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and 	4ao.olootrOa ap.:1443.14atiow; tar, Aot very accurate Wawa 

applied to d eleotreasiahlvi lu ax4 	11014:40411,64 tho 

itub work mew help to ollsrti4 

,Yasei *Asia lo borattartled sdth Ara ririiia 41 tftc real WM 

is ahoorbod by imur eleeiaLomOUlth at thorb' oattoitoa 

avalloloatly 	leavo 3attapow.la adlisicalohowcvoro Saw 

ot.rotAiura 0,r0 is the aticorAica tix4ortlom for the motclovh:moh 

Zrea 41741‘14&4 	t.iloctroxia acutivbi; tratigitUnx; 

fresh the 4leep•Iyitil3 4 Ora la lovola to clap levels Irizte alum 
the Anr,41 Wait 4J oocur la tho 4raaaitiaa motalastlatt and 30100$ 

ilM,PP•151,11:41) poluti out that tho moa4 direct ovitloace :tor 

the hgAithasi4 tai4Z la W440 Lib;•414i 4:44;:,0 	044/4 tstatcf4 

ut4h ver; I4rN 3;6; la ,02-sv14e4 	Voltikampr4., tort: au the X..,  ay 

aducrAiart 0Avatlx-Q t4.  ;!c aad Wiau; ?rormat v4-rk wrillrau th/a 

hypothooluidwua C4!: gOtt ( WV) hawo ahoy& i4zat auth tasaac460As 



a' hallitoll axcedu 1'or trartzttlun ,:atoala• 

.2,4:),Irtzvuttel work on the 	aret 	alinto 	evactr 

baala or 31. hao bow Mirka out by i nu:Labor oZ workora Wee 

Cauett.A:3 1Ve.i.J.Dba :or refada*:ha latent aoa, uroelontl 	bg 

• w-lolo (1933) on the 74 benJa of ai;in particular ahe oonallers 

thc 	oatoolsa bOn33,00rrooivnding to tranaatOolona to 4 Otiatelli 

should IA do,4,17 rolatad to the otruothro of the 41 and 34 bandi 

Aar doluotion 	a hichonorrow peak in the 34 bond war Ito Qv?* 

t agrees with the realaltf; obtainG4 horoony quaatItutive 

earelooent doosnlo vorj Auc n the theory or 	walallun A 1 

adoorptling odoptule 

ALS9A0Aikat 
asitz (woorri) traggent3 Wit WO torsos blatilag 	' 

%POWs/raw bs cdslalriod so electrostatio sass between bowl 

charge dietributiono am! °them 	conneoto:', with the 

preoenco 

 

t 	liroo" clectranalot labor beim': or. grit:Lary 

impOrtenoo1fl r 	ass osacrelly boon alauood that tor a 

Metal the binclinL7 la closely rs1s$si to tho covaIont or elootror4u 

pair boaloso that only the rolotivolg iVoe e and p clectrono 

oret 04atrloation to tabs binding onor440,1to transition 

,,o,;11.twunieVer aeshibit larger cohost,* energise 'alas tho coon°. 

volant ractelaohloh they dracoao in the Amlo:!lc '4ablow;vtt 

iatorpr,ato thla quulitatively au due to ditto/4=0w in the Loa, 

in which the mem Uvula aro ill ()sits 3iWl#11•44U) 

.leitz all Johnson (19)?) atwoot that at %sub part o the 

binding er4 or 440 transition motolo Is relatol to a loworin 

at bbs centre at graritg or tho oomulad at Invidu la 1110:Jih4..7 



fres he rreQ: 
awavor hat t: 	e 

twelve forage 	ale• Li 

iNcznetiono °ordains with the 
wash there aro 

t 

luvos04 
uto signiziouritlyto 
ie Mat the wows 
to fora e eehomo 
ea? wilonee elootrone 

plr atom hem the ono 0-p gunotion = utea summoto b 	111 

bam sebum Am Cagle prinaii3lo hie mane a ejlittinj of 
rive d MOO into two eei) -1,,,Too votola ono reeivneible :Or 
1ar3Le absolve enema oZ t a tremaltion so ate ani the ortilor Cor 
heir mernoter preportioe =oh * wait ,ase my be dertvel 

urmitheorwti 	re 	of orretalline were fOnstione; 
Vao 	Qum *Albite two hielt ;sake but it well *eau 

t,4 bo tto 	101.? 	,roo*w.z Lea rases.ar bath typeo 
of A101011611Cai ,ho °sera levels eta :111W exporinvontalg rrou 

sink lo not loolA ‘o 	Mti Otainil asort4Ption* 
insingssagase  

It hoe boon the perm* 0 
o/1 those phyoloal proper$10 

d 11 1 u the properties or the olootru 	ti merear Una MI to 
Pint out where the prooent and attar° rels604 001041,0$10no 
0t wale -Apart from the min l band oaleulation it mar  h 

owes further ;:eoblogeo pootei9 o partivolst eleoltreete 
prepartlea at 	be ocatidered ein rag; Wm:0CM hare been 
fir eloallation ovw. e v laat x Iware•Tho rut work 

bn 	cgarriol to roaaonabl4 mustosatul minoluaion it will 
bo 	r 	s roomette, tile):30 alPre spestatiscpi t-c) ar in the 
1i4 	car --e :vaults oloteine, 	ht-to in not boon -don° la o omma: 
Lu ht U. 
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.im-12,19.  .L114  
rovlqu4„19„0 Caleulation,:t. 

Ito varloal twiaa_111 oi" bona oalealation thmtzTont tvlo 
rirat, be initeetea,Zoll tY,t'111by 	 f )review3 worir; OI 

tito 	latt,lea ana a bottle. 

13%) - „aspirant  
-Z4170 function yi ro;:trelentl.rig * fret) oloet,ron or af.41-1 

aovirk:in U fli1,th Intel ltn potiletta oneri7 la V mil tO 

totea ortercz 1 ,,obogo coarallavoroa egastion;. 
2.1 

it V la epnorloailg oyalotirloalo then aocaDI1Ø oolatiolio 
avbe obtained In the 2oria:.. 

(I) 	(ei 

wthera (r,&,4) ar apherleal y4Ur Geordie* on ti Se(94 

epberiaial karmic oX ardor ,f 	Ooteilials for 

otasite loorrespand 	etatee of the elastrasothe Auction 

takine amy 	the lir/AMU Inlopendont 

	

; •K-Y 	A -/ ; 	 
rl 	rl 

**eh Z wdci 1two nodal game paeelm tarouail tho contra 

•t **roc). 
saataa, eontairw eleetrowystleh. are eawarative17'ree 

neve through the motal,efw* =ler t4o Lnauonoe or am electric 
flold.The 90tontita oin Wt oh they Ltovoclopeu4s ea iiitelr into?. 

action wise. emu oliter ara ti teloril,frora tghleti, they Wm 

been etrippel•TA a eryotalliae metal e in =Loll to 1,0113 taro at 

root in their ovilibriun pooltionnoV is clearly ?oriodle with 

tho perlo,i o the errata lotkleo.Aone ti 1/no thr,it.k.A the 
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r 33.4piloity ,"1 	troatmoato xi 
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	asquizol that 	ag rioll actiaL7 an art 
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i* ammilmat within a min ol 

	

-•44.1:2 V La aorsurael tiara within ci (nib(' 	metal of 

0110 '7, • ia 	*adlonly to some flails view o 	o butladnrios 

then Is matailliativiv 
rkII  

y".0 tato 	s.o 	4.40 eoliaiilboue 0. 
-42.;,P% Tilt 4  44:ft Xi.. 9  

L 	L 
iiptilerret .0111 



in 1,A10 turdefii044 o k, 

ut 	Tra.,91 044 9,17, riqgazitlwa)_. lee trovjt  
in this calx) V is alstux,0 to be nurx,rically 	Lovi)rjvawre 

tn *Orapar13011 with the avnme 	of the olectrons,,A)r. 

oltadle cubic lattice with nearest noillboura dintizeloo a 

,Ararier em:,,mrillon of uk givqs Zor the wa70 Smaetion:. 

whore n 	the lalicsere (ifonet) arti tP wiwtton to 

uvi a1 positivo eat noigetive volayoz of these inteoersoit the 

electrons are ilcarlay tresett an bo dium (ot arva Alamo 1936, 
von) fit Awg. Ac. muse I. 

