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1 | INTRODUCTION

Underactuation in mechanical systems can be due to actuator failure, to the characteristics of the system (e.g., high
compliance in soft robotic manipulators!), or it can result from design choices.? The control of underactuated mechanical
systems has been approached with various methodologies, including sliding mode designs** and energy shaping con-
trollers, each having its respective advantages and drawbacks. In particular, the Interconnection and damping assignment
Passivity based control (IDA-PBC) methodology® involves designing the control action such that the closed-loop dynam-
ics preserves the port-Hamiltonian structure and is characterized by a desired total energy. This approach offers a range
of desirable features, including the physical interpretation of the control action in terms of system energy, which makes
it well suited to multidomain systems involving energy exchanges between different components. Notable examples in
this regard include magnetic levitation systems,® suspension systems,” and weakly-coupled electro-mechanical systems.®
In addition, IDA-PBC controllers do not rely on high gains or on switching control actions. In principle, the IDA-PBC
methodology can be employed to account for any type of actuator dynamics. Notable results in this direction include
IDA-PBC designs for mechanical systems that account for the first-order dynamics of electric motors in References 9
and 10. In addition, an energy shaping controller for a soft continuum manipulator actuated by electroactive polymers
has been presented in Reference 11. More recently, an IDA-PBC design has been proposed for underactuated mechanical

Abbreviations: IDA-PBC, interconnection and damping assignment passivity-based control; PDEs, partial differential equations
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systems with fluidic actuation.!?!3 Further works have investigated the effect of actuator saturation.!* In other cases, the
actuator dynamics has been neglected for simplicity, considering that many actuators have higher bandwidth compared
to the corresponding mechanical subsystems.!> In general, accounting for the actuator dynamics results in a system that
is not input affine and where the disturbances affecting the mechanical subsystem may not be directly canceled by the
control input. A number of research works have investigated the effect of disturbances within IDA-PBC, resulting in more
sophisticated controllers that achieve robustification through integral actions!® or nonlinear observers.!” In particular, the
Integral IDA-PBC methodology'® results in an extended closed-loop dynamics characterized by a port-Hamiltonian struc-
ture that preserves the energy-based interpretation and the corresponding stability properties. The initial formulation of
Integral IDA-PBC was limited to systems with constant inertia matrix, constant input matrix, subject to constant matched
disturbance, and it employed a burdensome change of coordinates.'® Subsequent works have refined this approach by
avoiding the change of coordinates,'® and they have extended it to systems with nonconstant inertia matrix.!® Recent
works have investigated the Integral IDA-PBC methodology for systems with physical damping? and with nonconstant
disturbances,?! and have presented controllers for the specific case of power converters.?? In general however, most work
on Integral IDA-PBC has so far been limited to systems with matched disturbances. Notable exceptions include,? which
presented a result for fully actuated systems where unmatched disturbances represent a perturbation affecting the velocity
measurement, and References 24 and 8, where unmatched disturbances were accounted for in the stability analysis but
not in the design of the integral action. In addition, to the best of the authors’ knowledge, the Integral IDA-PBC method-
ology has only been formalized for systems with direct actuation. In summary, the extension of the Integral IDA-PBC
methodology to underactuated mechanical systems with actuator dynamics subject to both matched and unmatched
disturbances is an open problem.

This work investigates the energy shaping control of a class of underactuated mechanical systems which are not in
affine form due to the presence of first-order actuator dynamics, and which are subject to both matched and unmatched
constant additive disturbances. To this end, a new control law is constructed by employing the IDA-PBC methodology?
with the concepts of integral action'® and of extended Hamiltonian.!”!® In summary, this work presents the following
new results.

« A controller design procedure that accounts for generic first-order actuator dynamics thus extending our prior work.!?
« Anintegral action that compensates the effect of constant matched disturbances for systems that are not in affine form.
« A second integral action that explicitly accounts for the effect of constant unmatched disturbances.

« A control law for underactuated mechanical systems with direct actuation subject to matched and unmatched
disturbances.

« Simulation results for two motivating examples: an inertia wheel pendulum and a ball-on-beam system, both actuated
by an electric DC motor and subject to matched and unmatched constant additive disturbances.

A brief overview of the Integral IDA-PBC methodology is provided in Section 2 for completeness. The controller
design is then outlined in Section 3 for underactuated mechanical systems with actuator dynamics and for underactu-
ated mechanical systems with direct actuation. The results of numerical simulations for both examples are presented in
Section 4. Concluding remarks are contained in Section 5.

2 | PROBLEM FORMULATION
2.1 | Overview of Integral IDA-PBC
The dynamics of an underactuated mechanical system with n degrees-of-freedom (DOFs) and with the control input

u € R™ applied through the input matrix G (gq) : R"” - R™™ where rank (G) = m < n for all g € R", subject to matched
disturbances §, € R™ and with physical damping D = DT > 0, D € R™", is described in port-Hamiltonian form as

I | e Y o

y=G"V,H, 1)
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where ve R™ is the auxiliary control input corresponding to the integral action. The mechanical energy
H(g,p) : R"xR" » R*

1 _
H(q.p) = EPTM 'p+Q, (2)

is characterized by the inertia matrix M(q) = M(q)T > 0,M(q) : R" = R™", and the potential energy Q(q) : R" -~ R*.
The system states are the position g € R" and the momenta p = Mg € R". The remaining terms in (1) are the identity
matrix I, the vector of partial derivatives of H in q, V,H, and the vector of partial derivatives of H in p, V,H. The control
aim is to stabilize the equilibrium (g, p) = (g*,0). This is achieved in the absence of disturbances and physical damping
(i.e., 6 = 0,D = 0) with v = 0 and the IDA-PBC control®

u=G" (VgH - MgM™'VHy + ,VpHy) — kyG"V,Hy, (3

where G' = (GTG)_lGT. The resulting closed-loop dynamics is

q _ 0 MMy V,Hy @)
2 ~ MM J, - Gk,GT| |V,Ha |’

where Hy = %pTM(;lp + Qq, Hya(q,p) : R" x R" —» R*. The design parameters in (4) are the potential energy Qy : R"
R*, the inertia matrix Mg = M > 0, Ma(q) : R" = R™", the matrix J, = —J;,J2(q,p) : R" x R" » R™", and the con-
stant matrix k, = k! > 0,k, € R™™, To achieve the regulation goal, the potential energy Q; should admit a strict

minimizer in g* hence verifying the conditions V,Q (¢*) = 0 and V;Qd (g*) > 0. In addition, My and Q4 should verify
for all (g, p) € R?" the partial differential equations (PDEs)

G (Vq(@"M™'p) = MgM~'V,(p"M;'p) + 21,M;'p) = 0, 5)
G (VgQ —MaM™'VQq) =0, (6)

where G* is such that G*G = 0 and rank (Gl) = n — m. Computing the time derivative of H; along the trajectories of the
closed-loop system (4) yields then

Hy=-V,H]Gk,G"V,Hy < 0. (7)

Thus the equilibrium (g,p) =(q*,0) is asymptotically stable provided that the output y=G'V,Hy is
detectable.”

