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Abstract  

The ultimate load behaviour of glued and nailed plywood web I-beams 

has been investigated theoretically and experimentally. 

In the theoretical investigation the following joint and material 

characteristics have been considered. 

The timber to plywood flange-web joints may be rigid (glued) or semi-

rigid (nailed). In the rigid joint no joint slip is assumed (i.e. no strain 

difference between the timber and plywood) whereas joint slip is assumed in 

the semi-rigid joint. Hence in the case of the semi rigid joint a joint 

load_slip (Q - 6 ) relationship is required and both a linear and a generalised 

non linear Q -6 relationships have been considered. The flange and web 

material may be elastic or elastoplastic. 	_Linear and idealised elastoplastic 

stress-strain (0 —E ) relationships are used to describe the behaviour of 

timber and plywood in compression whereas a linear 0. —E relationship is used 

in tension. 

The relationship of the various combinations of joint and material 

characteristics is shown in the following diagram: 
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Generalised governing differential equations for the I-beam have been 

derived in terms of the top and bottom flanges direct forces (N) and the 

flange-web joint slip 	Governing differential equations based on any 

of the above cases may be obtained from the generalised ones. Solutions to 

the governing differential equations have been found by applying numerical 

procedures based on the predictor corrector and the Newton Raphson methods. 

Solutions to the bending stress and strain distributions, deflections, 

shear stresses and flange-web joint-slip have been found at different points 

along the span. Although the analysis of rigid and semi-rigid beams with 

linear Q -6 and (1. -E characteristics may be considered as particular cases 

of the generalised procedure given above, they have been considered separately 

as they may be solved by simpler procedures. 

The effect of slip on shear deflection has been investigated theoretically 

and analytical solutions to shear deflections at mid span of symmetrical plywood 

web I-beams under uniformly distributed load and four point loading are given. 

Two computer programs have been written to find solutions for the flange 

direct forces, joint flange-web slip, distributions of bending stresses and 

strains across the depth of the beams, deflections and shear stresses at 

different points along the span of rigid and semi-rigid beams. Solutions are 

based on the different cases given in the above diagram. 

The experimental work included the testing of two glued and two nailed 

simply supported plywood web I-beams under four point loading. Results for 

strains, deflections and slips were recorded. 

The predicted theoretical behaviour of the beam and the experimental 

results are compared and it is shown that there is a good agreement. 
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NOTATION 

P Total applied load 

P Applied load per unit length 

N Direct force 

✓ Shear force 

	

M 	Moment 

	

Q 	Interface shear force 

q Interface shear force per unit length 

	

cf 	Direct stress 

	

T 	Shear stress 

E Modulus of elasticity 

G Modulus of rigidity 

t Strain due to direct force 

	

7 	Shear strain 

d Depth 

	

b 	Breadth 

L Span 

n Depth of neutral axis 

	

I 	Second moment of area 

	

A 	Area 

H Interval of integration 

h Depth of penetration of compression yield from top edge 

w Deflection 

	

(5 	Slip 

	

8 	Curvature 

O Nail diameter 

s 	Nail spacing 

Subscripts: 

	

s 	Shear 

	

b 	Bending 

u Ultimate 

	

Y 	Yield 

	

c 	Compression 

	

t 	Tension 

	

ex 	External 

	

in 	Internal 
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PART I 

INTRODUCTION 



- 

PART I  

INTRODUCTION 

Chapter 1 General Comments 

A plywood web I-beam of the type considered in this thesis essentially 

consists of solid timber flanges which are glued, nailed and glued or simply 

nailed to a vertical plywood web, refer to fig. 1.1. Also in a plywood web 

I-beam vertical solid timber stiffeners are provided at the ends of the 

beam and at intermediate points along the span so as to separate the top 

and bottom flanges and also to stabilise the plywood web against buckling. 

In this thesis the terminology rigid plywood web I-beam will apply to 

a plywood web I-beam with a glued joint between the flanges and web where 

complete transfer of strain between flanges and web will be assumed, i.e. 

no joint slip. Also the terminology semi-rigid plywood web I-beam will 

apply to a plywood web I-beam with a nailed joint between flanges and web 

where incomplete transfer of strain at the interfaces between the flanges 

and web will occur i.e. difference of strain between flanges and web and hence 

joint slip will occur. 

Plywood I-beams provide an efficient way to utilise the beam materials 

economically. The solid timber flanges are provided mainly to resist bending 

stresses and hence they are placed as far from the neutral axis as possible. 

The thin plywood web is mainly provided to carry the web shear stresses, but 

it also carries bending stresses. 

In the past rigid plywood web I-beams were used in aircraft construction. 

Recently, rigid and semi-rigid plywood web I-beams have been used extensively 

as structural members to support roofs and flooring systems of various types 

of buildings. They may also be used in other aspects, e.g. bridges. 



a a 

Solid timber 
flanges 

Plywood web 

0 

Section A-A 

Solid timber stiffeners 

RIGID BEAM  

If interfaces a-a are: 

(1) Glued 

(2) Nailed and Glued 

SEMI-RIGID BEAM  

If interfaces a-a are nailed only. 

Fig. 1.1. Details of a glued and a nailed plywood web I- beam 
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The method of the structural analysis of rigid plywood web I-beams 

which has been followed by many designers, e.g. Plywood Manufacturers 

Association of British Columbia (1958), is based on linear stress-strain 

relationship CI -t ). Their method of design is to limit their load 

bearing capacity to the most critical load obtained from the governing 

permissible design factor, e.g. permissible bending stresses, permissible 

deflection, permissible web shear stress, etc. Permissible design factors 

for various species of timber and plywood are given by many codes of 

practice, e.g. cp 112 (1967). Permissible design factors are well within 

the proportional limit and hence linear structural analysis is justified. 

On the other hand the methods of the analysis and design of semi-rigid 

plywood web I-beams, have not been established as a standard format as in 

the case of the glued beams. Booth (1969, 1974) has suggested a method 

of their analysis and design based on a linear (1 -E relationship for timber 

and plywood in tension and compression and also on a linear Q -(5 

relationship for a timber to plywood joint. 

The work dealt with in this thesis is of a theoretical and an 

experimental nature on the ultimate load behaviour of rigid and semi-rigid 

plywood web I-beams. Ultimate load behaviour is considered in this thesis 

in order to have a better understanding about the behaviour of rigid and 

semi-rigid plywood I-beams at failure so as to promote their methods of 

structural analysis and designs with the objective to design economical 

sections. 

In the theoretical work described in this thesis, the rigid and semi-

rigid cases are treated separately. In the semi-rigid case the behaviour 



of the plywood web I-beam is affected by the Q -(5 relationship of the 

timber to plywood joint. Linear and non-linear Q -(5 relationships are 

considered separately. For each of the above cases, rigid, semi-rigid 

with linear Q -3 relationship and semi-rigid with non-linear Q -6 

relationship, the following two 0. -e relationships for timber and plywood 

in compression are considered to find the bending stresses distributions 

across the depth of the beam: 

(1) A linear -t relationship 

(2) An idealized cr -E relationship to represent 

the non-linear case, refer to fig.1.2. 

It should also be noted that all the theoretical solutions described 

in this thesis are based on linear ct -t relationship for timber and 

plywood in tension. Also the theoretical solutions described in this 

thesis include solutions for deflections, direct forces, slip and 

flange web forces per unit length, in case of the semi-rigid beam, at 

different points along the span based on the previous cr -E and Q - 6 

relationships. Webs are assumed to be thick enough to prevent web 

buckling at ultimate load and analytical solutions are given for web 

shear stresses and shear deflections based on linear cr -c relationships 

for timber and plywood in compression. Numerical procedures are employed 

to find solutions describing the behaviour of the rigid and semi-rigid 

beams when the analysis is based on idealized non-linear 0. -c relationship 

for timber and plywood in compression and/or non-linear Q - 6 relationship 

for a timber to plywood joint. 

The object of the experimental work described in this thesis is to 

verify the results obtained from the theoretical solutions described above. 

In these experiments strain measurements across the depths of beams using 
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electrical resistance gauges, deflection measurements and slip measurements 

in case of the semi-rigid beams are made at certain points along the span. 

Web shear strains are also measured using rosettes at certain points along 

the span. 
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Chapter 2 	Review of relevant literature 

2.1 Analysis of solid timber beams in bending: 

The concepts that have been adopted by many investigators when 

analysing beams in bending may be summarised in the following points: 

(i) To assume that plane sections before bending remain 

plane after bending, i.e. Linear strain distribution 

across depth of beam. 

(ii) To assume that the material being analysed will follow 

certain stress-strain relationships in tension and 

compression (Cf -E ). 

(iii) To consider the equilibrium of direct forces and 

equilibrium of moments at any section of a beam to 

find the stress distribution across the depth of that 

beam relevant to the assumed (1. -c relationships. 

(iv) To consider the equilibrium of direct and shear forces 

to find the shear stress distribution across depth of 

the beam. 

(v) To assume that the theory of small deflections may be 

applied at any section of the beam.' 

The concepts mentioned above have been adopted by many investigators for 

the analysis of solid timber beams and the validity of some of the 

assumptions have been considered by several research workers. 

Dietz (1942), Comben (1957), Ramos (1961) have all considered the 

validity of the assumption that plane sections before bending remain plane 

after bending. 
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Dietz (1942) carried out bending tests on Douglas-fir beams subjected 

1 
to four point loading at 7 span. He measured strains at both sides across 
central cross section of the beams. He concluded that sections plane 

before bending apparently do not remain plane after bending. He noted 

marked non-linear distribution of strain near the top compression fibre 

of the beam. 

Comben (1957) concluded after testing Douglas-fir beams in bending 

that the strain distribution across depth of timber beams is basically 

linear at all load levels except at high loads when the compressive 

strains near the top edge are slightly increased and hence the strain 

distribution tend to be slightly non linear. 

Ramos (1959) also concluded that the strain distribution across depth 

of timber beams is basically linear. 

Different investigators have adopted different 0. 	relationships 

for timber in tension and compression to find the distribution of stress 

across the depth of timber beams at all load levels, especially at load 

levels when the timber in compression is behaving non-linearly. Almost 

all investigators cited in literature have adopted linear cr ■E relationship 

for timber in tension. While many investigators have adopted linear (1 - E 

relationship for timber in compression, some have adopted non-linear ones 

to find the distribution of stress across the depth of timber beams. 

According to Kollman and Cote (1968) and Dietz (1942), Baumann (1922) has 

solved graphically the distribution of stress across depths of timber 

beams by applying the exact tension and compression rf -c relationships, 

equilibrium of direct forces and equilibrium of moments at any section of 

the beam. Also Kollman and Cote (1968) have cited Suenson (1941) who 

adopted a parabolic cr -c relationship for compression, Ros (1936) and 

Thunel (1939, 1940) who adopted a cf 	relationship similar to that 
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Fig. 1.2. Idealized cr- £ relationship 
for timber in compression 

given in Fig.1.2 for compression and they have all solved the distribution 

of stress across the depth of a timber beam by considering equilibrium of 

direct forces and equilibrium of moments. 

Beghtel and Norris (1959) applied the concept to analyse beams in 

bending, as outlined before, to rectangular solid timber beams. They 

adopted a linear (1 - c relationship for timber in tension, a non-linear 

one similar to that adopted by Ros (1936), fig.1.2, for timber in compression. 

They also assumed that the moduli of elasticity of timber in tension and 

compression are the same. They gave theoretical solutions for distributions 

of direct stresses and shear stresses across timber beams depths and also 

they gave an approximate solution for mid-span deflections. They also 

tested rectangular solid timber beams of various span-depth ratios 

subjected to four point loading at ;17 points of the span. Their predicted 

results from theoretical solutions compared reasonably well with their 

experimental findings. They did not measure strains at any section of the 

beams. 
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Ramos (1961) followed a similar theoretical approach as that given 

by Beghtel and Norris (1959). In his experimental work he included 

strain measurements across critical cross-sections of Douglas-fir beams 

subjected to four-point loading up to failure. He used electrical resistance 

strain gauges to measure strains. He computed the corresponding stresses 

from the relationship: 

= E(E - E
r
) 	- 1.1 

where 	c
r 	

computed residual strain 

To compute residual strains he adopted Nadai's (1950) assumption that 

"a compression specimen subjected to a gradually applied load follows a 

typical 0.  ^ E curve. If at any time the sustained load is gradually 

	

released, at the same rate as it was applied, the rf 	curve descends 

along the straight line substantially parallel to the straight line portion 

of the curve within the proportional limit". i.e. 

P c 

P 

 e 
At = 	 - 1.2 

e 

= 	 1.3 r 

where P
e 

: load at proportional limit 

ce 	corresponding strain at proportional limit 

Needless to say that cr  = 0 when the compressive stresses are below the 

proportional limit stress and thebeam is in elastic tension. 

His experimental findings agreed reasonably well with his theoretical 

work and hence validated Nadai's assumption for timber beams. 
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2.2 Timber to plywood nailed joints  

Many investigators have done experimental work on glued and mechanically 

fastened timber to timber, and timber to plywood joints tested in direct 

tension and compression. Mechanically fastened joints relevant to this 

thesis are timber to plywood nailed joints. Many research workers have 

tested timber to plywood nailed joints in direct compression. Mack (1966) 

tested and analysed similar joints with the objective of expressing the 

joint displacement in terms of the corresponding applied load. The 

parameters he considered that might affect the joint behaviour were many. 

Those which he found to be more actively interacting are species, nail 

diameter and displacement parameters. The curve obtained experimentally 

was found to be curvilinear with a marked yield point at about 0.14 inch 

displacement for a joint with a standard gap of 0.028 inch between members 

before test. He reported that the yield point is due to apparent increase 

in joint stiffness when the gap closes. Mack's equation applies to 

joints with displacements up to 0.1 inch, i.e. to displacements less than 

the yield point displacement. Morris (1968) arrived at a similar equation 

as that obtained by Mack (1966). 

According to Mack (1966), Jansson (1955), Niskanen (1961), and 

Noren (1962) have also giventheoretical load displacement curves for timber 

to timber nailed joints. 

2.3 Analysis of plywood web I-beams in bending  

2.3.1 Rigid plywood web I-beams  

Most of the theoretical work on rigid plywood web I-beams is based 

on linear (1 - c relationships for timber and plywood in tension and 

compression, e.g. Council of Forest Industries of British Columbia (1958). 
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A lot of experimental work has been done at Forest Products Laboratory 

at Madison with the objective of designing plywood webs in plywood box 

and I-beams, e.g. Withey (1943), Lewis and Dawley (1943), Lewis, Heebink, 

Cottingham and Dawley (1960, 1960), Lewis, Heebink and Cottingham (1959) 

1959). 

2.3.2. Semi-rigid plywood web I-beams  

Most of the theoretical work on semi-rigid plywood web I-beams cited 

in literature and described hereafter in this section is based on linear 

- E and Q - 6 relationships. 

Booth (1969) applied the concept of bending as outlined in section 

2.1 	to derive analytical solutions to describe the behaviour of 

semi-rigid plywood web I-beams subjected to bending. His solutions were 

based on linear cc E and linear Q -6 relationships. Similar solutions 

for highway composite concrete slab and rolled steel joist (RSJ) were 

given by Siess, Newmark and Viest (1951). 

Booth (1969) suggested the use of linear (.1 	relationship while 

adopting a non-linear connector Q - 6 relationship when analysing semi-rigid 

plywood web box and I-beams. He suggested the use of mononomials and 

exponential functions to describe connector Q 	relationship similar 

to those given by eqns. 1.4 and 1.5. 

Q = a
b 	- 1.4 

Q = c(1 - e3) 
	- 1.5 

where: a, b, c and d are constants depending on joint 

characteristics, i.e. nail diameter, species etc. 
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He also suggested that the non-linear differential equation can be solved 

numerically. He reported that similar equations for composite highway 

concrete slab and RSJ were solved by Yam and Chapman (1968) . 

Vermeyden (1968) has conducted experimental work on semi-rigid 

plywood box beams with the objective of designing them. 

2.4 Electrical resistance strain gauges on timber and plywood  

Some investigators have considered the performance of electrical 

resistance strain gauges compared with mechanical ones, with special 

attention to the effects of type of bonding material, bonding technique 

and grain orientation. 

Youngquist (1957) reported that strains measured by electrical resistance 

gauges were less than those measured by mechanical strain gauges by up 

to 10%. Solvey and Blecher (1952) also found similar results when they 

tested plywood panels. 

Amana (1967) considered different bonding materials with different 

types of electrical resistance strain gauges on plywood tested in direct 

tension parallel and perpendicular to the face grain. He arrived at similar 

conclusions as those reported by Youngquist, and Solvey and Blecher; but 

in some special cases when certain glue types are used with certain strain 

gauge types he found that strains measured by electrical resistance gauges 

can be higher than those measured by extensometers by up to 33%. While 

most high strain variations were reported for specimens tested and strains 

measured perpendicular to the face grain, some high variations were reported 

for specimens tested and strains measured parallel to the face grain. 
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PART II  

THEORY 

Chapter 3 Introduction 

3.1 Scope  

The theoretical work given hereafter in part II of this thesis is 

to describe the behaviour of rigid and semi-rigid plywood web I-beams in 

bending'taking into consideration linear and non-linear c/ -E relationships 

for timber and plywood in compression, linear cf - E relationship for 

timber and plywood in tension and also linear and non-linear Q —6 

relationships to describe the joint behaviour for the semi-rigid case. 

Generalised differential equations are derived to solve for the 

direct forces in the top and bottom flanges (refer to eqns. 2.21 - 2.24) 

at different load levels and different sections along the beam, and hence 

deflection, direct stress and shear stresses may be found. These generalised 

differential equations are solved by applying an iterative procedure using 

a computer program, refer to chapter 6. 

Although the rigid case may be solved as a particular case of the 

generalised, it is found that it is an advantage to consider the rigid 

and semi-rigid cases separately as the first case will require a simpler 

procedure than the rather slow general procedure required to solve the 

second case and hence some computer time is saved, refer to chapters 

4 and 5. 

Also it is found in the case of a semi-rigid beam that a linear Q -6 

relationship to describe the timber to plywood joint behaviour of the 

beam may lead to simple problem formulations and solutions. Accordingly 
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the two cases of linear and non-linear Q -8 relationships are treated 

separately, refer to sections 5.5 and 5.6. 

3.2. General assumptions  

(1) Plane sections before bending remain plane after bending, i.e. 

linear strain distribution across depths of flanges and web. 

(2) Deflections are small. 

(3) The moduli of elasticity in tension and compression are the same 

for timber: similarly for plywood. 

(4) Webs are thick enough and stiffeners are provided at appropriate 

distances such that the webs do not buckle. 

Chapter 4  Rigid plywood web I-beams 

4.1 Stress-strain relationships for flanges and web  

For the analysis of rigid plywood web I-beams, the general assumptions 

mentioned in section 3.2 apply and also complete transfer of strains between 

timber flanges and plywood web at joints interface is assumed. 

The analysis is based on idealised cc -c relationships for timber and 

plywood in tension and compression. While for timber and plywood in 

tension linear cs c relationships are assumed, fig.2.1(a), non-linear 

c relationships similar to that given in fig.2.1(b) are assumed for 

timber and plywood in compression. 

0 

EplEy 	t ip  
(a) Timber and plywood in tension 	 (b) Timber and ply'.....ocd in comprossion 

Fig. 2.1. Idealized Q- E relationships for timber and plywood 
in tension and compression 
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Obviously the values for ultimate and yield stresses and strains (rf
u and 0.y, 

Eli  and 	) depend on the characteristics of the material under consideration. 

Stress distributions across depths of beam relevant to the previous 

- E relationships, refer to figs.2.1 and 2.2, will depend on the applied 

load level and position of section along the span, i.e. on the external 

applied moment. To cover the whole range of stress distributions across 

the beam depthsthat might occur at any section and load level, the cases 

described in fig.2.2 will be considered as shown in section 4.2. Needless 

to say that the stress distributions across the depths of timber and 

plywood in tension, at all levels and sections, relevant to the linear 

relationship of fig.2.1(a),are linear, fig.2.2. 

4.2 Determination of bendin  stress distribution and curvature  

4.2.1 	Linear (1 -c timber and plywood  

In the following derivation reference is made to fig.2.2(a) 

To find position of neutral axis (n) and curvature e: 

we have from bending theory: 

Mex 	-2.1 

d1  2 	d2 2 	d
3 2 where EI = LEI + E1A1(n - 2 — ) + E2A2(n - 2 	.5 

+ E3A3  (D 	
2 

n - 	- 2.2 

LEI = E
1
I
1 
+ E

2
I
2 
+ E313 

n =, LEFI1
/LEA 

LEF1 = 4[E1A1d1  + E2A2d2  + E3A3(2d2  - d3)] 

LEA L. E1
A1 + E2A2 + E3A3 
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bi 
2 	2 

Levels at which 
strains and stresses 

d are calculated 

Fig. 2.2. Strain and stress distributions 
at any section across the 
depth of a rigid beam 

Description Strain distribution Web stress 
distribution 

Top and bottom 
flanges stress 

distribution 
f ig  
IV'. 

Linear 
Cr - E 

plywood 
and 

timber 

Ell= E12 0-21 Crii 

2 

Cr33 

Cr-34 

O-22 
.2 (a)  

0-23 

n 

X24 6342E24 

Linear 
Cr - E 

plywood, 
non linear 

timber 

Ell = E12 

®jJh1 
Cr21 01u 

2.2 (b) 

0-33 
111 

ht  

0-24 

12 

cT34  ' 24 

Non linear 
0-- E 

plywood 
linear 
timber 

£11 = E12 Cr2u Crvi 

2 
0-i2 

Cr-,3 

--\ 

.2(e)  

—Th2 
_I. 0-22 

CT-23 

34 X24 E34= E24 

Non linear 0..0 
plywood 
and 

timber 

Ell = £12 	h2 01u 

2.2 ( d ) 

h lr--  "1 f 

0-33 

h2 
i  

0-22 

a-23 

n 
Mil h1 
El Vim  

2 

16111. 
X34  "4 --s:i = X24 

2 
	

2 



Co-ordinate System  

 

Displacements 

  

u 

 

Forces 

 

	

d V d2w 	M 
x 	P  dd  M - x 	V 	d x 2 	EX 

Fig. 2.3. Sign convention 
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Bending strains and stresses: 

Absolute values of stresses and strains may be found as follows: 

E11 £21 ne 

E34 = 	E24 = 	(d2  - n) 

'12 	= (n - d1) 8 

E33= 
(d2  - n - 	6 

011 	
= E1  ell  

cf12 	= E1 £12 

(121 	= E2 E11 

(124 	= E2 E34 

1̀33 	= E3 E33 

c'.34 	= E3  £314  

2f 
E115_ 

Ely  and E21 	E2y, then stress distributions according to 

fig. 2.2(a) are adopted and deflections, web shear stresses and flange web 

shear stresses are found as shown in sections 4.3, 4.4 and 4.5. 

On the other hand if the compressive extreme fibre strains of timber 

(11) 
 and/or plywood (

21) are greater than their respective yield strains 

in compression, then the strain and stress distributions according to 

fig.2.2(a) are abandoned and distributions according to fig.2.2(b) are 

adopted. 

- 2.3 
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4.2.2 	Non-linear - E timber, linear plywood  

Reference in the following derivation is made to fig.2.2(b) and 

fig.2.4(a). 

The following procedure is adopted to find position of neutral 

axis and hence the distribution of direct stresses across the depths of 

timber and plywood: 

(i) 	Assume a curvature 6 be given by eqn.2.1 

(ii) 	Let position of neutral axis from top fibre be n, then absolute 

values of stresses across depth of beams are given by: 

(/11 = 	lu 
= E

1 
ely 	 cs 12 = E1  (n - d1) 0 

/
21 

= E
2
n6 	d24  = E

2
(d
2 
- n) 

(/33 = E 3 (d2  - n - d3 
	; )8 • / 	= E3  (d2  n) 

and also depths of yield penetration in flange and web are 

given by: 

h1  = n - E1y/6 

h
2 = 0 

(iii) 	Total compressive force above neutral axis is given by: 

C  = 2d21nb + lu  h1 
 b 1 	2 

+ (0. 	+ /
12 

 ) (d
1 
 - h )b 

2 	lu 	1 1 

— 2.4 

- 2.5 

substitute values of
21

,  12' h1 
 from eqns. 2.4 and 2.5 and 

rearrange: 

C = 
2 
b
1  E1  e 
	(E

21 p21 -1)n
2  + 2(-1LI + d1 	' )n 	(-ILL )2  - 	21 - 2.6 

where B '21 = b2/b1 / 	
E
21 

= E
2/E1 



(iv) Similarly 

T = 2b3E30 [E23p23n2 - 2(E23023d2  + d3)n + E231323d22 + 2d2d3d3
2 

2.7  

where 	i3.....b2/b3 	E 
23 ( 	

= //E 23 E  2 	3 

(v) T - C = o 

Substitute values of C and T from eqn. 2.6 and 2.7 and rearrange 

013E13n2 - 2(R13E13d1  + 1323E23d2  + d3  + 1313E13 Tt) n 

+ pi3E13d12 + p23E23d22 - d32 + 2d2d3  + 1313E13(e  )2  = 0 	- 2.8 

or 	n 	- 

where 	a 

c 

and h
1 
 is 

b -402- ad 

b = 23 23 2 	3 

+ p_3 E
23  d2

2  - d32 

from 2.5 

-2.9 

a 

= 	p13E13  

13 13 1 

13
13
E
13

d
1
2 

then calculated 

13 13 	0 

c1y 2 
+ 2d2d3  + 1313E13( e ) 

(vi) Total internal moment on any section along the beam is 

calculated by taking moments of all direct forces acting 

on that section about the top compressive fibre. 
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d2 

 

Direct forces on web 	 Direct forces on flanges 
Fig. 2. 4 (a). Stress distribution;  non linear 0-- E timber, 

linear plywood 

N 	- l rf bn 
2c - 2 - 21 2 

N
1 

=
lub1h1 

1 R2c =
3 
 n 

R = lh 1 	2  

(d1—h1) (2cr12+cf1u)  
N1 	)(di-hi)bi 	R1 	

h1 = i(rf1u"12 	 3 	(cs12+cv1uI 

N 	
2 

= 	b (d2  -n) 2t 	24 2  R = 1(2d n) 2t 3 2 

d (2cr
33  + 3-t) 

= 4((1343333 	
R
3 = d2- 3 	

h N
3 	1-'1 )db  - 3 (o.33  +X34)  

39-  

 

NR +NR+N-NR -NR. 
2c 2c NB 

R1 
	1R 1 	2t 2t 	3 3 Min = 

  

Substitute values from eqns. 2.10, 2.4 and 2.5 in eqn. 2.11.1 and rearrange 

- 2.10 

M. in  = 
E b e 11 n3 3 clY 	2 	2 d (3d2d3-2d

n 

n +E31p31 .43E21f3212 

2 - 3( 	cly ) + 3d 1 

‘02 
3) + 

- ( 
F
e)3  + 2E2132123 + E31531(3d22d3

-53. 2+2d
3
3)+2d1 3 -2.11.2 

0 We have: Mex - Min = 
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Substituting values of Mex  and Mtn, we get: 

n3 	.71y 
 n2 
	

1-' 
[,„ 21a 

 21 
d 
 2 
 2 1_ E  

31p31(3d2d3 	.)1/4 0  -2d32
) + 3d

12  - 	
n 

6 ex )3  + 2E
21 p21 d2 

 3 E
31 p31 (3d2 

 2d3 -5d2_)  
d_2+2d

3  3
)+2d

1  3 
 = 0 

E1b18 

- 2.11.3 

(vii) 	Non-linear simultaneous equations 2.8 and 2.11.3 may be solved 

numerically to find n and 0. 

In this thesis equations 2.8 and 2.11.3 are not solved directly, 

but the following systematic numerical procedure is followed to 

find n and 8, which is an indirect solution to equations 2.8 

and 2.11.3. 

(a) Internal moments are found from eqn.2.11.1 using a guessed value 

for 8 as indicated in step (i) and solving for neutral axis 

position from eqns. 2.9. 

Having found internal moments acting on the section, then check 

for the following: 

Mex- Mini 5- 	Mex 

where 	is desired accuracy. 

Two cases arise: 

I/ If I Mx  Pin! 5_ Mex, then a solution is obtained and hence 

the guessed value of 6 and the calculated values of n are correct 

and hence the direct strains and the corresponding stresses across 

the depths of timber and plywood are calculated from equations 2.4. 
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IT/ If I  M 	M. 	> Olex, ex 	in 	then a new curvature closer to 

the true curvature is found as shown in the following step (b). 

Having found new curvature e, then procedure given in step (a) 

is repeated until desired accuracy is achieved. 

(b) To find a new curvature closer to the true curvature, the 

Newton Raphson method is employed as follows and reference is made to 

fig. 2.5. 

(1) To find eI assume initial guess is A(Mo, 8o). Let slope at 

A be calculated from (Mn  - Mo)/neo 

where n is a parameter found by trial and error to take the values 

10 4 < n s 10-10, so that a good approximation of slope at 

A is possible. 

Fig. 2. 5. Linear Newton Raphson Method 



— 3 8 — 

Mo MeX Also slope at A _ 0 	e  
0 

e 
Then 0

1  
	0o 	(Mex - Mo) M -M 

o 

Corresponding Moment M1  is calculated as indicated in steps 

(i - vi) for the new curvature 8
1'  
• this new moment corresponds 

to Moment M1  at point B in Fig.2.5. 

