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Abstract

We present various applications of deformation quantisation techniques to holomor-
phic symplectic geometry. Let i : L = X be a compact Kahler Lagrangian in a holomor-

phic symplectic variety X/C.

« We calculate the space Ext@X(i*KIl/ 2 i*Ki/ 2 ) which counts massless open strings
connecting a Lagrangian D-brane(!) wrapped on L to itself whose gauge bundle is

given by Ki/ 2, by proving that there is a spectral sequence
BS = HP(L, Q) = Bxtl, 1(i.K{%, i.K]"?)

which degenerates on the second page.

« Building on the degeneration of the spectral sequence, we show that the endomor-

phism differential graded algebra
RHomg (i.K{/?,i.K{/?)

is formal.

« We furthermore obtain extensions of the above stated results to smoothly intersect-
ing Lagrangian submanifolds and discuss some progress on possible applications

to the Fukaya category of a hyperkéhler manifold via Seiberg-Witten duality.

(DThe D-brane corresponding to i*Ki/ 2 in the derived category of X.



« We define a notion of A,,-formality for A ,-modules over graded algebras and show
that the obstructions are Hochschild cohomology classes. We prove auxiliary re-
sults on the behaviour of formality in families of A -modules which extend earlier

work of Kaledin and Lunts on A, -algebras.

« Finally, examples showing the non-triviality of the spectral sequence
BY! =HP(L, Q) = Exty 1(i.Z,i.2Z)

for general line bundles & supported on L are discussed.
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1 Introduction

1.1 Degeneration of the spectral sequence

Let i : Z C X be a locally complete intersection subvariety and choose a line bundle
£ on Z. The standard isomorphism Hom = T o Zom gives RHom = RT o R#Zom, so
we get a Grothendieck spectral sequence, in this case the local-to-global Ext spectral

sequence

B = HP (X, &xty, (i, i, L)) = Extgq(i*g, L.Z).

We can rewrite this spectral sequence in more familiar terms. First, we observe that the

&xt-sheaves are independent of &£



Lemma 1.1.1. There are natural isomorphisms
gxtgx (i,.F,i, L) = %xtgx(iﬁi, 1.01)®gL £ ®g L = gxtgx (i,4,,1,0,).
Proof. Indeed, the composition defines a natural map
Home, (1.01,1.0,)®g £ ®¢ L — Home (i.Z,1,.L)

which we see is an isomorphism working locally on Z. Now the g > 0 cases follow from

o-effaceability. O

Now, we are ready to calculate the &xt-sheaves:

Proposition 1.1.2. There are natural isomorphisms %xtqu(i*g, ,.L) =i, AT Ny

Proof. Since the question is local, we may assume & = @, and that Z is the zero locus of a

regular section s € HO(X, @) where ¢ = codim(Z, X). Then we have a Koszul resolution

(3)

\%
R 5% %@j)ggﬁx—)l*@’z—)()
Taking Zom g (—,1.0z) gives a complex

Cc
1,07 — i*@’zc — i*@’Z(Z) —...

c

with all arrows zero. Hence, %xtq@(i*@’z, 1,.07) = i*@’zq and since s yields a regular se-

quence, the natural map @5 — _% induces an isomorphism @ = %/ %7. O
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So the spectral sequence takes a simpler form:
BT = HP(Z, N Myyx) = Ext’g(‘f (i.%,i,.%L)
and, as we will see later, the differentials on E, come from classes in
EXtég((/\q/VZ/X: N Az %)
Let KS be the Kodaira-Spencer class, i.e. the extension class of

0> —i"F — Nyx — 0.

Example 1.1.3. For g = 1, we have an explicit description of the differential, showing
it’s often non-zero in general.

The differential acts via /#,x — @,[2] which is (the adjoint of) the class
agy: L - LN 2]

measuring the obstruction to extending & from Z to 2Z?.
This is purely Hodge-theoretic, i.e. ¢ () extends topologically and its (0, 2) part is the
obstruction to it being of type (1, 1), so a holomorphic line bundle.

The differential is a map HP(Z, #7,x) — HP*?(Z,@,) which is the contraction with the

(227 is the first infinitesimal neighbourhood of Z in X given by the ideal j’zz.
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class o € H?(Z, /VZ\;X) given by contracting ¢, (%) € H'(Z,Q7) with
KS e H(Z, /) F).

« Let i : L C X be a smooth complex Lagrangian in a (compact) holomorphic sym-

plectic variety X.
« Denote the holomorphic symplectic form by o.
« Fix a line bundle &£ € Pic(L).

We are interested in the self-Ext groups of i,.#. These are naturally computed using the

local-to-global spectral sequence introduced earlier
BV = HP(L, AT %) = Extgq(i*o?, i, L)

We see that the holomorphic symplectic form ¢ gives an isomorphism /# ~ Q; by

considering the diagram:

0 > A > I"F —— Myx —— 0
| ol
sy 1 N 1 \

Hence, in our symplectic setting, the spectral sequence takes the form

B! =HP(L,Qf) = Bxty, (i, i.Z).

12



Remark 1.1.4. « E, is de Rham cohomology H(L/C) of L.
« The second page is independent of the line bundle.

« The differential d,, however, isn’t, e.g. the class a ¢ mentioned earlier clearly

depends on &£

Let, as above, i : L = X be a smooth compact Kéhler Lagrangian in a holomorphic sym-
plectic (not necessarily proper!) variety over C. Recall that, for any £ € Pic(L), there

exists a local-to-global Ext spectral sequence:

B = HP(L,O]) = Bxtl (1.2, i.2).

Therefore, as explained already above, the second page gives de Rham cohomology of
L, independent of &£, but the differentials depend on . Our first main result is on the

degeneration of this spectral sequence for certain class of line bundles Z.

Theorem 1.1.5. Leti: L < X be a smooth complex Lagrangian in a compact hyperkdhler
variety X/C, and let £ be a quantisable line bundle on L, such as K]{/z. Then the local-to-

global Ext spectral sequence

By = HP(L,Qf) = Ext) (1., 1.Z)

degenerates on the second page.

Remark 1.1.6. « Recall that in the holomorphic case the existence of a line bundle

13



Ki/ 2 is equivalent to the existence of a spin structure on L. A choice of spin struc-

ture corresponds to a choice of a square root Ki/2, see [ ].

« In fact, as we will explain later, the quantisable line bundles are precisely the twists

of KIlJ/ 2 by 2-torsion line bundles.

Remark 1.1.7. The proof is, unsurprisingly, via deformation quantisation. This doesn’t
require X compact Kdhler and, in fact, the proof shows we don’t even need L Kahler - it
is enough it be smooth, compact with Hodge-to-de Rham spectral sequence degenerating
on E;. Examples of such manifolds are given by any manifold satisfying the 00-lemma,

e.g. non-projective Moishezon manifolds.

1.2 Formality results

Recall that a differential graded algebra A is formal if A ~ HA as differential graded
algebras. In particular, all higher Massey products vanish. The converse is not true -
there are non-formal differential graded algebras with vanishing Massey products. We
now give two (algebraic) examples of non-fromal dg algebras. Afterwards, we shall also

exhibit an example coming from geometry.

Example 1.2.1. o Let A = Z[t]/t* with t in degree 1 and dt = 2. Note that A is
not graded commutative since t> # 0. Then HA is an exterior algebra over Z/2
on a single generator in degree 2. There is no quasi-isomorphism A ~ HA since

[Z/2,A] = 0 as we can see by resolving the trivial dga Z/2.

« Let A be the exterior algebraon t, u,v all in degree 1 withdt = du = 0 and dv = tu.

14



The Massey product (f,u,v) # 0 and hence A is not formal. See [ ] for a

geometric description of this example.

We have defined what it means for a differential graded algebra to be formal and saw two
examples of non-formal differential graded algebras. The next example shows that the

are non-formal dg algebras arising naturally in algebraic geometry.

Example 1.2.2. Let X be a smooth scheme and i : Z C X be a smooth subscheme. In
[ ] it is shown that the dga i*i,@; is formal iff the obstruction « o to lifting ﬂfzﬁx
to the first infinitesimal neighbourhood 2Z of Z in X vanishes.

An example where apy # 0 is given by taking a P! xP! embedded in P> via @ (1)rR@(2).
In this case, the map

H'(KS): H'(Z,Qz) — HX(Z, #y))

is non-zero since dim(Hl(Z, i*st)) = 1 via pulling back the Euler sequence for pro-
jective space. Now @ gey( M) 0 for H'(Z,Qy) is two dimensional with basis given by
det(/VZ\//X) =@ (-4)R@(-10) (adjunction) and i*@ps(1), so, as the latter line bundle ex-
tends, we necessarily have a4y M) 0 since otherwise H!(KS) would be identically

zero, a contradiction.

Remark 1.2.3. Pushing forward i*i,@y, one can show that T2P~1t=P(i,i*i,@;) are formal

for all p which means all d, = 0.

Let’s briefly mention a conjecture of Grivaux inspired by this observation and the fact
that there are no known obstructions to formality in D®(X) - compare to the result of

Arinkin-Caldararu mentioned in Example 1.2.2.
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Conjecture 1.2.4 ( [ ]). Let X be a smooth scheme and i : Z C X be a smooth

subscheme. Then RZom g (i.0z,1,07) and 1,07 ®g, 1,0 split in DP(X).

Remark 1.2.5. Note that while 2~27571(1,i*i,@) is formal, T="2t="1(i*i,@;) is not al-

ways formal, in fact it’s formal iff i*1,@ is. This reflects the fact that i, is not faithful.

By Kadeishvili’s theorem the cohomology of a differential graded algebra is naturally
an A -algebra. The A -structure on HA measures failure of formality for A. Kahler
formality of Deligne et al. (see [ ]) says that (Q*(L,C) is a formal differential

graded algebra, hence H*(L/C) is formal as an A, -algebra. In light of
HY(L/C) = @, ,H (L, Q) = Bxty (i.Z,i.ZL),

it is natural to ask whether the same goes for Ext@»x(i*i” ,1,.Z), i.e. if the differential
graded algebra RHom@X(i*g ,1,.£) is formal. We confirm this in the case where £ is a

square root of the canonical bundle of L.

Theorem 1.2.6. Let X/C be holomorphic symplectic and leti : L < X be a smooth compact
Kdhler Lagrangian submanifold whose canonical bundle admits a square root. Then the
differential graded algebra RHom@’X(i*Ki/ 2, i*Ki/ 2) is formal, in fact, quasi-isomorphic to
the de Rham algebra H(L/C).

1.3 Results on pairs of Lagrangians

Consider two smooth Lagrangians i : L = X, j : M = X such that L "M is smooth. For

any choice of line bundles & € Pic(L) and /# € Pic(M), we have a local-to-global Ext

16



spectral sequence
E’z”q =HP(LNM, Q?XM Q)= Extp@;q(i*g, j M),

where # = det /M nm/m ® $V|LnM Q M i Am-

Theorem 1.3.1. Let X/C be a holomorphic symplectic variety and suppose thati : L = X,
j : M = X are smooth Lagrangians with a compact Kéhler intersection LNM of codimension

c inL. Assume that Ki/z and Kll\/{z exist and let
(112 1/2 v
Hor = (KL |LnM® Km |LmM) ®Keam-
Then the Ext local-to-global spectral sequence

B = HP(LNM, O]y ® Zor) = Extyy /(LK% 1K)

degenerates on the second page. In particular,
Extfy (1.K[%, 1K) = @, HP(LOM, Q] [y ® Zor) = H(LNM, Roy),

where R, is the local system corresponding to the 2-torsion line bundle ..

Remark 1.3.2. As above, we remark that the proof shows it is enough to assume the
intersection L N M smooth, compact such that its Hodge-to-de Rham spectral sequence

for the local system R, degenerates on E;.
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Example 1.3.3. Notice that Ext@X(i*Ki/ 2, ]'*Kll\,{z) is a graded module over the graded
algebra Ext@X(i*Ki/ 2 i*Ki/ 2 ) A theorem of Deligne (see [ 1, [ ]) asserts that
QL NM, R,,) is a formal dg module over Q" (L "M, C). Let Q’; be the complex of

d-closed forms with differential d. The diagram

Q*(L,C) +—— Q(L,C) — H(L/C)

{ { {

Q*(LNM,C) Q%(LmM,C) — H(LNM/C)

shows Q*(LNM, R,,) is also formal over Q*(L, C). Hence H(L "M, R,,) is formal as an
A ,-module over H(L/C).

We prove the same goes for the Ext modules:

Theorem 1.3.4. Let X/C be holomorphic symplectic. Suppose thati:L = X, j: M= X
are compact Kdhler Lagrangians with a smooth intersection. Assume that their canonical
bundles admit square roots. Then RHom@X(i*Ki/ 2, ];Kll\/{2 ) is a formal differential graded
module over the (formal) differential graded algebra RHom@X(i*Kiﬁ, i*Ki/z). Moreover,

we have a quasi-isomorphism of pairs
(RHomg (#.K{’?i.K{"?), RHomg (i.K{’?, jK\*)) = (H(L/C), H (L "M, Ror)),

where c is the codimension of LNM in L.
Remark 1.3.5. A few observations regarding Theorem 1.3.4:

1. The proof shows that it is enough to assume L compact Kdhler and M smooth such

18



that L N M is smooth.

2. A variant for the dg module structure over RHom g ( ];Kll\/{2 , j*Kll\/{2 ) can be formu-

lated, reversing the assumptions on L and M in the part 1. of the remark.

