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ARTICLE INFO ABSTRACT

Dataset link: https://zenodo.org/records/1560 The NURBS-enhanced finite element method (NEFEM) is a recent innovation in spatial discretisation methods.
7929 The NEFEM combines the conventional FEM with computer-aided geometric design (CAGD) boundary repre-
sentation (B-rep) approaches based upon Non-Uniform Rational B-spline (NURBS) geometrical representations
of the computational domain. The aim of the NEFEM is to streamline the CAGD to computer-aided engineering
(CAE) modelling and simulation (M&S) pipeline and provide improved geometrical representations of the
underlying curvilinear geometry in nuclear reactor physics and reactor shielding simulations. This eliminates
the requirement for local modifications to the underlying computational mesh to preserve the surface areas and
volumes of curvilinear geometrical features within the computational domain. Such local mesh modifications
are required, within conventional isoparametric Lagrangian FEM approaches, to preserve fissile mass and
neutron leakage within curvilinear geometrical and computational domains.

This paper presents the application of the NEFEM to the multigroup neutron diffusion equation (NDE) for
three nuclear reactor physics benchmark verification test cases. A further method of manufactured solution
(MMS) benchmark verification test case is used to establish the order of convergence of the NEFEM compared
to the FEM for both linear and quadratic elements. In addition, an analytical Wigner-Seitz pincell problem
is used to further investigate the accuracy of the NEFEM. The results from these benchmark verification test
cases demonstrate that the NEFEM yields improved numerical accuracy compared to the conventional FEM.
This improved numerical accuracy is primarily achieved through the improved geometrical representation
of curvilinear geometries. While the NURBS-enhancement of elements necessitates a small increase to the
pre-processing time associated with the method, the increased accuracy of the NEFEM allows it to achieve
competitive computational solution times compared to the standard Lagrangian FEM.
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1. Introduction reactor core design methods that streamline the computer-aided geo-
metric design (CAGD) boundary representation (B-rep) and computer-

The development of modern, geometrically complex, nuclear reac- aided engineering (CAE) pipeline (Hughes et al., 2005). Current whole

tor designs, such as the transformational challenge reactor (TCR) (Bet-
zler et al., 2020), increasingly requires the use of the latest state-
of-the-art high-fidelity multidimensional nuclear reactor core design
methods (Gaston et al., 2015; Schmidt et al., 2015; Hales et al., 2015;
Martineau et al., 2020; Prince et al.,, 2024). The advent of additive
manufacture (Nelson, 2023), digital twin nuclear reactor design (Lu
et al., 2023; Mengyan et al., 2024) and artificial intelligence/machine
learning (AI/ML) engineering design optimisation algorithms (Betzler
et al.,, 2020; Sobes et al., 2021), embodied in the nuclear industry
4.0, will likely drive the development of improved high-fidelity nuclear
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core nuclear reactor design methods utilise a two-step modelling and
simulation (M&S) process (Smith, 2017). First two-dimensional (2D)
nuclear reactor lattice physics computations are performed for nu-
clear fuel pins and fuel assemblies with prescribed periodic boundary
conditions (Smith, 2017). The 2D nuclear reactor lattice physics compu-
tations utilise collision probability (CP) methods in the reference library
group structure for a single, or group, of nuclear fuel pins (e.g., a couple
of hundred neutron energy groups) (Cacuci, 2010). This is followed by
single nuclear fuel assembly computation performed using the method

Received 5 February 2025; Received in revised form 1 May 2025; Accepted 20 May 2025

Available online 16 June 2025

0306-4549/© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/anucene
https://www.elsevier.com/locate/anucene
https://orcid.org/0009-0005-1877-7103
https://orcid.org/0000-0002-6980-7692
https://orcid.org/0000-0002-8048-1574
https://orcid.org/0000-0003-0293-7983
https://orcid.org/0000-0001-9003-8800
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
https://zenodo.org/records/15607929
mailto:j.trainor20@imperial.ac.uk
https://doi.org/10.1016/j.anucene.2025.111601
https://doi.org/10.1016/j.anucene.2025.111601
http://crossmark.crossref.org/dialog/?doi=10.1016/j.anucene.2025.111601&domain=pdf
http://creativecommons.org/licenses/by/4.0/

J. Trainor et al.

Annals of Nuclear Energy 223 (2025) 111601

Nomenclature

Acronyms

B-rep Boundary Representation

CAE Computer-Aided Engineering
CAGD Computer-Aided Geometric Design
CBG Continuous Bubnov—-Galerkin

CDF Cell Disadvantage Factor

DoF Degrees of Freedom

FEM Finite Element Method

IGA Isogeometric Analysis

M&S Modelling & Simulation

MMS Method of Manufactured Solutions
NDE Neutron Diffusion Equation
NEFEM NURBS-enhanced Finite Element Method
NURBS Non-Uniform Rational B-Splines
pcm per cent mille

Geometric Parameters

& n8 FEM parameter space
&, n*, &) NURBS-enhanced parameter space
(x,y,2) Physical space

J Jacobian matrix

r Domain boundary

I'y Reflective boundary

Iy Vacuum boundary

F Finite Element parametric mapping
N NURBS parametric mapping

T Computational mesh of domain V'

oT, FEM boundary element e

aT; NURBS-enhanced boundary element e
€ Element edge

E, Number of elements in domain V'

N} NURBS-enhanced basis function

nr Nodes in domain boundary I

n, Nodes in element T,

N; FEM basis function

ny Nodes in domain V'

T, FEM volumetric element e

T NURBS-enhanced volumetric element e
14 Domain

Physical Constants

v Average prompt neutrons per fission [neutrons
fission™1]

Vid Average delayed neutrons per fission from ith
group [neutrons fission™!]

v Average total neutrons per fission [neutrons
fission1]

p Delayed neutron fraction [-]
Prompt neutron energy spectrum [-]

X, Macroscopic neutron fission cross-section [em™1]

z, Macroscopic neutron removal cross-section
[em™]

X Macroscopic neutron scattering cross-section
[em™!]

of characteristics (MoC) (Brough and Chudley, 1980) for a smaller
number of energy groups (e.g., 10-20 neutron energy groups) (Cacuci,
2010). The aim of these nuclear reactor lattice physics computations

X, Macroscopic total neutron cross-section
[em™]

D Neutron diffusion coefficient [cm]

Solution Variables

7 Average of a quantity u

fe Force (load) vector for element e

K¢ Stiffness matrix for element e

M€ Mass matrix for element e

w’ Vector of transpose groupwise weight func-
tions w’ = (wy, ..., wg)

x Position vector x = (x, y, z)

ﬂhyp(., J) Bilinear scattering term

ﬁh‘p(., ) Bilinear fission term

ﬁh,p(., ) Bilinear leakage and removal term

0O, () Linear source term

Hgy o Group g to g’ scattering operator

Q Neutron source [neutrons cm=3 s1]

S Collection of trial solutions

v Collection of weight functions

(] Set of groupwise scalarflux values @ =
@' ....6%

P Neutron Scalar flux of energy group g [cm~2
s1]

E Energy [MeV]

Fo o Group g to g’ fission operator

H\(V) Sobolev space

L*(V) Lebesgue space

L, Group g destruction (leakage and removal)
operator

o, Group g source

Upp Finite dimensional approximation of func-
tion u with principal size h» and order
p

w Weight function w € ¥

Kegt Effective neutron multiplication factor [-]

is to produce resonance self-shielded, group condensed (i.e., two to
four neutron energy groups) (Boyd et al., 2018), homogenised macro-
scopic neutron cross-sections and assembly discontinuity factors (ADFs)
for whole core, coarse Cartesian mesh, nodal methods (Smith, 2017,
1986; Sanchez, 2009; Hébert and Benoist, 1991). The whole core,
coarse Cartesian mesh, nodal methods are usually combined with the
nuclear reactor lattice physics computations using flux reconstruction
algorithms to compute the fine-scale nuclear fuel reaction rates and pin
powers (Smith, 1986; Sanchez, 2009; Hébert and Benoist, 1991).

The nuclear reactor lattice physics computations solve the first—
order from of the neutron transport equation (NTE). The first-order
form of the NTE was first derived by Wick (1936). It was independently
derived by Ornstein and Uhlenbeck in 1937 (Gould and Sharapov,
2024). Subsequently, Halpern et al. (1938) used modern particle bal-
ance considerations to derive the first-order NTE. Amaldi (1984) pro-
vides a comprehensive historical review of the development of nuclear
reactor physics which also discusses neutron transport theory. The
NTE is a hyperbolic partial-integral-differential equation (PIDE) that
models the migration, interaction, and leakage of neutrons within a
host medium (Cacuci, 2010). The NTE is a linearised form of the non-
linear Boltzmann transport equation from the kinetic theory of rarefied
gases (Boltzmann, 1872) and assumes neutron-neutron interactions
are negligible (Cacuci, 2010). In general, it is a function of a seven-
dimensional phase space of position (x, y, z), angle (0, ), energy (E) and
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time. The whole core, coarse Cartesian mesh, nodal methods solve the
neutron diffusion equation (NDE) which is a continuum approximation
of the NTE (Lawrence, 1986). The NDE is an elliptic PIDE and was first
derived by Fermi (1936) when he was analysing the absorption and
diffusion of neutrons within host media. It assumes linear anisotropy of
the angular distribution of neutrons within the host medium (Cacuci,
2010). The NDE is a reasonably accurate approximation to the NTE for
neutron migration in weakly absorbing media several mean free paths
away from isolated neutron sources, boundaries of the computational
domain or highly absorbing materials (Cacuci, 2010). As such, indus-
trial uses of NDE solvers include whole-core calculations and methods
such as Diffusion Synthetic Acceleration (DSA), where a diffusion solve
is used to accelerate the convergence of a transport code (Turcksin and
Ragusa, 2014).

A wide variety of deterministic discretisation methods have been
developed to solve both the NTE and the NDE. Multigroup methods,
first developed in their modern form by Ehrlich and Hurwitz Jr in
1954, are used to discretise the energy domain (Feynman et al., 1947;
Erlich et al., 1947; Hurwitz and Ehrlich, 1948, 1953). A historical
review of the development of multigroup methods for discretisation the
energy domain has been provided by Wachspress (1992).In contrast,
there are many different spatial discretisation methods that have been
developed for the NDE and these include coarse mesh finite difference
(CMFD) (Wang and Zhu, 2021), coarse Cartesian mesh nodal (CMN)
methods (Lawrence, 1986), finite volume (FV) (Ge et al., 2015), finite
element (FE) (Semenza et al., 1972; Kang and Hansen, 1973; Hansen
and Kang, 1975), spectral element (SE) (Mund, 2011; Barbarino et al.,
2013, 2015), isogeometric analysis (IGA) (Hall et al., 2012; Owens
et al., 2016; Welch et al., 2017a,b; Owens et al., 2017a,b; Latimer et al.,
2020a,b, 2021; Wilson et al., 2024a,b,c) and virtual element (VE) meth-
ods (Ferguson et al., 2021, 2022). Note that while CMFD is typically
used as an acceleration scheme for the nodal method and the first order
NTE, in the fine mesh limit CMFD is equivalent to the standard centred
finite difference method (FDM) discretisation of the NDE. Within the
nuclear industry, the most widely used spatial discretisation methods
for solving the NDE are the CMN and CMFD methods (Lawrence,
1986; Wang and Zhu, 2021). These are computationally efficient meth-
ods for performing whole-core nuclear reactor core design simula-
tions. However, these methods cannot model curvilinear geometrical
and computational domains accurately (Lawrence, 1986; Wang and
Zhu, 2021). The advent of modern multicore Central Processing Unit
(CPU) and manycore Graphics Processing Units (GPU), embodied in the
latest exascale leadership class (Tier-0) high-performance computing
(HPC) hardware architectures (Leslie, 2023), is driving the develop-
ment of high-order spatial discretisation methods through the centre
for efficient exascale discretisations (CEED) (Abdelfattah et al., 2021).

