The use of a nonlocal critical state model in modelling triaxial and plane strain tests on overconsolidated clays
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ABSTRACT: When modelling the phenomenon of strain localisation in strain-softening soils with the finite element (FE) method, nonlocal approaches have been commonly employed to avoid mesh dependency and numerical instability. This paper first presents the FE formulation of a critical state model for highly overconsolidated clays incorporating a nonlocal method. The performance of the nonlocal strain regularisation is subsequently assessed through a series of coupled hydro-mechanical (HM) analyses of undrained and drained triaxial compression tests on London clay. The mechanism behind the evolution of strain localisation in triaxial tests is investigated and a comparison with equivalent plane strain analyses is discussed. Finally, a comprehensive sensitivity study is presented, investigating the influence of the two nonlocal parameters, in the adopted nonlocal algorithm, on the predicted stress-strain responses. A key outcome is the derived linear relationship between the two parameters, which enables a unique stress-strain response to be achieved in either axisymmetric or plane strain analyses with multiple combinations of the two parameters. Such a modelling capability is essential in applications of the proposed nonlocal strain regularisation in large scale boundary value problems in which restrictions on element size exist. 
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1. Introduction
The appreance of strain localisation in soils is a common phenomenon in the field of geotechnical engineering (Vardoulakis, 1980; Alshibli et al., 2003; Druckrey et al., 2018). Investigating the strain localisation is of significance in revealing deformation and failure characteristics of soils that are crucial for practical designs (Kodaka et al., 2007; Yao et al., 2009; Gylland et al. 2014; Thakur et al. 2018). However, when employing the conventional finite element (FE) method in the modelling of boundary value problems involving strain localisation, the predicted results often exhibit a significant mesh dependency, and even suffer from severe convergence problems due to the highly concentrated strains. 
To avoid the above numerical issues, several nonlocal methods have been developed and applied in recent computational studies of strian localisation, the most common being the original method (Bažant and Belytschko, 1985), the over-nonlocal method (Vermeer and Brinkgreve, 1994), and the G&S method (Galavi and Schweiger, 2010). In these nonlocal approches, calculation of the selected strain variables (e.g. total or plastic strains) at a point is regulated by relating it to that of the surrounding area. So far, nonlocal methods have been succesfully incorporated into the FE constitutive facilities and have been demonstrated by a number of studies to be capable of producing reliable solutions in the modelling of strain localisation. Galavi and Schweiger (2010) presented a nonlocal model based on the multilaminate framework and demonstrated its capability in the simulation of biaxial compression and a shallow tunnel. Conte et al. (2010, 2013) presented the formulation of a nonlocal elasto-viscoplastic strain-softening Mohr-Coulomb (MC) model and futher investigated its performance in the FE plane strain analyses of both the response of shallow foundations and the progressive failure of slopes. Summersgill et al. (2017) assessed the performance of the above three commonly used nonlocal strain methods in the plane strain FE analysis of biaxial compression tests under both drained and undrained conditions, using a nonlocal strain-softening MC model. Subsequently, Summersgill et al. (2018) performed a series of plane strain coupled hydro-mechanical (HM) FE analyses with the proposed nonlocal strain-softening MC model to investigate different failure mechanisms of a slope in a stiff clay. Mánica et al. (2018) presented the formulation of a nonlocal strain-softening MC model and demonstrated its performance in a number of two-dimensional (2D) plane strain and three-dimensional (3D) FE analyses of strain localisation in biaxial compression. Mánica et al. (2022a, 2022b) subsequently applied the presented nonlocal strain-sotening MC type model in the coupled HM plane strain FE analyses of underground excavations in an indurated clay. Mallikarachchi and Soga (2020) incorporated the G&S nonlocal method into a Nor-Sand model and further assessed its performance in the plane strain analyses of drained and undrained biaxial compression tests on dense sand. Following a similar approach, Gao et al. (2021a, 2021b) proposed a nonlocal regularisation for an anisotropic sand model and applied it in the plane strain analysis of a strip footing on dry sand. Chen et al. (2023) introduced a nonlocal Eulerian-based FE algorithm for large deformation analysis with a strain softening von-Mises model and further verified its capability in the plane strain analysis of biaxial compression. 
To date, constitutive models used in existing FE modelling of strain localisation were mainly of the simple Mohr-Coulomb type, in which the nonlocal deviatoric plastic strians were employed in developing the constitutive formualtion. Although a few studies attempted to incorporate the nonlocal methods into more sophiscated state parameter dependent models for sands by regulating the void ratio with the nonlocal total strains, weak elements were required to induce strain localisation in the modelling of biaxial compression while these were not necessary in exisitng analyses with nonlocal MC models. Cui et al. (2023) proposed a generic nonlocal strain regularistion for critical state models with volumetric hardening such as the modified Cam-clay (MCC) model, which was shown in the analyses of biaxial compression to be capable of effectively reducing mesh dependency. However, its performance in the analyses with more complex stress paths (e.g. undrained, coupled hydro-mechanical (HM)), and/or with more advanced constitutive relations (e.g. those accouting for a Hvorslev surface and small strain behaviour) was not shown. In particular, the effects of the associated nonlocal parameters on the predicted behaviour of strain localisation remained unclear. Moreover, the analysis type used in existing studies for demonstrating the performance of various nonlocal constitutive models was mainly plain strain. The capability of nonlocal methods in elminating mesh dependency and ensuring stable solutions under axisymmetric conditions, e.g. modelling of triaxial tests, has not been shown elsewhere.
[bookmark: _Hlk143074057]This paper presents a critical assmessment of the performance of the nonlocal strain regularisation for cirtical state models with volumetric hardening. The bespoke FE software ICFEP (Imperial College Finite Element Program, Potts and Zdravković, 1999, 2001) was employed to perform all analyses presented in this paper. A series of  coupled hydro-mechanical FE simulations of drained and undrained triaxial compression tests on highly overconsolidated clays were carried out with a nonlocal generalised MCC model. In these anlayses the applied boundary conditions simulated the test procedure followed in the laboratory when performing advanced triaxial tests. The effects of analysis type (drained or undrained) and nonlocal parameters on the predicted stress-strain relations as well as the evolution of strain localisation throughout the simulations is demonstrated and a comparison with equivalent plane strain analyses is made. A compression positive sign convention is adopted for the presented formualtion and simulation results. 

