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Abstract

A Markov Decision Process (MDP) describes a general framework for modelling decision-

making in an uncertain environment. Over the years, researchers have mainly focused

on developing Reinforcement Learning (RL) algorithms to learn how to behave optimally

in unknown environments without making explicit assumptions about the existence of

underlying structures in the MDP.

This general approach has been instrumental to RL’s widespread success across various

domains. However, when additional structure is present and exploitable, enabling algorithms

to leverage it might lead to significant efficiency improvement. This work investigates the

benefits of designing RL algorithms that can efficiently leverage these structures. Specifically,

this work focuses on two distinct types of known latent structures.

First, we consider MDPs that exhibit a hierarchical structure; that is, tasks described by such

MDPs can be decomposed into a sequence of sub-tasks. In this context, we provide a lower

bound on the sample complexity of hierarchical RL algorithms, which allows us to quantify

the potential benefit of hierarchical approaches. We also offer a framework for building

hierarchical algorithms that leverage a known hierarchical decomposition. The validity of

that framework is supported by theoretical guarantees of its efficiency and empirical evidence

that it outperforms its monolithic counterpart whenever a hierarchical structure is present.

Second, we consider MDPs that exhibit a graphical structure. The algorithm has access to a

graph that encodes the conditional independence between state variables, and the unknown

dynamics can be inferred only by local components of the graph. In this context, we
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provide a posterior sampling-based algorithm that theoretically and empirically outperforms

RL algorithms that do not leverage this structural property. Finally, we provide empirical

evidence that this latent graphical structure is present in optimising wind farms’ yields and

demonstrate the efficiency of our algorithm on that particular task.
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Notation

General Mathematical Symbols

)︄
denotes the Cartesian product.

!(·) takes as input a set and denotes a distribution over that set.

/0 denotes the empty set.

I{·} denotes the indicator function, that returns 1 if its input evaluates to True and 0

otherwise.

B calligraphic symbols are used to denote sets.

O(·) is used to define upper bounds on the limiting behaviour of quantities of interest.

∀(·) is used to define lower bounds on the limiting behaviour of quantities of interest.

∀̃(·) is used to define lower bounds on the limiting behaviour of quantities of interest,

ignoring log terms.

Õ(·) is used to define upper bounds on the limiting behaviour of quantities of interest,

ignoring log terms.

Markov Decision Processes

!k denotes the suboptimality gap V → ↑V !k at episode k.



xx Notation

A denotes the action space.

M denotes a set of MDPs

P denotes a set of transition functions.

S denotes the state space.

# denotes the set of deterministic Markov policies.

! denotes a policy.

∀ denotes the initial state distribution.

H denotes the horizon.

M is used to denote a Markov Decision Processes (MDP).

P denotes the transition function.

Q!
M,1(s,a) denotes the q-function of policy ! on MDP M given that at time step 1 the agent

is in state s and executes action a, note that when clear from context we omit

superscripts and subscripts.

R denotes the mean reward function.

V !
M,1 denotes the value function of policy ! on MDP M from time step 1, note that

when clear from context we omit superscripts and subscripts.

Hierarchical MDPs

Ah denotes the high-level action space.

Al denotes the low-level action space.



Notation xxi

Ao whenever the action space is modified, we use the subscript o to denote the

original action space.

Sh denotes the high-level state space.

Sl denotes the low-level state space.

So whenever the state space is modified, we use the subscript o to denote the

original state space.

µ denotes a high-level policy.

# denotes a low-level policy.

∀h denotes the high-level initial state distribution.

∀l denotes the low-level initial state distribution.

∀o whenever the initial state distribution is modified, we use the subscript o to

denote the original initial state distribution.

Hh denotes the high-level horizon.

Hl denotes the low-level horizon.

Ho whenever the horizon is modified, we use the subscript o to denote the original

horizon.

Mh denotes the high-level MDP.

Ml denotes the low-level MDP.

Mo whenever an MDP is modified, we use the subscript o to denote the original

MDP.

Ph denotes the high-level transition function.



xxii Notation

Pl denotes the low-level transition function.

Po whenever the transition function is modified, we use the subscript o to denote

the original transition function.

Q(# ,µ)
(Ml ,Mh),1

(s,a) denotes the q-function of the pair of hierarchical policies (# ,µ) on the

decomposed MDP (Ml,Mh) given that at time step 1 the agent is in state s and

executes action s, note that when clear from context we omit superscripts and

subscripts.

Qµ
Mh,1(s,a) denotes the q-function of high-level policy µ on the high-level MDP Mh given

that at time step 1 the agent is in state s and executes action s, note that when

clear from context we omit superscripts and subscripts.

Q#
Ml ,1(s,a) denotes the q-function of low-level policy # on the low-level MDP Ml given

that at time step 1 the agent is in state s and executes action s, note that when

clear from context we omit superscripts and subscripts.

Rh denotes the high-level mean reward function.

Rl denotes the low-level mean reward function.

Ro whenever the reward function is modified, we use the subscript o to denote the

original mean reward function.

V (# ,µ)
(Ml ,Mh),1

denotes the value function of the pair of hierarchical policies (# ,µ) on the

decomposed MDP (Ml,Mh) from time step 1, note that when clear from context

we omit superscripts and subscripts.

V µ
Mh,1 denotes the value function of high-level policy µ on high-level MDP Ml from

time step 1, note that when clear from context we omit superscripts and sub-

scripts.
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V #
Ml ,1 denotes the value function of low-level policy # on low-level MDP Ml from time

step 1, note that when clear from context we omit superscripts and subscripts.

Directed Acyclic MDPs

X denotes the atomic state space, in the context of DAMDP.

Y denotes the atomic action space, in the context of DAMDP.

∀v
A denotes the initial atomic state distribution.

cv
t denotes the transition context for node v in layer t.

G denotes a graph.

MG denotes a DAMDP, an MDP with a latent graphical structure encoded in the

graph G.

pi denotes the atomic transition function for a node in equivalence class i ↓ [U∃ ].

r j denotes the atomic reward function of node with action profile j ↓ [Ur].

U∃ denotes the number of different atomic state spaces.

Ur denotes the number of different atomic action spaces.





Chapter 1

Introduction

1.1 Motivation

Reinforcement Learning (RL) has gained significant attention in recent years due to its

successful application in a wide range of complex problems, including autonomous systems

[141, 66, 34], robotics [75, 9, 36, 53, 7], finance[96, 42, 150], healthcare [151, 69, 126, 90,

111] and games [134, 125, 124, 91, 88, 20, 140]. RL has its roots in behavioural psychology

[32], which studies how organisms learn from experience to achieve goals. RL algorithms

directly learn through interactions with an environment, enabling agents to make decisions

based on feedback from their actions. Despite RL’s impressive successes and the breadth

of application domains to which this methodology is already applied, several limitations

and challenges prevent an even wider adoption of this technology. Arguably, one the most

limiting factors of RL’s wider adoption is its data inefficiency [22]. This usually restricts the

application of RL to tasks that can be simulated on a computer, allowing the algorithm to

interact many times with its environment to learn the optimal behaviour.

In many applications, interaction with the environment can be difficult or too costly (e.g.

in robotics [53]); in such scenarios, it would be preferable if the algorithm could learn an

optimal behaviour from a limited amount of interactions. Even in cases where datasets
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consisting of many interactions are available, we need guarantees that our algorithm will

learn the best behaviour possible, given the available data. We want our algorithms to extract

all the information they can access efficiently.

Interestingly, one of RL’s most resounding successes exposes its sample inefficiency. The

breakthrough success of AlphaGo [124], an algorithm that used RL to learn how to play the

game of Go and successfully defeated the Go world champion, demonstrated the immense

potential of RL when combined with deep learning techniques. AlphaGo’s training was

composed of two phases. The first was an initial supervised training phase over a dataset

containing several hundred thousand games played by humans. The second phase involved

self-play, in which two versions of the algorithm played against each other. During that

specific training phase, the algorithm played several millions of games. When AlphaGo

defeated the Go world champion, this achievement underscored the power of RL to solve

intricate decision-making tasks with vast state spaces, reinforcing RL’s relevance in research

and practical applications. AlphaGo played five matches against the world champion. The

algorithm won four and lost one. This single victory of the (human) world champion, who

observed and played significantly fewer games than the algorithm, proves that nature can

develop algorithms that harness the information in its dataset more efficiently than the current

state-of-the-art RL algorithms. Importantly, it shows that more efficient algorithms exist

and are waiting to be discovered. The work presented in this thesis aims to improve our

understanding of the efficiency gains of RL algorithms when we observe more structure in

the MDP the algorithm is solving.

1.2 Approach

An interesting approach to improve the efficiency of RL algorithms is to deliberately make

more assumptions about the underlying structure describing the problem at hand. Typically,

an RL problem is described by a Markov Decision Process (MDP) (formally defined in
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Chapter 2). Beyond the Markov assumption1, MDPs make little assumptions about the

problem they describe. If the problem has more structure, it is possible to explicitly model

this structure in the MDP. This structure can then be leveraged by the algorithm to boost

its sample efficiency. A wide variety of assumptions about the underlying structure can be

made. Below, I highlight some of the most common structural assumptions in Reinforcement

Learning and illustrate them with real-world examples.

Hierarchical structure: Hierarchical Reinforcement Learning (HRL) assumes that the

task has a hierarchical structure and can be decomposed into a sequence of sub-tasks. This

approach has two immediate benefits that can potentially improve the sample efficiency

compared to traditional RL algorithms. First, it induces a decomposition of the temporal

credit assignment problem, and second, it allows for the re-usability of learned policies.

The temporal credit assignment problem is an important challenge in RL. It consists of

successfully identifying actions that were instrumental in observing a reward. For example,

what critical chess moves allowed the player to win the game? Decomposing a potentially

long initial task into a sequence of shorter tasks allows us to break down the credit assignment

problem [71]. The initial question of finding the most decisive action in the task’s success can

be broken down into the following questions. First, which sub-goal was most instrumental in

the outcome, and second, which action was most instrumental in the success of that specific

sub-goal? The agent’s ability to solve a sub-task can be considered as a skill. The agent can

re-use learned skills and compose them to solve its tasks. This ability to re-use skills can be

seen as an abstraction over action; this mechanism was proven to be helpful in autonomous

car driving, where the set of skills consisted of the manoeuvres the car could perform [43]

the algorithm only had to determine the sequence of manoeuvres it needed to perform to

complete its navigation. This capacity to learn and re-use skills is also useful when the agent

faces a completely new task. Often, the set of skills required to successfully learn to solve
1The Markov assumption stipulates that given the current state, the learner’s next state is independent of the

previous states it visited.
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task A could be helpful to solve another task B. Skill transfer is the ability to select and use

skills learned on a different task, this was successfully applied in robotics [70]. This capacity

to re-use skills learned on different tasks can as well tremendously boost the efficiency of RL

algorithms.

Factored structure: In RL’s applications, the state and the action space can become pro-

hibitively large, making exploring all possible trajectories in search of the optimal behaviour

tedious. Factored structures allow encoding various types of conditional independence,

breaking down these spaces’ combinatorial nature.

A state is usually described as a potentially large vector, encoding all the necessary

features describing the agent’s current state in the environment. For example, consider the

state of a robot, which encodes information like the current room or if the robot’s hands

are free. A factored structure can explicitly encode that the action pick-up does not depend

on the current room and only on the current state of the robot’s hand. When predicting the

effect of an action, the algorithm can safely ignore the variables independent of that specific

action. This greatly simplifies the learning problem and can tremendously boost the learning

efficiency of the algorithm.

Similarly, it is possible to inform the agent of conditional independence between compo-

nents describing the action for complex action spaces. For example, in a healthcare setting,

an action might involve combining several drugs and treatments. As there are exponentially

many such combinations, it can be beneficial to identify which component of the action (i.e.,

which drug treatment) affects which variable describing the patient’s state [133]. Considering

each drug or treatment individually first reduces the number of actions, and considering

only the subset of variables that a drug or treatment can influence also greatly simplifies the

prediction problem. Combined, these benefits can further boost the sample efficiency [100].

Multi-agent systems [54] are another natural application of the factored action spaces. In

such systems, agents tend to have action with local effects, potentially not impacting a large



1.2 Approach 5

portion of the remaining agents. If the relationship between the different agents is known, it

can successfully be leveraged to construct more efficient algorithms [54].

Graphial structure: Graphs are a natural representation that encodes the relations

between connected entities. RL algorithms which leverage this latent graphical structure have

emerged as a promising alternative to traditional methods for discovering better decision-

making strategies in various disciplines, including chemistry and computer science. A graph

RL approach was used in chemistry to find molecules with desired properties, a critical

task in drug design [148]. In this particular example, the state is represented as a graph and

depicts the current state of the molecule. Actions are possible modifications of that graph to

eventually reach the goal of designing a molecule with some set properties. Constraining

the algorithm to work explicitly on a graphical state representation constrains the original

problem and considerably reduces the state space size, eventually boosting the algorithm’s

efficiency.

Many additional real-world problems can be modelled with a graphical latent structure,

and several attempts to use RL to solve these problems exist. Notably, RL finds applications

in network routing tasks, where the graph describes the actual communication network and

the agent is tasked to find a good routing strategy, depending on the predicted stress on the

network [136]. In economics, graphs can typically be used to model shared interests by

different parties. An RL algorithm successfully found strategies to solve an n-party social

dilemma used to study the tension between decisions that benefit the individual and the

common good [31].

In summary, these examples highlight the wide diversity of problems that could be

modelled with additional structures such as factored, graphical or hierarchical structures.

They also underscore the immediate efficiency benefit of developing RL algorithms that can

successfully leverage these structures. In many cases, however, these examples are only

empirical, and while providing strong evidence of the potential of such methods, they do
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not provide a complete understanding of the underlying reasons behind these efficiency

gains. Theoretical results (e.g. [29, 77, 11, 62, 131]) usually provide a deeper understanding

of the problem, usually uncovering interesting principles useful for improving algorithm

design. For example, the Q-learning algorithm analysed in [62] improved our understanding

of exploration strategies in model-free RL and the policy gradient theorem [131] gave birth

to a wide range of new RL methods such as PPO [121], DDPG [80], A3C [89], SAC [57],

TRPO [120].

In this work, we design and study algorithms that can successfully leverage these latent

structures and we provide theoretical guarantees that leveraging these structures leads to

efficiency gains. In the next section, we summarize our contribution and the overall structure

of this thesis.

1.3 Structure of the Thesis

The work presented in this thesis focuses on developing and analysing Reinforcement

Learning (RL) algorithms that can successfully leverage additional structure in the Markov

Decision Process (MDP) instance they are solving. In particular, this work focuses on two

types of structures: Chapters 3 and 4 focus on MDPs that exhibit a hierarchical structure and

on understanding how to algorithmically leverage this structure. Chapters 5 and 6 focus on

leveraging graphical latent structure. In the remainder of this chapter, we briefly summarise

our contributions to Hierarchical Reinforcement Learning (Sec. 1.3.1) and Reinforcement

Learning on graphs (Sec. 1.3.2).

1.3.1 RL on Hierarchical MDPs

Hierarchical Reinforcement Learning (HRL) algorithms can perform planning at multiple

levels of abstraction. Empirical results have shown that the state [33, 139] or temporal [132,
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15] abstractions provided might significantly improve the sample efficiency of algorithms.

Yet, we still do not have a complete understanding of the basis of those efficiency gains nor

any theoretically grounded design rules. I dedicate two chapters to Hierarchical RL, each

focusing on solving a slightly different problem. In Chapter 3, we focus on understanding

hierarchical decompositions and how to identify efficient decompositions. We derive a lower

bound on the sample complexity of any HRL algorithm, which provides a theoretical tool to

better understand the learning dynamics in hierarchical problems. In that specific context, the

sample complexity seems a natural metric for performance. In contrast, in Chapter Chapter 4,

we will focus on designing an efficient algorithm for HRL. Here, we are interested in closely

monitoring the behaviour of this specific algorithm; hence, providing a guarantee on the

regret suffered by our algorithm seems more natural.

In Chapter 3, we derive a lower bound on the sample complexity for the considered class

of goal-conditioned HRL algorithms. The proposed lower bound empowers us to quantify

the benefits of hierarchical decomposition and leads to designing a simple Q-learning-

type algorithm that leverages hierarchical decompositions. We empirically validate the

lower bound’s behaviour by investigating the sample complexity of the proposed hierarchical

algorithm on a spectrum of tasks (hierarchical n-rooms, Gymnasium’s Taxi). The hierarchical

n-rooms tasks were designed to allow us to dial their complexity over multiple orders of

magnitude.

In chapter 4, we make several assumptions about the nature of the hierarchical decompo-

sition. This allows us to propose a new class of algorithms in the goal-based HRL framework

with a sparse reward function. Specifically, we consider two layers of hierarchy: a high-level

policy instructs a sequence of sub-goals to complete the task, and a low-level policy aims

to solve each sub-task individually. The proposed framework’s flexibility allows the user

to choose, according to their preferences, which algorithm to use to compute the low-level

policy. Our analysis shows how this specific algorithmic choice impacts the global problem
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of jointly learning the two levels of the hierarchy. In particular, if the algorithm computing

the low-level policy is efficient (see UCBVI [13] for example), our results are a significant

improvement compared to previous results, such as [146]. The results we provide improve

existing results regarding efficiency and the nature of the guarantee. Technically, we provide

an upper bound on the frequentist regret, while previous results provided guarantees on a

weaker performance metric, the Bayesian regret. These various metric and their relations

are formally presented in Chapter 2. The key insight behind our method is that in the goal-

conditioned HRL setting with sparse reward, we can improve the algorithm’s performance

by leveraging the fact that we can compute the probability with which the low-level agent’s

policy can reach a given sub-goal. We empirically validate our framework using Q-UCB

[62], as a low-level algorithm, on a set of grid-world navigation tasks, where the proposed

framework consistently outperforms the monolithic version of Q-UCB.

Our theoretical and algorithmic findings in Chapters 3 and 4 provide a step towards

answering the foundational question of quantifying the improvement hierarchical decomposi-

tion offers over monolithic solutions in Reinforcement Learning.

1.3.2 RL on Graphs

In Chapters 5 and 6, we consider the case where the structure of the Markov Decision

Process can be modelled using a directed acyclic graph (DAG) composed of nodes and edges,

allowing for a more basic or "atomic" representation of the state and action spaces. In this

case, each node has a state, and the state transition dynamics are influenced by the states and

actions at its parent nodes. In Chapter 5, we propose an MDP framework, Directed Acyclic

Markov Decision Process (DAMDP), that formalises this model. Crucially, DAMDP retains

many of the benefits of MDPs, as we show that Dynamic Programming can be used for

planning to find the optimal policy in a known DAMDP. We further show that it is possible

to perform Reinforcement Learning in DAMDPs where the transition probabilities and the
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reward function are unknown. For this, we derive a posterior sampling-based algorithm that

is able to leverage the graph structure to boost learning efficiency. Moreover, we obtain

a theoretical bound on the Bayesian regret for this algorithm which directly shows the

efficiency gain from considering the graph structure. We conclude by showing empirically

how exploiting the DAMDP structure with our algorithm outperforms traditional posterior

sampling for Reinforcement Learning in a maximum flow problem and a real-world wind

farm optimisation task.

Chapter 6 focuses on providing evidence that the optimization of wind farms exhibits the

graphical structure mentioned in Chapter 5. This work proposes a novel data-driven model

capable of providing accurate predictions for the power generation of all wind turbines in

wind farms of arbitrary layout, yaw angle configurations and wind conditions. The proposed

model functions by encoding a wind farm into a fully connected graph and processing the

graph representation through a transformer model [137]. The resultant transformer surrogate

demonstrates robust generalisation capabilities and effectively uncovers latent structural

patterns embedded within the graph representation of wind farms. The versatility of the

proposed approach extends to the optimisation of yaw angle configurations through the

application of genetic algorithms. This evolutionary optimisation strategy facilitated by the

graph transformer surrogate achieves prediction accuracy levels comparable to industrially

standard wind farm simulation tools. We report a relative accuracy of more than 99% in

identifying optimal yaw angle configurations of previously unseen wind farm layouts. An

additional advantage lies in the significant reduction in computational costs, positioning the

proposed methodology as a compelling tool for efficient and accurate wind farm optimisation.

1.4 Publications and Contributions

Publications: The work done in this thesis consists of the following scientific publications.



10 Introduction

The content of Chapter 3 has been published as Robert, A., Pike-Burke, C., & Faisal, A.

A. (2024). Sample complexity of goal-conditioned hierarchical reinforcement learning.

Advances in Neural Information Processing Systems, 36.

A preliminary version of this work was presented in the following publications:

Robert, A., Pike-Burke, C., & Faisal, A. A. Sample Complexity of Hierarchical Decompo-

sitions in Markov Decision Processes. In ICML Workshop on New Frontiers in Learning,

Control, and Dynamical Systems.

and

Robert, A., Pike-Burke, C., & Faisal, A. A. (2023). Sample Complexity of Goal-Conditioned

Hierarchical Reinforcement Learning. 16th European Workshop on Reinforcement Learning.

The content of Chapter 4 has been submitted to AISTATS as Robert, A→., Drappo, G→.,

Metelli, A., Faisal, A. A., Restelli, M., & Pike-Burke, C. (2024) Efficient Exploitation of the

Hierarchical Structure in Sparse Reward Reinforcement Learning.

The content of Chapter 5 has been submitted to Transactions on Machine Learning Research

as Robert, A., Faisal, A. A., & Pike-Burke, C. (2024). Posterior Sampling for Reinforcement

Learning on Graphs.

The content of Chapter 6 has been published as Li, S., Robert, A., Faisal, A. A., & Piggott,

M. D. (2024). Learning to optimise wind farms with graph transformers. In Applied Energy.

Contributions: The work presented in Chapters 3 and 5 is my own. The work presented

in Chapter 4 was made in close collaboration with Gianluca Drappo; we both contributed

to the theoretical findings and the experimental setup. However, the implementation of the
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environments and the algorithms are my own. The work presented in Chapter 6 results from a

collaboration with Siyi Li. While I designed the initial experimental setting, Siyi significantly

improved it; specifically, he implemented the transformer model we used. I implemented the

graph neural network, which we use as a baseline. Most of the conceptual ideas, including

the experimental setting and the objective of learning the latent graphical structure of the

problem, are my own.





Chapter 2

Background

This chapter presents the fundamental concepts necessary to understand the work done in

the remaining chapters. In particular, Chapters 3 to 5 consider the problem of finite-horizon

Markov Decision Processes. We start this background chapter with a formal definition

of finite-horizon MDP. We then define some of the most common performance metrics

encountered in this setting: return, expected return, sample complexity, and regret, which will

allow us to evaluate our algorithms both theoretically and empirically. Finally, we present

four algorithms; the work done in this thesis will then extend each of these algorithms,

knowing additional structural information about the problem at hand.

2.1 Finite-Horizon Markov Decision Processes

A Markov Decision Process is a mathematical framework that describes how an agent

interacts with its environment. Reinforcement Learning considers the problem of learning

how to behave optimally when the environment is unknown and uncertain. In this work, we

only consider the finite horizon (or episodic) setting that we define formally now.

Definition 2.1.1. A finite-horizon MDP is defined by the following tuple

M = ↔S,A,H,{Ph}H
h=1,{rh}H

h=1,∀↗ where:
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• S is the state space, the finite set of possible state values.

• A is the action space, the finite set of possible actions the agent can take.

• H ↓ N and H < ∃ is the horizon of the problem, i.e., an episode’s length.

• {Ph}H
h=1 is the set of stochastic transition functions. The stochastic transition function

maps each state, action and time step tuple to a distribution over states, Ph : S↘A≃

!(S), where !(S) is the set of all distribution over the state space S. Specifically,

when action a ↓A is executed while in state s ↓ S the probability of observing s⇐ ↓ S

at the next time step (i.e. h+ 1) is given by Ph(s⇐|s,a). Note that if the transition

functions are independent of the current time step h, the problem is time-homogeneous

or stationary. Otherwise, the problem is time-inhomogeneous or non-stationary.

• {rh}H
h=1 is the set of reward functions rh : S↘A≃ [0,1]. It associates to each state-

action pair an immediate reward bounded between 0 and 1.

• ∀ ↓ !(S) is the initial state distribution; it selects the first state of each episode.

To complete our understanding of finite-horizon MDPs, we now consider the execution

of a single episode. The first state of the episode s1 ↓ S is drawn from the initial state

distribution s1 ⇒ ∀ . Once the first state is observed, the agent selects an action a1 ↓ A

and executes it. The agent then observes the next state s2 ↓ S sampled from the stochastic

transition function s2 ⇒ P1(s1,a1) and the immediate reward r1(s1,a1). The environment is

now in state s2, and the agent chooses an action to perform, and it repeats the following steps

until it interacts H times with the environment; at this point, the episode ends. We denote

by K the total number of episodes we execute, so T = KH represents the total number of

interactions with the environment.

In RL, we are concerned with learning the sequence of actions that allows the agent to

accumulate the largest expected sum of reward possible. The agent strategy is called a policy,

which is defined now.
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Fig. 2.1 An illustration of two MDPs, with real-world application. On the leftmost figure,
we depict a typical navigation task described in example 2.1.3. The starting state is depicted
with a yellow star, and the goal is to reach the green room. The rightmost figure illustrates
the wind farm optimisation problem. The action is to choose the orientation of each wind
turbine. We can see that in the top row of wind turbines, all turbines directly face the wind,
and the turbulent wind impacts the yield of the downstream wind turbine. On the contrary,
the second row shows how changing the yaw angle can deflect the turbulent winds. This
problem is described in example 2.1.4.

Definition 2.1.2. A policy ! = {!h}H
h=1 is a set of mappings between a state and a distribution

over action !h(s) : S ≃ !(A). Essentially, an agent that follows the policy ! selects action

a ↓ A while in state s ↓ S during time step h ↓ {1, · · · ,H} with probability !h(a|s). This

work is mostly concerned with deterministic policies; in such a setting, policies directly map

each state to an action, !h : S ≃A.

2.1.1 Examples

We now provide examples of two MDPs that will be used throughout this thesis.

Example 2.1.3. An example that we use to illustrate the behaviour of our algorithms in

chapter 3 and 4 is a simple maze navigation task that is depicted in the leftmost plot of

Figure 2.1. In this setting, the environment consists of a grid world, where each cell represents

a state, and the agent has to navigate from one cell to the next until it reaches a specific goal

room. The agent’s goal is to find the shortest path from the starting state to the goal room
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despite two challenges. First, the maze contains walls that cannot be crossed by the agent,

so it needs to find a path around them, and second, the transition dynamics are stochastic

and unknown. The action space consists of the four cardinal directions {N,S,E,W} and

the selected action is executed with probability 1↑ p, and one of the remaining actions is

executed with probability p. The reward function usually assigns a reward of 1 as long as the

agent is in the goal state and a reward of 0 in every other state.

Example 2.1.4. Another example that we will discuss in greater detail in chapter 5 and

6 is the optimisation of the yield of a wind farm. A wind farm contains N wind turbines

positioned on a field (i.e. a 2D-lattice). We call each column of this lattice a layer, and

the wind flows through each layer successively, starting from the first layer (i.e. the most

upstream one) to the last layer (i.e. the most downstream one). The farm’s yield corresponds

to the quantity of energy produced by all the wind turbines. A single wind turbine maximizes

its yield when it directly faces the wind, but the rotating turbine alters the airflow downstream

of the wind turbine and makes it turbulent; this stream of turbulent wind is called the wake

effect. The interactions between the wind turbines composing the farm create an interesting

control problem. If the angle between the wind turbine and the wind direction changes, the

wake effect can be deflected. Note that there is a direct relation between the wind speed

and the power a turbine produces; the higher the wind speed, the more energy the wind

turbine will produce. This situation is depicted on the rightmost plot of Figure 2.1. This

plot shows the farm from above, and the wind speed is color-coded. Areas with fast winds

( 7.5 m/s) are red; the lower the wind speed in an area, the closer its colour will be to blue.

If we consider the first row of wind turbines, which contains the turbine labelled T4, and .

All turbines in that row are facing the wind, the three turbines combined yield 2200kW. In

contrast, the second row of wind turbines, containing the turbines labelled T1, T2, and T3,

has been optimised to maximize the yield, and they jointly produce 3300kW. This significant

difference in yield is a direct consequence of the wake effect. One can notice that T1 and T2
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are not facing the wind, which deflects the wake effect and preserves the quality of the wind

flow for downstream wind turbines. Globally, while T1 yields less power than its counterpart

T4, the bottom row is significantly more productive than the top row. Finding the optimal

wind turbine angles is an interesting control problem that can be defined as an MDP. The

state space would consist of the wind condition observed at all turbines in a given layer, the

action space would consist of the angle for each turbine in this layer, and the reward function

would correspond to the wind turbine’s yield. The next state would then consist of the wind

conditions at each wind turbine in the next layer.

2.1.2 Planning in an MDP

Whether the problem is the grid world example 2.1.3 or the wind farm example 2.1.4, we

want to identify policies with a high total expected reward. To that end, we define the

value function of a policy, which can be seen as a metric to evaluate the quality of a policy.

Unless specified otherwise, the policy we consider belongs to the set of deterministic Markov

policies, #. In finite-horizon MDP, it is sufficient to consider deterministic Markov policies

as if the problem accepts an optimal general policy; then it accepts a deterministic Markov

policy [86].

Definition 2.1.5. The value function of a policy ! in the first time step h = 1 consists of the

total expected reward the policy accumulates from time step 1 onwards:

V !
1 = E

[︄ H

%
h=1

rh(sh,ah)|s1 ⇒ ∀,ah = !h(sh),sh+1 ⇒ Ph(·|sh,ah)

]︄
,

where sh+1 ⇒ Ph(·|sh,ah) denotes that the state at time step h+ 1 is sampled form the

transition distribution Ph(·|sh,ah). The expectation is taken over the initial state distribution

∀ and the stochastic transitions Ph(·|s,a).
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More generally, the value function of any state sh ↓ S at any time step h ↓ {2, · · · ,H} is

given by:

V !
h (sh) = E

[︄ H

%
t=h

rt(st ,at)|at = !t(st),st+1 ⇒ Pt(·|st ,at)

]︄
,

where the expectation is only with respect to the stochastic transition functions {Pt}H
t=h.

The optimal policy is the policy that has the highest associated value function, that is:

!→ = max
!↓#

V !
1 .

Where # is the set of deterministic Markov policies, it is proven that an optimal policy

always exists for finite horizon MDP. Additionally, it can also be shown that there exists an

optimal deterministic policy [114].

Defining the total expected reward after taking a specific action a ↓ A is useful. This

quantity is called the Q-function, and it is defined as follows:

Q!
h (s,a) = E

[︄ H

%
t=h

rh(st ,at)|sh = s,ah = a,at = !t(st),st+1 ⇒ Pt(·|st ,at)

]︄

where the expectation is taken with respect to the stochastic transition functions, {Pt}H
t=h.

The relationship between the value function and the Q-function is described by the

Bellman equations, which states that for any deterministic Markov policy, ! ↓ #, the

following holds:

V !
h (s) = Q!

h (s,!h(s)) (⇑(s,h) ↓ S↘{1, · · · ,H})

Q!
h (s,a) = r(s,a)+ %

s⇐↓S
Ph(s⇐|s,a)V !

h+1(s
⇐) (⇑(s,a,h) ↓ S↘A↘{1, · · · ,H})

V !
H+1(s) = 0 (⇑s ↓ S)
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As the Bellman equations hold for any policy [114], it holds, in particular, for the optimal

policy; we refer to it as the Bellman optimality equations. To lighten the notation, we use the

superscript → to denote the value function and the Q-function of the optimal policy, that is,

V →
h =V !→

h and Q→
h = Q!→

h .

