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ABSTRACT

The work set out in this thesis investigates matrix-
theoretically the problem of thermal creep in the structural
analysis of concrete continua. Since the structural engineer
who is a computer expert is still an outsider, a thorough
appraisal of the structural analysis and the validity of the
computer techniques contrived for this purpose is made. The
interfaces between the mathematics, matrix theory and computer

programming involved are discussed.

The insolubility of the differential équations as
formulated in the infinitesimal approach to structural analysis
is surmounted by the employment of numerical methods in con-
junction with a high-speed digital computer. Guidelines for
implementing established finite element and finite difference
techniques in a mixed method of approach to the computer-aided
analysis of elastic, thermoelastic and isothermal or transient
thermoviscoelastic axisymmetric stress problems as encountered
in the design of prestressed concrete reactor pressure veésels

are given.

Three cfeep testing machines were designed and constructed
to ensure the imposition of stable mechanical and thermal bound-
ary conditions during the experimental investigation. The main
objective was to record isothermal creep strains developing in
concrete specimens subjected to moderate and high stresses and
temperatures. The superposition hypothesis as a technique for
the reduction of thermal creep strains to linear thermovisco-

elastic ones is corroborated experimentally.

The creep curves obtained and other physical character-
istics of concrete are fitted by optimal formulae. The
theoretical reproduction of relaxation curves is performed to
overcome the contrariness between creep and relaxation as
regards their suitability as objects of experimental and
theoretical investigations. The history-dependent integrals
for the computation of thermal relaxation weighting factors

are evaluated.

Complex case studies are carried out. To make convincing
representation of the numerical results, stress and temperature
fields are graphically displayed as contours or isometric

surfaces using computer plotting facilities.
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CHAPTER I

INTRODUCTION

1.1. GENERAL

Axisymmetric or spherical concrete structures designed
with tensioned or non-tensioned steel reinforcement are used
in c¢ivil engineering practice as reactor pressure vessels,
contalners for chemicals, water towers or reservoirs, submarine
0il tanks, caissons, bunkers, air-raid shelters, silos, cupolas,

lighthouses, industrial chimneys and television aeria masts.

The stress analysis presented in this thesis was
developed primarily to suit this type of continuous structures.
In addition, however, a first approximate solution may be
obtained for stress analysis problems of reactor pressure
vessels with boilers contained in the wall and some multi-~
storey buildings if an axis of revolution is defined.  As
regards future developments, the design of in-situ built

multi-purpose submarine reservoirs may be considered.

With the fast development of prestressed concrete
.pressure vessels for nuclear power stations in the late 1950's
and the growing concern about the safety of building structures
against fire hazards, interest has increased in the knowledge
of the behaviour of concrete at elevated and high temperatures

and its effects on the strain history of loaded structures.,

Since the complex configurétions of the above mentioned
sﬁructures render the mixed elliptic and parabolic partial
differential equations of the stress analysis problem insoluble
in the closed form, techniques for numerical analyses suitable

for computer programming are required.

The solution of the problem set out in this thesis
is brought about by the development of computer programs in
which the thermoviscoelastic, thermoelastic or elastic stresses
arising are determined in the space variables using-iterative
finite element methods and in time using marching finite

difference techniques. The change in the structures' stiff-

ness matrix due to ambient or thermal creep effects is accounted

for by the employment of thermal relaxation weighting factors



which are arrived at in a rigorous mathematical procedure
and valued on the basis of the data obtained from experiments

performed for thermal creep compliance.

.

l.2. OBJECTIVES

The foregoing objectives are achieved by first review-
ing the nature of the dialecticaliy interacting phenomena of
creep and relaxation in Chapter II and by particularizing the
characteristics of the proposed experimental and analytic

approach to the thermoviscoelastic problem in concrete continua.

The testing machines built to enable the experimental
investigation into the problem of thermal creep are described
in Chapter III. The details of their design are documented
on twelve size Al workshop drawings; for the benefit of the
reader, however, scaled down versions of the drawings are
presented. In these, the machine parts are identified by
numbers which refer to a relevant description giVen in Appendix
III.

In Chapter IV, the preliminary tests on the ageing-
concrete are reported. The development of shrinkage strains,
moisture loss and strength characteristics are studied mainly
to determine the instant after which age has a negligible

effect on the behaviour of the concrete during the tests proper.

The data obtained for the creep deformation of the
concrete test cylinders subjected to various stress levels and
isothermal temperature regimes between 20 and 600°C, are
recorded in Chapter V. The evaluaticn of the creep tests in
form of parameter studies is here carried out to a point, where
the reduction of the thermal creep problem to a linear thermo-
viscoelastic problem is recognized and the applicability of
the superposition hypothesis for time-dependent strains may
be enjoyed. The original data are listed in Appendix VI.

To prepare the ground for the thermoviscoelastic
stress analysis of three-dimensional and axisymmetric continua
the small displacement’ thecory and the concept of linear
elasticity are recapitulated in Chapter VI. The elliptic
partial differential equations which express the structural

compatibility under elastic deformation in closed form are



arrived at, but found to be insocluble.

Consequently, in Chapter VII, energy principles in
conjunction with variational methods are drawn upon to trans-
form the governing differential equations into integral
expressions which may be minimized with respect to the dis-
placement or the temperature field variable, respectively.
The uncoupling of the field variables from the sets of space-
dependent stiffness and conductivity functions, however, is

not possible.

These limitations are surmountable by the implementation

of finite element techniques and thus, in Chapter VIII, the
classical and the nature deformation modes concepts of the
matrix displacement method.are expotinded. With axisymmetric
geometries in mind, ring-shaped elements of trianqular cross-
section are employed. For continuity, the matrix equations
are written in concise symbolic form, leaving the formation

of the matrix coefficients for Appendix IV.

For comparison and mutual check of their applicability
to the elastic stress problem, two computer programs based on
the classical and the natural modes concept, respectively, are
.implemented in Chapter IX, analysing the behaviour of an
axisymmetric concrete pressure vessel subjected to a typical
loading case. The resulting stress fields are graphiqally
displayed and evaluéted by virtue cf ccntour and surface

plotting routines designed for this purpose .

Proceeding from the theory‘of thermoelasticity, in
Cﬁapter X the structural problem is solved in the time
variable by employing finite difference techniques. The
governing matrix equations are established for the heat
conduction problem, the thermoviscoelastic stress analysis

problem and the creep-relaxation conversion.

.In Chapter XI, the theory of thermoviscoelasticity is
reconciled with the expérimental data obtained. Formulae for
the development of thermal creep strains are originated, perm-
ifting the proposed thermal relaxation weighting factors to be
determined numerically. Considering the axisymmetric concrete
pressure vessel described, the thermoviscoelastic stress

fields arising from the enforced compatibility of differential



thermal expansions due to transient temperature fields are
analysed and displayed for various time instants. The
flow chart of the underlying computer program is given in

Appendix II.

The conclusions drawn and the recommendations made
for future research form the objective of Chapter XII. The

references drawn upon are listed in Appendix I.



CHAPTER IT

THE PHENOMENON OF THERMAL CREEP Ill CONCRETE

2.1. THE CREEP-RELAXATION DUALITY

The natural phenomena of creep and relaxation manifest
themselves in evolutionary processes, i.e. the responses they
describe when material is acted upon by external agents develop as

functions of time and history (3%, %90, %5, &7 %9 76 91 92
1os 105 113y  rike other evolutionary processes in the
real world, they are incapable of being formulated in exact
scientific language as suitable rheological models are not
1 15 16 38 65 ou 114 iidi
[4 I r 14

vet available (!3, ' ' ’ ) .

The complexity of the problem of thermoviscoelasticity
has its origin in the duality of the creep and relaxation
(28, 45 55 63 65 73 90 110 iVl vy, Strictly

speaking, the thermoviscoelastic process unfolds dynamically

phenomena

I 14

in conformity with the dialectic interaction between the
polarized responses from creep and relaxation which are highly
interdependent. In other words, the effects emerging froﬁ
the two phenomena occur simultaneously. Consequently, the
true analysis of structures should incorporate concepts for
both the variation of strains under prescribed stress system

(9, 10, 33 34 35 56 5% 66 108) 519 the variation of
stresses under prescribed strain systems (°%, &%, €% 105 106,

However, such an analysis is impracticable.

Realizing, though, that in real life any process is
dynamic, i.e. a time and history-dependent response between
action and reaction gsystems., the standard tool of dialectics
may be utilized to analyse the movements of the creep and
relaxation processes within their boundaries. This implies
that for mathematical and experimental ease, the creep and
relaxation phenomena are uncoupled by suppressing the one,
viz. keeping constant its representative statical entity, in

order to investigate the other ("5, %7, °9),

2.2. DEFINITION OF THERMAL CREEP COMPLIANCE

With the dependence on feasible testing procedures in

rerrd, am wps vem e e et g



mind, thermal creep compliance may be conveniently defined
as the temperature, age and time-dependent strain occurring
after the instantaneous application of a fixed load to a
concrete specimen or structure at time zero, in excess of the
strain detected in an unloaded and heated companion specimen Or
structure (23, 514' Gl' 67’ 7‘2' 7'+’ 93' 96, 97’ 98' 10(3’103)-
More accurately, really, thermal creep should be
reckoned as the strain in excess of the shrinkage strain
strains due to the coefficient of thermal expansion elastic
strain which changes in time according to the dependence of
the elasticity on the prevaiiing temperature and the time
under load (°, 7°9). For analytic purposes, the former

definition suffices.

2.3. DEFINITION OF THERMAL RELAXATION MODULUS

With relaxation being coupled to creep by the dialectic
principle, its definition follows lpgically from the inverse
of the above formulation. In other words, thermal relaxation
constitutes the temperature, age and time-dependent reduction
in stress, occurring after the instantaneous imposition of a
fixed strain onto a concrete specimen or structure at time zero
(76, 106 110y

Changes in stress due to prescribed geometric displace-
ments, or redistributions of stresses within composite sections
of concrete and steel due to prescribed strain conditions, which
may represent either constant strains or compatible deformations,

thus constitute genuine relaxation problems ('7, 21!, 33, 52 &8,

70 90 95 105 -106 107)
r ' r ' ' .

Also, relaxation responses develop much faster than
creep responses, hence substantiating that stress analyses

based on relaxation functions are more suitable for the life-

like reproduction of the structure's behaviour (*5, °°0, 106y,

2.4. DLEFINITION OF THERMOVISCOELASTICITY

The theory ofvthermoviscoelasticity comprises the
analytic investigation into temperature, age and time-dependent
material responses brought about by both the phenomenon of

creep and relaxation, under the exclusion of plastic i.e. non-



linear stress-dependent effects (%5, %8, ®5 69 70 73 76

89,105 110y = mhe external agents which are the creep-inducing
stress and the relaxation-inducing strain, thus activate initial

responses which are elastic.

If linear thermoviscoelastic strains are mentioned, it
implies that not only the initial but also the time-dependent
responses are linear in the stress variable (33, 38,6 0 70 76,
89), As a result, all strain responses may be superimposed,

rendering the sequence of load applications immaterial.

2.5. THE SUPERPOSITION HYPOTHESIS

As regards the ascertainment of stress and strain fields
for service loads, the structural analysis is based on the
small displacement theory and the concept of linear elasticity.,
thus inviting the employment of the superposition hypothesis
(%2, %8, 70 8 102 106 110y, It states that the total
effect of prescribed statical disturbances on any force or
displacement component may be obtained by the superposition
of the individually determined contributions (2°, ®°%). The
superposition is justified owing to the linearity of all
equilibrium, constitutive -and compatibility

eqguations.

These equations are independent of the time of load
application and the duration under load, in this way rendering
the time variable umnecessary for the application of the hypothesis to
elastic structures. Thus, whenever sets of simultaneous
linear eguations are encountered, the time-invariant super-

position hypothesis forms an underlying premise.

If histories of linear thermoviscoelastic strains which
by definition are proportional to the creep-inducing stress,
are analysed, the superposition hypothesis is broadened inas-
much as various states of loading and deformation may be

superimposed also with reference to their initiation (2°, 3°

45 60 70 76 106)
’ ' ’ ’ .

[

Considéring the effect of each statical disturbance
on any force or displacement component, thus the time of the
perturbation and its duration must be accounted for in order

to analyse the total effect due to the sum of all causes correctly.



A severe limitation of the superposition hypothesis
which also has a bearing on the type of tests to be performed,
is constituted by its impossibility to superimpose history -
dependent transient thermal effects. In order not to violate
the superposition hypothesis, transient thermal conditions
must be treated as step-wise quasi-isothermal. In other
words, if a transient thermoviscoelastic solution is required
at a time instant £, it must be assumed that the strain in
each individual element of the body has developed under
isothermal conditions; the value being given by the temperature

T(t) momentarily existing in that element.

It follows that data obtained from tests on creep or
relaxation under transient temperature regimes,though useful
for the verification of theoretical results,do not lend them-

selves directly to mathematically rigecrous stress analyses.

2.6, PHENOMENOLOGICAL CHARACTERISTICS

Although it is desirable to base the constitutive

equation of concrete on the understanding of the processes .

in the microstructure of the cement paste (!, 12, 1%, 18 19

31 50 57 71 75 87 @8
’ 4 4 4 4 r 4

r
for the purpose of structural
analysis, the complex behaviour of concrete first requires a
research programme carried out which investigates *thermal

creep and relaxation on the phenomenological level (*3, %7).

This implies that the thermoviscoelastic response
functions will only be formulated in terms of their main
physical variables temperature, age, time and, if creep strains
are investigated, stress/ cold strength ratio. In this way,
experimental data of practical nature are produced which enable

the completion of realistic design analyses.

Experiments on thermoviscoelasticity must be carried
out under conditions which make it possible for the researcher
to analyse the theoretical model for its evolution ("3, *7).
Depending on whether the analytic approach requires the know-
ledge of strain or stress histories, experiments on isothermal

creep or relaxation need to be devised.



2.7. EXPERTMENT-THEORY CONTRADICTION

45 76 S0 106)
’

From previous research and analysis ( ' ’

it is known that a flagrant contradiction exists between the
experimental and the matrix-theoretical access to the thermo-
viscoelastic stress problem in structures. In brief,
structural analyses favour the incorporation of the relaxation
phenomenon, while test rigs are almost incapable of simulating

it realistically

(1) Considering the creep-relaxation duality, the evolut-
ionary process of creep is determined more easily than the one
of relaxation. This is mainly due to the fact that, while

dead loads are applied to procure creep-inducing stresses, the

strain can easily be detected either visually using microscopes

or kinematically using mechanical devices in conjunction with

electronic displacement transducers.

In contrast, since relaxation-inducing strainsAreQuire
the imposition of time-invariant distances between the bearing
plates of the specimen, the guestion arises as where to place
the load cell (%%, 108y,

(1-'8 27 29 30 44
’ 7 ’ ’

(2) Using.finite element stress analyses '

'u5'u6,51'se'77'es,9o’101’115,115)’ the method corresponding to
creep investigations is the flexibility or force method. It
is elegant, since the sizes of matrices to be stored in the
computer memory are small and determined only by the number of
redundancies in a structure. A reduced stress system which
is in equilibrium with the forces and a system of self-equili-
brating stresses which do not disturb the equllibrium cf this

system must be found.

Then, by determining the redundancies, i.e. the
indeterminate generalized forces, the true stress system which

satisfies the compatibility requirements is arrived at.

'The main if not fatal difficulty is to know how many
redundancies exist in a structure and thus the flexibility

method requires a sound skill and knowledge about structures.

In consequence, the relatively simpler finite element
matrix displacement method which reproduces the phenomenon of

thermoviscoelasticity by employing relaxation functions has
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been preferred in this thesis.

2.8, CONCLUSIONS

In the long run, the obstacles complicating the
incorporation of thermoviscoelastic effects into the theory
of structures requiring relaxation functions are less severe
than those precluding the performance of reliable relaxation
tests.

As regards the experimental investigation into the
problem of thermoviscoelasticity, therefore, the author

designed machines for creep testing (*3).

In conclusion, it may be pertinent to recollect the
characteristics that the proposed creep testing machine and
the fitted mathematical model should exhibit, in order to
reproduce the thermoviscoelastic process is a meaningful

mannexr :

(1) The energy which maintains the system, e.g. the gel water
flow, the propagation of microcracks, etc., at its initial

and final values, must be supplied by an external source.

(2) The energy needed to impose a dynamic step change in stress
on the system must be activated by a force which is

absolutely constant throughout an individual test.

(3) A time-dependent strain response imposed by an external
load step function to a thermoviscoelastic solid at its
initial stable state, propagates along a natural
exponential-like path towards a final stable state. Thus
it should be attempted to describe the differential creep
as a simple approximate function of time in a doubkle

logarithmic scale.

(4) To enable a justified fit of approximating functions to
the creep responses, continuous recording of the developing

strains and the prevailing test temperature must be ensured.

(5) The creep-relaxation conversion which must be performed in
order to obtain the required information about the comple-
mentary relaxation résponses, must be mathematically

rigorous so as to keep the theoretical model for the

thermoviscoelastic problem consistent.
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CHAPTER IIT

PROPOSED CRLEP TESTING MACHINE

3.1 PURPOSE

Three identical creep testing machines, each with
a design load of ten tons, were built to perform tests for
the purpose of investigating the strength and creep
characteristics of a good-quality structural concrete at

moderately high and elevated temperatures.

In order to obtain these characteristics, the test-
ing machines are provided with facilities for accurate strain
and temperature measurements on concrete specimens subjected
to thermoviscoelastic, thermoviscoplastic and failure-

procuring conditions.

The specimens used are of the cylindricai shape
@ 60 x 180 mm and compressed by virtue of a yoke system
which is capable of applying load step functions of any
magnitude up to a resultant force of ten tons. An electri-
cally heated furnace housing.the yoke system enables the
specimens to be expoéed to temperatures up to 700°C,
generating thermal conditions of either staticnary or

transient nature.

3.2. DESCRIPTION OF DESIGN

3.2.1. MATIN FRAME

Structurally, the rig of the testing machine - figures
(3.1) to (3.3) and plate 1 - constitutes a three-dimensional
steel frame consisting of four upright posts of hollow sguare

cross-sections and three horizontal plates welded at the top,

the bottom and an intermediate level between' them. To ensure

linear straining under load, the two frontal posts are always
kept under compression, while the posts at the rear expand as

the working load increases.

3.2.2., LEVER ARM

This structural member - figures (3.1) to (3.4) and

.
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figure (3.8) - provides the facility to multiply the effect
of the weights on the pan according to a leverage of 1 : 15.
The slotted weights - plate 3 - each have a mass varying
between 57 and 58 kg ; the design load of 10 tons thus
corresponds to a set of about 12 weights piled up onto the
weight-pan, requiring a minimum length of the suspension of
120 mm. The lever arm is supported at its fulcrum by a
mounting fixed to the front edge of the top plate. The
distance between the fulcrum and the front hanger measures
60 mm, hence the length of the effort arm amounts to 900 mm.
A screwed arm with a movable counterweight, forming an
extension of the front end of the lever arm, enables the
lever system to be brought into statical equilibrium at

zero load conditions.

3.2.3 GRIPPING STEEL

The machine parts transmitting the mechanical'force
from the short arm of the lever system to the concrete speci-
men - figure (3.5) to (3.7) and plate 2 - are specified as
the front hanger, the upper universal joint, the upper pulling
.rod, the yoke system, the lower pulling rod, the lower
universal joint and the lower link to the intermediate plate.
The hanger is pivoted on the frontal knife-edge of the lever.
arm, whereas the lower link isstudded to contrive a shortening

or an extension of the gripping steel if required.

The yoke system is available in two versions of which
the first is machined in a high temperature resistant
titanium alloy. Due to unexpected weaknesses exhibited by
this material, a sturdier version in incoloy alloy is employed
where the working load exceeds 5 tons. The models only differ
in the cross-sections of the studs and the material and both
deform the specimens on the basis of a tension-compression

conversion.

3.2.4. FURNACE

The environmental conditions to which the individual

concrete specimens are exposed, are generated by a 7" bore

o v gt e oy
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three zone furnace - figure (3.9) with a safe operating
temperature of .700°C. Geometrically, it is a thickwalled
hollow cylinder with end caps, which efficiently houses

the shackle system plus specimen as to minimize the consump-
tion of electric power during testing. Each zone possesses
a resistance of approximately 50 ohms and the recommended
upper voltage input is 170 volts. The temperature in the
furnace is controlled by a platinum resistance thermometer
placed next to the heating coils. The furnaces are built

by Donaldson Furnaces Ltd.

3.2.5. FURNACE SLIDING ASSEMBLY

This assembly - figure (3.2) and plate 2 - enables
the furnace to be lowered as to expose the yoke system when
positioning or removal of the specimen is desired. It
consists of the column, the sliding bracket, on which the
furnace bearing ring is welded, the pulley and the counter-—
weight; the latter hangs inside the left front post and .

facilitates the vertical movement of the furnace.

3.2.6. LOADING JACK

A movable platform - figure (3.11) and plate 3 -
was devised to enable the weights to be piled up; then
these may be speedily lowered onto the weight-pan to effect
an instantaneously applied fixed load on the specimen at
time zero. The main items of the loading jack include the
supporting frame, the weight bearing ring, the two jactuators,
the couplings, the motor, the reversing switch and the speed
control.

3.2.7. THERMOCOUPLES

To pick up. the temperature existing at the surface
of the specimen during testing, thermocouples are employed.
They consist of two wires of different alloys, chromel and
alumel, joined at each end. Owing to the different of
temperature at the junctions, an electric current is caused
to flow in the circuit. The output from the thermocouples

is transformed to an equivalent voltage and thus reproducible
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on the continuous plotter designed by Kent Ltd. Reference

is made to plate 4.

3.2.8. TERMPERATURE CONTROLLERS

Control units - plate 4 - have been developed by
CNS Instruments Ltd. to program.constant temperatures and
variable heating rates for three zone furnaces. The power
input is controiled by a resistance thermometer which forms
one arm of an a.c. Wheatstone bridge. The voltage is com-
pared with the egivalent value of a predetermined set
temperature and the resultant error is fed into a silicon
transistor amplifier to operate a relay; a preceding
calibration ascertains the relationship between the set-point
adjustment and the furnace temperature. The connected volt-
meters and ammeters read the electric variables maintaining

the programmed boundary conditions.

3.2.9. SAFETY DEVICE

A sensing thermocouple is inserted in the furnace to
contrive an intermittent cut-out of the mains supply when a
certain pre-set temperature is attained. The output from
the sensing element assigns an error signal to a silicon
transistor amplifier which actuates a triggered relay. This
feature is useful in that it prevents damage to the testing
machine, if a hazardous breakdown of the thermometer sets
free the uncontrolled heating of the furnace. The safety
device called 'Mini' is a temperature controller designed
by Pye Ether Ltd. -

3.2.10. TRANSDUCER

The mechanical strain measuring device - figure (3.10)
and plate 2 - transfers the relative movement registered
between its collars via potentiometer legs outside the
furnace, where the deformation is recorded by a displacement
transducer of the type ER/+ 0.2 by Sangamo Controls Ltd.
Originally, the collars were fixed to the bearing plates,
but in aiming to eliminate the end face disturbances, their
clamping directly to the body of the specimen was considered
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more appropriate. For details see figure (3.11). The
d.c./d.c. transducer is fed by a d.c. supply and produces
a d.c. output signal which is fed direct to the digital
voltmeter. Its basic element is a linear variable
differential transformer; when the primary winding of the
transformer is fed with a high frequency a.c. supply, the
movement of the transducer spindle, i.e. the transformer
core, will result in an output signal from the series

opposing secondary winding.

3.2.11. DIGITAL VOLTMETER

Initially, only this unit and the power pack, both
designed by Sangamo Controls Ltd., were available to
exploit the performance capabilities of the displacement

transducers. Catering for multi-channel working, the

digital voltmeter - plate 4 - provides facilities to manually

select any channel and to show its information on the'digital

display unit, which has binary coded output.

3.2.12. SCANNER UNIT

In the course of testing, this unit was acquired to
contrive an unattended, automatic testing performance, once
initiated. The scanner unit - plate 5 - incorporates the
facilities of the digital voltmeter, but in addition enables
the recording of information from a number of measuring
points, transducers as well as thermocouples, at regular
intervals of time. The impulses instructing the scanner
are derived from a digital clock. Also, high frequency
pulse 1 Mz are available when it is required to skip the
interrogation and print out of channels where recording is

not desired.

3.2.13.  MICRO STRAIN METER

This unit - plate 4 - has been designed by Peekel
Ltd., to measure developing strains via strain gauges by
virtue of two - and four-arm bridges. It enables the
transducer readings to be verified by comparing them with

the strain gauge readings obtained for the same specimen.
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Strain gauges operate reliably only at ambient temperature;
with increasing temperatures their electric resistance

changes, resulting in the production of mesningless measure-

ments.
3.3. DESIGN DRAWINGS

The design features of the testing machine are
documented on twelve size Al workshop drawings. For the

benefit of the reader, however, a set of twelve small size
drawings are produced, which appear as size A4 illustrations

in figures (3.1) to (3.12). Reference is made to Appendix III.

3.4. DESIGN CRITERIA

3.4.1. MAIN FRAME

(1) Simplicity - to convey aesthetical design
features ; to reduce the number of items required; to
minimize the time and labour spent on cutting, welding
and assembling

(2) Critical height - to make certain that the
suspension can be designed long enough to account for a
pile of 12 weights with a total height of 1200 mm and that
a sufficient clearance is left underneath the pan for the
accommodation of the loading jack ; to locate the yoke system
and the furnace at a height convenient for operation ; to
allow sufficient sliding travel for the furnace when position-
ing or removal of the specimen is desired ; to ensure
stability of the compressive front posts against buckling

(3) Optimal size of bottom plate - to reduce the
space required for the erection of the rig ; to guarantee
stability of the rig against tilting ; to provide sufficient
space between the front posts for the assembly of the furnace

(4) Clamped ends of posts - to guarantee stability

of the frame against torsional and bending moments

3.4.2. LEVER ARM

(5) Lightness - to facilitate static equilibrium
at zero load conditions ; to reduce the weight at the top

of the rig in general
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(6) Precision - to procure a leverage of exactly
1 : 15 ; to ensure exact fit of .the knife-edges of the
pivots into the vees of the fulcrum and the hangers

3.4.3. SUSPENSION

(7) Double tubing - to enable the single weights
to be piled up before the total set is slid down onto the
weight-pan to effect the instantaneous application of a
fixed load

(8) Cylindrical joint - to contrive in conjunction
with the rotation about the knife-edge the free swinging of

the suspension in all directions

3.4.4. FRONT HANGER

(9) Cylindrical joint - to stimulate the rotation
vertically to the knife-edge of the front pivot with the
‘intention of overcoming any inaccuracy caused by a relative
angle between the knife-edges of the main and the front pivot;
to ease the self-alignment of the hanger with the line of
action of the stress resultant working on the specimen

(10) Compactness - to minimize the absolute distance
between the main and the front pivot and hence the total
length of the lever arm

3.4.5. UNIVERSAL JOINTS

(11) Ball bearing - to ensure that no bending and
twisting moments are transmitted from the lever system to
the parts which are in actual contact with the specimen

(12) cCompactness - to provide for the insertion of
the end caps of the furnace without increasing the total
height of the gripping steel, i.e. the distance between the
lever and the intermediate plate ; to make possible the
undisturbed sliding of the furnace

(13) Location outside the furnace - to materialize
the design of the universal joints in the less expensive
bright mild steel

e e — T8 > ——s
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3.4.6, YOKE SYSTEM

(14) Stability - to eliminate the amplification of

any random dislocation of the joints and bearings

(15) Alignment - to guarantee pure compression in

the longitudinal direction of the specimen

(16) Compactness - to devise a yoke system that
fits despite its high design load intc the furnace of given

inside diameter

(17) Temperature resistant alloys - to maintain the

rigidity of the yoke system at elevated temperatures

S arey m pTe st A aom e mrm t e T e e o

(18} Simplicity - to avoid any unnecessary drilling,
cutting and screwing of the very hard titanium and incoloy i

alloys

(19) Economic use of alloys - to reduce the expenses

on the alloys which are high-priced

3.4.7. STRAIN MEASURING DEVICE :

(20) Mechanical system - to achieve least sensitivity
of the device against shock; to ensure that the relative
"displacements are transmitted correctly, irrespective of the

temperature inside the furnace ;

(21) Potentiometer legs -~ to enakle the relative dis-
placements to be measured at a location where the transducer

is not affected by the heat

(22) Alignment of transducer - to accomplish the
measurement of the relative displacements in the extension

of the centre-line of the specimen

(23) Reliability of connections - to guarantee the

transmission of the true displacements

(24) fechanical safety device - to make a compression
of the specimen correspond to an expansion of the transducer
armature as to prevent the transducer from being damaged when

a failure of the specimen occurs
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3.5. PROVING TESTS

3.5,.1. LOADING SYSTEM

To calibrate the loading systein, repeatability must
be checked for elastic strains occurring in & load cell, which
is axially ccmpressed both in an Amsler compression machine

and the proposed creep testing machine.

Eight 20 mm strain gauges were fixed at equal dis-
tances around the equator of a ¢ 60 x 180 mm steel tube,
alternately showing in the axial and the circumferential
direction. While the load was increased gradually, strain
readings were taken on a Peekel strain indicator. Figure
(3.14) illustrates that the characteristic load-strain curve
of the load cell is reproducible in the creep testing machine;
the perfect functioning of its lever arm system is thus

demonstrated.

3.5.2. TRANSDUCER

Transducer readings appear on the screen of the
digital voltmeter in units of mV; hence the aim is to calibrate
the transducers such that a measured strain of 20y corresponds
to 1 mV.

As strains exceeding 20000p were not expected to
develop during high temperature creep tests, the transducers
were calibrated within the corresponding interval of 0.0 to
0.1 in. The transducers were mounted on a jig, while the
travel of each spindle was controlled by a micrometer head.
Then the span of the relevant transducer channel was turned
until zero deviation was attained between the decimal numbers
recorded at naught and at three quarters of the interval, both
by the micrometer head and the digital voltmeter.

An example. is given in table 3.1. Starting from
electrical zero, the armature was moved in an out. The maximum
deviation was 4/1000 = 0.4%, thus falling outside the tolerance

of 0.2% as specified by the manufacturers of the transducers.
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Table 3.1l. Calibration of Transducer I

Micrometer Head Digital Voltmeter Error
(in.) (mv) (V)
0.0 ’ 0] 0]
0.025 ' 249 -1
0.050 498 -2
0.075 750 0]
0.100 1004 +4

3.5.3. STRAIN MEASURING DEVICE

Unlike the load cell described above, the steel
tube and the concrete cylinder used for the proving tests on
the strain measuring device were equipped with four strain
gauges, fixed vertically at equal distances around the
equatorial circumference. The strain gauges yielded the
average axial compression within the 30 mm centre strip of
the test specimens, whereas the transducer recorded the relative
displacement between the centres of the two platens of the yoke

system - figure (3.10).

The stress-strain curves based on the transducer
readings were highly unreliable; they diverged from the curves
recorded by the Peekel strain indicator, which developed in
conformity with the known moduli of elasticity of 200 KN /mm?

and 30 KN/mm®, respectively, for steel and concrete,

The operation of the strain measuring device was
considered unsatisfactory, with the result that the collars of
the potentiometer legs were fixed to the concrete specimen
itself at a distance of 5 in., leaving 30 mm each end to avoid
the immediate influence of the end restraints. Reference is
made to figure (3.12). The results recorded by the transducer
then coincided with those obtained from the strain gauge readings
throughout the elastic range and were only slightly higher at
highexr loads. This may be explained by the higher probability

of microcracks forming in the larger testing volume considered.
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The overlapping of the two stress-strain curves is shown in
figure (3.15).

The performance of proving tests at high temperatures
using strain gauges is futile due to the change in electric
resistance of the gauge wires. Under steady state conditions,
the thermal expansion of the displacement transmitting rods,
which are unegual in length, does not interfere with the
measuring of the ¢reep strains, as it occurs and settles in
the heating period prior to testing. Thus, no further cali-
bration is required. However, if the thermal conditions are
of transient nature, the differential thermal expansion of the
rods must be investigated. This may be done by comparing the
measured strains of a heated steel tube of known properties

with the predicted ones.

To check strain readings obtained for higher temp-
eratures, the ascertained initial modulus of thermoelasto-

plasticity was compared with moduli found by other authors.
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CHAPTER TV

NON-VISCOUS PROPERTIES OF CONCRETE AT AMBIENT TEMPERATURE

4.1. OBJECTIVE

The purpose of the experimental project was to perform
thermal creep tests on concrete cylinders at a time after
casting, when the phenomena of drying shrinkage, moisture
loss and strength of concrete had ceased to affect the test

results appreciably.

The objective of this subsidiary investigation, there-
fore, was to observe the functional behaviour of these phenomena
prior to testing. It was decided to manufacture cylindrical
specimens of a good-quality structural concrete, to be tested
later than six months after casting. A 28-day cube strength
of 40 N/mmziwas anticipated ; more important, the final strength
of the test cylinders was hoped to fall below 45 N/mm?, to .
satisfy the capacity of the testing machines at higher stress/

strength ratios.

4.2, MATERIALS

One concrete mix was used throughout this investigation.
Both the two sands and the coarse aggregate were Thames River
deposits. The relevant sieve sizes are entered in table 4.1,
in which the mix proportions are listed. The water/cement
ratio was 0.60, while the ratio of the total aggregate to
cement worked out at 4.55. Water in the materials was not

allowed for, as they were dried in blast air.

Table 4.1. Mix Proportions

Particulars Weight
Ordinary Portland Cement 1.00
Fine Sand (100 - 25 B.S.) 0.65
Coarse Sand (25 B.S. - 4.8 mm) 1.55
Coarse Aggregate (4.8 - 9.5 mm) 2.39

Water 0.60
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4.3. FFABRICATION

The coricrete mix was manufactured in a 0.05 m®
counter-rotating Eirich pan mixer in batches of 0.012 m®
approximately. The coarse aggregate, the sands and the
water were first mixed together for a period of four minutes.
Then the cement was added and mixing continued for a further
two minutes. Slump and compaction factor tests were con-
ducted ten minutes after discharging the concrete from the
mixer. Their average values amounted to 1.25 in. and 94%

respectively.

Each batch consisted of six test cylinders ¢ 60 x 180mn,
six smaller size control cylinders ¢ 50 x 150 mm and six
102 mm cubes for strength and weight control. The concrete
was placed in two layers and compacted on a table vibratox
operating at 500 rpm, until the majority of the air bubbles

had escaped, ensuring that segregation did not take place.

Three series of specimens were cast : Series J in
July, Series N in November and Series F in February such that
all test cylinders could be tested for creep at an age between
six months and one year. To produce Series J, N and F,
seven,nine and six mixes were manufactured respectively, as

about 130 test cylinders were needed.

4.4. CURING

All specimens, cylinders and cubes, were cured undex
wet hessian for one day before being demoulded. The specimens
of Serles J were water stored for 27 days. Its cubes were
crushed at an age of 28 days, while the cylindrical specimens
continued tc mature under damp hessian for up to 50 days.
Thereafter they were left in air at 50% RH and 20°C.

