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ABSTRACT G Jim SimFusion®) — - Jim SimFusion#*) =
SimFusion has become a captivating measure of similarttyesn . 2119 '21]9 213 23 iz 3 2]90 '219[J }sii;ig 1(5)2
objects in a web graph. Itis iteratively distilled from thetion that DZ{ 2oL o2 | W1 AT 150
“the similarity between two objects is reinforced by the isamity D["'P-l’: » 910919 210 1 219 | | | 130 217 145 1 075
of their related objects”. The existing SimFusion modelalisu \%_»3 Dz{ 919 919 219 219 1 || | 100 156 105.075 1
exploits theUnified Relationship Matri{URM) to represent la- “h==h i ! o

tent relationships among heterogeneous data, and adojitisran
ative paradigm for SimFusion computation. However, duento t
row normalization of URM, the traditional SimFusion modehyn
produce the trivial solution; worse still, the iterativengputation

of SimFusion may not ensure the global convergence of the sol

tion. This paper studies the revision of this model, prawida full
treatment from complexity to algorithms. (1) We propose Bim
sion+ based on a notion of thénified Adjacency Matri{UAM),

a modification of the URM, to prevent the trivial solution attne

divergence issue of SimFusion. (2) We show that for any xerte

pair, SimFusion+ can be performeddn(1) time andO(n) space

with an O(km)-time precomputation done only once, as opposed

to theO(kn?) time andO(n?) space of its traditional counterpart,

wheren, m, andk denote the number of vertices, edges, and itera-

tions respectively. (3) We also devise an incremental #@tyorfor
further improving the computation of SimFusion+ when neksgo
are dynamically updated, with performance guaranteesifior s
larity estimation. We experimentally verify that thesealthms
scale well, and the revised notion of SimFusion is able toveare
to a non-trivial solution, and allows us to identify more sibhe
structure information in large real-world networks.

Categories and Subject Descriptors

H.3.3 [Information Search and Retrieval]: Information Storage
and Retrieval; G.2.2Graph Theory]: Discrete Mathematics
General Terms

Algorithms, Theory, Performance
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1. INTRODUCTION

The conundrum of measuring similarity between objects dase

on hyperlinks in a graph has fueled a growing interest in tleldi

Copyright 20XX ACM X-XXXXX-XX-X/XX/XX ...$15.00.

Figure 1: Trivial SimFusion on Heterogeneous Domain

of information retrieval. This problem is also known as Kin
based analysis” or “structural similarity search”, and astbeen
extensively studied by different communities with a pralition
of emerging applications. Examples include collaborafiiter-
ing, hyper-text classification, graph clustering and proki query
processing. Recently, while the scale of the Web has draaiigti
increased our need to produce large graphs, the study akeffic
ly computing object similarity on such large graphs becoraes
desideratum. In practice, an effective similarity measshieuld
not only correlate well with human intuition but also scaleliior
large amounts of data.

Among the existing metrics, SimFusion [1] can be regarded as
one of the attractive ones on account of the following reasdi)
Similar to PageRank [2] and SimRank [3], SimFusion is based o
hyperlinks and follows the reinforcement assumption tkia ‘sim-
ilarity between objects is reinforced by the similarity béir relat-
ed objects”, which is fairly intuitive and conforms to oursiiaun-
derstandings. (ii) Unlike other measuresy,PageRank and Sim-
Rank) that explore the linkage patterns merely from a sidgla
space [2—4], SimFusion has the extra benefits of incorpaydibth
inter- and intra-relationships from multiple data spaces unified
manner to measure the similarity of heterogeneous datatsbje
(iif) SimFusion offers more intuitive and flexible ways ofsagn-
ing weighting factors to each data space that reflects thkitive
importance, as opposed to the PageRank and SimRank measures
that need to determine a damping factor. (iv) SimFusionides/

a general-purpose framework for measuring structurallarity
in a recursive fashion; other well-known measures, suchas C
Citation [5] and Coupling [6] are just special cases of Sisibn.

However, existing work on SimFusion has the following prob-
lems. Firstly, although the basic intuition behind the SusiBn
model is appealing, it seems inappropriate to uséthified Rela-
tionship Matrix(URM) to represent the relationships of heteroge-
neous objects. The main problem is that, according to thaitiefi
of URM L in [1], the sum of each row oL is always equal to
1. Since the product of. and the matrixl whose entries are
all ones is equal to the matrik of all ones, there always exists
a trivial solutionS = 1 to the original SimFusion formul§ =
L -S - LT [1], as illustrated in Example 1. The same phenomena
of yielding such a trivial solution may occur in our experimtsd
results in Section 6. To address this issue, we shall retise t
original SimFusion model.
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Figure 2: Divergent SimFusion on Homogeneous Domain

EXAMPLE 1 (TRIVIAL SOLUTION). Figure 1 depicts agraph
G1 partly extracted from Cornell CS Department. Each vergx

.38 0 .380 0 .38

denotes a web page, and each edge a hyperlink. There are three

categories: D1 = {P1} (student),D, = {P, P3} (staff), and
Ds = {P4, Ps} (faculty). We want to retrieve the top-3 similar
pairs of web pages ig:. However, the naive SimFusion fails to
correctly find them. We observe that the SimFusion solusam i
(trivial) matrix whose entries are all the same. In fact, ti@gs in
G1 do not have the identical neighbor structures. Hence, tivealr
solution is non-semantic in real communities.

Secondly, it is rather expensive to compute SimFusion aimil
ities. The existing approach for SimFusion computationla@ep
a fixed-point iteration:S*+1 = L . ) . L” which requires
O(kn?) time andO(n?) space [1]. This impedes the scalability of
SimFusion on large graphs. Worse still, the iterative cotamion
of SimFusion do not always converge. The convergence of the
SimFusion iterations heavily depends on the choice of th&lin

guessS(?, as shown in Example 2.

EXamMPLE 2 (DIVERGENCESIMFUSION). Consider the dis-
ease transmission grapf:, where each vertex is an organisfa
which can carry the disease, and an edge represents oneigrgan
spreading it to another. One wants to find the three most amil
organisms taP in G>. However, the iterative computation of Sim-
Fusion does not work properly. We observe the following:

(i) WhenS© is set to am x n identity matrix (according to [1])
the “even” and “odd” subsequences ¢8 ")} are convergent
respectively, but they do not converge to the same limighvhi
makes the full sequend® ™)} divergent.

(i) ChoosingS® = 1, (i.e., ann x n matrix of all 1s) instead,
we observe that the full SimFusion sequef@&*) } is always
convergent td,, regardless of the graph structure.

This suggests that the original SimFusion iterations magibe
vergent or converge to a trivial solution, not to mentiorsitalabil-
ity. This highlights the need to find a feasible way to guazarthe
convergence of the SimFusion iterations, but it is hard tasgean
efficient algorithm for the revised SimFusion computation.

Thirdly, it is a big challenge to incrementally compute SimF
sion on dynamic graphs. The traditional method [1] has tomec
pute the similarity from scratch when edges in a graph change
time, which is not adaptive to many evolving networks. Foetie-
ly, we have an observation that the size of the areas affdnted
the updates is typically small in practice. To this end, wappse
an incremental algorithm that fully utilizes these affectgeas to
compute SimFusion on dynamic graphs.

Contributions. This paper proposes SimFusion+, a revised no-
tion of SimFusion, to provide a full treatment of SimFusion the
convergence issues and to improve its computational effigien
summary, we make the following contributions.