-2;rellafi 

in *ilk caws* 	 1,- 
whore:.• 

/;'(.1.4 217 rthy 

latolvittotto beim over Unit cal of talc XctilierhianceEI.Neosi 

ilasily ahem that 3 mot b.disoontin*Iss at the Ames t ir 
opaoo ;Aven by:. 	AL _ 

isof,thero a certain tcrbinon rwes of oncr4 .12;)r the olooti  

Thaa the 4ieerete e 	levelu of the free electron 	nr; 

broateno1 into cowl of eliouoti ounro..130parctel in c,mnpral 

lor Aibrbieldea Salloth, 

is)  Avro3graetioLAZILLht Jityl4L.," 

tti corrospontia to the arTAxtaption that Cato atoms in the 

taotta arci oxvoratively far apert w that interaction betv4on 

4:74:eat 	aall aatt the dicorete as 	lovels wee thorooro not 



10,mb:wed 1 4uo4 w In ibi:nio 	1 	 wt 

Choptor 

jjjalltat„,, jEms,r 
intporma:iw,o Intueon (b) aa4 (c)saP)110ab1e t 

woe mutaileoun be treatol. by a mathol due 	igner 

t15,1934).Ttoir orilnol motholiv fairly aeouroteLy the 

unve Zonation aorrowondine to the,  wtate o: lowact energy in a 

moto:Livtor w4icit io rieLl of tite tin tialovn,but it Ono boon 

ortondad 

 

by labor worker.?, to ototoo of tier otiorv.'sijaer. 

awl Volts ohOw that for a aryotal with a high dogroe of rota 

apvmotr there /3 a lareo donoin about each nool000 la which 

the floli uoy bo roplaool by a f,]horically eymmotrita onoe7ho 

lather ia theroiar partitiOned into a uot of tz, ao.9.1111ine 

i:,e440.5.ra centred on bias atortletetao Zield txj(AtIolaa to bo 

ephnriaip ;metrical within onohlb7han within caner out4 oull 

tlohro."1143orte equation 241 taunt bo o4uoi4orod ehoriaz 4o1utions 

Of to typoto,  

  

,c 9„1:(6),,t) r.M 4,A04 

  

horoliira6) oatiaSleat. 

1-1.1((i. 	ere 
 - 

E 
24, 	 r 2-  

and 004) is a ourfnee Oheriool torsanio.Slooh fonctiono Aay 

	

b cJastrootod Yrom fWiotiona of 	2.3 by Zarin corico of 

those oolOsiatel vita the owe valve of r 

V/A  (r). tg 	E (La 	 Z•4 

TO* coefliOlonto b i determinel by appropriate boundary 

oonditiom. 

lor monostoato arw3tal3 the aoot oaavealant ooll ii tho 



pul:r 1woeJena 	bisect, ertwgonalig tile lines 

joining 	tom to its noaros!, noinbourstwhile aluilar oolle 

wilt:amine more than one atom aro constructed fr polgatocalc 

orystalsarhe boundary conditions 24rth.i the bk  91%,  Vast 

(1)(6 aad its first derirstive must 00 eDnbtsacml 't 

oonrAiriom Ottlroln aovrtcouring call4 and 

(11)qt must satisfy the 41oel Coalition:- 

fr. 	c 
wheir l'is translation Vector of tho Iettice*It fallowo 

thez)0 conditions can °nag ho autlaUol for AlocroW valaeo of 

for a given to  the pormia,liblo solutions provialnz t: to twtroi 

relatIonship botween a and lt*It hal not prove feasible to satia'' 
(1) and (ii) at all pointe On the in1rto o the zolghodrai, 

tuatoaA all bat a :Inite ntuabor of the terms in Z*4 an 41soar1 

an4 boundary ovnlitions imoosel at lust on,uch points to 4etormlni 

worfloientl or tu4G0 tc,mie*This is only 	Z*4 

cuaw.:roo$ rLfl,a, t ahJula du f,Jr zrnU. kolnce thon to iv 

lon:;th ol the Bloca fun tion is lerco con;_kare with the dimonsiAan 

og the mil* 

A.;:tnor nal 	r451na].2y considersa only the loviclt 

electron lovolaor whict: the wuvo fanction is periodic with the 

periodicity of t4o lattle nayway*-.:ho2 taon approximutei to the 

actual mill by usiag a aAerioal une or the amp volumoomAkinc 

the radial derivative of the WAV Zoaotlon zero on the carfaco 

Of Cho ophorwaboy aslotal**1 the energy as a r4notton at intur,.. 

nuaoar distanootoftemin atsinismataser 	ubwrved diotanoo, 

in order to calculate excited snorer lovolo 'later 11934) 



ex (mat:Id W 	d 	oetho3 by curieldoring a WU70 Proaulelod 

in the crystal by the plane 'awe gunetion e 'Then by 43loohl. 
th,eJrel.if I.' is the vecor iron the nri.olow of cno coil to thw; 

or an j aesat *e,ciit4on3 	aad (U) collo ea follows, 

(I) Za paining ter= a ,:vtAt  •on Vet surfac3 o a cell to the 

poInt 	ticlwly ovoalto on tiile ourreee the wave fariot 

miatiplied by tthe faetore — aad. 

( it ) 010 derivative noradl to the 	 lUUaJLvj-e 

( WASS the twar normal WI one ivint 	Vao invparl norwa 

44bor4 

If the w 	function ti ii th03 OIWZI 014  On even 1.)art 	untven,6 

by Weil a trunalation.an,l, 	ot.d partiotho,so elan ciltmeze.t17i,ola 
autor ahovvo thatoit 	owl are :vale t:4e oda part Inaot be 

inaginaryoLoCilau,•1113 	Cie:tatof, from coalition* (I) Otr3 

elluirie01 bari;lontos Shoe= for tho mr-Kronent tortlra 

tx,„, aro thow of Ioucati ordioroitiols. Till1 (natio* the bou1r7 

aria Espagantrj conattleas (alder 1034) altbouilt ?cc der 7,aue and 
ettio (1547) have eueeeeded th introateing harmonies with taa61. 

hi32or 'Toluca 	orlor to ealvalate tho radial par, of the 

ex3Perient3 earao particalor 	iiii itekeiblwa blast be atistma4; 

Alori tho nuvriam oeniiii:41ta 	vi,ritten 4=1 far the chosen 

potato on tho 1i boandarioe 	oquation3 contain no maw 

orbit:ear; o'neteate 	843 Vlore tiro equatioash?heee 
ettrazittrwm.9 eqalltionl have a non,,zero aelution only II' 'btu) 

4m 
3eteratn07.,--  ti of. the coeVietenta 	the bA to zero.Thole 

woffIcienta 1avo1vo t eAgent factora 7,e*g•toopic-4,-Ajjeto• 

ralial wEIVO tAnetitmo osp,.ote• calealatol at the .A4intri 
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cnU1.Tht3 6:Avec; one rolw4c)n between. the '3 grid othero 

&ries heesone the :"(1 	aortro 'Prot'', only three InIc)endent 
quaatitlea 	an3 ç..aar7 bue-1 farina ne folleuhe rodiel 

wave ranotioaa Wood sn bbo eaos, .17 anl the "zoo oa to Lionantuni 
If the moloombas in a pertain dtreetivn le real.woron on be 

Matica soa to  oorroOPenaine enerioo aro alle•Couzlex 

values of aeneat,ta eorreepond to Porbldien ranee of 	r•ho 

limita of the bunle In aamatun epaco oorroo)oni to simple 
rl,,eilisite between to rtiU yaw* attiow).0.:•o;se.r.o. 