If the system is subject to constant matched disturbances §y # 0, if the input matrix G and the matrix My are

constant, and if M is independent of the unactuated coordinates, the auxiliary control v in its simplest form is
designed as!®

v=-KKK;"GTM™'V,Qq — k,Ki,
¢ =K]G"M™'V,Qq, (8)

where K; > 0 is a tuning parameter, K, = (GTM~1G)7!, and ¢ is the integral state. The storage function Wy that
characterizes the closed-loop system is defined as

1 _ 1
Wa = 22, My 'z + Qulz) + 2 (25 = ) Ki(zs = ), 2

where z; = q, 2 = p + GKK({ — @), 25 = ¢, and a = 8o(k,K;)~!. Computing the time derivative of (9) along the trajecto-
ries of the closed-loop system yields!®

Wq=-V, W'Gk,G'V, W <0,
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thus the equilibrium (g, p, {) = (¢*,0, @) is asymptotically stable provided that the output y = GTM;ZZ is detectable.
Further variations of the integral action (8) are detailed in Reference 16, which the interested reader is referred to. Subse-
quent versions of the Integral IDA-PBC formulations have omitted the coordinate transformation,!® and have extended
the results to systems with nonconstant matrix My,? and to nonconstant disturbances.?!

2.2 | System model

This work considers a class of underactuated mechanical systems with first-order actuator dynamics and subject to
constant additive disturbances, which expressed in port-Hamiltonian form yields

q 0 I 0 \P14 0 0
pl=l-1 o Foz || VoW |+] 0 [—[Gé+GH 6 | (10)
x1 0 —FZT3 —F33 Vxl w Gou 0

The total energy is W = H + %xlT Kix,, where x; is the actuator’s state and K; = KlT > 0 is a constant matrix. The input
matrix is Gy € R™™, F,; represents the coupling between the actuator and the mechanical subsystem, the matched
disturbances are &y, and the unmatched disturbances are §;. The following assumptions define the class of systems
considered in this work.

Assumption 1. The PDEs (5) and (6) for system (1) with direct actuation are solvable analytically, g* =
argmin (£24), and the outputy = GTM(;lp is detectable. In addition, the input matrix G is constant.

Assumption 2. The system dynamics (10) is characterized by rank(F,3) = m, F33 = F3T3 > 0, while G is
full-rank and invertible for all (g, p, x;) € R>"*™,

Assumption 3. All model parameters are exactly known and all system states are measurable. The matched
disturbances 6, € R™ and the unmatched disturbances §; € R"™ are unknown but constant and bounded
(i.e., with unknown bound). The prescribed equilibrium g* is assignable, that is G* (V,Q + G+'5,) = 0 at

q=q".
3 | MAIN RESULT
The controller design is initially outlined for underactuated mechanical systems with first-order actuator dynamics and
subsequently for underactuated mechanical systems with direct actuation.
3.1 | Systems with actuator dynamics

The control law is designed for system (10) to achieve the regulation goal g = q* following a similar procedure
to Reference 12 but including two independent integral actions denoted by ¢, and ¢;. The closed-loop dynamics is thus

q 0 Sz Sz S Sis || VgWa
-ST —=S»n Si Su S || VoW
X [=[=-5, =S, —Sm  Su  Sis ||V Wal- amn
& |-ST =ST —ST —su Sus || Ve W
_él_ |~ SlTs _Ssz _SsTs _SZS _555_ _vCl Wd_

The storage function Wj is defined as

Wy = Hy + %ng + %(Co —G'p-a)'K; (& - GTp—a) + %(a —G'p-p)'Ky (-G p-p)+Ko.  (12)
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where Hy;=Qu+ AT(q—q*)+ %pTM(;lp, with the constant unknown terms a = 6o(Kj, (k,GTG+Ty))™' and
p =6 (KIzFl)‘l, and the positive tuning parameters K1, K1, Ko, o, I'1. In particular, Hy can be interpreted as an extended
Hamiltonian with the vector A representing the closed-loop nonconservative forces,!” which is defined such that

G* (1“1(;1"1(,2(471 —G'p) + GE IV, (AT(q - g%) = MM~V (AT(q - q*))) —0, (13a)
Vo (AT(g-g") + GV, (Mg -¢") =0, (13b)

VeQi+ Ve (AT(g-q")) =0 q=g¢", (13c)

VeQa+ Vi (AT(g-g")) >0 g=g", (13d)

where g* is an assignable equilibrium of system (10) (see Assumption 3). Note that, since ¢; is only contained in the first
term in parenthesis of (13a), thatisy = Kj,({; — G*p) for which Vpn = —GlTngln, it follows that A can be chosen such that
V, (AT(g - q")) + GV, (AT(g - g*)) = 0 (i.e., thus verifying (13b)). Note also that (13c) and (13d) ensure that g = g*
is a strict minimizer of Hy.?® The remaining term ¢ is defined as
=G (-v,(+ %pTM_1p> + MMV (Qu+ AT - g + %pTM‘;lp> + FrsKix )
+G'(Gk,G" = )M 'p + k,G"V, (AT(q - ¢*)) — K, (kyGTG +Ty) (Lo — Gp) . (14)

The terms Sj are defined so that the open-loop dynamics (10) matches the extended closed-loop dynamics (11),
that is

S12=M"Mg, Si3=—-(M""MgVps + M 'MqGV ¢ +M_1MdGlTV41€)(Vx1€)_1, S33 = ki,

Sl4 = M_lMdG, 515 = M_lMdGlT, Szz = GkaT —Jz, 524 = GFO +J2G, 525 = GJ'TFl +12GJ'T,

— -1
Sy; =G (1 +G'M™'MyV4¢ + (kG — G1L)Vys — Ty + GTLG) Ve, ¢ — G*JZGLTV¢1g> (Vx0)

+GY <G®M‘1Mqug — GOLV¢ — GBLGV ¢ — (I + G®JZG”)V¢1g> (Vi)™

S34 = —SLG, S35 = —ST,GY', Sy =T0GTG — GT1,G, Sss = GTI,G*', Sss =1GHGH — GG, (15)
where G® = (G1G")"1GL. The control input is thus
_ S _
u=Gy" (Fuakixy + FLV,H = ST, (Vg (R4 +AT@= 0"+ 50™M;'p) + VoeTc ) = SE (M;'p + VpTc) )
= Gy (Ki(V 67) + S5,V 70 + SHGH Ve e ). (16)

where Si; and Sp; are given in (15), ¢ is given in (14), and the integral states {, and ¢{; are defined by the
update laws

- £ 1 — _
fo=-(M"'MyG)" (Vq <9d +A (g - g9+ 5p"M; 1p) + vqug) — (GTo +1L,G) (M7 p + V7o) (17a)
= TGV, (AT(g = q) + G7S23(V5,670) = T0GTG = GTHLG)(Ve,c'0) + GTHG (Vi cTo),
. _ T . 1 _
b= ~(M7MG ) (Vo (Qu+AT(@ =)+ 3p™M ') + Ve ) +GH5s(VicTe) (17b)
T
- (G”H +JzGlT) (M;'p + VpsT6) + GrLG(V,¢T6) — (MGG = GG )V, ¢T).

