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Abstract

Volcanoes are surface expressions of much deeper magmatic systems, inaccessible to direct obser-
vation. Constraining the geometry and physical properties of these systems, in particular detecting
high melt fraction (magma) reservoirs, is key to managing a volcanic hazard and understanding fun-5

damental processes that lead to the formation of continents. Unfortunately, unambiguous evidence
of magma reservoirs has not yet been provided due to the limited resolving power of the geophysical
methods used so far.

Here, a high-resolution imaging technique called full-waveform inversion was applied to study the
magmatic system beneath the Santorini volcanic field, one of the most volcanically and seismically10

active regions of Europe. Quality-controlled inversion of 3d wide-angle, multi-azimuth ocean-bottom
seismic data revealed a previously undetected high melt fraction reservoir 3 km beneath the Kolumbo
volcano, a centre of microseismic and hydrothermal activity of the field.

To enable the above method to handle land data, two major algorithmic improvements were added
to the high-performance inversion code. First, to simulate instrument response of land seismomet-15

ers, a pressure-velocity conversion has been implemented in a way that ensures reciprocity of the dis-
cretised 2nd-order acoustic wave equation. Second, the immersed-boundary method, originally de-
veloped for computational fluid dynamics, was implemented to simulate the wave-scattering off the
irregular topography of the Santorini caldera. These advancements can be readily used to provide a
higher-resolution image of the melt reservoir beneath the Santorini caldera already detected by means20

of travel-time tomography.

Key words: magma plumbing systems · continental back-arc volcanism · Santorini volcanic field ·high-resolution
imaging · seismic full-waveform modelling and inversion · finite-difference method
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Thesis structure

The dissertation consists of three main parts:

• Part I provides the geological motivation of studying volcanoes, introduces the study area, the
experimental setup and lastly the imaging method.100

• Part II describes, after necessary theoretical background, the methodology developed to simu-
late land and/or marine multi-component data. Part of this work was presented at the American
Geophysical Union Fall Meeting 2019.

• Part III describes the inversion of ocean-bottom field data and provides interpretation of its
outcome. Some of these results were presented at the European Geophysical Union General As-105

sembly 2020.

The first part provides a background of the project. The remaining two parts present the original results
obtained by the author. Ch. 7 describes the preparation of the input used in ch. 8 as well as in the
field-data examples of part II. Each of these chapters include its own suite of appendices (instead of
one large at the end of the thesis) for easier referencing.110
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Note on notation

The indicial notation and Einstein’s summation convention are used whenever they are thought to help
the reader by keeping the equations concise and not too overwhelming. According to the summation
convention, index appearing exactly twice in a monomial expression is called dummy and indicates
that the expression in fact represents a sum of monomials over a full range of that index, e.g.:115

τijδij ≡
3∑
i=1

3∑
j=1

τijδij ,

where δij is the Kronecker delta. Indices that do not repeat in such expressions are called free and
must appear exactly once on each side of an (in)equality. This way, a system of three equations can be
written concisely as:

ρv̇i = τij,j + fi,

with i and j being a free and dummy index, respectively, τij is a second-order tensor and a comma, as
in τij,j , is a shorthand notation for differentiation:120

τij,j ≡ ∂jτij ≡
∂τij
∂xj

.

The summation convention is assumed whenever indicial notation is used, unless stated otherwise.
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6.13 Geometry of the 3d orthogonal projection of a point (grey dot with black outline) onto a
z(x, y) surface (black curve). The part of the surface enclosed in the search region (dashed390

square) is denoted by the thick solid line (left). The XY projection of the search region is
split into squares with corners being the grid nodes (middle). Each square corresponds
to a surface patch generated by a bilinear interpolation between its corners (right). The
shortest distance to each patch is found by the damped Newton optimisation. The scheme
is readily generalisable to arbitrary surfaces. . . . . . . . . . . . . . . . . . . . . . . . . . 127395

6.14 Finely sampled surface patch (left), the corresponding objective function (middle), and
the projection of the objective function onto the XY plane (right). The objective function
expresses the distance between a point on the surface and the reference point (not shown). 128

6.15 Schematic of injecting a source close to a 1d free surface. Here, the method was generalised
to 3d, requiring an iterative solution. From Hicks (2002). . . . . . . . . . . . . . . . . . . 132400

6.16 Acquisition geometry of the experiments using the flat/rotated free surface: a single source
and 101 receivers (yellow and blue dots, respectively); free surface at node z = 0. Relat-
ive positions and distances between points do not change under rotation of the frame of
coordinates around its origin – this property was used to compare results for the flat and
rotated free surface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135405

6.17 Shot gathers from the numerical test involving a horizontal planar free-surface using (left)
the default FULLWAVE3D method and (right) the immersed-boundary method. The relative
positions of sources, receivers and the free surface were the same in both cases. . . . . . 135

6.18 Wavefield snaphots from the numerical test involving a planar free-surface tilted by 5◦ from
the horizontal: (left) air-layer method; (right) immerse boundary method. . . . . . . . . . 135410

6.19 Wavefield snapshots from the numerical test involving a planar free-surface tilted by 75◦

from the horizontal: (top-left) air-layer method; (top-right) immerse boundary method.
Note the spurious diffraction pattern resulting from the staircase-approximation for the
air-layer method. Bottom – wave reflected from the free surface recorded at the central
(51th) receiver for: (blue) air-layer method; (red) immersed-boundary method. . . . . . . 136415

6.20 Wavefield snapshots from the numerical test involving a sinusoidal free surface with the
wavelength of 10 grid nodes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.21 Wavefield snapshot after 3 s of the simulation using a 2d topographic surface cut horizont-
ally through the center of the Santorini caldera, homogeneous model with vp = 1500 m/s
and Ricker source wavelet with fpeak = 3 Hz. . . . . . . . . . . . . . . . . . . . . . . . . . 138420

6.22 Numerical experiment involving a 3d fragment of the Santorini caldera: (left) three levels of
ghost nodes coating the free surface; (top-right) wavefield snapshot sliced above the sea-
level – the righthand part of the wavefield with the inverted polarity is the ghost wavefield;
(middle-right) free surface topography measured in grid nodes below the top of the model;
(bottom-right) data recorded by receivers located in the in-line direction across the center425

of the domain, below the sea level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
6.23 Wavefield snapshots of the simulation using a 3d topographic surface of the Santorini cal-

dera. The 2d cross-sections were cut through the centre of the Nea Kameni island in the
middle of the caldera. All boundaries are reflecting to test the stability of the scheme in the
presence of strong multiples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139430

6.24 Acquisition geometry of the first field-data example. IDs of the OBS and the shot-line used
in fig. 6.25 and 6.26 are highlighted in yellow. Modified after J. Morgan and M. Paulatto
(unpublished). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140



LIST OF FIGURES 18
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1
Volcanology background

The importance of studying volcanoes is at least two-fold. First, the number of people potentially
affected by volcanic activity is increasing with the ever-growing human population and its reliance on655

air transportation, especially vulnerable to explosive eruptions. Second, volcanoes are windows into
fundamental processes that shape the Earth and other planets, in particular into the formation of the
continental lithosphere.

Volcanic eruptions in which molten rocks emerge on the Earth’s surface are expressions of much deeper
magmatic processes. A thorough understanding of these processes is key to managing the volcanic risk660

and unlocking the inner workings of our planet.

Even though the last 30 years have seen a flurry of progress due to increased volume of available data
as well as advances in instrumentation and computing (Cashman et al., 2013; Magee et al., 2018), our
understanding of volcanoes is still fragmentary. In particular, despite being a cornerstone of petro-
logical models, no magma chamber has ever been observed under a continental arc volcano directly.665

Models of generation of silicic magma at arc volcanoes as well pre-eruptive storage and mobilisation
require better physical constraints on the geometry, melt content, and the interconnections of magma
bodies in the crust (Cashman et al., 2017).

1.1 Basic concepts

The central concept in volcanology is that of a magmatic system (Sparks et al., 2019). It is where the670

magma is generated, stored, differentiated and finally makes its way to the surface in the phenomenon
known as a volcanic eruption. Below, all these terms are given a precise meaning.

1.1.1 Definitions

Three domains of the subsurface relevant to volcanology can be distinguished (Sparks et al., 2019):

1. host rock (fig. 1.1a,b) – with either no melt (i.e. at a sub-solidus temperature) or with the uncon-675

nected melt of very low fraction present (implying a super-solidus temperature).
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Figure 1.1: Three major domains of a magmatic system. The transition between rock and mush (melt-
connectivity transition, MCT) is characterised by a sudden drop in viscosity and strength. Upon the
mush-magma transition (MMT), melt starts to control the rheology of the system. Modified after
Sparks et al. (2019).
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Figure 1.2: Back-arc volcanism in a continental-ocean collision zone. Modified after Stern and Dickin-
son (2010).

2. mush (fig. 1.1c,d) – mostly crystals, connected melt.
3. magma (fig. 1.1e,f) – mostly melt (high fraction).

There exist two sharp transitions of rheology and elastic properties between these domains. A step-
change between the domain 1 and 2 called the melt-connectivity transition (MCT) is characterised by680

a rapid decrease of viscosity and strength. A jump between the domain 2 and 3 called mush-magma
transition (MMT) changes the controlling factor for rheology from crystalline network to melt, respect-
ively. Magma and mush domains consist of three phases: melt, volatiles (e.g. supercritical H2O and
CO2) and crystals. These phases have very different physical properties which makes any attempt of
modelling such a system challenging (Sparks et al., 2019).685

Let us define a magmatic system as a volume of sub-solidus rocks + melt reservoir(s) that has contained
magma at least at some point in the past, even if currently melt is stored as mush. The term magma
chamber is used here to mean a storage place for magma, i.e. a zone with a high melt fraction. This is
not synonymous with a melt reservoir, which is a broader rheological term that does not assume any
time-scales or volumes, in particular does not require the chamber to be large and long-lived (Sparks690

et al., 2019).

1.1.2 Magma generation

Rock melting and further seperation of melt and crystals to generate magma occurs in a variety of
tectonic settings – whenever there is a pressure decrease and/or enough heat and/or water supplied
(Best, 2002). Here, only continental-ocean subduction zones and resultant continental arcs will be695

discussed.

When the slab reaches about 60-100 km below the surface (England and Katz, 2010; Perrin et al., 2018)
its water-saturated sediments and altered (serpentinised) oceanic crust (basalt and gabbro) undergo
metamorphic phase change into an eclogite (consisting mainly of garnet and pyroxene) which can be
thought of as a high-pressure version of a basalt. This reaction releases bound water from hydrous700

minerals such as amphiboles, as they get transformed into the anhydrous garnet and pyroxene. The
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Figure 1.3: Schematic depiction of a magma plumbing system. From Magee et al. (2018).

largest contribution to the water release is likely to occur during the blueschist-eclogite transition at
300-500◦C (Paulatto et al., 2017).

The water acts as a crystal network modifier breaking up Si-O polymers of SiO4 tetrahedra and lowering
the melting temperature. The H2O-enriched (typically a few % of weight) mantle wedge starts to melt705

at much lower temperatures than the dry one (Best, 2002). It is worth emphasising that it is the mantle
that contributes to melt-generation the most, not the slab, unless the latter is very young and hot.
Heating the slab up to the required temperature would otherwise take too long (Perrin et al., 2018).

1.1.3 Magma storage

There has been a long-standing debate about the physical state and spatial distribution of the melt710

stored in the crust (Cashman et al., 2017). Most systems are likely to consist of all three domains (1.1)
at once, with melt reservoirs either connected or separated by a sub-solidus rock (Sparks et al., 2019).
An emerging paradigm is the one of magmatic systems being vertically extensive, transcrustal, inter-
connected networks of magma conduits and magma/mush reservoirs (e.g. Cashman et al., 2017) re-
ferred to as magma plumbing systems (fig. 1.3). In such a sytem, parts of the erupted magma may715
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be stored cold (below the solidus) and later rejuvenated (e.g. Cooper and Kent, 2014) with melt-rich
magma chambers being only short-lived features.

It is worth noting that magma chambers beneath mid-ocean ridges are not a subject of similar contro-
versy and have been detected by means of reflection seismics at East Pacific Rise (Detrick et al., 1987;
Kent et al., 2000), Lau back-arc spreading center of the Tonga trench (Collier and Sinha, 1990) and720

Mid-Atlantic Ridge (Singh et al., 2006), which represent slow, intermediate and fast-spreading centres,
respectively.

1.1.4 Magma differentiation

As the magma ascends from its source region to intercrustal reservoirs, a place where it stalls, it under-
goes compositional changes (differentiation). These changes are caused by:725

• fractional crystallisation – sometimes referred as AFC (Assimilation, Fractional Crystallisation).
In this old model, magma differentiation happens in mostly molten magma chambers by frac-
tional crystallisation and melting and assimilation of host rock. As the more refractory minerals
crystallise, they fall to the bottom of the chamber and form layered mafic and ultramafic cumu-
lates. As this process progresses, the residual melt becomes more and more silicic;730

• mixing/mingling of magmas from other reservoirs, often when a hotter mafic magma intrudes
into cooler more felsic magma and often triggers an eruption (Sparks et al., 1977); surface studies
suggest mixing of magmatic products is a ubiquitous process (Edmonds et al., 2019);

• assimilation (via mixing) of partial melts of the crust – this process is characteristic of contin-
ental settings (Solano et al., 2012);735

• reactive flow – another mechanism that has gained traction in the last couple of decades is dif-
ferentiation by reactive flow through the crystal mush (Jackson et al., 2018).

The differentiation leads to magmas that are more felsic (SiO-enriched) than the parental mantle melt.
In this way a plumbing system may be thought of as a filter that transforms the mantle into the con-
tinental rocks.740

Continental arcs display a great diversity of magma compositions from mafic basalt to felsic rhyolite
with intermediate rocks (dacite and andesite) being dominant. Commonly a single eruption brings to
the surface more than one type of magma, often in a form of mafic enclaves created by rapid crystal-
lisation of mafic magma when brought in contact with felsic magma (Martin et al., 2006).

1.1.5 Magma mobilisation745

The formation of mobile (eruptible) magmas is postulated by Sparks et al. (2019) to be governed by
four main mechanisms:

• direct intrusion at a rate fast enough to prevent crystallisation,
• reactive flow through the mush with melt extraction induced e.g. by compaction, volatile activity

or compositional convection (Jackson et al., 2018),750

• ‘defrosting’ by the heat or volatiles, both of which are most likely supplied by magma recharge
(Burgisser and Bergantz, 2011) and can be thought of as an indirect influence of an intrusion,

• merging of smaller magma bodies formed by the previous three mechanisms.

The first two are very slow, whereas the last two are relatively fast processes (fig. 1.4). There is no reason
to think that all these mechanisms cannot operate in tandem.755
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Figure 1.4: Time- and length scales of crustal magmatic activity. From Edmonds et al. (2019).

Figure 1.5: Map of all the volcanoes studied by means of the seismic tomography. The interactive visu-
alisation is available at https://kmch.github.io/. The database has been compiled by Lees (2007),
and largely extended by M. Paulatto (2019, personal communication).

1.2 Seismic studies

Volcanology is an interdisciplinary field of research taking advantage of various specialised scientific
disciplines. One of the most important, petrology, is particularly useful in providing constraints on
pressure and temperature conditions, as well as the duration and sequence-order of thermodynamic
processes of the past eruptions (e.g. Druitt et al., 2012). These tools, however, do not give much insight760

into geometry (shapes and volumes) of the the magmatic system in its current state. On the other
hand, geophysical methods can be used to locate changes in physical parameters related to the current
structure beneath the volcano. For example, low-velocity anomalies detected by seismic travel-time
tomography can be associated with a high melt content.

https://kmch.github.io/
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mush zone magma chamber
-10% to -30% velocity anomalies -30% to -60% velocity anomalies

High Vp/Vs ratio Vp/Vs→∞, Vs=0 (S-wave shadow zones)
Anisotropy No anisotropy

No reflections or diffractions Strong reflections and diffractions

Table 1.1: Seismic signature of mush zones vs. magma chambers. After M. Paulatto (unpublished).

Need for high resolution f. A snapshot of an interactive visualisation that compiles the results of765

most volcano-targeted tomographic studies conducted to date, is shown in fig. 1.5.

1.3 Open questions

1. How is melt distributed in the crust?

What are the depths and types of reservoirs (mush/magma)? The models range from single sills to large
mush regions (Cadoux et al., 2014; Druitt et al., 2016). A multi-level system is likely to be a common770

feature for all arc volcanoes of similar crustal thickness. Related questions concern:

• What is the depth, geometry and melt content of magma reservoirs distributed throughout the
crust and at the Moho?

• Are these magma bodies connected by dike systems or by vertical, crystal-rich complexes?
• Is the mush present in the upper crust?775

• What are the pathways that link deep sources of melt and the active volcanoes?

2. How long do shallow magma chambers live?

Caldera-forming eruptions imply that large magma bodies do exist, however large melt-dominated
zones have not yet been observed directly (Lees, 2007). Lack of direct evidence for them may be re-
lated to the resolution limit of the seismic methods used so far (see sect. 1.2) or their current absence780

beneath studied volcanoes may suggest that magma bodies are transient, short-lived features features.
This is supported by the observation that phenocrysts get suspended in melt for a relatively short time
(up to a few centuries) before eruption (Druitt et al., 2012) and the spread of their ages suggests that
some of them are stored cool/cold, i.e. close to/below the solidus for a much longer period before
being remobilised (Jackson et al., 2018). Other relevant questions to answer include:785

• Is a shallow magma chamber a pre-requisite for an eruption?
• Space problem – how is the room for a magma chamber made?

3. Where does the differentiation occur?

Three hypotheses can be formulated:

• Crystallisation of mafic melts occurs in shallow crustal magma chambers (Gelman et al., 2013);790

• Magma evolves continuously as it resides in, and moves through, multiple levels of magma reser-
voirs (e.g. Tarasewicz et al., 2012). Jackson et al. (2018) propose that magma storage and differ-
entiation occrus primarily in mush zones by reactive flow, rathern in magma chambers by frac-
tional crystallisation;

• Differentiation and/or mixing with melts of surrounding rock occurs almost entirely in the mid-795

lower crust in the regions called deep crustal hot zones, DCHZ (Annen et al., 2006) or melting-
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assimilation-storage-hybridisation (MASH) zones (Hildreth and Moorbath, 1988). The only pro-
cess that occurs in the upper crust is accumulation which may result in solidification and/or
eruption.

4. How can magma layers coalesce so rapidly?800

Separate magma bodies can coalesce rapidly prior to or during eruptions (Druitt et al., 2012). Under-
standing this process is likely to be a major direction of future research (Sparks et al., 2019) and can aid
in the volcanic eruption forecasting (Brenguier et al., 2008).



2
Study area805

S
ANTORINI and other islands of the Cyclades archipelago are popular tourist destinations. San-

torini itself, with its dramatic views and idyllic architecture, is visited annually by a hundred
times more tourists per unit area than the country’s average.

The mechanisms responsible for the region’s natural appeal are also a source of a serious natural haz-810

ard. The Aegean sea tops the list of the most seismically active parts of Europe (Papazachos et al.,
2000). Its long tectonic history is reflected in a complex network of faults, many of which are active
today. In 1956 the Santorini-Amorgos fault zone hosted a devastating M7.5 earthquake. Santorini it-
self, with the last eruption 5 years before the Santori-Amorgos event, has been actively recharging its
magma reservoir after the Late Bronze Age eruption – the largest explosion in the past 10,000 years of815

the Earth’s history. With a record of several violent caldera-forming eruptions, it remains one of the
most hazardous volcanoes in the world capable of Phreatoplinian eruptions generating a tsunami and
ejecting pyroclastic material more than 25 km into the atmosphere. Less than 10 km from Santorini
lies Kolumbo, another volcano that experienced a caldera-forming eruption in 1650 AD. The inevitable
renewal of volcanic and/or tectonic activity is going to have a severe economic impact and may affect820

the region by tsunami generation and air-traffic disruption.

To credibly assess the volcanic risk, a better understanding of the underlying magmatic processes is
needed. The evaluation of the earthquake hazard will benefit from a delineation of the major trans-
crustal faults by seismic methods. This chapter summarises the current knowledge of the study area
with the focus on the Santorini volcano. More details on the Kolumbo volcano are given in ch. 8.825

2.1 Tectonic setting

The Santorini volcanic field1 (Sigurdsson et al., 2006) comprises the inactive volcanic island of Chris-
tiana, the Santorini caldera and more than twenty smaller submarine volcanoes extending about 20
kilometres to the northeast of Santorini, the largest of which is Kolumbo. The Santorini caldera forms

1Also known as the Christiana-Santorini-Kolumbo volcanic field (Nomikou et al., 2019).
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Figure 2.1: Simplified geological map of Santorini. After Druitt et al. (1999).

a small archipelago consisting of five islands: Thera, Therasia, Aspronisi forming the fragmented cal-830

dera rim and the two central islands of Palaea Kameni and Nea Kameni islands that are a subaerial
expression of a lava shield, a living proof of a dome-forming phase of the volcanic cycle (fig. 2.1).

2.1.1 Regional scale

The Santorini volcanic field is located at the southeastern edge of the Cycladic block2, a part of the
Aegean microplate (fig. 2.2). The two major driving forces of the Aegean tectonics are:835

• subduction of the oceanic Ionian plate beneath the continental Aegean plate inducing exten-
sional stress in two directions: N-S extension due to a slab roll-back and trench-parallel exten-
sion close to the trench due to its curvature.

• westward extrusion of the Anatolian plate along the North Anatolian Fault with dextral (right-
lateral) strike-slip motion (McKenzie, 2020).840

The subducting slab has been imaged by seismic travel-time (Spakman et al., 1988; Bijwaard et al.,
1998; Piromallo and Morelli, 2003) and full-waveform inversion (Fichtner et al., 2013). It extends to
the lower mantle where it is probably anchored, given the longevity of this subduction zone (Jolivet
and Brun, 2010).

2Also called the Central Aseismic Plateau or Attico-Cycladic Massif.
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Figure 2.2: Regional tectonics showing Santorini at the centre of the Hellenic Volcanic Arc. The dashed
box shows the approximate location of the study area (see ch. 3). The dotted line surrounds the Cyc-
ladic Block (Attico-Cycladic Massif). The red stars denote volcanic centres. From Hooft et al. (2017).

The Aegean Sea is a flooded, back-arc basin formed by the slab roll-back and subsequent southward845

retreat of the Hellenic trench and arc. It has a thinned crust of 20-30 km as shown by gravity and seismic
data (Tirel et al., 2004). The current-arc volcanoes (Methana, Milos, Santorini, Nysiros, Kos and others)
lie in the pull-apart basin along major strike-slip faults (fig. 2.2).

The regional metamorphism occurred in two stages reaching high-grade blueschist and eclogite facies:

1. high pressure, low temperature – directly related to the collision;850

2. low pressure, high temperature – caused by thinning of the lithosphere due to the slab roll-back
(Jolivet et al., 2013).

Blocks of metamorphic rocks have been exhumed during Miocene and younger extension phases
(Piper and Perissoratis, 2003) and now compose most of the islands in the region, e.g. Ios, and Amor-
gos. Faults defining metamorphic blocks now aligned along NE-SW trends are no longer perpendicular855

to N-S extension, indicating a regional rotation of strain, most likely during the Miocene (Piper et al.,
2007).
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Figure 2.3: The Hellenic subduction zone as imaged by Bijwaard et al. (1998). From van Hinsbergen
et al. (2005).

2.1.2 Local scale

The Santorini field lies within a N50°E trending rift zone at a high angle to the volcanic arc (Nomikou
et al., 2013). Estimates of the present-day crustal thickness under Santorini vary from 15 km (fig. 4 of860

Bohnhoff et al., 2001) to 25 km (fig. 5 of Karagianni et al., 2005).

The main structures are two Anhydros and Anaphi basins (grabens) separated by the Santorini-Amo-
rgos Ridge (horst) created by the normal-to-transtensional Santorini-Amorgos Fault Zone (fig. 2.4).
This fault zone is suspected to be pathways for magma (Piper et al., 2007). East of Santorini extens-
ive faulting is observed, indicated also by lowered P-wave velocities on trave-time tomograms. An865

important tectonic feature is the Santorini-Amorgos Basin undergoing right-lateral transtension. It
divides the Hellenic Arc into a seismically active East and relatively quiet West (Bohnhoff et al., 2006).
The metamorphised sediments outcrop in the SW part of Santorini (Druitt et al., 1999). Because meta-
morphic lithics are found in the Santorini ignimbrites a fractured metamorphic block most likely un-
derlies the rest of the island too (Druitt et al., 1999). The two main tectono-magmatic lineaments are870

the Kameni and Kolumbo line (Heath et al., 2019).

2.2 Volcanic activity

In general, two alternating phases of a volcano’s evolution can be distinguished – effusive, dome-
forming and explosive, sometimes involving a caldera-collapse. The current island arc’s volcanism
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Figure 2.4: Major faults around Santorini. Note that the E side of the caldera is much more fractured
than the W side. From Karstens et al. (2020).

began 3-4 My ago (Druitt et al., 1999). The two long-term volcanic cycles with clear trends in magma875

composition can be observed. They both start with mafic-to-intermediate eruptions and terminated
with silicic (rhyodacite, or even rhyolite in the case of Kolumbo) eruptions involving a caldera collapse.
In total 12 major explosive eruptions of which at least nine were Plinian (Druitt et al., 1999), and at least
3 large lava shields can be distinguished at the Santorini caldera.

2.2.1 The 1600 BC eruption880

A major caldera-forming eruption happened at Santorini around 1600 BC, called the Late Bronze Age
(LBA) eruption. It was a series of large Plinian eruptions with a total volume of 60–70 km3 (fig. 2.5)
dense-rock equivalent of magma (Karátson et al., 2018). It discharged three magma types, two an-
desitic and one rhyodacitic (Druitt, 2014). The zoning of plagioclase crystals suggests that the upper
magma chamber had grown substantially a few decades before the eruption (Druitt et al., 2012).885

2.2.2 The 2011-12 unrest

The Santorini volcano is currently in a dome-forming phase (Nomikou et al., 2014b). Since 1570 AD
five subaerial eruptions in 14- up to 160-year intervals happened, leading to the growth of the Nea



CHAPTER 2. STUDY AREA 39

Figure 2.5: Comparison of volume of magma The eruption sizes were drawn by solving for the radius of
a sphere using the eruption volumes shown. Modified after https://www.usgs.gov /media /images/ (pub-
lic domain).

Kameni islands with the last two eruptions occurring in 1939-1941 and 1950 (Druitt et al., 1999). The
Santorini volcano was quiescent for more than 60 years (unlike Kolumbo, see ch. 8), until 2011-2012890

when the seismic crisis (intense earthquake swarm) accompanied by very high-rate inflation (150-180
mm/yr). The swarm with tens of recorded earthquakes (M1.0-3.2) per day was centreed beneath the
Kameni islands and extended in the NE direction along a sub-vertical fault between 1 and 6 km depth
(Newman et al., 2012). The total uplift of around 10 cm observed by GPS and InSAR measurements
was radially symmetric and the modelling showed that it is consistent with a Mogi source located 3.3-895

6.3 km beneath the submerged northern section of the caldera, offset from the seismic swarm (Parks
et al., 2012; Newman et al., 2012). The prevailing interpretation is that a large eruptible volume of
magma has accumulated in a shallow chamber (Parks et al., 2015). The total volume of two pulses
of the magma injected from lower to uppermost magma chamber was estimated to be 10-20 mln m3

which is 10-50% of the volumes of recorded eruptions Parks et al. (2012). This was the only significant900

intrusion since 1955 (15 years after the last eruption) and is thought to likely be a beginning of a new
episode of activity Parks et al. (2012).
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2.3 Magmatic system

The multi-modal volcanism of the Santorini volcano indicates a presence of a multi-layer plumbing
system (Druitt et al., 1999). Petrologic studies indicate that all four caldera-forming eruptions were905

fed from a similar depth of about 8 km (Cadoux et al., 2014; Fabbro et al., 2017). Phase equilibria
studies suggest a presence of another magma body at ~15 km depth (Cadoux et al., 2014). Combined
with a petrological observation that a rapid injection of 15% of erupted volume magma less than 100
years happened before the LBA eruption, it supports a view that a shallow magma chamber is charged
not only by continuous, low-volume influxes but also by episodic, rapid and high-volume ones (Druitt910

et al., 2012). The 2011–12 event involved the intrusion of two magma pulses at about 4 km depth,
resembling the behaviour of the volcano before the Plinian eruption.

Local earthquake tomography does not resolve the seismic structure directly beneath Santorini below
2-3 km depth, but does detect the presence of a low-velocity zone ca. 6 km beneath Kolumbo suggest-
ing its possible connection to Santorini (Dimitriadis et al., 2009, 2010).915

2.4 Open questions

Some of the questions remaining to be answered are listed below:

1. What is the (more) precise volume and melt fraction of the shallow reservoir beneath Santorini
recharged in 2011-12?

2. Is there a shallow melt reservoir beneath Kolumbo?920

3. Is there a connection between Santorini and Kolumbo? If yes, at what depth?
4. Do sills of mafic magma currently pond in the lower crust?
5. What is the nature of the connections between all levels of the crust?

This list is complemented by the more general questions provided in sect. 1.3.
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PROTEUS experiment

M
ANY of the grand questions of volcanology are related to the continental arc volcanism. An-

swering these questions require geometric constraints that can only be provided by high-
resolution seismic imaging techniques. Petrology provides barely any geometrical constraints.930

Depths of reservoirs are known with large uncertainty and lateral variations as well as connectivity are
not known at all. In order to illuminate the deep roots of an arc volcano, large-aperture acquisition is
needed. The high resolution and large aperture imply a requirement of collecting data using a dense
array of seismic stations deployed over a large area. For any land volcano such acquisition would be
prohibitively expensive, not to mention that the land seismic datasets are notoriously difficult to ana-935

lyse. Marine seismic acquisition is favored as it is not affected by the land topography, human activity
or restrictions regarding the source of seismic energy to be used.

Santorini is an outstanding natural laboratory for studying continental arc volcanism not only because
of its particularly well recognised geology and volcanic history. As a semi-submerged system it lends
itself to dense 3d marine-land seismic studies and promises to address the questions of sect. 1.3 and940

2.4. Such a dataset was acquired in 2015 in the framework of the PROTEUS1 experiment discussed
below. Complete analysis of the PROTEUS dataset will make Santorini the best studied volcano in the
world.

3.1 Acquisition

Acquisition of all the data analysed in this work took place from 19 November 2015 to 15 December945

2015 during the scientific cruise on board of the R/V Marcus G. Langseth. The National Science Found-
ation (NSF) of United States of America covered most (~3 million USD) of the expedition costs with
contributions from Imperial College London (partial funding), Aristotle University of Thessaloniki (a
military helicopter) and University of Athens (other resources).

The acquired data consisted of actives-source marine and land seismic data, bathymetric data col-950

lected using Simrad Kongsberg EM122 12 kHz multibeam echo sounder, reflectivity of the uppermost
1Which stands for ‘Plumbing Reservoirs Of The Earth Under Santorini’.

41



CHAPTER 3. PROTEUS EXPERIMENT 42

Algorithm 3.1 Timeline of the acquisition and pre-processing of the PROTEUS data used in this study.
1. Deployment of 65 land stations on the islands of Thera, Nea Kameni and Palea Kameni.
2. Departure of R/V M. G. Langseth from Piraeus, Greece, 17 Nov 2015 for the study area (1 day).
3. Deployment of 91 ocean bottom seismometers (5 days).
4. Acquiring active-source marine-land seismic as well as bathymetric and bathythermographic

data (11 days).
5. Recovery of ocean bottom seismometers recovered (5 days, recovery rate 90/91).
6. Arrival of R/V M. G. Langseth in Heraklion, Greece, 15 Dec 2015.
7. Producing SEGY files of all OBS data.
8. Data archiving in a NSF-supported database and publishing the cruise report.

Figure 3.1: The US Research Vessel Marcus G. Langseth of 71.5 m length (overall), 17 m width (beam,
moulded) and 5.9 m of maximum draft (LD-EO, 2021). The moveable frame with a winch is used to de-
ploy and collect OBS instruments. Top and bottom-left picture – modified from LD-EO (2021), bottom-
right – from Montes (2013).

100 m of sediments using Knudsen 3260 3.5 kHz echosounder, temperature-derived water velocity us-
ing expandable bathythermograph (XBT), gravity, magnetic field, GPS, weather, and sea state (Hooft,
2015b; Hooft et al., 2017).
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Figure 3.2: Seismic source (airgun array) used in the experiment. Top-right and bottom-left – 1d and 2d
view of the airgun array, respectively from Tolstoy et al. (2009). Remainder – size of selected elements
of the array compared to people. From Hooft (2015a,b).

3.1.1 Research vessel955

The main ingredient of the experimental apparatus was the NSF-owned Research Vessel (R/V) Mar-
cus G. Langseth, arguably the best equipped academic seismic vessel in the world. It is managed by
the Lamont-Doherty Earth Observatory with a home port in New York. Its main capabilities (fig. 3.1)
include towing streamers and airgun arrays (sect. 3.1.2) and deploying ocean-bottom seismometers.

The crew of 52 people consisted of 3 prinicipal investigators (PIs) – Emilie Hooft, Douglas Toomey960

(both University of Oregon) and Paraskevi Nomikou (University of Athens), 19 permanent staff mem-
bers, 16 science technicians from WHOI and SIO (see 3.1.3), and 14 other academics more or less in-
volved in the project, mainly doctoral students from the USA, UK and Greece.

3.1.2 Seismic source

The PROTEUS experiment belongs to a class of active-source seismic experiments. It means that the965

seismic waves recorded by receivers are generated on purpose instead of being naturally occuring
earthquakes.

In the experiment, an airgun source, the most common marine source, was used. An airgun is a large
container loaded with compressed air which is released in water to generate a submarine explosion
that further propagates through water as a sound wave and penetrates under the seabed sampling the970

elastic properties of the subsurface before arriving at a receiver.

There are numerous considerations to take into acount when designing an airgun source, including
a total energy released, its directivity and oscillations of air bubbles, among other factors (Sheriff and
Geldart, 1995). To address these issues, typically an array of airguns is used. The R/V Langseth uses four
identical, separately-towed linear arrays (strings). Each strings consists of ten airguns – three double-975

gun clusters and four single guns. The presence of clusters improve the array tuning by producing a
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Figure 3.3: Seismic source wavelet of the R/V Langseth array simulated numerically by Lamont-
Doherty Earth Observatory shown in time and frequency domain (left and right, respectively). Modi-
fied after Hooft (2015a).

larger residual air bubble with slower and weaker reverberations (Tolstoy et al., 2009; Diebold et al.,
2010). One of the guns in the central cluster of each string serves as a spare part and is turned off (fig.
3.2).

Each string was towed at a depth of 12 m below the sea surface. All active guns were fired simultan-980

eously giving a 36-element airgun array with 6600 cu. in. of a total volume. A total number of 14,320
shots was generated along 2500 km of track line at regular intervals resulting in an average shot spa-
cing of 144 to 165 m (fig. 3.5). The optimal shot spacing is a trade-off between dense data coverage and
overlapping of the shots.

The far-field source time-function for the 12-m towing depth estimated by the Lamont-Doherty Ob-985

servatory is shown in fig. 3.3 (left). The power spectrum for several towing depths is given in fig. 3.3
(right). A careful spectral analysis of the Lamont source and water waves recorded by the OBSs re-
vealed differences (probably resulting from the local wave propagation effects present only in the field
recordings) that prevent it from being used in this study (Papazachos, 2017). Instead, a source function
was extracted from the field data as described in sect. 7.3.990

3.1.3 Ocean-bottom seismometers

All 912 ocean-bottom seismometers (OBSs) used in the experiment (fig. 3.5) belonged to the Ocean
Bottom Seismograph Instrument Pool (OBSIP), of which 61 were designed and operated by the Scripps
Institution of Oceanography (SIO) and 30 by the Woods Hole Oceanographic Institution. All but one
(S116, where S stands for SIO) were recovered from the seafloor using an acoustic signal to cut off their995

anchors. One had a memory card error (S152) giving 89 stations that could be further analysed. The
stations maintained by the WHOI yielded overall better data quality.

Sensor types Each OBS was a short-period instrument recording four-component data – scalar pres-
sure and three components of particle velocity. These components will be denoted throughout as
p,vz ,vy ,vx or HY, VZ, VY, VX or 4,1,2,3 or 0,1,2,3, depending on the context. The pressure was recor-1000

ded by High Tech HTI-90-U hydrophones. Its amplitude response to hydrostatic-pressure variation
was flat between 6-80 Hz and dropped by two-thirds at 3 Hz. The particle velocity was recorded by
a three-axis geophone – Sercel L-28-3D or Geospace GS-11D for SIO and WHOI, respectively. Both

2The station numbers go from 101 to 193, however stations 111 and 159 were never deployed.
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Figure 3.4: Acquisition geomertry of the PROTEUS experiment. Shot lines P3 and P2 are the ones
between/at the end of some of the primary (P1) shot lines. Numbering of transit lines (T) starts from
50. From Hooft (2015a).

Figure 3.5: Acquisition geomertry in local coordinates overlain on topography/bathymetry map. Red,
blue and green triangles denote the WHOI, SIO and land stations respectively. The local coordinate
system is based on the Universal Transverse Mercator rotated about 25.5◦ clockwise from north. The
location of centre of the caldera is ca. at 36.4◦N, 25.4◦E. Modified after M. Paulatto (unpublished).
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Figure 3.6: Two types of ocean-bottom seismometers deployed in the PROTEUS experiment, from (top)
Woods Hole Oceanographic Institution and (bottom) Scripps Institute of Oceanography instrument-
pool. Modified after WHOI (2021) and SIO (2021), respectively.
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types of geophones were similar, with amplitude response to velocity flat above 4.5 Hz and dropping
by about two-thirds at 3 Hz. All the OBSIP data are archived at the IRIS Data Management Center1005

(http://www.iris.edu)).

Coverage The average OBS spacing was around 4 and 5 km to the W and E of the caldera, respectively
(fig. 3.4). Even though more stations had unusable data either on pressure or velocity component on
the western side of the caldera, the eastern side had overall sparser station coverage.

3.1.4 Land seismometers1010

Over 70 three-component seismometers provided by the Geophysical Instrument Pool at the German
Research Center for Geosciences and the Aristotle University of Thessaloniki (AUTH). They were de-
ployed on the islands of Thera (several teams coordinated by prof. M. Warner), Nea Kameni, Palea
Kameni, Anafi (team coordinated by prof. J. Morgan), Anhydros, and Christiana (last two islets were
accessed by a helicopter). Only 32 stations deployed on Thera and Kameni islands were analysed in1015

this study. Other islands have even better-quality data (Anafi) but are further away from the target and
will be used in the future. Twelve stations of the network were pre-existing, permanent stations of the
Institute for the Study and Monitoring of the Santorini Volcano (ISMOSAV). Seven of them were older
analog stations not suitable for FWI.

3.2 Observed data1020

3.2.1 Pre-processing

Pre-processing of the field data (such as correcting for a linear time drift of some of the instruments
clocks) was done by science technicians of the Langseth vessel and other members of the PROTEUS
team, primarily E. Hooft. Some steps that may be relevant for further processing of the input (ch. 7)
are described below.1025

Data format The data traces aligned at shot origin time are stored in a binary, little-endian SEGY
format. Each receiver gather is stored in a separate file of a name:

MGL1521_< subnetwork >< s t a t i o n _ n o >_ < channel > . s g y

where subnetwork may be S for SIO and W for WHOI, station number is a three-digit integer, and
the channel number is one of the following: 1=vertical, 2&3=horizontals, 4=hydrophone. The naming1030

station for land stations is similar. Important SEGY header words include: the station number (tracf),
(shot-)line number (ep) and shot number (fldr).

Data size The raw data sampled at 200 Hz rate take about 0.5 GB of disk space per channel. The
full OBS dataset (all 4 channels) then takes about 200 Gb of disk space. The land dataset counts fewer
stations, only 3 channels and was sampled at 100 Hz. The land data subset analysed in this work (which1035

excluded e.g. Anafi and Christiana islands) was about 25 GB in size.

Coordinates The Universal Transverse Mercator3 coordinate system was used, centred at Nea Ka-
meni island (about 36.4◦N, 25.4◦E) rotated about 25.5◦ clockwise from north. The coordinates are

3It is not a single map projection. Instead, it contains 60 longitudal zones, six-degree-wide each. It allows for unambiguous
positioning of points between 80S-84N range of latitude.

http://www.iris.edu)
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stored in SEGY headers with accuracy up to one 100th of a second of arc, giving a numerical accuracy
of ~30 cm (M. Paulatto, personal communication). The initial positions of OBSs from GPS were im-1040

proved by Heath et al. (2019) through minimising water-wave travel-time residuals within 2 km offset
or larger, if necessary (Creager and Dorman, 1982).

Station response The correction for instrument responses was not performed. Instead, the instru-
ment responses provided by the manufacturers were assumed to be identical (sect. 3.1.3) and effect-
ively flat in the range of interest. Even if the frequency is in the non-flat, rolling-off part of the spectrum,1045

the amplitude-drop tends to affect both signal and noise equally, keeping S/N ratio more or less con-
stant. Relative amplitude differences at different frequencies were expected to play a minor role when
inverting frequencies in a progression from lowest to highest. This is because at each step of such pro-
gression the band-width of the data are increased only by a small amount (0.5 Hz in this study) and the
inversion iterates until convergence (after 20 iterations the fit changes very slowly) before the band-1050

width is increased again. In this way, bandwidth of data inverted at each step is narrow and thus less
affected by the amplitude roll-off.

3.2.2 Initial QC

Initial quality control of the whole dataset was performed by several members of the PROTEUS team
(primarily E. Hooft, C. Papazachos and M. Paulatto). The conclusions of this analysis are summar-1055

ised below. A more FWI-oriented quality control was carried out by the author for the data subsets
presented e.g. in ch. 8.

OBS data Of the 90 recovered OBSs4 eight have bad or no data in the hydrophone channel (107,
126, 129, 152, 173, 180, 182, 187). Ten OBSs had low SNR for both hydrophone and vertical channels.
Hydrophone/vertical amplitude ratio is around 1 and 10 for all WHOI and SIO stations, respectively.1060

Most energy is concentrated in 5-70 Hz range which consistent with the theoretical spectrum of the
seismic source (fig. 3.3). There is a lot of high-frequency noise above 18 Hz. Many SIO stations suffer
from a 6 Hz ringing noise on all four channels, not correlated to wind or marine traffic. Some WHOI
hydrophones, especially in shallow water, exhibit a non-linear response – very severe for offsets r < 0.5

km, only slightly better at r < 2 km. Early arrivals across caldera are strongly attenuated, see fig. 2 of1065

McVey et al. (2020). For most OBSs data quality rapidly deteriorates for offsets longer than 20 km giving
maximum interpretable depth of about 5 km.