(2) To find 82  or generally 0n, closer to the true curvature, 

the slope at B is assumed to pass through point A, and hence, 

0o - 81  
0
2 

= e
1 	Mo -141 
+ 	(m

ex 
- m) 

or generally, 

1 
	0i 8i 1 1—  

e. 	e. + 	(M ex 	mi  ) +1 I mi—m 1 ex  

where i = 1, 	i
n 	

i
n 
= number of iterations 

Number of iterations to achieve convergence to desired accuracy 

is found to be less than six iterations in all cases considered 

in this thesis. It depends on choice of 71. Less iterations are 

- achieved at the extreme high limit of n , ie 10 10. 

(3) If E
21 	2y and Ell  > - ' 	then assumed stress distribution ly'  

is correct, and is then adopted. 

(4) But if£21  ), E
2y  and 	Ell  4 E distributions according : E1 y,  

to fig. 2.2(b) are incorrect, and are abandoned and those 

corresponding to fig 2.2(c) are adopted, refer to section 4.2.3. 
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If £21 	Ely 
and 	Ell  >Ely, distributions according to >  

figs.2.2(b) and 2.2(c) are incorrect, and are abandoned and 

those corresponding to fig.2.2(d) are adopted, refer to 

section 4.2.4. 

4.2.3. Linear K  - E timber, non-linear plywood  

Reference in the following derivation is made to fig 2.2(c) and 

fig 2.4(b). 

A procedure similar to that used in section 4.2.2 is adopted. 

The following changes in equations 2.4, 2.5, 2.6, 2.8, 2.9 and 2.10 will 

make the procedure compatible with the assumed stress distributions. 

(1) Equations 2.4 will read the same as given in section 4.2.2 with the 

exception of the following 

0.
11 

= E
1
ne 

2.4(a) 
(121 = 2u 

(2) Equation 2.5 will read as follows 

h1  = o 

h2 n 
Ee 
	 2.5(a) 

(3) Equation 2.6 will read as. ollows: 

C2u b2  h2 
 + 

2  02u b2 
 (n-h2  ) 

	
2C/11+(/12)131d1 

12.y.  )n 
E21p21(

4)2 2] = lb E 8 [2(E p 	 2.6(a) 
2 	21 21 e 	1 	'11 



0 11 

   

   

n 

d 2  
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(4) Equation 2.8 will read as follows: 

E
23

0
23
n2 - 2(E p d +E p d +d +E p 	cv  +Epd2+Epd2 13 13 1 23 23 2 3 23 23 6 	13 13 1 	23 23 2  

-d
3
2  -2d d +E 	:21) 

2 3 23p ( 23 8 - 0  2.8(a) 

(5) Equations 2.9 will:read as given in section 4.2.2 except for)  

a = E23p23  

b.Epd+Epd+d+Ep c2-1  
13 13 1 	23 23 2 d3 	23 23 8 

E
13

p
13d12+ E23p23d2

2 - d 2+2d d +E p 	0 
3 	23 23 23 e _ 2.9(a).  

(6) Equations 2.10 will read as mentioned in section 4.2.2 with the 

exception of the following : 

Cr2u 

N 2C  

24 	 U34 

Web 	 Flanges 

Fig. 2.4 (b). Stress distribution; Linear Cr- C timber, non 
linear plywood 
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(h
2

22-
1-nh
2
) 

N2c = 2b
2(1211(n+h2) ; 

R2c - 3(h2+n) 

replace equations for N1, N1, R1  & R1  by the following 

equations for Nic  and R1c  in equations 2.10 and 2.11.1 

d
1 

(20.
12

4-(-1
11
) 

N
lc = 1( 11"12)b1d1 ; R1c - 3 	(

c/12 "11) 

If E11 - E
ly, then the assumed stress distribution is correct, 

and is then adopted. 

But if Ell  > e2y, distributions according to fig.2.2(c) are 

incorrect and abandoned and those corresponding to fig.2.2(d) 

are adopted, refer to section 4.2.4. 

- 2.10(a) 

4.2.4 	Non-linear - E timber and plywood  

Reference in the following derivation is made to fig.2.2(d) and 

fig.2.4(c). 

A procedure similar to that used in section 4.2.2 is adopted. The 

following changes in equations 2.4, 2.5, 2.6, 2.8, 2.9 and 2.10 will 

make the procedure compatible with the assumed stress distributions. 

(1) Equations 2.4 will read the same as given in section 4.2.2 with the 

exception of the following 

21 	
o'
2u 	

2.4(b) 
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(2) Equations 2.5 will read the same as given in section 4.2.2 with 

the exception of the following 

n 0 
	 2.5(b) 

(3) Equations 2.6 will read as follows 

C =b h +1/ b-(n-h )+1(c/ 4-cf )(d -h )b +/ h b 2u 2 2 2  2u 2 	2 	lu 12 1 1 1 lu 1 1 

2 	 /.12y.2 E1-7.2 , 21 = lb E e [-n +n(2E21p21 8 +2-p  +2d )-(E p k 	) 	+al 	2.6(b) 2 	6 	1 	21 21 e 

(4) Equation 2.8 will read as follows: 

(E13p13+E23p23)n2-2(E p d +E p d +d +E p _c_12: _i_E a L2) 

	

13 13 1 23 23 2 3 13 13 e 	23'23 6 n  

13 13 1 	23 23 2 3 	2 3 13 13 e 	23 23 e 

(5) Equation 2.9 will read the same as given in section 4.2.2 with the 

exception of the following: 

a = (E13p13+E231323) 

b=E131313d1+E231323d2+d3+E130/34-+E2313234 

,2v c = E p d 2+E p d 2-d 2+2d d +E p (la )2 +E p 13 13 1 	23 23 2 3 	2 3 13 13 8 	23 23 
c 
 6  2  2.9(b) 

+E p d 2+E p d 2-d 2+2d d +E p (1a)24.E p (LL)2  = 	 2.8(b) 0 



Cr2u 

n 	N2c 

d2 

43 

(6) Equations 2.10 will read the same as given in section 4-2.2 with 

the exception of the following; 

Web 	X24 	 Flange 	0-34 

Fig. 2•4(c). Stress distribution; Non linear Cr-E 
plywood and timber 

N
2c 2 

= lb22u (n+h1  ) • ' 
R
2c 

(h2  2+n2+nh2
) 

3(h
2
+n) 2.10(b) 

4.3 Bending deflection  

4.3.1. Governing differential equation  

Having found the correct stress distributions across the depths of 

the beams at different sections along the beam and hence curvatures, then 

the bending deflection may be calculated. 

Assuming small deflection, then bending deflection may be calculated 

by integrating equation 2.12 along the whole span and applying the relevant 

boundary conditions. 

d2w - 2.12 
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4.3.2 Analytical solution  

Analytical solutions for deflections may be found if a linear (1 -E 

relationship is assumed over the whole span of the beam, then e is given 

by equation 2.1. 

e.g. (i) for a simply supported beam loaded with uniformly distributed 

load (p per unit length) over the whole span, we get 

4  
w - 24  EI 

F 
L 	L - 2(1c-)3+()4] - 2.13 

1 
(ii) for a simply supported beam under four point loading at 3 

--span 

loaded with a total load of magnitude P, we get 

PL3  / 	21 3  FK 113  2 x\ 
w = 	

\ (L  )+L 
	 3 	3 L. — 2.14 

where, in eqn. 2.14: 

negative values of square brackets are omitted when substituting 

values of x 

i.e. at mid span x = L/2, first square bracket is omitted and 

w 
23 	PL3  

- 1296 	EI - 2.14(a) 

4.3.3 Finite difference formulation of the problem  

A more general approach which is valid for any kind of loading, 

boundary conditions, support conditions and cf -E relationships is by 

applying a finite difference approach. 

The generalised formulation of the problem over the whole span may 

be given by equation2 .12 and satisfying the following boundary conditions, 

refer to fig.2.6. 



w (0) = ki  

w (L) = km+1  

where: k1 and kmil 
are parameters depending on support 

conditions, ie for rigid supports k.1  = kn+1  . 0 

Also 6 in equation 2;12 may be found at any section along the span 

corresponding to the appropriate stress and strain distributions as 

shown in sections (4.2.1 - 4.2.4). 

The finite difference formulation of the problem may be obtained by 

dividing the span into intervals of equal lengths H and obtaining the 

  

L 
	 0.1 

(L).0 w (0:0 
■ 1110,1 

W(x) 

 

Fig. 2.6. Deflected shape of a simply 
supported beam 

central difference approximation of the second derivative at any point 

along the span excluding the boundary points. The central difference 

approximation of the second derivative is given by many authors as: 



f (x.) =- 	f(x.+H) - 2f(x.) + f(x.-H)1 	+ O(H2) 
	- 2.15 

where: 0(H2) is the truncation error function 

i = 2, ... m 

m = L 

The problem formulation over the whole span at intervals of H 

and including the boundary points is given by: 

w1 	= k1 

w1 - 2w2 
+ w3 	= -H20

2 

w. 	- 2w. + 1-1 	wi+1 = -H28. 
1 

wm+1 

OR 

= 	km+1 

•■••■•• 

1 0 0 0 0 w1 

1 -2 1 0 0 w2  k
2 

0 1 -2 1 k
3  

.. • 0 

0 0 0 0 1 -2 1 wm km 

0 0 0 0 0 0 1 - wm+1- - km+1 

where: k. = -00. 

i = 2, ... m 

-2.16 



For a simply supported beam on rigid supports k1  = 	= 0 

and hence above matrix reduces to 

1 

-2 

• 

0 

0 

1 

0 

• • • 

• • 

1 -2 

1 

0-  

0 

0 

1 

-2 --1 

w2 

w 

■■••■• 

-k2 

k3  

-
k
m 

OR EA] [w] 	= [k] 
which is a banded matrix with the following chracteristics: 

(1)  all 	- 	> 	1  elements = 0 

(2)  all diagonal elements = -2 

(3)  all other elements = 1 

Since it is a feature of the above matrix that each row or 

column at most involve three active elements, then the method of 

substitution and elimination is chosen and also it provides higher accuracy 

and less problems than when inverting matrix [A]. 

The truncation error in the difference formula for the derivatives 

is 0(H2) and solution of equation (2.16) is an approximation to the true 

solution. The truncation error approximately varies with the square of 

the interval H, i.e. if H = iH, then truncation error when H is chosen, 

is approximately reduced by 4. 

A computer sub-program, based on the above finite difference 

approach, has been written to solve the problem. In the solution of the 

set of equations, it is found that a Harwell sub-program MA07A supplied by 

Imperial College computer centre library is more efficient than that 

-2 

1 

0 
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written by the author and hence MA07A is adopted. MA07A uses a similar 

method of solution to that used by the author. 

4.4 Web shear stress distribution  

Webs have been assumed to be thick enough to prevent web shear 

failures. To check the magnitude of web shear stresses at different load 

levels their calculation will be assumed to follow a linear 0. - E 

relationship which results in linear direct stress distribution across 

the depths of timber and plywood. The maximum web shear stress corresponding 

to this linear direct stress distribution occurs at the neutral axis 

and may be given by equation 2.17. 

V 	EF 
= 	 ■ 2.17 

xz 	b
2 

where EF = First moment of area of all components above or 

below the neutral axis about the neutral axis 

of the beam. 

4.5 Flange-web shear stress distribution  

Similar to the calculation of web shear stress, calculation of 

flange-web shear stress at the interface of timber and plywood is based 

on linear cs - E relationship and is given by the following formula. 

V E
1
F
1 

ryx 1 = 2d
1 

- 2.18 

yx 3 	2d, 	EI 

E V 	..33  



where T
yx 	

= Flange web shear stress at the interface between 

the solid timber and plywood of the top flange 

Tyx 3 = Flange web shear stress at the interface between 

the solid timber and plywood of the bottom flange 

F
1 

= First moment of area of the top timber flange about 

the neutral axis 

F
3 

	

	
First moment of area of the bottom timber flange 

about the neutral axis 

4.6 Computer program  

A computer program is written to solve for strain and stress 

distributions at different sections along the beam for any loading 

condition, also curvatures, deflections, web shear and flange web shear 

stresses are found as indicated in sections 4.3, 4.4 and 4.5. A flow 

chart of this program is given in the appendix. A general description 

of this program may be summarised in the following: 

(1) To read and check data, i.e. material properties and geometry 

of the section, loading conditions, interval length (H), accuracy (E) 7 

etc. 

(2) To find section properties, i.e. A 1, A5  , etc. 

(3) To find moments and shear forces at desired nodes along span. 

(4) Starting at the left hand support, stress distributions at the 

desired nodes are found and stored following an iterative procedure 

similar to that mentioned in sections 4.2.2 - 4.2.4. Also curvatures 

at the desired nodes are found and stored. 
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(5) Having found curvatures at the desired nodes along the beam, 

deflections are found at these nodes by applying the finite 

difference routine as indicated in section 4.3.3. These deflections 

are stored. 

(6) Web shear and flange web shear stresses are calculated as indicated 

in sections 4.4 and 4.5. 

(7) To write stress and strain distributions across the depths of beam, 

deflections,web shear and flange web shear stresses at the desired 

nodes. 

Chapter 5  Semi-rigid plywood web I-beams 

5.1 Additional assumptions  

The assumptions mentioned in section 3.2 will apply together with 

the following ones for the analysis of semi-rigid plywood web I-beams. 

(1) Nail connection between flange and web is assumed to be continuous 

along the length of the beam. 

(2) Shear transfer between flange and web takes place at centre of 

gravity of joint. 

(3) The flange and web deflect equal amounts at all points along their 

length and to the same curvature. 

(4) Friction between flange and web is neglected. 
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5.2 Stress-strain relationship and implied stress distribution  

The idealized 0. -c relationships for timber and plywood in tension 

and compression given by figs.2.1 may produce any of the stress distributions 

across the depths of the top and bottom timber flanges and plywood web, 

at different load levels and sections along the beam, given in fig.2.7. 

It is noted in fig.2.7 that non-linear -£ relationship is not 

considered for timber in compression in the bottom flange as it will be 

assumed that the compressive strains in the bottom flange will not exceed 

the compressive yield strain of bottom flange timber. 

5.3 Flange web force - displacement relationship  

The joint load-slip (Q -5 ) relationship is given by the following 

equation, refer to fig.2.8: 

Q = k lcw,,f(8) Sf 

where: k Sf = species factor depending on the timber and plywood 

k0 
 = nail diameter factor 

f(s) = displacement function 

Two displacement functions are considered in this thesis. 

5.3.1 Linear displacement function  

In this case the Q - 8 relationship is given by: 

Q = ks 

where: k = k sfk 
0 

- 2.19 
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Ell 	Cr11 	Ell 	 £21 	Cr-21 

                  

               

               

 

E12 	X12 	E12 	 1 

              

 

£33 	(133 	 £33 	C-33 

             

        

X24 0  

  

          

 

E34 	(134 	£34 	(134  

 

E24 

     

(a) Linear Cr-E timber and plywood 

(b) Non linear 0-- E timber and plywood 
in compression 

Fig. 2-7 Strain and stress distributions for the semi 
rigid beam 
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k may be found by considering experimental results for timber to 

plywood joints tested and finding the slopes of straight lines OA, OB, OC 

(fig. 2.8) such that an approximation of the joint slip (8) at certain 

load levels may be found, i.e. say straight lines OA, OB, OC may be assumed 

0 	 6 
Fig. 2.8. Q - S relationship for a timber 

to plywood nailed joint 

to describe the behaviour of the joint Q - 6 relationships at low, 

moderate and high load levels respectively. 

5.3.2 Non linear displacement function  

Mack (1966) obtained equation 2.20 by fitting experimental results 

of load per nail and the corresponding slip for timber to plywood nailed 

joints. 
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Q = k k
0 
 (4.1 8 + 0.59) (1 - e-755) 	 - 2.20 

sf 

where k
0 
 = 520

1.75 - 2.20(a) 

Equation 2.20 is adopted in this thesis to describe the Q -5 relationship, 

curve ODE fig.2.8, of a timber to plywood joint. k Sf is found in this 

thesis by testing timber to plywood joints and fitting the results 

obtained to equation 2.20. 

5.4 Generalized governing simultaneous differential equations  

5.4.1 	Derivation of governing equations  

In the following derivation reference is made to fig.2.9. 

Strain distribution across depth of any member subjected to known 

values of direct force and moment and corresponding to a known (.1 - E 

relationship can be found, refer to section 5.5.1. 

E = f(M, N) 

Hence strain in top timber flange may be expressed as: 

ci = f (mi ,  N1 )  

and that in plywood web may be expressed as 

c2 = f(M2,N2) 

Hence strain difference between top flange and plywood web at point of 

shear transfer may be expressed as 



d2  

Top timber flange is designated (1) 
Bottom timber flange is designated (3) 
Plywood web is designated (2) 
Strain or stress is designated Ei,j or crij 
where L = number designated to beam part under consideration e.g. top flange(1) 

j = number designated to level at which calculation is made 

Fig. 2.9. Forces at any section across the depth of a semi-rigid plywood -web I- beam 

r3 

(3) 

b- 
2 

(1) 

b1 
2 

b2 

ly  

b2 	b 
2 

(1) 

2 

(2 

(3) 

Flanges 	 Web 

M1 

	1.-q3  N3 C13 

	 NT) 

Levels at which strains 
and stresses are calculated 
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strain difference = £1 - £2 = f(M1, M2,  N1, 
N
2
) 

Noting 

N2  = f(N1, N3) 

M1  = f(Mex,N1,N3) 

M2 = f (M
ex

,N
1'

N
3
) 

Then 

1 

- 	

2 = f(Mex,N1 IN3)  

and since do = strain difference 
dx 

Then 	
do1 
dx 	= f(Mex,N1,143)  

d8 
similarly dx3 

= g(Mex,N1,N3)  

- 2.21 

- 2.22 

where 

Also 

8 	slip between top timber flange and 

plywood web 

83 	slip between bottom timber flange 

and plywood web 

Q = qs = k 
SfW  
k_f(o) 

dN k k 
cT;c  = q - 
	

f(6) 

Then 
dN

1 	
k
sn
k
01  

dx 	 f( 81) x s1  
- 2.23 

dN
3 	

k s5k  03  
s3 f( ) dx 	8

3  
- 2.21+ 
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5.4.2 Features of governing equations  

The problem is described by the generalized differential equations 

(2.21 - 2.24) in terms of the variables N1,  N3,81 
& 63. The solution 

of the problem is found if the previous differential equations are solved 

for N1, N3, 81  & 83  at different points along the beam and the boundary 

conditions are satisfied. The following features of the governing 

differential equations may facilitate the evaluation of the model at 

different points along the span and also, in some cases, its solution. 

(1) The governing differential equations (d.e.) 2.21 - 2.24 may be 

linear, partially non-linear or totally non-linear depending on 

whether Q -8 relationship for joint is linear or non-linear and 

also whether cr -c relationship for timber and plywood in compression 

is linear or non-linear. 

(a) Linear Q 8 relationship: 

In this case equations 2.23 and 2.24 are linear and depending on 

whether cr -E relationship for timber and/or plywood in compression 

is assumed to be linear or non-linear, the governing d.e. may be 

classified as linear or partially non-linear respectivelyisince for 

the first case equations 2.21 and 2.22 are linear and analytical 

solutions are possible while for the latter case equations 2.21 and 

2.22 are non-linear and some numerical procedure is required to 

evaluate them at any point along the beam. 
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(b) 	Non-linear Q -45 relationship 

In this case equations 2.23 and 2,24 are non-linear and depending 

on whether 0. - c relationship for timber and/or plywood in compression 

is assumed to be linear or non-linear, the governing d.e. may be 

classified as partially non-linear or totally non-linear respectively) 

since for the first case equations 2.21 and 2.22 are linear while 

for the latter case all equations 2.21 - 2.24 are non-linear and a 

numerical procedure is required to evaluate equations 2.21 and 2.22 

and to solve the model over the whole span. 

(2) Solution for the rigid case is obtained by setting nail spacing to 
dN1  dN3  

a small value or s1 = s3 
4 0, say 0.01, as this will make -- - dx 	dx 

very large and hence forcing strain differences between flanges and 

web to be very small. 

5.5 Governing simultaneous differential equations for a linear  

flange-web force-displacement equation  

A linear Q - 8 relationship of the form described by equation 2.19 

is assumed to describe the load-slip curves of the joints and hence 

equations 2.23 and 2.24 will read as follows: 

dN1 	k1 8 
dx 	s

1 
 1 

dN 
_ 

dx - s3  

- 2.23(a) 

- 2.24(a) 

Evaluation of equation 2.23(a) and 2.24(a) for any point along the beam 

is possible for given values of 81  and 63. To evaluate equations 2.21 

and 2.22 both linear and non-linear ■E material behaviour should be 

considered. 
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5.5.1 	Linear (1. c timber and plywood in compression  

The stress distributions across the depths of top timber flange, 

plywood web and bottom timber flange relevant to the assumed (1 - E 

relationships are given by fig.2.7(a). 

Referring to figs.2.9 and 2.7(a) we get the following equations. 

It should be. noted here that N
1 

and N
3 
 are treated as positive values and 

that they take their respective correct signs in the final equations. 

N1  = 2E1A1 E12 + Ell )  

E
1I1 

	

1

- 	

d1  ( 12 - 11
)  

	

N
1 
	M1  d

i=  OR 
11 E

1
A
1 

- 2E
1
I
1 

N1 	Mid i  
£12 = E1A1 	2E111 

Similarly: 

N
2 	

M2d2 
£21 E

2
A
2 

 2E
2
I
2 

N
2 	

M2d2  
£24 = E2

A
2 	

2E
2
I
2 

N3 	M
3
d
3  

E33 E
3
A
3 

— 2E
3
1
3 

-2.25 

- 2.26(a) 

- 2.27(a) 

- 2.26(b) 

- 2.27(b) 

- 2.26(c) 

	

N
3_ 	

M
3
d
3  

	

c34— E
3
A
3 	

2E313  - 2.27(c) 
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It is worth mentioning that all these strains may be evaluated if values 

of N1,  N2,  N3, m1' 
M

2 

& M

3 

are given and that the strain distribution 

relevant to the assumed stress distributions are dependent on the magnitude 

and sign of these variables. 

In the case considered in this thesis, the joints centre of gravity 

lies at mid-depth of the top and bottom flanges, hence the strain difference 

between web and flange is assumed to occur at these points, i.e. 

[  do

1 	£12 + 	11 

- E 2d -d 

 _ 	 )1 - 2.28 

dx 	 2 	 24 2d

2 

24 	21 

Noting: 

M(= M

1

+M

2

+M

3

+N

3

(r

1

+r

3

)+N
2
r
1 

and for simply supported beam 

ZN = 0 or N

2 

 = - (N

1 

 + N

3 

 ) 

2 	M
1 	

M

2 	

-N (r +r )+N r 

dw 	
M 	M 3 	

ex 3 1 3 21  

0 = - 

dx

2 	E1  I1 E
2
I
2 

	E313 
	

ZEI 

 

- 2.29 

- 2.30 

and substituting values of E--
AA

,
c127c21 

& E24 from equations 2.26 (a and b) 

and 2.27 (a and b), we get: 

2 

do

1 	1 	1 	r1 
 ) 

, 	I 	
r„ 

3 ) 	
m
ex z,,ET  r1  

dx 	

N

1

(

E

1

A

1 

E

2

A

2 

+ 	N 	
Ar

3 E

2

A

2 

- ZEI 



dx 

d5
3 - K151111 	KdN3 

 - KeMex(x) - 2.22(a) 
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Similarly it may be found that: 

ds
rr 	r

2 
3 1 13 	 ex 

dx 	NI(E2A2 	
ZEI ) 

N  3( 
E1
3
A
3 

E1
2
A
2 

4 

ZE1 
) 	

r3 

OR dis
1 _ Kaki  + KbN3  + KcMex(x) 	 - 2.21(a) 

 

dx 

r1
2 

where K - 	1  + 
a E1lA + 1 

E
2
A
2 

El 

Kb  = 1  
- E

2
A
2 
	MEI 

2 2  r1 	K
e 

- 
Kc  EEI 	 MEI 

1 	1 K
d 	E

3
A
3 	

E
2
A
2 	

MEI 

Equations 2.21(a), 2.22(a), 2.23(a) and 2.24(a) describe the linear 

model and may be evaluated at any point along the beam if values of N1,  N3, 

8
1 
& 8

3 
are given. The procedure to solve the model along the whole span 

is given in section 5.7 and an analytical solution is possible and is 

described in the same section. 

5.5.2 Non-linear - E timber and plywood in compression  

The stress distributions across the depths of top timber flange and 

plywood web for timber and plywood in compression relevant to the assumed 

relationships are given by fig.2.7(b). 

r32 
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Equations 2.21 and 2.22 cannot be evaluated at any point along the 

beam using analytical equations as in the case of linear cc 

relationships, and hence the following iterative procedure is adopted to 

evaluate equations 2.21 and 2.22 for known values of N1  and N3.  
Step (i)  

(1) Assume linear 	relationships for timber and plywood 

in compression, fig.2.7(a), and also noting that a linear 0. -E 

relationship is always assumed for timber in tension. 

(2) Assume an initial curvature eo 
and then find M1, M2 

and M
3 

from equation 2.30. 

(3) For known values of N1, N3 (and hence N2
) and also the 

calculated values of M1' 
M
2 
and M

3 
from (1) above, find the strains 

£11, £12, E21' £22, c
33  & E34  from equations 2.26(a, b & c), 2.27(a, 

b & c), 2.27(a, b & c). Also the corresponding stresses are found. 

Step (ii)  
2 

If E
11 > E

ly and E
21 
 < E then linear stress distribution assumed 

for the flange is incorrect and is abandoned and a non-linear stress 

distribution is adopted, refer to fig.2.7(b). 

The procedure is as follows: 

(1) Assume the same value of the initial curvature 6o as used 

in step (i) 

(2) M2 
and M

3 
are calculated from eqn.2.30. 

(3) M1 
is calculated as indicated by one of the following two 

cases, refer to fig.2.7(b). 



Case (1) 	Reference is made here to fig.2.10. 

€1't 

I 

I 
nt  

(11 y 

dt 
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F-g. 2.10. Case(1); Non linear stress distribution for 
timber in compression flange 

A similar procedure to that of section 4.2.2, steps i-v, to find 

the position of the neutral axis is adopted. n1  is found to be given by: 

b v'[b2-c] n
1  

where 	b = d1 
+ LIE eo 

2 	cly 2 
2N1  

c 	= d
1 
 + (  eo

) E1b1e. 

tly  
h1 	n1 

 _ eo 

Ell = nl eo 	c12 = (n1 - dl)eo 

(512 = E1eo(n1 	d1) 

1 

M1 
= 

[3(1luh1
2 + d (d -h )(2o. 	+(.1. 	)] 

12 	lu 
3(20. 

N 
—1  (2R  
2 

h +(d -h )(0. 	+0,  
 1 	1 	1 	12 

d1 )  

)1 

- 2.31 

- 2.32 

- 2.33 

- 2.31+ 

-2.35 
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If n1 	d1, then distribution according to Case (1) is abandoned 

and that according to Case (2) is adopted. 

Case (2) 	Reference is made here to fig.2.11. 

E11 

Ih1 	 Th 

d1  

 

2 

612 	 61  

Fig. 2.11. Case (2); Non linear stress distribution 
for timber In compression flange 

n
1 
and h

1 
are calculated from equations 2.31 and 2.32 where, 

E11 = ne0 
	

E12 
= (d1-n1

)0
o ' (112 = E

leo(d-nl) 
	-2.36 

1 
M
1 = - 1(/1 uh1 

2b1 	6 + 	(n -h )(n iNidi  

-2.37 
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(4) Find internal moment for the whole cross section at any point along 

the beam from equation 2.29. Check that total moment in section as follows: 

M 
ex 

 - Min I 	tM
ex 
	 -2.38 

where t is the desired accuracy 

If equation 2.38 is not satisfied then a new curvature 81 closer to 

the correct -curvature is found in a way similar to that given in section 

4.2.2 (step vii-b) for the rigid case. Having found 81, the procedure 

given in step ( 2) is repeated to find 02 closer than 81 
to the correct 

curvature and this procedure is repeated several times to find en  (where 

n is number of iterations) such that equation 2.38 is satisfied and hence 

en  is approximately the correct curvature. 

(5) E
11' 

E
12 

& c
12 

corresponding to the correct stress distribution have 

been automatically calculated. They are stored separately. 

Step (iii)  

If E > E 	linear stress distribution assumed for the web in 
21 2y' 

compression is incorrect and is abandoned and a non-linear one is adopted, 

fig.2.7(b). 

(1) From the assumption that flange and web have same curvatures, then 

initial curvature eo 
is either obtained from step (i) if Ell  < Ely  

or from step (ii) if £11> £,2'37..  

(2) M3  is calculated from equation 2.30. E33, £34  and corresponding 

stresses are also calculated. 

(3) Ml  may either be calculated as in step 

step (ii) if Ell  >Ely. Also corresponding strains Ell  and £12  

and stresses cs11 and cf12  are calculated. 

(4) M2 is calculated as given by eqn.2.43. 

(i) if  £11 z_ Ely 
 or as in 



E21 

n2  

d2 

E24 

Cr2 u 

Cr24 
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Fig.2.12, Non linear stress distribution for plywood in 
compression 

Similar to case (1) 

ir 
n
2 

= b - -N/Lb
2 
 -c] 

2N
2  

where 	b = d
2
2  + (-21)2  - 

e0 	Ebe 2 2 0  

—2.39 

N
2 

= -(N
1
+N
3
) for no end direct forces i.e. s.s.beam 

E271  h
2 

= n
2 
 - 	
 eo 

£21 = 1126°  ' 	c2/+ = (d
2-n2)00 , (1.