2. A nonlocal critical state model with volumetric hardening for highly overconsolidated clays
[bookmark: _Hlk147825401]2.1 Model formulation 
The mechanical behaviour of highly overconsolidated clays, e.g. London clay, is generally characterised by its highly nonlinear stiffness in the small strain range and the post-peak brittleness. When employing a widely used modified Cam clay (MCC) model (Roscoe and Burland, 1968) to simulate highly overconsolidated clays, an extension of the model is necessary: to replace the MCC nonlinear stiffness formulation with a small strain stiffness overlay; and to prevent an over-prediction of peak strength by replacing the MCC elliptical yield surface with the Hvorslev surface on the dry side of critical state.
For the extended MCC model adopted here a nonlinear Hvorslev surface (Tsiampousi et al., 2013) is employed on the dry side, while elliptical shape remains on the wet side:
                     (1)
               (2)
where  is the mean effective stress,  is the generalised deviatoric stress,  is the slope of the critical state line for a given value of the Lode’s angle ,  and  are parameters defining the shape of the Hvorslev surface, is the mean effective stress at critical state which can be determined as , and  is the hardening parameter controlling the size of the yield surface expressed as 
                         (3)
where  is the specific volume,  and  are the slopes of the isotropic compression and swelling lines in the  space respectively, and  is the plastic volumetric strain. Figure 1 depicts the complete shape of the yield surface in the  plane, which reduces the size of the elastic region as well as the peak strength on the dry side compared to that of the original MCC ellipse. When , the Hvorslev surface coincides with the critical state line. When , the Hvorslev surface becomes planar, with the gradient governed by . When , the Hvorslev surface becomes curved and passes through the origin with the gradient at  defined by .