It proves too dirfloat to 3elre th aeteriainentel eqoaolon 

alta0A, tor Imola 4irootieso ot propsastioatowhon the deteralnant 
00a be nodule!! Ample •alai" or veep theor74,7hie ram rout 

oao Aore wnlItion then bears eed lister avoided thin bg 

illoC the bItinto to cotoson4 ot—stioa to taken ea voro417hu3 
olnazeaot4011Itien erluoadoealia2 on vtlioh eat la teten 

soro4be onorgymy then be plotte no o emnotton oe moomotIta for 
iinhreat alrintions of propagation Ond to d.frlIra earl:now: of 
essetent SOSliZr in cl000theli epees as for o interpolatioa 

mast loo usodeosto of ourfooso ore oonstruebod fbr olodcbondikiso, 

'soh *glutton of to dotoroimmottli willations 
Aotosl esaeliition3 or interest to the pressat work will 

be oonsiderel. 

4111010re  work on c'ii (i,J3 ) la of interest stnoc cu haa a 

f.fuoi lattioe,le the nort elolent to lit in the porio41.0 table 

04 his results hem bawl noo4 in & Duper of prat:144mi &LI* 
catiano•ae apgiem the b4undery mailtioaa at the potato mithy 

between the stoat sal lila no5nyit aellOhomre (1:0 jivIn8 12 
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lowea,.. prior oitorical !WWII Cr) e 0 MO • thrQ0 	IVO a Wri 

ClrOVI of tho 	mow f rtztotioa3ohoroin,: thorobz,,  ts.o 

roproause most serrieetio the oacr,7 bancla orizinatiar !tom no 

p sad lovasoft 	etam.in oreer to ooloUlabo tho 43,41, 
nati hilhor wove boats he mom the cm Aeld elven by' Eartree 

(without o=e4cam)40or the 34 
	

to zollfloo thia fiol4, 
et ivoly eabotitatin4 a 4o 	( 	oleetron•:hen, Moo iniwo 

otLorL3 are clatoulatoa by nwerioal intocrotiat of the 
Elehrillav:or ovatilon l'or a 30 t, U. 	 viamouSim Moult') 

ollomm ea a txoph of onortv 	-ain't latorsumitipor 

&Jetsam R *or a ,iv a, direction 2 
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3 is oleo plot o4 aa a foliation oX mcoont= .,'or various iiirectioo 

Lajtmipaco /or the various eloonee o oolutloa o tho schrZid 

equatioate•g.the (1/(i) direetien ia a4oma in :14;4•441'.-vom they 

survw3 ;;:ruttor eatato the toomtant orter-,.7 contotata for the • 

oonauetioa eleetroa 	Vie ira,. 0 ilea* of the atilt 0111°W-a 

MOS 04200411ina swap unspeeitiol ftra of interp010111604 

404wt. 	oxt.ondedratt.lr'a troutaant of, the Cows. 

1Ott10e,iaclu1ing ioore eAtolei alrectIono ova pThaion Ii ir,4-sece. 

(1938) eete out the ow° of to 	ruction fully, 

,aelug liartrae unielifiel tat*  aeld throuell*txt ne he to milt 

Lateroetei La tht conduction olectiron.3oo of the twelve 

bounlary into canal-lama by ;Crafter ,00cara on tale diroctl= 

A.Obe therefOro wee diffarent beaadary eonaitIonaothoroby 

ro4uciaz the or 022 the htdbeet state of the ftrat D 	and 

logr000taiz.  tø tldtm of the ilrat energy cep but h13 roeulti do 

net Offera to a:ree vary toll with esporiaont• 

7e1SW_Onti 3112110e  oaleaLatlems for pe er,a of Latereat 
otave 20 Le a forromagatic c tile saao oroup of oleento in tho 

poste tabio Et3 3/4islatiaj 	conalderliv-; b.c.u. A30 

teas Apr hie warm talletlin Iltabitt tho atouic oolyho:Iron tolle aucl 

iy4; 14 tormatviA,ose seturee plotiVe dogbar f and one g otoutc 

rave fotetienuao ten appliee baindiary coalitions at Sae polatt, 

MAIM" Wilma sa oton 	it,3 nearest neighbours (8) Sad next- 

e,-41 t nelehhoire (6.n do torullathe the effective flail for 

the oat he aaaamoe tho cher5v deneitlee :or the la to 3p 

aleetrons to be tteeso ao SOund tar tho ,0 aton by amusing and 

0001141,6 (1936).he charge densities for the 34 on4 40 electrons. 
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aro ronoraaitamila to Wae volual of the atomic o;:ter,: in -akatial:10 

14,i,o•tho spasm of Volum o( 	t* that of tho ataale 

Ileron. , ith this 2101-1 the rai ni "owe tanctiona aro :Cowl b 

numerical integration an in the aartrco sOlf-conatzteat fiell 

etl-xod tbr otoompuenco Cm *ninon of tho 	otion ai thoir 

rdi 6eriVitti3O* at t rolovaat 111 oink SOS iSund 3 we 

t olisalute t4e coofticiente in the e4inat1eSo ralatin 2 And le 

Az aowity 

 

if atataq curvea aro timc aftaimoll;tende 1 ma II 
aro 

 
i1.1 SO tha4 they ontot contribute to electrioal ioaductivitl 

or Sorromalnetlea•Bond VI la a wide onsistth considorable 

almixtare of o rmactione an4preb3 Sacounta or noat oC tho 

conductivity•Amll 	tAnd I are =Mew with hiIlt dontiltle 

atatea aaa aro cr.oro 'sport** In connootioCirith form 

mognotio04 
Aioone 	,annla; 11343) consider fgc•c. Jo,ualko Xor thel;' 

ioNs fmetion the salt of Mal" toroe,tho owe 0,3 :Avatar twos. 

leoadory aandltloos aro than iftpasel at tho ooao Ainte an USW 

Etatter nni t4os potential t1014 la the equo as that ase4 

47,4r b•eipe* lo•Conda 1,11. and VI drove to boo atoost tbe 

sow ea in the bites.* ease bu j 	nd IV aro brooder sat / 1110 

* "girl oberP polka* is pointed out that boal II to gym stance 

to band Vi or vu. 
OolcUlatlose or enor:; LI:„Wa by tho 	zweits.aater 

method aro very loboriowyto 	zfte leat4.44e reetrioilitea of 

iniaeing 	conatlonl at a limited *Si of potato talw 

toed to *anew arrer•zhoeitley al") daVlood 114 eimayty tattioor 

toot of tha collator oothodoeftoolac thotolttacogn tato oosarste 



in the rtri .34.•,it may be in erre bj a sot 	or;: 	 441 !;44  

Zbaa calmlationi ot ocompisi levae Ia Li ent1 Ss are drobablz 

{pate 3coetsbat tor Cu of to the error will bc laraercie alao 

ihowq that the acroureezy o thobt toe z cto17 vori 3,01a1y 

with ti Ina' 	=ter e -;i7 bounlerg canditionuilorortb oad 

Jews (3u) 	reowatlysbon404 TM dor 7,age and Dethost, 

Llethetioitielf a grub iflprovflailitt in that of nlateroin twowe 

o: Saisidooy awe aro 	a noth..OS eorreatiza tho °icon. 

valise so obtatnea brnum or a ollrfess laterreaowiell elle° 

.4movidirl a nnah nom 	erte tof0 of reoults t" v the empty 

lattioo toot•"Zher Zinel errom-570 but 	in thi3 ti ft.a* to 
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January 1951. 

