (¢/8) - (4.2.22)
(\/8)+1

Of course if this turns out to be negative, then the company is better off by
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investing everything immediately.

The advantages of this model compared with the one in the previous section
are obvious from a calculations point of view. In the previous section we merely
found how to calculate the moments of the objective function while here we
proved that our objective function is actually exponentially distributed and the
only thing remaining to be done is to determine the parameter of the distribution
either analytically (e.g when the claims are exponentially distributed) or otherwise

if the claim size distribution is complicated (simulation techniques).

4.3 THE TAPIERO ZUCKERMAN MODEL

In this section we will deal with a more elaborate model for investment. It
is described and dealt with by Tapiero & Zuckerman (1983). We will treat this
model with a piecewise deterministic processes approach.

The model consists of two processes; {, is the classical surplus process
increasing with constant rate c. Claims arrive with rate X and have sizes
distributed with distribution function G(y) (y>0). We adopt a barrier strategy in
the lines of the previous sections. When ¢ reaches w it ceases to increase as its
income is invested. However not the whole of it since an investment cost is
levied leaving the rate of income invested as ac (a<l). So the rate of increase of
x¢ which is the other process of our model is acI(§t=w)-r§t; gy is an opportunity
cost (due to inflation etc; r is a constant). An additional feature is that the

company is not ruined when a claim larger than its available surplus arrives. In
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that case the surplus of the company falls to 0 and the remaining part of the
claim is paid by disinvesting. However, disinvestment costs occur as well and
therefore the amount subtracted from x; is b(Y-{;) where Y is the size of the
claim (b>1). X¢ is the total money invested up to time t minus all costs.

The generator of the process (xyt) acting on a function f(x,{,t) belonging

to its domain is given by

Af( t)—a—f a—f+ I(g< a—f+ 1(—w)a—f
%0 = g Thgy t o Clbew) 5o+ acl(t=w)oo

+ Mf (0, B E ¥ DG+ i (1, CPO-D0.DAGH)-F(x.L,0)] (4.3.1)
f has to be continuous with respect to { even at w. We have suppressed
dependence on the indicating process n, as in the previous sections.
The objective is to find w so as to maximize
limE{Xt}

to t
which is the long run average value of X¢ the total investment minus the costs.

In the paper by Tapiero & Zuckerman this problem is solved for the case of
exponentially distributed claim sizes and they propose a diffusion approximation
to be applied otherwise. We will solve the problem for exponentially distributed
claim sizes as well but substantially reducing the relevant calculations. We will
also propose an asymptotic approximation for other claim size distributions.
Furthermore we will look at higher order moments of X¢ (eg the behaviour of

E{xtz}). In the next section we will also propose an alternative model.

Theorem 4.3.1 Let x(,b; as defined and assume that |, the first moment of G

exists. If h,(¥) is a function of ¥ (§20) such that

LK, 0 G
hy(®) = o, 8h (pag = E—H ¢ (432)
1 - (Me)G(R)
G() = [, et 8G(O)dL G(Y) = 1-G(5)
and K, is a constant chosen so that
h,(w) = a (4.3.3)
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then

St
xg - Kyt + [ “hy(y)dy (4.3.4)
is a martingale.
Proof
For f(x,54,t) to be a martingale we should have
Af(x,L,t) = 0 (4.3.5)

Continuity of f at {=w means that as in the previous section

of of
a o - (4.3.6)
Trying a function of the form x-K t+f ({) we get
TR el OB o FLEDICEIE O | (v-DIGHIE @)1 = 0 (4.3.7)
with
fi(w) =a (4.3.8)

Notice that I(; m)(y-;)dG(y)= _[ gG(y)dy and applying Laplace transforms on (4.3.7)

K A A N A _(A; A
- E’; o c(:f1<c)-f1(0»+x[f1(:)g(c)+f,<0)s(z)-L‘LE(—E)-f (D1=0 (4.3.9)

which gives

r__+Iii+&. 1, -G(%)
ct? ¢t ¢ §

¢f,(8) - £,(0) = = (4.3.10)
1 - (Me)G(8)

which is equivalent to

f’i(g) = hi(g) (4.3.11)
and (4.3.8) to

h,(w) =a (4.3.12)
proving the theorem.

(]

This leads to the following corollary.
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Corollary 4.3.2

E{x¢)
lim = K, (4.3.13)
toe t

Proof

5t
-K.,t + h d
x - K, J'o (¥dy

is a martingale, so

gt go
E(xg) = Kt + E([ "h,(dy) - [ “h()dy (4.3.14)
But J'ihi(y)dy is bounded since it is continuous and defined on the closed interval

[0,w], so dividing both sides of (4.3.14) by t and letting t-= (4.3.13) follows.

