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We consider a fully practical finite element approximation of the following system of nonlinear degenerate
parabolic equations
%u 1 1V.(u*V[o(v)]) — : V.(u* Vw) =0,

- -3
w=—cAu—35du "+ au ",

2+ V.(uv Vo)) — pAv— : V.(u’ v Vw) =0.

The above models a surfactant driven thin film flow in the presence of both attractive, a > 0, and
repulsive, § > 0 with v > 3, van der Waals forces; where u is the height of the film, v is the concentration
of the insoluble surfactant monolayer and o(v) := 1 — v is the typical surface tension. Here p > 0 and
¢ > 0 are the inverses of the surface Peclet number and the modified capillary number. In addition to
showing stability bounds for our approximation, we prove convergence, and hence existence of a solution
to this nonlinear degenerate parabolic system, (i) in one space dimension when p > 0; and, moreover,
(ii) in two space dimensions if in addition v > 7. Furthermore, iterative schemes for solving the resulting
nonlinear discrete system are discussed. Finally, some numerical experiments are presented.

Mathematics Subject Classification (2000): 65M60, 656M12, 35K55, 35K65, 35K35, 76A20, 76D08

1. Introduction

In the recent paper Barrett, Garcke & Niirnberg (2001), abbreviated to BGN throughout
this paper, the authors proposed and analysed a fully practical finite element approxima-
tion of the following system of nonlinear degenerate parabolic equations

4 LY. Vo)) - 9.0 Va) = 0 w0, (11a)
w = —cAu+ ¢(u) in Qrp, (1.1b)
& 4+ V.(uv Vo)) — pAv— 1 V.(u*v Vw) =0 in Qr; (1.1c)

where Qr := Q x (0,T] and Q is a bounded domain in R¢, d = 1 or 2. The above, derived
using lubrication theory, models a surfactant driven thin film flow; where u is the height of
the film, v is the concentration of the insoluble surfactant monolayer and w is the pressure
(reduced if van der Waals forces are present; that is, ¢ # 0). In addition, o € C*(Rxg)
with

o(s) >0, o'(s)<0 VseRy (1.2)

is the constitutive equation of state relating the surface tension o to v. We note that o
is a strictly monotonically decreasing function of v, which is natural to assume as the
surfactant lowers surface tension. In the engineering literature it is often assumed that
the surfactant concentration is dilute, i.e. v € [0, 1], and that o : [0,1] — [0, 1]; e.g.

o(s) = (B+1)[1+0(8) s> — 8, where 6(8):= (251)5 —1 (1.3)

1 Supported by the EPSRC, and by the DAAD through a Doktorandenstipendium.
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2 J.W. BARRETT AND R. NURNBERG

and § € Ry relates to the activity of the surfactant; cf. Jensen & Grotberg (1992, p

262). For the van der Waals forces in (1.1b), we take the form suggested in Oron, Davis
& Bankoff (1997); that is,

d(u) = ¢t (u) + ¢~ (u), ¢ (u) := —du", v>3, ¢ (u) :=au?, (1.4)

where a € R>( is the scaled dimensionless Hamaker constant, 6 € R, represents the
effect of repulsive van der Waals forces, and ¢ = 0 < § = 0. Finally in (1.1a—c), p € Rxg
and ¢ € R.q are the inverses of the surface Peclet and the modified capillary numbers,
respectively. Applications of the system (l.la—c) range from the medical treatment of
premature infants to industrial coating and drying processes, see BGN for further details
and references.

As u and v can take on zero values (1.la—) is a degenerate parabolic system, which
is fourth order in u. This degeneracy makes the analysis/numerical analysis of the sys-
tem particularly difficult. As there is no maximum principle for parabolic equations of
fourth order, a naive discretization does not guarantee the non-negativity of the approx-
imation to u. If § = 0, following Barrett, Blowey & Garcke (1998), BGN imposed the
non-negativity of the discrete approximation to u as a constraint; whereas if 6 > 0, the
positivity of the approximation to u can be guaranteed for an appropriate discretization
through the singularity in ¢*. In both cases, BGN were able to derive stability bounds in
space dimensions d = 1 and 2. However, their main convergence result was restricted to
p > 0 and one space dimension. The latter was due to the fact that the a priori bounds
they derived only guarantee in one space dimension that the discrete approximation to
u is uniformly bounded and equicontinuous, which was necessary to be able to pass to
the limit in the discrete problem. For similar reasons, the results on related degenerate
parabolic equations of fourth order in Bernis & Friedman (1990), Barrett, Blowey & Gar-
cke (1998), Barrett, Blowey & Garcke (1999), Griin & Rumpf (2000), Barrett, Blowey
& Garcke (2001) and Barrett & Blowey (2001) were restricted to one space dimension.
However, recently Griin (2002) has proved convergence in two space dimensions of a finite
element approximation to the thin film equation in the absence of surfactant, (1.1la—c)
with v = 0 and u(-,0) > 0. It is the aim of this paper to adapt the techniques in Griin
(2002), and BGN, to propose a finite element approximation to (1.1la—c) and prove conver-
gence in one space dimension if p, a, d, u(-,0) > 0 and, moreover, in two space dimensions
if in addition v > 7.

The basic ingredients of our approach are two energy estimates for this surfactant driven
flow. Firstly, as in BGN, we relate I’ to ¢ by the Gibbs identity

o(v) = F(v) —v F'(v) = o'(v) =—vF"(v). (1.5)

Knowing o the above identity determines F' up to a linear term. Furthermore, on noting
(1.2), we have that F is convex and F"(v) — oo as v — 0. Assuming appropriate boundary
conditions, which will be specified later on, one can derive the energy estimate

%/ﬂ [5 [Vul* + ®(u) + F(v)] d:c+/g/0 |3y\7H|2dydx—|—p/QF”(’U)|V0|2dx:0. (1.6)

Here ® is an antiderivative of ¢, i.e. ®’ = ¢, and Vy is the horizontal component of the
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velocity field. Due to the use of lubrication theory, see BGN for details, one has that

/ 10,V dy = u|V]e()]|* = u? V[o(v)] . Vw + s ud |Vl
0

> ulV[e)]]*+ 5 v* [Vuwl?, (1.7)

where the inequality was obtained from applying the Young’s inequality
|rs|§%7’2—|—%32 Vr seR, ~e&Rs,. (1.8)

The energy estimate (1.6) will lead to important a priori estimates.
In order to obtain the second estimate, we define also a function G € C*°(R~) such
that v® V[G'(u)] = Vu; that is

G'(s)=s? = G(s)=-1s5?% = G(s)=

2 s, (1.9)

1
2
Testing (1.1a) with G’(u) and (1.1b) with —Aw formally yields, on assuming appropriate
boundary conditions and noting (1.8), that

%/QG@L) dx+§/Q|Au|2dx+§/Q(¢+)'<u)|vu|2dx
_ _%/(2(¢_)’(u)|vu|2dx+%/QG”(u)uQV[U(’U)].Vudx
<c l/guW[a(@)szx—i—/Q[G”(u)— (67)(w)]|VuPdz| . (110)
This together with (1.4) and the bound

s ¢ S’)/S_’@—FO(’)/,Oé,ﬁ) VS, 7€R>07 (OAS (07ﬁ)7 ﬁ€R>07 (111)

for 3 = v + 1 and for both a = 3 and 4, yields for § > 0 that
%/G(u) dx+§/ |Au|2d:c—|—i/(¢+)’(u)|Vu|2d:c
Q Q Q
<C [/ u|V[a(v)]|2dx+/ |Vu|2d:c] : (1.12)
Q Q

From (1.12), (1.6) and (1.7) one can formally show that v € L?(0,T; H*(Q2)) if u(-,0) > 0.

It is the goal of this paper to derive a finite element method that is consistent with
the formal energy estimates (1.6) and (1.12). In one space dimension only the analogue
of (1.6) is required to prove convergence, see BGN and Remark 3.2 below. As in Griin
(2002) for the thin film equation, it is the discrete analogue of (1.12) which plays a crucial
role in our convergence proof in the case of two space dimensions. We stress that it is
only this bound that requires the presence of the repulsive van der Waals forces, § > 0, to
control the surfactant term on the right hand side of (1.10). In the absence of surfactant,
(1.12) holds with (@, > 0) and without (a = § = 0) van der Waals forces.

To complete the system (1.1a—c), we will specify the boundary conditions

1,200 1,3 0w _ Ou _

do(v w v
p o] 1,2, dw paimzo on 0Q; (1.13)

2 81189 3 81189 - 81189 81189 2 81189 B
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where v is normal to OS2, the Lipschitz boundary of 2. One can derive (1.13) on requiring
a no penetration condition for the velocity Vg, a 90° angle condition for the film height
u and a no flux condition for the surfactant concentration v to hold, see BGN for details.
We remark that if either up > 0 or —uvo’(v) > 0 on 92 then (1.13) is equivalent to
88" = 8aw = 86” = 0 on 0€.
Voq VoQ Ovaq ) . R
Altogether, in this paper we consider the following initial boundary value problem:

(P) Find functions u, w, v : Q x [0,7] — R such that

1l (Vo)) - i V.(uBVw) =0 in Qr, (1.14a)
w=—cAu+ ¢(u) in Qr, (1.14Db)
% 4+ V.(uA(v) V[o(0)]) = pAv — 2 V.(u* A(v) Vw) =0 in Qf, (1.14c)
u(z,0) = u’(x) > 0, v(x,0) = v°(x) >0 Ve, (1.14d)
1,200 1,3 0w _ du
2 Jvgn 3 Jvgn Jvgn

= uA(v) aa[‘;—f;’g)] — 2 u? \(v) 8?12”9 —p ai;’g =0 on INx(0,T), (1.14e)

where T' > 0 is a fixed positive time. In the above ¢ € R and p € R are given constants,
while 0 € C'(Rxg) and ¢ : Rog — R are given by (1.2) and (1.4), with a,d > 0; u° and
v? are given initial profiles. Throughout this paper, as in BGN, we restrict ourselves to

the model constitutive equation of state
o(v):=1-wv, (1.15)

the B — oo limit of (1.3). However, the techniques in this paper do apply to a general
o satisfying (1.2), see Remark 2.2 below. As remarked previously, the physically relevant
values of v(x,t) lie in the interval [0, 1]. Noting this, it is convenient for the analysis in
this paper, as well as in BGN, to replace the terms u‘v, i = 1 — 2, in (1.1c) by u! A(v),
where A : R — (—o00, 1] is defined as

A(s) :==[s—1_+1; (1.16)

where
[s]— := min{s, 0} and [s]4+ := max{s, 0}. (1.17)

This paper is organised as follows. In Section 2 we formulate a fully practical finite
element approximation of the degenerate system (P) and derive discrete analogues of
the energy estimates (1.6) and (1.12). In doing so, we adapt a technique introduced in
Zhornitskaya & Bertozzi (2000) and Griin & Rumpf (2000) for deriving a discrete entropy
bound for the thin film equation. In Section 3 we prove convergence, and hence existence
of a solution to the system (P), in space dimensions d = 1 if p,a,d > 0; and d = 2 if in
addition v > 7. In Section 4 we state an iterative scheme for solving the nonlinear discrete
system at each time level and present some numerical computations in both one and two
space dimensions.