The CEED programme of research has indicated that high-order
spatial discretisation methods are more computationally efficient than
low-order methods on the latest hybrid multicore CPU and manycore
GPU HPC hardware architecture (Abdelfattah et al., 2021). For such
HPC hardware architectures, memory bandwidth is becoming critically
important in determining the optimal CPU/GPU performance (Moxey
et al., 2016). As the number of CPU/GPU cores increases, and with
increasingly more complex memory hierarchies, the data must be man-
aged more efficiently by using algorithms that utilise the cache in a
more optimal manner (Lohner, 2010). Therefore, methods and algo-
rithms that minimise indirection and cache misses are becoming more
important for the latest HPC hardware architectures (Lohner and Galle,
2002). Such methods will lead to improved computational efficiency
and reduced execution times for large-scale problems (Xu, 2021). High-
order spatial discretisation methods are ideally suited to these new HPC
hardware architectures as they utilise dense matrix operations that are
typically more memory compact than sparse matrix operations (Tomov
et al., 2010). In tandem with these innovations in HPC hardware ar-
chitectures, the streamlining of the CAGD B-rep to CAE pipeline is also
driving the development of high-order curvilinear FE, SE, IGA, spatial
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discretisation methods which can model multidimensional curvilinear
geometries and computational domains more accurately (Hall et al.,
2012; Owens et al., 2016; Welch et al., 2017b,a; Owens et al., 2017b,a;
Latimer et al., 2020a,b, 2021; Wilson et al., 2024a,b,c).

The last two decades have seen the emergence of IGA spatial
discretisation methods. These methods aim to streamline the CAGD
B-rep to CAE pipeline and have been driven by the complexity of
modern engineering design and the need to model the geometries of
engineering systems with greater numerical accuracy (Hughes et al.,
2005). A further aim has been to reduce the time required to perform
CAGD repair of geometries and subsequent meshing of the computa-
tional domain (Marchandise et al., 2012). There are a wide variety of
different IGA methodologies that have been developed over the past
two decades such as Non-Uniform Rational B-splines (NURBS) (Hughes
et al., 2005), locally refinable B-splines (LR-B-splines) (Dokken et al.,
2013), T-splines (Bazilevs et al., 2010), S-splines (Li and Sederberg,
2019), and U-splines (Thomas et al., 2022). Such methods are capa-
ble of exactly modelling conic sections in two-dimensions (2D) and
quadric surfaces in three-dimensions (3D) and any geometries that
can be produced by commercial CAGD B-rep software (Hughes et al.,
2005). One of the primary challenges of IGA technologies is that the
volumetric splines produced by these methods can only mainly model
volumes that are isomorphic to quadrilaterals in 2D and hexahedra in
3D (Chen et al., 2022). However, recent advances in multidimensional
NURBS enhanced mesh generation algorithms are addressing this chal-
lenge (Ferguson et al., 2022; Zou et al., 2024a; Otoguro et al., 2018;
Sevilla et al., 2011b; Montanari et al., 2024; Kirilov et al., 2024). In
the field of nuclear reactor physics, the methods were first applied by
Hall, Eaton, and Williams (Hall et al., 2012). These methods have been
subsequently developed for both the first and second-order forms of the
NTE (Owens et al., 2016; Welch et al., 2017a; Owens et al., 2017b,a;
Latimer et al., 2020a,b, 2021).

In the last decade, the definition of IGA has been expanded to in-
clude more geometrically flexible NURBS-enhanced finite element spa-
tial discretisation methods (Sevilla et al., 2008; Sevilla and Fernandez-
Méndez, 2011; Sevilla et al.,, 2011a). These methods encompass a
greater range of curvilinear polytopes and remove the restrictions
imposed using conventional IGA spatial discretisation methods (Sevilla
et al., 2008; Sevilla and Fernandez-Méndez, 2011; Sevilla et al., 2011a).
These methods can utilise either super-parametric or isoparametric
formulations where the geometry field is represented by NURBS basis
(or shape) functions, and the solution field variables are represented
by Lagrangian finite element basis functions. In tandem with these
NURBS-enhanced spatial discretisation methods, IGA technology has
been expanded to include novel U-splines which also attempt to expand
the range of curvilinear polytopes that can be used (Thomas et al.,
2022). More recently, virtual element (VE) spatial discretisation meth-
ods have been developed that are also NURBS enhanced and can use
arbitrary convex or concave/reentrant polygons and polyhedra (Fer-
guson et al., 2021). These NURBS-enhanced VE methods have been
applied to both the neutron diffusion (Ferguson et al., 2021) and the
first-order form of the neutron transport equation (Ferguson, 2022).
These NURBS-enhanced VE methods represent the current state-of-
the-art in the field due to their numerical robustness, their ability to
model convex and re-entrant curvilinear polygonal and polyhedral ele-
ments and their ability to model arbitrarily complex CAGD curvilinear
geometries.

This paper focuses on the further development and application
of the NURBS-enhanced finite element (NEFEM) to the field of nu-
clear reactor physics. More specifically, this paper focuses on the
numerical solution of the two-dimensional (2D) multigroup NDE. The
aim is to elucidate the fundamental mathematical formulation of the
NEFEM when applied to the multigroup NDE. A further aim is to deter-
mine the numerical and geometrical accuracy of the NEFEM compared
to conventional Lagrangian FEM. Both superparametric NEFEM and
isoparametric NEFEM will be analysed and assessed within this study.
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Superparametric NEFEM utilises high-order NURBS basis functions for
the geometry field and linear Lagrangian FE basis functions for the
solution field variables. The isoparametric NEFEM utilises NURBS for
the geometry and Lagrangian basis functions for the solution field
variables with the same order of polynomial representation. This paper
is organised as follows: in Section 2 the mathematics and geometry
representation capability of NURBS basis functions is introduced. In
Section 3 the mathematics underpinning the NEFEM is developed. In
Section 4 the multigroup NDE is then discretised using the NEFEM. In
Section 5 the NEFEM and conventional FEM are applied to a series of
nuclear reactor physics benchmark verification test cases. Finally, in
Section 6 we provide concluding remarks and suggestions for future
research work.

2. Non-Uniform Rational B-Splines (NURBS)

This section provides a concise description of the theory associated
with NURBS curves and surfaces. A more comprehensive analysis of the
history and theory associated with these methods can be found in the
original paper by Hughes et al. (2005).

2.1. NURBS curves

NURBS curves are the one-dimensional form of a NURBS patch,
defined through a piecewise rational function that is described para-
metrically as:

(&) = <Z wich,,,,(:*)) / <Z W;N;,p(é*)>, ¢))
i=1 i=1

where x(¢%) is the position in physical space associated with parametric
co-ordinate &*, C; are the n control points with corresponding weights
w; and Bezier spline basis functions N; , (¢*). These basis functions are
defined recursively, where for p = 0 the B-spline basis functions are:

. 1, if&<g <&
N., (&) =
0 (5 ) {O, otherwise,
while for ¢ =1,2,3, ...
‘5* _5% 1+q+l é*

Niq (5) = WNUFI (f*) + ,+q+1 et Nit14-1 (5*) > 3)

i+17 2

,p they are given by:

where g is the order of the basis function and & is the i, ‘knot’ in the
‘knot vector’ of length k + p + 1. The knot vector is a non-decreasing
set of coordinates which describes the boundaries and degree of the
B-spline basis functions, allowing it to control the local representation
of the curve. A general open knot vector can be seen in Eq. (4).

5:{0, _,o,g;fﬂ,...,5;‘7‘”71,1,...,1}. @

Egs. (2) and (3) are known as the ‘Cox-de Boor recursion relation’
and are used to describe the basis functions for Bezier splines. Similarly
to FEM basis functions, a partition of unity holds over the span of the
element:

Z N, (&) = )

In addition, B-spline basis functions are always non-negative over
the entire domain:

N, , (&%) > 0,v&". (6)

Similarly to the FEM, these basis functions can then be evaluated to
map a position in parametric space to physical space:

n
X(E") = Y CNE). @
i=1
Eq. (8) shows an example open knot vector for a one-dimensional
quadratic NURBS patch or element. The basis functions associated with
such a knot vector can be seen in Fig. 1, where weights of w; = 1.0 have
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been used for each of the seven control points. The first and last knots
are repeated with multiplicity of p+1, such as in Eq. (8), the knot vector
is described as ‘open’ and the NURBS will be interpolatory at element
boundaries.

£ =1{0,0,0,0.2,0.5,0.5,0.8,1,1,1} . (8)

The basis functions presented in Fig. 1 can be used to produce the
complex curvilinear NURBS curve presented in Fig. 2(a). The thick
blue line shows the NURBS curve while the points Cj,...,C; and
connecting hashed black line shows the control points and control
polygon respectively.

The non-uniform nature of NURBS introduces the weighting func-
tion W (¢%), allowing the user to apply a value w; to any relevant
control point, modifying the relative ‘weight’ of the point within the
control polygon on the final physical representation of the geometry.
This additional feature allows NURBS to exactly model complex geome-
tries, such as those that involve conics, curves or ellipses (Nguyen et al.,
2015). Another feature of NURBS utilised by CAGD software is that
of ‘trimmed’ NURBS, where the initial parametrisation of the polygon
is limited to a portion of the parametric space (Kim et al., 2009). An
example of this can be seen in Fig. 2(b), where the curve from Fig. 2(a)
has been restricted to [0.1,0.9] in the parameter space.

2.2. NURBS surfaces

The theory of NURBS curves can similarly be extended to higher
dimensional representations. For example, NURBS surfaces are repre-

sented in parametric form by:
x < Z w’j é n >/< Z “ Npq 6*’1*))
i=1,j=1
©)

i=1,j=1
where 0 < &* < 1, 0 < " <1, C;; are the k control points with corre-
sponding weights w;; and two-dimensional Bezier spline basis functions
Ni"j‘q (&*,n*). Each of these two-dimensional Bezier basis functions is
defined as the tensor product of the one-dimensional basis functions
described previously:

) =N (&N (n"). (10)

An example of a two-dimensional B-spline basis function is pre-
sented in Fig. 3(a), where a single two-dimensional (2D) B-spline basis
function is shown to be the product of the two one-dimensional (1D)
B-spline basis functions highlighted in red in the &* and n* parametric
dimensions.

To further display the ability of higher order NURBS patches, or
elements, to accurately model complex shapes, an example NURBS
surface and associated control polygon are presented in Fig. 3(b).
While such a shape can be modelled using a single NURBS patch,
conventional geometric modelling techniques, such as the FEM, would
require many elements to model the shape accurately. Alternatively,
a high-order curvilinear finite element could be used to model such
a shape. However, this might not be able to model all shapes exactly
such as conic sections in 2D and quadric surfaces in 3D whereas a single
NURBS patch, or volume, can model such shapes. In addition, for the
FEM, significant increases in the order of the finite elements, or the
spatial refinement of the computational mesh, would impact upon the
overall computational solution time.

N

3. NURBS-Enhanced Finite Element Method (NEFEM)

This section covers the NURBS-enhanced finite element method
(NEFEM) as it is applied to solve the NDE. For the sake of simplicity,
the method will be shown for an element with one side on a NURBS
boundary. However, the method can incorporate NURBS boundaries
on any number of sides of the element without necessitating any
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(a) Full NURBS Curve.

(b) NURBS Curve trimmed to £* = [0.1,0.9].

Fig. 2. Control Polygon associated with the knot vector {0,0,0,0.2,0.5,0.5,0.8,1,1,1}.

Control Point
Control Polygon ‘

(a) Two-dimensional IGA basis functions as a tensor (b) Example NURBS surface with associated control

product of one-dimensional IGA basis functions.

polygon.

