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APPENDIX A: ADDITIONAL MATERIAL AND TECHNICAL RESULTS

A.1. Properties of Gaussian priors and proof of Lemma 2.3.

A.1.1. Periodic Matérn processes. The Matérn process on R¢ with smoothness param-
eter s + 1 — d/2 > 0 is a stationary Gaussian process with covariance kernel (Example 11.8
in [7])

@7 K(%y)EK(w—y)—/ eVt g)?) g, @y €RY
R4

Using a standard approach to periodization [17], one can construct a corresponding stationary
periodic kernel via the Poisson summation formula:

err(xay)Eerr($_y): Z K(z—y—{—m), :L',yG]Rd.
meZ?
Since the Poisson summation formula preserves the Fourier transform (Theorem 8.31 of [5]),
K er has Fourier coefficients

—omik.u —omik.u (27T)d d
Ko (u)du = K () du = . kezl
/ per () / (Wdv= g orpye F€

the last equality following from (27) and the Fourier inversion formula (e.g., Section 8.3
in [5]). Thus, using the Fourier series of K (u), the periodized Matérn kernel has series
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representation

1
err($7y) = (27T)d]gz:d (1 + 47T2Hk”2)$+1 €k($)€k(y),

where {ey,, k € Z%} is the Fourier basis of L?(T9), i.e. ex(z) = ™%, Theorem 1.21 in [7]
then implies that the centred Gaussian process W = {W (z) : € T¢} with covariance kernel
Kper has RKHS

= {h= > hwer: Bl =20 Y B3+ an? k]2 < oo}.

kezd kezd

By the Fourier series characterisation of Sobolev spaces, we thus have H = H*T!(T¢) and
|| - [|m is an equivalent norm to || - || g=+1. The above computation also implies that the peri-
odic Matérn process has Karhunen-Loeve series expansion given by (10), equivalent (up to
constants) to the mean-zero Gaussian processes with inverse Laplacian covariance appearing
n [14, 15, 24, 23].

For the regularity of the sample paths, by Proposition 1.4 in [7], which applies also to the
periodized kernel K., the periodic Matérn process has a version W whose sample paths

are in C"S*l*%*"(’]l‘d) for any > 0. By Lemma 1.7 in [7], this version then defines a Borel
random element in C"(T?) for all » < s + 1 — d/2. In particular, C"(T%) is a separable
linear subspace of C(¥/2T%)V2(T?) for some > 0 provided that s + 1 > d/2 + (d/2) V 2
and r > (d/2 + k) V 2. In conclusion, the periodic Matérn process satisfies Condition 2.1 for
s+1>d/2+(d/2) V2.

A.1.2. Gaussian conjugacy formulae and proof of Lemma 2.3. We first provide details
for the derivation of the conjugate formula (12). For basis functions (hy, k € N) C C? N L2,
and fixed K € N, identifying a function B = Zszl Bih, with its coefficient vector B =
(By,...,Bg)T € RX, we can write the log-likelihood (7) in quadratic form as

1
(B):—z/ ZZBkBk,a (X)), b (X) dt+2/ ZBkﬁ Dy (Xp)dX]
0 0

7=1 k,k’

=_- kzk: BBy [/ Vhi(X;). Vi (Xt)dt] + kzl By [/OT th(Xt).dXt]

1
= —§BTEB +BTH,

for 3 and H defined as after (12). Under the same identification, we may regard the
prior (11) as a multivariate normal distribution on R¥ with diagonal covariance matrix
Y = diag(v?,. .. ,U%(). Then, by Bayes’ formula, the posterior density is given by

dH(B‘XT) x eZT(B)eféBTT_lB — e*éBTEPH*BTHféBTT_lB.
Completing the squares then gives
dH(B|XT> x 67%[B*(XH’T*1)’1H]T(E+T71)[B7(Z+T71)71H]7

which completes the derivation of (12). We next provide the proof of Lemma 2.3.

LEMMA 2.3.  Let 11 be a centred Gaussian Borel probability measure on L%(T) that is
supported on C(T%) N L%(T<). Then the posterior distribution (8) is almost surely (under
the law of the data X™') Gaussian on L?(T%).
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PROOF. We follow ideas in [15]. For K € N, let Py : L?> — L? be the projection onto
the Fourier approximation space Ex = span{eg, |k| < K}, ex(x) = €™ Consider the
approximate posterior

[ 7 PxB)aII(B)

, AcC?ni? ble.
f eeT PK )dH(B/) measurabonie

g (AIXT) =

Since ¢7(Py B) only depends on Py B, I (-|X”) can be decomposed as the product of a
Gaussian measure on F (satisfying the conjugate formula (12)) and a Gaussian measure
obtained as the push-forward of IT under the projection operator onto the orthogonal comple-
ment of Ex in L2, Tt follows that IT (| X ) is Gaussian in 2. We now show that, a.s. under
the law of the data X7, TIx(-|XT) — (| X7T) weakly in L? as K — oo, which in turn
will conclude the proof since the class of Gaussian measures is closed with respect to weak
convergence.

