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ABSTRACT

The results of this work were obtained within a single mathematical frame-
work which consists of using the geometrical structure of a given problem not
only to study its properties but to implement geometrically consistent de-
formations. The present interest in such geometric deformations is not only
to learn more about the original problem but also to explore new directions,
beginning from a common and well-understood starting point and continu-
ing at the interface between several mathematical and physical topics. This
approach lays down the foundation of this work upon which various ideas
for deformations of several standard systems will be developed and analysed.
The mathematical framework that we will be relying on throughout these in-
vestigations is the use of symmetries in dynamical systems described by Lie
groups which appear in many areas of mathematical physics and in particular
in integrable systems, the second theme of this work. Indeed, the integra-
bility of a dynamical system is often related to the existence of symmetries,
but usually requires additional structures. The effect of the geometric de-
formations on the integrability of these systems will be one of the central
questions that we will attempt to answer. To undertake such a program, we
cannot restrict ourselves to the deformation of a single integrable system, but
we must implement various ideas on several and different classic integrable
equations in the aim of better characterising their effects and limitations. We
will introduce noise, geometric dissipations and Sobolev norms in the classi-
cal integrable systems including the rigid body motion, the Toda lattice, the
peakon system, partial differential equations such as KdV and NLS as well

as the reduced Maxwell-Bloch equation.
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INTRODUCTION

1.1 MOTIVATIONS

Integrability of a dynamical system means that it can be integrated explicitly
forward in time for some class of initial conditions. This is a rather strong
condition not present for most dynamical systems but makes it remarkable
from a mathematical point of view as well as useful from a practical point
of view. The latter comes from the fact that computing explicit solutions
provide a better understanding of their properties which can, in turn, be
used in applications if, for example, the integrable equation models a physi-
cal process. The former point of view is what will interest us the most and
concerns the mathematical reasons why these systems can be integrated. To
integrate a system, we need to have a phase space as small as possible. This
is achieved by having enough constant of motion, and if they are known, they
will remove several dimensions of the phase space. In finite dimensions, if the
phase space can be reduced in this way to half its original dimension, only
the positions have to be determined and the momenta would have a direct al-
gebraic relationship with them via the constants of motion. These particular

relations can be proven to give enough information so that it becomes pos-



sible to directly solve the system forward using various methods, depending
on the system. This definition also holds in infinite dimensions, although the
condition for the number of conservation laws is different. Namely, we need
an infinite number of independent constants of motion in involution. Our
interest here is to study integrable systems in the framework of geometric
mechanics which uses notions of classical physics together with differential
geometry and Lie group theory to analyse and better understand mechan-
ical systems with symmetries. In this language, a conservation law almost
always corresponds to a symmetry of the system which will then be used to
understand the structure of the dynamical equation. Indeed, for a system
have symmetries, it must contain very specific and often nonlinear terms
which will shed light on the properties of the solutions and possibly to the
integrability of the system.

As the title suggests, the main purpose of this work is not to obtain a better
understanding of integrability using geometric mechanics, but to study geo-
metric deformation. We have the following two reasons for not only focusing

on integrable equations:

e The theory of integrable systems is a well-developed research topic,
and most of the classic examples are well-understood. Focusing on

integrability would only allow us to make small contributions to this

field.

e Integrability is a very specific feature for an equation and restricts its
use for applications and in particular for the range of phenomena that
an integrable equation can describe. Only focusing on integrability
will make us miss opportunities to understand and study other non-

integrable phenomena.

We thus want to follow another trajectory in this world at the interface of
integrable systems and geometric mechanics. We want to use the geometric
structure of integrable equations to deform them in a consistent and sys-
tematic way. More precisely, we want to modify or add extra terms to some
standard integrable equations such that the geometrical structure of the orig-

inal equation related to symmetries and conservations laws is preserved. By
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doing this, we will be able to get around the two problems mentioned above to
obtain more interesting results as well as new open problems. In particular,

we extend them as follows:

e Geometric deformation will test the integrability of an integrable equa-
tion and will shed light on the robustness of integrability for this equa-
tion. If the system remains integrable after being deformed, we may

even discover new integrable equations.

e Geometric deformation will allow us to leave the realm of integrability
while remaining near it, therefore providing more freedom to explore
phenomena not present in integrable systems as well as more applica-

tions of these deformed equations.

Following this direction of research, we will explore several classical inte-
grable systems such as the free rigid body, the Toda lattice and the AKNS
hierarchy by implementing geometric deformation including stochastic defor-
mation and Sobolev deformation. Apart from special cases, the stochastic
deformation do not preserve integrability of the finite dimensional systems,
but provide, together with geometric dissipation, a vast playground for re-
search in stochastic dynamical systems where the geometric conserved quan-
tities remain conserved. In infinite dimensions, only a particular type of
noise preserves integrability, but as these systems are infinite dimensional,
there exist more possibilities to obtain new stochastic integrable equations.
For Sobolev deformation, we will obtain both integrable and non-integrable

equations depending on the flow of the AKNS hierarchy.

We will give more detail on the various applications of these deformed equa-
tions in section 1.3, but first we need to say a few words about the three

most important mathematical topics for this work in section 1.2.



1.2 BACKGROUND

In this section, we will paint a rough portrait of the three main topics of
this text, which are geometric mechanics, integrable systems and stochastic
processes. The first gives us the framework for this work. The second de-
scribes the specific properties of most of the systems which we will study and

deform. The last is a particular type of deformation which we will often use.

1.2.1 GEOMETRIC MECHANICS

The field of geometric mechanics began in the late 60s with people such as V.
Arnol’d and J. Marsden, but uses older ideas formulated by Hamilton, Lie,
Lagrange, Poincaré, etc. In particular, one of the main equations which we
will be using, the Euler-Poincaré equation, originates from Poincaré (1901).
Much later, Arnol’d published a series of papers on how to use Lie groups to
understand and study fluid mechanics, in particular, the fundamental paper
Arnol’d (1966a) supplemented by stability results in Arnol’d (1966b). This
was the starting point for numerous studies of finite and infinite dimensional
mechanical systems and yielded classical results used in many other areas of
mathematics. It would be impossible to list all of them here, so we only refer
to some major breakthroughs. Less than five years after the first paper of
Arnol’d, Ebin and Marsden (1970) obtained important analytical results on
the incompressible Euler equation based on this geometrical interpretation

of fluid mechanics.

In fact, the main tool of geometric mechanics is the use of Lie group structure
to apply the theory of reduction by symmetry. One of the early theoretical
work in this theory is Marsden and Weinstein (1974) where they show that
the reduced space is always a symplectic manifold with a non-canonical sym-
plectic form. These reduced spaces are the coadjoint orbits which we will be
using throughout this text. Reduction by symmetries became an active topic
of research and was applied to several different types of systems. The most
important are systems with semi-direct product structures, first by Marsden
et al. (1984) for Hamiltonian reduction and later by Holm et al. (1998a) for



Lagrangian reduction. These structures include systems obtained by break-
ing symmetries and form the building blocks of many theories in physics.
Unfortunately, they are not general enough to include all such systems with
broken symmetries. For this, the so-called Lagrange-Poincaré reduction was
developed in Cendra et al. (2001) for the Lagrangian reduction and later by
Marsden et al. (2007) in the Hamiltonian setting. The basic example of this
theory is a particle in a magnetic field, but in fact generalises non-local gauge
theories, where the gauge group corresponds to the symmetry group acting

on the configuration space.

Many further developments includes the study of systems with constraints,
internal degrees of freedom, dissipation, etc. We refer to the monographs
Arnol’d (1989), Holm (2008), Marsden and Ratiu (1999) which contain ex-
cellent overviews of the scope of this theory with many additional references
to the literature. In this work, we will mostly be using the simplest reduction
by symmetry which produces the Euler-Poincaré equation. We will not use
the Lagrange-Poincaré reduction here, but some results could be extended

to this more general framework.

We conclude this very short introduction to geometric mechanics with a few

definitions, important for this text.

We begin by one of the definitions of a semisimple Lie group and its Lie
algebra.

Definition 1.2.1 (Lie group and Lie algebra actions). For a matriz Lie
group G, its Lie algebra g and £, € g and p € g*, we have

1. the Adjoint action
Adg€ = gég™"; (1.2.1)
2. the Coadjoint action

(Adg-1p, E)gxgr = (1, Adg€)gxg~ ; (1.2.2)



3. the Lie algebra adjoint action
aden = [€, 7] ; (1.2.3)
4. the Lie algebra coadjoint action

<3d2#:n)gxg‘ = (ﬁ:adéﬁ")gxg‘ . (1.2.4)

Notice that these operations exist for all Lie groups, not necessarily for finite
dimensional Lie groups. We can specify a convenient class of Lie groups

which we will be using often.

Definition 1.2.2 (Semi-simple Lie group and Lie algebra). A semisimple
Lie group is a Lie group with a semisimple Lie algebra. A semisimple Lie

algebra has the property that the Killing form is non-degenerate, given by

k(&,m) = Tr(adeady) . (1.2.5)

The advantage of these finite dimensional matrix Lie groups is that we can
identify the Lie algebra with its dual, via the non-degenerate Killing form,
that is g = g* and ad® = —ad. Furthermore, for semi-simple Lie algebra,
the Killing form is a matrix pairing (from the Frobenius norm) Tr(ad¢ad,) =
€Tr(énT), where € < 0 is a number depending on the Lie algebra.

Coming back to the general case, we need to define the structure of coadjoint

orbits in the dual of a Lie algebra.

Definition 1.2.3 (Coadjoint orbit). A coadjoint orbit O, at p € g* is the
orbit of the Lie group G in the dual of the Lie algebra g* under the coadjoint

action, that is

0, = {Adu, Vg € G}. (1.2.6)

The coadjoint orbits have the remarkable property of admitting a non-canonical

symplectic structure.



Proposition 1.2.1 (Hamiltonian structure). The coadjoint orbits admit the

symplectic structure

Wu (f:n) = <p:, a‘dﬁa ?}')gxg‘ : (127)

This structure defines a Hamiltonian structure on O,, or Lie-Poisson bracket

for two functions F,G € C(g*)
(F .60} = (|50 50| ) - (1.28)

The last important definition which we will give here is the possible existence
of Casimir functions, useful to describe the geometry of the coadjoint orbit

among other things.

Definition 1.2.4 (Casimir function). A Casimir function C' € C(g*) is a
function in the kernel of the Lie-Poisson bracket {-,-}, that is

{C,F}=0,YF € C(g"). (1.2.9)

Finding these function is not an easy task in general, but for semisimple Lie

group, the squared norm of the momentum variable is always a Casimir.

1.2.2 INTEGRABLE SYSTEMS

The second topic of this work is integrable systems, another well-developed
area of mathematical physics which also started to be derived in the 60s with
Gardner et al. (1967) and the important paper Lax (1968) on the Lax pair.
A similar but later significant discovery was the bi-Hamiltonian structures
by Magri (1978). These ideas of solitons and integrability emerged from an
old discovery of solitary waves in a channel by Russell (1845), followed by
the derivation of the KdV equation by Korteweg and De Vries (1895). Such
a nonlinear equation was not popular at that time as many experts in fluid

dynamics were convinced that only linear equations could model water waves.

We need to wait a century to see the re-emergence of these ideas, helped by
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the discovery of a strange nonlinear lattice by Fermi et al. (1955), called the
FPU lattice. This lattice would not relax to an equilibrium state, as predicted
by fundamental principles of statistical mechanics as the nonlinearities are
making this system near-integrable and the near-conserved quantities would
prevent such a relaxation. After two decades an extension of the FPU called
the Toda lattice was written down by Toda (1967) and then proven to be
completely integrable by Flaschka (1974b). The proof of integrability relies
on the theory of Lax and a change of variables, commonly referred to as

Flaschka’s change of variable.

At the same time, significant developments occurred and explained the re-
markable properties of equations such as KdV, NLS or the sine-Gordon equa-
tion. First, Zakharov and Shabat (1972) solved the NLS equation, extending
the concept of inverse scattering transform first introduced by Gardner et al.
(1967). Shortly after, Ablowitz et al. (1973a,b) generalised this method to
include the KdV and the modified KdV equation, creating the AKNS hierar-
chy. From this point onwards, the modern the field of integrable systems had
emerged, and a large amount of work was published until now with many
discoveries in the 80s. We refer to classic books such as Ablowitz and Segur
(1981), Dodd et al. (1982), Newell (1985) for more detail about the develop-
ments of integrable systems in the 80s. For what interests us here, we want
to mention two papers. One is the introduction of the R-matrix by Semenov-
Tyan-Shanskii (1983) and a similar other derivation of integrable systems by
Flaschka et al. (1983). They provide an interesting geometric derivation of
integrable hierarchies in the spirit of geometric mechanics but were never
fully exploited in this context. These two papers inspired some results of the
second chapter of this text. Finally, we want to mention another important
discovery in integrable systems which is the existence of an integrable equa-
tion with peaked solitons by Camassa and Holm (1993), Fuchssteiner and
Fokas (1981), called the Camassa-Holm equation. This paper also triggered

numerous works and discoveries of such an equation.

We end this section with three important theorems in the theory of integrable

systems, which we will be using later in the text.

The first theorem can be seen as a practical definition of finite-dimensional



integrable systems and is known as the Liouville integrability.

Theorem 1.2.1 (Liouville-Arnold, Arnol’d (1989)). Suppose that we are
given n functions F; in involution (that is {F;, F;} =0 for alli,j =1,...n
on a symplectic 2n-dimensional manifold. Consider the level set of these

functions for £ = (f1,..., fn),
My ={z: Fi(z) = fi,i=1,...n}, (1.2.10)

and suppose that they are independent on it. We then have the following

statements:

1. Mg is a smooth manifold, invariant under the Hamiltonian flow with

H:Fl.

2. If Mt is compact and connected, it is diffeomorphic to the n-dimensional

torus with coordinates o = (1, ..., ¢Pn)-

3. The Hamiltonian flow associated to H determines a periodic motion on

M; of the form
de
ar =w(f). (1.2.11)

4. The original Hamiltonian system with Hamiltonian H can be integrated

by quadratures.

This theorem says that it is possible to construct the action-angle variables

(F;, ¢i), with a simple dynamics so that the system can be exactly solved.

Regarding infinite dimensional equations, we can say that a practical notion
of integrability was coined by Lax (1968), and later developed into the theory

of inverse scattering transform. We summarise it in the theorem below.

Theorem 1.2.2 (Lax (1968)). A partial differential equation uy = F(u, uz, Ugq, . . .)

18 completely integrable if it is equivalent to a zero curvature relation. That



18 there exists two differential operators L and M of the fields u, uy, Ugy, . ..
such that

L, =[M,L] (1.2.12)
holds true only if the field u satisfies the original differential equation.

The method to solve the original equation is to first solve the linear spectral

problem
Lo = \o (1.2.13)

for a given initial data w(0). The time evolution of the eigenfunction & is

then given by the equation

dd
— =M? (1.2.14)

and the eigenvalue is conserved in time. For a given time ¢, the solution ()

can then be reconstructed from the original scattering problem (1.2.13).

1.2.3 STOCHASTIC PROCESSES

Stochastic processes, or the study of randomness in general, is a vast subject
in mathematics and physics with an interesting history. We will not retrace
it here but only refer to landmark papers from which the various tools of
stochastic processes emerged. The primary ingredient of stochastic processes
is the Brownian motion, first observed by Robert Brown in the 19th century
and then theoretically explained by Albert Einstein in Einstein (1905). This
paper had a significant impact in science and started the field of statistical
physics. In mathematics, another direction was taken, namely, the one that
tries to set up a rigorous mathematical framework for describing randomness.
An important early work is [t6 (1944) which for the first time explained what
a stochastic integral is. The result of this paper is fundamental in this field
and is referred to as the It6 calculus of stochastic processes. Later, another

type of stochastic integral was discovered by Stratonovich (1966) with the

10



remarkable property that the usual notion of calculus could be used instead
of the Ito calculus, provided an extra correction term is added to the original
[t6 stochastic process. Much later, the theory of rough paths of Lyons (1998)
was developed and says that the Ito or Stratonovich calculus are only two

extreme cases of an infinite number of possible stochastic integrals.

In the meantime, many properties and use of stochastic processes were discov-
ered. In particular, the link between stochastic processes and diffusion equa-
tion such as the Fokker-Planck (Fokker (1914), Planck (1917)), also known
as the Kolmogorov equation (Kolmogoroff (1931)) was discovered. We will
only refer to classic books in stochastic analysis for more detail about this
topic. We selected Da Prato and Zabczyk (2014), Gardiner (2009), Ikeda
and Watanabe (1981), Oksendal (2003), Pavliotis (2014) for theoretical works
and Chirikjian (2009, 2012) for applications in engineering or modelling of
physical processes such as in biology, physics, chemistry, etc. In parallel, ran-
domness started to be used to perturb dynamical systems, and many striking
phenomena were discovered. We refer to the two monographs Arnold (1995),
Kloeden and Rasmussen (2011) for the use of randomness in finite dimen-

sional dynamical systems, or random dynamical systems.

Finally, we need to mention the developments of stochastic geometric me-
chanics. The first known attempt to include noise consistently with mechan-
ics goes back to Bismut (1982) where noise in canonical Hamiltonian systems
was considered. These results were recently extended to systems with reduc-
tion by symmetry in Lazaro-Cami and Ortega (2008). Another approach of
perturbing paths on a Lie group with noise, and using reduction with an
expected value to obtain dissipative terms in the reduced equation was intro-
duced and studied by Arnaudon et al. (2014), Chen et al. (2015). The latest
development in the direction of stochastic geometric mechanics is to include
noise in the process of reduction to obtain a stochastic reduced equation.
This was done for infinite dimensional systems by Holm (2015) and in finite
dimensions by Arnaudon et al. (2017a).

As for the other sections of this introduction, we will now give a few ba-
sic definitions which will be used throughout this text. We begin with the

definition of the object W, central in stochastic processes.
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Definition 1.2.5 (Wiener process). A Wiener process Wy, where t indezes

time has the following properties:

1. WO = 0;
2. Wy has increments dW; independent on the past and the future values;
3. Wy has Gaussian increments: Wy s — Wy o< N(0, s);

4. Wy is continuous in t.

The second important definition is the notion of time integral of Wiener
processes, or more generally a martingale. Martingales are generalisations of
Wiener processes for an amplitude possibly given by a function of the process

itself. More precisely, we have the definition of a martingale.

Definition 1.2.6 (Martingale). A martingale is a stochastic process X; such
that E(X;) = 0.

For example, given a process X € R", we may write it as
dX = f(X)dW,, (1.2.15)

where f : R™ — R"™. This equation is the integral equation

/j dX = f: F(X)dW,, (1.2.16)

where the integration must be defined appropriately.

The time integration of a stochastic process of the form (1.2.16) can be
defined in two different ways. Let {A;} be a sequence of partition of [0, 7]

with mesh tending to 0 as n — oc.

Definition 1.2.7 (It6 integral). The [té integral is

f FEOAW, = lm S F(X) (Wi, — W) (12.17)

[titit1]Emn
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Definition 1.2.8 (Stratonovich integral). The Stratonovich integral is

f f(X)odW, = lim )" f (X“‘“); f (X“)(th —W.). (1.2.18)

[titiv1]emn

These two definitions are equivalent, provided a correction term is added to

one or the other definition. For this, we need It6’s lemma.

Lemma 1.2.1 (Ité’s lemma). For a stochastic process as before, but with
n = 1 for simplicity, the chain rule becomes It6’s lemma for an arbitrary
function g : R — R

dg(X:) = g'(Xe) f(Xe)dW; + %QH(Xt)f(Xt)th- (1.2.19)

The correction term to be added is simply the differential of f(X) given by
[t6’s lemma, multiplied by the Wiener process such that only the stochastic
part of the differential remains. The equivalence is thus, again in the case

n=1,

T T 1 (T
Af(X)odM:A f(X)th+§/|; F(X)f(X)dt. (1.2.20)

This correction term is important in the theory of stochastic processes, as it
is directly related to the generator of the stochastic process, in the following

Sense.

Definition 1.2.9 (Kolmogorov operator). The time evolution of the proba-
bility distribution P of the stochastic process X; (for n — 1) is given by

%IP(X, t) = L'P(X,1), (1.2.21)
where L* is the L? adjoint of the Kolmogorov operator

L= f(X)ox + %f(X)QaE( . (1.2.22)
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The equation (1.2.21) is also known as the Fokker-Planck equation.

Of course, all these definitions extends to arbitrary dimensions and an arbi-
trary number of stochastic terms. A deterministic, or drift term can also be
added without any further complications, that is we can have a more general

stochastic process of the form

N
dX, = fo(Xp)dt + Y fi(Xe)dW}, (1.2.23)

i=1
written here in It6 form for X; € R™ and N functions f; : R® — R™. A further
generalization would be to write stochastic processes on a manifold, see for
example Tkeda and Watanabe (1981) or Elworthy (1982). In this text, we
will not work on manifolds but on Lie algebra, or dual of Lie algebra which

can be viewed as embedded in the Euclidean space.
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1.3 STRUCTURE OF THIS THESIS

This thesis is organised into two main chapters. We treat finite dimensional
systems in chapter 2 and infinite dimensional systems in chapter 3. Within
these chapters, several sections consider various systems and various types of
deformation. Although it is originally written to be read linearly, the reader
has the freedom to change the order of the sections to some extent. We will
describe here two alternative orders of reading. See also the appendix at the
end of the text.

Double bracket dissipation
*

Rigld body motiorl,
" Finite dimensional / Tada lattice | -

\

.. Peakon equation

‘Stochastic deformation

IGeometric deformation

Intégrable systems

Scobolev deformation
s » a a3
ldvimlcdviMLS p "_ :

Infinite dimensional e

;IStatisticaI physics, random dynamical . ™~

(Systems ~_} . Pole shifting in ZCR

Computational anatomy o

CH-type equations J
Stochastic integrability ‘-"

Bose-Einstein cond ensates"

Figure 1.1: This diagram represents the structure of this thesis, where the connections
between the tree labelled Integrable systems and the tree labelled geometric deformation
indicates which deformation will be applied to which integrable system. The third tree repre-
sents the main outcomes of the geometric deformations of integrable systems.
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1.3.1 BY TYPE OF DEFORMATION

One can only read on a particular type of deformation of integrable systems.

They can be classified into four categories.

1. The stochastic deformation:

(a)

(b)

(d)

The stochastic deformation is one of the main types of deforma-
tion used here. In section 2.2 we explain how to introduce it to
dynamical systems with symmetries, and in particular for finite

dimensional systems with the rigid body example.

As a direct extension, the stochastic deformation can be imple-

mented for infinite dimensional systems, as shown in section 3.5.

This noise has the remarkable property that singular solutions re-
main for the Camassa-Holm equation. We use this fact to study
the stochastic finite dimensional reduction of the original stochas-
tic equation in section 2.6, with application to computational

anatomy.

If one wants to ensure that integrability is preserved in the infinite
dimensional systems, the noise must be very specific, as studied

in section 3.4 based on the Lagrangian reduction of section 3.2.

Finally, we apply the stochastic deformation to another interesting
system which is the Toda lattice in section 2.5. In particular, we
try to understand if noise preserves the coadjoint orbit or the
integrability of the Toda lattice.

2. Other extensions of stochastic systems:

(a)

The noise corresponds to diffusion in the phase space, and of the
value of the energy of the system. To balance this energy input, it
is interesting to add geometric dissipation. We did that in section
2.3 to study some properties of this system such as Gibbs invariant
measures and random attractors. We also added a modified ver-

sion of the geometric dissipation to the Toda lattice in section 2.5
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which produces an interesting new dissipative stochastic equation

in the continuum limit, or stochastic inviscid Burger’s equation.

(b) Section 2.4 is not an extension of stochastic systems but studies
their stability, and show that a stable equilibrium remains stable

in probability for small times.
3. The Sobolev deformation:

(a) To introduce the Sobolev deformation in integrable hierarchies and
obtain equations such as the Camassa-Holm equation, we need a

theory of Lagrangian reduction. Both are explained in section 3.2.

(b) One of the results of this deformation is the new CH-NLS equation

which we will study in section 3.3.
4. Other deformation preserving integrability:

(a) In section 3.6, we deform the isospectral problem to generate four
integrable equations, including the reduced Maxwell-Bloch equa-
tion. One of them, the hyperbolic RMB equation is shown to arise

from the theory of strongly correlated Bose-Einstein condensates.

1.3.2 BY TYPE OF SYSTEMS

One can also read this text by selecting a particular type of system such as
the free rigid body and the AKNS hierarchies which are the main examples

in this work.

1. Tigid body motion:

(a) Its stochastic deformation is discussed in section 2.2.

(b) With dissipation, invariant measures and random attractors are

derived in section 2.3.

(¢) The stochastic stability of stable equilibria is derived in 2.4.
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(d) Finally, we treated a system with a similar geometrical structure
but with a rather different symmetry group. It is the Toda lattice

in section 2.5.
2. The AKNS hierarchy:

(a) The Lagrangian reduction and the Sobolev deformation are ex-

plained in section 3.2.

(b) We studied the CH-NLS equation in section 3.3 with the help of

numerical simulations.

(¢) We implemented the stochastic perturbation of the hierarchies in

section 3.4 to obtain stochastic integrable equations.

(d) We deformed the negative flow of the AKNS hierarchy in section
3.6 to obtain four integrable RMB equations.

3. Integrable PDEs and singular solutions:

(a) In section 3.5, we introduced noise as described for finite dimen-

sional systems in section 2.2.

(b) Remarkably, the stochastic CH equation admits the same singular
solutions as the deterministic CH equation, but with stochastic
Hamiltonian dynamic. These stochastic peakons, or landmarks
are investigated in section 2.6 with the help of moments of the

Fokker-Planck equation.

1.4 LIST OF PUBLICATIONS

We list here the publications written during this work. We will only sum-
marise their content and explain where they appear in this thesis. They are
order by appearance in the text. The last three papers are not part of this

thesis.

Arnaudon, A., De Castro, A. L., and Holm, D. D. (2017a). Noise and

dissipation on coadjoint orbits. To appear in: Journal of Nonlinear Science
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This paper discusses the stochastic deformation of finite dimensional systems
with symmetries. It also considers geometric dissipation and the existence of
random attractors in these systems. Section 2.2 and 2.3 comprise the main
results of this paper with a focus on the Euler-Poincaré equation and the
rigid body. This paper also contain the extension to semi-direct products

with the heavy top as an example.
Arnaudon, A., De Castro, A. L., and Holm, D. D. (2016). Noise and dissi-

pation in rigid body motion. In Stochastic Geometric Mechanics, Springer

This paper is a conference proceedings summarising some results of the pre-

vious one Arnaudon et al. (2017a), focusing only on the rigid body.

Arnaudon, A., Ganaba, N., and Holm, D. D. (2017b). The stochastic energy-
Casimir method. arXiv:1702.03899

This paper extend the energy-Casimir method to the previous stochastic sys-
tems. In addition to systems of finite dimensions, it discusses the application
of the methods to simple stochastic fluid equations such as the compress-
ible 2D Euler equation. The theory and the finite dimensional example are

contained in section 2.4.

Arnaudon, A., Holm, D. D., and Sommer, S. (2017e). A geometric frame-
work for stochastic shape analysis. arXiv preprint arXiv:1703.09971

This paper applies the stochastic deformation on image matching with appli-
cation to stochastic landmarks, and describes two methods for the estimation
of the noise fields from a given set of initial and final images. The stochastic
landmark example together with on of these methods based on the Fokker-

Planck equation are described in section 2.6.

Arnaudon, A., Holm, D. D., Pai, A., and Sommer, S. (2017d). A stochastic
large deformation model for computational anatomy. In Information Pro-

cessing in Medical Imaging, pages 571-582

This is a conference paper summarising Arnaudon et al. (2017¢), with an
additional real data application.

Arnaudon, A. (2016b). On a lagrangian reduction and a deformation of
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completely integrable systems. Journal of Nonlinear Science, 26(5):1133-1160

This paper explains the Lagrangian reduction for integrable hierarchies and

implements the Sobolev deformation to obtain the CH equation as well as
the CH-NLS equation. It is the basis of section (3.2).

Arnaudon, A. (2016a). On a deformation of the nonlinear Schrodinger equa-
tion. Journal of Physics A: Mathematical and Theoretical, /9(12):125202

This paper studies the CH-NLS equation with mainly some numerical sim-
ulations with the aim of understanding its solitary waves solution and its

non-integrability. It is contained in section 3.3.

Arnaudon, A. (2015). The integrable stochastic AKNS hierarchy. arXiv
preprint arXiv:1511.07080

This paper derives the stochastic integrable hierarchies based on Arnaudon
(2016a) and study some of the obtained stochastic equations. This preprint

was used to write section 3.4.

Arnaudon, A. and Gibbon, J. D. (2017). Integrability of the hyperbolic re-
duced Mazwell-Bloch equations for strongly correlated Bose-Einstein conden-

sates. Physical Review A, 96(1):013610

This paper discusses the RMB equations, and in particular the hyperbolic
RMB equation in the context of strongly correlated Bose-Einstein conden-

sates. Section 3.6 is based on this paper.

Arnaudon, A., Lopez, M. C., and Holm, D. D. (2017f). Un-reduction in field
theory. To appear in: Letters in Mathematical Physics

This paper extends the notion un-reduction of classical mechanics in the
context of field theory. It is based on the Lagrange-Poincaré reduction. We

will not use its results in this work.

Arnaudon, A., Castrillén Lépez, M., and Holm, D. D. (2015). Covariant un-
reduction for curve matching. Mathematical Foundation of Computational

Anatomy 2015, arXiv:1508.05325

This paper is a conference paper which summarises the previous work Ar-
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naudon et al. (2015), with numerical examples.

Arnaudon, A., Holm, D. D., and Ivanov, R. I. (2017¢c). G-strands on sym-
metric spaces. Proc. R. Soc. A, 473(2199):20160795

This paper studies the G-strand construction on symmetric spaces, with the

discovery of some possibly new integrable equations.
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FINITE DIMENSIONAL SYSTEMS

2.1 INTRODUCTION

The study of finite dimensional integrable systems began several centuries
ago and is a very rich and vast area of research. For us, integrability will
always be present and will provide us with a robust framework and ideas for
geometric deformation. Our primary focus will not be to investigate inte-
grability of finite dimensional systems but to use it as a starting point for
implementing deformation and understanding their effects on various equa-
tions. The main deformation of this chapter will be the introduction of noise
compatible with the geometrical structure of the equations, and possibly with
their integrability. This type of deformation has been used many times in
the past as it brings the theory of stochastic processes into dynamical sys-
tems. This connection between dynamical systems and stochastic processes
is the subject of the theory of random dynamical systems (see the classic
monograph Arnold (1995)). The novelty here is the type of noise which will
not be a simple additive or multiplicative noise but which we will obtain
from a systematic and geometric derivation. In this section, we will present

this theory developed in the recent papers Arnaudon et al. (2017a), Cruzeiro
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et al. (2016), Holm (2015). We will mostly follow Arnaudon et al. (2017a).
This new type of noise turns out to have interesting properties which can be
derived in a rather general setting and applied to other systems such as the
Toda lattice.

PrLAN OF THIS CHAPTER We will introduce stochastic deformation of me-
chanical systems in section 2.2 which we will then use throughout this work
and even for infinite dimensional systems in chapter 3. On top of the noise,
we will, in section 2.3 add a certain geometric dissipation to study its inter-
action with the noise. The main result is the existence of so-called random
attractors and stationary distribution of Gibbs types. These investigations
are always for asymptotic behaviour of the system for large times, so in sec-
tion 2.4 we turn to the effect of noise for small times when the system is
close to a stable equilibrium. In particular, we extend the energy-Casimir
method to assess the stochastic stability of these perturbed systems. Up to
this section, we will only have considered the free rigid body as our running
example, but in section 2.5, we will apply and extend some of the previous
theory to the Toda lattice, which is another well-known integrable system.
The Toda lattice is interesting for us as it lies between finite and infinite di-
mensional systems as it consists of a chain of interacting particles converging

to the KdV, or the inviscid Burger’s equation in the continuum limit.
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2.2 STOCHASTIC DEFORMATION

The main topic of this first section is the introduction of stochastic pertur-
bations in mechanical systems with symmetries such that the geometrical
structures are preserved. The most important structure is the coadjoint or-
bit, described by invariant functions called Casimir functions which should
remain conserved after adding noise. In the case of integrable systems, other
invariants must be preserved to retain the complete integrability of the orig-
inal system. We will see that this additional condition will often be too
restrictive to obtain interesting stochastic systems but will still give some
information about the nature of integrability. In this section, we will thus
introduce this particular type of noise in mechanical systems with symme-
tries following the recent works by Arnaudon et al. (2017a), Cruzeiro et al.
(2016), Holm (2015). We will only use the free rigid body as our example,
but semi-direct product structures can also be deformed in the same way.
We refer to Arnaudon et al. (2017a) for some results for these systems, such

as the heavy top.

2.2.1 THE STOCHASTIC EULER-POINCARE EQUATIONS

We begin with the derivation of the stochastic Euler-Poincaré equation which
will be our central equation of this chapter. We will show three different
derivations for the stochastic deformation of this equation. The first one is
based on a constrained variational principle with Clebsch variables, which
is the original derivation of Holm (2015), further generalised by Cruzeiro
et al. (2016). The second derivation is based on stochastic constrained vari-
ations and will touch upon the open problem of existence of a stochastic
Euler-Lagrange equation whose solutions should project onto solutions of
the stochastic Euler-Poincaré equation. We finally show how to use another
type of constrained variational principle, the Hamilton-Pontryagin principle,
which will provide a physically more consistent derivation and works better

with dissipation or semi-direct product structures.
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THE CLEBSCH DERIVATION

The Clebsch derivation of dynamical equations starts from a constrained vari-
ational principle but with free variations. This method has its use in optimal
control but also produce the Euler-Poincaré equation, see Gay-Balmaz and
Ratiu (2011). For imposing the correct constraint, we need additional vari-
ables which will be called the Clebsch variables. They, in fact, correspond to
generalised Lagrange multipliers. We will only treat here the simple case of
the Euler-Poincaré equation by considering the Clebsch variables to be a pair
(g,p) € g x g*. We then write the following constrained variational principle

05, with action functional

S, q,p) Z/i(E)dt+f(p,0dq+adqut) +/Z‘I>i(q,p)0dm} (2.2.1)

i=1

where [ : ¢ — R is the reduced Lagrangian and the second and third terms
encode the constraint for the stochastic evolution of the g variable. Here,
®;(q, p) are arbitrary functions of the Clebsch variables and will be called

stochastic potentials, as they are associated with the Wiener processes dW}.

This way of writing a constrained variational principle originates from opti-
mal control systems where ¢ is the control variable evolving according to a
dynamics prescribed by the current state £ and one wants to minimise a cost
function, or a Lagrangian [(£). The constraint on the dynamics of ¢ is thus
enforced directly into the variational principle via the Lagrange multiplier p.
We refer to Bloch et al. (2003), Gay-Balmaz and Ratiu (2011) for a modern
account of this approach of optimal control and to Holm and Kupershmidt
(1983), Marsden and Weinstein (1983) for the original papers introducing

the Clebsch method in geometric mechanics.

We now proceed further to derive the equations of motion which are critical
points of the variational principle (2.2.1). In the process, we will make a
particular choice for the stochastic potentials ®; to be able to write the

stochastic Euler-Poincaré equation only in term of the variable £.

Proposition 2.2.1. The variational principle (2.2.1) with free variations
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yields the stochastic Euler-Poincaré equation

53(6) LY S1(E) .
66 ad; 5 —>2dt + Z dM 5 o dWi = (2.2.2)

where p = 55 € g* and ®(p) := P(adyp).

Proof. We will do the proof in the case of semi-simple Lie algebra, or when
the Lie algebra has a bi-invariant pairing. Notice that this computation
works for more general systems, as shown in Cruzeiro et al. (2016). We start

by computing the free variations of all the variables to obtain

. dl

06 - p = ad’p =3

0q:dp=adipdt+Y_ W ° dW;
6®,

0p : dg = —adeq — 5

We then compute the time evolution of the momentum variable p. To get
rid of the Clebsch variables we need to restrict the form of the stochastic
potential by letting it only depend on the momentum variable p, that is
we choose ®(p,q) = ®(ad,p). We then compute the time evolution of the

momenta using an arbitrary element 7 € g to obtain

(n, d(adgp)) = (n, adgep) + (n,ad;dp)
= (~(n, adigp) + (n, adjadzp) ) dt
+ (= (n, ad5,0,0) + (1, 2d;0,9,) ) 0 AW
= (([n, (& qll, p) + (€ [g, ]l ) dt

+ (—([7?} [Q:(iu-@i”:p) o thi + <[5,U-(I)i: [Q:n”:p)) o dW:
= —(n,adip) dt — (n,ad; 4,p) 0 AW},

where we used twice the Jacobi identity, the chain rule for the stochastic

potential and the notation 6,®; := ?;‘7 for simplicity. From this computation,
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we obtain the stochastic Euler-Poincaré equation when the Lie algebra admits

a bi-invariant pairing. [

[t is sometimes convenient to rewrite the stochastic process (2.2.2) using the

auxiliary process

dX :=¢&dt+) o0 dWf (2.2.3)
where
oy O2il) (2.2.4)
Op

In this case, (2.2.2) takes the simple form
dp+adjxp =0, (2.2.5)

which highlights the fact that this equation is a coadjoint motion with the
stochastic velocity X.

REDUCTION WITH STOCHASTIC VARIATIONS

The stochastic Euler-Poincaré equation (2.2.2) can also be derived from a
stochastic modification of the Euler-Poincaré theorem. We first recall this

theorem in the deterministic case to clarify where the noise will be introduced.

Theorem 2.2.1 (Euler-Poincaré reduction). Provided the Lagrangian L :
TG — R is G-invariant, the following statements are equivalent in the sense

that their solutions coincide.

1. Hamilton’s variational principle for the Lagrangian L : TG — R:

5 ] L(g, §)dt = 0. (2.2.6)
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2. The FEuler-Lagrange equation holds

doL oL
595 = 35" (2.2.7)

3. Reduced Hamilton’s principle for the reduced Lagrangianl : g — R:

5 f 1(&)dt =0, (2.2.8)

where £ = g7'g € g and the constrained variations are 6§ = 1+ [n, £].

4. The Euler-Poincaré equation holds

o0 229
3 23

When using this theorem to solve a variational equation on a Lie group, one
should start by solving the Euler-Poincaré equation and then reconstruct the
solution on the group using g = g€. The relation between the solution on
the Lie group and the solution on the Lie algebra is called the reconstruction
relation, as it allows one to find the position of the system from the evolution
of its speed £. The reconstruction relation is thus the obvious place where one
would want to introduce noise to retain most of the results of this theorem.
Hence, we replace the reconstruction relation by the following stochastic

Process

dg = gédt+ ) _ goi 0 dW}, (2.2.10)

where o; are given Lie algebra elements. Notice its similarity with the process
X in (2.2.3), that is dg = g dX. We now proceed by computing the stochastic
Euler-Poincaré equation and will give further comments on this stochastic
reconstruction relation later. Using the relation (2.2.10), we can compute

the associated stochastic variations

8¢ = dn+adendt + Y adg,no dW}, (2.2.11)
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where 7 = g~ 'dg, for the arbitrary variations dg. Indeed, we follow the

deterministic derivation, and we compute

d(g~'6g) = g~ 'dég — g 'dgg'0g
6(g7'dg) = g 'odg — g '6g9 'dg.

These formulae yield (2.2.11) after subtracting them and using the fact that
ddg = ddg. From this computation, we directly have the following proposi-

tion.

Proposition 2.2.2. The solution of Hamilton’s principle (2.2.8) for the re-
duced action functional under the stochastic reconstruction relation (2.2.10)

is the stochastic Euler-Poincaré equation (2.2.2).

This derivation of the stochastic Euler-Poincaré equation is the closest deriva-
tion to the standard deterministic one. By being inserted into the reconstruc-
tion relation, the noise can be interpreted as possible errors made when the
position g of the system is computed from the velocity €. Interestingly, the
noise also appears in the equation for the velocity, that is the Euler-Poincaré
equation as one would think that this stochastic perturbation would only
affect the position and not the speed. It is for this reason that variational
principles are important and make a theory consistent by, in this case, making
sure that the noise in the velocity equation is compatible with the stochastic
trajectory on the group. In physical terms, we can think about this effect in
the following manner. The noise in the reconstruction relation will eventually
bring the position of the system to a place that can never be visited by the
deterministic solution, and where the dynamics can be rather different from
the expected one without noise. It is then necessary to use a different dynam-
ics for the velocity which will depend on where the perturbation brings the
system. This effect is modelled by the noise in the reduced equation. Notice
that the noise realisation for the reconstruction relation and the stochastic

Euler-Poincaré equation must be the same for this theory to make sense.

This derivation also justifies the simplification of the stochastic potentials
®;(q,p) = P;(p) used in the Clebsch derivation. There exists nevertheless

a difficult issue to solve, that we now want to explain here. The previous
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proposition is only half of the deterministic Euler-Poincaré reduction theorem
2.2.1. What we know is that if we can solve the stochastic equation (2.2.2),
then the stochastic reconstruction relation (2.2.10) can be integrated forward
to give a stochastic trajectory on the group that we will denote g;. The
question is now about g; being a solution of a stochastic process corresponding
to the Euler-Lagrange equation and if this stochastic process can be derived
from a stochastic variational principle on the Lie group. First, the process
gt 1s non-Markovian, that is any state of the system depends on its past. We

can see that by writing the reconstruction relation in integral form as

T t t
gT:go+f gt (§0+/ adg, peds +Z/ ad;ipgodW:) dt
0 0 i 0
T -
+Z/ g0 0 AW},

where the s time variable is for the integrals associated to the reduced equa-

(2.2.12)

tion and the ¢ variable for the group valued solution, evaluated at time T'.

This process can also be interpreted as having a stochastic drift. Similar
stochastic processes appear in mathematical finance with for example the
Longstaff-Swartz model Longstaff and Schwartz (1992) for the description of
short interest rates. The major difference between these models in mathe-
matical finance and our system is that the Wiener processes for ¢ and g are

the same, whereas in finance they use independent Wiener processes.

We will not go further in studying this stochastic process on Lie groups, but
rather give pieces of evidence and suggest an extension of this theory to the
Lie group that would remain compatible with what we said so far. First, we

have the following facts:

1. the noise was introduced preserves the coadjoint orbits obtained by the

reduction theory,

2. for a solution of the stochastic Euler-Poincaré equation, there exists a

corresponding stochastic path on the Lie group G,

3. if the noise vanishes, we recover the standard reduction theory of Euler-
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Poincaré.