V →
h (s) = Q→

h(s,!→
h (s)) (⇑(s,h) ↓ S↘{1, · · · ,H})

Q→
h(s,a) = r(s,a)+ %

s⇐↓S
Ph(s⇐|s,a)V →

h+1(s
⇐) (⇑(s,a,h) ↓ S↘A↘{1, · · · ,H})

V →
H+1(s) = 0 (⇑s ↓ S)

Note that we immediately obtain an optimal deterministic policy from the optimal

Q-function, !→
h (s) = argmaxa↓AQ→

h(s,a). In general, as long as the MPD is known, that

is, we know the reward functions {rh}H
h=1 and we know the transition functions {Ph}H

h=1

computing an optimal policy is a Dynamic Programming problem, called Planning. Dynamic

programming problems exhibit a particular structure that allows us to find a solution to

the original problem by breaking it down into a sequence of easier sub-problems. When

computing an optimal policy, this particular structure is directly observable from the Bellman

optimality equation [114] at time step h:

Q→
h(s,a) = r(s,a)+ %

s⇐↓S
Ph(s⇐|s,a)V →

h+1(s
⇐) ⇑(s,a) ↓ S↘A. (2.1)

From Eq. 2.1, we immediately see that knowing a policy that behaves optimally from

time step h+1 onwards can be used to easily compute a policy that behaves optimally from

time step h. If V →
h+1(s) is the optimal value function we can get !→

h (s) = argmaxa Q→
h(s,a)

and we get the value function at time step h, as V →
h (s) = Q→(s,!→

h (s)). Repeating these steps

until h = 1 allows us to compute the optimal policy and its associated value function. These

steps are detailed in Algorithm 1.
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Algorithm 1: Planning with Backward Induction
Input: {Ph}H

h=1, {rh}H
h=1, S , A

1 for s ↓ S do
2 VH(s) = maxa↓A rH(s,a)

3 for t ↓ {H ↑1, · · · ,1} do
4 for s ↓ S do
5 Vt(s) = maxa↓A rt(s,a)+%s⇐↓S Pt(s⇐|s,a)Vt+1(s⇐)
6 !(s, t) = argmaxa↓A rt(s,a)+%s⇐↓S Pt(s⇐|s,a)Vt+1(s⇐)

Output: V , !

Theorem 2.1.6. If the inputs of Algorithm 1 is the true transition function, P, and mean

reward function, r, then the output consists of the optimal value function V = V →
1 and the

optimal policy ! = !→.

A detailed proof of theorem 2.1.6 is available in [114].

2.2 Learning in an Unknown MDP

Now that we have formally defined MDPs, we can consider a more challenging problem that

represents RL’s primary focus: learning an optimal policy when the environment is unknown.

Let’s first present the most common performance metrics that we can use to evaluate the

algorithm’s performance theoretically and empirically.

2.2.1 Performance Metrics

Performance metrics are crucial to evaluating, understanding, and comparing algorithms. The

training of reinforcement learning algorithms in a finite-horizon MDP consists of a sequence

of K episodes. At the beginning of each episode k, the algorithm will compute a policy !k

that the algorithm uses to roll out an episode of H time steps. During each episode rollout,

the algorithm uses the data collected to update its beliefs about the world. Before starting the
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next episode k+1, the algorithm computes the policy !k+1, which better reflects its updated

view of the world. A first natural metric for a learning agent is the return or the sum of all

the rewards accumulated by an agent during an episode.

Definition 2.2.1. The return is the sum of immediate rewards the agent accumulates in an

episode while executing the policy !:

R! =
H

%
h=1

rh(sh,ah).

Where s1 ⇒ ∀ is drawn from the initial state distribution, the action, ah = !h(sh), is selected

by the policy, and the next state, sh+1 ⇒ Ph(·|sh,ah), is drawn from the stochastic transition

function.

The return is a random quantity, depending on the initial state distribution and the

stochastic transition function. When we take the expectation of the return with respect to

these two random sources, we obtain the value function, V !
1 = E∀,P[R! ].

The return is mostly used to compare algorithms’ empirical performance. When a

theoretical comparison is required, we seek more robust ways to make comparisons that do

not depend on the various sources of randomness. Hence, the following metrics are preferred.

Firstly, the regret, which represents the difference in expected return between the optimal

policy !→ and the learned policy at episode k, !k. This difference V →
1 ↑V !k

1 = !k is called the

sub-optimality gap. The regret then consists of the sum of the suboptimality gaps for each

learning episode.

Definition 2.2.2. The regret consists of the sum of suboptimality gaps suffered during K

episodes of training. That is, if the current policy !k is selected at the beginning of each

episode k by a learning algorithm A the regret suffered is:

R(M,A,K) =
K

%
k=1

!k,
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where M denotes the specific MDP instance with which the algorithm interacts.

Secondly, the Bayesian regret assumes that the transition function and the reward function

are drawn from the prior distributions fp and fr, respectively.

Definition 2.2.3. The Bayesian regret is the expected regret, given the prior distribution over

the transition functions, fp, and over the reward functions, fr.

E[R(M,A,K)] = E
[︄ K

%
k=1

!k

]︄
,

where the expectation is taken over the distributions fp and fr. These two distributions

combined induce a distribution over the set of possible MDPs M.

Lastly, instead of looking at the sum of errors made, it is sometimes interesting to

consider only the number of episodes required to learn a policy that achieves an %-optimal

performance. A policy ! has an %-optimal performance if the difference between its value

function and the optimal value function is bounded by % ,
⌊︄⌊︄V →

1 ↑V !
1
⌊︄⌊︄⇓ % . This metric is called

a Probably Approximately Correct (PAC) bound on the number of episodes or simply the

sample complexity.

Definition 2.2.4. An algorithm satisfies a PAC bound N for parameters % ↓ (0,1) and

& ↓ (0,1); that is, for any fixed horizon MDP, the algorithm plays with probability 1↑& a

policy that is at least %-optimal after at most N episodes, where N is a polynomial of the

characteristics of the MDP instance.

More compactly, we can say that an algorithm satisfies a PAC guarantee N if with proba-

bility 1↑& , max{k ↓ N : !k > %}⇓ N. Note that N is a function of the MDP characteristics.

2.2.2 Upper Bounds and Lower Bounds

Upper bounds: Typically, the analysis of an algorithm provides an upper bound on its regret

or sample complexity. The upper bound then states that in order to learn a near-optimal
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policy, the algorithm needs to suffer at most a specific amount of regret or need at most a

specific number of episodes.

Lower bounds: Interestingly, it is possible to provide lower bounds for the sample complex-

ity and the regret of any algorithm. As these bounds are valid for any algorithm, they are, in

particular, valid for the best possible algorithm. The lower bounds are then useful for two

main reasons. First, they inform us of the overall complexity of an MDP instance. Second, if

we can find an upper bound on the regret or the sample complexity that matches the lower

bound, we can conclude that such an algorithm has an optimal theoretical performance.

Lower bounds for finite-horizon MDP

In the case of Finite-Horizon MDP, we have the following lower bound [10] on the regret1;

we rewrite their result below for completeness:

Theorem 2.2.5. For any algorithm A, there exists an MDP M with S states, A actions and

horizon H, such that the expected regret of A after K episodes is:

E[R(M,A,K)] =
⇔

HSAT , (2.2)

where T = KH is the total number of interactions with the environment.

A complete proof of this result is provided in [101].

Similarly, [29] provides a lower bound on the sample complexity in the finite-horizon

setting; we rewrite their result below for completeness.

Theorem 2.2.6. There exist constants c, &0, %0 such that for any & ↓ (0,&0) and % ↓ (0,%0)

and for any algorithm A that satisfy a PAC guarantee (& ,%) (see def. 2.2.4) and outputs a
1We can directly adapt the result found in [10] to the Finite-Horizon MDP setting, realising that the diameter

of a finite-horizon MDP is its horizon, H.
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deterministic policy, there exist a fixed horizon MDP Mhard with:

E[N] = ∀
⌋︄

SAH2

%2 ln
1

& + c

⌈︄
(2.3)

where N is the number of episodes until the policy is (%,& )-accurate.

Note that the expectation E[N] is taken over all potential sources of randomness, including

the initial state distribution, the stochastic transition function, and the algorithm’s potential

random behaviour. A complete proof of this result is provided in [29].

Connections between the metrics

While each of the above metrics monitors a slightly different aspect of model performance,

they are all related and have deep connections. For an in-depth discussion on the relationship

between PAC guarantee and regret, we refer the reader to [30]. In the context of this thesis,

the important relationships to keep in mind are the following:

Regret and Bayesian regret: The (frequentist) regret is a stronger requirement than the

Bayesian regret. The frequentist regret must be valid independently in every MDP instance,

including the worst-case scenario. On the contrary, an upper-bound on the Bayesian regret

needs to upper-bound the error made on average on a set of plausible (according to the priors)

MDPs, which is not as strong as a guarantee as the performance on the worst possible MDP.

It is possible to compute an upper bound on the regret knowing the Bayesian regret. The

following theorem (presented in [97]) explains this.

Theorem 2.2.7. Let M be any set of MDPs such that P(M→ ↓M)> 0. Let A be any learning

algorithm with the following Bayesian regret:

E[R(M→,A,K)]⇓C
⇔

T , (2.4)
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for some C > 0 and all T > 0, with T = KH. Then for any % > 0 and ∋ > 1
2 ,

P
⌋︄
R(M→,A,K)

T ∋ > %|M→ ↓M
⌈︄
≃ 0 as T ≃ ∃ (2.5)

Proof. Since the regret is always positive, R(M→,A,K)> 0, we can use Markov’s inequality

to bound the following equation:

E[R(M→,A,K)]

T ∋ ↖ E[R(M→,A,K)|M→ ↓M]

T ∋ P(M→ ↓M)

↖ %P
⌋︄
R(M→,A,K)

T ∋ > %|M→ ↓M
⌈︄

P(M→ ↓M),

where % > 0 and T = KH.

Rearranging the above terms gives us the desired result,

P
⌋︄
R(M→,A,K)

T ∋ > %
⌊︄⌊︄⌊︄⌊︄M

→ ↓M
⌈︄
⇓ E[R(M→,A,K)]

%P(M→ ↓M)T ∋ ≃ 0 as T ≃ ∃. (2.6)

In a nutshell, Theorem 2.2.7 shows that an upper bound on the Bayesian regret implies

an upper bound on the frequentist regret for any MDP M→ supported by the prior distribution

(i.e. P(M→ ↓M)> 0).

Regret and sample complexity Extensive discussions on this relationship can be found

in [97]; we highlight below that it is possible to derive Bayesian regret bounds from PAC

bounds and inversely.

Proposition 2.2.8. (Bayesian regret bounds imply PAC bounds)

Let A be an algorithm, for any C > 0 and ∋ > 0, if the Bayesian Regret after K episodes is:

E[R(M→,A,K)]⇓CK1/∋ , (2.7)
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where M→ is the true MDP.

Then algorithm A satisfy a PAC guarantee K >
⌉︄C

%
{︄ ∋

∋↑1 for any % > 0.

Proof. If we consider the average Bayesian Regret per step, for K⇐ >
⌉︄C

%
{︄ ∋

∋↑1 steps, we get:

E
[︄
R(M→,A,K⇐)

K⇐

]︄
⇓

C
⌋︄⌉︄C

%
{︄ ∋

∋↑1

⌈︄1/∋

⌉︄C
%
{︄ ∋

∋↑1

=
C
⌉︄C

%
{︄ 1

∋↑1

⌉︄C
%
{︄ ∋

∋↑1

=
C

∋
∋↑1

C
∋

∋↑1

%
∋

∋↑1

%
1

∋↑1

= %

Proposition 2.2.9. (PAC bounds imply regret bounds)

Let ∋ > 0 and C > 0 be such that algorithm A satisfy the following PAC condition with

% > 0:

E
[︄ ∃

%
k=1

I{!k > %}
]︄
<C%↑∋ (2.8)

Then the regret suffered by algorithm A can be bounded by:

R(M,A,K)⇓ (∋ +1)∋
↑∋

∋+1C
1

∋+1 H
1↑∋
1+∋ T

∋
∋+1 (2.9)

Proof. For any number of episode K > 0 and interactions T = KH the regret suffered by

algorithm A can be upper bounded by:

F(%) :=C%↑∋H + % T
H
. (2.10)
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The first term stipulates that during the first C%↑∋ , the regret is upper bounded by H, which

is the largest regret the algorithm can suffer during a single episode. We then add % of regret

for all episodes, which will upper bound the number of episodes during which the algorithm

plays an epsilon optimal policy. To obtain the result in (2.9), one needs to compute the

maximum value the function F(%) can take. Leading to %→ =
⌋︄

T
CH2∋

⌈︄ ↑1
∋+1

and evaluating

F(%→) leads to the bound in (2.9). To find the % maximizing F , we first compute the derivative

of F .
d

d%
F(%) =↑∋C%↑(∋+1)H +

T
H

(2.11)

We now aim to find %→ such that d
d% F(%→) = 0, that is,

↑∋C(%→)↑(∋+1)H +
T
H

= 0

↙ T
H

= ∋C(%→)↑(∋+1)H

↙
⌋︄

T
H2C∋

⌈︄↑ 1
∋+1

= %→

Then evaluating F(%→) yield the expected result:

F(%→) = HC
⌋︄

T
H2C∋

⌈︄ ∋
∋+1

+
T
H

⌋︄
T

H2C∋

⌈︄↑ 1
∋+1

Rearranging terms yield the stated upper bound.

Note that the above equivalences hold in the finite-horizon MDP setting and are generally

not true in other settings.

2.3 Algorithms

In this thesis, we consider both model-based and model-free algorithms to compute an optimal

policy in an unknown finite-horizon MDP. The term model-based means that the algorithm
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explicitly maintains a model of the environment that it refines as more data is observed. In

contrast, the term model-free algorithms emphasizes that this family of algorithms do not

have an explicit representation of the environment and aims to directly learn the Q function,

for example.

The algorithms we will present next are important building blocks for the methods

developed in this thesis. They are also quite diverse in nature, covering a large spectrum of

the methods used in tabular RL, including Thompson sampling-based methods [128, 99, 103,

102, 14, 98, 51], optimistic methods [13, 12, 10, 46, 24, 59] and model-free methods[143,

134, 144, 129, 88].

Specifically, we present Upper Confidence Bound Value Iteration (UCBVI) [13], a

provably efficient algorithm used in chapter 4 to build an efficient HRL framework. Then, we

present Posterior Sampling Reinforcement Learning (PSRL)[128, 99], a Thompson sampling-

based algorithm that inspires the development of the algorithm presented in chapter 5 that

allows performing RL on a graph. Then we present Q-learning [143], and Q-UCB [62] two

model-free algorithms that also inspire the algorithms presented in chapter 3 and chapter 4,

respectively. Lastly, we present Upper Confidence Fixed-Horizon episodic reinforcement

learning (UCFH) [29], an algorithm that was first proposed to minimize the sample efficiency

Def. 2.2.4, which contrasts with UCBVI, which minimizes the regret Def. 2.2.2.

2.3.1 Upper Confidence Bound Value Iteration (UCBVI)

The first algorithm we present, UCBVI[13], is a model-based algorithm, which was the

first provably efficient algorithm; that is, its upper bound Õ(
⇔

HSAT ) matches the lower

bound for finite-horizon RL ∀(
⇔

HSAT ) up to some log factors. Note that there exist many

attempts in the literature to build efficient RL algorithms such as REGAL[17] UCRL [12],

UCRL2 [10], R-Max [24] and E3 [65].
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In RL, we often assume the reward function, r, to be known but the transition function, P,

to be unknown. This assumption mostly simplifies the algorithms’ analysis and generally does

not impact the reported performance because the reward function is significantly simpler to

learn than the transition function. Indeed, for each state-action pair, the transition probability

consists of a distribution over the entire state space !(S), while the reward function consists

of a single bounded value. Still, UCBVI must jointly learn the optimal policy and the

unknown transition functions, P. To do so, UCBVI relies on a principle called optimism in

the face of uncertainty [73, 24, 65, 10]. This principle proposes that the algorithm behaves

optimally in the best statistically plausible MDP.

The algorithm maintains a dataset of transition tuples (s,a,s⇐) observed up to episode

k, which are stored in the dataset H. In practice, the algorithm computes an optimal policy

for a modified value function, called an optimistic value function, that adds a bonus term

to the value function of a state inversely proportional to how well that state is understood

(i.e. the number of visits). So, more precisely, the algorithm maintains three counters. (i)

Nk(s,a,y) = %(s⇐,a⇐,y⇐)↓H I{s⇐ = s,a⇐ = a,y⇐ = y}, which counts until the end of episode k the

number of times the agent selected an action a ↓A while in state s ↓ S which lead to state

y ↓ S. (ii) Nk(s,a) = %y↓S Nk(s,a,y), which simply counts the number of time the action

a↓A was selected while in state s↓ S . (iii) N⇐
h,k(s,a) =%(si,h,ai,h,si,h+1)↓H I{si,h = s,ai,h = a},

counts the number of time the algorithm selected a specific action a ↓A while in state s ↓ S

during time step h ↓ [H]. When we would like to make explicit that a state-action pair was

observed at time step h of episode k we use the following subscripts: sk,h and ak,h. These

counters allow us to build an empirical estimation of the transition function. Specifically, at

the beginning of episode k, the empirical estimate of the transition function can be updated

as follows:

P̂k(y|s,a) =
Nk(s,a,y)
Nk(s,a)

. (for all s,y ↓ S and a ↓A)



30 Background

The empirical estimate of the transition function P̂k(y|s,a) is used to compute the bonus term

in line 25 of Algorithm 2.

Then, to encourage exploration, the algorithm adds a bonus term bk,h(s,a) (the exact

definition of the bonus term is given in Algorithm 2 on line 25) to the values function Vk,h(s),

the larger the bonus or the value function, the more likely the corresponding state action pair

will be visited. This procedure is detailed in Algorithm 2.

The key technicality that confers this improved efficiency to UCBVI is that, in general,

to derive the bonus, previous algorithms usually upper bounded the quantity P̂!k
k ↑P!kVk,h+1

with ∝P̂!k
k ↑P!k∝1∝Vk,h+1∝∃ (see [10], for an example). The specificity of UCBVI type

bonuses directly upper bound the value P̂!k
k ↑P!kVk,h+1 which lead to the following important

result.

Theorem 2.3.1. Given & > 0; UCBVI (see Alg. 2) regret is bounded, with probability 1↑& ,

by

R(M,UCBVI,K) = Õ(
⇔

HSAT ) (2.12)

with T = KH.

More details about UCBVI and a complete proof of Theorem 2.3.1 are available in [13].
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Algorithm 2: Upper Confidence Bounds Value Iteration (UCBVI)

1 Function UCBVI(K):
Initialisation: H= /0

2 for k = 1,2, · · · ,K do
3 Qk,h = UCB-Q-Values(H, bonus)
4 for h = 1,2, · · · ,H do
5 Take action ak,h = argmaxa Qk,h(sk,h,a)
6 H=H′ (sk,h,ak,h,sk,h+1)

Output: V , !
7 Function UCB-Q-Values(H, bonus):
8 for (s,a,y) ↓ S↘A↘S do
9 Nk(s,a,y) = %(s⇐,a⇐,y⇐)↓H I{s⇐ = s,a⇐ = a,y⇐ = y}

10 Nk(s,a) = %y↓S Nk(s,a,y)
11 N⇐

k,h(s,a) = %(si,h,ai,h,si,h+1)↓H I{si,h = s,ai,h = a} ⇑i ↓ [k]

12 K = {(s,a) ↓ S↘A, Nk(s,a)> 0}
13 Estimate P̂k(y|s,a) = Nk(s,a,y)

Nk(s,a)
⇑(s,a) ↓K

14 Initialize Vk,H+1(s) = 0 ⇑s ↓ S
15 for h = H,H ↑1, · · · ,1 do
16 for (s,a) ↓ S↘A do
17 if (s,a) ↓K then
18 bk,h(s,a) = bonus(P̂k(s,a), Vk,h+1, Nk, N⇐

k,h)

19 Qk,h(s,a) =
min(Qk↑1,h(s,a),H,R(s,a)+(P̂kVk,h+1)(s,a)+bk,h(s,a))

20 else
21 Qk,h(s,a) = H

22 Vk,h(s) = maxa↓AQk,h(s,a)

23 return Qk,h

24 Function bonus (P̂k(s,a), Vk,h+1, Nk, N⇐
k,h):

25 b(s,a) =

}︄
8LVarY⇒P̂k(·|s,a)

Vk,h+1(Y )
Nk(s,a)

+ 14HL
3Nk(s,a)

+

⟨︄
8%y↓S P̂k(y|s,a)[min( 1002H3S2AL2)

N⇐
k,h+1(y)

,H2]

Nk(s,a)

26 where L = ln(5SAT/& )
27 return b



32 Background

2.3.2 Posterior Sampling for Reinforcement Learning (PSRL)

This section presents PSRL, another model-based reinforcement learning that relies on

Thompson sampling [128, 99]. In contrast to UCBVI, the algorithm maintains a posterior

distribution over the set of all possible MDPs. The algorithm maintains a dataset of its

experiences, which inform its posterior distribution, and at the beginning of each episode,

it samples an MDP from its posterior distribution and performs planning on that randomly

sampled MDP. This approach to RL was first introduced by [128].

Distributions over MDPs: This approach considers that we have access to a prior

distribution over the set of possible MDPs, M, which encodes any prior knowledge about the

problem at hand. Then, as the algorithm collects data and learns about the MDP it interacts

with, M ↓M, it adjusts its belief through a posterior update. The resulting distribution over

M is called the posterior distribution, and it is the most likely distribution over M, given

our prior and the observation made so far. In particular, the posterior distribution quantifies

the agent’s uncertainty about its current estimate of the transition and reward functions. The

definition of the distributions over MDPs largely relies on the following set of assumptions.

First, the MDP has the Markov property, so every transition function and reward function

are independent of the sequence of states and actions that lead the agent to its current state.

Second, the transition and the reward functions are independent of each other.

With these assumptions in mind, the posterior distribution can be represented indepen-

dently for each state-action pair (s,a) as a distribution over the parameters of the immediate

reward distribution and the distribution over the parameters that govern the stochastic transi-

tions.

For every state-action pair (s,a), the transition function is map, Ph : S ↘A ≃ !(S),

to a distribution over the state space !(S). Typically, each of these distributions can be

represented as a Categorical distribution with Ph(s⇐|s,a) = ( (s,a)
s⇐ ; with ( (s,a)

s⇐ ↖ 0 for all

(s,a,s⇐) ↓ S↘A↘S and %s⇐↓S ( (s,a)s⇐ = 1.
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As explained above, each ( is a random variable; typically, they are assumed to be drawn

from a Dirichlet prior:

ft((1, · · · ,(S;∋1, · · ·∋S) =
&(%S

i=1 ∋i)

∋S
i=1 &(∋i)

S

∋
i=1

( ∋i↑1
i (2.13)

with parameters ∋i > 0 for all i ↓ [S] and with &(·) the gamma function.

It is usual to assume that the initial parameters are drawn from a flat Dirichlet distribution,

that is, ∋ = [1, · · · ,1]. The prior distribution can be seen to regularize the learning problem.

Now, each time the algorithm collects a transition tuples (s,a,r,s⇐), it updates its belief.

The Dirichlet and the Categorical distribution are conjugate distributions, so the resulting

posterior distribution is also a Dirichlet distribution with the following parameter: if it

transitions to a state s⇐ after executing action a while in state s during time step h, then the

new parameter is incremented by one, otherwise it remains unchanged:

∋ ⇐
i =

⟩︄
/︄/︄\︄

/︄/︄/︂

∋i +1 if s⇐ = i

∋i otherwise
(2.14)

If the reward has to be learned as well, it can be treated using the same approach; typically,

the reward for an arbitrary state-action pair (s,a) can be modelled by a Normal distribution

r(s,a)⇒ N(µs,a,)s,a). Where the parameters µs,a and )s,a are governed by a Normal-inverse

gamma distribution. A detailed description of PSRL is given in Algorithm 3.
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Algorithm 3: Posterior Sampling for Reinforcement Learning (PSRL)
Input: ft prior over transition, fr prior over rewards

1 D = /0
2 for episode k = 1, · · · ,K do
3 Sample MDP Mk, with ft(·|D) and fr(·|D)

4 Compute !k = argmax! V Mk(s1)

5 for t = 1, · · · ,H do
6 Execute at = !k

t (st)

7 Observe rt and st+1

8 Append to dataset D =D′{t,st ,at ,rt ,st+1}

Output: V , !

2.3.3 Q-learning

Initially proposed by Watkins and Dayan [143, 142], Q-learning is a model-free algorithm

to solve MDP. As we previously said, the specificity of this class of algorithms is that it

does not maintain an explicit model of the environment. In the case of Q-learning, the

algorithm directly models the Q-function. It is common in model-free settings to consider the

transition functions P and the reward functions R as unknown. At each episode of learning,

the algorithm does the following steps:

• it observes its current state sh ↓ S .

• it selects and execute an action ah ↓A

• it observes the next state sh+1 ↓ S and receives the immediate reward rh.

• it updates its current estimate of the Q-function. Whenever a transition tuple (s,a,r,s⇐)

at time step h is observed the Q-function is updated as follow:

Qh(s,a) = (1↑ ∋)Qh(s,a) +∋[rh + maxa Qh+1(s⇐,a)]. Where (s,a,r,s⇐) is the ob-

served tuple at time step h.

Algorithm 4 provides all the details of the implementation of %-greedy Q-learning. The

simple action selection strategy, called %-greedy, is shown in line 5 of Algorithm 4. This
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strategy is very simple, with probability (1↑ %), we exploit, that is, we select the current

optimal action a→ = argmaxa↓AQh(s,a). With probability % , we explore, that is, we select

uniformly at random an action (U(A) denotes the uniform distribution over the set A). On

line 7 of Algorithm 4, the Q-function is updated using the Bellman equation (Eq. 2.1). Note

that the Q-function is gradually corrected using standard stochastic approximation through

a learning rate ∋k ↓ (0,1]. Note that it is common to decrease the value of the learning

rate ∋k over time; this explains why it is indexed by the current episode k. The learning

rate is required to satisfy the Robins-Monro conditions [118]. For example, as depicted in

Algorithm 4, the learning rate decays according to running average schedule ∋k = ∋0/(1+k).

Algorithm 4: Q-learning
Input: ∋0 ↓ (0,1], % > 0, K
Initialisation: Qh(s,a) = 0 ⇑(s,a,h) ↓ S↘A↘{1, · · · ,H}

1 for k = 1,2, · · ·K do
2 s1 ⇒ ∀
3 ∋k =

∋0
1+k

4 for h = 1,2, · · ·H do

5 Select action ah:

⟩︄
\︄

/︂
ah = argmaxa↓AQh(sh,a), w. p. 1↑ %

ah ⇒ U(A), w. p. %
6 Execute ah and observe sh+1 and rh

7 Qh(sh,ah) = (1↑∋k)Qh(sh,ah)+∋k[rh +maxa Qh+1(sh+1,a)]

Output: Q

The following theorem guarantees the convergence of Q-learning; a complete proof can

be found in [143].

Theorem 2.3.2. Given bounded rewards |rh|⇓C, learning rates 0⇓∋n < 1, and the learning

rate has to satisfy the Robins-Monro [118] conditions:

∃

%
i=1

∋ni(s,a) = ∃,
∃

%
i=1

∋2
ni(s,a) < ∃ (⇑(s,a) ↓ S↘A)
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then the Q-function learned by Algorithm 4 will converge to the optimal Q-function Q→
h(s,a)

as K ≃ ∃, for all s ↓ S , a ↓A and h ↓ {1, · · · ,H}.

Note that in %-greedy Q-learning, it is up to the user to set the exploration rate % (in the

next section, we will see an extension of the Q-learning algorithm where this parameter is

computed). This parameter controls the rate at which the algorithm selects a sub-optimal

action according to its current belief. As the Q-values are initialised to 0, they are not very

informative at the beginning. It is, in practice, useful to use a scheduler for % since it is

usually more efficient to start with a large % and gradually trust more and more the algorithm’s

Q-function and decrease the value of %k. Note that while Q-learning usually works well

in practice, in theory, the %-greedy strategy might lead the algorithm to suffer exponential

regret [62]. The combination lock [62, 68] is an example of a particularly hard MDP, for

which %-greedy Q-learning suffers exponential regret. Consider an MDP with a special state

s→ ↓ S; the initial state distribution is a singleton that always selects s1 = s→. For the first half

of the steps h = {1, · · · ,H/2} there is one special action a→ ↓A such that the next state is

always s→, that is Ph(s→|s→,a→) = 1. Then, for any other state s ↓ S \{s→} and any other action

a ↓A\{a→} the transition distribution Ph(·|s,a) is uniform over S \{s→}. In the second half

of the episode, that is when h = H/2+1, · · · ,H, all states become absorbing states, that is,

Ph(s|s,a) = 1 for all actions a ↓A. The agent is only rewarded if it is in state s→ in the second

half of the episode, that is rh(s→,a) = 1 for any action a ↓A and for step h > H/2. For any

other state-action-step combination, the reward is null, rh(s,a) = 0. This MDP is particularly

challenging for Q-learning as to observe its first reward; the algorithm has to produce the

sequence of H/2 actions a→. Since the Q-values are initially set to 0 and remain set to 0 as

long as no reward is observed, the probability of observing the first reward is at most A↑H/2,

so the algorithm will suffer a regret of H/2 per round for the first AH/2 episodes.
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2.3.4 Q-UCB

Lastly, Q-UCB [62] is a sample-efficient model-free algorithm. With a carefully designed

exploration strategy, Q-UCB avoids the potential exponential complexity of Q-learning.

Q-UCB works similarly to Q-learning; it directly models the Q-function and collects data

through interactions with the environment. The difference is that Q-UCB does not select

action with an %-greedy strategy. In contrast, it greedily selects action according to an

optimistic Q function. The optimistic Q-function adds a bonus term for each state-action pair

inversely proportional to the number of visits of this specific state-action pair. This bonus

term encourages, to some extent, the exploration of unknown regions of the state-action

space. The efficiency of this exploration strategy is proven in the following theorem.

Theorem 2.3.3. There exsits a constant c > 0 such that, for any p ↓ (0,1), if we choose the

bonus term bt = c
\︂

H3∗/t, then with probability 1↑ p, the total regret of Q-learning with

UCB-Hoeffding is at most O(
⇔

H4SAT ∗) with ∗ := log(SAT/p).

A complete proof of this result is provided in [62].

