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Abstract

In order to estimate states from a noise-driven state space system, the state estimator requires a priori knowledge of both
process and output noise covariances. Unfortunately, noise statistics are usually unknown and have to be determined from
output measurements. Current expectation maximization (EM) based algorithms for estimating noise covariances for nonlinear
systems assume the number of additive process and output noise signals are the same as the number of states and outputs,
respectively. However, in some applications, the number of additive process noises could be less than the number of states. In
this paper, a more general nonlinear system is considered by allowing the number of process and output noises to be smaller or
equal to the number of states and outputs, respectively. In order to estimate noise covariances, a semi-definite programming
solver is applied, since an analytical solution is no longer easy to obtain. The expectation step in current EM algorithms rely
on state estimates from the extended Kalman filter (EKF) or smoother. However, the instability and divergence problems of
the EKF could cause the EM algorithm to converge to a local optimum that is far away from true values. We use moving
horizon estimation instead of the EKF/smoother so that the accuracy of the covariance estimation in nonlinear systems can
be significantly improved.

Key words: Noise Covariance Estimation; Nonlinear System; Expectation Maximization; State Estimation; Full Information
Estimation; Moving Horizon Estimation; Extended Kalman Filter

1 INTRODUCTION

For noise-driven state space systems, the performance
of state estimation depends on properly defined noise
statistics. Any guessed or inappropriately determined
noise statistics may result in inaccuracies or even a di-
vergence of state estimates. The pioneering work in [9]
introduced the innovation correlation and the maximum
likelihood estimation (MLE) methods for identifying the
noise covariance.

The innovation correlation method is based on estab-
lishing an explicit relation between the noise covariance
and the correlation of the innovation sequence. One of
the algorithms for linear time invariant (LTI) systems
is the auto-covariance least squares (ALS) method in-
troduced in [13], in which the noise covariances are es-
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timated by solving one semi-definite linear least squares
problem. The ALS method was then extended to linear
time-varying (LTV) as well as nonlinear systems in [5]
and [12].

As an alternative approach, MLE aims to maximize the
likelihood of the noise covariance given the output mea-
surement sequence. An MLE-based “one-off” and an
EM-based recursive algorithm for estimating noise co-
variances in LTI and LTV systems are presented in [22]
and [17], respectively. The EM method was first intro-
duced in [4] and was extended to nonlinear systems in [1]
by using the extended Kalman filter (EKF) and Kalman
smoother combined with the EM method.

In this paper, we consider more general nonlinear sys-
tems than [1] by allowing the number of process and
output noises to be smaller or equal to the number of
states and outputs, respectively. In our method, the
noise covariance matrices are estimated using a semi-
definite programming (SDP) solver, in order to ensure
estimated noise covariances are positive definite. The
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EM algorithm is combined with moving horizon estima-
tion (MHE) and full information estimation (FIE) [16]
to estimate noise covariances for nonlinear systems.
The first reason for using MHE/FIE, rather than other
Kalman-based filters, is to reduce the possibility of in-
stability and divergence of estimated states. The second
reason is that MHE/FIE allows one to add constraints,
which could improve the accuracy of state estimation,
if there exists physical limits or algebraic constraints on
system states.

This paper is organized as follows: Sections 2 and 3 in-
troduce the theory of covariance estimation using the
EM algorithm combined with MHE/FIE for nonlinear
systems. Two numerical examples are given in Section 4.
We draw conclusions in Section 5.

E{X|Y } and C{X|Y } denote the conditional expected
value and covariance of a random variable X given Y ,
respectively.L(·) andL`(·) denote the likelihood and log-
likelihood function of parameters of a statistical model,
respectively. (·)† denotes the Moore-Penrose generalized
inverse of a matrix. δ(x−m) is the Dirac delta function
with delay m. M r,c

l denotes an r × c auxiliary matrix
that

M r,c
l :=

[
0r×(l−1) Ir 0r×(c−r−l+1)

]
.

|·| and log |·| denotes the determinant and log-determinant
of a square matrix, respectively. J (·) denotes the Ja-
cobian matrix of a vector-valued function. ‖ · ‖F is the
Frobenius norm of a matrix. P � 0 denotes that P is
a positive-definite symmetric matrix; ‖x‖2W is weighted
least squares of vector x, which equals to x>Wx. tr(A)
represents the trace of a square matrix A. The symbol
:= is to be read as ‘is defined as’, while =: is to be read
as ‘defines’.

