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THE PRINCIPLES AND PRACTICE OP STEMEO-SINTRESIS 

WITH MATHEMATICAL APPLICATIONS  

This thesis describes techniques for making animated stereoscopic 

diagrams - a problem Which dates from the time of lheatstone.but which 

does not appear to have been solved satisfactorily until the.present day. 

After a historical survey of the development of stereoscopy and as 

Mathematical film animation the classic theory of stereoscopy is used as 

a foundation for combining standard methods of stereoscopic drawing and 

film animation to produce an animated stereoscopic Mil showing three 

modes of electro-magnetic oscillation in a resonant cavity. 

Static and dynamic experiments determinewhich aspects of the theory.  

are relevant-bp the problem of producing animated stereoscopy, and it is 

seen that the affine distortions inherent in stereoscopy must be 

considered in practical designo but that the more general- projeotive 

distortions predicted by the usually accepted theory play a much. smaller 

part than is generally assumed because they are only observed to a 

limited extent. 

The relevance of the Luneburg theory is discussed, and also the 

symmetry groups which are involved in stereo palmation. Indication is 

given of possible future applications in the documentation of mathematics, 

the preparation of instructional films, and the investigation of the 

problems of binocular vision, 



"Mirrors can be so arranged that, as often as we wish, any object, 

either in the house or the street, can be made to appear. Anyone looking 

at the images formed by the mirrors will see something real, but when he 

goes to the place where the object seems to be he will find nothing. For 

the mirrors are so cleverly arranged in relation to the object that the 

images appear to: be in space, formed there by the union of the visible 

rays. And the spectators will run to the place of the apparitions where 

they think that the objects actually are, but will find nothing but an 

illusion of the object." 

Perspective,. 	ROGER BACON (1214-1294)* 

"Comm Mhrpy et MUybridge deviant le cinema en name temps aux 

antipodes de la term, moue etions quelques uns a devinOlIANIMATION 

dans divers pais, sans nous connaitre. Nous nous sommes renoontres et 

nous nous sommes reconnUs fAres, pares que nous parlons ltim4me 

longues UNIVERSELLE" 

ALEXANDRE ALECEIEFF• 
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CHAPTER ONE  

INTRODUCTION 

This thesis is concerned with stereosynthesis, that is with the 

production of sensations of depth by artificial means; in particular 

with the production of stereoscopic diagrams which move. A weaker form 

of the problem can be found more than a century ago in some work of 

Wheatstone, who attempted to animate pairs of stereo photographs, but 

here the aim is to produce both appearance of depth and movement 

completely artificially, and this does not appear to have been done 

successfully before, in spite of numerous attacks on parts of the problem 

over the years. The chapters which follow survey the histories of 

sterosoopy and of animated diagrams, and then the theory of stereoscopy. 

This is classical ground, but many treatments are concerned with stereo-

photography which is not involved here as the parallaxes on stereo pairs 

are all drawn, so the theory is presented in a form suited to the present 

problem. 

Experiments are described which indicate the strong and weak points 

of the classical theory, and it is then applied to the problems of 

animating a film. The subject is "Resonant Cavities; and it depicts the 

H101, Elll and BM modes of oscillation in a rectangular cavity - a topic 

which cannot be illustrated as well in any other medium. The film was 

photographed by ordinary "flat" methods and projected using the Bolex 

16 mm stereo system. The techniques may be applied to all problems of 

making line illustrations, in colour and in motion, of three-dimensional 

situations. Resonant Cavities was first presented in public at a meeting 
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of the Scientific Film Association in London on May 29th, 1958, and 

nothing like it seems to have been made anywhere else. 

The success of the film raised problems on the perception of stereo 

flicker, and this is considered in relation to the perception of flicker 

in other systems of stereo projection and to knowledge of eye movements. 

Two dynamic experiments are described which, as well as contributing to 

the present enquiry, show how the present techniques can be used to 

provide experimental situations to investigate problems of physiological 

optics. The techniques described thus not only depend upon optical 

theory, but they also offer a means of extending it. 

The Luneburg theory of binocular vision has been applied to the 

design of stereo projection systems, and the relevance of this theory to 

the present problem is considered; there is a chapter on the symmetry 

groups of stereo animation, which is an extension of an earlier paper by 

the author discussing symmetry groups in "flat" animation, a point of 

view which gives a method of classifying cyclically repeating diagrams 

(which are the mainstay of technical animation) and of constructing them 

in the most economical manner. To conclude there is a brief discussion 

of the future applications of the techniques. 

Throughout there is frequent use of English units of length instead 

of metric units. This is because the use of feet and inches is standard 

in animation practice and it seemed best to continue with them. 
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CHAPTER TWO  

A SHORT HISTORY OF STEREOSCOPY 

"To see in relief is to receive by means of each eye the simultaneous 

impression of two dissimilar images of the same object". This statement, 

attributed to Euclid, c.280 B.C. (8), shows that the principle underlying 

stereoscopy has long been understood, and that from the earliest times it 

has interested mathematicians. Euclid is also credited (7) with the 

observation that the two eyes see more of a sphere than one eye alone, 

and similar remarks were made by Ptolemy (A.D.150), da Vinci, Galen, and 

Gassendus (6). In 1593 Giovanni Battista della Porta produced pairs of 

stereoscopic drawings (6,8), but it is not known how, or even if, they 

were viewed. Similar drawings were made by Jacopo Chimenti of Florence 

round about 1600, and these eventually went to the Wear Museum in 

Lille (7a). 

Modern work on stereoscopy began with Wheatstone in 1832. AS well . 

as preparing pairs of stereoscopic drawings (14) and making the first 

successful device for viewing thein Wheatstone collaborated with Fox-

Talbot and made stereo-Talbotyes in 1839 (6). Brewster invented an 

improved form of steroscope in 1844 and made stereo-Daguerrotypes in 

1849•  Moser took stereo photographs at Konigsberg in 1841, using two 

cameras (15) and stereoscopic cameras were commercially available in 

England by 1857. 

About this time other stereoscopic devices were introduced depending 

on a different principle. Helmholtz had suggested viewing stereo 

drawings by using complementary colours, and the first anaglypha were.  
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mathematical diagrams made by Dove and Rollmann in 1853 (6,7). Their 

pictures were projected in blue and yellow and viewed through spectacles 

of red and green. D'Almeida projected pictares which were red and green 

and were viewed through spectacles of the same colours in 1858 (6). The 

familiar type of anaglyph, printed in red and green, was introduced in 

1891 by Ducat' du Rauron, and it was only at this time that the name 

"anaglyph" was first used, 

I have described elsewhere (4) the use made of anaglyphs in the 

teaching of geometry by Richard (13), Ptrregaux and Weber (9), and Kohler, 

Graf and Calov (7). This tradition continues in Germany and there are 

textbooks of geometry incorporating anaglyphs in use there at the present 

time. 

Concurrently with the early experiments in stereoscopy methods of 

providing au illusion of movement were also being studied (see the 

following chapter), so it was only natural that an attempt should be made 

to combine the two techniques, so producing stereoscopic pictures which 

moved. Wheatstone himself attempted this in a device which may be seen, 

together with many other pieces of his equipment, in the Science Museum 

in London. He mounted fourteen pairs of stereo photographs of a small 

steam engine, photographed in different positions, inside a drum. An 

epicyclic movement brought the pictures under the lenses of a Brewster 

stereoscope, and in this way he hoped to obtain a moving picture. The 

principle, of course, is sound; but the apparatus had no shutter and no 

provision for r4gistering the pictures accurately and it cannot be said 

to work satisfactorily. It should be observed that this apparatus is 
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concerned with synthesising movement artificially since it employs still 

pictures of the steam engine taken in different positions. The 

cinematograph camera was not invented until some decades later. 

It is difficult to determine the date of the first successful 

combination of stereoscopy and animation by the persistence of vision. 

Dubosq experimented with combinations of stereoscope and zoetrope, perhaps 

as early as 1851 (12). Between 1853 and 1860 there were six patent 

applications in Britain for inventions to give simultaneous perception of 

solidity and motion; but a patent application gives no guarantee that the 

idea has actually been tried, and still less that it has been successfully 

carried out. Sellers placed stereo photographs in a zoetrope in the 

U.S.A. in 1861 (5) and made a movie-stereoscope using photographs stacked 

one behind the other, as in a flicker-book,in 1863. In 1865 Claudet 

described a combination of stereoscope and phenakistoscope by means of 

photography (2). Similar work was done tg. Desvignes (1860), Czugafewicz 

(1860), Shaw (1856-61)0  Dumont (1861), Cook and Bonelli (1867) and Hubert 

de Mallard (1867) (10,12). There are no reports that any of these early 

experiments produced drawn stereoscopic diagrams which moved, i.e. that 

they synthesised both movement and depth. 

The early history of the cinema has been confused by conflicting 

claims of priority in which national prestige has played a considerable 

part; but leaving aside all questions of priority over Edison and 

Lumiere it is not generally realised that the historic pictures taken at 

Hyde Park Corner by Friese4reen were taken on a stereo camera. The date 

of this event is disputed by historians, being placed between 1889 and 



1893, and it is likely that some of the dates attached to exhibits in the 

Science Museum are too early; but it should be emphasised that whilst he 

took stereo pictures there is no evidence that Friese-Greene had any way 

of projecting them stereoscopically. Also, to put the event into correct 

historical perspective, the camera used was of a. type which had been 

invented earlier by Varley and its speed was only three or four frames 

per second. It was a rapid sequence camera rather than a cinematograph.  

camera. 

There are patent specifications for stereoscopic projection systems, 

one anaglyph and one using polarised light produced by reflection from 

mirrors, by Grivolas in 1897. Once again, whilst these are sound in.  

principle there is no evidence that satisfactory prototypes were every 

constructed; and the claim has been made (8) in America that the first 

successful moving anaglyphs to be projected were produced by Leventhal in 

1924. 

All the systems of stereoscopic cinematographic projection which 

are in current use in the Western World derive from the patent for sheet 

polarizer by Land in 1928. Land projected coloured stereoscopic pictures 

in 1933, Descriptions of the various present day systems can be found in 

the references (3, 11 ,17), together with accounts of many other devices 

which have been tried and abandoned. 

Commercial developments have centred msAnly around 35 mm systems, 

and less has been done with 16 mm systems. The smaller gauge is standard 

in educational and academic work, and the only commercially available 

system with any claims to standardisation is the system developed by 
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Bolex in Switzerland. This system has been used for the work described 

in this thesis, and we return to it in Chapter 8. 
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CHAPTER IliRhaig  

THE HISTORY OF MATHEMATICAL CARTOON FILMS 

Early animation. The Science Mtseum at South Kensington contains many 

nineteenth century optical toys which produce an illusion of movement by 

using the persistence of vision. These go back to the stroboscope which 

was invented independently by Stampfer and Plateau in 1832. This was 

immediately applied to the presentation of diagrams of moving mechanisms, 

and these are certainly the first animated technical diagrams. By 

coincidence the discovery took place in the very year in which Wheatstone 

began his researches in stereoscopy. Plateau produced the phenakistiscope 

in 1833; the familiar zoetrope was invented in 1834 by Horner* (15a). 

There are references to even earlier work, Foster (8) describing 

some diagram illusions goving bank to an example due to Roget in 1825. 

Roget also made an amoysis of an interference phenomenon (15) which is 

probably the first piece of mathematics of a type which is not 

infrequently involved in film animation. Faraday joined in correspondence 

on a similar topic. These problems lead ultimately to the theory of the 

symmetry groups of animation discussed in Chapter 11. 

The first animated photographs - sets of photographs showing some 

object in a set of positions from which a moving picture could, in 

principle, be synthesised - were made in 1851-2 by Dubosq, Claudet, 

Wheatstone and Seguin (15a). (This process is currently being revived by 

avant-garde film makers seeking new artistic effects.) 

*Footnote. Horner (1786-1837), an English mathematician, is famous as 
the inventor of "Horner's method" in the theory of polynomials. 
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Animated drawings were first projected on to a screen by Uchatius 

in 1853, and animated photographs .were projected by Heyl (U.S.A. in 

1870, but he may have been anticipated elsewhere. 

The first great master of animated drawing was Reynaud (10,12) whose 

praxinoscope of-1877 can be: seen in the Science Museum Jill/Daft. It 

gives a moving cartoon of excellent quality. For many years in the 1880s 

and 1690s Reynaudts Theatre Optique in Paris displayed an extensive 

series of animations, until the performance was eventually superseded by 

the cinema. Reynaudis animations were cartoon films in all but the 

actual technique employed. He drew his work directly on perforated band 

film (14,15a), and between 1896 and 1900 he actually used film 

photographs to assist in the design of his animations, but he never 

photographed his drawings on film before projecting them. (In the use of 

the camera to study movement he was following the example of Mueybridge, 

and in animating from such studies he was anticipating Disney.) In 1903 

Reynaud experimented with sets of stereo photographs mounted in an 

individual viewing device like a Imutoscopel; and it is also of interest 

that his method of drawing direct on film has been revived in recent years 

by McLaren, whose synthetic work we discuss later. 

Many historians have given the distinction of being the first 

animator who photographed on film to Emile CohI but it seems that he must 

yield priority to Stuart Blackton, an Englishman who worked in America, 

and who produced Humorous Phases of Funny Faces in 1906 and The Magic  

Fountain Pen in 1907 (2,10). 

The first film by Emile Cohl (a pseudonym for E. Courtet) was shown 
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in 1908, but was probably made in 1907; and whilst Cohl appears to have 

seen The Magic Fountain Pen we cannot say whether this was before or after 

starting his own work. Between 1908 and 1910 Cohl is said to have made 60 

films incorporating all kinds of animation techniques. He went to America 

in 1912 to find many similar films being made there. 

Mathematical animation. Whilst all of this work was in the sphere of 

entertainment it should be remembered that many of the earliest workers on 

cinematography were principally concerned with the scientific aspects of 

the subject, and looked on the eine-camera as a means of analysing 

movement or nnking scientific records. M1nch, of Darmstadt was in this 

scholarly tradition. In 1908 he saw Blacktonis Humorous Phases of Funny  

Faces and was immediately impressed with the educational possibilities of 

the technique. By 1912 Mffnch was able to demonstrate eight mathematical 

films to a meeting of teachers in Halle, and by 1914 his work ran to no 

less than 44 separate titles (7). This seems to be a greater quantity of 

work than anyone has produced since * with the possible exception of 

Nicolet, in Switzerland - but he was only concerned with depicting certain 

situations, such as families of coaxal circles, and not in making long 

films with developing arguments, requiring many different sets of 

drawings, or a kind which were developed later. Winch's films included 

much work at an advanced level as well as simpler topics. Film 

projectors were not then as commonplace in academic circles as they are 

nowt  and this is perhaps the reason why his work did not make a bigger 

impact. It would be wrong to see it merely as a novelty; it was a natural 

expression of an attitude to geometry and to the problems of teaching it 
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which we find in such outstanding men as Klein (11) and Hilbert (9), 

which has never been much in fashion in Britain, but which continues 

still in Germany in the films on non-Euclidean geometry made recently by 

the Bumboldt University in East Berlin under the direction of Schr8der (22). 

Before the first World War Detless (1) also made films on similar 

subjects to Winch. Work recommenced after the war and the professional 

firms of Deulig and Liohtverlag each made at least three films before 1922, 

some of which to judge by the scenarios were of outstanding interest. The 

vigour of the German school of mathematical film making at this time may 

be judged by a contemporary article by Ebner (3), which as a statement of 

the pedagogical principles underlying this type of film is still 

unsurpassed. 

This work had very little influence in Britain, and it is doubtful 

if any of it was ever even shown here; but British developments took 

place between 1936 and 1939 when four films were made by Robert Fairthorne 

and Brian Salt, The great contribution which these films made to the art 

was the portrayal of a continuously developing logical argument. For the 

first time the conventions of the cinema were given a significance as 

mathematical symbols; and the film ,entitled A Hyrocyclic Motion in 

particular showed that a film could not merely realise the dependance of 

geometrical configurations on a parameter but also conduct a logical, but 

non-verbal argument in terms of its own particular symbolism. 

The chief exponents of the animated technical diagram in France have 

been Cantagrel (13), as director, and Hotard, as animation artist. With 

the exception of three teaching films for schools,made recently they 
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have done little pure mathematics, their work being ms1 1ly in the fields 

of technology and applied science* 

11dolet has made a number of short, simple films for teaching School' 

geometry in Switzerland, and filme of a similar kind have been made in 

idgo-Sleviaand Belgium. ..At an advanced, level there is the filmGrannen, 

und Phasengesohwindigkeit (18) produced in collaboration by the Physical 

Institute Hanover and the Institut fur Film und Bild in Gottingen, as 

well as a considerable - amotnt of experimental material from the Deutsche 

Zentralinstitutfur Lehrmittel in East Berlin, including the advanced 

series on non-Edolidean geometry from the Humboldt University mentioned 

above. 

Mathematical films have.been made in America but they have been 

almost entirely commercial films for elementary teaching whose academic 

impact has been slight* 

The present author has made five films at University level (20) in 

addition to the three-dimensional work described in this thesis* 
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CHAPTER POUR 

THE CONVERGENCE firiiEORY 0)' STEREOSCOPY  

Depth perpen ion. Stereopsis, with the restricted meaning of the 

reception of geometrically different images by the two eyes, is only one 

of the factors involved in depth perception. Depth can be inferred by 

blocking, foreshortening, change of aspect on movement, aerial 

perspective (effects of atmospheric conditions, etc.), the relative 

apparent sizes of familiar physical objects, and differences in 

accommodation as well as by differences in convergence. It has been 

suggested even that such factors as the chromatic halo on the retina play 

a part in depth perception and the list oan be extended to a dozen items 

or more. Gibson (3) attaches great importance to gradations in the 

texture of surfaces and minimises, the effect of stereopsis. In his 

concern for such problems as flying aircraft he is undoubtedly right; 

but these things are very different from our present task. 

This thesis is concerned with stereosynthesis, which means, in its 

narrow sense, the use of a pair of diagrams with varying parallaxes to 

produce an illusion of depth, and the preoccupation with parallaxes is 

not intended in any way to minimise the importance of these other 

factors in depth perception, and where appropriate they should certainly 

be incorporated into the techniques of stereo-illustration. The first 

three factors listed above are used in the illustrations accompanying 

this thesis. Aerial perspective can be used in still illustration, but 

depicting surface texture gradient is a formidable task for the most 

accomplished artist; and the use of either technique on the moving 



elements of animated diagrams would be virtually impossible. 

Depth perception also involves psychological factors. The use of the 

word "psychological" and the related word "rationalisation", which is the 

psychological process most frequently invoked, can easily be a cloak for 

ignorance, but in the present context the complex of ideas to which these 

words point cannot be ignored. The many clues to depth which are normally 

present are correlated by the observer (usually unconsciously) and he 

reaches a decision. The ability to correlate depends on his previous 

conditioning, including conscious and unconscious memory, so it is quite 

possible for different people to interpret the same clues in different 

ways, or for the same man to interpret the same clues differently at 

different times. 

When clues point in different directions it is hard to synthesise 

the information, and the observer can either remain in doubt or reach a 

decision by ignoring some of the clues which contradict and reconciling 

the rest. It is quite possible for two interpretations of a situation 

to alternate in the observer's mind. Nearly all "false" depth perception 

is "true" in its own more limited context, in the sense that an 

incomplete set of clues is reconciled consistently. There is also a 

pronounced tendency for this reconciliation to be as much in sympathy 

with previous experience as possible. This is so well*known in normal 

vision that examples are not needed, but two illustrations from less 

familiar fields may be to the point. 

Charnwood (1) describes various stereo situations in which quite 

different pictures are presented to the two eyes. In the first place 
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observers synthesise these very unnatural stimuli giving them a meaning 

of some kind in terms of familiar things (as distinct from suspending 

judgement); in the second place the meaning given varies from person 

to persons  and (Charnwood observes)' when the person is previously 

committed to some particular theory of binocular vision the interpretation 

which he arrives at is strangely in :sympathy- with the theory to which he 

subscribes. This situation cannot be discussed in terms of physical 

optics alone. 

Another more remarkable example arises when viewing with the image 

fixed on the retina. It is known tkat under such conditions the image 

disappears and reappears spasmodically. The conscious will cannot affect 

this at ails  but it has been demonstrated (6) that recognisable shapes 

remain visible longer than random, nonsensical ones. Depth perception is 

not involved beres  but the point is that familiarity with shapes leads to 

a different psycho-physiological reaction - "perceptual elements (as 

distinct from sensory elements) exist in their own right" - and the old 

pattern of subconscious mental factors is involved even in these highly 

unnatural conditions in which the with has not worked before. 

Historical notes. From the early beginnings of the subject in the Six-

teenth Century until the completely new ideas introduced in the recent 

work by Luneburg the theories of perspective and of stereoscopic drawing 

have all been in one unified tradition. A report of the Air Survey.  

Committee (11) gives ten references on developments in perspective 

geometry before 1700s  beginning with the Institutiones Geometrioae  

written in 1532 by the artist Darer. 



Once the principles of perspective are understood it is an easy 

matter to apply them to the production of drawings of the same object 

seen from slightly different points of view and so to produce stereo 

pairs* We have already noted work of this kind by Sixteenth Century 

artiste. 

The Eighteenth Century was a period of coiparative inactivity, at 

least as far as the introduction of fresh ideas is concerned, but early 

in the Nineteenth Century after the labours of Carnot, Poncelet and Monge 

projective geometry developed into an independent, highly specialised 

branch of pure mathematics, and most treatments of the theory of 

stereoscopy make little or no use of its concepts. 

There are already extensive modern treatments of the theory, but 

they are nearly all developed from the point of view of the technician 

who wishes to take stereoscopic pictures with a camera and later project 

the results in such a way as to ensure as close a reproduction of the 

original scene as possible. They are in fact theories of stereo-. 

transmission (9). Excellent as these treatments may be for their own 

purposes the notations employed are often needlessly cumbersome and 

overloaded with suffixes and lack the clarity of, say, the classic 
s• 

writings of Helmholtz (4), For the present enquiry we need no-V.1=h a 

theory of stereo.transmission as a. theory of stereo-synthesis, so we 

expound the classical convergence theory of stereoscopy in a notation 

suited to our purposes. Having done this we will discuss further some of 

the experimental objections to it, and a later chapter will describe some 

.of the more recent theories, due initially to Luneburg, which seek to 
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provide a more satisfactory theoretical basis for the phenomena which are 

actually observed. 

The convergence theory. The convergence theory of stereoscopy proceeds 

from a very simple initial assumption. When a pair of stereo pictures is 

presented to the two eyes of an observer the theory assumes that he locates 

a particular point in the scene presented at the point in space where the 

two lines of sight intersect. The assumption is simply that the two eyes 

act like a pair of range-finders. 

There is considerable evidence against this plausible, bat naive, 

view. There is no evidence that observers can estimate the distance of a 

point source of light in completely dark surroundings with any accuracy, 

and on. the "range-finder" view they should be able to. The relative 

distances of two points can, however, be assessed with great accuracy. 

Also it is common experience that two pictures drawn on convergence 

principles, or two photographs, may have their relative horizontal 

positions varied by an amount which, on the convergence theory, is very 

considerable, and the distortions which the theory predicts are not 

observed. These observations suggest that it is largely differences in 

parallax (or in parallactic angles) which cause sensations of depth; 

i.e. that stereoscopic effects depend on the disparity of the two retinal 

images. As a descriptive account the retinal disparity theory is probably 

more accurate than the simple convergence theory, although it does seem 

that convergence plays some part in depth perceptia-(10). 

