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' THE_PRINCIPLES CTICE OF STEREO- 518

TH MATHEMATIC CATIONS
 SUMMARY

B This thesis descri'bea techniques for making animated stereoscopic
]diagmms - & problen which dates from the tine of Wheatstone but which
does not appear to have been solved satisfs,otorily until the. present day. '
- After a historical surrey_ of the development of stereoscopy and af
‘mathematical film animation the olassic theory of stereoscopy is used as
7 A foundation for cbmbining standgmi hxétho‘ds of stéreoscopic draviﬁg and
£iln animation to prodncé an animated stereoscopié £ilm showing three
modes o:t‘ eleotro-magnotio oseilla.tion in a resona.nt cavity.

~ Statioc and dynemic experiments detemine which a.speots of the theory
are relevant to the problem of prodnoing animated stereoscopy, and it is
seen that the affine diatortiona inherent in stereosoopy mst be
" considered in practioa.l desigl, but that' the more general pro:jeotive
distortions preaiuted by the nsually accepted theory play a much smaller
part than is generally assumed because they are only o'bserved to a '
limited extent., | ,I | |
| The relevance of the ,I’.ﬁneburg"th_gozy'is discussed, and also the
symmetry groups which are involved in stéreo‘ animation. Indication is
given of possi'blé future applicatﬁons in the documentation of mathematics,
the preparation of in_stmctio@ films', and the investigation of the
problems of binooular vision, " |
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either in the house or thév"st‘réét; can be made %o appear. Anyone looking
&t the images forned by the mirrors will see something real, but when he
goes t6 "the place where the object aeem‘s,tb be he will find.nothing.' For
the nirrors vare so cleverly a:rrénge_d in relation to the objeot that the
images appea;r‘toibe in_.spa,c‘e, lformed there by the union of the visible . .
rays. And the spectato:és will run to the place of the apparitions where
théy think that the objects actually are, but will find nothing but an
11lusion of the object.” -

Perspeotiva.  ROGER BACON (1214-1294).

r

“"Comme l!aiey et Muybridge | devient le cinéma en méme temps aux
antipodes de la terre, nous étiﬁns quelques uns a devinerl!ANIMATION
dans d.ivers pays, sans nous connaitre, Nous n_oub sommes rencontrés et
nous nous ‘sammes recoﬁrms freres, parce que nous parlons 1 méme

langues UNIVERSELLE"
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CHAPTER ONE

INTRODUCTION

This thesis is concerned with stereosyntheais, that is w;i.th the
prodnotion of sensations of depfh by artificial means; in particuls.r
with the production of stereoaoopiodiagrams which move, A weaker fomrm
of the problem can be found more than a century ago in some work of
Wheatstone, who attempted to animate pairs of stereo photographs, but
here the aim is to produce both appearance of depth and movement
completely artificially, and this does not appear to have been done
successfully before, in spite of numerous attacks on parts of the 'pro'blem
over the years. The oha.pters which follow 'survey the histories of |
steroscopy and of anima.ted diagrams, and then the theory of stereOscopy.
This ia classioal gronnd ‘but many treatments are concemed with stereo—
photography, which :l.s not involved here as the parallaxes on stereo pairs
'_are all drawn, so the theory is presented in a form suited to the present
_problem.

Experiments are desoribed which indicate the strong and weak points
 of the classical theory, and it is then applied to the problems of
e.nimating _a film. '.l'he su'bject :l.s "Resonant Cavitied} and it depicts the
| H1k01,,7E111 and. B modes of oscillation in a rectangular cavity - a topic
which camnot be illustrated as well in any other medium, The film was
photographed by ordinary "flat" nethods and projected using the Bolex
16 .mm stereo system.l The teohniques may be applied to all problems of
neking line illustrations, in colour and in motion, of three-dimensional

situations, Resonant Cavities was first presented in public at a meeting
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" of the Scientific Filn Association in London on May 29th, 1958, and
notlﬁnéli/ke it seems to have been made anywhers else.

The success of the film. raised pro'blexﬁs ‘on the perception of stéreo
flicker, and this is considered in relation to the 'péroeption of flicker
‘4in other systems of stereo projection and to knowledge of eye movements.
Two dyhamic experiments are desoribed which, as well as contributing to
the present enquiry, show how the present techniques can be used to )
providé experimental situationsto investigate problems of physiological
optics, The techniques described thus not only depend upon optical
theory, but they also offer a means of extending it.

The Iuneburg theory of binoculer vision has been applied to the
design of steréo projeotion systems, and the relevance of this theory to
: fhe présen‘b problem is considered; the.i-e is a chapter on the symmetry
- groups of stereo-animati&n, whioh is an extension of an ear_l'iar‘ paper by
the author discussing symmétry groups. in “flat" animation, a point of
view which gives a method of olassifying cyolically repeating diagrams
'(which are the mainstay of technical animation) and of constructing them
in the: most ebonoﬁoﬂ ma.unei. To conclude there is a brief discussion |
éf 'bh.el fn'h;rel applicatiohé of the teqhﬁiques. ; v

‘Throuéhoﬁt there is frequent use of English units of length instead
of metric units. This is because the use of feet a.nd inches is standard |
in animation pra,ctice, and it seemed best to continne with them,.
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 CHAPTER TWO

A SHORT HISTORY OF -smmsccrr

"To see ix; relief is to receive by means of ea.oh eye the simultaneous _
:meresslon of two dissimilar images of the same object”, This statement,
attributed to Euclid, ©,280 B,C. (8), shows that the principle underlying
" stereoscopy has long been understood, and that from the earliest times it
has interested mathematicians., FEuclid is élso credited (7) with the
| observation that thé two eyes see moie of a sppere than one éye alone,
and similar remarks were made by Ptolemy (A.D.150), da Vinei, Galen, and
Gassendus (6). In 1593 Giovanni Battista della Porta produced pairs of
stereoscopic drawings (6,8), tut it is not known how, or even if, they
were viewed, Similar drawihgs were made by Jacopo Chimenti of Florenlce'
round about 1600, and thése‘ eventually went to the Wicar Museum in
Lille (7a)e . | |

| Modern work on stereoscopy began with Wheatstone in 1832, 4s well

as prei:a.:_’ing pairs of stereoscopic drawings (14) and making the firat
successful, device for‘ﬁewing them Whéatstoné oollaborated with Pox-
Talbot and made stereo-Talbotyes in 1839 (6). Brewster invented an

: iﬁlproved fo@sﬁ of stemséoﬁe in 1’844 and madg stereé-Dagnemtypes in
1849, Moser took stereo photographs at Konigeberg in 1841, using two
cameras (15) and stereoscopic cameras were commercislly available in
England by 1857. |

‘ ‘_Av'b.outgthis .tim'ev other stereosoopio devices ,'were introdizced depehdi’ng
" on a @ifferent principle. Helmholtz had suggested viewing stereo

drawings by using complementary colours, a.nd the first anéglyphs were



| 4 o
nathematical disgrams made by Dove and Rollmann in 1853 (6,7). Their
pictures were projected in ‘olﬁe and yellow and viewed through spectacles
of red and green, D'Almeida projected pictures which were red and green
and were viewed through spectacles of the same colours in 1858 ). The )
fomiliar type of anaglyph, pnnted in red and green, was introduced in
1891 by Duces du Hauron, end it was only at this time that 'I;hename
"anaglyph" was first used. | , ' | »

" ’ I have described elsewhere (4) the use made cf a.naglyphs in the . _

, teaching of geometry by Richard (13), Perregaux and Weber (9), end Kohler,
Graf and Calov (7). This tradition continues in Germany and there are
textbooks cf geo‘metry» incorporating .anaglyphs .‘in use there at the present
time, | o |

Concurrently with the early experiments in etereoscopy methods of

, pronding an illue:.cn of movement were also being studied (see the
following ohapter), so it was only natural that an attempt -ehould be made
to combire i:he two techniques, so' prodncing stereoscopic picturee which

‘m’oved. Wheatstone himself atteﬁptéd this ixi a device which may be seen,
together with many other pieces of his equipment, in the Seience Museun

E in I.ondon. He mounted fourteen pairs of stereo phctographe of a ema.ll

. steam engine, photcgraphed in different posit:.ons, ins:l.de a drum, An
-»eplcyclic movement ‘broug.‘nt the picturea under the lenses of a Brewster
stereosooPe, and in this way he hoped to obtain a moving .‘picture. The
principle, of course, is souz‘id; but the apparatus had no shutter and no

. ,Upro’vi.sion for régistering the picturee accurately and it cannot ibef said

to work satisfactorily., It should be observed that‘ this apparatus is



concerned with synthesising movement artificially since it employs still
pictures of the steam engine taken in different positions, The
cinematograph camera was not invented until some decades later.

It is difficult to determine the date of the first succeasful
combination of'stereéscopy and animgtion by the persistence of vision,
‘Du'bosq experimented with combinations of stereoscope and zoetrope, perhaps
‘as early as 1851 (12). Between 1853 and 1860 there were six patent
applications in Britain for inventions to give simultaneous perception of
solidity and motion; but a patent application gives no guarantee that the
ides has actuslly been tried, and still less that it has been successfully
‘carried out. Sellers placed stereo photographs in a zoetrope in the
UeS.As in 1861 (5) and made a movie-stereoscope using photographs stacked
one behind the other, as in e flicker-book in 1863, In 1865 Claudet
described a combination of sterecscope and phenakistoscope by means of
phbtography (2). Similar work was done by Desvignes (1860), Czugafewicz
(1860), Shaw (1856-61), Dumont (1861), Cook and Bonelli ‘(1867) and Hubert
de Mollard (1867) (10,12). There are no reports that anyvof thesé early
experiments produced drawn stereoscopic diagiams which moved,_ise. that
they synthesised both movement and depth. | |

The early history of the oinema has been confused by cbnflic{ing-
claims of priority insﬁhich national prestige has played a cdnsi&?rable
part; bubt leaving aside all questions of priority over Edison and
Tumiere it is not’geﬁerally realised that the historic pictures taken at
Hyde Park Corner by Friese-Green were taken on a stereo cémera. The date

of this event is disputed by historians, being placed between 1889 and



1893, and it is likely that some of the dates attashed to extiibits in the
Science Museum are too early; | but it should be emphasised' that whilst he
took atere.o pictures there is no evidence that Friese-Greene had any way
of projecting ‘-them. stereoscopically. Also,' to“ put the event into con'eot'
ha.storical perspective, the camera used was of a_ type which had been
:.nvented earlier by Varley and its speed wa.s only three or four frames
- per se}cond. It was a rapid sequence cameraz rather tha.n a cmematograph.
camera. | ' N H

There are pa.tent gpecifications for stereoscoplc projection systems,
one anaglyph and one using polarised light produced by reflection from
mirrors, by Gﬁﬁlas in 1897. Onoe aga:.n, whilst these é.re sound in
principle there is no evidence that satisfactory protofypes were every |
constructed; and the claim has been made (8) in Amerioa that the first
successful moving anaglyphs to dbe pro‘;]ected.were‘ produced byjl-eventhal in
: 1924.

All the systems of stereoscopic cinematographic projection whioh
| "are in ourrent use in the Western World derive from the patent for sheet‘

, polarizer by Land in 1928. ‘Land projected colonred stereoacopic pictures
in 1933, Deacript:.ons of the various present day syatems can be found in - |
' the roferences (35 11,1 7) ’ together with accounts of many other devices
| ‘which have been tried and abandoned. - - | |
commercial de\relopments have centred mainly a.round 35 mm ayatema, |
. e.nd less has been done with 16 mm systems. The smaller gauge is standard
“in ednoational and academic work, and the only commercla.lly available

system with any claims to ata.ndard:xsation is the system developed by
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Bolex in Switzerland. This system has been used for the work described

in this thesis, and we return to it in Chapter 8,
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CIIAPTERT}IREE

THE HISTORY OF MATHEMATICAL CARTOON FIIMS

Early animation. The Science Museum at South Kemsington contains many
nineteenth century optical toys which produce an illusion of movement by
using'the persistence of visidn. These go back tb the sti'oboscope which
was invented independently by Sfampfer and Plateau in 1832, This was
inmediately applied to the preseﬁtation of diagrams of moving mechanisms,
and thése are certainly .the first animated technical diagrams.’ By
coincidence the discovery took plaée in the very year in which Wheatstone
began h;i.s researches in .stereoscopy. Platea:_x produced the phenakistiscope
in 18333 the familiar zoetrope was invented in 1834 by Horner* (15a).

There are references to even earlier work, Foster (8) describing
some diagram illusions goving back to an example due to Roget in 1825.
Roget also made an analysis of an interference phenomenon (15) which is
probably the first piece of mathematics of a type which is not
- infrequently involved in film animation. Faraday ,joined in corresponde'nde
on a similar 'to;pic. 'l’hese pro'blems lead ultimately to the theory of the
symmetry groups of animation discussed in Chapter 11.

The first enimated photographs - gets of photographs showing some
object in a set of positiona from which a moving picture could, in
prin_ciple, 'be synthesised - were made in 1851-2 by Dubosq, Clandet, _
Wheafsténé end Seguin (153’). (This process is currently being revived by
avant-garde film makers seeking new artistic effects.)

¥Footnote. Hornmer (1786-1837), an English mathematician, is famous as ;
the inventor of "Homer’s method™ in the theory of polynomials,



10

Animated drawings were first prbjected on to a screen by Uchatius
in 1853, and animated photographs were projected by Heyl (U.S.A. in
1870, but he nay have been ant:.cipated elsevwhere.

The first great master of animated drawing was Reynsud (10,12) whose
praxinoscope of 1877 can beuaeen in the Science Museum in London., It
gives a moving cartoon of excellent qua.lity. P§r _man& &ears in the 1880s
" and 1890s Reynaud's Theatre Optique in Paris displayed an extensive
series of animations, until the pei'fomé'nce'was- eveh‘fn_zally'superseded by
the cinema.  Reynsud!s animations were‘ carfoon: films in all but the
aotual technique employed. He drow his work directly on perforated band
film (14,1 5a.), and between 1596 and 1900 he actually used film
‘photographs to assist in the design of his animations, but he never
photographed his drawings pn £ilm before pmjectlng them. (In the use of
‘thve céméra to rstudy movement he was. rollvowixigb the 'éxamplé of Mueybridge,
| ‘and in animating from such studies he was anticipating Disney. ) In 1903
Reynaud experimented with sets of stereo-photographé mounted in an |
| indi'vidual viewinr device like a ‘nmtoscope" ‘and it ia also of interest
that his method of drawing direct on f:.lm has been revived in reoent years
" by McLaren, whose synthetic work we discuss later. | N
~ Many hiatorians have given the d:.stinctlon of being the first
> ’_"animator ‘who photogmphed on film to Emn.le COhl, but it seems that he must
yield priority to Stuort’ Blackeon, an Englishnan who worked. in merica,
_ and who produced Humorous Phaseg of _F_ugmx Fgces in 1906 and Lag;_
Fountain Pen in 1907 (2,10). |

The first £ilm by Emile Cohl (a pseudonym for E. Courtet) was shown
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in71908, but was probably made in 19073 and whilet Cohl appears to have

Aseen The Magic Fountain Pen we cannot say whether this was before or after
startiﬁg his own work. Befween 1908 and 1910 G§h1 is said to have made 60
films incorporating all kinds of animation techniques. He went to America

in 1912 to find many similar films being made there.

Mathematical animation. Whilst all of this work was in the sphere of
entertainment it should be remembered that many of the earliest workexjs on
cinematography were principally concerned with the scientific aspects of
the subjeot, and lookecd on the cine-camera as a means of analysing
movement or making scientific records. Minch, of Darmstadt was in this
scholarly tradition, In 1908 he saw Blackton’s Humorous Phases of Funny
Faces and was immediately impresséd with the educational possibilities of
the téohnique. | By 1912 ¥inch was able to demonstrate eight nathematical
films to a meeting of teachers in Halle, and by 1914 his work ran to no
less than 44 separate titles (7). This seems o be & greater quantity of
work than anyone has produced since - with the possible exception of
| Nicdlet, in Switzerland - but he ’wa,s onl.{r concerned with depicting certain
si‘bua.fi_ons, such as familiés: of coaxal cirecles, and not in making long
films with develoﬁih.g arguments, requiring many different sets of
~ drawings, or a k:md which‘ were developed later. Minch's films included
much work at an advanced levél as well as simpler topicse Filvm.
‘projectors were not then é.s commdnpla.ce in academic circles as they are
: .now‘, end this is perhapsr the reaéonwhy his W(;rk did not make a bhigger
impact. It would be wrong f;o see it merely as a novelty; it was a natural

expression of an attitude to geometry and to the problems of teaching it



12

which we f£ind in such outstanding men as Klein (11) and Hilbert (9),
which hés never been much 115 faghion in Britain, but which continues
- ptill in Germa.ny» in the films on non-Euclidean geometry made recently by
~ the Humboldt UniverSity in East Berlin under the direction of SchrSder (22).
' Before the first World War Detless (1) also made films on similar
subjects to Minch, Work recommenced after the war and the professional
fizﬁs of Deulig’i a!id vLichtveyrias each made at least three films before '1922',
some of which to judge by the scenarios were of outstanding :lnterest. The
| vigour of the German school of mathematical film making at this time may |
be judged by a contemporary article by Ebner (3), which as a statement of
‘the pedagogical principles underlying this type of film is still '
unsurpassed. _
This work had very little influemce in Britain, and it is doubtful
if any of it was ever even show'h here; but British developments took
place between 1936 and 1939 when four films were made by Robert Fairthorne
and Brian Salt. The great contribﬁtion which these films made to the art
.was thg portrayal of a continuously developing logical argument, For the
first time the conventions of the cinems were giyen a significance as- |
 mathematical aymbole; and the film entitled A Eypooyelic Motion in
pa.rticular showed that a film could not merely realise the dependance of |
geometrical configurat:.ons on a pa.rametez' but also conduct a 1og:lcal, but
i nonuverba.l argument in terms of its om particular symbol:l.sm. |
- The chief exponents of the animate_d te‘chni'ca.lt diagram m_Fraxice have
been Canta:greilr (13), as director, and Motard, as animation ﬁisﬁ,_ With

the exception of three teaching films for schodls,.made_ recently they



‘ 'ha.ve done little pure mathematics, their work being mainly in the fields
of technolo&v and applied acienoe. ) '

Nioolet has ma.de a number of short, simple ﬁlms for teaching school
geometry in" Switzerland, and filme of a. sim:l.le.r kind ha.ve been made :|.n
Yugo-slavia and Belgium. A% an advanced level there is the fxlm Gru mgen f
. und Phasmsohwindigkeit (1e) proanoea in ccllaboration 'by the rhysaoa;
Institute. Hanover a.nd the Institut fur Filn und Bild in Gott:.ngen, as
well as a considerable amount or experimental material from the Deutsche
Zentra.linstitut fur Lehmittel in East Berlin, includ:.ng the advancedv B
ser:les on non-Euchdean geometry from the Hmnboldt University mentioned ’
above, , ‘ | ' |

Hathe;xzafical films have. béen made in America but they have b‘een
a.lmost entirely commercial films for elementary teaching whoas aoademio ’
impact has been slight. | |
| The present author has made five films at University level (zo) :l.n

addition to the three-dimensional work deac:r:ibed in this thesis.
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SHAPTSR FOUR
convmamcnmmonr  STEREOSCOPY

th e ne Sterecpsis, with the restricted meaning of the
reception of geometrically different images by the two eyes, is only one
of the factors involved in depth perception. Depth can be inferred by ,
blocking, foreahortenihg, -cha'nge' of aspect on movement, serial
perspective (effects of atmospheric conditions, etc.), the relative
apparent sizes of familiar physical objects, and v’differences in
accommodation. as well as by differences in convergence, It has been
’ suggested even that such factors as the chromatic halo on the retina play
a part in depth perception and the list can be extended to a dozen items
or more. Gibson (3) attaches great importance to gradations in the |
toxture of surfaceé and 'minimises,'bhe effect of stereopsis. In his
concern for such problens as flying sircraft he is undoubtedly right;
but these things are very different from onr‘ present task, '

- This theais}ié concerned with atereoéiyntheais, which means, in ﬁB
nérrow éénsé, the use of a paj.rbf diagrans with varying parallaxes to
produce én'illuaion of dep;hh; and the preoccupation with parallaxes is
not intended in any way to minimise the iﬁlportance of these other
factors in viepth perception, a.nd whare appropriate they shoﬁld certainly
be inoorporated. into the teahniques of atereo-illnstratxon. The first
three factors listed above are used in the illustratlons accompanying
this thesis. Aerial perspactive can be used in still_ illustration, but
depiocting sﬁrface texture ‘e;radient is a formidable task for the most
acoomplished artist; and the use of either technique on the moving



47

elements of animated diagrams would be virtually impossible.

Depth perception also inwoives psychological fachfsQ The use of the
word “psycholoéical" and the related word "rationalisation", which is the
psychological process most frequently invoked, can eaéily be a cloak for
ignorance, but in the present context the complex of ideas to which these
words point cannot be'ignored, The many clueé to depth which are normally
present are correlated by tﬁe observer (usually unconsciously) and he
reaches a decision, ' The ability to correlate depends on his previous
conditioning, ineluding conscious and unconscious memory, so it is quite
possible for different pe‘opl'e‘ to interpret ‘the same clues in different
ways, or for the same man to interpret the same olues differently at
different times,

When clnes point in ‘different d:.rections it is he:rd to synthesise
the information, and the observer can either remain in doubt or reach a
decision by ignoring some of the clues which contradict and reconciling
the rest, It is quite possible for two 'intérpteté,tioné of a situation
to alternate in the o’bser&er's miﬁd. Nea.rly all "falge" depth perception' |
» is "tYrue” in its own more limited context, in the sense that an
mqomplete set of clues is reconciled consistently. There is a.lsb a
pronounced tendency for fhis reconciliation _to" be as much in sympathy
with previous vexperience as possible, This is so ,wellnldxoin in normal
~ vision that “e.xamples are not needed, but two illustratio;is from less .
A"'familia.r fields may be to the point. . '
Charnwood (1) describes various stereo situations in which quite

different pictures are presented to the two eyes., In the first place
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observers synthesise these very unnatural stimuli giving them a meamzig
of some Kind in terms of familiar thinge (as distihelt from suspending
;jﬁdgement) § in the second place the meaning given ~ve,ries from 'pei'eon
to persdn, and (Charnwood observes) when the person is previously
committed to some particular theory of 'binooular vision the interpreta.tion
which he arrives at is strangely in sympa.thy with the theory 40 which he
subsoribes. - This situation cannot 'be discussed in terms of physical
0ptics alone, |

Another more remarkable example arises when vienng with the image
fixed on the retina, It is known tl\mt under such conditions the image
disappears and rea.ppears spasmodically. 'rhe conscious will cannot affeot
this at all, but it has been demonstrated (6) that recognisa.ble shapes
remain visible longer than random, noneeneieal ones. Depth perception is
not involved here, but the point is that familia.ﬁty with shapes leads_ to
a different psycho-physiological reaotion - "perceptua.l elements (as 7
‘ distinct from sensory elements) exist in their own right" - and the old
pattern of subconsoious mental factors is involved even in these-highly -
unnatural conditions in which the mind has not vorked ‘before.

lmstorical notes. From the early beginnings of the su'bject in 'bhe Six-.
~ teenth Cen*lmry until the cOmpletely new ideas introduced -in the recent
work by Luneburg the theories of perspective and of atereoscopio dra.wing 4
have all been in ome , unified tradition. A report of the Air Survey |
Committee (11) gives ten references on developments in perepeetive
geometry before 1700, baginning with the Institutionee Geometriog
_written in 1532 by the artist Durer.



, Once the principles of perspective are understood 1’& is an easy
natter to apply them to the production of drawings of the same object
seen from slightly different points of .v:i.ew and so to produce stereo
pairs. We have already noted work of this kinﬁ by Sixteenth Century

artists,.
The Elghteenth Century was a period of comparative inactivity, at

least as far as the infroduotion of fresh ideas is concerned, but early
in the Nineteenth Century after the 1a'bours of Carnot, Poncelet and Monge
projective geometry develqped ihto an independent, highly speéialised '
branch of pure mathematics, and most treatments of the theoxy of
'stereoscépy make 1ittle or no use of it concepts,

There are already extensive moderh tree.tmgr;ts of the theoxy, btut
‘they are nesrly all doveloped from the point of view of the technician
‘vho wishes to take stereoscopic i)icturea with a camera and later project
the results in such & way 28 t0o ensure as clogse a rejroduction of the
oﬁginal scene ag possible, ‘They ave in faet theories of stereow
 transmission (9)+ Excellent as these treatments may be for their own
Moses the notations employed aré_ often needlgssly cunbersome and
ovéﬂoadéd with suffixés end lack the olarity of, say, the classic
writings of Helmholtz (4) For the present enquiry we need notlnm.ch a
theory of stereo-transmission as a theory of stereo-synthesis, so we
expouna the classical convergence theory of stereoscopy in a notation
suited to our purposes. Having done this we will discuss further soms of
the experimental objeétions to 4%, and o later chaptér will desoribe some

“of the‘more regent theories, due initially to Luneburg, whioh seek %o
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prov:l.de a more satisfactory theoretical basis for the phenomena which are

actually observed.

The convergence theory. The convergence theory of vstex}‘eoscopy proceeds
‘from a very simple initial asstmption. When a »pair of stereo picfures ig
presented to the two eyes of an observer the theory assumes that he locates
8 partioular point in the scene presented at the point 1n spa.oe where the
two lines of gight intereect. The a.ssumption is simply that the two eyes
act like a pair of range-ﬂnders. '

There is considerable evidence against tixisi plausible, but naive,
view, There is no evidence that observers can estimate the distance of a
point source of light in completely da.rk sﬁrroundinés with any accuracy,

" and on the _"ra‘nse-finder"’view they should be e,‘ole t0. The,relati#e,

: dietanoes»of. two points can, however, be assessed with great accuracy.

Also it is common experience thet two i:ictﬁres drawn on convergence

- principles, or two photographs, may have their relative horizontal

' positions varied by an amount v;hioh, on the convergence theory, is very
considerable, and the distortions which the fheory peeaicts are not =

“observed. These observations suggest that it is largeli' differences in

- parallax (or in paralla.ofio angles) which cause sensations of depth;
:i.e. that stereoscopic effects depend on the disparity of the two retina.l

' _ ‘images. As a descriptive aooount the retinal dispa.nty theory is probably

. more acourate than the simple convergence theory, although it does seem
that convergence plays gome part in depth percept:.on on (10).

| However the practical :melications of the two theories are almost
identical in so far as stereosynthesis is involved. The oonvergenoe‘
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" theory is a completely quantitative theory which gives gufficient (although
more than strictly néoessg_.:;z) conditions for the production of nndistorted
p:lctures. It is not easy to tind a preo:.se statement of the retinal |
di.Spar:lty theory, tut it seems fair to say that it is not an- independent
quantitative theory a.t 3.11 ’ and that in so far as :lt is quantitative it
merely borrows from the convargenoe theory; but it adds that certa:ln o
first order distortions ‘which should be observable on the convergenoe
theory are not observed. In other woxds, in terms of stereosynthesis on
the drawing board it gives the drzmghtéman the reassurance that if
ooniergence principles are followed a certain amouﬁt of lraok» of |
‘horizontal registration in the pi-o;jeotion aystem will not be a serious
‘defect, (We cammot be any more quantitative than this because the
retinal ddeparity theory is not quantitativo on this vital point,)

Por this reason in this thesis we tend to regard the implit:a.tions of
the two theories as practically speald.ng equivalent. In other
1mreatigations, for axample in the design of an electro-mechanioal model

of the human perceptive system, the implications of the two theories are
quite different, and they woulrl obviously call for quite sepa.rate

o ‘trea.‘hnent.