1. We formalize the problem of SimFusion+ computation (Bect
2). The notion of SimFusion+ revises the divergence and non-
semantic convergence worries of the traditional model [1].

. We present optimization techniques for improving the pota-
tion of SimFusion+ t@)(1) time andO(n) space for every pair
of vertices, plus ai®(km)-time precomputation run only once
(Section 3).

. We devise an efficient algorithm to compute the SimFusion+
similarity with better accuracy guarantees (Section 4).efor
estimate is also given for the SimFusion+ approximation.

4. We devise an incremental algorithm for further optimizthe
SimFusion+ computation when edges in networks are dynami-
cally updated (Section 5). We show that the update cost of the
incremental algorithm retain®(dn) time andO(n) space for
handling a sequence 6fedge insertions or deletions.

. We experimentally verify the effectiveness and scailgtaf the
algorithms, using real and synthetic data (Section 6). €kalts
show that SimFusion+ can govern the convergence towards a
meaningful solution, and our algorithms achieve high aacyr
and significantly outperform the baseline algorithms.

Related Work. The link-based similarity has become increas-
ingly popular since the famous result of Google PageRanloii2?]
ranking web pages. Since then, there has been a surge okpaper
focusing on web link analysis. In particular, a growing etet has
been witnessed in the SimFusion model over the past decad [1
as it provides a useful measure of similarity that suppaftereént
kinds of intra- and inter-node relations from multiple dapaces.

The iterative computation of SimFusion was proposed in i w
several problems left open there. In comparison, this work e
tends [1] by (i) addressing the divergent and trivial santof the
original SimFusion, (ii) optimizing the time and space cdexjiy
of similarity computation, and (iii) supporting incremahtipdate
on evolving graphs, none of which was considered in [1].

It is worth mentioning that Jeh and Widom have proposed a
similar structural measure called SimRank [3], predicassdSim-
Fusion is, on the idea that vertices are similar if they hanelar
neighbor structures. The essential difference betweetwihenod-
els is the notion of the convergence principle. SimFusicsuess
the existence of the stationary distribution and ergoglicanver-
gence to this distribution, whereas SimRank hinges on a temp
factor0 < ¢ < 1 to govern the convergence.

Optimization techniques have been devised for SimRank com-
putation €.g.,[8-12]). The best-known SimRank algorithm yields

O(k min{nm, 1<§§n}) time [8]. The performance gain is mainly
achieved by a partial sum function for amortization; as fionfSu-
sion, the conventional matrix multiplication in its iteikeg formula
misled its complexity, which was previously conside@dkn?®)
time andO(n?) space. The idea of the dominant eigenvector in
this work significantly improves its computation @(km) time
andO(kn) space, which is more efficient than SimRank [8].
There has also been work on link-based similarity compatati
A unified framework of link-based analysis was addressedjn [
which extends PageRank and HITS by (i) considering both-inte
and intra-type relationships, and (ii) bringing order téadabjects
in different data spaces. It differs from this work in thag tfo-
cus is on finding attribute values of a single object, rathanton
improving the complexities for similarity estimation. Exisions
of similarity reinforcement assumption were studied in][13y
spreading multiple relationship similarities over ingdated data
objects to enhance their mutual reinforcement effects. eNbe-
less, neither of these deduces rigorous mathematical faenand
the rationales behind the integration approaches areefifférom
this work. Recently, a closed-form solution to P-Rank (Rexteg-
Rank) formula was addressed in [14]. @aial. [14] showed that
when the damping factar = 1 and weighting factory = 0, P-
Rank can be reduced to SimFusion. However, this reasoning is
based on the flawed assumption that the diagonal entrietSJiaf
the P-Rank similarity matrix were not considered. We ardpae P-
Rank is defined recursively, and hence, the omission of Bialgas
an impact on the similarity of a vertex with itself, and resively,
it has an impact on the similarity of different pairs of veets.

2. SIMFUSION ESTIMATION REVISED

In this section, we first revisit the definition of data spaced da-
ta relation. We then introduce the notion of taified Adjacency
Matrix (UAM) to revise the SimFusion model.




2.1 Data Space and Data Relation

Graphs studies here are directed graphs having no multiglese

Data Space. A data spaceis the finite set of all data objects
(vertices) with the same data type, denotedby= {01, 02, - }.
|D| denotes the number of data objectsin Two nonempty data
spaceD andD’ are said to belisjointif DN D' = &.

Throughout the paper, we shall use the following notatidf)s.
The entire spaceD in a network is the union ofV disjoint data
spacesDy, --- , Dy such thatD = (JY., D; andD; N D; =
@ (1 # 7). (i) The total size|D| of the entire space, denoted
by n, is the sum of the number; of the data objects in each data
spaceD;,i.e.,n =3~ n;withn; = |D;| (Vi=1,---,N).

Intuitively, for heterogeneous networks, the distinctcgsD;
form a partition ofD into classes. For homogenous networks, the
partition of D is itself.

Data Relation. A data relationon D is defined ask C D x D,
where(0,0") € R is a connection (a directed edge) from object
o to o’. Data objects in the same data space are relatenhtva
type relationsk; ; C D; x D,. Data objects between distinct data
spaces are related \iger-type relationsk; ; C D; xD; (i # j).

Intuitively, the intra-type relation carries connectetbimation
in each data space.@.,co-citation between web pages); the inter-
type relation represents interlinked information betweéferent
data spaces(g.,making user requests). As an example, in Figure
1 there are three data space® = {P1} U {P», P3} U {P4, Ps},
where( Pz, P2), (P2, P3), (P3, P2), (P4, Ps), (Ps, Py) are intra-type
I'(i“'&tiOl‘]S;(.[:)l7 PQ), (Pz7 P1)7 (Pg7 .[:)1)7 (Pl, Pg), (P17 P4=)7 (.[:)47 Pl)
are inter-type relations.

2.2 Unified Adjacency Matrix
Let us now introduce thenified adjacency matriJAM). Con-
sider a graply = (D, R) with data spac® and data relatiofR.
Unified Adjacency Matrix (UAM). The matrixA = A + 1/n?
of sizen x n is said to be anified adjacency matrigf the relation
‘R whenever

A1A11 A12Aq0 ALNA1L N

- A21A21  A22A22 Ao NA2 N

A = . . )
AN,1AN1T AN2AN2 AN, NAN,N

where (i)1 is then x n matrix of all ones; (ii)A; ; is the submatrix
of A whose(o,0’)-entry equalsl if there is an edge from data
objectoto o', i.e.,3(0,0') € R, ni if data objecto has no neigh-
bors inD;, or 0 otherwise; and J(iii)xi,j is called theweighting
factor between data spac®; andD; with 0 < X;; < 1 and
S Ay =1(¥i=1,---,N).

Intuitively, A; ; represents the intrg4 = j) or inter- (i # j)
relation from data spacP; to D;. A, ; reflects the relative impor-
tance between data spad@sandD;.

EXAMPLE 3. InFigure 1, the relative importance between data
spaceD; andD; is denoted by a weighting matrix = (\; ;). ;-
Then, the UAMA of G; can be derived fronA = A + 1/n2,
whereA is computed from\ as follows.
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SimFusion+ Model. In light of the UAM A, we next propose

the revised model of SimFusion, termed SimFusion+, asvisiio

A-S-AT
[A-S- AT,

(=}

S = (Y

whereS is called thdJnified Similarity Matrix(USM) whose(z, j)-
entry represents the similarity score between objectd ;.