Land data As the land data is not the main part of the inversion results presented in this thesis, it
will be only mentioned that their quality is varied, with a clear distinction between stations placed
on a hard bed rock versus soft volcanic sediments. E.g. Anafi stations have good quality as they were1070

located on a metamorphic basement.

3.3 Travel-time inversion

The travel-time tomography, which provided a starting model for this study, was performed by part of
the PROTEUS team affiliated with the University of Oregon. The tomography resulted in three peer-
reviewed papers (Hooft et al., 2019; Heath et al., 2019; McVey et al., 2020) and two theses (Heath, 2019;1075

McVey, 2019) published so far. They all utilised the bathymetric map of Hooft et al. (2017).
4OBS 116 was not recovered.
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3.3.1 Data

Hooft et al. (2019) and Heath et al. (2019) used approximately the same dataset of 200,000 travel-times
of crustal refractions (Pg) in 6-65 km offset range picked on either p, vz or pvz-stacked traces filtered
with a 4th-order causal Butterworth filter of 5-25 Hz bandwidth. Initially, only data with high S/N ratio1080

in the 6-15 km offset-range were inverted (Heath et al., 2019). The predicted arrivals enabled picking
noisier arrivals at offsets up to 65 km (Hooft et al., 2019) which were used in the final inversion. Offsets
shorter than 6 km were excluded due to data sparsity and large grid spacing (200 m). Picking errors
were assessed visually and ranged from 5 msec to 30 msec in agreement with the reciprocity analysis
presented in appendix 5.D.1085

McVey et al. (2020) extended the dataset of Hooft et al. (2019) and Heath et al. (2019) by adding about
30,000 longer-offset travel-times of caldera-crossing crustal (Pg) refractions. Due to high attenuation
beneath the caldera (their fig. 2), arrivals were picked on pvz-stacked data, in a lower-frequency band
(3-12 Hz) compared to previous studies, with a visually-estimated median error of 20 ms.

3.3.2 Results1090

Hooft et al. (2019) presented a 25x25x3 km model containing a cylindrical low-velocity anomaly, 3 ±
0.5 km in diameter, extending from 0.5 to 3 km depth between Kolumbo and Kameni lineaments in
the caldera northern basin. It was interpreted as a volume of a collapsed caldera floor with excessive
porosity of 4 to 28% filled with hot seawater. The fact that it directly overlies the 2011-12 inflation source
(Parks et al., 2015) was concluded to support a link between magma recharge events and subsurface1095

density anomalies.

Heath et al. (2019) further investigated the relationship between tectonic and magmatic activity at
Santorini on a larger scale. Their 120x45x4 km perturbation model (relative to the 1d model) shows
excellent agreement with reflection seismics (Tsampouraki-Kraounaki and Sakellariou, 2018) in terms
fault locations. They re-defined Kolumbo lineament to be a border between seismically fast and slow1100

regions at 3 km depth, subparallel to NE-SW trending faults. They associate it with faulting observed
in multichannel profiles north of Kolumbo (Nomikou et al., 2016).

McVey et al. (2020) focused on the same area as Hooft et al. (2019) but extending the dataset allowed
them to image the structure of the caldera down to 6 km depth. They detected a caldera low-velocity
volume (CLV) directly below the caldera collapse column reported by Hooft et al. (2019) with a branch1105

of linear low-velocity volume (LLV) extending about 15 km to NE terminating close to Kolumbo. They
interpreted CLV as a mush zone of at least 4%–13% melt in 3-5 km depth-range with a maximum of
6%–17% (−21% vP anomaly) at 3.4 km depth (11%–30% based on synthetic tests).

3.4 Imaging targets

The primary objective of the experiment was to image, in an unprecented detail, the magmatic plumb-1110

ing system of an arc volcano, by means of the travel-time tomography and full-waveform inversion
(ch. 4). In particular, to detect reservoirs of melt distributed throughout the crust and contrain the
geometry and connections between them.

The roots of a volcano may reach down to the Earth’s mantle (Sparks et al., 2019) which is at about 25
km below Santorini. The maximum array aperture (offset between source and receiver) of ~100 km1115
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Figure 3.7: OBS coverage highlighted by straight lines connecting sources and receivers for offsets
shorter than 20 km. Rectangles denote regions of the densest coverage.

allows for a meaningful interpretation of models not deeper than about 20-30 km which is enough for
the local Moho depth, assuming good SNR for all offsets.

However, the data quality rapidly deteriorates for offsets longer than 20 km giving maximum inter-
pretable depth of about 5 km. Other challenges involve data sparsity5 (fig. 3.7), strong attenuation of
waves passing through the target hampering the first-arrival picking, and strong effects of the rough1120

topography that are notoriously difficult to simulate. These challenges constrain the target of high
resolution imaging to the upper few kilometers of the subsurface.

5Compared to the exploration industry standards.
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Full-waveform inversion
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F
ULL-waveform inversion (FWI) is a high-resolution technique of imaging Earth’s interior (Tarant-

ola, 1984; Woodhouse and Dziewoński, 1984) used to refine the results of the travel-time
tomography described in the previous chapter.

In a general sense, FWI is a method of deriving a physical model of an object’s interior using finite-
length recordings of waves that have propagated through that object. Using a medical analogy, it may1130

be thought of as a powerful, all-in-one, combination of computer-aided tomography and ultrasono-
graphy. In some aspects, seismic imaging is much more difficult than a medical problem because of
the curvature of wave trajectories and the sparsity of their recordings. The differences between the two
applications have not prevented medical and seismic imaging from interacting and exchanging ideas
over the years, with the recent introduction of FWI in the medical context (e.g. Guasch et al., 2020).1135

Mathematically, FWI is a highly non-linear inverse problem which requires a large amount of compu-
tational effort and quality control on the way. Currently, the only feasible method of solving it is by
linearised optimisation that requires efficient numerical differentiation and hierarchical data selec-
tion.

In this chapter, after a brief historical overview, the theory of FWI’s inverse step is presented from the1140

mathematical, physical and computational standpoint (sect. 4.2, 4.3 and 4.4, respectively). The for-
ward step is discussed in part II of the thesis devoted to the full-waveform modelling.

4.1 Introduction

Full-waveform inversion (FWI) compares observed and synthetic seismograms recordings to derive a
model of elastic parameters of the subsurface. Comparing entire waveforms may seem like the most1145

‘natural’ way of recovering subsurface information. However, it is also the most challenging one. It
was initially insurmountable computationally and two broad classes of alternative methods were de-
veloped – tomography (e.g. Aki et al., 1977) and migration (Claerbout, 1971). In the exploration in-
dustry, tomography has been used to prepare a background velocity model for migration. It was never

51
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1984 Theoretical framework for time-domain FWI by Tarantola.
1989 Lab experiments and theoretical framework for frequency-domain FWI by Pratt.
1995 Multi-scale approach proposed by Bunks et al.
2002 2d wide-angle marine field-data study by Shipp and Singh.
2004 2d wide-angle land field-data study by Ravaut et al.
2004 Sparse frequency sampling proposed by Sirgue and Pratt.
2008 First 3d field-data study by Warner et al.
2009 First spectacular 3d field-data result by Sirgue et al.
2009 First 2d elastic field-data study by Brossier et al.
2009 First 3d anisotropic field-data study by Plessix and Perkins.
2011 First 2d visco-acoustic field-data study by Malinowski et al.

2013b First spectacular 3d anisotropic field-data result by Warner et al.
2013 First 2d visco-elastic field-data study by Prieux et al.

Table 4.1: Time-line of the FWI development in the context of the exploration industry until 2013. Later
years have seen a flurry of incremental improvements and new applications of the method, see Wang
et al. (2021) for a recent example of high-frequency elastic inversion. Great overview of the history
of the method as well as the underlying theory is provided by Virieux and Operto (2009), Bleibinhaus
(2014) and Virieux et al. (2014). The word ’spectacular’ refers here to improvements in model resolution
and fidelity relative to the travel-time tomography.

Figure 4.1: Subsurface, travel-time tomography, migration and FWI. Modified after ExxonMobil (2021).

a self-sufficient tool due to its limited resolution. In the academic world in turn, it proved to be an1150

invaluable source of information about the Earth on a scale larger than the oil field (e.g. French et al.,
2013).

Eventually, due to the ever-increasing computer power and algorithmic improvements, the two meth-
ods could be combined and applied to field-data. FWI was first proposed by Lailly (1983), Berkhout
(1984) and Tarantola (1984), who merged the principles of reverse-time migration with linearised iter-1155

ative optimisation techniques, especially the adjoint method of Lions (1972). It aimed to augment the
models of hydrocarbon reservoirs already detected by other methods. Initially, FWI was not regarded
as a huge advancement because the short-offset reflection data it was applied to, is fundamentally
insensitive to the long-wavelength background features.

The importance of FWI increased when it was understood that FWI can reconstruct the medium at all1160

spatial scales provided the wide-angle, forward-scattered arrivals are present in the data (Mora, 1987,
1988). In this way, FWI combined tomography and migration into one scheme (Mora, 1989). These
concepts were first supported experimentally for laboratory-scale cross-hole data by Pratt (1989) and
for the field data by Pratt and Worthington (1990) and Pratt and Shipp (1999).

Early reports for wide-angle 2d field data acquired at the Earth’s surface were presented by Shipp and1165
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Figure 4.2: Idea of a forward and inverse seismic problem. The forward step (green arrow) is realised
by nature when the waves propagate through the Earth. Scientists simulate it numerically to solve the
inverse problem (gray arrow).

Singh (2002) and Ravaut et al. (2004), offshore and onshore respectively. The former studied relatively
simple geology of flat-lying sedimentary layers in the marine Faeroe–Shetland basin, whereas the latter
the geologically complex Southern Apennine thrust belt.

FWI was eventually fully acknowledged by the industry as a game-changing technology after signi-
ficant improvements of 3d reservoir images reported by Sirgue et al. (2010) and Warner et al. (2013b)1170

among others. Since then it has been primarily used to create accurate background velocity models
for migration (Warner et al., 2012) but high-fidelity directly-interpretable models of the physical prop-
erties at reservoir depths are becoming feasible with high-frequency (Kalinicheva, 2019) and multi-
parameter FWI (Gao et al., 2015a; Owusu et al., 2016).

Meanwhile, it was adopted in the academic community and further developed to face the challenges1175

of regional and global seismology (Tromp et al., 2005; Fichtner et al., 2008; Morgan et al., 2013). Since
then it has been applied to image the Earth’s mantle (French et al., 2013; French and Romanowicz,
2015), impact craters (Morgan et al., 2011), deep crustal faults (Fichtner et al., 2013), mid-ocean ridges
(Morgan et al., 2016), and subduction zones (Kamei et al., 2012; Górszczyk et al., 2017; Gray et al.,
2019). There has not yet been an FWI study of an active volcano to date except for the ambient-noise1180

tomography targetting Mount St. Helens (Flinders and Shen, 2017).

4.2 Inverse theory

A major part of the theory underpinning FWI is that of a generic inverse problem. An inverse problem is
the one of deriving model parameters1 from the experimental data. A procedure of solving an inverse
problem is called inversion2. Usually a distinction between the model and data is such that the model1185

is of actual interest but impossible to measure, and the data is of no interest itself, but depends on the
model and can be measured directly.

The idiosyncrasy of FWI due to the sparsity and oscillatory character of the seismic data as well as the
computational challenges related to typical sizes of Earth’s models will be discussed in sect. 4.3 and
4.4, respectively.1190

1Physical quantities that capture the essential properties of the system under study but cannot be measured directly.
2In this general sense, inversion is equivalent to inference. Many everyday phenomena may be thought of as examples of

inversion. Deriving a model of the reality by a human brain based on electromagnetic data (light) is just one of them.
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4.2.1 General formulation

We will here be concerned with a model m(x, t) and data d(x, t). So far we do not specify anything
about m and d other than they are some functions of space-time coordinates. The most general, im-
plicit relation between model and data can be written as (Menke, 2012):

F (m, d) = 0. (4.1)

This may, for instance, describe a system of partial differential equations. To emphasise – in general,1195

we do not know F explicitly. Such an explicit form of F may not exist in the first place. Instead, F is
usually a complicated computer code that takesm as an input and returns d as an output.

The theory presented will be general but one can think ofF as a solver of the constant-density acoustic
wave equation:

∂2
t d = m2∂2

i d+ s, (4.2)

because that is what this theory will be applied to in the subsequent chapters. Here the model is a1200

P-wave velocity and the data is a pressure wavefield. We will not distinguish between the data and
wavefield, as the difference is not relevant, here it is effectively assumed that there are wavefield re-
corders at every model point. This is a convenience allowing to forget about a measurement operator
which can be added at any time if needed.

Note that in this case, F is a non-linear function ofm:1205

F (m, d) = (m2∂2
x − ∂2

t )d+ s. (4.3)

To make the equation 4.1 explicit, we would have to be able to invert the differential operatorA:

A(m) := (m2∂2
x − ∂2

t ), (4.4)

such that F (m, d) = A(m)d+ s = 0, in order to arrive at:

d(m) = −A−1(m)s. (4.5)

This method of solving for d givenm is called a direct inversion (Virieux and Operto, 2009) and is often
performed in the frequency domain. Another, iterative, approach is more feasible for the time-domain
wave equation. To expose better the theory, in this section we will forget about specific equations and1210

assume that the relation between the model and the data can be expressed as an explicit dependence
of the data on the model:

G(m) = d, (4.6)

whereGwill be called a forward function that encodes the physical laws governing the problem. This
notation is chosen to be consistent with Menke 2012 which is probably the most popular textbook on
this matter. Sometimes, however, usingG is superfluous and it is handier to write it as d(m) like in eq.1215

(4.24).

In general, three problems can be associated with eq. (4.6):

• forward problem: find d givenG andm
• inverse problem: findm givenG and d
• unknown-physics problem: findG givenm and d3.1220

3In fundamental physics,G is often found by pure reasoning (‘illumination’) rather than analysing experimental data (Ein-
stein was a prominent example). On the contrary, d is often used only as to check ifG is indeed correct.
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Here we will be concerned with the inverse problem. The two major ways in which one can divide the
inverse problems are:

• linear vs. non-linear problems
• continuous vs. discrete problems.

Many important geophysical problems, FWI included, are continuous and non-linear. And most solu-1225

tion methods, like the one used in this study, proceed by converting them into discrete and linear ones.

In general, we cannot write:
m = G−1d, (4.7)

as G−1 simply may not exist, even if the explicit form (4.6) is available for a problem at hand. This is
because G needs to be bijective to have an inverse, and this is not always the case. In essence, if two
or more models produce the same data, thenG is not bijective because the inverse would have to take1230

more than one value, which contradicts the definition of a function4. In other words, a general inverse
problem is non-unique. This is almost always the case for realistic problems where data are noisy. The
data from different models are ambiguous up to the noise level. Actually, because of the noise, none
of these indistinghuisable solutions may be exact solutions to the problem.

These two issues – lack of an exact solution and non-uniqueness of approximate solutions are typical1235

for real-world problems and contribute to their ill-posedness or ill-conditioning (in the discrete case).
There is another feature of ill-posed problems, namely instability. This happens when small changes
to models result in large changes in data. This is characteristic of non-linear problems such as (4.2).

Attempts to tackle ill-posed inverse problems gave rise to the vast subject of inverse theory and inverse
methods (Tarantola, 2005; Menke, 2012). They all hinge on the fact that the forward problem (unlike1240

the inverse one) has a unique solution, at least in the deterministic, non-quantum world (Tarantola,
2006). One can proceed by comparing the calculated (synthetic) data to the observed data and choose
the model that produces data most resembling5 the observed. Such a process of comparing data calcu-
lated from different models is called forward modelling. Unfortunately, this approach is prohibitively
computationally expensive for real problems. For this reason, most inverse methods consist of two1245

iteratively repeated steps:

1. forward step – calculating synthetic data from the best-guess model. This is usually the compu-
tationally expensive part6.

2. inverse step – take advantage of the previous step(s) to choose the new best-guess model.

The key difference between specific methods lies in the inverse step. Some give a single solution (e.g.1250

best-fit solution), typically by means of local optimisation. In this case, we talk about parameter es-
timation (Gubbins, 2004). In some sense, this consists in extracting the model from the data. This
approach is criticised by Tarantola (2006) who claims that ‘observations cannot produce models, they
can only falsify models’. This philosophy characterises the travel-time inversion method from sect. 3.3
which is referred to by its authors as ‘adaptive inverse modelling’ (Toomey et al., 1994).1255

Ideally, one will obtain not one but all plausible solutions within the data uncertainty. This is referred
to as a (full) solution to an inverse problem by Gubbins (2004) and is contrasted against parameter
estimation. All plausible solutions can only be achieved using Monte Carlo methods that are a natural

4For linear problems, it corresponds to a non-zero null space.
5This resemblance may be quantified by misfit functions and will be discussed for specific problems later.
6We will see that the inverse step consists of a forward calculation (typically more than one) as well.
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choice for implementing Bayesian inference (Sambridge and Mosegaard, 2002). Unfortunately, Monte
Carlo methods have not yet become feasible computationally for FWI in real-world problems although1260

there have been constant progress in computing and the inverse methodology (Fichtner et al., 2019).

For the above reason, we will focus on the first class of methods i.e. the parameter estimation. It will
from now on be used interchangeably used with the terms ‘inversion’ and ‘solution to an inverse prob-
lem’. We can pose it as an optimisation problem if we introduce a scalar objective function

f := |d−G(m)|2 , (4.8)

where |·| : V 7→ K is a general norm that maps elements of a linear space V (of discrete vectors or1265

functions) into a field K of scalars for which the relation < makes sense and thus enables one to talk
about extremum values.

The specific optimisation scheme will strongly depend on the problem at hand. One class of such
schemes is discussed in 4.2.3.

4.2.2 Discrete linear problem1270

Both data and models can be either continuous or discrete. While most data is collected as discrete,
e.g. in form of digitised signals, most models of interest are continuous at a scale of interest (con-
tinuum approximation of matter), e.g. wave velocity distribution in the subsurface. Hence, most of
the geophysical inverse problems consist in recovering continuous models from discrete data.

A linear7 continuous problem can be defined as:1275

di =

∫
V

Gi(x)m(x)dx, (4.9)

whereGi = ∂di
∂m is a (data) sensitivity kernel8. In this expression, each data sample is a weighted average

of the entire model. The sensitivity serves as a weighting function in this average. A fully continuous
problem:

d(t) =

∫
V

Gi(x, t)m(x)dx, (4.10)

is used mostly for theoretical developments treating both model and data spaces as probability distri-
butions in the Bayesian framework (Tarantola, 2005).1280

One can discretise eq. (4.9) by expressing m(x) as a linear combination mjfj(x) of some basis func-
tions fj(x)9:

di =

∫
V

Gi(x)mjfj(x)dx =

∫
V

Gi(x)fj(x)dx ·mj = Gijmj , (4.11)

where
Gij :=

∫
V

Gi(x)fj(x)dx, (4.12)

is a matrix form of a linear transformation G : M → D which maps a vector space M of dimension
p := dimM into another vector spaceD of dimension q := dimD according to the equation:1285

Gijmj = di, (4.13)
7Non-linear problems can be linearised which is discussed in sect. 4.2.3.
8Often denoted byKi(x).
9Dirac delta functions may be used to obtain point-wise discretisation at grid nodes and Heaviside step functions to get

grid cells.
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or equivalently in the vector notation:
Gm = d. (4.14)

In general, there are three possibilities: p > q , p = q and p < q called an under-, equi- and over-
determined case, respectively. The number of linearly-independent columns equals the number of
linearly-independent rows and is called a rank of a matrix. In a general case, it follows that:

rank(G) ≤ min(p, q). (4.15)

The matrixG is called full-rank if rank(G) = min(p, q). Otherwise, it is called rank-deficient.1290

For the over-determined case, there is no solution and some assumptions need to be made about the
data errors. The canonical problem is a linear problem with Gaussian statistics (Menke, 2012). This
leads to the least-squares inverse obtained by differentiating the squaredL2 norm of the residual δd :=

di −Gijmj with respect to the model vector:

∂j(di −Gijmj)
2 = 0, (4.16)

1295

2Gik(di −Gijmj) = 0, (4.17)

GikGijmj = Gikdi, (4.18)

which in the vector notation can be expressed as:

GTGm = GTd. (4.19)

For over-determined problemsF := GTG is symmetric and positive semi-definite, i.e. all eigenvalues
are non-negative. The symmetry is obvious if one writes it down as Fkj := GikGij because its trans-
pose Fjk = GijGik = GikGij = Fkj . If F happens to be positive definite (all eigenvalues positive), it1300

has an inverse and one can write:
m = (GTG)−1GTd. (4.20)

This is an important, least-squares solution to an over-determined linear inverse problem.

If p < q the problem is under-determined. Its defining property is a non-trivial null-space. Note that
the null-space is a property of the operator G, not m or d. There infinitely many solutions because
adding a model from a null-space is also a solution. The preferred solution is a subjective choice.1305

Usually, it is required to be optimal in terms of smoothness (e.g. having minimum norm) which is
implemented by adding (Tikhonov) regularisation/damping terms in the objective function:

f = |δd|2 + µ1|L1m|2 + µ2|L2m|2 + ..., (4.21)

where µi are weights Li are finite-difference operators, for example:

L1 =



1 −1 0 · · · 0

0 1 −1 · · · 0

0 0 1
. . . 0

...
...

... . . . ...
0 0 0 · · · 1


. (4.22)
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Alternatively, the first term can be treated as a constraint and the latter term(s) as the actual objective
of minimisation. This leads to constrained optimisation schemes and the method of Lagrange multi-1310

pliers. If G in δd = d − G(m) is a PDE, e.g. a wave equation in the case of FWI, it is called a PDE-
constrained optimisation.

Real problems like FWI are unlikely to be purely over- or under-determined, not to mention equi-
determined. The matrix G will not be full rank and some model parameters will be over-, some equi-
and some other under-determined. The easiest example of a mixed determined system is:1315 [

1 0

1 0

][
x

y

]
=

[
0

1

]
. (4.23)

The parameter x is over-determined (x = 0 and x = 1) and has no solution whereas y is under-
determined – there are∞-many solutions for it. In theory, the most elegant solution to such prob-
lems are offered by the Moore-Penrose generalised inverse that can be calculated using singular value
decomposition (Menke, 2012). However generalised inverse can only be afforded for small problems.
For medium-size problems numerical-algebraic techniques taking advantage of, hopefully, the special1320

structure ofGmatrix (sparsity, banding etc.) must be employed (Press et al., 1990). For large problems
such as FWI even this is not enough and the approximation is the only way to go. This latter approach
is described in the next section. In sect. 4.4.4 it will be shown that explicitly calculating, not to mention
inverting, the matrix G (which for non-linear problems will turn out to be the Frechet derivative of the
data with respect to the model) can actually be entirely avoided.1325

4.2.3 Non-linear problem

If d is a non-linear function of m, the linear methods presented in the previous sections do not imme-
diately work. There are two ways to proceed – Monte Carlo and linearisation. As mentioned before,
currently the former approach is not feasible for real-world FWI problems. Linearisation of the data
can be performed based on the Taylor expansion:1330

d(m0 + δm) = d(m0) +

[
∂d

∂m

]
m0

δm +O(δm2), (4.24)

where d was expanded around the current model m0 taking as a variable the true model mtrue =

m0 + δm to be able to evaluate the Jacobian matrix J = ∂d
∂m at the known m0. The linearisation

truncates the higher-order terms to give:

d(m0 + δm) ≈ d(m0) +

[
∂d

∂m

]
m0

δm, (4.25)

and from now on we will replace ≈ with = sign, denote the Jacobian matrix
[
∂d
∂m

]
m0

by J and the
synthetic data generated from the current model as dsyn ≡ d(m0). Noticing that the data generated1335

from the true model are (up to the errors) the data observed in the experiment dobs ≡ d(mtrue) and
defining a data residual:

δd = dsyn − dobs, (4.26)

one can eventually write eq. (4.25) as:
δd = Jδm. (4.27)

The idea of a linearised optimisation of the non-linear problem is to solve eq. (4.27) for δm to update
the model:1340

m1 = m0 + δm, (4.28)
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and repeat the whole procedure until ||δd|| is of the order of data uncertainty. The eq. (4.27) describes
a linear system and the same methods of solving it can be used as discussed for the eq. (4.14). In
particular, one may find the least-squares inverse like in eq. (4.20):

δm = (JTJ)−1JT δd, (4.29)

provided JTJ is not singular. This simple Taylor-series-based derivation has lead to an important
equation (4.29) that is a foundation of FWI and least-squares RTM (Nemeth et al., 1999). A more in-1345

depth interpretation of the terms in eq. (4.29) will become clear if eq. (4.29) is derived in a slightly
different way. To this end, instead of expanding the data, let us start with a generic objective function:

f(m0 + δm) ≈ f(m0) +

[
∂f

∂m

]
m0

δm +
1

2

[
∂2f

∂m2

]
m0

δm2 +O(δm3). (4.30)

So far we do not assume anything about f other than that it is of the form (4.8) and so the true model
mtrue = m0 + δm minimises f . The gradient of f is hence zero for the true model:

∂f

∂m
(mtrue) = 0. (4.31)

To find mtrue, let us differentiate eq. (4.30) and compare it to zero:1350

0 =
∂f(m0 + δm)

∂m
= 0 +

[
∂f

∂m

]
m0

+

[
∂2f

∂m2

]
m0

δm +O(δm2), (4.32)

where we exploited the fact that all terms evaluated at m0 are constant and do not survive the differ-
entiation with respect to m. Denoting∇f ≡ ∂f

∂m and H = ∂2f
∂m2 :

[H]m0
δm = −[∇f ]m0

. (4.33)

From now on evaluation at m0 will be implicit, for the sake of brevity. The eq. (4.33) may be solved for
δm iteratively leading to so-called truncated-Netwon method (Nash, 1985; Métivier et al., 2013). Here
a direct solution will be analysed. It leads to:1355

δm = −H−1∇f. (4.34)

This is a general expression independent of any particular definition of the objective function. It seems
different from eq. (4.29) but it is not, as will turn out. To see this, let us take the same objective function
as we implicitly used in the eq. (4.16) when calculating (4.29), that is:

f =
1

2
||δd||22 ≡

1

2
δdT δd ≡ 1

2
δd · δd ≡ 1

2
didi.

The presence of the squared norm justifies truncating the series (4.30) after second-order unlike the
(4.25). The gradient of this L2 norm functional gives:1360

∂f

∂mj
=

∂

∂mj

1

2
(δdiδdi) = (δdi,j)δdi = di,jδdi, (4.35)

where the notation ai,j ≡ ∂ai/∂mj was used. In the second-to-last equality:

∂(δd)

∂m
=

∂d

∂m
, (4.36)

we implicitly treated dobs as a constant. Rewriting the left- and right-hand side of (4.35) in the vector
notation gives:

∇f = JT δd. (4.37)
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This equation reveals that the last term of the eq. (4.29) is a gradient of a particular,L2 norm objective
function. Remaining to interpret in the eq. (4.29) is the (JTJ)−1 term. Let us differentiate the gradient1365

to get the Hessian:

Hjk =
∂

∂mk

(
∂f

∂mj

)
=

∂

∂mk
(Jijδdi) = Jijδdi,k + Jij,kδdi, (4.38)

as δdi,k = Jik, see the remark under the eq. (4.36), we can rewrite it as:

H = JTJ +
∂J

∂m
δd, (4.39)

because AijBik corresponds to ATB in the vector notation. The third-rank tensor Jij,k expresses the
second derivative of d with respect to m:

Jij,k ≡
∂J

∂m
=

∂2d

∂m2
(4.40)

By definition, this is zero for linear problems. For non-linear ones, it is often neglected leading to the1370

Gauss-Newton (GN) approximation of the Hessian (Nocedal and Wright, 2006):

H ≈ JTJ ≡ HGN. (4.41)

It now should be clear that the least-squares inverse of the Jacobian (4.29) is equivalent to the Gauss-
Newton approximation:

δm = (HGN)−1JT δd. (4.42)

If the exact form of Hessian H is used, the scheme is called the Newton method (Nocedal and Wright,
2006) and has a faster convergence rate than GN. Other sensible approximations are discussed in sect.1375

4.4.5

A more basic approximation is the steepest descent method which approximates H−1 with a scalar α
called step-length to get:

δm = −α∇f (4.43)

The step-length scales the update in the gradient direction so that the data residual is minimised. There
are various ways to evaluate it. The method used in this work requires only one extra forward model-1380

ling. Its starts by perturbing the model to get a new residual:

δd1 := δd(m1) = δd(m0 + δm). (4.44)

Assuming the linearity between data and models, scaling this perturbation gives:

δdα := δd(m0 + αδm) = δd(m0) + αδd(δm) (4.45)

The δd(δm) can be evaluated using the linearity of d(m) once more:

δd(δm) = δd(m1 −m0) = δd(m1)− δd(m0) ≡ δd1 − δd0 (4.46)

Combining above two gives:
δdα = δd0 + α(δd1 − δd0) (4.47)

The data residual from the model perturbed in the (anti-)gradient direction, scaled withα can be min-1385

imised by setting:
∂(|δdα|2)

∂α
= 0 (4.48)
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time frequency
space Tarantola (1984); Miller et al. (1987) Woodward (1992)

wavenumber — Wu and Toksöz (1987)

Table 4.2: Formulations of seismic tomography in different Fourier domains of space and time vari-
ables.

Method Imaging operator Parameter Iterative Non-linear Reference
RTM JT δd reflectivity no no Baysal et al. (1983)

LSQ-RTM (JTJ)−1JT δd reflectivity yes no Nemeth et al. (1999)
FWI JT δd velocity yes yes Warner et al. (2013b)

LSQ-FWI (JTJ)−1JT δd velocity yes yes Pratt et al. (1998)

Table 4.3: Comparison of different inverse-scattering (imaging) methods. In linear methods the back-
ground velocity model, and thus the wave paths, remain constant.

which eventually gives the optimal step-length:

α =
δdT0 (δd0 − δd1)

|δd0 − δd1|2
. (4.49)

By definition, the local optimisation scheme described above will always converge to the nearest min-
imum of the objective function. It is a separate task to design a starting model that is closer to the
global rather than a local minimum.1390

4.3 Scattering theory

As seen in the previous section, FWI can be posed mathematically as a linearised local optimisation
problem. From a physical point of view, FWI may be seen as an inverse-scattering problem. This per-
spective may be useful in establishing links between the optimisation theory and wave phenomena.

4.3.1 Born approximation1395

In the scattering theory (Hudson and Heritage, 1981) the Taylor expansion (4.24) is referred to as the
Born series. The analysis of this series was originally performed in the field of quantum mechanics (see
e.g. Shankar, 1994).

Truncating the Born series after the first-order term is called the first Born approximation, after the
second-order – second Born approximation and so on. Here only the first approximation is analysed1400

and from now on will be referred to simply as the Born approximation. This approximation was used
in the previous section to derive equations 4.27, 4.33 and 4.49. The Born approximation assumes single
or weak scattering (Hudson and Heritage, 1981).

4.3.2 Inverse scattering

Inverse scattering is a task of deriving a model from the data and can be formulated in various domains1405

(tab. 4.2). A great overview of fundamental theorems of the inverse scattering theory (e.g. Fourier
diffraction theorem) is given by Kak and Slaney (2001).
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Figure 4.3: Monochromatic wavepath. From Virieux and Operto (2009).

Sensitivity kernel The monochromatic sensitivity kernel of a finite frequency, for a single source-
receiver pair, is an oscillatory pattern that consists of Fresnel zones (fig. 4.3). It is often referred to as a
monochromatic wavepath (Woodward, 1992). A ray(path) is simply a monochromatic wavepath of in-1410

finitely high frequency. The gradient is simply a multi-frequency wavepath (unless a monochromatic
source is used). In FWI, usually multiple source-receiver pairs, resulting in the pattern focused on het-
erogeneities missing from the model. There are different waves of calculating sensitivity-like patterns
(Tromp et al., 2005). For instance, one may backpropagate the observed data or the data residual, the
latter case is shown in sect. 5.4.4. In general, if the duration of the source is long enough, sensitivity1415

across the entire model domain is obtained.

Imaging operator The function that converts the data into model is called the imaging operator.
Conventional migration uses the gradient, and does not iterate. FWI as used here, also uses the gradi-
ent (preconditioned with step-length) but is iterative (tab. 4.3). So called least-squares migration (Ne-
meth et al., 1999) uses Gauss-Newton Hessian to precondition the gradient. The difference between1420

FWI is that it does not update the background model. In travel-time tomography, the data residual
comes from any point along the ray connecting a given source and receiver – one shot samples the
medium only along the ray. In FWI the data residual comes from any point in the whole model (one
shot samples the whole model). Hence, the data are allowed to be spatially aliased (to some extent),
and the reconstructed model may be meaningful outside source-receiver planes. The gradient is not1425

a perfect imaging operator, a more accurate one involves the Hessian (Pratt et al., 1998), giving less
acquisition footprint and fewer aliasing artifacts related to data sparsity (Kak and Slaney, 2001). Still
when using gradient only, slightly wrong model updates are hoped to average out over the course of
iterations.

4.3.3 Resolving power1430

Maximum theoretical resolution of FWI reaches half a wavelength provided normal-incidence reflec-
tions are present in the dataset (Virieux and Operto, 2009). Relationship between the experimental
setup (fig. 4.4) and the spatial resolution of the reconstruction (scattering wavenumber k = |k|) is
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Figure 4.4: Scattering experiment. From Operto et al. (2015).

given by:
k =

2f

c
cos (θ/2) q̂, (4.50)

where c is the local phase velocity, f is the frequency of the harmonic wave, θ is the scattering angle1435

and q̂ is the unit vector in the direction shown in fig. 4.4. The resolving power of FWI is thus limited
primarily by two factors: (1) the source bandwidth and (2) scattering angle and thus aperture of the
survey (Woodward, 1992).

4.4 FWI in practice

4.4.1 Challenges1440

Perhaps the most important aspects of FWI tha make it a particularly challenging inverse problem are:

• high non-linearity of d(m) – the oscillatory character of the data; its effects are amplified by
significant heterogeneity of real models;

• ill-conditioning – often many model parameters are severely under-determined – even if d is
longer than m, the linearised system is called rank-deficient ;1445

• very high computational cost of the forward problem, both in terms of memory and processor
time due to the size of d andm vectors and number of operations per grid point to solve the wave
equation;

• accuracy of the forward modelling – especially in the presence of irregular free surface boundary
and strong viscoelastic effects.1450

The forward-modelling accuracy is the subject of part II. The remainder of the challenges are discussed
below.

Non-linearity This is probably the most challenging of the above and numerous approaches have
been proposed to tackle it and prevent a solution from being trapped in a local minimum (Virieux and
Operto, 2009). The following overview touches only on a few arbitrarily selected avenues of research.1455

Deriving sufficiently accurate starting models is an obvious prerequisite. Indispensible proved to be
also a multi-scale strategy (Bunks et al., 1995), at the very least iterating from low to high frequencies of
the data. Some version of this approach is discussed in ch. 8). An important area of active research is
concerned with quantifying the waveform misfit so that the objective function has fewer (ideally one)
minima (see sect. 4.4.3). Yet another approach is augmenting the objective function with an auxiliary1460
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term that pulls the solution out of the local minimum (Bharadwaj et al., 2016). The ultimate solution
would be to abandon the linearisation completely and switch to the Monte Carlo methods (Sambridge
and Mosegaard, 2002). The full Monte Carlo approach is not yet achievable despite the ongoing efforts
(Fichtner et al., 2019). A partial solution to this problem applies a global optimisation scheme only
to parameters that effectively can be treated as smoothly-varying (such as quality factor Q) requiring1465

much smaller model space to explore, while others (such as vP ) are still inverted in a local fashion
(da Silva and Warner, 2017). To this end, various Monte Carlo methods can be used such as genetic
(Debens, 2015) or quantum particle swarm (da Silva et al., 2019) optimisation.

Ill-conditioning It results from broadly defined data sparsity and is usually addressed by standard
regularisation techniques discussed in sect. 4.2.2 or simply smoothing the gradient to remove short-1470

wavelength features below a resolution limit. Sometimes more sophisticated methods (rather than just
effectively smoothing the model) such as modifications of the total-variation method (Menke, 2012)
are employed to preserve sharp features such as salt-dome boundaries (Esser et al., 2016).

Computational cost Improving computational efficiency is a vast topic on its own and reviewing
it properly is beyond the scope of this thesis. The most obvious method is to reduce the number of1475

forward simulations required to solve the inverse problem. The most important algorithmic advance
that made FWI conceivable was the discovery of the adjoint method that allows to reduce the number
of forward simulations per iteration to fewer than 5 for the steepest descent method compared to bil-
lions (size of typical models) otherwise required to calculate the Jacobian. A simple derivation of this
method is presented in sect. 4.4.4.1480

4.4.2 Data requirements

The performance of transmission FWI is likely to improve when the input field data contain: (1) low
frequency, (2) long offsets, and (3) good azimuthal coverage (Morgan et al., 2013). The first depends on
a type of sources and receivers used, the latter two on acquisition geometry. Low-frequency content
can be thus thought of as a global feature of a given experiment, given source and receiver types are1485

the same across the whole experimental domain. The latter two are local features that depend on data
coverage and size of the subdomain selected for the inversion.

Low-frequency Presence of signal in the low-frequency part of the spectrum is helpful for at least
two reasons. First, it allows for a starting model to be further away from the true one, as the longer
periods are less prone to cycle-skipping (Virieux and Operto, 2009). Second, inverting low-frequency1490

data updates low-wavenumber features of the model (Sirgue and Pratt, 2004). Both of these imply that
FWI should be started at the lowest possible frequency in order to be robust against the inadequacy
of the starting model and thus to avoide cycle skipping. Low-frequency content depends on the ac-
quisition method, in particular the effective frequency spectrum of the source. The lowest usable (i.e.
with a S/N ratio above some threshold) frequency can be determined via phase plots of the observed1495

data (fig. 8.8) which also allows for a quick detection of noise at different frequencies and offsets in the
dataset (sect. 8.3.2).

Long-offset The importance of having long-offset data are also two-fold. First, similar to low fre-
quencies, they provide additional control on long-wavenumber model updates needed at early stages
of the inversion (Sirgue and Pratt, 2004). Second, the refracted waves recorded at long offsets sample1500
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larger depths of subsurface. Increasing the penetration of short-offset data are only possible with
waves reflected off the deep interfaces. However, due to relatively low reflectivity of these interfaces
and long propagation distances, picking them out from noise, requires high-fold surveys relying on
stacking many traces and thus suppressing the random noise at ca. √n rate, where n is a number of
traces. The exact penetration depth for a given offset is specific to model and acquisition geometry and1505

can only be precisely determined by calculating a sensitivity kernel, or by ray tracing. However, as a
first-guess estimate, one can assume that the offset required for refractions to illuminate a target is 3-6
times of its depth (Warner et al., 2010). This value should be treated as a lower bound, and increased
accordingly for larger water and target depths.

Multi-azimuth Obtaining a non-distorted image of a three-dimensional structure requires illumin-1510

ating it from different angles (azimuths). The only exception is when the structure is pseudo-3d, i.e.
approximately constant in at least one dimension. This might be the case for a stack of planar layers
or a fold with source-receiver lines perpendicular to its strike. However a 3d target will always benefit
from a multi-angle illumination. A range of azimuths helps to make the inversion better posed and
improve robustness against incoherent noise (Morgan et al., 2013).1515

4.4.3 Objective function

One of the areas of active research within the FWI community is concerned with designing an object-
ive function such that the inversion converges to the global minimum as efficiently and effectively
as possible. Inversion convergence depends jointly on the starting model and the objective function.
Seismic data is oscillatory hence a lot of minima in an objective function based on the L2 norm. The1520

idea is to design a function that has as few minima as possible.

Metric One way is to treat data vectors as elements of metric spaces different from standard Euc-
lidean space characterised by L2 norm. Metrics such as L1, Huber or Student-t norm are some of
the possible choices (Virieux and Operto, 2009). Other measures include waveforms cross-correlation
time-shift or difference between Dirac delta function and Wiener filter designed to map synthetic into1525

observed data (Warner and Guasch, 2014; Guasch et al., 2019). It is also possible to separate phase and
envelope misfit functions, which proved to be useful in FWI on a global scale (Fichtner et al., 2008).
Envelopes are extracted by means of a Hilbert transform. Minimising a purely phase-driven func-
tional based on the Rytov approximation is also possible (Shah et al., 2012b). Recently, the optimal-
transport10 misfit was proposed by Métivier et al. (2016) .1530

Search space Yet another approach is to optimise over both a wavefield and a model, thus increasing
the search space and reducing the non-linearity of the misfit as a function of the model (van Leeuwen
and Herrmann, 2013). Extending the data space may also be done by adding explicitly travel-time
(Zhou et al., 1995) or already-mentioned phase misfits (Shah et al., 2012b).

4.4.4 Gradient calculation1535

Below, the adjoint method (e.g. Plessix, 2006) of calculating the least-squares gradient (eq. 4.37) is
presented. In the machine learning community, it is known as the reverse-mode differentiation (No-

10Research on optimal transport has resulted in a few Fields medals in recent years.



CHAPTER 4. FULL-WAVEFORM INVERSION 66

Figure 4.5: Time-lapse snapshots of the forward and adjoint wavefields, as well as their product, both
instantanuous and time-integrated (columns from left to right, respectively). The adjoint wavefield
was scaled with ∂A

∂m . Modified after Tromp et al. (2005).

cedal and Wright, 2006), one of the flavours of autodifferentiation (Baydin et al., 2017). The insightful
link between the two research fields is provided by Sambridge et al. 2007 and Ren et al. 2020.

