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APPENDIX A: ADDITIONAL MATERIAL AND TECHNICAL RESULTS

A.1. Properties of Gaussian priors and proof of Lemma 2.3.

A.1.1. Periodic Matérn processes. The Matérn process on Rd with smoothness param-
eter s+ 1− d/2> 0 is a stationary Gaussian process with covariance kernel (Example 11.8
in [7])

(27) K(x, y)≡K(x− y) =

∫
Rd

e−i(x−y).ξ(1 + ∥ξ∥2)−s−1dξ, x, y ∈Rd.

Using a standard approach to periodization [17], one can construct a corresponding stationary
periodic kernel via the Poisson summation formula:

Kper(x, y)≡Kper(x− y) =
∑
m∈Zd

K(x− y+m), x, y ∈Rd.

Since the Poisson summation formula preserves the Fourier transform (Theorem 8.31 of [5]),
Kper has Fourier coefficients∫

Td

e−2πik.uKper(u)du=

∫
Rd

e−2πik.uK(u)du=
(2π)d

(1 + 4π2∥k∥2)s+1
, k ∈ Zd,

the last equality following from (27) and the Fourier inversion formula (e.g., Section 8.3
in [5]). Thus, using the Fourier series of Kper(u), the periodized Matérn kernel has series
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representation

Kper(x, y) = (2π)d
∑
k∈Zd

1

(1 + 4π2∥k∥2)s+1
ek(x)ek(y),

where {ek, k ∈ Zd} is the Fourier basis of L2(Td), i.e. ek(x) = e2πik.x. Theorem I.21 in [7]
then implies that the centred Gaussian process W = {W (x) : x ∈ Td} with covariance kernel
Kper has RKHS

H=

{
h=

∑
k∈Zd

hkek : ∥h∥2H = (2π)d
∑
k∈Zd

h2k(1 + 4π2∥k∥2)s+1 <∞

}
.

By the Fourier series characterisation of Sobolev spaces, we thus have H =Hs+1(Td) and
∥ · ∥H is an equivalent norm to ∥ · ∥Hs+1 . The above computation also implies that the peri-
odic Matérn process has Karhunen-Loève series expansion given by (10), equivalent (up to
constants) to the mean-zero Gaussian processes with inverse Laplacian covariance appearing
in [14, 15, 24, 23].

For the regularity of the sample paths, by Proposition I.4 in [7], which applies also to the
periodized kernel Kper, the periodic Matérn process has a version W whose sample paths
are in Cs+1− d

2
−η(Td) for any η > 0. By Lemma I.7 in [7], this version then defines a Borel

random element in Cr(Td) for all r < s + 1 − d/2. In particular, Cr(Td) is a separable
linear subspace of C(d/2+κ)∨2(Td) for some κ > 0 provided that s + 1 > d/2 + (d/2) ∨ 2
and r > (d/2+ κ)∨ 2. In conclusion, the periodic Matérn process satisfies Condition 2.1 for
s+ 1> d/2 + (d/2)∨ 2.

A.1.2. Gaussian conjugacy formulae and proof of Lemma 2.3. We first provide details
for the derivation of the conjugate formula (12). For basis functions (hk, k ∈N)⊂C2 ∩ L̇2,
and fixed K ∈ N, identifying a function B =

∑K
k=1Bkhk with its coefficient vector B =

(B1, . . . ,BK)T ∈RK , we can write the log-likelihood (7) in quadratic form as

ℓT (B) =−1

2

∫ T

0

d∑
j=1

∑
k,k′

BkBk′∂xj
hk(Xt)∂xj

hk′(Xt)dt+

d∑
j=1

∫ T

0

K∑
k=1

Bk∂xj
hk(Xt)dX

j
t

=−1

2

∑
k,k′

BkBk′

[∫ T

0
∇hk(Xt).∇hk′(Xt)dt

]
+

K∑
k=1

Bk

[∫ T

0
∇hk(Xt).dXt

]

=−1

2
BTΣB+BTH,

for Σ and H defined as after (12). Under the same identification, we may regard the
prior (11) as a multivariate normal distribution on RK with diagonal covariance matrix
Υ= diag(υ21, . . . , υ

2
K). Then, by Bayes’ formula, the posterior density is given by

dΠ(B|XT )∝ eℓT (B)e−
1

2
BTΥ−1B = e−

1

2
BTΣB+BTH− 1

2
BTΥ−1B.

Completing the squares then gives

dΠ(B|XT )∝ e−
1

2
[B−(Σ+Υ−1)−1H]T (Σ+Υ−1)[B−(Σ+Υ−1)−1H],

which completes the derivation of (12). We next provide the proof of Lemma 2.3.

LEMMA 2.3. Let Π be a centred Gaussian Borel probability measure on L2(Td) that is
supported on C2(Td) ∩ L̇2(Td). Then the posterior distribution (8) is almost surely (under
the law of the data XT ) Gaussian on L2(Td).



SUPPLEMENTARY MATERIAL 3

PROOF. We follow ideas in [15]. For K ∈ N, let PK : L2 → L2 be the projection onto
the Fourier approximation space EK = span{ek, |k| ≤ K}, ek(x) = e2πik.x. Consider the
approximate posterior

ΠK(A|XT ) =

∫
A eℓT (PKB)dΠ(B)∫

C2 eℓT (PKB′)dΠ(B′)
, A⊂C2 ∩ L̇2 measurable.

Since ℓT (PKB) only depends on PKB, ΠK(·|XT ) can be decomposed as the product of a
Gaussian measure on EK (satisfying the conjugate formula (12)) and a Gaussian measure
obtained as the push-forward of Π under the projection operator onto the orthogonal comple-
ment of EK in L2. It follows that ΠK(·|XT ) is Gaussian in L2. We now show that, a.s. under
the law of the data XT , ΠK(·|XT ) → Π(·|XT ) weakly in L2 as K → ∞, which in turn
will conclude the proof since the class of Gaussian measures is closed with respect to weak
convergence.