However the practical implications of the two theories are almost 

identical in so far as stereosynthesis is involved. The convergence 
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theory is a completely quantitative theory which gives sufficient(although 

more than strictly necessary)  conditions for the production of undistorted 

pictures. It is not easy to find a precise statement of the retinal 

disparity theory, but it seems fair to say that it is not an independent 

quantitative theory at all, and that in so far as it is quantitative it 

merely borrows from the convergence theory; but it adds that certain 

first order distortions which Should be observable on the convergence 

theory are not observed. In other words, in terms of, stereosynthesis on 

the drawing board it gives the draughtsman the reassurance that if 

convergence principles are followed a certain amount of lack of 

horizontal registration in the projection system will not be a serious 

defect. (We cannot be anymore quantitative than this because the 

retinal disparity theory is not quantitative on this vital point.) 

For this reason in this thesis we tend to regard the implications of 

the two theories as practically speaking equivalent. In other 

investigations, for example in the design of an eleotro-mechanical model 

of the human perceptive system, the implications of the two theories are 

quite different, and they would obviously call for quite separate 

treatment. 

On the convergence theory if we wish to synthesise a solid geometrical 

figure we must prepare two drawings of it based on two centres of 

perspective in the same horizontal line and a distance apart equal to that 

of the observer's ayes, and arrange some viewing deVice of lenses or 

filters whereby each eye sees its own drawing from the correct point of 

view. 
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R 
Fig. 4.1 

The geometrical notation in Fig.4.1 will be used throughout. 

The observer faces a screen. The point midway, between his eyes, which 

are a distance 2w apart, is on the normal through the centre of the,  

screen, which we take as origin. The axes Ox and Oy are in the screen, 

directed to the observer's right and vertically upwards, respectively. 

S 



The Oz axis is normal to the screen and directed away from the observer. 

These axes are the natural ones to take for geometrical animation, where 

the task is to add the z-dimension to the two-dimensional figures in the 

xy-plane. 

If the distance from the screen to the observer is s then the 

observer's eyes, at B and L, are located at the points (tw,0,e). If we 

have an object point with *Ordinates (24,4z) elementary geometry shows 

that the two rays from the point to the Observer's eyes out the screen at 

two points on the same horizontal level and at a distance 2wz/(s+z) apart. 

Two points such as this are sometimes termed homologous points. Their 

distance apart we will term the parallax, and this word will always be 

used in this sense. That is to say a parallax is the distance between 

two projections of an object-point on to a frontal plane, projecting from 

the nodal points of the two eyes. It is convenient to call the 

coordinates of the point midway between the two projections (X,Y) and to 

denote the parallax by 2Z. Then the object-point (x,y,z) is projected to 

the two points (44/), for the right and left eyes respectively, where 

sz  
11+Z x 

s▪ +- z (4.1) 	which means that I wY 
w-I (4.2) 

z  
e+z 

sZ 
w-Z 

These equations can be normalised by writing x, y and z for xis, y/s and 

z/s; and X, I and Z for X/s, Tie and Z/w. Then they take the form 
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( 7.7 	4.4)  
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Normalisation in this way amounts merely to measuring in the most 

convenient units, and it can simplify some theoretical discussions. The 

equations connecting the parallax with the z coordinate can be written 

in the form 

1 .. 1 
s 4.5) 

'a re4a#On of a form which is extremely common in optical theory.* 

The set of points (UZ,1) define the picture which must be drawn 

for the right eye and the set (t-e4r) the picture for the left; but for 
some purposes it is convenient to speak of the (X,Y,Z) spaoe and to 

regard it as a projective transformatiOn of the (z,y,z) space. The 

transformation connecting them is given by the equations 4.1 and 4.2; 

and i5, of course, a particular type of bilinear transformation the 

general study of which is the science of projective geometry as it is 

known to the pure mathematician. 

.It is important to note that the capital letters refer to the 

diagrats as they are projected on the screen. Thee() are not the same as 

the drawings prepared on the drawing board because they' are on a different 

Beale. Whilst it is possible to introduce a further set of coordinates to 

describe'the situation on the drawing board this is not usually necessary. 

*FOOTNOTE. Grubbs construction, a geometrical method of realising this 
algebraic relation, i s, of course, a perspeotivity. 
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Indeed, it is a useful economy in notation not to do so. When 

developing our present techniqUes we had in mind a,final cinematographic 

projection under certain specific conditions; with a screen measuring 

38" by 50" 10 feet away. 7.6" by 10" is a convenient size for drawings, 

and a technique was devised which VAS based on this ratio of WI between 

the linear dimensions of the picture on the screen and the diagram on 

the drawing board. All work on the driving board can then be done 

'assuming simply that'we are preparing drawingi for an observer with eyes 

apart looking at a screen 2 feet away. 

Distortions.  'Wet will next consider the distortions which arise within 

the framework of the theory as it has been developed so far. These can 

be discussed ina4tioally by altering the appropriate parameters in 

equations 4.1 and 4.2 and seeing.what values Waiszt) arise instead of 

the correct values (x,y,z).' The spaCe (xl,y009.is then to be regarded 

as the distortion of the space (x4y,z). 

Only one observer in the audience can be in the favoured position 

which has been used in deriving the basic equations,. so we first consider 

the effect of not sitting in this special position. If the observer sits 

at a distance at  from the screen instead of s, then st must replace s in 

equation (2iii) and he will synthesize a space in which 

ja st z w.e 

This means that all lengths in the z direction, are, 	ratio 

sqs, or that, the distortion is a simple stretch in depth. This effect is 

actually observed, and it is a pronounced feature of all stereoscopic systems. 
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Whilst there is no doubt that this distortion occurs in practice it is 

much less inconvenient than one might at first think. It is not regarded 

as a serious drawback in the commercial cinema where the back seats are 

many times as far away.from the screen as the front seats, and even in 

scientific work where metrical relationships are much more important • 

obseriers are not wflAwly  worried by this phenomenon. Present day viewers 

are accustomed to make automatic, unconscious corrections in depth 

perception at the theatre, the cinema or when watching television'and 

they carry over these habits when watobing stereo diagrams. 

In spite of this high degree of tolerance on the part of observers 

(this inevitable depth distortion which is inherent in any known stereo 

system must be borne in mind when designing stereo films, and the chief 

practical implications are two. In the first place one should not worry 

unduly about some possible faults in the design of a film beoause it may 

be possible to correct them later merely by adjusting the distance from 

which the observer views. Secondly, it is quite impossible to present 

correct metrical information to everybody in the audience, so itis a 

vain hope'to try. The designer must concentrate on other spatial features 

which stereo projection does not distort and see that the fullest possible 

use is made of them. Where it is essential to present metrical 

information as accurately as possible the position of members of the 

audience must be correspondingly restricted. 

Just as not all members of an audience can sit at the correct 

distance from the screen so not all of them can sit directly opposite the 

centre of it. The consequences of this can be found by replacing X and Y 
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in equation (2) by + p and If +'q. This considers the effect of the 

centre of the screen having x and y coordinates (p,q) relative to the 

observer instead of (b,0). Then 

+ -a) 	wfxs + ncz +  
w 	w(z + s) wz 

SO 	z Ist X+ Ptfo Z 

+1z 

This distortion is a shear., Its effect is to prevent an :observer from 

!seeing .round corneret by moving his, position.  in the theatre. Common-

sense suggests that it should not be possible to see•more in'a pair of 

stereo, drawings. than they' actually contain, and that any attempt to.  'see 

round a corner' must be unsuccessful. This Shear is. the mathematical 

expression of ,this intuitive suggestion, The shear can actually be • 

.observed by moving relative to the screen. 

These two distortionS are both affine. .Affine transformations 

preserve linearity, parallels and. metrical ratios which are measured in 

the same•direction., In general they destroy angles and metrical 

relationships in differing directions. 

To sum upp even if the figure is perfectly drawn as an observer moves 

round the theatre the figure undergoes affine distortions. It is the 

nature:of stereo films to depict affine geometry, and if we wish them to 

display metrical geometry we can, in principle, only hope them to do so at 

one particular place in the theatre. 
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The next distortions to consider are more serious, and are associated 

with errors in making the film, or in the optical system; and they cannot 

usually be altered once the film is complete. There are, however, 

compensations, as it will be shown that variations in some of the 

parameters may be used to counterbalance variations in others. Certain 

writers would appear to deny this, but the special contexts in which such 

comments are made are important and what is true for one system of 

projection may not be true for another in which the same parameters are 

not variable. 

In the present system no complications arise from having to photograph 

with two cameras and none of the parameters of the camera are involved in 

our oaloulations. We assume that the camera and projector photograph a 

flat drawing and project a magnified version of it on to a screen without 

distortion. Whilst admitting that there may be some degree of distortion 

in these processes we assume that it is negligible compared with the 

other, truly stereoscopic,distortionst  which can occur at various stages. 

Previously the observer moved and the projection system was 

unaltered, so we employed a system of coordinates with the origin on the 

screen.. As we go on to consider distortions which arise through .  

variations of the parameters in the optical system whilst the observer 

remains stationary it is convenient to take a system of coordinates with 

the origin centred on the observer* If we put 5= z + s the coordinate 

system Ow, ) is a Cartesian system with the origin mid-way between the 

observer's eyes. Equations 4.1 and 4.2 become 



= SX x 

 

w - Z 

(4.6) 

311.1.1.s 
S 

is 
w-Z 

WS 
w - 

(4.7) 

In practice we do not dispense with the variable z, but rather use z or 

1 as is most convenient. 

A stereoscopic diagram is produced in the following stages. Two 

drawings are prepared, side by side, assuming given values of sand wi 

they are then magnified and superimposed an a screen, and from them the 

observer constructs a three-dimensional picture. Magnifications of the 

drawings are represented by the transformations 

V 
	301. 	Y 	mT, 	Z-3 Z I *: 

In most stereo systems ms  m, but in stereogynthesis this need not be 

so, and an important degree of freedom is gained by keeping them separate 

in the theory. Mote that all the magnifications which can occur are 

incorporated in one magnification factor. It is immaterial at the 

present stage whether these are the intentional magnification when the 

photographs of the drawings are projected on to the screen or 

unintentional magnifications or diminutions arising through having the 

camera of the projector at thekeorrect operating distances. 

When the two diagrams are superimposed there may be an incorrect 

registration in the horizontal direotion which increases (or decreases) 

all of the parallaxes by a constant amount, 2p, (which may be negative). 

This is etpressed mathematically by the transformation 
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= Yt 	Zt 	Zn  = Z' p. 

The obierver now constructs the distorted threedimensional image 

(z..tal, SI) from X", Y" and Z" using new values s and w; so 

gf 'IX" 	wo X w'mX  
wl p wi Z" 	p go 

wtmax 	worunr 
SD 

(w' 	p).c 	inzw(f - a) mews - mtw + p - wt S • 

The calculation of yt is similar, and 

s' wtst 
Ivo Z" 

as 	
. 
21g+ 

WO = p 111 Z 

  

mzws - On w + p .01 

To summarise 

WOMSZ  

is
WS — 	W • p wt!  

Dr. (4.8) 

 

Dr. 

  

Spottisvroode derives similar distortion equations for his rather different 

systems. 

The most serious distortions, in theory, are those arising from the 

presence of the S' term in the denominator. In fact observation and 

theory part company at this point, but we will first consider the theory 

on its own merits and see what conclusions can be drawn. 

The equations 4.8 speoify a group of transformations which are a 

sub-group of all projective transformations of the space. They are the 

transformations which leave invariant the origin, all points on the line 
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at infinity in the 	plane, and the 5 axis. There is little interest 

in this aspect of the equations however, the important question is how 

the parameters may be chosen to restrict the distortions. 

If the coefficient of f in the denominators is zero then the 

transformation equations become 

xI  
wem 
WM 

gp  7' 	•7
S  

S' wise 
em B (4.9) 

The tranaformation is affine and furtherkore the Stretches in the x and 

y directions are the same. The condition for this is 

we am maw p 
	 (4.10) 

The implications of this equation are that an affine projection of the 

figure desired can be ensured by suitable choice of any of the parameters 

m 	w or p. w4  is the half-lye width of the observer, and whilst this 

could be varied by using special spectacles this question does not arise 

here. The choice of mz and w is made at the drawing board and is 

described more fully in Chapter 7. In some forms of projection apparatus 

they° is freedom to adjust p by varying the overlap of the two separate 

diagrams. This cannot be done in the cinematographic system employed in 

the present investigation, but it can be done with the various methods of 

viewing the still slides described in Chapter 7, and it is an adjustment 

which is essential if they are to be viewed correctly._  

The affine transformation in equations 4,9 becomes a similaritY 

transformation if 

MS 
west 

wmze  
4.11) 
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i.e. If 	si 
	

MS2 
	 (4.12) 

which confirms the earlier conclusion that the screen distance must be 

correct if the picture is to be seen in correct proportions. This 

condition is also the condition that each separate picture subtends the 

correct angles at the eye which is viewing it; and if it is satisfied 

as well as condition (4.10) then the (ea', SI) is simply the (x,y,S ) 

space scaled up in the ratio wins s wmz. In stereo-transmission systems 

realism is nearly always important. This theory implies that a stereo 

picture has a definite size . which a 'flat picture,  does not have - but 

for diagrammatic work exact size is unimportant, and there is no need to 

adjust this scale factor to unity. In this respect stereo-synthesis 

again has a degree of freedom which is lacking in stereo...transmission in 

the cinema, of the type discussed by Spottiswoode (9). 

These conditions involve w', the semi-eye width of the observer. 

This is not the same for everyone and some degree of distortion is 

inevitable on this account, but no writer has suggested that this is a 

material drawback. It could be overcome if necessary by equipping the 

observer with suitable spectacles, and we will give this no further 

consideration. 

The distortion due to errors in p alone can be found by putting 

w = wt, 	m = 1, and s = si in the equations 4.8. Then, putting 

p/ws = Po  

1 	1 =111Ty! . (4.13) = 1 - PS  

The effect of varying the overlap of the two images is one of the most 
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obvious problems in stereoscopy, and it has long been known that the 

effects which the convergence theory predicts are not found in-practice.-

The overlap of the two images can be varied over quite wide limits without 

any very pronounced effect on the three-dimensional picture. The 

tOverlapf experiment, described in Chapter 6 investigates one aspect of 

this problem. Practically speating the divergence between theory and 

practice is a great convenience because many of the distortions which 

might be expected to cause difficulties do not appear, 

As we remarked earlier, many writers have sought to modify the theory 

by taking the operative factor in stereoscopic vision to be retinal 

disparity rather than the convergence of the two lines'of.sight. That is 

to say it is assumed that an observer in some way derives information from 

the fact that the retinal images in his two eyes differ bedause of the 

varying parallaxes of objects which are:looated at different distances. 

This theory has much to commend it. Bough experiments with stereoscopes, 

with anaglyphs or with slides projected on a screen all show that the 

overlap' of the two pictures may be varied quite considerably without 

unwelcome distortions appearing. It might also be relevant to observe 

that in any case the eyes are continually in motion, performing small 

saccadic movements, and an observer in some way discounts this and 

attributes fixity to surrounding objects when there is no' such fixity of 

the image on the retina. Indeed this lack of fixity appears to be an 

essential feature of normal vision and to be necessary to refresh the 

nerve endings in the eye (2a,10a). This shows that in another related 

optical field it is the entire image on the retina that is important and 
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not a simple, direct one-one relation between a point observed and a 

point in the eye. 

The convergence theory takes no account at all of the finite size of 

the eye, neither*  incidentally, does the differential bipolar theory of 

Luneburg (see Chapter 5); although this attempts, in its way, to account 

for the fact that a variety of stereoscopic stimuli give rise to the same 

stereoscopic sensation. However* the great disadvantage of the retinal 

disparity theory is that it is difficult to handle, and no quantitative 

theoretical predictions seem to have been made from it which cannot also 

be made on the convergence theory. /n order to operate within the frame-

work of the theory one obviously has to take a 'gestalt' point of view*  

emphasising the essential interdependence of the many variables and the 

importance of considering the situation as a 'hole without splitting it 

up into atomic parts. This attitude is important throughout psychology in 

general, and it is needed in many parts of psychologioal•optics in 

particular, bat time and time again we see that it is grossly unamenable 

to analysis on the lines of classical physics or mathematics. The 

'gestalt' view so often has to be abandoned in order to pursue a 

quantitative discussion. 

Continning with the theoretical implications of the convergence theory 

we notice a factor that is likely to give rise to a particularly unwelcome 

feature in stereoscopic animation. When stereo drawings are prepared 

the parallaxes involved are always small, and always stretch a draughtsman's 

technique to the utmost. In a still stereo drawing a small error in 

parallax causes the corresponding geometrical element to be displaced in 
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depth. This is a sTrious practical difficulty. In animation one might 

expect random errors to cause 'jitter' in those parts of the diagram 

which are being animated frame by frame. Jitter ()occurs in any film 

animation. It is the business of the professional artist to avoid it 

by tricks whenever be can, and one such obvious trick is to draw cartoons 

in which the movements are rapid so that the displacements from frame to 

frame are large compared with the errors. In technical diagrams this is 

very often impossible, and a certain amount of jitter is inevitable 

Whenever 'the Movements are slow. In stereoscopic =irk the effect of the 

unavoidable' random errors in drawing parallaxes threatens to be much more 

serious. How serious, on the convergence theory, isthown by the 

following considerations. Equation (4.7iii) is 

f 
a 	v Z 

Taking logarithms and differentiating 

„ 
W8 

dS . PdZ. we 

When considering errors in depth which are produced by errors in parallax 

it has to be decided whether dr or dr /' is the important pantitf. 

But whichever is chosen equation (4.14) suggests that depth jitter will 

increase with 5 , that is to say it can be reduced by working with the 

diagram in front of the screen rather than behind. It is questionable if 

there is any experimental verification of this particular prediction. 

From equation (4.7i) we have 

dZ 

(4.14) 
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(4,15) 

dX and dZ are errors on the screen, and our assumption is that these are 

uniform magnifications of errors on the drawing board, So comparing 

equations (4.14) and (4.15) it would appear that errors on the drawing 

board will ultimately misplace points in the z.direction by VT/ times 

as much as in the x=direciion. This is very serious because in the 

system being desoribed at screen distance 	= s/w = 10 feeO inch 

which is a factor of over 100. 

If depth jitter in stereo animation really was a hundred times worse 

than lateral jitter in ordinary animation the situation would be quite 

intolerable, and it would be impossible to achieve stereo animation by 

normal drawing-board techniques. It ma be that consideratione along 

these lines have discouraged professional animators from attempting the 

problem for so long, but at this point once again convergence theory 
Nast 

disagrees with experiment. The jitter should alsoLan the retinal 

disparity theory, but the new situation. is quite different from the one 

discussed earlier. There the point was that the distortions produced by 

a. systematic error in parallax over the whole of the diagram do not agree 

in theory and practice, here the point at issue is the distortion 

produced by a purely local error in parallax. Later evidence will show 

that such local errors'are very serious if they are static, but in 

cinematographic projection errors are only on the screen for 06 second 

and whether or not the eye can follow them is a completely new question. 

This problem is the subject of Chapter 10, and for the moment we 

will merely state the conclusion that under the projection conditions 
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with which we are concerned the eyes. are very sympathetic, to jitter.of. 

this kind, and far from interpreting errors in drawing as random 

fluctuations in depth they average them out so that binocular animation 

appears even smoother than monocular. 

Three further types of distortion remain to.be considered. The film 

is projected by a twin lens system. It is possible that the focal lengths 

of these two lenses may differ very slightly and that the two pictures 

may be magnified unequally. .The stereoscopic consequences of unequal 

magnification have been discussed at length by Ogle (5). His concludions 

are that unequal magnification results in an angular displacement of a 

frontal plane (z = constant) so that one side of the screen, for example, 

appears nearer to the observer than the other. No distortions of this 

kind have been observed in the apparatus which was used in the present 

experiments. 

The axes of the twin lenses are 5.6 mm apart, so that if the distance 

between the screen and the projector is varied the two figures on the 

screen undergo magnifications about centres which are separated by this 

amount. This disorepancy is very slight and it is not taken directly into 

account in the previous theory; but it can be.considered indirectly as 

causing a change in all three of rap ma  and p. So the finite separation 

of the axes of the two lenses does not introduce any essentially fresh 

problems. 

The final distortion to discuss is the one induced by  interdhengiing 

the pictures seen by the two eyes. .This can be done by apprOpriately 

turning round the viewer's polaroid spectacles. The term 'pseudoscopic• is 
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sometimes used to describe the situation. Elementary calculations show 

that it is described by the transformation equations 

XS 
Xt 2z + s a  2 -s 

3rt 
	

2z + s a 216- 

2z g°  " +
zs s 
	2S.  

Points in front of the screen become points behind and vice versa. It is 

interesting that zlietztt ft a xsys-zsr so that the bearing of any 

points from the observer is unaltered by the transformation, whereas the 

ray from the point to the x, y, z ortgin is reflected in the screen. 

zt 	•••• 
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This situation appears at first sight to offer many opportunities 

for making teaching apparatus to illustrate important principles of 

projective geometry. For example, in some presentations of the subject 

many proofs depend upon projecting some particular finite line to infinity. 

If this line is in the plane half way between the screen and the observer 

the pseadoscopic transformation sends it to infinity. This means that ,  on 

the instruction "project the line L to infinity" the audience could do so 

merely by reversing their spectacles. Once again theory does not agree 

with experiment. Stereoscopic viewing is a "gestalt' situation involving 

many factors and we cannot isolate one factor in this simple way. There 

is also the point made by Shipley (8) that 'infinity' is an intellectual 

construction, and "there is nothing in our visual apace to correspond 

with the purely intellectual concept of infinity". Thus observers are 

usually slow to appraise pseudoscopic transformations whenever the objects 

depicted resemble familiar, physical objects, or whenever the distances 

involved are large (on the convergence or disparity theories). 

When stereoscopic evidence, in isolation, runs counter to previous 

experience it is generallrrejeeted. It is not possible to suggest 

mathematical infinity (as a psychological experience) by stereoscopy any 

more than it is by getting observers to look at a collimated beam of 

light. 
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CHAPTER FIVE  

LUNEBURG'S THEORIES AND THEIR APPLICATION TO FILM 

It has been known since the earliest studies of stereoscopy that the 

convergence theory was inadequate in a number of ways. The theory is 

extremely simple and conforms to common-sense notions of how binocular 

vision might work, and it forms a satisfactory basis for the preparation 

of stereoscopic drawings and photographs; but some of the effects which 

it predicts are not observed. Most obviously the projeotive deformations 

described in Chapter 4 which are associated with incorrect lateral 

registration of stereo drawings and incorrect matching of the parameters 

corresponding to eyevidth are not observable, or at least not observable 

to anything like the degree which the theory predicts. 

Binocular observation of a point source of light gives no indication 

of its distance, but small differences in the distances of two point-

sources can be assessed with great accuracy. In the "Overlap" and 

"Photofinish" experiments of Chapter 6 observers could make accurate 

appraisals of many features of the diagrams, but whenever they volunteered 

information about parts of the picture being Min front of the screen' or 

'behind it' this was usually quite unreliable and bore little relation to 

the geometrical optics of the situation. 

In this connection Martin (10) ',rites that if the two parts of a 

stereo picture are moved closer together the whole field appears to draw 

nearer (as predicted by the theory) "but such apparent movement from or 

towards the observer ceases immediately the pictures are still, and the 

whole field looks to be at the same absolute. distance as before." 
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These conclusions are so widely accepted that it is unnecessary to 

quote further evidence. However until the recent work of Luneburg there 

does not seem to have been any alternative quantitative theory of 

stereoscopic vision which could serve as a framewOrk in which to fit 

observations or as a basis for the construction of stereoscopic drawings. 

Luneburg's theories have had noteworthy successes in accounting for 

anomalies in stereoscopic vision which were studied by Helmholtz, 

Blumenfeld and Ames, and they have been applied to the science of 

cinematography by Levonian (6) and Hill (5). We will now describe these 

theories in outline, and then discuss their relevance to the problem in 

hand. 