For B € C?, we have || B — PgB||yz — 0 as K — oc. It follows that ‘7 (PxB) — ¢fr(B)
a.s., since, given the data X7, the function B — ¢7(B) in (7) is continuous with respect to
the H2-norm. We next show that the limiting function e/7(B), B € C2, is dominated by a
IT-integrable function. Under Pp,, using It6’s lemma (Theorem 39.3 of [2]),

tr(B) < /O ' UB(X,).dx,

T
— B(Xy) - B(Xo) - ;/O AB(X,)dt

1 d T 82
<2|Bllos + 5 / S B(X)|dt,
2]21 0 81’? ¢

and using Young’s inequality with € and p = ¢ = 2, we obtain that for all n > 0,

2.n
tr(B) <+ 1Bl + Z/

2 n|B|* dT dTn dT +8 n(dT +2)

<—+ = o Bz, = £ TS
n n n

In conclusion, for all n > 0,

¢(r(B) < ((dT+8)/(4n) n(dT+2) | BII%, /4,

”’—B (X)) ‘ ]dt
2n

1B]Z:-

Taking 7 > 0 small enough, since IT can be regarded as a Gaussian measure on C2, Fernique’s
theorem [4, Theorem 2.8.5] implies that the right hand side in the last display is II-integrable.
By the dominated convergence theorem, we then conclude that a.s. under the law of the data
XT as K — o,

/e‘fT<PKB’>dH(B’)—> (B 1B,
C? C?

and likewise, for all measurable A C C2 N L2, by boundedness of the indicator function
14(4),

/eeT(PKB)dH(B):/ eeT(PKB)lA(B)dH(B)a/eéT(B)dH(B%
A c? A

showing as required that I (1| XT) — I1(-| XT) weakly in C? (and also in L?). O



A.2. Proof of Theorem 4.1.

THEOREM 4.1. Let dp be a semimetric on the parameter space H C C1(T?) for the
drift b and let T1 = I be priors for b. Let e — 0 satisfy \/Tep — oo, let &p — 0, Hp CH
and let ¢ be a sequence of test functions satisfying

Py, ¢ — 0, sup Py(1—o¢r) < Le—(C+0)Ter
beH r:dr (b,bo)>Dér

for some C, D, L >0 with II(H%) < e~ OV Suppose further that there exist determin-
istic sets SBy C H with TI(SBr) > e~ CT¢% and

T
by, < sup / IIb(Xs) — bO(Xs)H2dS < TEQT) — 1,

beSBr JO
where bg is the true drift function. Then for M > 0 large enough, as T — oo,
TI(b : dp (b, bo) > Mép| XT) — 0.
PROOF. The proof follows by the standard arguments for test-based contraction rates, see
e.g. Theorem 2.1 of [6], with the only difference being how we control the denominator in the
Bayes formula. We now detail this argument, which is a modification of Lemma 4.2 of van

der Meulen et al. [21] adapted to our setting. By (7), the log-likelihood ratio equals (replacing
V B with b), under P,

T
log FE-(XT) = [ 0X) (X))~ / 1B(Xs) —bo(X,)[2ds = M — S0P,

Set I = II(- N SBr)/TI(SBr) to be the normalized prior restricted to the set SBr. Since
Py, (suppesp, [MP)r < Te2) — 1 by assumption, we henceforth work on this event. By
Jensen’s inequality,

dp, dI1(b) dP, S
“ro e SN L |
10g/ d b, (Xr) I(SBr) — /SBT log deo (XT)dH(b) SBy Mr 2 [M ]TdH(b)

For fixed T' > 0, define

zl = MPdTI(b) Z / / X,) — boi(X,)dII(b)dW?,
SBr

SBr

where the last equality follows from stochastic Fubini’s theorem (Theorem 64 of Chapter IV
in [16]) since SB7 is deterministic. The process (ZtT :t > 0) is a continuous local martingale
under P, with quadratic variation

27, / (/SB X,) — bos( gdﬂ(b))st.