Finally we note that there is very little work in the PDE literature on surfactant type
problems. To our knowledge, the only relevant work on the degenerate system (P) is the
following. Renardy (1996) shows that there exists a solution for 7" sufficiently small to a
pure initial value problem similar to (P) for very smooth initial data. In the absence of
van der Waals forces, Wieland (2002) establishes an existence result for (P) in one space
dimension similar to that obtained in BGN.
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Notation and Auxiliary Results

Let D C RY, d =1 or 2, with a Lipschitz boundary 9D if d = 2. We adopt the standard
notation for Sobolev spaces, denoting the norm of W™4(D) (m € N, ¢ € [1,00]) by
| - [|m,q,p and the semi-norm by | - |,n4,0. We extend these norms and semi-norms in the
natural way to the corresponding spaces of vector and matrix valued functions. For ¢ = 2,
Wm™2(D) will be denoted by H™(D) with the associated norm and semi-norm written as,
respectively, ||+ ||m.p and |- |, p. For notational convenience, we drop the domain subscript
on the above norms and semi-norms in the case D = Q. Throughout (-,-) denotes the
standard L? inner product over €2, while ¢’ denotes for any ¢ € [1, oo] the “dual exponent”
such that % + % = 1. In addition we define

fn:=—"= 1)  VneLYQ), where m(2) is the measure of Q. (1.18)

For later purposes, we recall the following well-known Sobolev interpolation results, e.g.
see Adams & Fournier (1977): Let ¢ € [1,00], m > 1,

lq, 0] ifm—§>0,
r € < [g,00) ifm—gzo,

d : d
[q’—m] if m—5<0,

and p = % % — %) Then there is a constant C' depending only on €2, ¢, 7, m such that for
all z € W™1(Q) the inequality
1—
2lor < Clzlog" 21, (1.19)

holds. We recall also the following compactness results. Let X, Y and Z be Banach

spaces with a compact embedding X <> Y and a continuous embedding Y < Z. Then
the embeddings

{neL*0,T;X): & eL*0,T;2)} < L*(0,T;Y) (1.20a)

and  {n€L®0,T;X): % e L*0,T;2)} > C([0,T;Y) (1.20b)

are compact and a generalised version of (1.20a), where the time derivative is replaced by
a time translation, holds. That is, any bounded and closed subset E of L?*(0,7T; X) with

fing {sup 0. +6) = (- a0 =0 (1.200)

nek

is compact in L*(0,T;Y), see Simon (1987).
It is convenient to introduce the “inverse Laplacian” operator G : F — Z such that

(VGz, V) = (z,n)y ¥ neW"(Q), (1.21)

where F := {z € (W"(Q)) : (2,1)¢ =0} and Z := {z € WH(Q) : (z,1) = 0}. Here
and throughout (-,-), denotes the duality pairing between (W4 (Q))" and W4 (Q) for
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any q € (1,2]. The well-posedness of G follows from the generalised Lax-Milgram theorem
and the Poincaré inequality

Mor < C (e + (1)) YneW(Q) and 7€ [1,00]. (1.22)

Throughout C' denotes a generic constant independent of h, 7 and €; the mesh and tem-
poral discretization parameters and the regularization parameter. In addition C'(ay, - - -, ar)
denotes a constant depending on the arguments {a;},_,. Furthermore -(,) denotes an ex-
pression with or without the subscript , similarly with superscripts.

2. Finite Element Approximation

We consider the finite element approximation of (P) under the following assumptions on
the mesh:

(A) Let © be a convex polygonal domain if d = 2. Let {T"}s~0 be a quasi-uniform
family of partitionings of € into disjoint open simplices £ with h, := diam(x) and
h := max,c7n by, so that Q = UK. In addition, it is assumed for d = 2 that all
simplices k € T" are right-angled.

We note that the right-angled simplices assumption is not a severe constraint, as there

exist adaptive finite element codes that satisfy this requirement, see e.g. Schmidt & Siebert
(2000).
Associated with 7" is the finite element space

S":={x € C(Q): x|, islinear V x € T"} ¢ H'(Q). (2.1)
We introduce also
Styi={xeS":x>0inQ} C H (Q):={ne H'(Q) :n>0a.e. in Q}, (2.2)

and similarly S” and H! (). Let J be the set of nodes of 7" and {p;} ;e the coordinates
of these nodes. Let {x;};es be the standard basis functions for S"; that is x; € S, and
x;j(pi) = 6;; for all 4,5 € J. We introduce 7" : C'(Q) — S", the interpolation operator,
such that (7n)(p;) = n(p;) for all j € J. A discrete semi-inner product on C(Q) is then
defined by

(1, m2)" = / 7 () m@)) de = 3 1 (o) ma(w5), (2.3)

jeJ

where m; := (1,x;) > 0. The induced discrete semi-norm is then [n|, := [(, n)"]2, where
n € C(Q). We introduce also the L? projection Q" : L?(Q2) — S" defined by

(@"n,x)" = (n,x) VY xe€S" (2.4)

On recalling (1.5) and (1.15), we then define a function F' such that v V[F'(v)] =
—V]o(v)]; that is,

F'(s)=—-s'0'(s)=s"' = F(s)=s(lns—1)+1. (2.5)
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For computational purposes, we replace F' € C*°(R+¢) for any € € (0, 1) by the regularized
function F; : R — R such that

%—l—ﬂng—l)s—i-l s<eg
F.s):=1¢ s(lns—1)+1 e<s<l1 (2.6)
S(s—1) 1<s.

Hence F. € C*!(R) with the first two derivatives of F. given by

els+lne—1 s<e¢ el s<e¢
F!(s):=1 Ins e<s<1 and F'(s):=¢ s! e<s<1 (2.7)
s—1 1<s 1 1<s,
respectively. For later purposes, we note that
F.(s) > % —2 Vs>0 and F.(s) > 28—26 Vs<0; (2.8)

see BGN.
Similarly to the approach in Zhornitskaya & Bertozzi (2000) and Griin & Rumpf (2000),
we introduce A, : S" — [L>®°(Q)]9*¢ such that for all 2" € S" and a.e. in

A.(2") is symmetric and positive semi-definite, (2.9a)
A (") VA [FlL(2M)] = V2" (2.9b)

Firstly, we give the construction of A, in the simple case when d = 1. Given 2" € S* and
k € T" having vertices p; and py, we set

2" (pr)—2" (p;) _ 1 e _h R, .
Ac(2") = { e Feh Gy — e o some &€ i 2 p) £ 2 o
ez if 2"(p) = 2" (p))-

Clearly the piecewise constant construction in (2.10) satisfies the conditions (2.9a,b).
Following Griin & Rumpf (2000) we extend the above construction to d = 2. Let {e;}L,
be the orthonormal vectors in RY, such that the j® component of e; is d;;, i, j = 1 — d.
Given non-zero constants oy, i = 1 — d; let K({a;}&,) be the reference open simplex
in R? with vertices {p;}%_,, where Py is the origin and p; = a;e;, i« = 1 — d. Given a
Kk € Th with vertices {p;, }%,, such that pj, is the right-angled vertex, then there exists a
rotation matrix R, and non-zero constants {a;}% ; such that the mapping R, : 7 € R¢ —
pjo + RxZ € R? maps the vertex p; to p;,, i = 0 — d, and hence & = #({a;}%_;) to k. For
any 2" € S* we then set R

A(2") |:= R. A(Z") |z RE, (2.11)

where 2%(Z) = 2"(R,Z) for all T € & and A.(3") | is the d x d diagonal matrix with
diagonal entries, k =1 — d,

21 (1) —2" (Bo) _ i) 2" (ps) _ 1
R FL(ZM(pr))—FL(Z"(Po)) — FL(zh(pj,))—FL(z"(pjy)) — FU(z"(8))
[AE(’Z\h) lzlkk == for some £ between p;, and p;, if zh(pjk) + zh(pjo),
PTG = R ) i 2 (pi) = 2 (pin):

(2.12)
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J.
As RT = R', V2" R, V3" where 7 = (1, 29)T, V = (%,~~,%)T, T =
(Z1,---,7g)" and V = %, R a%d)T, it easily follows that A.(2") constructed in (2.11)
and (2 12) satisfies (2.9a,b). It is this construction that requires the right angle constraint
on the partitioning 7". Furthermore, we note from (2.7) that for all Kk € T"

V2V F/(")] |« = ReVZ".R.VF"[F/(3")] |7

= Vzh Vah |F, ( )] 2> | 2P r= V2" .
— (V2" V" [F/(zM)]) > |")? Ve sh, (2.13)
where (7'9)(Z) = (7"n)(R.Z) and 7(Z) = n(R,Z) for all Z € &.
In a similar fashion we introduce = : S, — [L>(Q2)]%*? such that for all 2" € S, and
a.e. in €2
Z(2") is symmetric and positive semi-definite, (2.14a)
[E(MPE VG (2] = V" (2.14Db)

We extend the construction (2.11) — (2.12) for A. to =. In particular, in the case d = 1
we set for any 2" € S and x € T" having vertices p; and py

| (ot = et =
2(2") [wi= for some ¢ € k if 2"(py) # 2"(p;),
(G (" (pr))] 75 = 2"(p1) if 2"(p) = 2"(ps)-

(2.15)
Throughout we make use of the fact that the matrices Z(y) and A.(2") commute for any
x € Sh, and 2" € S* see (2.11).
To define our approximation of (P) it is convenient to split ®, recall (1.6), into its
convex and concave parts. We have for given a,d € R-y and v > 3 that for all s € Ry
P(s) = 0T (s) + P (s), where OT(s):=-2s17", & (s):=—Ls2 (2.16)

It holds, on recalling (1.4), that ¢* = (®T)" and ¢~ = (®~)". For future reference, we
note that the following hold for all 7, s,y € R and 2" € S%

o(s) > @((§)77) = 42 (9)75 and — @ (s) < $2 (2)75 + Lt (s), (217a)
(Va(G/(2")], V) < v (Voo (M), V2") + (v)l g (2.17D)

and if v > 7
(67(r) = &7 (5))> < 32 (6%(r) = 67(5)) (r — 5) + 90> (r —5)>.  (218)

(2.17b) can be easily seen on considering the function i : Ryy — R, where ¢(r) :=
v ¢ (r) = G'(r) + C(v) r. Obviously, on noting (1.4), (1.9) and (1.11) with 3 =v+1, ¥ is
monotonically increasing for C'(v) sufficiently large. The result (2.18) is proved in Griin
(2002, Lemma 4.4) for v > 7. However, the proof stated there is also valid for v > 7.
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In addition to 7", let 0 =ty < t; < ... < txy_1 < txy = T be a partitioning of [0, T
into possibly variable time steps 7, :=t, —t,—1, n =1 — N. We set 7 := max,—1 N Tp.
For any given ¢ € (0,1), we then consider the following fully practical finite element
approximation of (P) with o(v) given by (1.15) and ¢(u) given by (1.4):

(P™™) For n > 1 find {U", W™, V"} € [S"]3 such that for all x € S"

(222 )+ (2N VW2, 90 = =3 (B2 (B2 9V, V), (2:199)
w

(VUL VX) + (& (UZ) + ¢~ (U2, x)" = (W2 x)", (2.19b)

(Z23) 4 p (VYA VX) + (B(U2) ALV TV, V)

=5 (E(UDPA(V) VIVE, V) (2.19¢)
where U? € S, and V2 € S" are approximations of u® and v°, respectively, e.g. U? = 7/u°
or Q"u® and similarly V2.