The uniqueness and existence of the SimFusion+ sol&itm
Eq.(1) can be established Iblye power iteration15, pp.381]. A
detailed proof will be shown in Proposition 1 (Section 3).

The revised notion of SimFusion utilizes UAM (rather thanNMR
to represent data relations because UAM can effectivelydadio
vergent and trivial similarity solutions while well preserg the
intuitive reinforcement assumption of the original modg|. [We
observe that the root cause of the flawed solution to theraigi
SimFusion is the “row normalization” of URM. Thus, by using
UAM, we have an opportunity to postpone the operation of “row
normalization” in a delayed fashion. To this end, we utilthe
matrix 2-normj|A - S - A"||, to squeeze similarity scores$ninto
[0, 1]. The obtained similarity results in USM can not only prevent
the divergence issue and the trivial solution but effetyieapture
the reliability of the similarity evidence between dataeuit. For
instance, the SimFusion+ USMs in Examples 1 and 2 are naaitriv
and intuitively explainable.

3. COMPUTING SIMILARITY VIA DOMI-
NANT EIGENVECTOR

A conventional approach for finding the SimFusion+ solutton
to Eq.(1) is to employ the following fixed-point iteratioh:

gkt+1) _ A8 AT

~TA S AT, @

However, as the matrix multiplication may contai(n®) opera-
tions, it requiresD (kn?) time andO(n?) space to compute Eq.(2)
for k iterations, which may be quite expensive.

In this section, we study the optimization techniques toroap
the computation of SimFusion+. Our key observation is thiat-S
Fusion+ computation can be converted into finding the dontina
eigenvector of the UAMA.. The idea is to calculate the dominant
eigenvector ofA once, offline, for the preprocessing, and then it
can be effectively memorized to compute similarity at quéene.

We first revisit the definition of the dominant eigenvector.

DEFINITION 1 ([15,P.379]). The dominant eigenvector of the
X is an eigenvector, denoted by,ax (X), corresponding to the
eigenvalue) of the largest absolute value & such that

X omax(X) = A+ Omax(X) With [[omax(X)|]2 = 1.
The dominant eigenvector of the UAM can be utilized for spegd
up SimFusion+ computation based on the following propositi

PropPoOsSITION 1. Let A be the UAM of network = (D, R).

The SimFusion+ matri$ can be computed as
[Sli.; = [omax(A)]i X [omax (A)]5, ®3)

where[+];,; denotes théi, j)-entry of a matrix, andx]; denotes
thei-th entry of a vector.

PrROOF We shall use the knowledge of Kronecker produg} (
andvec operator (see [16, p.139] for a detailed description).
(i) We first prove thabec(S) = omax (A ® A).

Taking vec(x) on both sides of Eq.(2) and applying Kronecker
propertyvec(BCDT) = (D ® B) - vec(C) [16, p.147] yield

[(A ®A)-vec(SW)],
!Note that the uniqueness of the SimFusion+ solution gueesnt
thatS is insensitive to the initial guess'®). For convenience, we

chooseS(® = 1 of all 1s, which can be interpreted as “initially, no
other vertex-pair is presumably more similar than itself”.

vece(




Let x®) £ pec(S™) andM 2 A ® A. Then Eq.(4) having
the formx*+1 = Mx® /|Mx®)||, fits the power iteration

paradigm [15, pp.381], which follows that the sequedsé® }
converges to the dominant eigenvectoddf This in turn implies

vec(S) klim vec(S™) = omax (A @ A).
:— 00

One caveat is that the convergencevef(S™*)) is ensured by the
positivity of A® A [17, p.508. This is true becausaA is positive
and the self-Kronecker product of two positive matricessprees
positivity.

(i) We next show thatmax (A ® A) = omax(A) ® Tmax(A).
SinceA - omax(A) = X - omax(A), it follows that

(A®A): (0max(A) ® Omax(A)) = (ATmax(A)) @ (Aomax(A))
= ()\ . Umax(A)) ® ()\ : Umax(A)) = )\2 . (Umax(A) 24 Umax(A))~

This implies that the dominant eigenvectordf A is actually the
self-Kronecker product of the dominant eigenvectoAofHence,

’U@C(S) = Omax (A & A) = Omax (A) & Umax(A)-

It can be noticed that thé&, j)-entry of the matrixS (i.e., the
((1—1) xn+j)-th entry of the vectovec(S)) is exactly the product
of thei-th andj-th entries ofomax(A). Thus, Eq.(3) holds. (I

Proposition 1 provides the efficient technique for accdiega
SimFusion+ computation. The central point in optimiz®gom-
putation is that onlymatrix-vectormultiplication is used for com-
puting omax(A). Once calculated, the vectét,.x(A) is memo-
rized and thus will not be recomputed when subsequentlyinedyu
as opposed to the naiveatrix-matrixmultiplication in Eq.(2).

ExamMPLE 4. Consider the graply; in Fig.1 with its UAMA
already computed in Example 3. The dominant eigenvectdr isf

Omax(A) = [431 673 451 322 .232]".
Then using E¢3) for computingS yields
186 .290 194 139 .100
290 453 304 217 .156
S=].194 .304 .203 .145 .105
139 217 145 104 .075
100 .156  .105 .075 .054

Note thatomax(A) is calculated only once for the preprocessing
and can be used for computing any entnSadit query time, e.g.,

[S]; 5 = [max(A)]; X [omax(A)], = 431 x 673 = .290.
[S],.5 = [Omax(A)]} X [Tmax(A)]; = 431 x 451 = .194.

Regarding computational complexity, our approach onlydsee
O(km) preprocessing time an@(n) space to computemax (A)
by using the followingpower iteration[15, pp.381]:

0 —o gD _ Ag® fif(k) +1%e

’ [AE® 2 |AL® 4 4We,’

wheree £ (1,---,1)" € R andy* 2 L 57" [¢®] % The

®)

i

existence and uniqueness of the dominant eigenvecief(A) is

2According to the Perron-Frobenius theorem [15, p.383], the
positivity of A ® A ensures that there exists a unique dominant
eigenvector ofA ® A associated with its eigenvalue being strictly
greater in magnitude than its other eigenvalues.

The correctness of Eq.(5) can be proved as follows:

Ag(k) = (A—‘—n%eeT){(k) = A£<k)+fy<k)e with fy<k) = %eTék).

guaranteed by the combination of Perron-Frobenius the¢i&m
p.383] and the positivity oA.. Thus, by applying the power method,
the sequencét®)} converges t@max (A). Then, withomax (A)
being memorized, only(1) time is required at query stage for
computing each entry @ via Eq.(3). Indeed, due 18 symmetry,
only n(n + 1)/2 entries[S];,; (¢ < j) need to be computed. In
contrast to theD(kn?) time andO(n”) space of the conventional
iterations, our approach is a significant improvement aeuey
omax (A) computation.

Our method of memorizingmax (A ) can extra accelerate Sim-
Fusion+ computation when only a small portion of similavigjues
of S need to be computed. Specifically, for certain applicatlies
K-nearest neighbori{NN) queries, given a vertexas a query,
one needs to retrieve the tdp-(< n) most similar vertices in
a graph by computing theth row of S. Before Proposition 1 is
introduced, computing the similarity of only one vertexrpstill
requiresO(kn?) time. In contrast, using the memorizeg..(A),
we only need)(1) time for computing a single entry & at query
time. In fact, for K’NN queries, aftebrmax(A) is memorized with
its entries sorted in an descending order for the preprowgss
only takes constant time to retrieve the tApresults at query stage.