The following phenomena cannot be accounted for adequately by the 

convergence theory. Helmholtz observed that if people were seated in a 

dark room and asked to arrange a set of lights in a straight line across 

in front of them they did not in fact arrange the lights in a straight 

line but in curves which he called *rosters.  These horopters were 
symmetrical about the oentre.line in front of the observer, and they were 

concave towards him up to a certain distance; and beyond this distance 

they were convex, 

Blumenfeld performed experiments in which observers performed such 

tasks as the following. They were first given a pair of distant lights 

and asked to arrange other lights in lines so that they formed a parallel 

alley; that is a pair of lines parallel to one another and symmetrically 

disposed about the centre line ahead. It was found that the observers 

again arranged the lights along curves. In another experiment the 
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observers were given a pair of distant lights as before, and then lights 

two by two to compare with them whilst all the other lights of the alley 

were turned off. They were asked to arrange each pair so that they were 

the same distance apart as the reference pair. On a Euclidean basis this 

should of course have led to exactly the same result as the first 

experiment; but whilst the observers again arranged the lights along 

curves instead of straight lines they were not the same curves as before, 

and furthermore the differences were repeated consistently in subsequent 

experiments* In other words the subjects interpreted parallel and 

eouidistant in such a manner that they led to different results. 

More recently in America Ames has conducted a number of experiments 

on binocular vision which have involved certain types of optical illusion. 

In one very celebrated experiment he constructed empirically a set of 

'rooms,  of distorted shapes. The middle,aized room was normal, but the 

smallest one had concave walla and ceiling whilst the largest one had them 

convex. When a viewer, who did not know this, was placed at a suitable 

viewpoint for each roam he haA. the impression that all three rooms were 

the same size and normal in shaper 

Blumenfeldts experiments have been repeated and confirmed by a team 

working at Columbia University (3), and their investigations also included 

experiments using stereoscopic sources of light*  and it was found that 

observers treated stereoscopic sources exactly as had been assumed in the 

convergence theory, in so far as they reacted as if they were seeing just 

one source of light situated at the point of intersection of the two lines 

of sight; but there was again a departure from the classical theory since 
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these stereo-sources also produced Helmholtz's horopters, Rlumenfeld's 

alleys and the related phenomena. 

The phenomena are of course Isdbjectivel in the sense that people are 

needed to observe them. They are not observable by, say, range-finding 

instruments. Any theoretical discussion must therefore contain psycholo-

gical and/Or physiological factors, as well as the objective factors of 

geometrical optics. Luneburg attempted to account for these phenomena by 

two separate but related theories which may be balled the differential  

bipolar theory and the bYperbOlic metric theory. 

Throughout this section we adopt Luneburg's notation, and it should 

be noted that his x, y and z axes do not have the same orientation as the 

axes•in Chapter 4. (No confusion need arise as it is never necessary to 

use the differing conventions simultaneously.) Every point in space, in 

front of the observer, has a unique set of coordinates y, pi and 0 (see 

Figs.5.1 and 5.2, which are taken from Reference (9)) which are related 

to the rectangular *artesian coordinates by 

Yw"a.  

cos 	2i + cos  Y cos sin /0 

ci) 

  

2 lx2  + z2  
tan y 	x2 4. y2  4. Z2 1 

sin 2i  
sin y an 2i = 27 /x2  .t  

X2  + 72  + z2  1 

dos 2i + cos or sin 
sin y, tali 

    

Luneburg's first, tentative hypothesis is that the absolute values 

of y, and 0 are irrelevant, and that the only observables are 
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Fig. 5.2. 
differences in these coordinates. Putting the matter another war figures 

related by the transformation 

+ *oust. 	+ coast. 	G + collate 

are visually indistinguishable. Such a transformation is called an 

iseikonic transformatiopo  and figures which are so related are termed 

equivalent. 
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These transformations are easily pictured in terms of the coordinate 

grid. In the horizontal plane in front of the observer the lines 

ym constant are Vieth-Muller circles x2  + /2  . 2x cot y m 1 and the 

lines = constant are Hillebrand hyperbolae -x2  + y2  + 2ny cot 2i . 1, 

with asymptotes y a x tan Or. The three.dieensional grid is produced by 

rotating the configuration in the xr plans about the y-axis. Iseikonic 

transformations are translations on this grid. At large distances from 

the eyes the hyperbolae are indistinguishable from their asymptotes and 

the Vieth-Duller circles are virtually x2  + 72 - 2x cot y a  0, a coaxal 

system tonohing the y-axis at the origin. This produces a simplified 

form of grid, which should not be confused with a simple central 

projeotion (although the lines a coast radiate from the origin) because 

the two eyes have virtually become a "dipole" at the origin. Grids of 

these kinds can be superposed on the drawing methods of Chapter 7, so that 

elements in the drawing can be transformed to equivalent positions. 

Although this theory is still incomplete, it explains quite a lot 

even at this stage of development. Luneburg gave a theoretical treatment 

of Ames's rooms the results of which compared well, he claimed, with 

experiment; and Levonian (6) and Hill (5) applied the theory to the 

practical problems of stereo camera work for motion pictures. As a result 

of their studies it was claimed that the technology of filming benefitted 

because the camera gains an extra degree of freedom when compared with 

the restrictions which arise from the convergence theory, and this extra 

freedom was an advantage in overcoming problems of matching cameras, lens 

spacing, toe-in, distance and "giantising" factors, 
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When applied to the problems of stereosynthesis the practical 

benefits are not so great, because, as explained more fully in Chapter 8, 

camera work in stereosynthesis is very much simpler than in live action 

photography. However, mhen synthesising stereo pictures from drawings 

the variation of the overlap of the two pictures results in a 

transformation that is virtually iseikonia. ghat is to say the differen-

tial bipolar theory supports the firaly established practical criterion 

that exact horizontal registration of the two pictures of a. stereo pair 

is not of prime importance. It also confirms that the effects which were 

sought in the "Overlap" experiment in Chapter 6 should not arise. That 

the transformations produced by variations in overlap differ from 

iseikonic ones only in the second order terms can be seen by inspection 

of Figures 5.1 and 5.2, and does not really call for analytical proof. 

Variation of the overlap varies angles a and 8, but 0. and I remain 

appioximately the same and 1. is altered by approximately the same amount 

throughout the figute. 1Pe are concerned with viewing. conditions in which 

the pictures at distances of about 10 feet from the observer, and the 

variations' in overlap which may occur do not :exceed 3 ins. Therefore the 

second ordet terms are quite InvImportant.' 

The differential bipolar theory gives one additional benefit in 

atereosynthesia since it suggests that elements in a diagtmn which occur 

in an' inconvenient positionikaan be transferred to some other equivalent 

position where their appearance will be unaltered. This means, for 

example, that points *hose parallaxes are very small can be moved to some 

other part of.the physical space depicted in the diagram where the 
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parallaxes are larger. This might be a practical convenience because the 

difficulties of drawing small parallaxes accurately are the main problems 

of stereosynthesis; and the bigger the parallaxes the smaller the 

relative errors. Transformations of this kind can be done on a drawing 

board by superimposing a grid, as explained earlier, or they may be 

calculated analytically by the methods used by Luneburg in (7) to discuss 

equivalent. Ames's rooms. However the use of iseikonio transformations is 

not likely to be of great practical advantage because in general they 

turn straight lines into curves. 

This suggests another possibility. It is in principle possible to 

construct certain space curves by drawing straight lines and subjecting 

them to iseikonio transformations. But this comes up against an essential 

inadequaoy of the differential bipolar theory. This theory classes 

certain related configurations as visually equivalent, but out of the 

range of configurations which the observer might be seeing he nearly 

always decides that be is seeing just one . and the theory does not say 

which interpretation out of the many possible he decides on. We can only 

say that he decides on the interpretation which is most "reasonable" 

meaning the interpretation which is most in accord with, his previous 

experience. 

But Luneburg s theories go further without introducing psychological 

notions with no precise definition. The theory is extended by modifying 

the hypothesis that the absolute values of y are of no importance and 

that only variations are significant. Luneburg introduces a metric to 

explain how distances are subjectively assessed in terms of .6 Fr and A. 
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Whereas the earlier theory is objective in that the geometry is the same 

for all observers this part of the theory is subjective in that two 

parameters cr andµ are involved which are constants for particular 

individuals. In this way it is possible to account for the different 

ways in which different people assess the same situation. The metric is 

introduced in the following. manner. We have at our disposal the 

coordinates y, and 0, of which the first corresponds to the radial 

variable. These are used to assign further coordinates 

f(x) cos 14 cos 0, 	f(x) sin fl , 	S 	r(x) 00. ,c sin As  

f(y) is a function to be discussed later. These coordinates are to be 

thought of as being in 'subjective space' and in this space distances 

are calculated by the Riemannian metric 

ds2  = 	 sinh2cr(sy. g) (Cr2dY2 de cos21 d 

These distances are subjective distances, i.e. distances as they are 

perceived by an observer. Most commonly Luneburg puts f(y) 

but he is sometimes prepared to work with the function left in a general 

form and also there is az arbitrary scale factor in his work and he does 

not always adopt the same normalisation. This space is a hyperbolic space 

of constant negative curvature, and the references give full arguments why 

this type of space is necessary, but these do not concern us here. The 

space can be mapped conformally inside a sphere in a Euclidean space 

(Poincarets model), in which case geodesics are arcs of circles which are 

normal to the base sphere; and again it can be mapped (but not conformally) 

in the Klein model in which the geodesics are straight lines. Luneburg 

makes most use of the former model. 
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Prom this metric it is possible to deduce theories of Helmholtz 

horopters, alley experiments and Ames's rooms. The notion of equivalent 

configurations is replaced by that of 'congruent configurations', because 

in this hyperbolic space there is a six parameter group of transformations 

which preserve metrical relations, i.e. bodies can be translated and 

rotatedlsuch as in Euclidean space. Much of Luneburg's theoretical • 

disaassion leaves the precise nature of the space as an open question, and 

he deals with the elliptic, Euclidean and hyperbolic possibilities; but 

he decides finally that the experimental evidence indicates the hyperbolic 

alternative as the one to select, 

There is an analogy between Luneburg's two theories and the special 

and general theories of relativity. Apart from the similar geometrical 

ideas underlying both systems, is both cases the special* theory seems 

well established and is applicable to a wide variety of phenomena whereas 

the position of the "general" theory is by no means so certain, and 

alternative forms of metric have been proposed by others who support the 

outlook of the theory but who do not accept its details. 

Hardy, Rand, Rittler and Blank (5) have proposed another form of 

metric, which differs in some rather important respects from Luneburg's 

and gives greater prominence to the most distant point in ate► configuration. 

a feature which they think of definite physical importance; and Shipley 

(ii), whilst sympathetic to Luneburg's approach, suggests that parallel 

geodesics in alley experiments have not be identified properly which means 

that the question of the sign of the curvature of visual space is still not 

decided. That is, visual space may be elliptic and not hyperbolic as 

Luneburg concluded. 
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We mention these other views to show that the position of this theory 

is by no means firmly decided, and for this reason alone it oertpinly 

cannot be taken uncritically into film technology. There are however 

greater difficulties. This theory is a truly subjective one in that it 

allows for different behaviour from different observers. The constants 

rhioh occur in the theory for different observers have been measured for a 

number of observers by Zajaczkowska (12) and these show a very aide spread. 

She reports the following range of values, 

0- . 3,3 to 26.4, with 10 as a reasonable average 

-e-24.41  = -0.98 to -0.05, with -0.5 as a reasonable average. 

This range is very wide, and whilst the exact meaning of the spread in 

terms of differences on the drawing board could only be seen after a 

tedious calculation it is difficult to see how suoh a wide range of 

parameters could be catered for at one and the same time. 

Hill has used this theory to confirm same of his recommendations for 

stereo cinematography, but he does not state what values of parameters 

have been taken, or how serious the effect of spread is. Indeed at the 

time at which this paper was written the constants only seem to have been 

published for one or two observers, and this sample is clearly inadequate. 

Therefore the applications of Luneburg's theories to practical 

technology are doubtful. In any case they only apply to vision at a short 

range, six feet or less, and with a screen distance of ten feet or the 

considerably greater distances which are normal in a public cinema all the 

action of a film takes place outside the critical distance. Also the 

theories have only been quantitatively confirmed for phenomena which arise 
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under very special viewing conditions - when seeing points of light 

devoid of all other indications of depth. The situation when viewing 

pietures of natural objects is quite different end it is a most 

questionable extrapolation to extend the original experimental conclusions 

to them. 

Against this view it can be argued that Luneburg's theories also 

apply to Ames's rooms, and that the cinema pictures produced with the aid 

of the theories were satisfactory. The reply to this is in two parts. 

The 'room' for which Luneburg gave a calculation was only a small, model 

room, with linear dimensions of less than two metres, and human eyes have 

shown themselves so accommodating to stereo perspective covering a wide 

range of parameters in many  different circumstances that it is no 

guarantee of the truth of a theory that acoeptable pictures can be made 

with its aid. Surprisingly satisfactory pictures can be made empirically, 

especially when many other depth-suggesting factors are present at the 

same time (see the pictures by MoLaren, appended to Chapter 7). Also 

Luneburg's treatment of congruent ,mews rooms still leaves an unresolved 

question as the earlier treatment of equivalent rooms did. Congruent 

rooms form a one parameter system (which arises from the group of 

translations in hyperbolic space after certain parameters hare been 

eliminated by considerations of symmetry), All rooms of this system are 

visually equivalent but the observer prefers one interpretation to all of 

the others. Again it can be suggested that he chooses the one particular 

interpretation because he rationalises the situation and sees it as much 

as possible in terms with which he is most familiar. This objection has 
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to contend with the counter-objection that it has been possible to., 

produce experimentally other types of 'room' in which 'unnatural' things 

occur in rooms of natural shape . but Luneburg did not discuss these. 

Nonetheless there are some extremely special circumstances in which 

Luneburgts theories could conceivably apply to the design of mathematical 

- films andphysical diagrams. It might be possible to use the subjective 

. geometry of the observer to convey information about. non-Eaclidean 

situations. For example, the type of configuration oocuriig in the films 

from the Humboldt University-which display - features of non-Euclidean 

geometry with important applications in the theory of fUnotions•might be 

communicated to an observer by. suitably drawn stereo diagrams in such a • 

way that the non.Euclidean features of the configuration became apparent 

to' the Observer without being 'objectively there' in the normal 

interpretation of the film.acoording to Euclidean convergence theory., 

If it were possible to do this it would be extremely worthwhile, 

because it would give a direct sensory experience of three-dimensional 

hyperbolic space. The special conditions under whioh alley experiments 

have been performed can scarcely do this to anything like the same extent, 

because movement has been absent from the situations they have handled and 

a film.offerapossibilities of producing configurations Which could never 

be produced with the limited resources of lamps on an optical bench. 

However4he development of such a film technique presents obvious 

difficulties.and an attempt to do so in the course of the present enquiry 

would have introduced many new features and would have led too - far away 

from the main problem. 
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The animation and the projection arrangements would have to be 

constructed round quite fresh.parameters. The entire action of such films 

would have to take place at distances from the obserrer'of.lessthan,ten 

feet, and .the closer the better. Writers on this type of experiment stress 

the extreme•accuracy with which points have to be aligned; "Visual 

criteria were often so clear as to demand motions as small as 1 mm at the 

most distant variable points, approximately 2.75 metres distant" (11). It 

would'not be possible to make one film of a subjective non-Suclidean 

phenomenon that depicted the situation adequately for all observers; at 

least not until projection apparatus is available which provides for'more 

control over projection parameters .than is the case at'present,. 

Finally it should always be remembered that this type of experiment 

is concerned with a highly•unuaual notion of parallelism for the "sensory 

parallelism" studied is not the .same thing as physical parallelism. Thus 

Shipley writes in the instructions to his observers, "The rows are not 

visually straight and parallel if they seem to converge to some distant 

vanishing point, as when you look down 'physically straight' railrod 

tracks. The task is to make the tracks, seem. to be straight and parallel, 

even if they would be extended indefinitely into the distance." 

These stimulating and challenging theories have a vane which is not 

in any dispute, but here there is•yet one more reason to question their 

relevance to the problems of the stereo cinema in..so far as it is trying 

to reproduce physical reality. But their relevance to the problems of 

stereo-synthesis, which are ultimately to provide a chain of communication 

whereby abstract information may be passed from one mind to another, is 
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immense; and if a projection system of sufficient refinement could be 

devised quite new possibilities in diagrammatic communication might be 

opened up, since there would be available a three dimensional hyperbolic 

space, direotly perceived, with freedom to carry out movements and even 

other more general transformations. 
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CHAPTER SIX  

STATIC EXPERIMENTS  

L. EXPERIMENT "PHOTOEINISH" 

Summary,  47 observers were tested on a series of slides showing four 

vertical lines with different displacements from the screen. The object 

of the experiment was to see how accurately they could assess their 

relative positions with different ranges of parallax. After a practice 

period each observer waa'shown six pairs of slides with the displacements 

of the lines from the screen decreasing progressively, and each time he 

was asked to state the order in which the lines appeared to him. 

Three quarters of the observers were able.to complete the test with 

four faults or less (out of a maximum possible of 36). The time required 

to get accommodated Varied greatly from observer to observer. Generally 

speaking observers had more trouble with the earlier tests where the 

parallaxes were large than with the later tests where they were small, but 

the increased numbers of faults towards the end of the experiment showed 

that the displacements were becoling sufficiently small-to cause some 

difficulty. 

The slides were made in the form of a filmstrip by photographing 
• 

drawings and by making measurements on the screen it was possible to gain 

an idea of the errors involved in the drawings and of the errors in the 

projection system. These were of about the same order of magnitude, and 

good observers had no difficulty in detecting errors of this size. 

The drawings and the projection system. The drawings were made in Indian 

ink on cellulose acetate, 9i" x 12i". They were photographed on Pan F film 



and the negatives projected by two Aldis 1000 projectors, so that the 

final picture was white against a grey background. 

The same drawing was used for the right eye for all the test pictures 

and six different drawings were used for the left eye. Before the test 

was performed the observers were given a period of practice for which the 

same diagrams were used, but interchanged between the eyes. In this way 

fresh diagrams were presented with the minimum effort. 

Each diagram consisted of four vertical lines at different distances. 

On the original drawings the parallaxes were calculated with the intention 

of scaling up by a factor of four on projection and having the observer at 

a distance of 10 feet from the screen. In each test situation one line 

was in front of the screen by one unit, one line was in the screen, one 

line was one unit behind the screen, and one line was two units behind. 

The unit was, in the successive tests, 4 feet, 3 feet, 2 feet, one foot, 

6 inches, and 3 inches. 

The method of tes#mc.  The object of the test was explained to the 

observer. He was shown the first practice figure and asked how many lines 

he saw. This showed whether or not he was liming the four lines 

correctly. Some observers had no difficulty from the start, but others 

saw ddouble image of the line 4 feet in front of the screen. (This 

corresponded to a parallax on the screen of 1.6"0 If necessary the 

pictures were displaced relatively in and out in order to bring about 

proper fusion. The same procedure was often necessary with the next 

figure where the front line was 3 feet in front of the screen; but after 

this the observers had very little difficulty, and in any case once fusion 
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was obtained there was usually no further diplopia unless fatigue set in 

much later. 

When it was clear that the observer was fusing properly he was asked 

if any line appeared nearer than the others or any line appeared further 

off. This was repeated with other diagrams until the observer could 

announce his decision in the form required; he would say, for example, 

"The nearest is No.4, then No.2, then No.3, then No.1." When he understood 

what was wanted and felt easy about the situation he was told that from 

then on his results would be recorded. 

The first test with the very large parallaxes gave most trouble 

because it was often difficult to fuse properly, and a small number of 

observers could not even attempt it, whilst doing quite satisfactorily on 

the later tests. In this test the lines were between half screen distance 

and twice screen distance, and it is common in writing on stereoscopy to 

take it for granted that displacements from the screen by amounts even 

greater than this are quite acceptable. This may well be so for natural 

photography or for well-trained observers, but if diagram work is to be 

presented to observers with no special training it may be advisable to 

keep the diagram well within,  these limits. 

The observers reading of each diagram was recorded and his number of 

faults computed by counting the number of invertions between the order 
lit.. 

which he gave and the true order. E.g. if the true order was 324E4 and he 

announced 3124 this counted as two faults. 

Results. In view of the difficulties experienced with diagram No.1 the 

final results are tabulated in two forms, one showing the results on all 

six tests and one the results on diagrams 2-6 only. 
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Distribution of faults' 

No. of faults No. of observers 	No. of observers 
(6 diagrams) 	(5 diagrams) 

0 6 6 
1 14 17 
2 5 7 
3 8 6 
4 2 4 
5 1 
6 2 1 
7 - 2 
8 - 1 
9 - i 
10 - 1 
11 1 - 
12 '3 - 
13 1 
14 1 - 
15 - 1 
16 - - 
17 3 

Table I 

The table includes figures for three observers who were retested. •Two 
observers out of the total of 47 did not do all -six diagraas completely, 
and were unable to, do the test because their stereoscopic. vision was. 
inadequate'. • 

The maximum possible number of faults was six on each test,, a total 

of 36. Random guessing would, on the average, give a total of 18. One 

fault could be'attribuiedto the apparatds rather than to the observers 

because in diagram No.5 the relative position of 'WO of the lines WAS in 

some doubt. 

Variations between observers. After a suitable period of practice, in 

which to become accommodated, 3/4 of the observers could interpret the 

diagrams quite satisfactorily. 

Out of the 47 two could not attempt the test at all as their 

stereoscopic vision was quite inadequate. (This is not a fair sample of 
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what may be expected throughout the whole population for apart from 

questions of the, significance of the size of the sample people who were 

known to have monocular vision were not invited to,take the test in the 

first place.) Two people could not read the first diagram with large 

parallaxes, and eight had to be classed as "poor as they had between 11 

and 17 faults. (Random guessing would give a total of 18.) 

Three of the poor performers were later retested and they all put up 

much better performances with 3 faults compared with 14, 4 compared with 

12 and 2 compared with 17 respectively. It is-mee4 likely that their 

poor performances on the first test were due in part to being slow to 

pick up the idea, or what is more likely to being distracted by others 

waiting to take the test, (This distraction was not normally present.) 

These tests by no means approach the limits of stereo-aouitity. The 

order of discrimination required is very much less than in experiments 

described in France (1), which are concerned with skilled observers whose 

powers are being trained to the limit, and by such writers as Helmholtz 

(2). Nevertheless the distribution of faults on the individual tests 

(Table II) suggests that when the lines were only displaced from the 

screen by amounts of the order of 3 inches the observers were beginning 

to get into difficulties. 



Diagram 
number 

Unit of 
displacements 

Total no. of 
 faults made 	. 

No. of observers 
making faults 

2 3 feet 37 18 
3 2 feet 35 21 
.4 1 foot 15 13, 
5 6 inches 23 18 
6 3 inches 31 19 

TABLE II 

Table II shows the total number of faults made by the 48 observers who 
undertook the test on each particular diagram. 

It is quite possible that the performances of most of these observers 

could be improved by training, but that was not the purpose of the enquiry. 

The accuracy of the dkawinas and of the T)roieotion system. The 

parallaxes which bad to be drawn on the drawing board were calculated to 

.001 inch, but of course drawings cannot be made to this accuracy. When 

the drawings were ultimately projected on to the screen there was a linear 

magnification of 4. The accuracy of the drawings was checked by 

measurement of the projected pictures on the screen. During the course of 

the experiment it was necessary to realign the apparatus and this 

opportunity was used to measure the parallaxes on the screen once more. 

Comparison of the calculated parallaxes with the measured ones, and of the 

measured ones with the two different settings of the projectors suggested 

that the distortions arising from faulty drawing and from faulty alignment 

of the projectors (including optical faults in the lenses etc.) were of 

about the same order of magnitude. 

