ABSTRAQGT OF THESIS .
submitted for the degree of Dogbor of Philosophy in the Unlversity
of London by G.E.metﬁhar,h.ﬂlo .ﬂ.BM".B.I.O. in April 1953,

The first part of this work gonsists of a caloulation of the

enerzy density of electironie stabtes H(E) per atom for the 3d
electrons in nigkel,using bthe tight binding approximabtion,The
importance of sush a caleulabtion to the theory of metals is indicabed
iy Chapter I.The tight binding approxination was used as it was
considered superior and eagier to handle than other methods,notebly
the cellular methodjthis opinion was supported by the Linal resulls.
The first cdloulation made eontained a deliberate approxination,
which was then dropped and a more ascurate csloulation earried oub.
This method was gquieker and more useful than a direct approach to |
the problem.FProm the final N(E) eurve several phayeiodl results were |
deduced ,notably the low temperature electroniec heab eoofflelent, / |
whieh agreed well wibth exporimont, |
The second part of this work consists of an application of Part
1 to Brooks' golleative electronie theory of ferromagnetic anisobropy
and relateld topice.This served to best the calewlations of Part I as
well as to elarify Brooke' theory and carry it to a guantitative
gbtage for the first time.This also inwolved the gonsideration of
theories of the gyromagnetic splitting ratio g' and ferromagnetic
resonance fspeectroscoplic splitting fgebor g).It proved jaouibla to
extend Brocks' theory formally to remove one erude approximation
but numeriesl ,values of g,3' and K For nickel eould only be obbtained
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nigktol 1o 02 tiw FigGs elgn bub cboub ot Gémos Uoo lerge.This
ie not regunrde! oo partiowierly el alllomd,however,ouing Ge
varions approxinstions Anvelved and on tao whole the roguwliz ef
*adb (i oon be sald o oconiiy Ghat the yesdlie ol Zabb 1,10
the #(2) owrve for nigitel,are prodbably guibo asourabo.

Tho oarly part of thiv work vos eumrriod oubt ab Luoporid
Cellezo whwre thoe subbow was & rescarsh stulent frenm Cotoboy
1940 to Golobor 1900.mr the remuinder of the time,.obobor 1000
4o Docombor 1907,Uhe eudbihor has beon on $ho gball of tho
Undiversity Colloon oF Ghe seubti wowb, obor.

Tho mﬂﬁﬂ od bthe wworeslnabe cWloulation of raré I wore
pubiishod in & joint lebber to the radlogephled unsusine (42,
106,1980) with Dre Wohlfnrbi.apert 2ron composing the letter,
ore wollfurth’s omly contwvibubicns to Shls part of tho work
vore purely of an alvisory nabure.the remainder of Peré I wen
publichod by She subhor in tj:ﬂlar form in Ghoe irocesdings of
¢he IThgoied Socloty (460,192,100 .Copive ol those publications
aro induled ab tho ond of thls Shoside

Mnddly the outibor would like Go oxpreus his bhaniks Go
rrofenser . Jones and Irofeaaor V.l.s. 0rrare for (holr gupoi™
viaion of Bhle WOIrk,  rofosar Jonce and TTel.l.Uphiflorth for
tuelr belp dn earrying it Shrough,lrofogeor H.oreoks and the
Library of darvard University in naking avallable @ copy of
Professor Breoks® iele thesis,and She University of London for
tho provision of @ postoradsate stulentaondp Zor the fired year
of this worie |

{Chaptors L-Vi of Part i wore submitded ia an
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It will bo ssoumed that the major eccntribution ie fron

noareat nelghbours,if a is the length of the gide of mnit ecoll

in the Zeee0e latbleo,then [=(t},t3,0),(028,20), (it ,2h) civos
tae twolve meorest neishbours of o given atom in tho labtioe,
onoh boing o dlebemes o/,T ewazeThe nomi-nearest nolghbours,
given by £={11,0,0) etes.,are only a dictanse a oway from the
contral aton,howover,ss that they may well nake an imporiont \
contribudion dise.This point is disoussod lLater,
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Tho Shrm of the potontiad V in the oryetal leotiliee hoe divealy
boen disensced in Cheptor 11 (ig.l).The volentiad U in the Droo
atom will vary ih tho nannmor choun above in Mo.f,md thorofre
V=U will bo nozative everyulore. elie
f._.,..a : 7-fak ;f:’;'-r:ck}

and consider each I, 1In turnein She fellowing dlagrans the nodel
planoc and cigns of the wave Dumetlons are ohown and come iden
0f their relative magitules in different dlreetions.toasider
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(431)70uilardy bho oboms @b L=(ri, .4 contribube:e
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(1) ¢fz) is symsobriced sbous the plame x-y,wheress ¢.(peal),
waore £=(4,4,0),18 endioymmotriedl wnd hemeo the aboms ab
L= (23,23,0) conbribute nothings
(11)either ¢(z) nor ¢ (peal),wheve {-(0,t3%),changon aign
with z md henoo those sbons contridbute;-
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whore te i .i’./ B (V-U)g
(113)5imilarly ho oboms ab U-(55,0,%%) sonbribubes-
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LA = GdFo3 X /0T A
If A 19 oxpressed i 8beulo walbe of dietance,bhis will be in
abomio walte of enaray.
dae This invelvea two abtoms in bhe (2,x) plane so thet the
roguired trensieraetioue Groje

',y’i:” (Z+X+4) 5= L fZx-A)

e
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rrocosding 8w beforet 4 . sy uifa 0 A"
Ase Thie involves twe stoms in the (x,7) rlene end,honce),using
8 siadlor transformuabionie ~
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Mabsing AU and dupymg tho prioes on She K ,,tha ogquatlion

reduces 40ie | H-€ H, Hy
ML MoE M O

% bolng mpasured frem the shove sere,s0 thel three roots are
those 0lte= P

= O

3 g{s 3 (‘,i—: 'i f; }_, é;'
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sbvicusly interseet o given lene in Respeoe in & seriss of
conbours.tuch eonbours were lobted at imtervels of 08 in u/3
for suca e fvew /=0 G0 sur.There were throe suoh sets,one
for eagh solubion of the mubdle,these bolag Cietinsuisued by the
gulfican 1,8,9 in desconding order of megnitude.The cenlours
for the meme J-7/6 ere shown 1a ge.ll-E2,the last two
correuponding to She solubicns of the gusiratic oquation.