On the coixvergegce theory if we wish to synthesise a solid geometrical
| figure we must preparé two drawings of it based on too cex_itres of .
perspective in the ‘same horizontal line and a distance aﬁa:ct. equal to that
of the observert's ;eyeo, and arrange some vievﬂ.ng de‘éice of lenses or
filters whereby each eye sees its own drawing from the correct point of

~ view,.
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Fige 441

e S,

" The ‘geometzd;cal no't;a.tionAin Pigdé.;'l will be used throughoute
'Tize obééz‘ver faces a aéreen. The poiﬁt. mid-way. between his e;}es; which |
are a distance 2w apart, is on the normal through the dgntie of the |
goreen, which we take as ori‘gin.k The axes Ox and Oy are in the scré‘en,

directed to the observer's right and v‘ertically‘ upwards » Tespectlively.
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The Oz axis is normal to the soreen and direoted away fiqm the observer,
These éxes are the natural ones to take for geometrical animation, where
the task is to add the z-dimension to the two-dimensional figures in the
xy-plane, |

 If the distance from the soreen to the observer is s then the
obsemr;s eyes, at R and L, are located at the points (4w,0,8). If we
ﬁave an object point with coordinates .(x,y_,z) elementary geometry shows
that the two rays from the point to the 6bserver's eyes cut the screen at -
two points on the same horizontal level and at a distance ’2wz/ (s+z) apart, '
Two points such as this are sometimes termed homologous points, Their
distance apart we will term the parallax, and this word will always be
used in this sense, That is tc say a parallax is the distance between '
two ;Sro.jeoiiona of }an object-point on to a frontal plane, projecting from
the nodal points of the two eyba. It is convenient to call the |
coordinates of the point midway between the two projections (X,Y) and to
denote the parallax by 2%, Then the object-point (x,y,z) is projected to
the two points (¥32,Y), for the right and left eyes respectively, where

= .
X = stz ‘ x ':‘.z
- S - 2L

Y - e (4.1)  vwhich means that y = 2=  (4.2)
g . ¥ S ; - S5

842 ; W=Z

These equations cen be normalised by writing x, y and z for x/s, y/s and
2/sy and X, Y and 3 for X/s, ¥/s and Z/w. Then they take the form
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; x X
Tk R
T-g5 (3 ey -3 (4
=z 2
Z = Tz SRR

llomalisation in this way anounts merely to neasnring in the most

convenient units, and it oan s:l.nplﬁy some theoretioal disoussions, The

equat:.ons conneoting the parallax with the z eoord:l.nate can be written

,1;1 the form - ' | ‘

1-4 -1 S (4.5)

" “a relation of a fom vhich is oxtmo]y common in Optical theory.*

 'Whe set of points (x+z,r) define the picture which must be drawn

| for the right eye and the set (x-z,r) the pioture for the left; but for
k’some purposes 1t is oonven:l.ent to apeak of the (I,Y,Z) space and to

rega.rd it as a pro:)ective transformation of the (x,7,2) space. The

| tranefomation connacting them is gim hy the equations 4.1 and 4.2

v,a.nd 18, of course, ;a. paﬂicﬁlai type of vbilinea'r'trajmsfomation the

‘ genere.l study of whioh is the séiénce of projective geometry as it ia‘

o known to the pure mathematician.

‘Tt is 1mportant to note that the capital letters refer to the
"aiagrams as they are projected on the screen.' These are not the same a8
the drawings prapared on the drawing board ‘because they are on a different
 seale, Whilst 1t s poesible to ‘introduce & further set of coordinates to
" desoribe the situstion on the drawing board this is not usually necessary.

*FDOTHOTE. Grubb's construction, a geometrical method of realising this
algebraic relation, is, of course, a perspectivity.
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Ind’aéd, it is a useful economy in notétion not to do so.  When

daveloping ou;'c jmesent techniques we had in mind a rina.l cinematographic

projeotion under certain apeciﬁc conditions, with a soreen measuring |

38" by 50" 10 feet away. 7.6" by 10% 18 a convenient size for dravings,

and a teohnique was devised whioh was based on this ratio of 531 ‘between

~ the linear dimmsions of the pioture on 'the soreen and the diagram on
the drawing board, ALL work on the drawing board can then be dome

b' a.ssuming simply that we are preparl.ng d:m'ings for an: o‘bsarver with eyes
%—" apart look:l.ng at a screen 2 feet away. ’

QH_M We will next consider tho d:iatortions which arise within
the :tramevrork of the theozv as 1t has been developed so far. 'fheae can
: be diacussad a.nalytioally by altering the appropriste parameters in

| - ’_equat:lons 4.1 and 4.2 and aeeing vhat va.lues (x',y',z') arise instead of

- the correct va.lues (x,y,z). The space (x‘,y‘,s' ) is then to be ragarded»'
‘aa the diatortion of the space (x.y,z). '

- Only one observer :Ln the audience can be in the ravoured position
whigh ha,a_ been uaedvinl deriving the basic equations, =0 we first consider
' the effect of not sitting in this special position, If the observer sits
 at a distance st from the soreen instead of s, then s! must replace s in
equation (2111) and he will synthesize s space in which

ot oW 2B 8.

wWef 8
r?{l}is_xgxeans thatall lengths in the z direction are increased in the ratio
8'/s, or that the qiétortion is a simple stretch in depth. - This effect is

- actually observed, and it is a pi'onmmced feature of all stereoscopic systems,
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Whilst there is no doubt that this distortion ocours in praotioé it is.
mich less inconvenient then ome might at first think, It is not regarded
as a serious drawback in the commercial cinema where the back seats are |
many timés as far away. frém the screen as the front seats, and even in
scientific work where metrical relationships are much more important
o‘bservers are not undn];r vorried by this phenomenon, Present day viewexs
are accustomed to make antomatic, unconscious corrections in depth
perception at the theatre, the oinema or when watching television and
they carry over these habits when watohing stereo disgrams. |
" In spite of this high degrea of tolerance on the part of ohservers |
, this inevitable depth distortion which is inhorent in any known stereo
system must be borne in mind. when designing stereo f:l.lms. and the chief
pra.ctioa]_. implioations are two, In the first place one should not worry
unduly about some possible faults in the design of a filn becanse it may
be possible %o correct them later merely by adjusting the distance from
which the observe‘r viaws, Seoondly. it is quite impossible to present
oorrect ‘metrical infomation to everybody in the andience, so it is &
| ‘Va.in ‘,hope 'to tr;. The deaigner mst ooncentrat‘a on other spati.al fqatu&es
- which st_e‘reo‘p.rojeétion does not diafort and see that the fullest possible
use is made of them, kWhere it is essential to present metrical \
infomation as acourately as possible the position of members of the
audience must be correspondingly restricted.
v Just as not all members of an andience can sit at the correct
distame from the soreen so not all of them can s:lt directly opposite the

centre of it. The oconsequences of this can be found by replacing X and Y
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in equation (2) by X + p and T +'q. This considers the effect of the
centre of the screen having xand y coordinates (p.q) relative to the

- observer instead of (0,0). Then

- = w(I-«-p) o wixs + plz + 8

wei " w(z+s)-w
so  x = 1,4,1’.".‘-‘52 |
e s Feneda
z. -z L

This distortion is a shear,. Its effect is to prevent an observer from
geeing round. corners! by moving his position in the theatre. Commons
- sense suggests that it should mot be possible to see.more in'a pair of
‘__atereo dravings than they actually contadn, and that any attempt to 'see

round a corner' mt be unsuccessful, - m: shear is the nathema.tical

'etpression of th:ls 1ntu1tive suggestion, The ehea.r can actually 'be
) .obaerved by maﬁ.ng relative to the soreen, - B

- fhese two ddstortions ave both m Affine transfornations
'preserva unearity, parallels and metricsl ratios which are measured in’
the game direction. In general they deatroy angles and matrioal
:relationships in differing directions.

_l o sum up, even 1¢ the figure is perfeotly dra.m as an obserrer moves

| roond the’ theatre the figure undergoes affine distortions. It is the
, na.ture of stereo f:l:lms to depict affine geometry, and if we wish them to
rdiaplay metrical geometry we can, in pr:i.noiple, only h0pa them to do s0 at
one partioular place in the theatre.
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o The next‘ -distortions to consider e.re more serious, and are agsociated
with errors in making the f£ilm, or in the optiogl system; and they cannot
‘usually be altered once the £ilm is complete, There are, however,
coupensations, aé it will be shown that variations in some of the
parameters may be used to dounter‘balanoe variations in others. Certain
‘writers would appear to deny this, but the ’spvecial contexts in which such
' cpﬁnnenta are made are imbortant anﬂ what is frue for one system of -
projection may not be true for another in wiich the same parameters are
bnot variaﬁle. | | . -
 In the present system no complications arise £rom having to photograph
| wifh two caméras and none of the parameters of the camera are involved in
our daloulations, We essume that the camera and projector photograph a
© flat drawing and ﬁrojact 'a;:. magnified version of,‘it on to a soreen without
distortion, Wnilst admitting that thers may be some degree of distortion
- in these processes we assume that it is negligible compared with the
other, truly stereoscopic, distortions, which can ocour at various stages;
- Previously the observer moved and the projection system was

" uhaltered, 80 we employed a aysfem of coordinatés_ with the origin oxi the
s@réén.. 4s we go on to 6¢nsider &iatortions which arise through
variations of the paramgtars in the optioa.i system whilst the observer
‘remains étationa_ry :llt‘ is "cox"xvenient‘ %o teke a system of coordinates with
the origin centred on the observer. If we puf' S = 2z + s the coordinate
sﬁ'stem (=5, % )'ié a Cartesian syatém with the orim mid-way between the
observer's eyes. Egquations 4.1 .and 4.2 become
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vk
x = = * = w3
. . : . ] 7 w.! ) ;
r- % (4.6)  end vy = 55 @D

i
i}
j

w(J
s w=8

In practice_ we do not dispense with the variable z, 'bpt rather use z or

S as is most convenient, | | |

| . A stereoscopio diagram is produced in the following B'I:ages. Two

| . drawings are prepared, side by side, assuming given values of s and w

B tfxey are then magniﬂedand superimposed on a screen, and from them the
observer constructs a three-dimensional ploture. Magnifications of the

&:é.wings are represented by the tiangf_omtions'

XX . =X, XY . T, z >t = g

‘ In most stereo gystems m, = m, but in storeosynthesis this need not be
50, and an :;mportant degree of freedom is gained by keeping them separate
'in the theory. Note that all the nagnifications which can ooour e.re
ihcbrporafed in o:ne'ma@ifioation factor, vIt‘ is immaterial at the
fpresent‘ stage whether these are the intentional hasniination when the

photographs of the drawings are projected on to the soreen or |
‘unintentional magnifications or dimimtz.ons arising through having the
camera of the pro:}ector at iheLcorreet opera.ting distances.,

VWhen the two diagrams are superimposed there may be an incorrect
brég::i‘.strafion in the horizontal direction which increases (or decreases)
‘all of the paralléxes by a constant amount, 2p, (which may‘bte negative).
'.l‘hié is edpressged mé.thematica,lly‘ by the transformation
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’-xn;-é'x" ™ = 1 2> 2" = 7' +p,

-~ The obaerver now constructs the distorted three-dimensional image
(x',y' S') .t‘rOm X" : Y” and Z" using new values s a.nd w§ 80

. o W' - zn w’ -1 - B'_ w' -] - mzs
w!
- - t) .
n,ws (mzw +p~-w)¥

winmgx

- (W' =) -nw(S -s)

The calculation of y! is similar, and

o 1gt - 1t 1gt
' o2 - LA - e
- w' - 2" w! “p~-ng m.ws - (mzw+p-;w.')_r

:To' sﬁﬁmarise '
xt = o .
R (mw+p~wt)y
et W Hall |
| 3’. >r.

| Spottiswooae derives similar distortion equa.tions for his rather different
;systams. [ B

‘ The most serious dietcrtions, in theoz'y, are those arising from the
: ‘presenoe of. the f tem in the denominator. In faot observation and
: theory part compamf at this point, but we will first consider the theory
on its own merits and see wha.t conclusions can be drawn,

The equations 4.8 specify a group of transformations wixich are a

sub-group of all projective transforma.tionsi of ’the apace; Theyv are the ‘
transformations which leave invariant the origin, all points on the line
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at infinity in the § plane, and the S axis. There is little interest
in this.aspeqt of the equations however, the important question is how

the parameters may be chosen to restrioct the distortions,.

If the coefficient of § in the denominators is zero then the

transformation equations become

|} ¥ wtal : ’
eaEE., ., a.ERc G

-2 g _ e v
The transformation is affine and furthermore the stretches in tho x and
y directions are the same, The condition for this is |

W = mw;rp o | (4.10)

The implications of this equation are that an affine pro;jection of the
figure desired oan be ansurad by suitable choice of any of the pa.rameters
:mz, wor p. w' is the half-ewc width of the o'bserver, and whilst this
could be varied by using speoial spectacles this question does not arise
here, 'l'he choice of m_ and w is made at the drawing board and is
,des‘crj.bed more fully in cha.ptpr 7+ In some forme of pro.jection apparatus

'thé_:be_ié fréeddm to adjust p by varying the overla.p of the two separate

: diagréms. This cammot be done in the cinematographio aystem employed in
the present investlgation, but it can be done vﬁ.th the various methods of
viewing the still slides deacribed in Ghapter Ts and it is an adjustment
which is essential if they are to be viewed oorrectly.

The a.ffine transfomation in equa.tions 4.9 becomes a similanty

transformation 1f

<
=4
s .
- .
1]
-

w, " wmas (4.11)

N
N



ieee if s' = s, (4.12)

whlch _c’zon.t'irmsv»_the carlier conolusion that the screen distance must be
correct if the picture is to be seen in correct proportions. This
condition is also the éendition that each separate picture subtends the
correct angles at the eye which is viewing it; and if it is satisfied
as well as condifion (4.10) then the (x',y', ') is simply the (x,y,$)
space scaled up in the ratio wim i, . In stereo~transmission systéms »
realism is nearly slways important. This theory implies that a stereo
picture has a definite size - which a 'flat ploture' does not have - but
for diegrammatic work exact size is unimportant, and there is no neéd %o
adjust this scale factor to unity, In this respect stereo-synthesis
again has s degree of freedom which is lacking in stereo-transmission in
the cinema, of the type discussed by Spottiswoode (9).

" These conditions involve wf s the semi~eye width of the observer,
This is not the same :for everyone and some degree of distortion is
inevitable on this account, but no writer has suggested that this is a
material drawback. It could be overcome if necessary by equipping the
observer with suiteble specfacles, and we will give this no further
consideration,

. The distortion due to errors in p alone can be found by putting

w=w, m=n=1, and 8 = s! in the equations 4,8, Then, putting

P/ws = P,

1 , ’ | ,
= 7T yio= sV [ T'-';Li?-r"(“'”)

The eﬁ‘ect of varying the oierlap of the two images is one of the nost
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obvious problems in stereoscopy, and it has long been known that the
effects which the convergence theory prediots are not fmmd in practice, -
The bverlap of the two images can be varied over quite wide limits without
" any very pronounced effect on the thrée-dimensional picture, The.
tOverlap' experiment, described in Chapter 6 invést:_l.gates one aspect of
this problenm, Praoticallyk spealking the divergence between theory and
pfa.otice li.sk a great convenience becanse many of the distortions which
might be expeoted to cause diﬂ'ioulties do not appear,

- As we remarked earlier, many writers have ‘sought to modify the theory
by taking the operative factor in ateraoscOpic vision to be retinal
disparity rather than the convergence of the two lines of sight. That is
to say it is assumed that an ébservefr in some way derives information from
the fact that the retinal images in hia m ‘oyes di.!'rer because of the
va.rying parallaxes of objects wh:lch ave located at dirferent distanoes.
This theory has mich to commend it, Bough expaﬁments with stereoscopes,
with anaglyphs or with slides projected on a scroen ‘a1l show that the
overlap of the two pictures may be Varied quite oonsidera'bly w:lthout
vunwalcome distortions sppoaring It m:i.ght a.lso be relevant to »obsem
that in any case the. eyes are oontinually in motion, perfoming small
eaocadic movements, and an observer in some way disconnts this and -
attributes fixity to Burrounding objects when there is no suoh fixity of
the image on the retina, Indeed this lack of fixity appears to be an
essential feature of normal vision and to be necessary to refresh the
ne_rve, endings in the eye (2a,10a). This shows that inva.nother related

optical field it is the entire image on the retina thai is important and
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ﬁot a simple, direct one~-one relation between a point VobaoJ‘.'ved and a
point in the eye. | o |

The convergemce theoxy takes no a.oconnt at all of the ﬁ.nite size of
the.qye, ne:lther. incidentally, does the differential bipolar theory of
Luneburg (see Chapter 5); a.'lthouéh tnie attempts, in its way, o account
for the fact that a variety of ﬁtereosoopi& stimli g:lve rise to the same
Bter_eo'scopic sensation, 'Kowefer. tﬁe great disadvantage of the retinal
disparity tﬁeory'is that it is diffioult to handle, and no quantitative
theoretica.l predictiona seem to have been made from it which oannot also
- be made on the convergence theory. In ord.er to operate within the frame--
M ’work of the theox-y one obviously has to take a 'geatalt' point of view, '

s {,emphaaising the essential mteraapenaence of the many variables and the

importance of considering the situstion as a whole without splitting it

up into atomic parts, - This attitude is :lnportant throughout psyohology in
~ general, and it is needed in many parts of psychological optics in
parbiculai-. but time and time again we see that':l‘t' is _grossiy unamenable
+o ahalysis on the lines of classioal physios ‘or mathematics, The
'géstalt"view 50 ‘often has to be a;ﬁandoned ‘m order to ‘pursue a
quantitative discussion. - . B | |
' ' COntinuing with the theoretical implioations of the convergence theory
we notice a fantor that is likely to give rise to a particularly unweloome
feature in stereoscopic animation. When stereo drawinge are prepared
the parallsxes involved are always small, and always stretch s dreughtemen's
teéhﬁique to the utmo’st..“In' a ‘st‘ill stereo draying_#‘ sma.ll error in o

parallax causes thé corresponding gépmetr:!.pal element to be diaplaced in
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depth, This is a seﬁdﬁs practical difficulty. In animation.one might
expect random errors to cause 'jitter' in those parts of the diagram
which are being animated frame by frame. Jitter ocours in any film
- animatio;z. It is the buainess of the professional artist }tAo avoid it
by tricks whenever be can, and one such obvious trick is to draw cartoons
in which the movements ave rapid so that the displacementé from frame to
frame ave large compaved with the exrors, In technical disgrams this is
very often impossible, and a certain amount of jitter is inevitable ’
whdnever the movements are slow, In stereoscopic work the effect of the
unavoidaﬁle"?andom errors in drawing parallaxes threatens %o be muoh more
gerious., How serious, on the oonfdrgenoe theory, ischown by the
following considgi‘ations. Eqna’.tion (4.7244) 48

S v«-z

‘Paking logarithms and differentiating

(4.14)
dS - --—-az.

’ ‘When considering errors in depth wha.ch are prodnced by errors in parallax
’it has to be decided whether 4{ or df /S is the important quantity.
Butk w:hichever is chpsen equation (4.14) suggests that depth jitter will
increasé with €, that ié to say it oan be reduced by working ‘with the
atogran in front of the soreen rather than behind. It is questionsble if
there is any experimental verification of this partiocular prediotion.

From equation (4.74i) we have
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8

_ w
d‘x"'w--zdx=

& (4+15)
‘dx‘a.jnd 4z are eiroré on the soreen, and our assumption is that these are
uhii“om‘ ha@ifica.tions of errors on the dr;z,wing 'board. So compaﬁ.ﬁg
equations (4.14) and (4.15) it would appear that errors on the drawing
board w:l.ll ultimately mispla.oe po:l.nta in the z-d:lrection by $/w times -
as nmch ag in the x-direction. This is very serious because in the
system being desoribed at soreen distance S/w = sfw = 10 feet/1 inch
which. is a factor of over 100. |

| If depth jitter in stereo animation really was a hundred times worse
‘than lateral Jitter in ordinary animation the asituation would be quite
:I.ntole:able, and it would be :I.mpossible to'a‘ohim sterec animation by
~ normal mm—mm techniques, % nay be:‘ that considerations along
these lines have disoouraééd pioi‘osdional aninators from attempting the
problem for so long, but at this point once again ocnvergence theoxry
disagrees with experiment, The Jitter should azaoeféi the retinal
disparity theory, but the new aituation is quite different from the one
discussed earlier. There the poiht ﬁa‘a that the distortions produced by
a syatematio error in parallax over the whoie of the diagram do not ‘agi'ee
in theory and practice, here .‘f;he. point at issue is the distortion B
produced by a ﬁurely local error in i)arallax. Later evidence will show
that such local errors are very serious if they are static, but in
’ oinematographio projection errors are only on the screen for 1/16 psecond
and whether or not the eye can follqw them is & completely new question.

This problem is the subject of Chapter 10, and for the moment we

will merely state the conclusion that under ;the projection conditions
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with which we are concerned the eyes. are v"ery‘ sympathetic to 'jitter_of,
this -‘kind, and far fi'om interpreting errors in drawing ao random
fluctmations in depth they average them out =0 that binocular animation
appea.rs even smoother than monocular | ;

Three f‘urther types of distortion remain to be considered. The r:l.lm
is projected 'by a twin lens system. It is poss:lble that the foeal lengths _ |
of these two lenses may differ very slightly and that the two’ piotures |
may be magnified nnequally. -The stereoaoopio oonsequenoes of unequal ,
nagnification have been discussed at 1ength'by Ogle (5). His oonolusions
are that unequal magniﬁca.tion results in an angular displacement of a
frontal plane (z = oonstant) 80 that one side of the screen, for example,
appears nearer to the o'bsorver than the other Ko distortions of th:ls
kind have 'been obaemd 1:1 the apparatus vh:lch was used in the present
experiments. ' |

The axes of the twin 1enses are 5.6 mm apart. 80 tha.t if the distance
betveen the soreen and the projector is Vs.ried the two !'igures on the
- goreen undergo magnifioations about centres whioh are separated by this ‘V
‘amount, This discrepancy is very slight and it is not taken directly into
acoount in the previons theory; but it can be considered indirectly as |
caus:.ng a oha.nge in a11 three of m, m, and p. So the fmite sepa.re.tion
’of the axes. of the two lenaes does not introduoe any eesentially fresh .
'problems. |

The i‘inal distortion to disouss is the one :lndnced bw intercha.nging
‘the,piotures seen 'by the two eyes. This can ‘be;don_e by appmpnqtoly

turning round the viewer's polaroid spectacles. The term 'pseudosoopicf i-s:' .
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sometimes used to describe the situation, Elementary calculations show

that it is described by the transformation equations

', p <) :
x 2z+8 - 2C -8

' — B o :

V' ® 22+ 8 2§ -8
e g_’_ pa:) _ ' . s
“ 2z 48 § 2§ -8

| ‘Points in front» of the ac;reen become poinfé behind and wvice 'versa. It is
interesting that x'ty'ezts {1 = xiy1-31$ so that the bearing of any

~points from the observer is unaltered by the transfomatién, ihereaa the
ray from the po:l.nt to the x, y, z origin is‘.’ref,ledted- in the soreen. |

L mgR .
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This situation appears at first sight to offer many opportunities
for making teaching apparatus to illustrate important principles of
projective geometry. For example, in some presentations of the subject
many proofs depend upon projecting‘ gome particular finite line to infinity.
If this 'ling is in the plane half way between the screen and the observer

the pseudoscopic transformation sends it to infinity. This means that on
| the instmctioﬁ "project the line L %o infinity" the audience could do so
~merely by reversing their spectacles. Ono.e again theory does not agree
with experinent. Stereosooplo viewing is a 'gestalt! situstion involving
many factors and we oannot isolate one ’fa,otor_ in this simple wéy. There
is also the point made by Shipley (8) that ‘infinity! is an intellectué.l
construction, and "there is nothing in our visuual space fo oorieepond |
with the purely intellectual concept of infinity®., Tims obsexrvers are | |
usually slow to appraise pgendnqoopic Womtiow whenever the objects |
depicted resemble familiar, physiocal oﬁaacta, or whenever the distances
involved arve large {on the convergence or disparity theories).

Whenv stereos&opic evidence, in isolation, runs counter to previous
experience it is generally rejected. It is not possible to éuggeat
mathematical infinity (as e psychological experience) by atereb’soopy any
| more than it is by getting observers to look at e collimated beam of
1ight. | B |



40

REFERENCES
1e %aﬁmbd. Essay on Binocular Vision, London, 1950,
2, B, Dewhurst. Auto Precision Stereoscopy. Phot.Joum. Vol.923. p.2,1952.
2a. R.W, Ditchburn. Eye-movements in relation to retinal action.
Optica Aeta, 4, 171=176, Peb, 1955,
3, 3. Gibson. Perception of the Visual World. Boston, 1950.
4, Belmholtz. Treatise on’nhjsiolog.toaloxmgs. 3rd edn. 1910,
. Trane.J.P.C. Southall, U.S.A., 1925. | |
' 5. K.N. Ogle. Researches in Binocular Vision, Philadelphia, 1950,
6. R.M. Pritchard, Stabilized Inages on the Retina. Soi.iner,, 204, 6,
June, 1961, ” |
7. J.T. Rule, The Shape of Stereoscopic Images. - J.0.5.A.,3l, Pp.124-129,
Peb, 1941, | -
8. ‘.l'home Shiple&. | Gomrgoncc l‘nnot:lon in Binocular Visual Space.
J.O.S.A., 41, 9 Pp.T95-821, Sept. 19574
9. R, and,!!.l Spottimode. The !hoor; of Stexreoscopic hanamission.
Univ. of California Press, 1953 |
10, WD, wz-ight. The Role of Convergense in Stereoscopie Vision,
" Proc.Phya.Socs B 4, 289297, 1951 "
 102. M,P. Lord and W.D. Wright, . Eye Movements dnring Monocular Fixation
Nature, ,lé?.: P‘25, July 3, 1948. _
RN ;-;--.--‘ Report of the Air Survey Comni ttoe, No.1, 1925, Appendix Vi,

Stationezy Office.



41

CHAPTER FIVE

* LUNEBURG'S THEORIES AND THEIR APPLICATION 0 FIIN

It ha.s been known since the ea,rliest studies of stemoscOpy that the
convergenoe theory was mdequa.te in a number of ways. '.l'he theory is .
_ extremely simple and conforms to comon-sensa notions of how binocular
] vision might work. and it forms a satiafaotoxy baa:.s for the preparation
’of stereosoopio dra.wings and. photographa; but some of the effects which
it predicts a.re not obsemd. Most obviously the pro;)eotive deformations
described in Oha.pter 4 which are assooiated with incorrect latera.l
registratn.on of stereo drawings and inoorrect mtching of the parameteré
corresponding %o eyewidth are not observable. or at least not obgervable
to anything like the degree which 4he theory prediota. '
4 Binocula:r obsemtion of a point source ot light g:!.ves no indication
of its distanco. bnt nall diftorcnou in the cl:l.stanoes of two point-
sources can be asscsaod with grna.t aocurw. In the "Overlap and
"Photofinish” experinmta of chaptor 6 obsornrn could make a.ocurate
Vappraisals of many toaturos of thc diasrama, lmt whenever they volunteered
qinfomation about parbs of the piuture being 'in tront of the screen! or
'beh:.nd it' tlus was uma.lly quito unreli.a.'ble and bore l:i.ttle relat:lon to
the geometrical optics of the situstion,
In this connection mm (10) writes that if the two parts of a

sterea picture are moved closer together the whole field appaa.rs to draw
 nearer .‘(as predicted by the theory) "but such apparent movement from ox
towards the observer ceases immeciiafely the pictures are still, and the
whole field looks to be at the same aﬁsolute. digtance as before.” T
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These oonclusions are so widely accepted that it is unnecessary to
quote further evidence. .However until the recent work of Iameburg‘ there
does not seem to have been any a.ltemative quantitative theory of
stereoscopic vision uhich could serve as a framework in which to f:l.t
observations or as a basis for the constmction of stereoscopic drawings.
Luneburg's theories have had noteworthy suocesses in accounting for
anomalies in stereoscoPic vision which were studied by Helmholtz, A
Blumenfeld end Ames, and they have been applied to the science of
cinematography by Levonian (6) and H11 (5). We will now describe these
theories in outline, and then discuss their relevance to the problem in '
hand, 7

The following phenomena ocamnot be accounted for adequately by the
convergence theory. Helmholtz observed that if people were seated in a
dark room and asked to arrange a set of 11311155 in a straight line across
in front of them they d4id not in faot arrange the lighta in s straight
line but in ourves which he called ggr_o_pj___. These horopters wers
symmetrical about the centre~line in front of the observer, and they were
~ooncave towards him up to a certain distance; and beyond this distance
they were convex.

