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[bookmark: OLE_LINK12][bookmark: OLE_LINK13]The polar decomposition method for Mueller matrices proposed by Lu-Chipman has been demonstrated and validated for many applications. However, in some situations, e.g. when analyzing the Mueller matrix of birefringent turbid media with Mie-sized scatterers acquired in reflection geometry, the method may suffer from limitations due to the assumptions required by this method. Here we extended Lu-Chipman’s method and show that it can provide more reasonable results for these situations. The method has been validated experimentally with turbid phantoms. This work may thus prove useful in tissue polarimetry. © 2015 Optical Society of America
OCIS codes: (120.5410) Polarimetry; (290.5855) Scattering, polarization; (110.0113) Imaging through turbid media. 
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[bookmark: OLE_LINK1][bookmark: OLE_LINK9]Mueller matrices convey comprehensive polarization information of a sample. It is usually necessary to interpret Mueller matrices in terms of the fundamental polarization properties with intuitive physical meaning – namely, depolarization, retardance and diattenuation – to facilitate the investigation and understanding of the origin of the polarimetric signals [1]. In the past decades, remarkable advances have been made to interpret Mueller matrices in terms of these fundamental polarization properties. One of the earliest proposed and most widely adopted methods is Lu-Chipman’s polar decomposition [2]. It has played an important role in turbid media polarimetry and has shown a great potential to interpret Mueller polarimetric images for tissue diagnosis and surgical guidance applications [1, 3-5].
In the original Lu-Chipman method, it was assumed that the three eigenvalues of the bottom right 3×3 sub-matrix of the depolarization matrix m’ (the eigenvalues are referred to as the principal polarization maintaining powers here) always have the same sign, as was first pointed out in [6]. This assumption is not always valid, and may lead to unreasonable interpretation of depolarization and retardance especially for some birefringent turbid media for which the determinant of m’ (det(m’))is negative. Therefore, the Lu-Chipman decomposition method requires extension. A previous extension of the method has been demonstrated [7]. It was found that neither of the methods were suitable for e.g. birefringent turbid media containing Mie-sized (comparable to or larger than the wavelength) scatterers detected in reflection geometry, for which the det(m’) is negative. Here we demonstrate an extended polar decomposition method for turbid media detected in reflection geometry. The method proposed here was validated with experiments. The work may prove useful in polarimetry studies of tissue for which detection in reflection geometry is normally essential.
Lu-Chipman’s polar decomposition. In the Lu-Chipman’s polar decomposition method, a Mueller matrix of a depolarizing sample M can be decomposed into a depolarization matrix MΔ, a retardance matrix MR and a diattenuation matrix MD in sequence

				(1)
A pure depolarizer can be represented by a diagonal Mueller matrix denoted by diag(1,a,b,c), in which a, b and c are the polarization maintaining (PM) powers for the linear polarizations (horizontal/vertical, +45°/-45° linear polarizations respectively) and the circular polarization of this depolarizer [2, 8]. In this decomposition method, the Mueller matrix for a depolarizer was extended into Eq. (2), and has a (partitioned) form of,

				(2)
mΔ is a 3×3 real symmetric matrix, of which the three eigenvalues (denoted by a, b, c) correspond to PM powers of this depolarizer along its three principal axes. PΔ is known as the polarizance vector and can be determined directly from M [2]. The expression of a retardance matrix is

				(3)
where mR is a proper rotation matrix (the determinant of a proper rotation matrix is +1).
The first step of the decomposition is reconstruction of the diattenuation matrix MD. MD can be directly constructed from the elements in the first row of M [2]. An intermediate matrix M’ with diattenuation eliminated from M can then be obtained based on the constructed MD,