Using Jensen’s inequality, Fubini’s theorem and the definition of SBr,

[ZT]TS/O /SB ~ boa(X,))2dTI(b) ds

=/ /THb(Xs)—bo(Xs)IPdsdH(b):/ [MP)pdII(b) < T
SBr J0
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By Bernstein’s inequality (20), for any z > 0,
2
by, (\Z%] > 1) =P, (\Z%] >z, 27y < T52T) <2exp (—2;2> .
€T

Setting # = LTe2 gives Py, (|Z%| > LTe%) — 0 for any L > 0. On the event {|ZL| <
LT{-:?,,}, which has P, -probability tending to one, and using the second to last display,

M~ S dT(0) = 2F ~ § [ (MYdTI) > ~(L o+ 1/2)7
SBT SBT

In conclusion, we have shown Py, ( [ dP,/dPy,dI1(b) > e~ LHY/2TEI(SBr)) — 1 for any
L > 0. Substituting in II(SBy) > e~ CTer gives Py ([ dPy/dP,dII(b) > e—(C+L+1/2)TE2T) N
1 for any L > 0. O

A.3. Proofs of convergence rates for posterior means.
COROLLARY 2.2. Let By = E""*[B|XT) be the posterior mean/MAP estimate. Under
the conditions of Theorem 2.1, as T — oo,
IV By — VBol|2 = Op,, (T~*/2+),
PROOF. By Lemma 2.3, the posterior II(-| X T') of B is Gaussian, Pp,-almost surely. Since

the set {B € L?: ||VB|s < MT—*/(>s+4)} is closed, convex and symmetric, Theorem 2.1
and then Anderson’s inequality imply that

3/4<II(B:||VB — VBy|s < MT /st xT)
<II(B:||[VB = VBy|, < MT~%/@s+d) | xT)

for M, T > 0 large enough with Pp, -probability tending to one. In particular, the posterior
probability of the intersection of the above two sets is at least 1/2, and so there exists B € L?
in both sets. For such a B,

IVBr — VB2 < |[VBp — VB|2 + |VB — VBy||a < 2MT %/ (2s+d),
which thus holds with Pp -probability tending to one. n

The proof for (the non-conjugate) p-exponential priors follows from uniform integrability
arguments developed in [12].

COROLLARY 2.5. Let By = EM7[B|XT] be the posterior mean. Under the conditions
of Theorem 2.4, as T — oo,
IV Br = V Byl = Op,, (T~/5%9),
PROOF. Inspection of the proof of Theorem 4.1 shows that the assertion of Theorem 2.4

can be strengthened as follows: under the same assumptions, for any A > 0 we can find large
enough M > 0 such that for e = T~/ (25+d)

(28) Pp

0

(H(B IVB — VB, > Mer|XT) > e*ATE?) -0
as T' — oo. Using Jensen’s inequality,

IV Br — VBoll, S IIEM[BIXT] = Bollwrs < E™ [|| B = Bollwrs| X" .
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For any M > 0, the last quantity is bounded by
Meg + EU[|IB = Bollw o 1(5-5y)y1,>Mer} | X ]

< Meg+ E"[||B = Bo|%p | X7 /P II(B : ||B — Bollw» > Meg| XT)V1,

where we have used Holder’s inequality with 1/p + 1/¢ = 1. Under the identifiability as-
sumption B, B’ € L?(T%), Poincaré’s inequality implies that the norm ||VB — VB[, is
equivalent to the Sobolev norm || B — B’||y1.». Using the above and (28), for any A > 0, we
can find M > 0 large enough such that

Pg, (| VBr — VBoll, > 2Mer)
< Pg, (EH [1B = Bollfy:.,1 X™] 1/pH(B :||B = Bo|lwr» > Mep|XT)V > MET>
< Py, (B 1B = Bolfy | XT] e PATH0 > Mpeh) 4 o(1).

For C' > 0 the constant in the small ball estimate (25), define the event

AT — {/ eeT(B)—ZT(Bo)dH(B) > 6—(C+1)T6%} ,
c2nL2

which is shown to satisfy Pp,(Ar) — 1 as T'— oo in the proof of Theorem 4.1. The second
last display is then upper bounded by

fcsz2 HB - BO||€VLP€ZT(B)_ZT(BO)dH(B) p_p pATe2./q
Pg, ({ I 02(B)~Er (Bo) 11 B) > MPere NA7r | +0o(1)

szze T

< Pg, </ B - BO||€Vl7pe€T(B)_eT(BU)dH(B) > Mpgl%e(pA/q—C—l)Ts%> +o(1).
c2nLe

By Markov’s inequality and Fubini’s theorem, the latter probability is smaller than