In the derivation in the previous section, the starting point was the explicit non-linear dependence – eq.
(4.24) which could be expanded as eq. (4.5). Here let us commence with the latter. Assuming that A is
a linear function of m (recall the Born approximation) we can calculate the Jacobian by differentiating
both sides of the eq. (4.5):

∂k(Aijdj) = ∂ksi (4.51)
Aij,kdj +Aildl,k = 0 (4.52)

dl,k = −A−1
il Aij,kdj (4.53)

The last line in the vector notation is:1540

J = −A−1 ∂A

∂m
d (4.54)

The tranpose needed in (4.37) gives:

JT = −dT
(
∂A

∂m

)T
(AT )−1 (4.55)

because
(
A−1

)T
= (AT )−1. Eventually the gradient can be written as:

∇f = −dT
(
∂A

∂m

)T
(AT )−1δd. (4.56)



CHAPTER 4. FULL-WAVEFORM INVERSION 67

The right term (AT )−1δd can be seen as a wavefield d′ generated by the source δd and propagated
with the operator AT :

ATd′ = δd (4.57)

The operator A is often designed to be symmetric (self-adjoint) in space and anti-symmetric in time,1545

so that acting on the residuals at the receivers (remember that the data is a function of space and time)
with (AT )−1 corresponds to propagating them from receivers back in time, or backpropagating. The
backpropagation can be achieved perhaps most easily by reversing the data vector. That allows the
use of the same operator for both forward and backpropagation. The gradient in (4.56) expresses a
temporal zero-lag cross-correlation (or the inner product) of d and d′, the latter being scaled with the1550

operator ∂A
∂m . This operator can be derived analytically and hard-coded.

The adjoint method requires only two forward simulations to calculate the gradient and it does not
invert, compute or store the much larger Jacobian matrix. The finite-difference derivation of the latter
would require perturbing and solving the forward problem for each of the model parameters in turn,
which is prohibitively expensive for any real problem.1555

Even though inversion is driven solely by data, i.e. a wavefield sampled sparsely11at receiver locations,
the entire wavefield is needed for the backpropation step (fig. 4.5).

4.4.5 Gradient preconditioning

The adjoint method discussed in the previous sect. provides an extremely efficient way to calculate
the steepest-descent (anti-gradient) direction. However, despite its efficiency per iteration, the steep-1560

est descent method is known for its slow convergence. Although it is relatively feasible to calculate the
Gauss-Newton Hessian, its inverse is usually too costly to evaluate. In some cases, additional itera-
tions of the steepest descent algorithm will yield a better result than fewer but more time-consuming
iterations with the quasi-Newton method (Tarantola, 2005). Moreover, the convergence rate of the
steepest descent can be improved at little cost by tweaking the direction of the model update using1565

some physical intuition on what the better direction should be (Tarantola, 2005). This correction is
called preconditioning and has to be done before calculating the step length.

One way to spatially precondition the gradient is to neglect the off-diagonal elements of the approx-
imate Hessian (Shin et al., 2002), since inverting a diagonal matrix is simply inverting each element of
the diagonal. For the Gauss-Newton Hessian, this still needs one forward modelling per receiver (Shin1570

et al., 2002) which is a considerable effort. Instead, a more heuristic method is to define the model
update as (Warner et al., 2013b):

δmi = − α

Hii

∂f

∂mi
. (4.58)

Note that the summation convention does not apply here. The scalar Hii is approximately propor-
tional to the wavefield energy so that the gradient is less dependent on the differences in wavefield
illumination. In particular, it prevents anomalously large updates in model parts close to the sources1575

and receivers but enhances contributions from poorly illuminated regions (Warner et al., 2013b).

11even for very dense acquistion geometries, number of receivers is usually an order of magnitude smaller than number of
grid points.
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5
Modelling multi-component data1580

B
ENEFITS of using multi-component data are well known in the context of reflection seismics.

Combining pressure and vertical velocity components is routinely used to remove free-surface
reflections from the data. Horizontal velocity components, dominated by shear waves, are

crucial for inferring elastic properties of the subsurface.1585

Potential advantage of multi-component data in the full-waveform inversion is less understood, es-
pecially in the acoustic approximation. Furthermore, adding a capability of simulating and inverting
multi-component data to the existing, highly-optimised acoustic FWI codes may be challenging. It is
not always straightforward to accurately simulate both wavefields in a single numerical scheme, estab-
lish a reciprocal relationship between them, or to weight them properly in the inversion. As a result,1590

despite multi-component acquisition being common nowadays, no case studies of the FWI applied to
such field data have been reported to date.

This work demonstrates a method of acoustic full-waveform modelling and inversion of multi-com-
ponent data. A reciprocal relation between pressure and velocity necessary for efficient inversion and
forward simulation of sparse-receiver datasets is derived. Details of accurate implementation of dipole1595

sources and receivers required to maintain reciprocity in the second-order acoustic wave equation, are
presented. The method was implemented as a small, self-contained Python library HicksPy facilitat-
ing a rapid extension of existing FWI codes. The implementation was tested using a 3d field dataset
from PROTEUS experiment, showing a good match between 2nd-order acoustic synthetics and ob-
served vertical velocity data.1600

Key words: geophones · particle velocity · second-order acoustic wave equation · reciprocity · dipole sources ·
directional radiation patterns · joint inversion · vector-acoustic FWI
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5.1 Introduction

5.1.1 Seismic sensors

There are two primary types of sensors used routinely in seismology – hydrophones and geophones1605

which measure pressure and particle motion (displacement, velocity or acceleration), respectively1.
Geophones are usually designed in a form of electro-magnetic coils, and hydrophones as piezoelectric
discs stacked for signal amplification (Sheriff and Geldart, 1995).

Basic difference Hydrophones, as the name suggests, can only work immersed in water (on land
surface, pressure is effectively zero). Geophones measure particle motion and can give meaningful1610

measurements both in water and on land. Deploying geophones in water is more difficult (and thus
expensive) than hydrophones, as they need coupling to the seabed. Poor coupling of a geophone may
result in a non-linear instrument response.

Polarity reversal A buried vertical geophone records double polarity reversal of the ghost – one fac-
tual and one due to up/down change of the propagation direction (Sheriff and Geldart, 1995). In effect,1615

no reversal is observed. A hydrophone records only the factual reversal.

AVO behaviour Each component vi is a 1d projection of a 3d vector v. E.g. amplitude of vz relative
to |v| varies with the angle of incidence θ like:

vz = |v| cos(θ) (5.1)

The angle of incidence at the receiver increases with the source-receiver offset. Thus, vz dominates
the long-offset data in terms of amplitude. Pressure does not exhibit similar AVO behaviour.1620

5.1.2 Multi-component data

Dual-sensor acquisition provides multi2-component data. Marine geophones have been routinely de-
ployed to improve recording of S-waves and inferring elastic properties since the last decade of the
previous century (e.g. Operto et al., 2013). Some of the potential advantages of this type of acquisition,
relevant for acoustic applications, are listed below:1625

• deghosting – this is a common preprocessing step in reflection seismic and is performed by PZ
summation3; it relies on the opposite polarities in hydrophone and geophone response (see sect.
5.1.1);

• better AVO – vertical component dominates the particle motion due to P waves arriving at long
offsets (see eq. 5.1);1630

• increased fold – more components increase the chance of high quality data for a given receiver;
the components may be stacked or inverted separately, e.g. for different offsets (see the previous
point);

• vector-acoustic FWI – joint inversion of pressure and velocity data may result in less free-surface-
related gradient artifacts, as shown in 2d Marmousi synthetic tests by (Zheglova and Malcolm,1635

2020);The fidelity gain is more noticeable for sparse data but overall not overwhelming (fig. 5.2).
1Optical sensors such as fibres and laser rings (e.g. Nigbor, 1994) developed more recently are not discussed.
2Typically four-component, or 4C for short.
3Stacking carefully weighted pressure and vertical velocity data.
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Figure 5.1: Amplitude spectrum of a direct wave (top) its time-derivative and (middle) direct wave
(time-differentiated) with a ghost (bottom). In the last case, harmonic components of the two wave
packets interfere leading to the notches in the spectrum.

Figure 5.2: Final models of Marmousi 2d recovered by FWI using different station coverage and sensor
types. Benefits of inverting more than one component are subtle but noticable, especially for sparse
acquisition. From Zheglova and Malcolm (2020).
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2004 Acoustic 2d inversion of land vz data processed so as to mimic the AVO behaviour of the
pressure wavefield by Ravaut et al.

2006 Acoustic 2d inversion of OBS vz data using an acoustic solver with reciprocity
(implementation details not provided ) by Operto et al.

2008 Elastic 2d inversion of synthetic OBS data (p vs. vz vs. vz& vx) by Sears et al. Different
reverberation patterns for p vs. vz data.

2010 Elastic 2d inversion of OBS data (vz followed by vx data) by Sears et al.
2011 Acoustic 2d inversion of land vz data without reciprocity by Malinowski et al. Dipole

receivers implemented via modification of the Hicks scheme (Hicks, 2002).
2012 Acoustic 2d inversion of land vibroseis vz data by Plessix et al..
2018 Acoustic 2d inversion of land data by Vigh et al.
2019 Elastic 2d inversion of OBS vz vs. p data (two 1C inversions) by Robin et al. Difference in

results driven by data noise.
2019 Acoustic 3d inversion of land vz data by Sedova et al.

Table 5.1: Time-line of previous approaches to modelling and inversion of velocity/multi-component
data.

5.1.3 Modelling approaches

Different approaches to modelling multi-component data (or velocity data with 2nd-order acoustic
wave equation) have been published to date. A short overview of major ones is given in tab. 5.1. Worth
noting is the method of Plessix et al. (2012) who simulate vz data at the land surface, vz(0), by shifting1640

the pressure sources and receivers by a small amount (5 m) below the free surface. This is based on the
observation that:

ρv̇z(0) = −∂zp(0) =
p(0 + h)− p(0)

h
= p(h)/h (5.2)

because p(0) = 0 by definition of a free surface. A corollary of eq. (5.2) is that a shallow pressure
receiver should record a wavefield that is proportional to particle acceleration at the free surface:

v̇(0) ∼ p(h). (5.3)

Sedova et al. (2017) follow this approach and bury the geophones in their forward simulations too.1645

This study Here, a method of modelling multi-component data using a 2nd-order acoustic wave
equation is presented. It uses the same differentiation method as Malinowski et al. (2011) but it extends
it to experiments utilising reciprocity principle. The below description comprises both the theoretical
background and implementation details.

5.2 Theory1650

5.2.1 Pressure & velocity

Below, conversion formulae between two related acoustic wavefields – pressure and particle velocity4,5

(measured by hydrophones and geophones, respectively), are provided. The relationship between
pressure and velocity can be derived from two basic equations governing the mechanics of continuum
– the Newton’s second law and Hooke’s constitutive relation. The former states that the acceleration of1655

4It will be referred to as velocity for brevity, unless it can be mistaken for e.g. wave velocity.
5If needed, displacement and acceleration can be obtained from velocity by time-integration and differentiation, respect-

ively.
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a unit volume of a fluid is equal to the negative gradient of pressure:

ρv̇i = −∂ip, (5.4)

The latter expresses temporal variations of pressure in terms of the divergence of a velocity field:

1

K
ṗ = −∂ivi, (5.5)

where K = ρc2 is the bulk modulus. Combined, eq. (5.4) and (5.5) form a first-order system of linear
partial differential equatioms:  ρv̇i = −∂ip

1

K
ṗ = −∂ivi

(5.6)

equivalent to a second-order equation for pressure:1660

1

c2
p̈ = ρ∂i

(
1

ρ
∂ip

)
, (5.7)

which can be obtained by inserting (5.4) into a time derivative of (5.5):

1

c2
p̈ = −ρ∂iv̇i = ρ∂i

(
1

ρ
∂ip

)
, (5.8)

where we implicitly assumed a stationary density model (ρ̇ = 0). From (5.4), we have:

vi(x) = − 1

ρ(x)

∫
dt∂ip(x), (5.9)

in which the gradient operator introduces sensitivity to the direction of propagation whereas the time-
integration cancels the influence of the gradient on the amplitude spectrum. We can express it as:

vi(x) =
1

ρ(x)
♦p(x) (5.10)

where:1665

♦ := −
∫

dt∂i (5.11)

is the operator that transforms pressure into velocity (up to the density scaling-factor). For complete-
ness, the pressure analog of (5.9) is given by:

p(x) = −ρ(x)c2(x)

∫
dt∂ivi(x). (5.12)

Let us now consider how♦affects waves propagating in opposite directions. The amplitudesψu andψd
of an upgoing and dowgoing wave propagating from a source at (z, t) = (0, 0) in−z and +z direction,
respectively, can be expressed as6:

ψu(z, t) = f(ωt+ kz) (5.13)
ψd(z, t) = f(ωt− kz) (5.14)

The negative-gradient transforms them into:

−∂zψu = −kf ′(ξ)
∣∣∣
ξ=ωt+kz

(5.15)

−∂zψd = +kf ′(ξ)
∣∣∣
ξ=ωt−kz

(5.16)

6These are solutions to the two-way wave equation which can be easily checked or compared to eq. (3.39) of Shearer (2009).
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where f ′(ξ) ≡ ∂f(ξ)
∂ξ . Integrating these with respect to time gives:

−
∫

dt∂zψu = − k
ω
f(ωt+ kz) + C(z) (5.17)

−
∫

dt∂zψd = +
k

ω
f(ωt− kz) + C(z). (5.18)

Finally, if we putC(z) = 0, then recall the definition of♦ and notice that k/ω = 1/c, we obtain:

♦ψu = −1

c
ψu

♦ψd = +
1

c
ψd. (5.19)

This means that ♦ operator flips the polarity of upgoing waves and leaves the polarity of downgoing
waves unchanged. In other words, a waveform recorded on the pressure and vertical-velocity channels
will have the opposite polarity for upgoing waves and the same polarity for downgoing waves. Physic-1670

ally, a compressive7 (p > 0) impulse generates outward first motions8 so, at the receiver, a downgoing
wave will move particles downwards (vz > 0), and an upgoing wave – upwards (vz < 0 which is the
opposite polarity to p).

Lastly, let us note that pressure and velocity wavefields are not independent. Each component of velo-
city can be calculated from the pressure scalar field (eq. 5.9), and pressure can be calculated from the1675

velocity vector field (eq. 5.12), provided both fields are differentiable in space.

5.2.2 Seismic sources

Below, it is shown that a single force source is equivalent to a dipole source of volume injection. So far
sources of waves have not been discussed. Acoustic waves may be generated in two basic ways – by
injecting a volume (explosion/implosion depending on a sign) or by exerting a force. Mathematically,1680

this can be written down as a combination of two terms

s = ρ∂tIV − ρ∂i
(

1

ρ
fi

)
, (5.20)

that can be added to the wave equation:

1

c2
∂ttp = ρ∂i

(
1

ρ
∂ip

)
+ s. (5.21)

Here, IV and fi denote the volume injection and ith component of the force respectively. The first term
will be referred to as a volume source sV and the second as a force source sf . Note that the latter term
is a divergence (‘source-ness’ ) of a vector field. A volume point source at (xs, ys, zs) can be described1685

as a multi-dimensional Dirac delta:

sV (x, y, z) = Aδ(x− xs)δ(y − ys)δ(z − zs) (5.22)

Let us know define a point vertical-force source as:

f =

 0

0

δ(x)S(t)

 ≡ [0 0 δ(x)S(t)
]T
. (5.23)

7A positive perturbation of ambient pressure.
8See fig. 9.8 of Shearer (2009).
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It has to be added to the scalar pressure wavefield as a divergence, hence:

∇ · f = ∂x · 0 + ∂y · 0 + ∂z[δ(x)S(t)]

= S(t) lim
h→0

δ(x)δ(y)
δ(z + h)− δ(z − h)

2h
(5.24)

where a central finite difference was used in the definition of the derivative. It should now be clear
that eq. (5.23) represents a vertical dipole. A volume source has an isotropic radiation pattern and will1690

interchangeably be referred to as a monopole source. In contrast, a force source has a radiation pattern
of a dipole aligned with this force. Note that sources of each type generate both types of wavefields,
as there is no independent pressure or velocity wavefield. The radiation pattern in both cases refers
to a shape of the pressure wavefront in the homogeneous, isotropic space. In the case of a receiver,
a radiation pattern corresponds to sensitivity of the measuring apparatus to the wavefield incoming1695

from different directions. For instance, a vertical geophone is insensitive to horizontal component of
the particle motion. A source counterpart of this, is a single force vector.

5.2.3 Wavefield response

Below, analytical expressions for pressure and velocity responses to both types of sources discussed
above are derived directly from the definition of the elastodynamic Green’s function.1700

Elastodynamic Green’s function A single body force is not a realistic seismic source, as it violates the
law of conservation of momentum (Shearer, 2009). Nonetheless it is a useful concept as other, more
realistic sources can be decomposed into ingredients of this type. The elastodynamic Green’s function
Gij is a tensor encoding a response to such a body force. It is defined (Aki and Richards, 2009) by:

ui(xA, t) = Gij(xA, t;xB , 0) · fj(xB , 0). (5.25)

To be precise, it is an impulse response of the displacement field. Responses of other types of wave-1705

fields to other types of sources can be constructed from the Green’s function by spatial superposition
and temporal convolution by the virtue of linearity and time-invariant of the wave equation (it is an
LTI system).

Velocity response to explosion An explosion can be represented by a diagonal moment tensor, i.e.
three perpendicular force couples without moment (Aki and Richards, 2009). A force couple without1710

moment consists of two vectors of magnitude f pointing in opposite directions separated by a distance
d along the direction parallel to these forces (fig. 5.3). Displacement field generated by such a force
couple aligned with kth axis is given (Shearer, 2009) by:

ui(x) = Gij(x
′, t′;x, t)fj −Gij(x′, t′;x− dek, t)fj (5.26)

where ek is the Cartesian versor associated with the kth axis. This can be reduced to:

ui(x) = Gij,kfjd (5.27)

For an explosion (three perpendicular force couples), summing over each axis gives:1715

ui(x) = A ·Gij,j , (5.28)

whereA := fd.
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Figure 5.3: Graphical depiction of the components of a moment tensor. Diagonal elements in the
ellipse describe an explosion. Modified after (Shearer, 2009).

5.2.4 Reciprocity principle

Below, it is shown that the pressure response at the point A to a single-force source at the point B is
equal to the velocity response at the point B to a volumetric source at the point A.

Motivation For some experiments, a number of sources is orders of magnitude larger than the num-1720

ber of receivers. This is often caused by the higher cost of receiver acquisition. In time-domain, unless
source-encoding is used, the computational cost is proportional to the number of sources. Hence, if
there was a way to simulate seismic sources as receivers and receivers as sources, that would be a great
computational gain. Luckily, there exists a fundamental symmetry between sources and receivers that
allows to do that.1725

Pressure-velocity A basic principle of acoustic reciprocity states that the same waveform will be
observed if the positions of the source and receiver are interchanged, no matter how far apart they
are or how heterogeneous the medium is (Rayleigh, 1878). Stated like this, it implicitly assumes that
both source and receiver are of certain types, namely that they are isotropic. A question arises if the
symmetry holds for other types of source-receiver configurations. The answer is yes9, but it brings in1730

extra conditions which will be discussed below. A spatial reciprocity of the Green’s function is expressed
by:

Gij(xA, t;xB , 0) = Gji(xB , t;xA, 0), (5.29)

where the LHS stands for an ith component of the displacement wavefield at point xA and time t
generated by a jth component of a point force atxB and time 0, and the RHS denotes a jth component

9In fact, reciprocity is much more general and appears in flow and diffusion problems too (Wapenaar and Fokkema, 2004).
Reciprocity principle can be integral (global) and differential (local). The former is of interest of interferometry and Marchenko
imaging (Wapenaar et al., 2019) and migration (Vasconcelos et al., 2017). Reciprocity holds for anisotropic and dissipative media
(Wapenaar and Berkhout, 1989).
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Figure 5.4: Schematic of reciprocal experiments involving monopole and dipole radiation patterns.
Wavefield from a monopole source at location A recorded at location B by a dipole receiver (left) is
equal to the wavefield from a dipole source at location B recorded at location A by a monopole re-
ceiver (right). The radiation pattern is denoted by the empty (‘radiating out’) and filled (‘collecting in’)
shape (single/double circle for monopole/dipole) for the source and receiver, respectively. Bottom-
row figures from Arntsen and Carcione (2000).

of the displacement wavefield at point xB and time t generated by a ith component of a point force1735

at xA and time 0. The proof assumes homogeneous10 boundary conditions and is given by Aki and
Richards (2009). Differentiating both sides of eq. (5.29) with respect to time gives:

vij(xA, t;xB , 0) = vji(xB , t;xA, 0), (5.30)

which is the reciprocal relation for velocity. Using reciprocity we can write eq. (5.28) as:

ui = A ·Gij,j(xA, t;xB , 0) (5.31)
= A ·Gji,j(xB , t;xA, 0). (5.32)

The quantity on the RHS can be interpreted as ṗ from a ith component source using the relationship
between pressure and velocity derived earlier. Therefore one can write:

vi = A · Ġij,j(xA,xB) (5.33)

= A · Ġji,j(xB ,xA) = A · ∂jvij = − A

c2ρ
· ṗi. (5.34)

Rewriting LHS and RHS gives:

vpi (xA,xB) = A · ∂jvij = − A

c2ρ
· ṗi(xB ,xA). (5.35)

which is a reciprocal relationship between pressure and velocity.
10Homogeneity means that if the wavefield satisfies the boundary condition, its scaled version also does. It is the case for

the pressure wavefield with the free surface and absorbing boundaries.
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5.2.5 Numerical reciprocity1740

Below, it is shown that in order for the theoretical reciprocity to hold, the numerical scheme has to be
self-adjoint in space. If the latter is not true, the source and/or receiver radiation patterns have to be
modified accordingly.

The theoretical reciprocity of the acoustic wave equation shown in sect. 5.2.4 does not guarantee the
reciprocity of a numerical simulation. The latter depends not only on the underlying physics but also1745

on the numerical scheme chosen to simulate it (Pratt et al., 1998). Many of the definitions and the
notation in the following analysis is similar, though not identical, to the one used by Ren et al. (2020).

Let us consider a general linear differential equation in a discrete form:

Ap = s, (5.36)

where A is a differential operator which defines a field response p to the source s. For convenience of
the theoretical discussion, we may write eq. (5.36) as:1750

p = Bs, (5.37)

where B = A−1. In reality A may not be invertible, but the conclusions will hold as we will only
be interested in the symmetry of B. If B is symmetric, so is A (Riley et al., 2006). Given the domain
consisting of Nz grid-cells and Nt time-steps and defining N := Nz · Nt, the operators A and B are
N × N square matrices and p and s are vectors of length N . They are arranged so that the temporal
and spatial coordinate are the slow and fast index, respectively. A data vector d of lengthNt observed1755

at a single receiver can be extracted from the wavefield by aNt ×N measurement matrix D:

d = Dp. (5.38)

Assuming the properties of the receiver do not change over time, the structure of D is as follows:

D =
[
D1, . . . ,DNt

]
, (5.39)

where each of Di for i = 1, . . . , Nt is aNt ×Nz matrix of the form:

Di =

 0︸︷︷︸
1

, . . . , rT︸︷︷︸
i

, . . . , 0︸︷︷︸
Nt

T ≡


0 · · · 0

r1 · · · rNz

0 · · · 0

 . (5.40)

The vector:

r =


r1

...
rNt

 . (5.41)

encodes the radiation pattern of the receiver. Its components ri will be referred to as receiver weight-1760

s/coefficients. For example, the radiation pattern of a point receiver located at the jth grid node is
expressed by:

r =

0, . . . , 1︸︷︷︸
j

, . . . , 0

T (5.42)



CHAPTER 5. MODELLINGMULTI-COMPONENT DATA 79

or in the more concise index notation:
ri = δij . (5.43)

A source wavelet is a time-series of lengthNt:

w =


w1

...
wNt

 , (5.44)

which can be converted into a source vector s of length N required by eq. (5.36) through a N × Nt1765

matrix S such that:
s = Sw, (5.45)

which has a block structure:

S =


S1

...
SNt

 , (5.46)

where each of Si for i = 1, . . . , Nt is aNz ×Nt matrix of the form:

Si =

 0︸︷︷︸
1

, . . . , e︸︷︷︸
i

, . . . , 0︸︷︷︸
Nt

 ≡


0 e1 0
...

...
...

0 eNz
0

 . (5.47)

The vector e is a stationary source radiation pattern11, similar to (5.41):

e =


e1

...
eNz

 , (5.48)

For instance, if Nt and Nz are equal to 2, and a point source and receiver are both located at the first1770

grid node, eq. (5.38) gives:

[
d1

dNt

]
=

[
1 0 0 0

0 0 1 0

]
p1

1

p1
Nz

pNt
1

pNt

Nz

 =

[
p1

1

pNt
1

]
, (5.49)

and eq. (5.45) reads: 
s1

1

s1
Nz

sNt
1

sNt

Nz

 =


1 0

0 0

0 1

0 0


[
w1

wNt

]
=


w1

0

wNt

0

 . (5.50)

Note that in this case S = DT . This is true whenever the source and receiver are located at the same
grid node. Let us now consider an experiment involving a single source of weights e and a single re-
ceiver of weights r. The observed data vector is given by:1775

d = Dp = DBs = DBSw. (5.51)
11As the symbol s is already used, the source radiation pattern will be denoted by e for excitation of the medium, after Claer-

bout (1985).
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We can consider a scalar amplitude d observed as the lth sample at the receiver due to the jth sample
of the source waveletwj . For simplicity, let us putwj ≡ 1. It can be shown that:

d = rTCe, (5.52)

whereC is a block matrix located on the main diagonal of B, its exact position depending on j and l. If
we now design another experiment, in which the receiver has weights e and the source weights r (we
effectively relabelled the source as a receiver, and the receiver as a source), the observed amplitude1780

will be equal to:
d′ = eTCr. (5.53)

One can ask a question, what conditions are required for d′ to be equal to d. As d is a scalar, it is equal
to its transpose, d = dT , and we can write:

d = rTCe = (rTCe)T = eTCT r, (5.54)

by the virtue of (ABC)T = CTBTAT .Clearly, (5.54) is equal to (5.53), as required, providedCT = C.
This condition is met if AT = A which, in turn, implies BT = B.1785

As the choice of j and l was entirely arbitrary, the conclusions hold for the full data vector due to the
full source wavelet. We see that swapping source and receiver weights leads to a reciprocal experiment
provided the matrix A defining the numerical scheme is self-adjoint. It was never assumed that A en-
codes the discretised wave equation, therefore the reciprocity principle holds for any equation which
can be represented by a matrix with the above property.1790

5.2.6 Adjoint modelling

Below, it is shown that radiation patterns of the adjoint sources used in the back-propagation should be
the same as the radiation patterns of the corresponding receivers, whether mono- or multi-component
data are used. Acquisition configurations for which using the reciprocity in the forward step is benefi-
cial are also given.1795

The adjoint method of calculating gradient for FWI, discussed in sect. 4.4.4 of ch. 4, is based on the
reciprocity principle. Receivers become sources from which data residuals are propagated backwards
in time and the resulting ’adjoint’ wavefield is multiplied (cross-correlated) at each time-step by the
wavefield propagated forward in time. The premise of the method is that these two wavefields interfere
constructively only12 at these portions of the model which produced the data residuals – the missing1800

heterogeneities (diffractors). The reciprocity principle ensures that propagating the residuals from
the receivers will focus at the diffractors after tmax − t time where t is the time taken by the forward
wavefield to reach the diffractor and tmax is the duration of the simulation. For this reason, the cross-
correlation gives the desired model update as an outcome. In reality, the constructive interference
occurs elsewhere too, resulting in artifacts in the gradient. The gradient is hence an imperfect imaging1805

operator but its errors are expected to substantially cancel out across iterations.

The above remarks lead to a conclusion that the adjoint modelling should be reciprocal to the for-
ward one. As shown in sect. 5.2.5, this means that the adjoint sources should have the same weights
(radiation patterns) as the receivers used previously in the forward step. A dipole receiver becomes
a dipole adjoint source, and so on. Adjoint receivers are not needed for the cross-correlation. This1810

12This would be ideal. See the later remark.
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principle works automatically for multi-component data (potential benefits of which are covered in
sect. 5.4.4). For example, when inverting p and vz data using reciprocity, each monopole receiver re-
cords data generated from two sources, a dipole and a monopole. Subsequently, two data-residuals
are calculated which are then both backpropagated from a monopole adjoint souce. If we were not
using reciprocity in the forward simulation of the same experiment, there would be two receivers per1815

monopole source, a dipole and a monopole, and two adjoint sources, again – a dipole and a monopole.

The above example suggests that if the number of sources is at most twice/four times the number
of two/four-component receivers, it is more computationally efficient not to use reciprocity in the
forward simulation. However, in many real experiments, like the one described in sect. 5.5, the number
of sources is 1-2 orders of magnitude larger than that of receivers. In such cases, using reciprocity is1820

far more efficient.

5.3 Method

In the previous section it was shown that in order to simulate velocity data using a 2nd-order wave
equation, dipole sources and receivers have to be implemented (the latter needed only if reciprocity
is not applied). For this purpose, a highly accurate method based on the work by Hicks (2002) was1825

implemented. It solves two problems at once – first, it allows for accurate representation of stations
located between grid nodes. Second, it provides a means to endow them with directional radiation
patterns. Implementation of the method is attached as a self-contained Python 3.x library HicksPy

(see sect. 5.6).

5.3.1 Formulation1830

The goal here is to implement a method that:

1. simulates vz data generated by an explosion, i.e. to implement the♦ operator (eq. 5.11)
2. simulates a source that has a correct Fourier spectrum, and such that the experiment is reciprocal

to the point 1.

Different approaches to resolving this problem are presented below.1835

Virtual sources One way to simulate an ideal dipole would be to use an additional station of the
opposite amplitude. There is a severe problem with this approach though. To illustrate this, let us
assume that the true station position is at i depth node. Then the extra station would need to be at
(i + 1)th or (i − 1)th node. This effectively puts the net point station between grid nodes which is
not its true position. One could put the true station at i + 1 and the extra source at i − 1 so that the1840

net source is in the correct position. This, however, creates a dipole of an applied arm d = 2 nodes,
i.e. even worse an approximation of an ideal dipole (d → 0) which will result in an even less accurate
solution in the near field. Instead, one could use smaller dipoles which are located between grid nodes.
This requires interpolation (see appendix 5.A for the error analysis). In 1d, general interpolation can
be expressed as:1845

ψ(z) =
∑

wi(z)ψi. (5.55)

Interpolation Note that as soon as the interpolation is required, the virtual receivers are no longer
needed, as the differentiation (i.e. transformation of a monopole into a dipole) can be performed via
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Figure 5.5: Schematic of the Dirac delta and its derivative (left, top and bottom) and their discrete
versions – sinc function and its derivative (right, from Hicks, 2002).

interpolation:
ψ′(z) =

∑
w′i(z)ψi. (5.56)

This method solves two problems at once – it allows to locate stations between grid nodes and allows
for dipole radiation patterns. The question remains, what weighting function wi(z) to choose. If we1850

were to simulate receivers only, the choice could be arbitrary. But the same weights need to describe
sources, to honour the reciprocity and this imposes additional constraints on the wavenumber spec-
trum. A monopole source should have a spectrum of a discrete Dirac delta, i.e. be equal to one below
the Nyquist wavenumber and zero above it. Implementation of such sources and receivers is described
below.1855

5.3.2 Discrete delta

An ideal discrete delta is given by the sinc function13:

sinc(x) =


sin(πx)
πx , x 6= 0

1, x = 0
. (5.57)

It is symmetric and takes zero values for all non-zero integers. Neither of these properties holds for
its derivative (fig. 6.15). When implementing (5.57), one needs to guard against dividing by small
numbers.1860

5.3.3 Kaiser window

The sinc function simulates an ideal delta only when it is defined on an infinite domain. In practice,
it depends on a finite number of nodes and thus has to be windowed. There are many windows to
choose from to achieve this. Here band-limiting with the Kaiser window (Kaiser and Schafer, 1980) is

13The N-dimensional delta function is a product of N one-dimensional ones.
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Figure 5.6: Kaiser windows of the radius r equal to 3 grid nodes and the shape parameter α ranging
from 0 (blue) to 100 (red).

Figure 5.7: Wavenumber spectrum of the band-limited discrete Dirac delta defined as a Kaiser-win-
dowed sinc function (a). Case (b) same as (a) but with a larger radius; (c) same as (a) but with smaller
offset from grid η (d) same as (b) but for smaller number of samples. The colormap of the lines encodes
a window shape parameter α. The units of the horizontal axis (wavenumber) are scaled so that the
value 1 corresponds to the Nyquist wavenumber.

Figure 5.8: Sinc function tapered with the Kaiser window defined with a 0th-order modified Bessel
function of the first kind (left) in 1d (middle) and 2d (right).
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used after Hicks (2002) with properties discussed therein. It is defined as:1865

w(x) =


I0

(
α
√

1−(x/r)2
)

I0(α) if |x| ≤ r

0 if |x| > r
(5.58)

where I0 is a 0th-order modified Bessel function of the first kind14 (fig. 5.8). Its Fourier transform is
given by (Kaiser and Schafer, 1980):

W (x) =

2r sinh(α
√

1− (k/kα)2)
[
−I0(α) · α

√
1− (k/kα)2

]−1

if |k| ≤ kα

2r sin(α
√

(k/kα)2 − 1)
[
I(α) · α

√
(k/kα)2 − 1

]−1

if |k| > kα

, (5.59)

where kα = α/r. Parameter α (or b as denoted by Hicks (2002)) measures a width of the main lobe of
the window in the time/wavenumber domain. The half width of the main lobe is given by:

R1 =
1

2πr

√
π2 + α2. (5.60)

The larger the α, the narrower the window in the time/space domain. The Kaiser window is a simple1870

approximation to the Slepian window15 which has main lobe has a maximum possible energy. Hence,
it is referred to as near-optimal. Forα→ 0 andα→∞ the Kaiser window converges to the rectangular
function and Dirac delta (like a increasingly narrow Gaussian function) respectively (fig. 5.6) Note the
sharp edges for smallα. Fig. 5.7 is an extension of fig. 3 by Hicks (2002). Its analysis allows to conclude
that:1875

• a larger number of samples 2r smooths the spectrum ∆f ∼ N (because fmax depends on ∆t,
and the number of samples is the same in both domains) but has no other effect;

• the offset from grid η affects mainly amplitude variations: the smaller the offset, the smaller
the variations; the wavenumber content is barely influenced. In fact, it does tend to maximum
content for η → 0 but it does not drop for the maximum value η = 0.5, as much as for r = 1;1880

• the window size r affects mainly the wavenumber content, the larger the window, the more
wavenumbers are present (up to Nyquist for the limit case); it makes sense, in particular infinite
window preserves all frequencies; in general windowing in time domain convolves the spectrum
with sinc(rk), so the larger r the more delta-like the sinc is. The amplitude variations are barely
influenced;1885

• window shape parameter α affects both: the smaller value of η, the larger the wavenumber con-
tent (desired) and variations (undesired); and conversely – deviations of 0.5 from the optimal
value seem to make no much difference.

5.3.4 Dipole radiation

Both, the continuous and the discrete delta function have the property:1890 ∫ +∞

−∞
f(z)δ′(z)dz = −f ′(0), (5.61)

i.e. a zero-lag cross-correlation with the derivative of the delta gives a minus derivative of the signal.
This means that the vz receiver can be simulated by a positive delta derivative. The source weights need

14Modified Bessel functions of the first and second kind are two linearly independent solutions to the modified Bessel’s
equation x2y′′+xy′− (x2+ν2)y = 0; they are exponentially growing and decaying functions, respectively (Riley et al., 2006).

15Also known as a discrete prolate spheroidal sequence, or DSSP for short.
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Figure 5.9: Radiation from a monopole (left) and a dipole source (right) shown as 2d wavefield propag-
ated in homogeneous model with a free surface at the top. Rows show different time-snapshots. Axes
are scaled in metres.

Figure 5.10: Radiation from a monopole (top) and a dipole source (bottom) shown as x/y/z slices (from
left to right) of 3d wavefield propagated from the dual-sensor OBS 166 in a realistic model of Christiana
basin near Santorini. Axes scaled in grid nodes (h = 50 m).
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Algorithm 5.1 Quality control of the implemented particle-velocity simulator.
1. Implement geophone (particle-velocity) receivers for the second-order acoustic wave equation.
2. Check correctness of synthetic particle-velocity data generated by an airgun source against (a)

an exact solution and/or (b) an output of a numerical solver of the first-order wave equation
(here SOFI3D was used).

3. Design a reciprocal experiment with a single-force (dipole) source at the location of the previous
receiver, and a hydrophone receiver at the location of the previous source. The data should be
identical.

4. Use the configuration from the previous step to simulate real, field geophone data generated
with an airgun source, taking advantage of the reciprocity.

to be oriented in the exaactly same way, i.e. the dipole source will radiate positive polarity upwards (fig.
5.9). The derivative of sinc is given by:

∂sinc(x)

∂x
=

cos(πx)− sinc(x)

x
(5.62)

Note that for a dipole an optimal windowing parameterα is different from the one for a monopole. E.g.1895

4.40 versus 4.14 for a window half-width r = 4 as calculated by Hicks (2002). Fig. 5.9 and 5.10 show
the difference in wavefield between a monopole and a dipole source for a homogenous and realistic
model, respectively.

5.3.5 Time-integration

The time-integration needed in♦ can be performed at any stage of the simulation since it is not sens-1900

itive to the direction of propagation. Here it is chosen to time-integrate the source wavelet.

5.3.6 Normalisation

In this study, the data are normalised so that scaling stations with multiplicative constants such as ρ−1

is not needed. If the true amplitudes were simulated, the density-factor would have to be included.

5.4 Numerical tests1905

First a full analysis is presented for a 1d case which is easy to implement. In 2d and 3d, a third-party
code SOFI3D (Bohlen et al., 2015) is used as a benchmark for pressure-velocity conversion. The reci-
procity is checked in a self-consistent manner using FULLWAVE3D.

5.4.1 Simple 1d test

In this section, intuition behind reciprocity principle is presented with a one-dimensional example1910

for which the entire space-time-dependent wavefield can be visualised in a single plot, instead of just
temporal or spatial slices. Such exposition of reciprocity is novel16 and is hoped to demistify this oth-
erwise difficult to grasp concept. Additional benefit is that a 1d solver is straighforward to implement
from scratch. The code for a constant-density finite-difference wave equation (O(h2)-accurate in both
t and h):1915

uτ+1
ξ ≈ δt2c2ξ

(
uτξ+1 − 2uτξ + uτξ−1

δx2

)
+ 2uτξ − uτ−1

ξ . (5.63)

is provided in list. 5.1.
16It was inspired by plots of Slob et al. (2020).
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(a) Monopole source, monopole receiver. (b) Same as 5.11a, but with source and receiver positions in-
terchanged. Note that the two wavefields differ everywhere
except at the receivers.

(c) Monopole source, dipole receiver. Note the wavefield is
the same as in 5.11a except the recorded trace.

(d) Same as 5.11c, but with source and receiver positions
interchanged. Note the time-integrated source wavelet.

Figure 5.11: Analysis of pressure-velocity reciprocity in 1d. Cases on the right and left are reciprocal.
Each fig. shows source wavelet and recorded trace above/below the wavefield, respectively. Positive
amplitude of traces/wavefield in blue. Dashed/solid black line – source/receiver location. Radiation-
pattern symbols are explained in fig. 5.4. Constant vP of 1 km/s with free surface at 0 and 2 km depth
was used. Solver-code is supplied in list. 5.1.
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Listing 5.1: Simple Python solver of the second-order 1d acoustic wave equation with first-order free-
surface boundaries and first-order quiescent initial conditions. It uses the second-order approxima-
tion of the second derivative (both in time and space). Definitions of the source and receiver operators
are provided in the appendix. Note how free-surface boundary conditions are imposed implicitly by
preventing the first and the last grid node from being updated.
nx , dx , nt , dt = 1 0 1 , 5 0 , 1 0 0 1 , 0 . 0 0 1 # domain
c = 3000 ∗ np . ones ( nx ) # v e l o c i t y model
A = ( dt / dx ) ∗ ∗ 2
p_prv , p_now , p_nxt = np . z e r o s ( ( 3 , nx ) ) # z e r o i n i t . c o n d i t i o n s1920

f o r i t in range ( nt ) : # time − s t e p p i n g
s r c . i n j e c t ( u_nxt , t i )
f o r i x in range ( 1 , nx − 1 ) : # f r e e − s u r f . bnd . c o n d i t i o n s

l a p l a c i a n = p_now [ i x −1 ] − 2 ∗ p_now [ i x ] + p_now [ i x + 1 ]
p_nxt [ i x ] = 2 ∗ p_now [ i x ] − p_prv [ i x ] + A∗ l a p l a c i a n ∗ ( c [ i x ] ∗ ∗ 2 )1925

p_prv [ : ] , p_now [ : ] = p_now [ : ] , p_nxt [ : ]
r e c . d e t e c t ( p_now , t i )

The analytical solution ψ(z, t) in a one-dimensional infinite homogenous model of wave velocity c is
given by a temporal convolution:

ψ(z, t) = G(z, t) ∗ s(t) (5.64)

of the source wavelet s(t) and the Green’s function (Rienstra and Hirschberg, 2019):1930

G(z, t) =
1

2c
H

(
t− |z|

c

)
(5.65)

whereH is a Heaviside step function and z and t are, as usual, space and time coordinates, respectively.
Convolution with a step function is equivalent to a time-integration (see fig. 5.23), so in order to record
a certain waveform, the source wavelet needs to be its time-derivative. Here a source wavelet of a first
derivative of a positive Gaussian is used (top-left trace of fig. 5.11).

The spatial domain corresponds to a depth, with the axis pointing down. It is defined on a strip:1935

0 ≤ z ≤ 2 km

split into 201 grid nodes and bounded by a free surface at 0 and 2 km. Upon each reflection off the free-
surface boundaries, the wavefield is expected to experience a 180◦ phase-change (polarity reversal).
The polarity of the primary impulse (direct wave) will be referred to as positive, and the reversed as
negative. The experiments below were designed so that the only change to wave amplitudes is through
polarity reversals. It is apparent from eq. (5.65) that amplitude of a 1d-wave does not experience any1940

decay due to the geometric spreading (Aki and Richards, 2009). There is no physical dispersion or
mode conversions either. The numerical dispersion is neglible as the waves are well sampled.

