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1

Introduction

There is a rich interplay between supersymmetry and geometry in non-linear sigma models.

Supersymetric sigma models have led to the discovery of a rich class of complex geometries.

Our purpose here is to revisit this story, and we find that past results readily extend to

the construction of some interesting new geometries with (4, q) supersymmetry.



The sigma model in 2 dimensions with (1,1) supersymmetry has a target space with
a metric g and closed 3-form H given locally in terms of a 2-form potential B, H =
dB [1]. The action can be written in (1,1) superspace with coordinates (x*,0%) where
x# = (2™, 27) are null coordinates, z™ =7+ 0, 27 =7 — 0, and % = (07,07). We use
spinor indices +, — so that ¥ is a positive chirality 1-component Weyl spinor and 3~ is a
left-handed one, for any spinor . If the target space coordinates are X?, i = 1,...,n, the
map from the worldsheet superspace to the target space is given locally by scalar superfields
X'(x,0) and the action is

S = ;/d2xd29 D_X'(g+ B);;(X)D X7 . (1.1)

For particular geometries, the sigma model can have extended supersymmetry. The
conditions for (2,2) and (4,4) supersymmetry were found in [1] and the conditions for (2,0)
supersymmetry were found in [2]. This was generalised to the case of (p, ¢) supersymmetry
in [3] and the geometry was further studied in [4]. The (1, 1) theory will in fact have (p, q)
supersymmetry (with p,q = 1,2 or 4) if the target space has p — 1 complex structures Ji4
and ¢ — 1 complex structures J(_y satisfying

Tl =9, (Jw)=-1, VHJL =0, (1.2)
where

vE = <v<0> - ;g_1H> (1.3)

is the connection with torsion :I:%gilHljk added to the Levi-Civita connection V(9. Then
the extra supersymmetry transformations are given in terms of these complex structures by

SXT = ¢} (J(A>>ij DX +e; (49

(_)) DX, (1.4)

where A=1,....,p—1and A=1,...,q—1 label the complex structures.

Closure of the algebra requires that J(4) is an almost complex structure, (J(4))? =
—1 and that it is integrable, i.e. the Nijenhuis tensor vanishes, N'(J4)) = 0, so that it
is a complex structure. Similarly, the J (4 are also complex structures. When p > 1
and/or ¢ > 1, the commutator of supersymmetries [0c,, 05| gives a term with involving
a tensor N (J (A g (B)) constructed from the complex structures, known as the Nijenhuis
concomitant, so that for closure it is necessary that this vanishes. For three anticommuting
almost complex structures I, J, K satisfying the algebra of the quaternions it was shown
in [5] that the vanishing of the Nijenhuis tensor of any two of the complex structures implies
the vanishing of that of the third, and of all of the concomitants, so the integrability of

(4) is sufficient for closure, and in particular implies the

the three complex structures J
vanishing of the Nijenhuis concomitant.

In what follows we shall be particularly interested in cases when there is a coordinate
system (atlas) for which all the complex structures are constant in all coordinate patches,
i.e. they are simultaneously integrable. Three anticommuting complex structures I, J, K

are simultaneously integrable when a certain curvature formed from the three of them



vanishes R(I, J, K) = 0 [4, 6, 7]. For two complex structures, J*) and J() that commute,
[J(H), J(5)] = 0, it is instead the vanishing of the Magri-Morosi concomitant, M (J(*), (=)
that signals simultaneous integrability. For details see [4].

If H = 0, then there are equal numbers of left and right handed supersymmetries,
p = q, and the target space is Kéhler for (2,2) supersymmetry and hyperkéhler for (4,4)
supersymmetry. For the (2,2) case, the supersymmetry algebra closes off-shell and the
theory can be formulated in terms of chiral superfields, while for (4,4) supersymmetry,
the supersymmetry algebra closes on-shell only, or after introducing an infinite number of
auxiliary fields,! as the 3 complex structures are not simultaneously integrable.

For H # 0, there is a richer structure. For (2,1) supersymmetry, the supersymmetry
algebra closes off-shell and the theory can be formulated in terms of chiral superfields,
while for (2,2) supersymmetry the supersymmetry algebra closes off-shell only once suit-
able auxiliary fields are introduced. The theory can then be formulatd in terms of chiral
superfields, twisted chiral superfields, and semi-chiral superfields [8]. For (4, ) supersym-
metry, the supersymmetry algebra only closes on-shell in general, but there are interesting
cases in which the algebra closes off-shell, and the three complex structures J(*) are simul-
taneously integrable, i.e. there is a coordinate system where all of them are constant [4].
One example of this is the (4,4) supersymmetric model found in [1] that generalises that
obtained from the dimensional reduction of N = 2 super-Yang-Mills theory in 4 dimen-
sions. The aim of this paper is to investigate such cases with off-shell (4, ¢) supersymmetry,
with simultaneously integrable complex structures J(+). In such cases, there is an off-shell
superfield formulation, and a superspace formulation of the action that gives a general local
construction of the geometry in terms of certain potentials. In this paper, a number of new
multiplets will be found and analysed. Actions for these multiplets will then be constructed
using projective superspace. Projective superspace has a long history [9-15] paralleling and
complementing that of harmonic superspace [16-19]. General superspaces of this type have
been described in [20, 21]. For detailed reviews of projective (4, 4) superspace see [15] and
the lectures [22].

The plan of the paper is as follows. In section 2 we define an off-shell (4, 1) multiplet
that will play a key role in what follows. Its (2, 1) superspace formulation is given in sec-
tion 3 and general (4, 1) sigma model actions written in (2,1) superspace are introduced
in section 4 and the geometric conditions for (4, 1) supersymmetry are studied. Related
(4,2) multiplets are discussed in section 5. General (4,2) supersymmetric sigma models
are studied in (2,2) superspace in section 6 and the conditions for (4,2) supersymme-
try are analysed. The relationship to the (4,4) hypermultiplet is discussed in section 7,
while section 8 contains results on the (4,1) superspace action. In section 9 we introduce
(4, q) projective superspace and use it to formulate multiplets and actions, giving explicit
constructions of target space geometries.