Fig. 3. Two-dimensional IGA Basis functions and example NURBS surface.

changes in implementation. Additionally, this method may be extended
to three dimensions (3D), without loss of generality. However a two-
dimensional (2D) implementation will be presented here for the sake
of brevity. A physical domain ¥ ¢ R? has a boundary I', where all or
part of the boundary is curvilinear and can be defined by NURBS. We
assume that any NURBS in the domain can be parametrised by:

C(0,1)c I cR%. 11

The domain V is meshed into a discrete number of elements T', some
of which will have a side on a boundary I', which may be curvilinear.

It is assumed that any curvilinear edges of these ‘boundary’ elements
can be described by a single NURBS curve. This does not constrain
the boundary description of elements which use a NURBS definition,
as the breakpoints which separate the piecewise curve description do
not need to coincide with the nodes. Where elements lie in the ‘interior’
of the domain, and hence do not have a side on a curvilinear boundary,
they are treated as standard Lagrangian finite elements. Therefore, each
computational mesh 7 may be described as:

T=TuUT", 12)
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Physical Space

Fig. 4. Transform 7 maps the reference element I to the straight sided element 7, in physical space.

where T is the set of standard finite elements, T = {(7,} and T*
is the set of NURBS-enhanced elements, 7% = {T)}. A sufficiently
finely meshed domain will consist of a large number of these ‘interior’
elements, meaning that standard FEM quadrature/integration methods
can be utilised for the majority of the system. This section will describe
the modifications that are made in NEFEM to facilitate the NURBS
boundary definitions for NURBS-enhanced elements T* which require
a curvilinear boundary description.

3.1. Parameter space transforms

A linear transform F is defined, which maps the [0, 1]* reference
element, I, from FEM parametric space (,#) to physical space (x,y),
presented in Fig. 4. When applied to a unit square element I, this
produces the element T,, such that 7 : I — T,, following Eq. (13).

x@Em =Y CGN(En =CNEm+ - +C, N, (€1, (13)

i=1
where n, is the number of nodes used to describe the finite element,
C; are the control points associated with the FEM mesh and N; are the
FEM basis functions. Similarly, a transform N is defined, which maps
the [0, 1]* reference element, I, from NURBS parametric space (£*,7*) to
physical space (x, y), presented in Fig. 5. When applied to the reference
element I, this produces the element T, such that N I - T},
following Eq. (14).
y
x(&n*) = Z CiN; (&,7°) = CYNT(E* ") + -+ + C,’,}N::(E*,ﬂ*), as
i=1
where #} is the number of nodes used to describe the NURBS-enhanced
element, C; are the control points associated with the NURBS mesh
and N} are the NURBS basis functions. Note that the values of n,
and n? may differ, as discussed in Section 3.2. It can be seen from
Figs. 4 and 5 that the linear FEM approximation of the portion of the
boundary I' produced by the element 7, is considerably less accurate
than its NEFEM counterpart, 7). If these were interior elements, or if
the relevant portion of the boundary I' was linear in shape, then a
NURBS description would match that of FE, so the geometry of T, and
T would be identical.

An example NEFEM mesh is presented in Fig. 6, where a do-
main V with curvilinear internal boundary I'; has been meshed for
NEFEM. Lighter elements in the figure utilise a standard finite ele-
ment description, while the shaded elements utilise a NURBS-enhanced
representation, allowing them to model the curvilinear boundary I';
exactly. While geometric mappings may use Finite Element or NURBS
basis functions for interpolation of spatial variables depending on
whether standard FEM or NURBS-enhanced elements are used, interpo-
lation of the field variable ¢ is always restricted to FEM basis functions,

as shown in Eq. (15). These basis functions are the standard Lagrangian
FEM basis functions, defined over the nodes used to describe the
underlying FEM element T,.

PEM = X BNEN =GN Em + -+, N, (En). s)

i=1
3.2. NURBS-enhanced finite element generation

Each of the NURBS-enhanced elements contains two sets of nodal
information. This nodal information is the FEM nodes that define
the field variable and the NURBS nodes that define the underlying
geometry. These descriptions are not limited to the same order and
as such elements may be subparametric, isoparametric or superpara-
metric. Differences between these three types of parametric elements
are presented in Fig. 7. Isoparametric elements are the most common
element types, where the nodes defining the geometry and field vari-
able are of the same order. Subparametric elements utilise geometric
descriptions that are lower order than that of the field variable and vice
versa for superparametric elements. In the case of NEFEM, the NURBS
description will generally be of at least second (p = 2) order, as this
is the lowest order that provides improved geometric accuracy over its
standard Lagrangian FEM counterpart.

The geometric NURBS description of the element is created as the
computational mesh is generated. This is achieved by detecting any
elements that coincide with the curvilinear boundary I' of the compu-
tational domain. A two-dimensional (2D) NURBS-enhanced element is
then generated that matches the shape of the underlying finite element.
Any sides of the element that lie on a curvilinear boundary are then
locally modified to exactly model the CAGD boundary representation
(B-rep). This process is illustrated in Fig. 8 for a linear finite element
T, with a simple quadratic = = {0,0,0,1,1,1} NURBS correction. The
first element in Fig. 8 shows the isoparametric finite element 7. This
element is then converted into a superparametric NEFEM element,
as it now has a quadratic NURBS geometry description with nine
spatial nodes and four field variable nodes, corresponding to the knot
vector £ = {0,0,0,1,1,1}. This NURBS description still conforms to
the original shape of the element T,, so the control points are now
repositioned to match the NURBS description of the section of the
boundary I, which the element is approximating, creating the final

e

NEFEM element T7.
3.3. Numerical quadrature within the NEFEM
For the sake of clarity, this section will describe the method by

which one would integrate a function ¢(x, y) over a NURBS-enhanced
element T, presenting the difference in implementation between the
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Physical Space

Fig. 5. Transform N maps the reference element /I to the curved element T* in physical space.

Q Finite Element

A\ 4

Q NURBS-enhanced

Fig. 6. Square domain V with an internal boundary I';, which would be described by a NURBS curve in the CAGD representation. When spatially discretised into elements for
the NEFEM, only those elements that lie on the curvilinear boundary need to be NURBS-Enhanced.

Sub-Parametric

Iso-Parametric

Super-Parametric

(o = fe] (o fof fe] (o fel
il O i ¥ [ ¢ O
C, = 2] L, fo} 2] C, fé]

« Node defining geometry
O Node defining field variable

Fig. 7. Sub- Iso- and super-parametric elements which have geometric descriptions of lower, equal and higher order respectively. This separation of the geometry and field variable
allows the NEFEM to exactly match the order of the CAGD description without requiring the field variable to be of the same order.

standard FEM and NEFEM for a two-dimensional problem. Such de-
scriptions can then be trivially extended to any other geometric rou-
tines that could be relevant to a reactor physics code. The integral of a
function over the linear element 7, is defined by:

/Td)(x,y)dxdy:/l|Jr(§,n)|¢(§,n)d§dn

N ﬁ |77 )| 9w .

i=1j=1

(16)

where |J | is the determinant of the Jacobian for the linear transfor-
mation F for the element. This integral can then be approximated with
Gaussian quadrature, where k is the number of quadrature points, i, j

are the individual quadrature points in each dimension and w; ; is the
corresponding quadrature weight at the quadrature point. The Jacobian
of the transform F is defined by:

x oy
_|o¢ o

r=ln 17)
an on

Multiplication by the Jacobian allows the derivatives of any func-
tion defined in (x, y) physical space to be evaluated in (&,#) parameter
space as:

9f 9x I\ (9of of
J ox | _ | o o0& ox | _ %
Flof| T lox ayflof|\ 2L )

dy on on ay

(18)
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¢ Node defining geometry
[0 Node defining field variable

Fig. 8. NEFEM element generation routine. The mesh generator identifies finite elements 7, that sit on a curvilinear boundary I'. The order of their geometric description is
modified such that it matches that of the CAGD description. A NURBS-Enhanced description is then applied which matches the boundary, creating the NEFEM element 7.

When an element is NURBS-enhanced, the integrations must be
modified to instead account for the two different transforms 7 and N
as well as the two respective parameter space descriptions (&,7) and
(&*,1*). The value of a field variable ¢ at a parametric point (&,7) is
evaluated from the summation of the basis functions over each of the
nodes associated with the FE description, n,, as presented in Eq. (19).

P& = Y b Ni(E ). 19)

i=1

Conversely, the position in physical space is evaluated using the
NURBS description and associated basis functions, though a summation
over each of the nodes associated with the NE description, n}:

n*

xX(E 0" = Y XN (E 1), (20)
i=1

where x is the position in physical space. The volume integral of a

NEFEM element must be evaluated using the (£*,#*) space associated

with the NURBS description. As shown in Eq. (21), this is approxi-

mated through Gaussian quadrature, as would be done for a standard

Lagrangian FEM or IGA code.

k
/T*dV:/IUN(‘?*JI*)Idf*d’?*z Y, [Iwe e, 39}

i=1j=1

where |J 5| is the determinant of the Jacobian for curvilinear transform
N for the element, defined by:

a o
N
an* on*

These equations are combined to produce Eq. (23) where the inte-
gral of a variable f over T in physical (x, y) space is given by Gaussian
quadrature over (£*,#*) space multiplied at each point by the value of
the field variable at the same parametric quadrature position in (&, 1)
space. While existing in different spaces, the values of &* and #* will
therefore match & and 7 for the sake of this integration.

/ ¢(x,y)dxdy=/|JN(§*,n*)|¢(§,11)d§*dn*
T I

k
> )Jﬂ(éf‘,n}*)

i=1j=1

D& npw; ;. 23)

4. The multigroup Neutron Diffusion Equation (NDE)

The strong form of the primal (or forward) steady-state neutron
diffusion equation (NDE) is given by:

-V-D(x,E)V¢(x,E)+ Z,(x, E)p (x, E)=He (x, E') + Q(x, E), (24)

where D (x, E) is the neutron diffusion coefficient, ¢ (x, E) is the neu-
tron scalar flux, X, (x, E) is the total macroscopic neutron cross-section,
H is the neutron scattering operator and Q (x, E) is the neutron source.
The neutron scattering operator is defined as:

H¢ (x,E') = /0m 2 (x,E' > E)¢ (x.E')dE' (25)

where X, (x, E’ > E) is the macroscopic ‘single’ differential neutron
scattering cross-section from energy E’ to E. The definition of the
neutron source Q (x, E) varies depending on the specific problem type.
In the case of fixed source problems this incorporates an extraneous or
‘fixed’ source of neutrons, generating a source term that is independent
of the neutron angular flux. Fixed sources include extrinsic sources
such as Cf252 used in reactor start-up (Martin et al., 2000) and intrin-
sic sources such as spontaneous fission, (a,n), and spallation neutron
sources (Wilson et al., 2009). The source term in the fixed source case
is given by:

Q(x, E) = Opix (x, E), (26)

where QOg;, (x, E) is the fixed neutron source. When modelling subcrit-
ical fissile systems, an autogenous fission source is incorporated, such
that:

Q(x, E) = OFix (x, E) + O (%, E), 27)

where Qg (x, E) is the fission neutron source, defined as:

Opiss (x, E) = 1, (x, E)/ V(% E') 2, (x.E') ¢ (x, E')dE', (28)
0

where y, (x, E) is the neutron energy spectrum, v, (x, E) is the average
number of neutrons per fission event and X (x, E) is the macroscopic
neutron fission cross-section. When tackling criticality problems, where
multiplying media have no extraneous neutron source, we instead use
an eigenvalue fission source. For such a problem, we introduce a scalar
parameter “k.g”, which modifies the value of v, to achieve a steady-
state solution. Examples of such computations include the C5G7 MOX
supercell (colourset) nuclear reactor physics benchmark verification
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problem found in Section 5.3, which uses a source term of the form:

Q(x, E) = Qg (x, E), (29)
where Qg;q (x, E) is the eigenvalue fission neutron source, defined as:
LE) [
Opig (x. E) = % v, (%, E') X, (x, E') b (x, E') dE/, (30)
eff 0

where kg is the effective neutron multiplication factor, constructing
an eigenvalue problem such that a steady-state solution may achieved.
The fissile source terms may be further split into prompt and delayed
neutron contributions, such that:

Y=+ Vg (31)
i

where v is the average number of prompt neutrons and v,, is the
average number of neutrons from the ith delayed precursor group. The
total spectrum may also be split into prompt and delayed fractions,
where:

X = [1 - Zﬂi] X+ Zﬁi)(i,w (32)

where g; is the fraction of neutrons from the ith delayed precursor
group, y and y;, are the fission spectra from the prompt and ith
delayed precursor group respectively. As )’ ~ 0.01, we may approx-
imate the fission neutron source to be purely comprised of prompt
neutrons (Cacuci, 2010), such that we take the fission source to be:

1% E) oo\‘/(JC,E')Zf (x.E') ¢ (x, E') dE". (33)
ket Jo

Opig (x, E) =

The energy domain of the problem can be split into G distinct
energy ranges, E, > E; > .- > E;. These energy ranges are referred
to as ‘groups’, where group g represents the energy range E,_; > E >
E,. The multigroup approximation allows for the creation of a finite
number of coupled ‘multigroup equations’ (Erlich et al., 1947; Hurwitz
and Ehrlich, 1948, 1953). For example, a neutron scalar flux integral
over the energy domain is simplified into G group-wise integrals:

) Ey G E;
/ P(E,x)dE =~ / d(E,x)dE = Z/ q_')g (x)dE. (34)
0 Eg /g,

The primal (forward) multigroup NDE is then defined as:

G
— V- DEQVEE(x) + ZE0E(x) = Y ZETE )¢ () + Q5(x),  (35)

g'=1
where D¢, ¢¢ and Ztg are the values of D, ¢ and X, in group g and

’
3% 78 is the value of the macroscopic neutron scattering cross-section
group g’ to g. We may now introduce the macroscopic neutron removal
cross-section for group g, X¢, defined as:
G
s g -
TEx) = ZEx) + ), TETE (x) = T (x) — ZEE (), (36)
g'#g

where X¢ is the macroscopic neutron absorption cross-section and
>%78(x) is the within group scatter for group g. For a problem domain
V with boundary I, the final form of the steady-state multigroup NDE
is defined as:

— V- DE(x)VE(x) + ZE(x)¢* (x) =

G
Y E ¢ (0) + Q5 (x) Vx eV, (37
g'#g
D3(x)VP3(x)-n=0 Vx € Iy, (38)

D3(x)Vge(x) -n+ %qﬁg(x) =0 Vxely, (39)
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where I', and I, are the reflective and vacuum boundary conditions
respectively. Note that the treatment of boundary conditions for both
the FEM and NEFEM are identical, following the standard CBG imple-
mentation. The boundary I' of the system is a combination of these
conditions, such that I'y U I}y = I' and I'x n I}, = @. This may be
converted into matrix form by defining:

L,=-V-DV+35, Q,=0% ., Hy,=3"%8 (40)

Fix’ 8

where L, is the multigroup destruction operator for group g (leakage
and removal), Q, is the group-dependent fixed source and H, , is the
group to group scattering operator. The matrix form is then given by:

Ly 0 ... 0]}fo!
0 L, ... 0]l¢*]_
0 0 .. Lglle®
(41)
g 0 .. 0 0 Hy .. Hgyl|[4
0 Q0 . 0| |Hy 0 .. Hg ¢?
0 0 .. Q) \Mig My . 0 J|¢°
with equivalent operator form:
L =Q+ Ho, (42)
where @ = (¢',...,$%). The neutron scalar flux may then be found in

operator form through (L — H)~!Q = &. For criticality problems, we

’
introduce the multigroup fission production operator F, , = x8 e Zﬁ s
such that:

L, 0 0 (¢!
0 L o[l
0 0 Lg || ¢¢
Fiy Fy .. Fgilfe! 0 Hyy ... Hgp|[4
1| Fy Fp ... Fg ¢? + Hi, 0 . HMg,|| #?
keff ' ' . . ' M .. . .
Fig Fg Fgg )\ 9 Hic Hye 0 J{¢¢
(43)
with equivalent operator form:
Lo = L Fo+Ho, (44)

eff

where kg are the eigenvalues of the system (L — H)~'F, the largest
of which is equivalent to the effective neutron multiplication factor
kegs (Habetler and Martino, 1958). The domain ¥V may be decomposed
into a mesh 7 of elements T, such that 7 = {T,} and V = |J, T,, over
which material properties are assumed to be piecewise constant, such

that:

DE(x)ly, = D*<, (45)
80|y, = T8, (46)
O )7, = Oy (47)

As such, discontinuities between material properties may never
occur within an element. This notation will be used throughout the rest
of the section to simplify the associated functional analysis descriptions.

4.1. The integral or weak form of the neutron diffusion equation

The integral or weak form of an equation may be derived by
multiplying a strong formulation by a ‘test function’ and integrating
over the domain, introducing a larger number of admissible solutions.
When constructing solutions to PDEs, it is significantly easier to find
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approximate solutions to a weak formulation, especially where the
underlying equation and associated geometry are complex. In this
subsection, we shall derive the weak form of the NDE, such that we
may construct a coupled system of algebraic equations, through which
an approximate solution may be found.

We start by defining the Lebesgue space L*(V) as the collection of
all functions u that are square integrable over domain V, such that:

/ W2dV < +oo, (48)
14
with inner product and norm defined as:
1/2
oy = [ wdvs il = ( / |u|2dV> , 49)
v 14

where v € L,(V). We define ¢# as a trial solution that exists in Sobolev
space H!(V), such that:

H'(V)={¢% € L*(V) : V¢ € L*(V)}. (50)

The collection of trial solutions S may then be defined as the set
of all solutions in Sobolev space that satisfy the boundary conditions,
defined by:

= {qsg € H'(V); (D*V¢* -n)lp, =0,

=o}.
Iy

We also define a collection of weighting functions V, defined by:

(ng?Vqﬁg -n+ %q}g) (1)

V={wgeHl(V);wg|FR=0,wg|FV =0}, (52)

where w? is a test function w® € V. The weak form may be obtained
by multiplying the strong form by the test function w and integrating
by parts to produce the result:

/w Ltde—— D
T.€T

/ wl Fodv +
effTeT
T

/ wlH®dV, (53)
T,eT

where w” = (w',...,w%) is the transpose groupwise test function
vector. We may then define our bilinear forms of the equations as:

G

L(w o)= Z (Vws, DSV@®)y, + (wh, Z8¢8), + % w*,¢%r,, (64
g=1
G G ,

)= 55 (ol 500
g=1g'=1

G

Z E <wg Zg ~8p8 ) (56)
g=lg'#g

The variational problem may then be formally posed. Find k. € R
such that ® € H! (V) satisfies:

1

L™ o0)= k—ﬁ (W' @) +H (w", @) v € H'(V). (57)
eff

4.2. The finite dimensional approximation of the weak form

Following Galerkin’s method, we construct a finite-dimensional ap-
proximation to the system through subsets S, , ¢ S and V,,, C V.

Therefore, we may reconstruct the weak form using qbflp € S, and
wy €V, such that:
& T 1 A T
Ly, (wh,p’ d’h,p) =i Fnp (wh,p’¢h,ﬂ)
eff
+ Ty, (W], @n, ) Vh, € H'(V), (58)

T 1
where w; (C 7R

are defined as a summation over each element by:

Ly, (wip’d)hvl’) Z Z (thp DEVY, ) T,

g=1T,eT

— 1 G _ G s
= (wh’p, .,wh’p), D, = d)h,p) and bilinear forms
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1
g < LINPY
+ (wf Zf“‘l’h’p)re + 3 (wf h,p)fy (59)
G G
T _ g g g'>ge g
Fy, (wh,p,d?hp> = z Z (wh.p’)(& e ez hp) , (60)
¢=lg'=1T,eT
G G ,
T — g '—ge 8
Ty (W @np) = 2 3 T (wh, 2 7507,), 6D
g=lg'#g T,€T ¢

where ¢, € I}, is an edge associated with element 7, with vacuum
boundary conditions. The finite element solution space contains a set
of basis functions N; that allows for functions to be interpolated within
the domain, such that the value of qbfw and wi’p in element 7, is given
by:
nF

wy (%) = Z wy , Ni(x),
where d) hopi? wh i and N, are the values of d)g s w and the basis func-
tions at node i respectlvely and n, is the numﬁer ofp degrees of freedom
associated with element 7,. Note that a continuous Bubnov-Galerkin
discretisation is both globally and locally conservative (Hughes et al.,
2000). The local conservation holds over the ‘tent function’, which is
comprised of the basis functions associated with the union of elements
surrounding a node. The mass and stiffness matrices M”e and K for
each element are defined through these basis functions as:

(M),

@ lr,(0) = Z @5, Ni(x), (62)

= (N.N))™, (63)

(KTe)i,j

We may incorporate these definitions into the bilinear forms such
that:

G
7 T _ &g g.e T, g.e T, l T, g
L, (wh,p,rbh,p) = uf, | Y Dk sreMT 4 3 SMT | gf
g=1 T,eT eely

= (YN, VN))" (64)

(65)

(66)

YD zE-eem™ g
P s h.p

§'#g\T.€T
G G ,
_ g 2.8 48
- 2 wh,p Z H ¢h,p'
g=1 g'#g
Substituting these into Eq. (58) gives:

wi,p<“¢i o Z wf F5 0

(67)
Z wh Hgg ¢g ) =0. (68)

g'#g
As the weight functlon w;, € V is arbitrary, the terms within the
brackets must equal zero, from which we may calculate the value of
ke for the system. Note that in the case of a fixed source problem, we

instead solve:
G
g g
th’p (qu.')hyp Z wt Hgg o ) 0.
g=1 g'#g

Similarly, the terms in brackets must be equal to zero, allowing for
the value of ¢ , o be solved for. In this case, the fixed source is given
by: ’

th (whp) Zi:

)

g=1

(69

(70)

Z Qle

T,eT

G
— g e
_th.p ’
g=1
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where f Te is the force (load) vector, defined as:

(fT”),',j = (N,wl)Te- (71)

5. Numerical results

The NEFEM spatial discretisation of the multigroup NDE is im-
plemented within a modern Fortran code (International Organization
for Standardization (ISO), 2023) that was created for the paper. This
NEFEM multigroup NDE code is used to provide numerical solutions
to three nuclear reactor physics benchmark verification test cases.
The performance of the NEFEM multigroup NDE code is compared
against a standard Lagrangian FEM approach. Each of the three nu-
clear reactor physics benchmark verification test problems will pro-
gressively increase in geometric and computational complexity. These
three test cases will enable the numerical accuracy, and computa-
tionally efficiency, of the NEFEM to be compared against existing
standard Lagrangian FEM approaches. When analysing the suitability
of each method, the degrees of freedom (DoF) associated with each
computational mesh are compared against a relevant error measure
(e.g., keg of the system). To generate the computational meshes re-
quired for the solution of the three benchmark verification test cases a
bespoke mesh generator was implemented using the python program-
ming language. This mesh generator produced simple meshes using the
multiblock transfinite interpolation (MB-TFI) algorithm with variable
uniform mesh refinement (Gordon and Hall, 1973).