1.4 Method of proof

The proof of Theorem 1.2.6 involves two main ingredients. We first observe that the
dg algebra RHom@X( i*KIlJ/ 2, i*Ki/ 2) can be deformed over C[[%]] to the de Rham com-
plex - this involves results of Schapira et al. on deformation quantisation [ 1, [ ],
hence the square root of the canonical bundle. The deformation is the de Rham complex
Q*(L,C) over the generic point, therefore it is generically formal by Kahler formality
of [ ]. Applying semicontinuity yields degeneration of the spectral sequence,
proving the degeneration for Ki/ 2. The formality requires a second ingredient - it is a
theorem of Kaledin that generically formal dg algebras are formal (under certain condi-
tions which our family satisfies).

The proofs of Theorem 1.3.1 and Theorem 1.3.4 follow the same lines, however, to prove
the formality, we need Proposition 2.8.5 - the analogue to the result of Kaledin for A -
modules.

Kaledin in [ ] treats formality of dg algebras as triviality of the normal cone defor-
mation. Our approach to formality of A ,-modules is also motivated by the deformation
to the normal cone as we now explain, although we phrase our results without reference
to deformation theory, opting to use the language of A, -algebras and modules instead.
Let A be a graded algebra over R. Consider a minimal A ,-module M over A. Assume

A, M projective over R. Let A = A[h] be the trivial deformation of A over R[k]. Con-
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sider the graded R[h]-module M[h]. Then (mb, mg/lh, mIXIh2, -++) turns M[h] into an A -
module over A[h] since the defining relations (x],) for A ,-modules are homogeneous.
Letting M be the so defined A,,-module, observe that the general fibre is M. We write
M(2) for the minimal (formal) A -module (M, (mg/[, 0,0,---), so the central fibre of M is

M/h = M(2). In light of this, the following definition seems natural.
Definition 1.4.1. The A_ -module M is the deformation of M to the normal cone.

One should think of M as an A,-deformation of M(2) to M. Notice that the formality of
the A_,-module M is the same as triviality of M as a deformation, i.e. in either case we are
asking for a quasi-isomorphism M ~ M(2)[h]. Reducing modulo & — 1, we see that this
implies that M is formal. The converse is also true. Hence formality of M is equivalent
to triviality of the deformation M, so we can use obstruction theory and cohomology,

standard deformation theory tools, to find formality criteria for A -modules.

1.5 Context
The work of Solomon-Verbitsky

In [ ] they study the Fukaya category of I-holomorphic graded spin Lagrangians in
a hyperkahler variety (X,L],K, g), equipped with the symplectic form w; = g(J-,-). Re-
call that spin is needed to set up Floer theory and is equivalent to choosing square roots
of the canonical bundles in the complex case. When L N M is smooth, they show that
the Floer coboundary operator p; on CF(L,M) coincides with the de Rham differential,
hence HF(L,M) is the de Rham cohomology of L N M, up to Maslov index shifts and

tensoring by A. Moreover, for CF(L,L), p, is the wedge product of differential forms

20



up to sign, while py = 0 for k > 3. Thus, in the compact case, they recover a formality
result of Ivan Smith: the proof of Kahler formality as in [ ] shows that the Floer
A -algebra CF(L,L) is formal. We note that their results might be thought of as mirror
to ours.

More generally, Solomon and Verbitsky consider a collection of I-holomorphic graded
spin compact Lagrangians £ and define a Fukaya A, -category .Zl\[;. In light of the for-

mality of CF(L,L), the following conjecture of Ivan Smith is natural.
Conjecture 1.5.1. .Zl\ﬁ is a formal A, -category.

The category A, £ is known to be intrinsically formal in the case of the Ay -Milnor fibre
by [ ] and [ ] shows formality of .Zl\L‘ in the case of a transverse nilpotent slice
of the adjoint quotient sl,k(C) — C?*~! and a distinguished (finite) collection of La-
grangians defined in [ ]. We answer a similar question in the setting of virtual de

Rham cohomology - see Proposition 1.5.5 below.

Kapustin’s Seiberg-Witten duality and deformation quantisaion

Another source of motivation for us comes from Kapustin’s conjectural Seiberg-Witten
duality [ ] between type A and B-branes on hyperkéhler manifolds which pairs well
with the results of [ ]. One way to make the conjectural duality of Kapustin precise is
via deformation quantisaion modules of Kashiwara-Schapira [ ], cf. Conjecture 1.5.2.
We exploit this idea, using the deformation quantisation for complex Lagrangians [ 1,
to show that the analogue of the Solomon-Verbitsky degeneration holds for the B-model.

As explained, this should be regarded as a Seiberg-Witten duality between commutative

21



and non-commutative spaces. In particular, everything happens on the same manifold
and no T-duality is involved.

In earlier work [ ] Kapustin conjectures that the Fukaya category of a hyperkéhler
variety (X,1I,],K) with symplectic form wj should be equivalent to a non-commutative
deformation of the derived category on the holomorphic symplectic manifold (X, I, o7 =

wy +iwg). We suggest a precise deformation:

Conjecture 1.5.2. The Fukaya category of a hyperkéhler variety (X,1,],K) with sym-
plectic form wy is quasi-equivalent to the differential graded category of DQ modules on

the holomorphic symplectic manifold (X, I, o1 = wy + iwk).

Following [ ] and Conjecture 1.5.2, one can speculate that the category A, ¢ should be
quasi-equivalent to the full subcategory D, of the category of DQ modules on X whose
objects are a choice of a simple holonomic module & along L for each L € £. Our
results show that D is well-defined up to quasi-equivalence. In fact, we can strengthen

Theorem 1.2.6:

Theorem 1.5.3. Let X/C be holomorphic symplectic and leti : L < X be a smooth compact
Kahler spin Lagrangian submanifold. Then, for L = {L}, the differential graded category D

is formal.

In light of the results above, [Conjecture 1.5.1] and the Seiberg-Witten duality [Conjec-

ture 1.5.2], we expect:

Conjecture 1.5.4. Let £ be a Solomon-Verbitsky collection of Lagrangians in X. The

differential graded category D/ is formal.

22



Thus, Theorem 1.5.3 proves Conjecture 1.5.4 in the case of one Lagrangian. Our results
Theorem 1.3.1 and Theorem 1.3.4 on pairs of cleanly intersecting Lagrangians are the
first step towards Conjecture 1.5.4. We are not able to show formality of the differential
graded category in general but our weaker results concerning A _,-modules show that it

is well-defined up to quasi-equivalence.

Behrend and Fantechi

The construction of a differential graded category C of Lagrangians in a holomorphic
symplectic variety X is sketched in [ ]. This construction depends on their con-
structible virtual de Rham complex (%BF = %xt@((i*Ki/ 2 j,bKll\/{2 ),d). Locally X is the
cotangent bundle of M and L is given by the graph of df for some f € I'(M, @), hence
L N'M is the critical locus critf. Then the sheaves &gp are the cohomology sheaves
of (Qp,df A). Since df A anticommutes with the de Rham differential d, we see that
d descends to a differential on &g, still denoted d. The main result of [ ] is that
these locally defined differentials glue. The cohomology of the morphism complexes
Hom,(L,M) is given by the virtual de Rham cohomology RI'(&zg, d) of the intersection

L N M. There is a spectral sequence computing RT(Z3E, d):
EV? = HY(X, &L.) = RPHT (&g, d). (1)

When L "M is compact Kahler, it degenerates by Hodge theory, hence our results prove

a corrected version of [ , Conjecture 5.8]:

Proposition 1.5.5. Let X/C be a holomorphic symplectic variety and suppose thati:L —
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X and j : M = X are smooth Lagrangians such that Ki/z and K%v{z exist and L "M is
smooth compact. Assuming that the spectral sequence (1) degenerates on E{, e.g. if LNM

is furthermore Kdhler, we have

RT(&pp, d) = Extly (1.K{"%, 1K)

Remark 1.5.6. This conjecture is the analogue of the formality of A, £ in the virtual setting.

D-branes and Mirror symmetry

Dirichlet branes are important objects introduced by Polchinski in [ ] and play
crucial role in both the SYZ conjecture [ ] and the homological mirror symmetry
conjecture of Kontsevich [ ]. They have been related to derived categories of coher-
ent sheaves [ 1 [ ], giving the latter physics meaning. More precisely, massless
boundary Ramond sector states of open strings connecting Dirichlet branes wrapped
on complex submanifolds in a Calabi-Yau manifold X with holomorphic gauge bundles

should be parametrised by the Ext groups between the bundles.

1.6 Plan

In §2 we start by reviewing general results on A, -algebras and conclude with the for-
mality theorems of Kaledin [ ]. In the next paragraph we define A_,-modules and
recall standard results such as Kadeishvili’s theorem on minimal models. Then we have
a paragraph on (bi-graded) Hochschild cohomology of modules over graded algebras. It

culminates in some results on base-change for Hochschild cohomology, mirroring state-
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ments in [ ]. After that, we develop obstruction theory for extending A,-modules
to A, ;1-modules as well as A,,-morphisms to A,,,;-morphisms between modules - this
is motivated by similar ideas in [ ] for L,-algebras and [ ] dealing with A -
algebras. The last paragraph contains our results on formality of A ,-modules.

In the next section, §3, we recall results of [ ] on perverse sheaves on d-critical
loci - a structure that exists on the intersection of two Lagrangians. Then we have a
reminder on deformation quantisation modules, following [ 1, [ ]. In particular,
we compare the compatibility of [ ] to the results by Ginzburg et al. in [ ].
We conclude by relating perverse sheaves on Lagrangian intersections and simple holo-
nomic DQ modules.

In §4 we start by applying deformation quantisation to prove the degeneration of the
local-to-global Ext spectral sequence, for square roots of the canonical bundle, in both
cases of single Lagrangian and a pair of cleanly intersecting Lagrangians. We conclude

with our main results on formality.

1.7 Conventions

« We work with A ,-algebras and modules over a (unital) ring R and we shall assume

that R is a commutative algebra over a field k of characteristic 0.

A scheme over C or C-scheme X means separated scheme of finite type over C.

+ A curve, resp. surface, is a separated scheme over C of dimension 1, resp. 2.

« A variety is an integral (reduced and irreducible) scheme over C.
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Coh(X) is the abelian category of coherent sheaves on a C-scheme X.
D?(X) is the bounded derived category of the abelian category Coh(X).

A complex F of @Gk-modules is called perfect if it locally quasi-isomorphic to a
bounded complex of locally free sheaves. An object # € D?(X) is perfect if it can

be represented by a perfect complex.
Q) is the cotangent sheaf of a scheme X/C.
K is the canonical bundle of a smooth variety X/C.

wy is the dualising complex of a scheme X.
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2 A -algebras

A good general reference for A, -algebras is [ ]. We recall A -algebras over a ring
R, their bar construction, Kadeishvili’s theorem on minimal models and formality results
of Kaledin-Lunts. Then we review definitions and standard results on A, -modules. The
final paragraphs of the section contain Hochschild cohomology, obstruction theory and
our results on formality of A -modules. We furthermore extend many of Lunts’ appli-

cations of the cohomological formality criterion to A.,-modules.

2.1 A,,-algebras

Definition 2.1.1. Let n € N U {oo}. An A,-algebra is a graded R-module A equipped

with a family of R-linear morphisms
m;: A® - A
of degree 2 —i for 1 <1 < n such that for all m < n we have

Y )y (dY @ me@id®) = 0. (o)

j+k+l=m

Remark 2.1.2. 1. If m; = 0 for all 1 # 2, then A is a graded algebra.

2. If m; =0foralli=1,2, Ais a differential graded algebra.
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Example 2.1.3. Let A be an A_,-algebra. Then the first relation is
(*+1) mymy =0,
i.e. my is a differential. The second relation is
(#7) mymy =my(m; ®id +id ® my),

meaning that m, is a derivation for the multiplication #1,. The third equation shows 1,

is associative up to the homotopy mj3:
(x3)  mo(my®@id —id @ my) = myms + ms(my ®1d®? +id @ m; ®id +1d®? @ m, ).

In particular, any minimal A, -algebra is associative. The cohomology of an A ,-algebra

is a graded associative algebra.

Definition 2.1.4. Let n € NU {co}. Let A,B be A, -algebras over R. An A,-morphism

f : A — B between A, -algebras is a family of R-linear morphisms
fi: A% 5B
of degree 1 —1 for 1 <1 < n such that for all m < n we have

Y ¥ eme@id®) = ) (1) mf, @@ f,),  (w)

j+k+l=m i1 ++i,=m
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where we set

s= ) (=i ) i)

2<u<r 1<v<u

The composition of f : A — B and g : B — C is defined by

(gofla=) )  (Ualfi®-f).

T +eet+i, =0
Example 2.1.5. Let f : A — B be an A_,-morphism. Then

(##1)  fimy =myfy,

that is, f is a morphism of complexes, i.e. Aj-morphisms are just morphisms of com-

plexes. The second relation is

(**2) flmzzmz(f1®f1)+m1f2 +f2(m1®id+id®m1),

measuring the compatibility of f; with the multiplications of A and B.

Remark 2.1.6. We denote the category of A, -algebras and A,-morphisms by Alg, and
the category of A -algebras by Alg_.. The category of differential graded algebras is a

non-full subcategory of Alg__.
Definition 2.1.7. Let n be a positive integer or co.

1. A morphism
f=(fo i fa) :A—>B
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of A, -algebras is a quasi-isomorphism if f; is a quasi-isomorphism of the underly-

ing complexes.