Setting V* =0, n = 0 — N, (2.19a,b) collapses to the approximation of the thin film
equation, (1.la—c) with v = 0, studied in Griin (2002). Note that the convex(concave)
terms in ® are approximated implicitly(explicitly) in (2.19b). Note furthermore that we
approximate u? by [2(U)]2 [E(U* ]2 in (2.19a) and by [Z(U7)]? in (2.19¢), respectively,
in order for our discrete stability bounds to hold; cf. Theorem 2.4 below, and (2.63) — (2.66)
in particular. As U? > 0, one can ensure that Z(U"™') and ¢~ (U™ ') are well-defined for
n > 1; see Theorem 2.1 below.

REMARK 2.1 In BGN the following approximation to (P) was studied.
(Q™™) For n > 1 find {U", W V"} € [S"]3 such that for all x € S"

n_gmn—1 h
(52— X)) + 3 (2 VW, V) = =4 (U2 VL V), (2200

Tn

(VU2 V) + (¢ (U2) + (U2 7) 0" = (W20 (2:200)
(S22 ) 4 p (92, V0 + (07 AV YV, 9Y)
= L@ (U Uz DA TWE VY. (2:200)

Note that (P™7) in contrast to (Q"7) uses Z and approximates u in the term u3 Vw
at the new time level. Furthermore, the schemes vary in the way they approximate u?
in the right hand side terms. We note that with imposing U? € S%, as a constraint
and formulating (2.20b) as a variational inequality, (Q"7) can easily be adapted to the
case 0 = 0 (¢ = 0). This makes it possible to prove convergence also in the absence of
(repulsive) van der Waals forces. However, the convergence results for (Q"7) are restricted
to the case d = 1, see BGN. In this paper, on the other hand, we will prove convergence
in space dimensions d = 1 and 2 for (P»7). As this requires the presence of repulsive
van der Waals forces, see Remark 3.2 below, we have to assume that inf u® > 0. Finally
we note that for n > 1 given {U"!, V""'}  while one can show that the solution U" of
(2.20a) is unique; like Griin (2002) in the case V"' = 0, we are not able to establish this
result for (2.19a).

REMARK 2.2 The restriction of o to the linear case (1.15) is not crucial for the analysis
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in this paper. However, this choice simplifies our considerations and is also more practical.
Different choices of o, e.g. (1.3), can be incorporated into (P™7) by replacing (2.19a,c)
with

(2=, X)h+ LEWUNPE VW2, V) = (EUD)E [EU)]E Vallo. (V)] Vi),
(Z220) o (V29X — (B2 BV V[0 (V)] V)
= _% ([E<Uen)]2 Ks(ven) VWEn, VX);

where A, : S" — [L*°(€)]%*¢ is such that for all 2" € $" and a.e. in Q

A.(2") is symmetric and positive semi-definite, (2.22a)
A(2") VM [F ()] = =V o (2")]; (2.22b)
and o. € C'(R) is a regularized version of o defined by
o(e)+(s—¢e)a'(e) s<e
o.(s) :==<¢ o(s) e<s<M (2.23)

o(M)+(s—M)o' (M) M<s.

Here it is implicitly assumed that v(z,t) € [0, M]. Furthermore, F. € C2(R) in (2.22b) is
such that
N —oal(e)e! s<eg
Fl'(s):=Q —ol(s)s! e<s<M (2.24)
o (M)M™' M<s.

We observe that F. approximates F € C2((0, M]) as in (1.5) and is convex. Similarly to
(2.11) — (2.12), the construction of A, is straightforward and yields in the case d = 1 for
any 2" € S" and k € T" having vertices p; and p; that

_ o or)) =0 (2" (93) ek h(n.
A FL(z"(pr))—FL(z" (p;)) it 2"(pe) 7 2"(p)),
)

A(2") o= (2.25)

if 2"(pr) = 2"(p;).

We note that A, approximates A, where A(s) := [s — M]_ + M similarly to (1.16).
The convergence analysis for the linear case (1.15) presented in this paper can be
adapted to more general o, as above, but these details will be reported on elsewhere.

Below we recall some well-known results concerning S” for any x € T", x, 2" € S",
m € {0,1}, p€ [1,00], s € [2,00] if d =1 and s € (2,00] if d = 2:

X[ < C Rt X (2.26)

Xlre < Chn 7" Xl for any 7 € [p, o0]; (2.27)

lim [|(7 — ™)1, =0 Ve wh(Q); (2.28)
n

(I — 7")n]m < CH*™ 9]y Ve H(Q); (2.29)

(I = 7" )lm.s < CH™|n|1s Ve W (Q); (2.30)

[ x*de < [ 7t[x?*]de < (d+2) [ x*dz; (2.31)
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06 2") = (2" < (=7 (x2")on < CR™ X |21, (2.32)
It follows from (2.4) that
@) =T ies — @<l YIELY@. (3
In addition, it holds for m € {0,1} that
(I = Q") lmy < CR"™ |0l ¥ eWM(Q)  for any r € [2,00]. (2.34)

On setting Z" := {2" € S": (2",1) = 0}, it is easily established that
12M0g < Ch G2, V2hezh for any ¢q € (1, 2]. (2.35)
On introducing the “discrete Laplacian” operator A" : S* — Z" such that
(A" )= —(V2", V) v x € 8™ (2.36)
it follows, as € is convex, that for all 2" € S*
|21 < C|A'2"|y, where s =oco0ifd=1,s¢€ (1,00)if d = 2; (2.37)

see for example Barrett, Langdon & Niirnberg (2002, Lemma 3.1). Finally, we note that
the results (2.34), (2.35) and (2.37) above exploit the fact that we have a quasi-uniform
family of partitionings {7"}n>o.

LEMMA 2.1 Let the assumptions (A) hold and let || - || denote the spectral norm on
R4, Then for any given ¢ € (0,1) the function A, : S* — [L>°(Q)]9*? satisfies
efTe <A (ME<ETe  VEER? e st (2.38)

and is continuous. In particular it holds for all 27, 24 € S* k € T" that

I(A(22) = Acl2B)) | Il = (A (E)) — Ao(Z) Iz |

< max F/'(s) max[F/'(s)] " max [|2](p;,) — 25(p3)| + |27 (D)) — 25 (0o )| ]
seER seER k=1—d

< 8_1 kril1a_)>(d “Z?(pjk) - Zg(pjk” + |Z?(pj0) - Zg(pjo)” ; (239)
where we have adopted the notation (2.11) and (2.12).
Proof. See the proof of Lemma 2.1 in BGN. O

We introduce also for any ¢ € (0,1), on recalling (1.9), the regularized function
G. : R — R>( such that

— )G (e) + gy s<e
Ge(s);:{gggﬂs )G'(e) + 55 G"(e) éé& (2.40)

Hence G. € C*!(R) with the first two derivatives of G, given by

Gi(s) ::{ gggﬂs—e) a'(e) zii and G”(s) ;:{ gigg zii (2.41)

respectively. Furthermore we define =, : S" — [L>°(Q)]%*?, for any ¢ € (0,1), such that
for all 2" € S" the analogues of (2.14a,b) with G replaced by G. hold.
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LEMMA 2.2 Let the assumptions (A) hold. Then for any given ¢ € (0, 1) the functions
28t = [L®(Q)]? and 2, : S" — [L°(Q)]?*¢ satisfy for all k € T", 3 € (0,00)

meig[zh(x)]ﬁﬁTﬁ <ETEEM)P. € < mea_x[zh(x)]’gﬁTﬁ VECRY M e Shy (2.42a)
e?€he <1 [2e(2"))7] € < max[max{e, 2"(2)})7€7¢  VEERT, e St (242b)

Moreover, Z, is continuous. In particular it holds for all 2, 28 € Sh, = {zh € Sh . |2"| <
M}, k€ T" B € (0,00) that

I ([Eel))” = Bl ) e s
< (8, M) max GL(s) max(G(s)] ™ max [|=4() = 20|+ |24 (0) = 401
< C(8,M.2) ma, [12h(03) = 25(pa0)] + 1 (i) = (0| ] - (2.43)

Proof. The desired results (2.42a,b) follow from (1.9), (2.41) and the construction of Z),
cf. (2.15). The continuity of =, follows similarly to the proof of Lemma 2.1. Adopting the
notation (2.11) and (2.12) we have that

() = BRI ) 1w || = || (Be B — Bz Is
= max |[(EGOP - EGHP)R| | (2440)
and
(B - E@) k] |
< |[(Beaty’ - B-CLP) ]|+ |[(Eatl - Ea@) ] |
= |GG F = G215 + 1621 F - (G2 m)] 5| (2.44b)

where 27, € Si; with 275(pj,) = 25(ps) and 275(p;.) = 21 (p;,), p lies between 27 (pj,)
and z; (pjk) i=1- 2, and ( lies between 21(p;,) and 2% (p;, ).

Slmﬂarly to the proof of Lemma 2.1 one can easily show, on noting the Lipschitz and
Holder continuity of the function []g for g > 1 and g < 1, respectively, that

G ()] 75 — (G178 | < 08, M) [G2 ()] ™ = (G s
min{£,1}
< C(B.M) | G1(6) max GY(9)] ™ 4(0) ~ 4 1)
< C(B, M, e) |2} (pj) — 2 (pjo) ™™ 51 (2.45)

Combining (2.44a,b), (2.45) and a similar result for the second term on the right hand
side of (2.44b) yields the desired result (2.43). O

We introduce for all € € (0,1), A. : R — [e, 1] defined, on recalling (1.16) and (1.17),
by
A(8) = [A(s) — ]y + & (2.46)
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LEMMA 2.3 Let the assumptions (A) hold. Then for any given ¢ € (0, 1) the functions
A S — [L®(Q)]%¢ and = : Sy — [L>=(Q)]9*? are such that for all K € T"

max [{A(2") = X (M) TH@) || < e [VA(2M) 0,000 < B [V 2" | | VM e St (2.47a)

max [{EE)° ~ [0 T} @)]] < max{B, 1} amlf 290 [, |92 Jinton

0,00,k
TER 00,

V B € (0,00), 2" € Sty (2.47b)

where 7 is the d x d identity matrix.