For B ∈ C2, we have ∥B − PKB∥H2 → 0 as K →∞. It follows that eℓT (PKB) → eℓT (B)

a.s., since, given the data XT , the function B 7→ ℓT (B) in (7) is continuous with respect to
the H2-norm. We next show that the limiting function eℓT (B), B ∈ C2, is dominated by a
Π-integrable function. Under PB0

, using Itô’s lemma (Theorem 39.3 of [2]),

ℓT (B)≤
∫ T

0
∇B(Xt).dXt

=B(XT )−B(X0)−
1

2

∫ T

0
∆B(Xt)dt

≤ 2∥B∥∞ +
1

2

d∑
j=1

∫ T

0

∣∣∣ ∂2

∂x2j
B(Xt)

∣∣∣dt,
and using Young’s inequality with ε and p= q = 2, we obtain that for all η > 0,

ℓT (B)≤ 2

η
+

η

2
∥B∥2∞ +

1

2

d∑
j=1

∫ T

0

[
1

2η
+

η

2

∣∣∣ ∂2

∂x2j
B(Xt)

∣∣∣2]dt
≤ 2

η
+

η∥B∥2∞
2

+
dT

4η
+

dTη

4
∥B∥2C2 =

dT + 8

4η
+

η(dT + 2)

4
∥B∥2C2 .

In conclusion, for all η > 0,

eℓT (B) ≤ e(dT+8)/(4η)eη(dT+2)∥B∥2
C2/4.

Taking η > 0 small enough, since Π can be regarded as a Gaussian measure on C2, Fernique’s
theorem [4, Theorem 2.8.5] implies that the right hand side in the last display is Π-integrable.
By the dominated convergence theorem, we then conclude that a.s. under the law of the data
XT , as K →∞, ∫

C2

eℓT (PKB′)dΠ(B′)→
∫
C2

eℓT (B
′)dΠ(B′),

and likewise, for all measurable A ⊂ C2 ∩ L̇2, by boundedness of the indicator function
1A(·), ∫

A
eℓT (PKB)dΠ(B) =

∫
C2

eℓT (PKB)1A(B)dΠ(B)→
∫
A
eℓT (B)dΠ(B),

showing as required that ΠK(·|XT )→Π(·|XT ) weakly in C2 (and also in L2).
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A.2. Proof of Theorem 4.1.

THEOREM 4.1. Let dT be a semimetric on the parameter space H ⊆ C1(Td) for the
drift b and let Π=ΠT be priors for b. Let εT → 0 satisfy

√
TεT →∞, let ξT → 0, HT ⊆H

and let ϕT be a sequence of test functions satisfying

Pb0ϕT → 0, sup
b∈HT :dT (b,b0)≥DξT

Pb(1− ϕT )≤ Le−(C+4)Tε2T

for some C,D,L > 0 with Π(Hc
T )≤ e−(C+4)Tε2T . Suppose further that there exist determin-

istic sets SBT ⊆H with Π(SBT )≥ e−CTε2T and

Pb0

(
sup

b∈SBT

∫ T

0
∥b(Xs)− b0(Xs)∥2ds≤ Tε2T

)
→ 1,

where b0 is the true drift function. Then for M > 0 large enough, as T →∞,

Pb0Π(b : dT (b, b0)≥MξT |XT )→ 0.

PROOF. The proof follows by the standard arguments for test-based contraction rates, see
e.g. Theorem 2.1 of [6], with the only difference being how we control the denominator in the
Bayes formula. We now detail this argument, which is a modification of Lemma 4.2 of van
der Meulen et al. [21] adapted to our setting. By (7), the log-likelihood ratio equals (replacing
∇B with b), under Pb0 ,

log
dPb

dPb0

(XT ) =

∫ T

0
[b(Xs)−b0(Xs)].dWs− 1

2

∫ T

0
∥b(Xs)−b0(Xs)∥2ds=:M b

T − 1
2 [M

b]T .

Set Π = Π(· ∩ SBT )/Π(SBT ) to be the normalized prior restricted to the set SBT . Since
Pb0(supb∈SBT

[M b]T ≤ Tε2T ) → 1 by assumption, we henceforth work on this event. By
Jensen’s inequality,

log

∫
dPb

dPb0

(XT )
dΠ(b)

Π(SBT )
≥
∫
SBT

log
dPb

dPb0

(XT )dΠ(b) =

∫
SBT

M b
T − 1

2 [M
b]TdΠ(b).

For fixed T > 0, define

ZT
t =

∫
SBT

M b
t dΠ(b) =

d∑
i=1

∫ t

0

∫
SBT

bi(Xs)− b0,i(Xs)dΠ(b)dW
i
s ,

where the last equality follows from stochastic Fubini’s theorem (Theorem 64 of Chapter IV
in [16]) since SBT is deterministic. The process (ZT

t : t≥ 0) is a continuous local martingale
under Pb0 with quadratic variation

[ZT ]t =

∫ t

0

d∑
i=1

(∫
SBT

bi(Xs)− b0,i(Xs)dΠ(b)

)2

ds.

Using Jensen’s inequality, Fubini’s theorem and the definition of SBT ,

[ZT ]T ≤
∫ T

0

d∑
i=1

∫
SBT

(bi(Xs)− b0,i(Xs))
2dΠ(b)ds

=

∫
SBT

∫ T

0
∥b(Xs)− b0(Xs)∥2dsdΠ(b) =

∫
SBT

[M b]TdΠ(b)≤ Tε2T .
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By Bernstein’s inequality (20), for any x > 0,

Pb0

(
|ZT

T | ≥ x
)
= Pb0

(
|ZT

T | ≥ x, [ZT ]T ≤ Tε2T
)
≤ 2exp

(
− x2

2Tε2T

)
.

Setting x = LTε2T gives Pb0(|ZT
T | ≥ LTε2T ) → 0 for any L > 0. On the event {|ZT

T | ≤
LTε2T }, which has Pb0 -probability tending to one, and using the second to last display,∫

SBT

M b
T − 1

2 [M
b]TdΠ(b) = ZT

T − 1
2

∫
SBT

[M b]TdΠ(b)≥−(L+ 1/2)Tε2T .

