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Geometricdeformationsofintegrablesystems
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Abstract

Theresultsofthisworkwereobtainedwithinasinglemathematicalframe-

workwhichconsistsofusingthegeometricalstructureofagivenproblemnot

onlytostudyitspropertiesbuttoimplementgeometricallyconsistentde-

formations.Thepresentinterestinsuchgeometricdeformationsisnotonly

tolearnmoreabouttheoriginalproblembutalsotoexplorenewdirections,

beginningfromacommonandwell-understoodstartingpointandcontinu-

ingattheinterfacebetweenseveralmathematicalandphysicaltopics.This

approachlaysdownthefoundationofthisworkuponwhichvariousideas

fordeformationsofseveralstandardsystemswillbedevelopedandanalysed.

Themathematicalframeworkthatwewillberelyingonthroughoutthesein-

vestigationsistheuseofsymmetriesindynamicalsystemsdescribedbyLie

groupswhichappearinmanyareasofmathematicalphysicsandinparticular

inintegrablesystems,thesecondthemeofthiswork.Indeed,theintegra-

bilityofadynamicalsystemisoftenrelatedtotheexistenceofsymmetries,

butusuallyrequiresadditionalstructures. Theeffectofthegeometricde-

formationsontheintegrabilityofthesesystemswillbeoneofthecentral

questionsthatwewillattempttoanswer.Toundertakesuchaprogram,we

cannotrestrictourselvestothedeformationofasingleintegrablesystem,but

wemustimplementvariousideasonseveralanddifferentclassicintegrable

equationsintheaimofbettercharacterisingtheireffectsandlimitations. We

willintroducenoise,geometricdissipationsandSobolevnormsintheclassi-

calintegrablesystemsincludingtherigidbodymotion,theTodalattice,the

peakonsystem,partialdifferentialequationssuchasKdVandNLSaswell

asthereducedMaxwell-Blochequation.
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1
Introduction

1.1 Motivations

Integrabilityofadynamicalsystemmeansthatitcanbeintegratedexplicitly

forwardintimeforsomeclassofinitialconditions.Thisisaratherstrong

conditionnotpresentformostdynamicalsystemsbutmakesitremarkable

fromamathematicalpointofviewaswellasusefulfromapracticalpoint

ofview. Thelattercomesfromthefactthatcomputingexplicitsolutions

provideabetterunderstandingoftheirpropertieswhichcan,inturn,be

usedinapplicationsif,forexample,theintegrableequationmodelsaphysi-

calprocess.Theformerpointofviewiswhatwillinterestusthemostand

concernsthemathematicalreasonswhythesesystemscanbeintegrated.To

integrateasystem,weneedtohaveaphasespaceassmallaspossible.This

isachievedbyhavingenoughconstantofmotion,andiftheyareknown,they

willremoveseveraldimensionsofthephasespace.Infinitedimensions,ifthe

phasespacecanbereducedinthiswaytohalfitsoriginaldimension,only

thepositionshavetobedeterminedandthemomentawouldhaveadirectal-

gebraicrelationshipwiththemviatheconstantsofmotion.Theseparticular

relationscanbeproventogiveenoughinformationsothatitbecomespos-
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sibletodirectlysolvethesystemforwardusingvariousmethods,depending

onthesystem.Thisdefinitionalsoholdsininfinitedimensions,althoughthe

conditionforthenumberofconservationlawsisdifferent.Namely,weneed

aninfinitenumberofindependentconstantsofmotionininvolution. Our

interesthereistostudyintegrablesystemsintheframeworkofgeometric

mechanicswhichusesnotionsofclassicalphysicstogetherwithdifferential

geometryandLiegrouptheorytoanalyseandbetterunderstandmechan-

icalsystemswithsymmetries.Inthislanguage,aconservationlawalmost

alwayscorrespondstoasymmetryofthesystemwhichwillthenbeusedto

understandthestructureofthedynamicalequation.Indeed,forasystem

havesymmetries,itmustcontainveryspecificandoftennonlinearterms

whichwillshedlightonthepropertiesofthesolutionsandpossiblytothe

integrabilityofthesystem.

Asthetitlesuggests,themainpurposeofthisworkisnottoobtainabetter

understandingofintegrabilityusinggeometricmechanics,buttostudygeo-

metricdeformation. Wehavethefollowingtworeasonsfornotonlyfocusing

onintegrableequations:

•Thetheoryofintegrablesystemsisawell-developedresearchtopic,

andmostoftheclassicexamplesarewell-understood. Focusingon

integrabilitywouldonlyallowustomakesmallcontributionstothis

field.

•Integrabilityisaveryspecificfeatureforanequationandrestrictsits

useforapplicationsandinparticularfortherangeofphenomenathat

anintegrableequationcandescribe. Onlyfocusingonintegrability

willmakeusmissopportunitiestounderstandandstudyothernon-

integrablephenomena.

Wethuswanttofollowanothertrajectoryinthisworldattheinterfaceof

integrablesystemsandgeometricmechanics. Wewanttousethegeometric

structureofintegrableequationstodeformtheminaconsistentandsys-

tematicway. Moreprecisely,wewanttomodifyoraddextratermstosome

standardintegrableequationssuchthatthegeometricalstructureoftheorig-

inalequationrelatedtosymmetriesandconservationslawsispreserved.By
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doingthis,wewillbeabletogetaroundthetwoproblemsmentionedaboveto

obtainmoreinterestingresultsaswellasnewopenproblems.Inparticular,

weextendthemasfollows:

•Geometricdeformationwilltesttheintegrabilityofanintegrableequa-

tionandwillshedlightontherobustnessofintegrabilityforthisequa-

tion.Ifthesystemremainsintegrableafterbeingdeformed,wemay

evendiscovernewintegrableequations.

•Geometricdeformationwillallowustoleavetherealmofintegrability

whileremainingnearit,thereforeprovidingmorefreedomtoexplore

phenomenanotpresentinintegrablesystemsaswellasmoreapplica-

tionsofthesedeformedequations.

Followingthisdirectionofresearch,wewillexploreseveralclassicalinte-

grablesystemssuchasthefreerigidbody,theTodalatticeandtheAKNS

hierarchybyimplementinggeometricdeformationincludingstochasticdefor-

mationandSobolevdeformation. Apartfromspecialcases,thestochastic

deformationdonotpreserveintegrabilityofthefinitedimensionalsystems,

butprovide,togetherwithgeometricdissipation,avastplaygroundforre-

searchinstochasticdynamicalsystemswherethegeometricconservedquan-

titiesremainconserved.Ininfinitedimensions,onlyaparticulartypeof

noisepreservesintegrability,butasthesesystemsareinfinitedimensional,

thereexistmorepossibilitiestoobtainnewstochasticintegrableequations.

ForSobolevdeformation,wewillobtainbothintegrableandnon-integrable

equationsdependingontheflowoftheAKNShierarchy.

Wewillgivemoredetailonthevariousapplicationsofthesedeformedequa-

tionsinsection1.3,butfirstweneedtosayafewwordsaboutthethree

mostimportantmathematicaltopicsforthisworkinsection1.2.
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1.2 Background

Inthissection,wewillpaintaroughportraitofthethreemaintopicsof

thistext,whicharegeometricmechanics,integrablesystemsandstochastic

processes. Thefirstgivesustheframeworkforthiswork. Thesecondde-

scribesthespecificpropertiesofmostofthesystemswhichwewillstudyand

deform.Thelastisaparticulartypeofdeformationwhichwewilloftenuse.

1.2.1 Geometricmechanics

Thefieldofgeometricmechanicsbeganinthelate60swithpeoplesuchasV.

Arnol’dandJ.Marsden,butusesolderideasformulatedbyHamilton,Lie,

Lagrange,Poincaŕe,etc.Inparticular,oneofthemainequationswhichwe

willbeusing,theEuler-Poincaŕeequation,originatesfromPoincaŕe(1901).

Muchlater,Arnol’dpublishedaseriesofpapersonhowtouseLiegroupsto

understandandstudyfluidmechanics,inparticular,thefundamentalpaper

Arnol’d(1966a)supplementedbystabilityresultsinArnol’d(1966b).This

wasthestartingpointfornumerousstudiesoffiniteandinfinitedimensional

mechanicalsystemsandyieldedclassicalresultsusedinmanyotherareasof

mathematics.Itwouldbeimpossibletolistallofthemhere,soweonlyrefer

tosomemajorbreakthroughs.Lessthanfiveyearsafterthefirstpaperof

Arnol’d,EbinandMarsden(1970)obtainedimportantanalyticalresultson

theincompressibleEulerequationbasedonthisgeometricalinterpretation

offluidmechanics.

Infact,themaintoolofgeometricmechanicsistheuseofLiegroupstructure

toapplythetheoryofreductionbysymmetry.Oneoftheearlytheoretical

workinthistheoryisMarsdenand Weinstein(1974)wheretheyshowthat

thereducedspaceisalwaysasymplecticmanifoldwithanon-canonicalsym-

plecticform.Thesereducedspacesarethecoadjointorbitswhichwewillbe

usingthroughoutthistext.Reductionbysymmetriesbecameanactivetopic

ofresearchandwasappliedtoseveraldifferenttypesofsystems.Themost

importantaresystemswithsemi-directproductstructures,firstbyMarsden

etal.(1984)forHamiltonianreductionandlaterbyHolmetal.(1998a)for
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Lagrangianreduction.Thesestructuresincludesystemsobtainedbybreak-

ingsymmetriesandformthebuildingblocksofmanytheoriesinphysics.

Unfortunately,theyarenotgeneralenoughtoincludeallsuchsystemswith

brokensymmetries.Forthis,theso-calledLagrange-Poincaŕereductionwas

developedinCendraetal.(2001)fortheLagrangianreductionandlaterby

Marsdenetal.(2007)intheHamiltoniansetting.Thebasicexampleofthis

theoryisaparticleinamagneticfield,butinfactgeneralisesnon-localgauge

theories,wherethegaugegroupcorrespondstothesymmetrygroupacting

ontheconfigurationspace.

Manyfurtherdevelopmentsincludesthestudyofsystemswithconstraints,

internaldegreesoffreedom,dissipation,etc. Werefertothemonographs

Arnol’d(1989),Holm(2008),MarsdenandRatiu(1999)whichcontainex-

cellentoverviewsofthescopeofthistheorywithmanyadditionalreferences

totheliterature.Inthiswork,wewillmostlybeusingthesimplestreduction

bysymmetrywhichproducestheEuler-Poincaŕeequation. Wewillnotuse

theLagrange-Poincaŕereductionhere,butsomeresultscouldbeextended

tothismoregeneralframework.

Weconcludethisveryshortintroductiontogeometricmechanicswithafew

definitions,importantforthistext.

WebeginbyoneofthedefinitionsofasemisimpleLiegroupanditsLie

algebra.

Definition1.2.1 (LiegroupandLiealgebraactions).ForamatrixLie

groupG,itsLiealgebragandξ,η∈gandµ∈g∗,wehave

1.theAdjointaction

Adgξ=gξg
−1; (1.2.1)

2.theCoadjointaction

Ad∗g−1µ,ξg×g∗= µ,Adgξg×g∗; (1.2.2)

5



3.theLiealgebraadjointaction

adξη=[ξ,η]; (1.2.3)

4.theLiealgebracoadjointaction

ad∗ξµ,ηg×g∗= µ,adξηg×g∗. (1.2.4)

NoticethattheseoperationsexistforallLiegroups,notnecessarilyforfinite

dimensionalLiegroups. WecanspecifyaconvenientclassofLiegroups

whichwewillbeusingoften.

Definition1.2.2 (Semi-simpleLiegroupandLiealgebra).Asemisimple

LiegroupisaLiegroupwithasemisimpleLiealgebra. AsemisimpleLie

algebrahasthepropertythattheKillingformisnon-degenerate,givenby

κ(ξ,η)=Tr(adξadη). (1.2.5)

TheadvantageofthesefinitedimensionalmatrixLiegroupsisthatwecan

identifytheLiealgebrawithitsdual,viathenon-degenerateKillingform,

thatisg∼=g∗andad∗=−ad. Furthermore,forsemi-simpleLiealgebra,

theKillingformisamatrixpairing(fromtheFrobeniusnorm)Tr(adξadη)=

Tr(ξηT),where <0isanumberdependingontheLiealgebra.

Comingbacktothegeneralcase,weneedtodefinethestructureofcoadjoint

orbitsinthedualofaLiealgebra.

Definition1.2.3 (Coadjointorbit).AcoadjointorbitOµatµ∈g
∗isthe

orbitoftheLiegroupGinthedualoftheLiealgebrag∗underthecoadjoint

action,thatis

Oµ:={Ad
∗
gµ,∀g∈G}. (1.2.6)

Thecoadjointorbitshavetheremarkablepropertyofadmittinganon-canonical

symplecticstructure.
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Proposition1.2.1(Hamiltonianstructure).Thecoadjointorbitsadmitthe

symplecticstructure

ωµ(ξ,η):=µ,adξ,ηg×g∗. (1.2.7)

ThisstructuredefinesaHamiltonianstructureonOµ,orLie-Poissonbracket

fortwofunctionsF,G∈C(g∗)

{F(µ),G(µ)}(µ)= µ,
∂F

∂µ
,
∂G

∂µ
. (1.2.8)

Thelastimportantdefinitionwhichwewillgivehereisthepossibleexistence

ofCasimirfunctions,usefultodescribethegeometryofthecoadjointorbit

amongotherthings.

Definition1.2.4 (Casimirfunction).ACasimirfunctionC∈C(g∗)isa

functioninthekerneloftheLie-Poissonbracket{·,·},thatis

{C,F}=0,∀F∈C(g∗). (1.2.9)

Findingthesefunctionisnotaneasytaskingeneral,butforsemisimpleLie

group,thesquarednormofthemomentumvariableisalwaysaCasimir.

1.2.2 Integrablesystems

Thesecondtopicofthisworkisintegrablesystems,anotherwell-developed

areaofmathematicalphysicswhichalsostartedtobederivedinthe60swith

Gardneretal.(1967)andtheimportantpaperLax(1968)ontheLaxpair.

Asimilarbutlatersignificantdiscoverywasthebi-Hamiltonianstructures

byMagri(1978).Theseideasofsolitonsandintegrabilityemergedfroman

olddiscoveryofsolitarywavesinachannelbyRussell(1845),followedby

thederivationoftheKdVequationbyKortewegandDeVries(1895).Such

anonlinearequationwasnotpopularatthattimeasmanyexpertsinfluid

dynamicswereconvincedthatonlylinearequationscouldmodelwaterwaves.

Weneedtowaitacenturytoseethere-emergenceoftheseideas,helpedby
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thediscoveryofastrangenonlinearlatticebyFermietal.(1955),calledthe

FPUlattice.Thislatticewouldnotrelaxtoanequilibriumstate,aspredicted

byfundamentalprinciplesofstatisticalmechanicsasthenonlinearitiesare

makingthissystemnear-integrableandthenear-conservedquantitieswould

preventsucharelaxation.AftertwodecadesanextensionoftheFPUcalled

theTodalatticewaswrittendownbyToda(1967)andthenproventobe

completelyintegrablebyFlaschka(1974b).Theproofofintegrabilityrelies

onthetheoryofLaxandachangeofvariables,commonlyreferredtoas

Flaschka’schangeofvariable.

Atthesametime,significantdevelopmentsoccurredandexplainedthere-

markablepropertiesofequationssuchasKdV,NLSorthesine-Gordonequa-

tion.First,ZakharovandShabat(1972)solvedtheNLSequation,extending

theconceptofinversescatteringtransformfirstintroducedbyGardneretal.

(1967).Shortlyafter,Ablowitzetal.(1973a,b)generalisedthismethodto

includetheKdVandthemodifiedKdVequation,creatingtheAKNShierar-

chy.Fromthispointonwards,themodernthefieldofintegrablesystemshad

emerged,andalargeamountofworkwaspublisheduntilnowwithmany

discoveriesinthe80s. WerefertoclassicbookssuchasAblowitzandSegur

(1981),Doddetal.(1982),Newell(1985)formoredetailaboutthedevelop-

mentsofintegrablesystemsinthe80s.Forwhatinterestsushere,wewant

tomentiontwopapers.OneistheintroductionoftheR-matrixbySemenov-

Tyan-Shanskĭı(1983)andasimilarotherderivationofintegrablesystemsby

Flaschkaetal.(1983).Theyprovideaninterestinggeometricderivationof

integrablehierarchiesinthespiritofgeometricmechanicsbutwerenever

fullyexploitedinthiscontext.Thesetwopapersinspiredsomeresultsofthe

secondchapterofthistext.Finally,wewanttomentionanotherimportant

discoveryinintegrablesystemswhichistheexistenceofanintegrableequa-

tionwithpeakedsolitonsbyCamassaandHolm(1993),Fuchssteinerand

Fokas(1981),calledtheCamassa-Holmequation.Thispaperalsotriggered

numerousworksanddiscoveriesofsuchanequation.

Weendthissectionwiththreeimportanttheoremsinthetheoryofintegrable

systems,whichwewillbeusinglaterinthetext.

Thefirsttheoremcanbeseenasapracticaldefinitionoffinite-dimensional

8



integrablesystemsandisknownastheLiouvilleintegrability.

Theorem1.2.1 (Liouville-Arnold,Arnol’d(1989)).Supposethatweare

givennfunctionsFiininvolution(thatis{Fi,Fj}=0foralli,j=1,...n

onasymplectic2n-dimensionalmanifold. Considerthelevelsetofthese

functionsforf=(f1,...,fn),

Mf={x:Fi(x)=fi,i=1,...n}, (1.2.10)

andsupposethattheyareindependentonit. Wethenhavethefollowing

statements:

1.Mfisasmoothmanifold,invariantundertheHamiltonianflowwith

H=F1.

2.IfMfiscompactandconnected,itisdiffeomorphictothen-dimensional

toruswithcoordinatesϕ=(ϕ1,...,ϕn).

3.TheHamiltonianflowassociatedtoHdeterminesaperiodicmotionon

Mfoftheform

dϕ

dt
=ω(f). (1.2.11)

4.TheoriginalHamiltoniansystemwithHamiltonianHcanbeintegrated

byquadratures.

Thistheoremsaysthatitispossibletoconstructtheaction-anglevariables

(Fi,ϕi),withasimpledynamicssothatthesystemcanbeexactlysolved.

Regardinginfinitedimensionalequations,wecansaythatapracticalnotion

ofintegrabilitywascoinedbyLax(1968),andlaterdevelopedintothetheory

ofinversescatteringtransform. Wesummariseitinthetheorembelow.

Theorem1.2.2(Lax(1968)).Apartialdifferentialequationut=F(u,ux,uxx,...)

iscompletelyintegrableifitisequivalenttoazerocurvaturerelation.That

9



isthereexiststwodifferentialoperatorsLandM ofthefieldsu,ux,uxx,...

suchthat

Lt=[M,L] (1.2.12)

holdstrueonlyifthefieldusatisfiestheoriginaldifferentialequation.

Themethodtosolvetheoriginalequationistofirstsolvethelinearspectral

problem

LΦ=λΦ (1.2.13)

foragiveninitialdatau(0). ThetimeevolutionoftheeigenfunctionΦis

thengivenbytheequation

dΦ

dt
=MΦ (1.2.14)

andtheeigenvalueisconservedintime.Foragiventimet,thesolutionu(t)

canthenbereconstructedfromtheoriginalscatteringproblem(1.2.13).

1.2.3 Stochasticprocesses

Stochasticprocesses,orthestudyofrandomnessingeneral,isavastsubject

inmathematicsandphysicswithaninterestinghistory. Wewillnotretrace

itherebutonlyrefertolandmarkpapersfromwhichthevarioustoolsof

stochasticprocessesemerged.Theprimaryingredientofstochasticprocesses

istheBrownianmotion,firstobservedbyRobertBrowninthe19thcentury

andthentheoreticallyexplainedbyAlbertEinsteininEinstein(1905).This

paperhadasignificantimpactinscienceandstartedthefieldofstatistical

physics.Inmathematics,anotherdirectionwastaken,namely,theonethat

triestosetuparigorousmathematicalframeworkfordescribingrandomness.

AnimportantearlyworkisIt̂o(1944)whichforthefirsttimeexplainedwhat

astochasticintegralis.Theresultofthispaperisfundamentalinthisfield

andisreferredtoastheIt̂ocalculusofstochasticprocesses.Later,another

typeofstochasticintegralwasdiscoveredbyStratonovich(1966)withthe
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remarkablepropertythattheusualnotionofcalculuscouldbeusedinstead

oftheIt̂ocalculus,providedanextracorrectiontermisaddedtotheoriginal

It̂ostochasticprocess. Muchlater,thetheoryofroughpathsofLyons(1998)

wasdevelopedandsaysthattheIt̂oorStratonovichcalculusareonlytwo

extremecasesofaninfinitenumberofpossiblestochasticintegrals.

Inthemeantime,manypropertiesanduseofstochasticprocesseswerediscov-

ered.Inparticular,thelinkbetweenstochasticprocessesanddiffusionequa-

tionsuchastheFokker-Planck(Fokker(1914),Planck(1917)),alsoknown

astheKolmogorovequation(Kolmogoroff(1931))wasdiscovered. Wewill

onlyrefertoclassicbooksinstochasticanalysisformoredetailaboutthis

topic. WeselectedDaPratoandZabczyk(2014),Gardiner(2009),Ikeda

andWatanabe(1981),Øksendal(2003),Pavliotis(2014)fortheoreticalworks

andChirikjian(2009,2012)forapplicationsinengineeringormodellingof

physicalprocessessuchasinbiology,physics,chemistry,etc.Inparallel,ran-

domnessstartedtobeusedtoperturbdynamicalsystems,andmanystriking

phenomenawerediscovered. WerefertothetwomonographsArnold(1995),

KloedenandRasmussen(2011)fortheuseofrandomnessinfinitedimen-

sionaldynamicalsystems,orrandomdynamicalsystems.

Finally,weneedtomentionthedevelopmentsofstochasticgeometricme-

chanics.Thefirstknownattempttoincludenoiseconsistentlywithmechan-

icsgoesbacktoBismut(1982)wherenoiseincanonicalHamiltoniansystems

wasconsidered.Theseresultswererecentlyextendedtosystemswithreduc-

tionbysymmetryinĹazaro-CaḿıandOrtega(2008).Anotherapproachof

perturbingpathsonaLiegroupwithnoise,andusingreductionwithan

expectedvaluetoobtaindissipativetermsinthereducedequationwasintro-

ducedandstudiedbyArnaudonetal.(2014),Chenetal.(2015).Thelatest

developmentinthedirectionofstochasticgeometricmechanicsistoinclude

noiseintheprocessofreductiontoobtainastochasticreducedequation.

ThiswasdoneforinfinitedimensionalsystemsbyHolm(2015)andinfinite

dimensionsbyArnaudonetal.(2017a).

Asfortheothersectionsofthisintroduction,wewillnowgiveafewba-

sicdefinitionswhichwillbeusedthroughoutthistext. Webeginwiththe

definitionoftheobjectWt,centralinstochasticprocesses.
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Definition1.2.5(Wienerprocess).A WienerprocessWt,wheretindexes

timehasthefollowingproperties:

1.W0=0;

2.WthasincrementsdWtindependentonthepastandthefuturevalues;

3.WthasGaussianincrements:Wt+s−Wt∝N(0,s);

4.Wtiscontinuousint.

Thesecondimportantdefinitionisthenotionoftimeintegralof Wiener

processes,ormoregenerallyamartingale. Martingalesaregeneralisationsof

Wienerprocessesforanamplitudepossiblygivenbyafunctionoftheprocess

itself. Moreprecisely,wehavethedefinitionofamartingale.

Definition1.2.6(Martingale).AmartingaleisastochasticprocessXtsuch

thatE(Xt)=0.

Forexample,givenaprocessX∈Rn,wemaywriteitas

dX=f(X)dWt, (1.2.15)

wheref:Rn→Rn.Thisequationistheintegralequation

T

0

dX=
T

0

f(X)dWt, (1.2.16)

wheretheintegrationmustbedefinedappropriately.

Thetimeintegrationofastochasticprocessoftheform(1.2.16)canbe

definedintwodifferentways.Let{∆i}beasequenceofpartitionof[0,T]

withmeshtendingto0asn→∞.

Definition1.2.7(It̂ointegral).TheIt́ointegralis

f(X)dWt:=lim
n→∞

[ti,ti+1]∈πn

f(Xti)(Wti+1−Wti). (1.2.17)
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Definition1.2.8(Stratonovichintegral).TheStratonovichintegralis

f(X)◦dWt:=lim
n→∞

[ti,ti+1]∈πn

f(Xti+1)+f(Xti)

2
(Wti+1−Wti).(1.2.18)

Thesetwodefinitionsareequivalent,providedacorrectiontermisaddedto

oneortheotherdefinition.Forthis,weneedIt̂o’slemma.

Lemma1.2.1(It̂o’slemma).Forastochasticprocessasbefore,butwith

n=1forsimplicity,thechainrulebecomesIt̂o’slemmaforanarbitrary

functiong:R→R

dg(Xt)=g(Xt)f(Xt)dWt+
1

2
g(Xt)f(Xt)

2dt. (1.2.19)

Thecorrectiontermtobeaddedissimplythedifferentialoff(X)givenby

It̂o’slemma,multipliedbythe Wienerprocesssuchthatonlythestochastic

partofthedifferentialremains. Theequivalenceisthus,againinthecase

n=1,

T

0

f(X)◦dWt=
T

0

f(X)dWt+
1

2

T

0

f(X)f(X)dt. (1.2.20)

Thiscorrectiontermisimportantinthetheoryofstochasticprocesses,asit

isdirectlyrelatedtothegeneratorofthestochasticprocess,inthefollowing

sense.

Definition1.2.9(Kolmogorovoperator).Thetimeevolutionoftheproba-

bilitydistributionPofthestochasticprocessXt(forn−1)isgivenby

d

dt
P(X,t)=L∗P(X,t), (1.2.21)

whereL∗istheL2adjointoftheKolmogorovoperator

L=f(X)∂X+
1

2
f(X)2∂2X. (1.2.22)
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Theequation(1.2.21)isalsoknownastheFokker-Planckequation.

Ofcourse,allthesedefinitionsextendstoarbitrarydimensionsandanarbi-

trarynumberofstochasticterms.Adeterministic,ordrifttermcanalsobe

addedwithoutanyfurthercomplications,thatiswecanhaveamoregeneral

stochasticprocessoftheform

dXt=f0(Xt)dt+
N

i=1

fi(Xt)dW
i
t, (1.2.23)

writtenhereinIt̂oformforXt∈R
nandNfunctionsfi:R

n→Rn.Afurther

generalizationwouldbetowritestochasticprocessesonamanifold,seefor

exampleIkedaand Watanabe(1981)orElworthy(1982).Inthistext,we

willnotworkonmanifoldsbutonLiealgebra,ordualofLiealgebrawhich

canbeviewedasembeddedintheEuclideanspace.
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1.3 Structureofthisthesis

Thisthesisisorganisedintotwomainchapters. Wetreatfinitedimensional

systemsinchapter2andinfinitedimensionalsystemsinchapter3. Within

thesechapters,severalsectionsconsidervarioussystemsandvarioustypesof

deformation.Althoughitisoriginallywrittentobereadlinearly,thereader

hasthefreedomtochangetheorderofthesectionstosomeextent. Wewill

describeheretwoalternativeordersofreading.Seealsotheappendixatthe

endofthetext.

Figure1.1:Thisdiagramrepresentsthestructureofthisthesis,wheretheconnections
betweenthetreelabelledIntegrablesystemsandthetreelabelledgeometricdeformation
indicateswhichdeformationwillbeappliedtowhichintegrablesystem.Thethirdtreerepre-
sentsthemainoutcomesofthegeometricdeformationsofintegrablesystems.
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1.3.1 Bytypeofdeformation

Onecanonlyreadonaparticulartypeofdeformationofintegrablesystems.

Theycanbeclassifiedintofourcategories.

1.Thestochasticdeformation:

(a)Thestochasticdeformationisoneofthemaintypesofdeforma-

tionusedhere.Insection2.2weexplainhowtointroduceitto

dynamicalsystemswithsymmetries,andinparticularforfinite

dimensionalsystemswiththerigidbodyexample.

(b)Asadirectextension,thestochasticdeformationcanbeimple-

mentedforinfinitedimensionalsystems,asshowninsection3.5.

(c)Thisnoisehastheremarkablepropertythatsingularsolutionsre-

mainfortheCamassa-Holmequation. Weusethisfacttostudy

thestochasticfinitedimensionalreductionoftheoriginalstochas-

ticequationinsection2.6,withapplicationtocomputational

anatomy.

(d)Ifonewantstoensurethatintegrabilityispreservedintheinfinite

dimensionalsystems,thenoisemustbeveryspecific,asstudied

insection3.4basedontheLagrangianreductionofsection3.2.

(e)Finally,weapplythestochasticdeformationtoanotherinteresting

systemwhichistheTodalatticeinsection2.5.Inparticular,we

trytounderstandifnoisepreservesthecoadjointorbitorthe

integrabilityoftheTodalattice.

2.Otherextensionsofstochasticsystems:

(a)Thenoisecorrespondstodiffusioninthephasespace,andofthe

valueoftheenergyofthesystem.Tobalancethisenergyinput,it

isinterestingtoaddgeometricdissipation. Wedidthatinsection

2.3tostudysomepropertiesofthissystemsuchasGibbsinvariant

measuresandrandomattractors. Wealsoaddedamodifiedver-

sionofthegeometricdissipationtotheTodalatticeinsection2.5
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whichproducesaninterestingnewdissipativestochasticequation

inthecontinuumlimit,orstochasticinviscidBurger’sequation.

(b)Section2.4isnotanextensionofstochasticsystemsbutstudies

theirstability,andshowthatastableequilibriumremainsstable

inprobabilityforsmalltimes.

3.TheSobolevdeformation:

(a)TointroducetheSobolevdeformationinintegrablehierarchiesand

obtainequationssuchastheCamassa-Holmequation,weneeda

theoryofLagrangianreduction.Bothareexplainedinsection3.2.

(b)OneoftheresultsofthisdeformationisthenewCH-NLSequation

whichwewillstudyinsection3.3.

4.Otherdeformationpreservingintegrability:

(a)Insection3.6,wedeformtheisospectralproblemtogeneratefour

integrableequations,includingthereducedMaxwell-Blochequa-

tion.Oneofthem,thehyperbolicRMBequationisshowntoarise

fromthetheoryofstronglycorrelatedBose-Einsteincondensates.

1.3.2 Bytypeofsystems

Onecanalsoreadthistextbyselectingaparticulartypeofsystemsuchas

thefreerigidbodyandtheAKNShierarchieswhicharethemainexamples

inthiswork.

1.Tigidbodymotion:

(a)Itsstochasticdeformationisdiscussedinsection2.2.

(b) Withdissipation,invariantmeasuresandrandomattractorsare

derivedinsection2.3.

(c)Thestochasticstabilityofstableequilibriaisderivedin2.4.
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(d)Finally,wetreatedasystemwithasimilargeometricalstructure

butwitharatherdifferentsymmetrygroup.ItistheTodalattice

insection2.5.

2.TheAKNShierarchy:

(a)TheLagrangianreductionandtheSobolevdeformationareex-

plainedinsection3.2.

(b) WestudiedtheCH-NLSequationinsection3.3withthehelpof

numericalsimulations.

(c) Weimplementedthestochasticperturbationofthehierarchiesin

section3.4toobtainstochasticintegrableequations.

(d) WedeformedthenegativeflowoftheAKNShierarchyinsection

3.6toobtainfourintegrableRMBequations.

3.IntegrablePDEsandsingularsolutions:

(a)Insection3.5,weintroducednoiseasdescribedforfinitedimen-

sionalsystemsinsection2.2.

(b)Remarkably,thestochasticCHequationadmitsthesamesingular

solutionsasthedeterministicCHequation,butwithstochastic

Hamiltoniandynamic. Thesestochasticpeakons,orlandmarks

areinvestigatedinsection2.6withthehelpofmomentsofthe

Fokker-Planckequation.

1.4 Listofpublications

Welistherethepublicationswrittenduringthiswork. Wewillonlysum-

marisetheircontentandexplainwheretheyappearinthisthesis.Theyare

orderbyappearanceinthetext.Thelastthreepapersarenotpartofthis

thesis.

Arnaudon,A.,DeCastro,A.L.,andHolm,D.D.(2017a). Noiseand

dissipationoncoadjointorbits.Toappearin:JournalofNonlinearScience

18



Thispaperdiscussesthestochasticdeformationoffinitedimensionalsystems

withsymmetries.Italsoconsidersgeometricdissipationandtheexistenceof

randomattractorsinthesesystems.Section2.2and2.3comprisethemain

resultsofthispaperwithafocusontheEuler-Poincaŕeequationandthe

rigidbody. Thispaperalsocontaintheextensiontosemi-directproducts

withtheheavytopasanexample.

Arnaudon,A.,DeCastro,A.L.,andHolm,D.D.(2016).Noiseanddissi-

pationinrigidbodymotion.InStochasticGeometricMechanics,Springer

Thispaperisaconferenceproceedingssummarisingsomeresultsofthepre-

viousoneArnaudonetal.(2017a),focusingonlyontherigidbody.

Arnaudon,A.,Ganaba,N.,andHolm,D.D.(2017b).Thestochasticenergy-

Casimirmethod.arXiv:1702.03899

Thispaperextendtheenergy-Casimirmethodtothepreviousstochasticsys-

tems.Inadditiontosystemsoffinitedimensions,itdiscussestheapplication

ofthemethodstosimplestochasticfluidequationssuchasthecompress-

ible2DEulerequation.Thetheoryandthefinitedimensionalexampleare

containedinsection2.4.

Arnaudon,A.,Holm,D.D.,andSommer,S.(2017e).Ageometricframe-

workforstochasticshapeanalysis.arXivpreprintarXiv:1703.09971

Thispaperappliesthestochasticdeformationonimagematchingwithappli-

cationtostochasticlandmarks,anddescribestwomethodsfortheestimation

ofthenoisefieldsfromagivensetofinitialandfinalimages.Thestochastic

landmarkexampletogetherwithonofthesemethodsbasedontheFokker-

Planckequationaredescribedinsection2.6.

Arnaudon,A.,Holm,D.D.,Pai,A.,andSommer,S.(2017d).Astochastic

largedeformationmodelforcomputationalanatomy.InInformationPro-

cessinginMedicalImaging,pages571–582

ThisisaconferencepapersummarisingArnaudonetal.(2017e),withan

additionalrealdataapplication.

Arnaudon,A.(2016b). Onalagrangianreductionandadeformationof
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completelyintegrablesystems.JournalofNonlinearScience,26(5):1133–1160

ThispaperexplainstheLagrangianreductionforintegrablehierarchiesand

implementstheSobolevdeformationtoobtaintheCHequationaswellas

theCH-NLSequation.Itisthebasisofsection(3.2).

Arnaudon,A.(2016a).OnadeformationofthenonlinearSchr̈odingerequa-

tion.JournalofPhysicsA:MathematicalandTheoretical,49(12):125202

ThispaperstudiestheCH-NLSequationwithmainlysomenumericalsim-

ulationswiththeaimofunderstandingitssolitarywavessolutionandits

non-integrability.Itiscontainedinsection3.3.

Arnaudon,A.(2015). TheintegrablestochasticAKNShierarchy. arXiv

preprintarXiv:1511.07080

ThispaperderivesthestochasticintegrablehierarchiesbasedonArnaudon

(2016a)andstudysomeoftheobtainedstochasticequations.Thispreprint

wasusedtowritesection3.4.

Arnaudon,A.andGibbon,J.D.(2017).Integrabilityofthehyperbolicre-

ducedMaxwell-BlochequationsforstronglycorrelatedBose-Einsteinconden-

sates.PhysicalReviewA,96(1):013610

ThispaperdiscussestheRMBequations,andinparticularthehyperbolic

RMBequationinthecontextofstronglycorrelatedBose-Einsteinconden-

sates.Section3.6isbasedonthispaper.

Arnaudon,A.,Lopez,M.C.,andHolm,D.D.(2017f).Un-reductioninfield

theory.Toappearin:LettersinMathematicalPhysics

Thispaperextendsthenotionun-reductionofclassicalmechanicsinthe

contextoffieldtheory.ItisbasedontheLagrange-Poincaŕereduction. We

willnotuseitsresultsinthiswork.

Arnaudon,A.,CastrilĺonĹopez,M.,andHolm,D.D.(2015).Covariantun-

reductionforcurvematching.MathematicalFoundationofComputational

Anatomy2015,arXiv:1508.05325

ThispaperisaconferencepaperwhichsummarisesthepreviousworkAr-
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naudonetal.(2015),withnumericalexamples.

Arnaudon,A.,Holm,D.D.,andIvanov,R.I.(2017c).G-strandsonsym-

metricspaces.Proc.R.Soc.A,473(2199):20160795

ThispaperstudiestheG-strandconstructiononsymmetricspaces,withthe

discoveryofsomepossiblynewintegrableequations.

21



2
Finitedimensionalsystems

2.1 Introduction

Thestudyoffinitedimensionalintegrablesystemsbeganseveralcenturies

agoandisaveryrichandvastareaofresearch. Forus,integrabilitywill

alwaysbepresentandwillprovideuswitharobustframeworkandideasfor

geometricdeformation. Ourprimaryfocuswillnotbetoinvestigateinte-

grabilityoffinitedimensionalsystemsbuttouseitasastartingpointfor

implementingdeformationandunderstandingtheireffectsonvariousequa-

tions.Themaindeformationofthischapterwillbetheintroductionofnoise

compatiblewiththegeometricalstructureoftheequations,andpossiblywith

theirintegrability. Thistypeofdeformationhasbeenusedmanytimesin

thepastasitbringsthetheoryofstochasticprocessesintodynamicalsys-

tems.Thisconnectionbetweendynamicalsystemsandstochasticprocesses

isthesubjectofthetheoryofrandomdynamicalsystems(seetheclassic

monographArnold(1995)).Thenoveltyhereisthetypeofnoisewhichwill

notbeasimpleadditiveormultiplicativenoisebutwhichwewillobtain

fromasystematicandgeometricderivation.Inthissection,wewillpresent

thistheorydevelopedintherecentpapersArnaudonetal.(2017a),Cruzeiro
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etal.(2016),Holm(2015). WewillmostlyfollowArnaudonetal.(2017a).

Thisnewtypeofnoiseturnsouttohaveinterestingpropertieswhichcanbe

derivedinarathergeneralsettingandappliedtoothersystemssuchasthe

Todalattice.

Planofthischapter Wewillintroducestochasticdeformationofme-

chanicalsystemsinsection2.2whichwewillthenusethroughoutthiswork

andevenforinfinitedimensionalsystemsinchapter3.Ontopofthenoise,

wewill,insection2.3addacertaingeometricdissipationtostudyitsinter-

actionwiththenoise.Themainresultistheexistenceofso-calledrandom

attractorsandstationarydistributionofGibbstypes.Theseinvestigations

arealwaysforasymptoticbehaviourofthesystemforlargetimes,soinsec-

tion2.4weturntotheeffectofnoiseforsmalltimeswhenthesystemis

closetoastableequilibrium.Inparticular,weextendtheenergy-Casimir

methodtoassessthestochasticstabilityoftheseperturbedsystems.Upto

thissection,wewillonlyhaveconsideredthefreerigidbodyasourrunning

example,butinsection2.5,wewillapplyandextendsomeoftheprevious

theorytotheTodalattice,whichisanotherwell-knownintegrablesystem.

TheTodalatticeisinterestingforusasitliesbetweenfiniteandinfinitedi-

mensionalsystemsasitconsistsofachainofinteractingparticlesconverging

totheKdV,ortheinviscidBurger’sequationinthecontinuumlimit.
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2.2 Stochasticdeformation

Themaintopicofthisfirstsectionistheintroductionofstochasticpertur-

bationsinmechanicalsystemswithsymmetriessuchthatthegeometrical

structuresarepreserved.Themostimportantstructureisthecoadjointor-

bit,describedbyinvariantfunctionscalledCasimirfunctionswhichshould

remainconservedafteraddingnoise.Inthecaseofintegrablesystems,other

invariantsmustbepreservedtoretainthecompleteintegrabilityoftheorig-

inalsystem. Wewillseethatthisadditionalconditionwilloftenbetoo

restrictivetoobtaininterestingstochasticsystemsbutwillstillgivesome

informationaboutthenatureofintegrability.Inthissection,wewillthus

introducethisparticulartypeofnoiseinmechanicalsystemswithsymme-

triesfollowingtherecentworksbyArnaudonetal.(2017a),Cruzeiroetal.

(2016),Holm(2015). Wewillonlyusethefreerigidbodyasourexample,

butsemi-directproductstructurescanalsobedeformedinthesameway.

Wereferto Arnaudonetal.(2017a)forsomeresultsforthesesystems,such

astheheavytop.

2.2.1 ThestochasticEuler-Poincaŕeequations

WebeginwiththederivationofthestochasticEuler-Poincaŕeequationwhich

willbeourcentralequationofthischapter. Wewillshowthreedifferent

derivationsforthestochasticdeformationofthisequation.Thefirstoneis

basedonaconstrainedvariationalprinciplewithClebschvariables,which

istheoriginalderivationofHolm(2015),furthergeneralisedbyCruzeiro

etal.(2016).Thesecondderivationisbasedonstochasticconstrainedvari-

ationsandwilltouchupontheopenproblemofexistenceofastochastic

Euler-Lagrangeequationwhosesolutionsshouldprojectontosolutionsof

thestochasticEuler-Poincaŕeequation. Wefinallyshowhowtouseanother

typeofconstrainedvariationalprinciple,theHamilton-Pontryaginprinciple,

whichwillprovideaphysicallymoreconsistentderivationandworksbetter

withdissipationorsemi-directproductstructures.
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TheClebschderivation

TheClebschderivationofdynamicalequationsstartsfromaconstrainedvari-

ationalprinciplebutwithfreevariations.Thismethodhasitsuseinoptimal

controlbutalsoproducetheEuler-Poincaŕeequation,seeGay-Balmazand

Ratiu(2011).Forimposingthecorrectconstraint,weneedadditionalvari-

ableswhichwillbecalledtheClebschvariables.They,infact,correspondto

generalisedLagrangemultipliers. Wewillonlytreatherethesimplecaseof

theEuler-PoincaŕeequationbyconsideringtheClebschvariablestobeapair

(q,p)∈g×g∗. Wethenwritethefollowingconstrainedvariationalprinciple

δS,withactionfunctional

S(ξ,q,p)= l(ξ)dt+ p,◦dq+adξqdt+
n

i=1

Φi(q,p)◦dW
i
t,(2.2.1)

wherel:g→ RisthereducedLagrangianandthesecondandthirdterms

encodetheconstraintforthestochasticevolutionoftheqvariable. Here,

Φi(q,p)arearbitraryfunctionsoftheClebschvariablesandwillbecalled

stochasticpotentials,astheyareassociatedwiththe WienerprocessesdWit.

Thiswayofwritingaconstrainedvariationalprincipleoriginatesfromopti-

malcontrolsystemswhereqisthecontrolvariableevolvingaccordingtoa

dynamicsprescribedbythecurrentstateξandonewantstominimiseacost

function,oraLagrangianl(ξ).Theconstraintonthedynamicsofqisthus

enforceddirectlyintothevariationalprincipleviatheLagrangemultiplierp.

Wereferto Blochetal.(2003),Gay-BalmazandRatiu(2011)foramodern

accountofthisapproachofoptimalcontrolandtoHolmandKupershmidt

(1983),Marsdenand Weinstein (1983)fortheoriginalpapersintroducing

theClebschmethodingeometricmechanics.

Wenowproceedfurthertoderivetheequationsofmotionwhicharecritical

pointsofthevariationalprinciple(2.2.1).Intheprocess,wewillmakea

particularchoiceforthestochasticpotentialsΦitobeabletowritethe

stochasticEuler-Poincaŕeequationonlyintermofthevariableξ.

Proposition2.2.1.Thevariationalprinciple(2.2.1)withfreevariations
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yieldsthestochasticEuler-Poincaŕeequation

d
δl(ξ)

δξ
+ad∗ξ

δl(ξ)

δξ
dt+

i

ad∗δΦi(µ)
δµ

δl(ξ)

δξ
◦dWit=0, (2.2.2)

whereµ=δl
δξ
∈g∗andΦ(µ):=Φ(adqp).

Proof.Wewilldotheproofinthecaseofsemi-simpleLiealgebra,orwhen

theLiealgebrahasabi-invariantpairing. Noticethatthiscomputation

worksformoregeneralsystems,asshowninCruzeiroetal.(2016). Westart

bycomputingthefreevariationsofallthevariablestoobtain

δξ:µ:=ad∗qp=
δl

δξ

δq:dp=ad∗ξpdt+
i

δΦi
δq
◦dWit

δp:dq=−adξq−
i

δΦi
δp
◦dWit.

Wethencomputethetimeevolutionofthemomentumvariable µ. Toget

ridoftheClebschvariablesweneedtorestricttheformofthestochastic

potentialbylettingitonlydependonthemomentumvariableµ,thatis

wechooseΦ(p,q)=Φ(ad∗qp). Wethencomputethetimeevolutionofthe

momentausinganarbitraryelementη∈gtoobtain

η,d(ad∗qp)= η,ad
∗
dqp+ η,ad

∗
qdp

= −η,ad∗adξqp+ η,ad
∗
qad

∗
ξp dt

+ −η,ad∗δpΦip+ η,ad
∗
qδqΦi ◦dWit

=([η,[ξ,q]],p+ [ξ,[q,η]],p)dt

+ −[η,[q,δµΦi]],p◦dW
i
t+ [δµΦi,[q,η]],p ◦dW

i
t

=−η,ad∗ξµdt− η,ad
∗
δµΦi
µ◦dWit,

whereweusedtwicetheJacobiidentity,thechainruleforthestochastic

potentialandthenotationδqΦi:=
δΦi
δq
forsimplicity.Fromthiscomputation,
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weobtainthestochasticEuler-PoincaŕeequationwhentheLiealgebraadmits

abi-invariantpairing.

Itissometimesconvenienttorewritethestochasticprocess(2.2.2)usingthe

auxiliaryprocess

dX:=ξdt+
i

σi◦dW
i
t,, (2.2.3)

where

σi:=
∂Φi(µ)

∂µ
. (2.2.4)

Inthiscase,(2.2.2)takesthesimpleform

dµ+ad∗dXµ=0, (2.2.5)

whichhighlightsthefactthatthisequationisacoadjointmotionwiththe

stochasticvelocityX.

Reductionwithstochasticvariations

ThestochasticEuler-Poincaŕeequation(2.2.2)canalsobederivedfroma

stochasticmodificationoftheEuler-Poincaŕetheorem. Wefirstrecallthis

theoreminthedeterministiccasetoclarifywherethenoisewillbeintroduced.

Theorem2.2.1(Euler-Poincaŕereduction).ProvidedtheLagrangianL:

TG→RisG-invariant,thefollowingstatementsareequivalentinthesense

thattheirsolutionscoincide.

1.Hamilton’svariationalprinciplefortheLagrangianL:TG→R:

δ L(g,̇g)dt=0. (2.2.6)
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2.TheEuler-Lagrangeequationholds

d

dt

∂L

∂̇g
=
∂L

∂g
. (2.2.7)

3.ReducedHamilton’sprincipleforthereducedLagrangianl:g→R:

δ l(ξ)dt=0, (2.2.8)

whereξ=g−1ġ∈gandtheconstrainedvariationsareδξ=̇η+[η,ξ].

4.TheEuler-Poincaŕeequationholds

d

dt

∂l

∂ξ
=ad∗ξ

∂l

∂ξ
. (2.2.9)

WhenusingthistheoremtosolveavariationalequationonaLiegroup,one

shouldstartbysolvingtheEuler-Poincaŕeequationandthenreconstructthe

solutiononthegroupusinġg=gξ. Therelationbetweenthesolutionon

theLiegroupandthesolutionontheLiealgebraiscalledthereconstruction

relation,asitallowsonetofindthepositionofthesystemfromtheevolution

ofitsspeedξ.Thereconstructionrelationisthustheobviousplacewhereone

wouldwanttointroducenoisetoretainmostoftheresultsofthistheorem.

Hence,wereplacethereconstructionrelationbythefollowingstochastic

process

dg=gξdt+
i

gσi◦dW
i
t, (2.2.10)

whereσiaregivenLiealgebraelements.Noticeitssimilaritywiththeprocess

Xin(2.2.3),thatisdg=gdX. Wenowproceedbycomputingthestochastic

Euler-Poincaŕeequationandwillgivefurthercommentsonthisstochastic

reconstructionrelationlater. Usingtherelation(2.2.10),wecancompute

theassociatedstochasticvariations

δξ=dη+adξηdt+
i

adσiη◦dW
i
t, (2.2.11)
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whereη=g−1δg,forthearbitraryvariationsδg.Indeed,wefollowthe

deterministicderivation,andwecompute

d(g−1δg)=g−1dδg−g−1dgg−1δg

δ(g−1dg)=g−1δdg−g−1δgg−1dg.

Theseformulaeyield(2.2.11)aftersubtractingthemandusingthefactthat

dδg=δdg.Fromthiscomputation,wedirectlyhavethefollowingproposi-

tion.

Proposition2.2.2.ThesolutionofHamilton’sprinciple(2.2.8)forthere-

ducedactionfunctionalunderthestochasticreconstructionrelation(2.2.10)

isthestochasticEuler-Poincaŕeequation(2.2.2).

ThisderivationofthestochasticEuler-Poincaŕeequationistheclosestderiva-

tiontothestandarddeterministicone.Bybeinginsertedintothereconstruc-

tionrelation,thenoisecanbeinterpretedaspossibleerrorsmadewhenthe

positiongofthesystemiscomputedfromthevelocityξ.Interestingly,the

noisealsoappearsintheequationforthevelocity,thatistheEuler-Poincaŕe

equationasonewouldthinkthatthisstochasticperturbationwouldonly

affectthepositionandnotthespeed.Itisforthisreasonthatvariational

principlesareimportantandmakeatheoryconsistentby,inthiscase,making

surethatthenoiseinthevelocityequationiscompatiblewiththestochastic

trajectoryonthegroup.Inphysicalterms,wecanthinkaboutthiseffectin

thefollowingmanner.Thenoiseinthereconstructionrelationwilleventually

bringthepositionofthesystemtoaplacethatcanneverbevisitedbythe

deterministicsolution,andwherethedynamicscanberatherdifferentfrom

theexpectedonewithoutnoise.Itisthennecessarytouseadifferentdynam-

icsforthevelocitywhichwilldependonwheretheperturbationbringsthe

system.Thiseffectismodelledbythenoiseinthereducedequation.Notice

thatthenoiserealisationforthereconstructionrelationandthestochastic

Euler-Poincaŕeequationmustbethesameforthistheorytomakesense.

Thisderivationalsojustifiesthesimplificationofthestochasticpotentials

Φi(q,p)=Φi(µ)usedintheClebschderivation. Thereexistsnevertheless

adifficultissuetosolve,thatwenowwanttoexplainhere. Theprevious
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propositionisonlyhalfofthedeterministicEuler-Poincaŕereductiontheorem

2.2.1. Whatweknowisthatifwecansolvethestochasticequation(2.2.2),

thenthestochasticreconstructionrelation(2.2.10)canbeintegratedforward

togiveastochastictrajectoryonthegroupthatwewilldenotegt. The

questionisnowaboutgtbeingasolutionofastochasticprocesscorresponding

totheEuler-Lagrangeequationandifthisstochasticprocesscanbederived

fromastochasticvariationalprincipleontheLiegroup.First,theprocess

gtisnon-Markovian,thatisanystateofthesystemdependsonitspast. We

canseethatbywritingthereconstructionrelationinintegralformas

gT=g0+
T

0

gt ξ0+
t

0

ad∗ξsµsds+
i

t

0

ad∗σiµs◦dW
i
s dt

+
i

T

0

gtσi◦dW
i
t,

(2.2.12)

wherethestimevariableisfortheintegralsassociatedtothereducedequa-

tionandthetvariableforthegroupvaluedsolution,evaluatedattimeT.

Thisprocesscanalsobeinterpretedashavingastochasticdrift. Similar

stochasticprocessesappearinmathematicalfinancewithforexamplethe

Longstaff-SwartzmodelLongstaffandSchwartz(1992)forthedescriptionof

shortinterestrates. Themajordifferencebetweenthesemodelsinmathe-

maticalfinanceandoursystemisthatthe Wienerprocessesforξandgare

thesame,whereasinfinancetheyuseindependent Wienerprocesses.

WewillnotgofurtherinstudyingthisstochasticprocessonLiegroups,but

rathergivepiecesofevidenceandsuggestanextensionofthistheorytothe

Liegroupthatwouldremaincompatiblewithwhatwesaidsofar.First,we

havethefollowingfacts:

1.thenoisewasintroducedpreservesthecoadjointorbitsobtainedbythe

reductiontheory,

2.forasolutionofthestochasticEuler-Poincaŕeequation,thereexistsa

correspondingstochasticpathontheLiegroupG,

3.ifthenoisevanishes,werecoverthestandardreductiontheoryofEuler-
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Poincaŕe.

4.thenoiseisthesameinboththereconstructionrelationandthestochas-

ticEuler-Poincaŕeequation.

Conjecture2.2.1.ThestochasticpathontheLiegroupcomingfromthere-

constructionofastochasticpathontheLiealgebraisobtainedfromastochas-

ticvariationalprincipleandsatisfiesastochasticEuler-Lagrangeequation.