			(4)
The partitioned form of Eq. (4) is, 

			(5)
[bookmark: OLE_LINK8][bookmark: OLE_LINK7][bookmark: OLE_LINK2][bookmark: OLE_LINK4]Because the general forms of mΔ and mR are known to be real symmetric matrices and a proper rotation matrix respectively, the solution of Eq. (5), namely mΔ and mR, can be found via polar decomposition of m’. However, mR obtained from polar decomposition cannot be guaranteed to be a unique proper rotation matrix; additional constraints are necessary. Here singular value decomposition (SVD) of m’ can be performed to obtain mΔ and mR. As a rotation matrix, mR can be eliminated by constructing a Hermitian matrix m’(m’)T, as shown in the following equation [6],

				(6)
Therefore, mΔ is a square root of m’(m’)T, and can be solved based on matrix diagonalization. Eigen decomposition of the Hermitian m’(m’)T gives 

(7)
[bookmark: OLE_LINK5][bookmark: OLE_LINK6]where λ1, λ2 and λ3 and u1, u2 and u3 are the eigenvalues and corresponding eigenvectors of m'(m’)T respectively. (Only non-singular matrices are considered here. For singular ones, please refer to Appendix in [2]). It is noted U is an orthogonal matrix because m'(m’)T is Hermitian. The square root of m'(m’)T can be obtained from Eq. (7),

	(8)
Apparently, the root is not unique due to the signs. An additional constraint is that the sign of the product of three eigenvalues of mΔ namely, a, b and c, should be the same to that of the determinant of m’, due to[6]

	(9)
It was then assumed in the Lu-Chipman’s decomposition method that a, b and c always have the same sign to guarantee a unique solution [6]. mΔ can therefore be obtained,

	(10)
With mΔ obtained, the retardance submatrix mR can be solved.

				(11)
As pointed out in [6], the assumption about the signs does affect the retardance matrix and further interpretation of the retardance matrix (into e.g. total retardance scalar, the retardance vector, linear retardance scalar, etc.). 
Helicity flip and negative determinant. Depolarization of circularly polarized light in turbid media has been investigated previously [9-12]. In reflection geometry, the polarization state of emergent light from a turbid medium is mainly determined by low-ordered scattered photons, which refers to those not scattered many times before emerging from the media. The high-ordered scattered photons (scattered many times) contribute to randomized emergent helicity for circularly polarized incidence. The low-ordered scattered light may essentially consist of the photons that have accumulatively undergone i) several forward scattering and an odd number of backward scattering events, resulting in helicity-flipping emergence for circular polarization; ii) several forward scattering and an even number of backward scattering events. It is noted these photons are more likely to transmit rather than to reflect so they are not considered here; or iii) only forward-scattering events, resulting in helicity maintaining emergence for circular polarization.
[bookmark: OLE_LINK15][bookmark: OLE_LINK3][bookmark: OLE_LINK16][bookmark: OLE_LINK19]As a reference, a mirror reflection (with normal incidence) is helicity-flipping, usually characterized by a diagonal Mueller matrix denoted by diag(1,1,-1,-1) that has a positive determinant. Depolarizing media from which the low-ordered backward scattered light is dominated by helicity-flipping i)-type photons (including both linearly and circularly polarized) demonstrate depolarization matrices in the form of diag(1,|a|,-|b|,-|c|) (mirror-like in terms of signs) with a positive determinant. Those media dominated by helicity-maintaining iii)-type circularly polarized photons have a positive circular polarization maintaining power. Mie-sized scatterers are highly forward-scattering characterized by large scattering anisotropy factors g. Therefore, for circular polarization, the iii)-type is more pronounced than the i)-type photons for backward emergence in such turbid media. It is noted that for case iii), light normally needs to undergo a sufficient number of forward scattering events to emerge backward, especially for those media with large g. In Mie-scatterer dominated media, it is well known that circularly polarized light has much stronger polarization memory than linearly polarized light [9, 13]. Circularly polarized light is thus more likely to become iii)-type while linearly polarized light is mainly i)-type[9, 14], resulting in depolarization matrices in the form of diag(1,|a|,-|b|,|c|), which has a negative determinant. Smaller scatterers (diameter much smaller than the wavelength) are more isotropic-scattering, so i)-type photons (both linearly and circularly polarized) dominate backward emergence, resulting in a positive determinant.
Extended Lu-Chipman decomposition method. It is popular to pre-multiply the Mueller matrix acquired in reflection geometry with the reference-frame-change matrix diag(1,1,-1,-1) so as to use the same reference frame for both the incident and emergent light beams, e.g. in [15]. Under this convention, the mirror reflection is characterized by diag(1,1,1,1); the i)-type photon dominated media have a form of diag(1,|a|,|b|,|c|) and the Mie-sized scatterer dominated media manifest a form of diag(1,|a|,|b|,-|c|). This operation was also employed in this work. Given that the negative determinant resulting from helicity maintaining photons occurs in the depolarization process of circular polarized light, it is possible to obtain a physical constraint for Eq. (8) to uniquely determine mΔ. When the determinant is negative, mΔ is, 