In conclusion, we have shown Pb0(
∫
dPb/dPb0dΠ(b)≥ e−(L+1/2)Tε2TΠ(SBT ))→ 1 for any

L> 0. Substituting in Π(SBT )≥ e−CTε2T gives Pb0(
∫
dPb/dPb0dΠ(b)≥ e−(C+L+1/2)Tε2T )→

1 for any L> 0.

A.3. Proofs of convergence rates for posterior means.

COROLLARY 2.2. Let B̂T = EΠT [B|XT ] be the posterior mean/MAP estimate. Under
the conditions of Theorem 2.1, as T →∞,

∥∇B̂T −∇B0∥2 =OPB0
(T−s/(2s+d)).

PROOF. By Lemma 2.3, the posterior Π(·|XT ) of B is Gaussian, PB0
-almost surely. Since

the set {B ∈ L̇2 : ∥∇B∥2 ≤MT−s/(2s+d)} is closed, convex and symmetric, Theorem 2.1
and then Anderson’s inequality imply that

3/4<Π(B : ∥∇B −∇B0∥2 ≤MT−s/(2s+d)|XT )

≤Π(B : ∥∇B −∇B̂T ∥2 ≤MT−s/(2s+d)|XT )

for M,T > 0 large enough with PB0
-probability tending to one. In particular, the posterior

probability of the intersection of the above two sets is at least 1/2, and so there exists B ∈ L̇2

in both sets. For such a B,

∥∇B̂T −∇B0∥2 ≤ ∥∇B̂T −∇B∥2 + ∥∇B −∇B0∥2 ≤ 2MT−s/(2s+d),

which thus holds with PB0
-probability tending to one.

The proof for (the non-conjugate) p-exponential priors follows from uniform integrability
arguments developed in [12].

COROLLARY 2.5. Let B̂T = EΠT [B|XT ] be the posterior mean. Under the conditions
of Theorem 2.4, as T →∞,

∥∇B̂T −∇B0∥p =OPB0
(T−s/(2s+d)).

PROOF. Inspection of the proof of Theorem 4.1 shows that the assertion of Theorem 2.4
can be strengthened as follows: under the same assumptions, for any A> 0 we can find large
enough M > 0 such that for εT = T−s/(2s+d),

(28) PB0

(
Π(B : ∥∇B −∇B0∥p >MεT |XT )> e−ATε2T

)
→ 0

as T →∞. Using Jensen’s inequality,

∥∇B̂T −∇B0∥p ≲ ∥EΠ[B|XT ]−B0∥W 1,p ≤EΠ
[
∥B −B0∥W 1,p |XT

]
.
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For any M > 0, the last quantity is bounded by

MεT +EΠ
[
∥B −B0∥W 1,p1{∥B−B0∥W1,p>MεT }

∣∣XT
]

≤MεT +EΠ
[
∥B −B0∥pW 1,p |XT

]1/p
Π(B : ∥B −B0∥W 1,p >MεT |XT )1/q,

where we have used Hölder’s inequality with 1/p + 1/q = 1. Under the identifiability as-
sumption B,B′ ∈ L̇2(Td), Poincaré’s inequality implies that the norm ∥∇B − ∇B′∥p is
equivalent to the Sobolev norm ∥B −B′∥W 1,p . Using the above and (28), for any A> 0, we
can find M > 0 large enough such that

PB0
(∥∇B̂T −∇B0∥p > 2MεT )

≤ PB0

(
EΠ
[
∥B −B0∥pW 1,p |XT

]1/p
Π(B : ∥B −B0∥W 1,p >MεT |XT )1/q >MεT

)
≤ PB0

(
EΠ
[
∥B −B0∥pW 1,p |XT

]
e−pATε2T /q >MpεpT

)
+ o(1).

For C > 0 the constant in the small ball estimate (25), define the event

AT =

{∫
C2∩L̇2

eℓT (B)−ℓT (B0)dΠ(B)≥ e−(C+1)Tε2T

}
,

which is shown to satisfy PB0
(AT )→ 1 as T →∞ in the proof of Theorem 4.1. The second

last display is then upper bounded by

PB0

({∫
C2∩L̇2 ∥B −B0∥pW 1,peℓT (B)−ℓT (B0)dΠ(B)∫

C2∩L̇2 eℓT (B)−ℓT (B0)dΠ(B)
>MpεpT e

pATε2T /q

}
∩AT

)
+ o(1)

≤ PB0

(∫
C2∩L̇2

∥B −B0∥pW 1,pe
ℓT (B)−ℓT (B0)dΠ(B)>MpεpT e

(pA/q−C−1)Tε2T

)
+ o(1).

By Markov’s inequality and Fubini’s theorem, the latter probability is smaller than

e−(pA/q−C−1)Tε2T

MpεpT

∫
C2∩L̇2

∥B −B0∥pW 1,pEB0

[
eℓT (B)−ℓT (B0)

]
dΠ(B)

=
e−(pA/q−C−1)Tε2T

MpεpT
EΠ∥B −B0∥pW 1,p ,

since EB0

[
eℓT (B)−ℓT (B0)

]
=EB[1] = 1. Using the definition (14) of the p-exponential prior

Π, the continuous embedding B1
p1 ⊂W 1,p and that |

∑m
i=1 ai|p ≤mp−1

∑m
i=1 |ai|p,

EΠ∥B∥pW 1,p ≲EΠ∥B∥pB1
p1
= T− d

2s+dE

 J∑
l=0

2l(1+
d

2
− d

p
)

(∑
r

2−pl(s+1+ d

2
− d

p
)|ρlr|p

) 1

p

p

≤ T− d

2s+d (J + 1)p−1
J∑

l=0

2pl(1+
d

2
− d

p
)
∑
r

2−pl(s+1+ d

2
− d

p
)E|ρlr|p

≲ T− d

2s+dJp−1
J∑

l=0

2−l(ps−d) ≲ T− d

2s+dJp−1 ≲ 1,

since 2J ≃ T 1/(2s+d) and s > d/p + (d/2) ∨ 2 > d/p by assumption. Combining the last
three displays then yields that for any A> 0, we can find M > 0 large enough such that

PB0
(∥∇B̂T −∇B0∥p > 2MεT )≲

e−(pA/q−C−1)Tε2T

MpεpT
+ o(1)
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since B0 ∈ W 1,p. Taking A > (C + 1)q/p and using that εT = T−s/(2s+d), the right-hand
side tends to zero as T →∞.