Case 1: monopole source at A, monopole receiver at B Let us first consider a monopole source at
depth 1 km (the center of the domain) and a monopole receiver at 1.4 km (fig. 5.11a). Based on the
above remarks, we expect to observe two Gaussian pulses propagating symmetrically from the source,1945

without any decay of amplitude. Waves reflected an even number of times has the same polarity as the
primary impulse, and waves reflected an odd number of times, a reversed one. These two cases will be
referred to as positive and negative polarity, respectively.
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Figure 5.12: Sinusoidal amplitude versus angle dependence (inset) of the data generated with a mono-
pole source and recorded with the circular array of vz receivers shown on the left (black star and col-
oured points, respectively). Each observed trace on the right corresponds to the receiver of the same
colour shown on the left. The source function was a Ricker wavelet and the observed data consist of
its derivative (fig. 5.22) convolved with a 2d Green’s function (fig. 5.23). The lightblue trace recording
the upgoing wave has a negative polarity and the orange one recording the downgoing wave – positive.
The amplitudes of recorded the traces match the analytical solutions.

Case 2: monopole receiver at A, monopole source at B This case is the same as the previous one,
except the source weights are swapped with the receiver weights (fig. 5.11b). Both stations remain1950

monopoles, so this corresponds to swapping their positions only. As the observed traces are identical
for these two cases, the experiments are, by definition, reciprocal to each other. Note that the wave-
fields are different everywhere but at the receivers.

Case 3: monopole source at A, dipole receiver at B The next experiment (fig. 5.11c) is similar to the
first one, except the receiver is now a dipole, not monopole and the recorded seismogram has been1955

time-integrated to compensate for the effect of spatial differentiation on the amplitude spectrum (fig.
5.1). As the only change relative to the case 1 occurs upon detection at the receiver, the wavefield is
exactly the same in both cases. The only difference occurs in the seismograms. Clearly, this experiment
is neither reciprocal to case 1 nor 2. The dipole receiver flips the polarity of downgoing waves (the
−
∫

dt∂z operator), e.g. the direct wave in this particular source-receiver configuration.1960

Case 4: monopole receiver at A, dipole source at B In this experiment (fig. 5.11d), the source and
receiver have been interchanged relative to the previous case. Note that the source wavelet has been
time-integrated in order for the wavefield to have the same wavenumber spectrum as in the other
cases. If we only compared the observed traces, the time-integration might just as well be performed at
the receiver. The source weights are distributed along the Z axis in the same order as the receiver’s in the1965

previous case, so the negative and positive pulse are radiated upwards and downwards, respectively.
This experiment is reciprocal to the case 3, just like the case 2 was reciprocal to the case 1.

5.4.2 Particle-velocity test

The conclusions of the previous section were checked with the production-quality FULLWAVE3D code
augmented with the HicksPy API intended for the inversion of realistic field datasets. Following alg.1970

5.1, the implementation was first tested in terms of the fidelity of the particle-velocity calculation (fig.
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5.12). A monopole source placed in the middle of a 2d domain was surrounded by a circular array of
vertical-dipole receivers. The result was compared to the one generated by the SOFI3D code that uses
a first-order formulation of the acoustic wave equation (5.6) in which the particle-velocity wavefield
is readily available. The SOFI3D code introduces an additional derivative as it adds the source wavelet1975

to the stress tensor components which are then differentiated with respect to time. For FWI purposes,
it is left to the inversion for the source-wavelet to correct for this effect (T. Bohlen, email communic-
ation 2020). To directly compare the two codes, no time-integration is involved in FULLWAVE3D in this
experiment. The reader, however, should bear in mind that the real particle-velocity seismograms are
the time-integrated versions of the ones presented in fig. 5.12.1980

The two traces for the same source-receiver configuration are identical between the two codes. The
polarity of the downgoing wave was reversed with respect to the one that would be recorded with a
monopole receiver and is consistent with fig. 5.11. As expected, the amplitude displayed an azimuthal
dependence of the vertical component of partical-velocity (sinα, where α is the angle between theX
axis ex and the direction of propagationk), with maximum sensitivity to the waves travelling along the1985

dipole axis and no sensitivity in the orthogonal direction (fig. 5.12, right and inset).

The results of this numerical test show that the implementation correctly simulates particle-velocity
data generated by an explosion. In the next section, a reciprocal experiment will be presented.

5.4.3 Reciprocity test

In many solvers like FULLWAVE3D, the computational cost of a simulation is directly proportional to1990

the number of sources whereas the cost of extra receivers is neglible (even in the adjoint step, as data-
residuals are backpropagated simultaneously from all the receivers). In experiments involving more
sources than receivers, it is then desired to take advantage of the reciprocity of the wave equation and
relabel sources as receivers and receivers as sources to speed up the simulation. In the previous section,
correctness of simulating particle-velocity data was demonstrated, corrresponding to the case 3 of1995

sect. 5.4.1. Here, the case 4, i.e. a reciprocal experiment is demonstrated in which pressure data are
generated by a single-force (dipole) source.

Fig. 5.13 proves that these two source-receiver configurations give identical synthetic data. This con-
firms the conclusions of sect. 5.2.4, 5.2.5 and 5.4.1. It also implicitly shows that the FULLWAVE3D nu-
merical solver has the self-adjoint property (sect. 5.2.5).2000

5.4.4 Inversion test

Once the method of simulating particle-velocity with or without reciprocity has been correctly imple-
mented, one can investigate the potential differences when inverting either pressure or velocity data
(or both data types simultaneously).

In fig. 5.14 the raw gradient prior to pre-conditioning, smoothing etc. (this may serve as a measure of2005

sensitivity) was calculated for two source-receiver configurations, by backpropagating data residuals
generated from a perturbed homogeneous model. Clearly, sensitivity of pressure and velocity data are
different.
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Figure 5.13: Reciprocity test in 2d: geometry (topmost), pressure source and pressure receiver (top),
velocity source and pressure receiver (middle), pressure source and velocity receiver (bottom). X axis
scale in time samples (dt = 1 ms).



CHAPTER 5. MODELLINGMULTI-COMPONENT DATA 92

Figure 5.14: Raw gradient calculated for a monopole (left) and dipole (right) source and a monopole
receiver in a homogeneous of 2 km/s and absorbing boundaries. Starting model was 10% faster than
the true one and the data residuals were used as adjoint sources. Source function – a Ricker wavelet of
4 Hz peak frequency. Domain size was 10 × 10 km sampled at 50 m; simulated time was 2 s sampled
with 2000 time-steps.

5.5 Field-data example

In this section it is shown that the conclusions from the previous sections hold for sparse, noisy field2010

data from the PROTEUS experiment.

5.5.1 Field data

As described in ch. 3, in the PROTEUS experiment two physical quantities (data types / observables)
were measured at the sea bottom – perturbation of the hydrostatic pressure and the velocity of the
ground, both induced by the seismic energy generated by the airgun explosions. The particle-velocity2015

data recorded by geophone sensors accounted for 75% offshore and 100% onshore data acquired in
this experiment and should not be discarded.

The data quality is very variable as can be seen by comparing fig. 5.15 and 5.16. For some stations and
shot lines it was the hydrophone component that displayed a better quality. This shows that multi-
sensor data may be beneficial even for mono-sensor inversion allowing to choose the component with2020

a higher S/N ratio.

5.5.2 Synthetic vs. field data

Let us compare synthetic data calculated from the starting model in fig. 5.17 with the field, pressure
and vertical velocity data, applying the reciprocity principle in both cases.

Very similar pattern is obtained when comparing the observed vertical velocity data with synthetics2025

calculated using time-integrated (fig. 5.18) dipole sources (fig. 5.19b). Observed data has similar S/N
ratio to the previous case and the phase residuals are distributed almost identically, with similar RMS.
This is what we expect, as both datasets constrain the same subsurface. Note that the phase of early
arrivals at a hydrophone and a geophone is shifted about π radians relative to each other. In contrast,
when using a monopole source to match the velocity data, one obtains a large modelling error and2030

consequently severe cycle-skipping, as indicated qualitatively by the sharp red-to-blue transitions and
quantitatively by a much larger RMS value (fig. 5.19c).
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Figure 5.15: Hydrophone data recorded by OBS 101 (pink dot in the top-left figure) for the shot line
highlighted in red (top-left figure, other colours denote the shot-line numbers). The low-frequency
noise dominates the data as shown in both time and frequency domain (top-right and bottom figure,
respectively).

5.5.3 Synthetic-data inversion

In order to get some insight into resolving power of vertical-component velocity compared to pressure
data a synthetic-anomaly test was performed with the same set-up as in sect. 8.3.3. For both pressure2035

and velocity, the data sparsity gives rise to spurious perturbations in the background model. However,
the recovery is clearly different for pressure and velocity data. Pressure-derived results are character-
ised by the overshot anomaly and larger artifacts introduced in the anomaly-free background model,
spurious low-velocity regions of amplitude up to 50% of the actual anomaly. Note that the amplitude
of the anomaly is close to the true value for the velocity-data case. On the whole, the velocity-derived2040

recovery is better, in terms of recovering both the geometry and amplitude of the anomaly. The dif-
ferences in recovery suggest that the differeneces in models when inverting field pressure vs. velocity
data, should not only be assigned to different S/N ratio of the two datasets.
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Figure 5.16: Geophone data recorded by the same OBS and shot line as in fig. 5.15, but with a much
higher S/N ratio.

5.5.4 Field-data inversion

In particular, that for the velocity dataset, synthetic traces from the starting model match the ob-2045

served ones with similar accuracy (up to the differences in the noise levels) as for the pressure dataset,
wherever S/N ratio for these two datasets is comparable. Also, that the inversion of pressure data gives
similar structural features in the final models as the velocity data, up to the different quality and the
inherent difference due to different gradients (fig. 5.14).

The workflow from the previous section was used to invert the field pressure and velocity data – one2050

data-type at the time. The quality-control of the data revealed that, while all hydrophones had accept-
able S/N ratio, one geophone (station 137) had unusable data. Although it was included in the inver-
sion, it did not contribute to the model update, effectively creating a gap in the acquisition coverage.
This gap is visible in the results. Most structural features are similar (fig. 5.21), up to the differences
explained above. The largest differences are in the bottom-right quadrant, where the inversion was ad-2055

versely affected by the noisy station 137. This suggests, that the inversion of velocity data is correctly
implemented and should be beneficial in cancelling the artifacts introduced by the inversion of the
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Figure 5.17: Starting vP model (m/s) used in the field-data example. Top left –x slice, top right – z slice,
bottom – y slice. Dashed white lines denote location of slices. Axes scaled in grid nodes (dx = 50 m),
with variable aspect ratio.

Figure 5.18: Source wavelet used in the field-data example, here before and after the time-integration
required to simulate the particle-velocity data.
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(a) Pressure synthetics (left) versus pressure observed data (middle); RMS of phase residuals (right) equal to 1.52 rad.

(b) Velocity synthetics (left) versus velocity observed data (middle); RMS of phase residuals (right) equal to 1.57 rad.

(c) Pressure synthetics (left) versus velocity observed data (middle); RMS of phase residuals (right) equal to 2.06 rad. Almost all
the traces are cycle-skipped.

Figure 5.19: Phase analysis of pressure and vertical component of particle-velocity data for the OBS
station no. 157. The white star and coloured points denote horizontal locations of the reciprocal source
and receivers, respectively. The colourmap the phase of data windowed in frequency at 3 Hz and time
(1 s around the first arrivals), wrapped into [−π, π) range. Left, middle and right panels show synthetic
φsyn, observed φobs and the residual phase, respectively.
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(a) Gaussian anomaly which was added to the starting model from fig. 5.17 according to eq. (8.2).

(b) Model recovered (final minus starting model) with pressure data.

(c) Recovery with velocity data.

Figure 5.20: Anomaly-recovery test using pressure vs. velocity data. The models recovered after 10
iterations at 3 Hz cut-off were calculated as the difference between the final and starting model (fig.
5.17, sliced in the same way).
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Figure 5.21: Final P-wave velocity model (m/s) at Kolumbo (slices along the dashed black lines at z, y
and x, respectively from top to bottom) recovered after 40 iterations using pressure (left) and velocity
(right) data. Top-left – acquisition geometry overlain on bathymetry.

pressure data alone.

5.6 Conclusion

Full-waveform inversion (FWI) of airgun-generated waves recorded by a sparse array of four-component2060

(4C) ocean-bottom seismometers (OBS) far from land, using second-order acoustic isotropic wave
equation and exploiting the reciprocity principle was presented. This work was aimed at inverting
data from the PROTEUS experiment (Hooft et al., 2019) but its conclusions are applicable to many
other case studies, especially sparse, longer-offset OBS datasets typically acquired in academic pro-
jects. The applications include (1) marine experiments with hydrophones and geophones, (2) land2065

experiments with geophones; (3) marine-land settings such as Santorini (Hooft et al., 2017) or Hikur-
angi (Gray et al., 2019).

In this chapter, sources were implicitly assumed to be far from boundaries, In the next chapter, accur-
ate simulation of reflections from irregular boundaries, such as the surface of the Santorini caldera will
be discussed.2070

Supplementary information

A supplementary Jupyternotebook is available at: http://github.com/kmch/PhD-Santorini-FWI/
notebooks/. See sect. 8.6 for more information.

http://github.com/kmch/PhD-Santorini-FWI/notebooks/
http://github.com/kmch/PhD-Santorini-FWI/notebooks/
http://github.com/kmch/PhD-Santorini-FWI/notebooks/
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Appendix

5.A Locating stations

Before considering a dipole radiation pattern, let us analyse a problem of locating a monopole station
at an arbitrary position relative to the finite-difference grid, in particular between grid nodes. If the2085

position of the source coincides with a grid node, its injection is trivial and simply consists in adding
a source wavelet to the wavefield at this node at each time step. If the position falls between nodes, it
must be somehow extrapolated (spread) onto the grid. Similarly, a receiver needs to perform interpol-
ation.

Nearest node The simplest solution to this problem is the nearest-neighbour extrapolation. How-2090

ever, this may not be accurate enough, especially for coarse grids. The mislocation error δx is propor-
tional to the grid sampling h:

δx ∝ O(h) (5.66)

with the maximum error δxmax equal to 1
2h or

√
2

2 h or
√

3
2 h in 1d, 2d and 3d, respectively. The mislo-

cation δx corresponds to a travel-time error:

δt =
1

c(x)
δx (5.67)

where c(x) is the average velocity between the true and the effective location. For example, using 200-2095

m grid gives approximately a 67 ms travel-time error for a station immersed in sea water of 1.5 km/s
P-wave velocity.

Finite extent Apart from the travel-time error (eq. 7.3), mispositioning may result in a strikingly
different interference pattern of the ghost and primary impulse, especially for stations located close
to the sea surface, which is often the case. The improvement of the nearest-neigbhour method can be2100

achieved by representing a point source with a band-limited, discrete Dirac delta (Hicks, 2002). See
the main text of sect. 5.3 for the details.

5.B Analytical solutions

Below Green’s functions G of a scalar 2nd order wave equation in 1d, 2d and 3d are provided. For the
derivation, see e.g. (Rienstra and Hirschberg, 2019). G encodes the information about the differential2105

operator and boundary conditions of a linear differential equation. By definition, response to any
source function is a convolution with such Green’s function. Here the first derivative of a Gaussian
is used. The Green’s function in 1d is a step function, which is an integral of the Dirac delta:

G1d =
1

2c
H

(
t− |r|

c

)
. (5.68)

100
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Figure 5.22: Gaussian function (negative) and its derivatives used to benchmark results of numerical
tests (sect. 5.4). The second derivative is called the Ricker wavelet (e.g. Sheriff and Geldart, 1995).

Hence, the seismogram will be an integral of the source function. The situation in 2d is similar:

G2d =
1

2πc2

√
t2 − r2

c2

H

(
t− |r|

c

)
, (5.69)

but not quite identical – the amplitude decays. This is because in 2d it is actually an infinite line source2110

(Strang, 1986). In 3d, the Green’s function reads:

G3d =
1

4πc2r
δ

(
t− |r|

c

)
. (5.70)

which means the observed trace will have the same waveform as the source function up to the geometric-
spreading factor 1

4πc2r
.

5.C Caldera phase-plots

A similar test to the one presented in fig. 5.19 was performed for a larger domain comprising the San-2115

torini caldera (fig. 5.24). The same behaviour has been observed and the conclusions of the main text
hold.

5.D Travel-time picking

The FWI posed as a local optimisation of a linearised l2 data-misfit depends strongly on a quality of
the starting model. This, in turn, relies on a correct identification (‘picking’) of certain seismic phases,2120

if the starting model was obtained through first-arrival travel-time tomography. The picking can be
challenging especially in the presence of shadow zones related to low-velocity anomalies, such as melt
or volatile-rich zones.
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Figure 5.23: Analytical solutions of acoustic wave equation in homogeneous space. Green’s functions
(left panel) convolved with the source wavelet (inset) give the observed traces (right panel). The Green’s
function depends on the dimensionality of the problem. Only in 3d the observed trace has the same
shape as the source wavelet. In 1d it is its time integral and in 2d it has a non-trivial tail. Calculated
based on Igel (2016) after derivation provided by Rienstra and Hirschberg (2019).
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(a) Pressure synthetics (left) versus pressure observed data (middle).

(b) Velocity synthetics (left) versus velocity observed data (middle).

(c) Pressure synthetics (left) versus velocity observed data (middle). Almost all the traces are cycle-skipped.

Figure 5.24: Phase analysis of pressure and vertical component of particle-velocity data for the OBS
station no. 157. The white star and coloured points denote horizontal locations of the reciprocal source
and receivers, respectively. The colourmap encodes the phase of data windowed in frequency at 3 Hz
and time (1 s around the first arrivals), wrapped into [−π, π) range. Left, middle and right panels show
synthetic φsyn, observed φobs and the residual phase, respectively.

Algorithm 5.2 Estimation of travel-time picking error using the reciprocity principle.
1. In the receiver gather A, check travel-time of picked phase for a shot localized at the receiver B;

this is unlikely to be the same location so use two shots closest to receiver B instead.
2. Use coordinates of receiver B and shots to calculate distance r1 and r2 (fig. 5.27) and correct

travel-times of both shots: ti = ti −∆ti, where ∆ti = ri
vwater

and vwater = 1500 m/s.
3. Take an arithmetic mean of both shots as a final estimate.
4. Repeat steps 1-3 with receivers A and B interchanged.
5. Calculate a difference of the average travel-times from step 3 in both cases (A and B, B and A). It

gives an idea of the picking error and can serve as its lower-bound estimation.
6. Repeat for all receivers along the profile.
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Figure 5.25: Acquisition geometry of the PROTEUS experiment with the profile in the Christiana sedi-
mentary basin (zoomed in the yellow box) used in the picking-error estimation. Only stations 181, 183,
184, 185, 186, 188, 189, 190, 192, 193 were used.

Figure 5.26: First arrivals picked for the stations in fig. 5.25. Travel-time of the arrival at station A
generated by the source at station B should remain the same after interchanging A and B.
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Figure 5.27: Left – schematic plot of shot and OBS location used for a geometrical correction of the
travel-times in the reciprocity check. Right – reciprocity matrix with rows and columns representing
respective receivers. Value at row i and column j stands for a delay of receiver iwith respect to receiver
j. Note that the matrix is by definition skew-symmetric.

The reciprocity principle can be used as a simple means to estimate uncertainty of picking travel-times
used in a tomographic inversion for the starting P-wave velocity model. Although picking errors do not2125

map into model artefacts in a simple way, arrival picks need to be re-assessed wherever there is a signi-
ficant discrepancy. An example of an iterative workflow of alternating picking, travel-time tomography
and FWI is presented by Górszczyk et al. (2017). Below, a reciprocity method allowing verification of
the picking-correctness is presented. A general workflow of a reciprocity check along a seismic pro-
file is summarised in alg. 5.2. Note that in many experiments shots are not fired exactly at receivers2130

locations and some corrections must be made to take it into account (fig. 5.27, left). In principle only
the nearest shot could be used, nonetheless a pair of surrounding shots was analysed here to possibly
reduce uncertainty of the estimation (advantage of this approach remains to be proved). Note also
that real water velocity might have differed slightly from the one used here. This should not affect the
accuracy of the result though, since it was used consistently for both receivers of every pair.2135

Analysis described above has been performed for one of the profiles within the Christiana sedimentary
basin containing OBS stations of numbers: 181, 183, 184, 185, 186, 188, 189, 190, 192, 193 (fig. 5.25).
This fully marine profile characterised by the most dense array of stations was a natural candidate to
be included in first FWI runs. The travel-times are shown in fig. 5.26. Results are presented in a matrix
form (fig. 5.27, right) and indicate discrepancy between picks of at most 30 ms for some receiver pairs.2140

This is in agreement with visually-assigned one-sigma errors of Hooft et al. (2019). The question re-
mains how this inconsistency maps into a model error. Even without quantitative estimation of model
uncertainty, these results highlight a subset of picked phases that may potentially need to be reassesed
in order to improve performance of the tomography and subsequently the starting model for the FWI.
Planned extensions of above analysis include better justification of used time-corrections as well as2145

application to other profiles.



6
Modelling irregular boundaries

T
HE PROTEUS experiment around Santorini included marine shots recorded on ocean bottom2150

and land seismometers. In this chapter, the immersed boundary method is used to allow
land topography to be incorporated in velocity models. The method is formulated by im-

posing an irregular boundary condition of a PDE in the finite-difference (FD) scheme.

Important novel features of the presented method include an efficient 3d orthogonal point-projection
and accurate injection of seismic energy at the free surface. Additionally, a variation of the vacuum2155

method which does not require modifying the model is presented – it may replace IB whenever accur-
acy is not a critical issue. Numerical tests and a proof-of-concept example using 3d field-data from the
PROTEUS experiment confirms the superior performance of IB over the air-layer method.

The method was implemented as a Fortran90 package IMMERSE consisting of a stand-alone precal-
culator of wavefield-extrapolation weights and a thin interface for third-party FWI codes.2160

Key words: land acquisition · irregular topography · free surface · Dirichlet boundary conditions · acoustic wave
equation · finite differences · staircase error · immersed-boundary method

6.1 Introduction

6.1.1 Forward problem

An accurate solution of the forward problem is a prerequisite of FWI. As FWI relies on comparing syn-2165

thetic and observed data wiggle-for-wiggle, the former needs to simulate not less nor more than all
physical phenomena recorded in the latter (no false positives or negatives). The first requirement, i.e.
modelling the full physics of the problem in a computationally feasible manner is a subject of extensive
research (e.g. Guasch et al., 2010; Alkhalifah and Plessix, 2014; da Silva and Warner, 2017) and remains
one of the biggest challenges of the method. The second has to do with spurious effects introduced due2170

to discretisation of a continuous problem. These errors can be grouped into two categories discussed
below.

106
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Figure 6.1: Example of a pressure wavefield affected by numerical dispersion. Note that the error amp-
litude varies like | cos(2θ)| where θ is the inclination from the grid. The vertical and horizontal direc-
tions suffer from the largest error, while the diagonal directions (θ = 45◦) are least affected. Parameters
used in the simulation: vP = 1500 m/s, ∆x = 50 m, Ricker source with fpeak = 3.5 Hz containing
some energy above 6 Hz; the spatial-sampling criterion is violated since the scheme requires at least 5
nodes per wavelength.

Numerical dispersion The first category comprises a numerical dispersion. A phase velocity of the
wave is incorrect if spatially under-sampled, i.e. if there are too few nodes per wavelength. This leads to
nonphysical dispersion and thus undesired spreading of the wavepackage (fig. 6.1) – the discrepancy2175

that increases proportionally to the propagation distance. The error is anisotropic with most accurate
direction being 45◦ to the grid. To mitigiate this error a spatial sampling criterion specific to each nu-
merical scheme must be met and/or the propagation distance should be sufficiently small. This class
of errors can be successfully diminished by meeting the spatial-sampling criteria imposing a lower
limit for a number of grid nodes per wavelength. This number is specific for a scheme used. It can be2180

lowered by a design of the stencil so that it minimises the dispersion in a least-squares sense.

Numerical scattering The second category is concerned with misalignment of a grid and inter-
face/boundary of a model. Such situations lead to a staircase approximation of smooth surfaces and
subsequently first-orderO(∆x) errors related to artificial diffraction and wrong travel-times (Yao et al.,
2017), insensitive to accuracy of the scheme used (van Vossen et al., 2002; Symes et al., 2008). The2185

second group of errors still poses a challenge and will be discussed in detail below. This inherent dif-
ficulty of a regular-grid method such as FD remains one of its major challenges and can lead to sub-
stantial errors if not treated properly (Mulder and Huiskes, 2017).

6.1.2 Boundary conditions

Stress τij(x) and (particle) velocity vi(x) are continuous functions of the position x. If stress was not
continuous, one would have to deal with infinite forces. If velocity was not continuous, neither would
be displacement resulting in gaps between rock layers, or rock layers permeating each other (Sheriff
and Geldart, 1995). Continuity enforces stress and velocity to tend to the same limiting value at any in-
terface1, regardless from which side the interface is approached. One can write down these continuity

1real, i.e. a constrast of material properties, or imaginary, if needed for a thought experiment
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Figure 6.2: Effect of land topography on the full-waveform inversion of acoustic (top) and elastic (bot-
tom) data. From left to right – true models, results of inversion using the actual and the flat free surface.
Yellow and blue circles in the top-left figure denote sources and receivers respectively. Bottom row ad-
apted from Nuber et al. (2016).

conditions as:

v
(1)
i = v

(2)
i (6.1)

τijn
(1)
j = τijn

(2)
j (6.2)

where the superscripts denote the medium on each side of the interface. The stress vector τijnj is2190

sometimes called the traction and denoted as tni . Equations (6.2) are general and hold for any medium.
Two important special cases to consider are a liquid and a vacuum. In a liquid, shear stress is zero.
Boundary of a vacuum is called a free surface, and is discussed below.

Free surface The free surface is an idealisation used in seismology to simulate a rock-air or water-air
interface2. In this way, a model-parameter discontinuity is simulated implicitly through a condition2195

imposed on the wavefield. The only kinematic boundary condition we can apply for the free surface is
continuity of normal displacement, because cavitation does not occur (apparently changes of pressure
are not that rapid) and diffusion of air into medium would require longer time scale. We cannot apply
continuity of tangential displacement as the Earth’s atmosphere can be treated as completely inviscid
(Aki and Richards, 2009), enabling tangential components of the displacement to be discontinuous2200

(slip parallel to the free surface). For these reasons, the free surface boundary condition is expressed
by a dynamic boundary condition for a normal traction:

ti := τijnj = 0, (6.3)

where τij is the stress tensor and nj is the jth component of the surface normal vector.

6.1.3 Free-surface effects

The shape of a free-surface has a significant effect on results of seismic wave modelling (e.g. Lombard2205

and Piraux, 2004) and inversion (fig. 6.2). Bleibinhaus and Rondenay (2009) investigate the effects of
2This is justified as the air density is neglible compared to both solid rocks and sea water, which makes a perfect-reflector

boundary condition appropriate.
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Figure 6.3: Effect of land topography on a seismic wavefield shown by 4-Hz pressure wavepaths calcu-
lated using (a) absorbing, and (b,c) free-surface boundary with (c) and without (b) time-windowing.
Different code was used in (a) vs. (b,c) cases. Adapted from Bleibinhaus and Rondenay (2009).

neglecting surface-related effects either by putting an absorbing layer above topography or by approx-
imating it with a flat surface (fig. 6.3). A heuristic conclusion of Huiskes et al. (2017) is that elevation
variation of λ/4 (where λ is a local wavelength) may produce significant inversion artifacts. According
to this rule of thumb, for a wavelength of 500 m (e.g. a 4-Hz wave travelling in shallow sediments at 22210

km/s), elevation variations of 100 m may already cause a problem.

6.1.4 Modelling methods

Many, if not most, numerical solvers used in seismology are based on the finite-difference (FD) method
(Warner et al., 2013b; Bohlen et al., 2015; Métivier and Brossier, 2016; Louboutin et al., 2019). In FD, to
model a flat free surface, it is easiest to define a grid so that the free surface is one of its planes. For a2215

staggered grid even this might pose a problem. Various solutions have been proposed to avoid Rayleigh
wave numerical dispersion, including the image method (Levander, 1988) and its improvements such
as AFDA (Kristek et al., 2002). Modelling an irregular free surface is much more difficult problem on
any finite-difference grid and no fully satisfactory solution has been found so far (Moczo et al., 2014).
Below, different takes on handling an irregular free surface in the FD method are presented.2220

Absorbing layer One idea is to replace the free surface with an absorbing boundary. One would have
to suppress all surface-related reflections in the field data which in most cases is impossible.

Flat approximation Another approach is to approximate an irregular topography with a flat (planar)
free surface. This may be enough for marine receivers located far from land. Land stations would
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Figure 6.4: Staircase approximation of the irregular free surface arising in vacuum/air-layer finite-
difference methods. Modified after M. Paulatto (unpublished).

require static corrections. However, these corrections assume sub-vertical propagation and thus work2225

only for short-offset data (Sheriff and Geldart, 1995).

Model adaptation In this method referred to as the vacuum or air-layer method (e.g. Opršal and
Zahradník, 1999), model parameters above the free surface are assigned a very low acoustic impedance
ρv. This is typically achieved by setting the density close to 0 as the velocity needs to be rock-like
to retain the numerical stability, unless small ∆x or large ∆t are used. This approach, despite being2230

perhaps the most intuitive one, leads to a staircasing error of O(∆x) order (fig. 6.4). A flavour of the
vacuum method which does not require model adaptation is proposed in the appendix 6.A.

Stencil adaptation The idea of this approach is to change the FD stencil so that it has non-zero
coefficients only for the grid nodes below the free surface. This change depends on the position relative
to the free surface and thus is difficult to implement in a generic way, except for very simple cases2235

(Moczo et al., 2014).

Grid adaptation In this approach, the finite-difference grid (mesh) is transformed in one of the two
major ways:

• refinement – using a smaller grid spacing better samples the boundary, decreasing the roughness
of the staircase approximation. Unfortunately this method is prohibitive for large 3d models2240

where performance is the biggest issue. Computational overhead increases with the number n
of the grid nodes in one direction as n4 (the time step must be reduced too due to the stability
criterion). Refining grid only locally (Robertsson and Holliger, 1997) is an option, however the
interface between coarser and finer parts of the grid can also generate artificial scattering;

• coordinate transformation – in some cases a transformation between Cartesian and curvilinear2245

coordinates can be found such that it maps an irregular surface into a ‘flat’ surface in the new
coordinates (Zhang and Chen, 2006); one of the downsides of this method is due to the fact that
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Figure 6.5: Idea of the immersed-boundary method. The physical wavefield propagating in the sub-
surface (interior grid nodes) is anti-symmetrically extrapolated above the free surface so that the non-
physical wavefield at the ghost nodes imposes the zero-pressure boundary condition at the free sur-
face.

automated generation of grid conformal to the highly irregular free surface often creates very
small cells enforcing a smaller time step (Hu, 2016). This problem is also present in the finite-
element method, and meshing in general is a challenging task (Igel, 2016).2250

Wavefield adaptation In this approach, the wavefield is assigned some (not necessarily physical)
values above the free surface so that the BC is imposed implicitly. Its major variants include:

• image method – proposed for staggered grids and planar surfaces by Virieux (1986) and Levander
(1988). In this method, stress or velocity above the surface is assigned values opposite to those
below the surface. This method is accurate only for horizontal, planar free surfaces. A straight-2255

forward extension to irregular surfaces leads to stair-casing errors (Robertsson, 1996);
• immersed3-boundary (IB) method – can be thought of as an extension of the image method that

preserves the accuracy of the FD scheme in the presence of irregular surfaces.

As no stencil manipulation is needed in the IB method, its implementation can be decoupled from
the FD scheme. This is highly beneficial when augmenting the existing solvers. Furthermore, the IB2260

method does not require special data processing or meshing. Because of these advantages, IB was the
method of choice in this study. Its further discussion is provided below.

6.1.5 Immersed boundary (IB)

The bottom line of the immersed-boundary method is very simple and in fact it was already stated in
the description of the image method in the previous section. The idea is to assign some non-physical2265

(’virtual’ or ’ghost’) values to the wavefield above the free surface (at so called ghost nodes) based on
the values of the physical wavefield in the subsurface (fig. 6.5). Although the basic idea is simple, a

3The name of the method comes from the fact that the irregular surface is ‘immersed’ in a regular grid, no modification of
the grid is required (Mittal et al., 2008).
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1976 Introduction of a 2nd-order accurate staggered-grid scheme for elastic problems in
velocity-stress formulation by Madariaga.

1984 Applying Madariaga’s grid to SH elastic waves by Virieux.
1986 Applying Madariaga’s grid to P-SV elastic waves by Virieux.
1988 Improving the accuracy of Madariaga-Virieux grid up to the 4th order in space and

introducing the image method by Levander.
1996 Extension of the image method to irregular surfaces by Robertsson.
2001 Immersed interface method for 1d acoustic waves by Piraux and Lombard.
2004 Immersed interface method for 2d acoustic/elastic waves by Lombard and Piraux.
2008 Immersed boundary method for 2d elastic waves by Lombard et al..
2010 Immersed boundary method for 2d E-M waves by Zhao.

2015b Immersed boundary method for 3d elastic waves by Gao et al. (in progress?).
2016 Immersed boundary method for 2d acoustic waves for the system of 1st-order PDEs by

Hu.
2017 Simplified immersed boundary method for 2d acoustic waves by Mulder.
2021 Extension of Mulder’s method to 3d acoustic waves by Caunt et al. (in progress).
2021 Immersed boundary method for 3d acoustic waves for the 2nd-order PDE (this study).

Table 6.1: Time-line of major developments of the immersed-boundary method for modelling seismic
waves.

rigorous analysis of the stability and accuracy of the method can be challenging even for homogeneous
1d models (Beyer and LeVeque, 1992), not to mention more realistic geometries (Kreiss and Petersson,
2006).2270

Wavefield extrapolation The above assignment can be thought of as wavefield extrapolation. The
values extrapolated across ghost nodes should be such that the desired boundary condition is imposed
implicitly. Due to the linearity of the FD stencil, the pressure wavefield is an odd (antisymmetric) func-
tion across the free surface. Hence, for an irregular surface, the extrapolation should be performed
along normal vectors of the surface in order to retain the accuracy of the scheme. Other approaches,2275

which trade in some accuracy for the robustness, have also been reported, e.g. by Mulder (2017) – see
the summary below.

6.1.6 Previous IB studies

Although the main idea of the IB method is straightforward, there are a lot special cases to consider
which make the implementation challenging. Major approaches published to date are summarised2280

below. The overview of methodological developments related to wave phenomena is given in tab. 6.1.

Peskin (1972) This is the first4 immersed-boundary study – a Navier-Stokes simulation of the flow
around heart valve immersed in blood. Although both the equation and the boundary condition were
different to the ones used in seismology (e.g. boundary shape changed at each time step), the method
proved to be applicable to seismic problems. The author used a simple linear extrapolation scheme2285

along the normal to the boundary. In most modern approaches, such as by Kreiss and Petersson
(2006)5, a higher-order polynomial extrapolation is applied.

4Or at least the one which gave rise to the method’s name.
5The method of Kreiss and Petersson (2006) seems to be a prototype of many subsequent studies using the ’ray-casting’

method, e.g. by Zhao (2010), although it is not acknowledged there.



CHAPTER 6. MODELLING IRREGULAR BOUNDARIES 113

Lombard et al. (2008) The authors perform a 2d extrapolation by kth order Taylor expansion using
interior points contained within a circle of a certain radius centred on the exterior node to be evaluated.
A value ofk larger than a scheme order r is claimed to ensure stability, although numerical experiments2290

allow values as low as k = r − 1. Finding of the extrapolation polynomial is an overdetermined prob-
lem solved in least-squares sense. The free surface is treated locally as a straight line (that is why it is
assumed to be sufficiently smooth), perpendicular to the line joining the exterior node and the inter-
section of the free surface and its normal vector. The radius of the circle is specific for each k ensuring
an over-determination of the problem. Sharp corners are revealed to invalidate the accuracy of the2295

method and are replaced by an arc of the circle. They use a quite terse matrix notation starting from
the 2d wave equation in the stress-velocity formulation:

∂tU = A∂xU +B∂zU,

where U = (vx, vz, τxx, τxz, τzz) is the wavefield vector and A,B are 5 × 5 matrices. This can be ex-
panded as:

τ̇xx = λ(∂xvx + ∂zvz) + 2µ∂xvx = (λ+ 2µ)∂xvx + λ∂zvz

τ̇zz = λ(∂xvx + ∂zvz) + 2µ∂zvz = (λ+ 2µ)∂xvx + λ∂zvz

τ̇xz = µ(∂xvz + ∂zvx).

The method is reported to lack stability in the case of a staggered grid, including the more recent at-
tempt by Gao et al. (2015b).

Hu (2016) The author follows the approach of Zhao (2010) and proposes a two-stage interpolation2300

scheme along with an iterative procedure of populating ghost values above the highly irregular free
surface. He uses the 1st order formulation of the acoustic wave equation: ρiωvj = −∂jp+ fj

1

K
iωp = −∂jvj + q

. (6.4)

In this formulation, the 0th order (Dirichlet) boundary condition p = 0 is less accurate. This is because
v has to be updated based on p and the boundary condition is not imposed for v directly. The 1st order
(Neumann) boundary condition, which is more accurate for this formulation, reads:2305 {

vx′ |Γ = 0

∂z′vz′ |Γ = 0
,

wherex′, z′ are coodinates in a rotated Cartesian frame, so thatx′ and z′ axes are tangential and normal
to the surface, respectively. At the boundary, the tangential velocity is zero, and the normal velocity is
’flat’ (its slope is zero).

Mulder (2017) The author implements a simpler variant of IB, after facing stability issues with the
method of Lombard et al. (2008). He extrapolates the wavefield along the grid lines, instead of along2310

the normal vectors. This approach may be regarded as a stencil-modification scheme (see sect. 6.1.4),
the difference between the two being subtle. He extrapolates the wavefield across several exterior
notes at once using polynomials of degree as high as 7, not reporting any issues due to the Runge’s
phenomenon6. Mulder and Huiskes (2017) extend this approach to the first-order formulation of the
acoustic wave equation (eq. 6.4).2315

6This phenomenon consists in spurious oscillations of the polynomial near the ends of the interpolating interval. The effect
increases with the degree of the polynomial and can be alleviated by choosing the Chebyshev sampling (Strang, 1986).
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Algorithm 6.1 Simulating an irregular free surface.
Pre-calculation (one per FWI case study)

1. Read in and check surfaces & acquisition geometry.
2. For each surface calculate wavefield-extrapolation weights.
3. For each surface calculate source and receiver weights.

Wavefield extrapolation (at each time step of forward/adjoint modelling)
1. Initialise source-injection and wavefield-extrapolation weights.
2. Inject the forward/adjoint source using pre-calculated weights.
3. Set ghost wavefield to zero (vacuum step).
4. Iteratively update the ghost wavefield using pre-calculated weights.
5. Update the wavefield inside the model.
6. Go back to point 2 to start a new time step (time-domain codes).

6.2 Basic IB method

The immersed-boundary method introduced in the previous section will now be described in detail,
focusing on practical, implementation-related aspects. The method was implemented as a stand-
alone Fortran package IMMERSE (see appendix 6.B), and the following description, to a large extent,
applies to this implementation. This work is to some extent based on the method of Hu (2016). How-2320

ever, it differs from Hu (2016) in several important aspects, including: (1) the second order formulation,
(2) three-dimensional implementation, (3) surface sources (4) and including a field-data example.

6.2.1 Workflow summary

One of the benefits of the immersed-boundary method is that its workflow can be decoupled almost
entirely from the original numerical scheme, so can be added to existing codes easily, at least in theory2325

(Virieux et al., 2012). In practice, one has to take care of this decoupling by an appropriate design of the
workflow. This workflow can be naturally divided into two parts, the pre-calculation and the wavefield
extrapolation (alg. 6.1). The former is much more challenging and time-consuming, and is where the
majority of the theory is implemented. Any potential accuracy and stability issues will most likely have
their source there. The latter requires a minor modification to the time-stepping scheme in the existing2330

FWI code. Its computational cost per time step7 is much smaller than for the pre-calculation.

6.2.2 Wavefield grid

Firstly, the wavefield and model are assumed to be sampled on the same uniform rectilinear grid pad-
ded with absorbing boundaries if needed.

Grid spacing In the finite-difference method, a solution of the wave equation (i.e. the wavefield) is2335

sampled in space and time on a grid (mesh). In this study, the spatial grid is assumed to be uniform
rectilinear (i.e. cuboidal), with the same spacing h, constant everywhere in all dimensions:

h := ∆x = ∆y = ∆z. (6.5)

The model is assumed to be defined on the same grid, otherwise some interpolation would be required
to update the wavefield, because the model coefficients appear in the finite-difference stencil. The
temporal grid is usually determined from the spatial grid so as to honour the CFL condition (Strang,2340

1986) and retain the stability of the scheme.
7Although the time-stepping is being constantly referred to, the method works just as well for modelling in the frequency

or other domains.
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Figure 6.6: Wavefield grid – inner grid (black) with the origin at node (1,1,1) and nx, ny,nz in size is
extended by the left, right, front, back and bottom paddings (white with grey corners).

Extra padding In this study, unless stated otherwise, all model boundaries except for the top one are
effectively moved to infinity by imposing absorbing boundary conditions (Cerjan et al., 1985). These
boundaries have finite width and require padding the grid with layers of extra nodes (fig. 6.6). Con-
sequently, we will define (1) an inner grid, comprising the actual model and all the shots and receivers2345

and (2) an extended grid, i.e. the inner grid extended over the extra nodes. The number of extra nodes
depends on the desired effectiveness of absorption. The method of Cerjan et al. (1985) requires the
layers to be at least twice as wide as the longest wavelength simulated.

6.2.3 Surface representation

In this section, a continuous representation of the free surface z(x, y) sampled horizontally on a uni-2350

form rectilinear model grid is given by interpolation between the samples using cubic B-splines (in
2d/3d) or bilinear patches (in 3d).

Assumptions The surface is assumed to be an explicit function z(x, y) of horizontal coordinates
(x, y), i.e. a graph of continuous function of two variables8 defined over a connected open subset
of the Euclidan plane R2. In other words, for any pair there can be only one surface point. The explicit2355

form cannot represent overhanging or closed surfaces but it greatly simplifies the analysis as meshing
of general surfaces/volumes is a challenging task9 (Igel, 2016).

Point cloud At the beginning, the surface is almost always provided in the form of a point cloud, i.e.
as a set of (x, y, z) tuples. In crustal-scale seismic experiments, such as the one described in sect. 6.6,
such a point cloud may be acquired using a LIDAR or a multibeam echo-sounder, in the case of land2360

and seabed topography, respectively. Before being fed into the IB algorithm, the surface is expected to
be defined on the wavefield grid (sect. 6.2.2). Such representation can be easily obtained from a point
cloud by interpolation.