We will later illustrate how to use theorem 4.3.1 and corollary 4.3.2.
Another question arising, not considered by Tapiero & Zuckerman is the
behaviour of higher moments of X¢- One could try to find a martingale of the

form exp(-v;ct)eetf(gt;v) which will involve solving

(VR (O f E9AGEHEO) [ ( g’m)e"(Y'ﬁ)dG(y)-f<g)1=o (4.3.15)
which is not easy to solve even when G is exponential.

Yet, we can adopt the procedure of finding moments one by one as in
section 3.3 for example. Looking at the problem heuristically and differentiating
e'Vxeetf(g;v) twice we get the form [xt-K1t+f1(§t)]2-Kzt+fz(§t). An equivalent
form is (xt-Kit)2+2(xt-K1t)f1(§t)-K2t+f2(§t) so we will try to find a martingale
of this form.

Theorem 4.3.3 Suppose p, the second moment of G exists and let h,(f) (£>0) be

such that its Laplace transform is

2rh®) | 2h @) 2Kihy () K, db (1,8/2)-u+G()
A ct ct? ct ck ¢ g2

hz(g) = A
I - (3/e)G(¥)

(4.3.16)

where K ,h (§) are given in theorem 4.3.1 and K, is a constant chosen so that
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h,(w) = aJ':Vhi(y)dy (4.3.17)

then

2 St St
(x¢ - K t) + 2(x, - Kit)Io h,(y)dy - K,t + J'o h,(y)dy (4.3.18)
is a martingale.
Proof

Substituting

2
(xK,t) +2(xK 1) | ihi(y)dy-K2t+f2(§)

into Af=0 we get (after cancelling out similar terms)
-2KJih1(y)dy-2r§J‘2h1(y)dy-K2+cf'2(§)

2
+x[I(0,g]f2(;-y)dc(y)+f2(0)e(g)+b2 [ (YD) BWH,(0] = 0 (43.19)

2 ©
Noticing that _"(g w)(y-;) dG(y) = J‘gj'yG(u)dudy and taking Laplace transforms as

in theorem 4.3.1 we get

h(®) [hi(a)
§ 4

e
2K, |- %+ aetu -0+

bz(u2§/2)-ui+G(§)
2

A, (D)R(8)- M, (0)G(E)-2F ,(£)+ 0 (4.3.20)

giving

A, A A 2 A
_2rh1(§) + 21']'11(5) + 2K1h1(§)+ {C_z_ \b (ﬂzi/z)'ﬂﬁG(i)

A ck ct? ct ct c 2
£, (%) - £,(0) ¢

= = (4.3.21)
1 - (Me)G(¥)
and therefore
£,(8) = h,(%) (4.3.22)
and (4.3.6) yields
f,(w) = aj':f ((dy (4.3.23)
thus proving the theorem.
O
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Corollary 4.34 Let K, and K, as in theorems 4.3.1 and 4.3.3; then
E{(x¢K, )2
lim———— =K, (4.3.24)
to® t
Proof

Since (4.3.18) is a martingale

) G L
E((x¢K,1)?) + 2E{(x¢K ) , hady) - Kot + 15(_[g h,(v)dy} (4.3.25)
(o}

Dividing by t we get

5t 2 g 4 2 4
(x¢K t+] b (y)dy) ['hymdy-( h dy) [ hydy

E{ = } - K, + E(—2 0 } = =2 (4.3.26)

t t t

and since fzhi(y)dy and fzhz(y)dy are bounded (continuous functons defined on

a closed interval)

St 2
(xt-Kit+J'o h,(y)dy)

lim E{ } = K, (4.3.27)
t- t
but
Lt 2 8t 2
(xt-K1t+J' h, (y)dy) Kt I h, (y)dy
E{ 0 } = E{ + =0 } (4.3.28)
t vt vt
S¢
‘ | h(ydy
and since J' h,(y)dy is bounded =2————— -+ 0 as as t-=, therefore
° vt
5¢ 2
(x¢K,t+] h,(y)dy) E((x¢K,1)?)
E( 0 y v — (4.3.29)
t t

and (4.3.24) follows.

a

This procedure can be followed to investigate the asymptotic behaviour of
higher moments of xi.

We will now show how to use these results. From theorem 4.3.1 it is clear

that in order to find K, we have to invert the Laplace transform h, (f) and

solve hi(w)=a. For simple claim size distributions such as the exponential this is
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straight forward as we shall see. For a more general distribution we will look for
an asymptotic formula.