As finite element meshes will not preserve the volume of mate-
rial in the presence of curved boundaries, the mesh generator also
incorporates a volume-preserved FEM (VPFEM) algorithm. The VPFEM
algorithm moves the nodes of the finite elements to ensure the volume
of material in the problem is conserved in the final FEM computational
mesh. Surface-preserved FEM (SPFEM) meshes can also be generated,
where the nodes of the finite elements are moved such that the sur-
face area at both internal and external boundaries matches that of
the problem. This method is utilised in systems where leakage terms
dominate and hence the length of surfaces between different materials
is of greater importance to the overall solution. Such methods are
widely utilised to mitigate errors associated with the limited geometric
accuracy of FEM. Where geometries involve curved boundaries, the
analysis will incorporate VPFEM and SPFEM in addition to standard
Lagrangian FEM.

Analysis has been performed on superparametric ‘Linear NEFEM’,
where a linear (p = 1) FEM discretisation has been enhanced with
a quadratic (p = 2) NURBS geometry, and isoparametric ‘Quadratic
NEFEM’, where both the FEM discretisation and NURBS geometric
descriptions are quadratic (p = 2). An investigation of the respective
computational solution times of each method and the condition num-
bers of the assembled global matrices is performed in Section 5.4. In
addition to the three benchmark problems, a Method of Manufactured
Solutions (MMS) study can be found in Appendix A, demonstrating the
stability of the FEM and NURBS-enhanced codes as well as their ability
to achieve the correct convergence rates. In doing so, we verify the
consistency of NEFEM as a spatial discretisation method. Furthermore,
an analytical Wigner-Seitz pincell problem is presented in Appendix
B, which further investigates the accuracy of the method. In all cases,
Gauss-Legendre quadrature of order p + 1 was utilised to perform
the numerical quadrature. For each problem in Sections 5.1-5.3, Ap-
pendix A-B, the matrix solution algorithms implemented within the
Portable, Extensible Toolkit for Scientific Computation (PETSc) library
was utilised to generate the solution to a tolerance of 1E—12. The
‘Cholesky’, ‘ILU’, ‘Hypre’ and ‘Jacobi’ preconditioners were used to
solve the problems of Sections 5.1, 5.2, 5.3 and the Appendix respec-
tively. Each preconditioner was selected as it was seen to effectively
reduce matrix solution times over the range of refinements tested in
this paper. Each of the problems were run on an AMD Ryzen 5 3600XT
3.8 GHz processor through a virtual machine running the Linux Mint
operating system.
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5.1. One-group nuclear fuel pincell benchmark verification test case

The first nuclear reactor physics benchmark verification test case is
a one-group single nuclear fuel pincell. This is a very common problem
type that is utilised widely within the nuclear industry, where problems
range from single fuel pins to larger assemblies or whole reactor cores.
Additionally, this provides a simple problem which first introduces the
use of curvilinear surfaces. As such, this problem allows for an inves-
tigation of the differences in numerical accuracy, and computational
efficiency, of NEFEM compared to the standard Lagrangian FEM in the
presence of such geometric features.

The problem consists of a central nuclear fuel pin with radius 1 cm
centred in a square cell of moderator with width 4 cm. A schematic of
this nuclear fuel pincell benchmark verification test case is presented in
Fig. 9(a). Reflective boundary conditions are prescribed to all external
boundaries of the square cell which is equivalent to modelling an
infinite lattice of pincells. The reference solution for this problem comes
from Welch et al. (2017b), where an IGA solution of the NDE was
performed using quartic (p = 4) NURBS patches, or elements, with
14,689 degrees of freedom. The neutron scalar flux contours for the
nuclear fuel pincell problem are presented in Fig. 9(b). The material
properties for this problem and the benchmark neutron scalar flux
integrals are presented in Table 1

The error metric for this problem is the Cell Disadvantage Factor
(CDF), defined by:

¢
CDF = Mi)derator , (72)
Pruel
where ¢ is the average neutron scalar flux. The absolute error is used
as an error measure, where:

Error = |CDF — CDFg, (73)

where CDFg; is the reference CDF value. Unlike purely global parame-
ters such as the total neutron scalar flux integral, this metric compares
neutron scalar fluxes in relative regions within the geometry, mitigating
the effects of competing errors. The convergence plot for the nuclear
fuel pincell benchmark verification test case is presented in Fig. 10.

Results for the Linear (p = 1) FEM methods are much as one would
expect, with VPFEM outperforming SPFEM, which in turn outperforms
FEM, suggesting that volumetric errors dominate in this problem. Su-
perparametric Linear NEFEM achieves a lower error on the CDF value
across all refinement levels compared to all other spatial discretisation
methods.

Quadratic (p = 2) results for FEM follow a very similar trend to
those of Linear FEM, where VPFEM achieves a much lower error on
the CDF value due to its mitigation of volumetric errors in the problem.
Isoparametric Quadratic NEFEM consistently achieves a lower error on
the CDF compared to all other methods.

For this benchmark verification test case, the errors in volume and
surface integrals of each different material have also been evaluated at
each mesh refinement. This analysis will not be repeated for the Su-
percell and C5G7 test cases, as the results can be trivially extrapolated
to fit any such problem consisting of nuclear fuel pincell assemblies.
Results for quadratic spatial discretisation methods have been omitted
as the same meshes were used and hence results would be identical.

Plots of the log of error in relative integrals against the refinement
are presented in Figs. 11(a) and 11(b) for volume and surface respec-
tively for linear forms. As expected, errors associated with VPFEM and
SPFEM are very low across all spatial refinements for their respective
corrections, as this is performed analytically. NEFEM displays similar
performance for both volume and surface errors, where the numerical
accuracy is simply limited by the degree of quadrature utilised in the
integration of the computational mesh. Therefore, it can be seen that
only the NEFEM meshes achieve high orders of geometric accuracy
in both error measures. Surface corrections are shown to perform
poorly in terms of their volume accuracy, with similar results shown
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Fig. 9. Schematic (left) and neutron scalar flux contours (right) of the nuclear fuel pincell benchmark verification test case.

Table 1

Nuclear fuel pincell benchmark verification test case macroscopic neutron cross-section data and reference

neutron scalar flux integral.

X, [em™] Z, [em™] Q [neutrons ecm~3 s71] fyddv
[neutrons s~']
Moderator 1.00 0.95 1.00 218.424
Fuel 2.00 1.90 1.00 50.788
p=1FEM
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—e— p = 1 SPFEM
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Fig. 10. Nuclear fuel pincell results of log(DoF) vs. log(Error) in the CDF for linear and quadratic spatial discretisation methods.

for the surface accuracy of volume correction, much as one would
expect. Standard FEM performs worst across all measures, which is
expected given it fails to accurately represent curved surfaces and must
approximate them with straight-sided elements.

Plots of the volume and surface errors with increasing order of
numerical quadrature for a pincell with 12 DoF is presented in Figs.
12(a) and 12(b) respectively. Similarly to Figs. 11(a) and 11(b), we
see that the VPFEM and SPFEM achieve machine precision geometric
accuracy for volume and surface errors respectively, but fail to maintain
this accuracy for both metrics. Standard Lagrangian FEM once again
demonstrates large geometric errors in both categories. The NEFEM
is notable as its geometric accuracy clearly depends on the order
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of numerical quadrature employed, converging to machine precision
alongside the VPFEM and SPFEM for volume and surface errors respec-
tively. These results show that the p + 1 order quadrature employed
by FEM is sufficient to leverage the increased geometric accuracy of
the NFEM, while avoiding the computational costs associated with
higher order quadrature. Note that while the NEFEM clearly achieves
low geometric errors at quadrature precisions > p + 1, this will not
hold for all geometries. A comprehensive study of the optimisation of
quadrature sets and orders for different geometries with the NEFEM is
outside the scope of this current paper. However, in terms of optimising
the numerical accuracy, and computational efficiency, of the method
this could be an important area for future research (see Table 2).
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Fig. 11. Pincell results of log(DoF) vs. log(Error) of volume integral (left) and surface integral (right) for linear FEM methods.
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Fig. 12. Pincell results of log(DoF) vs. log(Error) of volume integral (left) and surface integral (right) for linear FEM methods.

5.2. One-group square supercell with burnable poison pin nuclear reactor
physics benchmark verification test case

The second problem used to investigate the suitability of NEFEM
is the one-group Supercell benchmark, a neutron transport problem
created by Wood and Williams (1984) and later adapted for isotropic
scatter for testing neutron diffusion codes by Owens et al. (2017a).
The problem involves a 3 x 3 array of pincells of pitch 2 cm. The
central pin is filled with two strongly absorbing materials of radii 0.55
cm and 0.71 cm, while the other 8 pins are filled with fuel of radius
0.71 cm. A schematic of this problem is seen in Figure Fig. 13(a),
with material properties and reference flux integrals from Owens et al.
(2017a) given in Table Table 2. The scalar flux for this problem is
shown in Figure Fig. 13(b). This problem has been chosen as it involves
an increased degree of geometric complexity compared to the pincell
case, incorporating multiple annuli and extremely sharp flux gradients
in the central absorbing pin. This should allow for more comprehensive
testing of NEFEM'’s suitability in more complex cases where the leakage
terms dominate in certain regions.

Convergence plots for the three linear FEM discretisations are very
closely grouped, suggesting the inclusion of strong leakage. Therefore,
the effects of surface errors results in both VPFEM and SPFEM failing
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to wholly mitigate geometric errors in the problem. The linear super-
parametric NEFEM achieves a lower error than its equivalent standard
Lagrangian FEM counterpart across all refinements, as it is better able
to quantify both the volumetric and surface leakage terms (see Figs. 13
and 14).

Results for the quadratic FEM methods show a more significant
spread, as reductions in geometric errors associated with VPFEM and
SPFEM allow for significant reductions in error compared to standard
quadratic FEM. Quadratic isoparametric NEFEM achieves the lowest
error across all refinements due to its geometric error mitigations,
consistently achieving errors greater than an order of magnitude lower
than FEM.

5.3. C5G7 nuclear reactor physics benchmark verification test case

The final problem that will be used to investigate the suitability
of NEFEM for reactor physics applications is that of the NEA C5G7
quarter-core reactor physics benchmark. This is a seven-group colourset
nuclear reactor physics benchmark verification test case. This prob-
lem is representative of larger whole-core type calculations performed
within the nuclear industry. Note that while the C5G7 reactor physics
benchmark problem is generally utilised with transport codes that solve



J. Trainor et al.

Table 2

Annals of Nuclear Energy 223 (2025) 111601

Supercell nuclear reactor physics benchmark verification test case macroscopic neutron cross-section data

and reference neutron scalar flux integrals.

z, [em™] z, [em™] O [neutrons cm™3 s71] Jyddv
[neutrons s~']
Moderator 0.7557 0.00530 1.0 124.426023
Fuel 0.5145 0.17130 0.0 72.1396107
Absorber 1 21.630 21.2886 0.0 0.409144631
Absorber 2 14.270 13.9300 0.0 0.00142273066
R; =0.55 cm
Ry =0.71 cm
P =2.00cm
]
<:> Moderator i
. Fuel
I
O Absorber 1
. Absorber 2

(a) Schematic of the
supercell problem.

(b) Neutron scalar flux [neutrons cm™2 s~1]

contour plot.