Algorithm 5: Q-learning with UCB-Hoeffding (Q-UCB)
Initialisation: Qh(s,a) = H and Nh(s,a) = 0 ⇑(s,a,h) ↓ S↘A↘{1, · · · ,H}

1 ∗ = log(SAT/p)
2 for k = 1,2, · · ·K do
3 s1 ⇒ ∀
4 for h = 1,2, · · ·H do
5 Select action ah = argmaxa↓AQh(sh,a)
6 Execute ah and observe sh+1 and rh

7 t = Nh(sh,ah); Nh(sh,ah) = Nh(sh,ah)+1
8 bt = c

\︂
H3∗/t; ∋t := H+1

H+t
9 Qh(sh,ah) = (1↑∋t)Qh(sh,ah)+∋t [rh +Vh+1(sh+1)+bt ]

10 Vh(sh) = min{H,maxa↓AQh(sh,a)}

Output: Q
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2.3.5 Upper Confidence Fixed-Horizon Reinforcement Learning (UCFH)

The Upper Confidence Fixed-Horizon episodic reinforcement learning algorithm (UCFH) is

an example of a sample-efficient algorithm. With an upper bound on the number of episode

O( |S|
2|A|H2

%2 ln( 1
& )) which matches the lower bound O( |S||A|H2

%2 ln( 1
& )) up to some log terms

and a linear dependency on the state space size |S|. Similar to UCBVI, the algorithm assumes

that the reward function is known and aims to learn the transition function p and the optimal

policy !→.

UCFH uses optimism in the face of uncertainty. The algorithm works in phases consisting

of optimistic planning, policy execution, and model updating. Each phase is indexed by

k, and as the agent interacts with its environment, it collects (s,a,r,s⇐) tuples. Critically,

UCFH maintains a confidence set over statistically plausible transition functions, and this is

the particular set of conditions used to build this confidence set that grants UCFH superior

sample efficiency.

Similarly to UCBVI (Alg. 2), UCFH maintains a set of four counters; n(s,a) and n(s,a,s⇐)

counts the number of times the tuples (s,a) and (s,a,s⇐) are observed since the beginning of

training. They are updated in the model updating phase on line 9 of algorithm 6. The two

other counters #(s,a), #(s,a,s⇐) are used to count the number of visits during the sampling

procedure and are set to zero at the end of the model updating phase.

These counters are needed to compute an empirical estimate of the transition function

p̂(s⇐|s,a) = N(s,a,s⇐)
N(s,a) for all (s,a) ↓ S↘A and s⇐ ↓ S. For each transition tuple (s,a,s⇐) the

empirical estimate of the transition function p̂ and the associated number of visits n are used

to compute a confidence set (see line 22 in Alg. 6)

P =

⎛
p⇐ ↓ [0,1] :if n > 1 : |p⇐(1↑ p⇐)↑ p(1↑ p)|↖ 2ln(6/&1)

n↑1
,

|p↑ p⇐|⇓ min
⌋︄}︄

ln(6/&1)

2n
,

}︄
2p(1↑ p)

n
ln(6/&1)+

7
3(n↑1)

ln
6
&1

⌈︄⎞
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which differentiates itself from usual confidence set bounds as it adds a condition on the

standard deviation of the transition
\︂

p(1↑ p).

This confidence set is then used for the optimistic planning phase. Given the set of

statistically plausible MDP Mk at phase k, the algorithm computes the optimistic policy !k.

This computation of the optimistic policy is detailed in FixedHorizonEVI (Alg. 7), which

receives as input a set of MDPs M and returns the pair !̃,M̃ which maximizes the value

function V !̃
M̃ = maxM↓M,! V !

M. Note that to simplify the planning problem, the algorithm

considers the convex hull of the confidence set M, which then allows to find the optimal

policy via dynamic programming, using the following recursive equation:

Q̃→
i (s,a) =

⟩︄
/︄/︄\︄

/︄/︄/︂

ri(s), if i = H

ri(s,a)+maxp̃i↓Ps,a

⎛
%s⇐↓S p̃i maxb↓A Q̃→

i+1(s
⇐,b)

⎞
, if i ↓ [1, · · · ,H ↑1].

Where

Ps,a := {p↓ [0,1]|S| | ∝p∝1 = 1,⇑s⇐ ↓S : p(s⇐|s,a)↓ conv(ConfidenceSet(p̂(s⇐|s,a),N(s,a)))},

with conv(X ) represents the convex hull of a set X .

The inner max that represents the policy can be directly solved by enumeration, and the

outer maximization problem can be easily solved as it consists of putting as much weight as

possible on the successor state with the highest value, as depicted on line 13 in Algorithm 7.

Lastly, the policy execution phase consists of the execution of the optimistic policy at

phase k, !k, until the condition on line 8 of Algorithm 6 is reached.

We rewrite the results proven in [29] for completeness. First, lemma 2.3.4 ensures the

convergence of FixedHorizonEVI (Alg. 7). Second, Theorem 2.3.5 provides an upper bound

on the sample complexity of UCFH.
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The validity of FixedHorizonEVI is proven in [29]. For completeness, we rewrite the

resulting lemma below.

Lemma 2.3.4. Given a confidence set over MDPs M, FixedHorizonEVI returns M̃, !̃ =

argmaxM↓M⇐,! V !
M(s0). And since M∞M⇐ it holds that V !̃

M̃(s0)↖ maxM↓M,! V !
M(s0).

The following theorem bounds the number of episodes required by UCFH to learn an

%-optimal policy.

Theorem 2.3.5. Given any % < 0, & ↖ 1 it holds that with probability 1↑& , UCFH generates

a sequence of policies !k with a most

Õ
⌋︄

H2|S|2S
%2 ln(

1
&
)

⌈︄

episodes with V →
1 (s0)↑V !k

1 (s0)> % .

A detailed proof of this result is available in [29].
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Algorithm 6: Upper Confidence Fixed-Horizon episodic RL (UCFH)
Input: desired accuracy % ↓ (0,1], failure tolerance & ↓ (0,1], MDP M
Output: with probability 1↑& : %-optimal policy
Initialisation: k := 1, +min := %

4H|S| , &1 := &
2UmaxC , Umax := |S↘A| log2

|S|H
+min

m := 512(log2 log2 H)2 CH2

%2 log2 ⌉︄8H2|S|2
%

{︄
ln 6|S↘A|C log2

2(4|S|2H2/%)
&

N(s,a) = #(s,a) = N(s,a,s⇐) = #(s,a,s⇐) := 0 ⇑s ↓ S,a ↓A,s⇐ ↓ S
1 while do

/* Optimistic planning */

2 p̂(s⇐|s,a) := N(s,a,s⇐)/N(s,a) for all (s,a) with N(s,a)> 0

3 Mk :=
⎛

M̃ ↓Mnonst. : ⇑(s,a) ↓ S↘A, t = 1, · · · ,H,s⇐ ↓ S

4 p̃t(s⇐|s,a) ↓ ConfidenceSet(p̂(s⇐|s,a),N(s,a))
⎞

5 M̃k,!k := FixedHorizonEVI(Mk)

6 repeat
7 SampleEpisode(!k) /* sample from M using !k

*/

8 until ∈(s,a) ↓ S↘A with #(s,a)↖ max{m+min,N(s,a)} and N(s,a)⇓ |S|mH
/* Update the statistics of the above mentioned (s,a) pair */

9 N(s,a) := N(s,a)+#(s,a)
10 N(s,a,s⇐) := N(s,a,s⇐)+#(s,a,s⇐) ⇑s⇐ ↓ S
11 #(s,a) := #(s,a,s⇐) := 0 s⇐ ↓ S
12 k = k+1

13 Function SampleEpisode (!):
14 s0 ⇒ ∀
15 for t = 1, · · · ,H ↑1 do
16 at := !t+1(st)

17 st+1 ⇒ p(·|st ,at)

18 #(st ,at) := #(st ,at)+1
19 #(st ,at ,st+1) := #(st ,at ,st+1)+1

20 Function ConfidenceSet (p,n):

21 P :=
⎛

p⇐ ↓ [0,1] : if n > 1 : |p⇐(1↑ p⇐)↑ p(1↑ p)|⇓ 2ln(6/&1)
n↑1 ,

22 |p↑ p⇐|⇓ min
⌋︄⎡

ln(6/&1)
n↑1 ,

⎡
2p(1↑p)

n ln(6/&1)+
2
3n ln 6

&1

⌈︄⎞

23 return P
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Algorithm 7: Fixed-horizon Extended Value Iteration (FixedHorizonEVI)
Input: A set of MDPs M

1 Q̃→
H:H(s,a) = rH(s)⇑s,a ↓ S↘A

2 for t = H ↑1, · · · ,1 do
3 !t+1(s) := argmaxa↓A Q̃→

t+1:H(s,a)⇑s ↓ S
4 sort states such that:
5 Q̃→

t+1:H(s
(i),!t+1(s(i)))↖ Q̃→

t+1:H(s
(i+1),!t+1(s(i+1)))

6 for s,a ↓ S↘A do
7 p̃t(s⇐|s,a) := minConfidenceSet(p̂(s⇐|s,a),n(s,a)) ⇑s ↓ S
8 ! := 1↑%s⇐↓S p̃t(s⇐|s,a)
9 i := 1

10 while ! > 0 do
11 s⇐ := s(i)

12 !⇐ := min{!,maxConfidenceSet(p̂(s⇐|s,a),n(s,a))↑ p̃t(s⇐|s,a)}
13 p̃t(s⇐|s,a) := p̃t(s⇐|s,a)+!⇐

14 ! := !↑!⇐

15 i := i+1

16 Q̃→
t:H(s,a) = %s⇐↓S p̃t(s⇐|s,a)Q̃→

t+1:H(s
⇐,!t+1(s⇐))

17 !1(s) := argmaxa↓A Q̃→
1:H(s,a) ⇑s ↓ S

18 return MDP with transition probabilities p̃t and optimal policy !



Chapter 3

A Lower Bound on HRL Efficiency

Hierarchical Reinforcement Learning (HRL) algorithms have the ability to plan and make

decisions across multiple levels of abstraction, which is a key feature distinguishing them

from traditional reinforcement learning methods. Empirical studies have demonstrated that

employing state or temporal abstractions can lead to substantial improvements in the sample

efficiency of Reinforcement Learning algorithms. However, despite these observed benefits,

a comprehensive understanding of the underlying reasons for such efficiency gains remains

elusive, and no well-established, theoretically grounded design principles currently exist to

guide the development of HRL systems.

In this chapter, we address this gap by deriving a lower bound on the sample complexity

for a specific class of goal-conditioned HRL algorithms. This theoretical lower bound enables

us to precisely quantify the advantages offered by hierarchical decomposition. Building on

this insight, we propose a simple Q-learning-type algorithm that effectively leverages the

hierarchical structure of tasks.

To verify our theoretical contributions, we conduct empirical studies that evaluate the

sample complexity of the proposed hierarchical algorithm across a variety of environments,

including hierarchical n-rooms tasks and the well-known Gymnasium’s Taxi domain. The
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hierarchical n-rooms tasks are designed to allow for adjustable complexity, spanning multiple

orders of magnitude, providing a robust testing ground for our algorithm.

The combination of theoretical analysis and empirical validation marks a step toward

addressing the fundamental question of how much hierarchical decomposition can enhance

the performance of reinforcement learning compared to monolithic approaches. Our findings

offer a deeper understanding of HRL and suggest promising directions for designing more

efficient learning algorithms.

The work presented in this chapter was previously published as:

Robert, A., Pike-Burke, C., & Faisal, A. A. (2024). Sample complexity of goal-

conditioned hierarchical reinforcement learning. Advances in Neural Information Processing

Systems, 36.

3.1 Motivation

Hierarchical Reinforcement Learning (HRL) [132, 33, 37, 21] exploits the natural hierarchical

structure of tasks by decomposing problems into simpler sub-problems, thereby creating more

sample-efficient algorithms. Numerous empirical studies support the idea that hierarchical

methods can significantly boost the sample efficiency of traditional Reinforcement Learning

(RL) algorithms [94, 95, 139, 33]. However, there are instances where the introduction of

temporal abstractions has led to a worsening of sample complexity [63]. This raises a critical

question: under what circumstances does HRL improve sample complexity?

Theoretical research on sample complexity bounds in Machine Learning has played a

fundamental role in advancing the field. Understanding sample complexity is particularly

valuable in RL because, unlike supervised learning, RL tends to be far more resource-

intensive, sample-inefficient, and reliant on costly data from interactions with the environment.

Moreover, theoretical results [29, 77, 11, 62, 131] have often revealed insights that shape
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the development of new algorithms. For example, the analysis of the Q-learning algorithm

in [62] deepened our understanding of exploration strategies in model-free RL, and the

policy gradient theorem [131] laid the foundation for a host of new RL methods. In contrast,

theoretical work on hierarchical RL remains sparse, with many important contributions being

empirical, focusing on hierarchies of states [33, 38], time [113], or actions [138, 109, 3].

In an effort to bridge this theoretical gap, we focus on a tabular setting of goal-conditioned

HRL [94, 21]. By analyzing the induced Markov Decision Process (MDP) decomposition,

we derive a lower bound on the sample complexity for this HRL framework. This lower

bound provides insight into when hierarchical decomposition is advantageous and serves as

the foundation for a novel hierarchical Q-learning algorithm that exploits this structure to

enhance sample efficiency. In the goal-conditioned HRL paradigm, both a high-level policy

and a low-level policy are jointly optimized to achieve a primary objective. Specifically, the

high-level policy selects sub-goals, while the low-level policy executes primitive actions

to achieve these sub-goals (see Fig.3.1, left diagram). This hierarchical breakdown of

tasks is highly general and can be applied to a wide range of problem domains, effectively

transforming the original MDP into two interrelated sub-MDPs (discussed in Sec.3.2.2).

This chapter advances our understanding of HRL through the following key contributions:

• A theoretical lower bound on sample-complexity: We establish a lower bound on the

sample complexity associated with hierarchical decomposition (see Sec. 3.3). This

bound equips practitioners with a quantitative measure of the potential efficiency gains

from task decomposition.

• A new Q-learning algorithm: We introduce a simple yet novel Q-learning algorithm

tailored to goal-conditioned hierarchical RL, leveraging the hierarchical structure for

improved sample efficiency (see Sec. 3.5).

• Empirical validation: We validate our theoretical findings through a series of exper-

iments using a synthetic task with adjustable hierarchical complexity (see Sec.3.6).
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These results demonstrate that our derived bound can reliably identify cases where

hierarchical decomposition yields significant benefits (see Sec.3.6).

Together, these contributions enhance our theoretical and practical understanding of

when and how HRL can be effectively utilized to achieve improved sample complexity over

monolithic RL approaches.
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Environment

high-level
policy

µlow-level
policy

#

(sh, rh)

gsub

a

(sl ,rl )

MO = ↔S,A,P,r, p0,H↗

Mh = ↔Sh,Ah,Ph,rh, p0,h,Hh↗Ml = ↔Sl ↘Ah,A,Pl,rl, p0,l,Hl↗

Fig. 3.1 In the left block diagram, the agent’s architecture is broken down into two key
components: a high-level policy µ and a low-level policy # , which work together to solve a
given task. The high-level policy, µ , receives inputs consisting of the high-level state and
reward, represented as the pair (sh,rh). Based on this information, the high-level policy
determines and outputs a sub-goal, gsub, which is then passed to the low-level policy, # . The
low-level policy observes the subgoal gsub as well as the state-reward pair, (sl,rl), where sl
is the low-level state and rl is the low-level reward. The low-level policy # interacts directly
with the environment by executing primitive actions, a, to solve the instructed sub-goal. The
right diagram provides a visual representation of the hierarchical decomposition induced
by the hierarchical framework. The diagram illustrates how the original MDP, MO, is
decomposed into two distinct sub-MDPs: the low-level MDP, Ml , which is managed by the
low-level policy, and the high-level MDP, Mh, which is governed by the high-level policy. A
detailed description of this decomposition is provided in Section 3.2.2.

3.2 General Formulation of Goal-Conditioned HRL

In Chapter 2, we presented a non-stationary finite-horizon MDP (see Defenition 2.1.1), but

in this work, we consider a stationary finite-horizon MDP setting. The main difference is

that the reward and transition dynamics do not depend on the time step. But for the sake of

completeness, we start by formally defining stationary finite-horizon MDPs.

3.2.1 Stationary Finite-Horizon Markov Decision Process

An episodic finite-horizon MDP is defined by the following tuple: M = ↔S,A,r,P,∀,H↗.

Where S is a finite state space of size |S| and A is a finite action space of size |A|. The goal of

the task is encoded in a terminal state g ↓ S . We assume the reward function r(s,g) ↓ [↑a,b]

(for a,b ↖ 0) is known ⇑s ↓ S,g ↓ S , the reward function penalises each step with a negative

reward of at most ↑a and reward the completion of the task with a positive reward of b. The

initial state distribution p0 is a distribution over states that is used to determine in which
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state an episode starts. The learner interacts with the MDP in episodes of at most H time

steps. The episode’s starting state s0 ⇒ p0 is drawn from the initial state distribution. In

each time step t = 1, . . . ,H, the learner observes a state st and chooses an action at . Given a

state action pair (st ,at) the next state st+1 ⇒ P(·|st ,at) is drawn from the transition kernel.

Eventually, the episode ends because the agent reaches the terminal state or has interacted

with the environment for H time-steps.

The agent aims to select actions that maximise the expected return throughout an episode.

We typically assume actions are chosen according to a policy, at ⇒ !(st), where ! is a function

that maps each state and time step pair to a distribution over actions ! : S↘ [H]≃ !A, and

!A is the set of all probability distributions over A and [H] is the set of natural numbers

up to H. The agent aims to select a policy ! to maximise the sum of expected rewards,

E[%H
t=1 rt |s1 ⇒ ∀,at ⇒ !(st),st+1 ⇒ P(st ,at)], where the expectation is over the initial state

distribution, the policy and the stochastic transitions. Note that it is usually the case for

finite-horizon MDPs that the policy also depends on the current time step. However, to

simplify notation, we do not make this relation explicit.

For a given policy ! , we define at time step ∃ ↓ [H] the value function, V !
∃ (s):

V !
∃ (s) = EP

[︄ H

%
t=∃

rt |s∃ = s,a∃:H ⇒ !
]︄
,

and the Q-function, Q!
∃ (s,a):

Q!
∃ (s,a) = EP

[︄ H

%
t=∃

rt |s∃ = s,a∃ = a,a∃+1:H ⇒ !
]︄
,

where s ↓ S denotes the state, a ↓A is the action and the notation a∃:H ⇒ ! is used to specify

that actions between time step ∃ and time step H ↑1 were selected using ! . Whenever ∃ > 1,

the expectations only depend on the stochastic policy and transition function. The optimal

policy !→ is the policy with the highest value function for every time step and every state,
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V !→
∃ (s) = V →

∃ (s) = max! V !
∃ (s)⇑∃ ↓ [H],⇑s ↓ S. There is always a deterministic Markov

policy that maximises the total expected reward in a finite-horizon MDP [114].

In this chapter, we assess the quality of a policy by its expected value at the beginning of

an episode. To lighten the notation, we define V ! = Es⇒∀ [V !
0 (s)] to be the expected value

from the beginning of an episode, where the expectation is taken over initial states.

3.2.2 Episodic Finite-Horizon Hierarchical MDP

Consider an episodic, finite-horizon MDP Mo, which can be hierarchically decomposed

into two MDPs: a low-level MDP, Ml , and a high-level MDP, Mh. This decomposition is

illustrated in the right diagram of Fig. 3.1. To ensure clarity throughout, we introduce the

following notation: the subscript o is used to denote the original MDP, while subscripts l and

h refer to the low-level and high-level MDPs, respectively.

The decomposition into low-level and high-level MDPs can be formally represented by

the following tuples: Ml = ↔Sl ↘Ah,A,rl,Pl,∀l,Hl↗ for the low-level MDP, and Mh =

↔Sh,Ah,rh,Ph,∀h,Hh↗ for the high-level MDP. For this hierarchical decomposition to be

valid, the following conditions must hold:

Action spaces: The action space for the low-level MDP consists of the primitive actions

available to the agent for interacting with the environment. This space is identical to the

action space of the original MDP, denoted by A. On the other hand, the high-level action

space, Ah, is composed of sub-goals that the high-level agent can assign to the low-level

agent. The set of sub-goals in Ah is assumed to be sufficient to enable the agent to solve any

given task, regardless of the state. Note that the set of available sub-goals usually depends on

the current high-level state, sh, Ah(sh)∋Ah. To simplify the notation we do not make this

relation explicit.
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State spaces: Both the low-level state sl and the high-level state sh must contain enough

information to reconstruct the full state, s, from the original MDP, Mo. Typically, states

s ↓ S ∋ Rd are represented as multi-dimensional vectors, with each dimension encoding

a specific feature or characteristic. This allows for the state to be factored into a tuple

(sl,sh) ↓ Sl ↘Sh, where one part of the state belongs to the low-level MDP, and the other

belongs to the high-level MDP. Thus, any state s ↓ So in the original MDP can be represented

as a combination of a low-level state sl ↓ Sl and a high-level state sh ↓ Sh. Additionally, since

the low-level policy is goal-conditioned, its state space also includes the sub-goal ah ↓Ah,

leading to a complete low-level state space of Sl ↘Ah, where the sub-goal is part of the state

description.

Initial state distributions: The initial state distribution for the high-level MDP, ∀h, is

a restriction of the initial state distribution of the original MDP ∀ onto the high-level state

space, Sh. For any state in the original MDP s ↓ So and its decomposition (sl,sh), with

sl ↓ Sl and sh ↓ Sh we have ∀h(sh) = %s:(·,sh)↓So ∀(s). The initial state distribution for the

low-level MDP, ∀l(·|sh,0), is conditioned on the high-level initial state, sh,0, and spans the

low-level state space Sl , ensuring that the original state distribution ∀ can be reconstructed

from the low-level and high-level initial state distributions, that is, ∀(s) = ∀h(sh)∀l(sl|sh),

where sl ↓ Sl and sh ↓ Sh correspond to the hierarchical decomposition of s ↓ So.

Transition functions: The low-level transition function Pl is a restriction of the orig-

inal transition function P on the low-level state description and sub-goals Sl ↘Ah. A key

challenge in HRL is that the high-level transition function, Ph, is influenced by the low-level

policy # . The success of the low-level policy in achieving its sub-goal directly affects the

probability of transitioning to a new high-level state. Consequently, the high-level transition

function, Ph(s⇐h|sh,ah,#), depends not only on the high-level state sh and the sub-goal ah but
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also on the low-level policy # . This dependence makes the high-level transition function

non-stationary, increasing the complexity of the learning process.

Reward functions: The goal states of the original MDP belong to the original state

space S. Similarly, the low-level states associated with completing a sub-goal belong to

Sl . The low-level reward function can then be derived from the original reward function, as

rl(sl,gsub) = 2r(s,g), where s and g represent the reconstructed low-level state and sub-goal

in the original MDP. The high-level reward function is computed as the sum of rewards

accumulated by the low-level policy over the course of a sub-episode. Specifically, the reward

for a high-level action, ah, consists of the sum of the low-level reward accumulated by the

low-level policy while trying to solve this particular sub-goal rh(sh,ah) = %Hl
t=1 rl(sl,t ,ah).

Horizons: The total number of steps in an episode for the original MDP is constrained

by its horizon, H. As a result, the horizons of the high-level MDP, Hh, and the low-level

MDP,Hl , must satisfy the condition H = Hh ·Hl .

In practice, it is always possible to find a hierarchical decomposition that satisfies these

conditions. For instance, a trivial decomposition could involve a high-level agent whose sole

action encodes the end goal of the task, while the low-level agent is given access to complete

state information without abstraction. However, while such a decomposition is technically

valid, it may not offer any real advantages. The challenge is identifying decompositions that

lead to meaningful improvements, particularly in sample efficiency.

The policies governing the high-level MDP, Mh, and low-level MDP, Ml , are denoted

as µ and # , respectively. In a goal-conditioned HRL framework, the low-level policy # maps

a combination of the low-level state and the sub-goal to an action, i.e., # : Sl ↘Ah ≃Al ,

while the high-level policy, µ , selects sub-goals based on the high-level state, µ : Sh ≃Ah.

The performance of these policies can be evaluated using their respective value functions, V #
l
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for the low-level MDP and V µ
h for the high-level MDP. Similar to the non-hierarchical case,

we can define optimal high-level and low-level policies as #→ = argmax# V #
l for the low-level

policy and #→ = argmaxµ V µ
h for the high-level policy. Any pair of low- and high-level

policies (# ,µ) can be combined to produce a policy ! that interacts with the original MDP

Mo. This is formally defined as:

Definition 3.2.1. A hierarchical policy consists of a pair (# ,µ) that can be mapped to a

policy ! in the original MDP Mo as follows:

!(a|s) = !(a|sl,sh) = %
ah↓Ah

µ(ah|sh)#(a|ah,sl). (3.1)

The optimal hierarchical policy is obtained by combining the optimal high-level policy

µ→ and low-level policy #→. However, not every policy in the original MDP can be expressed

as a decomposition of (# ,µ). Specifically, there is no guarantee that the optimal policy for

the original MDP !→ has an equivalent hierarchical decomposition.

Our goal is to determine when a hierarchical decomposition of the original MDP leads

to faster learning of a near-optimal policy. Therefore, we are interested in evaluating the

performance of the combination of # and µ while they interact with the original MDP Mo.

To quantify the performance of the pair of policies (# ,µ) we consider the corresponding

policy in the original MDP (see Definition 3.2.1), ! , and we evaluate it in the original MDP

Mo. Formally, we have:

V # ,µ
o = Es⇒∀ [V !

o,0(s)],

where the subscript o is a reminder that we are evaluating a policy on the original MDP Mo.

When learning in this hierarchical setting, the agent is tasked with learning both a high-

level policy µ and a low-level policy # . The learning is done in an episodic setting, with

episodes unfolding as follows. The agent observes the initial state and uses the high-level

policy to select a sub-goal. The low-level policy then attempts to achieve this sub-goal over



3.2 General Formulation of Goal-Conditioned HRL 53

the course of the next Hl steps. Once Hl steps have passed or the sub-goal is achieved, the

high-level agent observes a new high-level state and selects a new sub-goal. This process

repeats until the entire task is completed or the horizon H is reached. Through this interaction,

each agent seeks to maximise their respective value functions, max# V #
l and maxµ V µ

h , within

their corresponding MDPs. After the completion of an episode (i.e. H steps), the algorithm

can update its low- and high-level policies.

3.2.3 Probably-Approximately Correct RL

In this section, we recall the definition of the Probably-Approximately Correct (PAC) guaran-

tee defined in Chapter 2 and adapt it to the hierarchical setting we consider in this work. We

aim to find, in as few episodes as possible, a pair of policies (# ,µ) with a near-optimal value.

To formalise this, we use the PAC RL notion defined in Chapter 2 (see Definition 2.2.4).

We denote by !k the sub-optimality gap, that is the difference between the optimal (non-

hierarchical) policy !→ and the current hierarchical policy (#k,µk): !k :=V →
o ↑V #k,µk

o . Note

that both policies are evaluated on the original MDP Mo.

Definition 3.2.2. An algorithm satisfies a PAC bound N if, for a given input %,& > 0, it

satisfies the following condition for any episodic fixed-horizon MDP: with probability at

least 1↑& , the algorithm plays policies that are at least %-optimal after at most N episodes.

That is, with probability at least 1↑& , max{k ↓ N : !k > %}⇓ N, where N is a polynomial

that can depend on the properties of the problem instance.

In Section 3.3, we will bound the sample complexity of HRL algorithms. In this context,

the sample complexity refers to the number of episodes, N, in the original MDP, during

which the algorithm may not follow a policy that is at least %-optimal with probability at

least 1↑& .
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3.2.4 Running Example

We introduce the following illustrative example to clarify the hierarchical decomposition of

an MDP. Consider a grid-world environment where the original MDP models a maze-solving

task. In this environment, the agent’s state is represented by a tuple (R,C), where R indicates

the current room the agent occupies, and C represents the specific cell within that room.

The agent’s objective is to navigate the maze to reach an absorbing goal state. The reward

function penalises the agent with a small cost, ↑a, at each time step unless the agent reaches

the goal state. Upon reaching the goal, the agent no longer suffers penalties and receives a

reward of 0 for all remaining time steps. Mathematically, this reward function is expressed

as r(s) =↑aI{s △= g}, where g ↓ S denotes the goal state and I is the indicator function.

To decompose this problem hierarchically, we define a high-level MDP and a low-level

MDP as follows. The high-level MDP abstracts the task by focusing on the maze at the

level of rooms, ignoring the finer details of individual cells. In this high-level representation,

the agent’s state is reduced to the current room, R. The goal of the high-level agent is to

determine the sequence of rooms that leads to the goal. At each high-level time step, the

agent identifies the most valuable exit through which the low-level agent should navigate

to progress toward the goal. As discussed in Section 3.2.2, the reward for the high-level

agent is the sum of the rewards accumulated by the low-level agent during the sub-episode.

Meanwhile, the low-level agent operates within a single room and is unaware of the larger

maze layout. Its task is to move from cell to cell within the room, aiming to reach a specific

exit designated by the high-level agent. The low-level agent faces a penalty of ↑2a for each

action it takes until it reaches the sub-goal. Upon reaching the sub-goal, the penalty ceases.

The low-level reward function can be written as r(s) =↑2aI{s △= gsub}, where gsub denotes

the current sub-goal.

One such example is robotics, where the low-level agent would be tasked with controlling

the joints of the robot to produce movements selected by the high-level policy, whose goal



3.3 Lower Bound on the Sample Complexity of HRL 55

is to perform tasks that require a sequence of distinct movements (i.e. navigational tasks,

manipulation tasks or a combination of both).

We will revisit this example throughout the chapter to illustrate key concepts, but it is

important to note that the hierarchical reinforcement learning (HRL) framework we describe

is general and applicable to a wide variety of tasks beyond grid-world navigation. For

instance, in robotics applications, the low-level agent might be responsible for fine-grained

control over a robot’s joints, executing movements directed by the high-level policy. The high-

level policy, in turn, would focus on higher-level objectives such as completing navigational

or manipulation tasks or even combining both. In this case, the high-level agent could

direct the robot to perform complex sequences of movements, such as reaching for and

grasping objects or navigating through an environment, while the low-level agent handles

the detailed control of the robot’s limbs to carry out those instructions. This hierarchical

structure enables efficient decision-making in complex, multi-step tasks by breaking them

down into manageable sub-problems.

3.3 Lower Bound on the Sample Complexity of HRL

It has been established in [29] that, for any RL algorithm, the number of sample episodes

required to achieve an (%,& )-accurate policy (in the original MDP) is lower bounded by:

E[N] = ∀
⌋︄
|S||A|H2

%2 ln
⌉︄ 1

& + c
{︄⌈︄

, (3.2)

where c is a positive constant, % denotes the desired accuracy of the policy and & is the

probability of failure.

We now extend the previous result to hierarchical Markov Decision Processes (MDPs).

Before proceeding, it is important to recognise a key limitation of hierarchical policies. Even

the best hierarchical policy, as defined in Eq. (3.1), may still be sub-optimal in comparison
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to the true optimal policy !→ for the original MDP Mo. This is a direct consequence of the

hierarchical goal-conditioned architecture. Let’s consider that while executing a sub-episode,

the agent realises that another sub-goal becomes more valuable. The proposed architecture

does not allow interruptions. Consequently, the agent will first have to complete the current

sub-episode before adapting to the new circumstances. In contrast, a monolithic policy will

never suffer from such a constraint, and it will always be able to select the most valuable

action.

Formally, let V #→,µ→
o denote the value of the optimal hierarchical policy in the original

MDP. The sub-optimality gap, !k, denotes the gap between the value of the current policy

pair (#k,µk) and the value of the optimal policy !→:

!k =V →
o ↑V #k,µk

o .