4. the noise is the same in both the reconstruction relation and the stochas-

tic Euler-Poincaré equation.

Conjecture 2.2.1. The stochastic path on the Lie group coming from the re-
construction of a stochastic path on the Lie algebra is obtained from a stochas-

tic variational principle and satisfies a stochastic Euler-Lagrange equation.

DERIVATION FROM THE HAMILTON-PONTRYAGIN PRINCIPLE

We will now describe yet another derivation of the Euler-Poincaré equa-
tion which sits between the two previous approaches and will be useful later
on with dissipative forces in section 2.3. The idea behind the Hamilton-
Pontryagin principle is similar to the Clebsch principle. It is to enforce the
constrained variations directly into the variational principle via a generalised
Lagrange multiplier. In this case, we do not introduce Clebsch variables and
directly use the Lie group elements and the momentum variable to enforce
the constraint. In the present stochastic context, the constraint will become

stochastic.

Proposition 2.2.3. The stochastic Hamilton-Pontryagin variational princi-

ple

5 ( f 1(¢) dt + Z / (n, g7 dg — &dt — 0z 0 dwg‘)) ~0, (2.2.13)

for free variations g, 6& and 6 yields the stochastic Fuler-Poincaré equation

(2.2.2). Here, o; are arbitrary Lie algebra elements.

Proof. We compute the variations 6 and dp

65:%(5):;5

Sp:g 'dg=¢Edt+ Y o0 dW,
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and the d¢g variation gives

dg(p, 97 dg) = (n, —g 099~ dg + g~ ddg)
= —(dp,g7'6g) + (u, [ dg, 97" dg])
= (—dp +adj14p,97'09)

where we integrated by parts. Combining terms gives equation (2.2.2). N

ON SEMI-DIRECT PRODUCT EXTENSION

The first step towards leaving the realm of geodesic equations and kinetic
Lagrangians is to introduce additional geometrical structures which can de-
scribe broken symmetries. The best and simplest tool is the theory of semi-
direct products which can describe most of the interesting examples in finite
and infinite dimensions. We refer to Holm et al. (1998a) for extensive works
on semi-direct product structures in the context of dynamical systems and
fluid dynamics. Most of what we will say in this chapter can be extended
to include semi-direct products, where the example of the rigid body corre-
sponds to the heavy top, with gravity breaking the rotation symmetry. For
this section on stochastic deformation of the rigid body motion, we derived
the equations and studied them to some extent in Arnaudon et al. (2017a).
We will not present these results here as they do not provide more insights
into the effect of the noise but only complications. We will focus on the
Euler-Poincaré equation where the phase space is the tangent bundle of a

Lie group.

ITO PROCESS AND LIE-POISSON EQUATION

We previously derived the stochastic Euler-Poincaré equation and it is now
time to study it in more detail. We begin by computing the It6 correction
term that allows us to write the stochastic process in Ito form, more ap-
propriate to perform stochastic calculus than standard calculus. We can,
in particular, take expectations and compute the Fokker-Planck equation.

A direct computation of the Ito correction of the stochastic Euler-Poincaré
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equation (2.2.2) gives the following It6 process

oUE) | WO, Y, OUE)

ag ¢ o¢
. &)\ ,,
_§ E@ ady, ( T )dt

where the last term is the It6 correction. The important point here is that

(2.2.14)

the correction has a double ad® with a sum over all o; fields. The fact
that the index i is the same for both coadjoint actions comes from the fact
that the Wiener processes W} are independent for each i. If they were not

independent, some mixed terms would appear.

From these considerations, we can study the Lie-Poisson formulation of this
equation in both Stratonovitch, and It6 form. In Stratonovitch form, the

stochastic Lie-Poisson equation is

(e[ )2 ]
t (2.2.15)

= {f,h}dt+ Y {f ®:i} odW},
where f : g* — R is an arbitrary function and & : g* — R is the Hamiltonian,
obtained by a Legendre transform of the reduced Lagrangian [, provided
that it is hyper-regular. This formula exhibits the Lie-Poisson bracket which
appears in both the drift and the stochastic term. We can now compute the

corresponding It6 process to get
;1
df () = {f,h} dt + Z:{f, i }dW; + o Zﬁj{% {®;, f}}dt.  (22.16)

The double coadjoint action term is now a double Lie-Poisson bracket. We
will use this equation later to study the Fokker-Planck equation, but for now,
we will focus on the properties of the stochastic system and in particular the

preserved geometric features.

Proposition 2.2.4. All solutions of stochastic Euler-Poincaré equation (2.2.2)

are restricted to a coadjoint orbit O,, where pg = p(0) is the initial value of
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the process.

Proof. Without loss of generality, we can assume that W = 0 for all i, thus
the coadjoint orbit is parametrised by the value of the initial momentum .
One directly check that the Casimirs are preserved by the flow as both the

drift and the volatility coefficients have this same Lie-Poisson structure. H

ENERGY CONSERVATION AND INTEGRABILITY

We just investigated the preservation of geometric invariants under the stochas-
tic perturbation of the Euler-Poincaré equation. We will now study the dy-

namical invariants, which are not expected to be preserved in general.

In general, the energy h(p) is not conserved by the solutions of the stochastic
Euler-Poincaré equation (2.2.2). Indeed, using It6’s lemma 1.2.1, we can

compute the time evolution of the energy to get

dh(ue) = (&, dp) =D (&, ady ) 0 AW,

1

which is not conserved unless the dynamics of the drift is compatible with
the fields o; in a specific sense. In the previous computation, we see that
if ad,,£ L p for all time and index i where L is orthogonality with respect
to the pairing, then the energy is conserved. Notice that the drift dynamics
depends on the Hamiltonian used to compute &; in term of y;. This condition
is thus a compatibility condition between the Hamiltonian and the o; fields.
One could hope that the expected value of the energy would be conserved, but
one can verify that it is not the case in general. Nevertheless, the energy is
conserved when the functional h and ®; are compatible in the following sense.
First, recall that the dynamics of our system is tied to the Poisson structure
encoded in the Poisson bracket {-,-}. We then say that the functional h and

®; are compatible if
{h, @i} = 0, and {‘b“ q’j} =0 Vi?j . (2217)
Using only this property we can directly show that the stochastic process has
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h and ®; as conserved quantities. Indeed, from the Lie-Poisson formulation
(2.2.15), we have

dh(pu) = {h, By (ue) dt + 3 {h, @3} () 0 AW = 0

J

dd;(pe) = {®s, h} () dt + Z {®i, @} (pe) 0 dW] =0.

J

Proposition 2.2.5. For a stochastic deformation of an deterministic inte-
grable system, if h and all ®; commute with respect to the Poisson bracket of

the original system, then this system can be integrated by quadratures.

Proof. We assume that the deterministic system is integrable in the Liouville
sense, that is it can be integrated by quadrature via the action-angle vari-
ables, see Theorem 1.2.1. The functions ®; must be linearly dependent on
the deterministic conserved quantities of the original system. The construc-
tion of the action-angle variables, which involves the quadratures is thus not
affected but only the dynamical equation of these variables. Recall that the
®; are conserved by the stochastic flow. The action variables hence remain
constants of motion for the stochastic equation. The angle variables will be
affected by the noise, with a stochastic frequency, depending only on the
constant action variables. This holds as the ®; are in involution with all the

other conserved quantities. [

This proposition leads to the following definition.

Definition 2.2.1 (Stochastic integrable system). The stochastic process (2.2.2)
18 called a stochastic integrable system if h and all ®; commute with respect
to the Poisson bracket generating this process and if the deterministic system

18 already integrable.

This ensures that the stochastic dynamics is restricted on the invariant tori
of the original integrable system. The dynamics on them is stochastic, but as
it is just an additive noise on a straight line motion, it can also be integrated

explicitly.
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Stochastic integrable systems were first introduced in Li (2008) with a more
general definition which includes other systems than the present stochastic
Euler-Poincaré equations. The present definition is rather abstract and not
very explicit, so we will need further refinements by looking at specific exam-
ples later in the text. We can nevertheless make a few interesting comments.
First, recall that for the previous derivation of the stochastic equations to
make sense, we must have ®;() = (u, 0;) where o; does not depend on p.
This restriction has a direct impact on the possible integrable stochastic sys-
tems that we can derive. Indeed, the dynamics of an integrable system lies at
the intersection of the level sets of the conserved quantities. The noise must
then produce dynamics only along these level sets to preserve integrability.
The restriction of being linear in the momentum is in general to restrictive
for this to be achieved. Relaxing this assumption of linearity will correspond
to the definition of Li (2008) where only stochastic processes with commut-
ing vector field are considered, without any assumption on their form. This
generalisation will also be used here in section 3.4 when we treat stochas-
tic integrable hierarchies. In finite dimensions, there is hopefully enough
possibilities in the choice of Hamiltonian systems to derive several different
integrable stochastic systems. We will study a few of these examples through-
out this work such as the free rigid body in 2.2.3 and the stochastic Toda
lattice in 2.5.

2.2.2 THE FOKKER-PLANCK EQUATION AND STATIONARY DISTRIBUTION

Once we have a stochastic process, we can study its associated Fokker-Planck
(FP) equation which describes the dynamics of the probability density of the
stochastic process. Before going any further, we have to mention that al-
though most of what we said before can be applied to infinite dimensional
systems (see for example Holm (2015)), the study of the Fokker-Planck equa-
tion is limited to finite dimensional systems for obvious dimensionality rea-

s0ons.
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THE FOKKER-PLANCK EQUATION

The first step in the derivation of the Fokker-Planck equation is to compute
the Kolmogorov operator or the infinitesimal generator of the stochastic pro-
cess, see definition 1.2.9. This operator can directly be computed by tak-
ing the conditional expectation of the Lie-Poisson formulation in equation
(2.2.15). For this, we need the I[t6 correction, then, the stochastic term can
be removed by using the conditional expectation to obtain the Kolmogorov

operator

{(n) = <ad;: > 3 Z <ad* 1, 6#< s gﬁ >> . (2.2.18)

As before, we can explicitly use the Hamiltonian and stochastic potential to

rewrite the Kolmogorov operator in a Lie-Poisson form as
1
LF(u) = {h, f} =5 D {®:{®:, f}}. (22.19)

Notice that it is the same object as the [t6 correction of the Lie-Poisson
form of the equation derived previously. The last step is to compute L*, the
adjoint of the Kolmogorov operator, or the so-called forward Kolmogorov

operator, using the definition of adjoint

f J()LP(p)dp = f P(p)Lf(p)dp.

Proposition 2.2.6. The forward Kolmogorov operator is
. 1
LP(w) = —{h, P} — 5 3 {®:,{®:,P}}. (2:2.20)

Proof. We first consider the drift term of (2.2.19) and use the Leibniz prop-
erty of the Lie-Poisson bracket to get

/]P’{h,f}d,u = —/f{h, P}dp + /{h, fPHdp. (2.2.21)
Recall that a non-degenerate Poisson bracket can be expressed in term of a
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symplectic form as {F, G} = w(Xp, Xg) where X and X are the Hamilto-
nian vector fields associated to the function F' and G. Now, the symplectic
form on the coadjoint orbit is an exact 2-form, that is w = df for some
I-form 6. These facts mean that provided that we have vanishing or pe-
riodic boundary conditions on the coadjoint orbits, the integration of the
Lie-Poisson bracket corresponds to the integration of the exterior differential
of a 1-form. This integral vanishes by using Stokes theorem and suitable

boundary conditions. For the double bracket term, we similarly obtain

/ P{®,, {®y, f}}dp = — f (@1, F}{®:, Py + f (&, {®,, /}P}du
_ ] F{s, {®3, Pyt — f (®s, [{®i, P} du
+ /{(I)i: {(I)i: f}P}dﬂ’ ]

where the last two terms vanishes from the same argument as before, that
is using integration by parts. Collecting terms give the forward Kolmogorov
operator (2.2.20). |

From the forward Kolmogorov operator, the Fokker-Planck equation for the
probability distribution P(¢, p) is

d 1
al = Pt 52:{% {®:,P}}. (2.2.22)

The second term is new and describes the diffusion generated by the noise.
For illustration, in the case of one-dimensional Brownian motion, the Fokker-
Planck equation corresponds to the heat equation where the double bracket

term is the Laplacian.

THE HORMANDER CONDITION AND ERGODICITY

The Fokker-Planck equation is a linear but high dimensional PDE which
cannot, in general, be solved analytically. One interesting feature is the

existence of a unique stationary distribution which relies on the property
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that the drift and volatility vector fields of the stochastic system satisfy the
Hormander condition. We refer, for example, to the introduction of Hairer
(2011) for more detail about this topic. We first state its standard definition

based on a generic stochastic process x; € R™

dz; = Vo(ze)dt + Y _ V() 0 AW}, (2.2.23)

for vector fields V(z) : R, — R,,. We will need the Lie bracket between two
vector fields, given by

[V,W]|(z) = DV (z) - W(z) — DW(z) - V(z), (2.2.24)

where DV is the matrix derivative (DV);; = 9;V;.

Definition 2.2.2 (Parabolic Hormander condition). Define the collections
of vector fields

Vo = {Vi|i > 0} (2.2.25)
Ve = {[U,Vi],U € Vi > 0} . (2.2.26)

If V(z) = U Vk(z) = R™, then (2.2.23) satisfies the parabolic Hormander

condition.

This condition means that the vector fields V; and all their commutators
must span the entire phase space of the stochastic process (2.2.23). With

this property, one can prove the Hormander theorem of Hérmander (1967).

Theorem 2.2.2 (Hérmander theorem). A stochastic process with the Hérmander
conditions has solutions which admit a smooth stationary distribution with

respect to the Lebesque measure on the phase space.

In our case, we need to adapt this definition, or none of our stochastic pro-
cesses will fulfil the Hérmander condition. Indeed, we already saw that the
multiplicative noise that we use allows us to preserve the coadjoint orbits
of the deterministic system which is a subset of the full phase space. We

thus need to modify Hérmander condition to V(i) = 7,,0. Equivalently, we
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require that V(u) span the tangent space to the coadjoint orbit at the point
. The tangent space of a coadjoint orbit is computed from the definition of

the coadjoint orbit and is given as
T,0 ={ad;p| € € g} . (2.2.27)

From this we see that Hormander condition is satisfied if span(o;) = g, in
this case only Vy is needed as V; = ad;_p. If this is not the case, we need to

go further and use the explicit form of the vector fields V; to compute
[ad5, 1, ad, ] = (ady,ad;, — ad, ads, )

and verify that 7,0 is spanned by these vector fields, or higher commutators.

We now need to comment on this feature of stochastic processes in the case of
integrable stochastic systems. As we said earlier, the integrability property
corresponds to the system being restricted to a submanifold of the phase
space which is the intersection of the coadjoint orbit with the level set of
additional conserved quantities. The noise must then preserve this subset and
the Hormander condition will thus never be satisfied for the entire coadjoint

orbit but only for this particular subset.

STATIONARY DISTRIBUTION

We now describe the stationary distribution, or the stationary solution of the

Fokker-Planck equation, given as the unique solution of

{h,Poo} = —> {®i,{®:,Poc}} (2.2.28)

Proposition 2.2.7. The stationary distribution is constant on the coadjoint
orbit if the Hormander condition for the underlying stochastic process holds

on the same orbit and the system is not integrable.

Proof. First, recall that the Hormander theorem states that the stationary

distribution stationary distribution exists and is smooth with respect to the
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Lebesgue measure on the coadjoint orbit. Second, because the system is
not integrable, that is h and o; are arbitrary, we need {h,P} and {®;, P} to
vanish independently. They vanish only if P is in the kernel of the Poisson
bracket, that is if P is an arbitrary function of the Casimir or invariant
function on the coadjoint orbit. P must only depend on the initial condition
po which defines the orbit O,,. This dependence is then removed after the
normalisation of P by imposing that it is a probability distribution, so that
fo#u Poo(p)dp = 1. Furthermore, we know from the Hérmander theorem
that the stationary distribution is unique, and we found one, so we proved

the result of this proposition. [

Notice that if the volume of the coadjoint orbit is infinite, the stationary
distribution is not defined and we need to use more general measures. We
will avoid by using only compact coadjoint orbits corresponding to compact

Lie groups.

2.2.3 THE STOCHASTIC FREE RIGID BODY

We will now apply this theory to the free rigid body which is our main
example to illustrate the stochastic deformation of geometric mechanics in

finite dimensions.

THE FREE RIGID BODY

We will only give the necessary details for a basic understanding of the dy-
namics of the free rigid body, and we refer to Marsden and Ratiu (1999) for
a complete description of this system. The Lie group that describes the rigid
body is SO(3), the group of rotations in three dimensions. This group natu-
rally acts on vectors in R® which represent the positions of each infinitesimal
element of the solid. The dynamics of the body can thus be described by
a path on R(t) € SO(3). The body being free, that is there is no external
force, the Lagrangian is purely kinetic. The Lie group has a natural action
on its tangent vector R(t) € TpSO(3) corresponding to the velocity vector.

On top of that, the group action preserves the norm of these vectors and
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the kinetic energy so the theory of reduction by symmetry can be applied.
The reduced velocity variable is thus Q := R™'R € s0(3) and the reduced

Lagrangian is
1 1
I(Q2) = 59 192 = 59 1T, (2.2.29)

where I = diag(ly,I2,13) is the tensor of inertia which captures the mass
distribution of the solid in three principal moments of inertia. Geometrically
speaking, it is a map I : g — g*, and defines the reduced momentum variable
IT = I2 € g*. We are using bold fonts in the definition of the Lagrangian
which means that in fact 2 € R* = s0(3) via the isomorphism between 3-
dimensional anti-symmetric matrices and R®. With this isomorphism, the
trace pairing becomes the dot product, the matrix commutator the cross
product and ad = —ad*. We thus obtain the following Euler-Poincaré equa-

tion on the group of rotations
MM=IIxQ. (2.2.30)

We will not study the dynamics of this system in detail here but only mention
that the coadjoint orbit is the momentum sphere with Casimir C(IT) = ||IT||?
and the trajectories lie in the intersection of this sphere and the ellipsoids
given by the conservation of energy. We will see more detail on the dynamics

with the noise later on in this section.

THE STOCHASTIC FREE RIGID BODY

We will now follow the present theory of stochastic deformation and apply
it to the free rigid body. We first need a stochastic potential linear in the

momentum, so we choose

&,(I) = o - (2.2.31)
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where 0; € so0(3) are orthogonal fixed elements. The stochastic free rigid

body equation is then, from the stochastic Euler-Poincaré equation (2.2.2),

dIT+TIx Qdt +» T x o;0dWf =0, (2.2.32)

and preserves the coadjoint orbit as it is easily checked that the Casimir
C(IT) = ||TT||? is preserved by the flow. The equivalent It6 formulation of
(2.3.44) is given by

1 i
dIT + I x ndt+§§;(n X ;) X cridt+z;l'l x o dW! =0, (2.2.33)

where again one can verify that the Casimir is conserved using It6 calculus.

[t is now interesting to study the energy conservation of this system, as this is
the only other deterministically conserved quantity apart from the Casimir.

Using It6’s Lemma, we compute the time evolution of the energy to obtain

dh(IT) = > (I x o) - [I7'(II x 0;) — (2 x 0;)] dt

' , (2.2.34)
+2) (O x o) QdW; .

From this formula, we can see that the energy is not conserved in general. In
order to study the energy evolution we numerically computed the probability
density for the energy, that is the solution of the Fokker-Planck equation
associated to the process (2.2.34) and display the result in figure 2.1, for two
different initial conditions. In practice, we ran many independent simulations
of the system with different noise realisations and then counted the number
of rigid bodies for each energy bin between the two possible extreme values
of the energy. The latter are found from the conservation of the momentum
sphere to be at the two stable equilibria associated with the directions of the
largest and lowest moment of inertia. For large times, the initial conditions do
not affect the final distribution, demonstrating the ergodicity of this system.
The second remark is that this final density is not constant. This is explained

by the fact that the volume of the coadjoint orbit for each value of the energy
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is different, thus the number of rigid bodies, as they are uniformly distributed
on the momentum sphere. Recall the energy is not conserved unless we make
0.05

— I I I I

S 0.03

& 0.01
100

80

o B

0 d . !
0.15 0.20 025 0.30 0.35 040 045 050015 020 0.25 0.30 0.35 040 045 0!
E E

0

Figure 2.1: We display in this figure the density distribution of the stochastic process
(2.2.34) with I = diag(1,2, 3) for two different initial conditions. The blue colour means
that the probability vanishes, and the yellow colour that the probability is high. This figure
demonstrates the ergodicity of the system and the property that the constant energy regions
of the momentum sphere have different volumes. The numerical scheme used here is the
Heun method for the stochastic term and the standard odeint method of the Scipy package
in python.

a particular choice for T and o; such that (o; x IT) L (I"'II) holds. One
can easily see that this the case only if there is a single Wiener process
associated to the fixed vector on, where n is the unit vector and o a real
number. On top of that, the moment of inertia must be uniform in the

subspace perpendicular to n, that is, there is a number I such that
I(e —n) =Ii(e — n),

where e = (1,1,1). Without loss of generality, we can set n = (0,0,1)T and
I = diag(I,, I}, I3) such that the dynamics takes place in circles perpendicular
to the axis (1,0,0). One can then verify that under this condition, the energy
is conserved along the stochastic paths that solve (2.3.44).

In fact, this condition which gives integrability of this system is equivalent
to the condition that the Hamiltonian and the stochastic potential are com-

muting integral of motions. In this simple case, we can go even go further
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by writing the stochastic free rigid body equation in components.

dHl = H2 (a.l__[gdt +oo dW)
dHQ = —Hl(aﬂgdt +oo dW)
dH3 — 0 )

I-I5
I E

Kubo et al. (1991) in the context of statistical physics. Its solution can be

where a :=

. This equation is the classical Kubo oscillator introduced by

explicitly given in term of the Wiener process W,

T, (t) = I14(0) cos(allst 4+ o W) — T12(0) sin(allst + o Wr)
II5(t) = 3(0) cos(allst + o W;) + 11 (0) sin(allst + o W) .

The outcome of this analysis is that integrability is rare for these stochastic

systems as it only appears for a single set of combinations of the parameters.

THE FOKKER-PLANCK EQUATION AND STATIONARY DISTRIBUTIONS

We can now study the Fokker-Planck equation in more detail. We start with
the conditions on the o; such that the Hormander condition is satisfied. In
the generic case of isotropic noise described by three Wiener processes with
o; = oe;, where e;; is an orthonormal basis of R* and o a real number, the
Hormander is satisfied. More noise fields could be added or removed without
changing this result. In fact, only one noise field o is needed if the moments
of inertia are all distinct. Indeed, the noise will always be in along the same
direction, and the dynamics will bring enough mixing to obtain ergodicity.
In the case of degeneracy for the moments of inertia, if the noise amplitude is
not as in the stochastically integrable case, the Hormander condition will be
fulfilled. This feature demonstrates that the Hormander condition on the full
coadjoint orbit prevents the system from being integrable. On the contrary,
if the system is integrable, the Hormander condition will hold only on the

1-dimensional subspace of solutions, as one can see for the Kubo oscillator.

We now compute the Fokker-Planck equation for the stochastic free rigid
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body to get

d 1
P+ I x Q) VP+ QZ;(H x ;) - V[ILx o;)- VP =0, (2.2.35)
where V is the gradient with respect to the independent variable IT € R?. As
we proved for the general case in Proposition 2.2.7, the stationary distribution
of the Fokker-Planck equation is a constant on the coadjoint orbits, which is

here the momentum sphere.

The interesting thing not captured in the stationary distribution is the dy-
namics of the probability density IP when it is not stationary and where the
combination of the advection and the diffusion due to the noise are visible.
To illustrate these effects, we solved the Fokker-Planck equation numerically
with a Monte-Carlo sampling method with a delta initial distribution. We
display several snapshots of the solution in figure 2.2. The solution was ob-
tained by a Monte-Carlo sampling of the Fokker-Planck equation, that is
many simulations of the stochastic rigid body were computed with a differ-
ent realisation of the noise each time. We used a split step method with the
exact solution for the stochastic term and the plot represents the density of

rigid bodies on the momentum sphere at a given time.

Figure 2.2: In this figure we display six snapshots of a numerical simulation of the Fokker-
Planck evolution of the free rigid body, with noise amplitude ; = oe; and moment of
inertia I = diag(1, 2, 3). The red dot is the initial delta distribution that converges to the
uniform distribution as time goes to infinity. During the process, the advection term coming
from the underlying rigid body dynamics accelerates the mixing by transporting the solution
in various regions of the momentum sphere.
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2.2.4 SUMMARY AND OUTLOOK

Most of this section was devoted to the introduction of noise in mechanical
systems with symmetries. We saw three different and almost equivalent
derivations in section 2.2.1: the Clebsch variables, stochastic forces with
the Lagrange-d’Alembert principle and the stochastic Hamilton-Pontryagin
variational principle. The most general derivation turned out to be the last
which can even allow a noise to depend on advected parameters. We did
not investigate these systems here and refer to Arnaudon et al. (2017a) for
some results about them. One of the interesting features is that the coadjoint
orbits are not compact and the study of the stationary distribution needs to
be done via marginal distributions obtained by integrating over parts of the
coadjoint orbit. To study stationary distributions, we obtained a general and
simple formulation of the Fokker-Planck equation in term of the Lie-Poisson
bracket and directly obtained the result of a constant stationary distribution

on the coadjoint orbit.

Regarding the integrability of the stochastic deformation, the deterministic
free rigid body is integrable for all values of the moment of inertia, but with
noise only a few configurations of the system preserve integrability. This is
the case when the body has a cylindrical symmetry with the noise along the
axis of symmetry. This system is, in fact, the stochastic Kubo oscillator as
the dynamics is restricted to circles on the plane, with explicit exact solutions
in term of the noise. For the heavy top which is the classic example of the
semi-direct product extension, a similar result holds where the noise must be
in the axis of symmetry of the Lagrange top (a heavy top with cylindrical
symmetry), and explicit solutions can also be computed, see Arnaudon et al.

(2017a).

At this point, there are no major open problems but rather questions of how
to extend this approach to other types of systems. We already mentioned
semi-direct products but other structures could be considered such as the
Lagrange-Poincaré reduction, cocycles, reduction with non-holonomic con-
straints, etc. Some of these extensions are work in progress and some have

not yet been investigated.
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2.3  DISSIPATION AND RANDOM ATTRACTORS

So far we studied stochastic Hamiltonian systems which can be seen as non-
dissipative systems despite the noise. Indeed, the noise introduces diffusion
rather than dissipation as we saw in the energy behaviour of the stochastic
rigid body. This difference is important especially if we want to understand
the interaction of noise and energy dissipation in dynamical systems and
in particular the possible equilibrium regime resulting from the balance be-
tween these two effects. The aim of this section is to introduce dissipation
in the stochastic Euler-Poincaré equation to perform such a study without
destroying the coadjoint orbit structure. For this, we will introduce in the
next section 2.3.1 a nonlinear dissipation term of double bracket type. With
this dissipation, we will have two directions to study its interaction with the
noise. We can either average over the realisations of the noise or fix a reali-
sation and average over the initial conditions. We will start in section 2.3.2
by deriving the Fokker-Planck equation and compute its stationary distribu-
tions to show that they are the Gibbs distribution of statistical physics. We
will then briefly investigate this connection with statistical physics in section
2.3.3. We will then take the second point of view in section 2.3.4 to study
the attractors of these systems. This will lead us to the notion of random
attractors, chaos and sensitivity to initial conditions, a central theme in the

theory of random dynamical systems.

2.3.1 DISSIPATION WITH DOUBLE BRACKET

The introduction of dissipation in mechanical systems with symmetries should
be carefully done to retain important geometrical properties such as preser-
vation of coadjoint orbits. Such a theory of geometric dissipation has been
developed in recent years and can be applied to a large class of mechanical
systems, including finite or infinite dimensional as well as semi-direct prod-
ucts systems. The dissipative term that we will add here is a generalisation of
the double bracket dissipation first introduced by Brockett (1991) in the con-
text of diagonalizations of matrices in linear programming and shortly after

by Bloch et al. (1992) for a different description of the completely integrable
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Toda lattice. The double bracket theory was then further extended to me-
chanical systems in Bloch et al. (1996) and more recently in Gay-Balmaz and
Holm (2013, 2014) where both energy and Casimir dissipations were studied
and applied to fluid mechanics. We will not discuss further the use of dou-
ble brackets for fluid dynamics here as we will only consider double brackets
for finite dimensional systems. As studied in Gay-Balmaz and Holm (2013),
the dissipation of the Casimir while preserving the energy is often used to
model turbulence cascade in fluid dynamics. We want here to do the reverse,
that is to preserve the Casimirs and dissipate the energy so that we have a

dissipative mechanics on the coadjoint orbits.

THE DOUBLE BRACKET TERM

We begin by introducing this dissipation in the classical example of the rigid
body which also illustrates the fact that the Casimir and energy dissipation
have a similar form. Indeed, for the Casimir dissipation, the equation of

motion is

IMM=TIxQ+60Qx (2 xII), (2.3.1)
and for energy dissipation it reads

IMM=TIxQ+0IIx (II x ), (2.3.2)

where the inverse timescale § € R parametrises the dissipation strength.
One can directly verify that the Casimir or the energy decay until the system
reaches a position €2, where ||€2. x I1.||* = 0. This condition is satisfied when
the rigid body is at an equilibrium position, i.e. aligned with a principal axis

of inertia.

We can now introduce the general dissipative term of Gay-Balmaz and Holm

(2013, 2014) to get the dissipative Euler-Poincaré equation

b
°¢ &1 =0, (2.3.3)

d
el d adt. |22 2%
dt#+a %PH_H %[5;;’5#
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where the isomorphism b : g — g* is associated to a given pairing, that can
in general be different from the natural pairing of the Lie algebra. Here, we
will always use the natural pairing, but for fluid dynamics, other choices may
be possible, see Gay-Balmaz and Holm (2013).

In this general case, the energy decay is given by

2

o¢ Shli" (2.3.4)

=[50 5

where the norm is associated to the pairing used in the definition of the flat

operation. This equation shows that the system is forced towards a position
where the right-hand side vanishes. This condition is compatible with an
equilibrium solution of the original deterministic system, see Gay-Balmaz
and Holm (2014) for an extensive discussion on this topic. We will come
back to this point in section 2.4 where we will study the stochastic stability

of these equilibrium solutions via the energy-Casimir method.

DERIVATION FROM A VARIATIONAL PRINCIPLE

This additional dissipative term which we introduced by hand can also be
derived from a variational principle. To do this derivation we need to use a
forcing term which would not come from a potential energy, as it is a dissi-
pative force. One of the best ways to do this is to use the reduced Lagrange-
d’Alembert principle. We refer to the monograph Bloch et al. (2003) for more
detail on this theory and will only briefly explain it in our particular con-
text. This variational principle is used to include forces in the Euler-Poincaré

equation and is given as

5 ( f 1(€) dt) + / (F(&),n)dt =0, (2.3.5)

where the constrained variations §§ = 17— [£, ] are only used for the variation
of the first term. The second term includes the force F' : g — g* and

the free variations 7. In the stochastic Euler-Poincaré equation with energy

50



dissipation, the Lagrange-d’Alembert variational principle is

5 (/s(g) dt) +9f < l%,ag] , l%,nb dt =0, (2.3.6)

where the stochastic constrained variations are 6§ = dn+[£, 5] dt+)_.[o:, 7] 0
dW}. We can then compute the dynamical equation that extremizes this

variational principle to get

9I(¢) . [oC 8n]’
< o€ §£> < o lﬁ’@] ’6£>:0' (2.3.7)

Substituting the formula for the variations §£, integrating by parts and iso-

lating the variable n we get, in the Hamiltonian form

oC 0Oh . i
dp + ad? h,udt—l—&’ad [8;“ > ] dt—l—Zad podWi =0, (2.3.8)
Whereﬁzg—ﬁ.

THE COMPLETE STOCHASTIC MODEL

We now come back to the equation (2.3.8) and notice the following fact.
Introducing noise into this equation amounts in replacing the velocity field £
by &dt + ), 0: 0 dW}. This replacement is only done in the advection term
and not in the dissipation term which also contains an explicit ¢ variable.
Physically speaking, this equation is not consistent unless an extra stochastic
term is added in the dissipation. Notice that this introduction of noise can
also be seen as replacing the Hamiltonian h with the stochastic quantity
hdt + ®; o dW} in both the advection and dissipation. Using a variational

principle, we will derive the physically consistent equation

aC oh ac 1" .
dps + ady, pdt + 0 ade la,u 3{_] dt+6'Zad [a,u o—i] o dWj

+ Zad;wu, odW} =

(2.3.9)
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We will use a combination of Lagrange-d’Alembert for the dissipative force

and Hamilton-Pontryagin principle for the noise, as introduced in 2.2.1.

Proposition 2.3.1. The variational principle

(Jros) o (o] [54])
+5 (Z ] w,g—ldg—fdt—modm’)) 0,

yields the stochastic process (2.3.9) for free variations 8g, 5§ and Sp.

(2.3.10)

Proof. From this variational principle, the first and last term are treated
as in proposition 2.2.3 using the Hamilton-Pontryagin theory. We do the
computation for the second term only, to get, using the form of g~'dg from

the last term,

b b
g5g,adse |22 g7dg| Y = [ 47159, adse |2, edt + oy 0awi| ) .
Em 6"_{. op 6".1-

(2.3.11)

The variations dg being arbitrary, we obtain the forced stochastic Euler-
Poincaré equation (2.3.9). |

Notice that such a derivation will not work in the case of Casimir dis-
sipation with preservation of energy. Indeed, we would need a different
Lagrange-d’Alembert term which should contain two g~'dg terms instead
of two Casimir dependent terms. This different term cannot work in the
stochastic setting unless we use ¢ instead of g~'dg. We can explain this issue
by the fact that there is no energy conservation in the stochastic system, so
trying to dissipate the Casimir while preserving the energy does not make

Sense.

Although this derivation is physically more consistent, we will not use it here,
and prefer the simpler derivation which produces equation (2.3.8). One can

argue for this choice by assuming that the amplitude of the dissipation and
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the noise are taken to be small enough so that the extra term proportional

to of can be neglected, as well as its It6 correction terms, proportional to

020 and #%02.

It is interesting that only the Hamilton-Pontryagin principle gives a physi-
cally consistent dissipative equation. This fact may be an indication that this
variational principle is the most general to include noise into these dynami-
cal systems with symmetries. This can also be seen for semi-direct product
structures, where the Clebsch derivation does not allow the noise fields to de-
pend on the advected quantities whereas the Hamilton-Pontryagin principle

does not have this restriction.

2.3.2 THE FOKKER-PLANCK EQUATION AND THE (GIBBS DISTRIBUTION

After having added the double bracket dissipation to the stochastic mechan-
ical systems, we will study the evolution of the probability distribution via
the Fokker-Planck equation and in particular the stationary distribution of

this process.

The Fokker-Planck equation for the dissipative stochastic process (2.3.8) is
straightforward to compute because the extra term only modifies the advec-

tion part of the Fokker-Planck equation. We obtain

d oP oC oh oC
aro - onpreo( [ 50 (55
1 (2.3.12)
-5 Z{@, {®:,P}} =0.
Already from the Fokker-Planck equation, we can guess the form of the in-
variant solution which will be a balance between the dissipative and the dif-
fusion term. The dissipative term contains only one derivative of P whereas
the diffusion has two derivatives. We thus expect to obtain a solution pro-
portional to the exponential of a function of . In the following theorem, we
compute the form of the stationary distribution which turns out to be the

Gibbs distribution of statistical physics.

Theorem 2.3.1. Let g = g* be a compact semi-simple Lie algebra and e; an
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orthonormal basis of its underlying vector space. For an isotropic noise, that
is 0; = oe; for a given 0 € R and a basis {e;};, the invariant distribution
of the Fokker-Planck equation (2.3.12) associated to (2.3.8) with Casimir

C = 3|\u||? is the Gibbs distribution

Poo(p) = Z e o2"®) | (2.3.13)
where Z is the normalisation constant that enforces [,Py(p)dp = 1, or

partition function in the language of statistical mechanics.

Proof. The first term vanishes if we choose the invariant solution in the kernel
of the Hamiltonian term, or of the form P (1) = f(h(u)) where the function
f 1s to be computed. We first use the bi-invariance of the pairing, guaranteed
by the semi-simple property of the Lie algebra to rewrite the dissipative term
of the Fokker-Planck equation as

9<l6]P 5‘0] lah 6C:|> 9<8]P’ 4 l@C 8h]>
a ' a |13 45 - 5 adac |,
ou’ op on’ op Op’ | Oup’ Op (2.3.14)

oC 0oh
-oa (s [55.5.])

where d stands for the divergence operator and we used partial derivatives
instead of variational derivatives. Notice that we also needed to use the fact
that the coadjoint action for semi-simple Lie algebras is divergence-free. We
already proved this point in the computation of the Fokker-Planck equation
from the backwards Kolmogorov operator. We now consider the diffusion

term, and we manipulate it using the quadratic Casimir, that is p = %, to
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obtain, for ®; = (u, 0;)

oCc o oC 6P
_ . . = — 2
Zﬁ:{@“{@hp}} g z%:< e‘a 3,11, <ad:8pﬂ 6#>>

—sz( h)ade‘é‘ <ad§33# >) (2.3.15)
60)

Bp,’ap,

— o2d ( f(h)ad{gn oo
= o%d ( f(h)adgeadse @) .

—202/0” and comparing the two

The result then follows by choosing f(z) = e
terms (2.3.14) and (2.3.15). To conclude the proof the uniqueness of this

stationary distribution is provided by the Hormander theorem. [

Before going into the physical interpretation of this stationary distribution,
we want to comment on a few important restrictions on the noise and the Lie
algebra we had to use for this proof. First, the noise should be isotropic, that
is 0; = oe; where the e; span g. If this condition is relaxed, the diffusion and
the dissipation terms will not be directly proportional to each other and the
usual Gibbs distribution will not be a valid solution. The other requirement
of the Lie algebra being semi-simple is needed for a similar reason. Indeed,

the selective decay term is in general

aC on]’
( (h)adbe l o a;;] )
and the diffusion
b b
Zd(f (h)ad, = 80 < ol }ei>) —d| f'(h)ad* ,2¢
Em 5‘;5 (ad‘ acb) 8ﬂ

These two terms are not compatible term unless the pairing is ad-invariant,
that is ad* = —ad and the b and § musical operators can be dropped (where

f is the inverse of »). In both cases, we know that there is an stationary
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distribution, if the Hormander condition is satisfied, but it is in general diffi-
cult to find an explicit form for it. This difficulty can be directly seen in the
equation used above for computing the stationary distribution as if the noise
is non-isotropic, the ansatz P, = f(h(t)) does not work. The stationary
distribution is then a subtle balance between the advection, the dissipation

and the diffusion terms.

We display the Gibbs distribution in figure 2.3 for two different noise am-
plitudes. The isotropic noise exhibits the Gibbs distribution computed pre-
viously, and the non-isotropic noise produces a non-symmetric distribution
but still close to the Gibbs distribution.

3.0

2.0
L5

1-0
0.5
1 2 3 1 5 6

0.0
0

(a) Isotropic noise amplitude with noise am- (b) Non-isotropic noise amplitude with noise
plitudes ¢(1,0,0),0(0,1,0) and ¢(0,0,1). amplitudes o(1,0,0), and &(0,0,1).

Figure 2.3: This figure displays two stationary distributions of the Fokker-Planck equation
for the stochastic free rigid body. In yellow are the high density regions and in dark blue
the low density regions. The top panel is a simulation with an isotropic noise which shows
the Gibbs distribution and the bottom panel has a non-isotropic noise. The latter has a less
symmetric profile and a higher density around the lowest energy equilibrium position. The
white lines show a few deterministic trajectories of the rigid body.

2.3.3 STATISTICAL PHYSICS

This result of obtaining the Gibbs measure as the stationary distribution
is important and connects with the classical theory of statistical physics.
This theory begins with the description of gases or lattices in contact with
heat baths and allows a systematic formulation of statistical quantities such
as temperature or entropy of the system. The important point here is that

statistical physics only treat systems in equilibrium, which for us corresponds
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to a system at a stationary state (the measure of the process is the stationary
distribution). Here, we will not go very deep into this theory but only give
a few definitions to be able to derive the Gibbs distribution from a certain
constrained variational principle. We refer to Chandler (1987), Landau and
Lifshitz (1980) for more details on the theory of statistical physics.

In statistical physics, the most important quantity is the partition function
Z, defined as a normalization constant for the Gibbs distribution. For us, it
was defined in (2.3.13) by integrating only on the coadjoint orbit, and not
over the entire dual of the Lie algebra. The partition function can also be

viewed as a function of the inverse temperature

20

B=, (2.3.16)

or any other parameters of the system. In the next paragraph we will define
useful statistical quantities and show how they can be computed directly
from the partition function but first, we need to comment on the inverse
temperature. We mentioned the connection with heat baths before, and
the inverse temperature § = k;%T makes it clear as T' is the temperature
of the heat bath and kg the Boltzmann constant. The definition of the
inverse temperature (2.3.16) can be re-interpreted as the Einstein relation
which gives a relation between the dissipation # and the fluctuation coefficient
o such that the system is at equilibrium at temperature 7. This is also
present in the classical, and simplest version of the fluctuation-dissipation
theorem, which can be extended to quantum systems and turns out to be
very important in many applications. We only refer to the classic short

review of Kubo (1966) and references therein for a more precise treatment.

We begin by the definition of the average energy of the system

() = [ hwPl)d =27 [ By, (2.3.17)

and can directly be obtained from the partition function as

(E) = —%Iog(Z) . (2.3.18)
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In the case of compact coadjoint orbits, such as the rigid body, the average
energy is bounded from above. Indeed, as T" — oo, the Gibbs measure

P, — 1 and we have the inequality
(E) :/ h(p)Pdp < / h(p)dp < oo. (2.3.19)
o o

Similarly, the energy fluctuation around the mean energy (FE) can be ex-

pressed as a function of the partition function as

o _ 0(E)

As for the mean energy, it saturates as T' — oo if the coadjoint orbit is

A, (E) = (E* — (E)? (2.3.20)
compact.

We finally arrive at the definition of the entropy on the coadjoint orbits,

given by the famous relation

S=—kg f Plog(P), (2.3.21)
(@]

or, in term of the partition function
S = kp—(TlogZ) (2.3.22)

If the orbit is compact, the entropy saturate as well for large temperatures

T.