24 
= E

2
e(d-n

2
)50 

- 2.4o 

—2.1+1 
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d
1 	--2 

d, 
r1  = n2  - 7  , r3  = d2-n2  2  

1 
M = lcc h 

2
b + 	(n -h )(n +2h )b -N d 

2 2  2u 2 2 6 2u 2- 2 2 2 2 2  2 2 

1 
--6E2 

e(d2  -n2 )
2 (2d2+n2)b2 0   

- 2.42 

- 2.43 

(5) Find internal moment for the whole cross section at any point along 

the span from eqn.2.29 and check equation 2.38, if it is not satisfied 

a procedure similar to that given in step[(ii) - L]is implemented 

until equation 2.38 is satisfied. Also 
c21' £24' and cr  24 

corresponding to the correct stress distribution have been automatically 

calculated. 

Step (iv)  

Having determined the correct stress distributions and corresponding 

stresses and strains in top timber flange, plywood web and bottom timber 

flange, then the strain difference between the top timber flange and the 

plywood web and also between the bottom timber flange and the plywood 

web at the points of shear transfer (in this case at mid depths of both 

flanges) may be calculated. 	Hence equations 2.21 and 2.22 are evaluated 

for given values of N1  and N3  at any desired point along the beam. 

5.6 Governing simultaneous differential equations for a non-linear  

flange-web force displacement equation  

A non-linear Q 8 relationship of the form described byeqn.2.20 

is assumed to describe the load-slip curves of timber to plywood joints 

and hence equations 2.23 and 2.24 will read as follows: 
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ksnk01 dN1  
dx 	si  

(4.1 6  + .59) (1 - -67  

0.6 61  
2.23(b) 

dN 	k k 	o.6 
dx 2 	5'6 	°' (4.1,53

+.59) (1...;(7v3) 
s3  -.2.24(b) 

Evaluation of equations 2.23(b) and 2.24(b) at any point along the beam is 

possible for given values of bi  and 83. 

The two cases of linear and non-linear C ■E distributions for timber 

and plywood in compression considered in sections 5.5.1 and 5.5.2 will be 

considered. 

5.6.1 	Linear (1 - c timber and plywood in compression  

In this case equations 2.21(a) and 2.22(a) will apply and their 

evaluation at any point along the beam is possible for given values of 

N1, N3  and M
ex

, refer to section 5.5.1. 

5.6.2 Non-linear rf -C timber and plywood in compression  

In this case equations 2.21 and 2.22 will apply and both equations 

can be evaluated at any point along the beam for known values of N1, N3  

and Mex following the procedure described in section 5.5.2. 

5.7 Analytical solutions of governing differential equations  

5.7.1. Limitations to linear stress-strain and force-displacement  

equations  

A linear model is described by equations 2.21(a), 2.22(a), 2.23(a), 

and 2.24(a). It is described as a linear model because both the C 

relationships for timber and plywood in tension and compression and also 

the Q - 8 relationships for the joint are assumed to be linearg all points 

along the span and load levels. 
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Equations 2.21(a) and 2.23(a) may be combined together to give 

eqn.2.44 

s
1 
 d2N

1 KaN1  + Kb
N
3 
+ K

cMex(x) k1 d)72--  
-2.44 

and also eqns. 2.22(a) and 2.24(a) may be combined to give eqn.2.45 

SI a B3 
k3 dx2 

_ KI3N1  + KdN3  - KcM x(x) 	 - 2.45 

Equations 2.44 and 2.45 may be reduced to one fourth order ordinary 

linear differential equation with constant coefficients in terms of N1 

or N
3 

as follows: 

si 	d4N1 	Si 	s3 	d2N1  
kl 

k3 dx4 - 	
Kd 	Ka 2  - [K102 Ka

K
d 

N1 
1 3 dx 

s K  d2Mex(x) +[K
c
K
d 
+ KbK

e
]1■ 1

ex
(x) . 0 

k3  c dx2 

si 	d4N3 	si 	d
21\1 

k k 	k Kd ?-Ka 	 [K102-K K 1\1 
1 3 dx 	3 	dx 	a d 3 

+ s 
d2 M(x) 1 K 	- aKe+  KbKc Mex(x) = 0 k1  e 2

ex 

dx  

- 2.46(a) 

- 2.46(b) 

equations 2.46(a) and 2.46(b) may be solved for any loading condition 

and boundary conditions. 

Booth (1969) derived equation 2.47 for a symmetrical semi-rigid 

simply supported beam. His equation, 
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d
2
N
f k 

 E7 k Mex(x) 

dx
2 	s E

f
A
f
MEI Nf 	s LEI -2.47 

may be derived from any of equations 2.44 and  2.45 by 

substituting for Ka, Kb, Kc, Ka  and Ke and also noting the following 

s = s = 

	

1 	s3 

	

k = k1 	
k
3  

r = r1  = r3 

Ef 	
E
l 	

E
3  

	

Af = A
l 	

A
3  

	

N
f = -N1 	

N
3  

5.7.2 Solution of governing differential equations in  

terms of flange force  

In this thesis equation 2.47 is solved for a symmetrical semi-rigid 

simply supported plywood web I-beam under four point loading - refer to 

fig.2.13. 



B. M. D. 
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Fig. 2.13. Bending moment and shear force diagrams 
for a s.s. beam under four point loading 

The beam is divided into 3-regions m, n & p as shown in fig.2.13. 

Equation 2.47 may be rewritten as follows 

d

2 

2N
f 2 	

E 

E 

 
M
ex
(x) 

dx 
 - N 

Nf 	
- X2 f f - 2.47(a) 

where A 
2 	1 r

2 

= a-  L2  

-- 
and C 	

2 s 71- EfAjEI AkL
2 
 EI) - 2.47(b) 

Solution for equation 2.47(a) along the whole span is given for 

regions m, n and p separately as follows: 
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Region(m) 	0 _5 x  
E
f
A
f P N

fm 
= Kml  Sinh X x + Km2  Cosh X x + ----- El r7x 

Region (n) - 1 x < (L - 1)  

EfAf P N
fn 

Kn1 SinhXx+  Kn2 
CoshXx+ -77-r 7  

Region (p) - (L - 1) < x < L  

A 
N
fp 

= Kpl 
SinhXx+ Kp2 

CoshXx+ EE If 
P  (L x) 

- 2.1+8 

- 2.49 

- 2.50 

where K 	K
m2

, Knl' 
Kn2' Kpl' Kp2 

are constants and may be determined 

by applying the following boundary conditions 

At x = 0 	N
fm 	

0 

At x = 1 	N
fm =  Nfn 

dNfm 	dNfn 
dx 	dx 

At x = (L-l) N
fn 

= N
fp 

dNfn 	
dNfp 

dx 	dx 

At x = L 	N
fp 	

0 

Substituting these boundary conditions in equation 2.48, 2.49 and 2.50, 

solving and rearranging we get: 

N
fm 	2 	EI i[  Coth XL (SinhAl + Sinh (L-1)) - CoshA(L-1) 

A 

P EfAfr 

- CoshAl] Sinhxx +A x 	- 2.48(a) 
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P 
 EfAfr 

Nfn = 2 
— ----. [Coth AL (SinhAl + SinhA(L-1) - CoshA(L-1))] SinhAx XEI 

- SinhAl Coshxx + Al - 2.49(a) 

P 
 EfAfr [ 

CothAL (Sinh A 1 + Sinhx(L - 15)] SinhAx Nf  p - 2 AEA  

- [SinhA(L - 1) + Sinh Al] CoshAx + A (L - x) 	- 2.50(a) 

Equations 2.48(a) and 2.50(a) are found to be similar and this is evident 

from symmetry of loading. Accordingly equations for interface shear (q), 

bending deflection (wb) etc. are given for regions m and n only. 

5.7.3 Deflections due to bending  

From eqn.2.30, for r = r1  = r3  and N2  = 0 

-d2w 	Mex(x) - 2Nfr 

LEI 
dx2 - 

Mf  

EfIf 
- 2.51 

From 2.47(a) we get 

1 d2Nf EfAf  M (x) N
f 
=r ex 

x2  dx2  

substituting Nf  from eqn.2.52 in eqn.2.51 and rearranging, we get 

Mex(x).  d2w 	s EfAf d2Nf 

dx2  
- - EI 	 + 2r 7 zEI  

dx2 

- 2.52 

- 2.51(a) 

substituting values of Mex(x) for regions m, n and p and integrating 

eqn. 2.51(a), we get 



- 74 - 

dw 2 
s 

E
f
A
f 

dN
fm p x 

dx 	
- 	4. 2r I  T 17-- dx + Gm 

P x3 	E A 
f f s 

wi 	= _ 	+ 2 r 1--• 	N fm  + GMx + H ll 	c  M 

dwn
E A dN 

_ 	+ 2r 	fn
4" G dx 	-2 EI 	k EI dx . n 

P lx 	s2 	E
f
A 

= 
	f w

n 	- 4 El + 2r 	21  Nfn  + Gnx  + Hn 

dwp 	p x2 p Lx 	s  EfAf 	

fp  
dx - 4 EI - 2 EI 2r  k EI 	dx 	Gp 

s 
E
f
A
f 

_ P2 EI - -4-  
x3  P LEIx2 + 2r 1.7 	Nfp  + Gpx + Hp  

- 2.53 

- 2.54 

- 2.55 

where G
m
, H

m
, G

n
, H

n
, G

p 
and Hp  are constants of integration and 

may be found by substituting the following boundary conditions 

At x=0 

At x=1 

W = 0 m 
N
fm 

= 0 

dw 	dwdw
n w = w ; 

dx - dx 

dN
fm 
 dN

fn N
fm 

= N
fn ' dx 	dx 

At x = (L-1) 	w = w 
p 

N = N 
fn fp 

;  

• 
' 

d w
n 

dw 

dx 

dN
fn 

dx 

dNfp 
dx dx 
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At x =L 	w = 0 
P 

N
fp 

. 0 

Substituting values of Gm, Hm, Gn  & Hn  in 2.54 and 2.55, we get 

s 
E
f
A
f 3 PLI 	1 

wm = - 12E1 	4E1 (1 - 	+ 2r 17--/-7-1- Nfm  

Pl. 2 	PL1 	P13 	s EfAf 
wn = 4E lx 	4E ix  vra  + 2r 	Nfn  

- 2.54(a) 

- 2.55(a) 

5'.7.4 Bending stresses in the flanges  

f = 	= (134 

Mf df 
N
f (If = if 2  + A
f  

using equation 2.51, we get 

Ef 	
Nf 

f - 21E1 (Mex(x) - 2Nf 
 r) df  +  A

f 
- 2.56 

substituting values of Mex(x) and Nf  for regions m & n and rearranging 

we get: 

P 
E
f
A
f
r  1  EfAfr Efdf 

fm 
= 

2 	
El (Km1 Sinhxx 	A xx) ( 	Im 	4LE1 

	) 	Px - 2.57 
A  

P EfAf
r 

(fn= 	
+ Kn2CoshAx + Al) ( 

E
f
d
f
r E

fdf 
AEI) 	P1 	- 2.58 4/E1 
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where: 

K
l  = 
	K l  = Coth L (SinhAl + Sinh x (L-1)) - Cosh x (L-1)- CoshAl 	-2.59 m Kk  m 

Km 	= Coth X LcSinh A 1 + Sinh x (L-1)) - Cosh A(L-1) 	-2.60 

Kn2 = K K
p2  = - Sinh A 1 	 -2.61 

P EfAf and Kk  = -2- 	r 	 -2.62 

5.7.5 Bending stresses in the web  

dw 	021 = /24 

similar to derivation of equations 2.57 and 2.58, we get. 

EAf  P_  E2d2 [x- 2-f r2  (Kml
Sinhx.x÷xx) 

/wm = 1 7  E-07- 	xE7 

 

-2.63 

  

E2
EI 	'a
d2 [ 	

2E A 

wn - 1 - 	f  r2 (Ken1 Sinhkx + Kn2Coshx x +Xl) 4 I  

where Kml' Kn1 and  Kn2 are as given by eqns. 2.59, 2.60 & 2.61. 

5.7.6 Shear force at flange web interface  

-2.64 

dN 
4  = dx 

  

differentiating equation 2.48(a) and 2.49(a), we get: 
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p EfAfr i 
qm  = 7 ---77  i [CothXL (sinhx1 + sinhx(L__ Coshx(L-l) - Coshx+ 

if- Cosh xx + 1 

qn = 

p  2 mfr 
 	cothxL (SinhAl + SinhA(L-1) - CoshA(L-1)1CoshAx 

- Sinh A I SinhA x 

- 2.65 

- 2.66 

5.7.7 Shear stress at neutral axis of web  

2 M 	d 
(A 	) 1 	(b2d ) 	(m  

b2Txz = d dx 8
2 
 ' 12 q = '-'2‘ 8

2   
' dx `E

2

2I2 	q 

dN 

dx'

f 
using equation 2.51 and noting q = — we get 

b 	T  2 xz 

2.67 

1'xz 

Txzin 

E2b2d22 dMex(x) 
+ q 

for regions m and n in 

(1 - rb2d22E2 ) + p 

equation 

EfAfr 

-2.67 

- 2.68 

-2.69 

substituting 

- 	0 oEEI 

values 

and rearranging, 

E
2
d 2 

- 2rq dx 

of q and d(mex(x)) 

dx 
we get 

EfAfr 	/ 
+ -F-- 	 K CoshAx 

SinhAj J 

= 76 	EI m 

P 	
EfAfr 

2 	VI 	m1 

■ e 
K 	CoshAx + Kn2 n1 

41E1 

E b 	r 224 

2 bEI 

1  
2 	b2EI 1 - 41EI 

/ / 	e 
where Kml' Kn1' and  Kn2 are as given by equations 2.59, 2.60 and 2.61. 
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Chapter 6  Numerical solutions of generalised differential equations 

6.1 Outline of procedure  

The generalised simultaneous differential equations are given by 

equations 2.21, 2.22, 2.23 and 2.24. They are described as generalised 

because any of the governing differential equations described in sections 

5.5 and 5.6 may be derived from them and evaluated at any point along the 

beam for given values of N1, 3 N
'  8 1 

 and 8
3' 

Evaluation of the model at 

any point along the beam means evaluation of the first derivatives of 

8
1' 

8
3' 

N
1 
and N3. The procedure followed to find a solution to the 

model over the whole span such that the problem boundary conditions are 

satisfied may be summarised in the following: 

(1) Set co-ordinate system at left-hand boundary point of the beam and 

divide the beam into equal intervals of length (H) as shown in 

fig.2.6. 

(2) Calculate moments and shear forces at all nodes along the beam. 

(3) Set boundary conditions of the problem, i.e. in case of simply 

supported beam boundary conditions are N1 
= N

3 
 = 0 at both boundary 

points. 

(4) Find first derivatives of N1,  N3, 61 
and 83  at left boundary point. 

This is done by evaluating the governing differential equations for 

assumed values of N1,  N3, 81.  and 83  at that point. In the case of 

a simply supported beam N1 
N
3 
. 0, 

1 5 and 83 
are guessed as shown 

in section 6.3.1. 

(5) Having found first derivatives of N1, N3, 81  and 63  at left hand 

boundary point integration is advanced to the next node using the 

predictor corrector method as described in section 6.2.2. 
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(6) Using a similar procedure to that given in step (5), integration 

is advanced from one node to the next until the second boundary point 

where calculated values of N1 
and N

3 
are checked against the known 

boundary conditions. If boundary conditions are not satisfied, then 

the guessed values for 81  and 83  are not correct and new guesses 

are made at the first boundary point (at left-hand support) such that 

these new guesses give closer values of N1 
and N

3 
to the desired ones 

at the second boundary point (at right-hand support) than those 

obtained from the initial guesses. The method used to obtain 

convergence towards desired values of N1  and N3  at the second 

boundary point is described in section 6.3. 

6.2 Numerical integration algorithm.: Predictor corrector method 

The method which has been adopted in this thesis to integrate the 

governing simultaneous differential equations is the predictor 

corrector method. 

It is one of the methods by which first order differential equations 

may be integrated numerically. Other methods include Runge Kutta 

method whose disadvantages in relation to the type of predictor 

corrector method adopted in this thesis are discussed later in this 

chapter. 

6.2.1 Choice of predictor corrector type  

When choosing a predictor corrector type, three objectives should be 

aimed at : 



2.70 - wi 

(m+1) 

cr 

(m+1) 

p 

(m+1) = 
w. 

1 

- 8o - 

(i) Low truncation error 

(ii) Large margin of stability 

(iii) Protection against round-off troubles 

It is difficult to meet all three objectives as they are somewhat 

incompatible. Truncation errors arise from finite approximations for the 

derivatives. Propagation of instability errors arise from solving 

approximate difference equations which do not correspond to the solution 

of differential equations. Roundoff errors arise due to certain combinations 

of coefficients in the finite difference formulae. According to Hamming 

(1959, 1962) the corrector formula plays a more significant part than the 

predictor, hence its choice is relatively more important. He also suggests 

that the Milne method modified according to Hamming provides a relatively 

stable corrector formula that compromises between truncation and stability 

problems. He also reported that his modified formulae were tried on a 

range of problems and were found to work for average problems, i.e. 

problems with average stability and truncation errors. 

6.2.2 Milne type predictor corrector method due to Hamming: 

The model may be solved along the beam from one node to the next by 

applying the following formulae to predict the next value of one of the 

variables, modify it to compute a modified derivative, compute a corrected 

value using that modified derivative and then applying the predicted and 

corrected values to find the value of that variable at the next point. 



p 

-W. - 2.74 

1 

Wi  

K
a 	= 

(m+1 ) 
f(X

m+1'  

(m+1) 
W. 
1 

m  

9(1-Kb) 

Wi 

(m+1) 

p 

Kc  _ 

Kf - 

(m+1 ) 

OOOM 

m  

112 
Wi 121 -5b 

(Kb-1) 

8 

7Kb+9 

8  

17Kb  -9 

12 	' 24 

- 2.73 
mo 

- 2.75 

W, 
1.4 

9-Kb  
K
d = 24 

- 81 - 

where 

(m+1) (m-3)4H 

	

w. 	
m 	• (m-1) 	• 

= 	- 	2 w. 

	

1 	3 	1 

p 

 

  

 

- 2.71 

   

    

(m+1) 
= K W. 

a 1 

cr 

(m-1)+ K 	(m-2) + H [K
d c 4)1  

(m+1)+ K 4,1 m 	m-1 
e • +Kf

e 
 

- 2.72 

Wi 

and 

where subscripts 

predicted value 

corrected value 

modified value 

variable index - i = 1, 	i
n 

and i
n 

= number of variables 

and equations. In the case considered in this thesis in  = 4 

corresponding to the four variables (N1, N2'1 
& 6

3
) and 

four model equations. 

p = 

cr = 

mo 
= 

i = 
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m = point considered along span, m = 5, 	mn  (m>5) 

mn = L/R 1 

It should be noted that 

 

(m+1) 

p 

 

m+1 

c
r 

wi  - w. 

  

  

,will be assumed to be zero for the first point as it cannot be evaluated 

for that point. 

Obviously to use a predictor corrector method of the type suggested 

here, one needs four starting points. The procedure adopted here is to 

use the Runge Kutta method of the fourth order to integrate up to the 

fourth point when it is abandoned and the predictor. corrector method of 

the type suggested in this thesis is adopted. The formula used to 

integrate is given as follows: 

 

m 	

Im 
+ .R 

1 
1 	2 

m+1 = im+ [p. 6 1 1 

 

Let ;  

  

	

W 	= f( )(111), w.rla  ... 

I 	

wrinii) 	; 	w. (x) = w.
m m 

	

1 	1 	1 	1 

Then : 

f m 	w m\ = Hi,kx , w. 	— 
1 

im 

— 2.76 
m 

= Hf(xm 
H  

+ — 
2' 

	

'P
il 	 in Im w 	1 \ 

	

2, 	"n 2 I  1 P. 

2 
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P. m 	
m + = Hf(x + H —  

2 ' 	i 
	2a. 

 
in 1 2 

' In 	2 

i 13 m H 3‘  1  = Hf(x + — 	w 	+  
2 , 	2 	

, 
	

, 
	2 

The advantages of this type of predictor corrector method are that: 

   

(a) the numerical value : is an indication of the optimum 

 

r 

  

step size. If the value is too small, then the step is too short and 

computer time is wasted, whereas if it gradually grows large, then the 

step size needs to be shortened. If it suddenly becomes large, then that 

is an indication of a local computational error. Thus the method supplies 

a means of finding optimum step size and offers a way to check local 

computations. 

(b) Also it requires two evaluations for the derivatives for each step 

forward, compared with four evaluations in the case of Runge Kutta and 

hence about half the computer time is saved for each step (Hamming 1959). 

According to Hamming (1962), the main disadvantage of the type of 

predictor corrector method adopted in this thesis is that the high degree 

of accuaracy, i.e. low truncation errors, obtained from the original Milne 

method is lowered. This is because Hamming has compromised between high 

accuaracy obtained from Milne's method and instability as Milne's method 

may be unstable. 
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In equations 2.70 and 2.72 the parameter Kb  due to Hamming is a 

parameter to control stability and truncation errors. He reported that 

6 
for absolute stability the parameter Kb  must satisfy (--- 

10<Kb< 1). He 

also found that the truncation error increases linearly as Kb  goes 

from 1 to - -6 

zero to compromise between stability and highaccuaracy. This value for 

Kb  is adopted in this thesis. It is worth mentioning that by setting 

Kb  = 1, Hamming's modified equations (2.70 - 2.75) are reduced to the 

original Milne equations. 

Also a disadvantage of this type of predictor corrector method is 

that it requires a starting procedure. 

6.3 Convergence criteria  

A solution of the model over the whole span is achieved if the 

following criterion is satisfied at the second boundary point. 

Ni  - Ni l 	I 

and 
-2.77 

IN 	1\,c 
3 3 

where:N
1 
and N

3'
are computed direct forces at the second boundary point 

N
1 
and N

3
,known values of direct forces at the second boundary 

point, i.e. boundary conditions 

Desired accu racy 

10. He suggested that the parameter Kb  takes the value 

<E N
3

1 



such that the numerical values[IN
1 
- N

1
1] and [N

3 
-

3
l] converge towards 

[t I N1  I 1. 	and [ EIN3 	respectively. To find improved 

guesses the following systematic procedure is adopted. This systematic 

procedure may be summarised in the following routines. 

6.3.1 Direct search routine  

To apply a direct search routine the following definitions are 

This criterion may not be satisfied from the first guess of 5
1 
and 62 

at the first boundary and hence the need to find improved guesses for 6
1 
and 6

3 
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made: 

(i) Upper bound slips: 

Are those guessed slips (61  and 63) at first boundary point that may 

yield a solution to the model such that the obtained values of N
1 

and N
3 

at all points along the beam are higher than the correct ones. 

(ii) Lower bound slips 

Are those guessed slips 45
1 
 and 5

3 
at first boundary point that may 

yield a solution to the model such that the obtained values of N
1 
and N

3 

at all points along the beam are lower than the correct ones. 

(iii) Good guesses for 61  and 8
3 

Are those gueses for slips 6
1 
and 83  at first boundary point that 

may yield a solution to the model such that the shapes of the 

solution curves for N
1 
and N

3 
along the span are evident. In the 

cases considered in this thesis the criterion that is adopted to 

determine the shape of the solution curve over the whole span is that 

a change of sign for the derivatives of N1  and N3  is encountered over 

at least one third of the span, fig.2.14. 
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N3 

Fig. 2.14. Variation of N1  and N3  along the span 
for any two guessed values of 61  and 63  
at left hand boundary point 

This criterion is found by trial and error and applies for the cases 

considered in this thesis. The object of finding a good guess is that 

the direct search routine may be abandoned to a faster directional search 

routine which is based on linear Newton Raphson method to find solutions 

of simultaneous equations. This method needs good guesses to obtain 

convergence. 

Having defined the previous expressions, the procedure to apply 

the direct search routine may be outlined as follows; 
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(1) Guess upper and lower bound slips 5
1 

and 53  at first boundary point. 

Certainly, in some cases good guesses may be made, e.g. when solving the 

general non-linear model described by eqns. 2.21 - 2.24 for a simply 

supported beam where a linear model may be correctly assumed at low loads 

and solved analytically to find good guesses for E.
1 
and 6

3 
at the first 

boundary, whereas at high loads parabolic extrapolations from low load 

results may provide a way to find good guesses at these load levels; 

or at least if good guesses are not achieved, upper or lower bound guesses 

near enough to the correct guesses may be achieved. 

(2) 81 and 	63  are found as follows: 

,661 = [E, 	611 I 	m 

up 	Lo 

A63 	E3 	631 
up 	Lo 

/m 
-2.78 

where: 
6
3 up are upper bound slips at first boundary point, 

  

 

6
3 Lo are lower bound slips at first boundary point 

 

m 	number of increments chosen . 

A6
1 
and 	A6

3 
increments are added to 8

1
I 	and 5

3
1 	respectively, 

Lo 	Lo 

1,..., m times such that all combinations between upper and lower bound 

slips for Ai  and 63  are iterated until a good guess or a solution is 

obtained. 
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(3) If a good guess is obtained, then the direct search routine is 

abandoned and the directional search routine is adopted to find a 

solution. 

(4) If after incrementing up to both upper bounds of 8
1 
and 8

3' 
neither 

a good guess nor a solution is obtained, then that means increments chosen 

are large and hence smaller increments are chosen, i.e. higher number of 

m. Following this procedure it is found that a good guess may be obtained; 

but in some cases when coarse guesses of the upper and lower bound slip 

are inevitable, a considerable amount of computer time may be used to 

find a good guess such that the direct search routine is abandoned to a 

faster directional search routine. 

6.3.2 Directional search routine  

Having obtained a good guess, then the directional search routine is 

applied to obtain a solution to the model over the whole span, and 

satisfying the criterion given by eqn. 2.77, faster than if the direct 

search routine is used. 

This routine is based on Newton Raphson method to obtain solutions 

to simultaneous equations and on the principle that since we have four 

coupled equations in four variables and since any change in any one of 

the variables at any point along the beam will produce changes on the 

other variables at all points on the beam, then incremental changes on 

the slips 81  and 83  at first boundary point will produce changes on the 

variables N
1 
and N

3 
at the second boundary point. Based on these principles 

the Newton Raphson method may be applied as follows: 
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Assume N
1 
and N

3 
 at second boundary point are given by: 

F(8
1' 

8
3
) = N

1  

G(81' 83) = N
3
* 

Also 8 11
0 	

, 631 0  

-2.79 

initial guesses 

6111.' 5311 	
first approximation for 81 and 5

3 
 at first 

boundary and assume these guesses are good 

close approximations to the correct 81  and 53, 

so that they produce values for N1  and N3  near 

enough to the correct ones at the second 

boundary point 

OR; 

F( sii 	
-1 

, 
1 

G( 8
1

1
' l 

(N1*, 

) 
1 

) 	= 

N3*). 

N
1
* 

N3* 
-2.80 

Expand eqns. 2.79 i.e. F(51, .53) and G(81, .53) as Taylor series about 

(61 I 	83 ) truncating each after first derivative terms, i.e. linear 

approximation, we get: 

6F 	1 	3F 

	

F(8,i, 83) = F(81  1 , 831 ) + 7  1 ( 81 1-- 61 1 ) +57 	(83i— 831 ) 

	

0 	 0 

	

o 	10 	1 	0 	3 	 0 

G(5115 64=G(81 1 5 671 ) + 
-71 	I  0 	-110 	• 3 

	

6G I (81,1-511 
0 
 ) + 3*3 	1— 83  

0 

	

al 0 	0 

substitute 2.80 in eqn. 2.81, and putting 

-2.81 
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X51 = 811 -&11
0 A 

A8
3 

= 5
3
H 5

3
1 
0 

we get 

- 2.82 

aF 

    

0 
1 	E>

3 
0 

A5
3 

= N1* - F(l' 531
o
) 

0 
 

   

aG 

a b1 

     

- 2.83 

 

A61  +  aG  
53 

 

A8  = N 3 	3 	G( 51 1
0
' 5

3 

  

  

0 

 

  

0 

 

     

      

Noting for a simply supported beam N1* = N
3
* = 0, at second boundary 

point, then 

-1 

X51 [11 a12] 

OR 

05
3 	

a21 	a22 	a20 

[ 
AA561 	_....._ 	i [ a10 a22 

3 	

-- - a12 a20 

-a10 a21 	+ all a20 

where 

F 	 6F al  1= )51 , 	a12 = 0  

a21 = 	= 
6G 	a 	6G 

;I ' 	. 22 	6 8
3  

0 

0 

- 2.84 

a10 = - F( 511 
0' 

531
0
) 	a20 = 	G( 8 

 
1 0 	0 

' 8 
 I ) 
3  

and 
	

D = all a22 
	

a12 a21 
	 - 2.85 
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From 2.82, we find new guesses to be as follows: 

El 	
+ A818

1  = 6 i0  

6 	= 8
3 
	A83  

3-  1 

— 2.86 

The evaluation of eqn. 2.84 and 2.86 to find new guesses 6,1 and 631 

necessitates the evaluation of a11, a12, a21, a22,  a10 and  a20. 