2. A and B are said to be quasi-isomorphic if there exist A ,-algebras Cy,---C,, and

quasi-isomorphisms A <« C; — --- <« C,, — B.
Definition 2.1.8. Let n be a positive integer or co.
1. An A -algebra A is called minimal if m; = 0.

2. A minimal model for A is a minimal A, -algebra B equipped with an A, quasi-

isomorphism B — A.

Theorem 2.1.9. (Kadeishvili [ ]) Let A be an A, -algebra over R such that HA is a
projective R-module. For any choice of a quasi-isomorphism f; : HA — A of complexes of
R-modules, there exists a minimal A, -structure on HA, with mIZ{A being induced by m,,

and an A -quasi-isomorphism f : HA — A lifting f;.
Definition 2.1.10. Let A be an A -algebra.

1. A is called A,,-formal if it is A,-quasi-isomorphic to the A,-algebra (HA, mH4),

where mIZ_IA induced by m, and m?A =0fori=2.

2. A is called formal if it is A, -quasi-isomorphic to the graded associative algebra

HA, viewed as an A ,-algebra.

We have the following two important results due to Kaledin and Lunts.
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Theorem 2.1.11. (Lunts [ ]) Let A be a minimal A, -algebra over R which is projec-

tive as an R-module. Then A is formal iff it is A,,-formal for all n.

Furthermore, Kaledin, in [ ], shows that A, -formality is measured by a cohomology

class, called the Kaledin class, which gives the next result.

Theorem 2.1.12. (Kaledin-Lunts [. T [ ]) Let R be an integral domain with field
of fractions k(1). Consider a minimal A .,-algebra A over R which is a finite projective R-
module. Assume that the Hochschild cohomology group with compact supports HHZ(A(2))
is torsion-free. If A, = k(1) ®r A is formal, then A is formal. In particular, A, is formal for

all p € SpecR.

2.2 The bar construction

Let A be a graded R-module endowed with morphisms

m; A®i — A.

For i > 1 we have a bijection

Hom(A®,A) - Hom((A[1])®,A[1])

m; > d; = (=1) 7198 1] o m; 0 ([1]71H®,

where [1]: A — A[1] is the canonical degree —1 morphism. Remark that in our case m;

are of degree 2 — i, so the corresponding d; have degree 1. The morphisms d; define a
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unique morphism

T(A[1]) — A[1],

which by the universal property of the reduced tensor coalgebra corresponds to a unique
degree 1 coderivation

d:T(A[1]) — T(A[1]).

Lemma 2.2.1. The morphisms m; define an A ,-algebra structure on A iffd is a differential,

ie.d?=0.

Definition 2.2.2. The bar construction of an A -algebra A is the differential graded

coalgebra B(A) := (T(A[1]),d).

Let A, B be graded objects. For i > 1 we have a bijection

Hom(A®',B) — Hom((A[1])®,B[1])

fi> By = (-1)71 98 1]g 0 fr o ([1]H)%".
If f; are of degree 1 — i, the maps F; define a degree 0 morphism of coalgebras

F:B(A) — B(B).

Lemma 2.2.3. Let A,B be A -algebras and suppose given f; € Hom(A®',B) of degree

1 —i. The morphisms f; define an A, morphism iff F is compatible with the differentials,
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i.e. we have a bijection

Homy, (A,B) > Homceag(B(A), B(B)).

2.3 A, -modules

Definition 2.3.1. Let n € N U {co} and let A be an A, -algebra over R. An A,,-module

over A is a graded R-module M together with a family of morphisms
mM :M®A®™! > M
of degree 2 —i forall 1 <i <msuchthatforalll <m<n

(—1)J'k+lm§§1+l(id®f ®m ®id®) + Z (1)l (mM @id®) = 0. (+),)

j+k+l=m,j>1 k+l=m

Definition 2.3.2. Let n € N U {co} and let A be an A,-algebra and suppose M, N are

A,-modules over A. A morphism of A,-modules is a family of R-linear morphisms
fiiM®A® ! SN
of degree 1 —i for 1 <i <nsuchthatforalll <m<n

) ad® em@id®) = ) me(f,0id®).  (u,)

jrk+l=mk>1 r+s=m,r>1,s>0
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The composition of f : L - M and g: M — N is defined by

(goflu= ) gnlfi®1®),

k+l=n

Remark 2.3.3. Let A be an A -algebra and M be an A_,-module over A. Then
1. (M, mrl‘/[) is a complex;

2. If f : M — N is a morphism of A,-modules, f; is a morphism of complexes

fi:(M, mllvl) — (N, mll\l).

Example 2.3.4. If A is an A -algebra, then the morphisms m; : A% — A define an

A -module structure on A over A.

Remark 2.3.5. If A is a differential graded algebra regarded as A ,-algebra, then any differ-
ential graded module over A is canonically A ,-modules and the category of differential

graded modules over A is a non-full subcategory of the category of A ,-modules over A.

Definition 2.3.6. Let n be a positive integer or co. Let A be an A ,-algebra and suppose

M and N are A,,-modules over A.

1. An A,-morphism f = (fi, f2,-+, fu) : M — N is a quasi-isomorphism if f; is a

quasi-isomorphism of complexes.

2. M and N are said to be quasi-isomorphic if there exist A,,-modules My, ---M,,, and
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quasi-isomorphisms M <~ M; — --- < M,, — N.

Definition 2.3.7. Let n be a positive integer or co. Let A be an A,;-algebra and consider

an A,-module M over A.
1. M is called minimal if mll\/[ =0.

2. A minimal model for M is a pair (A’, M), consisting of a minimal A ,,-algebra A’ and
a minimal A,-module M’ over it, together with quasi-isomorphisms f : A" — A

and g : M’ — f*M, where f*M is the restriction of M along f.
Remark 2.3.8. We shall say that (f, g) is a morphism of pairs (A’,M’) — (A, M).

Theorem 2.3.9. (Kadeishvili, [ ]) Let A be an A -algebra and consider an A, -
module M over A. Assume that HA and HM are projective R-modules. Then, for any

choice of quasi-isomorphisms
fi:HA—-A,gg:HM > M

of complexes of R-modules, inducing the identity in cohomology, there exists a minimal A -
module structure on HM over the A, -algebra HA, with mIZ{M induced by mg/[, such that

there exists a quasi-isomorphism of pairs
(f,g): (HA,HM) — (A, M),

lifting (f1,41), i.e. a minimal model for M. It is unique up to A, -isomorphism.
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2.4 The bar construction for A ,-modules

Let A and M be graded R-modules. For i > 1 we have a bijection

Hom(M ® A®~1 M) > Hom(M[1]® (A[1])®~,M[1])

mpt s dM = (—1) 7198 s o ;o (571,

Let A be an A, -algebra and let (3(A))* be its coaugmented bar construction. Then the

d?/[ define a unique comodule coderivation

dM: M[1]® (B(A))" — M[1]®(B(A))".

Lemma 2.4.1. The morphisms mivl define an A -module structure of M over A iff the

coderivation dM is a differential.

Let A,M, N be graded R-modules. For all i > 1 we have a bijection

Hom(M® A® ! N) » Hom(M[1]® (A[1])®~!,N[1])

fi — Fi — (_1)i—1+degf,-sB ofi o (S;xl)@i.
and, if A is an A, -algebra, the F; induce a morphism of (53(A))*-comodules

F:M®(B(A)* — N®(B(A))".
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Lemma 2.4.2. Let A be an A_,-algebra and suppose given graded objects M,N. For all

i > 1 there is a bijection
Hom'!~*"(M@A®~!,N) = Hom}, ,,(M® (B(A))", N& (B(A))").

Furthermore, if M and N are A ,-modules, then we get an induced bijection between mor-
phisms M — N of A, -modules and degree 0 morphisms of differential graded (B(A))*-

comodules.

2.5 Differential graded pairs

Definition 2.5.1. Let A, B be differential graded algebras over R and let M (resp. N) be

a differential graded module over A (resp. B).

1. If f : A — B is a morphism of differential graded algebras and g: M — f*Nis a
morphism of differential graded modules, where f* denotes restriction along f, we

say that the pair (f, g) : (A,M) — (B, N) is a differential graded morphism of pairs.

2. The pairs (A, M) and (B, N) are differential graded quasi-isomorphic which we de-

note (A, M) ~ (B, N), if there exist pairs
(AL, My), -+, (A, Myy)
and quasi-isomorphisms of pairs
(A,M) — (A;,My) = -+ < (A, M) — (B,N).
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3. If A is a formal differential graded algebra, we say that M is differential graded
formal if the pairs (A, M) and (HA, HM) are differential graded quasi-isomorphic.

Let A,B be differential graded algebras over R such that HA and HB are projective
R-modules, equpped with their minimal A -algebra structures. Given two differential
graded modules M and N over A and B, respectively, assume that HM and HN are pro-

jective over R, so can be given minimal A ,-module structures over HA and HB.

Proposition 2.5.2. The pairs (A,M) and (B,N) are dg quasi-isomorphic if and only if the
pairs (HA,HM) and (HB, HN) are A ,-quasi-isomorphic.

2.6 Hochschild cohomology

Let A be a graded algebra. We are going to define Hochschild cohomology for a graded
module M over A.

Let CP9(A,M) = Hom7(M®A®P, M). The module structure of M over A is a graded mor-
phism of degree 0, denoted by mg/[ :M®A — M. We can endow the modules CP9(A, M)

with a differential, called the Hochschild differential:

d: CP(A,M) — CPT14(A, M)

f Z(—l)lf(id@’f@mf; ®id®) — md\(f ®id) + (-1) f(mY ®1idP).

A calculation shows that d? = 0, so we indeed have a differential, the associated complex

is called the Hochschild complex.

Definition 2.6.1. The Hochschild cohomology group HHP4(A,M) of a graded mod-
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ule M over a graded algebra A is the p™ cohomology group of the Hochschild complex
(C*1(A,M),d).

Example 2.6.2. Suppose f : M[e] — M[€] is an A[e]-automorphism lifting the identity.
Then, writing

f=f+fe

we have by assumption f? = idy;, and A-linearity implies

fH(ma) = f(m)a

which is to say that f! is a (0, 0)-cocycle.

Definition 2.6.3. An infinitesimal A -deformation of an A-module M is an A ,-module

structure on M[€] over A[€] extending the A-module structure on M.

Example 2.6.4. The (1,0)-cocycles are precisely the A[€]-module structures on M[e],

i.e. they correspond to infinitesimal deformations. Indeed, if

m:M[e]®Ale] - M][€]

is the multiplication, we decompose it as

m=m"+m e,
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where m" is the A-module multiplication on M. As m defines a module structure, we get

mt(m,a)a’ + m'(ma,a’) = m'(m,aa’),

1

i.e. m isa(1,0)-cocycle. Notice that there is a canonical A[e]-module structure on M[e].

Definition 2.6.5. We call an infinitesimal A -deformation of M ftrivial if it is quasi-

isomorphic to this canonical one.

Example 2.6.6. We note that (1, 0)-coboundaries correspond to trivial deformations by a
similar calculation, hence infinitesimal deformations of M are classified by HHl'O(A, M).

More generally, assume we are given an infinitesimal A ,,-deformation of M. Write

m=m"+m e,

where m° is the A-module structure on M and m! = ( j;_, mé, -++). Notice the relations

(+/,) are homogeneous in €, so as €2 = 0 we see that each ml1 is a cocycle in the Hochschild
complex of M and, conversely, any collection of cocycles satisfies (+},) for all m. Similarly,

we see coboundaries correspond to trivial A -deformations, hence

]_[ HH™""(A, M)

n>1

classifies infinitesimal A . -deformations.

Remark 2.6.7. Remark that here we assume the deformation parameter is in degree 0 with

respect to the internal grading of our objects. If we consider derived deformations, i.e.
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allow the deformation parameter to have a non-zero degree with respect to the internal
grading, then we get different cohomology group, e.g. if it is in degree 1, the cohomology

group classifying derived infinitesimal deformations becomes HH"~! (A, M).

Remark 2.6.8. Given two graded modules M and N over A, let CP1(A, M, N) = Hom?(M®
A®P N). It carries a Hochschild differential and we define the Hochschild cohomology of

the pair (M, N), denoted HHP1(A, M, N), to be the cohomology of the resulting complex.

Proposition 2.6.9. Let A be a graded algebra over R and let M be a graded module over
A. Assume that A and M are finite projective over R. Suppose that R — Q is a morphism

of commutative rings. Write Ag := A®g Q and similarly for Mq. Then we have
1. CP(Aqg,Mqg) = CP1(A,M) &g Q.

2. Assuming Q flat over R, HHP1(Ag,Mq) = HHP1(A,M) ®R Q.

Proof. Clearly it is enough to prove the first assertion. Since A and M are finite projective

over R, so are M ® A®P for all p, hence we have isomorphisms of Q-modules

HomQ (MQ ®Q Agp, M) =~ HOHIR(M ®R A®p, MQ)

= Homg(M ®g A%, M) @R Q. ]

Proposition 2.6.10. Suppose that R is Noetherian. Consider a graded algebra A over R
and a graded module M over A. Assume that A, M are finite projective and that for all

p,q € Z the R-module HHP1(A, M) is projective. Then, for any morphism of commutative
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rings R — Q, we have

HHP(Ao, Mg) = HHP(A, M) &g Q.