Proposition 1. The system (10) with Assumptions 1-3 in closed-loop with the control law (16) and the integral
actions (17) yields (11) with the parameters (14) and (15), provided that the PDEs (13a) and (13b) are verified.
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Proof. Computing the partial derivatives of W from (12) yields

1 _ *
VoWa = Vy (Qu+ 3p™M7'p+ AT(g = q)) + Vs,
VpoWa=M7'p+VpsTc+V, (AT(g-g") = K1,G(& - G'p — @) = K,G* (& — G*p - p),
Vi, Wa = Vi ¢,
Ve, Wa =K, (Go—G'p—a) + Vgc'e,
VeWa =Ky, (G =G'p—B)+ Ve (A"(@-q") + Vegs'e.

Equating the corresponding rows of (10) and of (11) yields the matching equations
M™'p = S1,VpWy + S13Vy, Wy + S1aVe, Wy + S15V, Wy,
— VgH + Fo3KiX) — Gy — G*' 81 = =S,V W — S5aVyWa + S23Ve W + S24 Ve, Wa + S25V e, W,
— FLVpH = F33Kix + Gou = =S, VqWy — S5V, Wy — S33Vy, Wa + S3a Ve, Wa + S35V, Wy,
Co=—ST,VgWy— STV, Wy — SLVy Wy — SuaVe, Wa + Sas Ve, Wa,

& = —=S|sVqWa = S1VpWy — S5V Wy — S3 Ve, Wy — Sss Ve, Wa.

Step 1. Substituting Si,, S13, S14, and Sy5 from (15) and the partial derivatives of Wy from (18) into (19a) yields

M7'p = MMy (M;'p+ Vpe"c + ¥, (Mg ~ 4) — Ki,G&o — G"p — ) — K1,G* (61 - G*p - ) )
— (M7 MaVpe + M MaGV¢ 6 + M MaGH Vi 6 ) (V,6) (Vo )T
+M'MyG (K, (So—G'p—a) + V') + M'MyG* (K, (6= Grp— ) + Ve, (AT(@—g%) + Ve67¢).

Refactoring the previous expression yields (13b) (i.e., premultiplied by M~'M,, where M = MT > 0 and
Mg = M > 0), which is verified by hypothesis.
Step 2. Substituting Sy, S»2, S23, S24, and S,s from (15) and the partial derivatives of Wy from (18) into (19b)
yields

-V, (Q ¥ §pTM—1p) + FosKyxy — G8p — GX'6y = —MzM ! (vq (Qd +1p™;'p + AT(g ~ q*)) + ngTg)
—(Gk,GT = 1) (M7'p + VT + V,, (AT(q - ¢%)) — K;,G(&o — GTp — a) — Kp,GH (&1 — GHp — p))
+G (14 G M'MyVyc + (k,G" = G'1) V¢ — (T + GGV, ¢ — GG Vi ¢) (Vxlg)_l(Vxlg)Tg
+ G (GEM "MV ¢ — GBI,V 6 — G®ILGV ¢ — (1 + G®LGH )V, ¢) (Vxlg)_l(Vxl oT¢
+ (Gl + 26) (Ki, (80— GTp—a) + V,67¢)
+ (G +1GY) (K, (61— G*p— B) + Ve, (AT(q - g) + Vi ¢T¢)

Substituting « and f in the former expression cancels the disturbances 6, and 6, and refactoring terms yields

~V, (Q + %pTM_lp) + MMV, <Qd +AT(q—q*) + %pTMglp) +(GkGT = J) (M7'p + Vp(A"(q — ¢*))
+ FuaKixy — (GH' T+ GH)Ve, (AT(q - %) — GKy, (kGTG +To)(&o — GTp) — TG K, (6 — G*p)

= = MaM™! (VgcT¢) = (GG — 1) (VpsT¢) + (GTo + 1,G) (Vi,67¢) + (G Ty + 1,GH) (Ve 67¢)
+G (1+ G M'MyVy¢ + (k,GT — G'1,) V¢ — (T + G1,6) Vi ¢ — GTLGH V¢ ¢) (vxlg)‘lvxlng
+ G (GEM™'MyV ¢ — GO,V — GGV ¢ — (1 + G®LGH )V ¢) (Vxlg)_lvxlng.

(18)

(192)
(19b)
(19¢)
(19d)

(19e)
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Multiplying the former expression by G' yields the PDE (13b) (i.e., premultiplied by G'J,) which is verified
by hypothesis: the left side of the equal is the sum of ¢ and (13b), while S; cancels all terms in ¢. Multiplying
it instead by G* yields the sum of the PDEs (5), (6), (13a), and (13b) (i.e., premultiplied by G*J,), which are
all verified by hypothesis.

Step 3. Substituting S34 and Szs from (15) and the partial derivatives of Wy from (18) into (19c) yields

3
— ST (M'p+ VpsTc + V, (AT(q - q%) — K1, G(&o — GTp — ) — K,GH' (61 — Gp — )

— FLV,H — FysKyxy + Gou = —ST, (Vq <Qd +AT(q—g") + %pTM;1p> + ngTg)

—kiVy¢"¢ = S3,G (Ky, (G0 — G"p — @) + Vi 67¢) = S3,GY (Ky, (61— Gp— B) + Ve, (AT(q—q") + Vi,¢75) .

Refactoring the former expression cancels the unknown terms « and f, and substituting the control input (16)
yields the PDE (13b) (i.e., premultiplied by S2.), which is verified by hypothesis.

Step 4. Substituting S14, S24, S34, Sas and Sys from (15) and the partial derivatives of Wy from (18) into (19d)
yields

b= (M MG (Vg (Qu+AT@ = ")+ 2p™M;'p ) + V6Tc )
~(GTo +1,6)" (M7'p+ Vps"¢ + V, (AT(q - 4%) — K;,G(&o — G"p — @) - Ki,GY' (&1 -~ Gp — )
+ G833y ¢T¢ = T0GTG — GT1,G) (Ky, (S — GTp — a) + V¢, 67¢)
+GTLGY (K, (G = Gp—B) + Ve, (AT(@ = q") + Ve ¢T¢)

Refactoring the former expression cancels the terms « and g, yielding the sum of the update law (17a) and the
PDE (13b) (i.e., premultiplied by GTJ,) which is verified by hypothesis.