Since analytical functions are not available for F(81, 83) and 

G(81,  s3) the following numerical procedure will be used to find a11, a12,  

a21, a22,  a10 
and  a20. 20 

1 
(1) For initial guesses 61  , 8

3
1 at first boundary point, the model 

o o 
is solved along the beam using corrector predictor method as mentioned 

before - values of‘N I and N.4I are found at second boundary point. 1 1o 	'o 
then: a10 = F(811o '531o)  = N110 

- 2.87 
a
20 	G(51 

10, 83 10 ) = 	N31
0 

(2) For initial guess 61 1 add a small increment of 
lo 

61 , = 	61 	1 611 
o 0 	o 

9 8 I , such that 
0 

. 
and solve the model along the span for guesses 61 1 and 	8

3 I at first 

	

8
1 	

r 0 ' 	 0 

an boundary point and find values of N1 	and N7 	at second boundary 
o J  o 

point; then, 



N
1  

s' 

- N
1  

0 

- 	N1 
0 

61 

, N
...) 

l 0 

51 

o 

— 	51 

- 	
N3 

0 

0  

51 

N
3 

0 

I o 

- 	N
3 

 
o 

, 

a21  = , 	- 

51 L
o 

- 
 &I 

0 	
'1  511 

o 

—2.88 

- N
3I 

 

a
22 

- 
n I 
310 

-2.89 
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(3) For initial guess 631
0 

add a small increment of 	n 
6
310, such that 

= 	
1o

± ri 	8.z  1 
 o 

and solve the model along they  span for guesses 811 
o 
 ands 

o 
 at first boundary 

	

3 	3 
point and find values of N

1 	
and N

3 rr 
at second boundary point, 

. 
 

o o 
then 

3 

N1 0  - N1  I 
0  

a
12 
	

n 63 1 

0 

3 

It should be noted that in equations 2.88 and 2.89 the parameter n is 
-3 	-8 

found by trial and error to lie between 10 < '1 < 10 . It is found that 
-8 

faster convergence may be achieved towards the higher limit of n ,  i.e. 10 • 
-3 

while slower convergence may be achieved towards the lower limit,10, 

i.e. higher number of iterations. 
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1 

obtained from eqn. 2.86 and these new guesses may be used in the same way 

as the initial guesses si  L  a nd 671 to obtain new guesses oi l 	and 6_4 1 
' o 	 i2 	'12 

closer to the correct values of s1 and 8
3' 

This procedure is repeated 

several times to obtain convergence to the desiraiaccu racy of N. and N
3 1 

at the second boundary point. 

6.4 Bending deflection  

Curvatures e relevant to the solution of the governing simultaneous 

differential equations have been evaluated automatically at all nodes as 

integration has advanced from one node to the next along the whole beam 

span, as shown in sections 5.5, 5.6 and 5.8.1. These values of e are 

used to find the bending deflection at these nodes as described in 

section 5.3.3 using a finite difference approach. 

6.5 Bending stresses in the flanges and web  

Bending stresses in the flanges and web relevant to the solution of 

the governing simultaneous differential equations have been evaluated 

automatically at all nodes along the beam as integration has advanced from 

one node to the next as shown in sections 5.5, 5.6 and 5.8.1. 

6.6 Shear force at flange web interface  

Shear force per unit length at flange web interface relevant to the 

solution of the governing simultaneous differential equations has been 

evaluated automatically at all nodes along the beam as integration has 

advanced from one node to the next as shown in sections 5.5, 5.6 and 5.8.1. 

Having evaluated equation 2.84, now new guesses 61 I and 8
311 

may be 
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It should be noted that shear force at the flange web interface is the value 

of the first derivative of the direct force acting on the flange under 

consideration. 

6.7 Web shear stress at neutral axis of web 

Derivation of web shear stress at the neutral axis is based on a 

linear distribution of direct stresses across the depths of the timber and 

plywood. Based on this assumption we get from equation 2.30: 

= 
Mex(x) + N1r 1 - N3r 3 

LEI 

direct stress shear stress 

Fig. 2-15. Shear stress distribution across depth of 
plywood web 
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Referring to fig. 2.15 we get 

b r 	- dM2 
[(2r1+d1

)2] 	b
2 

2 xz 	dx 	8 	2 
+ 

 

(2r1+d1)2 
 

d Mex(x) 
+ N1r1 	N3r3 

8 	dx 	1E1 

 

E
2  (1  1 (2r1 + d1)

2 (V -rq -rq) + b
2 rxz - 81E1 	1 1 	3 3  

- 2.90 

6.3 Computer programs  

A computer program has been written to solve any of the sets of 

the governing simultaneous differential equations given in sections 5.5 

and 5.6 at different points along the span for a desired loading condition 

such that the problem boundary conditions are met. A flow chart for that 

program is given in the appendix. A general description of this program 

may be summarised in the following: 

(1) Read and check data, i.e. materials properties, beam geometry, loading 

conditions, interval length (H), instruction to choose desired model,etc. 

(2) Find section properties and nodes along the span corresponding to 

the chosen interval (H) and calculate moments at these nodes. 



-96- 

(3) Guess upper and lower bounds of slips at first boundary point at 

left support. 

(4) Evaluate derivatives that correspond to the chosen model at first 

boundary point for upper and lower bounds slips noting that N
1 

N
3 

0. 

Integration along the beam is done by applying the predictor corrector 

method. Upper and lower bound solutions are checked to find whether 

a solution or a good guess is obtained. It should be noted that 

at each node the external moment is balanced against the internal 

moment corresponding to the stress distribution relevant to the chosen 

model. This is done in a separate sub-program which is called at 

every node. 

(5) If neither a solution nor a good guess is obtained, then direct 

search routine is applied until a good guess or a solution is obtained. 

(6) If a good guess is obtained then directional search routine is applied 

until desired accu racy at the second boundary point is achieved. 

(7) If a solution is achieved from either step (5) or (6), then 

deflections are calculated at different nodes using the finite 

differences sub-program which is described in section 4.3.3, and also 

the web shear stresses and interface shear on connector are calculated. 

(8) Write slip, direct forces for web and flanges, web shear stresses, 

interface shear on connector and deflections at desired nodes. Also 

strain distributions across the depths of timber and plywood and 

depth of compression yield from top flange edge are written at these 

nodes. 
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It is worth mentioning that the program is designed so that if the direct 

search routine is abandoned for the directional search routine and that a 

solution is not obtained using the directional search routine, i.e. failure 

of criterion for a good guess, then the routine is designed to go back to 

the direct search routine at the point where it was abandoned and find a 

solution by direct search routine. This trouble is not encountered in the 

cases solved in this thesis. 
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Chapter 7  Shear deflection in plywood web I-beams 

7.1 Assumptions  

The assumptions that are made to derive shear deflection of plywood 

web I-beams are summarised as follows: 

(1) Linear rf - E relationshipswill be assumed for timber and plywood 

in tension and compression, i.e. linear stress distribution across 

the beam depth. 

(2) Linear flange-web force - displacement equation will be assumed. 

(3) Uniformly distributed load over the whole span of a symmetrical 

plywood web I-beam will also be assumed. 

(4) The general and additional assumptions mentioned in sections 4.2 

and 6.1 will also be adopted. 

7.2 Shear stress distributions  

The beam layout and the assumed shear stress distributions across the 

depths of the timber flanges and plywood web that are considered in this 

thesis are given in fig.2.16. 

Booth (1969) gave the following formula for flange web shear force 

per unit length at interface of flange and web of a simply supported 

semi-rigid plywood web I-beam symmetrical about y and z axes and carrying 

uniformly distributed load over the whole span. 

E
f
A
f
r 	x 

Sinh ( VC  
of 	- p 	

) 
Tr Cosh ( x x  

IC L 

-2.91 

 



B.N.D.  
2 m 	x  2 ) 

S.F. D. 

Timber Flanges 

d M -z-px d X 

(+) 

( - ) 

L 

d2  
qf 
b2 

- 99 -L  
2 	 2 

   

bf 
2 

Mf  

    

  

df  x 

    

   

x 

     

Plywood Web 
b2 

txzw 

Fig. 2.16. Shear stress distributions at any section across 
the depths of timber flanges and plywood web 
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n
2 

s 
EfAf  1E I  

L2 k 	El 

Ef = El = E3 	and Af = Al = A3 

d 	d2 
7.2.1 	Timber Flanges (7.-

2 	
df)-f5 z 

2 

Following similar derivation to that for web shear stress given in 

section 5.8.5 and from shear stress distributions shown in fig 2.16 and 

also from equation 2.91, we find: 

where C = — 

. 1 ir  
T 
x zf = 	-2f (22)2  - z

2 	
+ 2rKf1 

+ K
qx  FED 1 

A fr where K fl = E_ El 

LAC 
n x 

Sinh ( VC I)  
Kqx = 	

- 
n 	

1 
, x Cosh( 	I) 

,00 L 

-2.92 

- 2.93 

- 2.94 

7.2.2 Plywood web  

(i)(22  d
f
) Z 72  

Txzwl 
and xzw2  will be found in a similar way to that used to find 

zf 
in eqn. 2.92. 

2 
Txzw1 = 	- 2 

2 

(2

d
2) 

‘ z  
2] 1 + 2rKf1  Kqx  IEI -2.95 
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d2 (ii) 	0 	z 	
2 	d ) 

[32
(  d 
	Kf1 	Kf1 	/ d

--= V - 2-7-T  (i-) - b2 	b2 qx 	21E1 	2 2 (K + 1)[12  c 2rb () - 	1 Kyw2 

2 	 2 

-2.96 

7.3 Shear strain energy 

Shear energy may be calculated from the following eqn. 

2 

U iff  x  2G
z  dx dz dy 	 - 2.97 

volume 

where 	U = shear strain energy. 

7.3.1 Timber flanges  

(2
22  

- df) z 
	-2— 

+b 2 	 f 
)7  T x Uf  = 	 bf dx dz 

	where 	2.1-dY  ., = bf 2G 
zf 

f 
area 	 -bf 

2 

Substituting Txzf  from 2.92, we get 

L/2 	d2/ 

U
f -  2Gf 

2Kf2 

	

	4 	2 2 bf V2  2 Qx 	2 dx ra2 - 717 

d2 z  

-L/2 	d -2df) 

z 	dz 
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L/2 

G2 
 

= 	Kf  Kf2 	_2 Iv 9. dx - 2.98 

E 

	

where K - 	 f   2IEI 

	

Qx  = 	 Kcix] 

Kf2 

d2/2 
4 

r2 - 	_ d22z2 	h z' 4.  dz = 1 -3-6 10d22  df2  -15d2df4  +6d 6 2 - 

i(d2-2df) 

7.3.2 Plywood web  

Uw1 and  Uw2 will be found in a similar way to that used to derive 

Uf in eqn. 2.98 

(i) (— - d )z  22 f 22  
b2 

2 	2 
Txzw1  b2dxdz 	where 	dY = b

2 Uwl 	2G2  
area 

b 
-2 

substituing xzwl  from eqn. 2.95, we get 

L/2 

U = 	K Kw1 1;2 Qx2  dx w1 G
2 

2 

w2 

 -2.99 

-L/2 
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E2 
where Kw = 21E1 

Kw1 = Kf2 

d, 
(ii) 	0 	z 	(2=S  - df  ) 

2 
U 2 	

2G2 

Txzw2  b2  dx dz 

substituting T
xzw2 

from eqn. 2.96, we get 

L/2 2 	L/2 

b2 2 	Kf1  U - --- K K )(12Q... 	

b22 

2x dx  + 
G 

Kw22 12K2  dx 
w2 - G2 w w21 	 qx 

-L/2 	-L/2 

L/2 
2K
w
K
f1  Kw23 2KqxQxdx G2 

-L/2 

- 2.100 

where 	i(d2-2df ) 

Kw21 

4 
d
2 

2 
d2 

2 

z4)dz 
5 

d2  - 2Od22df5  + 3od2df4 - 12df5] 2 + 	= 	6o 

i(d2-2df) 

Kw22 	
idz 	z (d2  - 2df) 

0 



2(d2  - 2d1) 

2 

Kw23  = ( 1:2  77 	z2) dz 	
12 

4  
= — (d

2
3 
 - 6d

2  df
2  + 4df

3 
 ) 

1 

0 

7.33 Total shear energy  

UT = Uf10/1 + Uw2 

L/2 	L/2 	L/2 

= K
ul 

11/2Q 2dri + K
u2

1V2K
qx
2dx - K j;2Q K dx 

u3 	qx 

-L/2 	-L/2 	-L/2 

- 2.101 

where 

b 
2 

b, 2 bf 2 	K 2K wi  + .5
2- 
Kw K K

u1 = 	 w21 
K K + G2  f f2 	w - f 

2 Kfl K - K 
u2 G

2
b
2 

w22 

2KwKfl  K
u3 

- G
2 

K
23 

7.4 Shear deflection at mid span  

Shear deflection may be calculated using Castigliano's theorem which 

may be formulated as 

Deflection due to force P = 	
3u T = 3p  

In the case of uniformly distributed load a virtual load P may be applied 

where deflection is desired to be calculated and Castigliano's formula 

may be rewritten to find shear deflection as follows: 
uT 	uT v  

w
s 	

= 	_ 	 - 2.102 
3P 	3v aP 

Hence shear deflection at mid span may be given by equation 2.103. 
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L/2 	L/2 	L/2 

ws  = 2Ku1p 	9x2) dX + 2Ku2  p (x Kcix
2
)dX - 2Ku3p X 9xKqx  dX 	2.103  

0 
	

0 
	 0 

• 
• 

2 
substitutin Qx

2 = [1 + 2rK K 	= 1 + 4r2Kf1
2Kqx

2 + 4rK
f1
Kqx fl qx 

then 

L/2 	
V2 	

L/2 

ws = 2p Cs1 .
1.-i d?( + Cs2irKqx

2 dX + Cs3 
 irX K 

qx 
dX 

o 	o 	0 

w
s 

= 2p [Cs1 
21 

+ Cs2 
2
2 

+ Cs3 
S2
3 
I 

where 

Csl 
= Kul 

Cs2 = 4r 2K f 1
2Kul + Ku2 - 2rKf1

K
u3 

Cs3 = 4rK
f1
K
u1 
 - K

u3 

L/2 
2 

= fidx = 
0 

L/2 

	

L2C 	
1 	L2 

X- 	Kqxd X - [— ( 
 1-

Q2 	n2 ) 
Cosh 

TT -  
2./c: 

0 

 

 

- 2.104 

- 2.105 

- 2.106 

- 2.107 



,2 
X'UOSn T7E J 0 

1 	2 T
2 

(1 + 
Cosh2 n 	2C41 

2IC 

L
2 

- 8 

- -106- 

L 
	

L/2 

n x 
Sinh."ks/C 17) 	2Lvt Sinh(VC; 2I!)  

Cosh 

0 

4 2 n + 	...) 

0 

- 

(1  

1 

1 ] ) 

160 
( 

50261. 

2 2 TT 
4 2 rr 

1 n2 

160 

Cosh 
) 

1 ) 2C41 475157 

) 

- 	2 2 
2VC 

- 2.108 

7.5 Shear stiffness factor using non-dimensional parameter a & 0  

Define: 
df a =-- 

b2  

bf  

G
2 	

E2 
assume m = Gf  = Ef  

substituing d, 0 and m in equations 2.105, 2.106 and 2.107, we get: 

? K - 	 n  2 
6 	1  

c
s1 
. 7 	 (10-15a+6a2) + --.1-- (1-20a3+30a4-12a5) 
' bdGe -I.- 	

a3(m + m20) (10-1 

- 2.105(a) f 2 2 ig Is 

dX - 	 	dX + xdX 

ws 	i- 2C 	2C 	12 n  ( -1  sl Cosh 
24c 

+ 2C 	8C 	1 
s3 n2 - Cosh-2i7 



30ma2(1-a)3(1-6a2+4a3) 

n  2 
+ 2-71- 2 

- 2.106(a) 

(1-20a3+30a4-12a5) 

- 2.107(a) 

‘2 

K. 
16 

0:3(m+m20 ) (10-15a+6a2) 

(1-6a2+4a3) 
K.' 

- 5 K.
--la a (1-a) 
Is 

15a2(1-a)2(1-2a) 
a 

6 	1 

G2Kig 	
K.2  - is 

- s3 5 	2 

- 107- 

C - 	
n 

	

6 	1 	36a2 (1- 2 a)4 [a3(m+m213) (10-15a+6a2) +1211- (1-20 3+30a4-12a5) 

	

s2 5 	2 	 2 
b d G K 	K. 
f 2 2 ig 	is 

b d 3  

	

where Kis  = 	IEI/ (Ef  f 2  ) = 2a3  + mp 
12 

b_ d,3 

	

K. = 	(Ef 	) 	2a(3-6a+4a2) + m3 
ig 

we define the following quantities: 

6s1 = 2bfd2G2
Kig2Csl 

• 2 
Cs2 = 2bfd2G2Kig

Cs2 

C
s3 

= 2bf  d2  G2  K. 
2C ig s3 

- 2.109 

using eqns. 2.109 and 2.105(a), 2.106(a) and 2.107(a), eqn. 2.108 becomes 

2 
w
s 8bfd2G2Cs 

2 
where 	

K. 

C 	* s 	C 

- 2.110 

- 2.111 (a) 
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1 	2 n 	2 n 	16C 	1  
Cs 	

2 	4 "  = C +C
2 	

+ ...) 	 ] 

	

2C41 	1 	n2 
(1— s1 s Cosh

2 n 
(1 + 

2C26 	Cosh n 
) + 1 

 
2VC 	 2VC 

[-8C 	1  Cs3 n2 
(1- Cosh n 

) 	1 

2VC 

- 2.111(b) 

Shear stiffness factor for rigid case: 

For rigid case,connector modulus tends to have an inifinite stiffness 

i.e. k 	and hence C---yo. Substituting C = o in 2.111-band values of csi,  

C
s2

,  C
s3

, we get: 

C*
s 
 = .-. 2a3(m+m2p)(10-15a+6a2  

1 	
)+pm2(1-20a3+30a4-12a5) 

3 2 0a  (1-2a) (1-a)2+ 10ma(1-a)(1-6a2+4a3) - 2.112 

and 

C
s = [2cc (3-6a+4a2) + m 2 /C: 	 - 2.113 

Stieda (1967) derived a shear stiffness factor for rigid plywood web 

beams symmetrical about Y arid z axes. His equation is similar to that 

given by eqn. 2.113 except for the term (m + m20) in eqn.2.112 which he 

gives as (1+mp)2. This difference is because in his derivation he 

adopted the transformed section approach whereas in this thesis the sum 

of the shear energy of all components is obtained. 
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7.6 Other loading conditions  

A procedure similar to that mentioned in section 6.4 is adopted to 

derive shear deflection for semi-rigid simply supported plywood web I-beam 

symmetrical about Y and.z axes and under four point loading, fig.2.13. 

The derivation is also based on shear stress distributions similar 

to that given in fig.2.16, but appropriate formulae are used to give T
xzf' 

and Txzw2 corresponding to this loading. These formulae for T
xzf' xzwl 

and T
xzw2 

may be derived in a similar way to equation 2.90 given xzw1  

to describe web shear stress at neutral axis in section 6.7. Shear 

deflection may be given by eqn. 2.114 as follows 

Pbi 2 b2 2  
w - 	mK + 	K (K +K 	{ 1 -4rgi+  + 4r205 	

— 2.114 
s G

2 	
f2 b

f w 	f2 w1 

1 

i  i 

	
I 

where; 0 = K dX = K Sinhxl + EE—Al rl - qxm . m1   

0 

1 

2 TIC'1 , 	2EfAfr , 
i 	

E2A2 2 

0
5 

= (Kqxm ) dx - 4m  Sinh2 x 1 + 2 x 1) + 4.  ' K Sinhx1 f fr  1 --Il 	m1 	il 2 

0 

EfAfr  where; Kqxm = Kml xCosh xx+ El 

and 	Km1 is given by 2.59. 
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PART III 

EXPERIMENTAL INVESTIGATION 



PART III 

Experimental Investigation 

Chapter 8  Scope and objectives 

The work described hereafter in part III of this thesis is of an 

experimental nature with the following objectives: 

(a) to establish mechanical and physical properties of small clear 

specimens of timber and plywood used in the beam models described 

in chapter 12. 

(b) to establish the elastic properties of timber in actual sizes 

used in the beam models described in chapter 12. 

(c) to establish load-slip curves for timber to plywood joints. 

(d) to verify the theoretical work given in part II of this thesis 

describing the behaviour of rigid and semi-rigid plywood web 

I-beams in bending by testing four beam models, details of which 

are described in chapter 12. 

Chapter 9  Sampling and specimen cutting 

9.1 Timber for flanges  

The main requirements that governed the choice of timber used in the 

beam models described in chapter 12 were: 

(a) it should have straight grains and free from defects and also it 

should be of uniform growth, i.e. no marked bands of spring and 

summer growth rings. 
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(b) It should be readily available in reasonable sizes such that there is 

enough material to make the beam models and to obtain satisfactory 

and representative number of small clear specimens. 

It was found that it was difficult to meet both requirements as at the 

time of this experimental investigation clear timber was scarce in the 

market. The first requirement was considered to be more basic than the 

second one as failures due to local defects were to be avoided and also 

to obtain reliable strain gauges readings straight grain timber was required. 

Such timber to meet the first requirement and partly the second requirement 

was found stored in Princes Risborough Laboratory of the Building Research 

Establishment since the early 1940s. The timber was Canadian Sitka Spruce 

which was stored conditioned at 12% moisture content. The timber was 

available in four if  x 6 x 96 inch joists. 

The design of the models was then governed by the amount of timber 

available and hence the cutting schedule was prepared bearing in mind that 

after cutting the timber for flanges, enough material should be available 

for small clear specimens and joint specimens. To achieve this, each 

joist was considered as a separate unit and that it represents the 

material for one model and that the flanges size was chosen to be 

14 x 14 x 95i inches. It should be noted that the length chosen for the 

flanges was based on the fact that the timber at the ends of one joist 

was damaged such that only 952 inch of its length was useful. 



Model 4 Model 3 Model 2 

MOdel 1 

All dimensions are in inches 

Fig. 3.1. Specimen cutting : timber for flanges and small 
clear specimens 

951 

21 22 31 32 41 42 

J21 J22 J31 J32 J41 J42 

L _ _ 

23 24 33 34 43 44 

11 

. 

12 

J11 	J12 

L. 	1_  

14 

13 14 14 

q- 

4 
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NUMBER OF SPECIMENS 

MODEL 	NI°. 1 2 3 4 

Test S11 512 Total S21 522 otal S31 532 Total S41 S42 Total 
Gross 
Total 

Compression 
parallel 	to 

grain 

,  

3 3 6 3 3 6 3 3 6 3 3 6 24 _ 
8" 	.1 	1.--:.1 

Compn. _L. to 
grain and shear 

i grain 
6 6 12 6 6 12 - - - - - - 24 2„IP 

- 	. 

Tension 
/ 

to 
grain 

3mm 
1, 	

.. 3 3 6 3 3 6 3 3 6 3 3 6 24 FT 	/f 
1-47cm 	7c rn,..... 

li 
6mm  

80cm 

* Joint - - - - - - 3 3 6 3 3 6 12 

ii___  r 
13” 4-  

J11 J12 J21 J22 J31 J32 J41 J42 

Static 

Bending 
ii 2 1 1 2 1 2 1 2 8 ;-- 

_ ___   — 
1 i 1 -1-4- 	40"  

1" 4 

Static bending 
to determine 
modulus of 
rigidity 	G 

3 3 3 3 12 
--- ---------:-1 

I. 	20" 	.1 	 I 
iit 

* All dimensions are according to B.S. 373 (1957) except for: 

(a) joint test where dimensions are based on beam models (3) and (4) 
joint dimensions 

(b) static bending test to determine G where dimensions are based on 
ratio equal to that of the beam models, and on flange cross 

section since specimens were obtained from flange material after 
models were tested 

Table 3.1(a).Cutting schedule for small clear specimens of timber 
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Fig.3.1 and table 3.1(a) illustrate the cutting schedule for the 

four joists to obtain the desired flange sizes and representative number 

of small clear specimens for that joist; e.g. flanges for model 1 are 

designated 11, 12, 13 & 14, bending specimens are designated J11 & J12 

and small clear specimens are obtained from specimens designated 811 & S12. 

It should be noted that specimens for static bending tests are obtained 

from central region of joist span, as maximum bending moment will occur 

in that region. 

All specimens to determine the physical properties of timber, i.e. 

density and moisture content were obtained from the small clear specimens 

after they had been tested. 

It should be noted that no growth ring matching for small clear 

specimens was specified as this would have resulted in some material being 

wasted. 

9.2 Plywood for web  

The plywood used for the webs in the models and specimens to establish 

its mechanical and physical properties was Finnish birch plywood found 

stored in the stores of the Civil Engineering Department of Imperial 

College. The plywood was available in 4 x 8 feet sheets having inch 

thickness made of five plies. Two inch sheets were joined using Cascamite 

glue to make i inch thick plywood, and also, so formed,i inch sheets may 

be joined to make 1 inch thick sheets. It should be noted that the models 

webs were chosen to be of either - inch or 1 inch thick and 8 x 954 inches 

for depth and length respectively. 
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Specimen Oi mensions 

h12·0 

80m{s tt'12mm 
~ ., 
50mm 

f( \ 

3 Omm 

I \ 11n:2~f \ \ ( 1 \ \ \ 

t! 1 ~ 
6.n 

"' It in [ I [ , I=E "'~in 
All dimensions are according to 8.S. 4512 (1969) 

6 

6 

6 

6 

6 

Similar schedule was also prepared for 1 inch thick plywood for all the t~sts except for the 
panel shear test 

Table 3·Hb)·Cutting 'schedule for plywood specimens 
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Three 2  x 8 x 95i inches and one 1 x 8 x 952 inches sheets were cut 

for the models webs. Table 3.1(b) shows the cutting schedule for the 

specimens to determine mechanical properties of the plywood and load slip 

curves for timber to plywood joints. All the specimens to determine the 

physical properties of plywood were obtained from the small clear specimens 

after they had been tested. 

The glue used was Cascamite "one shot"synthetic resin glue which was 

prepared and applied according to the manufacturers' instructions, The 

Borden Chemical Company (UK) Ltd. technical information No.32e. 

Chapter 10 Small clear specimens and joints tests 

10.1 	Timber for flanges  

The following tests were performed on small clear specimens, obtained 

for each beam model as indicated in section 9.1 to determine the 

mechanical properties of each beam model corresponding to these tests. 

(1) Compression parallel to grain test 

(2) Tension parallel to grain test 

(3) Static bending tests to determine moduli of elasticity (E) 

and rigidity (G). 

Also the following tests were performed on small clear specimens 

obtained from beam models (1) and (2) only to determine ultimate strength 

for compression perpendicular to grain and also ultimate strength for shear 

parallel to grain for the timber used for the flanges of those models. 

It is worth mentioning here that these tests were not carried out for beam 
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models (3) and (4) as the material available was not enough to make small 

clear specimens for those tests and specimens for joints tests, as these 

models are the models representing the semi-rigid cases. 

(1) Compression perpendicular to grain test 

(2) Shear parallel to grain test. 

Tests to determine the moisture content and specific gravity were 

performed on specimens obtained from small clear specimens at the end 

of each of the previous tests. 

All previous tests were carried out according to B.S.373 (1957). 

Extensometers were used for compression parallel to grain, tension parallel 

to grain and static bending tests to determine moduli of elasticity and 

also to find load-displacement curves of these properties. Fig.3.2 and 

fig.3.3 show the types of extensometers and the way they were attached 

to the tension and bending specimens. All extensometers were calibrated 

against a standard i dial gauge in the same way for each test carried 

out and then magnification factors were found in compression, tension 

and bending. 

Static bending test was also carried out to determine the modulus 

of rigidity of the timber of the models. A procedure similar to that 

described in B.S.373 (1957) for four point loading bending test was followed. 

Instead of using extensometers, three dial gauges were used at mid span 

and under the loads. Deflection relative to loading positions, i.e. in 

constant bending moment region, were found and pure bending stiffness 

was calculated from the following equation: 
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Fig.3.2 Tension parallel to grain test arrangement 



Fig. 3.3 Static bending teat arrangement 
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m3.2 
8w' 

where M 	pure bending moment 

1 = length of pure bending section 

mr = relative deflection at mid span 

The pure bending deflection at mid span was calculated using pure 

bending stiffness for a load less or equal to the proportional limit 

load. Shear deflection was then calculated by subtracting the pure bending 

deflection at mid span from the total deflection at mid span for that 

load. The modulus of rigidity was then calculated from the following 

equation: 

G = 0.4 PL 	(for four point loading at — span) 
Aw
s 	

3 

where 	P = load (lbs) 

L = span (20 inch) 

A = cross sectional area (14 x 14 inch) 

= shear deflection found as shown before. 

The mean values and coefficient of variations of all the mechanical 

and physical properties corresponding to the tests mentioned in this 

section are summarised in table 3.2 for each model. Also figs.3.4 and 3.5 

show mean experimental and idealized a - c curves in compression and 

tension parallel to grain for models 1, 2, 3 and 4. 



Compn.egrain 	1 Tension/grain Static 	Bending Compn.lgrain Shear/grain 1 	Static 
ISending 

Mean 
Values 

106 
E 

lb/in2  
Cpl. 

lb/in2  
Cru 

lb/in2  
Eu 

10-3  
Density 
lb/cult, 

m.c. 
*/. 