Proposition 1 also gives an interesting characterizatiothe
SimFusion+ matrix.

COROLLARY 1. The SimFusion+ matri$ is a rank 1 matrix.

PrROOF Applying Eqg.(3) toS, we obtain that for any two rows
of S, Jw = [Urnax(A)]w/[UInax(A)]y s.t. [S]Jc,* = w X [S]y,*.
Hence, therank b is1. [

4. ESTIMATING SIMFUSION+ WITH BET-
TER ACCURACY

After the dominant eigenvecter,.x(A) has been suggested to
speed up SimFusion+ computation, the algorithm presentédds
section can guarantee more accurate similarity results.

The main idea of our approach is to leverage an orthogonal sub
space for “upper-triangularizing” the UAM (n x n dimension)
into asmallmatrix Ty, (k x k dimension) withk < n. Due toT
small size and almost “upper-triangularity”, computing tthomi-
nant eigenvectaimax (T ) is far less costly than straightforwardly
computingomax(A). We show that the choice df provides a
user-controlled accuracy over the similarity scores. Tieuying
rationale is that the dominant eigenvector of a matrix camwék-
preserved by an orthogonal transformation.

We first use the technique of the Arnoldi decomposition [8] t
build an orderk orthogonal subspace for the UAK.

LEMMA 1 ([18,Pr25-33]). LetA be annxn matrix. Then,
for everyk = 1,2, - - -, we have the following results.
(a) There exists a unigue x k almost triangular matrixTy, s.t.

(6)

whereVy, = [vi|va]| - -| vi] is ann x k matrix consisting of:
orthonormal column-vectors; € R™ (i =1,--- , k).

(b) The difference betweeAV, and VT, is a zero matrix
except the last column. Precisely, there exist a small sealand
an orthonormal vectox; € R™ such that

VIAV, = T,

AV, -V, T, = 6kvk+1ef, (7)

wheree;, = (0,---,0,1)” € R" is a unit vector.

As depicted in Fig.3, by using the upper-triangularizatpro-
cess?, the matrixA € R™ "™ can be transformed into the small

“From the computational viewpoin¥, T, v anddy in Eq.(7)
can be obtained by an algorithm in our later developments.
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Figure 3: Upper Triangular Process of UAM
almost triangularT, € R*** by then x k orthonormal ma-
trix 'V, for every iteration. Ask increases,T;1 can be iter-
atively obtained by bordering the matrik, at the last iteration
(i.e., Tp+1 = [Tk *]), and V41 by augmenting the matri¥,, at
the last iteration with the vector, 1 (i.e., Vi1 = [Vi | Vig1])-
Whenk = rank(A), it follows thatd, = 0.

EXAMPLE 5. Consider the networks; in Fig.1 and its UAM
A = A +1/5%in Example 3. Folk = 3,3 V3 = [v1 |v2|vs] €
R>*3 mappingA € R>*% into T3 € R¥® s.t. T3 = VI AV3,
where

$: s 50 447|125 |—.089
th s s 1.08.298 0 A447| 750 | .044
A=|1Zo0il]| Ts= |:‘298‘190 .359} , Vg = | .447|-.125| .T10
11193 0 .359 —.083 447~ .125|~.696
0L 120 447|~.625| .032
363 = .231,v4 = [—.881 .328 .137 .280 .135]” s.t. Eq(7) holds.

(see Example 7 for a detailed iterative process)

In light of Lemma 1, we next provide an error estimate for Sim-
Fusion+ similarity when usingmax(Tx) to computermax(A).

Error Estimation.  We define ak-approximation similarity
matrix S;, over a low-order parameté

[Sk]z,] = [Vk : Umax(Tk)]i X [Vk : Umax(Tk)]j7
whereV and T, can be obtained from Lemma 1.
To differentiateS;, from S, we shall refer t& asexactsimilarity.

The following estimate for the approximate similary, with
respect to the exa&@ can be established.

®)

PROPOSITION 2. For everyk = 1,2,---, the following esti-
mate holds:
ISk = Sll; < ex, ©
where
€ = 2 X |0 X [Omax(Tr)],], (20)

and §;, is a small scalar given in E€); [omax(Tx)], is thek-th
entry of the dominant eigenvector ..

(Please refer to the Appendix for a detailed proof.)

The parametety, is intended as a user control over the difference
between the approximate and the exact similarity matrieesl,
henceey, is generally chosen by a user. Provided thég selected
to satisfy Eq.(10), Proposition 2 states that the gap betvike
approximate and the exact similarity scores does not exqgeed

EXAMPLE 6. Consider the networl; in Fig.1 and the matrix
T3, Vs, d3 given in Example 5. Fok = 3, we have

Omax(T3) = [.945 .316 .089]" .

Therefore,Vs - omax(T3) = [454 .663 .447 .321 .228]". Then
applying Eq(8) and the exac$ in Example 4 yields

S; = {Using Eq(8)} = S3 — S = {Using$ in Example 4})=

.206 .301 .203 .146 .103 2.02 1.09 .83 .67 .34
.301 .440 .296 .213 .151 1.09 —1.33 —.75 —.41 —.51
.203 .296 .199 .143 .102 0l x | .83 —.75 —.40 —.21 —.30
.146 .213 .143 .102 .073 .67 —.41 —.21 —-.09 —.17
.103 .151 .102 .073 .051 .34 —.51 —.30 —.17 —.20

Algorithm 1: SimFusion+ (G, ¢, (u,v))

Input : NetworkG = (D, R), accuracy, vertex pair(u, v).
Output: Similarity scores(u, v).

1 compute the matriA € R"*" of the UAM A in G ;
2 initialize e < (1,1,--- ,1)T € R, andv; « ﬁe;
3 foreachiterationk = 1,2, .- do
4 initialize the auxiliary vectow < Avy + #(eTvk)e ;
5 fort=1,2,--- ,k—1do
6 compute the almost upper triangular mafiiy, € R¥*Fk :
[Tw)ip_1 < vi-w;
7 orthogonalizew s.t.w_Lspan{vi, - ,vi}:
W w— [Tkl pq Vi1,
8 compute the residual scaléy < |[wl]|, ;
9 find the dominant eigenvectemax (Tx) ;
10 estimate the errar, <— 2 x |5, X [omax(Tk)];l;
11 if ;. < ethen exit for ;
12 compute the residual vectet, 1 :
W w/d andvy g« w;
13 | freedy, omax(Ts);
14 freew, Ty, Vg1, 0k

15 compute the approximate dominant eigenveét@e. (A)
&IllaX(A) — [VI‘V2| c |Vk] . Umax(Tk) )

freevy, -+, vy, Umax(Tk) ;

compute the approximate similarity score(ef, v)
5(u,v) < [Fmax(A)]u X [Fmax(A)]v ;

return 3(u,v)

16
17

18

We note that the gap betwesrandS;, for k = 3 is actually
S5 — SJ|, = .0257,
which is smaller thamy, (using Eq(10) with 63 = .231)
er =2 x |.231 x .089] = .0411.