8Which can be thought of as elevation.
9This is one of the reasons for popularity of the finite-difference method and for the substantial entry barrier of codes which

require meshing, such as SpecFEM (Komatitsch and Tromp, 1999).
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Extra padding Absorbing boundaries require extra padding of the wavefield grid (sect. 6.2.2). The
surface is extrapolated over the paddings using the nearest neighbour method. Hence, in the padding2365

it follows the topography along the corresponding edge of the inner grid and is flat in the corners (fig.
6.6).

Continuous form Transforming a set of discrete points into a continuous function is a process of
interpolation. It is unlikely that a single, reasonably behaving, continuous function can be found to
represent a real-world surface. Two basic methods of solving this problem are available: tesselation and2370

piece-wise interpolation, where the former is a special case of the latter. Here, piecewise interpolation
between a uniform grid of data points is performed resulting in a mesh of continuous surface patches.
Two interpolation methods, cubic B-splines (in 2d/3d) and bilinear patches (in 3d), were implemented
and are discussed below.

Cubic B-splines In this study, B-spline patches are used both in 2d and 3d. This is a special, non-2375

rational case of NURBS (e.g. Bingol and Krishnamurthy, 2019), but the non-rationality10 makes little
difference for seismic applications. A uniform grid of control points is assumed. Such a grid can be eas-
ily obtained from a point cloud by any interpolation algorithm. The grid spacing is by default expected
to be the same as the wavefield’s grid11 (sect. 6.2.2). The surface is interpolated by cubic B-splines
centred at x′ defined by Hobro (1999) as:2380

A1d(x, x′) =


1
2

(
|x−x′|
h

)3

−
(
|x−x′|
h

)2

+ 2
3 , if |x− x′| ≤ h,

1
6

(
2− |x−x

′|
h

)3

, if h < |x− x′| ≤ 2h

0, if 2h < |x− x′|

(6.6)

The coefficients are obtained by solving a linear system demanding continuity of the function up to
the second derivative. For a 2d surface:

A2d(x, y;x′, y′) = A1d(x, x′)A1d(y, y′) (6.7)

Interpolation is performed using the formula for 2d and 1d:

z(x, y) =

16∑
i=1

A2d(x, y;xi, yi) · zi (6.8)

z(x) =

4∑
i=1

A1d(x;xi) · zi. (6.9)

Bilinear patches Data pointsQij = (xi, yj) are assumed to be on a regular grid, e.g. Q12 = (x1, y2).
Extrapolant is given after performing a linear interpolation in each direction:

z(x, y) =
y2 − y
y2 − y1

z (R1) +
y − y1

y2 − y1
z (R2) , (6.10)

where:

z(R1) =
x2 − x
x2 − x1

z (Q11) +
x− x1

x2 − x1
z (Q21) (6.11)

z(R2) =
x2 − x
x2 − x1

z (Q12) +
x− x1

x2 − x1
z (Q22) . (6.12)

Note that the interpolant is a quadratic surface, even though each step is linear.When implementing2385

this interpolation, it is important to remember that the order ofQij corners matters (fig. 6.13, right).
10One of its consequences is inability to represent exactly circles/spheres.
11This is because topography and wavefield grid are the same in the field-data experiment (sect. 6.6).
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6.2.4 Nodes classification

In this section, the grid nodes are classified according to their positions relative to the surface. Once
the input surface has been loaded and checked for errors and its continuous representation has been
chosen, the next step is to classify grid nodes according to their positions relative to the surface. Per-2390

haps the simplest option is to assign two kinds of flags. The first kind of flags divides all grid nodes into
exterior/surface/interior nodes. The second, divides exterior grid nodes into non-ghosts and ghosts
of different levels. These two kinds of flagging are discussed below.

Exterior/interior Firstly, nodes are classified according to their position relative to the free surface.
They can be located above, below or at the surface. In a general case of overhanging/closed surface,2395

the terms ‘below’ and ‘above’ change to ‘inside’ and ‘outside’. For closed surface, normal vectors must
be defined to discriminate between the exterior and interior. It may or may not happen that there are
nodes exactly at the surface. It may be useful to treat as such the nodes that are close enough to the
surface. In the IMMERSE code the threshold is set as a runfile parameter minGhostFS with a default
value of 0.001 grid nodes. . Note that the algorithm of classifying the nodes strongly depends on the2400

chosen surface parametrisation.

Ghost nodes Secondly, exterior grid nodes are divided into non-ghosts and ghosts of different levels,
based on their proximity to the surface. Every ghost node encodes the actual, fractional position of the
surface. Ghost nodes, coating the free surface with no gaps and at multiple levels above it, are able to
capture the surface curvature with a subcell resolution (Hu, 2016). Independent ghost levels reduce2405

coupling between ghosts and decrease the number of iterations in the iterative update. Coupling oc-
curs when the wavefield at a ghost node depends on the wavefield value at another ghost node instead
of solely on the interior nodes. Let us define first-level ghosts as exterior nodes having at least one
interior-node as a neighbour, and ith level ghosts as exterior nodes having at least one (i− 1)th-level
ghost as a neighbour. In such case, number of ghost levels equal to half-size of the FD stencil (defined2410

here as a number of nodes from its centre to its most distant point) prevents the stencil from using the
nodes which are neither interior nor ghost nodes, i.e. which have undefined values. Following this rule,
4th-order accurate scheme needs 4/2 = 2 ghost levels, 10th-order accurate scheme needs 10/2 = 5

ghost levels, and so on. Unlike Mittal et al. (2008) who defines neighbours along grid lines, here di-
agonal neighbours are also considered, because of the off-diagonal elements of the finite-difference2415

stencils used. Ghost nodes are further split into three groups: (1) ordinary (2) surface and (3) margin
ghost nodes. The surface ghost nodes are defined as located less than half a grid node from the dis-
cretised surface. The margin ghost nodes are the ones for which no other points have to be calculated.

6.2.5 Point-projection

The premise of the IB method is based on extrapolating the wavefield across ghost nodes along the2420

surface normal vectors. Finding a normal for each ghost node (fig. 6.7) is arguably the most important
step of the IB algorithm, essential for its robustness and efficiency. This is because:

• the extrapolation is very sensitive to the position of the intersection of the surface and the nor-
mal vector – inaccurate positions of intersections can destabilise the extrapolation (Mittal et al.,
2008),2425

• as a result of the required accuracy, this is also the most computationally intensive part of the IB
workflow.
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Figure 6.7: Orthogonal point-projection in 2d. Circles of different colors denote ghost nodes of differ-
ent levels projected onto the surface Γ. From Zhao (2010).

Algorithm 6.2 Orthogonal point-projection posed as a global optimisation problem.
1. Find coordinates of the pointGwhich you want to project onto the surface Γ.
2. Decompose the surface Γ into continuous patches γi from which you can generate points.
3. Exclude patches that contain no solution using the spherical clipping method.
4. Find a (local) minimum distance to each of the patches γi using a grid search (not feasible for

most realistic 3d problems) or a local optimisation algorithm such as the Newton method (sect.
6.3).

5. Choose the shortest minimum distance as a (global) minimum distance to the surface Γ. The
point corresponding to this global minimum is considered to be the orthogonal projection ofG
onto Γ.

Yet, surprisingly little attention is paid to this issue in the existing literature, at least in seismological
applications. Here, after formulating the problem in the general case, a brute-force method suitable
for 2d geometries is presented. The 3d case, which is far more challenging, is analysed in sect. 6.3.2430

Formulation For every ordinary ghost node (see sect. 6.2.4) let us define a surface normal that passes
through this ghost node (fig. 6.7). The origin of this normal vector is an intersection I such that I ∈ Γ

and:
−→
GI · t = 0, (6.13)

where t(I) is tangent to Γ at point I and −→GI is a vector pointing from G to I . Finding I for a given G
is called the (orthogonal) point-projection problem (e.g. Mittal et al., 2008). The point-projection can2435

be posed as a problem of finding the shortest L2 distance between a given point G = (g1, g2, g3) and
a pointX = (x1, x2, x3) on the surface:

|d|2 :=

3∑
i=1

(gi − xi)2. (6.14)

If there exists a unique global minimum X , it can be regarded the desired intersection I . The other,
special, cases are discussed below.
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Degenerate case In general, more than one surface normal may be passing through a given ghost2440

node. Let us denote the intersections associated with these normals by Ii where i = 1, 2, ... etc. If the
distances |GIi| are different, the optimisation approach will select the shortest one. This is desirable,
as the normal vector is expected to capture the local slope of the surface.

Grid search In 2d, probably the easiest to implement method of optimising (6.14) is a grid search
within a certain radius. The search radius r is defined along grid lines so it corresponds to a L1 (taxic-2445

ab/Manhattan) metric d(a, b) =
∑
|ai − bi|. Testing a range of values showed that the radius r should

not be shorter than the number of ghost levels (scheme order):

r ≥ k. (6.15)

A slighly larger number may be a safer option ensuring the global minimum is not missed. This pro-
cess of excluding points that are further away from the point to be projected is referred to as spherical
clipping (Chen et al., 2008, 2009). Within the search radius, the grid should be locally refined. The new2450

grid spacing directly translates into the error of the position-determination of the closest surface point
that can be found. This has to be as small as possible, as it is has the largest effect on the accuracy of the
immersed boundary method. To determine the acceptable accuracy value, normal vectors were plot-
ted for a case with a complex topography (fig. 6.9). A visual inspection of the normal vectors suggested
that the accuracy parameter a defined as:2455

a := horiginal/hrefined, (6.16)

where h is the grid size, should be at least 104. Smaller values resulted in a distinct mispositioning of
the surface points. This effect increases with the scheme order (where more fictitious nodes are used)
because the intersection-mislocation error increases with the distance from the surface.

Limitations The grid search was implemented in IMMERSE for both 2d and 3d. The latter case, how-
ever is too expensive computationally for surfaces typically encountered in real-world problems as the2460

one discussed in sect. 6.6. In 3d, for every cell of the original grid within the search radius one needs
to traverse through (104)3 = 1012 points of the refined grid assuming a = 104. The number of cells to
search through is proportional to r2, i.e. the search radius squared. Consequently, the total number of
pointsNsearch to traverse is:

Nsearch ∼ NGr2a3, (6.17)

where NG is the number of ordinary ghost nodes. For each of these Nsearch points, one needs to cal-2465

culate the surface elevation and the distance from the surface point to the ghost node. On the tested
machine (Intel(R) Core(TM) i7-6700 CPU @ 3.40GHz with 32 GB RAM), the value a = 104 cannot be
handled in 3d due to a memory overflow. For this reason, an alternative approach has been developed.
It is discussed in sect. 6.3.

6.2.6 Extrapolation data2470

In this section, data points and associated weights required for the wavefield extrapolation are defined.
These data can be pre-calculated and re-used in multiple FWI runs provided the free surface and sten-
cil order remain the same.

Extrapolating the physical wavefield along the free surface normal vectors into ghost nodes is a key part
of the immersed-boundary method. This is where the boundary condition is actually being imposed.2475
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Figure 6.8: Points used in the immersed-boundary method to extrapolate the wavefield along the nor-
mal vector (dashed line) across the free surface into the ghost nodeG. Here, the extrapolation is done
in three steps: 1. values at fictitious nodes Fi are found by interpolation between auxiliary nodesAij ;
2. value inR is found by interpolation between fictitious nodes and intersection I . 3. value inG is set
equal to the value inR with the opposite sign. Modified after M. Paulatto (unpublished).

Figure 6.9: Variable orientation of the extrapolation stencil (fictitious and auxiliary nodes) for the free
surface of a variable slope locally exceeding 45◦. The same behaviour was implemented in 3d (right).
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Figure 6.10: Exclusion of a fictitious node (grey rhombus) located less than half grid spacing from the
free surface to avoid instability of some interpolators. The bottom-right inset adapted from Mulder
(2017).

Experience shows that the extrapolation is also a potential source of instabilites. Overshot wavefield
values may cause a kind of resonance near a reflecting boundary (Trefethen, 1982) leading to a nu-
merical error that grows to infinity exponentially. For this reason, designing an extrapolation scheme
requires a special care. Here, the approach of Hu (2016) is followed.

Formulation Extrapolation can be formulated as an interpolation problem (Press et al., 1990), treat-2480

ing the point of interest (here, the ghost node G) as one of the data points, and one of the data points
(here, the intersection I) as the point of interest. Interpolation gives a value of the wavefield in I ac-
cording to the formula:

p(I) = w0p(G) +

Nf∑
i=1

wip(Fi) (6.18)

where wj , with j ∈ {0, . . . , Nf}, are the interpolation weights associated with data points located
along the normal vector: the ghost node G and Nf fictitious nodes12 Fi (fig. 6.8). The accuracy of the2485

12This name is used by Zhao (2010) probably becauseFi are not necessarily grid nodes. It is rather unfortunate as they store
interpolated values of the physical, not fictitious, wavefield. Hu (2016) calls them ’fictitious points’, whereas ’fictitious values’
are used by Lombard et al. (2008) for what is called here a ghost wavefield. Despite the potential confusion, the names ’fictitious
nodes/points’ will be used here for the sake of consistency with the similar approaches.
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interpolation depends on Nf and is discussed below. By definition, the pressure wavefield is exactly
zero on the free surface, therefore:

p(I) = 0,

and solving eq. (6.18) for p(G) gives:

p(G) =

Nf∑
i=1

fip(Fi) (6.19)

where the weights fi are
fi := −wi

w0
. (6.20)

The specific values of weights wj depend on the interpolation method chosen (discussed below). In2490

general, a normal vector will not coincide with the grid lines, and, consequently, the values at Fi have
to be found by interpolation between auxiliary (grid) nodes Aijk:

p(Fi) =

Na∑
j=1

Na∑
k=1

aijkp(A
i
jk). (6.21)

where aijk are the interpolation weights of the 2d array of auxiliary nodes Aijk associated with the ith
fictitious node Fi of the ghost G. Note that Na is a number of auxiliary nodes per fictitious node per
dimension. The total number of auxiliary nodes per Fi in 3d is then N2

a . Similar to Nf , Na affects the2495

accuracy of the interpolation. The nodesAijk surroundFi with the same number of nodes at each side
(fig. 6.8), so that Fi is close the center of the interpolation stencil, where the accuracy of interpolation
is maximum (Press et al., 1990). The 2d arraysAijk have a variable orientation parallel to either XY, XZ
or YZ grid planes, depending on the direction of the surface normal vector in such a way the arrays
remain sub-parallel to the local tangent plane of the surface (fig. 6.9). Combining eq. (6.21) and (6.19),2500

one obtains an extrapolation formula for a ghost wavefield above the free surface as a function of the
wavefield inside the model:

p(G) =

Nf∑
i=1

fi

Na∑
j=1

Na∑
k=1

aijkp(A
i
jk). (6.22)

In 3d, the above formulation consists of two 1d interpolations between auxiliary nodes, followed by the
extrapolation into the ghost node. This multi-step scheme may be replaced by a single-step scheme
as in Lombard et al. (2008), with the caveat of potential stability issues having their cause obscured by2505

more complex mathematics.

Interpolator For stability reasons (Trefethen, 1982), specific functions (interpolators) chosen to cal-
culate interpolation weights fi and aijk should not overshoot the values between data points, e.g. due
to the Runge phenomenon (Press et al., 1990). Here, interpolation using a simple type of radial basis
function (RBF) referred to as inverse distance weighting or IDW (Shepard, 1968) was used:2510

I(x) =


∑N
i=1 wi(x)f(xi), if x 6= xi

f(xi), if x = xi

where I(x) and f(x) denote the interpolating and the original (unknown) function, respectively, xi are
the data points for which the values of f are known, wi(x) are the interpolation coefficients/weights
andN is the number of data points. The weightswi(x) are given by:

wi(x) =
1

N (x)
[d(x, xi)]

−p
,
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Figure 6.11: Polynomial (top-left) vs. radial-basis-function (IDW with p = 2) interpolation between
four randomly generated data-points. The two-dimensional version of IDW is presented on the right.

where d(x, xi) is a distance between x and xi, the power p ∈ R+ is here set to p = 2 (other values were
also tested), andN (x) is a normalisation factor defined as:2515

N (x) =

N∑
i=1

[d(x, xi)]
−p
, (6.23)

which makes the interpolation stable as x→ xi. In 1d, the distance is defined simply as:

d(x, xi) = |x− xi|.

In higher dimensions, L1 and L2 metrics seem to be reasonable choices. The interpolator defined
above is discussed in sect. 3.7.3 of Press et al. (1990). The RBFs have several desirable properties, e.g.
the calculation of weights is fast with no solution of linear equations required. TheO(N) complexity is
acceptable even for largeN . More importantly for this study, IDW does not overshoot function values2520

between the evenly-spaced data points, unlike high-order polynomials (fig. 6.11). The anti-symmetry
of the wavefield across the free surface in the extrapolation is imposed, at least approximately, because
of the minus sign in eq. (6.20). As all IDW weights are non-negative (wj ≥ 0), wavefield p(G) will have
the sign opposite to the sum

∑
i fip(Fi), which for IDW is dominated by the value in the nearest point

p(F1). Several other interpolators were implemented and tested, including Lagrange polynomials and2525

a windowed sinc function. They are review in appendix .

Stability Note that extrapolation weights fi (eq. 6.20):

fi =
wi
w0

=
1

N (x)
[d(x, xi)]

−pN (x) [d(x, x0)]
p

=

[
d(x, x0)

d(x, xi)

]p
(6.24)
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may effectively go to infinity for large d(x, x0) or small d(x, xi>0), making the interpolation unstable.
The former case can be ruled out, because the distance in grid nodes between a ghost node of the kth
level and the associated intersection is bounded from above:2530

d(x, x0) <
k

2
. (6.25)

The latter case, however, is possible and should be guarded against. To this end, the minimum distance
of the first fictitious node F1 from the free surface is set to be half a grid spacing h after Hu (2016) and
Mulder (2017). If d(x, x1) < h/2, theF1is skipped and an extra fictitious node is appended at the other
end of the interpolation stencil (fig. 6.10). To further stabilise the scheme, the extrapolation may be
posed as interpolation using a mirror-reflection ofG. As the free surface effectively acts as a source of2535

wavefield equal to the impinging wave but with inverted polarity, close to the free surface the pressure
wavefield p is anti-symmetric along the normal direction, giving:

p(R) = −p(G), (6.26)

where R is defined as a reflection of a given ghost node across the free surface, such that |GI| = |RI|
(fig. 6.8). In this case, instead of eq. (6.19), the following is used:

p(R) = wIp(I) +

Nf∑
i=1

w′ip(Fi) =

Nf∑
i=1

w′ip(Fi), (6.27)

where the apostrophes signify the difference between these weights and the ones in (6.18). The weight2540

wI does not matter, this term vanishes anyway, as p(I) = 0. From (6.27) the value in the ghost node is
given by:

p(G) = −p(R) = −
Nf∑
i=1

w′ip(Fi).

Note that this time, unlike in eq. (6.19), the normalisation factor (6.23) does not cancel and may sta-
bilise the interpolation. Note that the distance betweenR and the intersection:

|IR| < k

2
(6.28)

just like |GI| in eq. (6.25). The analogous distance for the furthest fictitious node is:2545

|IFNf
| > Nf − 1 = k − 2, (6.29)

with the last equality implied by eq. (6.30). Combining (6.28) and (6.29) gives:

|IR| < |IFNf
|

for k ≥ 4. As only schemes of accuracy order of 4 or more are considered here, the pointRwill always
fall between fictitious nodes. Consequently, eq. (6.27) indeed describes an interpolation problem.

Accuracy Accuracy of interpolation depends on several factors, including number of data points.
Mittal et al. (2008) show (their eq. A.5) that considering only the nearest grid nodes results in a trun-
cation error of O(h2). In general, using k/2 data points on each side of the point of interests gives a
kth-order accuracy. Hence, to retain the accuracy of the FD scheme, the numbers Na and Nf are set
to:

Na = k

Nf = k − 1, (6.30)
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Figure 6.12: Ghost wavefield before (left) and after (right) setting to zero during the vacuum step of the
wavefield-extrapolation.

the difference between the two resulting from the extra point (I) included in the extrapolation stencil.
For example, there will be 3 fictitious nodes per ghost node and 4x4 auxiliary nodes per fictitious node2550

(4 in 2d) for a 4th-order accurate FD stencil of 5x5x5 size.

Storage The only data needed to extrapolate the wavefield into a given ghost node are:

• positions and interpolation weights of auxiliary nodes,
• interpolation weights of fictitious nodes.

Note that one does not need coordinates of fictititious nodes once the auxiliary nodes have been found.2555

The extrapolation data can be saved on disk and re-used in multiple FWI runs saving the computa-
tional time otherwise spent on projection of ghosts calculation of extrapolation weights which are the
most computationally expensive parts of the algorithm.

6.2.7 Extrapolation

In this section, a procedure of setting the wavefield values at the ghost nodes is discussed. In the time-2560

domain formulation, the extrapolation has to be performed at every time step. An iterative solution
to the problem of coupled ghost nodes is presented. The method requires initial conditions – here the
ghost wavefield is set to zero before iterating until convergence. If iterating is skipped, the scheme
is equivalent to the vacuum method (VM) which may serve as a more affordable alternative to IB
whenever the accuracy is not a critical requirement.2565

Non-degenerate case The wavefield at ghost nodes is updated by extrapolating the physical wave-
field using the weights pre-computed weights of fictitious points and auxiliary nodes fi and aijk dis-
cussed in the previous section. This is a simple matrix-vector multiplication. The update proceeds
according to eq. (6.22), one ghost-level at a time, starting from the first level. Here, only ordinary
ghosts are updated. The type of ghosts that does not need update are surface-ghosts which store zero2570

pressure wavefield at all time-steps.

Coupled ghost nodes The basic scheme described above corresponds to the situation where ghost
nodes do not depend on each other. For some shapes of the free surface, it may happen that some
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auxiliary nodes associated with a given ghost node are ghost nodes themselves. An example of such an
auxiliary node is denoted by the empty circle in fig. 6.8. In this case, some ghost nodes are coupled and2575

the corresponding system of linear equations for ghost wavefield is non-diagonal. This problem can be
solved directly (Lombard et al., 2008) or iteratively (Hu, 2016)13. The former is likely to have a smaller
operation count but is less memory-efficient and may lead to instabilities (Hu, 2016). For this reason,
here, the latter was chosen. As the update is iterative, it needs starting values. The starting values at
ghost nodes may be arbitrary, probably without making much difference – here 0 was used because2580

even if the iterating is skipped this is equivalent to the vacuum method (VM) and the wavefield will be
reflected off the staircased free surface (see appendix 6.A). This is not as accurate as the IB but may
suffice in some cases.. Henceforth, setting the wavefield to zero will be referred to as the vacuum step
(fig. 6.12). Following Hu (2016), the ghost wavefield update is performed iteratively until the ghost
wavefield becomes stationary, i.e. does not change between subsequent iterations:2585

pn+1(G) = CAP (A) + Pn(G). (6.31)

Only one iteration means that only independent ghost nodes needed to be updated at this time step.
For realistic topographies studied here less than 5 iterations were required for convergence.

6.3 Point-projection in 3d

In sect. 6.2.5 the orthogonal point-projection was introduced and posed as an optimisation problem
and a brute-force method of solution was presented. In 3d, this method is prohibitively expensive in2590

terms of memory and CPU usage. For this reason, a new method based on the Newton optimisation
scheme was developed. The idea is to apply the Newton method to multiple surface patches within
a region known to contain a global minimum. The method was conceived from scratch as no similar
approach was found in the existing seismological literature. It was later discovered that the problem
is tackled in computer-aided design, robotics, computer graphics etc. (Johnson and Cohen, 1998; Ko2595

and Sakkalis, 2014). The existing methods developed in those fields were found to take a very similar
route to the one presented here. The procedure is summarised in alg. 6.2. The details of each step are
discussed below.

6.3.1 Surface patches

The first of the method consists in tesselation of the surface with bilinear patches. The choice of bilin-2600

ear interpolation method (see sect. 6.2.3) is motivated as follows:

• bilinear is the simplest14 2d interpolation that allows for curved surfaces. This may seem coun-
terintuitive, but even though the surface is linear along grid lines, in general it is curved (quad-
ratic) in any other direction;

• a bilinear surface has no saddle/inflection points (i.e. it does not change its curvature) in any2605

cross-section. This simplifies a local optimisation problem as one does not need to performed
any additional checks of curvature sign to determine if an extreme or inflection point has been
reached;

• a bilinear surface never suffers from overshooting which may be the case for higher-order meth-
ods (Press et al., 1990).2610

13Other solutions to this problem include shifting the auxiliary nodes below the free surface (Zhao, 2010) nonetheless it does
not seem to be as robust as the other two mentioned.

14Simplicity of computation is important for clarity and efficiency of the algorithm.
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Figure 6.13: Geometry of the 3d orthogonal projection of a point (grey dot with black outline) onto a
z(x, y) surface (black curve). The part of the surface enclosed in the search region (dashed square) is
denoted by the thick solid line (left). The XY projection of the search region is split into squares with
corners being the grid nodes (middle). Each square corresponds to a surface patch generated by a
bilinear interpolation between its corners (right). The shortest distance to each patch is found by the
damped Newton optimisation. The scheme is readily generalisable to arbitrary surfaces.

The surface is assumed to be sampled on a regular grid and to contain no overhangs (see sect. 6.2.3).
This is because a bilinear interpolation is defined on a rectilinear 2d grid (Press et al., 1990). If it is not
the case, and it is represented e.g. as an arbitrary point cloud, it needs to be gridded which should not
pose any problem. If the surface contains overhangs, one could split it into fragments each of which
is an explicit function of two independent variables (not necessarily x and y) of the local coordinate2615

system.

Higher-order patches Options other than bilinear interpolation are e.g. bicubic or any flavour of
spline interpolation. A general advantage of bicubic and higher-order interpolation is that the patches
may join seamlessly, i.e. one can solve the interpolation problem with extra constrain about the slopes
at the edges. Intuitively, the boundaries between patches can be made invisible. If the slopes are2620

chosen to be the same for neighbouring patches, the surface is C1 smooth globally, i.e. has a con-
tinuous first derivative. This is useful if the interpolation is performed for visualisation, i.e. in com-
puter graphics or film industry. For our purposes however, it is not necessary. Moreover, higher-order
interpolation may suffer from overshooting as mentioned above.

6.3.2 Spherical clipping2625

A key step of the shortest-distance search is to exclude, at the very beginning of the procedure, the
parts of the surface that are obviously too far to be of interest. This makes the global optimisation
problem more localised. Constraining the local search to a limited region is a key step and it gets more
challenging with increasing surface complexity. The algorithms dealing with NURBS (e.g. Chen et al.,
2009) and similar types of surfaces that allow for overhangs need to ensure that the exclusion criteria2630

are mathematically proved to eliminate only those patches that do not contain a global minimum.
Furthermore, in these application, often a computational performance is a major issue as they are
used in real-time rendering (Ko and Sakkalis, 2014).

Search region As this study is constrained to rather simple surfaces (see sect. 6.2.3) and time-effi-
ciency is not a great concern, a simple exclusion criterion was derived. As in the 2d case, a search2635
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Figure 6.14: Finely sampled surface patch (left), the corresponding objective function (middle), and
the projection of the objective function onto the XY plane (right). The objective function expresses the
distance between a point on the surface and the reference point (not shown).

Algorithm 6.3 Damped Newton method of finding the shortest distance from a surface patch.
1. Choose a starting model in between the patch corners.
2. Calculate the gradient ∇f . In a case of a bi-linear patch there is an analytical formula but ap-

proximate calculation is affordable and more generic.
3. Calculate the Hessian H. The same remark as above.
4. Invert the Hessian. Stabilise if needed.
5. Calculate the model update H−1∇f .
6. Check if the updated model stays inside a patch.
7. If not, multiply the update by 1/2 and go to step 5.
8. Update the model and go to step 1 iterating until convergence (the update falls below a certain,

heuristically-derived, threshold) or a maximum no. of iterations is reached. In the latter case,
return with an error.

radius r is defined to be equal to the level of a ghost which is being projected onto the surface (eq.
6.15). E.g. for a ghost of the 2nd level, the search is performed up to 2 grid nodes away from the ghost.
As non-overhanging surfaces are only considered, this is equivalent to considering grid nodes in the
regionAsearch:

Asearch = {xi−r, . . . , xi+r} × {yj−r, . . . , yj+r} (6.32)

where the ghost node is located at a node (xi, yj) horizontally and × is the Cartesian product. The2640

geometric configuration of the search is shown in fig. 6.13.

6.3.3 Local optimisation

Once the surface patches have been selected, each of them is subject to a local-optimisation procedure
that aims to find on it a point of the shortest distance to the ghost node. The Newton method is used
because the dimension of the model space is small and thus the Hessian operator is cheap to compute2645

and store. The workflow is summarised in alg. 6.3.

Objective function Let us denote a reference point from which we measure distance to the surface
asG. Then objective function f can be defined as:

f(m) = (x− xG)2 + (y − yG)2 + (z(x, y)− zG)2, (6.33)

where z is a known function returning a z coordinate of the surface at (x, y), and m = (x, y) will be
referred to as a model to conform to the optimisation nomenclature. The goal is to find a model m2650
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such that f(m) is minimal. In a linear approximation, the update of the model is given by the Newton
direction:

δm =
[
H−1

]
m0

[∇f ]m0
, (6.34)

whereH stands for the Hessian matrix. See sect. 4.2.3 for the derivation. For the bilinear interpolation,
the analytical formulae for the gradient and Hessian of (6.33) are trivial to derive. However, a finite-
difference approximation of the gradient and Hessian was found even more convenient to implement.2655

In the following description, the finite-difference intervals ∆x and ∆y are assumed to be equal to h =

10−5 grid nodes.

Gradient As the model has only two parameters (x, y), the gradient of the objective function is given
simply by:

∇f(m) =

(
∂f

∂x
,
∂f

∂y

)
≈ 1

2h

(
f(x+ h)− f(x− h)

f(y + h)− f(y − h)

)T
. (6.35)

For the sake of completeness, the analytical expressions read:2660

∂f

∂ξ
= 2(x− xG) + 2 (z(x, y)− zG)

∂z

∂ξ
(6.36)

where ξ denotes x or y, and:
∂z

∂ξ
=

(ξ2 − ξ) · [z(Q21)− z(Q11)] + (ξ − ξ1) · [z(Q22)− z(Q12)]

h2
(6.37)

using the same variables as in sect. 6.2.3.

Hessian The Hessian captures a curvature of the objective function f . If f is flat, the Hessian will not
change throughout the iterations. For the problem at hand, the Hessian is a 2× 2 matrix:

H =

(
∂2f
∂x2

∂2f
∂x∂y

∂2f
∂y∂x

∂2f
∂y2

)
, (6.38)

where, denoting x and y jointly by ξ:2665

∂2f

∂ξ2
=
f(ξ + h)− 2f(ξ) + f(ξ − h)

h2
. (6.39)

Taking a centred finite-difference of both first derivatives (eq. 6.36), one obtains a second-order ac-
curate approximation of the mixed derivatives:

∂yxf =
1

4h2
[f(x+ h, y + h) + f(x− h, y − h)− (6.40)

− f(x− h, y + h)− f(x+ h, y − h)] = ∂xyf.

The equality of the mixed partial derivatives is implied by the continuity of the second partial derivat-
ives (Riley et al., 2006). The inverse of the Hessian follows from the inverse of a general 2× 2 matrix:(

a b

c d

)−1

=
1

ad− bc

(
d −b
−c a

)
. (6.41)

If the mixed partial derivatives are small compared to the proper ones (i.e. if the Hessian is diagonally
dominant), ad is much larger than bc yielding ad− bc ≈ ad and consequently:(

a b

c d

)−1

≈ 1

ad

(
d −b
−c a

)
≈

(
1/a 0

0 1/d

)
=

(
a 0

0 d

)−1

. (6.42)
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In this case, a diagonal Hessian is a reasonable approximation. Even though the mixed derivatives are2670

easy to calculate and store in this simple case, a diagonal approximation of Hessian that simplifies
the calculation even more, was found to converge quickly too. If either a and d are small and could
destabilise the inversion, they are set to 1 so that the model update is equal to the minus gradient for
this row.

Damping An important caveat of the method is that one needs to make sure that the local optim-2675

isation scheme is constrained to a given patch, i.e. the model (x, y) stays between the patch corners,
wich is not guaranteed a priori by the Newton method. This problem can be seen as a constrained
optimisation problem where the constraints are the boundaries of a patch. Here, at every iteration it
is checked if the updated model remains inside the patch. If not – the update δm is multiplied by 0.5

as many times as needed to bring it back between the patch corners. Damping the model update δm2680

by a multplicative scalar factor leads to the damped Newton method (Nocedal and Wright, 2006).

Convergence Here, the starting model is chosen in the middle of the patch and the optimisation
proceeds until the convergence or total number of 50 iterations is reached (the latter case is discussed
below). The convergence criterion is defined as:

|mi+1 −mi| < ε, (6.43)

where | · | is theL2 norm, ε is a small number (here heuristically chosen to be 10−5) and mi is a model2685

vector at ith iteration. If the minimisation does not converge, the starting model is taken as the final
result and the search is performed for the next patch. This seems reasonable, as the lack of convergence
indicates that the minimum lies outside the currently investigated patch.

6.3.4 QC of the algorithm

Correctness and efficiency of the above optimisation scheme was extensively tested. For the assess-2690

ment of the local optimisation, all possible shapes of bilinear patches were utilised. These possibilities
correspond to different relative positions of the corners of a patch as well as different positions of the
ghost node (the point being projected onto the surface). A benchmark solution in each of the experi-
ments was the minimum distance to a given patch found by a brute-force grid-search.

There are only a few possible configurations of a four-corner surface patch, namely: all corners at2695

the same level (horizontal plane), two adjacent corners lifted by the same amount (tilted plane), and
several remaining cases resulting in a curved surface, e.g. two non-adjacent (diagonal) corners lifted
(fig. 6.14). As expected, the local scheme failed to converged to a minimum if that was located outside
the patch. In such a case, the next patch was considered. Finally, positions of corners and the ghost
node were randomised (within a range of plausible values) and the procedure was repeated hundreds2700

of times to check for any unexpected behaviour but none were found.

6.4 Source injection

In this section a problem of injecting sources at/near to a free surface is discussed. Examples of such
sources include shallow airgun explosions or waves numerically back-propagated from land geophones
by virtue of the reciprocity principle (see sect. 5.2.4).2705
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6.4.1 Problem statement

In active-source seismology, sources are usually treated as points (i.e. as infinitisemally small) because
their size is typically much smaller than the dominant wavelengths of the energy they produce. Such a
source can be added at any point of the model, including at or just below the free surface boundary. The
former case is limited to force sources only – even if volume injection at an infinitely thin surface was2710

possible, no waves should be produced anyway because pressure is zero there by definition. Therefore,
only shallow volume sources and shallow/surface force sources potentially need to be implemented.
In theory, it is straightforward to add a point source arbitrarily close to the free surface, or at a sur-
face remembering that a volume source should be zero there. In practice, however, one always deals
with grids of finite spacing, and sources rarely happen to coincide with their nodes. In such cases, a2715

point source has to be extrapolated over neighbouring grid nodes. The nearest-node approximation is
usually not accurate enough for full-waveform inversion (Warner et al., 2013b) so the extrapolation is
performed onto more than one node. Consequently, the source is no longer a point. It has a finite size,
or spatial support (if seen as a function). Here, it will also be referred to as a source region or a source
cube. Homogeneity of the source region is required for the far-field radiation pattern to be effectively2720

the same as the one of the point source (Hicks, 2002).

Flat surface If the source region intersects a model interface, the assumption of homogeneity no
longer holds. In particular, if it is a free surface, the most extreme contrast possible, the resulting radi-
ation pattern will be incorrect. To correct for this, the part of the source region located above the free
surface has to be reflected into the model with a reversed sign (Virieux et al., 2012, p.271). Hicks (2002)2725

discusses this procedure in the case of a flat free surface.

Irregular surface In a general case, the reflection needs to be performed off an irregular free sur-
face, and this poses some challenges described below. This additional effort is necessary as radiation
patterns of shallow/surface sources strongly depend on the proximity and shape of the free surface,
significantly deviating from the radiation patterns of deeply buried sources. Such radiation patterns2730

have been derived both analytically (Burridge et al., 1964) and experimentally (Gupta and Kisslinger,
1966). Injection of such sources does not work automatically even with the implemented immersed
boundary method. This is because there is no built-in mechanism that would put the outlying part
of the finite source region back inside the model. The part already in the subsurface will be reflected
correctly. However, the part above the free surface, just like any other ghost node, will be set to zero in2735

the vacuum step that follows the source injection. This spatial clipping of the source region will result
in an incorrect radiation pattern.. The only special case when it works ‘out-of-the-box’, is if the source
happens to be located at a grid node. Note that this is not an issue for receivers which can naturally
make use of the ghost wavefield. This is because detection at a receiver consists in interpolation, and
this case is accounted for by the IB automatically. However, in the full-wavefom inversion as it is usu-2740

ally implemented, during the gradient calculation receivers become adjoint sources. So their position
relative to the free surface matters and the special injection scheme has to be applie to them as well.

Possible approaches Huiskes et al. (2017) seem to take this into account with their approximate
scheme by modifying the source and receiver operators in the same way as the finite-difference stencil.

An alternative method worth considering consists in putting an image point source on the other side2745

of the surface. Such a source has a reverse polarity and is located along the surface normal passing
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Figure 6.15: Schematic of injecting a source close to a 1d free surface. Here, the method was generalised
to 3d, requiring an iterative solution. From Hicks (2002).

Algorithm 6.4 Source injection at/near an irregular free surface.
1. If a composite source is to be injected, decompose it into point sources and proceed one point

source at a time.
2. Check if the point source is located at a grid node or not. An offset from a grid node of a few

metres may be neglible. If it is a buried source, located at a grid node it will not require any
special treatment – start this step again using the next source.

3. Create a cube for the final weigths (final source region, see point 5). Initially it may be larger than
the one actually used by the FWI code, see the last step.

4. Extrapolate the point source over neighbouring nodes (source region/cube) following the method
of Hicks (2002) or similar.

5. Reflect (with a reversed sign) a part of the source region that is above the free surface back to the
model along a normal vector determined in the immersed-boundary pre-calculation step (sect.
6.2).

6. If the reflection lands at a grid node, add its amplitude to the current value of the final source
region at the same node. If not, append it to a list of secondary sources.

7. Use all the secondary source as an input of the step 2 and repeat until amplitudes of all new
sources fall below a certain threshold.

8. Clip the size of the final source region excluding nodes too far apart from the original point
source, so that it is a good approximation of a point source.

through the original source, at the same distance from the surface. A cube of the image source ex-
tending inside the model is added to the original source cube, wherever the two overlap. This avoids
iterating at the cost of accuracy loss (surface is implicitly treated as planar within the source region)
and a need for solving extra point-projection problem, instead of reusing projection vectors of the2750

ghost nodes.

6.4.2 Iterative solution

An iterative method has been proposed to accurately simulate radiation pattern of a general compos-
ite source located near/at an irregular free surface. Its main points are summarised in alg. 6.4 and
discussed in more detail below.2755

The method works for both point and composite sources, as the latter can always be decomposed into
a larger number of point source by virtue of linearity of the wave equation. This is the premise of the
Green’s function method of solving linear differential equations analytically.

The first thing to do is to check if the point source is located at a grid node or not. If the offset is
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smaller than the uncertainty of the source position determined in the experiment, such a source can2760

be snapped to a grid and injected in a standard way if it is a buried source. For a source exactly at
the free surface, one needs to follow the same steps as for a source offset from grid. Here a relative
position-determination precision of 0.05 grid node is used which corresponds to 2.5 metres for 50-m
grid spacing.

Next, the point is extrapolated (‘spread’) over neighbouring nodes. The Shannon’s sampling theorem2765

provides an optimal way of doing it – by using a band-limited, discrete Dirac delta. A convenient choice
is a sinc function tapered with the Kaiser window. This is because a shape of this window is defined
by a single, easy to optimise parameter b (or β). Optimal values of b for a given window width r are
given by (Hicks, 2002). By differentiating the source region, one can obtain anisotropic sources, such
as dipoles (ch. 5), with a different optimal window shape. Regardless of the source type, the only free2770

parameter to decide upon is the window width. In this study a radius (or half-width) of r = 3 is used as
compromise between accuracy and compactness. This means we need at least three ghost levels for
which we know intersection points. In general, in order to reuse normal vectors found in the immersed
boundary method, rmust be no larger than the number of ghost levels. The same r for neighbours and
the window is used, as outside the window values are zero by definition.2775

The source cube is then split into parts above, at, and below the surface. One way of doing it is to check
for each source node if it is a ghost node. For a non-overhanging surface like here, this is slower than
just comparing the depth of each node with surface elevation. But the former method works automat-
ically for arbitrary surfaces. Furthermore, it allows to immediately find the intersection I associated
with a given ghost node which is used in the next steps.2780

Each source-node above the free surface is orthogonally projected onto the surface. Or, using the nam-
ing convention from the previous section, an intersection I is found. These were already determined in
the immersed-boundary pre-calculation and do not need to be recalculated, provided that the source
region does not stick above the ghost-node coating. Given the intersection I , a reflection R of the
source nodeG across the point I is easily obtainable according to a vector equation:2785

R = 2I −G (6.44)

The reflection is assigned the amplitude of the source node but with a reversed sign. This could be
the end of the procedure for this node, but there is an important complication. If the reflection R

does not land exactly at a grid node, which is most likely the case, it needs to be extrapolated over the
neigbhouring nodes as well. The finite region of this reflection will almost inevitably intersect the free
surface and the whole procedure has to be applied in the same way as it was for the primary source.2790

All reflected sources that do not fall at grid nodes are treated as such secondary sources. For high
accuracy, the procedure has to be repeated iteratively until amplitudes of all new sources fall below a
certain threshold. To a good approximation all energy now have been correctly injected in the model
and is ready for the next time-marching step.

The method has been benchmarked against known radiation patterns of sources located near/at planar2795

free surface rotated by different angles. These tests are discussed in sect. 6.5. In particular, the method
correctly reflects the upper half of a dipole associated with a vertical-force source located at a tilted
planar free surface. In the same setting, but for a volumetric source, it gives zero radiation, as expec-
ted.