Aftor vomoval of the cuble focbor from the quinbie ogquabion,
ﬁw guedratie nwﬁm remadning daie
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“ohlPfarth f1901) has carried oub simllaer calenlebtions for a
"rectangular” bead,for whlen 1(1) Lo cvacstant,mnd chows thet the
oboerved viluoy of severdl slectronie properiies of 7l 1lie
bobugen the values cdlolateld for parebelic sl rectanpler
boda.Use of o band form intormellste beiweon these btwe umight
Wuummiammwnmwmm
sxoerinent.Tlhe present curve may therefore be of use a8 6 basle
for o new gslowsbion of oultsble olectronle properiles for Hi
md 01 oourse,this would verve oo & mush more wbremuons teet of
the soouregy of the curve tham has Deen carrled out aso fur.apurt
from the shepe of the surve mobther ilmportent pelnt, whioh mighd
affoet wmoh ¢ omlowlation considerably,is Shab the forromsgnetie
Porsd dimis ocfurs b0 the left of the poul in the curve,us thed
tho use of a parsbelic bamd would seen meed inapprorrisbe,
ghould Shis in fach ccour.albhoush not relabed %o oloner end
Vohlfarth's caloulobions,the consideration of Dvrrenmwmetic
anlopbropy and related Sopies in Part 11 of this thools has
provided mwither Sesd of the eajculabions in this part.The
resulte obbtained are ressenally wabtisfestory aithough they
depond as mmch on She theory of thewe Soples on the owlloobive
slectron molel,ss developel by Breoks (1940),u5 on Shis ealou-
lobione
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alemonbe of the waoneotic momeny detwesn ibo substetes dut the
lattor doon so that ,if the [- subsbates are not f1lled in the
o0lid state,there will be orbditsl combribubicns %o the mapnotie
moment (89 4o seon clearly laber) with g,g' differing from 2.
dovever,cinee these subataltos are obtlll degenerste,bthe dlagonal
elemonts of orbilal magnetle moment will be comparabively large,
glving pe2 and Ze3' much larger values then are obworvel.
Al Sernatively,since B, e 281l & good gquenbun musbor,the cublie
fiold 4o insalficlent to maintain the orientation of ths
elecbrenic orbits against the esternul fiold.on the eollective
elechron modelghowover,the eryulalline Liold removes the d-level
degonaragy completoly for the majority of wave vectors,as seen
in raxrt I,and Sherefbre am extornsl magnetic £ledd hae vory
1ittle offect on the oriembabion of the orbils.in feeb,oo will
be sven later,the disgend elements of nmagmetlc mnent between
the erystel wove fuscbions are sere smd i% tamm to
introduce bhe wpln~orbit sewlling to obtaln an orbital elfect
of the right ordor..ockel ab from mother polut of view,a
tigntiy bound 4 olecbron spenls uwoet of its Lime on one oton
but ocvaaionslly jumps $o0 o noighbowring one wadl in so dolng
changes ibs values of [ el m, in jenorsl.lt will meke msay
revelubions im its orbil botween Jumpe end Lo mout Likely to
Jump into emobhor detype orbit on the neighbour wo thab {
renuine & M quanbus Mromr.ﬂe rocoaaion of ﬁ in an
gztorndl fleld 1o much clower aml the electron may malks meny
jumps during one precession,esch in gemersl destroying the
eriontetion in the field o bthat @, is mo longer & good quantum
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Asswms bhat the seoulsr equation for the /; band hao been
disgonalised by the sobt of resl Sraacforaaticn coolflclienty
a_ (B)ie0eor one wave vaobor & She coafficients a_ are
Jaown in tho expressiens for ¢ .Vith respest to those wave
whim $he madriz almmnu 02 O are Junl 80 dose

I

Ao [Orkm!)= £ &, (hoddGInEml)ay
~‘4"’ Lo @yn Gy O A, 1t Jnin} ) B8
aines 1t will be seen later thas (n' ] 87 nad) =l ) L-Ljn"0l)e
Thate labter mabrix elements are ebbalnel in wnits of A s
follows,Thus Who operaers | _..(,g-.o )/ (0 x);

/::-, {1-—-— - ___,) ,,'m"f,.zf.‘/ i = /[ & / | S g el } L /'".f 7 )
. V/\f "/ ./’/!. o4 o --' ] ‘ .} o i kS ; £ :'; i ,‘M‘—’ w; 4
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Put the seb of Sranaformation coefflelente o  fora o wlbery
orthosonal mabrix,e. .n o -8 6=8 .00 bhat u followe Lrom 8.0
that:e Ml Lt it
T'f"(?'!“A-ijiT'.‘. '1‘.:',/}7—” ( L & ’PJlf momg 8.9
t -1 £







ution of wmes eoeleoad boosmen coalieongyeowdsin | becomws coslals
@l o0 on bub bhde wWill et ia gousral be truo.ill that oma be
sald Lo theb Shoy will tramsform inbo twe vele of direetion
eosinos (p .[3:.5;) and (y,)r f’}.mrlaga

TR %5 3 f £, i{ ; x s s Vo a g |k :
1 { v{ L4 ’:»13”?‘ y . i—:" i = didis,
/;’5 S S P 1ol [ [ = %0} !