Calculation of the Density of States Curve for the 3d Electrons 
in Nickel. 

By G. C. FLETCHER t and E. P. WOHLFARTH, 
Department of Mathematics, Imperial College, London $. 

IT is the purpose of this letter to present some preliminary results of 
calculations of the density of states, N(E), for the 3d electrons in a face-
centred cubic lattice, using the approximation of tight binding. The 
calculations are applied in the main to nickel. The final results have 
an important bearing on the physical properties of transition metals, 
such as magnetic, electrical and thermal properties. Comparison may 
be made with the results of analogous calculations by Krutter (1935) and 
Slater (1936), who employed the cellular approximation. 

The details of the tight binding approximation are well known (see, 
for example, Mott and Jones 1936). The atomic wave functions which 
have been used, and which correspond to the fivefold degenerate 3d level 
of the isolated atom, are 

0,-=aixyf(r)Ir2, 02  = a2yzf(r)12-2 , 03=a3z4(r)19-2 , 

04=a4(x2-Y2)f(r)Ir2, 05= a,(3z2 —r2)f (r)Ir2, . (1) 

where f(r) is the normalized radial function of the isolated atom and the 
al  are normalizing constants for the angular functions. Using (1) Bloch 
type functions may be constructed and the energy calculated from the 
determinantal equation 

i llnan —Eatnn I =°, m=1 ... 5, n=1 ... 5. 	. (2)  

The elements H. may be expressed in the general form 
3 

H.= 2 AL 7a(k). 
1 

Here the rIL are functions of the three Cartesian components of the 
reduced wave vector k, expressible in terms of circular functions of 

laky, 12-akz, where a is the lattice constant. The coefficients Awn  
have the general form 

AL.= f (r —R) Vckj(r —R' )dr, 	 (4) 

t Now at Department of Mathematics, University College, Exeter. 
Communicated by Professor IL Jones, 

(3) 
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where R, W refer to the position of a central atom and one of its nearest 
neighbours, and where AV is the difference in the potential due to an 
atom when isolated and when in interaction with its nearest neighbours 
in the metal. Owing to the symmetry properties of the angular functions 
in (1) some of the coefficients vanish and the others are interdependent, 
such that only six independent coefficients had to be calculated. For 
this purpose the most suitable available values off (r) in (1) and of V(r), the 
potential due to an isolated atom, were taken to be those of Hartree 
and Hartree (1936) for Cu+ with exchange. These could be approximated 
to closely by simple algebraical expressions, involving exponentials. 
The atomic polyhedron was taken to be spherical and the assumption 
made that dV=O inside the central polyhedron and that outside it 
LIV—V( I r —R' ). The integrations in (4) were carried out using prolate 
spheroidal coordinates. The resulting algebraical expressions for the 
coefficients were evaluated using the appropriate value of the interatomic 
distance. The values of the six independent coefficients range from 
0.033 eV. to 0.260 eV., and these values, as that for the total width of 
the 3d band, are of such an order of magnitude as to justify the use of the 
tight binding approximation in this case. 

With the H„,„ known at all points in the Brillouin zone the energy 
may be calculated by solving (2). The functions 71(1n are, however, 
quite complicated, and hence it was decided, in the first place, to neglect 
arbitrarily certain of the non-diagonal elements such that the quintic 
equation (2) breaks into a cubic (arising from the atomic functions 
01, 02  and .9)3) and a quadratic (arising from 964  and 05). This 
approximation also underlies the calculations of Jones and Mott (1937) 
on the body-centred cubic lattice and is implicit in much of the work of 
Brooks (1940) on ferromagnetic anisotropy. Calculations are now 
proceeding which aim at solving the complete quintic in the energy 
range of interest for nickel, near the top of the band. Certain results 
may, however, be obtained at once, and, in addition, such comparison 
as may be made gives very close agreement with experiment using the 
curve which has been calculated so far. It is believed that although 
inclusion of the remaining H,,„„ may distort the energy surfaces derived 
from the two independent equations, the effect on the final N(E) curve is 
less serious. The highest energies ar,,  found, in any case, to correspond 
to regions of the zone where the n-..-41ected 11„in  are small. Finally the 
energy values which have already been computed may, in many cases, 
be used as first approximations to the roots of the complete quintic. 

The two resulting determinantal equations were solved in the range 
kx , ky , k2>0 at all points of a lattice formed by taking intervals of 
7r/6a, Cardan's method being used to solve some 500 cubics. (In the 
cellular approximation it was possible to calculate the energies at only 
very much fewer points in the zone). Constant energy contours were 
constructed in the planes kz=r77/6a(p=0 	12) for each of the five 
solutions. Finally N(E) curves were calculated by graphical integration. 
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A check on this stage of the calculation is provided by the fact that the 
area under each of the five curves corresponds to one electronic state 
per atom. The resulting provisional N(E) curve, the sum of the five 
constituent curves, is shown in the figure. 

The following deductions of particular interest may be made : 
(1) The total width of the 3d band is 2.70 eV. This result is independent 

of the neglect of the non-diagonal elements mentioned. The value is 
about half that given by Slater (1936), with whose N(E) curve the present 
curve may be compared. 

(2) The value of the degeneracy temperature for nickel calculated for 
0.3 vacant states per atom, corresponding to the right-hand vertical line 
in the figure, is 2.04 x 103  deg. K., in very close agreement with the value 
deduced by Wohlfarth (1949) from the magnetic and thermal properties. 

Provisional density of states curve for nickel. 
E, electronic energy in eV., measured from zero at the bottom of the band. 

N(E), density of states, such that the total area under the curve corresponds 
to five states per atom of either spin. Fermi limits for paramagnetic, 
ferromagnetic nickel as shown. 

(3) The linear low temperature electronic heat coefficient, y, for 
ferromagnetic nickel (left-hand vertical line) is deduced to be 
1.15 x 10-3cal mol.-1  deg-2. The observed value is 1.74 x 10 -3, but as 
this includes a contribution due to the conduction electrons, the significant 
value for comparison is somewhat lower, possibly 1.5 x 10-3. 

(4) A completely general result concerning the degeneracy character 
at the centre of the zone, k=0, states that here the five energy levels 
split into a threefold and a twofold degenerate level, separated, in general, 



109 	 Correspondence 

by a finite gap. This result is completely verified in the present case, 
the gap being found to be 0.88 eV., again independently of the neglect of 
the non-diagonal elements mentioned. In calculations using the cellular 
method, on the other hand, the degeneracy at k=-0 is found to be almost 
invariably fivefold—a result of the approximations used in the method. 