- Blumenfeld performed experiments in vhioh o‘bservers performed such

tasks as the following, They were first given a pair of distant lights
- and asked to arrange other lights in lines so that they formed a parallel
é.llej; that is a pair of »1i‘.nes parallel to one another and symmetrically
ﬁisposéd sbout the centre Iine ahead, It was found that the observers |

again arranged the lights along curves. In another experiment the -
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obsei'vers were given a .pair of distant‘lsights as before,. and. then lighfs
 two by two to- compa.rc with them‘ivbilst all the other lights bof thc a.llcy
were tu:med cff. @hey were aeked to: a.rrange sach pair 8o that thew were
the same. distance apart as the reference pair, Ona Euclid_cazvx’basis‘ this
should of course have led to exactly the same result as the first
experiment; but whilst the cbacryeissain an-a.nacd the lights along |
curves instead of ctraight lixics they were not the same curves as before,
_ end fu:cthezﬁore the diffcrencca wére rcpcatcd consistently l:ln subaequ’entr
"exl-:crimectc. In other words the subjects ﬁterpreted parallel and
| gn_u;ii_g_& in such a manner that they led to different rasults,
|  More recently in Amcrica Ames haa conducted a number of experiments

~ on binocular vision which have involved cc:rtain types of optical illuaion.’

o In one vcry celebrated cxper:lmt he conctx'uctcd empir:lcally a set of

‘ 'rooms' of diatorted aha.pcn. The uiddlcusiccd room was noma.l, but the" .

smallest one had condave walls and csiling whilst the largest one had them
convex, When a viewer, who did not know th:ls, vas placed st a suitable
| viewpoint for each roon he had thc imprcccicn tha,t a.ll thrcc rooms were
the ‘same eizc and ncmal in cha.pc. ' |

Blumenfeld's experiments have bacn repeated and confimed by a team

working. at colum‘b:.a Univercity (3), and their invcstigationa alao included’
experimente using stareoscopic aourcec ot 1:Lght, and it m found that
: .obaervers treated. stercoscopic sourcea axactly as had. been ascumed :Ln the
convergence theoz'y, in scfar as they rea.ctcd as if thcy were ccing :]ust
'one source of 1ight aitua.tcd at thc point of intarsection of thc tvo 1inea
- of s_ight; but thcre was again a dcparture from the classical thcory sincc
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these stereo-sources also produced Helmhbltz's horopters, Blumexifeld's
‘alleys and the related phenomena.

The phenomena are of course 'subjective’ in the sense that people are
needed to observé them, They are notvobsemble by, say, range~finding
instruments. Any theoretical discussion must therefore comtain psycholo-
gi‘cal' and/or physiolbgical foctors, as well as the objeotive factors of
geometrical optios., Ianeburg attempted to account for these Vyhenomena by
two separate but related theories which may be called the differentisl
bipolar theory and the : metric ' . '

Throughout this section we adopt mnaburg's notation, and it should

' be noted that his x, y and z axes 3o not have the same orientation as the
axes in Chapter 4. (No confusion need arise as it is never necessary to
‘use the differing conventions simultaneously.) »Efez'y point in space, in
front of the observer, has & unique set of coordinates v, d and © (see
Figs.5.1 and 5.2,7 which are taken from Reference _(9)) which are related
- to the rectangular oartesian coordinates by : |

¥ = R-a=f #=%(B-a)
cos 2d +c0B8 Y . ; ___E__Z x?
- siny qoaO_,_tany = xa+y2+zz-1
sin ¥ . | | xR ey 4+ 2? -1
'  gos 24 + cos , z
z = Bin 7 gin O ta.nvc f'.x

 Luneburg's first, tentative hypothesis is that the absolute values

of ¥, § and O are irrelevant, and that the only observables are
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‘HV

Fig. 5.2.

| differences in these cobrd:l,#atea. Pqtting' tlie matter another way figures
rela.téd‘ by the ‘transtomatibn'. . N o

. _'r” = *r'-iéozist.- g!' = ¢ + oonst, o' ‘= © + const,
are viaually md:.stinguishable. Such a transformation is called an

: Wmm and figures which are B0 related are tamad

valent,
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These transformations are easily pictnred in terms of the coordinate
grid., In the horizontal plane in frxont of thevbbsemr the lines
y = constant are Vieth-Muller oircles x° + y% =« 2x cot Yy = 1 and the .
lines ¢ = constant ‘ave Hillebrand hyperbolae -x* + y2 + 2y oot 24 = 1,
‘with asymptotes y = x tan g, The thno-dhonﬁional grid is produced by
Totating the configuration in the xy plane a.bont the yearis. Iseikonic
transfornations are translations on this grid, At large distances from
the eyes the hyperbolae are inaisunguishaﬁle from their asymptotes and
 the Vieth-Muller circles are virtually x® + y® - 2x cot ¥ = 0, a coaxal
system touching the y-axis at the origi.n.‘ mé produces a simplified
form of grid, which should not be confused with a simple sentral
projection (although the lines ¢ = const., radiate from the origin) because
the two eyes have virtually become a "dipole" at the origin, Grids of
‘these kinds can be superposed on the drawing methods of Chapter 7, so that
elements in the drawing can be transformed to equivalent positions,

_ Although 'this theory is still 1neomplate, it explains gquite a lot
even at this stage of development, luneburg gave a theoretical tre.atment
of Ames's rooms the reauita of which compared well, he claimed, with
experiment; and Levonian (6) and Hill (5) é.pplied the theory to the
practical problems of stereo camera work for motion pictures. As a result
of their studies it was cwad" that the technology of filming bemefitted |
because thé camers, ga:lns an extra degree of freedom when compared with
the restrictions which arise from the convergence theory, end this extra
freedoni wag an advantage in overcdming problems of matching cameras, lens

spacing, toe-in, distance and "giantising" factors,
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When applied to the-probléms of gte_rebeyxithésis the practical
b_enefitbs are not vs'o great, hebatisev, as explained more fdlly in Chapter 8,
camera work in ‘atereésynthesié' is very 'mﬁeh.”"‘lsimpler than in live action
photogi‘aphy. - However, when sy‘nthesi.éin‘g stereo pictures from drawings
the va.riation of the overlap .of the two pioturas results in a
transformation that is virtually 1sgikonic. -Phat is to say the differen=-
- tial bipolar theory supports the firmly established prastical criterion
‘that exact horizontal registration of the two plotures of s stereo pair
Lis not o.t“ prinie imrorfance. It also confirms that the effects which were
gought in the "Overlap™ experinent in Ohapter 6 should not arise, That
‘ the transformations produnced by va.ria.t:l.ona in overlap differ from
iseikonic ones only In the second oxder tem can 'be seen by inspection
' of Pigures 5.1 and 5.2, and does not really ca,ll for ana.lytical proof.
Vanation of the overlap varies angles a and ﬁ, but © and ¢ remain
~ approximately the same |and r is a.ltered by'approx:lmé.tely the }' same amoﬁnt
'thmughout the figui-e. We are ooncemed with viewing conditions in which
- the pictures a.t distances of abou‘b 10 teet .from the obaerver, and the
‘_ 'varia.tions :ln overla.p which may occnr do not. exoeed 3 ina. herefore the -
' ‘seoond order terms are quite unimportant. v | |
e differential bipolar theory gives one additional venefit in

o stereosynthesis since :!.t sugges'as that elements in a diagram which ocour

E in an inconvement pos:.tions can be transferred to some other equxvalent
‘position where their appearance uill be unaltared. This mea.ns, for
example, that po:.nts whose pa.rallaxes are very amall can be maved to some
other part oi‘ the physica.l space depicted in the diagram where the
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para.llaxea are larger. This might be a practical convenience becsuse the
difficulties of drawing small parallaxes a.cmxrately are the main problems
of stereosyntheais; and the bigger the Aparallaxes ‘the smaller the
relative errors, Transformations of this kind can be done oﬁ a drawing
board by superimposing a grid, as explained earlier, or they may be

| caloula.ted analytlcany by tha methods used by Luneburg in (7) to’ discues
_ equiva.lent Ames‘s roomss However the use of iseikonic transformations is
-not likely to be of great pra.ofica.l‘ advantage ‘becaﬁse in general they
turn straight lines into cuxves. ,

This euggests another possibility. It is in principle possible to
construct certain space curres by drawing straight 1ines and sﬁbjecﬁng
them"to' iseikonic tranéfomationa. But thi‘s comes up aga.i.nét an essential
‘inadequa.cy of the dit‘terential bipolar theory. This 'theb‘:r'.',y' classes‘ :
certain rele,ted conﬁguxations as viaually equi.Valent, but out of the
range of conﬁgurations which the obaerver might be eeeing he nearly -
alwa,vs deoides that he is seeing just one = and the theory doea not 88y
whioh interpretation out of the many possi'ble he deoides om We ca;l only
say that he _decides on the interpretation which is most "reasonable" -
neaning the interpretation which is moé_t in accord w:lth his previous
experience, o | . |

But Iameburg's theories go further without introdnoing psychological
notions with no precise definit:.on. The theory is extended by modifying
the hypothesis that the absolute values of y are of no importanoe and
that only variations are significa.nt. Ianeburg introdncea a metrio to

explain how distances are subjectively assessed in terms of 'r. ,{ and O,
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Whereas the earlier theory is objective in that the geometry is the same
for all obsexvers this part of the theory is subjective in that two |
pé.rameters < and 4 are involved whioh are constants for partioular
individuals, In this way it is possible to aooount for the different
ways in which different people assess the same situation. The metric is
introduced in the following manner. We have at our disposal the
coordinates y, ¢ and @, of which the first corresponds to the radial
Variabie. These are used to assign further coordinafes

§ = £(x) cos g cos O, q- f(x) sin ¢ | = £(x) cos ¢ sin 6,

:t‘('r) is a funotion to be diseussed later. Theée ooordinatés are to be
thought of as being in ‘aub;jeotive spane'. and :I.n this spa.ce distanoes
are calculated by the Bz.emannian metr:lc

de® = sinha ‘(Y oYy [o’ d-{a + dﬂ" + cos?d 4 02]

These distances are subjective distances, i.e. distances as they are
perceived by an observer. Most commonly Iuneburg puts f£(y) = 2e~ T(y+p) ,
but he is sometimes prepared o work with the funotion left in a general
form and also there is an arbitrary scale factor in his work and he does
not always adopt the same normslisation, This spé,oe is & hyi)erbolic space
of cénstant negative curva.turé, and the references give full arguments why
this type' of space is ne’céssaz'y,' but these do not concern us hera, The
space can be mapped confoma.lljr ingide s sphere in a Euclidean space |
(Poincare's model), in whioh case géodesics are arcs of circles which are
normal to the base sphere; and again it oan be mapped (but not oonformally)
in the Klein model in which the geodesics are straight lines. ILuneburg

makes most use of the former model.
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From this metric it is possible to deduce theories ‘of Helmholtz
hdropters, .alley eipériments and Ames's rooms, The notion of equivalent
configurations is replaced by that of 'cbngment configurations?, because
in this h&perbolic space there 1s & six parameter gréup- of transformations
which preserve metrical relations, i.e. bodiés can be trgnsle.ted and
rotated "$uch as in Elzolidéan spaeé. Much of uneburgt's theoretical
" discussion leaves the precise nsture of the space é.s‘ an opén question, and
_he deals with the elliptic, Buclidesn and hyperbolic possibilities; but
he decides :rina.lly tha.t thé expérimental evidence indicates the hyperbolio
alternative as the one to seleét. a B 1 ‘ |

There is an enalogy between Laneburg's two theories and the speoisl

| and general theories of relativity. Apart from the ‘aimiiér geometrical
iidea.s underlying both syetems, in both cases the "Spocie.l" theory seems

well established and is applioa.ble to a wide Va.riety of phenomena. whereas ,

3 the position of the "genera.l" theory :S.s by no means 80 oertain, and

alternative forms of metrio have 'been prop(ased by others who support the

: ;outlook of the 'cheory but who do not accept its details. ‘

” - Hardy, Rand, Rittler and Blank (3) have pmpoaed another form of

| Hmetrio, which differs‘ in somq rather important respecta from'mneburg's

~and gives greater ,promine‘noe‘ to the most distant point ina.ny configuration

-8 featu.fe which they think of _ﬁefin:’;te physical importance; end Shipley

(11), whilst aympathetic o Luneburg"s approach, suggests that parallel

| | geodesics in alley experiments have not be ideﬁ‘bifiegl pmperiy which means

‘that the question of the éign of the ourvature of visual space is still not

decideds That is, visual space may be elliptic and not hyperbolic as

iauneburg concluded. |
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Vie mention these other views to show that the poéition of this thebry
is by no.means firmmly deoided, =nd for this reason alone :t.t certeinly
cannot he taken uncritically into £ilm technology. There ave however - )
greater difficulties, This 'bheory is 2 truly subjective one in that 1'_&
allows for different behaviour from different observers, The constants
which occ{zr in the thecﬁ 'fér diffexrent observers have begn measured for a -
number of observers by Zajaézkowskﬁ (12) and these show a very wide spread.
She reports the following range of walues, |

G = 3,3 to 26.4, with 10 as a rea,séna'ble average -

K= =2y = =0.98 to -0,05, with -0.5 as a reasonable average.
This range is very wide, and whilst the exadt meaning of the vspread in
terms of differences on the drawins board could only be seen after a |
tedious caleulation it is difficult to see how such a wide range of

parameters could be catered for at one and the same time,

Hill has used this theoxy to confirm some of his recommendaticns for
stereo cinematography, but he does not state what values of parameters
have been taken, or how serioua the eﬁ‘ect of spresd is. Indeed at the
time at which this paper was written the constants only seen to have been
published for one or two obseﬁers. a.nd this sample is cle’arly inadequate.

Therefore the applications of Luneburg's theories to praoticall
. technolow are dovbtfuls. In any oase they only apply to vision at & shoxrt
range,. six feet or less, and with e screen distance of ten feet or the
congsiderably greater distaz;cas which are normal :Ln a put_zlic q:.nema all the
setion of & filn tekes piéée‘ outside the crifical distanée. Also the

theordies have only been gquantitatively confirmed for phenomena which arise
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under vexry specizl viewing conditions - when ‘é;eeing- points of light
"devoid of all other indications. of depth. The situation when viewing
ploture... of natural o'b,)eots is qu:x.te d:.fferent, ar.d it is a most
- questa.onable erbrapolation to ext;end the original experimenta.l conclus:.ons
to them, | o o

Against this view it'c'em be avgued tm'memos theories also
- apply to Amests rooms, and that the cinema pictures produced with the aid
of the ‘bheones were satlsfactomr. The reply to this is in two parts,
The ‘room' for which Im.neburg ga.ve a calculation wae only a sma.ll, mode"
-' r00Mm, w:i.th linear dimensions of 1ess than two metres, and human eyes ha.ve
shown themselves 80 acoomodat_ing to _stereo perspeot;ve covering a w;l.de
. range of pafametefs"io many dif‘.férént circumstancos that it ismo
gﬁaro.ntee" of the truth of ‘a. >th‘evory tha.t ’aoceptabie pictm-es‘ can. 'be mad.o |
| vrlth?its aid, Surprisingly «atisractoxy pictures can be made empirically, |
' ’espec:.ally when many other depth-emggest:mg fa.ctors are present at tha
' pame time (see the piotures by McLa.ren, a.ppended ‘to Gha.pter 7). Also |
Lm:e'burg's treatment of congruent Ames"a rooms stlll 1eaves an um:esolved
question as the ea:cl:l.er treatment of aquivalent rooms did, Oongruent
‘rooms form a one pa.rameter s,ystem (whioh arises from the group of
tra.nsla,tiona in hyperbol:.c space after carta.ln pa.rameters have been
elim.na,‘bed by considemtions of symmetry). A1l ‘rooms of this system are
5 'nsually equiva.lent but the observer prefors one interpretat:.on to all of
M_the others, Aga,in 3.1: can be mxggested tha.t ‘he chooses the one partlcular
:Lnte:tpreta.tion beca.use he rationalises ’ahe si.tuation end sees it as much

as possible in tems with which he 18 most familiar., This objection has
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to contend with the counter-objection that it has been possible to .
~ produce experimentally other types of 'room! in which "\inna.turél' things
occur in rooms of natural shape ~ but Luneburg did not disouss thesa.

Konetheless thare a.re some extremely special ciroumstances in whioh
Iameburg's theories could conceivably apply to the design of na.thematica.l
films and physical dlegrams, It mi'shf be possible to use the subjective
~geometry of the observer to convey infdimati_dn‘ about non-Buclidean
situations, For example, the type of configuration oocﬁﬂﬁg in the £ilms
from the Mboldt University which display features of non-Buclidean |
géométry with important appliocations in the théory of mnctiona might be
pomm:’nicated to an observer by suitably drawn stereo diagrams in éuch a -
‘way that the non-Euclidean features of the configuration béoame apparent
to the o"tfserver without being 'ob:}ecfively there! in the normal
‘ intérbretation of the film é.eoérdiné to ’anlideqn bonyérgenoe theoxy. .

If it were possible to do this it would be extremely worth-while,
because it would give a direct sensory experience of three-dimensional :
hyperbolic space. The special conditions under which alley experi.menta ‘
have been perfomed can scaroely do this to anything like the same extent,
‘bacaq_se movement has been absent from the situations they have handled and
a £ilm offers possibilities of prodﬁoing configurations which could never
be produced with the limited rcsour'oeé of lamps“on an 6ptica1 heﬁch.

Bowmr the developnent of such a film technique presents obv:loua
difﬁ.onlties and an attempt to do so in the conrse of the present enquiry
wou.ld have introdnced many new features a.nd would ha.ve 1ed too far avay .

from the main problem-
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The animation and the projection a;-rangaments, would have to be
constructed round quite fresh parameters, The entire action of such films
would have to take place at distances from the observer of less than ten |
feet; and the closer the better, Writers on .fﬁis type of experiment stress
‘the extreme acouracy with which points have to be aligned; "Visumal
oriteria were often so clear as to demand motions as small as 1 mm at the
most distant varisble points, appmmatel& 2,75 metres distant™ (11), It
would not be possible to make one :t‘ilm of a subJective noix-Euélideén
phenomenoh tﬁat depicted the situation adequately for all observers; at
least not until projection apparatus is available whioh provides for more
control over projection parameters than is the case at present,

| Pinally it should always be remembered that this type of experiment
is concerned with a highly unusual notion of parallelism for the "sensory
parallelien® studied is not the same thing as physical parallelism. Thus
Shipley writes in the instructions to his obse.i'vérs, Mhe Tows are not
visually straight and parallel if they seem to converge to somé distant
'vanishihg point, as when you look downh 'physically straight! railrod
tracks., The ta.ék is to make the tracks seem to be strﬁght ké.nd parallel,
even if they would be extended indefinitely into thé distance."

These‘ stimulating and ché.llenging theories hs&e'a. va.lue"vhich’ is not
in any dispute, but here there is yet one more reason to question their
 relevance to the problems of the stereo cinema in so far as it is trying
$o reproduce physical reality, But their relevance to the problems of
stereo-gynthesis, which are ultimately to provide a chain of commnicstion
whereby abstract information may be passed from one mind to another; is

i
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immense; and if a projection system of sufficient refinement could bé
| devised quite new posgsibilities in diagrammatic conimunication might be
0pened up, since there would be available 8 three-dmenuonal hyperbolic
i space, directly perceived, with freed.om to: oa.rr,y out movements and even

h other more general traneforma.tions. ‘
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CHAPTER SIX
STATIC EXPERTMENTS
- I. EXPERIMENT "PHOTOFINISH"

m. 47 observers were tested on a series of salides ahou:mg four
vertical lines with different displacements from the sereen. The object
of the experiment was to see how accurately they could assess their
relative poaritions with different ranges of parallax., After a pracfice
period eaoh“obse“rver was shown six pairs of slides with the displacements
61‘ the linea from the séreen-decreaaing progressively, and each time he |
was asked to state the order in which the lines appeared to him, |
'.l'hree quarters of the observers were able to conxplete the test w:lth
four faults or less (out of a maximum possible of 36). The time required
to get accommodated varied greatly from observer to observer, Generally
speald.ng_ observers had more trouble with the earlier tests whexe the
 parallaxes were large than with the later tests where they were amall, but
| the‘ inoreased numbers of fé,ults towards the end of the experiment showed
t-hat.the 'disﬁlaoements were 'be’céming Mﬁciently small to cause some
aifficulty. .

, The slidea. were ma.dé in thé form of & filmstrip by photographing
drawings, and by meking measurements on the screen it was possible to gain
-an idea of the errors involved in the drawings and of the errors in the
projection system. These were of about the same order of magnitude, and

good cbservers had no difficulty in deteoting errors of this size.

The drawings and the projection system. The drawings were made in Indian
ink on cellulose acetate, 93" x 124", They were photographed on Pan F film
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. and the negatives prodected.by two Aldis 1000 projectors, so that the
final picture was white against a grey ha.ckground.

The same dramg was unsed for the right eye for all the test pictures
and sixv different drawings were used for the leﬂ; eye. Before the test.
: was performed the observers were given a lyeriod of practice for which the
same diagrams were used, but interchanged between the eyes. In this way
.tresh diagrams were presented with the mintmum effort.

Each diagram consisted of four vertical lines at different distances,
On the original drawings the pa.rallaxes were aaloulated with the intention
of scaling up -by_ a factor of fénr on projection and having the &se:ver‘ at
a distance of 10 feet from the screen. In each fest situation-one line
was in tront of the soreen 'by one unit , one 11ne was 1n the soreen, one
line was one unit behind the soreen, and one line was two units behind, '
The unit was, in the succeasive tests, 4 :eet, '3 feet, 2 feet, one foot,

6 inches, and 3 inches.

The method of t‘ersgi_gg“ o The 'object of the t§st wasg _expiained to the 7
observer, He was shown the first pzfacficé figure ‘and asked how many 1ines
}_he 8aW. This ah_ovwed'wr_‘xethei or not he was fusing fhe‘ four lines |
corréctiy; ' Some. oﬁsérvéz*ﬁ had no difficulty frbm the start, but others
saw & double image of the line 4 teet in front oi‘ the soreen, (This
’oorresponded to a parallax on tha aoreen of 1.6" ) If neoessa.ry the
pictures were displaqed relatively in and out in order : to br:mg sbout
pi-oper fusion.. 'i’he ‘san;é procedure Waa' often neo'éssm with the next
figure where the rront line was 3 feet in front of the screan; but after
this the observers had very little difficulty, and in any case once tusion
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wae Obtained there wes usually no further diplopia unless fatii;ue set in
much laters -

When it was clear that the observer was fusing properiy he was asked
if any line appezred nearer than the others or any line appeared further
off, This was repeated with other diagrams until the observer counld
announce his decision in the form required; he would sgy, for example,
"The nearest is No.4, then nd.z, then No.3, then FNo,1." When he understood
what was wanted and felt easy about the situation he wae told that from
then on his results would be recorded,

The first test with the very large parallaxes gave most trouble |
because it was often diffioult to fuse properly, and a amall number of
observers could not even a.ttenft it, whilst doing quite satisfactorily on
the later tests, In this test the lines were between half screen distance
and twice soreen distance, and it is common in writing on stereoscopy to
take it for granted that displacements from the screen by amounts even
greater than this are quite aoceptable, This may well ‘be' 80 for natural
photography or for well-trained observers, but if dlagram work is to be
presented to observers with no special training it may be advisable to
keep the diagra.m well within these limits,

The observers reading of each diagram was recorded and his number of
fg.ults oompntéd by counting the number of invertions between the order
which he gafe and vthe true order., E.g. if the true order was Qaﬂd he

announced 3124 this counted as two faults.

Rosults., In view of the difficulties experienced with diagram No.i the
final results are tabulated in two forms, one showing the results on all

six tests and one the results on diagrams 2-6 only.
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Digtribution of faults:

No. of observers . Noe of observers
No. of fanlts (6 diagrams) (5 aiagrams)

-0 6 6

1 14 17
2 5 7
3 8 6
4 2 4
9 1 -

6 2 1

7 - 2
8 - 1
9 - 1
10 - 1
11 1 -
12 3 -
13 - 1
14 1 -
15 - 1
16 - -
17 -3 -

feble I

The table includes figures for three observers who were retested. Two
observers out of the total of 47 did not do all six diagrams completely,
~ end were ungble to do the test because their stereoscopic viaion was.
inadequate. . _ A
'.l‘he maximam possible number of faults was six on each test, a total
'or 36, Random guessing would, on the avarage, give a total of 18. One
fanlt could be a,ttributed to the apparatns rather than to the observers
‘because in diagram 50.5 the zfelative poaition of two qf the _lines was in

some doubt,
Variations between observers, After a suitable period of praotice, in
‘which to become acoommodated, 5/4 of the observers could interpret the
- diagrams quite satisfactorily. |

Out of the 47 two could not attempt the test at all as their

stereoscopic vision was quite inadequate. (This is not a fair sample of
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'what may be exﬁeoted throﬁgh’oot’ the whole pooula;;ion; -’foi s.pa.rt from‘ B
iquest:.ons of the sigm.f:x.cance of the size of the sample people who were.
known to have monocular vision were. not invited to take the test in the -
first place.) Two people could not read the first diagram with large
paraliaxes, and eight had to 'be olassed as "poor" a8 they had between "
and 17 feults. (Random guess:.ng would give a total of 18. ) |
‘Three of the poor performe:svwero lator,rotested and they alliﬁnt\up ‘
much 'b.etter performances with 3fanlts (:oﬁpé.r'eo'with 14, 4 oompared‘iith '
12 and 2 compared with 17»rospeotively. It is-aeet likely that their
poor perfbrmances on the first test were due in part to being slow to
pick up the idea, or whai 1is more likely tojboing distracted_by others
waiting to take the test, (This distraction was not nomally present.)
: These tests by no means approaoh the limits of eteroo;aouitity. The
order of dascrimination requirod is very moch less then in experiments B
descrnj:ed in Prance (1) ’ which are concemed with skilled observers whose
powers are being trainedlto the limit, and by such writers,as Helmholtz |
-(2). Heir_érthélesa thé distribution of faults .on_tiie :Ln_dividuai feata
"(Tablé II) suggests that when the linbe ﬁére:only'aiéﬁlaced from the
scveen by amomnte of the order ot 3 inches the observers were beginning ,f’

to- get into difficultles.
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Diagram | Unit of Total no, of No. of observers

number displacements faults made making faults
2 3 feot 37 ' 18
3 2 feet 35 ' : 21 -
4 1 foot : L _ 13
5 6 inches 2% 18
6 3 inches | > 19
| 'mm 11

Table II shows the total number of fanlts made by the 48 observers who
undertook the test on each particular diagram.

1t is quite pessible thet the performances of most of these observers

could be improved by trainihg', 'but‘ that wes not the purpose of the en@u:lry.

The Qm of th g Ms and of the projection system. The

' parallaxes which had to be drawn on. the drawing bOard were caloulated to
»001 inch, dut of gourse drawings cannot ‘ne nade to this accure.oy. When
the drawings were ultimataly pro;jeoted on to the soreen there was a 1in§ar
magnifioe;tion' of 4. ‘I'he acouracy of the drawinga was checked 'by o
meaéurement of thé projected piotures on the soreen, During ’che course of
the ‘experizﬁer‘lt‘ i% was recessary to realign the apparatus an& this |
oppdrtnhity' was used jto measure the vparalla’xevs on the screen ohoev néfe.

| Comparison of fhe calculatad" parallaxes with thé measured ones, and 'Qf the
measured ones with the two different séttings of the‘pro;]ect'ors suggested
that the diafortions arising from faulty drawing and from faulty alignment
of the projectors (including optical faults in the lenses etc.) were of
about the same order of magnitude, |

'.l'he detailed results are not recorded here, but they may be summa.nsed

‘by saying that faults in dram.ng could disPIace a line by as much as about

1" on the screen and faults in the projectors could do the same. (This

displacement is a displacement relative to the rest of the configuration.)
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An error of .1" on the soreen corresponds to an érror of about .025"
on the drawing board; and it might be considered that s draughtemen
should dov better than this. But it must be remembered that such factors
as buckling of the cellulose acetate and alight mechanical misalignment
on the register pegs all contribute to what are here spoken of as "errors
on the drawing board"., These faults were just auffiéient to make it |
doubtful if the intended relative positions of the“lines had been realised
in one case, s0 on Table I one fault may be attributed tbl the appa.ratus .
rather than to the observers, and on Table II it is possible that the
faults on diagram No.5 are due in some measure to the apparatus.