This sub-optimality gap is necessarily larger than the gap between the value of current

hierarchical policy (#k,µk) and the value of the optimal hierarchical policy (#→,µ→):

!k ↖V #→,µ→
o ↑V #k,µk

o .

Thus, if for a given number of episodes N, the hierarchical policy (#k,µk) is such that

the difference between the value of the optimal hierarchical policy (#→,µ→) and the value

of the current hierarchical policy exceeds % , that is, V #→,µ→
o ↑V #k,µk

o ↖ % , it must also hold

that the overall sub-optimality gap !k ↖ % for at least N episodes. Consequently, this implies

that N provides a lower bound on the number of episodes during which the algorithm plays a

sub-optimal policy.

In the following theorem, we derive a lower bound on the number of episodes, N,

required to learn a pair of hierarchical policies (# ,µ) that are %-optimal relative to the

optimal hierarchical policy (#→,µ→). Importantly, based on the argument outlined above, this
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lower bound on the sample complexity for learning an %-optimal hierarchical policy also

serves as a lower bound for learning an %-optimal policy with respect to the optimal policy

in the original MDP, !→. This theorem highlights the fundamental relationship between

hierarchical decomposition and sample complexity in reinforcement learning.

Theorem 3.3.1. There exist positive constants cl, ch and &0 such that for every & ↓ (0,&0) and

for every algorithm A that satisfies a PAC guarantee for (%,& ) and outputs a deterministic

policy, there is a fixed horizon MDP such that A must interact for

E[N] = ∀
⌋︄

max
⌋︄
|Sl||Ah||A|H2

l
%2 ln

⌉︄ 1
& + cl

{︄
,
|Sh||Ah|H2

h
%2 ln

⌉︄ 1
& + ch

{︄⌈︄⌈︄
(3.3)

episodes, in the original MDP, until the policy is (%,& )-accurate.

A complete proof of this theorem is given in Section 3.4. For the moment, we just

highlight the main steps of the proof.

Sketch of the proof: The following condition holds for any %-optimal pair of policies,

|V #→,µ→
o ↑V # ,µ

o |⇓ % . To derive a lower bound on the number of episodes N required to obtain

an %-optimal pair of policies (# ,µ) we used the following steps:

(i) The objective is decomposed using the triangle inequality, |V #→,µ→
o ↑V #→,µ

o |+ |V #→,µ
o ↑

V # ,µ
o |⇓ % .

(ii) We show that the number of samples required to guarantee |V #→,µ→
o ↑V #→,µ

o |⇓ %/2 is

bounded by ∀
⌋︄

|Sh||Ah|H2
h

%2 ln
⌉︄ 1

&+ch

{︄⌈︄

(iii) We show that the number of samples required to guarantee |V #→,µ
o ↑V # ,µ

o | ⇓ %/2 is

bounded by ∀
⌋︄

|Sl ||AH ||A|H2
l

%2 ln
⌉︄ 1

&+cl

{︄⌈︄

These three steps combined lead us to the desired result in Theorem 3.3.1; see Section 3.4

for more details.
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3.3.1 Interpretation of the Sample Complexity Bound:

Comparing the lower bound 3.31 to the lower bound derived for the original MDP 3.2, allow

us to identify the specific characteristics of the hierarchical decomposition that may lead to

improved sample efficiency. In most cases, only one of the two MDP characteristics—either

the high-level or low-level component—will dominate the overall sample complexity due

to the presence of the max operator in the bound (Eq. 3.3). To minimize the impact of the

max term and achieve better sample efficiency, the task complexity should be distributed as

evenly as possible between the high- and low-level MDPs. Below, we explore several key

insights derived from this analysis:

State abstraction: In the hierarchical framework, only one of the state space sizes (either

for the high-level or low-level MDP) will dominate the bound in Eq. 3.3. This observation

implies that an efficient hierarchical decomposition involves partitioning the original state

space in a balanced manner between the high and low levels of the hierarchy. A well-balanced

decomposition ensures that neither the high-level nor the low-level state space dominates,

which helps to reduce the overall sample complexity.

Another critical factor is the concept of low-level policy re-usability. Due to state

abstraction, the low-level agent may be able to reuse the policy it learns across multiple states.

For instance, different states s1,s2 ↓ S might share the same low-level component sl ↓ Sl ,

allowing the low-level agent to generalize and reuse its learned behaviour across these states.

To capture this phenomenon, we can rewrite the lower bound in Eq. 3.3 using the re-

usability index, , = |S|
|Sl | , which quantifies the degree to which the low-level policy can be

reused. The lower bound then becomes:
1It is important to note that this is a lower bound, meaning we cannot yet confirm the existence of algorithms

that achieve it.
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E[N] = ∀
⌋︄

max
⌋︄ |S↘Ah|

, |A|H2
l

%2 ln
⌉︄ 1

& + cl

{︄
,
|Sh||Ah|H2

h
%2 ln

⌉︄ 1
& + ch

{︄⌈︄⌈︄
. (3.4)

Eq. 3.4 highlights that increasing the re-usability index , can directly improve sample

efficiency by reducing the complexity of the low-level MDP.

Temporal abstraction: Similarly, only one of the two time horizons, either the high-level

horizon Hh or the low-level horizon Hl , will dominate the sample complexity bound. This

suggests that an effective temporal abstraction, where the task duration is reasonably dis-

tributed across the high- and low-level policies, can contribute to improved sample efficiency.

Temporal abstraction also simplifies the credit assignment problem by breaking down the

original task with time horizon H into a sequence of sub-tasks with a shorter horizon Hl .

Consequently, the low-level agent receives more frequent feedback by completing sub-tasks

that are significantly shorter than the original task. At the same time, the high-level agent

trajectory consists of fewer decision points, as it operates over sub-goals rather than primitive

actions, further reducing the complexity of the original MDP.

High-level action space: The high-level action space plays a unique role, as it appears

in both terms of the max(·, ·) in Eq. 3.3. This underscores the importance of maintaining a

compact and efficient representation of sub-goals.

When considering a hierarchical decomposition, it is interesting to note the contrast

between the state space decomposition and the design of the high-level action space. An

efficient state decomposition requires distributing the information available at each level as

evenly as possible. In contrast, both the low-level MDP Ml and the high-level MDP Mh

directly benefit from a compact sub-goal space.
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The insights discussed above reveal several properties of hierarchical decomposition that

can improve the sample complexity of reinforcement learning algorithms. However, it is

important to note that our lower bound also demonstrates that hierarchical decomposition

does not always guarantee improved sample efficiency. In fact, there are scenarios where a

poorly designed hierarchical structure could fail to offer any advantage in terms of sample

complexity.

Our lower bound thus serves as a valuable "sanity check", allowing practitioners to assess

whether a given hierarchical decomposition has the potential to enhance sample efficiency.

However, even when a promising decomposition is identified, finding an algorithm that can

fully leverage this decomposition to achieve optimal sample complexity remains a non-trivial

challenge.

That being said, the proposed Q-learning-based hierarchical algorithm presented in

this work demonstrates empirically that it can effectively exploit the benefits of hierarchical

decomposition. In Section 3.6, we explore several different MDP decompositions and validate

that when our theoretical bound indicates that the decomposition should be beneficial, the

algorithm (see Sec. 3.5) leverages this structure to achieve reduced sample complexity

compared to non-hierarchical approaches.

In Chapter 4, we focus on a subset of hierarchical problems, and for this family of MDP,

we provide a class of algorithms with theoretical guarantees in terms of an upper bound on

the regret suffered.

3.4 Proof of the Lower Bound

Theorem 3.3.1 establishes that there exist positive constants cl , ch and &0 such that for every

& ↓ (0,&0) and for any algorithm A that satisfies a PAC guarantee for (%,& ) and outputs a



3.4 Proof of the Lower Bound 61

deterministic policy, there is a fixed horizon MDP such that A must collect

E[Ne] = ∀
⌋︄

max
⌋︄
|Sl||Ah||A|H2

l
%2 ln

⌉︄ 1
& + cl

{︄
,
|Sh||Ah|H2

h
%2 ln

⌉︄ 1
& + ch

{︄⌈︄⌈︄
(3.5)

episodes until its policy is (%,& )-accurate.

Proof. An %-optimal pair of policies (# ,µ) satisfies

|V #→,µ→
o ↑V # ,µ

o |⇓ % . Using the triangle inequality, we get |V #→,µ→
o ↑V #→,µ

o |+ |V #→,µ
o ↑V # ,µ

o |⇓

% , then we will have |V #→,µ→
o ↑V # ,µ

o |⇓ % . As mentioned in Section 3.3 we focus on showing

the following:

(i) the number of samples needed to guarantee |V #→,µ→
o ↑V #→,µ

o | ⇓ %/2 is bounded by

∀
⌋︄

|Sh||Ah|H2
h

%2 ln
⌉︄ 1

&+ch

{︄⌈︄

(ii) the number of samples needed to guarantee |V #→,µ
o ↑V # ,µ

o | ⇓ %/2 is bounded by

∀
⌋︄

|Sl ||AH ||A|H2
l

%2 ln
⌉︄ 1

&+cl

{︄⌈︄

Combining the results of (i) and (ii) implies that after

∀
⌋︄

max
⌋︄
|Sl||Ah||A|H2

l
%2 ln

⌉︄ 1
& + cl

{︄
,
|Sh||Ah|H2

h
%2 ln

⌉︄ 1
& + ch

{︄⌈︄⌈︄

episodes, we will have |V #→,µ→
o ↑V #→,µ

o |+ |V #→,µ
o ↑V # ,µ

o | ⇓ % and so |V #→,µ→
o ↑V # ,µ

o | ⇓ %;

which is the result we want to show.

Part (i) Learning the high-level policy µ when the low-level policy #→ is optimal is equivalent

to learning an %-optimal high-level policy in a stationary high-level MDP Mh. The high-level

transition function does not change over time as the low-level behaviour is fixed to follow

#→. We can lower bound the number of episodes Nh needed to have: |V →
h ↑V #→,µ

h | ⇓ % , by

directly applying Eq. (3.2) to the high-level MDP characteristics to have

E[Nh] = ∀
⌋︄
|Sh||Ah|H2

h
%2 ln

⌉︄ 1
& + ch

{︄⌈︄
.
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To be able to use this result to construct the bound of interest, we need to make sure these

results can be translated into the original MDP: |V #→,µ→
o ↑V #→,µ

o | ⇓ % . In particular, the

reward functions are not the same for Mo and Mh. We defined the original MDP’s reward

function to penalize each step unless it reaches the end goal, in which case it rewards the

agent with a bonus. This reward function was initially defined to take values in the interval

[↑a,b]. Without loss of generality, we shift the reward function so that the rewards are

now drawn from the interval [↑a↑ b,0]. In this new setting, a successful completion of

the task is rewarded with a bonus of 0. Similarly, the low-level reward function penalizes

each step unless it reaches the instructed sub-goal. Lastly, the high-level reward function

rh(sh,ah) = %Hl
t=1 rl(sl,t ,ah), consists of the sum of the low-level rewards accumulated during

each sub-episode. A difference of scale in value function arises because high-level rewards

include the bonus the low-level agent receives for completing each sub-goal, whereas the

value functions in the original MDP do not include this bonus. To compensate for this

difference, the low-level reward is re-scaled with a penalty twice as large; the low-level

reward rl now takes values in [↑2a↑ 2b,0], and, under this specific reward function, the

completion of a sub-goal is rewarded by 0 as well. The re-scaling ensures that the accumulated

penalties are larger in the high-level MDPs, even for trajectories with a single intermediary

step. This guarantees that |V #→,µ→
o ↑V #→,µ

o |⇓ |V →
h ↑V #→,µ

h |. Hence after E[Nh] episodes, we

have |V →
o ↑V #→,µ

o |⇓ %

Part (ii) By a similar argument to Part (i), we can bound the number of episodes in the low-

level MDP required to obtain an %-optimal low-level policy for a fixed high-level policy µ . In

particular, a lower bound on the number of episodes Nl required to have |V #→,µ
l ↑V # ,µ

l |⇓ %

can directly be obtained from Eq. (3.2):

E[Nl] = ∀
⌋︄
|Sl||Ah||A|H2

l
%2 ln

⌉︄ 1
& + cl

{︄⌈︄
.
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Ultimately, we are interested in a lower bound on the number of episodes in the original

MDP No. Since a single episode in the original MDP corresponds to several episodes in

the low-level MDP, we can divide the number of episodes by a factor Hh: E[No] ↖ E[Nl ]
Hh

.

However, the difference in episode length between the two MDPs also induces a difference of

scale in their value functions. To ensure that the learned policies are %-optimal in the original

MDP we need to ensure that |V #→,µ
l ↑V # ,µ

l |⇓ %
Hh

, which requires at least H2
hE[Nl] low-level

episodes. Combining the two arguments, we get that E[No]↖
E[Nl ]H2

h
Hh

= E[Nl]Hh. Since we

are computing a lower bound on the number of episodes in the original MDP required to

learn a near-optimal policy and recognising that Hh ↖ 1, we can conclude that E[No]↖ E[Nl].

This leads us to a lower bound on the number of episodes needed to obtain an %-accurate pair

of policies as the one stated in the theorem.
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3.5 Stationary Hierarchical Q-Learning (SHQL)

Once we know that we have an MDP with a hierarchical decomposition that could lead to im-

proved sample complexity, the next challenge is to design an algorithm that can successfully

leverage this hierarchical structure. This section proposes a model-free hierarchical algorithm

for this purpose, Stationary Hierarchical Q-learning (SHQL). Probably the most challenging

aspect of jointly learning the high-level and low-level policies is the non-stationarity induced

by the low-level policy on the high-level transition dynamics, Ph. We already mentioned

(in Sec. 3.2.2) that the high-level transition function, Ph, changes over time as the low-level

policy changes (i.e. as we learn the low-level policy). Indeed, the next high-level state

depends on the current behaviour of the low-level policy, # , and if it can reach the instructed

sub-goal. To circumvent this issue, we leverage the fact that the algorithm knows beforehand

what a successful sub-episode is, i.e. it knows if the low-level agent managed to reach

the instructed sub-goal. Similar tricks are used in off-policy methods. This is typically

leveraged with hindsight correction [76]. Hindsight correction modifies the trajectories used

to perform the algorithm update; specifically, the sub-goal is corrected to be the state in

which the trajectory ends. However, in the considered on-policy setting, we propose that the

algorithm only performs a high-level update when the low-level policy successfully reaches

the goal, i.e. we ignore all low-level trajectories where the low-level policy failed to reach

the instructed sub-goal. This ensures that the algorithm filters out all bad examples from

the training set and that the behaviour of Ph is more stable. Note, however, that the reward

function of the high-level agent remains non-stationary. At first, sub-goals will not be solved

optimally, incurring a small reward to the high-level agent. However, as we train the low-

level policy, it becomes more efficient at solving the instructed sub-goal, and the associated

reward will increase. The function LowLevelUpdate in Algorithm 8 highlights that the low-

level agent uses Q-learning-type updates on the observed low-level transitions and rewards.

Similarly, the high-level agent also performs Q-learning-type updates, but, as explained,
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only on successful transitions, as emphasized by the condition at line 15 of Algorithm 8.
Algorithm 8: Stationary Hierarchical Q-learning (SHQL)

Input: Ql
:,:,: = 0, Qh

:,: = 0, doneh = False, t = k = 0
1 while not doneh and k < K do
2 Observe sh, sl

3 gsub = !h(sh)

4 donel = False /* True if sub-goal solved */

5

6 while not donel and t < T do
7 al = !l(sl)

8 Observe s⇐l , rl , donel

9 LowLevelUpdate((sl , al , rl , s⇐l , gsub))
10 sl = s⇐l
11 t = t +1

12 Observe s⇐h, rh, doneh

13 if donel then
14 Qh

nxt = max
g

Qh
s⇐h,g

15 Qh
sh,gsub

= Qh
sh,gsub

+∋ → (rh +Qh
nxt)

16 sh = s⇐h
17 k = k+1

18 Function LowLevelUpdate(s, a, r, s’ gsub):
19 Ql

nxt = max
a⇐

Ql
gsub,s⇐,a⇐

20 Ql
gsub,s,a = Ql

gsub,s,a +∋ → (r+Ql
nxt)

21 return Ql
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3.6 Experiments

We now empirically validate2 if the lower bound found in Section 3.3 correctly predicts the

impact of the hierarchical decomposition on a collection of MDPs. We do so by comparing

the performance of SHQL and standard Q-learning on a series of hierarchical tasks. To

satisfy the assumption of hierarchical structure, we constructed a class of environments that

extends the well-known four-room problem to an arbitrary number of rooms; we called this

class of problems the N-rooms problems. We also constructed a hierarchical version of the

Gymnasium’s Taxi environment.

3.6.1 N-Rooms Environment

The maze environment is constructed by arranging a customizable number of rooms within a

grid layout, allowing for flexible scaling of the task’s complexity. The overarching high-level

objective for the agent is to learn the optimal sequence of rooms that will guide the agent

from the starting point, located in the top-left room, to the goal in the bottom-right room. The

low-level task is to learn to navigate within each room and to reach the instructed hallway

successfully. The hallways act as sub-goals, and the high-level policy uses them to guide the

agent.

We introduce variability in the room profiles to modulate further the task’s difficulty

beyond simply adjusting the maze size (i.e., increasing the number of rooms). Each room

can have a distinct layout and structure, impacting the complexity of the low-level navigation

task. These different room configurations, visualized in the rightmost plot of Fig. 3.3, add an

additional layer of challenge and impact the hierarchical decomposition.

The set of MDPs generated by these environments are the following:

The original MDP: This is a standard grid-world MDP, where the state space indicates the
2Experiments were run on a 12th Gen Intel Core i7 with 16GB of RAM, to train the agents on the largest

maze considered takes ⇒ 7 minutes.
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Fig. 3.2 The grid of plots depicts, on the top row, the mazes whose size ranges from 4 rooms
to 1024 rooms. The bottom row shows the steps required for SHQL (in blue) and Q-learning
(in red) to complete the maze. The standard deviation is obtained by running ten different
seeds.

current cell where the agent is located, and the action space allows the agent to move one

cell in any cardinal direction (North, South, East, West). To obtain stochastic environments,

each action has a success probability of psuccess = 4/5. In case of failure, the executed action

will be chosen uniformly at random.

The high-level MDP: The high-level state space is restricted to the room where the agent

is currently located, and the exact position of the agent within that room is abstracted away.

The high-level actions instruct the low-level to reach one of the available hallways. Note

that not all rooms have access to the four hallways. The action executed by the high-level

depends on the current high-level state Ah(sh)∞Ah ensuring that all sub-goals instructed

are reachable by the low-level policy # within Hl steps.

The low-level MDP: The low-level agent only observes the agent’s current location within a

room and the sub-goal instructed by the high-level agent (one of the reachable hallways). It

then uses its policy # to select a sequence of primitive action space a ↓A (the four cardinal

directions) to reach the desired hallway. All required code to reproduce the experiments is

made available online [1].
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Identical Rooms

We first present the N-rooms environment in its simplest form. In this case, the environments

considered are mazes built by assembling identical rooms without obstacles (i.e. the top

room profile in Fig. 3.3). We measure the performance of our algorithm as the number of

steps it needed to reach the goal room. Figure 3.2 visualises the empirical performance of

the proposed algorithm, SHQL, with a blue learning curve. We compare the performance of

SHQL with Q-learning (the red learning curves) in the original MDP. Note that Q-learning

doesn’t have access to the additional structure in the MDP. The lower bound in Equation 3.2

suggests that the hierarchical machinery comes with a cost, and for simple mazes (e.g. with

4 or 16 rooms), the hierarchical decomposition does not provide sufficient improvement to

compensate for that initial cost. However, as the problem grows in complexity, empirical

evaluations indicate significant improvements in sample efficiency. Note that these results are

also supported by our lower bound on the sample complexity (yellow curve on the rightmost

plot of Fig. 3.3), which highlights that the efficiency gains of HRL are mostly visible in

complex MDPs (i.e. MDPs with large state and action spaces).

Fig. 3.3 The left-hand plot shows the evolution of the ratio between the RL bound Eq. (3.2)
and the HRL bound Eq. (3.3) for various mazes and different room profiles. The plateau
is obtained when the high-level MDP dominates the bound, leading to the following ratio:
|S||A|H

|Sh||Ah|Hh
. The curves are colour-coded such that a darker curve indicates more room profiles

were considered. The right-hand side of the plot shows the different room profiles available
to build the mazes.
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Multiple Room Profiles

We now consider more challenging tasks, and we increase the number of room profiles used

to construct the mazes. The rightmost plot of Figure 3.3 illustrates the four different room

profiles we considered. Essentially, each room profile has a different obstacle in the room.

The low-level agent must now learn to navigate multiple types of rooms to reach the sub-goal

sent by the high-level agent. We first present the most complicated task considered, that

is, when we consider four different room profiles. The performance of our algorithm in

this setting is shown in Figure 3.6. The introduction of different room profiles allows us to

modulate the complexity of the low-level MDP, in contrast to varying the number of rooms,

which only affects the complexity of the high-level MDP. This additional complexity directly

impacts the low-level MDP as it results in a larger state space Sl and may also lead to a longer

low-level horizon Hl as the optimal trajectory might require more time to navigate around

obstacles to reach the desired hallway successfully. Even in this more challenging setting,

it becomes evident that, as the number of rooms increases, the hierarchy’s benefits become

more significant. Nevertheless, a direct comparison of Figure 3.2 and Figure 3.6 highlights

that the introduction of various room layouts has little effect on the Q-learning curve (in red),

this behaviour is expected since the monolithic description of the problem already encodes

each cell of the maze individually, regardless of the room it is in. In contrast, it makes the

task slightly more challenging for the SHQL, the blue learning curve, especially when the

number of rooms is small since it suffers from the increased complexity of the low-level

MDP. But, when the number of rooms is sufficiently large for the high-level MDP complexity

to dominate the bound, the benefit of hierarchical decomposition becomes evident. For

completeness, we include in Figure 3.7 (in Fig. 3.4 and Fig. 3.5) the learning curve obtained

when mazes are built from two or three different room layouts. These learning curves

highlight the same behaviour that we previously discussed. With simple mazes, the low-level
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MDP strongly dominates the bound, but as we increase the high-level MDP complexity (i.e.

the number of rooms), the benefit of the hierarchical machinery becomes evident.

Interestingly, these empirical results are supported by our lower bound. In Figure 3.3,

we consider the evolution of the ratio between the HRL lower bound and the monolithic RL

lower bound (HRL/RL) for the set of n-rooms MDPs discussed above. It is important to

remember that in these experiments, the low-level MDP complexity remains constant for

a given set of room profiles. Indeed, regardless of the number of rooms in the maze, the

low-level task is to learn how to navigate the room profiles present. This is important to

properly understand the plateau of the curves in the rightmost plot of Figure 3.3. Essentially,

when we add rooms to the maze, we increase the complexity of the original MDP and the

complexity of the high-level MDP. The curves plateau when the high-level MDP dominates

the overall sample complexity. At this point, the complexity of the original MDP and the

complexity of the high-level MDP grow at the same pace. Formally, the height of the plateau

consists of the ratio between the RL bound (Eq. 3.2) and the high-level part of the HRL

bound (Eq. 3.3), |S||A|H
|Sh||Ah|Hh

.
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Fig. 3.4 Performance of SHQL in the N-room problem with two room profiles

Fig. 3.5 Performance of SHQL in the N-room problem with three room profiles

Fig. 3.6 Performance of SHQL in the N-room problem with four room profiles

Fig. 3.7 This collection of plots shows learning curves on various maze sizes. Each row of
the plot considers a different number of room instances, where rooms can have one, two or
three types of obstacles. For each experiment, the agent’s performance is measured by the
number of steps required to solve the task.
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Fig. 3.8 This figure illustrates how the added difficulty of learning new room profiles impacts
the performance of SHQL. In particular, we observe, as one would expect, that as we increase
the number of room profiles, the number of episodes necessary to learn an optimal policy
increases, as well as the learning curve variance.

It is important to note that adding room profiles also impacts the hierarchical algorithm

as it increases the overall complexity of the problem. Figure 3.8 shows the performance of

the hierarchical algorithm, SHQL, on a maze with 256 rooms and up to four different room

profiles. It clearly shows that adding room profiles makes the problem more challenging. In

particular, we can see that the algorithm requires more training episodes to converge and

suffers from greater variance in performance.

3.6.2 Gymansium Taxi Task

Another task we consider is the taxi environment [37]. In this environment, the agent is

tasked to pick up a passenger and bring him/her to a specific location. As illustrated in

Fig. 3.9 the taxi environment is a grid world composed of 25 cells (5↘ 5 grid). At the

beginning of an episode, the passenger is assigned a random initial location, which can only

be in one of the four taxi stations depicted by the letters R, G, Y and B in Fig. 3.9 right plot,

and a final destination which is any of the three remaining taxi stations. When visualising the
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environment, the passenger’s location is denoted by the letter in blue and the final destination

by the purple letter. The initial position of the taxi is also randomly sampled, and to complete

the task, the taxi will have first to pick up the passenger and then deliver him to his final

destination.

This problem can be formalized by a MDP. The state space S encodes the 404 reachable

states. The twenty-five possible taxi locations, the four possible destinations and the five

potential passenger locations suggest a total of five hundred states. Several combinations

are considered infeasible. In particular, the states where the passenger is at the destination

but the taxi is somewhere else are not possible and there are 24→4 = 96 such configurations.

The action space A consists of the six possible actions (move up, down, left, right, pickup,

dropoff). The default horizon H considered for this environment is 200 steps. The initial state

distribution uniformly chooses the cell where the taxi starts the episode and the passenger’s

initial location and destination. The reward function assigns a positive bonus (+20) for

successfully delivering the passenger, a penalty for illegal action such as an inappropriate

dropoff and pickup action (↑10) and a small penalty (↑1) for each remaining step. The

characteristics of the original MDP for this problem are the following |S| = 404, |A| = 6

and H = 200.

To apply SHQL, the following decomposition was considered:

(i) High-level MDP: The high-level state space only encodes the current passenger location

and the final desired destination, hence |Sh| = 20. The high-level action space comprises

eight possible sub-goals |Ah|= 8. Each sub-goal encodes one of the four special locations

and whether the passenger should be picked up or dropped off. Since all possible initial

configurations can be completed with only two sub-goals, first a pick-up instruction and then

a drop-off instruction, the horizon of the high-level MDP is Hh = 2.

(ii) Low-level MDP: The low-level agent needs to be able to perform all primitive actions so

Al =A. Then, the low-level state space encodes the current location of the taxi as well as
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Fig. 3.9 Left plot shows the learning curves of SHQL and Q-learning in the taxi environment.
Right plot illustrates the taxi environment; the agent (yellow square) needs to navigate a grid
world to reach the pickup location (encoded by the blue letter) and drop off the passenger
at its final destination (encoded as the purple letter). The remaining letters are the possible
pickup and drop-off locations. Note that the taxi needs to learn how to navigate the grid
world in order to avoid the walls represented by solid lines.

the instructed sub-goal, yielding to a state space of size |Sl|= 200. Since the trip is evenly

divided into two separate instructions, the horizon of the low-level agent is Hl = 100.

By Theorem 3.3.1, we can observe that the low-level MDP is likely to dominate the

bound and to drive the overall complexity of the problem. Ignoring the constant terms in

the bound, our theory suggests that small improvement should still be possible. This is

confirmed by our empirical results in Fig. 3.9 (left plot), which shows a significantly steeper

learning curve for SHQL compared to Q-learning on the taxi task. In order to make the

comparison between the two algorithms as fair as possible, we considered a range of possible

hyperparameter values and for each algorithm, we only report the best-performing setting.

The hyperparameters considered are the initial exploration rate % ↓ [0.1,0.3, · · · ,0.7,0.9]

and the decay rate & ↓ [1↑10↑3,1↑10↑4, · · · ,1↑10↑7]. Note that we only considered the

following decay function %k+1 = %k →& k+1, where k denotes the current episode number. The

error bars are obtained by running ten different seeds.
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3.7 Related work

We consider a system where an agent needs to make a sequence of decisions in an uncertain

environment to maximise the sum of cumulated rewards. Such problems are modelled as

Markov Decision Processes (MDPs) and can be solved by RL algorithms [130]. When

a task is too complex, the number of interactions required to learn a near-optimal policy

becomes prohibitive. The task complexity typically depends on the difficulty of temporal

credit assignment (which is directly related to the episode length) and the size of the state and

action spaces [87]. To address this complexity, HRL leverages temporal abstractions [132]

and state abstractions [33] to improve sample efficiency when learning an optimal policy.

There exists a wide range of HRL frameworks; see [60] for a survey. In this chapter, we focus

on the goal-conditioned HRL framework [94, 21]. Of the other HRL frameworks, only the

options framework [132] and the resulting semi-Markov Decision Process [50, 146, 25, 49]

benefit from some theoretical understanding. However, in practice, the goal-conditioned

hierarchical framework presented in Fig. 3.1 is often preferred. Unlike the options framework,

the goal-conditioned HRL framework requires no prior knowledge about the task [60], and

its ability to generalize over the goal space when function approximation is used leads

to significant performance gains in benchmark tasks [139, 94, 56]. Existing theoretical

work [50, 49] on the options framework does not consider the case where all the hierarchy

levels are jointly learned. The regret analysis proposed by [146] focuses on the benefit of

leveraging repeating sub-structures in hierarchical MDPs but does not provide a lower bound

on the regret. Other regret analyses [50, 49] highlight the efficiency gain of learning with

temporally extended actions (such as options). However, they always assume the set of

options is known, and the intra-option policies are not learned. Options are composed of

an intra-option policy, which governs the agent’s behaviour while the corresponding option

is executed, making intra-option policies very similar to the low-level policy we consider.

However, the goal-conditioned HRL setting considered in this chapter quantifies the benefits
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of state abstraction, action abstraction, and time abstraction while jointly learning all levels

of the hierarchy (low-level and high-level policy) through interaction with the environment.

A detailed description of the option framework and its connection to HRL is available in

Section 3.7.1.

3.7.1 The Options Framework and Goal-Conditioned HRL

As most of the existing theory on HRL [146, 50, 49] has been developed in the options

framework, we recall below the definition of that framework and the connection it has with

the goal-condition HRL framework considered in this chapter. An immediate difference

is that those previous works consider an infinite horizon setting while we focus on a finite

horizon setting. For the remainder of this section, we describe some other significant

differences.

Let’s first recall that the tuple M = ↔S,A, p,r,−↗ describe a finite MDP, where S is a finite

set of states, A is a finite set of actions, p(s⇐|s,a) is the probability of transitioning to the

state s⇐ given that in state s action a was executed, r(s,a) is the reward distribution associated

with the state action pair (s,a) and, lastly, − is the discount factor. A policy ! : S ≃A maps

each state to an action. An option is a tuple o = {Io,.o,!o}, where Io ∋ S is the initiation

set, i.e. the set of states where the option o can be started, .o : S ≃ [0,1] is the probability

distribution to terminate in option in a given state and finally !o is the intra-option policy, i.e.

the policy followed until the option ends.