It is hoped to publish fuller details when the effect of the approximation 
indicated above has been more completely investigated. The necessary 
calculations are, however, so troublesome that it was felt that a 
preliminary account of work already completed may be of interest. 

We are indebted to Professor H. Jones for his most helpful advice, 
and one of us (G. C. F.) to London University for a postgraduate 
studentship. 
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ABSTRACT. A calculation is made of the energy density of electronic states for the 3d 
electrons in metallic nickel, using the approximation of tight binding. The early stages of 
the calculations and preliminary results have been previously summarized by Fletcher and 
Wohlfarth in 1951. The theoretical basis of the approximation is outlined and the validity 
of the underlying assumptions examined. The required overlap integrals are evaluated 
and the secular equation for the energy as a function of wave vector is solved exactly over the 
energy range of interest for nickel. The density of states curve is computed graphically. 
Among results of physical interest obtained are : bandwidth 2.79  ev, degeneracy temperature 
1.45  x 103  deg x, low temperature electronic heat coefficient y 1.69  x 10-3  cal. mol-1  deg-2  
(compared with the experimental value of 1.74 x 10-3). The results are compared with 
those obtained by the cellular method of approximation used by Krutter in 1935, and 
Slater in 1936. 

§1. INTRODUCTION 

THE transition metals are of particular interest in the theory of metals, 
since they display anomalous electronic properties, which are only 
explicable on the assumption that the energy density of electronic 

states N(E) for certain critical values of energy E is much larger than for other 
metals (Mott 1936 a, b). Results deduced from the only previous calculation 
of N(E) for the 3d electrons in nickel (Krutter 1935, Slater 1936) do not agree 
very well with experiment and in the present work a re-calculation has been 
made using the approximation of tight binding (T.B.) (Bloch 1928 and others). 
The early stages of the calculations and preliminary results have previously 
been summarized (Fletcher and Wohlfarth 1951, to be referred to as I), and the 
purpose of the present paper is to give details of the complete work, together 
with a critical examination of the underlying assumptions and a discussion of 
the results obtained. Approximate wave functions for an electron in the metal 
were formed from the five atomic 3d functions and the resulting fifth-order 
secular equation has been solved exactly, whereas previously it has been the 
practice to make certain arbitrary approximations for the sake of simplicity 
(e.g. I, and Jones and Mott 1937). These approximations are shown to be invalid. 
In proceeding with the solution of this equation, numerical calculations have 
been made for the fi, st time of the overlap integrals occurring in the matrix 
elements of energy. A feature of the calculation is the occurrence of the correct 
energy degeneracies as predicted by group theory. Certain results of physical 
interest are discussed in §4. 

§2. THEORY OF THE APPROXIMATION 

The complete theory of the T.B. approximation has been given by a number 
of authors (e.g. Mott and Jones 1936) and will not be repeated here. Bloch 
wave functions are built up from suitable atomic functions; those used here 
correspond to the five-fold degenerate 3d level of the isolated atom, i.e. 

oi  _ (15/4,701/2xymir2, 02  = (15 /4ir)112yzf(r)/r2  
Oa  = (15 / 4,01/2zxfir)/r2,  04  = (15 /167)112(x2 _ y9f(r)/r2 

05=  (5/16,701/2(3z2_ of(r)/r2 
(1) 
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where f(r) is the normalized radial function of the isolated atom and the 
numerical factors are normalizing constants for the angular functions. From (1) 
the functions 

On, = Z exp (ial.k)k(r — a1), n=1 . . . . 5 	 (2) 

(where k is the wave-vector and al the position of any atom in the crystal lattice, 
summation being over all atoms) are constructed and may be shown to be of the 
correct Bloch form exp (ik . r)u k(r), where uk(r) has the periodicity of the lattice. 
For a cubic lattice a is simply the lattice constant and l x, I„, lZ  may be integral 
or half-integral. Finally, the zero-order wave function for an electron in the 
crystal is assumed to be a linear combination of the functions (2) 

1Y„(k ; r) 	an,n(k)://,,,(r). 	(3) 
t7d 

If H= —(h2l2m)V2 V(r) denotes the Hamiltonian and E the energy for the 
electron in the crystal, then 1F must satisfy 

(H—E)11 „= O. 
If the non-orthogonality of the ink  with respect to n is neglected, an approximation 
to be discussed later, it is easily shown that E must satisfy the secular determinantal 
equation 	 I= 0, m=1 . . . . 5; n=1 . . . . 5, 	 (5) 
where km= fik,,,),*Hth,k dT]lotnoc„, and a „2  = fik k*ZAnk  C1' r 	It can readily be 
shown that 

ant = NE exp ( — ial. k) J 07,*(r —a1)0„(r)th- N, 	 (6) 

where N is the total number of atoms in the crystal, on the assumption that the 
contributions to (6) from all other atoms (1 0) is negligible compared with that 
from the central atom (1= 0). Finally, H„„, can be expressed in the form 

H„,,,=(e0 + C)8„„,+ Z exp ( — ial k) f qb„*(r — al)( V — U)c6m(r)dT, 	
 
(7) 

where U is the potential due to an isolated atom at 1= 0 and So  is the energy of 
a 3d electron in the field of such an atom. The constant C, termed the self-energy 
of the central atom, will be defined below. For convenience, energies may be 
measured above and below the constant value So  + C. With the assumptions 
to be discussed below, the matrix elements H„„, are then found to have the 
following explicit values 

Hit  = — 4A1  cos e cos 7) + 4A2  (cos 7)  cos 2  + cos cos 6) 

H22 = 4A1  cos 77  cos 	4A2  (cos cos e + cos 6 cos 71) 
H33  = — 4A1  COS cos e + 4A2  (cos e cos + cos n cos 0 

H44 = 4A4  cos 6 cos — 4A5  (cos') cos + cos cos e) 
H55 = — (4/3)(A4  + 4A5) cos e cos 7,+ (413)(2A, — A5)(cos 71  cos + cos cos 0 

H12 =1121 = — 4A, sin sin 6 ; H23  = H„-= — 4A, sin e sin n 
H31  =1113  = — 4A3  sin71  sin ; Hi, = H„, =-0 

1134= H42= 4A6 sin n sin ; H= H43 = 4A, sin sin 6 
H15 =1151 = — (8/3112)A6  sin 6 sin n ; 112, = H 52  = (4/3112).46  sin 7)  sin 
1/35  = H53  = (4/3'12)A6  sin 4  sin e 

H45 = H54  = (4/3112)(A4  + AD(COS 7) cos 	cos cos 0 

(8) 

(4) 
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where 6 = ak 	= ak ; =!-Tak, and 

Al = — f 94.1*(x 	y — za, z)(V U)01(x, y, z) dT 

A 2= f ,* (x , y — 1 a, z —a)(17 — U)01(x, y , z) dr 

A3= 	01*(X a, y , z— 2a)(V — U)0 2(x, y, z) dr 

A,== f 4* (x — a, y — z)(V — U)0 4(x , y , z)dr 

A,— — 04* (x, y — z — ia)(V — U)0 4(x, y, z) dr 

A6= 	2*(X,y — , z — 	— U)0 4(x, y, z) dr . 

The assumptions inherent in the above treatment will now be briefly 
considered. 