2 (4,1) off-shell supermultiplets

In [1], a (4,4) off-shell multiplet was found by dimensional reduction of N = 2 super Yang-
Mills theory from 4 dimensions. Truncating this gives an off-shell (4, 1) supermultiplet that

1E.g. using projective or harmonic superspace.



can be formulated as follows. We use (4, 1) superspace with coordinates 21, x=, 01, 672 6~
where the index a = 1,2 is an SU(2) index. Here 6} are complex and 6~ is real. There
are two right-handed complex spinorial covariant derivatives D% and a real left-handed

spinorial covariant derivative D_, satisfying

{D4q,D%} = 206204, a,b,=1,2.
(D_)? =id- . (2.1)
The (4,1) multiplet obtained by truncating the (4,4) multiplet of [1] consists of a pair of
(4,1) superfields ¢, x satisfying the constraints
D}k¢:0:|D+2¢7 ®iX:0:D+2X7
D3y = iDL, Dié=ibly. (2.2
The supersymmetry transformations can be put into the form (1.4) by expanding in

(1,1) superspace. The (4,1) multiplet in (2.2) can be formulated in (1,1) superspace by
defining

¢’9;=0,9j:é1+ = o, X‘e;:o,ej:éj =X (2.3)

_l’_

The constraints (2.2) then determine the terms in ¢, x of higher order in 65, 6" —6; in terms

of ¢~S, x and give the supersymmetry transformations under the non-manifest supersymme-

tries. We define four real (4, 1) superspace spinor derivatives Dy and DiA) , A=1,2,3 by

|D+1 = D+ - ZD_(:)
D= D - DY (2.4)

Then D, is the (1,1) superspace spinor derivative and the three differential operators
D(f), A =1,2,3, determine the generators of nonmanifest supersymmetries QSrA) via the

constraint (2.2)

— 0z

DWW — 2.
A (2.5)
5(4) _ o<

Dy Xt g+ o0 = QYX - (2.6)

This results in the following relation for the extended supersymmetries for d superfields,

¢ ¢
o\ ;% _.JWp, Z , (2.7)
X X
where the complex structures
JA@ — 1D @ 1,4 (2.8)



with

1 = <2§ b > ,1® = (.0 m) 10 = ( 0 _02> (2.9)
ol 109 0 oo O

are constant in this coordinate system and satisfy the quaternion algebra
JAGB) = _AB 4 (ABC j(C) (2.10)

Then this gives transformations for ¢, ¥ of the form (1.4).

3 (2,1) superspace formulation

The general (2,1) sigma model action can be written in (2, 1) superspace as [2, 23]
S = / d*2d*0 (ke D_¢™ + ks D_3") . (3.1)
The fields ¢* are (2,1) chiral
Dyg® =0, (3.2)

and @@ are their complex conjugates ¢® = (p*)*. The theory is defined locally by a 1-form
potential k,(p, @) with kg = (ko)*, which is defined up to the addition of the gradient of
a function h(y, ¢) and a holomorphic 1-form f,(¢),

ka(0, @) = kalp, @) + Oahi(p, @) + falp) - (3-3)

The metric g and B field for the model (3.1) are (in a particular gauge) [23]

9o = i(aaEB — 03/@&)

B = i(0aks — Oska)

B = B®Y 4 B02) (3.4)

as may be verified by reducing to the (1,1) superspace formulation [2, 23].
The (4,1) multiplet (2.2) can be expanded into (2, 1) superspace by writing?

¢|92+:0 = éa X|92+:0 =X - (3'5)

The constraints (2.2) then define the terms in ¢, x of higher order in f2 and give the super-
symmetry transformations under the non-manifest supersymmetries. The (4, 1) derivative
D41 survives as the (2,1) derivative D4 while D4y gives the generator @) of non-manifest
supersymmetries, acting as:

Q+0 = (D%9)

Qix=20)|, . Q=0 QiX=0. (36)

02=0" 0

Complex conjugation then gives the action of the generator Q.

2We temporarily use the tilde notation for the (2,1) components in this section, just as we did for the
(1,1) components in section 2.



The action for d (4,1) multiplets must take the form (3.1) when written in (2,1)
superspace, with (2, 1) chiral superfields p® = (gzgl, ') withi = 1,...,d. We will henceforth
drop the tildes on ¢%, ¥*. Then using the constraints (2.2), (3.6) gives the non-manifest
supersymmetry transformations

Q+¢ =iDyX, Qyx = —iDy¢, Qo =0, Qix=0. (3.7)

The potential has components ko = (kyi, ki) and the variation of the action (3.1) under
the non-manifest supersymmetries generated by @, takes the form

68 = / d?zD,D,D_A (3.8)

where

A = Z'D_d)i (k¢i7xj |]_3+<5j — k¢i7¢j U_)_:,_)Zj)
—Z.DfQ_S’L [(E&z’(ﬁ] + kX'L)—(J)[D+XJ - (Z@i,xj - kxi7(f;j)[|5+$jj|

The second line vanishes if k satisfies

ki g+ Fxig =0,

where the comma denotes a partial derivative, so that e.g. kyi 55 = Ok / 0¢?. Then DA
gives expressions that vanish after repeated use of (3.10) and their derivatives. Thus (3.10)
implies that the variation (3.8) of the action under the extra supersymmetries vanishes.

We note that the vanishing of A and D, A is sufficient for invariance, but not necessary.
For invariance, it is only necessary that they reduce to terms that vanish when integrated,
so that D.D;D_A is a total derivative with fd2x|D+|]5+D,A = 0 (up to a boundary
term). This is essentially the condition that the variation of the action under the non-
manifest supersymmetries can be cancelled by transformations of the form (3.3). The full
necessary and sufficient conditions for supersymmetry will be given in the next section,
from a geometric analysis. We will return to the (4,1) superspace formulation of these
actions in sections 4 and 8.

4 General (4,1) Sigma models

We now consider the general conditions for the (2,1) superspace action (3.1) to be (4,1)
supersymmetric so that it is invariant under two further supersymmetries. Following [24]
and [26], we make the ansatz

§p* =Dy f* (¢, p)
6% = €Dy f¥ (¢, ) (4.1)



for the additional supersymmetries of the action (3.1). Up to central charge transforma-

tions, this is the most general ansatz compatible with the chirality properties [26].
Expanding in components and comparing with (1.4), we can read off the form of

the complex structures. The manifest (2,1) supersymmetry involves the canonical com-

0 = (”l 0 ) , (4.2)
0 —1

while the transformation (4.1) yields second and third ones

plex structure

R B O N LA A (4.3)
f% 0 —if% 0
Here, the lower index on f denotes a derivative,
o . 9f°
=00 (1.4)

From off-shell closure of the algebra,
61, d2]™ = 21’6[;@]?8%90,&

we deduce that (cf. [24])
%f’_ya = = 67% ) fo_éﬁfﬁy(i = = 67/3 ) (45)
N =0 40

(See [24] for similar relations for N = 2 in d = 4.) Here f%a = afﬁ/ﬁgbféﬁgoa etc. Then the

matrices J), J?) JG) satisfy the quaternion algebra and have vanishing Nijenhuis tensors
RO =0, (4.7)

so that they are each complex structures.
The remaining geometric constraints follow from invariance of the action. Varying the
action we find

68 = / d*zd®0 A (4.8)
where
A =Dy fP (BgaD_¢™ + ggaD-3%) . (4.9)
Pushing in D, from the measure yields®

D+A = 6"'H3+f’8|]5+<,5ﬂ (B,BQ,BD_SOOC + gﬁa,BD_@a) — €—|—|]5+f’8D_|]3+95a95& . (410)

31f we performed the full reduction to (1,1) this would to parallel the calculation in [1] for (2,2) super-
symmetry.