Whenever the set of primitive actions A is replaced by a set of options O the original

MDP M, becomes a semi-MDP MO = ↔SO,O, pO,rO,∃O↗. The state space SO ∞ S is the set

of all initial and terminal states. O denotes the set of options and pO(s⇐,o,s) is the probability

to end option o in state s⇐ given that it was started in state s:

pO(s⇐,o,s) =
∃

%
k=1

P(sk = s⇐|s,!o).o(s⇐),
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where P(sk = s⇐|s,!o) is the probability to reach state s⇐ in exactly k steps from state s

under policy !o. ro(s,o) is the distribution of reward cumulated when starting policy !o

in state s. Lastly, ∃O is the distribution of holding time, i.e. the number of primitive steps

executed to reach s⇐ from s under policy !o.

It is possible to map the goal-conditioned HRL framework onto the options framework.

Sub-goals would correspond to options, the initiation set of a given option o includes all

states where the corresponding sub-goal gsub is available, the option will terminate with

probability one if the goal state has been reached or the Hl time steps have been executed

and terminate with probability 0 otherwise. Lastly, the intra-option policy !o corresponds to

the low-level policy #(·|gsub) conditioned on the corresponding sub-goal.

From a theoretical standpoint, the key difference between the results in [49, 50] and

the ones presented in this chapter are that they assume the intra-option policies !o to be

known. If we do not assume strong prior knowledge about the task, the number of potential

intra-option policies will be prohibitive. In this chapter, we investigate algorithms that do

not make assumptions about the low-level policy and jointly learn the low- and high-level

policies through interactions with the environment, thus going beyond what has been done

for the options framework.
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3.8 Conclusion

This chapter provides, to the best of our knowledge, the first result, which analyses the

decomposition induced by goal-conditioned HRL. In particular, our lower bound offers a

valuable tool for practitioners that could help them decide whether a hierarchical decomposi-

tion of their problem could be beneficial. Additionally, we also designed a novel hierarchical

algorithm that can leverage the hierarchy to improve its sample efficiency. We further validate

the performance of this algorithm on a set of hierarchical tasks. These experimental results

further emphasize the usefulness of the proposed bound since our theoretical findings support

efficiency gains observed experimentally.



Chapter 4

An Upper Bound on HRL Regret

The work done in this chapter further investigates the goal-conditioned Hierarchical Rein-

forcement Learning (HRL) setting, where a high-level agent instructs sub-goals to a low-level

agent. Under the additional assumption of a sparse reward function, we can propose a new

algorithm to learn optimal hierarchical policies. The proposed algorithm takes a low-level pol-

icy as input and is flexible enough to work with a wide range of low-level policies. We show

that when the low-level algorithm is optimistic and provably efficient, our HRL algorithm

enjoys a regret bound, which represents a significant improvement compared to previous

results for HRL. We support our theoretical findings with experiments that underscore that the

proposed method consistently outperforms algorithms that ignore the hierarchical structure.

The content of this chapter was submitted1 to AISTATS as:

Robert, A→., Drappo, G→., Metelli, A., Faisal, A. A., Restelli, M., & Pike-Burke, C. (2025) Ef-

ficient Exploitation of the Hierarchical Structure in Sparse Reward Reinforcement Learning.
1See Section 1.4 for details on the shared contributions.
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4.1 Introduction

This work focuses on finding efficient solutions to a family of finite-horizon Markov Decision

Processes (MDPs) with a sparse reward function, which only rewards the agent when it

successfully reaches the pre-specified goal state. While the sparse reward assumption may

appear limitating, it appears in a wide variety of problems. Sparse reward functions are

commonly used in practice for tasks like learning robot skills and motion planning, which are

commonly goal-based (e.g. Mülling et al. [92], Andrychowicz et al. [6], Qureshi et al. [116]).

Indeed, in such scenarios, the learner is only rewarded when the goal is reached. Additionally,

such reward functions are easy to design and implement, which is of great practical interest.

We refer to this class of MDP as finite-horizon MDP with sparse rewards.

To tackle this problem, we propose a goal-conditioned Hierarchical Reinforcement

Learning (HRL) approach (Pateria et al. [106]) that leverages the structured decomposition

of the task into a sequence of sub-tasks. This is typically done by considering two policies: a

high-level policy instructing sub-goals and a low-level policy aiming to solve each instructed

sub-goal. The defined structure naturally induces a decomposition of the original MDP

into a low-level MDP and a high-level MDP. Our algorithm directly leverages the known

hierarchical decomposition and the sparse reward structure. In particular, it exploits that

for the sparse reward setting, the value function of a policy is exactly the probability with

which the policy will reach the goal state. Our method uses this property to compute an

optimistic approximation of the high-level MDP, which encourages exploration at the sub-

goal level. This temporally extended type of exploration is a key feature behind the success of

HRL in practice (Nachum et al. [95]). Our algorithm works with a broad range of low-level

algorithms. It only requires that the algorithm that computes the low-level policy is optimistic;

this is instrumental to the construction of the optimistic high-level MDP.

Our main result is to derive an upper bound on the regret (see Theorem 4.4.2) suffered

by the proposed algorithm, whose exact regret will depend on the choice of the low-level
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algorithm. If we consider a provably efficient algorithm, such as UCBVI [13], as the low-

level algorithm, our regret bound (see Corollary 4.4.3) is an improvement over the regret

proposed in Drappo et al. [40] as their regret depends on the learned policy’s coverage, which

can be arbitrarily large. However, our analysis is kept general and is valid for any optimistic

low-level regret minimiser. Moreover, our upper bound on the frequentist regret provides

a stronger theoretical guarantee than the upper bound on the Bayesian regret of Wen et

al. [146]. Additionally, we empirically validate our findings in a corridor environment and

a maze, where the different rooms present different profiles and, thus, model the different

low-level MDPs.

4.2 Related work

Despite a growing literature of provably efficient algorithms for standard RL (also referred to

as monolithic approaches due to the lack of a hierarchical structure) (e.g. Auer et al. [10],

Dann et al. [29], Azar et al. [13]), theoretical guarantees for HRL are still lacking.

Most existing theoretical work focuses on a related but different framework, the options

framework. Fruit et al. [49, 50] studied the impact of pre-trained options (i.e. low-level

policies) in Average Reward MDPs [114], showing a benefit in term of more efficient

exploration. Fruit et al. [49] proposed an algorithm based on UCRL2 [10] for semi-Markov

Decision Processes [132] and compared its upper bound to the regret obtained with UCRL2

with a monolithic approach. Fruit et al. [50] remove the assumption of having particular

knowledge of the distributions of cumulative reward and duration of each option. The most

important distinction between this work and ours is that we consider a more challenging

setting where the high-level and low-level policies (or options) are jointly learned.

Drappo et al. [41, 40] tried to develop approaches that jointly learn the low-level policy

(options) and the high-level policy. The main challenge when jointly learning both levels of

the hierarchy is the non-stationarity experienced by the high level, which makes decisions
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based on the execution of a policy which is evolving during the learning. Drappo et al. [41]

proposed a naive approach to mitigate this problem. Their ‘explore-then-commit‘ algorithm

first learns each sub-task policy and then exploits them to learn a higher-level policy in the

same fashion as [49]. However, it is well known that Explore-then-Commit (Lattimore et

al. [74]) approaches suffer sub-optimal regret. Therefore, the later work of Drappo et al. [40]

provided an alternative and more refined solution, which, instead of separating the learning

process into two phases, divided it into multiple phases. Then, the learning is alternated

between the high-level problem of learning the meta-policy selecting among options and the

low-level one consisting of the options’ policies learning. In this way, the authors provide a

tighter upper bound. However, this upper bound still suffers from the influence of constants

dependent on the covering that each learned policy in the process has over the optimal one.

In this work, conversely, we consider a more specific family of problems, goal-based with

sparse reward, to show that when there is this particular hierarchical structure, the regret

isn’t affected by any external and learning-dependent factor, providing an improved regret

guarantee.

The lower bound on the sample efficiency of goal-based HRL presented in Chapter 3

does not necessarily apply to the setting considered in this chapter since we assume the

reward is sparse and that we have access to a deterministic function, / that maps each

possible high-level state and sub-goal pair to the next high-level state in the case of successful

completion of the sub-goal. In Chapter 3, the reward function is any bounded reward, and

the high-level transition after the successful completion of a sub-goal is not necessarily

known (i.e. the map that structures the MDP is unknown and not necessarily deterministic).

Interestingly, the lower bound of Chapter 3 highlights that jointly learning both levels of the

hierarchy is at least as difficult as the most difficult of the two problems. Since, in our setting,

we consider we can compute the high-level dynamics (i.e. we do not need to learn them),
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the most complex part of our problem is necessarily learning the low-level dynamics. We

provide more details about the connection between the two settings in Section 4.7.1.

4.3 Problem Setting

This section introduces the problem setting, necessary notations and key assumptions. Ul-

timately, we are interested in solving goal-based finite-horizon MDP; we first recall the

definition of this specific framework (Sec. 4.3.1). Then, we define the hierarchical decom-

position considered in this work (Sec. 4.3.2), showing how we can reconstruct the original

MDP from the decomposition (Sec. 4.3.2). We conclude by stating the learning objective

and the assumptions made (Sec. 4.3.3).

4.3.1 Goal-based Finite-Horizon Markov Decision Process with Sparse

Reward

A goal-based finite-horizon MDP is a tuple Mo = ↔So,Ao,Ro,Po,Ho,so,1,g↗. We refer to this

MDP as the original MDP, hence we index each of its components with the subscript o. The

state space So and action space Ao are finite. The state space also contains the goal state

g ↓ So, which is an absorbing state. The goal state is used to characterise the reward function

Ro : So ↘ [H]≃ [0,1], which depends on the state and the time step and is equal to 0 except

if in the last time step H the current state is a goal state, in which case the reward is equal

to 1, that is Ro(s,h) = I{s = g▽ h = H}. The transition model Po : So ↘Ao ↘So ≃ [0,1]

provides the probability of reaching a specific state s⇐ after executing an action a in state s,

Po(s⇐|s,a). The horizon Ho determines the number of interactions with the environment the

agent can perform within a single episode. Each episode starts from an initial state so,1 ↓ So;

then, for the following Ho timesteps, the agent interacts with the MDP by choosing an action

a depending on the observed state s ↓ So. The result of this action is immediately observed
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as a new state s⇐ ⇒ Po(·|s,a) and an immediate reward Ro(s⇐,h), where h denotes the current

timestep. After K episodes, the algorithm has interacted with the environment for T = KHo

times.

Reinforcement learning algorithms aim to find policies ! : So ≃Ao that maximise the

cumulative reward over an episode. We measure this in terms of the value function for any

s ↓ So and to ↓ [H],

V !
o,to(s) = E

[︄ Ho

%
i=to

Ro(si, i)
⌊︄⌊︄⌊︄⌊︄ai = !(si),sto = s,si+1 ⇒ Po(·|si,ai)

]︄
,

where the expectation is computed with respect to the stochastic transition function, Po.

Specifically, we evaluate the quality of a policy ! with respect to the value function of the

initial state so,1, V !
o,1(so,1). The aim of RL algorithms is to find an optimal policy !→ within

the set of Markov deterministic policies #, which maximises the value function,

!→ = argmax
!↓#

V !
o,1(so,1). (4.1)

4.3.2 Hierarchical MDP

We now introduce the concepts of hierarchical decomposition of an MDP, the high- and

low-level MDPs and the associated notation. The hierarchical decomposition of an original

finite horizon MDP Mo is expressed as ({Ml,i}L
i=1, Mh), where {Ml,i}L

i=1 is the set of L

distinct low-level MDPs and Mh is the high-level MDP. It is known that such a decomposition

can always be constructed as discussed in Chapter 3. The algorithm and the theoretical

guarantees presented below assume that the decomposition is known. Having an algorithm

that learns such a decomposition is of great interest, but it is beyond the scope of this article.

We now define the low- and high-level MDPs and then show the connection between the

decomposition and the original MDP. Highlighting that executing a hierarchical policy in the

decomposed MDP corresponds to executing the corresponding policy in the original MDP.
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Low-level MDPs

The low-level MDPs are a set of L unique MDPs {Ml,i}L
i=1, that share the same state

space, sub-goal space, transition function and reward function. This definition is similar

to the concept of sub-MDP introduced in [146]. One low-level MDP is formally defined

as Ml,i = ↔Sl,i ′Ei,Ao,Rl,i,Pl,i,Hl,∀l,i↗. Here, Sl,i is the low-level state space of the ith low-

level MDP. Ei is the set of reachable sub-goals; these sub-goals are represented as additional

artificial absorbing states (note that the goal state g is the only sub-goal that is not artificial).

We use the notation S+l,i to represent the extended state space, S+l,i = Sl,i ′Ei. Note that one of

the main benefits of hierarchical decomposition is its ability to capture repetitive patterns in

the original MDP. In particular, the decomposition is useful if the size of all the low-level

state spaces is smaller than the original state space, %L
i=1 |Sl,i| < |S|. Another benefit of

the decomposition is that it breaks down the length of the episodes. A single low-level

episode lasts for Hl steps, with the low-level horizon Hl < H. Note that the low-level action

space consists of the original action space Ao. The low-level reward function is an artificial

construction, Rl,i : S+
l,i ↘Ei ↘ [Hl]≃ [0,1], which is defined as,

Rl,i(s,e, tl) =

⟩︄
/︄\︄

/︄/︂

1, if s = e and tl = Hl

0, otherwise,
(4.2)

for state s ↓ S+
l,i and the goal e ↓ Ei at time step tl ↓ [Hl]. The low-level transition function,

Pl,i : S+
l,i ↘Ao ≃ S+

l,i encodes the dynamics of Po on the subset of states whose low-level

description belong to Sl,i. Given two low-level MDP Ml,i and Ml, j, with j △= i, let’s consider

that Ml,i is connected to Ml, j via the sub-goal e ↓ Ei. The probability of transitioning to

the artificial sub-goals state e from a connected low-level state sl ↓ Sl,i corresponds to the

transition probability in the original MDP to go from the state s ↓ So, the original state

associated to sl , to s⇐, the state corresponding to the initial state in the next MDP s⇐l = ∀l, j(e).
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So we have Pl,i(e|sl,a) = Po(s⇐|s,a) for all a ↓Ao Because those states are absorbing, we

define the associated deterministic transition to be Pl,i(e|e,a) = 1 for any e ↓ Ei,a ↓Ao and

0 otherwise. Note that when actions are selected by a low-level policy # : ′L
i=1Sl,i ≃Ao we

compactly write the transition function vector as P#
l,i(·|sl), which contains the probabilities

Pl,i(s⇐l|sl,#(sl)) for all s⇐l , sl ↓ S+
l,i. The learning agent interacts in each low-level MDP for

Hl steps using a deterministic policy # : S+
l,i ≃A ⇑i ↓ [L]. Let e be the sub-goal state visited

at the end of the previous low-level episode. The initial state in the low-level MDP Ml,i is

determined by the map ∀l,i(e) = s1, with s1 ↓ Sl,i. We define the low-level value function

of the policy # , in low-level state s ↓ Sl,i, when tasked to solve the sub-goal e ↓ Ei in the

low-level MDP Ml,i, V #
l,i,tl(s,e), at low-level time step tl ↓ {1, . . .Hl}, as:

V #
l,i,tl(s,e) = Rl,i(s,e, tl)+P#

l,i(·|s)TV #
l,i,tl+1(·,e) (4.3)

for all low-level MDPs i↓ [L], low-level state s↓Sl,i and sub-goal e↓ Ei and with V #
l,i,Hl

(s, ·)=

0 for all s ↓ S+
l,i. Essentially, the low-level value function consists of the expected total low-

level reward. The low-level state-action value function (Q-function for short) is defined as

Q#
l,i,tl(s,a,e) = Rl,i(s,a,e)+%s⇐↓Sl,i Pl,i(s⇐|s,a)V #

l,i,tl+1(s
⇐). The optimal low-level policy #→

is the policy that maximises the value function:

#→(s,e) = argmax
#↓N

V #
l,i,1(s,e), (4.4)

for all i ↓ [L], e ↓ [|Ei|], and s ↓ Sl,i and with N being the set of deterministic low-level

policies.

Recall that the low-level reward function only rewards the agent if it reaches the sub-goal

within the Hl steps. In this setting, low-level policies with the highest value function have the

highest probability of reaching the sub-goal. The value function of a low-level policy can
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be directly related to its probability of reaching the specific sub-goal. For this, we define an

event describing a successful sub-goal completion by a policy # .

Definition 4.3.1. We define end#(i,e) as the event that the policy # successfully reached

sub-goal e in low-level MDP Ml,i, that is end#(i,e) = I{sHl = e}

The low-level value function can then be written as V #
l,i,1(s,e) = P(end#(i,e)), for any

low-level MDP Ml,i and sub-goal e.

The High-Level MDP

The high-level MDP is defined by the following tuple Mh = ↔Sh,Ah,Rh,P#
h ,Hh,sh,1,0 ,/↗.

The high-level MDP operates at a higher temporal resolution and essentially navigates

between low-level MDPs. The hierarchical structure suggests that there is an associated

low-level MDP for each high-level state. The relationship between the high-level state sh ↓ Sh

and its corresponding low-level MDP Ml,i is encoded by the map 0 : Sh ≃ [L]. If 0(s) = i,

the low-level MDP corresponding to the high-level state s ↓ Sh is Ml,i. The high-level MDP

actions are sub-goals that are instructed to the low-level policy. Specifically, the high-level

action space in the high-level state sh comprises the sub-goals of the current low-level MDP

M0(sh),l , denoted by E0(sh). The complete high-level action space Ah = ′L
i=1Ei consists of

the union of the sub-goals Ei in the unique sub-MDPs Ml,i. The hierarchical decomposition

also includes a structure map, / , that associates to each high-level state and sub-goal pair

the next high-level state in case of successful completion of the subgoal /(sh,e) = s⇐h, for all

sh ↓ Sh, e ↓ E0(sh). We assume this structure map is known; in the case this map is unknown,

it would have a very limited impact on the algorithmic complexity as a single successful

completion of every sub-goal would be sufficient to learn the map.

As each high-level state corresponds to a low-level MDP, there are |Sh| low-level MDPs,

with L ⇓ |Sh| unique low-level MDPs. The size of the original state space is the sum of the

size of all the low-level state spaces So = %s↓Sh S0(s),l .
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Each high-level episode starts in a unique starting state sh,1, which corresponds to the

high-level description of the original MDP initial state, so,1, and lasts Hh steps. Since the

high-level state abstraction prevents the high-level agent from knowing whether the end goal

in the original MDP is reached, we construct a unique, artificial and absorbing high-level

state sg
h. Note that the low-level MDP associated with sg

h, Ml,0(sg
h)

is trivial and contains a

single absorbing state, which is the goal state, that is, {g} = Sl,0(sg
h)

. Also note that sg
h is

the only high-level state corresponding to the low-level MDP Ml,0(sg
h)

, which is one of the L

low-level MDP classes. With this in mind, we define the high-level reward function:

Rh(sh, th) =

⟩︄
/︄\︄

/︄/︂

1, if sh = sg
h and th = Hh

0, otherwise,
(4.5)

for all high-level states sh ↓ Sh and high-level time steps th ↓ [Hh]. There is only one

high-level goal state. The high-level reward function Rh is also sparse and assigns 0 to all

high-level states except for the high-level state associated with the unique low-level MDP

that contains the goal state.

The high-level transition function P#
h encodes the probability of reaching a high-level

state s⇐h ↓ Sh given that in high-level state sh ↓ Sh the low-level policy # was instructed

to reach the sub-goal e ↓ E0(sh), P#
h (s

⇐
h|sh,e). It is generally challenging to learn P#

h as its

dependence on the low-level policy, # , makes it non-stationary.

The high-level policy is defined as µ : Sh ≃Ah. When sub-goals are selected by a policy

µ and a low-level policy # is used to solve each sub-goal; we compactly write the transition

function as P(# ,µ)
h (s⇐|s) := P(# ,µ)

h (s⇐|s,µ(s)) for any s,s⇐ ↓ Sh. We define the high-level value

function, V (# ,µ)
h,th

, of the policy µ , at high-level time step th ↓ {1, . . .Hh} as:

V (# ,µ)
h,th

(s) = Rh(s, th)+ %
s⇐↓Sh

P#
h (s

⇐|s)V (# ,µ)
h,th+1(s

⇐), (4.6)
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Fig. 4.1 An illustration of a grid world and its associated hierarchical decomposition. The
gird world comprises different rooms (depicted with solid black lines); inside each room,
the low-level states are illustrated with grey squares. One can observe that the low-level
MDP M1,l is used twice (in the top and bottom left rooms). The blue rectangle represents the
artificial exit states that connect two low-level MDPs. The overall goal g ↓ Sl is illustrated
with a green cell in the bottom right room, and it is the only sub-goal state that is not an
artificial construction and that belongs to the low-level state space Sl,i.

for all s ↓ Sh and with V (# ,µ)
h,Hh

. It also depends on the low-level policy # since # selects

primitive actions (i.e. in Ao). Finally, Q(# ,µ)
h,th

(s,a) = Rh(s, th)+%s⇐↓Sh P#
h (s

⇐|s,a)V (# ,µ)
h,th+1(s

⇐)

is the state-action value function in the high-level MDP, which corresponds to the value of

the hierarchical policy in the original MDP.

Equivalence between the original and the hierarchical MDP

The hierarchical algorithm we consider will learn an optimal policy in the decomposed MDP

({Ml,i}L
i=1, Mh). This section shows that the optimal hierarchical policy has a corresponding

policy in the original MDP Mo. We illustrate this for a small grid world example in Figure 4.1.

In what follows, we show the equivalence between each element of the decomposed MDP

and the original MDP.

State Space: A state in the original MDP so ↓ So can be factorized into a pair of states

(sl,i,sh) where sl,i ↓ Sl,i is a state in the ith low-level MDP and sh ↓ Sh is a state in the

high-level MDP. Specifically, the low-level state sl,i and the high-level state sh contains all

the necessary information to reconstruct the corresponding state, so, in the original MDP.
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Action Space: Interactions with the environment are only possible through the original

action space Ao; hence the action space of the low-level MDPs is exactly Ao. The high-

level action space must encode all the sub-goals the high-level agent wants to instruct; this

corresponds to a set of artificial low-level states and we assume that this set is given to us by

the decomposition. In each high-level state s ↓ Sh, the agent can instruct the low-level agent

to reach one sub-goal e ↓ E0(s). Then the low-level agent uses actions in Ao to reach e.

Transition: Most of the complexity of the transition dynamics is encoded in the low-

level MDP dynamics Pl,i. Essentially, the low-level and the original transition functions

are almost identical for all the states within a sub-MDP Sl,i. The only difference is that

the original transition function operates over the full state description So. The low-level

transition function operates over {S+
l,i}

L
i=1, which considers only the low-level description

of the states and the transition to and from the artificial sub-goal states Ei. To reconstruct

the original transition function from the decomposed transition function, we consider two

different scenarios.

(i) First, transitions from so to s⇐o where the low-level description of both states lies in

the same low-level MDP sl,s⇐l ↓ Sl,i. Then, the original transition function is equal to the

corresponding low-level transition Po(s⇐o|so,a) = Pl,i(s⇐l|sl,a).

(ii) Second, transitions from so to s⇐o where the low-level description of the two states

do not belong to the same low-level MDP, sl ↓ Sl,i and s⇐l ↓ S j,l for j △= i. We consider

all sub-goal states, e ↓ Ei, supporting such a transition. Formally, we consider the set

Z = {e : ∈# ↓# s.t. P#
h (s

⇐
h|sh,e)> 0 and ∀ j,l(e)= s⇐l}, where e↓ Ei are sub-goals, sh,s⇐h ↓Sh

are the high-level state description of the current and the next state and ∀ j,l(e) denotes the

initial state in low-level MDP Mj,l when the low-level comes from the previous sub-goal

state e ↓ Ei. The original transition is the probability of going via any of the sub-goal states

in Z,

Po(s⇐o|so,a) = %
e↓Z

Pl(e|sl,a),
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where sl ↓ Sl,i is the low-level state description associated with the state in the original MDP

so ↓ So.

Reward: There is a direct equivalence between the original reward function and the

reward functions in the decomposed MDPs. Since the reward function is the sparse reward

that only rewards 1 in the absorbing goal state, it ignores all the bonuses that we grant when

the low-level policy reaches a sub-goal e ↓ Ah \ g. Hence, the only reward signal that is

preserved is when that agent reaches the goal state g.

Horizon: The two levels of the hierarchy operate at two different time scales, with

the low-level episode tl ↓ {1, . . .Hl} happening completely within one high-level time step.

Hence, Ho = HlHh. Note that the control returns to the high-level policy exactly after Hl

steps; even if the low-level policy reaches the sub-goal in fewer steps, it waits in the absorbing

low-level MDP sub-goal state. Each time the high-level recovers the control, it observes the

current high-level state sh and selects the next sub-goal.

4.3.3 Learning in a Hierarchical MDP

The hierarchical decomposition described in section 4.3.2 contains additional information

about the structure of the problem, like the structure map / and the sub-goal spaces {Ei}L
i=1.

We assume that this additional information is known to the learner. We now focus on

developing an algorithm to solve such hierarchical problems efficiently, assuming that this

additional information is known. We evaluate the efficiency of our algorithm using the notion

of regret (e.g. Auer et al. [10], Azar et al. [13], Dann et al. [30]).

Regret: The algorithm proceeds in episodes k = 1, . . . ,K; at the beginning of each

episode, the algorithm computes a hierarchical pair of policies (# ,µ)k. The regret is defined

as the cumulative sum of differences between the value of the optimal pair of hierarchical

policies (#→,µ→) and the policy played in each episode. Formally the regret suffered by a

hierarchical algorithm A, which computes in each episode, k, the pair of policies (# ,µ)k,
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over K episodes is:

RA(({Ml,i}L
i=1,Mh),K) :=

K

%
k=1

V (#→,µ→)
h,1 (s1)↑V (# ,µ)k

h,1 (s1). (4.7)

with s1 ↓ Sh the initial state in the high-level MDP.

The goal is to minimize the regret in (4.7). Before formally presenting our algorithm in

Section 4.4, we conclude this section by highlighting some important assumptions that we

make.

Assumption 1: Every low-level MDP is communicating. This ensures that for every low-

level MDP Ml,i, with i ↓ [L] and any subgoal e ↓ Ei, there exists a low-level policy # able to

reach the sub-goal state e within Hl steps.

Assumption 2: The structure map / allows the construction of a sequence of sub-goals to

reach any high-level state from the initial high-level state.

These assumptions ensure that for any high-level state sh ↓ Sh, there exists a sequence of

less than Hh sub-goals from the starting high-level state sh,1 to sh and a low-level policy # to

reach every sub-goals. Note also that Assumptions 1 and 2 combined also guarantee that the

original MDP Mo is communicating.

Assumption 3: The original MDP Mo is time-homogeneous.

This is a common assumption in RL as it simplifies the setting and the notation. In

general, it is reasonable to assume that the user might have access to information about

the problem’s hierarchical decomposition. Such information could be considered expert

knowledge about the problem at hand. In the navigation task presented in Figure 5.1, all the

necessary information could be inferred from the building’s floor plan.

It is also helpful to consider the regret suffered by the low-level algorithm A which in each

episode, k, selects the policy #k to solve sub-goal e ↓ Ei in MDP Ml,i.
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RA((Ml,i,e),K) :=
K

%
k=1

V #→
i,l,1(s1,e)↑V #k

i,l,1(s1,e) (4.8)

Where V #→
i,l,1(s1,e) and V #k

i,l,1(s1,e) are the value functions of the optimal policy, #→, and the

current policy, #k, when tasked solve sub-goal e in MDP Ml,i.

4.4 Goal-conditioned Hierarchical Reinforcement Learn-

ing Algorithm (GHRL)

We propose a class of HRL algorithms that directly leverage the known hierarchical decom-

position to efficiently solve the original MDP. In this section, we first describe the general

framework and define the set of low-level algorithms that can be used. We then state the main

theorem, which provides a general upper bound on the worst-case regret suffered dependent

on the choice of the low-level algorithm. We conclude the section with a corollary bounding

the total regret when the low-level algorithm is UCBVI [13] (see Section 2.3.1 for more

details).

We present the Goal-conditioned Hierarchical Reinforcement Learning algorithm (GHRL)

in Algorithm 9. GHRL takes as input the number of high-level episodes to run, K, the high-

level structure map / , the high-level reward function Rh, and the choice of the low-level

regret minimiser A. To highlight that a specific low-level algorithm choice A was made, we

call the resulting hierarchical algorithm GHRLA. The theoretical guarantee that we provide

expects that GHRLA receives as input a low-level algorithm that belongs to the set optimistic

algorithms, A ↓ (, where we define an optimistic algorithm as follow.

Definition 4.4.1. We say that an algorithm is optimistic if, in each round k, it computes

the optimal policy and its associated value function Ṽ #k
l,i,1. The computed value function is
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optimistic if with probability 1↑& it upper bounds the value function of the optimal policy

on the true MDP: Ṽ #k
l,i,1 >V →

l,i,1.

For example algorithms like UCBVI [13], UCRL2 [10] or Q-UCB [62] belong to (.

The optimism of the low-level algorithm is required to ensure sufficient exploration for the

high-level policy, which guarantees all low-level MDP sub-goal pairs are visited sufficiently

often.

The algorithm maintains a dataset Dl
k containing all the low-level information collected

up to the kth episode. Then, at the beginning of each episode, it uses Dl
k to compute a

low-level policy, #k. In each episode k, the optimistic low-level algorithm A ↓ ( computes a

low-level policy #k, and an optimistic value function V #k
l,i for each low-level MDP, Ml,i and

sub-goal e ↓ Ei pair.

The algorithm’s key innovation is to compute an optimistic approximation of the high-

level transition function P#k
h under the low-level policy #k. For this, we first recall that the

structure map / indicates the intended high-level next state s⇐h, given that in high-level state

sh, the instructed sub-goal is e, /(sh,e) = s⇐h. Additionally, in the sparse reward setting, the

value function of the low-level policy, V #k
l,i,1(s,e) is equivalent to the probability that policy

#k reaches the sub-goal e while starting in state s ↓ Sl,i. Consequently, the optimistic value

function Ṽ #k
l,i,1(s,e) upper bounds the probability that the current low-level policy reaches the

instructed goal. Then, an optimistic approximation of the high-level transition function can

be computed as follows:

P̃#k
h (s⇐h|sh,e) =

⟩︄
/︄\︄

/︄/︂

min(Ṽ #k
l,i,1(sl,e),1), if s⇐h = /(sh,e)

0, otherwise,
(4.9)

where i = 0(sh) is the low-level MDP associated with the current high-level state. Note that

P̃#k
h is an approximation of a transition function as it does not necessarily sum to 1, that is,

%s⇐↓Sh P̃#k
h (s⇐|s,e)⇓ 1.
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For each episode k, the algorithm computes the high-level policy µk as the optimal policy

of the optimistic high-level MDP M̃h = ↔Sh,Ah,Rh, P̃
#k
h ,Hh,sh,1,0 ,/↗, where the high-level

transition function P̃#
h is the optimistic approximation of the true transition function P#

h under

the current low-level policy # . The optimistic high-level Q-function , Q̃(# ,µ)k
h , is computed

via backward induction (see Alg. 1) using the optimistic approximate transition function P̃#
h

and the high-level reward Rh.

High-level transitions resulting from a failed sub-goal can be ignored since we focus on

evaluating the value of high-level plans. A high-level plan consists of a sequence of sub-goals

selected by the high-level policy µk. The whole sequence of sub-goals can be computed

at the beginning of each episode as the map / allows the construction of the path, and the

optimal actions are given by the optimistic high-level Q-function Q̃(# ,µ)k
h .