Figure 1. Yield surface in  plane for the generalised MCC model
[bookmark: _Hlk147674915]The plastic potential, , for the wet side of the model is also given by Eq. (2) but with the possibility of choosing a different value of , denoted as . The plastic potential at the current stress (,) on the Hvorslev surface (i.e. dry side) is defined as:
(4)
[bookmark: _Hlk148078853][bookmark: _Hlk148078870]where  is a model parameter controlling the shape of the plastic potential and  is the parameter controlling the gradient of the flow vector at , as shown in Figure 1. In this study, a Mohr-coulomb hexagonal shape of the yield surface and a circular shape of the plastic potential surface in the deviatoric plane were adopted for  and  respectively.
To capture the shear stiffness degradation in the small strain range, the Imperial College General Small Strain Stiffness (IC.G3S) model (Taborda et al., 2016), is employed: 
                 (5)
where  is a reference pressure,  is the small-strain shear modulus at ,  is the generalised deviatoric strain (i.e. the second invariant of the strain tensor), and ,  and  are model parameters controlling the shape of the degradation curve. In order to ensure the undrained shear strength remains the same as that of the original MCC model, the adopted elastic bulk modulus, K, is expressed as: 
                            (6)
2.2 Introduction of nonlocal strain regularisation
[bookmark: _Hlk166572887]To overcome the problem of mesh dependency in the FE modelling of strain softening, the nonlocal strain regularisation approach has been adopted. As the hardening behaviour, as shown by Equation (3), is controlled by the plastic volumetric strain, the incremental nonlocal plastic strains are required which can be evaluated as
     (7)
where  represents the location at which the incremental nonlocal plastic strain is calculated,  refers to all the surrounding locations of the local (reference) strains, and  is the weighting function defined for all reference locations. Various forms of weighting functions have been proposed in the literature, among which the G&S nonlocal method (Galavi and Schweiger, 2010) has been demonstrated to be robust in eliminating mesh dependency and is adopted in this study. The associated weighting function can be expressed as:
           (8)
where DL is a parameter that affects the range of the weighting distribution and thus the softening rate. The size of DL should be carefully determined based on the size of the elements in the mesh as well as its impact on the softening rate, as suggested by Summersgill et al. (2017).
[bookmark: _Hlk166483853]Following the procedure detailed by Cui et al. (2023), the incremental nonlocal plastic strains are introduced into generalised MCC model for heavily overconsolidated clays, leading to the associated nonlocal FE matrix as
                 (9)
where  is the elastic constitutive matrix,  are the incremental total strains,  denotes the derivative of the plastic potential function with respect to the corresponding stress components, and  is a scalar multiplier expressed as
                       (10)
in which  denotes the derivative of the yield function with respect to the corresponding stress components, and the term  is given as
                  (11)
[bookmark: _Hlk148103952]where  denotes the derivative of the yield function with respect to the hardening parameter, i.e.  in the adopted model,  is a scale parameter for controlling the softening rate, and  is a vector of the incremental nonlocal plastic strains. It should be noted that in a Newton-Raphson type nonlinear FE solution algorithm, used in most implicit FE programs, the size of incremental nonlocal plastic strains  in Eq. (11) is assumed to be obtained from the incremental local plastic strains from the previous iteration. For the generalised MCC model for heavily overconsolidated clays, the term  can be further derived as
                   (12)
where  is the incremental nonlocal plastic volumetric strain. However, as demonstrated by Cui et al. (2023), applying Eq. (12) directly can lead to numerical instability at the critical state as  may not strictly remain at zero. To overcome this problem, the nonlocal incremental plastic volumetric strain, , in Eq. (12) is replaced by the nonlocal incremental plastic deviatoric strain, , by employing the dilatancy equation expressed as
(13)
[bookmark: _Hlk123988929]As both  and  are satisfied at the critical state, the right-hand side of Eq. (13) stays at zero. Substituting Eq. (13) into Eq. (12) yields
(14)
The incremental hardening parameter  can be obtained following the same approach shown above as 
  (15)
3. Application in the modelling of triaxial tests on heavily overconsolidated clays
3.1 Numerical model
To assess the performance of the above extended MCC model with nonlocal regularisation and to investigate the effect of the associated nonlocal parameters, a series of coupled HM finite element analyses of triaxial tests performed on London clay specimens have been carried out, in which the specimen has a diameter of 100 mm and a height of 200 mm (Gasparre, 2005; Nishimura, 2005). Assuming that the specimen in the triaxial test is homogenous with a perfectly cylindrical geometry and that the applied boundary conditions in the test are symmetrical, an axisymmetric analysis type is sufficient, as opposed to a full 3D analysis, so this analysis type was used to obtain the results presented in this study. In this respect the authors have repeated several of the simulations presented here using full 3D analyses and have obtained the same results as those from the equivalent axisymmetric analyses, albeit consuming significantly greater computer resources. To assess the capability of the nonlocal regularisation in eliminating mesh dependency when modelling strain localisation, two mesh discretisation schemes were adopted, with a coarse and a fine mesh consisting of 100 (520) and 1600 (2080) 8-noded quadrilateral elements respectively (see Figure 2). In both meshes each node has two displacement degrees of freedom while pore fluid pressure degrees of freedom exist only at element corner nodes, ensuring a consistent variation of both effective stresses and pore fluid pressures in the element. A modified Newton-Raphson non-linear solver with an error-controlled sub-stepping stress point algorithm was adopted for all analyses. The time-step size has been chosen carefully to avoid numerical oscillations arising from hydraulic shock, as highlighted by Cui et al. (2016; 2024).