—(pA/q—C-1)Te%
e p—
Mpeb /cmL 1B = Bolljy, Bs, |7 MBO)} dI1(B)
T 2 2
—(pA/q—C-1)Te%,
e
= EY||B — Bolljy.0
Mpel, w

since Ep, [e/r(B)=tr(Bo)] = Ep[1] = 1. Using the definition (14) of the p-exponential prior
I1, the continuous embedding B); C W'» and that | Y7 ) a;[? <mP~1 37" [ail?,

J p

__d_ (14+¢—2 pl(s4l4d_d v
EHHBHaﬂP SEHHBH%;I =T 2s+d ZQ( +3 p) (ZQ pl(s+ +3 P)\ﬂlr‘p>
=0 T

J
< T_#id(J + 1)17—1 ZQPZ(H-%—%) Z 2—pl(s+1+§—f)E|plr|p
=0 T

J
ST mr gty o lesd <o el <
=0
since 2/ ~ TV/(25%4) and s > d/p + (d/2) V 2 > d/p by assumption. Combining the last
three displays then yields that for any A > 0, we can find M > 0 large enough such that

e~ (PA/q—C-1)T<%,

P
MPer,

Pp,(IVBr — VB, > 2Mer) S +o(1)
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since By € WP, Taking A > (C + 1)q/p and using that e = T—/(579) | the right-hand
side tends to zero as 1" — 00. O

A.4. A PDE estimate. In the proofs we used a regularity estimate for solutions to the
Poisson equation Lyu = f, where the generator L; of the diffusion is the strongly elliptic
second order partial differential operator given in (5). For some basic facts about this elliptic
PDE, see Section 6 in [13], while for more general theory for periodic elliptic PDEs, see
Chapter I1.3 in [3]. The following estimate is only proved for ¢ > 2 in Lemma 11 of [13], but
the proof can be extended to general ¢ € R.

LEMMA A.1. Lett € R and assume b € C1*=2/(T¢). For any f € Lib (T%), there exists a
unique solution Ly ' [f] € L?(T?) of the equation

Lyu=f,  feL*(T%,
satisfying L;,Lb_1 [f] = f almost everywhere and |, Lb_1 [f](z)dz = 0. Moreover,

Ly [l S I fllare-=,

with constants depending on t,d and on an upper bound for ||b|| 5i:-2I.

PROOF. Recall the multiplication inequality for Besov-Sobolev norms with s > 0 ([20],
p. 143),

I£9llB;, < (5,00, DI fl1B;, 91l Bs... < (500 DS B, gl
which by duality implies that for s > 0,

gy
|1
" llgellse,,

where 1/p+1/p' =1/q¢+ 1/¢' = 1. Combining the last displays yields the multiplier in-
equality

Ifgllp;; =  sup

”Q&HB <1 ” H a’ < C( ’i ’ 2’ )||f||qu5 H.QHB;D )
St )
r'q

s
p

(29) ||fg‘ B;, < C(|3|ap7 qu)Hf”B;)q gHB(‘;‘wa seR.
The proof of the result then follows as in Lemma 11 of [13] upon using the multiplier inequal-
ity (29) instead of (3) when establishing (69) in that paper. We omit the details here. O

A.5. The Gaussian correlation inequality. The Gaussian correlation inequality states
that for any closed, symmetric, convex sets K, L in R? and any centred Gaussian measure /i
in RY, we have

(K L) > p(K)u(L).

This was proved by Royen [18]; see also [10] for a self-contained presentation and proof.
In the proof of Lemma 5.2 we have used the following extension to Gaussian measures on
separable Banach spaces, which was referred to, without full details, in Remark 3 (i) in [10].
We include a proof for completeness.

LEMMA A.2. Let i be a centred Borel Gaussian measure on a separable Banach space
B. Let K, L be closed (with respect to the topology induced by || - ||), convex, symmetric
subsets of B. Then,

(K L) > p(K)u(L).



PROOF. For X ~ p, the Karhunen-Loeve expansion ([8], Theorem 2.6.10) of X im-
plies that there exists a complete orthonormal system {x,,, n > 1} of the RKHS of X and
i.i.d. standard normal random variables (&, ),>1, such that X,, = >"" , {x; converges al-
most surely to X in the norm of B. We first show that for any closed, convex, symmetric set
K CB,

(30) ((K)=Pr (Z &z € K) = lim Pr (Z &ix; € K) .

i=1 =1
Since K is closed and X, — X almost surely, and hence also in law, the Portmanteau lemma
([22], Lemma 2.2) implies

limsup Pr(X,, € K) <Pr(X € K).

n—oo

On the other hand, since K is convex and symmetric, Anderson’s inequality ([8], p. 49) yields
Pr(X € K) <Pr(X, € K) for all n > 1. Together, these establish (30).
Now let K, . C B be arbitrary closed, convex, symmetric sets and define