Proof. Adopting the notation of (2.11), we have from (2.12), (2.7), (2.46), (1.16) and the
Lipschitz continuity of A, that

max [[{A-(z") = A(2") T}H(z) || = max {AZ") = A" T}@)|
= max max | [A(Z")]w — A(Z)(@) | < he[VA(Z") 0,00

TER k=1—d

= hy |V>\6( )|0,oo,n < hy |Vzh |n |7 (248)

where we have noted that []A\S(Eh) |llke = )\S(Eh(gk))) = A\ (2M(EW)) with ¢*) = R.EH € R
for some point £ € &. Hence we obtain the desired result (2.47a). Similarly to (2.48)
we have from (2.15), (1.9) and the Lipschitz and Hélder continuity of the function []° for
6 >1and 3 < 1, respectively, that

max [{[2(z"))” — ["7 T} (2)]| = Iggg!\{[g(gh)]ﬁ Al

=max max [ [E(2")]}, — [£"(@))°] < max{8, 1} "5l [ [V "], |5,

0,00,k

and hence the desired result (2.47b). O

In order to prove existence of a solution to (P"7) we need to go through a regularization
procedure, which is similar to that used for the logarithmic Cahn-Hilliard equation; see
e.g. Barrett, Blowey & Garcke (1999) and Barrett & Blowey (2001). For this purpose
we introduce for any p € R.g, on recalling (2.16), the C*! convex(concave) functions
&% : R — R such that

+ + (s—p)* u Y\
P (s) = { gigu)) (s — ) o= (p) + (%) (1) ZSSI; (2.49)

We set ¢ := (@), , := &} + & and note that ®*(s) > &l (s) > 0> <I>_( ) > D (s)

for all s € R.. Furthermore, @ is strictly monotonically decreasing on (0, [2]75) and ®~!
is uniquely defined on R>,. Moreover, we recall the regularized functions G, : R — R>
and Z,, : S" — [L°°(Q)]?*¢, see (2.40) and (2.14a,b).

THEOREM 2.1 Let ¢(-) satisfy (1.4) with a,d > 0. Let the assumptions (A) hold and
Ur-t e Shy, V21 € S" Then for all € € (0,1) and for all h, 7, > 0 there exists a

solution {U", W, V"} € Sty x S" x S" to the n-th step of (P»7) with £U" = fU"!
and V7 = FVA
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Proof. Due to the singular nature of the nonlinearity ¢*(s) we have to go through a
regularization procedure in order to prove existence of a solution to (2.19a,b). Hence we
introduce the following regularized version for any fixed 7", ¢ € (0,1) and any u > 0:
Find {U?,, W} € S" x §" such that for all x € S"

n—1 h
ur,—U! — (77n n . - n \13 = /7rm—1\12 e
(e x) + (B U2, )P VW2, V) = 4 (E,02,)]1F B2 ] 9Vt V),
(2.50a)

(VUL ., Vx) + (65 (U2 ) + 6, (UZ71), 0" = (W2, )" (2.50b)

&1

We now adapt the argument in Griin (2002, Lemma 3.2) to prove existence of a solution
to (2.50a,b). Let m := fU* and D,, : Z" — Z" be such that for any U € Z"

(Du(0),x)" = (U = (I = HHUI )" + 2 (E U +m)PVIW, V)
+ 2 (BT +m)i [EU Y VYL, Vy) VxeSh, (25la)

2

where W= —cAU+a"[¢)(U+m)+ ¢, (U] (2.51Db)

Note that solving (2.50a,b) is equivalent to finding a U € Z" with D,(U) = 0, since
given such a U then {U?,, W2} = {U +m, —c AU + "¢ (U +m) + ¢, (Ur~1)]} solves
(2.50a,b).

Assume that for a given R > 0 there does not exist a U € Zp := {2" € Z" : |2"|; < R}
with D, (U) = 0. For any fixed y > 0 and R > 0, it follows immediately from (2.51a,b),
(2.36), (2.26), (2.27), (2.43) and (2.49) that D, is continuous on Z%. Hence we can define

RD,(T
N |DH<“U(>|3
compact subset of the finite dimensional space S", the Brouwer fized point theorem (see
e.g. Renardy & Rogers (1992)) asserts that there exists a Up € Z& with B,(Ur) = Ug.
Moreover |Ug|; = R. We will now prove a contradiction for R sufficiently large.

Let Wi € S be defined by (2.51b) with U replaced by Ug. Then (2.36), the mono-
tonicity of ¢+, (1.8), (2.31) and (1.22) yield that

the continuous function B, : Z% — Z% where B,(U) := . As Z% is a convex and

(Ur, Wr)" = ¢|Ug[} + (Ur, ¢ (U + m) + ¢, (UX))"
= c|Uglt + (Ur +m —m, ¢ (Ur +m) — ¢ (m))" + (U, ¢, (m) + ¢, (UI))"
> c|Urli = v|Urli = C(v,UZ™) 2 £ [Url} = C(, Ur™Y) = § B? = C(y, U )
Ve (0,m], (2.52)
for v > 0 sufficiently small. Similarly to (2.52), and on noting the elementary identity

2r(r—s)=(*—s)+(r—s? VrseR, (2.53)

we obtain from (2.51a,b), (1.8) and the monotonicity of ¢ that for all u € (0, u1], where
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R : —1
i = min, 5 U (),

(Du(Ur), Wr)" = (Ug +m — U, Wg)" + % ((E.(Ur + m)] VWg, VW)
+ % ([Eu(Ur +m)]2 [E(Ur )2 VL, VITR)

> S|UR[ — U2} + (U +m — U2, 8 (Ug +m) + ¢, (UX)"
- Gy v v
> S |URl} — U2 R+ (Ug +m = U2 ¢ (UXY) + ¢, (U2
_In( (Un 1)an 1 an 1)
> $|URl? = C(y, 7, UL VY = § B2 = Oy, 7, UM VI, (2.54)

again for v > 0 sufficiently small. Combining (2.52) and (2.54) yields for any p € (0, 1]
that

(Ur,Wg)" >0 and (D,(Ugr), Wr)" >0 for R sufficiently large, (2.55)
which clearly contradicts (Ugr, Wg)" = (B, (UR),WR)h = —ﬁ (D,.(Ug), Wg)h < 0.
w 1

Hence we have existence of a solution {U? ,, W} to (2.50a,b) for all u € (0, p].
We will now show that, for u suﬂi(:lently small {or,,, W2} solves (2.19a,b). Choosing
x = W2, in (2.50a) and x = U?, — U™ in (2.50b) yields that

(U2, = U WE )"+ 2 ([Eu(U2 )P VYW, VI,

= 3 (B2} B YV YWE,), (256a)

V(Ugu_Ug_l))+(¢:( e,u) ¢M(Uen 1)7U£u_Uen 1)
= (W, U, — U (2.56D)

(VU

€, 1)

On noting (2.53), the convexity of @/ and the concavity of &, it follows from (2.56b)
that

SIUZ I+ 5102, — U2 i+ (2u(U2,), 1)
< SIUZTHR A+ (@0, Dt 4+ (W, U, = U (2.57)

Combining (2.56a) and (2.57) yields for p € (0, p;] that

S IUZ 1+ (2u(U2 ), D" + 2 (Eu(U2 )P VWL, VW) + 5 U2, — U
§|Ue” e (@(Ue"‘l),l)h——([ (U2 [EUZ )2 VYV VW)
< CUXHR + (@O, )" + 5 (B ) Vv Ve (2.58)

The bound (2.58) yields the existence of constants C; independent of p € (0, u1] such that

(uUZ), )" <Cr = Bu(UL (%)) < Cahy

min

—Cy VjelJ, (2.59)

where iy := min,cn h,. Combining (2.59), (2.49) and (2.16) yields for all u € (0, 2],
where pp := min{®1(C3), u1}, and for all j € J that

QUL () = (U2 [(z5)) <C3 = U, (%) > p2>0. (2.60)
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This yields that for all u € (0, 2] a solution {UZ,, W} to (2.50a,b) solves (2.19a,b)
as 2,(07,) = 2(UF,), ¢1(UL,) = ¢T(U2,) and ¢, (UF") = ¢~ (UF""). Hence we have
existence of a solution {U", W'} to (2.19a,b).

Finally, existence of a solution V" to (2.19c) follows from a similar, but simpler, ap-
plication of the Brouwer fized point theorem; see the proof of Theorem 2.1 in BGN for
details. O

LEMMA 2.4 Let the assumptions of Theorem 2.1 hold. Then for all £ € (0,1) and for
all h, 7,, > 0 a solution {U", W, V"} to the n-th step of (P™7) is such that
EWUN VN +5|Ur = U i+ 5 V2 = VO R + pr (VVE, VAP [FL(VE)])
+ 5 (WP YW, VW) + 3 (207) T2, TV

<EUXN VY + 2 (EUrY) VYL VYY), (2.61a)
where

EUL, VD) = §|UME + (R(UF) + Fe(V2), 1) (2.61b)
Furthermore if ¢(-) satisfies (1.4) with v > 7, then

(GUD), )"+ (Vah[oH(UD)], VUE) + § | XUZ R
< (G (U” D, D"+ R (Vatet (U], VU + O [JUZ]F + U]
o (Z(Ur Yy vvrtlvveh). (2.62)

Proof. Similarly to (2.58) we obtain, on choosing y = W in (2.19a) and x = U — U"!
n (2.19b), that
N+ s IUr - UM

5 U2+ (D), )" + 3 (EWH)P VIV, V
" EUr Y VVIL VW)L (2.63)

< IO+ (RUET), D" = 3 ([E(UD)]

vl ™

Choosing x = 7"[F/(V")] in (2.19¢) and noting (2.9a,b) yields that

(V= VIt BV 4 o (VY VAl [FLVI) + o (S(U7) OV, V)
= 3 (BN VW, TV (264)

Now F! > 1 implies that

Ve — VL FV)YE > (FL(V) — E(VAYD, D) 4 Lyt —yn2 2.65
15 e\Ve € € 2 € e |lh

)

Combining (2.63), (2.64), (2.65) and noting (1.8) and (2.61b) yields that

EUN V) + 5 |Ur — Ue”‘lﬁ + 3 VA=V + pr (VVE, VAR EL(V)))

2 (EUNPVWENVWE) + 7, (:(U”) vve,VvE)

or v - (= (Ue 2VWE, YV — e ([E(UD)2 [E(UR)]E VWE, VYA
(Ur—t vl 4 S ([2(UD))P VIR, VIR

+ 5 EUrT) VVITLVVET) + 2 (E(UF) VVE, VVE), (2.66)

4y
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for arbitrary ¢, v > 0. Choosing ¢ = 3 and v = 2 leads to the desired result (2.61a).
Furthermore, choosing x = 7"[G'(U")] in (2.19a) and x = —A"U" in (2.19b) yields on
noting (2.14b) and (2.36) that

(2 )+ (YW, VU =~ () B 9V, VA G ()
< §EU VYL IV + (VNGO VUL), (26Ta)
(VW2 VUZ) = e| AMUZ + (Va6 (U2) + ¢~ (U 7)), VU (2.67b)

On noting the convexity of G it follows from (2.67a,b) that
(GUZ) = GUZT), )" + § 7 [AU [ + 3 (VA" (¢ (U2)], VU?)
< B EWIH VYT 1’VV5" )+ TI(VW [G'(U)], VUE) = % (Vat(p= (U )], VUE) -
(2.68)
If v > 7, it follows from (2.68), (2.17b) and (2.18) that
(GUZ) = G, D" + § [T + (5 — 1) 7 (VA" [0 (U2)], VU?)
< B EWH VYT 1’VVE" D+ C(, € |UZ + § 7 V(o™ (U]
< 3 EUH VLV + Oy, §) m |UZIE + CEm [UZTHR

+C&m, (Vatlet (U )], VUi (2.69)
for arbitrary &, v > 0. The desired result (2.62) then follows on choosing £ and ~y appro-
priately. O

REMARK 2.3 We note that (2.61a,b) and (2.62) are the discrete analogues of the formal
energy estimates (1.6) and (1.12), respectively, on recalling (1.7) and (1.15).