(i) The fundamental assumption of ' tight binding' is that the atoms in the 
crystal are far enough apart for interaction between them to be small. It is 
this interaction that causes the discrete energy levels of the isolated atom to 
broaden into bands of allowed energy for the crystal, and the assumption can 
only be justified on the grounds of consistency if the widths obtained for these 
bands are comparatively small. The value of 2.70  ev obtained for the bandwidth 
in the present calculation satisfies this criterion on comparison with 
bandwidths obtained for electrons farther from the atomic nucleus and therefore 
affected to a greater extent by neighbouring atoms in the crystal. 

(ii) The non-orthogonality of the 1b, A. with respect to n is neglected, that is, 
the approximation is made that 

E E exp {i a (1 —1' ) . k} f n* (r — ) „(r — al) dr = (n 	. . . (10) 

This approximation is linked up with another mentioned above, viz. that 
a n2 z---'N and it is convenient to consider them together. As far as the derivation 
of eqns. (5) and (7) is concerned the neglect of non-orthogonality may be 
expressed in the alternative form 

onk*OmkdT < f onk*on k di" (nom) 	 (11) 

or E E exp{ia(1 —1' ) . k} 
J 
 (bn*(r — al' )0 „,(r — al) dT 

E E exp {ia(1 —1') . k} 1 „*(r — al')0 „(r — al) dT 

or E E exp {ia(1 —1') . k} 
J  0

7,*(r — alWm(r — al) dT 
1 7,1- 

N + EE exp {ia(1 —1') . k}i cbr,*(r — al')(/),,(r — 	(12) 
17,1- 

The integrals involved will obviously be much greater for nearest neighbours 
than for other pairs of atoms; considering nearest neighbours only for n =1, 
m =2, for example, a calculation gave for the left- and right-hand sides of (12) 
respectively the values 

— 0.028N sin sin e and N[1 + 0.08 cos cos 7)-0.02 (cosy/ cos Z + cos cos 0] 

(9) 
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so that both approximations appear to be reasonable. It is stressed that, at least 
in the present problem, the actual orthogonality of the On, is immaterial, 
provided the inequality (12) is obeyed. 

(iii) It is assumed in deriving (7) that 

	

,„*( r)( V — U)0 „,(r) dr = C8„„,.   (13) 

Now V— U is an even function of x, y, z, x—y or x +y because of the 
symmetry of the lattice and hence, from considerations of the parity of 
95„tfi n„ with respect to one or other of these variables, it is easily shown that 
(i,„*(r)( V — U)0,„(r) dr = 0 (n 	. Also V — U must be symmetrical in x, y and z 

so that .1 ,,,*(r)(V U)0 „(r) dr will have the same value for n = 1, 2 and 3. An 
approximate calculation shows that the absolute values of this integral for 
n =4 and 5 are slightly less than that for n =1, 2 and 3 as would be expected 
since 01, q52  and cb, have antinodes in the directions of nearest neighbours while 
0,, 05  have antinodes in the directions of next nearest neighbours. Owing to 
the assumption (see §3) that V = U for r <a/23/ 2, however, the differences are 
very small and the assumption expressed in (13) is unlikely to introduce any 
serious error. 

(iv) The usual assumption was made that the major contribution to the H„,„ 
arises from nearest neighbouring atoms and only these were considered. Any 
given atom in the face-centred cubic lattice has twelve nearest neighbours given 
by 1 --=( + 	+ ? 0), (± 	0, + 	(0, + 	+ ?) and six next nearest given by 
I 	± 1, 0, 0), (0, ± 1, 0), (0, 0, ± 1). It seems probable, therefore, that the 
latter will also make a fairly large contribution, since they are only /2 times as 
far away as the nearest neighbours. This approximation seems the most likely 
to introduce serious error but is unavoidable without seriously increasing the 
complexity of the expressions for the H„,„, and hence of the calculation. 

§3. DETAILS OF COMPUTATION 
In order to calculate the numerical values of the coefficients A, some 

assumption must be made regarding the radial wave function f(r) and the 
potential V — U. For the latter it was assumed that (i) V = U within a sphere 
about the central atom of radius A equal to half the distance between nearest 
neighbours (A =a/2312) (Mott and Jones 1936, p. 67), and (ii) U =0 elsewhere. 
For V outside this sphere an atomic potential centred on the nearest neighbour 
was used, which should be a good approximation in the regions where the 
product of the two wave functions is large. Since the atomic wave functions 
and potential have not been calculated for Ni, Hartree and Hartree's figures for 
Cu+ with exchange (1936) were used, as this ion contains the same number of 
electrons as the Ni atom. For ease of computation as close a fit as possible was 
made to these values by explicit algebraic expressions. With primed symbols 
referring to the nearest neighbour, the range r' <2A/5 was found to be relatively 
unimportant and the expressions 

f(r')=-85•88r' 2  exp ( — 5r') + 1.979r'2  exp ( — 2r') 	(14) 
V(r') = —(1 + 28 exp ( — 3 r')}, r' 	(15) 

were obtained (V is in atomic units). Integration was carried out over all 
space T less the atomic sphere 7 of the central atom. Within this range 

. f (r) =1.979r 2  exp ( — 2r) 	(16) 
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is a sufficiently good approximation, while for integration over T it was also 
assumed that f 	=1.979r'2  exp.( — 2r') and V(r) — 1/r'. Although the 
V' exp ( —5r) term would not be small in integrating over T, it must be omitted 
as it has been neglected in integrating over T. Thus for instance 

Al  cc 511.979 exp ( — 2r) {1 + 28 exp ( —3r')} 

x {85.88 exp ( —5r') + 1.979 exp ( — 2r')}xyx'y'lr'} dT 

— f [1.979 exp ( — 2r) x 1.979 exp ( —2/xyx'y'l 1 di -. 	 (17) 

In carrying out the integrations, prolate spheroidal coordinates with the 
central atom and nearest neighbour as foci were used. The values obtained 
for the Ai  may then be put in the convenient form 

A1 	04 928E0, A2 =0.05724, A3  = 0.0776E0, A4  = 0.1348E0, 
A5  = 0.0247E0, A6  = 0.0862E0, 	(18) 

where 	 Ee = 4(A1+ AO= 1.349 ev. 	(19) 

A qualitative consideration of the various approximations indicated above 
shows that their effects on the Ai  are all likely to be small, some being additive 
and some subtractive. Their total effect appears negligible compared with 
that arising from neglect of next-nearest neighbours. 

Owing to the difficulty in solving a fifth order equation with coefficients as 
complex as (5), it was decided as a first approximation to neglect arbitrarily 
H„„, for n = 1, 2, 3 ; m =4, 5, as has been done by previous workers (e.g. Jones 
and Mott 1937), and solve the resulting cubic and quadratic equations. Details 
of this work have already been given in I. Apart from giving correctly the total 
width of the band (2.70  ev) which is unaffected by the neglected terms, this 
preliminary calculation served to reduce greatly the work involved in solving 
the complete quintic equation and also demonstrated the effect of neglecting the 
above terms (see § 4). 

From a study of the N(E) curve obtained in I it was decided to calculate the 
more exact curve over the range of energy values 0.5 <E/E0  <0.771 
(2.35 <E<2.70 ev for diagram in I), a complete calculation being excessively 
laborious and unnecessary for most purposes. In effect only those solutions 
of (5) were found, which fell within this range ; further reference to the previous 
calculation indicated in what regions of the Brillouin zone such solutions were 
likely to be found. 