The curing for specimens of Series N and F differed in
that they were water stored only up to the seventh day and

kept under damp hessian for four weeks.

The alteration in the curing procedure was undertaken
firstly to allow the concrete to mature under more realistic
conditions, secondly, to accelerate the testing procedure by

causing the processes cf drying shrinkage and moisture loss



to level off at an earlier time instant after casting,
Thirdly, it was intended to reduce slightly the strength ‘
of the matured concrete, in order not to strain the capacity ;

of the testing machine.

4.5. SHAPE CRITERIA

To reduce the restraining effect caused by the machines'
bearing plates, cylinders of a height equal to three times the
diameter were fabricated. In this way, as large a part of
the test specimens as possible is left unaffected by the end
restraints. For this reason and due to the more uniform
stress distribution on horizontal planes, rather than cubes
or prisms, cylinders yield greater consistency of results for

nominally similar specimens.

Cylinders are cast and tested in the same position,
thus representing the mechanical action in a structural !
compression member more realistically than specimens of

square cross-section.

With a uniform load distribution being desirable during
testing, the cylinders' end faces were ground to a smooth ‘
finish on a grinding machine. To avoid later wetting of the
specimens, this treatment was applied immediately after their

removal from the water tank.

4.6. DRYING SHRINKAGE

Since it has become engineering practice to separate
the effects of creep on concrete from those due to drying
shrinkage, the latter phenomenon was observed on some test
cylinders of Series N and F. One specimen from each of the
total 16 batches was equipped with three pairs of gauge points,
positioned at interval of 2/3I around the circumference. The

distance between the gauge points of each pair measured 100 mm.

The reading were taken on a Demec strain gauge and
entered in figure (4.1). It displays the profile of shrinkage

strains developing in the cylinders after exposure to air.

After 140 days, the strains had reached a value of
600y or 0.06%, still unfolding at a rate of 30/600 = 5% per
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month. For ages greater than six months, however, the
effect of drying shrinkage on the maturity of concrete

becomes negligible, as the rate of increase has dropped
to 2/620 = 0.3% per month.

4.7. MOISTURE LOSS

Drying shrinkage is essentially a function of the
free water retained in the concrete. To support this argument,
the moisture loss in all 96 test specimens and still existing
control specimens of Series N and F was measured continuously

as from the moment of air drying.

For a comparative study, the shrinkage strains
pertaining to the cylinders of Series N were plotted once
more versus time in figure (4.2), which shows the scatter
anéd the 95%-confidence limits. The mean profile of the
moisture loss in g and its 95%-confidence limits, which are
plotted versus time in figure (4.3), overlap almost completely
with the relevant profiles in figure (4.2).

Thus the existence of a direct affinity between the

phenomena of drying shrinkage and moisture loss is probéble.

In figure (4.4), the relative reduction in weight due
to moisture loss is compared for the three types of specimens
of Series N and F. Clearly, the final moisture loss is a
linear function of the surface-volume ratio. For visual
assessment, the surfaceé-volume ratio and the weight loss are
entered in table 4.2 ; the reference values being those for

the test cylinders.

Table 4.2 Shape-dependent Characteristics

Cube Lg. Cyl. Sm. Cyl.
Surf.-vol. ratio ih 1/cm 0.591 0.793 0.932
Surf.-vol. ratio in % 74 100 118
Weight loss (N) in % 69 100 112

Weight loss (F) in % 70 100 109
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Evaluating the results in figures (4.1) to (4.4)
numerically, it can be said that the ratio of shrinkage
strains to relative weight loss for the test cylinders
invariably comes to 1.5%, as it varies along the profiles
between 0.0134 and 0.0145 for Series N and between 0.0129
and 0.0166 for Series F.

From table 4.2, the weight losses for the control
specimens-fall élightly below their predicted values.
This may be explained by the fact that these specimens,
thought stored in the same room, matured on the concrete
floor, which naturally exhibits a lower temperature than

the wooden table on which the large cylinders were kept.

4.8. COLD STRENGTH

To assess how probable it is in the long run that
specimens have a strength between two limits considered,
a distribution curve was drawn from the results of the
21 cubes of Series J, tested at an age of 28 days. The
102 mm cubes reached an average strength of 38.7 N/mm?.

The area under the curve in figure (4.5) between
any two values, represents the number of specimens falling
within the domain. The values along the abscissa are measured
in terms of the average strength and the standard deviation for
the whole sample. Although the number of specimens is limited,

a good reproduction of the normal distribution curve is obtained.

In table 4.3, the cube and cylinder strengths at
different ages are compared for Series J. Clearly, the strength
of concrete does not increase within the period of four to
seven months ; as also illustrated in figure (4.6), the average

cylinder strength establishes itself at 45 N/mm?.

Table 4.3. Cube and Cylinder Strengths of Concrete

Cube IL.g. Cylinder Sm. Cylinder
Age in d 28 130 132 165 192
Strength 38.7 44.2 45.2 44.8 45.1
No. of spec. 21 4 7 7 7

Deviation 3.33 5.11 6.04 2.79 ; 5.71
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Comparing the values in col. 2 and 3 of table 4.3,
the slightly lower strength (-6%) of the larger cylinders
is noticed. The reason may be the higher probability with

which a local weekness may occur in larger specimens.

Figures (4.7) and (4.8) show the cube strength for
Series N and F as a function of time. The 28-day strength
is 43 and 45 N/mm? respectively ; at 140 days after casting,

the values amount to 55.5 and 59 N/mm?2.

For comparison, figures (4.9) and (4.10) describe the
corresponding increase in cylinder strength. Here, the 28-
day strength reaches 37 and 38 N/mm?, while the values at 140
days are 45 and 48 N/mm?. All curves have levelled off
completely, thus indicating that no increase in strength is
anticipated for the period after four months.

Finally, the ratio of cylinder strength to cube strength
is plotted against the time scale for Series N and F, invariably
falling between 81 and 87%. The profiles of the curves iﬂ
figure (4.11) are slightly convex-up with the peak occurring at
50 days. From figures (4.7) to (4.10), 90% of the final

strength is gained by this time.

Tentatively, the lower surface-volume ratio of the
control cylinders against the control cubes stimulates a
faster gain of strength initially. Once, however, the levell-
ing off commences, the cubes retain a moisture which 1is higher
by 1.5% (Series F) ,and 2% (Series N). Thus the hydration

process in the cubes has advanced more strongly thereafter.

Neglecting any possible increase in strength after
140 days, the ratio of 28-day strength to final strength for
the control cubes of Series N and F, works out at 77.5 and
76.5% respectively, while the corresponding ratio for the

control cylinders amounts to 82 and 79%.
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CHAPTER V

THERMAL CREEP CHARACTERISTICS OF CONCRETE SPECIMENTS

[

5.1. OBJECTIVE

As the present research aims to investigate the
long-term femperature—dependent behaviour of concrete continua,
it should be mentioned that concrete is the main load bearing
material in the construction not only of building structures,

but of prestressed concrete pressure vessels as well.

One aspect of the philosophy of safety common to both
types of structures is that, while the structural stability
is guaranteed, the safeguards against potential hazards like

fire and thermal overload require exceptional attention.

However, fire and thermal overload are distinct.
For fire, steep temperature gradients and the change in moisture
content within short periods are characteristic. Thus the
short-term high-temperature creep must be investigated. Thermal
overload in pressure vessels, in contrast, requires research

into long-term low-temperature creep.

To study the behaviour of concrete exposed to such
severe environmental conditions, this chapter collects the
author's experimental results concerning thermal creep
characteristics and other temperature-dependent properties
of concrete. Here, the evaluation of test data is restricted
to phenomenological aspects; i.e. their visual assessment is
pursued only to a point, where the ground for the development

of the proposed theory is prepared.

The structural analysis is expounded in Chapter VI to
X, while the analytic concept for the embodiment of the
phenomenon of thermal creep is reconciled with the test results

in Chapter XI.

5.2. RECORDED CREEP STRAINS

Except for the residual stfength of concrete cylinders

after heat testing, the data reported in this chapter were
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obtained from experiments conducted on the creep Eesting

machines designed by the author and described in Chapter III. f

To investigate the phencomenon of thermal creep, some
45 tests were performed, including tests which failed at high
temperatures, and confirmatory tests. Checking the continuity
of results, it became apparent that for temperature up to 100°C
and a stress/ cold strength ratio of s = 0.4, the recorded
creep strains were falsified due to an electronic instability
of the transducers. The five tests concerned were carried ;

out during the calibraticn of the newly developed instrumentation.

Having established a uniform temperature distribution
throughout the concrete cylinders by preheating them for one
day at the relevant temperatures, a fixed cocmpressive load 1
equivalent to a stress/ cold strength ratio of 0.2, 0.4 or é

0.66 was applied.

On average, the activation of the load consumed one
minute, thus justifying that strains occurring immediately’
after its full imposition were in the first instant called
thermoelastic. All cylinders were between six and twelve
months old when tested and their average compressive old
.strength worked out at céy = 42 N/mm?. |

The basic information acquired 1s at hand in form of |
creep profiles displayed in figs. (5.1) to (5.5), the para-
meter being the test temperature. The profiles are drawn
directly from test results, hence most of the subsequent
findings are deduced from them. ﬁow temperature responses
‘ 0.2 and 0.66 are charted in fig. (5.1), and for s =

for s
0.4 in fig. (5.2). The strains developing at high temperatures
are plotted in figs. (5.3), (5.4) and (5.5), the corresponding

stresses being associated with ratios of 0.2, 0.4 and 0.66.

Of all cylinders, only those subjected to both high
temperatures and a stress egualling a ratio of 0.4 were
recruited from specimens of Series J; the others pertainec

to_Series N.

The original test data are given in tables A6.1 to
A6.3 of Appendix VI.
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5.3. THERMOELASTIC STRAINS

Since in figs. (5.1) to (5.5) the steep initial
gradients of the creep profiles largely bar the pinpointing
of the values for the initial strains, a parameter study is
carried out in fig. (5.6) to show the effect of the stress/

cold strength ratio on the formation of thermoelastic strains.

Scrutinizing fig. (5.6) with the intention of finding
a reqularity ih the stress-dependence, an approximate linear-
ity is observed - at least for the lower temperatures.
Since the deformations due to the lower stresses have a greater
likelihood of being linear, the tests carried out at s = 0.2
were taken as the basis of normalization. Thus the straight
lines from O to s = 0.2 were extrapolated to give a pseudo-

elastic deformation at 0.4 and 0O.66.

Scaling all thermoelastic strain readings, as if they
were taken at s = 0.2, a normalized profile common to the
results obtained for the three different stress/ cold strength
ratios may be drawn, as done in fig. (5.15). Independent
of the load level, a local peak in the strains is registered
at 60°C. The fitting of a single, monotonically increaéing
function to the test data is thus precluded, leaving as the

simplest solution the superposition of a tri-linear function.

As the stress-dependent test data exhibit absolute
linearity in the strains recorded at the base temperature T
= 20°C, the author proposes a formula for the determination
of thermoelastic strains in which the reference strain

60.2(2O°C) appears as a.factorizing parameter

€0.2(T) = €0.2(20°C) (1.0 + 0.00833 (T - 30)) (30<T<60)
€0.2(T) = €p.2(20°C) (1.25- 0.00250 (T - 60)) (60<T<110)
€0.2(T) ='€p.2(20°C) (1.125-0.00349 (T -110)) (110<T<350)

(5.1)

it

where €¢.2(20°C) 320 1 and the term ambient is applicable

to temperatures up to 30°C.
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As seen from fig. (5.6}, for s = 0.2, the highest
endurable temperatures is 452°C. Thus, the initial strains
experienced for thermal conditicns close to that tenperature
embody large, unpredictable plastic compconents; their

mathematical consideration proves unreliable.

Analysing the thermoelasto-plastic domain of strains
in fig. (5.8), the following approximate field function may

be arrived at for test temperature hicher or equal to 200°C

s l+e(s,T)(€

(525) (200°C) + 15.4 (0.01L T - 2)%)

e(s,T,0) = 0.1

(in ) (5.2)

vhere e(s,T) = 1.5 (0.001L T - 0.18)

For s = 0.1, the exponent e(s,T) becomes zero,
rendering the solution of formula (5.2) thermoelastic.
eo.l(ZOOOC), which amounts to 210 y, and strains for T = 200°C

nay be determined using formula *(5.1).

5.4. ULTIMATE TEERMAL STRAINS

Ultimate design methods for the analysis of concrete
structures take into consideration the largest possible strains
withstood by concrete. Consequently, ultimate values attained
by temperature-dependent strains for various load levels would
be of interest. An answer may be elicited from figs. (5.6},
(5.7) and (5.13).

Fig. (5.6) infers that concrete of the specified mix
and age fails under loads imposing initial strains greater
than about 40.10 * = 0.4%. Deviating from the conventional
definitions in structural mechanics however, ultimate wvalues
in thermal analyses are in addition temperature-dependent,
thus justifying that the extremal value of the temperature-
and stress~dependent strain field is coined maximum ultimate

strain.

In other words, for higher temperature and lower
_ stress/ cold strength ratios, even larcger values than 0.4%

may be expected for the initial strains. By tentative
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extrapolation along the confidence limits drawn from
experiments in fig. (5.13), for s = 0.1 and T = 600°C a
thermoelastoplastic strain of about 1% may be predicted.
This value presumably coincides with the maximum ultimate
thermoelasto-plastic deformation, as concrete ceases to take
any significant stress when heated to temperaturcs beyond
coo’c.

Thus it may be concluded that

e(T,t=0) = 1% (5.3)
As regards ultimate creep strains, fig. (5.7) indicates
that within the domain 0.2 < s < 0.66, the 7-day creep strains
do not exceed values of about 1%, irrespective of the test
temperature. Since by extrapolation along the creep profiles
in figs. (5.3) to (5.5) the estimated maximum increase in
strain beyond seven days is limited to about 20%; the ultimate

total creep strain at infinity may be expected to settle at

e

1.2

oo

E(T,t=oo)ma (5.4)

X

The applicability of statement (5.4) outside the

investigated stress domain is presumed but not guaranteed.

5.5. MODULUS OF THERMOELASTO-PLASTICITY

Once the initial thermcelastic strains are recorded,

the modulus of thermocelasticity is determined by dividing

the stress by the strain.

Before proceeding, however, it should be stated up
to which stresses the corresponding deformations may be
termed thermoelastic. For this reason, the initial strains
registered in fig. (5.6) are plotted versus the stress/ cold
strength ratio, as depicted in fig. (5.8). The parameter
is the test temperature. Reference is also made to the

stress-strain curves in fig., (5.17).

For low temperatures, the modified constitutive
relationship is clearly linear. Fig. (5.8) infers
that for a good-quality concrete the domain of thermoelasti-

city extends from zero lcad to two third of the ultimate
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cold strength and from ambient temperature up to 140°C.

With the environmental conditions becoming more severe,
a transition from thermoelastic to thermoplastic behaviour
takes place. From fig. (5.8), the boundary of the thermo-
elastic domain is marked by the data pairs (s,T) = (0.66,140°),
(0.4,200°C), (0.2,300°C) and (0.1,400°C). ¥or values bheyond,

the non-linearity builds up.

This borne in mind, the profiles in fig. (5.9), which
are constructed from the inverse of the instantaneous strain
responses, define the mechanical modulus for the thermo-
elastic range investigated. Since the transition to plastic
behaviour is gradual and temperature-dependent, the uncoupling

of the elastic and plastic domains proves impracticable.

There is reason to believe that particularly at high
temperatures and high stress/ cold strength ratios, the non-
linearity illustrated by the family of modified stress-strain
relations in fig. (5.8) is brought about not only by plastic
deformations but by viscous components as well; despite the
certainty that the initial strains were recorded within two

minutes after the load-application.

For a stress/ cold strength raﬁio of s = 0.2, errors
in the initial strain readings due to viscous effects are
reduced, since in the corresponding test procédures the load
was applied within 20 sec. Adhering to the definition of
thermoelasté—plasticity} here only the profile for s = 0.2
is approached matheﬁatically. Save in the vicinity of 60°C,
where the associated value drops to 80% of the initial one,
an inversed guadraticparabola may be fitted to the test results

entered in fig. (5.9).

Arithmetically, the author's formula for the obtainment
of the relative modulus of thermoelasto-plasticity for virgin

concrete of the given mix and age reads

1
mo., = 4.81 (452 - T)? (in %) (5.5)

where mg., is defined by Ein'

0 i 0
l(T)/Eini(ZO C) and Eini(20 C)
= 28.1 KN/mm?.
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To emphasize the usefulness of formula (5.5), a
comparison between recorded and fitted values is carried
out in table 5.1.

" Table 5.1. Relative modulus of thermoelastic-plasticity

T 20 110 140 200 250 300 350 400 450
mo.zre; 100 89 85 76 69 62 48 35 8
Mo.2py, 100 91 85 76 68 59 . 49 35 7

(in %)
5.6. MODULUS OF QUASI-THERMOELASTIC-PLASTICITY

If it is argued that in practical design one cannot
afford to distinguish between truly instantaneous load-
applications and those which consume infinitesimal time
intervals like to two minutes, a more general modulus of
thermoelasto-plasticity which tolerates small viscous
contributions to the initial deformations may be called into

existence.

The vertices of the parabolas to be fitted to the
temperature-~dependent moduli in fig. (5.9) represent the
ultimate temperatures associated with the individual stress
levels and are thus located along the abscissa. To determine
them, the limiting stress/ cold strength ratios are plotted
against the test temperature in fig. (5.14). Since the
load is applied by weights of finite magnitude, only upper
and lower bound solutions.can be produced. Upper bound
values symbolize the collapse the specimens, while for lower

bound values the corresponding load is still endured.

The data from the failure tests were not sufficient

to warrant a rigorocus analysis of the results. Instead,

the limiting profile in fig. (5.14) is plotted and approximated

by a tri-linear function.

s (T) = 1.0 = 0.001 (T = 20) (20<T<350)

ult
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s, (F) = 0.66 - 0.00457 (T - 350) (350<T<452)
s¢(T) = 0.2 = 0.000746(T - 452) (452<7<700)
(50 6)

The ultimate temperatures endured, i.e. the vertices

of the parakclas, are arrived at by inverting egs. (5.6)

T 1¢(s) = 1000 (1.0 - s) + 20  (0.66<s<1.0)
T o1 (8) = 219 (0.66- s) + 350 (0.2<8<0.66) (5.7)
T ¢ (8) = 1340 (0.2 - s) + 452 (0.025s<0.2)

Relying on the experimentally corroborated values
in figs. (5.9) and (5.14), the author suggests the following
formula for the determination of the stress and temperature-
dependent relative modulus of guasi-thermoelasto —plasticity

1

m, = a(s) (Tult(s) - T)? . (5.8)

where Tult(s) is given by egs. (5.7) and the parameter af(s)
is obtainable from the simple expression

=1 :
a(s) = 100 (Tult(s)-ZO) 2 ’ (5.9)

To illustrate the general applicability of formula
(5.8), some experimental and empirical values for s = 0.4
and 0.66 are comparéd in table 5.2. -Also, eq. (5.5) is
identically satisfied.

Table 5.2. Relative modulus of guasi-thermoelasto - plasticity

T 20 110 140 200 250 300 350 400
Moot Loq 100 88 82 78 59 53 37 26
Mosu g4 100 88 83 72 64 53 38 13

my.serec 100 88 80 69 59 42 30 -

m 100 85 80 67 55 39 0 -

{(in %)

e e r Yy oy < e
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Based on formula (5.8), the temperature-induced
deterioration of concrete can be predicted for various stress/
cold strength ratios. Examples are shown in fig. (5.9) for
s = 0.1 and 0.8, |

5.7. ULTIMATE HOT CYLINDER STRENGTH

The temperature-dependent ultimate strength of concrete
was tested on cylindrical specimens, after gently cooling and
removal from the furnaces. Thus, unless premature failure
occurred in the furnace, the specimens were crushed cold to

yield the residual hot strength.

The resultsin fig. (5.10) seem to indicate that in
contrast to the modulus of thermcelasto-plasticity, the
ultimate strength is gquite independent of the load level at
which the preceding tests were conducted. Also, the
continuity of the strength's profile beyond 400°C infers that
the hot stréngth is independent of whether the specimens are
crusheé hot in the furnace or at ambient temperature after '

ccoling.

As revealed by the entries in fig. (5.10), the reduction
‘in the ultimate residual strength does not exceed 10%,as long
as the temperature is kept below 150°c . For higher tempera-
tures the author found the simple linear relation

Ny _gay = (120 - 0.171 ) (1507700 (5.10)

where n is defined by the ratio c§u(T) céu (20°C) and the
reference to c (20°C) = 42 N/mm2. B
£

For heating periods shorter or longer than one plus
seven days, formula (5.10) may not apply.

5.8. NORMALIZED CREEP PROFILES

"One of the purposes of monitoring thermal creep
strains at various stress/ cold strength ratios is to in-
vestigate the extent of the applicability of the superposition
hypothesis in the thermal analysis of concrete structures.
Normalizing the profiles displayed in figs. (5.1) to (5.5)

to a reference stress/ cold strength ratio of, say, 0.2, an
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overlapping of curves obtained for equal temperatures would
verify that the problem of thermal creep may be reduced to

a problem of linear thermoviscoelasticity.

In commencing to standardize the recorded data, it
is realized that it i1s total creep strains which must be
compared - and not just the viscous strains. Within the
investigated range, the initial strains are not purely thermo-
plastic. The tentative substantiation for comparing total
strains then is derived from the observation that thermoplastic
strains and thermal creep strains complement each other; a
higher relative thermoplastic proportion in the initial strains
has the tendency to reduce the build-up of potential viscous
strains. Secondly, however small the loading period, for
higher loads and temperatures, finite creep contributions

influence the initial strain readings.

Apart from noticeable deviations for temperatures
between 60 and 80°C, the stress-normalized curves in figsp
(5.11) and (5.12) exhibit errors from the corresponding
common mean of less than * 10%. Definite incongruity in the
superposition of normalized creep profiles is encountered
for highest endurable temperatures; more exactly, strains

‘recorded at 450°C for s = 0.2, at 400 C for s = 0.4 and 350°C
for s = 0.66 defy the comparison with test results obtained

for equal temperatures but lower stress/ cold strength ratios.

The results compiled in figs. (5.11) and (5.12) thus
offer the convincing evidence that the superposition hypothesis
is applicable to thermal creep analyses of good-quality concrete,

below the mechanical and thermal conditions described.

5.9. THERMALLY INDUCED SHRINKAGE STRAINS

As may be observed in figs. (5.6), (5.7) and (5.15),
a local maximum at 60°C interrupts the continuity of the
otherwise increasing strain profile in temperature. Tests
were carried out to measure the drying shrinkage at wvarious
temperatures, in an attempt to separate between the basic

and the drying components.

The tests on thermal shrinkage matched with the total

creep tests in that the monitoring of the strain developments
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comnenced after a preheating period of one day. They differed

in that no load was imposed onto the concrete cylinders.

The thermally induced shrinkage strains recorded for
the set temperatures 60, 80, 110 and 140°C are entered in
fig. (5.16). Outside the extension of the local peak, i.e.
for 110 and 140°C, no significant shrinkage strains were
detected. For temperatures of 60 and 80°C, however, finite
strain readings ‘'of 180 and 160 u were taken at the end of the

seventh day after preheating.

Naturally, thermal shrinkage strains cannot be scaled
in the stress variable. Given a time instant, a fixed
component nust be subtracted from the total strains measured
for the various underlying stress/ cold strength ratios, before
normalization can commence. Since, however, the resulting
differences for s = 0.2 fall below the values which could be
expected by extrapolation based on the continuity of viscous
strains in the temperature varigble, the scalinglof total
strains for temperature 60 and 80°C excluding thermal shrinkage

leads to results which are worse still.

The tentative answer is that for low stresses the
domains of thermoviscous and thermal creep strains intersect;
i.e. the theoretically separable components partially activate
the same potential deformations and thus may not be fully
superimposed. Consequently, the observation of thermzl
shrinkage strains appears to be of mainly phenomenological
interest and does not simplify the analytic regression of the
test data.

As a result, the deviation of 20% from the linear
behaviour in stress found for temperatures of 60 and g8o’c

is accounted for in the subseguent analytic formulations.

5.10. CONCLUSIONS

On the basis of test results, the author contrived
practical formulae for the stress-dependent uvltimate tempera-
ture of concrete, for the thermoelastic strains occurring in
virgin concrete, for the modulus of thermoelasto-plasticity

and for the ultimate hot cylinder strength.
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The major conclusion is that for conditions milder
than s = 0.66 and T = 300°C, the .total creep strains are
linear in the stress variable. Within these limits, there-
fore, the phenomenon of thermal creep in concrete, which
according to general terminology comprises stress and temp-
erature~dependent non-linearities in strains developing

under sustained lcads, may be reduced to the problem of

linear thermoviscoelasticity which submits to the mathematic-

ally rigorous treatment using the superposition hypothesis.



88

CHAPTER VI

SMALL DISPLACEMENT THEORY OF LINEAR ELASTIC CONTINUA

6.1. INTRODUCTION

6.1.1. OBJECTIVE

The linear elastic analysis of three-dimensional
solids and of combined twisted an axisymmetrically deformed
solid cylinders is a problem of 18 unknown functions to be
evaluated.  Subdividing an elastic continuum into a large
number of infinitesimal unit volume elements, the necessary
conditions are satisfied, if for each such element 18 equations
can be established in order to find the magnitudes of nine
local stress components, six local strain components and three
local displacement components pertaining to the corresponding

three-dimensional or cylindrical global fields.

The sufficient conditions are satisfied, &f the overall
functions can .be found to guarantee the geometrical compati-
bility within the whole continuum ; in other worxds, attempts
to reassemble the fictitious elements after loading must always
be- successful. No gaps. or dislocations are allowed to form

between the interelement faces.

6.1.2. ASSUMPTIONS AND IMPLICATIONS

In the following the assumptions are stated under
which the small displacement theory of linear elasticity shall
be derived. Also, the implications these bear onto the

detailed derivation are discussed.

(1) The variation of shear stresses within an element
is by one order of magnitude smaller than the actual shear
stresses - thus the interelement faces do not undergo any

appreciable warping and may be assumed to remain plane.

(2) The validity of linear elasticity holds ~ thus

complete reversibility of deformations is assured.

(3) The initial geometry remains unchanged after
loading - thus linear equaticons of equilibrium are established,

the super-position principle applies, the succession of given

.
H
%
p
:
b
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states of stress is of no importance and subscripts in comma

notation may be conveniently interchanged.

(4) The induced deformations are infinitesimal - thus
elongations of elementary sides are very small compared to the
original dimensions, tangents of angles of rotations may be
replaced by the angles themselves and their cosines are

approrzimately unity.

(5) The solid consists of an isotropic elastic material
- thus its mechanical properties can be sufficiently described
by the two constant values of the modulus of elasticity and

the Poisson's ratio.

(6) The solid expands volumetrically in conformity
with a constant coefficient of thermal expansion - thus no

thermally induced shear stress components exist.

(7) The thermally induced direct stress components
are brought about by the action of fictitious neéative forces
which suppress the development of thermal strains - thus a
negative sign must be assigned to the stresses due to confined

expansion,

(8) The heat propagates in conformity with the
coefficients of thermal conductivity, specific heat and density
which are independent of direction and temperature - thus these
coefficients appear as proportionality constants unaffected by

differentiation.

In the following, the assumptions shall be referred to
as ass. (6.1.2.1), i=1,8.

6.1.3. TENSOR NOTATION

For the sake of brevity a vectorial treatment of
guantities shall be favoured throughout the present and the
following chapter. Summations of directed quantities and/or
their partial derivatives shall be understood as vectorial
summations of scalar magnitudes in the relevant unit basic

directions xi,i=l,2,3 of the continuun.

By introduction of subscripts which shall be attached
to directed quantities any set of three equations for the

truly spatial case can be reduced to a single general equation.
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With the exception of the equations of moment equilibrium,
cylindrical geonetry precludes the formulation of such
general equations, since a state of unpreferred directions

is no longer given.

Considering a unit volume element subjected to the
action of a direct quantity, the first subscript i of that
guantity designates the xi—constant face, whereas the second
subscript j denotes the direction j of its line of action.
Comma notation shall be used to indicate the direction with
respect to which the quantity is partially derived.

Here and in the following, the subscript i indicates
that expressions are established for any direction X0 i=1,2,
3 and the consecutive subscripts i,j,k,i,.. are understood
to follow in a positive cyclic order 1,2,3,1,.., unless

stated otherwise.

6.1.4. DIFFERENTIAL OPERATIONS : .

A number of Laplace's equations and some other
definitions shall be utilized in deriving the small displace-
ment theory of elastic bodies in an efficient and concicse

‘manner and are therefore listed in the following.

Applying tensor notation to Laplace's potential
deformation equations for a spatial continuum, for a twisted
as well as axisymmetrically deformed cylindrical continuum
and for a merely axisymmetrically deformed cylindrical

continuum, respectively, the following definitions hold

(1) Buj = vy 45 Y UL95 T8k <O
1
A = . = U, . Co . =
(2) Yy ui,ll + r LL1,1 + ul,j] + u1,kk ©
where it should be noted that Uy gy is expanded by the term
' x

Ia
r i,k
(3) Au.=u...+lu..+u...=0

1 l'll iy lll lfj]

Similarly, the potential temperature distribution

equations corresponding to definitions (1) to (3) form as



gl

4 A =0 ., +6 .. +0 = 0
(4) Pii ¢33 rkk
) ] )
= = . + =
(5) AO e,ii -+ rO'i 4 O,kk efjj o}
(6) AO=O..+-1-9.+O.. = 0
1A r ,1 ,jj

Also, the total direction strain due to mechanical
action, as corresponding to definitions (1) to (3)

respectively, can be defined in tensor notation

(7) I B T T "8
(8) £ = ul’l + ;ul + u.'j + uk,k
(9) £ = ui'l + =u, + uj,J

Finally, the definition of the potential strain
equation for an axisymmetrically deformed cylindrical continuum

takes the form

(10) Ae =g .., + = , + = 0

€ L.
r11 r .l ¢J3J

In the following,the definitions shall be referred
to as def. (6.1.4.1i), i=1,10.

6.2, THREE DIMENSIONAL CONTINUA UNDER SPATIAL DEFORMAT ION

6.2.1. EQUILIBRIUM OF .FORCES AND COUPLES

Consideriné an elastic solid continuum in static
equilibrium under presdribed mechanical boundary conditions,
the internal state of stress within any unit volume element
of the continuum is defined by a stress tensor which is a

bundle composed of nine double subscribted stress components

Gij i,j=1,2,3 (6.1)
(9 unknowns, O equations)

Body pressure is present due to the action of self-
weight and does not vary appreciably within an arbitrary unit
volume element. Locally, therefore, the bhody pressure may
be defined by the three body force components Xi which are

treated as external forces acting in the directions Xy of
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the space.

Figure (6.1) depicts the direct stress components
and the body pressure components acting on a unit volume
element, whereas figure (6.2) shows the corresponding shear
stress components. Adding up the stress resultants in any
direction Xs the equilibrium of forces in tensor notation

is established

(0,, +0,, . dx,) dx.dx, - o,, dx. @8x, + (o., + o.. . .
ii ii,i i 7 i ii J k Ji Ji,J 3

dx, dx. - o.. dx dx, + (o
i ji i

Kk K dxk) dx, dx». = 0 dx, ax

ki, k i "%y ki “%i 9%

+ X, dx, dx. dx = 0
i i J k

which immediately reduces to
+ X, = 0 ,

g,, . +o.. . + g .
ii,i ji,] “ki,k i

Using subscript summation convention, the set of
equations of force equilibrium may be represented even more

compactly by

+ X, = O ' i, =1,2,3 (6.2)

o S
13,1 J
(%9 unknowns, 3 equations)

Realizing that the components of the direct stress

resultants do not form leverarms about the origin of the local

space triad, the equilibrium of couples in any direction Xy

is established under consideration of the corresponding shear

stress resultants

dxi gﬁj + 0., dx, d4dx, gxy -

(04 *+ 0 2 ik “¥ 9% 3

. odx.) dx
ik jk,3 9%y 9x

k

. ax, 8 : ax, =
dxk) dxi dxj 5>k t Oy dx, dx, k = .O

(o + g 5 i 53

k3 3,k

which can be simplified to give

. . , = O, . d = Q0
ik, %3 kg, k “Tk
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Fig. 6.2. Shear stress components for three-dimensional analysis
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Under ass. (6.1.2.1), the sét of equation of couple

equilibrium may be represented by

ij gkj (6.3)

(9 unknowns, 6 equations)

From egs. (6.2) and (6.3) and ass. (6.1.2.2) and

(6.1.2.3), an infinitesimal volume element under any combination

of mechanical boundary conditions is in static equilibrium, if

g,. . +X. = 0 (6.4)
1J.,1 J

where ¢,. . 1s now symmetric.
ij,1i

If 2 unit volume element on the boundary of the
continuum is subjected to a prescribed surface traction, of
which the line of action is given by the surface normal n,
this surface traction may be defined by the spatial components

Fi which are treated as external forces acting under the

direction cosines n,. from the surface normal. The eguaticn
of force equilibrium at the surface for any direction X4 thus
becomes
n ,c,. +n .o,. +n . o, = .
P R I (J i3 JkTik Fl

More compactly this eguation reads
n ,o.. = F, (6.5)
rl 1] J :

where Gij is symmetric.

6.2.2. STRAIN-DEFORMATION RELATIONS

To any state of internal stress there exists a
conjugate state of strain. Thus, the corresponding six

strain components are defined by

€15 (6.6)
(15 unknowns, 6 eguations)
Figure (6.3) depicts the positive displacements and
angles of rotations for an arbitrary face of a deformed unit

volume element. If an overbar indicates that the barred



Fig. 6.3. Positive displacements and angles of rotation
for three-dimensional analysis
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for three-dimensional analysis

95



96

qguantity pertains to the deformed element, the length of

any elementary side after loading takes the value

dx. (1 + ¢..) dx. +(u., 4+ u, .dx., - u.)

an - i ii _ i i i,i77i i
i cos (U, .) ( )
J.,1

u. .
J.1
Under ass, (6.1.2.4) the above eqguation reduces to

dxi = dXi (1 + ui,i)

Thus, the direct strain and displacement components are

linked as follows

£ = u (6.7)

ii i,i
(18 unknowns, 9 equation)

In the presence of a temperature field, thermal
volumetric deformation following ass. (6.1.2.6) leads to an
alternative definition of direct strains

€44 = 00 (6.8)

where o 1s the coefficient of thermal expansion.
The total shearing strain of a deformed elementary
face is defined by the sum of the two relevant angles of

rotation

u. . dx, u, . dx.
€., = T ANE = + =W .,
ij QXi(l +sii) dxj(l +cjj)

Under ass.(6.1.2.4) che strain-deformation relations in

shear lkecome

£.. = U, . + u. . (6.9)

As will be explained in section 7.1.3, the formulation of

virtual werk principles favours the more convenient definition
€. = % (u, . + u, .) (6.10)

(18 unknowns, l2Z2 eguations)
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6.2.3. CONSTITUTIVE RELATIONSHIPS

Constitutive relationships generally include inter-
actions between stresses, strains, time and temperature,
but under ass. (6.1.2.2) and (6.1.2.5) tthdegenerate to
simple elastic laws. Direct stresses and strains are
linked through the modulus of elasticity E and the Poisson's
ratio u

c = .1‘. (0
. B

ii - U (0jj + okk)) (6.11)

ii
(18 unknowns, 15 eguations)

From volume change after loading

.