Notice that ifk = rank(A) (< n), ° thene, = 0 and thek-

approximation similarity matrixS, becomes the conventional ex-
act USMS. From this perspective, thHeapproximation similarity
can be regarded as a generalization for the conventiondbsity

One of the possible ways of choosing an appropriate low order
k for achieving the desired accuracis to calculate the estimation
errore; from E(é.(lO) in an a-posteriori fashion after each iteratio
k = 1,2,---. ° The iterative process stops onge < ¢. Due
to €, decreasing monotonicity, su¢his the minimum low order
s.t.||Sk — S|l, < e. More concretely, the residudl. in Eq.(7)
(Lemma 1) approaches 0 &ss increased ta, which implies

€ = 2 X |6k| X |[Umax(Tk)]k| S 2 X |5k|

Hence, the condition;, < ¢ (with ¢, being obtained from Eq.(10))
can be used as a stopping criterion for determining the minim
low orderk needed for the desired accuracy

Capitalizing on Eq.(8) and Proposition 2, below we provide a
algorithm for SimFusion+ computation with accuracy guéean

Algorithm. SimFusion+ is shown in Algorithm 1. It takes as
input a networkG = (D, R), a desired accuracy, and a vertex
pair (u,v); it returns the approximate similarit§(u, v) such that
[8(u,v) — s(u,v)| < ewith s(u,v) being the exact value.

Before illustrating the algorithm, we first present the tiota
s it uses. (@)Tkx]i,; is the (4, j)-entry of the matrixT,, and
[omax(Tk)]: is thei-th entry of the eigenvectormax(Tx). (b)

*Whenk is set toargmin, {6y = 0} (which is practically much
smaller thamrank(A)), ex = €1 = -+ =€ =

bAs increased by 1 per iteration, the low order paramktequals
the iteration number.



[ #line | time | memory | operation |

4 O(m) O(n) sparse matrix-vector multiplication

6 O(n) O(n) | vector dot product

7 O(n) O(n) | vector addition and scalar multiplicatioh
8 O(n) O(n) computing the 2-norm of a vector

9 O(k) O(k) using the power iteration

10 O(1) O(k) getting the vector component

12 O(n) O(n) scaling the vector

Table 1: Running Time & Memory Space Required per ltera-
tion for Algorithm SimFusion+ in Lines 4-12

span{vi,---,vi} is the set of all linear combinations of vectors
Vi, -, V. (C) Fmax(A) denotes the approximation 6fuax (A).
The algorithmSimFusion+ works as follows. It first computes
A and initializesv; (lines 1-2). UsingA, it then computesly
(lines 4-6),6. (lines 7-8) andvy1 (line 12) by orthonormalizing
the vectorAv; with respect tovy,--- , vy for every iteration;
SimFusion+ also calculate®rmax(Tx) (line 9), and utilizesdy,
and omax(T}) to estimate the errog, (line 10). The process
(lines 3-13) iterates untid, < ¢, i.e., the minimum low orderk
is found s.t. ¢, meets the desired accuraeyline 11). For such
k, the matrix-vector producivi|vza|---|vk] - omax(Tk) is used
to approximate the dominant eigenvector&f and is memorized
to computedmax(A) (line 15). The product of the-th andwv-th
entries ofomax(A) is collected ins(u, v), which is returned as the
estimated similarity between vertexandv (lines 17-18).

ExXAMPLE 7. We show howSimFusion+ estimates the simi-
larity in G; of Example 1. Given the desired accuracy= 0.05,
SimFusion+ first initializes the UAMA (in Example 3). It then
iteratively computeS'x, Vi1, 0k, 0max(Tr) ande,, as follows:

k T Vil Ok | omax(Tk) | e
0 - [.447 447 447 447 .447)" - - -
1 [1.08] [125 750 —.125 —.125 —.625]" | .298 1] 596
1.08].208 T 957
2 {298 .190] [~.089 .044 .710 —.697 .032] 359 |0l | 208
1.08].208| 0 . [945]
3| |7298.190| .359 | | [.881.329.137.280 135 .231] | .231| |[.316] |.041
0 359 —.083 .090

The iteration terminates ak = 3 because the estimation error
e3 = .041 < ¢ (= .05). SimFusion+ then memorizedmax(A) =
[vi|va|vs] - omax(T3) and returns the similaritys(u, v), i.e., the
(u, v) entry ofS3, as shown in Example 6.

We next analyze the time and space complexitgioiFusion+.

Running Time. The algorithm consists of two phases: prepro-
cessing (lines 1-16), and on-line query (lines 17-18).

(i) For the preprocessing, (a) it tak€gm) time to computeA
(line 1) andO(n) time to initialize vy (line 2). (b) The total time
of thefor loop is analyzed in Table 1 (line 3-13), which is bounded
by O(m + 4n + k + 1) for each iteration. (c) It take®(kn) time
to computesmax(A) (line 15). Hence, the total time in this phase
isO(m+k(m+4n+k+ 1)+ kn), which is bounded b (km).

(ii) The on-line query phase (lines 17-18) can be done inteas
time for each query by virtue @fmax(A) memorization.

Combining (i) and (ii), the query time oBimFusion+ is in
O(1), plus anO(km)-time precomputation.

Memory Space(i) In the precomputation, (a) initializind. and
v1 takesO(n) space (lines 1-2). (b) For each iteratién the
space complexity is analyzed in Table 1, which is bounde@ fy)
(line 3-13). (c) As thefor loop terminates, only,--- , v and
omax(Ty) are kept in memory, yieldin@(kn + k) space; the
other intermediate results can be freed (line 14). (d) Cdmgu
Gmax(A) takesO(k) space (line 15). Once comput&t,ax(A) is

memorized, yieldingD(n) space;vi, - -, vy andomax(Tx) are
not used subsequently and thus can be freed (line 16).

(i) For the on-line query (lines 17-183(u, v) can be computed
in O(n) space Withimax (A) memorized.

Taking (i) and (i) together, the total space is bounde®oyn).

5. INCREMENTAL SIMFUSION+

For certain applications like social networks, graphs ezgifent-
ly modified [9]. Itis too costly to recalculate similaritiesery time
when edges in the graphs are updated. This motivates usdyp stu
the followingincremental SimFusion+ estimating problem _

Given a networkg, the eigen-information i, and a listG of
updates (edge deletions and insertionsyat is to compute the
new USMS' in G’. HereG' is the updated;, denoted by + G.

The idea is to maximally reuse the eigen-informatioyiwhen
computingS’. The observation is that is often small in practice;
henceS’(= S + S) is slightly different fromS. It is far less costly
to find the chang® to the oldS than to recalculate the nes/ from
scratch. The main result in this section is the following.

THEOREM 1. The incremental SimFusion+ estimating problem
is solvable inO(on) time andO(n) space for every vertex pair,
whered is the number of edges affected by the update

As we shall see lates, captures the size of areas in a grgpthat
is affected by updateg; henced is much smaller than wheng is
small. That is, the incremental SimFusion+ can be performexe
efficiently than computing similarities i@’. This suggests that we
compute the eigenvector ¢ in G once, and then incrementally
compute SimFusion+ whef is updated.

To prove Theorem 1, we first introduce a notion of incremental
UAM. We then devise an incremental algorithm for handlingcha
edge updates with the desired bound.

5.1 Incremental Unified Adjacency Matrix
Consider an old networ§ = (D, R) and a newg’ = (D, R’).
Incremental UAM. The matrixA is said to be théncremental

UAM of the updateg (= G’ — G, i.e.,a list of edge insertions and

deletions)ff A = A’ — A, whereA andA’ are the UAMSs of the

old networkg and the newj’, respectively.
Intuitively, the nonzero entries oA can identify the edges in

g that is affected by updated. Typically, A is a sparse matrix

whené is small. Indeed, the number of nonzero entrieAins

bounded byO(dn), which represents the costs that are inherent to
the incremental problem itselfe., the amount of work absolutely
necessary to be performed for the problem.