The iterative process of extrapolating point sources onto neighbouring nodes and reflecting the outly-2800

ing nodes along the surface normals will inevitably expand the final source region. The source, however
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should stay as compact as possible. It still should be a good approximation of a point source, espe-
cially if there are receivers nearby since in reality they almost always record a far-field radiation. What
is more, the larger the source, the worse the assumption of the model homogeneity. For these reas-
ons, the source cube should be spatially limited. This clipping is justified also by substantially smaller2805

amplitude further away from the original point source. Another option could be decreasing the sinc
window-width when extrapolating secondary sources. This could facilitate a faster convergence and
smaller source region at the end.

6.4.3 Implementation

In this study a cube of a taxicab radius equal to 5 is used which is only 2 nodes more than what would2810

be used for source far away from the free surface. It was determined heuristically, looking at a typical
spatial distribution of amplitudes away from the original point source. Such a 10 × 10 × 10 cube is
found for all sources and receivers. It contains the source extrapolation weights and associated grid
coordinates. Some of the weights are always zero because it is much more convenient to store a cube,
even if it contains redundant nodes lying above the free surface.2815

In the FULLWAVE3D acoustic code the models and wavefields are defined on the same grid and stored
as one-dimensional arrays, so only two numbers are needed to fully characterise every source node
– a weight and a grid index. The injection proceeds rapidly by simply adding the amplitudes (source
weight times source wavelet at the current timestep) to the current wavefield at all source node posi-
tions.2820

The method has been implemented as a standalone Python code that reads in a list of sources and
receivers and immersed-boundary ghost data. It outputs two ASCII files – SourceData.txt and Rece-

iverData.txt containing a list of injection cubes for each source and receiver, respectively, with the
IDs or in the order meaningful for the FWI code that will read it in. Such implementation is decoupled
from any specific FWI scheme and only requires modification of a thin API to port it to a new code.2825

6.5 Numerical tests

6.5.1 Effect of slope

In this section, the immersed-boundary method is shown to give more accurate results than the air-
layer method when simulating reflections from a tilted planar free surface, regardless of the tilt-angle.

A 2d planar free surface inclined at different angles was analysed (fig. 6.16). The analytical solution2830

in this case is trivial, consisting of a primary impulse of a waveform discussed in sect. 5.B) and a re-
flection with a reversed polarity. No physical diffraction is involved. If the relative position of the free
surface and sources and receivers is kept fixed, the solution should be independent of the tilt angle.
This allows to benchmark the method of simulating a tilted free surface against the zero-slope case,
with most other sources of errors the same in both cases. There are, however, a few caveats to take into2835

consideration: (1) rotation of acquisition geometry needs to be accurate and preserve the distance
from the free surface (2) the model needs to be deep enough to contain steeply dipping surfaces (3)
the distance from absorbing boundaries needs to be the same or large enough in each case (4) in gen-
eral, rotated stations will land between grid nodes15 so it is good to bear in mind the amplitude and

15One could instead consider a few special angles (characteristic of Pythagorean triangles) where grid nodes remain grid
nodes after rotation.
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Figure 6.16: Acquisition geometry of the experiments using the flat/rotated free surface: a single source
and 101 receivers (yellow and blue dots, respectively); free surface at node z = 0. Relative positions
and distances between points do not change under rotation of the frame of coordinates around its
origin – this property was used to compare results for the flat and rotated free surface.

Figure 6.17: Shot gathers from the numerical test involving a horizontal planar free-surface using (left)
the default FULLWAVE3D method and (right) the immersed-boundary method. The relative positions
of sources, receivers and the free surface were the same in both cases.

Figure 6.18: Wavefield snaphots from the numerical test involving a planar free-surface tilted by 5◦
from the horizontal: (left) air-layer method; (right) immerse boundary method.
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Figure 6.19: Wavefield snapshots from the numerical test involving a planar free-surface tilted by 75◦
from the horizontal: (top-left) air-layer method; (top-right) immerse boundary method. Note the
spurious diffraction pattern resulting from the staircase-approximation for the air-layer method. Bot-
tom – wave reflected from the free surface recorded at the central (51th) receiver for: (blue) air-layer
method; (red) immersed-boundary method.

phase errors associated with the Hicks scheme.2840

First, results for the flat free surface were compared to the default FULLWAVE3D code implementation
and proved to be nearly identical (fig. 6.17). Then, the whole geometry was rotated by the angle
α ∈ {5, 15, 30, 45, 60, 75} deg.16 and juxtaposed against the air-layer method where the boundary
condition was imposed through assigning vP = 343 m/s above the free surface.

In the air-layer method, the amplitude of artificial scattering is prominent already for angles as small as2845

5 deg. (fig. 6.18). In contrast, the immersed-boundary method displayed distinctively higher accuracy
which was almost insensitive to the angle of rotation (fig. 6.19).

6.5.2 Effect of curvature

After testing performance of the method with planes, a natural next step is to test non-zero-curvature
surfaces. The immersed-boundary method is shown to be long-term stable when applied to free sur-2850

faces with large curvatures.

A sinusoidal shape of the surface was chosen for several reasons. First, sine is a smooth function, so no
scattering off sharp edges obscure detection of artificial scattering due to surface discretisation error.

16Note that the topographic effect repeats with a period of 45◦. For example the 75◦ case should be the same as the 15◦ case.
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Figure 6.20: Wavefield snapshots from the numerical test involving a sinusoidal free surface with the
wavelength of 10 grid nodes.

E.g. an arc of circle tested by Hu (2016) does not meet this criterion. Second, its curvature can be easily
calculated and modulated by tweaking either the amplitudeA or the wavenumber k. If the intent is to2855

keep the curvature approximately the same for different surfaces, theA/k2 ratio should be constant.

A large number of combinations of fpeak of the source wavelet, k, andA and relative positions of source
and surface was analysed. In particular, highly irregular sine-shape topography were tested for a fixed
amplitude and various wavelengths of the sine function down to 10 nodes per sine-wavelength, signi-
ficantly fewer than used by Lombard et al. (2008). Simulation times up to 10 s (10000 time steps) were2860

investigated. No change of accuracy or stability was observed (fig. 6.20). These observations were
further quantified by a suite of convergence tests described in appendix 6.C.

6.5.3 Realistic topography

In this section, the immersed-boundary method is shown to give a physically plausible wavefield sca-
ttered off the real topographic surface, both in 2d and 3d. The tests were performed using the topo-2865

graphy of the Santorini caldera (Hooft et al., 2017), a Ricker source wavelet of fpeak = 3 Hz (fmax ≈ 5

Hz), and a homogeneous model with vP = 1500 m/s. The results for 2d and two 3d settings are shown
in fig. 6.21, 6.22 and 6.23, respectively.

Qualitative analysis of the results showed that the method is stable for simulations including the entire
Santorini caldera (fig. 6.23) and that it predicts real diffracted waves related to the presence of steep2870

caldera cliffs (fig. 6.21).

6.6 Field-data example

No field-data application of the immersed-boundary has been published to date in the seismological
literature. To fill this gap, a marine-land dataset at Santorini volcano acquired in the PROTEUS exper-
iment (Hooft et al., 2017) was used.2875

An explicit, time-domain solver of the acoustic, isotropic, 3d wave equation of the FULLWAVE3D pack-
age (Warner et al., 2013b) was used for modelling. A compact (5 × 5 × 5) operator was used with a
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Figure 6.21: Wavefield snapshot after 3 s of the simulation using a 2d topographic surface cut horizont-
ally through the center of the Santorini caldera, homogeneous model with vp = 1500 m/s and Ricker
source wavelet with fpeak = 3 Hz.

Figure 6.22: Numerical experiment involving a 3d fragment of the Santorini caldera: (left) three levels
of ghost nodes coating the free surface; (top-right) wavefield snapshot sliced above the sea-level – the
righthand part of the wavefield with the inverted polarity is the ghost wavefield; (middle-right) free
surface topography measured in grid nodes below the top of the model; (bottom-right) data recorded
by receivers located in the in-line direction across the center of the domain, below the sea level.



CHAPTER 6. MODELLING IRREGULAR BOUNDARIES 139

Figure 6.23: Wavefield snapshots of the simulation using a 3d topographic surface of the Santorini
caldera. The 2d cross-sections were cut through the centre of the Nea Kameni island in the middle of
the caldera. All boundaries are reflecting to test the stability of the scheme in the presence of strong
multiples.
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Figure 6.24: Acquisition geometry of the first field-data example. IDs of the OBS and the shot-line used
in fig. 6.25 and 6.26 are highlighted in yellow. Modified after J. Morgan and M. Paulatto (unpublished).

Figure 6.25: Wavefield snapshot from the first field-data example, superimposed over vP model, sliced
in the in-line direction through the source (OBS 160). Inset – data-derived source wavelet in the time
(left) and frequency (right) domain.

nominal accuracy of 4th order in space, 2th order in time, least-squares-optimised to give the effective
accuracy of about 6th order in space, 4th order in time. This sets an approximate criterion for spa-
tial discretisation to about five (down to four) grid nodes per wavelength. For the chosen, low-order2880

stencil, stability considerations constrain the ratio dx/dt to be at most 1/2. Values of dx = 50 m and
dt = 0.0025 s (2.5 ms) were used. The former allows for accurate modelling in sea water with source
frequency up to 6.5 Hz.

6.6.1 Long-offset OBS data

In the first case study, the effect of irregular land topography on long-offset OBS data was analysed. A2885

large domain of 60× 20× 6 km comprising most of the Santorini caldera and 49 OBS stations (recip-
rocal sources) was considered (fig. 8.5). Using dx = 50 m, the model reached 1201 × 401 × 121 grid
nodes counted without absorbing boundaries which were 20-node thick each. Simulated time was 5 s
corresponding to 2000 time steps.

To determine the effect of the land topography on the OBS data, two different vP models were used2890
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Figure 6.26: Interleaved observed and synthetic data in the first field-data example shown for OBS 160
and shot line no. 26. Left – model with the flat free surface. Right – model with actual topography
simulated using the immersed-boundary method. Vertical axis – no. of time-samples (dt was 0.0025
s).

in the forward modelling. In the first, the topography was fully included, with the sea level at the 18th
node from the top of model. The second model had the topography chopped at the sea level and
comprised 113 nodes in the vertical direction.

The IB simulation proved to be stable in the presence shallow model heterogeneities reaching the steep
cliffs of the Santorini caldera (fig. 6.25). No clear spurious diffractions related to the free surface can2895

be identified. The synthetic data calculated using full topography simulated with IB match the field
data better than in the flat-topography case (fig. 6.26). Unlike in the latter, the early arrivals are not
cycle-skipped. This shows that approximating the land topography with a flat surface is not sufficient
for FWI, even for long-offset OBS data.

6.6.2 Short-offset land data2900

In the second case study, simulation of short-offset land data recorded around the Kameni islands
inside the Santorini caldera (fig. 6.27) was performed. The main objective was to test the injection of
surface sources (sect. 6.4).

A small domain, about 4.5×6×5 km in size, comprising 3 land and 3 OBS stations, was used. Here, only
the land stations are analysed. In the simulation they were used as reciprocal vertical-force sources (see2905

ch. 5) injected with the scheme described in sect. 6.4. Fig. 6.28 shows the wavefield snapshots zoomed
at all three reciprocal sources. The radiation pattern is characteristic of the land injection with ghost
wavefield above the free surface, following the topographic relief, and the ordinary wavefield reflected
into the subsurface.
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Figure 6.27: Acquisition geometry (left) of the second field-data example (red rectangle), on land sta-
tions were analysed (red dots). Right – position of ghost nodes of teh first level.

Figure 6.28: Wavefield snapshots from the second field-data example sliced through stations 825, 829,
822 (from top to bottom) with YZ, XZ and XY planes (from left to right).
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6.7 Conclusion2910

6.7.1 Computational cost

The computational cost of the implemented immersed-boundary method is split between the pre-
calculation of the ghost data and source weights, and the time-stepping. The former is done once per
case study, but the latter is repeated at every FWI iteration and is a possible source of extra computa-
tional cost. Both are analysed below in more detail.2915

Extrapolation data The calculation of ghost data took less than hour on an Intel(R) Core(TM) i7-
6700 CPU @ 3.40GHz machine with 32 GB RAM, for the largest Santorini models discussed in sect.
6.6.1 using three ghost levels. In these experiments ghost nodes were found in the whole extended
domain, including the flat sea surface and absorbing boundaries which is much more than is actually
needed normally. This provides room for reducing this time easily, by contraining the ghost calculation2920

to the land area (see sect. 6.2.4). The absorbing layers should not be depended upon anyway, as they
are runfile parameters that should be flexible to change without a need of re-calculating extrapolation
weights. Note that these tests were run as a standalone immerse code on a local machine. It can,
instead be run on a cluster from a FWI code, as such a routine is provided by the interface module of the
immersepackage. Once the pre-calculation has been done, a binary file with necessary data is dumped2925

and the next time the FWI code is started, it will read the file instead of redoing the precalculation.

Sources and receivers The calculation of source weights is even faster. For Santorini this is because
the prevailing number of stations is the airgun shots which require only one iteration of the source-
cube calculation (see sect. 6.4) as the sea surface is assumed to be flat. The OBSs do not require iter-
ating at all, as they are deep enough so that their source region do not intersect the free surface. The2930

only stations that need more than one iteration are the land stations, but their number is usually much
smaller than the OBSs.

Parallelisation If the computational performance of the pre-calculation is still of concern, e.g. in
a case of very large land model, or multiple, non-stationary irregular sea surfaces (see sect. 6.7.3), it
can be optimised as both, ghost-data and source-weights calculation are easy to parallelise. In the2935

case of the ghost-data, weights of different ghosts are effectively uncoupled17 and can be parallelised
usingOpenMP. One needs to split one of the bottleneck-loops, e.g. point-projection loop, intonthreads
chunks. For source-weights, the code could be either ported to Fortran or optimised using Numba

which seems like the most straightforward way to do.

Memory In terms of memory, the size of the ghost data is proportional to:2940

k

2
((N1/3)2)2 =

k

2
N4/3, (6.45)

whereN is the number of grid points and k is the scheme order. The number of ghost levels is unlikely
to exceed k = 5 for most accurate schemes used today. The size of source weights is proportional to

((N1/3)2)3 = N2, (6.46)

since usually a fixed, scheme-independent width of the source region is used.
17The coupling is addressed implicitly by the iterative update.
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Extrapolation During time-stepping, a possible bottleneck introduced by the IB method is the iter-
ative update. A computational complexity of a typical d-dimensional time-domain FD code is:2945

O
(
N

d+1
d

)
, (6.47)

whereN is number of grid points. In 3d, the complexity of the time-stepping is then of the order:

O
(
N

4
3

)
. (6.48)

A number of ghost nodes scales as a surface area Nd−1/d and is proportional to the scheme order k
which one writes jointly as∼ k

2N
d−1/d. Number of times steps scales asN1/d because of the CFL cri-

terion. Denoting a number of iterations for the ghost-update to converge as n, one finally obtains the
computational complexity of the immersed-boundary method asO

(
nk2N

d−1/dN1/d
)

or in a simpli-2950

fied form:
O
(
k

2
nN

)
, (6.49)

where n is the number of iterations in the recusrive update, and k is the order of the FD scheme. Com-
paring eq. (6.48) and (6.49), and remembering that N is a total number nodes (i.e. N ∼ a3, where a
is an average number of nodes in a single dimension), it becomes clear that the cost of the immersed
boundary is a small fraction of the basic time-stepping algorithm, even for n > 10, which is unlikely2955

to be needed even for most complex examples of real surfaces.

6.7.2 Summary

The improved immersed-boundary method of Hu (2016) was extended to handle realistic 3d geomet-
ries and seismic sources located arbitrarily close to the free surface. It allows for accurate simulation of
the irregular free surface using finite-differences addressing two important problems: 3d orthogonal2960

point-projection and injection of source energy near/at the free surface. Experience shows that the key
steps of the method are – representation of the surface consistent across the whole workflow, accurate
point projection and stable non-overshooting interpolation method used in the wavefield extapola-
tion. The method is both usable and useful, as summarised below.

Usability It can be added to existing FWI codes with minor modifications thanks to modular design2965

of the code. The method was implemented in Fortran90 as a standalone program performing the
precalculation of extrapolation data and a thin API to interface it with third-party finite-difference
solvers wave-equation solvers. The implementation was tested on a highly parallel, industry-standard
FULLWAVE3D code by Warner et al. (2013b) and a 3d marine-land field dataset from the Santorini vol-
cano (Hooft et al., 2017).2970

Usefulness Numerical experiments proved the method to be stable, accurate and have a low compu-
tational cost compared to the wavefield propagation far from the boundary. Its superior accuracy rel-
ative to flat approximation has been shown for cross-borehole synthetic study and surface-aquisition
field-data example. Its superior accuracy relative to vacuum method has been demonstrated in the
tilted-plane numerical test (fig. 6.19) and its stability for the sinusoidal surface and all boundaries2975

reflecting. With appropriate data processing, acoustic FWI augmented with immersed boundary and
accurate source injection should allow for improving models when inverting challenging land or mixed
land-marine datasets.
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6.7.3 Next steps

Arbitrary geometries Handling caverns, overhanging walls, mines, karst, bone surfaces (in medical2980

imaging) i.e. allowing the free surface to be an arbitrary surface, not necessarily the explicit function
z = f(x, y), can be easily achieved by modifing the algorithm of classifying the nodes. The dot product
with an outward normal vector of the nearest surface patch will discriminate between the interior/ex-
terior (Mittal et al., 2008).

Time-varying surfaces In general, the movement of the sea-surface can be ignored when inverting2985

marine seismic data. In high-frequency studies of the near-surface, for example when locating offshore
windfarms, the movement of sea between shots affects the source and receiver ghosts and needs to
be taken into account. This creates a large amount of information to pass around. Additionally, for
sources and receivers close/at the free surface, one needs to carefully calculate spreading factors. In the
case of multiple surfaces there has to be associated metadata providing a link that connects a surface2990

with a given source/receiver.

Rock interfaces In crustal seismology usually no model interface is known a priori with accuracy
better than grid sampling ∆x except for the seabed Warner et al. (2013b). Typically it is dealt with in
an approximate manner using some sort of homogenisation approach which usually involves interpol-
ation (Symes and Vdovina, 2009; Hobro and Rickett, 2014; Yao et al., 2017). Handling model-parameter2995

discontinuities was not analysed in this study. The jump conditions at the interface can be accurately
simulated using a very similar, immersed-interface method (Lombard and Piraux, 2004).

Anisotropy The VTI anisotropy is straightforward to account for with the only difference from the
isotropic case being additional wavefields to handle. The TTI anisotropy, however, involves calculating
mixed partial derivatives which may pose some challenge for the method.3000

S waves Modelling S-waves is typically done on staggered grids. It is challenging because in some
positions of stencil relative to the surface, 0th-order boundary conditions are never imposed on the
velocities, leading to exponentially growing oscillations near the boundary (Lombard et al., 2008).
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Appendix

6.A Vacuum method

The standard vacuum/air-layer method (Moczo et al., 2014) requires: (1) a thin layer of ’vacuum’ coat-3020

ing the model (2) a thick absorbing layer coating the vacuum layer. The vacuum layer needs to be at
least k nodes thick, where k is the order of the FD scheme (half-width of the FD stencil) and have a
very low value of the acoustic impedance ρv. This is typically achieved by setting the density close to
0 as the velocity needs to be rock-like to retain the numerical stability, unless small ∆x or large ∆t are
used which is rarely a feasible option.3025

Instead of modifying the velocity and/or density model, an alternative approach is proposed here. It
consists simply in setting the wavefield above the free surface to zero. This is similar to the modified
image method of Robertsson (1996) who proposed the particle velocity to be set to zero above the
free surface. Although the staircasing error is not avoided, this approach is fast and may be accurate
enough e.g. when simulating OBS data or when finer grids can be afforded (see appendix 6.C). As a3030

’by-product’ of the immersed-boundary method (see sect. 6.2.7), it does not require any additional
coding. In the IMMERSE code, the vacuum method is activated by setting the vacuum runfile parameter
to 1.

6.B IMMERSE software

The immersed-boundary method described in sect. 6.2 and 6.3 was implemented as a stand-alone3035

package written in the Fortran90 programming language.

For portability, the code was split into two basic units: a pre-calculator and an extrapolator (compare
alg. 6.1). The latter has a form of a thin interface that uses the output from the pre-calculator and
extrapolates the wavefield. It can be quickly rewritten to other languages like Python. This interface

Figure 6.29: Flow of data in the IMMERSE software. The source-injection pre-calculator is implemented
in the HicksPy code (sect. 5.6).
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Figure 6.30: Acqusition geometry of the numerical experiments performed to study the convergence
of the IB method. The cross-sections at y = 500 m are shown. The black star, circle and curve denote
the source, receiver and irregular free surface, respectively.

was used to extend functionality of WAVEFOR2D (L. Guasch, unpublished) and FULLWAVE3D (Warner3040

et al., 2013b) codes beyond purely-marine experiments. The latter package has been widely used for
marine data by the exploration industry, and now it can also be applied to land, or marine-land data-
sets, such as the ones acquired in the PROTEUS (Hooft et al., 2017) or Hikurangi (e.g. Gray et al., 2019)
experiments.

6.C Convergence tests3045

A numerical scheme is said to be convergent if, for an increasingly refined grid, the corresponding
series of solutions approaches a certain limit. If this limit is the solution of the continuous equation
being solved, the scheme is consistent, and the rate of convergence defines the accuracy of the scheme
(Strang, 1986).

The convergence of the implemented immersed-boundary method was investigated by performing3050

a suite of numerical experiments using increasingly refined grids. The same FULLWAVE3D kernel was
used as the one for the inversion of the PROTEUS field data. A simulated time of 2 seconds was discret-
ised using a 0.001 s time interval. A fixed domain of a homogeneous (vP = 1000 m/s) model extended
from 0 to 1000 m in all directions of a 3d regular grid. Three different grid intervals: 10 m, 5 m and 2.5 m
were used, resulting in a 401×401×401 grid for the last case. Two types of an irregular free surface were3055

investigated, both constant along Y and sinusoidal in the XZ plane, with the peak-to-peak amplitude
of 100 m and the wavelength along X of 333 m and 143 m, respectively. All other boundaries were also
reflecting but flat. A single Ricker source (with a peak frequency at 4 Hz) located at (500, 500, 450) m
and a single receiver at (500, 500, 250) m were used in all experiments (fig. 6.30).

The reference ’true’ solution was defined as the solution obtained for the finest (2.5-m) grid. The error3060

was defined as the maximum absolute difference between a given solution and the true one. To assess
the effective accuracy of the scheme in the studied domain, a series of simulations with the default,
flat free surface at the top of the model was also performed. Halving the grid resulted in the maximum
error decreased ~10 times (fig. 6.31, top). The performance of the immersed boundary method was
compared against the vacuum mode (appendix 6.A).3065

For both surface shapes, the immersed boundary turned out to have superior accuracy, with the larger
difference in the case of the rougher topography. Apart from the faster convergence, the IB method was
characterised by significantly smaller absolute errors than the vacuum case. The difference was more
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Figure 6.31: Convergence of the results of the experiments from fig. 6.30 to the reference ’true’ solu-
tions. Left: traces observed at the receiver. Right: maximum error normalised to the coarsest-grid case.
The ’ibm’ and ’vac’ stand for the immersed-boundary and vacuum method, respectively, with the grid
interval indicated in the parentheses.
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pronounced for the rougher topography which shows that using the IB method is especially beneficial
in realistic 3d simulations where grids to need to be as coarse as possible for computational efficiency.3070



Part III

Inversion of field data
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7
Input preparation

3075

F
Ull-waveform inversion (FWI) requires three basic pieces of input: (1) high-quality observed1

data, (2) an accurate estimate of the seismic-source wavelet, and (3) a good starting model2.
All three have to be correctly located relative to each other in time and space. Also, the ob-

served data and the source wavelet have to be processed in a consistent manner. The basic require-
ment for a successful transmission3 FWI is that the majority of the synthetic data should match the3080

early seismic arrivals observed in the field data to better than half of the longest inverted period. The
data match depends on the velocity model, source wavelet, station positions and the numerical solver.
Here, the solver is assumed to be accurate for the inverted data. Preparation of the input is discussed
below.

7.1 Metadata3085

Metadata will here refer to the information about data acquisition geometry and timing. All of the
input need to be located in space and time in a self-consistent manner. Data and source traces need
to start at the same time, typically chosen as the time of firing a given shot. Sources and receivers
have to be accurately positioned relative to each other and the model. Both the time origin and station
locations are kept fixed during the inversion and their contribution to the misfit can only be reduced3090

by modifying the velocity structure.

7.1.1 Station positions

The accuracy to which these positions are known is compromised mainly by GPS errors in case of the
airgun shots and sea currents/tides in the case of OBSs (Creager and Dorman, 1982). The average pos-
ition of the ship is typically determined within ±10 m accuracy (Nomikou et al., 2014b). The positions3095

1In seismology, ’observed’ is synonymous with ’field’.
2There are other FWI variants that can do without the last two ingredients (with a varied degree of success), discussion of

which is beyond the scope of this chapter.
3The transmission FWI focuses on early-arriving, forward-scattered (refracted) waves (Mora, 1988).
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of the land stations are constrained only by the uncertainty of the GPS which is assumed to be negli-
gible given the accuracy of modern GPS devices.

Relocation method Typical OBS position uncertainty was estimated by Heath et al. (2019) to be±10
m vertically and±4 m horizontally and will here be assumed to be 3σ bounds on these errors. As the
source array was only 15-metre long (fig. 3.2), its deviation from the intended towing position behind3100

the vessel can be neglected. Given the large number of shots, the problem is highly over-determined
and OBS positions can be very well constrained. Station locations were determined by Heath et al.
(2019) using a least-squares inversion, and placed on the seafloor using the bathymetric map from
Hooft et al. (2017). Here the procedure is assumed to be accurate with the only source of uncertainty
being the assumption that the water velocity is constant. The potential travel-time error related to this3105

uncertainty is discussed below.

Water-velocity error The RMS of water-wave time-residuals was δt ≈ 5 ms for most stations and was
taken as a picking error for these phases (Heath et al., 2019). This value corresponds to the position
uncertainty of δx ≈ 7.6 m assuming δx = vwaterδt and vwater = 1520 m/s.

Sensitivity of travel-time residuals to OBS positioning average water velocity errors can be quantified3110

using analysis of error-propagation (Taylor, 1997). Taking coordinates so that the source is at (0, 0, 0)

and Y axis is along source-receiver plane, we can express the total distance between the source and
receiver as:

L =
√
x2 + z2 (7.1)

Neglecting the ray path curvature, the travel-time is given by:

t =
L

vwater
=

√
x2 + z2

vwater
(7.2)

From the theory of uncertainty-propagation (Taylor, 1997), the travel-time residual can be expressed3115

as:
(δt)2 =

(
∂t

∂v
δv

)2

+

(
∂t

∂x
δx

)2

+

(
∂t

∂z
δz

)2

, (7.3)

with:
∂t

∂xi
=

1

vwater
· xi√

x2 + z2
, (7.4)

where xi is any of the x, z and:
∂t

∂v
= −
√
x2 + z2

v2
water

(7.5)

For position uncertainties from Heath et al. 2019 and 10 m/s of uncertainty in the average water ve-
locity, one gets about 0.01 s of the travel-time error at z ≈ 400 m and x ≈ 2000 m (water depth and3120

maximum offset used in the relocation, respectively).

7.2 Observed data

Processing of the data was aimed at enhancing signal-to-noise ratio (SNR) and excluding data other
than early arrivals. This was achieved by simple filtering and time-windowing discussed below. Other
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Algorithm 7.1 Processing of the field data.
1. Identify the lowest usable frequency determined by incoherent noise.
2. Define the maximum frequency to be simulated on a given grid.
3. Band-pass filter.
4. Time-window around early arrivals.

Algorithm 7.2 Filtering workflow that minimises wrap-around effects. Applied to each trace.
1. Taper both ends.
2. Pad both ends with zeroes.
3. Filter (minimum-phase band-pass Butterworth)
4. Trim the paddings.

Figure 7.1: Low-pass Butterworth filter: (left) power spectrum of a filter with 4 poles and cut-off fre-
quency ofωc = 100 rad/s denoted by the green vertical line. Note the semi-log scale and the flatness of
the passband; (right) amplitude spectrum of Butterworth filters of 1 Hz cut-off frequency and different
order n.

processing steps were not pursued partly because they can damage low-frequency part of the spec-3125

trum, and partly because some amplitude balancing is done by the FULLWAVE3D code (Warner et al.,
2013b). The pre-processing performed by other members of the PROTEUS team is described in sect.
3.2.1.

To ensure that the synthetic data matches the input field data, the source wavelet was extracted from
the processed field data.3130

7.2.1 Filtering

Two kinds of filters were applied to the field data. A high-pass filter to remove the swell noise dominant
in the 1-3 Hz frequency range and a low-pass filter removing the frequencies above 6.5 Hz. The latter
was aimed to avoid numerical dispersion of the wavefield in the water layer sampled at 50 m spacing
(fig. 8.9) when using the low-order FULLWAVE3D solver (sect. 8.3.1). The low-pass filtering could be in-3135

stead applied during the inversion, which would result in a greater flexibility of the workflow as exactly
the same filtering should be applied to the source wavelet (sect. 7.3).

The filtering was applied as a minimum-phase band-pass filter of corner frequencies 2.0-3.0-4.5-6.5
Hz using subfilt program, a part of the Seismic Unix (SU) package (Stockwell and Cohen, 2008). A
distinguishing feature of a Butterworth filter is a maximally flat frequency response of the passband3140
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Figure 7.2: Effect of trace padding on filtering the field data (OBS 108, hydrophone channel, line 29,
trace no. 250); purple – no padding, red – 5000 ms applied to both trace ends.

Figure 7.3: Data filtered (top) with and (bottom) without taper applied prior to the filtering. The dif-
ference indicated by the arrow is quite subtle. The Y axis in time-samples (0.0025 ms each).

(Gubbins, 2004). A power spectrum of a low-pass Butterworth filter is given by:

|A(ω)|2 =
1

1 + (ω/ωc)2n
(7.6)

wheren is the filter order (no. of poles) andωc is a cut-off frequency defined as a point where the power
drops by half (and amplitude by a factor 1√

2
) relative to the maximum value in the passband (fig. 7.1).

This corresponds to 10 log10
1
2 ≈ −3 dB hence the cut-off frequency is also known as the half-power

or -3 dB point. The order of the filter controls the sharpness of the roll-off (fig. 7.1). A high-order3145

Butterworth filter a resembles a trapesoidal filter such as the Ormsby filter (Sheriff and Geldart, 1995).

To prevent the wrap-around effects of frequency-domain filtering (Press et al., 1990), zero-padding was
first applied to both ends of each trace (fig. 7.2). In SU this can be accomplished in two steps: padding
with the trailing zeroes (twice as wide as intended) and shifting in time so that the resulting padding
is the same at both ends. Before the padding, traces were tapered at both ends with a 500-sample3150
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Algorithm 7.3 Muting workflow.
1. Calculate synthetic data.
2. Extract times of the first-arrivals from the synthetic data.
3. Define a top mute as the time of the first arrival and a bottom mute as the top mute plus a time-

window
4. Apply both the top and bottom tapered mutes.

Figure 7.4: Top and bottom mutes with different widths of the sine-squared taper starting at the 100th
and 400th sample, respectively.

squared-sine taper (fig. 7.3) to reduce spectral leakage (Gubbins, 2004). The traces were trimmed to
the original length after the filtering. The full workflow is presented in the alg. 7.2 and the final effect
compared to raw data can be seen in fig. 7.5.

7.2.2 Muting

After filtering, two kinds of mutes, top and bottom, were applied (fig. 7.4). The top mute was intended3155

to remove the noise ahead of the first breaks. The bottom mute was meant to exclude the data other
than early-arriving phases, mostly refractions and their ghosts. Such time-windowing is a key step for
effective transmission FWI. The FWI code does not try to match any parts of the input data that have
a zero amplitude..

The first breaks were obtained by calculating synthetic data through the starting model. They were3160

defined as a first sample with at least 0.01 times the maximum amplitude of the trace. Note that
this needs to be recalculated every time the data is processed in a different way. Current version of
FULLWAVE3D has a capability to extract the first breaks but not yet to mute the data in a way intended
here. If the FWI code had a capability to mute the data after the low-pass filtering at a given iteration,
this would be more accurate and convenient. Ideally, the muting should be the last part of the pre-3165

processing because any subsequent filtering introduces spurious high-frequency oscillations due to
the finite extent and sharp edges of the time-windowed data. This effect is smaller for gently sloping
edges which can be achieved by tapering the mutes.

Here a sine-squared taper was used as implemented in the SU package (program sutaper). Fig. 7.4
shows that in this implementation the tapering starts/stops at a given time sample (instead of being3170
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Figure 7.5: Different stages of processing the field data compared to the synthetic ones shown with a
receiver gather (top panel with 0-7.5 s time on the Y axis) and its amplitude spectrum (bottom panel
with 0-10 Hz frequency on the Y axis). Note the effect of muting on the amplitude spectrum. Arrivals
before/after the direct wave highlighted in green/blue, respectively. Offsets shorter than 5 km excluded
from the inversion highlighted in grey.

centered at it) for a top/bottom mute respectively, always tapering the useful signal inside the time
window. In this way, the effective width of the time-window ∆twin is equal to:

∆twin = (tbot − ttop)− (∆ttop + ∆tbot) (7.7)

where ti are the window edges, ∆ti are the taper widths and i refers to the top or bottom mute respect-
ively. Here ttop was defined as the time of the first break, ∆ttop = ∆tbot = 0.25 s and tbot was defined
so that various time windows ∆twin were obtained as discussed in sect. 8.2.3. Figure 7.5 shows an ex-3175

ample of a raw receiver gather and its amplitude spectrum, along with the same gather after filtering
and muting, as well as the synthetic gather.

7.3 Source wavelet

A seismic source function is a time series that when convolved with the Earth’s response and the re-
ceiver’s response will produce a seismogram recorded in the field. This corresponds to a direct wave3180

(without a ghost etc.) propagated through a perfectly elastic, homogeneous medium, shifted in time
to start at zero and with amplitude corrected for geometric spreading.

In travel-time tomography the wavelet does not need to be known, only the onset time matters. In
migration, It is usually debubbled, and filtered to provide a broadband zero-phase wavelet (Warner
et al., 2013b). Its low-frequency content does not need to be known precisely. This may compromise3185

the accuracy of the final result, but in a ‘linear’ way in a sense that small wavelet errors will translate
into image errors but will not lead to a complete failure (Warner et al., 2013b).

The wavelet can be derived by different methods (Nangoo, 2013):
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Algorithm 7.4 Source-wavelet derivation. See also the flowchart 7.6.
1. Select a number of relatively clean WHOI traces with linear response, within 100-300 m offset

range.
2. Align all to one arbitrary trace, via cross-correlation.
3. Stack them.
4. Calculate the arrival of the first multiple using 1500 m/s velocity and coordinates of the trace

used for alignment.
5. Bottom mute the stacked trace with 50-sample sine-squared taper at the time just before the

arrival time from previous step.
6. Prepare an initial-guess wavelet as a unit spike at time zero, filtered with minimum-phase But-

terworth filter of corner frequencies 2-3-4.5-6.5 Hz.
7. Generate synthetic data in water velocity 1500 m/s model with a free surface.
8. Design a Wiener filter transforming synthetic into observed data in an optimal way in the least-

squares sense.
9. Obtain the new wavelet by convolving the Wiener filter with the initial guess.

10. Generate synthetics using the new wavelet.
11. Compare with the observed trace. Perfect match indicates good performance of the Wiener filter.

Figure 7.6: Flowchart of deriving the source wavelet from the field data using the Wiener filter.
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Figure 7.7: Seismic phases and corresponding impulse response (Green’s function).

• joint inversion for wavelet and velocity model (Pratt, 1999; Virieux and Operto, 2009) – this may
potentially compromise the final model quality;3190

• calculating airgun-array far-field signature – this is the theoretical Langseth source presented in
fig. 3.3. It works well for the bandwidth commonly used in migration which is higher-frequency
than FWI, and should not be trusted when low frequencies are inverted (Warner et al., 2013b);

• extracting of source from the field data.

The last approach was adopted here. The free surface was intended for FWI, so the wavelet had to be3195

deghosted. In a real experiment recording of the direct waves is contaminated by other arrivals. One
can keep their presence to a minimum by looking only at the shortest offsets and using narrow time
windows. This approach eliminates refractions and most reflections, especially for deep water set-
tings (surface multiples arrive outside the window). A ghost (reflection from the sea surface), however,
remains in the data since the airgun is fired just below the sea surface.3200

The deghosting was achieved using the Wiener filter. The workflow is summarised in alg. 7.4 and
visualised in fig. 7.6. There are some practicalities to take into consideration that will now be discussed
in detail.

7.3.1 Theory

Let us assume that observed data dobs at any of the receivers can be expressed, up to the data noise e,3205

as a convolution of the source function s, the Green’s functionG and the receiver response r:

dobs(t) = s(t) ∗G(t) ∗ r(t) + e(t). (7.8)

All of above are the functions of time only as the position is fixed at the receiver. From now on, the
dependence will be implicit for the sake of brevity.

At first, we will not deal with the receiver response. One can incorporate it into s or just assume it to
be a perfect Dirac delta δ(t) for the frequency range of interest. We will, at least initially, neglect e too,3210

so that eq. (7.8) simplifies to:
dobs = s ∗G. (7.9)

This gives a formula for the unknown wavelet:

s = G−1 ∗ dobs, (7.10)

whereG−1 is a convolutional inverseG defined by the identity:

G−1 ∗G = δ. (7.11)
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We do not knowG (orG−1) directly. However, it can be designed analytically, using the known source
depth and assuming all phases arriving later then the source ghost have been muted in the field data,3215

so that the seabed reflectivity does not need to be known. Such an impulse response will consist of
two spikes of opposite polarites separated by the time difference between the direct and source ghost
arrival (fig. 7.7). The inverse can be then calculated using deconvolution (e.g. by designing a Wiener
filter).

Another method, chosen here, is very similar and involves synthetic data simulation. We can generate3220

synthetic data using an initial-guess source s0:

dsyn = s0 ∗G0, (7.12)

whereG0 is the approximation to the true Green’s functionG. It captures the best-guess model of the
subsurface as well as the discrepancy between the true physics and the simplified wave equation used
by the numerical solver. Its inverse:

G−1
0 = s0 ∗ d−1

syn (7.13)

is an approximationG−1 ≈ G−1
0 that can be plugged into (7.10) to give:3225

s = s0 ∗ d−1
syn ∗ dobs. (7.14)

It now becomes clear that the true wavelet can be obtained by convolving the initial wavelet with a
filterw defined as a deconvolution of dsyn from dobs:

w := (dsyn)−1 ∗ dobs. (7.15)

Equivalently,w is a filter that transforms dsyn into dobs:

dsyn ∗ w = dobs. (7.16)

In the absence of noise, w could be found directly from eq. (7.15). In reality, this may not be possible
e.g. if dsyn is not minimum-delay or has notches in the spectrum (Gubbins, 2004). These effects can all3230

be expressed as some error e:

dsyn︸︷︷︸
input

∗ w︸︷︷︸
filter

= d̃obs︸︷︷︸
filter output

= dobs︸︷︷︸
desired output

+ e︸︷︷︸
error

(7.17)

and the problem can be turned into finding a filterw that minimises e in a least-squares sense:

Aw = dobs + e (7.18)

whereAw is a matrix form of dsyn ∗ w and:

A =



a0

... a0

aN−1

... . . .
aN−1 a0

. . . ...
aN−1


(7.19)
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Figure 7.8: Nearest-shot traces for all WHOI stations, unfiltered and aligned on the predicted water-
wave arrival time;. The hydrophone component displays a variable shape of the negative pulse arriving
right after the strongest positive pulse. Station IDs are shown next to the traces. Y axis in seconds.
Modified after Heath (2019).

in which a0, . . . , aN−1 are elements of dsyn. Applying a generalised inverse (Gubbins, 2004) one gets:

w = (ATA)−1AT dobs, (7.20)

whereATA is a autocorrelation of dsyn andAT dobs is a matrix form of the cross-correlation dsyn ? dobs.3235

The autocorrelation is a Toeplitz matrix hence its inverse can be quickly calculated by the Levinson
algorithm (Press et al., 1990). In practice, eq. (7.20) should be damped for stability:

w = (ATA+ λI)−1AT d (7.21)

which can be shown to be equivalent to the water-level method used in the frequency-domain de-
convolution (Gubbins, 2004). The quality of deconvolution depends on the length of the filterw – the
longer the better, sometimes only an infinitely-long filter can reproduce the desired output precisely.3240

However, for a given length,w is always optimal in the least-squares sense.

7.3.2 Workflow

A basic requirement for the observed data is that it should contain a clean direct wave with no other
phases except for the source ghost. This constrains the candidate traces to the shortest offsets for
which the direct wave is the first arrival. At larger offsets, waves refracted in the solid subsurface start3245

to arrive at a similar time as the direct wave, and eventually become the first arrival. On the other hand,
intervals between arrival times of multiples:

t =
2z

vwater
(7.22)

increase with the offset, so they are easier to separate for longer offsets.
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Figure 7.9: Map of the stations from which the traces were selected for stacking and wavelet extraction;
axes scaled in local coordinates (in metres). For some stations more than one trace was used. Inset –
offset distribution of the selected traces.

Figure 7.10: Selected traces (left) before and (right) after alignement using the cross-correlation lag.
Different colors are used only to help discriminate between neigbhouring traces. X axis in seconds.

Figure 7.11: Stacked trace (using all the traces from 7.10) raw (left) and (right) bottom-muted with a
50-samples sine-squared taper at a time just before the arrival of the first multiple; the arrival time was
calculated using 1500 m/s water column) and the coordinates of the receiver same as for the trace used
for alignment. X axis in seconds.
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Figure 7.12: Initial-guess (left) and the final (right) wavelet. The former was defined as a Kronecker
delta at zero time filtered with a minimum-phase filter. X axis in seconds.

(a) (b)

Figure 7.13: Observed (blue) vs. synthetic (red) data generated using (left) the initial-guess and (right)
final wavelet. The traces on the right overlap almost entirely. X axis in seconds.