DerivationfromtheHamilton-Pontryaginprinciple

WewillnowdescribeyetanotherderivationoftheEuler-Poincaŕeequa-

tionwhichsitsbetweenthetwopreviousapproachesandwillbeusefullater

onwithdissipativeforcesinsection2.3. TheideabehindtheHamilton-

PontryaginprincipleissimilartotheClebschprinciple.Itistoenforcethe

constrainedvariationsdirectlyintothevariationalprincipleviaageneralised

Lagrangemultiplier.Inthiscase,wedonotintroduceClebschvariablesand

directlyusetheLiegroupelementsandthemomentumvariabletoenforce

theconstraint.Inthepresentstochasticcontext,theconstraintwillbecome

stochastic.

Proposition2.2.3.ThestochasticHamilton-Pontryaginvariationalprinci-

ple

δ l(ξ)dt+
i

µ,g−1dg−ξdt−σi◦dW
i
t =0, (2.2.13)

forfreevariationsδg,δξandδµyieldsthestochasticEuler-Poincaŕeequation

(2.2.2).Here,σiarearbitraryLiealgebraelements.

Proof.Wecomputethevariations δξandδµ

δξ:
∂l(ξ)

∂ξ
=µ

δµ:g−1dg=ξdt+
i

σi◦dW
i
t,
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andtheδgvariationgives

δgµ,g
−1dg= µ,−g−1δgg−1dg+g−1dδg

=−dµ,g−1δg+ µ,[g−1dg,g−1δg]

= −dµ+ad∗g−1dgµ,g
−1δg,

whereweintegratedbyparts.Combiningtermsgivesequation(2.2.2).

Onsemi-directproductextension

Thefirststeptowardsleavingtherealmofgeodesicequationsandkinetic

Lagrangiansistointroduceadditionalgeometricalstructureswhichcande-

scribebrokensymmetries.Thebestandsimplesttoolisthetheoryofsemi-

directproductswhichcandescribemostoftheinterestingexamplesinfinite

andinfinitedimensions. WerefertoHolmetal.(1998a)forextensiveworks

onsemi-directproductstructuresinthecontextofdynamicalsystemsand

fluiddynamics. Mostofwhatwewillsayinthischaptercanbeextended

toincludesemi-directproducts,wheretheexampleoftherigidbodycorre-

spondstotheheavytop,withgravitybreakingtherotationsymmetry.For

thissectiononstochasticdeformationoftherigidbodymotion,wederived

theequationsandstudiedthemtosomeextentinArnaudonetal.(2017a).

Wewillnotpresenttheseresultshereastheydonotprovidemoreinsights

intotheeffectofthenoisebutonlycomplications. Wewillfocusonthe

Euler-Poincaŕeequationwherethephasespaceisthetangentbundleofa

Liegroup.

It̂oprocessandLie-Poissonequation

WepreviouslyderivedthestochasticEuler-Poincaŕeequationanditisnow

timetostudyitinmoredetail. WebeginbycomputingtheIt̂ocorrection

termthatallowsustowritethestochasticprocessinIt̂oform,moreap-

propriatetoperformstochasticcalculusthanstandardcalculus. Wecan,

inparticular,takeexpectationsandcomputetheFokker-Planckequation.

AdirectcomputationoftheIt̂ocorrectionofthestochasticEuler-Poincaŕe
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equation(2.2.2)givesthefollowingIt̂oprocess

d
∂l(ξ)

∂ξ
+ad∗ξ

∂l(ξ)

∂ξ
dt+

i

ad∗σi
∂l(ξ)

∂ξ
dWit

−
1

2
i

ad∗σi ad
∗
σi

∂l(ξ)

∂ξ
dt=0,

(2.2.14)

wherethelasttermistheIt̂ocorrection.Theimportantpointhereisthat

thecorrectionhasadoublead∗withasumoverallσifields. Thefact

thattheindexiisthesameforbothcoadjointactionscomesfromthefact

thatthe WienerprocessesWitareindependentforeachi.Iftheywerenot

independent,somemixedtermswouldappear.

Fromtheseconsiderations,wecanstudytheLie-Poissonformulationofthis

equationinbothStratonovitch,andIt̂oform.InStratonovitchform,the

stochasticLie-Poissonequationis

df(µ)= µ,
∂f

∂µ
,
∂h

∂µ
dt+

i

µ,
∂f

∂µ
,
∂Φi
∂µ

◦dWit

=:{f,h}dt+
i

{f,Φi}◦dW
i
t,

(2.2.15)

wheref:g∗→Risanarbitraryfunctionandh:g∗→RistheHamiltonian,

obtainedbyaLegendretransformofthereducedLagrangianl,provided

thatitishyper–regular.ThisformulaexhibitstheLie-Poissonbracketwhich

appearsinboththedriftandthestochasticterm. Wecannowcomputethe

correspondingIt̂oprocesstoget

df(µ)=:{f,h}dt+
i

{f,Φi}dW
i
t+
1

2
i

{Φi,{Φi,f}}dt. (2.2.16)

ThedoublecoadjointactiontermisnowadoubleLie-Poissonbracket. We

willusethisequationlatertostudytheFokker-Planckequation,butfornow,

wewillfocusonthepropertiesofthestochasticsystemandinparticularthe

preservedgeometricfeatures.

Proposition2.2.4.AllsolutionsofstochasticEuler-Poincaŕeequation(2.2.2)

arerestrictedtoacoadjointorbitOµ0whereµ0=µ(0)istheinitialvalueof
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theprocess.

Proof.Withoutlossofgenerality,wecanassumethat Wi0=0foralli,thus

thecoadjointorbitisparametrisedbythevalueoftheinitialmomentumµ0.

OnedirectlycheckthattheCasimirsarepreservedbytheflowasboththe

driftandthevolatilitycoefficientshavethissameLie-Poissonstructure.

Energyconservationandintegrability

Wejustinvestigatedthepreservationofgeometricinvariantsunderthestochas-

ticperturbationoftheEuler-Poincaŕeequation. Wewillnowstudythedy-

namicalinvariants,whicharenotexpectedtobepreservedingeneral.

Ingeneral,theenergyh(µ)isnotconservedbythesolutionsofthestochastic

Euler-Poincaŕeequation(2.2.2).Indeed,usingIt̂o’slemma1.2.1,wecan

computethetimeevolutionoftheenergytoget

dh(µt)=ξt,dµt=
i

ξt,ad
∗
σi
µt◦dW

i
t,

whichisnotconservedunlessthedynamicsofthedriftiscompatiblewith

thefieldsσiinaspecificsense.Inthepreviouscomputation,weseethat

ifadσiξ⊥µforalltimeandindexiwhere⊥isorthogonalitywithrespect

tothepairing,thentheenergyisconserved.Noticethatthedriftdynamics

dependsontheHamiltonianusedtocomputeξtintermofµt.Thiscondition

isthusacompatibilityconditionbetweentheHamiltonianandtheσifields.

Onecouldhopethattheexpectedvalueoftheenergywouldbeconserved,but

onecanverifythatitisnotthecaseingeneral.Nevertheless,theenergyis

conservedwhenthefunctionalhandΦiarecompatibleinthefollowingsense.

First,recallthatthedynamicsofoursystemistiedtothePoissonstructure

encodedinthePoissonbracket{·,·}. Wethensaythatthefunctionalhand

Φiarecompatibleif

{h,Φi}=0, and {Φi,Φj}=0 ∀i,j. (2.2.17)

Usingonlythispropertywecandirectlyshowthatthestochasticprocesshas
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handΦiasconservedquantities.Indeed,fromtheLie-Poissonformulation

(2.2.15),wehave

dh(µt)={h,h}(µt)dt+
j

{h,Φj}(µt)◦dW
j
t=0

dΦi(µt)={Φi,h}(µt)dt+
j

{Φi,Φj}(µt)◦dW
j
t=0.

Proposition2.2.5.Forastochasticdeformationofandeterministicinte-

grablesystem,ifhandallΦicommutewithrespecttothePoissonbracketof

theoriginalsystem,thenthissystemcanbeintegratedbyquadratures.

Proof.WeassumethatthedeterministicsystemisintegrableintheLiouville

sense,thatisitcanbeintegratedbyquadratureviatheaction-anglevari-

ables,seeTheorem1.2.1. ThefunctionsΦimustbelinearlydependenton

thedeterministicconservedquantitiesoftheoriginalsystem.Theconstruc-

tionoftheaction-anglevariables,whichinvolvesthequadraturesisthusnot

affectedbutonlythedynamicalequationofthesevariables.Recallthatthe

Φiareconservedbythestochasticflow.Theactionvariableshenceremain

constantsofmotionforthestochasticequation.Theanglevariableswillbe

affectedbythenoise,withastochasticfrequency,dependingonlyonthe

constantactionvariables.ThisholdsastheΦiareininvolutionwithallthe

otherconservedquantities.

Thispropositionleadstothefollowingdefinition.

Definition2.2.1(Stochasticintegrablesystem).Thestochasticprocess(2.2.2)

iscalledastochasticintegrablesystemifhandallΦicommutewithrespect

tothePoissonbracketgeneratingthisprocessandifthedeterministicsystem

isalreadyintegrable.

Thisensuresthatthestochasticdynamicsisrestrictedontheinvarianttori

oftheoriginalintegrablesystem.Thedynamicsonthemisstochastic,butas

itisjustanadditivenoiseonastraightlinemotion,itcanalsobeintegrated

explicitly.
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StochasticintegrablesystemswerefirstintroducedinLi(2008)withamore

generaldefinitionwhichincludesothersystemsthanthepresentstochastic

Euler-Poincaŕeequations.Thepresentdefinitionisratherabstractandnot

veryexplicit,sowewillneedfurtherrefinementsbylookingatspecificexam-

pleslaterinthetext. Wecanneverthelessmakeafewinterestingcomments.

First,recallthatforthepreviousderivationofthestochasticequationsto

makesense,wemusthaveΦi(µ)=µ,σi whereσidoesnotdependonµ.

Thisrestrictionhasadirectimpactonthepossibleintegrablestochasticsys-

temsthatwecanderive.Indeed,thedynamicsofanintegrablesystemliesat

theintersectionofthelevelsetsoftheconservedquantities.Thenoisemust

thenproducedynamicsonlyalongtheselevelsetstopreserveintegrability.

Therestrictionofbeinglinearinthemomentumisingeneraltorestrictive

forthistobeachieved.Relaxingthisassumptionoflinearitywillcorrespond

tothedefinitionofLi(2008)whereonlystochasticprocesseswithcommut-

ingvectorfieldareconsidered,withoutanyassumptionontheirform.This

generalisationwillalsobeusedhereinsection3.4whenwetreatstochas-

ticintegrablehierarchies.Infinitedimensions,thereishopefullyenough

possibilitiesinthechoiceofHamiltoniansystemstoderiveseveraldifferent

integrablestochasticsystems. Wewillstudyafewoftheseexamplesthrough-

outthisworksuchasthefreerigidbodyin2.2.3andthestochasticToda

latticein2.5.

2.2.2 TheFokker-Planckequationandstationarydistribution

Oncewehaveastochasticprocess,wecanstudyitsassociatedFokker-Planck

(FP)equationwhichdescribesthedynamicsoftheprobabilitydensityofthe

stochasticprocess. Beforegoinganyfurther,wehavetomentionthatal-

thoughmostofwhatwesaidbeforecanbeappliedtoinfinitedimensional

systems(seeforexampleHolm(2015)),thestudyoftheFokker-Planckequa-

tionislimitedtofinitedimensionalsystemsforobviousdimensionalityrea-

sons.
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TheFokker-Planckequation

ThefirststepinthederivationoftheFokker-Planckequationistocompute

theKolmogorovoperatorortheinfinitesimalgeneratorofthestochasticpro-

cess,seedefinition1.2.9. Thisoperatorcandirectlybecomputedbytak-

ingtheconditionalexpectationoftheLie-Poissonformulationinequation

(2.2.15).Forthis,weneedtheIt̂ocorrection,then,thestochastictermcan

beremovedbyusingtheconditionalexpectationtoobtaintheKolmogorov

operator

{(µ):= ad∗ξµ,
∂f

∂µ
−
1

2
i

ad∗σiµ,
∂

∂µ
ad∗σiµ,

∂f

∂µ
. (2.2.18)

Asbefore,wecanexplicitlyusetheHamiltonianandstochasticpotentialto

rewritetheKolmogorovoperatorinaLie-Poissonformas

Lf(µ)={h,f}−
1

2
i

{Φi,{Φi,f}}. (2.2.19)

NoticethatitisthesameobjectastheIt̂ocorrectionoftheLie-Poisson

formoftheequationderivedpreviously.ThelaststepistocomputeL∗,the

adjointoftheKolmogorovoperator,ortheso-calledforwardKolmogorov

operator,usingthedefinitionofadjoint

f(µ)L∗P(µ)dµ= P(µ)Lf(µ)dµ.

Proposition2.2.6.TheforwardKolmogorovoperatoris

L∗P(µ)=−{h,P}−
1

2
i

{Φi,{Φi,P}}. (2.2.20)

Proof.Wefirstconsiderthedrifttermof(2.2.19)andusetheLeibnizprop-

ertyoftheLie-Poissonbrackettoget

P{h,f}dµ=− f{h,P}dµ+ {h,fP}dµ. (2.2.21)

Recallthatanon-degeneratePoissonbracketcanbeexpressedintermofa

37



symplecticformas{F,G}=ω(XF,XG)whereXFandXGaretheHamilto-

nianvectorfieldsassociatedtothefunctionFandG.Now,thesymplectic

formonthecoadjointorbitisanexact2-form,thatisω=dθforsome

1-formθ. Thesefactsmeanthatprovidedthatwehavevanishingorpe-

riodicboundaryconditionsonthecoadjointorbits,theintegrationofthe

Lie-Poissonbracketcorrespondstotheintegrationoftheexteriordifferential

ofa1-form. ThisintegralvanishesbyusingStokestheoremandsuitable

boundaryconditions.Forthedoublebracketterm,wesimilarlyobtain

P{Φi,{Φi,f}}dµ=− {Φi,f}{Φi,P}dµ+ {Φi,{Φi,f}P}dµ

= f{Φi,{Φi,P}}dµ− {Φi,f{Φi,P}}dµ

+ {Φi,{Φi,f}P}dµ,

wherethelasttwotermsvanishesfromthesameargumentasbefore,that

isusingintegrationbyparts.CollectingtermsgivetheforwardKolmogorov

operator(2.2.20).

FromtheforwardKolmogorovoperator,theFokker-Planckequationforthe

probabilitydistributionP(t,µ)is

d

dt
P={h,P}+

1

2
i

{Φi,{Φi,P}}. (2.2.22)

Thesecondtermisnewanddescribesthediffusiongeneratedbythenoise.

Forillustration,inthecaseofone-dimensionalBrownianmotion,theFokker-

Planckequationcorrespondstotheheatequationwherethedoublebracket

termistheLaplacian.

TheḦormanderconditionandergodicity

TheFokker-PlanckequationisalinearbuthighdimensionalPDEwhich

cannot,ingeneral,besolvedanalytically. Oneinterestingfeatureisthe

existenceofauniquestationarydistributionwhichreliesontheproperty

38



thatthedriftandvolatilityvectorfieldsofthestochasticsystemsatisfythe

Ḧormandercondition. Werefer,forexample,totheintroductionofHairer

(2011)formoredetailaboutthistopic. Wefirststateitsstandarddefinition

basedonagenericstochasticprocessxt∈R
n

dxt=V0(xt)dt+
i

Vi(xt)◦dW
i
t, (2.2.23)

forvectorfieldsVi(x):Rn→Rn. WewillneedtheLiebracketbetweentwo

vectorfields,givenby

[V,W](x)=DV(x)·W(x)−DW(x)·V(x), (2.2.24)

whereDV isthematrixderivative(DV)ij=∂iVj.

Definition2.2.2 (ParabolicḦormandercondition).Definethecollections

ofvectorfields

V0={Vi|i>0} (2.2.25)

Vk+1={[U,Vi],U∈Vk,i≥0}. (2.2.26)

IfV(x)= kVk(x)=R
n,then(2.2.23)satisfiestheparabolicḦormander

condition.

ThisconditionmeansthatthevectorfieldsViandalltheircommutators

mustspantheentirephasespaceofthestochasticprocess(2.2.23). With

thisproperty,onecanprovetheḦormandertheoremofḦormander(1967).

Theorem2.2.2(Ḧormandertheorem).AstochasticprocesswiththeḦormander

conditionshassolutionswhichadmitasmoothstationarydistributionwith

respecttotheLebesguemeasureonthephasespace.

Inourcase,weneedtoadaptthisdefinition,ornoneofourstochasticpro-

cesseswillfulfiltheḦormandercondition.Indeed,wealreadysawthatthe

multiplicativenoisethatweuseallowsustopreservethecoadjointorbits

ofthedeterministicsystemwhichisasubsetofthefullphasespace. We

thusneedtomodifyḦormanderconditiontoV(µ)=TµO.Equivalently,we
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requirethatV(µ)spanthetangentspacetothecoadjointorbitatthepoint

µ.Thetangentspaceofacoadjointorbitiscomputedfromthedefinitionof

thecoadjointorbitandisgivenas

TµO={ad
∗
ξµ|ξ∈g}. (2.2.27)

FromthisweseethatḦormanderconditionissatisfiedifspan(σi)=g,in

thiscaseonlyV0isneededasVi=ad
∗
σi
µ.Ifthisisnotthecase,weneedto

gofurtherandusetheexplicitformofthevectorfieldsVitocompute

[ad∗σiµ,ad
∗
σj
µ]=ad∗σiad

∗
σj
−ad∗σjad

∗
σi
µ,

andverifythatTµOisspannedbythesevectorfields,orhighercommutators.

Wenowneedtocommentonthisfeatureofstochasticprocessesinthecaseof

integrablestochasticsystems.Aswesaidearlier,theintegrabilityproperty

correspondstothesystembeingrestrictedtoasubmanifoldofthephase

spacewhichistheintersectionofthecoadjointorbitwiththelevelsetof

additionalconservedquantities.Thenoisemustthenpreservethissubsetand

theḦormanderconditionwillthusneverbesatisfiedfortheentirecoadjoint

orbitbutonlyforthisparticularsubset.

Stationarydistribution

Wenowdescribethestationarydistribution,orthestationarysolutionofthe

Fokker-Planckequation,givenastheuniquesolutionof

{h,P∞}=−
i

{Φi,{Φi,P∞}}. (2.2.28)

Proposition2.2.7.Thestationarydistributionisconstantonthecoadjoint

orbitiftheḦormanderconditionfortheunderlyingstochasticprocessholds

onthesameorbitandthesystemisnotintegrable.

Proof.First,recallthattheḦormandertheoremstatesthatthestationary

distributionstationarydistributionexistsandissmoothwithrespecttothe
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Lebesguemeasureonthecoadjointorbit. Second,becausethesystemis

notintegrable,thatishandσiarearbitrary,weneed{h,P}and{Φi,P}to

vanishindependently.TheyvanishonlyifPisinthekernelofthePoisson

bracket,thatisifPisanarbitraryfunctionoftheCasimirorinvariant

functiononthecoadjointorbit.Pmustonlydependontheinitialcondition

µ0whichdefinestheorbitOµ0.Thisdependenceisthenremovedafterthe

normalisationofPbyimposingthatitisaprobabilitydistribution,sothat

Oµ0
P∞(µ)dµ=1. Furthermore,weknowfromtheḦormandertheorem

thatthestationarydistributionisunique,andwefoundone,soweproved

theresultofthisproposition.

Noticethatifthevolumeofthecoadjointorbitisinfinite,thestationary

distributionisnotdefinedandweneedtousemoregeneralmeasures. We

willavoidbyusingonlycompactcoadjointorbitscorrespondingtocompact

Liegroups.

2.2.3 Thestochasticfreerigidbody

Wewillnowapplythistheorytothefreerigidbodywhichisourmain

exampletoillustratethestochasticdeformationofgeometricmechanicsin

finitedimensions.

Thefreerigidbody

Wewillonlygivethenecessarydetailsforabasicunderstandingofthedy-

namicsofthefreerigidbody,andwerefertoMarsdenandRatiu(1999)for

acompletedescriptionofthissystem.TheLiegroupthatdescribestherigid

bodyisSO(3),thegroupofrotationsinthreedimensions.Thisgroupnatu-

rallyactsonvectorsinR3whichrepresentthepositionsofeachinfinitesimal

elementofthesolid. Thedynamicsofthebodycanthusbedescribedby

apathonR(t)∈SO(3).Thebodybeingfree,thatisthereisnoexternal

force,theLagrangianispurelykinetic.TheLiegrouphasanaturalaction

onitstangentvectorṘ(t)∈TRSO(3)correspondingtothevelocityvector.

Ontopofthat,thegroupactionpreservesthenormofthesevectorsand
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thekineticenergysothetheoryofreductionbysymmetrycanbeapplied.

ThereducedvelocityvariableisthusΩ:=R−1Ṙ∈so(3)andthereduced

Lagrangianis

l(Ω)=
1

2
Ω·IΩ:=

1

2
Ω·Π, (2.2.29)

whereI=diag(I1,I2,I3)isthetensorofinertiawhichcapturesthemass

distributionofthesolidinthreeprincipalmomentsofinertia.Geometrically

speaking,itisamapI:g→g∗,anddefinesthereducedmomentumvariable

Π=IΩ∈g∗. WeareusingboldfontsinthedefinitionoftheLagrangian

whichmeansthatinfactΩ∈R3∼=so(3)viatheisomorphismbetween3-

dimensionalanti-symmetricmatricesandR3. Withthisisomorphism,the

tracepairingbecomesthedotproduct,thematrixcommutatorthecross

productandad=−ad∗. WethusobtainthefollowingEuler-Poincaŕeequa-

tiononthegroupofrotations

Π̇=Π×Ω. (2.2.30)

Wewillnotstudythedynamicsofthissystemindetailherebutonlymention

thatthecoadjointorbitisthemomentumspherewithCasimirC(Π)=Π 2

andthetrajectorieslieintheintersectionofthissphereandtheellipsoids

givenbytheconservationofenergy. Wewillseemoredetailonthedynamics

withthenoiselateroninthissection.

Thestochasticfreerigidbody

Wewillnowfollowthepresenttheoryofstochasticdeformationandapply

ittothefreerigidbody. Wefirstneedastochasticpotentiallinearinthe

momentum,sowechoose

Φi(Π)=σi·Π, (2.2.31)
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whereσi∈so(3)areorthogonalfixedelements. Thestochasticfreerigid

bodyequationisthen,fromthestochasticEuler-Poincaŕeequation(2.2.2),

dΠ+Π×Ωdt+
i

Π×σi◦dW
i
t=0, (2.2.32)

andpreservesthecoadjointorbitasitiseasilycheckedthattheCasimir

C(Π)=Π 2ispreservedbytheflow. TheequivalentIt̂oformulationof

(2.3.44)isgivenby

dΠ+Π×Ωdt+
1

2
i

(Π×σi)×σidt+
i

Π×σidW
i
t=0,(2.2.33)

whereagainonecanverifythattheCasimirisconservedusingIt̂ocalculus.

Itisnowinterestingtostudytheenergyconservationofthissystem,asthisis

theonlyotherdeterministicallyconservedquantityapartfromtheCasimir.

UsingIt̂o’sLemma,wecomputethetimeevolutionoftheenergytoobtain

dh(Π)=
i

(Π×σi)·[I
−1(Π×σi)−(Ω×σi)]dt

+2
i

(Π×σi)·ΩdW
i
t.

(2.2.34)

Fromthisformula,wecanseethattheenergyisnotconservedingeneral.In

ordertostudytheenergyevolutionwenumericallycomputedtheprobability

densityfortheenergy,thatisthesolutionoftheFokker-Planckequation

associatedtotheprocess(2.2.34)anddisplaytheresultinfigure2.1,fortwo

differentinitialconditions.Inpractice,weranmanyindependentsimulations

ofthesystemwithdifferentnoiserealisationsandthencountedthenumber

ofrigidbodiesforeachenergybinbetweenthetwopossibleextremevalues

oftheenergy.Thelatterarefoundfromtheconservationofthemomentum

spheretobeatthetwostableequilibriaassociatedwiththedirectionsofthe

largestandlowestmomentofinertia.Forlargetimes,theinitialconditionsdo

notaffectthefinaldistribution,demonstratingtheergodicityofthissystem.

Thesecondremarkisthatthisfinaldensityisnotconstant.Thisisexplained

bythefactthatthevolumeofthecoadjointorbitforeachvalueoftheenergy
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isdifferent,thusthenumberofrigidbodies,astheyareuniformlydistributed

onthemomentumsphere.Recalltheenergyisnotconservedunlesswemake

Figure2.1:Wedisplayinthisfigurethedensitydistributionofthestochasticprocess
(2.2.34)withI=diag(1,2,3)fortwodifferentinitialconditions.Thebluecolourmeans
thattheprobabilityvanishes,andtheyellowcolourthattheprobabilityishigh.Thisfigure
demonstratestheergodicityofthesystemandthepropertythattheconstantenergyregions
ofthemomentumspherehavedifferentvolumes.Thenumericalschemeusedhereisthe
HeunmethodforthestochastictermandthestandardodeintmethodoftheScipypackage
inpython.

aparticularchoiceforIandσisuchthat(σi×Π)⊥(I
−1Π)holds. One

caneasilyseethatthisthecaseonlyifthereisasingle Wienerprocess

associatedtothefixedvectorσn,wherenistheunitvectorandσareal

number. Ontopofthat,themomentofinertiamustbeuniforminthe

subspaceperpendicularton,thatis,thereisanumberIsuchthat

I(e−n)=I1(e−n),

wheree=(1,1,1). Withoutlossofgenerality,wecansetn=(0,0,1)Tand

I=diag(I1,I1,I3)suchthatthedynamicstakesplaceincirclesperpendicular

totheaxis(1,0,0).Onecanthenverifythatunderthiscondition,theenergy

isconservedalongthestochasticpathsthatsolve(2.3.44).

Infact,thisconditionwhichgivesintegrabilityofthissystemisequivalent

totheconditionthattheHamiltonianandthestochasticpotentialarecom-

mutingintegralofmotions.Inthissimplecase,wecangoevengofurther
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bywritingthestochasticfreerigidbodyequationincomponents.

dΠ1=Π2(aΠ3dt+σ◦dW)

dΠ2=−Π1(aΠ3dt+σ◦dW)

dΠ3=0,

wherea:=I−I3
II3
.ThisequationistheclassicalKubooscillatorintroducedby

Kuboetal.(1991)inthecontextofstatisticalphysics.Itssolutioncanbe

explicitlygivenintermofthe WienerprocessWt

Π1(t)=Π1(0)cos(aΠ3t+σWt)−Π2(0)sin(aΠ3t+σWt)

Π2(t)=Π2(0)cos(aΠ3t+σWt)+Π1(0)sin(aΠ3t+σWt).

Theoutcomeofthisanalysisisthatintegrabilityisrareforthesestochastic

systemsasitonlyappearsforasinglesetofcombinationsoftheparameters.

TheFokker-Planckequationandstationarydistributions

WecannowstudytheFokker-Planckequationinmoredetail. Westartwith

theconditionsontheσisuchthattheḦormanderconditionissatisfied.In

thegenericcaseofisotropicnoisedescribedbythree Wienerprocesseswith

σi=σei,whereeiiisanorthonormalbasisofR
3andσarealnumber,the

Ḧormanderissatisfied. Morenoisefieldscouldbeaddedorremovedwithout

changingthisresult.Infact,onlyonenoisefieldσisneededifthemoments

ofinertiaarealldistinct.Indeed,thenoisewillalwaysbeinalongthesame

direction,andthedynamicswillbringenoughmixingtoobtainergodicity.

Inthecaseofdegeneracyforthemomentsofinertia,ifthenoiseamplitudeis

notasinthestochasticallyintegrablecase,theḦormanderconditionwillbe

fulfilled.ThisfeaturedemonstratesthattheḦormanderconditiononthefull

coadjointorbitpreventsthesystemfrombeingintegrable.Onthecontrary,

ifthesystemisintegrable,theḦormanderconditionwillholdonlyonthe

1-dimensionalsubspaceofsolutions,asonecanseefortheKubooscillator.

WenowcomputetheFokker-Planckequationforthestochasticfreerigid
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bodytoget

d

dt
P+(Π×Ω)·∇P+

1

2
i

(Π×σi)·∇[(Π×σi)·∇P]=0, (2.2.35)

where∇isthegradientwithrespecttotheindependentvariableΠ∈R3.As

weprovedforthegeneralcaseinProposition2.2.7,thestationarydistribution

oftheFokker-Planckequationisaconstantonthecoadjointorbits,whichis

herethemomentumsphere.

Theinterestingthingnotcapturedinthestationarydistributionisthedy-

namicsoftheprobabilitydensityPwhenitisnotstationaryandwherethe

combinationoftheadvectionandthediffusionduetothenoisearevisible.

Toillustratetheseeffects,wesolvedtheFokker-Planckequationnumerically

withaMonte-Carlosamplingmethodwithadeltainitialdistribution. We

displayseveralsnapshotsofthesolutioninfigure2.2.Thesolutionwasob-

tainedbya Monte-CarlosamplingoftheFokker-Planckequation,thatis

manysimulationsofthestochasticrigidbodywerecomputedwithadiffer-

entrealisationofthenoiseeachtime. Weusedasplitstepmethodwiththe

exactsolutionforthestochastictermandtheplotrepresentsthedensityof

rigidbodiesonthemomentumsphereatagiventime.

Figure2.2:InthisfigurewedisplaysixsnapshotsofanumericalsimulationoftheFokker-
Planckevolutionofthefreerigidbody,withnoiseamplitudeσi= σeiandmomentof
inertiaI=diag(1,2,3).Thereddotistheinitialdeltadistributionthatconvergestothe
uniformdistributionastimegoestoinfinity.Duringtheprocess,theadvectiontermcoming
fromtheunderlyingrigidbodydynamicsacceleratesthemixingbytransportingthesolution
invariousregionsofthemomentumsphere.
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2.2.4 Summaryandoutlook

Mostofthissectionwasdevotedtotheintroductionofnoiseinmechanical

systemswithsymmetries. Wesawthreedifferentandalmostequivalent

derivationsinsection2.2.1:theClebschvariables,stochasticforceswith

theLagrange-d’AlembertprincipleandthestochasticHamilton-Pontryagin

variationalprinciple.Themostgeneralderivationturnedouttobethelast

whichcanevenallowanoisetodependonadvectedparameters. Wedid

notinvestigatethesesystemshereandrefertoArnaudonetal.(2017a)for

someresultsaboutthem.Oneoftheinterestingfeaturesisthatthecoadjoint

orbitsarenotcompactandthestudyofthestationarydistributionneedsto

bedoneviamarginaldistributionsobtainedbyintegratingoverpartsofthe

coadjointorbit.Tostudystationarydistributions,weobtainedageneraland

simpleformulationoftheFokker-PlanckequationintermoftheLie-Poisson

bracketanddirectlyobtainedtheresultofaconstantstationarydistribution

onthecoadjointorbit.

Regardingtheintegrabilityofthestochasticdeformation,thedeterministic

freerigidbodyisintegrableforallvaluesofthemomentofinertia,butwith

noiseonlyafewconfigurationsofthesystempreserveintegrability.Thisis

thecasewhenthebodyhasacylindricalsymmetrywiththenoisealongthe

axisofsymmetry.Thissystemis,infact,thestochasticKubooscillatoras

thedynamicsisrestrictedtocirclesontheplane,withexplicitexactsolutions

intermofthenoise.Fortheheavytopwhichistheclassicexampleofthe

semi-directproductextension,asimilarresultholdswherethenoisemustbe

intheaxisofsymmetryoftheLagrangetop(aheavytopwithcylindrical

symmetry),andexplicitsolutionscanalsobecomputed,seeArnaudonetal.

(2017a).

Atthispoint,therearenomajoropenproblemsbutratherquestionsofhow

toextendthisapproachtoothertypesofsystems. Wealreadymentioned

semi-directproductsbutotherstructurescouldbeconsideredsuchasthe

Lagrange-Poincaŕereduction,cocycles,reductionwithnon-holonomiccon-

straints,etc.Someoftheseextensionsareworkinprogressandsomehave

notyetbeeninvestigated.
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2.3 Dissipationandrandomattractors

SofarwestudiedstochasticHamiltoniansystemswhichcanbeseenasnon-

dissipativesystemsdespitethenoise.Indeed,thenoiseintroducesdiffusion

ratherthandissipationaswesawintheenergybehaviourofthestochastic

rigidbody.Thisdifferenceisimportantespeciallyifwewanttounderstand

theinteractionofnoiseandenergydissipationindynamicalsystemsand

inparticularthepossibleequilibriumregimeresultingfromthebalancebe-

tweenthesetwoeffects.Theaimofthissectionistointroducedissipation

inthestochasticEuler-Poincaŕeequationtoperformsuchastudywithout

destroyingthecoadjointorbitstructure.Forthis,wewillintroduceinthe

nextsection2.3.1anonlineardissipationtermofdoublebrackettype. With

thisdissipation,wewillhavetwodirectionstostudyitsinteractionwiththe

noise. Wecaneitheraverageovertherealisationsofthenoiseorfixareali-

sationandaverageovertheinitialconditions. Wewillstartinsection2.3.2

byderivingtheFokker-Planckequationandcomputeitsstationarydistribu-

tionstoshowthattheyaretheGibbsdistributionofstatisticalphysics. We

willthenbrieflyinvestigatethisconnectionwithstatisticalphysicsinsection

2.3.3. Wewillthentakethesecondpointofviewinsection2.3.4tostudy

theattractorsofthesesystems. Thiswillleadustothenotionofrandom

attractors,chaosandsensitivitytoinitialconditions,acentralthemeinthe

theoryofrandomdynamicalsystems.

2.3.1 Dissipationwithdoublebracket

Theintroductionofdissipationinmechanicalsystemswithsymmetriesshould

becarefullydonetoretainimportantgeometricalpropertiessuchaspreser-

vationofcoadjointorbits.Suchatheoryofgeometricdissipationhasbeen

developedinrecentyearsandcanbeappliedtoalargeclassofmechanical

systems,includingfiniteorinfinitedimensionalaswellassemi-directprod-

uctssystems.Thedissipativetermthatwewilladdhereisageneralisationof

thedoublebracketdissipationfirstintroducedbyBrockett(1991)inthecon-

textofdiagonalizationsofmatricesinlinearprogrammingandshortlyafter

byBlochetal.(1992)foradifferentdescriptionofthecompletelyintegrable
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Todalattice.Thedoublebrackettheorywasthenfurtherextendedtome-

chanicalsystemsinBlochetal.(1996)andmorerecentlyinGay-Balmazand

Holm(2013,2014)wherebothenergyandCasimirdissipationswerestudied

andappliedtofluidmechanics. Wewillnotdiscussfurthertheuseofdou-

blebracketsforfluiddynamicshereaswewillonlyconsiderdoublebrackets

forfinitedimensionalsystems.AsstudiedinGay-BalmazandHolm(2013),

thedissipationoftheCasimirwhilepreservingtheenergyisoftenusedto

modelturbulencecascadeinfluiddynamics. Wewantheretodothereverse,

thatistopreservetheCasimirsanddissipatetheenergysothatwehavea

dissipativemechanicsonthecoadjointorbits.

Thedoublebracketterm

Webeginbyintroducingthisdissipationintheclassicalexampleoftherigid

bodywhichalsoillustratesthefactthattheCasimirandenergydissipation

haveasimilarform.Indeed,fortheCasimirdissipation,theequationof

motionis

Π̇=Π×Ω+θΩ×(Ω×Π), (2.3.1)

andforenergydissipationitreads

Π̇=Π×Ω+θΠ×(Π×Ω), (2.3.2)

wheretheinversetimescaleθ∈Rparametrisesthedissipationstrength.

OnecandirectlyverifythattheCasimirortheenergydecayuntilthesystem

reachesapositionΩewhere Ωe×Πe
2=0.Thisconditionissatisfiedwhen

therigidbodyisatanequilibriumposition,i.e.alignedwithaprincipalaxis

ofinertia.

WecannowintroducethegeneraldissipativetermofGay-BalmazandHolm

(2013,2014)togetthedissipativeEuler-Poincaŕeequation

d

dt
µ+ad∗δh

δµ
µ+θad∗δC

δµ

δC

δµ
,
δh

δµ
=0, (2.3.3)
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wheretheisomorphism :g→ g∗isassociatedtoagivenpairing,thatcan

ingeneralbedifferentfromthenaturalpairingoftheLiealgebra.Here,we

willalwaysusethenaturalpairing,butforfluiddynamics,otherchoicesmay

bepossible,seeGay-BalmazandHolm(2013).

Inthisgeneralcase,theenergydecayisgivenby

d

dt
h(µ)=−θ

δC

δµ
,
δh

δµ

2

, (2.3.4)

wherethenormisassociatedtothepairingusedinthedefinitionoftheflat

operation.Thisequationshowsthatthesystemisforcedtowardsaposition

wheretheright-handsidevanishes. Thisconditioniscompatiblewithan

equilibriumsolutionoftheoriginaldeterministicsystem,seeGay-Balmaz

andHolm(2014)foranextensivediscussiononthistopic. Wewillcome

backtothispointinsection2.4wherewewillstudythestochasticstability

oftheseequilibriumsolutionsviatheenergy-Casimirmethod.

Derivationfromavariationalprinciple

Thisadditionaldissipativetermwhichweintroducedbyhandcanalsobe

derivedfromavariationalprinciple.Todothisderivationweneedtousea

forcingtermwhichwouldnotcomefromapotentialenergy,asitisadissi-

pativeforce.OneofthebestwaystodothisistousethereducedLagrange-

d’Alembertprinciple. WerefertothemonographBlochetal.(2003)formore

detailonthistheoryandwillonlybrieflyexplainitinourparticularcon-

text.ThisvariationalprincipleisusedtoincludeforcesintheEuler-Poincaŕe

equationandisgivenas

δ l(ξ)dt + F(ξ),ηdt=0, (2.3.5)

wheretheconstrainedvariationsδξ=̇η−[ξ,η]areonlyusedforthevariation

ofthefirstterm. ThesecondtermincludestheforceF :g→ g∗and

thefreevariationsη.InthestochasticEuler-Poincaŕeequationwithenergy
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dissipation,theLagrange-d’Alembertvariationalprincipleis

δ l(ξ)dt +θ
∂C

∂µ
,δξ,

∂C

∂µ
,η dt=0, (2.3.6)

wherethestochasticconstrainedvariationsareδξ=dη+[ξ,η]dt+ i[σi,η]◦

dWit. Wecanthencomputethedynamicalequationthatextremizesthis

variationalprincipletoget

∂l(ξ)

∂ξ
,δξ+θ ad∗∂C

∂µ

∂C

δµ
,
∂h

∂µ
,δξ =0. (2.3.7)

Substitutingtheformulaforthevariationsδξ,integratingbypartsandiso-

latingthevariableηweget,intheHamiltonianform

dµ+ad∗∂h
∂µ
µdt+θad∗∂C

∂µ

∂C

∂µ
,
∂h

∂µ
dt+

i

ad∗σiµ◦dW
i
t=0, (2.3.8)

whereξ=∂h
∂µ
.

Thecompletestochasticmodel

Wenowcomebacktotheequation(2.3.8)andnoticethefollowingfact.

Introducingnoiseintothisequationamountsinreplacingthevelocityfieldξ

byξdt+ iσi◦dW
i
t.Thisreplacementisonlydoneintheadvectionterm

andnotinthedissipationtermwhichalsocontainsanexplicitξvariable.

Physicallyspeaking,thisequationisnotconsistentunlessanextrastochastic

termisaddedinthedissipation.Noticethatthisintroductionofnoisecan

alsobeseenasreplacingtheHamiltonianhwiththestochasticquantity

hdt+Φi◦dW
i
tinboththeadvectionanddissipation. Usingavariational

principle,wewillderivethephysicallyconsistentequation

dµ+ad∗∂h
∂µ
µdt+θad∗∂C

∂µ

∂C

∂µ
,
∂h

∂ξ
dt+θ

i

ad∗∂C
∂µ

∂C

∂µ
,σi ◦dW

i
t

+
i

ad∗σiµ◦dW
i
t=0.

(2.3.9)
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WewilluseacombinationofLagrange-d’Alembertforthedissipativeforce

andHamilton-Pontryaginprincipleforthenoise,asintroducedin2.2.1.

Proposition2.3.1.Thevariationalprinciple

δ l(ξ)dt +θ
∂C

∂µ
,g−1dg,

∂C

∂µ
,g−1δg

+δ
i

µ,g−1dg−ξdt−σi◦dW
i
t =0,

(2.3.10)

yieldsthestochasticprocess(2.3.9)forfreevariationsδg,δξandδµ.

Proof.Fromthisvariationalprinciple,thefirstandlasttermaretreated

asinproposition2.2.3usingtheHamilton-Pontryagintheory. Wedothe

computationforthesecondtermonly,toget,usingtheformofg−1dgfrom

thelastterm,

g−1δg,ad∗∂C
∂µ

∂C

∂µ
,g−1dg = g−1δg,ad∗∂C

∂µ

∂C

∂µ
,ξdt+σi◦dW

i
t .

(2.3.11)

Thevariationsδgbeingarbitrary,weobtaintheforcedstochasticEuler-

Poincaŕeequation(2.3.9).

NoticethatsuchaderivationwillnotworkinthecaseofCasimirdis-

sipationwithpreservationofenergy. Indeed,wewouldneedadifferent

Lagrange-d’Alemberttermwhichshouldcontaintwog−1dgtermsinstead

oftwoCasimirdependentterms. Thisdifferenttermcannotworkinthe

stochasticsettingunlessweuseξinsteadofg−1dg. Wecanexplainthisissue

bythefactthatthereisnoenergyconservationinthestochasticsystem,so

tryingtodissipatetheCasimirwhilepreservingtheenergydoesnotmake

sense.

Althoughthisderivationisphysicallymoreconsistent,wewillnotuseithere,

andpreferthesimplerderivationwhichproducesequation(2.3.8).Onecan

argueforthischoicebyassumingthattheamplitudeofthedissipationand
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thenoisearetakentobesmallenoughsothattheextratermproportional

toσθcanbeneglected,aswellasitsIt̂ocorrectionterms,proportionalto

σ2θandθ2σ2.

ItisinterestingthatonlytheHamilton-Pontryaginprinciplegivesaphysi-

callyconsistentdissipativeequation.Thisfactmaybeanindicationthatthis

variationalprincipleisthemostgeneraltoincludenoiseintothesedynami-

calsystemswithsymmetries.Thiscanalsobeseenforsemi-directproduct

structures,wheretheClebschderivationdoesnotallowthenoisefieldstode-

pendontheadvectedquantitieswhereastheHamilton-Pontryaginprinciple

doesnothavethisrestriction.

2.3.2 TheFokker-PlanckequationandtheGibbsdistribution

Afterhavingaddedthedoublebracketdissipationtothestochasticmechan-

icalsystems,wewillstudytheevolutionoftheprobabilitydistributionvia

theFokker-Planckequationandinparticularthestationarydistributionof

thisprocess.

TheFokker-Planckequationforthedissipativestochasticprocess(2.3.8)is

straightforwardtocomputebecausetheextratermonlymodifiestheadvec-

tionpartoftheFokker-Planckequation. Weobtain

d

dt
P(µ)+{h,P}+θ

∂P

∂µ
,
∂C

∂µ
,
∂h

∂µ
,
∂C

∂µ

−
1

2
i

{Φi,{Φi,P}}=0.
(2.3.12)

AlreadyfromtheFokker-Planckequation,wecanguesstheformofthein-

variantsolutionwhichwillbeabalancebetweenthedissipativeandthedif-

fusionterm.ThedissipativetermcontainsonlyonederivativeofPwhereas

thediffusionhastwoderivatives. Wethusexpecttoobtainasolutionpro-

portionaltotheexponentialofafunctionofµ.Inthefollowingtheorem,we

computetheformofthestationarydistributionwhichturnsouttobethe

Gibbsdistributionofstatisticalphysics.

Theorem2.3.1.Letg∼=g∗beacompactsemi-simpleLiealgebraandeian
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orthonormalbasisofitsunderlyingvectorspace.Foranisotropicnoise,that

isσi=σeiforagivenσ∈Randabasis{ei}i,theinvariantdistribution

oftheFokker-Planckequation(2.3.12)associatedto(2.3.8)withCasimir

C=1
2
µ2istheGibbsdistribution

P∞(µ)=Z
−1e−

2θ
σ2
h(µ), (2.3.13)

whereZisthenormalisationconstantthatenforces
O
P∞(µ)dµ=1,or

partitionfunctioninthelanguageofstatisticalmechanics.

Proof.Thefirsttermvanishesifwechoosetheinvariantsolutioninthekernel

oftheHamiltonianterm,oroftheformP∞(µ)=f(h(µ))wherethefunction

fistobecomputed. Wefirstusethebi-invarianceofthepairing,guaranteed

bythesemi-simplepropertyoftheLiealgebratorewritethedissipativeterm

oftheFokker-Planckequationas

θ
∂P

∂µ
,
∂C

∂µ
,
∂h

∂µ
,
∂C

∂µ
=θ

∂P

∂µ
,ad∂C

∂µ

∂C

∂µ
,
∂h

∂µ

=θd f(h)ad∂C
∂µ

∂C

∂µ
,
∂h

∂µ
,

(2.3.14)

wheredstandsforthedivergenceoperatorandweusedpartialderivatives

insteadofvariationalderivatives.Noticethatwealsoneededtousethefact

thatthecoadjointactionforsemi-simpleLiealgebrasisdivergence-free. We

alreadyprovedthispointinthecomputationoftheFokker-Planckequation

fromthebackwardsKolmogorovoperator. Wenowconsiderthediffusion

term,andwemanipulateitusingthequadraticCasimir,thatisµ=∂C
∂µ
,to
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obtain,forΦi= µ,σi

−
i

{Φi,{Φi,P}}=−σ
2

i

adei
∂C

∂µ
,
∂

∂µ
adei
∂C

∂µ
,
∂P

∂µ

=σ2

i

d f(h)adei
∂C

∂µ
ad∂h

∂µ

∂C

∂µ
,ei

=σ2d f(h)ad[∂h∂µ,
∂C
∂µ]
∂C

∂µ

=σ2d f(h)ad∂C
∂µ
ad∂C

∂µ

∂h

∂µ
.

(2.3.15)

Theresultthenfollowsbychoosingf(x)=e−2θx/σ
2
andcomparingthetwo

terms(2.3.14)and(2.3.15). Toconcludetheprooftheuniquenessofthis

stationarydistributionisprovidedbytheḦormandertheorem.

Beforegoingintothephysicalinterpretationofthisstationarydistribution,

wewanttocommentonafewimportantrestrictionsonthenoiseandtheLie

algebrawehadtouseforthisproof.First,thenoiseshouldbeisotropic,that

isσi=σeiwheretheeispang.Ifthisconditionisrelaxed,thediffusionand

thedissipationtermswillnotbedirectlyproportionaltoeachotherandthe

usualGibbsdistributionwillnotbeavalidsolution.Theotherrequirement

oftheLiealgebrabeingsemi-simpleisneededforasimilarreason.Indeed,

theselectivedecaytermisingeneral

θd f(h)ad∗∂C
∂µ

∂C

∂µ
,
∂h

∂µ
,

andthediffusion

i

d f(h)ad∗ei
∂C

∂µ
ad∗∂h

∂µ

∂C

∂µ
,ei =d




f(h)ad

∗

ad∗∂h
∂µ

∂C
∂µ

∂C

∂µ




.

Thesetwotermsarenotcompatibletermunlessthepairingisad-invariant,

thatisad∗=−adandthe and musicaloperatorscanbedropped(where

istheinverseof).Inbothcases,weknowthatthereisanstationary
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distribution,iftheḦormanderconditionissatisfied,butitisingeneraldiffi-

culttofindanexplicitformforit.Thisdifficultycanbedirectlyseeninthe

equationusedaboveforcomputingthestationarydistributionasifthenoise

isnon-isotropic,theansatzP∞ =f(h(t
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))doesnotwork. Thestationary

distributionisthenasubtlebalancebetweentheadvection,thedissipation

andthediffusionterms.

WedisplaytheGibbsdistributioninfigure2.3fortwodifferentnoiseam-

plitudes.TheisotropicnoiseexhibitstheGibbsdistributioncomputedpre-

viously,andthenon-isotropicnoiseproducesanon-symmetricdistribution

butstillclosetotheGibbsdistribution.

(a)Isotropicnoiseamplitudewithnoiseam-
plitudesσ(1,0,0),σ(0,1,0)andσ(0,0,
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0.5

1.0
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1).
(b)Non-isotropicnoiseamplitudewithnoise
amplitudesσ(1,0,0),andσ(0,0,1).

Figure2.3:ThisfiguredisplaystwostationarydistributionsoftheFokker-Planckequation
forthestochasticfreerigidbody.Inyellowarethehighdensityregionsandindarkblue
thelowdensityregions.Thetoppanelisasimulationwithanisotropicnoisewhichshows
theGibbsdistributionandthebottompanelhasanon-isotropicnoise.Thelatterhasaless
symmetricprofileandahigherdensityaroundthelowestenergyequilibriumposition.The
whitelinesshowafewdeterministictrajectoriesoftherigidbody.

2.3.3 Statisticalphysics

ThisresultofobtainingtheGibbsmeasureasthestationarydistribution

isimportantandconnectswiththeclassicaltheoryofstatisticalphysics.

Thistheorybeginswiththedescriptionofgasesorlatticesincontactwith

heatbathsandallowsasystematicformulationofstatisticalquantitiessuch

astemperatureorentropyofthesystem.Theimportantpointhereisthat

statisticalphysicsonlytreatsystemsinequilibrium,whichforuscorresponds
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toasystematastationarystate(themeasureoftheprocessisthestationary

distribution).Here,wewillnotgoverydeepintothistheorybutonlygive

afewdefinitionstobeabletoderivetheGibbsdistributionfromacertain

constrainedvariationalprinciple. WerefertoChandler(1987),Landauand

Lifshitz(1980)formoredetailsonthetheoryofstatisticalphysics.

Instatisticalphysics,themostimportantquantityisthepartitionfunction

Z,definedasanormalizationconstantfortheGibbsdistribution.Forus,it

wasdefinedin(2.3.13)byintegratingonlyonthecoadjointorbit,andnot

overtheentiredualoftheLiealgebra. Thepartitionfunctioncanalsobe

viewedasafunctionoftheinversetemperature

β:=
2θ

σ2
, (2.3.16)

oranyotherparametersofthesystem.Inthenextparagraphwewilldefine

usefulstatisticalquantitiesandshowhowtheycanbecomputeddirectly

fromthepartitionfunctionbutfirst,weneedtocommentontheinverse

temperature. Wementionedtheconnectionwithheatbathsbefore,and

theinversetemperatureβ= 1
kBT
makesitclearasTisthetemperature

oftheheatbathandkB theBoltzmannconstant. Thedefinitionofthe

inversetemperature(2.3.16)canbere-interpretedastheEinsteinrelation

whichgivesarelationbetweenthedissipationθandthefluctuationcoefficient

σsuchthatthesystemisatequilibriumattemperatureT. Thisisalso

presentintheclassical,andsimplestversionofthefluctuation-dissipation

theorem,whichcanbeextendedtoquantumsystemsandturnsouttobe

veryimportantinmanyapplications. Weonlyrefertotheclassicshort

reviewofKubo(1966)andreferencesthereinforamoreprecisetreatment.

Webeginbythedefinitionoftheaverageenergyofthesystem

E :=
O

h(µ)P∞(µ)dµ=Z
−1

O

h(µ)e−βh(µ)dµ, (2.3.17)

andcandirectlybeobtainedfromthepartitionfunctionas

E =−
∂

∂β
log(Z). (2.3.18)
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Inthecaseofcompactcoadjointorbits,suchastherigidbody,theaverage

energyisboundedfromabove.Indeed,asT→ ∞,theGibbsmeasure

P∞ →1andwehavetheinequality

E =
O

h(µ)Pdµ≤
O

h(µ)dµ≤∞. (2.3.19)

Similarly,theenergyfluctuationaroundthemeanenergy E canbeex-

pressedasafunctionofthepartitionfunctionas

∆2E = E
2 − E2=

∂2

∂β2
logZ=−

∂E

∂β
. (2.3.20)

Asforthemeanenergy,itsaturatesasT→ ∞ ifthecoadjointorbitis

compact.

Wefinallyarriveatthedefinitionoftheentropyonthecoadjointorbits,

givenbythefamousrelation

S=−kB
O

Plog(P), (2.3.21)

or,intermofthepartitionfunction

S=kB
∂

∂T
(TlogZ) (2.3.22)

Iftheorbitiscompact,theentropysaturateaswellforlargetemperatures

T.

TheentropyisanotherimportantquantityasitismaximizedbytheGibbs

distribution,undertheconstraintthattheaverageenergyisfixed. This

reflectsthesecondlawofthermodynamics,whichstatesthatasystemin-

creasesitsentropyuntilitreachesastatisticalequilibrium. Thecondition

offixedmeanenergyisinasensethedefinitionofthecanonicalensemble

ofstatisticalmechanics,thatisthetemperatureisfixedbytheexchangeof

energywithanexternalheatbath.