THEOREM 2.2 Let ¢(-) satisfy (1.4) with a,d > 0. Let the assumptions (A) hold and
U% € Sh,, VO € S" Then for all € € (0,1), h > 0 a solution {U", W™, V"}N_ to (PP)
is such that U > 0, fU" = fU? and V" = fVO n=1—= N, and if 7, < 2wy,
n=2— N for an w € (0,1), then
n||2 n h n h
¢ max |[UZ[|{ + max (®(U),1)" + max (F(V"),1)

1

+ max [V'[5+e7! max |7"([V]_[g

+CZHW U 1;\1+Z|vn | 1|0+pZTn (VV*, V[ (V)

n=1 n=1 n=1

N N N
+p ) VR + Y m (EUDPVWE VW) + (1—w) Y 7 (B(UF) VYV, VVE)
n=1 n=1

< C[1+ U203+ (@U2) + Fo(VD), )" + (E(U2) VV2, VD) ] . (2.70)
In addition
N n—1 n— 1 2
ZTn g[iU + ZTn V 1
n=1 &

< O( max_[[Z(U, )] |0,r) (10217 + (2(U2) + F(V2), )" + (B(U2) VVZ, VD) ]
(2.71a)
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where g =2 and r=oc0 ifd =1, q € (1,2) andr:;quifd:Zand

[1,00] if d=1,

[1,00) if d=2. (2.71b)

[EU los <CIUZIY VB E(0,00), Vse {
Furthermore if ¢(-) satisfies (1.4) with v > 7, then

N N
n h hrmmn|2 hr .+ n n
max (G(U7),1) +cn§;rn|A U |h+n§;rn (Vo (Um)], vUL)

< C[LHU2IE + (2(U2) + Fo(V2) + G(U2), )" + (VA" (o™ (U2)], VIT)
+(EWHVVL, VYV ] . (2.72)

Proof. Summing (2.61a) from n = 1 — k and observing that 7,, < %an_l, n=2-—k,
yields for any £ < N that

k
EUE,VE)+ 1Y [elur — UM} + [V = V7] +pZTn (Vv Vah[F(VM)

n=1 n=1
k k
+ 35> (EUNPVWE, VW) + 2 (1 - w) Zm (E(UT) YV, YV
=1

<EWO VY42 (E(UO) VVO V). (2.73)
Therefore, on noting (2.8) and (2.17a), the bounds 1 — 3, 6 — 8 and 10 — 11 in (2.70)
follow from (2.73), U™ — U™t € Z" (1.22), (2.3) and (2.31). Combining the third bound
in (2.70) and (2.8) yields the bounds 4 — 5 in (2.70). Bounds 4 and 8 in (2.70) yield, on
noting (2.13), bound 9 in (2.70).

From (1.21), (2.4), (2.19a) and (2.34) we obtain for any n € W7 (Q) that

n—1

(VO] V) = (B ) = (2=, Q)
— —( EEPVWE + HEUD]E EUr VY, VQhy)
< CIIEUN o | IE@D]E VW20 + B2 VYo | 1Q
o, [ I IW2o + [EWZE V2o | nhg- (274)

Similarly to (2.74), from (1.21), (2.4), (2.19c), (2.38) and (2.34) we obtain that

(1]

Um ur
Um ur

\_/\_/

< CI=(

(V[ V) = (2=, Q)
:—p<vvs,whn>—<:<U5>Ae<vs>vv" L EUDPALVE) VW2,V Q)
< C [ pIVV o + IEWL) o (IIE@DE VYo + [E@DE V) | e (2.75)

Combining (2.74), (2.75), the assumptions on 7, and the bounds 9 — 11 in (2.70) yields
the bounds (2.71a).
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The bound (2.42a) yields for any xk € 7" with vertices {p; }%, that

[EON LI < max [U2@)] = NEEDP ] ]| < max [U2@)° ¥ 6 € (0,00).
(2.76)
Now (2.71b), at first for B s > 1, follows from (2.76), (2.27) and (1.19). This preliminary
result then immediately yields the desired result (2.71b) for all stated 5 and s.

Finally, summing (2.62) from n = 1 — k and observing that 7, < 2wy, n =2 — k,
yields for any £ < N that

k k
(GUE), D"+ (3= Zw) Y 7 (VA @T(UN)), VU + £ > |AUL;
n=1

n=1

k
< (GO, D) +CY m U + wZTn L EUrh vV vy
n=1

+Cn |U2f} + 2 (Vah (ot (U2)], VUO) IL(EWHVVE, VYV  (2.77)

The bounds (2.72) follow from (2.77) and the bounds 1 and 11 in (2.70). O

LEMMA 2.5 Let v v° € HL,(Q), with v® € L>®°(Q) and u°(z) > ¢ > 0 for ae. x €
Q, and the assumptions (A) hold. On choosing either U2 = Q"0 and V0 = QMO or
U2 = 7Mu° and VO = 7ho0 if either d = 1 or u?, v° € W1¢(Q) with e > 2; it follows that
U0 [ARS S b, with U? > ¢ are such that for all h >0

IT2IIE + (2(UF) + F(V2) + G(U), )" + (V[ (U2)], VU?) + (E(UD) VV2, VVE) < C.

(2.78)
Proof. The desired result (2.78) follows immediately from (2.33), (2.30), (2.34), (2.16),
(2.6), (1.9), (1.4) and (2.42a). O
3. Convergence
Let
Uc(t) := =222 Ur + L Ur™t b€ty te] n>1 (3.1a)
and
Ur(t) :=Ur, U-(t):=U""  te€(th1,ta n>1 (3.1b)
We note for future reference that
U —Uf=(t—t;) %= te(tpr,ty) n>1, (3.2)
where t;: :=t, and t :=1t,_1. We introduce also
T(t) ==, t € (th-1,tn] n>1. (3.3)

Using (2.36) and the above notation, and introducing analogous notation for W, and V.,
(P™7) can be restated as:
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Find {U., W, V.} € [C([0, T]; S")]? such that for all x € L?(0,T; S")
| 10"+ P ewe, ] a= -4 [ (e EOOlE vV o dt,
(3.4a)

T
22x)" +p (VVE, VX) + (EUH) A(V) VVF, V) | dt
0 ot

N |—=

)

/OT([E<U+)]2A6(V?) VW, Vx)dt;  (3.4b)

where
W = —cA"US + 7 ¢T(U) + ¢~ (UD)]. (3.4c)

LEMMA 3.1 Let p > 0, ¢(-) satisfy (1.4) with a,d > 0, and u° € H'(Q) N L>(Q) with

u(z) > ¢ >0 for a.e. z € Q and v° € HL (Q). Let {T", U2, VO {7} | e}nso be such

that B

(i) either U? = Q"u°, VO = QMO or U? = 7™, VO = 700 if either d = 1 or u°, 00 €
Whe(Q) with e > 2

(if) © and {T"}x>o fulfil assumption (A), e € (0,1) and 7, < 2wy, n =2 — N, for
an w € (0 1);

(iii) 7h 1~ ») - 0and eh %G~ p)—>0ash—>0 where p=2ifd=1p>2ifd =2.

Then there exists a subsequence of {U., W¢, V. }1,, where {U., W, V.} solve (P"7), and
functions

u € L®(0,T; Hio(Q)) N H'(0,T; (WH(Q))), (3.5a)
v e L(0,T; L*(Q)) N L*(0,T; Hiy(Q)) N H'(0,T; (W(Q)))  (3.5b)
such that  A(v) € L™ (Qr), (3.5¢)
with u(-,0) = «°() in Yl, v(-,0) = v°(+) in Y, where H'(Q) < Vi, L*(Q) <> Ys, and
fu(-,t) = fu® >0, fou(-,t) = £0° for a.a. t € (0,T), such that as h — 0
U, Uf = u weak-* in L(0,T; H'(Q)), (3.6a)
V., VE o weak-* in L*°(0,T; L*(Q)) and weakly in L*(0,T; H*(Q)), (3.6b)
G — Ggou and G%= — G weakly in L(0, T; W'4(€)), (3.6¢)
U, Uf = u strongly in L*(0,T; L(52)), (3.7a)
V., VE o strongly in L*(0,T; LF(2)), (3.7b)
[Z(UF)])P - uPT, forany 3 € (0,00), strongly in L*(0,T; L*(€2)), (3.8a)
A (V) = Av)Z strongly in L*(0,T; LP(Q2)); (3.8b)

where s € [2,00] and ¢ =2ifd =1, s € [2,00) and ¢ € (1,2) if d = 2.
Moreover, if d = 1 then u in addition to (3.5a) satisfies

M|,_.

weC2F(Qr) and u(z,t) >0 Y (z,t) €Oy (3.9)
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and there exists a subsequence of {U., W¢, V.},, satisfying (3.6a—c), (3.7a,b), (3.8a,b) and
as h — 0

U., UEjE — uniformly on Qr, (3.10a)

7ot (UD)] — % (u) uniformly on Qr, (3.10Db)
W — w:=—cAu+ ¢(u) weakly in L*(0, T; H*(2)), (3.10c)

[E(UH))F VW — u? Vu weakly in L?(Qr). (3.10d)

Furthermore, if d = 2 and ¢(-) satisfies (1.4) with v > 7 then v in addition to (3.5a)
satisfies

u € L*(0,T; H*(2)) (3.11)

and there exists a subsequence of {U., W¢, V.},, satisfying (3.6a—c), (3.7a,b), (3.8a,b) and
as h — 0

AU — Au weakly in L*(Qr), (3.12a)
U, U¥ = u weakly in L*(0,T; WhP(Q)), (3.12b)
U: = u strongly in L?(0,T; C*7(Q)), for any v € (0,1 — %) (3.12¢)

Proof. Noting the definitions (3.1a,b) the bounds in (2.70) and (2.71a,b) together with
(1.22), (2.78) and our assumption (i) imply that

U o 0.2y + IV o 0,120y + 2 IV 320 202
_ 1 1
te 1"Wh[‘/e+]—"%oo(o,T;L2(Q)) + HT2%H%2(O,T;H1(Q)) + HT2%H%2(QT)

—_ 3
+ || [E(U)]> VW;—H%?(QT) + HQ%HB(O,T;WM(Q)) + HQ%HLQ(O,T;WM(Q)) <C. (3.13)

Furthermore, we deduce from (3.2), (3.13) and (2.27) that

U= = U |32 0.mm @y < 17 22 2a 00y < €T (3.14a)
—d(1-2
Ve = VEI 2o umy < CHCP Ve = VE |22,
< CH 0D 7 B3, < CR40T0) (3.14b)

Hence on noting (3.13), (3.14a,b), U. > 0, (1.16), assumption (iii), and (1.20a) we can
choose a subsequence {U., W, V.}; such that the convergence results (3.5a—c), (3.6a—c)
and (3.7a,b) hold. Then (3.5a,b) and Theorem 2.1 yield, on noting (1.20b), assumption
(i), (2.30) and (2.34), that the subsequence satisfies the additional initial and integral
conditions.