Integrating D_ by parts and defining
1
Waa = fﬁagg]g =3 (f%gﬂg - f%%d) (4.11)
we rewrite the last term as
I T 1 - - 3 1 - - 3
_et <D+¢5D_|D+g0°‘fﬂ(ﬁgﬁa) + 5 D-w55D+ 5Dy 5) —5D- (e+%u3+<pau3+¢ﬁ) (4.12)

and drop the final term here as it is a total derivative.
Then the condition for supersymmetry is

€Dy f°D4° (Bga,s D¢ + 950, 5D-¢%)
(D+90'3D D45 " (398a) T 2D—W5a®+90a”_3+905) =0. (4.13)

Then the independent terms in (4.13) give the equations®

fﬁ(ag?)ﬁ =0, = fﬂagﬂ‘/ﬁ = W3a, (4.14)

together with

B _ (+) _
Wa5.5 — Bﬁ[af,y]—O, :>VB OJ@’?—O,

N | —

%W@W UQ/BO[Lf"] =0, =V ws =0, (4.15)
where we have used the geometric constraints on the connection and torsion that follow
from the underlying (2, 1) geometry, as well as the definitions (3.4). Some of this structure
is described in appendix A. The conditions (4.14) imply that the metric is hermitian with
respect to the complex structures (4.3) while (4.15) implies that these complex structures
are covariantly constant with respect to the connection with torsion I't) = I'(®) 4 T

v s = (4.16)

where I'() is the levi-Civita connection and the torsion is formed from the B field strength
as T = %g_lH . We note that this geometry is sometimes referred to as hyperkahler
with torsion. Finally, the vanishing of the Nijenhuis tensor (4.7) in conjunction with the
covariant constancy conditions in (4.15) leads to

H=dYu® (4.17)

for each A, where w4 is the 2-form with components w(A) = gir(JE;and d4) is the
i(0—0) operator for the complex structure J). This can also be derived from V() 7(4) =0
and NV, (JA) = 0.

4Pushing in additional Ds from the measure and/or partial integration of bosonic derivatives does not
relate these terms or lead to any further simplifications.



The transformations (4.1) correspond to generalising the constraints (2.2) to

Di¢* =0,

D} ¢* = f4D1¢° (4.18)
in (4, 1) superspace. Note that the constraints (4.1) require the existence of a local product
structure in addition to the structure required for (4, 1) geometry, as this is necessary to split
the coordinates into two sets, ¢ = (¢, x). For (4,2) or (4,4) supersymmetry, the existence

of this product structure follows from the conditions for extended supersymmetry.
For constant complex structures f%, (4.1) implies that

Tiaa 75 + T 75 =0, (4.19)

10K
where i = (3, 3), we have lowered  to & and used the antisymmetry of the two-forms w.
This (non-covariant) condition can be rewritten using formulae from the appendix as
F59om,5 + 290530 % = 0
[%950,8 T 2/ 39r1p0 = 0 - (4.20)

For the constant complex structures (2.8), we have
[ =i(o2)% (4.21)

and the hermiticity condition (4.14) becomes

kigigi — koo g = Fxa i +hyig =0

kg g — kg5 =0, (4.22)
while the covariant constancy conditions (4.15) or (4.20) become

1 _ _

1 _ _ _
9 (k¢7’“,¢" T Rk + ki yk + kw,a_ﬁ’“)ﬁ —kpgigh — kg =0

1 _ _

5 (kxlj,(;;k] - ka,u,w) 5 kg yligh = 0. (4.23)

We note that if (3.10) are satisfied, then this implies that (4.22) and (4.23) are satisfied.
The converse is not true, and (3.10) gives a special case of the general conditions (4.22)
and (4.23). E.g. (3.10) requires that kg 5 + kyi i vanishes whereas (4.22) only sets it
equal to its hermitean conjugate.

5 (4,2) off-shell supermultiplets

Truncating the (4,4) off-shell multiplet of [1] to (4,2) superspace gives an off-shell (4,2)
supermultiplet that can be formulated as follows. We use (4, 2) superspace with coordinates



o, 27,07 0% 0~ ,0~ where a = 1,2 is an SU(2) index.® All fermionic coordinates are
complex. There are two complex right-handed spinorial covariant derivatives DY and a

complex left-handed spinorial covariant derivative D_, satisfying
{D4q, D%} = 2i0%04, a,b,=1,2,
{D_,D_} = 2i0—, (5.1)

The (4,2) multiplet obtained from truncating the (4,4) multiplet of [1] consists of a
pair of (4,2) superfields ¢, x satisfying the constraints

Di¢ =0= D20, Dix = 0= Daax,
Dix = —iD}¢, D3¢ =iDlx,
D_¢=0, D_x =0. (5.2)

An alternative truncation has the D_ constraints on the two fields switched. The
two multiplets are related by interchanging #_ <> 0_, so a theory written in terms of one
multiplet is equivalent to one written in terms of the other. Indeed, we show in section 9.4
that their projective superspace formulations are isomorphic. However, just as for the (2, 2)
chiral and twisted chiral multiplets, one might suspect that there could be new non-trivial
theories that have both kinds of supermultiplet. As far as we have been able to ascertain,
this is not the case (as long as no further superfields are involved) as no supersymmetric
interaction between the two kinds of multiplets seems possible.%

6 (4,2) supersymmetry in (2,2) superspace
In (2,2) superspace, chiral superfields ¢ satisfy
Dip=0 (6.1)
while twisted chiral superfields ¢ satisfy
Dyy =0, D_¢ =0 (6.2)

There are other possible (2,2) multiplets such as semichiral multiplets [11], but here we
shall restrict ourselves to these two.
The general action for chiral and twisted chiral multiplets is given by [1]

5= / Prd'0 K (p, 0.0, D) (6.3)

in terms of an unconstrained scalar potential K (¢, @,%,1). Expanding in (2,1) superfields
by writing

(P‘g;:o =, Wg;:o = 1; (64)

There is a possible confusion between the SU(2) index 2 and a 2 indicating the square. This is resolved

by noting that a bold face D+ never appears squared.
6Added in proof: the referee informs us that this is in agreement with the results of [25] derived using
bi-harmonic superspace.