Weenforcetheconstraint E =E0,foragivenmeanenergyE0,withthe
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Lagrangemultiplierβintheentropyfunctional

S(P)= P(µ)logP(µ)+β(h(µ)P(µ)−E0)dµ. (2.3.23)

ThevariationwithrespecttoPgives

logP∞(µ)+1+βh(µ)=0, (2.3.24)

then,bynormalizing,weobtaintheGibbsdistributionwithinversetemper-

atureβ

P∞(µ)=Z
−1e−βh(µ). (2.3.25)

Thisshortsectionontheconnectionbetweenthestochasticdissipativepro-

cessesoncoadjointorbitsandclassicalstatisticalmechanicsistobeextended

infutureworks.Inparticular,thetreatmentofinteractinggas,orlattices

ofcoadjointorbitscouldbeofinterest,assomephasetransitionswouldbe

expectedtooccur.

2.3.4 Randomattractors

AfterthestudyoftheFokker-Planckequationanditsstationarydistributions

forthedissipativestochasticprocessesthatweconsideredsofar,wearegoing

toexplorearatherdifferenttopic:randomattractors. Wewillfirstexplain

whatrandomattractorsareandthenshowtheirexistenceinthepresent

stochasticsystems.

Whatarerandomattractors?

Indeterministicdissipativedynamicalsystems,thestudyofattractorsis

avastareaofresearch,withnumerousworksrelatedtotheexistenceand

variouspropertiesofthesesets. Theyareimportantobjectsastheywill

containmostofthedynamicsofthesystemforlargetimesduetotheir

attractiveproperty.AnattractoristhesubsetAofthephasespacesuchthat
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foradynamicalsysteṁx=f(x),thissetisinvariantunderthedynamics.

Moreprecisely,ifϕistheflowofthissystem,wehaveϕ(A)⊂Aandfor

anyx0∈B(A),thebasinofattractionofA,foranyopenneighborood

N(A)oftheattractor,thereexistsTsuchthatx(t)∈N(A)forallt>T.

Thedefinitioncanalsobewrittenasalimitast→ ∞ insteadofatime

T,thatisfort→ ∞,y(t)willbeinthesetA.Inmostcases,attractors

consistofpoints,limitcyclesortheso-calledstrangeattractors. Thefirst

typeisof0dimensionandthesecondtypecanhave1ormoredimensions.

Strangeattractorscanhaveafractaldimensionandarethemostcomplex

andinterestingattractorstostudy. Well-knownexamplessuchastheSmale

horseshoeortheLorenzattractorstriggeredmuchresearchinrecentyears.

Wereferformoredetailonthistopictothereview EckmannandRuelle

(1985).

Wearenotgoingtostudydeterministicattractorsastheyareonlypoints

inourpreviousexampleswithadoublebracketdissipation.Indeed,the

dissipationwillbringthesystemtothestateoflowestenergy,whichconsists

oftwopointsintherigidbodyexample.Togetinterestingattractors,forcing

mustbeincludingastheconservativeHamiltoniandynamicscannotbalance

thedissipationbyitself.Thenoisewillplaytheroleoftheexternalforcing,

butwhenintroduced,thenotionofattractormustbemodified,asthelimit

forlargetimeswillnotbetimeindependentanymore. Tofindandstudy

afixedattractorweneedthenotionofpullbackattractors.Inwords,a

pullbackattractoristheinvariantsetobservedatafixedtimebypulling

backto−∞asetofinitialconditions.Iftheseinitialconditionsareinthe

attractor,theywillremaininitalmostsurely.

Wewillnowgivethemathematicaldefinitionofapullbackattractor,but

wefirstneedtointroducesomeelementsofrandomdynamicalsystems.The

solutionofarandomdynamicalsystemisgivenbyaskew-productflowon

thespaceofsolutionsX andprobabilityspaceΩ.Inthisview,thenoise

realisationattimetisdenotedbyθtω,forω∈Ω,andthesolutionofthe

dynamicalsystemisgivenbyx(t)=ϕ(t,ω)x(0). Onecanthinkofθtof

beingtheflowofthenoiserealisationandϕtheflowoftheentiresystem,

alsodenotedcocycleinthelanguageofrandomdynamicalsystems. The
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definitionofpullbackattractoristhenthefollowing.

Definition2.3.1 (Pullbackattractor).ApullbackattractorAω isaset-

valuedmapAω:Ω→ Xinvariantundertheflow,i.e.ϕ(t,ω)Aω=Aθtω,

andforeverycompactsetB⊂X,wehavealmostsurely

lim
t→∞
sup
x∈B
d(ϕ(t,θ−tω)x,Aω)=0,

foranappropriatedistancefunctiond(·,·).

Fromthisdefinition,iitisclearthatfthenoiseisabsent,theattractorwill

correspondtotheusualdefinitionofadeterministicattractorasonlythe

noiseispulledbackto−∞.Inpractice,tonumericallycomputethisattractor

onejustpullbacktheinitialconditionsto−∞forafixedrealisationofthe

noiseandsavethesnapshotsatforexamplet=0whicharecomputedby

evolvingthesameinitialconditionsfromearliertimes.

Beforegoinganyfurther,weneedtocommentonthefactthattheattractor

dependsonthenoiserealisationω.Thisfactiscrucialandmakesthisstudy

ratherdifferentfromthepreviousstationarydistributionsanalysisthatwe

did.Inpractice,thismeansthatinsteadofaveragingoverthenoiserealisa-

tionwhenweobtainedthestationarydistribution,wenowaverageoverthe

initialconditionswiththesamenoiserealisationforeachinitialcondition.

Fromthispointofview,itisclearthatifwealsoaverageoverthenoise

realisation,wewouldrecoverthestationarydistribution,thatis,wehavethe

relation

E(Aω)=P∞, (2.3.26)

validforanyformofthestationarydistributionP∞.Thiswasfirstnoticed

byinCrauel(1991)andlaterformalizedinatheoremofCrauelandFlandoli

(1998).

Asfordeterministicattractors,thereexistseveraltypesofrandomattractors.

Pointattractorsarethemostcommonandcanevenbecreatedfromarandom

perturbationofadeterministiclimitcycle. Arecentworkonthistopicof

synchronisationbynoiseisforexampleFlandolietal.(2016). Here,we
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beginwithadeterministicpointattractorandstudyitspropertiesunder

stochasticperturbations,sowecanonlyexpectherethecreationofahigher

dimensionalattractorandnotsynchronisation. Wewillinfactnumerically

showthatwecanobtaintheso-calledrandomattractorsforparticularvalues

oftheparametersofthesystem.Arandomattractorisapullbackattractor

whichadmitschaoticmotionsandanon-singularmeasure,calledtheSinai-

Ruelle-Bowenmeasure(SRB).Theproofoftheexistenceofsuchameasure

willinvolveshowingtheexistenceofchaosusingLyapunovexponents. We

willtreatthisinmoredetaillater. Wewillproceedhereintheframeworkof

geometricmechanicsandusingbasicnotionsofrandomdynamicalsystems.

Werefertheinterestedreadertotheclassicmonograph Arnold(1995)or

KloedenandRasmussen(2011)forageneralaccountonRDS,andtoCrauel

andFlandoli(1994)forrandomattractors.

Existenceofattractors

Thefirststeptowardsprovingtheexistenceofrandomattractorswithanon-

singularSRBmeasureistoshowthatthesystemcontainsrandomattractive

sets. WewillfollowCrauelandFlandoli(1994)andSchenk-Hopṕe(1998)

fortheexpositionofattractorsinthecontextofrandomdynamicalsystems.

Webeginwiththedefinitionofanattractingsetforagenericphasespace

denotedbyX.

Definition2.3.2 (Limitset).ThelimitsetΩD(ω)ofarandomsetD∈

Ω×Xis

ΩD(ω):=
T≥0t≥T

ϕ(t,θ−tω)D(θ−tω).

ThissetcorrespondstoasubspaceofthephasespaceXwhereallthepoints

thatstartedinthelargersubspaceD willeventuallyendup.Itcanbe

shownthattherandomattractorisA(ω)= D∈D(A)ΩD(ω),whereD(A)is

thebasinofattractionoftherandomattractorA. Wethusneedtoconstruct

explicitlytheselimitsetswhichwill,inturn,giveussomeinformationon

therandomattractor. WewillachievethisbyusingLyapunovfunctionsthat
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havethepropertytomapacompactsetofthephasespacetoacompactset

ofR. Withsuchfunctions,wecantransferthisproblemfromthephasespace

XtoR,whereitiseasiertoshowtheexistenceoflimitsets.Inthepresent

case,theLyapunovfunctionthatwewilluseisthedeterministicHamiltonian

ofthesystem.Remarkably,theproofoftheexistenceoftheseattractivesets

onlyreliesonafewassumptions.Inparticular,itseemstobevalidforany

Liegroups,evenofinfinitedimensions.

Theorem2.3.2.Thestochasticprocess(2.3.8)admitsarandomattractor

foreveryfinitedimensionalLiegroupG.

Proof.Webegintheproofbyrecastingthedissipativestochasticprocess

(2.3.8)asarandomdynamicalequation(RDE)byusingvector Wienerpro-

cesseszidefinedas

dzi=σi◦dW
i
t,

whereziisunderstoodasavectorprocessinthedirectionalongarbitrary

σi∈g.NoticethatwewillalwaysusetheStratonovitchintegralshere.The

processz(t,ω)= izi(t,ω)∈gthusdefinesastochasticpathintheLie

algebragandastochasticpathinthegroupG,givenasg(t,ω)=exp(z(t,ω))

withthehelpoftheexponentialmapexp:g→G.

Wenowapplythechangeofvariables µ(t)=g(t)µ(t):=Ad∗g(t)µ(t)andwe

have,fromtheoriginalstochasticprocess

dµ+ad∗δh
δµ
µdt+θad∗δC

δµ

δC

δµ
,
δh

δµ
dt+

i

ad∗σiµ◦dW
i
t=0,

writtenasdµ=F(µ)dt+Gi(µ)◦dWiforconvenience,

dµ(t)=Ad∗g(t) −
i

ad∗σiµ◦dW+dµ

=Ad∗g(t)F(Ad
∗
g(t)−1µ(t))dt.
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Fromhere,wecanwritetheRDEcorrespondingtotheprocess(2.3.8)as

d

dt
µ(t)=F(µ(t),g(t)), (2.3.27)

whereFis

F:=F(Ad∗g(t)−1µ(t).

Recallthatfromthetheoryofselectivedecaywehavethefollowingenergy

dissipationrate

d

dt
h(µ)=−θ

∂C

∂µ
,
∂h

∂µ

2

,

and,duetotheG-invarianceoftheHamiltonianh,wehaveh(Ad∗gµ)=h(µ).

Wecanthenrewritetheenergydissipativeforthestochasticprocessas

d

dt
h(µ)=−θ Adg−1

∂C(µ)

∂µ
,Adg−1

∂h(µ)

∂µ

2

≤0. (2.3.28)

Thisinequalityassuresthattheenergydecaysatarandomnon-positiverate.

Theexistenceoftherandomattractorthenfollowsfromstandardarguments

thatcanbefoundinSchenk-Hopṕe(1998).

ExistenceofSRBmeasures

WealreadymentionedSinai-Ruelle-Bowen(SRB)measureswhicharepar-

ticularmeasuressupportedontherandomattractors.Inthiswork,wewill

usetheconventionthatSRBmeasuresarenon-singularandthusdescribe

achaoticdynamicsontherandomattractor.Inparticular,indissipative

systems,thereisnonotionofdynamicalvolumefortheflowindirections

wherethedynamicsiscontracting.TheSRBmeasureisthusameasureof

thevolumealongtheunstabledirectionswhicharenotcontracting. Wewill

notgofurtherhereandonlyrefertoYoung(2002)forashortreviewonthis

topic.Toshowthatthereexistschaoticdynamics,oneneedstheexistenceof

positiveLyapunovexponent,whichwewillshowinthenextsection.Assum-
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ingpositivenessofthetopLyapunovexponent,wehavethefollowingresult,

basedonLedrappierandYoung(1988).

Theorem2.3.3.IfthelargestLyapunovexponentof(2.3.8)ispositive,

(2.3.8)admitsarandomattractorsupportedbyanSRBmeasure.

Proof.TheproofusestheTheoremBinLedrappierandYoung(1988)which

assumestheexistenceofarandomattractor,provedintheorem2.3.2,a

positivetopLyapunovexponentthatwewillstudynext,andergodicitywhich

westudiedinsection2.2.2. Thenthistheoremensuresthattherandom

measureassociatedtothepullbackattractoriscontinuouswithrespectto

theLebesguemeasure,thepropertyofitbeingaSRBmeasure. Thekey

pointistohaveapositivetopLyapunovexponentinordertohaveenough

chaosontheattractorsuchthatitisnon-singular.

Lyapunovexponents

WejustsawthattheproofoftheexistenceofanSRBmeasureandthus

theexistenceofchaosinvolvesshowingthatthereexistsapositiveLyapunov

exponent. ALyapunovexponentcanbeunderstoodasameasureofthe

sensitivityofthesystemtoinitialconditionsandisdefinedinthefollowing

manner. Giventwonearbyinitialconditionsµ1(0)andµ2(0),i.e.µ2(0)=

µ1(0)+δµ(0)whereδµ(0)issmall,wecanassumethatforlargetimethe

normofthisdifferencebehavesas

δµ(t)≈ δµ(0)eλt,

foraconstantλcalledtheLyapunovexponent.Thecompletedefinitionwill

begiveninthenexttheorem2.3.4.Atthispoint,wecanalreadymentionthat

ifλ<0,thetwosolutionswilleventuallybeindistinguishablewhereasifλ>

0thetwosolutionswilldiverge.Thesecondcaseisanindicationofachaotic

behaviourandwillbetheoneofinterestforusasitisanecessarycondition

fortheexistenceoftheSRBmeasure.Formulti-dimensionalsystems,there

willbeapositiveoranegativeLyapunovexponentassociatedwitheach

spatialdirection.
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ThisnotionofLyapunovexponentsisawell-studiedandwell-usedmethod

inthetheoryofdeterministicdynamicalsystems,butitisalsousedinthe

contextofstochasticsystems,seeforexamplethebookViana(2014)or

thereviewYoung(2013).Inparticular,thereisaclassicaltheoremwhich,

providedthatthesystemisergodic,ensuresthattheLyapunovexponents

areglobalquantities. Thismeansthattheydonotdependontheinitial

conditionsnortherealisationofthenoise.Thisresultisthemultiplicative

ergodictheorem(MET)duetoOseledec(1968). Wegivehereanadapted

versionofitandrefertothebookArnold(1995)oranearlierpaperRuelle

(1979)formoredetailandtheproofofthistheorem.

Theorem2.3.4 (METtheoremondualofLiealgebra).Foranergodic

stochasticprocessµonthedualofaLiealgebrag∗withstationarydistribution

P∞ thereexistsaflowinvariantsubset∆⊂g
∗×Ωofthen-dimensionalphase

spaceandasequenceoforderedLyapunovexponentsλifori=1,...,nsuch

thatthefollowingpropertiesholdforall(µ,ω)∈∆:

1.ThedualoftheLiealgebracanbedecomposedintoadirectsum

Tµg
∗=E1(ω,µ)⊕...⊕En(ω,x),,

where

δµ∈Ei⇔ lim
t→∞

1

t
logDF(t,ω,µ)δµ=λi. (2.3.29)

d(δµ)=DF(t,ω,µ)δµisthelinearizationoftheflowequationdµ=

F(t,ω,µ)alongaparticularsolutionµ(t).

2.Foragenericδµ,theassociatedLyapunovexponentisλ(ω,x,v)=λ+,

thelargestonealmostsurely.

3.ThesumoftheLyapunovexponentsis

i

λi=lim
t→∞

1

t
logdetDF(t,ω,µ). (2.3.30)

Thefirstpropertysaysthatthetangentspaceofthephasespacecanbe
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decomposedintoseveralindependentone-dimensionalsubspaceswithaLya-

punovexponentassociatedtoeachsubspace. Thisdecompositionwillgive

thecontractingandexpandingdirectionsofthedynamicsateachpositionin

thephasespace.Noticethatthesesubspacesaredifficulttofindinpractice

astheydependonthenoiserealisationandthepositioninthephasespace.

Thesecondpropertysaysthat,becauseofergodicityandthefactthatthe

Lyapunovexponentsaredefinedinthelimitoflargetimes,onlythelargest

exponentcanbeobserved.Thelastpropertythengivesinformationonthe

totalinfinitesimalvolumeofthetangentspacearoundeachpointviathe

sumoftheLyapunovexponents.Itcanbeshownthatforacompactphase

space,thesumisalwaysnegative,seeforexampleBaxendale(1991),LeJan

(1987).

WewillthenstartourinvestigationoftheLyapunovexponentsforoursys-

temsbycomputingthesumoftheminthenextproposition.

Proposition2.3.2.Foracompactsemi-simpleLiealgebrag,thesumofthe

Lyapunovexponentsforthestochasticprocess(2.2.2)withisotropicnoiseis

estimatedfrombelowby

i

λi≥−
1

2
||nσ2−θ||c2I−1min−E∞h(µ), (2.3.31)

wherec= µ(0), istheKillingformconstant(see(1.2.5)orintheproof),

nisthenumberofσi=σeiformingtheisotropicnoise,thatisn=dim(g).

ThequantityI−1ministhelargesteigenvalueoftheHessianoftheHamiltonian.

TheexpectationE∞ istakenwithrespecttothestationarydistributionP∞.

AnestimationfromaboveisalsoavailableuponusingI−1max insteadofI
−1
min.

Proof.Tosimplifytheproof,wewilldenoteourstochasticprocess(2.3.8)

whichincludesdissipationas

dµ=F(µ)dt+
i

Gi(µ)dW
i
t.

whereF(µ)containtheadvection,dissipation,andIt̂ocorrectionterms. We

nowapplythemultiplicativeergodictheorem2.3.4thatgivesthefollowing
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formulatocomputethesumoftheLyapunovexponents

i

λi=lim
t→∞

1

t
logdetDF(t,ω,x). (2.3.32)

Fromhere,weneedtorewritethisformulaexplicitlyintermofFandG.

ByusingtheJacobiformula,(2.3.32)canbewrittenas

lim
t→∞

1

t
logdetDF(t,ω,x)=lim

t→∞

1

t
Tr

t

0

DF(ϕ(t,x,ω))ds. (2.3.33)

NoticethatwedidnotincludeatermwithDG,thelinearizationofthe

noiseamplitude,sincethistermisinfactthetraceoftheadjointactionand

alwaysvanishes.Then,usingtheergodicitypropertyofthisprocessonthe

coadjointorbits,wecanreplacetimeintegralwithspaceaveragingtoget

i

λi= Tr(DF(µ))P∞(µ)dµ, (2.3.34)

whereP∞ isthestationarydistributionofthestochasticprocessforµ.

Wewillnowobtainboundsforthisintegralbyusingtheexplicitformof F.

First,noticethatthecalculationofthetracesimplifieswhengisacompact

semi-simpleLiealgebra.Indeed,recallthattheKillingformisinthiscase

Tr(adAadB)=A·B,where<0isanumberdependingontheLiealgebra.

Wefirstrecalltheexplicitformof Fforsemi-simpleLiealgebrag

F(µ)=ad∂h
∂µ
µ+θadµadµ

∂h

∂µ
+
1

2
i

adσiadσiµ,

andcompute

Tr(DF(µ))=Tr −θadµad∂h
∂µ
+θadµadµ

∂2h

∂µ2
+
1

2
i

σ2adeiadei

=||θh(µ)+θA(µ,µ)−
1

2
||nσ2, (2.3.35)
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wherenisthenumberofσifieldsand

A(µ,µ)=Trθadµadµ
∂2h

∂µ2
(2.3.36)

isatermthatdependsontheLiealgebrastructureconstants.Thereisno

explicitformforeachLiealgebra,butingeneral,wecanestimateitusing

||θκ(µ,µ)I−1max≥θTr adµadµ
∂2h

∂µ2
≥||θκ(µ,µ)I−1min. (2.3.37)

Finally,aftercollectingtermswearriveatthelowerandupperboundforthe

sumoftheLyapunovexponentsofequation(2.3.31).

Wenowneedtocommentonthisproposition. First,theassumptionofa

compactLiealgebraisnecessarytomakesenseofthisformula.Indeed,in

thenon-compactcase,theKillingformisnotpositivedefinite,soitdoes

thereforenotmakesensetousec2andnoboundcanbederivedforthesum

oftheexponents.Thenon-compactcaseisthusmorecomplicatedandwill

notbetreateditinthiswork.Second,thelowerboundonthesumofthe

Lyapunovexponentisalwaysnegative,asseenfrom

E∞h(µ)= h(µ)e−
2θ
σ2
h(µ)dµ≤c2I−1min.

ThismeansthatwecannotobtainanyrelevantinformationonthetopLya-

punovexponentandwethusneedtoproceedfurtherbyusingthenextfor-

mulainthe METtheorem. Thethirdremarkisabouthowgeneralour

formulais. Recallthatweneededthesemi-simpleassumptiontosimplify

thecomputationandobtainanexplicitformulaforthisbound. Thecom-

putationcaninprinciplebeextendedtomoregeneralgroups,althoughone

mayhavetoexplicitlyusetheLiealgebrastructureconstantstoobtainan

explicitbound. Followingthisdiscussion,wealsousedanisotropicnoise,

butamoregeneralnoisecouldbeusedinprinciple.Inanycase,thesegener-

alisationswillnotchangetheoverallsignoftheright-handsideandwillonly

complicateit. Wewillthusnotderiveanygeneralformulahereandproceed

withtheestimationofthetopLyapunovexponent.
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Asbefore,wewillusethefollowingnotationforourstochasticprocess,which

givesthelinearizedflow

dδµ=DF(µ)δµdt+
i

DGi(µ)δµdW
i
t, (2.3.38)

whereforexampleDGi(µ) =adσi. WewillthenusetheFurstenberg-

KhasminskiiformulawhichisthebestwaytoestimatethetopLyapunov

exponent. WerefertoArnold(1995)foracompleteexpositionofthisfor-

mulainvarioussettings. Wewillusehereasimplifiedversionofthisformula.

Wefirstneedtointroducepolarcoordinates

R= δµ∈R and Ψ=
δµ

δµ
∈Sn−1, (2.3.39)

whereSn−1denotesthe(n−1)-sphere.Theinterestofhavingthesevariables

istobeabletoaverageoverthedirectionsΨandonlycapturetheexpansions

aroundeachpointwiththevariableR.Fordoingthis,weneedthestochas-

ticprocessforthesevariableswhicharereadilycomputedbyapplyingthe

projectionstothestochasticprocessδµ. Weobtain

dR= Ψ,(DF(µ)dt+DGidW
i
t)ΨR:=Q(µ,Ψ)R,

dΨ=(DF(µ)dt+DGidW
i)Ψ− Ψ,(DF(µ)dt+DGidW

i)ΨΨ

:=P(µ,Ψ)dt+
i

Pi(µ,Ψ)dW
i
t.

(2.3.40)

WethenaverageoverthevariableΨandtheposition µtoestimatethetop

Lyapunovexponent. WeobtaintheFurstenberg-Khasminskiiformulathat

canbeformallyprovedusingergodicityandtheMETtheorem.Itreads

λ+= Q(µ,Ψ)Q(µ,Ψ)dµdΨ, (2.3.41)

whereQ(µ,Ψ)isthejointstationarydistributionoftheprocessesµandΨ.

NoticethattheprocessΨdependsonµ,butnottheoppositeandalsothat

computingQinvolvessolvingthecorrespondingFokker-Planckequation.It

isthereforenotpossibletocomputethisstationarydistributionexplicitlyin
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thegeneralcaseandnotevenfortherigidbody.Thefirstthingtodoisto

trytoestimatethisintegralfrombelow,butonewillseethatonlyanegative

boundcanbefoundwhichisnotusefulforusaswewanttoshowthatthis

integralcanbepositiveforcertainvaluesoftheparameters.

Infact,wearenotabletoobtainaninterestingformulaforalowerbound

ofthisintegral,butwecangoalittlefurtherthanbeforeandshowsome

interestingfeaturesaboutthisformula. Westartbyevaluatingthequantity

Qattheequilibriumpositions(µi,Ψj),whereweusethebasiscorresponding

totheeigenvaluesoftheHessianofh. Forsimplicity,weconsiderarigid

bodymotioninanarbitrarysemi-simpleLiealgebrawhereweorderedthe

eigenvaluesasI1>...>In. Wewillalsousethefactthatthedynamicsof

µtakesplaceonthecoadjointorbit. Hencethelinearizationistangentto

theorbitsandimpliesthatwecanonlyconsiderthecasewheni=j.The

followingcalculationgivesaninterestingformulaforthequantityQ(µi,Ψj)

Q(µi,Ψj)=Ψj,DF(µi)Ψj

= adµiΨj,I
−1Ψj −

1

2
σ2

k

adekΨj,adekΨj

+θadµiΨj,adI−1µiΨj −θadµiΨj,adµiI
−1Ψj

= µi,adΨjI
−1Ψj −

1

2
σ2

k

adekΨj
2

+θadµiΨj,adµi(I
−1
iId−I

−1)Ψj

=−
1

2
σ2

k

adekΨj
2+θ(I−1i −I

−1
j)adµiΨj

2

=−
n−1

2
σ2+θc2(I−1i −I

−1
j).

Wehavecomputedthisformulaexplicitlyinthecaseofrigidbodymotion

toillustrateanimportantpointaboutthenatureoftherandomattractor.

ToobtainapositivetopLyapunovexponent,itisnecessarytohaveQ(µ,Ψ)

positiveinalargeenoughregionofthespaceg∗×Sn−1Thiswillbethecase

onlyifsomeextremalpositionshavethisproperty.Somewillbepositiveif

thedifferencebetweentwomomentsofinertiaislargeenoughcomparedto
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theratiobetweenthenoiseandthedamping,thatis

I−11 −I
−1
2 >

(n−1)σ2

2θc2
.

Thedifferencebetweenthemomentsofinertiaisanindicationofthestrength

oftheoriginaldeterministicdynamicswhichmainlyconsistsinashearef-

fect.Thisformulathusindicatesthattheshearinducedbythedeterministic

dynamicsmustbelargeenoughcomparedtothetemperatureofthesystem

(recallthatitisgivenbyT−1=2θ/σ2). Thisconditionisofcoursenot

sufficientasasmallnoisewillsatisfysuchrelationbutnotproduceanSRB

measurebecausetheregionofthespacewhereQispositiveistoosmallto

balancecontributionoftheregionwhereQisnegative.Itisthenclearthat

theexistenceoftheSRBmeasureorpositivetopLyapunovexponentisdue

toadelicatebalancebetweenalltheparametersofthesystemandthata

rigorousproofwithapreciselowerboundiscompletelyoutofreach. The

importanceofthesheareffectandthedifficultyofdescribingmathemati-

callyhasbeennoticedbeforeandisanactiveareaofresearchindynamical

systems. WereferforexampletoLinandYoung(2008),WangandYoung

(2003),ormorerecentlytoEngeletal.(2016)foranotherexample.

Inthenextsection2.3.5,wewillgivemoredetailonthisissuewiththehelp

ofnumericalsimulationsandthenstudyasimplercaseofperiodickickingin

therigidbodyinsection2.3.6.

2.3.5 Randomattractorintherigidbody

Ourexampleis,asbefore,thestochasticfreerigidbodywithdoublebracket

dissipation.Itissimpleenoughsothatwecanhavepreciseestimateson

thesumoftheLyapunovexponentsandwecanperformreliablenumeri-

calexperimentstovisualisetheattractorandestimatethetopLyapunov

exponent.

WecanfirstobtainanexactboundfortheTheorem2.3.2,usingtheexplicit

formoftheLiealgebraso(3).

Proposition2.3.3.Forthestochasticdissipativerigidbody,thesumofthe
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Lyapunovexponentsisgivenby

i

λi=−3σ
2−θc2TrI−1−6E∞h , (2.3.42)

where,asbefore,cistheradiusofthemomentumsphere.

Proof.Weexplicitlycomputetheterm A(2.3.36)ofProposition2.3.2using

thestructureconstantscijk= ijkofso(3)toget

−A(Π,Π)=−Tr(adΠadΠI
−1)=−cimnc

jn
mI
−1ΠiΠj

=Π21(I
−1
2 +I

−1
3)+Π

2
2(I
−1
1 +I

−1
3)+Π

2
3(I
−1
1 +I

−1
2),

whichdirectlygivesequation(2.3.42).

WecannowproceedbyestimatingthevalueofthetopLyapunovexponent

andfindtheregionoftheparameterspace(σ,θ)whereitispositive.This

correspondstoachaoticmotiononthenon-singularrandomattractor. We

showinfigure2.4thesmoothedresultofthiscomputation,whereweesti-

matedthevalueofthetopLyapunovexponentonagridin(σ,θ)withsteps

ofsize0.
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1. Wedidnotshowanyerrorbarsinthisplot,butweneedto

Figure2.4:ThisplotshowsthevalueofthetopLyapunovexponentintheparameterspace
(σ,θ).Theblacklinesareiso-lines,andtheredlineisthelinewhereλ+ =0.Aclearand
largeregionsupportsapositiveLyapunovexponent,indicatingchaoticmotiononthenon-
singularrandomattractor.

mentionthattheerrorsarenotconstantthroughouttheplot.Inparticular,
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theregionswithanoiseamplitudenear0or1containmorevariationsin

thesimulation,thuslargererrors. Thiscanbeexplainedasalargenoise

requiressmallertimestepsforthesameprecision,andasmallernoiseloses

ergodicitywhichrequireslongersimulationtimes. Theonlythingthatwe

cannotguaranteeisthattheobservedchaosisnotatransientchaos.Thisis

achaoticmotionwhichdoesnotpersistintime.Tobemorecertainabout

this,weperformedacoupleoflongerrunswhichsuggestthatthepositivetop

Lyapunovexponentwillremainpositiveatalltimes. Despitetheseerrors,

theglobaltrendoftheplotisreliableandprovidesinterestinginformation

abouttherandomattractor.Themostimportantresultisthatalargeregion

ofthisspacehasapositivetopLyapunovexponent,butwecanreadmore

fromthisplot. Wedescribebelowsomeimportantsuchfeatures.

•Letusfirstlookatthepositionwhereθ=0.Bygraduallyincreasing

thenoise,wefirstobserveanincreaseandthenadecreaseofchaotic

motion. Thisincreaseofchaoswiththenoiseistobeexpected,but

thedecreaseisaparticularfeatureoftherigidbody.Recallthatthe

drivingmechanismofthistypeofrandomattractorsistheshearofthe

dynamicsandisboundedbyavalueproportionaltothedifferencebe-

tweenthetwoextrememomentsofinertia. Whenthenoiseamplitude

iscomparabletothesizeofthemomentumsphere,themaximumshear

effectisattained,andthechaoscannotbelarger.Thiseffectisclearly

onlypresentforcompactsystems.Forexample,shearinducedattrac-

torsonplanarsystemswerestudiednumericallybyLinandYoung

(2008)andanalyticallybyEngeletal.(2016).Inthesecases,thetop

Lyapunovexponentisnotboundedforlargenoiseamplitudes.

•Letuslookattheothercriticalposition,whereσ=0andθ=0.

TheLyapunovexponentcannotbecomputedbecausethesystemis

theoriginalHamiltonianrigidbodydynamics,andtheMETtheorem

doesnotapply.Ifnowθ>0,thetopLyapunovexponentconvergesto

asinglenegativevaluerelatedtothestrengthofthedamping.

•AnotherinterestingfeatureisthattheregionofpositiveLyapunov

exponenthasslowvariations,whereastheotherregionshowsasteep
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decrease(inthebottomright). Ontopofthat,theslopeoftheline

where,forexample,λ+ =−1,isapproximately0.
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4. Thisnumber

issmallerthanunitywhichmeansthatthedissipationmustincrease

fasterthanthenoiseinordertoobservearandomattractorwitha

similaramountofchaos.

Thisanalysisoffigure2.4gaveusinterestinginsightsintothemechanismsof

creationoftherandomattractoraswellasanumericalproofoftheexistence

ofSRBmeasuresonthemomentumsphere. Wewillendthisstudybya

numericalcomputationoftheSRBmeasuredisplayedinFigure2.5.

0 1 2 3 4 5 6
0.0

0.5

1.0

1.5

2.0

2.5

3.0
t=19

0 1 2 3 4 5 6
0.0

0.5

1.0

1.5

2.0

2.5

3.0
t=27

0 1 2 3 4 5 6
0.0

0.5

1.0

1.5

2.0

2.5

3.0
t=43

Figure2.5:ThesefourpanelsshowarealisationoftheSRBmeasureforthefreerigidbody
inlogscale.ThebrightcolourindicatesalargerdensityoftheSRBmeasureandtheblue
regionsareempty.

Weextractedfoursnapshotsofthesameattractoratdifferenttimes. The

brightcolourindicatesahigherdensityoftheSRBmeasure,whichisplotted

inlogscalesothatwecanseethefinestructureoftheSRBmeasure.From

thesesnapshots,themechanismofcreationoftherandomattractorcanbe

viewedasastretchingandfoldingprocesstriggeredbythenaturalshearof

therigidbody.InmostofthestandardexamplessuchastheSmalehorseshoe

oftheDuffingattractor,thismechanismproducesastrangeattractorwith

afractalstructure. Wecanobservethecreationofsuchstructureinthe

lightregionsofthesefiguresbutitremainsadifficultopenproblemtobetter
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characterisethesestructuresintermofthefractaldimension,etc.Inthe

nextsection,wewillstudyasimplificationofthissystemwherethenoiseis

replacedbyaperiodickickingandwhichcanstillproducechaoticmotion.

2.3.6 Effectofperiodickickingontherigidbody

Uptothispoint,weonlyconsideredstochasticperturbationsoftheEuler-

Poincaŕeequation,butnothingpreventsusfromusingadeterministicforcing

insteadofthenoise.Inthissection,wewillreplacethenoisebyaperiodic

kickingandshowthatchaoticbehaviourscanexist.Thisstudyisinspired

byvariousworksindynamicalsystemswhichusethisdeterministicperi-

odicforcingtodetectchaosandotherstrangeattractors. WerefertoLin

andYoung(2008),WangandYoung (2003)andreferencesthereinforsuch

studies.

Wewillhereonlyconsiderthefreerigidbodyandwillnotgointotechnical

detailsbutrathertrytoqualitativelyunderstandhowtheperiodickicking

modifiesthefreerigidbodydynamics. Weusethesameperturbationofthe

rigidbody,butwereplacethe WienerprocessWiby

dWit⇒σi

∞

n=1

δ(t−nT), (2.3.43)

whereT∈Ristheperiodforthekickingandσ∈R3stillgivestheamplitude

anddirectionofthekick. Wewilluseherethegenericcaseσi=σeisothe

dynamicalequationis

d

dt
Π=Π×Ω+θΠ×(Π×Ω)+σ

i

Π×ei

∞

n=1

δ(t−nT) .

(2.3.44)

Thereisanimportantremarktomakeatthispoint.Inthecaseofstochastic

forcing,thisformoftheσimeansthatthenoiseisisotropicbutinthiscase

itonlymeansthatthekickingaxisisfixedinthe(1,1,1)directionandwith

amplitudeσ.
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Wenowwanttostudytheexistenceofnon-singularattractorssupportedby

possiblechaoticmotion.Forthis,weneedtoobservethesystematintervals

Ttoobtainatimeindependentattractor.Indeed,betweeneachkickthe

systemwillevolveandresultinaTperiodicmotionwhentheattractoris

reached. Wewillonlydonumericalsimulationsofthissystemandanalyse

itsbehavioursbyvaryingthekickingamplitude. WeuseT=1,θ=0.2,

σ= σ(1,1,1)andI=diag(1,2,3). Noticethatσisnotalignedwithan

eigenvalueofthemomentofinertiaIsuchthatthesystemwillexhibitmany

possiblebehavioursbyjustvaryingthekickingamplitudeσ.

Infigure2.6wedisplayseveralattractorsofthekickedrigidbodyfor6

valuesofσ. Alltheattractorsaredifferentandwewilltrytounderstand

theirpropertiesindetail.Firstrecallthatinthedeterministiccase,thereare

twosingularattractorscorrespondingtothetwolowestenergyequilibrium

positionoftherigidbody. Withtheperiodickicking,thesetwoattractorswill

mostlikelybedifferentforthefollowingreason.Thedynamicsoftherigid

bodyisanti-symmetricwithrespecttoaplaneperpendiculartotheaxisof

rotationofthelowestenergyequilibriumandthekickingissymmetric.The

interactionofthekickingandtherigidbodydynamicswillthusbedifferent

intheoppositesideofthemomentumsphere.Inparticular,thekicking

andthedynamicsareinthesamedirectioninthelowerrightregionofthe

plotsinfigures2.6,andintheoppositedirectionfortheupperleftparts.

Inthesequel,wewilldenotebyA+theattractorwherethedynamicalflow

andthekickingareinthesamedirectionandbyA− theotherattractor.

Theywillbeunderstoodasbeingthesameifonlyoneattractorisobserved.

Wewillanalysetheattractorsandclassifythedifferentregimesaccording

tothevaluesofσ. Tohelpusunderstandingthesedifferentbehaviours,

weestimatedthetopLyapunovexponentsofthesystemforeachvalueof

σ,whichwedisplayedinfigure2.7.FromtheestimationsoftheLyapunov

exponentsandthesimulation2.6,wecandescribeeachattractorinmore

detail.

1. σ <0.02:Thisisthesimplestcaseandtheclosesttotheoriginal

dynamics. ThetwoattractorsA+ andA− aresingularandarenear

theiroriginalpositions.
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Figure2.6:6attractorsoftheperiodicallykickedfreerigidbodyaredisplayedhere.They
arealldifferentbutwiththreemaintypes.Eitherfixedpoint,limitcycleoralternatingfixed
points.Chaosisobservedinsomelimitcyclesaswell,seefigure2.7.Atransientchaosis
observedwhenσ=0.08,wherethesimulationwasstoppedbeforethechaoticmotionre-
laxedtoauniquefixedpoint.
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Figure2.7:ThisplotdisplaysthevalueofthetopLyapunovexponentofthevariousattrac-
torsoffigure2.6.Iftwoattractorsareobserved,wecomputedthetopLyapunovexponent
forboth.

2.0.02< σ < 0.08: Thissnapshotwastakenbeforethecomplete

convergencetotheattractor,whichinthiscaseconsistsintheyellow

dotinthecentre. Thisistoillustratethephenomenonoftransient

chaos. ThesimulationswhichstartedneartheattractorA− ofthe

previouspanelwilleventuallyreachA+,butbeforebeingcapturedin

aring,theyshowachaoticmotionforsometime.

3.0.08< σ <0.11:Slightlyincreasingthekickingamplitudestabilises

thering,orequivalentlytheattractorA−. Thisisalimitcycleand

itpassesnearthebothequilibriaof minimumenergy,experiencing

kicksfrombothsidesofthespherewithoppositeinteractionwiththe

rigidbodydynamics. Thechaosonthislimitcycleisnotclearfrom

theLyapunovexponentcomputationasthetopLyapunovexponent

iscloseto0,seefigure2.7. TheotherattractorA+ issingularand

remainsnearitspreviousposition.

4.0.11< σ <0.13:Bylookingatintermediatevaluesofσ,weobserved

thatincreasingσmovesthelimitcycleintheoppositedirectionfrom

theotherattractors.Atsomepoint,itcrossestheaxisofthebodywith
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maximalenergy(topandbottomlineoftheplot)andbreaksintofour

parts.These4pointsareonlytwodifferentattractors.Theattractor

A+ remainsclosetoitspreviousposition,andthe3othersingular

pointsareatequaldistancesfromthekickingaxis(−1,−1,−1)and

formA−.Aftereachkick,thesingularattractorscyclicallyjumpfrom

onetotheotherinA−1.

5.0.13< σ <0.17: Aftercrossingthesmallestaxisofrotation,the

limitcycleisagainpresentbutremainsclosetotheregionofthemo-

mentumspherewherethekickingisofoppositedirectiontothemotion

ofthebody. Ascomparedtothepreviouslimitcycle,thismotionis

morechaoticandwecanevenbecertainthatthetopLyapunovis

positivefromtheerrorsofthesimulations.

6.0.17< σ <0.18: Finally,aftermoreincreaseofthekickingam-

plitude,onekickwillalmostcorrespondtohalfarotationoftherigid

body.Itthuscreatesasingleattractorconsistingoftwosingularpoints

periodicallyswitchingbetweeneachother.

Tosummarisethisbriefinvestigationoftheperiodicallykickedrigidbody,

wewanttostressthattheinterestingfeaturehereisnotonlytheexistence

ofchaosbutalsotheexistenceoflimitcycleandcyclicsingularattractors.

Theseattractorsonlyappearforasubtlecombinationofthegeometryand

thekickingamplitudeanddirection. Wewillnotinvestigatethissystemfur-

therhereandleaveitopenforfuturenumericaloranalyticalinvestigations.

2.3.7 Summaryandoutlook

ThissectionbuildsuponthestochasticdeformationoftheEuler-Poincaŕe

equationdevelopedintheprevioussection2.2. Thenewelementisthe

geometricdissipationwhichweincludedfollowingthegeneralapproachof

Gay-BalmazandHolm(2013).Theinteractionofnoiseanddissipationpro-

videduswitharichersystem.Oneofthemainresultsisrelatedtothefact

thatthestationarydistributionoftheFokker-Planckequationisnotany-

moreconstantonthecoadjointorbitbutmoreconcentratedintheregions
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oflowestenergy.Infact,providedthatthenoiseisisotropic,wewereable

tocomputetheexactformofthestationarydistributionasaGibbsdistri-

bution,oftenfoundinstatisticalphysicsforopensystemsinteractingwith

anexternalheatbath. Thisresultsuggeststhatthissystemhasastrong

connectionwithstatisticalphysicswhichcouldgiveaninterestingphysical

motivationforthestudyofsuchsystems. Webrieflyshowedthisconnection

byextendingafewclassicaldefinitionsofstatisticalquantitiestocoadjoint

orbits,andshowedthattheGibbsmeasurecanbeobtainedasadistribution

ofmaximalentropy,forafixedaverageenergy. Asinthefirstsection,we

didnotstudythesemidirectproductcasewhichhassimilarstationarydis-

tributionbutonlyforthemarginaldistributionasthecoadjointorbitisnot

compact. WerefertoArnaudonetal.(2017a)formoredetailaboutthisand

theheavytopexample.

Thecoreofthissectionwasdevotedtothestudyoftheso-calledrandom

attractors. Theseattractorsareobservedonlywhentherealisationofthe

noiseisfixedandcansupportchaoticmotions. Thischaoscomesfroma

subtleinteractionofnoise,dissipationandshearprovidedbytheunderlying

deterministicdynamics.Ifthemotionischaoticontheattractor,itsupports

animportantmeasureinthetheoryofrandomdynamicalprocessescalled

theSRBmeasure.Thedifficultyhereisonlytoprovethatthereisachaotic

motion. Wecouldnotachievethisanalytically,andthisproblemisinfact

hardeveninsimplercases. Wethusperformednumericalestimationsofthe

topLyapunovexponent,andbyanalysingthisdataweobtainedabetter

insightintotheinteractionofnoiseanddissipationinthissystem. Weeven

consideredasimplerdeformationwithaperiodickickingwhichexhibited

similarbehavioursofchaoticmotion,butonlimitcycles. Onecouldpush

furthertheseinvestigationsbyeitherconsideringmorecomplexsystems,such

astheheavytop,ortoobtainabetteranalyticalunderstandingofthem.At

thispointofthework,weleavetheseasopenproblemswithintherealmof

randomdynamicalsystems.
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2.4 Stochasticnonlinearstability

Inthissection,wewillstudyanotherimportantaspectofmechanicalsystems

withsymmetries,thatisthestabilityofrelativeequilibria.First,recallthat

theEuler-Poincaŕeequationonlydescribespartsofthecompletedynamics

ofthesystemwhichisapathintheLiegroupitself. Thismeansthata

fixedpointoftheEuler-Poincaŕeequationwillnotbeastaticequilibrium

ofthesystembutonlyanequilibriumrelativetothemovingframeofthe

reductionbysymmetry. Toassessthestabilityofsuchsolutions,themost

practicalmethodistheso-calledenergy-Casimirmethod. Thismethodis

ratherpowerfulasitprovesthenonlinearstabilityofsomerelativeequilib-

ria.ItisbasedontheclassicalLyapunovmethodandtakesintoaccount

thegeometricalstructureoftheequationtoconstructaproperLyapunov

functional. Thistheorystartedintheearlydaysofgeometricmechanics

byArnold(1965),Arnol’d(1966b)andwaslaterextendedbyHolmetal.

(1985).Thislatterpaperwillbeourmainreferencefortheenergy-Casimir

method.Thismethodwasfurtherextendedtoencompassmoregeneralsys-

temswhichdonothaveCasimirfunctionsbySimoetal.(1991).Itiscalled

theenergy-momentummethodandinthistheorytheLyapunovfunctionalis

constructedusingthemomentummapinsteadofdirectlyusingtheCasimir

functions.

Inanutshell,theenergy-Casimirmethodreliesontheconstructionofan

extendedHamiltonianHC =H+λC,whereCisaCasimirofthesystem

andλaparameter.ThisfunctionalservesasaLyapunovfunctionalforas-

sessingthestabilityofagivenrelativeequilibriumviathesign-definiteness

ofitssecondvariationattheequilibriumposition.TheCasimirisacrucial

partofthisconstructionasittakesintoaccountthemovingframedueto

thereductionbysymmetry,thusthegeometryofthissystem.Ifstochas-

ticperturbationsareincludedsuchthatthegeometricalstructureofthese

equationsispreserved,theenergy-Casimirmethodcanbeextendedtothis

contextandprovidestabilityresultinaprobabilisticsense.Thisistheaim

ofthesectionwhichisbasedonArnaudonetal.(2017b).
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2.4.1 Reviewonnonlinearstability

Webeginwithashortreviewofstabilityformechanicalsystems.Thereexist

severalnon-equivalentnotionsofstabilitysuitedfordifferentpurposes,but

wewillonlyusethenotionofnonlinearstability. WerefertoAbrahametal.

(1978)foraclassicalexpositionofstabilityinmechanics.

Deterministicstability

Wewillusethefollowingdefinitionofdeterministicnonlinearstabilityofan

equilibriumsolutionofagenericdynamicalsystemoftheform

ẋ=f(x), (2.4.1)

wherex∈Rn,andf:Rn→Rn. Weassumethatthereexistsasolutionxe

whichisanequilibriumposition,i.e.f(xe)=0.

Definition2.4.1(Nonlinearstability).Anequilibriumpositionxeofady-

namicalsystemisnonlinearlystableifforeveryneighbourhoodUofxethere

existsaneighbourhoodVsuchthattrajectoriesstartinginVwillneverleave

U.Inmathematicalterms,givenanappropriatenorm ·,∀>0,∃δ>0

suchthatifx(0)−xe <δ,thenx(t)−xe < fort>0.

Thisnotionofstabilitystatesthatthesystemwillremaininaneighbourhood

oftheequilibriumpositionforalltimeiftheinitialconditionistakentobe

nearthisposition.Infinitedimensionalsystems,thereisanequivalentno-

tion,theformalstabilitywhichrequirestheexistenceofaconservedintegral

ofthemotion,providedbyaCasimirfunction.

Definition2.4.2 (Formalstability).Anequilibriumpointx0isformally

stableifaconservedquantityexistswithavanishingfirstvariationanda

definitesecondvariationevaluatedattheequilibriumposition.

Thisnotionisimportantfortheenergy-Casimirmethodastheconstruction

ofthecorrectconservedquantitywillgiveformalstabilityforthefinitedi-
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mensionalsystems,whichwill,inturn,providenonlinearstability.Thenext

propositioncanbeprovedinfinitedimensionsonly.

Proposition2.4.1.Infinitedimensions,formalstabilityisequivalentto

nonlinearstability.

Theenergy-Casimirmethod

Beforeconsideringstochasticsystems,wewillreviewtheenergy-Casimir

methodinfinitedimensions. Thismethodconsistsoffourstepsandas-

sumesthatwehaveaEuler-PoincaŕesystemwithHamiltonianh,Casimir

C,momentumvariableµandanequilibriumsolutionµe.Themostimpor-

tantobjectistheextendedHamiltonian

HC(µ)=h(µ)+C(µ). (2.4.2)

NoticethatthereissomefreedominthechoiceoftheCasimirfunction,as

anyfunctionofaCasimirisstillaCasimir. Wewillneedthefirstandsecond

variationsofthisHamiltonian. ThefirstvariationisDHc:g→ g,thatis

DHc(µ)∈gisthevariationalderivativeofHC.Thesecondvariationisthe

variationalderivativeofDHCwithrespecttoitsargument.Itisanothermap

D2HC:g→g×gsuchthatD
2HC(µ):g

∗×g∗→R,orD2HC(µ):g
∗→g.

Thefourstepsoftheenergy-Casimirmethodarethen:

1.RestricttheformoftheCasimirfunctionCsuchthat

DHC(µe),δµ=0, ∀δµ∈g
∗, (2.4.3)

whereDHC(µ):g
∗→ Rstandsforthefirstvariationoftheextended

Hamiltonian.Thisfirststepensuresthatµeisacriticalpositionofthe

functionalHC(µ).

2.ComputethesecondvariationoftheextendedHamiltonianandtryto

restrictfurthertheformoftheCasimirsuchthatitissign-definite,i.e.,

±δµ,D2HC(µe)δµ≥0, ∀δµ, (2.4.4)
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wherethepairingisthestandardpairingontheLiealgebrag.

3.Ifthesecondvariationissign-definite,thendefinethenorm δµ2HC
anduseittoobtaintheformalstabilityofµe.Ingeneral,theprevious

stepwillgivecertainconditionsontheparameterofthesystemto

ensurethatthesecondvariationissign-definite.

AlthoughwediscussedtheEuler-Poincaŕesetting,semi-directproductssys-

temswillfollowthesameprocedure.

Stochasticstability

Wenowturntothedefinitionofstochasticstabilitycorrespondingtothe

previousnotionofnonlinearstability. Weconsideranarbitrarystochastic

extensionofthedynamicalsystem(2.4.1)oftheform

dxt=f(xt)dt+
i

σi(xt)◦dW
i
t, (2.4.5)

foragivensetofvectorfieldsσi:R
n→ Rn.Asbefore,weassumethatxe

isaequilibriumsolution,thatisf(xe)=0andσi(xe)=0foralli. The

latterconditionwillbearestrictiononthenoisevectorfieldsthatwillbe

compatiblewiththeequilibriumsolutionofthedeterministicsystem. We

willdiscussthislaterintheexamplesandonlyassumeherethatsucha

stationarysolutionxeexists. Wecanthendefineournotionofstochastic

stabilityasanextensionoftheusualnotionofstochasticstability,foundfor

exampleinthemonographKhasminskii(2011).

Definition2.4.3(Transientstochasticstability).Forasuitablenorm ·,a

fixedpointxeisweaklystableinprobabilitywithstoppingtimeTifforevery

,σ>0thereexistsδ>0andT(,δ,C)>0suchthatif x(0)−xe <δ

andT>t>0

P(x(t)−xe > )<σ. (2.4.6)

Thedifferencebetweenthisconceptoftransientstochasticstabilityandthe
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standardoneistheuseofthestoppingtimeT.IfT→ ∞,thereisno

stoppingtimeandwerecovertheusualdefinitionofstochasticstability.For

us,thisstoppingtimeisimportantasitwillgiveextrainformationabout

howthenoiseaffectsthestabilityofthedeterministicequilibriumsolution,

andinparticularforhowlongthestochasticstabilitypersists. Wewillsee

thatthisstoppingtimewilldirectlyberelatedtotheamplitudeofthenoise.

2.4.2 ThestochasticEnergy-Casimirmethod

Inthestochasticcontext,wewillseethatthedeterministicenergy-Casimir

methodappliesupuntilthelaststepwhichwedidnotdescribeindetailin

theprevioussection.ItconsistsinusingthenormδµHC inthedefinition

ofthenonlinearstability. Wewillseethatthisnormisnomorepreservedby

thestochasticdynamicsbutthatwecanusethepreviousnotionofstochastic

stability. Wewillproceedwiththeusualenergy-Casimirmethodfollowing

theappendixAofHolmetal.(1985).

WefirstneedtofindconditionsontheCasimirsuchthatthefirstvariation

oftheextendedHamiltonian(2.4.2)vanishesatµe,thatisDHC(µe),δµ=

Dh(µe),δµ+ DC(µe),δµ=0,forallδµ∈g
∗.Thenextstepistocheck

thesign-definitenessofthesecondvariationofHC whenevaluatedatµe.