The entropy is another important quantity as it is maximized by the Gibbs
distribution, under the constraint that the average energy is fixed. This
reflects the second law of thermodynamics, which states that a system in-
creases its entropy until it reaches a statistical equilibrium. The condition
of fixed mean energy is in a sense the definition of the canonical ensemble
of statistical mechanics, that is the temperature is fixed by the exchange of

energy with an external heat bath.

We enforce the constraint (E) = Ej, for a given mean energy Fjy, with the
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Lagrange multiplier S in the entropy functional

S(P) = ] [P(1)log P(s) + B (h()P(r) — Eo) | dy. (2.3.23)

The variation with respect to P gives

logPoo (1) + 1+ Bh(p) =0, (2.3.24)

then, by normalizing, we obtain the Gibbs distribution with inverse temper-

ature

Po(u) = Z e P (2.3.25)

This short section on the connection between the stochastic dissipative pro-
cesses on coadjoint orbits and classical statistical mechanics is to be extended
in future works. In particular, the treatment of interacting gas, or lattices
of coadjoint orbits could be of interest, as some phase transitions would be

expected to occur.

2.3.4 RANDOM ATTRACTORS

After the study of the Fokker-Planck equation and its stationary distributions
for the dissipative stochastic processes that we considered so far, we are going
to explore a rather different topic: random attractors. We will first explain
what random attractors are and then show their existence in the present

stochastic systems.

WHAT ARE RANDOM ATTRACTORS?

In deterministic dissipative dynamical systems, the study of attractors is
a vast area of research, with numerous works related to the existence and
various properties of these sets. They are important objects as they will
contain most of the dynamics of the system for large times due to their

attractive property. An attractor is the subset A of the phase space such that
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for a dynamical system & = f(z), this set is invariant under the dynamics.
More precisely, if ¢ is the flow of this system, we have ¢(A) C A and for
any o € B(A), the basin of attraction of A, for any open neighborood
N(A) of the attractor, there exists T such that z(t) € N(A) for all ¢t > T.
The definition can also be written as a limit as ¢ — oo instead of a time
T, that is for t — oo, y(t) will be in the set A. In most cases, attractors
consist of points, limit cycles or the so-called strange attractors. The first
type is of 0 dimension and the second type can have 1 or more dimensions.
Strange attractors can have a fractal dimension and are the most complex
and interesting attractors to study. Well-known examples such as the Smale
horseshoe or the Lorenz attractors triggered much research in recent years.

We refer for more detail on this topic to the review Eckmann and Ruelle

(1985).

We are not going to study deterministic attractors as they are only points
in our previous examples with a double bracket dissipation. Indeed, the
dissipation will bring the system to the state of lowest energy, which consists
of two points in the rigid body example. To get interesting attractors, forcing
must be including as the conservative Hamiltonian dynamics cannot balance
the dissipation by itself. The noise will play the role of the external forcing,
but when introduced, the notion of attractor must be modified, as the limit
for large times will not be time independent anymore. To find and study
a fixed attractor we need the notion of pullback attractors. In words, a
pullback attractor is the invariant set observed at a fixed time by pulling
back to —oo a set of initial conditions. If these initial conditions are in the

attractor, they will remain in it almost surely.

We will now give the mathematical definition of a pullback attractor, but
we first need to introduce some elements of random dynamical systems. The
solution of a random dynamical system is given by a skew-product flow on
the space of solutions X and probability space ). In this view, the noise
realisation at time t is denoted by fw, for w € (), and the solution of the
dynamical system is given by x(t) = ¢(t,w)x(0). One can think of #; of
being the flow of the noise realisation and ¢ the flow of the entire system,

also denoted cocycle in the language of random dynamical systems. The
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definition of pullback attractor is then the following.

Definition 2.3.1 (Pullback attractor). A pullback attractor A, is a set-
valued map A, : Q — X invariant under the flow, i.e. ¢(t,w)A, = Apw,

and for every compact set B C X, we have almost surely

lim sup d(p(t, 0—w)z, A,) =0,

=00 pcB

for an appropriate distance function d(-,-).

From this definition, iit is clear that f the noise is absent, the attractor will
correspond to the usual definition of a deterministic attractor as only the
noise is pulled back to —oo. In practice, to numerically compute this attractor
one just pull back the initial conditions to —oo for a fixed realisation of the
noise and save the snapshots at for example ¢ = 0 which are computed by

evolving the same initial conditions from earlier times.

Before going any further, we need to comment on the fact that the attractor
depends on the noise realisation w. This fact is crucial and makes this study
rather different from the previous stationary distributions analysis that we
did. In practice, this means that instead of averaging over the noise realisa-
tion when we obtained the stationary distribution, we now average over the
initial conditions with the same noise realisation for each initial condition.
From this point of view, it is clear that if we also average over the noise
realisation, we would recover the stationary distribution, that is, we have the

relation

E(A,) =P, (2.3.26)

valid for any form of the stationary distribution P.,. This was first noticed
by in Crauel (1991) and later formalized in a theorem of Crauel and Flandoli
(1998).

As for deterministic attractors, there exist several types of random attractors.
Point attractors are the most common and can even be created from a random
perturbation of a deterministic limit cycle. A recent work on this topic of

synchronisation by noise is for example Flandoli et al. (2016). Here, we
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begin with a deterministic point attractor and study its properties under
stochastic perturbations, so we can only expect here the creation of a higher
dimensional attractor and not synchronisation. We will in fact numerically
show that we can obtain the so-called random attractors for particular values
of the parameters of the system. A random attractor is a pullback attractor
which admits chaotic motions and a non-singular measure, called the Sinai-
Ruelle-Bowen measure (SRB). The proof of the existence of such a measure
will involve showing the existence of chaos using Lyapunov exponents. We
will treat this in more detail later. We will proceed here in the framework of
geometric mechanics and using basic notions of random dynamical systems.
We refer the interested reader to the classic monograph Arnold (1995) or
Kloeden and Rasmussen (2011) for a general account on RDS | and to Crauel
and Flandoli (1994) for random attractors.

EXISTENCE OF ATTRACTORS

The first step towards proving the existence of random attractors with a non-
singular SRB measure is to show that the system contains random attractive
sets. We will follow Crauel and Flandoli (1994) and Schenk-Hoppé (1998)
for the exposition of attractors in the context of random dynamical systems.

We begin with the definition of an attracting set for a generic phase space

denoted by X.

Definition 2.3.2 (Limit set). The limit set Qp(w) of a random set D €
Qx X is

Qp(w) = () | et 0-w) D(O-w).

T>0t>T

This set corresponds to a subspace of the phase space X where all the points
that started in the larger subspace D will eventually end up. It can be
shown that the random attractor is A(w) = Upep(a) 20 (w), where D(A) is
the basin of attraction of the random attractor .A. We thus need to construct
explicitly these limit sets which will, in turn, give us some information on

the random attractor. We will achieve this by using Lyapunov functions that
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have the property to map a compact set of the phase space to a compact set
of R. With such functions, we can transfer this problem from the phase space
X to R, where it is easier to show the existence of limit sets. In the present
case, the Lyapunov function that we will use is the deterministic Hamiltonian
of the system. Remarkably, the proof of the existence of these attractive sets
only relies on a few assumptions. In particular, it seems to be valid for any

Lie groups, even of infinite dimensions.

Theorem 2.3.2. The stochastic process (2.3.8) admits a random attractor

for every finite dimensional Lie group G.

Proof. We begin the proof by recasting the dissipative stochastic process
(2.3.8) as a random dynamical equation (RDE) by using vector Wiener pro-

cesses z; defined as
i
dz; = 0, 0dW} |

where z; is understood as a vector process in the direction along arbitrary
0; € g. Notice that we will always use the Stratonovitch integrals here. The
process z(t,w) = >, z(t,w) € g thus defines a stochastic path in the Lie
algebra g and a stochastic path in the group G, given as g(t,w) = exp(z(t,w))
with the help of the exponential map exp : g — G.

We now apply the change of variables /i(t) = g(t)u(t) := Ady, pu(t) and we

have, from the original stochastic process

b
°¢ @] dt—l—Zad;ipodVVf =0,

written as dp = F'(u)dt + Gi(p) o dW; for convenience,

dfi(t) = Adj, (— Y ad; podW + d,u)

— Ad’ ) (F(Ad i i(t))) dt .
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From here, we can write the RDE corresponding to the process (2.3.8) as

i) = B, o(0), (2.3.27)

where F is
F = F(Ad, fi(t) .

Recall that from the theory of selective decay we have the following energy

dissipation rate

2

K

d oC oh
0= |55

o’ op

and, due to the G-invariance of the Hamiltonian h, we have h(Adju) = h(p).

We can then rewrite the energy dissipative for the stochastic process as

i oc@) . oh@]|?
E”“(’“)‘_QH lAd“‘l o M ]

<0. (2.3.28)

This inequality assures that the energy decays at a random non-positive rate.
The existence of the random attractor then follows from standard arguments
that can be found in Schenk-Hoppé (1998). |

ExisTENCE oF SRB MEASURES

We already mentioned Sinai-Ruelle-Bowen (SRB) measures which are par-
ticular measures supported on the random attractors. In this work, we will
use the convention that SRB measures are non-singular and thus describe
a chaotic dynamics on the random attractor. In particular, in dissipative
systems, there is no notion of dynamical volume for the flow in directions
where the dynamics is contracting. The SRB measure is thus a measure of
the volume along the unstable directions which are not contracting. We will
not go further here and only refer to Young (2002) for a short review on this
topic. To show that there exists chaotic dynamics, one needs the existence of

positive Lyapunov exponent, which we will show in the next section. Assum-
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ing positiveness of the top Lyapunov exponent, we have the following result,

based on Ledrappier and Young (1988).

Theorem 2.3.3. If the largest Lyapunov exponent of (2.3.8) is positive,
(2.3.8) admits a random attractor supported by an SRB measure.

Proof. The proof uses the Theorem B in Ledrappier and Young (1988) which
assumes the existence of a random attractor, proved in theorem 2.3.2, a
positive top Lyapunov exponent that we will study next, and ergodicity which
we studied in section 2.2.2. Then this theorem ensures that the random
measure associated to the pullback attractor is continuous with respect to
the Lebesgue measure, the property of it being a SRB measure. The key
point is to have a positive top Lyapunov exponent in order to have enough

chaos on the attractor such that it is non-singular. [

LYAPUNOV EXPONENTS

We just saw that the proof of the existence of an SRB measure and thus
the existence of chaos involves showing that there exists a positive Lyapunov
exponent. A Lyapunov exponent can be understood as a measure of the
sensitivity of the system to initial conditions and is defined in the following
manner. Given two nearby initial conditions p;(0) and po(0), ie. po(0) =
p1(0) + 61(0) where 6u(0) is small, we can assume that for large time the

norm of this difference behaves as

I8u(®)Il ~ ll61(0) 1,

for a constant A called the Lyapunov exponent. The complete definition will
be given in the next theorem 2.3.4. At this point, we can already mention that
if A < 0, the two solutions will eventually be indistinguishable whereas if A >
0 the two solutions will diverge. The second case is an indication of a chaotic
behaviour and will be the one of interest for us as it is a necessary condition
for the existence of the SRB measure. For multi-dimensional systems, there
will be a positive or a negative Lyapunov exponent associated with each

spatial direction.
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This notion of Lyapunov exponents is a well-studied and well-used method
in the theory of deterministic dynamical systems, but it is also used in the
context of stochastic systems, see for example the book Viana (2014) or
the review Young (2013). In particular, there is a classical theorem which,
provided that the system is ergodic, ensures that the Lyapunov exponents
are global quantities. This means that they do not depend on the initial
conditions nor the realisation of the noise. This result is the multiplicative
ergodic theorem (MET) due to Oseledec (1968). We give here an adapted
version of it and refer to the book Arnold (1995) or an earlier paper Ruelle
(1979) for more detail and the proof of this theorem.

Theorem 2.3.4 (MET theorem on dual of Lie algebra). For an ergodic
stochastic process pu on the dual of a Lie algebra g* with stationary distribution
P, there ezists a flow invariant subset A C g*x ) of the n-dimensional phase
space and a sequence of ordered Lyapunov exponents A; fori=1,...,n such

that the following properties hold for all (p,w) € A:

1. The dual of the Lie algebra can be decomposed into a direct sum
Tug" = Ex(w,p) @ ... ® En(w,2),,
where
ope B & tl_l}l]go %logHDF(t,w,,u)ﬁ,u” =\ (2.3.29)

d(0p) = DF(t,w,pu)dp is the linearization of the flow equation dp =
F(t,w, u) along a particular solution u(t).

2. For a generic dp, the associated Lyapunov exponent is A(w, z,v) = A4,

the largest one almost surely.

3. The sum of the Lyapunov exponents is

> A= Jim %log det DF (t,w, 1) . (2.3.30)

The first property says that the tangent space of the phase space can be
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decomposed into several independent one-dimensional subspaces with a Lya-
punov exponent associated to each subspace. This decomposition will give
the contracting and expanding directions of the dynamics at each position in
the phase space. Notice that these subspaces are difficult to find in practice
as they depend on the noise realisation and the position in the phase space.
The second property says that, because of ergodicity and the fact that the
Lyapunov exponents are defined in the limit of large times, only the largest
exponent can be observed. The last property then gives information on the
total infinitesimal volume of the tangent space around each point via the
sum of the Lyapunov exponents. It can be shown that for a compact phase

space, the sum is always negative, see for example Baxendale (1991), Le Jan

(1987).

We will then start our investigation of the Lyapunov exponents for our sys-

tems by computing the sum of them in the next proposition.

Proposition 2.3.2. For a compact semi-simple Lie algebra g, the sum of the
Lyapunov exponents for the stochastic process (2.2.2) with isotropic noise is

estimated from below by
Z A > —%|f|'ncr2 —Ole| (L1, — Exh(p)) , (2.3.31)

where ¢ = ||p(0)||, € is the Killing form constant (see (1.2.5) or in the proof),
n is the number of o; = oe; forming the isotropic noise, that is n = dim(g).

The quantity I_! is the largest eigenvalue of the Hessian of the Hamiltonian.
The expectation Eo is taken with respect to the stationary distribution Ps.
An estimation from above is also available upon using I7L instead of I3 .

Proof. To simplify the proof, we will denote our stochastic process (2.3.8)

which includes dissipation as
dp = Fu)dt + 3" Gi(p)dW;

where F'(11) contain the advection, dissipation, and It6 correction terms. We

now apply the multiplicative ergodic theorem 2.3.4 that gives the following
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formula to compute the sum of the Lyapunov exponents

> = lim %log det DF(t,w, ). (2.3.32)

From here, we need to rewrite this formula explicitly in term of F' and G.

By using the Jacobi formula, (2.3.32) can be written as

lim —log det DF(t,w,z) = 11111 Tr/ DF(p(t,z,w))ds . (2.3.33)

t—}DO

Notice that we did not include a term with DG, the linearization of the
noise amplitude, since this term is in fact the trace of the adjoint action and
always vanishes. Then, using the ergodicity property of this process on the

coadjoint orbits, we can replace time integral with space averaging to get

ZA — f Tr(DF (1)) Poo (12)dpe (2.3.34)

where P, is the stationary distribution of the stochastic process for p.

We will now obtain bounds for this integral by using the explicit form of F'
First, notice that the calculation of the trace simplifies when g is a compact
semi-simple Lie algebra. Indeed, recall that the Killing form is in this case
Tr(adsadp) = €A- B, where € < 0 is a number depending on the Lie algebra.
We first recall the explicit form of F' for semi-simple Lie algebra g

on 1
F(p) = adgapu + Baduadua—ﬂ +3 Z ady,ady, 1t

and compute

2

Tr(DF(p)) = Tr ( —0ad,adan +Qaduadug ‘2 + = Za ade,ad&)

1
= €6 () + 0A(s, 1) — Slelno? (2:3.35)
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where n is the number of o; fields and

9%h
A(p,p) = Tr (Gaduadua—,{ﬁ) (2.3.36)
is a term that depends on the Lie algebra structure constants. There is no
explicit form for each Lie algebra, but in general, we can estimate it using

2
0Kt )Tk > OTr (adad, 3 ) > elome )yl (2337
w

Finally, after collecting terms we arrive at the lower and upper bound for the

sum of the Lyapunov exponents of equation (2.3.31). [

We now need to comment on this proposition. First, the assumption of a
compact Lie algebra is necessary to make sense of this formula. Indeed, in
the non-compact case, the Killing form is not positive definite, so it does
therefore not make sense to use ¢? and no bound can be derived for the sum
of the exponents. The non-compact case is thus more complicated and will
not be treated it in this work. Second, the lower bound on the sum of the

Lyapunov exponent is always negative, as seen from

Ecoh() = f h(p)e ™" Py < ST,

This means that we cannot obtain any relevant information on the top Lya-
punov exponent and we thus need to proceed further by using the next for-
mula in the MET theorem. The third remark is about how general our
formula is. Recall that we needed the semi-simple assumption to simplify
the computation and obtain an explicit formula for this bound. The com-
putation can in principle be extended to more general groups, although one
may have to explicitly use the Lie algebra structure constants to obtain an
explicit bound. Following this discussion, we also used an isotropic noise,
but a more general noise could be used in principle. In any case, these gener-
alisations will not change the overall sign of the right-hand side and will only
complicate it. We will thus not derive any general formula here and proceed

with the estimation of the top Lyapunov exponent.
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As before, we will use the following notation for our stochastic process, which

gives the linearized flow

dép = DF (u 5pdt+ZDG Vo dWi (2.3.38)

where for example DG;(p) = ad,,. We will then use the Furstenberg-
Khasminskii formula which is the best way to estimate the top Lyapunov
exponent. We refer to Arnold (1995) for a complete exposition of this for-
mula in various settings. We will use here a simplified version of this formula.

We first need to introduce polar coordinates

_ o] €R and ¥ = - g1, (2.3.39)

161l
where S"~! denotes the (n — 1)-sphere. The interest of having these variables
is to be able to average over the directions ¥ and only capture the expansions
around each point with the variable R. For doing this, we need the stochas-
tic process for these variables which are readily computed by applying the

projections to the stochastic process 6. We obtain

dR = (U, (DF(p)dt + DG:dW )W) R := Q(u, V)R,
d¥ = (DF(p)dt + DG dW")¥ — (¥, (DF (u)dt + DG:dW)¥)T 9 3 4
= P(p, O)dt + Y Pi(p, U)dW} .

We then average over the variable W and the position i to estimate the top
Lyapunov exponent. We obtain the Furstenberg-Khasminskii formula that

can be formally proved using ergodicity and the MET theorem. It reads

Ay = f Q1 U)Q(p, ¥)dpd¥ (2.3.41)

where Q(p, ¥) is the joint stationary distribution of the processes p and W.
Notice that the process ¥ depends on g, but not the opposite and also that
computing QQ involves solving the corresponding Fokker-Planck equation. It

is therefore not possible to compute this stationary distribution explicitly in
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the general case and not even for the rigid body. The first thing to do is to
try to estimate this integral from below, but one will see that only a negative
bound can be found which is not useful for us as we want to show that this

integral can be positive for certain values of the parameters.

In fact, we are not able to obtain an interesting formula for a lower bound
of this integral, but we can go a little further than before and show some
interesting features about this formula. We start by evaluating the quantity
(@ at the equilibrium positions (u;, ¥;), where we use the basis corresponding
to the eigenvalues of the Hessian of h. For simplicity, we consider a rigid
body motion in an arbitrary semi-simple Lie algebra where we ordered the
eigenvalues as [; > ... > [[,. We will also use the fact that the dynamics of
1 takes place on the coadjoint orbit. Hence the linearization is tangent to
the orbits and implies that we can only consider the case when i # j. The

following calculation gives an interesting formula for the quantity Q(ui, V;)

Q(pi, Vj) = (¥, DF (1:)¥5)
1

= (ady, 05, I705) — 20® } (ade, ¥;, ade, Ty)
k
+ 0 (a‘dﬂ-iq];"ﬂ a‘dﬂ_lﬂ-iq];") —0 (adHiIIJjﬂ adm]l_llIJj)

_ 1
= (s, a‘d‘l'j]l IIIJJ') - 502 Z ”a‘dEklIJj”2
k

0 (ad,, ¥, ad,, (I7'1d — T)T))

1 _ _
— —50'2 Z ||adek111j||2 + 9 (]I3 1_ ]Ij I)Ha‘dﬂ-iq]jlﬁ
k

- _”; Loy 0 (I —1;).

We have computed this formula explicitly in the case of rigid body motion
to illustrate an important point about the nature of the random attractor.
To obtain a positive top Lyapunov exponent, it is necessary to have Q(u, V)
positive in a large enough region of the space g* x S®~! This will be the case
only if some extremal positions have this property. Some will be positive if

the difference between two moments of inertia is large enough compared to
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the ratio between the noise and the damping, that is

(n—1)o?

- > 20c?

The difference between the moments of inertia is an indication of the strength
of the original deterministic dynamics which mainly consists in a shear ef-
fect. This formula thus indicates that the shear induced by the deterministic
dynamics must be large enough compared to the temperature of the system
(recall that it is given by T~ = 26/0?). This condition is of course not
sufficient as a small noise will satisfy such relation but not produce an SRB
measure because the region of the space where () is positive is too small to
balance contribution of the region where () is negative. It is then clear that
the existence of the SRB measure or positive top Lyapunov exponent is due
to a delicate balance between all the parameters of the system and that a
rigorous proof with a precise lower bound is completely out of reach. The
importance of the shear effect and the difficulty of describing mathemati-
cally has been noticed before and is an active area of research in dynamical
systems. We refer for example to Lin and Young (2008), Wang and Young
(2003), or more recently to Engel et al. (2016) for another example.

In the next section 2.3.5, we will give more detail on this issue with the help
of numerical simulations and then study a simpler case of periodic kicking in
the rigid body in section 2.3.6.

2.3.5 RANDOM ATTRACTOR IN THE RICID BODY

Our example is, as before, the stochastic free rigid body with double bracket
dissipation. It is simple enough so that we can have precise estimates on
the sum of the Lyapunov exponents and we can perform reliable numeri-
cal experiments to visualise the attractor and estimate the top Lyapunov

exponent.

We can first obtain an exact bound for the Theorem 2.3.2, using the explicit
form of the Lie algebra so(3).

Proposition 2.3.3. For the stochastic dissipative rigid body, the sum of the
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Lyapunov exponents is given by

D Xi=-30"—0 (eI — 6Eh) | (2.3.42)

where, as before, ¢ is the radius of the momentum sphere.

Proof. We explicitly compute the term A (2.3.36) of Proposition 2.3.2 using

the structure constants ¢ = €;;, of s0(3) to get

—A(I1, 1) = —Tr(adgadgl ™) = —¢mm T LI,
=G0 + 151 + 50 + 057 + IG5 (I7 + 157),

which directly gives equation (2.3.42). [

We can now proceed by estimating the value of the top Lyapunov exponent
and find the region of the parameter space (o,6) where it is positive. This
corresponds to a chaotic motion on the non-singular random attractor. We
show in figure 2.4 the smoothed result of this computation, where we esti-
mated the value of the top Lyapunov exponent on a grid in (o, #) with steps

of size 0.1. We did not show any error bars in this plot, but we need to
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Figure 2.4: This plot shows the value of the top Lyapunov exponent in the parameter space
(o,68). The black lines are iso-lines, and the red line is the line where A, = 0. A clear and
large region supports a positive Lyapunov exponent, indicating chaotic motion on the non-
singular random attractor.

mention that the errors are not constant throughout the plot. In particular,
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the regions with a noise amplitude near 0 or 1 contain more variations in
the simulation, thus larger errors. This can be explained as a large noise
requires smaller time steps for the same precision, and a smaller noise loses
ergodicity which requires longer simulation times. The only thing that we
cannot guarantee is that the observed chaos is not a transient chaos. This is
a chaotic motion which does not persist in time. To be more certain about
this, we performed a couple of longer runs which suggest that the positive top
Lyapunov exponent will remain positive at all times. Despite these errors,
the global trend of the plot is reliable and provides interesting information
about the random attractor. The most important result is that a large region
of this space has a positive top Lyapunov exponent, but we can read more

from this plot. We describe below some important such features.

e Let us first look at the position where § = 0. By gradually increasing
the noise, we first observe an increase and then a decrease of chaotic
motion. This increase of chaos with the noise is to be expected, but
the decrease is a particular feature of the rigid body. Recall that the
driving mechanism of this type of random attractors is the shear of the
dynamics and is bounded by a value proportional to the difference be-
tween the two extreme moments of inertia. When the noise amplitude
is comparable to the size of the momentum sphere, the maximum shear
effect is attained, and the chaos cannot be larger. This effect is clearly
only present for compact systems. For example, shear induced attrac-
tors on planar systems were studied numerically by Lin and Young
(2008) and analytically by Engel et al. (2016). In these cases, the top

Lyapunov exponent is not bounded for large noise amplitudes.

e Let us look at the other critical position, where ¢ = 0 and 6 = 0.
The Lyapunov exponent cannot be computed because the system is
the original Hamiltonian rigid body dynamics, and the MET theorem
does not apply. If now # > 0, the top Lyapunov exponent converges to

a single negative value related to the strength of the damping,.

e Another interesting feature is that the region of positive Lyapunov

exponent has slow variations, whereas the other region shows a steep
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decrease (in the bottom right). On top of that, the slope of the line
where, for example, AT = —1, is approximately 0.4. This number
is smaller than unity which means that the dissipation must increase
faster than the noise in order to observe a random attractor with a

similar amount of chaos.

This analysis of figure 2.4 gave us interesting insights into the mechanisms of
creation of the random attractor as well as a numerical proof of the existence
of SRB measures on the momentum sphere. We will end this study by a

numerical computation of the SRB measure displayed in Figure 2.5.

Figure 2.5: These four panels show a realisation of the SRB measure for the free rigid body
in log scale. The bright colour indicates a larger density of the SRB measure and the blue
regions are empty.

We extracted four snapshots of the same attractor at different times. The
bright colour indicates a higher density of the SRB measure, which is plotted
in log scale so that we can see the fine structure of the SRB measure. From
these snapshots, the mechanism of creation of the random attractor can be
viewed as a stretching and folding process triggered by the natural shear of
the rigid body. In most of the standard examples such as the Smale horseshoe
of the Duffing attractor, this mechanism produces a strange attractor with
a fractal structure. We can observe the creation of such structure in the

light regions of these figures but it remains a difficult open problem to better
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characterise these structures in term of the fractal dimension, etc. In the
next section, we will study a simplification of this system where the noise is

replaced by a periodic kicking and which can still produce chaotic motion.

2.3.6 EFFECT OF PERIODIC KICKING ON THE RIGID BODY

Up to this point, we only considered stochastic perturbations of the Euler-
Poincaré equation, but nothing prevents us from using a deterministic forcing
instead of the noise. In this section, we will replace the noise by a periodic
kicking and show that chaotic behaviours can exist. This study is inspired
by various works in dynamical systems which use this deterministic peri-
odic forcing to detect chaos and other strange attractors. We refer to Lin
and Young (2008), Wang and Young (2003) and references therein for such

studies.

We will here only consider the free rigid body and will not go into technical
details but rather try to qualitatively understand how the periodic kicking
modifies the free rigid body dynamics. We use the same perturbation of the
rigid body, but we replace the Wiener process W; by

AW} = 0,y 8(t —nT), (2.3.43)

n=1

where T' € R is the period for the kicking and o € R? still gives the amplitude
and direction of the kick. We will use here the generic case 0; = oe; so the

dynamical equation is

%H:Hxﬂ +9H><(H><Q)—|—J(Z:er@) (gé(t—ﬂ“)) .

(2.3.44)
There is an important remark to make at this point. In the case of stochastic
forcing, this form of the o; means that the noise is isotropic but in this case

it only means that the kicking axis is fixed in the (1,1, 1) direction and with

amplitude o.
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We now want to study the existence of non-singular attractors supported by
possible chaotic motion. For this, we need to observe the system at intervals
T to obtain a time independent attractor. Indeed, between each kick the
system will evolve and result in a T' periodic motion when the attractor is
reached. We will only do numerical simulations of this system and analyse
its behaviours by varying the kicking amplitude. We use T' =1, § = 0.2,
o = |lo]|(1,1,1) and T = diag(1,2,3). Notice that o is not aligned with an
eigenvalue of the moment of inertia I such that the system will exhibit many

possible behaviours by just varying the kicking amplitude o.

In figure 2.6 we display several attractors of the kicked rigid body for 6
values of o. All the attractors are different and we will try to understand
their properties in detail. First recall that in the deterministic case, there are
two singular attractors corresponding to the two lowest energy equilibrium
position of the rigid body. With the periodic kicking, these two attractors will
most likely be different for the following reason. The dynamics of the rigid
body is anti-symmetric with respect to a plane perpendicular to the axis of
rotation of the lowest energy equilibrium and the kicking is symmetric. The
interaction of the kicking and the rigid body dynamics will thus be different
in the opposite side of the momentum sphere. In particular, the kicking
and the dynamics are in the same direction in the lower right region of the
plots in figures 2.6, and in the opposite direction for the upper left parts.
In the sequel, we will denote by A7 the attractor where the dynamical flow
and the kicking are in the same direction and by A~ the other attractor.
They will be understood as being the same if only one attractor is observed.
We will analyse the attractors and classify the different regimes according
to the values of ||o||. To help us understanding these different behaviours,
we estimated the top Lyapunov exponents of the system for each value of
||e||, which we displayed in figure 2.7. From the estimations of the Lyapunov
exponents and the simulation 2.6, we can describe each attractor in more
detail.

1. |lo|| < 0.02: This is the simplest case and the closest to the original
dynamics. The two attractors A%t and A~ are singular and are near

their original positions.
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a = 0.01 a=0.08

Figure 2.6: 6 attractors of the periodically kicked free rigid body are displayed here. They
are all different but with three main types. Either fixed point, limit cycle or alternating fixed
points. Chaos is observed in some limit cycles as well, see figure 2.7. A transient chaos is
observed when o = 0.08, where the simulation was stopped before the chaotic motion re-

laxed to a unique fixed point.
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Figure 2.7: This plot displays the value of the top Lyapunov exponent of the various attrac-
tors of figure 2.6. If two attractors are observed, we computed the top Lyapunov exponent
for both.

2. 0.02 < |lo|| < 0.08: This snapshot was taken before the complete
convergence to the attractor, which in this case consists in the yellow
dot in the centre. This is to illustrate the phenomenon of transient
chaos. The simulations which started near the attractor A~ of the
previous panel will eventually reach A, but before being captured in

a ring, they show a chaotic motion for some time.

3. 0.08 < ||o|| < 0.11: Slightly increasing the kicking amplitude stabilises
the ring, or equivalently the attractor A~. This is a limit cycle and
it passes near the both equilibria of minimum energy, experiencing
kicks from both sides of the sphere with opposite interaction with the
rigid body dynamics. The chaos on this limit cycle is not clear from
the Lyapunov exponent computation as the top Lyapunov exponent
is close to 0, see figure 2.7. The other attractor AT is singular and

remains near its previous position.

4. 0.11 < ||lo|| < 0.13: By looking at intermediate values of o, we observed
that increasing ¢ moves the limit cycle in the opposite direction from

the other attractors. At some point, it crosses the axis of the body with
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maximal energy (top and bottom line of the plot) and breaks into four
parts. These 4 points are only two different attractors. The attractor
AT remains close to its previous position, and the 3 other singular
points are at equal distances from the kicking axis (—1,—1,—1) and
form A~. After each kick, the singular attractors cyclically jump from
one to the other in A™!.

5. 0.13 < ||o|| < 0.17: After crossing the smallest axis of rotation, the
limit cycle is again present but remains close to the region of the mo-
mentum sphere where the kicking is of opposite direction to the motion
of the body. As compared to the previous limit cycle, this motion is
more chaotic and we can even be certain that the top Lyapunov is

positive from the errors of the simulations.

6. 0.17 < ||o|| < 0.18: Finally, after more increase of the kicking am-
plitude, one kick will almost correspond to half a rotation of the rigid
body. It thus creates a single attractor consisting of two singular points

periodically switching between each other.

To summarise this brief investigation of the periodically kicked rigid body,
we want to stress that the interesting feature here is not only the existence
of chaos but also the existence of limit cycle and cyclic singular attractors.
These attractors only appear for a subtle combination of the geometry and
the kicking amplitude and direction. We will not investigate this system fur-

ther here and leave it open for future numerical or analytical investigations.

2.3.7 SUMMARY AND OUTLOOK

This section builds upon the stochastic deformation of the Euler-Poincaré
equation developed in the previous section 2.2. The new element is the
geometric dissipation which we included following the general approach of
Gay-Balmaz and Holm (2013). The interaction of noise and dissipation pro-
vided us with a richer system. One of the main results is related to the fact
that the stationary distribution of the Fokker-Planck equation is not any-

more constant on the coadjoint orbit but more concentrated in the regions
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of lowest energy. In fact, provided that the noise is isotropic, we were able
to compute the exact form of the stationary distribution as a Gibbs distri-
bution, often found in statistical physics for open systems interacting with
an external heat bath. This result suggests that this system has a strong
connection with statistical physics which could give an interesting physical
motivation for the study of such systems. We briefly showed this connection
by extending a few classical definitions of statistical quantities to coadjoint
orbits, and showed that the Gibbs measure can be obtained as a distribution
of maximal entropy, for a fixed average energy. As in the first section, we
did not study the semidirect product case which has similar stationary dis-
tribution but only for the marginal distribution as the coadjoint orbit is not
compact. We refer to Arnaudon et al. (2017a) for more detail about this and
the heavy top example.

The core of this section was devoted to the study of the so-called random
attractors. These attractors are observed only when the realisation of the
noise is fixed and can support chaotic motions. This chaos comes from a
subtle interaction of noise, dissipation and shear provided by the underlying
deterministic dynamics. If the motion is chaotic on the attractor, it supports
an important measure in the theory of random dynamical processes called
the SRB measure. The difficulty here is only to prove that there is a chaotic
motion. We could not achieve this analytically, and this problem is in fact
hard even in simpler cases. We thus performed numerical estimations of the
top Lyapunov exponent, and by analysing this data we obtained a better
insight into the interaction of noise and dissipation in this system. We even
considered a simpler deformation with a periodic kicking which exhibited
similar behaviours of chaotic motion, but on limit cycles. One could push
further these investigations by either considering more complex systems, such
as the heavy top, or to obtain a better analytical understanding of them. At
this point of the work, we leave these as open problems within the realm of

random dynamical systems.
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2.4 STOCHASTIC NONLINEAR STABILITY

In this section, we will study another important aspect of mechanical systems
with symmetries, that is the stability of relative equilibria. First, recall that
the Euler-Poincaré equation only describes parts of the complete dynamics
of the system which is a path in the Lie group itself. This means that a
fixed point of the Euler-Poincaré equation will not be a static equilibrium
of the system but only an equilibrium relative to the moving frame of the
reduction by symmetry. To assess the stability of such solutions, the most
practical method is the so-called energy-Casimir method. This method is
rather powerful as it proves the nonlinear stability of some relative equilib-
ria. It is based on the classical Lyapunov method and takes into account
the geometrical structure of the equation to construct a proper Lyapunov
functional. This theory started in the early days of geometric mechanics
by Arnold (1965), Arnol’d (1966b) and was later extended by Holm et al.
(1985). This latter paper will be our main reference for the energy-Casimir
method. This method was further extended to encompass more general sys-
tems which do not have Casimir functions by Simo et al. (1991). It is called
the energy-momentum method and in this theory the Lyapunov functional is
constructed using the momentum map instead of directly using the Casimir

functions.

In a nutshell, the energy-Casimir method relies on the construction of an
extended Hamiltonian Ho = H + AC, where C' is a Casimir of the system
and A a parameter. This functional serves as a Lyapunov functional for as-
sessing the stability of a given relative equilibrium via the sign-definiteness
of its second variation at the equilibrium position. The Casimir is a crucial
part of this construction as it takes into account the moving frame due to
the reduction by symmetry, thus the geometry of this system. If stochas-
tic perturbations are included such that the geometrical structure of these
equations is preserved, the energy-Casimir method can be extended to this
context and provide stability result in a probabilistic sense. This is the aim
of the section which is based on Arnaudon et al. (2017b).
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2.4.1 REVIEW ON NONLINEAR STABILITY

We begin with a short review of stability for mechanical systems. There exist
several non-equivalent notions of stability suited for different purposes, but
we will only use the notion of nonlinear stability. We refer to Abraham et al.

(1978) for a classical exposition of stability in mechanics.

DETERMINISTIC STABILITY

We will use the following definition of deterministic nonlinear stability of an

equilibrium solution of a generic dynamical system of the form

&= f(z), (2.4.1)

where z € R", and f : R® — R™. We assume that there exists a solution z,

which is an equilibrium position, i.e. f(z.) = 0.

Definition 2.4.1 (Nonlinear stability). An equilibrium position z. of a dy-
namical system is nonlinearly stable if for every neighbourhood U of x. there
erists a neighbourhood V' such that trajectories starting in V will never leave
U. In mathematical terms, given an appropriate norm || - ||, Ve > 0, 3§ > 0
such that if ||z(0) — z¢|| <, then ||z(t) — z.|]| < € fort > 0.

This notion of stability states that the system will remain in a neighbourhood
of the equilibrium position for all time if the initial condition is taken to be
near this position. In finite dimensional systems, there is an equivalent no-
tion, the formal stability which requires the existence of a conserved integral

of the motion, provided by a Casimir function.

Definition 2.4.2 (Formal stability). An equilibrium point zo is formally
stable if a conserved quantity exists with a vanishing first variation and a

definite second variation evaluated at the equilibrium position.

This notion is important for the energy-Casimir method as the construction

of the correct conserved quantity will give formal stability for the finite di-
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mensional systems, which will, in turn, provide nonlinear stability. The next

proposition can be proved in finite dimensions only.

Proposition 2.4.1. In finite dimensions, formal stability is equivalent to

nonlinear stability.

THE ENERCY-CASIMIR METHOD

Before considering stochastic systems, we will review the energy-Casimir
method in finite dimensions. This method consists of four steps and as-
sumes that we have a Euler-Poincaré system with Hamiltonian h, Casimir
C, momentum variable p and an equilibrium solution g.. The most impor-

tant object is the extended Hamiltonian

Heo(p) = h(p) +C(p) . (2.4.2)

Notice that there is some freedom in the choice of the Casimir function, as
any function of a Casimir is still a Casimir. We will need the first and second
variations of this Hamiltonian. The first variation is DH, : ¢ — g, that is
DH.(p) € g is the variational derivative of Hs. The second variation is the
variational derivative of D Hs with respect to its argument. It is another map
D?H¢ : g — g x g such that D?2Hg(p) : ¢* x g* — R, or D*He(u) : g* — g.
The four steps of the energy-Casimir method are then:

1. Restrict the form of the Casimir function C such that
(DHc(pe), 6p) =0, Vop € g*, (2.4.3)

where DHc(p) : g* — R stands for the first variation of the extended
Hamiltonian. This first step ensures that . is a critical position of the

functional He(p).

2. Compute the second variation of the extended Hamiltonian and try to

restrict further the form of the Casimir such that it is sign-definite, i.e.,

+(6p, DXHC (pe)0p) >0, Vo, (2.4.4)
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where the pairing is the standard pairing on the Lie algebra g.

3. If the second variation is sign-definite, then define the norm ||dpl|%;,
and use it to obtain the formal stability of p.. In general, the previous
step will give certain conditions on the parameter of the system to

ensure that the second variation is sign-definite.

Although we discussed the Euler-Poincaré setting, semi-direct products sys-

tems will follow the same procedure.

STOCHASTIC STABILITY

We now turn to the definition of stochastic stability corresponding to the
previous notion of nonlinear stability. We consider an arbitrary stochastic

extension of the dynamical system (2.4.1) of the form

dz, = f(z)dt+ Y oi(x;) o dW} (2.4.5)

for a given set of vector fields o; : R™ — R™. As before, we assume that x.
is a equilibrium solution, that is f(z.) = 0 and oi(z.) = 0 for all i. The
latter condition will be a restriction on the noise vector fields that will be
compatible with the equilibrium solution of the deterministic system. We
will discuss this later in the examples and only assume here that such a
stationary solution z. exists. We can then define our notion of stochastic
stability as an extension of the usual notion of stochastic stability, found for

example in the monograph Khasminskii (2011).

Definition 2.4.3 (Transient stochastic stability). For a suitable norm ||-||, a
fized point x. is weakly stable in probability with stopping time T if for every
€,0 > 0 there exists 6 > 0 and T(¢,6,C) > 0 such that if ||z(0) — z.|| < ¢
and T >t >0

P(||z(t) — ze| >€) <o (2.4.6)

The difference between this concept of transient stochastic stability and the
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standard one is the use of the stopping time T. If T" — oo, there is no
stopping time and we recover the usual definition of stochastic stability. For
us, this stopping time is important as it will give extra information about
how the noise affects the stability of the deterministic equilibrium solution,
and in particular for how long the stochastic stability persists. We will see

that this stopping time will directly be related to the amplitude of the noise.

2.4.2 THE STOCHASTIC ENERGY-CASIMIR METHOD

In the stochastic context, we will see that the deterministic energy-Casimir
method applies up until the last step which we did not describe in detail in
the previous section. It consists in using the norm ||dx||m, in the definition
of the nonlinear stability. We will see that this norm is no more preserved by
the stochastic dynamics but that we can use the previous notion of stochastic
stability. We will proceed with the usual energy-Casimir method following
the appendix A of Holm et al. (1985).

We first need to find conditions on the Casimir such that the first variation
of the extended Hamiltonian (2.4.2) vanishes at p., that is (DHg(ue), 6p) =
(Dh(pe),0p) + (DC(pe),6p) = 0, for all dp € g*. The next step is to check
the sign-definiteness of the second variation of Ho when evaluated at p..
Both conditions are purely geometric and do not depend on the dynamics
of the system, thus on the noise. We can use the deterministic results and

assume that p, is deterministically stable. Recall that the norm is

€Nz, = (&, D*Ho(pe)S) (2.4.7)

which is a well-defined norm on the space of variations on paths on g*. In
the deterministic case, this norm is preserved by the linearized flow of the
system, and this leads to the nonlinear stability of p.. In the presence of
stochastic perturbation, we must investigate how this norm is not preserved

by the linearized stochastic flow. For this we first compute the linearized
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flow using p; = pe + 0y and obtain

dop, = adfyp,. ) Ope dt + adpag s, pte dt + Y _ ady o 0 dW) . (2.4.8)

We then use the extended Hamiltonian to compute the evolution of the as-

sociated norm, and the previous equation simplifies to

dSpy = adiya gy g, e dt + Y ad} bp 0 AW} (2.4.9)

From this computation it is clear that the norm (2.4.7) will in general not be
preserved by this flow due to the stochastic term. In order to go further, we

compute the time evolution of the Hc norm of the stochastic path dp;

d||0pel| 7 = 2(D*Hodpe, dopue)
= 2D*Hcdpy, adj, Spy) o dW;

where we used the symmetry of the operator D?H¢. This term gives us the
exact dynamics of the Ho norm (2.4.7), but we want the average dynamics
to obtain the transient stability in probability. For this, we need to use the

infinitesimal generator of a stochastic process . It is defined as

Daf(u(0) = Jim B (f(,u.(t +A0) ~ f(¢0) ‘ E) |

(2.4.10)

for any function f : g* : R. This definition can for example be found in
Arnaudon et al. (2014) when defined directly on Lie groups. When this
derivative is viewed as the infinitesimal generator of the process p, it gener-

ates the Fokker-Planck equation for the process p
O P(p,t) = D,:.]P(p‘: t), (2.4.11)

where Dy, is the adjoint of D, in the L? pairing. In this case, this is the
Kolmogorov operator which we used so far to compute the Fokker-Planck
equation, but which can be applied to any other function of the stochastic
process. We also refer to Arnaudon et al. (2014), Zambrini (2009, 2015) for
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more for the use of this operator in the context of geometric mechanics and

stochastic Euler-Lagrange equation.