We now prove (3.8a). It holds for all 5 € (0, 00) that

1’ T = [E(U | 2o/rsze)
< o = UV 2o rszeoy + 1 U T = [EUS) | r2orizeeyy - (3-15)
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where

[u? — [UF)° | 20,7505 ()

B .
<C lu — UeiHm(o,T;Ls(Q)) if g€ (0,1],
ﬁ H [maX{u, Us:}]ﬁ_l (u — Us:)HL2(O,T;LS(Q)) lf ﬁ Z 1
Jé] .
<c le — U720 1052 . if 3¢ (0,1],
B U\UHLOO(O,T;Lﬁs(Q)) + HUeiHL‘X’(O,T;Lﬁs(Q))} Ju — Ue:tHL2(O,T;L5$(Q))

if B>1  (3.16a)
and, on noting (2.47b), (2.27) and (1.17),

U1 T = [EU P22 0,7:20)

Rl | VU, it Be (01,
<C4 g1y H iHﬁL_ﬁgT) . e (3.16b)
h 2 Bs /8HUE HL‘X’(O,T,Lﬁs(Q)) HVU(;‘ HL2(QT) lf /6 2 1

Combining (3.15), (3.16a,b), (3.7a), (3.5a), (3.13) and (1.19) yields (3.8a).
Similarly for (3.8b), we have that

IA@) Z = AV z20,m520()
< Aw) = AV z2mizry + IAVZT) = A (V) llz20mizme))
HIA(VE) T = Ae(VE ) p20,750m0)- (3:17)
Noting the global Lipschitz continuity of A, (2.47a), (2.27) and (3.13), we have that

IMv) = AV 200y + 1X(V2) T — Ac(VE) [ 220,720
< o = Vil parizmey + C R G0 [V V| p gy
< |lv — V| z2omizoqy + Ch 4750 (3.18)

It follows from (2.46), (1.16), (2.27) and (3.13) that

IMVE) = A (V) 2 orser) < lle = VA= llzomize) < lle = 7" [Vl 20,0
< MG [t |I7 [V 2] < C(T)eh™ 7. (3.19)

Combining (3.17), (3.18), (3.19) and noting (3.7b) and our assumption (iii) on € yields
the desired result (3.8b). Finally, we note that (2.38) and (3.8b) = A(v) > 0 a.e. = v >0
a.e. = HLy(Q) in (3.5b).

For d = 1 the first and eighth bound, for ¢ = 2, in (3.13) imply that the CE;% (Qr) norm
of U, is bounded independently of h, 7, ¢ and T', see for example Lemma 3.1 in BGN and
Barrett, Blowey & Garcke (1998, Theorem 2.2). Therefore by the Arzela-Ascoli theorem
there exists a subsequence {U., W., V.}; satisfying (3.6a—), (3.7a,b), (3.8a,b) and such
that

0=

U, UFf - u e C23(Qr) uniformly on Q7 as h — 0. (3.20)
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Hence the desired result (3.10a). The bounds (2.70) and (2.78), on noting (3.1b), imply
that

max /Wh[q)(U;L)](:c,t) dz < C. (3.21)

t€[0,T

From the uniform Holder continuity of U in space and (3.21) it follows that there exists
Umin € Rso independent of h, 7 and e such that for all ¢ € [0, 7]

Ut (x,t) > Upin ¥V 1 € Q, (3.22)

see e.g. Grin & Rumpf (2001, Corollary 5.3). Combining (3.22) and (3.20) yields the
desired result (3.9).
Combining (3.5a), (3.9), (3.10a), the continuity of ¢ and (¢*)" on Rsg, (1.19) and
(2.28) yields for all ¢ € [0,T] that
7 [ (U 1) = & (w5 6))llo.co
< [le" [ (UF) = ¢* ()], D) lloe + (1 = 7") = (w)] (-, 1) o
< N 1)) — 0¥l )l + I~ 7 6* @)D 0 as h =0, (323)

the desired result (3.10b). Furthermore, it follows from (3.13), (2.42a) and (3.10a) that
there exists an hg such that

: - 3

1 mingayca, u(e, OF VW sy < IEUDNE VW Bag, C W h<ho. (3:24)
Now choosing x =1 in (2.19b) yields, on noting (3.9), (3.10b) and (3.24), that

W 20,7501 0)) < C and hence ¢ ||A"US || 20, < C; (3.25)
on recalling (3.4c). Moreover, it follows from (3.25), (2.36), (2.30), (2.32), (3.13) and (3.6a)
that for any n € L*(0,T; H*(Q))
T T T
| @utmae= [ @us g -dmars [ (&0t - @ )] d
0
0 o ,
- / (VUS, V(I —7")n)dt — / (VU Vn)dt
0 0

T
— —/ (Vu,Vn)dt  as h—0. (3.26)
0

Combining (3.25), (3.10b) and (3.26) yields, on possibly extracting a further subsequence,
(3.10c). Furthermore, we have on noting (3.13), (3.8a) and (3.10c) that (3.10d) holds.
For the remainder of the proof, let d = 2. It follows from (2.72), (2.78), (2.3), (2.31)
and (3.1a,b) that
|| 2@y < C (3:27)

Similarly to (3.26) it follows from (3.27), (2.36), (2.30), (2.32), (3.13) and (3.6a) that for
any n € L?(0,T; WhP(2))

T T
/ (AU, n) dt — —/ (Vu,Vn)dt ash—0. (3.28)
0 0
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Combining (3.27), (3.28) and the denseness of L?(0,T; W'P?(Q)) in L*(Q) yields (3.12a)
and, in particular, Au € L?(27). This together with elliptic regularity, as § is convex
polygonal, and (3.5a) proves (3.11). Moreover, we obtain from (2.27), (2.78) and our
assumptions (iii) on 7 that

n 003, < CratD U < C. (3.29)
Combining (3.29), (3.27) and (2.37) yields that
1T 20w () < C, (3.30)

and hence (3.12b) holds on extracting a further subsequence. Finally, @.120) follows from
(3.12b), (3.6¢c), (1.20a) and the compact embedding W1P(2) < C%7(Q). O

REMARK 3.1 We note that in the case d = 1 we proved (3.10a—d) without the help of
the entropy bound (2.72). For d = 2, however, we need (2.72) to hold and require the
additional assumption v > 7. Furthermore, for d = 2, we need the following lemma in
order to prove our main result.

LEMMA 3.2 Let d = 2 and all the assumptions of Lemma 3.1 hold. If in addition 7, = 7,
n=1— N, then

/T_0|Uj(t+0)—Uj(t)|3 dt<C6o Voe(,T). (3.31)
0
Furthermore, it holds that the subsequence of {U., W, V.}; in Lemma 3.1 is such that as
h —0

UX —u  strongly in L*(0,T;C%"(Q)), for any v € (0,1 — 1—2)), (3.32a)
and for a.a. t € (0,7)

u(-,t) € C¥(Q) with w(z,t)>((t)>0 VzecQ. (3.32b)

Moreover, on extracting a further subsequence, it holds as A — 0 that for a.a.t € (0,7

M= (UD)](-, 1) — dF(u(-,1)) strongly in C(€), (3.33a)
W, t) = w(,t) = —cAu(-,t) + ¢(u(-,t)) weakly in H' (1) (3.33Db)

and
[E(UN)EVWF w2 Vw  weakly in L2(Qr). (3.33¢)

Proof. The proof is similar to the proofs in Griin (2002, Lemmas 7.1 and 8.8). It follows
from (2.19a) form =0 — N — 1,1 € {1,..., N} fixed, that

el . h ml
> om (B Ur ur) = -3 Y m (B YW VU - )
n=m-+1 n=m+1

1S n(EUDE EURYE VL VUM - U™, (3.34)

n=m-+1
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Similarly to (2.74), we obtain from (3.34), (2.71b), (3.1a,b) and (3.13) for r = 1% that

m-+l
—_ 3
UZH U < C N | B an (U7 = U,y
n=m+1
l
<C ZTm—f—k Am+k |Uem+l — U1, (3.35)
k=1

where a,, := |[E(UM)]2 VW0 + |[Z(U21)]2 YV 1o, Summing (3.35) for m =0 — N —1
and using the uniform time step assumption yields on noting (2.70), (2.78) and (3.30)
that

NI l N-1
ST U S C YT Y Ttk (U~ ULy
m=0 k=1 m=0
: 1
l N—I 2 N-I 2
<Cy 7 (Z Tafn+k> (ZT Ut — U;”Ii,) <Clr. (3.36)
k=1 m=0 m=0

Combining (3.36), (2.3), (2.31) and (3.1b) yields (3.31) for § = [ 7. For arbitrary 6 € (0,7)
with 6 = p7, p € (0,N), we argue as follows. Let | = |u] := max{¢ € N : £ < u},
¥v=p—|p] €[0,1) and m € {0,..., N — I} be such that t € (m, (m + 1) 7]. Hence

UE(t+1 if ¢ I
Uei(t—i-,uT): € ( + T) 1 G(m7’,m7’+( )T]7 (337)
Ur(t+(I+1)7) if te(mr+(Q—=9)71,(m+1)7]
and we obtain on noting (3.36) that
T—pt
| e ) - vz ar
0
Nl N—i-1
ST(U=9) Y U U Y (U - U
m=0 m=0
<C1=9)I+I9(1+D]r=Cpur. (3.38)

Combining (3.38), (2.3) and (2.31) yields (3.31) for all 6 € (0,7"). It follows from (3.12b)
and (3.31), on noting (1.20c) and the compact embedding WP(Q) <% C%7(Q), that
(3.32a) holds.