A.4. A PDE estimate. In the proofs we used a regularity estimate for solutions to the
Poisson equation Lbu = f , where the generator Lb of the diffusion is the strongly elliptic
second order partial differential operator given in (5). For some basic facts about this elliptic
PDE, see Section 6 in [13], while for more general theory for periodic elliptic PDEs, see
Chapter II.3 in [3]. The following estimate is only proved for t≥ 2 in Lemma 11 of [13], but
the proof can be extended to general t ∈R.

LEMMA A.1. Let t ∈R and assume b ∈C |t−2|(Td). For any f ∈ L̇2
µb
(Td), there exists a

unique solution L−1
b [f ] ∈ L2(Td) of the equation

Lbu= f, f ∈ L2(Td),

satisfying LbL
−1
b [f ] = f almost everywhere and

∫
Td L

−1
b [f ](x)dx= 0. Moreover,

∥L−1
b [f ]∥Ht ≲ ∥f∥Ht−2 ,

with constants depending on t, d and on an upper bound for ∥b∥B|t−2|
∞∞

.

PROOF. Recall the multiplication inequality for Besov-Sobolev norms with s ≥ 0 ([20],
p. 143),

∥fg∥Bs
pq
≤ c(s, p, q, d)∥f∥Bs

pq
∥g∥Bs

∞∞
≤ c′(s, p, q, d)∥f∥Bs

pq
∥g∥Cs ,

which by duality implies that for s≥ 0,

∥fg∥B−s
pq

= sup
∥φ∥Bs

p′q′
≤1

∣∣∣∣∣
∫
Td

f
gφ

∥gφ∥Bs
p′q′

∣∣∣∣∣∥gφ∥Bs
p′q′

≤ c(s, p, q, d)∥f∥B−s
pq
∥g∥Bs

∞∞
,

where 1/p + 1/p′ = 1/q + 1/q′ = 1. Combining the last displays yields the multiplier in-
equality

(29) ∥fg∥Bs
pq
≤ c(|s|, p, q, d)∥f∥Bs

pq
∥g∥B|s|

∞∞
, s ∈R.

The proof of the result then follows as in Lemma 11 of [13] upon using the multiplier inequal-
ity (29) instead of (3) when establishing (69) in that paper. We omit the details here.

A.5. The Gaussian correlation inequality. The Gaussian correlation inequality states
that for any closed, symmetric, convex sets K,L in Rd and any centred Gaussian measure µ
in Rd, we have

µ(K ∩L)≥ µ(K)µ(L).

This was proved by Royen [18]; see also [10] for a self-contained presentation and proof.
In the proof of Lemma 5.2 we have used the following extension to Gaussian measures on
separable Banach spaces, which was referred to, without full details, in Remark 3 (i) in [10].
We include a proof for completeness.

LEMMA A.2. Let µ be a centred Borel Gaussian measure on a separable Banach space
B. Let K,L be closed (with respect to the topology induced by ∥ · ∥B), convex, symmetric
subsets of B. Then,

µ(K ∩L)≥ µ(K)µ(L).
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PROOF. For X ∼ µ, the Karhunen-Loève expansion ([8], Theorem 2.6.10) of X im-
plies that there exists a complete orthonormal system {xn, n ≥ 1} of the RKHS of X and
i.i.d. standard normal random variables (ξn)n≥1, such that Xn =

∑n
i=1 ξixi converges al-

most surely to X in the norm of B. We first show that for any closed, convex, symmetric set
K ⊆ B,

(30) µ(K) = Pr

( ∞∑
i=1

ξixi ∈K

)
= lim

n→∞
Pr

(
n∑

i=1

ξixi ∈K

)
.

Since K is closed and Xn →X almost surely, and hence also in law, the Portmanteau lemma
([22], Lemma 2.2) implies

limsup
n→∞

Pr(Xn ∈K)≤ Pr(X ∈K).

On the other hand, since K is convex and symmetric, Anderson’s inequality ([8], p. 49) yields
Pr(X ∈K)≤ Pr(Xn ∈K) for all n≥ 1. Together, these establish (30).

Now let K,L⊆ B be arbitrary closed, convex, symmetric sets and define

Kn =

{
z = (z1, . . . , zn) ∈Rn :

n∑
i=1

zixi ∈K

}
⊆Rn

and analogously Ln. It is straightforward to check that Kn is a convex and symmetric subset
of Rn. Furthermore, if {z(k)}k≥1 ⊂Kn converges to some z = (z1, . . . , zn) ∈Rn, then∥∥∥∥∥

n∑
i=1

z
(k)
i xi −

n∑
i=1

zixi

∥∥∥∥∥
B

≤ max
i=1,...,n

∥xi∥B
n∑

i=1

|z(k)i − zi| → 0, k→∞,

so that, K being closed in B,
∑n

i=1 zixi ∈ K and z ∈ Kn. This shows that Kn is closed,
convex and symmetric in Rn. Denoting by γn = L(ξ1, . . . , ξn) the standard Gaussian measure
on Rn, (30) then implies µ(K) = limn→∞ γn(Kn). Note that identical considerations apply
to L and Ln and, since K ∩L is also closed, convex and symmetric in B, also to K ∩L and
Kn ∩Ln.

Applying this and the Gaussian correlation inequality for the finite-dimensional Gaussian
measure γn,

µ(K ∩L) = lim
n→∞

γn(Kn ∩Ln)≥ lim
n→∞

γn(Kn)γn(Ln) = µ(K)µ(L).