Al Coullotin J & [ Couf 210

being mabuslly orthosondl md aleo eseh orthogonal B9 (u'y «ly )

atlill,of Wom it 1o canily shown Lhob Ze9 DO
{!éfi { i;"-r’f ‘i fff:af‘ﬁﬂ ;/"‘”’;{ ;{:?:‘3 ,O/:’; ;:/w 1-1&

MM«M«WMV‘

f,r:,. Y EY ,;"@"' " 4.0
k-5 <4rp i) o
UR-c/OAR )= {-m*qu,. ‘3“) [ fi = {1 3[;3: ?):t‘it ?((;‘/3;3:'.4;';”}

(:v‘ifffé:}} ;l?“«z«?%Jv} } &
ket)efrbifopr'hd) , (Thmjo 'k mi)s- (Phm dofrh ;}

(rh-2icfr
N |
sles® formloo (17) conboln phase fscbors o - whoress bhey

ahowld be o' but in any case hey om be dropped,elnee bhey
nave no effoct on the phyeicdl resuliu oblainol.The difforencos
in olgn betwoen £,11 end Drooks' formles are simly due %o the
faot thet he hes defimed (riga |olPEnl) ea [y (m) 0y (n)dT
whoress here 1t is defined as Nf (m) O, )T oThuo Sho

soeular egquation Doy tho onergy.includling the offeet of the
eryabod Mﬁ.wm and apine-orbit interactlions,iote

Eod-£ A« iAx O Alp-ip) Aly ws,}
~1 ‘-izr, l:':u&«;»;"‘wﬁ ] ?M ﬁf}ll ir;l:;) 0 !’7[}’ z, )

A _.,u’f‘x £uE ,..ﬂ_,ﬁfm ,s)m,,.,.w,/ 010
o } ,)f 4 L, J-f - 1Ay w"sz(;f fell

é(“‘}f L ?’) Cf fd}iiy -4 »"’3") ‘ E"t@,; L.-{ U 5, "if?g’l’e

o P -
hles formllos (17) w the ssowption that under thile treamoforoe
ﬂ{]n g g )f?f r34 ! .5' j {.J "i.,i-;lc»‘-‘&f 4 fg*’ﬁ;l lf:g"’{{"é
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4 9, oh; are Gthe enorgleos obtained from the band galouiution,
ieveindluding the offoet of the orystal Lield bubt not oxechange
or splo~orbit intersctionjihey are,0f cource,functione of the
weve voobor ,00 s ju_7 anl hence @1 elosento in 2.13.In bhe
ayaten of ropresenintion chosen,l.c.with roopoet S0 She band
wave funobions ¢, ,bhe enerzy metriz giviag the detorminanb on
the L.lede oFf 2,12 4o diagonsl in mmmg exourt the epine
orbit intoractionstiinee for moot wave veetors ¥ bhe off-disgondl
elomonts ave snll comparel with She difforonces betveen diagonal
elomente,the solubione of the seevlar problem may be oxpundel in
powers of the spineorbit paramoter A by ouetcsgive omleors of ‘
perturbatlon thoorye or gortain values of k,hovever,twe or mre
of the emergics £rJ are Jesenorato or moarly sojeuch saces will
bo oonaidered labor.
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value g-8-00,considerably loss bhan She valuss J.14 or 3.20.
Apars from $he faob that Srooks® estimate is & ’w;;:%.m
reul reoson for the difference io thet his "uwean bandwidbh® i9
besel on “later's bend caleuwlatiog,which given & bandwldih
twico thot obbaimed in Part L.

Sobkh Xitbel (1949a) and Ven Vlieck (1960) hove showa in their
theoretical trestmente of the gyrenegmatic ratlc and the
spectreseopie aplibbing Tactor thab ge22-g',almittelly by the
use of wery approximate mebhelde,wheress Bals is not confivmed
by experimentl.lf Sthe Liral order offoet of suln-orbit intere
sobion gives g=-2+8,00en oo elther treatient gL W@.W
8 ic smnll as 1% Lu in prectlce.”ince She theory usel sbove le
the same as bhat of Eithel medified o it the oslleetive sles
ploture,the resulbs vere bound o give gel~feg'sThe socond
order affect of opdneorbit lnbersection de produbly cencideredly
larger thean Van Vieek expectod bub,as he predicted,it ascte in
the wrony directionsUwing W Lhe numbow of quite grude
aprreximations useld in treablug She provliem here,it seema
fruitlons o make any Lfurthor abiompt for the present o luprove
the agroswsnt wibth exporimemb.ihe Lirst order sgrecment in the
cease of g 1o ac amoh 43 oould have boon exposted.ietailed
considersbion of the approximations will be deferred wabil
Labore
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rogarded as nmorely an indieation of She ordor of magnitule of e
f4) cokemdotion of ¥, Tov Mighnl.