Kn:{z:(zl,...,zn)ER":Z%:&EK}Q]R”

=1

and analogously L,,. It is straightforward to check that K, is a convex and symmetric subset

of R™. Furthermore, if {Z(k)}k21 C K, converges to some z = (21,...,2,) € R", then
z;zz( )xi—Z;zi:m Slzn’llaxn”xz\gz;]zl( )—zi\—>0, k — oo,
1= 1= B 1=

so that, K being closed in B, E?:l zir; € K and z € K,,. This shows that K, is closed,
convex and symmetric in R™. Denoting by v,, = L£(&1,. .., &, ) the standard Gaussian measure
on R™, (30) then implies p(K) = limy, o0 71 (K, ). Note that identical considerations apply
to L and L,, and, since K N L is also closed, convex and symmetric in B, also to K N L and
K,NL,.

Applying this and the Gaussian correlation inequality for the finite-dimensional Gaussian
measure vy,

pE N L) = lim 5, (Kn N L) 2 Hm g (Kn)yn(Ln) = p(K)p(L).

APPENDIX B: PROOFS OF LEMMAS 5.1, 5.2 AND 5.4
B.1. Proof of Lemma 5.1.

LEMMA 5.1.  Suppose By € H¥T1(T%) N L2(T%) for s > d \ (3/2). If ep = T—%/(2s+d),
J € N satisfies 27 ~ TV 25%d) qnd M > 0, then as T — oo,

Pp

0

1 [T
sup T/ IVB(Xs) — VBo(X,)||?ds < M?% + o(c%)
BEV;NL*:||VB=V Bo|| 12 () SMer 0

— 1.
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PROOF. We first show that %fOT |[VB(Xs) — VBo(Xs)||?ds is close to its ergodic av-
erage ||VB — VB()H%Q(MU), uniformly over SBr = {B € V; N L*: VB = VBy| 1) <
Mer}. Define

Fr={fp(z):=|VB(x) = VBo(z)|]> = |[VB = VBo|%2(,, : B €SBrU{Bo}}.

Since 2 — ||| is a smooth function, SBr C V; and By € H**!, it holds that Fp C L2 N
H?. By Lemma A.1, the Poisson equation Lp,u = fp (writing Lp, for Ly p,) has a unique
solution Lg; [fp] € L? for any B € SBr. Applying Lemma 1 of [13], since s > d V (3/2) >
(d/2+ k) V1 for k > 0 small enough, gives that for any x > 0,

2| L5 [£8]ll0o
GD P, ( sup |Gr[fp]| = sup 2L, 73]l

+ Jr, (4V241922) | <e /2,
fBEFr feFr \/T

D _
where Jr, = [y 7" \/log 2N (Fr,6dy, 7)dr, d2 (f.9) = S0, [0, L5 [f — gll|% and D,
is the dr-diameter of Fr. We now proceed to bound J£,..
For B € SBr, write h; = 0,,(B — By) so that fg = i, h? — [[hi3,,,,) Using the
Sobolev embedding theorem, Lemma A.1 and the Runst-Sickel lemma ([13], Lemma 2), for
any k > 0,

di(fe, f5) S I1fB — fBllHar2es

d
<>
=1

TR RUS
Ta

Hd/2+k—1

S ki = hillsolli + hill grearsss-oy 4 i = hall grearzsns [1hi + Rl oo

=1
+ [l pollooll i — Rill2llhi + Rill2l| 11| grasesa-n,

where the constants depend only on d, x and ||V Bo| giaszex—1 S || Bollgriarzen-risasen S
|| Bo|| 7++1, and we note that ||zo]|ee < e*l1P0ll < o0 using (6). Since B, B € V;, we have
1hi = hille SNB = Bl <27 B =Bl foru>0and [|hi — hilloo S |1B = Bllpy_ <
274/2|| B — B|| 1. Furthermore,

|hi + hill g« S sup ||B = Bollgens S sup ||B — PyBol|ge+ + ||Bo — Py Bo|| o+
BESBy BeSB

T

<27 sup ||B — PyBollmr + 277 || Byl gesr.
BeSBr
Note that [|[VB — VBl 12 (4,
away from zero and B, By € L2. Therefore, suppcsg.. | B — PyBollm +277%|| Bo| e+ <
C(M + 1)er, so that ||h; + k|| . < C(M + 1)27%er. Similarly, using the Sobolev embed-
ding theorem,

y = ||B — Bol|g: since pg is both bounded and bounded

17 + hilloo S S |B—=Bollg:_ < sup ||B— PyBolp:_ +IBo— PsBollp:_
c

T BG BT

<2742 sup |B — P;By||lg 4+ 277D || By|| e
BeSBr

< CO(M +1)27% ¢y,
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Combining these bounds yields
dr(f5, f5) < C(M +1)2714/2+(@/20m=Dde | B — Bl| .