APPENDIX B: PROOFS OF LEMMAS 5.1, 5.2 AND 5.4

B.1. Proof of Lemma 5.1.

LEMMA 5.1. Suppose B0 ∈Hs+1(Td)∩ L̇2(Td) for s > d∨ (3/2). If εT = T−s/(2s+d),
J ∈N satisfies 2J ≃ T 1/(2s+d) and M > 0, then as T →∞,

PB0

 sup
B∈VJ∩L̇2:∥∇B−∇B0∥L2(µ0)≤MεT

1

T

∫ T

0
∥∇B(Xs)−∇B0(Xs)∥2ds≤M2ε2T + o(ε2T )


→ 1.
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PROOF. We first show that 1
T

∫ T
0 ∥∇B(Xs) − ∇B0(Xs)∥2ds is close to its ergodic av-

erage ∥∇B − ∇B0∥2L2(µ0)
, uniformly over SBT = {B ∈ VJ ∩ L̇2 : ∥∇B − ∇B0∥L2(µ0) ≤

MεT }. Define

FT = {fB(x) := ∥∇B(x)−∇B0(x)∥2 − ∥∇B −∇B0∥2L2(µ0)
:B ∈ SBT ∪ {B0}}.

Since x 7→ ∥x∥2 is a smooth function, SBT ⊂ VJ and B0 ∈Hs+1, it holds that FT ⊂ L̇2
µ0

∩
Hs. By Lemma A.1, the Poisson equation LB0

u= fB (writing LB0
for L∇B0

) has a unique
solution L−1

B0
[fB] ∈ L̇2 for any B ∈ SBT . Applying Lemma 1 of [13], since s > d∨ (3/2)>

(d/2 + κ)∨ 1 for κ > 0 small enough, gives that for any x≥ 0,

(31) PB0

(
sup

fB∈FT

|GT [fB]| ≥ sup
f∈FT

2∥L−1
B0

[fB]∥∞√
T

+ JFT
(4
√
2 + 192x)

)
≤ e−x2/2,

where JFT
=
∫ DFT

0

√
log 2N(FT ,6dL, τ)dτ , d2L(f, g) =

∑d
i=1 ∥∂xi

L−1
B0

[f − g]∥2∞ and DFT

is the dL-diameter of FT . We now proceed to bound JFT
.

For B ∈ SBT , write hi = ∂xi
(B − B0) so that fB =

∑d
i=1 h

2
i − ∥hi∥2L2(µ0)

. Using the
Sobolev embedding theorem, Lemma A.1 and the Runst-Sickel lemma ([13], Lemma 2), for
any κ > 0,

dL(fB, fB̄)≲ ∥fB − fB̄∥Hd/2+κ−1

≲
d∑

i=1

∥∥∥h2i − h̄2i −
∫
Td

(h2i − h̄2i )dµ0

∥∥∥
Hd/2+κ−1

≲
d∑

i=1

∥hi − h̄i∥∞∥hi + h̄i∥H(d/2+κ−1)+ + ∥hi − h̄i∥H(d/2+κ−1)+∥hi + h̄i∥∞

+ ∥µ0∥∞∥hi − h̄i∥2∥hi + h̄i∥2∥1∥Hd/2+κ−1) ,

where the constants depend only on d, κ and ∥∇B0∥B|d/2+κ−1|
∞∞

≲ ∥B0∥H|d/2+κ−1|+d/2+1 ≲

∥B0∥Hs+1 , and we note that ∥µ0∥∞ ≤ e4∥B0∥∞ < ∞ using (6). Since B, B̄ ∈ VJ , we have
∥hi− h̄i∥Hu ≲ ∥B− B̄∥Hu+1 ≤ 2Ju∥B− B̄∥H1 for u≥ 0 and ∥hi− h̄i∥∞ ≲ ∥B− B̄∥B1

1∞
≲

2Jd/2∥B − B̄∥H1 . Furthermore,

∥hi + h̄i∥Hu ≲ sup
B∈SBT

∥B −B0∥Hu+1 ≲ sup
B∈SBT

∥B − PJB0∥Hu+1 + ∥B0 − PJB0∥Hu+1

≲ 2Ju sup
B∈SBT

∥B − PJB0∥H1 + 2−J(s−u)∥B0∥Hs+1 .

Note that ∥∇B − ∇B0∥L2(µ0) ≃ ∥B − B0∥H1 since µ0 is both bounded and bounded
away from zero and B,B0 ∈ L̇2. Therefore, supB∈SBT

∥B − PJB0∥H1 + 2−Js∥B0∥Hs+1 ≤
C(M + 1)εT , so that ∥hi + h̄i∥Hu ≤C(M + 1)2JuεT . Similarly, using the Sobolev embed-
ding theorem,

∥hi + h̄i∥∞ ≲ sup
B∈SBT

∥B −B0∥B1
1∞

≲ sup
B∈SBT

∥B − PJB0∥B1
1∞

+ ∥B0 − PJB0∥B1
1∞

≲ 2Jd/2 sup
B∈SBT

∥B − PJB0∥H1 + 2−J(s−d/2)∥B0∥Hs+1

≤C(M + 1)2Jd/2εT .
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Combining these bounds yields

dL(fB, fB̄)≤C(M + 1)2J [d/2+(d/2+κ−1)+]εT ∥B − B̄∥H1 .

Since SBT ⊆ (VJ ,∥ · ∥H1) is finite dimensional, using the last display and the usual covering
argument for balls in finite dimensional spaces (e.g. [8], Proposition 4.3.34),

logN(FT ,6dL, τ)≤ logN(SBT ,C(M + 1)2J [d/2+(d/2+κ−1)+]εT ∥ · ∥H1 , τ)

≲ dim(VJ) log(C(M + 1)2J [d/2+(d/2+κ−1)+]εT sup
B,B̄∈SBT

∥B − B̄∥H1/τ)

≲ dim(VJ) log(CRT /τ),

where C > 0 and

RT := (M + 1)22J [d/2+(d/2+κ−1)+]ε2T → 0

under the current assumption on s for κ > 0 small enough. Recall the inequality
∫ a
0

√
log(A/x)

dx≤ 4a
√

log(A/a) for any A≥ 2 and 0< a≤ 1 ([8], p. 190). Using this inequality, the last
display with dim(VJ) =O(2Jd) and that FT has dL-diameter DFT

≲RT → 0,

JFT
≲ dim(VJ)

∫ DFT

0

√
log([CRT ]∨ 2/τ)dτ ≲ 2Jd/2DFT

√
log([CRT ]∨ 2/DFT

).