(a)              (b)            (c)
Figure 2. Finite element model and mesh discretisation schemes: (a) geometry and displacement restraints (rough ends); (b) coarse mesh; (c) fine mesh
3.2 Soil behaviour
[bookmark: _Hlk105419483]Experimental results from London clay specimens retrieved from Heathrow Terminal 5 at a depth of 20-30m (i.e. B2 unit) were used for calibration of the extended MCC model, involving oedometer and undrained triaxial compressions tests (Gasparre, 2005; Gasparre et al., 2007). In the calibration process, an overconsolidation ratio of 6.5 was adopted, as reported by Gasparre (2005). The calibrated input values of the model parameters are summarised in Table 1, with a comparison between the experimental data and model predictions plotted in Figure 3. The model predictions have been obtained by integrating the constitutive equations along the stress/strain paths imposed in ideal (homogeneous with no end restraints) triaxial tests. It is noted that to achieve a more distinct softening behaviour and thus strain localisation, a lower bound of 15.5º was chosen for the internal friction angle.
Table 1 input values of model parameters
	Model parameters

	v1
	λ
	κ
	ν
	′
	α
	n

	2.46
	0.115
	0.065
	0.3
	15.5º
	0.1
	1.0

	β
	m
	
	
	
	
	

	0.2
	0.1
	30321.08
	100
	0.0122943
	2.76E-5
	0.827565





(a)                                   (b)



(c)                                   (d)
Figure 3. Original tests and calibration results for samples of the B2 unit: (a) vertical effective stress-void ratio response in oedometer test; (b) stiffness degradation during undrained triaxial compression; (c) stress path in p′-q plane during undrained triaxial compression; (d) stress-strain curve in ε1-q plane during undrained triaxial compression.
A nonlinear permeability model was employed to characterise the hydraulic behaviour of London clay, in which the permeability, , is assumed dependent on the mean effective stress, , expressed as
                           (16)
where  is the permeability at zero mean effective stress (m/s) and B is a model parameter (m2/kN). In this study  and  were adopted, as suggested by Kovacevic et al. (2007).
[bookmark: _Hlk148039856]3.3 Initial stress conditions and modelling procedure
The initial stress conditions were representative of the samples retrieved from Heathrow Terminal 5 at a depth of 20m, which was consistent with those used in the model calibration. To initiate effective stresses, bulk unit weights of 9.81 kN/m3 and 20.0 kN/m3 were adopted for the pore water and the clay respectively, resulting in the distributions of the vertical and horizontal effective stress and pore water pressure (tensile due to an initial suction in the specimen), along the sample height shown in Figure 4. It is noted that a zero horizontal total stress throughout the sample and a zero vertical stress at the top of the sample was specified at the beginning of the analysis.
As shown in Figure 5, four main triaxial testing stages were considered in simulations, including (1) filling triaxial cell with water, (2) restoring compressive pore water pressure, (3) anisotropic consolidation, and (4) triaxial shearing. The adopted modelling procedures in terms of applied boundary conditions and time marching schemes were similar to those established by Cui et al. (2021), in which a full 3D analysis was employed to investigate the effect of a pre-existing fissure. These are, therefore, not detailed here. In this work only triaxial tests with end restraints (rough top and bottom porous stones) were taken into account, achieved by restraining all nodes on top and bottom specimen surfaces from moving laterally (i.e. in the r direction) and all nodes on the bottom surface from moving vertically (i.e. in z direction). Both undrained and drained conditions were considered which were modelled by prescribing a zero pore water flow boundary condition and a zero change of pore water pressure boundary condition at both the top and bottom surfaces of the specimen, respectively. To simulate the presence of the porous discs at the ends of the sample the pore pressure degrees of freedom across the top surface of the specimen were tied together, as were the pore pressure degrees of freedom across the bottom surface. For the drained cases, a sufficiently large incremental time-step size (i.e. extremely low shearing rate) was required during the shearing stage to ensure a complete dissipation of any excess pore water pressures (see Figure 5(e)). 
To understand the behaviour of strain localisation under axisymmetric conditions and to further assess the performance of the nonlocal strain regularisation in coupled HM analysis, comparative studies were also carried out in which the analysis type was altered to be plane strain while the remaining numerical facilities remained the same as those introduced above. 


(a)


(b)
Figure 4. Initial stress distribution in the sample: (a) effective stresses; (b) pore water pressure 


Figure 5. Boundary conditions applied at different stages in the modelling of triaxial testing: (a) cell water filling; (b) sample saturation; (c) anisotropic consolidation to in situ K0; (d) undrained shearing; (e) drained shearing
3.4 Post-processing and interpretation
[bookmark: _Hlk148170827]The results of all analyses were interpretated following a similar approach to that adopted in a real laboratory test. The change of the shear stress q with respect to the initial value (i.e. -75kPa) was obtained by dividing the sum of the vertical reactions at all nodes on the top surface by the cross-sectional area of the sample. To be consistent with the small displacement FE scheme employed in the analyses where the geometric integration was performed with the original dimensions, a constant cross-sectional area of the specimen (i.e. 0.00785m2) was used. In the modelling of the undrained triaxial tests, the variation of the pore water pressure obtained at the node located at the mid height on the lateral surface of the sample (i.e. point A in Figure 2(c)), representing the location of a pore pressure probe usually employed in an advanced laboratory triaxial test, was used. In the analysis of drained triaxial tests, the volume change of the sample was obtained by calculating the accumulated total volume of the pore water dissipating from both the top and bottom surfaces of the specimen. The axial strain was determined by dividing the total displacement imposed on the top surface of the specimen by the initial height of the specimen.