Since SBr C (Vy, || - || 1) is finite dimensional, using the last display and the usual covering
argument for balls in finite dimensional spaces (e.g. [8], Proposition 4.3.34),

log N (Fr,6dr,7) <log N(SBr, C(M + 1)27/14/24@/2Hr=1s T |14 7)

< dim(Vy)log(C(M + 1)27/14/24d/245=Dxler qup  |B — Bl /7)

B,BESBT

< dim(Vy)log(CRy/T),

where C' > 0 and
RT — (M + 1)22J[d/2+(d/2+ﬁ—1)+]€:2r -0

under the current assumption on s for £ > 0 small enough. Recall the inequality foa log(A/x)
dz < 4a+/log(A/a) forany A >2and 0 < a <1 ([8], p. 190). Using this inequality, the last

display with dim(V;) = O(27?) and that Fr has d-diameter Dz, < Ry — 0,
D}_T
Jr, <dim(V)) V1og([CRr] V 2/7)dr < 272Dz, \/log([CRr] V 2/Dx,).
0

Taking D7, ~ Ry in the last display gives Jr, < 2/%2Rp (1 + \/log(l/RT)> . Arguing
as for the bound for dr,(fg, f5) above, one has for all B € SBr,

d
125 sl S Wlonses S 30 2= [ W
=1

Hd/2+r—1

d
S Mhillsollhill rearzee, S 27WPHEZHII (L 4 1)%7,
=1

where the constants depend only on d, &, || t10]|co and ||V Bol| gia/2+w-11 S || Bol| griasz+s—114a/211

< || Bo|| g++1 . Substituting this bound and Jz, < 274?Ry (1 + +/log(1 /RT)) into (31),

Pg, ( sup |Gr|fp]| > C27*Ry (1 + \/log(l/Rﬂ) (1 +x)) <e /2
feE€Fr
for any x > 0. Set
s—d/2—(d/24+r—1)

Cr = MpT 22742 Ry (14 \/log(1/Ry)) = O(Mp\/log TT™ 250 £2),
which satisfies (7 = o(g%) for My — oo growing slow enough, since s > d V (3/2) > d/2 +
(d/2 + k — 1) for k > 0 small enough. Then using the definition of the empirical process
Gr|fB], for any Mp — oo,

Pp,| sup
BeSBr
as T' — oo. The result then follows because on the complement of the event in the last display,

1 T
sup = [ [[VB(X;5) = VBo(X;)|?ds < sup [[VB = VBol[7z(,, + ¢t
BeSBr 0 BeSBr

< M?e3. + o(e%).

1 T
7 | IVBOX) = VB s = |98 = VB,

ZCT) —0
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B.2. Proof of Lemma 5.2.

LEMMA 5.2. For s,M,x > 0, p € [1,2] and sequences ey = T—/(s+d) 7, —
T (+0/2s+d) define the sets

Br={B=DBi1+ Bz:|Biloc <&r,||Billcr <er, || Bz g3 < M, || Bl|carzerv2 < M}

Assume either:

() p=2and B=W/(\/Ter) for W ~ Iy, a Gaussian process satisfying Condition 2.1;

(i) B=W/(Te%)» for W ~ Iy a p-exponential random element as in (13) with s >
(d/2+k)V2+d/p—1.

Let 11 =117 be the law of B. Then, for every K > 0, there exists M > 0 large enough such

that TI(BS) < e KTe%,

PROOF. (i) In the Gaussian case, define the sets
Bry:={B=B1+ By :|Billec <&r,|Billc < er, || Bz gy < M},
BT72 = {B : HBHC(d/2+m)\/2 S M}

To upper bound II(B%) it thus suffices to upper bound II(B%.,) and II(Bf,). Since
9]l gz++ = llgll =+ < collgl[m for all g € H under Condition 2.1, Borell’s isoperimetric in-
equality ([8], Theorem 2.6.12) gives

(Br1) = Hw (W = Wy + Wy : |[Wi||leo < VTerer, |Willor < VTR, [Wal gssr < M~Ter)
(32)
> OO Y Iy (W : |W oo < VTerer, |[Wlor < VTeR)) + MVTer/co),

where @ is the standard normal cumulative distribution function. Now for H; and H;*' the
unit balls of H and H**! respectively, we have under Condition 2.1 that

logN(Hla H : HCI,T) < IOgN(COHf+1> H ’ HClvT) ST_d/Sv

where the last inequality follows by arguing as in Theorem 4.3.36 of [8]. By Theorem 1.2 of
Li and Linde [11], this yields

(33) My (|Wler <n) > e 77" agp 0,
for any d/2 < s < oo and some ¢ = ¢1(d, s, cp) > 0, which implies, since \/Te% -0,
—2d/(2s—d) _ 6_C§TE2T.