ina oxrder Go prooeel with the eslomiation of %, for ni At
sas nosengary e cslouloto She huy B2 3., IoF aoch otate
involved tn the summstion 4.7.7he 4,, wers evaluated from the
formdioe 4.9 uwiing the oolublone of the ocudic cogdlar equation
froa cart I sl the sow velue ofd oo uwesl ia tho ouse of g
mi gteiur ths J,, Sho coofllelents 5 wewe oveluated from the
cubic saovler doberminagnt of Pard T Sogothor with the

csrrosponding solublons of the gubloc seculer oquabion,OeZeie

0, C[HarE He, / ta,: C / Hys .i»/,,,/’ 6, C / Hy H,\-E, /

Hyy FHL~E, Hi € Hy My  Hy

the eonotenSChaing Shor chosen 0 $hat sih-anbnidl.In eseh ease
L3 was chached Shst ¥ 8., 48,x=0,1.0.th8t tho metrix g 7 wes
misary orbhogonel

Using tho valune ¢=-23507 s before and n-9-28.10°" atoms per
Colle, Bho Pouull obhtained wasie

Kp =2:043c2074"% engefaace

1f 4 4o mossursl in oms Jubsbitution o0f She value Gdvems for

tho apin-orbit poarameter giveai.
&: e 'f?xlﬂr @!'3"3/@09.

Aa @lrendy stated $ho bent avellable experimentsl Ligure

for the firet mlaobtropy coefficlent 2% 0K for 11 Lg <8x107
orza/cets u0 thab,even ®lowing for the poseible eoffect of
aring non-ogenwrate partwrbation theory fr eortain states
Lor whaleh 1% iz dnvalid,the flgure obtadned here ism aboub oo
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srgaent, for mab unoeeupied wtobtos both € md ¢ will bo poulitive,
ainee thoso ctaden aro ?mme 8f Bighout boand eneryy,in whioh
exprossiong 49 ove Wl ponllive mnd honeo Ghe oign of K, for
4 4o bouwnd %o Do nosative at low Goiporatures.iroocis thon nalne
hals very roush estinato of K, on the Dilowians asswpbions.

(1) a-630eneneing Coulandt's ostinabe

(121)d2 4udems Droaiss obotes that Sho wesk of otomor (1989a)
indiostos thst Sho

sxehonso onorsy cammot bo omeh leouns Shan the
bandwidth 12 forromnaymotisn 40 to ceour ab dll.in faot Btonor's
eriterion 4z that diz'*t.wak&naﬁ- 1l,vhere 4 ia the onoryy
digivrence botwosnttho Lop of Ghe Jvruml dletridubtion asl the
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Density of States Curve for the 3d Electrons in Nickel

By G. C. FLETCHER
Department of Mathematics, University College of the South-West, Exeter

Communicated by H. Jones ; MS. received 17th October 1951

ABSTRACT. A calculation is made of the energy density of electronic states for the 3d
electrons in metallic nickel, using the approximation of tight binding. 'The early stages of
the calculations and preliminary results have been previously summarized by Fletcher and
Wohlfarth in 1951. 'The theoretical basis of the approximation is outlined and the validity
of the underlying assumptions examined. 'The required overlap integrals are evaluated
and the secular equation for the energy as a function of wave vector is solved exactly over the
energy range of interest for nickel. 'The density of states curve is computed graphically.
Among results of physical interest obtained are : bandwidth 27, ev, degeneracy temperature
145 % 10° deg K, low temperature electronic heat coefficient y 1:64x 107? cal. mol~! deg*
(compared with the experimental value of 1:74 x10-%).  'The results are compared with
those obtained by the cellular method of approximation used by Krutter in 1933, and
Slater in 1936.

§1. INTRODUCTION

HE transition metals are of particular interest in the theory of metals,
I since they display anomalous electronic properties, which are only
explicable on the assumption that the energy density of electronic
states V(E) for certain critical values of energy E is much larger than for other
metals (Mott 1936a, b).. Results deduced from the only previous calculation
of N(E) for the 3d electrons in nickel (Krutter 1935, Slater 1936) do not agree
very well with experiment and in the present work a re-calculation has been
made using the approximation of tight binding (T.B.) (Bloch 1928 and others).
The early stages of the calculations and preliminary results have previously
been summarized (Fletcher and Wohlfarth 1951, to be referred to as I), and the
purpose of the present paper is to give details of the complete work, together
with a critical examination of the underlying assumptions and a discussion of
the results obtained. Approximate wave functions for an electron in the metal
were formed from the five atomic 3d functions and the resulting fifth-order
secular equation has been solved exactly, whereas previously it has been the
practice to make certain -arbitrary approximations for the sake of simplicity
(e.g. I, and Jones and Mott 1937). These approximations are shown to be invalid.
In proceeding with the solution of this equation, numerical calculations have
been made for the first time of the overlap integrals occurring in the matrix
elements of energy. A feature of the calculation is the occurrence of the correct
energy degeneracies as predicted by group theory. Certain results of physical

interest are discussed in §4.

§2. THEORY OF THE APPROXIMATION

The complete theory of the T.B. approximation has been given by a number
of authors (e.g. Mott and Jones 1936) and will not be repeated here. Bloch
wave functions are built up from suitable atomic functions; those used here
correspond to the five-fold degenerate 3d level of the isolated atom, iL.e.