Taking DFT
≃ RT in the last display gives JFT

≲ 2Jd/2RT

(
1 +

√
log(1/RT )

)
. Arguing

as for the bound for dL(fB, fB̄) above, one has for all B ∈ SBT ,

∥L−1
B0

[fB]∥∞ ≲ ∥fB∥Hd/2+κ−1 ≲
d∑

i=1

∥∥∥h2i − ∫
Td

h2i dµ0

∥∥∥
Hd/2+κ−1

≲
d∑

i=1

∥hi∥∞∥hi∥H(d/2+κ−1)+ ≲ 2J [d/2+(d/2+κ−1)+](M + 1)2ε2T

where the constants depend only on d, κ, ∥µ0∥∞ and ∥∇B0∥B|d/2+κ−1|
∞∞

≲ ∥B0∥H|d/2+κ−1|+d/2+1

≲ ∥B0∥Hs+1 . Substituting this bound and JFT
≲ 2Jd/2RT

(
1 +

√
log(1/RT )

)
into (31),

PB0

(
sup

fB∈FT

|GT [fB]| ≥C2Jd/2RT

(
1 +

√
log(1/RT )

)
(1 + x)

)
≤ e−x2/2

for any x≥ 0. Set

ζT =MTT
−1/22Jd/2RT (1 +

√
log(1/RT )) =O(MT

√
logTT− s−d/2−(d/2+κ−1)+

2s+d ε2T ),

which satisfies ζT = o(ε2T ) for MT →∞ growing slow enough, since s > d∨ (3/2)> d/2+
(d/2 + κ− 1)+ for κ > 0 small enough. Then using the definition of the empirical process
GT [fB], for any MT →∞,

PB0

(
sup

B∈SBT

∣∣∣∣∣ 1T
∫ T

0
∥∇B(Xs)−∇B0(Xs)∥2ds− ∥∇B −∇B0∥2L2(µ0)

∣∣∣∣∣≥ ζT

)
→ 0

as T →∞. The result then follows because on the complement of the event in the last display,

sup
B∈SBT

1

T

∫ T

0
∥∇B(Xs)−∇B0(Xs)∥2ds≤ sup

B∈SBT

∥∇B −∇B0∥2L2(µ0)
+ ζT

≤M2ε2T + o(ε2T ).
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B.2. Proof of Lemma 5.2.

LEMMA 5.2. For s,M,κ > 0, p ∈ [1,2] and sequences εT = T−s/(2s+d), εT =
T−(s+1)/(2s+d), define the sets

BT = {B =B1 +B2 : ∥B1∥∞ ≤ εT ,∥B1∥C1 ≤ εT ,∥B2∥Bs+1
pp

≤M,∥B∥C(d/2+κ)∨2 ≤M}.

Assume either:

(i) p= 2 and B =W/(
√
TεT ) for W ∼ΠW a Gaussian process satisfying Condition 2.1;

(ii) B = W/(Tε2T )
1

p for W ∼ ΠW a p-exponential random element as in (13) with s >
(d/2 + κ)∨ 2 + d/p− 1.

Let Π=ΠT be the law of B. Then, for every K > 0, there exists M > 0 large enough such
that Π(Bc

T )≤ e−KTε2T .

PROOF. (i) In the Gaussian case, define the sets

BT,1 := {B =B1 +B2 : ∥B1∥∞ ≤ εT ,∥B1∥C1 ≤ εT ,∥B2∥Bs+1
22

≤M},

BT,2 := {B : ∥B∥C(d/2+κ)∨2 ≤M}.

To upper bound Π(Bc
T ) it thus suffices to upper bound Π(Bc

T,1) and Π(Bc
T,2). Since

∥g∥Bs+1
22

= ∥g∥Hs+1 ≤ c0∥g∥H for all g ∈ H under Condition 2.1, Borell’s isoperimetric in-
equality ([8], Theorem 2.6.12) gives

Π(BT,1) = ΠW (W =W1 +W2 : ∥W1∥∞ ≤
√
TεT εT ,∥W1∥C1 ≤

√
Tε2T ,∥W2∥Bs+1

22
≤M

√
TεT )

≥Φ(Φ−1(ΠW (W : ∥W∥∞ ≤
√
TεT εT ,∥W∥C1 ≤

√
Tε2T )) +M

√
TεT /c0),

(32)

where Φ is the standard normal cumulative distribution function. Now for H1 and Hs+1
1 the

unit balls of H and Hs+1 respectively, we have under Condition 2.1 that

logN(H1,∥ · ∥C1 , τ)≤ logN(c0H
s+1
1 ,∥ · ∥C1 , τ)≲ τ−d/s,

where the last inequality follows by arguing as in Theorem 4.3.36 of [8]. By Theorem 1.2 of
Li and Linde [11], this yields

(33) ΠW (∥W∥C1 ≤ η)≥ e−c21η
−2d/(2s−d)

as η→ 0,

for any d/2< s<∞ and some c1 = c1(d, s, c0)> 0, which implies, since
√
Tε2T → 0,

ΠW (∥W∥C1 ≤
√
Tε2T )≥ e−c21(

√
Tε2T )

−2d/(2s−d)

= e−c21Tε2T .