Bothconditionsarepurelygeometricanddonotdependonthedynamics

ofthesystem,thusonthenoise. Wecanusethedeterministicresultsand

assumethatµeisdeterministicallystable.Recallthatthenormis

ξ2HC :=ξ,D
2HC(µe)ξ, (2.4.7)

whichisawell-definednormonthespaceofvariationsonpathsong∗.In

thedeterministiccase,thisnormispreservedbythelinearizedflowofthe

system,andthisleadstothenonlinearstabilityofµe.Inthepresenceof

stochasticperturbation,wemustinvestigatehowthisnormisnotpreserved

bythelinearizedstochasticflow. Forthiswefirstcomputethelinearized
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flowusingµt=µe+δµtandobtain

dδµt=ad
∗
Dh(µe)δµtdt+ad

∗
D2HCδµt

µedt+
i

ad∗σiδµt◦dW
i
t. (2.4.8)

WethenusetheextendedHamiltoniantocomputetheevolutionoftheas-

sociatednorm,andthepreviousequationsimplifiesto

dδµt=ad
∗
D2HCδµt

µedt+
i

ad∗σiδµt◦dW
i
t. (2.4.9)

Fromthiscomputationitisclearthatthenorm(2.4.7)willingeneralnotbe

preservedbythisflowduetothestochasticterm.Inordertogofurther,we

computethetimeevolutionoftheHCnormofthestochasticpathδµt

dδµt
2
HC
=2D2HCδµt,dδµt

=
i

2D2HCδµt,ad
∗
σi
δµt◦dW

i
t,

whereweusedthesymmetryoftheoperatorD2HC.Thistermgivesusthe

exactdynamicsoftheHCnorm(2.4.7),butwewanttheaveragedynamics

toobtainthetransientstabilityinprobability.Forthis,weneedtousethe

infinitesimalgeneratorofastochasticprocessµ.Itisdefinedas

Dµf(µ(t)):=lim
∆t→0

E
f(µ(t+∆t))−f(µ(t))

∆t
Ft , (2.4.10)

foranyfunctionf:g∗:R. Thisdefinitioncanforexamplebefoundin

Arnaudonetal.(2014)whendefineddirectlyonLiegroups. Whenthis

derivativeisviewedastheinfinitesimalgeneratoroftheprocessµ,itgener-

atestheFokker-Planckequationfortheprocessµ

∂tP(µ,t)=D
∗
µP(µ,t), (2.4.11)

whereD∗µistheadjointofDµintheL
2pairing.Inthiscase,thisisthe

KolmogorovoperatorwhichweusedsofartocomputetheFokker-Planck

equation,butwhichcanbeappliedtoanyotherfunctionofthestochastic

process. WealsorefertoArnaudonetal.(2014),Zambrini(2009,2015)for
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morefortheuseofthisoperatorinthecontextofgeometricmechanicsand

stochasticEuler-Lagrangeequation.

Wecannowapplythisderivativefortheprocess δµtotheHCnormofδµt

toget

Dδµδµt
2
HC
=

i

D2HCad
∗
σi
δµt+adσiD

2HCδµt,ad
∗
σi
δµt. (2.4.12)

Thisformulaisinterestinginitselfasitisclosetoacommutatoroftwooper-

ators.Indeed,recallthatD2HC:g
∗→gandthatinmostcasesconsidered

heread∗∼=−ad.Forbi-invariantpairings,thecommutatorstructureismore

apparentas(2.4.12)simplifiesto

Dδµδµt
2
HC
=

i

adσiD
2HCδµt−D

2HCadσiδµt,adσiδµt. (2.4.13)

TheaveragelackofconservationoftheHCnormisthusintimatelylinkedto

theinteractionbetweenthenoisefieldsσiandthedynamicsofthesystem

throughD2HC.Aswewillseeintheexamples,thisformulacanbefurther

simplified.

Whatwecandotoproceedfurtherandobtainageneraltheoryforstochastic

stabilityisconsiderasystemsuchthatwecanbound(2.4.12)as

Dδµδµt
2
HC
≤Σ2δµt

2
HC
, (2.4.14)

foraconstantΣ.Aswewillseeintheexamples,thisassumptionseemstobe

validinmoststandardcases,andtheconstantΣcandirectlybeestimated.

Atthispoint,itisexpectedthatthisconstantwillbeproportionaltothenoise

amplitude.Indeed,ifthenoisevanishesweshouldrecovertheconservation

ofthisnorm.Fromthisestimate,wecanobtainanexponentialupperbound

fortheevolutionoftheenergy.

Proposition2.4.2.Assumingthat(2.4.14)holdsforsomeΣ,wehavethe

followingtime-dependentboundfortheexpectedvalueoftheHCnormofδµt

E(δµt
2
HC
)≤ δµ0

2
HC
eΣ
2t. (2.4.15)
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Proof.Wecompute

d

dt
E(δµt

2
HC
)=
d

dt
δξ2HCP(ξ,t)dξ

= ξ2HC
d

dt
P(ξ,t)dξ

= ξ2HCD
∗
ξP(ξ,t)dξ

= Dξξ
2
HC
P(ξ,t)dξ

≤Σ2 ξ2HCP(ξ,t)dξ

=Σ2E(δµt
2
HC
),

wherePistheprobabilitydensityoftheprocessδµandDξitsgenerator

(2.4.12).Finally,adirecttimeintegrationgives(2.4.15).

Fromthisinequality,wearriveatthenotionofstochasticstabilitywith

stoppingtime,summarisedinthefollowingtheorem.

Theorem2.4.1(Finitedimension).ForthestochasticEuler-Poincaŕeequa-

tionconsideredhere,afixedpointµeisweaklystableinprobabilitywithstop-

pingtimeifitisstableforthedeterministicdynamicsinthesenseofthe

energy-Casimirmethod.

Proof.GiventheconstantΣestimatedbefore,weapplyMarkovinequality

tothenormδµ2HC,thatis

P(δµt
2
HC
> )≤

1
E(δµt

2
HC
)

≤
1
δµ(0)2HCe

Σ2t,

toobtainthebound

P(δµt
2
HC
> )≤

1
δµ(0)2HCe

Σ2t.
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Thus,forall >0wecanfindδ= δµ(0)2HC andσ≥
1δµ(0)2HCe

Σ2tup

totimeTmax=
1
Σ2
ln

δ
.

Thistheoremthenstatesthatthemultiplicativenoisethatweusedtoperturb

theoriginalmechanicalsystemsnotonlypreservesthegeometricalstructure

oftheequationbutalsopreservesmoresubtlepropertiessuchasstability.

Infact,thisresultisadirectconsequenceofthefactthatthenoisepreserves

thegeometricalstructureoftheequationandallowstheuseoftheenergy-

Casimirmethod.Onecould,forexample,consideradditivenoiseintherigid

body,andnosuchstabilityresultwouldhold.

2.4.3 Applicationtotherigidbody

Wenowapplythistheorytoourtraditionalexampleofthestochasticfree

rigidbodytostudythestochasticstabilityofthedeterministicallystable

equilibrium.Usingthedeterministicenergy-Casimirmethod,onecanshow

thattheequilibriumoflowestandhighestenergyarenonlinearlystable.They

aretheonewewillstudynow. Withoutlossofgenerality,weassumethat

thepositionΠ1isstable,thatiswechooseI1>I2>I3.Anoisecompatible

withthisstablepositionisasingle Weinerprocesswithamplitudeσ=σe1.

Infact,itistheonlycompatiblenoiseasonecandirectlycheckfromthe

equationsofmotion. RecallthattheCasimiristheinvariantfunctionof

themomentumsphereandthatC(Π)=Ψ(1
2
Π 2)foranarbitraryfunction

Ψ:R→RisstillaCasimir.ThisfunctionisusedtoenforcethatDHC=0

andD2HCispositivedefinite,where

HC(Π)=
1

2
Π·Ω+Ψ

1

2
Π 2 . (2.4.16)

Werefertothecompletetreatmentoftherigidbodyin Holmetal.(1985)

formoredetailonthisfunction.ThesecondvariationoftheHamiltonianis

directlycomputedandis

D2HC(Πe)(δΠ)
2=

1

I2
−
1

I1
δΠ22+

1

I3
−
1

I1
δΠ23+Ψ

1

2
δΠ21,
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whereweusedtheconditionforDHC =0whichgivesthatΨshouldbe

evaluatedat1
2
. TheextrafreedomofΨyieldsthepositivedefinitenessof

thisnorm,thusthedeterministicstabilityoftheseequilibria. Wenowderive

theconstantΣforthestochasticsystemandfind,bydirectlycomputing

(2.4.13),that

DδΠ δΠ
2
HC
=σ2 δΠ23(I

−1
3 −I

−1
2)+δΠ

2
2(I
−1
2 −I

−1
3)

≤σ2 δΠ23(I
−1
3 −I

−1
1)+δΠ

2
2(I
−1
2 −I

−1
1)

≤σ2δΠ 2
HC
,

wherethelastinequalityisvalidonlyforthepositivedefinitecase.Forthe

negativedefinitecase,onejustneedsanoverallminussigninthecomputation

toobtainthesameresult. WethereforefindthatΣ2=σ2anddoesnot

dependonthegeometryoftherigidbody.

Noticethatintheintegrablecase,thatisifI2=I3,thestabilityresult

ismuchstrongeraswehaveΣ=0. Thisresultistobeexpectedasthis

systemisnowequivalenttotheKubooscillatorinthee1directionandthe

noisecannotdrivethesystemstowardlargerorbitsinthisdirection.Forthis

integrablesystem,thestabilityisevenstrongerandcorrespondstotheusual

stabilityinprobability.

Wenowillustratethiseffectofprogressivelylosingstabilitywithnumerical

simulations. Wecomputethemarginalprobabilitydensityoftherigidbody

alongΠ1,thatis

P1(Π1,t):= P(Π1,Π2,Π3,t)dΠ2dΠ3, (2.4.17)

anddisplayitasafunctionoftimeinfigure2.8.Inthedeterministiccase,

therigidbodywouldoscillatenearthetoplineoftheplot. Thesolidline

representsthemeanvalueofΠ1,andonecanclearlyseethataftersometime,

themeanofthisdistributionconvergesto0andthedistributionbecomes

uniform. Fromthetheorydevelopedbefore,ifonefixesavalueforΠ1,it

ispossibletoestimatewithΣthetimewhenthesolidlinebecomessmaller

thanthischosenvalue.

91



0 100 200 300 400 500 600
t

−1.0

−0.5

0.0

0.5

1.0

Π
1

Figure2.8:ThisfiguredisplaysthemarginalprobabilitydensityoftherigidbodyalongΠ1.
TheinitialconditionistakenclosetotheequilibriumsolutionΠ=(1,0,0),andthedeter-
ministicpathwouldremainclosetoit.Thesolidlineisthemeanpathandhighlightsthe
transitionbetweenthedeterministicstableregimenearΠ1=1andtheuniformdistribution
explainedbyergodicityofthesystem.Thedashedlineisthemeanpathofthestochastic
rigidbodywithanisotropicnoiseofthesameamplitude,illustratingtheimmediatelossof
stability.

2.4.4 Summaryandoutlook

Thissectioncanbeseenascomplementarytothefirsttwosectionsofthis

chapterasthemainfocusherewasonthedynamicsofthestochasticEuler-

Poincaŕeequationforshorttimes. Wepreviouslyconsideredtheeffectof

noiseanddissipationforlargetimesthroughthestationarydistributionof

theFokker-Planckequationortherandomattractors.Themaininterestof

stochasticdynamicsforsmalltimesisinthestabilityofequilibrium.Indeed,

weknowfromtheergodicitypropertythatthesystemwilleventuallyrelax

toformauniformprobabilitydensityonthecoadjointorbit. Themain

resultobtainedregardingthestabilityofadeterministicallystablerelative

equilibriaisthattheyremainstableinprobabilityforashortperiodoftime.

Thetimescaleforwhichitremainsstablecanevenbeestimatedfromabove

andisproportionaltotheamplitudeofthenoiseinthecaseofrigidbody

motion. Thisresultholdsonlyifthenoiseamplitudeiscompatiblewith

theequilibriumpositionsuchthattheequilibriumpersistsinthestochastic

system. Thisconditionisratherstrictbutnecessary. Formoregeneral
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noisessuchasisotropicnoises,thenumericssuggestthatthereisnopossible

notionofstabilityasthesystemquicklyleavestheneighbourhoodofthe

initialposition. Theotherimportantopenproblemisintheestimationof

thetimescale.Inalltheexampleswecanestimateitbutwedonothavea

generalexplicitformulaforit(orratherforthecoefficientΣ).Here,weonly

consideredtherigidbodyexample,butinArnaudonetal.(2017b)wealso

investigatedtheheavytopandthestochasticfluiddynamicsandinparticular

thecompressibletwodimensionalEulerequations.Surprisingly,thevalueof

Σforthefluidequationdependsonthegradientofthenoiseamplitudewith

respecttothespacevariableinsteadofitsamplitudeasintherigidbodyor

theheavytopexample.Fromthisinvestigation,severalresearchdirections

arepossible. Wecanmentiontheextensionofthistheorytothemoregeneral

energy-momentummethod,theinclusionofgeometricdissipation,oritsuse

incontrolsystemsforstabilisationofunstableequilibria.
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2.5 StochasticTodalattices

Untilnow,westudiedstochasticperturbationsofmechanicalsystemssuch

astherigidbodyandtheheavytop. Wewillgoalittlefurtherhereby

lookingattheTodalattice. Thissystemcanbehighdimensionalandhas

amoresubtleLiegroupstructurethanthefreerigidbody.Itisinteresting

fromthepointofviewofintegrablesystemsandgeometricmechanicsasitis

completelyintegrableandhasacoadjointorbitstructure. Wewillapplythe

theoryofstochasticdeformationofthefirstsection2.2aswellasintroduce

adoublebracketdissipationsimilartheoneofsection2.3.4. Wewillthen

discusshowthesedeformationaffecttheTodalatticeandwewillobtain

resultsslightlydifferentfromtheonesofthetwoprevioussections.

WewillbeginbyareviewofthegeometricstructureoftheTodalatticein

section2.5.1,thenintroducenoiseinsection2.5.2,dissipationinsection2.5.3

toendwithadifferentnoisewhichpreservesisospectralityinsection2.5.4.

2.5.1 ThedeterministicTodalattice

Inthissection,webeginwithashortreviewoftheTodalatticewithafocus

onitsgeometricalstructure. TheTodalatticehasitsrootsintheorigin

ofthetheoryofintegrablesystemswiththediscoveryofrecurrencesinthe

FPUlatticebyFermietal.(1955),withnumericalsimulationsperformed

byM.Tsingou,seeDauxois(2008)formoreonthisstory.Thesurprisewas

thatforlargetimes,nostatisticalequilibriumemergedforthislatticedespite

theoreticalpredictionsofstatisticalphysics.ItturnsoutthattheFPUchain

isanapproximationoftheTodalattice,whichisanintegrablesystemand

hasnothermalequilibrium.IntheFPUchain,ifonewaitsforalongenough

timesuchthatthenon-integrableeffectsappear,thisexpectedequilibrium

canbeobservedinprecisenumericalsimulations,seeforexampleBenettin

etal.(2013),BenettinandPonno(2011).

TheTodalatticewasfirstformulatedinToda(1967)(seealsoToda(1989))

andlaterprovedtobeintegrablebyFlaschka(1974a,b)andHeńon(1974).

Theseworkstriggerednumerousstudiesonsuchlattices,withvariouscon-
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nectionstogeometry.

TheopenTodalattice

TheTodalatticeconsistsofnparticleswithpositionsxiandvelocityyion

aline.Theonlyforceinthislatticeistheexponentialinteractionbetween

neighboursdescribedbythefollowingHamiltonianfunction

Hp=

n

i=1

1

2
y2i+e

xi+1−xi , (2.5.1)

whereweremovedallthephysicalconstants.Onecanaddaconstantinthe

exponentialtovarythestrengthoftheinteractionoramassinthekinetic

energyterm,butwewillsticktothissimplecasehere.

TheopenTodalatticeisacanonicalHamiltoniansystemforthevariables

(xi,yi)∈T
∗RnwithHamiltonianequations

ẋi=yi

ẏi=e
xi−xi−1−exi+1−xi.

(2.5.2)

IfoneapproximatestheexponentialinteractionbyaTaylorexpansion,we

obtaintheFPUlatticebykeepingonlythelinearandquadraticterms.

Wenowintroducethechangeofvariablesdueto Flaschka(1974b)usedto

provethecompleteintegrabilityofthissystem.Thenewvariablesaregiven

by

ak=
1

2
yk

bk=
1

2
e(xk+1−xk)/2,

(2.5.3)

andtheequationsofmotionbecome

ḃi=bi(ai−ai+1)

ȧi=2(b
2
i−1−b

2
i).

(2.5.4)
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Wedidnotmentiontheboundaryconditionswhichcanbeopenorperi-

odicwithoutaffectingtheintegrabilityofthelattice.Thesimplestproofof

completeintegrabilityisachievedbyconstructingtheLaxpairwith

L=









a1 b1 0 ...

b1 a2 b2 ...

0 b2 a3 ...
...
...
...
...








, (2.5.5)

andM =L+−L−,whereL+istheupperpartofthematrixandL−thelower

part.IntegrabilityisthenaconsequenceoftheLaxequationL̇=[L,M].

TheaimnowistointroducemoregeometrytounderstandthisLaxpair

constructionasacoadjointmotiononthedualofacertainLiealgebra.Only

thenitwillbepossibletointroducenoiseanddissipationinaconsistent

manner.

GeometryoftheTodalattice

ManyinterestingworksexistonthegeometryoftheTodaflow. Wewillfollow

herethederivationofDeiftetal.(1989),butotherworksincludeDeiftetal.

(1986)orevenKostant(1979)withapplicationstorepresentationtheory.

ThisgeometricalstructureoftheTodalatticearisesfromthestandardLQ

decompositionofmatricesg∈GL(n)withonlypositivedeterminants.This

decompositionproducesgQ =SO(n)andgL∈L(n)suchthatg=gQgL,

whereL(n)isthegroupoflowertriangularmatricesandSO(n)thespecial

rotationgroup. Fromthisdecomposition,thereisagroupmultiplication

definedash∗g:=gQhgLwhichmakesthespaceofmatriceswithpositive

determinant,denotedGQL,aLiegroup. Therealsoexistsanisomorphism

m :GQL → SO(n)×L(n)givenbyg→ (g
−1
Q ,gL)whichcanbeusedto

constructaLiebracketontheLiealgebragQL. WefirstdefinebyltheLie

algebraofL(n),byqtheLiealgebraofSO(n)andtwoprojectionsontothese
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Liealgebrasby

πqL=L+−L
T
+ and πlL=L−+L0+L

T
+, (2.5.6)

foragenericelementL∈gQL. Thesubscripts+meansthestrictupper

triangularpart,thesubscript−thestrictlowertriangularpartandthe

subscript0thediagonalofthematrixL. TheLiebracketongQL isthen

definedas

[ξ,η]gQL =[πlξ,πlη]−[πqξ,πqη], (2.5.7)

forξ,η∈gQL. Wenowrecalltheadjointandcoadjointactionofthegroup

GQLonitsLiealgebra

Adg(ξ)=g
−1
Q (πqξ)gQ+g

−1
L (πlξ)gL (2.5.8)

Ad∗g−1(ξ)=πlTg
−1
Q ξgQ+πqTg

−1
L ξgL, (2.5.9)

wherethetransposeandadjointaredefinedwithrespecttothetracepairing

ξ,η=Tr(ξTη), (2.5.10)

thatiswehave

πlTL=L+−L
T
−, πqTL=L−+L0+L

T
−. (2.5.11)

Wewillnowneedtheclassical R-bracket,definedfromtheR-matrix

R=
1

2
(πq−πl)=πq−

1

2
. (2.5.12)

Wecanthenrewritethebracket(2.5.7)asthe R-bracket

adRξη:=[ξ,η]R=[Rξ,η]+[ξ,Rη], (2.5.13)
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anddefinetheadjointoftheR-matrixas

ξ,Rη=: R∗ξ,η, (2.5.14)

orintermthetraceofmatrices

Tr(ξTRη)=Tr(ηTRTξ).

Wethushave

R∗=RT=
1

2
(πlT−πqT)=πqT−

1

2
, (2.5.15)

becausel⊥isadjointofqandq⊥isadjointoflunderthetracepairing. We

cannowcomputethecoadjointactiononthisLiealgebra.

Proposition2.5.1.ThecoadjointactionofgGLonitsdualintermofthe

R-matrix(2.5.12)is

adR,∗ξ µ=[(Rξ)
T,µ]+RT[ξT,µ], (2.5.16)

forξ∈gQLandµ∈g
∗
QL.

Proof.Wecompute

Tr(µT[ξ,η]R)=Tr(µ
T[Rξ,η]+µT[ξ,Rη])

=Tr(µTRξη−µTηRξ+µTξRη−µTRηξ)

=Tr(−µ(Rξ)TηT+µηT(Rξ)T+µTξRη−ξµTRη)

=Tr([(Rξ)T,µ]ηT+[µT,ξ]Rη)

=Tr([(Rξ)T,µ]ηT+ηTRT[ξT,µ]),

andgettheresultforthecoadjointaction.

ThecorrespondingR-Lie-Poissonbracketistheusualbracket

{F,G}(L)=TrLT
δF

δL
,
δG

δLR

=Tr adR,∗δF
δL

L
δG

δL

T

. (2.5.17)
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ForthisLie-Poissonbracket,onecanseethatalltracesofpowersofL,i.e.

Hi=
1
n
Tr(Li)arecommutingintegralofmotion.Noticethatfornparticles,

onlynintegralsareindependent.Now,theLie-Poissonequationisforany

HamiltonianHigivenby

L̇= R
δH

δL

T

,L+RT
δH

δL

T

,L. (2.5.18)

TheusualTodaflowisrecoveredbyusingH1=
1
2
L2,sothatδH1=L.As

Lisasymmetricmatrix,theabovesecondtermdrops.Finally,usingthe

definitionoftheR-matrixintermofπq,wearriveattheTodaflow

L̇=[(RL)T,L]=[(πqL)
T,L]=−[πqL,L]. (2.5.19)

2.5.2 ThestochasticTodalattice

Wearenowabletodirectlyapplythepresenttheoryofstochasticdeforma-

tion. WewilldoitintheLie-Poissonformandwrite

dF(L)={F,H1}dt+
i

{F,Φi}◦dW
i
t, (2.5.20)

whereweuseasetofWienerprocessesindexedbyi.Thestochasticpotentials

Φi:g
∗→RarealsotakentobelinearinthemomentumvariableL,thatis

Φi=Tr L
Tσi,wherethesetofσispanthesymmetrictri-diagonalmatrices

withzerosonthediagonal.Thechoiceoftheσifieldsis,ingeneral,freebut

wewilluseherethesimplesttypeofnoise,thatistheuniformnoisewhere

σi =σforalli.ThestochasticTodalatticeisthengivenby

dL=−[πqL,L]dt+
i

adR,∗σiL◦dW
i
t, (2.5.21)

or,moreexplicitlyintermoftheR-matrix

dL=−[πqL,L]dt+
i

([(Rσi)
T,L]+RT[σi,L])◦dW

i
t. (2.5.22)

99



Byconstruction,thisflowpreservesthecoadjointorbitstructure,namelythe

tri-diagonalsymmetricmatrices.

Proposition2.5.2.ThestochasticTodalattice(2.5.22)preservesthetridi-

agonalsymmetricformofthematrixL.Furthermore,thestochasticprocesses

foraiandbiaregivenby

ḃi=bi(ai−ai+1)

dai=2(b
2
i−1−b

2
i)dt+2σi−1bi−1dW

i−1
t −2σibidW

i
t.

(2.5.23)

Proof.Adirectcalculationfrom(2.5.22)givesequations(2.5.23).Nothaving

anynoiseinthebiequationimpliesthattheIt̂ocorrectiontermvanishesand

theIt̂oorStratonovitchinterpretationofthestochasticintegralhavethe

sameform.

Then,withFlaschka’schangeofvariable(2.5.3),thestochasticTodalattice

isastochasticHamiltoniansystemfor(xi,yi)givenby

ẋi=yi

dyi= e
xi−xi−1−exi+1−xi dt+

+2σi−1e
(xi−xi−1)/2dWi−1t −2σie

(xi+1−xi)/2dWit.

(2.5.24)

ThisstochasticprocessisinfactatypeofLangevinequationwithmulti-

plicativenoiseasitcanbewrittenintermofthepositionvariableonlyas

ẍi=e
xi−xi−1−exi+1−xi

+2σi−1e
(xi−xi−1)/2Ẇi−1t −2σie

(xi+1−xi)/2Ẇit.
(2.5.25)

ThisLangevinequationcanalsobewritteninavariationalprinciple,given

as

S=
i

ẋ2i−e
xi+1−xi dt+

i

4σie
(xi+1−xi)/2◦dWit, (2.5.26)

whichwillcorrespondtotheassociatedEuler-Lagrangeequations.Fromthis,

100



thestochasticpotentialsaregiveninthesevariablesby

Φi=4σie
(xi+1−xi)/2. (2.5.27)

ThissystemisofcourseastochasticHamiltoniansystemandcanbewritten

as

dxi=
δH1
δyi
dt, dyi=−

δH1
δxi
dt−

i

δΦi
δxi
◦dWit. (2.5.28)

Noticethatthereisnonoiseinthexivariablebecausethestochasticpotential

doesnotdependonyexplicitly.Interestingly,itisnotpossibletoaddnoise

tothexequationwhileremainingconsistentwiththistheoryofstochastic

deformation. First,onecancheckthatthenoisetermcanneverhavea

non-diagonalpart,andsecondthatσimustnotdependonthedynamical

variables.

Conservationlaws

Itcaneasilybeseenfromtheequationsofmotion(2.5.24)thatH0= iyire-

mainsanexactconservedquantity,eveninthestochasticcontext.Theother

deterministicallyconservedquantitiesHiarenotconservedbythestochas-

ticflow. Thisistobeexpectedasthenoiseonlyconservesthecoadjoint

orbitstructure,andHiarenotCasimirsofthisorbit,butjustdynamically

conservedquantities.Tounderstandthisbetter,wecomputetheirtimeevo-

lution

1

k+1
dLk+1= Lk,ad∗σiL◦dW

i
t

=
1

2
adσiL

k,ad∗σiLdt+
k

2
adσi(L

k−1ad∗σiL),Ldt+ adσiL
k,LdWit

=
k

2
Lk−1ad∗σiL,ad

∗
σi
Ldt+ adσiL

k,LdWit.

Inthecaseoftheenergyfork=1,themeanpathoftheenergysatisfies

DLH1=
1

2
ad∗σiL

2, (2.5.29)
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whereDListheinfinitesimalgeneratoroftheprocessforLdefinedinsection

2.4inthecontextofstochasticstability. Recallthatitistheconditional

expectationofatimederivativeofastochasticprocess.Letusseeinphysical

coordinatestheformofthisequationbyadirectcomputation.

Proposition2.5.3.Ifthenoiseisuniform,thatisσi =σforalli,the

meanenergyincreasesintimeas

DLH1(L(t))≤4σ
2E(V(L(t))|Ft), (2.5.30)

whereVdenotesthedeterministicpotentialenergytheexpectationonthe

righthandsideistheconditionalexpectation,thisequationisthusstillstochas-

tic.

Proof.WecomputetheIt̂ocorrectiontoget

i

yidyi=
i

2σyie
(xi−xi−1)/2◦dWi−1t −

i

2σyie
(xi+1−xi)/2◦dWit

=
i

2σyie
(xi−xi−1)/2dWi−1t −

i

2σyie
(xi+1−xi)/2dWit

+2σ2

i

exi−xi−1+exi+1−xi dt−4σ2

i

e(xi+1−xi−1)/2dt,

yieldingtheresultafterdiscardingthenegativeandstochasticterms.

Similarly,withoneofourresultonthestochasticstabilityofsection2.4,we

haveanupperboundintimefortheexpectedvalueoftheenergy.

Proposition2.5.4.Wehaveforuniformnoisethefollowingtime-dependent

upperboundforthemeanenergy

E(H1(L(t)))≤H1(L(0)))e
4σ2t. (2.5.31)

Proof.Theproofissimilartothecomputationforthestabilityresultof

proposition2.4.2insection2.4whereweprovedasimilarformula.

Thispropositiondemonstratesthatthemeaneffectofthenoiseinthissystem

istointroduceenergyintothesystem,whichcan,inturn,beunbounded.
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Thispropertysuggeststhatwewouldneedadissipativemechanismthat

wouldbalancethisenergyinput.Thiswillbedoneinthenextsection2.5.3.

Fromthenon-conservationofthesequantities,itisalsoclearthatthisequa-

tioncannotbestochasticintegrableinanysense. Wewillstudythisfactin

moredetailsinsection2.5.4.

2.5.3 DissipativestochasticTodalattice

WewanttointroduceanonlineardissipationtermintheTodalatticewhich

iscompatiblewiththegeometricalstructureusedtoaddnoise. Thebest

waytodothisistointroduce,asbefore,adoublebracketdissipation.Recall

thatthegeneraliseddoublebracketdissipationwasconstructedusingthe

CasimiroftheLie-Poissonbracket. Here,althoughtheTodalatticehas

manyconservedquantities,thereisnoCasimiroftheLie-Poissonbracket

derivedwiththeR-matrix. Wethusneedaslightlydifferenttermforthe

doublebracketdissipation.

Thedoublebracketdissipation

Wearegoingtoshowthatthefollowingdoublebracketdissipation

L̇=adR,∗L L+θad
R,∗

adR,∗L L
L (2.5.32)

preservesthecoadjointorbitandisadissipativeterm.RecallthatadR,∗isthe

coadjointactionwithrespecttotheR-matrix.Forsimplicity,wewilldrop

theupperRfortheadjointandcoadjointactionsintherestofthissection.

Noticethatwedonotneedtoconvertthesecondad∗operatortotheLie

algebraasitisasymmetricmatrixandthetransposeoperationcorresponds

totheisomorphism :g∗→g.First,theLie-Poissonformulationof(2.5.32)

is

Ḟ(L)={F,H1}R−θ ad∗δH1
δL

δH1
δL
,ad∗δF

δL

δH1
δL

. (2.5.33)
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Indeed,wejustcompute

∇F,ad∗ad∗LLL = adad∗LL
δF

δL
,L

=− adδF
δL
ad∗LL,L

=− ad∗LL,ad
∗
δF
δL
L ,

anduseδH1
δL
=Ltoget(2.5.33). Noticethatitisdifferentfromtheusual

doublebracketdissipationwheretheadjointactionisusedinsteadofthe

coadjointactionhere.

Intermofai,biwehavethefollowingdissipativeTodalattice

ḃi=bi(ai−ai+1)+2θbi(b
2
i−1−2b

2
i+b

2
i+1)

ȧi=2(b
2
i−1−b

2
i)+2θb

2
i(ai+1−ai)−b

2
i−1(ai−ai−1).

(2.5.34)

Writteninthisform,thenewtermshaveaclearmeaningofdissipationas

theybothbehaveasdiscretenonlinearsecondorderoperatorsaswewillsee

inmoredetailinthenextsection.

Intermofthephysicalcoordinates,thedissipativestochasticequationis

ẋi=yi+
1

2
θ(exi−xi−1−2exi+1−xi+exi+2−xi+1)

dyi= e
xi−xi−1−exi+1−xi dt+

+2σe(xi−xi−1)/2◦dWi−1t −2σe(xi+1−xi)/2◦dWit

+
1

2
θ(yi+1−yi)e

xi+1−xi−(yi−yi−1)e
xi−xi−1 dt.

(2.5.35)

Let’snowshowthattheenergydecayswhenθ>0.

Proposition2.5.5.TheconservedquantitiesoftheTodalatticesatisfythe

differentialequation

d

dt

1

i+1
Tr(Li+1)=−θad∗∇H∇H,ad

∗
∇Hi
∇H , (2.5.36)

whenthedoublebracketdissipation(2.5.32)isadded.
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Proof.ThisformulaisadirectconsequenceoftheLie-Poissonform(2.5.33).

FortheHamiltonianH1wehave

d

dt
H1=−θad

∗
∇H∇H1

2. (2.5.37)

Thenegativeright-handsignofthisequationshowsthattheenergydecays.

Wecanobtainthesameresultbyamoredirectcomputation.

Proposition2.5.6.Theenergydissipation,inphysicalcoordinates,isgiven

by

d

dt
H1=−2θ

i

(yi−yi+1)
2exi+1−xi+(exi+1−xi−exi−xi−1)2 . (2.5.38)

Proof.Wefirstcompute

i

yidyi=θ
N

i=1

yi (yi−yi−1)e
xi−xi−1+θ

N−1

i=0

(yi−yi+1)e
xi+1−xi dt

=θ
N−1

i=0

yi+1(yi+1−yi)e
xi+1−xi+θ

N−1

i=0

yi(yi−yi+1)e
xi+1−xidt

=θ
N−1

i=0

(y2i+y
2
i+1−2yiyi+1)e

xi+1−xidt

=θ
N−1

i=0

(yi−yi+1)
2exi+1−xidt.

Thesecondtermisgivenbysimilarlycomputingxi̇xi.

Withoutnoise,thissystemwilltendtoasteadyposition(xsi,y
s
i)satisfying

i

(ysi−y
s
i+1)

2ex
s
i+1−x

s
i+

i

(ex
s
i+1−x

s
i−ex

s
i−x

s
i−1)2=0.

Thesolutionofthispositivedefinitequantityisxi=xandyi=yforsome

numberyandx.Thevalueofycanbefoundfromtheconservationoftotal
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momentum,butthevaluexdoesnothaveanydirectdependenceonthe

initialconditionsifthelatticeisperiodic.Findingtheequilibriumsolution

asafunctionoftheinitialconditionisstillanopenproblemfortheperiodic

lattice.IntheopenTodalattice,thefirstandlastparticlesareat−∞and

∞ andtheequilibriumsolutionisx=±∞.

Continuumlimit

OneoftheinterestingfeaturesoftheTodalatticeortheFPUlatticeisthat

inthelimitofaninfinitenumberofparticleswerecovertheBurger’sequation

oreventheKdVequationifweincludehigherordertermsintheapprox-

imation. ThetreatmentofthislimitisarathersubtletopicastheToda

latticecanhaveshocksandtheBurger’smodelwillnolongerbevalidaftera

shock.ThiswasextensivelystudiedbyDeiftandMcLaughlin(1998)where

variousafter-shocksscenarioswereconsidered. Wewanttoderiveherethe

continuumlimitofthedissipativestochasticTodalatticeandwewillnot

considertheformationofshocksasthedissipationwillpreventthemfrom

beingformed. WewillfollowDeiftandMcLaughlin(1998)forthederiva-

tionofthecontinuumlimitandstartbydefiningthecontinuousfunctions

interpolatingthroughthediscretesystemas

a(k,t)=ak(t) and b(k,t)=bk(t),

where correspondstotherestdistancebetweentwoparticles. Wethenneed

torescalethetimeast→ t/andthediffusioncoefficient(whichwerecall

isatimescale)θ→θ/toobtainfrom(2.5.34)thecontinuousequations

ḃ=b(ax+2θbxx)

ȧ=2 b2(1+θax)x.
(2.5.39)

Inthenon-dissipativecase,settinga=2brecoverstheinviscidBurger’s

equation,butnotinthiscase.

Wenowaddthenoiseintothisequationandformallyderivethecontinuum

limit.Forthiswefirstassumeaisotropicnoiseandrescaleitaccordinglyas
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σi=σ/
√
foralli. Wethenproposethefollowingcontinuumapproximation

ofthecompletestochasticdissipativeTodalattice

ḃ=b(ax+2θbxx)

da=2 b2(1+θax)xdt+2σbx◦dWt,x,
(2.5.40)

wherethenoiseiswhiteinspaceandtime,ordeltacorrelated,thatis

E[Wx,t,Wx,t]=δ(x−x)δ(t−t). Wewillnotrigorouslyprovethatthis

stochasticPDEisthecontinuumlimitofthestochasticTodalatticeasthis

willbebeyondthescopeofthisinvestigation,butwewanttoverifythatit

makesensetohavesuchanoisetermbycomputingthelimitoftheauto-

covariancefunction.

Proposition2.5.7.Theauto-covarianceofthediscretesystem(2.5.35)con-

vergestotheauto-covarianceofthecontinuousmodel(2.5.40).

Proof.Wecomputetheauto-covarianceof(2.5.40)toget

Cov(ak,ak)=
4σ2
E (bk−1dW

k−1
t −bkdW

k
t) (bk−1dW

k−1
t −bkdW

k
t)

=
4σ2

2
E (bk(δk,kbk−δk,k−1bk−1)

−bk−1(δk−1,kbk−δk−1,k−1bk−1))dt,

whereusedthefactthatthe WienerprocessesarenotcorrelatedandtheIt̂o

isometry,foraprocessµt

E µtdW
2

=E µ2tdt . (2.5.41)

Inthelimit →0,wearriveat

lim
→0
Cov(ak,ak)=4σ

2E δ(x−x)bx(x)bx(x)dt

=Cov(a(x),a(x)),

wherethelaststepiscomputedfromtheprocess(2.5.40).
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Thispropositionsuggeststhefollowingconjecturewhichremainstobeproved.

Conjecture2.5.1.ThesolutionsofthestochasticdissipativeTodalattice

convergetothecontinuousprocess(2.5.40)almostsurely.

2.5.4 TheisospectralstochasticTodalattice

WeendthisstudyonthequestionofintegrabilityofthestochasticToda

lattice. Wesawthatthenoiseintroducedpreviouslydoesnotconserveany

ofthedeterministicintegralsofmotionexceptthetotalmomentum. Wethus

donotexpectanystochasticintegrabilityofthisstochasticTodalattice.It

isalsointerestingtoremarkthatthenoiseisnotproportionaltoanyother

flowofthedeterministicTodalattice,orisnotgeneratedbyavectorfield

compatiblewiththeTodaflow(inthesenseofcommutingflows).Sucha

stochasticTodalatticecouldbeconstructedbutwouldnothaveadiffer-

ent WienerprocessWiforeachparticle,butratherasingle Wienerprocess

proportionaltoanotherflowoftheTodahierarchy. Wewillseeinsection

3.4thatasuchstochasticdeformationpreservesintegrabilityandappears

naturallyinthecontextofstochasticdeformationofhierarchiesofintegrable

PDEs.

Wecanneverthelessobtainanstochasticequationwhichseemsintegrableif

weremovethetermofthenoiseproportionaltoR∗inthestochasticToda

latticeequation(2.5.22)weobtain

dL=−[πqL,L]dt+
i

[(Rσi)
T,L]◦dWit. (2.5.42)

ThisequationisisospectralasthedeterministicTodalatticebutwitha

stochasticspectralproblemsimilartothenotionofstochasticintegrablesys-

temswhichwewillstudyinsection3.4.2.

Proposition2.5.8.Thestochasticprocess(2.5.42)isisospectralwiththe
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followingstochasticspectralproblem

Lψ=λψ

dψ=−πqLψdt+
i

(Rσi)
Tψ◦dWit.

(2.5.43)

Proof.Wecompute

d(Lψ)=dLψ+Ldψ

=dLψ−LπqLψdt+L
i

(Rσi)
Tψ◦dWit,

and

d(λψ)=dλψ+λdψ

=−λπqLψdt+λ
i

(Rσi)
Tψ◦dWit

=−πqLLψdt+
i

(Rσi)
TLψ◦dWit.

whereweusedLψ=λψforthelastequality. Thetwocomputationsare

equalbyusingLψ=λψ,sowecollecttermsandrearrangetoobtainthe

stochasticTodaequation(2.5.42).

OnecandirectlycheckthattheconservedquantitiesHiremainconserved

forallibythisstochasticflow. Thedrawbackofremovingastochastic

termfromtheoriginalequationisthatthecoadjointorbitisnotpreserved

anymorebythestochasticflow.Infact,thematrixLisfullevenfortri-

diagonalinitialconditions,andtheconnectionwiththephysicalTodalattice

viaFlaschka’schangeofvariablesislost. Thisraisesthequestionofwhat

aretheothernecessaryconservedquantitiesofthestochasticTodalattice.

InDeiftetal.(1989),ageneralisedTodaflowonthecoadjointorbitoffull

symmetricmatriceswasproventobecompletelyintegrable,andformulae

fortheextraconservedquantitieswerederived. Wewillnotinvestigatethis

furtherhere,butitmaybepossiblethatthisstochasticTodalatticeisa

stochasticintegrablesystemonthecoadjointorbitofsymmetricmatrices.
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ThisfeatureoftheTodalatticeisdifferentfrombefore,wherethecoadjoint

orbitcouldnotbemodifiedwhenchangingstochasticterms.

2.5.5 Summaryandoutlook

Inthissection,weimplementedthestochasticdeformationandthedouble

bracketdissipationintheintegrableTodalattice. Althoughthissystemis

oftheEuler-Poincaŕeform,itsLiealgebrastructurebasedontheR-matrix

makesitratherdifferentfromthefreerigidbody.Inparticular,itsdimension

canbeaslargeaswewantandleadtopartialdifferentialequationsinthe

continuumlimit. Aswesawintheprevioussections,thenon-compactness

ofacoadjointorbitmakesdifficultthestudyofstationarydistributionsof

theFokker-PlanckequationcorrespondingtothestochasticEuler-Poincaŕe

equation.Itisalsothecasehere,andwe,therefore,didnotinvestigatethis

aspectofthestochasticTodalattice.ThecoadjointorbitoftheTodalattice

isthemaindifferencewithothersystemsasitconsistsofsymmetricmatrices

anddoesnothaveCasimirfunction.Thenoisewhichweintroducedpreserves

thisstructureandallowstheuseofFlaschkachangeofvariablestogoback

tothephysicalvariables. Beingabletopreservethischangeofvariable

allowsustotransformtheabstractequationonsymmetricmatricesback

toastandardLangevinequation.ThisanalogywiththeLangevinequation

suggeststhatmorecanbedoneinthedirectionofstatisticalphysics,aswe

alreadysuggestedinthecaseoftheGibbsdistributionoftherigidbody.

Duringthecourseofthiswork,wealsotriedsimplenumericalexperiments,

butnothingworthmentioningherecameoutofthemapartfromthefactthat

thesystemreachesastatisticalequilibriumifthereisdissipation. Other

investigationswithnumericalsimulationmayincludethe3-particleToda

latticeandpossiblerandomattractorsvisualisedwiththePoincaŕesection.

Anotherintriguingfindingisthecontinuumlimitofthedissipationandthe

noise.Theybothhavearatherunusualformandmaydeservemoreinvesti-

gationswhichareoutofthescopeofthiswork.

Whatisinfactmoreinterestingforushereisthequestionofcompleteinte-

grabilityofthestochasticTodalattice,withnodissipation.Thestochastic
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termisdifferentfrombeingoftheformofahigherorderTodaflowmultiply-

ingaWienerprocess.Inthiscase,thesystemwouldbeintegrable,aswewill

seeforinfinitedimensionalsystemslater.Instead,thestochastictermhas

adifferent Wienerprocessforeachparticle,whichmakesthesystemnon-

integrable.Infact,wecannotrecastthegeometricstochasticdeformationof

thissystemintoastochasticisospectralproblemunlessoneofthestochastic

termsisdiscarded.Inthiscase,thecoadjointorbitisnotpreserved,and

atri-diagonalinitialconditionwillquicklyfilltheentiresymmetricmatrix,

butwecanwriteastochasticiso-spectralproblem.Aquestionstillremains,

whichisifwecansolvethisstochasticspectralproblem.
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2.6 Stochasticlandmarks

Thissectionisthelastsectiononstochasticdeformationoffinitedimensional

systems. WewillconsideranothertypeofHamiltoniansystemsdescribing

theinteractionofparticles,differentfromtheTodalattice. Thissystem

describesthelandmarkdynamicsarisingfromafinitedimensionalreduction

ofaparticulartypeoffluidequationofEuler-Poincaŕeform. Wewillnot

studythisinfinitedimensionalequationindetailherebutonlybrieflylater

insection3.5.1.Here,wewillinsteaddirectlyderivethefinitedimensional

stochasticlandmarkequations.

Thesolutionofthelandmarksystemisasolutionoftheoriginalfluidequa-

tionbuthastheadvantageofbeingonlyfinitedimensional.Inthecaseof

theone-dimensionalfluidequationwiththeSobolevH1norm,thelandmark

equationisthepeakonequationoftheintegrableCamassa-Holmequation,

whichisalsoanintegrablefinitedimensionalsystem. Wewillconsiderherea

moregeneralsettingofarbitrarydimensionsandnormasthemainapplica-

tionofthistheoryisincomputationalanatomywherethefluidvelocityfield

udescribesadiffeomorphicdeformationofanimage. Werefertothemono-

graphYounes(2010)foracompleteexpositionofsuchgeometricalmethods

forimageanalysisandcomputationalanatomyandtoHolmandMarsden

(2005)forthetheoryofsingularreductionsoftheEuler-Poincaŕeequation

onthediffeomorphismgroup. Theresultsofthissectionarecontainedin

Arnaudonetal.(2017d,e).Noticethatonlythecaseofpeakoniscompletely

integrable,andmostofothershapesoflandmarkwilldestroyintegrability.

Wewillbeginbyintroducingnoiseintothelandmarkequationinthesame

wayaswepreviouslydidandwewillthenproceedbystudyingitseffect

onthelandmarkdynamics.Themainfeaturewhichallowsustoretainthe

reductionprocedurefromthestochasticinfinitedimensionalsystemtoaset

offinitedimensionalstochasticequationsisthepreservationbythenoiseof

thegeometricalstructuresofthedeterministicequationandinparticularthe

singularmomentummap. Wewillthenderiveafinitedimensionalapprox-

imationoftheFokker-Planckequationtosolvetheproblemofestimating

thenoiseamplitudefromrealdata. Wewillendthissectionwithseveral
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numericalexperimentstoillustratesthistheory.

2.6.1 Stochasticdynamics

Westartbyderivingthestochasticlandmarkequationfromastochastic

variationalprinciple. WewilldenotethepositionoftheN landmarksby

q=(q1,...,qN),whereqi∈R
dforaddimensionalspace.Inpractice,

wewillonlyused=2todescribeimagesbuttheequationsarevalidfor

anydimensions. Wewillalsooftenusethecoordinatenotationqαiwhereα

runsontheimagedimension. Eachparticlehasavelocity,andaswewill

describetheminaHamiltonianframework,soweintroducetheirmomentum

p=(p0,...,pN),wherepi∈R
d.

Fromaconfigurationoftheselandmarks,itispossibletoreconstructthe

entiredeformationvectorfieldsu:Rd→Rdasfollows

u(x)=
i

piK(qi−x), (2.6.1)

whereK(x)isagivensymmetrickernelfunctionandx∈Rdistheposition

ontheimage.Thecorrespondingmomentumm:Rd→Rdisgivenby

m(q,p)(x)=
i

piδ(qi−x). (2.6.2)

Thisisasingularmomentummapfortheactionofthediffeomorphismgroup

onthecanonicallyconjugatevariablesq,p.Byusingthismomentumvariable

intermofthespatialcoordinatexandnotqandp,msatisfiestheEuler-

Poincaŕeequation

ṁ(x)=ad∗u(x)m(x), (2.6.3)

wheread∗isthecoadjointactionofthediffeomorphismgroupforthekinetic

Lagrangianl(u)=1
2
u·mdx. Wewillnotgofurtherinthisdirectionbut

insteadusethefactthat(2.6.2)isamomentummapfortheactionofthedif-

feomorphismgroupontheClebschvariables(qi,pi),seeHolmandMarsden
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(2005). WestartwiththefollowingstochasticClebschactionfunctional

S(u,q,p)= l(u)dxdt

+
i

pi·◦dqi−u(qi)dt+
l

σl(qi)◦dW
l
t ,

(2.6.4)

whereσi:R
d→ Rdarearbitraryvectorfields. Wewillnowwritethis

variationalprincipleonlyintermof(qi,pi)byfirstnoticingthatfrom(2.6.2)

wehave

2l(u)= m(q,p)(x)·u(x)dx=
i

pi·u(qi).

CombiningthefirsttwotermsintheHamiltonianfunctionh(q,p)wehave

thefinitedimensionalfunctional

S(q,p)=h(q,p)+
i

pi·◦dqi+
l

σl(qi)◦dW
l
t , (2.6.5)

wheretheHamiltonianis

h(q,p)=
1

2

N

i,j=1

(pi·pj)K(qi−qj). (2.6.6)

Thisvariationalprincipleisoftencalledaphasespacevariationalprinciple

asitiswrittenintermoftheHamiltonianandincludesaLegendretransfor-

mationwiththetermpi·dqi.Thenoiseappearsonlyonceinthevariational

principleandcorrespondstothestochasticpotentials

φl(q,p)=
i

pi·σl(qi). (2.6.7)

ByextendingthelandmarkHamiltonian(2.6.6)bythesestochasticpoten-

tials,wecanrewritethevariationalprinciple(2.6.5)asacanonicalHamil-

toniansystemwithHamiltonianhdt+ lφl◦dW
l
t. Byeithertakingfree
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variationsof(2.6.5)ortheHamiltonianequationwiththestochasticHamil-

tonian,weobtainthefollowingstochasticHamiltonianequationforlandmark

dynamics

dqi=
∂h

∂pi
dt+

l

σl(qi)◦dW
l
t

dpi=−
∂h

∂qi
dt−

l

∂

∂qi
(pi·σl(qi))◦dW

l
t,

(2.6.8)

or,incoordinates,

dqαi=
∂h

∂pαi
dt+

l

σαl(qi)◦dW
l
t

dpαi=−
∂h

∂qαi
dt−

l,β

∂σβl(qi)

∂qαi
pβi◦dW

l
t.

(2.6.9)

ItisworthwhiletomentionthatasolutionofthisstochasticODEgivesa

solutionofthestochasticEuler-Poincaŕeequation

dm(x)=ad∗u(x)m(x)dt+
l

ad∗σl(x)m(x)◦dW
l
t, (2.6.10)

whichitselfgivesastochasticpathonthediffeomorphismgroupviathe

reconstructionrelation

dg=ut(g)dt+σl(g)◦dW
l
t.

Wereferto Arnaudonetal.(2017e)formoredetailaboutthisconstruction.

Togofurtherinthestudyofthestochasticlandmarkdynamics,weneedto

specifyaparticularformforthenoisefieldsσl.Inprinciple,anysetofC
1(Rd)

functionscouldbeused,buttohaveinterestingandtractablesolutionsof

theseequations,wewillchooseGaussiankernelsatfixedpositionswitha
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genericlengthscaleαl,amplitudeλl∈R
dandpositionδl∈R

dthatis

σαl(qi)=λ
α
le
−
qi−δl

2

2α2
l . (2.6.11)

Withthischoiceof σlwecaneasilycovertheentireimagewithnoiseand

finelycontrolitsthespatialcorrelation.

Thisformofthenoisethusrepresentslocaluncertaintiesintheimageinsuch

awaythattheequationremainsconsistentwiththevariationalprincipleand

producesastochasticpathonthediffeomorphismgroup.Inparticular,there

isnopossiblecrossingoflandmarks,althoughthisisonlyinterestingford=

1,(seeHolmandTyranowski(2016)forsuchastudy).Recently,stochastic

landmarkdynamicswereinvestigatedwithonlyastochasticforcing,thatis

anadditivenoiseinthepequation.SeeforexampleMarslandandShardlow

(2017),Trouv́eandVialard(2012),Vialard(2013).Forthepresentsystem,

thenoiseappearsasalmostadditiveintheqequationandalmostlinearin

thepequation.Bythiswemeanthatthenoisestilldependsontheposition

ofthelandmarkbutifαl→∞thenoisebecomesadditiveandalllandmarks

willhavethesamenoise.Inthiscase,thenoiseonthepequationalso

vanishes. Wethusobserveinterestedeffectsonlyforlocalisednoisefields,

i.e.αl<∞.Forexample,themomentumofthelandmarksisthencoupled

tothegradientofσlinthemomentumequation.

2.6.2 TheFokker-Planckequationandmomentdynamics

Beforesolvingthestochasticlandmarksystemnumericallyinsection2.6.3,

wewillstudythecorrespondingFokker-Planckequationandinparticular

deriveafinitedimensionalapproximationofitsdynamics.

ThefirstpointtonoticehereisthehighdimensionalityofthisPDE,thatis

R2dNwhereusuallyd=2andNisthenumberoflandmarksthatcanbe

arbitrarilylargeforpracticalapplications.Thesecondpointisthatthephase

spaceisnotcompactanditwillthusnotbeinterestingtostudythestationary

distributionofthisFokker-Planckequation.Instead,whatisinterestingto

studyinthiscaseisthetimeevolutionofthecovarianceoftheerrorofeach

116



landmarkandhowitdependsonthenoiseandthelandmarkinteractions.

Tobetterunderstandtheevolutionofthecovariance,wewilluseafinite

dimensionalapproximationoftheFokker-Planckequationtodescribeitas

wellasthemeantrajectoryofthelandmarks.

TheFokker-PlanckEquation

Asintheprevioussections,wedenotetheprobabilitydensityofthestochastic

processofthelandmarksbyP(q,p). Recallthatthestochasticprocessis

HamiltonianandcanbewrittenwiththecanonicalPoisonbracketofthe

form

{F,G}can(q,p)=
i

∂F

∂qi
·
∂G

∂pi
−

i

∂F

∂pi
·
∂G

∂qi
, (2.6.12)

wherethederivativesaregradientsandthescalarproductsareintheRddi-

rections.Usingthisbracket,theFokker-Planckequationisdirectlycomputed

followingthetheoryoftheprevioussection.

Proposition2.6.1.TheFokker-Planckequationoftheprocess(2.6.8)is

d

dt
P(q,p,t)={h,P}can+

1

2
l

{φl,{φl,P}can}can:=L
∗P. (2.6.13)

Wedonotwritetheproof,whichisthesameasbefore,butratherwritethe

Fokker-Planckequationexplicitly. Weobtain

d

dt
P(q,p,t)=∂qiP∂pih−∂piP∂qih

+
1

2
l i,j

∂qjφl∂qiφl∂pj∂piP−2
i,j

∂qjφl∂piφl∂pj∂qiP

+
i,j

∂pjφl∂piφl∂qj∂qiP+
i

∂qiφl∂pi∂qiφl∂piP

−
i

∂piφl∂qi∂qiφl∂piP+
i

∂piφl∂qi∂piφl∂qiP .