3 3

V +dv - Vv = 3% dx, (L +u, .) - & dx,
i 1 i,1 i

the total direct strain € 1s obtailned by equating

av .
v P

and its magnitude must be equal to the sum of egs. (6.11)

e = % (L - 2y) (6.12)

where € follows def. (6.1.4.7) and 0 its analogue.

To find the stress-strain relations in shear, a short
digression from the conventional definitions of strains is
necessary, inasmuch as shear strain components, pertaining to
the cartesien basic vectors of a deforming unit square element,
need to be expressed in terms of direct strain components

acting along the axes of the forming rhombus.

Figure (6.4) illustrates the relation between the
‘original shear stress resultants oij and the direct stress
resultants OBi in the transformed coordinate system. The
equations of force equilibrium for the partial elements ABD

and ABC take the form

l.—l
i

o) O, . dxi/i.l

gi dgy ¢ 1 i3

UBj dgi . 1

il
Q
-

dxj/f.l
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and under ass. (6.1.2.4) reduce to

91 T Y45

(6.13)

= = 0,.
GB] ij

In the transformed rectangular coordinate system

Bi’ Bj’ Xy egs. " (6.11) read ?
€ = & (o - (o + 0,,)) i
Bi E gi ~ ¥ 95 Kk
€. = % (0, = u (0., F 0p))
Bi L gy ~ M YOgi T Tkk

and after substitution of egs. (6.13) take the form

I
il

€

gi MOy )

((L + w) Gij -
. (6.14)
€,. ==—

B3

eaf | o

((L + w) O35 " uoy )
Now the tangent of the angle OAB of the deforming unit square

element can either be defined by the eupression

il
. tan 4 - tan (uj j)
. - 1
tan (4 uj,i) 1l + tan 7 tan (u. i)
'21" J
which under ass. (6.1.2.3) reduces to
T 1 - u, i
—_— - S Y
tan (4 uj,i) T r o (6.15)
Jr1
oxr by the expression
Ydp. (1 - .
tan (& -u, ) = 1 i Rl
4 Js1 dei(l - EBi)

which under ass. (6.1.2.3) reduces to

B

l+e:8i

Substituting egs. (6.14) into eg. (6.16) and sub-
sequerntly ecuating with eqg. (6.15), the following general

1 + ¢,
— b3

1
R

tan (% - u, i) =
!

expression is derived
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!
- - E - o1ty
1 u;Li _ Eckk = Oij
1 + u. . - ~ UO + 1 4 o.. 6.17
J.1 % kk B E ij ( )
where % Okk << 1

It may be stated that in a triaxial state of stress

the stress component o does not influence appreciably the

formation of the elemeﬁtary angles of rotation in the
xi’j—plane, and thus its contribution to the shear stress
component Oij is negligible. In other words, the stress-
strain equations in shear are uncoupled from those in

extension.

Comparing the coefficients of eq. (6.17), the follow-

ing definition is arrived at

- 1+
Y07 TE a3

With eg. (6.10) the corresponding set of eguations fof an .
arbitrary unit volume element takes the form

_ 1+ u o
ij E ij (6.18)
- (18 unknowns, 18 equations)

€

Using eq. (6.12), egs. (6.1l1l) and (6.18) may be inverted to

vield
= E —H
951 T T+ u (i T T8
(6.19)
_ E
%3 TTFu Cij

Substituting egs. (6.7) and (6.12) into the first and eq.
(6.9) into the second of egs. (6.19), the following stress-
deformation equations are established

= \
o a (ui,i + b (uj,j -+ uk,k’)

(6.20)

= <
Oij = ag {(u, . + u. .)

Considering thermal volumetric expansion, substitution of
eq. (6.8) into the first of egs. (6.19) leads under ass.
(6.1.2.7) to the following definition of thermal stress



100

.. = = aead (6.21)
pny

The constants, which for brevity are used in egs. (6.20)

and (6.21) and the following, are given by the expressions

below
= E(1 - u) - M -1 -
a = (TTF =2 b T-7 © 1 2 (6.22)
= - =ity oo E
d = 2 =W =TTy ¢S TITmoAa

For the 18 unknown functions to be evaluated an
equal number of equations is available, and thus the

necessary conditions are satisfied.

6.2.4. COMPATIBILITY EQUATIONS

The six strain components Eij must be derived from
three displacement function Us and therefore cannot behave
independently. To substantiate geometrical continuity,
compatibility equations must exist between the magnitudes':

of the strain components.

Mathematically, a solid continuum under triaxial
states of stress is an elliptic system, since any disturbance
at one point of the body such as an imposed displacement,
an applied force or a change in internal stress can affect
the conditions at all other points. If a set of Laplace's
equations which mathematically are elliptic partial
differential equations could be derived, all conmpatibility

requirements would be met.

In proceeding to derive the compatibility equations,
egs. (6.20) and (6.21) are substituted into the equations
of force equilibrium (6.4)

e (u, .+ u, .
alluy 4 ko)) ey Footuy g By grel RERR I

’

+ b(u. + u
J .

14

- eOLOri) + Xi = O (6‘23)

Expansion leads to
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c
a(ui .. + b(u. + uk,ki)+3 (u. .. + u

1d j,ji EN i,33 k,ik i,kk

- ex® .) + X, = 0
i i

4

After rearranging the terms, egs. (6.23) may by virtue of
ass, (6.1.2.3) first be written as

[Q

(u

Q-

(

afuy 44 Uy a9 F Uk, T g g4ty k)T €00 ()%= 0

" and then as

C 1
aglluy g v Uy g5 vy )T oty gyt uy gy U )
-4 40 )y +x. = o0
c i i

If the mathematical abbreviation grad div Uy is
introduced to reflect the rate of change of the normal strain
vector as given by def. (6.1.4.7) with respect to the direction
Xs and if def. (6.1.4.1) is utilized, the governing elliptic
partial differential equation of the combined elastic and
thermoelastic stress analysis in space is established.
Substituting for the constants according to expressions (6.22),
thus

20H) 6 ) +X. =0 (6.24)

Glouy * =2 @0, Y

—L i -
15 grad div ug
where the temperature field satisfies Laplace's €guation
following def. (6.1.4.4).

This equation has an infinite number of solutions
since the displacements are free to take any prescribed
values along the spatial limits. fathematically, the

sufficient conditions are satisfied.

6.2,5. SPECIAL CASES

With the absence of thermal strains, eqs. (6.24) reduce
to

G(Aui +

1 . , = .
= grad div uy) +x, = O - (6.25)

vt r—— g Yy oL iy oo,y rm f o n pn aew seecn L g m  a e s

s i



102

If, furthermore, the influence of the body forces on the
overall deformation is neglected, the governing compatibility
equation for a spacial elastic continuum takes the compact

form

Au grad div u, = 0 (6.26)

1
1Y T

6.2.6. LIMITATIONS

Although it has been reafeatedly proposed in the X
past to express the overall displacement field in terms of
so-called stress functions that are in accordance with the
given statical boundary conditions and obey Laplace's
potential deformation equation, the partial differential

equations (6.24) to (6.26) remain isoluble.

The classical approach to the closed solution of a-
spatial elasticity problem collapses, since any attempt to
described the corresponding displacement fields such Ehat.
they do not violate the internal compatibility and satisfy
the prescribed boundary conditions will fail even for the

simplest geometries.

6.3. CYLINDRICAL CONTINUA UNDER COMBINED TORSIONAL AND

AXISYMMETRICAL DEFORMATION

6.3.1. EQUILIBRIUM OF FORCES AND COUPLES

Considering an infinitesimal volume element of
cylindrical geometry, the stress tensor (6.1l) is now composed
of the normal and the shear stress components depicted in
figure (6.5) and figure (6.6) respectively. The summation
of the stress resultants in each direction X4 of the cylindrical
coordinate system thus states the internal mechanical conditions
under which the equilibrium of forces is satisfied. Upon
dividing each term concerned by the quantity dxidxjd¢, the set
of expanded equilibrium eguations for the general axisymmetric
case may be presented in the following tensor notaticn

formulation



103

16Xy ) dxdxn

X.dx,dx.dx
i771i773 77k

¥X.dx.dx.dx
J 173

P

3: X, . dx.dx.dx
1]

( dxk)dxidxj k

o

3%k t%%xk, k

Fig. 6.5. Direct stress and body pressure components for

axisymmetric analysis

(gjkdxidxk

Xj (ckj+ckj'kdxk)axidxj
(o, .+0. . .4dx.)dx.dx
. i3 33,3773 i77k
cikdxjdkk $
& + dx.)éx.d
= _ e (0 gty A )axdxy
okiax.dxj
////
. T TR (G, .+, . . dx Ydx.dx.
cjicxidxk ki “ki,k 77k i3
/
o, .dx.dx ,
13 3

(Gik+cik,iaxi)dxjdxk+

ck.dx.dxi
) dxk_ = rdp
(05 %0y, 59x,) dx dxy dx, =(r+kdx,)d¢
axy =(r+dxi)d¢

Fig. 6.6. Shear stress comnponents feor axisynmetric analysis
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gii + C + O + 0 dx, - Ull r + Sji dxl o |
ax; o ij ii,i ii,i ax; dxy 2 ij,j.r
. dxl ji Uji dxi Ukl ax
041,973 T ax “ax 72 T a9t kg, kTt Tk Lk —=
o, . dx . :
_ _ki , _ - i gii — ;
dp 9y T gk T Xy - T RE &g ©
o o dx dx . o dx o :
b o T+ N b R s e = S ?
dx dx. 2 33,3 ji,j 2 dx., dx 2 do '
J 3 3 J E
e
ax, O, - '
i ki 17 '
+ Oy k .r + Uk',k 5 39 + 3 X+ Ui] Uij,l .r + Uij,idxl
1
f
05 :
- a—l r+ X, .r = O ,
X, !
. l .
-C-Il{-k-+c r+ o 3 Ukk+Ujkr+9j£+c r +
b kk,k ° kk,k "2 de CEPN @ ik,5"
{
dx, 0. o,, dx, o,
i _ gk _ _Jjk ik '
Oik,5 T3 Sy T T @ 2 Tax, F %k T %ak,s T
o,
ik _ ;
Uik,idxi I, r + xk .r = 0 !

Once equal terms of opposite signs are cancelled, the
equilibrium equations can be reduced even further. Realizing
that the terms containing the differential dxi are by one order
of magnitude smaller than the others, their influence on the
equilibrium of forces may be neglected. An infinitesimal element
of cylindrical geometry is thus found to be in static equilibrium
under any combination of torsional and axisymmetric boundary

conditions, 1if

(g,. «r),. + (0., .r),j -+ (qki .r),k = G f Xi .r =0

ii 1 Ji
. T .+ O.. Y .+ (g, . .r + X, .r =0
(oj, +Xhag + (o5 +1) 5+ (0gy ox)ry 5
(Oik .I') ,i - (Ujk .r) 'j + ((Ij{k 'I-) ,k + A‘{k = O
(6.27)

(9 unknowns, 3 equations)
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Egs. (6.27) correspond to egs. (6.4). As opposed
to the truly three-dimensional case, however, the
equilibrium equations for cylindrical gecmetries cannot be
contracted to one general equation, since a state of

unpreferred directions is not given.

A local state of eqguilibrium must also be maintained
between the couples which originate from the action of shear

stress resultants on lever arms about the centroid of the

infinitesimal element. After dividing each contribution to
the couple equilibrium by the guantity 0.5 dxidxjdxk, the
following eguations are obtained.
chk - chj + Ukj,k dxj - Ukj,k dxk = 0
dx dx
k+ k+

ks T %k &%, 7 %,k P T %, P T =0

dx ax, _ cdx :
O.. —~£++ o, . . 20., + O0.. . dx.—~£+ - 0., .dx. = 0

ij dxk ij dxk Jji ij,i 1dxk Ji,3 73

With ass. (6.1,2.1) and the expressions given in fig. (6.5),
. the set of eguations of couple equilibrium may be contracted

to the general equation

.. .. (6.28)
ij Ji

(9 unknowns, 6 equations)

Thus the subscripts in egs. (6.27) may be conveniently

interchanged.

6.3.2. STRAIN-DEFORMATION RELATIONS

The stress tensor has reduced to six components and
so has the strain tensor. Using the formulae obtained in
egs. (6.7) and (6.9) for the strains occurring in a cartesian
plane, the three strain components in a longitudinal plane
the three strain components in a longitudinal plane through

the axis of revolution are inmediately identified as
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ii i,i

€. . = .. 6.29
33 Y53 ( )
£, . = u. . 4+ u. .

13 i,3 ,1

(18 unknowns, 9 equations)

From fig. (6.7), the strain in the tangential direction
depends not only on the displacement u, but also on the radial

displacement u, Separating the effect of the radial
deformation, the increase uid¢ in the arc length AD determines
the tangential strain as
Ui
e (W) T T
The difference in translational deformation between the
elementary sides AB and CD with respect to the tangential':

direction amounts to

Consequently, the tangential strain due to a torsional
displacement w, can be inferred as ‘
rx (U k,k
The total tangential strain components is thus obtained by
superposition
u, '
kk = T Tt Y%,k (6.30)

(18 unknowns, 10 equations)

€

Considering the shearing strains in the circular
plane, the angle between the directions of the deformed arc

~

A'D' and the initial arc ﬁb, as shown in figure (6.7), is

u; e Similarly, the angle between the sides A'B' apnd AE
[

is found to be u However, only the angle u ; 4

kfi. 'i r
. . <
contributes to the shearing strain, since - represents the

rigid body rotation about the axis of revolution. The angle

et oo gt

e g a ch e e e wmmen o v = s reimea aa vee s e e o b
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r u, = rdé¢

Positive displacements and angles of rotation for

the deformation of a plane in polar coordinates
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defining the total shear strain in the circular plane thus

adds up to

€ = u, 4u (6.31)

o %
ik r

(18 unknowns, 1l equations)
With the absence of rigid body rotations in the

circumferential surface of the cylinder, the total strain

here becomes

€., = U. + (6.32)

u .
jrk k,J

(18 unknowns, 12 equations)

6.3.3. CONSTITUTIVE RELATIONSHEIPS

Assumingithat apart from mechanical stresses thermal
stresses build up due to the presence of temperature gradients
the stress-strain relationships for the twisted, as well.as
axisymmetrically deformed cylindrical continuum are obtained
by subsituting egs. (6.29) to (6.32) into egs. (6.19) and by
considering egs. (6.20) and (6.21)

oi5 = ZG(ui,i + %e - af)
.. = 2G(u., . + e - a8)

J3J J¢3] c

uy y .

Gkk = ZG(?? + uk’k + EE - af)
.. = G(u,. + u. ., 6.33
1] ( L] j,l) ( )
O., = G(u. 4+ 1u .

jk ( j.k krj)
Opy = Gluy o+ 9 5 =)

" (18 unkowns, 18 equations)

In egs. (6.33),¢ follows def. (6.1.4.8), whereas thé
definitions of the constant c¢ and the shear modulus G are

found amongst the expressions (6.22).
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For the 18 unknown functions the required number of
18 equations is available, and thus the necessary conditions

are satisfied.

6.3.4. COMPATIBILITY EQUATIONS

Compatibility is guaranteed when the stress components
in the equations of force and couple equilibrium are expressed
in terms of the unknown displacement function. Substituting
therefore the definitions of the stress components in the
form of egs. (6.33) into egs. (6.27), the corresponding
derivations of egs. (6.27) will complete the expansion of the
compatibility equations in the three unequal directions of the
cylindrical continuum. Dividing throughoﬁt by the radius r
and applying ass. (6.1.2.3), thus

20, . 2w, 2u,
o 1. -_.L—— - , -
G(2u; 44 Y4,95 tu ok T r = F
2u _ . =
(uj,j + uk,k + c € ab),1i) + Xy o)
ws o uy
G(ujlll + 2u .53 + u kk + —%L~ + (= + ul’l + uk,k +
2u - -
€ + 2a0),3) + Xj = 0
3u u, . u, .
. i,k k,i k,1
Gluyg 35 ¥ Uy g9 P20 T T f T r  *
(ag, +uy g+ Ze - 200) )+ x = O

Differentiating the total direct strain, the components
of which comply with def. (6.1.4.8), with respect to all

directions X the following equivalences are procured

u, .
i,i i
u + u . = - u b -
j,ii k,ki €1y i,ii r re
u,
u + u = e . - u - ]
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Substituting the expresrions for the mixed, second derivatives
into the expanded equations and using def. (6.1.4.2), the
compatibility conditions for the twisted as well as

axisymmetrically deformed cylindrical continuum are established

3u Lu,
k,k _7i 1 - . _
G(Aui -+ = =7 + < €y 2a6,i) + Xi 0
1
G(Au. + = . - 2086 . + X. = 0 6.34
( J C 3] rj) J ( )
2u, u .
i,k _ Tk,i 1 _ ‘ -
G(Auk + < + = E,k 2a9'k)+ Xk 0

where the temperature field satisfies def. (6.1.4.5) and
the constant ¢ is known from egs. (6.22).

) Egs. (6.34) are elliptic partial differential equations
and thus fulfill the sufficient condition for the applicability
of the small displacement theory in the elastic analysis of

cylindrical continua. Like egs. (6.24), they have an infinite

number of solutions, since the displacements are free to take

any prescribed values along the limits of the cylindrical domain.

6.3.5. SPECIAL CASES

Restricting the attention to axisymmetric deformations,

the circumferential displacement component u, diszppears and

k
differentiations with Trespect to the tangential direction
vanish. Thus egs. (6.34) reduce to

Y91
G(Aui - + P e’ - 2a9'i) + Xi = 0
(6.35)
1
G(Au, + = . = 200 L) + X. = 0
(fay c 3 g

where the Laplace's operator and the teotal direct strain
follow def. (6.1.4.3) and (6.1.4.9) respectively and the
temperature field satisfies def. (6.1.4.6).
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Differentiating egs. (6.35) with respect to the

radial and the axial direction respectively, and subsequently

adding all terms, one single equation is formed

i1 %1
e I T
r rv ¢

2l Il

1
(eli.r)'i 2 fu(e,i .r)’:.L

+ i € .. = 200 .. = 0
c .13 ¢33

Since ¢ and 9 comprise functions depending on the radius,
the differentiation of their derivatives with respect to the
radial direction X0€ o and © i must take into account the

r 4

presence of the radius.

Neglecting the first two terms because of their small

contribution and expanding the differentiations with respect

to Xs0 the potential normal strain equaticn for the mechanically

and thermally loaded axisymmetric continuum is clarified to a

point where the employment of Laplace's operators enable it to

be contracted to

Ae = 2cahd

i

0 (6.36)

The operators used are given by def. (6.1.4.10) and (6.1.4.6)

respectively.

6.3.6. LIMITATIONS

The governing elliptic partial differential eguations
(6.34) to (6.36) are insoluble since ﬁechanical, thermal and
geometrical boundary conditions cannot be described in an
analytic form. Thus, although the mathemtical formulation
of the general solution to complex elasticity problems in
axisymmetric continua exists, the displacement functions are
incapable of complying with the disturbances caused by the
action of conventional forces, prestressing strains and

imposed displacements.

6.4. CONCLUSIONS

v pmt Sem e
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6.4.1. MATHBEMATICAL SOLUBILITY

Looking at the Laplace-type partial differential
equations (6.24) and (6.34) with the intention of solving
them for the displacement fields, their elliptic nature is
recognized. The mathematical property takes its name
from the shape of the conical sections, which the boundaries
of the disturbances describe when propagating from a
perturbation point.

The most general solution for such equations consists
of a Fourier series solution which, however, is of mathematical
use only and practically of no or little meaning, sSince an
infinite number of solutions exists, unless some specific
physical boundary conditions are defined. These conditions
are no more than restrictions of the analytical kind imposed
on the general equations such that appropriate physical

phenomena can be identified.

Thus, a general mathematical solution to the elasﬁicity
problem in spatial continua exists, but it does not apply.

6.4.2. PHYSICAL INSOLUBILITY

It is only when boundary conditions due to statical
disturbances are used that the usefulness of the compatibility
equations (6.24) and (6.34) , governing the thermoelastic
behaviour of truly spatial and cylindrical continua, can be

enjoyed.

Physically, the elliptic property of a thermoelastic
continuum subjected to a skleronomical state of stress
signifies that a disturbance propaga:ing from one point of
the structure can affect any other point. The final values
of the influence coefficients arxe obtained, once the structure

has fully relaxed in compliance with its elasticity.

The disturbances may be excited cdue to the action of
conventional external forces, prestressing strains and
imposed displacements; unfortunately, however, they are
incapable of being laid down in an analytic form. Even the
boundary conditions of simplified problems in space, as

expressed for instance by egs. (6.25) to (6.26) and egs. (6.35)
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to (6.36), defy the description in a closed mathematical

form.

Thus it must be realized that spatial elasticity
problems exceed the analytic applicability of the small

displacement theory.

6.4.3. PHILOSOPHICAL COLLAPSE

As it can be seen from egs. (6.24) to (6.26) and
egs. (6.34) to (6.36), the general compatibility equations can
be reduced to f£it special problems when appropriate boundary
conditions are employed. It verifies that a general
physically meaningful solution to the differential equations

of the elastic analysis in space is not possible.

Philosophically, this implies that the development
of the small displacement theory has arrived at the ultimate
concept of its analytic approach which collapses due to the
impossibility of obtaining a geheral meanihgful solution.

It does not mean that the compability equations and thus the
small displacement thecry of linear elasticity in spatial -

continua are unnecessary or obsolete developments.

Merely it inﬁicates a quality in the nature of the
ultimate state of a theory, as these equations on the one
hand reflect the most general and adequate synthesis in
elasticity and thermoelasticity and on the other hand must be
restricted to very special non-spatial cases to apply.

The major conclusions are that the spatial compatibility

equations are at the same time general and particular and thus
would have presented a genuine state of scientific instability,
if the thecry of linear elasticity had not been reconstructed

from new fundamentals as it is shown in the following chapters.



114

CHAPTER VIT

VARIATIONAL ANALYSIS OF COMBINED ELASTIC AND THERMOELASTIC

CONTINUA

7.1 INTRODUCTION

7.1.1. OBJECTIVE

Since there is a clear existence of contradictions
between the small displacement theory of linear elastic
analysis in spatial continua and the limitations that con-
front it, it is endeavoured to derive a theory that verifies
the findings already obtained and supersedes the small dis-
placement theory by offering new possibilities to the elastic

analysis.

To proceed, the elastic theory which in Chapter VI
has been based on the equilibrium of forces and couples that
behave in conformity with the elastic law is coupled with |
the éonception of energy. This link clearly indicates that
the principle of conservation of energy, as known from
- physics, shall lead to general governing equations also in
the statical analysis, especially since the variational theory
sets out to derive it on the basis of mechanical work done

along displacements.

The necessary conditions in proving the equivalence
of the variational and the small displacement theory, is that
the principle of virtual work or an extension of it arrives
at analytic compatibility equations identical with those
obtained in Chapter VI,

The sufficient condition for the applicability of the
variational theory of elasticity is satisfied, if the princirle
of virtual work in its analytic formulation or an extension of
it yields an explicit solution to the unknown spatial displace-

ment fields.
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7.1.2. ASSUMPTIONS AND IMPLICATIONS

In the following, the assumptions are stated under
which the energy principles shall lead to the variational
theory of linear elasticity and thermoelasticity. At the

same time, the inferred implications are discussed.

(1) The displacements are fictitious; their
occurrence is possikble but not necessary - thus the applied
forces, by doing work along these displacements, do not have

the tendency to set the mechanical system into motion.

(2) The displacements are differentially small -
thus in the formulation of virtual work the forces can be

considered independent of the displacements.

(3) The displacements are kinematically compatible
with the geometrical configuration of the system comprising
shape, biactions and support reactions -~ thus any ambiguity

.in defining the continuous displacement field is avoided.

(4) In the process of doing virtual work along
virtual displacements, the external forces retain theilr
initial magnitudes - thus the state of statical equilibrium
is not violated.

(5) The internal forces are developing slowly inside
the unit volume elements - thus the mechanical action gives
rise to internal deformations which are linearly dependent

on them.

(6) 2 mechanical system is in statical equilibrium,
if the work done by the externally imposed forces vanishes
for any possible virtual displacement - thus the virtual work

theorem is defined.

(7) Considering the occurrence of virtual displacements,
the external work done by the real forces is equal to the
increase in the internal strain energy - thus the link between

the virtual work theorem and the energy concept is established.

(8) The principle of virtual work is valid for sclids
deforming in conformity with the linear elastic law - thus
definitions (1) to (8) of section 6.7.2. apply.
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In the following, the assumptions shall be referred

to as ass. (7.1.2.i), i = 1,8.

7.1.3. SET THEORY

Generally, the spatial stress tensor (6.1) and the
conjugate strain tensor (6.6) and also the analoguous
definitions for a twisted as well as axisymmetrically deformed
cylindrical continuum are expressed by sets of functions which
may be assembled in the following column arrays

g (7.1)

T %11, %33, %kk, i3, O3k,

£ €. >

= (%11, %99, Sk, i3, ©ik, (7.2)
where the functions of the shear strain components gij
follow definitions (6.9) or (6.31), (6.32) and the third of
(6.29), respectively.

The work done per unit volume then amounts to etc.

However, it is convenient to make the transformation of
stresses and strains identical such that in any new coordinate
. system there is
st = c*goc

(7.3)

et = ctac

In order to keep the work done unchanged under
transformation, the following definitions of stress and strain

tensors are accepted

= /2.
o1 {Uii,cjj,ckk,/icij,’ ij,/icki } (7.4)
e = {e.. ¢ /2 /3 5
€ {Cii,ejj,ekk,'zeij,/Eejk,‘zeki } (7.5)

where the shear strain functions now follow definition (6.10)

or the analoguous definitions in cylindrical coordinates.

Considering truly spatial deformation, the eguations

of internal equilibrium (6.4), the equations of equilibrium
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at the boundary (6.5) and the strain-deformation equations
(6.7) and (6.10) may be expressed by using the following sets

of functions

DG +X = O (7.6)
(bn) g = F (7.7)
g = D (7.8)

where for all cases D is conveniently given by the same

differential operator matrix

)y 0 0 /7()"]. o) /?T(),k
D = 0 ) 5 0 /i(),i 20) . O (7.9)
0 0 () x 0 200 ‘5(),5:

Analysing an axisymmetric continuum which is subjected to
torsion and axisymmetric loading, the differential operator
matrix D enables the equations of internal equilibrium (6.27)
to be formulated in sets as well

D (rg) - S + rX = 0 (7.10)

where e is defined by the column vector {1 O 0O}.

Since the state of unpreferred directions is not given
for cylindrical geometry, the derivation of the strain-
deformation relations (6.29) to (6.32) demands the consideration
of the total distortional angles. Furthermore, the strain
compecnents ((6.30) and (6.31) incorporate specisl terms and
thus the differential operator (7.9) does not apply to the
analogues of egs. 17.7) and (7.8).

The multiple use of the differential operator matrix
in the formulation of various equilibrium, as well as train-
deformation equations; proves the advantage of a conveniently

chosen definition of strains.
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7.1.4, CALCULUS OF VARIATION

The calculus of variation deals with the trans-
formation of insoluble differential equations of boundary
value problems to equivalent functionals. A functional
may be an integral operation which assigns a value to each
of a certain class of functions. Using the tensor and

comma notation convention, it could take the form
I = Jf(xi’ ui, ui,i .o ui,ni) av (7.11)

The central problems is to find those functions Uy etc. in a
prescribed class of functions £ for which the given functional

I has a minimum.

In a boundary value problem the admissible functions
are specified by a boundary condition. A necessary and
sufficient condition that the admissible functions minimize
‘the functional (7.11) is the vanishing of its Vafiation for
all admissible varied functions uy + Baui, provided that the

following Euler equation is simultaneously satisfied

of

of of of
= = (5T . ) o= ) I SR
aui aui’i 1 auj,i P auk’i i
n -, of _
+ (=1) (auf“_.),ni = 0 (7.12)
kK,ni

The necessary condition for an admissible function
u to furnish an extreme value of a functional I can be
derived immediately. A function 3u shall be called
admissible variation if, for a sufficiently small £, u + R3u
is an admissible function. Thus, for g real and positive,

the following unequality holds

I (u+ Bou) 2 I(u)

If du is an arbitrary admissible variation which
satisfies the only condition that it vanishes at the boundary
of the given region, then I(u+ B3u) is a function cof B only,

since a determinate integration is carried out over the domain
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of u and 9Ju. The admissible function u + Bou converges to
the extremizing function when 8 is equal to naught; here,

therefore, the functionzl I(u + B3u) as a function of

N

N

nmust have an extreme value.

From differential calculus then, the derivative of
the functional must vanish when f is equal to zero, thus

3T (u,du) = I(u + Bou), (7.13)

BB = o
where the functional 9I which depends on du as well as on u
is called the first variation of the functional I.

Although a necessary condition, the vanishing of the
first variation is only sufficient in conjunction with the
existence of an absolute extreme value as furnished by the

Euler equation (7.12).

7.2. PRINCIPLES IN THE ANALYTIC FORMULATION OF THE

THERMOELASTIC PROBLEM

7.2.1. PRINCIPLE OF CONSERVATION

The more general principle of conservation is an
axiom neither capable nor in want of a proof;its wvalidity
in the theoretical or experimental reproduction of a natural
phenomenon must be justified by agreement with past experiences-

which is the case.

The principle of conservation may be formulated by
utilizing Green's theorem which states that any net change
ary of a scalar gquantity a in a unit element can only ke
brought about by a net change penetrating through the element

surface. For direction X5 this goes to prove that

*

a,idxidxjdxk = n,.a ds (7.14)

Integrating over the whole volume and the surface of

the continuum, Green's theorem is established

f ayry dv = J n,.a ds (7.15)

e s e s
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where n,idesignates the direction cosines of the surface
normal under which the net change is penetrating into the
body.

7.2.2. PRINCIPLE OF VIRTUAL WORK

Widening the field of applicability of the principle
of conservation of enerqgy to a stress analysis problem, where
mechanical work is done along displacements under pre-
servation of the static equilibrium of the structure, the

principle of virtual work can be introduced.

Employing Green's theorem, proof can be given to the
existence of the virtual work principle. Let the virtual

work theorem take the form
f Ftu ds + J Xtu dv = f ot

In this integral equation the stress functions are.

@]

v | (7.16)

assumed to be in statical equilibrium with the body forces
and the surface tractions, whereas the strain functions are
in compatibility with the displacements. Stress and strain
fields are virtual systems which are totally unconnected.

In proceeding to prove the validity of eqg. (7.16),
the quantity a is replaced by the product of the two scalars
b and c. The expanded Green's theorem (7.15) thus becomes

f(bc,i +'chb, ) dv = fn,i be ds (7.17)

If b and ¢ represent large numbers of variable scalar

quantities, they may be identified by the unidimensional sets

b and ¢ of the sizes (lxp) and (lxg) respectively. For any
combination of single scalars, eqgs. (7.17) reads
f(bﬁcm,i + Cmbz,i) dv = f bzn’icm ds (7.18)

If all quantities out of the sets b and ¢ are
considered, the expanded Green's theorem can be formulated

with the use of sets as follows
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J (b% ¢ + cotp) av = f bt (an) c ds (7.19)

where all single differential operators are now assembled in

a rectangular operator matrix g of the size (pxq).

It is important to realize that b and g‘are sets and
not mafrices, since their coefficients are functions and not
constant scalars. - Replacing the sets b, 3 and ¢ by the sets
u, D and 3 of egs. (7.6) to (7.8), the principle of conser-
vation states that

f (u®p o + otptu) av = f u®(pn) o ds (7.20)

If Green's theorem is true for any sets of variable
quantities as laid down in eq. (7.19), then it must also
hold for eq. (7.20). Substituting the three governing
equations (7.6) to (7.8) of the spatial elasticity problem
into éq. (7.20), the general form of the virtual work
'principle is established

f eto av = f utx dav + f u'F ds ' (7.21)

which apart from the logical order of the multiplied vectors
is identical with eq. (7.16).

Considering a structural system under geometrical and
mechanical boundary conditions, the principle of virtual work
in the form (7.21) states that the displacement field is
unigquely described, the forces are independent of the displace-
ments, and the system remains motionless under the action of

the forces.

In the equilibrium conditions in the system are
restated by replacing the virtual stress system by the actual

stresses, the principle of virtual displacements is formulated.

7.2.3. UNIT DISPLACEMENT THEOREM

Before expanding the principle of virtual work into
the principle of minimum potential energy, it is intended to
define the stiffness coefficients of a structure using the

unit displacement theorem.
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Considering an elastic structure in which all forces
including the body forces are represented as one set of nodal
forces, it is pertinent to investigate the effect that a %
single force acting at one point has on the deformation of |

another. %

To prcceed, the principle cof virtual work (7.21),
which expresses indirectly the equilibrium between the internal
stresses, the body forces and the surface tractions in terms
of the kinematical compatiblity conditions, is reduced to the
case in which a single force Xi’ say due to bedy pressure, is

doing work along a virtual displacement uy
t
uiX. = Is. 0. dv (7.22)

The unit displacement theorem then states that for a
unit displacement uy at the location Xy the single force'Xi
at X; can be interpreted as a stiffness coefficient such that

the fdllowing defintion is rendered possible ' ;

lfkij = Is. g. dv (7.23)
where €4 is a system of strains kinematically compatible with
a unit displacement ui at Xi’ Uj is the true stress system

in the structure producing a unit displacement uj at xj and
kij is the force reguired at X to produce a unit displacement

u. at x..
J J

Considering an infinitesimal volume element, the stress
component Oj can be expressed by the local set of material
stiffness coefficients d multiplied by the strain component Ej'

The unit displacement theorem then takes the form
1.k,, =|efae.av (7.24)
EEEE A

Since =N and €, are sets of the size (1x1l), they may be
interchanged without altering the amount of virtual work done.
To avcoid ambiguity, it must, however, be assumed that both

€y and €. are components of virtual strain system. Thus,

it 1s concluded that
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k.. = k.. (7.25)

This is the Maxwell reciprocal theorem vhich states that the
set of stiffness coefficients of an elastic structure is

symmetric.

The advantage of the use of the displacement method
in the stress analysis of elastic structures, in comparison
with the force method, is that the overall set of stiffness
coefficients of the structure, which later shall be called
global stiffness matrix, can be found from the superposition
of all coefficients kij without reference to how it is
supported. The overall set of stiffness coefficients can be
obtained as the basic set of the unsupported structure before
the solution of the elasticity problem, since the strains
represent virtual systems and the deformation is local for
the unit displacement method as other displacements are

suppressed.