E 
lb/in2  

(Tu  
lb/in2  

ELI 
0-.5  

Density 
lb/cul 

m.c. 
°/. 

106 
E ... 

lb/m2  
Cu 

lb/in 
Density 
lb/cliff 

m.c. 
0/. 

Cru...  
lb/in.d1b/cu.ft 

Density m.c. 
°I. lb/in 4  

to  _IDensit 
lb/cu. 

m.c. 
•/. 

„ 105 
G 

lb/in2  

Cv 

4780 

Cv 

5800 

Cv 
1 

Cv Cv Cv Cv Cv Cv C Cv  C v  C Cv Cv Cv C Cv Cv Cv Cv Coefficient 
of 	Variation 

Cv 

15340 9.1 30.0 13.2 1.35 13300 30.0 13.2 I  600 30.1 13.2 1570 29.7 134 1.09 

- - 

30.1 13.3 

r= - - 

MODEL 

1 

1.80 3.6 1.70 

-024 •018 	.026 -093 .03 -056 -135 •152 -134 -051 -042 .015 -12 -020 -066 -0281-043 .037 -048 -043 -012 .08 

0.95 
'MODEL 

2 

1.29 3630 4970 4.4 25.0 13.7 0.96 12500 13.0 23.9 13.7 0.83 12510 24.0 13.5 560 23.4 13-4 1580 24.3 
1 

13.5 

-034 .078 	.036 11 -053 .012 .029 -04 -028 •010 .02 -027 -068 .014 -0015 -019 -040 -013 .057 .012 -015 .11 

MODEL 

3 

1.73 4240 5300 3.7 25.6 13.4 1.70 12700 7.4 25.0 13.0 1.30 11960 25.3 13.2 - 144 

v057 .021 	-036 -048 .061 -021 -062 -091 -13 -018 .017 -047 -021 -018 -011 _ - - -05 

MODEL 11-70 4450 5240 3.7 26.4 13-3 1.53 14050 9.2 25.4 12.8 1-3712460 25.9 13.1 - - - 1.06 

,054 -023 -099 -082 -054 -037 -025 .022 -033 .025 .0019 - .13 
4 

_11 

-025 -038 	-019 .02 

Table 3.2. Summary of results of tests on clear specimen of timber of models 1,2, 3 & 4 
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Fig. 3.4. Mean and idealized compressive Cr- E relationships for models 1, 2, 3 and 4 



Model (1) 

16000r 

14000i-

12000r 

10000/— 

80001- 

6000— 

4000 

CV 

Model (4) 

2 4 6 8 10 0 2 4 6 8 10 12 14 
1  

2 4 6 8 10 0 2 4 6 8 10 

Model (2) Model (3) 

Mean experimental curves 
---  Idealized curves 

Fig. 3.5. Moan and idealized tensile 0-- E relationships for models 1, 2, 3 and 4 
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Low results of moduli of elasticity in tension and compression and 

also slight non-linearity of c  - c curve in tension parallel to grain 

(fig.3.5) for model (2) are attributed to the presence of compression wood 

in model (2). It should be noted that all the models were Canadian Sitka 

Spruce and had more or less equal densities. It was found that specimens 

from timber of model (2) were free from biological detroiration and presence 

of compression wood was sighted from slides under the microscope. It 

was also thought that timber of model (2) was probably naturally of low 

density whose actual density had been increased by the presence of 

compression wood. 

10.2 Plywood for web  

The following tests were performed on clear specimens of plywood, 

obtained for both 2  inch and 1 inch thick plywood as indicated in section 

9.2, to determine the mechanical properties of it  inch and 1 inch thick 

plywood corresponding to these tests. 

(1) Compression perpendicular to face grain 

(2) Tension perpendicular to face grain 

(3) Static bending test with face grain perpendicular to span 

Also panel shear test was performed on specimens of plywood obtained 

for 2  inch thick plywood only. Panel shear tests were not performed for 

1 inch thick plywood as the apparatus available is only suitable for i inch 

or less thick plywood and also because B.S.4512 (1969) does not recommend 

specimens dimensions for plywood thicker than - inch. 

Tests to determine the moisture content and specific gravity were 

performed on specimens obtained from plywood specimens at the end of each 

of the previous tests. 
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All tests were performed according to B.S.4512(1969). Extensometers 

similar to those used for timber tension and bending specimens given in 

figs.3.2 and 3.3 were used to determine load displacement curves in the 

tension perpendicular to face grain and bending tests for plywood. 

In the compression test, it was impossible to fit an extensometer 

of the types available in the laboratory on the compression specimen because 

it was wide and short. Instead of an extensometer oa 2 inch demountable 

mechanical gauge (DEMEC) was fixed on one side of the specimen and an 

electric resistance gauge of type PL10 bonded with P2 glue was fixed on 

the same side of the compression specimen, both mounted in a direction 

parallel to that in which the load was applied, ie perpendicular to 

face grain. While with DEMEC gauge displacement results were recorded 

at chosen load increments, strain results were recorded from the PL10 

electric gauge at the same increments. 

In the panel shear test a 450PR10 rosette bonded with P2 glue was 

fixed on each side of the panel shear specimen. The gauges were placed 

on the specimens such that the mutually perpendicular gauge lines lie 

along the diagonals of the square panels. Loads and strains were recorded 

at chosen load increments up to failure. DEMEC gauges were used to 

measure displacements over 2 inch gauge length along the diagonals. 

The DEMEC gauges results were converted into strain and were used to 

find correction factors to rosette gauge factors. Also from panel shear 

results panel shear stresses (Txz)  may be calculated at any load P as 

described in B.S. 4512(1969) and panel shear modulus may be calculated from 

equation 3.1. 



90 

45 

0 
Fig. 3.6. Strains in a 45° rosette 
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xz 
	TXZ 	 - 3.1 

XZ 

where 
xz = El  •-• e2  

and E
1 

& E2 
are principal strains in any mutually perpendicular 

directions x  and I and may be calculated for a 45°  rosette as 

given by equation 3.2. 

N2 	,, 
, 	E2  = 	Eo  + £90 	E

o 	
£
90

) + k.G 	- E
o 	)] 

90 	- 3.2 

are strain results obtained from rosette readings as shown 
Eo' (45 & £90 

by fig.3.6 

Average results for all the mechanical properties calculated from the 

tests described in this section and also coefficients of variation of these 

properties are summarised in table 3.3 and fig.3.7. 



- 128 - 

It was found that the results for the mechenical properties of z  inch 

and 1 inch plywood when tested in tension perpendicular to face grain, 

compression perpendicular to face grain and bending do not vary considerably 

and that higher variations in the results of i inch or 1 inch plywood when 

considered separately were encountered. For this reason results for i inch 

and 1 inch thick plywood were considered together and mean values and 

coefficients of variation were accordingly found. 

Table 3.4 gives average correction factors that should be applied to 

gauge factors of PL10 and PR10 electrical resistance strain gauges as 

determined by comparing strain results from these gauges with those 

obtained from DEMEC gauges. It is worth mentioning that the accuracy 
-5 

obtained from DEMEC gauges is up to 10 inches while that of electrical 
-6 

resistance gauges is up to 10 . DEMEC gauges were only used because 

extensometers to fit the specimens dimensions under investigation were not 

available in the laboratory at the time of test. 



Compn _L face:.  grain Tension J_. face grain 
Static 
Bending 

Panel 
Shear Density 

Moisture 
Content 

E cf
p1 

(1
u 

C
u 

E n.u cu 
E cfu 

G T
u 

 m. c. 

lb/in2  
6 

x10 

lb/in2  lb/in2  x103  lb /in2  
6 

x10 

lb /in2  x153  lb /in2  
6 

x10 

lb/in2  lb/in2  

x10 5 
lb/in2  lb/ft3  % 

Mean 1.05 2480 4640 12.2 1.05 7600 7.25 .891 8690 1.16 2150 46.5 11.0 

Coefficient 
of variation .058 .054 .010 .067 .048 .146 .132 .066 .104 .112 .049 .024 .012 

Table 3.3 Mean mechanical and physical properties for i inch and 
1 inch thick plywood 
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Gauge Correction Factor Original Gauge 
Factor 

Corrected Gauge 
Factor 

PL 10 0.883 2.08 1.837 

PR 10 0.895 2.11 1.889 

Table 3.4 Mean corrected gauge factor for electrical 
resistance gauges on plywood 
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10.3 Timber to plywood nailed joints  

Timber to plywood nailed joints were constructed to simulate joints 

for beam models (3) and (4). 	The dimensions of timber and plywood are 

given in tables 3.1(a &t) . It is noted that the timber cross-sections 

and plywood thicknesses are the same as those used in the beam models. 

Wire nails similar to those used in the beam models were used for the 

joints. The following nails were used 

(a) Two SWG 8 wire nails which are of 0.16 inch diameter and of 32 inch 

length for each joint representing beam model (4). 

(b) Two SWG7 wire nails which are of 0.176 inch diameter and of 4 inch 

length for each joint representing beam model (3). 

The joints were fabricated in a similar way to that used in fabrication 

of beam models joints. 0.125 inch diameter holes were pre-drilled at 

the same nail spacing adopted for the beam models joints, i.e. at 2 inch 

spacing. The object of these pre-drilled holes are: 

(a) to ensure that the nails were driven at right angles to both the 

timber and plywood. 

(b) to comply with minimum edge and end distances and also minimum nail 

spacing as specified by CP112 (1967). 

As shown in figs. 3.8 and 3.9, each nail was driven from one side of 

the joint through the timber and plywood components, i.e. each nail was 

acting in double shear. 
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Fig. 3.8 Joint test arrangement 
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Fig. 3-9. Q - b relationship for joint corresponding 
to model (4) 
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A 1 inch dial gauge was fixed on each face of the joint as shown 

in fig.3.8. The object of the dial gauges was to measure the relative 

slip between the plywood and timber as the load was applied. 

The joints were tested in compression in a 10 ton Amster machine. 

Load was applied at predetermined load increments and corresponding slips 

were recorded from both dial gauges. It was not possible to maintain a 

a constant rate of loading as the machine was slowed or kept at the same 

load until both dial gauges readings were taken. At high loads it was 

not possible to read both dial gauges because the slip tended to increase 

rapidly. For this reason only one dial gauge was read at high loads. 

Load was applied until the joint had failed. 

The results from both dial gauges were averaged for each load increment. 

The variation was found to be negligible. Average results from joint 

specimens representing joints of beam models (3) and (4) were compiled 

and analysed separately. Load per nail in double shear and corresponding 

slip results from joint tests were analysed statistically to fit two 

equations: 

(i) Mack's equation given by equation 2.20, such that the species 

factor ksfis  determined for each joint model. 

(ii) Exponential equation of the form given by equation 3.3 such that 
the constants k

1 
and k

2 
are determined for each joint model. 

-k 6  
Q = k1 

(1 - e
2 
) - 3.3 
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A simple computer program was written to find the mean value for 

the species factor based on Mack's equation, noting that the nail 

diameter factor k
0 
 may be calculated from equation 2.20(a), for both 

joint models from test results of these joint models. Also the same 

program statistically fitted the results from both joint models based 

on linear regression and least square fitting,refer to Hald (1952)/  of 

logeQ and loge s so as to determine ki  and k2. The results of these 

are summarised in table 3.5 and fig.3.9. All analysis was based up to 

0.1 inch slip only. Also moisture content and density were obtained at 

the end of each test. 

Joint model 

MACK Fit Exponential 
Fit 

Ultimate 
results 

Density 

lb/ft3  
m, c. 
of 

timber 
2 

k
sf 

(Mean) 

cv 
in 

'sf 

i.- 
My 
in 

Q% 

k
1 

k
2 

M 
 

in 
4)% 

Q u 
lb 

8 u 
in. 

Model (3) 360 .035 8.2 740 29.9 65 1100 .85 25.2 13.15 

Model (4) 345 .028 7.4 701 30.1 70 1057 .80 26.1 13.0 

Table 3.5 Joint results 

M 	Maximum variation between predicted and actual loads 



- 137 - 

Fig.3.9 shows results for joint model (4) only. Results for joint 

model (3) were not plotted as these results were found to be similar 

to those given by joint model (4) shown in fig.3.9. It is also noticed 

that there is no significant difference in the ultimate load and 

corresponding slips between joints models (3) and (4).1Vhile the results 

of the test agree well with Mack's fit, their agreement with the exponential 

fit is poor at low and medium loads, refer to fig.3.9 and table 3.5. 

Straight lines OA, OB & OC in fig.3.9, give straight line approximations 

for Q - 5 relationship, for low loads, medium and high loads respectively. 

The connector moduli, i.e. k = 0 of these lines are summarised in 

table 3.6. 

Load Level Straight line 

Connector Modulus 
k 

lb/in 

Low OA 70000 

Medium OB 13330 

High OC 7000 

Fig. 3.6 	Connector moduli for joint models 
(3) and (4) 
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Chapter 11 	Tests on timber flanges prior to beam models fabrication. 

11.1 	Scope and objectives  

The object of this test is to find the moduli of elasticity for 

timber in compression and tension in the actual sizes used in the beam 

models and to compare these results with those found in section 10.1 

from small clear specimens. Specimens were obtained as shown in section 

9.1. The specimens were tested in either tension or compression according 

to its position in the.models as shown in table 3.7. 

Test 

Specimens 

Model 
(1) 

Model 
(2) 

Model 
(3) 

Model 
(4) 

Tension 13,14 23,24 33,34 43,44 

Compression 11,12 21,22 31,32 41,42 

Table 3.7 Specimens for tests on timber flanges prior to beam 
models fabrication 

Also from the same tests correction factors were found for the 

electrical resistance strain gauges when timber is tested in tension or 

compression. 
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11.2 Preparation of flanges  

For the preparation of the specimens to carry tension or compression 

tests the following procedure was followed: 

(a) All ends of the specimens were squared. Special attention was made 

to compression specimens where the load was applied, as the condition 

of the end surface was found to be of vital importance to the strain 

results across the depth of the compression specimens. 

(b) Three electrical resistance strain gauges of type PL10 were glued 

with P2 glue across the depth of one vertical face of each specimen 

at the vertical centre line of each specimen, refer to figs.3.10 & 3.12. 

(c) Two DEMEC points were fixed two inches apart along the line of the 

central PL10 gauge such that each point is one inch to one side of 

the vertical centre line. 

In addition to the above the following procedure was followed in the 

preparation of the tension specimens: 

(a) Four 14 x i4 x 3 inches timber blocks were carefully cut in length, 

1 i to the nearest 32 — inch and squared at the ends for each tension 

specimen. 

(b) Each block was carefully glued to each of the vertical faces at the 

ends of each specimen, refer to:figs.3.10 and 3.11. The glue used 

was Cascamite "one shot" synthetic resin glue and was prepared and 

applied as shown in section 9.2. It should be noted that the alignment 

of the ends of the glued blcoks with the ends of the specimen and 

the squareness of their ends is of vital importance as this might 

influence the readings of each of the three strain gauges at the 

vertical centre line of each specimen. 	It should also be 



Fig.3.10 Arrangement of equipment and specimens for 
tests on timber flanges prior to models 
fabrication 



1 

Fig. 3.11 Loading device for tests on timber flanges 
prior to models fabrication 
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Fig. 3.12 Gauges and lateral restraint support for tension 
and compression tests on timber flanges prior 
to model fabrication 
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noted that the specimens were only tested up to a maximum load equal 

1 
to about -3.th of their ultimate load (1000 lbs), so that failure of 

glue line was avoided. 

11.3 Description of test equipment 

The same assembly of test equipment was used to test specimens in 

tension or compression. Fig.3.10 shows the equipment used in the tests 

and the description of which is given as follows: 

11.3.1 	End fixings  

Two boxes were constructed by welding two 4  inch plates at right angles 

to two -38-ih plates 	the 	and inch plate at the bottom. The 
 -nc 	es a 	e sides 	 5 

8 

top side was left open. Also on the front end plate 114 inch square 

opening was left, refer to figs. 3.10, 3.11 and 3.13. The object of 

these boxes is to hold the tension specimen from one end and to apply the 

load from the other end as follows: 

(i) At the centre of the bottom of one box two holes were drilled 	and 

i inches diameters) so that a i inch Allen headed bolt may be used 

to hold the box on the test frame such that this end was held firmly 

to the frame and was capable of rocking on a horizontal plane, refer 

to fig.3.13. The object of this rocking action is that, if there 

is a discrepancy in the lengths of the loading blocks then the whole 

assembly is capable of aligning itself such that the load is applied 

perpendicular to the loading blocks. 

(ii) At the centre of the back side of the second box a 1 inch diameter 

hole was drilled such that the loading device may be screwed into it, 

refer to fig.3.11. 
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Fig. 3.13. Details of the holding box for ten3ion and 
compression tests for timber flanges 
prior to models fabrication 

f in hole for Allen headed bolt 
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11.3.2 Lateral restraints during compression tests  

1 i inch rollers were clamped as shown in fig.3.12 on top of  inch 

plates at three equi-distant positions along the length of the specimen. 

Also i inch rollers were sandwiched between two 2  and i inches plates and 

allowed to stand vertically at the sides of the specimens adjacent to the 

positions of the top rollers. In this case the outer i inch plates were 

L shaped and clamped on the test frame. All plates and rollers were 

greased on the interfaces. The object of the whole arrangement is to 

prevent the specimen from buckling and to allow free movement of the 

specimen when it was loaded in compression. 

11.3.3 Loading equipment  

The loading device was a proving ring with a long screw and nuts 

as shown in fig.3.11. The proving ring and dial gauge were calibrated 

in a 10 ton Amster machine in tension and compression up to a maximum 

load of 2000 lbs. Tension and compression may be applied using this 

arrangement, i.e. by turning the screw in a clockwise direction the 

specimen was loaded in tension and anti-clockwise direction produced 

compression. It should be noted that a inch plate was provided on the 

back of both the holding and loading boxes to transfer compressive forces 

to specimens from them, refer to fig.3.13. 

11.3.4 Measuring equipment  

The strains from PL10 gauges were recorded automatically using a 

Peckel electronic logger, where the results can be recorded and printed 

as fast as one gauge per second and a print of that recording may be obtained 
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instantly. Gauge drift was not recorded at this stage because the experiment 

took a short period of time. A 2 inch DEMEC gauge was used to obtain 

displacement results corresponding to central PL10 gauge strain results. 

11.4 Loading Procedures:  

The following loading procedure was followed for both tension and 

compression tests 

(a) Load was first applied from zero up to 500 lbs in 100 lbs increments 

and released several times. Each time the load was applied strain 

was recorded from all gauges until the difference between two 

consecutive strain readings of each gauge at any load increment was 

about 5%. Each time the load was applied the gauge was allowed to 

settle for 2 minutes, then strains were recorded and the load was 

released to zero. Also gauges were allowed to settle for 2 minutes 

at zero load. The object of such procedure is that repetition of 

loading allows the removal of slackness from the apparatus and also 

removes the effect of loose fibres at the ends where the load was 

applied. 

(b) Having established the starting condition from step (a), then initial 

strains from PL10 and displacements were recorded at zero load or 

any other load as determined by step (a), then the load was taken 

up to 1000 lbs in five increments and corresponding strains and 

displacements were recorded. Each time a strain measurement was 

made the gauges were allowed to settle for 2 minutes before taking 

the results. 
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(c) Having reached 1000 lbs, then the load was released in the same 

increments and strains and displacements were recorded likewise until 

the initial starting load was reached. 

(d) Strain results obtained from steps (b) and (c) were compared and 

if they differed by more than 5% for any load increment for any of 

the three gauges, then the procedure given by step (b) and (c) was 

repeated until the desired accuracy was achieved. 

11.5 Test results  

The strain and displacement test results obtained for the specimens 

given in table 3.7 were analysed and mean values of moduli of elasticity 

for each model were obtained in both tension and compression. Also mean 

correction factors for PL10 gauges were obtained by comparing strain 

results from these gauges with those obtained from DEMEC gauges for timber 

in tension and compression. Both results are summarised in table 3.8. 

The following conclusions are also made 

(a) The test was found to be sensitive to the squareness of the timber 

at the ends where the load was applied. This was reflected by 

strain variations in the readings of the three gauges at any load 

level. Up to 15% variations were encountered in preliminary tests. 

This variation was reduced to as low as 5% by squaring the specimens 

properly. 
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Models 

Mean moduli of elasticity 

lb/in2 	106  

Compression // Grain Tension i Grain 

Actual 
Size 
Test 

Small 
Clear 
Specimen 
test 

Variation 

(a)
of  
on (b) 

Actual 
Size 
Test 

Small 
Clear 
Specimen 

test 

Variation 

(d)
of  
on (e) 

(a) (b) (c) (d) (e) (f) 

Model (1) 1.75 1.80 - 2.8 1.61 1.70 - 5.3 

Model (2) 1.17 1.29 - 9.0 0.81 0.96 - 16.0 

Model (3) 1.68 1.73 - 2.9 1.58 1.70 - 7.0 

Model (4) 1.65 1.70 - 3.0 1.43 1.53 - 6.5 

Table 3.8 Results from actual size tests 

Gauge 
! 

Correction factor Original gauge factor Corrected gauge facto/ 

PL10 0.92 2.08 1.91 

Table 3.9 Mean corrected gauge factors for PL 10 gauges 
on solid timber 
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(b) The rig was proved to be satisfactory for tension and compression 

tests at low loads. Obviously at high loads the problem of buckling 

in compression is more pronounced and a different arrangement is 

essential. Also a different method for applying the load is required 

if specimens are to be tested at high load levels. 

(c) While the results obtained for moduli of elasticity in tension parallel 

to grain are considerably lower than those found from small clear 

specimens, refer to table 3.8, the moduli of elasticity in compression 

parallel to grain compare reasonably with those obtained from small 

clear specimens. Higher variations are noticed in values of moduli 

of elasticity in both tension and compression results of model(2). 

Reasons given earlier in section 10.1 for low values and variations 

in results of model (2) also apply here. It should be noted that the 

results given in table 3.8 were based on a short part of the stress-

strain curve since the maximum stress achieved in this test was 

about 300 lb/in2  compared with a value of the order of 150001b/in2  

obtained from small clear specimens tests in tension parallel to 

grain. 

Chapter 12 Tests on plywood web I-beams 

12.1 	Scope and objectives  

The beam models described in table 3.10 were tested to verify the 

theoretical work derived in part II of this thesis to investigate the 

behaviour of rigid and semi-rigid plywood web I-beams. As shown in table 

3.10 the tests were divided into three series. 
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Series I: A pilot test on one beam model to investigate: 

(a) positions and adequacy of lateral restraint supports provided along 

the length of the beam model such that the effect of lateral instability 

on strain measurements was minimised. 

(b) performance of electrical resistance strain gauges of type PL10 

glued with P2 adhesive on timber and plywood of the pilot model when 

tested in bending compared with DEMEC gauges results and also with 

the results obtained from direct tension and compression tests on 

plywood and timber given in tables 3.4 and 3.9. 

(c) loading procedure and loading increments. 

Series II: Two beam models were tested in bending up to failure to 

investigate the behaviour of rigid plywood web I-beams. 

Series III: Two beam models were tested in bending up to failure to 

investigate the behaviour of semi-rigid plywood web I-beams. 

12.2 Fabrication of beams  

The layout of the models of table 3.10 and locations of strain gauges, 

dial gauges, etc. is given by figs. 3.14:(a) and (b).. 

12.2.1 Glued beams: series I and II  

The models for these series of tests were prepared as follows: 

(1) Surfaces of flanges to be glued were planed before applying the glue. 

(2) Surfaces of plywood to be glued were sanded before applying the glue. 



Table 3.10 Details of the Beam Models 

Test Series 
. 

Beam model 
no. 

' 	—Details of beam models 

Flange Web Joint Stiffeners  

End Intermediate 

Series I Pilot 

Unidentified 
species 
4 planks 
14x14x96 ins 

tin Finnish 
birch ply- 
wood 
face grain i 
span 
8 x 96 in 

Glued with 
casein 
glue 

14x3ix44 in 
of flange 
material 

14x14x11 
of flange 
material 

	 in 

• 

Series II 

Model (1) 

• 

*Specimens 
11,12,13&14 

tin Finnish 
birch ply- 
wood 
face grainA. 

to span 

Glued with 
Cascamite 
glue 

tt 	' 

. 

II 

Model (2) 
' 
*Specimens 
21,22,23&24 

tin Finnish 
birch ply- 
wood 
face grains  

to span 

Glued with 
Cascamite 
glue 

it 11 

Series III 

Model (3) 

' 

*Specimens 
31,32,33&34 

tin Finnish 
birch ply- 
wood 
face grain 

to span 

Predrilled 
SWG7 wire 
nails 4 in 
length at 
tin spacing 

it 
. 

-II 

. 

Model (4) 

. 

*Specimens 
41,41,43&44 

-in Finnish 
birch ply- 
wood 
face grain.l. 

_ 	to span 

Predrilled 
SWG8 wire 
nails3in 
length at 
2in spacing  

II 
. 
11 

* specimens were cut as shown in section 9.1 
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= 
//// /T7—  

30. 5 in 

2 in 

r 	-I 
a 

To Hydraulic 
Jack 

91• 5 in 

1 
= Loading beam : —3 inch box - section stiffened at the centre by welding flinch steel plate 16 

b = Loading strips : 	—1x 1 inch Steel plates 4 
c = End stiffeners 

d = Intermediate stiffeners 

e = Support and loading rollers : 1 inch diameter rollers and 
1 
 inch thick plates 

Fig. 3.14 (b) Loading and support arrangement for beam models 1, 2)  3 and 4 
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(3) Glue was mixed and prepared according to the manufacturers' 

instructions, refer to section 9.2. 

(4) A thin layer of glue was then spread on the planed face of the timber 

using a brush and timber was then placed in position on each side of 

the sanded plywood web faces. A z  x 8 x 95i inch plywood sheet 

was then placed on each side of the beam. Then the timber flanges 

were clamped to the plywood webithrough the plywood sheets on each side of 

the beam,at 6 inch distances using G-cramps. The object of the plywood 

sheets on the flanges is to distribute the spot pressures from the 

clamps on the glued timber to plywood interface. The glued joint 

was then allowed to cure as described by the manufacturers' 

instruction for 7 hours at a room temperature of 15°C with the 

clamps on. 

(5) After the glue had cured, the clamps and the plywood sheets on the 

side of the beam were removed and stiffeners were glued in position. 

12.2.2 Nailed beams: series III 

The models for this series of tests were prepared as follows 

(1) Holes were drilled on all timber flanges and plywood webs at 2 inch 

distances such that CP112 (1967) specifications were satisfied. Holes 

1 i were drilled using 7  inch drill. 

(2) Flanges were placed in position on each side of the plywood web 

and nails were hammered alternately through the drilled holes of 

both flanges, from one side, then turned over to the other side 

and nails were driven through the remainder alternate holes of both 

flanges. 

(3) Stiffeners were then placed in position and nailed. 
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12.3 Description of test equipment  

The assembly of test equipment used in beam tests of table 3.10 is 

shown in figs. 3.14, 3.15 and 3.16. A description of this equipment is 

given as follows: 

12.3.1 End supports  

The models were treated as simply supported beams. This condition 

was provided by a single steel roller of 1 inch diameter at both ends of 

the beams. A Li. inch thick steel plate between the roller and the beam 

prevented the roller from being pressed into the lower face of the beam 

and assured that movement along the beam axis could take place. At high 

load levels the roller may tend to slip past the plate and shoot. This 

was prevented by clamping a steel plate at the end of the frame where the 

roller was supported. It should be noted that this steel plate did not 

touch the roller or the steel plate on which the beam was supported on 

the roller and hence allowed for horizontal movement at all load levels 

except when the roller had slipped. It should be noted that the roller 

in the pilot test and all other tests did not slip at high loads. 

12.3.2 Lateral restraint  

Some recommendations were made by Council of the Forest Industries 

of British Columbia (1958) to stabilise plywood web I and box beams laterally 

at design loads based on the ratio I
YY/

I
zz. 	On the other hand no 

recommendation had been made for lateral stability of plywood web I-beams 

at loads higher and up to ultimate loads. In this thesis the arrangement 

shown in figs.3.14(c)- 3.16 for lateral stability supports was used. This 

arrangement essentially comprises of i inch roller sandwiched between two 

 inch nch plates. The plates and roller are then supported vertically against 



Fig. 3.14(c):General view for beam model (4) test arrangement 



Fig. 3.15 Top view for beam model (4) test showing 
dial gauges to measure slip, lateral 
restraints supports and loading rollers 
and plates 



Fig. 3.16 	A detailed front view for beam model (4) test arrangement showing 
strain gauges, rosettes, loading arrangement, dial gauges to 
measure slip and deflection and lateral restraints supports 
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the beam and a 2 inch plywood bracket which is clamped to the test frame. 

These supports are provided at four equidistant positions along the 

beam on both sides. All rollers should be greased. At the end supports 

the beam is slotted between two plywood wedges which are supported on 

the test frame. The object of these arrangements along the beam is to 

provide lateral stability to the beam and also to allow for horizontal 

and vertical movements of the beam. The pilot test proved the adequacy 

of this arrangement since strain measurements from similar strain gauges 

on front and back sides of the beam agreed within 5% difference, and 

movement along the beam was observed. 

12.3.3 Loading equipment  

Load was applied by a hydraulic jack and measurements were obtained 

from a pressure gauge. The hydraulic jack was calibrated for the pressure 

gauge in a 10 ton Buckton machine. The load was applied to the beam 

1 through a roller and plate arrangement at two points 3 — rd of span from 

each end, as shown in figs. 3.14(b) - 3.16. 