(2.6.14)

Inthisform,itisdifficulttounderstandthevariousinteractionsbetween
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thelandmarksandthenoise,butthefinitedimensionalapproximationwill

bringmoreinsights. Theonlythingthatwecanseehereisthefactthat

thedoublebrackettermscontainsecondandfirstorderderivativesofthe

probabilitydensityP,asexpectedforadiffusionterm.

MomentsoftheFokker-Planckequation

Fromapracticalpointofview,theinterestingquantitiestoobserveinland-

markdynamicsarethemeanpositionandthecovarianceofeachlandmark.

Wedefinethesetwoquantitiesasaverageswithrespecttotheprobability

densityP,thatis

qαi (t):= qαiP(q,p,t)dqdp (2.6.15)

qαiq
β
j (t):= qαiq

β
jP(q,p,t)dqdp. (2.6.16)

Othermomentscanbedefinedaccordinglysuchasthoseinvolvingthemo-

mentumvariable,orhigherordermoments. Theaimisnowtofindady-

namicalequationforthesequantities. Weproceedbycomputingthetime

derivativeofamoment.Forexample,wehave

d

dt
qαi (t)= qαiL

∗P(q,p,t)dqdp

= LqαiP(q,p,t)dqdp,

whereinthesecondstepweusedthefactthatthebackwardKolmogorov

operatorLwiththedualofL∗intheL2pairing. Wethusneedtocompute

Lqαitoobtain

Lqαi=−{h,q
α
i}can+

1

2
l

{φl,{φl,q
α
i}can}can

=
∂h

∂pαi
+
1

2

∂σαl(qi)

∂qβi
σβl(qi),

(2.6.17)
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whereweusedthefactthatthedoublebracketissymmetricandthead-

vectiontermisanti-symmetric.Similarly,forthemomentumevolution,we

obtain

Lpαi=−{h,p
α
i}can+

1

2
l

{φl,{φl,p
α
i}can}can

=−
∂h

∂qαi
+
1

2
pγi
∂σγl(qi)

∂qβi

∂σβl(qi)

∂qαi
−
1

2
pβi
∂2σβl(qi)

∂qαi∂q
γ
i

σγl(qi).

(2.6.18)

Finally,weneedtocomputetheaverageofthisquantitywithrespectto

P,whichcorrespondstotakingexpectation,thatisLqαi. Afirstorder

approximationofthisquantityistoreplacetheexpectationofproductswith

theproductofexpectationsasforexampleqαiq
β
j ≈ q

α
i qβj.Inthiscase,

thedoublebrackettermwillcorrespondtotheIt̂ocorrectionoftheoriginal

Stratonovichstochasticprocess.

Thisproblemoffindingagoodapproximationofthisexpectationisdifficult

andmustbesolvedcasebycase.Indeed,thenaturalmethodistoinclude

higherordercorrelationsuptoacertainchosenorder.Closingthishierarchy

ofhigherordercorrectionisthecalledtheclosureproblemoftheBBGKY

hierarchywhichmostlyarisesinmany-bodyproblemsinquantummechanics.

Wereferto Holmetal.(2007)andreferencesthereinfortheapplication

oftheseideasinthecontextoftheVlasovequationwithasimilardouble

bracketdissipationterm. Wecannotusethisgeometricalmethodhereforthe

followingreason.Thisschemereliesontheapproximationoftheexpectation

oftheHamiltonianintermsofonlyafinitesetofmoments.Inourcase,the

kernelfunctioncannotbeexpendedinapolynomialofthepositionwitha

smallnumberofterms.Indeed,atruncationatanyorderwillgiveunbounded

approximationintheqvariablewhichwillresultinadiverginginteraction

offarapartlandmarks. Wewillthususealesssystematicmethodtoderive

theequationforthefirstmomentswherewecangetridofthisproblem.

Beforegoingintothetechnicalpartofthisapproximation,wefirstlookat
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thedynamicsofthesecondmoment,thatis

L(qαiq
β
j)=−q

α
i

∂h

∂pβj
+

l

σαl(qi)σ
β
l(qj)+

1

2
l

qαiσ
γ
l(qj)

∂σβl(qj)

∂qγj
+t.,

(2.6.19)

wheret.standsforthetransposeoftheprevioustermsinthesensethat

i↔ jandα↔ β. Thisquantityisthecompletecovariancebetweeneach

landmark,butitismorenaturaltoconsiderthecentredcovariances

∆2q
α
iq
β
j :=q

α
iq
β
j − q

α
i qβj . (2.6.20)

Fori=jtheycorrespondtothecovarianceoftheprobabilitydistribution

forthelandmarki,thequantityofinterestforus.Thetimeevolutionofthe

centredcovariance,orcorrelation,isdirectlycomputedas

∂

∂t
∆2q

α
iq
β
j =

∂

∂t
qαiq

β
j − q

α
i

∂

∂t
qβj +t.

=
l

σαl(qi)σ
β
l(qj)+ qαi

∂h

∂pβj
− qαi

∂h

∂pβj

+
1

2
l

qαiσ
γ
l(qj)

∂σβl(qj)

∂qγj
− qαi σγl(qj)

∂σβl(qj)

∂qγj
+t..

Thisequationcontainsthreedifferenttypesofterms.Thefirsttermisjust

thesquareofthenoiseamplitudeandwilllinearlyincreasethecorrelation

inthedirectionofthenoisewhereastheothertwotermsaccountforre-

spectivelytheinteractionbetweenlandmarksandtheinteractionbetween

landmarksandthegradientofthenoise. Toproceedfurtherandapprox-

imatetheseequationsweneedtoexplainhowweexpandnonlinearterms

usingtheclusterexpansionmethod. Thisapproximationisratherrough

anddoesnotconvergetothetruesolutioninanysense,butwillonlybe

usedfornumericalsimulations. Wewillstudylaterthebiasinducedbythis

approximation.
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Theclusterexpansionmethod

Beforederivingtheapproximateequationsofmotionforthemoments,we

needtoexplainhowtoproceedingeneral. Wewillfollowtheso-calledcluster

expansionmethodusedforexampleinquantumsemiconductorphysicsas

explainedinKiraandKoch(2011).Inanabstractform,theaimisto

approximatethedynamicsoftheexpectedvalueoftheproductofNparticles

whichwewillwrite N intermsoflowerorderparticlecorrelations.Forthis,

weapplytheclusterexpansion,whichconsistsinthedecomposition

2= 2s+∆22, (2.6.21)

where 2s= 1 1.Intermofquantummechanics,1isasingletand2

adoublet,where∆22isthedoubletcorrelation.Thedecompositionofthe

triplet3iswritten

3= 3s+ 1∆22+∆33, (2.6.22)

whereweintroduced∆33thetripletcorrelation.Thisdecompositioncan

bedonewithanyexpectationoftheproductofparticlestoexpressthese

productsonlywithsinglets 1andcorrelationsuptoagivenorder.Here,

wewillonlyconsiderthesingletanddoubletcorrelations,so∆ii=0for

i>2and,forexample,thetermN expandsas

N = N s+ N−2s∆22+ N−4s∆
2
22

+
i

N−2is∆
i
22+O(∆3).

Asanillustrationtothelandmarkdynamics,wecomputetwoapproximations

fordoubletsandtriplets

qαip
β
j = q

α
i pβj +∆2q

α
ip
β
j

qαiq
β
jp
γ
k ≈ q

α
i qβj pγk + q

α
i ∆2q

β
jp
γ
k + q

β
j ∆2q

α
ip
γ
k + p

γ
k ∆2q

α
iq
β
j .

Inthesequel,wewillusethismethodtoexpandthenonlineartermsand

approximatetheirexpectedvalue.Totackletheproblemofapproximating
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thekernelwithafinitenumberofmoments,wewillapproximateσl(qi)≈

σl(qi),orK(qi−qj)≈K(qi− qj).Thisapproximationturnsoutto

begoodenoughforthiswork. Higherorderapproximationwillcomplicate

thefinalequationalotforonlysmallimprovements. Weneedtorecallhere

thatwearealsomakingthechoiceofGaussiankernelssuchthatitsderivative

hasasimpleform.InappendixAwecomputedtheapproximateequations

ofmotionforthesingletsqαi andp
α
i intermsofdoubletcorrelations.

2.6.3 Numericalexamples

Inthislastsectiononstochasticlandmarkdynamics,wewillusenumerical

simulationsofthe momentequationstostudytheeffectofnoiseonthe

landmarksanddeterminetheamplitudeofthenoisefromarealsetofdata.

Wewillonlypresentpartsoftheseresultshereandreferto Arnaudonetal.

(2017d,e)formoredetailandanothermethodfordeterminingtheamplitude

ofthenoisebasedonmaximumlikelihoodexpectation.

SolutionoftheFokker-Planckequation

Webeginwiththesimplestsituationwhichconsistsofasinglelandmark

subjecttonoisewherethenoisecanbyasquarearrayofGaussiankernels.In

thissetting,thereisnointeractionbetweenlandmarksandthedeterministic

dynamicsisastraightlineinthedirectionoftheinitialmomentumofthis

landmark. Wedisplaysuchanexperimentinfigure2.9wherewehavetwo

arraysoffourbyfournoisefieldswithλl=(0.08,0)orλl=(0,0.08). We

runthisexperimentthreetimesandvarytheparameterαl=0.5,0.05,0.03.

Forlargevaluesofαl,thenoiseisratheruniform,andthegradientofσlis

small.Theonlytermwhichcontributestotheincreaseofthecovarianceof

thelandmarkisthe σαl(qi)σ
β
l(qj) term.Thistermcomesfromthenoise

intheqlandmarkequationandhastheeffectofonlylinearlyincreasing

thecovariance. Thefinalvarianceisthusacircleasthenoisehasequal

strengthinboththexandycoordinates. Whendecreasingtheparameter

αl,thegradientofσlbecomeslargeenoughfortheothertermsinthemoment

equationtohaveanon-negligibleeffect.Thiseffectcomesfromthecoupling
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Figure2.9:Ontheleftpanelwedisplaythreesimulationsofasinglelandmarkdynamics
inanarrayofGaussiannoisefieldswithparametersλl=(0.08,0)orλl=(0,0.08). We
varythelength-scaleofthenoisefieldstoseetheeffectofsmallorlargeGaussianfieldsσl
onthecovarianceandmeanpathofthelandmark. Weused5000timestepstointegratethe
momentequationforwardstot=1.Theinitialmomentumisfoundbythedeterministic
shootingmethodwithnoIt̂ocorrectiontomatchaparticularfinalposition.Ontheright
panel,wedisplaythenumericalconvergence(oforderone)ofthefinalmomentofthisex-
perimentwithαl=0.05withrespecttoanexactsolutionwith0.5e6timesteps.

inthepequationbetweenthemomentumofthelandmarkandthegradient

ofσl. Thiseffectcanbeseenonfigure2.9wherethefinalcovariancehas

alargevalueinthedirectionofthegradientofσl.Indeed,recallthatthis

couplingisoftheform∂
∂qi
(σl(qi)·pi),thusinthedirectionofthegradient,

notthemomenta.

Wenowwanttoassessthevalidityoftheapproximationsweusedinthe

derivationofthemomentequation. Wetaketheprevioussimulationwith

σl=0.03andcomparethefinalcovariancecomputedfromthemoment

equationwiththeoneestimatedfromaMonte-Carlosimulationwith50000

stochasticpaths. Wedisplaythisresultontherightpaneloffigure2.10which

showsagoodagreementbetweenthembutwithsomenoticeabledifferences.

Wecancomparethisresulttothesamesimulationwith σl=0.5onthe

leftpanelwhichshowsasmallerror(theredandmagentacurvesareontop

ofeachother). Thistestshowsthelimitationofthecurrentformofthe

momentequationwhichonlyconsidersthecorrelationsuptosecondorder.
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Figure2.10:Wedisplayinthisfiguretwocomparisonsbetweentheestimationofthefinal
covariancefromaMonte-Carlosamplingandfromthesolutionofthemomentequation.
Theparametersarethesameasinfigure2.9butwithdifferentvaluesofα.Theblackden-
sityrepresentstheprobabilitydistributionofthelandmarkandthedashedlinesafewlevel
sets.Themagentaellipseistheestimationofthecovariancefromthesamplingandthered
ellipsefromthemomentequation.

Thisparticulartestontherightpanelof(2.10)clearlyshowsastrongthird

momentorskewnessinitsfinaldistribution. Althoughwecannotcapture

thiseffectwiththemomentequation,theestimationforthesecondmoment

remainsremarkablyreliable.Itisinprinciplepossibletoextendthemoment

equationtoincludeskewnesseffectssuchasthisone,butitwillrequiremore

termsinthealreadylongequation.Indeed,thiscaseisratherextreme,and

weexpectthenoisetobeinpracticeratheruniformthroughoutanimage.

Weperformanotherexperimentwith5landmarksarrangedinanellipseand

matchinganotherellipsedisplayedinfigure2.11.Thenoiseisthesameas

before,withαl=0.2butwenowrunittwiceandchangethelandmark

interactionscaleα.Forα=0.02,thelandmarksalmostdonotinteract,but

forthesecondsimulationwithα=0.2,thelandmarkinteractionsbecome

non-negligible.Toonlystudythiseffectonthecovariance,weperformedthe

shootingagaintolandatthesamefinalposition.Ofcourse,thetrajectories

areslightlydifferent,andthelandmarkswillbesubjecttoadifferentnoise,

buttheoveralleffectistoreducethedifferencesbetweenthecovariancesof
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(a)Landmarkinteraction (b)Samplingcomparison

Figure2.11:Thisfigurespresentasimilarstudyaswedidinfigure2.9and2.10butwith
4landmarks.Ontheleftpanel,weillustratetheeffectofvaryingthelandmarklength-scale
α,andontherightpanel,wecompareasimulationwithα=0.1andaMonte-Carlosimula-
tion.Theblackdensityplotshowthefinalprobabilitydensityofthelandmarks.

interactinglandmarks. Thiseffectisexplainedbythefactthatthenoise

affectingalandmarkwillalsoaffectanotherlandmarkindirectlybytheir

mutualinteraction,thusaveragingtheirdifferencesincovariance.

Estimatingthenoiseamplitude

Themaingoalofhavingafinitedimensionalapproximationofthedynamics

oftheprobabilitydistributionofthelandmarksistobeabletoestimate

thenoisefieldsσlfromasetofobservedlandmarks.Thisapplicationwould

beusefulinmedicalimagingtocharacterisethevariabilityamongimagesof

similarpatients. Wewillhereonlybrieflyshowhowtoachievethisandrefer

toArnaudonetal.(2017d,e)formoredetail.

Thealgorithmisrathersimpleandcorrespondstoanextensionoftheshoot-

ingmethodfordeterministiclandmarks,butinsteadtryingtofindtheinitial

momentumandtheparametersλlofthenoisefieldssuchthatthefollowing
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costfunctionalisminimised

C(p(0),λl)=
1

γ1
qT− q(1)

2+
1

γ2
∆2qqT−∆2qq(1)

2.

(2.6.23)

Thefirsttermistheusualmatchingforthemeanfinalpositionandthe

secondenforcesthematchingofthecovariance.Theparametersγ1andγ2
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serveasweightsbut,inpractice,wedothematchingintwostepsbyassuming

thatthemeanmatchingdoesnotdependonthenoise.
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(a)Geneticalgorithm (b)Gradientdescent

Figure2.12:Thisfigureshowstwomethodsforestimatingtheσlfieldsfromonlythefinal
positionandfinalvarianceofthelandmarks.Theoriginalσlareinblackandtheestimated
onesinblue.Theerrorinthefinalcovarianceforthegeneticalgorithmisoftheorderof
10−10andfortheBFGSalgorithmisoftheorderof5·10−2.

Theminimizationofthisfunctionisadifficulttaskandstandardusualgra-

dientdescentalgorithmssuchastheBFGSalgorithmdonotperformwell

comparedtogeneticalgorithms. Weusedhereageneticalgorithmcalledthe

differentialevolutionmethodintroducedbyStornandPrice(1997)whichis

supposedtobeabletofindtheglobalminimumofafunction. Wewillnot

describethismethodindetailhere,asitisnotinterestingforthispresen-

tation. Wewillonlycomparethesetwoalgorithmsinthetestcasesthat

westudiedpreviously.Infigure2.12weshowtheresultforthesingleland-

markexperimentandinfigure2.13fortheellipsematchingexperiment.The
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(a)Geneticalgorithm (b)Gradientdescent

Figure2.13:Sameasfigure2.12butfortheellipseexperiment.Theerrorinthefinalco-
varianceforthedifferentialequationgeneticalgorithmisoftheorderof10−9andforthe
BFGSalgorithmitisoftheorderof5·10−3.

BFGSalgorithmusesthefirstgradientsofthecostCin(2.6.23)computed

symbolicallyusingtheTheanopackageofTheanoDevelopmentTeam(2016)

buthasdifficultiestoupdatenoisefieldsfarawayfromthetrajectoryofthe

landmark. Thisdemonstratesthatthiscostfunctionhasmanylocalmin-

imaanditsgradientwithrespecttothenoiseissometimestoosmallforthe

schemetobeabletoupdatetheparametersofthesenoisefields. Thege-

neticalgorithmisablealmosttorecoverthecorrectparametersofthenoise,

providedthatweadjusttheparametersofthegeneticalgorithm.

2.6.4 Summaryandoutlook

Inthissection,weusedanimportantpropertyofinfinitedimensionalin-

tegrablesystemswhichisthattheycontainsolitons. TheCamassa-Holm

equationhastheadditionalpropertythatitssolitons,calledpeakon,canbe

entirelydescribedbyafinitedimensionalHamiltoniansystem.Thereduction

fromthefullinfinitedimensionalPDEtothelandmarkorpeakonequation

isimportantformanyapplicationsandinparticularformedicalimaging.It

heavilyreliesontheexistenceofasingularmomentummapwhichmapsthe
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ufieldofthePDEtothepositionandmomentumofthepeakons. Wedidnot

investigatethisaspectofthecoadjointmotionintheprevioussection,but

thenoisewhichweusedtodeformtheEuler-Poincaŕeequationpreservesthis

momentummap.Infact,thismapisintimatelyconnectedtothegeometri-

calstructureoftheequation,whichispreservedbythenoise.Remarkably,

theexistenceofsuchasolutionisrelatedtothecompleteintegrabilityof

theoriginalsystem.InthecaseoftheEuler-Poincaŕeequationonthedif-

feomorphismgroupwhichencompassestheCamassa-Holmequation,these

solutionsexistevenwithoutcompleteintegrability. Wecanmodifytheshape

ofthesolutionsfromapeakedprofiletoaGaussianprofileandconsiderthe

dynamicsoftheselandmarksontheplane,notjustonthereallineasforthe

CHequation.

Asexpected,theFokker-Planckequationisalsoofthedoublebracketfrom,

butinsteadofaLie-Poissonbracket,itisformedoutofthecanonicalPoisson

bracket.TheexplicitformoftheFokker-Planckequationistooinvolvedto

studyitanalyticallyandistoohighdimensionaltostudyitnumerically. We

thustookadifferentapproachandapproximateditwithafinitedimensional

systemofequationsdescribingthetimeevolutionofitsfirstmoments.For

this,wewereinspiredbyacluster-expansionmethodoftenusedinquantum

mechanicsforthedescriptionoftheinteractionofmanyquantumparticles.

Here,theinteractionscorrespondtothenoiseandthedoublebracketterm

intheFokker-Planckequation. Theaimofthederivationofthisapproxi-

mateequationsisnotonlytostudytheeffectofthenoiseontheerrorinthe

propagationoflandmarksbutalsotorecovertheamountofnoiseneededto

reproduceagivenfinalerrorinobservations.Thefinitedimensionalapprox-

imationallowsustohaveafastandprecisealgorithmforsuchstudies. We

testeditforsimpletestcasesandwillapplyittorealdatainfutureworks;

sometestwerealreadydoneinArnaudonetal.(2017d).

Severalopenproblemsandextensionsofthistheoryexist.Fortheapprox-

imationoftheFokker-Planckequation,wecanuseahigherorderapproxi-

mationorchangetheshapeofthekernels.Itisalsopossibletoimplement

thereductionfromtheinfinitedimensionalequationtootherdatastruc-

tures,suchascurves,surfacesorvectorfields.Thisnoisewillworkforthese
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structuresaswell,butothermethodsmustbeimplementedtoderivethe

noiseamplitudesaswedidhere.Finally,weonlyconsideredexactmatch-

ingbutinexactmatchingcanalsobedoneandthenoisewillpreservethe

correspondingmomentummap,seeArnaudonetal.(2017d)formoredetails.
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3
Infinitedimensionalsystems

3.1 Introduction

Mostofthepreviouschapterwasdevotedtothestochasticdeformationsoffi-

nitedimensionaldynamicalsystemswithsymmetries.Thischapterhasmore

variationsaroundthethemeofdeformationsofintegrablesystemsevenifits

coreconsistsoftheSobolevdeformationofhierarchiesofintegrablesystems.

Itwasknownforalongtimethatintegrablepartialdifferentialequations

comeinhierarchiesandthatthisstructureisthebasisforunderstandingthe

variouspropertiesofintegrability.Indeed,thishierarchystructureprovides

uswithinfinitelymanyconservedquantitiesandanisospectralproblemused

toderiveexactsolitonsolutions.

Asinthefirstchapter,ouraimistodeformtheseequationswhilepreserving

theirgeometricstructure. Wewillthusinafirststep,describeintegrable

hierarchiesinawaythatsuitsthisgoal,thatisbyinterpretingtheentire

hierarchiesasreduceddynamicalsystemsintheLagrangiansense.Thispro-

cedureisanattempttomergetwodifferentdescriptionsofintegrablepartial

differentialequations.Thefirstinterpretationistheonewejustpresented,

tiedtothenotionofintegrabilityandtheinversescatteringtransform.The
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secondisthereductionbysymmetryonthediffeomorphismgroup,aswe

alreadymentionedinsection2.6inthecontextofimagematching. This

descriptionmeansthattheintegrableequationsaregeodesicmotionsona

particulargroupofdiffeomorphisms.Theequationofmotionisthusthecor-

respondingEuler-Poincaŕeequationobtainedafterreductionbysymmetry.

ThisderivationworksperfectlyforequationssuchasKdVortheCamassa-

HolmequationbutdoesnotworkfortheNLSequationforexample. By

mergingthesetwoapproaches,wemeanthatwewillderiveeachhierarchyas

anEuler-PoincaŕesystemonaparticularinfinitedimensionalLiegroup.This

derivationisinspiredbynumerousworks,includingFlaschkaetal.(1983),

Semenov-Tyan-Shanskĭı(1983)andthebookNewell(1985)whereaHamilto-

nianderivationwasinvestigated. WewillderivetheLagrangiancounterpart

ofthisderivationwhichwillbeusedtoimplementaSobolevdeformation.

ThenewfeatureofthisderivationistobeabletodirectlyobtaintheSobolev

deformationofwell-knownequationssuchastheKdVorthemodifiedKdV.

ThisdeformationrecoversequationssuchthattheCHormodifiedCHequa-

tionaswellasanewdeformationoftheNLSequationwhichwewillcallthe

CH-NLSequationandwillstudyinsomedetail.Unfortunately,thisequation

seemsnottobeintegrableandraisesmorequestionsthanwecananswer.

ThisLagrangianinterpretationofintegrablehierarchieswillalsobeusedto

implementastochasticdeformationaswedidinthefirstchapterforfinite

dimensionalsystems. Wewillseethattoretainanotionofstochasticinte-

grabilitywewillneedaratherspecifictypeofnoiseresultinginstochastic

linearcombinationsofflowsofanintegrablehierarchy.Fortheseequations,

itispossibletousetheinversescatteringtransformtofindexactstochastic

solutions. Moreinvestigationsarepossibleregardingtheirstatisticalprop-

ertiesorthenotionofstochasticstabilityaswedidinsection2.4withthe

energy-Casimirmethod.

Planofthischapter Thissecondchapterisstructuredasfollows.In

section3.2,wewillbeginbytheLagrangianreductionoftheintegrablehier-

archiesandimplementthedeformationwiththeSobolevnorminsubsection

3.2.5. ThedeformationoftheNLSequationwillbestudiedinsection3.3
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withthehelpofnumericalsimulationswherewewillmainlyfocusonthe

behaviourofitssolitarywaves.Inthenextsection3.4,wewillusetheLa-

grangianreductiontointroducethestochasticdeformationandstudythe

stochasticinversescatteringtransform.Finally,wewillendthischapterin

section3.6wherewewillapplyadifferenttypeofdeformationontheAKNS

hierarchy.Indeed,wewillconsiderthefirstnegativeflowoftheAKNShier-

archyandmovethepolesofthespectralproblemtoproducenewintegrable

systemsdependingonadeformationparameter. Wewillstudythesesystems

insomedetails,andshowthattwoofthemhaveapplicationsinphysics.
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3.2 LagrangianreductionandSobolevdeformationofinte-

grablehierarchies

Toimplementvariousgeometricdeformationsinthetheoryofinfinitedimen-

sionalintegrablesystems,weneedageometricdescriptionofthemthatwill

allowustodeformentirehierarchiesatonce. Thegeometryofintegrable

equationssuchastheKdVequationortheCHequationofCamassaand

Holm(1993)canbeunderstoodasgeodesicmotionequationsonsomepar-

ticularinfinitedimensionalgroups.Theyarethegroupsofdiffeomorphisms

endowedwithvariousmetricsandgroupactions.Althoughthisgeometrical

viewpointledtosignificantgeometricalinsightsabouttheseequations,itis

notdirectlyrelatedtotheconceptofcompleteintegrabilityandwilltherefore

notbeusedinthissection.Thisapproachbasedonadiffeomorphismgroup

usestheEuler-PoincaŕeequationwhereasthestandardAKNSschemedoes

notuseanysuchgeometricalderivation.OneoftheaimsofthisLagrangian

reductionforintegrablehierarchiesistomergethesetwoapproaches,that

istousetheEuler-Poincaŕeequationtoderiveintegrablehierarchies. We

willbrieflyusethisEuler-Poincaŕeequationonthediffeomorphismgroup

laterinsection3.5tointroducenoisecompatiblewiththisstructurewith-

outdemandingintegrability. WereferheretoKhesinandMisioek(2003),

KhesinandWendt(2008),Marsdenetal.(2007),MarsdenandRatiu(1999),

Misiolek(1998)formoredetailonthisapproach.InthissettingofEuler-

Poincaŕeequationsondiffeomorphismgroups,introducingtheSobolevH1

normforthegeodesicflowoftheKdVequationyieldstheCHequationas

showninMisiolek(1998)butnothingisknownabouttheotherequationsin

theAKNShierarchy.

Toobtainamoregeneraldeformationschemeofthistypeforintegrable

hierarchies,weneedanothergeometricalinterpretationofintegrableequa-

tionstakingintoaccounttheircompleteintegrability.Suchaderivationwill

beperformedbyusingloopgroups. Thisgroupisaninfinitedimensional

groupdifferentfromthegroupsofdiffeomorphismsandwillbeusedtoim-

plementatheoremofreductionbysymmetry,bothintheHamiltonianand

Lagrangiansettings.TheHamiltonianderivationwasknownforalongtime
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andfirstderivedbyReymanandSemenov-Tian-Shansky(1988),Semenov-

Tyan-Shanskĭı(1983)withtheR-matrix. Wewillhereavoidtheexplicituse

ofR-matricestoapplytheinterpretationofFlaschkaetal.(1983).Thisclas-

sicalHamiltoniandescriptionofintegrablesystemsisthemostlogicalasthe

conservedquantitiesandthebi-HamiltonianstructureofMagri(1978)are

immediatelyvisible. WewillpresenthereanalternativeLagrangianderiva-

tionwhichwillbemoreconvenientforimplementingdeformationswiththe

Sobolevnorm.Thiswillbedonelaterinsection3.2.5andstochasticdeforma-

tionswillbeintroducedinsection3.4usingthissamegeometricaldescription.

ThissectionandthenextarebasedonArnaudon(2016b)andarestructured

asfollows. Wewillfirstdescribethemathematicaltoolsin3.2.1suchas

loopgroupsandcentralextensionswithcocycles.Inthesecondsubsection

3.2.2,wewillgiveandprovethereductiontheoremsinboththeHamiltonian

andLagrangiancontext.Finally,thelastsubsection3.2.3willbeaboutthe

derivationoftheAKNShierarchy.

3.2.1 Preliminaries

Inthissubsection,wewillreviewvariousmathematicalobjectsneededlater

inthischapter.

Loopgroups

First,recallthatadefinitionofanintegrablesystemisthatwecanfindexact

solutionsforit.Inthecaseofinfinitedimensionalintegrablesystems,oneof

thebestmethodsforcomputingsolutionsistheinversescatteringtransform

(IST).Thismethodreliesonaspectralproblemdependingonaspectral

parameterλ∈Cwhichisalinearizationofthenonlinearequation,simplerto

solveandstillequivalenttotheintegrablesystem. WerefertoAblowitzand

Segur(1981),Ablowitzetal.(1973b),Newell(1985)andreferencestherein

formoredetailonthismethod. WewillnotdescribetheISTmethodindetail

here,butwewillextensivelyusethespectralparameterλinthecontextof

loopgroups. WewillusebasictoolsoftheISTinlatersectionssuchas3.4
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and3.6. WerefertothemonographsKhesinand Wendt(2008),Pressley

andSegal(1986)foracompleteaccountofthetheoryofloopgroupsaswe

willonlydiscussthenecessarydefinitionsandresultsforthiswork.

Definition3.2.1 (Loopgroup).GivenaLiegroupG,thecorresponding

loopgroupis

LG:=Map(S1,G),

whereS1∈Cistheunitcircle.

Thisdefinitionisrathergeneral,andnoassumptionismadeontheregularity

ofthismap. WewillhereonlyconsiderthatthesemapsareLaurentpolyno-

mialsinλwithpositiveandnegativepowersofλ.Recallthatwecanview

S1⊂C,henceelementsofapolynomialloopgroupcanbeseenasLaurent

polynomialstakingvaluesinaLiegroupG.

Definition3.2.2(Polynomialloopgroup).ThereisadensesubsetofLG

calledapolynomialloopgroupanddenotedLGwithelementsoftheform

g(λ)=
b

i=a

λigi∈G, gi∈G,∀i and a∈]−∞,∞[,b>a.(3.2.1)

Noticethatacannotbe−∞toensurethattheinverseofg(λ)exists.These

Laurentpolynomialshaveapoleat0inthecomplexplanebutloopgroup

elementscanhavepolesatotherpositions. Wewillsticktothesimplecase

hereandinthelastsection3.6wewillstudyanotherequationcalledthe

reducedMaxwell-Blochequationwhichwillrequirepolesatotherpositions.

RecallthatgivenaLiegroupG,onecanderiveitsLiealgebragbylooking

atthetangentspaceofGattheidentityelemente∈Gthatisg=TeG.In

thecaseofloopgroups,theidentityelementistheconstante(λ)=e∈G

andtheLiealgebraisaloopalgebra.

Definition3.2.3(Loopalgebra).GiventheLiealgebragoftheLiegroup
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G,theloopalgebracorrespondingtotheloopgroupLGis

Lg:=Map(S1,g).

ThecorrespondingpolynomialloopalgebraLghaselementsoftheform

ξ(λ)=

b

i=a

λiξi∈g, ξi∈g,∀i and a∈]−∞,∞[,b>a. (3.2.2)

Toobtaindynamicalequationsfromthetheoryofreduction,weneedto

identifythedualoftheloopalgebra.ForsimplicitywewillassumethatGis

semisimple,thatis,theLiealgebraadmitsanon-degeneratebilinearpairing,

oftencalledtheKillingformanddenoted·,·:g×g∗→R.Thispairingis

extendedtotheloopalgebraas

i,j

ξiλ
i,ηjλ

j
g:=

i,j

1

2πi S1
ξi,ηjλ

i+jdλ

=
i,j

ξi,ηjδi,−1−j, (3.2.3)

whereweusedCauchyresiduetheoremtosimplifytheformofthispairing.

Centralextensionandcocycle

WealreadymentionedapossibleextensionoftheEuler-Poincaŕeequation

toincludeasemi-directproductdescribingsymmetrybreaking.Inthissec-

tion,wewilluseanotherextensionoftheEuler-Poincaŕeequationwhichis

calledacentralextension.Acentralextensionisanothertypeofgeometric

structureforsystemswithsymmetrieswhichreliesonaso-calledcocycleto

describethegroupactioninitscentre.Similarextensionshaveapplications

inphysicalsystemssuchascomplexfluidsusedtodescribeinternaldynam-

icsofthefluidmolecules. WerefertoGay-BalmazandRatiu(2009)fora

thoroughtreatmentofthistheoryforcomplexfluidsandKhesinand Wendt

(2008),Marsdenetal.(2007)forthegeneralmathematicaltheory.Inthe

presentcase,thetypeofcentralextensionthatwewillbeusingisdifferent
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fromtheextensionusedforcomplexfluidandis,infact,simpler.Indeed,

forcomplexfluids,thecocycletermisconnectedtoasemi-directproduct

structurewhereasitisonlyacentralextensionhere.

AcentralextensionconsistsofextendingtheLiegroupGbyavectorspace

Vwithadirectproduct.Ingeneral,Vcanbeanyvectorspace,butwe

willusehereV=R. WewilldenotethenewgroupbyGc:=G×Vand

weneedtodefineitsgroupmultiplication.Forthispurpose,weintroducea

symmetricmapB(g,h):G×G→ Rcalledagroup2-cocycleifitsatisfies

thefollowingcocycleidentity

B(f,g)+B(fg,h)=B(f,gh)+B(g,h), ∀f,g,h∈G. (3.2.4)

Thisidentityensuresthatthefollowinggroupmultiplicationisassociative

(g,a)·(h,b)=(gh,a+b+B(g,h)). (3.2.5)

Wewillalsoneedtheformulafortheinverseofthegroupelementgivenby

(g,0)−1=(g−1,−B(g−1,g)), (3.2.6)

anditsactionontangentvectors

(g,0)−1(̇g,0)=(g−1ġ,−D2B(g
−1,̇g)), (3.2.7)

whereD2BstandsfortheinthesecondslotofthegroupcocycleB. Wenow

needtocomputethecorrespondingstructuresontheleveloftheLiealgebra.

TheunderlyingvectorspaceoftheLiealgebragcofGcisg×R,andthe

adjointactionis

ad(ξ,a)(η,b)=[(ξ,a),(η,b)]=([ξ,η],c(ξ,η)), ∀ξ,η∈g,a,b∈R,(3.2.8)

wherec:g×g→RisthecorrespondingLiealgebracocyclecomputedfrom

differentiatingthegroupcocycleBinbothentries.aandbdonotappear

ontheright-handsidebecausethevectorspaceRisanabeliangroupwith

acommutativeLiealgebra.Usingtheextendingdualpairingofgc,thatis
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(ξ,a),(η,b)gc= ξ,ηg+ab,thecoadjointactionis

ad∗(ξ,a)(µ,m)=(ad
∗
ξµ+mc(ξ,·),0), ∀(µ,m)∈(gc)∗, (3.2.9)

wherec(ξ,·)∈g∗isviewedasalinearfunctionalontheLiealgebrag,thus

initsdual.Thefactthatthatthecoadjointactiondoesnotaffectthecentre

ofthedualoftheLiealgebraisadirectconsequenceofthecentralityofthe

groupextension.

Sofarwehavenotspecifiedtheformofthecocycle,anditistimetodoso.

First,recallthatthemaintopicofthissectionisaboutintegrable1+1partial

differentialequations,soweneedtointroducethespacevariablex∈R. We

dothisbylettingtheLiegroupofLiealgebraelementsdependonx.The

cocyclethatwewillneedmustinvolvethespacevariable,anditdoeswith

thehelpofpartialderivativesinspace.Atthegrouplevel,thecocycleis

B(g,h):= g,∂xhGdx, (3.2.10)

and,fortheLiealgebraitdescendsto

c(ξ,η)=
R

ξ,∂xηgdx, (3.2.11)

whichsatisfiesthecorrespondingcocycleidentity

c([ξ,η],ζ)+c([η,ζ],ξ)+c([ζ,ξ],η)=0, ∀ξ,η,ζ∈g.

Thepairingusedforthegroupcocycleisnotdefinedandisratherinvolved,

seeKhesinand Wendt(2008)forthedetails. Thisformulaisinfactnot

entirelycorrectbutwilldothejobingettingtheequationsofmotionandun-

derstandingitsderivation.Acoupleofotherremarksareneededhere.First,

wewillnotaddresstheregularityinthespacevariableandonlyconsiderthe

equationsformally.Second,alltheintegralsandboundaryconditionsare

suchthatintegrationbypartcanbedonewithoutboundaryterms.Thiscan

beachievedbyeitherassumingvanishingboundaryconditionsatinfinityor

byconsideringaperiodicdomain.
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3.2.2 Reductiontheorems

InthissettingofcentrallyextendedLiegroups,itispossibletoapplythe

theoryofreductionbysymmetryinboththeHamiltonianandtheLagrangian

framework. WefirststatetheHamiltoniantheoremofreduction,seeMarsden

etal.(2007)formoredetail. WewilldenotebyL(x,t)∈g∗themomentum

variablewhichwillbetimeandspacedependent.

Theorem3.2.1 (Lie-Poisson).LetgcbethecentralextensionoftheLie

algebragwithcocyclec:g×g→ Randh:(gc)∗→ RbetheHamiltonian

function.TheLie-Poissonbracketis

{F,G}((L,a))= L,
δF

δL
,
δG

δL
+ac

δF

δL
,
δG

δL
, (3.2.12)

andthecorrespondingLie-Poissonequationis

∂tL=ad
∗
δh
δL
L+ac

δh

δL
,· . (3.2.13)

Proof.Theproofoftheseformulaeisstraightforwardfromthedefinitionof

theLie-Poissonbracketandtheadjointandcoadjointactionofthecentrally

extendedLiealgebradefinedin(3.2.8)and(3.2.9).

TheLagrangiancounterpartofthistheoremisthederivationoftheEuler-

Poincaŕeequationfromavariationalprinciple.Thisgivesthefollowingthe-

orem.

Theorem3.2.2(Euler-Poincaŕe).Thefollowingstatementsareequivalent:

(1)Hamilton’svariationalprinciplewithG-invariantLagrangianL =

Ldx:G→ RholdsonGcforarbitraryvariationsδgvanishing

attheendpoints

δ L(g(t,x),̇g(t,x))dt=δ L(g(t,x),̇g(t,x))dxdt=0;

(2)g(t)satisfiestheEuler-LagrangeequationsonG;
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(3)theconstrainedvariationalprinciple

δ l(M(t,x))dt=δ (M(t,x))dxdt=0

holdsongc,usingvariationsoftheform

δ(M,0)=(̇η+[M,η],c(η,M)), (3.2.14)

forarbitraryηvanishingattheendpoints;

(4)theEuler-Poincaŕeequationwithcentralextensionholds

∂

∂t

δ

δM
=ad∗M

δ

δM
+c(M,·). (3.2.15)

Proof.Theproofthat(1)and(2)areequivalentisstandardandcomesfrom

thegeneraltheoryofHamilton’sprinciple.For(3),theformofthereduced

LagrangianlisstraightforwardtoobtainfromtheinvarianceofLunderthe

groupaction,soonlythereducedvariationsmustbecomputed. Withthe

formula(3.2.7),wehavealefttrivialisedgenericelementas

(M,0)=(g,0)−1(̇g,0)= g−1ġ,− g−1∂xġdx ,

anditsvariationis

δ(M,0)=δ(g−1(̇g,0))= δ(g−1ġ),− δ(g−1∂xġ)dx .

ThefirstslotwillgivethestandardconstraintvariationsδM=̇η+[M,η]

forarbitraryelementsη=g−1δg. Wethencomputethesecondslot

− δ(g−1∂xġ)dx= −g−1δg∂x(g
−1ġ)+g−1δgg−1∂xgg

−1ġ−g−1∂xgg
−1δ̇gdx

= η∂xM+ηg
−1∂xgM−g

−1∂xġη−g
−1∂xgMηdx.
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Bynoticingthat

0=
1

2
∂x(g

−1ġη)dx=
1

2
∂xg

−1ġη+g−1∂xġη+∂xη̇dx= g−1∂xġη+∂xη̇,

thesecondterminthepreviouscalculationvanishes.Thelasttwotermsalso

vanishbyusingtherelations

0= ∂x(ηg
−1gM)dx=2ηg−1∂xgM+∂x(ηM)

and 0= ∂x(g
−1gMη)dx=2g−1∂xgMη+∂x(Mη).

Thisproves(3).

WecannowderivetheEuler-Poincaŕeequationwithcentralextensionby

usingtheseconstraintvariationsinthevariationalprincipletoprove(4). We

computetoobtain

δ (M)dt=
δ

δM
,1 ,(̇η+[M,η],c(η,M))dtdxdλ

=
δ

δM
(̇η+[M,η])dtdx+ c(η,M)dt

= (−∂t+ad
∗
M)
δ

δM
+∂xM ηdtdx.

WeimplicitlyusedthefreedomintheformoftheLagrangianonthecentre

ofgcandchosethekineticterm1
2
a2witha∈R.Then,becausethecoadjoint

actiondoesnotaffectthecentre,itsdynamicsistrivial,thatiṡa=0,and

canselecta=1torecovertheEuler-Poincaŕeequations(3.2.15).

3.2.3 Reductionforhierarchies

Inthissection,wewillshowhowtousetheprevioustheoryofreductionto

deriveintegrablehierarchiessuchastheAKNShierarchy. Wewillintroduce

thecorrectnotionofspace-timeandinparticulartheproperloopalgebra

fieldssuchthattheLie-PoissonorEuler-Poincaŕeequationwiththecentral

extensionwillbecomeequivalenttoanentireintegrablehierarchy. Webegin
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bydescribingthenotionofmulti-timesneededtoassociateatimevariable

foreachflowofthehierarchyfollowingtheideasofDateetal.(1983),see

alsoFlaschkaetal.(1983),Newell(1985).

Weconsiderthemulti-timespacetobe N :=limn→∞R
n,thatistheEu-

clidianspacewithcountablyinfinitedimensionsandwithcoordinatesa=

(a1,a2,...). Wearevoluntarilyusingthevariableaaswedonotknowat

thispointiftheaaretimeorspacevariables. Wealsoneedthenotation

Nij=span(ai,aj)todenoteatwodimensionalsub-manifoldofN,oraslice

inthe(i,j)direction. Withthisspace-timemanifolditisinprinciplepossible

toconstructacovariantfieldtheoryinthesenseofCastrilĺonĹopezetal.

(2001),Gotayetal.(1997)(seealsoArnaudonetal.(2017f)).Thisisaway

towritedynamicalequationsofEuler-Poincaŕetypeformultiplespace-time

variablesinacoordinatefreegeometricalsetting.Thebiggestproblemwith

thistheoryhereisthatthespace-timemanifoldisinfinitedimensional,and

thedynamicalequationshavedivergenceoperatorwithrespecttothesemul-

tipletimevariables.Thissimpleobservationimpliesthatitdoesnotmake

sensetotrytoderivetheequationsofmotionfromtheEuler-Poincaŕeequa-

tion. Wewillinsteaduseanotherpropertyofthefieldswhichisnecessaryto

implementthereductionbysymmetryfromTGtog.Itisthezerocurvature

relationofintegrablesystems.Toshowthisproperty,weneedtointroduce

moregeometricalobjects.Incovariantfieldtheories,atangentvectorisnot

onlyanelementofatangentbundleofamanifoldbutisanelementofthe

so-calledjetbundle. Thisstructureencodesthespace-timedirectionused

tocomputethetangentvectortosayG.Anelementofthejetbundleisa

mapj1g:N→ T∗N⊗TGwhere⊗isthetensorproduct,TGistheusual

tangentbundleofG. Moreexplicitly,wehavej1g=∂1gda1+∂2gda2+...···

where∂ig∈TGforalli.ThesimilarconstructionisdoneattheLiealgebra

level,thatisj1ξ=ξ1da1+ξ2da2+....Thetheoryofreductionbysymmetry

saysthatthereducedfieldssatisfyacovarianceEuler-Poincaŕeequationas

wellasacertaincompatibilityconditioniftheunreducedfieldssatisfyaco-

variantEuler-Lagrangeequation.Thiscompatibilityconditiononlyappears

infieldtheoryandmustbeimposedtobeabletoreconstructthecomplete
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dynamics.Thisconditionis,foramapM:N→T∗⊗g,givenby

dMM:=dM+[M,M]=0. (3.2.16)

TheoperationdMiscalledthecovariantexteriorderivativewithrespecttoM

andisexpressedintermoftheusualexteriorderivativedandacommutator.

Fornow,wepickagenericloopalgebraelement

M=
∞

i=1

M(i)dai, (3.2.17)

whereM(i)∈gareNdependentloopalgebravaluedfields.Thevanishing

curvaturecondition(3.2.16)appliedto(3.2.17)simplifiesto

dMM=
∞

i,j=1

(∂ajM
(i)−∂aiM

(j)+[M(i),M(j)])dai∧daj=0, (3.2.18)

where∂aidenotesthepartialderivativewithrespecttoai.Forthisequation

tovanish,eachcoefficientofthetwo-formonNmustvanishindependently.

ThisgivestheinfinitesetofZCRs

∂ajM
(i)−∂aiM

(j)+[M(i),M(j)]=0.

Asitisnowtheseequationsareuselessastheycontaintomuchfreedom.

RecallthateachM(j)isapolynomialinλ,withpossiblyaninfinitenumber

ofpowers,eachofthemwithanassociatedLiealgebragelement. Weneed

tofindanaturalwaytoreducethenumberofavailablefieldstoproceed

furtherandobtainintegrablehierarchiesfromtherelation(3.2.18).Thekey

observationisthattheonlyspecialchoicethatwecanmakeisi→ ∞ (or

j→ ∞). Byspecialchoice,wemeanonewhichisdifferentfromallthe

othersandwouldgiveusanextraconstraintonthefields. Wethusbegin

withi→∞ anddefineitsassociatedloopalgebrafields

M(∞):=
∞

i=1

Mi(a)λ
−i, (3.2.19)
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Itcontainsaninfinitenumberofnegativepowersofλ,eachofthemassociated

toafieldMi:N→g.Fromthisfield,wecandefinealltheotherfieldsM
(i)

as

M(i):=P+(λ
iM(∞)), (3.2.20)

whereP+ istheprojectionontopositivepowersofλ. Thisconstructionis

closetotheR-matrixconstructionofSemenov-Tyan-Shanskĭı(1983)orthe

constructionofFlaschkaetal.(1983).Infact,thisoperatorisaprojectionto

asubalgebraoftheloopalgebra,theothersubalgebrabeingthestrictlyneg-

ativepowersofλ. WehavenowexpressedalltheM(i)intermofonlyM(∞),

buttheystillcontainaninfinitenumberofg-valuedfields. Toconstrain

furtherthisconstructionweusetheZCR(3.2.18)onthesliceNi∞

∂aiM
(∞)+[M(∞),M(i)]=0. (3.2.21)

ThisformulagivesanextrarelationbetweenM(∞)andsomeofitsfieldsMi

encodedinM(i). WewilluseittoreducethefreedomontheMiandobtain

integrablehierarchies. Wefirstprovethisformulaasaparticularcaseofthe

nextproposition.

Proposition3.2.1.Equation(3.2.18)holdsoneverysliceandinparticular

onNi∞,wherea∞ :=limj→∞aj.Thisisencodedintheformulae

lim
j→∞
dMM w,

∂

∂aj
=0, (3.2.22)

wheredMM:TN×TN→ gandanyvectorw∈TaN.Inthecasew=
∂
∂ai

oneobtains(3.2.21).

Proof.WerewritetheZCRusingthedefinitionofM(j)inthecaseofw= ∂
∂ai

toobtain

∂

∂aj
P+(λ

iM(∞))−
∂

∂ai
P+(λ

jM(∞))+[P+(λ
iM(∞)),P+(λ

jM(∞))]=0.

(3.2.23)
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Then,bynoticingthat

lim
j→∞
λ−jP+(λ

jM(∞))=M(∞),

multiplying(3.2.23)byλ−i,takingthelimitj→∞ andusing

λ−jP+(λ
iM(∞))→0,

weobtaintheZCR(3.2.21).

WearenowreadytoconnecttheZCR(3.2.21)tothedynamicalequations

obtainedafterreductionbysymmetryintheprevioussection. Wefirstneed

tochooseaparticularintegerkandcomputeM(j)(M(k))forallj=kusing

(3.2.21). ThisispossibleasalltheM(j)arecontainedinM(∞),butin

practiceonlythefirstfewM(j)fieldsshouldbecomputedexplicitly.Fora

givenj,wecanwritetheZCR(3.2.19)onthesliceNkjandbeleftwithtwo

choicesfortheinterpretationofthevariablesakandaj.Dependingonwhich

onewillbechosenasthetimeorthespacevariable,wewillobtaindifferent

yetequivalentformulationsoftheintegrablehierarchy.

Theorem3.2.3.LettheconnectionMsatisfytheZCR(3.2.18).Foreach

sliceNij,theZCR(3.2.21)hasaHamiltonianoraLagrangianformulation.

1.Hamiltonianformulation.

Thespacevariableisx:=ai. WedefineL:=M(i)andusetheZCR

(3.2.21)onthesliceNi∞ toexpresseveryMjasafunctionofthefields

inL.Forthetimevariablet:=aj,theZCR(3.2.21)isaLie-Poisson

equationinthesenseoftheorem3.2.1withHamiltonian

hj(L)=
1

2
M(∞)(L),λj−iM(∞)(L)dx. (3.2.24)

2.Lagrangianformulation.

Thetimevariableist:=aj. WedefineM :=M(j)andusetheZCR

(3.2.21)onthesliceNj∞ toexpresseveryMiasafunctionofthefields
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inM.Forthespacevariablex:=ai,theZCR(3.2.21)isanEuler-

Poincaŕeequationinthesenseoftheorem3.2.2withLagrangian

lj(L)=
1

2
M(∞)(M),λj−iM(∞)(M)dx. (3.2.25)

Furthermore,thesetwointerpretationsareequivalentwhenwrittenforthe

samespaceandtimevariable.

Proof.Usingtheformula(3.2.20)whichrelatesL=M(i)withM(∞),we

directlyobtainfortheHamiltonianinterpretation

δhj(M(∞))

δM(i)
=P+ λi

δhj(M(∞))

δM(∞)

=P+ λ
i+jM(∞))

=M(i+j).

TheLagrangianinterpretationisthesame,butwithM insteadofL. The

equivalencebetweenthetwoformulationsisdifficulttoseeatthislevel,

buttheEuler-Poincaŕeequationcontainshigherordertermsinλthanthe

Hamiltonianequation(ifj>i).ThesetermscanbeusedtoexpressM(L)

andobtainanequationforLonly,asintheHamiltonianderivation.

TheschemetoderivetheequationsfromtheLagrangianformalismisas

follows. WefirstcomputetheEuler-Poincaŕeequation,whereMcontainsthe

independentfields,andusetheLegendretransformtorewritethisequationin

termofasmallernumberofindependentfields. Wewanttomentionthatthis

derivationisdifferentfromtheoneofFlaschkaetal.(1983)eveniftheyhave

asimilarHamiltonianfunction. Theydidnotuse(3.2.21)beforewriting

downtheHamiltonianandthesystemremainsatanevenmoreabstract

level.Here,byusing(3.2.21)wecannotonlydisentangletheLagrangianand

theHamiltonianformulationbutalsoobtainaLagrangianandHamiltonian

containingmoreinformationaboutthehierarchythantheyhave.Indeed,

theHamiltonianshicanbeevaluatedexplicitlyandproducetheconserved

quantitiesoftheintegrablehierarchiesforeachvalueofi.TheLagrangians
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arenotsupposedtocorrespondtoconservedquantities,butuponcomputing

theLegendretransform,ortherelationM(L),theycanbeobtained.

WenowbrieflyshowhowtoderivetheAKNShierarchyusingtheprevious

generalderivationtothenintroducetheSobolevdeformationinsection3.2.5

andthestochasticdeformationinsection3.4.

3.2.4 TheAKNShierarchy

TheAKNShierarchyisthemoststudiedexampleofintegrablehierarchies

andisbasedontheLiealgebrasl(2).Itcontainsthewell-knownKdVand

NLSequationsinthesliceswithx:=a1.Forinstance,theflowwitht:=a2

canbereducedtotheNLSequationandtheflowfort:=a3totheKdVor

modifiedKdVequation. Webeginthederivationofthishierarchybyfixing

ournotationfortheLiealgebrasl(2).Thestandardbasisisgivenby

e=
0 1

0 0
, f=

0 0

1 0
, h=

1 0

0 −1
, (3.2.26)

withcommutationsrelations

[e,f]=h, [e,h]=2e, [f,h]=−2f. (3.2.27)

Forsimplicity,wewillusethenotationξ forthecomponentofξinthe

Cartansubalgebra(alongh)andξforitscomplement,thatis

ξ⊥:=ξ− ξ,h
h

h,h
.

Hamiltonianderivation

WefirstderivetheequationsfromthestandardHamiltonianformalismby

followingtheschemeoutlinedintheorem3.2.3. Wechoosethespacevariable
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tobex:=a1andsettheLoperator

L=λM0+M1, (3.2.28)

whereM0,M1∈sl(2)aretwoarbitraryfields. WethenusetheZCR(3.2.21)

inthesliceN1∞ toexpressthefirstfewMiandsolvethefollowingsetof

recursiverelations

λ0:∂xM0=0

λ−1:∂xM1+[M2,M0]=0

λ−2:∂xM2+[M2,M1]+[M3,M0]=0

...