7.2.4. PRINCIPLE OF MINIMUM POTENTIAL ENERGY

When the existence of a strain energy function is
~assured and the forces are assumed to be kept unchanged during
the displacement variation, the principle of virtual work

leads to the establishment of the principle of minimum potential
energy, which is capable of taking into account the effects of
thermal loads on the overall deformation.

Strain energy can be defined as the work done by the
‘stresses along the conjugate strains which by virtue of ass.
(7.1.2.5) are linearly dependent on them. It is encouraged
where ever slowly increasing or decreasing loads induce

linearly dependent deformations.

The principle of minimum potential energy with the
unknown function being the displacement field may be stated
as the &anishing of the first variation of the total potential
energy. Contributions to the total potential energy are made
by the internal strain energy, the thermal strain energy, the
strain energy due to prestressing, the potential energy of the
body forces and the poctential energy of the external forces,

respectively
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(7.26)

According to ass. (6.1.2.7), the thermal stresses
g, are induced by thermal expansion under the conditions
of zero strains for all unit volume element. Provided
that all non-thermal loading conditions are absent, the
internal strains € ensure geometric compatibility between
all unit volume elements of the thermally loaded structure,
and their magnitudes will be known, once the structure has

relaxed elastically under suppressed thermal conditions.

If each unit volume element were capable of expanding
freely under a positive change in its temperature, the direct

components of the unconfined thermal strain g, would be given

t
by the product of the coefficient of thermal expansion and

the temperature increment.

After the natural elastic relaxation of the continuum,
the actual stresses thus result from multiplying the local
set of material stiffness coefficient into the difference
between the elastically balanced confined strains and the

unconfined strains

g = dlg - a8) (7.27)
The prestressing stresses gp would theoretically be
achieved by the initial prestressing strains, if concrete
were abcolutely rigid. After the elastic relaxation of the
stressed continuum, the equivalent initial fbrces would,
however, undergo a loss due to the elastic contraction of the
prestressing cables. If the continuum is merely subjected
to prestress, the decrease in prestressing forces is governed

by the internal strain field ¢ due to prestress.

In an iterative computation then, the effect of the
correcting negative prestressing forces on the internal strains
must be determined. If the internal strains have converged
to a final set of g, the actual stresses are computed by
multiplying the local set of material stiffness coefficients

into the difference between the internal and the initial

P A A S YO ik P S 7 e
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prestressing strains

g9, =dle - g,) (7.28)
t must be realized that the present Chapter deals with
f .
infinitesimals; in other words, the underbarred quq;itles s
represent rectangular sets of space-dependent functions and

not matrices.

7.2.5. PRINCIPLE OF PROPAGATION OF HEAT

Concentrating on a unit volume element at any point

of a homogeneous and isotropic continuum, Gauss' theorem
states that any net change ar; of a continuous scalar variable
a, which is continuous in its first partial derivatives, can
only be brought about by a flux penetrating through the
element surface

ary dv = n,iads (7.29)
where N,y represents the direction cosines of the surface

normal in the three directions.

If the flux a is recognized as the heat penetrating
through the surface per unit time, Fourier's law may be

applied. Assuming, in addition, that each unit volume

element is losing heat at a rate proportional to its temperature,

Fourier's law states that the total heat flux across any
surface at a point depends linearly on the rates of change of

temperature at that point
a = (q + o8) = - k gradé (7.30)

where g is the heat generation in Kcal/m?day , o is the
outflow coefficient in Kcal/m?day’C and k is the thermal
conductivity in Kcal/m.dav’C . The negative sign is due
to the fact that heat always propagates towards locaticns of

lower temperature.

Substituting eq. (7.30) into eq. (7.29), the consexva-

tion of thermal energy is expressed

e o e o pi 5
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(—kgrad@),i dv = n,i(q + of) ds (7.31)'

Since it is cbvious that only components normal to the
surface contribute to the transport of thermal energy through

the corresponding surfaces, eq. (7.31) may be rewritten as
(—kgrade),i = (q + 06) (7.32)

From hydrodynamics it is known that the continuity

of mass flow demands

a,, +div (av) = O (7.33)

t
Introducing the product pc, which represents the material's
specific heat per unit volume and degree centigrade, and
replacing the product of the scalar a and the vector v by
the right hand side of eqg. (7.30), then eq. (7.33) may be
interpreted as the continuity of thermal flow in a continuum
+ (-kgradb)

pch = g + o8 (7.34)

't "i

where p is the density in MV/m- and-ec—-is_the specific heat
per unit mass in MN/m® and c is the specific heat per unit

mass in Kcal/MN°C .

With ass. (6.1.2.6), no heat transport takes place
transversally to the surface normal, and thus Laplace's
operators can reduce egs. (7.34) to one general eguation

both for the three-dimensional and the axisymmetric cases
k&6 + g + o8 = pce,t (7.35)

For truly spatial temperature fields the operator follows

def. (6.1.4.4) , whereas for axisymmetric fields def. (6.1.4.6)

applies.

~
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7.3. FUNCTIONALS IN THE ANALYSIS OF THERMOLELASTIC CONTINUA

7.3.)1. STRAIN ENERGY FUNCTIONAL FOR THREE-DIMENSIONAL CONTINUA

7.3.1.1. ADMISSIBLE FUNCTIONGS

In the elastic and the thermcelastic analysis of continua
a convenient functional to minimize is that of the total poten-
tial enerqgy. Excluding the contributions due to conventional
and prestressing forces which shall be used to described the ><
mechanical and the geometric boundary conditions, respectively,
this functional may be formulated in the tensor notation

convention as follows
I J (‘Eijoij Eijoij uixi) dv (7.36)

Granting the difference from the set notation convention,
the terms in functional (7.36) are readily identified with
the first, the second and the fourth term of the total potential

energy functional expounded in eq. (7.26).

Substituting egs. (6.7), (6.8), (6.9) (6.20) and (6.21)
into eq. (7.36), the class of admissible functions f is procured

uy oy a(ui,i+b(uj,j+uk,k)) vy oy aenb

f:% c - --uiXi
u, . + u. . a-=s . Ltu., . PP, o b
‘ g (v ) %3 JrlJL o |

(7.37)

From definition (7.11l) it is already known that the space-
dependence of the displacement functions compels £ to be an

infinitesimal.

7.3.1.2. EULER EQUATION

With the aim of proving that the functional (7.36)
is suitable to describe a corresponding spatial elasticity
problem and that its class of functions satisfies the Buler

equation (7.12), the following derivatives are produced

of

u. i
3 i
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of

Bul’i)’l = a(ui’ + b (uj’ + uk,k))’i - aeae’i (7.38)
of

auj’l)’:L = a3 (u.l’:J + uj’l),l

o c

auk,l)’l = 783 (ul,k + uk,i)'l

Substituting egs. (7.38) into the Euler equation
(7.12) and using the mathematical steps performed between
egs. (6.23) and (6.24), the following equation is obtained

C 1 . de _
a3 ((Aui + 3 grad div ug ot ae,i) Xi = 0

After substitution for the constants, a, b, ¢, 4
and e according to definitions (6.22) and subsequent cancell-
ation, -the Euler equation is found to lead to an expression,
which is identical with the governing partial differential
equation (6.24) of the small displacement theory applied to
the spatial thermoelastic analysis
2 (1+u)

1 . —
----—ﬁ- grad div u, ——]'-—_—2-5—)- OLG,i)+ Xi = 0 (7.39)

Glhu; + 173 i

Since the Euler equation (7.12) satisfies identically
the differential equation (6.24) which also takes the name
natural boundary condition, it is proved that a displacement
field exists which furnishes an absolute extreme value to the
functional (7.36).

7.3.1.3. DIFFERENTIAL CALCULUS

Substituting an arbitrary admissible function
u; + BaU, consisting of a function plus a variation, into
the functional (7.36), the necessary condition is expected
to yield an expression that contains the displacement field
ui‘as an extremal, whether or not the corresponding value of

the functional constitutes an absolute extremal.

In the process of deriving the first variation of

+ the total potential energy functional (7.36), it is convenient
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to postulate the existence of the following relations

€, . = a b u
ij. - =

o, =
13

{fo7

abu, (7.40)

Otij = 0.6 g

1o

where a, b and 4 are rectangular sets of functions of some
kind. With egs. (7.40) the functional for an arbitrary i

admissible function thus becomes !

_ t
I = f (%(ui + BBui) b a

- (ui + Bdu,) b a dob - (ui + Baui) X,) dv (7.41)

From differential calculus, the first variation is equivalent
to minimizing the total potential energy, permitting only the
deformations to vary. Following the process of differentiation

indicated in eqg. (7.13), thus ;

£ % Y

tyt -b'adab -x) dv = O (7.42)

oL = duy f(g adabu
As eq. (7.42) must hold for all variations Bui, incl-

uding zero, it is concluded that the non-trivial solution of

the first variation contains the extremal displacement functions

Uy which also satisfy tﬁe natural boundary condition as stated

by eqg. (7.32). Thus the necessary condition is obeyed.

7.3.1.4. LIMITATICONS

The foregoing shows that the variational approach to
spatial elasticity problems is mathematically rigorous, inas-
much as the class of admissible strain energy functions leads
to displacerent ficids out of which the extremal (7.39) minimizes
the functional (7.36). This displacement field, however, is
still a function of position and hence subject to integration,
with the result that the non-trivial solution of eq. (7.42)
cannot be transformed into a set of uncoupled force-deformation

equations. - ,
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Thus it must ke realized that elasticity problems
for three-dimensional continua cannot be solved for the unknown
displacement functions by using the variational approach,'
unless the uncoupling cf the equations is made possible by

a convenient matrix analysis.

7.3.2. STRAIN ENERGY FUNCTIONAL FOR AXISYMMETRIC CONTINUA

7.3.2.1. ADMISSIBLE FUNCTIONS

Viewing a continuum of cylindrical geometry, which
is subjected to torsional and axisymmetric deformations and
exposed to axisymmetric temperature fields, the variational
approach to its elastic and thermoelastic
analysis proceeds again from the total potential energy
functional (7.36). The stresses, strains, displacements
and thermal gradients are now, however, functions of the
cylindrical coordinates X, as shown in figures (6.5) and (6.6),
and thus the volume dV of an infinitesimal ring element is
linked to the varying radius r. Consequently, the volume is
understood as the product r.ds to enable the inclusion of the

radius into the processes of differentiation.

Substituting egs. (6.29) to (6.33) into eq. (7.36)}),
the class of admissible functions following definition (7.11)

is obtained in the form

_ j’; u =
Ui 4 Gluy ;+ze)
u 2G (uy s+ie) v, . |l26a0 | w1 x
JI] ]I] l,i l *.L
uy y
f= | i, 26 (T x*e®) 2600 | .r -|u, || X
2 "'f' uk,k Je] J ]
u.
ul'j-hj'l G(ul’]+u i) S 2Go0 . Xk
r k,k |
L I L P I
+u .+
U gty g 1 Gluy gtug )
u u
k o
T e A T W (7.43)
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In constrast to eqg. (7.37), where the spatial concept encourages
the use of one subscripted expression for each of the sets of
the direct and the shear strain components, the coupling of

the circumferential strain component here precludes the

employment of the subscript summation convention.

7.3.2.2 EULER EQUATION

The suitability criterion for the functional of
general axisymmetric elasticity problems is furnished anew
by the satisfaction of the Euler equation (7.12), and thus
the following partial derivatives are needed

f . 2G (Ei + u + He - g8 - X..1 )

aui r k,k c it

5E _

J

af _ - -

gak = 2G ( Xk.r)

=26 (u, , +tru, .. +He +EE o~ g - ras,,)
ou, .'i i,i i,ii c c 'i ri
i,

Bf _ ru

(au. .)13 2G (r-uj,jj + C E'j‘ r(xe(j)

Jed

(—8-ji )= 2G (u + ru + LU ¢ - rob ) (7.44)
BuP K & ik k,kk c 'k 'k *
£

Ju ,1)’1 = G (r'ui,ji + ui'j + ruj’ll + u ,1)

of

o . = G (r.u .. + r.u, .

(Buk,j)’J a8, 53 3,k3

of o : _

(aui’k),k = G (reuy g FTAU a7 Y )

of _ ~ _
(Buk,i)'i = G (l'ui,ki + 0y + r,uk'. + Uy uk,i )
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of '

— . = G(r.u, .. + r.u. ..
(aui,-),j ( 1,33 Jllj)
of _

(saj,k)'k = G(r'uj,kk + r'uk,jk)

The directions are denoted by the first subscript to the
displacement functions and consequently the Euler equatiom

can be established for each direction of the axisymmetric
continuum by considering the relevant derivatives. Dividing
all terms by the radius r, the expanded compatibility equations

of section 6.3.4. are re-established.

Thus, following the mathematical steps performed
between egs. (6.33) and (6.34), the potential deformation
equations (6.34) which constitute the natural boundary
conditions for axisymmetric continua, subjected to multiple

loading cases, are identically satisfied

3u u
k,k _ i 1 - _
G(Aul + " E-Q- + CE,i 20L8,i) + Xi = (0]
G(Au. + | +ie - 200,.) +%X. = 0 (7.45)
J C 4] J J
2u, u,

i,k k,i 1 _ -

G(Auk + ———-L-r + =t S€ 20c8,k) + xk 0

As a result, it can be stated that the identity of egs. (6.34)
and (7.45) proves the suitability of the strain energy functional

(7.36) for the variational analysis of axisymmetric continua.

7.3.2.3. DIFFERENTIAL CALCULUS

Once it is conceded that the displacements u, in egs.
(7.40) now describe fields of cylindrical geometry and that
the sets a, b and d are therefore of some different kind, it
it apparent that egs. (7.40) and the vanishing of the first

variation (7.41) give rise to the following non-trivial solution

L e

f b*a*¢'a b u, - ba®das - x) ras = 0 (7.46)

Eg. (7.46) satisfies the necessary condition imposed onto

the validity of the functional (7.36) in the axisymmetric
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analysis and therefore could be used as the basic governing
equation for the evaluation of continuocus displacement fields

in corresponding elastic continua.

7.3.2.4. LIMITATIONS

Unfortunately, the displacement field Uy the sets
of strain operator functions ab and the set of space-dependent
stiffness coefficients d of egs. (7.46) are highly inter-

dependent, as already observed in eq. (7.42).

As far as the mathematical solubility is concerned,
cylindrical geometry does not facilitate the analysis of
corresponding elastic continua, and once again it is experi-
enced that the variational approach in its analytic formulation
does indicate new possibilities, but is incapable of over-
coming the interdeperidence existing in the force-deformation

equation.

7.3.3. HEAT CONDUCTION FUNCTIONAL FOR THREE-DIMENSIONAL

CONTINUA

7.3.3.1. ADMISSIBLE FUNCTIONS

The functional equivalent to the partial differential
equation (7.35) of the heat conduction within a three-

dimensional continuum is given by the following integral

- 1 2 4. 2 2y . . - 3
I [(2(ki(e,i) + kj(qj) + kk(e’k) y=(g + ob pce’t)e) av

(7.47)

Using subscript summation convention, the class of admissible
functions may therefore be written in a concise form as

F o= % i ky (e,i)2 - (g + 06 - pCe’ ) (7.48)

: t
i

where for wider applicability the conductivity coefficients

are not yet assumed to be egual.
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7.3.3.2. EULER EQUATION

Since the functional (7.47) has not been derived
previously, it is particularly necessary to investigate
whether its suitability criterion is satisfied. In the
course of producing the Euler eguation (7.12), the following

derivatives of the class of admissible functions (7.48) are

generated

of L

36 (@ + 08 ~pch,,) (7.49)
D f oL af - of =

Go, e T R (55,.0 75 = X585 G ,k),k KO rk

Keeping in mind that the terms of heat generation,
heat storage and heat loss couple the effects of the temperature
distribution into the three directions of the space, only one

general Euler equations is available

k.0 + k.0,.. + kke,kk + g+ 00

ivrig TRy 45 pcb, (7.50)

With the validity of ass. (6.1.2.8) eqg. (7.50) may be
conveniently reduced to

kA® + g + 0B = pce,t (7.51)

where the operator is given by def. (6.1.4.4)

As egs. (7.51) and (7.35) are identical, it is shown
that the functional (7.47) furnishes an absolute extreme value
to the temperature fields and is therefore suitable for the

analysis of spatial heat conduction problems.

7.3.3.3. DIFFERENTIAL CALCULUS

Substituting an arbitrary admissible function which
now is given by ¢ + p3s into the functional (7.47), the integral

to be minimized reads

3
T = J;%z (k, (64826 ),;) 2= (q+o8=pch, ) (0+636) [aV (7.52)
LM
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Employing the differential calculus, the first variation is
equivalent to minimizing the heat conduction functional (7.52)
under the preservation of the thermal energy, permitting only

the temperature field to vary

3 .
oI = J‘gkl (eli+00 36’1)8(e'1+o‘36'1)_(q+08"9081t)3(9+O-86)dV =0

(7.53)
Substituting egs. (7.49) into eq. (7.53), the
following integral is formed
3
of of _
f|zl(-%-’_)ae,i+-gae|dv = 0 (7.54)

Eg. (7.54) may be transformed by integrating by parts. For
this purpose the following differential operation is employed

of d

90 =— . = 90) ,. = + 036 (sx% .
( e 36_,i),l ( )’l aeli . (ae,i)ll
After rearranging, thus
- 9f _ of _ of
Be,i sgti = (8686’1),i 89(86'1),i (7.55)

Substituting egs. (7.55) into eq. (7.54), the first variation

of the heat conduction functional takes the form

3
2f - ae 3L 4 3 _
{[g((ae-ﬁ,i),i ae(ae’i),i +ow 36| av =0 (7.56)

To proceed, it is necessary to employ the following

theorem
X b '
{b (0(x)),, = olx) | P — T
X X
a a
where X, and Xy designate the lower and the upper limit of

the domain, respectively.

Subjecting the first term of egqg. (7.56) to the rule
of theorem (7.57), the following integro-differential equation

is produced

[
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FHh

2 - %

: Bf Toi
g (20 55, ) - aef(. 3,0 T )

Xai (7.58)

T

dv = 0

}_J

Fortunately, the calculus of variation as expounded
in section 7.1.4. requires the admissible wvariation 30 to
become zero along the spatial limits. Consequently, the
first term of eq. (7.58) vanishes, with the result that the
non~trivial solution of the first variation reduces to the
simple form

3 3f of  _

§ (55,1)'1 -= =0 (7.59)

Re~substituting for expressions (7.49) and assuming
the existence of an isotropic coefficient of thermal conduct-
ivity, thus

kAB + q + 00 (7.60)

I

pcelt

This is the elliptic partial differential equation
in conformity with which the heat propagates through a spatial
continuum. It is identical with egs. (7.35) and (7.51) and’

‘therefore expresses the satisfaction of the natural boundary

conditions.

7.3.3.4. SPECIAL CASES

The importance of the natural boundary conditions
lies in the fact that, by adding or subtracting suitable terms
to or from a functional, it is possible to alter the boundary

conditions without violating the Euler equation.

Dropping those terms in the first of the derivatives
(7.49) which represent the heat generation and the heat loss,
the three-dimensional heat conduction problem reduces to that
of the corresponding transient temperature distribution

kA = pco (7.61)

"t
If, finally, the time-dependent temperature dis-
tribution due to the heat retaining capacity of the material

is eliminated, the first of the derivatives (7.49) becomes

ZEero. Physically, this means that, by skipping the history
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of the transient stages, the final steady state temperature

distribution is arfived at

kAB = 0 ‘ (7.62)

Considering a constant coefficient k throughout the continuum,
eq. (7.62) satisfies def. (6.1.4.4) identically.

7.3.3.5. LIMITATIONS

The necessary condition as stated by the Euler equation
demands that the temperature 0 in the heat loss term and the
temperature gradient with respect to time O't are invariant
within a given time interval. Consequently, the heat conduction
problem in its variational formulation can only be solved in an

iterative process.

Furthermore, it must be realized that the temperature
field in eq. (7.54) is space-dependent and thus subject to
integration over the region. Even with the temperature and
the temperature gradient in the instationary terms being in-
variant, the problem of heat conduction in a three-dimensional
, continuum remains insoluble, unless the uncoupling of the
témperature function from the conductivity properties in eq.
(7.53) or (7.54) is made possible by the adoption of a suitable

matrix method.

7.3.4, HEAT CONDUCTION FUNCTIONAL FOR AXISYMMETRIC CONTINUA

7.3.4.1. ADMISSIBLE FUNCTIONS

Provided that Euler's equation and the natural boundary
conditions are obeyed, the boundary value problem of the heat
conduction is equivalent 6t a variational problem also for y
cylindrical geometry. Considering, therefore, an axisymmetric
continuum, a convenient functional for the problem of investi-
gating transient, non-axisymmetric temperature distributions

due to heat propagation is

1

3 ///
I = [ (rZ(kie/_i)2 - 2r(g + o6 -;>c6,t)6) ds (7.63) X

P
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where in contrast to eq. (7.48) the subscript summation is
now carried out over the three directions of the cylindrical

coordinate system.
The class of admissible functions immediately becomes
\ 2
£ = rg(kiﬁ,i) - 2r(q + 08 - pco,,) (7.64)

where, of course, the subscript i=1,2,3 are identical with the
subcripts i,3j,k of the unit basic triad in the cylindrical

space.

7.3.4.2. EULER EQUATION

The partial derivatives required to establish the

Euler equation (7.12) are readily found as

f _ _ _
55 = 2r (g + ob pCG,t)
3f 3 .
(-a-"e;’i) ,i - zrkie ,ii + ZkiG ’i - -
: ; (7.65)

of /
2= = 2rk.6,..
(36,1%’3 5753
3f _
35 e T 2Ky

'k

Substitution of egs. (7.65) into eg. (7.12) leads to the
partial different equation
rkiG,ii + kie’i + rkje’jj + rk + r(g + o6 - pCG,t)
(7.66)
Using ass. (6.1.2.6) and def. (6.1.4.5) eq. (7.66)

identically satisfies the natural boundary conditions of the

k% kK

non-axisymmetric heat conduction problem in an axisymmetric

continuum

kA® + g + 00 = pcl,, (7.67)

Thus the criterion for the suitability of the functicnal
(7.63) 1is fulfilled.
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7.3.4.3. DIFFERENTIAL CALCULUS

In proceeding to prove that under the conditions

discussed in section 7.1.4. the first variation of the functional

vanishes, an arbitrary admissible function of the kind 6 + Bo6
is substituted into eg. (7.63)

3
I= f (£)k; (8, + B3O, )"~
: - ¢
2r (g + o6 = pcG,t)(G + Bae,i))ds (7.68)

Analogous to eqg. (7.53) the differential calculus now creates
I= J(2§rkie,i86,i - 2r(g + 06 - pce,t)ae)ds = 0 (7.69)

Using the derivatives (7.65), the first variation (7.69) may
be transformed to

$af of o '
[ (JZ— ﬁ,iagi + 55 86) ds - = O . (7.70)

Since eq. (7.70) is the direct analogue to eq. (7.54)
the mathematical steps performed between egs. (7.54) and (7.60)
may be repeated to yield

kA6 + g + o8 = pce,t (7.71)

This is the governing elliptic partial differential equation
of the heat propagation in an axisymmetric continuum and thus

the necessary condition is satisfied.

7.3.4.4. SPECIAL CASES

If the problem of a transient, non-axisymmetric
temperature field in an axisymmetric continuum is reduced to
that of an axisymmetric field in the same body, the Laplace's
operator does no longer comply with def. (6.1.4.5) but with
def. (6.1.4.6).

Degenerating the problem of heat conduction to those
of the transient and the steady state temperature distribution,
respectively, egs. (7.61) and (7.62) can in form be reproduced.

The operators, of course, follow depending on the geometry of
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the cylindrical temperature field now either def. (6.1.4.5)
or (6.1.4.6). '

7.3.4.5. LIMITATIONS

Since the variational approach to the analysis of
temperature distributions in axisymmetric continua is incapable
of uncoupling the temperature field from the conductivity
properties, the corresponding thermal field problem remains
insoluble, as closed mathematical solutions are available only

for simple regular shapes.

7.4. CONCLUSIONS

Egs. (7.42), (7.46), (7.51) and (7.71) contain the
extremal displacement and temperature fields as inseparable
functions of position. The situation expressed in these
governing equation therefore would have constituted a genuine
state of scientific collapse, if structural and thermal

analyses were confined to analytic approaches.

The variational analysis does include the small
displacement theory as a special case - and similarly the heat
conduction theory - but it fails to abolish the limitations
brought about by the impossibility of the displacement field
to take prescribed values along the boundary.

Since the variational theory proves incapable of
surmounting the difficulties already encountered in its implied

special cases, metheds in the design of continuous structures

which are based on closed mathematical formulations have reached

the ultimate state of development. New possibilities, though,
are offered by the variational approach in conjunction with

the implementation of appropriate matrix methods.
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CHAPTER VIIIX

FINITE ELEMENT MATRIX ANALYSIS OF ELASTIC AXISYMMETRIC CONTINUA

8.1. INTRODUCTION

8.1.1. OBJECTIVE

The real contribution to the structural analysis
made by the variational approach expounded in Chapter VII
is that, by using finite element displacement techniques,
the first variational of the strain energy functional is

capable of being solved numerically.

Realizing the crucial importance of the overall
structural stiffness matrix in the establishment of the global
force~-deformation equations in numerical form, the aim is to
link the deformations at discrete nodal points of a coordinate
system to the generalized global conjugate forces. The finite
element matrix displacement method thus develops from an
assemblage of finite elements to each of which a given strain
distribution is prescribed in terms of generalized nodal dis-

placements.

Consequently, the overall displacement field is
represented by values pertaining to discrete nodal points of
a chosen finite element mesh ; interpolation being the tool for
the obtainment of further information within the elements. The
applied forces are defined as corresponding to the nodal dis-
placements and thus are concentrated at the nodal points.
Although acting in the same sense, components of conjugate sets

.
S

of forces and displacements are by origin totally unconnected.

Considering two discrete points of a continuous structure
with one degree of freedom each, their mutual stiffness coef-
ficient may be defined by the force required at one point to
produce a unit displacement at the other. Accordingly, the
stiffness matrix of an element contains a number of coefficients
which is equal to the sgquare of its degree of freedom, that is,
of its number of independent displacement components. Owing to
the validity of the reciprocal theorem, this matrix is symmetric

for linearly elastic continua.
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Superimposing all element stiffnesses in pattexn i
prescribed by the numbering of the global nodal points, the
global stiffness matrix is assermbled. Once the set of
simultaneous linear force-deformation equations is solved forx
the nodal displacements, resubstitution commences to evaluate

the system's solution at all local points.

Considering a solid body of revolution, advantage can
be taken of the axisymmetric state of stress and strain in its
definition, as arrived at in Chapter VI. It reduces the struct-

ural analysis problem of the body to one of two degrees of

freedom, thus requiring only a two-dimensional finite element

mesh. :

ewa

8.1.2. PROCESSIONAL STEPS

In the following the classical and the natural de-

¢ ey oy o

formation modes concept in the finite element matrix displace-
ment method for the axisymmeéric stress analysis problem are
developed. Before, however, going into the details of the two
different global matrix formulations, it is intended to : 4 {
demonstrate that, although each deformation modes concept is

of distinct nature, the processional steps, the algorithms and

thus the required computer programming routines are similar to

a large extent.

Irrespective of the type of geometry considered, with
regard to the structure and its elements, two phases of the
finite element analysis can be distinguished : the gathering of
facts from the given and chosen physical, mechanical, geometrical
and environmental conditions and the dissemination of information
by resubstitution; the turning point is reached once the
triangulation of the glcbal stiffness matrix has ‘arrived at the
last linear equation, which then contains only one unknown

displacement, viz. t h e solution of the system. i

The general steps performed in any finite element

structural analysis may be loosely described as follows

(1) Subdivision of the structure into finite elements using }
nodal point meshes to obtain a geometrical idealization '

and a physical approximation



(2)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)
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Formulation of local displacements in terms of the unknown
generalized nodal point displacements using interpolating
functions to enable the description of the displacement

field throughout the structure

Formation of local strain-displacement relations to ensure
the existence of strains that are kinematically compatible

with the generalized displacements

Constitution of local stress—strain relationships to achieve
a true representation of the elements' varying physical

properties

Employment of the principle of minimum potential energy
to guarantee statical equilibrium while kinematical compat-

ibility is ensured

Minimization of the strain energy functional with respect
to the generalized displacements to define the local
stiffness matrices and to prepare the ground for the

establishment of the global force-deformation equations

Introduction of connectivity matrices to identify local-
with global nodal points and to render feasible the
superposition of the local stiffness matrices when synthe-
sizing the global stiffness matrix as to link all forces

and deformations

Triangulation of the global stiffness matrix until the
last eguation with only one unknown displacement component
is declared, to procure the solution of the structural

problem

Resubstitution of the solution and subsequent substitution
of each newly acquired displacement solution, until all
nodal point values of the overall displacement field are

determined

Resubstitution of the displacements into the local strain-
displacement relations by inverting the connectivity
matrices to obtain the strain distribution within each

element and hence throughout the structure

Resubstitution of the strains into the local stress-strain

relationships to evaluate the stress components and the
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angle of the major principle stress component at any

point of the structure

(12) Assessment of the numerical solutions by first inter-
polating the displacement, strain and stress fields at
points of a superimposed evenly gridded mesh and by
subsequently displaying them as eithexr contour fields or

isometric surfaces

8.2. THE CLASSICAL DEFORMATION MODES CONCEPT

8.2.1. THE TRIAX 3 ELEMENT

The TRIAX 3 element is commonly known as the triangular
sectioned ring element that may be generated by rotating a
simple triangular membrane element with three nodal points
about the relevant axis of revolution. Its cross-sectional
geometry and unit displacement components are shown in figure
(8.1). In special cases, the angle of rotation includéd be-
tween its two faces can be arbitrary, as long as the state of

stress and strain are correspondingly defined.

The element has six degrees of freedom and thus
assumes linear interpolating functions for the displacements,
so as to enable the expression of the displacement components
in terms of the nodal deformation anywhere within the element.
Since the strain vector involves first derivatives of the dis-
placements, the local strain and stress fields are of constant

values.

8.2.2. CLASSICAL DIDFORMATION MODES

The classical way of measuring strain, is to introduce
the cartesian strain vector, which involves differentiations
of the displacenents with respect to the directions of the

cartegian coordinate system. For axisymmetric geometry, it

cr

leads to three direct stresses and a shearing contribution that

couples the axial with the radial component.
Considering axisymmetric elastic continua underx
axisymmetric loading, the cartesian strain vector is defined

by egs. (6.29) and eq. (6.29a).



Fig. 8.1.

Fig. 8.2.
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Cross-sectional gecmetry and wnit displacenent components
for the TRIAX 3 element

Mode shapes for the elastic and rigid body
displacements of the TRIAX 3 element

e . . YA . chyo o Aty b g et $ o e Pt dhere = - ok
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The simple triangular-sectioned ring element with
six unknown displacement components has three rigid body
motions. It thus requires the design of three classical
deformation modes; the only condition satisfied by each is
the mode forces are self-equilibrating, in order not to do
any work on the rigid body displacements and the other modes,
and they are of a magnitude which produces a unit amount of
virtual work. The mode shapes and the conjugate sets of
forces are shown in figqure (8.2), where the upper row illustrate

the deformation modes and the lower the rigid body motions.

8.2.3. GEOMETRICAL AND ANALYTICAL ADVANTAGES

Whatever is the geometry, the subdivision of a solid
continuum into an assemblage of triangular-sectioned elements
has the great advantage that the shape of these elements fits
easily into any topological configuration and that for adeguate
representation of what is happening locally within the étructure

corresponding geometrical adjustment is possible.

If a finer idealization in a region of steep gradients
of stress or strain fields is required, the elements can either
: be drawn smaller in the original mesh, or additional elements
can be produced by subsequent division of local elements. If
the gradients are expected to be less severe, fewer elements
will suffice. Rectangular- and trapezoidal elements can go
smaller too, but their size is controlled by the smallest
element and the introduction of additional elements is not

possible.

Analytically and computationally, the main advantages
of the classical deformation modes concept lie in the simplicity

and the clarity of the implemented method of approach.

8.2.4. STIFFNESS MATRIX FOR THE TRIAX 3 ELEMENT

After an axisymmetric solid continuum is subdivided
into a finite number of discrete triangular-scctioned ‘ring
elements, two interpolating linear displacement functions are

assumed within each element
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V%(rrz) gy + (r - r1)gs + (2 - Z1)qgs

s

v (r,z) =qy + (r - ri)as + (2 - Z1)qe (8.1)
The six parameters g correspond to the six unknown
displacement components of the TRIAX 3 element to be evaluated.
As ratios of the radii at the various nodes of an element tend
to unity for axisymmetric geometries of large diameters, the
analysis is more accurate if the assumed polynomials are

functions of the local positional differences (r-r,;) and (z-z,).

Alternatively, functions (8.1l) can take the matrix
form
v (r,z) = M gl (8.2)

where M is a (6x6) operator and Ql is the local (6xl) para-

meter vector.

The expanded forms of all operators and matrices
occurring in the present chapter are listed in Appendix A4d;

thus M and Ql are given by egs. (A4.l) and (R4.2), respectively.

In applying the finite element method, the approximate
displacement functions (8.2) are evaluated at the nodal points
j =1,2,3 of each element 1 = 1,2,...n. It should be noted
that in the structural analysis of an axisymmetric elastic
continuum using ring elements a nodal displacement, strain or
stress value represents a combined effect of the deformation
or mechanical action instantly existing along the whole circum-

ference of the circle forming the element node.

Substituting the evaluated inversion of eq. (8.2)

into eq. (8.2) again, there is

i _ iy-y 1 (8.3)

o
1

(=
[ed

i, : _ C e
where M~ is a matrix of constant coefficients and thus distinct

c
i

from the operator M. M~ is given by eq. (A4.3) ard gl by eq.
(Ad.4).

Introducing El as (gi)"I; the local variable displace-
ment field becomes
v(r,z) =M ElEl

(8.4)
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where El is a (exg) matrix expanded in eq. (RA4.5).

In order to relate the locel displacement components
to the generalized displacements of the assembled structure,
connectivity matrices of the following kind are interposed.

u = Cu (8.5)
where Ql is a (6xk) Boolean coincidence matrix and u is the

global displacement vector of the size (kxl); k being the

total number of the overall displacement components.

Substituting eq. (8.5) into eq. (8.4) thus
v(r,z) = M B'C'u (8.6)

In the case of axisymmetric deformation, four
components of strain must be considered. Proceeding from egs.

(6.29), (6.29a) and (8.2), the strain vector may be defined by
e(r,z) =dMQ (8.7)

where d M is a (4x6) operator involving operations on the
displacement functions according to the definitions of the

four strain components.; its collocation is shown in eq. (24.6)
Analogous to eq. (8.6), thus

e(r,z) = aumBiclu (8.8)

The hoop strain varies with the radius, while the
other components are constant within each TRIAX 3 element,
since first derivatives of linear displacement functions are
involved. If the local operator d M is evaluated at the
centroid of the element, a matrix él of constant coefficients
is formed. For a prescribed invariant loading case, the
strain vector then comprises element-wise constant components
accordingly, eq. (8.8) becomes

i

€ - .}}_lgl 1

Cu (8.9)

The (4x6} matrix Al and the (4x6) matrix product
élgl are defined by egs. (A4.7) and (A4.8), while the

. A D ST

[
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formulation of some ccefficients of the latter are simplified
in egs. (A4.9) and (A8.10).