Step 5. Substituting S;s, Szs, S35, Sa5, and Sss from (15) and the partial derivatives of W, from (18) into (19e)
yields

1= —(MMeGH) (Vg (Qa+ AT@— g0 + 207 1p) + V467

—(GMTy +1,G) " (M7'p + VpeT¢ + Y, (AT(q - ¢%) — K;,G(& — G"p — @) - Ki,GX' (1 — G*p — )
+ G183V ¢Tc + GG (Ki, (8 — GTp—a) + Vi, 67¢)

— (GG = GG (Ky, (61— Gp = B) + Ve, (AT(q—g%) + Ve ¢Te).

Refactoring the former expression cancels the terms « and g yielding the sum of the update law (17b) and the
PDE (13b) (i.e., premultiplied by (I''G* — G*J>)) which is verified by hypothesis. .

Proposition 2. Consider system (10) with Assumptions 1-3 in closed-loop with the control law (16)
where the integral actions are computed as in (17). Then the equilibrium point (q,p,xi1, %o, (1) =
(q*,O,xf,a,ﬁ) is asymptotically stable for all positive k,, ki, K ,Ky,,I'o,I'1, provided that y = GTM‘;lp is
detectable.

Proof. Tt follows from Assumption 3 that there exist a constant Ky > 0 such that Wy in (12) is positive definite
in a nonempty open set containing g*. Recalling that JT = —J, by design, it follows that G'J,G and GGt
are also skew symmetric. Computing the time derivative of (12) along the trajectories of the closed-loop system
(11) yields then

Wa==V,W!Gk,G"V, Wy — Vs WIk;V,, Wy = Ve WIToGT GV Wy — Vo WIT1 GGV, Wy < 0,

which is verified for all k, > 0,k; > 0, and I'y > 0,I'; > 0 hence all states are bounded and the equilib-
rium is stable. In particular, V, Wy = Vxlng where it follows from (14) that V, ¢ = G'F,3K; # 0 accord-
ing to Assumption 2, while taking I'y and I'; as diagonal matrices results in [',GTG and I';G*G*' being
symmetric. Recalling the expression of the partial derivatives of W, from (18) it follows that ¢, ({ —
G"p—a) € £2n L and GV, Wy, G+' V. Wy € £2, while p, ({; — G*p — §), AT(q — ¢*) € L®. Consequently

(20)
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K —G'p— P+ Vg (AT(q-g*)) € £* and G"™™;'p+G'V, (AT(q-¢q")) - G"K,G*' (&1 - Grp-p) €
L£2. Combining the former expressions and substituting the PDE (13b) yields thus y = G"M;'p € £ n
L. In addition, it follows form (11) that p,¢,x;, ¢, ¢ € £, while a and f are bounded according
to Assumption 3. Therefore y, ¢, (5o — GTp — @) and K, ({; — G*p — p) + V¢, (AT(q — g*)) converge to zero
asymptotically according to Barba-lat’s lemma.?’” Employing a similar argument to Reference 5, it follows
that the equilibrium is asymptotically stable provided that the outputy = GTM;1 pisdetectable (i.e.,y > 0 =>
p — 0). In particular, computing p from (11) atp = p=¢ = 0and at {, = a and {; = f yields

MaM™Vy (Qq+ AT(q - g%) + (ChGT — 1)V, (AT(q - g%)) — (Glrr1 + JzGlT) V. (AT(g—q") =0,

where the last two terms vanish at g = ¢*, thus yielding (13c) which is verified by hypothesis (i.e., g = g* is
an extremum of Wy). In addition, it follows from (13d) that g = g* is a strict minimizer of W;. Computing
¢ = 0from (14) at (g, p,x1,%0.£1) = (g*,0,x], a, B) yields G* (—V4Q + F3Kyx?) = 0 which defines x;. Thus the
equilibrium point (g, p, X1, §o, 1) = (q*, 0,x}, @, ﬁ) is asymptotically stable, concluding the proof. ]

Corollary 1. If the system (10) has constant inertia matrix, the control law (16) and the integral actions (17)
yield the closed-loop (11) where J, = 0, that is

S = Gk,G", Sys = GTy, Sas = G*'T'1, Sas =ToGTG, Sis =0, Sss =T1G*G*,

- -1 -1
S3 =G (1+ G MgM ™'V + k,GTVps =TV 6) (Vig) ™ + G (GEMaM Vg —T1 V¢ ¢) (Vi 5)
Proof. If M is constant, the PDEs (5) and (6) are solvable with a constant M, and with J, = 0.°> Substituting
J, =0in (15), (16), and (17) completes the proof. n

Remark 1. The first integral action ¢, fully compensates the effect of the constant matched disturbances &
even though the system (10) is not in affine form. Conversely, the presence of unmatched disturbances affects
the system dynamics on the unactuated states, thus it cannot be fully compensated by the control action. In
spite of this limitation, which is intrinsic to underactuated systems, it has been shown in References 26 and
17 that explicitly accounting for the unmatched disturbances in the control law can improve performance.
To this end, the integral action {; computed with (17b) cancels the constant unmatched disturbances 6, (see
Step 2 in Proposition 1). This is a key difference from prior works,%** where unmatched disturbances were
accounted for in the stability analysis (i.e., by employing the input-to-state stability theory) but not in the
design of the integral action. Differently from References 17 and 26 which employed the Immersion and
Invariance methodology?® to estimate the disturbances (i.e., from the open-loop dynamics), the proposed con-
troller (16) employs the integral actions ¢, and ¢; thus resulting in the extended closed-loop dynamics (11)
which is port-Hamiltonian. Consequently, the physical interpretation of the control action in terms of system
energy is preserved. In addition, the stability conditions resulting from Proposition 2 (i.e., k, > 0,k; > 0,Kj, >
0,K;, > 0,Ip > 0,I'; > 0) are less stringent than those in Reference 17 (i.e., a(Gk,G" + DM~'M,) > I/4, with
a =Ty =T and D representing the physical damping). On the other hand, the integral action ¢; introduces
the additional PDEs (13a) and (13b), thus representing a complication compared to Reference 17. In summary,
the solution of the PDEs (13a) and (13b) is system specific (see Section 4), similarly to the solution of the PDEs
(5) and (6) that characterize the IDA-PBC methodology. The solvability of PDEs within IDA-PBC is a chal-
lenging task which has motivated a number of works including a method to simplify the PDEs for mechanical
systems,? the study of kinetic energy shaping for mechanical systems,* the algebraic solutions of the PDEs
in Reference 6, and the numerical solution of the PDEs with reinforcement learning in Reference 31. The
study of this aspect will be part of future work.