Using A, we next provide a strategy for incrementally comput-
ing SimFusion+ similarity.

PROPOSITION 3. Given a networlG and an updatej to G, let
A be the UAM ofG, and A the incremental UAM ofj. Then the
new USMS’ of the new network’ (= G + G) can be computed as

[S,]i,j = [5,]2 : [5,]]‘ with [5/11 =[&l];, + Z;L:Q ep X [&p];
¢y = (j;{'gl andn=A-&. (11)

whereg,, is the eigenvector ol corresponding to the eigenvalue
ap With ||€,]]2 = 1, and&; is the dominant eigenvector &f.

(Please refer to the Appendix for a detailed proof.)

The main idea in incrementally computii®] is to reuseA and
the eigen-paifa,, &p) of the original A. From the computational
perspective, memorization techniques can be applied {@ Exfor
an extra speed-up in computifg/],. Oncen is computed, it can
be memorized for computing,--- ,¢,. Whencs,--- ¢, are
calculated, they can be memorized for compufiig), and[g’]j.



Algorithm 2: IncSimFusion+ (G, A, (o, &), G, (u,v))

Input : NetworkG = (D, R), the old UAM A of G,
eigen-pairs oy, &p) of A, the updated to G, query(u,v).
Output: New similarity scores’ (u, v).
compute the incremental UAM for the updateg :
A « UpdateA (G, A,G) ;
initialize a < [€1],,, b+ [&1],;
computen < A - &7 ;
free A, £1;
forp<+2,--- ,ndo
\; computet < &7 -m, cp < t/(ap —a1);

[N

computea < a+cp X [€p],, b b+ep X [€p],
freeay, &p;

w?

freem, t;
computes’ (u,v) < a X b;
return s’(u,v) ;

P OO O~N O g WN

P

5.2 AnIncremental Algorithm for SimFusion+

We next prove Theorem 1 by providing an incremental algerith
m, referred to atncSimFusion+, for handlingd edge updates.

Algorithm.  The algorithm accepts as input a netwgikthe
UAM A of G, the eigen-pair$a,, &,) of A, an update&; (a list of
edge insertions and deletions)doand a vertex paifu, v).

Itworks as follows. (a)ncSimFusion+ first computes the incre-
mental UAM A for the updat&; by using procedur&lpdateA (line
1). UpdateA incrementally finds all the changes to the old UAM
A in the presence of a list of edge updategjto(b) For the given
vertex pair(u,v), IncSimFusion+ initializes a and b based on
the dominant eigenvectd; of A (line 2) ; it computes; once
and memorizeg) for computingcz, - -+ , ¢, (line 3). (c) Once
computed,co, - - - , ¢,, are memorized for calculating theth and
v-th entries of the dominant eigenvectgrof the new UAM,which
is collected inz andb, respectively (lines 4-9)ncSimFusion+ re-
turnsa x b as the similaritys(u, v) (lines 10-11).

Edge Update. The proceduré&/pdateA is used for incremental-
ly updating the UAMA by virtue ofG. An updateg is represented
as a sequence of 2-tuplé¢® x D, op) that records every single
action of the edge update, in whi@ x D is a set of§ edges to
be inserted or deleted, ang is either “+-” (edge insertion) or "
(edge deletion). For instance, after the edfe, Is) is added and
(P1, P») is removed front, in Fig.1, the updatg is denoted by

g:{(P37P57+)7(P17P27_)}'

UpdateA identifies the incrementa\ in two phases. (i) It first
finds the affected nodes and the data spaces for each edge ipda
G using a breadth-first search. (ii) It then updates the cpording
entries ofA based on the following. We abuse the notatdg (u)
to denote all the neighbors of objecin the data spac®, i.e.,

Np(u) = {v € D| (u,v) € R}

Based on the partition of the entire data space- |J_, D; with
ni = |D;|, the incremental UAMA can be accordingly partitioned

into N2 submatricesA; ;.
e For each edge insertiofu,v,+) € G with v € D; and
v € Dy, (i) we set all entries ofA; ;]u,. to —%l except
for their v-th entries to 0 itNp, (u) = @; (i) we set all
entries off A i]+,» to —inu except for thein-th entries to 0
if Np, (v) = @; (iii) we set[A; ;j]u,» = \i,; Otherwise.

e For each edge deletiofu,v,—) € G with v € D; and
v € Dj, (i) we set all entries ofA; ;]u,« t0 Anﬂ except
J

for their v-th entries to 0 ifNp, (u)| = 1; (i) we set all

entries offA; ;].,» to % except for thein-th entries to O if

INp, (v)| = 1; (i) we set[A; ;]u,. = —Ai,; otherwise.

Complexity. The algorithmincSimFusion+ is in O(én) time
and O(n) space for handling edge updates ig. (i) The pro-
cedureUpdateA can be bounded b§(dn) time andO(n) space
(line 1). For each edge update ¢f it is in at mostO(n) time
andO(n) intermediate space to update the corresponding entries
of A. (ii) Computingn requires anO(d)-time andO(n)-space
sparse matrix-vector multiplicatioA - &; (line 3). (iii) For every
cp, it takesO(0) time andO(n) space to calculaté, - n (line 6)
sincen is a sparse vector with oni9(d) nonzeros; ands, - - - , ¢,
are memorized for computing¢’],, which requiresO(én) time
andO(n) space in total. (iv) Computing, b ands’(u,v) needs
constant time and space (lines 7 and 10). Thus, combinif(@]i)
, the total complexity is bounded ly(dn) time andO(n) space.

ExamPLE 8. We show howncSimFusion+ works. Consider
the graphg; in Fig.1 with its UAMA in Example 3. Suppose two
edges( P, P;) and (P, P1) are removed frong/;. The new USM
S’ is updated as follows. -

First, UpdateA is invoked for precomputing the incremental
and the eigen-pairéa,, £,) of A in an off-line fashion:

0 7% 000 4 Qp (33 “p
~1 0000 1] 1184 [431.673.451 .322 232]" -
x 6 2| 503 | [708 —.522 —242 388 132 062
0 0000 3] -480 | [~.256 —.020 .095 .716 —.641]" || -.018
4| -366 | [—.021 —.507 .853 —.119.017]" || -.025
0 0000 5| 242 | [497.127.037 —.467 —.719)" || .069

IncSimFusion+ next computeg from A and¢; (line 3):
n=A-&=[-112 —072 0 0 0]".

Then,c, can be derived from the memorizgdand (o, £,), €.9.,

€3 -n/(a2 — an) = —.0419/(.503 — 1.184) = .062,

€5 -n/(az — 1) = .030/(—.480 — 1.184) = —.018.

Once computed;s, - - -

Ca =
c3 =

, ¢ are memorized for calculatingg’], :
=&+ Z;:Q cp X & = [.327.703 .485 .326 .266]" .

Hence, applyind¢’], to the new USM’ (line 10) yields

107 230 .159 .107 .087
230 .494 .341 .230 .187
S’ = |.159 .341 .235 .158 .129
107 230 .158 .107 .087
087 .187 .129 .087 .071

6. EXPERIMENTAL EVALUATION

In this section, a comprehensive empirical study of the psegd
similarity estimating methods is presented.