With the absence of torsion, the circumferential
displacement component and all subsequent differentiations
vanish; the internal strain components in terms of the stresses
are thus constituted by the first four of egs. (6.33), provided

that the third is reduced by u X and no thermally induced

Xk,
strains exist. The complemental definition to eq. (8.9) reads

e = F'o* (8.10)
where gl is the (4x4) material flexibili@y matrix, the coef-

ficients of which are arranged in eq. (Aﬁll). >\

The locally applicable elastic law is obtained by
inverting eq. (8.10)
gl - Qlel

(8.11)

where Ql is the (4x4) elasticity 6r, better, the material stiff-
ness matrix which is.identical with the inverse of the mate-

rial flexibility matrix and set up in eq. (A4.12).

Substituting first eq. (8.11) and then eq. (8.9)
into the first term of the total potential energy functional
(7.26), thus

i

. r . « ‘ . -
* * l)tDlélElg rés.u (8.12)

b1 = et @ele

where for the purpose of admissible matrix multiplication the
first set in the symmetric matrix expression must appear in

its transposed form, as indicated by the superscript t.

Applying the first variation to the partial functicnal
(8.12) following eqgs. (7.41) and (7.42), the element s+tiffness
matrix emerges as a lccal multiplier to the generalized displace-
ment vector
xt.u = f @a*s*ch) tpiatsictrds.u (8.13)

In contrast to eg. (7.46), where the lccal stiffness
constitutes a set of variable stiffness coefficients, the (6x6)

element stiffness matrix now accommodates numerical wvalues which

B> s atg

et g o e g ey e 2
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are mathematically uncoupled from the conjugate displacement

components. The cxpressions for the stiffness coefficients
are carefully derived in egs. (A.13) to (A4.15). >§
¥

8.2.5. LOAD VECTORS FOR THE TRIAX 3 ELEMENT

Proceeding from the total potential energy functional
(7.26), it is realized that its first term is responsible for
the construction of the stiffness matrix, wherecas the following

four terms latently contain load vectors.

Considering thermally induced stresses, the second
term of eq. (7.26) must be expanded. Concerning this, the
set of variable material stiffness coefficients d in the third
of egs. (7.40) is replaced by the local material stiffness
matrix Ql of egq. (8.11l) to yield the stress~strain relationship

i _ ii

g = Dg (8.14)
where the first three, the direct components of the (4xl)
thermal strain vector are given by u@l and the shearing con=-
tribution is zero; ot represents the temperature value instant-

ly existing at the centroid of the element.

With eq. (8.9), the contribution from the local
thermal expansion to the total potential energy functional
(7.26) thus becomes

AL = J*(__l_lgl)tp_igt rds.u (8.15)

Employing the wvariational calculus with the general-
ized displacement field u being the varied function, the (6x1)
thermal load vector for an individual element appears as the
non-trivial sclution

P, = f (a'erch) Sotel ras (8.16)

fc

As discussed in section 7.2.4., the initial elastic
shortening of the prestressing tendons causes a loss to occur
in the prestressing forces) implying the necessity for a

repeated analvsis, if the third term of the functional. (7.26)



is considered. Accordingly, a successive iteration is per-
formed ; the imposition of the local prestressing strains
during each of the computational steps manifests itself in

the (6x1) force wvector
L ds (8.17)

where E; is the (4xl) centroidal strain vector of the element
having the instant radial, axial and circumferential components

€ s E__,4 € and a zero shearing contribution.
pr Pa pt

Imagining straight and circular ungrouted tendons for
either planar and the tangential direction, respectively,
corrective terms must amend the corresponding diagonal coef-
ficients of the stiffness matrices of the elements adjacent
to the anchorage points. The magnitudes of these amounts to
Est/l and 2 Est/rm’ where 1 measures the length of the
vertical and radial tendons, 2ﬂrm_describes the length of a
hoop tendon and ES and Fs constitute the modulus of elasticity

and the relevent cross-~sectional areas of the tendons.

If the continuum possesses a vertical axis of
revolution, alsoc the action of body pressure due to gravity
can be accounted for. One of the advantageous approximation
of stress resultants directly to the nodal points, where they |
act on the conjugate displacement components. The integration
over the varying displacement field, as expressed by eg. (8.6),
is thus circumvented. Instead, the displacement vector (&.5)
and a prescribed body force vector are substituted into the
fourth texm of the functional (7.26).

Assuming the existence of a constant density
throughout the element, each of the vertical nodal force com-

ponents due to self-weight are defined as one third of the

body pressure resultant. After variation thus
pE = f 1/3 ¢ttxt oras (8.18)

where 51 is a (6xl) vector that has zero entries for the
radial components in the first three locations and unit entries

for the axial ones in the fourth to the sixth location.
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Similarly, external nocal forces due to prescribed
surface stresses can be considered. The concentrated nodal
force components are expressed in terms of the distributed
surface lcoads by introducing a local surface normal vector,
of which the coefficients are direction cosines of the stress
resultant. If loads are uniformly distributed along one
element side, equal contributions go to each of the neighbour-
ing surface nodes. Analogous to eg. (8.18), thus

pt = J%citmic ds (8.19)

—e — s
where Ei is a (6x1l) vector which selects the element surface
nodes and allocates the relevant direction cosines to them;
it has a zero entry for the internal node. S is the area
of the element's circumferential strip which 1s exposed to

the surface traction.

8.2.6. - CLASSICAL FORCE-DEFORMATION EQUATIONS

In Chapter VII the coupled force-deformation equations
of the elastically deformed continuum are arrived at by deduction
although still insoluble then, they are symbolically defined by

the non-trivial solution of the functional's first variation.

In the preceding sections&.2.4. and 8.2.5., contrarily,
it shows to be convenient to proceed inductively, as the
preparation of the ground for programming the element stiffness
and the various element load vectors into computer language

favaurs a separate construction of each matrix expression.

It is obvious that the firstiemm of the functional
(7.26), as the primitive function of the stiffness matrix,
becomes physically meaningful only in conjunction with the
subsequent term, which represent the primitive functions of the
load vectors. Consequently, it is intended to return to the
helistic épproach by'superimposing the contributions from all
individual TRIAX 3 elements to the total potential energy
functional (7.26); due to the functional's numerical nature,
its first variation then yields a set of uncoupled linear

force~deformation equations.

~a
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The approximate volume of a triangular-sectioned
ring element is given by ZHAiri, where Ai ig its cross—sectional
area and ri the centroidal radius. Composing then the function-
al's first variation by first adding the terms (8.13) and (8.16)
to (8.19) and by subsegently summing over the total number of
finite elements and equating to zero, the axisymmetric elastic analysis °
in its classical finite element form is established

v ipgicdytpiaipgicd

) (2ma'r (A'B'C B'C

i=1 - T 7

S
.
I

(8.20)

Considering unit displacements u, the terms in eq.
(8.20) may be identified as the global stiffness matrix and
the global vectors for the thermal loads, the prestress, the
gravity loads and the external forces, respectively. Tﬁus,.

eq. (8.20) may take the global matrix form

X . u = P 4+ P 4+ P + P (8.21)
- - -t —pP —X —e

3 where K initially is a (kxk) matrix and all vectors are of
the size (kxl).

8.3. THE NATURAL DEFORMATION MODES CONCEPT

8.3.1. THE TRIAX 6 ELEMENT

The TRIAX €& element is usually understoocd as the
triangular-sectional ring element, which may be generated by
rotating a triangular membrane element with six nodal points
fully about the relevant axis of revolution; geometrically,
it evolves from the TRIAX 3 element by the introduction of
three further ncdes at the micdpoints of the triangle's sides.
The cross;sectional subdivision and the allocation of the unit

cartesian displacement components is shown in figure (8.3).

The axisymmetric state of stress may be expressed
by the superpositicn of a two dimensional state of stress in
an axial cross-sectional and a one-dimensional one in the

tangential direction. All stress components are invariant
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Fig. 8.3. Cross-sectional subdivision and cartesian

displacenent components for the TRIAX 6 element

Uy 2

Fig. 8.4. Cross-sectional subdivision and natural displacement

corponents for the TRIAX 6 clement
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with the angle of rotation and so are the strains. The
invariance implies that no tangential stresses are acting
on the interfaces between adjoining elements, hence the
uncoupling of cross-sectional and tangential effects is
possible.

The potentiality\is crucial in the construction of
the local stiffness matrix, as it favours the derivation of

its coefficients in a partitioned form.

8.3.2. NATURAL DEFORMATION MODES

Striding to minimize the size of the system matrix
and hence the number of required storage locations, which
quickly inflate with the total number of nodal points, a
measure for strains in harmony with the geometry of the tri-
angle is introduced. Natural strains are optimally defined
when measured parallel to the sides; thus the natu;al de-
formations are equivalent to the elongations of the sides.
The adjective 'natural' is derived from the fact that the

deformations develop in the triangle's basic directions.

The natural strains lead to symmetric expressions
excluding shearing contributions; but, from statically
indeterminate analysis, their implementation is still governed
by the criterion that individual sets of self-equilibrating
forces must be prevented from doing virtual work on more than

one natural deformation mode.

The natural stiffness matrix, which ignores rigid
body motions, thus links in a concise manner the natural force
components and elongations, parallel to the element's sides.
The natural strains are related to the classical cartesian
strain definitions by Mohr's strain circle transformation
formulae; the existence of this convertibility is decisive
in the transformation of local natural strains into global
cartesian ones and manifests itself in the embodiment of the
(9x%9) natural stiffness matrix into the (12x12) cartesian

stiffness matrix.

The shortcomings of the TRIAX 3 element, essentially

due to the assumption of locally constant stress and strain



fields, are overcome by adopting linear approximations to
the strain distribution. The kinematical compatibility
requirements are still satisfied along each side of the
element's triangular cross-section, since the corresponding
parabolic displacement fileld is uniquely described by the
displacement values pertaining to the three nodal points of

a side.

8.3.3. GEOMETRICAL AND ANALYTICAL ADVANTAGES

Although any finite element matrix displacement
method must rely on interpolating displacement functions, one
approximation may be nearer to the exact solution than another.
Despite the fact that one cannot state beforehand which is the
most suitable approximation, it appears logical that a second
order polynomial, due directly to its higher degree of free-
dom, offers a better fit to the displacement field with vary-

ing gradients, than a linear one.

Geometrically and computationally, the main advantaée
of the natural deformation modes concept is that, by implement-
ing TRIAX 6 elements, a finite element grid optimization is
achieved. Owing to the adoption of quadratic displacement
functions, a tremendous reduction in nodal points can he en-
joyed, leading to a deflation of computer input data and a cut
in computing cost; the reference criterion being an accuracy

egual to that obtained by the classical modes analysis.

) Since there is no way whatsoever of checking the
stiffness matrix by physical insight, the natural modes concept
has an analytic advantage, in that it starts off with circum-
venting the difficulty of differentiating non-—-linear polynomials

by forming immediately explicit expressions for the strains.

8.3.4. STIFFNESS MATRIX FOR TEE TRIAX 6 ELEMENT

Compared with the classical approach, the implementation
of the natural deformaticn modes concept in the axisymmetric
elastic analysis is, by cne ordcr of difficulty, more laborious.
Accordingly, to convey the general idea of the concept, it is
prudent tc derive the cartesian stiffness matrix for the TRIAX

6 element first deductively, using suppositional steps.

ot Ty g 2 e
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The cartesian stiffness matrix emerges from the
retransformation of the natural stiffness matrix into the
orthogonal system, whiéh initially enables the natural material
stiffness matrix to be expressed in terms of classical
definitions. Once the general formulation of the cartesian
stiffness matrix is established, its construction can be
reproduced in detail; in this way, clearer and more pronounced

intermediate objectives can be pursued.

Upon stating that analogous matrices, though different
in size and value, are arrived at when formulating the classical
and the natural deformation modes concepts, it is plausible
that the symbelic names of corresponding matrices should, for

the sake of reference, be chosen identically.

For the purpose of relating the natural strains which
develop in the cross-sectional plane of the element to the
global cylindrical displacement components, a matrix expression

similar to that of eg. (8.9) is postulated.
el = a'ptolctu (8.22)

where the matrix product ﬁlgl represents the (9x9) natural
strain operator matrix and gl is the local (12xk) connectivity
matrix, which due to the element's 12 degrees of freedom is

now larger than its analogue encountered in eg. (8.5).

The (9x9) matrix éi determines the in-plane deformation
at any position within the triangular field, arising from
conjugate unit extensions of the lines and may therefore be
called topology matrix. The (9x9) matrix gi contains the
reciprocals of the lengths of the sides and thus is termed
reciprocity matrix. The coefficients of éi and gi are set up
in egs. (8.59) and (8.44) respectively. In contrast to the
classical strain vector (8.9), the natural modes concept
additionally requires the introduction of the (9%9) mode trans-

formation matrix gl, which is discussed in eg. (8.64).

The derivation of the tangential strain, which varies
with the position in the triangular field, does not invelve
any transformations of classical cdeformation modes into natural

ones. The corresponding matrix expression is immedieately

3 e o e+ = g = e A rp
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accomplished in the orthogonal system as

iQil (8.23)

im
i
i

where ﬂl is a (1x12) topology vector of non-dimensional
triangular coordinates, describing the radial defcrmations
within the triangular field due to conjugate unit displacements
at the nodes; the vector is expanded in eqg. (8.66).

Introducing the partitioned strain operator matrix

Ql, the total strain tensor may be described by

e = gl (8.24)

where

J - A{Alglglgl % Mlgl}

Proceeding from the (4x4) orthogonal material stiff-
ness matrix Ql of eg. (8.11l), the relationship between the

natural stress and strain components can be deduced as

gt (8.25)

i i
H™ €

o = (c*eh) o
==/ = =N

—N
where the (4x4) matrices gl and El are responsible for the
transformation of orthogonal stress and strain definitions

1

into natural ones ; G~ and ﬂl are derived in egs. (8.36)

and (8.34) respectively.

From eq. (8.2‘), the natural material stiffness
matrix is ascertainable as

Ky = (©ENTDEE (8.26)
Its detailed construction is discussed in egs. (8.37) and
(8.38)n

As already emphasized in section 8.3.1., the formation
of the element stiffness matrix, based on the natural deform—
ation modes, is only realizable, if it is preceded by the

partitioning of the contributing matrices. Consequently, the



159

natural material stiffness matrix (8.26) must appear in the

form
B By
; = (8.27)
- K K
=TN =17
. : . t
where Ky is the (3x3) in-plane stiffness, Ryp and Ko, are

the (3xl) coupling stiffnesses and the scalar value KTT

represents the circumferential contribution.

Substituting first eq. (8.25) and then eq. (8.24)
into the first term of the total potential energy functional
(7.26) and subsequently producing the first variation with
respect to the global displacements, the element stiffness
matrix emerges as a (12x12) multiplier to the generalized
displacement vector u.

i j’ {élBlOlCl _:LMlCl}(Elﬂl)tglglﬁlﬂ@lglglgl %ﬂlgl }rds.y._.‘
(8.28)

With.the partitioned strain vector (8.24) and the
partitioned material stiffness matrix (8.27), the element
stiffness matrix in eqg. (8.28) is hence obtainable as the
superposition of four (12x12) matrices.

L1 _ i 1 ,1 Li

N = Eap t Epp * Epp T Epp (8.29)

The first term of eq. (8.29) characterizes the
cartesian in-plane stiffness

i i it ii,t,

- o1 S NS . .
Kia (07Cc™) zl‘f (A"B™) K, A B'rds (Q°C™)  (8.30)

where the expression‘under the integral represents the (9x9)
natural stiffness matrix for the curvilinearly tapered

triangular merbrane element with six nodal points and a unit
angle of rotation, TRIM 6. The integral expression and the
whole equation (8.30) are‘transposed into numerical form in

egqs. (8.63) and (8.65) respectively.

e ———kR - 3 T ———— ey = g A S-Sy e Smin 4 vl e wmr oy yennee (s

e v e e § e e b 4 A g Sy i 1 e Rl R Y7 e
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The second and the third term of eq. (8.29) constitute
the coupling stiffnesses that withstand shear actions
it ii ijit

i _ _ t ‘i i
EAB - KAB - (9 9 ) 21 I (é E ) KNTE E ds (8.31)

of which the numerical conformation is expounded in eq. (8.7¢)

The fourth term of eg. (8.29), finally symbolizes
the hoop stiffness, which resists actions in the circumferential
tangential direction

Kl - o J(Mlgi)tK (Elg

1)1
T

= ds (8.32)
The all-matrix form of eq. (8.32) is set up in eq. (8.72)

8.3.5. DERIVATION OF STIFFNESS SUBMATRICES

8.3.5.1. NATURAL MATERIAL STIFFNESS MATRIX .

Looking at figures (8.5) and (8.6) with the inten-
tion of finding conjugate sets of stresses and strains which
in their definition comply with the principle of virtual work,
it is realized that corresponding and conjugate mode shapes
are not identical. Clearly, the natural component stress
0,  gives rise to stresses not only parallel to the side li

1C

but also parallel to the sides lj and 1 since a corresponding

kf
straingic deforms all sides. If, however, the same Oic acts

on the mode shape of the total natural strain s hich leaves

W
tl
the sides lj and lk unstrained,the first out of three necessary
individual éelf~equilibrating sets of stresses and strains is

designed. The remaining two are defined correspondingly.

Hereafter, only conjugate sets are considered; for
the sake of brevity, therefore, the types of natural components
are no longer specified. Expanding the natural stress and
strain vectors of the TRIAX element by the tangential component;
which follows the orthogonal definition, the partitioned nature
of these 1is recognized

N ={loy o5 o o)

PR S e, TP R (e P T U e a2 e

s gt 3 =i,
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With the absence of shearing contributions, double
subscription is inapplicable here. Since, furthermore, all
matrix expressions in section 8.3.5. refer to an individual

element, the superscript i is ignored.

The elastic law follows either the orthogonal
definition (8.11) or the natural definition (8.25) ; the
transition from the first to the latter is enabled by the

introduction of the vector transformations

9’_ =

fas

IN (8.34)
e = H%

where H is a (4x4) transformation matrix of direction cosines,

as shown in eq. (A4.16).

To verify the coefficients of eq. (A4.16), the
direction cosines m,, N,y i=1,2,3 of a generating triangular
membrane element are entered into figure (8.7). Using Mohr's

transformation formulae, thus

n' + n* 4 2w?n? = (m® + n2)%2 = 1
i i ivi i i
2_2 2.2 — . 2

m;m; + nin: + 2n,m.n.,n. = (m.m, + n.n.)* = cos‘y (8.35)
i 17 iT37710 3 i ivge

with egs. (8.35), the existence of the following eguivalence
can be confirmed

nts = G! (8.36)

where gﬁlis a (4x4) matrix assembled in eq. (A4.17).
‘Substitutihg eqs. (8.34) into eq. (8.11), the relat-

ionship between the natural strains and stresses is established

- = tom (
EN HD -}-{-QN (8.37)

By definition, the natural material flexibility matrix, which
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is identical with the inverse of the natural material stiffness

matrix, arises from eq. (8.37) as

1 = .IitP.—IH

Ky (8.28)

After solving eqg. (8.36) for H and gt, the correspond-

ing expressions are substituted into eqg. (8.38), which may be

inverted to yield-the natural stiffness matrix (8.26).

8.3.5.2. NATURAL STIFFNESS MATRIX FOR THE TRIM 3 ELEMENT

As indicated in eqgs. (8.29) to(8.32), the stiffness
matrix of the TRIAX 6 element is conveniently derived in a
partitioned form. Aiming to construct the in-plane stiffness
of such an element, first a triangular membrane element with

three nodal points, TRIM 3, is analysed.

Here, the natural deformation modes are simply the
elongations of its sides. Consequently, its numerical

strain-deformation relation is obtainable as
€ = .
& Biyiy (8.39)

where E(s) is the (3x3) diaconal strain operator matrix, which

after suppression of its zero entries is contracted to

B = Dai [

-1
B, 5 4l | (8.40)

Substituting first the relevant partition of egq.
(8.27) and then eg. (8.11) into the first termof the functional
(7.26) and subsequently deriving the first variation with
respect to the natural displacements, the integral expression
for the material stiffness matrix of the TRIM 3 element, is
completed

S

where ENN coincides with the upper left (3x3) partition of

eq. (8.28).

e e e
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Integrating over the volume of the membrane element,
the stiffness matrix is determined numerically as

At BY, (K B

B (3)2w2 (5) (8.42)

where A 1is the planar area and t 1s the thickness.

8.3.5.3. NATURAL STIFFNESS MATRIX FOR THE TRIM 6 ELEMENT

Considering a triangular membrane element with
additional nodes at the midpoints of the sides, TRIM 6, the
existence of more parameters enables the introduction of linear
strain fields. Suppressing the three rigid body motions,
which are governed by the equilibrium equations of the statical
determinate analysis, njine independent natural deformation modes

must be designed, as the element has 12 degrees of freedon.

The natural displacement configuration are designéd
as the extensions of each line in turn - the other lines having
zero extensions - and thus the cumbersome determination of |
strains by differentiation can be successfully avoided.
Parallel to each side three lines exist; consequently, the
* natural displacément vector of eq. (8.39) is expanded to become

a (9x1) vector that accommodates three (3xl) subvectors

o {Ui1suy2 Uss Uzs UssUye Uzg Ugy Usy } (8.43)

where

u, = { Uiy uuwz uss }

Ej = { uzs uss Uus }

e = { use us1 usy }

The subscript notation i; eq. (8.43) originates from
the.numbering of points laid down in figure (8.3). The

natural deformation mode u, is depicted in figure (8.8) ;

similarly, the remaining two modes can be designed.
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zero strain to
leave member 14
unextended

fi,4 = linear strain
variation for
submode u;.

Fig. 8.8. HNatural deformation mode uy for the TRIM 6 element

Fig. 8.9. Integration over TRIM 6 element using non-dimensiocnal

coordinates
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With the expansion of the displacement vector, also

the natural strain operator matrix E(s) augments its coefficients.

Due to the linear variation of strains, E(j) is not only
expanded to become the (9x9) reciprocity matrix B entered into
eq. (8.22), it is also premultiplied by a (9x9) topology
matrix é(s). As a result, the strain operator matrix is now
symbolized by

BB = [ ajaga ][22 255 4,1 | (8.44)
where

a, = [(-1 + 4e2) (-1 + 4des) 4dey I

as = [(-1 + des3) (-1 + 4e1) 4de: ]I

a, = [(~1 + de;) (-1 + 4de,) 4de; ]I

Replacing eq. (8.40) by eg. (8.44), the integral
multiplier to the natural displacements in eqg. (8.41) is now
identical with the natural stiffness matrix of the TRIM 6

element

- t
By ~ ﬁiiijéki B KB ajaqay | tds _ (8.45)

rExpanding eq. (8.45), thus

A

t , t . t
Kiiaza, RIZEiEj Ris2,3,
t t t t tds.B (8.46)
K = B Kzi1a.a,. Kzoa.a, Kojasa -
"‘N(G) =2 21__:]__1 22_3_3 23__:]__k
t , t t
Kaagpa;  Kezgpay  Ksadyay
N L .
where XK;y = hNNll etc.
The solution of the individual integrals (8.4¢€)
requires some special attention. To define the location of

a point within a triangular field, either two of its three
non-dimensional coordinates are sufficient ; the third is

automatically determined by the relation
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e, + ej + e = 1 : (8.47)

Realizing the nature of the coefficients in eqg. (8.44), the
solution of eq. (8.46) involves integrals of the following
kind '

T = f el gs (8.48)
i7j

The definition of an infinitesimal area is obtainable

from figure (8.9) as

ds = 2A de, de. (8.49)
1 J

Thus eqg. (8.48) takes the form

f efe? @as = 2a f elellde, de. (8.50)
13 i3 1 3 )
After the performance of some integral operations,
which are specified in egs. (A4.18), the following equivalence

is arrived at

m_n _  2A m.n!
f €;8498 = Tnin¥2)! (8.51)

Regarding the first ccefficient of eq. (8.46), it may be

presented in—the long hand writing

o ) .
(=1 + 4dez) |[(-1 + dey) (-1 + dey) de,|
! = t - -
i), BEn (-1 + 4es) tds.B
4e, (8.52)
J L _

The multiplication of the vector components in edq.

(8.52) involves three possible types of expressions (8.51)

’ - 2A :4_
4 ! e;ds = 4. 375 3 A
- 2A - il_ ’
16 f eiejds = Alﬁ. T35 = 3 A (8.53)
2 - An - 8

g DU U SH ST TR



168

Applying egs. (8.53) to eq. (8.52), the integration over the

existing products of sums produces

A(L - 2 -%+32)=nif i=]
(~1 4 4de.) (-1 + 4e.) ds =
J 1 J A(l—%—§-+%)=%ifi¢j
(8.54)
A-2+5) =4a if i=j
(-1 + 4e,) de, ds .
f i j A(_%Jr%):o if i

In consequence, the coefficients under the integral

(8.46) may be expressed in numeric form using

too.. o .t .. _ [ .t _p .t

I aja;ds = f Qjéjd° T &gy ds = 3 b
t _ f{ _t .t _ A

J gigjds = f ngkds = . gkgids = 3 by (8.55)
t _ [ .t _ .t _ A

J aiajds = J akajds = . ajaids = 3 bs

where b; and gz'are (3x3) submatrices assembled in egs. (A4.l9).

Substituting egs. (8.55) into egq. (8.46), the (9x9)
natural stiffness matrix of the TRIM 6 element is procured

VA N —_

kiibr kia2b: kl39§

A t C g
EN(s) =3 t BT k21EE k22b1 Kok .B (8.56)
t
k3ibz kza2bs ksszb:
J L _
where Ky, = KNN11 etc. are coefficients of the (3x3) partition

of the material stiffness matrix (8.27).

8.3.5.4. NATURAL IN-PLANE STIFFNESS FOR THE TRIAX 6 ELEMENT

Analysing a tapered triangular ceclement, which is
generated by rotating a TRIM 6 element about the relevant
axis, such that the end cross-sections include a unit angle
@, the natural in-plane stiffness matrix of the TRIAX 6 element

can he expounded.
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The thickness at the corner points of such a

curvilinearly tepered element is determined by

ti = 0] ry (8.57)

where ri,i=l,2,3 are the radial distances of the vertices

from the axls of revolution.

Combining egs. (8.47) and (8.57), the varying thick-
ness within the element boundaries may be expressed by

t = @ (r.,e. + r.e. + 1 (8.58)

i~i 377 kek)
Due to the presence of taper, the coefficients of the topology
matrix A

=(®)
in-plane strain vector (8.44) now reads

in eg. (8.44) become more complex; the natural

e, = ABu (8.59)

=N —N
where with fig. (8.10)

= [(3e1 ~ e; — e3) (~e; + 3e; - ey) 4e§ Is

I

[(-e; .+ 3e; - e3)(~e1 - ez + 3e3)4e1]§_3

o
L

2, = [(-e1 - e2 + 3e3) (3er - ez - e3) 4de2]Is

Substituting egs. (8.58) and (8.59) into eqg. (8.45),
the natural in-plane stiffness matrix of the TRIAX 6 element
is obtained in its integral form

Ky = B J(ri [2;2 2 | Kgesla;aga ] + ryfayagay Ky eglasaga ]

+ o1y faiajakJKNN faiajakj )2Hd§.§
(8.60)

If integration is carried out over the domain of the
integral (8.60), clearly, products of three non-dimensional
coordinates are involved. As a special case of eq. (8.51),

Argyris (7) states the existence of the relation

s e g o e o Tt

e e e g A e et 4 ntn s 4t e
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A . . .
) if 1 # 3 #k
A . . . '
[eiejek ds = 35 if i =3 # k (8.61)
%6 if i=93 =k

Piece~wise integration of the treble products in eq. (8.60)

gives rise to expressions which correspond in form to egs. (8.55)

[ ata.e ds = f ata.e.as = f ata e.ds = A.cp,

J Tamik =374 k23 c

f Qigjekds = f éggkeids = f gﬁgiejds = A.Ci2

f éEiiekds = f izéjeids = f gggkejds = B.cis

f égijekds B f éﬁikeids = f Eziiejds = A.C2» (8-62)
J Egékekds = f éﬁgieids = f gzgjejds = BA.Cas

f Qﬁgkekds = f'éfiieids = f gggjejds = A.cys

where the (3x3) submatrices ¢ are numeric arrays composed in
egs. (A4.20). The first coeficient of ¢;, , for instance,
can be produced with egs. (8.59) and (8.61) as

f (3e; - ez - e3)(3e1 - ey - e3) ds =

9 3 3 3 1 1 3 1 1 3
3 "6 0 6wttt tig) A1

Substitution of egs. (8.62) into eg. (8.60) results
in the conformation of the natural in-plane stiffness matrix
for the curvilinearly tapered TRIM 6 element ; to obtain the
natural in-plane stiffness matrix for the TRIAX 6 element,
the angle of rotation is replaced by 2I

esh + 12K ein

. t t
Ky = 202 B™ { rsd'K, NN

=N N

+ 1Ak e } B (8.63)

~NN

. e T R v e b
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where the matrix products within the brackets are identical

with the matrix collocation (A4.21)

8.3.5.5. CARTESIAN IN-PLANE STIFFNESS FOR THE TRIAX 6 LELEMENT

In the process of identifying the natural deformation
modes, viz. the elongations of the lines, with the global
cylindrical displacement components, the matrix product O C,

as first encountered in eq. (8.22), is introduced.

The mode transformation matrix O is in itself a
product of matrices of which the first (°x18) matrix contains
the direction cosines of the nine lines

o = (gi 91 gi gj gj gj Qk Qk ng (8.64)

where
0, = 1 (r. = r ) (2, -~ z)
=i £i [ b a b a ]

The subécripts a and b designate the first and the
second node of the iine; the order being determined by the
arrows in figure (8.4). The second (18x12) matrix of O is’
a difference matrix which selects in turn the two nodes
(ra, za) and (rb, zb) associated with each line. To show how
" the coefficients of eq. (8.64) link the elongations of the
lines to the cylindrical displacement components, the matrix O

is symbolically arranged in eq. (A4.22).

Expressing the natural displacements Yy in eq. (8.59)
in terms of the global orthogonal displacements, the in-plane
strain vecter (8.22) is arrived at. Thus, pre- and postmulti-
plicaticn of eq. (8.63) with the matrix product O C leads to
the establishment of the cartesian in-plane stiffness matrix
for the TRIAX 6 element

K = 2l (80 C)% {r:atk, e:n + r;atx

=AR NN Kyn®12 *

t
r:AKo.€A ) . BOC (8.65)

which represents the numeric form of eq. (8.30).

e s g b

st v a T (e P e we e erw
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8.3.5.6. CARTESIAN HOOP STIFFNESS FOR THE TRIAX 6 ELEMENT

To calculate the stiffness in the circumferential
direction of the ring shaped TRIAX 6 element, it must be
realized that the (lx12) topology vector in eq. (8.23) is

determined by

M = [(-e1 + 2e%) O dejer O (-ey + 2e3) O
4eze3 O (-e3 + 2e3) O deze; O ] (8.66)
where e i=1,2,3 are the non-dimensional coordinates of the

triangle.

Substituting eg. (8.66) into the integral expression
(8.32), integrals of the following types must be solved

[ 1

Ii2 = | eTebde de; = a™, 2™
(1 m n _ m .n )

I2,3 = e ez ezderdes = (27, 3" (8.6.7)
f

Iz;,1 = %‘ erge?desdel = (3m,ln)

Substituting first the radius as defined in eq.
(8.58) and then eq. (8.47) into egs. (8.67), the integrals
become '
1 1-e, o n
e1erdesde;

T =
f J (ri-ri)ei1+(rz-ra)es+rs
@] @]

(8.68)

Fer convenience, the following equivalences are introduced

a = (ri - rs) b = (r2 - rs) C = I3
e; = %5(1 + e ) de, = X de (8.69)
e, = %(1 - e )(l-flde, = %(l-e)df

With egs.” (8.69), the general integral (8.68) may be rewritten

as

(8.70)

1 l-e1 (
I = 1 a b
2 (m+n) i(lwe)+z(l-e)(l+f)+c
o o

T At A R e R ST e g S S S s ke e

fiw pmeme e fon e e
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Applying the numeric Gaussian method for double
integration as expounded by Berezin and Zidkov (%% ) , the
integral (8.70) becomes

|_.l
I~y
M’O
}.l.
Il e~11g
J

n n+1
(l+ei) (1 ei)

= 2(mn) .
(m+n) 1 3

1

(l+fj)n (8.71)

a b, _
§(l+ei)+z(l ei)(l+fj)+c

where for p = 7, Ci and e, = fi take the values given in
egs. (A4.23). .

Expanding the integral (8.71), the integral form
of the hoop stiffness (8.32) may be transformed to the matrix
expression

t
Rgg ® 2MA Ky CT C

“BB (8.72)

where T is a (12x12) matrix of which the coefficients are
integrals of the types (8.67), to be evaluated according to
eqg. (8.71). The matrix T is assembled in eg. (A4.24).

8.3.5.7. CARTESIAN COUPLING STIFFNESSES FFOR THE TRIAX 6 ELEMENT

With the aim of separating the numeric terms in
eqg. (8.31) from the variable ones, first the multiplication

of the (3xl) material stiffness matrix in shear KTT and the

(9%9) reciprocity matrix B of eq. (8.44) 1is carried out; the

matrix multiplication is made admissible by expanding ENT to a

(9%9) matrix of the diagonal form

Kyrex) = | Fyrals Kypzls  Kypsls (8.73)
Thus the coupling stiffness K,, in eg. (8.31) becomes
- t
Kap = (KNT(ex) BoC) an{é M ds (8.74)

Substifuting for A and M according to egs. (8.59) and
(8.66) respectively, integrals of the following kind must be

solved

O

e T s e—— ——— ———

[ N S
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(3e:1 - ez - e3)] [ (-e1 + 2el) O 4eyer etc.]
I = (er + 3ez2 - e3)

dey (8.75)

Employing the formulae (8.53) and (8.61), a (9x12)
matrix S is formed, of which the coefficients are given in
eq. (AS@ZS). The first coefficient, for instance,is obtained

in the following way

Jeim Epm - 2 -3 i Ll L8 2 2 .2
J(Je] e~ e3) (~e;+ 2ei)ds s+ *+*13 Y10 3 - 30)° =R
Substituting the matrix § into eg. (8.74), the
coefficients of the cartesian coupling stiffness matrix can
be calculated from
= t ) '
Kyp = 202 (Byn(oy) BOCQ)S (8.76)

Finally, to construct the total cartesian stiffness’
matrix for the TRIAX 6 element as defined in eq. (8.29), the
contributions from eqs. (8.65) and (8.72) and twice the contri-

bution from eq. (8.76) must be superimposed.