2 Noise Covariance Estimation using the EM
Algorithm

Consider a discrete-time nonlinear state space model:

xk+1 := f(xk) +Gkwk
yk := h(xk) +Hkvk

(1)

where xk ∈ Xk is the unknown state, yk ∈ <p is the out-
put measurement. Gk ∈ <n×r and Hk ∈ <p×q are two
full column rank time-varying matrices in order to ensure
the uniqueness of the conditional densities p(xk+1|xk)
and p(yk|xk) to be defined later. wk and vk are two un-
known noise terms, which affect the state and output,
respectively.

Assumption 1 The noise sequences (wk)Mk=1 and
(vk)Mk=1 are two random variables having Gaussian (or
normal) distributions N (0, Q) and N (0, R), respec-
tively, with zero mean and unknown positive-definite
covariance matrices Q and R.

Assumption 2 The probability distribution p(x1) of
the initial state has Gaussian distribution p(x1) ∼
N (x̃1, P1), where x̃1 is the a priori most likely value
of x1 and P1 is the corresponding error covariance.

Assumption 3 Functions f(·) and h(·) are twice differ-
entiable. The discrete-time nonlinear model (1) is uni-
formly observable [10] and there exists a stable state ob-
server for (1) with nonempty feasible region.

Define the full output and state sequence to be YM :=
(yk)Mk=1 and XM := (xk)Mk=1, respectively. If YM and ini-
tial guesses of x̃1, P1, Q and R are all given, the set of
true system parameters O := {x̃1, P1, Q,R} can be re-
cursively estimated using the expectation maximization
(EM) method [17].

Let the estimate of x̃1 and covariance matrices P1, Q
and R at the ith iteration be

Oi := (x̃1,i, P1,i, Qi, Ri) , i = 1, . . . , N,

whereN � 1 is the maximum number of iterations. The
EM method recursively maximizes the expectation of the
log-likelihood function Oi 7→ L` (Oi|YM ), until the log-
likelihood function converges to its maximum value [4].

The expression of O 7→ L` (O|YM ) is given by

L` (O|YM ) = log (p(YM |O)) = log

(
p(XM , YM |O)

p(XM |YM ,O)

)
= log (p(XM , YM |O))− log (p(XM |YM ,O)) . (2)

Taking the conditional expectation on both sides of (2)
given YM and Oi−1, we get the expectation of the log-
likelihood function L` (O|YM ), i.e.

E{log(p(YM |O))|YM ,Oi−1} = Q(O|Oi−1)−H(O|Oi−1),

where Q and H are given by

Q(O|Oi−1) := E{log(p(XM , YM |O))|YM ,Oi−1}, (3a)

H(O|Oi−1) := E{log(p(XM |YM ,O))|YM ,Oi−1}. (3b)

Because YM is a given measurement sequence,

E{log(p(YM |O))|YM ,Oi−1} = L`(O|YM ).

Theorem 4 [4,21] For the EM algorithm, the value
of L` (Oi|YM ) will monotonically increase at each itera-
tion and converge to the maximum if

Q(Oi|Oi−1) ≥ Q(Oi−1|Oi−1), ∀i, (4)

with equality if and only if Oi = Oi−1.

2



Theorem 4 simplifies calculation, so that we only need to
focus on fulfilling (4) by maximizingQ(O|Oi−1), instead
of L`(·|YM ). Before giving the expression of Q, we start
with the expression of log(p(XM , YM |O)) in (3a).

Lemma 5 Consider two random vectors w, x and let
x = m+Gw, where m ∈ <n,1, G ∈ <n,r and n > r. If G
is a full column rank matrix, w ∼ N (0, Q) and Q � 0,
then the probability distribution of x is given by

p(x) ∝ 1√
(2π)r|W |

e−
1
2‖S(x−m)‖2

W−1 ,

where W � 0 and S is a constant matrix.

PROOF. Because G is a full column rank matrix, ran-
dom vector x has a singular joint normal distribution,
such that p(x) ∼ N

(
0, GQG>

)
, where GQG> � 0. By

using the singular value decomposition, we have

GQG> = UPU> = U

[
Q̃ 0

0 0

]
U>,

where Q̃ ∈ <r is a nonsingular matrix, U is a unitary
matrix, such that U−1 = U>. Define a new random
vector z, such that

z :=
[
z>1 z>2

]>
= U−1x = U−1Gw,

where z1 ∈ <r×1. Since z ∼ N (U−1m,P ), by definition
of the singular joint normal distribution [6, pp. 376-377],

p(z) =
δ(z2 −M n−r,n

r+1 U−1m)√
(2π)r|Q̃|

e
− 1

2‖z1−Mr,n
1 U−1m‖2

Q̃−1 ,

Because δ(z2 −M n−r,n
r+1 U−1m) is the probability mass

function of the degenerate variable z2, we have

p(z) ∝ 1√
(2π)r|Q̃|

e
− 1

2‖z1−Mr,n
1 U−1m‖2

Q̃−1 .