My (| Wler < VTeR) 2 =400
Using the same argument, now with the bound
log N(H, || - [loos 7) < log N(coH™ || - [loo, 7) S 74D,

it follows for some ¢y > 0 that Iy (||W||ee < VTerer) > e %77 The Gaussian correla-
tion inequality (which holds for Gaussian measures in separable Banach spaces, see Lemma
A.2 below) then gives for c3 = ¢} + c3

M (|W oo < VTerer, |Wller < VTeq) = My (|Wlloo < VTerer)w (|Wlor < VTeR)

e—CgTE% .

Y
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Using the standard inequality ®~ —+/2log(1/y) for 0 < y < 1, the right hand side of
(32) is thus lower bounded by

®((M/co — /2c3)VTer).

Defining mp = —<I>_1(e_KT5%/2), this further gives mp < v/2log2 + V2K Tep, which
can be made smaller than (M /co — v/2¢3)v/Ter by taking M = M (K, cg, c3) large enough.

For such M, the last display is lower bounded by ®(m7) =1 — ®(® (e KT /2)) =1 —
1 —KTe2
5€ T,

To bound II(B7.,), recall that by Condition 2.1, W defines a Gaussian Borel random

d/24+K)V2

element in a separable linear subspace S of C( Using the Hahn-Banach theorem,

we may thus represent its norm as

HWHC(d/2+~,)\/2 = sup |L(W)‘,
Lel

where L is a countable set of bounded linear functionals on (S, || - ||c/2+xv2). Applying
Fernique’s theorem [8, Theorem 2.1.20] to the centred Gaussian process (X (L) = L(W) :
L € L), we have E|W || gsz+mve = Esupre,p | X(L)| < D < oo, and for M = M (D) >0

large enough and since v/T'er — 0,
TI(B5.,) < Ty <W AW | carzserve — E|[W | cesime > M\/TET) < e~ D'M?TeR
for some fixed constant D’ > 0. Taking M > 0 large enough, the right-hand side can be made
less than %e‘K Ter, concluding the proof.
(i1). Turning to p-exponential priors, define the set
Br={B=B+By+B; : BjeV;NL* ||B}| <&r,
|Byllgosivarsarn < ME(T3)277, || Bl gy < M}.

We lower bound the prior probability of B/, using the generalization of Borell’s inequality
to p-exponential measures. The space of admissible shifts (cfr. Proposition 2.7 in [1]) of the

scaled p-exponential random element B = W/ (Ts?p)% is Q = V; N L2, with norm

|l = (T%) (ZZW 1+4-3) |, <1>ZT>|> — (T<2) 7 |b gesrsarare, he Q.

=0 r

Then, recalling the Z-norm defined in (26), Proposition 2.15 in [1] implies

(B}) =11(B =B} + By + By : || Billoo <Zr, || Bhllo < (MPTe%)z, || Byl z < M(Te%)7)
>1 1
=N Blle <cr)

for some k£ = k(p) > 0. By an analogous small ball computation as in the proof of Proposition
6.3 in [1], it follows that as T" — oo

exp (—(Mp/k)TszT)

~logI1(|| Bllos < 1) = —log Iy (| W||eo < &7(T7) )

~ [ep(Teq)r ] T =Te?.

Thus, for some constant ¢; = ¢; (s, p,d) > 0, we have I1(B}) > 1 — e~ [(M"/k)=alTet o that
for any K > 0 we can choose M = M (K, c1,k) = M(K,s,p,d) > 0 large enough to obtain
(By) > 1 — e KTet,
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We conclude the proof by showing that B/, C By . First, since B} € V; we have || B ||c1 <
27| B ||oo < TY@s+d)z, — e and therefore both norm bounds on B = Bj in (27) are
satisfied. Also note that

@/24m)v2
(34) 1B | cararmne < 27W2HRV2 B ST 250 &p = 0(1)

since by assumption s + 1 > (d/2 + k) V 2 4+ d/p. Next, since also B} € V, using the
continuous embedding H ™ (T%) C BsH(T?), p <2 (p.33 in [9]),

1_1
1Byl gssr < 1Byl <278 G8) 1B ecnsarecan

< 2Jd(i_é>M§(T£2T)%7i ~ M?3.