[bookmark: _Hlk140666352][bookmark: _Hlk140483253]4. Results and discussion
4.1 Undrained triaxial tests
[bookmark: _Hlk157542491][bookmark: _Hlk150867487][bookmark: _Hlk150871399]A series of axisymmetric analyses of undrained triaxial tests on London clay with rough ends were first carried out, in which different mesh discretisation schemes (as in Figure 2) and FE constitutive equations (i.e. local and nonlocal ones) were employed. As suggested by Summersgill et al. (2017), in all analyses with the nonlocal algorithm, DL=0.02 was adopted which was two times larger than the element size in the coarse mesh. Figure 6(a) and 6(b) show the stress-strain curves obtained during the shearing stage using the local and nonlocal algorithms respectively. Also plotted on both figures is the ‘ideal’ curve representing the results obtained by integrating the constitutive equations over the associated stress/strain path. A significant mesh dependency could be observed in both the predicted peak strength and the softening rate when the conventional local method was used. In particular, oscillatory solutions were evident at the beginning of the softening stage in the analysis with the fine mesh. When the nonlocal strain regularisation was employed, Figure 6(b), almost identical stress-strain curves were predicted for both mesh discretisation schemes, indicating that the issue of mesh dependency has been eliminated. Peak shear stresses of kPa and kPa were predicted at an axial strain of around 3% by the nonlocal analyses with the fine mesh and the coarse mesh respectively, while that of the ‘ideal’ curve was 7.4% higher and reached at an axial strain of approximately 3.3%. The difference in the predicted peak strength between the nonlocal analyses and the ‘ideal’ curve is a consequence of the adopted rough end restraints, and this finding is consistent with that of Cui et al. (2021) where a strain-hardening MC model was adopted in the 3D modelling of triaxial tests. It is also noted that the softening rate predicted by the nonlocal analyses was slightly higher than that of the ‘ideal’ curve while the residual strength was approximately 13.3% lower.
As shown in Figure 7, the variation of the predicted pore water pressure at Point A in the nonlocal analysis with the fine mesh exhibited a feature similar to that of the shear stress. The predicted value at the residual stage was 17.7% higher than that of the ideal curve. Further reducing the shearing rate, i.e. 1%/day, resulted in only a slight difference in the pore water pressure changes at the softening stage, indicating that the adopted shearing rate of 5%/day was sufficiently slow to prevent the generation of significant excess pore water pressures.


(a)


(b)
Figure 6. Predicted stress strain curves in axisymmetric modelling of undrained triaxial tests with: (a) local method; (b) nonlocal method


Figure 7. Predicted variation in pore water pressures in axisymmetric modelling of undrained triaxial tests with the fine mesh 
Figure 8 depicts the evolution of the distribution of the accumulated plastic deviatoric strain (i.e. shear band) in the axisymmetric modelling of the undrained triaxial tests, employing the fine mesh and the nonlocal method, with the corresponding stress states marked by the four dots in Figure 6(b). The set of figures demonstrates that, upon reaching the peak shear, the shear band first appeared at both the top and bottom corners of the specimen (Figure 8(a)). As the stress level (i.e. ) was higher at the bottom of the sample due to the self-weight, an inclined shear band gradually developed from the bottom corner towards the axis of symmetry (Figures 8(b) and 8(c)). At the end of the shearing stage (i.e. axial strain of 20%), strain localisation could be observed at the bottom of the sample resulting in a bulging type of deformed shape, as shown in Figure 8(d), while the stresses and strains were assumed to be uniform throughout the sample for the ‘ideal’ curve. It is noted that the shear band that appeared initially at the top right corner of the sample stayed almost unchanged during the softening stage.
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(a)       (b)       (c)              (d)
Figure 8. Predicted distribution of accumulated plastic deviatoric strains in the axisymmetric analysis of undrained triaxial tests with the fine mesh: (a) axial strain of 2.9%; (b) axial strain of 3.3%; (c) axial strain of 4.5%; (d) axial strain of 20%