The current hierarchical policy pair (# ,µ)k is used to collect the low-level samples that

are stored in the dataset Dk
l . The high-level policy selects a sub-goal e in the initial state. The

low-level policy #k is executed in the MDP Ml,i with i = 0(sh). The low-level agent aims

to solve the sub-goals instructed by µk in the Hl steps. Whenever a low-level episode ends,

either the sub-goal is reached, and the next sub-goal in the high-level plan is instructed, or

the sub-goal is not reached. In cases where the sub-goal is not reached, the algorithm stops

collecting samples for that episode.

Our main result is an upper bound on the regret suffered by GHRL (alg. 9), which depends

on the choice of the low-level algorithm considered.

Theorem 4.4.2. With probability 1↑& , for any hierarchical decomposition ({Ml,i}L
i=1,Mh),

and for any optimistic low-level regret minimiser A ↓ (, the regret of GHRLA is bounded by:

RGHRL(({Ml,i}L
i=1,Mh),K)⇓

L

%
i=1

%
e↓Ei

⎤
RA

⌉︄
(Ml,i,e),N(i,e)

{︄
+2N(i,e)P(¬end#→(i,e))

⎣

(4.10)
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where N(i,e) is the number of original MDP episodes in which the pair (i,e) has been visited

at least once and RA
⌉︄
(Ml,i,e),N(i,e)

{︄
is the regret suffered by A while learning to solve goal

e in low-level MDP Ml,i for N(i,e) episodes.

The proof of Theorem 4.4.2 follows from combining properties from the sparse reward

function and the optimism of the low-level algorithm to upper bound the regret of GHRL

by counting the number of failed trajectories. A detailed proof of Theorem 4.4.2 is in

Section 4.5.3.
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Algorithm 9: Goal-conditioned Hierarchical Reinforcement Learning (GHRL)
Input: K episodes, high-level structure map ), high-level reward function Rh, A and

failure tolerance & ↓ (0,1].
1 Arbitrarily initialize µ0 and #0, and Dl

0 ̸ {}
2 for k = 1, . . . ,K do
3 #i,k,Ṽ

#k
l,i = A(Dl

k,Mi,l,e,() ⇑i ↓ [L],e ↓ Ei

4 Ṽ #k
l = [Ṽ #k

l,i , · · ·Ṽ
#k
l,L]

5 P̃#k
h (/(sh,e)|sh,e) = min(Ṽ #k

l,i,1(sl,e),1) ⇑sh ↓ Sh,e ↓ E0(sh)

6 P̃#k
h = )↦Ṽ #k

l
7 Q̃µ,h

k = BackwardInduction(Sh,Ah,Rh, P̃
#k
h )

8 µk(sh) = argmaxah
Q̃µ,h

k (sh,ah, th) ⇑sh ↓ Sh

9 s = so,1 = (si,l,1,sh,1) with i = 0(sh,1)

10 sh = sh,1,si,l = si,l,1

11 for th = 1, . . . ,Hh do
12 e = µk(sh)

13 for tl = 1, . . . ,Hl do
14 play action a = #k(sl,e), in the MDP Mi,l with i = 0(sh)

15 observe s⇐i,l and update DL ̸DL ′{(si,l,a,s⇐i,l)}
16 si,l = s⇐i,l

17 if si,l △= e then
18 sh = sh,1,si,l = si,l,1

19 else
20 sh = /(sh,e)

Output: with probability 1↑& an optimal hierarchical policy.

It is important to note that the algorithm incurs regret in the low-level MDPs selected by

the high-level policy. The high-level policy’s exploration strategy is guided by the value of

the sub-goal and the uncertainty of the low-level. This exploration strategy is achieved by

constructing an optimistic high-level MDP. In Section 4.5.2 we guarantee that the explorative

behaviour of the high-level policy is guided by the optimism of the low-level policy, which



98 An Upper Bound on HRL Regret

ensures that the high-level policy explores low-level MDPs for which it has not collected

enough samples.

GHRL’s theoretical and computational guarantees are tightly linked to A’s guarantees. Ad-

ditionally, this regret bound highlights the impact of the hierarchical structure ({Ml,i}L
i=1,Mh)

on the algorithm’s performance. The regret consists of the sum of the regret suffered by the

low-level policy at each possible low-level MDP sub-goal pair. Importantly, Theorem 4.4.2

suggests that the performance improves in problems with highly frequent patterns (i.e.,

L ∀ Sh).

We obtain the following upper bound if we choose UCBVI [13] as the low-level algorithm.

Corollary 4.4.3. With probability 1↑ & it holds that for any hierarchical decomposition

({Ml,i}L
i=1,Mh) the regret suffered by GHRLUCBVI for K high-level episodes is bounded by:

RGHRL(({Ml,i}L
i=1,Mh),K)⇓

}︄
AoAh max

i
{S+l,i}HlK +

L

%
i=1

%
e↓Ei

2N(i,e)P(¬end#→(i,e))

(4.11)

A proof of Corollary 4.4.3 is in Section 4.5.4

We stated in section 4.3.2 that given a decomposition ({Ml,i}L
i=1,Mh) we are able to

reconstruct the original MDP problem Mo. Suggesting that the learned hierarchical policy

(# ,µ) could be used to solve the original MDP. However, note that in the regret formulated in

4.4.2 we compare the performance of the learned hierarchical policy to the best hierarchical

policy pair (# ,µ) in the high-level MDP and not with the optimal policy in the original MDP.

4.5 Upper Bounds on the Regret of GHRL

This section provides the proofs for Theorem 4.4.2 and Corollary 4.4.3. We first define useful

concepts in the Section 4.5.1. The proofs rely on a particular notion of optimism of the

high-level MDP we clarify this notion in Section 4.5.2.
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4.5.1 High-level Plans and Failure Events

First of all, let’s define the high-level plan. At the beginning of each episode, k, the high-

level computes the exact trajectory it would like to complete. We call such a trajectory the

high-level plan Plank.

Definition 4.5.1. A plan, Plank, is the sequence of high-level states the high-level policy µk

would like to follow in episode k, in accordance with the map / . It consists of the pairs of

high-level states encoding the expected trajectory:

[s1,s2,s3, · · ·sn↑1,sn] = Plank (4.12)

describes a plan consisting of n high-level states, where si ↓ Sh for all i ↓ [n], si+1 =

/(si,µk(si)), and n ⇓ Hh. Note that given all the samples collected up to episode k, the plan,

Plank, is deterministic.

We now state a proposition that helps to relate the regret of the low-level learning problem

with the regret of the high-level learning problem.

The low-level MDP reward is a denser version of the original reward. It is enriched with

a value of 1 given when the agent reaches the sub-goal state. This reward model allows us to

state the following proposition:

Definition 4.5.2. Consider the low-level MDP Ml,i with a reward that returns one when the

agent reaches the sub-goal state. For this reward model, the value function V #k
l,i,1 of the policy

#k, conditioned on the sub-goal e, relates to the probability of successful completion of the

sub-goal (see definition 4.3.1):

E [I{end#k(i,e)}] = P(end#k(i,e)) =V #k
l,i,1(s1,e) s1 ↓ Sl,i, and, s1 = ∀l,i(e). (4.13)
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This proposition is valid for any low-level policy and, in particular, for the optimal

low-level policy #→:

E [I{end#→(i,e)}] = P(end#→(i,e)) =V #→
l,i,1(s1,e) s1 ↓ Sl,i, and, s1 = ∀l,i(e). (4.14)

4.5.2 Optimism

This section presents the high-level optimism necessary to prove Theorem 4.4.2. In particular,

this section shows that the optimistic low-level regret minimised propagates optimism to the

high-level.

Since our algorithm only considers trajectories that follow the instructed high-level plan

and stops collecting samples after the first missed sub-goal, it has an inherent sub-optimality

gap as the optimal hierarchical policy (#→,µ→) does not have this limitation. The following

lemma guarantees that the plan computed by the high-level policy is optimistic up to this

specific sub-optimality gap; that is, the value of the plan in the optimistic MDP plus the

sub-optimality gap is greater or equal to the value of the optimal policy pair in the true

high-level MDP.

Lemma 4.5.3. Let (#→,µ→) be the optimal policies on Mh, and (# ,µ)k be the policy pair

compute by Algorithm 9 at the beginning of any episode k. Given optimistic low-level value

functions, we guarantee that the high-level value function constructed in our algorithm and

the sub-optimality gap upper bound the value function of the optimal hierarchical policy:

Ṽ (# ,µ)k
h,th

(s)+ %
s⇐↓Plank[th:Hh]

P(¬end#→(0(s⇐),µk(s⇐)))↖V (#→,µ→)
h,th

(s) ⇑s ↓ Sh. (4.15)

where P(¬end#→(0(s⇐),µk(s⇐))) is the probability for the optimal low-level policy to fail to

reach sub-goal e ↓ E0(s) in state s ↓ Sh (see Eq. 4.14).
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The sub-optimality gap consists of this failure probability for the remaining states of the

plan computed by the high-level policy. At time step th, we denote the remaining part of the

plan, Plank, using vector notation Plank[th : Hh].

Proof. We need the following observations to fully understand the construction of the

optimistic high-level MDP.

First, we note that the regret minimiser A used by GHRLA computes at every episode k an

optimistic value function for every low-level MDP Ml,i and sub-goal e ↓ Ei pair.

Second, we notice that in this goal-conditioned setting, with sparse reward, the low-level

value function V #
l,i,1(s,e) of a policy # for any state s ↓ Sl,i and sub-goal e ↓ Ei is equal to

the probability that the policy # reaches the goal e while starting the low-level episode in

state s, V #
l,i,1(s,e) = P(end#(i,e)), as explained in Proposition 4.5.2. From the high-level

perspective, this corresponds to the probability under the low-level policy # to transition to the

instructed next high-level state /(s,e), that is, P#
h (/(s,e)|s,e) =V #

l,0(s),1(s,e). Combining

these observations with the map / , we obtain an approximate optimistic high-level transition

function P̃#
h presented in Equation (4.9).

Now, let’s define the optimistic high-level Q-function as the expected return the pair of

policies (# ,µ)k can collect after executing sub-goal e from high-level state s,

Q̃(# ,µ)k
h,th

(s,e) = Rh(s, th)+ %
s⇐↓Sh

P̃#k
h (s⇐|s,e)Ṽ (# ,µ)k

h,th
(s⇐). (4.16)

We will use this in our proof.

We note that Lemma 4.5.3 trivially holds for the last step of the high-level MDP Hh as

Ṽ (# ,µ)k
h,Hh

(s) =V (#→,µ→)
h,Hh

(s) ⇑s ↓ Sh.

Let’s now consider any step th < Hh and prove that the lemma still holds. We proceed

with a proof by induction. We use the inductive hypothesis that the lemma holds for the step
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th +1, that is,

Ṽ (# ,µ)k
h,th+1 (s)+ %

s⇐↓Plank[th+1:Hh]

P(¬end#→(0(s⇐),µ(s⇐)))↖V (#→,µ→)
h,th+1 (s). (4.17)

with s ↓ Sh being the high-level state in step th +1 of Plank.

We now show that the equation holds for time step th for an arbitrary state s ↓ Sh and

sub-goal e ↓ E0(s). Note that the plan, Plank, computed by µk from state /(s,e) is the

sequence of high-level states with the largest probability to reach the goal state, according to

the high-level transition P̃#k
h .

We write the gap between the optimistic high-level Q-function Q̃(# ,µ)k
h,th

and the optimal

high-level Q-function Q(#→,µ→)
h,th

, denoting the instructed next high-level state with s/ = /(s,e)

to lighten the notation.
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Q̃(# ,µ)k
h,th

(s,e)↑Q(#→,µ→)
h,th

(s,e) (4.18)

= Rh(s, th)↑Rh(s, th)

+ %
s⇐↓Sh

⎤
P̃#k

h (s⇐|s,e)Ṽ (# ,µ)k
h,th+1 (s

⇐)↑P→
h (s

⇐|s,e)V (#→,µ→)
h,th+1 (s⇐)

⎣
(4.19)

= %
s⇐↓Sh

⎤
P̃#k

h (s⇐|s,e)Ṽ (# ,µ)k
h,th+1 (s

⇐)↑P→
h (s

⇐|s,e)V (#→,µ→)
h,th+1 (s⇐)

⎣
(4.20)

= P̃#k
h (s/ |s,e)Ṽ (# ,µ)k

h,th+1 (s/)↑P→
h (s/ |s,e)V (#→,µ→)

h,th+1 (s/)

+ %
s⇐↓Sh\{s/}

⎤
P̃#k

h (s⇐|s,e)Ṽ (# ,µ)k
h,th+1 (s

⇐)↑P→
h (s

⇐|s,e)V (#→,µ→)
h,th+1 (s⇐)

⎣
(4.21)

= P̃#k
h (s/ |s,e)Ṽ (# ,µ)k

h,th+1 (s/)↑P→
h (s/ |s,e)V (#→,µ→)

h,th+1 (s/)

↑ %
s⇐↓Sh\{s/}

P→
h (s

⇐|s,e)V (#→,µ→)
h,th+1 (s⇐) (4.22)

↖ P̃#k
h (s/ |s,e)Ṽ (# ,µ)k

h,th+1 (s/)↑P→
h (s/ |s,e)V (#→,µ→)

h,th+1 (s/)↑P(¬end#→(s,e)) (4.23)

↖
⌉︄
P̃#k

h ↑P→
h
{︄
(s/ |s,e)V (#→,µ→)

h,th+1 (s/)↑P(¬end#→(s,e))

↑ P̃#k
h (s/ |s,e) %

s⇐↓Plank[th+1:Hh]

P(¬end#→(s⇐,µk(s⇐))) (4.24)

↖
⌉︄
P̃#k

h ↑P→
h
{︄
(s/ |s,e)V (#→,µ→)

h,th+1 (s/)↑ %
s⇐↓Plank[th:Hh]

P(¬end#→(s⇐,µk(s⇐))) (4.25)

=
⌉︄
Ṽ #k

l,0(s),1(s/)↑V →
l,0(s),1(s/)

{︄
V (#→,µ→)

h,th+1 (s/)

↑ %
s⇐↓Plank[th:Hh]

P(¬end#→(s⇐,µk(s⇐))) (4.26)

↖↑ %
s⇐↓Plank[th:Hh]

P(¬end#→(s⇐,µk(s⇐))) (4.27)

Equation (4.19) is simply the definition of the optimistic Q-function and the optimal Q-

function. Equation (4.20) follows from the fact that the two high-level rewards are identical.

Equation 4.21 divides the summation over all possible next states in two; the first term

considers the next state defined by the map /(s,e) and the other term considers all the other
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possible next states. Equation 4.22 holds since P̃#k
h is zero for all the potential next high-level

states not supported by the map s⇐ △= /(s,e) (as defined in Eq. 4.9). Equation 4.23 uses the

fact the V (#→,µ→)
h,th+1 (s) can be upper bounded by one for all s↓Sh and the sum of the probabilities

to reach any other states than s/ , is the failure event P(¬end#→(s,e)). Equation (4.24) follows

from the induction hypothesis defined in Equation 4.17, note that the induction hypothesis is

applied to P̃#k
h (s/ |s,e)Ṽ (# ,µ)k

h,th+1 (s/). Equation (4.25) upper bounds P̃#k
h (s/ |s,e) with 1. As the

failure event P(¬end#→(s,e)) consists of failing the the tth
h step of the plan, s = Plank[th] and

/(s,e) = Plank[th+1]. We then extend the sum over the sub-plan Plank[th : Hh] to account for

this additional failure event. Equation (4.26) follows directly from the equivalence between

the high-level transition function and the low-level value function (see Eq. 4.9). Finally,

Equation (4.27) is obtained by the optimistic guarantee of the value function computed by

the low-level algorithm A ↓ ( and because the optimal value function is necessarily positive,

V (#→,µ→) ↖ 0.

4.5.3 Proof of Theorem 4.4.2

We first prove Theorem 4.4.2 that we restate below for clarity.

Theorem. With probability 1↑& , for any hierarchical decomposition ({Ml,i}L
i=1,Mh), and

for any optimistic low-level regret minimiser A ↓ (, the regret of GHRLA is bounded by:

RGHRL(({Ml,i}L
i=1,Mh),K)⇓

L

%
i=1

%
e↓Ei

⎤
RA

⌉︄
(Ml,i,e),N(i,e)

{︄
+2N(i,e)P(¬end#→(i,e))

⎣

where N(i,e) is the number of original MDP episodes in which the pair (i,e) has been visited

at least once and RA
⌉︄
(Ml,i,e),N(i,e)

{︄
is the regret suffered by A while learning to solve goal

e in low-level MDP Ml,i for N(i,e) episodes.

Proof. The total regret suffered consists of the regret suffered while learning policies to solve

every sub-goal of each low-level MDP. Let’s first recall how the GHRL (algorithm 9) works.
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Every episode k, GHRL updates the low-level policy with an optimistic regret minimiser

A using the samples collected in the low-level MDPs. Note that the collected samples are

modified with an artificial reward, i.e. the low-level reward function Rl , which gives an

additional reward of 1 when the agent fulfils the sub-goal. Because the low-level reward

function is sparse and only rewards the agent when it completes the low-level episode in

the sub-goal state, the low-level optimistic value function (computed by A) can be used to

approximate the transition function of the high-level MDP P̃#k
h (defined in Eq. 4.9). Equipped

with this approximation of the high-level transition function and the known high-level reward

function, we compute the high-level policy, µk, using backward induction in the high-level

MDP. The algorithm collects new samples using #k to interact with the environment when

trying to complete sub-goals selected by µk. Note that each time the low-level policy fails to

achieve its sub-goal, the algorithm stops collecting samples until the end of the episode.

The regret of the algorithm GHRL, on the hierarchical structure ({Ml,i}i↓[L],Mh), is

defined as the sum over the K episode of the performance difference between the value

function of the optimal hierarchical policy (#→,µ→) and the learned policies at time step k,

(# ,µ)k:

RGHRL(({Ml,i}i↓[L],Mh),K) =
K

%
k=1

V (#→,µ→)
h,1 (s1)↑V (# ,µ)k

h,1 (s1) (4.28)

⇓
K

%
k=1

Ṽ (# ,µ)k
h,1 (s)↑V (# ,µ)k

h,1 (s)

⎦ ⎢⎥ ⎧
(a)

+
K

%
k=1

%
s↓Plank

P(¬end#→(s,µ(s)))

⎦ ⎢⎥ ⎧
(b)

(4.29)

Equation (4.29) is obtained through the optimism guarantee of Lemma 4.5.3 and decomposes

the regret into two terms (a) and (b).
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Let’s first analyse the (a) term:

(a)⇓
K

%
k=1

Hh

%
j=1

[︄
(Rh(sk

j, j)↑Rh(sk
j, j))+ %

s⇐↓Sh

⌉︄
P̃#k

h (s⇐|sk
j,µk(sk

j))↑P#k
h (s⇐|sk

j,µk(sk
j))

{︄
Ṽ (# ,µ)k

h, j+1 (s⇐)
]︄

(4.30)

⇓
K

%
k=1

%
sk

j↓Plank

[︄⎤
P̃#k

h
⌉︄
sk

j+1|sk
j,µk(sk

j)
{︄
↑P#k

h
⌉︄
sk

j+1|sk
j,µk(sk

j)
{︄⎣

Ṽ (# ,µ)k
h, j+1 (sk

j+1)

]︄
(4.31)

⇓
K

%
k=1

%
sk

j↓Plank

[︄⌉︄
P̃#k

h (sk
j+1|sk

j,µk(sk
j))↑P#k

h (sk
j+1|sk

j,µk(sk
j))

{︄]︄
(4.32)

⇓
K

%
k=1

%
sk

j↓Plank

⌉︄
1↑P#k

h (sk
j+1|sk

j,µk(sk
j))

{︄
(4.33)

=
K

%
k=1

%
sk

j↓Plank

P(¬end#k(0(s
k
j),µk(sk

j))) (4.34)

=
L

%
i=1

%
e↓Ei

N(i,e)

%
n=1

P(¬end#n(i,e)) (4.35)

(4.36)

Equation 4.30 uses the performance difference lemma (see Lemmma E.15 of Dann et al. [30]).

Then, Equation 4.31 reformulates the sum over the entire episode of the difference of the

transition model by the sum over a defined trajectory. This trajectory corresponds to the

high-level plan, Plank, which is deterministically constructed with the policy µk and the

map / (see Definition 4.5.1). The state sk
j+1 corresponds to the next state considered in

the plan, Plank. Then considering only the steps anticipated by Plank is possible since the

optimistic high-level transition 0 for transitions to a high-level state do not correspond to

the instructed subgoal, that is, P̃#k
h (s⇐|s,e) = 0 for all s⇐ △= /(s,e). Since Equation 4.31 is an

upper bound, we include the regret suffered in each step of the plan, ignoring the possibility

that the low-level policy #k might fail to reach a sub-goal and to pursue the high-level plan.

We obtain Equation (4.32) by upper bounding the optimistic value function Ṽ (# ,µ)k
h with 1,
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this yields a valid upper bound as the optimism property of the low-level algorithm guarantee

P̃#k
h ↖ P#k

h with high-probability. Then in Equation (4.33) we upper bound the optimistic

transition function P̃#k
h with 1. Finally, we rewrite Equation (4.33) in terms of the probability

that the current low-level policy #k does not reach the instructed sub-goal µk(s j) to obtain

Equation (4.34). Equation (4.35) is obtained by taking the sum over N(i,e) instead of K,

with N(i,e) being a counter of the number of original MDP episodes in which the pair (i,e)

has been visited at least once. This allows us to analyse the pairs (i,e) separately, explicitly

indicating the regret suffered in the single problem using the fact that the sum of failing

probability can be related to the low-level regret.

To bound %L
i=1 %e↓Ei %N(i,e)

n=1 P(¬end#n(i,e)), we use the following relationship between

the low-level regret of an optimistic algorithm and its failure probability. The regret suffered

by any optimistic algorithm A ↓ ( to learn an optimal policy to solve a sub-goal e in a

low-level MDP Ml,i:

RA((Ml,i,e),K) =
K

%
k=1

V →
l,i,1(s1,e)↑V #k

l,i,1(s1,e)

=
K

%
k=1

V →
l,i,1(s1,e)↑1+1↑V #k

l,i,1(s1,e)

=
K

%
k=1

P(end#→(i,e))↑1+P(¬end#k(i,e)), (4.37)

where we use the notation (Ml,i,e) to explicitly mention that we compute the regret suffered

on MDP Ml,i while trying to solve the sub-goal e.

Equation 4.37 directly relates the expected probability of failing of a policy #k to the

regret paid to learn the sub-goal e. Rearranging, we obtain:

K

%
k=1

P(¬end#k(i,e)) = RA((Ml,i,e),K)+KP(¬end#→(i,e)). (4.38)
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Hence, we use this in (4.35) to show that,

(a)⇓
L

%
i=1

%
e↓Ei

N(i,e)

%
n=1

P(¬end#n(i,e)) (4.39)

⇓
L

%
i=1

%
e↓Ei

⎤
RA((Ml,i,e),N(i,e))+N(i,e)P(¬end#→(i,e))

⎣
. (4.40)

It is important to notice that the algorithm A can be any optimistic algorithm in (.

Optimism is required to guarantee that the high-level policy considers the uncertainty of the

low-level transition model while planning; refer to section 4.5.2 for further details.

Let’s now focus on analysing the term (b). With similar algebraic modifications, we can

relate it to:

(b) =
K

%
k=1

%
s↓Plank

P(¬end#→(s,µ(s))) (4.41)

=
L

%
i=1

%
e↓Ei

N(i,e)

%
n=1

P(¬end#→(i,e)) (4.42)

=
L

%
i=1

%
e↓Ei

N(i,e)P(¬end#→(i,e)) (4.43)

In equation 4.42, we sum over all possible low-level MDP, sub-goal pair (i,e) and the

corresponding number of visits N(i,e). As the probability that the optimal policy #→ fails is

independent of the number of visits, we directly obtain Equation 4.43.

Then, by summing (a) and (b), we see that the regret can be upper bounded by:

R(GHRL,({Ml,i}i↓[L],Mh),K)⇓ (a)+(b) (4.44)

⇓
L

%
i=1

%
e↓Ei

⎤
RA((Ml,i,e),N(i,e))+2N(i,e)P(¬end#→(i,e))

⎣
. (4.45)

Lastly, it is important to observe that the above theorem only holds if the optimism holds

for every low-level MDP, sub-goal pair (i,e), and episode k, which is formally defined as the
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following event:

A = ▽K
k=1 ▽L

i=1 ▽e↓EiI{Ṽ #k
l,i,1(s,e)↖V →

l,i,1(s,e)} (4.46)

where the low-level optimism, i.e. I{Ṽ #k
l,i,1(s,e) ↖ V →

l,i,1(s,e)}, is guarantee to hold with

probability 1↑. .

Theorem 4.4.2 requires that the event A holds with high probability, P(A)> 1↑& . To

ensure this, we need to set the low-level optimism failure probability to . = &
AhK . This can

be obtained by observing that we need to guarantee P(Ac)⇓ & . Where Ac is the complement

of A:

Ac = ′K
k=1 ′L

i=1 ′e↓EiI{Ṽ #k
l,i,1(s,e)<V →

l,i,1(s,e)} (4.47)

which implies that,

& ⇓
K

%
k=1

L

%
i=1

%
e↓Ei

. = KAh. (where we recall that %L
i=1 %e↓Ei 1 = Ah)

which implies that . = &
KAh

and concludes the proof.

4.5.4 Proof of Corollary 4.4.3

We now focus on proving Corollary 4.4.3. For clarity, we first restate the result.

Corollary. With probability 1↑& it holds that for any hierarchical decomposition ({Ml,i}L
i=1,Mh)

the regret suffered by GHRLUCBVI for K high-level episodes is bounded by:

RGHRL(({Ml,i}L
i=1,Mh),K)⇓

}︄
AoAh max

i
{S+l,i}HlK +

L

%
i=1

%
e↓Ei

2N(i,e)P(¬end#→(i,e))

(4.48)

Note that the additional term in the regret (Eq. 4.48) is inherited by the high-level policy’s

inability to adapt to the low-level algorithm’s failures. In particular, if the failure probability
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of the optimal low-level policy #→ is zero. That is P(¬end#→(i,e)) = 0 ⇑i ↓ [L] and ⇑e ↓ Ei

then the sub-optimality gap disappear.

Proof. Let’s now consider the first term in Theorem 4.4.2 (i.e. Equation (4.10)) with UCBVI

as a low-level regret minimiser.

L

%
i=1

%
e↓Ei

RUCBVI((Ml,i,e),N(i,e))⇓
L

%
i=1

%
e↓Ei

⎡
AoHlSl,iN(i,e)

⇓
\︂

AoHl

⎫⎩⎩⎭
L

%
i=1

%
e↓Ei

1

⎫⎩⎩⎭
L

%
i=1

%
e↓Ei

Sl,iN(i,e) (4.49)

⇓
⎡

AoHlAh max
i
{Sl,i}K, (4.50)

Equation (4.49) follows by applying the Cauchy-Schwarz inequality, while the last inequality

follows from:

L

%
i=1

%
e↓Ei

Sl,iN(i,e)⇓ max
i
{Sl,i}

L

%
i=1

%
e↓Ei

N(i,e) = max
i
{S+l,i}K. (4.51)

Where Ah is the set of all possible sub-goals the high-level can instruct in all low-level MDPs,

that is %L
i=1 %e↓Ei 1 = |Ah|. Because of the sparse reward setting, the infinity norm of the

value function is bounded by one, ∝V #k∝∃ ⇓ 1.

4.6 Experiments

As previously explained, the GHRL framework presented in Algorithm 9 is flexible enough

to accommodate a wide range of regret minimiser choices for the low-level algorithm.

To empirically validate our framework, we consider the Q-UCB algorithm [62] (see

Section 2.3.4 for more details) to compute the low-level policy. We denote the resulting

hierarchical algorithm as GHRLQ-UCB in that context. We propose to evaluate GHRLQ-UCB
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Fig. 4.2 An illustration of the four path-like MDPs considered. All path MDPs shown in this
figure are composed of five rooms. The plot at the top shows an MDP with identical rooms.
In each row, we change the room profile of a room; that is, we add a unique obstacle inside
the room. We repeat this until all rooms have a unique room profile, as shown in the bottom
plot.

on a path-like grid world composed of several rooms and compare its performance to the

standard Q-UCB, which does not leverage the hierarchical properties of the environment. An

illustration of the environment considered is available in Figure 4.2.

Like the N-rooms environment presented in Chapter 4, the path-like grid-world comprises

multiple rooms arranged to form a path. The agent’s goal is to go through the entire path

from the leftmost room to the rightmost room. The agent can only move from one maze

cell to a neighbouring cell. Figure-4.2 depicts some of the path environments considered

in our experiments. Each row shows a path of five rooms, the top row shows a path with a

single room profile (no obstacle in the room), and each subsequent path introduces a new

type of room profile. Note that the composition of rooms used to build the path induces a

hierarchical structure. The high-level agent navigates from room to room, and the low-level

agent navigates within a room. Figure 4.3 only considers paths of increasing length, with a

single room profile similar to the path depicted in the first row of Figure 4.2. In particular,
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Fig. 4.3 Learning curve of GHRLQ-UCB (in blue) and standard Q-UCB (in red). We compare
the performance of the two algorithms on a navigation environment that describes a path
composed of several rooms. As we increase the number of identical rooms, the efficiency
gain of GHRLQ-UCB becomes more evident.

Figure 4.3 shows that the performance of GHRLQ-UCB and Q-UCB are similar if there are

only two rooms, that is, one room to navigate and the goal room, as the hierarchy cannot

be leveraged. However, as we increase the number of rooms, the benefit of the hierarchical

framework becomes more visible. Note that if there are more than four rooms, Q-UCB

cannot find a path to the goal within the allowed number of interactions.

When the environment has a single room profile, i.e., all the rooms are identical, the

hierarchical algorithm has a considerable advantage because it can repeatedly re-use the same

learned policy. To evaluate how the algorithm behaves in an environment with more room

profiles, we consider all the paths depicted in Figure 4.2 and evaluate the performance of

GHRLQ-UCB on each environment. Figure 4.4, we show the learning curve of our algorithm

as we increase the number of room profiles. Increasing the number of room profiles creates

a more challenging problem for the low-level policy, as it has to learn to navigate more

than a single low-level MDP. As expected, increasing the number of room profiles makes

the problem more challenging. This behaviour is supported by the theoretical results such

as Corollary 4.4.3, which anticipate that the regret scales with
⇔

Ah ↖
⇔

L, where L in this

scenario denotes the number of room profiles.

Finally, we evaluate GHRLQ-UCB on the N-rooms environment presented in Chapter 3.

Figure 4.5 illustrates a version of the environment with four rooms; in the experiment, we
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Fig. 4.4 This plot shows the impact of an increasing number of low-level MDPs on the
learning curve. In blue, we show the performance of GHRLQ-UCB on a 5-room path with a
single-room profile. Each colour encodes the learning curve of GHRLQ-UCB with a different
number of room profiles. We can clearly see that performance deteriorates as we increase
the number of room profiles. All environments considered in this experiment are depicted in
Figure 4.2).