Using transformation of variables [19, p. 22] gives

p(x) = p(z)
∣∣J (U−1x)

∣∣ ∝ 1√
(2π)r|W |

e−
1
2‖S(x−m)‖2

W−1 ,

(5)

where W = Q̃ and S = M r,n
1 U−1. �

Proposition 6 If Assumptions 1 and 2 hold, then
log(p(XM , YM |O)) can be written as a function of x1,
(wk)Mk=1, (vk)Mk=1 and O, such that

log(p(XM , YM |O)) = L` (O|XM , YM ) =

− 1

2
[s log(2π) + log |P1|+M log |Q|+M log |R|]

− 1

2

[
ε>1 P

−1
1 ε1 +

M−1∑
k=1

w>k Q
−1wk +

M∑
k=1

v>k R
−1vk

]
.

(6)
where s := n+ r + p and εk := xk − x̃k.

PROOF. By using the relation between the joint and
conditional probability stated earlier, we have

log (p(XM , YM |O)) ∝ log (p(XM |YM ,O)) .

From Bayes’ theorem we have

log (p(XM |YM ,O)) ∝ log (p(YM |XM ,O)p(XM |O)) ,

where

p(YM |XM ,O) =
∏M
k=1 p(yk|xk,O),

p(XM |O) = p(x1)
∏M−1
k=1 p(xk+1|xk,O).

By Assumption 1 and Lemma 5, we have

p(yk|xk,O) ∝ 1√
(2π)q|R̃k|

e
− 1

2‖M
q,p
1 Y −1

k
(yk−h(xk))‖2

R̃
−1
k ,

p(xk+1|xk,O)

∝ 1√
(2π)r|Q̃k|

e
− 1

2‖M
r,n
1 X −1

k
(xk+1−f(xk))‖2

Q̃
−1
k ,

where Xk and Yk are unitary matrices, Q̃k, R̃k � 0,

GkQG
>
k = XkP

x
k X >

k = Xk

[
Q̃k 0

0 0

]
X >
k ,

HkRH
>
k = YkP

y
kY >k = Yk

[
R̃k 0

0 0

]
Y >k .

Rearranging ‖M r,n
1 X −1

k (xk+1−f(xk))‖2
Q̃−1

k

in (5) gives

‖M r,n
1 X −1

k (xk+1 − f(xk))‖2
Q̃−1

k

= ‖M r,n
1 X −1

k Gkwk‖2Q̃−1
k

= w>k G
>
k X −>

k (P xk )†X −1
k Gkwk

= w>k G
>
k

(
XkP

x
k X >

k

)†
Gkwk = w>k G

>
k

(
GkQG

>
k

)†
Gkwk

= w>k Q
−1wk. (7a)

Similarly for the term ‖M q,p
1 Y −1

k (yk−h(xk))‖2
R̃−1

k

in (5),

‖M q,p
1 Y −1

k (yk − h(xk))‖2
R̃−1

k

= v>k R
−1vk. (7b)
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Substituting (7) into (5) and replacing |Q̃k| and |R̃k|
with a linear function of |Q| and |R|, respectively, gives

p(YM |XM ,O) ∝
∏M
k=1

1√
(2π)q|R|

e−
1
2 v
>
k R
−1vk

p(XM |O) ∝ p(x1)
∏M−1
k=1

1√
(2π)r|Q|

e−
1
2w
>
k Q
−1wk .

By taking the logarithm on both sides of p(XM |YM ,O),
we get (6). �

Proposition 7 For the nonlinear state space model (1),
if Assumption 3 holds, then Q defined in (3a) can be
approximated by a function of O, Ak|M , Ck|M , x̂k|M ,
Pk|M and Pk+1|k, where

Ak|M :=
∂f(·)
∂xk

∣∣∣∣ xk=x̂k|M
wk=ŵk|M

, Ck|M :=
∂h(·)
∂xk

∣∣∣∣ xk=x̂k|M
vk=v̂k|M

,

Pa|b := E
{(
xa − x̂a|b

) (
xa − x̂a|b

)> ∣∣∣Yb,Oi−1

}
.