A further check on the apparatns was provided by projectmg
ideintica.li pictures of a plece of graph» paper from the tyo projectors,
‘lléasurementa on the screen indicated mi‘salie:nmenté of izp to .fl" over the
parts of the soreen aotually used end more at the edges. '18 observers
were asked whether or not the soreen appeared flat or aurved; i3 said
that it was oylindriecal and concave towards then, 1 said it was
' spherioally concave and 4 sai.d it wag flat,. Owing to the finite gize of
the projeotors it was necessary to have their optical axes 6.9" apart
nth the projectors !'toed-int, Conaidarations based on the. theory of
: Chapter 4 show that this ahould result in a distortion of the type
o‘naerved.‘ This 'toej-in’ conld well account for_the greater part of the
misalignments attributable to the projection system.

Gonolu.s:i.ons |

1) only two people out of '47‘ were unsble to do the tést and only
eight had to be classified as 'poor'!, and of the poor ones the three who
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were re-tested did very mch better at = second‘a$tempt. Therefore the
in.t‘orﬁation which the draughtsman attempted to convey was comunicatﬁ
with considerable success. |

1i) The large parallaxes corresponding to displacements of 4 feet
in front of the screen and 8 feet ﬁehind iere a definite distraction and
displacements as large as this shbuld be avoided if poassible,

iii) Displacements of down to 3" weie read wifh éase by many
observers, but the best results were achieved withi displacements of about
1 foot. However the smallest displacements used were beginning to tax
the observers and although they had by no means reached the limit otvtheir ,
skill their performances were beginning to deteriorate.,

'iv) Inaccuracies on the drawing 5oard and in the prﬁjection system
~ ocan each produce parallax‘errors which correspond td displacements of up
to 6% (or more) so the prodnction‘of‘diagrams of this type taxes drawing
techniques to the full, The draughisman's hand is not éa accurate as the

observer's eye.
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II. EXPERIMENT "GUESSWORE"
Surmary. Observers saw projected storeoscopic diagrams of two iinés,

one vertical line in the plane of the sereen and one line in a horizontal
plane inclined at various angles to the screen, The tm lines t‘ormed a
letter "L". The vertical line was a reference and the observer tried to
estimate the length of the oblique line. The relations between the
estimates and the lengths of the test line whan caloulated by the
'comrergence were then invaatigated. : R ,

Thers was only the one slanting line with the one parallax in the
whole diagram, and there were no clues of depth by line tapering, aerial
_perspective or bldoking, im.t there was a slight'pérSpeétive ‘o‘lﬁa which

~ tended to assist the observer in the first part of the experiment and to
hinder him in the second, The test revealed wide iaf;ationa of abilify,
R ~and :lt was not possible to assess thisv spread in any satisfactdry mmerical
way. Nevertheless the information obtained is of definite value in the
design Qf stereoscopic diagrains and this experiment suggests vfurther‘ tests

- of a similar kind which might yield results more susceptible to mmerical
analysis. | |

Procedure and Results. The c‘nsarver was éhown a projected stereoscopic
diagram of two lines, a vertical ome.in the plane of the sereen whose
length was always 20", and another of Vary'ing length in a.vhox‘izontal
plaii’e e,nd at varymg inclinaticns to the plane of the soreen., He was

| thezi asked to locate the position Aof the {:ebt line, and to estimaté its
length in space taking the length of the';ierticai line as ten units,
Before the results were recorded he was shown two test situations and
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'é.éked %o describe what he saw, This .wa.s %o see "ha.t hé was: capaﬁlé of
undertaklng the test properly, and also to give him an opportunity to get
his vision accommodated. He was then shown about i‘lve of the frames that :
were used later in the test for practice, and his task was explained to
him, He did not make estimates while th:.s was done, A standa,rd set o:
 instructions was given, although a little experience was nedessa:& before .
:".‘tsvform became finalised. , .

| The drawings used were drawn in black on a white baékgmund on a
large acalé go that erxrors could be minimisad' as much as possidle. The
negative was projected so that the observer saw white 1ines on a grey
ba.ckground -8 format that is cozmnon in mathematical films - o that the
y;ewing conditions were very like the conditiqns which would actually
" ooour when looking at a stereo £ilm diagram in black and wiibs,

Waen the observer had seeﬁ' the practice diggraxﬁs the test began, a'nd.

hlB estimates were :redoided. In the first hélf_of the tost he saw teni'

patte:ms. In the first two the test line was in the plane of the screem,

 in the next m inclined backwards at 20°, m the next two at 40°, the

next two. at 60°, ‘and the last two at 80°

| Hearly every observer ma.naged ‘this part of the test satisfaﬂtorily,

a.nd could expla:.n .vhere the test line was, It was normal :E'or observers
"bo unﬂerestma te the length of the test line when it was foreshortened,.

R ,a.nd the grea.uer the i‘oreshortemng %he worse was the estimte. Eowevei
- when a.n obcerver's ste*-eoscopn.c a’b:.lity was: good his estimateslwere often |
‘very good. ‘J .W. was an excellent observer, and. in sp:n.’ce of the fore-

shortem.ng ‘his estimutes of the length of the test 11ne were as often'
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above the theoretical value as they were bélow." On the othér hand
suﬁjects who clearly had diffidulty in seeing the pictu;'e' stereoscopioally
grea.tly underestimated the length of the tést ‘1ine, and in a number of
cases (J .‘V.,'R.B.H., D.W.) the observer gé.ve estimates which were #mch
closer to the projection of the test line on the screen than to its length
"in space. i ‘

The observer A.H, was interesting because ‘his first estimates were

well below the correst target, but as the test went on he clearly began

%o gee the diagrams in depth better and better. When the earlier frames
were repeated at the end of the eiperinent he had no diﬂ'icultyvin seeing
them pmpe-ﬂy’:!.n depth, he greatly inoreased hia eatiﬁatea and came very
‘olose to the correct values. | | |

The diagram ocontained a aliéht perspective clue, since the test line
was below eye-lqvel. and as it turned furtlv;er_:'bank éo its projection on
the screen rose above the vertical. A monocular oﬁse}ver could have
interpreted what he might have recognised as a perspective ,diawing of a
horizontal line tilted back, and he could have mede an allowance for this
and made a ‘guess of its lehgth-in sjaoe. Some of the obse.fvers probably
did this, _bﬁt it is most noticeable vtha.t their estimates were considerably
- below those of the observers ﬁhose coﬁmenté made it clear that they reéily i
were appreoiating the stereoédopic clues properly. |

The secohd' half of the test used the previous diawings psendd-
scoplcally. Having made the drawings for the first half of the test it
seemed a reasonable economy of effort to use them as muoh as possible,

but this did mean that the conditions during the second half of the tgét

¢
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were not quite the same as in the first half, The test line started in
the plane of the soreen and came forward bi steps of 20° in acoordance
wifh,theutheory(of pseudoscopic transformations discussed in Chapter 4,
but as it came forward it also tiifea up slightly. This meant that in
the secbnd‘half'of the test observers tendéd to tall into tto»fairiy"all'
defined classes. The first class saw the diagram stereoscopically, and
'they tended to make .very good estimates, When an observer couid manage
the secdnd part of the test the eatimates which he gave were nearly always
better than those which he gave for the first part (AE.K,,8.G.,D,Led.)s
This may have been due in some meaaure to. practioe, but the remarks which
the observers made nearly all indicated that their estimates ware better
because they definitely considered that the test conditions were eaeier,
" and this is also the case with AH. who re-dm the first part of the test
‘atter doing the éecand. The situatian was summed up by A.E.K. who said,
'"The second set seemed far more stareosoOpie.

It is difficnlt to account for this, but the agreement was 80
pronounced that some explanation is called for. !banmhila this
obgervation that objeots in front of the reference plane are “more
stereoscopic" than objects behind should detinitely be borne in mlnd when
stereoscoplic illustrations are desigped. |
| When assessing these rasﬁlts'it should be remembered that certain
1mportant evidence is lacking., We do not know what éstimates these same
observers would make if they were viewing physioal objects, suoh as .
fpieces of wire, in three-dimensional space under compa:able lighting

conditions. It would be possible to conduct an experiment to decide this
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by making models of wire and displaying them on a suitably equipped stage;
'buf this would ta;ke us rather far from the present enquiry béoa.use ‘the aim
is primarily to convey geometrical informstion by means of stereoscdpic
diagrams and not to simmlate the physical conditions of the three-
dimensional space in wh:lch we live, |

Other observers found great difficulty in doing the éeconﬂ part of
the tesf. at all, Many of them were not conscious of the difficulty and
they took the perspective clue as indicating that the line was in the same
‘position as before, behind the scree#, and made their estimates on this
assumption (i.e. they rationalised by ignoring the parallex clue
| entirely); As these estimates were made on a totally false hypothesis
they camnot be compared quantitatively with the pravious ones, but they
. must be interpreted in a differe‘nt way. Observers such as B.H, and E.H, -
 thought at first that the test line was behind the screen, but as the
'parallaxeé increased they were forced to modify their views, and 6noe
they realised whé,t was happening they had no further diffioulty in |
 looating the test line in its correct place even on frames where they had
been in error before. H.W. was of this type, tut he required a
| comparatively large parallax before he m:oame the suggestion made by
the false perspective clue, and when the ;mgle of inclination of the test
line to the screen was reduced to 40° he suft_eréd a rélé.pse and declared
‘once more that it was behind the screen, | | |

" Some people never saw the line come forward at all, put it is

- striking that in so many oages the obsérvers' estixiiates were consistently

below what they were in the first part of the test (which is as they
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| should be on the convergence ‘theory)vwhiqh seems to 1ndiqéte that even
in spite' bf‘the.beliot that they were aeéing 'fho same thing as before .
the- stereosacpic fantorl was influénoiné their’ jndéemnt efen ifr the :
conscious interpretation which ‘they p\zt upon 1t was the wrong one. »

_ The results of each obsaerver were plottad graphically. calling the
gthebrstical 1ength ot the test line 1lin eaoh case, the estimated length
©1', and the inclination of. the test line %o the soreen © the ratio
{(1r1)® was plotted against sin @, This was done to see if an observer's

inaccuracies could be explained by_k the ‘lvpothdsié that he was flattening
the diagram on to the screen in such a way that it underwent a unifomm |
: straiﬁ. Swenson has suggested (1) that stereoscopic diagrams are seen

- compressed to about 3/4 of their theoretical depth. 1r this hypothesis
is tenable it is possible to associate with each observer a pa.ﬁicular
valus of k, the Tatio of estimated depths to true depths, Elementary
caloulation shows fhat on this hypothes;s

i, . _(ﬁ? -1) Qin’?o, _

80 that if the observations are plotted as described the points should,
_on the tuniform strain' hypothesis, 1ie on a straight line of slope
k% = 1, If the observer gaw and ‘estimated everything correctly the plots

of his observations would lie on the hdﬁzbntal‘nne !i-'- -1, wheroé,é

” vif he was at the other extreme and saw each diagram as quite flat on the A
screon, e.nd estimated accordingly, the points wonld lie on a curve which
is very close to, but slightly below, the diagonal line Jo.’mins the unit
points on each axis. Other systematioc errors gffect' the graph in thqir
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own ehara;o{;eristie ways. Ig, for example, the observer undereetime.fes‘
: ea.ch ‘l;ime ‘by one (a situation which 18 quite possible) the points whioh
' represent his estimates are moved differently in each case but they lie =

-4
distributed about the horizontal 1ine 111 - 0.8.

Sixteen observers were teeted; the folloving being ofepeoie.l interest.
A,_g,_g,_ (See Hg.é 1) A consistent observer who was eonfident sbout his-
o'bserva.tions. The results in the eeeond pe.rt of the test nre noticeably
better than for the firet part. _ The 'm:i!’oiu etrai_n'- hypothesis appliee
reaeonably well to these results with values of k = O, 46 - for the
observations behind the soreen and k = 0.T4 for those in front,
J.V, This observer did not see the diegrane properly in the second. pa.rt
 of the test and it seems that he was eystenatically underestimating in
the first pert. The elepe of theee pointe suggested a va.lue of k = 0.46
or ‘rather greater, L _ |
: _;_,_ (See rig.6.2) His estimatea showed a very wide spread lmt he eeemedj
to see the diagram more deeply than anyone else. 'rhe points were far too .
| ."seattered to ‘be placed ona line, but this obeemr was perhaps the only
' one to whom one would be inolined o attach a value of k as high as 1.
| DW. (See l‘ig.G 5) A plot typieal of ¢ e. person who was not eeeing the
: diagram deeply a% a.ll. His remarke eentirned this - but this o'beerv'er
| perfomed exeellen'aly en the "Phototinieh" test making only one error.

1‘ 'H W. This o'beerver took some time to realise that the test line tas eoming

out of the screen in the eeeond half of the experiment, a.nd even then he
pnly saw _it for largevvalnes of O, But when he had decided _tha.t the test
was energihg from the screen his estimates nre astonishingly g}e'od.v

X denotee readings in front of the eoreen; @ rea.dings behind,
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MG dou:u-. The orig:l.nal dravinel were half the linear dimensions

= of the yrojected diagram, sud were drswn in Indianm ink on cellulose scetste.

| Thoy m-o phetomph-d on Pan Fy f second, £16 (tusht nndor-oxpolm)
y ‘ Tho noga.t:lvo was projected on two Aldil 1000 m:ntors, witha 12 £4 6 in,
thr-ngugapiemzen.xsom. _ | '
The ohnmr was 10 ft. !'ru the urun, his mn oppositn th- -:lddlo
~ of the sereen 'ith thl m:«tm hhnd and -unuy above hu head, |
» Th-nmnaunmmnmmamo.ozm., and on.
proacotion this becane 0.07 :I.n.

gnelu‘uiggg. 1) OIumm utiutu varied widoln th’- test was
difﬁcult and only" nont 40;% were donniuly lecating the test 1ine in
| npa.oc mporly and ntmm ucbrdinzb Underestimates were far more

" oommon than mronmtn; 1.0, with the very mm. olues gi'mn d‘pth was
o iinntﬂcuntly appruiahd ' ' o »
| 11) It 1s qu:lte possible that observers oould be tratned to
'gm bettor performances udorthtu test conditions, but that was not
- attoupted as -torooaoopzc films will hs'n to be lhm to untrained

- uu&ionan. ‘ o |
| 1:11) Li.nes onerging rron tho screen were hu-dar to locato
than linu going in, but when locatod tho:lr lengthl vere deﬁnitoly
‘utiutod with groator acouraey To aom oxtont thc difficulty mao in
.this axperincnt from the "falso" perapoctin clue, but other exporiunt-

L alao huggeat that nagatiw pmnuu are more aggreuivo , and 1n

oonseqmneo harder toascept but more ungges‘tiu.once thcy have been

“Qapt.d .
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~ iv) Since nearly all the estimates were 00 small it might
~ be adviseble to exaggerate parallaxes in diegram work even by as much as
50%. This makes drawing essier and increases the relative acouracy. Put
when hmoniaingparallax olues with other indications of depth the
~situation which thz viewer is aakod to appra.iae is very much simpler o.nd

80 dopth exaggeration shonld not be overdone. Remembering the at‘fino

| 4 dintart:lm which are. inovitable then stexeoscopic uterial is projocted

the sounder -olution is probably <o ait those with poorer stereoscopio
vision in the back seats!

V) This expsriment was an overall test of a communication
system, ,fm drawing beard to the observer's personal estimate, The.
errors could have been caused in part: by errors :ln drawing snd projection
a8 well as by defects in the observers' visioh, and we do not know how the
iaé.me ~observers would nake eatinatqa on threepdimensional wire models
viewed under compérable conditions, nor how they normally compare vertical
and horizontal diutance_s. These are interesting questions, but they are
not rélevant to the préaent enquiry, because diagrammatié ‘stereo work is
_concerned ma.inly with conveying abstract relatione to the observer and
- only aecondly with duplioating his experience of the physical world.

REPERENCES
R H.A. Swenson. The relative influence of accommodation and convergence
' in the judgement of distance. ~ J.G.Psychology, 1, pp.360-380, Oct.

1932,
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. The convergence theory suggests tha.t 1f a etereoscopic pe.ir of -
picturee :|.s viewed with inoorrect horizontal registration very serioua
" distortions result. It ie_generelly agreed that whilst some distortien
may erise 1t certainly does not do so %o the extent which the theery
predicts, This epooars to be 't'ro.e iwhatever the method of viewiog employed,
and this is the main factor which has led many peop‘ie"to abandon the |
oomrergence theory for the retinal disparity theory : '
o ~ Whilst. 1t is eaoy to speek of "the retinal dispe.rity theory"® it is
not quite so easy to docido exectly what the theory is, for apart possibly
~ from Luneburg (neither of whose theories :I.s really a theory of retinal
" ,dispartty at all) no one seems to heve put this theory on to a quantita.tive
| basis. In so far as the theory is quantitative it tould seem to be merely
a ro-etatement of the oonvergence theory wlth the a.dditionn.l queliﬁoetion
that observations are unaltered 'by a translation. of the image across the |
, retina. of either eye, and in conaequenoe the observer loses one degree of
freedom and is unable to assign an absolute dietanoe to the objecte viewed
if he worke on stereoscopic data. alone. ‘ , »
o Obeervetione of this type are notori.ouely dependent on the pe.rtioular
’vioving conditions employed 8o it seemed desireble to inveetigate the po:.nt
using our own particular projection cond:.tione. With thie in uind a set of
stanl etereoscopio sl:ldee was prepared in which the observer saw four '
vertioal linee. '.I!he e:l.tua.tion is shom in plan in Fig.6.4. |
Vi th correct adduatment ‘the four lines were the odgea ofA a prism

" whose cross-section was a pa.rallelogram;. in partiouler the two near lioe
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Observer S R 0
5 i"@g:h " . *
L ¢ .
) N . e e——E
b
Y * o
B Fig. 644 .

and the two far 11'1166 nre an equ&l diatancca."‘é;jv);t;.~ f':rixe:c;nvergenco ﬁieéry
indicates that this equality should dissppear if the overlap of the two
pictures is varied. One of the pictures ca.rried a scale and the other a
pointer which enabled the operator to oontrol the overla.p. The aim of the
experment was to inveatigate the da.etort:.ons ag the overlap was ’va.r:Led;
in pa:rtimzlar an attempt was made to see i.f fﬁe bo‘nserver‘ coﬁld-instruct'
| the operator to produce an aligmnent in wh::.on the front and back lines

wore equally spaced and to eompare th:m w:.th the sett:.ng which was
theoret1ca11y correct. A | |
| The results gave no support o the convergenc:e theory and they did.

not fit into a:v coherent theoretical pattern, This is not say that the
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results of the experimént were entirely negative, for in the present
context the only arparatus available for the projection of moving
stereoscopic disgrams, the Paillard-Bolex system, has ﬁo controi over this
paramater; so if the effect of va:ying the oﬁerlap of moving disgrams
requlred extensive stndy the existlng apparatus would be quite inadequate,
The experiments confirm the opinion of the menufacturers that control of
this parameter is not important, and one preset value suffices,

The experiments alsé confirm seﬁe of the conclusions of the
"Guesswork" experiment that the mefrical information which é stereoscopié',
diagram can'convé& ié very iimited and that if is a vain hope to expect
diagrams of this type to bring out the finer details of metrical
relationships. N
'Apgaratus.  The drawingé'éere photograpﬁedAon'35mm film'and’projected
‘using two Aidis 1000 projectors; The oriéinal'draﬁings were black on
white gnd the negatives were projepted, giviné,white lines against a grey
background. Six situations were‘drawn in ail{ bﬁt-two were‘photographed

twice.to_prdvide the observers with additional material for practice.



The observer viewsd the soreen ab a distande of 10 fest, The
B nagniﬁcatien from the drawing board to the soreen (which was 38" x 50%)
| was 4 times (1inear). The dinmionn of the aix acones are givon in Tableu '
| III, togother with tha theoretical parallaxes requirod on the drawing |
boa.rd. ‘Scenes iii) and 1) were the ones which were a.lsol._used at the
beginning tor praotice, U |

o o Mg
i 3 20 - 24 ' o 2104
ii 18 L =12 S -.0695
1id) 16 : 18 o - .0816
iv) : 16 L =18 I 110
R 4 A - 14 o -24 -21565
vi) 20 - 36 o 1445

 able III
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" The right eye slidee all carried an arrow which moved over a scale on the

left-cye slides to enabl_e the,opelfa.tox' to measure the o_ﬁerlap of the t_wo.
The observer was iﬁstmoted to .ig'nore this soale soA that his judgement
was no£ prejudiced, This warning proved unnecessary because a gquite
unexpected effect was observed. Over a very wide range of overlap
observers saw the arrow in line with the zero of the scale _and interpreted
the depth of the scale in spase ascordingly (Pig.6.5). A most remarkable
example of the determination we have to make sense cut of stereoscopic

nonsenae, o e

1

S

=P ¢

—
>

A - arrow Z - scale zero e

The scale and arrow are located in a plane through P.

Fig. 6.5.

|

| Theory. In Chapter 4 we invast‘igafed the effeot'of_ pﬁojeoting stereo
plectures with Aa_ systematic alteration to all of ‘the yarail@ms, and
showed‘thé,t if é.ll'tha parellaxes on the screen are increased by an
amount 2p the followiné distortidzis are predicted by the convergence

theory ;-
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x — il 3
’ = S ———— = L
Xt = 7y Vo= qoes 5§ omalpp vhere Boe o
Only the values of x concern us here, and we will call the abscissae of

the two lines in the screen X and x, when the figure is correctly

aligned, and the sbscissae of the other two J.:i.n_exs‘x3 and x 4 Then

sl ext m G- -PL)  (5,=5)

and

x3' - X4' = (x3 - x4)/(1 -~ Pr 3) (.r4= f})

Now 11312 = x3-x4‘so

xq' - xo! . 1~Pr3 WS.;‘Pfj‘

x3~x4' ‘1-1”:1 = WSA_"PY‘]”

. W8 - p(zj + s) gince [ = z 4+ 8,
(w-p)s and 39 = 0,

w-Dp 8

For most practical purposes p < ws

e 23 > 0 and p< O the ratlo is < 1, ‘and - x5! - 34' appears too
big. | ‘

If zz < 0 and “p >0 tﬁe ra_tio‘is - >1, and 15' --:-:4'~ apﬁears too
Hence whether we are dea.lihg witﬁ thé case when the lines in the screen
are the front pair or the back pair k(;xs the observer sees them) if. P > 0
the back pair:should appea.r_fur,thex‘ apart than ‘the .fro‘nt ‘pair. By "appear

further aparf" we refer to their position in space as the observer should
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assess it if he conforms to the convergence theory - we do not refer to

the angle which they subtend at the observer's viewpoint,

The eriment., 16 teete vfere made on observers who, fozf the most part.
were known to be competent as they had performed well previously on other
tests of this series, . -

Many of them made the unsolicited ’eomment that as the overlap o'f the
diagrame was increased the entire figure seemed to approaeh, and as the
overlap was diminished the figure appesared to recede, ut all found grea.t
difficulty in making the-qua.ntitative judgemente that were demanded.

With the first fow observers the attempt 'was" made to get the oferlap o
adausted so that the front e.nd back lines appeared evua.lly apaoed by -
-ad;)usting the overlap in accordance with the obsermtions, increasing the
overlap (i.e. decreaaing r) if the back lines appeared $oo far apart end
-decreasing it if they eppeared too close together. ‘It ‘soon. became clear
that this approaoh was teld.ng too much of the theory for granted, and =0
the procednre was modiﬁ.ed. Eeoh scene was presented to the. ohserver '
with a va.rdety of overlaps e.rranged at ra.ndom, and he was asked if the
‘spacing of the back pair of 1:I.nes was more or less than the apacing of
| the front pair, o o |

An observer who cont‘ormed to the theory would have answered "more"
whenever p >0, "less“ vhen p4 0 and "equa.]." when p= 0; but this ‘bype
of bshaviour was not %o be found. Host o'bservers gave replies which were
~ random, a.lthough a fow eppeared juat a little better. "Precise use of the
word 'random! in this oonfeﬁct would presuppose a ocertain statistical
_ procedure, but in the cirounmstances it was not felt that the labour of &
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detailed statistical analysis was ;]ust:.ﬁed. -Such' an analysis woﬁld, in
‘any case, only be worthwhile if at the seme time an attempt was made to
relate the results to the performance of observers on similar tests using
physioai objects, and to their opthalmic deficiencies (if any).

The estimates mgde about transverse lengths‘ in different frontal
planes were most unreliable, It may well be that the same holds true for
- gimilar situé,tions in which observers are looking at physical objects,
but we have no knowledge of experiments covering this point. For such
experiments it would be necessary to erect a 'stage' on which o'bserverf
sav vertical Tods which were evenly 1it in such a manner that all but the
strictly stereoscopio clnes to depth had been removed, and arranging such :
: oond:ltions would oall for very special care-

" Six observers (out of 15) consistently said that the distance between
the back lines was 'less? oxr tequal!’ howeyer the overlap was adjusted.
This indicates a decided tandency not to éllbw sufﬁqiently i‘cr the
apparent decrease in size with distance. # |

‘Whilst the front two lines were always intended to be at equal
distances from the observer, and the back two glso, slight, unavoidable -
errors in drawing altered this élightlj and preaentéd a aituation that
was rather like that in experiment . 'Photofinish' A number of obsarvera
commented on thia; a.nd this conﬁms the very high degree of accuraoy
 ' which obsexvers can attam under the conditions of that experimant. ‘

One o‘bserver (J C.) dia notioeably better than the others on this
test, and did vetter still when he was reteated later,. Therefore it might

be possible to train: talented observers ‘to perforn oomparatively well,
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but this was outside the scope of the enquiry. Such talent is rare, “and

it must not be expected in general aundiences,

Cdnolusions._. Verying the overlap of stereoscopic drawings does result in
an observeable approach and ragressioﬁ of tﬁe entire picture, bui over a |
wide range of varia.ﬁion the secondary effects on the traﬁsverse dimensioné
whlch the convergence theory pi'eé.icts are not found, |

The ebsence of such a confrol on the Paillard Bolex projection
system is therefore not a serious drawbacks _

When infomat:.on is presented stereoscop:.oally the compansons which
| observers who are prof:.ozent but not speoxally trained make of vtrans_verse
‘dimensions in d.ifi‘ei'ing i‘rbn'tai planes are Quite ﬁnreiiaﬁla. Thers is no
evidence of how this compares mth gimilar observa.tions on physical o
o_b;jects, but in this oonnection the follov.mg questlon arisess- 5

"'IJo we wish stereoscopz.o diagrams to simnlate phys:.ce,l real:.ty, or do
we wa.sh $hem to convey abstract information?" '
- . The experimental techm.ques to be followed must vary aocordm~ to the
. answer given. Experiments have been done in U.S.A. relating 'objective |
'g‘eometz:y' énd Ysubjective geometry' but there is not as yet any
gene:ra.lly a.ccepted body of ]mowledgo on this ‘bopio. |
' Footuote. In the thres exper:l.ments descri'bed in thls chapter the stmoture
(gra:m eto.) of the screen played no parte. Th;s was not allowed for in
‘the fheory in any way and no comments by“o‘bserv'ers ind:i_.cat@d‘ that they
vere at a.ll‘ ini‘lue‘m:éd by' any aﬁarenesa tlllat". there ‘was‘ a"_s‘creen at a |
pé.rtivouiar physica.l distances Indeed, ithe very few references ‘made {0

objects being "in front of (or behind) the screen" were as often as not

 quite incorrect.
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CHAPTER SEVEN
S OF STEREOSCOPIC DRAWING

The theory of stereo drawing was described in Chapter 4, and using
the same notatién we now describe how this theory may be embodied in a
practical acheme, There are three principle methods, ortho'dnx pex'-sfective
as practised by artists, the well-established method of constructing a
perspective drawing from side view and plan, usually known as 'the
architects’ metbod', and methods deﬁénding on caloulating the position of
key points and plotting their positions on graph paper. The calculation
may be done on a machine (1). |
 With all of these methods it is convenient %o take the drawings for
the right and left eye :rrom 8 common master by tracing; and whilst this
is not essential it is a.lso in accordance with animation practice, and
throughout the subsequant discussion it is assumed that the ﬁ.na.l drawlnga'
will be produced this way. ‘

Conventional methods of central perspective use & va.niahing line,

» correspondmg to the line at infinity in the horizontal plane, with a
range of vanishing pointa on it corresponding to the points at infinity
of parallel pencils of lines in the hor:lzontal_ plane, I perspective
drawipgs for the right and left eyes are to ‘be prepared from the same

| master then there must be a separate range of points on the vanishing line

for ea.oh eye, the two ranges having a nnifom displa.oenent from one
enother of2w/m. This method suffers fxom the disadvantage that it
requires an excessively wide drawiqg board - at least five times as wide
as the finiched drewing, This can be avolded by having a mechanical
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attachment to extend the vanishing line artificially, but such an |
attachment is inconvenient, and it must be very rigid and acourately made
if i"l: is to be suitable .for‘ stereoscopic work,

‘The architeots' method has been described by Rule (2). In this
method the drawings for the two eyes are constructed from a side wlew and
plaen as. ghown in Fige Telse Again the two ve'.positions havé to be
separated by a distancee/m, This method requires much less space than the
previous onej andtha greatest waste of space now. comes from the distance
to the two eye positions. This has to be s/m' and is once mors rather
larger than may be desirable'on 8 drawing board, However this time these -
points can quite easily be situated on‘a mechanical extension to the
drawing boa'.rd‘ as only the two fixed points are ever used and the extension
can be: by a thread and does not have to be rigid, as before, The previous
method calls for a complete range bf points, one for each direction in the
horizontal plane of the space being depicted, In addition, proceeding as
we do here it is possible to save space on the drawing board by suitable
choice of the fa.ctbr n, and to achieve the same results in conéiderably
smaller spé.ce than Bule, ; ‘

Rule gives many practical rules for getting a realistic effe_ct in
| drawings, and these should be followed wherever possible. The comments
on the appended set of stereo illustrations bring out many of the rules and
the ‘i1lustrations sﬁow ftl;e effeét of working both’with and without them.