Along certain directions in k-space it is found that the secular eqn. (5) can 
be solved exactly as follows. Solutions marked * are identical with those 
obtained in I. 

(100) direction. EL  2 =4A2  +4(A2  — A1 ) cos e 
E3  = A1+ 8A, cos 

E4  =4A4 — 8./45  cos 6 
E5  = (4/3)[ — A,— 4A5+(4A4 — 2A5) cos 61 

(110) direction. E1  =4A4  cos' 6-8A5  cos e 
E2. 3 -4A, cos' e+ 4(A2 — A1) cos 6 ± 4A3  sin' e 
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E4  and E5  given by 
E2  + [(4A1  + 16A5/3 +4A4/3)q2  + (8A5/3 —16A4/3 — 8A2 )0E 

+ (16q2/3 )[(42/1A5 + A1A4 )q2  —(8A2 A5 +2A2 A4 + 4A1A4  — 2 A1A5)q 
+ (8A2 A4  — 4A2A5)] — 64A62p4/3  =0 

where p = sin e ; q = cos e. 
(111) direction. Ei = 4[(2A3 + 2,42 — AO cos2  e 2.43]. 
The other four roots occur in two doubly-degenerate pairs given by 

E2 — 41(2A2 — Al  + A,— 2A5 — A3) cos2  e + AJE 
+16{i(A4 -2A5 )(2A2 — A,— A3 )-2A6 2 ] cos4 6 
+ [A3(A4 -2A) + 4A62] cos2  e +2A,9  =0. 

e 	7T ; = 0 direction. E j, 2  = ± 4(A, + A2) cos 97-4A2  
E3  =4A, 

E4,5 (4/3)[2A5 — 214 + 2(A4+ A5 )(1+3 cos2,/)"2] 

The general effect of solving the quintic equation exactly, that is the effect 
of including the elements H,„ neglected in I, is to separate the solutions from 
each other and to remove some of the points of degeneracy which occurred in I 
and which were accidents of that approximation. 

Returning to a consideration of eqn. (5) for a general vector k, various 
methods have been devised for solving such an equation, either in its determinantal 
or expanded form. Investigation of these methods showed, however, that 
none was suitable in the present case owing to the complexity of the 	and the 
fact that the roots of (5) are not, in general, well separated. An estimate of the 
required solution for a given vector k was therefore made from the approximate 
solutions already obtained in I. This was substituted in the determinant, 
which was evaluated, a correction was applied to the solution and the process 
repeated until a solution correct to three decimal places was obtained. The 
symmetry of eqn. (5) reduced considerably the region of the Brillouin zone to 
be investigated, and in all some 270 roots were obtained by the above method 
and checked at symmetrically equivalent points. 

For each wave vector k, eqn. (5) has five roots, and, a major problem is that 
of collecting these roots into five sets, each set belonging to one Brillouin zone 
and having an associated energy band. As a first step the energy degeneracies 
arising from symmetry considerations, reality of the Hamiltonian and accidental 
degeneracy may be investigated as indicated by Bouckaert, Smoluchowski and 
Wigner (1936) and by Herring (1937). 

Following the arguments of the above papers the following deductions 
regarding degeneracy can be made for the present case. 

(a) Due to symmetry there should be one triply degenerate level and one 
doubly degenerate level at k =0. A double degeneracy, arising from the former, 
should occur along the (100) direction and two along the (111) direction. There 
is no other symmetry degeneracy apart from a double degeneracy at the 
point k = (271a, 7r/a, 0). 

(b) If the Hamiltonian of a problem is real, it is possible for degeneracy, 
additional to that due to symmetry, to occur between a wave function and its 
complex conjugate. For a face-centred cubic crystal it is easily shown that no 
degeneracy of this type can occur. 
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Fig- 1. Variation of energy with wave vector along certain directions in k-space. Broken curves 
indicate approximate solutions obtained in I. 0 Predicted points of accidental degeneracy. 
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(c) In addition to the above, various points of accidental degeneracy must 
occur in the present case. Their prediction, however, depends on a knowledge 
of the relative energies of the five wave functions 	(which will, in general, 
have different symmetry properties) for certain special wave vectors, e.g. 
k =(0, 0, 0), (27r/a, 0, 0), etc., so that most of these degeneracies are probably a 
result of the approximations of the calculation. They are indicated in fig. 1. 

(d) The normal derivative of E vanishes over the square faces of the 
Brillouin zone and along every line joining two opposite corners of a hexagonal 
face. E must have six-fold rotational symmetry over each hexagonal face. 
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From the solutions of eqn. (5), curves showing the variation of E with k 
were drawn for each value of k0, and each value of kz  from 0 to 27r/a at intervals 
of 7r/6a. Only one other point of accidental degeneracy (see fig. 1 (b)) was 
discovered, apart from those predicted. Attempts to collect the energy values 
into sets, as mentioned above, indicated quite conclusively that there is only 
one possible way of doing this. Solutions must be interchanged at all points 

o 771 

(c) 
Fig. 2. Contours of constant energy for certain planes of the Brillouin zone for the high energy 

set of solutions of (5) drawn at energy intervals of 0.05 E0. (a) =0 plane. (b) Square face 
(4=70. (c) Hexagonal face. (d) 	7r/2 plane. 

of accidental degeneracy in such a way that for every value of k the highest 
energy value belongs to Brillouin zone I, the next highest to Brillouin zone II, 
and so on. This is a perfectly valid procedure (Bouckaert, Smoluchowski and 
Wigner 1936), and the resulting discontinuities in grad E do not affect N(E) 
since on any given surface of constant energy of k-space such discontinuities 
occur only at isolated points and not over an area. 
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As in the previous calculation in I constant energy contours were drawn in 
the planes kz  = vrr/6a (v =0 . . . . 12) at intervals of 0.025 E, for each of the three 
sets of energy values involved in the energy range considered. Examples of the 
(E, k) curves and the constant energy contours are shown in figs. 1 and 2. 

It follows directly from the definition of N(E) that 
dS  

N(E)oc J I grad El' 
integrating over the surface in k-space for which the energy has the constant 
value E. To avoid numerical integration in three variables the approximation 
N(E) ccAK/AE cc AK was made, where AK is the volume of k-space enclosed 
between the surfaces of energies E and E+ AE, the value so obtained for N(E) 
being assumed to be that for E 	This indicates the method used for 
calculating an N(E) curve for each set of energy values, the volumes AK being 

/:( electron volts) 
Fig. 3. Density of states curve for nickel. E, electronic energy in ev, measured from zero at the 

bottom of the band. N(E), density of states, such that the total area under the (complete) 
curve corresponds to 5 states of either spin. Fermi limit for paramagnetic, ferromagnetic 
nickel as shown. 	Constituent N(E) curves. 

.,btained by graphical integration. It was not possible to check this stage of 
the calculation, as was done in I, by measuring the areas under the N(E) curves, 
since they are incomplete, but any error introduced is unlikely to be greater 
than in the previous calculation, viz. of the order of 1%. Finally, the total N(E) 
curve over the relevant energy range was obtained by adding the three 
constituent curves and is shown in fig. 3. 