(8)

PROOF. The expression of Q for an LTV model was
provided in [17]. We extend this method to the nonlin-
ear model (1) via linearization. Taking the conditional
expectation over (6) gives

Q(O|Oi−1) = E{log(p(XM , YM |O))|YM ,Oi−1} =

− 1

2
[s log(2π) + log |P1|+M log |Q|+M log |R|]

− 1

2
tr

{
P−1

1 E
[
ε1ε
>
1 |YM ,Oi−1

]
+Q−1×

M−1∑
k=1

E
[
wkw

>
k |YM ,Oi−1

]
−R−1

M∑
k=1

E
[
vkv
>
k |YM ,Oi−1

]}
,

(9)
where

E
[
wkw

>
k |YM ,Oi−1

]
= C [wk|YM ,Oi−1]

+ E [wk|YM ,Oi−1]E [wk|YM ,Oi−1]
>
,

= E
[(
wk − ŵk|M

) (
wk − ŵk|M

)>]
+ ŵk|M ŵ

>
k|M ,

(10a)

E
[
vkv
>
k |YM ,Oi−1

]
= C [vk|YM ,Oi−1]

+ E [vk|YM ,Oi−1]E [vk|YM ,Oi−1]
>
,

= E
[(
vk − v̂k|M

) (
vk − v̂k|M

)>]
+ v̂k|M v̂

>
k|M . (10b)

Hence,
(
wk − ŵk|M

)
and

(
vk − v̂k|M

)
can be approx-

imated by applying first order Taylor series on (1),
given YM and Oi−1 [18, p. 408], such that(

vk − v̂k|M
)
≈ −H†kCk|M

(
xk − x̂k|M

)
,(

wk − ŵk|M
)

≈ G†k
[ (
xk+1 − x̂k+1|M

)
−Ak|M

(
xk − x̂k|M

) ]
.

Hence we have,

C [vk|YM ,Oi−1] = CRk = H†kCk|MPk|MC
>
k|MH

†>
k ,

C [wk|YM ,Oi−1] = CQk = (11)

= G†k

[ (
In −Ak|MUk

)
Pk+1|M

(
In −Ak|MUk

)>
+Ak|M

(
Pk − UkPk+1|kU

>
k

)
A>k|M

]
G†>k , (12)

where Uk := Pk|kA
>
k Pk+1|k, Ak := ∂f(·)

∂xk

∣∣
xk=x̂k
wk=0

and

Pk+1,k|M = Pk+1|MU
>
k−1 =

E
{(
xk+1 − x̂k+1|M

) (
xk − x̂k|M

)> ∣∣∣YM ,Oi−1

}
.

Substituting (10) and (11) into (9) gives

Q(O|Oi−1) = E{log(p(XM , YM |O))|YM ,Oi−1} ≈

− 1

2
[s log(2π) + log |P1|+M log |Q|+M log |R|]

− 1

2
tr
{
P−1

1

[
P1|M +

(
x̃1 − x̂1|M

) (
x̃1 − x̂1|M

)>]}
− 1

2
tr
(
Q−1CQ

)
− 1

2
tr
(
R−1CR

)
.

(13)

where CQ :=
∑M−1
k=1 ŵk|M ŵ

>
k|M + CQk and CR :=∑M−1

k=1 v̂k|M v̂
>
k|M + CRk . �

Because x̃1,i and P1,i cannot be identified simulta-
neously, we let x̃1,i = x̂1|M and P1,i = P1|M [17].

Thus, if the sequences
(
x̂k|M

)M
k=1

,
(
Pk+1|k

)M−1

k=1
and(

Pk|M
)M
k=1

are all computed using the EKF and the

Kalman smoother algorithms (given in Section 3), then
the set Oi can be estimated by iteratively solving

Oi = arg max
x̃1,P1,
Q,R

Q(O|Oi−1)

s.t. (P1, Q, R) � 0.
(14)

until both ‖Qi+1 −Qi‖F and ‖Ri+1 −Ri‖F are smaller
than a positive threshold ζ � 1. The problem (14) can
be solved either by using a SDP solver, such as SDPT-
3 [20], or by taking the partial derivative of (13) with
respect to each entries of Q−1 and R−1, and set it to
zero, Qi and Ri can be determined by [1]

Qi = CQ/(M − 1) and Ri = CR/M. (15)

3 State Estimation using MHE and FIE

From the previous section, it follows that (6) is actually
the objective function of an FIE problem [16] given YM
and Oi−1. Thus, it is natural to estimate the state and
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noise sequence
(
x̂k|M , v̂k|M , ŵk|M

)M
k=1

by recursively

solving the following problem, for k̄ = 2, · · · ,M :