λ−i:∂xMi+[Mi,M1]+[Mi+1,M0]=0.

(3.2.29)

Fromtheequationproportionaltoλ0,wededucethatM0isaconstant.There

aretwopossiblechoicesfortheformofM0,eitheranelementproportional

totheCartansubalgebrahoranotherelement. Wewillusethefirstchoice

asitisthemostcommonintheliterature,butbotharepossibleandgive

equivalentresults. WerefertoNewell(1985)formoredetailonthisrelated

tothegradingsofKac-Moodyalgebras. WewilldenoteM0:=AforA=

ihandproceedwiththesecondequation∂xM1+[A,M2]=0. Fromthe

commutationsrelationsofsl(2),wededucethatM1hasnocomponentin

theCartansubalgebraandM⊥2 canthenbecomputedusingtherelation

[A,[A,ξ]]=−4ξ⊥,writtenforanarbitraryξ. Weobtain

M⊥2 =−
1

4
[A,∂xM

⊥
1]. (3.2.30)

TheparallelpartofthisfieldM2isfoundbyprojectingouttheperpendicular

partofthethirdequationtoget

∂xM2=−[M
⊥
2,M

⊥
1]=

1

4
[[A,∂xM

⊥
1],M

⊥
1]=−

1

8
∂x[M

⊥
1,[A,M

⊥
1]],
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whereweusedtheJacobiidentity.Integratingwithvanishingboundary

conditionsyields

M2=−
1

8
[M⊥1,[A,M

⊥
1]]. (3.2.31)

Weproceedtocomputethenextfield M3whichisneededfortheKdV

equation. Usingagaintheequationproportionaltoλ−2,wecancompute

M⊥3 toget

M⊥3 =−
1

4
[A,∂xM

⊥
2]−

1

4
[A,[M2,M

⊥
1]].

ThiswillbeenoughforourpurposesandbydenotingU:=M1,theZCRon

thesliceN13istheLie-Poissonequation

∂tU
⊥+
1

4
∂3xU

⊥−
1

32
∂x[A,[U

⊥,[U,[A,U]]]]+
1

4
[U⊥,[U⊥,∂xU

⊥]]=0.

(3.2.32)

Itisnotclearfromthisformulationbutthelasttwotermsareofthesame

formandcanbecombined.Thisequationdemonstratestheratherunusual

appearanceofaLie-Poissonsystemwhenwrittenonacomplicatedsymmetry

group.

Wenowbrieflyshowthevariousreductionsofthissystemwhichyieldwell-

knownintegrableequations. Afterrescalingtimeast→ 4t,wehavethe

followingchoicesofmatrixUandtheircorrespondingintegrableequations

UKdV =
0 u

1 0
⇒ ut+6uux+uxxx=0, (3.2.33)

UmKdV =
0 u

σu 0
⇒ ut+6σu

2ux+uxxx=0, (3.2.34)

(3.2.35)

whereσ=±1givesthefocusingordefocusingmKdV.Anotherchoicewith

realuandvoff-diagonalfieldswouldgiveacoupledmodifiedKdVequation.

TheLie-PoissonequationinthesliceN12yieldstheNLSequationforthe
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choice

UNLS=
0 u

σu 0
⇒ iut+uxx+σu|u|

2=0. (3.2.36)

Thisis,forthisflow,theonlynon-trivialreductionofUasanon-complex

reductionwillmaketherighthandsideoftheLie-Poissonequationzero.This

isduetotherequiredcomplexnumbersintroducedviatheelementA=ih

toallowevenflowstoexist.

Lagrangianderivation

WewillgivemoredetailonthecomputationsfortheLagrangianderivation

inthenextsection3.2.5andonlyexplainheretheprincipaldifferencesfrom

thepreviousderivation. Wefollowtheschemeoftheorem3.2.3andbeginby

fixingt:=a3andthecorrespondingM operator

M =λ3A+λ2U+λV+W. (3.2.37)

Inthiscasewehavemoreindependentfieldsthanbeforeandweneedto

solvetheZCR(3.2.21)tofindL:=M1. Becausethespacevariablehasa

smallerindexthanthetimevariable,itisjustgivenby

L=λA+U⊥, (3.2.38)

whereonlytheperpendicularpartofUappears. Wecanthenwritethe

Euler-Poincaŕeequation,orZCRinthesliceN13explicitlyintermofthese

fieldstoobtainthreeequationsforthe⊥projection

∂tU
⊥−∂xW

⊥+[U⊥,W]=0

−∂xV
⊥+[U⊥,V]+[A,W⊥]=0

−∂xU
⊥+[A,V⊥]=0,

(3.2.39)
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andtwoequationsfortheremaining components

−∂xW +[U⊥,W⊥]=0

−∂xV +[U
⊥,V⊥]=0.

(3.2.40)

Toseethatthissetofequationsisequivalenttotheequation(3.2.32)forU

only,onejustexpressesVandW intermsofUandAandsubstitutethem

inthefirstequation.Thiscomputationisineffectthesameaswhatdidin

theHamiltonianderivationtoobtaintheequation(3.2.32)butdifferentfrom

thisabstractpointofview.Indeed,thecomputationofexpressingVandW

intermofUisaLegendretransformationfromtheLagrangianvariablesM

(theindependentfieldsU,V,W)andtheHamiltonianvariablesL(withUas

anindependentfield). Thisisthemainpointofthisderivationwhichwill

allowusinthenextsubsectiontouseaSobolevnormtodeformtheoriginal

integrablehierarchy.

3.2.5 TheSobolevdeformation

Wearenowreadytointroducethefirsttypeofdeformationsofintegrable

hierarchieswhichconsistsofreplacingtheL2normoftheLagrangianin

theorem3.2.3byaSobolevH1norm. Thisoperationintroducesalength

scaleparameterα∈Rwhichwhensetto0,reducestheSobolevnormtothe

L2norm. WewillusethefollowingLagrangiandefinedonaloopalgebrafor

thesliceNijfori<j

lH
1

ij(M
(j)):= M(j),M(i)(M(j))+α2∂xM

(j),∂xM
(i)(M(j))dx

= M(j),(1−α2∂2x)M
(i)(M(j))dx.

(3.2.41)

WewillusesymbolΛ:=1−α2∂2xtosimplifythenotation.Theimportant

pointhereisthatthedependentvariableisM(j)andnotL:=Mi,asfor

theHamiltoniancase.ThishastheeffectofmodifyingthemomentumLby
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ΛM,or,intermofM(i)wehavethefollowingEuler-Poincaŕeequation

∂tΛM
(i)=[M(j),ΛM(i)]+∂xM

(j). (3.2.42)

Wewilllaterusethisequationtoderivethedeformationofvariousflowsofthe

AKNShierarchyandobtainequationssuchasthewell-knownCHequation

orthenewCH-NLSequationstudiedinmoredetailedinsection3.3.1.Before

that,wewanttounderstandhowthisdeformationaffectstheintegrabilityof

theoriginalhierarchywhilebeingcompatiblewithitsgeometricalstructure.

Itturnsoutthatsomeoftheequationsobtainedfrom(3.2.42)whenexpanded

intermoftheindependentfieldsinM(j)cannotbesolved.Infact,thesesame

equationswhenα=0areautomaticallysatisfiedandarenotevenusedfor

thecomputationoftheLegendretransformation.Theonlywaywefoundfor

theEuler-Poincaŕeequation(3.2.42)tobeequivalenttoaZCRandthento

variousintegrablePDEistointroduceaparticularprojectionoperator.

Definition3.2.4. GivenA,theelementintheCartansubalgebraofgand

kassociatedwithasliceN1k,wedefinetheprojectionoperatorP
A
1,k:g→ g

actingonpolynomialloopalgebras

PA1,k(Z)=Z−λ
kP+(λ

−kZ)−λk−1P+ λ1−kA
Z,A

A,A
, (3.2.43)

foranarbitraryZ= k
i=−∞Zi∈gandwhereP+standsfortheprojection

onpositivepowersofλ.

Definition3.2.5.TheLiealgebravaluedtwo-form

(∂tM
(1)−∂xM

(k)+[M(1),M(k)])ds∧dt

issaidtobeaweakZCRifitsprojectionunderPA1,kvanishes,thatis

PA1,k(∂tM
(1)−∂xM

(k)+,[M(1),M(k)])=0, (3.2.44)

orequivalently

∂tM
(1)−∂xM

(k)+PA1,k([M
(1),M(k)])=0. (3.2.45)
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Iftheequation(3.2.44)isequivalenttoaPDE,thenthisPDEissaidtobe

weaklyintegrable.

Fortheflowswithahigherspacevariable,anotherprojectionoperatorshould

beintroduced,butwewillnotinvestigatethisfurtherhere. Wecouldnot

obtainanyinterestingresultregardingtheinterpretationoftheweakZCR,

apartfrombeingabletorewriteitinaformsimilartotheManakovtriple

usedforcertain2+1integrableequations,seethediscussioninArnaudon

(2016b).

3.2.6 DeformedAKNShierarchy

Wenowproceedwiththederivationofthedynamicalequationfromthe

Euler-Poincaŕeequation(3.2.44). WiththeSobolevoperator,wecanonly

dothederivationintheLagrangianformalism.Thiswillalsoillustratehow

toderivetheequationevenwithα=0. WebeginwiththeKdVflowwhere

t:=a3andthecorrespondingM operator

M =λ3A+λ2U⊥+λV+W, (3.2.46)

whereAisaconstantandU⊥,V,Waretheindependentfields.Thecondition

onAandU⊥comesfromtheZCRusedtofindL=M(1). Wethenapply

theoperatorΛ:=1−α2∂2xtoLanddefine

L:=ΛL=λA+ΛU⊥. (3.2.47)

TheEuler-Poincaŕeequation(3.2.44)expandstofourequationsforthe⊥

part

λ0:∂tΛU
⊥−∂xW

⊥+[ΛU⊥,W]=0

λ1:−∂xV
⊥+[ΛU⊥,V]+[A,W⊥]=0

λ2:−∂xU
⊥+[A,V⊥]=0

λ3:[A,ΛU⊥]+[U⊥,A]=0,

(3.2.48)
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andthreeforthe part

λ0:−∂xW +[ΛU⊥,W⊥]=0

λ1:−∂xV +[ΛU
⊥,V⊥]=0

λ2:[ΛU⊥,U⊥]=0.

(3.2.49)

Themaindifficultywiththeseequationsisthatthelastequationofboth

systemsarenotsolvable,unlessUxx=0. Thisconditionistoostrongbut

canberemovedbyusingtheprojectionPA13definedbytheequation(3.2.43).

Suchaprojectionexistsonlybecausetheunsolvabletermsareseparatedfrom

theotherequationswhenwewritethemforeachpowerofλ.Inasense,this

projectiondoesnottakemuchinformationoutfromtheoriginalZCR,thus

thenameweakZCR.Thesetermsareneverthelessthemainobstructionfor

theproofofcompleteintegrabilityusingthisformofthespectralproblem.

Wenowusetheotherequations(exceptthefirst)toexpress VandW in

termofU⊥. Wefind,usingtheλ2equationof(3.2.48)that

V⊥=−
1

4
[A,∂xU

⊥],

andusingtheλequationof(3.2.49)that

∂xV =[ΛU
⊥,V⊥]=−

1

4
[ΛU⊥,[A,∂xU

⊥]].

Thislastequationissolvedas

V =−
1

4
∂−1x ([ΛU

⊥,[A,∂xU
⊥]]),

andsimilarlyweobtainW⊥as

W⊥=−
1

4
[A,∂xV

⊥]−
1

4
[A,[V,ΛU⊥]]

=−
1

4
∂2xU

⊥+
1

16
[A,[∂−1x ([ΛU

⊥,[A,∂xU
⊥]]),ΛU]].
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TheparallelpartofW is

∂xW =[ΛU⊥,W⊥]

=−
1

4
[ΛU⊥,∂2xU

⊥]−
1

16
[ΛU⊥,[A,[∂−1x ([ΛU

⊥,[A,∂xU
⊥]]),ΛU]]].

ThelaststepistousetheserelationsintheequationofmotionofU⊥toob-

tainasingledynamicalequationforthissystem.Althoughtheseequations

arenon-localasweneededtoinvertthedifferentialoperator∂x,theirreduc-

tionscanbeintegratedasinthestandardα=0case.Similarcomputations

caninprinciplebedoneuptoeveryflowsofthehierarchy,thatisforloop

algebraelementsM ofanypowerinλ.ItturnsoutthatonlyW remains

localwhenwecomputetheLegendretransformaswejustdid.Otheroper-

atorsΛcouldalsobeused,suchastheH2operator1−α2∂2x+β
4∂4x,but

theequationcannotbesolvedanymore.TheH1Sobolevoperatorhasthis

particularfeaturethatotherhigherorderSobolevnormsdonothavewhich

isthatthefirstflowofthehierarchycanbedeformedtoyieldinteresting

equations.

CH,mCHandCH-NLSequations

Weproceedasbeforetoderivetheexplicitformofthedeformedequations

forvariousreductionsoftheAKNSscheme.Asbefore,werescalethetime

t→ 4t.FortheKdVreductionUKdV of(3.2.33),weobtainthedispersive

CHequationofCamassaandHolm(1993),Dullinetal.(2004),thatis

mt+2mux+mxu+uxxx=0. (3.2.50)

ObtainingtheCHequationisagoodindicationthatthedeformationofthe

hierarchydoeswhatismeanttodoastheCHequationbecomestheKdV

equationwhenα→0.Thedifferencewiththestandardproofofintegrability

oftheCHequationisintheZCR,whichisnowtheweakZCRwith

L=
λ m

1 −λ
and M =

λ3−1
2
λu−1

4
ux λ

21
2
ux−

1
2
mu+1

4
uxx

λ2−1
2
u −λ3+1

2
λu+1

4
ux

.
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NoticethatforthisweakZCRtocorrespondtotheCHequation(3.2.50)we

needtoprojectouttheterm

λ2([A,ΛU]+[U,A])+λ3[ΛU,U]=α2uxx
−λ2 2λ3

0 λ2
.

Forthe mKdVreductionwithUmKdV definedin(3.2.34),weobtainthe

dispersivemCHequation

mt+2σ[m(u
2−α2u2x)]x+uxxx=0. (3.2.51)

ThecorrespondingM operatoris

M =
λ3−12λ(u

2−α2u2x) λ2u+λ12ux−
1
2m(u

2−α2u2x)+
1
4uxx

λ2u−12λux−
1
2m(u

2−α2u2x)+
1
4uxx −λ3+12λ(u

2−α2u2x)
.

SimilarlytotheCHequation,thetermthatweneedtoprojectouttorecover

thedispersivemCHequation(3.2.51)fromthepreviousweakZCRis

λ2([A,ΛU]+[U,A])+λ3[ΛU,U]=α2uxx
−λ2 2λ3

−2λ3 λ2
.

AsfortheCHequation,themCHequationisanintegrableequationwith

anotherZCRobtainedbyFokas(1995),FokasandLiu(1996),Olverand

Rosenau(1996),Qiao(2007)foralinearfirstorderdispersion. Thethird

orderdispersioncanberelatedtothelineardispersionbyachangeofvariable

oftheformx→x+ct.

Finally,forthemoregeneralformofUcontainingtwoindependentfieldsu

andvweobtainthecoupledmCHequationsofXiaandQiao(2015)

mt+2[m(uv−α
2uxvx)]x−2m(uvx−uxv)+uxxx=0

nt+2[n(uv−α
2uxvx)]x+2n(uvx−uxv)+vxxx=0.

(3.2.52)

TheweakZCRcanbecomputedaswellbutwillnotbedisplayedhere.

Sofar,thedeformedequationswereallproventobecompletelyintegrable

withaproperZCR,differentfromtheweakZCR. Wewillnotinvestigate
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theseequationsfurtherastheyarenowwell-studiedbythecommunityof

integrablesystems,inparticularfortheirdispersionlesslimitwhichcontains

varioustypeofpeakedsolutions. Oneofourinterestinthisworkisto

understandthelimitsofthisschemeforderivingnewintegrableequations.

Oneofthemiswhenweusetheflowwitht=a2,correspondingtothe

NLSequation. Wewillobtaintheso-calledCH-NLSequationwhichnever

appearedbeforeseemsnottobeintegrable. Wefollowtheusualcalculations,

startingfromM =λ2A+λU⊥+VandtheNLSformofU,thatis

ΛUNLS=
0 m

σm 0
. (3.2.53)

Here,uiscomplexandσ=±1selectingbetweenthefocusingordefocusing

case. WecomputetheLegendretransformtogettheCH-NLSequationon

thesliceN12

imt+uxx+2σm(|u|
2−α2|ux|

2)=0. (3.2.54)

Intermofuonlyitisgivenby

iut−iα
2uxxt+uxx+2σu|u|

2−2σα2u|ux|
2−2σα2uxx|u|

2+2σα4uxx|ux|
2=0.

(3.2.55)

ThisequationisobtainedfromtheweakZCR

M =
iλ2+i

2
(|u|2−α2|ux|

2) λu−i
2
ux

λu+i
2
ux −iλ2−i

2
(|u|2−α2|ux|

2)
,

whichneedstheprojectionPA12tobeequivalenttotheCH-NLSequation

(3.2.54).ThisZCRcannotguaranteeanyintegrability,andaswewillseein

thenextsection3.3,bi-Hamiltonianstructuresdonotworkeither. Wewill

notcommentfurtheronthisequationhere,aswewillshowamoredetailed

analysisofitinthenextsection3.3.
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3.2.7 Summaryandoutlook

Althoughwebrokethissectiondownintoseveralsubsections,itcontainstwo

mainparts.Thefirstpartintroducesadifferentwayofunderstandinginte-

grablehierarchiessuchastheAKNShierarchy(otherexamplesmayinclude

hierarchiesusingSO(3),asinArnaudon(2016b),orSL(3),etc...). For

this,weusedaratherabstractdescriptionusingloopgroupsandcocycles

tobeabletodisentangletheHamiltonianandtheLagrangianderivationsof

integrablehierarchies.Thefirstderivationissimilartothestandardderiva-

tionofintegrablehierarchieswhilethesecondisdifferentandmoreusefulfor

usasouraimistodeformthehierarchyinageometricallyconsistentway.

Bothderivationsshoulddeservemoreinvestigationsfromanabstractpoint

ofviewastheyprovideadifferentlinkbetweenthedynamicalequationsand

theLiegroupstructures. ThislinkwaspartiallyinvestigatedinFlaschka

etal.(1983)inaslightlydifferentcontextandshowntobeconnectedtothe

theoryofτfunctionsandvertexoperator(seealsoNewell(1985)). Wedid

nottakethispathhereasourmaininterestisinthedeformationofintegrable

systemsratherthaninageneralabstracttheorywhichmaysurelyoverlap

withthenumerousworksinthisdirection.

OneofthesegeometricdeformationsistheSobolevdeformationwhichisthe

secondthemeofthissection.ThemodificationoftheL2normwithspatial

derivativestoobtainanH1normisonlypossibleintheLagrangianasthe

Hamiltoniandoesnotdefineametricasitiswrittenonacotangentspace,

butaco-metric.Thisdeformationproducesknownintegrableequationssuch

astheCHorthemodifiedCHequationaswellasthenewCH-NLSequation.

Wewillstudyitinmoredetailinthenextsection3.3andonlymentionthat

itsapparentlackofintegrabilityisoneofthemainopenproblemsregarding

thisequation.Infact,thedeformationofintegrablehierarchiesseemsto

destroythecompleteintegrabilityviewedfromtheusualisospectralproblem.

Indeed,wehadtodefineaprojectionoperatortoretaintheequivalence

betweentheabstractdeformedEuler-Poincaŕeequationandthedeformed

dynamicalequationssuchastheCHequation. Alltheobtainedequations

canbeshowntobecompletelyintegrableusingadifferentZCR,except

fortheCH-NLS.Insomesense,theCH-NLSequationisattheboundary
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betweenintegrabledeformationandnon-integrabledeformations,butwedo

notknowtheexactmathematicaldescriptionforthisfact. Wewillseein

thenextsectionthattheCH-NLShasmanyintegrablefeaturesandothers

non-standardbehaviours,especiallyforthecollisionofsolitonswithhigh

momentumwherehigh-frequencywaveswillbeobserved.
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3.3 TheCH-NLSequation

WenowstudytheCH-NLSequationderivedintheprevioussection. Mostof

theresultsofthissectionareavailableinArnaudon(2016a). Wefirstrecall

theCH-NLSequationforacomplexfielduandwithm=u−α2uxx

imt+uxx+2σm|u|
2−α2|ux|

2 =0, m=u−α2uxx, (3.3.1)

whereσ=±1selectsbetweenthefocusingandthedefocusingequation.

Althoughthesetwoequationshavedifferentproperties,wewillonlyconsider

thefocusingcasewhenσ=1. Wemakethischoiceasthefocusingequationis

themostcommoncasefortheNLSequation.Insection3.3.1,wewillbriefly

reviewthemainpropertiesoftheCH-NLSanddiscussitsintegrability. We

willthenderivepeakedandsmoothstandingwavesolutionsinsection3.3.2.

Theybothappearinaone-parameterfamilyofsolutions.Althoughrarein

dispersiveequations,suchtransitionsbetweensmoothandpeakedstanding

waveshavebeenstudiedinageneralisedNLSequationbyAmiranashvili

etal.(2011,2014). Wethennumericallysolvetheinitialvalueproblemto

isolateandcharacterisesomesolitarywavesinsection3.3.2andtheircollision

insection3.3.2. Theexistenceandthestabilityofsolitarywavesinnon-

integrableequationshasbeenanactiveareaofresearchparalleltointegrable

systems,seeforexampleTao(2009)forarecentreview.Inthecaseofthe

CH-NLS,weobservedinterestingphenomenainthecollisionofsolitarywaves

suchashighamplitudewavesandtheemergenceofsharpstructures,almost

stationary.Indeed,recallthatu=K∗mwithK= 1
2α
e−|x|/α,thusthelinear

dispersionrelationis

ω(κ)=
κ2

1+α2κ2
. (3.3.2)

Thegroupvelocitythusvanishesathighwavenumbers.Thesefeatureshave

alreadybeeninvestigated,forexamplebyColinandLannes(2009)inthe

contextofshortpulsesinopticalfibres. Theseextremebehavioursinthe

collisionsarealsopresentinthemodulationalinstabilityregimeasshownin

section3.3.3.
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3.3.1 Symmetriesandnon-integrability

WereviewherethemainfeaturesoftheCH-NLSequationandinparticular

thedifferenceswiththeNLSequation.Thefirstcommonpropertywiththe

NLSequationisthattheCH-NLSequationisanon-canonicalHamiltonian

systemwithHamiltonian

P=
i

2
(mux−mux)dx, (3.3.3)

andHamiltonianstructure

K=
−2m∂−1x m ∂x+2m∂

−1
x m

∂x+2m∂
−1
x m −2m∂−1x m

, (3.3.4)

suchthattheCH-NLSequation(3.3.1)isgivenby

mt=K
δP

δm
. (3.3.5)

ThisHamiltonianstructureisthesameasthesecondNLSHamiltonianstruc-

turebuttheassociatedenergyismodifiedtocontainα-terms.ThisHamil-

tonianis,infact,thetotalmomentumofthesolutionandisassociatedwith

thespacetranslationinvarianceoftheCH-NLSequation.Anothercommon

similaritywiththeNLSequationsistheinvarianceunderphaseshiftsrelated

totheconservationofthetotalmass

M = |m|2dx. (3.3.6)

Noticethatthemassdependsonmandnotu,asfortheNLSequation.

TheCH-NLSequationisalsoinvariantunderthetransformation

t→λ−2t, x→λ−1x, u(t,x)→λu(λ2t,λx) and α→λ−1α,

whichcouldbeseenasascalingtransformation,butisnotastheconstant

αismodified. Thistransformationshowsthatαintroducesaparticular

length-scaleintheequationasintheα-modelofturbulenceintroducedin
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Holmetal.(1998b).

ThelastrelevantsymmetryoftheNLSequationistheGalileaninvariance

butisabsentfromtheCH-NLSequation. Thissymmetrycanbeusedto

producenewsolutionsoutofknownonebyperformingaGalileanboost.

Unfortunately,thelength-scaleαdestroysthissymmetry. Toseethis,we

computethetimederivativeofthecentreofmassC:= x|m|2dxtoobtain

d

dt
C=i (uux−uux)dx, (3.3.7)

wheretheright-handsideisnotaconservedquantity.FortheNLSequation,

theright-handsideisbeproportionaltothetotalmomentumPandthe

centreofmassthusmoveswithaconstantspeed.

WealreadysawintheprevioussectionthattheCH-NLSequationemerges

fromthedeformationoftheAKNShierarchyandthatitscompleteintegra-

bilityseemstobelost. Wewantheretoexposeotherargumentsinfavour

ofitsnon-integrability,inparticularusingtheHamiltonianstructuresofthe

NLSequation.ApossiblesecondHamiltonianstructurewhichcouldgivea

bi-HamiltonianformulationfortheCH-NLSequationwouldbe

J=
0 −i(1−α2∂2x)

i(1−α2∂2x) 0
, (3.3.8)

whichtogetherwithPandM producethetravellingwaveequationmt=

mx.IfthisHamiltonianstructurewerecompatiblewiththenon-canonical

structure(3.3.4),thetheoremofMagri (1978)wouldapplyandgivethe

resultofintegrabilityofthisequation,butJandKarenotcompatible.The

failurearisesintheJacobiidentityofJ+Kandisnotpossibletofixbyany

modificationsintheHamiltonianortheHamiltonianstructure.Thisreflects

thefactthatitisalsonotpossibletofindaHamiltonianfortheCH-NLS

equationthatwouldconvergetotheNLSHamiltonianwhenα→0.Indeed,

findinghsuchthatδh
δu
orδh
δm
fortheright-handsideoftheCH-NLSequation

(3.3.1)seemsimpossible.
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3.3.2 Solitarywavesolutions

WestudyherethesolutionsoftheCH-NLSequation(3.3.1),startingwith

thestandingwavesandgoingtonumericalexperimentsfortravellingwaves

andtheircollisions.

Standingwavesolutions

WebeginthestudyofthesolutionoftheCH-NLSequation(3.3.1)bytrying

toderivethemanalytically.AstheweakZCRoftheCH-NLScannotdirectly

beusedtocomputesolutionsviatheinversescatteringtransform,wewill

trytofindasolutionusingatravellingwaveansatz.Itturnsoutthatthe

computationforatravellingwaveisdifficultbutpossibleforthestanding

wavesolutions. RecallthattheCH-NLSisnotGalileaninvariant,hencea

standingwavesolutionwillnotcorrespondtoafamilyoftravellingwaves.

Thestandingwavesolutionswillbecomputedforthetworealfunctionsφ(t)

anda(x),suchthat

u=a(x)eiφ(t), (3.3.9)

whichinturngives

m=(a(x)−α2axx(x))e
iφ(t) and ut=iφtu.

Afterinsertingthedecomposition(3.3.9)intotheCH-NLSequation(3.3.1),

weobtain

φt=
1

a−α2axx

1

2
σaxx+(a−α

2axx)(a
2−α2a2x) .

Usingseparationofvariables,wecansetφ=ct,multiplybyaxandintegrate

theresultingequationtoobtain

α4a4x+(σ+2α
2(c−a2))a2x−a

2(2c−a2)=0.

Wethenchoosetheintegrationconstanttobe0aswewillonlyconsidersolu-
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tionsvanishingat±∞.Thetravellingwaveequationcanthenbecalculated

fromtherootsofthepolynomialinaxandis

a2x=
1

2α4
−(σ+2α2(c−a2))± (σ+2α2c)2−4α2a2 . (3.3.10)

Wecancomputetheheightofthestandingwaveasafunctionoftheparam-

etercbysettingax=0in(3.3.10).Itisgivenbyamax=
√
2canddoesnot

dependontheparameterα. Theseconsiderationssuggestthatthesoliton

solutionsaresimilartotheNLSsolutionsastheyhavethesameheight.In

thiscalculation,wedidnottakeintoaccountthefactthattheargumentof

thesquarerootinequation(3.3.10)cannotbenegative.Thisgivesanother

maximumofthestandingwave,with

a∗max=
1+2α2c

2α
, and a∗x,max= c2−

1

4α4
. (3.3.11)

Ifthemaximumamplitudesatisfiesamax<a
∗
max,thesolutionwillbesmooth

otherwiseitwillbepeaked.Indeed,thecondition∂ax
∂a
=0isequivalentto

havingajumpinax,thusapeakedprofile.Finally,wecanfindacritical

valueoftheparametercgivingapeakedsolutionintheweaksense.Itis

ccrit=
1
2α2
.Ifα→0,thenccrit→∞

−3 −2 −1 0 1 2 3

a(x)

−4
−3
−2
−1
0
1
2
3
4

a
x
(x
)

andthesolutioniscompatiblewiththe

non-peakedNLSstandingwaves.Figure3.1(a)displaysthephaseportrait
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(a)Phaseportraitsofstandingwaves. (b)Standingwaves

Figure3.1:Theleftfiguredisplaysthephaseportraitofthestandingwavesolutiongiven
by(3.3.10)fordifferentvaluesofcandα=0.5.Thelegendisontherightpanel,andone
canseethatthecriticalvalueofcinthetransitionbetweensmoothandpeakedsolutionsis
ccrit=2,displayedinmagenta.Therightfigureshowsthecorrespondingstandingwavepro-
filesforthesamevaluesofcandcomparesthemwithastandardhyperbolicsecantprofile
plottedindashedline.
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ofthestandingwavesolutionsandfigure3.1(b)thecorrespondingstanding

wavesolutions. Wefixedα=0.5andplottedthesolutionsforthreedifferent

valuesofcwithasmooth,apeakedandthelimitsolutionforcrit=2.These

solutionshavealsobeentestednumericallyandremainstableeveninthecase

ofapeakedprofile.Thistypeofstandingwavesisratherunusualexceptfor

theCHequationanditspeakonsolutionsbuthasrecentlybeendiscovered

andinvestigatedbyAmiranashvilietal.(2011,2014)inthecontextofshort

pulsesinopticalfibres.

Solitarywaves

Afterthestandingwaves,weneedtostudythetravellingwaves,butasitis

toodifficulttoderiveanalytically,wewillusenumericalsimulations.Recall

thatthetravellingwavesolutionoftheNLSequationisthesolitondescribed

by

u(x,t=0)=eiνxAsech(Ax). (3.3.12)

UponapplyingaGalileanboost,itcanbetransformedtogivethefulltime

dependantsolution,whichisnotpossiblefortheCH-NLSequation.Hereis

apossibleexplanationofwhyitishardtofindanexplicitsolutionoftheCH-

NLSequation.InthecaseoftheNLSequation,Aandνaretwoindependent

parameters,butfortheCH-NLSequationtheyshouldnotbeindependent

anymorefor(3.3.12)tobeasolution.Indeed,theHelmholtzoperatorwill

couplethephaseandtheamplitudeofthesolutioninanon-trivialmanner

asalreadyseenfromthepreviouscomputationofthestandingwave.

TostudythetravellingwavesoftheCH-NLSequation,weperformednumer-

icalexperimentswithinitialconditionsgivenbytheNLSsolitons(3.3.12).

Wedisplayinfigure3.2(a)variousprofilesofsolitarywaveswhichemerged

fromthisinitialconditionwithparametersA=1andvariousν=1,2,3,4,5,

attimet=150. Wealsofixedα=0.3andmadesurethatthenumericalsim-

ulationconvergedforthesesolutions.Infigure3.2(b)weshowaspace-time

plotofthefissionofasolitarywaveintwotravellingwavesandradiation.
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(a)Solitarywaveprofilesextractedfrom
fissionsofinitialpulses,seetheright
panel.

(b)Space-timeplotfrominitialcondition
(3.3.12)withA=1.5andν=1.

Figure3.2:WedisplayseveralnumericalsolutionsoftheCH-NLSequationwithsolitary
waveprofilesontheleftandafissionofaninitialpulseintherightpanel.Intheleftpanel,
wecanobserveoscillationsontopofthesolitarywave,whichperiodicallyoscillateintime
withoutaffectingthepropagationofthesolitarywave.Thefissionoftherightpanelpro-
ducestwodifferentsolitarywavesandsomeradiation.

Tounderstandtheresultsofthesenumericalsimulations,weneedtohavea

closerlookattheCH-NLSequationitself. Thecrucialdifferencewiththe

NLSequationisthelengthscaleα,whichalsogivesascaleinwavelength

with1/α.Therefore,dependingonthepeakfrequencyκ0andthespectral

width∆κoftheinitialpulse,weexpectdifferentbehavioursintheevolution

ofthispulse.If|κ0±∆κ| 1/α,weexpectthesolutiontobehavelike

anNLSsoliton.Indeed,theα-termsoftheCH-NLSequationwillbesmall

andcanbeneglectedatfirstorder.Ifinsteadthesolutioncontainshighfre-

quencieswithrespecttothescale1/α,newphenomenaaretobeexpected.

Thisisindeedobservedonfigure3.2(b)wheretheinitialpulsewithA=1.5

andν=1hasfrequencieslargeenoughcomparedto1/α≈3.3totriggera

fission.Twopulsesemergeandhavesimilarwidthsbutdifferentspeedsand

amplitudes.Thisisexplainedbydispersionrelation(3.3.2)wherehighfre-

quencywavestravelslowerthanlow-frequencywaves.Theinterestingthing

isthatthetwopulseshaveratherdifferentproperties.Thefastpulse,with

low-frequencies,isveryclosetobeingasolitonoftheNLSequation,whereas

theslowpulseshowsabreathingbehaviour,withhigh-frequencyphasevaria-

tions.Bybreathingbehaviour,wemeanhigherfrequencycomponentswhich

propagateontopofthemainpulseandperiodicallyoscillateintime.Notice
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thatthedissipativewavesthatemergedfromthefissionaretobeexpected

andarealsopresentintheNLSequationwhentheinitialconditionsarenot

perfectsolitons.Ontheleftpanel3.2(a),wedisplayafewexamplesofthis

newtypeofsolitarywaveswithbreatherbehavioursthatemergedfromsim-

ilarfissionsbutwithvariousinitialfrequenciesofthephaseoscillations.The

largertheinitialfrequency,thesharperthepeak,andtheslowerthesolitary

wave.

Collisionofsolitarywaves

Thenextstepinthestudyofsolitonsistostudytheircollisions,andinpar-

ticularwhatcomesoutafterhead-oncollisions.Theprocessofthecollision

itselfisrathercomplicatedandnonlinear,butforintegrablePDEs,onecan

showthattheoutcomeofthecollisionisagaintwosolitonswithpossiblydif-

ferentamplitudesandphaseshifts.FortheCH-NLSequation,weexpectto

losethispropertypartially. Wewillstudythiseffectbyrunninginitialvalue

(a)Slowandlargesolitary
wave.

(b)Slowandnarrowsolitary
wave.

(c)Fastandlargesolitary
wave.

Figure3.3:Inthesethreefigures,wedisplaythreedifferenthead-oncollisionsofsolitary
wavesextractedfromthesimulationsoffigure3.2(a).TheleftpanelshowsatypicalNLS
collisionwhilethetwoothershavehigheramplitudewavesduringthecollisions.Thevery
high-frequencywavesthatemergefromthecollisionmaynotbephysicalasthenumericsdo
notconverge,seethediscussionintheappendixB.

problemswithtwosolitarywavesextractedfromthesimulationsofthepre-

vioussection. Wedisplayinfigures3.3(a),3.3(b)and3.3(c)thesecollisions

featuringdifferentproperties.Inparticular,thefirstpaneloffigure3.3(a)is

similartoanNLScollisionasthesolitarywaveshavealow-frequencyspec-

trum.Theheightdifferenceobservedinthepeakamplitudenearthecollision
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isduetoasmalllossofsymmetryinthesimulationandshouldnotbeseen

inprinciple.

Theothertwocollisionsinpanels3.3(b)and3.3(c)havesolitarywaveswith

higherfrequencies,eitherbecausetheyaresharper,asin3.3(b),orfasterasin

3.3(c).Inbothcases,thesefrequenciesarecloseenoughtothescale1/αsuch

thatthenonlineardispersiveeffectsoftheα-termsbegintoappear.These

effectsareobservedduringthecollisionwherehighamplitudestructures

arecreated. Thesepeaksarenumericallydifficulttoresolveastheyare

rathersharp.Thisexplainsthehigh-frequencyradiationswhichdonotmove

aftertheshockashigh-frequencywaveshavesmallgroupvelocities. Wewill

discussthenumericalissuesinthelaterappendixBbutfirstfocusonthe

appearanceofthesehighamplitudewavespresentonlyforashorttime.This

experimentisaninterestingintegrabilitytestdespitethelackofnumerical

convergence.Ifwecollidehigherenergyorfrequenciespulses,wewould

observeanevenmoredramaticcollisionwheretheenergywouldbelocalised

inaregionofspacecomparablewithorsmallerthanthespatialresolution.

Mostoftheinformationofthepreviousstateofthesystemisthenlostin

thecollision,andnosolitarywaveswouldemergeafterit.Thissuggeststhat

thelackofintegrabilityoftheCH-NLSequationisseenhereasallowingthe

formationofextremelyhighdensityandlocalisedregionsduringthecollision.

Aswewillsee,thelackofnumericalconvergenceevenformoderateenergy

collisionindicatesthattheseenergypeakscanbeashighaswewant.If

theyeventuallybecomeinfiniteforaveryshorttime,theinformationof

thepreviousstatewillbelostduringthecollision. Asimilarphenomenon

alsoappearintheCHequationforthepeakonanti-peakoncollisionwhere

alltheenergyofthesolitonsislocalisedatasinglepoint,makingnumerical

simulationsextremelychallenging.Thisanalysisthusdemonstratesthateven

iftheintegrabilityoftheCH-NLSequationisnotclear,itshowsbehaviours

similartoaknownintegrableequationofthesametype,theCHequationof

CamassaandHolm(1993).

Interestingly,theseextremeeventswithlargeamplitudescomparedtothe

meanwaveamplitudesarepartofanactiveareaofstudyandarecalledrogue

waves.Theyareveryrareandsometimesobservedinthedeepoceanwhere
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theNLSequationcanbeusedtodescribethedeepwaterwaves.Infact,

thenaturalplacewherethesewavesappearisinthemodulationalinstability

regime,whichwewillnowstudy.

3.3.3 Modulationalinstability

Themodulationalinstability,alsocalledBenjamin-Feirinstability,wasfirst

discoveredbyBenjaminandFeir(1967)inthecontextofdeepwaterwaves

intheNLSequation.Itisanarrowbandinstabilitythatcandevelopon

topofplanewavesolutionswhichonlyexistsforthefocusingequationssuch

asthefocusingNLSequation. WerefertothemonographsAgrawal(2007),

HasegawaandKodama(1995)formoredetailaboutthismechanism. We

willshowherethatthisphenomenonalsoexistsinthefocusingCH-NLS

equationandexposesomeofthedifferenceswiththeNLSequation.

Thederivationoftheconditionforthemodulationalinstabilitiesgoesas

follows.First,wewriteaplanewavesolutionoftheCH-NLSequationas

u(x)=βei2β
2x,

foragivenrealparameterβ. Wethenperturbthissolutionwithasmall

function(x,t)suchthat|| |β|,thatiswedefineaperturbedsolution

u(x,t):=(β+ (x,t))e2iβ
2x.

AfteradirectsubstitutionintotheCH-NLSequation(3.3.1),weobtainan

approximateequationfortheperturbation whichisnowalinearpartial

differentialequationoftheform

it−iα
2
xxt+ xx+2β

2(+ )=0. (3.3.13)

Wearethenlookingatthegrowthrateofthissmallperturbation. Wedoso

byanalysingtheplanewavesolutionofthisequation,thatiswechoose

= +e
−iωt+iκx+ −e

iωt−iκx,
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where +,−andωarefreeparametersbutκisnot(orω,dependingifκis

takentobefree).Therelationshipbetweenκandωcanbedirectlycomputed

fromthelinearequation(3.3.13).Theimaginarypartofκproduceseither

anexponentialdampingoranexponentialgrowthoftheperturbation.The

imaginarypartofκ,thatwecallthegaing(κ),isgivenby

g(κ)=Im
κ 2β2−κ2

1+α2κ2
, (3.3.14)

andcorrespondstotheregimeofmodulationalinstabilitywhenitsright-hand

sidehasthecorrectsign.

Alreadybylookingattheequation(3.3.13)for ,onenoticesthattheonly

α-dependenttermisthetimederivativeof.Indeed,theothertermsdis-

appearedafterthelinearization. Weobtainedarathersimplemodification

ofthegrowthrate(3.3.14)asitonlybecomessmallerforlargervaluesof

α
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α=0.2
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,buttheinstabilitywindowpersists.Thiseffectisonlyduetotheinverse

Helmholtzoperatorofthelineardispersion.

Figure3.4:Weplottedthegrowthrateofthemodulationalinstabilitygivenbyequation
3.3.14asafunctionoftheperturbationwavelengthκ. Withdifferentvaluesofα,weillus-
tratetheeffectofthenonlocalityoftheCH-NLSequation.

Weillustratethisbyplottingonfigure3.4thegain gasafunctionofκfor

differentvaluesofαandwithβ=1.TheCH-NLShasasimilarmodulational

instabilitytotheNLSequation,atleastduringthelinearstageofgrowthof

theperturbation. Aftersometime,thenonlineareffectwillbecomenon-

negligible,andtheadditionalα-termswillfurthermodifythebehaviourof
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thesolutioncomparedtotheNLSregime.Thisnonlinearregimeishardto

analyseanalyticallybuthasseenrecentprogressintheformofintegrabletur-

bulence,seeforexampleAgafontsevandZakharov(2015),Zakharov(2009).

Indeed,themainfeatureofthenon-linearregimeisthecreationofmany

pulsesfromtheinstabilitieswhichinteractandproduceachaotic,ortur-

bulentregime. Wewillonlystudythisregimenumericallyandextractthe

roguewaveeventsoftheturbulentnonlinearregime. WerefertoDudley

etal.(2014)forarecentnumericalstudyonthestatisticsoftheroguewave

eventsintheNLSequationinthecontextofopticalfibres.Theinitialcon-

ditionofthesimulationsisaplanewaveofamplitude1andtwooscillations

inaperiodicdomainoflength50units. Theinstabilitiesaretriggeredby

thenumericalerrorsofthespatialdiscretization. Wedisplaysomeofthe

Figure3.5:Inthisfigure,wedisplaythreedifferentroguewaveeventsoftheCH-NLSequa-
tion,extractedfromthreesimulationsofmodulationalinstabilitiesobtainedwithvarious
valuesoftheparameterα.Thebluelinewithα=0correspondstothestandardPeregrine
solutionoftheNLSequationandhasapeakamplitudeofthreetimesthebackground,so
anamplitudeof1.ThePeregrinesolutionoftheCH-NLSequationshowsamuchlarger
amplitude,upto12timesthebackground.

Peregrinesolutionsinfigure3.5whichwereobtainedfromsimulationswith

differentvaluesforα.Theresultisinaccordancewiththeprevioussection

wherewestudiedthenonlinearinteractionsofsolitarywaves.Indeed,the

extremeeventsoftheNLSequationarebecomingmoreextremeforlarger

valuesofα.ForPeregrinesolutions,thepeakamplitudeisthreetimeslarger

thanthebackgroundfield,whichis1here.Inthetwoothersimulations

wherethevalueofαremainsrathersmall,weobserveeventswithupto12

timestheheightofthebackground.Inthesesimulations,thewaveproduces

171



high-frequencyradiationsimilartothatinthecollisionofsolitarywaves.

3.3.4 Summaryandoutlook

EvenafterinvestigatingthepropertiesoftheCH-NLSequation,manymys-

teriesremain. Theprincipaloneisaboutitsnon-integrabilityandtheex-

istenceofanotherHamiltonianfunction. Thelattercouldprovideabi-

Hamiltonianstructure,andapathtointegrabilitybutnosuchHamiltonian

hadbeenfound.Oneofthepropertiesofthisequationindicatinganearin-

tegrabilityistheexistenceofsolitarywavesandnearelasticcollisions.Even

here,standardnumericalschemesarenotpreciseenoughtofullyresolve

thecollisionsandprovideuswithawaytoexactlyunderstandthisprocess.

Wecanneverthelesssaythatforlargemomentathecollisionsproducehigh-

frequencywaveswhichalmostdonotmove.Thesewavesaretheproblemin

thenumericsandwouldrequireahigherorderschemewithanexcellentspa-

tialresolution.Nevertheless,weobservedtheemergenceoflargeamplitude

Peregrinesolutionsfromthemodulationalinstabilityregime,waveswhich

areknowntobeexcellentcandidatesforroguewaveevents.Similarequa-

tionscanbederivedwiththeHelmholtzoperatorforanonlocaldispersion,

buttheparticularformofthenonlineartermseemstohaveneverappeared

beforeinthephysicsliterature.Theclosestsystemsaretheoneswhichtake

intoaccountasmalldelayintheeffectofthenonlinearities. Thiseffectis

capturedbyaconvolutionoperatorinthenonlineartermbutdoesnotseem

tobereducibletotheCH-NLSnonlinearities.

OtherpathsforinvestigatingthephysicalnatureoftheCH-NLSequationis

tostudyitshigherdimensionalextension

i
∂

∂t
Ψ+∆Φ+2σΨ |Φ|2−α2|∇Φ|2 =0, (3.3.15)

forafieldΨ(x,t),where(x,t)∈Rn×R,Ψ=Φ−α2∆Φ∈Candσ=

±1. ThisequationisclosertotheGross-Pitaevskiiequationusedinthe

theoryofBose-Einsteincondensates(seesection3.6),buthereagain,the

nonlineartermthatisoftenuseddoesnotcorrespondtothesenonlinearities.

172



Nevertheless,itwouldbeinterestingtostudythisequationintwodimensions,

andinparticular,thepossibleeffectoftheα-termsontheblow-upoflocalised

solutions,seeforexamplethemonographSulemandSulem(2007).
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3.4 Stochastichierarchies

Inthissection,wewillusethegeometricinterpretationoftheintegrable

hierarchiesand,inparticular,theAKNShierarchytointroducestochastic

perturbationssuchthatthenotionofstochasticintegrabilitydefinedinthe

firstchapterinsection2.2.1isretained.Byaddingnoiseinageometrically

consistentway,wewillshowthatarbitrarylinearcombinationsofintegrable

flowswithstochasticparameterswillremainintegrable. Fromthisresult,

weconjecturethatnootherstochasticPDEscanbecompletelyintegrable.

Indeed,therearenoothercasesofintegrablestochasticPDEsintheliterature

thantheoriginalworkofWadati(1983)ontheKdVequationandsubsequent

papers.Aswewillsee,theseworksarecontainedinthepresenttheory.

WewillstartbyintroducingnoiseintotheLagrangianderivationofthe

AKNShierarchyinsection3.4.1,thenderivevariousequationsofthestochas-

ticAKNShierarchyanddevelopastochasticextensionoftheinversescatter-

ingtransforminsection3.4.2toendbythestudyofsomeofthestochastic

equationsinsection3.4.3.ThissectioniscontainedinArnaudon(2015).

3.4.1 Stochasticconstrainedvariationalprinciple

Inthefirstchapter,wesawthatforfinitedimensionalsystems,thenoise

iscompatiblewiththereductionbysymmetryifwechoosethestochastic

potentialtobelinearinthemomentum.Inthiscase,wewillslightlyrelax

thisconditiontoobtainamoreinterestingtypeofnoisewhilehavingthe

reductionbysymmetryavailabletogetherwiththecompleteintegrability.

Towritethisstochasticdeformationintoavariationalprinciple,wewilluse

theClebschderivationdescribedinsection2.2.1.NoticethattheHamilton-

Pontryaginapproachofsection2.2.1wouldalsowork.

Wewillusethefollowingconstrainedvariationalprincipleforatime tiand
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associatedvelocityM :=M(i)

S= l(M)+(p,µ),∂ti(q,a)+ad(M,ξ)(q,a) dti+
l

Φl(q,p)◦dW
l
ti
.

(3.4.1)

where(p,µ)∈T∗LGaretheso-calledClebschvariablesusedtoenforcethe

constraintthatthevariables(q,a)∈TLGevolveadvectedby(M,ξ)∈Lg.

Werecallthat LG
c
isthepolynomialloopgroupwithacentralextension.

Theelementinthecentredenotedaisalsoapolynomialinλwiththesame

orderasq.ThefunctionΦisthestochasticpotentialandintroducesnoise

intothisvariationalprinciple. Atthispointitisarbitrary,butitdoesnot

dependonthevariableinthecentreoftheloopalgebra. Wefirstcompute

thevariationsof(3.4.1)tofindthefollowingsetofequations

δl

δM
=ad∗qp+µc(q,·)=:L

d(p,µ)=ad∗(M,ξ)(p,µ)dti+
l

δΦl
δq
,0 ◦dWlti

d(q,a)=−ad(M,ξ)(q,a)dti−
l

δΦl
δp
,0 ◦dWlti.

(3.4.2)

Thefirstequationisonlyfortheloopalgebraandhasnocomponentinthe

centresothatthecoadjointactionisthestandardcoadjointaction.Theµ

variableisinthecentreoftheLiealgebrabutdoesnothaveanydynamics

asseenfromthesecondequation.Itcanthusbetakenasaconstant.The

lastequationhasanadjointactionandproducessomedynamicsforthea

variableinthecentre. Thisvariablewillnotaffectthedynamicsforthe

momentumLasitdoesnotappearinthefirstequation.

ToproceedwiththederivationoftheequationforL,weneedtoassume

thatΦl(q,p)=Φl(L).However,wedonotrestrictΦltobelinearintheL

variable,soitcanbeaquadraticformsuchthatwecandefinetheconjugate
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variableΞl=
δΦl
δL
and

dXi:=Mdti+
l

Ξl◦dW
l
ti
. (3.4.3)

WethenskipthederivationoftheequationforLwhichisstandardanduses

theJacobiidentity. WeobtainthestochasticEuler-Poincaŕeequationwith

cocycle

d
δl(M)

δM
=ad∗dXi

δl(M)

δM
+c(dXi,·). (3.4.4)

Explicitly,usingthederivativecocycleandthepairingofthesemi-simpleLie

algebragthisequationsimplifiestothestochasticZCR

dL−∂xdXi+[L,dXi]=0. (3.4.5)

BywritingtheZCRevenintermofΞ,weobtain

dL=(∂xM
(i)−[L,M(i)])dti+

l

(∂xΞl−[L,Ξl])◦dW
l
ti
, (3.4.6)

andifΞlistakentobeconstant,asdictatedbythereductionbysymmetry,

thespacederivativewillonlybemultipliedbyacommutatorofaconstant

withL.BychoosingΞlsuchthatthistermdoesnotvanish,itisstraightfor-

wardtoseethatthenoiseamplitudeisproportional,forexampleforKdV,

tou◦dWt. Asweseekhereamorenonlinearnoiseamplitude,wepro-

ceedbyfindingLiealgebraelementsΞl(L)whichwouldretainthecomplete

integrability.

3.4.2 ThestochasticAKNShierarchy

Fromthepreviousderivationoftheequationsontheloopalgebra,wecan

easilyfindthepossibleformforΞl.Ifwefollowtheapproachofthedeter-

ministiccase,wewillneedtocomputetheLegendretransform,thatisto

findtherelationM(L),andthisΞk(L). Whathelpsushereisthatthenoise

amplitudehasthesameformasthedrift,obtainedbysettingM =M(i)for
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(i,k) Reduction StochasticPDE

(2,1)
q=u
r=u

du=i(uxx+2u|u|
2)dt+ux◦dWt

(2,2)
q=u
r=u

du=i(uxx+2u|u|
2)(dt+◦dWt)

(2,3)
q=u
r=u

du=i(uxx+2u|u|
2)dt+(uxxx+6|u|

2ux)◦dWt

(3,1)
q=u

r=un,n=0,1
du=(uxxx+6u

n+1ux)dt+ux◦dWt

(3,2)
q=u
r=u

du=(uxxx+6|u|
2ux)dt+i(uxx+2u|u|

2)◦dWt

(3,3)
q=u

r=un,n=0,1
du=(uxxx+6u

n+1ux)(dt+◦dWt)

Table3.1:InthistablewepresentthefirstfewflowsofthestochasticAKNShierarchy
timeflowtiandasinglestochastictimetk.Thesecondcolumndisplaysthereductionwe
appliedonthefieldsLandM toarriveatthestochasticintegrableequationsofthelast
column.

agiveni. WecanthussetΞl=σlM
(kl)forapossiblydifferentindexklfor

eachnoiseindexl.Therealnumberσlrepresenttheoverallstrengthofthe

noise. Ofcourse,ifkl=klfortwodifferentlandl,thenbothnoiseswill

equallycontributeandgiveasinglenoisewithoverallstrengthσl+σl.From

nowon,wewillcallklthestochastictimes.