We can now apply this derivative for the process dp to the He norm of dp;
to get

Deullopel . = Z(DZHcad;ic?,u; + adg, D*Hodpe, ad} S pe) - (2.4.12)

1

This formula is interesting in itself as it is close to a commutator of two oper-
ators. Indeed, recall that D?H : g* — g and that in most cases considered
here ad® = —ad. For bi-invariant pairings, the commutator structure is more

apparent as (2.4.12) simplifies to

Diul|0pel iy, = Z(adegHgém — D*Head,, S, ad,, Opu) - (2.4.13)

13

The average lack of conservation of the Hs norm is thus intimately linked to
the interaction between the noise fields o; and the dynamics of the system
through D?H;. As we will see in the examples, this formula can be further

simplified.

What we can do to proceed further and obtain a general theory for stochastic

stability is consider a system such that we can bound (2.4.12) as
Dalloplll, < 26l (24.14)

for a constant Y. As we will see in the examples, this assumption seems to be
valid in most standard cases, and the constant Y can directly be estimated.
At this point, it is expected that this constant will be proportional to the noise
amplitude. Indeed, if the noise vanishes we should recover the conservation
of this norm. From this estimate, we can obtain an exponential upper bound

for the evolution of the energy.

Proposition 2.4.2. Assuming that (2.4.14) holds for some ¥, we have the
following time-dependent bound for the expected value of the He norm of dp

E([10pell) < l1polloe™" (2.4.15)
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Proof. We compute

%E(Ilémllic) = % f 16612, (¢, t) dE
= [ leli, e, e
= [ Vel Depe. ) de
= [ Dlieli e o) de
<=2 [ el Pie. o) de

= L2 E(|l0pllz,)

where P is the probability density of the process dp and Dy its generator
(2.4.12). Finally, a direct time integration gives (2.4.15). |

From this inequality, we arrive at the notion of stochastic stability with

stopping time, summarised in the following theorem.

Theorem 2.4.1 (Finite dimension). For the stochastic Fuler-Poincaré equa-
tion considered here, a fized point . is weakly stable in probability with stop-
ping time if it is stable for the deterministic dynamics in the sense of the

energy-Casimir method.

Proof. Given the constant Y estimated before, we apply Markov inequality
to the norm ||dp||%,, that is

1
P(l18pelzre > €) < —E(l19pell7rc)

1 2
< <16 (0) o™

to obtain the bound

1
P(|8paellize, > €) < —[161(0) 3™
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Thus, for all € > 0 we can find 6 = [|dp(0)||3, and o > %”6,&(0)”%{062% up
to time Tpax = %111 (%) [ |

This theorem then states that the multiplicative noise that we used to perturb
the original mechanical systems not only preserves the geometrical structure
of the equation but also preserves more subtle properties such as stability.
In fact, this result is a direct consequence of the fact that the noise preserves
the geometrical structure of the equation and allows the use of the energy-
Casimir method. One could, for example, consider additive noise in the rigid

body, and no such stability result would hold.

2.4.3 APPLICATION TO THE RIGID BODY

We now apply this theory to our traditional example of the stochastic free
rigid body to study the stochastic stability of the deterministically stable
equilibrium. Using the deterministic energy-Casimir method, one can show
that the equilibrium of lowest and highest energy are nonlinearly stable. They
are the one we will study now. Without loss of generality, we assume that
the position II; is stable, that is we choose I; > I, > [3. A noise compatible
with this stable position is a single Weiner process with amplitude o = oe;.
In fact, it is the only compatible noise as one can directly check from the
equations of motion. Recall that the Casimir is the invariant function of
the momentum sphere and that C(II) = ¥(3||II||) for an arbitrary function
U : R — R is still a Casimir. This function is used to enforce that DH- =0
and D?H¢ is positive definite, where

1 1
He(ID) = 51‘[ Q4+ (§||H||2) . (2.4.16)
We refer to the complete treatment of the rigid body in Holm et al. (1985)

for more detail on this function. The second variation of the Hamiltonian is

directly computed and is
D*H(I1,) (0I1)2 = 11 oM + 11 615 + 0" 1 o112,
L T I T 2
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where we used the condition for DHs = 0 which gives that ¥ should be
evaluated at % The extra freedom of ¥ yields the positive definiteness of
this norm, thus the deterministic stability of these equilibria. We now derive

the constant Y for the stochastic system and find, by directly computing
(2.4.13), that

Din||6T1||3;,, = o? (SI5(I3 " — 15 ") + oI3(I; " —I51))
<o’ (SM3(I' — L") +oI(L ' — 1Y)
< o®||o11|3, ,

where the last inequality is valid only for the positive definite case. For the
negative definite case, one just needs an overall minus sign in the computation
to obtain the same result. We therefore find that X2 = ¢% and does not

depend on the geometry of the rigid body.

Notice that in the integrable case, that is if I, = I3, the stability result
is much stronger as we have ¥ = 0. This result is to be expected as this
system is now equivalent to the Kubo oscillator in the e; direction and the
noise cannot drive the systems toward larger orbits in this direction. For this
integrable system, the stability is even stronger and corresponds to the usual

stability in probability.

We now illustrate this effect of progressively losing stability with numerical
simulations. We compute the marginal probability density of the rigid body
along II, that is

Pl(Hljt) = /-P(Hl}HQ?H;;?t)dHQdH;;? (2417)

and display it as a function of time in figure 2.8. In the deterministic case,
the rigid body would oscillate near the top line of the plot. The solid line
represents the mean value of I1;, and one can clearly see that after some time,
the mean of this distribution converges to 0 and the distribution becomes
uniform. From the theory developed before, if one fixes a value for II, it
is possible to estimate with Y the time when the solid line becomes smaller

than this chosen value.
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Figure 2.8: This figure displays the marginal probability density of the rigid body along II;.
The initial condition is taken close to the equilibrium solution II = (1,0,0), and the deter-
ministic path would remain close to it. The solid line is the mean path and highlights the
transition between the deterministic stable regime near II; = 1 and the uniform distribution
explained by ergodicity of the system. The dashed line is the mean path of the stochastic
rigid body with an isotropic noise of the same amplitude, illustrating the immediate loss of
stability.

2.4.4 SUMMARY AND OUTLOOK

This section can be seen as complementary to the first two sections of this
chapter as the main focus here was on the dynamics of the stochastic Euler-
Poincaré equation for short times. We previously considered the effect of
noise and dissipation for large times through the stationary distribution of
the Fokker-Planck equation or the random attractors. The main interest of
stochastic dynamics for small times is in the stability of equilibrium. Indeed,
we know from the ergodicity property that the system will eventually relax
to form a uniform probability density on the coadjoint orbit. The main
result obtained regarding the stability of a deterministically stable relative
equilibria is that they remain stable in probability for a short period of time.
The timescale for which it remains stable can even be estimated from above
and is proportional to the amplitude of the noise in the case of rigid body
motion. This result holds only if the noise amplitude is compatible with
the equilibrium position such that the equilibrium persists in the stochastic

system. This condition is rather strict but necessary. For more general
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noises such as isotropic noises, the numerics suggest that there is no possible
notion of stability as the system quickly leaves the neighbourhood of the
initial position. The other important open problem is in the estimation of
the timescale. In all the examples we can estimate it but we do not have a
general explicit formula for it (or rather for the coefficient }.). Here, we only
considered the rigid body example, but in Arnaudon et al. (2017b) we also
investigated the heavy top and the stochastic fluid dynamics and in particular
the compressible two dimensional Euler equations. Surprisingly, the value of
Y} for the fluid equation depends on the gradient of the noise amplitude with
respect to the space variable instead of its amplitude as in the rigid body or
the heavy top example. From this investigation, several research directions
are possible. We can mention the extension of this theory to the more general
energy-momentum method, the inclusion of geometric dissipation, or its use

in control systems for stabilisation of unstable equilibria.
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2.5 StocHASTIC TODA LATTICES

Until now, we studied stochastic perturbations of mechanical systems such
as the rigid body and the heavy top. We will go a little further here by
looking at the Toda lattice. This system can be high dimensional and has
a more subtle Lie group structure than the free rigid body. It is interesting
from the point of view of integrable systems and geometric mechanics as it is
completely integrable and has a coadjoint orbit structure. We will apply the
theory of stochastic deformation of the first section 2.2 as well as introduce
a double bracket dissipation similar the one of section 2.3.4. We will then
discuss how these deformation affect the Toda lattice and we will obtain

results slightly different from the ones of the two previous sections.

We will begin by a review of the geometric structure of the Toda lattice in
section 2.5.1, then introduce noise in section 2.5.2, dissipation in section 2.5.3

to end with a different noise which preserves isospectrality in section 2.5.4.

2.5.1 THE DETERMINISTIC TODA LATTICE

In this section, we begin with a short review of the Toda lattice with a focus
on its geometrical structure. The Toda lattice has its roots in the origin
of the theory of integrable systems with the discovery of recurrences in the
FPU lattice by Fermi et al. (1955), with numerical simulations performed
by M. Tsingou, see Dauxois (2008) for more on this story. The surprise was
that for large times, no statistical equilibrium emerged for this lattice despite
theoretical predictions of statistical physics. It turns out that the FPU chain
is an approximation of the Toda lattice, which is an integrable system and
has no thermal equilibrium. In the FPU chain, if one waits for a long enough
time such that the non-integrable effects appear, this expected equilibrium
can be observed in precise numerical simulations, see for example Benettin
et al. (2013), Benettin and Ponno (2011).

The Toda lattice was first formulated in Toda (1967) (see also Toda (1989))
and later proved to be integrable by Flaschka (1974a.b) and Henén (1974).

These works triggered numerous studies on such lattices, with various con-
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nections to geometry.

THE OoPEN TODA LATTICE

The Toda lattice consists of n particles with positions z; and velocity y; on
a line. The only force in this lattice is the exponential interaction between

neighbours described by the following Hamiltonian function

(1
Hy=>" (§y3 + e'~”='+1—i“ﬂ) : (2.5.1)
i=1

where we removed all the physical constants. One can add a constant in the
exponential to vary the strength of the interaction or a mass in the kinetic

energy term, but we will stick to this simple case here.

The open Toda lattice is a canonical Hamiltonian system for the variables
(x4, y;) € T*R™ with Hamiltonian equations
Ti = Yi

(2.5.2)

y'z' — eTiTi-1 _ Tit1—Ti

If one approximates the exponential interaction by a Taylor expansion, we

obtain the FPU lattice by keeping only the linear and quadratic terms.

We now introduce the change of variables due to Flaschka (1974b) used to

prove the complete integrability of this system. The new variables are given

by

1
ar = iyk

1 (2.5.3)
by = —e@r+172k)/2

2 bl

and the equations of motion become

B@‘ = b@(ﬂi - lS'qu+1)
a; = 2(b2_, —b?).

1

(2.5.4)
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We did not mention the boundary conditions which can be open or peri-
odic without affecting the integrability of the lattice. The simplest proof of

complete integrability is achieved by constructing the Lax pair with

aq bl 0
b] as bz ce s
L - 0 bg as ... ’ (255)

and M = L™ —L~, where L™ is the upper part of the matrix and L~ the lower
part. Integrability is then a consequence of the Lax equation L= [L, M].

The aim now is to introduce more geometry to understand this Lax pair
construction as a coadjoint motion on the dual of a certain Lie algebra. Only
then it will be possible to introduce noise and dissipation in a consistent

manner.

GEOMETRY OF THE TODA LATTICE

Many interesting works exist on the geometry of the Toda flow. We will follow
here the derivation of Deift et al. (1989), but other works include Deift et al.
(1986) or even Kostant (1979) with applications to representation theory.

This geometrical structure of the Toda lattice arises from the standard LQ
decomposition of matrices g € GL(n) with only positive determinants. This
decomposition produces gg = SO(n) and g, € L(n) such that g = gogr,
where L(n) is the group of lower triangular matrices and SO(n) the special
rotation group. From this decomposition, there is a group multiplication
defined as h x g := gghgr, which makes the space of matrices with positive
determinant, denoted Ggr,, a Lie group. There also exists an isomorphism
m : Ggr — SO(n) x L(n) given by g — (g5',g) which can be used to
construct a Lie bracket on the Lie algebra ggr. We first define by [ the Lie
algebra of L(n), by q the Lie algebra of SO(n) and two projections onto these
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Lie algebras by
mql =L, — Li and mL=L_+ Lo+ Li ) (2.5.6)

for a generic element L € ggr. The subscripts + means the strict upper
triangular part, the subscript — the strict lower triangular part and the
subscript 0 the diagonal of the matrix L. The Lie bracket on ggy is then
defined as

[6: ﬁ]ng, - [ﬂ'lfa Wl??] - [TTqE, ?Tq?}'] 3 (257)

for £,m € gor. We now recall the adjoint and coadjoint action of the group
Ggr, on its Lie algebra

Ady(€) = 95" (M) gq + 91" (m€) gL (2.5.8)
Ad;-1(§) = mrgg'€gq + myrgr gL, (2.5.9)

where the transpose and adjoint are defined with respect to the trace pairing

(&m) =Tr(¢"n), (2.5.10)

that is we have

mel =L, — LY,  mgrL=L_+Ly+ LT. (2.5.11)

We will now need the classical R-bracket, defined from the R-matrix

1 1
R= 5(?‘!’q — M) = Tq — 3" (2.5.12)
We can then rewrite the bracket (2.5.7) as the R-bracket

adf'n := [¢,n]r = [RE,n] + [€, Ry] (2.5.13)
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and define the adjoint of the R-matrix as

or in term the trace of matrices
Tr(¢" Ry) = Tr(q" R7¢).
We thus have

1 1
R*=R" = o (T = Tqr) = Tqr — ., (2.5.15)

because [+ is adjoint of q and g is adjoint of | under the trace pairing. We

can now compute the coadjoint action on this Lie algebra.

Proposition 2.5.1. The coadjoint action of ggr, on its dual in term of the
R-matriz (2.5.12) is

ad"p = [(RE)", ] + RTET, ], (2.5.16)
Jor § € gqL and p € g -
Proof. We compute

Tr(ﬂT[&n]R) Tr(u"[RE, n] + p"[€, Rn))

(" Rén — p"nRE + p"ERn — p” Rngé)

= Tr(—p(RE)™ " + pn" (RE)™ + p"éRn — £u” R)
= Tr([(RE)T, pn" + [, €] Rn)

= Tr([(RE)", puln” +n" RT[ET, ),

and get the result for the coadjoint action. [

The corresponding R-Lie-Poisson bracket is the usual bracket

{F,G}(L) = (LT [g gﬂ ) Tr (ad‘?F*L(;C;T). (2.5.17)
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For this Lie-Poisson bracket, one can see that all traces of powers of L, i.e.

H; = LTr(L?) are commuting integral of motion. Notice that for n particles,
T

only n integrals are independent. Now, the Lie-Poisson equation is for any

Hamiltonian H; given by

L= [(R%)T,L] +RT [%T,L] . (2.5.18)

The usual Toda flow is recovered by using H; = %LQ, so that 0H; = L. As
L is a symmetric matrix, the above second term drops. Finally, using the

definition of the R-matrix in term of m,;, we arrive at the Toda flow

L=[(RL), L) = [(x,L)T, L] = —[r,L, L]. (2.5.19)

2.5.2 THE STOCHASTIC TODA LATTICE

We are now able to directly apply the present theory of stochastic deforma-

tion. We will do it in the Lie-Poisson form and write

dF(L) = {F,H}dt + Y {F,®;} o dW}, (2.5.20)

where we use a set of Wiener processes indexed by i. The stochastic potentials
®; : g* — R are also taken to be linear in the momentum variable L, that is
$;, =Tr (LTO'i), where the set of 0; span the symmetric tri-diagonal matrices
with zeros on the diagonal. The choice of the o; fields is, in general, free but
we will use here the simplest type of noise, that is the uniform noise where

||lo;|| = o for all i. The stochastic Toda lattice is then given by

dL = —[m,L, L] dt + ) " ad*L o dW}, (2.5.21)

or, more explicitly in term of the R-matrix

dL = —[r L, L} dt + Y (((Ro:)", L] + R"[o, L]) 0 dW} . (2.5.22)
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By construction, this flow preserves the coadjoint orbit structure, namely the

tri-diagonal symmetric matrices.

Proposition 2.5.2. The stochastic Toda lattice (2.5.22) preserves the tridi-
agonal symmetric form of the matriz L. Furthermore, the stochastic processes

for a; and b; are given by

Ez’ = bi(ai - a'¢'+1)

‘ , 2.5.23
dai = Q(bf—l — bf)dﬁ + QJi_]bi_ldW:_l — QJ@bidVV: . ( )

Proof. A direct calculation from (2.5.22) gives equations (2.5.23). Not having
any noise in the b; equation implies that the It6 correction term vanishes and
the [to or Stratonovitch interpretation of the stochastic integral have the

same form. [ |

Then, with Flaschka’s change of variable (2.5.3), the stochastic Toda lattice

is a stochastic Hamiltonian system for (z;,y;) given by
T =Y
dy; = (751 — 5t 7%) di+ (2.5.24)
+ 2%_16(3,:—1,-_1);2({%1'—1 — QJie(m"“_mﬂde .

This stochastic process is in fact a type of Langevin equation with multi-

plicative noise as it can be written in term of the position variable only as

xt — eTiTTi-1 _ oTitl1 T

- . (2.5.25)
+ 20@_18(%_%_1)/2W:_1 _ 20@6(2i+1_mi)/2m% .

This Langevin equation can also be written in a variational principle, given

as
S = f D (@ -ty de + f 3 doem T2 0 dWE (2,526

which will correspond to the associated Euler-Lagrange equations. From this,
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the stochastic potentials are given in these variables by
O; = 4o el m)/2 (2.5.27)

This system is of course a stochastic Hamiltonian system and can be written

as

0H 0H,

_ oy o _
dz; = 5 dt, dy o dt Z

0D,

bz,

o dWy. (2.5.28)

Notice that there is no noise in the x; variable because the stochastic potential
does not depend on y explicitly. Interestingly, it is not possible to add noise
to the z equation while remaining consistent with this theory of stochastic
deformation. First, one can check that the noise term can never have a
non-diagonal part, and second that ¢; must not depend on the dynamical

variables.

CONSERVATION LAWS

It can easily be seen from the equations of motion (2.5.24) that Hy =), y; re-
mains an exact conserved quantity, even in the stochastic context. The other
deterministically conserved quantities H; are not conserved by the stochas-
tic flow. This is to be expected as the noise only conserves the coadjoint
orbit structure, and H; are not Casimirs of this orbit, but just dynamically
conserved quantities. To understand this better, we compute their time evo-

lution

1

Fr AUt = (L ad L) o W

— %(adgiLk, ad, L)dt + g(adgi (L‘“_lad;L), L)dt + (ad,,L*, L)ydW}

= g(Lk_ladziL, ady L)dt + (ad,, L*, L)dW} .
In the case of the energy for k = 1, the mean path of the energy satisfies

1
DyH, = 5 lad; L|1, (2.5.29)
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where Dp, is the infinitesimal generator of the process for L defined in section
2.4 in the context of stochastic stability. Recall that it is the conditional
expectation of a time derivative of a stochastic process. Let us see in physical

coordinates the form of this equation by a direct computation.

Proposition 2.5.3. If the noise is uniform, that is ||oi|| = o for all i, the

mean energy increases in time as
DrHy(L(t)) < 40'2E(V(L(t))|.}'-",+,), (2.5.30)

where V' denotes the deterministic potential energy the expectation on the
right hand side is the conditional expectation, this equation is thus still stochas-

tic.
Proof. We compute the Ito correction to get
Z yidy; = Z QJy@e(x*_ri—‘)f2 o de_l — Z 20%8(““_2”” o de
z = i: QJy@e(mi_“‘"‘f—l)ﬂde_l — Z;Jy@e(r”l_m"def
i i

+ 202 Z (emi_“‘"“l + e’f"“_r‘) dt — 40? Z elTit1—zi-1)/2 gy ,
i i

yielding the result after discarding the negative and stochastic terms. [

Similarly, with one of our result on the stochastic stability of section 2.4, we

have an upper bound in time for the expected value of the energy.

Proposition 2.5.4. We have for uniform noise the following time-dependent

upper bound for the mean energy
E(H,(L(t))) < H,(L(0))) elo’t (2.5.31)

Proof. The proof is similar to the computation for the stability result of

proposition 2.4.2 in section 2.4 where we proved a similar formula. [

This proposition demonstrates that the mean effect of the noise in this system

is to introduce energy into the system, which can, in turn, be unbounded.
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This property suggests that we would need a dissipative mechanism that
would balance this energy input. This will be done in the next section 2.5.3.
From the non-conservation of these quantities, it is also clear that this equa-
tion cannot be stochastic integrable in any sense. We will study this fact in

more details in section 2.5.4.

2.5.3 DISSIPATIVE STOCHASTIC TODA LATTICE

We want to introduce a nonlinear dissipation term in the Toda lattice which
is compatible with the geometrical structure used to add noise. The best
way to do this is to introduce, as before, a double bracket dissipation. Recall
that the generalised double bracket dissipation was constructed using the
Casimir of the Lie-Poisson bracket. Here, although the Toda lattice has
many conserved quantities, there is no Casimir of the Lie-Poisson bracket
derived with the R-matrix. We thus need a slightly different term for the
double bracket dissipation.

THE DOUBLE BRACKET DISSIPATION

We are going to show that the following double bracket dissipation

L=adL+ eadf;é,,LL (2.5.32)
preserves the coadjoint orbit and is a dissipative term. Recall that ad™* is the
coadjoint action with respect to the R-matrix. For simplicity, we will drop
the upper R for the adjoint and coadjoint actions in the rest of this section.
Notice that we do not need to convert the second ad* operator to the Lie
algebra as it is a symmetric matrix and the transpose operation corresponds
to the isomorphism b : g* — g. First, the Lie-Poisson formulation of (2.5.32)

15

F(L)={F Hi}r—0 < s g 6H1> . (2.5.33)

S 6L G 0L
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Indeed, we just compute

. oF
(VF,ad. L) = <adadzLE,L>
S <ad%ad;L,L>

_ <ad;L, ad”é_pL> ,
8L
and use % = L to get (2.5.33). Notice that it is different from the usual

double bracket dissipation where the adjoint action is used instead of the

coadjoint action here.
In term of a;, b; we have the following dissipative Toda lattice

‘f)i = b@(ai — G-H_l) + 29b® (bg—l - Qb‘f + b‘-'?'i—l)

_ Lo ) i (2.5.34)
a; = 2(b_y — b7) + 20 (b} (ai1 — a;) — bj_y(ai — i)

Written in this form, the new terms have a clear meaning of dissipation as
they both behave as discrete nonlinear second order operators as we will see

in more detail in the next section.

In term of the physical coordinates, the dissipative stochastic equation is

ii?@ =y + 19(81‘1—&—1 _ 28$i+1—1‘i _|_ e-’-“a?+2—$:'+1)
2
dy@ — (e-"-“:'—-"-":'—l _ e-"-‘:‘+1—$i) dt+

) , 2.5.35
4 QgelEi—Ti-1)/2 4 th%—l — 9gelTi+1—T)/2 th% ( )

+ 59 ((yi—f—l — 1) €T — (y; — yiq)e™ ’_1) dt.
Let’s now show that the energy decays when 6 > 0.

Proposition 2.5.5. The conserved quantities of the Toda lattice satisfy the
differential equation

d 1

dti+1

Te(L*') = —0(adsy VH, adby, VH) (2.5.36)

when the double bracket dissipation (2.5.32) is added.
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Proof. This formula is a direct consequence of the Lie-Poisson form (2.5.33).

[ |
For the Hamiltonian H; we have
d . 9

The negative right-hand sign of this equation shows that the energy decays.

We can obtain the same result by a more direct computation.

Proposition 2.5.6. The energy dissipation, in physical coordinates, is given

by

d I —Iq I —Iq ri—Ti—
EHI - _29213 ((ys — Yirr) €™ 17 4 (71177 —e ?) . (2:5.38)

Proof. We first compute

N N-1
Z yidyz‘ =40 Z Yi ((yi — yi_l)em:'—mi—l +0 Z(yi _ y'i—f—l)emi—'—l_ri) dt
i i=1 i=0

N-1 N1
=0 Z Yir1(Yir1 — yi) €™ T+ 0 Z Yi(Yi — Yipr )T dL
=0 i=0
N-1
=40 Z(yf + yf_H — ngygﬂ)e’fm “Tidt
i=0
N-1
=0 (yi — yia) e "L
i=0
The second term is given by similarly computing z;z;. u

]

Without noise, this system will tend to a steady position (zf, y¥) satisfying

1

S _ s, )2etiti T T T T 1)2
Yi —Yiy1)'e + e 2 :
i

The solution of this positive definite quantity is z; = =z and y; = y for some

number y and z. The value of y can be found from the conservation of total
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momentum, but the value x does not have any direct dependence on the
initial conditions if the lattice is periodic. Finding the equilibrium solution
as a function of the initial condition is still an open problem for the periodic
lattice. In the open Toda lattice, the first and last particles are at —co and

oo and the equilibrium solution is z = +o0.

CONTINUUM LIMIT

One of the interesting features of the Toda lattice or the FPU lattice is that
in the limit of an infinite number of particles we recover the Burger’s equation
or even the KdV equation if we include higher order terms in the approx-
imation. The treatment of this limit is a rather subtle topic as the Toda
lattice can have shocks and the Burger’s model will no longer be valid after a
shock. This was extensively studied by Deift and McLaughlin (1998) where
various after-shocks scenarios were considered. We want to derive here the
continuum limit of the dissipative stochastic Toda lattice and we will not
consider the formation of shocks as the dissipation will prevent them from
being formed. We will follow Deift and McLaughlin (1998) for the deriva-
tion of the continuum limit and start by defining the continuous functions

interpolating through the discrete system as
a(ek,t) = ap(t) and  b(ek,t) = be(t),

where € corresponds to the rest distance between two particles. We then need
to rescale the time as t — t/e and the diffusion coefficient (which we recall

is a time scale) # — /¢ to obtain from (2.5.34) the continuous equations

b= b(ay + 20 bsy)

(2.5.39)
=21+ 0a,))

z "

In the non-dissipative case, setting a = 2b recovers the inviscid Burger’s

equation, but not in this case.

We now add the noise into this equation and formally derive the continuum

limit. For this we first assume a isotropic noise and rescale it accordingly as
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0; = o //€ for all i. We then propose the following continuum approximation

of the complete stochastic dissipative Toda lattice

b= b(ay + 20b,)

(2.5.40)
da = 2 (b2(1 + 9&_,.3))1“ dt + 20b, o dW, .,

where the noise is white in space and time, or delta correlated, that is
EWgt, Wy o] = 6(z — 2')é6(t — ¢'). We will not rigorously prove that this
stochastic PDE is the continuum limit of the stochastic Toda lattice as this
will be beyond the scope of this investigation, but we want to verify that it
make sense to have such a noise term by computing the limit of the auto-

covariance function.

Proposition 2.5.7. The auto-covariance of the discrete system (2.5.35) con-

verges to the auto-covariance of the continuous model (2.5.40).

Proof. We compute the auto-covariance of (2.5.40) to get

402

Cov(an, ) = T8 [ (sdWi W) [ bomsa =~ bea?))
€

4 2
= %E/(bk(ak,k’bk’ _§k,k’—lbk’—1)

— br—1(0p—1,kbr — Op—1 r—1bw—1)) dt ,

where used the fact that the Wiener processes are not correlated and the Ito

isometry, for a process p;

E (( / ,utdW)Q) —E ( / ,ufdt) . (2.5.41)

In the limit e — 0, we arrive at
lintl) Cov(ay, ap) = 40°E (/ d(z — ') by (z)by (m’)dt)
— Cov(a(2), a(&)),
where the last step is computed from the process (2.5.40). [
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This proposition suggests the following conjecture which remains to be proved.

Conjecture 2.5.1. The solutions of the stochastic dissipative Toda lattice

converge to the continuous process (2.5.40) almost surely.

2.5.4 'THE ISOSPECTRAL STOCHASTIC TODA LATTICE

We end this study on the question of integrability of the stochastic Toda
lattice. We saw that the noise introduced previously does not conserve any
of the deterministic integrals of motion except the total momentum. We thus
do not expect any stochastic integrability of this stochastic Toda lattice. It
is also interesting to remark that the noise is not proportional to any other
flow of the deterministic Toda lattice, or is not generated by a vector field
compatible with the Toda flow (in the sense of commuting flows). Such a
stochastic Toda lattice could be constructed but would not have a differ-
ent Wiener process W; for each particle, but rather a single Wiener process
proportional to another flow of the Toda hierarchy. We will see in section
3.4 that a such stochastic deformation preserves integrability and appears

naturally in the context of stochastic deformation of hierarchies of integrable

PDEs.

We can nevertheless obtain an stochastic equation which seems integrable if
we remove the term of the noise proportional to R* in the stochastic Toda

lattice equation (2.5.22) we obtain

dL = —[mL, L] dt + Y [(Roy)", L] o dW}. (2.5.42)

This equation is isospectral as the deterministic Toda lattice but with a
stochastic spectral problem similar to the notion of stochastic integrable sys-

tems which we will study in section 3.4.2.

Proposition 2.5.8. The stochastic process (2.5.42) is isospectral with the
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following stochastic spectral problem

Ly = \p

dw = _?Tqudt + Z(Ro.i)Tw ° thz' ) (2543)

Proof. We compute

(L) = dLd + Ld
= dLp — LmyLpdt + LY " (Roy) 4 0 dW{,

and

d(\) = A + Adi
= —AmoLypdt + XY (Roi) T 0 dW

= —moLLpdt + > (Ro;)" Lip o dW} .

where we used Li) = A1 for the last equality. The two computations are
equal by using Li) = A\, so we collect terms and rearrange to obtain the
stochastic Toda equation (2.5.42). |

One can directly check that the conserved quantities H; remain conserved
for all 7 by this stochastic low. The drawback of removing a stochastic
term from the original equation is that the coadjoint orbit is not preserved
any more by the stochastic flow. In fact, the matrix L is full even for tri-
diagonal initial conditions, and the connection with the physical Toda lattice
via Flaschka’s change of variables is lost. This raises the question of what
are the other necessary conserved quantities of the stochastic Toda lattice.
In Deift et al. (1989), a generalised Toda flow on the coadjoint orbit of full
symmetric matrices was proven to be completely integrable, and formulae
for the extra conserved quantities were derived. We will not investigate this
further here, but it may be possible that this stochastic Toda lattice is a

stochastic integrable system on the coadjoint orbit of symmetric matrices.
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This feature of the Toda lattice is different from before, where the coadjoint

orbit could not be modified when changing stochastic terms.

2.5.5 SUMMARY AND OUTLOOK

In this section, we implemented the stochastic deformation and the double
bracket dissipation in the integrable Toda lattice. Although this system is
of the Euler-Poincaré form, its Lie algebra structure based on the R-matrix
makes it rather different from the free rigid body. In particular, its dimension
can be as large as we want and lead to partial differential equations in the
continuum limit. As we saw in the previous sections, the non-compactness
of a coadjoint orbit makes difficult the study of stationary distributions of
the Fokker-Planck equation corresponding to the stochastic Euler-Poincaré
equation. It is also the case here, and we, therefore, did not investigate this
aspect of the stochastic Toda lattice. The coadjoint orbit of the Toda lattice
is the main difference with other systems as it consists of symmetric matrices
and does not have Casimir function. The noise which we introduced preserves
this structure and allows the use of Flaschka change of variables to go back
to the physical variables. Being able to preserve this change of variable
allows us to transform the abstract equation on symmetric matrices back
to a standard Langevin equation. This analogy with the Langevin equation
suggests that more can be done in the direction of statistical physics, as we
already suggested in the case of the Gibbs distribution of the rigid body.

During the course of this work, we also tried simple numerical experiments,
but nothing worth mentioning here came out of them apart from the fact that
the system reaches a statistical equilibrium if there is dissipation. Other
investigations with numerical simulation may include the 3-particle Toda
lattice and possible random attractors visualised with the Poincaré section.
Another intriguing finding is the continuum limit of the dissipation and the
noise. They both have a rather unusual form and may deserve more investi-

gations which are out of the scope of this work.

What is in fact more interesting for us here is the question of complete inte-

grability of the stochastic Toda lattice, with no dissipation. The stochastic
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term is different from being of the form of a higher order Toda flow multiply-
ing a Wiener process. In this case, the system would be integrable, as we will
see for infinite dimensional systems later. Instead, the stochastic term has
a different Wiener process for each particle, which makes the system non-
integrable. In fact, we cannot recast the geometric stochastic deformation of
this system into a stochastic isospectral problem unless one of the stochastic
terms is discarded. In this case, the coadjoint orbit is not preserved, and
a tri-diagonal initial condition will quickly fill the entire symmetric matrix,
but we can write a stochastic iso-spectral problem. A question still remains,

which is if we can solve this stochastic spectral problem.
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2.6 STOCHASTIC LANDMARKS

This section is the last section on stochastic deformation of finite dimensional
systems. We will consider another type of Hamiltonian systems describing
the interaction of particles, different from the Toda lattice. This system
describes the landmark dynamics arising from a finite dimensional reduction
of a particular type of fluid equation of Euler-Poincaré form. We will not
study this infinite dimensional equation in detail here but only briefly later
in section 3.5.1. Here, we will instead directly derive the finite dimensional

stochastic landmark equations.

The solution of the landmark system is a solution of the original fluid equa-
tion but has the advantage of being only finite dimensional. In the case of
the one-dimensional fluid equation with the Sobolev H' norm, the landmark
equation is the peakon equation of the integrable Camassa-Holm equation,
which is also an integrable finite dimensional system. We will consider here a
more general setting of arbitrary dimensions and norm as the main applica-
tion of this theory is in computational anatomy where the fluid velocity field
u describes a diffeomorphic deformation of an image. We refer to the mono-
graph Younes (2010) for a complete exposition of such geometrical methods
for image analysis and computational anatomy and to Holm and Marsden
(2005) for the theory of singular reductions of the Euler-Poincaré equation
on the diffeomorphism group. The results of this section are contained in
Arnaudon et al. (2017d,e). Notice that only the case of peakon is completely
integrable, and most of other shapes of landmark will destroy integrability.

We will begin by introducing noise into the landmark equation in the same
way as we previously did and we will then proceed by studying its effect
on the landmark dynamics. The main feature which allows us to retain the
reduction procedure from the stochastic infinite dimensional system to a set
of finite dimensional stochastic equations is the preservation by the noise of
the geometrical structures of the deterministic equation and in particular the
singular momentum map. We will then derive a finite dimensional approx-
imation of the Fokker-Planck equation to solve the problem of estimating

the noise amplitude from real data. We will end this section with several
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numerical experiments to illustrates this theory.

2.6.1 STOCHASTIC DYNAMICS

We start by deriving the stochastic landmark equation from a stochastic
variational principle. We will denote the position of the N landmarks by
q = (q1,...,qn), where q; € R? for a d dimensional space. In practice,
we will only use d = 2 to describe images but the equations are valid for
any dimensions. We will also often use the coordinate notation ¢* where o
runs on the image dimension. Each particle has a velocity, and as we will

describe them in a Hamiltonian framework, so we introduce their momentum

P= (pU:' . ':pN), where Pi € R<.

From a configuration of these landmarks, it is possible to reconstruct the

entire deformation vector fields u : R — R? as follows
u(x) = Z p:K(q; —x), (2.6.1)

where K(x) is a given symmetric kernel function and x € R? is the position

on the image. The corresponding momentum m : R? — R is given by
m(q, p)(x) = Z pid(qi —x). (2.6.2)

This is a singular momentum map for the action of the diffeomorphism group
on the canonically conjugate variables q, p. By using this momentum variable
in term of the spatial coordinate x and not q and p, m satisfies the Euler-
Poincaré equation

m(x) = adyyym(x), (2.6.3)

*
u(x

where ad”® is the coadjoint action of the diffeomorphism group for the kinetic
Lagrangian [(u) = % Ju-mdx. We will not go further in this direction but
instead use the fact that (2.6.2) is a momentum map for the action of the dif-

feomorphism group on the Clebsch variables (q;, p;), see Holm and Marsden
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(2005). We start with the following stochastic Clebsch action functional
Stap) = [iw xat
+ Z / Pi- (Od(h‘ —u(q) dt + Z oi(qs) o de) ;
i 1

(2.6.4)

where o; : R? — RY are arbitrary vector fields. We will now write this
variational principle only in term of (q;, p;) by first noticing that from (2.6.2)

we have
20(w) = [ ma )0 u(x)dx = 3 pi- u(a)

Combining the first two terms in the Hamiltonian function h(q, p) we have

the finite dimensional functional
S(q,p) = h(a,p) + Z/p@ : (odqi +3 oulq) o de) , (2.6.5)
i I

where the Hamiltonian is

N
h(q,p) = % > (pi-py)K(ai —qy) - (2.6.6)

ij=1

This variational principle is often called a phase space variational principle
as it is written in term of the Hamiltonian and includes a Legendre transfor-
mation with the term p;-dq;. The noise appears only once in the variational

principle and corresponds to the stochastic potentials

di(a,p) = pi-ou(a). (2.6.7)

By extending the landmark Hamiltonian (2.6.6) by these stochastic poten-
tials, we can rewrite the variational principle (2.6.5) as a canonical Hamil-
tonian system with Hamiltonian hdt + ), ¢; o dW!. By either taking free
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variations of (2.6.5) or the Hamiltonian equation with the stochastic Hamil-

tonian, we obtain the following stochastic Hamiltonian equation for landmark

dynamics
da; = ]idt + ZE: o1(q;) o AW}
2.6.8
= gt~ 3 g () o W, o
or, in coordinates,
g = ;pf; dt + Z: of(q;) o AW}
dpi’ = _ffq};dt - 1,8 %(;i)pf 0 dW.. o

It is worthwhile to mention that a solution of this stochastic ODE gives a

solution of the stochastic Euler-Poincaré equation

dm(x) = ad},ym(x) dt + Y _ ad},,ym(x) o AW/, (2.6.10)
I

which itself gives a stochastic path on the diffeomorphism group via the

reconstruction relation
dg = u(g) dt + o;(g) o dW}.

We refer to Arnaudon et al. (2017¢) for more detail about this construction.

To go further in the study of the stochastic landmark dynamics, we need to
specify a particular form for the noise fields o;. In principle, any set of C*(R%)
functions could be used, but to have interesting and tractable solutions of

these equations, we will choose Gaussian kernels at fixed positions with a

115



generic length scale a;, amplitude \; € R? and position §; € R? that is

_ lag—5;12

of(qi) = Afe 1. (2.6.11)

With this choice of 0; we can easily cover the entire image with noise and

finely control its the spatial correlation.

This form of the noise thus represents local uncertainties in the image in such
a way that the equation remains consistent with the variational principle and
produces a stochastic path on the diffeomorphism group. In particular, there
is no possible crossing of landmarks, although this is only interesting for d =
1, (see Holm and Tyranowski (2016) for such a study). Recently, stochastic
landmark dynamics were investigated with only a stochastic forcing, that is
an additive noise in the p equation. See for example Marsland and Shardlow
(2017), Trouvé and Vialard (2012), Vialard (2013). For the present system,
the noise appears as almost additive in the q equation and almost linear in
the p equation. By this we mean that the noise still depends on the position
of the landmark but if a; — oo the noise becomes additive and all landmarks
will have the same noise. In this case, the noise on the p equation also
vanishes. We thus observe interested effects only for localised noise fields,
i.e. aq < oo. For example, the momentum of the landmarks is then coupled

to the gradient of ¢; in the momentum equation.

2.6.2 THE FOKKER-PLANCK EQUATION AND MOMENT DYNAMICS

Before solving the stochastic landmark system numerically in section 2.6.3,
we will study the corresponding Fokker-Planck equation and in particular

derive a finite dimensional approximation of its dynamics.

The first point to notice here is the high dimensionality of this PDE, that is
RN where usually d = 2 and N is the number of landmarks that can be
arbitrarily large for practical applications. The second point is that the phase
space is not compact and it will thus not be interesting to study the stationary
distribution of this Fokker-Planck equation. Instead, what is interesting to

study in this case is the time evolution of the covariance of the error of each
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landmark and how it depends on the noise and the landmark interactions.
To better understand the evolution of the covariance, we will use a finite
dimensional approximation of the Fokker-Planck equation to describe it as

well as the mean trajectory of the landmarks.

THE FOKKER-PLANCK EQUATION

As in the previous sections, we denote the probability density of the stochastic
process of the landmarks by P(q,p). Recall that the stochastic process is
Hamiltonian and can be written with the canonical Poison bracket of the

form

(2.6.12)

oF 0G oF 0G
{F: G}can(q; p) = Z - Z

8(]@ ' 81)3 6[:);' ' 6(];’ ’

where the derivatives are gradients and the scalar products are in the R? di-
rections. Using this bracket, the Fokker-Planck equation is directly computed

following the theory of the previous section.

Proposition 2.6.1. The Fokker-Planck equation of the process (2.6.8) is

d
Ep(q? p} t) — {h’; P}Ca.l‘l + % Z{(i’h {QSI; P}ca,n}ca,n = E*P . (2613)
l

We do not write the proof, which is the same as before, but rather write the

Fokker-Planck equation explicitly. We obtain
d
E]P(q: P t) = aQipapih - 8P1P3Q’ih
1
+5 ZE: ( ZJ: O, 10s 15y, 0P — 2 ZJ: Oy, 100, $10; 00, P
(2.6.14)
+ D 0,010, $100,0,P + ), 04,610p,04,610p,P

i,j
= 0. 4100,00:00p P+ Y 100 O30, P)

In this form, it is difficult to understand the various interactions between
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the landmarks and the noise, but the finite dimensional approximation will
bring more insights. The only thing that we can see here is the fact that
the double bracket terms contain second and first order derivatives of the

probability density P, as expected for a diffusion term.