12.3.4 Strain measuring equipment  

For models of series II and III PL10 and PR10 electrical resistance 

gauges and rosettes were glued on positions shown in figs.3.14(a) and 

3.16 with P2 glue. For PL10 and PR10 gauges a Modulog 50 channel data 

logger and a Franklin digital strip printer were used to read and print 

strain measurements. The Modulog is capable of scanning up to 15 channels 

per second. The rate that was used in these test series was 10 channels 

per second. 
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Before the test was started each gauge was calibrated to 5000 

microstrains using a standardca1ibration box provided by the manufacturer. 

Also before the test, gauges drifts at no load condition were found by 

setting the automatic scan device to scan the gauges at 2 minute intervals 

for 3 hours, which is the approximate period to complete the test. All 

gauges in all the models were found to be stable over the 3 hours period 

to an accuracy of 2 microstrains in the no load condition. 

In the pilot model 2 inch DEMEC gauges were used to measure strains 

at the locations of PL10 gauges 2, 4, 7, 11 & 14. The correction factors 

for PL10 gauges obtained by comparing the results of the PL10 gauges with 

the results obtained from the DEMEC gauges for gauges 2, 4, 7, 11 and 14 

agreed with the correction factors obtained for plywood and timber in 

direct compression and tension, refer to tables 3.4 and 3.9. 

12.3.5 Deflection measuring equipment for beam and  

flange web joint  

(a) Beam 

Deflections at three points shown in figs. 3.14 - 3.16 were 

measured using 2 inch standard dial gauges of 103  inch accuracy. 

The gauges were mounted on the test frame using magnetic bases. 

1 i Rulers that measure up to — inch accuracy were also provided to 32 

measure deflections at high loads after the dial gauges were 

dismantled. 

(b) Flange web joint  

For models of series III standard 2  inch dial gauges were used 

to measure slip between plywood and timber at the three positions 

4 indicated in fig. 3.14(a). The accuracy of these gauges is 10 inches. 



- 161 - 

12.4 Loading procedure  

The following loading procedure adopted for testing beam models (1),(2), 

(3)& (4) was established when the pilot model of series I was tested. 

12.4.1 General  

(1) All measurements of flange size, positions of strain gauges, 

dial gauges, rosettes, etc. were checked before loading was 

started. 

(2) Gauges were allowed to settle for two minutes before strain 

recordings were made for loads equal to, or less than the 

calculated design loads. For higher loads strains were 

recorded instantly because strain tended to increase rapidly 

with small increases in load. 

(3) Final loading was carried in 13 increments, five equal increments 

from zero to the calculated design load and eight equal 

increments from calculated design load to predicted ultimate 

load. 

Ultimate load was predicted from theoretical solutions 

given in part II of this thesis, and the results of which are 

given in part IV of this thesis. It corresponds to the load 

when either the plywood or timber in compression or tension has 

started to fail. 

(4) Three increments prior to ultimate load, the dial gauges to 

measure deflection were removed and deflection measurements 

were taken by rulers. 
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(5) After the beam had failed moisture content specimens were 

obtained from timber and plywood. Also specimens to determine 

the modulus of rigidity of the timber were obtained from the 

flanges. 

12.4.2 Glued beams: series II  

(1) The beam was loaded up to 3 the calculated design load and 

released several times until any two consecutive readings 

of all strain gauges in the loaded position were within 5% 

variation. Obviously strain measurements were recorded each 

time the load was applied. The object of this procedure is 

to remove any slackness in the appratus. 

(2) Having removed any slackness in the apparatus, initial 

readings were taken for strain gauges, deflection dial gauges 

and rulers. Load was incremented in predetermined increments 

up to design load and released to zero load in the same 

increments. At each load increment strains and deflections 

readings were recorded. 

(3) Load was then applied in the predetermined increments up to 

failure. At each load increment strains and deflections 

readings were recorded. Also the type and position of failure 

were recorded. 
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12.4.3 Nailed beams: series III  

(1) To remove slackness from the apparatus, load was not repeated 

in the same manner as for series II because this repetition 

of loading might introduce some deformations in the nails which 

could be irrecoverable when the load was released and this 

might influence the Q - El relationship obtained by testing 

joints in direct compression without load repetition, refer 

to section 10.3. 

To remove slackness from the apparatus an initial load 

1 of 5  th of the calculated design load was applied and considered 

as the starting point. Initial readings were recorded for 

strain gauges, deflections and slip dial gauges at that load. 

(2) Step (3) in the previous loading procedure for series II was 

followed. Also relative slip dial gauges readings were recorded 

at each load increment up to failure. 

12.5 Analysis of test data  

(1) Results from similar gauges at the back and front, viz. gauges 3 and 

16, or gauges 1 and 2 on the top were averaged to remove any effect of 

lateral instability. Also percentage variations were obtained from 

the average result of each pair of gauges. 

(2) For average results of strain gauges on either timber or plywood 

in compression corresponding residual strains were calculated from 

average results of P 	diagrams for small clear specimens of timber 

in compression parallel to grain and plywood perpendicular to grain 

summarised in figs.3.4 and 3.7 using equations 1.3 and 1.2. 

Corresponding stresses were calculated from equation 1.1. 
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A small computer program was written to calculate residual strains 

for timber and plywood of small clear specimens, average results 

of strains across depth of beam models at mid section, corresponding 

residual strains of those average strains. which were based on 

interpolation from the small clear specimen residual strain results 

and also stresses corresponding to these average strains. 

(3) Principal strains were calculated from eqn.3.2 and corresponding 

web shear stresses were calculated from equation 3.1. Web shear 

modulus of rigidity G was found as shown in section 10.2 and given 

in table 3.3. Web shear stress calculation was based on idealised 

Txz 	Yxz relationship of fig.3.7. 

1 
(4) Deflection plots were obtained at mid span and — 3 rd span positions. 

(5) For test series III load slip plots were also obtained from slip 

dial gauges results at the positions shown in fig.3.14(a). 
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PART IV 

THEORETICAL AND EXPERIMENTAL 

RESULTS 
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Part IV 

Theoretical and Experimental 
Results 

Chapter 13 Scope and objectives 

In this chapter the following theoretical, experimental and comparative 

results are reported. 

(a) Theoretical results of shear stiffness factors derived in 

chapter 7 for a symmetrical simply supported plywood web 

I-beam loaded with uniformly distributed load are reported. 

The effects of a, P,C and m (a, p, c & m are as defined in 

chapter 7) on shear stiffness factor are investigated and 

reported. 

(b) Theoretical results as obtained from solutions described in 

part II for simply supported rigid and semi-rigid plywood web 

I-beams under uniformly distributed load and two point loading 

1 
at 

3 — rd span are reported. Theoretical results for stresses 

and strains across depths of beams, deflection, web shear stress, 

etc., are reported for beam models 1, 2, 3 and 4 at different 

points along their span under four point loading and also for 

beam models 1 and 3 under uniformly distributed load, 

(c) Experimental results obtained for models 1, 2, 3 and 4 under four 
1 

point loading at 
3 
— rd span as obtained from tests described in 

chapter 12 are reported and compared with theoretical results from 

similar models as obtained from solutions described in chapter 6. 
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Chapter1Li- Theoretical results for shear stiffness factor at mid-span 

of a symmetrical simply supported semi-rigid plywood web 

I-beam under uniformly distributed load 

14.1 	General  

A simple computer program was written to investigate the .effects 

of varying a, p, m and C on the shear stiffness factor given by equation 

(2.110). The parameters a, p, C and m are as defined in Chapter 7 and 

figs.4.1, 4.2, 4.3 and 4.4. 

It should be noted that the parameter C is defined by equation 2.47(b) 

and is dependent on: 

(i) beam geometrical properties a, p, L and A
f 

(ii) material properties m and Ef  

(iii) Connector properties s and k. By varying s or k, the parameter 

C may take any value between zero and infinity, 

e.g. The rigid case is defined by C = Opor as k tends to take 

an infinitely large value,or s is small 

Also the effect of slip, i.e. C on shear deflection was compared with 

total deflection as derived from bending deflection of a semi-rigid beam 

and shear deflection of a rigid beam. The loads that a particular beam 

of defined geometry, material properties and connector properties, may carry 

and limited by total deflection in the two cases when the effect of slip 

on shear deflection is considered, and ignored, are reported. 

14.2 	Effect  of varying a, 6, C and m on shear stiffness factors: 

Tables 4.1 and 4.2 and figs. 4.1, 4.2, 4.3 and 4.4 summarise some 

of the results that were computed for shear stiffness factors at mid span 



Values of shear stiffness factors 

13 o.5 0.2 0.05 

t...--  
1 0 
* 

0.50 .25 0.10 0.00 1.0 0.50 0.25 0.10 0.00 1.0 0.50 0.25 0.10 0.00 

0.500 .376 .48o .595 .717 .833 .253 .356 .490 .654 .833 .169 .259 .394 .506 .833 

0.480 .359 .45o .545 .64o .725 .232 .315 .412 .515 .607 .141 .196 .255 .287 .334 

0.450 .338 .413 .486 .554 .609 .205 .269 .334 .392 .434 .111 .143 .167 .175 .178 

0.425 .324 .388 .448 .500 .54o .188 .241 .290 .329 .354 .093 .116 .130 .133 .130 

0.400 .312 .368 .417 .458 .488 .175 .219 .257 .285 .301 .080 .097 .107 .108 .104 

0.350 .297 .338 .372 .398 .416 .156 .188 .214 .231 .239 .061 .073 .080 .081 .077 

0.300 .288 .319 .343 .360 .372 .145 .170 .188 .200 .205 .049 .059 .065 .066 .063 

0.250 .286 .308 .324 .336 .344 .142 .160 .173 .181 .185 .042 .051 .056 .057 .o56 

0.200 .286 .301 .313 .321 .327 .141 .155 .164 .170 .173 .040 .046 .050 .052 .052 

0.100 .285 .297 .302 .306 .309 .141 .153 .157 .159 .161 .039 .044 .046 .047 .047 

Table 4.1 Shear stiffness factor for plywood web I-beam for m = 1.0 
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Shear stiffness factors 

C 0.5 0.0 

m 
a------------- --_ 1.0 0.75 0.50 1.0 0.75 0.50 

0.500 .356 .324 .283 .833 .826 .800 

0.480 .315 .288 .253 .607 .603 .590 

0.450 .269 .248 .218 .434 .432 .426 

0.425 .241 .222 .195 .354 .353 .35o 

0.400 .219 .202 .178 .301 .301 .299 

0.350 .188 .175 .153 .239 .239 .239 

0.300 .170 .159 .139 .206 .205 .205 

0.200 .155 .15o .135 .174 .174 .173 

0.100 .153 .149 .149 .161 .161 .161 

Table 4.2 Shear stiffness factor for plywood 

web I-beam for p = 0.2 
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of plywood web I-beams for different values of a, p, C and m. 

From figs. 4.1, 4.2, 4.3 and 4.4 it is evident that shear stiffness 

factor (Cs) decreases as a is decreased for constant values of C and p 

and hence high shear deflections at low values of a. 

Also the effect of decreasing p, results in decreased values of C 

for constant values of a and C. The effect of varying C is evident from 

fig.4.1, 4.2 and 4.3. The general pattern is that the shear stiffness 

factor increases as C is decreased, ie as the beam connector stiffness 

is increased. It is noted that the shear stiffness factor given in table 

4.1 for a beam with infinite connector stiffness (i.e. C = 0), a = 0.5 

(i.e. rectangular section) and m equals unity (i.e. same flange and web 

materials), is given to be 0.833 for any value of p. This is the same 

as the shear stiffness factor that may be derived for a rectangular solid 

timber beam. 	It is also noted that the effect of beam connector stiffness 

factor (C) is more significant at high values of a and p, i.e. when the 

beam tends to be rectangular, than at low values of a and p where the 

differences between shear stiffness factors at different values of C 

tend to be insignificant. At moderate values of a (between .1 and .3) and 

also moderate values of p (between .1 and .3) i.e. at values of a and 0 

that may be encountered in practical designs, the effect of C on shear 

stiffness factor is not substantial if its effect on the total deflection 

due to bending and shear is considered. An 18% difference in shear 

stiffness factors at p = 0.2 for C = 1.0 and C = 0.0.is noted. The 

contribution of shear deflection to total deflection for beams used in 

practice is in the range of 10% or less. Hence the effect of 18% variation 
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in shear stiffness factors mentioned above will produce about 2% variation 

in the total deflection. A 2% variation may be neglected. 

It should also be noted that for certain.values of C the shear 

stiffness factor may be higher than that for the rigid case, i.e. C = 0, 

for certain values of a and 0, refer to fig.4.3. This agrees with 

findings of Booth (1969) where he noted that web shear stresses may be 

higher in some semi-rigid beams than in their equivalent rigid ones for 

a simply supported semi-rigid beam carrying uniformly distributed load. 

From fig.4.4 it is noted that the effect of m is insignificant at low 

values of C, i.e. stiffer beam, than for high values of C. On the whole 

the effect of m on the shear stiffness factor is insignificant for beams 

used in practice as their m ratio in most cases vary between 0.75 and 

1.1 and hence, as seen in table 4.2 and fig.4.4, an approximation of m 

equals to unity will not produce significant errors in the shear stiffness 

factor even for semi-rigid beams with low connector rigidity, say C = 0.5. 

14.3 	Effect of slip on shear deflection  

The effect of slip on shear deflection may be reflected on the load 

limited by total deflection. Total deflection is based on bending 

deflection plus shear deflection. Bending deflection at mid-span of a 

symmetrical simply supported semi-rigid plywood web I-beam carrying 

uniformly distributed load over the whole span may be calculated from 

equation 4.1 as derived by Booth (1969) based on linear analysis. 
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Shear deflection at mid span of a symmetrical simply supported semi rigid 

plywood web I-beam carrying uniformly distributed load may be calculated 

from equation 2.110 where C
s is the shear stiffness factor and may be 

found from equation 2.111(a). Shear stiffness factor will be considered 

for two cases: 

(a) for an infinitely stiff connector, i.e. C = 0 

(b) for the actual value of C corresponding to the connector modulus 

of rigidity used in a beam. 

Maximum load limited by total deflection in both cases will then be 

calculated from equation 4.2, which may be derived for a simply supported 

symmetrical semi-rigid plywood web I-beam based on equation 4.1. 

P = PL = 384 Eli 	5  L2  1 4.  384, C ( 21 
- i) 

 i 	c , 
5 ,2 ‘IE1 	7 - 7 1/41- 	)4- 	, 

n Cosh1  Gb:11,`C 
24L. 	s 

- 4.2 
where v is permissible deflection factor given by Cp112 (1967) 

to take the value of .003. 

Maximum loads limited by total deflection were calculated for the two 

cases mentioned earlier for a beam with the following geometrical material 

and connector properties at different spans and overall beam depths shown 

in table 4.3. 
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Over- 
ail 

Beam  
Depths 
(inches) 

SPAN (Ft) 
Shear 
Stiffness  
Factor 

14 16 18 30 50 
for 

Rigid __ _e 
Las  

Cs 
for 

Semi 
rigid 

Values of  

C 

''/. 
Diff.  in 

Loads 

Cs 
fcr 

Semi 
rigid 

Values 
of  

C  

J. 
Diff. L' 
in 

Loads 

Cs 
for 

Semi 
rigid 

1 
Valiftsi 

of 	' 
C  

*/. 
Diff.  
in.  

Load, 

Cs 
fcr 

Semi 
rigid 

Values 
of 
C  

°I. 
Diff. 

in 
Loads 

i 	Cs 
I 	for 
(Semi 
!rigid 

Values 
of 
C  

°/0 
Diff.  

in 
Loads 

12 0.8324 .2616 .502 -5858 1.3089 -384 -3.815 1.3558 .304 -2.623 .5737 -109 - -406 11 -7193 -039 -.117 

14 01652 •1458 •351 -1.931 .1534 -268 -.984 .1584 .212 -'480 .1658 .076 4.0113 .1656 -027 0.0 

16 0.1088 .1072 .268 -.371 .1093 -205 +.163 -1110 .162 • '323 1108 -058 +.186 .1096 .021 +-053 

18 0-0892 .0896 .220 .164 0909 .169 +.533 -0914 .133 +.626 -0905 -048 +.217 	1 .0897 -017 +.039 

20 0.0796 .0801 .191 +•237 -0809 .146 +.567 -0812 -115 +.607 0805 .042 +.206 -0799 -015 +•030 

22 0.0740 -0742 .173 ••102 -0749 -132 .6-440 -0751 -104 ••512 -0746 -033 +175 •0743 -014 4..024 

24 0.0705 .0704 .161 -.089 -0710 .123 4.-272 -0712 -097 +.353 1 .0709 .035 +148 -0707 .013 •-019 

26 00682 .0678 .154 -.314 .0683 •118 +-0E0 -0685 .093 • -212 -0684 -033 •.089 -0683 .012 •.016 

28 0.0665 .0658 •149 -528 .0663 •114 -114 -0666 •090 4..051 -0666 -032 ..052 -0665 -012 •-001 

30 0.0652 .0644 .147 --721 .0649 .112 -.269 '0651 -089 ••076 	-0653 .032 +.019 .0652 -012 -00 

32 0.0643 .0633 .146 -.858 .0638 .112 --418 -0640 .088 -.194 -0643 .032 --013 .0E43 -011 -00 

34 0-0635 .0625 .146 -1.045 -0529 .112 -•553 .0632 -088 --302 .0535 '032 -045 -0635 -011 --009 

36 0.0629 -0518 -147 1-1e6 -0623 .113 -•665 .0625 '089 -.405 -0628 -032 -.070 -0529 -012 --016 

38 0-0625 .0613 -148 4.306 .0617 .114 - •770 .0620 -090 -.480 -0623 -032 -096 -0524 .012 -.022 

I 	40 0.0621 .0608 .150 -1.409 -0613 115 -.859 .0615 -091 -.565 -0619 '033 --117 -0620 -012 --026 

42 0.0617 .0604 •153 -1.505 .0609 .117 -•944 -0611 -092 - •628 .0515 .033 - •137 .3517 .012 -•030 o 

44 0-0615 .0601 -155 -1.589 -0606 -119 -1.011 .0608 -094 --691 .0613.034 -.155 .0614 -012 -032 

46 0-0612 .0599 -158 -1.657 -0603 •121 -1.077 -0606 .096 -.739 -0610 .034 -.173 .0612 -012 -.035 

43 0.0610 -0595 -151 -1-7151•0601 -124 -1-129 -0603 .093 - •789 -0608 •035 -190 -0510 -013 -.037 

- I 

Table 4-3. Effect of slip on shear deflection as measured by 
load limited by total deflection for p ='0625 
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Geometry: 

2 x 6 inches Douglas fir timber flanges 

4 inch thick Finnish birch plywood 

Material  

w = 1.03 x 106 lb/in2 

E
f = 1.20 x 106 lb/in2 

G
w = 1:16 x 105  lb/in2  

and m = 0.86 

Connector  

SWG 8 wire nail of 32 inch length, 0.16 inch diameter and 

5030 lb/in connector modulus. Nails are drilled at 2.6 inch 

spacing. 

Loads from both cases were compared and percentage differences between 

them were obtained as shown by equation 4.3. 

% difference in loads - Pd P dsx 100 
Pds 

where pd  = load limited by total deflection when the 

effect of slip on shear deflection is not 

considered, i.e. C = 0 

Pds = load limited by total deflection when the 

- 4.3 

effect of slip on shear deflection is 

considered. 

Results are reported in table 4.3 and percentage differences are plotted 

against different values of overall beam depths for different spans as 

shown in fig.4.5. The following observations are evident: 
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-0.8 	 L = 18ft 

-1.0 

-1.2 

-1.4 

-1.6 

-1.8 

Fig. 4-5. Effect of slip on shear deflection as 
measured by load limited by total deflection 



(a) The effect of slip on shear deflection as measured by percentage 

difference in loads limited by total deflection when slip is 

considered, and ignored for shear deflection calculation, is small 

and may be neglected. It varies from a maximum of about -6% for 

short span rectangular beams to about +0.63% for relatively short 

span (18 ft) and relatively shallow beams (18 inch). 

(b) The percentage difference can be positive which means that the 

load calculated on the basis when effect of slip on shear deflection 

is considered on total deflection is higher than that when the 

effect of slip on shear deflection was not considered. 

This agrees with previous finding in section 14.2 when shear stiffness 

factors of some semi-rigid beams were found to be higher than those of 

their equivalent rigid ones. 

14.4 Shear stiffness factors for beam models 1, 2, 3 and 4  

Models 1, 2, 3 and 4 (details of which are described in table 3.10) 

have symmetrical geometrical cross-sectional properties but have different 

moduli of elasticity for timber in tension and compression and also for 

plywood in tension and compression. 

For calculation of shear stiffness factor at mid span of beam models 

1, 2, 3 and 4 based on equation 2.114, the following two approximations 

should be made. 

(a) Moduli of elasticity for timber and plywood in tension and compression 

are the same and that 

G 	E 
w 	w m = 	= 
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(b) A linear Q 	relationship is assumed to derive shear stiffness 

factors for_models (3) and (4) for all solutions of the models 

even those based on non linear Q -8 relationship. Needless to 

say that for rigid models (1) and (2) the parameter C = 0. 

Both approximations may be justified as seen from sections 14.2 and 14.3 

that the effects of m and C on shear stiffness factors as measured by 

their effects'on total deflection are not substantial for beams with 

moderate values of a and p. It should be noted that the values of a and 

p for models (3) are 0.219 and 0.286 respectively and those for model (4) 

are 0.219 and 0.143 and that all these values lie within the moderate 

range of a and p discussed in sections 14.2 and 14.3. 
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Chapter 15 	Theoretical results for beam models 1, 2, 3 and 4. 

15.1 	General  

Some of the theoretical results based on solutions described in part 

II are reported in this chapter. These results are based on the following 

solutions of beam models 1, 2, 3 and 4. 

(1) Solution of beam models 1 and 2 based on rigid beam analysis 

described in chapter 5. 

(2) Solution of beam models 3 and 4 based on the generalised governing 

differential equation described in chapter 6 where non-linear Q -6 

relationship and linear or non-linear r  - E relationship - depending 

on position along span and load level, i.e. external moment - were 

adopted. The loading cases reported are; 

1 
(a) four point loading at 

3 
— span for beam models (3) and (4) 

(b) Uniformly distributed load over the whole span for beam 

model (3) only. 

(3) Solution of beam model (3) based on non-linear Q - 6 relationship 

and linear 0. - E relationship at all positions along span and load 

levels as described in section 5.6.1. Solution is given for four 

1 
point loading at 

3 
— span. 

(4) Solution of beam model (3) based on linear analysis, i.e. linear 

Q 	and - E relationships at all positions along span and load 

levels as described in section 5.5.1. Solution is given for four 

1 
point loading at 

3 
— span. 



- 183 - 

Solutions are given at different points along the span for direct 

strains and stresses for all four beam models. Stresses and strain 

distributions are also given across depths of beams at critical cross 

sections at theoretical ultimate load for all the beam models. Due to 

symmetry results will only be reported for half of the span. All 

solutions were found from computer programs reported in sections 4.6 

and 6.8 for rigid and semi-rigid beams respectively. 

15.2 Theoretical results based on solutions of the generalised  

governing differential equations  

15.2.1 Direct stresses and strains along the spans of beam models  

1, 2, 3 and 4 under four point loading at ultimate loads  

Ultimate load results for direct stresses and strains at different 

points along the spans of beam models 1,2, 3 and 4 under four point 
1 

loading at 3 — span are summarised in tables 4.4 and 4.5. Fig.4.6 shows 

the distribution of direct stresses along the spans of beam models 1, 

2, 3 and 4. The rigid and semi-rigid cases will be considered separately. 

(a) Rigid case Beam models (1) and (2) 

From fig.4.6 it is evident that the variation of direct stresses 

follows the variation of bending moment along the span. Ultimate compressive 

stresses and strains in top timber flanges, as determined from small 

clear specimens (table 3.2) have been reached at extreme fibres (mil  and Ell) 

of beam models 1and 2 (tables 4.4 and 4.5) in the middle third of their 

spans and hence compression failure of top timber flange is assumed. The 

distributions of the stresses and strains across the depths of beam models 

1 and 2 at this critical zone is given in tables 4.10 and 4.11 and 



Direct stresses (lb/in2) 

Distance 
from one 

end 
(ins) 

Model (1) Model (2) Model (3) Model (4) 

c111 c/34 (121 (124 '111 c/34 (121 (/24 (111 (134 (121 c/24 (111 c/34 (/21 c/24 

0.00 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

9.15 -1943 1905 -1133 1177 1-1708 1516 -1390 1658 -1404 1366 -1931 1971 -1266 1165 -1899 1995 

18.30 -3886 3810 -2267 2353 -3415 3032 -278o 3316 -2812 2735 -3947 4028 -2556 2349 -3926 4123 

27.45 -5800 5708 -3396 3526 -4967 4223 -4150 4947 -443o 4307 -464o 6486 -4093 3751 -464o 6523 

30.50 -5800 6232 -3740 3849 -4967 4952 -4599 5417 -5113 4972 -464o 7559 -4777 437o -464o 765o 

36.6o -58o0 6232 -3740 3849 -4967 4952 -4599 5417 -4814 4676 -464o 6201 -4248 3911 -464o 5910 

45.75 -5800 6232 -374o 3849 -4967 4952 -4599 5417 -4637 4497 -464o 5301 -3853 3585 -4313 4649 

Total 
ultimate 	14250 
load (lbs) 

12554 10847 7465 

Table 4.4 Theoretical direct stresses results at ultimate 19.(1 for beam models 
1, 2, 3 and 4 loaded with 4 point loading at — 3 span 



Model (1) Model (2) Model (3) Model (4) 

Distance 
from 

one end 
X(in) 

Strain 
(10-6) 

. 

Depth of 
yield from 

top edge(in) 
Strain 
(10 6) 

Depth of 
yield from 

top edge(in) 

Strain 
(10-6) 

Depth of 
yield from 

top edge(in) 

Strain 
(10-6) 

Depth of 
yield from 
top edge(in) 

,11 
£21 

.14 
24 

h1  

0.0 

h2  
' 

0.0 

..ii 
£.21 

0-0 

.E_14 
£24 

0.0 

h 
1 h2 Ell €14 E2 £24 h1 h2  Ell I El4 2 . h1 h2 

0 .00 0.0 	i 
r 

0-0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0*0 0.0 0.0 0.0 0.0 0.0 

9 .15 -1079 1121 0.0 0.0 -1324 1579 0.0 0.0 -811 803 -1839 1877 0 0 0.0 -744 762 -1808 1900 0.0 0.0 

18.30 -2159 2241 0.0 0.0 -2648 3158 0.0 0.O -1626 1609 -3759 3836 0.0 0.0 -1504 1535 -3739 -3927 0.0 0.0 

27 - 45 -3235 3358 0.02 0.0 -3953 4711 0.09 0.0 -2561 2534 -6698 6177 0.0 1.42 -2407 2451 -6996 6212 0.0 1.56 

30 - 50 -3562 3666 

3666 

0.38 0.0 -4380 5159 0.44 0.0 -29552925 -8303 7199 0.0 2.00 -2810 2856 -8789 7286 0-0 2.17 

36- 60 -3562 0.38 

0.38 

0.0 	t 

0.0 

-4380 

-4380 

5159 

5159 

0.44 0.0 -2783 2751 -6354 5905 0.0 1. 26 !-2499 2556 -6250 5629 0.0 1.23 

45 • 75 -3562 3666 0.44 0.0 -2680 2645 -4937 4797 0-0 0.46 -2266 2343 -4108 4428 0.0 0.0 

Total 
ult 1 ri.,:te 
load (lb) 

14 2 50 
1 	

12 5 54 108 4 7 7465 

11 

Table 4-5. Theoretical Direct Strain Results at ultimate load for beam 
models 1, 2, 3 and 4 loaded with 4 point loading at 3  span 
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Fig. 4.6. Theoretical direct stresses at ultimate load along the spans of beam models 1,2,3 and 4 
when loaded with four point loading 
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and figs. 4.9 and 4.12 and will be discussed in section 16.2 when they are 

compared with the experimental results. 

Depending on the values of the moduli of elasticity of the timber and 

plywood in tension and compression and also on the ultimate compressive 

stresses and strains of the timber and plywood and noting that the strains 

at same levels of the timber and plywood are equal, i.e. no slips, it is 

noted that the values of direct stresses in the timber at a particular 

level across depth of beam may be greater or less than those in the plywood 

at the same level. This is shown in table 4.4 and fig.4.6 where (1.
34> ('24 

for model (1) when E 	
2 
 , and (134  .z_ rf24.  for model (2) when E3 

3 	2 

Similarly for mil  and (121. Table 4.5 also shows the depth of penetration 

of yield from the top fibre of the beam for timber and plywood in compression, 

i.e. h
1 
 and h2, at different points along the span. It is noted that the 

timber in compression has started to yield while the plywood has not 

started. Needless to say that the depth of the yield penetrations for 

the timber and plywood are dependent on the idealised compressive cr 

relationship of timber and plywood for models (1) and (2) found from small 

clear specimens, refer to figs.3.4 and 3.7. 