Figure 9. Predicted load-displacement curves in the plane strain analysis of undrained tests with the nonlocal method
Figure 9 presents the predicted load-displacement curves with the nonlocal strain regularisation in the equivalent plane strain analysis. The ‘ideal’ curve representing the results obtained by integrating the constitutive equations under the plane strain condition is also plotted. Although a noticeable difference could be observed in the predicted softening rate and residual reaction between the coarse mesh (5×20) and the fine mesh (20×80), a further mesh refining (40×160) resulted in a negligible change in the predicted results compared to those by the fine mesh. This indicates that compared to the axisymmetric analysis, a finer mesh, in addition to the nonlocal strain regularisation, is required in the plane strain analysis to avoid mesh dependency. 
As shown in Figures 10(a) and 10(b), strain localisation first appeared at the middle height of the sample in the equivalent plane strain analysis during the softening stage, which gradually developed towards both the top and bottom ends of the sample, forming a pair of inclined shear bands and note that the left hand side vertical boundary represents the centre line of the specimen. Before the residual stage was reached, as shown in Figure 10(c), multiple shear bands were predicted to appear in the specimen. However, at the end of shearing, only two distinct dominant shear bands at the middle height of the specimen could be observed.
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(a)        (b)        (c)                   (d)
[bookmark: _Hlk150877690]Figure 10. Predicted distribution of accumulated plastic deviatoric strains in the plane strain analysis of undrained tests with the fine mesh: (a) axial strain of 1.6%; (b) axial strain of 3.5%; (c) axial strain of 7%; (d) axial strain of 20%
[bookmark: _Hlk148800857][bookmark: _Hlk142393921]4.2 Drained triaxial tests
Figure 11 presents the predicted stress-strain curves in the axisymmetric modelling of the drained triaxial tests with the local and nonlocal algorithms respectively. An almost vertical drop could be observed during the softening stage in the analysis with the local method, while the predicted residual drained strength was slightly different between the coarse and fine meshes (see Figure 11(a)). When the nonlocal method was adopted, marginal mesh dependency could be seen in the predicted stress-strain curves, Figure 11(b). In particular, the predicted softening rate with both mesh discretisations had slowed down, but was still much higher compared to that of the ‘ideal’ curve. This suggested that further modification of the adopted values of the nonlocal parameters controlling the softening rate, i.e., DL and/or , might be appropriate. It is noted that the predicted drained strength in both nonlocal analyses was identical to that of the ‘ideal’ one. 
[bookmark: _Hlk167130140]Figure 12 shows the variation of the volumetric strain predicted by the ‘ideal’ curve and the nonlocal analyses. Elastic contraction could be found at the hardening stage in the ‘ideal’ curve, followed by a significant shearing dilatancy. When the critical state was reached, a dilative total volumetric change was obtained. However, in the axisymmetric analyses of drained triaxial tests, a significantly lower shearing dilatancy was predicted, resulting in a compressive volumetric change at the end of shearing. As demonstrated in Figure 13, strain localisation due to softening only concentrated at the bottom of the sample in the axisymmetric analysis. This explains why the predicted dilation in the FE sample at the residue state is smaller than that in a single element at the critical state. Since the dilation deformation primarily occurs at the bottom of the sample, only a portion of the elements in the mesh undergo complete dilation, leading to smaller volume strain changes compared to those observed in the “ideal” case. Figure 13 also demonstrates the evolution of the strain localisation in the axisymmetric analysis of the drained triaxial tests, exhibiting a similar feature to that in the axisymmetric analysis of the undrained tests. An inclined shear band appeared during the softening stage which developed from the bottom corner of the mesh towards the centre, resulting in a final bulging shape concentrated at the bottom of the specimen. 


(a)


(b)
Figure 11. Predicted stress strain curves in axisymmetric modelling of drained triaxial tests with: (a) local method; (b) nonlocal method


Figure 12. Predicted variation in volume change in axisymmetric modelling of drained triaxial tests 
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(a)       (b)       (c)             (d)
Figure 13. Predicted distribution of accumulated plastic deviatoric strains in the axisymmetric analysis of drained triaxial tests with the fine mesh: (a) axial strain of 2.9%; (b) axial strain of 3.1%; (c) axial strain of 4.05%; (d) axial strain of 20%
Figures 14 and 15 present the predicted load-displacement curves and contour plots of accumulated plastic deviatoric strains in the equivalent plane strain analyses of the drained tests, respectively. Compared to the corresponding axisymmetric analysis, elimination of mesh dependency in the plane strain analysis required a finer mesh, but further mesh refinement did not change the results. Moreover, in contrast to the bulging shape observed in the axisymmetric analysis, two distinct shear bands with an orientation of approximately  were formed in the plane strain analysis. It is also noted that the predicted shear bands were located in the bottom half of the sample, while that in the plane strain analysis of undrained tests was observed to appear at the middle height of the sample.