(12)
It is important to determine which of the three eigenvalues and eigenvectors of (m'(m’)T)1/2 in Eq. (8) correspond to the circularly polarized light. Two constraints can be employed here, referring to the symmetric decomposition method of Mueller matrices [15] in which the same constraints were employed  to achieve uniqueness of singular value decomposition of a m'-like intermediate matrix with diattenuation eliminated from its original Mueller matrix, namely, a) the determinant of the orthogonal matrix U in Eq. (12) should be positive to make the eigenvalue decomposition of mΔ physically meaningful, that is, U should be a proper rotation matrix that corresponds to a physical retarder, and b) the maximal trace principle proposed in the symmetric decomposition method of Mueller matrices [15] was also applied to U in Eq.(7). Uniqueness within SVD of m' can then be achieved, and the bottom right element in the diagonal matrix factor corresponds to circular polarization maintaining factor. It is emphasized here that no prior knowledge on the scatterer size is required in this extended method. If det(m’) is negative, Eq(12) should be used to determine mΔ. Otherwise, Eq.(10) can be used.
It is noted that a previous method to extend the Lu-Chipman decomposition was demonstrated in [7] by Ossikovski. A sign flip matrix factor was applied to mΔ rather than the diagonal matrix in Eq. (12). It is equivalent to always generating mΔ with positive eigenvalues and an improper rotation matrix when the determinant of m’ is negative. The improper rotation matrix is then decomposed into a sign-flip matrix and a proper rotation matrix. The sign-flip matrix was then transferred to the final depolarization matrix. Since improper rotation does not have a very physically clear model in polarimetry, the interpretation of improper rotation into total retardance, retardance axis, linear retardance and circular retardance are different from a proper rotation matrix. Simply decomposing the improper rotation matrix into a proper one is inadequate to properly correct the retardance matrix of birefringent turbid media containing Mie-sized scatterers. It is worth mentioning that the Ossikovski method works well for non-birefringent turbid media. This Ossikovski method, together with the original Lu-Chipman’s method was compared with the method proposed in this work in the following experiments on turbid media.
[bookmark: OLE_LINK20][bookmark: OLE_LINK21]Experiments on turbid media. A narrowband incoherent light source (546 nm center wavelength and 20 nm bandwidth) and an imaging Mueller matrix polarimeter in reflection mode were used. The polarimeter was calibrated according to an eigenvalue calibration method [16]. The typical mean and maximum elemental errors of the polarimeter were 0.35% and 1.3%.
Four turbid samples (Sample 1-4) were prepared to assess the methods. Sample 1 was made from 10%-Intralipid solution and distilled water (volume ratio 1:10). 10%-Intralipid, as commonly used as a scatterer in tissue mimicking phantoms, has a mean diameter of scattering particles 0.097 μm [17]. Sample 1 is referred to as a non-birefringent turbid medium with ‘small scatterers’ (0.097μm)”. For polarimetric imaging of turbid media in reflection geometry, the backward emergence that is non-depolarized can act as a probe to detect the birefringence and dichroism within the non-depolarized volume of turbid media. The non-depolarized volume is known to be near medium surface. Accordingly the birefringent turbid medium sample-Sample 2 was prepared. Sample 2 consisted of a birefringent layer on the top to simulate the birefringence within the non-depolarized volume of turbid media, and the Intralipid solution (the same to Sample1) at the bottom to simulate depolarized volume of turbid media. The birefringent layer was constructed with a cellophane tape (linear retardance 0.6344rad, diattenuation 0.0142, depolarization 0.019) attached to a glass coverslip (with negligible diattenuation, retardance and depolarization). Sample 2 was referred to as a “birefringent turbid medium with ‘small scatterers’ (0.097μm)”. Sample 3 was a non-birefringent turbid medium with ‘large scatterers’ made from 0.9%-Intralipid solution, 0.059%-0.5μm diameter polystyrene microsphere solution (Polyscience, Inc.) and distilled water (the volume ratio of each component 2:5:1). Sample 4 was the birefringent turbid medium with large scatterers, and consisted of the same birefringent layer as Sample 2 on the top and a scattering medium with the same components to Sample 3 at the bottom. It is noted that the orientation of the birefringent film in Sample 2 and Sample 4 remained the same. The samples were contained in a culture multi-well plate. The diameter of each well was 1 cm and the depth of each sample was over 1 cm. 
[bookmark: OLE_LINK14]The Mueller matrices of the samples (uploaded to the link in Ref [19]) were acquired and then decomposed into depolarization, retardance and diattenuation matrices based on the Lu-Chipman method, the previous method in [7] and the method purposed in this paper, referred to as “LC”, “Ossikovski-LCExt”, “Qi-LCExt” respectively. The total retardance (TR), linear retardance (LR) and fast axis orientation (theta) in radian were calculated from the retardance matrix according to the equations in [2, 5, 18].
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[bookmark: OLE_LINK17][bookmark: OLE_LINK18]Fig. 1. (a) Total retardance (TR), linear retardance(LR) and fast axis orientation(Theta) images of the samples with ‘small scatterers’ (0.097 μm). The TR in (b), LR in(c) and Theta in (d) of the samples with ‘large scatterers’(0.5 μm & 0.097 μm) obtained respectively from the original Lu-Chipman’s method (“LC”), the previous method in [7] (“Ossikovski-LCExt”) and the extended Lu-Chipman’s method purposed in this paper (“Qi-LCExt ”). The images in the top row are from non-birefringent samples(Sample1&3) and those in the bottom row are from the corresponding birefringent samples(Sample2&4). A circular region of interest (diameter 4mm) was selected to avoid the area suffering from specular reflection. The unit for all the color-bars is radian. All the sub-figures in(a-d) have the same scale bar displayed in the first sub-figure of (a).