The detailed results are not recorded here, but they may be summarised 

by saying that faults in drawing could displace a line by as much as about 

.1" on the screen and faults in the projectors could do the same. (This 

displacement is a displacement relative to the rest of the configuration.) 
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An error of .1" on the screen corresponds to an error of about .025" 

on the drawing board; and it might be considered that a draughtsman 

should do better than this. But it must be remembered that such factors 

as buckling of the cellulose acetate and slight mechanical misalignment 

on the register pegs all contribute to what are here spoken of as "errors 

on the drawing board". These faults were just sufficient to make it 

doubtful if the intended relative positions of the lines had been realised 

in one case, so on Table I one fault may be attributed to the apparatus 

rather than to the observers, and on Table II it is possible that the 

faults on diagram Bo.5 are due in some measure to the apparatus. 

A further check on the apparatus was provided by projecting 

identical pictures of a piece of graph paper from the two projectors. 

Measurements on the screen indicated misalignments of up to .1" over the 

parts of the screen actually used and more at the edges. 18 observers 

were asked whether or not the screen appeared flat or curved; 13 said 

that it was cylindrical and concave towards them, 1 said it was 

spherically concave and 4 said it was flat. Owing to the finite size of 

the projectors it was necessary to have their optical axes 6.9" apart 

with the projectors 'toed-in'. Considerations based on the theory of 

Chapter 4 show that this should result in a distortion of the type 

observed. This 'toe-in' could well account for the greater part of the 

misalignments attributable to the projection system. 

Conclusions  

i) Only two people out of 47 were unable to do the test and only 

eight had to be classified as 'poor', and of the poor ones the three who 



64 

were re-tested did very much better at a second attempt. Therefore the 

information which the draughtsman attempted to convey was communicated 

with considerable success. 

ii) The large parallaxes corresponding to displacements of 4 feet 

in front of the screen and 8 feet behind were a definite distraction and 

displacements as large as this should be avoided if possible. 

iii) Displacements of down to 3" were read with ease by many 

observers, but the best results were achieved with\ displacements of about 

1 foot. However the smallest displacements used were beginning to tax 

the observers and although they had by no means reached the limit  of their 

skill their performances were beginning to deteriorate. 

iv) Inaccuradies on the drawing board and in the projection system 

can each produce parallax errors which correspond to displacements of up 

to 6" (or more) so the production of diagrams of this type taxes drawing 

techniques to the full. The draughtsman's hand is not as accurate as the 

observer's eye. 
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II. EXPERIMENT "GUESSWORK" 

Summary. Observers saw projected stereoscopic diagrams of two lines, 

one vertical line in the plane of the screen and one line in a horizontal 

plane inclined at various angles to the screen. The two lines formed a 

letter "L". The vertical line was a reference and the observer tried to 

estimate the length of the oblique line. The relations between the -

estimates and the lengths of the test line when calculated by the 

convergence were then investigated. 

There was only the one slanting line with the one parallax in the 

whole diagram, and there were no clues of depth by line tapering, aerial 

perspective or blocking, but there was a slight perspective clue which 

tended to assist the observer in the first part of the experiment and to 

hinder him in the second. The test revealed wide variations of ability, 

and it was not possible to assess this spread in any satisfactory numerical 

way. Nevertheless the information obtained is of definite value in the 

design of stereoscopic diagrams and this experiment suggests further tests 

of a similar kind which might yield results more susceptible to numerical 

analysis. 

Procedure and Results. The observer was shown a projected stereoscopic 

diagram of two lines, a vertical one.in the plane of the screen whose 

length was always 20", and another of varying length in a horizontal 

plane and at varying inclinations to the plane of the screen. Re was 

then asked to locate the position of the test line, and to estimate its 

length in space, taking the length of the vertical line as ten units. 

Before the results were recorded he was shown two test situations and 
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asked to describe what he saw. This was to see that he was capable of 

undertaking the test properly, and also to give him an opportunity to get 

his vision accommodated. He was then shown about five of the frames that 

were used later in the test for practice, and his task WAS explained to 

him. He did not make estimates while this was done, A standard set of 

instructions was given, although a little experience was necessary before 

its form became finalised. 

The drawings used were drawn in black on a white background on a 

large scale so that errors could be minimised as much as possible. The 

negative was projected so that the observer saw white lines on a grey 

background - a format that is common in mathematical films - so that the 

viewing conditions were very like the conditions which would actually 

occur when looking at a stereo film diagram in black and while. 

When the observer had seen the practice diagrams the test began, and 

his estimates were recorded. In the first half of the test he saw ten 

patterns. In the first two the test line was in the plane of the screen, 

in the next two inclined backwards at 20 in the next two at 40°, the 

next two at 60, and the last two at 80°. 

Nearly every observer managed this part of the test satisfactorily, 

and could explain where the test line was. It was normal for observers 

to underestimate the length of the test line when it was foreshortened, 

anL the greater the foreshortening the worse was the estimate. However 

when an observer/8 stereoscopic ability was good his estimates were often 

very good. Jac was an excellent observer, and in spite of the fore-

shortening his estimates of the length of the test line were as often 
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above the theoretical value as they were below. On the other hand 

subjects who clearly had difficulty in seeing the picture stereoscopically 

greatly underestimated the length of the test line, and in a number of 

cases (J.V., R.1411.0  D.W.) the observer gave estimates which were much 

closer to .the projection of the test line on the screen than to its length 

'in space. 

The observer A.H. was interesting because his first estimates were 

well below the correct target, but as the test went on he clearly began 

to see the diagrams in depth better and better. When the earlier frames 

were repeated at the end of the experiment he had no difficulty in seeing 

them properly in depth, he greatly increased his estimates and came very 

close to the correct values. 

The diagram contained a slight perspective clue, since the test line 

was below eye-level, and as it turned further back so its projection on 

the screen rose above the vertical. A monocular observer could have 

interpreted what he might have recognised as a perspective. drawing of a 

horizontal line tilted back, and he could have made an allowance for this 

and made a guess of its length in space. Some of the observers probably 

did this, but it is most noticeable that their estimates were considerably 

below those of the observers whose comments made it clear that they really 

were appreciating the stereoscopic clues properly. 

The second half of the test used the previous drawings pseudo-

soopioa4y. Having made the drawings for the first half of the test it 

seemed a reasonable economy of effort to use them as much as possible, 
P. 

but this did mean that the conditions during the second half of the test 
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were not quite the same as in the first half. The test line started in 

the plane of the screen and came forward by steps of 200  in accordance 

with the theory of pseudoscopic transformations discussed in Chapter 4, 
but as it came forward, it also tilted up slightly. This meant that in 

the second half of the test observers tended to fall into two fairly well 

defined classes. The first class saw the diagram stereoscopically, and 

they tended to make.vary good estimates, When an observer could manage 

the second part of the test the estimates which he gave were nearly always 

better than those which he gave for the first part (A.B.L,G.G.,D.L.M. 

This may hare been due in some measureto practice but the remarks which 

the observers made nearly all indicated that their estimates were better 

because they definitely considered that the teat conditions were easier; 

and this is also the case with A.H. who re-did the first part of the test 

after doing the second. The situation was summed up by A.E.K. who said, 

"The second set seemed far more stereoscopic." 

It is difficult to account for this, but the agreement was so 

pronounced that some explanation is called for. Xeanwhile this 

observation that objects in front of the reference plane are "more 

stereoscopic" than objects behind should definitely be borne in mind when 

stereoscopic illustrations are designed. 

When assessing these results it should be remembered that certain 

important evidence is lacking. We do not know what estimates these same 

observers would make if they were viewing physical objects*  such as 

pieces of wire, in three-dimensional space under comparable lighting 

conditions. It would be possible to conduct an experiment to decide this 
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by making models of wire and displaying them on a suitably equipped stage; 

but this would take us rather far from the present enquiry because:the aim 

is primarily to convey geometrical information by means of stereoscopic 

diagrams and not to simulate the physical conditions of the three-

dimensional space in which we live. 

Other observers found great difficulty in doing the second part of 

the test at all. Many of them were not conscious of the difficulty and 

they took the perspective clue as indicating that the line was in the same 

position as before, behind the screen, and made their estimates on this 

assumption (i.e. they rationalised by ignoring the parallax clue 

entirely). As these estimates were made on a totally false hypothesis 

they cannot be compared quantitatively with the previous ones, but they 

must be interpreted in a different way. Observers such as B.E. and E.H.• 

thought at first that the test line was behind the screen, but as the 

'parallaxes increased they were forced to modify their views, and once 

they realised what was happening they had no further difficulty in 

locating the test line in its correct place even on frames where they had 

been in error before. H.W. was of this type, but be required a 

comparatively large parallax before he overcame the suggestion made by 

the false perspective clue, and when the angle of inolination of the test 

line to the screen was reduced to 40°  he suffered a relapse and declared 

once more that it was behind the screen. 

Some people never saw the line come forward at all, but it is 

striking that in scymany oases the observers' estimates were consistently 

below *tat they were-in the first part of the test (which is as they 
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should'be on the convergence theory) which seems to indicate that even 

in spite ofthe.belief that they were seeing the same thing as before 

the' stereoscopic factor was influencing their.judgement even if the 

conscious interpretation which they put upon it was the wrong one. 

The results of each observer were plotted graphically. Calling the 

theoretptial:iength of the test line 1 in each case, the estimated length 

'10, and the inclination of.the test line to the screen 0 the ratio 

(11/1)* was plotted against sin 0. This was done tosses if an observer's 

inaccuracies could be explained by the hypothesis that he was flattening 

the diagram on to the screen in such away that it underwent a uniform 

strain. Swenson has suggested (1) that stereoscopic diagrams are seen 

compressed to about 3/4 of their theoretical depth. If this hypothesis 

is tenable it is possible to associate with each observer a particular 

value of k, the ratio of estimated depths to true depths. Elementary 

calculation shows that on this hypothesis 

1) sin20, 

so that if the observations are plotted as described the points should, 

. on the 'uniform strain' hypothesis, lie on a straight line of slope 

1. If the Observer saw and estimated everything correctly the plots 

of his observations would lie on the horikontal line 1! 	1, whereas 
1 

if he was at the other extreme and saw each diagram as quite flat on the 

Screen, and estimated accordingly, the points would lie on a curve which 

is very close to, bUt slightly below, the diagonal line joining the unit 

points on each axis. Other systematic errors affect the graph in their 
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own characteristic ways. If, for example, the observer underestimates 

each time by one (a situation which is quite possible) the points which 

represent his estimates are Moved differently in each case but they:lie 

a 
distributed about the horizontal line 

Sixteen observers were tested; the following being ofspecial interest. 

.A.E.E  (See Fig:6.1) A. consistent observerldloims confident about his.  

observations. The results in the second part of the test were noticeably 

better than for the first part. The 'uniform strain'hypothesis applies 

reasonably well to these results with values of k s  0.46 for the 

obiervations behind the screen and k - 0.74 for those in front. 

J.Y. This observer did not see the diagrams properly in the second.part 

of the test and it seems that he was systematically underestimating in 

the first part. The slope of these points suggested a value of k = 0.46 

orrather greater. 

• LL (See Fig.6.2) His estimates showed a very Wide spread but he seemed 

to see the diagram more. deeply than anyone else. The points were far too 

scattered to be placed owe line, but•this observer was perhaps the only 

one-to whom one would belnolined to attach a value of k as high as 1. 

105-- -(seellg.60) A plot typical of .a person who was not seeing the 

diagram deeply at ail. His remarks confirmed-this . but this observer 

performed excellently on the l'PhotOfiniih* test making only one error. 

H.Mr. This observer took sometime to realise that the teat line Was coming 

out of the screenin the second halt of the experimint,.and even then he 

only saw it for large values of 0. bit when he had decided that the test 

was emerging from the screen his estimates were astonishingly good. 

x denotes readings in front of the screen; ()readings behind. 
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Photogravhic details. The original drawings were half the linear dimensions 

of thaprojected diagram, and were drawn in Indian ink on cellulose acetate. 

They were photographeden Pan F; ' second, f16 (slight under-exposure). 

The negative was projected on two Aldis 1000 projector', with a 12 ft .6 in. 

threw giving .a picture 38 in. x.50 in. 

The observer was 1011 free the screen, his eyes opposite the middle 

of the screen with the projectors behind end slightly abort his head. 

The line width in the original drawings was 0.02 in., and on 

projection this became 0.07 in. 

Conclusions. i) Observers estimates varied widely; the test was 

difficult and Only -abent **were definitely locating the test line in 

spa** properly and estimating accordingly. Underestimates were far more 

common than everestimatell i.e.:with the very small clues given depth was 

insuffioiently appresiated. 

ii) It is quite possible that observers could be trained to 

give better performances underlies* test conditions, but that was not 

attempted as stereoscopic films will have to be shown to untrained 

audiences. 

iii) Lines *Merging from the screen were harder to locate 

than lines going in, but whenA.ocated their lengths were definitely 

estimated with greater accuracy. To some extent the difficulty arose in 

this experiment from the "false perspective clue, but other experilente 

also tweet that negative parallaxes are more aggressive, and in 

consequence herder tosocept but more suggedtive once they have been 

accepted. 
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iv) Since nearly all the estimates were too small it might 

be advisable to exaggerate parallaxes. in diagram work even by as much as 

50%. This takes draWing easier and increases the relative accuracy. But 

when harmonising parallax clues with other indications of depth the 

situation which the viewer is asked to Appraise is very much simpler and 

so depth exaggeration should not be overdone. Remembering the affine 

distortions which arivineVitable when stereoscopic material is projected 

the sounder solution is probably to sit those with poorer stereoscopic, 

vision in the book setts! 

vj This experiment was an overall test of a communication 

system, trom drawing board to the observerte personal estimate. The, 

errors could have been caused in part-:,by errors in drawing and projection 

as well as by defects in the observers► vision, and we do not know how the 

same observers would make estiMates on three•dimeniional wire models 

viewed under comparable conditions, nor how they normally compare vertical 

and horizontal distances. These are interesting questions, but they are 

not relevant to the present enquiry, because diagrammatic stereo work.is 

concerned mpdrly with conveying -abstract relations to the observer and 

only secondly with duplicating his experience of the physical world. 

REFERENCES 

R.A. Swenson. The relative influence of accommodation and convergence 

in the judgement of distance. J.G.Etychology, 	pp.360-380, Oct. 

1932. 
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III. EXPERIMENT "OVERLAP" 

The convergence theory suggests that if a stereoscopic pair of 

pictures is viewed with incorrect horizontal registration very serious 

• distortions result. It is generally agreed that 	take distortion 

may arise it certainly does not do so to the extent which the theory 

.predicts. This appears to be true whatever the method of viewing employed, 

and this is the main factor which has led many people to abandon the 

convergence theory for'the retinal disparity theory. 

Whilst it is easy. to speak of "the retinal disparity theory" it is 

not quite so easy to decide_exactly what the theory is, for apart possibly 

from Luneburg (neither of whose theories is really a theory of. retinal 

disparity at all) no one.seemSto have put this theory on to a quantitative 

beads. In so far as the theory is qUantitative it would seem to be merely 

a re-statement of the convergence theory with the additiontl qualification 

that observations are Unaltered by a translation of the image. across the 

retina of either eye, and in consequence the observer loses one degree of 

freedom and is unable to assign an absolute distance to the objects viewed.  

if.he works on stereoscopid data alOne. 

'Observations of this type are notoriously dependenton the particular 

viewing conditions employed so it seamed desirable to investigate the point 

using our own particular projection•condit&ons . With this in mind a set of 

still stereoscopic slides was prepared in which the °beerier saw four 

Vertical lines. Thesituation is shown in plan in Fig.6.4. 

With correct adjustment the four lines were the edges of a prism 

whose cross-section was a parallelogram; in particular the two near lines 



   

 

• 

 

   

   

and the two far lines were an equal distance apart. The convergence theory 

indicates that this equality should disappear if the overlap of the two 

pictures is varied. One of the pictures carried a scale and the other a 

pointer which enabled the operator to control the overlap. The aim of the 

experiment was to investigate the distortions as the overlap was varied; 

in particular an attempt was made to see if the observer could instruct 

the operator to produce an alignment in which the front and back lines 

were equally spaced and to compare this with the setting which was 

theoretically correct. 

The results gave no support to the convergence theory and they did 

not fit into any coherent theoretical pattern. This is not say that the 
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results of the experiment were entirely negative, for in the present 

context the only apparatus available for the projection of moving 

stereoscopic diagrams, the'Paillard-Bolex system, has no control over this 

parameter; so if the effect of varying the overlap of moving diagrams 

required extensive study the existing apparatus would be quite inadequate. 

The experiments confirm the opinion of the manufacturers that control of 

this parameter is not important, and one preset value suffices. 

The experiments also confirm some of the conclusions of the 

"Guesswork" experiment that the metrical information which a stereoscopic 

diagram can convey is very limited and that it is a vain hope to expect 

diagrams of this type to bring out the finer details of metrical 

relationships. 

Apparatus. The drawings were photographed on 35mm filM and projected 

using two Aldis 1000 projectors. The original drawings were black on 

white and the negatives were projected, giving white lines against a grey 

background. Six situations were drawn in all, but two were photographed 

twice to provide the observers with additional material for practice. 
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The observer viewed the screen at a distance of 10 feet. The 

magnification from the drawing board to the screen (which was 58“ x 50") 

was 4 times (linear). The dikensione of the six scenes are given in Table 

III, together with the theoretical parallaxes required on the drawing 

board. Scenes iii) and ii) were the ones which were also used.at the 

beginning for practice. 

a (inches) 	b (inches) Full parallax on 
drawing board tins) 

20 24 .104 
18 -12 -.0695 
16 18 .0816 
16 .18 -.110 
14 -24 -.1565 
20 36 .1445 

Table III 
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The right eye slides all carried an arrow which moved over a scale on the 

left-eye slides to enable theoperator to measure the overlap of the two. 

The observer was instructed to ignore this scale so that his judgement 

was not prejudiced. This warning proved unnecessary because a quite 

unexpected effect was observed. Over a very wide range of overlap 

observers saw the arrow in line with the zero of the scale and interpreted 

the depth of the scale in space accordingly (Fig.6.5).  A most remarkable 

example of the determination we have to make sense out of stereoscopic 

nonsense. 

  

2 
IA 

Combined arrow (left eye) and scale (right eye) as leen on screen 

A - arrow 

• 

• 
The scale and arrow are located in a plane through P. 

Fig. 6.5. 

Theory.  In Chapter 4 we investigated the effect of projecting stereo 

piectures with a systematic alteration to all of the parallaxes, and 

showed that if all the parallaxes on the screen are increaeed by an 

amount 2p the following distortions are predicted by the convergence 

theory:- 



82 

x 
x1 	- PS 71  

 

where P PS" WS 

Only the values of x concern us here, and we will call the abscissae of 

the two lines in the screen xi  and x2 when the figure is correctly 

aligned, and the abscissae of the other two lines x3  and x4. Then 

xi' - x*t - (X 	X2)/(1 - 	) 	
( 5-  2 	1) 

and 

x3' - x41 	(x3  - x4)/(1 pr 3) 	 3. 3) 

Now xi - x2  m x3  - X4 ,  so 

Xi' 0. x2' 	1 ,0 pr3  
122 

WS 

x3 ""4t-Pr1 	ws 

ws p(z3  + s) 
(w - Pis 

-  pS  3  
p r 

since r  611  Z 

and z1 0, 

w p s 

For most practical purposes p4( w. 

If z3  > 0 and p < 0 the ratio is < 1, and x31 	appears too 

big. 

If z3  < 0 and p > 0 the ratio is >1, and x31  - x41  appears too 

email. 

Hence whether we are dealing with the case when the lines in the screen 

are the front pair or the back pair (as the observer sees them) if p > 0 

the back pair should appear fUx:ther apart than the front pair. By "appear 

further apart" we refer to their position in space as the observer should 
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assess it if he conforms to the. convergence theory - we do ad refer to 

the angle which they subtend at the observerts viewpoint. 

The Experiment. 16 tests were made on observers who, for the most part, 

were known to be competent as they had performed well previously on other 

tests of this series. 

Many of them made the unsolicited comment that as the overlap of the 

diagrams was increased the entire figure seemed to approach, and as the 

overlap was diminished the figure appeared to recede, but all found great 

difficulty in making the quantitative judgements that were demanded. 

With the first few observers the attempt was made to get the overlap 

adjusted so that the front and back lines appeared equally spaced by 

adjusting the overlap in accordance with the observations, increasing the 

overlap (i.e. decreasing p) if the back lines appeared too far apart and 

decreasing it if they appeared too close together. it soon became clear 

that this approach was taking too much of the theory for granted, and so 

the procedure was modified. Each scene was presented to the observer 

with a variety of overlaps arranged at random, and he was asked if the 

spacing of the back pair of lines was more or less than the spacing of 

the front pair. 

An observer who conformed to the theory would have answered "more" 

whenever p >0, "less" when p C 0 and "equal" when p = 0; but this type 

of behaviour was not to be found. Most observers gave replies which were 

random, although a few appeared just a little better. Precise use of the 

word 'rand©? in this context would presuppose a certain statistical 

procedure, but in the circumstances it was not felt that the labour of a 
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detailed statistical analysis was justified. Sudi'an analysis would, in 

any case, only be worthwhile if at the same time an attempt was made to 

relate the results to the performance of observers on similar tests using 

physical objects, and to their opthelmic  deficiencies (if any). 

The estimates made about transverse lengths in different frontal 

planes were most unreliable. It may well be that the same holds true for 

similar situations in which observers are looking at physical objects, 

but we have no knowledge of experiments covering this point. For such 

experiments it would be necessary to erect a 'stage' on which observers 
0 

saw vertical rods which were evenly lit in such a, manner that all but the 

strictly stereoscopic clues to depth had been removed, and arranging such 

conditions would call for very special care. 

Six observers (out of 15) consistently said that the distance between 

the back lines was 'less' or *equal' however the overlap was adjusted. 

This indicates a decided tendency not to allow sufficiently for the 

apparent decrease in size with distance. 

Whilst the front two lines were always intended to be at equal 

distances from the observer, and the back two also, slight, unavoidable 

errors in drawing altered this slightly and presented a situation that 

was rather like that in experiment tiohotofinisht. A. number of observers 

commented on this; and this confirms the very high degree of accuracy 

which observers can attain under the conditions of that experiment. 

One observer (3.0.) did noticeably better than the others on this 

test, and did better still when he was retested later... Therefore it might 

be possible to train.talented observers to perform comparatively well, 
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but this was outside the scope of the enquiry. Bach talent is rare and 

it must not be expected in general audiences, 

Conclusions. Varying the overlap of stereosoopic drawings does result in 

an observeable approach and regression of the entire picture, but over a 

wide range of variation the secondary effects on the transverse dimensions 

which the convergence theory predicts are not found. 

The absence of such a control on the Paillard Rolex projection 

system is therefore not a serious drawback. 

When information is presented stereoscopically the comparisons which 

observers who are proficient but not specially trained make of transverse 

dimensions in differing frontal planes are quite unreliable. There is no 

evidence of how this compares with similar observations on physical 

objects; but in this connection the following question arises: 

"Do we wish stereoscopic diagrams to simulate physical reality, or do 

we wish them to convey abstract information?" 

The experimental techniques to be followed must vary according to the 

answer given. Experiments have been done in U.S.A. relating 'objective 

geometry' and 'subjective geometry', but there is not as yet any 

generally accepted body of knowledge on this topic. 

Footnote, In the three experiments described in this chapter the structure 

(grain etc.) of the screen played no part. This was not allowed for in 

the theory in_eny way and no comments by observers imiicated that they 

were at all influenced by any awareness that there was a screen at a 

particular physical distance. Indeed, the very few references made to 

objects being "In front of (or behind) the screen" were as often as not 

quite incorrect. 
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CHAPTER SEVEN  

METHODS OF STEREOSCOPIC DRAWING  

The theory of stereo drawing was described in Chapter 4, and using 

the same notation we now describe how this theory may be embodied in a 

practical scheme. There are three principle methods, orthodox perspective 

as practised by artists, the well-established method of constructing a 

perspective drawing from side view and plan, usually known as 'the 

architects' method', and methods depending on calculating the position of 

key points and plotting their positions on graph paper. The calculation 

may be done on a machine (1). 