Lemma 435 Let h,({) be such that

x . K_1+ Ab p,-G(¥)
ct? ¢t c 3

ﬁi(:) = (4.3.30)

I - (Mc)G (%)
Suppose also that G(y) is such that there exists y>0 so that

J-{R+evde(y) < for v €[07)

Furthermore we assume c>\u, (the net profit condition). Then the asymptotic

behaviour of h,(Y) is given by

K A
G(-v,)-
— - —-—1+()\b/c)'(4)—‘ii
T K1 e, r CVq o \V
h, (8) - L+ - . y * exp(-v,t)
c-y c-hpy 2 (c-)\ui)

A (4.3.31)
-(\/c)G (-v,)
where Vv, is the unique positive root of (3\/c)G(-v) = .

Also, when dG(y)=ae™®Y (exponential); that is g(i) = af(at+t), we actually have

that
ra K, & - r\/(ce-)) v DA -K Ne-(A/Q)+(\b/cafo-(3/c)]2
h (¢) = £+ + exp[-(a«-—)¢]
co) ca-) c (ca-))2
(4.3.32)
Proof
D

We have already seen in section 1.1 that when C>\,, V, as defined exists.

We rewrite ﬁi(c) as follows.

A r 1 K, ML, T 1 1 r r TN\, E
h (%) = T+ { - : 2]'~+—-{ ~ - + }+
c-m, &2 ey, 2 (ew)?) 82 aGE) ey ()2

k,-G(E)
1( K, K, \b- =
+ —-{ ~ - } + x (4.3.33)
§ Le-MG(§) c-dpy c-3G(%)

Now the last three terms are all Laplace transforms of functions tending to
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zero and behave asymptotically as L;exp(-v,{) (i=1,2,3) where L; are suitable

constants. We can determine L{’s as follows.

4 r T rML(E-v) r/(cvy)
L, = lim L { x - + ]] = ——— (4.3.34)
5810 W(Evg)? leG(Evy) ey (e-hn,)? (/)G (-v,)
§ K, K, -K, /ev,
L, = lim L { < - ” = ——— (4.3.35)
§40 WE-vy) Le-dG(&-v,)  c-hp, -(Me)G (-vy)
\b. £12G(E-vo) b /C)G(-vg)-ui
L, = lim {g. ~™o } = — (4.3.36)
El10 c-2\G(§-v,) -(M¢)G (-vy)

Also the first term in (4.3.33) is the Laplace transform of

r

C (4.3.37)
c-)‘u1

and the second term of

K, AL, r

- . (4.3.38)
c-Ap, 2 (c-kui)2
Adding (4.3.34), (4.3.35), (4.3.36), (4.3.37) & (4.3.38) together (4.3.31) follows.
ii)
If we take §(§)=o:/(oc+§) we have
A r(o+g) + K, E(o+E) + \bE?/«
h (§) = (4.3.39)
E2(catcE-))
and analyzing it into partial fractions
N re 1 K, - r3/(ca)) 1 - K, Mea-(0/e)+(Ab/coe-(1/c)]2
h,(§) = =+ o (4.3.40)
ca-) E2 co) £ (ca-))2 [+ E-(M/C)]
and inverting (4.3.40), (4.3.32) follows.
O

One can easily check that the coefficients of (4.3.31) and (4.3.32) match.
In the case of exponentially distributed claim sizes we can solve h (w)=a and

get
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a(co-2) - ra + [r)h/(ca-N)]exp[-[e-(N/c)]w] - (Ab/ce)exp[-[e-(}/c)]W]
K, = (4.341)
« - (M/c)exp[-[e-(X/c)Iw]

Therefore the optimum w* is found by maximizing (4.3.41) with respect to w.
When we have a general claim size distribution with the restriction of lemma

4.3.5 then we can use the asymptotic formula (4.3.31) as an approximation and

get
G(-v,)-
R VAN
r ML, r V) Vo
a - W+ . 5 exp(-v,t) ~
-\ 2 c-) -(\c)G (-v
K, = c-\i, (c-\p,) (Mc)G (-v,) (4.3.42)
1 1
+ =
c-ht, WG (-v,)

In this case we again find an approximation for w* by maximzing (4.3.42).
However, this is reliable only if w* is large enough; that is large compared with
By

In case we have different objectives (either risk seeking or risk averse) such
as to maximize K ,+8K, where 8 is a small constant we can then calculate K, or
an asymptotic approximation for it. We will have to maximize K, ,+8K, as we did

with K, in order to find w*.