~10 -



one finds the action (3.1) and the vector potentials are gradients of the scalar potential
K [27],

kp = i0,K,  ky = —i0yK. (6.5)

where the tildes and indices enumerating multiplets have been suppressed.

We now turn to the off-shell (4,2) supermultiplet introduced in the last section. It
contains a (2, 2) chiral superfield ¢ and a twisted chiral superfield y with the transformation
under the extra supersymmetries Q, Q given by

Q-i-d) = 7:”_34-)27 Q-l—X = _ilf)-‘r(;;) Q+¢ = O) Q+>Z = 07 (66)

together with the complex conjugate expressions.
Consider a model with d multiplets ¢?, x*, so the action is

S = /d%d‘*@f(((pi,xi,(pi,xi) . (6.7)
Then under the Q transformation
68 = /dQ:cD+ﬂ_D+D_ﬂ_)_A (6.8)
where
A=QK =iK,; Dyx' —iK, . Dy¢" . (6.9)
Then acting with D gives
68 = / d?zD,D_D_(D,A) (6.10)
where
DyA =DyQK =Dy (iK 45 Dyx' —iK, . D1¢") . (6.11)
This gives

DyA = K, 5 Dy ¢/ DX’ +iK pigs Dy’ Dy X'

—iK, i3 Dy¢’'Dy¢’ —iK, iy Dix/ Dy’ (6.12)
= Z(Kn;&lq_SJ +K7Xj)_<i )D+¢_)J|D+XZ
ik, i DyxX/ DX — iK iz Dy’ Dy ', (6.13)
The first term vanishes if
K,(biqgj +K,Xj>zi =0. (6.14)

This is a sufficient condition for full invariance, since using it one finds that the remaining
terms vanish using D_ or D_ from the remaining measure:

D- (K45 D+X’Dyx") =
D (K, D+’ D1g")

0
0. (6.15)

- 11 -



To find the necessary and sufficient conditions for (4,2) supersymmetry, we start with
the conditions for (4, 1) supersymmetry given by (4.22) and (4.23). For the sigma model
to have (4,2) supersymmetry requires in addition the condition (6.5) which here implies
that the (4,1) potential k is given by derivatives of a scalar potential K:

Then the hermiticity condition (4.22) together with (6.16) gives precisely the condi-
tion (6.14), and then the remaining conditions (4.23) are all satisfied identically using
(6.14) and (6.16), and give no further constraints. Thus (6.14) is the necessary and suffi-
cient condition for a (2,2) model to have (4,2) supersymmetry.

In section 3, we considered (4,1) models whose potentials satisfied the condi-
tions (3.10). These models will have (4,2) supersymmetry if (6.16) is satisfied, which
implies (6.14) together with

K’¢i)zj == K,(bj)zz‘ . (617)

This gives a special class of (4,2) models.

7 (4,4) supermultiplet and action

The (4, 4) off-shell multiplet of [1] is formulated in (4,4) superspace with two complex right-
handed spinorial covariant derivatives D, and two complex left-handed spinorial covariant
derivatives D_,, satisfying

{D44,D%} = 206204, a,b,=1,2.
{D_,,D"} = 2i8%6_, (7.1)

The (4,4) multiplet of [1] consists of a pair of superfields ¢, x satisfying the constraints

Dl¢ =0= D20, Dix =0=Dioyx, , D_ax =0
D3 x = —iD} ¢, D3 ¢ = D! x,
D2 x =iD_1¢, D_pp = iDL x . (7.2)

As before, the action can be written in (2,2) superspace in terms of d (2,2) chiral
multiplets ¢ and d twisted chiral multiplets x?, so the action is

5= / Pad*0 K (6, &, ) (7.3)

with the non-manifest supersymmetry transformations given by

Q¢ =iDyx, Qx = —iD4 9, Q+¢ =0, Q+x =0, (7.4)
and

Q*gb = iD*X) Q*X = —ZWD,Q_% Q*Qﬁ = 07 Q*X = 07 (75)

together with the complex conjugate expressions.
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Then under the Q transformation
68 = /d2x[D+[D+ID_ID_A (7.6)
where
A=Q4K =iK ;Dyx' —iK, D ¢ (7.7)
and, as in the last section, the action is invariant if
K, pigi +K,yixi=0. (7.8)
Under the @_ transformation we obtain (7.6) but with
A=Q K =iK,;D_x"—iK,.D_¢' (7.9)

Then a similar analysis to the above gives that the action is invariant under the @ _
transformation if

K,¢i¢;j +K’Xi5<j =0. (7.10)

Then the necessary and sufficient conditions for (4,4) supersymmetry are (7.8) and (7.10).
Together, (7.8) and (7.10) imply

We can then instead take the necessary and sufficient conditions for (4,4) supersymmetry
to be (7.11) and (7.10), which are precisely the conditions that were found in [1].

8 (4,1) superspace action

8.1 General

A superspace action for N supersymmetries in D dimensions involves integration over
the d = sN fermi coordinates #, where s is the dimension of the spinor representation
in D dimensions (e.g. s = 4 in D = 4). This picks out the highest # component from
the superspace Lagrangian £. Equivalence between Berezin integration and differentiation
means that the integration may be written schematically as

/dD:zddGL - /d%adﬁ - /deDdE‘ (8.1)
- 967 ~ 60’ '

where the vertical bar denotes the #-independent part of the expression and use has been
made of the fact that the spinorial covariant derivatives D differ from the partial spinorial
derivatives by 6 terms involving a spacetime derivative, and total derivative terms are
dropped from the spacetime integral. Since the product DD ~ 0, with 0 a space time
derivative, it is clear that even if the Lagrangian £ contains no derivatives, there is a
limit to d < 4 in spacetime dimensions D > 3, for the action to be physical, i.e. for its
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bosonic part to be quadratic in space time derivatives. In D = 2 dimensions with (p, q)
supersymmetry, D_D_ ~ 0— and Dy Dy ~ 04 and a similar argument shows that p < 2
and g < 2 for the action to be physical.

This bound on d or (p,q) can be circumvented by finding subspaces that are invari-
ant under supersymmetry and integrating constrained Lagrangians over those. The prime
example of such subspaces are the chiral and antichiral subspaces of D = 4, N =1 super-
space, where the complex superfields ¢ obey the chirality condition D¢ = 0, and a chiral
Lagrangian is integrated with the chiral measure D?, and an anti-chiral Lagrangian is inte-
grated with the anti-chiral measure D?. The projective superspace construction described
in section 9 below provides a systematic method of constructing such constrained super-
fields and the corresponding invariant subspaces, but we first describe the approach of [1].