MOMENTS OF THE FOKKER-PLANCK EQUATION

From a practical point of view, the interesting quantities to observe in land-
mark dynamics are the mean position and the covariance of each landmark.
We define these two quantities as averages with respect to the probability
density P, that is

(a?) (1) = f ¢*P(q, p, ¢) dqdp (2.6.15)

(@) () = f ¢2¢’P(q, p, ) dadp. (2.6.16)

Other moments can be defined accordingly such as those involving the mo-
mentum variable, or higher order moments. The aim is now to find a dy-
namical equation for these quantities. We proceed by computing the time

derivative of a moment. For example, we have

d (1] (a3 *
G0 = [ aLPap0dadp

= / LqP(q,p,t)dqdp,

where in the second step we used the fact that the backward Kolmogorov
operator £ with the dual of £* in the L? pairing. We thus need to compute
Lqf* to obtain

1
qut = _{h’& qz‘a}can + 5 zﬂ:{éb {¢’h q@‘a}can}can

b 100f(a)
o2 ag)

(2.6.17)

J.!'S(qi) 3
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where we used the fact that the double bracket is symmetric and the ad-
vection term is anti-symmetric. Similarly, for the momentum evolution, we

obtain

Lpf = —{h, p{'}ean + % Z{ﬁéh {1, i tean Fean

:_ﬁJrlp ! (q%)a"fz (a:) lpﬁ62528(%) o7 ().
ogr " 2" o o 2V ogeaq

(2.6.18)

Finally, we need to compute the average of this quantity with respect to
P, which corresponds to taking expectation, that is (Lq"). A first order
approximation of this quantity is to replace the expectation of products with
the product of expectations as for example (g qf (g2 (q:f In this case,
the double bracket term will correspond to the It6 correction of the original

Stratonovich stochastic process.

This problem of finding a good approximation of this expectation is difficult
and must be solved case by case. Indeed, the natural method is to include
higher order correlations up to a certain chosen order. Closing this hierarchy
of higher order correction is the called the closure problem of the BBGKY
hierarchy which mostly arises in many-body problems in quantum mechanics.
We refer to Holm et al. (2007) and references therein for the application
of these ideas in the context of the Vlasov equation with a similar double
bracket dissipation term. We cannot use this geometrical method here for the
following reason. This scheme relies on the approximation of the expectation
of the Hamiltonian in terms of only a finite set of moments. In our case, the
kernel function cannot be expended in a polynomial of the position with a
small number of terms. Indeed, a truncation at any order will give unbounded
approximation in the q variable which will result in a diverging interaction
of far apart landmarks. We will thus use a less systematic method to derive

the equation for the first moments where we can get rid of this problem.

Before going into the technical part of this approximation, we first look at
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the dynamics of the second moment, that is

J

oh 1 9ol (q;)
L(q —q;—5 + (@)t () + = Co) (qj)—emt -t
(47¢)) = —q o7 ZE:O; (a:)o7 (ay) 22;:(1 o (W) =5
(2.6.19)

where t. stands for the transpose of the previous terms in the sense that
i > j and a <> . This quantity is the complete covariance between each

landmark, but it is more natural to consider the centred covariances

N (g2q)) = (a2d}) — (@) (d]) . (2.6.20)

For i = j they correspond to the covariance of the probability distribution
for the landmark ¢, the quantity of interest for us. The time evolution of the

centred covariance, or correlation, is directly computed as

) ) 9
- acBy — Z 1a®dPy — (g®) ——
5‘tA2 (67q}) T (¢i'q;) — (@) 5

(g;) +1
Z <0'£ (q:)o, (q3)> <q¢a%> — (g <%>
(

o .3
§Z(<m 83“”> <>< (@)’ (“J)>)+t..

This equation contains three different types of terms. The first term is just
the square of the noise amplitude and will linearly increase the correlation
in the direction of the noise whereas the other two terms account for re-
spectively the interaction between landmarks and the interaction between
landmarks and the gradient of the noise. To proceed further and approx-
imate these equations we need to explain how we expand nonlinear terms
using the cluster expansion method. This approximation is rather rough
and does not converge to the true solution in any sense, but will only be
used for numerical simulations. We will study later the bias induced by this

approximation.
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THE CLUSTER EXPANSION METHOD

Before deriving the approximate equations of motion for the moments, we
need to explain how to proceed in general. We will follow the so-called cluster
expansion method used for example in quantum semiconductor physics as
explained in Kira and Koch (2011). In an abstract form, the aim is to
approximate the dynamics of the expected value of the product of N particles
which we will write (V) in terms of lower order particle correlations. For this,

we apply the cluster expansion, which consists in the decomposition
(2) =(2),+22(2) (2.6.21)

where (2), = (1) (1). In term of quantum mechanics, (1) is a singlet and (2)
a doublet, where A, (2) is the doublet correlation. The decomposition of the
triplet (3) is written

(3) =)+ (1) A2(2) + A3 (3) , (2.6.22)

where we introduced Aj (3) the triplet correlation. This decomposition can
be done with any expectation of the product of particles to express these
products only with singlets (1) and correlations up to a given order. Here,
we will only consider the singlet and doublet correlations, so A;i = 0 for

i > 2 and, for example, the term (N) expands as

(N) = (N); + (N —2), A5 (2) + (N — 4),A] (2)
+Z —2i), AL (2) + O(As).

As an illustration to the landmark dynamics, we compute two approximations

for doublets and triplets

(@) = (af) () + Ag (g2p])
CANES < a®) (@) (phy + (@) Do (d5p]) + (@) Do (gPpy) + (PY) Do (g2 -

In the sequel, we will use this method to expand the nonlinear terms and

approximate their expected value. To tackle the problem of approximating
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the kernel with a finite number of moments, we will approximate (0;(q;)) ~
o1({q:)), or (K(q: —q;)) = K({q:) — (q;)). This approximation turns out to
be good enough for this work. Higher order approximation will complicate
the final equation a lot for only small improvements. We need to recall here
that we are also making the choice of Gaussian kernels such that its derivative
has a simple form. In appendix A we computed the approximate equations

of motion for the singlets (¢f) and (p$) in terms of doublet correlations.

2.6.3 NUMERICAL EXAMPLES

In this last section on stochastic landmark dynamics, we will use numerical
simulations of the moment equations to study the effect of noise on the
landmarks and determine the amplitude of the noise from a real set of data.
We will only present parts of these results here and refer to Arnaudon et al.
(2017d,e) for more detail and another method for determining the amplitude

of the noise based on maximum likelihood expectation.

SOLUTION OF THE FOKKER-PLANCK EQUATION

We begin with the simplest situation which consists of a single landmark
subject to noise where the noise can by a square array of Gaussian kernels. In
this setting, there is no interaction between landmarks and the deterministic
dynamics is a straight line in the direction of the initial momentum of this
landmark. We display such an experiment in figure 2.9 where we have two
arrays of four by four noise fields with A; = (0.08,0) or A; = (0,0.08). We
run this experiment three times and vary the parameter o; = 0.5, 0.05,0.03.
For large values of oy, the noise is rather uniform, and the gradient of o; is
small. The only term which contributes to the increase of the covariance of
the landmark is the <crf“(qg)0'ﬁ8 (q3)> term. This term comes from the noise
in the q landmark equation and has the effect of only linearly increasing
the covariance. The final variance is thus a circle as the noise has equal
strength in both the z and y coordinates. When decreasing the parameter
ay, the gradient of o; becomes large enough for the other terms in the moment

equation to have a non-negligible effect. This effect comes from the coupling
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Figure 2.9: On the left panel we display three simulations of a single landmark dynamics

in an array of Gaussian noise fields with parameters A; = (0.08,0) or A; = (0,0.08). We
vary the length-scale of the noise fields to see the effect of small or large Gaussian fields o;
on the covariance and mean path of the landmark. We used 5000 timesteps to integrate the
moment equation forwards to ¢ = 1. The initial momentum is found by the deterministic
shooting method with no Itd correction to match a particular final position. On the right
panel, we display the numerical convergence (of order one) of the final moment of this ex-
periment with a; = 0.05 with respect to an exact solution with 0.5e6 timesteps.

in the p equation between the momentum of the landmark and the gradient
of ;. This effect can be seen on figure 2.9 where the final covariance has
a large value in the direction of the gradient of ;. Indeed, recall that this
coupling is of the form B%i(m(q@) - pi), thus in the direction of the gradient,

not the momenta.

We now want to assess the validity of the approximations we used in the
derivation of the moment equation. We take the previous simulation with
o7 = 0.03 and compare the final covariance computed from the moment
equation with the one estimated from a Monte-Carlo simulation with 50 000
stochastic paths. We display this result on the right panel of figure 2.10 which
shows a good agreement between them but with some noticeable differences.
We can compare this result to the same simulation with o; = 0.5 on the
left panel which shows a small error (the red and magenta curves are on top
of each other). This test shows the limitation of the current form of the

moment equation which only considers the correlations up to second order.
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Figure 2.10: We display in this figure two comparisons between the estimation of the final
covariance from a Monte-Carlo sampling and from the solution of the moment equation.
The parameters are the same as in figure 2.9 but with different values of a. The black den-
sity represents the probability distribution of the landmark and the dashed lines a few level
sets. The magenta ellipse is the estimation of the covariance from the sampling and the red
ellipse from the moment equation.

This particular test on the right panel of (2.10) clearly shows a strong third
moment or skewness in its final distribution. Although we cannot capture
this effect with the moment equation, the estimation for the second moment
remains remarkably reliable. It is in principle possible to extend the moment
equation to include skewness effects such as this one, but it will require more
terms in the already long equation. Indeed, this case is rather extreme, and

we expect the noise to be in practice rather uniform throughout an image.

We perform another experiment with 5 landmarks arranged in an ellipse and
matching another ellipse displayed in figure 2.11. The noise is the same as
before, with a; = 0.2 but we now run it twice and change the landmark
interaction scale a. For a = 0.02, the landmarks almost do not interact, but
for the second simulation with a = 0.2, the landmark interactions become
non-negligible. To only study this effect on the covariance, we performed the
shooting again to land at the same final position. Of course, the trajectories
are slightly different, and the landmarks will be subject to a different noise,

but the overall effect is to reduce the differences between the covariances of

124



0.6 06 : . . . .
&+ % @ %
0.4 04+ i
0.2 02t KN & P @"I" -
0.0 ool R -
r ,’,
# ‘ -
-0.2 -0.2} + ‘,”I"' ,.’f“I" ‘{“ ]
' ”~
<4
0.4l - —0.4| i
% & % & % & % %
08 6 —0a -0z o0 02 02 06 06 02 —02 00 02 02 06
(a) Landmark interaction (b) Sampling comparison

Figure 2.11: This figures present a similar study as we did in figure 2.9 and 2.10 but with

4 landmarks. On the left panel, we illustrate the effect of varying the landmark length-scale
«, and on the right panel, we compare a simulation with « = 0.1 and a Monte-Carlo simula-
tion. The black density plot show the final probability density of the landmarks.

interacting landmarks. This effect is explained by the fact that the noise
affecting a landmark will also affect another landmark indirectly by their

mutual interaction, thus averaging their differences in covariance.

ESTIMATING THE NOISE AMPLITUDE

The main goal of having a finite dimensional approximation of the dynamics
of the probability distribution of the landmarks is to be able to estimate
the noise fields 0; from a set of observed landmarks. This application would
be useful in medical imaging to characterise the variability among images of
similar patients. We will here only briefly show how to achieve this and refer
to Arnaudon et al. (2017d,e) for more detail.

The algorithm is rather simple and corresponds to an extension of the shoot-
ing method for deterministic landmarks, but instead trying to find the initial

momentum and the parameters \; of the noise fields such that the following
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cost functional is minimised

C((p) (0), ) = } @) — (@) (DI + $ 123 (aq)z — As (qq) (D) -
(2.6.23)

The first term is the usual matching for the mean final position and the
second enforces the matching of the covariance. The parameters v; and 7,
serve as weights but, in practice,we do the matching in two steps by assuming

that the mean matching does not depend on the noise.
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(a) Genetic algorithm (b) Gradient descent

Figure 2.12: This figure shows two methods for estimating the o, fields from only the final
position and final variance of the landmarks. The original o; are in black and the estimated
ones in blue. The error in the final covariance for the genetic algorithm is of the order of
10719 and for the BFGS algorithm is of the order of 5 - 102.

The minimization of this function is a difficult task and standard usual gra-
dient descent algorithms such as the BFGS algorithm do not perform well
compared to genetic algorithms. We used here a genetic algorithm called the
differential evolution method introduced by Storn and Price (1997) which is
supposed to be able to find the global minimum of a function. We will not
describe this method in detail here, as it is not interesting for this presen-
tation. We will only compare these two algorithms in the test cases that
we studied previously. In figure 2.12 we show the result for the single land-

mark experiment and in figure 2.13 for the ellipse matching experiment. The
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(a) Genetic algorithm (b) Gradient descent

Figure 2.13: Same as figure 2.12 but for the ellipse experiment. The error in the final co-
variance for the differential equation genetic algorithm is of the order of 10~ and for the
BFGS algorithm it is of the order of 5- 1073,

BFGS algorithm uses the first gradients of the cost C' in (2.6.23) computed
symbolically using the Theano package of Theano Development Team (2016)
but has difficulties to update noise fields far away from the trajectory of the
landmark. This demonstrates that this cost function has many local min-
ima and its gradient with respect to the noise is sometimes too small for the
scheme to be able to update the parameters of these noise fields. The ge-
netic algorithm is able almost to recover the correct parameters of the noise,

provided that we adjust the parameters of the genetic algorithm.

2.6.4 SUMMARY AND OUTLOOK

In this section, we used an important property of infinite dimensional in-
tegrable systems which is that they contain solitons. The Camassa-Holm
equation has the additional property that its solitons, called peakon, can be
entirely described by a finite dimensional Hamiltonian system. The reduction
from the full infinite dimensional PDE to the landmark or peakon equation
is important for many applications and in particular for medical imaging. It

heavily relies on the existence of a singular momentum map which maps the
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u field of the PDE to the position and momentum of the peakons. We did not
investigate this aspect of the coadjoint motion in the previous section, but
the noise which we used to deform the Euler-Poincaré equation preserves this
momentum map. In fact, this map is intimately connected to the geometri-
cal structure of the equation, which is preserved by the noise. Remarkably,
the existence of such a solution is related to the complete integrability of
the original system. In the case of the Euler-Poincaré equation on the dif-
feomorphism group which encompasses the Camassa-Holm equation, these
solutions exist even without complete integrability. We can modify the shape
of the solutions from a peaked profile to a Gaussian profile and consider the
dynamics of these landmarks on the plane, not just on the real line as for the

CH equation.

As expected, the Fokker-Planck equation is also of the double bracket from,
but instead of a Lie-Poisson bracket, it is formed out of the canonical Poisson
bracket. The explicit form of the Fokker-Planck equation is too involved to
study it analytically and is too high dimensional to study it numerically. We
thus took a different approach and approximated it with a finite dimensional
system of equations describing the time evolution of its first moments. For
this, we were inspired by a cluster-expansion method often used in quantum
mechanics for the description of the interaction of many quantum particles.
Here, the interactions correspond to the noise and the double bracket term
in the Fokker-Planck equation. The aim of the derivation of this approxi-
mate equations is not only to study the effect of the noise on the error in the
propagation of landmarks but also to recover the amount of noise needed to
reproduce a given final error in observations. The finite dimensional approx-
imation allows us to have a fast and precise algorithm for such studies. We
tested it for simple test cases and will apply it to real data in future works;

some test were already done in Arnaudon et al. (2017d).

Several open problems and extensions of this theory exist. For the approx-
imation of the Fokker-Planck equation, we can use a higher order approxi-
mation or change the shape of the kernels. It is also possible to implement
the reduction from the infinite dimensional equation to other data struc-

tures, such as curves, surfaces or vector fields. This noise will work for these
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structures as well, but other methods must be implemented to derive the
noise amplitudes as we did here. Finally, we only considered exact match-
ing but inexact matching can also be done and the noise will preserve the

corresponding momentum map, see Arnaudon et al. (2017d) for more details.
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INFINITE DIMENSIONAL SYSTEMS

3.1 INTRODUCTION

Most of the previous chapter was devoted to the stochastic deformations of fi-
nite dimensional dynamical systems with symmetries. This chapter has more
variations around the theme of deformations of integrable systems even if its
core consists of the Sobolev deformation of hierarchies of integrable systems.
It was known for a long time that integrable partial differential equations
come in hierarchies and that this structure is the basis for understanding the
various properties of integrability. Indeed, this hierarchy structure provides
us with infinitely many conserved quantities and an isospectral problem used

to derive exact soliton solutions.

As in the first chapter, our aim is to deform these equations while preserving
their geometric structure. We will thus in a first step, describe integrable
hierarchies in a way that suits this goal, that is by interpreting the entire
hierarchies as reduced dynamical systems in the Lagrangian sense. This pro-
cedure is an attempt to merge two different descriptions of integrable partial
differential equations. The first interpretation is the one we just presented,

tied to the notion of integrability and the inverse scattering transform. The
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second is the reduction by symmetry on the diffeomorphism group, as we
already mentioned in section 2.6 in the context of image matching. This
description means that the integrable equations are geodesic motions on a
particular group of diffeomorphisms. The equation of motion is thus the cor-
responding Euler-Poincaré equation obtained after reduction by symmetry.
This derivation works perfectly for equations such as KdV or the Camassa-
Holm equation but does not work for the NLS equation for example. By
merging these two approaches, we mean that we will derive each hierarchy as
an Euler-Poincaré system on a particular infinite dimensional Lie group. This
derivation is inspired by numerous works; including Flaschka et al. (1983),
Semenov-Tyan-Shanskii (1983) and the book Newell (1985) where a Hamilto-
nian derivation was investigated. We will derive the Lagrangian counterpart
of this derivation which will be used to implement a Sobolev deformation.
The new feature of this derivation is to be able to directly obtain the Sobolev
deformation of well-known equations such as the KdV or the modified KdV.
This deformation recovers equations such that the CH or modified CH equa-
tion as well as a new deformation of the NLS equation which we will call the
CH-NLS equation and will study in some detail. Unfortunately, this equation

seems not to be integrable and raises more questions than we can answer.

This Lagrangian interpretation of integrable hierarchies will also be used to
implement a stochastic deformation as we did in the first chapter for finite
dimensional systems. We will see that to retain a notion of stochastic inte-
grability we will need a rather specific type of noise resulting in stochastic
linear combinations of flows of an integrable hierarchy. For these equations,
it is possible to use the inverse scattering transform to find exact stochastic
solutions. More investigations are possible regarding their statistical prop-
erties or the notion of stochastic stability as we did in section 2.4 with the

energy-Casimir method.

PLAN OF THIS CHAPTER This second chapter is structured as follows. In
section 3.2, we will begin by the Lagrangian reduction of the integrable hier-
archies and implement the deformation with the Sobolev norm in subsection
3.2.5. The deformation of the NLS equation will be studied in section 3.3
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with the help of numerical simulations where we will mainly focus on the
behaviour of its solitary waves. In the next section 3.4, we will use the La-
grangian reduction to introduce the stochastic deformation and study the
stochastic inverse scattering transform. Finally, we will end this chapter in
section 3.6 where we will apply a different type of deformation on the AKNS
hierarchy. Indeed, we will consider the first negative flow of the AKNS hier-
archy and move the poles of the spectral problem to produce new integrable
systems depending on a deformation parameter. We will study these systems

in some details, and show that two of them have applications in physics.
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3.2 LAGRANGIAN REDUCTION AND SOBOLEV DEFORMATION OF INTE-
GRABLE HIERARCHIES

To implement various geometric deformations in the theory of infinite dimen-
sional integrable systems, we need a geometric description of them that will
allow us to deform entire hierarchies at once. The geometry of integrable
equations such as the KdV equation or the CH equation of Camassa and
Holm (1993) can be understood as geodesic motion equations on some par-
ticular infinite dimensional groups. They are the groups of diffeomorphisms
endowed with various metrics and group actions. Although this geometrical
viewpoint led to significant geometrical insights about these equations, it is
not directly related to the concept of complete integrability and will therefore
not be used in this section. This approach based on a diffeomorphism group
uses the Euler-Poincaré equation whereas the standard AKNS scheme does
not use any such geometrical derivation. One of the aims of this Lagrangian
reduction for integrable hierarchies is to merge these two approaches, that
is to use the Euler-Poincaré equation to derive integrable hierarchies. We
will briefly use this Euler-Poincaré equation on the diffeomorphism group
later in section 3.5 to introduce noise compatible with this structure with-
out demanding integrability. We refer here to Khesin and Misioek (2003),
Khesin and Wendt (2008), Marsden et al. (2007), Marsden and Ratiu (1999),
Misiolek (1998) for more detail on this approach. In this setting of Euler-
Poincaré equations on diffeomorphism groups, introducing the Sobolev H*
norm for the geodesic flow of the KdV equation yields the CH equation as
shown in Misiolek (1998) but nothing is known about the other equations in

the AKNS hierarchy.

To obtain a more general deformation scheme of this type for integrable
hierarchies, we need another geometrical interpretation of integrable equa-
tions taking into account their complete integrability. Such a derivation will
be performed by using loop groups. This group is an infinite dimensional
group different from the groups of diffeomorphisms and will be used to im-
plement a theorem of reduction by symmetry, both in the Hamiltonian and

Lagrangian settings. The Hamiltonian derivation was known for a long time
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and first derived by Reyman and Semenov-Tian-Shansky (1988), Semenov-
Tyan-Shanskii (1983) with the R-matrix. We will here avoid the explicit use
of R-matrices to apply the interpretation of Flaschka et al. (1983). This clas-
sical Hamiltonian description of integrable systems is the most logical as the
conserved quantities and the bi-Hamiltonian structure of Magri (1978) are
immediately visible. We will present here an alternative Lagrangian deriva-
tion which will be more convenient for implementing deformations with the
Sobolev norm. This will be done later in section 3.2.5 and stochastic deforma-

tions will be introduced in section 3.4 using this same geometrical description.

This section and the next are based on Arnaudon (2016b) and are structured
as follows. We will first describe the mathematical tools in 3.2.1 such as
loop groups and central extensions with cocycles. In the second subsection
3.2.2, we will give and prove the reduction theorems in both the Hamiltonian
and Lagrangian context. Finally, the last subsection 3.2.3 will be about the
derivation of the AKNS hierarchy.

3.2.1 PRELIMINARIES

In this subsection, we will review various mathematical objects needed later

in this chapter.

LooP crouPs

First, recall that a definition of an integrable system is that we can find exact
solutions for it. In the case of infinite dimensional integrable systems, one of
the best methods for computing solutions is the inverse scattering transform
(IST). This method relies on a spectral problem depending on a spectral
parameter A € C which is a linearization of the nonlinear equation, simpler to
solve and still equivalent to the integrable system. We refer to Ablowitz and
Segur (1981), Ablowitz et al. (1973b), Newell (1985) and references therein
for more detail on this method. We will not describe the IST method in detail
here, but we will extensively use the spectral parameter A in the context of

loop groups. We will use basic tools of the IST in later sections such as 3.4
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and 3.6. We refer to the monographs Khesin and Wendt (2008), Pressley
and Segal (1986) for a complete account of the theory of loop groups as we

will only discuss the necessary definitions and results for this work.

Definition 3.2.1 (Loop group). Given a Lie group G, the corresponding

loop group is
LG := Map(S*,G),
where S € C is the unit circle.

This definition is rather general, and no assumption is made on the regularity
of this map. We will here only consider that these maps are Laurent polyno-
mials in A with positive and negative powers of A. Recall that we can view
S! c C, hence elements of a polynomial loop group can be seen as Laurent

polynomials taking values in a Lie group G.

Definition 3.2.2 (Polynomial loop group). There is a dense subset of LG
called a polynomial loop group and denoted LG with elements of the form

b
gV =Y NgeG,  geG Vi and ae]l-oo,00f, b>a. (321)

Notice that a cannot be —oo to ensure that the inverse of g(A) exists. These
Laurent polynomials have a pole at 0 in the complex plane but loop group
elements can have poles at other positions. We will stick to the simple case
here and in the last section 3.6 we will study another equation called the

reduced Maxwell-Bloch equation which will require poles at other positions.

Recall that given a Lie group G, one can derive its Lie algebra g by looking
at the tangent space of G at the identity element e € G that is g = T,G. In
the case of loop groups, the identity element is the constant e(A) = e € G
and the Lie algebra is a loop algebra.

Definition 3.2.3 (Loop algebra). Given the Lie algebra g of the Lie group
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G, the loop algebra corresponding to the loop group LG is
Lg := Map(S', g).

The corresponding polynomial loop algebra Eg] has elements of the form

b
§(A) = Z/\i& €4, &€g, Vi and a€]—o0,00[, b>a. (32.2)

To obtain dynamical equations from the theory of reduction, we need to
identify the dual of the loop algebra. For simplicity we will assume that G is
semisimple, that is, the Lie algebra admits a non-degenerate bilinear pairing,
often called the Killing form and denoted (-,-) : g x g* — R. This pairing is
extended to the loop algebra as

%r:(&“\i’ mN )z = %: # /.;1 (s my) AT dA
=2 (& m)di1s, (3.2.3)

where we used Cauchy residue theorem to simplify the form of this pairing.

CENTRAL EXTENSION AND COCYCLE

We already mentioned a possible extension of the Euler-Poincaré equation
to include a semi-direct product describing symmetry breaking. In this sec-
tion, we will use another extension of the Euler-Poincaré equation which is
called a central extension. A central extension is another type of geometric
structure for systems with symmetries which relies on a so-called cocycle to
describe the group action in its centre. Similar extensions have applications
in physical systems such as complex fluids used to describe internal dynam-
ics of the fluid molecules. We refer to Gay-Balmaz and Ratiu (2009) for a
thorough treatment of this theory for complex fluids and Khesin and Wendt
(2008), Marsden et al. (2007) for the general mathematical theory. In the

present, case, the type of central extension that we will be using is different
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from the extension used for complex fluid and is, in fact, simpler. Indeed,
for complex fluids, the cocycle term is connected to a semi-direct product

structure whereas it is only a central extension here.

A central extension consists of extending the Lie group G by a vector space
V with a direct product. In general, V can be any vector space, but we
will use here V= R. We will denote the new group by G := G x V and
we need to define its group multiplication. For this purpose, we introduce a
symmetric map B(g,h) : G x G — R called a group 2-cocycle if it satisfies
the following cocycle identity

B(f,g9) + B(fg,h) = B(f,gh) + B(g,h), Vf,g,heG. (3.2.4)

This identity ensures that the following group multiplication is associative
(g,a) - (h,b) = (gh,a+b+ B(g,h)). (3.2.5)
We will also need the formula for the inverse of the group element given by

(9,007 =(¢7",—B(g7".9)), (3.2.6)

and its action on tangent vectors

(9,0)7(9,0) = (979, —D2B(97",9)) , (3.2.7)
where Dy B stands for the in the second slot of the group cocycle B. We now
need to compute the corresponding structures on the level of the Lie algebra.
The underlying vector space of the Lie algebra g of G° is g x R, and the

adjoint action is

ad(g,a)(n,0) = [(§,a), (n,0)] = ([§,m, c(€,m)), VEmegabeR, (328)

where ¢ : g x g — R is the corresponding Lie algebra cocycle computed from
differentiating the group cocycle B in both entries. a and b do not appear
on the right-hand side because the vector space R is an abelian group with

a commutative Lie algebra. Using the extending dual pairing of g¢, that is
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((&,a),(n,b))ge = (£,m)q + ab, the coadjoint action is

ade o) (p,m) = (adgp +me(§,-),0),  Y(p,m) € (g°)", (3.2.9)

where ¢({,-) € g* is viewed as a linear functional on the Lie algebra g, thus
in its dual. The fact that that the coadjoint action does not affect the centre
of the dual of the Lie algebra is a direct consequence of the centrality of the

group extension.

So far we have not specified the form of the cocycle, and it is time to do so.
First, recall that the main topic of this section is about integrable 1+ 1 partial
differential equations, so we need to introduce the space variable z € R. We
do this by letting the Lie group of Lie algebra elements depend on x. The
cocycle that we will need must involve the space variable, and it does with

the help of partial derivatives in space. At the group level, the cocycle is

B(g,h) = f (9,0:h)g dz, (3.2.10)

and, for the Lie algebra it descends to

c(&n) = /ﬂ%(f;é‘mn)gdw} (3.2.11)

which satisfies the corresponding cocycle identity

c([&,m],¢) +c([n, <], &) +e([¢,€],m) =0, VEn(eg.

The pairing used for the group cocycle is not defined and is rather involved,
see Khesin and Wendt (2008) for the details. This formula is in fact not
entirely correct but will do the job in getting the equations of motion and un-
derstanding its derivation. A couple of other remarks are needed here. First,
we will not address the regularity in the space variable and only consider the
equations formally. Second, all the integrals and boundary conditions are
such that integration by part can be done without boundary terms. This can
be achieved by either assuming vanishing boundary conditions at infinity or

by considering a periodic domain.
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3.2.2 REDUCTION THEOREMS

In this setting of centrally extended Lie groups, it is possible to apply the
theory of reduction by symmetry in both the Hamiltonian and the Lagrangian
framework. We first state the Hamiltonian theorem of reduction, see Marsden
et al. (2007) for more detail. We will denote by L(z,t) € g* the momentum

variable which will be time and space dependent.

Theorem 3.2.1 (Lie-Poisson). Let g° be the central extension of the Lie
algebra g with cocycle ¢ : g x g = R and h : (g°)* — R be the Hamiltonian
function. The Lie-Poisson bracket is

{F,G}((L,a)) = <L, l%, %D tac (% %) : (3.2.12)

and the corresponding Lie-Poisson equation is

) Sh

Proof. The proof of these formulae is straightforward from the definition of
the Lie-Poisson bracket and the adjoint and coadjoint action of the centrally
extended Lie algebra defined in (3.2.8) and (3.2.9). |

The Lagrangian counterpart of this theorem is the derivation of the Euler-
Poincaré equation from a variational principle. This gives the following the-

Orernn.

Theorem 3.2.2 (Euler-Poincaré). The following statements are equivalent:

(1) Hamilton’s variational principle with G-invariant Lagrangian £ =
[ Zdz : G — R holds on G for arbitrary variations 6g vanishing
at the endpoints

5 f Llg(t,2), g(t, 2))dt = § / f Plg(t, 2),§(t, 2))dadt = 0;

(2) g(t) satisfies the Euler-Lagrange equations on G;
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(3) the constrained variational principle

5 f (M(t,z))dt =6 f f UM (t,z))dzdt =0

holds on g¢, using variations of the form
§(M: 0) = (”}' + [M: n]:c(n: M)) ) (3214)

for arbitrary n vanishing at the endpoints;

(4) the Euler-Poincaré equation with central extension holds

o oL

Y
aton ~ 24

wy e, (3.2.15)

Proof. The proof that (1) and (2) are equivalent is standard and comes from
the general theory of Hamilton’s principle. For (3), the form of the reduced
Lagrangian [ is straightforward to obtain from the invariance of L under the
group action, so only the reduced variations must be computed. With the

formula (3.2.7), we have a left trivialised generic element as
(4,0 = 5,07.0) = (575~ [ 7 0ugdc)
and its variation is
5(,0) = 8157 @.0)) = (8(s7'9),~ [ 5(g™0nipiz)

The first slot will give the standard constraint variations M = 7 + [M, 7]
for arbitrary elements n = g~'dg. We then compute the second slot

- f 5(g7'0z9)dx = f [—97"690:(97 ") + g 699 0299 "G — g ' Oxg9 '6g] da

= / [namM +ng t0,gM — g~ 0,91 — g_lamgMn] dx .
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By noticing that

1 G 1 o -
0:5/-3:.9(9 lgﬂ)d;c:i/-é‘rg 1gn_|_g 13m9n+3mnd$:fg lamg??-l-(?mn,

the second term in the previous calculation vanishes. The last two terms also

vanish by using the relations

0= / Ox(ng~'gM)dzx = 2ng~"0,gM + 0,(nM)

and 0= fam(g‘lgMn)dm =297 '9,gMn + 8,(Mn) .

This proves (3).

We can now derive the Euler-Poincaré equation with central extension by
using these constraint variations in the variational principle to prove (4). We

compute to obtain

§/£(M)dt:/f ((%1) ,(7’7+[M,n],c(n,M))) dt dz d

— [[ i+ Mo dede+ [ eta, ) a

st
:// ((—8t+adM)m+8mM)ndtdx.

We implicitly used the freedom in the form of the Lagrangian on the centre

of g¢ and chose the kinetic term %a2 with a € R. Then, because the coadjoint
action does not affect the centre, its dynamics is trivial, that is @ = 0, and

can select a = 1 to recover the Euler-Poincaré equations (3.2.15). |

3.2.3 REDUCTION FOR HIERARCHIES

In this section, we will show how to use the previous theory of reduction to
derive integrable hierarchies such as the AKNS hierarchy. We will introduce
the correct notion of space-time and in particular the proper loop algebra
fields such that the Lie-Poisson or Euler-Poincaré equation with the central

extension will become equivalent to an entire integrable hierarchy. We begin
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by describing the notion of multi-times needed to associate a time variable
for each flow of the hierarchy following the ideas of Date et al. (1983), see
also Flaschka et al. (1983), Newell (1985).

We consider the multi-time space to be N := lim,_,o R", that is the Eu-
clidian space with countably infinite dimensions and with coordinates a =
(ay,as,...). We are voluntarily using the variable a as we do not know at
this point if the a are time or space variables. We also need the notation
N;; = span(a;, a;) to denote a two dimensional sub-manifold of N, or a slice
in the (7, j) direction. With this space-time manifold it is in principle possible
to construct a covariant field theory in the sense of Castrillon Lépez et al.
(2001), Gotay et al. (1997) (see also Arnaudon et al. (2017f)). This is a way
to write dynamical equations of Euler-Poincaré type for multiple space-time
variables in a coordinate free geometrical setting. The biggest problem with
this theory here is that the space-time manifold is infinite dimensional, and
the dynamical equations have divergence operator with respect to these mul-
tiple time variables. This simple observation implies that it does not make
sense to try to derive the equations of motion from the Euler-Poincaré equa-
tion. We will instead use another property of the fields which is necessary to
implement the reduction by symmetry from TG to g. It is the zero curvature
relation of integrable systems. To show this property, we need to introduce
more geometrical objects. In covariant field theories, a tangent vector is not
only an element of a tangent bundle of a manifold but is an element of the
so-called jet bundle. This structure encodes the space-time direction used
to compute the tangent vector to say G. An element of the jet bundle is a
map jlg: N - T*N ® TG where ® is the tensor product, TG is the usual
tangent bundle of G. More explicitly, we have jlg = 8,g9da; +8rgdas+. . .- --
where 0;g € TG for all i. The similar construction is done at the Lie algebra
level, that is j1¢ = & day +&xdas + . . .. The theory of reduction by symmetry
says that the reduced fields satisfy a covariance Euler-Poincaré equation as
well as a certain compatibility condition if the unreduced fields satisfy a co-
variant Euler-Lagrange equation. This compatibility condition only appears

in field theory and must be imposed to be able to reconstruct the complete
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dynamics. This condition is, for a map M : N — T* ® g, given by
d"M :=dM + [M,M] = 0. (3.2.16)

The operation dM is called the covariant exterior derivative with respect to M

and is expressed in term of the usual exterior derivative d and a commutator.

For now, we pick a generic loop algebra element

M=> M, (3.2.17)

i=1

where M) ¢ § are N dependent loop algebra valued fields. The vanishing
curvature condition (3.2.16) applied to (3.2.17) simplifies to

d"M = Z 00, M® — 8, MO + [MD MD))da; Ada; =0,  (3.2.18)

i,j=1

where 0,, denotes the partial derivative with respect to a;. For this equation
to vanish, each coefficient of the two-form on N must vanish independently.
This gives the infinite set of ZCRs

0. MD — 5, MY 1+ [M(i), M(J’)] -0

As it is now these equations are useless as they contain to much freedom.
Recall that each M) is a polynomial in A, with possibly an infinite number
of powers, each of them with an associated Lie algebra g element. We need
to find a natural way to reduce the number of available fields to proceed
further and obtain integrable hierarchies from the relation (3.2.18). The key
observation is that the only special choice that we can make is i — oo (or
j — o0). By special choice, we mean one which is different from all the
others and would give us an extra constraint on the fields. We thus begin

with i — co and define its associated loop algebra fields

M©) =" M;(a)A™, (3.2.19)
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[t contains an infinite number of negative powers of A, each of them associated
to a field M; : N — g. From this field, we can define all the other fields M@

as
M® = P (XM (3.2.20)

where P, is the projection onto positive powers of A\. This construction is
close to the R-matrix construction of Semenov-Tyan-Shanskii (1983) or the
construction of Flaschka et al. (1983). In fact, this operator is a projection to
a subalgebra of the loop algebra, the other subalgebra being the strictly neg-
ative powers of \. We have now expressed all the M in term of only M ()
but they still contain an infinite number of g-valued fields. To constrain
further this construction we use the ZCR (3.2.18) on the slice Njx

00, M + M MD]=0. (3.2.21)

This formula gives an extra relation between M () and some of its fields M;
encoded in M. We will use it to reduce the freedom on the M; and obtain
integrable hierarchies. We first prove this formula as a particular case of the

next proposition.
Proposition 3.2.1. Equation (3.2.18) holds on every slice and in particular

on Niso, where ao := limj_, aj. This is encoded in the formulae

lim dM (w, 63) =0, (3.2.22)
7

Jj—oo (1

where dAMM : TN x TN — § and any vector w € Tu,N. In the case w = 8&
one obtains (3.2.21).

Proof. We rewrite the ZCR using the definition of M) in the case of w = -2

Ba,;
to obtain
0 ) 0 , , .
—PJF()\‘M(C’O)) — —P+(/\3'M(°°)) + [P+()\*M(°°)), PJF()\JM(C’O))] =0.
Oa; Oa;

(3.2.23)
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Then, by noticing that

lim A\~ P, (M M) = M)

Jj—oo
multiplying (3.2.23) by A%, taking the limit j — oo and using
AP, (N M) =0,
we obtain the ZCR (3.2.21). |

We are now ready to connect the ZCR (3.2.21) to the dynamical equations
obtained after reduction by symmetry in the previous section. We first need
to choose a particular integer k and compute MY (M®)) for all j # k using
(3.2.21). This is possible as all the M) are contained in M), but in
practice only the first few M) fields should be computed explicitly. For a
given j, we can write the ZCR (3.2.19) on the slice Ni; and be left with two
choices for the interpretation of the variables a; and a;. Depending on which
one will be chosen as the time or the space variable, we will obtain different

yet equivalent formulations of the integrable hierarchy.

Theorem 3.2.3. Let the connection M satisfy the ZCR (3.2.18). For each
slice N;j, the ZCR (3.2.21) has a Hamiltonian or a Lagrangian formulation.

1. Hamiltonian formulation.
The space variable is x = a;. We define L := MY and use the ZCR
(3.2.21) on the slice N;o, to express every M; as a function of the fields
in L. For the time variable t :== a;, the ZCR (3.2.21) is a Lie-Poisson

equation in the sense of theorem 3.2.1 with Hamiltonian

hi(L) = % / (M©(L), X =1 M©)(L)) dz . (3.2.24)

2. Lagrangian formulation.
The time variable is t := a;. We define M := MY and use the ZCR
(3.2.21) on the slice N to express every M; as a function of the fields
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in M. For the space variable x := a;, the ZCR (3.2.21) is an Euler-

Poincaré equation in the sense of theorem 3.2.2 with Lagrangian

I;(L) = % / (M (M), N7 M) (M) dz . (3.2.25)

Furthermore, these two interpretations are equivalent when written for the

same space and time variable.

Proof. Using the formula (3.2.20) which relates L = M® with M) we

directly obtain for the Hamiltonian interpretation

ShI(M()) P A@(shf(M(oo))
oM@ Tt SM ()
= P, (AT M)
— MO+

The Lagrangian interpretation is the same, but with M instead of L. The
equivalence between the two formulations is difficult to see at this level,
but the Euler-Poincaré equation contains higher order terms in A than the
Hamiltonian equation (if j > 7). These terms can be used to express M (L)

and obtain an equation for L only, as in the Hamiltonian derivation. |

The scheme to derive the equations from the Lagrangian formalism is as
follows. We first compute the Euler-Poincaré equation, where M contains the
independent fields, and use the Legendre transform to rewrite this equation in
term of a smaller number of independent fields. We want to mention that this
derivation is different from the one of Flaschka et al. (1983) even if they have
a similar Hamiltonian function. They did not use (3.2.21) before writing
down the Hamiltonian and the system remains at an even more abstract
level. Here, by using (3.2.21) we can not only disentangle the Lagrangian and
the Hamiltonian formulation but also obtain a Lagrangian and Hamiltonian
containing more information about the hierarchy than they have. Indeed,
the Hamiltonians h; can be evaluated explicitly and produce the conserved

quantities of the integrable hierarchies for each value of . The Lagrangians
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are not supposed to correspond to conserved quantities, but upon computing

the Legendre transform, or the relation M (L), they can be obtained.

We now briefly show how to derive the AKNS hierarchy using the previous
general derivation to then introduce the Sobolev deformation in section 3.2.5

and the stochastic deformation in section 3.4.

3.2.4 THE AKNS HIERARCHY

The AKNS hierarchy is the most studied example of integrable hierarchies
and is based on the Lie algebra s((2). It contains the well-known KdV and
NLS equations in the slices with z := a,. For instance, the flow with t := a,
can be reduced to the NLS equation and the flow for ¢ := a3 to the KdV or
modified KdV equation. We begin the derivation of this hierarchy by fixing
our notation for the Lie algebra s[(2). The standard basis is given by

01 00 1 0
S R R A R

0 —1
with commutations relations
le,fl=h,  le,h]=2e,  [f h]=-2f. (3.2.27)

For simplicity, we will use the notation £ for the component of ¢ in the

Cartan subalgebra (along k) and ¢! for its complement, that is

h
(R, h)

£ =€~ (& h)

HAMILTONIAN DERIVATION

We first derive the equations from the standard Hamiltonian formalism by

following the scheme outlined in theorem 3.2.3. We choose the space variable
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to be x := a, and set the L operator

where My, M; € sl(2) are two arbitrary fields. We then use the ZCR (3.2.21)
in the slice Ny, to express the first few M; and solve the following set of

recursive relations

A0, My =0
)\_1 B (%;Ml + [Mg} Mﬂ] =0

)\_2 . 8_73M2 + [MQ} M]] + [M:;, M[)] =0 (3229)

/\_i O M; + [Mi? Ml] + [Mg+], Mo] =0.