Remark 2. Extending the controller design to systems with physical damping D # 0 requires modifying the
term Sy, such that S,, = Gk,GT —J, + DM~'M, (see Reference 32 for details), which in turn affects the
remaining terms S; with i,j > 2. Extracting the terms dependent on &, 6; and a, § from (19b) yields then
Géo = ((Gk,G" —J, + DM™'My)G + Sy) Ky, a,
Gls, = ((—J2 +DM'M,)GY + 525> K., p.
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Thus, defining S,y = GTy + (J, — DM~'My)G and S5 = GY'Ty + J, — DM ‘1Md)GLT preserves the expression
of @ and B. The remaining terms in (15) preserve their structure, while J, is replaced by J, — DM~*M,. For
instance, S,3 yields

Sy =G (1 +G'S1V46 + G'S5,Vps — (T + G'(J, = DM'My)G)V ¢ — G (J — DM-lMd)G“vglg) (Vxlg)_l

T _ _ T -1
+ Gt <G®512ng + G®85,V ¢ — GB(J, - DM'My)GV, ¢ — (I + G®(J, - DM My)G* )V§1g> (Vi)

Similarly, ¢ is obtained from (14) by replacing J, with J, — DM~'M,. Thus, the control law is still given by
(16), and the time derivatives of the integral states are obtained by replacing J, with J, — DM~'M, in (17). In
such case however, the closed-loop system (11) is port-Hamiltonian if and only if SZT 4GLT = —(SZTSG)T, that
is GT(J, - DM~*My)TG" = —GT(J, - DM~*My)G*'. Employing the matrix decomposition DM~'M, = Dg +
Dy, where Dg = % ((DM™'Mg) + (DM~'My)T) is the symmetric part and Dy = % ((ODM™'Mg) — (DM~'My)")
is the antisymmetric part, thatis Ds = D} and D4 = —DJ, the former equation yields G*(J, — D4 — DTG =
—GT(J, — D4 — Dg)G*" and is verified by all J, and D,, and by some Dg such that GTDgGlT = —-GTDsGY'
(i.e., this condition is verified for the examples in Section 4 if Dy is diagonal). Finally, Sy = SZT ,G and Sss =
SZTSGLT contain the damping terms, therefore the stability conditions in Proposition 2 change to Gk,G” +
Ds > 0,T,GTG — GTDsG > 0 and I';G*G+' — GLDsGL" > 0, which might be more stringent depending on
Dgs. This point highlights the limits imposed by pervasive damping to the Integral IDA-PBC methodology
(see Reference 20 for details).

Remark 3. Consider the hypothetical case in which (13a) does not admit a global analytical solution but is
only verified locally at the equilibrium. In such case, the controller (16) with the integral actions (17) can still
yield boundedness of the closed-loop system trajectories. To highlight this point, we assume that (13a) yields a
residual Gt A(q) that vanishes at the equilibrium (i.e, A(g*) = 0), which is then accounted for in the Lyapunov
derivative Wy, that is

Wa < =V,WIGk,GTV, Wy — Vi WiV, Wy + |V, WT |G A = Ve WIToGT GV, Wy — Vo WIT GG Ve, Wy

Introducing the Young’s inequality VdeTGlTA < A—l‘VdeTVde + ATGLGY" A and refactoring terms yields
then

Wa < =VpW! (GKGT = 1) Vo Wa = Vo, WiV Wa = Ve WIToGT GV, Wa
— Vo WIT1GLGY vV, Wy + ATGLGY A

It follows that W4 <0 for k; >0,I g >0 and for some k,,I'; such that (Gk,GT —I/4)>0 and that

Ve, WdTIHGlGlTVg1 Wy > ATGLGL' A. Then the trajectories of the closed-loop system are bounded provided

that A € £2 N L™ (see Lemma 5.3 in Reference 33). The inequality V, WdTl"lGlGLTVg1 Wa>ATGLGH A is

verified in a nonempty set containing the equilibrium by a sufficiently large I'; > 0 since A(g*) = 0. Verifying

the inequality (Gk,GT — I/4) > 0 is typically more challenging since Gk, G is rank deficient, but it is achiev-
I

able if physical damping D # 0 is present, such that (GkaT + Dg — Z) > 0, where Dg has been defined in

Remark 2. In comparison, if the unmatched disturbances 6, are disregarded by setting I'; = 0, the Lyapunov
derivative W yields instead

Wa < -V,WJ (kG - ﬁ) Vo Wa = Vo, WiV Wy — Vo WIToGT GV, Wy + 6TGH G 6.

As a result, W, < 0 and the trajectories of the closed-loop system are bounded only if Vi, Wdii Vi, Wa >
51T GLGL's,, which implies a more stringent condition on k; since 6; # 0. In conclusion, even in case the PDE
(13a) only admits a local solution at the equilibrium, the controller (16) with the integral actions (17) can still
yield improved performance in the presence of unmatched disturbances (see Section 4.2).
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3.2 | Systems with direct actuation

In case the system (1) is directly actuated, the closed-loop dynamics is defined in a similar way to (11), that is

q 0 S12 Siz Su || VgWa
) -sr —s S S V,W,
P _ 1T2 2Tz 23 24 pWd , 1)
o =S8, =S5 S S ||V Wa
G| |-Sh, =sL =ST —Su|| Ve Wy
where the elements Sj; of the above matrix are given by
S1 = MMy, Si3 = M'MyG, S1y3 = M™'MyG*', Sy, = Gk,GT — I, Sy = Gy + J,G,
Sy =Gy + L,GY, S35 = G'ToG — GT1,G, Sy = GTLGY, Sy = G T1GH - GLIL,GY. (22)
The storage function Wj is defined as
1 T 1 T
Wy =Hy+ E(go -G'p-a) K, ((o—G'p—a)+ 5(41 - G'p-p) Ky, (¢ - G'p-p) + K, (23)

where Hy = Qy+ AT(q—g*) + %pTMglp, with a = 6o(Ky, (k,GTG +Tp))™! and p = 6;(K;,I'1)™*. Also in this case, Q4
should solve the PDE (6), M, should solve the PDE (5) with a corresponding J,, and A should verify the conditions (13).
The control input is given by

u=G' (VoH — MMV, (Qa+ AT(g - g") + %pTM;p) - (Gk,G™ )M, 'p )
+K;, (kG"G+Ty) (80— G'p). (24)

The integral states are defined by the update laws

_ P . _
& =-G"MM'V, <Qd +AT(g—gH+ 5pTM p 1p) —TG'V, (AT(g - %)) = (ToG" = G' )M 'p, (25a)

: _ o1 .
& = -GMgM'Y,, (Qd +AT(q- g+ 3p"M, 1p> — (,G* = G I)M7'p. (25b)

Proposition 3. The system (1) with Assumptions 1 and 3 in closed-loop with the control law (24) and the
integral actions (25) yields (21) with the parameters (22), provided that the PDEs (13a) and (13b) are verified.