With all of these methods it is convenient to take the drawings for 

the right and left eye from a common master by tracing; and whilst this 

is not essential it is also in accordance with animation practice, and 

throughout the stibsequent discussion it is assumed that the final drawings 

will be produced this way, 

Conventional methods of central perspective use a vanishing line, 

corresponding to the line at infinity in the horizontal plane, with a 

range of vanishing points on it corresponding to the points at infinity 

of parallel pencils of lines in the horizontal plane. If perspective 

drawings for the right and left eyes are to be prepared from the same 

master then there must be a separate range of points on the vanishing line 

for each eye, the two ranges having a uniform displacement from one 

another of2W/m. This method suffers froi the disadvantage that it 

requires an excessively wide drawing board - at least five times as wide 

as the finished drawing. This can be avoided by having a mechanical 
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attachment to extend the vanishing line artificially, but such an 

attachment is inconvenient, and it must be very rigid and accurately made 

if it is to be suitable for stereoscopic work. 

The architects' method has been described by Rule (2). In this 

method the drawings for the two eyes are constructed from a side view and 

plan as.shown in Pig*  7.1. Again the two eye positions have to be 

separated by a distance2W/m This method requires much less space than the 

previous one; and.the greatest waste of space now comes from the distance 

to the two eye positions. This has to be BA and is once more rather 

larger than may be desirable on a drawing board. However this time these 

points can quite easily be situated on-a mechanical extension to the 

drawing board as only the two fixed points are ever used and the extension 

can be by a thread and does not have to be rigid, as before. The previous 

method calls for a complete range of points, one for each direction in the 

horizontal plane of the space being depicted. In addition, proceeding as 

we do here it is possible to save space on the drawing board by suitable 

choice of the factor m, and to achieve the same results in considerably 

smaller space than Rule. 

Rule gives many practioal rules for getting a realistic effect in 

drawings, and these should be followed wherever possible. The comments 

on the appended set of stereo illustrations bring out many of the rules and 

the illustrations show he effect of working both'Illith and without them. 

A disadvantage of Rule's method is thiferrors in parallax are 

additive, and since these are far and away the most important errors in 

stereo illustration it is convenient to adopt a procedure which avoids 

this unfortunate feature. 
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Fig. 7.1 
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The equations of Chapter 4 may be-used to.calculate.the positions of 

key points in a diagram, which can be:plotted on graph paper to give the 

taster drawing. This is slower than purely geometrical methods, but 

errors.do not accummulate. Therefore the beat method of all is perhaps a 

combination of the two. Rule's method can be:suppleiented by adding a 

scale of parallaxes to the plan drawing — it will be remembered that all 

points at the same depth have the same parallax. These can either be 

listed on a numerical table or plotted on a graph with.an exaggerated 

scale. It is obviously best to standardise on a convenient set of 

parameters, and the rause s a 10 ft', wa *ins. and m = 5 can be 

recommended. 'The drawing for one eye can be constructed by the 

architects' method and*  Ruless extension of the method can be used to 

locate the main outlines of the drawing for. the second eyes  but to ensure 

the greatest possible accuracy the parallaxes should then be read off the 

scale, transferred to callipers and marked on the drawings. A scale of 

this kind, used for stereoanimation, is given in Fig. 8.3. 

Graph paper has inaccuracies which are obvious to the eye, and 

whilst it is quite satisfaotory for setting up X and Y coordinates it is 

unwise to use graph paper calibrations to measure parallaxes. The ideal 

instrument would be callipers with a calibrated vernier head, but such 

instruments are not readily amenable. The bead of a standard pair of 

callipers can be graduated so that accuracies of better than .01 in. can 

be obtained, and as subsequent errors in positioning points and lines on 

the drawing can scarcely be reduced below this it is probably sound 

enough practice to, work only to .01 in. on callipers, and if this is done 
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then they can be set with sufficient accuracy on a diagonal scale. 

Errors in parallax can always be made relatively smaller by 

increasing the size of the drawing. (In this connection it is, of course, 

immaterial whether the final pictures are to be projected or viewed with 

a stereoscope since it is the angle which the drawings subtend at the eye 

which matters.) However when animation is involved as well it is not 

practical to use very large drawings, since so many are needed and they 

have to be handled on the animation rostrum. Questions of cost and 

convenience of storing also limit the size. Therefore it is good practice 

to work with a field of something like 11 ins. x 8 ins. which is 

established as a standard size in ordinary animation. Two drawings like 

this, side by side, mean that the field to be photographed is 11 ins. x 

16 ins., and it is not convenient to work with anything much bigger. 

Rule is chiefly concerned. with black and white drawings, and his 

recommendations sometimes need modification if colour is used. For 

example it is not necessary to make the razor out which he recommends 

where two skew lines cross if the lines are of different colours; but 

this point and a number more are covered adequately by the accompanying,  

collection of still slides. As we often emphasise, the designer of stereo 

diagrams has to consider all the factors involved in the preparation of 

ordinary technical illustrations as well as the problems peculiar to 

stereoscopy. Depth perception depends on many simultaneous factors of 

which retinal disparity is only one, and non.stereoscopic factors on their 

own can give very clear indications of three dimensional relations. The 

accompanying illustrations use perspective, tapering lines and other 
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firmly established devices of the draughtsman's art to supplement the 

stereoscopy, and the slides show the effect of incorporating these other 

factors to varying extents. 

Two fUrther methods of drawing should be mentioned. The crystal 

lattice illustrations by von Misses and von Lane (3) show that excellent 

stereo illustrations can be made by parallel projection. This method ie 

obviously much easier than central projection as parallaxes are directly 

proportional to the distances of their associated points from the picture 

plane. It is so simple to adapt conventional methods of drawing by 

parallel projection that further explanation is unnecessary, also the 

techniques which we have described earlier are very easily modified for 

parallel projection. 

Parallel projection has the disadvantage that drawings based on it 

are necessarily deprived of the normal perspective clues, but in many 

technical fields parallel projection is a firmly established medium of 

communication, and in these it would be quite natural to construct stereo 

diagrams by the same technique. It is however a convention that parallel 

projection is suited for drawings of things which are 'small' (crystals, 

small pieces of wood or metal work) but not for things which are 'big' 

(architecture). If the convergence theory is assumed for stereocinemato-

graphy then the objects which concern us are 'big'; but many writers on 

stereoscopy consider that there are noiproper grounds for considering 

that a stereo picture has a definite size, and since our concern is in any 

case primarily with abstract OiRgrams there is no doubt that diagrams 

constructed by parallel projection would be perfectly adequate for many 
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purposes. This is especially true when the properties are affine; and 

we give elseWhere the general recommendation that stereo diagram films 

should be based on the affine group of transformations. 

The last drawing technique to consider is an extension of another 

established technique of the architect's office - the use of a specially 

constructed perspeotive grid, which functions rather as a set of three-

dimensional' coordinates transferred to the paper. Such grids are easily 

constructed using the principles which we have described and they could 

well be useful in a large programme of stereo work. 
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APPENDIX 

Notes on the accompanying stereo slides.  

The drawings for these slides were made on cellulose acetate. This 

enables crossing lines to be drawn on different sheets and avoids any 

tendency for colours to run at points of intersection, but it means that 

opaque colours must be used. The drawings were made on punched sheets 

for accurate registration, with a field size of 11 ins. x 8 ins. 

Some of these slides illustrate the use of some depth clues to the 

exclusion of others, and some are deliberately included as examples of 

mistakes to avoid, rather than as examples to follow. 

The slides in sets of three labelled 11, II and R (left, middle and 

right) have parallaxes in the ratio 1$2, and different combinations 

produce the same drawing with three different parallaxes. 

The slides were photographed on 35 mm Kodachrome on an Agfa 'Silette' 

camera, with a close-up lens attachment; and they are mounted in standard 

2" x 2" cover glasses. They may be projected on two standard projectors 

fitted with polaroid filters or inspected on the accompanying viewer. 

(The slides were not jigged when they were mounted, and may require a 

little fresh alignment each time.) 

General Conclusions. 

i) Although the parallaxes involved are very Small drawing 

techniques which lend themselves to animation if employed with care can 

produce satisfactory pictures. 

ii) Tapering lines, colour, blocking and perspective all increase 

the effectiveness of the diagram. 
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iii) Whilst relative parallaxes should be as correct as possible the 

absolute scale of parallaxes is not as important as the simple convergence 

theory indioates. It may therefore be wise to exaggerate parallaxes a 

little so that the errors which are inevitable on the drawing board are 

proportionately less. 

iv) The slides are equally acceptable when viewed on the accompanying 

viewer or by projection; the condition for good viewing being merely that 

the drawings subtend the correct angle at each eye. This depends on a, 

which may be varied when the slides are projected on a screen, but not 

when they are viewed on a viewer. However, the value is not critical. 

Detailed Commentary on the slides. 

In the notation of Chapter 4 these diagrams were constructed with a 

standard value of m = 5 but with varying values of so  the theoretical 

viewing distance in projection. A. projector with 100 mm lens requires a 

13 ft. throw to produce the theoretically correct viewing conditions. 

Some of the slides are described as "twin-pairs". These are pairs 

of slides taken from the same drawing, with one of the slides reflected 

right-left on. mounting. In this way a stereo picture of a symmetrical 

object can be produced with only one drawing. 

Set No.1. qerial Numbers 1/1 to 1/21. 

Shot on Kodachrome A. Photoflood lighting was not available and so 

this set is under exposed and not very suitable for projection, tut all 

the slides can be seen satisfactorily on the viewer. Unless otherwise 

stated a = 8 ft. 

j/1-2. Twin pair. Rectangular box. Green drawing ink on Ethulon. 
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Parallaxes calculated. Range on drawing board from 0 to -0.25 ins. 

1/3.4.  Twin pair. A set of circles on a cylinder normal to the screen. 

1/5-6.  Twin pair. Latitude circles on a sphere viewed along its axis. 

m = 5, s = 100 ins. Rose red and green drawing ink on Ethulon. 

Coordinates calculated and plotted on graph paper. Range of aprallaxes 

-0.14 ins. to +0.11 ins. This picture is confusing, and was expected to 

be so. The aspect is very unfavourable, and the red and green circles 

are liable to appear relatively displaced. (Some observers confirm this.) 

121:111.. L and R. HIP  erboloid of one sheet. Fifteen generators, twist of 

144 viewed down through the middle. Scarlet lines on Ethulon. This 

picture was later redrawn with tapering lines, and this increased its 

comprehensibility. 

119-10.  L and R. Ryperboloid of one sheet. Fifteen generators, twist of 

14 viewed obliquely, Parallas, range 0 to .0.25 ins. Cobalt blue ink 

on Ethulon. One line in this diagram looks very wrong. This does not 

appear to be a fault in the drawings, but the impression arises from the 

extremely oblique angle at which the line is seen. 

. A spare copy of 02. 
02-13-14.  L, M and R, spaced 2,1. Stellar Octangular (i.e. two inter-

locking tetrahedra). s = 10 ft. Scarlet, green and cobalt ink on 

Ethulon. A 'solid drawing' in a parallel projection. Parallax ranges 

from 0 to +0.15 ins. with X and R, and correspondingly greater with the 

other combinations. The theoretical parallax range is 0 to +0.16 ins., 

so X and R should give a piotUre which is very slightly flat, and others 

should appear considerably distorted. Rote the effect of the parallel 

projection. 
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1/15-16-17.  L, M-and R, spaced 112.. Desargues! Theorem in spate., 

Parallax range, .0.11 ins. to +0.15 ins., with L and It, ancicorrespon-, 

Airgly higher with the other pairs. Cerise and veridian ink on cellulose 

acetate. Thin lines, not tapered.' The combination of I and R: seems to 

give the best result. This configuration is invariant under projective 

transformations..: 

1/18-19.  L and R. Rectangular. box. s.= 6 ft. Drawn by Rule's method 

and traced in black ink on cellulose acetate. Parallax range 0 to 

+0.14,ina. No razor cuts where lines cross, Thin lines which did not 

taper. .A version with tapering lines appears later.. It is instructive 

to view these slides psdudOscopioally. 

00-21.  Twin pair. Rectangular box, 24" x 30" x 21". s = 8 ft. Cobalt 

blue ink on cellulose acetate. Parallax range 0 to -0.14 ins. The 

aspect is very poor in this diagram. 

Set No.2. Serial Numbers 2/1 to 2/21. 

Shot on Kodachrome A. Photoflood lighting. Weston meter II reading 

50.75. 1/5 second ataperturea,varying from 11.6:to f16, but mostly at f8. 

2/1-2-1.  Colour charts. 

L and R. NyperbOloid.of one sheet. A:redraan- version of 1/7.8. 

Parallaxes increased to a rangeof 0 to -0.30 ins. Cobalt blue on 

Ethulon with tapering lines. . Three of the lines at'the top left have 

. razor cuts at the crossings. The parallaxes are quite large, and the 

pictnre appears very deep. Even more taper couldlirofitably be used. 

L and R. Rectangular bor. 1/18.19 redrawnvithiapering. linesl 

which is definitely helpful. This tapering can be 'overcome' if the slides 
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are viewed pseudoscopicallY. 

218-9.  L and Rs Modification of the Desarguest configuration on 

05-16-17. Bigger cuts have been inserted where the lines cross. No 

tapering. 

1/10-11-12.  Ls  M and Rs  spaced 1i2. RYperboloid of one sheet seen from 

one side, slightly on the slant. Parallax range +0.062 ins. to -0.058 ins. 

on L and M. Trox green on cellulose acetate, with tapered lines. A,very 

effective diagram but close ammination reveals one line that is out of 

place. 

2/13-14-15.  Ls  X and R, spaced 1:2. The previous figure with the addition 

of extra lines intended to show the generation of the hyperboloid by two 

intersecting places. This is a complicated figure, and it would be 

clearer if it was redrawn with a more distinctive colour scheme. 

2/16-17.  L and R. 2/4-5 with the addition of extra lines. This diagraI 

shows that where lines of a different colour, or even of the same colour 

intersect the point of intersection should be marked in some way. The 

mere stereoscopic presentation of the two lines without some indication 

of the point of intersection is not in itself enough. 

2/18-19.  TWin pair. A redrawn version of some of the circles of 1/3-4. 

It is instructive to view these slides peaudosoopically, when the circles 

are located on a cone instead of a cylinder One of the circles is 

noticeably displaced because its parallaxes are inaccurate. 

2/20-21  Colour charts. 
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Stereoscopic Paintings by Ferman McLaren 

These three stereo paintings were made by Naaren in the late 1940s. 

and slidestakenfrom them are included here becauseof their great 

historical and artistic interest. The originals were paintings,- about: 

11" x 8"“hicb were viewed on a Brewster stereoscope. Seeing these 

paintings led Spottiewoode to invite McLaren to produce his two stereo 

fame for the stereo cinema at the Festival of Britain in 1951 (see 

Chapter 8) The methods employed in making them were largely empirical. 

These paintings have not been previously reproduced or published 

. anywhere, and I am indebted to Mr. McLaren for permission to include the 

reproductions here. 
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CHAPTER EIGHT  

STEREOSCOPIC ANIMATION  

The stereo system to be employed. Unless it is to involve a completely 

new range of equipment there is no doubt at all that a stereoscopic film 

projection system for academic use must be built round the i6 mm gauge 

which is standard in all educational institutions. This means that the 

only system which is readily adaptable to existing projection apparatus is 

the systeM developed by Bolex in Switzerland. The taking past can be 

fitted to the Bolex 1416 camera and consists of a lens, followed by a 

system of prisms; ultimately two images are recorded side by side on 

standard 16 mm film. For projection there is another twin lens assembly 

provided in a variety of mounts which will fit most 16 mm projectors. 

This is composed of two Petzval type lenses of 20 mm focal length with a 

working aperture of f 1.6. Their optical axes are set parallel and spaced 

5.6 mm apart. Two polarizing filters are set at 90°  to each other and 

both at 45°  to the horizontal, an orientation which is standard in cinema 

work. The film must be projected on to a metallized screen and viewed 

through polaroid spectacles. 

Since no live action photography is involved in this programme we are 

only concerned with the projection system, and the pairs of stereo drawings 

which have to be photographed can be taken aide by side on the Amonuttion 

rostrum with an ordinary animation camera used in the normal way. 

This system has proved extremely convenient, and it has been possible, 

for example, to send copies of a film to Berlin and to the U.S.A. and to 

have it projected with apparatus available there; and also to arrange 
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performances in various parts of Britain, the projection on some 

occasions being done bycperators with no previous experience of the system 

at all. Whilst other 16 mm systems of projection have been developed* 

they do not appear to, have any technical advantages over the one adopted, 

and in any case they are not generally available. There are reports from 

Russia of a stereo system in Leningrad for which the audience do not have 

to wear spectacles, and such systems have also been studied in the West, 

but no apparatus of this type is currently available in Britain. 

Apart from economy a one projector system has other advantages over 

a system using two. Synchronisation of the projectors is a problem when 

two films are used, and there is the possibility of relative movement 

between the two when taking, printing and projecting. Levonian has 

discussed the magnitudes of these errors in a commercial system in the 

U.S.A. (5) and on his figures the relative movement between the two films 

is much the worst at the camera stage, whichcauses an intermittent 

variation in the angular convergence of the eyes thirty times as great as 

that caused by irregular movement on projection. No measurements have 

been made on the steadiness of the gate of the animation camera employed 

for this programme - which was a Kodak Model A with special conversions -

but since the film passes through the gate of an animation camera at only 

one twenty-fourth of the speed involved in live action photography, and 

since the claws of the animation camera had been specially built up to do, 

as far as possible, the work of register pins there is every reason to 

suppose that the photography was steadier than that which Levonian 

measured - or at least no worse. The figure for intermittent variation in 

* See references in Chapter 2. 
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convergence which Levonian quotes, 0.00082 radians for each camera, 

corresponds to an error on the animation table with the present system of 

about 0.02 ins. Row it is not unreasonable to aim to produce drawings to 

this accuracy, so while the difficulties of working to the small 

parallaxes involved in stereo-animation have long been recognised it is 

possible that they have been exaggerated; and indeed it would seem that 

with care a draughtsman should be able to produce stereo-animation of 

abaut the same order of accuracy as live action atereophotograpby. 

In making this estimate we have in mind the stereo-animation of 

technical drawings*  as it is obviously a very different problem to animate*  

say, a cartoon animal which is to appear solid and not merely a cardboard 

figure located in a plane at a certain distance. Also, in cartoons the 

intermittent variations in convergence angles are variations in separate 

parts of the picture, whereas the variations mhich Levonian disaussed 

were variations over the entire field as a 'whole. Only experiment can 

decide whether or not the two cases are comparable. 

Since the Bolex system employs 16 mm film with two pictures side by 

side the resulting stereo picture should be compared for quality more with 

8 mm "flat" films than with 16 mm. In the present programme a screen size 

of 58 ins. wide and 50 ins. high was the standard, which corresponds to a 

projector throw of 17 feet. Since the axes of the two projection lenses 

are parallel, and since we have seen that the exact amount of overlap of 

two stereo pictures is not of major importance it follows that the exact 

distance of the projector from the screen and the correspoeiing size of 

picture is not critical. The same is certainly, not true for some other 
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systems, especially when live action is involved* 

All of this makes it very simple to arrange a theatre for projection 

by the present system. Polaroid filters out down the brightness of the 

available illuminations but even so the film Resonant Cavities has been 

shown to audiences of over one hundred. When the audience is as big as 

this the affine distortions at the back of the theatre are larger than is 

desirable, the films being designed for a viewing distance of 10 feet, but 

the system can certainly be used adequately with audiences of over fifty, 

and this is large enough for many academic purposes. 

It is a feature of the Rolex system that the soreen is narrower than 

it is high. Long association with cinema conventions makes this an 

unfamiliar format, but for technical illustration it is just as convenient 

as the customary film picture shape. It is a shape which is standard in 

technical books, and the accompanying Pig. 8dtaken from Gibson (2) giving 

the field of binocular vision is an argument that ordinary films should be 

made with a "horizontal" format and stereo films with a "vertical*. 

However the last point is academic when, as here the screen occupies only 

a comparatively small, central part of the total binocular field. 

The general techniques of stereosinthosis. The first three-dimensional 

cartoon films were three entertainment films which were made for showing 

at the stereo cinema at the Festival of Britain in 1951. They were Now is 

the Time and Around is Around by Norman McLaren, and The Owl and the  

puserat by Halas and Batchelor. MoLarents account (7) is the only 

available paper on the problems of stereo animation. Be summarises six 

basic techniquest— 
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i) use of stereo pairs of drawings, with parallaxes drawn in, 

ii) double punching of single cards or cells, 

iii) the use of movable cut-outs, 

iv) movements of the horizontal panner under the animation camera, 

v) horizontal panning or lens shifting in the optical printer, 

vi) frame stagger on horizontal action shots. 

vi) is the method often described as autostereoscopy (9),that is to 

say the same picture is presented to the right and left eye at different 

times. This has certain advantages as it enables a stereo picture to be 

produced from one ordinagr piece of photography. In this way, for example, 

a stereo picture has been produced from a film of a city photographed frog 

an airoraft . a technique which is just an extension of the method of 

producing stereo aerial reconnaissance pictures with a single camera. 

This type of stereo-photography is usually very 'rule of thumb', for in 
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entertainment work as long as the picture has depth it does not matter 

very much how accurately it is rendered. For serious work the method is 

very restricted, but we describe it a little more fully later in the 

chapter. 

Methods ii) to iv) depend in various ways on the principle that all 

objeoto in a frontal plane at a given distance from the observer carry the 

same parallax on the screen. They are based on the same principle as a 

drawing instrument consisting of a frame with a screw thread for lateral 

displacement which was invented by Rood as long ego as 1861 (8). These 

methods were the main ones employed-in the three films named above, and 

none of these films employed method i). But for, serious mathematical work 

i) is almost the only method which can be employed at all systematically, 

and the future of scientific and mathematical stereo illustration depends 

upon its development. Methods ii) to iv) produce a type of stereo picture 

which may be described as finultiplanet* rather than as truly stereoscopic. 

The picture has no gradation in depth, but consists of a series'of stage 

flats It is possible to vary the depth of any given plane containing 

some of the action, but this is very different from building up a picture 

in which there are continuous variations in depth all the time. These 

multiplane methods have a restricted application to technical illustration 

but they are only of minor importance, not being anything like flexible 

enough to give the range of depth variation that is required for even the 

simplest stereo films which are likely to be of mathematical interest. 

*FOOTNOTE. The use Of the Imaltiplanef to describe certain animation 

'techniques employed by Disney is quite a different matter, as that multi-

plane technique is not for stereoscopic films at all. 
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The mainstay of technical illustration must be the production of stereo 

pairs with the parallaxes drawn in - the problei that was not tackled in 

the films, for the 1951 exhibition. 

Thotie films all used two films and two projectors. Now is the Time  

was made withantroutifigares on an animation field of 10" x 14". The • 

range of•parallaxes corresponded to dietanoes from infinity to half-screen 

distance. Ibe technique of varying the parallaxes of a single drawing at 

the printing,stage was also used, the operator varying the parallax,"in 

sympathy with the linear perspective of the flat drawing"(3). 

Around is Around used parallaxes produced by double punching of the 

location holes on art work. The scene for each eye was shot separately. 

Frame stagger-was also used, and with especially striking effect on 

Lissajou figures photographed from an oscilloscope. Special techniques 

were necessary in order to get a steady controlled picture. Frame stagger 

is a particularly good method of produoing abstract designs since 

synchronisation of the projectors is a problem, and if the synchronisation 

slips:it does not matter in this type of work as it merely produces another 

abstract diagram with a different gamut of parallaxes. 

Hales and BatohelorIslhe Owl andlho 7ussyoat* was a drawn, multi- 

plane cartoon, achieving its parallaxee by similar methods to McLaren. 