X∗1,k̄ := arg min
X1,k̄

‖ε1‖2P−1
1,i−1

+

k̄−1∑
k=1

‖wk‖2Q−1
i−1

+

k̄∑
k=1

‖vk‖2R−1
i−1

(16a)

s.t. xk+1 = f(xk) +Gkwk, k = 1, . . . , k̄ − 1 (16b)

yk = h(xk) +Hkvk, k = 1, . . . , k̄ (16c)

xk ∈ Xk, k = 1, . . . , k̄ (16d)

where X1,k̄ :=
[
x>1 v>1 w>1 x>2 · · · w>k̄−1

x>
k̄
v>
k̄

]>
and

the solution

X∗1,k̄ =:
[
x̂>

1|k̄ v̂
>
1|k̄ ŵ

>
1|k̄ · · · ŵ

>
k̄−1|k̄ x̂

>
k̄
v̂>
k̄

]>
,

where (x̂k|k̄)k̄k=1, (ŵk|k̄)k̄−1
k=1 and (v̂k|k̄)k̄k=1 are the esti-

mates of the state and system noise sequence (xk)k̄k=1,

(wk)k̄−1
k=1 and (vk)k̄k=1, respectively, with (̂·)k := (̂·)k|k,

given output sequence Yk̄.

For the FIE, the problem size grows with time as the
estimator processes more data; as a result, the problem
complexity scales at least linearly with M . In order to
make the estimation problem tractable, we need to band
the problem size by using MHE [16], such that

Θ∗k̄,i := min
Xks,k̄

‖εks‖2P−1
ks

+

k̄−1∑
k=ks

‖wk‖2Q−1
i

+

k̄∑
k=ks+1

‖vk‖2R−1
i

(17a)

s.t. xk+1 = f(xk) +Gkwk, k = ks, . . . , k̄ − 1 (17b)

yk = h(xk) +Hkvk, k = ks, . . . , k̄ (17c)

xk ∈ Xk, k = ks, . . . , k̄ (17d)

where ks := max{k̄ − Nl, 0} + 1; Nl is a positive inte-
ger called the horizon length and Nl ≤ M . The MHE
is equivalent to FIE if k̄ = Nl; for k̄ ≤ Nl, x̂1 := x̃1

and Pks := P1,i. ε
>
ks
P−1
ks
εks is called arrival cost.

A stable algorithm for determining the arrival cost with-
out any linearization or approximation is given in [14,
p. 252], which establishes the accompanying MHE prob-
lem [14, p. 252]:

Θ0∗
k̄,i := min

X0
ks,k̄

+

k̄−1∑
k=ks

‖wk‖2Q−1
i

+

k̄∑
k=ks+1

‖vk‖2R−1
i

s.t. (17b), (17c), (17d)

where X0
ks,k̄

:= Xks,k̄ and the solution

X0∗
ks,k̄

=:
[
x̂0>
ks|k̄

v̂0>
ks|k̄

ŵ0>
ks|k̄
· · · ŵ0>

k̄−1|k̄ x̂
0>
k̄

v̂0>
k̄

]>
.

The weight Pks in the arrival cost is defined by Pks :=
γksP1,i, where γks ∈ [0, 1] and is determined by find-
ing the maximum possible γks that satisfies the stability
condition

γ−1
ks
‖εks‖2P−1

1,i

+ Θ∗k̄−Nl,i
≤

m∑
k=0

Θ0∗
ks−kNl,i

+ ‖ε1‖2P−1
1,i

,

where m is the quotient of ks divided by Nl.

Note that, for the MHE algorithm stated above, if As-
sumption 3 holds, X1 is a compact set and the distur-
bances wk and vk are all bounded, then the state estima-
tion errors ‖xk − x̂k‖Mk=1 are guaranteed to be bounded
for all k > Nl [14, Prop. 3.8].

Proposition 8 For the nonlinear system (1), given Yk̄
and noise covariances, if Assumption 2 holds, then the
state estimation using the FIE (16) will have a smaller
estimation error ek̄ := ‖xk̄ − x̂k̄‖ compared to the EKF.

PROOF. In [8], it was proved that the EKF is equiva-
lent to solving the FIE problem (16) by only one New-
ton step with a carefully chosen initial guess. Hence, by
optimality, the state estimate using the FIE will have a
smaller error ek̄ than the EKF. �

After
(
x̂k|M

)M
k=1

is obtained from (16),
(
Pk|M

)M
k=1

and(
Pk+1|k

)M−1

k=1
in (13) can both be determined by the

EKF [8] and Kalman smoother [17] equations. We for-
mulate the noise covariance estimation strategy in Algo-
rithm 1, which will iterate until the condition at step 8
is satisfied. The main problem with Algorithm 1 is that
step 3 could be time-consuming, especially when the
number of decision variables and the horizon length are
large. Instead of using an MHE, an EKF/EKS could be
used to provide the initial guess of (16) with

z0 :=
[
x̂>1|M 0 x̂>2|M · · · x̂>M 0 x̂>M+1|M

]>
,

with the assumption that Ak ≈ Ak|M and Ck ≈ Ck|M ,
which we call “Fast Algorithm 1”.