The proof is similar to that of Proposition 1 and is given in Appendix A.

Proposition 4. Consider the system (1) with Assumptions 1 and 3 in closed-loop with the control law (24)
where the integral actions are computed as in (25). Then the equilibrium point (q,p, o, 1) = (@, 0, a, f) is
asymptotically stable for all positive k,, K; , Kp,, o, I'y, provided that the outputy = GTM;1 D is detectable.

The proof is similar to that of Proposition 2 and is given in Appendix A.

4 | SIMULATION RESULTS
4.1 | Inertia wheel pendulum
The inertia wheel pendulum system?’ is modified here by including a DC motor for the actuation (see Figure 1). The

system consists of an unactuated planar inverted pendulum with an actuated wheel attached to its end. The system has
two degrees-of-freedom: the angular position of the pendulum g; and the angular position of the wheel g,. The system
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Inertia wheel pendulum DC motor

FIGURE 1 Schematic of the inertia wheel pendulum actuated by a DC motor, with key model parameters.

states are thus q and p = M¢q. The dynamics of the mechanical subsystem in port-Hamiltonian form is given by (1) with

total energy H = Q + %pTM‘lp where Q = a3 (cos(q1) + 1), the input matrix is G" = [0 1], while M = [al(;';az Zi is

the constant inertia matrix. The terms a;, a,, a; are constant parameters depending on the size of the pendulum and of the
wheel. The control goal consists in reaching the prescribed position (q1,q2) = (g7, q;), where g7 = 0 if and only if 6, = 0.
The IDA-PBC controller (3) for the system with direct actuation yields**

(—=myp1 + myps)
aya(myms — m3)

u =y, sin(q1) + kpy3(qz + r1e(ar + az)q1) — ky

where y; = 72 = —azyiax(my; —m3), and  y3 = —e(ay + ax)y1a2(my — m3) — (—mya + ms(ay + az)). The

a,(my—my) ’
closed-loop dynamics of the mechanical subsystem is given by (4) where Q4 = —azy; cos(qy) + %kp(qz + ne(a; + az)ql)2

and My = a;a, [Z; mi] with m, = % + €. The tuning parameters are k,, k,, m;, ms, e. The complete system dynam-

ics described with (10), including the DC motor driving the wheel, yields 7,3 = %G, Fiz = %, and the total energy is

W=Q+ %pTM‘lp + %LaIg. The system states are q, p = M{, and the armature current x; = I,, while K,, L,, and R,
are the torque constant of the motor, the inductance, and the armature resistance respectively. The inertia of the motor
is assumed to be included in that of the wheel for simplicity. The control law is computed as in (16) and the integral
states are computed as in (17). The assignable equilibrium in the presence of the constant unmatched disturbance 6; is
q; = arcsin(é; /as), which is constant. The estimate of 4; computed with the integral action is 51 = 'Ky, (&1 — p1)- The
analytical solution of the PDEs (13a) and (13b) which verifies the minimizer conditions (13c) and (13d) is

T'1(q1-97)
I'K, - 1

17 (Cl p1+202(m1*m2)> k,q;(aymy—a;m,)?
A= ay(my—m,) al(m,—m,)?
kpq)i((almZ_aZml)

a,(m;—my)

Simulations have been conducted in MATLAB using an ODE23 solver with the model parameters a; = 0.0124,a, =
0.0025, a3 = 0.4446,and L, = 1,R, = 0.5, K, = 0.1 for illustrative purposes. The tuning parameters for the controller (16)
have been set as K, = 1,k, =0.001,m; =0.4,m3 =5,¢ =1 and K;, = 10,K;, = 10,k; = 2 X 103, T = 0.005,T"; = 0.001.
The initial conditions are (q1, g2, 4;, 5, s, o, $1) = (0.1,0,0.2,0, 0,0, 0). The simulation results in Figure 2 show the sys-
tem response with the controller (16) in the presence of the unknown matched disturbance §, = 0.01 and the unmatched
disturbance 5; = 0.001. The controller (16) with the proposed tuning correctly achieves the regulation goal corresponding
to the assignable equilibrium q = g*, the integral states settle to constant values, and the total energy W, converges to zero
at the equilibrium. This is achieved thanks to the integral states {, and ¢; which compensate the effect of the disturbances
on the wheel position, provided that I'y > 0 and I'; > 0. In comparison, setting I'; = 0 the unmatched disturbances are
neglected resulting in a noticeable steady state error on the wheel position. Setting I'y = I'; = 0, which corresponds to the
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FIGURE 2 Simulation results for inertia wheel pendulum actuated by a DC motor with controller (16) and integral actions (17) subject
to constant disturbances 6§, = 0.01 and §; = 0.001: (A) position q;; (B) position q,; (C) armature current I,; (D) velocity ¢;; (E) velocity ¢,; (F)
control input u; (G) integral state {p; (H) integral state ¢; (I) total energy Wj.

controller (16) without integral actions, yields a position error of the opposite sign, since in this case the disturbances &y
and 6, have opposite effects on the system dynamics, while the total energy settles to an even larger value. The simulation
results in Figure 3 show the system response with only the matched disturbance §, = 0.01, while §; = 0. In this case, the
regulation goal is achieved with either I'; # 0 or I'; = 0, while g} = 0. Note that the transient is slightly slower ifI"; #0,
which again is due to the fact that the unmatched disturbances and thus the integral state ¢; have an opposite effect to
{o- Additional simulation results that illustrate the effect of the tuning parameters k,, k,, k;, I'o and I'; on performance are
included in Appendix B.

4.2 | Ball on beam

The ball-on-beam system is modified here by accounting for the dynamics of a DC motor driving the beam (see Figure 4).
The equations of motion of the ball-on-beam with direct actuation, under some assumptions on the masses for simplicity,
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FIGURE 3 Simulation results for inertia wheel pendulum actuated by a DC motor with controller (16) and integral actions (17) subject
to constant matched disturbances 6, = 0.01: (A) position q;; (B) position q,; (C) armature current I,; (D) velocity ¢; (E) velocity g,; (F)
control input u; (G) integral state p; (H) integral state ¢;; (I) total energy Wj.