The parallaxes were calculated by Spottiswoode, and were worked out to 

0.001 in, in some cases and 0.01 in. in others. Independently the author 

found it advisable to work in a similar way on the present programme which 

*FOOTNOTE. An attempt was made to borrow The Owl and the Pussycat to 

accompany the premier performance of Resonant Cavities in London in 1958; 

but unfortunately no prints were available by then, 
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is on a rather different scale, since here m = 5 whereas Spottiswoode 

worked for a much bigger theatre with am:- 25, 'This agreement on the 

degree of accuracy required in spite, of the many differences between the 

two systems indioates strongly that:fhture work Shoal:Lb. standardised 
' t 

around accuracies orthie order. 0.001 in4  is attainable Mechanically on 

the'drawing board, and 0,01 in. can be attempted when drawing by hand. 

Suggested strawpam technic:use.  The cinemaphotography for-the present 

progranme was done on a Kodak Yodel A camera, espedially modified by the 

addition of a 180°fading shutter and an 8s1 gear with an electrically 

operated clutch. The apparatus is capable of taking one picture per 

second with a half second exposure, either single shot or continuously, 

forwarde or backwards. It is mounted on a rostrum providing a vertical, 

movement of three or four feet, with two 71.11/Arg bars on the animation 

table which give independent horizontal movements calibrated to 0.001 in» 

For stereo animation the do pictures are placed on the rostrum side 

by side. Each picture is approximately 7.6 ins. wide by 10 ins, high. 

After some preliminary experiments the spacing for congruent points was 

fixed at 10.7 ins. When this spacing had been standardised the peg bars 

on the Animation table were fixed at this distance, the layout being shown 

in Fig, 8.2. Note that the drawing for the Airat eye has to be photo= 

graphed on.theleit because the film is inverted as it passes through the 

projector. The full field size of the camera under these conditions is 

approximately 14" x 19", so it can be seen that the system is rather 

inefficient in that only about 60 of the available area on the film is 

used to record the two pictures of the stereo pair. (This inefficiency is 
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inherent in in the optical system, and is not due merely to the way in which 

it is used here.) 

This standardised field size is adequate for a wide range of work, 

and it would be a simple matter to fit the peg bars to panning bars so 

that the spacing could be varied if it was desired to work with varying 

field sizes. This is not really necessary because in stereo work the 

difficulty of drawing parallaxes accurately rules out using very. small 

fields, and since a double field is in use all the time the camera has to 

be high on its stand (which does not make for convenience in operation) 

so there is very little room for variation in either direction. Also the 

technique of tracking (or zooming) which is a normal part of Matt 

cinematography is quite unsuited to stereo as it introduces a variety of 

distortions simultaneously. 

The drawing board carried only one peg bar, as it is not necessary to 
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have the drawings aide by aide at this stage. The general drawing 

procedure was to prepare a master drawing using the modifications to 

Rule's techniques described in Chapter 7* This master drawing carried the 

static backgraands for both pictures and the positions of a certain number 

of,animation cells. The number used was usually one:in eight or .one in 

four. conforming to standard.animation practide the remainimg cella were 

interpolated by repeated bisection; i.e. after preparing numbers .0, 4, 8 

etc. these were used to draw, numbers 2, 6, 10 etc., and these were then 

used to construct 1, 3, 5 etc„, 

In order to maintain close control over the parallaxes these were 

read off a depth'scale beside the plan drawing (Pig.8.3), and repeated 

Checks were, tade with callipers,. the screwhead of which had been 

calibrated to 0.01 in. And 'old& could be read to one quarter or:one fifth 

of a diVision. The drawing accuracy was not as great as this, the 

limitation-being 'on the location of the nib of the pen to coincide with 

the calliper reading. Relative accuracy can be increased if the scale of 

the parallaxes as a whole is magnified. We give elsewhere evidence that 

this procedure does not result in distortions as serious as might be 

supposed, and in situations where the: information to be conveyed is not 

primarily metrical some artificial increases in parallax are easily 

tolerated, and they maybe increased by as much as 50$ above their 

theoretical values. However where it is important to render metrical 

values as accurately as possible they should not be increased by as much 

as this. In these cases a 10 or 20% increase might oompensat4 for the 

observer's tendency to see a stereo picture slightly flattened and produce 

• 
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a result a little better than the theoretically correct parallaxes. Only 

a statistical survey could decide this point conclusively. 

The drawings were prepared on 0,003 in. cellulose acetate, and the 

finished drawings were checked for smoothness by superimposing the action 

for each eye separately on the peg bar. They were also checked for 

correct parallaxes by comparing each pair of corresponding drawings on 

the peg bar. This two-way check is essential for good stereo animation, 

and it is this stage which is mach more tedioas than ordinary, monocular 

animation; because if an error is detected and corrected empirically it 

may then be found that the cell no longer runs smoothly on the other 

check. This means that a simple error may not be redeemed by a simple 

correction but it may trigger off a chain of empirical adjustments on 

neighbouring cells, Careful checking at this stage is most important, and 

the final quality of the animation depends on it more than anything else. 

The effect of errors is discussed elsewhere, but this is a convenient 

place at which to tabulate the various parameters involved in the overall 

communication system, drawing board - camera - projeotor - screen -

observer. It is noticeable that there is a close parallel between the 

smallest movements producible on the animation rostrum and the maximum 

binocular acuity of trained observers, between the normal accuracy to 

which a draughtsman can work and the resolving power of the eye, and 

between random errors in animation and in the projection system and the 

saccadic flicks which area feature of normal vision. (See the appended 

table.) 



Drawing board.  Projection system 	s=10 ft.)  Ees 

.001 in. calibrations on 
animation rostrum 
panni ng  bare 

41 in. draughtsman's 
accuracy 

X2'in. approx. line width 

.005 in. on screen . 9" approx. 

.033 ins.. 11  approx. • 

.05 ins. total parallax for object 
22 ins. in front of screen 

2' intermittent variations in 
convergence in a two projector 
stereo system (5) 

5' approx. line widths on screen 

6' steady errors of horizontal 
registration in a two projector 
stereo system (5) 

2" max. binocular acuity of trained 
observers (4) 

5" - 15" horizontal fine tremor (1) 
20" practical limits of binocular acuity 

40" diem. of foveal cones 

45" vertical fine tremor (1) 
1' max. resolving power (3) 

2' standard deviation of convergence (4) 

3' 14' saccadic: flioks (6) 

_25' horizontal width of Panom's fusion 
areas 

.25 in. total parallax at 
distance 2s 

2.1 ins. = 1°  approx.  1°  diameter of fovea 
.5 in. total parallax at is 
7.6 ins. width of drawings 

10 ins. height of drawings 
15°  width of screen 

20°  height of screen 

Comparative table of parameters  
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Model techniques. It would be possible to produce technical stereo-

animation by photographing models. (The movement would then be 'synthetic' 

but the atereopsis would not.) It would take us too far from the present 

line of enquiry to discuss these methods, we merely observe that they do 

not seem ever to have been attempted. The technique would be extremely 

laborious, more like the techniques of puppet animation than anything 

else, but with their aid it might be possible to achieve effects which 

would be impossible by drawing alone. For example, moving planes which 

both reveal their position by texture or by surface reflection and which 

are also transparent so that objects behind them are visible are 

impossible to animate by drawing, but they might be possible to model. 

They are needed to produce effective diagrams of some situations in three-

dimensional projective geometry, differential geometry, stellations of 

regular solids and the like. 

Aatostereoscooy. We now consider more fully the production of depth 

effects by using only one series of drawings and presenting them to the 

two eyes with a difference in phase. Consider a set of drawings in which 

a point moves in a horizontal line, and let its x coordinate in frame n 

be fe  Now suppose that frame n is presented to the left eye at the same 

time as frame n+r is presented to the right eye. In the notation of 

Chapter 4 

i(rn+r + 1.) 
4n IT 	n+r rn) 
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vit f n+r rd  
2w  - urn. 	.g711 

--rn)  

2w - Sin+r +  Tn  

This means that using the methods of drawing previously described a point 

can be made to describe an arbitrary curve z = f(x), y = constant, by 

a construction of the type shown in Fig.8.4. The diagram, which is for 

the case r = 1, is self-explanatory. 

zn  



114 

This type of animation is only of very limited use in technical 

illustration as it can only be used for points which are moving 

horizontally (or for points whose vertical movement is very small) and 

there is no simultaneous control over depth and speed. Once the phase 

difference has been decided there is no further control of the speed at 

which the point moves along its locus. The algebraic expression for 

the speed of movement is too complicated to be of value, but to the 

first order the angular displacement of the point from frame to frame, 

as seen by the observer, is 2weis(s.+ z). 
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CHAPTER NINE 

THE FILM "RESONANT CAVITIES"  

In this chapter we give the mathematics involved in the design of 

the stereoscopic film Resonant Cavities. This film, showing the Hum, 

E111 and  H111 modes of oscillation in a rectangular resonant cavity is 

the first animated stereoscopic,  diagram to be made by the techniques 

described. It is a six minute, colour film on 16 mm, consisting of three 

two minute sections each containing a steadily repeating cycle of the 

oscillation concerned. This arrangement was used so that the time spent 

on animation could be reduced by shooting a few repeated cycles and 

printing duplicates from them after they had been cemented into closed 

loops. The preparation of a film with the usual cinematic devices of 

continuity would have been more expensive and the gain would have been 

small. 

The lines of electric force in the cavity are shown in red and the 

magnetic lines in green. The cavity itself, a rectangular box in. shape, 

is shown in white, the whole diagram being against a black background. 

This is especially convenient for technical diagrams in stereo as it 

avoids, edge effects where there is only one image, a feature which can 

cause difficulties in live action stereo. 

A line of force in an electric or magnetic field is a line such that 

the tangent at every point is in the direction of the electric (or 

magnetic) vector. If lines are drawn through every point of a small 

Closed curve they lie on a tubular surface called a tube of force. The 

customary convention is that when suitable units are chosen unit tubes of 
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force terminate on unit charges, and the density of the tubes of force 

measures the intensity of the electric field. When diagrams are drawn 

there are two possibilities. /f the diagram is only being used to give a 

qualitative picture it is sufficient to draw :a few representative lines 

of force; but if a quantitatively accurate diagram is required the tubes 

must be spaced correctly, and then it is usually convenient to represent 

tubes by lines along their axes. The term 'line* will be understood in 

this sense from now on. The correct spacing of the lines when the 

diagrams move involves many considerations which the standard works on 

electromagnetic theory do not discuss. Tubes of force are a convenient 

fiction and one can easily speak of a fractional number of tubes; but 

one can only use an integral number of lines in a diagram, and so it is 

not always possible to construct diagrams which are quantitatively accurate. 

Even when the number of tubes of force is integral it is not always 

possible to draw a diagram shaving them in a satisfactory manner. 

Consider, for example, the tubes of force which leave a charged sphere. 

The numbers of lines which can be drawn radiating equally in all directions 

from . a sphere are bound up with the point symmetry groups in three. 

dimensional space. Therefore even in the simplest cases the design of 

line of force diagrams vhich are as accurate as possible is difficult, and 

involves mathematical considerations far beyond the purely electrical 

phenomena which they illustrate. If the diagram has to move, and if we 

wish the correct quantitative relationships to be maintained througbout 

the movement the questions are even more complicated. 

For these reasons the design of animated diagrams of even such a 
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standard topic as cavity resonators demands a considerable amount of quite 

fresh mathematical investigation. We give below the calculations which 

were necessary to design the film Resonant Cavities, giving the 

calculations in a general form so that it would be possible to produce 

versions of these diagrams containing larger umbers of lines if one 

wished to do so. 

Jane of Force Illustrations of Rectangular Electro-ReAnztic Resonators  

Notation. Throughout we omit the factor 4, as is customary, and we 

write sa/a . As  ay/`b 	,cz/l 	, and wt r 

The standard forms of equations for E and H waves are (1)1. 

.E waves 

sin m0 sin nsi cos vY• 

E 	= war • :a 	cos mo sin ni sin v(ii- 

Y 	b • sin mQ cos Di sin vy- nx 

. 0 

ux 	sin inG cos ni cos VI- 

4.4. 
1.1Y = - ea •a cos mG 

sin.4 cos vyv 

where 	f 
2x ;3nv 

ems 2  
a } 	b • 

The only modes we need to consider are E110,  which is H101  reoriented, 

and 
E 1116 
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waves 

  

 

Hz •• cos mA cos nsi sin yip 

Hz •• -7' a  al sin mo cos n( cos v* 

Ey III 	•-1  COS ma sin 24 oos 
b  

E = 0 

Ex  • = 7; • b  z_z cos mg sin ni sin vq• 

Ey a2 

	

	—g— • a  sin niG 
cos ni sin. vtt,  

k c  

(9.2) 

The only modes we need consider are Hum  and H111. 

All of the above equations can be multiplied by an arbitrary 

amplitude factor 	The E and H components can be multiplied by 

separaie amplitude factors 13 and 444  since this amounts to choosing the 

ratio Egli to suit our convenience. 

Note that all lines have the same profile when viewed in the 24 y 

or z directions, since Hztg is independent of z, etc. 

The form of the E tod. H lines  

E waves 	E lines 

dx 	 dTY  vs 
00S MO sin nst 	n  sin mo cos rift 

(cos moll2/62  
(co, 24)1)2/n2 

const. 

  

dz  (9.3 

   

cosny  	fl Sill vy• k2  bl 
sin nod cos 10* 



b2 
(cos nip.  + (cos %COS V 

a2/m2 
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= const. (943 cont.) 

(assuming m fi 0 and. n 0, which is so in the oases which concern us.) 

H *nes  

da d3f 

  

. 

	

lisin m0 cos nO 	It cos m0 sin nn 

	

sin m0 sin nit 	const. 	(9.4) 

z Q  oonst. 

Lana E lines 

cos m0 cos n 	const. 

=mot. 

R lines  

m0r2/212  
111 

wob2/n2  

(9.5) 

(9.6) 
a2 b2 

(sin mar n  (sin v y.)
b2/C!  

(assuming that m )i 0 and n 0). 

0011St • 

We are also concerned with the case n 0; and the solution then, which 

is not given by the equations. above, is y waist., sin m0 sin v 	const, 

Currents in Walla  

The surface current density, g, is perpendicular to the tangential 

magnetic field, and is of a magnitude given by 

;an •" 0 K. 
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The scalar multiplier depends on the system of units employed, which for 

our purpose is irrelevant, and we later drop this factor. 

E Waves 

The wall currents all flow parallel to the axis of the waveguide, 

and behave correspondingly in a resonator. 

On the wills 

 

0 Jy  

Jx  

Jy  

Jz  

Jz  

HY 

ge rA 

z 

These equations become 

 

Jx  

 

x = 0 Jy 	J 	-. . 	.J11.!,Brx sin ni cos V,- 
kg() a 

Jx  es 0 
o 

.21% b sin mQ cos 10.(9.7) 
k2   

.1 0 	s 
k4o  JAL 

b
Et sin mm coo ni 

 

• rijii cos meo sin ni a 

 

In x = 0 and x • a the flow lineti are y a:const., 

y = 0 and y == b the flow lines are x • comet., 

z 0 0 and z . 1' the flow lines are as glinee, see above. 

Itwaves  

x=0 JY  - cos.  nsi sin vy- 

.cos mQ sin vq  

.11% . vit sin 	oos v4
b  

Jz  ms .4.0.12E6in mQ cos v1-.(9,8) k a  

z 	0 	J t 
 .92E.YE3in no cos 4 „Tx  - 1* 	i. • cos na sin li l  a 1 
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The surface charge density is c-= En„ 

It is a useful convention, When necessary, to draw planes at x = 

y a b, and z =1 and to imagine a magnetic charge on these fictitious 

boundaries, Then, always working on the side of the plane nearest the 

origin, the magnetic) charge density is 1)=. H. 

Also tpcupetic cuyrenIte,  are given by a set of equations like the 

above, but will all the signs reversed, 

Henceforth we multiply the E and H vectors by arbitrary coefficients 

A and 3, which we later choose in order to give a suitable scale to the 

diagram. 

• The Design of the Diagram for Elm  

The diagraM is constructed with the particular Values a a 24 ins, 

b a 30 ins. and 1 = 18 ins. 

The equations needed for this particular case still omitting the. 

factor eiwt, are 

HZ a Al cos Q sin+ 

Hx  = -Aa sin 9 cos`' 

Hy  = 0 

Ss  

 

 

sin 9 sin* 

The electric currents in the plane y a 0 are 

.Tx  = Al cos 9 sin* 	Jis  a Aa sin 0 cos 

The electric charge density in the plane y'. 0 is .43 sin 9 sinif • 
In'the plane y a 0 the electric charges flaw:along the lines 

(cos 012  

(cos 0)a
z " 

See Eig.9.1 

oonat. 	 (9.9) 
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The magnetio charge density in the planes 

x = is. 	is 	Aa 0089. 

aad 	 is • -O. 	is 	-41 cos 0. 

The magnetic currents are, in the planes 

-iB sin+ 

Ex  = 	ein 0. 

The magnetic charges flow along the lines y = collet. in each case. 

The E lines have equations x = const. and a = const. 

The E lines have equations y = coast. and sin 0 sing- = const. 

See Fig. 9.2. 

The Flow of Electric Charges in the case H ot. 

The lines of electric, force are all parallel 

terminate on charges in the planes y is 0 and y 

space the lines in such a way that throughout the 

quantitative picture of the field strength inside 

charge distribution on thi , and inns. 

to they axis, and they 

= b. The problem is to 

cycle they give a 

the resonator and the 

X. =a 

 

 

A 	Z ir 0 
Fig. 9.3. 
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The instantaneous current density =oss the edge z • 0 at the 

point xis 

z  •  a sin 9 cos 

and the instantaneous total flux across the Segment AP of this line, which 

is obtained by integrating with respect to x is 

1'(1 cos 0) coat' 

Similar relations hold along AD. 

The instantaneous current densities across z = 0 and x - 0 are in 

the ratio ad, and the total currents over any interval of time are in the 

ratio a2,12. Therefore to give a reasonable quantitative picture one 

should divide the lines up into qa and qi segments and let ra and ri lines 

°roes each segment in the course of each quarter cycle. (q and r are 

integers, and the choice of them determines how many lines are to be shown 

in the diagram.) 

The line AB must be divided into qa segments across which the flux is 

equal, and the ra charges which (moss each segment fellow a track through 

the corresponding centre of current density. That is to say the charges 

cross. AB at points given by 

1 . me 0 	
cta 
	p odd, 0 4 p <2qa, 

cos 0 • 1 

The instantaneous inatantaneous current is proportional to cosr, so that the 

total flux since the beginning of a vole is proportional to sin ,7  . 
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The ra charges have to be introduced with the correct phase angles. 

,To achieve this a quarter cycle must be divided up into ra divisions and 

the lines introduced after charges it 	2i etc. have flowed across the 

segment in question. This means that the lines appear at intervals given 

by 

sin 	
▪ 2r- a 
	p odd, 	p< 2r. 

The total number of charges crossing AB in each quarter cycle is now 

qra2  and the total number of lines of force which appear in the diagram 

is 2qr(a2  + 12). Therefore to prodUce a diagram with enough on it to be 

'interesting' which is at the same time quantitatively accurate by our 

present criteria it would be reasonable to work with, for example, 

a m 3, 	1 m 2, 	qmrm 1. 

This would give a diagram with 26 vertical lines all of which move at 

varying depths. The preparation of a diagram with as many lines as this 

is clearly very tedious, so it seemed better at this early stage of 

development to produce a diagram with fewer lines which gave a reasonable 

qualitative picture withoUt aspiring to strictly quantitative accuracy. 

But to illustrate the principles involved we continua the general 

discussion. 

With the above values of a1 	q and r the division along the line 

AB are at the points given by 

cosPL * 1 p 3, 5 

0 . 48°12', 90°, 131648t, 
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and the charges appear with phase angles given by 

sin 	 P- 1. 3, 5 

' 9°36', 30°, 56°26% 

The division along AD are at points given by 

008 
	

1 - 

4 	60°, 1206, 

and the charges appear with phase angles, given by 

sin r 

14°3014 48°36'. 

This is shown in the accompanying diagram. 

A 
Pig. 9.4. 



129 

koonvenient scheme would be to animate using a 19 frame quarter-

cycle, varying -r by-steps of 5°. This would give a fall oyole of 76. 

frames which would last *seconds at the normal silent projection rate 

of 16 frames per second. ,But the diagram we envisage does not discriminate 

between positive and negative charges, so to the eye it would appear to 

recur after half this time. If a slower oscillation was required it 

would be convenient to 

following schedules. 

phase angle 

vary r by steps of 3°. 

Number of lines 

5°  steps lead to the 

Numb(); of frames in picture 

0 0 2 

9°361  6 1 

14°301  10 4 

300  16 3 

48°36' 20 1 

56°26' 26 8 

90 

19 

Before the analysis of the N-lines is complete two further problems 

have to be sonsideredi 

i) whilst the tracks which the charges follow throughout the cycle 

are known we do not yet know where each charge is an its track at any 

particular time, 

ii) we do not know how far in towards the centre of the face the 

charges move. That is, we do not know their positions at the time 'est 2. 
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The:answer to.i).is required in order to produce the drawings for 

the .successive frames of the•filmsv  and the answer to ii) is required to 

settle, an:artistic point Of the design. ,,The oscillations have to be 

given a suitable amplitude, So that the movement.of the lines covers.a- • 

reasonable range. 

The mathematical answers to. both of these questions can be derived 

• from the equations 

dt ... Al cos 0 sin ti° cost' 

(9.10) 
d Aa sin 0 cos 4 cos r 

which come from equations 9.8. 

Confining attention'to the lines of flow which commence on the 

segment AB we also have from equation 9.9 

(cos 0a2  = loos y-)4a  x oonst. 

where the constant is easily seen to be (cos 4)0 where 00  is the abscissa 

of the point on AB at which the line of flow commences. TheSe equations 

can be solved in. the Sense that they eanhe reduced to integrals;, but the 

integrals do not seem to be expressible explia3 tiy, and in any case they 

are too complicated tOso of *treryituoh. value in numerical computation. 

For film purposes as good a procedure as any is to use the equations to 

give approximate finite differences between one frame and the next. A 

filmi6 in any case a succession of discrete pictures and a finite 

difference method is always very Jonah in the spirit of film animation. 

It is easy to solve the equations explicitly for the particular lines 

at Flow. for which x =is, or a mil; and this solution is sufficient to 
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settle the design question implicit in problem ii). 

When x 
2 
	sea 	ds • Aa cos 	dt 

so 	1 log tan(-t 3) 	
A 

+ 	a A sinx-.  + count.' 
-. 	2  

The value of the constant is such that z is 0 when the charge appears, 

solie,may write 

tan (4. + 14)a expidle (sin t 

has its maximum value when r's• 	so 

Tiff (1  - sin t0)7 

The value of J9.mac  far the' charge awed* along the line z ail is 

given by a similar expression, with a and 1 interchanged; but direct 

comparison of the two is complicated by the fact that the values of to  

are. not the. same in the two oust,. Numerical work is greatly assisted by 

drawing the graph. of 0, and I (rig.946)• for the relation tan (1 + 4 ) mi.exp K. 

Using the particular values of parameters Chosen earlier. V- is given 

with sin 	and 	with sin 1760.*. •14 have 

tan (tir + 

an  (2.12i + 2 4 
As' 

OXD • 

A suitable value for A may be decided by using the graph. w is also 

involved in the equations and no numerical value'has been assigned to it yet; 
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but choice of a numerical value for to is linked with the time scale we 

choose to adopt. We have fixed the number of frames which a complete 

cycle will take and if we adopt one frame as the unit of time then a value 

of w is automatically decided; but one may prefer to leave the time scale 

arbitrary at this stage and to choose the units elsewhere. 