6.1 Experimental Setting

Datasets.We used three real-life datasets and a synthetic dataset.
(1) MSN Data. * The MSN search log data were taken from
“Microsoft Live Labs: Accelerating Search in Academic Resd”.
This dataset was also used in the prior work [1]. It containsua
15M user queries from the United States in May 2006 and the
corresponding clickthrough URLs. The dataset was forrdatte
showing each query, the URLSs of the associated web pagethand
number of clickthroughs by query, as depicted below.

URL
shopping.yahoo.conj

Clicks
2,375

URL
www.ebay.com

Clicks
1,859

Query
Shopping

7http://research.microsoft.com/ur/us/fundingopps/ﬁ!SEarch_ZOOﬁ_RFP.aspx



The 15K most common queries in the search log were chosen, and

the hyperlinks from the contents of the top 32K popular weipsa
were parsed. We built a netwogk= (D, R), which consists of a
web page spacP,, and a query spac®,.

(2) DBLP Data. ® This dataset was derived from a snapshot of
the computer science bibliography (from 2001 to 2010). Viecse
ed the research papers published in the following confer@nc-
ceedings: “SIGIR”, “KDD”, “VLDB", “ICDE”, “SIGMOD” and
“WWW?”. Choosing a time step of two years, we built 5 DBLP web
graphsg; (i = 1,--- ,5) with the sizes listed below:

G1:01-02 | G2:01-04 | G3:01-06 [ G4: 01-08 | G5: 01-10
|D| 1,838 3,723 5,772 9,567 12,276
[R| 7,103 14,419 29,054 45,310 64,208

For each graplyy; = (D;, R;), two data spaces were used: paper
spaceD;, and author spacP;,.

(3) WeEBKB Data. ° This dataset collects web pages from the
computer science departments of four universities: Cb(aD),
Texas (TE), Washington (WA) and Wisconsin (WI). It was also
used in the previous work [14] for link-based similarityigsition.
For each university, a netwotky, = (D;, R:) was built, in which
(a) the web pages i; were classified into 7 categories (data
spaces): student, faculty, staff, department, coursgegrand
others, and (b) the UAM oR; represented the hyperlink adjacency
matrix. The sizes of these networks are as follows:
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Figure 4. Comparing SimFusion+ with other ranking algo-
rithms for the average NDCG;o and NDCG3, on MSN data
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Figure 5: The detailed query-by-query and page-by-page com
parisons for NDCG;, on MSN data

We find the following. (i) In most caseSF could hardly find sensi-

U1:CO | Ua: TE | Us: WA | Uyg: WI
D 867 827 1,263 1,205
'R 1,496 1,428 2,969 1,805

(4) Synthetic DataThe data were produced by the C++ boost
graph generator, with 2 parameters: the number of vertinds a
the number of edges. Varying the graph parameters, we uged th
dataset to represent homogenous networks for an in-deptysis

Compared Algorithms. The following algorithms were imple-
mented in C++: (1)SimFusion+ andIncSimFusion+ ; (2) SF,

a SimFusion algorithm via matrix iteration [1]; (8)SF, a variant
of SF, which leverages PageRank stationary distribution [14l); (
SR, a SimRank algorithm via partial sums function [8]; @R, a
Penetrating-Rank algorithm encoding both in- and outdlif#g.

Evaluation Metrics. For evaluating the performance of the al-
gorithms, we usebtlormalized Discounted Cumulative GgMDCG)
metrics [14]. The NDCG at a rank positipris defined as NDCG =

[ end D 13::% where rank s the graded relevance of the
similarity result at rank positio#, and IDCG, is the normalization
factor to guarantee that NDCG of a perfect ranking at pasifio
equals 1.

Twelve IT experts were hired to judge the similarity of theefiv
algorithms. The final judgment was rendered by a majoritg vot

All experiments were run on a machine with a Pentium(R) Dual-
Core (2.00GHz) CPU and 4GB RAM, using Windows Vista. The
algorithms were implemented in Visual C++. Each experimeag
repeated over 5 times, and the average is reported here.

6.2 Experimental Results

6.2.1 Accuracy

We first evaluated the accuracy 8fmFusion+ vs. SF, CSF,
SR andPR in estimating the similarity, using real-life data.

We randomly chose 50 queries and 40 web pages from the M-
SN query log, and compared the average NDE@nd NDCGy)
of the five algorithms. The results are shown in Figure 4, iictvh
thez-axis categorizes the objects according to query and web. pag

8http://www.informatik.uni-trier.de/ ley/db/
°http://www.cs.cmu.edu/afs/cs/project/theo-20/wwwéda

ble similarities because with the increasing number oéttens, all
the similarities ofSFwill asymptotically approach the same value.
This verifies the convergence issue of the original model (i}
When SF did not fail, SimFusion+ always gave more accurate
estimation on average than the other algorithms. For instafior
the top 10 queries, the average NDG®f SimFusion+ (0.79)
is 10x better tharSF (0.07), 39% better tha@SF (0.57), 58%
better tharSR (0.50), and 15% better thdR (0.69), whereas for
the top 30 web pages, the average NREGf SimFusion+ (0.64)

is 12x better tharSF (0.05), 45% better tha@SF (0.44), 33%
better thanSR (0.48), and 21% better thaPR (0.53). This is
because substituting UAM for URM effectively avoids diveng
or trivial solutions, thus improving the quality and reliliy of
SimFusion+ similarity, as expected.

To further verify the accuracy, we randomly selected anotbe
queries and 15 web pages from MSN data. In Figure 5, the query-
by-query and page-by-page comparisons are shown for NBQCG
of the five algorithms. We observe that (i) for 12 out of 15 dgemr
SimFusion+ achieved highest accuracy of the five algorithms;for
13 out of 15 web pagessimFusion+ outperformed the other al-
gorithms in its accuracy, and was slightly less accurate B for
only 2 pages. (ii) For all the queries and web pagésnFu-
sion+ showed the best accuracy performance on avelRBethe
second, an&F the worst. This is becausgmFusion+ uses UAM
to encode the intra- and inter-relations in a comprehensiag,
thus making the results unbiased.

We also evaluated the performance&ahFusion+on DBLP and
WEBKB datasets. In DBLP experiments, 20 authors were random-
ly chosen fromG,:01-02,G5:01-06 andjs:01-10 data, respective-
ly. We compared the similarity of the top 10 authorsdn(i =
1, 3,5) estimated by the five algorithms. The results of the average
NDCG;, are depicted in Figure 6. It can be seen tBanFu-
sion+ again achieved better accuracy on DBLP data. For instance,
SimFusion+ (0.88) onGs:01-06 was 13x better tha®F (0.06),
95% better tharCSF (0.45), 26% better thaBR (0.7), and 19%
better thanPR (0.74). In WEBKB experiments, we computed
NDCG within 10 web pages for each object in each university
data (CO,TE,WI,WA) and evaluated the average scores. &igur
shows thatSimFusion+ outperformed the other 4 algorithms on
CO, WI and WA data, except th&R (0.8) did 6% better than
SimFusion+ (0.75) on TX data. This tells th&8imFusion+ ac-
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Figure 7: Comparing the CPU time and memory of the ranking
algorithms on DBLP data

curacy performance is consistently stable on differenegrpental
datasets.

6.2.2 CPU Time & Memory Space

We then evaluated the running time and memaory space efficienc
of SimFusion+ , SF, CSF, SR andPR using real datasets.