Proof. This follows immediately from the next lemma. O]

Lemma 2.6.11. Let R be Noetherian and assume (K, d) is a bounded below complex of finite
projective R-modules such that each R-module HP (K) is projective. Then, for each p, Im(d”)

is projective over R and hence K is homotopy equivalent to its cohomology ®,HF (K)[-p].

2.7 Obstruction theory

In this paragraph we formulate obstruction theory for A,-modules. Our goal is to apply
it to a problem where we are extending an A ,,-morphism f and we only care for keeping
f1 fixed. In particular, a theory for obstructions where the last component is allowed to
vary is good enough for us and that’s what we develop here. There are more general
versions where one allows the last r components to vary for some r < n. Compared to
the case where we keep all components fixed, our approach has the advantage that the
corresponding obstructions are cohomology classes rather than equations in the space
Hochschild cochains.

We show how the Hochschild cohomology defined in the previous section controls the
obstructions to extending A, -modules to A,,,-modules by allowing the last multiplica-
tion to vary as well as A,,-morphisms to A, ;-morphisms, varying the last component.

We focus on modules, but analogous versions for algebras can also be formulated.

42



Proposition 2.7.1. Let A be a minimal A, -algebra. Let M be a graded R-module and
suppose

mM:MeA™! 5 M, 2<i<n+l,

are graded morphisms of degree 2 —i. Assume that for 1 < i < n the mivl define an A, -

structure on M. Then the subexpression of (+, ) given by

) g d @ m @id®)
j+1+Lk=1,2

defines a cocycle in (C(A(2),M(2));d) which we denote by c(mg/[,-u ,mM) and equation

(*),.1) becomes

Proposition 2.7.2. Let A be a minimal A -algebra. Let M and N be two minimal A, -

modules over A. Suppose given
fitM®A®! 5N, 1<i<n+l,

of degree 1 — i such that the morphisms f;, for 1 < i < n, define an A,-morphism. The

subexpression of (++, ;)

)V f(d @mpeid®) ) moa(f, ®id®)

k=1,2 s#0,1

defines a cocycle in (C(A(2),M(2),N(2));d), denoted by c(fy,---, f,_1). Then equation

43



(#+),,1) becomes

C(fl"" 'fn—l) +d(fn) =0.

2.8 Formality of A, modules

Definition 2.8.1. Let A be an A -algebra. Let n € N U {co} and assume that A is A,;-
formal. We say that an A -module M over A is A, -formal if there exists an A,-quasi-
isomorphism of pairs (HA, HM) — (A, M), where HA (resp. HM) is the ordinary graded

associative algebra (resp. module).
Remark 2.8.2.

1. In other words M is A ,-formal if it admits a minimal A,-model with vanishing

higher multiplications.

2. Notice that our definition of A, -formality for a module M over A assumes that the

A -algebra A is A, -formal.
3. When n = co, we drop the A, and simply say that M is formal.

4. By Proposition 2.5.2, under the usual projectivity assumptions, a differential graded
module M over a formal differential graded algebra A is differential graded formal

iff its minimal model HM is formal as an A ,-module over the (formal) A -algebra

HA.

Recall that if A is a minimal A -algebra, then A(2) stands for the underlying graded

associative algebra, so if A is just a graded associative algebra, then A = A(2).
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Similarly, let M be a minimal A ,-module over a graded algebra A. Then M(2) denotes

the A_,-module on the graded space M with structure morphisms given by

mg/l(z) = mg/[ and mi-vl(z) =0fori=2,
i.e. M(2) is the underlying graded associative A-module, considered as an A, -module -
this is possible precisely because M is minimal and A is just a graded associative algebra,
so has no higher multiplications, and the A, -relations for M(2) reduce to associativity.

In this notation, M is a formal A ,-module if it is quasi-isomorphic to M(2).

Remark 2.8.3. Let M be a minimal A -module over a graded algebra A. If M is formal,
there exists a quasi-isomorphism f : M — M(2) lifting the identity on the underlying

complexes.
We are ready to state our main results on the formality of A -modules.

Proposition 2.8.4. Let A be a graded algebra. An A_,-module M over A is formal if and
only if it is A,,-formal for all n € N.

Proposition 2.8.5. Let R be an integral domain with field of fractions k(). Let A be a
graded R-algebra and let M be a minimal A ,-module over A such that both A and M
are finite projective as R-modules. Assume that HH™'~"(A,M(2)) is torsion-free for all
n. If M, = k(1) ® M is formal, then M is formal and there exists a quasi-isomorphism
f : M — M(2) lifting the identity on the underlying complexes. In particular, the fibres M,
are formal for all p € Spec(R).
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Proof of Propositions 2.8.4 and 2.8.5. We are going to construct the quasi-isomorphism f
inductively. Since M and M(2) have the same underlying A,-modules, we set f; = id,
and for any f,, we have a quasi-isomorphism (id, f,) : M — M(2) of A,-modules over A.
Then [c(id)] = [m3] is the Massey product which vanishes generically since M,, is for-
mal. Since HH> (A, M(2)) is torsion-free, it follows that [c(id)] vanishes everywhere.

Hence, we can choose f, such that
c(id)+d(f,) =0.

There exists an A,-module structure M(?) = (M, m(?)) on the graded R-module M such
that

m(22) = mlzvl,m(;) =0and f, = (id, £,,0,---) : M — M2

is a quasi-isomorphism of A -modules. Indeed, M(?) can be constructed inductively as
follows: we treat the multiplications (%) of M(?) as variables and require that the map

(id, f,,0,---) defines a quasi-isomorphism of A ,,-modules. The corresponding equations

2)

for m? can be uniquely solved as they are all of the form

i . i . 2 2 . —
(1M 101 @my @1d®) = m +m,? (f, ©1d® )
jrk+1=nk>2
where j+1+1 =1 or 2. For example, n = 2 implies that m(zz)

equation c(id) + d(f,) = m(32), ie.m) =0,

= m, and n = 3 is just the
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Assume by induction that we have constructed f,,---, f, and M@ ... M" with

m(zi):mg/[andm;i):0forall3SjSi+1

such that, for all 2 <i < n, the maps
fi=(id,0,---,0, £;,0,---) : MU~ — M)

are quasi-isomorphisms of A ,,-modules.
In order to construct the pair (f,,,1, M"*1)), it suffices to show that there exists fne1 such
that

(id,0,-+,0, fus1,0) : M" — M (2)

is an An+2_m0rphism, Le. An+2—f0rmality of M(n) We know that
(id,0,-+-,0, fy1) : MY — M(2)

is an A, -morphism for any f,,;. The goal is to show f,,,; can be chosen so that in fact
any f,,, would give an A, ,-morphism M — M"(2).
By Proposition 2.7.2 it suffices that the cohomology class [c(id,0,---,0)] vanish. Notice

that the function
(ng e 'gn) = C(id'gZ' T 'gn)

is constant precisely because the corresponding higher multiplications in M(") vanish,

(n) (1)

and the same applies for the localised version M,7 . Since M,], thus also M,7 , is formal,

47



we see that

[c(id, 0,-+,0)], = 0.

1

Furthermore, HH"*1"""(A,M(2)) is torsion-free, so we obtain that [c(id, 0,--,0)]

hence there exists f,,1 such that
(id’o""’offﬁ+1rfh+2): M h4“”(2)

is an A, ,-morphism for any choice of f,,,.

Then, as above, the standard construction gives an A -module M"*1) such that

(n+1)

n+l
my ' =md and m; )

=0forall3<j<n+2

and the map

Foe1 = (1d,0,-++,0, fir11,0,-++) : M s ppln+D)

is a quasi-isomorphism of A ,-modules.

The infinite composition

fi=-ofy0--0fp: M—M(2)

defines the required quasi-isomorphism and we note that it is well-defined because com-

position with f,, leaves the components in weights i < 1 fixed.

We record a few useful corollaries following closely the A ,,-algebra versions of [
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Corollary 2.8.6. Suppose that R is Noetherian. Let A be a graded algebra over R and let
M be a minimal A ,-module over A. Suppose that A and M are finite projective R-modules

and HHP1(A,M(2)) is projective for all p,q € Z. Then the set
F(M) = {p € Spec(R) | the A, -module M, is formal }
is closed under specialisation.

Proof. Assume that F(M) is non-empty. Let p € F(M) and consider its closure

p =Spec(Q) C Spec(R).

The ring Q is an integral domain and the base-changes Aq = A®g Q and Mg = M®R Q

are finite projective over Q. Furthermore, by Proposition 2.6.10 we have
HH"™!"(Aq,M(2)q) = HH™'™"(A, M(2)) & Q,

) HH”’l_”(AQ,M(2)Q) is projective over Q, in particular torsion-free. Hence Mg is

formal by Proposition 2.8.5. O

Proposition 2.8.7. Suppose that R is Noetherian and 1 C R is an ideal such that ;I = 0.
Let A be a graded algebra over R and let M be a minimal A ,-module over A. Suppose
that A and M are finite projective R-modules and that HHP"9(A, M(2)) is projective for all
p,q € Z. IFM/1" is a formal A,-module over the graded algebra A/1! for alll € N, then M

is formal.
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Proof. Since M is projective over R and minimal, it is A,-formal. Then, as in the proof
of Proposition 2.8.5, to show it is A3-formal, it is enough to prove that the Massey class

[m3] vanishes in HH>~!(A, M(2)). Using Proposition 2.6.10 we have
HHP(A/1', M(2)/1') = HHP9(A, M(2)) ®g R/T for all p,q € Z.

By assumption [m3]® 1 = 0 in HH? ! (A/1', M(2)/1') for all [ > 1. There is an exact
sequence 0 — N;I! >R — [T R/, since N;I' = 0 and HHP(A, M(2)) is projective over

R, we conclude that [m3] = 0. By induction M is A,,-formal for all n € N, done. O

Proposition 2.8.8. Suppose that R is Noetherian with trivial Jacobson radical J(R). Let A
be a graded associative algebra over R, and let M be a minimal A .,-module over A. Suppose
that A and M are finite projective R-modules and that HHP"9(A,M(2)) is projective for all
p,q € Z. If My, is formal for all closed points m € Spec(R), then M is formal. In particular,
M,, is formal for all p € Spec(R).

Proof. As in the previous proposition, we prove that M is A,,-formal for all n € N. The
proof is exactly the same using the exact sequence 0 — J(R) — R — [, R/m, Proposi-

tion 2.6.10 and projectivity of HHP1(A, M(2)). [

50



3 Perverse sheaves and DQ modules

In this section we shall briefly review some results on DQ-modules and perverse sheaves
on Lagrangian intersections we need for applications. This is mainly to fix notation, in
particular we refer the reader to the original papers for proofs. The material on perverse
sheaves on Lagrangian intersections and, more generally, on d-critical loci is due to Joyce
et al. and we refer to [ 1, [ ]. A general reference for DQ-modules, which we

also closely follow, is Kashiwara and Schapira [ ].

3.1 Perverse sheaves on d-critical loci

The local setting, we are interested in, is as follows: for a complex manifold X and a
function f on X, we consider the intersection critf := X NIys, where I3; C Qy is the
Lagrangian, given by the graph of df € I'(X,Qx). In particular, if X is the cotangent
bundle of a complex manifold M, then for any function f on M, we can consider the
Lagrangian L = I[yf, so critf = LNM, i.e. in this case the intersection of the Lagrangians
can be written as the critical locus of f. It turns out that this remains true locally in the
general case where X is a holomorphic symplectic and L, M are two Lagrangians.
Oncritf C X, we have a naturally defined perverse sheaf of vanishing cycles & ¢ which
is the image of Cyx[dim X] under the vanishing cycles functor over the critical values of
f.

We are going to consider the global versions of the constructions discussed above. Let

X/C be a scheme and suppose we are given an embedding of X into a smooth scheme S
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with ideal sheaf 7, then we define the complex of derived 1-jets
Jx =0/ 7> = Qslx],

in degrees —1 and 0. It can be shown that it is independent of the embedding and is
naturally quasi-isomorphic to the cone of the de Rham differential d : @ — Ly, where

we let

Ly = [ 5757 = Qslx]
be the truncated cotangent complex. We are interested in the sheaf % = # ! (]>1().

Definition 3.1.1. (Joyce [ ]) A structure of a d-critical locus on X is a choice of
s € T'(X, %) such that for any x € X there exists an open U, containing x, and a closed
embedding of U into a smooth S together with a function f on S such that s|y = f in

[(U,@/ _#?) and U = critf C S. The triple (U,S, f) is a chart for the d-critical locus X.

Let (X, s) be a d-critical locus. Then, given a chart (U, S, f ), we can consider the canonical
bundle Kg|y, ., and ask whether we can glue these line bundles for a covering by critical
charts. The answer is no, but we can glue their squares K?lere 4 to get a line bundle on
Xred- Suppose that X is of the form critf, then the obstruction is a +1-cocycle, hence we

can glue the squares to get a line bundle on Xqq4.

Proposition 3.1.2. (Joyce [ ]) Let (X,s) be a d-critical locus. There exists a unique

line bundle K x 5) on X;eq such that for any chart (U,S, f) we have an isomorphism

Aus.f) Koo = KE U,
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such that for any étale morphism @ : (U,S, f) — (V,T,g) of charts, this means that the

map @ : S — T is étale, |y : U <> V is the canonical inclusion and f = g o ¢, we have

Mus,f) = det(dp)®lu, .y © Ay T,

Example 3.1.3. If X is smooth, then K(x o) = K§2. We get an extra Ky factor because,

as a derived scheme, the critical locus crit(0 : X — C) is the shifted cotangent bundle

Qx[1].