Fig. 13. Schematic (left) and neutron scalar flux contours (right) of the supercell nuclear reactor physics benchmark verification test case.
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Fig. 14. Supercell results of log(DoF) vs. log(Error) in the CDF for linear and quadratic discretisation methods.

the NTE, diffusion forms of the benchmark have been widely used,
in papers such as Welch et al. (2017b) and Ferguson et al. (2021) as
well as the original documentation describing the benchmark (Lewis
et al., 2001). This benchmark verification test case is often used to
analyse and assess numerical methods used within nuclear reactor
physics (Lewis et al., 2001). A schematic of this nuclear reactor physics
problem is presented in Fig. 15. It is a quarter reactor core made up of
two uranium dioxide (UO,) and two mixed oxide (MOX) 17 x 17 pincell
assemblies of width 21.42 cm arranged in a square lattice surrounded
by a moderating region. Each of the four assemblies contains 24 guide
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tubes and a central fission chamber. The computational domain has
reflective boundary conditions prescribed on the leftmost and top edges
to allow the geometry to model a full core, with vacuum boundaries
prescribed on the rightmost and lower edges. A zoomed-in view of an
individual nuclear fuel pincell from the C5G7 geometry is presented in
Fig. 16. Each nuclear fuel pin in the geometry is of radius 0.54 cm in
a moderating region of width 1.26 cm. Demonstration of the ability of
NEFEM to solve such a complex problem would provide evidence for
its suitability in solving large-scale industrial nuclear reactor physics
problems. As described by Lewis in the original benchmark, the neutron
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Fig. 15. Schematic of the C5G7 quarter core nuclear reactor physics benchmark verification test case.
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Fig. 16. Schematic of a single nuclear fuel pincell in the C5G7 quarter core nuclear reactor physics benchmark verification test case.

scalar flux is normalised such that the total power in the system is equal
to the number of fuel pins (Lewis et al., 2001), such that:

/ 2 (x) ¢ (x)dV =1056. 74
14

Benchmark data for the C5G7 problem focuses on the kg of the
system as well as the powers of the individual pins in the problem.
Errors on the calculated pin power values are generally quantified
through measures of the maximum and minimum pin powers in the
system, the total power of the inner and outer UO, assemblies as well as
the total power of the MOX assembly. These parameters will be referred
to as keff’ PMax’PMin’ PUOZ - Outer> PUOZ - Inner and PMOX reSpeCtiveIY‘ For
this convergence study, a benchmark case was created by performing a
large 6.51 E+06 degree of freedom (p = 1) VPFEM solve, with results
presented in Table 3. As presented in Table 4, the k. result was
compared against an IGA solve from Welch et al. (2017b) and VEM
(Virtual Element Method) solve from Ferguson et al. (2021), matching
both to within 1 pecm. Convergence plots showing the numerical error in
each of these values plotted against the degrees of freedom associated
with the computational meshes is presented in Figs. 17 and 18. As
with CDF values from Sections 5.1 and 5.2, error metrics in all cases
are taken as the absolute difference between the measured and the
reference value.

15

Fig. 17 presents the error on the k.4 of the system against spatial
refinement. As seen in the previous test cases, NEFEM and VPFEM both
perform much better than standard Lagrangian FEM and SPFEM, as
they are better able to quantify the volumetric terms in the system.
While VPFEM achieves a lower error for lower spatial refinement
problems (3.86 and 4.46 log(DoF)), the NEFEM is more accurate for
higher spatial refinements. Pin power results from Figs. 17(a)-17(e) all
generally show NEFEM outperforming standard Lagrangian FEM and
SPFEM. However, in all cases VPFEM is a more accurate measure of
pin power in the system across all refinements. Fig. 17(d) does show
NEFEM performing poorer than SPFEM at high spatial refinements
when quantifying the power of the inner UO, assembly. Overall, linear
superparametric NEFEM has been shown to be a competitive alternative
to standard Lagrangian FEM and the volume and surface-preserving
corrections. It is shown to be more accurate in terms of calculating the
ks value for the C5G7 problem at high refinements but is outperformed
by VPFEM at low refinements and in the quantification of pin powers.

Convergence plots for quadratic (p = 2) FEM and NEFEM are
presented in Figs. 18—(e). These results follow a generally similar
trend to that of linear methods in terms of the relative accuracy of
each discretisation type. NEFEM is shown to be more accurate at
quantifying the k. in Fig. 18 at higher spatial refinement, while
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Table 3
Neutron diffusion reference results for a 6.51E+06 degrees of freedom p =1 VPFEM solution.
Kegt Pitax Putin Praner Pouter Puox
1.1832413 2.5231256 0.2409044 496.4155635 138.5309895 210.5267236
Table 4 For linear methods, in Table 5, we observe relatively similar timings

VPFEM neutron diffusion k. reference results of Table 3 compared to results from

for each discretisation method, Lagrangian FEM and SPFEM being
Welch et al. (2017b) and Ferguson et al. (2021).

the joint slowest of the methods, which is understandable given the

VPFEM Welch et al. Ferguson . X X

reference result (2017b) et al. (2021) increased number of power iterations that each method needed to
Ko 11832413 1.1832383 1.1832408 achieve convergence. A notable increase in pre-process time is seen for
Error (pcm) - 0.257 0.046 the NEFEM, which is expected given that more data must be read in for

this method such that we may NURBS-enhance relevant elements. The
mesh generation times for the VPFEM and SPFEM are only marginally

VPFEM performs best at lower spatial refinements. Pin power results longer than that of Lagrangian FEM, which is expected given the rela-

from Figs. 18(a)-18(e) show that the NEFEM and VPFEM methods tive simplicity of volume and surface preservation for two-dimensional
generally achieve a very similar error to one another, with VPFEM only ~ Pincell geometries. A marked increase in mesh generation time is seen
performing noticeably better than NEFEM in quantifying the value of for the NEFEM, as a result of the additional steps taken to construct the
Puin and Pyo, - oueer in Figs. 18(b) and 18(c) respectively. Results for mesh and the writing of additional data to file. Similar results are seen
quadratic (p = 2) isoparametric NEFEM show that it is an even more in Table 6, where Lagrangian FEM and SPFEM necessitate a greater
competitive alternative to VPFEM for the C5G7 problem than its linear number of iterations for convergence, and hence take longer to solve
superparametric counterpart. overall. The NEFEM once again demonstrates a marked increase in the
overall mesh generation time for quadratic methods, however increase
5.4. Solution times for the NEFEM is an order of magnitude smaller than the overall solve times of the
NDE code for each of the spatial discretisations.

With the computational accuracy of the NEFEM compared against As the comparison of solve times for each method is partially
Lagrangian FEM over a range of different reactor physics benchmark obfuscated by the fact that each take a different number of iterations
verification tests cases, we now seek to investigate the relative solution to converge, we also present Tables 7 and 8, where the linear (p =
times for each method. The solution times for linear (p = 1) and 1) and quadratic (p = 2) spatial discretisation methods have been

quadratic (p = 2) spatial discretisation methods are presented in Tables
5 and 6 respectively. For each spatial discretisation, a computational
mesh with 2.91E+04 DoF for the NEA C5G7 reactor physics benchmark
of Section 5.3 was utilised, with timings taken as the mean average
of 10 successive runs. All problems were run serially on an AMD
Ryzen 5 3600XT 3.8 GHz processor through a virtual machine running
Linux Mint. The ‘Hypre’ preconditioner and PETSc toolkit was utilised
to perform power iterations on the assembled system of algebraic
equations to a tolerance of 1E—12. The computational solution time is
given in seconds as a total, as well as being separated into pre-process,

restricted to 100 power iterations. Linear results in Table 7 show a
much narrower spread of overall solution times, as we would expect
given the iteration restriction, with the SPFEM and the NEFEM taking
slightly longer overall. In the case of the NEFEM, this may be attributed
to the longer pre-processing time associated with the addition of the
CAGD information, as gedwas seen in previous results. The solution
time for the NEFEM is similar to each of the Lagrangian FEM methods,
with an overall time between the VPFEM and the SPFEM. These results
are broadly reflected in the quadratic results of Table 8, where the NE-

matrix solution, post-process and mesh generation times, along with FEM achieves competitive solution times, but suffers from an increased
the number of power iterations required for the solve. Pre-processing pre-processing time. Despite this, the slightly faster solve time of the
covered reading in material and geometry data and setting up the quadratic NEFEM allows it to achieve a faster overall compute time
problem, while the matrix solution time included assembling the linear than its Lagrangian counterparts. Overall, these results suggest that any
system of equations and iteratively solving them using the Portable, Ex- increase in solution time associated with the NEFEM is only found in
tensible Toolkit for Scientific Computation (PETSc) software package. the pre-processing steps, which account for a relatively small portion of
Post-processing included the computation of global and local quantities the overall compute time. This fact, along with the faster convergence
of interest (Qol) such as k. and pin powers, as well as the generation of times seen for the NEFEM, demonstrates the computational efficiency
data for visualisations using the Paraview software (Quammen, 2015). of the method.

Mesh generation provides the total time taken by the python script The similarity in solution times displayed in the previous tables

to generate meshes for each relevant discretisation. As the meshing of the Lagrangian FEM, VPFEM, SPFEM and the NEFEM suggests that
script was separate to the Fortran NDE code, this is not included in the conditioning of the matrices for each method may display similar

the ‘Total’ compute time. Note that in the case of the VPFEM and . e . .
. o properties. This is expected, given that the same quadrature set is used
SPFEM, the ‘Total’ timings do not account for the additional mesh . s . . .
for each discretisation, with meshes that are broadly similar. In addi-

modification time required for these methods, whereas ‘Total’ timings
d ’ & tion, the NEFEM only modifies a small minority of elements that lie on

for the NEFEM incorporate the additional setup required to link the . . L .

CAGD description to the FEM mesh in the pre-processing stage. It curvilinear boundaries, so the vast majority of the global matrix will be

should also be mentioned that the mesh generation times may not unchanged. To verify this, the condition numbers of the global matrix
for each spatial discretisation of the one-group nuclear fuel pincell

be wholly indicative of the timings that would be associated with a 3 ) . T
commercial NEFEM code. The python mesh generator used in this problem of Section 5.1 over a range of refinements is presented in Figs.

study spent additional time generating NURBS descriptions of each 19(a) and 19(b) for linear and quadratic discretisations respectively.
region of the pincell geometries and matching it to the relevant finite Note that in both cases, condition numbers are evaluated for a global
element. Optimisation of the timings associated with this process, and matrix with no preconditioning. Both plots show that the conditioning
the writing of additional data to mesh input files, was deemed to be of each matrix is very similar to one another at any given degree or
outside the scope of this investigation and a potential area for future spatial refinement of the computational mesh, which in turn results in
study. very similar compute times for each of the methods.
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Computational solution times in seconds for linear spatial discretisations of the C5G7 benchmark verification test case with
2.91E+04 degrees of freedom for the Fortran NDE code and Python mesh generator.

p =1 FEM p = 1 VPFEM p = 1 SPFEM p = 1 NEFEM
Total 4.10E+01 3.94E+01 4.10E+01 4.01E+01
Pre-process 4.85E+00 4.79E+00 4.76E+00 5.50E+00
Solve 3.40E+01 3.24E+01 3.40E+01 3.26E+01
Post-process 2.23E+00 2.22E+00 2.23E+00 2.01E+00
Power iterations 131 123 127 122
Mesh generation 2.05E+00 2.09E+00 2.09E+00 3.97E+00
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Fig. 18. Plots of relative refinement against (a) kg, (b) Maximum pin power, (¢) Minimum pin power, (d) UO, outer power, (e) UO, inner power, (f) MOX power for the C5G7

problem for quadratic spatial discretisations.