44 AN ALTERNATIVE MODEL

We will now reconsider the Tapiero Zuckerman model with an alteration. We
are not going to assume that opportunity costs are subtracted from x¢ the total
amount invested minus the costs. We assume that these are subtracted from §,

the cash surplus. So {§; increases with rate (c-8{;)I({;<w) and the rate of
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investment is a(c-Sw)I(§t=w). A barrier strategy is assumed as before. It is clear
that we should have w < c¢/5 since {; can not exceed c¢/& anyway.

The generator of the process (xt,gt,t) acting on a function f(x,[,t) belonging

to its domain is given by
of of d
Af(x,L,t) = Et— + (c-8§)I(§<w)5g-+ a(c-s5w) I(§=w)-a£

# 0 fEER0AGE[ | fOx-b(3-0),0,0dGHH(E,0) (4.4.1)

(f should be continuous at §=w).

E{x¢}
We will now try to find lim
to t
we did in the previous section.

, the long run average ammount invested as

Theorem 4.4.1 Let x5 as defined. Let also f () be a function of § ({€0,w])

such that
K, + (c-80)f,(0) + N (0, tEVICEIE,OGE)-b I:G(y)dy-fi(m =0 (4.4.2)
and K, a constant such that

fi(w) = a (4.4.3)
then

x, - Kt + £,(5) (4.4.4)

is a martingale.
Proof
In order to find a martingale we should solve Af=0. Applying the generator

A on x-K, t+f (§) we get

K, + (c-80f,(5) + M (0, 1EVCEHE (OGQ)b I:G(y)dy-g(c)] =(§0 ) (4.4.5)
’ < W

K, + (c-8w)a  + x[j'(o C]f1(;-y)dG(y)+f1(O)G(§)-b J':G(y)dy-fi(g)] =(§o | (4.4.6)
° =W

but in view of (4.4.5), (4.4.6) and (4.4.3) are equivalent, so f, as defined is a

solution of the equation Af=0 and the theorem is proved.
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Corollary 4.4.2

E{x.}
lim = K
to  t

1 “4.4.7)

Proof
Since x¢-K, t+f () is a martingale we have
E{xg - Kt + £,(5) - £,(5,) =0 (4.4.8)
f, is a continuous function on a closed interval so it is bounded and dividing
(4.4.8) by t and letting t-=, (4.4.7) follows.
O
We will now use theorem 4.4.1 and corollary 4.4.2 for the specific case of
exponentially distributed claim sizes. In order to find f (f{) and subsequently K,
we have to solve equation (4.4.2) subject to (4.4.3). When dG(y)=ac"®¥dy (4.4.2) can

be written as

K, + (8D (8) + X[ if1(§-y)ozc'°‘ydy+f1(0)e'°‘§-(b/oz)e'°‘§-f1(§)] =0 (4.4.9)
Applying the operator D+ol on (4.4.9)
oK, + (c-85)f (L) - 8, (L) + alc-8L)f,(5) - M',(L) = 0 (4.4.10)

From (4.4.10) we get

A , ' A
[e=ttcerer-a™ ™™ (0] = K, /oiere-5" et (4.4.11)
and integrating (4.4.11)
A , A R A
/o1 O E® = [Peryorenn ey roes O @ar

Setting {=0 in (4.4.9) we get

£',(0) = (K,/c)+(\b/ca) (4.4.13)

and (4.4.12) can be rewritten as

(2/8)+ (\/8)+1

(4.4.14)

) \/%
ie/og ) = [ /BN ey + (K /e (b/eke/o)

From (4.4.3) we should have f,(w)=a, so

](x/s)+1 (x/s)+1+xb (\/8)+1

)/8
= Ki[(a/s)f:[(C/S)-y] / edy +(1/c)(c/8) k= (/%)
(4.4.15)

ae*V[(c/8)-w
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giving us

ae“w[(c/s)-w]( \/8)+ 1 x_b_(c/s)(x/8)+ 1

K, = £ (4.4.16)
\/8 /8
(o) ero™ e Vay +(1/exese O

In order to maximize the long run average amount invested minus the costs

we need to maximize (4.4.16) with respect to w.

If one wants to investigate the higher moments of x¢ he has to repeat the
procedure followed in section 4.3. However, in this section we will aim for
something rather different.