Theorem 3.1.4 (Brav et al. [ 1). Let (X,s) be a d-critical locus. Assume that its
canonical bundle Kx s admits a square root, called orientation of (X,s). Then there ex-
ists a perverse sheaf Rx ) on X such that if (U,S, f) is a chart, then we have a natural
isomorphism

\%X,s)lU = %,f ®C ﬁorl

where R, is the local system associated to K(_)g’/lere 1®Kslu,,-

The next result is key in the construction of a perverse sheaf on the intersection of com-
plex Lagrangians. It shows that we are in the context of Theorem 3.1.4 and the perverse

sheaf we are after is a special case of the sheaf which appears in Theorem 3.1.4.

Proposition 3.1.5. (Bussi [ ]) Let X be a holomorphic symplectic variety. Suppose

given two Lagrangians L and M in X. Then then intersection L "M admits a structure of a
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d-critical locus (L N M, s) with canonical bundle

Kram,s) = Kiloam,.g © Kmlam, -

Remark 3.1.6. The d-critical charts are given by the holomorphic Lagrangian neighbour-
hood theorem and Bussi shows that these are compatible, hence yield the claimed d-

critical structure.

Corollary 3.1.7. Consider the d-critical locus (L N M, s) and assume that the line bundle

Kt oo,y ® Kmliom,,, admits a square root. Then there exists a perverse sheaf

%,M = %/I,L

on L N M with the properties described in Theorem 3.1.4.

Lemma 3.1.8. Let L,M be two Lagrangians intersecting cleanly, then there is an isomor-
phism

Kram ® Kpam = Kilpav ® Kumlp o

Proof. Let E;py — LM be the symmetric obstruction theory on the intersection. Recall
that

—res,res
Erm = [Oxloam —— Orliam @QMleM]:
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the map Ej\; — L nm is defined via the quasi-isomorphism

Epm = [»fo/fL%dLnM - QMlLﬂM]:

and the symmetry comes from the holomorphic form on X. Then, we shall compute the
determinant of E ), in two ways. On the one hand, using that X has trivial canonical

bundle, we get:

detEpy = (det Qx| am)” @ det(Qplam ® Qmlram) = Kiliam ® Knmliam -

Now, we can also calculate the determinant using the cohomology sheaves of the complex

E; \ and obtain

det ELM = (det%_l(ELM))v ®det%’0(ELM) = KLHM ®KLHM- O

Corollary 3.1.9. Let L N M be smooth. Then (L N M, s) is oriented and for any choice of
K(lL/?wM,s) we have A \ = Ror [dim(L NM)], where R, is the local system associated to

-1/2
K(LﬁM,s) ® KLOM'

Proof. Indeed, our assumption means that (L M, 0) is the unique d-critical structure on

the intersection. Hence,

%,M = %HM,O ®c Ror = Cram [dim(L N M)]®c Ror = Ror [dim(L NM)]. [
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3.2 DQ-algebras

We let X be a complex manifold. Let C[[#1]] be the ring of formal power series in #, and
C((#)) its field of fractions, i.e. the field of formal Laurent series. Define a sheaf of C[[#]]-

algebras:

O ([1]] = im & &@c C[[A]/A".

Definition 3.2.1. A star product on @x|[%]] is a C[[%]]-bilinear associative multiplication

* such that

frg= ZPi(f,g)hi, where f,g € O,

i>0

such that P; are holomorphic bidifferential operators with Py(f,g) = fg and

Pi(f,1)=Pi(1,f)=0

for all i > 1. The pair (@x[[h]], %) is called a star algebra.

Definition 3.2.2. A deformation quantisation algebra (DQ-algebra) on a complex man-
ifold X is a sheaf of C[[#1]]-algebras &/ locally isomorphic to a star algebra as a C[[%]]-

algebra.

Example 3.2.3. Let & be a DQ-algebra on X. Let 1t : & — x/hs = @. For any
f,8 € O, choose lifts f,§ such that 7(f) = f and 7(§) = g. Then define a bracket

{f.gt=n(h' (fg-¢f)).
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This is independent of the choices made and defines a Poisson structure on X.

Example 3.2.4. Let X be a complex manifold. The cotangent bundle (QQx supports a fil-
tered sheaf of C-algebras ggx of formal microdifferential operators. We start by recalling

its definition. Fix (xq,---,x,,) coordinates on X, and let

(Xll"';xnléliu'lgrl)

be the induced coordinates on (x. Let @ (m) be the sheaf of homogeneous functions

in the fibre coordinates on Q) of degree m, i.e.

(Zgja/agj —m)f(x,é) =0.

We define the sheaf of formal microdifferential operators of order < m by

o, (m) = | |Gy m-))

jeN

In order to get a sheaf globally on Qyx, we glue these sheaves on overlaps using the
transformation rule for total symbols of differential operators. Then, taking the limit

over m € Z, we get the sheaf of formal microdifferential operators on Qy:

&a, = lim&q, (m).
mez

57



Note that there are products %QX(Z) ®c ggx(m) — gQX(Z + m), given by

PO = Y (B8 DDE) ™ ilx, )2/ (/0,550 €).
I=i+j—-la|
aeN

In particular gQX and gQX(O) are sheaves of (non-commutative) C-algebras. Notice that
the total symbol of a differential operator is a polynomial in &;,---,&,, so essentially
we are just allowing symbols which are general holomorphic functions rather than just
polynomials.

Let t be the coordinate on C and (f; 7) - the symplectic coordinates on Q. Let Qxyc 720

be the open subset of (Qx,c where T # 0. We have a map
0:Oxxcz0— QA (0581 (x,T71E).
Define the subsheaf of operators independent of ¢:
E0y.0.i(0) = {P € &q, . (0) such that [P, 9;] = 0}.
Then, letting # act as ™!, we define the canonical DQ-algebra on Qy by
W5(0) = p.&0,,1(0).
The #i-localisation of %((0) is denoted by %(

Definition 3.2.5. Let X be a topological space. An R-algebroid on X is an R-linear stack
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&/ which is locally non-empty and any two objects in & (U) are locally isomorphic for

any open U C X.

Example 3.2.6. Fix a topological space X. Let & be a sheaf of R-algebras on X. We
consider the prestack U — &/ (U)", where &/ (U)" is the R-linear category with one object
whose endomorphisms are given by &/ (U). The associated stack is denoted by &/*. It’s
an R-algebroid.

Conversely, suppose that & is an algebroid. If &/(X) is non-empty, choose any element

T € &/ (X). We have an equivalence & ~ #Zom(t,7)" of R-algebroids.

Given an R-algebroid & over X, let /4R be the stack of sheaves of R-modules on X, we

define the R-linear abelian category of modules over & by

Mod(%) = Fet(, MR).

Definition 3.2.7. A deformation quantisation algebroid (DQ-algebroid) on X is a C[[#]]-
algebroid & such that, for any open U C X and t € &/ (U), the C[[#]]-algebra #Z om(t, )
is a DQ-algebra on U.

Remark 3.2.8. If X is a holomorphic symplectic variety, then the holomorphic Darboux
theorem implies that locally we have canonical DQ-algebras associated with X, but they
won’t generally glue to a global DQ-algebra. The obstruction was identified first by
Kashiwara in the contact case, see [ ]. One has to twist by "half forms", i.e. by
the twisted sheaf of half top forms and its dual. In the holomorphic setting, it is a the-

orem of Polesello and Schapira [ ] that the corresponding twisted DQ-algebras glue
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and we obtain a DQ-algebroid still denoted %(O)
Any other DQ-algebroid & on X will be equivalent to %(0)®C[[h]]ff for some invertible
C[[]]-algebroid Z£. Hence holomorphic DQ-algebroids are classified by HZ(X, C[[h]]*)

Example 3.2.9. Example 3.2.3 shows that any DQ-algebroid on X induces a Poisson
structure on X. Conversely, it is a theorem of Kontsevich [ ] that in the C* setting
(locally for algebraic varieties) any Poisson structure is induced by some DQ-algebroid.
The global algebraic quantisation is due to Yekutieli [ ] and Van den Bergh [ 1,

and by Calaque et al. [ ] for complex manifolds.

Remark 3.2.10. If &/ is a DQ-algebroid, the local notions of being locally free, coherent,

flat, etc. make sense for an $-module .
Definition 3.2.11. Let % be a sheaf of commutative C-algebras.

« An %-algebroid is a C-algebroid & together with a morphism of sheaves of C-
algebras # — &nd(id ).

« An P-algebroid & is called invertible if #|y — &nd(t) is an isomorphism for

every open U C X and any 7 € & (U).

Let 1 : C — C[[#]] be the canonical inclusion, define a C-algebroid "%/ by taking the

stack associated with the prestack 9 given by

% (U) = % (U) and Hom gg(y)(0, T) = Hom g4 (1) (0, T)/hHom i (1) (0, 7).
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This C-algebroid is an invertible @x-algebroid. There are functors of C-algebroids
%X — l*%x — @’X

and an equivalence of C-algebroids 1" %y ~ &/x/h¥fx ~ @x. In particular, we get a functor

preversing boundedness and coherence
D) > D) 1D - Cocpny <.

The fi-localisation of a DQ-algebroid % is $4.°° = C((%)) ®c[[n] ¥x- More generally, we
have a functor

loc : D () — DP(s4°°).

Lemma 3.2.12. Let J € ch’oh(&/x). Then we have Supp(<) = Supp(:*D). In particular,
Supp(Y) is a closed analytic subset of X.
If€ eDP (%;OC), then Supp(&) is a closed analytic subset of X, coisotropic for the Poisson

coh

structure defined by .

Remark 3.2.13. Note that we do not have a global equivalence 1" %/ ~ @ of invertible
(Ox-algebroids. This is generally only true locally. In the algebraic case, the vanishing of
H?(X, @) in the Zariski topology implies that 1% ~ @ as @x-algebroids globally.

The second statement in the lemma is known as Gabber’s theorem and doesn’t hold for
coherent /x-modules - note that any closed analytic subset of X can be the support of

such a module since any coherent @x-module is a coherent &/ -module.
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Theorem 3.2.14. (Kashiwara-Schapira [ ]) Let X be a complex manifold endowed with
a DQ-algebroid S . Let
2,8 €D, ()

coh

and suppose that Supp(<) N Supp(&) is compact. Then RHom o (&, &) is a perfect
complex of C[[h]]-modules.

Definition 3.2.15. Let X be complex manifold endowed with a DQ-algebroid %, and
let Y be a smooth submanifold of X. A coherent %/-module & supported on 'Y is called
simple if P is concentrated in degree 0 and H(*9) is an invertible @y ®g, 1" ¥x-

module.

Definition 3.2.16. Let X be a holomorphic symplectic variety equipped with a DQ-
algebroid .

1. An VQ/)}OC -module is called holonomic if it is coherent and its support is a Lagrangian

subvariety of X.

2. An $-module & 0 is called holonomic if it is coherent, #i-torsion free and its #-

localisation (29)1°¢ is holonomic.

3. Let L be a smooth Lagrangian. An $,°¢-module & is called simple holonomic

if there exists locally an sf-module &, simple along L, which generates it, i.e.

(QO)IOC ~g.

Theorem 3.2.17. (Kashiwara-Schapira [ ]) Let X be a holomorphic symplectic vari-

ety of dimension 2n, equipped with a DQ-algebroid $fx. Suppose that P and & are two
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loc

holonomic $4,°-modules. Then the complex R%O”’l%)éoc(g, &)[n] is a perverse sheaf.

The next result is crucial for our applications. It says that the square roots of complex

Lagrangians admit deformation quantisation by simple DQ-modules.

Theorem 3.2.18. (D’Agnolo-Schapira |. 1) Let X be a holomorphic symplectic variety
and let i : L = X be a smooth compact Lagrangian. Assume that the canonical bundle Ky
of L admits a square root. Then, for any choice of a square root K2, there exists a simple

%(O)—module 9, supported on L, which quantises Ki/Z.
Remark 3.2.19. Notation as in the previous theorem, consider the short exact sequence

. . dlog
1-C -6 —doy — 0.

It induces a long exact sequence in cohomology, and we are interested in the folloing part
of it:

HY(L,C") - H(L,@) S HYL,dG) S H2(L,CY).

Let CK{/Z be the C-algebroid associated to the class 6(%a(c1 (K1))). Then a general ver-
sion of the above theorem asserts that there exists a simple %(O) ®CKi/2 -module along
L, ie. in general we only get a twisted P (0)-module.

Notice that CKi/z is trivial iff there exists a line bundle .% such that K; ® #®? admits

a flat connection, hence Z can be quantised. In particular, this agrees with the results

of [ ] since %4 (0) ~ W (0)°P implies that the Atiyah class At(%%(0),L) = 0.
Indeed, %((0) is canonical in the sense of [ ], that is, its non-commutative period in

H?(X)C[[#]] is the constant power series. Note that this is always possible to achieve by
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allowing stacky deformations. If we instead require that it be a deformation as a sheaf; it

may happen that no canonical deformation quantisations exist.

Remark 3.2.20. In fact, the first Rozansky-Witten class RW (X) of X is an obstruction for

the canonical deformation quantisation algebroid to be a sheaf of algebras.

The next theorem relates the perverse sheaf of Joyce et al. on the d-critical locus (LNM, s)

over C((#)) to the deformation quantisation of the Lagrangians.