Following conclusions of sect. 3.2.2, many SIO stations had problems with amplitude clipping. That
is why the selection was limited to the WHOI stations. These stations had their own problems though.3250

Some of them suffered from a non-linear response (fig. 7.8). Eventually WHOI stations with IDs 148,
150, 151, 153, 164, 170, 172, 174, 183, 186, 188, 190 (fig. 7.9) as having similar waveforms of the direct
wave. At least one trace within 100-300 m was picked for each of these stations for further analysis. The
filter could be designed to match all the traces simultanously but instead a stacked traces was obtained
(fig. 7.10 and 7.11).3255

As an initial-guess wavelet a minimum-phase filtered delta function was used (fig. 7.12). It is important
to keep track of all processing steps applied during extraction of the source wavelet as we will need to
apply them to the data prior to the inversion. Here the same filtering was applied to the initial-guess
wavelet as to the field data (sect. 7.2). The corner frequencies were the same as for the field-data
filtering. The trace was also muted to remove the surface multiples (fig. 7.11).3260

To generate the synthetic data (fig. 7.13) a homogeneous 3d model with 1.5 km/s velocity was used. It
was about 10× 10× 10 km in size so that both source and receiver were about 5 km from the nearest
edge. Synthetic data was padded and shifted in time to capture the full length of the Wiener filter. The
implementation of the Wiener filter (7.14) used was a part of the SU package. Numerous tests have
been performed to get a feeling of sensitivity of the filter to the input.3265

The final wavelet (fig. 7.12b) has a sampling rate 0.005 s, same as the raw data, and 2000 samples
which gives 10 s of total time. It perfectly matches the stacked observed trace (fig. 7.13b) and other
first arrivals at slightly longer offsets (fig. 7.15).
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Figure 7.14: Wiener filter used to convert the synthetic into observed data in fig. 7.6b. X axis in time-
samples (dt = 5 ms).

Figure 7.15: Observed vs. synthetic data calculated for OBS 104, line 37 using the final wavelet from
fig. 7.12. Y axis in time-samples (dt = 2.5 ms).
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Figure 7.16: Ingredients needed to build an accurate starting model for FWI.

7.4 Starting model

The ingredients needed to build a starting model suitable for acoustic FWI are shown in fig. 7.16. Below,3270

the process of building such a model is described in detail.

7.4.1 Parametrisation

Acoustic isotropic medium can be fully characterised by two parameters – P-wave velocity vP and
density ρ. Their product called the (acoustic) impedance:

I = ρvP (7.23)

controls the amplitude of a reflection. Such amplitude is proportional to the reflectivity, i.e. the imped-3275

ance contrast (Sheriff and Geldart, 1995). Note that doubling the velocity and halving the density in
some part of medium will produce no reflections at the interface although it will affect the travel-times.
On the other hand, a density contrast in a constant velocity model will generate a reflection without
refracting or changing a travel-time of the wave. The model parameters may vary smoothly (on a scale
of the seismic wavelength) in some parts of the model, and change abruptly at interfaces such as the3280

seabed or land surface.

Model interfaces Assuming that the station positions and source wavelet are accurate, travel-time
residuals are caused in general by inaccurate background velocity model and mispositioned imped-
ance contrasts (reflectivity model). Transmission FWI can only correct the velocity model in a tomo-
graphic fashion, with resolution constrained by a local wavelength. Therefore, features finer than the3285

local wavelength such as sharp impedance contrasts should not be present in the starting model un-
less their position and reflectivity are known with certainty and they can be accurately represented on
a model grid. Usually the only interfaces meeting the above criteria are seabed and land topography.
Here the focus is on the former, dealing with the latter is discussed in ch. 6.

Seabed reflectivity In the study area, seabed reflectivity varies laterally from hard metamorphic3290

rocks to soft basin sediments (Heath et al., 2019). In sedimentary basins, the reflectivity is controlled
mainly by the density difference because typical velocity of shallow seafloor sediments (about 2 km/s)
is not much higher than the water velocity (Nangoo, 2013). On metamorphic ridges in turn, the re-
flectivity is expected to be higher, with contribution from both sharp velocity and density contrasts. In
either case, the seabed is expected to be the strongest reflector in any vertical profile and misposition-3295

ing it can result in considerable phase errors and potential cycle-skipping. The mislocation especially
affects seabed multiples but they were excluded from the inversion. As the data cannot be easily ’un-
skipped’, it is better to first smooth the interface and let the inversion refine it gradually.
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Figure 7.17: Travel-time tomography model of Heath et al. (2019) sampled on a vertically-sheared
200x200x200 m grid. Minimum and maximum value of vP is 1.69 and 9.22 km/s, respectively.

Figure 7.18: Water column velocity profiles (left, with vP [m/s] and depth [m] on the horizontal and
vertical axis respectively) determined from the bathythermographic (XBT) measurements at various
locations in the study area (right, axes in geographical coordinates). Modified after Hooft (2015a).

7.4.2 P-wave velocity

The model of velocity was constructed from the isotropic slowness models obtained with travel-time3300

tomography by Heath et al. (2019) and McVey et al. (2020). The difference between the two is that
the latter used∼ 30k more travel-time picks especially at long offsets across the caldera (McVey et al.,
2020). That allowed to constrain the structure beneath Santorini down to 6 km b.s.l. as opposed to
3-4 km b.s.l. in the former case (Heath et al., 2019). Which one of the tomographic models was used
will be clarified when discussing a specific case study. Here, the model of Heath et al. (2019) is shown3305

(fig. 7.17). As the forward modelling was performed on a vertically-sheared, seafloor-conforming grid
(Toomey et al., 1994), it had to be re-sheared. There are a few caveats related to this procedure.

First, to shear the grid Heath et al. (2019) used the bathymetry map from (Hooft et al., 2017). In the
travel-time inversion 1.52 km/s constant water velocity was used. The bathymetry measured by multi-
beam swath is a two-way travel-time section that needs to be converted to depth using the same water3310

velocity model as in tomography. If this model was different than the one used in tomography, e.g.
the one from fig. 7.18, the seabed would be vertically stretched relative to its true shape. Ideally, ba-
thymetry should be reconverted to depth, or a different water velocity should be embedded in the
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Algorithm 7.5 Embedding finely-sampled seabed on a coarse model grid.
1. Upsample the model vertically.
2. Put the seabed at a nearest grid node.
3. Smooth the seabed interface over an area approximately equivalent to the final grid spacing

doubled.
4. Downsample the model to the desired rate.

Figure 7.19: Starting model of vP (m/s) prepared from fig. 7.17 following alg. 7.5 (left) is characterised
by a smaller topography imprint compared to the original version from Heath (2019). Axes scaled in
local coordinates, in metres.

starting model (fig. 7.18), to make the two consistent. The related error, however, is expected to be
neglible given the shallow water depth in the study area.3315

Second, the seabed used by Heath et al. (2019) was sampled on a 200-m grid laterally4. In FWI a 50-
m grid was used. For this reason, another bathymetric map was created by M. Paulatto with a 50-m
lateral sampling (Paulatto, 2017, accessed 25 Apr 2021). Even though the two used the same PROTEUS
bathymetric data (Hooft et al., 2017) in the area of interest, their shapes were slightly different, most
likely due to different coordinate-transformation procedure used which needs further investigation3320

(M. Paulatto, personal communication). For the time being, the 50-m was used for the re-shearing.

Third, even if the shape of the seabed is known accurately and it is correctly sampled laterally, the
elevation cannot be represented on a model grid which coarse in the vertical dimension. This gives a
first-order discretisation error (Symes et al., 2008) which in the case of 50-m grid reaches up to 25 m.
For this reason the seabed was resampled as in alg. 7.5 resulting in a minor topography imprint (fig.3325

7.19).

The final model (fig. 7.20) derived from the one by Heath et al. (2019) extended from -60 to 64 km
inline, from -14 to 29 km crossline and from -1.5 to 5 km in depth below the sea level (b.s.l.). Sampled
at 50 m in all directions, this gives a 2481 × 861 × 131 cubic grid. A water layer added on top had an
approximately constant value of 1.52 km/s.3330

7.4.3 Density

Although a density model does not influence the travel-times, it can affect a shape of early-arriving
waveforms and producing an apparent phase shift by the interference of different phases in the shallow
subsurface (fig. 4.19 from Nangoo, 2013).

4The original bathymetry had a a finer spacing but it was downsampled.
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Figure 7.20: Starting model of vP (m/s) overlain with the topography of the seabed and land surface
(black line). Axes scaled in local coordinates, in metres.

In the FULLWAVE3D code, a density model does not need to be provided explicitly. Instead, it is calcu-3335

lated as a function of velocity at a current iteration:

ρ = 310 · (vP )1/4 (7.24)

where ρ and vP are in kg/m3 and m/s, respectively. This is a special case of a more general relation
ρ = a · (vP )b derived empirically by Gardner et al. (1974) for shallow-water continental sedimentary
rocks. This relation is enforced for vP > vGardner = 1600 m/s. For the water velocity vwater = 1550 m/s
the density is set to ρwater = 1000 kg/m3. For vwater < v < vGardner a linear interpolation between3340

ρwater and ρ(vGardner) is performed. For v ≤ vcutoff = vwater the model was fixed throughout the
inversion. A more detailed discussion of strategies related to density, including benefits of setting non-
physical values in the water layer, is provided by Nangoo (2013); Silverton et al. (2016).



Appendix

7.A Jupyter notebooks3345

For the sake of reproducibility of the described workflow, each of the above sections is accompanied
with an associated Jupyter notebook. Data and wavelet processing is delegated to Seismic Unix.
Model manipulation to NumPy and SciPy, whereas metadata analytics to Pandas. They are all wrapped
in high-level routines and objects implemented in the FullwavePy package (http://github.com/
kmch/FullwavePy). Advice on how to use the notebooks is described in sect. 8.6.3350
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8
Kolumbo volcano

S
UBMERGED volcanoes of continental arcs are hazardous due to their high explosivity (driven by

magma-water interaction), potential for tsunami generation and proximity of human pop-3355

ulation. To properly assess the volcanic hazard, tight constraints on geometry of underlying
magmatic systems (volumes, depths and connections between melt reservoirs) are needed. Unfortu-
nately, standard geophysical methods have too low resolution to fulfil this objective.

This study applies a state-of-the-art seismic imaging method, full-waveform inversion, to image the
topmost 4 km of the subsurface beneath Kolumbo, an active submarine volcano of the Hellenic arc3360

located a few kilometres away from Santorini, Greece. Kolumbo last erupted in 1650 AD in a violent,
phreatomagmatic1 event, producing several km3 of hydrous, biotite-rich rhyolitic lava (Cantner et al.,
2014; Konstantinou, 2020), gas which poisoned a few tens of people (Nomikou et al., 2014a), and gen-
erating tsunami (Ulvrova et al., 2016).

The final P-wave velocity model reveals previously undetected, strong low-velocity anomaly of ca. -1.53365

km/s relative to the starting model, at around 3 km b.s.l. directly beneath the crater. The effective-
medium calculation shows that the anomaly may be associated with a high-fraction reservoir (magma
chamber) of granitic melt.

The existence of a shallow magma chamber sheds new light on the Kolumbo plumbing system and
continental arc volcanoes in general. It demonstrates that small shallow magma chambers, places3370

where magmas pond prior to reaching the Earth’s surface, may be re-assembled less than 500 years
after the previous eruption.

Key words: back-arc volcanism ·Aegean sea · Santorini volcanic field · full-waveform inversion ·magma reservoir
· submarine eruption · tsunami hazard
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Figure 8.1: Topographic map of the Aegean Sea: (left) regional tectonics from Huff et al. (2021), (right)
zoom into the study area.

Figure 8.2: Hypothesised geological cross-section through the Hellenic Volcanic Arc, from the molassic
back-arc Cretan Basin to the Cycladic Plateau near Ios. The country rock in the topmost 4 km beneath
Kolumbo consists of interlaced metamorphic and non-metamorphic units. Modified after Kilias et al.
(2013).

8.1 Introduction3375

Kolumbo (Coloumbo / Kolombo) is the largest of 23 submarine volcanic cones2 stretching in the NE
direction 7 km from Santorini (fig. 8.1). The crater is 1.7 km in diameter (7 km at the elongated base
at around 504 m b.s.l.), up to 500 m deep, and reaches the height of 18 m b.s.l. The entire Kolumbo
volcanic complex has a height of≥ 1 km and a diameter of≥ 11 km.

8.1.1 Tectonic setting3380

Kolumbo lies in the extensional sedimentary basin of Anhydros (fig. 2.4) bordered by marginal fault
zones: Ios Fault to NE and Anhydros and Amorgos faults to SE. It is part of a longer lineament – the
Christiana-Santorini-Kolumbo (Nomikou et al., 2019).

The edifice is built on top of the 10-15 km-thick continental crust of the Cyclades. The outcrops of the
Palaeozoic metamorphic basement on Ios and Santorini suggest that the host rocks beneath Kolumbo3385

1i.e. involving interaction of magma and water.
2Including four discovered in the PROTEUS experiment (Hooft et al., 2017).
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1879 First mapping of Santorini, including effects of the Kolumbo 1650 AD eruption by
Fouqué.

2006 Discovery of a hydrothermal vent field by Sigurdsson et al.
2006 Discovery of a shallow bright spot beneath the crater in the 2d multi-channel3 seismic

data by Hübscher et al.
2006 Seismicity study by Bohnhoff et al.: most hypocenters found in 6-12 km depth range.
2009 Seismicity study by Dimitriadis et al.: most hypocenters found in 6-9 km depth range.
2010 Local-earthquake tomography by Dimitriadis et al.: low-velocity zone (-5% vS) at 6-9

km b.s.l. offset from the edifice.
2013 ROV4 study of the hydrothermal vent field by Kilias et al.: massive-sulphide deposits

and iron microbial mats.
2013 ROV study of the hydrothermal vent field by Carey et al.: hazard related to

accumulation of dense, CO2 -rich water at the crater floor.
2014 Petrological study by Cantner et al.: calculation of pre-eruption p-T conditions and

volatile content.
2016 Petrological study by Klaver et al.: isotope signature found to be distinct from

Santorini.
2016 ROV study of the hydrothermal field by Rizzo et al.: high 3He/4He suggesting direct

degassing of a MORB-like mantle through lithospheric faults.
2016 Tsunami modelling by Ulvrova et al.: caldera-collapse ruled out as a possible source

mechanism.
2019 Active-source travel-time tomography by Heath et al.; Hooft et al.; McVey et al.
2020 Modelling of evolution of the magma chamber from Dimitriadis et al. (2010) by

Konstantinou: not likely to erupt in 1 ka, unless its radius is smaller than 0.8 km.
2020 Acquisition of 3d multi-channel seismic data by Karstens et al.
2021 Seismicity study by Andinisari et al. refining the results of Dimitriadis et al.: most

hypocenters found in 8–16 km depth range.
2021 Full-waveform inversion (this study).

Table 8.1: Time-line of major studies of the Kolumbo volcano.

consist of pre-Alpine (Palaeozoic) metamorphosed granites, and various Alpine metamorphic and
non-metamorphic units including granites and flysch, covered with Cenozoic molasse interlaced with
volcanic sediments (fig. 8.2).

8.1.2 Current activity

Kolumbo has been the most active source of microseismicity in the region, with earthquake hypo-3390

centres concentrated at 3-15 km depth (Andinisari et al., 2021). It contains an active hydrothermal
field with polymetallic chimneys of sulphides and sulphates. Since its discovery by Sigurdsson et al.
(2006), the interest in studying Kolumbo increased significantly (tab. 8.1). The source of the vigorous
hydrothermal activity involving polymetallic chimneys (e.g. Kilias et al., 2013; Rizzo et al., 2016) was
imaged to be at around 200 metres below the seafloor (Hübscher et al., 2015). The hydrothermal activ-3395

ity is thought to lead to the outgassing of potentially hazardous mantle-derived volatiles (Rizzo et al.,
2016) and also provide nourishment to some marine life (Kilias et al., 2013).
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Figure 8.3: Seismic-reflection time-section through shallow sediments around Kolumbo. The K5 unit
is associated with the most recent 1650 AD eruption. Note the bright spot at about 200 m below the
crater floor (Hübscher et al., 2006). VC – volcanic cone. Modified from Hübscher et al. (2015).

Figure 8.4: P-wave velocity model (in m/s) across Kolumbo obtained by Heath et al. (2019), sliced at
y = 8.75 km. It served as a starting model for this study.

8.1.3 Eruption history

Reflection seismic images revealed cone-shaped units beneath the Kolumbo volcano that are inter-
preted to have evolved through explosive eruptions (Hübscher et al., 2015). A record of three major3400

(K1, K2 and K5) and one or two (K3 and K4) smaller eruptive phases has been recognised (Nomikou
et al., 2016), where K1-K5 are volcanic units produced during different eruptive phases as intepreted
from seismic reflection profiles (fig. 8.3). The total volume of volcanic sediments was estimated to fall
between 13–22 km3 (Hübscher et al., 2015). On a reflection profile across Kolumbo there are phase-
reversed bright spots a few hundred meters below the crater floor (fig. 8.3) which were interpreted as3405

a direct indicator for a gas reservoir by Hübscher et al. (2015).

8.1.4 Magmatic system

Despite its eruptive history, ongoing activity and tsunami hazard (Nomikou et al., 2014a), very little is
known about the magmatic system below Kolumbo, in particular in relation to Santorini. Whereas pet-
rologic analyses suggest the existence of distinct crustal reservoirs feeding these two volcanoes (Klaver3410

et al., 2016), local-earthquake and active-source tomography (Dimitriadis et al., 2009, 2010) indicate
that they may be linked below the surface. Subsurface models of seismic velocity (Hooft et al., 2019;
Heath et al., 2019; McVey et al., 2020) show an elongated low-velocity zone (fig. 3 of McVey et al. 2020) at

3In this method, multiple source-receiver pairs which image the common mid-point (CMP) in the subsurface are stacked
to enhance the S/N ratio.

4Remotely-operated vehicle.
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about 3-km depth below surface along the so-called Kolumbo line of volcanoes between Santorini and
Kolumbo. This low-velocity zone correlates with reflection-imaged faults (Nomikou et al., 2016) and3415

dikes in the walls of Santorini caldera (Heath et al., 2019). Whether the two volcanoes are connected,
however, remains unclear due to resolution limits that are inherent in travel-time tomography. Apart
from that, McVey et al. 2020 did not confirm the presence of crystal mush zone at 5-7 km depth repor-
ted by Dimitriadis et al. (2010), nor any other, more shallow, reservoir of melt. Such reservoirs would
also be difficult to image using conventional seismic reflection data due to the structural complexity3420

of the volcanic caldera close to surface.

The depth of the magma chamber beneath Kolumbo submarine volcano was estimated to be at around
5-7 km depth using local earthquake tomography (Dimitriadis et al., 2010) and geochemical analysis
(Konstantinou, 2020). The model presented by Hooft et al. (2019) contains slightly reduced P-wave
velocities (relative to the average 1d model of Anydros metamorphic block) at depths greater than 23425

km b.s.l. directly underneath the Kolumbo edifice (fig. 8.4) but this result was not further discussed by
the authors. McVey et al. (2020) who utilised data from the same experiment but with longer offests
were able to probe larger depths down to 6 km b.s.l. They defined a linear low-velocity volume (LLV) by
5.3 km/s contour at 3.4 km depth which in their model does not extend to the Kolumbo where velocities
are a bit higher (5.4 km/s). This velocity is consistent with very little to no melt (0-1% volume fraction)3430

in contrast with the low-velocity volume under the Santorini caldera with at least a few percent of melt
(McVey et al., 2020).

Klaver et al. (2016) argues that Kolumbo and Santorini have different magma differentiation history
based on geochemical signature of amphibole fractionation and the assimilation of crystalline base-
ment rocks. Hydrous phenocrysts and high Nb/Yb> 3 and low 206Pb/204Pb< 18.82 seem to indicate3435

that the Kolumbo magmas are more enriched in mantle material. Whereas eruption as soon as four
centuries after the last major event does not seem very probable (the previous eruption happened 22
ka), there is always a possibility of a magma recharge and remobilisation. Although the magnitude
of any eruptions is likely to be small relative to Santorini, Kolumbo still poses a major threat due to a
multitude of possible tsunami-generating mechanisms (Nomikou et al., 2014a).3440

8.1.5 This study

The goal of this study was to refine the travel-time tomography model of the upper 4 km beneath
Kolumbo (Heath et al., 2019; McVey et al., 2020) by means of full-waveform inversion (Virieux and
Operto, 2009) using data collected in the same experiment. The method of choice promised to recover
structure 2-4 times finer than the travel-time tomography, even with the relatively sparse acquisition3445

coverage (Morgan et al., 2016). The inversion was intended to focus on transmission data, i.e. forward-
scattered (refracted) waves (Mora, 1988) which allow to image a wide wavenumber spectrum of the
structure (Virieux and Operto, 2009). The unprecedented resolution was expected to reveal potential
shallow magma reservoirs which could feed the eruptions in coming years.

8.2 Data3450

8.2.1 Acquisition

The data were collected in 2015 as a part of the PROTEUS experiment (Hooft, 2015a; Hooft et al., 2017).
Details of the pre-processing, initial QC, station-positioning, source spectrum, receiver responses etc.
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are given in ch. 3. A short summary relevant for this case study is provided below.

Airgun source Most of the recorded data consist of seismic waves generated by a 36-element, 66003455

in.3 airgun array towed at 12 m below the sea surface behind the R/V Marcus G. Langseth, shot ca.
every 150 m along many profiles over a distance of 2500 km in total.

OBS sensors The data were recorded by 61 ocean-bottom seismometers (OBSs) from Scripps Institu-
tion of Oceanography (SIO) and 30 OBSs from Woods Hole Oceanographic Institution (WHOI). Each
OBS consisted of (1) a hydrophone (High Tech HTI-90-U) with amplitude response to hydrostatic-3460

pressure variation flat between 6-80 Hz and dropping by two-thirds at 3 Hz; (2) a three-axis geophone
(Sercel L-28-3D or Geospace GS-11D, in SIO and WHOI OBS respectively) with amplitude response to
velocity flat above 4.5 Hz and dropping by about two-thirds at 3 Hz. This gives a total of four compon-
ents (p, vx, vy , vz) recording 60 s of signal sampled at 200 Hz.

Instrument response Even if the frequency is in the non-flat, rolling-off part of the spectrum, the3465

amplitude-drop tends to affect both signal and noise equally, keeping S/N ratio more or less constant.
Relative amplitude differences at different frequencies were expected to play a minor role when invert-
ing frequencies in a progression from lowest to highest. This is because at each step of such progression
the band-width of the data are increased only by a small amount (0.5 Hz in this study) and the inver-
sion iterates until convergence (after 20 iterations the fit changes very slowly) before the bandwidth is3470

increased again. In this way, bandwidth of data inverted at each step is narrow and thus less affected
by the amplitude roll-off.

8.2.2 Data subset

The PROTEUS acquisition described in the previous section covered a large area and gathered a sub-
stantial amount of data. In principle, one could attempt to constrain the entire model domain by in-3475

verting all the data. In practice, this may not be feasible because FWI requires a careful input pre-
paration and extensive quality control at every stage of the workflow (Morgan et al., 2013). Instead,
the approach followed here was to use the smallest possible subdomain of the experiment (and the
corresponding data subset) that had a potential to sufficiently image the target. This is because:

• small datasets can be visually inspected and hand-picked,3480

• small models allow for extensive parameter testing in a reasonable computational time.

The process of selecting such a data subset and model subdomain (box) is described below.

Constraints As this study was targeted at the topmost 4 km of the subsurface (sect. 8.1.5), this puts a
constraint on a minimum offset. The rule of thumb mentioned in sect. 4.4.2 suggests that a minimum
offset of 12 km, and more realistically about 15 km, is needed to illuminate the subsurface down to the3485

intended depth of 4 km. Another constraint comes from the proximity of the Kolumbo to the Santorini
caldera. The lateral extent of the model was limited by the topographic relief of the island. Otherwise,
one would have to either invert also the land data which has proven to be quite challenging (see ch.
6), or include regions of very sparse OBS coverage5. Benefits of a few (if any) clean, long-offset traces

5In general extending the model into regions of sparse coverage makes the inverse problem more mixed-conditioned. Some
parts of the model (hopefully the target) might become better constrained, whereas others, most likely the ones just appended,
are going to be poorly constrained, if at all.
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Figure 8.5: Acquisition geometry of the domain of study (black rectangle) with the coverage density
represented by lines between sources and receivers with offsets up to 20 km. The local system of co-
ordinates was based on the Universal Transverse Mercator coordinates rotated 25.5◦ counterclockwise
from north with the centre (0, 0) m at ca. 36.4◦N, 25.4◦E. Red and blue triangles denote OBSs from
WHOI and SIO pools, respectively. The leading digit ’4’ is not shown in the station numbers. Shots are
marked by black dots with line numbers in white squares. The large white rectangle denotes a potential
extension of the domain for future inversions.

recorded by intracaldera OBS 4140 and 4160 (fig. 3.4) do not seem to outweigh the computational cost3490

of the larger model domain. Thus, it was decided to effectively move the target from the centre towards
the top-left corner of the model box (fig. 8.5).

Model box Given the above constraints a few different caldera-bounded boxes were investigated by
synthetic tests in terms of illumination of the target area. The best trade-off between a computational
cost and target illumination was found to be provided by a 17× 18× 4 km box (fig. 8.5) corresponding3495

to the local coordinates of x ∈ [8, 25] km in-line, y ∈ [−3, 15] cross-line, and z ∈ [0, 4] depth b.s.l. It
contains 16 OBS stations (including six WHOI and ten SIO instruments) and 1505 shots which gives
24,080 traces per component. All of them have acceptable quality of the hydrophone component and
all but one on the vertical velocity component which gives a total number of traces reaching 46,655 of
varied, but overall relatively high data-quality. In this study, the focus is on the hydrophone component3500

only (denoted by ’4’ in the leading digit of the station number). The inversion of geophone component
is presented in ch. 5 and the joint inversion of hydrophone and geophone data is the subject of current
work.

Water depth A maximum water depth in the selected model box was ~500 m with most shots and
receivers located in areas of 250-450 m water depth (fig. 8.6). This relatively shallow water caused Pg3505

refractions to become first arrivals at offsets shorter than 5 km (fig. 7.5) and the multiples to arrive quite
early (around 0.67 s, assuming vertical ray paths and 500-m water depth) after the primary pulses.

Coverage The maximum offset contained the model box was 20 km but it was reached by few traces
(fig. 8.7). Most traces fell in the 10-15 km offset range (fig. 8.1). There was a good azimuthal coverage
for offsets up to about 15 km as a result of a square-like shape of the domain and relatively regular3510

acquisition geometry. As in most other parts of the experimental domain, shots were about 150 m
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Figure 8.6: Histogram of water depths at shot positions in the study area. Most shots were fired in water
of 250-450 m depth.

Figure 8.7: Histograms of source-receiver offsets for every OBS (semi-transparent colourscale) in the
study area.
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apart with shot-line spacing of about 1 km. OBSs were about 5 km apart and although it was as dense
as possible in the PROTEUS experiment, data sparsity was expected to be the main factor controlling
the performance of the inversion. A case study with similar acquisition features (though a slightly
denser shot coverage) was published by Morgan et al. (2016).3515

Time duration Acquisition geometry and velocity of the subsurface both control duration tmax of
seismograms required to record arrivals of interest. At minimum, this should be the time of the latest
first arrival time of the latest first break plus the width of the applied time window. Choice of such
a window is discussed in 8.2.3. To save computational resources, tmax was optimised to include just
the entire time window for all the traces but no arrivals beyond that window. The optimum value was3520

found to be 5 s.

8.2.3 Processing

The data were only minimally processed in order to preserve the low-frequency part of the spectrum
(Warner et al., 2013b). Above-mentioned low and high-pass filtering was applied simultaneously as a
minimum-phase frequency-domain band-pass filter with corner frequencies 2.0 – 3.0 – 4.5 – 6.5 Hz.3525

Details of this procedure, involving tapering and zero-padding the traces, as well as the implementa-
tion of the filter are described in sect. 7.2.

High-pass filter Analysis of phase plots generated for the 60-km-long box (fig. 8.8) revealed that the
S/N ratio was low up to frequencies lower than 3 Hz due to the presence of swell noise affecting shal-
low ocean-bottom seismometers. A higher S/N ratio characterised the 4 Hz cut-off, but it is desirable3530

to start at the lowest possible frequency to first adjust the low-wavelength features of the model. As
expected, longest offsets had overall lowest S/N ratio but the noisy traces were not pervasive enough
to justify clipping the offset to some maximum distance. Clearly, the 2-Hz frequency was much more
dominated by noise for almost all stations, and hence unusable. The 4-Hz frequency exhibited sim-
ilar or better S/N ratio compared to 3 Hz, but eventually the latter was chosen to avoid cycle-skipping3535

and enhance long-wavelength updates as explained in sect. 8.2.3.The amplitude rolled off at about 18
dB/octave, falling below instrument nominal cut-off frequency at 2 Hz.

Low-pass filter Initially, to avoid potential problems with higher-frequency noise, e.g. a 6-Hz ringing
noise detected on all four channels and not correlating with atmospheric conditions or boat traffic
(Heath et al., 2019), low-pass filtering cutting off frequencies above 6 Hz was performed. The intention3540

was to relax this later to include higher frequencies in the inversion (see sect. 8.6.2).

Time window As mentioned before, only early-arriving refractions were planned to be inverted. Other
arrivals, including direct (water) waves, primary reflections, free-surface multiples, P-S-P converted re-
flections, etc., increase non-linearity of the forward problem making the Born approximation utilised
in the inverse step less valid. Excluding deeper reflections was done by applying a bottom mute. An3545

additional, top mute was also applied to remove noise ahead of the first arrivals. The procedure requir-
ing a knowledge of the first-break times is discussed in detail in 7.2. Two time windows were tested,
with lengths of 1 and 2 seconds, and with 0.25 s tapers at both ends. The 1-sec window contains the
higher-amplitude part of the early-arriving wavefield, whereas the 2-sec window includes its full coda
(fig. 5.18). The results in sect. 8.4 are shown for the 1-sec window.3550
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Figure 8.8: Phase plots (Shah et al., 2012a) used to determine the minimum invertible frequency. Each
dot represents a phase residual (phase of synthetic data minus phase of observed data, wrapped into
[0, 2π) rad interval) of the signal extracted at 2, 3 or 4 Hz (from top to bottom, respectively). Colour scale
from−π (blue) toπ rad (red), green denoting a zero residual, and thus good data fit. Incoherent colour
variations indicate low S/N ratio. Note that the noise affects the long-offset data at each frequency.
White star denotes the location of the OBS. Axes scaled in local coordinates in metres.
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Offset window The traces with source-receiver offsets smaller than 5 km were excluded from the
dataset. The first arrivals in this offset-range consist of water waves and subhorizontal head waves
refracted in the seafloor sediments (fig. 7.5). They have large amplitudes that would dominate the
inversion and they are sensitive to the seabed topography and shallow velocity structure which are not
resolvable with this sparse dataset. The value of 5 km was determined as a minimum value valid for3555

all the stations contained in the domain. For some stations this may be overestimated, but having a
single, station-independent condition is easier to implement. For deeper basins around Santorini this
value may be slightly underestimated. As the SNR was acceptable and the data were not cycle-skipped
for the longest offsets (fig. 7.5 and 8.13), the upper limit for offsets was not imposed.

8.3 Method3560

8.3.1 Synthetic-data calculation

To calculate synthetic seismograms one needs a numerical solver of an appropriate wave equation, a
model and a source wavelet, which constitute the space-dependent coefficients and time-dependent
forcing term of that wave equation, respectively.

Numerical solver An explicit, time-domain finite-difference solver of the acoustic, isotropic, 3d wave3565

equation was used. It is a part of the FULLWAVE3D package developed at Imperial College London and
described by Warner et al. (2013b). Among the suite of implemented finite-difference stencils, the one
selected for this study was a compact (5 × 5 × 5) operator with a nominal accuracy of 4th order in
space, 2th order in time, least-squares-optimised to give the effective accuracy of about 6th order in
space, 4th order in time. This sets an approximate criterion for spatial discretisation to be about five3570

(down to four) grid nodes per wavelength. These numbers are not entirely meaningful without provid-
ing information on propagation distances (Igel, 2016). They were, however, numerically estimated by
the code developers based on the realistic 3d acquisition geometries, with offsets larger than the ones
considered here (FULLWAVE3D manual, unpublished). Therefore, it was assumed that unless the above
accuracy criterion is violated, numerical dispersion will not change the waveform enough to affect the3575

inversion. As the number of shots (> 1000) was much greater than of receivers (16), source-receiver
reciprocity was utilised, labelling sources as receivers and receivers as sources. The sea surface was
simulated as a flat, planar free surface located one node above the top of the model grid. Instead, an
absorbing layer could have been used which would require suppressing all sea-surface-related ghosts
and multiples in the field data and it is preferential in FWI to perform as little data pre-processing as3580

possible (Warner et al., 2013b).

Discretisation Solving the wave equation numerically requires a discretisation of the domain defined
in sect. 8.2.2 either by point-wise sampling or basis functions, the former being a method of choice in
finite-difference schemes like here. The time interval, defined as the maximum time included after
the source origin time (see 8.2.2), has to be discretised as well. The FULLWAVE3D code uses a regular3585

sampling of both space and time with dx (same for all three spatial directions) and dt being their re-
spective cell sizes. A value of dx = 50 m was chosen to allow for accurate modelling in water up to
6.5 Hz (fig 8.9). For computational efficiency, one could downsample the grid down to dx = 75 m for
frequencies up to 4 Hz, but this was not pursued as the model size with a 50-m grid spacing was not
too large. The velocity model has 341 × 361 × 81 grid cells and 401 × 421 × 111 grid cells when ab-3590

sorbing boundaries are included, which is a similar order of magnitude to the 321×261×81 grid cells
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Figure 8.9: Maximum grid sampling (colour scale) for a numerical scheme accurate for at least 5 grid
nodes per wavelength, as a function of the highest frequency of the source (X axis) and the lowest
velocity present in the model (Y axis).

(counted with boundaries) used to invert the Tommeliten data (Warner et al., 2013b). The total com-
putation time for the Kolumbo inversions is shorter, however, as many more shots are included in the
Tommeliten inversions. For the chosen scheme, the stability considerations constrain the ratio dx/dt
to be at most 1/2. The constant quotient explains why computational cost grows as 4th power of the3595

model size (actually as a 6th power, if one considers a growing number of sources, assuming surface
acquistion). Halving dx enforces halving dt for the algorithm to remain stable. The chosen value was
dt = 0.0025 s (2.5 ms) which was half the time sampling of the raw data.

Source wavelet A source wavelet will be defined as a theoretical, source-generated waveform shifted
to zero time, that would be recorded in a far field of a homogeneous 3d space. Note that this definition3600

implies that the wavelet contains no source ghost, but it does contain receiver response and source
radiation pattern. In reality, it is a superposition of a direct wave, a source ghost and other phases
sampling the medium around the station. Errors in the source wavelet may lead to significant artifacts
in the final models (Warner et al., 2013b), so it is essential to either invert for it or estimate it a priori as
accurately as possible. Here the latter was chosen, with the workflow described in detail in sect. 7.3.3605

Starting model One needs only two parameters to fully describe wave propagation in acoustic, iso-
tropic medium (validity of these modelling assumptions are discussed in sect. 8.5.1). These are density
and (P-wave) velocity. In this study, this number was further reduced to one, as the density was cal-
culated from the P-wave velocity according to Gardner’s relation (Gardner et al., 1974). This relation
was estimated empirically for marine sediments and it is certainly less accurate for volcanic products3610

and crystalline basement probed by this survey. This should not be a major issue though, as refracted
P-waves are known to be much less sensitive to density than velocity (Płonka et al., 2016). The model
of velocity was prepared from the slowness model obtained from travel-time tomography performed
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Figure 8.10: Phase residuals (left) at 3 Hz calculated for shots recorded by OBS 4176 and acquisition
from fig. 8.5 with source-receiver offsets< 5 km excluded. The colour scale is the same as in fig. 8.13.
The right figure shows the shots input to the inversion (dark blue) and shots excluded due to being
noisy or cycle-skipped (grey). Axes scaled in grid nodes (dx = 50 m).

by Heath et al. (2019). The procedure is described in more detail in ch. 7.4.

8.3.2 Synthetic vs. field data3615

In order to estimate S/N ratio of the field data and adequacy of the synthetic data, these two datasets
were compared in terms of a phase spectrum of the early arrivals wrapped into [−π, π] rad range (Shah
et al., 2010, 2012a). The method enables a rapid quality assessment of entire shot/receiver gathers at a
set of discrete frequencies. This is much faster than line-by-line or trace-by-trace analysis in the time
domain.3620

Quality of field data Phase plots of observed data were used to detect and further exclude noisy
traces with S/N ratio below a given threshold. In particular, they were used to constrain the usable off-
set range and to guide the choice of the lowest possible starting frequency for FWI. The exclusion cri-
terion was the lack of continuity (lack of coherency) mentioned above. Note that preparation of these
plots requires knowledge of travel times of the first arrivals. They were estimated by full-waveform3625

modeling through the starting model. Furthermore, a manual removal of bad-quality data via lasso-
selector implemented in FullwavePy package was applied for all shot-gathers (fig. 8.10). This was
aimed at contiguous regions of noisy or potentially cycle-skipped data. The rationale was to decrease
amount of noise-related errors mapped into final models as artefacts. Single, isolated traces with ex-
treme values close to±π were omitted as expected to have little influence on the inversion.3630

Adequacy of synthetic data Phase plots of synthetic data (Shah et al., 2012a) can be used for sta-
tions with clean observed data to assess adequacy of the synthetic data. Both adequacy of the input
and modelling method (approximation of wave physics, absorbing boundaries etc.) contribute to the
phase residual and are impossible to separate without further assumptions. Here, it is assumed that
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Figure 8.11: Anomaly recovered (final minus background model) after 60 iterations of inverting syn-
thetic data generated from the same model as in fig. 5.20a. Top left – x slice, top right – z slice, bottom
– y slice. Dashed white lines denote location of slices. Axes scaled in grid nodes (dx = 50 m).

the acoustic solver accurately models the early arrivals (see sect. 8.5.1) from which the phase was ex-3635

tracted, and that the source-wavelet errors can be neglected as shown by the good match of direct
waves (see sect. 7.3). Under above assumptions phase-residual plots can be used to assess the quality
of the starting model, in particular to detect problems with data cycle-skipping. Such problems are in-
dicated by abrupt red-to-blue or blue-to-red6 changes between neighbouring stations. Overall, there
were no signs of cycle-skipping of the refracted waves, even for the longest offsets of the survey (fig.3640

8.13). This suggest not imposing any maximum-offset constraint in the inversion.

8.3.3 Synthetic-data inversion

Initial inversions led to the recovery of a low-velocity anomaly beneath the Kolombo caldera. A suite
of synthetic tests were performed in order to explore how well constrained this feature was, and to
identify an effective inversion strategy for its recovery.3645

True model The background model was defined to be the final model from the travel-time tomo-
graphy (sect. 8.3.1) which will be later used as a starting model in the field-data inversion. The true
model was created by perturbing the background model with a negative low-velocity anomaly of a
spherical symmetry. Anomalies of this kind are a basis of the so called spike test (Rawlinson and Spak-
man, 2016). The recovered anomaly can be thought of as point spread function (PSF) in a sense of Ficht-3650

ner and Trampert (2011). The shape of anomaly was defined as a not normalised, zero-correlation, 3d
normal distribution:

P (x, y, z) = A exp

[
− (x− µx)2 + (y − µy)2 + (z − µz)2

2σ2

]
, (8.1)

where σ = 1 km and−→µ ≡ (µx, µy, µz)
′ was equal to (13.25;8.75;2.75) km or (105, 235, 55) grid nodes

with various peak amplitudesA relative to the background. The following analysis considers the case
6Or another pair of end-member colours for a different colourmap.
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ofA = −0.10. The true model was calculated as:3655

vtrue(x, y, z) = vbckgr(x, y, z) · [1 + P (x, y, z)] . (8.2)

These formulae are also the basis of the recovery tests described in appendix 8.B.

Inversion strategy The data were normalised in a way described by Warner et al. (2013b). This nor-
malisation scheme reduces the effect of wave phenomena not modelled by the selected solver. Water
velocity and seafloor topography were known a priori and thus kept fixed. For dense datasets the FWI
gradient is self-regularising due to contribution of many stations (Warner et al., 2013b). For sparse3660

datasets like here, regularisation is needed. The results show that the inversion introduces spurious
perturbations to the background model outside of the anomaly (fig. 8.11). These artifacts however,
have negligible amplitude compared to the recovered anomaly, and the recovery after 60 iterations is
acceptable (fig. 8.11). This shows that, for the model under study, the true acquisition geometry, model
grid and data processing discussed in sect. 8.2.3, combined with smoothing over 1-2 wavelengths res-3665

ult in a unambiguous recovery of the LVZ beneath Kolumbo. A range of parameter suites related to
frequency, offset and regularisation was inverstigated using similar tests. The final strategy involved
inverting 1 sec of pressure data for offsets> 5 km at subsequent low-pass frequencies of 3.0 to 6.5 Hz
(with a step of 0.5 Hz), running 20 iterations at each frequency block. The data were low-cut filtered at
2-3 Hz which means there is still significant energy in this range, and it affected both noise and signal.3670

The final strategy was applied to anomalies of different sizes and amplitudes (see appendix 8.B).

Parameter tuning The sensitivity to most free parameters of the used inversion code was also tested.
These parameters included different objective functions (L2 and L1 norm of data residuals), model
parametrisations (velocity, slowness), optimisation algorithms (steepest descent, conjugate gradient),
finite-difference kernels (of different accuracy than the one used to generate synthetic observed data),3675

absorbing boundaries. The inversions were stopped after the first block of iterations at the lowest
frequency, to check the quality of the low-wavenumber update. It is well understood that inverting
higher-frequency data usually leads to improvements in models that are already proceeding in the
right direction, whereas models that appear worsen during the low-frequency inversions tend to get
worse.3680

8.4 Results

In this section, results of the field-data inversion are presented. The strategy and parameters derived
in the previous section were applied to the inversion of the field data. The optimal smoothing of the
gradient, however, was again searched for, in the range between 0.5 and 3 local wavelengths. The ra-
tionale for investigating the smoothing again was to check if stronger regularisation might be required3685

when inverting the field data, due to the presence of noise. Other parameters were kept at their op-
timal values as they were considered to be less likely to depend on data quality. A double smoothing
(i.e. gradient smoothed over two local wavelengths) was found to be the best compromise between
model roughness and data fit.
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Figure 8.12: Evolution of the objective function across iterations for each OBS (colour-coded).

8.4.1 Objective function3690

As a first step of assessing the inversion performance, the objective function defined as a difference
between normalised data:

100%

N
·
∥∥∥∥ dobs

||dobs||
− dsyn

||dsyn||

∥∥∥∥ (8.3)

where || · || denotes the L2 norm and N is a normalisation constant, was plotted for every OBS and
iteration (fig. 8.12).