$a = (154 2ayf(R)[r%, o = (15 /4y ysf(r)ir®
by = (15/4m)Baaf()jr%, b= (15/16m)2(x2 —yBfP)r2 ¢ oo (1)
by = (5/16m) =352 — r2)f(r)
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where f(r) is the normalized radial function of the isolated atom and the
numerical factors are normalizing constants for the angular functions. From (1)
the functions

bre=X oxp (fal K)p(r=al), m=1....5 ... 2)

(where k is the wave-vector and al the position of any atom in the crystal lattice,
summation being over all atoms) are constructed and may be shown to be of the
correct Bloch form exp (Zk. r)u,(r), where u,(r) has the periodicity of the lattice.
For a cubic lattice @ is simply the lattice constant and /, /,, [, may be integral
or half-integral. Finally, the zero-order wave function for an electron in the
crystal is assumed to be a linear combination of the functions (2)

Y (k;n=2a,, K. . (3)
. m
If H=—(#*2m)V2+ I/(r) denotes the Hamiltonian and E the energy for the
electron in the crystal, then ¥, must satisfy
(H-EW,=0. ... “)
If the non-orthogonality of the ¢, with respect to # is neglected, an approximation
to be discussed later, it is easily shown that E must satisfy the secular determinantal
equation |Hpm—E8, | =0, m=1....5;n=1....5 ..., 5)

where H,, =[[d*Hp drljo,e, and o,?= [, ¥, dr. It can readily be
shown that ‘

o, 2=NX exp (—1al. k)J ¢ ¥ (r—al)g,(r)dr=N,  ...... (6)

where N is the total number of atoms in the crystal, on the assumption that the
contributions to (6) from all other atoms (15£0) is negligible compared with that
from the central atom (1=0). Finally, H,, can be expressed in the form

Hop = (80 CPb o+ X exp (—ial . k) [ a5 —a)(V = U)p(r)dr, ... 7)

where U is the potential due to an isolated atom at 1 =0 and &, is the energy of
a 3d electron in the field of such an atom. 'I'he constant C, termed the self-energy
of the central atom, will be defined below. For convenience, energies may be
measured above and below the constant value &+ C. With the assumptions
to be discussed below, the matrix elements H,, are then found to have the
following explicit values

H,,= —4A4, cosé cosn+4A,(cosn cos L+ cosfcosf)

‘Hys = —4A,cosncos {+44,(cos cos &+ cosé cosn)

Hgyy= — 44, cos {cos &+ 44, (cos € cosn + cosy cos §)

H, =4A,cos¢cosn—4A4,(cosy cos { +cos £ cos &)
Hy=—(4/3)(As+44;)cosé cosm+ (4/3)(24, — A;)(cosncos L+ cos L cos §)
Hyy=H, =—4A3sin{sing; Hyy=Hz=—4Azsinsiny .
Hy=H,;=—4Azsinysinl; H,=H, =0 :
H,,=Hy;=—4Agsinysing; Hy,=H,,=4A;sin{siné

H,,=H, = —(8/3¥3)Agsinésiny; Hyy=Hy,=(4/3V2)Agsinysin{
Hy=H,,=(4/3"®)Agsinsiné
Hy s =H;, =(4/3V2)(A, + As)(cosn cos L —cos L cos €) J

TR T
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where ¢ =1lak,; n=1ak,; {=}%ak, and

Ay=— [ $*(x—ta,y—1a,2)(V = Ulhy(x,,3) dr
Ay= [ (> y—4a, 2= 1a)(V = Uly(, 3, 2) dr
Ay= [ 4 (x—1a,y, 2= 3a)(V = U)pa(%, 3, 2) dr
A= [ $Hx—ta,y—3a, )V = Ulby(x, 5, 2)dr
As=— [$H(xy—la,z=1a)(V = U)py(x,y, 2) dr
Ag= [ $o*(%,y—ba, 2= ba)(V = U)by(x,, 3) dr.

The assumptions inherent in the above treatment will now be briefly
considered.

(i) The fundamental assumption of ‘tight binding’ is that the atoms in the
crystal are far enough apart for interaction between them to be small. It is
this interaction that causes the discrete energy levels of the isolated atom to
broaden into bands of allowed energy for the crystal, and the assumption can
only be justified on the grounds of consistency if the widths obtained for these
bands are comparatively small. The value of 2-7, ev obtained for the bandwidth
in the present calculation satisfies this criterion on comparison with
bandwidths obtained for electrons farther from the atomic nucleus and therefore
affected to a greater extent by neighbouring atoms in the crystal.

(i) The non-orthogonality of the i, with respect to z is neglected, that is,
the approximation is made that

21121] exp {fa(1-1").k} [ ¢, *(r—al')p, (r—al)dr =0 (n£m). ...(10)

This approximation is linked up with another mentioned above, viz. that
@,2==N and it is convenient to consider them together. As far as the derivation
of eqns. (5) and (7) is concerned the neglect of non-orthogonality may be
expressed in the alternative form

[t dr < [p*bdr (nm) . (11)
orY X explia(l-1). k} J b, *(r—al'), (r —al) dr
< T E exp fia(l-1).1 [ b, *(r—al')b (r—al) dr
or  E exp fia(l ~1) -k} [ 2% —al) (r—al) ar

<N+ I exp fal-1).k} J b *(r—al)b (r—al)dr. ...... (12)
11

The integrals involved will obviously be much greater for nearest neighbours
than for other pairs of atoms; considering nearest neighbours only for n=1,
m =2, for example, a calculation gave for the left- and right-hand sides of (12)
respectively the values

—0-028N sin {sin ¢ and N[1 +0-08 cos ¢ cosn —0+02 (cos n cos { +cos { cos £)]
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so that both approximations appear to be reasonable. It is stressed that, at least
in the present problem, the actual orthogonality of the i,, is immaterial,
provided the inequality (12) is obeyed.

(iii) It is assumed in deriving (7) that

[ 64OV = U dr=CBp .. (13)

Now V—U is an even function of x, y, 2, ¥—3y or x-+3 because of the
symmetry of the lattice and hence, from considerations of the parity of
¢, *¢,, with respect to one or other of these variables, it is easily shown that
J¢.5()(V = U),(r)dr=0(n+#m). Also VV— U must be symmetrical in x, y and =
so that [, *(r)(V = U)é,(r)dr will have the same value for =1, 2 and 3. An
approximate calculation shows that the absolute values of this integral for
n=4 and 5 are slightly less than that for =1, 2 and 3 as would be expected
since ¢, ¢ and ¢, have antinodes in the directions of nearest neighbours while
&4, ¢5 have antinodes in the directions of next nearest neighbours. Owing to
the assumption (see §3) that V'=U for »<a/2%2, however, the differences are
very small and the assumption expressed in (13) is unlikely to introduce any
‘serious error.