6. Conclusion

This paper has presented the NURBS-enhanced finite element
method (NEFEM), which was applied to the steady-state multigroup
neutron diffusion equation (NDE) for the first time. The NEFEM dis-
cretisation method was compared to FEM as well as volume and
surface-preservation techniques that are currently used to mitigate the

18

geometric errors associated with FEM. Linear (p = 1) superparametric
NEFEM and quadratic (p = 2) isoparametric NEFEM discretisations
were investigated. The numerical accuracy, and computational effi-
ciency, of the NEFEM spatial discretisation method was analysed and
assessed using a one-group nuclear fuel pincell problem, a one-group
supercell problem and the NEA C5G7 NDE benchmark verification test
case. The computational solution time was investigated for the NEFEM
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Table 6
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Computational solution times in seconds for quadratic spatial discretisations of the C5G7 benchmark verification test case
with 2.91E+04 degrees of freedom for the Fortran NDE code and Python mesh generator.

p = 2 FEM p = 2 VPFEM p = 2 SPFEM = 2 NEFEM
Total 3.97E+01 3.87E+01 4.46E+01 3.68E+01
Pre-process 5.36E-01 5.40E-01 5.41E-01 7.28E-01
Solve 3.84E+01 3.74E+01 4.33E+01 3.53E+01
Post-process 7.62E-01 7.62E-01 7.62E-01 7.69E-01
Power iterations 134 122 142 122
Mesh generation 9.61E-01 9.74E-01 9.70E-01 2.06E+00

Table 7

Computational solution times in seconds for linear spatial discretisations of the C5G7 benchmark verification test case with
2.91E+04 degrees of freedom for the Fortran NDE code and Python mesh generator, limited to 100 power iterations.

p =1 FEM p = 1 VPFEM p = 1 SPFEM p = 1 NEFEM
Total 3.47E+01 3.49E+01 3.59E+01 3.59E+01
Pre-process 4.47E+00 4.48E+00 4.48E+00 5.22E+00
Solve 2.79E+01 2.81E+01 2.91E+01 2.85E+01
Post-process 2.32E+00 2.33E+00 2.33E+00 2.14E+00
Mesh generation 2.05E+00 2.09E+00 2.09E+00 3.97E+00

Table 8

Computational solution times in seconds for quadratic spatial discretisations of the C5G7 benchmark verification test case
with 2.91E+04 degrees of freedom for the Fortran NDE code and Python mesh generator, limited to 100 power iterations.

p = 2 FEM p = 2 VPFEM p = 2 SPFEM p = 2 NEFEM
Total 3.33E+01 3.46E+01 3.61E+01 3.29E+01
Pre-process 5.56E-01 5.39E-01 5.38E-01 7.25E-01
Solve 3.19E+01 3.33E+01 3.48E+01 3.13E+01
Post-process 8.09E—01 8.10E—01 8.09E—01 8.16E—01
Mesh generation 9.61E-01 9.74E-01 9.70E-01 2.06E+00
104
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Fig. 19. Nuclear fuel pincell results of DoF vs. Condition number for linear and quadratic spatial discretisation methods. Note condition numbers are so similar that they are

indistinguishable on the plot.

and the Lagrangian FEM for the NEA C5G7 benchmark, with global
matrix conditioning investigated for the one-group nuclear fuel pincell
benchmark. In addition, a method of manufactured solution (MMS) test
case was used to rigorously determine the order of convergence of the
NEFEM spatial discretisation method. Finally, an analytical Wigner—
Seitz pincell problem is presented in Appendix B to provide further
evidence of the accuracy of the method.

Results for the one-group nuclear fuel pincell problem showed that
NEFEM consistently outperformed FEM for both linear and quadratic
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spatial discretisations. This accuracy improvement was particularly no-
ticeable for quadratic NEFEM, which at lower spatial refinements was
almost an order of magnitude more accurate. Volume-Preserved FEM
(VPFEM) performed similarly to NEFEM, although it was slightly less
accurate across all spatial refinements. This suggests that the numerical
accuracy of the standard Lagrangian FEM was limited by volumetric
errors associated with the linear finite element spatial discretisation.
Surface-Preserved FEM performed better than FEM, but poorer than
VPFEM. This is further evidence of a volumetric-dominated problem
as, despite SPFEM accurately representing leakage terms, the correction



J. Trainor et al.

to the computational mesh in a nuclear fuel pincell case results in
a slightly more accurate spatial discretisation. The relative geometric
accuracies of each discretisation was then shown, where the volume
and surface errors associated with each discretisation were quanti-
fied. It was shown that NEFEM could achieve similar accuracy to the
analytically adjusted methods due to its exact CAGD representation.

The one-group supercell problem presented a benchmark with in-
creased geometric complexity and regions where leakage terms dom-
inate. Once again, NEFEM achieved higher levels of accuracy than
FEM across all spatial refinements for both linear and quadratic spatial
discretisations. For linear spatial discretisations, VPFEM and SPFEM
failed to achieve significant error reductions and were actually less
accurate at low spatial refinement levels than standard Lagrangian
FEM. This shows that while SPFEM failed to accurately model the
volumetric terms in the underlying geometry, VPFEM in turn failed to
accurately model the leakage, particularly around the central absorber.
NEFEM conversely, can model both accurately and as such achieves a
lower error. This effect is exacerbated in the quadratic results, where
NEFEM performs significantly better than FEM, VPFEM and SPFEM.
Quadratic VPFEM achieves a much lower accuracy than the quadratic
NEFEM, in contrast to the nuclear fuel pincell results, demonstrating
that the VPFEM struggles to accurately model problems in the presence
of high leakage terms.

Convergence plots for the NEA C5G7 LWR benchmark showed that
the NEFEM once again consistently performed better than standard
Lagrangian FEM. For linear spatial discretisations, the NEFEM achieved
a lower accuracy than FEM across all six error measures for every level
of mesh refinement. In terms of ke accuracy, the NEFEM was most
accurate at higher refinements, only being beaten by the VPFEM at the
lowest refinement levels. In all other pin power measures, the VPFEM
was more accurate than the NEFEM. Results were similar for quadratic
discretisations, with the NEFEM showing a consistent improvement in
accuracy compared to FEM. Once again, it was only more accurate than
the VPFEM at high refinements when performing error measures on the
kegr value. The discrepancy between the NEFEM and VPFEM for pin
power errors was generally smaller than for the linear discretisations,
particularly for Pyay, Pyo, - mner and Pyox-

An investigation into the computational solution times associated
with the NEFEM showed that it was competitive with Lagrangian FEM
for both linear and quadratic spatial discretisations of the NEA C5G7
LWR benchmark, performing particularly well in the quadratic case.
While the NEFEM necessitates an increase in pre-processing time to
read in the CAGD data and set up the NURBS-enhancement of relevant
elements, this time is a relatively small portion of the overall compute
time, with a value of ~1-2 orders of magnitude smaller than the total
solution time. In both cases, the reduced number of iterations and
therefore time taken to solve the system of equations for the NEFEM
allowed it to achieve lower overall compute times than the Lagrangian
FEM. The mesh generation times for each spatial discretisation was
also investigated. This demonstrated that the time required for the
mesh corrections associated with the VPFEM and SPFEM was neg-
ligible, which one would expect for simple geometries such as the
pincell assemblies found in the NEA C5G7 LWR Benchmark. A notable
increase in mesh generation time was noted for the NEFEM, due to
the additional steps of matching each finite element to an associated
CAGD NURBS description and writing this data to file. This additional
meshing time was significantly smaller than the overall solve time.
It should be noted that the optimisation of the mesh generator was
not prioritised as this was outside the scope of the investigation. An
optimised mesh generator written in a compiled language such as C++
or Fortran would significantly improve upon these times and as such
the authors do not believe that this is not representative of a significant
issue if the NEFEM were to be employed in a commercial or industrial
code. This investigation also verified that the conditioning of NEFEM
matrices was similar to that of Lagrangian FEM over a range of spatial
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refinements for linear and quadratic discretisations of the one-group
nuclear fuel pincell benchmark.

Overall, the NEFEM is highly effective at mitigating geometric er-
rors, consistently improving upon the accuracy of standard Lagrangian
FEM for solving the multigroup NDE. It has also been shown to be a
competitive alternative to the volume and surface-preserving methods
that are widely used to alleviate issues associated with the meshing of
complex geometric domains. For two of the three test cases, NEFEM
achieved a lower error across all mesh refinements for both linear
superparametric and quadratic isoparametric formulations. For the fi-
nal C5G7 quarter core nuclear reactor physics benchmark test case, it
was shown to outperform both standard Lagrangian FEM and SPFEM,
and was competitive with VPFEM. The NEFEM achieved a lower error
for the kg value at higher spatial refinements. However, this came
at the cost of a slight increase in the overall computational solution
time. Additionally, the geometric accuracy of NEFEM was achieved
without the mesh modification processes required for the VPFEM and
SPFEM. This potentially presents an opportunity for reducing the time
required to produce computational meshes for complex multidimen-
sional curvilinear nuclear reactor physics and shielding geometries.
While the NEFEM does necessitate increased pre-processing compute
times, this is negligible compared to the overall solution time, and
in some cases the faster convergence seen for the NEFEM compared
to Lagrangian FEM allows it to achieve faster computational solution
times. The relatively small pre-processing time required, combined with
the numerical accuracy improvements achieved by the NEFEM and
the streamlining of the computer aided geometric design (CAGD) to
computer aided engineering (CAE) modelling and simulation (M&S)
pipeline suggest that this is a very worthwhile trade-off (Ferguson et al.,
2022; Zou et al., 2024a; Otoguro et al., 2018; Sevilla et al., 2011b;
Montanari et al., 2024; Kirilov et al., 2024; Zou et al., 2024b).

Further work on NEFEM for nuclear reactor physics and shielding
problems should focus on the development of curvilinear mesh gen-
eration software to streamline the CAGD to CAE M&S pipeline. This
is a challenging area of research for three-dimensional (3D) complex
geometry domains but it is important in terms of realising the full
potential of the NEFEM spatial discretisation method (Ferguson et al.,
2022; Zou et al., 2024a; Otoguro et al., 2018; Sevilla et al., 2011b;
Montanari et al., 2024; Kirilov et al., 2024; Zou et al., 2024b). In ad-
dition, research into both continuous and discontinuous adaptive mesh
refinement (AMR) algorithms for the NEFEM should also be explored.
The NEFEM spatial discretisation should also be applied to both first
and second-order forms of the neutron transport equation. Finally, an
investigation into the optimisation of a purpose built mesh generator
for the NEFEM should be performed to fully investigate the additional
time required to set up the NURBS-Enhanced mesh information.
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Appendix A. Method of manufactured solution

This section will describe the methodologies utilised in the journal
paper to generate and solve Method of Manufactured Solution (MMS)
problems for the NDE. MMS aims to test the basic functionality of
NEFEM, where convergence plots will aim to demonstrate that the
method is stable and can reproduce the required theoretical order
of accuracy of O(hP*!) in the L? Error. The MMS sees widespread
use in assessing the numerical accuracy and convergence of spatial
discretisation methods, with applications to neutron diffusion problems
found in publications such as Ferguson (2022). The mono-energetic
NDE is:

=V - D(x)Vp(x) + Z(x)p(x) = S(x) (A1)

Let w be a chosen MMS neutron scalar flux solution. This gives the
equation:

= V- D(x)Vy(x) + Z.(0)y(x) = Q,(x) (A.2)

where O, (x) is the MMS source. This can easily be calculated by
generating the linear system of equations A, equal to the global mass
matrix M + the global stiffness matrix K multiplied by the MMS flux
y. We can then solve the following system using any neutron diffusion
solution method:

=V D(x)Vh(x) + 2(x)p(x) = Q,,(x) (A3

The solution ¢ to this equation should naturally be y to some
level of accuracy associated with the neutron diffusion solution method
(mesh refinement etc.). This accuracy must then be evaluated to check
for convergence in the code. Where the MMS neutron scalar flux can be
analytically integrated over the domain I', the total neutron scalar flux
integral can be used as a measure of integration accuracy. For example,
for a unit square ([0, 1]?), a manufactured solution of y = sin(zx)-sin(zy)
can be integrated to give:

1,1 5 7l 4
/ / sin(zx) - sin(zy)dxdy = = / sin(zy)dy = —
o Jo z Jo 72

This is then used as a benchmark value, against which the resulting
neutron scalar flux generated by the neutron diffusion solution method
is evaluated. To calculate this integral, the neutron scalar flux is in-
tegrated over each element, approximated with Gaussian quadrature.
Gauss-Legendre quadrature of order p + 1 was used throughout, main-
taining consistency with all other benchmarks included in this journal

paper.