Figure 14. Predicted load-displacement curves in plane strain analysis of drained tests with the nonlocal method
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(a)        (b)         (c)                 (d)
Figure 15. Predicted distribution of accumulated plastic deviatoric strains in the plane strain analysis of undrained tests with the fine mesh: (a) axial strain of 3.1%; (b) axial strain of 3.3%; (c) axial strain of 4.3%; (d) axial strain of 20%
[bookmark: _Hlk140604316][bookmark: _Hlk140603444]5. Effect of nonlocal parameters
5.1 Effect of the internal length DL


(a)


(b)
Figure 16. Effect of DL on the predicted stress-strain curve in the axisymmetric analysis of: (a) undrained triaxial tests; (b) drained triaxial tests
To investigate the effect of the internal length DL on the predicted results with the nonlocal strain regularisation, additional analyses, using the fine mesh, have been performed with DL=0.01 and DL=0.04. Figures 16(a) and 16(b) compare the simulated stress-strain curves with different values of DL in the axisymmetric analyses of the undrained and drained triaxial tests respectively. In all analyses, the predicted peak shear stress was observed to be almost independent of the adopted value of DL. However, increasing DL resulted in a lower softening rate. This arises because the relative contributions of the local strains adjacent to the positions at which the nonlocal strains are calculated depends on the weighting function, given by Eq. (8), which in turn depend on the magnitude of DL. For the same distribution of local strains the nonlocal strain reduces as DL increases. In the modelling of undrained triaxial tests, the residual shear stress increased with increasing DL, while it remained unchanged in the analysis of drained triaxial tests. As shown in Figures 17(a) and 17(b), a similar feature of the effect of DL could be found in the load-displacement curves predicted by the equivalent plane strain analyses. It is also noted that the influence of DL on the predicted softening rate in the plane strain analysis became more significant compared to that in the axisymmetric analysis. 


(a)


(b)
Figure 17. Effect of DL on the predicted load-displacement curve in the plane strain analysis of: (a) undrained triaxial tests; (b) drained triaxial tests
[bookmark: _Hlk150698366]5.2 Effect of  
[bookmark: _Hlk157169136]Figures 18(a) and 18(b) demonstrate the effect of the nonlocal scale parameter  on the predicted stress-strain behaviour in the axisymmetric analyses of the undrained and drained triaxial tests respectively. In all analyses the fine mesh with DL=0.02 was used, while the values of  varied from 0.2 to 1.0. Decreasing the value of  leads to a slower softening rate, but the peak shear stress remained almost unchanged. In the analysis of undrained triaxial tests, an increasing residual strength is observed with decreasing , while the drained strength was independent of . These features were similar to those exhibited in the analyses with varied DL values, but with a more significant impact. As shown in Figures 19(a) and 19(b), the effect of ϖ on the predicted load-displacement behaviour in the plane strain analysis was also observed to be similar to that in the corresponding axisymmetric analysis. 


(a)


(b)
Figure 18. Effect of  on the predicted stress-strain curve in the axisymmetric analysis of: (a) undrained triaxial tests; (b) drained triaxial tests


(a)