The strong convergence (3.32a) yields on extracting a further subsequence for a.a.
t € (0,7) that

UE(-,t) = u(-,t) strongly in C*7(Q) and  u(z,t)>(¢(t) >0 VzeQ, (3.39

where the latter result comes from applying (3.21)—(3.22) for a.a. t € (0,7). Hence we
have the desired result (3.32b). Combining (3.39), the continuity of ¢* and (¢*)" on Ry,
(2.28) and (3.23), with || - ||; replaced by || - ||1,, on using (1.19) with d = 2 and (3.12b),
we obtain the desired result (3.33a) for a.a. t € (0,7).
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On noting (3.27) we have for a.a. t € (0,7") that
AU ()] < C(t). (3.40)
Similarly to (3.28) this yields, on noting (3.39), for a.a. t € (0,7) that as h — 0
AU (1) — Au(-,t)  weakly in L*(Q). (3.41)
Combining (3.4¢), (3.41) and (3.33a) yields for a.a. t € (0,7) that as h — 0

W (1) = =AU (1) + 7" [¢7(US) + ¢~ (UD)](, 1)
— —cAu(-,t) + ¢(u(-, t)) weakly in L?(Q). (3.42)

Furthermore, it follows from (3.13), (2.42a) and (3.39) for a.a. t € (0,7") that there exists
an ho(t) such that

FCOPIVWECOR < EUDEGHVWEOR<CE) Vh<h(t).  (343)

Combining (3.42) and (3.43) yields (3.33b) on extracting a further subsequence. Moreover,
we have on noting (3.13) that there exists a limit z € L?*(Qr) such that for all n €
L(0,T; H'(2))

T T
/([E(U;)]%ij,vn) dt — / (z,Vn) dt as h — 0. (3.44)
0 0

It follows from (3.33b) and (3.8a) that z(-,t) = u2(-,t) Vw(-,t) for a.a. t € (0,T) and
hence that (3.33c) holds. O

THEOREM 3.1 Let all the assumptions of Lemma 3.1 and in addition if d = 2 those of
Lemma 3.2 hold. Then there exists a subsequence of {U., W,, V.}, where {U., W, V.}
solve (P™7), and functions {u,v} satisfying (3.5a—c) and either (3.9) ifd = 1 or (3.11) and
(3.32b) if d = 2. In addition, as h — 0 the following hold: (3.6a—c), (3.7a,b), (3.8a,b) and
either (3.10a—d) if d = 1 or (3.12b—), (3.32a), (3.33a,b), for a.a. t € (0,T), and (3.33c) if
d = 2. Furthermore, we have that u and v fulfil u(-,0) = u°(-) in Y, v(-,0) = v°(:) in Y,
where H'(Q) <% Y1, L*(Q) <% Ys, and satisfy for all n € L2(0, T; WH7(Q)), with ¢’ = 2 if
d=1and ¢ € (2,00) if d = 2,

T
/ (%’mq/dﬁ%/u3Vw.Vndwdt+%/UQW-Vndxdt:O’ (3.45a)
0 Q Q

T T
T
/ (%,mq/dw/ [pVv.Vn+ul(v)Vv.Vn] dxdt+%/ w? \N(v) Vw. Vndzdt = 0;
0 Q Q
’ ’ (3.45D)
where w(-,t) = —cAu(-,t) + ¢(u(-, t)) for a.a. t € (0,T).
Proof. For any n € L*(0,T;W(Q)) and 57 € H*(0,T; WH>(Q)) we choose x = 7'
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in (3.4a,b) and now analyse the subsequent terms. Firstly (2.32), (2.35), (1.19) in time,
(3.13) and (2.30) yield for Z = U, and V, respectively, that

[(aafﬂr )" — (92, xh n)}dt'
'/ 22 iy — )" — (%, 7"[n — ?ﬂ)}dt'

n ' —/0 (2.229)" at + (2(.T), x5 T))" ~ (2(-0), 7"5(-,0))"

T

= [ (2252 at— (26 T). 75, T) + (20,077 0)

<C Hgaa_fHB(O,T;WLq(Q)) Hﬂh[n - ?ﬂ HL2(O,T;W17Q/(Q))
+ C h || Z|| oo o,r5220) 1770 12 0,752 ()
< Cln =1l 20 rwra @) T C Il g ormwa @) - (3.46)

Furthermore, it follows from (1.21) and (3.13) that

T

/0 (aa_f’ (I - 7Th)77) dt ' <C Hgaa_fHB(O,T;WLq(Q)) (I — Wh)nHL2(O,T;W17q/(Q))
<C|(I - Wh)nHL%O,T;WLq/(Q))‘ (3.47)

Combining (3.46), the denseness of H'(0,T; W">(Q)) in L2(0, T; W7 (Q)), (3.47), (2.28)

(1.21) and (3.6¢) yields for z = u and v, respectively, and for all € L?(0,T; W9 (Q))
that

/(at,ﬂn dt—>/ % n)gdt ash—0. (3.48)
0

In view of (2.38), (3.1b), (2.71b) and (3.13), as p > 0, we deduce with r as defined in
(2.71a) that

[ (P A YW v = ) '

< IEW? VW |2 zzaan 1 = 7)1l 20 mwre
< C[EWUNN 2l o000 IEUD]E VW 200 1T = 7)1l 20,
< CIT ="l 20w (o) Ve L0, T;WH(Q),  (3.49a)

and similarly

/OT([E(UQL)]?’ VW, V(I — 1M dt ' N

/0 (E(UH) AV VVH, V(I — ) dt '

+

/OT([E(U:)]% [E(U))? YV, V(I — 7)) dt ' + /OT(W;’ V(I — 7)) dt '

< CII = 7"l 2o w0 (@) ¥ € L0, T; WH(Q)). (3.49b)
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Noting (3.49b), (2.28), and (3.6b), we have for all n € L?(0,T; W9 (Q)) that

T T
/ (VV, V(x"n)) dt — / (Vu,Vn)dt ash — 0.
0 0

It also follows from (3.13), (3.1b), (2.71b), (3.5a,c), (1.19) and (2.38) with r defined as in
(2.71a) and s and p as in Lemma 3.1 that

(3.50)

/0 (EUH)E EU)E — 2 T) TV, V) dt'

T
<| [ (e Ee - e p v v al
0
T 3 1
#| [ B - 2D 9y V- )
—_ 3 1= 1L _ ~
< B B = Tl Ve o anion Il omann oy
)17 — u® |z o,z 1V l2.rsm) 11 = 1l 2o mawar o)

—rrnq L 1 L 3 3
([EUNE = w2 D)llr2oq) + luz ([EU)])E = u2 D)1z
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- 3 gl 1
<C [H[S(UJ)P | oo qo,7:22s ) [EU)]2 — w2 I| 120 7,125 )
1 — 3 3 ~
+ [|u? HL‘X’(O,T;LQS(Q)) H[:(U;)P —uz IHL2(O,T;L2S/(Q)) + [l — 77HL2(0,T;W17‘1/(Q))i|
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) = u () Tl 2 op) 1Vl 20, m1 (@) 177 oo 0,050 000

FIEWUS) Ae(VZE) = uA©) I oo 0,7, 2m () IV 220,21y 10 = 1| 220 mowrnoo ()
E(UF) —uI)| 2 + lu (A(VET) = A(©) T) || 200

+ [ln — 77HL2(0,T;W17Q/(Q))i|

(U) = uTll @y + 1AVY) = A®) Tl zaomizmiany + 1 = Tl oo ety
(3.51b)




FE APPROXIMATION OF SURFACTANT SPREADING ON A THIN FILM 29

Noting that H'(0,T;Wh>*(Q)) is dense in L*(0,T; W9 (Q)), (3.49b), (2.28), (3.51a,b),
(3.8a,b), (3.5a,c), (1.19) and (3.6b), we have for all n € L2(0,T; W' (Q)) that

/0 (EUN)2 [EU)]2 VV, V(xty)) dt — /O (u? Vo, V) dt ash — 0, (3.52a)
/T(E(U;L)AE(V;L)VV;L,V(Whn)) dt%/T(uA(v)Vv,Vn) dt ash — 0. (3.52b)

Similarly to (3.51a,b), it follows from (3.13), (3.1b), (2.71b), (3.5a,c), (2.38) and (1.19)
that

&

| (ewnp - Ewn vws, o dt'

3 3

- 3 3 - 3 ~
< NIEWU]? = w2 I 20 1[EWU)]E VW r2r) (1771l 07w ()
— 3 3 - 3 ~
+IEWE - uf T o IECE W lzsan 1 = Tl ooy
- 3 3 ~
<C [H[:(U;)P —u2 I 2z +[In — 77HL2(0,T;W17‘1/(Q))i| (3.53a)

/0 (([EUHP AV — uz [E(UH)]F Av)) VW, V) dt'

/0 (([EUNHPA(VF) — 2 [E(UD))Z A(VH)) VIV, V) dt'

njw

)

/0 (([u? [E(UD)]E A(VF) — u? [E(UD)]F Mv)) VW, V) dt'

1 1

- 1 1 - 3 ~
< NEWDE = w2 Il 2o IEWUD]E VW 220 7]l 0250 ())

= 3 ~
Vo5) = M) I 2o IEWUD]E VW 22 1771l 0.z ()
= 3 ~
Vo) = M) I e . IEWUD)2 VW 200y 10 = 7l 20 mwnr @)

<C [H[E(UJ ]2 — u? Il 120 + 1AV = M) Zl| z2(0,75000)) + 17 = 71l L0 mym.0 0 |
(3.53b)

Noting that H'(0,T; W1>(Q)) is dense in L?(0, T; W17(Q)), (3.49a,b), (2.28), (3.53a,b),
(3.8a,b), (3.5a,c), (1.19), (3.10d) and (3.33c), we have for all n € L*(0,T;W"9(Q))
that

T T
/ (E(UHP YW, V(rty)) dt — / (WPVw, V) dt  ash—0, (3.54a)
T ’ o
/ (EUNP AV VW, V(x)) dt — / (v’ \(v) Vw, V) dt  as h — 0. (3.54b)
0 0
Combining (3.4a—c), (3.48), (3.50), (3.52a,b), (3.54a,b), (3.10c) and (3.33b) yields that

the functions {u, w, v} satisfy (3.5a—c) and (3.45a,b), as well as the results of Lemma 3.1
and Lemma 3.2. O
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REMARK 3.2 As indicated in Remark 3.1, for d = 1 we proved our main convergence
result for (P"7) with 6 > 0 without the help of the entropy bound (2.72). Therefore
for d = 1 it appears possible to prove convergence of a modified version of (P*7) to a
solution of (P) also in the absence van der Waals forces (a = 6 = 0), and hence with
u® > 0. Similarly to Griin & Rumpf (2000) and Griin (2002) for the thin film equation,
(1.1a—c) with v = 0 and a = § = 0, one would replace Z by = in (2.19a—) to obtain
an approximation of (P), which we will denote as (P2T). Clearly the stability bounds
(2.70) and (2.71a,b) remain true with = replaced by =.. These bounds give rise to the
convergence results (3.6a—c) , (3.7a,b) and (3.8b). For the above thin film equation one still
has an analogue of the entropy bound (2.72) if u® > ¢ > 0 = G(u°) is non-singular. From
this one can show that the resulting approximation U, > %5 for h sufficiently small; see
Griin & Rumpf (2000) for details. However, with either u® > 0 or surfactant present one
does does not have an analogue of the entropy bound (2.72). Hence one has no control on
the non-negativity of the resulting approximation. Nevertheless, one can still prove strong
convergence in L*(0,T; L®(2) of [E.(UX)]? — [u]? T for any § € (0, 00). Similarly to the
techniques in BGN, on introducing {u > 0} := {(z,t) € Qr : u(z,t) > 0}, one would
then be able to show that the limit u satisfies the weak solution concept

T

/0 (%,n>2dt+§/{u>0} u3V(Au).vndxdt+§/{u>O} w?Vv.Vndrdt =0  (3.55)
for all n € L*(0,T; H'(2)), with a similar modification for the v equation. The non-
negativity of the solution u could then be recovered by testing (3.55) with [u]_, similar to
the procedure described in Yin (1992) for the thin film equation. However, (P27) offers no
advantages over the approximation (2.20a—c) described in BGN. Moreover, the solution
UZ(-) can now become negative in many disconnected regions where u(-,t,) = 0, which
makes the location of the film boundary more difficult.