A disadvantage of Rule's method ig th”é."‘i:“’oirors in parallax .are
 additive, and since these are far and away the most 'inpox;taﬁt errors in
stereo illustr#tion it is convenient to adopt a procedure which avoids

this unfortunate feature.
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Side View

Plane of

SCreen

Fig. T.1
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‘The equations of Chapter 4 may be used to calculato the positions of
‘key points in a diagram, which can be plotted on. graph paper to give the |
master drawing, This is slower than purely geometrical nethods, Tt
‘errors do not accummlate, Thorefore the hat ﬁethod-.of all is perhaps a
voombination of the two, Rnle's method can be: anpplenentad by adding a
scale of parallaxes to the pla.n draving - :I.t will be membered that all
points a.t the same depth have the same yarallax. 'l’hese can o:lther be
: -"l:l.atod on a numerical table or plotted on a graph with an exaggerated
soale. It is obvioualy best to standardise cn a convenient set of
pe.rameters, and the values 8= 10 f.y w= 1} ins. and m=5 can be |
recommended, The drawing for one eye can be oonatmoted by the - o -
architects! method andy Rnle's extension of the method can be used to
E locate the ma.in outlines of the drawing for the second eye, tut to ensure
“the greatest possible acouracy the para.llaxes,ahonld then be read off the
scale, fransfez-réd to callipers and marked on fhe drawings. A soale of
this kind, used for stereoanimat_ion, is given in;l'j\.g. 8430

Graph paper hasv:’l.nacouraoies which are obvious to the eye, and
whilst it is quite sstisfactory for setting n'p‘x and Y coordinates it 1s
nnwise to use graph paper calibrations to measure parallms. ﬁm ideal
instrument would be callipera with a calibrated ve:mier hoad, but such
instmments are not readily aveilable. The head of a standard pair of
' oa.lliperé*can be gradna.teci so that ascuracies of betteﬁ 'thanw.O‘l in, can
be obtained, and as subaequent errors in poa:ltioning pointa and 1i.noa on
the drawing oan scarcely be reduced ‘bolow ﬂxia .‘H; is proba.hly sound
enough practice to work only to <01 in. on callipers, and if this is done
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then they can be set with sufficient accuracy on a diagona.l sca.le. _,

Errors in parallax can always be made relatively sma.ller 'by
increasing the .size of the drawing, (In this connection it is, of course,
immaterial whether the final piotures are to be projected or viewed with
a stereoscope since it is the angle which the drawings subtend at the eye
“ _which matters.) However when animation is involved as well it is mot
practical to use very large drawings, since so many are needed and they
-have to be ha.ndled on the animation roatmm. Questions of cost and
convenience of storing alsc limit the gize, Therefore it is good practice
%0 work with a field of something like 11 ins, x 8 ins, which is
established as a ajbandard,aize in ordinary animation. Two drawings like
this, side by side, mean that the field to be photographed is 11 ins, x
16 ins,, and it is not convenient to work with anything vmuch bigger.

Rule is chiefly concerned with black and white drawings, and his
recommendations sometimes need modification if colour is used. For
" example it is not necessary to mske the razor cut which he recommends
where two skew lines cross if the linep are of different colours; . ut
this point and a number more are covered a,dequatslj by the scoompanying -
collection of still slides. As we often emphasise, the deéigner of stereo
-diagraﬁs haz to congider all the faci;ors' involvad in the preparation of
ordinary technical illustrations as well as the problems yaculiar. to
- stereoscopy. Depth perééption depends on many simultaneous factors of
which retinal disparity is only one, ‘a_nd noh-stareoscopic fastors on their
.ovm can give very clear indications of three dimensional relations. ‘Th‘e

accompanying illustrations use perspective, tapering lines and other
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fimly estoblished devices of the éiraughtsman's art to supplement the
stereoscopy, and the slides show the effect of incorporating these other
factors to varying extents. _ , '
Two further methods of '&aﬁng should be'jmen‘tioned. The crystal

lattice illuétrations by von Mieses and yon Laue (3) show fh_at excellent
stereo 111ustrations can be made by parallel projaotion. This method 1s
o'bviously mch easier tha.n ceutra.l pro;jeotion as parallaxes are d:.rectlyf
- proportional to the .distances, o_i’ their assooiated points from the picture -
plane, It is 80 s:l.mple. to "sv.d.a.pt,oonventionai meﬁods of drawing by S
‘i:ara.llel projection that rurtﬁer eiplénation is unneceséary, aiso -fhe ‘
~‘techmques which we ha.vo described ea.rlior are very easily modified for
_ para.llel pro;]ection. o - | B
B Parallel projection hos the disadvantage that drawings based on it
are necessa.rily deprived of the normal perspective clues, but in many
-technical fields pa.rallel projeotion iz a ﬁmly eatablished medimn of
comunication, and in these it would be quite natural to constmct stereo
diagrams by the same technioue., It is however a convention that parallel
projection is suited for dranngs-of things which are 'small' (orystals,
‘small pieces of wood or metal work) but not for things wh:.ch are 'big!
(architecture). 1r the convergence theox',y is assumed for stereocinemato-
graphy thén, ﬁhe objacts rwhich concern us are 'big's but ma,n;r writers on

_”atoreoscopy .,coxisid‘e:"c- that tliere ‘a";»gna't""pmper grounds for‘oonsideﬂng.
 that a;stereo-‘pictﬁro has & definite .ts'izja,’gand_since'our' oo’noe;m' is ina.ny _ |

case. prm_ariu with abstract disgrons there is o doubt that & agrens

" oonsti;ucted by parsllel projoction woﬁld bo perfectly axloqné,te for many
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purposes. This is especially true when the proberties are affine; and
we give elsewhere the general racommendatioﬁ that stereo diagram films
should be based on the .affine groﬁp of transfomations.

The last drawing technique to consider is an extension of anothei' :
established technique of the architect's office - the use of a speeially
| comstructed perspective grid, which functions :athc:r‘a.s. a set of three-

 dimensionel coordinstes transferred to the papers Such grids aro easily
consfz‘ucted using the principles which we have described and they could

well be ueeful in a large programme of stereo work,
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APPERDIX

" Notes on the accompanying stereo siidesv

Thevdrawings for these slides were made on cellulose acetate, This
enables orossing lines to be drawn on different sheets and avoids any
tendency for colours to run at points_ df intersedtion; but it means that
opaque colours must be used, The drawings were made bn punched sheets
for accurate registration, with a field size of 11 ins. x 8 ins.

Some of these slides illustrate the use of some dep*l;h clues to the
exclusion of others, and some are deliberately included as examples of
nistakes to avoid, rather $han as examples %o follow, | |

The slides in sets of three labelled L, M and R (left, middle and
right) have parallaxes in the ratio 1:2, and different combinations
produce the same drawing with three different parallaxes,

Tha;‘ slides were photographed on 35 mm Koda.thome on an Agfa 'Silette!
_cameré, wifh a clése-up iens-attaohment; and vthoy are mounted in standard
2" x 2% cover glasses. They may be projected on two standard projectors )
fitted with polaroid filters or inspected on the accompanying viewers
(The slides were not jigged when they were mounted, and may require a
little fresh alignment each time,)

General Conclusions.
i) Although the parallaxes involved are very small drawing

techniques which lend themselves to animation if employed with care can
produce satisfactory pictures. ' ' |
ii) Tapering linés, colour, blocking and ;Serspective all increase

the effectiveness of the diagram.
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1ii) Wh‘ils‘t relative parallazes should be as correct as possible the
‘@kaolute ‘acale of parallaxes is not as important as the simplo oonvorgeocé
théo::y indicates, It may. ohorefore be wige to exaggemte parallaxes a i

ittle so that the errors which are inevita‘ble on the drem.ng board are
proporticnately less. | ) ‘
o iv) The slides ave equally a,cceptable when viewed on the é.ccompanying
‘ viewer or by pro;jection; the conditlon for good vievrlng ‘being meroly that
the drawings subtend the sorreot angle at each eye. This doponds- on s,
which maey be varied when the slides are proaected on a soreen, vut not

- when they are viewed on a viewer, However, the value is not critica.l.

Detailed Commen&gx on the sgdea.

In the notation of Chapter 4 these diagrams were oonstmcted uith a
" standard value of m = 5 but with varying values of s, the theoretioal
viewing dmtanoe in pro:]action. A projector with 100 mm lens requires a
13 £t. throw to produce the theoretically correct viewing conditiohs-

Some of the slides are described as "twin-pairs", These arc pairs
of élides taken from the same drawing; with one of the olid'e'é ’reflocted
right-left on mountlng. In this way a steroo pioture of a synnnetrioal
obaec’s can ‘be produced with only one dra.wing

" Set go,]  Serial Numbers 1[1 t_g 1[21

Shot on Kodachrome A. l’hotoﬂood 11@1‘&1::3 was not availa.ble a.nd 80
this sot is under exposed and not very sui.table for projection, but e.ll
the slides oan be seen sa.tisfa.otorily on the viewer. 4 Unloas‘otherwise
stated s=8ft. | el
 1/1=2. Twin pair. Restanguler box. Green drawing mj'@-zthuon.;
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Parallaxes calculated. Range on drawing board from O to -0,25 ins,
1[5:4. Twin pair, A set of circles on a cylinder normal to the soreen.
1[5-_6. Twin pair, Latitude circles on a sphere viewed along its axis.
m=5, 8 =100 inss Rose red and green drawing ink on Ethulon, |
Coordinates calculated and plotted on graph paper., Range of aprallaxes
 =0,14 ins, to 40.11 ins, This ploture is confusing, and was éx;)ected to
be sé. The'aspect is very unfavourable, and the ied and green circles
are lisble to appear relatively displaced. (Some observers confirm this,)
1/7=8. L and R. Hyperboloid of one sheet. Fifteen generators, twist of
144, viewed down through the middle, Soarlet lines on Etimlon, This.
plcture was later redrawn with tapering lines, gnd this increased its
comprehensibility. | | v

1/9-10. L and R, Hyperboloid of one sheet. Fifteen generators, tiist of
144, viewed obliquely, Parallaz range O %0 =0,25 ins, Cobalt blue ink
on Etlmion. One line in this diagram looks very wrong. This does not
appear to be a fé,ult in the drawings, but the impression arises froﬁz the
extremely oblique angle at which thev line is seen;

113, A aﬁare copy of 1/12.

1/12=13=14. L, M and R, spaced 281. Stellar Octangular (i.e. two inter-
’iocking tetréhedra). s = 10 £t, Scarlet, green and cobalt ink on
Ethulon. A 'solid drawing' in a parallel projection. Parallax fangés
from’ O to +0.15 ins, with M and R, and correspondingly greater with the
other combinations, The theoretical parallax range is 0 to 40,16 ins,,
go M and R should give a picture which is ve:r.'y slightly flat, and others
should appear considerably distorted. Fote the effect of the parallel

projection,
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1/15-16=17. L, M and R, space& 132, Desargues' Theoren i‘n*;apace.‘,‘ -
| Pa_ra;la’x: range, ,-0.11 ‘iné. _ tp V+.O.1l5< :‘lna‘.’,l w:lth L and ﬁ, and corz"eapon-;
d.ingly higher with the .oﬁher.ﬁaira. Ger:lse and veridia.n 1nk on cellnlose
o acetat“‘e. Thin)iines, not tapered. The combina.tion of X and R seems to
'gin't‘he‘best result, ‘.'Ehis oonfigura.t:.on is ima.ria.nt under projeotive
transfomationa.u .

1/18- 2. L and R. Reetangular box, 8.= 6 . Dravm by Rule's method
“and traced in black ink on cellnloae acetat;e. Pa.rallax range O 4o
+0.14‘,'in's. No razor cuts where 1ines cross, Thin lines whioh did not
faper. A version with tapering lines appea.ra la.ter. It is insfruotive
to view these slides pseudoscopica.lly B | | |
1/20-21, Twin pair. Rectangular box, 24" x 30" x 21", 5 = 8 b, Cobalt
’vblube ink on cellulose acetates Parallax range 0 to -0.14 ins, The

‘aspect is very poor in this diagram.

Eg No, . gg; Numbers g[: g g[ 1.

. Shot on Eodachrome A, Photoflood lighting. Weston meter II Teading
3 50~75. 1/5 second at apertures var,ying from £5.6 to 216, ‘hut mostly at 18,

S []-2—1. Oolour charts.

_g[g;i L and B. Hyperboloid of one sheet. A red.ram vcrlion of 1/7-8.
Para.llaxes increased to  renge'of 0 %o -o.z.o ins. ‘, coban blue on .
Ethulon, with taperins lines. - l'hree of the 1ines at the top left ha.ve .

- ragor cnts at the orossings. Tha pare.uaxes are quite 1arge, a.nd the
o pioture a.ppears vety deep. Even more tapar could profitably be used.

" 2/6=]. L and R, Rectangular box. 1/18-19 redrewn with tspering lines;
which is definitely helpful. This tapering ocan be 'overcome! if the slides
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are 'viewed"fpseudosoopica'.lly.. _ | . ;
2/8=9., &L and R. Hodi,fioation of the Desargues! configuration on
1/15-16=17. ) B‘igger. ocuts have been inserted where the lines oross. No
" $apering, ' ' . . | |
1/10=11-12, L, M and B, spaced 1!2, Hyperboloid of one sheet se.env from
one side, siightly on the slant. Pé.rallax range +0.062 ins. to -0.058 ins,
‘on L and M, ‘I‘rox gféen_bﬁ ceilﬁ}lose acetate, with tapered lines., A _vei:y
 effective diagram, but close examination reveals one line that is out of
* place, _ o ' A | |

2/13:14-1 15. L, M and R, spaced 112, The previous figure with the addition
of extra lines intended to show the generation of the hyperboloid by two
'intarsecting places. This is a complicated figure, and it would be
clesrer if it was redrawn with a more distinctive colour scheme, |
2/16-17. L and R, 2/4=5 with the addition of extrs lines. This diagraf
shows that where lines of s different colour, or even of the same colour
intersect the point of :I,ntersection should be marked in some wé&. The
‘mere stereoscopic presentation of the two lines without some indication
of the point of intersec'bion is not in itself enough.

2/18= 2. Twin pair, A redramn version of some of the ciroles of 1/3-4.
It is inst:mctive to view these slides pseudoscopically, when the circles
’are located on a cone instead of a cylinder. One of the circles is
- noticea.‘bly displaoad ‘becanse its paralls,xes are inaccurate.
o _Agg_-_-_gj_. ‘Golour oha.rts. |
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Stereoscopic Paintin Norman Mc

'.;‘hése threé stereo paintings were ma.de hy MoLaren 1n the iate.: 1940s.
and slides taken from them are included here beosuse of their great
,'ﬁistorical ‘and artistic interest. The originals 'w_erelpa‘intihgs,' about :
n" x 8"’,’ \':w'hich ﬁére ‘vieﬁed‘kon‘ a Breirster sterebscope. ' Seeing these -
paintings led Spott:lswooda to invite llolaran to produoe his two stereo
£ilms for the stereo oinema at ‘the Festival of Britain in 1951 (aee :
c'hapter 8). ‘he methods employad in mak:l.ng them were 1argely empirical. .

" These pa.intings have not been previously reprodnoed or pu’nlishad
: .“anywhere, and I em indebted to Mr, l(cLa.ren tor permission o . inolnde the

o reproduotions here.
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99
CHAPTER EIGHT
STEREOSCOPIC ANTMATION

The stéréo gx;;tgm to be employed. Unless it is to involve a completely
new range of equipment there V:I.a no doudt at all that a stereoscopic fiiin
pro;]ecfion system for academic use must be built round the 16 mn gauge
which is standard in all eduoational institutions., This means that the
oniy gystem ihich is’re‘adily adaptable to eids‘ting projection apparatus is
thé sysfex‘n developed by Bolex in Switzeiland. ‘The ‘tak:lng‘ part canv be R
£itted to the Bolex H.16 caners and consists of a lens, followed by a
. system of prismsf" ‘ultimately two images a:re recorded side by side on
| standard 16 zm fﬂ.lﬁ.’ For projection there is .ainother twin 1ens a.ésembiy
provided in a variety of mounts which will £it most 16 mm projectors.
 Thig is. composed of two Petzval type lenses of 20 mm fooal length with a
working aperture of £ 1.6. Their optical axes are set parallel and spaced
5,6 mm apart. Two polarizing filters are set at 90° to each other and |
both at 45° to the horizontal, an orientation fhich is standard in oineha
A,,Qrk. The film must be proje.cted/ on to a meﬁallized soreen and viewed |
through polaroid spectacles, - | o

- 8ince no live action photography is involvec;l in this programme we are
only ooncerned with the projection system, and the pairs of stereo drawings
which have o be photographed can be taken side by side on. the animation .
rostmm with an ordinaw animation camera nsed in the normal waar-

This system has proved extremely eonvenient, and it has been possible,‘ ,\ :

for example, to send copies of a film to Berlin and to the U.S.A, and to
have it projected with appara.tus‘ available therg; and a.lpo to arrange
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performances in various parts of Britain, the projeotion on some
occaéions 'being done by cperators with nd ‘p‘rejvious experience of the system
st all. Wnilst other 16 mm systems of projection have been developed™
they vdo ndf ‘appear ‘to‘ have any teohnice-zl advantages over ‘thve one a.dopted,
and in any case they are not generally available, There are reports from
" Russia of a stezjeé system in Leningrad for which the sudience do not have
to wear s_pectacles, and such systems have a.lsp been studied in the West,
but 1o apparatus of this type is currently aveilable in Britain,

Apart from econony a one projector system has other advantageé over
a system using two, Synohmnisatibn of the projectors is a problem when
two films are used, and there is the possibility of relative movement
between the two when taking, printing and projecting, Levonian has
discussed thé Mitudes of these errors in a commercial system in the
U.S.A, (5) and on his figures the relative movement between the two films
is much the f}orst at the camera stage,‘ which causes an intermittent
va.ria.tion in theA angular convergence of the eyes thirfy times as great ’a.s
tha,t‘caused‘by irregular movement on proj,ection; No measurements have
been made on the steadiness of the ’gate of the a.nimaﬁon camera employed
for this programme =~ which was a Kodak Model A with speoial conversions -
‘but since the film passes through the gate of an enimation camera at only
one twenty-fourth of the spaed involved in live action photography, and
since the claws of the animati§n camera had been specially built up to do,
as far as possible, the work of register pins there is every reason to
suppose that the photOgré.pby was steadier tha.h' that which Le?onian

measured - or at least no worse, The figure for intermittent variation in

* See references in Chapter 2,
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o oonvérgence“which Iévonian quotes, 0,00082 radians for ea.ch oanera.
correspond.s to an error on the animation table w:lth tha present systam of
about 0,02 ins. “Now it is not unreasonable to aim to produce drawings to
this acouracy, so while the difficulties of working to the small |
| para.ilaxes involved in stéreo-aniﬁation have long been recognj.séd it is
poés:-i.'bie that th‘ey have been exaggeratedy and indeed it would seem ’tha‘t
with care a draughteman should be able to produce eterao-anmﬁo;i of

| aboﬁt ‘the same order of accuracy as live action sfe‘reo‘photography.‘

Tn naking this estimate we have in mind the stereo~animation of
technical drawings, as it is obviously a very different pro'blem to animate, |
say, a cartoon animal which is to appea.r solid and not merely a oardboaz-d |
figure lccated in a plane a.t a certain distance. Also, in oartoons the
"‘T'k.intemittent variations in convergenoe ‘angles are va.riations in aepara.te |
par_ts of the picture, whereas the variations_ ._which Levon:s.an d::.scussed |
were iariations over the entire field as a irhole. Only experiment oan .

B decide whether or not the two cases are oomparable. . B
‘_Since ,the .Bqle; aystem employs 16 mn foilm with two pﬁ.f_fturesside by
side the rééulting‘ stereo picture. should be »6bmpared for qmﬁy moi'e with -
) 8 mm "'fla.t'; filxﬁé"thanvi‘lth 16 mm, In tha present progrme a soreen aize ‘
'of 38 ins. wide and 50 ins. ‘high was the standard, which comspon&s to a.
‘projeotor throw of 17 feet, Since the axes of 'hhe two p:ro:}eation leneea
" are pa.ra.llel, and since we have ceen that the exe.ot amotmt of overla.p of
two stereo vpj.otures is not of major importance 1t tollows, that the exact N
disté.née of the projector from ,fhe 'écreen and the corre‘spbnd_ihg size of |

plcture is not oritical., The same is cei'tainly_ not true for some other
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sjstéms,' esﬁeciaily when live aotion is involved,
| :All of this makes it very simple to arrange a theatre for projection
by the present system, Pola.z;oid filters cut down the bﬁghtness of the
available inum:lmtiqns but even so the film Resonant Cavities has been -
shown to audiences of over one hundred. When the audience is as big as |
this the affine ustoraons- at the back of the theatre ave larger than is
deeirable, the filma being designed for a viewing distance of 10 feet, but'
the system can certainly . be used adequataly with andiences of over fifty,
and this is large enough for nany - academio purposes.
It is a feature of the Bolex system tha.t the soreen is narrower tha.nA
it is high".' Long association with einems conventions mekes this an
unfamiliar fomé.t, but fo\r technical illustration it is Just as conveiiient
‘a.s the customary £ilm picture aha.pe.- It is a shape which is standard in-
, techmloal books, and the a,ccompa.nying Pig. a.ltaken from Givson (2) giving
the field of binocula.r v:.sion is an a.rgument that ordinary films should be
made with o "horizontal" format and stereo films with a "vertioal®,
However' the ia.et point is acaderdic when, as here, the soreen occupies only
a comparatively small, c§ntral part of the total binoculer field.

Th‘e‘ me te hni u'es‘ 61‘ sterecsynthesis. The firat three-éiinensiéhal
oa.rtoon films were three entertammant f£ilms wh:.oh were me,de for shouiug
at the etereo cinema. at the Festival of Britain in 1951, They were -y_g_v_r_j_._g_ -
the T:inm and &r_o_und ;LB AE vy Noman McLaren, and The Owl gd the |
&ggzg_g_ by Halas and Ba.tohelor. MoLaren's a.ocount (1) :ls the only
| available paper on the problenms of stareo animation. ‘He eummarises six

" basic techniquess-
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E& * 3.1 ' | .
‘E&E:ﬂ# The Visual Fields of Each Eye and

the Binocular Field, as Measured with ¢ Perimeter '

, i)rr‘use of atereo pairs of drawings, with parallaxes drawn in,
i:l)‘ double punohing of single cards or cells, =
iii) the use of movable cut-‘-outa, -
iv) movements of the horizontalb pamer under fhel' animation mm,, -
'v) horizontal panning or lens shifting in the opt:.‘.cal printer, |
"vi)' frame stagger on horizontal aotion shota. ' -
v:l) is the method often described as autostereosoopy (9), that is to»
say the same picture is presented to the right and left eye at different j
times, This has oertain adva.ntagea as: it enables a stereo pioture to ba
‘ pi'odixo‘ed from one ordinaxw pieoe of photography. In this way, for example,
& stereo picture has been prodnced from & tilm of a oity photographed rroﬁ
an a:.rcraft -8 teohnique which is Just an extonsion of the mothod of
producing stereo aerial reoonnaisaance pictures with a single oamera. o
This type of stereo-phott)graphy is usua.lly ver.y rule of thumb?, for in
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entertainment work as long as the picture has depth it does not matter

' very much how acourately it is remdered. For serious work the method is
very restricted, but we describe it a little more fully later in the . |
chapter. '

Methods 1i) to iv) a.em in various ways on the principle that all
objects 1:1 a frontal plane at a given distance firom the observer carry the
same ﬁamllaz on the soreen, They are based on the same principle as a
drawing instment oonsisting ots frame with a sorew thread for lateral
displacement which was invented by Rood as long ago as 1861 (8). These
'methods'we,re- the main ones >enplo&ed -in the three films named above, and
none of fhes_e films employed method i). But for serious ﬁsthematioal work
1) 'is'- 'slmost ths bnlyvmethod which oan be employed s.t all systematically, .
and the mh:rs of . soientifio and nmathematical stereo illustration depends
'upon 1ts deve10pment. llethods 41) to iv) produce a type of stereo picture
which may» be described as 'multiplane'* rather than as truly stereoscopic,
. The picture hs.s no grads’cion in depth, 'bnt consists of a series of stage
| ‘ ‘fls,ts. It is possi'ble to vary tha depth of any givsn plane containing
some of the sotion, but this is very diffaren’c from building up a picture

- in yhich there are continuous variations in depth all the time, These
multiplane methods have a restrioted application to teshm.oal illustration
but they are only of minor importance, not being anything like flexible
snough to g:l.ve the range of depth variation that is required for even the
simplest stereo films which are liksly to be of mathematical interest.

¥FOOTROTE., The use of the 'mnltipla.ns' to desoribe certain animation
‘techniques employed by Disney is quite a different matter, as that multi-

plane tachniqns is not for atereosdopic films at all.
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The mainstay of technioal illustration must be the prodnotion of stereo
pairs with the parallaxes drawm in - the p:r:o'blem that was not tackled in
the £11ms, for the 1951 exhibition.: _ _

‘hose films all used two rilu and two projectors, Now is the Time
was made with cut-out figures on an animation field of 10" x 14", The
range of parallaxes oorresponded to distances fron infinity to half-screen
distance, The technique of varying the parallaxes of s single drawing st
the printing stage was also used, the operator varying the parallax "in -
sympathy with the linear perspeotive of the flat drawing"(3).

| Around is Around uséd parallaxes produced by double punching of the |
location holes on art work, The scene.for each eye was shot separately.
Frame stagger was also used, and with especially striking éffeot on
lissajou ﬁgtireé photographed from an oscilloscope. ‘Spec‘ial techniques
were neoessary in order to get a steady controlled ploture, Frame stagger
is a particularly good method of producing abstract designs since
synchronisation of the projectors is a problem, and if the a;mohronisation
slips it does not matter in this type of work é,s it merely produces another
abstract diagz?am vith & different gamt of parallaxes,

Ha.la,s and Batohelor's ‘rhe Owl ﬂﬂ the Pussycat¥* was a draun, mult:l-
plane oartoon, aohiaving its paralla.xes by gimilar methods to uoLaren.

The pa.rs.lla:xes were ca.lcnlated by Spottimode, and were worked out to
0.001 in, in some caags and 0,01 in. in others, Independently the anthor
found it sdvisable 0 work 4n & similer way on the present prograwme whioch

*FOOTROTE. An attempt was made to borrow _mg g Owl and the Fussycat to
accompany the premier peﬁomanoe of Resonant Cavities in Iondon in 1958;
but unfortunately no prints were available by then,
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is on é'jzl-ather different soale,' since here m = 5 irhereas Spottiaiood_e

- worked for a much bigger tﬁeat:co with m = 25.’.. 'This agreement on the
degree"of acouracy required in spite of the nany diffemces between the

- two systems ind:lo:ates strongly that future work should be standardised
around accuracies of. thil ondor. 0,001 in, is attainable mechanicany on
" the d.rawing board., and 0,01 in, can be attempted when draving by hand.