The reduction in misfit across all iterations was significant for all the shots (30-80%). This confirms3695

that all of the OBS stations (reciprocal shots) had usable data of similar quality because noisy data
would be cycle-skipped at the start and barely improve across iterations. Most of the misfit-reduction
occured during the first iteration block with a cut-off frequency of 3 Hz. Rather mild changes of misfit
characterised each of the three iterations blocks with high-cut frequencies in the range 4.5-5.5 Hz (it-
erations 60-120). Station 4177 stands out as showing the least improvement in data fit (fig. 8.12), with3700

the second worst station being its immediate neighbour on the bottom-most shotline, 4178 (fig. 8.1).
Station 4176 which is located on the same shot line, has comparable misfit reduction to the stations
on all the other shot lines.

8.4.2 Data fit

As already indicated by the shot-specific objective function, the data fit, as it progressed across iter-3705

ations, improved substantially for all the stations. The phase-residual plots introduced in sect. 8.3.2
were utilised to track the evolution of the data fit trace by trace. In fig. 8.13 there is no indication of
prominent cycle-skipped regions. Clearly, inversion proceeded in the right direction, with only a few
small, isolated clusters of poorly-fit, noisy data. The most problematic seem to be the traces in the
south-eastern quarter of the domain which will be further discussed when analysing the final model.3710
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Figure 8.13: Phase residuals at 3 Hz for four stations (from left to right: 4105, 4124, 4177, 4178) at
iterations 0 (top) and 80 (bottom). The white star shows the OBS location, the coloured dots show shot
locations.

Figure 8.14: Histograms of phase residual at 3 Hz for OBS 4137 at iteration 0 (red) and 80 (black, semi-
transparent).



CHAPTER 8. KOLUMBO VOLCANO 187

Figure 8.15: Data fit in the (left) time and (right) frequency domain for station 4137, and multiple shot-
lines at the iteration 0, and 80 (top to bottom), filtered at high-cut frequency of 3 and 4.5 Hz, respect-
ively. Each plot consists of interlaced blocks of synthetic and observed traces, 10 traces each, starting
with synthetics. Data are normalised so that the maximum value of each trace is equal to 1. Each
vertical arrow denotes 5 s time-window.

On average, a decrease of about 0.30 rad in RMS of phase residual at 3 Hz across 80 iterations was
observed. The best improvement of 0.70 rad drop from 1.51 to 0.81 rad was for the station 4157, second
best of 0.60 rad drop from 1.46 to 0.86 rad was for the station 139, and the worst, of 0.16 rad drop
from 1.24 to 1.08 rad., was observed for the station 4104. For all stations, and for each iteration block,
the residual decreased between the first and last iteration (fig. 8.13). The reduction in phase residual3715

was smaller for the higher frequencies, which is consistent with the observed changes in the objective
function (fig. 8.12).

The increased match to the field data between the first and last iteration is also visible in the histo-
grams of phase residuals (fig. 8.14). It is indicated by narrowing and centering of the phase-residual
distribution around zero. Additionally, the direction of the observed shift suggests that the average3720

velocity of the model increased between the iterations. i.e. the starting model was overall too slow, at
least as seen by this station.

To further investigate the data fit, juxtaposition of observed and synthetic traces, for both the starting
and final velocity models, is shown in fig. 8.15. Such a way of presenting interleaved blocks of synthetic
and observed traces allows to detect subtle differences of arrival times of particular phase between the3725

two datasets. Fig. 8.15 shows that the inversion led to a significant improvement in the continuity of
both first arrivals and later waveforms. A similar improvement was observed for all stations.

It is worth mentioning that both the phase plots (fig. 8.13) and interleaved traces (fig. 8.15) used the
data in the same form in which contribute to the objective function. That is, after low-pass filtering,
normalisation, spectrum-shaping and all the other steps our code takes to balance them optimally.3730

This allows to determine the misfit of which traces really drives the inversion.

8.4.3 Recovered model

The most important difference between the recovered models and the starting one, already visible after
the first 20 iterations at 3 Hz (fig. 8.16), is the appearance of a distinct low-velocity zone (LVZ) centred
roughly at (13.25; 8.75; 2.75) km. The velocity change relative to the starting model exceeds 20% in the3735
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Figure 8.16: P-wave velocity model (left) and the anomaly relative to the starting model, in % (right),
recovered after 20 iterations at the low-pass frequency of 3 Hz.

LVZ whereas it is less than 15% in all other regions (fig. 8.16). As the LVZ was already present (although
much weaker) in the starting model (fig. 8.4), the contrast relative to a different reference model would
be even more prominent, as shown in sect. 8.5.2. The fact that the velocity under Kolumbo changes
quite dramatically in the first iterations suggests that this part of the starting model was the furthest
from the true structure.3740

The final model recovered after 160 iterations (fig. 8.17) provides a substantial refinement relative to
the starting one. The absolute value of anomaly beneath Kolumbo reaches 1.5 km/s which corresponds
to almost 30% of velocity reduction relative to the starting model in which the medium at the same
depth is characterised by velocities of around 5.0 km/s. Due to the smoothing effect of the inversion,
this value is more likely to be under- than over-estimated. For the same reason, defining the spatial3745

extent of the anomaly is arbitrary. Here the−10% isoline is taken as the approximate boundary of the
LVZ under Kolumbo. It delineates a closed domain of size 2.0× 2.0× 1.5 km, which gives a volume of
6 km3.

Worth noting are two other, much smaller LVZs beneath Kolumbo directly above the main anomaly
discussed in the previous paragraph. The spherical LVZ of 0.5 km radius centred at 1.5 km b.s.l. seems3750

to be connected to the main one by a narrow conduit. The tiny LVZ right beneath the crater seafloor
started to be picked up by the inversion in the last block of iterations at 6.5 Hz. Feasibility of detection
such small features, along with their geological interpretation are discussed in sect. 8.5.

The above mentioned structures are not the only strong negative anomalies present in the final model.
At later iterations another LVZ of roughly similar size appears at (20.0; 4.00; 2.75) km. Unlike the an-3755

omalies beneath Kolumbo, it reaches the surface cutting through a high-velocity block present in the
starting model (compare fig. 8.4 and 8.16). Its velocity is almost 1 km/s greater than the LVZ under
Kolumbo (4.0-4.5 km/s vs. 3.5 km/s). The difference is even more pronounced at the earlier stages of
the inversion (fig. 8.17), suggesting that these two features are of distinctly different nature. It is pos-
sible that this part of the model was cycle-skipped (fig. 8.13) and its recovered properties are not fully3760

credible.
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Figure 8.17: Slices through the final P-wave velocity model around Kolumbo: (top) NW-SE profile at
y = 8.75 km; (middle) SW-NE profile at x = 13.75 km (shown as a perturbation of the starting model);
(bottom) depth slice at z = 2.75 km. Dashed lines show locations of the slices.
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8.5 Discussion

8.5.1 Uncertainty

In this section, the low-velocity zone beneath Kolumbo recovered in the final P-wave velocity model
(fig. 8.17) is proved to be a well-resolved, robust feature based on the theoretical analysis and synthetic3765

recovery tests.

In sect. 8.4 it was shown that the inversion substantially improved the match between the synthetic and
observed data for all the stations and at all frequencies (fig. 8.12-8.15). This indicates that the inversion
converged to some minimum of the objective function but it does not say much, even though the first
model updates look geologically credible, about plausibility of the recovered structures. The latter3770

is typically assessed using independent constraints – wireline logs (Warner et al., 2013a) and seismic
reflection images (Davy et al., 2018). However, there are no boreholes or sufficiently deep reflection
sections available in the area of study. The only reflection image of the target region published so far
(Hübscher et al., 2015) reaches the depth of only 1 km (fig. 8.3). In this situation, the plausibility of the
model was analysed in terms of its resolution, validity of the modelling assumptions and the sensitivity3775

of the recovered structure to different inversion parameters. It was also noted that neither the lowest,
nor the highest rock-velocity of the starting model (2 km/s and 6.5 km/s, respectively) were exceeded
in the final model. As these values are geologically plausible, it is another indicator of the fidelity of the
recovered model.

Modelling assumptions Here, a validity of the modelling assumptions used in the inversion (acous-3780

tic, isotropic, lossless medium) and their expected effect on the recovered structure is dicussed. The
acoustic approximation seems reasonable as the shots were fired in water and most energy generated
was compressional waves. The double-converted waves (P-S-P etc.) were excluded from the inver-
sion by muting the data. Other elastic effects were suppressed, at least partially, by data normalisation
(Warner et al., 2012, 2013b). Significant azimuthal (HTI) anisotropy of the P-wave velocity in the study3785

area was reported by Heath (2019). Clearly, the assumption of isotropy is only a crude approximation,
however, the effects of neglecting anisotropy are known to mainly distort the image by mispositioning
anomalies, but not to severely affect their amplitudes (?). That is why from the point of view of this
study (estimation of melt fraction), taking anisotropy into account is not critical. Accounting for at-
tenuation proved to improve P-wave velocity models in terms of resolution and fidelity, especially in3790

the deeper parts of the recovered models (Calderón Agudo et al., 2018). However, it is not a first-order
factor which would drive a transmission FWI (Warner et al., 2012). Furthermore, with anomalies that
small, their attenuative effect is not expected to be dominant. It is likely to be larger for the data cross-
ing the northern basin of the Santorini caldera (McVey et al., 2020). The above analysis shows that the
presence of anomalies is unlikely to be an artifact due to the modelling assumptions.3795

Resolution analysis As shown in sect. 8.3.3, the resolution of the recovered model is controlled
mainly by the data acquisition geometry, length of the time-window and the local wavelength and
falls somewhere between the travel-time tomography and the best theoretical resolution of FWI. As
the latter is not reached, the model updates were smoothed over two local wavelengths determined
from the best-trade-off criterion (Hansen, 1992). The average local velocity at the depth of the an-3800

omaly is around 5 km/s (fig. 8.17). This gives a local wavelength of λ3.0Hz = 5.0
3.0

km/s
1/s ≈ 1.7 km,

λ6.5Hz = 5.0
6.5

km/s
1/s ≈ 0.77 km in the first and last iteration block with frequencies of 3.0 and 6.5 Hz, re-
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spectively. The best theoretical resolution of the final model would be 1
2λ6.5Hz ≈ 0.38 km (Virieux and

Operto, 2009) but this is likely to be beyond the reach of this dataset, given its sparsity. The gradient
was smoothed over a distance of 2λ (local wavelengths) horizontally and 1λ vertically. Consequently,3805

features of the final model at 2.75 km b.s.l. of a size 1.54 km horizontally and 0.77 km vertically may be
taken the smallest features recoverable with good fidelity. Smaller features would be smoothed – their
spatial extent increased and amplitude reduced. The LVZ of the final model was also present in the
starting model from travel-time tomography but it was much more subtle (Heath et al., 2019; McVey
et al., 2020). The first breaks were picked from the data at 5-25 Hz frequency range. The dominant3810

frequency was probably somewhere in the middle, but let us take 25 Hz to get an upper bound limit
for the resolution. The smallest feature which can be reasonably accurately reconstructed using ray
traveltime tomography, is given by a radius of the first Fresnel zone (Sheriff and Geldart, 1995):

rmin =
1

2

√
πLλ ≈

√
Lλ,

where L is the propagation distance and λ is the dominant wavelength. Taking f = 25 Hz and the
average velocity 〈v〉 = 5 km/s, we get λmin = 〈v〉 /fmax = 5

25 = 0.2 km. Offset of at least 10 km3815

is needed to penetrate down to 2.7-3.5 km depth where LVZ is. Here the distance along-the-ray is
assumed to be equal to the offset, which is an underestimation. This gives rmin =

√
Lλ =

√
10 · 0.2 ≈

1.4 km. Halving the dominant frequency or doubling the distance would give a value of 2 km which is
still smaller than the anomaly size. This suggests that the LVZ in the starting model is relatively subtle
due to smoothing applied during the travel-time tomographic inversion (not analysed here), and/or3820

that the frequency was effectively lower than used in the simplistic resolution calculation above.

Robustness of recovery Another possibility to investigate was whether the recovered anomalies are
not artifacts due to the data noise. To this end, different inversion strategies were tested using input
data with different offset ranges, time windows, and starting frequency, all of which aimed to decrease
the influence of noise in the inversion. The LVZ under Kolumbo proved to be a robust feature that3825

appeared in all recovered velocity models, unlike the LVZ in the metamorphic block which thus will not
be further interpreted. For this reason, the LVZ under Kolumbo seems to be a real geological feature.

Fidelity of recovery The recovered model is a smoothed version of the true vP structure. To invest-
igate the smoothing effect of the inversion, several spike tests (Rawlinson and Spakman, 2016) were
performed using the same strategy and parameters as in the field-data inversion. The rationale was3830

to find a synthetic model that leads to recovery of similar anomaly to the observed one. This problem
is non-unique as there is a trade-off between the size and amplitude of the anomaly. For this, reason
multiple 3d Gaussian anomalies of spherical symmetry and different maximum amplitudes (1%, 5%,
10%, 50% of the starting model) and sizes (full width at half-maximum between 0.2-2.0 km) and were
tested. Fig. 8.18 shows that anomaly as small as 200 m (FWHM) can be recovered provided it is strong3835

enough (here −50%). The recovered anomaly is smeared with the underestimated maximum amp-
litude. Results of similar tests are supplied in appendix 8.B.

8.5.2 Melt fraction

In this section, the effective-medium theory is used to show that the low-velocity (down to 3.5 km/s)
anomaly observed around 3 km b.s.l. at Kolumbo is consistent with a presence of partially molten3840

granitic intrusion of 20-45% porosity with melt-filled penny-shaped voids.
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Figure 8.18: Model recovered after inverting synthetic data generated from the starting model per-
turbed by a spherical LVZ added underneath Kolumbo. An anomaly as small as 200 m (FWHM) can
be recovered, provided it is strong enough (here −50%). The final anomaly is smeared with a slightly
under-recovered amplitude.

To interpret a tomographic model of seismic velocity in terms of melt-content one needs to understand
elastic properties of partially molten rocks. Such rocks are multi-phase (composite) media, consisting
of solid matrix, and pores filled with fluids such as melt and volatiles (primarily supercritical H2O and
CO2). Seismic velocity is a function of density and any two of the elastic moduli7 (Landau and Lifshitz,
1970), for example:

vP =

√
K + 4

3µ

ρ
(8.4)

vS =

√
µ

ρ
(8.5)

and conversely:

K = ρ

(
v2
P −

4

3
v2
S

)
(8.6)

µ = ρv2
S (8.7)

where K and µ8 are the bulk and shear modulus, respectively. The elastic moduli depend primarily
on:

• pressure – usually positively correlated with vP ,
7They all have units of stress as they are ratios of stress and strain (the latter is dimensionless).
8Denoted byG by some authors.
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SiO2 Al2O3 Na2O K2O FeO10 CaO MgO MnO TiO2 P2O5 sum H2O
74.34 13.75 4.77 4.35 1.43 0.86 0.24 0.11 0.09 0.02 99.96 6.50

Table 8.2: Major-element composition of the K5 pumice (fig. 8.3), given on a volatile-free basis and
normalised to 100 wt.%. The sum of major elements without water is 99.96 wt.%. The values are the av-
erage of NA007-058 NA007-071, NA007-073 NA007-075, NA007-085, NA007-090, NA014-019 samples
reported in the supplement of Klaver et al. (2016).

• temperature – usually negatively correlated with vP ,3845

• porosity – usually negatively correlated with vP ,
• composition of solid matrix,
• composition of pore fluids,
• geometric arrangement (shapes and connectivity) of the pores.

Melting the rock changes its elastic moduli and thus the seismic velocity. In general, P-wave velocity3850

increases with confined pressure and decreases with temperature – the normal geotherm will give no
net change of vP with depth (Christensen and Stanley, 2003).

Here, the low-velocity zone will be associated with a partially molten intrusion (alternatives are much
less likely as discussed in sect. 8.5.3). Assuming absence of volatiles9 and compositional homogeneity,
the intrusion constitutes a two-phase system consisting of the solid-rock matrix and the melt entirely3855

filling the pore spaces. Note that under these assumptions, porosity is equivalent to melt-fraction.

Composition The intrusion will be assumed to be a biotite-bearing silica-rich granite, based on the
analysis of volcanic products from the 1650 AD eruption (Cantner et al., 2014). The average major-
element whole-rock composition was calculated from seven in situ samples of 250-m-thick 1650 AD
pumice layer (K5 in fig. 8.3) analysed by Klaver et al. (2016)11. The water content was taken as the3860

middle value 6.5 wt.% of the 6-7 wt.% range determined by Cantner et al. (2014) for different possible
pre-eruption pressures and temperatures. These numerical data, gathered in tab. 8.2, were later used
to derive properties of melt (see below).

p-T conditions Elastic properties of the solid and liquid phases depend not only on their composi-
tion but also on pressure and temperature conditions. The lithosthatic pressure plith at the depth of 33865

km (strongest vP contrast) was calculated to be 66 MPa using:

plith(z) = p0 + g

∫ z

0

ρ(ξ)dξ (8.8)

where g = 10 m/s2 and p0 = patm = 0.1 MPa. The density ρwas calculated from a 1d depth vP profile
averaged over a 10x10 km box centred at Kolumbo using the empirical Nafe-Drake relation quantified
by Brocher (2005) and a value of 1 g/cm3 in the water column. The temperature of solidus Tsolidus of a
hydrous granite at plith was assumed to be 700 ◦C12 from Boettcher and Wyllie (1968).3870

Pore geometry The best bounds for an isotropic linear elastic composite, defined as giving the nar-
rowest possible range without specifying anything about the geometries of the constituents, are the

9Effect of volatiles will be discussed qualitatively. Quantitative analysis is beyond the scope of this study.
10Total ferrous iron is given instead of separate FeO and Fe2O3 oxides.
11This dataset largely overlaps with samples from Cantner et al. (2014), see this paper for a thorough description of the

samples.
12At low pressures like this, the melting curve is negative trending (Boettcher and Wyllie, 1968).
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Figure 8.19: Partially molten olivine grain boundaries in an olivine-basalt aggregate. The light grey
grains are basalt glass, the darker are olivines. Melt resides primarily in large pockets (black arrow),
triple-junctions (white arrow) but also thin layers between grains (double white arrow), the latter two
are poorly resolved in this back-scattered-electrons (BSE) image. Black cracks are a result of quench-
ing. From Cmiral et al. (1998).

Hashin–Shtrikman bounds (Hashin and Shtrikman, 1963). These bounds are too wide (fig. 8.21) for
a meaningful discussion and certain assumptions about pore geometry must be made. The method
used to calculate the effective properties of the two-phase system (see below) assumes a spheroidal3875

shape of pores. A spheroid is a special case of an ellipsoid with two equal semi-diameters. It can be
constructed by rotating an ellipse about one of its principal axes. For spheroidal inclusions, one can
define the aspect ratio:

α =
r3

r1
. (8.9)

Spheroids with α > 1 are called prolate (rugby-ball shape) and with α < 1 oblate (penny shape).
The latter type is expected for melt pockets/films/layers at the grain boundaries (fig. 8.19). The exact3880

aspect-ratio of oblate spheroids for a specific rock like granite is poorly constrained. Here, the values
between 0.05 and 0.5 were considered plausible as discussed by Paulatto et al. (2019).

Properties of solid The properties of the solid matrix were taken as:

vlab
P = 6.25± 0.13 km/s
vlab
S = 3.67± 0.12 km/s
ρlab = 2.66± 0.02 g/cm3

from the laboratory measurements of more than 100 granite samples at plab = 200 MPa and Tlab = 30
◦C (Christensen and Stanley, 2003)13. The P-wave velocity of the solid matrix vsolid

P was taken as a value
vlab
P corrected to correspond to pressure and temperature at the depth of anomaly:3885

vsolid
P = vlab

P +

(
∂vP
∂p

)
T

∆p+

(
∂vP
∂T

)
p

∆T (8.10)

where:
∆p = plith − patm ≈ 66 MPa

and:
∆T = Tsolidus − Tlab ≈ 670 ◦C

13The authors do not report the temperature of rocks explicitly but it can be concluded from the text.
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The sensitivity of P-wave velocity to pressure, (∂vP /∂p)T was assumed to be 2 · 10−4 km/s/MPa after
Rudnick and Fountain (1995) which gives a difference of about 0.01 km/s for the above value of ∆p.
Influence of pressure variations on vP can thus be neglected as a second-order factor. The P-wave3890

velocity sensitivity to temperature (∂vP /∂T )p was taken to be−0.39×10−3 km/s/◦C after Christensen
(1979). This derivative is only valid for temperatures up to 300 ◦C and a more sophisticated calculation
(Paulatto et al., 2019) based on the model of Karato (1993) could be used for higher T . However, fig.
8.31 shows that the potential difference may be expected to be negligible compared to the effect of
other unknowns such as the pore aspect-ratio.3895

Properties of liquid The model of Ueki and Iwamori (2016) was used to calculate the bulk modu-
lus and density of the silicate melt of the composition from tab. 8.2. This model, simpler than but
consistent with the MELTS software (e.g. Asimow and Ghiorso, 1998) widely used in the petrological
community, is based on the Birch–Murnaghan isothermal equation of state:

p =
3

2
K
(
δV −7/3 − δV −5/3

)[
1 +

1

4
(3K ′ − 4)

(
δV −2/3 − 1

)]
(8.11)

where p is the pressure, K is the isothermal bulk modulus at 1 bar and K ′ := ∂K/∂p (both obtained3900

from fits to experimental data) and:
δV :=

V

V0
, (8.12)

where V is a partial molar volume under the given p-T conditions and V0 is a partial molar volume at
the reference pressure pref :

V0 := V (pref , Tref) +

(
∂V

∂T

)
p

(T − Tref). (8.13)

The value ofK is calculated from:

K = − V0

(∂V/∂p)T + ( ∂
2V

∂T∂p )T (T − Tref)
. (8.14)

The unknown parameters are optimised based on the experimental data. The final bulk modulus is3905

obtained fromK by linear extrapolation. Eq. (8.11) was originally developed for cubic crystals (Birch,
1947) but since then successfully applied to various silicate melts (see Ueki and Iwamori (2016) for
references).

For values from tab. 8.2, p = 0.06 GPa and T = 700 ◦C, the obtained values were ρ = 2.114 g/cm3
andK = 8.080 GPa. The subsequent analysis, with one parameter varied and other fixed at the above3910

values, showed that the results are primarily sensitive to the water content, giving ρ = 2.385 g/cm3,
and K = 11.986 GPa for 0 wt.% water, and ρ = 2.060 g/cm3, and K = 7.574 GPa for 8 wt.% water.
Other factors seem to be of less importance, e.g. increasing pressure p = 0.5 GPa (order of magnitude
larger) gives ρ = 2.221 g/cm3, and K = 9.796 GPa. Also, varying the temperature ±100 ◦C has a
negligible effect, yielding ρ = 2.126 g/cm3, andK = 7.864 GPa for T = 600 ◦C, and ρ = 2.102 g/cm3,3915

andK = 8.307 GPa for T = 800 ◦C. Decreasing the silica content SiO2 to 60 wt.% results in ρ = 2.132

g/cm3, andK = 8.224 GPa.

Properties of composite The ’self-consistent’ scheme of Berryman (1980) was used to calculate (fig.
8.20) the effective properties of the two-phase medium. The P-wave velocity predicted for a given melt
fraction strongly depends on the assumed pore aspect-ratio (fig. 8.21). If one takes 0.05-0.5 as a range3920

of plausible values for the effective aspect ratio influencing the seismic velocity (Paulatto et al., 2019),
this gives 20-45% of melt fraction at vP = 3.5 km/s.
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Figure 8.20: Flow of calculation of the effective P-wave velocity using the self-consistent scheme of Ber-
ryman (1980) and the Hashin-Shtrikman average (Hashin and Shtrikman, 1963). The input variables
are in grey ellipses. The Voigt average is an arithmetic mean weighted by volume fractions (Mavko et al.,
2009). The effective velocity is by far the most sensitive to pore-fluid bulk modulus and aspect-ratio
highlighted in yellow.

Effect of volatiles Cantner et al. (2014) reported a volatile content to be 6.5 wt.% (median value14)
based on the analysis of plagioclase-hosted melt inclusion. The presence of volatiles reduces the elastic
moduli of melt and hence of the composite medium. For this reason, ignoring the volatiles leads to3925

overestimation of the melt content (Paulatto et al., 2019). On the other hand, vP observed in the LVZ
of the final model was likely too high due to the smoothing effects of sparse-data FWI leading to the
underestimation of the melt content. Quantifying the relative weight of these two factors will be a topic
of future research. The presence of volatiles in tomographic images may be indicated by low vP /vS

ratio of the effective medium because of the much lower bulk modulus (and hence vP ) of gas.3930

8.5.3 Interpretation

In this section, the vP anomaly under Kolumbo is interpreted as evidence for a small but potentially
eruptible melt reservoir stored as magma rather than mush.

Melt vs. water Similar calculation led Hooft et al. (2019) to a conclusion that the LVZ under the San-
torini caldera is associated with an excessive porosity filled with seawater. In that case, presence of3935

water seems more likely than melt because:

• the Santorini anomaly is much weaker and more shallow (stretching from the seafloor, with the
maximum anomaly at 1.5 km),

14Authors remark that this value may be under-estimated.
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Figure 8.21: P-wave velocity of a two-phase composite calculated with the self-consistent approxima-
tion (Berryman, 1980) in the low-frequency, equilibriated, limit starting with air-filled pores and sub-
sequent fluid substitution according to Gassman’s equation (Mavko et al., 2009). White area denotes
Hashin-Shtrikman bounds (Hashin and Shtrikman, 1963). coloured lines correspond to different val-
ues of the pore aspect-ratio. Sensitivity to other parameters can be found in appendix 8.C.

Figure 8.22: Schematic model of Santorini and Kolumbo magmatic system(s). Not to scale. Modified
after Rizzo et al. (2016).
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• the collapse of the Santorini caldera must have resulted in a large volume of subsided porous
infill, likely to reach the depth of anomaly,3940

• the depth of the melt reservoir at 4-6 km beneath Santorini is relatively well constrained (see e.g.
fig. 3b of Parks et al. 2012) and the presence of another, more shallow reservoir is not required
by the satellite data to explain the 2011-12 inflation (Parks et al., 2015),

• the hydrothermal vents inside the Santorini caldera have low temperature.

The water-porosity seems to be much less likely at Kolumbo which hosts numerous high-temperature3945

hydrothermal vents and where heat and gas fluxes are much higher (Sigurdsson et al., 2006; Rizzo et al.,
2016). The caldera is much smaller, and the anomaly starts at 2.5 km b.s.l. stretching to larger depths.
The velocity reduction is much larger. Furthermore, the deeper melt reservoir is not just as well con-
strained, and its location may be less certain. The local-earthquake tomography model (Dimitriadis
et al., 2010), which forms the basis of all models of the Kolumbo magmatic systems published to date3950

(e.g. Konstantinou, 2020), is not well resolved around Kolumbo (see fig. 8 of Dimitriadis et al. (2010),
including the caption). In the cross-section 7 (fig. 13b and 15 of Dimitriadis et al., 2010), which is usu-
ally interpreted by petrologists (e.g. Cadoux et al., 2014; Cantner et al., 2014), much stronger anomalies
are present between Santorini and Kolumbo, rather than beneath the latter. This is well visible in the
depth sections and the cross-section 5, where the localised anomaly is offset from Kolumbo towards3955

Santorini.

Magma vs. mush The critical porosity (Mavko et al., 2009), or the melt fraction at which the mush-
magma transition occurs (resulting in a step-change increase in melt-mobility) can be expected to be
in 30-50% range (Sparks et al., 2019). For example, it was estimated to be around 35% at Montserrat
(Paulatto et al., 2019). Even the lower bound of the calculated melt fraction 20-45%, may be close to3960

the critical value. For this reason, the reservoir is interpreted as a shallow magma chamber rather
than a mush zone. The small depth enables it to supply the Kolumbo high-temperature hydrothermal
system with sufficient heat (fig. 8.22). One of possible explanations of the presence of melt in the
shallow reservoir only 400 yr after the last major eruption is that the shallow felsic mush zone has been
heated by influxes of more mafic melt from the deeper reservoir reported by Dimitriadis et al. (2010).3965

These recharging events may be partly responsible for the ongoing high microseismic activity around
Kolumbo.

8.6 Conclusion

8.6.1 Summary

Acoustic isotropic 3d full-waveform inversion of early-arriving seismic waves recorded by 16 ocean-3970

bottom hydrophones was used to constrain the topmost 4 km of the subsurface below Kolumbo vol-
cano, the most seismically-active center of the Santorini volcanic field.

The inversion revealed a previously undetected, sharp low-velocity zone of several km3 in volume,
extending from 2 km down to the bottom of the model at 4 km depth. The minimum value in the
LVZ was 3.5 km/s corresponding to−1.5 km/s difference relative to the starting model which already3975

contained the smoothed version of this LVZ.

The effective-medium calculation showed that the anomalous velocity structure is consistent with a
partially molten granitic intrusion of at least 20-45% melt fraction. This was interpreted as a shallow
high-fraction melt reservoir that is ready to feed future eruptions.
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8.6.2 Next steps3980

The results of this study will be compared with newly acquired high-quality multi-channel seismic
reflection data, as soon as they become available (Karstens et al., 2020). Other steps recommended for
future research are listed below.

More data To further constrain the structure under Kolumbo, more data should be inverted. Increas-
ing the amount of data can be done in a few steps:3985

1. increasing the model size to include longer offsets – this should better constrain the low-wave-
number features of the model, although the amount of data with acceptable S/N ratio is limited,

2. adding a vertical component of particle velocity in order to either invert it jointly with pressure,
or stack the final models – this approach may reduce the number of artifacts in the final model
(ch. 5),3990

3. widening the time window – iterating over time-window-width as an innermost loop of the in-
version workflow, so called layer-stripping strategy (e.g. Górszczyk et al., 2017),

4. inverting higher frequencies – it will need reprocessing of the source wavelet and field data (using
higher low-pass frequency) as well as the model (upsampling to dx = 25 m or less).

Less approximation After exploiting the acoustic isotropic approximation to the maximum, some3995

of the modelling assumptions may be relaxed by:

1. anisotropic forward modelling15 – using the HTI model of Heath (2019) which is soon to be pub-
lished in a peer-reviewed journal,

2. (visco)elastic forward modelling – to investigate sensitivity of data to (un)elastic effects associ-
ated mainly with the presence of partial melt and volatiles,4000

3. inverting for attenuation – it may be done using an efficient, semi-global scheme (da Silva et al.,
2019) based on a long-wavenumber approximation of Q which should be enough to address
most of the viscoacoustic effects (Calderón Agudo et al., 2018),

4. inverting unnormalised seismograms – tighter constraints on location, shape and absolute velo-
city of the anomalies will require including true amplitudes of seismograms. To this end, starting4005

models of anisotropy, attenuation and perhaps vS will be necessary (Warner et al., 2012).
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Supplementary information4010

A supplementary Jupyternotebook is available at: http://github.com/kmch/PhD-Santorini-FWI/
notebooks/ch_kol (fig. 8.23). The structure of the notebook follows the one of the chapter and con-
tains commands run to produce many of its figures. It can be launched on http://mybinder.org

by clicking the button at the top of the README.md file of the repository. Binder allows to interactively
run the commands and reproduce the figures16 without a need to have any software installed on a local4015

machine. Thech_koldirectory, apart from the notebook itself, contains small-size files of open-access
15Full-waveform inversion for anisotropy would be a much more challenging task
16Provided the libraries are correctly set up.

http://github.com/kmch/PhD-Santorini-FWI/notebooks/ch_kol
http://github.com/kmch/PhD-Santorini-FWI/notebooks/ch_kol
http://github.com/kmch/PhD-Santorini-FWI/notebooks/ch_kol
http://mybinder.org 
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Figure 8.23: Screenshots of a supplementary Jupyter notebook Kolumbo_volcano.ipynb.

data needed to reproduce some of the figures. Medium-size files can be scraped from the data server
(see below) e.g. by calling a wget command from the postBuild file created in the GitHub repository
(see http://github.com/binder-examples/getting-data for detailed instructions).

Data availability4020

The entire OBS dataset analysed in this study has been archived at the IRIS Data Management Center
(http://www.iris.edu). Search for ’PROTEUS experiment’ and/or ’Emilie E. Hooft’.

Code availability

The FWI-diagnostics FullwavePy software used to QC the inversion and produce most of the fig-
ures (see the supplement) can be downloaded from http://github.com/kmch/FullwavePy. The4025

FULLWAVE3D software used to invert the data can be accessed through academic collaboration with
Imperial College London or a membership of the FULLWAVE consortium (Warner et al., 2013b). The
effective-medium properties were calculated using the ElasticC package by M. Paulatto, available at
http://github.com/michpaulatto/ElasticC.

http://github.com/binder-examples/getting-data
http://www.iris.edu
http://github.com/kmch/FullwavePy
http://github.com/michpaulatto/ElasticC


Appendix4030

8.A Final inversion results

Additional plots showing the results of the final inversion are provided in fig. 8.24-8.26. Slices are taken
along the dotted white lines visible in each plot.

8.B Anomaly-recovery tests

In this appendix, results of additional recoverability tests mentioned in sect. 8.5 are provided. The4035

same inversion parameters were used as for the final model from the field data. Anomaly with a peak
amplitude of -1% is not recovered (fig. 8.27), of -5% is quite well recovered both in terms of shape and
amplitude (fig. 8.28), and of -50% leads to the cycle-skipping of the data (fig. 8.29).

8.C Melt sensitivity analysis4040

Here, sensitivity analysis for the melt-fraction estimation (see sect. 8.5.2) is provided. For a given vP
(black line), melt-content estimation depends primarily on the assumed aspect ratio of melt-filled
spaces and bulk modulus of melt. The latter is well constrained given the known composition of the
volcanic products from the last eruption. Even with completely wrong water content, the difference
inK would not affect the melt-content. The former, however, is less well constrained, although values4045

between 0.05-0.2 are recommended by Paulatto et al. (2019).

201
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Figure 8.24: Slices through the final model at z = 2.75 km b.s.l. The slice after 20 iterations is shown in
fig. 8.16.
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Figure 8.25: Slices through the final model at x = 13.25 km.
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Figure 8.26: Slices through the final model at y = 8.75 km.
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Figure 8.27: Final minus starting model (left) in the inversion of synthetic data generated from the
’true’ model which was the starting/background model perturbed with a negative anomaly under-
neath Kolumbo. Right – true minus background model. The anomaly was a spherically-symmetric
3d Gaussian with a peak amplitude of -1% of the background model and a full-width at half-maximum
(FWHM) of 800 m (right).
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Figure 8.28: Same as fig. 8.27 but for anomaly with a peak amplitude of -5%.

Figure 8.29: Same as fig. 8.27 but for anomaly with a peak amplitude of -50%.
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Figure 8.30: High versus low frequency limit (Mavko et al., 2009) used in the calculation of the effective
parameters. All other figures of this appendix are for the low-frequency limit. Note that for a given vP ,
melt fraction is lower in the low-frequency limit, and the difference increases with decreasing vP . Blue
and red curve denote the Hashin-Shtrikman lower and upper bound, respectively.
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(a) Dimensionless. (b) Dimensionless.

(c) In GPa. (d) Dimensionless.

(e) In g/cm3. (f) In km/s.

Figure 8.31: Analysis of the relationship betweenvP and melt-fraction of a two-phase effective medium
(Berryman, 1980) in terms of sensitivity to different properties of the solid and fluid phases. Each figure
presents a single-parameter study (values in color, units in captions) with other parameters fixed. Area
between Hashin-Shtrikman bounds denoted in white.



Concluding remarks

The general objective of this PhD project was to apply 3d full-waveform inversion (FWI) to the PRO-
TEUS dataset and obtain a high-resolution model of P-wave velocity across the Santorini volcanic field
which could be interpreted in terms of potential melt reservoirs distributed throughout the crust. The4050

FWI was intended to built upon the travel-time tomography model obtained by the part of the PRO-
TEUS team based at the University of Oregon.

The data were acquired in the PROTEUS experiment in which tens of ocean-bottom and land seismo-
meters were deployed to record waves generated by thousands of airgun explosions. Although local-
earthquake tomographers can only dream of sampling the study area with a similar density and reg-4055

ularity of sources, such coverage is extremely sparse compared to the industry standards such as the
Valhall (Operto et al., 2015) or Tommeliten (Warner et al., 2013b) hydrocarbon fields. The amphibious
acquisition centred around the steeply-dipping cliffs of the Santorini caldera recorded data adversely
affected by surface-related coherent noise and thus challenging for acoustic modelling. Hence, the ma-
jor part of the research was devoted to (1) developing the framework of quality-controlling the marine-4060

data inversions and (2) implementing methodology to make inversion of the land data possible. These
efforts are discussed below in the reversed order compared to their exposition in the main body of the
thesis.

Part III

The preparation and inversion of the marine data were described in the respective chapters of part4065

III. The main result of this part was a discovery of a previously undetected low-velocity zone directly
under the Kolumbo edifice. It has been interpreted as a shallow lens of granitic melt, based on the
calculation of the effective properties of a partially molten granitic intrusion. In this way, the second
question of sect. 2.4 has been answered. On the other hand, the first question of sect. 2.4 was to
some extent already addressed with the travel-time tomography performed prior to this project. The4070

methodology developed in part II (discussed below) will help to further refine these models and also
to answer questions 3-5 which require long-offset land data17.

Importance The most hazardous volcanoes on Earth are underlain by complex systems of molten-
rock reservoirs ranging from melt-poor mush zones to melt-rich magma chambers (Sparks et al., 2019).
Despite being a cornerstone of volcanological models of melt storage, differentiation and transport4075

towards the Earth’s surface, no magma chamber has ever been imaged unambiguously. Recently the
paradigm shifted towards the conclusion that magma chambers are too short-lived to capture, and
melt must spend most of its life in mush zones. However some chambers may have gone undetected

17The long-offset OBS data are severely affected by noise and require more processing and certainly meticulous selection.

209
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due to the inherent resolution limits of the seismic methods used to date. Here, the full-waveform
inversion, a next-generation imaging method, was applied to study Kolumbo, the centre of seismic4080

and hydrothermal activity of the Santorini volcanic field, Greece. Combining FWI and active-source
data for the first time in volcanology led to the discovery of a small magma chamber extending from
2.1 to at least 4 km b.s.l. The image is the first-ever tomographic evidence of a high-melt-fraction
reservoir. The chamber is a missing link between the high-temperature hydrothermal system venting
at the crater floor of Kolumbo and the mantle source or a deeper reservoir yet to be imaged. Though too4085

small to be detected by standard seismic tomography, the melt reservoir is large enough to threaten the
nearby islands with tsunamigenic eruptions. Its location, size and melt fraction can be readily used in
numerical models of magma differentiation and eruption forecasting. The results suggest that similar
melt reservoirs are yet to be discovered by full-waveform inversion at other active volcanoes.

Outlook The above results suggest that despite of Santorini being much more famous, its smaller4090

submarine neighbour may be worth more attention of the local authorities in the near future. The mar-
ine data subset at Kolumbo has a potential to become a great testing ground for FWI of more data and
with more complete physics. Merging the obtained model with the recently acquired high-resolution
3d multi-channel data (Karstens et al., 2020) is an exciting prospect. Upcoming IODP drilling cam-
paign across the Santorini volcano field will hopefully verify and complement the joint interpretation4095

of these two projects. Experimental results on elastic properties of partially molten rocks that could
better constrain the effective-medium calculations are badly missing. This is likely to change in the
near future due to efforts of M. Paulatto and others.

Part II

Inverting land data with the FULLWAVE3D high-performance FWI code developed at Imperial was not4100

possible before the start of this project. Two missing features were added to the code as described in
the respective chapters of part II. First, dipole sources and receivers were implemented allowing to ac-
curately model multi-component data using the 2nd-order acoustic wave equation with and without
reciprocity. The reciprocity principle is key to understand the adjoint method which underpins most
of the imaging methods used in seismology. Second, the implementation of the immersed-boundary4105

method for simulating irregular boundaries such as the free surface was provided. The IB method is no-
toriously troublesome to implement. Writing it in a low-level programming language such as Fortran
(as it is now considered), and having to port it to a large, highly-optimised and MPI-permeated code-
base was a challenge that took a lot of time of this project. Hopefully, its description in ch. 6 highlights
the crucial practicalities that other published reports seem to skip over.4110

Importance In order to image fine-scale features of the subsurface such as faults, melt lenses, gas
clouds etc. one has to use a high-resolution method called full-waveform inversion. The success of in-
version depends strongly on the accuracy of the forward step which seeks to find a numerical solution
to the wave equation. This solution is most commonly obtained by the finite-difference (FD) method
which uses regular grids and thus avoids a challenging meshing step. However, full-waveform mod-4115

elling with the FD method is not accurate enough if the model contains an irregular free surface such
as the topography of mountainous terrain. The issue may be addressed with the immersed bound-
ary (IB) method (Mittal and Iaccarino, 2005) which can complement existing FD schemes without a
need for modifying their kernels. Unfortunately, no immersed boundary method that could simu-
late realistic 3d surfaces and land seismic data has been reported to date, limiting the application of4120
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finite-difference FWI to purely marine targets. This study bridges the gap by presenting an efficient 3d
immersed boundary method whose flexible implementation can be easily ported to existing FD solv-
ers. This opens up possibilities of applying full-waveform inversion to a whole new range of important
targets.

Outlook The developed tools will be applied to refine the travel-tomography model directly beneath4125

the Santorini caldera. Another natural near-term application is to the NZ3D experiment targeting the
nature of slow-slip events at the Hikurangi subduction zone in New Zealand. The immersed-boundary
code, due to its modular design, may be easily ported to other finite-different codes. With the on-
going developments in computing, in particular in stencil optimisation (Louboutin et al., 2019), finite-
difference solvers are here to stay for longer than expected by the competing numerical methods. De-4130

velopers of maturing finite-different codes may benefit from this study.

Final remarks

This interdisciplinary project was concerned with applying the established FWI code to a new, challen-
ging dataset, extracting from it a geologically sound information, as well as with developing new cap-
abilities of this code for future research. Apart from the substantial programming output, the thesis4135

delivered a potentially interesting geological result, which contributed to making the Santorini vol-
canic field one of the best studied systems of this kind in the world. Where other tomographic studies
of continental volcanoes had to stop, PROTEUS experiment has just started. Unlocking more secrets
of the Santorini volcano field and generalising the conclusions to other volcanoes is under way.
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