8.3.6. NATURAL FORCE-DEFORMATION EQUATIONS

Using eqgs. (8.28), the set of force-deformation equations

underlying the natural modes analysis becomes

it idi.i . (8.77)

P~
Sr———
P
——
P
{us]
P
o)
P
10
P

where the global force vector F represents the superposition

of the contributions from the thermal strains, the body pressure
and the external forces, as defined in form by the four terms

on the right hand side of eq. (8.20); u is the global displace-

ment vector.

Employving egs. {(8.29) to (8.32) eg. (8.77) takes the

final global matrix form
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K'u = F (8.78)

where K is the (kxk) global stiffness matrix constructed from
the superposition of n local contributions El ; k and n being

the total numbers of nodes and elements, respectively.

8.4. CONCLUSIONS

In the process of recapitulating the progress of
structural analysis in Chapters VI to VIII, the existence of
a final state of the relevant analytic theories is discovered.
Since the elliptic property encountered in the elastic be-
haviour leads to differential or integral equations which
contain the field variable as insoluble space-dependent function,
the development of finite element methods in structural analysis

was overdue for a long time.-
£ .
The novalty brought by the finite element method

manifests itself in the regression of space-dependent problems
to merely topological ones. As regards structural analysis,
the breakthrough lies in the transformation of element-wise
space-dependent displacement functions to matrix expressidns

for scalar displacement values at discrete topological points.

During the solution procedure of the linear simul-
taneous force-deformation equations which are set up for grid
points of suitably chosen finite element meshes, the nodal
points lose their physicsl identity. The stiffness coefficients
the displacement and the force components.only satisfy topolcgical
criteria during the system analysis, i.e. their allocation to

numeric arrays meets matrix and programming requirements only.

The first limitation of the analytic approach, the
space-dendence or, in other words, the coupling between displace-
ments and stiffness coefficients, is surmounted by the solution
of node-oriented force-deformation matrix equations, which
contain the stiffness coefficients, the displacement and the

force components as scalars of three unconnected arrays.

The second limitation of the analytic approach, the

impossibility of the field variables to take prescribed values

N U U
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along the boundary, is overcome by substituting the node-wise
approximated boundary conditions directly into the correspond-
ing storage locations of the structure's global displacement

and force vectors.
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CHARPTER IX

COMPUTER AIDED ELASTIC ANALYSIS OF AXISYMMETRIC CONCGRETE CONTINUA

9.1. PURPOSE

Owing to the nature of the theory of thermovisccelasticity,
as expounded in Chapter ¥, the successful creep analysis of
concrete continua relies on the ccorrect investigation into their
initial elastic behaviour. Prior to the development of
computer programs for viscoelastic and thermoviscoelastic
analyses, it is pertinent therefore, to check the reliability

of those program sections that yield the elastic solutions.

Both the classical and the natural deformation modes
concepts of the finite element method, as derived in Chapter
VIII, are applicd to verify the elastic stresses occurring in
a typical axisymmetric prestressed concrete pressure vessél
due to interrnal gas pressure. Since no experiments on model
pressufe vessels were carried out, the two sets of approximafe

solutions are meant to check each other.

Al)l programs were run on the CDC 6400 of the Imperial

College Computer Centre.

9.2. COMPUTER PROGRAMS

9.2.1. FORTRAN SOURCE DECKS

The source programs I and II designed by the author
in FORTRAN languace for the analysis of elastic axisymmetric
continua, using TRIAX 3 and TRIAX 6 elements respectively,
consist of about 2000 cards each and are structurally very
complex. Thus the detailed description of their logic falls
beyond the scope of this work. For reference, however, the

listing of Programs I and II was published in (** ).

Apart from ihternal gas pressure, for which the global
stress components activated in a typical vessel are graphically
diéplayed as fields in figs. (9.7) to (9.24), the lcading
cases accepted by Programs I and II may constitute gravitational

loacs, conventional external forces, prestress, settlement of
H4
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supports, and thermal loads due to either stationary or

transient temperature distributions.

9.2.2. DATA PROCESSING

Naturally, the computer print-outs contain the numeric
results in any quantity desired. Irrespective of the degree
of order and clarity in the layout of the results, this easily
leads to an excess of information which engineers who are not
familiar with computer programming and the finite element
school of thought will fail to handle.

In addition to the creation of well-documented and

_computationally efficient computer programs, with well-conceived

notions of the function of each suﬁ@routine and programs '

s

fragment, the author thus sees the original contribution to
the numerical analysis of complex axisymmetric structures in
the development of high-powered calcomp plotting«routines for

the graphical processing of output data.

The routines which were created for the purpose of
surmounting the above mentioned difficulties existing at. the
interface between systems analysis by computer programming
and the analyst's task of assessing and utilizing the results,
are called MESH, FEMESH, CONTRS, SURPLT and SURFIT. Their

brief description is found in section 9.4.

9.3. CASE STUDY

9.3.1. VESSEL DESIGN

It has become increasingly attractive to use prestressed

concrete for the construction of pressure vessels for gas-cooled-

reactors, the main reason being the required increase in their

dimension.

Large nuclear power stations of high generating capacity
produce electric energy relatively more cheaply than smaller
ones. Higher capacity, however, means higher temperature of
the graphite moaerator which absorbs the kinetic eneragy
released by fission fragments. For better heat transfer there-
fore, the gas coolant must circulate under higher pressure,

higher temperature and in larger volumes.
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Also, for reascns of economy and safety, it is desirable
to enclose the whole radiocactive primary circuit of gas cooling
in the pressure vessel. As a result, thick-walled prestressed
concrete pressure vessels of large diameters must be designed
to sustain the induced mechanical and thermal stresses and to

provide biological shielding against radioactive radiation.

In a case study, the elastic response of a typical
continuum of this kind to internal gas pressure is analysed
by employing the classical and the natural deformation modes

concepts of the finite element method using Programs I and II.

9.3.2. VESSEL GEOMETRY

The geometry of the axisymmetric reactor pressure vessel,
which is also considered symmetric with respect to its equatorial
plane, is prescribed by the radius of the inner sphere r =
14.65 m, the maximum cylindrical radius R = 18.00 m and the semi-
height h = 18.72 m. The physical properties are given by the
modulus of elasticity of E = 40 KN/mm and the ratio of transverse

contraction u = 0.16.

Since the hoop stiffness in the natural deformation moces
concept, as formulated in eqg. (8.32), includes the integration
over the term %, an instability in the determination of displace-
ments is unavoidable as the radius tends to zero. As a measure
against this mathematical limitation, the existence of a cut-out

is imagined for the analysis using TRIAX 6 elements.

Though, after optimization, a cut-out of the radius
r. = 2.50 m was considered appropriate, the loss in surface
area suffered by the inner sphere is still less than 3% and
thus the geometry of the vessel is not falsified appreciably.
In return f6/this slight modification of the vessel's configura-
tion however, the error in the axial displacements near the
axis of revolution is reduced from 130 to 40% ; the reference
values being those obtained from the finite element analysis
using TRIAX 3 elements. The optimization of the vessels
geometry was discussed in detail in the author's presentation

of the paper (*%).
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9.4. GRAPHICAL DISPLAY OF RESULTS

9.4.1. SILHQUETTES OF CONTINMOUUM

The upper half of the geometrical configuration of
the pressure vessel and its equatorial plane presented in
fig. (9.1) which is automatically drawn off-line from mag-
netic tape utilizing the author's surface plotting routine
SURPLT. Due to the symmetry assumed with respect to the
equatorial plane, the consideration of the upper half of the
continuum is sufficient for the structural analysis, provided
that zero displacement and a zero rate of change of displace-

ments and temperatures across the equatorial plane is specified.

Also, fig. (9.1) is meant to expose the limitations
encountered when drawing curved lines into or over rectangular
grids. A better approximation than the one shown is only
accomplished by the use of finer meshes, thus, at the expense
of a rapid increase in computing time. It is hoﬁed therefore
that the approximate reproduction of curves.by polygons is

appreciated.

To stimulate the realization that ring-shaped finite
elements for the axisymmetric analysis may be represented by
their cross-sectional configuration in a longitudinal centroidal
plane, without actually degenerating to planar elements, fig.
(9.2) shows the silhouette of a centroidal plane, in which the
triangular-sectioned TRIAX 3 and TRIAX 6 elements may appear.

Secondly, fig. (9.2) discloses that the routine SURFPLT,
which 1s described in section 9.4.4, is incapable of drawing
truly vertical lines, as only one surface point can be allocated

to each intersection of the rectangular grid.

9.4.2. FINITE ELEMENT MESHES

With the silhouette of the concrete continuum in mind,
the discretization cof the structure into finite elements méy
be embarked upon. Owing to the inherent symmetry of the
continuum with respect to its axis of revolution and its
equatorial plane, the tracing out of cross-sectional lines of

finite elements in the first quadrant is quite sufficient.
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Figs. (9.3) and (9.5) display the topological meshes
for the axisymmetric analysis using TRIAX 3 and TRIAX 6
elements respectively. The meshes shown are generated by
utilizing the author's plotting routine FEMESH, which here
also identifies the finite elements and the created nodal
points by individual series of integer numbers starting with

one.

As may be seen, the classical modes analysis uses 287
TRIAX 3 elements associated with 172 nodes, while the natural
modes analysis does with 25 TRIAX 6 elements and 22 major
nodal points. The high ratio of nearly 12 which is arrived
at by comparing the number of elements used in the two
different approaches should be borne in mind when assessing
the quality of the finite element solutions in the following

sections.

The finite element meshes of figs. (9.3) and (9.5) are
reproduced in figs. (9.4) and (9.6) respectively, this time
in order to convey the geometrical information by assigning .
numerical values in cm to the radial and axial coordinates

of the nodal points.

9.4.3. CONTOURS OF STRESS FIELDS

A . subroutine called CONTRS which generates a plot was
developed by the author to draw temperature, displacement,
strain and stress fields into the topological configuration
of the cross-sections of the vessel'investigated. It is
based on a path finding technigque and assigns an identifying

value to each contour that hits the boundary.

The plotting, as for all calcomp routined developed,
is done off-line from magnetic tape and is performed by a
digital incremental plotter, consisting of a revolving drum
and a pen mechanism which moves at right angles to the motion
of the drum.

The routine only accepts input data allocated to points

of evenly gridded rectangular meshes; manually and automatically

generated finite element meshes, hcwever, are almost always
irregular due to oddly shaped gecmctiries or for reasons of

convergence, This contradiction between ideal and existing
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meshes 1s overcome by the introduction of interpolating
surface functions for the fields to be drawn and by their
subsequent evaluation at the grid points employing the

author's routine MESH.

In figs. (9.7) to (9.18), the radial, axial, shear,
hoop and principle stress fields developing in the concrete
pressure vessel as an elastic response of the structure to
the presence of internal gas pressure are represented by
contours which are generated by virtue of the combined
implementation of the routines MESH and CONTRS. The contour
values are multiples of 5 N/mm?® and positive or negative to
indicate the existence of either tensile or compressive

stresses.

9.4.4. SURFACES OF STRESS FIELDS

Engineering feeling is the most important asset in the
initial estimation of the potential structural behaviour
especially of complex continua such as prestressed concrete
pressure vessels, where decisions on the vessel'shape, the
wall thickness, the guantity and location of prestress, etc.

nmust be made at the sSame time.

Owing to the availability of digital computers of
increasing storage and speed and the rapid development of
finite element computer techniques, however, the engineer has
largely grown away from viewing structural problems
phenomenologically. In addition, the general physical in-
sight into what is happening mechanically in-the structure
is easily lost due to the tremendous volumes of locally
applicable, numerical output data obtained from computer-

aided finite element analyses.

Since computer programming relieves the engineer from

the burden of carrying out structural analyses in the labourious

long-hand writing, it has thus become even more important to
cultivate his intuitive guality, in order to enable him to
assess confidently the applicability of the results and hence

the safety of the structure.
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Fig.

(9.9)

Contours of elastic axial stresses due to internal
gas pressure of 2 N/mm? using TRIAX 3 elements
(in 0.1 N/mm? or kp/cm?)
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Fig. (9.10) Contours of elastic axial stresses due to internal
gass pressure of 2 M/mm? using TRIAX 6 elements

(in 0.1 n/mm? or kp/cm?)
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Fig.

(9.11)
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Contours of elastic shear stresses due to internal
gas -pressure of 2 N/mm? using TRIAX 3 element
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Contours of elastic shear stresses due to internal
gas pressure of 2 N/mm? using TRIAX 6 elements
(in 0.1 N/mm? or kp/cm?)
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To foster this endeavour, the author has originated
the routine SURPLT which graphically displays sets of.evenly
gridded data as isometric surfaces. Depending on the
general slopes of the field functions to be illustrated,
SURPLT allows the isometric surfaces to be viewed from six
different points. These are the four corners of the rect-
angular grid and the two corners formed cutting the surfaces

vertically along one of the two topological centre lines.

Thus the visual assessment of the results is made
possible without being distracted by numerical values,
inferring that the geometrical and structural optimization
process for the continuum may be accelerated by the adoption
of a semi-analytic, semi-visual procedure. The process of
alternately rejecting results and improving the concept is
continued to the designer's satisfaction. Having finally
approved of a particular design, stress fields and displace-
ment configuration may be displayed by calling the routine
SURPLT and evaluated numerically by implementing the routine
CONTRS.

Figs. (9.19) to (9.30) show the radial, axial, shear,
hoop and prindiple stress fields arising in the concrete
pressure vessel due to the loading case investigated. The
figures depict alternately the solutions yielded by the
classical and the natural deformation modes concept of the
finite element method. The minimum and maximum values of
the stress surfaces, followed by the numbers of the correspond-
ing elements in brackets, are given in the captions of the
figures. Because of the linear variation of stress occurring
in the TRIAX 6 elements, for the natural modes analysis also

the number of the relevant major node is entered in the brackets.

9.4.5.FUNCTIONS OF STRESS FIELDS

Another way of making convincing representation of
the results obtained from finite element analyses is.to
describe cartesian surface polynomials, which enable tempera-
ture, displacement, strain and stress fields to be reproduced
graphically by plotting the functional relaticn existing

between a few computed coefficients. The mathematical
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formulation of such a polynomial is given in eq. (11.1).

Thus a plotting routine SURFIT was develcped to fit a
surface to a rectangular set of output data by minimizing the
sum of squares of deviations between calculated and original
data points. SURFIT copes with polynomials of a power less
or equal to six. Meshes of input data are prepared either
manually by allocating the corresponding orthogonal rectangular
coordinates to each known surface point or automatically by
transforming the finite element soluticn by virtue of the

routine MESH to rectangular sets of numerical values.

Requesting, say, a quartic polynomial, fifteen coeffi-
cients are computed and stored to enable the field response
to be determined for any coordinate pair. An example for
the fitting of a quartic polynomial to the surface of the
axial concrete stresses, already determined and displayed in
figs. (9.9) and (9.21), is produced in fig. (9.31) by the
combined implementation of the routines SURFIT and SURPLT. - °

The origin of the polynomial is placed in the centre
of the mesh and thus the fit is very good in its vicinity.
However, due to the inherent mathematical limitations of the
minimization technique employed, the fit becomes poor at
points furthest away from the centre. Since the deviation
ffom the original data values does not fall below 25% for
these points irrespective of the order of the polynomial, the
idea of fitting surfaces to finite element solutions using

SURFIT is no longer pursued.

Furthermore, it can be argued that the potential of
finite element solutions to adapt to local disturbances
should not be wasted by the superposition of peak-smoothing
polynomials. Their usefulness and easy availability for
isometric display and the general visual assessment of results,

however, is undisputed.

9.5. SUITABILITY CRITERIA

The applicability of a finite element solution obtained
from an axisymmetric analysis is immediately verified by

checking whether the shear stresses in an axial plane vanish
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when approaching the axis of revolution or the equatorial
plane, as symmetry with respect to these geometrical location

imposes the equivalence of normal and principle stresses.

As regards the present example, this criterion is
satisfied, since the stress contours drawn in the plots hit
the lines of symmetry vertically; i.e. the angle formed between

normal and principle stress resultants becomes zero.

The inaccuracy in the integration over the term % for
radii approaching zero is the most serious mathematical
limitation suffered by both methods to a varying degree. Since
the TRIAX 3 element considers the locally space-invariant
radius of its centroid, the classical approach is affected
slightly only where two nodes of an element rest on the axis
of revolution. Thus it can be stated that the classical modes
analysis is crude but unconditionally stable; it can- cope with

a radius tending to zero.

‘Imposing similar conditions onto the natural mecdes
analysis would create instability - hence the postulation of
the cut-out. Though mathematically and structurally the
natural modes concept is more sophisticated, as the under-
lying theory and the computer programming is more involved,
satisfactory solutions results only for ideally subdivided,
idealized continua. Such structures require a void in the
vicinity of their axis of revolution and elements which are

nearly equilateral.

The structurally unjustified peaks observed in the
stress surfaces for element No. 18, for instance, are due
directly to the poor shape of the element. Also, for steep
general gradients in the stress surfaces, considerable jumps

are encountered along the interelement lines.

For a mutual check of validity, nevertheless, the
natural modes solutions are satisfactory. The largest radial
displacement encountered in the equatorial plane for the load-
ing case investigated is u, = 1.73 ram as opposed to ﬁr = 1l.62
mm obtained from the classical analysis. The largest axial

displacements near the axis of revolution are u, = 1.85 mm and

ey e e Ay
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u, = 1.2]1 mm, respectively.

9.6. OUTLOOK

Regarding finite element methods, the solution of
problems can be enjoyed which would be impracticable to solve
in the long tradition. Furthermore, by transition from the
classical to the natural deformation modes concept, under the
observation of the above mentioned criteria considerable
improvements can be made concerning computer efficient¢y and

accuracy.

In fact, if it is desired to include the parabolic
property of time-like processes -~ as shown for transient
thermoviscoelastic effects in Chapter X and XI - the next
step in the structural analysis is synthesized by the alternate
implementation if iterative finite element and marching finite
difference techniques. Since these field are capable of
being expressed in terms of a system matrix, a field variable
and a load vector of some kind, their solution is brought about
by coding a sequence of time-dependent sets of linear

simultaneous equations into computer language.



CHAPTER X

FINITE DIFFERENCE ANALYSIS OF THERMOVISCOELASTIC

AXISYMMETRIC CONTINUA

10.1. INTRODUCTION

10.1.1. PROBLEM

The general transient thermoviscoelastic problem, in
which the material is ageing and creeping viscoelastically
and the temperature field changes with time, may be stated
by two mixed partial differential equations. For the

structural behaviour there is

G(T,1,t)
2 (1+u)

_2(1+u)

(Aui(t) f 157,

1 .
1—:—2—17 grad div ul(t)

(10.0a)

with G(T, t,0) is the initial modulus of thermoelasticity at

the reference age.

The heat conduction is governed by

kAB(t) + oB(t) + g(t) = pcoH,, (t) (10.0b)

"t

Clearly, egs. (7.39) and (7.62) of the general
thermoelastic behaviour and the steady state temperature dis-
tribution are time-independent, special cases of egs. (10.0a)
and (10.0b). '

10.1.2. SUITARILITY CRITERION

The criterion, whether to use a finite element method
or a finite difference scheme as the analytical tcol for the
solution of sescond order svstems, is imposed by the relevant
governing partial differential equaticn. These take their
names from the shape of the conical se: tilons which the boundaries
of the disturbances describe when proj- -ting from a perturbation

point ("%).
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The elliptic partial differential eguations (7.39)
and (7.62) represent boundary value preoblems with specified
mechanical, geometrical and thermal conaitions at all spatial
limits. As shown in egs. (8.20), (8.77) and (10.10), boundary
value problems are conveniently sclved by the implementaticn

of finite element methceds.

The time-like processes expressed in egs. (10.0a) and
(10.Cb) are parabolic and hence represent initial value problems
with conditions specified only at the smallest value of the
tire variable but not at the largest. Thus, finite difference

technigues must ke empleoyed.

10.1.3. TIME-LIKE PROCESSES

Proccesses with time-like character, such as transient
temperature distribution, the creep-relaxaticn interaction and
the development of viscoelastic deformations,dc not lend them-
selves to finite element technigues, since they de not satisfy
the necessary conditions as stated by Euler's equation of the

calculus of variatiocn.

The characteristic common to all time-like processes
is that a current disturbance does nct bear any retroactive
effect on the conditions that existed at any time instant
elapsed. Considering the physical preobliems mentioned above,
the correspeonding disturkances may appear as lccal temperature
increases, stress increments and imposed displacements,

respectively.

The unccupling cf these problems in the time variable
is accomplished by using finite difference techniques, whereas
the sclution in the space ccordinates is arrived at by the
employment of finite element methods, with the time-dependent
variables treated step-wise as invariants. For reascns of
accuracy, exhibited in Chapter IX, the classical concept of

the finite element analysis will be used.
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10.2. TRANSIENT TEMPERATURE DISTRIBUTION

10.2.1. FINITE ELEMENT TEMPERATURE FCRMULATION

Naturally, time-dependent or stationary temperature
distributions existing in concrete continua must be determined
prior to any further analysis on their thermoelastic or

thermoviscoelastic behaviour.

To show the striking similarities between the finite
element forms of the temperature distribution and the elastic
stress analysis problem, names of matrices in section 8.2.4.
will be maintained, if assumptions and operations are
analogous in both cases. It must of course be realized that
the corresponding matrices are different in size and value, for

they pertain to different physical problems.

Analogous to eqg. (8.1), the temperature within a
TRIAX 3 element can be approximated by

p(r,z) = g1 + (r — r1) g2 + (2 = z1) g3 (10.1)

where g(r,z) is understood as the difference between the
current and the initial or previous temperature value, at any

location in the element.

The finite element matrix formulation of the lccal
temperature function is thus given by the analogue of eq. (8.6)

@(r,z) = M BCT (10.2)

where M is the (1x3) opefator (A5.1) , gl is the (3%3) matrix
(A5.3), C' is the (3xk) local connectivity matrix and T is the
(1xk) global temperature vector; k being the total number of

overall temperature values ; i.e. nodal points.

Evaluation of eq. (10.2) at the local nodal points

leads to the establishment of the elemental temperature vector

™ = wecr (10.3)

where ﬂl is the (3x3) matrix (A5.2).

Omitting the arguments for brevity, the thermal
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Fig. 10.1. Finite difference approximation to time-dependent

thermal gradients
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Fig. 10.2 Finite difference approximation to time-dependent

temperature values
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gradients take the form

M, BTC'T
m—n rl— — T

i
0,2 = M, BC

[l

i
O,r
i

|3

(10.4)

Since the differentiated operators contain constant
coefficients only, they may be given the matrix names 5; and

52 respectively

o,r = aBcT
. (10.5)
0,z = ABCT

where 5; and éé are the (1x3) matrices (A5.4).

Differentiation of egs. (10.3) and (10.5) with respect

to in turn all nodal temperature values Tj’ j =1,2,3 merely
affects the global temperature vector. Thus,
(M*BrctT) = MB'C'E
=== =""T1,2,3 -——=
i i1 ii i
A BC = A B B 10.6
BBCD i, 2R L2 (10.6)
iji i . ili i
A™B = B B
(2,B°¢ 2)'T11213 BECE
where E is the (1lxk) global unit vector. Reference is made

to def. {(A5.5) and (A5.6).

10.2.2. TEMPERATURE DISTRIBUTION EQUATIONS

For axisymmetric temperature distributions, only the
directions r and z need to be considered. THe contributicn
from an individual element to the first variation of the heat

conduction functional (7.63) thus becomes

= - +
"Ty,243 J zr{kre’r(e’r)’T112!3 kZe'Z (6'2)'T1r2r3
- S - - 6 3] ds 10.7
To proceed, eq. (1l0.7) is evaluated at the three
associated nodes in turn. If the temperature value in the

outflow term and the time-dependent thermal gradient are treated

as invariants, then substitution of egs. (10.3), (10.5) and

vy e 4

e gt e e st =
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(10.6) into eg. (10.7) yield the local cecntribution to the
functional's first variation in matrix form. Superimposing
all contributions and subsequently equating to zero, the
governing matrix equation of the axisymmetric heat conduction

proklem in its classical finite element form is established

n o N c e a s - Cos s
b oatrt o (alepichytrtalpict + k @lsich trialpich)
et m r-r—="'=== Z —p— = = == ==
i=]1 . . r Z
¥ i i it i
= 1 GrBCHTIN(q - 00'- pcdly) (10.8)
i=]1 '
where gl is a (3x3) identity matrix. The local thermal

conductivity matrix kl and the local thermal load wvector El

are set up in egs. (A5.7) to (A5.9).

Considering unit temperature values T, the terms
in eq. (10.8) may be identified with the glokal thermal
conductivity matrix K and the global thermal load vector F,

respectively.

Thus, eq. (10.8) takes the global matrix form

KT = F ©(10.9)

In the case of stationary temperature distributions,
a thermal load vector, which instigates the temperature field
to change, does not exist. Consequently,

KT = 0 (10.10)

10.2.3. FINITE DITFFERENCE SCHEME

To allow for time dependence, eq. (10.9) of the
transient temperature distribution must be rewritten in such
a way that it permits the thermal gradients to vary. This
is arrived at by separating in the thermal load vector F the

effects of the heat generation and the time-dependent distribution

r = F, -RI,

10.11
F = E (10.11)

t

Substituting eq. (10.11) into eq. (10.9), thus

a1

s o —
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KT + PRI, —gq = 0 (10.12)

Subdividing the history of the heat conduction process
into time intervals of constant duration and assuming that
within these intervals of time dt the nodal thermal gradients
vary linearly with time, the temperature values at a particular
instant t can be expressed in terms of those found at the
previous instant t-dt and the gradients averaged over the

interval which has just elapsed

= X

Solving for the current thermal gradients, thus

2_

t T Te-at) @ (10.14)

(It) "t = = (_T_t_dt) "t + (:I‘_

Substitution of eq. (10.14) into eqg. (10.12)
arid separation of the current nodal temperature values from
the known values and gradients of the previous step, leads to

the formulation of the following recursion formula

P) T, = P{5y Tpogqe * @ gqe) rg b+ By (10.15)

gt

Q1w

o
Culw_

ot

(K +

After the initial values of the temperature field
have been computed by a finite element analysis, the initial
thermal gradients can be obtained by evaluating eq. (10.12) at
time zero. For any time instant other than zero, the thermal
gradients are arrived at by substituting eqg. (10.13) intoc eq.
(1o0.12).

The finite difference marching technique predicts
the new values and gradients by extrapolation along parabolas,
which require the functicon and its derivative evaluated at the
last two time steps. Reference is made to figures (10.1) and
(10.2). The sccend recursion formula is thus conveniently
expressed at time t-dt.

dt dt P

B+ B) Cege) re = 7 K Zeenae ™ 72 B&pae) e * Ege-ae

(10.16)

o v sep g # e e s
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Once the heat waves start to propagate, the alternate
evaluation of egs. (10.15) and (10.16) for the temperature

values and gradients, provides a solution at any time instant

required.
10. 3. CREEP-RELAXATION DUALITY
10.3.1. SUPERPOSITION HYPOTHESIS

Considering concrete continua, the superposition
hypothesis assumes that the whole procéss of concrete creep,
including the ageing effect, is linear inasmuch as the strains,
occurring at any time after the instantaneous application of
a stress increment at any age of concrete, are independent of
the effects of any loading initiated either earlier or later
than that age.

It includes the assumptions that linear constitutive
equations exist for constant, variable and different age,
which from figure (5.8) can be considered true for temperature
up to 140°C and stress/ cold strength ratios up to 0.66. Thus
the independent deformations resulting from each stress
increment or decrement are capable of being superimposed to

vield the solution of the strain history at any time (¢°,7°),

- If the concrete is considered undisturbed prior to
its age at loading and the stresses vary linearly with time,
the isothermal stress-strain relationship may be represented

by a hereditary integral of the form

t
o(t) = f G(T,t ,B) (e(B)),B dg (10.17)
T
where g (t) and g(4t are the time-dependent stress and strain
fields and G(T,;1,t) is the temperature, age and time-dependent
relaxation response ﬁunction which is linear in the deformations.

B is dummy time and age parameter.
g

10.3.2. ELEMENTAL CONSTITUTIVE RELATIONSHIPS

Properly described stress-strain relationships are
the precondition for a satisfactory solution of any stress

analysis problem. Presenting the functional of the thermal
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creep analysis in the finite element matrix displacement form,-
the phenomena of ageing and the thermoviscoelasticity are
conveniently reproduced by relaxation surface functions

pertaining to various temperature levels.

Considering an element i and allowing for temperature
dependence, the local constitutive relationship in matrix form

is established by rewriting eg. (10.17)

ot (t) = p' ft G(T,,8) (' (8) - a e (B)),, a8 (10.18)
T

where gi(t) and gi(t) are the local stress and strain vector(s)

(8.10) and (8.1l1), Qi is the normalized material stiffness

matrix A4.12, having a unit modulus of elasticity. oy is the

coefficient of linear thermal expansion at the base temperature

and £}(t) is the local pseudo-temperature vector of the value

T(t) g
ot Lo o)
o]

If the age at loading is replaced by the lower time
limit zero, partial integration of eg. (10.18) leads to the

more convenient ‘local isothermal viscoelastic constitutive

equation. Treating the contributions from conservative forces
and thermal loads separately, thus
t
i i i i,
o (t) = D {G(T,t,t)e (t) - J (G(T,T,B)LB_E_ (B) ap} (10.19)
. . . O, t \
g () = DT {-G(T,t,t)aob  (£)+ f (G(T,T.s)>,8aogl(s)de} (10.20)

: o)
where the initial relaxation response G(T,T1,0) is the modulus
of thermoelasticity at the reference age. Details are given

in figure (5.9).

10.3.3. RELAXATION SURFTACE TFUNCTIONS

Uniaxial isothermal relaxation functions and a time-
independent Poisson's ratic are sufficient to reprcduce the
material behaoviour in eg. (10.18). Difficulties, however,
arise in the experimental determination of the relaxation
responses. Thus the relaxation functions must be deduced
analytically from the thermal creep functions which are based

on the results entered in figures (5.1) to (5.5).



phenomena is established by the following integral equation (°).

The mathematical link between the creep and relaxation

t
H(t-1) = f og(T,B,t) (G(TrTIB))rB dBg

T
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(10.21)

where H(t-1) is the normalized Heavyside step function and

J(T,T,t)

is the isothermal creep surface function. The initial

response J(T,T1,0) is the thermoelastic strain.

Taking the lower time limit as zero and subsequently

integrating over the time domain, eg. (10.21) becomes

t \
t = J, (T,t,t)G(T,%,B) 4B A
o

’ (10.22)

The numerical solution of this first order Volterra-

integral equation. requires the creep and relaxation surface

functions normalized to their initial thermoelastic values.

The normalized functions are given readily by ¢ (t)=J(T,T,t)/

J(T,1,0)

10.3.4.

and ¥ (t) = G(T,7,t)/G(T,1,0) respectively.

FIRST ORDER INTEGRAL EQUATION

For invariable age and isothermal conditions,

(10.22) may be transformed to

t

t
f o (Blw(t-g)dg

or t
- j o (t=g)y (5)dp

O

eql

(10.23)

In proceeding to solve eq. (10.23) numerically, the

following integral is introduced

t
£(t) = f 5(3)dp

O

(10.24)

Subdividing the time scale into intervals of constant
Q

duration by the values ti, i=11,2,3, .. n, (n+l), with tl =

and tor

employed

= t, the trapezoidal rule for integration may be

f(t

|
n+.

Treating the gradual changes in the crecep and

(10.25)

.y . . v

a8 e~ b £
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relaxation responses as a series of small increments, summation

can be applied. Eq. (10.23) thus becomes

n i+l
= '21 f ot ~B)V(B) dB (10.26)
1=
t,
1

tn+l

Noting from eq. (10.24) that ¢(t) = f'(t), expression
(10.26) may be transformed to
Ei41
1 ' -
t.
i
The corresponding finite difference approximation

reads

R L o Tl LA AL Ny

n-1
- izl Tty D+ (eI £k =t D= (E

et Y (10.28)
With the creep responses known from experiments and
theoretically reproduced by fitting appropriate exponential
functions, the creep-relaxation conversion problem can be form-
ulated by a set of linear algebraic equations, which are solved
for the required relaxation values using the following finite

difference approximaticn

2t

. = n+l R
w(tn+l) - f(t ~t ) w(tn)
n—1 n+l n
f(t -t ) (10.29)
n+l n

A computer program CRELAX (150 cards) was originated
by the author to perform the creep-relaxation conversion and
to plot both the original creep functions and the resulting

relaxaticon functions.

10.4. CONVOLﬁTION INTEGRAL OF STRAIN HISTORY

10.4.1. QUASI-STATIC ENERGY PRINCIPLE

In the case of thermoviscoelastic stress analysis
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problems, the principle of minimum potential energy may be
written in its quasi-static .form, which considers the work
done by the internal stress components along the conjugate
strains that are linearly dependent on them, during the slow

motion of the system between time zero and any later instant.

Considering axisymmetric geometry, substitution of

egs. (10.19), (10.20) and (8.9) into eg. (7.26) and superposition

of all contributions leads to the finite element matrix form
of the overall guasi-static functional, After variation, thus
i i it i 151 i

n
o= 3 G(T,Tpt)[ (A"B°C”) DA
i=1

vl

t A
[ (G(TITfB))IB [ (“Z}EQ_'
i
o \Y

o)

= G(T,T,t)ao O (¢) f a*slch tplrtav
Vl
t
+ | (@(T,t,8)) ,BOto_O_l (s)f a*ich) Pptrtavas
) i
o Vv
‘ . .
- algichytpicd (1yav - f mreict) Fxtav
Jy &= = =p i - ==
Vv \%
r . . . y
- (@lglgl)tglgs(t) ds | (10.30)
Ji
S

For unit displacements E; the terms in eq. (10.30) may be
identified with the time-dependent stiffness matrix K, the
history-dependent stiffness matrix, the time-dependent thermal
load vector R, the history-dependent load vector, the prestress
vector Ep, the body force vector F_ and the external force

vector Ee’ respectively.

In global matrix form, the governing equation of the
transient thermoviscoelastic stress analysis problem thus reads

t
K(T,t,t)ult) - f_ (K(Tyt,8)), u(p)ag

O

‘ t
= Ep + EX + Ee + _I?\_(T,T,t) - J (E(T’TIB))'B(‘-}'B (J.O.Bl)
(@]
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However, eqg. (10.31) is incapable of being represented
by a set of simultaneous linear-deformation equations, for the
history-dependent stiffness coefficients and displacement

conmponents are still coupled in the time variable.

10.4.2. THERMOVISCOELASTIC LOAD-DEFORMATION EQUATIONS

Tuf&ng attention to the transient, purely thermovisco-

elactic stress analysis probelm eg. (10.31) is reduced by the

loading vectors Ep, £, and F_. In attempting to solve the
governing matrix equation, matrices of known coefficients are
separated from variable functions. For a time instant tn+l’
thus
n+l
L8 ' =
.G(T'T'tn-l'l) Ktu(t 1’1+l f (G(TlTIB));BK u(p)dp
0
tn '
G(T,T,t ,4) R' e(t n+l [ (G(T,T,B)) 'gE'Q(B)dB. . (10.32)
o} ' '

where K' is the (kxk) residual stiffness matrix and R' is the
(kx1l) residual thermal laad vector; k is the number of global

displacements.