Theorem 3.2.21 ( [ ]). Let X be a holomorphic symplectic variety of dimension
2n, equipped with the canonical DQ-algebroid WAX(O) Suppose that L and M are smooth
Lagrangians and assume thatKI{/2 and Kllvfz exist. Let@f and.@}?,I be two simple holonomic
%(O)—modules, supported on L and M, respectively, as in Theorem 3.2.18. Then we have an

isomorphism of perverse sheaves
RFoma, (21, Du )] = C(1) @c Am

where &, is the hi-localisation C((1)) ®c(n 2 and similarly for Dy.

Remark 3.2.22. The theorem is much easier when L N M is smooth and that’s all we need.
See Proposition 4.4.2 for a (stronger) statement and proof in the case of a single smooth

Lagrangian L = M.
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4 Applications

We begin with a few standard results on calculations of local &xt sheaves and their multi-
plicative structure on locally complete intersections. In the second and third paragraphs
we prove degeneration of the spectral sequences for a single Lagrangian and a pair of
cleanly intersecting Lagrangians, respectively. We conclude with the formality of the
endomorphism dg algebra

RHomg (i.K{/?,i.K{’?)

and the dg module
RHomg, (i.K{"?, 1K)

over it.

4.1 Sheaves on locally complete intersections

Proposition 4.1.1. Leti: Z < X be a locally complete intersection. Set c = codim(Z,X)

and let & be a coherent sheaf on Z. Then

k 1V
HKii,F) = F ®g, NNy, 0<k<c

0, otherwise.

Proof. Since i is a closed embedding, it suffices to show the claimed isomorphisms after

pushing forward along 7, i.e.

i Mi'1,.F) = i(F ®g, N\ M) for0<k <c
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and i, 7 ~(i*i,F ) = 0 for k > c. Using the projection formula,
L2 L.T) = TorX (i,F .0y,

In order to compute the For-sheaves, we may work locally and the proof goes exactly

as in Proposition 1.1.2. [

Proposition 4.1.2. Let i : Z < X be a locally complete intersection of codimension c. Let

F and & be coherent sheaves on Z.

1. Assume & locally free, then we have

. (N Ny ®p, F ¥ ®p,%), 0<i<c
%xtlgx(i*? ,1,G) = ” ‘

0, otherwise.

2. The Yoneda product coincides with the usual cup product. More precisely, let F , G

be locally free sheaves, Z any coherent sheaf, then the Yoneda multiplication
Extly (1.9,1.7)® Extly (i.F,1.9) — Exty) (i.F ,i.H)
corresponds under the above isomorphisms to
NNy @GV @H) Qi (NNyx @F Y @F) = i (N T Ny @ F ¥ @)

given by exterior product and the natural map G ® &V — @,

66



Proof. For the first assertion, note that
R#ome (i.F ,i.9) = i,R#ome, (i"i,.F ,T)

and apply Proposition 4.1.1, noting that the cohomology of i*i,# is locally free.

The second part is a local statement, so we shall assume Z is the zero locus of a regular
section s of a rank ¢ vector bundle & on X, and that & ,% and /# are restrictions to Z
of #,% and # on X. Tensoring the Koszul resolution for 1,8, with & and Z we get
resolutions for i, and i,% which allow us to compute the R#Zoms. Then the RZom
multiplication is induced by the wedge product A¥& @ Al&E — A& followed by the

contraction ¥ ®% — @. Taking cohomology, we get the claim on the level of &xts. [

4.2 Degeneration of the spectral sequence

Let (X, 0) be a holomorphic symplectic variety. Recall that a subvariety L is called La-
grangian if o = 0 and dimL = %dimX. If i : L = X is a smooth Lagrangian we have

I = Q>1< via the symplectic form, hence i* % = i*Q)l(. There is a commutative dia-

gram:
0 > A >y "I — Myx —— 0
\L \Li*cr l
cx 1 N 1 \

which shows we have isomorphisms of vector bundles

91 ~
QL = /\q/VL/X.
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Hence the second page of the local-to-global Ext spectral sequence, in the Lagrangian

case, is Eg'q = HP(L,QE).

Theorem 4.2.1. Let X/C be holomorphic symplectic, and consider a compact Kihler La-
grangian i : L = X whose canonical bundle admits a square root. Then the local-to-global

Ext spectral sequence

) +q(.1,1/2 : 1 1/2
Eg 1 = HP(L,QE) = Extg,xq(l*KL/ 1Z*KL/ )

degenerates on the second page. Hence
HYL/C) = @, ,HP(L, Q) = Bxtly (i.K[/%i.K["?).

Proof. This proof was envisaged by Thomas, and Petit helped us make the initial sketch

rigorous. It will be enough to show that
dim(Extly (i.K{"%,iK]/?)) > dimc(H!(L/C)).

Let &/ be the canonical quantisation %(0) of X. We fix a square root K]{/ 2 of the canon-
ical bundle. There exists a simple %x-module 2’ on L quantising Ki/ % Let 4 be the
localisation C((7)) ®c(n #x- Then 2 localises to a simple holonomic DQ-module 9

over %)éoc. Then Theorem 3.2.21 implies that

RZom (D1, 2 ) ~ C((h),
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so we get Extliloc(gL,gL) = Hi(L,C((h))). Hence the universal coeflicients theorem
X

implies that

dimC((h))(EXtif)l(oc(gL’ gL)) = dll’nc(Hl(L/C))

Furthermore Theorem 3.2.14, which requires L compact, states that
RHom%X(Q‘B,@f) € Perf(Spec(C[[h]])).

Then we can apply the semicontinuity theorem on C[[%]] to get that
dimc(H'(C@cpmRHom 4 (2, 2))) = dimny(H'(C(h)@cnRHom o« (27, 27) ).
It’s enough to observe that there is a quasi-isomorphism

C ®cpn) RHom (2, 2 ) ~ RHomg (iK%, 1.K[?)
and the projection formula implies that

C(()) ®cyny RHom %X(go, 2{) ~RHom %XIOC(QZL, QZL).
Thus,

dimC(EXti@X ( Z'*KIlJ/Z, i*Ki/z )) > dlmc((h)) (EXt;/loc (9L; % ))
X

= dim¢(H'(L/C)) O
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4.3 Degeneration in case of pairs of Lagrangians

Having dealt with the case of one Lagrangian, we now turn to pairs of Lagrangians. Let
i:L <= Xandj:M < X be smooth submanifolds. We need a few standard results
computing &xt-sheaves on smooth intersections. The argument in Lemma 1.1.1 extends

readily to the following generalisation:

Proposition 4.3.1. Let F be locally free on L and & be coherent on M. Then, we have a

natural isomorphism for all p > 0:

%xtgx(i*?,]‘*?) = gti@X(i*@L:]?@M) %M ®F Vliam-

Proposition 4.3.2. Assuming L "M smooth, we have
Bxtly (1,01 1.O) = AV N @det M enm,
where ¢ =tk avms A = Fxleam/(TLlLam + Imliam) is the excess normal bundle.

We begin by assuming L is the zero locus of a regular section s of a vector bundle & on

X. Then we have a Koszul resolution of 7,6} .

Lemma 4.3.3. Assume M C L. Then

%xtgx(i*@L,jﬂ’M) = j. AP M xIme
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Proof. This follows at once from the Koszul resolution since, after restricting to M, all

differentials vanish as M C L. ]

Recall that L and M intersect properly if

dimL "M+ dimX = dimL + dimM.

Lemma 4.3.4. Assume L and M intersect properly. Then

det M nmm ifp=c¢
Extl (1.0 j.O) = "

0ifp=c.

Proof. Our assumption implies that s|ys is regular and LNM = Z(s|y;). Hence the complex

computing the &xt sheaves is exact everywhere except at the right end, so we get
%xt%((i*@’L,j*@M) =(0forp=0

and

/\S|M

Extg (1.OL, J:Om) = coker(A &y — A°E|m)
= A& lLam

x~ /\C/VLQM/M. L]

Remark 4.3.5. We note that Lemma 4.3.3 and Lemma 4.3.4 remain true without the as-
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sumption that L = Z(s).

Lemma 4.3.6. For any point x € L N M there exists an open neighbourhood U C X and a

smooth subvariety W C U containing L such that
e (LNM)NU =W NM scheme-theoretically and

e W and M intersect properly.

Proof. Let n = dimM —dim(LNM). If n = 0, then M C L and we can take W = X. If
n > 0, then Ty, is not contained in T} , since L N M is smooth, so its tangent space is the
intersection of the tangent spaces of L and M.

Since Ty  is the intersection of all hypersurfaces through x that contain L, we can find

a hypersurface X’ which contains L and Ty, Ty ,. Let M’ = M N X". Then,

LNM' =LNM

and hence we can apply induction since now we have

dimM’ —dim(LNM) =n-1.

This concludes the proof. O

Proof of Proposition 4.3.2. Working locally on X, using Lemma 4.3.6, we have a smooth

W withL c Wand LN M =W NM with W and M intersecting properly. The change of
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rings spectral sequence for &xt sheaves
By = &xtyy, (01, &xty (Gw,On)) = Extly (0L, O)
which by Lemma 4.3.4 has non-zero entries on the second page only for
g =c=codim(LNMcCM)

given by

p,c
Ey = AP M wliam @ det M avyme

In order to conclude, we note that the natural map

Mwleam = Fwleom/ I lam = Ix Lo/ I lLom =~ Fxleam/(TLliam + Imlom)

is an isomorphism for dimension reasons - checking fibrewise suffices since L " M is

reduced. Hence,

Exty (.01, j.Ow) = NP~ N @ det M amm-

This concludes the proof locally on X. Tracing through the identification, we see that

these do not depend on the choice of W and so the isomorphisms exist globally. [

In the Lagrangian case, which we assume from now on, we have an exact sequence:

0— Ttam = ZilLam ® Imliam — xlam = Qrom — 0,
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hence

Extly (i.01,1.0u) = O] ®det M avym

The adjunction formula yields an isomorphism

det A vym = Ky ® Ky nmy

LNnM

hence by Lemma 3.1.8 we obtain

det S vy ® det M avym = GLame

Corollary 4.3.7. Assume that there exist square roots Ki/ 2 and Kll\,{z which is equivalent
in the holomorphic setting to requiring that L and M carry spin structures. We define the
orientation bundle

Hor = (Ki/z'LmM ® Kll\/{z'LmM)v ®KLm

and set n = codim(L, X), so ¢ = n—dim(L N M). Then

P (:wl/2 : wl/2\ o~ ~4-C
%xtgx(z*KL 7. Ky ): Qp v ® Zor-

Remark 4.3.8. Notice that the line bundle %, is torsion, in fact of order 2. Hence the
monodromy representation associated to the local system R, arising from %#,,, is uni-

tary - see beginning of next proof for a brief sketch.

Theorem 4.3.9. Let X/C be a holomorphic symplectic variety and suppose thati: L — X,
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j : M = X are smooth Lagrangians with a compact Kdhler intersection L M. Assume that

Ki/ 2 and Kll\,{z exist. Then the Ext local-to-global spectral sequence
BS = HP(LNM, O]y ® Zor) = Exty '(1.K[%, 1K)
degenerates on the second page. In particular,

ExtX

5 (LKL 1K) = @, HP (LM, O 1 © Tor) = H(Ryy).

Proof. We have that Eg'q =HP(LNM, Q?J;CM ® Zor ), where c is the codimension of LNM
in L and M, and %, is defined in Corollary 4.3.7. The line bundle 7%, is 2-torsion,
hence admits a flat Chern connection, so the associated representation of 7t (L N M, pt)
is unitary. As a consequence the Hodge-to-de Rham spectral sequence degenerates on

E, so, analogously to the case of one Lagrangian, it will be enough to show that
dime(Extly (i.K{"%, j.Ky*)) 2 dimc(H™(Rer) )

Let % be the canonical quantisation %((0) of X. Fix square roots Ki/ 2 and Kllviz of the

canonical bundles of L and M. Let 91(} and 918[ be the simple $/x-modules on L and M

quantising KIlJ/ % and Kll\/{z, respectively. Then we let
D1 = C((h) ®cpuy 27 and Dy = C((h) ®cppn Pt

be the corresponding #i-localisations.
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Since the intersection L N M is smooth, Theorem 3.2.21 implies that

RZom gioe( D1, Drt) = (M)t B Rox[—],
so we conclude that

Ext] oc( 21, P ) = H(LOM, C((7) ®¢ Ror)
Hence the universal coeflicients theorem implies that

dimc((h))(ExtiM)%oc(QL,QM)) = dimc(H™(L N M, Roy))
Moreover Theorem 3.2.14, which requires L N M compact, states that
RHom%X(QO, 918[) € Perf(Spec(C[[h]])).

Thus, we can apply the semicontinuity theorem on C[[#]] to conclude that
dimC(Hi(C@)C[[h]] RHom ¢ (.90, 918[))) > dimc((h))(Hi (C((h))@c[[h]]RHomMX (90, N )))

Now observe that there is a quasi-isomorphism

C®cn RHom g (90, 918[) ~ RHomg, (i*K]{/z, ]'*Kll\,{z)
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and the projection formula implies that
C((1) ®cyny RHom g4 (2, 24t ) ~ RHom ggioe( 1, Do )
Hence
dimc(Exty, (i.K{"%, j.K\)) 2 dimc((h»(ExtiM)ioc(QL,QM))

= dimc(H (LM, Ryr)) O

4.4 Formality

We begin with some technical preliminary results that we use throughout. The next
lemma gives sufficient condition for the cohomology of a perfect complex over C[[%]] to

be free.