Using the same argument, now with the bound

logN(H1,∥ · ∥∞, τ)≤ logN(c0H
s+1
1 ,∥ · ∥∞, τ)≲ τ−d/(s+1),

it follows for some c2 > 0 that ΠW (∥W∥∞ ≤
√
TεT εT ) ≥ e−c22Tε2T . The Gaussian correla-

tion inequality (which holds for Gaussian measures in separable Banach spaces, see Lemma
A.2 below) then gives for c3 = c21 + c22

ΠW (∥W∥∞ ≤
√
TεT εT ,∥W∥C1 ≤

√
Tε2T )≥ΠW (∥W∥∞ ≤

√
TεT εT )ΠW (∥W∥C1 ≤

√
Tε2T )

≥ e−c3Tε2T .
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Using the standard inequality Φ−1(y)≥−
√

2 log(1/y) for 0< y < 1, the right hand side of
(32) is thus lower bounded by

Φ((M/c0 −
√
2c3)

√
TεT ).

Defining mT = −Φ−1(e−KTε2T /2), this further gives mT ≤
√
2 log 2 +

√
2KTεT , which

can be made smaller than (M/c0 −
√
2c3)

√
TεT by taking M =M(K,c0, c3) large enough.

For such M , the last display is lower bounded by Φ(mT ) = 1−Φ(Φ−1(e−KTε2T /2)) = 1−
1
2e

−KTε2T .
To bound Π(Bc

T,2), recall that by Condition 2.1, W defines a Gaussian Borel random
element in a separable linear subspace S of C(d/2+κ)∨2. Using the Hahn-Banach theorem,
we may thus represent its norm as

∥W∥C(d/2+κ)∨2 = sup
L∈L

|L(W )|,

where L is a countable set of bounded linear functionals on (S,∥ · ∥C(d/2+κ)∨2). Applying
Fernique’s theorem [8, Theorem 2.1.20] to the centred Gaussian process (X(L) = L(W ) :
L ∈ L), we have E∥W∥C(d/2+κ)∨2 = E supL∈L |X(L)| ≤D <∞, and for M =M(D) > 0

large enough and since
√
TεT →∞,

Π(Bc
T,2)≤ΠW

(
W : ∥W∥C(d/2+κ)∨2 −E∥W∥C(d/2+κ)∨2 ≥M

√
TεT

)
≤ 2e−D′M2Tε2T

for some fixed constant D′ > 0. Taking M > 0 large enough, the right-hand side can be made
less than 1

2e
−KTε2T , concluding the proof.

(ii). Turning to p-exponential priors, define the set

B′
T =

{
B =B′

1 +B′
2 +B′

3 : B′
i ∈ VJ ∩ L̇2, ∥B′

1∥∞ ≤ εT ,

∥B′
2∥Hs+1+d/2−d/p ≤M

p

2 (Tε2T )
1

2
− 1

p , ∥B′
3∥Bs+1

pp
≤M

}
.

We lower bound the prior probability of B′
T using the generalization of Borell’s inequality

to p-exponential measures. The space of admissible shifts (cfr. Proposition 2.7 in [1]) of the
scaled p-exponential random element B =W/(Tε2T )

1

p is Q= VJ ∩ L̇2, with norm

∥h∥Q = (Tε2T )
1

p

(
J∑

l=0

∑
r

22l
(
s+1+ d

2
− d

p

)
|⟨h,Φlr⟩2|2

) 1

2

=
(
Tε2T

) 1

p ∥h∥Hs+1+d/2−d/p , h ∈Q.

Then, recalling the Z-norm defined in (26), Proposition 2.15 in [1] implies

Π(B′
T ) = Π

(
B =B′

1 +B′
2 +B′

3 : ∥B′
1∥∞ ≤ εT ,∥B′

2∥Q ≤ (MpTε2T )
1

2 ,∥B′
3∥Z ≤M(Tε2T )

1

p

)
≥ 1− 1

Π(∥B∥∞ ≤ εT
) exp (−(Mp/k)Tε2T

)
for some k = k(p)> 0. By an analogous small ball computation as in the proof of Proposition
6.3 in [1], it follows that as T →∞

− logΠ(∥B∥∞ ≤ εT ) =− logΠW (∥W∥∞ ≤ εT (Tε
2
T )

1

p )

≃ [εT (Tε
2
T )

1

p ]
d

s+1−d/p = Tε2T .

Thus, for some constant c1 = c1(s, p, d)> 0, we have Π(B′
T )≥ 1− e−[(Mp/k)−c1]Tε2T , so that

for any K > 0 we can choose M =M(K,c1, k) =M(K,s, p, d)> 0 large enough to obtain
Π(B′

T )≥ 1− e−KTε2T .
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We conclude the proof by showing that B′
T ⊂BT . First, since B′

1 ∈ VJ we have ∥B′
1∥C1 ≤

2J∥B′
1∥∞ ≲ T 1/(2s+d)εT = εT , and therefore both norm bounds on B1 = B′

1 in (27) are
satisfied. Also note that

(34) ∥B′
1∥C(d/2+κ)∨2 ≤ 2J(d/2+κ)∨2∥B′

1∥∞ ≲ T
(d/2+κ)∨2

2s+d εT = o(1)

since by assumption s + 1 > (d/2 + κ) ∨ 2 + d/p. Next, since also B′
2 ∈ VJ , using the

continuous embedding Hs+1(Td)⊆Bs+1
pp (Td), p≤ 2 (p.33 in [9]),

∥B′
2∥Bs+1

pp
≲ ∥B′

2∥Hs+1 ≤ 2
Jd

(
1

p
− 1

2

)
∥B′

2∥Hs+1+d/2−d/p

≤ 2
Jd

(
1

p
− 1

2

)
M

p

2 (Tε2T )
1

2
− 1

p ≃M
p

2 .

Thus, taking B2 = B′
2 + B′

3 implies ∥B2∥Bs+1
pp

≲Mp/2 +M ≲M for M ≥ 1 as required.
Finally, using (34) and the continuous embedding Bs+1

pp ⊂C(d/2+κ)∨2 holding for all s+1>

(d/2+κ)∨ 2+ d/p (p.170 in [19], using the embedding Bs+1
pp ⊂Bs′

p1 ⊂C(d/2+κ)∨2 holding
for s+ 1> s′ > (d/2 + κ) ∨ 2 + d/p) if d≤ 3, in which in case (d/2 + κ) ∨ 2 = 2 ∈ N for
small κ),

∥B∥C(d/2+κ)∨2 ≤ ∥B′
1∥C(d/2+κ)∨2 + ∥B2∥Bs+1

pp
≲M,

concluding the proof.