Before the convolution-integral equation (10.32) can
be solved in the space coordinates by the finite element metheds
discussed in Chapter VIII, it must be uncoupled in the time

variable.

- 10.4.3. SECOND ORDER INTEGRAL EQUATICN

In the treatment of coupled linear Volterra-integral
equations, the difficulty to surmount is the transformation of
a history-dependent integral expression to a series of time-
dependent scalar values. These are understood as weighting
factors that emﬁody and value a process, which is dependent on
the entire unfolded evolution of a natural rhenomenon, since

the perturbation was initiated.

The numerical procedure carried out to solve the
memorizing convelution integral in eq. (10.32) turn out to be
rather similar to that discussed in section 10.3.4. Volterra-

integral equations of the second kind, however, contain a
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separate current value term appearing in addition to the
integral. For a typical time instant tn+l of the subdivided
time scale, the normalized, non-dimensional version of the

integral expression may be written in the form

n i+l
Vltn) = 206 = 1 [T v@ e, 00,08 (10.33)

t,
i

The finite difference expression for the time-dependent

weighting factors differs from eqg. (10.28) in that it contains

a time-dependent and a history-dependent term

n
— - 1 - -
Y(t4) = £06,0) iio tly (B )y () HLE(E 785 49)
f(tn+l—ti)} (10.34)
For n = 0, i.e. t_,, = t;, the initial value is
directly given by y(0) = 1. Thus, at time zero when a

disturbance is introduced, a hereditary process does not yet
exist; which is obvious. Taking n = 1,2,3,..., eq. (10.34)
gives rise to expressions for the determination of weighting

factors at successive steps

y(tn+l) = f(tn—i-l) % y(tn+l){f(o)"f(tn+lmtn)}
SRy (e ) AE(O) - £(8 -t ) (10.35)
n-+l
=% ) Ay ey ) e ) ME (e gty ) T (e mE)d
i=1

Solving for the current weighting factor y(tn+l),
the governing finite difference equation for the numerical

solution in the time variable becomes

)~%y(tn){f(O)-f(tn+l-tn)}
- tnYT

£(t_,
v (t ) = n+1 : —
n+l 1 + % {£(0) £(t

n-+l

{yfeg )y (e ) HE(E -ty ) -E(R +1—ti)}

1= % {£(0) - £(t (10.36)

-

n'rl_t )}
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where £ is the function c¢f the investigated natural phenomenon.

10.4.4, PELAXATION WEIGHTING FACTORS

At a time instant tn’ the strain history of the
thermally loaded concrete structure of locally varying temp-
arature and age, can be analysed in the space coordinate by
momentarily eliminating the ageing effect, using a set of

igsothermal relaxation weighting factors. As the relaxation
phenomenon continuously unrolls itself, the establishment of
a new set of weighting factors, reflecting the ageing effects

at time t requires the reconstruction anew of the entire

n+l’
preceding strain history.

Considering the relaxation weighting factors as
operators acting on the global displacement and pseudo-

‘temperature vectors, eq. (10.33) takes the fcrm

n Fi4l .
E(tll+l) = iE_(TrT rth_*_l)"ig,:of I’!(B) _(E(TIT 'tn+l,—8)) rBdB (1015/)
t.
1

The set of continuous functions is given by the
normalized relaxation responses of the concrete material at

the corresponding nodal points

G(T,7,B)

£E@mt 078 = EETo B (10.38)

where E is a (1xk) global unit vector.
The time-dependent sets of weighting factors W(t +l)
1nd1ﬁate that the finite difference procedure (10.33) to

(10.36) is to be carried out for each nodal point of the

chosen finite element mesh.

Substituting egs. (10.37) and (10.38) into eq.(10.32),
the step-wise uncoupled load-deformation matrix equation of
the transient thermovisccelastic stress analysis problem is

established

G(T,,0) WE(t_ VE'W(t

pa BH T, 500 (T, 7,00 u (¢

n+l)

= G(T,7,0) W {t ., ) R'@(t .;) (10.39)

N

i on ot AAs e s arh,
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CHIAPTER XI

TEERMOVISCOELASTIC ANALYSIS O AXISYMMETRIC CONCRETE CONTINUA

USING RELAXATION WEIGHTING IFPACTORS

11.1. OBJECTIVE

The incorporation of thérmoviscoelastic strains into
the structural behaviour of concrete continua is mathematically
rigorous. Thus the first concern in the present chapter is
to reconcile the functional description of the 33 creep curves
with the experimental data given in Chapter V and to show to
what extent the regression of thermal creep strains to linear

thermoviscoelastic strains is justified.

Secondly, the procedure for the generation of thermal
relaxation weighting factors from the fitted thermal creep
functions is explained and carried out by usage of the computer
program CRELAX. The weighting factors enable the embodiment
of the whole strain history preceding the time instant for
which the solution of the time-dependent structural problem
is requested. For a concrete of the given mix and age,

“these factors-are produced as a set of temperature and time-
dependent scalars, ready to be read on as input data for

computer-aided ambient or thermal stress analyses.

The concept of weighting stiffness coefficients using

relaxation factors is first demonstrated in a small example.

Then, to illustrate the geheral applicability of thermal
relaxation weighting factors, a complex case study is carried
cut. The computer program THERMO AXICON computes the transient
temperature distributions and the time-dependent thermal stresses
developing in the axisymmetric concrete pressure vessel described
in Chapter IX. The transient thermoviscoelastic behaviour of
the vessel is analysed by implementing a combined finite element
and finite difference method of approach in conjunction with

the proposed set of factors

11.2. SHAPYL OPTIMIZATION OF CREEP PROFILES
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11.2.1. CARTESIAN POLYNOMIALS

The plotting routine SURFIT introduced in Chapter
IX may be used to fit a surface to a rectangular set of
experimental creep data by minimizing the sum of squares
of deviations between calculated and original data points.
If the variables constitute the temperature T and the time
t, with the age 1 and the stress/ cold strength ratio s
being invariants, any cartesian polyromial for normalized

creep surfaces develops from

$(T,t) = ag + a, T+ as t +as3 T2 + a, T t... (11.1)

The limitations obstructing the satisfactory surface
fitting based on cartesian polynomials are caused by the
fact that the variation of deviations of calculated values
from recorded ones takes place in the direction of the third
coordinate and not, as desirable, normal to the locally
varying profile. Even by weighting the importance of the :
initially recordeq values, the steep initial gradients of

creep strain str@in curves cannot be reproduced adequately.

After a discussion on creep surface functions during
the presentation of the author's paper (*° ), the employment
of cartesian polynomials for this purpose was abandoned.

11.2.2. PARAMETRIC POLYNOMIALS

Under usage of the computer program PARFIT (%8), alsc
parametric pclynomials were employed to describgﬂ'surface
functions fitted to corresponding sets of creep data. The
local minimization is based on the constrained Fletcher-
Reeves method in which not only the creep surface but also
its variables appear as functions of two non-dimensional

parameters u and v (%¢737)

Fitting an age and time-dependent creep surface, with
the temperature being invariant, the parametric polynomials

develop from
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t{u,v) = a, + a,u + a,v + azu® + a,uv + ...
t(u,v) = by 4+ biju + bov + bsu® + byuv + ... (11.2)
¢(u,v) = co + ciu + c,v + cyu’® + c,uv + ...

Considering the local surface normal, the parameter
u- follows the configuration of the relevant surface contour,
while the parameter v indicates the direction of the steepest
local descent. Since the variation of deviations between
conputed and recorded values occurs in the direction of the

locally varying surface normal, the fit improves drastically.

An example is shown for a creep surface at ambient
temperature in fig. (ll.a). Although requesting quartic
parametric polynomials which require the computation of three
times 25 coefficients, fluctuations about the ordinate cannot
be avoided.

Comparing parametric and cartesian polynomials, the
evaluation of the former is considerably more involved. Also,
the back-transformation of the parametric functions (11.2) -to
real functions creates difficulties; it is only realizable in

a curbersome numeric procedure.

The foregoing thus suggests not to pursue the im-
plementation of parametric polynomials in thermal creep
analyses; they are optimally exploited only when used as an
end. In fact, PARFIT was originally designed to make possible

the graphical display of topolcgical contours of ship vessels.

11.2,.,3. NON-LINEAR PARAMETERS

One of the most extensively used techniques in function
fitting is the estimaticn of non-linear parameters using least
squares methods in conjunction with differential correcticn
techniques. Realizing that the relation between the developing
creep strains and the time variable represents a natural process
at least for low temperatures and low stress/ cold strength
ratios, the isothermal, normalized creep response may be

reproduced by the simple exponential expression

-aszt

p(t) = ar - az2e (ay = a, = 1) S (11.3)

T
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When the application of the differential correction
technique is built in to a successive approximation schene,
whereby one itération is one cycle of such an approximation
process, the j~-th iteration of eqg. (11.3) reads

. . . . A R
$(1) = £(t(1), ai, ad, ad) = al - aje 3T (11.4)
where (i), 1 = 1,2,... m is a series of time instants at

specific intervals (°%).

If estimates of the parameters exist, their values
for the following iteration can be improved using least
squares. Upon stating that the residual R(i) represents
the difference between the computed function value¢ (i) and the
normalized recorded strain response r(i) associated with it,

the j-th set of residuals becomes
RI(i) = ¢7(1) =~ r(i) (11.5)

. In order to obtain improved values for the parameters
eg. (1l.4) is first expanded about the estimates using a

Taylor series expansion of the form

. . 5. .
0y = oy + 2 g 210,30 (e
da™y
ihere 137h = 23*h - o) | (11.7)

k k

Evaluating eq. (11.6) at all time steps t(i) and
subtracting the corresponding recorded values from both sides,

the link between the current and the predicted residuals is

established. The functicnal to minimize is
m . m . 3 i,, .
I @z = ) @l o+ ] DI h e gy
i=1 i=1 k=1 9a’

k

Since the vanishing of the first variation of the
functional (11.8) must hold for all variations (11.7), the
non-trivial solution in matrix form is given by

LA (11.9)

(Rj + §jt£j+l
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where R is the sum of the current residual, §3 is the
gradient vector and £3+l is the vector of the extremal

differential corrections.

Any standard matrix inversion technique can be im-
plemented to solve eq. (11.9) for the differential corrections,

if it is rewritten in the form
glgdtdtt - - grlgd (11.10)

The precaution that must be ovserved in employing
the differential correction technique is that the initial
empirical estimates of the parameters are sufficiently close

to the actual values in order to guarantee convergence. /4/
I

A subroutine ESTIM (150 cafds) was originated to find
the parameters of such simple exponentiai functions. However,
it was observed that the fitted creep curves exhibited much
shallower initial gradients than the profiles drawn from
experiments. This led to the underestimation of the effect
of the creep phenomenon on the behaviour of thermoviscoelasﬁically

deforming structures.

An example of the relatively poor shape of creep and
‘relaxation functions fitted by ESTIM is given in fig. (11.b).
Although the results could be considered sufficient as a first
appircoximation, the estimation of non-linear parameters was

abandconed as being too unambitious an approach.

11.2.4. CREEF RATE PPOFILES

From the test results recorded in Chapter Vv, the
author observed that, in plotting the creep rate against time
in a double-logarithmic scale, a linear function of negative
slope may be fitted to the scatter of data pairs from each
test. An example is shown in fig. (11.1l) for a stress/

cold strength ratio of s = 0.4 and a temperature of T = 300°C.

The mathematical procedure for the evaluaticn of such
a fitted creep rate approximation is straightforward. With
the parameters a(s,T) and b(s,T) determined, the ilinear
relation between creep increment and time in the mentioned

scale can be established. Suppressing for the present the
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load and temperature-dependence of the parameters in order

to attain mathematical clarity, the fitted function reads

log = a+ b log t (11.11)

€1y
With log x = 0.43429 1ln x, the conversion to the natural

logarithmic form yields
- 1n Ery = 2.3025 a + b 1n t ' (11.12)
Solving explicitly for the real creep increment, thus

exp (2.3025 a 4+ b 1ln t) (11.13)

m
Il

Employing eln = t, the integration of eq. (11.13) procures

e(t) + dt

Hi
m
—_
O
~—

2.302% a f b 1n t
e - e

= e(0) + &2+3025 a[ b

7 dt

2.3025 a :
ce(0) + & bl (11.14)

It

b+ 1

For various stress/ cold strength ratios and tempera-
tures the initial values €(0) are known from experiments,
whereas the optimization of the numerical values for the para-
neters a(s,T) and b(s,T) is performed in a semi-visual, semi-
analytical way. A family of straight lines is drawn into
the double-logarithmic diagrams such that they fall within
the zoncs populated with entries taken from experiments. In
this way, each line is sufficiently represented by two coordinate

pairs.

Applyving the laws for subtracting and adding logarithmic
values, the slope b(s,T) of the linear approximation is defined

by e
logE’tl
"ta

ta
logt2
whereas the intersecting point a(s,T) on the ordinate is given

by

1
a = z (lOg(E,tl'E,tz) - b log (t: - t2)) . (11.16)
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Out of each family of straight lines, the optimal
is found, once the corresponding coordinate pairs produce
such values for the parameters a(s,T) and b(s,T) that the
real creep curve is fitted satisfactorily by formula (11.14).
The criterion adoptecd for the best fit is the coinciding of
calculated values for at least three points of the manually

drawn mean profile.

11.3. NUMERIC REGRESSION OF CREEP DATA

11.3.1. ANALYSIS OF THERMAL CREEP STRAINS

Plotting the values for the intersecting point
a(s,T) and the slope b(s,T), which together describe the
linear approximations of the creep rate in the double log-
aritmic scale, against the test temperature T, the following

linear relations are found

2(0.2 ,T) = = 0.50 + 0.0026 T
2a(0.4 ,T) = = 0.15 + 0.0024 T (11.17)
-a(O.6§,T) = - 0.05 + 0.0021 T

b(C.2 ) = - 0.60

b(C.4 ) = = 0.65 (11.18)

b(0.66) = = 0.72

Examining egs. (11.17) and (11.18), for which graphs
are shown in fig. (11.2), a further regression to generality
is possible. Treating the stress/ cold strength ratio as a

variable, the intersecting point becomes a field parameter

a(s,T) = c(s) + d(s)T (11.19)
where c(s) = log s + 0.2
and ' d(s) = 0.0028 - 0.00l s

In contrast, the clope is sufficiently represented

by the temperature—independent function
) P>

b(s) = = 0.55-0.25 s (11.20)
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The diagrams for the parameters b(s), c(s) and d(s)
are illustrated in fig. (11.3). The field parameter a(s,T)
appears as an exponent in the exponential term of formula
(11.14), which must vanish as the stress tends to zero,
because regardless of the temperature,zero loads by defini-
tion do not activate creep strainé. With the exponential
function converging to zero for minus infinity, thus a log-

arithmic eapproximation tc the parameter c(s) follows logically.

Taking the initial thermoelasto-plastic strains from
fig. (5.9), the prediction of the creep responses for indivi-
dual combinations of stress and temperature may be accomplished

by evaluating the field equation

2.3025 a(s,T)
b(s) + 1

P (s)+1 T (11.21)

E(S,T,t) = E(S'T:O) + =

whexre €(s,T,0) follows formula (5.1) for T = 200°C.and formula
-(5.2) for T o= 200°C. The duration unaer load ié substituted
in days, while the strain values from eq. kll.21) are given

in 107*%, i.e. 100 y. ‘

The only precaution tec he observed when employing
formula (11.21) is that eg. (5.7) for the ultimate endurable
temperature is satisfied. No creepr curve, for instance,
should be predicted for the coordinate pair (0.8,300°C) as it
is located in the demain of failure-procuring conditions.

Concrete subijected to such conditions has no history.

11.3.2. ANALYSIS OF THERMOVISCOELASTIC STRAINS

As demonstrated in Chapter X, a mathematimatically
rigorous incorporaticn of the effects of thermal creep into
matrix analyses of structures is only possible, if the super-
position hypcthesis holds, i.e. if the total creep strains

are linear in the stress variable.

Convincing illustration of the overlay of normalized
creep strains which develop under conditions milder than
(0.66,300°C) is given in figs. (5.11) and {(5.12). Within
this rance, the phenomenological noticn of thermal creep thus
may be simplified to the mathematical cconcept of thermovisco-

elasticity.
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Using, as stipulated in Chapter V, the stress/ cold
strength ratio of s = 0.2 as a base, formula (11.21) may be
replaced by another which is limited to the computation of

thermoviscoelastic strains

s 2.3025 a(0.2,T)

e(s,T,t) = gz €(0.2,7,0) + = b(0.2) ¥ 1 °©

b(0.2)+1

(11.22)

To make eg. (11.22) generally applicable, material
constants must be considered. To commence, the thermoelastic
strains recorded in fig. (5.15) are expressed in terms of the
modulus of elasticity for ambient temperature by rewriting eq.
(5.1) in the form

g
€(0.2,T,0) = EgiéTET £(T) (11.23)

where dependent on the temperature range, the non-~dimensicnal

tri-linear function reads

£(1) = (1.0  + 0.00833 (T - 30)) (30<T<60)

£(T) = (1.25 =~ 0.00250 (T - 60)) (60<T<110)

£(T)

n

(1.125 4+ 0.00349 (T -110)) (110<T<300)
(11.24)

Expressing the applied stress in terms of the strength
of concrete, there is

o = s (11.25)

cl
yu
Substituting egs. (11.23) to (11.25) and the inversion
of eq. (11.25) into eg. (11.22), the author's formula for the
ascertainment of stress, temperature and time-dependent strains

occurring in virgin concrete is arrived at

1]
Cou(20°C)

2.3025 a(0.2,T) } (o.2y41
E(207C) t

£(1) + 510.2) + 1

e(s,T,t) = s

(11.26)

wﬁere £f(T) follows eés. (11.24), a(0.2) is given by the first
of egs. (11.17) and b(0.2) = - 0.60 from the third of egs.

(11.18). The time is substituted in days and the strains

are obtained in 100 yu.
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11.4. THERMAL RELAXATION WEICHTING FACTORS

11.4.1. GENERATION OF WEIGHTING FACTORS

Creep and relazation functions must be avallable in
a form normalized to unity as to make them compatible to the
solution procedure for the history-~dependent integrals (10.23)
and (10.33). Any time-dependent strain response must be

devided by the value recorded at time zero.

A computer program CRELAX designed by the author
surmounts the difficult task of converting original thermal
creep curves to time-dependent thermal relaxation weighting
factors, which in the linear thermoviscoelastic analysis are
employed as multipliers to the coefficients of the structure’s
global stiffness matrix. First the program transforms the
creep curves as reproduced by formula (11.26) to sequences of
relaxation responses on the basis of the creep-relaxation
duality as expressed in eqg. (10.23). Then it regresses the
latter to time-dependent relaxation weighting factors by

evaluating the history-dependent arithmetic expression (10.29 ).

For illustration, in figs. (11.4) to (11.12), the
normalized, linear thermoviscoelastic strain curves, experiment-
ally obtained for test temperatures between 20 and 300°C, are
compared with those generated by evaluation of the author's
formula (11.26). Also, the corresponding normalized thermal
relaxation functions and the pertaining relaxation weighting

factors are displayed.

Since for design purposes only the thermal relaxatiocon
weighting factors are of interest, these are entered independ-
ently in a semi-logarithmic scale in fig. (11.13). It should
be said that each profile is really a sequence of discrete
time~-dependent scalars and does not represent a continuous
function, since each scalar value i1s obtained by a separate
integral (10.36).

The figs. (11.4) to (11.13) are considered self-explan-
atory. However, it is important to realize that the initial
gradients of the relaxation curves - and thus the drcp in
value of the initial weighting factors - are much steeper

than those of the creep curves. Rephrased, the phenomenon
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of relaxation in a structure is activated at a much faster

rate than the phenomenon of creep.

This observation is very satisfying, as it corroborates
that the proposed stiffness approach to structural thermoviso-
elastic analysis using relaxation weighting factors is more

efficient than the flexibility method of approach.

To preserve‘the positive definiteness of the stiffness
matrix of the structure to be analysed, neither the relaxation
functions nor the pertaining relaxation weichting factors are
permitted to take negative values. AKs shown in figs. (11l.4)
to (11.12), this holds regardless of the prevailing temperature.
It follows that the profiles in fig. (11.13) may converge to

but never intersect the abscissa.

If CRELAX produces negative values, the underlying
finite differences time step is too large. The step length
chosen for processing the data of the present research is
At = 0.1 days for temperature up to 200 C and At = 0.05 for
others. A list of the author's thermal relaxation weighting

factors is given in table A6.4 of Appendix VI.

11.4.2. EMPLOYMENT OF WEIGHTING FACTORS

The principle of employing thermal relaxation weighting
factors is discussed in detail in Chapter X. However, to
verify the applicability of the factors, in the following a

comparison between recorded and predicted strains is given.

The strains developing in the concrete cylinders are
measured between two collars which are positioned 26 mm away
from the end faces. Reference is made to fig. (3.12). Thus
the stress distribution may be assumed to be uniform across
any imagined horizontal plane between the collars. This
condition enables the stiffness matrix of the vertically loaded

specimens to be reduced to a single scalar stiffness coefficient.

With only one displacement component u to be considered,
the inter-dependence of system points, as explained by Maxwell's
reciprocity principle (7.25) for matrix analyses, is inapplic-
able. Consegently, the'weighting factor premultiplied to the

stiffness coefficient and the force component in the single
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force-deformation equation may be cancelled.

Also, the stress acting in the direction of the only
displacement component is fixed, inferring that the history-
dependent term of integral (10.33) vanishes. With the
stress being prescribed and time~independent, the history-
dependent thermal relaxation weighting factors degenerates
to simple time-dependent thermal relaxation responses. Hence
eq. (10.39) reduces to

m(T) E(20°C) r(A,t) u(s,T,t) = F(s) (11.27)

sl b

wvhere 1 = 127 mm is the distance between the collars.

With figs. (5.1) to (5.5) and (11.4) to (11.12)
showing strain developments, eqg. (11.27) is suitably solved
for the strains. From the author's observation reported
in Chapter Vv, the coordinate pair (s,T) = (0.66,300°C) marks
the boundary of the linear thermoviscoelastic domain of
concrete. Employed in eq. (11;27), it enables an estimation
of the largest error to be encountered in the proposed the;mo—
viscoelastic analysis of concrete structures. The selected

time instant is seven days.

According to-eq. (5.5) and table 5.2, the reference
modulus of elasticity is E(20°C) = 28.1 KN/mm? and the
associated temperature-dependent reduction factor is m(300°C)
= 0.62. The applied force amounts to F(0.66) = 77.2 KN and
the circular cross~sectional area to A = 2822 mm?. The
thermal relaxation response, finally, may be read from curve
R in fig. (11.12) as r(300°C, 7 days) = 0.39.  Substitution
into the inverse of eq. (11.27) yields

(0.66,300°C, 7 days)= 77.2/(28.1+0.62:2822-0.39) = 4020 yu
(11.28)

The experimental value, as recorded in fig. (5.5),
is 46CO u. The largest error to be expected in the thermo-~
viscoelastic analysis using the author's formula (11.26)

thus works cut at (46 - 40.2)/46 = 12.6 %. For a composite

material like concrete this error may be considered acceptable.

gt -
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11.5. COMPUTER PROGRAM**THERMO AXICON*¥*

11.5.1. GENERAL

The main features of the computer program THERMO
AXTICON (Transient thermoviscoelastic analysis of axisymmetric
concrete continua) written to solve numerically the problem
set out in this thesis 1is described. The program was developed
by the author on the FUN compiler of the Imperial College CDC
6400 computer. It should also work on other compilers of

these machines.

A list of the source deck of the program is not included

in this thesis, as the program can readily be obtained in the
Civil Engineering Departmental program library. However, the
underlying f£low chart which gives insight into the logic of

the program is listed in Appendix II. It contains the seguence
of the subroutines called and states their function with respect

to the governing matrix eguations to be solved.

11.5.2. TRANSIENT TEMPERATURE DISTRIBUTIONS

The first part of the computer program THERMO AXICON
determines the temperature values existing at the nodal points
of the relevant finite element mesh at any time instant re-

quired. The underlying theory is expounded in Chapter X.

As an ekample, transient temperature fields propagating
through the cconcrete pressure vessel described in Chapter IX
are solved for various time instants. The initial thermal
boundary conditions imposed are the following : temperature
of the body and on the outer surface T = 20°C, step change in

temperature on the inner surface to T = 90°C.

Since the governing matrix eqguations are given prior
to the listing of the flcw chart in Appendix II, no reference

is made to them here.

The physical and thermal properties of the concrete
involved are the specific-density p = 2500 kg/m®, the heat
generation g = C Kcal/m3 cday, the specific heat ¢ = 0.23 Kecal/’cC
kg and the thermal conductivities kr = kz = 60 Xcal/’C m day
{1 Btu = 0.252 Kcal).




255

af GRasurt

CONCPETL

Temperature distribution after 1 day, inner

11.14.
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surface 90°C, outer surface 20°C

Temperature distribution after 10 days, inner

11.15.

Fig.

surface 90°C, outer surface 20°C
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Temperature distribution after 100 days, inner

1l.1e6.

Fig.

surface 20°C, outer surface 20°C

-

Y

11.17.

Fig.

Temperature distribution at infinity, inner

surface 90°C, outer surface 20°C
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The initial, transient and stationary cross~sectional
temperature distributions that appear at 1 day, 10 days 100
days and infinity after the instantaneous application of the
above mentioned step change in temperature, are drawn in figs.
(11.14) to (11.17), respectively. The figures are produced
by the combined usage of the author's routines MESH and
SURPLT.

Since only two out of three nodal points of each
element adjacent to the inner sphere lie on the actual surface
and the analysis of thermally induced stresses is based on
temperatures averaged over the individual elements, it is
observed that the ridge of the temperature field in fig. (11.14)
has not yet reached the value 90°C. Otherwise, figs. (11.14)
to (11.17) may be considered self-explanatory.

11.5.3. TRANSIENT THERMOVISCOELASTIC STRESS FIELDS

" The circumferential stress fields which build up as a
thermoviscoelastic response of the axisymmetric concrete Qessel
due to temperature fields displayed in figs. (11.14) to (11.17)
are illustrated in figs. (11.18) to (11.21).

To emphasize the difference between the effects of
steady state and transient temperature distributions on the
mechanical behaviour of the structure, figs. (11.20) and (11.21)

must be compared.

1l. 6. CONCLUSIONS

The major conclusioné grggthat due to the thermovisco-
elastic nature of the concrete material, stress fields may
locally change the sign, as indicated by the ridge of the
tensile stresses along the upper part of the inner surface

in fig. (11.20), i.e. after 100 days of thermal creep.

Thus the approximation of transient temperature fields
by step-wise steady state temperature distributions which gives
rise to quasi-thermoelastic stress fields is completely
unjustified. By the time the transient temperature distribution
has reached, if at all, a steady state, the strain history has

already altered the material characteristics.

With the employment of thermal relaxation weighting
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factors, any strain history may be reproduced rigorously and

realistically.

Comparing the results of the present chapter with
those obtained in Chapter IX, thermally induced stresses are
by one order of magnitude higher than those due to mechanical

action on the structure.
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Transient thermoviscoélastic circumferential
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CHAPTER XIT

CONCLUSIONS AND-RECOMMENDATIONS FOR FUTURE RESEARCH

12.1.

CONCLUSIONS

In recapitulating the work presented in the individual

chapters, the following general conclusions are arrived at.

12.1.1.

CHAPTER I

(1)

(2)

(3}

(4)

(5)

(6)

12.1.2.

The original contribution is seen in embarking on the
formulation of the difficult and neglected problems of
thermal creep in the analysis of concrete centinua. and in
motivating the gquest for matrix methods as a tool in its

solution procedure.

The concern about the behaviour of concrete under

elevated and high temperature is explained.

The insolubility of the mixed elliptic and parabolic
continuity and compatibility equations in the heat

conduction and the stress analysis problem is stated.

The necessity for techniques to separate conductivity
and stiffness coefficients from the temperature and

the displacement field in space and time is recognized.

The need for methods to allow the temperature and
displacement fields to take prescribed time-dependent
values along the physical boundaries is emphasized.

The search for mathematically rigorous concepts to

account for the change of conductivity coefficients

with temperature and the stiffness coefficients with

time is motivated.

(1)

(2)

CHAPTER II

The original contribution is seen in recognizing the
dialectic nature, i.e. the dynamically balanced,
simultaneous occurrence of the creep and relaxation

phenomena.

The dual approach to structural analysis is set forth,

permitting concepts based on the variation of either



(3)
(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)
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strains under prescribed stress system or stresses

under prescribed strain systems.

The theoretical convertibility of creep curves into

relaxation responses is pointed out.

The definition for thermal creep and relaxation as

convenient for structural analysis are given.

The definition of linear thermoviscoelastic strains
is formulated as convenient for mathematically

practicable analysis.

The concept of the superposition hypothesis and its
profound importance in linear elastic and thermoelastic

analyses is outlined.

The approximation to be made for structures creeping
under the influence of transient temperature fields

is explained.

The impossibility of exploiting creep tests conducted
under transient thermal conditions for rigorous analyses

is disclosed.

The restriction of the nuniber of variables in the
constitutive equations to temperature, age, time and
stress/ cold strength ratio is justified.

The contradiction between the experimentally practicable
investigation into the thermal creep problem and the
fact that matrix methods favour the incorporation of

the relaxation phenomenon is set up.

The decision to employ matrix displacement methods in
conjunction with thermal relaxation characteristics

deduced from creep data 1s made.

The feature imposed onto the design of the proposed
creep testing machine and the model for the mathematical
reproduction of the thermoviscoelastic problem are

listed.

CHAPTER IIT

(1)

The original contribution is seen in the design and

construction of creep testing machines for the



(2)

(3)

(4)

(5)
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experimental investigation into the thermal creep

and /or thermoviscoelastic strain problem.

The testing machines are described and photographs
for their visual assessment are presented. Plates
1 to 5.

Twelve small size design drawings which include the
specification of the machine parts are completed.
Figs. (3.1) to (3.12).

The criteria imposed onto the design of the testing

machines are listed.

The major proving tests on the applicability of the

testing machines are reported.

CHAPTER IV

(1)

(2)

(3)

(4)

(5)

(6)

(7)

The original contribution is seen in carrying out tests

on the mix, the drying shrinkage, the moisture loss

and the cold strength of concrete specimens which enable

the reduction in the number of variables influencing

the subseguent creep tests.

Investigations into the phenomenon of drying shrinkage
show that for ages greater than six months its effect
on the maturity of concrete becomes negligible. Fig.
(4.1). '

The relative reduction in weight due to mois<ture loss
is discovered to have a possibly direct affinity to

the drying shrinkage. Figs. (5.2) to (4.4).

The relative reduction in weight appears to be a linear
function of the specimens' surface-volume ratio. Table
4.2.

The rough estimation of shrinkage strains from tests

on moisture loss is found to be possible.

The Gaussian distribution curve is reproduced for the

cold strength of concrete. Fig. (4.5).

The increase in concrete strength after four months is
found to have little bearing on the results of relevant
calculations. Figs. (4.6) to (4.10).
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(8) The time-dependent ratio of cylinder strength to
cube strength is determined. Fig. (4.11).

(9) The ratio of the 28-day strength of the approximated
final strength is ascertained both for cylinder and

cube specimens.

12.1.5. CHAPTER V

(1) The original contribution is seen in the performance
of thermal creep tests on concrete specimens and the
fitting of formulae to some of its temperature and/or

stress-dependent characteristics.

(2) The quest for data on thermal creep compliance is set
fourth. »

(3) The creep curves obtained are drawn. Figs. (5.1) to
(5.5). )

(4) Linearity in the stress—dependence of the initial

thermal strains is observed for temperature up to 200°C.
Fig. (5.6)

(5) A formula of tri-linear nature is proposed for the

determination of thermoelastic strains. Eq. (5.1). Fig.

(5.15).

(6) Values for the ultimate initial and ultimate creep
strains are arrived at. Egs. (5;3), (5.4). Figs. (5.6),
(5.7).

(7) The bandwidth between the domains of safe and failure-

procuring test conditions is drawn. Fig. (5.13)}

(8) A formula is proposed for the reduction of the modulus
of thermoelasticity with temperature. Eq. (5.5). Table
5.1.

(9) A formula of tri-linear nature is proposed for the
‘temperature-dependence of the ultimate stress/ cold
strength ratio. Egq. (5.6). Fig. (5.10).

(10) A formula of tri-linear nature is proposed the dependence
of the ultimate test temperature on the stress/ cold

strength ratio. Eq. (5.7).

(Il) A formula is proposed for the stress and temperature



(12)

(13)

(14)
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dependence of the modulus of guasi-thermoelasto-
plasticity. Eq. (5.8). Table 5.2. Fig. (5.9).

A formula is proposed for the temperature-dependence
of the ultimate cylinder strength. Eg. (5.10). Fig.
(5.10).

The applicability of the superposition hypothesis to
the overlay of thermal creep strains is proven. Figs.
(5.11), (5.12).

Information is given on thermally induced shrinkage

strains. Fig. (5.16).

CHAPTER VI

(1)

(4)

(3)

(6)

(7)

The original conttibution is seen in formulating the
established small displacement theory of linear elasti-
city and thermoelasticity as applied to three-dimension-
al and axisymmetric continua such that the possiblities
and limitations of the infinitesimal approach to

structural analysis are disclosed.

The assumptions, under which the theory is developed,
are stated and the implications these bear on the

detailed derivation are discussed. Ass. (6.1.2.1i).

The equations of force equilibrium, the strain-deform-
ation relations, the consitutive relationships and the
compatlbility requirements for the three-dimensional
analysis are arrived at. Egs. (6.5), (6.10), (6.10),
(6.24).

The corresponding expressions are derived for the
axisymmetric analysis. Egs. (6.28), (6.32), (6.33),
(6.34).

The compatibility equations are found to satisfy the

sufficient conditions, proving the applicability of

the small displacement theory.

Mathematically, an infinite number of solutions is
found to exist for any structural analysis, unless

boundary conditions are imposed.

Physically, the disturbances due to the action of

forces, prestressing strains or imposed displacements
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(9)
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are found to be incapable of being described in a

closed form.

Philosophically, the compatibility eguations are

found to be general and particular at the same time,
disclosing that the development of the small displace-
ment theory has arrived at the ultimate concept of its

analytic approach.

The necessity for the reconstruction of the structural

theory from new fundamentals is concluded.

CHAPTER VII

(1)

(2)

(3)

(4)
(5)

(6)

(7)

(8)

(9)

The original contribution is seen in employing energy
principles and variational methods such that the
elliptic compatibility equations of the small displace-
mént theory are re—established from new fundamentals,
and new possiblities for solution procedures. are

arrived at.

The assumptions are stated under which the energy
principles lead to the variational theory of linear
elasticity and themoelasticity, and the inferred

implications are discussed. Ass. (7.1.2.1).

Set theory is introduced for the equations of internal
equilibrium of forces, the equations of force
equilibrium at the boundary and the strain-deformation
relations. Egs. (7.6) to (7.10).