(b) 	Semi-rigid case 	Beam models (3) and (4) 

From fig.4.6 it is evident that the variation of direct stresses along 

the span does not follow the variation of the bending moment, as in the 

1 
rigid case. The direct stresses criv c/21' cY24 

 and (134  are maximum at 7  

of the span, i.e. at the point of application of the load. Ultimate 

tensile stresses and strains in the plywood, as determined from small clear 

specimens(table 3.3), have been reached at the extreme bottom fibres of 

the plywood ((-121  and £21) of beam models 3 and 4, refer to tables 4.4 
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1 
and 4.5, at a distance equal to 

3 
— of the span from the supports and hence 

tension failure of bottom plywood is assumed. 

From fig.4.7 the distribution of strains and stresses across the 

1 
depth of the beam at critical section (-

3 
 span) are shown for both beam 

models (3) and (4). It is noted that the strains in the plywood at same 

levels across the depths of beam are much greater than those in the timber. 

Likewise the tensile direct stresses, in spite of the fact that the modulus 

of elasticity of the plywood in tension is less than that of the timber in 

tension. In the compression flange the ultimate compressive stress in 

plywood at the extreme fibre (cf
21

) has been reached but the ultimate 

compressive strain (E21), as determined from small clear specimens (table 

3.2), has not been reached and that the material has yielded considerably 

(h
2 

= 2in,for beam model 4). It is also noted that the timber in the 

compression flange is still elastic and has not started to yield, 

i.e. h1 
= 0. 

The difference in strain between the timber and plywood at the same 

levels across the depths of beam and the resulting stress distributions 

at different points along the beam (shown in fig.4.6) show the effect of 

slip on the behaviour of the semi-rigid beam models when compared with the 

rigid beam models. 

The effect of slip on the magnitude and distribution of direct stresses 

along the span of the semi-rigid beam models may be summarised as follows: 



Strain (x 10
-6

) 
	

Stress (Ib/in2) 
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(b) Beam Model (4)  

Fig. 4.7 Theoretical ultimate strains and stresses across critical cross sections (.;-, span) 
of beam models (3) and (4) 
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Equation (2.56) may be generalised to give equation 4.4 as 

follows: 

= f(M,N) 	 - 4.4 

While in the rigid cases N is dependent on M and c  - c relationship 

only, in the semi-rigid cases N is dependent on M, - E and Q - 6 

relationships. The curves chosen for Q - 6 relationships, whether 

linear or non linear, will obviously affect the magnitude and distributions 

of the direct strains and stresses along the beam spans. 

15.2.2 	Results for beam models (1) and (3) under uniformly  

distributed load  

Theoretical results for beam. models (1) and (3) under uniformly 

distributed load over the whole span are summarised in tables 4.6 and 4.7. 

It is noted in this case that compression failure of top flanges of 

beam model (1) and tensile failure of plywood of beam model (3) will occur 

at a higher total load over the whole spans than if the beams are loaded 

1 
under four point loading at - 3 -points. Also it is noted that under similar- 

total loads when the beams are loaded under u.d.l. and four point loading, 

that the web shear stresses are higher in the former case than the latter 

case; and vice versa for deflections. 

Web shear stresses are critical at a load lower than the ultimate 

load when compression failure of top flange of beam model (1) will occur. 

The distribution of stresses and strains across the depths of both 

beam models (1) and (3) are given in fig.4.8. Similar to the discussion 

given in section 15.2.1(a) for beam model (1), direct stresses at any 

fixed level across the timber flanges are greater than those at the same 

level across the plywood web. It is noted that plywood web shear failure 

of beam model (1) has started before either of the timber flanges or 

plywood web in compression has started to yield. 



Load 

(lb/in) 

Direct stress at mid span 

lb/in2 
 

Direct strain 
at mid span 

1n6 

Depth 
yield 
top fibre 
(ins) 

of 
from 

Shear stresses at  
support 
(lb/in 2) 

Total 
deflection 
at mid 
span 

(ins)  • 

Flange web 
Web at 
N.A. 

cl11 (134 rf21 (124 '11 E24 
h
1 

h
2 Tyxl Tyx3 Txz 

0 0 0 0 0 0 0 0.00 0.00 0.0 	. 0.0 0 0.000 

20 -624 612 -364 378 -347 360 0.00 0.00 37.1 36.? 291 0.119 

8o -2495 2446 -1456 1511 -1386 1439 0.00 0.00 148.3 147.o 1136 0.477 

15o -4678 4587 -2729 2833 -2599 2698 ' o.00 0.00 278.1 275. 2181 0.895 

200 -5800 6036 -3604 3728 -3433 3551 0.24 0.00 370.8 367.4 	.2908 1.189 

Table 4.6 	Theoretical results for beam model (1) under u.d.l. 



Load 

(lb/in) 

Direct stres 	at mid 
span (lb/in ) 

Direct stain at mid 
span 10 

Depth of 
yield from 
top fibre 
(ins) 

Shear at support 
Slip at 
Support 
(ins) 

Total 
deflec. 
at mid 
span 

Flange web 
force lb/in 

web 
atNA.2 
lb/in 

'111 '134 '121 (124 11 (34 c21 (24 h1 h
2 q1 q3 Txz 51 z) 3 i 	

(ins) 

W 

0 0 0 0 0 0  0 0 0 0.00 0.00 0 0 0 .0000 .0000 .000 

20 -563 563 -376 376 -331 331 -358 358 0.00 __. 0.00 94. 94 149 .0026 .0026 0.095 

8o -2269 2269 -1922 1922 -1335 1335 -1831 1831 0.00 0.00 296 296 599 .0294 .0294 0.523 

14o -4016 4o16 -444o 444o -2362 2362 -4228 4228 0.00 0.00 423 423 1053 .0870 .0870 1.203 

16o -466o 4613 -464o 5401 -2741 2714 -5285 5144 0.00 0.66 471 464 1208 .1126 .1089 1.481 

Table 4.7 
	

Theoretical results for beam model (3) under u.d.l. based 
on solutions of the generalised d.e. 
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Strain(10-6) 

' -6000 	-2000 0 2000 

 

Stress (lb/in`) 
1  

  

   

6000 -6000 	-2000 0 2000 	6000 

Beam Model (1) at mid-span 
at 200 lb/in  

Distributions across depth of web 

—•-- Distributions across depth of flanges 

Beam Model (3) at mid-span  
at 160 lb/in  

Fig. 4.8. Theoretical direct strains and stresses distributions 

for beam models(1)&(3) under 1.1.d.L over the whole span 
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Similar to the discussion given in section 15.2.1(b) for beam 

model (3) under four point loading, it is evident that the magnitude of 

the direct strains in the plywood are greater than those in the timber 

flanges at the same level across the depth of the beam. Also the plywood 

in the compression flange has started to yield while the timber is still 

elastic. Also in spite of the fact that E2.-E3, yet (124-7. 
 (1'34 and this 

is attributed to the fact that 
E24 >.`34 due to the effect of slip between 

the plywood and the timber. 
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15.2.3 Other theoretical results  

The results for deflection, web shear, flange web shear (in case of 

rigid beam models) and slip (in case of semi-rigid beam models) were found 

at different points along the beam models spans. In this thesis some of 

these results are reported in chapter (16) when these results are compared 

with the experimental results found when beam models 1, 2, 3 and 4 were 

tested as described in part III of this thesis. 

15.3 	Comparison between theoretical results for beam model (3)  

cbtained from solutions based on linear, semi-linear and totally  

non-linear governing differential equations  

15.3.1 General  

In this section theoretical results for beam model (3) under four 

point loading are reported at three load levels. These results are 

obtained from the following three solutions of the governing differential 

equations: 

(a) Linear solution: This solution is based on linear relationship for 

-c and Q - 8 . Analytical solutions described in section (5.7) 

have been used assuming symmetry of section of beam model (3), 

i.e. El  = E3. Since Q -8 is assumed to be linear the connector 

moduli found from joint tests described in section (10.3) at low, 

medium and high load levels are used to give theoretical solutions 

for beam model (3) at low, medium and high load levels respectively. 

(b) Semi-linear solution: This solution is based on linear 0 c 

relationship and non-linear Q - s relationship. 	In this case the 

solution described in section 5.6.1 is used to solve beam model (3) 

at low, medium and high load levels. 
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(c) Totally non-linear solution. This solution is based on non-linear 

- E and Q - 5 relationships. In this case solutions described 

for the generalised differential equations in Chapter 6 are used to 

solve beam model (3) at low, medium and high load levels. 

In table 4.8 the theoretical results are reported for the three load levels 

and the three cases mentioned above. These results describe the behaviour 

1 
of the beam model such that the direct stresses at critical section (--3  

span), mid span bending deflection, neutral axis web shear stress at end 

support, shear force per unit length at end support and slip at end 

support are all reported. 

15.3.2 Low load level: chosen load = 1650 lbs. 

At this load level results are reported for the linear and semi-linear 

solutions only. As the timber and plywood in compression are well within 

the elastic limit then solutions are not reported for the totally non-linear 

case. It is noted from table 4.8 that the results given for both the 

linear and semi-linear cases are mom or less equal. Such that the small 

variations of linear case (less than 1%) may be ignored and a linear 

approximation for Q El may be adopted. Needless to say that the results 

of the linear case are dependent on the choice of the connector modulus k. 

15.3.3 Medium Load Level: chosen load = 5900 lbs 

Similar to the case of the low load level,results are only reported 

for the linear and semi-linear cases, noting that the timber and plywood 

in compression are still within the elastic limit. It is noted from table 

4.8 that some differences between the linear and semi-linear solutions 

occur. Web direct stress in tension or compression and deflection are most 



Load 
Level 
lbs 

Description 
of 

governing 
d.e. 

Direct stresses .a. 
critical sewtion (-7 
span) lb/in 	3 

Bending 
Deflectionshear 
at 
mid span 
(ins) 

N.A. web 

stress 
at end 
support 
lb/in2  

Shear force 
per unit 

, 	length at 
end 
support 
(lb/in2) 

Slip at end 
support 
(ins) 

'111 (134 	r/21 	(1  4 1,4,b T xz q1 q3 	81  8
3  

1650 
(low) 

Linearr - c  
Q  - a 

k = 70000 lb/in 

-685 685 -634 634 .111 133 104 104 	.00297 .00297 

Linear: 	0. ■E 
Non linear:Q-6 -688 684 -627 633 .109 133 102 102 	.00295 .00295 

E 
Non linearr 

Q- 6 
- - - - - - - - 	- - 

5900 
(medium) 

Linear 	rQ1-...: 

k = 13330 lb/in 

-2496 2496 -3464 3464 .657 480 300 300 	.04510 .04510 

Linear: 0  - E 
Non linear:Q-6 -2494 2477 -3013 3039 .540 478 '305  305 	.03197 .03211 

Non linear{'- c  tQ- 6 - - - - - - - - 	- - 

10375 
(high) 

Linearo-c 
iQ- 8 -4452 4452 -7502 7502 1.479 849 428 428 	.12200 .12200 

Linear: (1■E 
Non linear:Q-6 

-4456 4419 -6691 6749 1.254 844 442 443 	.09690 .09760 

Non linearC; -4752 4653 -4640 7025 1.281 849 452 442 	.10220 .09677 

Table 4.8 Theoretical results at three load levels based on linear,semi-linear and 
non-linear governing differential equations for beam model t3) under 
four point loading 
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affected. The results of the semi-linear model are stiffer than the 

linear model, e.g. mid span deflection in the semi-linear case is less 

than in the linear case by about 3%. 

The approximation of the semi-linear model by a linear model is 

then possible but it is dependent on the choice of the connector modulus 

k to correspond to the desired load level. 

15.3.4 High load level: chosen load = 10375 lips 

At this load level results for the three cases are reported. It 

is noted from table 4.8 that the direct stresses of the timber and plywood 

are most affected if the totally non-linear solution is approximated by 

either linear or a semi-linear solution. Variations as high as 50% 

increase are noted for 0.
21 

when a semi-linear solution is assumed. This 

may be understood since the plywood has started to yield, i.e. entered 

the non-linear zone, and that the analysis of the semi-linear case is 

based on linear 0. - E . Semi-linear solutions give low values for 

deflection, web shear stress, etc. than totally linear solution, i.e. 

stiffer beams. Deflection is decreased when the totally non-linear solution 

is approximated by the semi-linear one by about 2.1%. As solutions of the 

linear case are dependent on the choice of the connector modulus to 

correspond to the load level under consideration and also since it is based 

on linear 0. - E and as we have seen above that linear approximations of 0. -E 

may result in high variation in the predicted stresses and strains, then 

the linear approximation to represent the totally non-linear case may 

result in serious errors. Hence at high loads the non-linear case must 

be used if accurate beam behaviour is desired. 
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Chapter 16 Comparison of theoretical and experimental results 

16.1 	General  

Experimental results from tests series II and III described in part 

III of this thesis are compared with the corresponding theoretical results. 

Comparisons are given for each test series separately, i.e. rigid and 

semi-rigid beams will be treated separately. The theoretical results are 

found from solutions based on the generalised governing differential 

equations. The following results are compared and reported. 

Test series II and III  

(a) Distribution of strains and stresses across mid span depth of beam 

models (1), (2), (3) and (4) at five load levels and up to the 

ultimate load 

(b) N.A. Web shear stress at distances from support indicated in 

fig.3.14(a). Results are reported at different load levels up to 

the ultimate load. 
(c) Also mid_span total deflection. 
Test series III  

Slip between top flange and web at distances from the support 

indicated in fig.3.14(a). Results are reported at different load 

levels and up to the ultimate load. 

16.2 	Results for test series II: Beam models (1) and (2) 

16.2.1 	Beam model (1) 	- 

Theoretical and experimental critical results for beam model (1) are 

briefly summarised in table 4.9. From table 4.9 it is predicted that 

compression failure of the top flange will occur at an ultimate load of 142501bs. 

As mentioned in section 15.2(a) compression failure of the top flange has 



Beam 
models 
no. 

Total ultimate 
load (lbs) 

Type of failure Position of 
failure along 

span 

6
11 at ultimateE 

load2  
lb/in 

11
at ultimate 

lgad 
10 

Average m.c.% 

beam 
test 

small clear 
specimen 

test 

T P T P Theo. Expt. Theo. Expt. Theo. Expt. Theo. Expt. Theo. Expt. 

(1)  14250 12200 
Compression 
failure of 
top flange 

Premature 
flange 
web glue 
failure 

Middle 
hird 
of 
$eam 

At end 
support -5800 -5528 -3562 -2966 13.7 11.7 13.1 11.0 

(2)  112554 13900 
Compression 
failure of 
top flange 

CompressimMiddle 
failure of 
top flange 

third 
 of 
beam 

Middle 
third 
of 

beam 

-4970 -49.63 -4380 -4150 14.4 11.8 13.6 11.0 

Table 4.9 Summary of critical results at theoretical and 
experimental ultimate loads for test series II. 

Symbols  

m.o. 	moisture content 

T 	Timber 

P 	plywood 
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been assumed when the extreme fibre stresses and strains (mil  and Ell) 

have reached their ultimate values as determined from compression tests 

of small clear specimens (table 3.2). Also the position of failure has 

been predicted to occur in the middle third of the beam. The beam has 

actually prematurely failed at flange web interface near the end support 

due to glue failure. The beam failed at a load of 12200 lbs. Glue failure 

between the flange and web should not have occurred as the predicted 

flange web shear stress (247.5 lb/in2) at that load is less than the 

ultimate rolling shear stress (375 lb/1n2) on the surface determined from 

CP112: (1967) or ultimate shear parallel to the grain stress (1570 lb/in2) 

determined from small clear specimens (table 3.2). It is worth mentioning 

that the glue ultimate shear strength is assumed to be the lowest of the 

ultimate plywood rolling shear stress or ultimate shear parallel to the 

grain stress. Also flange web glue failure is uncommon for beams with 

similar geometry. It appears that the cause of failure is due to weakness 

of the glue near the support. The cause of that may be due to the fact 

that during the fabrication of the beam (section 12.2) pressure on the 

joint was applied using clamps on plywood sheets to give approximately 

continuous pressure. Using clamps in this manner may result in weak points 

because the intensity of pressure at each point along the beam where the 

clamps were applied may vary. 

A detailed summary of the theoretical and experimental results at 

different load levels and up to the ultimate theoretical and experimental 

loads, are reported for the distribution of direct stresses and strains at 

mid span, mid span deflection and neutral axis web shear stress,at 

x = 21.35 insl are summarised in table 4.10. 



Load 
Level 
(lbs) 

STRAIN (156) at mid span 
STRESS (1b/in2) 

.15*from levels 1,2,3&4 

mid span 
deflection (ins 

web shear 
stres 
lb/in 

Theoretical 

Av. Expt. . 
J5 fromal2,3 Theoretical Av. Expt. at levels 

1,2,3,&4 

0.15"from 
levelse1,2,3 

Theo. Expt. Theo. Expt. 
c11 	34 c11 (34 1 e34 (I1 1 c/34  (111 

0.34  

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

679 171 178 -16 172 -166 160 -296 292 -299 272 I 	.060 .052 108 108 

3393 857 889 -824 856 -866 830 -1484 1456 -1559 1411 .299 .278 539 551 

6786 1713 1779 -1648 1714 -1764 1686 -2966 2913 -3176 2866 .597 .568 1078 1067 

8144 -2056 2134 -1977 2055 -2118 2023 -3559 3494 -3812 3439 ' 	.717 .679 1294 1271 

10858 -2742 2846 -2637 2741 -2834 2698 -4747 4660 -5035 4587 	.96 .932 1725 1684 

12200 -3084 3202 -2966 3084 -3218 3043 -5339 5243 -5528 5172 	1.070 1.21 1941 1827 

14250 -3562 3666 -3410 3520 - - -5800 5984 - - 	1.346 - - - 

Table 4.10 Theoretical and experimental results for beam model (1) under four point loading 



Load 
level 
(lbs) 

Strain(1
06
) 	at mid span Stress (lb/in2) 

.15" from levels 1,2,3&4 
Mid span 

deflection 
(ins) 

Web shear 
stress  

(lb/in ) 
Theoretical 	. 

Av. Expt. 
.15" from 1,2 

3 &4 

Theo. 
Av. 

Expt. 
- 1,2,3 
At levels 

&4 
0.15 from 1

, 2,3 & 4 

Theo. Expt. Theo. Expt. E111 	E34 £11 	, 	'34 '11 E34 (111 (/34 0.
11 '134 

0 	0 0 	0 	0 0 0 0 0 0 0 0 0 0 0 

679 	-239 284 	-229 274 -205 199 -296 263 -264 191 .079 .070 108 85 

3054 	-1074 1280 	-1030 1236 -976 939 -1329 1186 -1258 902 .356 .323 490 406 

5768 	-2028 2418 	-1947 2335 -1879 1814 -2509 2241 -2424 1741 .673 .630 . 	926 745 

	

7465 	-2624 

	

9161 	-3221 

	

10858 	'r.3817 

3129 	-2516 3021 -2540 2362 -3246 2900 -3161 2267 .871 410 1198 957 

3841 	-3089 j 	3709 -3036 2907 -3984 3560 -3839 2791 1.069 1.020 1471 1168 

4552 	-3660 4395 -3701 3488 -4722 4219 -4415 3348 1.270 1.221 1743 1391 

12554 ̂  -4380 5159 -4150 4980 -4530 4166 -4970 4781 -4816 3952 1.454 1.442 2015 1635 

13900 - 	- - - -5564 , 	4716 - - -4963 4527 - 1.681 _ 1720 

Table 4.11 	Theoretical and experimental results for beam model (2) under four point loading 



Distribution of Strains and Stresses at mid span 

Theoretical and experimental results for direct stresses and strains 

at mid span are plotted in fig.4.9 for five load levels including the 

ultimate experimental load. The following points are evident: 

(a) Linear distribution of strain across depth of beam, assumed in 

theory (part II), is confirmed by experimental results at all load 

levels. 

(b) At low load levels the strains and the stresses determined from theory 

agree reasonably well with the experimental results. 

(c) At high load levels, say ultimate experimental load, a variation of 

the theoretical with respect to the experimental strain results as 

high as + 20% is noted for strains measured on plywood in tension 

or compression sides: likewise with the stresses. Strains found 

from the experiment are lower in the tension side and higher in the 

compression side than the corresponding theoretical results. While 

experimental results indicate that the timber in compression has 

just started to yield, the theoretical results indicate that the 

timber is elastic. This may be understood if it is noted that the 

theoretical results are based on an idealised cc - E distribution where 

the idealised yield strain is greater than the proportional limit 

strain (fig.2.1(b) ) on which the analysis of the experimental results 

is based (refer to section 2.2, eqns.1.1 - 1.3). 

(d) It is noted that the experimental result of the strain gauges on 

the plywood just below the timber flange (positions 6, 19, 12 and 

25, refer to fig. 3.14a) are low and that they are off the straight 

line distribution across the depth of the beam. This may be attributed 

to the fact that when the flanges were glued to the web and clamps 
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~, 

Fig. 4· 9. Theoretical and experimental stress and strain distribut'lon at mid span of beam 
model (1) under four pOint loading 
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were applied some glue was squeezed on the plywood under the flanges. 

Before the strain gauges were fixed in position, the squeezed glue was 

scraped using a razor. The glue might have stiffened the plywood under 

the gauge and caused these variations in the results. 

(e) Analysis of strain results from experiment to find the stresses in 

a way similar to that suggested in section 12.5 resulted in the stress 

distributions shown in fig.4.9. It is noted that the total compressive 

force (C) in the beam is higher than the counter total tensile force (T) 

at ultimate expt.load 	by about 8%. This discrepancy may be understood 

if the variation in (/ E diagrams fOr timber and plywood are noted. 

Coefficient of variation as high as .13 are encountered e.g. modulus of 

elasticity of timber in tension for model (1), refer to table 3.2. 

Mid span deflection  

Experimental and theoretical results for mid span deflection reported 

in table 4.10 are plotted in fig.4.10. The experimental results are higher 

than the theoretical results by as much as 11.5% at the experimental 

ultimate load. All other experimental results at loads prior to ultimate 

load are lower than the corresponding theoretical ones, which indicates that 

the actual beam tested is stiffer than the theoretical model. This may 

be explained if it is noted that in the theoretical model the effect of 

the web stiffeners and the lateral stability supports were not considered. 

Lateral stability supports were designed in such a way that their effect 

on the behaviour of the beam is minimised but not completely eliminated, 

and this is indicated by the slight differences found between front and 

back strain gauges readings. The increase in the experimental deflection 
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Fig. 4.10. Theoretical and experimental mid span deflection 
of beam model (1) under four point loading 

400 	800 	1200 	1600 	2000 	2400 
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Fig. 4.11. Theoretical and experimental web shear 
stress at X = 21.35 in for beam model (1) 
under four point loading 
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at ultimate load may be explained by the fact that the experimental strain 

and stress results discussed before showed that the beam has started to 

yield while the theoretical results indicated that the beam is still elastic. 

Neutral axis web shear stress  

Theoretical and experimental results for web shear stress given in 

table 4.10 are plotted in fig.4.11. The theoretical results and 

experimental results agree reasonably well. It should be noted that the 

experimental results are based on linear Txz  - -52  relationship and 

that the theoretical results are based on linear analysis. Ultimate 

predicted web shear stress at experimental ultimate load agree with the 

experimental within 6% and are both less than ultimate web shear stress 

determined from small clear specimens (2150 lb/in
2 
 ), refer to table 3.3. 

16.2.2 Beam model (2)  

Theoretical and experimental critical results for beam model (2) 

are briefly summarised in table 4.9. From table 4.9 it is evident that 

the predicted theoretical failure of the top compression flange at an 

ultimate load of 12554 lbs has occurred at an ultimated load of 139001bs 

i.e. 10% higher, when beam model (2) was tested. Ultimate theoretical 

and experimental compression stresses and strains (0.11  and 	agree 

within 6%. Experimental results are lower than the theoretical ones. 

Failure of the beam when the beam was tested occurred within the predicted 

region. 

A detailed summary of the theoretical and experimental results at 

different loads levels and up to the ultimate theoretical and experimental 

loads are reported, for the distribution of the direct stresses and strains 

at mid span, mid span deflection and neutral axis web shear stress at x = 21.35 in 

are summarised in table 4.11. 
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Distribution of strains and stresses at mid span  

Theoretical and experimental results for direct stresses and strains 

at mid span are plotted in fig.4.12 for five load levels including the 

ultimate experimental load. The following points are evident. 

(a) Linear distribution of strain across depth of beam assumed in theory 

(part II) is confirmed by experimental results at all load levels. 

(b) Strain and stress results from experiments in the compression side 

of the beam agree reasonably well with the predicted theoretical 

results, e.g. c11  at ultimattheoretical load lies within6.5% of the 

predicted theoretical results. 

(c) Differences between theoretical and experimental strain results as 

high as 25% are experienced in the tension side of the beam, e.g. 

34 
at ultimate theoretical load. Theoretical strain results are 

higher than experimental ones. This may be attributed to the fact 

that linear rc -E was assumed for timber of model (2) in tension 

while a non-linear relationship has been reported, refer to fig. 2.5. 

Both experimental and theoretical ultimate strain and stress 

results indicate that the top compressive timber flange has yielded 

considerably while the plywood is still elastic. 

(d) Point (d) discussed in section 16.2.1 for beam model (1) also applies 

for beam model (2). 

(e) Similar to beam model (1), section 16.2.1e, it is noted that the total 

compressive force (C) in beam model (2) is higher than its counter 

tensile force (T) by about 17%, determined from the experimental 

stress distribution at ultimate load. This high variation may be 

partly due to variations in the 0. - E diagrams for timber and plywood, 

tables 3.2 and 3.3, and partly due to the linear idealisation of tensile 

- E relationship for timber; non-linear behaviour has been reported 

in fig. 3.5. 
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Fig. 4.14 Theoretical and experimental web shear 
stress at X = 21.  35 in for beam model (2) 
under four point loading 
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Mid span deflection  

Theoretical and experimental results for mid span deflection reported 

in table 4.11 are plotted in fig.4.13. All experimental results, at 

reported loads, are lower than the corresponding theoretical ones. A 

1% variation is reported between experimental and theoretical at ultimate 

load. All experimental and theoretical results agree reasonably well. 

Similar discussion to that of section 16.2.1 to explain stiffer beam 

experimental results of beam model (1), also apply for beam model (2). 

Neutral axis web shear stress:  

Theoretical and experimental results for web shear stress given in 

table 4.11 are plotted in fig.4.14. Considerable variations between 

theoretical and experimental results are noted. Experithental results at 

reported loads are lower than the theoretical results. Variation of 

theoretical results with respect to experimental result as high as 20% 

is noted at ultimate experimental load. Both ultimate theoretical and 

experimental results are lower than ultimate web shear stress determined 

from small clear specimens (2150 lb/1n2), refer to table 3.3. Theoretical 

web shear stresses are based on linear analysis and experimental results 

are based on linear xT z 
Y relationship.   

16.3 Results for test series III: Beam models (3) and (4) 

16.3.1 	General  

Theoretical and experimental results for beam models (3) and (4) are 

summarised in tables 4.13, 4.14, 4.15 and 4.16 at different load levels. 

These results includethe following: 



Beam 
model 
no. 

Ultimate 
load 

(lbs) 
Type of failure 

Position 
of 

failure 
along 
span 

0
24 	at 

ultimate 
load 

2 lb/in  

E
24 	

at 

ultimate 
load 

1 .(56 

Average m.c. 

Beam 
test 

small clear 
specimen 

test 

Theo. Expt. TheO. Expt. Theo Expt. Theo. Expt. Theo. Expt. T P T P 

(3)  10847 10800 
Tensile failure 
of bottom 
plywood web 

Tensile failur- 
of bottom 

plywood web 

1 At 
spa 

1 
At 
spate 

 7559 - 7199 - 13.9 11.5 13.1 11.0 

(4)  7465 7800 II II II " 7650 - 7286 - 13.5 11.3 13.05 11.0 

Table 4.12 	Summary of critical results at theoretical and experimental 
ultimate loads for tests series III. 
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(a) Distribution of stresses across the depths of beam models (3) and 

(4) at mid span. It is worth mentioning here that strains were not 

1 
measured at critical section of the beam models (-

3 
 span) because 

of the presence of the web stiffeners at these points and also the 

load applied there may produce stress concentrations that may 

influence the readings. 

(b) Mid span deflections. 

(c) Neutral axis web shear stresses at distances indicated in tables 

4.14 and 4.16. 

(d) Slip between top timber flange and plywood web at distances indicated 

in tables 4.14 and 4.16. 

From table 4.12 both beam models' predicted ultimate loads agreed with the 

experimental ones and also tensile failure of extreme bottom plywood 

1 fibre at — span, i.e. under the load, has been predicted theoretically 
3 

and confirmed experimentally at the ultimate loads reported in table 

14.12. In both beam models theoretical ultimate 024  and e24, as determined.  

from small clear specimens (table 3.3), has been reached. 	Discussion of 

that has been given in section 15.2.1(b). 

16.3.2 Distribution of stresses at mid span 

Theoretical and experimental results for direct stresses and strains 

of table 4.13 and 4.15 for beam models (3) and (4) are plotted in figs. 4.15 

and 4.19 for five load levels including the ultimate loads. The following 

points are evident: 
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• Extrapolated from experimental results 

-* Theoret ica I results are based on solut ions 
of the generalized d.e. 

Levels 1, 2J 3 &. 4 are defined as in fig. 2·9 

T2ble 4·13. Theoretical and experimental strain and stress results at mid-span of beam 
model (3) under four point loading 
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(a) Linear distributions of strain across depth of beam, assumed in 

theory (part II of this thesis), is confirmed by experimental results 

at all load levels. 