(iv) The usual assumption was made that the major contribution to the H,,,,
arises from nearest neighbouring atoms and only these were considered. Any
given atom in the face-centred cubic lattice has twelve nearest neighbours given
by 1=(£4, +%,0), (£4, 0, £3), (0, +4, 1) and six next nearest given by
1=(+1,0, 0), (0, £1, 0), (0, 0, +£1). It seems probable, therefore, that the
latter will also make a fairly large contribution, since they are only 4/2 times as
far away as the nearest neighbours. This approximation seems the most likely
- to introduce serious error but is unavoidable without seriously increasing the
complexity of the expressions for the H,,, and hence of the calculation.

§3. DETAILS OF COMPUTATION

In order to calculate the numerical values of the coefficients 4, some
assumption must be made regarding the radial wave function f(#) and the
potential V'— U. For the latter it was assumed that (i) V= U within a sphere
about the central atom of radius A equal to half the distance between nearest
neighbours (4 =a/2%%) (Mott and Jones 1936, p. 67), and (i1) U =0 elsewhere.
For V outside this sphere an atomic potential centred on the nearest neighbour
was used, which should be a good approximation in the regions where the
product of the two wave functions is large. Since the atomic wave functions
and potential have not been calculated for Ni, Hartree and Hartree’s figures for
Cut with exchange (1936) were used, as this ion contains the same number of
electrons as the Ni atom. For ease of computation as close a fit as possible was.
made to these values by explicit algebraic expressions. With primed symbols
referring to the nearest neighbour, the range ' <24/5 was found to be relatively
unimportant and the expressions

F(r)=85-88r2 exp (—57)-+ 197972 exp (= 2¢)  ...... (14)
Viry=—{1+28exp (=37) " ... (15)

were obtained (V is in atomic units). Integration was carried out over all
space T less the atomic sphere 7 of the central atom. Within this range

rf(r)=1-9797‘2 exp (—2r) o (10)
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is a sufficiently good approximation, while for integration over r it was also
assumed that f(#')=1-979"2exp(—27) and V(r')=—1/7. Although the
72 exp (—57) term would not be small in integrating over 7, it must be omitted
as it has been neglected in integrating over 7. Thus for instance

Ayoc f[1-979 exp (—2r) {1+28 exp (-3}
x {85-88 exp (—57") +1-979 exp (—27) }xyx'y' [¥'1dT
- ~f[1-979 exp (—2r) x'1-979 exp (—2r’)xyx’y’/r']>d'r. ...... (17)

In carrying out the integrations, prolate spheroidal coordinates with the
central atom and nearest neighbour as foci were used. The values obtained
for the A, may then be put in the convenient form

Ay =0-1928E,, A, =0-0572E,, A;=0-0776E,, A,=0-1348E,,
Ay =0-0247E,, A;=0-0862E,, . (18)

where Eo=4(4, + 4;)=134%ev. ... (19)

A qualitative consideration of the various approximations indicated above
shows that their effects on the A4, are all likely to be small, some being additive
and some subtractive. Their total effect appears negligibie compared with
that arising from neglect of next-nearest neighbours.

Owing to the difficulty in solving a fifth order equation w1th coefficients as
complex as (5), it was decided as a first approximation to neglect arbitrarily
H,, forn=1, 2, 3; m=4, 5, as has been done by previous workers (e.g. Jones
and Mott 1937), and solve the resulting cubic and quadratic equations. Details
of this work have already been given in I. Apart from giving correctly the total
width of the band (2:7,ev) which is unaffected by the neglected terms, this
preliminary calculation served to reduce greatly the work involved in solving
the complete quintic equation and also demonstrated the effect of neglecting the
above terms (see §4).

From a study of the N(E) curve obtained in I it was decided to calculate the
more exact curve over the range of energy values 0-5<E/E,<0-771
(2-35<E<2-70ev for diagram in I), a complete calculation being excessively
laborious and unnecessary for most purposes. In effect only those solutions
of (5) were found, which fell within this range; further reference to the previous
calculation indicated in what regions of the Brillouin zone such solutions were
likely to be found. :

Along certain directions in k-space it is found that the secular eqn (5) can
be solved exactly as follows. Solutions marked % are identical with those
obtained in I.

(100) direction. Ey 5 =44, +4(A,— Ay) cos £

%
E, =—44,+8A4,cos¢ *
E, =44,— 845 cos ¢ *
E, =(4/3)—A,—44;+(44,—24;) cos €] *
(110 direction. E; =4A, cos? £ —84; cos ¢ %
E, =44, cos® {+4(Ay— A;) cos £ £ 44, sin? ¢ *
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E, and E; given by
E?+[(4A4,+ 16453 +4A4,/3)¢® +(845/3 —164,/3 —8A4,)q1E
+(16¢%/3)[(4 4,45+ A, 44)g* — (8142;45 +24,A4, +44,4,-24,45)q
+ (84,4, -4 4,45)]— 64443 =0
where p=sin £; g=cos £. ‘
(111) direction.. Ey=4{(2A;+24,— A,) cos® £ —24,]. *
The other four roots occur in two doubly-degenerate pairs given by
4[24, - A+ A, —2A4;— A,) cos? £+ AE
+16{(A,—2A45)(24, — A, — Ag)—244%] cos* £
+[Ay(Ay—24;) +4452) cos? £— 24,2 =0,
E=m; =0 direction. E, ,= +4(4;,+ A,) cos n—44, *
E, =44, *
E, s=(4/3)[24;— Ay + 2(Ay+ A5)(1+ 3 cos? p)12]. *

The general effect of solving the quintic equation exactly, that is the effect
of including the elements H,, neglected in I, is to separate the solutions from
each other and to remove some of the points of degeneracy which occurred in I
and which were accidents of that approximation.