Lemma 4.4.1. Let 1 : C = C[[h]] be the inclusion of the central fibre and let
Ce Perf(Spec(C[[h]])).
Suppose that for all i € Z we have
dimc(H' (+'C)) = dimeay(H'(C((7) ®cay ©))

Then the cohomology H(C) is free (of finite rank) over C[[#]].
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Proof. Consider the exact triangle
chcorco C[1].

It induces a long exact sequence in cohomology

Hi(C) 1 Hi(C) - HI("C) - HI*1(C) L H*1(C).
Hence there are exact sequences

0 — C®cps H'(C) » H'(1'C) - Tory ) (C,H(C)) — 0.
In particular, we get that
dimc (C®cyn H'(C)) < dimc (H!(+C)).

Since H'(C) is finitely generated, we may write it as

H'(C) = C[[n]" e Cl[h]/A" @@ @ C[[n])/A",

where kq,---, kri, r; € N. Notice that

dimc (C ®cyny H'(C)) = d; + r; and dimcay (C(() ®cyay H'(C) ) = d;.
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It follows by flatness of C((#)) that

dim(y (C((1) ®cqny H'(C)) = dimeay (H (C(() ®cyay C)).-
Hence, r; = 0 and H' (C) is free. O

The next proposition calculates the derived endomorphism algebra of a simple holonomic

DQ-module over C((%)).

Proposition 4.4.2. Let X/C be a holomorphic symplectic variety, endowed with its canon-
ical DQ- algebroid %(0) Suppose L is a smooth Lagrangian in X and let 2y be a simple

holonomic %—module on L. Then the quasi-isomorphism
R omoy (21, D) = C((h)L
is compatible with the multiplicative structures, i.e. it is a quasi-isomorphism of dg algebras.

Proof. The question is local, we may assume X = () and L is the zero section in ();.
We shall fix coordinates (z1,---,z,) on L. Further, since any two simple holonomic %-
modules are locally isomorphic, we may let 21 = @ ((h)). Then the Koszul complex
K(6; ((h)), d4,---,d,), associated with the coregular sequence dy,---,d, acting (on the
left) on @ (1)), gives a multiplicative model for R7Z« omg (@’L (h), @, ((h))) and the natural

quasi-isomorphism C((#));, — K(@} (h)), d1,---,d,) is multiplicative. O

We are now ready to prove our main formality result.
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Theorem 4.4.3. Let X/C be holomorphic symplectic and leti : L < X be a smooth compact
Kdhler Lagrangian submanifold whose canonical bundle admits a square root. Then the
differential graded algebra RHom@X(i*Ki/ 2, i*Ki/ 2 ) is formal, in fact, quasi-isomorphic to

the de Rham algebra H(L/C).

Proof. As before, let /x be the canonical quantisation 7%((0) of X. We fix a square root
Ki/ 2 of the canonical bundle. There exists a simple $/x-module 91? on L quantising

Ki/ 2, Let ,Qf)loc be the localisation C((#)) ®cyx #x and denote &, = C((h)) ®cjpay) 2 the
fi-localised simple holonomic DQ-module over 94.°C.
Consider the differential graded algebra RHom ¢, (91? , D ) over C[[%]]. Applying Propo-

sition 4.4.2, we have that
RZom yioc( D1, 21.) ~ C((h))y-

Degeneration of the spectral sequence on # = 0 allows us to apply Lemma 4.4.1, so
the cohomology of RHom &&(9 O,QLO) is free of finite rank over C[[#]]. In particular,
Ext %X(QLO ,9L0 ) is a formal deformation of the graded algebra Ext@X(i*Ki/ 2 i*Ki/ 2) to

the de Rham algebra H(L/C)((#)). It follows that
dimc(HHP4(H(L/C))) < dimc(HHP(Extg, (i.K{"%, i K[ ")) (2)

Furthermore, collapse of the spectral sequence on # = 0 also implies that there exists a
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filtration F on the graded algebra Ext@X(i*Ki/ 2, i*Ki/ 2) such that
Gre(Extg, (i.K[/% i.K{"?)) = H(L/C),

as graded algebras, so the associated (completed) Rees algebra is a formal deformation
of the graded algebra H(L/C) to Ext@X(i*Ki/ 2, i*Ki/ 2) ®c C((#)). The Rees deformation

gives the opposite of (2), hence
dime{1114(1(1/0)) = dime{ 1B 1K 7))

and by Lemma 4.4.1 the Hochschild cohomology groups HHP* (Ext b (9 0. )) are free
over C[[#]] for all p,g € Z. As a consequence, the Hochschild cohomology groups with
compact supports of Lunts, HHé(Ext MX(@S,QZI?)), are free over C[[#1]]. It follows, by
formality of L, that the differential graded algebra RHom o (QL, 9L) is formal. Hence,
RHomMX(@{),@f) is formal by Theorem 2.1.12.

In order to conclude the formality proof, we note that there is a quasi-isomorphism
RHomg (£.K{/?,i.K{’?) = C&cjny RHom 4 (2, Z1).
The cohomology of RHom g, (QZLO , .EJZLO) is free over C[[]], so it follows that the dg algebra
RHomg (i.K{/%,i,K{’?)

is formal.

To prove the last statement of the theorem, note that Ext &fx(g O,QLO ) is a generically
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constant deformation which leaves the dimension of HH>? unchanged. The classical
results on deformations of Gerstenhaber in [ ] extend to the graded case, thus the
family Ext ¢ (91?, 9LO ) must be the trivial deformation - we give a summary of the proof,
referring the reader to [ , Section 3] for details (in the non-graded case).

Let HH := HH(Extg (i.K{">,i.K{’?)), HHj, := HH(Ext 4 (2, 2)) and HHy, is the
localisation of HHj, at #i. The reduction mod # gives a map HH; — HH and since HHjy,
is free over C[[%]], taking a section of the reduction map, we get HHy, = HH[[#]].

We have an isomorphism of graded algebras
o+ Extyg (2, 20) ®cqn C((1) = H(L/C) ©c C((h)).

Write my, and mgg for the multiplications of Ext %(91?’@1? ) and H(L/C), respectively.

Then by definition

my = @3, Mmar(Pnr Ph). (3)

Differentiating (3) with respect to # gives

where dj, is the Hochschild differential of the graded algebra Ext %((9 0,919 ), ie.

) . 2,0
[m;]=0in HH(h).

Writing

mp=m+mh +---,r>1,
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we see that the left side of (4) is
rm A (r+ D) my B+
Hence we deduce that
M, +(r+1)/r-my b+ (r+2)/r-m  h> + -

is a h-torsion class in HH%’O, lifting the class [m,] € HH*?, so it must vanish. Thus
[m,] = 0 too. If m, = d(¢"), then we can kill m, using id — ¢)"#". By induction we get 1’

for all i > r, the infinite composition
Ebh — ((1d _ lprhr) o (1d _ ¢r+lh1’+l) o )

makes sense and we have ¢, 1mh(z,bh, Yy) = m, showing the triviality of my,.
Since Ext@X(i*Ki/ 2 i*Ki/ 2) and H(L/C) are finite dimensional over C and become iso-

morphic after extending scalars to C((#)), they are already isomorphic over C. [

Corollary 4.4.4. Let X/C be holomorphic symplectic, and consider a compact Kihler La-

grangian i : L = X such that Ki/z exists. Then
Exte (LK%, iK]%) = H(L/C)

as graded algebras.
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4.5 Formality for pairs

Theorem 4.5.1. Let X/C be holomorphic symplectic and suppose thati:L = X,j : M = X
are compact Kihler Lagrangians with a smooth intersection. Asuume their canonical bun-

dles admit square roots. Then
RHom@X(i*Ki/ 2 j*Kll\f)
is a formal differential graded module over the (formal) differential graded algebra
RHomg(i.K{/?,i.K{’?)
Moreover, we have a quasi-isomorphism of pairs
(RHomg, (i.K{"?,i.K{’?), RHomg (i.K{’?, jK};?)) = (H(L/C), H (LN M, Rer) ),
where c is the codimension of LN M in L.

Proof. Let %/x be the canonical quantisation WAX(O) of X. We shall fix square roots Ki/ 2
and Kll\f of the canonical bundles of L and M. Let 2 and 2} be simple % -modules
on L and M quantising Ki/ 2 and Kll\,{z, respectively. Then we let &1 = C(()) ®cy 2
and Dy = C((1)) ®c[n) @)\ be the corresponding #-localisations.

The complex RHom %x(@ O,QZI?,[) is a dg module over RHom %X(QZ O,QZI?). Since the
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intersection L N M is smooth, Theorem 3.2.21 implies that
RZom oc(Z1, Do) = C(W)iom S Ror[—].
It follows by Theorem 4.3.9 and Lemma 4.4.1 that the cohomology of
RHom g, (98 , 918[)

is free over C[[%]]. In particular, we see that Ext %X(g 0, 9181) is a formal deformation of

the graded module Ext@X( i*Ki/ 2, j*Kll\,{2 ) to H¢(L N M, Ry;)((h)). It follows that
P (FL/CL (L0, < P, Pt (1))

As in the previous theorem, degeneration of the spectral sequence on # = 0 gives a fil-

tration F on Extgx(i*K]lf 2 , j*Kll\/{2 ) such that
Gre(Exta, (iK% 1K) = H(LNM, Ryr)

as graded modules over H(L/C). The Rees deformation argument then implies the op-

posite of the above inequality, so we conclude

dimc(HHP(H(L/C), H™(LAM, Rr))) = dime(HHP(H(L/C), Extg (1.K} "%, 1K) )
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Thus, by Lemma 4.4.1, the Hochschild cohomology groups
HHP(Ext o (27, 27) Ext o (20, 2y))

are free over C[[f]] for all p,q € Z.

We observed in the beginning of the proof of Theorem 4.3.9 that the local system K,
corresponds to a unitary representation of the fundamental group of L N M. Then, as
explained on page Example 1.3.3, we conclude that RHom %)éoc(gLng) is a formal dg
module over the dg algebra RHom %;oc(gL,gL). Hence RHom MX(@S ,918[) is a formal
dg module over the dg algebra RHom MX(Q 0, 9]? ) by Proposition 2.8.5.

Next we note that there is a natural quasi-isomorphism of dg modules
RHomg, (£.K{"?, 1. K\i*) = C ®cpn) RHom g (2, 24y ),
associated with the quasi-isomorphism of dg algebras
RHomg, (i.K{"?,i.K{"*) = C&cyay RHom g (2, 2.

It is now enough to recall that the cohomology of RHom (9 0, 918[) is free over C[[#]],
hence RHom@vX<i*Ki/ 2, j*K}v{z) is formal over RHom@vX<i*Ki/ 2, i*Ki/ 2).

For the last assertion, we observe that Ext g (91?,918[) is a generically constant defor-
mation that leaves HH? constant. Such a deformation must be trivial, the proof being
similar to the one for deformations of algebras discussed in the proof of Theorem 4.4.3.

Thus, Ext@X(i*Ki/ 2, j*KMZ) and H™¢(L N M, R,;) are isomorphic since they are finite
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dimensional over C and become isomorphic upon extending scalars to C((#)).
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5 Algebraic structures on the spectral sequence and
non-triviality

5.1 Homological algebra

We collect some general results on spectral sequences. For a scheme X, let FCoh(X) be
the quasi-abelian category of finitely filtered objects of Coh(X). We denote D*F(X) the
filtered derived categories of Deligne which are localisations with respect to the class of
filtered quasi-isomorphisms. Naturally we have filtered derived functors and for a left

exact T : FCoh(X) — Vect and any (K, F) € D*F(X), we get a spectral sequence
EP'T = RPHIT(Grb(K)) = RPHIT(K).

This construction is a functor from the filtered derived category to the category of coho-

mological spectral sequences of vector spaces.

Definition 5.1.1. Let Ezp,q = HPH, Ezp,q = H PHa, Eg,q = HP*1 be spectral sequences.

A pairing of Ezp,q = H'P*4 and Ezp,q = H'P* to Eg’q = HP*1 is a family of maps
U, : B ®E;’S’t - EerS'qH and U: HP @ H 1 — HP*1
such that U, are compatible with the differentials, U, is induced by U,,

colimU, = U, and U, = gr(V).
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Definition 5.1.2. Given a Grothendieck spectral sequence
EY?(S) = RFTRIG(S) = HP*(S)

such that the functors RT, RG and H have cup products, we shall say it has cup products
if, given a pairing S; ® S, — S, we have a natural pairing of the corresponding spec-
tral sequences and, in addition, the products on E, and H are the ones induced by the

functors.

Proposition 5.1.3. Let & a be coherent sheaf on X. Then the local-to-global Ext spectral

sequence

EPT = 1P (X, %xtqﬁx(g,?)) = Extg(q(?,?)
has cup products.

Remark 5.1.4. More generally, there are also pairings of the local-to-global Ext in the case

of different sheaves arising from the compostion in local RZom.

As already mentioned in the introduction, the local-to-global Ext spectral sequence arises

from the natural isomorphism of derived functors
RHom = RT o RZom.

We shall give an alternative way of constructing it via filtered complexes. This has the

advantage of giving a geometric interpretation of the differentials as obstructions to for-
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mality of certain objects. For (% ,d) € D?(X), define the canonical truncations:

g, fori<p
T =ker(d?), fori= p
0, fori>p
0, fori<p

tPF =S FPfim(dP ), fori=p

Fi fori>p.