Note that, for LTV systems, [8] shows that the FIE and
the Kalman filter are two equivalent algorithms and it is
also straightforward to show the equivalence between the
FIE and the Kalman smoother [15]. Therefore, for LTV
systems, our algorithm will result in the EM methods
for linear systems introduced in [17].

A different approach for estimating the covariances
for nonlinear systems is provided in [1], which re-
places steps 3 to 5 in Algorithm 1 by EKF/EKS, as-
sumes Gk = In, Hk = Ip and provides an equivalent ex-
pression ((49)–(55) in [1]) for CQ and CR. For determin-
ing the noise covariances, an analytical expression (15)
is used in [1].
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Algorithm 1 Noise Covariance Estimation Algorithm:
O = EM-FIE (O1, YM , Nl, ζ)

1: Let b← 0 and i← 1,
2: while b = 0 do
3: Recursively estimate (ŵk)

M−1
k=1 and (x̂k, v̂k)

M
k=1

using the MHE with horizon length Nl

4: Let z0 :=
[
x̂>1 v̂>1 ŵ>1 x̂>2 · · · ŵ>M−1 x̂

>
M v̂>M

]>
5: Obtain

(
x̂k|M

)M
k=1

by solving (16) using z0 as the

initial guess

6: Calculate
(
Pk|M

)M
k=1

and
(
Pk+1|k

)M−1

k=1
using the

Kalman smoother equations
7: Obtain Oi+1 by solving (14)
8: if ‖Qi+1−Qi‖F < ζ and ‖Ri+1−Ri‖F < ζ then
9: Let b← 1

10: else
11: i← i+ 1, P1,i+1 ← P1|M and x̃1,i+1 ← x̂1|M
12: end if
13: end while

The main problem is that (49)–(55) in [1] involve more
addition of terms with opposite sign (plus/minus) com-
pared to (13), which may affect the estimation accuracy
due to numerical errors, hence could cause non-positive
definite Qi and Ri, if the analytical expression (15) is
used. In order to improve the estimation accuracy and
guarantee the positive definiteness of estimated noise co-
variances, one should replace (49)–(55) in [1] and (15)
with (13) and an SDP solver, respectively. More details
about this problem will be discussed in Section 4.2.

The main advantage of using the EKF/EKS is that this
is faster than the MHE/FIE; however, the EKF/EKS
sometimes suffers from instability and accuracy prob-
lems. By using the MHE algorithm given in [14, p. 252],
stability can be guaranteed by [14, Prop. 3.8]. Propo-
sition 8 will ensure the MHE/FIE can always provide
more accurate state estimates (x̂k)Mk=1 than the EKF.
Moreover, if there exists state constraints in the original
system, then adding constraints in the MHE/FIE will
significantly improve the estimation accuracy.

4 Numerical Example

4.1 Nonlinear Example 1

Consider a nonlinear system:
ak+1

bk+1

ck+1


︸ ︷︷ ︸
xk+1

:=


+ak cos(ckTs) + bk sin(ckTs)

−ak sin(ckTs) + bk cos(ckTs)

ck


︸ ︷︷ ︸

f(xk)

+G

[
wak

wbk

]
︸ ︷︷ ︸
wk

yk := Cxk + vk
(18)
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Fig. 1. Estimates of the process noise covariance

where Ts = 0.1 sec is the sampling time and

C :=
[
1 0 0

]
, G :=

[
1 0 1

0 1 −1

]>
.

wk ∈ <2×1 and vk ∈ <1 satisfy Assumption 1, which wak
and wbk are uncorrelated. We now pick an initial state

x1 :=
[
3 − 2 − 0.5

]>
, then generate output measure-

ments (yk)
1000
k=1 based on noise covariance matrices

Q =

[
1 0.5

0.5 1

]
× 10−4, R = 1× 10−4.

The guessed state error covariance is P1,1 = 0.1×I3 and

the guessed initial state is x̂1|0 =
[
0 0 0

]>
, the guessed

noise covariance matrices are set toQg = I2 andRg = 1.
Figure 1 is the covariance estimation results for nonlinear
system (18) using the EM/EKS formulation (13) and
SDP solver. Figure 1 shows that after several iteration,
the estimated noise covariances converge to

Q̂ =

[
0.77 0.53

0.53 2

]
× 10−4, R̂ = 1× 10−4,

respectively. Figure 2 is a plot of the log-likelihood func-
tion Q versus the number of iterations.