1 0

0 L*+q|
the ball, g, is the inclination of the beam, L is half the length of the beam, and g is the gravity constant. The prescribed
equilibrium in the absence of disturbances is (g7, q5) = (0,0). The IDA-PCB design (3) for the mechanical subsystem
without disturbances yields®

are given by (1) with the parameters M = [ GT = [0 1], and Q = gq; sin(q;), where q; is the position of

=2 1 0 1
M, = LZ + 2 (LZ‘Hﬁ) , J = — _2 > ) s
0= () 1 NEYIZ RS (p1 Pvea) |1 o

— k 1 : 9 2
Q4 =g—gcos(qy) + f(qz - ﬁarcmnh(f)) ,
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Ball
Ball on beam

DC motor

FIGURE 4 Schematic of the ball-on-beam actuated by a DC motor, with key model parameters.
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FIGURE 5 Simulation results for ball-on-beam actuated by a DC motor with controller (16) and integral actions (17) subject to
constant matched disturbances 6, = 0.05 and unmatched disturbances §; = 0.02: (A) position g;; (B) position g,; (C) armature current I,; (D)
velocity ¢; (E) velocity ¢,; (F) control input u; (G) integral state {y; (H) integral state ¢7; (I) total energy Wj.
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FIGURE 6 Simulation results for ball-on-beam actuated by a DC motor with controller (16) and integral actions (17) subject to
constant matched disturbance §, = 0.05: (A) position g;; (B) position g,; (C) armature current I,;; (D) velocity ¢; (E) velocity ¢,; (F) control
input u; (G) integral state {p; (H) integral state ¢;; (I) total energy Wj.

where k, and k, are positive tuning parameters. The complete system dynamics described with (10), including the
DC motor driving the beam, yields F,3; = %G, Fi3 = %, with total energy W =Q+ %pTM‘lp + %LaIg. Similarly to
the previous example, the system states arg: q, p =M(f, and x; = I;, while K,,L,, and R, are the torque constant
of the motor, the inductance, and the armature resistance respectively. For simplicity, the inertia of the motor is
assumed negligible compared to that of the beam. The control law is computed as in (16) and the integral states
are computed as in (17). The assignable equilibrium in the presence of the constant unmatched disturbance 6; is
q, = —arcsin(é,/g), which is constant. The estimate of §; computed with the integral action is 5 = 'Ky, (§1 — p1).
The analytical solution of the PDEs (13a) and (13b) which verifies the minimizer conditions (13c) and (13d)
is thus
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which however yields the residual A = V2019, 45) (i.e., the residual can be eliminated by employing an algebraic solu-

tion of the PDE as in our prior work!7). In particular, A = 0 at the prescribed equilibrium, and it vanishes for all g, if and
only if g5 = 0, that is in the absence of unmatched disturbances. In addition, A can be made arbitrarily small by reducing
k,, which should however remain strictly positive to verify the minimizer condition (13d).

Simulations have been conducted in MATLAB with an ODE23 solver using the model parameters L = 0.5, = 9.81,R, =
1,L, = 1,K, = 100 with the initial conditions (q1, 92, 41, 45, Ia, {0, &1) = (0.45,0,0, 0,0, 0,0). The tuning parameters have
been set to k, = 1,k, = 1,k; = 0.01,I', = 0.01,I'; = 0.05,K}, = 1,K], = 1 for illustrative purposes. The simulation results
in Figure 5 show the system response with the controller (16) in the presence of the unknown matched disturbance
8o = 0.05 and the unmatched disturbance §; = 0.02. The controller (16) with the proposed tuning correctly achieves the
regulation goal corresponding to the assignable equilibrium g = g*, the integral states settle to a constant value, and
the total energy W, converges to zero at the equilibrium. This is achieved thanks to the integral states {; and ¢; which
compensate the effect of the disturbances on the ball position, provided that I'y > 0 and I'; > 0. In comparison, setting
I'; = 0 the unmatched disturbances are neglected resulting in a steady state error on the ball position, while setting I'y =
I'; = Oyields an even larger position error since all disturbances are neglected. The simulation results in Figure 6 show the
system response with only the matched disturbance 6y = 0.05, while 6, = 0. In this case g; = 0, and the regulation goal
is achieved with either I'; # 0 or I'; = 0, which yield the same transient response. Note that employing the controller (3)
with the same tuning parameters, which neglects the actuator dynamics results in instability even without disturbances.
The simulation results for the ball-on-beam system with direct actuation employing the controller (24) and the integral
actions (25) with the tuning parameters I'y = 0.1 and I'; = 0.5 is shown in Figure 7. Also in this case, the integral actions
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FIGURE 7 Simulation results for ball-on-beam with direct actuation with controller (24) and integral actions (25) subject to constant

matched disturbance &, = 0.05 and unmatched disturbances 6, = 0.02: (A) position g, ; (B) position g,; (C) control input u; (D) integral state
o; (E) integral state ¢1; (F) total energy W,.
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yield noticeable performance improvements in the presence of matched and unmatched disturbances, compared to setting
eitherI'y =0orI'y =17 =0.

5 | CONCLUSION

This work presented a new control law for a class of underactuated mechanical systems that are not in affine form due
to the presence of first-order actuator dynamics, and that are subject to both matched and unmatched constant additive
disturbances. The controller design builds upon the IDA-PBC methodology in a modular fashion, such that the PDEs
that characterize potential energy shaping and kinetic energy shaping are preserved. Two independent integral states are
introduced by employing the concept of extended Hamiltonian in order to compensate matched constant disturbances
and to explicitly account for unmatched constant disturbances. Compared to the use of nonlinear observers that have
been employed in previous works, the proposed approach yields less stringent stability conditions and preserves the inter-
pretation of the control action in terms of system energy. Compared to robust controllers, the proposed approach does not
require prior knowledge of the disturbance bounds. Nevertheless, the use of the integral actions results in additional PDEs
which complicates the controller design. The simulation results for two examples, namely an inertia wheel pendulum
and a ball-on-beam system, demonstrate the effectiveness of the controller. Although the unmatched disturbances cannot
be canceled completely in underactuated mechanical systems, accounting for their effect with the proposed controller
clearly improves performance.

The proposed work has nevertheless a few limitations. First of all, the solution of the additional PDEs is system specific,
similarly to the PDEs characterizing the IDA-PBC methodology. In addition, the control formulation is specific to constant
additive disturbances and to systems with constant input matrix. Future work will thus aim to remove these limitation.
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APPENDIX A

Proof of Proposition 3. Computing the partial derivatives of Wy from (23) yields

VaWa= "V, (Qa+1p™M;'p+ AT - ).
V,Wa=M]'p+V, (AT(q-q") - K;,G(l — G'p — @) = K,,G* (&1 — GHp — p),
Ve Wa =Ky, (6—-G'p-a),

Ve Wa =K, (& —Gp—p) + Ve, (A(g-g9).