The calculus of variation is introduced. Eg. (7.13).

The principle of conservation based on Green's theorem

is derived. Eq. (7.15).

The principle of virtual work based on the principle

of virtual work is deduced. Eg. (7.25).

The unit displacement theorem based on the principle

of virtual work is deduced. Eq. (7.25).

The principle of minimum potential energy based on the
principle of virtual work and the unit displacement
theorem is established. Eg. (7.26).

The principle of propagation of heat based on Gauss'

[
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(11)

(12)

(13)

(14)

(15)

(16)
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theorem and the continuity of heat flow is arrived
at. Egq. (7.35).

The strain energy functional in conjunction with the
calculus of variation and Euler's suitability criterion
is found to re-establish. The compatibility equations
of the small displacement theory. Egs. (7.39), (7.45).

The governing equations of the variational approach to
spatial elasticity problems are attained. Egs. (7.42),
(7. 46) .

The heat conduction functional in conjunction with the
calculus of variation and Euler's suitability criterion
is found to re-establish the continuity equations of

the heat transport theory. Egs. (7.51), (7.60), (7.67),
(7.71) .

The continuity and compatibility equations of the heat
conduction and the thermoelastic problems are found to

be insoluble despite their variational formulation.

The variational approach is found to be incapable af
abolishing the limitations brought about by the
impossibility for the temperature and displacement

fields to take prescribed values along the boundary.

The variational approach proves incapable of uncoupling
the temperature and the displacement fields from the

conductivity and the stiffness coefficients.

The variational approach is found to offer new possiblities
in conjunction with the implementation of appropriate
matrix methods as the continuity and compatibility
equations are replaced by equivalent integral expressions.
Egqs. (7.36),(7.43), (7.47)y, (7.63).

CHAPTER VIII

(1)

(2)

The original contribution is seen in establishing the
force-deformation equations of elastically and thermo-
elastically deforming axisymmetric continua in the
classical and the natural deformation modes concepts

of the finite element method.

The crucial importance of the global stiffness matrix

R TR AT L By Sk
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in the force~deformation equations of a loaded

structure is discussed.

The processional steps, the algorithms and the required
computer programming routines are found to be similar

to some extent for both modes concepts.
The TRIAX 3 element is described. 8.2.1.
The classical deformation modes are defined. 8.2.2.

The geometrical and analytical advantages of the

classical modes concept are pointed out. 8.2.3.

The stiffness matrix for the TRIAX 3 element is set
up. Eg. (8.13).

The load vectors for the TRIAX 3 element are defined.
Egs. (8.16) to (8.19).

The classical force-deformation eguations are established.
Egs. (8.20), (8.21).

The TRIAX 6 element is described. 8.3.1.
The natural deformation modes are defined. 8.3.2.

The geometrical and analytical advantages of the natural

modes concept are pointed out. 8.3.3.

The stiffness matrix for the TRIAX 6 element is set up.
Egs. (8.28) to (8.32).

The derivation .of the stiffness submatrices is éérformed.
Egs. (8.38),(8.42),(8.56),(8.63),(8.65),(8.72),(8.76).

The natural forée—deformation equations are established.
Egs. (8.77), (8.78).

£

The noValty of the finite element method is found to \¥"
manifest itself in the regression of space-dependent

problems to mere topological ones.

As regards'structural analysis, the breakthrough is
found to lie in the transformation of element-wise
space-dependent displacement functions to matrix
expressions for scalar displacement values at discrete

topological poinfs.

The coupling between displacements and stiffness

entn o e oy n i e 1 i ey A i
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coefficients is surmounted by the solution of node-
oriented force-deformation matrix equations which
contain the stiffness coefficients, the displacements
and the force components as scalars of three unconnected

arrays.

The impossilbiility of the field variables to take prescribed
values along the boundary is overcome by substituting

the node-wise approximated boundary conditions directly
into the corresponding storage locations of the

structure's global displacement or force vector.

CHAPTER IX

(1)

(2)

(3)

(4)

(5)

(6)

(7)
(8)

(9)

(10)

The original contribution is seen in the development
of two finite element computer programs, Program I and
IT, for the elastic and thermoelastic analysis of

axisymmetric concrete continua.

Programs I and II which are based on the classical and
natural deformation modes concepts repsectively, are

found to verify their applicability mutually.

The loading cases accepted by Programs I and II may
constitute gravitational loads, external forces, prestress
settlement of supports, and thermal loads due to either

steady state or transient temperature distributions.

The applicability of Program I and “[I to the design
of a prestressed concrete reactor pressure vessel is

verified; a case study 1is carried out.

High-powered calcomp plotting routines for the graphical

processing of finite element output data are introduced.

The routine SURPLT is proposed to display surfaces of
stress fields etc. Figs. (9.1),(9.2),(9.19) to (9.30).

The routine MESH is proposed for grid transformations.

The routine FEMESH is proposed to draw finite element

meshes automatically. Figs. (9.3) to (9.6).

The routine CONTRS is proposed to draw contours of
stress fields etc. Figs. (9.7) to (9.18).

The routine SURFIT is proposed to described smooth
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surfaces of stress fields etc. Fig. (9.31).

The classical deformation modes concept is found to

be crude but unconditionally stable.

The natural deformation modes concept is found to be
mathematically and structurally sophisticated, but

sensitive to non-ideal finite element meshes.

With the structural problem solved in the space
variables using finite element methods, the uncoupling

of the temperature and displacement fields from the

" conductivity and stiffness coefficients in the time

12.1.10.

variable using finite difference techniques may be

embarked upon.

CHAPTER X

(1)

(2)

(3)

(4)

(5)

(6)

(7)

The original contribution is seen in accomplishing

the uncoupling of the field variables in time from

the characteristics of the structure by applying

finite difference techniques to the problems of heat
conduction, creep-relaxation interaction and thermovisco-

elasticity.

The mixed elliptic and parabolic partial differential
equations which constitute combined boundary and

initial value problems are stated. Egs. (10.0a), (10.0b).

The disturbances in time-like processes are found to
have no retroactive effect on the conditions that

existed at any time instant elapsed.

The ‘parabolic time-like processes are found to lend

themselves to finite difference marching techniques.

The finite element temperature formulation for axis-

mymmetric heat flows is derived. Eg. (10.6).

The governing matrix equation of the axisymmetric heat
conduction problem in its classical finite element form
is established. Egs. (10.8) to (10.10).

A finite difference scheme is proposed for the local
change of temperature with time, assuming that the

approximating temperature functions are step-wise
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parabolas. Egs. (10.15), (10.16).

A finite difference technique is proposed for the
creep-relaxation conversion, using the superpositoin
hypothesis, local thermal constitutive equations and
the normalized Heavyside step function. Egs. (10.17),
(10.19), (10.20),(10.21), (10.29).

A finite difference technique is proposed for the
solution of the convolution integral of the strain
history, using the quasi-static strain energy
principle and the thermviscoelastic load-deformation
equations. Egs. (10.31),(10.32),(10.36).

The load-deformation equations of the transient
thermoviscoelastic stress analysis problem is

established in global matrix form. Eq. (10.39).

CHAPTER XTI

(1)

(2)

(3)
(4)

(5)

(6)

The original contribution is seen in the incorporafion
of concrete for thermoviscoelastic strains into the
structural analysis of concrete continua and in.
reconciling the proposed functional description of
isothermal creep curves with the experimental data

obtained.

Techniques based on cartesian polynomials, parametric
polynomials and simple exponential functions in con-
junction with least squares methods are proposed to
fit recorded thermal creep data; the fit is found to
be-approximate only. Egs. (11.1),(11.2),(11.10).
Figs. (1l.a), (11l.b).

The guasi-linearity of the creep rate-time relation

in the double logarithmic scale is recognized. Fig. (11.1).

A mathematical equation is proposed to fit thermal

creep curves. Egs. (11.14) to (11l.16).

Experimentally substantiated expressions are proposed
for thé temperature and stress—-dependence of the
pertaining parameters. Egs. (11.19), (11.20). Figs.
(11.2), (11.3).

A formula is proposed for the development of thermal
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creep strains. Eg. (11.21).

A formula is proposed for, the development of thermo-

viscoelastic strains. Eg. (11.22).

A formula of tri-linear nature is proposed for the
temperature-dependence of initial strains. Egs. (11l.23),
(11.24).

The author's general formula for the determining of
linear thermoelastic strains occurring in virgin
concrete is arrived at. Egq. (11.26), Figs. (ll.4) to
(11.12).

Using the proposed subprogram CRELAX, normalized thermal
creep curves are first transformed to thermal relaxation
curves; subseqguently, the author's thermal relaxation

weighting factors are arrived at. Figs.(11l.4) to (11.12).

For design purposes, the thermal relaxation weighting
factors are presented in a semi-logarithmic scale and
in a table. Fig. (11.13). Table A6.4.

The proposed stiffness approach to the thermoviscoelastic
structural analysis using the proposed thermal relaxation

weighting factors is found to be rigorous and appropriate.

The weighting factors are verified by comparison between
recorded and predicted creep strains. Eg. (11.28).
The computer program THERMO AXICON written to solve the

problem set out in this thesis is described.

Transient temperature distributions are computed and
illustrated in a case study. Figs. (11.14) to (11.17).

Stress fields arising due to the presence of steady
state and transient thermal fields are computed and
compared. Figs. (11.18) to (11.22).

RECOMMENDATIONS FOR FUTURE RESEARCH

Restricting attention to the problem set out in this

thesis, the following recommendations are made for future

research.
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EXPERIMENTS

(1)

(2)

(3)

(4)

(5)

(6)

(7)

12.2.2.

Using the testing machines proposed, test series
should be carried out on thermal creep of concrete
under transient temperature regimes to study the
influence that the preheating period of one day had
on the numerical values of the creep data obtained

in this work.

Since an infinite number of creep curves is possible
to form for transient thermal conditions, a standard
rate of heating should be adhered to, in order to

render the?results comparable.

Following the procedure described, further test on
isothermal creep compliance should be conducted with
the intention of making parameter studies on the

influence of the mix and age of concrete.

Test series should be carried out to study the temperature
dependence of the coefficient of thermal expansion).the
specific heat, the thermal conductivity and the thermal

diffusivity of concrete.

Test series should be conducted for thermal creep

compliance of concrete under tension.

Test series should be performed to investigate the
effect of the size of test specimens on the development
of thermal creep strains in concrete.

Testing machines for experiments on multiaxial thermal
creep should be designed to enable the investigation
into the stress and temperature dependence of the

Poisson's ratio in concrete.

THEORY

(1)

(2)

Formulae should be fitted to the above mentioned

- characteristics.

Since due to the necessity of step-wise invariant
conditions in matrix methods, creep curves obtained
for transient temperatures do not lend themselves to
rigorous analyses unless each of them is approximated

by a set of isothermal creep curves, relevant theories

not based on the superposition hypothesis appear doubtful.
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The applicability of the proposed computer programs
should be verified by comparison with test results
from model analyses of prestressed concrete pressure

vessels or other axisymmetric continua.

The computer programs should be used to analyse other

loading cases.

The computer programs should be extended to account

for the possible propagation of cracks.

The computer programs should be extended to cope with

complex, three-dimensional structural problems.

Thermal relaxation weighting factors should be determined

also for other ages and mixes of concrete.
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APPENDIX IT

FLOW DIAGRAM OF THE COMPUTER PROGRAM ** THERMO AXICON**

Development of stresses in axisymmetric concrete
reactor pressure vessels due to heat conduction using finite
element method, finite difference techniques and iscthermal

relaxation weighting factors

Gov equ 1 : W = fct(T,T,t) cf. eq. (10.36)
Gov equ 2 : GDIDT = - HT - FQ cf. eq. (10.12)
G DIDT = BB |
Gov equ 3 : (%? H + G)DIDT = - H TU - %; H DTUDT + FQ
AT :
GH DIDT = - FO - - A + FQ = BB cf. eq. (10.16)

' 2 _ 2
Gov equ 4 H+ 77 QL =G (7 TO + DIDT) + EQ

HG T = G BBB + FQ = CC cf. eq. (10.15)
‘ ot t
Gov equ 5 : WEKWu=WRO cf. eq. (10.39)
Gov equ 6 : KT=20 cf. eq. (10.10)

Baslic dimensions

KMAX = tot no of nod pts

NMAX = tot no of TRIAX 3 elmts
MBAND = bandwdfh for nod pts

KK = KMAX*MBAND

JMAX = tot no of displ comps

JBZND = bandwdth for nod displ comps
JJd , = JMAX*J BAN D

AT = 1 day, but other unit time-step poss
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Temperature fields and fields of thermal gradients

T =

TO =

TU =

It

DTDT

it

DTUDT

temp distr at current day

terp distr at last day

temp distr at last day but one
temp grads at last day

temp grads at last day but one

**THERMO AXICON**

READ IN DATA

consts, dims, coords, connectivity matrs

for loc + glob pts, displs

Thermal creep and relaxation functions

CALL CRELAX

to determ isotherm relax weight factors

Transient temperature distribution

CLEAR STORE
DO 30

CALL DUMMY
CALL CONDO
CALL THERM
CALL CLOEBAL
CALL GLOBAL

CALL HEATIN

bO 1001
DO 40
CONSTR

to obtain zero information for some matrs
I = 1, NMAX

to relate loc nod pt nos to glob ones

" to constr coeffs of loc therm conductivity matr

to constr coeffs of loc therm distribution matr
to assemble glob therm condty ﬁatr H

to assemble glob therm distr matr G

to find heat genertn vec FQ

1, no of cycles

i

N
K = 1, KK

system matr GE to solve for therm grads (Gov equ 3)



40 CONSTR

42

COUNT

288

system matr HG to solve for curr temp vals
(Gov equ 4)

days (AGE) since init therm condn occurred

NO IF(N.EQ.1)

YES

CALL MAMULT

GO TO 42
CALL MAMULT
CALL MAMULT

DO 50

to multiply glob condty matr H with TO at time

Zero

to multiply H with temp vals TU
to multiply H with temp grads DTUDT

I =1, KMAX

. NO IF(N.EQ.1)

50

45

YES

CONSTR

GO TO 50

CONSTR

CONTINUE

coeffs of system vect BB (Gov eqﬁ 2)

coeffs of system vect BB (Gov equ 3)

NO IF(N.EQ.1)

YES

CALL TRANS

CALL SOLVE

GO TO 45
CALL TRANS
CALL SOLVE
DO 60

60 CONSTR

to transfer known prods G*DIDT for giv bound
vals of therm grads at last day into BB
(Gov equ 2)

to solve lin simul egs to find temp grads

at zero

**%*at last day
***%*a3t last day
K = 1, RKMAX

coeffs of system vect BBB for curr day,
BBB stored in AA

N e Mg ey gn
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e g =T &t e 8
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CALL MAMULT
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to multiply G with BBB for curr day, BBB

stored in AA

DO 70

70 CONSTR
CALL TRANS

CALL SOLVE

CALL WRITET

Stress analysis

CALL STRAIN

CALL MODUL

CLEAR STORE

DO 100

CALL.. DUMMY

CALL STIFF
100 CALL GLOBAL

CALL VISCO

CALL TFORC
_ CALL WEIGHT
CALL SOLVE
DO 110
CALL DUMMY
110 CALL STRESS
CALL WRITEL

CALL WRITEZ

K = 1, KMAX

coeffs of tot heat transport vect CC, CC
in AA (Gov equ 4)

to transfer prods HG*TDOM for known bound
vals into CC

to find temp vals T at curr day (Gov equ 4)

to print out temp wvals at all nod pts for
curr day

to determ temp rise at glob nod pts, temp

rise + strain increms at centroids of elmts

"to determ consts for mat stiffn matr

to cbtain init zero information in glob

stiffn, stress + strain matrs

I = 1, NMAX

to relate loc displ comps to glob ones
to constr loc stiffn matr

to constr glob stiffn matr K (Gov equ 5)

to weight K using therm relax factor W

(Gov eqgu 5)

to find coeffs of glob therm load vect F2(=RO)
to weight F2 using therm relax factors

to find glob displ comps u

I = 1, NMAX

to find loc displ comps

to find stresses in elmt under considn

to print out vals of nod displ comps

to print out stresses SIG + princ stress
SIGl, SIGZ2
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Do 5 I=1,8

SELECT . temp or stress surface to be plotted

CALL MESH to allocate fin elmt sol to pts of rectang
grid

CALL CONTRS to draw surface contours
CALL TURN to determ view pt + min + max val of surface
5 CALL SURPLT call from TURN to plot isometric surface

DEFINE curr DIDT, TO + T as DTUDT, TU + TO of next

cycle

1001 CONTINUE

for stationary bound condns, sol of
steady state temp distr + corr stress
surfs may be requested at this point

STOP

END
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LIST OF ITEMS OF CREEP TESTING MACHINE

Main frame

(11)
(12)

Front post - 7,6 mm sg. x 1980 mm hollow section
Rear column - 3,8 mm sqg. x 1980 mm hollow section
Bottom plate - 634 x 762 x 38 mm

Intermediate plate - 634 x 508 x 38 mm

Top plate - 634 x 399 x 38 mm

Web - 482 x 82 x 38 mm

Short cantilever - 69 x 82 x 38 mm

Mounting - 178 x 146 x 50 mm

Pulley bracket - 200 x 50 x 8 mm

Column - @ 32 x 1680 mm

Pulley - ¢ 160 x 16 mm

Counterweight - 61 mm sg. x 900 mm

Leverarm system

(13)
- (14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)

Leverarm - 1130 x 100 x 19 mm, Alum.
Front pivot - @ 32 x 92 mm, KE 355
Pivot at fulcrum - @ 32 x 92 mm, KE 355
Rear pivot - @ 32 x 92 mm, KE 355

Clamp -.57 x 50 x 44 mm

Vee at fulcrum - 50 x 32 x 19 mm, KE 355
Block - 54 mm sg. x 100 mm

Threaded arm - @ 25 x 610 mm
Counterweight - @ 152 x 76 mm

Bumper - 54 mm sg. x 25 mm

Diafragm- 100 x 54 x 19 mm

Spacer - @ 16 x 10 G x 54 mm

Front hanger

(25)
(26)
(27)
(28)
(29)

General view of front hanger )
Vee at front pivot - 50 mm sg. x 38 mm, KE 355
Coverplate - 242 x 50 x 16 mm, BRT MS

Sccket head cap screw - 3/8" BSF x 85 mm

Tie rod - 3/4" BSF x 220 mm, EN 24
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(30) Transverse beam - 140 x 60 x 50 mm, BRT,MS
(31) Joint pin - @ 19 x 77 mm

(32) Clip
(33) Spacer - @ 13 x 18 G x 38 mm
(34) Socket head cap screw - 5/8" x 85 mm

Upper universal joint

(35) General view of upper universal joint

(36) Spacer - @ 28 x 10 G x 76 mm

(37) Joint top plate - 140 x 60 x 38 mm, BRT MS
(38) Joint bettom plate - 140 x 60 x 38 mm, BRT MS
(39) Transverse beam - 140 x 60 x 50 mm, BRT MS
(40) Tie rod - 3/4" BSF x 210 mm, EN 24

(41) Bearing ball - ¢ 13 mm

(42) Spacer - @ 28 x 10 G x 76 mm

Titanium yoke system

(43) ‘General view of yoke system

(44) Tie rod - @ 28 x 305 mm

(45) Tie rod - ¢ 19 x 475 mm

_(46) Socket head cap screw - 1/8" x 57 mm
(47) Convex spherical bearing - ¢ 60 x 25 mm
(48) Spacer - ¢ 27 x 10 G x 342 mm

(49) Transverse beam - 165 x 70 x 50 mm

(50) Upper bearing plate - 165 x 100 x 40 mm

(51) Concave spherical bearing - @ 60 x 25 mm
(52) Circular bearing plate - @ 60 x 19 mm
(53) Concrete specimen - ¢ 60 x 180 mm

(54) Lower bearing plate - 165 x 100 x 40 mm

Lower universal joint

(55) General view of lower universal joint
(56) Tie rod - ¥ 19 x 460 mm, EN 24
(57) Spacer - @ 16 x 10 G x 316 mm

(58) Tie rod - ¢ 27 x 330 mm, EN 24
(59) Bolt - - 3/8" BSF x 100 mm
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Rear hanger and suspension

(60
(61
(62

) Rear hanger - 76 x 54 x 50 mm
)
)
(63) Sliding tube - @ 13 x 14 G x 1800 mm
)
)
)

Cylindrical joint pin - @ 10 x 35 mm
Bracket -~ 25 mm sg. x 41 mm

(64
(65
(66

Suspension - @ 10 x 1950 mm
Sliding weight pan - @ 102 x 6 mm
Fixed weight pan - @ 63 x 6 mm

Furnace sliding assembly

(67
(68
(69 General view of furnace sliding assembly

) Bolt - 5/8" BSF x 65 mm

)

)
(70) Cable

)

)

)

Rubber pad damper

(71 Sliding tube = @ 63 x @ 32 x 250 mm

(72 'Keys

(73 Upper band - @ 416 x 40 x 8 T mm

(74) Lower band and furnace bearing ring -
@ 416 x 40 x 8 mm

Furnace

(75) General view of furnace - @ 381 x @ 177 x 762 mn
(76) Caposil insulating block - ¢ 380 x @ 177 x 60 mm
(77) Coiled ceoil heaters

(78) Ceramic tube - ¢ 210 x @ 178 x 640 mm

(79)  Inner Triton ceramic fibre blanket - 13 mm tck
(80) Outer Triton ceramic fibre blanket - 13 mm tck
(81) Vericulite insulation - 60 mm tck

(82) Heated inner space - @ 177 x 610 mm

(83) Power supply

(84) Sindanyo asbestos cement -~ ¢ 380 x ¢ 177 x 60 mm

(85) Platinum resistance thermometer

(86) Zone IIT

(87) Mild steel skin - @ 381 x 762 x 2 mm
(88) Zone II

(89) zone I
(90) Caposil insulating cap - @ 177 x @ 40 x 70 mm



Strain measuring device

(91)
(92)
(93)
(94)
(95)
(96)
(97)
(98)
(29)

Location of strain measuring device

Upper potenticmeter collar - TI

Lower potentiometer collar - TI

Outer potentiometer leg - ¢ 5 x 71 mm, TI

Innex potentiometer leg — @ 5 x 56 mm, TI
Micrometer head - 13 mm travel

Upper potentiometer plate = 152 x 25 x 6 mm, Alum.
Lower potentiometer plate - 152 x 38 x 6 mm, Alum.

Sangamo displacement transducer - Type ER/+ 0.2"

Loading jack

(100)
(101)
(102)
(103)
(104)
(105)
(106)
(107)
- (108)
(109)
(110)
(111)
(112)
(113)
(114)
(115)
(116)

Slotted 57 kg weight - ¢ 300 x 100 mm

Loading -platform

Power supply

Reversing switch - Neco Electronics no. ST 27497

~Speed control - Neco Electronics no. ST 27497

Couplings - Picador 7/8" to 3,/8" & 3/8" to 3/8"
Output shaft - 7/8"

Motor - Neco geared motor, type SW, 1/4 hp.
Rotation pod |

Microswitch

Height indicator

Jactuator - Duff-Norton, capacity 500 lbs, 6" raise
Weight bearing ring - ¢ 200 x ¢ 80 x 13 mm
Power connections

Adjustment screw

Rubber pads

Draft protection
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FORMATION OF THE STIFFNESS MATRIX FOR THE TRIAX 3 AND THE

TRIAX 6 ELEMENT
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kiy, = FA (bs? ~ 2bsFBc + c? + b,?FC)
ki, = FA (bsbg + FBcby + ¢? + b,b;FC)
kiz = FA(bysbs + FBcbg + c¢® + b,;b,FC)
kKiy = FA (FBby (¢ = bs) - bybsFC)
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APPENDIX V

FORMATION OF THE THERMAL CONDUCTIVITY MATRIX FOR THE

TRIAX 3 ELEMENT

‘ -
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APPENDIX VI

TABLE OF CREEP DATA

Table A6.1. Thermal creep strains for s = 0.2 in 100y

T 20 40 60 80 110 140 200 250 300 350 400 450
¢ |
Oh 3.2 3.4 4.0 3.8 3.6 3.8 4.2 4.6 5.2 6.8 9.2 38.0
% 3.4 3.5 4.2 3.9 3.8 4.0 4.5 5.2 6.0 7.2 12.2 48.2
8 3.5 3.6 4.3 4.0 4.0 4.2 4.6 5.6 6.4 7.4 13.2 50.6
1 3.6 3.8 4.4 4.1 4.2 4.3 4.7 6.2 6.6 7.6 14.4 54.1
2 3.7 4.0 4.5 4.2 4.3 4.4 4.8 6.6 6.8 8.4 16.4 59.2
3 3.7 4.2 4.5 4.2 4.4 4.6 5.0 7.0 7.2 9.0 17.4 6l.4
6 3.8 4.3 4.6 4.3 4.5 4.8 5.5 7.4 7.6 10.6 18.6 66.8
12 3.8 4.4 4.6 4.4 5.0 5.0 6.0 7.8 8.0 12.4 20.8 71.8
18 3.9 4.5 4.7 4.5 5.2 5.5 6.6 8.2 8.6 13.2 22.6 75.2
1 d& 4.0 4.6 4.8 5.4 5.9 7.2 8.6 8.8 9.0 14.0 24.2 78.6
1.5 4.1 4.8 5.0 4.7 5.7 6.2 8.0 9.6 9.7 15.0 26.0 80.8
2 4.2 5.0 5.2 4.8 5.9 6.8 8.4 10.2 10.4 15.6 28.6 84.2
2.5 4.2 5.1 5.3 5.0 6.1 7.0 9.0 10.4 10.9 16.4 29.4 86.6
3 4.2 5.2 5.4 5.2 6.8 8.2 9.4 10.7 11.4 17.2 29.8 88.4
3.5 4.3 5.3 5.4 5.3 6.4 7.3 9.5 11.0 11.8 17.5 30.2 90.4
4 4.4 5.4 5.5 5.4 6.6 7.4 9.6 11.4 12.2 17.6 30.5 92.0
4.5 4.4 5.5 5.6 5.5 6.8 7.5 9.7 11.7 12.6 18.0 31.0 93.3
5 4.4 5.6 5.8 5.6 6.9 7.6 9.8 12.0 13.0 18.2 31.4 94.6
5.5 4.4 5.6 6.0 5.7 7.0 7.7 9.9 12.2 13.3 18.4 32.0 95.8
6 4.4 5.7 6.1 5.8 7.1 7.8 10.0 12.4 13.6 18.6 32.6 97.0
6.5 4.5 5.7 6.2 6.0 7.2 7.8 10.1 12.5 14.0 18.8 33.2 98.2
7 4.5 5.8 6.2 6.1 7.3 7.9 10.2 12.6 14.2 19.2 33.6 -99.0

A 3.2 3.3 3.4 3.4 3.2 3.3 3.5 4.0 4.7 5.7 7.3 9.2




Table A6.2. Thermal creep strains for s =-0.4 in 10Oy
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c 20 40 60 80 110 140 200 250 300 350 400 450°C
oh 6.4 7.0 8.8 9.2 7.4 8.0 8.6 11.3 12.3 12.3 17.4 *
X 6.6 7.2 9.1 9.5 7.5 8.4 9.1 13.1 14.1 19.3 31.4
L 6.7 7.4 9.3 9.7 7.6 8.6 9.4 13.3 14.5 20.1 33.0
1 6.8 7.6 9.5 9.9 7.8 8.8 9.6 13.5 15.0 21.3 35.2
2 6.9 7.8 9.6 10.1 7.9 9.2 10.0 13.7 15.5 22.6 37.3
3 7.0 8.0 9.7 10.3 8.0 9.4 10.3 13.9 15.9 23.2 39.4
6 7.2 8.7 10.2 10.9 8.2 16.1 11.1 14.8 15.7 24.4 42.6
12 7.6 9.4 10.9 11.6 8.4 10.7 12.2 15.8 17.8 26.1 48.5
18 7.9 10.0 11.2 11.9 9.1 11.1 12.8 16.4 18.7 27.6 54.7
14 8.110.411.512.2 9.8 11.3 13.2 17.0 19.5 28.6 60.5
1.5 8.4 11.1 11.8 12.6 10.6 11.9 13.8 18.6 20.3 30.2-67.1
2 8.6 11.7 12.2 13.1 11.2 12.3 14.2 20.3 21.7 31.4 73.4°
2.5 8.7 12.0 12.5 13.4 11.8 12.9 15.6 21.5 22.5 32.6 76.8
3 8.9 12.3 12.7 13.7 12.2 13.3 16.2 21.9 23.2 33.7 79.5
3.5 9.0 12.6 12.9 13.8 .12.6 13.7 16.6 22.1 23.8 34.7 81.5
4 9.1 12.9 13.2 14.1 13.2 14.1 16.8 22.4 24.6 36.6 83.6
4.5 9.2 13.1 13.4 14.3 13.2 14.3 17.1 23.0 25.6 37.9 86.0
5 9.3 13.3 13.6 14.5 13.2 14.5 17.8 23.2 26.4 38.7 88.0
5.5 9.4 13.5 13.7 14.7 13.6 14.8 18.1 23.6 26.5 38.9 90.3
6 9.5 13.7 13.8 14.8 14.2 15.0 18.4 23.8 26.8 39.2 92.5
6.5 9.6 13.8 14.0 15.0 14.6 15.3 18.8 24.1 26.8 39.4 96.0
7 9.6 13.9 14.1 15.2 14.% 15.6 19.8 24.3 26.8 39.5 97.6
5.76.7 7.2 7.2 6.7 6.8 7.6 8.8 10.2 12.0 14.0
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Table A6.3. Thermal creep strains for s = 0.66 in 100u

T 20 40 60 8 110 140 200 25 300 350 400°C
t
Ooh 10.6 11.6 13.6 13.8 11.2 12.6 17.0 16.8 22.6 32.0 *
% 11.0 13.0 15.2 .15.5 12.8 13.4 18.6 18.2 25.8 38.4
% 11.3 13.6 16.0 15.7 13.0 13.9 19.0 18.8 27.0 40.4
1 11.6 14.0 16.3 16.2 13.6 14.4 19.6 19.4 28.2 43.2
2 11.7 14.2 17.0 16.8 14.2 15.0 20.4 20.2 29.4 44.8
3 11.8 14.5 17.4 17.5 14.6 15.4 21.0 21.2 30.4 48.6
6 12.0 15.0 18.2 18.2 15.6 15.8 21.8 24.0 32.6 53.4
12 12.2 16.5 19.6 19.5 15.7 16.2 23.0 27.5 34.8 58.4
18 12.7 17.0 20.2 20.3 15.8 16.6 25.2 29.0 37.2 64.8
1 4 13.2 17.6 20.6 21.0 16.8 17.0 26.4 30.6 39.0 68.4
1.5 13.3 18.2 21.8 21.9 17.4 17.4 27.8 32.5 39.8 75.6
2 13.4 18.3 22.4 22.4 17.6 17.8 29.0 33.8 4l.4 85.0
2.5 13.5 18.4 23.0 22.8 17.0 18.1 30.4 35.0 42.8 *
3 13.6 18.7 23.4 23.6 17.4 18.4 31.4 35.4 43.2
3.5 13.7 18.9 23.6 23.7 17.6 18.8 31.6 36.2 43.4
4 13.8 19.0 24.0 24.0 17.8 19.2 32.0 37.0 43.6
4.5 13.9 19.2 24.2 24.2 18.0 19.4 32.6 37.5 43.8
5 14.0 19.5 24.6 24.8 18.2 19.5 33.4 38.1 43.9
5.5 14.1 19.5 24.8 24.8 18.4 19.6 33.8 38.6 44.0
6 14.2 19.6 25.2 25.0 18.6 19.8 34.0 39.0 44.4
6.5 14.2 19.6 25.4 25.2 18.8 20.0 34.2 39.2 45.6
7 14.2 19.7 25.6 25.3 19.0 20.0 34.2 39.6 46.0

A 9.2 10.0 10.5 10.6 10.1 11.0 13.0 15.0 17.2
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Table A6.4. Normalized thermal relaxation weighting factors

T 20 40 60 8 110 140 200 250 300°C
t
04d 1.0 1.0 1.0 l.0 1l..0 1.0 1.0 1.0 1.0
0.1 0.68 0.7 0.88 0.86 0.62 0.57 0.49 0.42 0.38
0.2 0.66 0.65 0.8l 0.79 0.56 0.52 0.44 0.38 0.34
0.3 0.64 0.62 0.77 0.75 0.53 0.49 0.41 0.36 0.32
0.4 0.63 0.60 0.74 0.72 0.51 0.47 0.39 0.35 0.31
0.5 0.62 0.58 0.72 0.70 0.49 0.45 0.38 0.34 0.30
0.6 0.61 0.57 0.70 0.68 0.48 0.44 0.37 0.33 0.28
0.7 0.60 0.56 0.68 0.67 0.46 0.43 0.36 0.32 0.28
0.8 0.60 0.55 0.67 0.65 0.45 0.42 0.35 0.31 0.27
0.9  0.59 0.54 0.66 0.64 0.44 0.41 0.34 0.30 0.26
1 0.5 0.53 0.65 0.63 0.43 0.40 0.33 0.29 0.26
2 0.56. 0.48 0.58 0.55 0.38 0.35 0.29 0.25 0.22
3 " 0.55 0.45 0.54 0.51 0.35 0.32 0.27 0.23 0.20
4 0.54 0.43 0.51 0.48 0.33 0.30 0.25 0.21 0.18
5 0.52 0.41 0.49 0.46 0.31 0.28 0.23 0.19 0.17
6 0.51 0.39 0.47 0.44 0.30 0.27 0.22 0.19 0.16
7 0.50 0.38 0.45 0.42 0.28 0.26 0.21 0.18 0.15
8 0.50 0.38 0.44 0.40 0.27 0.25 0.20 0.17 0.15
9 0.49 0.37 0.43 0.39 0.26 0.24 0.19 0.16 0.14
10 0.49 0.36 0.42 0.39 0.25 0.23 0.19 0.15 0.13
15 0.48 0.33 0.38 0.3¢ 0.22 0.20 0.16 0.13 0.11
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Errata

pg. ii : Professor Dr.-Ing. TH. Jaeger

pg. viii : Fig. 6.7 ... a __ plane

pg. 1 : aerial
pg. 10 : 1in a meaningful manner

pg. 37 : in and out
pg. 60 : cold
pg. 66 : + sign instead of - sign
pg. 67 : temperatures higher than or equal to ...
vhere e(s,I) = 1.5 (0.001 T - 0.18) (5= - 1)
pg. 73 + Thermoelasto-Plasticity
the collapse of the specimens
pg. 77 : and the reference value by
Apg. 97 they
dgj
pg. 98 : ‘thlél
pg. 102 : repeatedly
pg. 117 : 1last strain
pg. 125 : quantities
pg. 126 (7.34)
pg. 127 : describq_
pg. 135 : (7.57)
pg. 137 : 7.3.4.1 to

in eq. (7.63) comma missing

in (7.65) ch?ck subscript
différentigl equation
pg. 149 : eq. (44.11)
pg. 150 : eq. (AL.13)
pg.151 : is that they

pg. 175 + (ak.25)