8.2 The GHR approach

In [1] a general invariant action for an off-shell (4,4) multiplet was found. Here we adapt
this to our (4, 1) models.

In constructing an action for (4, 1) multiplets we face the problem discussed above in
section 8.1. The algebra involves four real or two complex positive chirality derivatives

D4a, D4, and so the full (4,1) superspace measure has too large a dimension. We then seek
an invariant subspace and corresponding subintegration, similar to the chiral subspaces in
N =1, D = 4 superspace. We use the procedure of [1] and define two linear combinations
of positive chirality spinor derivatives:

Vi =p8D4+1 +iaDys
Ay = oD} +ipD% (8.2)

for some choice of complex parameters «, (.
For a given choice of parameters «, 3, the (4, 1) superfields 7,7 given by

ni=ag+Bx, 0= —ax (8.3)
are annihilated by V4 and A4
Vin=»4A4n=0, Vinp=Auj=0.

Then for a Lagrangian constructed from these constrained superfields, a (4,1) supersym-
metric action is given using the conjugate operators V; and A, to define the supermeasure.
The action is then

i / d*xVyA D_L_ +hec. . (8.4)
where h.c. denotes hermitian conjugate, and we take
L= Xi(n, 1) D-n' + Xi(n, ) D", (8.5)

for a set of multiplets labelled by the index i, for some potentials \;, Ni.
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A general action will be a linear superposition of actions of the form (8.4). We then
allow the potentials \;, \; to depend explicitly on «, 8 and integrate over all possible values
of a, 8. The (4,1) supersymmetric action constructed from the constrained superfields
in (8.3) is then

i / d*x [ / dadfViAyD_L_| +h.ec.

L_:= /\i(77>77;a,5)D777+5\i(77777; avﬁ)D*ﬁa (86)

where the operators V. and A, define the supermeasure. The parameter integration must
be specified as some contour integral.

In the special case when the action is a reduction of the (4,4) action of [1] which has
a scalar function L as its Lagrangian, one finds

—Xi =X = 0y L(n+17) . (8.7)

The measure in (8.4) can be rewritten in a form suitable for reduction to (2,1) super-
space using

B

- 1
Ap=—"Vit a(’a\Q +181*)D41 - (88)

Since V1 and A, annihilate the Lagrangian, the measure becomes
ViALD_ oDy DLD_ . (8.9)

In the reduction we identify Dy — D4 which gives the (2,1) measure when the second 6+
is set to zero

DyDiD_(...)| =DiDyD_(...)] . (8.10)

This gives rise to an expression for the potential &, in terms of an integral of an expression
constructed from the A;, A;; we will give similar forms explicitly in later sections. By
construction, the potential k, will necessarily satisfy the conditions (4.22), (4.23) for (4, 1)
supersymmetry.

The form of 7,7 given in (8.3) implies that any function function f(n, ) will automat-
ically satisfy

O’ f N *f
OdiOPk  Oxkoxt

(8.11)

For the multiplet (8.3), this implies that the potential k,, constructed in this way will satisfy
ka7¢k(£j + kOC’Xij =0, (8.12)

and its complex conjugate, in addition to the conditions (4.22), (4.23) for (4,1)

supersymmetry.
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Further, the potentials may be written

kg =i ( / dadfa); — / dadﬁm)
kyi = —i < / dadBa); + / dadBBXi) , (8.13)

along with their complex conjugates. Using this form, it is easy to show that the potentials
actually satisfy the stronger conditions (3.10). Thus the models constructed in this way
constitute a subclass of the possible (4,1) models.

9 Projective superspace

The procedure from [1] used in the derivation of the action (8.6) was introduced to construct
an action for a particular multiplet. It was later realised that there is a generalisation that
works the other way: the superspace can be enlarged by an extra coordinate or coordinates
in such a way that superfields and actions in this enlarged superspace automatically have
extended supersymmetry. This is the Projective Superspace construction [9-12], a useful
tool for finding new multiplets and constructing actions in various dimensions. We begin
by making contact with the discussion in the previous section.

9.1 Relation of the GHR construction to projective superspace

In the previous section we summed over theories parameterised by complex variables (a, 3).
The overall scale is unimportant, so they can be viewed as homogeneous coordinates on
CPL. Tt is useful to instead use an inhomogeneous coordinate

(=ia/p (9.1)

in the region where 8 # 0, or ¢/ = —i3/« in the patch where o # 0. Then the summation
over theories corresponds to a contour integral on CP!, covered by two patches, one with
inhomogeneous coordinate ¢ and one with inhomogeneous coordinate ¢’. We now discuss
Projective Superpace in more detail.

9.2 (4,q) projective superspace defined

Projective superspace is defined to deal with the limitations outlined in section 8.1 and
at the same time gives a constructive method for finding new multiplets. We shall be
concerned with (4, ¢) superspace for ¢ = 4,2, 1. In all these cases a full superspace measure
has more spinorial derivatives than allowed and so we seek invariant subintegrations. Part
of the construction is the same for all p, the difference is mainly in the form of the actions.

We start from the positive chirality part of the D algebra given in the first line of (2.1)

or (5.1). A projective coordinate ¢ on CP! is used to construct the combinations”

Vi :i=Dq1 + (D42,
V. =D} -¢'D% . (9.2)

"The conventions have varied over time. The present choice are those of [14], up to an unimportant
overall ¢ factor multiplying V.

~16 —



We introduce a conjugation acting on meromorphic functions of f(¢) by

F(Q) = f(Q) (9.3)
given by the composition of complex conjugation
F(Q) = F1(Q) = (F(O) (9.4)
and the antipodal map
¢— (1 (9.5)
so that®
FQ) =r(=¢ . (9.6)

The derivatives (9.2) are related by the this conjugation. We shall be interested in projec-
tively chiral superfields n that satisfy

Vin=0, Vin=0, (9.7)
as well as being (4, ¢) superfields. We assume that they have the (-expansion
n= > ', (9.8)
u=-—m

where 7, is the expansion coefficient superfields for the p’th power of (. The con-
straints (9.7) then lead to the following conditions on the fields 7,

Dy1mp + Dyonp—1 =0
ID}FT]M - ID?W;H-I =0. (9.9)

Here n, = 0 for 4 < —m and p > n, so that the highest and lowest components are
constrained

Dyin-m =0
Din, =0. (9.10)

To be able to write actions, two independent orthogonal derivatives are needed. The
following pair can be used for the supermeasure for fields annihilated by the operators (9.2):