4. Numerical Results

Before presenting some numerical results in both one and two space dimensions, we briefly
state algorithms for solving the resulting system of algebraic equations for {U, W, V*}
arising at each time level from the approximation (P?7). As (2.19a,b) in (P"7) are in-
dependent of V", we first solve these to obtain {UZ, W!'}; then solve (2.19¢c) for V. We
use the following iterative approach to solve (2.19a,b) for {U”, W"}: Given U™ € S%,
for k > 1 find {U™M*, W™k} € Sh x S such that for all y € S"

n, n—1 h
(B2 3) + 5 (B YWk V)
= —L(EUsNE [EUY)E VYL V), (41a)

(VUM Vx) + (¢ (UZF) + ¢~ (UF1), x)" = (W2F x)™. (4.1Db)

Then, having obtained {U, W'}, we solve (2.19c) for V* using the following iterative
approach: Given V% € S* for k > 1 find V¥ € S” such that

n,k n—1 h —_ n n.k— n
(ZE2 ) 4 p (VY V) + (E(U2) AV TV, )
(BUDP AP VW V) ¥y e St (42)

&
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(4.1a,b) and (4.2) are the natural extensions of the iterative procedure proposed in Griin
& Rumpf (2000) for solving a finite element approximation of the thin film equation. An
analogue of (4.2) is used in BGN to solve (2.20c), see Remark 2.1. As U=t > 0, it is easily
established on noting (2.42a) that there exists a unique solution {U*, i Wk} e Shox Sh
to (4.1a,b). As (4.2) is linear, existence of V* follows from uniqueness; and this is easily
established on noting p > 0, (2.9a) and (2.14a). Hence the iterations (4.1a,b) and (4.2)
are well defined.

For the iterative algorithms (4.1a,b) and (4.2) we set, for n > 1, {U™°, V"0} =
{Ur=1 V=11 and adopted the stopping criteria

U2k = U2 oo < ol and |V = V4o < ol (43)

respectively, with tol = 1078, Furthermore, we set {U", W, V'} = {UMF Wk Vokl for
(4.1a,b) and (4.2).

REMARK 4.1 The nonlinear system (4.1a,b) can be solved using an inexact Newton’s
method, applying a BICGSTAB algorithm at each Newton iteration. The linear system
(4.2), on the other hand, can be solved efficiently using a conjugate gradient algorithm.
Although we are unable to show convergence of the iterations (4.1a,b) and (4.2) for
{UZ, W.} and V", respectively, we observed good convergence properties in practice.

4.1 Numerical Results for d =1

Firstly, we present numerical experiments in one space dimension. Throughout we chose a
uniform partitioning of Q@ = (—L, L), where L > 1, with mesh points p; = =L+ (j — 1)h,
j=1-—21%41, where h = 27% L. In addition we chose uniform time steps 7,, = 7 = 10~*
and throughout set the regularization parameter € = 10~°. For the initial profiles u° and

10, we chose

M
a® + Z &= co and 0%(z) =
m=1

where @’ > 0, v°,. > 0 and random «,, € [~a,a], m =1 — M, a > 0. (4.4) with
a=0and v2, > 0or vl = 0 resemble a uniform liquid film of height #° with and
without surfactant on top of it, respectively. In the absence of surfactant a uniform film is a
steady state. (4.4) with o > 0 represents a small random perturbation to the uniform film.
Throughout the data for (P»7) will be such that the assumptions of our main convergence
result, Theorem 3.1, hold. In particular we will choose U? = 7"u® and V0 = 7"0° as the
discrete initial data on noting that u°, v° € WH>(Q).

We investigated the effect of van der Waals forces and surfactant, respectively, on a
slightly perturbed uniform liquid film. We set L = 4, ¢ = 5 x 1077, p =2x 1073, v =4,
#° = 1, M = 20 and varied the remaining parameters «, a, 6 and v2,_. In Figure 1 we
plotU(x T) for a =0.02, a =2x1073,6 =107°, 0%, = 0 and T = 140. Note that this
is a “numerical steady state” for (Pé”), .. (4.3) is satisfied for k = 1. Note furthermore
that min 5 U.(z,T) = arg mingg., ®(s) = (g)v_:% =5 x 1073, recall (2.17a). From the
plot of the energy

B(t) = ===t E(UR, V) 4+ LU, VYY) b€ fta,ta] n>1, (4.5)

s [1 — tanh(10|z] — 5)],  (4.4)
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U(xT) —— V(X,T) -=----- E(t)

Fic. 1. U.(z,T) and V.(z,T) plotted against = at T' = 140 and E(¢) for t € [0, T].

recall (2.61b), in Figure 1 one can clearly see that the main evolution of the film takes
place in a comparatively short period of time and that the solution {U.(-,T), V.(-,T)}
attained a “numerical steady state”. In Figure 2, using a different vertical scale, we give
some more details on the evolution of the solution U.. In the presence of attractive van
der Waals forces and no surfactant, it is easily established using linear stability analysis
that the uniform liquid film, u° = 4, is unstable if

a> 3 (@)* [vé (@)~ +c(1)?]. (4.6)

45 T T T T T T T 45

e

F1G. 2. U.(z,t) plotted against = at ¢t = 87.5, 88, 88.5, 89.

e
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One can predict the most unstable mode cos(™2Z), where
mr o (1)2 (AT 2 77 = mt A 9.8 (4.7)

for the parameters in Figure 2. This predicted behaviour can clearly be seen in the early
stages of the evolution, cf. Figure 2.

In the following we report on the evolutions of U, and V. up to time T' = 8 with the
choicesa = 0,a =0 =0,00, =landa =0,a=2x10"3 6§ =107, % = 1.
In Figure 4 we plot U.(z,t,) and V.(z,t,) for ¢, = 0.1,6.0,7.0,7.3,7 = 8.0 for the two
respective evolutions, while the energy (4.5) is given in Figure 3. The above models the
evolution of a uniform liquid film with a blob of surfactant on top of it without and with
van der Waals forces being present, respectively. We remark that the same experiments
for a slightly perturbed liquid film, i.e. a > 0, yielded virtually the same results as shown
in Figure 4. This indicates that as long as the film thickness is bounded away from zero,
the effect of surface tension gradients dominates the impact of the van der Waals forces.
Once the film thickness reaches a certain threshold, however, the film tries to rupture
due to the attractive van der Waals forces, ¢~, in the effected regions, see Figure 4b.
Although the film height becomes extremely thin, it can never actually rupture (U, = 0)
due to the presence of the repulsive van der Waals forces, ¢*. In fact, as in Figure 1, it
holds that min, g U.(z,T) = arg minger., ®(s) = 5x 1073, We would also like to mention
that we repeated the experiment with the parameters for Figure 4b on a very fine mesh.
As we obtained virtually identical results, we are satisfied that the oscillations shown in
Figure 4b are not due to mesh effects. In fact the instabilities are in agreement with linear
stability analysis for the thin film equation in the absence of surfactant, see above. Finally,
we recall Remark 3.2, where we state that the modified approximation, (P*7), converges
in the absence of van der Waals forces. Moreover, for the evolution shown in Figure 4a
U. >> ¢ and so the discretization (P"7) is equivalent to (P2T).

4.2 Numerical Results for d = 2

Finally, we present a numerical experiment in two space dimensions with Q = (=L, L) x

(—L, L). We took a uniform mesh of squares of length h = 22—5%, each of which was divided

into two triangles by its north east diagonal. We chose the following parameters for (P7):

E()

E()

Fi1a. 3. E(t) for t € [0,T] in the absence and presence of van der Waals forces.
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U

V(xT) = U

Fic. 4. Ue(z,tn) and V:(z,tn) plotted against = at times ¢, = 0.1,6.0,7.0,7.3,8.0; (a) without and (b) with van der
Waals forces being present.
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u(x,b) V(x,t)

F1c. 5. U.(z,T) and V.(z,T) plotted against = for T" = 1.

L=25a=2x1026§=10%¢c=103,p=2x103, v="77,=7=10"3,e =107°
and for the initial profiles chose (4.4) with @® = 1, « = 0 and v%, = 1. We set U? = 7"u°
and V0 = 7"0. In Figure 5 we plot U.(x,T) and V.(x,T) for T = 1, while a contour plot
of U.(z,T) along with a plot of U.(z,T) |1,—0 is given in Figure 6. Furthermore, the results
for an experiment with exactly the same data as above, except a = = 0, i.e. no van der
Waals forces, can be seen in Figure 8. Qualitatively we can observe the same behaviour
as in our experiments for d = 1, cf. Figure 4. However, we note that here ¢ is chosen
larger than before and for our experiment with van der Waals forces present it holds that
min, g Ue(2,T) = arg minger., ®(s) ~ 0.15 due to the different choice of the parameters
a, 6 and v. For smaller values of ¢ and g highly oscillatory solutions are observed, in line
with the one dimensional argument (4.7) in the absence of surfactant. To approximate
these accurately one needs to use highly adaptive meshes. We will report on such numerical
experiments elsewhere. Finally, we give some more details on the evolution of U, for our
last two experiments in Figure 7, where we plot U.(z,t,) for t, = 0.01,0.1,0.5,0.7 and
0.8.

F1G. 6. Contour plot of U.(z,T) and U.(z,T) |.,—0 plotted against z; for T' = 1.
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e

i
i
i

7
7

Fig. 7. Ue(z,tn) plotted against = at times ¢, = 0.01,0.1,0.5,0.7,0.8; (a) without and (b) with van der Waals forces
being present.
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u(x,b) V(x,t)

Fi1c. 8. U.(z,T) and V.(z,T) plotted against = for T" = 1.
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