(A.4)

> /‘ﬁdV“ )y z‘ﬁ(fi"h) : ‘J(éi’rlj)|'wi,j (A.5)
EeV/E EEV ij
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Table A.9
MMS problem neutron cross-section data.
=, D
R1 1.00 0.333
R2 2.00 0.167
Table A.10

Gradients of standard Lagrangian FEM and NEFEM convergence for the MMS
problem.

FEM NEFEM
Linear 2.00090734 2.00090734
Quadratic 2.99323768 2.99323768

where i, j are the quadrature points in each parametric dimension, n, m
are the associated total number of quadrature points in each parametric
dimension, ¢ (é:l-, n j) is the neutron scalar flux at quadrature point (i, j),
‘J (§,~,nj)| is the determinant of the Jacobian at the quadrature point
and w; ; is the quadrature weighting factor at the quadrature point. The
L, error norm is used to define the error in this study, defined by:

lp—wll, =V @-w)?

The stability of the neutron diffusion solution method was tested
using the MMS method described above. A Schematic of the problem
can be seen in Fig. A.20(a). The computational domain for the MMS
benchmark verification test case is a unit square R = [0, 1], split into
two regions R, and R,, as presented in Fig. A.20(a). The prescribed
MMS solution is:

(A.6)

v =x-y-sin2zx) - sin(2xy) (A.7)

This neutron scalar flux solution is presented in the contour plot
in Fig. A.20(b). Dirichlet boundary conditions are prescribed at the
top and right edges of the domain while Neumann boundaries are
prescribed at the bottom and right edges of the domain. The Dirichlet
boundaries are ‘zero’, enforcing a neutron scalar flux value of zero
(w = 0), while the Neumann boundaries are reflective, ensuring that
the derivative of the neutron scalar flux is zero (Vy = 0). The domain,
V, is meshed into a simple orthogonal, structured cartesian grid as seen
in Fig. A.21. As no curved surfaces exist on any of the boundaries, I', in
the problem, we would expect NEFEM to produce results that exactly
match FEM. Material properties utilised for the test case are presented
in Table A.9.

Fig. A.21 presents the computational mesh for the MMS problem,
progressively refined such that convergence plots can be generated.
Plots of the log of the error in the MMS neutron scalar flux against
the log of the relative refinement of the computational mesh (4) for
the FEM and NEFEM are presented in Fig. A.22 for both first (p = 1)
and second (p = 2) order elements. Gradients of each convergence
line are given for FEM and NEFEM in Table A.10. Both FEM and
NEFEM match the theoretical O(h**!) rate of convergence to within two
decimal places, demonstrating their stability.

Appendix B. Analytical Wigner-Seitz pincell

In this section, we seek to further investigate the performance of
the NEFEM in the presence of curvilinear boundaries for an analytical
problem. The purpose of this one-dimensional (1D) infinite cylindrical
analytical Wigner-Seitz pincell benchmark is to verify the numerical
accuracy, and convergence rates, of two-dimensional (2D) straight
sided FEM, SPFEM, VPFEM, curvilinear Lagrangian FEM and NEFEM
neutron diffusion solutions. This investigation aims to supplement the
results presented in Section 5, as well as Appendix A, which have
demonstrated the numerical accuracy and convergence rates of the
NEFEM when compared to standard Lagrangian FEM. For this, we
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Fig. A.20. Schematic (left) and neutron scalar flux contours (right) of the two-region MMS problem.
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Fig. A.21. Progressively refined MMS computational meshes for convergence calculations.
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Fig. A.22. Convergence plots for the MMS problem for standard Lagrangian FEM (left) and NEFEM (right).

construct a two-region circular fuel element consisting of a central
circular region surrounded by a larger ring of another material.

This type of problem is known as a Wigner—Seitz pincell approxi-
mation (Lewis and Miller, 1984). This approximation reduces a two-
dimensional (2D) pincell problem with prescribed reflective boundary
conditions, into an approximate 1D infinite cylindrical problem, with a
prescribed white boundary condition, for neutron transport problems.
However, instead of a neutron transport solution a neutron diffusion
approximation is utilised, with a prescribed reflective boundary con-
dition (zero net neutron current) on the outer surface of the pincell,
in order to obtain an analytical solution to the 1D infinite cylindrical
pincell problem.

This is shown in Fig. B.23, where the outer square region of length
W is replaced with a circular region of radius R,. The inner radius, R,
remains unchanged. The replacement of the square outer region of the
geometry with an annuli allows for a one-dimensional flux solution to
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Table B.11
Wigner-Seitz pincell benchmark verification test case macroscopic neutron cross-section
data.

Z, [em™] >, [em™] O [neutrons cm=3 s7']
Region 1 0.764 0.397 0.0
Region 2 0.38468 0.385 1.0

be constructed in cylindrical co-ordinates. The material properties for
the problem are defined in Table B.11.

The derivation begins by defining L = \/TZL, as well as [, and K,
as the nth order modified Bessel functions of the first and second kind
respectively. While the full derivation of the analytical solution has
been omitted for brevity, the final analytical solution for each region is
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Fig. B.23. Wigner-Seitz pincell approximation. The square outer region of length W is replaced by an outer ring of radius R,.
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Fig. B.24. Neutron scalar flux of the Wigner-Seitz pincell problem with increasing axial position r for the analytical solution and from the EVENT code (de Oliveira, 1986).
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Fig. B.24 presents the analytical neutron scalar flux described in
Egs. (B.1)-(B.4) with respect to the axial radius r, alongside a result
generated by a 4E+03 DoF linear FEM solve of the EVENT code (de

Oliveira, 1986). This quantity may be analytically integrated over the
volume of each region, producing the results:

21 R L3S,p R,
¢(r)rdrd¢p =2 R, L, L=, (B.5)
o Jo D, L
/27r R2d>()dd9 2 ﬁsD]L;1<R‘>
rrdrdd =2na —_— —
0o Jr Dy L, '\ L
slror (B2) g, (B
22 S W=l Bl ST ST W=l B
L, L, . (B.6)

I, (ﬁ) R R 12s
b/ <R1K1 <—1> ~ RyK, <—2>> +1—22 (R2- RY)
K, (ﬁ) L, L, D,

Ly

Note that the subscript on each material property in Egs. (B.1)-(B.6)
denotes if it is from region 1 or 2. The numerical values of these
integrals, produced by Egs. (B.5) and (B.6) as well the result from the
EVENT code are presented in Table B.12.
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Fig. B.25. Convergence plots of the local error on the neutron scalar flux for the Wigner-Seitz Pincell Problem for the FEM and NEFEM spatial discretisations of linear (p = 1)

and quadratic (p = 2) polynomial orders.
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Fig. B.26. Convergence plots of the global error on the total integrated volumetric neutron scalar flux integral for the Wigner-Seitz Pincell Problem for the FEM and NEFEM

spatial discretisations of linear (p = 1) and quadratic (p = 2) polynomial orders.

Table B.12
Wigner-Seitz pincell benchmark verification test case neutron scalar flux integrals in
each region from the analytical solution and EVENT code (de Oliveira, 1986).

Analytical EVENT
Region 1 25.60234 25.60234
Region 2 89.75131 89.75132

A comprehensive overview of the approximation and associated
methods for deriving the analytical solution may be found in reference
texts such as Lewis and Miller (1984) and Okajima et al. (2024). The
analytical flux profile, shown in Egs. (B.1)—(B.4) and Fig. B.24 as well
as the total neutron scalar flux of Table B.12 has been verified with the
EVENT neutron transport code. One-dimensional (1D) infinite cylindri-
cal (exact geometry) pointwise and volume integrated neutron scalar
fluxes were generated using the EVENT (EVEn parity Neutral particle
Transport) radiation transport modelling and simulation (M&S) soft-
ware. The EVENT software is based upon the second order even-parity
form of the neutron transport equation. It utilises a Lagrangian finite
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element (FE) representation of the spatial variables and a spherical
harmonic (Py) expansion in the angular variables (de Oliveira, 1986).
The 1D cylindrical computational mesh for EVENT was generated using
the GEM mesh generator and data pre-processing software (Wood and
Williams, 1984). In order to produce a neutron diffusion solution a
P, expansion is used within EVENT along with a prescribed reflective
boundary condition (zero net neutron current) on the outer surface of
the pincell.

Similarly to the MMS problem of Appendix A, a local error metric
is quantified by comparing the neutron scalar flux, ¢, of the solution
to the analytical result, as described in Eq. (A.6) over each numerical
quadrature point when constructing the integral. In addition to linear
and quadratic spatial discretisations of the standard Lagrangian FEM
and NEFEM, a curvilinear quadratic spatial discretisation has also been
incorporated. This should provide a competitive method to quadratic
NEFEM as it will achieve much lower geometric errors than the stan-
dard straight-sided quadratic Lagrangian FEM. It has been included as
the VPFEM and SPFEM are not compatible with the local analytical flux
solution due to their modification of the underlying mesh geometry.
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Convergence plots of the local error on the neutron scalar flux
against the DoF are presented for linear and quadratic spatial discreti-
sations in Figs. B.25(a) and B.25(b) respectively. Fig. B.25(a) demon-
strates that the linear NEFEM consistently outperforms Lagrangian FEM
over all spatial discretisations investigated, likely due to the effec-
tive mitigation of geometric errors. Similarly, the quadratic NEFEM
achieves significant error reductions over the standard Lagrangian
quadratic FEM of Fig. B.25(b). The quadratic curvilinear FEM imple-
mentation is much more competitive due to its improved geometric
accuracy, but still fails to outperform the quadratic NEFEM over all
spatial discretisations investigated.

Figs. B.26 instead uses the error on the total volumetric scalar flux
integral when compared to the analytical values of Table B.12. This
global error metric is included to supplement the analysis performed in
Fig. B.25. As the total integrated volumetric neutron scalar flux integral
for the Wigner-Seitz pincell is analysed, the numerical values produced
by surface and volume preserving spatial discretisations of the FEM
are re-introduced into the analysis. Figs. B.26(a) and B.26(b) present
convergence plots for the error on the total integrated volumetric
neutron scalar flux integral for linear and quadratic spatial discreti-
sations respectively. Fig. B.26(a) demonstrates the effectiveness of the
NEFEM in mitigating geometric errors for curvilinear problems, out-
performing standard Lagrangian FEM, SPFEM and VPFEM across each
spatial discretisation investigated. The VPFEM once again demonstrates
that is has greater numerical accuracy than SPFEM for volumetric
quantities of interest (Qol) as a total integrated volumetric neutron
scalar flux for nuclear reactor physics problems, as shown extensively
in Section 5. Results from Fig. B.26(b) show similar results, with the
NEFEM achieving the lowest error of all spatial discretisations at all but
the lowest refinement investigated. Notably, the curvilinear Lagrangian
FEM implementation achieves a lower numerical error than the stan-
dard Lagrangian FEM and SPFEM. This is likely due to its more accurate
spatial representation. However, this still fails to achieve the numerical
accuracy of the NEFEM or VPFEM. This result may be due to the fact
that the curvilinear Lagrangian FEM does not exactly represent the
curvilinear geometry of the pincell problem (i.e., it does not preserve
the volume or surface geometry of the pincell). The numerical results
presented in Figs. B.25 and B.26 further demonstrate the numerical
accuracy, and convergence rates, of the NEFEM for curvilinear nuclear
reactor physics problems.

Data availability

In accordance with EPSRC funding requirements, all supporting data
used to create figures in this paper may be accessed at the following
DOI: https://zenodo.org/records/15607929.
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