Returning to a consideration of eqn. (5) for a general vector k, various
methods have been devised for solving such an equation, eitherin its determinantal
or expanded form. Investigation of these methods showed, however, that
none was suitable in the present case owing to the complexity of the H,,, and the
fact that the roots of (5) are not, in general, well separated. An estimate of the
required solution for a given vector k was therefore made from the approximate
solutions already obtained in I. This was substituted in the determinant,
which was evaluated, a correction was applied to the solution and the process
repeated until a solution correct to three decimal places was obtained. 'The
symmetry of eqn. (5) reduced considerably the region of the Brillouin zone to
be investigated, and in all some 270 roots were obtained by the above method
and checked at symmetrically equivalent points.

For each wave vector k, eqn. (5) has five roots, and. a major problem is that
of collecting these roots into five sets, each set belonging to one Brillouin zone
and having an associated energy band. As a first step the energy degeneracies
arising from symmetry considerations, reality of the Hamiltonian and accidental
degeneracy may be investigated as indicated by Bouckaert, Smoluchowski and
Wigner (1936) and by Herring (1937).

Following the arguments of the above papers the following deductions
regarding degeneracy can be made for the present case.

(a) Due to symmetry there should be one triply degenerate level and one
doubly degenerate level at k=0. A double degeneracy, arising from the former,
should occur along the (100) direction and two along the (111) direction. There
is no other symmetry degeneracy apart from a double degeneracy at the
point k =(2x/a, =/a, ().

(6) If the Hamiltonian of a problem is real, it is possible for degeneracy,
additional to that due to symmetry, to occur between a wave function and its
complex conjugate. For a face-centred cubic crystal it is easily shown that no
degeneracy of this type can occur, :
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(¢) In addition to the above, various points of accidental degeneracy must
occur in the present case. Their prediction, however, depends on a knowledge
of the relative energies of the five wave functions 1", (which will, in general,
have different symmetry properties) for certain special wave vectors, e.g.
k=(0, 0, 0), (2=/a, 0, 0), etc., so that most of these degeneracies are probably a
result of the approximations of the calculation.
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Fig- 1. Variation of energy with wave vector along certain directions in k-space. Broken curves
indicate approximate solutions obtained in I. O Predicted points of accidental degeneracy.

: (d) The normal derivative of E vanishes over the square faces of the
Brillouin zone and along every line joining two opposite corners of a hexagonal
face. E must have six-fold rotational symmetry over each hexagonal face.
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From the solutions of eqn. (5), curves showing the variation of E with k
were drawn for each value of k,, and each value of %, from 0 to 2n/a at intervals
of w/6a. Only one other point of accidental degeneracy (see fig. 1(d)) was
discovered, apart from those predicted. Attempts to collect the energy values
into sets, as mentioned above, indicated quite conclusively that there is only
one possible way of doing this. Solutions must be interchanged at all points

0771
075

N

0771

L

(c)

Fig. 2. Contours of constant energy for certain planes of the Brillouin zone for the high energy
set of solutions of (5) drawn at energy intervals of 0-05 E,. (@) {=0 plane. (b) Square face
(¢{=w). (c¢) Hexagonal face. (d) {==/2 plane.

of accidental degeneracy in such a way that for every value of k the highest

energy value belongs to Brillouin zone I, the next highest to Brillouin zone 11,

and so on. This is a perfectly valid procedure (Bouckaert, Smoluchowski and

Wigner 1936), and the resulting discontinuities in grad E do not affect N(E)

since on any given surface of constant energy of k-space such discontinuities

occur only at isolated points and not over an area.
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As in the previous calculation in I constant energy contours were drawn in
the planes &k, =vn/6a (v=0. ... 12) at intervals of 0-025 E, for each of the three
sets of energy values involved in the energy range considered. Examples of the
(E, k) curves and the constant energy contours are shown in figs. 1 and 2.

It follows directly from the definition of N(E) that

1 das
N(E)OCJJ‘Igrad E|?
integrating over the surface in k-space for which the energy has the constant
value E. To avoid numerical integration in three variables the approximation
N(E)xcAK/AEcAK was made, where AK is the volume of k-space enclosed
between the surfaces of energies E and E+ AE, the value so obtained for N(E)
being assumed to be that for E+31AE. 'This indicates the method used for
calculating an N(E) curve for each set of energy values, the volumes AK being

~
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Fig. 3. Density of states curve for nickel. E, electronic energy in ev, measured from zero at the
bottom of the band. N(E), density of states, such that the total area under the (complete)
curve corresponds to 5 states of either spin. Fermi limit for paramagnetic, ferromagnetic
nickel as shown. ----- Constituent N(F) curves.

-abtained by graphical integration. It was not possible to check this stage of
the calculation, as was done in I, by measuring the areas under the N(E) curves,
since they are incomplete, but any error introduced is unlikely to be greater
than in the previous calculation, viz. of the order of 1%,. Finally, the total N(E)
curve over the relevant energy range was obtained by adding the three
constituent curves and is shown in fig. 3.