Thestochastichierarchywillthushavetwoindicesforspacei,andtimej,

aswellasseveralindicesforthestochasticperturbationsdenotedkl. The

integrableflowsthusliveonthesliceNijbutarestochasticallydeformedin

theslicesNikl.FortheAKNShierarchy,thecomputationsarestraightfor-

wardfromthoseofsection3.2. Wecollectedthefirstfewstochasticflowsin

table3.1andwewillstudysomeoftheminmoredetailsinthenextsection

3.4.3.Beforethat,weinvestigatetheintegrabilityoftheseequationsviathe

bi-Hamiltonianformulationandtheinversescatteringtransform.
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Stochasticbi-Hamiltonianstructures

Oneoftheeasiestproofofintegrabilityistoshowtheexistenceofabi-

Hamiltonianstructure.ThismethodisduetoMagri(1978).Sofarweonly

mentioneditfortheCH-NLSequationinsection3.3butallofthestan-

dardintegrable1+1PDEsarebi-Hamiltonian.Thestochasticdeformation

presentedherepreservestheintegrability,andthusthebi-Hamiltonianstruc-

ture.Indeed,onecandirectlycheckthatfortwoHamiltonianstructuresJ

andKandasequenceofHamiltonianshigeneratedbythesetwostructures,

wecanwriteaflowwithtimeiandstochastictimekas

du=J
δhi
δu
dt+J

δhk
δu
◦dWt

=K
δhi+1
δu
dt+K

δhk+1
δu

◦dWt.

(3.4.7)

Itisimportanttonotethatthetwo Wienerprocesseswhichappearinthis

formulahavethesamerealisationofthenoisedespitehavingadifferentso-

calledstochastictime.Indeed,iftheyweretohavedifferentrealisationsof

thenoise,noequalitycouldhold.

Stochasticinversescatteringtransform

RecallthatallofthesestochasticPDEswerederivedfromthestochastic

ZCR(3.4.5)whichiscanbeinterpretedasacompatibilityconditionfora

stochasticisospectralproblem.Thecompatibilityconditionis∂xdΨ=d∂xΨ,

whereΨ(x,t,λ)isthewavefunctionevolvingintimeandspaceaccordingto

dΨ=MΨdt+
l

ΞlΨ◦dW
l
t (3.4.8)

∂xΨ=LΨ. (3.4.9)

Asexpected,onlythetimeevolutionofthewavefunctionisstochasticand

thespectralproblemwithLremainsthesameasinthedeterministiccase.

WenowwanttobrieflygothroughthetheoryofISTfollowingtheclassic

expositionofAblowitzandSegur(1981),Ablowitzetal.(2004)andshow
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howtomodifythismethodtoincludethestochasticterms.Fortheclarity

ofthisderivation,wewillalsorestrictourselvestothesimplecaseofNLS

withasinglenoise.

Wefirstneedtointroducethescatteringdataassociatedwiththescattering

problem(3.4.9).RecallthatLislinearinλandu,uvanishesat±∞.The

fourboundaryconditionsfortheeigenfunctionΨcanthusbewritten

φ(x,λ)∼
1

0
e−iλx, φ(x,λ)∼

0

1
eiλx asx→+∞

ψ(x,λ)∼
0

1
eiλx, ψ(x,λ)∼

1

0
e−iλx asx→−∞.

(3.4.10)

Havingfixedtheboundaryconditions,weintroducethetransitionscoeffi-

cientsa(λ)andb(λ)whichrelatetheboundaryconditionsbetween−∞and

∞.Theyaredefinedbytherelations

φ(x,λ)=b(λ)ψ(x,λ)+a(λ)ψ(x,λ)

φ(x,λ)=a(λ)ψ(x,λ)+b(λ)ψ(x,λ).
(3.4.11)

Atthispoint,itispossibletosolvethespectralproblemandcomputethe

shapeofsolitonsolutionsforexample.Asthiscomputationdoesnotinvolve

noiseandisstandard,wewillskipitandassumethatweknowitssolu-

tion.Theimportantpartisthatitwilldependonthescatteringdataλand

a,b,whicharearbitraryatthispoint.Theproblemisisospectral,soλwill

notdependontime,butaandbwill. Tofindthetimeevolutionofthese

parameters,weneedthestochasticevolutionofΨbyM andΞ.

Wehavetheirvaluesatinfinity,denotedby M∞ = M(∞)andΞ∞ =

Ξ(∞). TheyarematricesdependingonlyonλandoftheformM∞ =

diag(m∞,−m∞)andΞ∞ =diag(ξ∞,−ξ∞).Asolutionof(3.4.8)atx=±∞

cannowbederivedintermofthesequantitiesandread

v+=
em∞t+ξ∞Wt

0
and v−=

0

e−m∞t−ξ∞Wt
. (3.4.12)

179



Noticethattheyarenotcompatiblewiththefixedboundaryconditionsforφ

andψwhichwepreviouslydefinedin(3.4.10)tosolvethespectralproblem.

Asinthedeterministiccase,byusingintermediatefunctionsonearrivesat

thefollowingequationforthetimeevolutionoftheeigenfunctionsφandΨ

dφ=(M−M∞)φdt+(Ξ−Ξ∞)φ◦dWt

dφ=(M+M∞)φdt+(Ξ+Ξ∞)φ◦dWt.
(3.4.13)

Usingtheformula(3.4.11)wecanexpresstheseequationintermofaandb

onlytoget

da=0

db=−2m∞bdt−2ξ∞b◦dWt.

Thetransitioncoefficientaisthusaconstantandbsatisfiesastochastic

processwhichcandirectlybeintegrated.Itssolutionis

b(λ,t)=e−2Θ(t,λ)b(λ,0), (3.4.14)

foraninitialconditionb(λ,0)wherewedefined

Θ:=m∞t+ξ∞Wt. (3.4.15)

Wecannowusetheseresultstofindthemissingparametersofthesoliton

solutionswhichdependontime.FortheNLSreductionq=u,r=−u,the

standardtheoryofISTgivestheone-solitonsolution

u(x,t)=−2i
b(t)

|b(t)|
ηe−2iξxsech(2ηx−2φ), (3.4.16)

whereφisaphasesuchthat|b(0)|/(2η)=e2φandthecomplexeigenvalue

decomposesasλ=η+iξtogivetworealvaluedparametersηandξ.Notice

thatthevaluesξ∞ andm∞ willalsodependonλ,thusonξandη. After

substitutingtheexplicitformofb(t)inthesolution(3.4.16)wecanrewrite
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itas

u(x,t)=2ηe−2iξxe2iImΘ(t)sech(2ηx+2ReΘ(t)). (3.4.17)

Thisformulawillbeuseinthenextsectiontoderivethesolitonsolutionsof

someoftheintegrablestochasticPDEofthestochasticAKNShierarchy.

3.4.3 Stochasticintegrableequations

WenowstudyseveralintegrablestochasticequationsofthestochasticAKNS

hierarchydisplayedintable3.1. Wewillsimplysurveysomeinteresting

featuresofthemandderivetheirone-solitonsolutions. Wewilldenoteby

thetypeofthestochasticequationthestochastictime,thatisforexample

typeIIIiswithk=3.

StochasticKdVandNLSequationsoftypeI

ThesimpleststochasticdeformationoftheKdVortheNLSequationiswith

k=1.Recallthattheflowwithk=1isatravellingwave,sothestochastic

equationsare

du=iuxx+2u|u|
2 dt+ux◦dWt and (3.4.18)

du= uxxx+6u
n+1ux dt+ux◦dWt n=0,1. (3.4.19)

TheirIt̂oformulationgivesasimplesecondorderdissipativeterm

du=iuxx+2u|u|
2 dt+

1

2
uxxdt+uxdWt and (3.4.20)

du= uxxx+6u
n+1ux dt+

1

2
uxxdt+uxdWt n=0,1. (3.4.21)

Fromthefactthatthenoisedependsonthespacevariableonlythroughthe

gradientofthefieldsu,thespatialtransformation

x→x−Wt (3.4.22)
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mapsthesestochasticequationsintotheirdeterministicversion. Anysolu-

tionsofbothequationswillthenbeoftheforma(t,x−Wt)wherea(t,x)

isthesolitonofthedeterministicequation.Thesimplicityofthisequation

comesfromthefactthatthestochastictimeisthesameasthespacevariable

whenviewedfromthegeneraltheorystudiedbefore.Inturn,asimplelinear

stochasticchangeofvariableinthesliceN1iforagiveniremovesthenoise

ofthePDE.

Theone-solitonsolutiononlyrequiresthecomputationofΘdefinedin(3.4.15)

Θ(t)=iλ2t+iλWt=i(ξ
2−η2+2iηξ)t+i(ξ+iη)Wt, (3.4.23)

andthesolution(3.4.17)is

u(x,t)=2ηe−2iξxe2i(ξ
2−η2)t+2iξWtsech[2η(x−2ξt−Wt)]. (3.4.24)

Thissolutioncorrespondstothedeterministicsolutionwithastochasticspa-

tialshiftasweexpectedfromthepreviousdiscussion.

ThestochasticKdVequation(3.4.19)correspondstooneofthefirstinstances

ofastochasticintegrableequationdiscoveredandstudiedbyWadati(1983).

WadatistudiedthestochasticKdVequation ut=(uxxx+6uux)dt+Ztfor

aBrownianmotionZt.Afterthechangeofvariableu→ u−Zt,weobtain

theequation(3.4.19)withWt= Ztdt.Thisshowsthat Wadati’sequation

isequivalenttotheequation(3.4.19)andinfact, Wadatiusedthischangeof

variablestoprovethecompleteintegrabilityofthisstochasticKdVequation.

Interestingly,thischangeofvariablesonlyworksfortheKdVequation.For

example,thismodificationforthestochasticNLSequationmodifiestheform

oftheequation.

Finally,thereisasimplephysicalinterpretationoftheseequationswherethe

noisecorrespondstoasmallconstantlineardispersionfluctuatingaround

zero.SuchsystemswerestudiedforexamplebydeBouardandDebussche

(2010)withafluctuatingsecondorderdispersion.Thefactthatachangea

variablecanremovethisstochasticfirstorderdispersionmakesthisequation

lessinterestingthantheoneofdeBouardandDebussche(2010). Never-
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theless,anextensiontoaspace-timewhitenoisedWt(x)wouldmakethings

morephysicalbutoutofthescopeofthiswork.Suchastochasticlinear

dispersionparametercanbeameasurableandmeaningfulquantityinthe

studyofopticalfibres,seeforexamplethemonographAgrawal(2007).

StochasticNLSequationoftypeIIandKdV/mKdVequations

oftypeIII

ThenextstochasticdeformationoftheNLSorKdVequationsiswhenthe

timeandthestochastictimearethesame.Thiscorrespondstok=2(type

II)forNLSandk=3(typeIII)forKdV.Theycanbewrittenas

du=iuxx+2u|u|
2 (dt+◦dWt) and (3.4.25)

du= uxxx+6u
n+1ux (dt+◦dWt), n=0,1. (3.4.26)

Fromthisformulationandthefactthatthestochastictimeisthesameas

thedeterministictime,itisclearthatthechangeofvariablet→t+Wtwill

transformtheseequationsintotheirdeterministicversion.Noticethattheir

It̂ocorrectioncontainsratherinvolveddissipativeterms.Forexample,for

NLSweobtainthefollowingcorrection

−2uxx|u|
2+u2uxx−2u|u|

4−
1

2
uxxxx−2(u|u|

2)xx.

Weproceedasbeforeandderivetheone-solitonsolutionbycomputingΘ(t)

toget

Θ(t)=iλ2t+iλ2Wt=i(ξ
2−η2+i2ηξ)(t+Wt). (3.4.27)

Thespeedofthesolitonisthusstochasticandfollowtheprocessdc(t)=

2ξ(dt+dWt).Noticethatthissolutioncorrespondstothepreviouschangeof

variablest→t+Wt.Inthisequation,thenoiseamplitudeisproportionalto

thespeedofthedeterministicsolitonparametrizedbyξ,theimaginarypart

oftheeigenvalueofthespectralparameterλ.Thisnoisethusinfluencesthe

speedofthesolitonanditsphaseshift.Forhigherordersolitonsorbreathers,
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thespeedoftheoscillationsoritsshapewillalsobecomestochastic. We

illustratethiseffectinfigure3.6wherewepresentanumericalsimulationof

thecollisionofafirstorderandasecondordersolitonoftheNLSequation

oftypeII.

Figure3.6:Thisfigureshowstheamplitude|u|ofanumericalsolutionofthestochastic
NLSoftypeIIwithparametersσ=0.3,dt=0.5·10−4anddx=0.1.Theinitialcondition
iscreatedfromtwosolitons,onewithparametersη=0.5andξ=−0.5andtheother,a
secondordersoliton(theamplitudeismultipliedby2comparedtothefirstordersoliton),
withparametersη=0.25andξ=0.5.Thesolitonskeeptheiridentityevenafteracollision
andthephaseshiftofthesolitonsafterthecollisiondependsontherealisationofthenoise.
Thehigherordersolitonseesitsperiodicmotionaffectedbythenoisebutremainscyclic,
witharandomperiodicity.

FromthechangeofvariablesofthestochasticNLSIandII,wecanfindother

solutionssuchasbreathersolutions. Westudyheretheclassicsolutionof

Peregrine(1983),givenbytheformula

u(x,t)= 1−
4(1+2it)

1+4x2+4t2
eit. (3.4.28)

ForthestochasticNLS,thesolutiongivenisthesamebutwiththechange

ofvariablesu(x+Wt,t)forthetypeIandu(x,t+Wt)forthetypeII.

Wedisplayinfigure3.7thedeterministicPeregrinesolutionandthetwo

stochasticsolutions.Forcomparison,therealisationofthenoiseisthesame

inthetwosimulations,butitinfluencesthemdifferently.ThetypeInoise

producesarandomhorizontalshearwhereasthetypeIInoisehasavertical
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Figure3.7:AdeterministicandtwostochasticPeregrinesolutionsaredisplayedinthis
figure.Theleftpanelshowsthedeterministicsolution,themiddlepanelshowsthetypeI
noiseandtherightpanelthetypeIInoise.Thestandarddeviationofthenoiseisσ=0.01,
andthenoiserealisationisthesameforbothsimulations.

StochasticcomplexmKdVoftypeII

Thereisonlyoneequationwhenk=2andtheflowtimefollowsthetime

t3. ThereductionistheNLSreductionasitistheonlyreductionforthe

timet2. TheequationbecomesacomplexmKdVequationorCmKdVof

typeII.Thedeterministicpartistheso-calledHirotaequationintroduced

byHirota(1973). ThenoiseisproportionaltotheNLSequation,andthe

correspondingstochasticPDEis

du= uxxx+6|u|
2ux dt+iuxx+2u|u|

2 ◦dWt. (3.4.29)

Inthiscase,itisnotpossibletofindachangeofvariableswhichwould

removethenoiseaswedidinthepreviouscasesandweonlyrelyonthe

solutionsgivenbystochasticIST.

WecomputeΘin(3.4.15)toget

Θ(t)=iλ3t+iλ2Wt

= i((ξ2−η2)ξ−2η2ξ)−η(3ξ2−η2)t+ −2ηξ+i(ξ2−η2)Wt.

Thespeedofthesolitonfollowsthestochasticprocessdc(t)=(3ξ2−η2)dt+

185



2ξdWt.Thesolitonswithdifferentvaluesofξwillhaveadifferentamplitude

ofthenoiseaffectingitsspeed.

StochasticNLSequationoftypeIII

Ifweexchangethetimeandthestochastictimewearriveatthestochastic

NLSequationoftypeIII

du=iuxx+2u|u|
2 dt+ uxxx+6ux|u|

2 ◦dWt. (3.4.30)

InthiscasethenoiseisproportionaltotheCmKdVequationandthedeter-

ministicpartisstilltheNLSequation.

WecomputethesolutionbyevaluatingΘin(3.4.15)andget

Θ(t)=iλ2t+iλ3Wt

= i(ξ2−η2)−2ηξt+ −η(3ξ2−η2)+i((ξ2−η2)ξ−2η2ξ)Wt.

Asbefore,nochangeofvariablescanremovethenoisefromthisequation.

Thespeedofthesolitonisgivenbydc(t)=2ξdt+[3ξ2−η2]dWt.Compared

tothepreviouscase,thenoiseisproportionaltoξ2andvanishesforη=
√
3ξ

andthesolutionstillhasastochasticphase.Thisnoisecouldmodelrandomly

smallhigherorderphysicaleffectsforexampleinopticalfibres(seeAgrawal

(2007)).

ThestochasticCHequations

Inthislastsection,wewillapplybothtypesofdeformationsoftheAKNS

hierarchywhicharetheSobolevandthestochasticdeformationstoobtain

stochasticCHequations. First,thestochasticCHequationoftypeIis

thesameasthestochasticKdVoftypeIasithasastochasticfirstorder

dispersion.ThisequationisareducedversionofthestochasticCHequation

ofHolmandTyranowski(2016)inthecasewhentheircylindricalnoiseis

constantinspace,seethenextsection3.5formoredetailonthis.Second,

thestochasticCHequationoftypeIIismoreinterestingandalsoreducesto
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astochasticpeakondynamics.

ThestochasticCHequationoftypeIIreads

dm=(2mux+mxu)(dt+◦dW), m=u−α2uxx. (3.4.31)

Usingthepeakonansatzu(x,t)= ipie
−|x−qi(t)|/αinthisequation,weob-

tainthefollowingstochasticHamiltonianequationsforthevariablesqi(t)

andpi(t)

dqi=u(qi,t)(dt+◦dWt)

dpi=−pi
∂u(qi,t)

∂qi
(dt+◦dWt).

(3.4.32)

ThisisafinitedimensionalHamiltonianstochasticprocessinthesenseof

Bismut(1982),withHamiltonian

h(p,q)=
1

2
i,j

pipje
−|qi−qj|/α, (3.4.33)

andstochasticpotentialΦ=h.

ThesetwostochasticCHequationsseemtobetheonlyintegrablestochastic

casesreducingtoastochasticpeakonsystem.Indeed,thehigherorderflows

ofCHarenon-localandcannotbereducedtosuchasystem.Forthetype

IIequation,wecanaskthequestionofthecrossingofpeakons. Thiswas

numericallystudiedinHolmandTyranowski(2016)forageneralisationof

thisnoiseintroduceddirectlyinthepeakonsystembutwhichbreakthelink

withthestochasticCHequation.FollowingtheoriginalproofofCamassa

andHolm(1993),wecanprovethattheywillnotcrossforthisstochasticCH

equation.Ifweconsiderasimpletwopeakonssystem,therearetwoconserved

quantitiesinthedeterministiccase,thetotalmomentumP=p1+p2and

theHamiltonianH=1
2
(p21+p

2
2)+p1p2e

|q1−q2|/α.Theconditionforthetwo

peakonstocrossissimplyq1=q2,andtheHamiltonianisinthiscaseH=
1
2
p21+p

2
2.TheHamiltoniancanthereforenothavethesamevalueaswhen

thepeakonsareseparated,thuscontradictingtheconservationofenergy.

ThisproofworksonlyiftheHamiltonianHisaconservedquantityofthe
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stochasticequationwhichisthecaseherebutnotinHolmandTyranowski

(2016).

Finally,thetypeIIInoisefortheCHequationonlyworkswhenthedeter-

ministicequationisthecomplexmCHequationofXiaetal.(2015)andwhen

thenoiseisproportionaltotheCH-NLSequation.Theintegrabilityofthe

CH-NLSequationisnotclearaswellasthephysicalinterpretationofboth

equations,henceweleavethestudyofthisstochasticequationforfuture

works.

3.4.4 Summaryandoutlook

Inthissection,wedidtheobviousthingtodo,thatistousetheLagrangian

interpretationofintegrablesystemsofsection3.2tointroducenoiseinto

theintegrablehierarchies. Wesawthatforthenoisetobeinteresting,we

needtoslightlygeneralisethefinitedimensionaltheoryandallownon-linear

stochasticpotentials.Asimplelinearpotentialwouldonlygiveasmallsetof

thepossibleintegrablestochasticequations.Theyconsistofstochasticlinear

combinationsofflowsofthesamehierarchyandwiththesamereductionfrom

thegeneralLiealgebraelement. WiththestochasticEuler-Poincaŕeequa-

tion,orequivalentlythestochasticZCRassociatedtoastochasticisospectral

problem,wewereabletoderiveexactsolitonsolutionsviaastochasticinverse

scatteringtransform.Thesolutionofsomesimplestochasticflowscouldbe

foundbyastochasticchangeofvariable,butequationswithhigherorder

stochasticflowsneedthestochasticISTmethodtocomputethetime-related

parametersofthesolutions.Indeed,itiswell-knownthattheshapeofthe

solitonsremainsthesameforeachstochasticequationofthesamehierar-

chybecausetheLoperatorofthespectralproblemisthesameforall. We

onlylookattheone-solitonsolutionoftheseequations,butthestochastic

ISTcouldbeusedtoderivealltheotherstandardN-solitonssolutionsor

breathersforexample. Weleavetheinvestigationoftheeffectofthenoise

onthesesolutionsforfutureworks,aswellasthenumericalsimulationsof

high-orderstochasticflows.Indeed,thestandardpseudo-spectralscheme,

whichweusedtosolvethestochasticequation,appearedtobeunstable
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whenthestochasticflowcannotbeabsorbedbyadirectchangeofxort

variable.Thisalsosuggeststhatstudyingthestabilityofthestochasticsoli-

tonswouldbeaninterestingandnecessarynextstep. Methodssimilartothe

energy-Casimirmethodforthestabilityofsolitonscouldbeextendedtothis

stochasticcontextandprovideinformationabouttheirstochasticstability,

similartotheresultsofsection2.4.Themethodswehaveinmindoriginated

intheearlyworksBenjamin(1972),Bona(1975),Bonaetal.(1987),Gril-

lakisetal.(1987)anduseconservedquantitiestoassesstheorbitalstability

ofsolitons.
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3.5 StochasticPDEwithstochastictransport

ThereisanotherwayofintroducingnoiseintoPDEssimilartowhatwe

didinthefirstchapterforfinitedimensionalsystems. Thisistheoriginal

ideaofHolm(2015)forstochasticfluiddynamicswhichwewillapplyto

1+1integrablePDEs.ItusestheHamiltonianstructureoftheequation

associatedwiththereductionbysymmetriesofthediffeomorphismgroup.

Thisgeometricalinterpretationoftheseequationsisclosertothephysical

meaningoftheseequationsintermoffluiddynamics.Aswewillsee,thenoise

willcorrespondtohavingastochastictransportvelocityfield. Wewillnot

exploretheresultingequationsindetails,butwewilljustderivesomeofthem

andexploresomeoftheirpropertiesinsection3.5.1.Oneinterestingresult

ofthissectionistheapplicationofthismethodtothenonlinearSchr̈odinger

equationin3.5.2.Indeed,weneedanotherwaytointroducenoisesothatwe

obtainanon-trivialdeformation. WewillachievethatbyusingtheMadelung

transformationviewedasamomentummaptotransferthenoisefromfluid

equationstotheNLSequation.

3.5.1 Classicaltransportnoise

WewillnotdescribehowtointroducenoiseinPDEsindetailshereasit

isthesameaswealreadydidforfinitedimensionalsystemsinsection2.2

orfortheAKNShierarchyinsection3.4.2.Recallthattheintroductionof

noisereliesonthegeometricalstructureoftheequation.Insteadofusing

theLagrangianstructurerelatedtotheloopalgebrastodescribeequations

suchasKdVorNLSaswedidinsection3.4.2,wewillusethestandard

Hamiltonianstructures.

Theideabehindthistypeofstochasticdeformationsistomodifythevelocity

variabletoastochasticvelocity,orinothertermstoappendastochastic

elementtotheHamiltonian.ThestochasticHamiltonianPDEsthatwewill

considerwillthusbeoftheform

du=J
δh

δu
dt+J

δΦi
δu
◦dWit, (3.5.1)
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whereJistheHamiltonianstructure,htheHamiltonianandΦithestochas-

ticpotential,usuallytakentobelinearinutomatchthetheoryofreduction

bysymmetry.TheimportantremarkhereisthattheHamiltonianstructure

JisthesameforboththedriftandthenoiseofthestochasticPDE(3.5.1).

InthecaseofKdV,wehavetwopossibleHamiltonianstructures,onebeing

J1=u∂x+∂xu+∂
3
xwithHamiltonianh=

1
2
u2dx.Theresultingstochastic

KdVisthus

du=(3uux+uxxx)dt+
i

(2σiux+σi,xu+σi,xxx)◦dW
i
t. (3.5.2)

IfinsteadweusetheotherstructureJ2=∂x,thenoisewillbeanadditive

noiseoftheform iσi,x◦dW
i
t.Thisisawell-studiedequation,andwerefer

todeBouardandDebussche(1998),deBouardetal.(1999),Debusscheand

Printems(1999)andreferencesthereinforinterestingworksontheexistence,

well-posednessandnumericalsimulationofthisequation.Similarinvestiga-

tionscouldbedonewiththestochasticKdV(3.5.2)instead,butweleave

thisforfutureworks.

InthecaseoftheNLSequation,theHamiltonianstructureisthecanonical

one,thatisJ=i
2
(0 1−10),andtheHamiltonianish= (|ux|

2+|u|4)dx.The

correspondingstochasticprocessisthen,forΦi=σi(u+u),

idu=(uxx+u|u|
2)dt+

i

σi◦dW
i
t. (3.5.3)

Thechoiceofthestochasticpotentialistoensurethatitisarealvalued

function.Thisstochasticdeformationproducesanadditivecylindricalnoise

studiedbyforexamplebydeBouardandDebussche(2003),Debusscheand

DiMenza(2002).FollowingtheKdVexample,wecouldusetheotherHamil-

tonianstructureoftheNLSequation

K=
−2u∂−1x u ∂x+2u∂

−1
x u

∂x+2u∂
−1
x u −2u∂−1x u

. (3.5.4)

Thisstructurewillgiveanon-trivialmultiplicativenoisewithanonlocal
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amplitudeintermofu. Forthislastreason,wewillnotinvestigatethis

stochasticprocessanyfurtherandratherconsideranotherwayofintroducing

astochasticdeformationtoobtainamoretractableandinterestingnoise.

3.5.2 StochasticNLSviathe Madelungvariables

Theideaisthefollowing. WewanttoaddnoiseintotheNLSequationsuch

thatweretaincertainofitsgeometricalproperties.Aswesawintheprevious

sections,retainingeithercompleteintegrabilityorHamiltonianstructures

doesnotgiveanynewformofnoiseintheNLSequation.Inthissection,

willexploretheintroductionofnoiseviaanothergeometricalstructureofthe

NLSequation,comingfromtheexistenceoftheMadelungtransformation.

WefirstdescribewhatisthistransformationwhichmapstheNLSequation

toaparticulartypeoffluidequations.

TheMadelungtransformationisduetoMadelung(1927)andisawell-studied

andwell-usedtransformationthatrelatestheNLSequationtoasetofquan-

tumhydrodynamicalequations. Wewillnotexplainthisconnectionwith

quantumhydrodynamicshere,butratherdescribethegeometricalnatureof

thistransformation. Wewillfollowtherecentderivationofthe Madelung

transformationbyFusca(2016)seenasamomentummap. Wefirstrecallthe

Madelungtransformationisobtainedbyintroducingthetworealvariablesρ

andφsuchthat

u=
√
ρeiφ. (3.5.5)

ρcorrespondstotheamplitudeofthesolutionandφitsphase. Wewillalso

usethenotation

v:=φx and µ:=ρv=Im(uxu),

whichcanbeseenasacurrent,ormomentumvariable. Thischangeof
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variablesyieldstherelations

iut= i
ρt
2
√
ρ
−
√
ρφt e

iφ

ux=((
√
ρ)x+i

√
ρv)eiφ

uxx= (
√
ρ)xx+i

√
ρvx+iv

ρx
√
ρ
−
√
ρv2 eiφ

2u|u|2=2ρ
√
ρeiφ.

ByconsideringseparatelytherealandimaginarypartsoftheNLSequation,

weobtaintheequationsforρandvas

ρt+(2ρv)x=0

vt+2vvx=2ρx+
(
√
ρ)xx
√
ρ

x

.
(3.5.6)

Thefirstisacontinuityequationforthedensityρandthesecondisthe

Eulerequationforthefluidvelocityv,withaparticularforcingtermonthe

right-handsiderelatedtothetheoryofquantumhydrodynamics.

Intherestofthissection,wewillfollowFusca(2016)whereitisexplainedin

detailwhytheMadelungtransformationisamomentummap. Wewillnot

givetheproofsthatareinthisworkandjustusetheresultstointroducenoise.

Interestingly,thestructurelinkedtothismomentummapistheClebsch

constructionwiththeClebschvariablebelongingtoasymplecticspacewith

acanonicalsymplecticform.ThisisthespacefortheNLSequationwhich

hasacanonicalPoissonstructure. Wealreadyknowthecanonicalstructure

oftheNLSequation,andweneedtheHamiltonianstructureoftheequations

(3.5.6).Forthis,wewritethisequationintermofthemomentumµ:=ρv

only

∂tµ=−
1

ρ
µ2

x

−ρ
(
√
ρ)xx
√
ρ

x

. (3.5.7)

Thisequationtogetherwiththeρequationis,infact,aLie-Poissonequation
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onthesemi-directproductspaceofcompressiblefluids,withPoissonbracket

{F,G}(µ,ρ)= µ
δG

δµ
∂x
δF

δµ
−
δF

δµ
∂x
δG

δµ
dx

+ ρ
δG

δµ
∂x
δF

δρ
−
δF

δµ
∂x
δG

δρ
dx.

(3.5.8)

OnecandirectlycheckthattogetherwiththeHamiltonian

H=
1

2

µ2

ρ
+
1

8

ρ2x
ρ
+
1

2
ρ2 dx, (3.5.9)

theLie-Poissonequationwiththebracket(3.5.8)givestheequationofmotion

(3.5.7).TheMadelungtransformationmapsthisLie-Poissonsystemtothe

HamiltonianNLSequation.

Weintroducesomenoiseintotheequation(3.5.6)asbeforebyaddinga

stochasticelementtotheHamiltonian(3.5.9). Weusealinearstochastic

potentialoftheformΦi=µσi,whereσi(x)arerealfunctionsoftheposition

x. Wedirectlyobtainthestochasticprocessesforρandµ

dρ=−(2ρv)xdt+
i

(ρσi)x◦dW
i
t

dµ=−
1

ρ
µ2

x

+ρ
(
√
ρ)xx
√
ρ

x

dt+
i

(µxσi+2µσi,x)◦dW
i
t,

(3.5.10)

wherethedriftisfromequation(3.5.6)and(3.5.7).

ThekeyingredientofFusca(2016)istointerpretuasacomplexhalf-density,

denotedΨthevariables(µ,ρ)asthemomentumvariableofcompressible

fluid,thatisµ∈X∗(R)andρ∈C(R).Inthiscase,theinfinitesimalgener-

atoroftheactionofDiff(R)C(R)onhalf-densitiesisgivenby

ξΨ(u)=−
1

2
uvx−uxv−iαu, (3.5.11)

whereξ=(v,α). Withthisaction,theMadelungtransformwasshowntobe

amomentummapinFusca(2016). Wearenowgoingtousethisactionto
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introducenoiseinthesystemNLS/Madelung,andseehowthenoiseaffects

boththeNLSanditsequivalentquantumhydrodynamicequation(3.5.10).

Proposition3.5.1.ThestochasticNLSequation,forα=0

idu=JNLSδHdt+
1

2
i(uσx+2uxσ)◦dW

i
t

=JNLSδHdt+−
1

2
iξΨ(u)◦dW

i
t

=JNLSδHdt+JNLSξΨ(u)◦dW
i
t,

(3.5.12)

whereJNLS=−
i
2
(0 1−10),isequivalenttothestochasticfluidequation(3.5.10).

Proof.Theabstractproofisstraightforwardfromthepropertiesofthemo-

mentummapandtheaboveconstruction.Nevertheless,wedirectlycheckit

bycomputing

1

2
i(uσx+2uxσ)=

1

2
(i
√
ρσx+i2σ(

√
ρ)x−2

√
ρvσ)eiφ,

whichthengives

dρ=(·)dt+(ρσ)x◦dW
i
t

dv=(·)dt+(vσ)x,

wherewedidnotdisplaythedrifttermforsimplicity.Intermofµ,wehave

dµ=(·)dt+µxσ+2µσx,

whichisthesameasthestochasticfluidequation(3.5.10).

Itturnsoutthatthisistheonlynoisetermcompatiblewithboththefluid

andtheNLSequationviatheMadelungtransform. Weoriginallyderived

thisnoisetermbyhandbylookingforsuchacompatiblenoiseterm,andwe

wereabletoobtainonlythisnoiseamplitude.Noticethatitconservesthe

totalmassoftheNLSequation,astheoverallphaseisstillasymmetryof

thestochasticequation.

195



3.5.3 Summaryandoutlook

Inthisshortsection,wediscussedtheeffectofthenoisewhendirectlyadded

tothecoadjointactioncorrespondingtothediffeomorphismgroup. The

caseofCamassa-Holmwasusedforthestochasticlandmarkdynamicsin

section2.6.Inthecaseofdispersiveequations,thereisanextrastochastic

termcomingfromthecentralextensionofthediffeomorphismgroup,or

Virasoroalgebra. Thisextensionissimilartotheextensionusedforthe

derivationofintegrablehierarchiesbuthasadifferentcocycletoproduce

thedispersivetermsofforexampletheKdVequation. Comparedtothe

stochastichierarchy,thefreedominthechoiceofthenoiseamplitudeis

biggerasthenoiseisdescribedbyfunctionsofx. Conditionsonthemfor

well-posednessandotherexistenceresultscouldbederivedbutareoutof

thescopeofthiswork.Fromthisfreedominthechoiceofthenoise,wedo

notexpecttoretainanyintegrability,unlessthenoisefieldsareconstantin

space.Inthiscase,wewouldrecoverthesimpleintegrableequationsofthe

stochastichierarchies.

Thesecondpartofthissectionwasdevotedtothederivationamoreinterest-

ingtypeofnoiseintheNLSequation. WeusedtheMadelungtransformation

totransfertheadvectionnoiseoftheassociatedfluidequationstotheNLS

equationtoobtainanon-trivialmultiplicativenoise.Fromthere,manyre-

searchdirectionsareopen,butthequestionofintegrabilityremainthesame

asfortheKdVequationthatwejustdiscussed.Anotherwaytointroducea

non-trivialnoiseintotheNLSequationwouldbetousethechangeofvari-

ablesbetweentheNLSequationandtheLandau-Lifshitzequationforwhich

weknowhowtointroducethestochasticadvection,thatis

dS(x,t)=S(x,t)×Sxx(x,t)dt+
i

S(x,t)×σ(x)◦dWit,

foraspinS(x,t)∈R3,seeforexamplethereviewLakshmanan(2011).The

changeofvariablefromthisequationtotheNLSequationismoreinvolved

thantheMadelungvariablesandweleavethisforfutureinvestigations.
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3.6 Thereduced Maxwell-Blochequations

Inthisverylastsection,wewillpresenttheresultsofArnaudonandGibbon

(2017)onthereducedMaxwell-Blochequations(RMB).Theseequationsare

completelyintegrableandappearasnegativeflowsoftheAKNShierarchy

butwithnon-zeropolesintheM operatoroftheisospectralproblem.Oneof

themwasderivedandstudiedbyCaudreyetal.(1974),Doddetal.(1982),

Eilbecketal.(1973),Gibbonetal.(1973)intheearlydaysofintegrable

systemsbuthasnotattractedmuchattentionfromthecommunitysince

then,apartfromisolatedpapersuchasAiyer(1983)wheretheHamiltonian

andrecursionoperatorswerederived.Fromourperspectiveofdeformations

ofintegrablesystems,theseequationsprovideuswithanothertypeofde-

formationspreservingcompleteintegrability. Aswewillsee,theoriginal

RMBequationdependsonaparameterω0andreducestothesine-Gordon

equationinthelimitω0→ 0. Thisparametercanthusbeinterpretedas

characterisingtheamountofdeformationwithrespecttothesine-Gordon

equation.Thefirstmainresultofthissectionistoobtainalargerclassof

suchdeformationsofintegrablesystems. Wewillobtainfournon-equivalent

integrableequationsinsection3.6.1whichreduceeithertothesine-Gordon

orthesinh-Gordonequation. Theydifferonlybyafewsignsandwewill

justifythenamehyperbolicRMBequationsforthetwoequationswhichre-

ducetothesinh-Gordonequation. Wewillthenstudyaninterestingfinite

dimensionalreductionoftheseequation,relatedtotheLorenz63modelin

section3.6.2andusedittoanalysethestabilityoftheconstantsolutionsof

thefullPDEinsection3.6.3.Inthelastpart3.6.4,wewillshowthatone

ofthenewequationswhichwewillcallthehRMBequationcanbeobtained

fromthetheoryofstronglycorrelatedBose-Einsteincondensates.

3.6.1 Thefourintegrablereduced Maxwell-Blochequations

Inthissection,wewillfirstpresentthefourreducedMaxwell-Blochequations

andshowhowtoderivethemasnegativeflowsoftheAKNShierarchy.
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Thefourequations

TheRMBequationsarewrittenforfourindependentspace-timerealscalar

fieldsE,N,PandQforaone-dimensionalspacex∈R.Thesefourintegrable

equationshaveonlysigndifferencesbetweenthenandcanbewrittentogether

as

Ex=P

Pt=EN+σ2ω0Q

Nt=−σ1EP

Qt=−ω0P,

(3.6.1)

whereσ1,2=±1selectsbetweenthefourequationsandω0isarealparameter.

Thefourequationscanbelistedsuchthat

•forσ1=σ2=1,wehavetheoriginalRMBequation,

•forσ1=−1,σ2=1,wehavethenewhyperbolicRMBequationfor

stronglycorrelatedBose-Einsteincondensate,

•andforσ1=±1,σ2=−1,wehavetwonewequationswithadifferent

M operatorforthezerocurvaturerelationbutwhichdonothavea

clearphysicalinterpretationyet.

TheRMBequationscanalsobeseenasacombinationoftworotations,one

inthe(P,Q)variableswithrotationspeedproportionaltoω0,andtheother

inthe(P,N)variableswitharotationspeedproportionaltotheEvariable.

Inthisview,theparametersσ1,2changetheseellipticmotionstohyperbolic

dynamics.

Aswealreadymentionedtheparameterω0canbeseenasadeformation

parameterandinthelimitω0→ 0werecoverthesine-Gordonequationfor

thecaseσ1=1andthesinh-Gordonforσ1=−1.Inthislimit,theQ

variablecanbediscardedaswellastheσ2parameter.Forthecaseσ1=1,

thechangeofvariablesE=φx,P=sin(φ)andN =cos(φ)wherewe

introducedanotherrealscalarfieldφgivesthesin-Gordonequationofthe
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form

φxt=2sin(φ). (3.6.2)

Forσ1=−1,thechangeofvariableisE=φx,P=sinh(φ)andN=cosh(φ)

andthesinh-Gordonequationis

φxt=2sinh(φ). (3.6.3)

Thesetwoequationsareimportantinphysicsandinmathematicsandwereat

theoriginofthedevelopmentsofintegrablesystems.Indeed,soonafterthat

theKdVandtheNLSequationsweresolvedbyZakharovandShabat(1972),

theSine-Gordonequationwasshowntobeintegrablewithkinksolitonsby

severalauthors,includingAblowitzetal.(1973a,b),Caudreyetal.(1973).

Weneedtomentiontheexistenceofanimportantconservedquantity,espe-

ciallyinphysics.OncancheckthattheRMBequations(3.6.1)conservethe

quantity

η:=P2+σ2Q
2+σ1N

2. (3.6.4)

IntheclassicRMBcase,thiscorrespondstothewell-knownBlochsphere

ofopticsorquantummechanics.Intheothercases,thisspherebecomesa

hyperboloidwithvariousorientations.

Thecompleteintegrabilityoftheseequationsisobtainedbywritingthezero

curvaturerelationassociatedwiththespectralproblem

Ψx=Lσ1Ψ

Ψt=Mσ1,σ2Ψ,
(3.6.5)

whereΨ=(ψ1,ψ2)
Tisthescatteringwavefunctionforthespectralparameter

λ.TheLoperatoristheusualZakharov-Shabatspectraloperatorwhichwe
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recallhere

Lσ1=λ
i 0

0 −i
+

0 E

−σ1E 0
. (3.6.6)

FortheRMBequationsthefieldEisreal,thusthisspectralproblemcorre-

spondstothemKdVreductionoftheAKNShierarchyratherthantheNLS

reduction.TheM operatorhastwodifferentformsdependingonthevalue

ofσ2.Forσ2=1,wehave

Mσ1,+=
1

2(λ2−ω20)
λ
−iN P

σ1P iN
−ω0

0 Q

−σ1Q 0
, (3.6.7)

wherethepolesinthecomplexplaneofthespectralparameterisat±ω0.

Forσ2=−1,theM operatorhasadoublepoleatω0andisgivenby

Mσ1,−=
1

2(λ2−ω20)(λ−ω0)
iλ2

0 P

−σ1P 0
−

−λω0
0 Q

σ1Q 0
+iω20

N 0

0 −N
.

(3.6.8)

OnecancheckthattheseoperatorssatisfythefollowingZCR

∂tLσ1−∂xMσ1,σ2+[Lσ1,Mσ1,σ2]=0, (3.6.9)

ifthefieldssatisfythecorrespondingRMBequation.Thederivationofthese

equationsfromthenegativeflowoftheAKNShierarchyisinAppendixC.

Weobtaintheseequationsfromagenericformforthenegativeflowand

successivelyapplyreductionstoobtainthenon-equivalentRMBequations.

Solitonsolutionsandinversescattering

WebeginbysolvingtheRMBequationsbyhandusingthetravellingwave

ansatzE(x,t)=E(t−c−1x),wherecisthespeedofthewave. Witha

non-vanishingboundaryconditiononlyforN,thatisN(±∞)=N∞,wecan
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reducetheRMBequationstothefollowingsecondordernonlinearODE

Exx=−E
1

2
σ1E

2+cN∞ +σ2ω
2
0 . (3.6.10)

ThisODEisclosetotheusualtravellingwaveequationforKdVorNLS,

withtheextrafeatureoftheω0termandthepossiblesignmodifications.

ThesigninfrontoftheE3termwillselectbetweenasech-profileanda

tanh-profile.Inσ1=1,thatistheclassicalRMBequations,weobtainby

settingN∞ =−1thesolitonsolutionofGibbonetal.(1973)

E(x,t)=E0sech
1

2
E0 t−

4

E20+4σ2ω
2
0

x , (3.6.11)

whereE0istheamplitudeparameterofthesoliton.

AdirectintegrationofthetravellingwaveODE(3.6.10)wouldgivethekink

solitonoftheform

E(x,t)=±E∞tanh2E∞ t−
N∞

E−2∞ /2−σ2ω
2
0

x , (3.6.12)

butthisisnotavalidsolutionoftheHRMBequation,duetounusualbound-

aryconditions.Inthehyperboliccase,wehaveQ(±∞)=E(±∞)N0
σ2ω0

,which

takesoppositevaluesat±∞.Usingthisboundarycondition,thetravelling

waveODEis

Exx=E
1

2
E2−cN∞ −σ2ω

2
0 +sgn(x)cE∞N0, (3.6.13)

wherethelastconstantispositiveforx>0,andnegativeforx<0.

Explicitsolutionsofthisequationaredifficulttoobtainhencewecompare

inFigure3.8thetanhsolutionwithanumericalsolutionof(3.6.13).They

canbeobtainedbyconsideringanidealisedmodelfor(3.6.13)

E(x)=∇V(E(x)), (3.6.14)
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Figure3.8:InthetoppanelwedisplaythepotentialfunctionV(E)in(3.6.15)describing
thetravellingwavesolutionsoftheHRMBequationinblue,andcomparewiththepotential
correspondingtothetanhsolutionindashedgreen.Inthebottompanel,wecomparethe
solutions,numericallyintegratedfrom(3.6.14).

withthepotentialfunction

V(E(x))=E(x)4−E(x)2−0.2sgn(x)E(x). (3.6.15)

Incontrastwiththeclassicalcase,ifσ1=−1andσ2=1thespeedofthe

kinksolitoncanpropagateineitherdirectionsandisstandingifω20E
2
∞ =

1
2
.

Inprinciple,thesesolutionscanbederivedfromthetheoryofinversescat-

teringtransformusingtheM andLoperators.Inthecaseσ1=1,the

M operatorisanti-HermitianwithrealvaluedE. Thespectrumcanthus

containdiscreteeigenvalueseitherpurelyimaginary,orincomplexpairs,i.e.

twoeigenvaluesλ1andλ2suchthatλ2=−λ1.Forσ1=−1,thereisno

discreteeigenvalueunlesstheboundaryconditionsat±∞donotvanish.In

thiscase,thetheoryofinversescatteringismoreinvolvedandgivesdark

solitonsorkinks. Wewillnotconsiderthiscasehereandonlystudythetwo

caseswhereσ1=1.

AsforthestochasticISTinsection3.4,wefollowtheexpositionofAblowitz

andSegur(1981).ThescatteringproblemisthestandardZakharov-Shabat

problem,andwerecalltheone-solitonsolution

u(x,t)=2ηe2iIm(m∞)tsech(2ηx+2Re(m∞)t), (3.6.16)

whereλ=iηandm∞ isthediagonalvalueoftheM operatorevaluatedat

202



x=∞.Forσ2=1,wehave

m∞(iη)=
η

2(η2+ω20)
, (3.6.17)

whichisrealandgivesthesolution(3.6.11).Forσ2=−1,weinsteadhave

m∞(iη)=
−ηω20+iω

3
0

2(η2+ω20)
3)
, (3.6.18)

whichcontainsanimaginarypart. Thisresultisincontradictionwiththe

factthatEisrealsoitisnotavalidsolutionoftheRMBequationwith

σ2=−1. Wewillnotinvestigatethisfurtherhereasitisoutofthescope

ofthisworkandinvolvesadeeperanalysisofthissystemwiththeIST.One

possiblesolutiontothisproblemcouldbetousetwoeigenvaluesinconjugate

pairsinsteadofasinglerealeigenvalue.Inthiscase,thesolutionswould

correspondtobreatherswhichareone-solitonmodulatedbyasinefunction,

andtypicalofthesine-Gordonequation.Itmaybethatthesolution(3.6.11)

forσ2=−1isaparticularcaseofabreatherwhichbehavesasaone-soliton.

ToillustratethesolitonsolutionsoftheRMBequationwedisplayinfigure3.9

twocollisionsofRMBsolitonswiththesameinitialconditionsbutσ2=±1.

WeusedA=1andA=2.5withω0=0.6.Noticethattheinitialconditions

arenotthesameastheydependonσ2,seeequation(3.6.11).Thestandard

RMBequationwithσ2=1hasonlyrightgoingsolitonswhichovertakeeach

otherandexchangetheirmomenta.Forσ2=−1,oneofthesolitonshasa

negativevelocity,andweobserveahead-oncollisionwhichwouldneverbe

asolutionofthestandardRMBequation.Thesesimulationswereobtained

bydirectlysolvingtheRMBequationwheretheequationforEisreplaced

bytheforcedtravellingwaveequationEx+Et=P. WeusedthePython

packageDedalus(Burnsetal.(2016))toperformthesesimulations.Itisa

spectralschemewithaRunge-Kuttatimeintegrator.
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Figure3.9:ThecollisionoftwoRMBsolitonsforσ1=1andσ2=1isdisplayedinthe
leftandforσ2=−1ontheright.ItshowsastandardovertakingfortheRMBcaseand
producesahead-oncollisioninthenewintegrableequation.

3.6.2 Finitedimensionalreduction

BeforelookingatthemodulationalstabilityorinstabilityoftheRMBequa-

tioninthenextsubsection,westudyaparticularfinitedimensionalreduction

oftheseequations.Forc=0,weassumethatthefieldsareconstantinspace,

whichamountsinreplacingthefirstequationof(3.6.1)withcEt=P.By

settingtheconstantofintegrationto0forsimplicity(havingitwouldcom-

plicatetheresultsbutwouldbemoregeneral),wecansetE=− 1
cω0
Qand

obtainthefinitedimensionalsystem

Pt=−
1

cω0
QN+σ2ω0Q

Nt=
σ1
cω0
QP

Qt=−ω0P.

(3.6.19)

204



Thissystemhastwoindependentconservedquantities

H=
σ1
2cω0

Q2+ω0N (3.6.20)

C=
1

2
P2+

σ1
2
(N−σ2cω

2
0)
2, (3.6.21)

aswellastheBlochsphere,ortheBlochhyperboloid,butisdependentofH

norC.ItturnsoutthattheODE(3.6.19)isthenon-dissipativeLorenz63

modelofLorenz(1963),whichwewillcallheretheODE-RMB.Thisequa-

tionhasnotattractedmuchattentionintheliterature,butwecanmention

themonographSparrow(1982),andinparticular,theAppendixKwhere

thenon-dissipativeLorenzsystemisstudiedinthelimitω0→0,thatisthe

sin/sinh-Gordonreduction. AsimilarreductiontoanODE,butfromthe

self-inducedtransparencyequationtothecomplexLorenzequation,wasde-

rivedandinvestigatedbyFowleretal.(1982,1983),GibbonandMcGuinness

(1980,1982).

3.6.3 Modulationalinstability

WestudyherethestabilityoftheconstantsolutionofthefourRMBequa-

tions.TheconstantsolutiondependsontwoconstantsQ0andN0andreads

Q(x,t)=Q0, N(x,t)=N0

P(x,t)=0 and E(x,t)=−σ2
Q0
N0
.

(3.6.22)

AswedidfortheCH-NLSequation,wewillstudythelinearstabilityofthis

familyofsolutionsbylinearisingtheRMBequationaround(3.6.22). Weuse

perturbationsoftheformN=N0+δN,andthesameforallthefieldsto

obtainthelinearisedequation








c∂t+∂x α 0 0

N0 ∂t −σ2
Q0
N0
σ2ω0

0 σ1σ2
Q0
N0

∂t 0

0 −ω0 0 ∂t















δE

δP

δN

δQ







=0. (3.6.23)

205



ByassumingtheperturbationstobeplanewavesoftheformδN∝cos(κx+

ωt)forallthefieldsandbyadirectsubstitutionintothelinearisedequations,

thesystem(3.6.23)hasasolutiononlyifthefollowingrelationholds

−cω3−κω2+ cω0
σ2N

2
0+σ1Q

2
0

N20
−αN0 ω

+κω0
σ2N

2
0+σ1Q

2
0

N20
=0.

(3.6.24)

Thisimplicitlineardispersionrelationistooinvolvedforananalyticaltreat-

ment. Wecanneverthelessseethatwithσ2=−σ1,thechoiceN
2
0=Q

2
0

correspondstoatransitionbetweentwodifferentregimes. Wethusplotthe

dispersionrelationω(κ)forseveralvaluesoftheparametersσ1,σ2anQ0

inFigure3.10computednumerically.Forthesecomputations,weusedthe

valuesN0=−σ1,c=−1,ω0=0.5andα=1.

When σ1=−σ2,thereisatransitionatQ0=N0fromastabletoan

unstableregime.Forσ1=1,thestableregimehasabandofmodulational

instabilityforlowwavenumbers,andforσ1=−1thesolutionisstablefor

allwavenumbers.Inmoredetails,wehavethefollowinganalysisofdifferent

regimes.

(a)σ1=1,σ2=1:Instabilitiesforlowwavenumbers,correspondingtoa

modulationalinstability(MI).Dependingonthevalueoftheparam-

eters,andinthiscaseforlargeQ0,astablelow-frequencyregioncan

exist.Increasingcwouldhaveasimilareffect.

(b)σ1=1,σ2=−1:Therearetwocases:

•ifQ20≤N
2
0,MIregime,similartothepreviouscaseσ1=σ2=1;

•ifQ20>N
2
0,MIregimetogetherwithasmalleramplitudeinsta-

bilityforallfrequencies.

(c)σ1=−1,σ2=1:Therearetwocases:

•ifQ20≤N
2
0,theconstantsolutionisstableforallfrequencies;
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Figure3.10:Inthesefourpanels,wedisplaytheinstabilitygainofthefourRMBequations,
forsomevaluesofQ0,N0=−σ1,c=1,ω=0.5andα=1. Weobservetworegimes
dependingontherelativevalueofQ0andN0ifσ1=−σ2.Inparticularforσ2=1,thereis
amodulationalinstabilityregimeforσ1=1,andastableregimeforσ1=−1.
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•ifQ20>N
2
0,theconstantsolutionisunstableforallfrequencies,

exceptforasmallregionoflowfrequencies.

(d)σ1=−1,σ2=−1:thesolutionisunstableforalmostallfrequencies

andforanyvaluesofQ0.Asinthepreviouscase,thereisasmallstable

bandatlowfrequencies,forsmallvaluesofQ0.

Interestingly,thefinitedimensionalreductiontotheODE-RMBequation

(3.6.19)derivedbeforecanbeusedtoshedlightontheseregimesofstability

orinstability.First,forσ1=σ2=1,weknowthatthedynamicsisrestricted

totheBlochsphere(3.6.25)intersectedbyacylinderintheQdirections

(givenbythequantityCin(3.6.21)).Noticethatthisshapecanalsobeseen

astheBlochsphereintersectingtheparabolicsheetinthePdirection(given

byHin(3.6.20)). Thephysicalfixpointcorrespondsinthemodeltothe

positionQ=0,aswesettheconstantofintegrationinthefinitedimensional

reductionto0.ThisfixpointishyperbolicandhencecorrespondstotheMI

regimeasthedynamicsleavethisunstableposition,makealongtrajectory

toeventuallypassnearbyitseveraltimes.Theotherfixpointsofthefinite

dimensionalreductionareP=0, Q=±Q0 and N=σ2cω
2
0.Theyare

stablefixpointsbutnotphysicalaswehaveaconstraintonthevalueofthe

fieldsdictatedbyphysics,seesection3.6.4.Toillustratethisdiscussion,we

plotsomestableandunstableorbitsinFigure3.11(a).