4.2 Nonlinear Example 2

Consider the nonlinear chemical process [7]:

[
x

(1)
k+1

x
(2)
k+1

]
︸ ︷︷ ︸
xk+1

:=

 x
(1)

k

1+2krTsx
(1)

k

x
(2)
k +

krTsx
(1)

k

1+2krTsx
(1)

k


︸ ︷︷ ︸

f(xk)

+

[
w

(1)
k

w
(2)
k

]
︸ ︷︷ ︸
wk

yk := Cxk + vk

, (19)
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Fig. 2. Log-likelihood function Q versus number of iterations

where xk ∈ <2×1, kr = 0.16, the sampling period Ts =
0.01 s, C = [1 1], the initial state x0 = [3 1]>, wk ∈
<2×1 and vk ∈ <1 satisfy Assumption 1, which w

(1)
k

and w
(2)
k are uncorrelated. We generate 7.5 seconds of

output measurements (yk)750
k=1 based on noise covariance

matrices Q = 10−6 × I2 and R = 1× 10−2.

We will use Algorithm 1, Fast Algorithm 1 and the
EKF/EKS based EM method provided in [1] to estimate
the true noise covariances Q and R. Because noise co-
variances are determined by an SDP solver rather than
an analytical expression (15), we are able to add an extra
constraint such that decision variable Q in (14) has zero
off-diagonal entries. For easier comparison, rather than
setting up a terminal condition ζ, the maximum number
of iterations N is fixed to 3000. Let Nl = 200, the initial
guess of P1,1,Q1 andR1 are 50×I2,Q1 = I2 andR1 = 1,
respectively, with initial state guess x̃1 = [1 45]>.

Figure 3 is the plot of the smoothed state estimates us-
ing FIE and EKS with guessed noise covariance. Figure 3
clearly shows that FIE converges to the neighborhood
of the true state trajectory very quickly, while EKS es-
timates are still far away from the true state trajectory.
The main reason behind this is because FIE is able to
add the constraint on the system state xk that the par-
tial pressure xk is non-negative.

Figures 4 to 6 are the plots of the system noise covariance
estimates using Alg. 1, Fast Alg. 1 and the EKF/EKS
based EM method, respectively, over 3000 iterations.
For the EKF/EKS based EM method, both SDP solver
and (15) provided in [1] are used to determine noise co-
variances. In Figures 4 and 6, the estimated noise co-
variances using Alg. 1 and Fast Alg. 1 are almost iden-
tical and much closer to the true values, compared with
results using the EKF/EKS based EM method. The esti-
mated Qi and Ri using (15) in Figures 5 and 6 are much
worse than others, this is because the positive definite-
ness of Qi using (15) has been violated several times due
to the numerical errors.

Figure 7 is a plot of the log-likelihood function Q versus
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the number of iterations. For the EKF/EKS method us-
ing (15), only the real part of complex Q is shown. Fig-
ure 7 shows that only the trajectories using Alg. 1 and
fast Alg. 1 are asymptotically converging to the neigh-
borhood of the reference line, which is calculated using
the function Q with true covariances.

Since the noise covariance might be a square matrix
rather than a scalar, we examine the estimation accu-
racy by calculating the “error norm” and the“error per-
centage”, such that

eQ := ‖Q−Q∗‖F , eR := ‖R−R∗‖F ,

pQ :=
eQ
‖Q‖F

× 100 %, pR :=
eR
‖R‖F

× 100 %,

where Q∗ and R∗ are the estimated process and output
noise covariance matrices, respectively.

It is also interesting to compare the EM method with
the ALS method introduced in [5]. We increase the
data length M to 1000 and the sub-optimal filter gains

Table 1
Noise covariance estimation results

eQ(10−6) eR(10−4) pQ(%) pR(%)

Alg. 1 0.603 1.88 42.43 1.88

Fast Alg. 1 0.607 1.88 42.67 1.88

EM/EKS

SDP
348.5 2.713 24645 2.71

EM/EKS [1] 7396 3.412 1.2× 106 3.8

ēQ(10−3) ēR(10−4) p̄Q(%) p̄R(%)

ALS/EKF 6.4 32 4× 105 32.15

(Lsk)Mk=1 and the state error covariance (Pk)Mk=1 are ob-
tained from the EKF equations from the same initial
conditions x̂1|0 = x̃1, P1|0 = P1,1 and guessed noise
covariance matrices Qg = Q1 and Rg = R1. We re-
generate output measurements from the same initial
state x0 = [3 1]> and different noise sequences based on
noise covariances Q and R, hence repeat the simulation
200 times using both the EKF and MHE methods men-
tioned in [5] with N = 50, Me = 1000 and Nl = 250,
and calculate the average values of eQ and eR over 200
simulations as well as the error percentages.