The inclusion TP < F induces isomorphisms on " for i < p and the canonical
projection & — 1P F induces isomorphisms on # for i > p. There are canonical

exact triangles
TP VNF 5 PF - FP(F)[-p] - LT,

TN N-p+1] > PG > PG H U )-p+2),

Let’s set lP~1PIF = ¢2P~17=P F 50 that there’s an exact triangle:
-1 [p-1.p] 6—p(y)[_P] 1
P (F)-p+1] > P PF - HP(F)-p)| ———— P (F)|[-p+2]

and the elements

5_p(F) € Bxty (HP(F ), ZP1F))
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realise universally the second differential d, of the spectral sequence of a filtered derived

functor applied to & .

Remark 5.1.5. In particular, if i : Z < X is a locally complete intersection, and Z is a line

bundle on Z, the spectral sequence
By =HP (X, &xty, (i1, L)) = Bxtly (i.Z,i.Z)

can be realised from i'i,.# with its canonical filtration. Indeed, Grothendieck-Verdier

duality gives a filtered quasi-isomorphism between canonically filtered complexes
R#ome, (i.F,i.F) = i.RHomg (Z,i'i.F)

and applying filtered derived global sections functor, we get a spectral sequence using

(5.1) which, by Deligne’s décalage theorem (see [ ]), is the local-to-global Ext spec-

2p+g,—p

tral sequence after renumbering EPT E, .,

Let i : Z = X be a locally complete intersection. The normal bundle of Z in X is denoted

by A7 /x. For any coherent & on Z, we have a canonical exact triangle

F @, Ny 1] > 2T > F > F g, Nyl2].

Definition 5.1.6. The extension class of the above triangle

2
Oégr EEXt@Z(y’g®@Z Z\//X)
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is called the deformation-obstruction class of & .

Remark 5.1.7. In the special case of /VZ\//X the obstruction class a yan is sometimes called
the HKR class because of its close relationship to Hochschild-Kostant-Rosenberg-like

theorems.

Given a locally complete intersection i : Z < X, we have the conormal exact sequence
O—>/VZ\//X—>i*QX—>QZ—>O,

whose class is called the Kodaira-Spencer class KS € Extéaz(()z,/l/z\//x).
We can extend the definitions of the Atiyah class and the obstruction class a4 to the

derived category. Consider the diagonal embedding
A: X XxX

and let 2A be the first infinitesimal neighbourhood of A in X x X, i.e. it is defined by
the square of the ideal sheaf of the diagonal. The canonical exact sequence of a closed

embedding becomes

0—)A*QX —)@EA —)A*@jx—)o

Its extension class is called the universal Atiyah class At € Extl (A0, A,Qx). Now
@IXXX

we use Fourier-Mukai functors to evaluate these universal classes at particular objects in

the derived category: the Atiyah class of an object # € DP(X) is then

AYTF) = Oa(F),
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where

Dp(F) : DA (F) = Dp, 0, (F).

To define the universal obstruction class, consider the closed embedding

i=idxi:ZxZ<ZxX,

so that the complex 7*1,A,@ gives an Ext? class

a6, - A*@’Z - A* Z\//X[z]'

As above we can evaluate it at any object in the derived category DP(X).

Proposition 5.1.8 ( [ 1 [ 1). Suppose i : Z — X is a locally complete intersection

and consider F € DP(X). The class ag is the product of At(F ) and KS, i.e.

ag = (idg ®KS) o At(F).

The next theorem gives a geometric interpretation of the obstruction class defined above

(and justifies the terminology!).

Theorem 5.1.9. (Huybrechts-Thomas [ ], Grivaux [ ]) Let j : X = 2X be a first
order thickeing of a Noetherian separated scheme. Suppose F € D®(X) is a perfect complex.

Then F extends to a perfect complex F ' on 2X iff ag = 0.
Theorem 5.1.10. (Arinkin-Caldararu [ ]) Let i : Z = X be a locally complete in-
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tersection. Suppose F is locally free, #, - quasi-coherent on Z. Consider a morphism

m:% ®/VZ\;X — . Then the obstruction to existence of an exact sequence
0->i,%—>%—>i,F —0,

such that the ideal sheaf of Z actson & viam ismo ag.

We are ready explain the relationship between these obstruction classes and the differen-
tials on the second page of the spectral sequence. Thinking of @ » as an extension class,
it is clear that 6¢(i*i,-£) = a.y as i*i,.£ is concentrated in non-positive degrees. For the

other Ext classes, we have to work harder. Let us factor i : Z = X as follows:
j 2i
727 <X,

where as usual 2Z is the first infinitesimal neighbourhood of Z in X. In the case of a
structure sheaf @, one can calculate 6;(i*i,;) in terms of the deformation-obstruction

classes:

Proposition 5.1.11. (Arinkin-Caldararu) Let i : Z = X be a locally complete intersection.

Then we have

01(i*1,0y) = a -
Proof. Consider the exact sequence
0 — ju My = Oz — j.Or — 0
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apply j* to get an exact triangle
J'ieMNgrx = Or = 1.0z = i Ngyx[1)

hence an isomorphism

<0 s -

.07 g]'*]'*/Vz\//x[l]

in DP(X). This implies that

01(7"1:O2) = 1 N 1) = 00(j" M7 )x) = a -
We let Alt: F® — AP F be the natural quotient. Consider an exact triangle

Sym* Ay (2] = 2.0, — € — Sym® A (3],
where the first map is the inclusion

Sym® N — Ny ®a, Ny
followed by the canonical morphisms
1ix B, Nyjx = ) j.07) and Z () .G) - 77,0,

By construction we have 6;(%) = Alto 8;(j*j.07), and since

2,0, - 1.0, > €
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is an isomorphism in Db(X), we conclude
01(1"1,07) = 61(€') = Alt 0 01(j*j.O7) = Alto apy -
Theorem 5.1.10, and the exact sequence
0 — i.Sym* Ny = 7/ 57 — 5/ S5 — i Mgy — 0
imply that

Altoaﬂfzyx = OK/I/Z\;X,

since Sym o «a My = 0, that is, the obstruction class of the conormal bundle is skew-

symmetric and we are done. [

Remark 5.1.12. It would be nice to have similar geometric interpretation for the higher

0’s in the general case.

Remark 5.1.13. In general, if & € Perf(Z) lifts to the first infinitesimal neighbourhood,
we have 01 (i",.F ) = agg Yo We note that Arinkin and Caldararu in [ ] show that
i"i,F is formal iff ag and a g yan vanish. In the case of structure sheaf, formality is

understood in the (stronger) sense of differential graded algebras.

Proposition 5.1.14. Let i : Z = X be a locally complete intersection of codimension c and

consider & € Pic(Z). Define

50(Z) = 6,_4(i"1, L) ®id gv ®idger 15
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The differential d, of
By = HP (X, &xty, (i.L,i. L)) = Extg,:q(i*i”, i,.%)
can be described as
d =RPT6,(ZL) : HP(Z, A Ny x) — HP(Z, AT My ).

Proof. As already explained Grothendieck-Verdier duality gives an isomorphism in the

derived category DPF(X) between canonically filtered complexes
R#omeg (i,L,i,. L)~ i,R#omg, (L, i'i, L.
By definition (see Remark 5.1.5),
d5? =RPTo_,(R#ome, (i.Z,i. L)),
hence we are done since there is a canonical isomorphism
i.RHomg,(Z,i'1,. L) = i(L" ®g,1'1,.F)
in DPE(X). O

Proposition 5.1.15. Let i : Z <> X be a locally complete intersection and consider any
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€ Perf(Z). Theni,ag = 0. Furthermore, the morphism
EXtéz(y F ®a, Nyjx) = EthzﬁX(i*g (T ®e, Ny)x)

is injective iff ag = 0.

Remark 5.1.16. We observe that there are two obvious cases
L =0;and & = det 7 /x

in which the differential dg'e : HP(Z, N Wy x) — HPY2(Z, AL Wy /x) vanishes. For the
structure sheaf, it’s enough to note that 6 (i*1,8,) = 0, while for det#7x, we use Propo-

sition 5.1.15.

Recall that Serre duality asserts that the pairing
HP(L,QYeH"P(L,Q; T) — H"(L,Ky)

is perfect, where we set n = dim(L) = codim(L, X) and Ky denotes the canonical bundle
of L. Since d, kills H*(L, Ky ), the higher differentials kill the appropriate subquotients,

and d, is multiplicative, we see that the diagram

) deid | B _
HP(L,QE)G@H”_"(L,QE 7) — > Hp+2(L,Qg 1)®Hn—p—2(L,Qz 61+1)
2

~
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commutes up to sign, hence the following diagram, and its variants for the higher differ-

entials, commutes up to sign, i.e. the differentials are compatible with Serre duality:

HA(LQY) —2 s mre2, 0

| |

Vv

Hn_p(L,QE_q)V d, \ Hn—p—Z(L'QI’f—(Hl)V.

Definition 5.1.17. A graded Lefschetz structure, in an abelian category &/, is a pair
(H,L), where H € &/ is a graded object and L is a nilpotent endomorphism of H, such
that L(H)) c H*? and L' : H! = H'.

Example 5.1.18. Let X be a smooth projective variety of dimension n with an ample line

bundle .. Then, if w is the first Chern class of £ and
L, = wU:H"(X/k) - H"(X/k),

the pair (H"*(X/k),L,,) is a graded Lefschetz structure (in fact, it is a (—)Hodge-Lefschetz

structure - an example of a mixed Hodge structure).

5.2 Traces

We briefly review traces, mainly to fix notation. Suppose F € Perf(X) and let 7" be a

vector bundle on X. Then we define the sheaf trace

Tr: RZome (F,F @6, 7 ) >V
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as the compostion of the natural isomorphism
R%ﬁom@((?,?(@@ V)y~FV Q@ 9@’@( V4

and the natural map ¥V ®g F — Ox. Applying RT, and taking cohomology, we get

the cohomological trace map of Illusie (see [I1171]):
Tr: Exty, (¥, ©4 7)) > H (X, 7).
If #,% € Perf(X), we also have a partial trace:
Trg : Exty (F s 9, F ®a, T 85,7 ) — Extly (5,904 7).

The trace is additive in the following sense: let  — %, — % — F[1] be an exact
triangle, and suppose «; € Extgx(%,% ®g, 7') induce a morphism of exact triangles
(notice 7 is flat so tensoring with 7 is exact), then Tra; — Tra, + Traz = 0. It is also
multiplicative: if a € Extk@X(? ,F ®a 7')and B € Extgx(%,% ), for a vector bundle &,
then Tr((id® ) o a) = p o Trar in H*1(X,&). Applying this to the case of an obstruction

class ag, we get

Tragy =Tr((id®KS) o At7") = KSo Tr(At7') = agery -
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5.3 Examples

We give two examples for which the spectral sequence is non-degenerate, in fact, in both

1
cases dg = 0.

Example 5.3.1. Suppose X is a K3-fibred Calabi-Yau and i : S = X is a smooth fibre.
Assuming that S contains a P!, with normal bundle @pi(~1) @ @p1(~1), which doesn’t
deform in X. We may suppose further that @(P') does not deform to first order as our
surface moves in the fibration. Then the sheaf i,@(P!) does not deform in X, even to
first order, hence,

Extgx(iﬁs(Pl), i.05(P)) = 0.

The spectral sequence has non-trivial terms on the second page
0,1
E;  =H(S,@) =C,

E>* = H%(S,%) = C.

For dimension reasons, d%! : Eg’l - E%’O is the only possibly non-zero differential. If it

were to vanish, then we would get
Exty, (i.05(P'), i.@5(P")) 2 0,
a contradiction. Thus,
EYT = HP(S, AT M /x) = Extgq(i*@s(Pl), i,0s(P'))
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does not degenerate on the second page and, in particular, there are normal directions

which do not correspond to massless states of open strings.

Example 5.3.2. Let S — P! be an elliptic K3 surface and fix a smooth fibre E;. Let E,

be another smooth fibre which is isomorphic to E;. Consider the Lagrangian surface
i:Z=E;xE, Sl

in the Hilbert square of S. Then the line bundle 7, (A), where A is the diagonal, does
not deform in a normal direction 17 € H(Z, // 52)) which moves E; and fixes E,. By our

description of the differentials on the second page, we see that
dY' (1) e HA(Z, @)

is the contraction of 1 with the class ags) € H>(Z, .

" /5[2]) given by the natural map

H?(Z, N siz) ® HY(Z, Ny q21) — HX(Z,O).

This measures precisely the obstruction to deforming 7,(7(A) along 7. Hence,
dy' (1) =0

which shows that

EYT = HP(Z, N My x) = Extyg | (LO(A),i.0(A))
S
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does not degenerate on the second page. Of course, it degenerates on E; for dimension
reasons. If fact, since we have a Serre duality structure on the spectral sequence in the
Lagrangian case, we see in dimension 2, that is, for Lagrangian surfaces, dg’l is the only
possible obstruction to non-degeneracy, i.e. the spectral sequence degenerates on E, if

and only if dg’l =0.
We record the observation at the end of Example 5.3.2 as a separate proposition.

Proposition 5.3.3. Leti: L < X be a smooth complex Lagrangian surface in a compact
hyperkdhler fourfold X/C, and let £ be a line bundle on L. Then the local-to-global Ext
spectral sequence

EYY = HP(L,Qf) = Ext) (1., 1.Z)

degenerates on the second page if and only ifdg’1 =0.
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