Fig. 4.5 An illustration of the results obtained on the n-room environment. The leftmost plot
shows an example of a maze composed of 4 rooms, while the plots on the right show the
performance obtained by GHRLQ-UCB (in blue) against Q-UCB (in red). As expected, as we
increase the number of rooms, the efficiency gains of our method become more evident.

consider as well mazes with nine and sixteen rooms. The performance of GHRLQ-UCB

and Q-UCB on these tasks is depicted on the rightmost plot of Figure 4.5, where the blue

learning curves are generated by GHRLQ-UCB outperform the red learning curves generated

by Q-UCB.
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4.7 Discussion

The result obtained in Corollary 4.4.3 clearly shows an improvement over a monolithic

approach. Osband and Van Roy [101] provide a lower bound on the regret paid by any

algorithm A in the original MDP Mo.

RA(Mo,K) = ∀(
\︂
∝V∝∃AoST ) (4.52)

= ∀(
\︂

AoSHoK) (4.53)

with T being the total number of interactions with the environment, in this case, T = KHo

and the infinity norm of the value function ∝V∝∃ = 1 in the sparse reward setting. This lower

bound quantifies the regret paid by the best possible monolithic algorithm in the original

MDP Mo.

If we now consider the ratio between the regret of GHRL, which leverages the hierarchical

decomposition, and the lower bound in Equation 4.52, we can provide insight on when to

prefer GHRL over a standard monolithic approach. The ratio up to constants can be written

as:

RGHRL(({Ml,i}i=1,L,Mh),K)

RA(Mo,K)
⇓

AoAh maxi(S+l,i)HlK +!opt

AoSoHoK

=
Ah maxi(S+l,i)Hl +!opt

SHo
(4.54)

where we use !opt to compactly write the sub-optimality gap

!opt =
L

%
i=1

%
e↓Ei

2N(i,e)P(¬end#→(i,e)).

In general, GHRLUCBVI is more efficient than any regret minimiser operating in the original

MDP when the ratio in Eq. (4.54) is smaller than 1. This is guaranteed when the number of
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sub-goals times the size of the largest low-level MDP, multiplied by the low-level episode

length, is smaller than the original MDP state space times the original MDP episode’s

length, Ah maxi(S+l,i)Hl < SHo. This highlights the dependency of hierarchical algorithms on

repetitive patterns inside the MDP and the ability to solve problems that present a shorter

planning horizon, Hl .

Our results complement existing work on HRL efficiency (Wen et al. [146]). The

regret guarantee of Wen et al. [146] holds in the Bayesian regret setting, representing a

weaker guarantee than the frequentist regret provided in Theorem 4.4.2. In addition, the

Bayesian regret of Wen et al. [146] holds only for the posterior sampling-based algorithm

for hierarchical reinforcement learning (PSHRL). Theorem 4.4.2 gives a general guarantee

that holds for a class of optimistic low-level algorithms (. It is interesting to compare the

regret of GHRLUCBVI to the Bayesian regret term obtained in Wen et al [146] (adapted to the

sparse reward setting):

E[RPSHRL(Mo,K)] = !sgAhK + Õ(Ho max
i

S+
l,i

\︂
LAoK) (4.55)

An immediate difference between the two regret bounds is the nature of their sub-

optimality gap. The term !sg in Equation 4.55 depends on the algorithm capacity to properly

quantify the relative value of the different sub-goals. We completely avoid this cost because

we can value each sub-goal with Backward Induction in the optimistic high-level MDP. In

turn, Equation 4.11 does need to account for the failure probability of the optimal policy, !opt ,

as the considered algorithm does not allow the high-level policy to continue to select sub-goal

after an unsuccessful low-level episode. Additionally the bound provided in Corollary 4.4.3

improves the regret of Equation 4.55 by a factor
⎡

H maxi |S+
l,i|.

Finally, our analysis highlights how the low-level optimism is used in our algorithm to

guide the exploration of the high-level algorithm, which represents an interesting mechanism

that was not studied in previous work.
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4.7.1 Connection with Chapter 3

The goal-conditioned HRL setting considered in this chapter makes several key assumptions

that prevent a direct comparison to the lower bound derived in Chapter 3. In particular,

in Chapter 3, we aimed to formulate the problem in the most general way possible. The

setting tackled by GHRL makes several additional assumptions. First, Chapter 3 considered

a general bounded reward, while this chapter focuses on sparse reward functions. Second,

the setting considered in Chapter 3 makes no particular assumptions about the high-level

transition function. In the setting of this chapter, we assume that the algorithm has access

to a deterministic map that indicates which high-level state we observe next if the sub-goal

is successfully completed. Combined, these two assumptions enable us to construct an

approximate high-level transition function, reducing the problem to learning only the low-

level MDPs. This is an important distinction to the setting considered in Chapter 3 where

none of the above assumptions about the structure of the transition function and the sparse

reward function are made, and the two levels of the hierarchies have to be learned.

Given the nature of the problem we have to solve in this particular setting, a conservative

lower bound on the sample complexity would consist of the number of samples required to

learn each of the individual low-level MDPs, accounting for the fact that we could run up to

Hh low-level episode in a single episode in the original MDP.

Formally, we could state the lower bound as follows:

Theorem 4.7.1. There exist positive constants c and &0 such that for every & ↓ (0,&0) and

for every algorithm A that satisfies a PAC guarantee for (%,& ) and outputs a deterministic

policy, there is a fixed horizon MDP such that A must interact for

E[N] = ∀
⌋︄

%
i↓[L]

|S+
l,i||A|H2

l

Hh%2 ln
⌉︄ 1

& + c
{︄⌈︄

(4.56)

episodes, in the original MDP, until the policy is (%,& )-accurate.
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This lower bound highlights that in the setting considered, we do not have to consider the

cost incurred by learning the high-level transitions, and we only account for the low-level

dynamics.

4.8 Conclusion

This work studies the efficiency of a Hierarchical Reinforcement Learning method when

applied to goal-based RL problems with sparse rewards. We propose a regret minimisation

algorithm and study how its regret relates to the lower bound on monolithic RL approaches

that do not explicitly exploit the hierarchical structure. Our regret bound underscores the

nature of the efficiency gains of the hierarchical decomposition, suggesting that hierarchical

methods can leverage patterns (low-level MDPs) that are repeated to construct the original

problem. The importance of this repeated structure was already highlighted in previous

work such as Wen et al. [146]. In contrast to Wen et al. [146] Theorem 4.4.2 provides a

frequentist regret, which is a stronger guarantee than the Bayesian regret guarantee provided

in [146]. Our result also improves upon the only frequentist regret upper bound on HRL by

Drappo et al. [40] since the bound in [40] depends on the behaviour of the policy during

the learning. Overall, our analysis of HRL with a sparse reward highlights key aspects

of the nature of the collaboration between the high-level agent and the low-level agent.

More specifically, it underscores how low-level optimism can be used to guide high-level

exploration. Additionally, we provide an improved guarantee on the regret of HRL algorithms.

The sparse reward setting allowed us to highlight that problems exist for which an improved

regret bound is achievable. Nevertheless, extending our results to more general reward

functions is an interesting perspective for future work.





Chapter 5

Posterior Sampling for RL on Graphs

Graphs are a natural representation that encodes the relations between connected entities.

RL algorithms which leverage this latent graphical structure have emerged as a promising

alternative to traditional methods for discovering better decision-making strategies. However,

we still have an incomplete understanding concerning the sources of these efficiency gains.

This chapter focuses on a sub-class of MDPs with a latent graphical structure. We propose

and analyse a posterior sampling-based algorithm to efficiently leverage this structure. We

provide theoretical and empirical validation of the proposed algorithm. The content of this

chapter consists of the work done in:

Robert, A., Faisal, A. A., & Pike-Burke, C. (2024). Posterior Sampling for Reinforcement

Learning on Graphs.

Which has been submitted to Transactions on Machine Learning Research.
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5.1 Introduction

In this chapter, we consider a sub-class of Markov Decision Processes where the environ-

ment’s dependency structure is encoded in a directed acyclic graph. In such a setting, the

state and the action can be decomposed into states and actions at each node of the graph, and

the reward and transition functions depend on the connectivity of each node. In particular,

the state at each node of the graph will depend on the state and action taken at all its parent

nodes.

This structure is present in a lot of real-world settings. For example, such a structure can

be found in wind farm optimisation tasks, e.g. [2], where a grid of rotating wind turbines

creates a stream of turbulent wind that impacts the yield of downstream wind turbines. The

turbulence at downstream wind turbines depends on the orientation of the upstream wind

turbine. Finding the optimal orientation of all wind turbines in the wind farm becomes an

interesting control problem. Since the turbines’ locations are known, the interaction pattern

between all turbines composing the farm is also known. This interaction pattern can be

encoded as a directed acyclic graph, where each node represents a wind turbine and each

edge indicates a potential interaction. We dedicate Chapter 6 to empirically demonstrate that

such a latent structure exists in the wind farm yield optimisation problem.

Such problems are typically modelled as directed acyclic graphs where the state at each

node depends on the action taken at the parent nodes, and we observe the outcome of the

actions at the parent nodes before taking actions at the child nodes. The setting we consider

encompasses a broad range of problems that can be formulated as maximum flow problems.

This includes, for instance, network routing challenges [85] and supply chain management

scenarios [119], both of which can be effectively modelled using this framework. Typically,

maximum flow problems are represented as directed acyclic graphs (DAGs), where the state

of a given node is determined by the actions executed at its parent nodes. Crucially, the
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outcomes of actions taken at parent nodes are observed before any decisions are made at the

child nodes.

This chapter demonstrates that exploiting the underlying latent graphical structure can

lead to significant performance improvements. These gains in performance are made possible

through a careful analysis of the proposed algorithm that breaks down the state and action

spaces’ combinatorial structure and reuses recurring patterns within the graph. It is important

to highlight that the DAMDP framework we explore shares similarities with the Factored

MDP (FMDP) framework [23]. However, there are notable differences between the two

frameworks that call for further innovation. As discussed in Section 5.8, the main difference

is that FMDP framework considers a time-homogeneous setting, where the factorisation

of the state space remains the same for every time step. Alternatively, in the DAMDP

framework, we consider a time-inhomogeneous setting where the factorisation structure

might evolve over time. This flexibility allows us to model more complex graph structures,

thereby capturing a broader range of real-world scenarios and making the framework more

applicable to practical problems with varying dependencies over time.

Contribution: To illustrate the efficiency gains obtained from leveraging the underlying

latent graphical structure, we begin by formally defining the subclass of MDPs that our

approach targets. In scenarios where the system dynamics are known, we show that a

dynamic programming approach can be applied to find an optimal policy. For scenarios

with unknown rewards and transition dynamics, we introduce a novel posterior sampling-

based algorithm. We establish an upper bound on the Bayesian regret of the proposed

algorithm. This upper bound represents an improvement compared to methods that ignore

the latent graphical structure, such as [10, 99]. Additionally, we provide empirical evidence

to support the effectiveness of our approach. In particular, we validate our algorithm on a

maximum flow problem and show that it outperforms an algorithm that does not leverage the
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latent graphical structure. Chapter 6 complements this empirical evaluation by providing an

empirical validation of this method on a wind farm optimization problem.

To summarize, this chapter introduces, analyses and evaluates a novel posterior sampling

algorithm specifically designed to exploit the graphical structure present in many real-world

problems.

5.2 Time Inhomogeneous MDP and Directed Acyclic Graphs

We first recall the foundations of time-inhomogeneous Markov Decision Processes and

Directed Acyclic Graphs. In Chapter 2, we formally introduced the time-homogeneous

MDPs (see Definition 2.1.1). In the time-inhomogeneous setting, we consider that all the

components describing the MDP can change over time, and in particular, the state and the

action spaces depend on time. Let’s first recall the foundations of time-inhomogeneous

Markov Decision Processes and some important notions about Directed Acyclic Graphs.

5.2.1 Time-Inhomogeneous Fixed-Horizon Markov Decision Process

A fixed-horizon time-inhomogeneous MDP is a tuple

M = ↔{St}H
t=1,{At}H

t=1,{Rt}H
t=1,{Pt}H

t=1,H,∀↗.

We consider a finite, time-dependent setting where the state and action spaces, denoted by

St and At , respectively, depend on the time step t ↓ {1, . . . ,H}. At each time step t ↓ [H],

the mean reward function Rt : St ↘At ≃ [0,1] output the expected reward for a specific

state-action pair. Specifically, when the agent is in state st , and performs action at , the

agent receives a reward Rt(st ,at)+1t , where 1t are independent identically distributed sub-

Gaussian noise () = 1). At each time step t, the environment’s dynamics are governed by a

transition probability Pt(st+1|st ,at), which defines the probability of reaching a specific state



5.2 Time Inhomogeneous MDP and Directed Acyclic Graphs 123

st+1 ↓ St+1 when action at ↓At was performed in state st ↓ St . The agent interacts with the

environment over episodes of length H. At the beginning of each episode, the agent starts

in an initial state s1 ⇒ ∀ , drawn from the initial state distribution ∀ . Over the subsequent H

time steps, t ↓ {1, · · · ,H}, the agent observes a state st ↓ St and selects the action at ↓At

it wishes to perform. As a result of this action, the environment transitions to a new state

st+1 ⇒ Pt(·|st ,at) and issues an immediate reward Rt(st ,at)+1t . This process continues for

the duration of the episode, with the agent making sequential decisions at each step based

on the state of the system and the observed rewards. As we know, RL algorithms aim to

find policies µt : St ≃At for all t ↓ {1, · · · ,H} that maximise the cumulative reward over an

episode. We measure this in terms of the value function:

V M
µ,t(st) = E

[︄ H

%
h=t

Rh(sh,ah)

⌊︄⌊︄⌊︄⌊︄ah = µh(sh),sh+1 ⇒ Ph(·|sh,ah),st = s
]︄
, (5.1)

where the expectation is taken over the starting state distribution s1 ⇒ ∀ and the stochastic

transition dynamics sh+1 ⇒ Ph(·|sh,ah). Often, we evaluate the quality of a policy µ in terms

of the value function of the initial state s1, V M
µ,1(s1), where the superscript M indicates that

we compute the value in the MDP M. The aim is to find an optimal policy µ→ within the set

of Markov deterministic policies #, which maximizes the value function,

µ→ ↓ argmax
µ↓#

V M
µ,1(s1). (5.2)

It is useful to define the Q-function, which represents the expected reward a policy µ

can obtain given that it first executes an action a and then selects actions according to µ .

Specifically, the Q-function at time t of a policy µ after executing the action at ↓At while in

state st ↓ St is:

Qµ,t(st ,at) = rt(st ,at)+ %
st+1↓St+1

Pt(st+1|st ,at)Vµ,t+1(st+1). (5.3)
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5.2.2 Directed Acyclic Graphs

Definition 5.2.1 (Directed Acyclic Graph). A directed acyclic graph (DAG) G = (V,E) is

defined by a set of vertices V and a set of edges E. Each edge has a direction associated with

it. The graph is said to be acyclic if there is no node for which there exists a path (with one

or more edges) that leads to itself.

For any DAG, it is possible to establish a corresponding topological ordering of the nodes,

as outlined in [16, Sec. 2.3.2]. This ordering assigns a specific layer to each node, and the

layer of a node is defined as the length of the longest path from the root to the current node.

In cases where the DAG does not have a unique root, we can trivially add an artificial node

that serves as a root. In this work, we consider this form of layered directed acyclic graphs,

whose edges only connect nodes from adjacent layers.

Definition 5.2.2 (Layered Directed Acyclic Graphs). A Layered, Directed Acyclic Graph

(LDAG) is a DAG with a specific topology. It has a unique root node and a unique leaf node.

All nodes are organised in layers, and all edges go from one layer to the next. Edges between

nodes of the same layer are not allowed, as well as edges that connect nodes that are two or

more layers away.

Under this topological ordering, all edges in the graph are constrained to connect nodes

from a layer l to nodes in the next adjacent layer l +1 with l ↓ {1, · · · ,H ↑1}. Larger steps,

backward steps, and transversal steps (within the same layer) are not allowed. Importantly,

the assumption of LDAG does not lose any generality. We demonstrate in Section 5.3.3 that

we can construct an LDAG for any DAG. As this transformation preserves the connectivity

patterns of the original DAG, one could argue that it has a limited impact on the complexity

measure. We illustrate and discuss this point further in Section 5.3.3.
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Directed Acyclic MDP Full states All contexts
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Transition:C(x)
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x

Fig. 5.1 Illustration of the important components of DAMDPs. Inside the leftmost box is
an illustration of a simple DAMDP, MG. The underlying graph has four nodes, which are
visited within three time steps, t = {1,2,3}. The box in the middle illustrates the full state
representation of MG. At time step t, the full state st consists of the concatenation of the
observations at each node in layer t. The rightmost box shows in the first column the two
atomic reward contexts that arise in MG, which is composed of the atomic state x and the
atomic action y of the current node. The second column shows the two atomic transition
contexts that arise in MG, which consists of the atomic states and atomic actions observed at
the current node, x’s, parents.

5.3 Directed Acyclic Markov Decision Process

We consider a particular subclass of MDPs that can be rolled out on an LDAG. To formalise

this, we introduce Directed Acyclic Markov Decision Processes (DAMDPs), which can be

defined by the following tuple:

MG = ↔X ,{Y j}Ur
j=1,{r j}Ur

j=1,{pi}U∃
i=1,H,{∀v

A}
n1
v=1,G↗. (5.4)

A visual representation of a simple DAMDP is provided in the leftmost plot of Figure 5.1.

In addition to the MDP components (described below), a DAMDP MG is structured by an

LDAG, G = (V,E). In this context, the horizon H of the DAMDP corresponds to the number

of layers in the LDAG G. Since we sequentially observe the graph’s layers and all edges

e ↓ E connect a node from a layer l to a node in layer l +1, for l ↓ {1, · · ·H ↑1}. At each

time step, a layer of nodes of G describes the current state of the DAMDP; that is, in layer t,
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the nt nodes that compose this layer describe the full state at time step t. For each layer t, we

consider an arbitrary ordering of its nodes {1, · · · ,nt}, which remains fixed for the entirety

of the training. The edges of G encode the dependence between different nodes.

In the DAMDP context, each node of G is associated with an atomic state x, where x

belongs to the atomic state space X . Similarly, at each node, an atomic action y ↓ Y j can be

performed, where {Y j}Ur
j=1 denote the Ur different atomic action spaces. In some applications,

like the one considered in our experiments (see Section 5.7), the atomic action description

can be tightly linked to the number of outgoing edges at each node. Hence, it is natural to

define several action spaces depending on the connectivity pattern of the graph G. When the

agent performs an atomic action yv
t ↓ Y j at a node which is in atomic state xv

t , it receives a

reward r j(xv
t ,yv

t )+1t,v, where r j(xv
t ,yv

t ) is the mean atomic reward function associated with

the jth atomic action space, 1t,v is i.i.d. sub-gaussian noise, and t ↓ {1, · · · ,H} denotes the

current layer. Here, and throughout, v ↓ {1, · · · ,nt} denotes the position of the current node

in its layer, and we use the notation xv
t and yv

t to refer to the vth atomic state and action in

the tth layer. If two nodes have the same number of parents and if their parents have the

same atomic action spaces, then these two nodes obey the same dynamics and are said to

belong to the same transition equivalence class [∃i], with i ↓ {1, · · ·U∃} and U∃ the number

of equivalence classes. Formally, this implies that the dynamics of nodes that belong to the

same equivalence class [∃i] are governed by the same atomic transition distribution pi(·|c),

with c the transition context, which consists of the atomic state and actions at all parent

nodes. Concretely, let’s consider the vth node of layer t and assume that this node belongs

to the equivalence class [∃it,v ], where here we use the notation it,v to denote the index of the

equivalence class that node v in layer t belongs to. The atomic state at this node is drawn

from the atomic transition function xv
t ⇒ pit,v(·|cv

t ). The transition context cv
t ↓ Cit,v consists

of the concatenation of all parent’s nodes atomic states and atomic actions. Cit,v is the space

of all possible transition contexts and is the same for all nodes in the same equivalence class.
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We denote by Vi the set containing the parent nodes of the node of interest, then the space of

transition contexts for the ith equivalence class is, Ci =
)︄

v↓Vi X ↘Y jv , the Cartesian product

of all possible configuration of the parent nodes atomic states and atomic actions. Finally,

the initial atomic state components are sampled from initial atomic state distribution xv
1 ⇒ ∀v

A

for all nodes of the initial layer of G, v ↓ {1, · · · ,n1}.

5.3.1 Relationship Between DAMDPs and MDPs

A DAMDP MG = ↔X ,{Y j}Ur
j=1,{r j}Ur

j=1,{pi}U∃
i=1,H,∀A,G↗ represents a special case of a

time-inhomogeneous finite horizon MDP. It would be particularly challenging to learn an

optimal policy in this MDP as the state and action spaces are time-dependent, and the reward

and transition functions are non-stationary. However, from the DAMDP perspective, the

atomic state and action spaces do not depend on the time step, and the atomic reward and

transition function are stationary. Before considering algorithms that can learn optimal

policies in this setting, we first discuss the relationship between the DAMDP MG and its

corresponding MDP M constructed from the atomic components and the graph G.

Time step and horizon: The execution of an episode in a DAMDP is intricately con-

nected to the structure of the graph G. Given that the graph G is layered, directed and acyclic,

each layer l corresponds to a time step t in the corresponding MDP M. Consequently, the

depth H of the graph G corresponds to the MDP’s horizon (i.e. the maximum number of

steps within a single episode). After executing K episodes, the total number of time steps is

T = HK.

State space: At any given time step t, the full state st ↓ St consists of the atomic state

observed at each node within the tth layer of the graph G. More precisely, the atomic
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representation of the full state st ↓ St can be written as follow:

st = [x1
t , · · · ,x

nt
t ],

where xv
t is the observation collected in the vth node of layer t (see Fig. 5.1, middle box) and

nt denotes the number of nodes in layer t. For simplicity, we assume that every node of G

shares the same atomic state space, X . Consequently, the full state space at time step t is

the Cartesian product of the atomic state space of all nodes in layer t, St =
)︄nt

v=1X . In this

context, the term full state refers to the concatenation of the observed values across all nodes

of a layer, i.e. st = [x1
t , · · · ,x

nt
t ]. The full state is the state observed in the MDP M. In contrast,

an atomic state is the value observed at a specific node, i.e. xv
t for some v ↓ {1, . . . ,nt} in the

DAMDP MG.

Action space: We similarly define an atomic action space as the set of actions available

at a particular node. In contrast to the atomic state, all nodes do not necessarily share the

same action space; {Y j}Ur
j=1 represents the Ur distinct atomic action spaces available. Let

yv
t ↓ Y jt,v be the atomic action of the vth node of layer t, and Y jt,v be the atomic action space

associated with this specific node, with jt,v ↓ {1, · · · ,Ur} indicating which equivalence class

node v belongs to. The full action space at time step t can be expressed as the Cartesian

product of the atomic action space of each node composing layer t, At =
)︄nt

v=1Y jt,v . The

full action at time step t, at ↓At , is the concatenation of the atomic actions selected at each

node of layer t:

at = [y1
t , · · · ,y

nt
t ]. (5.5)

In Figure 5.1 (rightmost plot), we show examples where the dimension of the atomic action

depends on the number of exiting edges.
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Policies: Let µ = {µt}H
t=1 denote a collection of time-dependent policies that maps a

full state st to a full action: µt : St ≃At for all t ↓ {1, · · · ,H}. To identify the optimal full

action at each layer, the policy needs to jointly select all atomic actions simultaneously.

Since nodes in the same layer can have common successors, all atomic actions in a given

layer must be jointly selected; ignoring these common dependencies and selecting atomic

actions independently could lead to sub-optimal policies. Hence, the policies we consider

still operate on the full state and full action spaces. Note that sometimes, we are interested in

the action selected at a specific node. Let at = µt(st) be the full action, we denote the atomic

action corresponding to the vth node of layer t as µt(xv
t |st), to make it explicit that the policy

requires knowledge about the full state to select atomic actions.

Transition function: We assume that the known latent graphical structure encodes con-

ditional independence between nodes, with the state at a node depending only on the atomic

state and actions taken at the parent nodes. We split nodes into equivalence classes [∃i] based

on their connectivity patterns, with all nodes in the same equivalence class having the same

number of parents with the same atomic action spaces. The DAMDP is then governed by a set

of atomic transition functions {pi}U∃
i=1. In particular, the probability of observing an atomic

state xv
t ↓ X at the vth node of layer t is pit,v(xv

t |cv
t ), where cv

t ↓ Cit,v denotes the atomic state

and the atomic actions at all parent nodes and it,v denotes the equivalence class of the node.

Figure 5.1 (rightmost plot) shows all the transition contexts that arise in a simple DAMDP.

The atomic transition function offers two immediate benefits. First, it reduces the number

of dependent variables, focusing only on the subset of variables that influences the next

atomic state. Second, it is possible that a layer contains more than a single node belonging

to the equivalence class [∃i]; in that case, within a single step, the algorithm will observe

several samples from the same atomic transition function, pi, offering more opportunities

to collect data and learn the true unknown dynamics. We sometimes want the transition
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context to reflect that a specific full action a ↓At↑1 was executed in layer t ↑1. To clarify

this relation, we write the context of node v ↓ {1, · · · ,nt} in layer t as cv
t,a. The context of any

node in layer t can then be constructed using the atomic description of a, a = [y1
t↑1, · · · ,y

nt↑1
t↑1 ].

Similarly, if actions are selected by a given policy µ , we make this relation explicit in our

notation with cv
t,µ . Then, the probability of observing a new full state st+1, given that the full

action at has been executed in full state st is given by Pt(st+1|st ,at) = ∋nt+1
v=1 pit,v(xv

t+1|cv
t,a),

where st = [x1
t , · · · ,x

nt
t ], st+1 = [x1

t+1, · · · ,x
nt+1
t+1 ] and cv

t,a denotes the context of node v in layer

t given that full action a was selected. Note that for the first transition, at t = 1, we define the

context to be the empty set, that is, cv
1 = /0.

Reward function: We assume that the expected reward at a time step t in the full MDP

is the sum of the atomic expected reward observed at each node composing the tth layer,

Rt(st ,at) = %nt
v=1 r jt,v(xv

t ,yv
t ), where xv

t and yv
t are the atomic states and atomic actions at node

v, jt,v denotes the action space available at the vth node of layer t, and r jt,v(x,y) is the mean

of the atomic reward distribution associated with atomic action set Y jt,v .

5.3.2 Learning in a DAMDP

As depicted in Figure 5.1 (rightmost plot), G can be partitioned into layers, each representing

a time step, t ↓ {1, . . . ,H}, of the DAMDP. At each time step within an episode, t, the agent

observes the state of each node within the tth layer of the graph. Note that the number of

nodes, nt , will change depending on the time step t. Hence, the dimensionality of the full

state and the observation also depends on the time step t. After observing each node’s atomic

state, the agent chooses the full action it wishes to perform (recall that this corresponds to an

atomic action being taken at each node). Again, the dimensionality of the full action will

depend on the current time step. Once the full action is taken, the agent observes the reward

obtained at each node in the current layer and the new atomic states in each node of the next
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layer. This process repeats until the algorithm goes through all the H layers in the graph,

which completes an episode.

Value function: Similar to the value function of a policy in an MDP, the value of a policy

µ in a DAMDP consists of the expected reward accumulated at each node; when ambiguous,

we use the subscript MG to indicate that this value function is computed under the DAMDP

MG, namely ⇑t ↓ {1, · · · ,H} and ⇑s ↓ St ,

V MG
µ,t (s) = E

[︄ H

%
h=t

nh

%
v=1

r jh,v(xv
h,y

v
h)

⌊︄⌊︄⌊︄⌊︄y
v
h = µh(xv

h|sh),sh+1 ⇒ Ph(·|sh,ah),st = [x1
t , · · · ,x

nt
t ]

]︄
.

(5.6)

When t > 1, the expectation is only computed over the stochastic transition dynamics.

Among all the Markov and deterministic policies µ ↓ # we aim to find the optimal policy,

µ→, i.e. the policy with the largest value function:

µ→ = argmax
µ↓#

V MG
µ,1 (s1). (5.7)

We consider a sequential learning setting where the learner interacts with the DAMPD

over K episodes. After each episode, the learner can use the information gathered to improve

their policy in the next episode. To measure the learner’s performance on this task, we define

the regret, which compares, at each point in time, the performance of the current policy

against the optimal policy µ→.

Definition 5.3.1 (Regret). A reinforcement learning algorithm A chooses for each episode

k ↓ {1, · · · ,K} the policy µk that interacts with the environment. The regret of algorithm A

over K episodes is defined as,

Regret(K,A) =
K

%
k=1

!k, (5.8)
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where !k denotes the difference of value function in the true DAMDP, M→
G, between the

optimal policy µ→ and the current policy µk:

!k = %
s↓S1

∀(s)
⎤

V M→
G

µ→,1(s)↑V M→
G

µk,1(s)
⎣
. (5.9)

where ∀(s) = ∋n1
v=1 ∀v

A(x
v
1) with s = [x1

1, · · · ,x
n1
1 ].

Note that the regret is a stochastic quantity that depends on the random behaviour of M→
G

and the algorithm’s sampling procedure. In the remainder of this chapter, we consider the

Bayesian regret, where we also take an expectation over all possible DAMDPs MG that are

drawn from a prior over MDPs f ,

E[Regret(K,A)] =
K

%
k=1

E[!k].

Note that, in general, we use tk to denote the starting time of the kth episode, so tk =

(k↑1)H +1, and we denote with tk + i the ith time step of episode k.

5.3.3 Additional Properties of DAMDP

Remark 5.3.2. Any DAMDP with an arbitrary DAG, G, has an equivalent DAMDP with a

layered directed acyclic graph, G⇐.

We now show how a LDAG, G⇐, can be constructed from a DAG, G. In particular, we

focus on two possible transformations that are illustrated in Figure 5.2, that is, when an edge

spans more than one layer (first row of Fig. 5.2) or when we have a transversal edge, i.e. an

edge that connects two nodes that belong to the same layer, (second row of Fig. 5.2).

Note that both illustrations Figure 5.2 suggest that to transform a DAG into LDAG, we

need to add artificial nodes (represented by a red square) and artificial edges (coloured in blue

and orange). The artificial node does not directly increase the complexity of the problem, as
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G1 : 1

2

3

4 G⇐
1 : 1

2

3

4x

G2 : 1

2

3

4 G⇐
2 : 1

2

3

4

x1

x2

Fig. 5.2 Illustration of how to transform a directed acyclic graph (on the left) into a layered
directed acyclic graph (on the right)

both its atomic state and atomic action will be identical to the atomic state and atomic action

of its unique parent node. The additional edges do not increase the problem complexity

as when we remove an "illegal" edge with a single orange edge and a single blue edge. In

particular, it leaves the number of equivalence classes U∃ unchanged since all incoming

illegal edges were replaced by a single blue edge, and it leaves the number of action spaces

unchanged as well as all outgoing illegal edges are replaced by an orange edge. Since those

transformations are always possible and leave the DAMDP characteristics unchanged, they

have no impact on the algorithm complexity measure presented in Theorem 5.5.1.

While this argument is reasonable in problems of the type of "the leaky maximum flow"

problem, i.e., when we have a single type of edge, it will not necessarily hold for more

complex problems where we would like to consider different types of edges. In Chapter 6,

we consider a problem where we want to optimise the yield of a wind farm, and we use a

graph to model potential interaction. The nature of the interaction will likely depend on the

relative distance between two graph nodes.
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5.4 Dynamic Programming on Graphs

We begin by considering how to learn an optimal policy in a known DAMDP. This will form

an important building block of the reinforcement learning algorithm for DAMDPs presented

in Section 5.5.