The determinants of the samples with ‘small scatterers’ (Sample1&2) are both positive (determinant images uploaded to the link in Ref [19]), as discussed previously. Therefore, all three methods produced the same retardance matrix. TR and LR are low for the non-birefringent Sample 1 as expected. For the birefringent Sample 2 which only contained linear birefringence, the LR values are approximately equal to the TR values as displayed in Fig.1(a). The average LR of Sample2 across the field of view is 1.1461rad, as demonstrated in Table1, which is close to LR induced by double-passing the birefringent tape (1.2688rad). Since Sample 1 has no birefringence, theta of Sample1 is singular resulting in numerical instability, manifesting a noisy pattern in the right column of Fig. 1(a). Sample 2 is birefringent, so its theta was essentially uniform across the field of view (average is 0.8294rad). This experiment confirmed that “LC” can successfully reveal birefringence induced retardance of the constructed turbid phantoms with ‘small scatterers’. 
[bookmark: _GoBack]Samples 3&4 contained a considerable portion of large scatterers whose diameters were comparable to the illumination wavelength. The determinants of Samples 3&4(shown in [19]) are negative as expected so the extended LC should be applied. By referring to the experiment on Sample 1&2, TR and LR of Sample 3 were expected to be low, and those of Sample 4 were expected close to the retardance resulting from double-passing its birefringent layer. However, as shown in Fig. 1(b) and Table 1, TR of Samples 3&4 were around π calculated from “LC”, and around 0 obtained from “Ossikovski-LCExt”, which are unreasonable. Although the retardance properties of Samples 3&4 were very different, these two decomposition methods cannot distinguish Sample3 and Sample4 well. The problem can be solved by applying the method proposed “Qi-LCExt”. TR of Sample 3 is as low as Sample 1, as expected, and TR of Sample 4 (0.938rad, as shown in Table 1) is closest to retardance resulting from double-passing the birefringent layer of the sample compared among the three methods. 
As displayed in Fig. 1(c), also shown in Table 1, LR of Sample3 obtained from “LC” and “Ossikovski-LCExt” were the same. LR of Sample 3 obtained from all three of the methods was reasonably low. However, LR of Sample4 obtained from those two previous methods were also unreasonably low and close to the non-birefringent Sample 3. The LR extracted using “Qi-LCExt” is most reasonable (0.9380rad, equal to TR of Sample4).
Because the orientation of the birefringent layer in Sample 2 and Sample 4 remained the same, the fast axis orientation-theta value of Sample 4 is expected to be the same as Sample 2. As displayed in Table 1, the average theta values obtained from “LC”, “Ossikovski-LCExt” and “Qi-LCExt” are 0.3314rad, -0.2800rad, 0.8224rad respectively. Only “Qi-LCExt” provided a reasonable theta value to that of Sample 2 (0.8294rad). This can also be observed from Fig. 1(d). The theta image of Sample4 generated from the method proposed here is similar to the bottom right image of Fig. 1(a) which is the theta image of Sample2. The theta images obtained from the other two methods demonstrate an unexpected noisy pattern. This experiment illustrated that the extended method proposed here can properly extract the retardance properties of the birefringent samples in reflection geometry, and can be used to generate more reasonable results.