When the constants to be used have been decided equations 9.10 when 

put into the form 

g'x 	Al 000 0 sin q- cost Ct 

E s Oa Aa sin 0 cos Y- cos "r Ft 

enable the positions of.the lines in successive frames to be calculated, 

This is a convenient time at which to normalise the time males 

taking Ct - 1, the interval between frames. Fig. 9.6 shows how 9 

and tp 	are connected for Charges appearing at the same epoch (i.e. 

r theAszie value of re), and it may also be useful when the above 

design questions are being settled. 

It may be ObaerVed that the original set of equations (1) involved 

four physical constants. The velocity of light, co  and the electric and 

magnetic constants of the dielectric tend p occur in the equations, and 

we are free to introduce an arbitrary multiplying factor for the 

amplitude. In the design of the film there are four corresponding 

decisions. There are ohoiceo of q# r, A and the time scale. 

The Mow of Magnetic Charges in the ease 141: 

We have explained earlier that it is convenient to imagine partitions 
. 	. 

introduced at the planes x 	y avib, z m, i1 and to imagine 
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fictitious 'magnetic currents' in these partitions. The magnetic lines of 

force are related to these currents just as the electric lines of force 

are related to the electric currents in the boundary walls in the previous 

section. (There is actually a difference in sign, but this does not 

concern us as this sign is not going to be shown in the final diagram.) 

Pig. 9,7 shows the plane . ,;x 

Denoting the compo 	of magnetic suavest by ity and Is  we  bare 

B sin Bin 

The instantaneous current across PQ, is 8 sine . 

As before we now divide PQ into q segments and let r magnetic 
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charges flow across each segment in eadh.quarter cycle. The magnetic 

charges move along equally spaced lines parallel to DE, with. coordinates 

2q 
	p odd, 0 < p < 2q, 

and they emerge from PQ at times given by 

cos 17 m 2- 2r 
p odd, 0 < p < 2r. 

The charge density is equal t Ri, so integrating with respect to ra the 

instantaneous total charge in the region PQES is qr sin cf cosir , and 

we require the values of for which this is i qr, i.e. 

sin IF 008T 

secs 	p odd, 0 4 p c 2r. 

Similar considerations apply in the plane $ sig 11. The magnetic lines 

are plane curves, approximately elliptical in shape which join the 

magnetic chargeti in the planes x 	and s mil. The amplitude of 

the oseillatiwand the position of particular charges at particular 

times may be discussed as the'similar questions were discussed for the 

electric lines earlier, but the discussion is a little simpler this time 

because the lines along which the (shame flow are straight. 

The above treatment is sufficiently detailed to show bow the 

necessary data can be calculatedlo'draw diagrams of any required degree 

of accuracy. The number of lines needed in this theoretical treatment 

is rather too large to be practidally convenient in drawing, so a slightly 

simplified version was adopted in order to make the film. Nevertheless 

when stereo diagrams are projected the lines do really appear "more 
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spread out"; and so when technical diagrams are designed it is advisable 

to include more elements than one might include in correpponding "flat". 

diagrams. 

Practical Details of Construction for the Hom Diagram  

The scene was designed inside a rectangular box with dimensions 

a = 24", b = 30", 1 mg 18". (These dimensions refer to the size of the 

figure in space, as.finany projeeted, and not to dimensions on the 

drawing board.) Six electric lines were used and two magnetic lines. 

The time scale was moved in steps of 5°, which meant that 19 sets of 

drawings had to be prepared for a soiplite quarter=cycle. 

The calculations showed that there was a rather quick movement as the 

Jr-lines appeared and disappeared., so lo-ease the animations, slight 

empirical adjustment was made to. the movement at this'point. 

Practical Details of Construction for the Elm Diagram 

y re=orienting the,diagram by.  interchanging the y and z axes, and 

by altering the length b to 22k" it :was possible to use the drawings 

already prepared for the H.linei of the fri 01  mode again. The E lines had 

to be Calculated according to:the principles already given, and they 

preeented extra difficulties as in this Mode of oscillation they are 

twisted curves moving in space. 

Practical Details of Construction of the H.141 Diagram  

It is possible to derive the diagrem for this mode of oscillation 

from the diagram for the Hifi mode by interchanging the E and H lines and 

translating by is in each direction in space. This meant that a lot of 
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the previous calculations and drawings could have been used again, but 

there was the disadvantage that if this plan had been carried out to the 

last detail there would not have been enough H lines in this diagram for 

it to have been very informative, therefore some additional &lines were 

calculated, 

The diagram,was constructed using the box that had previously been 

used for the H101  diagram. 

When preparing drawings in perspective a translation is not as simple 

a matter as it might appear, because translation alters all the details of 

perspective. Therefore whilst it was possible to use some of the material 

over again a lot of quite fresh drawing was necessary as well. 

The film was shot on liodachrOme * stock with Photoflood illumination. 

Three cycles of animation (hatt,cycles of the eleptro.magnetic 

oscillation) were shot in each cage and lengths of them subsequently 

printed off. The title were shot sepaiat44,-  Yn, the printing the .green, 
which was a good colour in the original, was washed out to a near-whites 

but this was only a minor defect. Colour materials which have more 

recently becomeemailable should avoid any repetition of this. 

yerformanosnof the f 	The film #esonent cavitiep  has either been seen 

by:representatives of the following organisations or been shOwn to 

audiences at the institutions!. 

Scientific Film Association 

Shell Film Vat 

G.E.C..Research Laboratories 

The Royal Society 
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The National Academy of Sciences and the National Research 
Counoil, U.S.A. 

Deutsohes Zentralinstitut fur Lehrmittel, East Berlin, East 
Germany 

University College of Northltaffordshire 

Oxford University 

Various technical colleges. 

Bleotrioal engineers and -matheiaticians have agreettthat the film 

accomplishes what it sets out to do'and that it gives a fresh under-. 

standing of the principles which it illustrates. The nature of this 

'understanding' is (almost by definition) difficult to convey in words; 

bUt it is common -experience:that the pluely verbal treatment of many parts 

of mathenatics, or the'treatmentby algebraic symbols alone, leaves a gap 

whioh remains to be filled. And that when words have reached their limit 

comprehension may be.enhanoed4  often in a Vivid way, by some other means 

of communication which appeals more direotli to theAmaginations Klein, 

Hilbert and Polya, to name but three prominent mathematicians, have held 

this view and described it graphically, 

The film has also been seen by experienced professional animators . 

whci have-commented favoUrably on the' quality'of the animation., and agreed 

that it is Certainly as Smooth as conventional non-stereo animation done 

by similar drawing techniques. 

The road. is. open for the wider use of stereo films for technical 

instruction and for the docuientation of pure and applied mathematics but 

for the nchicken.and.eggn,situation which hinders further development. 

Showing such films requires special equipment. Pew people have the 
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equipment beoause there are so few films to show, and it is hardly worth 

-making more films when there are so few facilities for showing them, A 

similar situation operates with the art films of Norman McLaren. 

Encouraged by the success of his films for the Festival of Britain 

MoLaren would like to make more; but the very few outlets for such work 

:makes it scarcely practical to 'devote time to it which could be spent on 

other work, with an importance of its own, which it is certain will be 

widely used. 

Some of the showings of Resonant Cavities listed above were arranged 

by projectionists with nc► previous =mimic* of stereoscopy, and 

audiences of nearly one hundred were accommodated. The system is by no 

means ideal ,for audiences as large as this, but the technique is 

sufficiently well developed to be used with Comparative ease with academic 

audiences of a reasonable vise. Were there more films of this type to 

enable a programme of some length•to'be. shown then it seems quite certain 

that they would be well used,► 

REFERENCES 

B.R.L. Lamont. Wave Guides, Methuen. 
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CE PIER TER  

MANIC EXPERIKIENTS  

WERIMENT "JURPRR"  

Swzmary. The success of the film Resonant Cavities raises the question, 

"Since the inevitable errors in the animation were of a size which is 

easily noticed in static diagrams why did they not lead to disturbing 

fluctuations in depth?". To investigate this further a special stereo 

film was made, showing three vertical white lines against a black 

background. These lines were in the plane of the screen, but the central 

line was given small displacements forward or back for one or two frames 

to simulate the errors which can arise through inaccuracies in drawing. 

Observers were asked to report on these "jumps", with results that 

were completely negative. Jumps of this order of magnitude are often 

lost in the random motions of the picture due to irregularities of the 

positioning of the film in the gate of the camera and the projector, and 

even when the jumps on the piotures for the right and left eyes were 

clearly visible separately they were not visible when viewed 

stereoscopically. 

In other words, one frame is too short "a time for slight errors in 

drawing to produce the serious errors in depth which application to the 

simple convergence theory predicts. This may seem a little surprising 

in View of the observations of a number of workers of flash stereoscopy, 

but the viewing oonditionsareby no means identical and this failure to 

observe sudden jumps is in a000rd with Levoniants measurements on live 

action stereo-cinematography (reviewed in Chapter 8) (6), with:recent 
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work by Julesz (3) and with current knowledge on eye-movements (2, 4, 8). 

pilot Experiment.  A. preliminary experiment-was made in which the 

observer saw three vertical white lines againet a grey background. Every 

few seconds the picture for .one eye only was altered for single framesp,  

or sometimes for a double frame, by moving the middle line by amounts of 

the order of a line width (0.02 ins. on the drawing board). This 

corresponded to theoreticalmovements in depth of 3 ins. or more when the 

film was viewed under normal projection conditions. Experiment 

"Photofinish" had shown that variations in depth of this order are soon 

very easily indeed under static conditions. 

Observers were quite unable to say 'bother the line jumped forwards' 

or backwards. The sidewayi movement was of the order of0.1'ins, on the 

screen'(certainly one tenth or less - of the theoretical movement in depth). 

This sideways movement was seen eqUally well under monocular conditions 

or under binocular conditions without. polaroid glasses. This suggested 

two thingst- 

- i) if the smoothness of tterso.animation is subjected to the normal 

controls which are exercised on ordinary. two-dimensional animation the 

results may well be quite satisfactory, 

ii) it would be of interest to make a similar test film in which a 

one frame "jump" was given in opposite directions3o the images for the 

right and left eyes which gives, of bourse, a stereo jump in depth with 

no transverse component - and to see if thieves noticeable under normal 

projection conditions 

Quite a crude, empirical displacement by normal drawing methods was 
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adequate for the pilot experiment; but in order to match the displacements 

for the two eyesaccurately in:the:main experiment the animation rostrum 

was ,equipped with two panning bars 'controlled by screw threads which 

were calibrated down to 0.001 ins. 

Main Experiment, Three vertical white lines were shown against a black 

background*. The film was shot on 50 ft. of KOdachrome A. A code letter 

which was of no concern to the observer was changed every ten secondaiand 

somewhere in the course of each interval a deliberate jump was-given to 

the central line. The jumps were produced by having the two drawings of 

the central line on separate panning'bers 

There were twelve .jumps in all, nix forward and six back. 

Fight jumps lasted for one-frame, and fog lasted for two frames. 

The lateral displacements on the animatian rostrum varied. between 

0.003 ins. and 0.024 ins., which corresponds on projection to changes of 

depth, on the convergence theory of between 1.5 ins. and 12 ins. seen at 

a distance of 10 ft. 

The same drawing was used fbr the two outer lines for the right and 

left eyes so that they were certain to appear at equal depths. To use 

the same drawing for each eye it was necessary to double expose the film. 

It was possible for an error in the location of the drawings on the 

animation table to displace the central line from the plane of the outer 

two by, a small, constant amount. no comment to this effect was made by 

any observer, and in any case this error was immaterial as it was only 

the relative movement forward or backward that was being studied. 

The width of the lines on the drawing board was about 0.04 ins. 
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This was magnified on the screen by a, factor of 4.34. (Not the 

conventional 5- because the throw of the projector was restricted.) 

The film was projected at 16 frames per second, with the usual 

projector shutter, i.e. the light,was modulated idle each frame to 

reduce flicker. The waveform of the light output from a projector is 

usually taken to be square, with equal periods on and off. 

Aqults and *scussiono  Tests on five observers were quite conclusive. 

They were so bad at reporting jumps that any statistical Analysis of the 

results was quite unnecessary. The two frame jumps were not seen any 

better than the one frame jumps, with projection at 16 frames per second. 

!hen projected the picture made random movements all the time due to the 

irregular movements of the film through the gate of the camera and the 

projeotor, and'irregular4erks of at least 0,1 in. (i.e. as big as some 

of the artificially imposed jumps)- were clearly visible if the screen 

was examined at close quarters. Tho.deliberately imposed jumps could be 

seen by an observer without polaroid spectacles, as they could in the 

pilot experiment, and they were identifiable 'because there was a 

simultaneous movement in opposite 'directions of the two images of the 

centre line which were. normally superimposed. But this was not noticed 

by stereo observers . as- far.as they were concerned the'tsignal did not 

.stand out above the ,tnoisei 

There was some softness of focus, due mainly to the projection 

lenses, which resulted - in the final line widths being about twice their. 

widths on the drawing board. multiplied by the sealing up factor. This' 

might have increased the difficulties of accurate depth perception, 
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but a similar factor was involved even in the very accurately observed 

"Photofinish" experiments. 

Some lateral drift was introducedby the double exposure of the 

outer lines. It was, visible both with and without polaroid spectacles, 

and whilst it was irrelevant as far as this experiment was concerned it 

does indicate another source of error in stereo animation which is as 

serious as errors in draughtsmanship. 

Experiments in flash stereoscopy have been carried out by many.  

workers. including Dove, Ianglands (5). Ogle (9) and Wright (10)0  These 

experiments. ail indicate that varying degrees of. depth intermatien can 

be obtained when a. configuration is illuminated by a flash of short 

duration. The classical experiments cif langlands Showed that some slight 

sense of depth was observed even been the test objects were only visible 

for a hundredth of a second or lesa, with little further loss when the 

. period of illumt6etion was reduced still .Norther. As the period of 

visibility was increased4 a sudden change in sensitivity was observed in 

the neighbourbootiof one-tenth of . a s000nd.•but.after one second's 

eiposure the rate of increase was again 'very slow. (We quote this from 

Charmed's account (1), where he adds that this evidence ha; been used 

to support widely differing points•of view.).  

This reduction in sensitivity when the time of illumination is • 

reduced below one-tenth of a second is encouraging from the point of view 

of a film-maker, but in vie* of the.agreement of all of the observers 

that some degree of depth discrimination does remain, even for the, 

shortest tested periods of illumination, it may cause some surprise that 



a jump of short duration did not stand out in a similar way. However in 

the present circumstances there is the minimum of monocular clues and 

the observer saw one set configuration before and after the jump$  so the 

conditions differed materially from those in the flash stereoscopic 

experiments. 

It is a common feature, of stereo observation in other circumstances 

that it may take a long while for the picture to "click* in the observer's 

mind. This is difficult to measure, and it is even more difficult to get 

reproduceable results as peoples' reactions vary greatly fram time to 

time, and in any one set of conditions an observer learns and his reaction 

time is usually cut down with practice. When stereo photographs of 

physical objects are viewed a threoodimensional impression is given 

immediately, if only by the monocular clues• However the slowness of an 

observer's reactions to purely stereoscopic information can be seen if 

pictures are viewed pseudoscopically, Geometrical diagrams of cylinders 

and cubes are often interpreted as such even when viewed pseudoscopioally$  

and it may take some time (20-30 seconds or more) for an observer to 

realise that the picture should be interpreted as the frustum of a cone 

or as a wedge-shaped solid, Pictures of landscapes or people may never 

take on their theoretical pseudoscopio distortions because the other 

clues to depth are altogether too. strong. 

Some recent work by Julesz (3) is also relevant. He constructed 

stereo patterns of dots by- means of a computer and. a CRT transducer. 

This produced a lattice of dots of random brightness. Stereo pairs were 

constructed in which a square in the middle, of the field was raised up 
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or lowered. This configuration was completely devoid of monocular clues, 

and it often took observers some minutes before they interpreted the 

pictures correctly. Julesz discusses his results in terms of the schema 

in Fig. 10.1. (In this. I dot soma lines when Julesz draws them all in 

full.) 

1 	

paptil 
Perception — 

.... 

Pig. 10.1. 

He decides that, under the highly :unusual conditions of his experiments, 

depth perception is oloectly related to pattern recognition in the 

binocular field; i.e. information flows principally along the lines 

shown in full in the diagram and the flow along the . dotted lines is less , 

. important. <I have already given reasons above why the reverse may be 

the case under other viewing conditions However, when both monocular 
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and binocular factors are involved in depth perception it does seem that 

the "flow" along the solid lines in Julesz's scheme is slower than the 

flow along the dotted lines (perhaps by a factor of 100 or even 1000). 

The observation on the present experiment accorded with this; it 

being particularly noticeable how a pair of jumps in opposite direction 

were clearly visible without polaroid spectacles, but were most usually 

missed by an observer with them. 

The present results should also be considered in relation to 

knowledge of eye movements.* These are of three main types, "fine 

tremors", "slow drifts" and "sudden flicks" (2, 4, 8). The first are of 

the order 10" (for horizontal movements) at. a frequency of 30-80 cycles 

per second. The slow drifts are corrected about every second 1 sudden 

flicks of 31-144. 

The function of these moierents in refreshing the nerve fibres in 

the eye is not our concern. here, but they may also have some function in 

increasing visual acuity, for it is remarkable that stereoscopic acuity 

goes down to 10" or below for trained observers (4) whereas the faveal 

cones subtend an angle of about 

Errors on the drawing board, when translated into parallaxes on the 

screen are far above the limits of binocular acuity, but they are below 

the magnitude of the sudden involuntary flicks which the eye is 

contirimlly making, since 0.01 ins. on the drawing board corresponds to 

about 1' at the eye of the observer when he sees the final picture 

projected on the screen. There is some mechanism by which the brain 

* FOOTNOTE. Refer baok to the Table in Chapter 8. 
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ignores saccadic jerks in the eye, and whilst there is admittedly a very 

great difference between movements in the eye and movements of the 

object observed it is not surprising that jerks of a similar magnitude 

axe ignored under stereoscopic projeotion oonditions. 

The degree or importance of convergence in depth perception is 

undecided. Wright says that "convergence and disparity both contribute 

to the stereo sense, and the wider the field of view the more important 

does convergence become". The fields of view with which he was concerned 

are considerably wider than here Ogle does not agree (9). 

Krauskopf et al show that the function of the saccadic) jerks is to 

bring the eyes "beak on target* after each slow drift away. Saccades are 

always correlated in the two eyes, and a secondary effect of this is to 

correct convergence errors at the same time. The standard deviation of 

the convergence of the eyes is 2/ (the same order of magnitude as the 

saccadic, jerka) whereas* they report* stereo acuities of the order of V 

have been reliably obtained. In view of this it Jo difficult to see that 

convergence (as such) is of major importance*  since it has such a 

surprisingly high standard deviation and it is only corrected every 11-

second or so. In any case this does confirm that the convergence factor 

requires longer to act than some other factors in depth perception. 

Levonian (6) has discussed the related problem of the relative 

movement of the two pictures whioh is inevitable in stereo systems 

employing two cameras and two projectors. He gives figures which show 

that under the least favourable oiroumstances this can result in unsteady 

registration of the two pictures on the screen with errors of about 6t of 



150 

arc horizontally, and 3.5' of arc vertically. This, he says, gives no 

trouble, because "the reaction time of the extTaocular muscles is about 

one-tenth of a second, so the eyes cannot possible follow the 24 cycles 

per second image movement due to lack of registration". (The difference 

between projection speeds of 16 frames per second and 24 frames per 

second is obviously slight.) Whilst Levonian's conclusions support the 

view that small variations in drawings will not be detected the 

variations which occur in the present experiment are definitely more 

critical than those which Levonian discussed; because he was concerned 

with relative movements of particular elements of the pictures, while the 

picture as a whole remains steady. 

Krauskopf et alia do not discuss fine tremor as it is too small to 

be significant in the problems which concern them; but it is noteworthy 

that just as bad errors on the drawing board are of about the same order 

of magnitude as the eyes' sacoadic jerks so the limits to which the 

author's animation equipment will work are very much the same order as the 

eyes' fins tremor. The panning bars- are calibrated in 0.001 ins. and 

will work to a quarter of a division or less. This corresponds in the 

finished film to about 2" at the observer's eye, but of course fine tremor 

of this magnitude is lost completely on projection in the vibrations of 

the projector. However the frequency of the fine tremor is interesting, 

because maximum binocular acuity (2") being so far below the limits of 

tremor (about 40" in the horizontal direction)it is clear that our depth 

perception mechanism ignores at least one type of oscillation of a 

frequency of 30-•80 cps. Film projection rates are not so far outside this 

range. 
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The conclusion is therefore that the failure to observe jumps of a 

magnitude which is clearly visible in static tests is not surprising, 

and it is understandable when considered in relation to the large number 

of interacting factors which are involved in even the simplest stereo• 

experiments which may be devised. 
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.111. EXPERIMENT "DRIFTER"  

EummarT:  *stereo film was made showing only a vertical line segment, 

white against a dark background, which moved intermittently, to and from 

the observer at varying speeds. The objects of the experiment were to 

see whether the fluctuations,- in depth were correctly.  perceived, and to 

Bee if the segment appeared to vary in length according to the predictions 

of the convergence theory 

'Theorr.  The theoryof-Ohapter 4 applies; and so we haves. 

the line segment 0, y, z),  is tapped on the drawing board by X = 0, 

Y 	gyAs + z), 	xa/(8 2)4,- The distortions to be expected are 

described by 
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This means that if the parameters p, siss,w and w' are incorrectly 

balanced the line eegment will appear to change in length, increasing or 

decreasing as it recedes as .V > or.< 0. 

Practical desikn. This movement can be synthesised on the animation 

rostrum by moving alvrtical line segment behind a black:mask* the angle 

of the mask depending on the gyesidth of:the obserVers Pig. 10.2 shows 

the arrangement,forthe right eye. The arrangement for the left eye is 

similar. 

<-1—} Movement o5 line 

Fig. 10.2 
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For a theoretically correct projection the length k should be equal to w 

on the screens so on the drawing board it should bewirm. 

The forward and backward Movement of the line was restricted to the 

range Is' to 2s, where a was the soreen'distance of 12 feet. Earlier 

static experiments had shown that it is desirable to limit the picture 

range in this way. The. speeds of movement used were such that the line 

moved through thip range in a time of some four or five seconds, which • 

-meant that the parallaxes had to be controlled accurately and varied very 

slowly. This was achieved by mounting the moving line segments on 

panning bars which were moved by screw threads calibrated to 0.001 in. 

The movement was punctuated by occasional pauses. There seemed no 

theoretical objection to this, and it reduced the time spent on animation. 

Three scenes were shot with different values of k which amounted to 

working with values of w (the semi-►eye width) on 1.24-ins., 1.04 ins. and 

1.44 ins. This covers the range-of eyewidths measured by French (1). 

The.effective value of Taould also be varied *varying the throw of the 

projectors-since this gives a aii40 Variation of m.: 

Results and Dis-sion. The distortions predicted by the convergence . 

theory were not•observed. Observers tended to seethe picture in one of 

the two statee. Either the line appeared io,stay in the plane of the 

screen (this is hoirit was described, but we know that such. assessments 

of absolute distance are quite anreliable) and to pulsate in length, or 

else it seemed to move backwarde and forwards while its length remained 

Constant. 

Observers rather vacillated between the two states. It is possible 
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that training might encourage the second statet.but it was not the 

object of the experiment to assess the effect.of training. 

No Observer reported any significant difference between'the three 

scenes with different values of k, or observed the even greater 

distortions produced by decreasing'the throw of the projector from 15. 

feettO 11 feet. This is in complete accord with.results obtained in 

other parts of the programme. .The distortions which'were sought were 

projective distortions, i.e. they were outside the group of affine 

distortions which are significant in stereo projection, and they were 

part of the group of distortions involved in such experiments as "Overlap° 

which are not significant-. at least to the first order. . 