From the equation proportional to A°, we deduce that M, is a constant. There
are two possible choices for the form of My, either an element proportional
to the Cartan subalgebra h or another element. We will use the first choice
as it is the most common in the literature, but both are possible and give
equivalent results. We refer to Newell (1985) for more detail on this related
to the gradings of Kac-Moody algebras. We will denote My := A for A =
ih and proceed with the second equation 9,M; + [A, M5] = 0. From the
commutations relations of s[(2), we deduce that M; has no component in
the Cartan subalgebra and M;- can then be computed using the relation
[A,[A, €]] = —4¢+, written for an arbitrary £&. We obtain

M3 = —i[A,aerL]. (3.2.30)

The parallel part of this field M, is found by projecting out the perpendicular
part of the third equation to get

1 1
0 My = ~ My, Mi"] = [[A, 0, M), Mi'] = —20.[M7", [A, M{1]),
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where we used the Jacobi identity. Integrating with vanishing boundary

conditions yields
MY = <[ 1A, M) (3:231)

We proceed to compute the next field Ms which is needed for the KdV
equation. Using again the equation proportional to A™2, we can compute
M3 to get

1 1
Mz = —2[A, 0, My — (A, [My, M)

This will be enough for our purposes and by denoting U := M;, the ZCR on

the slice N;3 is the Lie-Poisson equation

5xUl + i@gUl — iam[A: [UJ_: [U: [A: Um] + i[UL& [Ul? amUJ_” =0.

32
(3.2.32)

It is not clear from this formulation but the last two terms are of the same
form and can be combined. This equation demonstrates the rather unusual

appearance of a Lie-Poisson system when written on a complicated symmetry
group.
We now briefly show the various reductions of this system which yield well-

known integrable equations. After rescaling time as ¢ — 4f, we have the

following choices of matrix U and their corresponding integrable equations

0 -
UKdV — [1 E = Uy + 6””1‘ + Upze = 0 3 (3233)

0 Z
UmKW N [O’u E = us + GJHQHE + Upge = 0 3 (3234)

(3.2.35)

where o = +1 gives the focusing or defocusing mKdV. Another choice with
real u and v off-diagonal fields would give a coupled modified KdV equation.
The Lie-Poisson equation in the slice N5 yields the NLS equation for the
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choice

0
u] = iUy + Ugy + oulul* =0. (3.2.36)
ou 0

UNLS - [

This is, for this flow, the only non-trivial reduction of U as a non-complex
reduction will make the right hand side of the Lie-Poisson equation zero. This
is due to the required complex numbers introduced via the element A = ih

to allow even flows to exist.

LAGRANGIAN DERIVATION

We will give more detail on the computations for the Lagrangian derivation
in the next section 3.2.5 and only explain here the principal differences from
the previous derivation. We follow the scheme of theorem 3.2.3 and begin by

fixing ¢t := a3 and the corresponding M operator
M=XNA+NU+INV+W. (3.2.37)

In this case we have more independent fields than before and we need to
solve the ZCR (3.2.21) to find L := M;. Because the space variable has a

smaller index than the time variable, it is just given by
L=M+U*, (3.2.38)

where only the perpendicular part of U appears. We can then write the
Euler-Poincaré equation, or ZCR in the slice N3 explicitly in term of these

fields to obtain three equations for the | projection

Ut —o Wt Ut wh=o
—0,Vt+ UL, VIl + (4, W] =0 (3.2.39)
—8,Ut +[A, VY =0,
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and two equations for the remaining || components

oWl U+, wi=o0

3.2.40
-8, VIl + U+, v =o. ( )

To see that this set of equations is equivalent to the equation (3.2.32) for U
only, one just expresses V and W in terms of U and A and substitute them
in the first equation. This computation is in effect the same as what did in
the Hamiltonian derivation to obtain the equation (3.2.32) but different from
this abstract point of view. Indeed, the computation of expressing V and W
in term of U is a Legendre transformation from the Lagrangian variables M
(the independent fields U, V, W) and the Hamiltonian variables L (with U as
an independent field). This is the main point of this derivation which will
allow us in the next subsection to use a Sobolev norm to deform the original

integrable hierarchy.

3.2.5 THE SOBOLEV DEFORMATION

We are now ready to introduce the first type of deformations of integrable
hierarchies which consists of replacing the L? norm of the Lagrangian in
theorem 3.2.3 by a Sobolev H' norm. This operation introduces a length
scale parameter @ € R which when set to 0, reduces the Sobolev norm to the
L? norm. We will use the following Lagrangian defined on a loop algebra for
the slice N;; for i < j

Y (MWD) = / (MO, MOMD)) 4 o?(8,MD, 0, MO (M) dz
(3.2.41)
— f (M), (1 — a202) MO (MDY dz .

We will use symbol A := 1 — a?8? to simplify the notation. The important
point here is that the dependent variable is M) and not L := M?, as for
the Hamiltonian case. This has the effect of modifying the momentum L by

151



AM, or, in term of M® we have the following Euler-Poincaré equation
HAMD = [MD AMD]) 4 5, M . (3.2.42)

We will later use this equation to derive the deformation of various flows of the
AKNS hierarchy and obtain equations such as the well-known CH equation
or the new CH-NLS equation studied in more detailed in section 3.3.1. Before
that, we want to understand how this deformation affects the integrability of
the original hierarchy while being compatible with its geometrical structure.
[t turns out that some of the equations obtained from (3.2.42) when expanded
in term of the independent fields in M) cannot be solved. In fact, these same
equations when a = 0 are automatically satisfied and are not even used for
the computation of the Legendre transformation. The only way we found for
the Euler-Poincaré equation (3.2.42) to be equivalent to a ZCR and then to

various integrable PDE is to introduce a particular projection operator.

Definition 3.2.4. Given A, the element in the Cartan subalgebra of g and
k associated with a slice Ny, we define the projection operator 'Pfk g—9

acting on polynomial loop algebras

'Pfk(Z) =7 — NP (A\TFZ) — NP, ()\1_’“/-1 éii j;) , (3.2.43)

for an arbitrary Z = Ef:_w Z; € g and where Py stands for the projection

on positive powers of A.

Definition 3.2.5. The Lie algebra valued two-form
OMY — 9, M® + MDD M®))ds A dt
18 said to be a weak ZCR if its projection under 'Pfk vanishes, that is
Pl@M — o, M®+ MO MF]) =0, (3.2.44)
or equivalently

MW — o, M® 1+ P (MO, M®]) = 0. (3.2.45)
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If the equation (3.2.44) is equivalent to a PDE, then this PDE is said to be
weakly integrable.

For the flows with a higher space variable, another projection operator should
be introduced, but we will not investigate this further here. We could not
obtain any interesting result regarding the interpretation of the weak ZCR,
apart from being able to rewrite it in a form similar to the Manakov triple

used for certain 2 + 1 integrable equations, see the discussion in Arnaudon

(2016b).

3.2.6 DEerFoRMED AKNS HIERARCHY

We now proceed with the derivation of the dynamical equation from the
Euler-Poincaré equation (3.2.44). With the Sobolev operator, we can only
do the derivation in the Lagrangian formalism. This will also illustrate how
to derive the equation even with a = 0. We begin with the KdV flow where

t := a3 and the corresponding M operator
M=XA+ UL+ AV +W, (3.2.46)

where A is a constant and U+, V, W are the independent fields. The condition
on A and Ut comes from the ZCR used to find L = M®™. We then apply
the operator A := 1 — a?8? to L and define

L:=AL=AA+AU". (3.2.47)

The Euler-Poincaré equation (3.2.44) expands to four equations for the |
part

AU — o, W 4+ [AUH, W =0
A =0,V AU VI +[A, W] =0
A0, Ur+[A V=0

A [A AU +[US Al =0,

(3.2.48)
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and three for the || part

N oWl [AUL, W =0
Ao,V AU VA =0 (3.2.49)
A2 AU, UM =0.

The main difficulty with these equations is that the last equation of both
systems are not solvable, unless U,, = 0. This condition is too strong but
can be removed by using the projection P;} defined by the equation (3.2.43).
Such a projection exists only because the unsolvable terms are separated from
the other equations when we write them for each power of A. In a sense, this
projection does not take much information out from the original ZCR, thus
the name weak ZCR. These terms are nevertheless the main obstruction for

the proof of complete integrability using this form of the spectral problem.

We now use the other equations (except the first) to express V and W in
term of UX. We find, using the A\? equation of (3.2.48) that

vt = —Lla6,01,
4
and using the A equation of (3.2.49) that
o,V = [AUL, V4] = —i[AUL, 4,8,U7]).
This last equation is solved as
Vi = 207 (AU [4,0,0M])
and similarly we obtain W+ as

Wt = ——[A,8,V] - %[A, VI AU

W | =

1., 1 L
= 02U + 4, [0 (AU, [A,0,U])), AUT].
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The parallel part of W is

W = AU+, W]

AU, Q20 — LIAU* [A, 0 (AU, [4,0,07])), AU]].

The last step is to use these relations in the equation of motion of U+ to ob-
tain a single dynamical equation for this system. Although these equations
are non-local as we needed to invert the differential operator 9., their reduc-
tions can be integrated as in the standard a = 0 case. Similar computations
can in principle be done up to every flows of the hierarchy, that is for loop
algebra elements M of any power in A. It turns out that only W remains
local when we compute the Legendre transform as we just did. Other oper-
ators A could also be used, such as the H? operator 1 — a28% + 5*d2, but
the equation cannot be solved anymore. The H! Sobolev operator has this
particular feature that other higher order Sobolev norms do not have which
is that the first flow of the hierarchy can be deformed to yield interesting

equations.

CH, mCH anD CH-NLS EQUATIONS

We proceed as before to derive the explicit form of the deformed equations
for various reductions of the AKNS scheme. As before, we rescale the time
t — 4t. For the KdV reduction Uggy of (3.2.33), we obtain the dispersive
CH equation of Camassa and Holm (1993), Dullin et al. (2004), that is

my + 2muy + Myt + Uppy = 0. (3.2.50)

Obtaining the CH equation is a good indication that the deformation of the
hierarchy does what is meant to do as the CH equation becomes the KdV
equation when @ — 0. The difference with the standard proof of integrability
of the CH equation is in the ZCR, which is now the weak ZCR with

L:Am and M =
1 =X

3_1 _1 21, 1 1
A SAU — Uz A“SUy — STU+ FUge
A — Ju =2+ AU+ ur
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Notice that for this weak ZCR to correspond to the CH equation (3.2.50) we

need to project out the term

2 3 2 -7 23
A ([A, AU+ [U, A]) + N[AU,U| = a*tg, 0o |
For the mKdV reduction with U,,kqy defined in (3.2.34), we obtain the

dispersive mCH equation
m; + 20[m(u® — a®u2)]y + Ugge = 0. (3.2.51)

The corresponding M operator is

M A — IA(u? — o®ul Mu+ Aug — tm(u? — o®ul) + %UM]

Rt 1 1 2 2 92 1 3, 14,2 2.2
Au — 5Aug — sm(u” — a®uy) + JUze A+ 3A(u” — a”uy

Similarly to the CH equation, the term that we need to project out to recover

the dispersive mCH equation (3.2.51) from the previous weak ZCR is
N(AAU] + [U,A] + AU U] = a?ugy | N, 2Y

1 1 bl - it i} _2A3 AQ

As for the CH equation, the mCH equation is an integrable equation with

another ZCR obtained by Fokas (1995), Fokas and Liu (1996), Olver and

Rosenau (1996), Qiao (2007) for a linear first order dispersion. The third

order dispersion can be related to the linear dispersion by a change of variable

of the form =z — z + ct.

Finally, for the more general form of U containing two independent fields u
and v we obtain the coupled mCH equations of Xia and Qiao (2015)

2

my + 2[m(uv — @ uyvy) ]y — 2m(uvy — UpV) + Ugge =

(3.2.52)

ng + 2[n(uv — 052“1-“1&)]1‘ + 2n(uvy — Uugv) + Vpgp = 0.

The weak ZCR can be computed as well but will not be displayed here.

So far, the deformed equations were all proven to be completely integrable
with a proper ZCR, different from the weak ZCR. We will not investigate
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these equations further as they are now well-studied by the community of
integrable systems, in particular for their dispersionless limit which contains
various type of peaked solutions. One of our interest in this work is to
understand the limits of this scheme for deriving new integrable equations.
One of them is when we use the flow with ¢ = a,, corresponding to the
NLS equation. We will obtain the so-called CH-NLS equation which never
appeared before seems not to be integrable. We follow the usual calculations,

starting from M = A2A + A\UL 4+ V and the NLS form of U, that is

0
. (3.2.53)

om 0

AUnps = [

Here, u is complex and ¢ = +1 selecting between the focusing or defocusing
case. We compute the Legendre transform to get the CH-NLS equation on
the slice Ny,

imy + Uge + 20m(|ul* — a®|u,|?) = 0. (3.2.54)
In term of u only it is given by

iUy — 102Ut + Ugy + 20u|u|? — 200%u|uy|? — 2002 Ugy|ul? + 200 Uy |ug|? = 0.
(3.2.55)

This equation is obtained from the weak ZCR

M- i)\2—|—%(|u|2—a2|ur|2) Au — %ur

\a + i, —id? — L(|uf* — @®lua?)|
which needs the projection P;} to be equivalent to the CH-NLS equation
(3.2.54). This ZCR cannot guarantee any integrability, and as we will see in
the next section 3.3, bi-Hamiltonian structures do not work either. We will
not comment further on this equation here, as we will show a more detailed

analysis of it in the next section 3.3.
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3.2.7 SUMMARY AND OUTLOOK

Although we broke this section down into several subsections, it contains two
main parts. The first part introduces a different way of understanding inte-
grable hierarchies such as the AKNS hierarchy (other examples may include
hierarchies using SO(3), as in Arnaudon (2016b), or SL(3), etc...). For
this, we used a rather abstract description using loop groups and cocycles
to be able to disentangle the Hamiltonian and the Lagrangian derivations of
integrable hierarchies. The first derivation is similar to the standard deriva-
tion of integrable hierarchies while the second is different and more useful for
us as our aim is to deform the hierarchy in a geometrically consistent way.
Both derivations should deserve more investigations from an abstract point
of view as they provide a different link between the dynamical equations and
the Lie group structures. This link was partially investigated in Flaschka
et al. (1983) in a slightly different context and shown to be connected to the
theory of 7 functions and vertex operator (see also Newell (1985)). We did
not take this path here as our main interest is in the deformation of integrable
systems rather than in a general abstract theory which may surely overlap

with the numerous works in this direction.

One of these geometric deformations is the Sobolev deformation which is the
second theme of this section. The modification of the L? norm with spatial
derivatives to obtain an H! norm is only possible in the Lagrangian as the
Hamiltonian does not define a metric as it is written on a cotangent space,
but a co-metric. This deformation produces known integrable equations such
as the CH or the modified CH equation as well as the new CH-NLS equation.
We will study it in more detail in the next section 3.3 and only mention that
its apparent lack of integrability is one of the main open problems regarding
this equation. In fact, the deformation of integrable hierarchies seems to
destroy the complete integrability viewed from the usual isospectral problem.
Indeed, we had to define a projection operator to retain the equivalence
between the abstract deformed Euler-Poincaré equation and the deformed
dynamical equations such as the CH equation. All the obtained equations
can be shown to be completely integrable using a different ZCR, except
for the CH-NLS. In some sense, the CH-NLS equation is at the boundary
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between integrable deformation and non-integrable deformations, but we do
not know the exact mathematical description for this fact. We will see in
the next section that the CH-NLS has many integrable features and others
non-standard behaviours, especially for the collision of solitons with high

momentum where high-frequency waves will be observed.
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3.3 THE CH-NLS EQUATION

We now study the CH-NLS equation derived in the previous section. Most of
the results of this section are available in Arnaudon (2016a). We first recall
the CH-NLS equation for a complex field v and with m = u — oa?uy,

img + Ugz + 20m (|u|2—cr2|ur|2) =0, m=u— o g, (3.3.1)

where 0 = +1 selects between the focusing and the defocusing equation.
Although these two equations have different properties, we will only consider
the focusing case when 0 = 1. We make this choice as the focusing equation is
the most common case for the NLS equation. In section 3.3.1, we will briefly
review the main properties of the CH-NLS and discuss its integrability. We
will then derive peaked and smooth standing wave solutions in section 3.3.2.
They both appear in a one-parameter family of solutions. Although rare in
dispersive equations, such transitions between smooth and peaked standing
waves have been studied in a generalised NLS equation by Amiranashvili
et al. (2011, 2014). We then numerically solve the initial value problem to
isolate and characterise some solitary waves in section 3.3.2 and their collision
in section 3.3.2. The existence and the stability of solitary waves in non-
integrable equations has been an active area of research parallel to integrable
systems, see for example Tao (2009) for a recent review. In the case of the
CH-NLS, we observed interesting phenomena in the collision of solitary waves
such as high amplitude waves and the emergence of sharp structures, almost
stationary. Indeed, recall that © = K xm with K = ie—lwlla’ thus the linear

dispersion relation is

K,Q

14+ a?k2

w(k) = (3.3.2)
The group velocity thus vanishes at high wavenumbers. These features have
already been investigated,for example by Colin and Lannes (2009) in the
context of short pulses in optical fibres. These extreme behaviours in the
collisions are also present in the modulational instability regime as shown in
section 3.3.3.
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3.3.1 SYMMETRIES AND NON-INTEGRABILITY

We review here the main features of the CH-NLS equation and in particular
the differences with the NLS equation. The first common property with the
NLS equation is that the CH-NLS equation is a non-canonical Hamiltonian
system with Hamiltonian

1

P = 3 /(ﬁum — mu,)dzx (3.3.3)

and Hamiltonian structure

_ -1 1
K= | “2mozm O +2mdm (3.3.4)
Oy +2mo;'m  —2md,'m
such that the CH-NLS equation (3.3.1) is given by
oP
=K—. 3.35
e om ( )

This Hamiltonian structure is the same as the second NLS Hamiltonian struc-
ture but the associated energy is modified to contain a-terms. This Hamil-
tonian is, in fact, the total momentum of the solution and is associated with
the space translation invariance of the CH-NLS equation. Another common
similarity with the NLS equations is the invariance under phase shifts related

to the conservation of the total mass
M:/mmm (3.3.6)

Notice that the mass depends on m and not u, as for the NLS equation.
The CH-NLS equation is also invariant under the transformation

t— A%, z— 2tz u(t,r) = Mu(N\’t,Az) and a — A 'a,

which could be seen as a scaling transformation, but is not as the constant
a is modified. This transformation shows that « introduces a particular

length-scale in the equation as in the a-model of turbulence introduced in
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Holm et al. (1998b).

The last relevant symmetry of the NLS equation is the Galilean invariance
but is absent from the CH-NLS equation. This symmetry can be used to
produce new solutions out of known one by performing a Galilean boost.
Unfortunately, the length-scale a destroys this symmetry. To see this, we

compute the time derivative of the centre of mass C' := [ z|m|*dz to obtain

d
—C = i/(ﬁum — Ulg)dx (3.3.7)
dt

where the right-hand side is not a conserved quantity. For the NLS equation,
the right-hand side is be proportional to the total momentum P and the

centre of mass thus moves with a constant speed.

We already saw in the previous section that the CH-NLS equation emerges
from the deformation of the AKNS hierarchy and that its complete integra-
bility seems to be lost. We want here to expose other arguments in favour
of its non-integrability, in particular using the Hamiltonian structures of the
NLS equation. A possible second Hamiltonian structure which could give a
bi-Hamiltonian formulation for the CH-NLS equation would be

0 —i(1 — a?d?)

J =
i(1 — a?0?) 0

} (3.3.8)

which together with P and M produce the travelling wave equation m; =
my. If this Hamiltonian structure were compatible with the non-canonical
structure (3.3.4), the theorem of Magri (1978) would apply and give the
result of integrability of this equation, but J and K are not compatible. The
failure arises in the Jacobi identity of J+ K and is not possible to fix by any
modifications in the Hamiltonian or the Hamiltonian structure. This reflects
the fact that it is also not possible to find a Hamiltonian for the CH-NLS
equation that would converge to the NLS Hamiltonian when a — 0. Indeed,
finding h such that % or % for the right-hand side of the CH-NLS equation

(3.3.1) seems impossible.
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3.3.2 SOLITARY WAVE SOLUTIONS

We study here the solutions of the CH-NLS equation (3.3.1), starting with
the standing waves and going to numerical experiments for travelling waves

and their collisions.

STANDING WAVE SOLUTIONS

We begin the study of the solution of the CH-NLS equation (3.3.1) by trying
to derive them analytically. As the weak ZCR of the CH-NLS cannot directly
be used to compute solutions via the inverse scattering transform, we will
try to find a solution using a travelling wave ansatz. It turns out that the
computation for a travelling wave is difficult but possible for the standing
wave solutions. Recall that the CH-NLS is not Galilean invariant, hence a

standing wave solution will not correspond to a family of travelling waves.

The standing wave solutions will be computed for the two real functions ¢(t)
and a(z), such that

u = a(z)eV (3.3.9)
which in turn gives
m = (a(x) — a?a,.(x))e?) and u, = igu.

After inserting the decomposition (3.3.9) into the CH-NLS equation (3.3.1),

we obtain

1 1
G = ——— (—Jam + (a — a*ag.)(a® — o*a? ) .

a— a2a,, \ 2

Using separation of variables, we can set ¢ = ct, multiply by a, and integrate

the resulting equation to obtain
a'al + (o +2a%(c — a?))aZ — a*(2c — a*) = 0.
We then choose the integration constant to be 0 as we will only consider solu-
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tions vanishing at +o00. The travelling wave equation can then be calculated

from the roots of the polynomial in a, and is

al = ﬁ [—(0' + 202 (c — a?)) + /(0 + 202¢)? — 40:20,2] . (3.3.10)
We can compute the height of the standing wave as a function of the param-
eter ¢ by setting a; = 0 in (3.3.10). It is given by amax = v/2¢ and does not
depend on the parameter a. These considerations suggest that the soliton
solutions are similar to the NLS solutions as they have the same height. In
this calculation, we did not take into account the fact that the argument of
the square root in equation (3.3.10) cannot be negative. This gives another
maximum of the standing wave, with

1+ 202 1
o 1t d @t =] —— (3.3.11)

Amax 20 3 T, max 4ot

*

If the maximum amplitude satisfies apax < a5, the solution will be smooth
otherwise it will be peaked. Indeed, the condition %L; = 0 is equivalent to
having a jump in a,, thus a peaked profile. Finally, we can find a critical
value of the parameter ¢ giving a peaked solution in the weak sense. It is
Cerit = ﬁg If @ — 0, then ¢y — 0o and the solution is compatible with the

non-peaked NLS standing waves. Figure 3.1(a) displays the phase portrait
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(a) Phase portraits of standing waves. (b) Standing waves

Figure 3.1: The left figure displays the phase portrait of the standing wave solution given
by (3.3.10) for different values of ¢ and & = 0.5. The legend is on the right panel, and one
can see that the critical value of ¢ in the transition between smooth and peaked solutions is
Cerit = 2, displayed in magenta. The right figure shows the corresponding standing wave pro-
files for the same values of ¢ and compares them with a standard hyperbolic secant profile
plotted in dashed line.
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of the standing wave solutions and figure 3.1(b) the corresponding standing
wave solutions. We fixed a = 0.5 and plotted the solutions for three different
values of ¢ with a smooth, a peaked and the limit solution for crit = 2. These
solutions have also been tested numerically and remain stable even in the case
of a peaked profile. This type of standing waves is rather unusual except for
the CH equation and its peakon solutions but has recently been discovered
and investigated by Amiranashvili et al. (2011, 2014) in the context of short
pulses in optical fibres.

SOLITARY WAVES

After the standing waves, we need to study the travelling waves, but as it is
too difficult to derive analytically, we will use numerical simulations. Recall
that the travelling wave solution of the NLS equation is the soliton described
by

u(z,t = 0) = ”* Asech(Ax). (3.3.12)

Upon applying a Galilean boost, it can be transformed to give the full time
dependant solution, which is not possible for the CH-NLS equation. Here is
a possible explanation of why it is hard to find an explicit solution of the CH-
NLS equation. In the case of the NLS equation, A and v are two independent
parameters, but for the CH-NLS equation they should not be independent
anymore for (3.3.12) to be a solution. Indeed, the Helmholtz operator will
couple the phase and the amplitude of the solution in a non-trivial manner

as already seen from the previous computation of the standing wave.

To study the travelling waves of the CH-NLS equation, we performed numer-
ical experiments with initial conditions given by the NLS solitons (3.3.12).
We display in figure 3.2(a) various profiles of solitary waves which emerged
from this initial condition with parameters A = 1 and various v = 1,2, 3,4, 5,
at time t = 150. We also fixed @ = 0.3 and made sure that the numerical sim-
ulation converged for these solutions. In figure 3.2(b) we show a space-time

plot of the fission of a solitary wave in two travelling waves and radiation.
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(a) Solitary wave profiles extracted from (b) Space-time plot from initial condition
fissions of initial pulses, see the right (3.3.12) with A=1.5 and v = 1.
panel.

Figure 3.2: We display several numerical solutions of the CH-NLS equation with solitary
wave profiles on the left and a fission of an initial pulse in the right panel. In the left panel,
we can observe oscillations on top of the solitary wave, which periodically oscillate in time
without affecting the propagation of the solitary wave. The fission of the right panel pro-
duces two different solitary waves and some radiation.

To understand the results of these numerical simulations, we need to have a
closer look at the CH-NLS equation itself. The crucial difference with the
NLS equation is the length scale «, which also gives a scale in wavelength
with 1/a. Therefore, depending on the peak frequency ko and the spectral
width Ak of the initial pulse, we expect different behaviours in the evolution
of this pulse. If |kg + Ak| < 1/a, we expect the solution to behave like
an NLS soliton. Indeed, the a-terms of the CH-NLS equation will be small
and can be neglected at first order. If instead the solution contains high fre-
quencies with respect to the scale 1/a, new phenomena are to be expected.
This is indeed observed on figure 3.2(b) where the initial pulse with A = 1.5
and v = 1 has frequencies large enough compared to 1/a ~ 3.3 to trigger a
fission. T'wo pulses emerge and have similar widths but different speeds and
amplitudes. This is explained by dispersion relation (3.3.2) where high fre-
quency waves travel slower than low-frequency waves. The interesting thing
is that the two pulses have rather different properties. The fast pulse, with
low-frequencies, is very close to being a soliton of the NLS equation, whereas
the slow pulse shows a breathing behaviour, with high-frequency phase varia-
tions. By breathing behaviour, we mean higher frequency components which

propagate on top of the main pulse and periodically oscillate in time. Notice
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that the dissipative waves that emerged from the fission are to be expected
and are also present in the NLS equation when the initial conditions are not
perfect solitons. On the left panel 3.2(a), we display a few examples of this
new type of solitary waves with breather behaviours that emerged from sim-
ilar fissions but with various initial frequencies of the phase oscillations. The
larger the initial frequency, the sharper the peak, and the slower the solitary

wave.

COLLISION OF SOLITARY WAVES

The next step in the study of solitons is to study their collisions, and in par-
ticular what comes out after head-on collisions. The process of the collision
itself is rather complicated and nonlinear, but for integrable PDEs, one can
show that the outcome of the collision is again two solitons with possibly dif-

ferent amplitudes and phase shifts. For the CH-NLS equation, we expect to

lose this property partially. We will study this effect by running initial value
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(a) Slow and large solitary (b) Slow and narrow solitary (c¢) Fast and large solitary
wave. wave. wave.

Figure 3.3: In these three figures, we display three different head-on collisions of solitary
waves extracted from the simulations of figure 3.2(a). The left panel shows a typical NLS
collision while the two others have higher amplitude waves during the collisions. The very
high-frequency waves that emerge from the collision may not be physical as the numerics do
not converge, see the discussion in the appendix B.

problems with two solitary waves extracted from the simulations of the pre-
vious section. We display in figures 3.3(a), 3.3(b) and 3.3(c) these collisions
featuring different properties. In particular, the first panel of figure 3.3(a) is
similar to an NLS collision as the solitary waves have a low-frequency spec-

trum. The height difference observed in the peak amplitude near the collision
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is due to a small loss of symmetry in the simulation and should not be seen

in principle.

The other two collisions in panels 3.3(b) and 3.3(c) have solitary waves with
higher frequencies, either because they are sharper, as in 3.3(b), or faster as in
3.3(c). In both cases, these frequencies are close enough to the scale 1/a such
that the nonlinear dispersive effects of the a-terms begin to appear. These
effects are observed during the collision where high amplitude structures
are created. These peaks are numerically difficult to resolve as they are
rather sharp. This explains the high-frequency radiations which do not move
after the shock as high-frequency waves have small group velocities. We will
discuss the numerical issues in the later appendix B but first focus on the
appearance of these high amplitude waves present only for a short time. This
experiment is an interesting integrability test despite the lack of numerical
convergence. If we collide higher energy or frequencies pulses, we would
observe an even more dramatic collision where the energy would be localised
in a region of space comparable with or smaller than the spatial resolution.
Most of the information of the previous state of the system is then lost in
the collision, and no solitary waves would emerge after it. This suggests that
the lack of integrability of the CH-NLS equation is seen here as allowing the
formation of extremely high density and localised regions during the collision.
As we will see, the lack of numerical convergence even for moderate energy
collision indicates that these energy peaks can be as high as we want. If
they eventually become infinite for a very short time, the information of
the previous state will be lost during the collision. A similar phenomenon
also appear in the CH equation for the peakon anti-peakon collision where
all the energy of the solitons is localised at a single point, making numerical
simulations extremely challenging. This analysis thus demonstrates that even
if the integrability of the CH-NLS equation is not clear, it shows behaviours
similar to a known integrable equation of the same type, the CH equation of
Camassa and Holm (1993).

Interestingly, these extreme events with large amplitudes compared to the
mean wave amplitudes are part of an active area of study and are called rogue

waves. They are very rare and sometimes observed in the deep ocean where
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the NLS equation can be used to describe the deep water waves. In fact,
the natural place where these waves appear is in the modulational instability

regime, which we will now study.

3.3.3 MODULATIONAL INSTABILITY

The modulational instability, also called Benjamin-Feir instability, was first
discovered by Benjamin and Feir (1967) in the context of deep water waves
in the NLS equation. It is a narrow band instability that can develop on
top of plane wave solutions which only exists for the focusing equations such
as the focusing NLS equation. We refer to the monographs Agrawal (2007),
Hasegawa and Kodama (1995) for more detail about this mechanism. We
will show here that this phenomenon also exists in the focusing CH-NLS

equation and expose some of the differences with the NLS equation.

The derivation of the condition for the modulational instabilities goes as

follows. First, we write a plane wave solution of the CH-NLS equation as
u(z) = B,

for a given real parameter 3. We then perturb this solution with a small
function €(z,t) such that |e| < |B|, that is we define a perturbed solution

ue(z,t) == (B + e(z, t))e%ﬁ% .

After a direct substitution into the CH-NLS equation (3.3.1), we obtain an
approximate equation for the perturbation e which is now a linear partial

differential equation of the form
i€ — 10 €aot + €20 + 2B°(e+€) = 0. (3.3.13)

We are then looking at the growth rate of this small perturbation. We do so

by analysing the plane wave solution of this equation, that is we choose

€ — E+e—iwt+mfc + e_eiwt—t‘m: ,
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where €, , e_ and w are free parameters but « is not (or w, depending if « is
taken to be free). The relationship between « and w can be directly computed
from the linear equation (3.3.13). The imaginary part of x produces either
an exponential damping or an exponential growth of the perturbation e. The

imaginary part of k, that we call the gain g(x), is given by

9(x) =Tm (K—M) , (3.3.14)

14 a2k2?

and corresponds to the regime of modulational instability when its right-hand

side has the correct sign.

Already by looking at the equation (3.3.13) for €, one notices that the only
a-dependent term is the time derivative of €. Indeed, the other terms dis-
appeared after the linearization. We obtained a rather simple modification
of the growth rate (3.3.14) as it only becomes smaller for larger values of
a, but the instability window persists. This effect is only due to the inverse

Helmbholtz operator of the linear dispersion.
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Figure 3.4: We plotted the growth rate of the modulational instability given by equation
3.3.14 as a function of the perturbation wavelength «. With different values of «, we illus-
trate the effect of the nonlocality of the CH-NLS equation.

We illustrate this by plotting on figure 3.4 the gain g as a function of k for
different values of a and with § = 1. The CH-NLS has a similar modulational
instability to the NLS equation, at least during the linear stage of growth of
the perturbation e. After some time, the nonlinear effect will become non-

negligible, and the additional a-terms will further modify the behaviour of
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the solution compared to the NLS regime. This nonlinear regime is hard to
analyse analytically but has seen recent progress in the form of integrable tur-
bulence, see for example Agafontsev and Zakharov (2015), Zakharov (2009).
Indeed, the main feature of the non-linear regime is the creation of many
pulses from the instabilities which interact and produce a chaotic, or tur-
bulent regime. We will only study this regime numerically and extract the
rogue wave events of the turbulent nonlinear regime. We refer to Dudley
et al. (2014) for a recent numerical study on the statistics of the rogue wave
events in the NLS equation in the context of optical fibres. The initial con-
dition of the simulations is a plane wave of amplitude 1 and two oscillations
in a periodic domain of length 50 units. The instabilities are triggered by

the numerical errors of the spatial discretization. We display some of the
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Figure 3.5: In this figure, we display three different rogue wave events of the CH-NLS equa-
tion, extracted from three simulations of modulational instabilities obtained with various
values of the parameter a. The blue line with & = 0 corresponds to the standard Peregrine
solution of the NLS equation and has a peak amplitude of three times the background, so
an amplitude of 1. The Peregrine solution of the CH-NLS equation shows a much larger
amplitude, up to 12 times the background.

Peregrine solutions in figure 3.5 which were obtained from simulations with
different values for a. The result is in accordance with the previous section
where we studied the nonlinear interactions of solitary waves. Indeed, the
extreme events of the NLS equation are becoming more extreme for larger
values of a.. For Peregrine solutions, the peak amplitude is three times larger
than the background field, which is 1 here. In the two other simulations
where the value of a remains rather small, we observe events with up to 12

times the height of the background. In these simulations, the wave produces
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high-frequency radiation similar to that in the collision of solitary waves.

3.3.4 SUMMARY AND OUTLOOK

Even after investigating the properties of the CH-NLS equation, many mys-
teries remain. The principal one is about its non-integrability and the ex-
istence of another Hamiltonian function. The latter could provide a bi-
Hamiltonian structure, and a path to integrability but no such Hamiltonian
had been found. One of the properties of this equation indicating a near in-
tegrability is the existence of solitary waves and near elastic collisions. Even
here, standard numerical schemes are not precise enough to fully resolve
the collisions and provide us with a way to exactly understand this process.
We can nevertheless say that for large momenta the collisions produce high-
frequency waves which almost do not move. These waves are the problem in
the numerics and would require a higher order scheme with an excellent spa-
tial resolution. Nevertheless, we observed the emergence of large amplitude
Peregrine solutions from the modulational instability regime, waves which
are known to be excellent candidates for rogue wave events. Similar equa-
tions can be derived with the Helmholtz operator for a nonlocal dispersion,
but the particular form of the nonlinear term seems to have never appeared
before in the physics literature. The closest systems are the ones which take
into account a small delay in the effect of the nonlinearities. This effect is
captured by a convolution operator in the nonlinear term but does not seem
to be reducible to the CH-NLS nonlinearities.

Other paths for investigating the physical nature of the CH-NLS equation is

to study its higher dimensional extension

%QHFA@JFQJ\I: (|®]* — ®|V®[*) =0, (3.3.15)

for a field ¥(x,t), where (x,t) € R*" xR, ¥ = & — a?A® € C and 0 =
+1. This equation is closer to the Gross-Pitaevskii equation used in the
theory of Bose-Einstein condensates (see section 3.6), but here again, the

nonlinear term that is often used does not correspond to these nonlinearities.
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Nevertheless, it would be interesting to study this equation in two dimensions,
and in particular, the possible effect of the a-terms on the blow-up of localised

solutions, see for example the monograph Sulem and Sulem (2007).
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3.4 STOCHASTIC HIERARCHIES

In this section, we will use the geometric interpretation of the integrable
hierarchies and, in particular, the AKNS hierarchy to introduce stochastic
perturbations such that the notion of stochastic integrability defined in the
first chapter in section 2.2.1 is retained. By adding noise in a geometrically
consistent way, we will show that arbitrary linear combinations of integrable
flows with stochastic parameters will remain integrable. From this result,
we conjecture that no other stochastic PDEs can be completely integrable.
Indeed, there are no other cases of integrable stochastic PDEs in the literature
than the original work of Wadati (1983) on the KdV equation and subsequent

papers. As we will see, these works are contained in the present theory.

We will start by introducing noise into the Lagrangian derivation of the
AKNS hierarchy in section 3.4.1, then derive various equations of the stochas-
tic AKNS hierarchy and develop a stochastic extension of the inverse scatter-
ing transform in section 3.4.2 to end by the study of some of the stochastic

equations in section 3.4.3. This section is contained in Arnaudon (2015).

3.4.1 STOCHASTIC CONSTRAINED VARIATIONAL PRINCIPLE

In the first chapter, we saw that for finite dimensional systems, the noise
is compatible with the reduction by symmetry if we choose the stochastic
potential to be linear in the momentum. In this case, we will slightly relax
this condition to obtain a more interesting type of noise while having the
reduction by symmetry available together with the complete integrability.
To write this stochastic deformation into a variational principle, we will use
the Clebsch derivation described in section 2.2.1. Notice that the Hamilton-
Pontryagin approach of section 2.2.1 would also work.

We will use the following constrained variational principle for a time ¢; and
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associated velocity M = M®

5= f (UM) + (. 1), B (a,0) + adaare (g, ))) s + 3 f Bi(q,p) o AW
]

(3.4.1)

where (p, i) € T*LG are the so-called Clebsch variables used to enforce the
constraint that the variables (q,a) € TLG evolve advected by (M,€) € Lg
We recall that LG is the polynomial loop group with a central extension.
The element in the centre denoted a is also a polynomial in A with the same
order as q. The function @ is the stochastic potential and introduces noise
into this variational principle. At this point it is arbitrary, but it does not
depend on the variable in the centre of the loop algebra. We first compute
the variations of (3.4.1) to find the following set of equations

ﬁ = adyp+ pc(g, ") =: L

0P
d(p, p) = ad(y ¢ (p, p) dti + Z (5—;a 0) o dW} (3.4.2)
l

d(q,a) = —adre) (g, a) dt; — Z (@,0) o dVVfi .

l 6p

The first equation is only for the loop algebra and has no component in the
centre so that the coadjoint action is the standard coadjoint action. The p
variable is in the centre of the Lie algebra but does not have any dynamics
as seen from the second equation. It can thus be taken as a constant. The
last equation has an adjoint action and produces some dynamics for the a
variable in the centre. This variable will not affect the dynamics for the

momentum L as it does not appear in the first equation.

To proceed with the derivation of the equation for L, we need to assume
that ®;(q,p) = ®i(L). However, we do not restrict ®; to be linear in the L

variable, so it can be a quadratic form such that we can define the conjugate
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variable =; = % and

dX; == Mdt; + Y Zjo0dW . (3.4.3)
1

We then skip the derivation of the equation for L which is standard and uses
the Jacobi identity. We obtain the stochastic Euler-Poincaré equation with

cocycle

SUM) _ . SUM)

oM Xi 5M

+e(dX, ). (3.4.4)

Explicitly, using the derivative cocycle and the pairing of the semi-simple Lie

algebra g this equation simplifies to the stochastic ZCR
dL — 0,dX; +[L,dX;] =0. (3.4.5)
By writing the ZCR even in term of =, we obtain

dL = (8, MY — [L, MP))dt; + > (8,Z; — [L,Z)]) 0 dW},, (3.4.6)
I

and if =; is taken to be constant, as dictated by the reduction by symmetry,
the space derivative will only be multiplied by a commutator of a constant
with L. By choosing =; such that this term does not vanish, it is straightfor-
ward to see that the noise amplitude is proportional, for example for KdV,
to u o dW;. As we seek here a more nonlinear noise amplitude, we pro-
ceed by finding Lie algebra elements =;(L) which would retain the complete
integrability.

3.4.2 THE sTocHASTIC AKNS HIERARCHY

From the previous derivation of the equations on the loop algebra, we can
easily find the possible form for =Z;. If we follow the approach of the deter-
ministic case, we will need to compute the Legendre transform, that is to
find the relation M (L), and this Z(L). What helps us here is that the noise
amplitude has the same form as the drift, obtained by setting M = M® for
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(i, k) Reduction Stochastic PDE

(2,1) Ei; du = i (Upy + 2u|u|?) dt + u, o dW,

(2,2) E B ; du = i (U + 2ulu|?) (dt + odW,)

(2,3) E _ ; du = i (Ugg + 2u|u)?) dt + (tpge + 6|ul?uy) 0 dW;
(31|, _ u?l’:n“: 0.1 du = (Uggg + 6u"uy) dt + uy o dW,

(3,2) E _ ; du = (Uggg + 6|uf?ug) dt + i (uge + 2ulul?) o dW,
(33) |, _ u?l’:n“: 0.1 du = (Uggy + 6u™ug) (dt + odW,)

Table 3.1: In this table we present the first few flows of the stochastic AKNS hierarchy
time flow ¢; and a single stochastic time t;. The second column displays the reduction we
applied on the fields I and M to arrive at the stochastic integrable equations of the last
column.

a given i. We can thus set =; = o;M*) for a possibly different index k; for
each noise index [. The real number o; represent the overall strength of the
noise. Of course, if k; = ky for two different [ and ', then both noises will
equally contribute and give a single noise with overall strength o;+ op. From

now on, we will call k; the stochastic times.