B.3. Proof of Lemma 5.4.

LEMMA 5.4. For s,M,κ > 0 and p ∈ [1,2], let BT be the set in (27), with εT , εT as in
Lemma 5.2. If 2J ≃ T 1/(2s+d), then there exists a finite constant C depending on s, d,m and
the wavelet basis {Φlr} such that{

µB =
e2B∫

Td e2B(x)dx
:B ∈ BT

}
⊂ {µ : ∥µ− PJµ∥W 1,p ≤CεT }.

PROOF. Since ∥B∥∞ ≤ ∥B∥C2 ≤M for every B ∈ BT , this implies e−2M ≤
∫
Td e

2Bdx≤
e2M and hence ∥µB −PJµB∥W 1,p ≤ e2M∥e2B −PJe

2B∥W 1,p , so it suffices to bound the last
quantity. For a function f on the torus Td, denote by f̄ its periodic extension to Rd. Recall
that the periodic projection satisfies PJf(x) =

∫
Rd KJ(x, y)f̄(y)dy for all x ∈ (0,1]d, where

KJ(x, y) = 2Jd
∑

k∈Zd ϕ(2Jx− k)ϕ(2Jy − k) is the unperiodized wavelet kernel and ϕ is
the unperiodized father wavelet used in the construction of the periodized wavelet basis (see
(4.127) in [8]). Using that

∫
Rd KJ(x, y)dy = 1 for all x ∈ (0,1]d and writing B = B1 +B2

as in (27),

|∂xi
(e2B − PJe

2B)(x)|=
∣∣∣∂xi

∫
Rd

KJ(x, y)(e
2B1(x)+2B2(x) − e2B̄1(y)+2B̄2(y))dy

∣∣∣
≤
∣∣∣∂xi

(
e2B1(x)

∫
Rd

KJ(x, y)(e
2B2(x) − e2B̄2(y))dy

)∣∣∣
+
∣∣∣∂xi

(∫
Rd

KJ(x, y)(e
2B1(x) − e2B̄1(y))e2B̄2(y)dy

)∣∣∣
≤ e2B1(x)

∣∣∣2∂xi
B1(x)[e

2B2(x) − PJe
2B2(x)] + ∂xi

[e2B2(x) − PJe
2B2(x)]

∣∣∣
+
∣∣∣ ∫

Rd

∂xi
KJ(x, y)(e

2B1(x) − e2B̄1(y))e2B̄2(y)dy
∣∣∣

+ e2B1(x)
∣∣∣2∂xi

B1(x)

∫
Rd

KJ(x, y)e
2B̄2(y)dy

∣∣∣.
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Using that
∫
Rd ∂xi

KJ(x, y)dy ≲ 2J by the localization property of wavelets and that |ex −
1|≲ x for small |x|, the last display is bounded by a multiple of

e2∥B1∥∞∥B1∥C1

∣∣∣(e2B2 − PJe
2B2)(x)

∣∣∣+ e2∥B1∥∞

∣∣∣∂xi
(e2B2 − PJe

2B2)(x)
∣∣∣

+ 2Je2∥B2∥∞∥B1∥∞ + e2∥B1∥∞∥B1∥C1 |PJe
2B2(x)|.

Taking pth powers and integrating, and using the embedding B0
p1(Td) ⊂ Lp(Td) (Theorem

1, p.163 in [19]), then yields

∥∂xi
(e2B − PJe

2B)∥p ≲ e2∥B1∥∞∥B1∥C1
∥e2B2 − PJe

2B2∥B0
p1
+ e2∥B1∥∞∥e2B2 − PJe

2B2∥B1
p1

+ 2Je2∥B2∥∞∥B1∥∞ + e2∥B1∥∞∥B1∥C1
∥PJe

2B2∥B0
p1
.

By Lemma 5.3, ∥e2B2∥Bs+1
pp

≲ 1 + ∥B2∥Bs+1
pp

+ ∥B2∥s+1
Bs+1

pp
≤ c(m,s, p), which implies

∥e2B2 − PJe
2B2∥B1

p1
=
∑
l>J

2l(1+d/2−d/p)
(∑

r

|⟨e2B2 ,Φlr⟩2|p
)1/p

=
∑
l>J

2−ls
(
2pl(s+1+d/2−d/p)

∑
r

|⟨e2B2 ,Φlr⟩2|p
)1/p

≤ ∥e2B2∥Bs+1
pp

∑
l>J

2−ls ≲ 2−Js.

By a similar computation, ∥e2B2 − PJe
2B2∥B0

p1
≲ 2−J(s+1), while by Hölder’s inequality

with exponents (p/(p− 1), p),

∥PJe
2B2∥B0

p1
=
∑
l≤J

2l(d/2−d/p)
(∑

r

|⟨e2B2 ,Φlr⟩2|p
)1/p

≤
(∑

l≤J

[2−l(s+1)]
p

p−1

) p−1

p
(∑

l≤J

2pl(s+1+d/2−d/p)
∑
r

|⟨e2B2 ,Φlr⟩2|p
)1/p

≲ ∥e2B2∥Bs+1
pp

≲ 1.

Combining the above bounds, using the definition of εT , εT in Lemma 5.2 and that 2J ≃
T 1/(2s+d), we thus obtain that for any B ∈ BT ,

∥∂xi
(e2B − PJe

2B)∥p ≲ e2εT εT 2
−J(s+1) + e2εT 2−Js + 2Je2MεT + e2εT εT ≲ εT .

By a similar, in fact easier, computation, we also obtain

∥e2B − PJe
2B∥p ≲ e2ε̄T 2−J(s+1) + e2M ε̄T = o(εT ).

The required bias bound then follows from the last two displays.
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