Table 1 compares the estimation error norms and per-
centages using different noise covariance estimation
methods. For the nonlinear system (19), Table 1 clearly
shows that noise covariance estimation using Alg. 1
and fast Alg. 1 give almost identical results, which are
more accurate than the ALS based methods. The rea-
son behind this is that the ALS method estimates noise
covariances by minimizing the difference between the
auto-covariance of the estimates (as a function of Q
and R) and true innovation sequence. Unfortunately, if
the system is nonlinear with a bad initial guess of noise
covariances, then the auto-covariance of the estimated
innovation sequence may not be approximated by a lin-
ear function of true noise covariances, which will signif-
icantly affect the ALS estimations. On the other hand,
although our EM based algorithms involve approxima-
tions of the Q function and the global optimum is not
guaranteed for any initial guess [21], the EM method
will keep increasing the likelihood function L` (·|YM )
until it has converged. This property could help us to
find a better estimate of noise covariances for some
nonlinear systems. Table 2 compares the computation
time in minutes 1 using 5 different estimation methods
shown in Table 1.

As we discussed at the end of Section 3, Table 3 exam-
ines the numerical robustness based on the EM+EKS
method with different ways to maximize theQ(O|Oi−1).
Tnp is number of times thatQi are NOT positive definite
within 3000 iterations. Table 3 shows that by replacing

1 Based on an Intel i7 5960X Octa-core CPU at 4.43 GHz,
MATLAB 2015a, IPOPT v3.12.1 and SDPT3 v4.0 solver.
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Table 2
Computation Time (mins)

Alg. 1
Fast

Alg. 1

EM/EKS

SDP
EM/EKS [1] ALS/EKF

3543 41.7 22.1 5.4 0.4

Table 3
Robustness tests for EM+EKS based noise covariance esti-
mation

Method for maximizing

Q(O|Oi−1)
Tnp pQ(%) pR(%)

EM/EKS [1] 11 1.2× 106 3.8

EM/EKS (13)+(15) 0 73604 0.35

(49)–(55) in [1] with (13), all the Qi and Ri within 3000
iterations are positive definite and has a smaller error
percentage pQ and pR, respectively.

5 Conclusions

We have introduced a new EM-based noise covariance
estimation algorithm for nonlinear systems, in which the
state and output error terms can be written as an injec-
tive linear transformation of process and output noises,
respectively; we also used the MHE/FIE to implement
the expectation step in the EM method. The first non-
linear example was used to verify the EM/EKS formu-
lation (13), when G is not square but full column rank
matrix. The second nonlinear example was used to in-
vestigate the performance of the algorithm and we com-
pared our EM method with the EM/EKS method intro-
duced in [1] and the ALS algorithm introduced in [5].
Results showed that only our EM method is able to
provide accurate noise covariance estimates. Compared
with the algorithm introduced in [1], our method used
the MHE and FIE instead of the EKF and EKS to es-
timate the system states, which took longer, but is able
to obtain a much more accurate covariance estimate.
We established an expression of Q(O|Oi−1) that is nu-
merically more robust — we also used a semi-definite
programming (SDP) solver to estimate the noise covari-
ances, in order to ensure the positive definiteness of the
estimated covariances. A fast algorithm was introduced,
which used EKS instead of MHE to provide an initial
guess for the FIE. The example has shown that our fast
algorithm will speed up the EM process by about 50
times compared to Alg. 1, with almost identical results.

Future work could involve improving the computa-
tional speed of the algorithm presented here, so that
the method can be used in various fields for better state
estimation and prediction results, such as chemical
engineering and motion tracking. The most computa-
tionally intensive part is solving the SDP (14) and the
resulting NLP (16) or (17) that arises in the FIE or
MHE, respectively. It is well-known that, in general,

the computational complexity of each iteration of a
Newton-based interior point method scales at worst
cubically with the size of the data of the optimization
problem, and that the number of iterations for conver-
gence to an optimum is roughly a constant [3,11]. This
implies that the computational effort needed to solve
the SDP (14) scales at worst to the sixth power of the
number of states and noise terms. However, the opti-
mization problems here are highly structured, hence the
computational complexity of efficient tailor-made opti-
mization solvers, such as those for dynamic estimation
problems [2], can be made to scale significantly better
than using general-purpose solvers. For example, if care
is taken in using sparse linear algebra when computing
the search directions, the complexity of computing a di-
rect factorization of the linearized KKT system of (16)
and (17) scales linearly in the horizon length and lin-
early to quadratically, at worst, in the number of states
and noise/disturbance signals [23]. Note also that (14)
is a convex optimization problem, hence all local solu-
tions are globally optimal. However, (16) and (17) are
non-convex, in general, so only convergence to a local
minimum can be guaranteed with most gradient-based
solvers. If global solutions are sought, instead, then
global solvers can be used, but this will clearly result in
a significant increase in computational effort.
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