Ay :=Dq1 — (D42,
Ay =D, +¢'D% . (9.11)
The algebra obeyed by the V’s and A’s is
(Vi Vi ={Vi, Vi ={A, A ={A A} = {V, A} = {V}, 4,1 =0
(Vi A} ={Vi, AL} =4id, . (9.12)

8Projective superspace uses complex conjugation composed with the antipodal map on CP' [10], as

described here. It is the relevant conjugation in projective superspace, and in the literature it is often
denoted by just a bar. A closely related conjugation in harmonic superspace was earlier introduced in [16].
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9.3 (4,1) projective superspace

For the (4,1) theories the algebra is (2.1). The (2,1) content of (9.9) is then obtained as
discussed previously in section 2, by identifying the (2,1) derivative as Dy = D41 and the
generator of the non-manifest extra supersymmetries? as Q, = D 5. Most of the relations
in (9.9) will just give the Q4 action of the second supersymmetry on the ¢ coefficients fields
nu. Only the first and last fields in the (-expansion in (9.9) will be constrained!”

Din-m =0
Din, =0. (9.13)

The rest of the fields 7, are unconstrained, with the conditions (9.9) giving relations
between 7, and 7,+1. A (4,1) Lagrangian is

d X 19
1740 27r§gA+A+D— (N, YD + Aaln, 7: ) D-i7" ) (9.14)

The potentials A, A can depend explicitly on (, and we perform a contour integration over
a suitable contour C. In many examples, C' will be a small contour encircling the origin.
Since it follows from (9.2) and (9.11) that A anticommutes with D_, and that

A, =2D, -V, (9.15)

and since further V annihilates 1 , we may make the following replacement in reducing a
Lagrangian to (2, 1) superspace:

[ od¢ .« [ dC - §
ZfCWA+A+D—E—(77m) — %%C 27”.C|D+D+D—C—(n, ) - (9.16)

The relation of A, to k, in (3.1) depends on the form of 7, as illustrated in the exam-
ples below.

After the reduction, (9.16) gives a (4, 1) supersymmetric action written in (2, 1) super-
space with the non-manifest supersymmetry ensured by the construction. For the multi-
plet (8.3), this will lead to constraints on £_ of the type (8.11). As before, these lead to a
potential k satisfying (8.12) in addition to the conditions (4.22), (4.23) for (4,1) supersym-
metry. Thus for this multiplet, the models constructed in projective superspace represent
a subclass of the general (4, 1) models.

9.3.1 Examples

If we consider n’s with m = 0,n = 1, and denote 179 = ¢, 71 = x, we have

="+
i =¢' = (Y, (9.17)

9See the comments following (2.4).
10VWWe suppress the tildes that we previously used to denote (2,1) superfields.
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with 4 = 1...d for d fields n*. From (9.9) we find that the coefficients obey

Di¢' =0, Dix' =0, Q+¢' =0, Qix' =0
Qi¢' = —Dix’, Qrx' = D4¢’ . (9.18)
For each 4, this is (2.2) with iD;9 = Q4. From (9.14), the (2,1) Lagrangian is

' d D 5 i X v
i fc 5 iD-D+D- (A DD+ Xy () D) (9.19)

In this case, the relation of \; to k; in (3.1) is given by!'!

L — dC v. 7—. e dC .
Ky = jgc 2miC Ais Foe = jiv 27iC Ai
R G S Lo ac_ 1y
kyi = ?{C 5 CCAZ, ki = 740 5 CC A (9.20)

By construction, these potentials satisfy (8.12) as well as (4.22) and (4.23). In fact, again,

a direct calculation using (9.20) shows they satisfy the stronger condition (3.10). As a
result, the Lagrangian (9.14) is not the most general one with (4, 1) supersymmetry.

To see that the vector potentials in (9.20) satisfy (3.10), we form their derivatives,
using (9.17),

dg . d¢ i«
k¢i7<igj = ji’ 2miC )\iﬂij ’ kf(ivxj = = fg QWiCC )‘iﬂ?jc'
dc -1 2 dg 1y
k’(bi,)zj = — f;’ 27T2.C)\i7njc ) k‘>—<i7¢j = — %C 27m<< Ai,nj . (921)

They clearly satisfy (3.10).
Consider now the example of a quadratic Lagrangian for d multiplets 1’ given by

oA i iy
ﬁ__ZfCQTFZC (77D—77 TID—”) ’ (922)

where the contour C' is a small circle around the origin. Using (9.17) and performing the
¢ integration results in the following action

— / d*>zD D4 D_ (¢'D_¢' + X'D_x' — ¢'D_¢' — X'D_Y") (9.23)
with
kg =i¢", ky=ix, (9.24)

in agreement with (9.20).

UNote that the ¢ measure is invariant under conjugation.
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A more interesting example arises if we take a general real function L(n + 7) and set
A = —\ = iL. The vector potentials may be immediately read off from (9.20) using these

expressions:
d¢ v . = d¢ .
= = — L I = == L
k‘¢ %CQWZ'CA 1L, ]{3¢ %CQW’L'C)\ 1L
g — ac 1y _ .
= = Li v = — == L 2
ky f{qu il_1, ks 7i2m.<C A=ily, (9.25)

where L, are the coefficients in a expansion of L in powers of . This will lead to a metric
g and B field given by the ¢!, (% and (~' components of the derivative of L according to

0 LyL, 0
Ly 0 0 -IL
E=g+B= 0 " (9-26)
I, 0 0 I
0 L, L, 0

with prime denoting derivative with respect to the argument and rows and columns ordered
as (¢, d,%, X). As an example, a function

1
L= g(n + 1)’ (9.27)
gives
9os = Gxx = (¢ + 0)* — 2xX
By = —2(¢ + d)X,
Bj, = —2(¢+ 9)x - (9.28)

An example involving unconstrained fields arises when m % 0. We then consider

n=">_¢"n (9.29)

where the top coefficient 1, = x and the bottom component n_,, = ¢ give chiral fields ¢, x
in the (2,1) reduction, while the rest of the fields 772 for —m < p < n are unconstrained.
The (4,1) transformations that follow from the constraints are

Dyn-m=D16=0, Dy =Dyx =0
©+77u+1:®+77u7 Qinp—1= —Dymu, p=n—1...,—m+1
Qin-m=Q40=0, Qi =Q4x=0. (9.30)

This last example goes beyond the models described by the action (3.1), and introduces
new unconstrained superfields. In particular, consider the following n with m =1 = n:

n=("o+ X +(x
h=—Co+ X -('x, (9.31)
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The fields satisfy