§4. RESULTS AND DISCUSSION

(a) The total width of the 3d band is 2-70 ev, as obtained already in I, since
the highest and lowest energy values occur when k=(2x/a, 0, 0) for which
H, =0(n=1,2,3;m=4,5). On comparison of fig. 3 with the curve obtained
in I it is seen that the right-hand peak has moved to a higher energy value nearly
at the top of the band. This is readily understood on reference to fig. 1.
Consider the (111) direction in particular, since here the effect of the previously
neglected elements H,,, is greatest. Fig. 1(c) then shows clearly that the result
of including these elements is to force the higher solutions of eqn. (5) to still
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higher energy values and the lower ones to lower values, i.e. to increase the
number of states near the limits of the band and decrease the number near the
middle. This suggests also, therefore, that the left-hand peak of the N(E)
curve would occur nearer the bottom of the band than in I. The N(E) curve
would then resemble that given by Slater (1936), but there are important
differences between the two curves. The width of Slater’s curve is twice that
obtained here and the height of his peak only about half that of fig. 3. The
effect of these differences is illustrated below.

() From fig. 3 the energy difference ¢, between the top of the band and the
right-hand vertical line, which corresponds to 0-3 vacant states per atom, is
0-125ev. Then by definition the degeneracy temperature for nickel is
T =(e/kc) x 108 x 0-125 =1-4; x 10%°k. )

This compares with 1600°k and 2400°k deduced by Wohlfarth (1949)
from the magnetic and thermal properties respectively, and about 2000°k
deduced as above from Slater’s curve. Although the present value does not
compare so favourably with Wohlfarth’s figures as does Slater’s value or that
deduced in I, this is to be expected, since Wohlfarth’s calcnlations were based
on the assumption of a parabolic band form, to which Slater’s N(E) curve and
‘that in I approximate far more closely than does the present curve.

(¢) The electronic property, which provides the simplest check on an N(E)
curve as calculated here, is the electronic contribution to the specific heat. From
Stoner (1936), the linear, low temperature, electronic heat coefficient y is given
by y=2-835 x 10-4RN(E),, where R is the universal gas constant and N(E),
is the density of states for one direction of spin at the Fermi limit. For a
paramagnetic, one can assume zero magnetization at absolute zero so that the
lowest states are completely filled by pairs of electrons of opposite spins. In the
case of ferromagnetic nickel and cobalt, however, Wohlfarth (1949) has shown
that there must be almost complete magnetization at very low temperatures.
Thus, for nickel, 5 states per atom of one spin (+) are fully occupied and only
44 states per atom of the other spin (—), instead of 47 states of each spin. The
only electrons which can take part in the specific heat process are those of (—) spin
near the top of this unfilled band. The area under the curve of fig. 3 corresponds
to 5 electronic states per atom so that the relevant value of N(E), is given by the
left-hand vertical line, the area to the right of which corresponds to 0-6 state per
atom, i.e. this is the Fermi limit in the unfilled () spin band. 'The resulting
value obtained for y i1s 104 x 1072 cal mol~! deg~2 as compared with an observed
value of 174 x 1073, and one of 11 x 10-3 deduced from Slater’s N(E) curve.
A suitable value for comparison purposes would be somewhat lower than
1-74 x 1073, since this figure includes contributions from the s electrons and
from d—s transitions (Wohlfarth 1948, 1949), possibly 15 x10-3. The very
close agreement obtained here, however, must be regarded as somewhat
fortuitous, owing to the approximations made and the fact that the Fermi limit
occurs at a steeply sloping part of the N(E) curve so that any error in its position
would introduce a comparatively large error in y.

It may also be noted, by comparison with I, that consideration of the
previously neglected elements H,,, has brought the theoretical value of y into
closer agreement with experiment ; these elements have been neglected in previous
calculations of a similar nature to the present one (Jones and Mott 1937). A more
interesting point, however, is that the ‘ferromagnetic Fermi limit’ now falls to
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the left of the band peak. If this does in fact occur, then a number of theoretical
calculations of other electronic properties, based on a parabolic variation of N(E)
with E at the Fermi limit, would appear to be in need of revision.

(d) As mentioned in §3(a) a triple and a double degeneracy should occur
between the wave functions at k =0. This is confirmed in the present calculation
with an energy separation between the two degenerate levels of 0-88ev. In all
applications of the cellular method, however, five-fold degeneracy is obtained
at the centre of the Brillouin zone, a result due to the method of approximation.

(e) Returning to a general consideration of the N(E) curve, Wohlfarth (1951)
points out that the collective electron treatment of ferromagnetism was
originally developed by Stoner (1938, 1939, 1948, 1951) for a ‘ parabolic’ energy
band, for which N(E)owc(Ey— E)?, where Ey is the upper energy limit of the
band. Wohlfarth carries out similar calculations for a ‘rectangular’ energy
band, for which N(E) is constant, and shows that the observed values of several
electronic properties of nickel lie between the values calculated for parabolic
and rectangular bands. Use of a band form intermediate between these two
~ might therefore be expected to yield results in good agreement with experiment.
The present curve may therefore be of use as a basis for a new calculation of
suitable electronic properties for nickel.

Another problem, to which the present work is related, is that of
ferromagnetic anisotropy. 'The view has been put forward that this is due to
spin—orbit coupling and Brooks (1940) has treated the problem theoretically on
these lines, using ‘tight-binding’ wave functions and obtaining qualitative
agreement with experiment for iron and nickel. In his treatment, however, the
matrix elements H,,, (n=1, 2, 3; m=4, 5) are neglected (asin I), whereas it has
been shown here that this approximation is not a valid one. It is possible,
therefore, that the results obtained by Brooks would be considerably modified
if these elements were taken into consideration.
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