Figure 7 shows the CPU time and memory consumption for the
five algorithms on DBLP. The total time and memory for each
algorithm showed an increasing tendency with the growizg si
of DBLP. It can be noted that the time f@mFusion+ was at
least one order of magnitude faster th@8F andSR on average,
and more than 20x faster th&R and SF, whereas the space for
SimFusion+ andSR increased linearly with the size of DBLP, in
contrast with the quadratic increase in memory3ét, CSF, PR,
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Figure 8: Comparing the CPU time and memory of the ranking
algorithms on WEBKB data
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culate the UAM when edges were updated, and the computationa
cost was counted. In these experiments, the eigen infosmati
of the old UAM can be preconditioned in an off-line fashiordan
shared by all the updated graphs for incremental computagiod
hence their costs were not counted at the query stage. Dpade s
limitations, below we only reported the results on MSN detas
Varying § (the number of the edges to be updated) from 600 to
3000, we first evaluated the running timelo€SimFusion+ and
SimFusion+ over MSN data, respectively, for estimating all the
similarities between the query objectsiny. Figure 10 shows that
IncSimFusion+ outperformedSimFusion+ whend < 2800, but
SimFusion+ performed better for largef, as expected. This is
because the small value &foften preserves the sparseness of the
incremental UAM, and hence reduces the computational dogt o

as expected. This drastic speedup and decrease in RAM iodue t when the USM was incrementally updated.

the memorization Ofrmax(Ty) for computing USM, thus saving
much time and space for repetitive matrix multiplications.

To further evaluate the efficiency, we compare the time aname
ory of the five ranking algorithms on ¥8KB. In Figure 8, the
results indicate thaSimFusion+ took about 10x less time than
SF andPR, and 6x less time tha@SF and SR on average. The
memory space foBimFusion+ was also efficient and scaled well
with the size of WEBKB. It can be seen theBF also took small
memory space (approx. 1M) when the data size was smgl,CO
and TX). However, when the data size increaged.(WI and WA),

To further validate the performancelotSimFusion+ , we esti-
mated the similarity among the web pagé€in and tested its CPU
time on MSN data. In Figure 10, the result shows thaSimFu-
sion+ was highly efficient for the small number of edge updates.
Whené > 7700, SimFusion+ did better tharincSimFusion+ .
This tells that increasing the number of updated edges eslmore
nonzeros inA, thus increasing the difficulty of incremental com-
putation. We also noticed that tH&mFusion+ time was less
sensitive to the small number of the updated edges, wheheas t
IncSimFusion+ time was linearly increased with, as expected.

SF was less useful since large memory storage (about 2.5M) was This is because once the edges are chan§edFusion+ has to

required to keep the intermediate result of #th iterative USM.
In all the casesSimFusion+ performed the best.
On large datasets, the effect 8fmFusion+ is even more pro-

recompute all the similarities from scratch. In contréstSimFu-
sion+ only computes the similarities from the affected area of the
edge updates. In light of thimcSimFusion+ scales well withy.

nounced. Figure 9 reports the average time and memory of the

five algorithms on MSN data, in which theaxis is log-scale. We
chose 50 queries and 40 web pages fpandD,,, respectively.
For eacho, € Dy (resp.ow € D), we estimated the similarity
betweerp, (resp.o.,) and other object € D, U D,,. We see that
SimFusion+ was highly efficient on large datasets (nearly 2 orders
of magnitude tharSF and PR, and 1 order of magnitude than

6.2.4 Effect ot

We used 9 web graphs with the number of vertices increased
from 600K to 1.4M. We varied: from 0.01 to 0.0001 and ran
SimFusion+ on each graph. The results are reported in Figure
11. It can be seen that the computational time and memory con-
sumption forSimFusion+ was sensitive ta. The smaller the

CSF in both time and space). This validates that the performance is, the larger amounts of the CPU time and memory space are, as

of SimFusion+ is fairly stable among different datasets.

6.2.3 Incremental Performance

We next evaluated the incremental performancénoSimFu-
sion+ on real datasets. Given a sequence of edge updatsige
insertions and deletions i@), we compared the running time of
IncSimFusion+ with that of SimFusion+ ; the latter had to recal-

expected. These confirmed our observation in Section 4, evher
we envisage that the small choice«imposes more iterations on
computingT, andvy, and hence increases the estimation costs.

7. CONCLUSIONS

We present SimFusion+, a revision of SimFusion, for preagnt
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Figure 11: Effect of ¢ for SimFusion+ on synthetic data

the trivial solution and the divergence issue of the Siméusiod-
el. We propose efficient techniques to improve the time aadesp
complexity of SimFusion+ computation with accuracy guszan.
We also devise an incremental algorithm to compute SimRdsio
similarity on dynamic graphs when edges are frequently iguba
The empirical results on both real and synthetic dataseis hat
our methods achieve high performance and result quality.

We are currently studying the vertex-updating methods fier i

crementally computing SimFusion+. We are also to extend our

techniques to parallel SimFusion+ computing on GPU.
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Appendix: Proofs

Proof of Proposition 2.

PROOF. Let(x) = Ax— a(x)-x be a vector function ok €
R™, with « (x) being a real function ok. To simplify notations,
we shall denote by the dominant eigenvalue &, and

Nk = Umax(Tk)y £k =V Umax(Tk)7 5 = O'max(A)-

UsingTrnr = arni and Eq.(7) in Lemma 1, we have

¥ (&) = VeTeny, + e virier me — a Viny
= 61Viri(ernr) = Ok [Mk] ) Vit
where[n;], denotes thé-th entry ofn,.. Hence,

€k — &lly < 1% (&k) NIy = [Okmk] | [IVe+1lly = |0k [mr], -
Sincevec(Sy) = &, ® &, andvec(S) = € ® &, we have

ISk — S|, = |lvec(Sk) — vee(S) ||, = ||€r ® &k — ER &,

=& @ (& — &) + (& — &) @&,
<€klly 1€k — &lly + 1€ — &l - €]l
—_—— ——

=2 [|€k — &lly < 2 X [k X [m]y ],
which completes the proof.[]

Proof of Proposition 3.

PROOF. For the new graplg’, let £’ be the dominant eigen-
vector of A’ with its eigenvaluer’, and&, = &' — &1, a1 =
o —ai, A=A"— A.Then,A'¢ = o'¢’' can be rewritten as

(A+A) (& +&)=(u+a) &+ &)
Expanding the above equation, eliminatidg; and @:&; (the
high-order infinitesimals of;), and usingA&; = a1&1, we have

Aé +1=0a1& + @& withn = Ag;. (12)

Sincegy, - - - , &» of A constitute a basis fdk", there exist scalars
c1, - ,cn St& = c1€1 + -+ + cn€,. Substituting this into
Eq.(12) and pre-multiplying both sides 5? produce

n

£ Y _cioibitéin = aig] Y cibitmg] €.

i=1 i=1

Due to¢; orthonormality(i = 1, - - -,
ciai€] & +Ef m=cjon€] & + @€ €.
N—— —_—— N——

=Cjag =cjay =0
Hencec; = (€] n)/(c; —ax)withn = A& (j=2,---,n).

To determine:;, we use the identityé; + &) (&1 + &) = 1.
Expanding the left-hand side, eliminating the high-orainitesi-
mal £ €,, and replacing; with c1&1 + - - - + cn€n, We have

(j=2,---.,n)

n), we have

érﬁll‘*‘ﬁfzciﬁﬁ-zciﬁfﬁl =1

-1 =1 1=1
=c1 =c3
Due tog, - - - , &, orthonormality, it follows that; = 0. Thus,
vee(S) =g @& withe' =& +& =&+ > _ ¢y - &,
p=2
cp = €p i , andn = A¢;.
ap —
O