.‘ M&Mm The cinemaphotography for the prosent

programme was done on a Eodak Model A canera, vnp’ooiany modified by the
addition of s 180" fading ehutter and an 811 gear with an electrically
operated clutech, The gpparatus is capable 6f taking one piotureiper‘
second with a half second exposure, ‘eithezf single shot or contimously,
" forwards or backwardvs. It isﬁmouﬁted‘ on a rostrum providing a vertical .
movement of three or four feet}, with two panning bars on the animation
table which give independent horizontsal movements calibrated to 0;001 in,
| For stereo animation the two pictures are pla.ced on the rostrum side -
by éide. Each p'icture is appro:d.mately 7.6 ins. wide by 10 ins, high.‘ o
After some preliminary experiments the spacing for congruent points was
fixed a.t 10.7 ins, When this apaoing had been atandardised the peg bars
on the anima.tion table were fixed at this diatance. the 1a.yout being shown
in Fig. 8.2, FKote that_ ther drawing for the Zight eye has to be photo-
graphed on the left, ‘bécaneb the film is :anerted as it paséés fhrbixgh the .
prd:fectér. The full field eize or the ca.mera under these conditions 1s
approx:l.ma.tely 14" x 19", 80 it ea.n be seen that the eystem is rather : '
- inefficient in thet only about 60% of the available ares on the filnis
used o record the two piotures of the stereo pair. (This ;nefﬁoiency is
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~inharent in the optioal aystem. and :Ls not dne merely to the wsy in which

.n :!.s used here.)
'.Ehis standardisad field aize :la adequate for a wide Tange of work,

- and 1t would be a simple mattar to f:l.t the peg bara to. pa.nning ‘hars g0

that the sps,cing trould be Varied if :i.t was deaired to work with va.rying
field sizes._ This is not really neoessazy because in atereo work the .
vdiffwulty of drawing pa.ralla.xes aooura.taly rulea out using very small |
 fields, and since & double f1e1d 1s in use al1 the tine the cemera has to
be high on :l.ts stand. (which doea not make for oonvenience in operation)
g0 there is very little room I’cr Variation in either d:l.rection. Also the
4,technique of tra.cking (or zooming) which is a normal part or 'flat'
oinema.tographw is q_uite unsuited to stereo as it introdnces a variety of
distortions simultanaous]y. | o }
‘The drawing board carried only one peg bér, a8 it is not r;qbessa,ry'to
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have the drawings side by side at this gstage. The general drawing
procedure was o prepare a master dra'ing ns:i.ng the modifications to
Rule's techniques deacnbed in Cha.ptor 7+ This master drav:lng oe.rried the
'static ba.ckgrounda for both pictms and the positiona of a certain nunbex
| of,an.tmation calls. The mmber used was usnally one in eight or one in
| fou‘:‘c., Oonfoming to standard animation praotice the :nnaining cells were
interpolated by repeated bis:ction; 1.0, after prepa.ring numbers 0, 4, 8
etc, these were used to draw nnn’bora 2, 6, 10 etc., and these were then -
~.nsed to constmot 1 3, 5 eto. - _ v
_ In order to mainta.tn close‘ oontrol over the parallaxea thosa were
o Tead off a depth soale beside the Plan draving (ng.a.s), and repeated

k checka were made with callipers, the acrahead ‘of which had been '
'calibrated to 0.01 in. a.nd whioh could be rea.d to one . qua.rter or. one £ifth
of a division, The drawing accuracy was not as great as this, the ‘
1imitation being on the location of the nib of the pen to}cdinc:}.de:with‘
the calliper reading, Relative acouracy can be increased if the scale of
_‘the jaaraila;és as a whole is magniﬂed. We give eisewhere ev\idence‘ tha;t
th'is‘ procedure dbeé not i'esuit in distortiéns as serious as might be |
supposed, and in aituationa where the infomation $o be conveyed is no‘k
pr:!ma.rily metrical some a.rtificial 1mreasea in parallax are ea.ai.ly
tolerated, and they may be increased by as much as 50% above tl_xeir
theovetical values, However wheré it is important to' render matrical
alues as acourately as possible they should not be increaaed by as mnoh
as this. . In these cases a. 10% or 20% 1norea,se might compenaate for the

observer'a tendenoy to see & stereo picture slightly flattened a.nd produce
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o result a little better than the theoretically correct parallaxes. Only
a statistical survey could decide this point conolusivelys

The d.rsw:i.ngs were prepared on 0.003 in. cellulose acetate, and the
finished drawings were oheokecl for smoothness by super:lmposing the aotion
for sach eye separately on the peg bar. They were also checked for _
correct 'para.liaxes‘ by comparing each pair of corresponding drawings on

the peg bar, This two-way cheok is essential for good sterec animation,

and it is this stage which is much more tedious than ordinary, monocuiar

' animaiion; becsuse i.f an error is deteoted and corrected empirioally it

may then be found that the cell no longer runs smoothly on the other
ol;eck. This msass that a simple error may not be :edesmed by a simple
correction but 1t.may trigger off a chain of empirical adjustments on
neigh'bouring cells, Caveful checking at this stage is most important; ‘and

the final quality of the animation depends on it more than anything else.

Ths effect of errors is discussed elsewhere, but this is a convenient
place at which to tabulate the various parameters involved in the overall
communication system, dra.wing board - samers. ~ projeotor - sereen =
Obssrvem It is noticeable that '!ﬁhere is a close para.liel bstsssn ths :
smallest movements prbdnc;lble on the anination rostrum and the maximm
binocular s.ouity‘or trained observers, between the normal aoouracy to
which a draughteman can ‘work and the rasolving power of the eye, s:nd
between random errors m animation and in the projection system s.nd the
saccadic flicks which are a feature of normal vision. {See the appended -

table,)



Dm_im ng board : rojection gystem (m=9, s=10 £t " Eyes k_ :

2" max, binocular aouity of trained
observers (4)

.001 in. calibrations on | 005 in. on soreen = 9" approx. 5% — 157 horizontal fine tremor (1)
;’“mait?‘fﬁaﬁ‘;“t?“‘“ N - 20" practical limits of binocular acuity

40" diam. of foveal cones
| o 45" vertical fine tremor (1)
033 ‘ins. = 1' approx. ' 1! max, resolving pdwer (3)

401 in. draughtsman's ) .05 ins. total parallax for object
acouracy 2% ins. in front of soreen , | .
' ‘2' intermittent variations in 2! standard deviation of convergence (4)

convergence in a two projector
stereo gystem (5)

.02 in. approx. line width ‘I 5t approx. line widths on screen
o | 6" steady exrors of horizontal 3' = 14 saccadic flicks (6)

registration in a two. pro:)ector
stereo system (5)

25! horizontal width of Pamum's fusion
, : . ‘ " areas
.25 in, total paralla.x at ' '

digtance Zs

: 241 ms. = 1° approx. 1° diameter of fovea
5 in, total para.llax a.t %s S '

7.6 ins. width of drawings '15° width of screen
10 ins. hezghjb of dravings 2ﬁ°jheight of screen

Comparative table of parameters

LLt
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Model techniques. It would be possible to produce technical stereo=
a.nimation by fhotograph:l.ng models. (The movement would then be 'synthetic'
but the stereopsis would not.) It would take us too far from the present
l;l.ne of enquiry to discuss these methods, we merely observe that they do
not seem ever to have been attempted. The technique wouid be extremely
laborious, more like the techniques of puppet animation than anything
else, but with their aid if might be possible to achieve effects which
woﬁld be ‘impovasible‘ by drawing"alone_. . For example, moving planes .which ‘
both reveal their position by texture or ‘by surface reflégtion and which
are also transparent so that objects behind them are viéible are
inpossible to animate by drawing, but they might be possible %o model.

- They are needed to'prodnoé effeotive diagrams 'of .s'ome situa.tions in three-
dimenaiona.l proaeotive geometry. differential geometry, stellations of
regular solids and the like '

Agtorstereosoou‘ .  We now Acons:ld‘er more fully the production of depth
effeéta by using only one series of drawings a;:d presenting them to the
two eyes with a difference in phase. Consider a set of drawings in v}hich
a point moves in a horizontal line, and let its x coordinate in frame n
be {n‘ Now suppbse that frame n is preaenfed tb the left eye at the same
time as fra.me n+r :I.s preaented to the right eye. In the notation 61‘
Chapter 4 o | |
X, = #HFppt §)

7. = 35, - )



This means that using the methods of Arawing previously described a point
can be made to describe an arbitrary curve z = £(x), y = constant, by
a construction of the {type shom in Fig.8.4. The diagram, which is for

' the ¢case T = 1; is self-explanatbry.-

PRIV
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This type of animation is only of very limited use in technical
iilﬁstré,tion as it can only be used for points which are moving
horizbntally (or for points whose vertical movement is very small) ahd
there is no ,simuitaneous control over depth and speed. Once the piia.se
difference has been decided there is no further control of the speed at -
which the point movés along its loous. The alg;ebra:‘lo‘ expression for
the speed of movement is too oqmplicated to be of vé.lue, but to the
first order the angular displacement of the point from frame to frame,

as seen by the observer, is 2wz/s(s + z),



1.
2,

3.
4

5e

6.

7.
8.

9e

115

REFERENCES

R,W, Ditchburn., Eye movements in relation to ‘retinal a.ctidn.

_ Optica Acta, 4, Pebs 1955, pp.171-6,

3 +Je Gibson, Perception 61‘ the Visual World. Boston, 1950.

A.C. Hardy, F.H, Perrin, Principles of Optice. McGraw Hill, 1932,

J. Krauskopf, T.N. COmsweet, L.A, Riggs. Ahalysis of Eye Movements
during monocular and binbcﬁlar Fixation, J.0.5.4., 30, 6, June 1960,
PP«5T72~8. |

E. Levonian. Stereography and the Transmission of Images.

J.S.M,P.T.E. 64, Feb, 1958, 77-85.

Mary P. Lord, W.D, Wright. The investigation of eye movements,
Rep.Prog.Phys. XIII, 1950, pp.1-24. |

N. Molaven, Stereographic Animation, J.S.M.P.T.E. Decs 1951.

0.F, Rood. Amer,Journ.Sci. and Arts, XXXI, June 1861, T1.

R. and KN, 3pot’tiewoode. The ",L'heory of Stereoscopic Transmission,
University of California Press, 1953. :



116

CHAPTER KINE

THE FILM "RESONANT CAVITIES

In this chapter we give the mathematics involved in the design of
the stercoscopic film Resonsnt Cavities. This film, showing the 3101,

and H modes of oscillation in a rectangular resonant cavity is

B111 111
the first animated stereoscopic diagram to be made by the techniques
‘described, It is a six mimube, colour film on 16 mm, consisting of three
two mimute bsectioﬂs each oontain‘iiig ,ar steadily repeating cycle of thé -
oscillation gondemed. ‘Th:ll‘e arrangement was used so that the time spent -
on a.nimétion could be reduced by shocting a few repe'ated cycles and
printing dnpi_j,catés_‘f:om them after they had been cemented into cloged
1oops¢ The prepa‘ra."tion:of a’.‘film with the usual cinematic devices of
‘continuity would ha.ve been more expensive and the gain would have been
emalle | |

The -1ines. of electric fqroev in the cavity are shown in red a.nd the
mégnétié lines in greén. The cavity itself, a rectangular box in ghape,
is showniin whi‘fue; ~the whole diagram being against a black background.
This is éspeqially convenient for technical diagrams in stereo as it
. avoids edge effects where .i:hére is only one image, a feature which can
cause diff:.culties in live action stereo,

A line of force in en eleotrio or maguetio field is  line such that
the tangent a.t every point is in the direction of the electric (or
magnetic) veotor. If lines are drawn through every point of a small
closed curve they lié on a tubular surface oalled a tube of force. The

oustomary convention is that when suitable units are chosen unit tubes of
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force terminate on unit charges, and»tl_ie density of tﬁe tubes of. force
measures the intensity of the eleotric field. | Wheﬁ diagrams are drawn
‘there are two possibilities. If the diég'ram is only being used to g.l.vea
‘ qual:l.'bative pioture ;u: is sufficient to draw a few representative lines
of force; but if a quantita.tively a.ccnrate diagram is required the tubes
must be spaced correctly, and then it is usnally convenient to represent
tubea 'by lines along their axea. The term t1ine?! will be understood in
th:ls sense from now on. The corréet sﬁaoing oi‘ the lines when the
diagrams move involves ma,ny considerations whn.oh the standa:rd works on
relectro-magnetic theory do not d.iacuss. Tubes of force are a oonvenient
ﬁ.ction and one can ea,sily speak of a fraotional mumber of tubes; hut
‘one can only use an integra.l number of 1ines in a diagram, and so it is
"not always poaaz.ble to construct diagrams which are quantitatively aoourate.
Even when the number of tu‘bes of force is integral it is not always
possible to draw a diagranm 'showi'ng them in a aatisfaetox:y panner,
Consider, for example, the tubes of force whioh leave a charged aphez;e.
The mmbers of lines which can be drawn ra.diating equally in all ‘dir'ec‘t;ioné
' fiém a sphere are bound up with _fha point symmetry groﬁps in threes
-diménsiénal’ space, 'fherefore even in the éimplest cases the design -4 of |
line of foroe diagrans which are as accurate as- possible ia difficult, aml '
| »:mvolves mathemat:.cal conaidera.tions far beyond the pure]y alactrical |
| phenomena which they illustrate. 1r the diagram has %o move, and if we:f o
wiaki the correct quantlta.tive relationahipa %0 be maintained throughonff‘_ |

- the movement the questiona are even more complica.ted»

For these reasons the deai@ of animated diagrams of even suoh a
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standard toplo as cavity resonators demands a considerable amount of quite
fresh mathematical investigation. We give below the calculations which
were necéksaary to design the film Resonant Cavities, giving the
caloulations in a gemeral form so that it‘ would be possible to produce
veréions of these 'diagrams containing larger mumbers of lines if ome
wighed to do 80e |

) Noté,t;on. Throughout we omit the factor elut, as is customary, and we

write =xx/a = 0, iw/bu#, xfl =¥, and wt =T,
The standard forms of equations for E and H waves are (1)1~

E _waves |
E = sin mo sinnp'oos V¢

=-i&"%:r‘~'yf cos m0 sin nd sin v¥

HtXJ

=-£g‘-¥5---vi§sinm0 cos ng sin v¢

Y

= 0

iwg ,0Xx (9.1)
= =& «Z% oin m0 cos nf cos vt |

S N

= -%3% -?%:- cos m® sin nd cos v
w7 [ G 6]
e e

The only modes we need to consider are E,,, which is H, ., reoriented,

Nle

where

and E 440
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H_ = cos md cos nd sin vy
B = .’.T:!-.%.L;sinmé cosnﬁf‘cés V¥

.-9,5’5.-”15 cos m@ sin n# cos V¥

4t
-

(9.2)

o
ﬂgo

.1%‘- cos m@ sin ny! gin v¢

-

E

-% sin m0 cos ng ain,i*f

The only modes we need consider are E,, and 'H" "

‘ All oi‘ the a.'bove equations can be nmltiplied by an arbitrary
| amplitude :t‘aotor A. ~ The E and H components can be mnltiplied by
aepa.rate amplitnde factors B and 4, since this amounts %o ohoosing the
ratio £ m to suit our oonvemonce.
Note that all linea have the same profile when viewed in the %, y

" or z directions, since nzmy ‘15 independent of g, eto.
The form of the E H lines
" B _waves E lines | ‘
dx &

Boos w0 sinnd P sin 0 cos ng. |

SR T X T
Lc.-g-f‘;-n-@l—-—/— - Qonst‘ o

(cos ng)P/n® |
- 'n;:l cos nf sin v+ = sin nd cos V¥ o
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l):- . 32/m2 ’ ’ o
D(cos v ) = oconst,. | (943 cont.)

(cos n;{)m
(assuning m # 0 and n £ 0, which is 80 in the cases which concern us,)
E linog |

dx &y
n ' = "
 sin w0 cos ng »-lﬁoosmOsinn#_

;mmmq;mm. (9.4)

"z = const,

Hwgves = Elines
cos md cos nf = const,
| | - (9:5)
B = const,

E lines

(sin n#)‘“%a -
| ' (906).

2
+£g v2/n®
(ein v ¢) = const,

Eml!b"

(sin- mO)
(assuming thet m#£0 and n £ 0).
We are also concerned with the case n =03 and the ‘aoluti,on then, which

is not given by the equations above, iz y = const., sin mé sin v = cdnst.

Cnrrents in ngls

The surface current dan51ty, K, is perpendicular to the tangential

magnetic field, and is of a magnituﬂe given by

Hyan = '4‘.:’5 K.
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The scala.rvmultii)'lier depends on the system of units emplqyéd, which for

our purpose :I.s‘ irrelevant, and we later drop this factor,

E Waves .
The wall currents all flow parallel to the axis of the waveguide,
and behave correspondingly in a resonator.

On the walls

=0 J, =0 o J, = - i8€ mR gin cos v¥
* y=0 -
y=0 Jg=0 T :,,-'-‘Lu_'s.%mmo cos V¢  (9.7)
. . . - k%g .
z=0 Jy"‘%ﬁ;"% sin mQ cos ng 'J’z vuiﬁ%'gf‘oo‘smo ai:i'n;! o

In x=0 and x - a the flow lines are y = eonst,,
y=0 and y =1 the flow lines are x = const.,
zZ=0 and z =1 the flow lines are as B ~1ines_, see above.

waves , o |
x=0 Jyg‘-cos‘n{_sin w-‘ R Jz.-'%.%.l’iﬁsinn#oos'ﬂ _
y=0 Jy = cos m0 sin V¥ | stijﬂ-.?o-‘l;- éin mo cos V¥ (9,8)

z =0 Jys-gz.ﬁa’.‘..ll’_‘sinmﬂcos ng Jxa-i%.%.%zcosm,SMnﬂ
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The murface charge density is o= K.

It is a useful convention, when necessary, to draw planes at x = %a, ,'
y=%b, and =z = 41 and to imagine a magnetic charge on these fictitious
boundaries, Then, always working on the side of the plane nearest tho

origin, the mammetic chayge density is p= K, |
Also 'magmeti ' are given by a set of equations like the

above, but with all the signs reversed,
Henceforth we multiply the E and H vectors by a.rbitrar.r coefficienta
A and B, which we later choose in order to give a suitable scale to the -

diagram,

The Design of the Diagram for H,QJ_

‘ '.Ehe diagram is construeted with the particular values a = 24 ins, . l
ba}Oina.andlnwina.'

The equations needed for this particular case, at:lll omi.tti.ng the
féotor ei“t, are - _

H, = Al cos O sin‘ Eg =0
Hy = -Aa 8in O cos¥ B = 0
=0 _Ey--J.BainOain‘f—
The electric enrrents in the plane y 0 are

Iy Al cos © siny J s-Aa'sin-O‘coa%-

The eleotric charge density in the plane y=0 is '-iB #in 0 ain‘/' .

In the plane y= 0 tho eleotria aha.rges ﬂow a.long the lines

: - , | o
= = const. (9.9)

(cos )% L o ,

08

See l‘:l.g.'9.'1
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The magnetic charge density in the planes
x=da  is Aa cosY

and - =l is '-_A_lc‘os‘o.

‘The magnetic currents are, in the planes |

' x=da M, = -iB siny
Camd g3l Mp=-BeinO,
The “mégn-efic charg;a flow aiong the lines ¥ = const, in each case,
" The E lines have eq\iations x = gonset, and 7z = gonst,
The H lines have omuations y = const, and ein O ein¥ = const.
‘See Pig; 2424

The ¥iow of Electrio chargea in the case H101¢

i'he lines of electric force are all parallel %0 the ¥y axis, and they
teminate on charges in the planes y = 0 and y = b, Ihe problem is to
space the lines in such a way that thyoughout the cycle they give a
| quantitative pioture ot tho t:lold strength inside the resonator and the
‘ .charge distridution on the nd ulla. :

D | z-d C |

X=0 ’ 'Piane ) 3=0 x=a

A Zto B I B .
Fig. 9.3.
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The instantaneous curren‘l_: density across the edge 2 = 0 at the
point x 1is . -
| | Jz-s asin @ cos'“b'_
and the instantaneous total flux across the segment AP of this line, vh:loh

is obtained by integrating with respect to x is

2 o
g,‘;’(1 - coe 9) cos T

Similar relationa hold along D.

‘!'he 1ﬁstazita.neoua current densities across z =0 and x = 0 are in
the ratio asl, and the total currents over any interval of time are in the
ratio a?¢1%, Therefore to give a reasonable quantitative picture one
should divide the lines up into qa and ql aoﬁnents and let ra and rl lines
6:033 each segment in the course of ce,oh quarter cjrcle. _(q and r are
integers, a;nd,_t»he cholce of them determines how many lines are to be shown
in the diagram.) | o |

The line AB nmst be divided into qa segments aoross whioh the flux is
»equal. and the ra charges vhich oross aaeh usunt rollov a track thraugh
- ‘the corresponding centre of oumnt dnmi’q. nm is to say tho charges
"oross AB at points givsn by

1 “-008 0 = 'q%. o 'p‘od‘d, 0<p< 2‘113.,'
qoé 0 "-‘ _V1 --‘% .

The in'a‘éantaneoﬁa current is proportional to cos T, 80 that the

tbt’al flux ainceﬁ the boginning of a dcle‘ is pi-oportional to sin<T ,
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The ra charges have to be introduced with the correct phase angles,
To achieve this a quarter cycle ﬁust be divided up into ra divisions and
the lines introduced after charges %, 13, 2% etoc. have flowsd across the
ée@nent in question, Th:!.a’ means that the -‘ilinea appear at intervals given'

by

sin = 55; p odd, O0<p< 2r.

' The total number of charges crossing AB in eaoh quarter ¢yele is now
qraz and the total nnmber of lines of foroe which appear in the diagram
is 2qr(a® + 12). Therefore to produce a diagram with enough on 1t tp be
'interesting! which is at the same time quantitatively accurate by our
present ésriteria it would dbe reasqna‘ble to work with, for example,s |

‘a - 3y 1 = 2 @ = r = 1
This would give a dlagran with 26 vertical lines all of which move at
varying depths, The preparation of a diagram with as many lines as this
is clearly very tedious, so it seemed better at this early stagé of |
} ﬁeyelopmént to,pz'cdnoei;a; diacran with fewer lines whioh gave a reasonable
quautativa ploture without aspiring to sirictly ‘qnantitativc acouracys
But to illustrate the prinsiples involved we sontinue the genersl |
discussion. , - | |

With the abova va,lneu or a, 1, q a,na r tho diviaion along the line
'umatthepomaaﬂnby |

cos @ = 1.~§ ‘ .= 1, 35

0 = 436‘1“2':‘ 96'o 131481,
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and the charges appear with phase angles given by .

en T s B

T = 9°361, 30°, 56%6'.

i'he ’ditvi'sj‘.on aioné AD’ are at .points given by
oos ¢ = 1-F
¢ - 60', 120°,
- and the charges appéar wi}.thA phase angles,gim by
v . E | ,
C w1400, 489361

This is shbvn in the accompanying diagram. o

p=1,35

- p=13

Pp=1,3

D c
A
B b e
Jﬁéz:% ; j‘\t : B
N

. Pig. 9.4.
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A coﬁvanient séheme would be to an:ﬁnate using a 19 frame quarter-
cyole, varying T by steps of_5°; This would give a a1l oyole of 76
frames which would last 42 secoxids at thev normal silent projection rafe
of 16 frames per sesond,  But the dia.gran.ve enviéage does not discriminste
between positive and negative charges, so to the eye it would appear to
recur after half thié time’. If a slower oscillation was required it
would be convenient to vary 'r ‘by steps of 3% 5° steps lead to the
folloving schednlel-

M | ——-35-—-&—! ot Fumber of gm‘ es
o o0 2
9936t S 6 1
14‘305 : 10 4
00 16 3
48°36? S 20 1
569260 2% 8
0
19

Be!ore the analysis of ﬂu E~1:Lnaa is ocuplate two further problema
have to be considore&!- o , '
, 1) whilst the tracks which the Ml follow throughout the cycle -
, areknownndonotyct knovvhmmhchwisonitu $rack at any

: particnlar ﬁime,
ii) we' 40 not know how far in towards the centre of the face the
charges move. That is, we do not iknow their positions at the time U= g;' '
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The. answer to i) is required in order to produce the drawings for
the successive frames of ‘therﬁ.lmé,_ and the answer %o 1) is zfequired to
settle anartistic point of the design, The osoillations have %o be
‘given' a snitable ’amplitude,'éo that the movement of the lines covers a -

‘ rea.sona‘ble range, ' | | |
The ma.thematioal anmra to both of these questiona can be derived
: " vfrom the eqnations ' | ' ‘

% - u cos O min % cosT » .
- (9.10)
dx .

-d-..t- - Aa aln° OO? ¥ oogt' |

which come from equations 9.8, N

conrining attention to the lines of flow whioh commence on the

~ }sagment AB ve also have fron equation 9.9

(oos l.'f)a ~ (oos v—)l x oonato

. where the constant is easily seen to be (ooa @3 'here % :Ls the abscissa
i of the point on AB at which the line ot’ tlov comnoos. !!heae equatiom :
“ ~can be solved in the gense that they can bc reduced to mtegrals; but the
:lntograla do not seen to ‘be oxpru::l.blo nxplic:!.tly. and in any case they
- are too oompuoated to ho of vcry ‘mnoh 'ulno in numerical oouputation.
: For £ilm pu.rposes as. good 8 procednro as uny 1- io use the oquations to
o give approximate finite difforencoa betnen one {rane and the next. A |
£1lm is in any case a auocaaaion of disorete p:lcturas a.nd a finite
\diffez-ence method :ls alwa;'s vary much :ln tho spirit of film an:l.ma.tion.
It is easy to solve the equa.t:lona explicitly for the partioular lines
of ﬂow for which x = $a or z = -kl, and this solution is sufficient to



“131‘
settle the design queétionj i:‘nplvicitv in problem ii).
lvn_z.ex; ’“"5‘ | seo ‘/"t.ls -_“,Aa co:e'l:'; dt
80 o ‘liog ta&i'('-"-’if';t) - A ﬁAs‘;inL" + const,
N Tk "2 4 - "]

The value of the cqnstént 5.31 guch that z = 0 _vh.'en._t'he charge appears,

' 80 -we may .v::,lte,

ten (.;:«»g). e@[m (sinT = sin T )]: |

hasitamaximumv:a.luewhen 'C-E, 80

ofg) - o],

'I‘he value of 9 for the"ohgrge tlovihg_ along the line g = 4}1 is
given by a simila.r expmsaion. with a and 1 interohaneed;‘ but diroct
~ comparison of the two is _oonplio;’t@d by the fact that th.ev values of To
are not the aamé in the two oagm'e's;v _- MQﬁcﬂ Qorl; is greatly assisted by
drawing the graph of Q and X (rig.g.s) for the rolé.ﬁon tan (9 + ‘2) = oxp K,
Using the pmimm- Valuu ct pmmsou chosen. muor Fax 18 Eiven
with sin r‘,- 1/5, andO -uh d.n Ty = Iehave

( + )- o#(ﬁ;“)
ant m(igu.pz) ."'.x;,.&:."

A suitable valus for Amay be deciﬁoa by u‘sin'g'the graph. w is also
involved in the equa.tiopé, and no mmerical value has been a.asigned to it yet;
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but choice of a numerical falue for b is linked with the time scale we
choose to adopt, We have fixed the mmber of frames which a complete
cyole will ta.ké. and if we qupt _,bne frame as the unit of time then a value
of wis a.utoma.tioa.liy dedi’ded{ but cne may prefer to leave the time scale
arbitrary at this stage and to ohoose the wunits elsewhere. |
When the conétants,to be used have been decided equations 9.10 when
put into the fom | | | ,‘ | _
- $x m A oosb‘&in ¢ cosT St
8z = Anesin@eos ¥ cosT 8t
enable the positions of the lines in successive frames to be caloulated,
, This is a convenient tine at which ¢o nomaliae the time scale, -
, taki.ng [t = 1, the intarva.l between trames. Pigs 946 shows how O, .

and ‘/’max are connected for chargea appearing at the same epoch (ﬁ..e. _
mmw Te)s and it may also be useful when the above |
design questions are being settlod. o

It may be observed_that the original set of equations (1) involved
four physieal constants, The velocity of light, o, and the eleotrio and
' magnetic constants ot the &ieloctric - a.nd @ osour in the eqna.tions. and
we are free to introﬁnca a.n srbitrazw nmltiplying faotor for the
amplitude. In the desisn of the ti.‘m there are four eomsponding
decis:;ons. There are ohoices of % Ty A and the tino scale, -

!‘he Plow of Magnetio Gharges in tha oase n'lQl

We have explained eatliax- that it e convenient to imagine prartitions
introdnced at the planea x-éa, Y3, z=41 and to inagine
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fa.otitious ‘magnetic cu.n'enta' in these pa.rtitzona. The magnetic iines of
force . ave related %o these oun'ents just as the eleotrio lines of force
are related to the electric currents in the boundary ra.lls in the pmviowa
section, - (‘I'here is actually a difference in sign, tmt this doos not |
concern us as this sign is not going to be shown :Ln the £inal dzagran.)
Pig. 9.7 shows the plane x = da. |

}

| c

De:;ofing the components of magnétic ourrent by and N, we have
&= o

M, = Bsiny gint

The inastantaneoua current acrdss PQ is ‘ B sinvt ,

As before we now divide PQ into g segments and let r magnetic
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charges flow across each segment in each quarter 'cycle. The magnetic
oharges move along equally spaced lines parallél,-to DE, with coordinates

b | o
T o= %!— podd, O<p< 2,
‘and they emerge from PQ at times given by

cos T -'22-1' . podd, O0<p <2r.