Dy¢ =0, Dyx =0,

QX =Dyo, Q+X = —Dyx,

Qr¢= —DiX, Qix =D X

Q¢ =0, Qix =0, (9.32)

which leaves X unconstrained. A quadratic Lagrangian is

. dg¢ o
L= z?i omic (nD_n —nD_n) . (9.33)

Performing the ¢ integration results in the (2,1) action taking the form
S =— / d*>zD D4 D_ (¢D_¢ — ¢D_¢p+ XD_X — XD_X — xD_x + xD_x) . (9.34)
The superfields ¢, x are chiral and satisfy the standard free field equations
DiD_¢ =0, DiD_x=0. (9.35)

However, note that their kinetic terms in the action have opposite sign. The superfield
X is unconstrained and its field equation is D_X = 0, which implies 0-X = 0. The
components X |, Dy X|, Dy X|, D, D, X| are all right-moving, i.e. are independent of x~,
while the remaining components D_X|, D, D_X|, Dy D_X|, DD, D_X]| are all set to zero
by the field equations.

9.4 (4,2) projective superspace

For (4,2) superspace the derivative algebra is (5.1):

{D4q, D%} = 206204, a,b,=1,2.
{D_,D_} = 2i0- . (9.36)

As before, we introduce projectively chiral superfields 7, now in (4,2) superspace,
that satisfy

v+77 =0, 6—5—77 =0, (937)

which have the (-expansion
n=>_ (. (9.38)

In addition, we impose chirality constraints, to obtain irreducible multiplets

D_n=0, = D_#7=0. (9.39)
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Then the top coefficient 7,, = x and the bottom component 1_,, = ¢ give fields ¢, x in the
(2,2) reduction, where ¢ is chiral; and x is twisted chiral.
An invariant action is

- o fode N
%027”CA+A+[D—[D—L(77777'<> = jiszDnLDJr[D—D—L(??,??-C)

= |D+|D+|D,|D,K’ (940)

where L and its ¢ integral K are real potentials. Note that terms of the form f(n) + f (1)
integrate to zero in the action and thus shifts L — L + f(n) + f(3) constitute “Kihler
gauge transformations”. The non-manifest supersymmetry transformations are

Qyn = (D47 . (9.41)

The reduction to (2,2) superspace (9.40) gives a potential K which automatically
satisfies

0’K 0?’K
— + — =0
0ptopk — OxkOY:

This is precisely the condition (6.14) for (4,2) supersymmetry, so in this case projective

(9.42)

superspace gives the most general (4,2) supersymmetric model.
Note that a variant multiplet 7 arises if we replace (9.39) by

D=0, = D.n=0 (9.43)
which corresponds to 6] <+ 8'~. However, it is easy to see that 7(¢,x) is equivalent to
i1(=¢,x) for n = ¢+ Cx.

9.4.1 Example
A simple example of a (4,2) multiplet is
n=¢+Cx - (9.44)

The projective chirality constraints result in (2,2) superfields ¢, x with ¢ chiral and x
twisted chiral. They also yield the transformations

Qo=0, Qx=0, Qx=Dyp, Q¢=-Dix (9.45)

corresponding to the truncation of the (4,4) multiplet. The formulae in (9.45) are those
in (5.2) Q4+ — iD42. We obtain the scalar potential

d
K =i ?{ Cp. (9.46)
C 27T’L<
From the action (9.40), reducing to (2,1) and setting A,; — —iL ,: we find
. a¢ - . d¢

kyi = ——L i k= — L.

@ t C 27TZC /A (o] Zf; 27TZC )T

‘ ¢ . . a .,
k= — L, ki = — L. 9.47
X Z%C B¢ Sl X ‘7. omice Lo (9.47)
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9.4.2 Flat space

In particular, considering a quadratic function of d multiplets
L=, (9.48)

with the contour C' a small circle around the origin, gives the following (2, 1) action

d _ . o A

/ d’z 7{ g D D4+D_ (7' D_n' — n'D_4j") .
C 277'2(

Performing the ¢ integration reproduces the component action (9.23), but with the fields

now being chiral and twisted chiral. The target space geometry is 2d dimensional, flat with

zero B-field.

9.4.3 Curved space

We can construct a more interesting model using the propeller contour I' in figure 1;
a similar construction was used in [9]. We use the the (4,2) multiplet n in (9.44) and
consider the Lagrangian given by the following integral over the contour I':

~ § s+ )in(o) (9.49)

Regarding 77} as a function of (, it has two zeroes
= re'f (9.50)

and these are branch points of In(n7). We take one branch cut to go from ¢; to —oo on the
real axis, and the other to go from (2 to 400 on the real axis. For any f((), the integral

1
271

d¢ f(€)in(mi)
r

gives the definite integral

/ * a0

1

along the straight line between (; and (.'?
For f(¢) = %(77 + 1), the resulting (2, 2) scalar potential is then

K=—(¢+9) <;§§ +In (;ﬁ)) : (9.51)

12This can be seen as follows. The real and imaginary axes divide the ¢-plane into four quadrants. Choose

a branch where the integral is [ d(f(¢)In(n1) along the part of the curve below the negative real axis, i.e.
in the bottom left quadrant. Above the negative and below the positive real axes (i.e. in the upper left
and lower right quadrants) we then have [ d(f(¢)(In(ni) + 27%) and above the positive real axis (i.e. in the
upper right quadrant), changing sheet in the opposite direction, it is [ d¢f(¢)in(n7) again. Combining the
integrals and paying attention to the directions of integration the net result is [ 512 d¢f(Q).
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Figure 1. A propeller contour encircling two singularities of In(e). The zeros are depicted as
lying on the real axis, but in our example they lie on a line tilted to an angle 8 with the real axis,
see (9.50).

(up to Kéhler gauge transformations), which is indeed invariant under the additional su-
persymmetry in (9.45). The geometry has a conformally flat metric g and is given by

gi— (908 0 ) _(6+9) (10
ab 0 Gyx pp \01

& 2dx Adx ANdp — ¢ 2dx Adx A do
300
2(p+9)3

where H = dB and R is the curvature scalar (see, e.g., [28]). Note the vector field 9/0x
generates an isometry.