Thus, taking By = Bj + B implies || Ba||g:+1 S MP/2 4 M < M for M > 1 as required.
Finally, using (34) and the continuous embedding B3  C (d/2+#)V2 holding for all s+ 1 >
(d/24 k) V2+d/p (p.170 in [19], using the embeddmg BS‘H C BS C Cd/2+R)V2 holding
fors+1>s>(d/24+k)V2+d/p)ifd<3, 1nwhlch1ncase (d/2+/~$)\/2—26Nf0r
small k),

|B|carzemve <||Billowzimve 4[| Bl gsst S M,
concluding the proof. O

B.3. Proof of Lemma 5.4.

LEMMA 5.4. For s, M,k >0 and p € [1,2], let Bt be the set in (27), with e7,€7 as in
Lemma 5.2. If 27 ~ T/ 25+d) then there exists a finite constant C' depending on s,d, m and
the wavelet basis {®y,.} such that

2B
{MB = W :Be BT} CH{u:llp— Prpllwrr < Cer}.

PROOF Since || Bl|oo < || B|c2 < M forevery B € Br, this implies e 2M < [, e?Pdx <
M and hence ||up — Prup|lwir < e2M||e*B — PyeB ||y, so it suffices to bound the last
quantlty For a function f on the torus T¢, denote by f its periodic extension to R?. Recall
that the periodic projection satisfies Py f(x) = [, Kj(x,y)f(y)dy for all = € (0, 1]¢, where
Ky(z,y) =273, 50272 — k:)gb(2‘]y k) is the unperiodized wavelet kernel and ¢ is
the unperiodized father wavelet used in the construction of the periodized wavelet basis (see
(4.127) in [8]). Using that fRd Kj(x,y)dy =1 for all x € (0,1]¢ and writing B = B; + By
as in (27),

100,28 — Pye?P) ()| =

O, | Kj(x,y)(e?Br@)+2B:(2) _ 62BI(y)+2BQ<y))dy’
]Rd

<

O, (294 | Ky, y)(e25) — 2P0y )|

Rd

_l’_

O (| Kolw,p)(eB) = 250200 gy )|
Rd

< 2P @120, By (2)[e*P) — Pse?P (z)] + 0, [P — Pre? ()]

+‘/ 0xiKJ(xay)(€2Bl(x)—€QBl(y))€232(y)dy‘
Rd

20,, B1(x) Kj(x,y)e232(y)dy’.
Ra
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Using that [, 0, K;(z,y)dy < 2/ by the localization property of wavelets and that |e® —
1| < x for small |z|, the last display is bounded by a multiple of

62||BlllooHBl‘|Cl‘(esz _ PjezBQ)(x)‘ + 2Bl ’axi (€2B2 — Pye?P2) ()
T 27l | By g + 1P| By | [ PP ().

Taking p'" powers and integrating, and using the embedding Bgl(']I‘d) C LP(T%) (Theorem
1, p.163 in [19]), then yields

100,25 — Pye?B) |, S 1B~ B [, 1625 — Pye?P || o, + €XIB11= [P — Pre?Pe |1

+27 1Bl || By || o + 1P 1= | By | o, || Pye?P? | o, -

By Ipsrt S1+ [ Ball sy + || B2] SBJQL < ¢(m, s, p), which implies
685 = P2y, = 520200 (37 (620, 01, P
>J
_ 22 —ls (2pl(s+1+d/2 d/p) Z| 2B, (I)lr> |p)
>J
< HeQBg ”B;;1 22715 5 9—Js.
I>J

By a similar computation, ||e??? — P;e?P: 5o, S 2=7(+1) | while by Hélder’s inequality
with exponents (p/(p — 1), p),

HPJ62B2HB° 221 d/2—d/p) (Z’ 252 @), ), |p> 1/p

<J
< (Z[ —U(s+1)] ) (Zsz(s+1+d/z d/p) Z’ 2B: g, ,p)
<J 1<J

Sl pep S 1.

Combining the above bounds, using the definition of e7,€7 in Lemma 5.2 and that 27 ~
T/ (25+d), we thus obtain that for any B € Brp,

||aa:i(€23 _ PJ@ZB)Hp 5 625T8T27J(s+1) + 62€T27Js + 2J€2M§T + e2§T€T 5 ET.
By a similar, in fact easier, computation, we also obtain
HeQB _ PJ62BHp g 62§T27J(S+1) + €2M§T _ O(ET).

The required bias bound then follows from the last two displays. O
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