Table 1. A summary of results

	Sample number
	Scatter
size
	Birefringence
	Determinant
	Method
	Total 
Retardance(rad)
	Linear
Retardance(rad)
	Theta(rad)

	1
	‘Small’
(0.097 μm)
	No
	Positive
	LC
	0.1628
	0.1393
	N/A

	2
	
	Yes
	Positive
	
	1.1461
	1.1428
	0.8294

	
3
	‘Large’
(0.5 μm & 0.097 μm)
	No
	Negative
	LC
	3.0104
	0.0912
	N/A

	
	
	
	
	Ossikovski-LCExt
	0.1049
	0.0912
	

	
	
	
	
	Qi-LCExt
	0.1279
	0.1279
	

	
4
	
	Yes
	Negative
	LC
	3.1002
	0.1393
	0.3314

	
	
	
	
	Ossikovski-LCExt
	0.1553
	0.1393
	-0.2800

	
	
	
	
	Qi-LCExt
	0.9380
	0.9380
	0.8224



[bookmark: OLE_LINK22]In summary, the original Lu-Chipman’s method and “Ossikovski-LCExt” may suffer from limitations for some turbid media imaged in reflection (which have a negative det(m’)). Here we demonstrate an extended polar decomposition method that can provide more reasonable results for these cases. In practice, the sign of det(m’) of turbid media with unknown scatterer sizes acquired in reflection geometry should be first inspected. If det(m’) is negative, Eq. (12) should be used to determine mΔ. Otherwise, the original LC method can work. The method may thus demonstrate applications in tissue polarimetry.
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