ForthehyperbolicRMB,thatisforσ1=−1andσ2=1,thedynamictakes

placealongtheintersectionofahyperboloidintheN directiongivenby

(3.6.25)withaparabolicsheetinthesamedirection(givenbyHin(3.6.20)).

Thehyperboloidcanhaveoneortwosheets,dependingontherelativevalue

ofQandN.Inthetwosheetscase(thatisforQ20≤N
2
0),ifwepickN0=1

thedynamicsisrestrictedtothestablesheetwheretheparabolaisbounded

frombelow.ThisregimecorrespondstothestableregimeofthefullHRMB.

Ifthehyperboloidisofonesheet,orifN0=−1,thetrajectorycanreachthe

unboundedregionoftheparabola,whichcorrespondstotheunstableregime

oftheHRMBequation.InFigure3.11(b),weillustratethisdiscussionby

showingastableandunstableorbitoftheODE-RMBequation(3.6.19).

FortheRMBequation,thisregimeofmodulationalinstabilitywasknownfor
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Figure3.11:Inthisfigure,wedisplaytypicalorbitsofODE-RMBequation(3.6.19)onthe
Blochsphere(left)andBlochhyperboloid(right),obtainedasafinitedimensionalreduction
oftheRMBequations.Ontheleftpanel,thestandardRMBequationwithσ1=σ2=1
ofquantumopticshassolutionsrestrictedtotheBlochsphere,withstableequilibriumin
thecenteroftheblackorbit,andunstablesaddlepointnearthecenteroftheredorbit.
ThispositioncorrespondstotheMIregimeoftheRMBequation.Ontherightpanel,we
showtwoorbitsofthereductionoftheHRMBequationofstronglycorrelatedBose-Einstein
condensates,whichare,inthiscase,restrictedtoatwo-sheethyperboloid.Thestationary
solutionatthecenteroftheredorbitisstable,butunstableneartheblackorbit.Thesetwo
scenarioscorrespondtothestabilityandinstabilityofthefullHRMBequation.
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alongtimeandcorrespondstothefocusingnonlinearSchr̈odingerequation

instability.Inthenonlinearregimeofthemodulationalinstability,whenthe

linearapproximationoftheintegrableequationisnotvalidanymore,the

nonlinearitiespreventthesolutiontoblowupandformatrainofinteracting

pulses.Thisnonlinearsolutioncanbeunderstoodasaregimeofintegrable

turbulenceandcanproducehighamplitudewaves,calledroguewaves. We

onlyrefertoZakharov(2009)forthenotionofintegrableturbulenceandto

AgafontsevandZakharov(2015)fortheformationofroguewavesforthe

nonlinearSchr̈odingerequation.

3.6.4 ApplicationtostronglycorrelatedBose-Einsteincon-

densates

TheoriginalRMBequationwasderivedinthecontextofquantumoptics

andinparticularwithinthetheoryofself-inducedtransparencybyCaudrey

etal.(1974),Doddetal.(1982),Eilbecketal.(1973),Gibbonetal.(1973).

ItturnsoutthatasimilarderivationholdsforthehyperbolicRMBequation

(withσ1=−1andσ2=1)butinthecontextofBose-Einsteincondensates

(BEC).Inthissection,wewillshowhowtoobtainthehRMBequationby

applyingseveralapproximationsofthecompletephysicalmodel. Wefirst

describethehyperbolicBlochequationwhichwewillthencoupletothe

Gross-PitaevskiiequationtoobtainthehRMBequation.

ThehyperbolicBlochequations

TheRMBandhRMBequationscontaintwodistinctparts.Theequationfor

thevariables(P,Q,N)isanODEcoupledwithE.Thiscouplingmakesthe

wholesystema1+1PDE.InthecaseoftheRMB,thisODEistheBloch

equation,whichpreservestheBlochsphere

P2+σ2Q
2+σ1N

2=η, (3.6.25)

andforthehRMB,itisthehyperbolicBlochequationwhichinsteadpreserves

thehyperboloidP2+Q2−N2. ThisfinitedimensionalhyperbolicBloch
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equationwasrecentlyderivedinthecontextofstronglyinteractingBose-

Einsteincondensates(BEC)byKira(2015b). Wewillonlysummarisethis

derivationhere,basedonthemethodofcluster-expansionthatweusedin

ourstudyoftheFokker-Planckequationforstochasticlandmarkmatching

insection2.6.

ThehyperbolicBlochequation(HBE)describesthedynamicsofbosonsevap-

oratedfromaBECandformingagassurroundingit.Thisgasisstillinter-

actingwiththeBECassomeofitsatomscanbecapturedbackintotheBEC

whileotherscanevaporatefromit.Thereis,therefore,atime-dependentpro-

cessofexchangingatomsbetweentheBECandthissurroundinggas.This

effectonlyappearsinstronglycorrelatedBEC,wheretheinternalcorrela-

tionsaresignificantenoughtoevaporatepartsofitsconstituents.Thisin-

teractionischaracterisedbyalengthscaleascattwhichinthecaseofstrongly

correlatedBECcanbeconsideredasascatt→ ∞.IntheGross-Pitaevski

descriptionoftheBEC,thiscoefficientmultipliesthenonlinearcubicterm

whichrepresentsthenonlinearinteractionsoftheatomsintheBEC.

Inquantummechanics,thedescriptionofaBosegasiswrittenintermsof

bosonicoperatorsBkforwavenumberkwiththecommutationrelations

[Bk,B
†
k]=δk,k, [Bk,Bk]=[B

†
k,B

†
k]=0,

whereB†istheconjugatetransposeofB.Eachoperatorhasamomentum

kandanenergy

Ek=
2k2

2m
,

wheremisthemassofthebosonsand thePlanckconstant.Thecasek=0

correspondstothelowestenergylevelanddescribesthecondensedatomsin

theBEC.Alltheotherstateswithk=0aretheevaporatedatoms. This

approximationallowsustoconsiderasinglewavenumberandtoonlyusefour

bosonicoperatorsB+,B−,B
†
+andB

†
−.TheHamiltonianisasimplification
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oftheoriginalonederivedinKira(2015a,b)andisgivenby

Ĥ=ω0B
†
+B++Ω(B−B++B

†
−B

†
+), (3.6.26)

whereω0isthetransitionenergyand

Ω=VNc=4π
2m−1ascattNc (3.6.27)

isthequantum-depletionsource.Thistermisproportionaltothenumberof

condensedatoms

Nc=Ntot−f. (3.6.28)

Wedenoteby Ntotthetotalnumberofatomsinthesystem.Noticethatthe

firsttermistheusualquantumharmonicoscillator,andthesecondtermis

asourceanddepletiontermforthepairofatomswithoppositemomenta.

Nowrecallthattheseoperatorswouldnotcorrespondtoanyobservablequan-

titiesandweneedstoinsteadcomputethetimeevolutionoftheirexpecta-

tion,followingthedynamicsprescribedbytheHamiltonian(3.6.26).Thisis

givenbyanequationsimilartotheFokker-Planckequation,butwherethe

dissipativetermrelatedtothenoiseisreplacedbytheparticleinteractions.

Asforthelandmarkdynamics,theissueisthatthisequationisaPDEona

highdimensionalspaceandmustbeapproximatedbyafinitesetofODEs

tobesolved,evennumerically. Thiscanbeachievedbyusingthecluster

expansionapproach. Wewillusestandardnotationforexpectations,thatis

BkB
†
k = Bk B†k +∆ BkB

†
k .

Thereisonetrickthatoneneedsinordertobeabletoderiveanapproximate

equation.Itconsistsinachangeofrepresentationoftheseoperatorssuch

thattheBECbecomesthegroundstateofthesystem,neededastheBEC

isafullycorrelatedsystemwhichwouldrequireallordersinthecluster

expansion.Thisisdonebychoosingaparticularbasisfortheoperationof

takingexpectations,seeKira(2014)forallthedetails.InmorediluteBEC,

astandardtruncationsuffices,butnothere.Theresultofthisoperationis
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thattheexpectationsimplifiesas

B†kBk =∆ B†kBk :=fk

BkB−k =∆ B†kB−k :=pk,

wherewedefinedthetwofields(fk,pk).Therealvaluedquantityfkcounts

thenumberofatomsinthestatek,andthecomplexquantitypkcountsthe

numberofpairsofatomsejectedfromtheBECstateB0totwoevaporated

stateswithoppositemomenta.Itscomplexconjugateisthereverseprocess.

Higherorderprocessescanbeconsideredandwillcorrespondtohigherorder

correlationsintheclusterexpansionmethod. Wewillnotshowhowtoderive

theequationsforfkandpkbutonlyrefertotheoriginalderivationofKira

(2015b)asitislengthyandnotrelevantforthepresentstudy. Wewill

notconsideranyhigherorderinteractionsotherthanfkandpk,andwewill

approximatetheinteractionpotentialbetweenbosonsbyacontactpotential,

thatisaDiracdeltafunction.ThisisequivalenttoexpressingtheFourier

transformofthecontactpotentialas

Vk=4π
2m−1ascatt,

andremovingthewavenumberdependenceoffands,asthisassumption

removesthetermscouplingthedynamicsofatomsatdifferentwavenumbers.

ThesimplifiedHBEequationisthen,fromtheHamiltonian(3.6.26),given

by

i̇p=ω0s+(2f+1)Ω

ḟ=2Im(Ωp∗),
(3.6.29)

ThisequationisveryclosetotheusualBlochequationexceptforasign

flipinthefequation,givingthehyperboliccharacteroftheequationwhich

preservesthehyperboloidη=(f+1
2
)2−|p|2insteadoftheBlochsphere.
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CouplingwiththeGross-Pitaevskiiequation

ThesecondstepneededtoobtainthehRMBequationistocoupletheHBE

equation(3.6.29)withthedynamicalequationdescribingtheBECitself.

ItmakessensetocoupletheHBEwiththeGross-Pitaevski(GP)equation

asbothareequationsfortheexpectedvalueofsomequantumoperators

representingthedynamicsoftheBEC. WewillnotderivetheGPequation

herebutjustuseitandincludeastandardsourcetermtomodelthefluxof

atomsbetweentheBECandthesurroundinggas.

WewilluseasimpleversionoftheGPequationobtainedusingthestan-

dardlocal-densityapproximation(LDA)whichconsistsofstudyingtheBEC

dynamicslocally,thusneglectingtheexteriortrappingpotential. Wewill

alsoconsideraone-dimensionalcondensate,whichcouldstillbephysically

relevantinappropriateexperiments,seeforexampleBurgeretal.(1999).

WeobtaintheGPequationcoupledtothefield sas

iψt+αψxx+βψ|ψ|
2=iβIm(p∗)ψ, (3.6.30)

whereψisacomplex-valuedwavefunctiondescribingtheBEC,α= 2/2m

andβ=8πascattα. WenowwritetheGPequationintheamplitudephase

variablesusingtheMadelungtransformation

ψ(x,t)= n(x,t)eiφ(x,t),

fortheamplituden(x,t)andthephaseφ(x,t).Thistransformationwhich

wealreadyusedintheprevioussectiongivestheequations

nt+2(nφx)x=βIm(p
∗)n (3.6.31)

φt=α
(
√
n)xx√
n
−φ2x +2βn. (3.6.32)

UsingtheLDAagain,wedecomposetheamplitudenasn(x,t)=n0+

n1(x,t),foraconstantbackgroundn0andasmallamplitudeperturbation

n1(x,t),i.e.|n1| n0. Thesteadysolutionofthisequationisobtainby

settingn1=0whereasatimeindependentphaseφ0(x)inthedecomposition
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φ(x,t)=φ0(x)+φ1(x,t)isfoundbysolvingαφ
2
0,x=2βn0. Wedirectlyfind

thatφ0(x)=κxwhereκ=4
√
πascattn0.Recallthatthestronginteraction

givesascatt→ ∞ andcorrespondstoκbeingalargequantity. Thephase

φ0(x)isthushighlyoscillatingandφ1isaslowlyvaryingphase. Wethen

approximatetheequation(3.6.31)atfirstorderinκtoobtainthefollowing

forcedwaveequation

n1,t+8
√
πascattn0n1,x= m−14πascattn0Im(p

∗). (3.6.33)

Tosummarizedweobtainedasimplewaveequationtodescribethelocal

dynamicsoftheBECaffectedbytheevaporationprocessofitsatoms.This

derivationisonlyformalandshouldbebetterphysicallyjustified.

BycouplingthisequationwiththeHBEequation(3.6.29),andusingthe

variables

Q=Re(p), P=−Im(p),

N=2π
m
(2f+1) and E=n0+n1,

(3.6.34)

onecancheckthatweobtainthehRMBequation(3.6)withσ1=−1and

σ1=1.InthecaseoftheRMBwithσ1=1,asimilarcouplingisdonewith

theMaxwellwaveequationwhichdescribesthelightpropagation.

3.6.5 Summaryandoutlook

Inthisfinalsection,wediscussedtheRMBequationswhicharenotsuch

well-knownequationsbutcanneverthelessbeseenasmembersoftheAKNS

hierarchy.Usually,thesine-Gordonorthesinh-Gordonequationsarederived

fromthefirstnegativeflowoftheAKNShierarchy. Thefactthatmoving

thepolesofthespectralproblemproducesnon-equivalentintegrableequa-

tionsseemstohavenotbeenfullyexploredinthepast. Weaddressedthe

questionoffindingallthepossiblenon-equivalentfirstnegativeflowsofthe

AKNShierarchybymovingthepolesawayfrom0.Thisintroducesparame-

terswhichcanbeinterpretedasdeformationparametersofthesine-Gordon

orthesinh-Gordon. Wefoundtwopossibledeformationsforeachequation,
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sowehave4non-equivalentdeformednegativeflowsoftheAKNShierarchy.

Alltheseequationsarecompletelyintegrableviatheinversescatteringtrans-

form,andwecaninprinciplefindtheirsolitonsolutions. Wederivedsome

ofthembyhandtoshowthatthehyperbolicequationshavekinksolutions

correspondingtotheusualsolitonoftheoriginalRMBequation. Wedidnot

investigatemuchfurthertheuseofIST,asthehyperbolicityoftheequation

makesthespectralproblemdifficulttosolveandoutofthescopeofthis

work.Interestingly,wecannotsolvethesecondRMBequationaseasilyas

theoriginalRMBequation.Thereasonforthisseemstobehiddeninthe

M operator,butwecouldnotyetfullyunderstandit.

Wealsoinvestigatedthelinkbetweenafinitedimensionalreductionofthe

RMBequationsandthenon-dissipativeLorenz63equationandhowwecould

usethedynamicsoftheODEtounderstandbetterthestabilityofconstant

solutionsofthefullPDEequations. Wefoundseveralregimeofstabilityand

instability,withamodulationalinstabilityfortheoriginalRMBequation,

andaregionofstabilityforthemostinterestingnewhRMBequation,which

meansthatsolutionscanpersistsinaphysicalsystem.Infact,weshowed

thatthishRMBequationcanbederivedfromaparticularapproximation

ofphysicalequationsinstronglycorrelatedBose-Einsteincondensates.This

derivationisratherformalanddeservestobebetterphysicallymotivatedto

beabletopredictforexampletheexistenceofsolitarywaveinthesephysical

systems. Wedidnotinvestigatethisdirectionfurtheraswedonothave

enoughphysicalintuitionaboutthisnewsystemtoadequatelyjustifyour

approximations.Indeed,theobservationofstronglycorrelatedBose-Einstein

condensatesgoesbacktoonlyafewyears,anditsmathematicaldescription

withthehyperbolicBlochequationwasdevelopedin2015byKira(2015b).
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4
Conclusion

4.1 Geometricdeformationsofintegrablesystems...

Thisworkhasbeenamathematicalexplorationthroughseveraltopics,with

emphasisonintegrabilityandstochasticity. Thecommonthreadofthe

studiesundertakenhereisthegeometricdeformationofintegrablesystems,

stochasticitybeingoneoftheprincipaltypesofdeformation.Atfirstsight,

noisedoesnotseemcompatiblewiththenotionofintegrability,butwesaw

thatbyusingaparticularmultiplicativenoiseconsistentwiththegeometri-

calstructureoftheoriginalequation,integrabilitycouldbepreserved. We

systematicallyintroducednoisefollowingthisideaofmodifyingtheHamilto-

nianwithastochasticpotential,thuspreservingthegeometricalstructureof

theoriginalequation.Thefreedomofthechoiceofthenoiseisthuslimited

tothechoiceofthenumberandformofthestochasticpotentials.

Infinitedimensions,thestochasticdeformationoftherigidbodymotion

withorwithoutgravityremainsintegrableonlyifthebodyhasacylindri-

calsymmetryalongtheaxisofthenoise.Inthisparticularcase,thenoise

appearsintheequationfortheanglevariablesintheaction-angledecompo-

sitionandthusleavestheactionvariablespreservedbythestochasticflow.
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Thisobservationwascrucialinthedefinitionofstochasticfinite-dimensional

integrablesystemswhichwedefinedassuchasystemwithanoiseappearing

onlyintheangleequation,inthesenseofLiouvilleintegrability.

Wethenlookedatanotherclassicalintegrablesystem,theTodalattice. With

thenoisearisingfromthegeometricalstructureoftheFlaschkavariables,we

foundthattheTodalatticecanadmitastochasticisospectralproblemonlyif

thenoisedoesnotpreservethecoadjointorbit,thatthetri-diagonalstructure

ofmatricesandtheconnectiontothephysicallattice. Thisisbecausethe

noisedoesnotcoupletwoormoreflowsoftheTodahierarchybuthasanoise

attachedtoeachparticle.

Goingtoinfinitedimensions,wecanincludenoiseinanintegrablehierarchy

whilemaintainingintegrabilityonlyifthenoisedoesnotdependonspace

andifitmultipliesaflowofthesameintegrablehierarchyasthedeterministic

equation.Ifweintroducenoiseasforfinitedimensionalsystemsusingthe

geometricstructureofthediffeomorphismgroup,wecannotobtainnon-

trivialintegrablestochasticdeformationsoftheoriginalequations.Hence,we

didnotinvestigatethistypeofdeformationindetailsandonlyshowedthat

wecoulduseotherpropertiesofanequationtoincludeaconsistentnoise,

aswedidfortheNLSequationwiththenoiseviatheMadelungchangeof

variables.Theseexamplesaregoodillustrationsofwhyusingthestructure

ofanequationtointroducesystematicperturbationsisavalidandfruitful

approach.Forexample,inthecaseoftheNLSequationthetotalmassofthe

solutionispreserved,andinthecaseoftherigidbodymotion,thecoadjoint

orbitispreserved.Thesearepropertiesnecessaryforintegrabilitybutalso

importantphysicallyastheyoftencorrespondtoobservedconservationlaws,

whereastheadditionalconstantsofmotionrequiredforintegrabilityrarely

existinphysicalsystems.Insomesense,thenoiserepresentsuncertainties

inthedynamicswhichmayarisefromvarioussourcesbutwhicharenever

predictableinpractice.

Apartfromstochasticperturbations,wealsoconsideredothertypesofgeo-

metricdeformations,suchasadeformationdependingonaparametersuch

thatwhenthedeformationparametervanishes,weshouldrecoverknown

equations. WedidthatforthereducedMaxwell-Blochequation,amember
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ofthenegativeAKNShierarchy,wherewecouldderivethreenewequations,

withoneofthemappearinginthetheoryofstronglycorrelatedBose-Einstein

condensates.Itturnsoutthatfindingexactsolutionsviatheinversescat-

teringtransformismoredifficultthanexpectedbecauseofthenon-standard

boundaryconditionsofthisequation. Weshowedsomenumericalsolutions

andastudyofthestabilityoftheconstantsolutionsasafirstinvestigation

oftheseequations.

Thelasttypeofdeformation,andthemostimportantafterthestochastic

perturbationistheinsertionoftheSobolevH1normdirectlyintointegrable

hierarchies. Wewereabletoimplementthisdeformationinasystematic

waybynotusingthediffeomorphismgroupstructureoftheequation,but

byusingthemoreabstractloopgroupstructureaimedatbetterdescrib-

ingcompleteintegrability.Interestingly,notalltheequationsobtainedfrom

thisdeformationareintegrable. Withthisscheme,wewereabletorecover

knownintegrableequationssuchastheCamassa-Holmequation,oritscu-

biccounterpart,themodifiedCamassa-Holmequation,orFORQequation.

Nevertheless,someequationssuchasthenewdeformationoftheNLSequa-

tiondoesnotseemtobeintegrable.Inthissense,theNLSequationplays

aparticularrole,anditsdeformedequation,theso-calledCH-NLSequation

isattheboundarybetweenintegrableandnon-integrablePDEs. Wecould

stillshowthatmanyfeaturesofintegrablePDEspersistfortheCH-NLS

equationsuchassolitarywaves,breathersorroguewaves.Theplacewhere

wecanobserveanobstructiontoitscompleteintegrabilityisinthecollision

ofsolitarywaveswithhighmomenta.Indeed,thecollisionsaredifficultto

resolvenumericallyandseemtoleaveresidualhighfrequencieswavesbe-

hind. Theseobservationscouldnotbeconfirmedasthenumericsdonot

convergewellenoughinthiscase,butitmaybeaclueforunderstandingthe

non-integrabilityoftheCH-NLSequation.

Tosumup,thequestionofrobustnessofintegrablesystemsundergeometric

deformationshasonlybeentouchedonthisworkanddeservesmorethoughts.

Inparticular,wecanmentionafewopenproblemswhicharosefromthis

work,suchastheintegrabilityoftheSobolevdeformationofintegrablehi-

erarchies,thepropertiesofstochasticsolitonsofthestochastichierarchies,
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theapplicationofthesedeformationstootherintegrablehierarchies,under-

standingtheintegrabilityofthestochasticTodalattice,applyingtheinverse

scatteringtransformtothenewRMBequations,etc...

4.2 ...andbeyond

Inmostofourstudies,webeganwithanintegrableequationandapplied

ageometricdeformationtoobtainnewequationswithsimilargeometrical

properties.Apartfromtestingintegrability,wewereabletousethisremain-

inggeometricstructureforothermeans.

Forthestochasticdeformationoffinitedimensionalsystemssuchasrigid

bodies,weincludedanonlineardissipationpreservingthegeometricstruc-

ture,orinthiscasecoadjointorbits. Wethenstudiedtheinteractionofnoise

anddissipationontheseusuallynon-flatcoadjointorbits.Inourmostim-

portantexample,thefreerigidbodywrittenonSO(3),thecoadjointorbitis

compact,whichmakestheinvestigationoftheFokker-Planckequationand

itsstationarydistributionmoretransparentandpossibletoobservewithnu-

mericalsimulations.Thissystemturnedouttohaveaprofoundconnection

withstatisticalphysicsasthestationarydistributionisaGibbsdistribution

whichappearsinthedescriptionofphysicalsystemscoupledtoanexternal

heatbathofagivenfixedtemperature.Inourcase,theinversetemperature

istheratiobetweenthenoiseandthedissipationamplitudeswherealarger

noisemeansalargertemperature. Toobtainanotionoftemperaturein

thestatisticalsense,weneededdissipationtocontroltheenergyinputfrom

thenoiseandobtainastatisticallystableregimewithafixedtemperature.

Weinvestigatedthisconnectionbyshowingthatthisdistributionarisesasa

maximumentropydistribution,givenafixedaverageenergy.

Byfollowingthisideaofinteractionbetweennoiseanddissipation,wetook

thepointofviewofrandomdynamicalsystemsandtriedtorevealthepossi-

bleattractorsofthesesystems. Withnoise,anattractorhasadifferentmean-

ingbecausethesystemisnon-autonomous.Theattractorsareobservedat

timet=0foreachnoiserealizationbylettingtheinitialconditionsbepulled

backto−∞. Withoutnoise,thisdefinitioncoincideswiththeusualnotion
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ofanattractor;withnoise,itiscalledapullbackattractor.Thetopicofpull-

backattractorsisanactiveareaofresearchindynamicalsystemsproviding

abetterunderstandingofthelong-timedynamicsofstochasticsystems.In

ourcase,wehaveevenmoreinterestingsystemsaswecouldnumerically

showthatthemotionontheirpullbackattractorcanbechaotic,obtainedby

anestimationofthetopLyapunovexponent.Thisisaremarkablefeature,

difficulttoproveanalyticallyandsubjecttoavastamountofwork,mainly

devotedtounderstandingwhichclassofdynamicalsystemsadmitsit,why,

anditsproperties.Inmostcases,theseso-calledrandomattractorsarise

fromperturbationsofnon-zerodimensionaldeterministicattractors,suchas

limitcyclesforexample.Here,theyarisefromsingulardeterministicattrac-

torswhichcorrespondtotheminimumenergypositionofthefreerigidbody.

Fromourinvestigationsofthissystem,severalotherresearchdirectionsare

leftopen.Inparticular,obtainingabetter,orevenanalyticaldescription

oftheserandomattractorswouldsurelybeinterestingaswellastryingto

extendtheseresultfromtherigidbodymotiontoothermechanicalsystems

withsymmetries.

Forthispurpose,weappliedasimilarstochasticdeformationandageometric

dissipationtoanotherintegrablesystem,theTodalattice.Unfortunately,we

didnothavetimetostudythepossibleexistenceofrandomattractorsinthis

system. TheTodalatticecanbeahighdimensionalsystem,butthesim-

ple3-particlelatticecouldbeofinterestforsuchaninvestigation.Another

interestingpointabouttheTodalatticeisthatitscontinuumlimitisthe

Burger’s,ortheKdVequationifhigherordertermsaretakenintoaccount.

Inourstochasticdissipativeregime,weobtainedaninterestingstochastic

dissipativePDEinthelimitwherethedissipationishighlynonlinear.This

equationshoulddeservemoreworkwhichweleaveforlater.Theinteresting

pointisthatthisnewtypeofnonlineardissipationisobtainedfromamod-

ifieddoublebrackettypedissipationatthelevelofFlaschkavariables,and

isnotausualviscousdampingoftheparticlesinthelattice. Wemaythus

expectinterestingresultsregardingthisequation.

Anotherparticlesystemadmittingacontinuumlimitisthelandmarkdynam-

icsobtainedfromareductionoftheCHequationusingsingularsolutions.
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Thesesolutionsbehaveasinteractingparticles,andinthelimitofalarge

numberofparticles,manysolutionsoftheoriginalPDEcanbedescribed.

Forthissystem,wecanreconstructasolutionoftheoriginalPDEevenfrom

asinglelandmark.Theinterestingfeaturehereisthattheinclusionofnoise

preservestherelationbetweenthestochasticlandmarkdynamicsandthe

stochasticPDE.Thisisacrucialpointforusingtheselandmarksinthefield

ofimagematchingorcomputationalanatomy,asafinitedimensionalrepre-

sentationofanimageiseasiertohandleinpractice.Inthiscontext,thenoise

ismeanttomodeluncertaintiesandvariabilitiesofobservedimagesasitis

insertedinthereconstructionequationfromthevelocityfieldtothesolution

onthediffeomorphismgroup. Wethenstudiedtheeffectofthenoiseinthe

evolutionoftheerrorofeachlandmarkviaafinitedimensionalapproxima-

tionoftheFokker-Planckequation.Usingthisscheme,weshowedthatwe

couldreliablyestimatethecovariancearoundeachlandmarkbyincludingthe

effectofthenoisecombinedwiththelandmarkinteraction. Wecanalsoesti-

matethenoisecorrelationfromasetofinitialandfinalimages,thussolvinga

difficultinverseproblem.Thisisonlypossiblebecausethenoisepreservesthe

originalHamiltoniandynamics,equivalentlyortheEuler-Poincaŕestructure

oftheoriginalPDE.Inshort,weappliedtwosuccessivefinitedimensional

reductionsoftheoriginalstochasticPDEtoobtainanestimateoftheeffect

ofthenoisetothelocalerrorinthestandardalgorithmsoflargedeformation

matching.
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A
Momentequationfor

stochasticlandmarks

Thisappendixcontainsthecomputationofthemomentequationforthe

stochasticlandmarkdynamicsofsection2.6.Itisbasedontheclusterexpan-

sionmethodappliedtothefirsttwomomentsoftheFokker-Planckequation.

Themethodisdescribedinsubsection2.6.2andthenextcomputationsonly

workforGaussiannoisekernels.

A.1 Firstmoments

RecallthebackwardKolmogorovoperatoronqαi,

Lqαi=
∂h

∂pαi
+
1

2
l,γ,δ

∂σαl(qi)

∂qγi
σγl(qi), (A.1.1)

223



whichisusedtocomputethetimeevolutionofthesinglet

d

dt
qαi = p

α
j K(qi− qj)−

l,γ,δ

1

2σ2l
σαl(qi)(q

γ
i −δ

γ
l)σ

γ
l(qi).

(A.1.2)

Inthiscase,theequationonlydependsonthesingletofthemomentum

variable. Wethuscompute

Lpαi=−
∂h

∂qαi
+
1

2
l,γ,δ

pγj
∂σγl(qi)

∂qδi

∂σδl(qi)

∂qαi
−
1

2
l,γ,δ

pγi
∂2σγl(qi)

∂qαi∂q
δ
i

σδl(qi).(A.1.3)

whichsimilarlygivesthetimeevolutionofthemomentumsingletintwo

termsas

d

dt
pαi =Ap+Bp,

where

Ap=
1

α2
j,γ

K(qi− qj)p
γ
ip
γ
j(q
α
i−q

α
j)

Bp=
l,γ

1

2σ2l
pγi σ

γ
l(qi)σ

α
l(qi).

WethenexpandApfurtherusingthecluster-expansionmethodonthetriplet

toget

Ap=
1

α2
j,γ

K(qi− qj)(p
γ
ip
γ
jq
α
i − p

γ
ip
γ
jq
α
j)

≈
1

α2
j,γ

K(qi− qj) pγi p
γ
j q

α
i +∆2p

γ
ip
γ
j q

α
i + p

γ
i ∆2p

γ
jq
α
i

+∆2p
γ
iq
α
i pγj − p

γ
i p

γ
j q

α
j −∆2p

γ
ip
γ
j q

α
j

− pγi ∆2p
γ
jq
α
j −∆2p

γ
iq
α
j pγj .

Alreadythistermdependsonthemixedcorrelationswhichwewillcompute

shortly,butwefirstcomputethepositioncorrelation.
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A.2 qqcorrelation

RecalltheformulaoftheKolmogorovoperatorappliedtoqαiq
β
j,

L(qαiq
β
j)=q

α
i

∂h

∂pβj
+

l

σαl(qi)σ
β
l(qj)+

1

2
l

qαiσ
γ
l(qj)

∂σβl(qj)

∂qγj
+t.,

(A.2.1)

whichtogetherwith(A.1.1)givesthetimeevolutionofthepositioncorrela-

tionintheform

d

dt
∆2q

α
iq
β
j =Aqq+Bqq+Cqq,

where

Aqq= qαi
∂h

∂pβj
− qαi

∂h

∂pβj
+t.

Bqq=
l

σαl(qi)σ
β
l(qj)

Cqq=
1

2
l

qαiσ
γ
l(qj)

∂σβl(qj)

∂qγj
−
1

2
l

qαi σγl(qj)
∂σβl(qj)

∂qγj
+t..

ThroughoutwewilldenotebyAthetermscorrespondingtothedrift,byB

thetermswhicharenotpresentinthefirstmomentequationandbyCthe

othertermswhichonlydependonthenoiseandthederivativeofthenoise

fields. Weproceedbyfirstapproximatingtheexpectationofthekernelsto

get

Bqq≈
l

σαl(qi)σ
β
l(qj)

Cqq≈−
1

2α2l l,γ
∆2 q

α
iq
γ
j σ

γ
l(qj)σ

β
l(qj)+t..
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wherewealsousedtheexplicitformofσlasaGaussiananduseitsformof

thederivative. WewillnowapproximatetheAqqtermtoget

Aqq=
k

qαip
β
kK(qj−qk)−

k

qαi pβkK(qj−qk)+t.

≈
k

∆2 q
α
ip
β
k K(qj − qk)+t..

ItisnowclearthattheBtermwilllinearlyincreasethepositioncorrelation,

whichwillthenexponentiallyincreasebytheCtermandbeaffectedby

themomentum-positioncorrelationbytheAterm. Wenowproceedby

computingthemomentumcorrelation.

A.3 ppcorrelation

WecomputetheKolmogorovoperatoron pαop
β
jtoget

L(pαip
β
j)=−p

α
i

∂h

∂qβj
−
1

2
l,γ,δ

pαip
γ
jσ
δ
l(qj)

∂2σγl(qj)

∂qβj∂q
δ
j

+t.

+
1

2
l,γ,δ

pδip
γ
j

∂σδl(qi)

∂qαi

∂σγl(qj)

∂qβj
+
1

2
l,γ,δ

pαip
δ
j

∂σδl(qj)

∂qγj

∂σγl(qj)

∂qβj
+t.,

andusing(A.1.3),weobtainthetimeevolutionofthecorrelationinthree

termsas

d

dt
∆2p

α
ip
β
j =App+Bpp+Cpp,
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where

App=− pαi
∂h

∂qβj
+ pαi

∂h

∂qβj
+t.

Bpp=
1

2
l,γ,δ

pδip
γ
j

∂σδl(qi)

∂qαi

∂σγl(qj)

∂qβj
+t.

Cpp=−
1

2
l,γ,δ

pαip
γ
jσ
δ
l(qj)

∂2σγl(qj)

∂qβj∂q
δ
j

+
1

2
l,γ,δ

pαi pγjσ
δ
l(qj)

∂2σγl(qj)

∂qβj∂q
δ
j

+
1

2
l,γ,δ

pαip
δ
j

∂σδl(qj)

∂qγj

∂σγl(qj)

∂qβj
−
1

2
l,γ,δ

pαi pδj
∂σδl(qj)

∂qγj

∂σγl(qj)

∂qβj
+t..

Wefirstapproximate

Cpp≈
1

2
l,γ,δ

1

α2l
σβl(qj)σ

γ
l(qj)∆2 p

α
ip
γ
j

−
1

2
l,γ,δ

σδl(qj)σ
γ
l(qj) pαip

γ
j(q
β
j−δ

β
l)(q

δ
j−δ

δ
l)− p

α
i pγj(q

β
j−δ

β
l)(q

δ
j−δ

δ
l)

+
1

2
l,γ,δ

σδl(qj)σ
γ
l(qj) pαip

δ
j(q
γ
j−δ

γ
l)(q

β
j−δ

β
l)+ p

α
i pδj(q

γ
j−δ

γ
l)(q

β
j−δ

β
l) .

Thelasttwotermscancelastheyaresymmetricunderthetransposeoper-

ationbecauseofthesumonthefreeindices,thustheCtermis

Cpp≈
1

2
l,γ,δ

1

α2l
σβl(qj)σ

γ
l(qj)∆2 p

α
ip
γ
j +t.. (A.3.1)

Weproceedwiththe Bppterm,whichisalsosymmetricunderthetranspose
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operation,thusgivingtheapproximation

Bpp=
l,γ,δ

1

α4l
σδl(qi)σ

γ
l(qj)p

δ
ip
γ
j(q
α
i−δ

α
l)(q

β
j−δ

β
l)

≈
l,γ,δ

1

α4l
σδl(qi)σ

γ
l(qj) pδi pγj qαi qβj +∆2 p

δ
ip
γ
j qαi qβj

+ pδi ∆2 p
γ
jq
α
i qβj + p

δ
i pγj ∆2 q

α
iq
β
j

+∆2 p
δ
iq
α
i pγj qβj +∆2 p

δ
iq
β
j pγj qαi

+ pδi qαi ∆2 p
γ
jq
β
j +∆2 p

δ
ip
γ
j ∆2 q

α
iq
β
j

+∆2 p
δ
iq
α
i ∆2 p

γ
jq
β
j +∆2 p

δ
iq
β
j ∆2 p

γ
jq
α
i

− pδi pγj qαi δ
β
l−∆2 p

δ
ip
γ
j qαi δ

β
l

− pδi ∆2 p
γ
jq
α
i δ

β
l−∆2 p

δ
iq
α
i pγj δ

β
l

− pδi pγj qβj δ
α
l−∆2 p

δ
ip
γ
j qβj δ

α
l

− pδi ∆2 p
γ
jq
β
j δ

α
l−∆2 p

δ
iq
β
j pγj δ

α
l

+ pδi pγj δ
α
lδ
β
l+∆2 p

δ
ip
γ
j δ

α
lδ
β
l .

wetreatthetwoHamiltoniantermsseparatelybyfirstwritingthemexplic-
itlyas

App=
k,γ

1

α2
pαip

γ
jp
γ
k(q
β
j−q

β
k)K(qj−qk)

−
1

α2
k,γ

pαi pγjp
γ
k(q
β
j−q

β
k)K(qj−qk)+t.

=:
k,γ

1

α2
(A1pp−A

2
pp)+t..
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Weexpandthefirsttermtoarriveat

A1pp≈K(qj − qk) pαip
γ
jp
γ
kq
β
j − pαip

γ
jp
γ
kq
β
k)

≈K(qj − qk) pαi pγj pγk qβj +∆2 p
α
ip
γ
j pγk qβj

+ pαi ∆2 p
γ
jp
γ
k qβj + p

α
i pγj ∆2 p

γ
kq
β
j

+∆2 p
α
ip
γ
k pγj qβj +∆2 p

α
iq
β
j pγj pγk

+ pαi pγk ∆2 p
γ
jq
β
j +∆2 p

α
ip
γ
j ∆2 p

γ
kq
β
j

+∆2 p
α
ip
γ
k ∆2 p

γ
jq
β
j +∆2 p

α
iq
β
j ∆2 p

γ
kp
γ
j

− pαi pγj pγk qβk −∆2 p
α
ip
γ
j pγk qβk

− pαi ∆2 p
γ
jp
γ
k qβk − p

α
i pγj ∆2 p

γ
kq
β
k

−∆2 p
α
ip
γ
k pγj qβk −∆2 p

α
iq
β
k pγk pγk

−∆2 p
γ
kq
β
k pαi pγk −∆2 p

α
ip
γ
j ∆2 p

γ
kq
β
k

−∆2 p
α
ip
γ
k ∆2 p

γ
jq
β
k −∆2 p

α
iq
β
k ∆2 p

γ
kp
γ
j ,

andthesecondterm

A2pp≈K(qj − qk) pαi pγjp
γ
kq
β
j − p

α
i pγjp

γ
kq
β
k)

≈K(qj − qk) pαi pγj pγk qβj + p
α
i ∆2 p

γ
jp
γ
k qβj

+ pαi ∆2 p
γ
jp
β
j qγk pαi pγj ∆2 p

γ
kq
β
j

− pαi pγj pγk qβk − p
α
i ∆2 p

γ
jp
γ
k qβk

− pαi pγj ∆2 p
γ
kq
β
k − p

α
i pγk ∆2 p

γ
jq
β
k .

ThistermcancelsthetermsoftheA1ppproportionalto p
α
i togivethe

approximation

App≈
1

α2
k,γ

K(qj − qk)∆2 p
α
ip
γ
j pγk qβj +∆2 p

α
ip
γ
k pγj qβj

+∆2 p
α
iq
β
j pγj pγk +∆2 p

α
ip
γ
j ∆2 p

γ
kq
β
j

+∆2 p
α
ip
γ
k ∆2 p

γ
jq
β
j +∆2 p

α
iq
β
j ∆2 p

γ
kp
γ
j

−∆2 p
α
ip
γ
j pγk qβk −∆2 p

α
ip
γ
k pγj qβk

−∆2 p
α
iq
β
k pγj pγk −∆2 p

α
ip
γ
j ∆2 p

γ
kq
β
k

−∆2 p
α
ip
γ
k ∆2 p

γ
jq
β
k −∆2 p

α
iq
β
k ∆2 p

γ
kp
γ
j +t..

Weendthiscomputationbyapproximatingthedynamicsofthemixed
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correlation.

A.4 pqcorrelation

Wecompute

L(pαiq
β
j)=−q

β
j

∂h

∂qαi
+pαi

∂h

∂pβj

+
1

2
l,γ

pαiσ
γ
l(qj)

∂σβl(qj)

∂qγj
−
l,γ

pγiσ
β
l(qj)

∂σγl(qi)

∂qαi

−
1

2
l,γ,δ

qβjp
γ
i

∂2σγl(qi)

∂qαi∂q
δ
i

σδl(qi)+
1

2
l,γ,δ

pδiq
β
j

∂σγl(qi)

∂qαi

∂σδl(qi)

∂qγi
.

Then,using(A.1.1)and(A.1.3)weobtainthetimeevolutionof∆pαiq
β
j as

d

dt
∆ pαiq

β
j =Apq+Bpq+Cpq,

where

Apq=− qβj
∂h

∂qαi
+ qβj

∂h

∂qαi
+ pαi

∂h

∂pβj
− pαi

∂h

∂pβj

Bpq=−
l,γ

pγiσ
β
l(qj)

∂σγl(qi)

∂qαi

Cpq=
1

2
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γ
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∂qγj
−
1

2
l,γ
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−
1

2
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γ
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δ
i

σδl(qi) +
1

2
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∂2σγl(qi)

∂qαi∂q
δ
i
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+
1

2
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pδiq
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∂σγl(qi)
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∂qγi
−
1

2
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∂qαi

∂σδl(qi)
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.
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Wefirstapproximate

Bpq≈
1

α2l l,γ
σβl(qj)σ

γ
l(qi)(p

γ
iq
α
i − p

γ
i δ

α
l)

Cpq≈−
l,γ

1

2α2l
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γ
l(qj)∆2 p

α
iq
γ
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l,γ

1

2α2l
∆2 q

β
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γ
i σ

γ
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α
l(qi).

FortheHamiltoniantermweobtain
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γ
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+
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231



B
Numericalschemeforthe

CH-NLSequation

Inthisshortsection,wewanttoquicklyexplainthenumericalschemethatwe

usedfortheprevioussimulationoftheCH-NLSequation.Thisisimportant

alsotoshowthattheradiationcomingoutofthecollisionsaredifficultto

resolvenumericallyandmaynotbephysical.

Weusedapseudo-spectralnumericalschemewithaFourierbasisinspace.

Wealsoneededasecondordercentredfinitedifferenceapproximationforthe

spacederivativesofthenonlinearterms. Thetimeintegrationisasecond

orderimplicitschemeforthelinearpartandafirstorderexplicitschemefor

thenonlinearterm.Theschemeisgivenby

ui+1−ui
∆t

=
i

1+α2κ2
−κ2
ui+1+ui
2

+ m(|u|2−α2|ux|
2)

i
, (B.0.1)

whereu(κ)istheFouriertransformofu(x)andiindexesthetimesteps.The

integrationofthelineartermisnotdissipative,buttheintegrationofthe

nonlineartermwillintroducedissipation.Foreachsimulation,weverifythat

thespaceresolutionissmallenoughtocapturemostofthespectrumofthe
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solutionandsuchthatthesolutioncanconvergeforsimplesolitonemergence

experiments. Forthecollisionofthemodulationalinstabilitysimulations,

therequiredspectrumbandistoolargeforrealisticsimulations. Thiswill

preventusfromhavingagoodconvergenceofthescheme.InfigureB.1,we

displaytheerrorsontheconservationofmassandmomentumofthecollision

solutionoffigure3.3(b),forthreedifferenttimesteps. Thisplotillustrates

thefirstorderofconvergenceofourschemebeforethecollisionaswellasthe

systematicerrorduringthecollision. Wealsodidthissimulationagainwith

DedalusBurnsetal.(2016)whichhasabetterimplementationofspectral

methods,butweobtainsimilarresults.Themainissueisthecreationofa

extremelynarrowpeakofhighamplitudeatthemomentofcollisionwhich

cannotbecapturedbytheseschemes,evenbyconsiderablyincreasingthe

spatialandtemporalresolution.
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(a)NumericalconvergenceofmassM.

(b)NumericalconvergenceofthemomentumP.

FigureB.1:Bothpanelsofthisfigureshowtheerrorsforthecollisiondisplayedin3.3(b).
Theerrorforthemassisrelativewhereastheerrorforthemomentumisabsolutebecause
thevalueofthemomentumiscloseto0.Asexpected,theconvergenceisoforder1,but
thecollisionisnevercompletelyresolved,asseenfromthejumpsintheerrorofboththe
momentumandmass.
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C
DerivationoftheRMB

equations

Wewillshowherehowtoderivethe LandM operatorsoftheRMBequa-

tionofsection3.6inthecontextoftheAKNShierarchybyintroducingthe

deformationparameterω0initsfirstnegativeflow.

ForthederivationoftheM andLoperatorwewillusethesamenotation

asinsection3.2fortheelementsoftheLiealgebrasl(2),thatiswedenoted

itsChevalleybasisbyh,eandf. WestartwiththestandardLoperatorbut

withanM operatorwhichcontainsnegativepowersofthespectralparame-

terinsteadofpositivepowersforthepositiveAKNShierarchy.Incontrast

withthepositiveflows,amodificationoftherootsofthepolynomialinλis

important.Indeed,forthepositiveflows,therootscorrespondtozerosand

canbemovedinthecomplexplanewithoutaffectingtheintegrableequa-

tions. Theextratermresultingfromthisprocedurecanbeabsorbedbya

suitablegaugetransformation. Fornegativeflowstherootsbecomepoles,

andtheirpositionmodifiestheequationssignificantly. Thiseffectcanbe

seenbythefactthatifthespectralparametertakesthevalueofthepole,

theM operatorwillblowupandZCRcannotbeusedanymore.Theposition
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ofthepoleisgivenbytheparameterω0whichproducestheextratermsof

theRMBequation.

C.1 StandardRMBequations

WestartbyderivingtheclassicalRMBequation,withthefollowingformfor

LandM

L=λA+B, and M =∆−1(λC+ω0D), (C.1.1)

where∆=(λ−ω0)(λ+ω0)andA,B,CandDaregenericsl(2)matrices.

Weexpandthecommutatorinpowersof λ

[L,M]=∆−1(λ2[A,C]+λω0[A,D]+λ[B,C]+ω0[B,D]),

andusetherelations

∆−1=
1

2ω0(λ−ω0)
−

1

2ω0(λ+ω0)
:=
1

2ω0
(∆−1− −∆

−1
+ )

λ∆−1=
1

2(λ−ω0)
+

1

2(λ+ω0)
=
1

2
(∆−1− +∆

−1
+ )

λ2∆−1=
ω0

2(λ−ω0)
−

ω0
2(λ+ω0)

+1=1+
ω0
2
(∆−1− −∆

−1
+ ),

(C.1.2)

whichdefine∆− and∆+. Weexpandthiscommutatorfurtherintothree

partsas

∆−1− :
1

2
(ω0[A,D]+[B,D]+[B,C]+ω0[A,C])

∆−1+ :
1

2
(ω0[A,D]−[B,D]+[B,C]−ω0[A,C])

λ0:[A,C].
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Wenowcomputethespacederivativeofthe M operatorandexpandit

similarlyandobtain

∆−1− :
1

2
(Dx+Cx)

∆−1+ :
1

2
(−Dx+Cx).

Fromhere,wewillhavethreeindependentequationswhichneedtobesolved.

Theycanfirstberearrangedas

Bt=[C,A]

Cx=ω0[D,A]+[C,B]

Dx=ω0[C,A]+[D,B].

(C.1.3)

Bydirectcomputationonecanseethatonlythetwocaseswhereσ2=1will

solvethissystemofmatrixequations.

C.2 HyperbolicRMBequations

Wewillshowhowtothiscomputationfortheothercase σ2=−1which

containsahigherorderpoleintheλcomplexplane. Weusethefollowing

formoftheLandM operator

L=λA+B, and M =∆−1(λ2C+ω1λD+ω0E), (C.2.1)

wherenow∆=(λ−ω1)(λ−ω0)(λ+ω1). Atthisstage,wehaveω0,ω1
andω0,ω1asfreerealparametersbutwewillseethattoobtaincomplete
integrabilitywewillonlyhaveasingleparameter. Wewillneedrelations
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differentthan(C.1.2)involving∆givenby

∆−1=
1

2ω1(ω1+ω0)

1

λ+ω1
+

1

2ω1(ω1−ω0)

1

λ−ω1

−
1

(ω1−ω0)(ω1+ω0)

1

λ−ω0

:=α+∆
−1
+1+α−∆

−1
−1−α0∆

−1
0

λ∆−1=−
1

2(ω1+ω0)

1

λ+ω1
+

1

2(ω1−ω0)

1

λ−ω1

−
ω0

(ω1−ω0)(ω1+ω0)

1

λ−ω0

:=−ω1α+∆
−1
+1+ω1α−∆

−1
−1−ω0α0∆

−1
0

λ2∆−1=
ω1

2(ω1+ω0)

1

λ+ω1
+

ω1
2(ω1−ω0)

1

λ−ω1

−
ω20

(ω1−ω0)(ω1+ω0)

1

λ−ω0

:=ω21α+∆
−1
+1+ω

2
1α−∆

−1
−1−ω

2
0α0∆

−1
0

λ3∆−1=−
ω21

2(ω1+ω0)

1

λ+ω1
+

ω21
2(ω1−ω0)

1

λ−ω1

−
ω30

(ω1−ω0)(ω1+ω0)

1

λ−ω0
+1

:=−ω31α+∆
−1
+1+ω

3
1α−∆

−1
−1−ω

3
0α0∆

−1
0 +1,

wherewehavedefinedthequantities

∆0=λ−ω0, ∆+1=λ+ω1 and ∆−1=λ−ω1,

aswellasα+,α−andα−. Weproceedasbeforeandexpandthecommutator

oftheZCRusing(C.2.1)toget

∆−1λ3:[A,C]

∆−1λ2:ω1[A,D]+[B,C]

∆−1λ1:ω0[A,E]+ω1[B,D]

∆−1λ0:ω0[B,E].
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Then,usingthepreviousrelationsfortheinverseof∆,wearriveat

λ0:[A,C]

∆−10 :−ω
3
0[A,C]−ω

2
0(ω1[A,D]+[B,C])−ω0(ω0[A,E]+ω1[B,D])−ω0[B,E]

∆−1−1:ω
3
1[A,C]+ω

2
1(ω1[A,D]+[B,C])+ω1(ω0[A,E]+ω1[B,D])+ω0[B,E]

∆−1+1:−ω
3
1[A,C]+ω

2
1(ω1[A,D]+[B,C])−ω1(ω0[A,E]+ω1[B,D])+ω0[B,E],

wherewediscardedtheαcoefficients.ThespacederivativeofM similarly
expandsto

∆−10 :−ω
2
0Cx−ω1ω0Dx−ω0Ex

∆−1−1:ω
2
1Cx+ω1ω1Dx+ω0Ex

∆−1+1:ω
2
1Cx−ω1ω1Dx+ω0Ex.

Asbefore,wehaveasetofdependentequationswhichweneedtosolve.One
canseethatweneedtoimposesomerelationshipsbetweentheωparameters.
Themostgeneralthatwecandoistosetω1=ω0=̃ω0=ωandω1=ω0so
thatthetermscomingfromthecommutatorsimplifyto

λ0:[A,C]

∆−10 :−ω
3[A,C]−ω2(ω0[A,D]+[B,C])−ω(ω[A,E]+ω0[B,D])−ω[B,E]

∆−1−1:ω
3[A,C]+ω2(ω0[A,D]+[B,C])+ω(ω[A,E]+ω0[B,D])+ω[B,E]

∆−1+1:−ω
3[A,C]+ω2(ω0[A,D]+[B,C])−ω(ω[A,E]+ω0[B,D])+ω[B,E],

andthetermsfromMxare

∆−10 :−ω
2Cx−ω0ωDx−ωEx

∆−1−1:ω
2Cx+ω0ωDx+ωEx

∆−1+1:ω
2Cx−ω0ωDx+ωEx.

AftercombiningallthetermsfromtheZCR,wearriveat

B⊥t=−[A,C
⊥], Ex=ω[B

⊥,C⊥], Dx=[B
⊥,D⊥],

C⊥x=ω0[A,D
⊥]+

1

ω
[B⊥,E], D⊥x=

ω2

ω0
[A,C⊥]+[B⊥,D],

(C.2.2)

wherewerecallthatthenotation⊥meansthee,fcomponentsand theh,

ordiagonalcomponentofthematrix. Wearenowgoingtochangevariables
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tomaketherestofthecomputationsimpler. Weset

E:=Be=Bf

iP:=Ce=−Cf

Q:=De=Df

and iN:=Eh,

(C.2.3)

wheretheupperindexnotationcorrespondstotheLiealgebrabasise,f,hof

sl(2).Byadirectsubstitutionin(C.2.2),weobtainthefollowingequations

ofmotionforE,P,QandN

Et=2P

Px=−2ω0Q+
2

ω
NE

Qx=−2
ω2

ω0
P

Nx=2ωEP.

(C.2.4)

Withoutchangingtheequationwerescale N→ ωN,absorbeafactorof2,

useω0=ωandchangex↔ttoobtainthefinalhyperbolicRMBequations

(3.6.1)withσ2=−1.
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dessciencesmathematiques,135(6):650–666.

Hasegawa,A.andKodama,Y.(1995).Solitonsinopticalcommunications.

Number7.OxfordUniversityPress,USA.
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Ĺazaro-Caḿı,J.-A.andOrtega,J.-P.(2008).StochasticHamiltoniandy-

namicalsystems.ReportsonMathematicalPhysics,61(1):65–122.
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