§4. RESULTS AND DISCUSSION 

(a) The total width of the 3d band is 2.70 ev, as obtained already in I, since 
the highest and lowest energy values occur when k = (277/a, 0, 0) for which 
H „,,,= 0 (n =1, 2, 3 ; m = 4, 5). On comparison of fig. 3 with the curve obtained 
in I it is seen that the right-hand peak has moved to a higher energy value nearly 
at the top of the band. This is readily understood on reference to fig. 1. 
Consider the (111) direction in particular, since here the effect of the previously 
neglected elements 1-1„„, is greatest. Fig. 1 (c) then shows clearly that the result 
of including these elements is to force the higher solutions of eqn. (5) to still 
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higher energy values and the lower ones to lower values, i.e. to increase the 
number of states near the limits of the band and decrease the number near the 
middle. This suggests also, therefore, that the left-hand peak of the N(E) 
curve would occur nearer the bottom of the band than in I. The N(E) curve 
would then resemble that given by Slater (1936), but there are important 
differences between the two curves. The width of Slater's curve is twice that 
obtained here and the height of his peak only about half that of fig. 3. The 
effect of these differences is illustrated below. 

(b) From fig. 3 the energy difference e, between'the top of the band and the 
right-hand vertical line, which corresponds to 0.3 vacant states per atom, is 
0.125 ev. Then by definition the degeneracy temperature for nickel is 
T =(elkc)x 108  x 0.125 =1.45  x 103  °K. 

This compares with 1 600°K and 2400° K deduced by Wohlfarth (1949) 
from the magnetic and thermal properties respectively, and about 2 000° K 
deduced as above from Slater's curve. Although the present value does not 
compare so favourably with Wohlfarth's figures as does Slater's value or that 
deduced in I, this is to be expected, since Wohlfarth's calculations were based 
on the assumption of a parabolic band form, to which Slater's N(E) curve and 
that in I approximate far more closely than does the present curve. 

(c) The electronic property, which provides the simplest check on an N(E) 
curve as calculated here, is the electronic contribution to the specific heat. From 
Stoner (1936), the linear, low temperature, electronic heat coefficient y is given 
by y = 2.835 x 10-4RN(E)„, where R is the universal gas constant and N(E)o  
is the density of states for one direction of spin at the Fermi limit. For a 
paramagnetic, one can assume zero magnetization at absolute zero so that the 
lowest states are completely filled by pairs of electrons of opposite spins. In the 
case of ferromagnetic nickel and cobalt, however, Wohlfarth (1949) has shown 
that there must be almost complete magnetization at very low temperatures. 
Thus, for nickel, 5 states per atom of one spin ( + ) are fully occupied and only 
4.4 states per atom of the other spin ( 	instead of 4.7 states of each spin. The 
only electrons which can take part in the specific heat process are those of ( —) spin 
near the top of this unfilled band. The area under the curve of fig. 3 corresponds 
to 5 electronic states per atom so that the relevant value of N(E), is given by the 
left-hand vertical line, the area to the right of which corresponds to 0.6 state per 
atom, i.e. this is the Fermi limit in the unfilled ( — ) spin band. The resulting 
value obtained for y is 1.69  x 10-3  cal mo1-1  deg-2  as compared with an observed 
value of 1.74 x 10-3, and one of 1.1 x 10-3  deduced from Slater's N(E) curve. 
A suitable value for comparison purposes would be somewhat lower than 
1.74 x 10-3, since this figure includes contributions from the s electrons and 
from d—> s transitions (Wohlfarth 1948, 1949), possibly 1.5 x 10-3. The very 
close agreement obtained here, however, must be regarded as somewhat 
fortuitous, owing to the approximations made and the fact that the Fermi limit 
occurs at a steeply sloping part of the N(E) curve so that any error in its position 
would introduce a comparatively large error in y. 

It may also be noted, by comparison with I, that consideration of the 
previously neglected elements H„,„ has brought the theoretical value of y into 
closer agreement with experiment; these elements have been neglected in previous 
calculations of a similar nature to the present one (Jones and Mott 1937). A more 
interesting point, however, is that the `ferromagnetic Fermi limit' now falls to 
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the left of the band peak. If this does in fact occur, then a number of theoretical 
calculations of other electronic properties, based on a parabolic variation of N(E) 
with E at the Fermi limit, would appear to be in need of revision. 

(d) As mentioned in §3 (a) a triple and a double degeneracy should occur 
between the wave functions at k = 0. This is confirmed in the present calculation 
with an energy separation between the two degenerate levels of 0.88 ev. In all 
applications of the cellular method, however, five-fold degeneracy is obtained 
at the centre of the Brillouin zone, a result due to the method of approximation. 

(e) Returning to a general consideration of the N(E) curve, Wohlfarth (1951) 
points out that the collective electron treatment of ferromagnetism was 
originally developed by Stoner (1938, 1939, 1948, 1951) for a ' parabolic ' energy 
band, for which N(E)oc(Em - E)112 , where Ea, is the upper energy limit of the 
band. Wohlfarth carries out similar calculations for a ' rectangular' energy 
band, for which N(E) is constant, and shows that the observed values of several 
electronic properties of nickel lie between the values calculated for parabolic 
and rectangular bands. Use of a band form intermediate between these two 
might therefore be expected to yield results in good agreement with experiment. 
The present curve may therefore be of use as a basis for a new calculation of 
suitable electronic properties for nickel. 

Another problem, to which the present work is related, is that of 
ferromagnetic anisotropy. The view has been put forward that this is due to 
spin-orbit coupling and Brooks (1940) has treated the problem theoretically on 
these lines, using ' tight-binding' wave functions and obtaining qualitative 
agreement with experiment for iron and nickel. In his treatment, however, the 
matrix elements H,,,,2  (n = 1, 2, 3 ; nz = 4, 5) are neglected (as in I), whereas it has 
been shown here that this approximation is not a valid one. It is possible, 
therefore, that the results obtained by Brooks would be considerably modified 
if these elements were taken into consideration. 

ACKNOWLEDGMENTS 

The author is indebted to Professor H. Jones and Dr. E. P. Wohlfarth for 
much helpful advice and assistance in this work, and also to London University 
for a postgraduate studentship. 

REFERENCES 
IlLocx, F., 1928, Z. Phys., 52, 555. 
BOUCKAERT, L. P., SMOLUCHOWSKI, R., and WIGNER, E. P., 1936, Phys. Rev., 50, 58. 
BROOKS, H., 1940, Phys. Rev., 58, 909. 
FLETCHER, G. C., and WOHLFARTH, E. P., 1951, Phil. Mag., 42, 106. 
HARTREE, D. R., and HARTREE, W., 1936, Proc. Roy. Soc. A, 157, 490. 
HERRING, C., 1937, Phys. Rev., 52, 361. 
JONES, H., and MOTT, N. F., 1937,  Proc. Roy. Soc. A, 162, 49. 
KRUTTER, H. M., 1935, Phys. Rev., 48, 664. 
Morr, N. F., 1936 a, Proc. Roy. Soc. A, 153, 699 ; 1936 b, Proc. Roy. Soc. A, 156, 368. 
Morr, N. F., and JONES, H., 1936, Properties of Metals and Alloys (Oxford : Clarendon 

Press). 
SLATER, J. C., 1936, Phys. Rev., 49, 537 and 931 ; 
STONER, E. C., 1936, Phil. Mag., 21, 145 ; 1938, Proc. Roy. Soc. A, 165, 372 ; 1939, Ibid., 

169, 339 ; 1948, Rep. Frog. Phys., 11, 43 (London : Physical Society) ; 1951, 7. 
Phys. Radium, 12, 372. 

WOHLFARTH, E. P., 1948, Proc. Leeds Phil. Lit. Soc., 5, 89 ; 1949, Proc. Roy. Soc. A, 195, 
434 ; 1951, Phil. Mag., 52,374, 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198