The observers were set a rather•difficult task, since it involVed 

comparing unlike things •'a length seen with a length as it was 

previously - and judicious balancing of lengths in two different 

directions perceived by different pechanismt.' Experiments "Guesswork" -

and "Overlap" had'both revealed the difficUlties of length comparisons. 

of this. typei so it is not surprising 'that the ObserVers rationalised 

the situation, and.either declared that they were seeing something that 

Corresponded closely with'everyday experience of moving physical objects;  

or disdounted one feature of the diagram (changing parallax) and. 

accounted for the other as simply as 'possible (Changing size). 

This complete discounting of parallax clues and a rationalisation of 

the remaining phenomena can be seen elsewhere. For example in the 

*refusal to see stereo pictures of familiar pkyaidal objects imieudoscopi. 

tally. and in some experiments by Ames on balloons (2). In these 
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observers were shown two balloons at a distance of about 10 feet. The 

sizes of the bailors could be varied:by- working a pump, and the brightness 

of the illumination was also Variable. There was a pronounced tendency 

to think that the brighter balloon was nearer, and to think that variations 

in size were to be accounted for by the targets coming and going.. 

Parallaxelues, of course, conflict with these interpretations, but in 

Amests experiments the observers were very willing to ignore such clues 

in order to arrive at a consistent everyday interpretation of the 

remaining depth clues. 

Variations in eye-width are also, theoretically, relevant in'this 

experiment, but the observations of three observers were in such complete 

agreement, even when the value of V was4itered by ridwAng the throw of 

the projector, that it was quite'unnecessary to measure the eyellidths.of 

the observers (as had been originally intended) in order to account for .  

any small,differences. Differences due to naturally occurring variations 

in eye-width should be quite Significant in situations such as this on 
4Y1  the convergence theory. Forexaiple,, taking the equation abate for --. 
Ye  

and putting m 1, w leg 1.24 ins., and w wt 0.2 ins., (corresponding 

to the range reported by ftenoh) and dr Is = 3/2 (thetariationin this 

experiment) we have 04,64  . 1/4. This is to say that in the course of 

its movement between the:far and near points the length of the line' 

segment should alter by about 1/4. One would have expected an effect of 

this magnitude to be noticeable, at least by experienced obeervers. 

Further, it should be present in all systeMs of this type, eines the 

relevant parameter is associated with the observers and is quite independent 
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of the particular system involved. However the literature does rot seem 

to record any unwelcome effects in the projection of stereo films due to 

variations in the eye-widths of observers, although the situation with 

binocular precision instruments may well be different. 

Conclusions, When faced with a configuration as simple as the one in the 

experiment observers do not necessarily interpret the parallax information 

correctly, but are prepared to ignore it and to rationalize the remaining' 

information. 

Observers cannot detect variations due to the distortion factor "V, 

at least for the restricted range of values likely to occur if normal 

care is taken with the projection conditions. 

This experiment reinforces the-conclusions of other experiments that 

it is difficult to compare Vertical lengths with lengths receding into 

the picture. 
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III. EMPERIMENTS WITH MOLABENIS FILM "LINES"  

Here we describe some experiments performed by the author and McLaren, 

using the latterts film "Lines". The main experiment was not strictly 

concerned with stereosynthesis as it involved presenting quite distinct 

images to each eye, but it seems reasonable to describe it here as the 

film had been made by synthetic techniques and was projected on a stereo 

system. It shows how the combined use of these teohniques gives an 

experimental situation in which fresh aspects of vision can be investigated. 

Waren s filmlam is an abstract animated film with a musical 

accompaniment. It is in two parts. In the first part vertical, or 

slightly sloping, white lines which extend from the top to the bottom of 

the screen perform sidowAys movements against a plain background of 

varying colour, The second half of the film is an optical rotation of 

the first by 90°, with a changed colour scheme, the moving lines being 

black and the background tints differing from those used before. 

Two experiments were done with this material. The section with 

vertical lines was projected sutostereoscopically; 	whilst this had 

never been considered while the film was being made it was.found that a 

two frame stagger game a most pleasing sensation of depth to many of the 

scenes just as it bad done in "Around is Around" which NoLaren had. made 

for the stereo-cinema at the Festival of Britain. 

Fresh ground was explored by projecting the two halves of the film 

simultaneously (through two synchronised projectors fitted with polaroid) 

one version to each eye. This gave rise to some most =uprising 

phenomena, because whilst one eye was shown a set of vertical lines going 
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from the top to the bottom of the screen, and the other eye a set of 

horizontal lines going right across the combined effect was always of a 

mesh of lines, but with Raps which were contiauallr °hanging. (See rig.10.3) 
. 	• 

Left eye 	 Right eye 

Combined view - as observed 

Pig. 10.3. 

Observations on totally different static pictures, viewed in a 

stereoscope, have been widely repOrted and it is well known that features 

of the sensed configuration come and go; but this addition of movement 
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to the.situation increased the effects which-have been described to a 

startling extent. The horizontal lines frequently appeared broken, but 

they were always broken at points where they were crossed by vertical 

lines, and the movement of the vertical lima greatly encouraged the 

illusion, closing up gaps and opening out new ones as they moved to and 

fro.- Some gaps were also:to be seen in the vertical lines, but these 

were much'less frequent. Abe reason for this was presumably that 

obserters tended to interpret the configuration as a material structure 

in stieh it was mechanically neaessary that the vertical lines should not 

be interrupted. 

A subsequent experiment showed that similar effects can be .observed 

with: still pictures on a Brewster stereoscope, but the effects are not so 

remarkable instatio configurations. 

These results are very reminiscent of "vita:hares reunite (1) on 

Viewing under conditions in which the position of the image was fixed on 

the retina. Be reports that parts of the image disappear and reappear in 

a' random fashion, but that familiarity with the shapes involved affects 

the parts which come and go. (Eritchardts viewing was monocular, and an 

essential feature of the experiment being described was that each image 

was seen by one eye only.; There was no .question of stereosynthesis.) 

Britchard remarks that "perceptual, elements (as distinct from sensory 

elements) exist in their own right" and that in fixed image conditions 

entities that are recognisable shapes are visible longer than meaningless 

ones. The same is true in the present situation, and the two main points 

which the experiment emphasises are 
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i) the condition of fixed image viewing is not essential for this 

type of phenomenon, 

ii) movements in the field of view of the other eye oan induce parts 

of the image to appear and disappear. 

It might be worth while to make an adulated film, in struoture very 

like some of NoLarenis entertainment work, in which different configura• 

tions of the type used by Pritchard are presented separately to the two 

eyes and where movements in the two fields of view overlap one another. 

This experiment differs from Pritchard's in one other important 

respeot. *knot the effects described were most striking to some 

observers others could not see them at all; whereas when viewing with 

the image fixed on the retina parts of the image come and go for all 

observers without exception. 
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CHAPTER RIVER  

MOTU GROUPS IN S=R40-ARIMATIOR  

The author has shown elseihere (1) how a re-interpretation of the 

known symmetry groups associated with three-dimensional configurations 

givet.groups 'which describe.the'symMetries in space and time of cyclically 

repeating two-dimensional diagrami. In particular 194 of the 230 crystal.  

groups apply to film animation, Appreciation of these groups is'of 

practical importance because every n.fOld symmetry offers in principle' 

- the possibility of dividingthe labour of animation by n. Symmetries 

which are purely spatial only offer a reduction in drawing at the expense:. 

of making multiple exposures at the photographing stage'and this is not 

usually any gain, but the glide symmetries which involve using the same 

• drawings in different positions at different times in the animation cycle-

are definitely usefUl. In stereo-animation symmetries in space alone 

• 7 have an extra importance since multiple exposure is amore accurate way 

than drawing of-reproducing parallaxes in different parts of the diagram. 

We winnow consider the groups which arise in stereo-animation. The 

stereo-animator. is not concerned - with a,truly three-dimensional domain, 

but with a pair of two-dimensional projections, which we will henceforth 

call L and R. Rence there is no question of 'discussing the dynamic groups 

in three-dimensions which are related to fadr-dimensional static 

configurations as .the two-dimensiotal animation groUpe are related to the 

three-dimensional,ttatic groups. The number of truly three...dimensional 

dynamic grOups must be very.large indeed, our problem is rather more 

simple, but we still do not attempt a complete enumeration. The symmetry 
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operations involved are the spatial ones which were involved in the two-

dimensional case, coupled with, the interchange of L and B, and the super-

position of one on the other in. various ways. By definition we are 

conoerned with diagrams which repeat cyclically; these may be reversible 

in time (which is another symmetry) and there may be glide symmetries in 

which the overall diagram is invariant under a change of phase'by a half-

period coupled with a spatial operation of some kind. 

These symmetries can reduce the labour of stereo-aninPtion in various 

ways. They occur first*  historically, in the earliest animations in the 

stroboscope, by Plateau and Stampfer, and in the recognition by Wheatstone 

and Brewster that the pair of stereo drawings of a symmetric object, dead 

ahead, are reflections of one another. 

The symmetry groups which arise in this context do not appear to have 

been studied before, bat the number of different cases which can arise is 

very large and a systematic enumeration would be tedious (at least as 

complex as the enumeration of the 230 crystal groups). Knowledge is not 

therefore as adVanced as in the case of 'flat' animation where it would 

be possible to draw up programmes to fit all possible cyclic animation 

routines, so that, for example, an fmAllultion camera could be controlled by 

a computer having a large measure of auto.programming. The list of 

operations given below is probably complete, and the number of groups can 

be overestimated by saying that all the groups which occur are the direct 

product of two groups of the 'flat' type and the cyclic group of order 2, 

or sub-groups of one of these product gxoups. This would give a 

systematic erntneration if it were known which combinations are to be 
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rejected; for there is the additional requirement that L and R must 

always be composed of points in homologous pairs, and it is not clear 

exactly how this restriotion limits the groups which actually arise. 

The practical importance of these symmetries.should not be over.• 

emphasised as there are two reasons why they are rather false friends to 

the ftrimator. Many of them involve psendoscopio transformations, the 

applications of which are rather limited, when a true reflectiOn in the 

plane of the screen would be extremely useful; and the basic equations 

of stereoscopy in Chapter 4 show that parallaxes not only play a strong: 

role in determining z coordinates but also play a Weaker part in 

determining x and y coordinates. This means that many animations achieVed 

by symmetry operations are accompanied by projective transformations which 

it is often desirable to avoid. 

The simple autostereoscopic operation described in Chapter 8y whereby 

a depth effect is obtained by presenting the same pictures to the two eyes 

in different phase, is, in generals asymmetric and does not possess the 

group property. But there are more elaborate systems of symmetry which 

contain a superficial element of antostereoscopy where it will be found 

that , the group arises from other considerations, the autostereoscopy being 

present because there is a glide symtetry in time. 

Symmetry groups arise when the symmetry operations which are 

permissible in the context have been defined. The following operations 

are involved in stereo.animation, and they may produce, destroy or change 

stereopsis in various ways. 

i) interchange of L and R, 
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simultaneous reflection of L and S4 each in a lime in its own 

plane, 

iii) simultaneous rotation of L and 16 each about a point in its own 

plane, 

iv) simultaneous translation of L and R, 

v) reflection of one of L or R only, 

vi) rotation of one only, 

vii) translation of one only with or without a glide reflection, 

viii) shift in time of L or R, the other remaining fixed, 

ix) reversal of the time scale, 

x) time shift of a half period together with a spatial 

transformation of some kind. 

Some of these operations will now be considered in detail. 

Translational symmetries play a comparatively unimportant role in 

stereompanimation because the stereo observer is tied to a fixed point in 

the space which he inhabits, Spatial ammetries are destroyed by central 

projection. Simple translations of a configuration in stereo space cannot 

be produced by simple panning movements of the drawings, as in flat 

animation, because the aspect is cont4mally chocriging. (In the author's 

film  Plucked 	a travelling wave is animated by a mechanical panning 

movement. It would have been useful to have employed .a similar device in 

Resonant Cavities  to show that stationary wanes in the resonator are 

produced by the interference of travelling waves. But in stereo this 

cannot be done.) 

It is possible to draw stereo pairs by parallel projection, instead 
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of conical projection. The crystal lattices of von Mieses and von Luxe 

are done this way. The theory of this process is very simple since 

parallax is directly proportional to depth, and the representation is 

effective enough if the field is limited. In this system it is possible 

to produce rigid translations by panning movements and so the symmetry 

groups involving translations are of far greater importance. 

In stereo-animation by conical projection the distinction made in 

crystallography between space groups and point groups applies, and the 
0 

most important symmetry groups are the point groups in which the origin 

is fixed. 

The relative movement of L and R poses problems peculiar to the 

stereo situation, and useful animations can be produced in this way. 

EXAMPLE. Let L consist of the set of points 

	

P 	0, 

and R consist of the set 

	

.Tci 	0, 

XP ar  p 	0, ±11 	• • • 

0, fi, *2 . 	• 

where the Sle aze all less than the distance apart at which two homologous 

points can be fused. 

Now animpte with L fixed and R moved one step to the right at each 

frame. An Rnimntion results in which the depth of the points (and to a 

lesser extent their x-coordinates) varies from-frame to frame. It is 

possible to militate a wave motion by arranging that ofq  . sin kq at constant. 

Similar considerations apply to a vertical movement of one drawing 

when they are composed of the seta 



& 

1,1 	1$ =a 	Y • Mil 

Ro 	Xq  • Sq 	Xq  

This procedure is restricted by the inter-dependence of the s-coordinate 

and the others, but if strict quantitative accuracy is not required 

animations of such subjects as vibrating egystal lattices can be obtained 

in this way. 

Some configurations are•invariant under a shift in time of L or R, 

the other remaining fixed. This can arise it homologous points oscillate 

horizontally, one having a period. n times the other. 

Again there are three-dimensional confignrations 'which are invariant 

under rotations of L and/or R by 2s/n, with. or,  without an interchange. 

Int need not be the same for the ten. 

EXAM. In Pig. 11.1 the dot and the cross denote the points seen 

by the right and left eyes, and the diagrams show configurations which: 

are invariant under rotations of 2sin for n • 2,3 and 44 or which are 

invariant under rotations of sin with interchange. (The scale of the 

configuration is assumed small enough for the separation of homologous 

points not to exceed the fusiOn distance.) 

X o 
	 o 

X. 0 

o 	X 

X 0 
X 0 

Pig, 11.1. 
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MLR. L and R. may consist of two regular n-gone, with different 

values of n but both of the same parity. The n-gone have vertical axes 

of symmetry and the same vertical height. Then if the separations of 

homologous points is not too large these diagrams are a stereo pair for 

a twisted polygon in space. One of these may even be a circle. 

These two examples show very clearly that the symmetries of the 

two-dimensional drawings may be very different from the symmetries of the 

associated three-dimensional configuration. The theory of the prismatic 

class of symmetry groups which occurs in two-dimeasional animation (1) 

could be extended to deal with these stereo oases, but the question will 

not be taken any further here. The only rotational symmetries considered 

henceforth will be the rotations of % which inevitably result from a 

combination of reflections in the x and y axes. 

A wide olasa of groups involves the following operations for which 

a special notation will be introdnoed. Let 

A, B and C denote refleotions of the drawings in the X.-axis, Y-axis and 0, 

P denote an interchange of R and 14 

T denote a reversal in time, 

subscripts r and 1 denote that an operation is performed on R or L only, 

superscript g denotes than an operation is accompanied by a glide in 

time of half a period. 

A reflects the three-dimensional configuration in the xz plane, 

B reflects it in the yz plane, and simultaneously pseudo-reflects it 

in the Syr plane, 

C reflects it in the Oz axis, and simultaneously pseudo-reflects it 

in the xy plane. 
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The transformations with subscripts r and 1 can only be performed 

' in special cases, when there are still pairs of homologous points in2 

and L to fuse after the transformation has taken place. 

P is the only operation which does not, in general, commute with the 

others; and there are numerous identical relations among the operators, 

suoh as 

Ar 	PAIP, 	A sg  YA? 
	

etc., 

the product of any two of A B end C gives the third, where 

As se 41 4r  Or AI, etc., 

the product of any two of Aig, Bog and Cog gives the third, 'Without 

the 9. 

Ignoring the glides the full group containing all the operators is of 

order 64, and the other groups are subgroups of this. The other possible 

groups of.this class arise by replacing one or two of the simple: 

symmetries by glides. These groups have two aspects, the Operations of 

the group may be used to generate the, complete figure from a portion of 

its elements, or the emphasis may be on the invariance of the entire: 

figure under the group transformations. The following examples bring out 

the two points of.view. 

EXAMPLE. L and R each consist of four points, one in each quadrant. 

The eight displacements from the x axes are all equal; whereat the eight 

displacements from the y axes are different, those on I. being 1, 

and ' I and those on R being 0$.4, 8, 12.' 
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RUMPLE 	P, A, Bg, 0g 

EXAMPLE 	T, A, Bg, cg 

EXAMPLE 	Ag, 

EXARTLE 

See Pig. 11.2 

See Fig. 11.3 

See Pig. 11.4 

See Fig. 11.5 
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There are 32 ways in which the diagrams may be ?egistered under the . 

camera and this produces parallaxes t(211:+ 1)/211, n a Op 1, 

These can obviously be taken im:sequence so:lhat an oscillation of period 

64 is proddoed in any one quadrant and in fact an arrangement can be 

found which produces oscillations in two of .the'quadrants simultaneously, 

180f out of phase. It is doubtful if a system can be found which will 

oballate all four points in a coherent manner, but this can be done by 

appropriate masking and double exposure. Animators would be pleased to 

find methods of producing a 64 frame animation from only two drawings 

more often. 

The remaining examplei show particular donfigUrations belonging to 

groups containing various operations. An ad hoc notation is employed 

which is self.explanatory., Dots and crosses denote points seen by the 

different eyes (it does not matter which), and arrows denote a movement. 

+ and . denote displacements behind and in front of the screen. 

IWYEBENCE  

T.J. Pletcher. Film Groups, MathiGaz., ao 331, p.15-19. 
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)0(/'  

Two half cycles 

Fig. 11.2. 

Pour quarter cycles 
Fig. 11.3. 

Fit o 

0 )11-4. 	0 4-4 4--K o 	*--). o 

Four quarter cycles 

Fig. 11.4. 

X 0 

o 	fixed. 	X oscillate with different amplitudes 

Fig. 11.5. 
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CHAPTER TREWS  

rim APPLICATIONS OP STEREOSINTHESIS  

Introduction. The invention of alphabetic script as a means of 

communication was a major achievement, but it is not the only form in 

which logically connected information may be conveyed* In some respects 

the emphasis on the printed word in current scientific communication is 

a result of the historical accident that other aids to communication were 

invented much later than the printing press, just as in earlier times the 

reason for the Greek insistence on verbal reasoning in geometry was the 

material circumstance that it was not possible at that time to produce 

non-verbal, or non-literal, structures of the flexibility required for a 

lengthy mathematical argument.  There have been many occasions in the 

history of mathematics when the solution of a problem has been principally 

a matter of f4/2ding an appropriate notation. Likewise work which was 

discovered by the great men of the past is very often made available to a 

far greater public by the invention of some more suitable notation. 

The film is firmly established ae amens of documentation in 

medicine; it also has an unquestioned place in the biological and social 

sciences, and in the physical sciences where change of the time scale can 

make visible previously unsuspected phenomena (3, 4). In the bands of 

larey and Mueybridge the embryo scientific film was a research tool and a 

means of exposition even before the rapid. sequence camera gave birth to 

the nine-camera proper. The mathematical film has beenelower to develop, 

but it has provided the twentieth century not merely with an illaitrative 

adjunct to conventional methods but also with the possibility of entirely 
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new mathematical and scientific notations which are potentially oapable 

of presenting logical trains of deduction mithin their own system of 

conventions .(1, 2). 

The philosophy of-communication. by film will not be discussed here, 

we will merely observe that the stereo film is potentially richer than 

the printed book bedause it presents information in a three-dimensional 

continuum instead of a one.dimenaional sequence* This potential richness 

will not be realised until the medium has developed a wealth of 

conventional symbols and conventional associations to use in addition to 

the naive pictograms which are graphical illustrations at the moment. 

Practical Techniques. The techniques of design developed in this thesis 

are adequate for the productiOn of moving diagrams in three dimensions. 

The usual pieces of advioe on stereo drawing (to be found in the 

classical references) shoUld be followed, and it reasonable care is taken 

to control parallaxes the techniques of film animation and stereoscopy 

may be combined successfully, 

Stereosynthesis has the advantage over stereo.photography that it is 

possible,to avoid the region of monocular vision at the sides of the.  

picture. 

.the animated stereo film is, practically speaking, restricted to line 

illustration since it has not been demonstrated that there are any 

effective air brushing techniques to produce subtleties of Rhading and of 

aerial perspective in the moving elements and there is as yet no solution 

to the 'problem(fundamental in three...dimensional illustration) of 

indioatinge, plane which moves in space but which at the same time permits 
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other planes to be seen through it. However line illustration will depict 

a wide range of phenomena in wave and field theory, crystallography, 

projective and differential geometry, and in the theory of functions of 

two variables. The medium is seriously restricted by the inability of the 

observer to "look round corners" or to turn an illustration as he can a 

spatial model, but it does permit the use of eleMents which materialise 

and vanish, and of distortions which are impossible mechanically. It is 

an excellent medium in which to depict transformations of all. kinds. The 

limitations of the medium become its great glory in the documentation of 

affine geometry, for the stereo world is an Wine world *here the motion 

of the observer induces deformations of the figure which are part of the 

information which it communicates, 

The medium should not be trusted to convey subtleties of Euclidean 

geometry, for even when these are correctly realised in theory experiment 

shows that they are often not perceived correctly. This is not necessarily 

the fault of the medium, but stereo illustrations must be designed for a 

complete communications chain, from the mind of the designer. through the 

drawing board, camera, film, projector, screen and polaroid spectacles to 

the eyes and mind of the observer. The capacity of the channel is no 

stronger than the capacity of the weakest link, and psycho.physiological 

factors must be considered in the design of stereo illustrations every bit 

as much as geometrical optics. 

The stereo film is also an experimental tool as it can produce 

situations in which to experiment on the phenomena of binocular vision. 

It can produce configurations which do not have mechanical limitations, 
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it can divorce stereo clues from others so that they may be studied 

independently, and it can provide accurately controlled movements which 

can be-reproducedindefinitely under the same•conditions..:When.using 

stereo film in this waytheohief obstacles are the amount of residual 

movement in the picture, 'due :vainly to the unsteadiness of the projector 

gate, and the photographic difficulties of getting a really pronounced 

black and white image,withthe currently available 16 mm film stock. 

There is also a certain softness of the image when projecting with the 

only available 16 mm stereo twin lent. Softness of. focus is much more 

noticeable in line diagram than it is in ordinary photography. Even good 

• 

 

quality 3g nun still-projectors oho* some softness on line diagram, and 

many.16 mm projectors which give a qUite acceptable picture on live action: 

.cinematography show deteriorations on line diagram. 

There is no evidence that phenomena requiring a Luneburg metric are 

actually observed under the normal conditions of projection of stereo 

films; particularly when recognisable physical objects are involved and 

the observer is strongly inclined to rationalise, which means in this 

context to ignore,certain specific pieces of information while integrating 

the rest into a consistent whole• But this should be investigated more 

thoroughly by.the prod.uotion 	stereo diagram to,be viewed at short 

ranges (six feet or less), and containing very few elements as in the 

three point and four point alley experiments. If Luneburg phenomena 

could be produced reliably, by stereo animation then the way would be open 

to quite novellnethods of documenting. hyperbolic geometry. Also moving 

stereo diagrams would be a useful experimental technique to investigate 
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the incorporation of time into Luneburg's theories - about which 

enigmatical hints were given in his last, posthumous paper. 

As.it is the range of poasibilities opened up by this new technique 

are wide enough to provide work for many years, and give a challenge to 

document large areas of mathematics and related scientific disciplines 

in a new way, 
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