The charge density is equal to Hp, so integrating with respect to gz the
instantaneous total charge in the region PQRS is qr sin ¢ coBT , and

* we require -thé values of ¢ for which this is % s qr, i.e,

%u ein ¢ oosT
~sin ¥ = R  podd, O0<pcon

Similar considerations apply in the plsixﬁ X - #1. The magnetic lines
are plane curves, approxha.toly oni.ptioal in uhspc whioh .‘ioin the
magnetic oharges in the plmas x =4 and gz = 31, The anplitude of
the oaoination and the position of partimlsr charges at particular
| 'timea may be discussed as the similar quoations were diaousseﬁ for the
electric lines earlier. but the discussion is & little simpler this time
’becanae the lines along which tha chargas now are straight. |
' The above treatment is aumos.enuy detailed to show how the
7 necessary data can be caloulated to’ draw diagrams of any requimd degree
of accuracy. The ‘number of Iinea needed 1n this theoretioal treatmant
is rather too la.rge to be practioally aomrenient in dmwing. 80 a slightly
simplified version was adopted in order to make the £ilm, Nmrtheless_

when stereo diagrams are projected the lines do really appear "more |
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spread out"; and so when technical diagrams are designed it is advisable
to include more elements than one might inolude in corresponding nflat®

diagrans,

 Practical Details of Construction for the Hygq Diagram

| The scene was deai@ed inaide a motangular box with dimensions
a= 24“, b = 30", 1 = 18", (l'heae dimemions refer to the size of the
figure in space, as finally proaoctea, and not to dimensions on the
drawing board.) Six electric lines were used and two magnetic lines,
' fhe time scale was moved in steps of 5% which mesnt that 19 sets of
, drav:l.nga had to be prepared i‘b:"é;» somplete quéftéxs—mle. ,
| The calculationa showéd tﬁai thoro m a réthcr quick movement as the |
l—lines appea.reﬁ and diaa.ppcm&, 80 'bo ease the aniuation a slight
empirioa.l adaustmnt wa.s maﬂe to ‘the movement at this point, |

Practical Details of eonstmct:lon for %he 81" Dm
Mm-orienﬁnsthediagrambyintarchmatheyandzaxes, and
by a.ltering the length b to 32&" it was pou:lble to use the dravinga
a.lready prepared for the H-lines of the 3101 mode again. The E lines had
to be calonlated a.ocprﬂing to__ the prinoip‘les‘ alrea.dy given, and they
_presented extra difficulties as in this mode of obgillation they are
twisted curves moving in spages _‘ - . - '

. Praetioa.l Details of constmction o.t‘ the 3111 Diegram

It is pcssible to deriva the diagram for this mode of oscilla.tion

from the diagram for the 3111 mode by mtemhanging the E and H lines and
translating by éx in each direction in space, This meant that a lot of
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the previous caloulations and drawings could have been used again, but
there was the disadvantage that if this plan had been ocarried out fo the
last detail there would mot have been emough H lines in this diagran for
it to have been very infomtive, therefore some additional H—lines terel
| ca.lcule.teh . | , |

The diagram was constmcted using the 'box that ha.d previcusly been

used for the 11101 diagram. ‘

When preparing drawings 1n perspectiw a translation is not as simple
& matter as it might appear, 'becanse translation alters all the details of
perspective, Therefore whilst 1% was possible to use some of the material
over again a lot of qnite tresh draving was necessa:cy as well,

The film was shot on lodaohmm A stock with Photoflood illumination,
Three cycles of animgtion (half—cycles of the electro-magnetio
oscillatibn) were shot in eash case a.ml hﬁgtha of thom subsequently
printed oft. The title were shot sopd:ﬁm&. In the printing the green,
which waa a good aoleur in the original. was washed out to a near-whitet
but this was ‘only & minor aereot. Golour msterials which have more
recently becone ,avs.ilable should. avoid any ropetition.of thia.

| w The film m..m@zsm has either been seen
by repreaentatives of the tollowins organiaations or been shomn to |

‘audiences at the iustitutionau ‘
Scientific Film Association 5
Shell Film Unit |
"~ G.E.C. Research Labﬁratbries |
The Royal Society
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" The FNational Academy of Sciencea and the National Resea.roh
. Cotmcil, UOSCA.

Deutsches Zentralinstitnt fur Lehrmi ttel, East Berlin, East
' Germaxv

~ University Colle'gé' of Forth Statfonishise B
" Oxford University o
Verious techniaal collegos. ‘_ _
Eleotrical engineers an& mathematmians have agreed that the t:llm |
_ accomplishes what 4t sets out to do and that it gives a rresh under-
standing of the prinoiples which it inustrates. The nature of this
tunderstanding! is (aluost by definition) difficult to convey in wordss
‘hut it is common experiancc that the pnrely verbal trestmcnt of many parts
of mathematios, or the trea,tnnnt by a.lcebraic m‘nols alone, leaves a gap

' - whioh remains to be rilled. And- that when. wrda have raaohed ‘their limit

cc.'nnprehonsion may be. anhanud. oﬁm 1n a vivid way, by sone other means
of commnication which appeals more dincﬂy to the :inaginatioh. Klein,
Hilbert and Polya, to name but fhres"pment nathematicians, have held
this view and described u graphieally. | ' ‘
| - The film has also beem saen by exparienced protesaional animators
‘who ha.ve commentea fa.voura.bly on the qul:lty of the animation, and agreed
. that 11; is eertainly as smooth as conventi.onal non-stsreo ‘enimation done
by similar drawing teohniqueao ' - |
The road 15 open for the wider use of stereo films for technioal
‘ ina’cmotion and for the documentation of pure and applied ma.thenatios but
for the ”ohioken-»and—egg” aituation whioh hinders mrther develo;ment.
Showing such films requires apeoial aqnipment. ~ Few people have the
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equipment becasuse there are go few films to ,ahow,' and i»t is hardly worth
' making more films when there ave so few facilities for showing thems A
siniler situation operstes with the art films of Norman Neleren,
Encouraged by the success of his films for the Festival of Britain
McLaren would like to ma.ke‘more; but thé very few outlets for sucAh‘ work
‘makes it soarcely practicai to devote time to 1% which could be spent on
other work, with an importance of its own, which it is certain will be
widely used, | o T

Some of the showings of Resonant Cayities listed above were»ai'rangad
by projeotionists with no pnvioua sxperience of sterecscopy, and
andiences of nearly one hundred nrieAbaacé;uodatcdg The system is by no
 means ideal for sudiences ss large as this, but the technique is
sufficiently well dqrelom to be used with comparative ease with academic
audiences of a xea.sonabl'e‘ size. Were there more films of this type to
enable a programme of aone length to be ghown then it seems quite certain
that they would be well nsed. | ' '

1+ H.R.L. Lamont, Wave Guides, Methuen,



‘ M !!.‘he suocess ot the i‘:llm Reson_agt cgvitieg raises the question,
"Since the 1nevitable arrors :I.n the a.nizna.tion were of a aize which is
eaaily noticed in sta.tw diagrams why ﬂid they not lead to disturbing
fluctuat:x.ons in depth?" !o :tnveatigata thia turthsr a speoial stereo
£iln was made, showing tﬁree vertical white lines against a black
background. Ehese lines wers 1n the plana of the screen, but the central
line was given sma.n d:!.splaouontn forward or baak for one or two frames
to simulate the errors vrhiuh can arise throuch mcuacias in drawing.
O’osex'vers were aslmd to report on thnse "dumpa" with results that
were completaly nege.tiﬂ. Jumpa of th:ln erdar of nagnitude are often
lost 4n the random mots.ons of the piatm.- dne to 1rregularitiea of the
poeitioning of the film 1n the eate of the camera and the projeotor, a:ud |
even when the jumpa on the pieturea for the right and 1eft eyea were
o clearly visible separe.tely they were not visible vhen viewed
stereoscopically. |
) In other vords, one Lrame is too short a time .t‘or slight errors in )
drawing to produoe the eerious errors in depth which application to. the
- simple convergence theory predicts. il'his may seen & little surprising
in view of the obsematicna of a number of workez-s of flash aterecscopy,
‘ but the viewing ocnditions a.:ce by no means identical and this fa.:llure to- :
" obsexve sndden Jumps is in acoord with I-evonian's measurements on live a

action stereo-cinematography (reviewed in Chapter 8) (6), with recent
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work be Julesz (3) and with ourrent 'knowledge on eyegmovements (2, 4, ‘;8).

Pilot Experiment. A preliminary experiment was made in which the
observer saw‘fhree vertical white lines agains‘f a grey baﬁk@round. ' Evezw
few seogndﬁ the pieture for one eyé only was _é.ltergd for single frames,
or sometimes for a double frame, by moﬂng the middle liﬁa by amonnfs of
the order of s line width (0,02 ins. on the dmwing boa.rd). This
corresponded %o theoretica.l movements in depth of 3 ins, or more when the
filn was viewed under normal pro:jection ‘conditions, Experiment
"Photofinish" had shown that variations in depth of this order are soen
very easily indeed undexr statis oonﬂitions.

» Observers were quite unsble %o say whether the line jumped tomfgla '
- or backwards, The sideways movement was of the order of 0.1 ins. on the
screen’ (6érta.inly one tenth or less of the theoreticsl mveme#t in ‘dapth).
This sideways movement was seen equally irall under monocular conditions
or under binocular conditions without polaroid glasses, This suggested
two thingsea B 5

- 1) if the smoothness of atereo-animat:lon is subjected to the normal
contmls which are exemised on ordinary two-dimensional animation the
reaults ma,y well be quite satisfa.otory. . o o A

ii) it would e of mterest to ma.ke .a similar test ﬁ.lm in which a
" one frame ";lump" was given in oppoaite diraotions "to the imagea for the
| 'right and left ezres - which gives, ot courae, a atereo Jump in depth with
no transverse component - and to see if this was noticea‘nle under normal |
»pro.jection conditions. o

Qnite a crude, empirieal diapla.oement by normal dranng methods was
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adequate for the pilot experiment; but in order to match th'e displacements -
’for the two eyes a.ccnrately in tha main experimant the animation rostrum

was equipped with two paxming bars controlled ‘bv screw threads which

were ca.librated down to 0.001 ins,

Main MErimen + ‘Three vertical whif’e lines wbré shown against a black.
bagkground.. The film was shot on 50 £t of Kodachrome Av A code letter
whioh was of no concern to the observer was changed every ten seconds, -and
somewhere in the course ot each interval 8 deli'barata Jump was @.ven to
the central line, The ;]umps wore prodnoaé. by having ‘the two drawings -of
the central line on aeparato psnning ’barso o
| There were twelva juaps in all, six !cmrd and six back,
Eight Jumps 1asted for one: fme, and fonr la.stad for two frames.
‘The lateral éiaplaenanta on the anmtion rontrum va.ﬁ.ea batween
0.003 ins. and 0,024 ins., whioh oemsponds on pro;)eotion to changea of
depth, on the eomrgence theory, ot bchnen 1.5 dns, and 12 ins. seen at.
a distance of 10 £t, . -
‘The same drawing was used x‘or tha two outer 14nes for the right and
_left eyes 8o tha.t thay were certain to e.ppaar at equal depths. To use ’
the seme drawing for eaeh aye 11: was’ neeessary to double expoae the film.} -
It wa.a possible for an eyror in the looa.tion of the drawings on the
animation table. to displaoe the central line from the plana af the outer
two by a small, oonstant amonnt. No oomment 'ko thz.s e!‘f.‘ect was made by
‘any observer, and i.n a.ny ca.ae thia error was immaterial ag it was only
the relative movement. forwa.rd or backward the.t was being studieds
" The width of the 1ines on the drawing board was about 0,04 ins,
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This was megnified on the screen byv a factor of 4.34. (Not the
conventional 5 because the 'throw of thé projector was restricted.)

The f:l.lxiwa.s projected at 16 frames per second, wiih the usual
projector shutter, i.,e, the light was xhodnlatéd iwice each frame to
r’ednc‘e flicker, The vafefom of V'the light output from 2 projector is
usually taken to be > square, with equal periocds on a.nd off.

W@ Tests on five observers were quitu conclusive.
They were 80 bad at reporting jumps that any stat:.stical analysis of the

results was quite unnecessery, The two fme Jumps were not seen any
better than ﬁh_e one frame jumps, with projection at 16 frames per second.
When projected the ﬁit;ture msde random movements all the time due to the
im‘gular movamenta‘ of ﬁe filnthronah the gate of the oamera and the
. pro;]eotor, and imgula.r Joxks of at least 0,1 in. (i.e. a8 big a3 some ‘
of the artificially iuposad Jw:ps) were clearly visible if the screen
was eminad at oloze qnartars. E’ha aoliberately im;:osed Jumps could be
‘seen by an obsemr without palamid apeotaclas. as they could in the
pilot experiment, a.nd they were ldentifisble because there was a

- simultaneous movemant in om:osite direstions of the two images of the
| ‘centre line which were normally superimposed. But this was not notioed :
by stereo observers as’ far as they were conoerned the faigna.l' d4id not
‘atand out above the 'noise' |

There wag some aoftneaa of focus, due mainly to the projeotion
lenses, whigh re‘eulted in the_ final line vridths being about twice their,
widths on the drawing board miltiplied by the scaling up factor. This
might have increased the diffioulties of acourate depth perception,
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‘but & similar factor was involved even in the very' a‘.é_curately‘ 'obsorved‘
 "Photofinish® experinents. T | |

_ Some lateral drift was introdnoed by the double exposure of the
outer lines, It was. visible 'both with and without polaroid spectaolea,
and whilst it was irrelevant as far as this experiment was concerned it
does indioate a.nother gource of error in stereo animat:lon which 13 as
‘eerious as errors in draughtamanship.

" Experinents in flash stereoscopy have been carried cut by many
'workera, includlng Tove, Langlanda (5). bgle (9) and Wright (10), These
A exper:l.menta all indicate that varying dogroea of depth infomtion can :
- be obtained when g.coaﬁ@;rgtion is ﬂlminuted by a flash of short

' aurat‘ion." The classical oxpsmcﬁti of Langlands shma that some slight

L sense of dspth was observed avcn when th- tut objacts were onJ,y visible

- fora hundzedth of a seoond ox less, with Iuttle further loss when the

vperiod of 111um1na.tion was radncod atill Larther, As the period of
‘v'lsibility wag inereaud, a undden ohanga in nnsitivity was o'bsemd in
- the peigh'bcurhood.of pna-tenth ot_a sqoonA. but_ after ox;e aecon#.' B8
S éxposure'fhe rate of‘ i.ncrease’ was. a.gain wﬁialdv; (We@uote this fromv'
cha.mwood' s ascount (1), where he adds that this evidence ha.s been ueed
to support widely differing points of view.) |
. This radnction in sensitivity when the time of illumination is
'reduoed below one-tenth of a seeond is encouraging from the point of view
of a rilm—ma.ker, but in view of the agreement of all of ‘the obsemrs _
that some degree of depth diecrimination dces remain, even for the .
~ shortest tested periods of illumination, it may cauge some surpriae that



5

e jump of éhort duration aid nof stand ont. in a similar way. However in
the present .circums'tances thefe is thé minimum of monocular 'olues,' and -
he observer aaw one set oonfigﬁrafiori before and after the junip', 80 the
aonditions differed materially from those in the flash stereoscopic
‘experime'nts. o |

It is a common featum of atereo observat:lon in other oircumstances
that 1t may take a long while for the picture to "olick” in the o’bserver'e
‘mind. 'l'his is difficult to meanure, and it is even more difricult to get
reproducea'bla results as peoples' reactions vary grsa:bly t‘rom t.’une to
time, and in any one set of qondit:lans an obsgmr.leams .and hﬁ.s reaction :
time is usually éut domn with pﬁotice; When -aﬁereo photographs of
'physical objects are ﬁand a throo-dilmional inpraasion is gim
immediately, if only by the monoeular olnes. Eowver the aslowess of an
ob‘aerver’s renctions to purely Qtereosobpio'inmmation can be seen if
 piotures are viewed pseudoscopioally, QGeometrical diagrams of cylinders
and cubes are often intar.preted as such wen when vimd peeudoscopically, -
and it may take some time (20-30 ueonda or more) for an obumr tc
realise that the pioture shonld be interprated a8 thae frustum of a cone
or as a wedge-shaped solids Piotures of landscapes or people may never
take on their theoretiéa;l psendoscopio distortions beomuse the other
clues to depth are dltogether foo strong.
| Some recent woTk 'by Juleaz (3) is also relavant. He uénétm’ofed :
stereo pattems of d.ots by means of a computer and a CRY transducer.
This produced a lattice of dots of random brightness. Stereo pairs were |
constructed.in vhich a square in the middle of the field was raised up
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or lowered. This configuration was 'Qompletely devoi& of monocular clues,

" and it often ook observers some mimutes before they interpreted the

pictures correctly, Julesz disousses his results in terms of the schema

in Fig, 10.1.

full,)

(In this I dot some lines when Julesz draws them sll in

!
Ho“u“, ‘o.f Monoguluf ;
Left Field Right Field !
.» i
% Binocular
- ! Field :
| ! '
! ] ]
i 1 | '
Pattern Pn‘t‘t‘e "~ Pattern
Re cog nitien Re oq3nifion Recognilion
] T
" [
f S~ - o - D‘P’t’h - - _’ - v
j 1 Parception |~
{‘ ‘ H‘o 10- 1 .

'_ He deoiﬁes that, under the highly msnal oonditions ot his experiments,
dapth perception is alosely ‘related to pattem racognition in the
binocnla.r'ﬁeld; d.e. ini‘oma.tion :tlows prinoipally alang the lines .
shown in full in the diagram and the flow along the dotted lines is less ,
_ important, (I have already given reasons above why the Teverse may be

. the case under other vieving conditions.) _Kowever, when both monoeula.r '
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and binocular fectors are involved in depth perception it does seem that
7 the "flow" a.long the £o0lid 1lines in Julesz's soheme is slower than the
 flow a.long the dotted lines (perhaps by & factor of 100 or even 1000)

The observation on the present e::penment accorded with thisy 1t
being particula.rly noticea.hle ho' -a pair of Jumps in opposite direction
were olearly vis:'ble without polaroid spectaolea, but were most usually
missed by an observer with them,

The present results should also be considered in relation to ‘ |
knowledge of eye movements.* These are of three main types, “fine
tremors”, “slow drifts" and "snﬂ.den flicks® (2, 4, 8)s 'he first ave of
the order 10" (for horizontal movements) at a_ f£requency of 30-80 cycles
per second. The sim'dﬂfta are corrected about every 4 second by sudden
flicks of 3147, " . | B

The function of these mommts in :afrashing the na:we fibres in
the eye is not our vrconeern here, but they ua' also have some function in
increasins vlsual acuity, for it is ruarkahlo that stereosoopio aoulty
goes down to 10" or below for tras.nea obsmrs (4) whersss the foveal
cones subtend an angle of abtmt 40 - ’ |

Errora on the drawing bos,rd; when translated into para.llaxes on the
screen are_fe,r above the limits of binocular mouity, but they are below '
‘the magnitude of the eudden miunmy flicks which the oye is
continua.lly maldng, since 0.01 ins, on the ‘drawing board corresponds to
about 1% at the eye of the obsarver when he sees the final picture
projected on the sercen, There is gome mechamsm by which the brain

% FOOTNOTE, Refer back to the Table in Chapter 8.
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- dgnores saccadic jerks in the eyé, and whilst.there is admittedlj a fe:y'
'great dlfference hetween movements in the eye and movements of the
object observed it is not aurprising that Jerks of & simzlar magnituae
are ignore& wnder stereoscopic proaection conditions. ‘
The degree of importance of convergence in depth perception is
‘undecmded. Wright says that "oonvergunce ana disparity both oontribute
to the stereo sense, and the wider the field of view the more important
does convergenoe becone" The fields of view with whiech he was ooneerned
_are considerably wider than here, Ogle does not agree (9).
© Ereuskopf et al. show that the funotion of the ssccadio Jerks 1s to
bring the eyes "baok on ta:get“ after eadh slow drift away. Saocédea»are
aluays correlated in the tﬂo eyes, and 8 aeoonﬂaxy effect of this is to
" correct convergence orrors at the same time. The standard deviation of
.'v‘%ha convargence of the qyea is 2t (thn same orﬂer of magnitude as the
saccadio Jerks)_whareaa, they report, steres acuities of the order of 2¢
‘have been reliably ob§din§ﬁ. In‘viaw of this it ia difficult to see that
convergenca (as aueh) is of uaaor importance, since it has such a
surpriaingly high standaxd aeviation and it is only corrected every %
f{seaonﬁvor sé. In any case this does oontirm that the gonvergence faotor :
 requires longer to act than sone other factora in depth pereeption.
Levnnian (6) has discnssed the ryelated problem of the relative -
' movement of the twn pictures whzoh is inevitable in stereo systems
employing two cameras mn& two projectors. He gives figurea which show |
net unaer the least favourable olrcumstances this can result in unsteady

registration of the two pictures on the goreen with errors of about 6' of
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arc horizontally, and 345! of arc vertically, This,‘ he sm,' gives no |
A tronble, be_ca,nse %the reaction time of thle‘ ei:tga,ocular mnsqles is .about,
‘one~tenth of a éécond, so the éyeé cannot ﬁoasibie follow the 24 éydlés‘
‘per‘aecond iﬁége,ﬁévamentvdue’to 1ack~bf régiéiratioﬂ"; (The difforbnce '
botween projection sbeédé of 16 rrames'per‘aedOnﬁ‘and 24 frames per |
seoond ieiobviously slight,) Whilst Levonian's conclusions support tlie |
view that small va;-iatiqné in dvawings will not be deteoted the
variations ﬁhiohiqécnr in thévpresent experiment are definitely more
oritical than those which Levonian disousse'd; ' booanaa he was conoerned
with relative movements of paxticular elenents of the pictures, while the
picture as & whole remains ateady. |
Krauskopf et alia dn not diacnas fine tremor as it is too small to
be s:.gmficant in the pro’blus ‘which conoorn then; but it is notewortlw
that just es bad exrors ‘on . the dxaming board are of abont the same order
of magnitude as the eyes! aacoadic Jerks so the linits to vnhich the
‘author's animation”eqnipment.'ill work are very much the same order as the
eyes! fine tremor. The pan.ningbars are oalibrated in 0,001 ins, and
will work %o a qparter‘of:a'diviéion or less, _Thia\cArm05ponds in the
finished tiim to aboutlzﬁ atkths'qbservor's eye, but of course fine tremor
of this magnitude is lost ooﬁpletgiylon projection in the vibrations of
the projector. Howevér thé<fraqﬁenqy'6f ihe fine tremor is'interoating,
because maximum blno¢ular aculty (2") being so far below the limits of
tremor (about 40" in the hozizontal d;raction) it is olear that our depth
perception’meahaniam ignoresiéﬁ léast one tyﬁe of oscillation of a

irequency of 30-80 cps. Film projection rates are not so far outside this

Trange,
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The conclus:.on is therefore thati ‘the fa:c.lure to observe Jnmps of a

- magnitude which is olearly vzsible in static tests is not surpr::.s:.ng,

‘and it is nnderstandable when oonsidered in relation to the laxge number

of interacting factors whioh are involved in even the simplest sterece
~experiments vhich may be devised.
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Sumary. A stereo film was nade show{ng only a vertical line segment,

white againet a dark background, whioh moved intermittently, to and from
the observer a:t: va.ryi.ng speeds. The ob;}ecte of the: experiment were to

o - see whether the fluctuations dn depth were correctly perceived, and to

 gee if the segment appeared to very in 1ength according to the predictions

- of the convergence theory. .

‘___m 'rhe theory cf ehepter 4 appliee; and 80 we havex-

the line segment (0. y, s) 15 mapped on the drawing board by X = O,
Y= ay/(s + 2), Z= ws/(s + z); The distortim to be expeoted are
descri.bedby o |

J n‘m - (piv-l:?;w - w')r '
] '

‘ I' .-,ws.(pu,w,.wt)r ?

yt ll.wa - (p-l-lzw-t w‘)j‘

__ 1. ‘dJ.

p+n£w- w!

- BgW

where 2V =

: ary =
8 . |, o— afvﬁ-{"' approx,
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This means that if the parameters p, Ngy ,\r and w! are incorrectly ,‘
» balanced the line segment will appear to change in length, incraasing or'

.decrea.si:ag as it recedes as V > or < O._ N

| ‘ ’MM" '.l‘his moyemcnt can be gynthesised ori thc 'ahimatioc -
rostrum by moving c."ierticcl line scggcut‘bahind Va‘ bla'ck mask. ‘the angle
of the mask depe:iding"on the eyewidth of ‘the cbaerv‘er; Fié. 10.2 shows
the ‘arrangement for-the ﬂ.@t eye. ﬁevgrrangemént for the left eye is
| similar. ’ o o | '

(—{—‘> Mcv:mcnt of line
. ] . :

Mask
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. For a theoretioally correct projeotion the length k should be equal tow
on the soreen; so on the draw:lng ‘hoard it should be w/m.
‘ 'l'he forward and 'ba.ckward movement of the line was restrioted to the
range %8 to 23, where 8 was the soreen distance of - 12 teet. Earlier
static experiments had shown that it is desirable to limit the. pictura
,range in this way. Ihe apaeas of movement used were mmh that the line
: moved “through this rango 111 a time of some .four or five seconde, which
~meant that the parallaxos had to be controllsd accurately and ve.r:led very
| slowly. This was aohimd by mounting the mov:lng line segments on
panning bars which were nmd by sorew threads calibrated to 0.001 4n.
The movement was punotnated by ocoaaion&l pauses, There seemed no
‘ theoretical o'b;]ection to thin, and 1t z'odnced tha time spent on animation. ‘
4 Three scenes were ahot wlth different values of k which amounted to
| working with values of \2 (thn ami-m vidth) on 1.24 ins., 1404 ins. and
1.44 ins. l'hin covers the range of quidtha neasuxed by French (1).
The effective value of T conld alno be varied by v'aryins the throw of the
projector, since this sives 8 dircct variation of m, |

m dintortim prouoted by tha convergence -

| theoz:r were not obaomd. Observm tended to see. the picture in one of
" the two atates. Either the l:lne appeared to stay in the plane of the |
 screen (th.ts is how it m desoribed, but ve know that such. assassments o

| of absolute distanoe e.ro qnito mmnablo) anﬁ %o pulnate in length, or

N | else it seemed to move ha.ekwarﬂs and forvards uhile its length remained

oonstant. ‘ | |

O'bnervers rather vaeillated batween the two states. It is possible
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that training might encourage the second state, but it was not the
object of the experiment to assess the effect of training.

Yo 6’bs;ﬁer reported a.ny significant difference between the three
scenes with diffeient Valﬁes' of k, or observed the even greater -
distortions produced by decreasing the throw of the projector from 15
feet to 11 feet. Tis is in complete accord with Tesults obtained in
other parte of the prograumme. The distortions which were sought were
pro,jective distortiona, dees they were outslde the group of affine
distortions which are significant in stereo projection, and they were
part of the group of distortions involved in such experiments as “Ov‘érlap"

-which are not significant - at least to the first orders .