(9.52)

9.4.4 Semichiral superfields

When we want to generalise the constructions along the lines of the second (4,1) exam-
ple (9.29) above, we run into an interesting problem. When n < 1, and 7 is a series as
in (9.29) with the additional condition D_n = 0, its reduction to (2, 2) superspace contains
right semichiral fields rather than unconstrained superfields, e.g.,

n=Cnor o+ m = o+ T+ (X, (9.53)

the constraints imply that ¢ is chiral, y twisted chiral and r right semichiral: D_r = 0.
However, to construct a sigma model with a non-degenerate kinetic term, one needs an
equal number of left and right semichiral superfields. Here by necessity we get right semichi-
ral superfields but no left semichiral superfields. Such a model typically contains right-
moving multiplets [11]. The (4,2) projective superfields are thus restrictive when it comes
to constructing sigma models. To construct a sigma model with non-degenerate kinetic
term, the multiplets considered here would need to be combined with other multiplets.

9.5 (4,4) projective superspace

This case is well documented in the literature [9]-[15], and we make no claim of complete-
ness for the following brief presentation. The construction is always off-shell, typically
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involving auxiliary fields (sometimes an infinite number). The application to our present
type of multiplets, notably the (4,4) twisted multiplet, requires use of the doubly projec-
tive superspace based on CP! @ CP!. The two coordinates on these are labeled ¢, and (g,
respectively. The linear combinations of the four (4,4) derivatives are

Vi =Dy + (D42, V_:=D_1+(rD-2
Ap =D41 — (D42, A_=D-1 - (D2, (9.54)

and their conjugates. Now the anticommutation relations are (9.12) for positive chiral-
ity derivatives V., A, with similar relations for the negative chirality ones V_,A_. A
projectively chiral superfield n satisfies

Vin=0. (9.55)
We consider the real multiplet

n=¢+Cx + C(rX — CLlrd, (9.56)

where the components and transformations are those of the (4,4) twisted multiplet and
the reality condition is

n=—C "¢ (9.57)
A (4,4) Lagrangian is
dcr, % dCr XX
- > ALA_ALA_L(n), 9.58
?{CL omiCL n omiCR + + (n) ( )

where C, and Cr are some suitable contours. By construction, this will be invariant under
the full (4,4) supersymmetry. In fact, L = L(n) ensures that the potential K satisfies the
general (4,4) conditions (7.10) and (7.11), where the indices now refer to a set of n's.

Other multiplets involving semichirals and auxiliaries may be constructed as in [11]
and [12].

Finally, we mention that other extended superspaces, such as Harmonic Super-
space [16]-[19], have also been used to describe off-shell (4,4) multiplets and actions. The
construction closest to what we describe in this section uses bi-harmonic superspace, as

described in, e.g., [29].

10 Conclusion

In this paper we introduce new (4,1) and (4, 2) multiplets and construct actions for them
using new projective superspaces and their progenitors in the GHR formalism. We find
the conditions for additional supersymmetries as conditions on the geometric objects: the
vector or scalar potentials for the metric and B-field. Our multiplets and actions display
off-shell supersymmetry and simultaneously integrable complex structures.

The general conditions for a (2,1) model to have (4,1) symmetry are given in (4.22)
and (4.23). The conditons for a (2,2) model to have (4,2) symmetry are (6.14), and the
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conditons for a (2,2) model to have (4,4) symmetry are the well known relations (7.11)
and (7.10). We also consider a stronger condition (3.10) that is sufficient but not necessary
for a (2,1) model to have (4,1) symmetry.

Actions for the (4,1) multiplet (2.2) as well as for (4,2) multiplets are constructed
both using the GHR approach and novel (4, 1) and (4, 2) projective superspaces.

We briefly reviewed the (4,4) models. General (4,4) models were formulated in (4,4)
superspace using the GHR approach in [1] later using projective superspace actions. In
both approaches, the scalar potential satisfies certain conditions by construction. These
full conditions for (4,4) supersymmetry arise when we combine the conditions for (4,2)
with the conditions for (2,4), supersymmetry.

Examining the (4,p) supersymmetric actions constructed in (4,p) superspace using
both the projective superspace and GHR. constructions, we find that they give the most
general (4,p) supersymmetric sigma models for both the (4,2) and (4,4) cases, but for
the (4,1) case we obtain only the special class of models for which the constraint (2.2) is
satisfied. This can be viewed as follows. The (4, 1) actions we have constructed are based
on superfields that depend on additional parameters apart from the worldsheet superspace
coordinates. The additional parameters enter in such a way that the second derivative
conditions (8.11) are satisfied. In addition to this, the form of the actions leads to vector
potentials that satisfy (3.10). Together these conditions are stronger than the general
conditions (4.22) and (4.23) for extra supersymmetry of a (2, 1) action. This is in contrast
to the (4, 2) case where the conditions derived for the scalar potential that depends on extra
parameters satisfies the general condition (6.14) for (4,2) supersymmetry. At present we
do not fully understand this discrepancy, but perhaps there is a more general construction
which gives a manifest formulation of the general (4,1) case.
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A Connections

In the (2,1) formulation one complex structure, J™) has its canonical form and is preserved
by a connection with torsion. The form of JM follows from the reduction of the (2,1)

constraint

Di¢® =0 (A1)
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to (1,1) as in (2.4):

|D+ = D+ — ZD+ s
which implies that

S (N A (Y oy [T [0 o
()0 () (2)- () (e)

Invariance of the action implies

v o . (A.3)

For the torsion-free case, V(©JM) = ( implies that the Levi-Civita connection has
no mixed “holonomy” components, i.e. I’ iaB = 0. Slmilarly, for the connection ') with
torsion

1
T;* = igleijl (A.4)
Eq. (A.3) implies the connection ') has no mixed “holonomy” components, so that

e=r0fe .S =0. (A5)

I =D+ T2 =0, T
In addition, the hermiticity condition
JWtggM = ¢ (A.6)

implies that the metric has only mixed components, g,3 = 0, and this determines the Levi
Civita connections:

0  _ 0 _.
r =o, r® =0
0 _ 0 _ _
Lapy = 93(ap) L5By = 9rah)
0 _pO _ © _pO _ _
Faﬁ'y - FBa'y = 9Bly,0] 0 FaE'_y - FBCM:/ ~Ya[B 7] (A7)
where for any connection we define
Tiji = gl (A.8)
The formulae (3.4) for the metric and B-field imply that
- . 1 20 1 @21
9aiva) = ks — kpp)al = ~k05 = 5805 = 5,05 = Thap
_Lpey _Llgan 4
—90185) = 58850 = 37570 = LB - (A.9)
Combining (A.7) and (A.9) we see that the relations in (A.5) are satisfied.
The connection with torsion is then given by
+ 0
L5 = Toky + Tags = Gr(a) + 9510l = Grap (A.10)
and
() _ (0 9.
FO‘B’Y = FO‘B'Y + Taﬁ’y = QQB[V’C“} (All)
together with
) _pH) _
ri), =1t =0 (A.12)
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