The stochastic hierarchy will thus have two indices for space i, and time 7,
as well as several indices for the stochastic perturbations denoted k;. The
integrable flows thus live on the slice NV;; but are stochastically deformed in
the slices Nji,. For the AKNS hierarchy, the computations are straightfor-
ward from those of section 3.2. We collected the first few stochastic flows in
table 3.1 and we will study some of them in more details in the next section
3.4.3. Before that, we investigate the integrability of these equations via the

bi-Hamiltonian formulation and the inverse scattering transform.
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STOCHASTIC BI-HAMILTONIAN STRUCTURES

One of the easiest proof of integrability is to show the existence of a bi-
Hamiltonian structure. This method is due to Magri (1978). So far we only
mentioned it for the CH-NLS equation in section 3.3 but all of the stan-
dard integrable 1+1 PDEs are bi-Hamiltonian. The stochastic deformation
presented here preserves the integrability, and thus the bi-Hamiltonian struc-
ture. Indeed, one can directly check that for two Hamiltonian structures J
and K and a sequence of Hamiltonians h; generated by these two structures,

we can write a flow with time 7 and stochastic time k as

Oh: dt + J@ o dW,
ou ou (3.4.7)

Ohita dt + K§hk+1 o dW, .
ou ou

du=J

=K

It is important to note that the two Wiener processes which appear in this
formula have the same realisation of the noise despite having a different so-
called stochastic time. Indeed, if they were to have different realisations of

the noise, no equality could hold.

STOCHASTIC INVERSE SCATTERING TRANSFORM

Recall that all of these stochastic PDEs were derived from the stochastic
ZCR (3.4.5) which is can be interpreted as a compatibility condition for a
stochastic isospectral problem. The compatibility condition is 0,d¥ = do, V¥,

where WU(z,t, \) is the wavefunction evolving in time and space according to
AV = MVdt + " 50 o dW} (3.4.8)

1
0,V = LV (3.4.9)

As expected, only the time evolution of the wavefunction is stochastic and
the spectral problem with L remains the same as in the deterministic case.
We now want to briefly go through the theory of IST following the classic
exposition of Ablowitz and Segur (1981), Ablowitz et al. (2004) and show

178



how to modify this method to include the stochastic terms. For the clarity
of this derivation, we will also restrict ourselves to the simple case of NLS

with a single noise.

We first need to introduce the scattering data associated with the scattering
problem (3.4.9). Recall that L is linear in A and u,u vanishes at +oo. The

four boundary conditions for the eigenfunction ¥ can thus be written

o(z, A) ~ (g}) e M Bz, N\) ~ (i}) e?M  asz — +oo

(3.4.10)
P(z, A) ~ (i}) e h(x, N) ~ (1) e asz — —00.

0

Having fixed the boundary conditions, we introduce the transitions coeffi-
cients a(A) and b(A) which relate the boundary conditions between —oo and

oo. They are defined by the relations

é(x, A) = b(A)P(z, A) + a(A)P(z, A)

- T (3.4.11)
¢(z,A) =a(\)Y(z, A) +b(N)Y(z, A) .

At this point, it is possible to solve the spectral problem and compute the
shape of soliton solutions for example. As this computation does not involve
noise and is standard, we will skip it and assume that we know its solu-
tion. The important part is that it will depend on the scattering data A and
a, b, which are arbitrary at this point. The problem is isospectral, so A will
not depend on time, but a and b will. To find the time evolution of these

parameters, we need the stochastic evolution of ¥ by M and =.

We have their values at infinity, denoted by M,, = M(o0) and =, =
=(oc0). They are matrices depending only on A and of the form M, =
diag(meo, —Mos) and Eo = diag(€eo;, —€o). A solution of (3.4.8) at z = +oo

can now be derived in term of these quantities and read

emmt'f'gcowt 0
vt = 0 and v~ = e (3.4.12)
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Notice that they are not compatible with the fixed boundary conditions for ¢
and 1) which we previously defined in (3.4.10) to solve the spectral problem.
As in the deterministic case, by using intermediate functions one arrives at

the following equation for the time evolution of the eigenfunctions ¢ and ¥

dp = (M — My)¢dt + (E — Ex)p o dW,

_ _ _ (3.4.13)
dp = (M + Mx)pdt + (E+ Exc)p 0 dW;.

Using the formula (3.4.11) we can express these equation in term of a and b

only to get

da=10
db = —2mybdt — 2£,.b o dW; .

The transition coefficient a is thus a constant and b satisfies a stochastic

process which can directly be integrated. Its solution is
b(\,t) = e 20ENp(),0) , (3.4.14)
for an initial condition b(A, 0) where we defined

O 1= Mmoot + EWs . (3.4.15)

We can now use these results to find the missing parameters of the soliton
solutions which depend on time. For the NLS reduction ¢ = u,r = —u, the

standard theory of IST gives the one-soliton solution

b ,
u(z,t) = —Qi%ne_mm sech(2nz — 2¢) , (3.4.16)

where ¢ is a phase such that |b(0)|/(2n) = €** and the complex eigenvalue
decomposes as A = 1+ i€ to give two real valued parameters n and £. Notice
that the values £, and m,, will also depend on A, thus on £ and n. After

substituting the explicit form of b(t) in the solution (3.4.16) we can rewrite
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it as
u(z,t) = 2ne~282HImO) soch(2nz + 2Re O(t)) . (3.4.17)
This formula will be use in the next section to derive the soliton solutions of

some of the integrable stochastic PDE of the stochastic AKNS hierarchy.

3.4.3 STOCHASTIC INTEGRABLE EQUATIONS

We now study several integrable stochastic equations of the stochastic AKNS
hierarchy displayed in table 3.1. We will simply survey some interesting
features of them and derive their one-soliton solutions. We will denote by
the type of the stochastic equation the stochastic time, that is for example
type III is with £ = 3.

StocHAsTIC KDV AND NLS EQUATIONS OF TYPE [

The simplest stochastic deformation of the KdV or the NLS equation is with
k = 1. Recall that the flow with £ = 1 is a travelling wave, so the stochastic

equations are

du=1 (um + 2u|u|2) dt 4+ uy o dW; and (3.4.18)
du = (umx + 6u“+1ur) dt + ugodW; n=0,1. (3.4.19)

Their It6 formulation gives a simple second order dissipative term

1
du = i (ugs + 2ulul?) dt + FUazdt +uzdW;  and (3.4.20)

1
du = (umx + 6u“+1ur) dt + iumdt +u, dW; n=0,1. (3.4.21)

From the fact that the noise depends on the space variable only through the
gradient of the fields u, the spatial transformation

z—z—W, (3.4.22)
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maps these stochastic equations into their deterministic version. Any solu-
tions of both equations will then be of the form a(t,z — W;) where a(t, z)
is the soliton of the deterministic equation. The simplicity of this equation
comes from the fact that the stochastic time is the same as the space variable
when viewed from the general theory studied before. In turn, a simple linear

stochastic change of variable in the slice Ny; for a given i removes the noise
of the PDE.

The one-soliton solution only requires the computation of © defined in (3.4.15)
O(t) = iN*t + iAW, = (€% — n + 2iné)t +i(€ +in)W,, (3.4.23)
and the solution (3.4.17) is
u(z, t) = e~ 2L 2UE )2 Wige chon (z — 26t — W,)] . (3.4.24)

This solution corresponds to the deterministic solution with a stochastic spa-

tial shift as we expected from the previous discussion.

The stochastic KdV equation (3.4.19) corresponds to one of the first instances
of a stochastic integrable equation discovered and studied by Wadati (1983).
Wadati studied the stochastic KdV equation u; = (uger + 6uu,)dt + Z; for
a Brownian motion Z;. After the change of variable u — u — Z;, we obtain
the equation (3.4.19) with W, = [ Z,dt. This shows that Wadati’s equation
is equivalent to the equation (3.4.19) and in fact, Wadati used this change of
variables to prove the complete integrability of this stochastic KAV equation.
Interestingly, this change of variables only works for the KdV equation. For
example, this modification for the stochastic NLS equation modifies the form

of the equation.

Finally, there is a simple physical interpretation of these equations where the
noise corresponds to a small constant linear dispersion fluctuating around
zero. Such systems were studied for example by de Bouard and Debussche
(2010) with a fluctuating second order dispersion. The fact that a change a
variable can remove this stochastic first order dispersion makes this equation
less interesting than the one of de Bouard and Debussche (2010). Never-
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theless, an extension to a space-time white noise dW;(x) would make things
more physical but out of the scope of this work. Such a stochastic linear
dispersion parameter can be a measurable and meaningful quantity in the

study of optical fibres, see for example the monograph Agrawal (2007).

STOCHASTIC NLS EQUATION OF TYPE II AND KDV /MKDV EQUATIONS
ofF TYPE III

The next stochastic deformation of the NLS or KdV equations is when the
time and the stochastic time are the same. This corresponds to k£ = 2 (type

IT) for NLS and k = 3 (type III) for KAV. They can be written as

du = i (tUgz + 2ulul?) (dt + odW;) and (3.4.25)
du = (umm + 6u“+1ux) (dt +odW;) , n=0,1. (3.4.26)

From this formulation and the fact that the stochastic time is the same as
the deterministic time, it is clear that the change of variable t — ¢ + W; will
transform these equations into their deterministic version. Notice that their
[t6 correction contains rather involved dissipative terms. For example, for

NLS we obtain the following correction

. 1
_21,,;5?1“|u|2 + Uy — 21.-:|v:|4 — §umm — 2(u|u|2)m .

We proceed as before and derive the one-soliton solution by computing O(t)

to get
O(t) = iN*t +iNW, = i(&2 — > +i2n8)(t + W) (3.4.27)

The speed of the soliton is thus stochastic and follow the process de(t) =
2¢(dt+dWy). Notice that this solution corresponds to the previous change of
variables t — t+ W;. In this equation, the noise amplitude is proportional to
the speed of the deterministic soliton parametrized by &, the imaginary part
of the eigenvalue of the spectral parameter A. This noise thus influences the

speed of the soliton and its phase shift. For higher order solitons or breathers,
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the speed of the oscillations or its shape will also become stochastic. We
illustrate this effect in figure 3.6 where we present a numerical simulation of
the collision of a first order and a second order soliton of the NLS equation

of type IL

10

10 20 30 40 50

T

Figure 3.6: This figure shows the amplitude |u| of a numerical solution of the stochastic
NLS of type Il with parameters o = 0.3, dt = 0.5 - 10~* and dz = 0.1. The initial condition
is created from two solitons, one with parameters n = 0.5 and £ = —0.5 and the other, a
second order soliton (the amplitude is multiplied by 2 compared to the first order soliton),
with parameters n = 0.25 and £ = 0.5. The solitons keep their identity even after a collision
and the phase shift of the solitons after the collision depends on the realisation of the noise.
The higher order soliton sees its periodic motion affected by the noise but remains cyclic,
with a random periodicity.

From the change of variables of the stochastic NLS I and II, we can find other
solutions such as breather solutions. We study here the classic solution of

Peregrine (1983), given by the formula

A1 42it) \
t=(1————— 2 )&t 3.4.28
we.t) = (1= 11 gz ) © (3.4.28)

For the stochastic NLS, the solution given is the same but with the change
of variables u(z + Wy, t) for the type I and w(z,t + W;) for the type IL
We display in figure 3.7 the deterministic Peregrine solution and the two
stochastic solutions. For comparison, the realisation of the noise is the same
in the two simulations, but it influences them differently. The type I noise

produces a random horizontal shear whereas the type II noise has a vertical
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random stretching effect on the solution.

Figure 3.7: A deterministic and two stochastic Peregrine solutions are displayed in this
figure. The left panel shows the deterministic solution, the middle panel shows the type |
noise and the right panel the type Il noise. The standard deviation of the noise is & = 0.01,
and the noise realisation is the same for both simulations.

STOoCHASTIC cOMPLEX MKDV oF TYPE II

There is only one equation when k& = 2 and the flow time follows the time
t3. The reduction is the NLS reduction as it is the only reduction for the
time t5. The equation becomes a complex mKdV equation or CmKdV of
type II. The deterministic part is the so-called Hirota equation introduced
by Hirota (1973). The noise is proportional to the NLS equation, and the

corresponding stochastic PDE is
du = (umm + 6|u|2um) dt +1 (um + 2u|u|2) o dW,. (3.4.29)

In this case, it is not possible to find a change of variables which would
remove the noise as we did in the previous cases and we only rely on the

solutions given by stochastic IST.

We compute O in (3.4.15) to get

O(t) = it + iAW,
= [i((€*> — n*)¢ —20%) — (3% — )| t + [—20€ +i(&* — )| W

The speed of the soliton follows the stochastic process dec(t) = (362 —n?) dt +
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26dW;. The solitons with different values of £ will have a different amplitude

of the noise affecting its speed.

StocHAsTIC NLS EQUATION OF TYPE III

If we exchange the time and the stochastic time we arrive at the stochastic
NLS equation of type III

du =1 (um + 2u|u|2) dt + (umm + 6um|u|2) o dW,. (3.4.30)

In this case the noise is proportional to the CmKdV equation and the deter-
ministic part is still the NLS equation.

We compute the solution by evaluating © in (3.4.15) and get

O(t) = iN2t + iX*W,
= [i(&* —n®) — 2n€] t + [-n(3E> — n°) +i((&* — n*)E — 2nE)| W,

As before, no change of variables can remove the noise from this equation.
The speed of the soliton is given by de(t) = 2¢ dt + [3£2 — n?|dW;. Compared
to the previous case, the noise is proportional to ¢2 and vanishes for n = /3¢
and the solution still has a stochastic phase. This noise could model randomly
small higher order physical effects for example in optical fibres (see Agrawal

(2007)).

THE sTocHASTIC CH EQUATIONS

In this last section, we will apply both types of deformations of the AKNS
hierarchy which are the Sobolev and the stochastic deformations to obtain
stochastic CH equations. First, the stochastic CH equation of type I is
the same as the stochastic KdV of type I as it has a stochastic first order
dispersion. This equation is a reduced version of the stochastic CH equation
of Holm and Tyranowski (2016) in the case when their cylindrical noise is
constant in space, see the next section 3.5 for more detail on this. Second,

the stochastic CH equation of type II is more interesting and also reduces to
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a stochastic peakon dynamics.

The stochastic CH equation of type II reads
dm = (2mug +mgu) (dt +odW), m =u— o uy,. (3.4.31)

Using the peakon ansatz u(z,t) = Y, pie”*~%MI/* in this equation, we ob-
tain the following stochastic Hamiltonian equations for the variables g;(t)
and p(t)

dg; = u(q;, t)(dt + odWy)
Ou(g;, t (3.4.32)
dp; = —p@M(dt + odWy).
8(}‘3‘
This is a finite dimensional Hamiltonian stochastic process in the sense of
Bismut (1982), with Hamiltonian

1 e
h(p,q) = 5 ) pipse“~41/e, (3.4.33)
i,J

and stochastic potential ® = h.

These two stochastic CH equations seem to be the only integrable stochastic
cases reducing to a stochastic peakon system. Indeed, the higher order flows
of CH are non-local and cannot be reduced to such a system. For the type
IT equation, we can ask the question of the crossing of peakons. This was
numerically studied in Holm and Tyranowski (2016) for a generalisation of
this noise introduced directly in the peakon system but which break the link
with the stochastic CH equation. Following the original proof of Camassa
and Holm (1993), we can prove that they will not cross for this stochastic CH
equation. If we consider a simple two peakons system, there are two conserved
quantities in the deterministic case, the total momentum P = p; + p, and
the Hamiltonian H = 1(p} + p}) + pips€el?~%2//*. The condition for the two
peakons to cross is simply gq; = g2, and the Hamiltonian is in this case H =
%pf + p2. The Hamiltonian can therefore not have the same value as when
the peakons are separated, thus contradicting the conservation of energy.

This proof works only if the Hamiltonian H is a conserved quantity of the

187



stochastic equation which is the case here but not in Holm and Tyranowski

(2016).

Finally, the type III noise for the CH equation only works when the deter-
ministic equation is the complex mCH equation of Xia et al. (2015) and when
the noise is proportional to the CH-NLS equation. The integrability of the
CH-NLS equation is not clear as well as the physical interpretation of both
equations, hence we leave the study of this stochastic equation for future

works.

3.4.4 SUMMARY AND OUTLOOK

In this section, we did the obvious thing to do, that is to use the Lagrangian
interpretation of integrable systems of section 3.2 to introduce noise into
the integrable hierarchies. We saw that for the noise to be interesting, we
need to slightly generalise the finite dimensional theory and allow non-linear
stochastic potentials. A simple linear potential would only give a small set of
the possible integrable stochastic equations. They consist of stochastic linear
combinations of flows of the same hierarchy and with the same reduction from
the general Lie algebra element. With the stochastic Euler-Poincaré equa-
tion, or equivalently the stochastic ZCR associated to a stochastic isospectral
problem, we were able to derive exact soliton solutions via a stochastic inverse
scattering transform. The solution of some simple stochastic flows could be
found by a stochastic change of variable, but equations with higher order
stochastic flows need the stochastic IST method to compute the time-related
parameters of the solutions. Indeed, it is well-known that the shape of the
solitons remains the same for each stochastic equation of the same hierar-
chy because the L operator of the spectral problem is the same for all. We
only look at the one-soliton solution of these equations, but the stochastic
IST could be used to derive all the other standard N-solitons solutions or
breathers for example. We leave the investigation of the effect of the noise
on these solutions for future works, as well as the numerical simulations of
high-order stochastic flows. Indeed, the standard pseudo-spectral scheme,

which we used to solve the stochastic equation, appeared to be unstable
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when the stochastic flow cannot be absorbed by a direct change of = or ¢
variable. This also suggests that studying the stability of the stochastic soli-
tons would be an interesting and necessary next step. Methods similar to the
energy-Casimir method for the stability of solitons could be extended to this
stochastic context and provide information about their stochastic stability,
similar to the results of section 2.4. The methods we have in mind originated
in the early works Benjamin (1972), Bona (1975), Bona et al. (1987), Gril-
lakis et al. (1987) and use conserved quantities to assess the orbital stability

of solitons.
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3.5 StocHAsTIC PDE WITH STOCHASTIC TRANSPORT

There is another way of introducing noise into PDEs similar to what we
did in the first chapter for finite dimensional systems. This is the original
idea of Holm (2015) for stochastic fluid dynamics which we will apply to
1+1 integrable PDEs. It uses the Hamiltonian structure of the equation
associated with the reduction by symmetries of the diffeomorphism group.
This geometrical interpretation of these equations is closer to the physical
meaning of these equations in term of fluid dynamics. As we will see, the noise
will correspond to having a stochastic transport velocity field. We will not
explore the resulting equations in details, but we will just derive some of them
and explore some of their properties in section 3.5.1. One interesting result
of this section is the application of this method to the nonlinear Schrodinger
equation in 3.5.2. Indeed, we need another way to introduce noise so that we
obtain a non-trivial deformation. We will achieve that by using the Madelung
transformation viewed as a momentum map to transfer the noise from fluid

equations to the NLS equation.

3.5.1 CLASSICAL TRANSPORT NOISE

We will not describe how to introduce noise in PDEs in details here as it
is the same as we already did for finite dimensional systems in section 2.2
or for the AKNS hierarchy in section 3.4.2. Recall that the introduction of
noise relies on the geometrical structure of the equation. Instead of using
the Lagrangian structure related to the loop algebras to describe equations
such as KdV or NLS as we did in section 3.4.2, we will use the standard

Hamiltonian structures.

The idea behind this type of stochastic deformations is to modify the velocity
variable to a stochastic velocity, or in other terms to append a stochastic
element to the Hamiltonian. The stochastic Hamiltonian PDEs that we will

consider will thus be of the form

oh 0D;
du = J@dt +J 5

o dW, (3.5.1)
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where J is the Hamiltonian structure, A the Hamiltonian and ®; the stochas-
tic potential, usually taken to be linear in u to match the theory of reduction
by symmetry. The important remark here is that the Hamiltonian structure

J is the same for both the drift and the noise of the stochastic PDE (3.5.1).

In the case of KdV, we have two possible Hamiltonian structures, one being
Ji = udp +8,u+ 02 with Hamiltonian h = % f u?dz. The resulting stochastic
KdV is thus

du = (Buy + Uy, )dt + Z(Zaéux + 02U + Ojpzz) 0 AW} (3.5.2)

If instead we use the other structure .J, = 9,, the noise will be an additive
noise of the form ). 0;, 0 dW}. This is a well-studied equation, and we refer
to de Bouard and Debussche (1998), de Bouard et al. (1999), Debussche and
Printems (1999) and references therein for interesting works on the existence,
well-posedness and numerical simulation of this equation. Similar investiga-
tions could be done with the stochastic KAV (3.5.2) instead, but we leave

this for future works.

In the case of the NLS equation, the Hamiltonian structure is the canonical
one, that is J = 2( % §), and the Hamiltonian is & = [(|uc|* + |u[*)dz. The

corresponding stochastic process is then, for ®; = o;(u + 1),

idu = (uze + ulu|?)dt + Y 00 dW}. (3.5.3)

The choice of the stochastic potential is to ensure that it is a real valued
function. This stochastic deformation produces an additive cylindrical noise
studied by for example by de Bouard and Debussche (2003), Debussche and
Di Menza (2002). Following the KdV example, we could use the other Hamil-

tonian structure of the NLS equation

—2ud; 'y O, + 2ud;'u

= 3.5.4
Oy +2ud;'v  —2ud;'u (3.54)

This structure will give a non-trivial multiplicative noise with a nonlocal
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amplitude in term of u. For this last reason, we will not investigate this
stochastic process any further and rather consider another way of introducing

a stochastic deformation to obtain a more tractable and interesting noise.

3.5.2 StocuasTic NLS via THE MADELUNG VARIABLES

The idea is the following. We want to add noise into the NLS equation such
that we retain certain of its geometrical properties. As we saw in the previous
sections, retaining either complete integrability or Hamiltonian structures
does not give any new form of noise in the NLS equation. In this section,
will explore the introduction of noise via another geometrical structure of the
NLS equation, coming from the existence of the Madelung transformation.
We first describe what is this transformation which maps the NLS equation

to a particular type of fluid equations.

The Madelung transformation is due to Madelung (1927) and is a well-studied
and well-used transformation that relates the NLS equation to a set of quan-
tum hydrodynamical equations. We will not explain this connection with
quantum hydrodynamics here, but rather describe the geometrical nature of
this transformation. We will follow the recent derivation of the Madelung
transformation by Fusca (2016) seen as a momentum map. We first recall the

Madelung transformation is obtained by introducing the two real variables p
and ¢ such that

u=/pe®. (3.5.5)

p corresponds to the amplitude of the solution and ¢ its phase. We will also

use the notation
v:i=¢, and p:=pv=Im(u,7),

which can be seen as a current, or momentum variable. This change of
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variables yields the relations

T:’U;;: ) pe — t Bﬁﬁ
(127~ v#)
e = ((Y7)e + iy/0) €
Upy = i/ PUs iv&— 2) i
e = (Vb s+ 02— )
Qulu|? = 2p,/pe’® .

By considering separately the real and imaginary parts of the NLS equation,

we obtain the equations for p and v as

pe+ (2pv) =0

v, +21}Um:2pr+(
t NG

The first is a continuity equation for the density p and the second is the

(\/p)ﬂ) ‘ (3.5.6)

Euler equation for the fluid velocity v, with a particular forcing term on the

right-hand side related to the theory of quantum hydrodynamics.

In the rest of this section, we will follow Fusca (2016) where it is explained in
detail why the Madelung transformation is a momentum map. We will not
give the proofs that are in this work and just use the results to introduce noise.
Interestingly, the structure linked to this momentum map is the Clebsch
construction with the Clebsch variable belonging to a symplectic space with
a canonical symplectic form. This is the space for the NLS equation which
has a canonical Poisson structure. We already know the canonical structure
of the NLS equation, and we need the Hamiltonian structure of the equations

(3.5.6). For this, we write this equation in term of the momentum p := pv

v () (), e

This equation together with the p equation is, in fact, a Lie-Poisson equation

only
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on the semi-direct product space of compressible fluids, with Poisson bracket
6G _ 0F OF _ oG
{F,GHp, p) = /# (aama - aama) dz

[ o(I805E iy 00)
op “d0p  Op " op

(3.5.8)

One can directly check that together with the Hamiltonian

1p? 1p2 1
H= [ (25 +-F42p2)d 3.5.9

the Lie-Poisson equation with the bracket (3.5.8) gives the equation of motion
(3.5.7). The Madelung transformation maps this Lie-Poisson system to the

Hamiltonian NLS equation.

We introduce some noise into the equation (3.5.6) as before by adding a
stochastic element to the Hamiltonian (3.5.9). We use a linear stochastic
potential of the form ®; = po;, where o;(z) are real functions of the position

x. We directly obtain the stochastic processes for p and p
dp = —(2pv)a dt + > (poi) 0 dW{
1 (VP -
dp=—( (= 2) + (7 dt + 20 + 205 ) 0 AW}
m (( o) e (55 ) Z:(# poiz) o dW;
(3.5.10)

where the drift is from equation (3.5.6) and (3.5.7).

The key ingredient of Fusca (2016) is to interpret u as a complex half-density,
denoted W the variables (u,p) as the momentum variable of compressible
fluid, that is p € X*(R) and p € C(R). In this case, the infinitesimal gener-
ator of the action of Diff(R)@C(R) on half-densities is given by

1
Eu(u) = — Uz — UsV — i, (3.5.11)

where £ = (v, @). With this action, the Madelung transform was shown to be

a momentum map in Fusca (2016). We are now going to use this action to
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introduce noise in the system NLS/Madelung, and see how the noise affects

both the NLS and its equivalent quantum hydrodynamic equation (3.5.10).

Proposition 3.5.1. The stochastic NLS equation, for a« =0

idu = JypsdHdt + %i(twm + 2u,0) 0 dVVf

_ InisSHdt + —%z-gq,(u) o dW; (3.5.12)
= JnpsOHdt + Iypsée(u) o dW],

where Jyps = —%(_ﬂl §), is equivalent to the stochastic fluid equation (3.5.10).

Proof. The abstract proof is straightforward from the properties of the mo-
mentum map and the above construction. Nevertheless, we directly check it

by computing

(i\/pos + 120 (\/p)z — 24/pvo) €2,

[N

1
5’5(%03 + 2u,0) =
which then gives

dv = (-)dt + (vo),,

where we did not display the drift term for simplicity. In term of p, we have
dp = (-)dt + pz0 + 2p0,
which is the same as the stochastic fluid equation (3.5.10). |

It turns out that this is the only noise term compatible with both the fluid
and the NLS equation via the Madelung transform. We originally derived
this noise term by hand by looking for such a compatible noise term, and we
were able to obtain only this noise amplitude. Notice that it conserves the
total mass of the NLS equation, as the overall phase is still a symmetry of

the stochastic equation.
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3.5.3 SUMMARY AND OUTLOOK

In this short section, we discussed the effect of the noise when directly added
to the coadjoint action corresponding to the diffeomorphism group. The
case of Camassa-Holm was used for the stochastic landmark dynamics in
section 2.6. In the case of dispersive equations, there is an extra stochastic
term coming from the central extension of the diffeomorphism group, or
Virasoro algebra. This extension is similar to the extension used for the
derivation of integrable hierarchies but has a different cocycle to produce
the dispersive terms of for example the KdV equation. Compared to the
stochastic hierarchy, the freedom in the choice of the noise amplitude is
bigger as the noise is described by functions of z. Conditions on them for
well-posedness and other existence results could be derived but are out of
the scope of this work. From this freedom in the choice of the noise, we do
not expect to retain any integrability, unless the noise fields are constant in
space. In this case, we would recover the simple integrable equations of the

stochastic hierarchies.

The second part of this section was devoted to the derivation a more interest-
ing type of noise in the NLS equation. We used the Madelung transformation
to transfer the advection noise of the associated fluid equations to the NLS
equation to obtain a non-trivial multiplicative noise. From there, many re-
search directions are open, but the question of integrability remain the same
as for the KdV equation that we just discussed. Another way to introduce a
non-trivial noise into the NLS equation would be to use the change of vari-
ables between the NLS equation and the Landau-Lifshitz equation for which

we know how to introduce the stochastic advection, that is

dS(z,t) = S(x,t) x Spx(z,t)dt + Y _ S(z,t) x o(z) 0 AW},

for a spin S(z,t) € R?, see for example the review Lakshmanan (2011). The
change of variable from this equation to the NLS equation is more involved

than the Madelung variables and we leave this for future investigations.
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3.6 THE REDUCED MAXWELL-BLOCH EQUATIONS

In this very last section, we will present the results of Arnaudon and Gibbon
(2017) on the reduced Maxwell-Bloch equations (RMB). These equations are
completely integrable and appear as negative flows of the AKNS hierarchy
but with non-zero poles in the M operator of the isospectral problem. One of
them was derived and studied by Caudrey et al. (1974), Dodd et al. (1982),
Eilbeck et al. (1973), Gibbon et al. (1973) in the early days of integrable
systems but has not attracted much attention from the community since
then, apart from isolated paper such as Aiyer (1983) where the Hamiltonian
and recursion operators were derived. From our perspective of deformations
of integrable systems, these equations provide us with another type of de-
formations preserving complete integrability. As we will see, the original
RMB equation depends on a parameter wp and reduces to the sine-Gordon
equation in the limit wy — 0. This parameter can thus be interpreted as
characterising the amount of deformation with respect to the sine-Gordon
equation. The first main result of this section is to obtain a larger class of
such deformations of integrable systems. We will obtain four non-equivalent
integrable equations in section 3.6.1 which reduce either to the sine-Gordon
or the sinh-Gordon equation. They differ only by a few signs and we will
justify the name hyperbolic RMB equations for the two equations which re-
duce to the sinh-Gordon equation. We will then study an interesting finite
dimensional reduction of these equation, related to the Lorenz 63 model in
section 3.6.2 and used it to analyse the stability of the constant solutions of
the full PDE in section 3.6.3. In the last part 3.6.4, we will show that one
of the new equations which we will call the hRMB equation can be obtained

from the theory of strongly correlated Bose-Einstein condensates.

3.6.1 THE FOUR INTEGRABLE REDUCED MAXWELL-BLOCH EQUATIONS

In this section, we will first present the four reduced Maxwell-Bloch equations

and show how to derive them as negative flows of the AKNS hierarchy.
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THE FOUR EQUATIONS

The RMB equations are written for four independent space-time real scalar
fields F/, N, P and () for a one-dimensional space z € R. These four integrable

equations have only sign differences between then and can be written together

as
E,=P
P =EN +
' o200 (3.6.1)
N, = —0,EP
Qt - _L‘JDP:

where 0, 5 = %1 selects between the four equations and wy is a real parameter.

The four equations can be listed such that

e for 0, = 0o = 1 ,we have the original RMB equation,

e for 0y = —1,02 = 1, we have the new hyperbolic RMB equation for

strongly correlated Bose-Einstein condensate,

e and for o3 = +1, 02 = —1, we have two new equations with a different
M operator for the zero curvature relation but which do not have a

clear physical interpretation yet.

The RMB equations can also be seen as a combination of two rotations, one
in the (P, Q) variables with rotation speed proportional to wy, and the other
in the (P, N) variables with a rotation speed proportional to the E variable.
In this view, the parameters o4 2 change these elliptic motions to hyperbolic

dynamics.

As we already mentioned the parameter wy can be seen as a deformation
parameter and in the limit wy — 0 we recover the sine-Gordon equation for
the case 0y = 1 and the sinh-Gordon for oy = —1. In this limit, the @
variable can be discarded as well as the o parameter. For the case o1 = 1,
the change of variables £ = ¢,, P = sin(¢) and N = cos(¢) where we

introduced another real scalar field ¢ gives the sin-Gordon equation of the
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form

¢zt = 2sin(¢) . (3.6.2)

For oy = —1, the change of variable is F = ¢,, P = sinh(¢) and N = cosh(¢)

and the sinh-Gordon equation is

¢z = 2sinh(4) . (3.6.3)

These two equations are important in physics and in mathematics and were at
the origin of the developments of integrable systems. Indeed, soon after that
the KdV and the NLS equations were solved by Zakharov and Shabat (1972),
the Sine-Gordon equation was shown to be integrable with kink solitons by
several authors, including Ablowitz et al. (1973a,b), Caudrey et al. (1973).

We need to mention the existence of an important conserved quantity, espe-
cially in physics. On can check that the RMB equations (3.6.1) conserve the
quantity

n:= P?+ 0,Q* + oy N*. (3.6.4)

In the classic RMB case, this corresponds to the well-known Bloch sphere
of optics or quantum mechanics. In the other cases, this sphere becomes a

hyperboloid with various orientations.
The complete integrability of these equations is obtained by writing the zero
curvature relation associated with the spectral problem

U, =L,V

(3.6.5)
U, = M,, ,, 0,

where U = (11,1,)7 is the scattering wavefunction for the spectral parameter

A. The L operator is the usual Zakharov-Shabat spectral operator which we
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recall here

0 E

. 3.6.6

i 0
Ly, = A

For the RMB equations the field F' is real, thus this spectral problem corre-
sponds to the mKdV reduction of the AKNS hierarchy rather than the NLS

reduction. The M operator has two different forms depending on the value
of o9. For 05 = 1, we have

_ 1 N .
TR [2,9). wer

where the poles in the complex plane of the spectral parameter is at +wy.

—iN P
0']P 1N

For 0y = —1, the M operator has a double pole at wy and is given by

1 0 P
M, _ = 2 _
v 2(A% — w2)(A — wp) (z —o P 0
(3.6.8)
— Awo 0 @ + iwp N0 .
JIQ 0 0 —N
One can check that these operators satisfy the following ZCR
0Ly, — 0x My, 50 + [Loy, My, 0,] =0, (3.6.9)

if the fields satisfy the corresponding RMB equation. The derivation of these
equations from the negative flow of the AKNS hierarchy is in Appendix C.
We obtain these equations from a generic form for the negative flow and

successively apply reductions to obtain the non-equivalent RMB equations.

SOLITON SOLUTIONS AND INVERSE SCATTERING

We begin by solving the RMB equations by hand using the travelling wave
ansatz F(z,t) = E(t — ¢ 'x), where c is the speed of the wave. With a

non-vanishing boundary condition only for N, that is N(4+00) = N, we can
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reduce the RMB equations to the following second order nonlinear ODE
1
Epe=—E (501}32 + ¢Noo + ngg) . (3.6.10)

This ODE is close to the usual travelling wave equation for KdV or NLS,
with the extra feature of the wy term and the possible sign modifications.
The sign in front of the E? term will select between a sech-profile and a
tanh-profile. In o; = 1, that is the classical RMB equations, we obtain by
setting N, = —1 the soliton solution of Gibbon et al. (1973)

E(z,t) = Eysech (%Eo (t (3.6.11)

4
- E2 +402w§$)) }

where FEj is the amplitude parameter of the soliton.

A direct integration of the travelling wave ODE (3.6.10) would give the kink

soliton of the form

Noo

but this is not a valid solution of the HRMB equation, due to unusual bound-

ary conditions. In the hyperbolic case, we have Q(+o00) = %, which

takes opposite values at +co. Using this boundary condition, the travelling

wave ODE is
E,.,=F (%E2 — Ny — ngg) + sgn(z)eEy Ny , (3.6.13)

where the last constant is positive for z > 0, and negative for < 0.

Explicit solutions of this equation are difficult to obtain hence we compare
in Figure 3.8 the tanh solution with a numerical solution of (3.6.13). They
can be obtained by considering an idealised model for (3.6.13)

E'"(z) = VV(E(z)), (3.6.14)
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Figure 3.8: In the top panel we display the potential function V' (E) in (3.6.15) describing
the travelling wave solutions of the HRMB equation in blue, and compare with the potential
corresponding to the tanh solution in dashed green. In the bottom panel, we compare the
solutions, numerically integrated from (3.6.14).

with the potential function

V(E(z)) = E(z)* — E(z)* — 0.2sgn(z) E(z) . (3.6.15)

—1 and 09 = 1 the speed of the

kink soliton can propagate in either directions and is standing if wZE? = %

In contrast with the classical case, if o

In principle, these solutions can be derived from the theory of inverse scat-
tering transform using the M and L operators. In the case o0y = 1, the
M operator is anti-Hermitian with real valued E. The spectrum can thus
contain discrete eigenvalues either purely imaginary, or in complex pairs, i.e.
two eigenvalues A; and ), such that A\, = —\;. For o; = —1, there is no
discrete eigenvalue unless the boundary conditions at +0c0 do not vanish. In
this case, the theory of inverse scattering is more involved and gives dark
solitons or kinks. We will not consider this case here and only study the two

cases where oy =1 .

As for the stochastic IST in section 3.4, we follow the exposition of Ablowitz
and Segur (1981). The scattering problem is the standard Zakharov-Shabat

problem, and we recall the one-soliton solution

u(z,t) = 2ne?mme)t sech (2nz + 2Re(meo )t) , (3.6.16)

where A = in and m,, is the diagonal value of the M operator evaluated at
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r = 0. For 09 = 1, we have

: n
Meo(iN) = ==—5—5+» 3.6.17
which is real and gives the solution (3.6.11). For 0o = —1, we instead have
2 4 ;3
- —Nwo + Wy
Moo (i) = ———5ar (3.6.18)
2(n* +w;5)?)

which contains an imaginary part. This result is in contradiction with the
fact that E is real so it is not a valid solution of the RMB equation with
09 = —1. We will not investigate this further here as it is out of the scope
of this work and involves a deeper analysis of this system with the IST. One
possible solution to this problem could be to use two eigenvalues in conjugate
pairs instead of a single real eigenvalue. In this case, the solutions would
correspond to breathers which are one-soliton modulated by a sine function,
and typical of the sine-Gordon equation. It may be that the solution (3.6.11)

for 0o = —1 is a particular case of a breather which behaves as a one-soliton.

To illustrate the soliton solutions of the RMB equation we display in figure 3.9
two collisions of RMB solitons with the same initial conditions but o = +1.
We used A =1 and A = 2.5 with wg = 0.6. Notice that the initial conditions
are not the same as they depend on o9, see equation (3.6.11). The standard
RMB equation with o5 = 1 has only right going solitons which overtake each
other and exchange their momenta. For oy = —1, one of the solitons has a
negative velocity, and we observe a head-on collision which would never be
a solution of the standard RMB equation. These simulations were obtained
by directly solving the RMB equation where the equation for F is replaced
by the forced travelling wave equation E, + E; = P. We used the Python
package Dedalus (Burns et al. (2016)) to perform these simulations. It is a

spectral scheme with a Runge-Kutta time integrator.
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Figure 3.9: The collision of two RMB solitons for oy = 1 and o9 = 1 is displayed in the
left and for oo = —1 on the right. It shows a standard overtaking for the RMB case and
produces a head-on collision in the new integrable equation.

3.6.2 FINITE DIMENSIONAL REDUCTION

Before looking at the modulational stability or instability of the RMB equa-
tion in the next subsection, we study a particular finite dimensional reduction
of these equations. For ¢ # 0, we assume that the fields are constant in space,
which amounts in replacing the first equation of (3.6.1) with cE; = P. By
setting the constant of integration to 0 for simplicity (having it would com-
plicate the results but would be more general), we can set £ = —MLOQ and

obtain the finite dimensional system

1
P, = ——QN + 05w,Q
ClWo

N =2LgpP (3.6.19)
Clp
QE — _WDP .
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This system has two independent conserved quantities

H="2"Q*1+w,N (3.6.20)
2cwy
1

C=5P+ %(N — oacw?)?, (3.6.21)

as well as the Bloch sphere, or the Bloch hyperboloid, but is dependent of H
nor C. It turns out that the ODE (3.6.19) is the non-dissipative Lorenz 63
model of Lorenz (1963), which we will call here the ODE-RMB. This equa-
tion has not attracted much attention in the literature, but we can mention
the monograph Sparrow (1982), and in particular, the Appendix K where
the non-dissipative Lorenz system is studied in the limit wy — 0, that is the
sin/sinh-Gordon reduction. A similar reduction to an ODE, but from the
self-induced transparency equation to the complex Lorenz equation, was de-
rived and investigated by Fowler et al. (1982, 1983), Gibbon and McGuinness
(1980, 1982).

3.6.3 MODULATIONAL INSTABILITY

We study here the stability of the constant solution of the four RMB equa-

tions. The constant solution depends on two constants ()y and Ny and reads

Q(z,t) = Qo, N(z,t) =Ny
3.6.22
P(z,t)=0 and FE(z,t)= —02%. ( )

As we did for the CH-NLS equation, we will study the linear stability of this
family of solutions by linearising the RMB equation around (3.6.22). We use
perturbations of the form N = Ny + 0N, and the same for all the fields to

obtain the linearised equation

B +0, « 0 0 OF
Q
No 6tQ —oay, oao | |OP ] _ (3.6.23)
0 010’2?3 at 0 N
0 —Wp 0 at 6Q
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By assuming the perturbations to be plane waves of the form N o cos(kz +
wt) for all the fields and by a direct substitution into the linearised equations,
the system (3.6.23) has a solution only if the following relation holds

N2 2
- R (MOJQUTJ;JLQO _ Q,NO) o
0
3.6.24
N ST (3620
Ng

This implicit linear dispersion relation is too involved for an analytical treat-
ment. We can nevertheless see that with o5 = —oy, the choice N} = Q32
corresponds to a transition between two different regimes. We thus plot the
dispersion relation w(k) for several values of the parameters 01,02 an Qo
in Figure 3.10 computed numerically. For these computations, we used the

values No = —o01, c= —1, wp = 0.5 and a = 1.

When o, = —o0y, there is a transition at Qy = Ny from a stable to an
unstable regime. For o; = 1, the stable regime has a band of modulational
instability for low wavenumbers, and for oy = —1 the solution is stable for
all wavenumbers. In more details, we have the following analysis of different

regimes.

(a) 01 = 1,00 = 1: Instabilities for low wavenumbers, corresponding to a
modulational instability (MI). Depending on the value of the param-
eters, and in this case for large @)y, a stable low-frequency region can

exist. Increasing ¢ would have a similar effect.
(b) 0, = 1,09 = —1: There are two cases:

e if Q2 < N2, MI regime, similar to the previous case o, = 05 = 1;

e if Q2 > NZ, MI regime together with a smaller amplitude insta-

bility for all frequencies.
(c) o1 = —1,09 = 1: There are two cases:

e if Q2 < N2, the constant solution is stable for all frequencies;
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(a) o1 = 1,00 = 1: MI regime (b) o1 = 1,09 = —1: MI regime or unstable
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Figure 3.10: In these four panels, we display the instability gain of the four RMB equations,

for some values of Qp, N9y = —01, ¢ = 1, w = 0.5 and « = 1. We observe two regimes
depending on the relative value of Q and Ny if o1 = —o9. In particular for o9 = 1, there is
a modulational instability regime for o7 = 1, and a stable regime for o1 = —1.
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e if Q2 > NZ, the constant solution is unstable for all frequencies,

except for a small region of low frequencies.