Theorem 4.4.3 Let x{,§; as defined and suppose f({) is such that

(e-sDEW + fEEGEIO] | m)e"(y'g)dG(y)-f(C)] =0 (4.4.17)

(we assume that J‘(g,m)ev(y'g)dG(y) exists)
and suppose also that v is chosen so that

f'(w) = -avf(w) (4.4.18)
then

exp(-vxt)f(l;t). (4.4.19)
is a martingale.
Proof

We substitute e~ VXf(f) into Af=0 and we get (4.4.17) and

-av(c-sw) + [ f(w-y)dG(y)+f(0){ eV(Y"W)dG(y)-f(w)] = 0 (4.4.20)
(0,w] w,®)

but (4.4.17) and (4.4.20) give us (4.4.18), so e VXf(f) satisfies Af=0. It also belongs
to the domain of the generator and therefore (4.4.19) is a martingale.

O

If for some particular values of w v>0, we can then use the concept of ruin

for x¢. We will fix a level -x* (x*>0) and we will look at the probability that

x¢>-x* for all t. We define 7=inf{t:x(<-x*} with 7== if x 2-x* for all t. Since

cxp(~v:ct) is a martingale and TAt a stopping time we use Doob’s optional stopping
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theorem and we have

f(&y)

E{CXD('VXT/\t)f(CT/\t)} =

E{exp(-VXT)f(QT)|T$t}Pr(TSt) + E{cxp(-vxt)f(gt)|T>t}Pr(T>t)
(4.4.21)
and letting t-* in (4.4.21) since f is bounded and assuming that X¢=® as. as toe

(this is equivalent to assuming K >0).

Pr(T<°°)E{exp(-vxT)f(§T)|T<°°} = f(L,) (4.4.22)
or equivalently
e VEE(L o)

Pr(T<®) = (4.4.23)
E(exp[-V(xg-x")]f(§7) | 7<)

We will now evaluate v explicitly for the case of exponentially distributed

claim sizes (dG(y)=ae"*¥dy). In this case (4.4.17) can be written as

(c-80F (L) + X[J.gf(g-y)oze'“ydy+f(0)—a—e'°‘§-f(l,’,)] =0 (4.4.24)
) o-bv

Applying the operator D+al on (4.4.240 we get

(c-80)'(L) - (L) + o(c-8L)E'(L) - M(§) = 0 (4.4.25)
and solving (4.4.25)

£ = £0)e/s

Setting {=0 in (4.4.24) we get

H obpe/s)-t] MO (4.4.26)

£0) = -2 ¢ (4.4.27)
a-bv
SO
£ = - %";f(oxc/w“/ BV ey /5).] /O (4.4.28)

and therefore

)(\/8)+1Jt; - (\/8)- 1dy

£(¢) = f(O){l - I‘ lblf(O)(c/S e *Y[(c/8)-y] (4.4.29)
¢ o-bv )

and (4.4.18) gives
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1 \bv (2\/8)- 1

L2V ccawpioreywy O 2 aworsy P S Y ooy gy MO gy
¢ o-bv ¢ o-bvio (4430)
and assuming Vv#0
a - ()‘b/cc()e""w[l-(8w/c)]-()‘/'5)-i
V= a ~ o (4.4.31)
b+ O/e)f e [1-(sy /c)]
We assume v>0; that is
a > ().b/ca)e'“w[l-(Sw/c)]-(V 8)-4 (4.4.32)

exp(~VXt) is a martingale where v is given by (4.4.31) and f is given by (4.4.29).
Then as in (4.4.23)

vk

e VXE(L,)

Pr(7<*®) = (4.4.33)
E{exD[‘V(xT’X*)]f( QT) | T<*}

Notice that now -(xT-x*) (the overshoot) is exponentially distributed with

parameter o/b because of the memoryless property of the exponential distribution.

Therefore

E(exp[-v(x;-x*)If ({7) | 7<) = :T);E{f(;.r) 7<) (4.4.34)
We actually have {=0. So

E(exp[-V(xp-x*)]f () [T<=) = a—_"‘l;f(()) (4.4.35)
and hence

Pr(T<w) = ¢-vx*. 2BV [(E) (4.4.36)

< £(0)
(4.4.36) implies that we can use v as a measure for the likelihood of ruin
irrespective of x* and {, So Vv can be justifiably chosen as a criterion for
optimality to compare barrier strategies. We should then choose w so as to

maximize

a - (xb/coc)e""w[l-(Sw/c)]-(x/s)- '

V=« " oo (4.4.37)
I+ (0/0)f e [1-(8y /c)]
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It has to be stressed that that this is an extremely risk averse criterion as the
company is only interested to minimize the chance that the level of X¢ ever falls
below a fixed level. It might be too unenterprising a criterion for the company
to regard it as sensible. However, whatever the objectives of the company are it
is of supreme importance to have an idea of how large the probability that

everything goes entirely wrong is; that is the probability that X¢ falls below a

certain level.
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