(AD)
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Equating the corresponding rows of (1) and of (21) yields the matching equations

M™'p =81V, Wy + S13V, Wy + S1aV¢, Wa, (A2a)

- VyH + Gu — Gég — G5 = —STVqWa = SnV, Wy + S23Ve Wy + SV W, (A2b)

o = =S|, VqWa = STV, Wy — S35V Wy + S34 V¢, Wy, (A2c)

& = —ST,VqWy — SLV, Wy — ST,V Wy — SaaV, Wa. (A2d)

Step 1. Substituting Sy, S13, S14 from (22) and the partial derivatives of W, from (A1) into (A2a) yields

M'p = M"'My (M;'p+V, (AT(q - q") — K16 — G'p — @) = Ki,G* (61 = Gp - )
+M™IMyGK;, (¢ — GTp —a) + MM G (K, (6 = Gp— B) + Ve, (AT(@ - "))
Refactoring the former expression cancels the terms in ¢y, {; and the terms a, g yielding the identity, provided

that the PDE (13b) is verified.
Step 2. Substituting S12, S22, S»3, and Sy, from (22) and the partial derivatives of W, from (A1) into (A2b) yields

~ VoH + Gu — G&y — G*' 6, = -MyM™'V, (Qd +3p"™M7p+ AT (g - q*))
- (Gk,G" = 1) (M7'p+ V, (AT(q - g*)) — K1,G(¢o — GTp — @) — K,G*' (61 — Gp — p))
+ (Gl +1G)Ky, (& = G'p — ) + (GHT1 +1GY) (K, (6 = GTp = ) + Ve, (7@~ ).

Substituting @ and g in the previous expression cancels the disturbance 6, and 6, yielding

- w1 - - x
— V H + Gu+ MMV, (Qd +AT(q—q) + EpTMdlp) +(Gl,G™ = 1) (M7'p+ Y, (AT(g - ¢"))
— (G Ty +1G)V,, (AT(g - %) - GKy, (,G"G +To)(&o — G"p) - T1GH Ky (& = Gp) = 0.
Multiplying the former expression by G' and substituting the control law (24) yields the PDE (13b) (i.e., pre-
multiplied by G'J,), which is verified by hypothesis. Multiplying it instead by G* yields the sum of the PDEs

(5), (6), (13a), and (13b) (i.e., premultiplied by G1J,), which are all verified by hypothesis.
Step 3. Substituting Sq3, S23, S33, S34 from (22) and the partial derivatives of W from (A1) into (A2c) yields

o = ~GTMMV, (Qu+ p"™M;p+ AT - ")
—([[0G" = G"1) (M]'p+ Y, (AT(q - g*)) — K,G(lo — G"p — @) = K,,G*' (&1 = GHp — )
— (GG = G"LG)Ky, (S — GTp —a) + GTLGY (Ky, (& — Gp— ) + Ve, (AT(g - g))).

Refactoring terms in the former expression cancels a and g yielding (25a), provided that (13b) is verified.
Step 4. Substituting Sy4, Sz4, S34, S44 from (22) and the partial derivatives of Wy from (A1) into (A2d) yields

& = -G*MgM'V, <Qd +3p"M;'p+ AT(q - q*))
— ([1G* = G*1) (M7'p +V, (AT(g - ¢") = K;,G(& — G"p — ) — K;,G (6 = G'p - )
+G2GKy, (6~ G'p—a) = (GG — GRLGY ) (Ki, (61~ G'p = f) + Ve, (AT~ g)).

Refactoring terms in the former expression cancels a and g yielding (25b), provided that (13b) is verified. =

Proof of Proposition 4. Computing the time derivative of W; in (23) along the trajectories of the closed-loop
system (21) yields

(A3)
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W = —V,WIGk,G 'V, Wy — Vo, WITG GV Wy — Ve, WIT1 GGV Wy <0,

which is verified for all positive k,,[o,I'; hence the equilibrium is stable. Substituting the partial
derivatives of Wy from (A1), it follows that (§, — G'p —a) € £L2n L and G"'V,Wy, V. Wy € L2, while
p.(&1 — Gtp - B),AT(q - q*) € L. Consequently K;,({1 — Gp— p) + V¢, (AT(g—g")) € £? and GTMglp +
G'V, (A"(g - q*)) = G"Ky,G*' ({1 — G'p — ) € £2. Combining the former expressions and substituting
(13b) yields thus y = G"M'p € £* n £*. In addition, it follows form (21) that p, §, & € £, while a and g
are bounded according to Assumption 3. Therefore y, (o — G'p — a) and K;,({1 — Grp — p) + V¢, (AT(g — "))
converge to zero asymptotically according to Barba-lat’s lemma.?” Employing a similar argument to Proposi-

tion 2, it follows that the equilibrium is asymptotically stable provided that the output y is detectable® [
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FIGURE Bl Simulation results for inertia wheel pendulum actuated by a DC motor with controller (16) and integral actions (17)

subject to constant disturbances 6, = 0.01 and §; = 0.001 employing different tuning parameters: (A) position g;; (B) position g,; (C)
armature current I;; (D) velocity gi; (E) velocity ¢,; (F) control input u; (G) integral state {p; (H) integral state ¢3; (I) total energy Wj.
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APPENDIX B

Figures B1 and B2 illustrate the effect of the tuning parameters k,, k,, ki, 'y, and I'; for the inertia wheel pendulum of
Section 4.1. The reference condition corresponds to the tuning parameters k, = 1,k, = 0.001,k; = 2 X 103,T, = 0.005,
and I'; = 0.001 employed in Section 4.1. Figure B1 shows that increasing k, (i.e., k, = 2) yields a faster convergence
of the wheel position to the prescribed equilibrium. This is expected, since k, affects the minimizer condition (13d).
Increasing k, (i.e., k, = 0.002) reduces the steady-state value of ¢y, according to the definition of « in Section 3.1 (i.e.,
a = 8o(K;, (kyG"G +Tp))™).

Figure B2 shows that increasing k; (i.e., ki = 4 x 10%) reduces the amplitude of the oscillations. This occurs since k;
introduces a dissipative effect related to the actuator dynamics, which is in accordance with our prior work.!? Increasing
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FIGURE B2 Simulation results for inertia wheel pendulum actuated by a DC motor with controller (16) and integral actions (17)
subject to constant disturbances 6, = 0.01 and §; = 0.001 employing different tuning parameters: (A) position g;; (B) position g,; (C)
armature current I;; (D) velocity g¢i; (E) velocity ¢,; (F) control input u; (G) integral state y; (H) integral state ¢;; (I) total energy Wj.
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I'pand I'h (i.e., T = 0.01,I'; = 0.002) results in the integral states {, and {; converging faster and to smaller values. This
can be explained considering the effect of I'y and I'; on the time derivative Wy (i.e., see Proposition 2) and recalling the
definition of a and f in Section 3.1 (i.e., @ = §o(K}, (k,GTG + I'p))~! and f = 6;(K;,I'1)™"). In this case, increasing I'y and I'y
yields a slower convergence of the wheel position to the prescribed equilibrium, which is in agreement with the results
in Section 4.1 (see Figure 3), and it is due to the fact that the unmatched disturbances and thus the integral state ¢; have
an opposite effect to .
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