(b)
Figure 19. Effect of  on the predicted load-displacement curve in the plane strain analysis of: (a) undrained triaxial tests; (b) drained triaxial tests 
Figures 20 and 21 further demonstrate the effect of  on the predicted behaviour of strain localisation and deformed specimen shape. In all axisymmetric analyses a bulging deformed shape was obtained. The position of localised plastic deviatoric strains moved up the sample with decreasing . In the equivalent plane strain analyses of undrained tests, the location of the shear band stayed almost unchanged, while the location of the shear bands in the drained tests moved upwards and stayed almost unchanged when  became lower than 1.0. However, as shown in Figure 21(a), in the plane strain analyses of undrained tests, appearance of multiple distinct sets of shear bands could be observed when  was lower than 1.0. This phenomenon was found to be related to not only the shearing rate and nonlocal parameters, but also to the adopted aspect ratio of the specimen. As shown in Figure 22, in the plane strain analysis with , multiple shear bands gradually disappeared as the aspect ratio was reduced and only one set of shear bands existed when aspect ratio became 3.0. 
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[bookmark: _Hlk157168985]Figure 20. Effect of  on the predicted strain localisation at the end of the test in the axisymmetric analysis of: (a) undrained triaxial tests; (b) drained triaxial tests 
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(a) =1.0, 0.7, 0.4, 0.2
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(b) =1.0, 0.7, 0.4, 0.2
Figure 21. Effect of ϖ on the predicted strain localisation at the end of the test in the plane strain analysis of: (a) undrained triaxial tests; (b) drained triaxial tests
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(a)         (b)         (c)
Figure 22. Effect of aspect ratio on the predicted strain localisation at the end of the test in the plane strain analysis of undrained triaxial tests with =0.2: (a) 2080 elements (b) 2070 elements (c) 2060 elements
5.3 Relationship between DL and 
[bookmark: _Hlk151454209]In the adopted nonlocal method, the softening rate of the stress-strain curve, or the load-displacement curve, can be regulated by either the internal length DL and/or the scale parameter . To investigate the relationship between the two nonlocal parameters, a series of axisymmetric analyses of the undrained triaxial test have been carried out. In the first set of analyses, as shown in Figure 23(a), the stress-strain curve obtained with DL=0.02 and  was chosen as the desired mechanical response. This result could be achieved by either decreasing the value of  when DL=0.01, or increasing the value of  in the analyses with DL=0.03 and DL=0.04. In a second set of analyses, the above procedure was repeated in which the stress-strain response with DL=0.03 and  was employed as a desired one (see Figure 23(b)). As demonstrated in Figure 24(a), an essentially linear relationship between DL and  could be obtained in both sets of axisymmetric analyses, indicating that manipulating either DL or  can yield a unique stress-strain response with a specific softening rate. Following the same procedure as described above, similar relationships between DL and  could also be observed in the equivalent plane strain analyses, as shown in Figure 24(b), which agrees with the findings in existing studies employing plane strain analysis (e.g. Mánica et al. 2022a).


(a)


(b)
Figure 23. The stress-strain curve in the axisymmetric analysis of undrained triaxial tests with varying DL and : (a) set 1 (b) set 2


(a)


(b)
Figure 24. Relationship between DL and : (a) axisymmetric analysis, (b) plane strain analysis
6. Conclusions
This paper presents a nonlocal critical state model with volumetric hardening and assesses the performance of the associated nonlocal strain regularisation through a series of HM coupled axisymmetric FE analyses of both undrained and drained triaxial tests on highly overconsolidated clays. The predicted stress-strain responses and the evolution of strain localisation are evaluated by comparison to those obtained by the conventional local method and to those obtained by equivalent plane strain analyses. A sensitivity study has also been carried out to investigate the effects of the nonlocal parameters, DL and , in both axisymmetric and plane strain analyses. The main conclusions are summarised as follows:
   (1) A nonlocal critical state model for highly overconsolidated clays which accounts for both the small strain stiffness and the Hvorslev surface is introduced. The adopted nonlocal strain regularisation is demonstrated capable of effectively eliminating mesh dependency and ensuring numerical stability in both axisymmetric and plane strain analyses.
    (2) Undrained and drained triaxial compression tests on London clay are recovered employing the coupled HM FE analyses with appropriate boundary conditions and the presented nonlocal critical state model. Special attention must be paid to the predicted undrained strength from the nonlocal analysis, which can be significantly affected by the choice of nonlocal parameters.
    (3) Mechanisms behind the evolution of the distribution of accumulated deviatoric plastic strains throughout the shearing stage of triaxial tests are revealed. Strain localisation appears at the bottom of the sample in simulations of both the drained and undrained triaxial tests resulting in a bulging deformed shape, while distinct shear bands can be observed in equivalent plane strain analyses. In addition, the predicted behaviour of strain localisation is found to be related to the aspect ratio of the sample.
[bookmark: _Hlk157169252](4) The nonlocal parameters DL and  can significantly influence the predicted stress-strain response as well as the location of strain localisation. A linear relationship between them is derived when a unique stress-strain response in axisymmetric and plane strain analyses is achieved. This is a useful outcome for further applications of the presented nonlocal strain regularisation for critical state models with volumetric hardening in the simulation of strain localisation in stiff clays. For example, as the parameter DL is required to be large enough to ensure sufficient integration points are available for the calculation of the nonlocal strains, it must be larger than the size of the finite elements used. In the absence of the parameter  this implies that the minimum value of DL and the maximum element side will dictate the maximum softening rate that can be achieved in a particular mesh. However, having the ability to adjust  overcomes this restriction.
(5) A homogeneous cylindrical sample subject to axi-symmetric boundary conditions should deform and fail in an axisymmetric manner. This implies that if slip planes develop then a cup and cone failure mechanism should form. The fact that this does not always happen in a laboratory experiment implies that either the sample is not homogeneous, the sample geometry is not a perfect cylinder and/or the boundary conditions are not axi-symmetric. This will be further investigated in future research. 
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