(d) o1 = —1,09 = —1: the solution is unstable for almost all frequencies
and for any values of ()g. As in the previous case, there is a small stable

band at low frequencies, for small values of Q).

Interestingly, the finite dimensional reduction to the ODE-RMB equation
(3.6.19) derived before can be used to shed light on these regimes of stability
or instability. First, for o1 = 03 = 1, we know that the dynamics is restricted
to the Bloch sphere (3.6.25) intersected by a cylinder in the @) directions
(given by the quantity C'in (3.6.21)). Notice that this shape can also be seen
as the Bloch sphere intersecting the parabolic sheet in the P direction (given
by H in (3.6.20)). The physical fix point corresponds in the model to the
position ) = 0, as we set the constant of integration in the finite dimensional
reduction to 0. This fix point is hyperbolic and hence corresponds to the MI
regime as the dynamics leave this unstable position, make a long trajectory
to eventually pass nearby it several times. The other fix points of the finite
dimensional reduction are P =0, @Q = +Qp and N = oacw?. They are
stable fix points but not physical as we have a constraint on the value of the
fields dictated by physics, see section 3.6.4. To illustrate this discussion, we
plot some stable and unstable orbits in Figure 3.11(a).

For the hyperbolic RMB, that is for 0y = —1 and oy = 1, the dynamic takes
place along the intersection of a hyperboloid in the N direction given by
(3.6.25) with a parabolic sheet in the same direction (given by H in (3.6.20)).
The hyperboloid can have one or two sheets, depending on the relative value
of @ and N. In the two sheets case (that is for Q3 < N?), if we pick Ny = 1
the dynamics is restricted to the stable sheet where the parabola is bounded
from below. This regime corresponds to the stable regime of the full HRMB.
[f the hyperboloid is of one sheet, or if Ny = —1, the trajectory can reach the
unbounded region of the parabola, which corresponds to the unstable regime
of the HRMB equation. In Figure 3.11(b), we illustrate this discussion by
showing a stable and unstable orbit of the ODE-RMB equation (3.6.19).

For the RMB equation, this regime of modulational instability was known for
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Figure 3.11: In this figure, we display typical orbits of ODE-RMB equation (3.6.19) on the
Bloch sphere (left) and Bloch hyperboloid (right), obtained as a finite dimensional reduction
of the RMB equations. On the left panel, the standard RMB equation with 07 = 093 = 1
of quantum optics has solutions restricted to the Bloch sphere, with stable equilibrium in
the center of the black orbit, and unstable saddle point near the center of the red orbit.
This position corresponds to the Ml regime of the RMB equation. On the right panel, we
show two orbits of the reduction of the HRMB equation of strongly correlated Bose-Einstein
condensates, which are, in this case, restricted to a two-sheet hyperboloid. The stationary
solution at the center of the red orbit is stable, but unstable near the black orbit. These two
scenarios correspond to the stability and instability of the full HRMB equation.
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a long time and corresponds to the focusing nonlinear Schrédinger equation
instability. In the nonlinear regime of the modulational instability, when the
linear approximation of the integrable equation is not valid anymore, the
nonlinearities prevent the solution to blow up and form a train of interacting
pulses. This nonlinear solution can be understood as a regime of integrable
turbulence and can produce high amplitude waves, called rogue waves. We
only refer to Zakharov (2009) for the notion of integrable turbulence and to
Agafontsev and Zakharov (2015) for the formation of rogue waves for the

nonlinear Schrédinger equation.

3.6.4 APPLICATION TO STRONGLY CORRELATED BOSE-EINSTEIN CON-
DENSATES

The original RMB equation was derived in the context of quantum optics
and in particular within the theory of self-induced transparency by Caudrey
et al. (1974), Dodd et al. (1982), Eilbeck et al. (1973), Gibbon et al. (1973).
It turns out that a similar derivation holds for the hyperbolic RMB equation
(with 0y = —1 and 05 = 1) but in the context of Bose-Einstein condensates
(BEC). In this section, we will show how to obtain the hRMB equation by
applying several approximations of the complete physical model. We first
describe the hyperbolic Bloch equation which we will then couple to the
Gross-Pitaevskii equation to obtain the hRMB equation.

THE HYPERBOLIC BLOCH EQUATIONS

The RMB and hRMB equations contain two distinct parts. The equation for
the variables (P, @, N) is an ODE coupled with E. This coupling makes the
whole system a 1+ 1 PDE. In the case of the RMB, this ODE is the Bloch

equation, which preserves the Bloch sphere
P?+0,Q* + 0y N? =1, (3.6.25)

and for the hRMB, it is the hyperbolic Bloch equation which instead preserves
the hyperboloid P? + Q? — N2. This finite dimensional hyperbolic Bloch
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equation was recently derived in the context of strongly interacting Bose-
Einstein condensates (BEC) by Kira (2015b). We will only summarise this
derivation here, based on the method of cluster-expansion that we used in
our study of the Fokker-Planck equation for stochastic landmark matching

In section 2.6.

The hyperbolic Bloch equation (HBE) describes the dynamics of bosons evap-
orated from a BEC and forming a gas surrounding it. This gas is still inter-
acting with the BEC as some of its atoms can be captured back into the BEC
while others can evaporate from it. There is, therefore, a time-dependent pro-
cess of exchanging atoms between the BEC and this surrounding gas. This
effect only appears in strongly correlated BEC, where the internal correla-
tions are significant enough to evaporate parts of its constituents. This in-
teraction is characterised by a length scale ascatt which in the case of strongly
correlated BEC can be considered as ageatt — o0. In the Gross-Pitaevski
description of the BEC, this coefficient multiplies the nonlinear cubic term

which represents the nonlinear interactions of the atoms in the BEC.

In quantum mechanics, the description of a Bose gas is written in terms of

bosonic operators By for wavenumber k£ with the commutation relations
[By, Bl,) = 6k, [Br, Bw] =B}, Bl.] =0,

where BT is the conjugate transpose of B. Each operator has a momentum

hk and an energy

27.2
Ek:ﬁ,k

2m "’

where m is the mass of the bosons and & the Planck constant. The case k =0
corresponds to the lowest energy level and describes the condensed atoms in
the BEC. All the other states with £ # 0 are the evaporated atoms. This
approximation allows us to consider a single wavenumber and to only use four

bosonic operators By, B_| BIr and B'. The Hamiltonian is a simplification
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of the original one derived in Kira (2015a,b) and is given by
H =w,BB, +Q(B_B, + B'B!), (3.6.26)
where wy is the transition energy and
Q = VN, = 47h*m ™ ' agears N, (3.6.27)

is the quantum-depletion source. This term is proportional to the number of

condensed atoms
NC = Nt-O‘l‘. - f . (3628)

We denote by Niot the total number of atoms in the system. Notice that the
first term is the usual quantum harmonic oscillator, and the second term is

a source and depletion term for the pair of atoms with opposite momenta.

Now recall that these operators would not correspond to any observable quan-
tities and we needs to instead compute the time evolution of their expecta-
tion, following the dynamics prescribed by the Hamiltonian (3.6.26). This is
given by an equation similar to the Fokker-Planck equation, but where the
dissipative term related to the noise is replaced by the particle interactions.
As for the landmark dynamics, the issue is that this equation is a PDE on a
high dimensional space and must be approximated by a finite set of ODEs
to be solved, even numerically. This can be achieved by using the cluster

expansion approach. We will use standard notation for expectations, that is
(BkB,L> — (By) <B,L,> +A <BkB,L

There is one trick that one needs in order to be able to derive an approximate
equation. It consists in a change of representation of these operators such
that the BEC becomes the ground state of the system, needed as the BEC
is a fully correlated system which would require all orders in the cluster
expansion. This is done by choosing a particular basis for the operation of
taking expectations, see Kira (2014) for all the details. In more dilute BEC,

a standard truncation suffices, but not here. The result of this operation is
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that the expectation simplifies as

<BLB;C> =A <BLB:;> = fr
(BeBy) = A(BLB.) =i,

where we defined the two fields (fi, pr). The real valued quantity f; counts
the number of atoms in the state k, and the complex quantity p; counts the
number of pairs of atoms ejected from the BEC state By to two evaporated
states with opposite momenta. Its complex conjugate is the reverse process.
Higher order processes can be considered and will correspond to higher order
correlations in the cluster expansion method. We will not show how to derive
the equations for f;, and p; but only refer to the original derivation of Kira
(2015b) as it is lengthy and not relevant for the present study. We will
not consider any higher order interactions other than fi and px, and we will
approximate the interaction potential between bosons by a contact potential,
that is a Dirac delta function. This is equivalent to expressing the Fourier

transform of the contact potential as

Vk - 4?1'}12?’3’1_1&50&“ 3
and removing the wavenumber dependence of f and s, as this assumption
removes the terms coupling the dynamics of atoms at different wavenumbers.
The simplified HBE equation is then, from the Hamiltonian (3.6.26), given

by

ip=wos + (2f + 1)Q2

: (3.6.29)
f=2Im(Qp"),

This equation is very close to the usual Bloch equation except for a sign
flip in the f equation, giving the hyperbolic character of the equation which
preserves the hyperboloid n = (f + %)2 — |p|? instead of the Bloch sphere.
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COUPLING WITH THE GROSS-PITAEVSKII EQUATION

The second step needed to obtain the hRMB equation is to couple the HBE
equation (3.6.29) with the dynamical equation describing the BEC itself.
It makes sense to couple the HBE with the Gross-Pitaevski (GP) equation
as both are equations for the expected value of some quantum operators
representing the dynamics of the BEC. We will not derive the GP equation
here but just use it and include a standard source term to model the flux of

atoms between the BEC and the surrounding gas.

We will use a simple version of the GP equation obtained using the stan-
dard local-density approximation (LDA) which consists of studying the BEC
dynamics locally, thus neglecting the exterior trapping potential. We will
also consider a one-dimensional condensate, which could still be physically
relevant in appropriate experiments, see for example Burger et al. (1999).
We obtain the GP equation coupled to the field s as

it + e + BRI = BIm(p" ), (3.6.30)

where 1) is a complex-valued wavefunction describing the BEC, a = h*/2m
and 8 = 8magscartx. We now write the GP equation in the amplitude phase

variables using the Madelung transformation

’l!«'(ﬂ?:t) =V n(mit)ew(m,t) s

for the amplitude n(z,t) and the phase ¢(z,t). This transformation which

we already used in the previous section gives the equations

nt + 2(néz)z = Blm(p*)n (3.6.31)

h=a ((‘/\2” - qﬁ»f,,) +2Bn. (3.6.32)

Using the LDA again, we decompose the amplitude n as n(z,t) = ng +

ny(z,t), for a constant background ny and a small amplitude perturbation
ni(z,t), i.e. |ny| < ng. The steady solution of this equation is obtain by

setting n; = 0 whereas a time independent phase ¢(z) in the decomposition
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d(z,t) = ¢o(z) + ¢1(z, t) is found by solving adj, = 26ne. We directly find
that ¢o(z) = kz where Kk = 4,/Tascareno. Recall that the strong interaction
gives ageatt — 00 and corresponds to k being a large quantity. The phase
¢o(z) is thus highly oscillating and ¢, is a slowly varying phase. We then
approximate the equation (3.6.31) at first order in k to obtain the following

forced wave equation

N1t + 8y/MasearsoNy z = M~ A ageaynolm(p*) . (3.6.33)

To summarized we obtained a simple wave equation to describe the local
dynamics of the BEC affected by the evaporation process of its atoms. This
derivation is only formal and should be better physically justified.

By coupling this equation with the HBE equation (3.6.29), and using the

variables

Q = RE&)), P= _Im(p):

N (3.6.34)
N=2r—(2f+1) and E=mno+mni,
m

one can check that we obtain the hRMB equation (3.6) with oy = —1 and
o1 = 1. In the case of the RMB with o; = 1, a similar coupling is done with

the Maxwell wave equation which describes the light propagation.

3.6.5 SUMMARY AND OUTLOOK

In this final section, we discussed the RMB equations which are not such
well-known equations but can nevertheless be seen as members of the AKNS
hierarchy. Usually, the sine-Gordon or the sinh-Gordon equations are derived
from the first negative flow of the AKNS hierarchy. The fact that moving
the poles of the spectral problem produces non-equivalent integrable equa-
tions seems to have not been fully explored in the past. We addressed the
question of finding all the possible non-equivalent first negative flows of the
AKNS hierarchy by moving the poles away from 0. This introduces parame-
ters which can be interpreted as deformation parameters of the sine-Gordon

or the sinh-Gordon. We found two possible deformations for each equation,
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so we have 4 non-equivalent deformed negative flows of the AKNS hierarchy.
All these equations are completely integrable via the inverse scattering trans-
form, and we can in principle find their soliton solutions. We derived some
of them by hand to show that the hyperbolic equations have kink solutions
corresponding to the usual soliton of the original RMB equation. We did not
investigate much further the use of IST, as the hyperbolicity of the equation
makes the spectral problem difficult to solve and out of the scope of this
work. Interestingly, we cannot solve the second RMB equation as easily as
the original RMB equation. The reason for this seems to be hidden in the
M operator, but we could not yet fully understand it.

We also investigated the link between a finite dimensional reduction of the
RMB equations and the non-dissipative Lorenz 63 equation and how we could
use the dynamics of the ODE to understand better the stability of constant
solutions of the full PDE equations. We found several regime of stability and
instability, with a modulational instability for the original RMB equation,
and a region of stability for the most interesting new hRMB equation, which
means that solutions can persists in a physical system. In fact, we showed
that this hRMB equation can be derived from a particular approximation
of physical equations in strongly correlated Bose-Einstein condensates. This
derivation is rather formal and deserves to be better physically motivated to
be able to predict for example the existence of solitary wave in these physical
systems. We did not investigate this direction further as we do not have
enough physical intuition about this new system to adequately justify our
approximations. Indeed, the observation of strongly correlated Bose-Einstein
condensates goes back to only a few years, and its mathematical description
with the hyperbolic Bloch equation was developed in 2015 by Kira (2015b).
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CONCLUSION

4.1 GEOMETRIC DEFORMATIONS OF INTEGRABLE SYSTEMS . ..

This work has been a mathematical exploration through several topics, with
emphasis on integrability and stochasticity. The common thread of the
studies undertaken here is the geometric deformation of integrable systems,
stochasticity being one of the principal types of deformation. At first sight,
noise does not seem compatible with the notion of integrability, but we saw
that by using a particular multiplicative noise consistent with the geometri-
cal structure of the original equation, integrability could be preserved. We
systematically introduced noise following this idea of modifying the Hamilto-
nian with a stochastic potential, thus preserving the geometrical structure of
the original equation. The freedom of the choice of the noise is thus limited

to the choice of the number and form of the stochastic potentials.

In finite dimensions, the stochastic deformation of the rigid body motion
with or without gravity remains integrable only if the body has a cylindri-
cal symmetry along the axis of the noise. In this particular case, the noise
appears in the equation for the angle variables in the action-angle decompo-

sition and thus leaves the action variables preserved by the stochastic flow.
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This observation was crucial in the definition of stochastic finite-dimensional
integrable systems which we defined as such a system with a noise appearing

only in the angle equation, in the sense of Liouville integrability.

We then looked at another classical integrable system, the Toda lattice. With
the noise arising from the geometrical structure of the Flaschka variables, we
found that the Toda lattice can admit a stochastic isospectral problem only if
the noise does not preserve the coadjoint orbit, that the tri-diagonal structure
of matrices and the connection to the physical lattice. This is because the
noise does not couple two or more flows of the Toda hierarchy but has a noise

attached to each particle.

Going to infinite dimensions, we can include noise in an integrable hierarchy
while maintaining integrability only if the noise does not depend on space
and if it multiplies a flow of the same integrable hierarchy as the deterministic
equation. If we introduce noise as for finite dimensional systems using the
geometric structure of the diffeomorphism group, we cannot obtain non-
trivial integrable stochastic deformations of the original equations. Hence, we
did not investigate this type of deformation in details and only showed that
we could use other properties of an equation to include a consistent noise,
as we did for the NLS equation with the noise via the Madelung change of
variables. These examples are good illustrations of why using the structure
of an equation to introduce systematic perturbations is a valid and fruitful
approach. For example, in the case of the NLS equation the total mass of the
solution is preserved, and in the case of the rigid body motion, the coadjoint
orbit is preserved. These are properties necessary for integrability but also
important physically as they often correspond to observed conservation laws,
whereas the additional constants of motion required for integrability rarely
exist in physical systems. In some sense, the noise represents uncertainties
in the dynamics which may arise from various sources but which are never

predictable in practice.

Apart from stochastic perturbations, we also considered other types of geo-
metric deformations, such as a deformation depending on a parameter such
that when the deformation parameter vanishes, we should recover known

equations. We did that for the reduced Maxwell-Bloch equation, a member
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of the negative AKNS hierarchy, where we could derive three new equations,
with one of them appearing in the theory of strongly correlated Bose-Einstein
condensates. It turns out that finding exact solutions via the inverse scat-
tering transform is more difficult than expected because of the non-standard
boundary conditions of this equation. We showed some numerical solutions
and a study of the stability of the constant solutions as a first investigation

of these equations.

The last type of deformation, and the most important after the stochastic
perturbation is the insertion of the Sobolev H! norm directly into integrable
hierarchies. We were able to implement this deformation in a systematic
way by not using the diffeomorphism group structure of the equation, but
by using the more abstract loop group structure aimed at better describ-
ing complete integrability. Interestingly, not all the equations obtained from
this deformation are integrable. With this scheme, we were able to recover
known integrable equations such as the Camassa-Holm equation, or its cu-
bic counterpart, the modified Camassa-Holm equation, or FORQ equation.
Nevertheless, some equations such as the new deformation of the NLS equa-
tion does not seem to be integrable. In this sense, the NLS equation plays
a particular role, and its deformed equation, the so-called CH-NLS equation
is at the boundary between integrable and non-integrable PDEs. We could
still show that many features of integrable PDEs persist for the CH-NLS
equation such as solitary waves, breathers or rogue waves. The place where
we can observe an obstruction to its complete integrability is in the collision
of solitary waves with high momenta. Indeed, the collisions are difficult to
resolve numerically and seem to leave residual high frequencies waves be-
hind. These observations could not be confirmed as the numerics do not
converge well enough in this case, but it may be a clue for understanding the

non-integrability of the CH-NLS equation.

To sum up, the question of robustness of integrable systems under geometric
deformations has only been touched on this work and deserves more thoughts.
In particular, we can mention a few open problems which arose from this
work, such as the integrability of the Sobolev deformation of integrable hi-

erarchies, the properties of stochastic solitons of the stochastic hierarchies,
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the application of these deformations to other integrable hierarchies, under-
standing the integrability of the stochastic Toda lattice, applying the inverse

scattering transform to the new RMB equations, etc...

4.2 ...AND BEYOND

In most of our studies, we began with an integrable equation and applied
a geometric deformation to obtain new equations with similar geometrical
properties. Apart from testing integrability, we were able to use this remain-

ing geometric structure for other means.

For the stochastic deformation of finite dimensional systems such as rigid
bodies, we included a nonlinear dissipation preserving the geometric struc-
ture, or in this case coadjoint orbits. We then studied the interaction of noise
and dissipation on these usually non-flat coadjoint orbits. In our most im-
portant example, the free rigid body written on SO(3), the coadjoint orbit is
compact, which makes the investigation of the Fokker-Planck equation and
its stationary distribution more transparent and possible to observe with nu-
merical simulations. This system turned out to have a profound connection
with statistical physics as the stationary distribution is a Gibbs distribution
which appears in the description of physical systems coupled to an external
heat bath of a given fixed temperature. In our case, the inverse temperature
is the ratio between the noise and the dissipation amplitudes where a larger
noise means a larger temperature. To obtain a notion of temperature in
the statistical sense, we needed dissipation to control the energy input from
the noise and obtain a statistically stable regime with a fixed temperature.
We investigated this connection by showing that this distribution arises as a

maximum entropy distribution, given a fixed average energy.

By following this idea of interaction between noise and dissipation, we took
the point of view of random dynamical systems and tried to reveal the possi-
ble attractors of these systems. With noise, an attractor has a different mean-
ing because the system is non-autonomous. The attractors are observed at
time ¢ = 0 for each noise realization by letting the initial conditions be pulled

back to —oo. Without noise, this definition coincides with the usual notion
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of an attractor; with noise, it is called a pullback attractor. The topic of pull-
back attractors is an active area of research in dynamical systems providing
a better understanding of the long-time dynamics of stochastic systems. In
our case, we have even more interesting systems as we could numerically
show that the motion on their pullback attractor can be chaotic, obtained by
an estimation of the top Lyapunov exponent. This is a remarkable feature,
difficult to prove analytically and subject to a vast amount of work, mainly
devoted to understanding which class of dynamical systems admits it, why,
and its properties. In most cases, these so-called random attractors arise
from perturbations of non-zero dimensional deterministic attractors, such as
limit cycles for example. Here, they arise from singular deterministic attrac-
tors which correspond to the minimum energy position of the free rigid body.
From our investigations of this system, several other research directions are
left open. In particular, obtaining a better, or even analytical description
of these random attractors would surely be interesting as well as trying to
extend these result from the rigid body motion to other mechanical systems

with symmetries.

For this purpose, we applied a similar stochastic deformation and a geometric
dissipation to another integrable system, the Toda lattice. Unfortunately, we
did not have time to study the possible existence of random attractors in this
system. The Toda lattice can be a high dimensional system, but the sim-
ple 3-particle lattice could be of interest for such an investigation. Another
interesting point about the Toda lattice is that its continuum limit is the
Burger’s, or the KdV equation if higher order terms are taken into account.
In our stochastic dissipative regime, we obtained an interesting stochastic
dissipative PDE in the limit where the dissipation is highly nonlinear. This
equation should deserve more work which we leave for later. The interesting
point is that this new type of nonlinear dissipation is obtained from a mod-
ified double bracket type dissipation at the level of Flaschka variables, and
is not a usual viscous damping of the particles in the lattice. We may thus

expect interesting results regarding this equation.

Another particle system admitting a continuum limit is the landmark dynam-

ics obtained from a reduction of the CH equation using singular solutions.
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These solutions behave as interacting particles, and in the limit of a large
number of particles, many solutions of the original PDE can be described.
For this system, we can reconstruct a solution of the original PDE even from
a single landmark. The interesting feature here is that the inclusion of noise
preserves the relation between the stochastic landmark dynamics and the
stochastic PDE. This is a crucial point for using these landmarks in the field
of image matching or computational anatomy, as a finite dimensional repre-
sentation of an image is easier to handle in practice. In this context, the noise
is meant to model uncertainties and variabilities of observed images as it is
inserted in the reconstruction equation from the velocity field to the solution
on the diffeomorphism group. We then studied the effect of the noise in the
evolution of the error of each landmark via a finite dimensional approxima-
tion of the Fokker-Planck equation. Using this scheme, we showed that we
could reliably estimate the covariance around each landmark by including the
effect of the noise combined with the landmark interaction. We can also esti-
mate the noise correlation from a set of initial and final images, thus solving a
difficult inverse problem. This is only possible because the noise preserves the
original Hamiltonian dynamics, equivalently or the Euler-Poincaré structure
of the original PDE. In short, we applied two successive finite dimensional
reductions of the original stochastic PDE to obtain an estimate of the effect
of the noise to the local error in the standard algorithms of large deformation

matching.
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MOMENT EQUATION FOR
STOCHASTIC LANDMARKS

This appendix contains the computation of the moment equation for the
stochastic landmark dynamics of section 2.6. It is based on the cluster expan-
sion method applied to the first two moments of the Fokker-Planck equation.
The method is described in subsection 2.6.2 and the next computations only

work for Gaussian noise kernels.

A.1 FIRST MOMENTS

Recall the backward Kolmogorov operator on ¢,

oh 1 0ot (q;)
L = + = L2 0] (i) All
o ) (A1)
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which is used to compute the time evolution of the singlet

% = ) K((a) — (@)~ Y 5ot (@) (@) — 57107 (a)

lys 1L
(A.1.2)

In this case, the equation only depends on the singlet of the momentum

variable. We thus compute

oh ,0o] (q11 do? (q11 1 6 0'E (q11
Lp = — +_E i ——E i). (A.1.3

which similarly gives the time evolution of the momentum singlet in two

terms as
d (43
a (Pﬁ ) = A;o + Bp 5

where

ZK( a) ) (pip] (@i — qf))
B,=)>" 27? (p) o] ({ai)) o ({as)) -

We then expand A, further using the cluster-expansion method on the triplet
to get

== ZK ((as) — () ((pipja") — (pipjas))
~ o S = () (61 69 )+ 02 G0 ) + ) 2 )

+ 8, (pla2) (8]) — (1) (8]} () — Do (B1P)) (a5)
— (1) 82 (8]5) — 22 (P45) (8]) ) -

Already this term depends on the mixed correlations which we will compute

shortly, but we first compute the position correlation.
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A.2 (qq) CORRELATION

Recall the formula of the Kolmogorov operator applied to g q:_, ,

(4" —qzaperZJz(qu; %)+QZQS‘ o/ (ay) ‘(qJ) t.,
(A.2.1)

which together with (A.1.1) gives the time evolution of the position correla-

tion in the form

d
£A2< qﬁ):Aqq+qu+qu:

c@=:§§j<% (a2 q”> SN0 < o7 (ay) %é%)>+¢”
I )

J

Throughout we will denote by A the terms corresponding to the drift, by B
the terms which are not present in the first moment equation and by C the
other terms which only depend on the noise and the derivative of the noise
fields. We proceed by first approximating the expectation of the kernels to
get

%EZ£MWMw)
Cyq = _—ZA2 <Q1, qj )‘71 ({aj)) +
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where we also used the explicit form of o; as a Gaussian and use its form of

the derivative. We will now approximate the A, term to get

Aqq = Z <q1, PkK q; — 9k > Z (f.}‘z <p£K(qJ — qk)> +t.
~ZA2 (apf ) K ((a5) — (aw)) + ..

It is now clear that the B term will linearly increase the position correlation,
which will then exponentially increase by the C term and be affected by
the momentum-position correlation by the A term. We now proceed by

computing the momentum correlation.

A.3 (pp) CORRELATION

We compute the Kolmogorov operator on pgpf to get

o o Oh o 8%/ (q;
L(pp)) = —p —ﬁ— l:fp@p} f(%)ﬁﬁ)ﬂ
9 7,
+1 5 73‘75 (qa)aaz %) Z e 56‘75 (%)305 (%)
2;,7,5 ©7 o 69‘3 2 b 9q] 69‘3

and using (A.1.3), we obtain the time evolution of the correlation in three

terms as

d
EAQ ?P?) = App + Bpp + Cpp
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1
By =~ : +t.
- 1y,0 aqi 8%15
1 Poj(qy) \ | 1 00} (q;)
Cop=—5 PP} ol (@) —5— ) +5 > 00 (pjol(4) —F—
. 2 17,6 < ’ 6‘1? 6‘1? 2 ; ! 6‘13'8 aq;?
1 o 5907 (q;) 00/(q;) \ 1 o [ 5997 (q;) 007 (a;)
+ 5 P; Py ¥ ] __Z(pi> Pj o B +t..
2 17,6 < 0g; q; 2 17,6 0q; q;
We first approximate
1 1 B ¥ a Y
Cpp = - Z —0; (g5)0; (a;)A2 (Pﬁ P;—)
2 Ly,0 ]
1
—3 PIACHLACH (<p§‘p'}(q:’? —o7)(q} — 5?)) — (p{") <p'}(q:’? —87)(q) — 5?)))
Ly.8
1
SEPILACUACY ((persiay — (@) —)) + ) (Pi(a] —)(af —&))) -
Ly,

The last two terms cancel as they are symmetric under the transpose oper-

ation because of the sum on the free indices, thus the C' term is

1 1 a
Cop ~ ) Z a—fgf(Q‘j)U?(Qj)A2 (pipj) +1t.. (A.3.1)
Ly,0

We proceed with the B, term, which is also symmetric under the transpose
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operation, thus giving the approximation

1
Byp=) ?crf (gi)o7 (q5) <p§p}(q§' —08)(d} - Jf)>

Ly.8

~Z roia)e] (qJJ(< (#) (0 (47) + PeP?><q?><qf>
(pi) D2 (p]as) <qf> <‘1'11 qﬁ')
(¢

0)

2(10 ) (p]) q>+A2<pgqj.> 7) (af)
+(p}) (g )A2< p) f>+A2 <p3pj>Az<q§'qf>
Az (plg >A2<P39‘J>+A2<qu3>A2(quf)
( >(Pj>(qa)5‘3 Az(pf 7) (af) 67
= (p?) Do (p]al) &7 <z:at_n>(p”f)c?‘S
— () () (4] ) 3 — 2o (9] (] ) &7
—( >A2<quj> Az(pgqj><p}>6?
(p5) (p])

(p 53 5'5 + As <p§pj>63 538) .

we treat the two Hamiltonian terms separately by first writing them explic-
itly as

1 (23
App = Z ? <p3 p}pﬁ(qj - qk)K(QJ - qk))
kyoy

- L 08 (]~ Ky — a0+
kyy

1 1 2
=) (A, — AR+t
kyy
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We expand the first term to arrive at

Ay ~ K ((a5) — (@) ((pip}piaf ) — (vipipial)))
~ K ((a) = (ae) ( @) @) ®]) (@) + D2 (b9 o} (@)

+ () D2 (B]) (D) + () (8)) D2 (B
+ A (p2p]) (7)) () + As (2] ) ]) (61
+ (o) (ph) A2 (p]q7) + Do (pp]) As (p)af)
+As (p71}) D2 (P]4f) + As <p?t;‘f> As (pip])
— () (0)) (PR) (@) — Do (pT'P)) (7)) (ak)
— (p7) A2 (B P} (@}) — () (P]) D2 (PRaR)
— 82 (2]) (7)) () — A (e ) B (B
— 8o (Plaf ) (08) (1) — 2 (927)) A5 (paf)
— A (p?pY) D2 (P ) — Ao <p§‘t;‘f> Ao (pyp] ) ,

and the second term

4%, ~ K (@) — (a0)) (@2) (w1} ) — w2) (]olad) )
~ K ((a7) — (@) ( #8) 8]) (1) (a]) + (o) A (B]1) (4])
+ () Do () 5) (a}) (6 (2]) D2 (p]a;)
= () ) vk} (ax) — () D2 (0] ) (@)
— #F) (#]) A2 (plaf) — (b7) (P) Do (P af) ) -

This term cancels the terms of the A}, proportional to (pf) to give the
approximation

App = % > K((g5) — (ax)) (Az (p2p)) (0} (dF) + D2 (p2PY) (P)) (aF)
kyy

+ Ay <p§?‘q:’? ) (p)) (p) + A2 (pP)) A2 (p)df)
+ A (PP)) D2 (p) ) + As <p§‘q:’? > As (pip;)
= 8o (pP]) (1) (@) — B2 B7PY) (P)) (a)

— Ay <p§?"qg> (p]) () — D2 (pi'P) ) As (plaf)

— 8 (679 2 0] ) — o (B0 ) Do ]p]) ) +t..

We end this computation by approximating the dynamics of the mixed
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correlation.

A.4  (pq) CORRELATION

We compute

sOh | o O
Lpiq) = - aq + 7 ot

I o v 1907 (a5) y 5, 00] (ai)
T 9 Zpe‘ o/ (aj) aq] Z;Pi‘fz (a) Bg°

o (ai) 5 ;380?(%)30?(%')
__Z i P 3 o afa 15 E(q'r'-) Ezpiqj 8@'? aq’}' .

ly.8 !

Then, using (A.1.1) and (A.1.3) we obtain the time evolution of A (pf‘qf) as

d (43
EA(PiQfﬂ?):qu*'qu"’Cm;

() +(0) (5 + i) -0 (24
Bm=—z:<pzof(qj)%>

R ) S ()

g ) 1 () o gt )

< o] (i) 807 qe)>_

< >
007 (q;) 60’ (qi) 1
5 gU0; 1 4
<p@ U0 oq 2 ZE 39’; 0q]

i
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We first approximate
1
By~ — D07 (a))7] () (] a) — () 67)
Loty

Con~ = 3 5278 (@)1 (@) o (o)) X5 saze (421 o7 (@)t (a).

Ly

For the Hamiltonian term we obtain

— —ZK«qo — () ((efpirias) — (4] ) wvlar)
- <quipqu> < j>@3pqu)) +ZK((%> (ak))Asg

virk)

(vt
~ =5 S K@) — () (Ba (076} ) ) (a9 + 82 (517 1) (a5
ko

‘-‘"l‘.?a

+ 22 (aaf ) (8) ) + Do (P14 ) A (Bla?)
+ Az <p§qf> Ag (plgf") + Asg <qa q; > As (pip])
8o (p1a] ) ]) (a8) — Do (p1a]) (1) (a)

— 8o (a2 ) 1) @) — B2 (914 ) Do (Paf)

— Ay <p§qf> As (pl i) — Asg <q3 gk > Ao (pyp] ))

+ 3 K((a5) = (@) (pepf) -
k.o
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NUMERICAL SCHEME FOR THE
CH-NLS EQUATION

In this short section, we want to quickly explain the numerical scheme that we
used for the previous simulation of the CH-NLS equation. This is important
also to show that the radiation coming out of the collisions are difficult to

resolve numerically and may not be physical.

We used a pseudo-spectral numerical scheme with a Fourier basis in space.
We also needed a second order centred finite difference approximation for the
space derivatives of the nonlinear terms. The time integration is a second
order implicit scheme for the linear part and a first order explicit scheme for
the nonlinear term. The scheme is given by

Uit — U4 ( ol T U

At 14 a2k2? & 2

+ {m(|u|2—a2|ur|2)};:| ., (B.0.1)

where (k) is the Fourier transform of u(z) and i indexes the timesteps. The
integration of the linear term is not dissipative, but the integration of the
nonlinear term will introduce dissipation. For each simulation, we verify that

the space resolution is small enough to capture most of the spectrum of the
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solution and such that the solution can converge for simple soliton emergence
experiments. For the collision of the modulational instability simulations,
the required spectrum band is too large for realistic simulations. This will
prevent us from having a good convergence of the scheme. In figure B.1, we
display the errors on the conservation of mass and momentum of the collision
solution of figure 3.3(b), for three different timesteps. This plot illustrates
the first order of convergence of our scheme before the collision as well as the
systematic error during the collision. We also did this simulation again with
Dedalus Burns et al. (2016) which has a better implementation of spectral
methods, but we obtain similar results. The main issue is the creation of a
extremely narrow peak of high amplitude at the moment of collision which
cannot be captured by these schemes, even by considerably increasing the

spatial and temporal resolution.
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Figure B.1: Both panels of this figure show the errors for the collision displayed in 3.3(b).
The error for the mass is relative whereas the error for the momentum is absolute because
the value of the momentum is close to 0. As expected, the convergence is of order 1, but
the collision is never completely resolved, as seen from the jumps in the error of both the

momentum and mass.
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DERIVATION OF THE RMB
EQUATIONS

We will show here how to derive the L and M operators of the RMB equa-
tion of section 3.6 in the context of the AKNS hierarchy by introducing the

deformation parameter wp in its first negative flow.

For the derivation of the M and L operator we will use the same notation
as in section 3.2 for the elements of the Lie algebra s[(2), that is we denoted
its Chevalley basis by h,e and f. We start with the standard L operator but
with an M operator which contains negative powers of the spectral parame-
ter instead of positive powers for the positive AKNS hierarchy. In contrast
with the positive flows, a modification of the roots of the polynomial in A is
important. Indeed, for the positive flows, the roots correspond to zeros and
can be moved in the complex plane without affecting the integrable equa-
tions. The extra term resulting from this procedure can be absorbed by a
suitable gauge transformation. For negative flows the roots become poles,
and their position modifies the equations significantly. This effect can be
seen by the fact that if the spectral parameter takes the value of the pole,
the M operator will blow up and ZCR cannot be used anymore. The position
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of the pole is given by the parameter wy which produces the extra terms of
the RMB equation.

C.1 StanNnDARD RMB EQUATIONS

We start by deriving the classical RMB equation, with the following form for
L and M

L=M+B, and M=A"AC+uw,D), (C.1.1)

where A = (A — wp)(A + wp) and A, B,C and D are generic s[(2) matrices.

We expand the commutator in powers of A
[L, M] = A (N\?[A, C] + M\wolA, D] + A[B, C] + wo|B, D)),

and use the relations

-1 _ 1 _ 1 o i -1 _ —1
AT = 2w0()\ — wo) 2&)0()\ + wu) T 2wy (A_ A+ )
-1 1 1 L 1 -1
_ _1 C.1.2
AA 2(A — wp) * 2(A + wo) Z(A_ A7) ( )
NA-l=__ Y0 0 1=14+ 2,1 ATt
0 —w) 20 twy (1Tt A AL,

which define A_ and A,. We expand this commutator further into three

parts as

AZ": L (wo[A, D]+ [B,D] +[B.C] + wl4,0)

A7 5(wolA, D] ~ [B, D] + B,C] — wl4,C)

\°:[A,C].
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We now compute the space derivative of the M operator and expand it

similarly and obtain

AT %(Dm +Cy)
AV %(—Dr +Cy,).

From here, we will have three independent equations which need to be solved.

They can first be rearranged as

Bt - [C? A]
Cy = wo|D, A] + [C, B] (C.1.3)
D, = wo[C, Al + [D, B].

By direct computation one can see that only the two cases where o = 1 will

solve this system of matrix equations.

C.2 HypeErBoLIC RMB EQUATIONS

We will show how to this computation for the other case 0o = —1 which
contains a higher order pole in the A complex plane. We use the following

form of the L and M operator

L=XM+DB, and M =A"'\C+&\D +&E), (C.2.1)
where now A = (A — wy)(A — wp)(A + wy). At this stage, we have wp,w;

and Wy, w; as free real parameters but we will see that to obtain complete
integrability we will only have a single parameter. We will need relations
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different than (C.1.2) involving A given by

1 1 1 1
= +
2wi(w1 +wo) A+ wr  2wi(wi —wp) A —wr
B 1 1
(wl — wu)(wl +WD) A —wp
= a+A;} + a_A:i — agAu_l
B 1 1 I 1 1
2(&)1 —l—wu) A+ wy 2({.01 — wu) A —wiq
. wn 1
(wl — wu)(wl +WD) A —wp

A_l

AT =

= —wla_,_AIi +wia_ AT} — wpapAgt
1 W 1
)\QA_I — w1 +
2w +wo) At wr 2w —wo) A —wy
B w 1
(wl — wu)(wl +WD) A —wp

= w?oq_AI% +wla AT} — wiapAy?
B w? 1 4 w? 1
2(&)1 —l—wu) A+ wy 2({.01 —wu) A —wiq
wi 1
0

NATL =

+1

B (wl — wu)(wl +WD) A —wp

= —wiay AI% +wla AT} —wiaeAt +1,
where we have defined the quantities
AOZA—LUO? A+1:A+wl and A_IZA—wl?

as well as a,,a_ and a_. We proceed as before and expand the commutator

of the ZCR using (C.2.1) to get

AN [A, C)

A='\? . @,[A, D] + B, C]
A"\ @o[A, E] + @B, D]
A~ : 35 [B, E].
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Then, using the previous relations for the inverse of A, we arrive at

A1 [A,C]
Ayt —wi[A, C] — w (@1[A, D] + [B, C]) — wo(@o[A, E] 4 @1 [B, D)) — &o[B, E|
AT} : wi[A, O +wi (@1[A, D] + [B, C]) + w1 (@o[A, E] + @1[B, D)) + @B, E|
AL : —wi[A, Cl + wi(@[A, D] + [B, C]) — wi(@o[A, E] + @1[B, D)) + &o[B, EI,

where we discarded the a coefficients. The space derivative of M similarly
expands to

Ayt —wigCy — D1 Dy — G By

A:i . waI + ﬁlwlDI + E:J(}Ex

AT1: wiCyp — @1w1 Dy + @oEs .
As before, we have a set of dependent equations which we need to solve. One
can see that we need to impose some relationships between the w parameters.

The most general that we can do is to set w; = wy = Wy = w and wW; = wy so
that the terms coming from the commutator simplify to

\°:[4,C]
Ag': —w*[A, C] — w’(wo[A, D] + B, C]) — w(w[A, E] + wo[B, D]) — w|B, E]
AT} : W[4, C] +w?(wo[4, D] + [B, C)) + w(w[A, E] + wo[B, D)) + w[B, E]
AL1: —w®[A4, Cl+w’(wo[4, D] + [B,C]) — w(w[A, E] + wo[B, D)) + w[B, EJ,

and the terms from M, are

Aal : —w?Cy — wowD, —wE,
A_i 1 w?Cy + wowDy + wE,
% 1 w?Cy — wowDy + wEy .

After combining all the terms from the ZCR, we arrive at
Btl = _[A”:CJ_]: Eﬂ = w[BJ_:CJ—]: D.I.'l = [BL:DJ—]:

1 w2 (C.2.2)
Cy = wolAl, D]+ ~[BY, El|, Dy =—[Al,C*]+[B+, D],
w Wp

where we recall that the notation | means the e, f components and || the h,

or diagonal component of the matrix. We are now going to change variables
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to make the rest of the computation simpler. We set

E:=B*=B/

iP:=C¢= -0

0= D* = Df (C.2.3)
and iN := E",

where the upper index notation corresponds to the Lie algebra basis e, f, h of
s[(2). By a direct substitution in (C.2.2), we obtain the following equations
of motion for E, P,() and N

E‘.‘: — 2.P
2
P, = —2wQ+ -NE
w
2 (C.2.4)
Wo
Ny =2wEP.

Without changing the equation we rescale N — wN, absorbe a factor of 2,
use wo = w and change z <> t to obtain the final hyperbolic RMB equations
(3.6.1) with o9 = —1.
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Central extension, 131, 191
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Clebsch, 20, 169

Double bracket dissipation, 43, 98

Euler-Poincaré reduction, 23

Index

SRB measure, 59

Stationary distribution, 35

Stochastic Euler-Poincaré equation, 22,
24, 110, 171

Stochastic free rigid body, 36, 67, 85

Stochastic integrability, 30

Stochastic integrable equations, 176

Stochastic nonlinear stability, 80

Fokker-Planck equation, 31, 40, 48,
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Gibbs distribution, 48, 52

Hamilton-Pontryagin principle, 26, 46

[sospectral problem, 173, 194

Landmarks dynamics, 108
Lyapunov exponents, 60, 67

Madelung variable, 187, 208
Modulational instability, 164, 200
Moment dynamics, 113

Random attractors, 54, 69
Reconstruction relation, 23, 110
RMB equations, 192

Semi-direct product, 27
Sobolev deformation, 146
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