The observers were set a rather diftimtlt task; since it molved
comparing unlike things « a length soanwithalengthasitm
previonsly = and judioious balanoing of lengths in two different .
directioﬁa peroeived by different mechanisms: Exporimonfs "Gnasaﬁork"'
and “Overlap" had both revealed the ditficﬁltios of length comparisons
of this fype; so it ié'nat aurprisingthat the obsexvers mtiénalised
the situation, and either deolared that they were seeing gomething that
corresponded éloaely with ‘everyday experience of moving physical objects;
or discounted one feature of the diagram (changing parallax) and
accounted for the other as simpiyr as posaible (ahangi.ng size).

This complete disccmnting of parallax clues and a rationa.liaatian of
the remaining phenomena. can be seen elsewhere, For example in the |

+ refusal to see stereo p:lctures of familiar physical objeots pseudoscopi-
cally, and in some experiments by Ames on balloons (2). In these
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observers wvere shown two balloons at a distance of about 10 feet, v 'Bhe
sizes of the ‘ballons could be 'va,ried by working a ;mmp, and the 'brightness
of the illumination was also va:riable. i’here was a pronouneed tendency
to think that ‘bhe ‘brighter balloon vas nes.mr, and to think that variations
in eize were to be accounted for by the ta,rgets ooming anﬂ_ go.'mg. ‘
Parallax olues, of course, contlict with thes_e mterpretationa, butb S.n‘
Amests exi)ériments the obaerv:efé were very willing %o 1gnore such clues
in order to arrive at e ooneistent everydw' interprata,tion of the |
renaining depth elues. | e - |

Yariations in eye-width aro aleo, theoretioally, relevant in thie -
experiment, but the obaervations of throo o‘bacmrs wexe in such complete '
| -agreement, even when the value ot V was altmd by reduoing the throw of i
rthe projector, that 1t was quite unnscessary to neasure the eye—tidths of
the obaervers (as had been originally intended) in order %0 ascount for |
any small diffarenoos. Mﬁ'erencoa due to mturally ocmzrring variatione
in eye-width showld be quita signifioant m nitnations mmh as this on
the convergenoa theory. !‘or u:ample, taldag the equa.tion abm for %‘Z-'- '
.;,nd putting m= 1, w= 1.24 :lns., and wew = 6.2 ms.. (oorreaponding
to the ra.nge reported by !‘rench) and &f /o = /2 (tha mriation in this
experiment) we have @'/y' = 1/4. !’his is to eay tha.t in the course of
1ts movement between the far a.nd neax points the 3.ength ot #ho Iina , -
eegnent should alter ‘by about 1/4. One would have expeeted an affect of
this megnitude to ‘ne noticeable, aﬁ lea.at by experienoed o‘bservera. '
Furthar, it should be present in a.ll syatens o.f this type, since the
relavant pa.rameter is a.ssociated with the observers and is quite independent
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‘of the particular system involved. However the literature does rot seem
tc record é.niunwelcome effects in the projection of stexeo films due to
 variations in the eye-widths of observers, although the situation with
binocular precision instruments msy well ;be‘different.
Conglusions, When faced with a configuration as simple as the one in the
expeﬁmént' bbservers do not neoesisanly :mterpref the parallax information
correot]y, but are prepa.red to ignore it and to rationalize the remaining _

infomation.

Obs’emré cannot détect‘variations due to the distortion rtactor' "we,
at least for the reatricted range of values 1:lkely to oocur if normal
care is taken with the projeetion sondi tions. ' ‘

- ‘ whia axperiment reintoms ’ehe oonclus:l.ons of other expements that
it 4s aifficult %o ‘compers nx-eicaz lanstha with lengils receding into
the picture

1. J.W. Frencht '.l'rans. Opﬁ. 800- mn, 44 and 220’ 1921“‘20 L
2, Scientific American Rea.der. P+578. Kew York, 1953,
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III, EXPERIMENTS WITH MCLAREN'S FIIM "LINEG"

| Hore we deaoribe some exéerimenta péffomed by the author and McLaren,
using the la.tter's ﬁlm “Idnes“ The main expenment was not stnctly
concerned with stereosynthea:ls as it :.nvolved presenting quite distinct
: _i_ma_ges to each aye, hut it_ seems reasona'ble to desoribe it here as the
- film ‘ha&}‘bean. made by "sjrn‘chatie teohﬁiqnes and was projected on a sj:eréo
systen, It shows how the combined use of these technigues gives an |
eXperinenta'l situatiOn in -which freah aspects of ‘vision can be investigated.
HcLaren's £iln m is an abstract animated film with a musical
. acoompaniment. It is in two parts. In the ﬁrst part vertical, or
slightly sloping, white 1inea :b,iah axband trom tho top to the bottom of
, 'the soreen perfom sidems mvements nga,inat a plain baokground of
varying colour, The seaond mr of tha £film :I.s an. optical rotation of
the first by 90° ﬂth 8 ehanged colour achemo, the moving lines being
black and the backsronnd tinta diﬂ‘ering trom those used before.
| !Ewo cxperiments vere done with this material, The ‘seotion with
vertical lines was proaeetaa amoatereoacopiealln aﬁd’ uhiist this had
never been considered while the n‘m was being made it was’ found tha.t a
two frame stagger ga:re 8 mat plaasi.ng senaa.tion of depth to nanw of ‘the
soenes Just as. 11; had d.one in "Around is mum" vhi.ch--lofaa:en had made
for the atereo-cinema a'k tho l‘ea‘sival of Mtain. T
| Freah ground was axplored 'hy projacting ‘the two haives of the film
: simnltaneously (thraugh two synohronised pmjectura fit'hed with polamid)
- one version to each eye. This gave rise to some most surprising
phenomena, because whilst one eye was shown a set of vertical lineg going
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from the top to the bottom of the soreen, and the other eye a set of

horizontal lines going right across the combined effect was a.lwé.vs of a
‘mesh of lines, but wi ‘

- (396 Fig. 10.5)

Left eye | ' Right eye

Combined view - as observed

Pig. 10.3.

Obaervations on totally dii‘ferent static pictures, viewed in &

 stereoscope, have been widely reported and it is well known that fea:bures ‘

of the sensed oonfiguration come and gos but this addition of movement
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to the situation :anreased the effeots which- have been described to a
‘startling extent, The horizonta.l 1ines frequently appea.recl ‘b:roken, but
they were always 'broken at points where they were crossed. by vertical
lines, and the movement of the vertical lines greatly enuouragad the
“:llluaion,. olos:l.ng up gaps and OM out new onés as they moved to and
fro Some geps were also to be seen in the vertioal lines, but these
| rere nmch leas frequent, ﬂ'he reason fer thie was preaumably thart
observera tended to mtarpret the confi@aration as & material stmcture
~ in which it was mechanically necassary that the vertioal li.nea should not
~be interrapted. B - -
R subsequent experiment showed that a.{nila.r effects can be observed |
. with st{1l piotures on a Brewster stereosoope, but the effects are not. so
”remarka.ble in ‘static configurations. |
- These reaults are very reminiscent of Pritohard's results (1) on
v’iewina under conditions in vhich the positian of the image was fixed on"
‘ the retina, Ke reports tha.t parts of the mage disa.ppear snd reappear in
a random i‘ashion, but that familiarity with the shapes involved affects

~ the parta which come 2nd go. (Pritohard's viewing was monoonla.r, and an

essential feature of the axperimant being desoribed was that each :Unaga

0 was aeen by one eye onJ,y. mre was o q_uestion of stereosynthesis.)

- Pritchard remarks that "peroeptual elements (as distinot from sensor.y

o elemanta) exist in their ovm right" end that in. fixed image oonditioma

entitz.es that are recognisable shapes are visible longer than meaningless'
‘ones, The same is true in the present situation, end the two main poi.nts

. which the erperiment emphesises are
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i) the condition of fixed image viewing is not essential for this
{type of phenomenon, - | | _

ii) movements in the field of view of the other eye can induce parts
of the image to appear and disappear. .

It might be worth while to make an animated film, in structure very
like some of Mclaren's entertainment work, in which different configura-
tions of the type used by Pritchard are presented separately to the two
eyes and wherse movements in the two fields of view overlap one anothey,

This experiment differs from Pritohard's in one other important
respect. Whilat the effects desoribed were moat striking to some
observers‘others could not see them at ally whereas when viewing with
the image fix’e_ci on the retina parts of the image come and go for all

observers without exception.

1. RN, PﬁtCh&Idu Stabilized images on the retina. Scientifio
‘ American, _29_4_, 16, Jﬁne,~1961. |



»mn‘e auithor has shown elsewhere (1) how a resinterpretation of the
known symmetry groups as_socia.ted'w:.}.fh three—dimensiox;a.i configurations |
giveé‘groups which aeamhe*fhé 'éymetries in space and time of cyclically
repeating two—dimensional diagrams. ‘In particular 194 of the 230 oxystal
groups apply to film animation. Appreoia.tion of these groups is of |
practical importance becanse every n~fold syﬁmetry oﬁ‘ers in principle’ |
' thé possi'bility“ of dividinsﬁ the labour of animatibn by n. Bymmetries
which are purely spatial only offér a reduction in drawing at the expense -
of making multiple exposures af the photographing stage and this is not
 ueually any gain, but the glide synmetries &h:;.ah'inwlw using the same
E dra.winéa in diff_erenf posiﬁons at diffeiént times in the animation cyole
are definitely usefui, In stereo-anination symetrj.es in space alone
: have an extra importance sinoe anltiple exposure is a more aocurate ww
than draving of reproducing pare.llaxea m dirfez-ent pe,rts of the diagram.

Ve will now conz:lder the sroups 'hioh arise in stereo—animation. The
stereo-animator is not conoemed w:i.th a tmly three-dimena:.onal doma.in,
bnt with a pa.:lr of two-dimensional projections, whioh we will hanceforth

" call L and R, Kence there :la no queation ot disoussing the dynamic groups}
-in three-dimensions which are related to foux-dimensional sta.t:.o ‘

"'oontigura.tiona as the two—dimensional animation groups are relateﬁ to the

'.three-dimenaiona.l sta’sic gronpa. The number of truly threg—dimensional
dynamic groups must be very‘large indeed, our problem is rather more
_simple, but we still do not attempt a complete enumeration. The symmetry
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operations involved are the spatial ones which were involved in the two-
dimensional case, soupled with the interchange of L and R, a.nd. the super-
position 6f one on the other in various ways. By definition we a.'r.-e
concerned with diagrams which »reﬁeat. cyclioé_.lly;' these may be refers:!,'bie_ '
in time (whiéh is another symmetry) and there may be glide symmetries in
which the overall diagram is invariant mder a change of phase by 8 halr-
period coupled with a spa.tia.l Operation of gome kind, '

!Eheee symmetries can reduae the labour of sterao-aniuai:ion in Various
ways. They occur first, historica.lly, in the earliest animations in the

stroboscope, by Plateaun and S*a.mpfer, and in the recomition by Whea,tstone o

and Brewster that the pair of stereo drawings of a symmetric. o‘b;ject, dea,d |
ghead, ave refleotions of one another. . ’ |
. fhe symetry groups whwh arise in this oontext do not. appear to have -
- been studied before, ‘mt the m:mber of different cages whioh can a.riae is
very 1a.rge and a gystematio emumeration would be tedious (at least as :
complgx as the enumeration of the 230 crystal groups). xnowledge is not
therefore as é.d’vancea as in the ogsé»of’ 1£1at? snination whére 1t would
be possible to ﬁra.w up progranmes to £it all possible cyclic animation ‘

routines, a0 that, for example, a:n a.nimation camera oould be controlled by o

e computer having a la.rge measure of antwprogramming The list of

‘ ”operatn.ona given 'below is proba‘bly oamplete, and ‘the mmber of gmups can-
be overestn.mated by aaying that a1l the groups which ogeur are the direct :
product of two groups o.t‘ the 'flat' type and ‘the cyclio group of order 2, .
or sub-groups of one of these product gmnps. This would give a

systematic emmmeration if it were known which com'binatione are to be
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rejected; for there is the sdditional requivement that L and R must
always be compbsed of points in homologous pairs, and it is not clear
exactly how this restriction limits the groups which actually arise.

The practical importance of these symmetries should not be o§9r~
emﬁhasised as there are two reasons why they are rathexr false friends to
the animators M¥any of them involve pseudoscoplc transformations, the
é,ppl'icationsz of which are rather limited, when a true reflection in the
plane of the -'sc':‘ceen would be extremely usefuly and the basic equations
of stereoscopy in Chapter 4 show that parallaxes not only play a strong
role in determining z coordinates !mt also play a weaker part in
determining x and y coordinates, This means that many animations achieved
by symmetry operations are accompanied by prodective transformations whioh
it 1 often desirable to avoid, |

The simple autostereoscoplc operation‘ desoribed in Chapter 8, whereby
a depth effect is obtained by presenting the same pictures to the two eyes
in different phase, 15, in‘ genersl, asymmetric and does not possess the
gicnzp prc’:‘perty.‘ But there are more elaboréte' gystems of symmetyy which
contain é superficial element of autostersoscopy where it will be faund
that the mp arises frdm other cogsidsmtions, the an‘tostereoscobpy being
present because there is a glide aymﬁetx'y in time,

Symmetry groups arise when the symmetry operations which are
permissible in the context have been defined. The following operations
are invblved inl sterco-animation, gnd they may produce, destroy or change
stereopgia in various ,wayéo

i) interchange of L znd R,
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ii) similtancous reflestion of L and B, eash in a line in its omn
. plane, . : e . o
iii) eim_ltaneoua'mtation of L and R, each a_bbut"a ‘pom in ‘i%;s om
plane, ' | - o :
'iv) simltancous translation of L and R,
' _v_) reflection of one of L oi R‘only‘,
' yi) rotation of one on:l,v, N
' vii) translation of ome only, with or withont a glide refleotion,
viii) shift in time of L or R, the other remaining i‘ixed,
ix) reversal of the time scaie, A '
x) time shift of a half period together with a spa.tial
transformation of ‘some ld.nd. |
Some of these operat:.ons will now be oonsidered in detail,
Pranslational symmetries play a ~oomparativa1y unimportant Tole in
stem-ahixaa‘bion beoéns"’é the stereo observer is fied to & fixed point :m
the space which he inhabits. Spatial symustries are destroyed by central
pi‘ojection. B:unple translations of a oonfiguration in stereo space cannot
be produced by simple panning movenenta of tl_ze drawings, &8 in flat |
A animatiOn, because the aepédt ‘ia 6ontim1a11y ‘changing. (In the a.utho’r's
film M a tranlling wave is animated by a mechanical panning
mcnmment. it would have been usatnl to have employed a simila.r device in’ .
‘ _ML_&!L*M to ghow that stationazv wavee in the resonator are
produced by the interferonoe of travelllng waves. But in stereo this
' cannot be done,) N : | o
It is possible to draw stereo pairs by parallel pro;)eotion, :I.nstea.d
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of conical projection, The crystal latiices of von Mieses and von lLaue
are done this way. The theory of this process is very simple since
parallax is directly proportional to depth, and the representation is
effective enough if the field is limited., In this system it is possidle
~ to produce rigid translations by panning movements end so the symmetry
groups involving translations are of far greater importance.
| In stereo-animation. by conical projection the distinction made in

orystallography between space gz'oups and point groups applies, and the
most important symetry groups a:ce the point groups in which the origin
is fixed. ‘ ,

| The relative movement of L and B poses problems peculiar to the
stereo situa:bion, a.nd useful animatiana oan be produced :’Ln this way.

| nxm-m. Let I consist of the set of points

Ip“ 0, Xp-p pulo,'t1,t2;o.'
and | R consist of the set
Xy =0 x»u,,q-» 8¢ a2 =20, 41, 22 ¢ ¢ »

where the 8°r are all less than the distance apart at which %wo homologous
- points can be fused. | -
" Now a,nimate with L fixed and R}moved one step to the right at each
frame, An a.nimation results in whioh the depth of the points {and to a
~ lesser extent their x-coordinates) varies from frame to freme. It is
possible to animate a wave motion by erranging that Jq = sin kq % constant.

Similar considerations apply to a vertical movement of one drawing

when they are composed of the sets
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I Xy = 0 Yp'-l P

Re xq - Sq.‘ 'fq"'tb -

Thin procedure is restricted by the inter-dependense of the s-coordinate
and the others, but if striot quantitative aomxracy is not required _
' animations of such subjects as vibrating eryatal lattices oan be obtainad
in this VW: o . o

Some comem m'mt under a shift in time of L or R,
the other remaining fixed, This can arise if homologous pointa oscillate
horigontally, one having a perio& n tma the other,

Again there are three-d:lmuicml oomﬂgnrations which are inmvariant
- under rotations of L and/or R bty 2x/n, with or without an mtarohange
"n' need not be the seme for the two, | |
 EXAMPIE, In Fig. 1141 the dot and the oross dendte the pointa seen
by the right and left eyes, and the diagrams show oonfigurations which
minvariantunderrotaﬁmof Zx/n for n = 2,3 and 44 or which ave
invariant under rotations of x/n wi.th interchange. (The scale of the
configuration is asgumed mmall encugh for the separation of homologous
" points not to exceed the fusion d:j.simeo) | |

{

!"‘ ' X o ° %
) (o]
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EXANPLE. VL and R may oonsist of fwo regulax n-;gons, with different
values of n but both of the game parity. The n-gons have vértical axas
of symmetry and the saue vert:.cal neight. Then if the separatlons of
homologous points ia not too large these dlagrams are & stereo pair for
a twiste_d polygon in space., Ome of tnese nay even be a circle.

These two examples show very clea.‘rlyv that the ﬁmetries of the
two~dimensional drawings may be 'fery different from the symmetries of the
associated three;dimensional configuration, The theory of the prisxﬁa:b:;.c
. 6lass of synunetiy groups which occurs in two-dimensional enimation (1)

" could be extended to deal with these stereo cases, ﬁut the question will
not be talcen any further here, The on];y rotational symmetries considéied
henceforth will be the rotatioxﬁa of % wh:xch inev:i.tably result from a |
combination of reflections in the x and ¥ axes,
- A wide olass. of g;'éupa, jnvolves ,'thq following operations, for which
- a apeciai notation will be introduoed, Let |
| Ay B and C denocte reflections of the drawings in the X-a.ns, Y—a.x:.s and 0,
P denote a.n interchange of R and Ly,
T denote a reversal in time,
| subsdﬁpté T and 1 denote fhatain operation is performed on R or L only,
supersoript g denotes than an operation is acoonpamed by a glide in
‘time of half a pariod | | ‘ |
A refleocts the three-—dn.mensional con.figurat:.on in the Xz plane.

B refleots it in the yz‘plane, and s:.multa.neously pseudo~reflects it
in ‘I:he xy plane, . | | |
€ refleots it in the Oz axia;, and aimultanqoﬁs’ly pseudo-;:-eflects it

in the Xy plane. | |
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The transformations with subsoripts r and 1 can only be performed
“in speoia.l cases, when there are still pairs of homologous pointa in R
and L to fuse after the transformation has taken place. S
P ia the only operation which does not, in gemeral, commute with the
othera; and there are mumerous identical .fefla.tj.‘ons among the opera.to:.fs,
such as | '
A, -\PAll’, A = ArPArP etcf,.
thepmductofaxwtwoot&,n andc givesthethird. where
Ay = Ay Ay oor Ay, etc.,"
the produot of any two of ABE, B 1 and c ) gives ‘the third., withont '
, .‘ ~ the g. | |
Ignoring the gndes the f‘ull group oontaining all the operators 13 or v
order 64, and the other groups are snb-mups of this., The other possible
groups of this class arise by replaoing one or two of the s:imple "
gsymetries by glides. These groups have tvo aapocts, the omrations of
the group may 'ba used to genarate the couplete fignre from a portion of
- its elements, or the emphasis may ‘be on tha invarianoe ot the entira
tigure under the graup transtomtions. The !‘ollowing exanples bring out '
‘ the 'bvo points of view. , '
. EXAMPIE. L and R each oonsist of four points, one in ea.ch qua.drant. -
The eight displacements from the x ‘axes are a.ll equal; wharaas the eight

1,:5.‘

displa,caments from the y axes ave ditferent, those on L 'being 3

| and%, and those on R being 0, 4 8, 12.
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There are 32 ways in which the diagrams may be registered under the
' camera and this produces parallaxes (2n+ 1)/2; n =0, 1, seees '15.,
'L'hese.‘ can obviously be fbaken in ;s'eqnenoe so that an osaillation oi‘ period
64 is produced in any one quadrant and in fact sn arrangement can be
found whioh produces oscillations in two of the quadrants simultaneously,
180° out of phase, It is doubtful if a system cen be found which will
oscillate all four points in a ocoherent manner, bt thirs can be done by
appropriate masking and double exposure, Animators would be pleased to
£ind methods of prodnc:hig a 64 frame animation from only two drawinge
more often, _ |

The remaining eiainpies’ show particulh,r ooﬂfimationa belonging to
groups odnta.ining various operations. in ad hoo notation is employed
- which is self-explanatory. Dots énd'orosses denote points seen by the
different eyes (it does not matter vhioh) , ‘and arrows demote & movement.
+ and ~ denote diaplacamonia‘ behind and in front of the soreen. .

EXAMPLE P, A, BE, CE See Figs 1142

EXAMPLE T, 4, B&, CE  See Fig. 11.3

marie oS, 3,8, ¢  See Fig. 11.4

EXAMPLE . A, T, A8 See Fig. 11.5
RAFEHENCE

1s ToJe Fletcher, Miln Groups, Hath.GaZ., Z_]_l, 331, }_3015"190
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Two half cycles
Fig. 1.2,

>y L
- -> + +
Pour gquarter cycles
Fig. 11.3.

»—> o X &Xo >0

Four quarter cycles
Fg. 11.4.

X oscillate with different amplitudes

Fig. 11.5.



I&i g‘ ction. The inventioﬁ of alpha“betic éoﬁpt as a ineans of
oommmication was & ma.;]or achiavement, but it is not the only fom in
vhich logically connected Momation may be conveyed. 'In some respects
the emphaeis on the printed word in current scientifio comunioation ia

a result of the historical accident that other alds to commmiocation were
'inventad much later than the printing press, just as in earlier times the
reason for the Greek insistence on verbal reasoning in geometry was the
material circumstance that it was not possible at that time to produce
non-verbal, or non-literal, structures of the flexibility required for a
1emgthy mathematical argument. There haire been many occasions in the
history of mathematics when the solution of a problem has been principally
a matter of finding an é.ppropriate notation. Idkewise work which was |
discovered by the grest men of the past is very often made available to a
) far greater public by the imrenﬁon of some more suitable notation.

The film is firmly established as & means of doeumentation in

- medioine; 4t also has an nnqueationed place in the biological and social

‘s;oienoea‘, and in the physical sciences where change of the time scale can
| make visible previously unsuspected phenomena (5, 4). In the hands of
" Marey and Mneybridge the embryo soientific film was a research tool and a
‘means of.expoaition" even before 'the ;ra.pid aequeﬁce camera gave birth to -
‘the oine-camera proper. The mathgma,tidal £ilm has been slower to‘dmiop”,
~ but it has provided‘ the twentieth oentﬁry not merelj »uith an ‘illu'strative
adjunot to conventional methods but also with the possibility of entirely
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new mathematioal and scientific notations which are potentially oapable -
 of presenting logioal trains of deduction within their own aysten of
conventions (1, 2). “ | |

The philoso;nhy of oommmication by film vr.!.ll not be discussed here,
we will merely observe that the stereo film :ls potentially rioher than
the printed book bleca.usa it preeents :u_xfoma.tion in a threefdimensipnal
continuum instead of a one-dimensional sequense. This potential richness
will not be realiéed until the nedium hes developed a wealth of |
conventional symﬁols and egnyentional associations to use in addition to
the naive pictogramsll‘whioh are graﬁhioal {1llustrations at the moment.

The fechniquea of design déveloped in this thesis
are adequate for the production of mavi#g diagrams in three dimensions,
The usua.l pleces of advice on stereo drawing (to be found in the
classical references) should be followed, mia if reasonsble care is taken
to control para.llaxes the teohniquea of ﬂlm animagtion and stereosoo;:y
| may be comhined auoceas.f‘ully | '
Stereosyntheais has the adcvantage over stereo-photography that it is

posaible“.to avoid the mgion of monocular vision at the sides of the
pioture, | |

. The animated stereo film‘ié, .praotical]y speaking, restrioted to line .
$1lustration since 1% has not been demonstrated that there are any
‘effective air hmshing teohniéues to produce subtleties of ahading and of
aerial perapective in the moving elements. and there is as yet no solution
to the problem (fundamenta.l in three-dinensional 111ustration) of
indicating a plane which moves :ln spage but which at the same time permits
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other planes to be seen throuéh it. However line illustration will depict '
& wide range of phenomena in me and £1e14 theory, crystallography,
projeotiw and differential geonetr,y. and in the theoxy of functiona of
twoyariables. 'J.‘he medium is serioualy restricted by the ina.bility of the ,
obsérvei? to "ook round cormers” or to turn an illustration as he can &
apatia.l model, but it doas pemit the use of elements which materialise
and vanisgh, and of distortions which are 1mpossi'bla machanically. It is
an excellent medium in which to depict transformations of all kinds. - The _
limitations of the medium become ite graa.t glozy in the dooumentation ot
affine geometry, for the stereo world is an a.i'.fine world where the motion
_of the observer i:nduces defoma.tions of the figure which are part of the
i.nfo:mat.‘.on which it communioates. _ ,

The medium ehould not be trusted to cohvéy suﬁtlétiaé of Euolidéan‘
geometry, for even when these a.re cOmctli realised in theoxy experiment
shows that they are often not peroeiwd oomctly. This 4s not necesaaxily

| the tmﬂ.t of the medium, but stereo illnntra.tiona mnat be designed for a
complete oomzmmicationa chain, from the mind of the dos:lgner through the
drawing ‘board, camera, tilm, projeator, soreen’ aml polaroid spectacles to
the eyes and mind of the obeervar. The capwity of the channel is no
| atronger 'bhan the capa.od.ty o!' the wealust link, and psyoho-phyaiological
factors must be aonsidered in the design of stereo illuatrations every bit .
as much as geomeirical optics. =

| '.’Ehe stereo film is also an experimental tool as it can produca .
situations in which to experiment on the phenomena of binooular vision,
It oan produce configurations which do not have meohanica_l limitations,
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it can divoroe stereo clues from Aothera so that Vthey may be studied
| ‘indeﬁendontly, and it can proyide acourately oontﬁolled movements which
can be ,reproducod ‘in&gi‘in;tel;; under the seme conditions. When using
‘stereo film in this vaythe ohief obstacles a.:tl-e‘fhe aﬁount of residual
' ﬁovoment. in the picture, due mainly to the unsteadiness of the projector -
- gate, snd the photogro.phio 'diffioulties of gotting 8 really pronounced
‘black and white imagé with the currently available 16 mn £ilm stock.
' There is also & certa.in softness of the image when pro;}eotmg with the
only available 16 mm ateroo twin lens, Softness of foous is much more
noticesble in l:lne diagram than 1t is in ordinary photography. Even good
quality 35 mm still pro.jeotors show acme sortness on line diagram, and .
mam.v 16 m pro;leotors vhioh g:ive a qui.te a.oooptable picture on live aotiont
.cinamatography show deteriorationa on lino aiagram
!Ehore is no evidenoe that phenomena requiring a Imneburg metric are
| actually observed under the normal conditions of projo‘otion’ of stereo
filmsj  particularly v&ho_n‘:amgnisable phjsioal obdeots are involved and
the observer is étrongly inolined to ra.'eiona.lise, which means in thio
gontext to 1gnore oertain speoifio pieoes of infomtion while htegrating |
the rest into & consistent whole, But th:!.s ahould 'ba investiga.ted more |
thoroughly by the prodnot:ton of stereo diagram to ba viewed at short
| ranges (six fost or loas), and oonta.ining very few elements as in the -
three point and four point alley experim&ts. If Luneburg phenomena
could be produced reliably by atereo animation then the way would be open
to qlu.te novel methoda of documenting hyperbolic geometrm Algo moving
stereo dlagrams would be a useful experimental technique to investigate
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the incorporation of time into luneburg's theqr.tes - abont which
enigmatical hints wére gi_ven in his last ’ poéfhumous paper.

| As it is the range of popaibil;ities opened up by this new technique
are wide énough to provide work ft'a‘r‘ meny years;, and give a challenge %o
document large areas of ;ﬁé,theﬁatics and rélé,ted scientific disciplines

~ in a new way,
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