(b) At high and low load levels the strains and stresses determined 

theoretically and experimentally agree reasonably well with each 

other. e.g. at ultimate loads of both beam models the highest 

variation encountered between theoretical and experimental results 

is 15% for c
11 

for beam model (4). Stresses follow the same pattern. 

It is worth mentioning that at low load levels, about 3393 lbs, the 

theoretical strains and the stresses across depths of plywood and 

timber of both models agree within 7% variation with the experimental 

results. 

In beam model (3) the ultimate theoretical result, refer to 

fig.4.15, indicate that yield has started in the plywood in compression 

while the ultimate experimental results indicate that the plywood is 

still elastic. In both cases the timber in compression is still 

elastic, and also the timber and plywood in compression of beam model (4). 

(c) It is noted that the total compressive force (C) in either of beam 

models (3) or (4) agree within 5% with their respective counter 

total tensile forces determined from the experimental stress distributions. 
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16.3.3 Mid span deflection  

Experimental and tneoretical results for mid span deflections of beam 

models (3) and (4) reported in tables 4.14 and 4.16 are plotted in figs. 

4.16 and 4.20. For each beam, the experimental results at reported load 

levels, are lower than the corresponding theoretical ones. Highest 

variation encountered is at ultimate load of beam model (4) when the 

variation is about 11%. 

Also in fig.4.16 the theoretical solutions for mid span deflection 

based on the analytical solution of section 5.7 for beam model (3) are 

plotted for three load levels; low, medium and high corresponding to 

the connector moduli chosen for these load levels in section 10.3. 

16.3.4 Neutral axis web shear stress  

Experimental and theoretical results for web shear stresses at neutral 

axis given in tables 4.14 and 4.16 are plotted in figs.4.17 and 4.21 

for beam models (3) and (4). Theoretical and experimental results agree 

reasonably well. Variations within 7.5% are encountered in both beam 

models. For each beam, the experimental results, at reported load levels, 

are lower than the corresponding theoretical ones at any distance from end 

support. It is noted that for beam model (4) the experimental results at 

a distance equal to 3.05 inches from the end support are very low and even 

lower than those at a distance equal to 15.25 ins. These results might have 

been influenced by the presence of the end stiffener since these results 

were obtained from a rosette on plywood adjacent to the end stiffener. 

These results were not plotted. 



Load 
level 
(lbs) 

Total mid-span deflection 
(ins) 

Web shear stressl 
at x=15.2 	ins 

lb/in Top flange slip (ins) 

*Theoretical Experimental *Theo. Expt. *Theoretical Experimental 

At x=9.1 At x=24.4 At x=9.1 At x=24.4 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

1651 .135 .133 133 98 .0029 .0021 .0018 .0014 

3537 .325 .323 286 25o .0110 .0076 .0091 .0055 	. 
4716 .467 .449 382 335 .0193 .0130 .0165 .0110 

7074 .819 .742 574 522 .0446 .0300 .0382 .0258 

9432 1.245 1.142 769 718 .0795 .0546 .0717 .0495 

10375 1.442 1.330 850 791 .0977 .0692 .0935 .0630 

10800 1.552 1.442 893 832 	1  .1086 .0781 .1030 .0700 

* Theoretical results based on generalised d.e. solution 

Table 4.14 Deflection, web shear and slip results of beam model (3) 
under four point loading 



11790 

Theoretical based on generalized 
d. e. solution 

—... — Theoretical based on linear 9432_ 
 

0-6 

Ult. load— 

7074r- 

0 
–J 

4716 

Experimental 

k= 70000 lb/in 

Variation of thearetica; result from 
experimental at ult. load 

A 

2358 

Theoretical based on generalized rte, solution.  
— Theoretical based on linear Q -6 

Experimental 

11790 

Ult,load 

9432 

7079 

.ID 

C15 0  4716 

2358 

• ••••• ..••" 

lc: 7000 lb/in 
X:70000 lb/in 

1. 	 13330 lb/in 

Ar Variation of theoretical result from 
experimental at ult. load = •7-6°/.. 

II 	I I I ! 	I 	I I  

0.1 02 0.3 0.4 0.5 0.6 0.7 043 0.9 1.0 1.1 1.2 1.3 1'4 1.5 
Total deflection (in) 

Fig. 4.16. Theoretical and experimental mid span defection of 
beam model (3) under four point loading 
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Fig. 4.17 Theoretical and experimental web shear stress at 
X = 15 .25 in for beam model (3) under four 
point loading 
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Fig, 4.18, Theoretical and experimental slip results for beam model (3) under four point loading 
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16.3.5 Top flange web slip  

Experimental and theoretical results for top flange web slip given 

in tables 4.14 and 4.16 are plotted in figs.4.18 and 4.22 for beam models 

(3) and (4). Theoretical and experimental results agree reasonably well. 

Variations within 12% have been encountered in results from both models 

at distances of 9.1 and 24.4 inches for beam models (3) and 15.25 and 

39.65 inches for beam model (4) from the end support. Low experimental 

results have been encountered in results near the end support of beam 

model (4), at x = 3.05 ins. This is attributed to the effect of the end 

stiffener which was ignored in the theoretical solutions. For each beam, 

the experimental results, at reported load levels, are lower than the 

corresponding theoretical ones at any distance from the end support. 

Also in fig.4.18 the theoretical solutions of flange web slips at 

x = 9.1 inches based on the analytical solution of section 5.7 for beam 

model (3) are plotted for three load levels; low, medium and high 

corresponding to the chosen connector moduli for these load levels given 

in section 10.3.. 

16.3.6 Corollary  

It should be noted that in all the theoretical and experimental results, 

reported above for deflection, web shear stress and slip of beam models (3) 

and (4), all the experimental results are lower than their corresponding 

theoretical results. This indicates that the actual beams tested are 

stiffer than the theoretical models. This may be explained in the same 

way as discussed in section 16.2.1. 
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*THEORETICAL Av. EXPERIMENTAL 

0.15in from levels 1,2,384 
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Av EXPERIMENTAL 
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• Extrapolated fr,..qn experimental results 
Thf.-- Tetical re7L.11'..s arc based on solutions 
of the generalized d. e. 
l_c).v; 1,2, 3 S. 4 are as defined in fig. 2.9 

Table 4-15. Theoretical and experimental strain and stress results at mid- span of beam model (4) 
under four point loading 
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Fig. 4.15. Theoretical and experimental stress and strain distribution at mid span of beam model (4) 
under four point loading 



Load 
level 
(lbs) 

Total mid 
span 

deflection 
(ins) 

• 

Web shear stress (1b/In2) Top flange slip (ins) 

• *Theoretical Experimental *Theoretical Experimental *Theo. Expt. 
x=3.05 x=21.35 x=3.05 x=21.65 At x=3.05 x=15.25 x=39.65 x=3.05 x=15.25 x=39.65 

0.0 0 0 0 0 0 0 0 0 0 0 0 0 

1697 .199 .179 266 263 172 211 .0054 .0053 .0004 .0032 .0043 .0007 

1 	3393 .474 .452 528 523 358 452 .0208 .0200 .0019 .0160 .0180 .0017 

5090 .864 .831 784 779 599 715 .0503 .0481 .0054 .0350 .042o .0050 

6786 1.357 1.262 1052 1045 843 loll .0957 .0919 .0113 .070o .0790 .0100 

7465 1.581 1.482 1169 1163 942 1123 .1201 .1158 .0149 .0805 .1010 .0134 

7800 - 1.550 - - 1008 1218 - - - .0920 .1150 .0154 

* Theoretical results are based on generalised d.e. solution 

Table 4.16 Deflection web shear and slip results of beam model (4) under four point loading 
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Fig. 4.22. Theoretical and experimental slip results for beam model (4) under four point loading 
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Theoretical based on generalised 
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Fig. 4.20. Theoretical and experimental mid span 
deflection of beam model (4) under four 
point loading 
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Fig. 4.21. Theoretical and experimental web shear stress 
results at X = 21.35 in for beam model (4) 
under four point loading 
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SUMMARY, CONCLUSIONS AND FUTURE WORK 
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Part V  

Summary, Conclusions and Future Work  

Chapter 17 	Summary 

17.1 	Scope  

The ultimate load behaviour of rigid and semi-rigid plywood web 

I-beams has been investigated theoretically and experimentally. 

The theoretical investigation presents the cases of rigid and semi-

rigid plywood web I-beams seprately. 

17.2 	Theoretical  

17.2.1 Rigid plywood web I-beams  

The theoretical solutions presented to describe the behaviour of a 

rigid plywood web I-beam are based on the engineer simple bending theory 

and also on the assumption that complete interaction between the flanges and 

web occur, i.e. no strain difference. Solutions have been given to find 

the stress distributions across the depth of a rigid plywood-web I-beam at 

different points along its span. To find the stress distributions, the 

stress-strain relationship (rf -E ) for timber and plywood in tnesion and 

compression are defined. A linear rr - E relationship has been adopted 

for timber and plywood in tension. Also two 0. -E relationships have 

been considered for timber and plywood in compression: a linear one and 

an idealised non-linear one. A numerical procedure based on linear Newton- 

Raphson method has been employed to find the stress distributions across 

the depth of the beam at any point along its span when the generalised 

idealised non-linear - E relationships are adopted for timber and 

plywood in compression. Bending deflections have also been found using 

two methods depending on the cases when a linear or a non-linear - 

relationship has been adopted for timber and plywood in compression. 

While for analysis based on linear rf - c relationships analytical solutions 

are given for bending deflection, a numerical procedure based on finite 
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differences has been employed to find bending deflection at any point 

along the span of the beam when the analysis is based on idealised non- 

linear —c relationships. Webs have been assumed to be thick enough 

to prevent them from buckling and analytical solutions have been given 

for web shear stress at the neutral axis based on linear cs -E 

relationship for timber and plywood in compression. Also analytical 

solutions, based on linear rf - E relationships for timber and plywood 

in compression, have been given for flange web shear stresses at the 

interfaces of the top flange and bottom flanges. Based on the concepts 

mentioned above, a computer program has been written to find the bending 

stress distributions at different points along the beam span, bending and 

shear deflections, web shear stresses at the neutral axis and flange web 

shear stresses at the interfaces of the top and bottom flanges. 

17.2.2 Semi-rigid plywood web I-beams  

The theoretical solutions presented to describe the behaviour of 

semi-rigid plywood web I-beams, are based onthe engineer's simple bending 

theory and also on the assumption that incomplete interaction between 

flanges and web will occur. Hence strain differences between flanges and 

web will take place and it is assumed that these occur at the centre of 

gravity of the joints. Hence the joints Q - 8 relationships are defined. 

A linear and a non-linear Q 5 relationships are considered separately. 

The non-linear relationship is based on Mack's equation (1966). As in the 

case of the rigid beam analysis, 0 - c relationships for timber and 

plywood in tension and compression are defined to find the stress distributions 
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across the depth of the beam at any point along its span. Whereas a 

linear c - E relationship is defined for timber and plywood in tension, 

linear and also idealised non-linear - E relationships are defined 

for timber and plywood in compression for each of the linear and non-

linear Q - 6 relationships. Hence four cases are considered: 

(a) Linear Q -5 : (i) Linear (1 -E timber and plywood 

(ii) Non-linear -E timber and plywood 

in compression; linear in tension 

(b) Non-linear Q -8: (i) Linear (../ E timber and plywood 

(ii) Non-linear cr -E timber and plywood 

in compression; linear in tension. 

Generalised governing differential equations have been derived in 

terms of flange direct forces (N) and joint slip (6) of the top and bottom 

flanges. Analytical solutions of these differential equations are found 

when the analysis is based on linear Q 5 and 0 E relationships. 

In all the other cases numerical procedures are adopted to solve the 

governing differential equations. 	The adopted numerical procedure is 

based on the predictor corrector method due to Hamming (1959, 1962). 

In the numerical procedure, values of the unknowns are guessed at one end 

of the beam (first boundary point) and integration then proceeds from one 

node to the next along the beam span using predictor corrector method until 

the other end (second boundary point) is reached, where the results of 

unknowns obtained from integration are compared with the desired given 

values at that boundary point. If the calculated values of the unknowns 

from integration at the second boundary point are different from the desired 

given values, then convergence towards the desired given values is obtained 

by finding new guesses for the unknown values at the first boundary point. 
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These new guesses are obtained by applying a combination of two methods. 

These methods are based on a direct search method and a directional 

search method based on the Newton Raphson method to solve simultaneous 

algebraic equations. After finding the correct stress distributions 

across the depths of the beam at various points along the span and hence 

curvatures, then bending deflection, flange web shear force per unit 

length, etc.,,are also found. Similar procedures are employed to find 

bending deflection as those mentioned above for the rigid beam. 

Analytical solutions are given for web shear stress and shear 

deflections of a simply supported semi-rigid plywood I-beam. The solutions 

are based on linear Q- s and cf 	relationships. The effect of slip 

on shear deflection has been investigated for a simply supported beam 

loaded with uniformly distributed load over the whole span. 

Based on the above,a generalised computer program has been written 

to solve the generalised governing differential equations in terms of 

flange direct forces (N) and flange-web slips (6) of top and bottom flanges. 

Also solutions for total deflections, flange web shear force per unit 

length and web shear stress may be found using the computer program. 

17.3 	Experimental  

The experimental work includes the testing of four simply supported 

1 
plywood-web I-beams under four point load at - 3 points of the span. Two 
of the beams were rigid and the other two were semi-rigid. The beams 

were tested up to failure and strain measurements were made across the 

1 
depths of the beams at mid spans. Also deflectionsat mid span and at 

3
- 

points, and shear strains at various points along the beam were made. 
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In the case of the semi-rigid beams also slip measurements at various 

points along the top flange were made. Prior to testing the beams, tests 

on small clear specimens of timber and plywood and also on timber to 

plywood joints were made to determine material properties of timber and 

plywood used in the beam and also the timber to plywood joint Q - 8 

relationships. Strain measurements using electrical resistance gauges 

and mechanical gauges were made on some of the tension and compression 

small clear specimens to determine (1 - E relationships of timber and 

plywood and also to find the true gauge factors of electrical resistance 

gauges. Tension and compression tests were made on timber flanges prior 

to beam fabrication to compare their results with the results obtained from 

tests on small clear specimens. 
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Chapter 18 	Conclusions and applications to design 

18.1 	Conclusions  

Several conclusions arise from the theoretical, experimental and 

comparative studies made on plywood web I-beams and described in parts 

II, III and IV of this thesis. 

It has been shown that corrections factors should be applied to 

electrical resistance gauges factors when they are used to measure strains 

in timber and plywood. Strains measured by electrical resistance gauges 

of the type used in this thesis are up to 12% lower than those measured 

by mechanical gauges. This agrees with Solvey (1952) and Youngquist (1957) 

who found up to 10% decrease in strain when electrical resistance gauges 

are used to measure strains in timber and plywood. 

- E results obtained from compression and tension tests on small 

clear specimens of timber and plywood have been satisfactorily represented 

by a linear idealisation for tension and a non-linear elastoplastic 

idealisation for compression. It has been found that it is possible to 

predict satisfactorily the behaviour of both a rigid and a semi-rigid 

plywood web I-beam by adopting these idealisations for the c -E 

relationships of timber and plywood in tension and compression when these 

beams are analysed theoretically. 

Q - 8 results obtained from compression tests on timber to plywood 

joints have been satisfactorily represented by Mack's equation (1966). 

It has been found that it is possible to predict the behaviour of a semi-

rigid plywood web I-beam by adopting Mack's equation to describe the 

Q - 8 relationship of a timber to plywood joint of a semi-rigid plywood 

web I-beam when this beam is analysed theoretically. 
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It has been shown that the results obtained for the moduli of 

elasticity of the timber flanges in actual sizes, when tested at low 

loads in tension and compression parallel to the grain prior to beams 

fabrication, are slightly lower than those obtained from small clear 

specimens. 

Strain measurements across the depths of the beam models at inidspan 

show that the strain distribution across the depth of the beam is linear 

and hence validated the basic assumption that plane sections before bending 

remain plane after bending. 

From the theoretical study on plywood I-beams the effect of joint 

slip between the timber flanges and the plywood web is evident and is 

reflected in the bending stresses and strains and deflection, etc. 

distributions along the beam span. In the case of rigid beams the bending 

stress distribution along the beam span follows the bending moment distribution, 

whereas in the case 'of the semi-rigid beams the effect of joint slip, 

i.e. strain difference between flanges and web, plays an important role 

and may force the distribution of bending stresses along the span to 

depart from the distribution of bending momentpand is dependent on the 

choice of the joint Q - 8 relationship. 

It has been confirmed theoretically and experimentally that the 

magnitudes of the bending strains and stresses at the same levels of 

plywood and timber are dependent on the materials / - c relationships 

and the relative magnitude of ultimate and yield strains and stresses of 

timber and plywood, also on the degree of stiffness of the timber to 

plywood joint, i.e. Q - s relationship, and also on the load level for 

a beam with fixed geometry. This has been confirmed theoretically and 
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experimentally from results obtained for beam models (1), (2), (3) & (4). 

' In the case of the rigid beams it is found that the strains are the same 

in timber and plywood at any level across the beam depth and also at 

all load levels and that the timber in compression has started to yield 

before the plywood in compression and that compression failure of the 

top timber flanges has been predicted and confirmed for beam model (2). 

In the cases of the semi-rigid beams it is found that the magnitude of 

the strains and hence the stresses at any particular level across the 

depth of the beam varies with the load level and strength of the joint. 

It is found that as the load is increased the strains in plywood tend 

to be higher than at the same level in the timber flange and this may 

be understood from the shapes of the timber and plywood (T ■E relationships 

in compression. In the semi-rigid beams it is found that the plywood in 

compression has started to yield before the timber in compression and that 

1 
a tension failure of the bottom plywood at 

3 
— span has been theoretically 

predicted and experimentally confirmed for both beam models (3) and (4). 

While it has been shown that the effect of slip is to increase the 

bending deflection, it is established theoretically that the effect of 

slip may increase or decrease the shear deflection. Also it has been 

established theoretically that the effect of slip on shear deflection 

is small if this effect is compared with the total deflection, i.e. bending 

plus shear deflection, for beams with moderate flanges sizes, web thicknesses 

and overall depths. 
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While it has been shown theoretically that a totally linear analysis 

based on linear Q -8 and cr -E relationships is possible for semi-

rigid beams at low and moderate load levels, it has been established that 

a totally non-linear analysis based on non-linear Q - S 	and cf -E 

relationships is essential for semi-rigid beams at high loads near their 

ultimate.. 

Close agreement between theoretical and experimental results for 

strain and stress distributions, deflection, slip and shear stresses 

indicate that the basic assumptions on which the theoretical analysis 

is based and the method by which experimental strain results are converted 

into stresses are valid. Also it indicates the adequacy of the 

experimental rig. 

18.2 	Applications to the analysis and design of semi-rigid plywood  

web I-beams  

In this thesis theoretical and experimental studies of semi-rigid 

plywood web I-beams at ultimate load proved that deflections are excessive 

and that they are much greater than the permissible given by cp 112 (1967). 

For beams of similar spans to those considered in this thesis (91.5 in), 

the permissible deflection is about 0.27 in. Deflections as high as 

1.6 in have been recorded at ultimate load for beam model (4). In most 

cases the maximum permissible deflection may limit the design load of 

a semi-rigid plywood web I-beam and may be considered as the limit state 

of that beam. Other limit states, e.g. bending stresses and web shear 

stresses, are checked for. 

In cases where permissible deflection is the limit state of the beam 

design, then a linear analysis based on linear Q -6 and ■C relationship 



- 238 - 

for timber and plywood in tension and compression may produce solutions 

accurate enough for design purposes, since the beam may be considered at 

low or moderate load level. For a more refined analysis, a non-linear 

Q - 5 with linear -E relationships should be considered. 

In other cases where high deflections may be tolerated, or beams 

precambered, then the analysis may be based on the ultimate load concept 

when the analysis should be based on non-linear Q - 5 and (I E 

relationships for timber and plywood in compression and also a linear 

- E for timber and plywood in tension. 
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Chapter 19 	Suggestions for future work 

The following suggestions, have not been considered in this thesis 

and their investigation in the future will complete the picture of 

ultimate load behaviour of rigid and semi-rigid plywood web I-beams. 

(1) Distribution of shear stresses across the depth of plywood 

in a plywood web I-beam at ultimate load. 

(2) Buckling of plywood webs in plywood I-beams and the 

lateral stability of the whole section at ultimate load. 

(3) Shear deflection of semi-rigid plywood web I-beams at 

ultimate load based on non-linear - E relationships 

for timber and plywood in compression and also on non-linear 

Q - S relationship for a timber to plywood nailed joint. 
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Flow Charts for  

Computer Programs' 

Symbols  

NSET 	Number of data sets 

IW 	Number of loads to be considered 

ISP 	Number of spans to be considered 

ISOL 	Type of i  - c relationship to be considered 

ISOL = 1, analysis is based on linear c -c 

ISOL = 2, analysis is based on non linear c  - E 

ICASE 	Type of Q - 8 relationship to be considered 

ICASE = 1, analysis is based on linear Q - a 

ICASE = 2, analysis is based on Mack's equation for ()--5  

relationship 

Desired accuaracies to which solutions are iterated 

A parameter to obtain an initial guess for first 

derivatives such that the Newton Raphson method 

may be applied. 

Subroutines  

'GUESS Is a subroUtine based on analytical solutions of 

generalised governing differential equations to find 

initial guesses of slips at first boundary point, e.g.using 

equations 2.65 and 2.66 for a symmetrical simply supported 

beam under four point loading at 1-span and noting that 3 
8A--1. - k ,upper bound slips at low loads may be guessed 

by choosing k slightly stiffer than the actual and vice 

versa for lower bound slips 
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BENDID 

SBEARD 

DFEQS 

MOMENT 

Is a subroutine based on finite difference method given in 

section 4.3.3 to find bending deflection 

Is a subroutine based on equations2.108 and 2.114 to find 

shear deflection of a simply supported beam at mid span 

of a plywood web I-beam under uniformly distributed load 

and four point loading 

Is a subroutine based on predictor corrector method 

described in section 6.2 to integrate from one node to 

the next along the beam span. It is worth mentioning that 

D1hQS is called at each node to predict the solution at 

the next node and then correcting that solution as outlined 

in section 6.2.2 

Is a subroutine to calculate the bending moment and shear 

force at each node along the beam span for two loading 

cases,mainly: a four point loading and also a uniformly 

distributed load over the whole span 

Other subroutines are described in flow charts given later in this appendix. 

The same notation adopted earlier in the thesis is also adopted in 

the flow charts described later in this appendix. 



FLOW CHART r  
Rigid Beam Program 

N.B. 
cc= (GA 	BA(Io -1)/ (Kp(Io) - Min fIo-1) 

NSET.NSET.1 

WW.P(NW) 
CALL. "MOMENT- to find Mat all nodes along  the  span  and for that loading  • WW" 

Assume linear d E 
Find B. E11.E21.0j1 • °-21. etc ...  

Hd
Assume non linear 0-- E timber, linear plywood;  find Eli. El. £21.011.0-21.etc. 

Assume linear 0-- E timber, non linear plywood;  find Eli , 
E21111 •a21. etc 

STORE: Stress and strain curvature distributions at that node. Also calculate corresponding web shear and flange web shear stresses. Find total deflection-4F 

Write stress and strain distributions. deflection -WI  Ixyand t,0  at all nodes along  span 

0 

M - Me.,,fro1 

'Read I SET  
ENSET.0  

Read Input data. Ei.E2.E3 , 
D2 , a;L, . 10i,„ di  .d2  .03 , t, 11. hi, Porp ,L,IW,ISP, ILOAD,IW,ISP ..... 

Calculate section propertleS eg. A1 .A2  ,etc... 

SPAN NPT 

Define nodes along  span 

If Jo i.ezeci-11) 
If .10)1. O. cc xfh1-1,161.10-1)) 

For calculated curvatures and given boundary conditions CALL -BENDID" to find bending  deflection at all nodes Call •SNEARD" to find Shear deflections 
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Is 
a good 

guess found 

Is 
2nd Bot. 
Satisfied 

Write stresses and strains/ 
distrtns. deflection, web 
shear stress, Slips and 
cl/  and q3  at all nodes 

I  
Find total deflection 

Find t 
Set Q./  - '4-.4,1, 53 . V, 

Read Input Data ; Et,E2 ,E3, G2. 0-1•4 ,0-2. • 
C1u .C2,.,. at  , d2  .d3  01  .62  63 , Porp, L, 

k, Species factor. H. t.,,11, 
ISOL,IC.ASE. ILOAD, ?Winter of increments 
IM,Bourdari  points and conditions 

Cali 'IGUESs" to find 6110,631up, 
611LO,  '53  ILO" 

FLOW CHART  IL 
Semi-rigid Beam Program 

Find positions of nodes 
along Stan- 

Set guesses at first boundary 
EYI .6llup.63 u 63 up 

s N3  • 0 

Set co-ordinates at 	CALL-SOLN" to lina 
first boundary•Xs 0 	upper bound solution 

IS 
2nd Bo 
tidied 

CALL "SHEAR D" to find 
shear deflection 

CALL -BENDID"to 
find bending deflection 

• I NW.NW•1  
Calculate momen s 

WW-F(NW) 	at all nodes by cal mg 
"MOMENT' 

IS 
2nd Bpt 
Satisf 

y a coo 
9 .uess 
toted  

IS 
2nd Bpi 
Satisfied 

CALL "SOLN'to find 
Lower bound Solution 

Set co-ordinates at 
first boundary point, 

X a 0 

Set guesses at first boundary 
point - 	63n631LO  
N1 a N3 2 ° 

Is 
2nd B pt. 
Satisfied 

IS 
a good 
guess 
found 

A61 a (61 1uP -611L0)IIM 
t163 2 (63IuP - 63IL01IIM 

51. 61 1Lo 
63" 63ILo 

rmia1m1 .1 

CALL NWTN 

Y 

I CALL "SOLN"to find 
solution over span  

Set; x Set guesses at first boundary 
point. 61. 6i, 63. 

6'3 a L6 3.63 

Is 
IMS1114.t 

IM3 IM3 

	 rmi  o , 
• 6 IL 

CALL "NW TN" 
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Subroutine "SOL N" 

Transfere 51. 83, Ni, N3, X as 
Solution vectors for all nodes.  

Also, -11, NPT, d6i  dNietc.  
dx dx 

, S. I SOL. I CASE, 1-I, E, 
and Mex at each node. 

Io = 0 

IO = IO • 1 

CALL "DFEQS " and "EXTERN" 
at the same time for all nodes 

STORE 61 (1-0). 62 (DA 
Nt (Io), N3(ro) and their 
derivatives Also X(Io) 

( RETURN 

Subroutine "EXTERN" 

TranSfere 81. 63, N1 , N3 and 
E, 

ISOL, 	S, I CASE, 
and Mex at each node 

T 	(I SOL ), 1,2 

1 

Find d61 d63 based on linear 
dx dx 

E and corresponding to Mex 
at each node. 

2 
CALL "MTt TER" to find d81 and 
d6 	 dx 

- based on non linear dx 
and corresponding to Mex  at each 
node. 

CALL -"ARITI-1" to find 
dN1  and dN3  for values 
dx 	dx 
of 61, 63 at each node. 

( RETURN 



Assume M2 as a 
V. of total M" 

Tralisfure: Mex, N1,  N3 , Ely, F2y, 
Section properties, 61 , 0-12 .E11 

(Tr% 	, h2 , e, etc, 
to and from Extern. 

-(141 • N2) 

Io = 0 

ST(.- ::H: 0 • 

.4.: 	 D" SubrouLine 

10 =To • 

-(Io ) = M2 

N.B. 
c = 9A(I) - 9A (I:1) 

(MIA 2(I)-M■4 2 (I-1) 

cc = (141-.c.(Io)-1.1-i2(To -1) 
(T•lin(Io)- 	cio=17 

For M2 = Assume a linear 0"-E 
for plywood. Find 01,E21, £24,  et c. 

Also corresponding stresses 

= I • 1 

Assume: Non linear 6-E 
for plywood. Find 

h2, etc. for e 

=0A(I• 1)1 

I GA  (I)=e1 

f  
Calculate MM2(I) 

TOL =IMM2 (I )-1421/1.12 

If I = 1;eA(2 .emi)ik(i•TI) 
If I>1;0A(I•1)=GMI)-c0I.1,12-MM2(1)) 

C-E for top 
flange; calculate M1  Eli, 
£12, etc., for 0 

Asiume 	`c..-; 
bottom flange. Find 

E-44, F-1-..„ M3, etc. for e 

	 tY  
Min(r°)= MI. M2 * M  3 -1 
• ri  • r3  ) • 

 

As.7.ime 
top tirrter flange 

   

sl:ite M1 , :::1 ,E12, 
07:1,C7:2 , 	rl  

     

      

If To r. 	:•: 	 '1 ).. 	 ) 
If T > I., M; 	 )) 
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Subroutine "AR I TH" 

d N3 11/ Transfere Si, 63, s,  cl dx 
	dx 

Species factor, I CASE to and 
from "EXTERN" 

GO TO (ICASE),1, 4 	 

2 1 

d 
d 
 Ni 	N 

Find 	
d3 	
based 

on
dx  

on linear 0-6 

dNi  dN-1 Find dx dxw' based on 

non linear 0 -6 "Mack's eqn." 

1%----(RETURN 