The planning algorithm 10 computes an optimal policy via backwards recursion. Dynamic

programming algorithms rely on the self-consistency property of the Bellman operator. We

show that there exists an atomic Bellman operator for any time step t ↓ {1, · · · ,H}, T MG
µ,t ,

that performs a one-step rollout according to the policy µ , using only the atomic description

of the DAMDP MG,

(T MG
µ,t V MG

µ,t+1)(st) :=
nt

%
v=1

r jt,v(xv
t ,µt(xv

t |st))+ %
st+1↓St+1

nt+1

∋
v=1

pit,v(xv
t+1|cv

t+1,µ)V
M
µ,t+1(st+1),

(5.10)

for all t ↓ {1, · · · ,H} and for all st ↓ St . Where st = [x1
t , · · · ,x

nt
t ] and cv

t,µ denotes the

transition context of the vth node of layer t when actions are selected by µ .

The following lemma guarantees the self-consistency of the atomic Bellman operator in

equation 5.10.

Lemma 5.4.1 (Consistency of atomic Bellman operator). For any DAMDP

MG = ↔X ,{Y j}Ur
j=1,{r j}Ur

j=1,{pi}U∃
i=1,H,∀A,G↗ and policy µ , the value function V MG

µ,t satis-

fies:

V MG
µ,t (st) = T MG

µ,t V MG
µ,t+1(st), (5.11)

for t ↓ {1, · · · ,H ↑1} and st ↓ St , with V MG
µ,H(sH) = maxa↓AH RH(sH ,a) for all sH ↓ SH.

This property is directly inherited from the MDP assumption; for the sake of completeness,

we prove this lemma.
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Proof.

T MG
µ,t V MG

µ,t+1(st) =
nt

%
v=1

r jt,v(xv
t ,µ(xv

t |st))+ %
st+1↓St+1

nt+1

∋
v=1

pit,v(xv
t+1|cv

t+1,µ)V
MG
µ,t+1(st+1)

=
nt

%
v=1

r jt,v(xv
t ,µ(xv

t |st))+

%
st+1↓St+1

nt+1

∋
v=1

⎪
pit,v(xv

t+1|cv
t+1,µ)EP

⏐
H

%
h=t+1

nh

%
v=1

r jt+1,v(xv
t+1,µ(xv

t+1|st+1))

⎝⎠

= EP

⏐
H

%
h=t

nh

%
v=1

r jt,v(xv
t ,µ(xv

t |st))

⎝

=V M
µ,t(st)

To obtain the first equality, we used the definition of the Bellman operator, and to obtain the

second equality, we used the definition of V MG
µ,t+1. Observing that we consider all possible

next states st+1 weighted by their probability of appearing, we can directly include this

computation into the expectation, leading to the third equality.

Before developing a reinforcement learning algorithm for DAMDPs in Section 5.5, we

need to verify that there exists a planning algorithm that can compute the optimal policy

for a given atomic transition distribution p and atomic reward function r. We show in

Theorem 5.4.2 that this can be done via dynamic programming as outlined in Algorithm 10.

The algorithm leverages the one-step Bellman equation for DAMDP in equation 5.10. It starts

by finding the optimal full action for each full state at the last layer, H. This is trivial as the

last full action will not impact future rewards. For each time step t ↓ {H ↑1, · · · ,1} and each

full state st ↓ St it uses the one-step Bellman equation for DAMDP equation 5.10 to find the

corresponding value ut(s) and the optimal full action a→. The following theorem guarantees

that Algorithm 10 retrieves the optimal policy µ→ and its associated value function V MG
µ→,1

for any known DAMDP MG. The policy µ→ can be directly used to find the optimal atomic
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Algorithm 10: Planning on a DAMDP
Input: { p̂i}U∃

i=1,{r̂ j}Ur
j=1,G

1 uH(sH) = maxa↓AH %nH
i=1 r̂ jH,i(si

H ,a
i) ⇑sH ↓ SH

2 for t = H ↑1, · · · ,1 do
3 for st ↓ St do
4 Evaluate ut(st) according to:
5

ut(st) = max
at↓At

⎛ nt

%
v=1

r̂ jt,v(xv
t ,y

v
t )+ %

st+1↓St+1

nt+1

∋
v=1

p̂it,v(xv
t+1|cv

t+1,at
)ut+1(st+1)

⎞
,

6 Set
7

!(s) = argmax
at↓At

⎛ nt

%
v=1

r̂ jt,v(xv
t ,y

v
t )+ %

st+1↓St+1

nt+1

∋
v=1

p̂it,v(xv
t+1|cv

t+1,at
)ut+1(st+1)

⎞

8

9 here st = [x1
t , · · · ,x

nt
t ] and at = [y1

t , · · · ,y
nt
t ].

Output: ! and u1(s1) ⇑s1 ↓ S1

actions, since the optimal full action, a→t = [y1,→
t , · · · ,ynt ,→

t ], directly encodes the optimal

atomic action, yi,→
t for each node i ↓ {1, · · · ,nt} of the tth layer of G.

Theorem 5.4.2. If Algorithm 10 receives as input {pi}U∃
i=1 and {r j}Ur

j=1, the atomic reward

and transition functions of a known DAMDP MG, then it returns ut(st) and ! , the optimal

value function and policy, i.e.

u1(s1) =V M
µ→,1(s1)⇑s1 ↓ S1 and ! = µ→. (5.12)

The proof of Theorem 5.4.2 follows the one presented in [114, ch. 4] for completeness; it

is stated below.
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Proof. The proof follows the one presented in [114, ch. 4] and consists of two parts.

Part i: Show that the learned value function ut(st)↖V MG
!,t (st) for all ! ↓ # and for all

(t,st),↓ {1, · · · ,H}↘St , where # is the class of all deterministic and Markov policies.

Part ii: Show that the algorithm’s output satsifies ut(st) =V MG
!→,t(st) for all t and all s ↓ St .

Proof of i: Let ! ↓ # be any policy in the class of deterministic Markov policies. Since

at the last time step H the goal is only to maximise the immediate reward, the suggested

result holds at time step H, uH(sH) ↖ V MG
!,H(sH), for all sH ↓ SH . Let’s now assume that

ut(st)↖V MG
!,t for t = h+1, · · · ,H. We prove by induction that it also holds for t = h,

uh(sh) = max
a↓Ah

⎛ nh

%
v=1

r jh,v(xv
h,y

v
h)+ %

sh+1↓Sh+1

nh+1

∋
v=1

pih,v(xv
h+1|cv

h+1,a)uh+1(sh+1)

⎞

↖ max
a↓Ah

⎛ nh

%
v=1

r jh,v(xv
h,y

v
h)+ %

sh+1↓Sh+1

nh+1

∋
v=1

pih,v(xv
h+1|cv

h+1,a)V
MG
!,h+1(sh+1)

⎞

↖
nh

%
v=1

r jh,v(xv
h,!(x

v
h|sh))+ %

sh+1↓Sh+1

nh+1

∋
v=1

pih,v(xv
h+1|cv

h+1,!)V
MG
!,h+1(sh+1)

=
nh

%
v=1

r jh,v(xv
h,!(x

v
h|sh))+EP,!

[︄ H

%
t=h+1

nt

%
v=1

r jt,v(xv
t ,y

v
t )

]︄

(by def. of V MG in equation 5.6)

=V MG
!,h (s)

where the notation EP,! is used to explicitly mention that the expectation is computed over

the stochastic transition dynamics and that actions are selected according to the policy ! .

Proof of ii: The second part is also shown by induction. We start by observing that the last

step focuses only on maximising the immediate reward. So at time step H it trivially holds

that uH(s) =V MG
→,H (s) for all s ↓ SH . We then assume that ut(s) =V MG

→,t (s) for t = h+1, · · · ,H
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and for all s ↓ St . Then,

uh(s) = max
a↓Ah

⎛ nh

%
v=1

r jh,v(xv
h,y

v
h)+ %

s⇐↓Sh+1

nh+1

∋
v=1

pih,v(xv
h+1|cv

h+1,a)uh+1(s⇐)
⎞

= max
a↓Ah

⎛ nh

%
v=1

r jh,v(xv
h,y

v
h)+ %

s⇐↓Sh+1

nh+1

∋
v=1

pih,v(xv
h+1|cv

h+1,a)V
MG
→,h+1(s

⇐)

⎞

=
nh

%
v=1

r jh,v(xv
h,µ

→(xv
h|sh))+ %

s⇐↓Sh+1

nh+1

∋
v=1

pih,v(xv
h+1|cv

h+1,→)V
MG
→,h+1(s

⇐)

=V MG
→,h (s)

Where the third line is obtained by the hypothesis that ut(s) =V MG
→,t (s) for t ↖ h+1 and from

the definition of µ→.

Remark 5.4.3. Using the atomic description of the environment does not impact the computa-

tional complexity of the planning algorithm, which remains O(H|A||S̄|2), where S̄ denotes

the largest full state space.

5.5 Posterior Sampling RL on Graphs (PSGRL)

We now present the Posterior Sampling on Graphs for Reinforcement Learning (PSGRL)

algorithm, which leverages the rich underlying structure in the DAMDP setting. The fact

that both the transition and the reward functions can be written in terms of their atomic

counterparts represents an opportunity to increase the algorithm’s efficiency. Indeed, the size

of the combinatorial spaces St and At can present a challenge when a learner is tasked to

learn the full transition distribution P and the full reward function R directly. The inputs of

the atomic transition functions and the atomic reward functions lie in spaces much smaller

than their non-atomic counterparts, presenting an opportunity to speed up learning. The input

space for the atomic transition function i depends on the size of the context space, |Ci|, for
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i ↓ {1, · · ·U∃}, where U∃ is the number of equivalence classes. Critically, |Ci| includes states

and actions for only a subset of the nodes at the previous layer. This space is smaller than the

full state-action space, which is the Cartesian product of the atomic state-action pairs of all

nodes in the previous layer. Similarly, the atomic reward only depends on the atomic state

x ↓ X and the atomic action y ↓ Y j, for j ↓ {1, · · · ,Ur}, which is also smaller than the full

state-action spaces.

We can exploit the structure to achieve further efficiency gains by observing that the

input of the atomic transition and reward function can be observed more than once per time

step. If two nodes in the same layer have the same number of incoming edges, then they are

learning the same atomic transition function. Similarly, if they have the same atomic action

space Y j, then they are learning the same atomic reward function. This benefits the algorithm

as we observe more samples corresponding to the atomic functions than their non-atomic

counterparts. However, in the analysis, we need to account for the fact that we can observe a

reward or a transition input more than once per time step, which deviates from the classic

analysis of RL frameworks that assume that a single sample is collected at each time step.

We present our posterior sampling algorithm for DAMDPs in Algorithm 11. The algo-

rithm proceeds in episodes. At the beginning of each episode k, the algorithm samples a

DAMDP MG,k ⇒ f (·|Dk), where f (·|Dk) represents the current belief about the true DAMDP

M→
G, given the observations collected up to episode k, Dk. Note that in the context of DAMDP,

to sample MG,k the algorithm essentially samples a set of atomic transition functions {pi}U∃
i=1

and atomic reward functions {r j}Ur
j=1. The algorithm then computes the optimal policy µMG,k

on MG,k and runs the policy for an episode. The trajectory (st ,at ,rt ,st+1)H
t=1 is added to our

dataset Dk. We then use Dk to update our belief about the distribution of the true DAMDP

M→
G. We assume that each transition function is a categorical distribution governed by a set of

parameters (pi ↓RX , for all i ↓ {1, · · · ,U∃}. The reward function has a Gaussian distribution

with mean µr j and standard deviation )r j , for j ↓ {1, · · · ,Ur}. The prior f maintains a
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Algorithm 11: Posterior sampling on graph MDPs (PSGRL)
Input: Prior f encoding G

1 for episodes k = 1,2, · · · do
2 Sample MG,k ⇒ f (·|Dtk) ;
3 Compute the optimal policy of MG,k, µk, using Algorithm 10;
4 for time steps t = 1, · · · ,H do
5 Select and execute at = µk(st , t) ;
6 Observe rt = [r1

t , · · · ,r
nt
t ] and st+1 = [x1

t+1, · · · ,x
nt+1
t+1 ] ;

7 Append (st ,at ,rt ,st+1) to Dtk+1;

Dirichlet distribution over the space of parameters (pi and a Normal-inverse gamma prior

over the space of parameters µr j and )r j . This induces a prior distribution over DAMDPs.

The regret suffered by PSGRL (Alg. 11) is bounded by the following theorem.

Theorem 5.5.1. If f is the distribution of M→
G then the regret suffered by PSGRL (Alg. 11)

over K episodes is upper bounded by,

E[Regret(K,PSGRL)] = Õ
⌋︄ Ur

%
j=1

H
⎡

XYjm
j
rK +

U∃

%
i=1

H
⎡
(XȲ )dimi

∃XK
⌈︄

(5.13)

where X = |X | is the size of the atomic state space, Ȳ = max j↓{1,··· ,Ur}Yj is the size of

the largest atomic action space. For nodes that belong to the ith equivalence class [∃i], di

denotes the number of parent nodes and mi
∃ denotes the number nodes in G that share the

same equivalence class [∃i]. Finally, m j
r is the number of nodes in G with the same atomic

action space Y j.

As the proof of Theorem 5.5.1 is quite long, we defer to Section 5.9. It follows the proof

in [99], with the key difference being that the confidence sets are built around the estimates

of the atomic transition and reward functions. This approach has two immediate benefits.

First, we might be able to collect more than a single sample per time step. If we consider the

case where we have k nodes in the same layer, t, that belong to the same equivalence class,
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[∃i], then at time step t, we collect k samples from pi. Second, the input space of the atomic

reward and transition function can be significantly smaller than the input space in the original

MDP (i.e. the transition and reward functions over the full state and action spaces). This

leads to a significant gain in performance since the atomic transition and reward function are

easier to estimate than their full state-action counterparts.

The bound presented in Theorem 5.5.1 is an improvement over the lower bound that can

be obtained by running any RL algorithm in the full MDP and ignoring the latent graphical

structure:

∀

⎪
H

%
h=1

\︂
StAtT

⎠
= ∀

⎪
H

%
h=1

\︂
(X

¯
Y )nt T

⎠
. (5.14)

Where
¯
Y = min j↓{1,··· ,Ur}Yj is the size of the smallest action space in the DAMDP. The

comparison of PSGRL upper bound equation 5.13 and the lower bound equation 5.14

suggests an improved efficiency for PSGRL compared to RL algorithms that ignore the latent

graphical structure. In particular, note that the number of incoming edges for any node in

a given layer t is always bounded by the number of nodes at the previous layer di ⇓ nt↑1

where i denotes the equivalence class of any node in layer t. In conclusion, the regret suffered

by PSGRL, as described in equation 5.13, is smaller than the regret any RL algorithm that

ignores the graphical structure G could suffer as described in equation 5.14.

Ur

%
j=1

H
⎡

XYjm
j
rK +

U∃

%
i=1

H
⎡

(XȲ )dimi
∃XK ⇓

H

%
h=1

\︂
(X

¯
Y )nt T

5.6 Regret of PSRL on the full MDP

A natural baseline to our approach is to consider the Posterior Sampling for Reinforcement

Learning [99] algorithm. This algorithm can solve any DAMDP by considering the MDP
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built from the DAMDP’s atomic components. In that case, the algorithm will directly learn

the full state transition distribution P and the reward function R.

To simplify the analysis, we upper bound the state space at each time step t, St ∞ XNmax ,

with the largest state space in the MDP, note that Nmax denotes the number of nodes in the

largest layer. Similarly, we upper bound the full action space at each time step t, A∞ ȲNmax .

If we apply the results of [99] to the proposed MDP, we get a regret of

O
⌋︄

HXNmax

⎡
ȲNmaxT log((XȲ)NmaxT )

⌈︄
(5.15)

5.7 Maximum Leaky Flow of a Graph

We now illustrate that the performance gains suggested by Theorem 5.5.1 manifest themselves

empirically. The maximum leaky flow problem is defined as a directed acyclic graph

G = (V,E), with a single root node, the source node v1 ↓V , and a single leaf node, called

the sink node vN ↓V . Using the edges to transport flow from one node to the next, the goal

is to transport as much flow as possible from the source node to the sink node. Because G

is directed, it is only possible to transport flow in the edge’s direction. The environment is

governed by two parameters: edges have a given capacity, c > 0, which denotes the maximum

amount of flow that can be transported along that edge, and an unknown failure probability,

p ↓ [0,1], which dictates how likely the edge is to fail to transport the flow assigned to it.

The above problem is similar to the graph maximum flow problem [48]. However, the

leaky version of the problem is more challenging as the probability of failure is unknown

to the learner. In the leaky version of the problem, the learner is tasked to jointly learn the

unknown dynamics and the paths that maximise the expected flow.

We consider two algorithms for this problem. The proposed PSGRL, which has access

to the graphical structure and an extension of the PSRL algorithm [99] that works in time-

inhomogeneous settings, which does not know the graphical structure.
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Fig. 5.3 The first row depicts the graph that governs the DAMDP. The second row shows the
learning curve for both algorithms considered. PSRL ignores the latent graphical structure,
and PSGRL leverages the graphical structure. The left-most plot shows the performance
obtained on a simple chain graph. As expected, the performance for both algorithms is
similar. Looking at the remaining plots, where we consider larger diamond-shaped graphs,
it becomes clear that as we increase the complexity of the graph, the benefit of PSGRL
becomes evident. To monitor the evolution of the regret, we ran ten different seeds; the solid
line represents the mean regret while the shaded area covers ± one standard deviation.
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PSGRL representation: At each time step t, we observe the set of atomic states {xv
t }

nt
v=1,

which represent the amount of flow into node v of layer t. For each node, the agent decides

how to distribute the current flow along its edges. For each node, the atomic action space

consists of the possible allocation of flow along its edges; the action space is discrete and

represents a possible fraction of the total flow. The atomic reward is then the amount of flow

a specific node sends to the next layer of the graph.

PSRL representation: The full state representation at time step t, st is a vector repre-

senting the amount of flow in each node in layer t. The full action representation is the flow

assignment for all edges connecting nodes from layer t to layer t +1. The reward at time

step t is the total amount of flow the agent managed to move from layer t to layer t +1.

Figure 5.3 compares the performances of PSGRL and PSRL on the leaky maximum flow

problem. The first row of Figure 5.3 depicts the DAMDP considered, while the second row

shows the cumulated regret incurred by PSGRL (in blue) and PSRL (in red). The uncertainty

estimates around the curve are obtained by running the experiment with ten seeds. We present

in Figure 5.4 another series of experiments that highlight similar performance results on a

different family of graphs.

The leftmost DAMDP is a simple chain graph. For this specific DAMDP instance, the

atomic representation and the full state representation are equivalent. This explains the

similar performance of PSGRL and PSRL. In contrast, considering more complex DAMDP

instances, the benefit of leveraging the latent graphical structure becomes more apparent.

Breaking down the combinatorial nature of the full state space and full action space using the

DAG structure is beneficial. This is even more obvious on the rightmost plot, which shows

the most complex leaky maximum flow instance considered.

Remark 5.7.1. Even for a simple example like the leaky maximum flow problem, it is

interesting to analyse how the Bayesian regret bound for PSGRL equation 5.13 compares to

the RL lower bound equation 5.14. The diamond-shaped graph with 16 nodes in the rightmost
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part of Figure 5.3 implies that the DAMDP is parameterized by the following quantities. The

number of distinct atomic action spaces is Ur = 2 as some nodes can distribute their flow in a

single edge while others can distribute it in two different edges. We observe that there are

6 nodes with a single outgoing edge, hence m1
r = 6 and 9 nodes with two outgoing edges,

m2
r = 9. The number of transition equivalence classes is U∃ = 2 as some nodes have two

incoming edges while others have a single incoming edge. We observe that there are 6 nodes

with a single incoming edge (i.e. m1
∃ = 6) and 9 with two incoming edges (i.e. m2

∃ = 9). We

also note that the maximum number of nodes in a layer is Nmax = 4, and the largest number

of edges between two adjacent layers is Mmax = 6. In this specific context, the regret upper

bound of PSGRL can be expressed as follows:

E[Regret(K,PSGRL)] = Õ
⌋︄ Ur

%
j=1

H
⎡

2XYjm
j
rK +

U∃

%
i=1

H
⎡

2(XȲ )dimi
∃XK

⌈︄
(5.16)

= Õ
⌋︄

H
\︂

12XY1K +H
\︂

18XY2K +H
⇔

12X2Ȳ K +H
\︂

19X3Ȳ 2K
⌈︄
. (5.17)

In orange, we have the regret associated with learning the transition function, and in blue,

the regret associated with learning the reward function. Similarly, using the characteristics of

this specific problem instance for any algorithm that does not leverage the latent graphical

structure, such as PSRL, we obtain the following lower bound:

E[Regret(K,PSRL)] = ∀

⎪
H

%
h=1

\︂
StAtT

⎠
= ∀

⎪
H

%
h=1

\︂
(X

¯
Y )nt T

⎠
(5.18)

= 2
⎡

(X
¯
Y )1T +2

⎡
(X

¯
Y )2T +2

⎡
(X

¯
Y )3T +

⎡
(X

¯
Y )4T , (5.19)

where
¯
Y denotes the smallest atomic action space.

In this simple example, the efficiency gain provided by PSGRL will be significant as long

as
⇔

X3Ȳ 2 <
\︂

(X
¯
Y )4 which is in general true, unless the discrepancy between the largest
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and smallest action space becomes too large, that is,
¯
Y ∀ Ȳ . Additionally, this efficiency

gain is reinforced as we increase the size of the graph. Considering that the number of nodes

increases while the diamond-like architecture on Figure 5.3 is preserved, PSGRL’s regret

equation 5.16 scales linearly with the number of nodes, through mi
∃ and m j

r . On the other

hand, PSRL’s lower bound on the regret scales exponentially with the number of nodes

through nt , the number of nodes at each layer of the graph.

In Figure 5.4, we present an additional set of leaky maximum flow experiments. We

consider an alternative graph structure presented in the first row of Figure 5.4. Observing

the respective performance of PSRL and PSGRL, we can see that as the graph complexity

increases, the benefit of PSGRL increases as well. These results are similar to the experiment

presented in Figure 5.3; we just revisit this experiment considering a different network

architecture. In the leftmost case, we see no benefit in using PSGRL as we have a single

node per layer. However, as we increase the central grid of nodes, creating multiple nodes

that belong to the same equivalence class, the benefit of PSGRL becomes more evident.

Fig. 5.4 The first row depicts the graph that governs the DAMDP. The second row shows
the learning curve for both algorithms considered. PSRL, which ignores the latent graphical
structure and PSGRL, which leverages the graphical structure. The left-most plot shows
the performance obtained on a simple chain graph. As expected, the performance for both
algorithms is similar. Looking at the remaining plots, it becomes clear that as we increase
the complexity of the graph, the benefit of PSGRL becomes self-evident.
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FMDP/DAMDP

t = 1 t = 2 t = 3 t = 4

DAMDP

t = 1 t = 2 t = 3 t = 4

DAMDP

t = 1 t = 2 t = 3 t = 4

Fig. 5.5 This figure shows 3 examples of DAMDPs; the leftmost one has a constant connec-
tivity pattern. Each layer has the same number of nodes, and the connectivity pattern from
one layer to the next remains the same. MDPs that exhibit such a structure could be modelled
by an FMDP or a DAMDP. On the contrary, the middle and the rightmost graphs could only
be modelled by DAMDPs. The example depicted in the middle graph shows interactions that
vary from one time step to the next, which cannot be modelled by an FMDP. The rightmost
graph shows a graph where the number of nodes varies from time step to time step, which
also cannot be modelled as an FMDP

5.8 Related work

The framework we consider in this chapter, the DAMDP model, is related to the factored

MDP (FMDP) framework. While the first works on FMDP considered only a factorisation of

the state space [64, 23, 55], the FMDP framework was later extended to consider factorisation

over the state-action space [100, 28] - which in spirit is more similar to DAMDP. Indeed,

FMDPs and DAMDPs share similar assumptions; they both consider the factorisation of

the state and action spaces, the additivity of the reward function and the factorisation of the

transition function. However, an important difference between the two frameworks is that

FMDPs were initially proposed in a time-homogeneous setting, while DAMDPs allow the

structure to vary as dictated by the graph and its connectivity.

In particular, DAMDP models a larger class of problems, as depicted in Figure 5.5; the

encoding of the entire episode in a graph allows the representation of richer dynamics. The

leftmost plot of Figure 5.5 shows a graph that exhibits the same connection patterns across

all layers; such a problem could be modelled with FMDPs or DAMDPs. The remaining

examples in the middle and on the right side of Figure 5.5 represent problems that cannot be

directly modelled with FMDPs. The example in the middle of Figure 5.5 shows a scenario
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where the connection dynamics change from one layer to the next, while the rightmost

example shows a graph with a varying number of nodes and edges in each layer. Since

DAMDPs are rolled out on an arbitrary directed acyclic graph, we can model each of the

three graphs in Figure 5.5 with a DAMDP.

On the subset of DAMDP problems that can be modelled as FMDP, the regret obtained

for the algorithm proposed in [100] is equivalent to the regret of our algorithm, PSGRL.

In general DAMDPs, a naive extension of the regret proposed [100] to the time inho-

mogeneous setting, is worse than the result obtained in Theorem 5.5.1. A naive extension

of the FMDP framework to the time inhomogeneous setting, where the factored dynamics

are encoded in graph G, would produce a regret bound driven by the number of nodes

in the graph G. To be more specific, using our notation, the regret paid by the posterior

sampling-based algorithm proposed in [100] to estimate the transition distribution of an

FMDP is %|V |
v=1O(H(XȲ )dv +

\︂
(XȲ )dvXT ), where |V | represents the number of nodes in

G and dv is the number of incoming edges in node v. For the case of DAMDPs, the bound

we propose in Theorem 5.5.1 is tighter as in equation 5.9 the size of the transition context

(XȲ )di is under the square root and, in general, %|V |
v=1(XY )dv ↖ %U∃

i=1

\︂
(XȲ )di , as the first

sum is over all nodes in the graph while the second is only over the U∃ equivalence classes.

Additionally, this difference could be reinforced if we consider increasing the number of

nodes |V | while preserving a relatively small number of equivalence classes U∃ . For example,

in the case of the diamond-shaped graph, the graph’s architecture remains constant, and the

only term that grows is mt , the largest number of nodes in a single layer that has the same

transition context.

In this work, we have assumed that the graphical structure is known. An interesting

direction for future work would consist of learning the latent graphical structure. Structure

discovery has been studied in the case of time-homogeneous FMDP [35, 127, 93], but these

methods have not been extended to the time-inhomogeneous setting. Approaches like the
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one considered in [93], where the proposed algorithm, C↑PSRL, can learn the factored

representation, could be extended to the time-inhomogeneous setting. Such an extension is

not trivial as it would require adding another layer of inference in our proposed algorithm

and treating the latent graph G as a random variable.

5.9 Proof of PSGRL Upper Bound on Regret

We follow the proof structure of [99], where the analysis focuses on a modified regret term

that removes the dependency on µ→ and is equivalent to the original regret in expectation.

For any episode k, we can write the modified regret as follows:

!̃k = %
s1↓S1

∀(s1)(V
MG,k
µk,1 (s1)↑V M→

G
µk,1(s1)). (5.20)

where M→
G is the true DAMDP and MG,k is the DAMDP sampled at episode k.

The equivalence in expectation between the original regret !k and the modified regret

!̃k is possible thanks to the following lemma, which is first presented in [99, Lemma 1] and

restated below in the DAMDP setting:

Lemma 5.9.1. If f is the distribution of M→
G and MG,k ⇒ f then, for any )(Dk)↑measurable

function g,

E[g(M→
G)|Dk] = E[g(MG,k)|Dk]. (5.21)

Where )(Dk) is the ) -algebra generated by all the data accumulated up to episode k, Dk.

This allows the following equivalence between the two different regret terms,

E
[︄ K

%
k=1

!k

]︄
= E

[︄ K

%
k=1

!̃k

]︄
.
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Indeed, since !k ↑ !̃k = %s1↓S1 ∀(s1)(V
Mk
µk,1(s1)↑V M→

µ→,1(s1)), from Lemma 5.9.1, we get

that E[!k ↑ !̃k|Dk] = 0. Finally, by the tower rule E[!k ↑ !̃k] = E[E[!k ↑ !̃k|Dk]] = 0.

To lighten the notation we now write V k
µk,i for V Mk

µk,i. Working with the modified regret !̃

(presented in equation 5.20) allows us to rewrite the modified regret in terms of Bellman

error,

E[!̃k|M→
G,MG,k] = E

[︄ H

%
i=1

(T MG,k
µ,i ↑T M→

G
µ,i )V

k
µ,i+1(stk+i)

⌊︄⌊︄⌊︄⌊︄M
→
G,MG,k

]︄
. (5.22)

To prove that equation 5.22 holds, we apply the Dynamic programming equation 5.10

inductively (note that we denote by pi
→(x|c) the atomic true transition distribution for nodes

that belong to the equivalence class [∃i]):

(V k
µk,1 ↑V →

µk,1)(stk+1) = (T k
µk,1V k

µk,2 ↑T →
µk,1V →

µk,2)(stk+1)

= (T k
µk,1 ↑T →

µk,1)V
k
µk,2(stk+1)+ %

s⇐↓S2

n2

∋
v=1

pi2,v
→ (xv

2|cv
2)(V

k
µk,2 ↑V →

µk,2)(s
⇐)

= (T k
µk,1 ↑T →

µk,1)V
k
µk,2(stk+1)+(V k

µk,2 ↑V →
µk,2)(stk+2)+dtk+1

= · · ·

=
H

%
h=1

(T k
µk,h ↑T →

µk,h)V
k
µk,h+1(stk+h)+

∃

%
i=1

dtk+h

for

dtk+h = %
s⇐↓Sh+1

nh+1

∋
v=1

pih,v
→ (xv

h+1|cv
i+1)(V

k
µk,h+1 ↑V →

µk,h+1)(s
⇐)↑ (V k

µk,h+1 ↑V →
µk,h+1)(stk+h+1).

Since,

E[(V k
µk,h+1↑V →

µk,h+1)(stk+h+1)|M→
G,MG,k] = %

s⇐↓Sh+1

nh+1

∋
v=1

(pih,v
→ (xv

h+1|cv
h+1,µk

)(V k
µk,h+1↑V →

µk,h+1)(s
⇐)

the terms dtk+h disappear in expectation (i.e. E[dtk+h|M→
G,MG,k] = 0 for all k and h ↓

{1, · · · ,H}) and so we obtain equation 5.22.
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Since the regret has been rewritten as the sum of one-step Bellman errors (see equa-

tion 5.22), the next step is to show that as interactions with the environment are observed,

the sampled DAMDPs, MG,k, concentrate around the true DAMDP M→
G. This is done in the

following subsection.

5.9.1 Confidence Sets

For the remainder of this section, the notation is a bit more involved. The below list introduces

or recalls the concepts and the notation used.

1. G = (V,E) is an LDAG that encodes the underlying structure in the execution of a

DAMDP episode. We denote the ith node of layer t by vi
t . We recall that each layer

t = 1, · · · ,H has nt nodes. The graph has a total of |V |= %H
t=1 nt = n nodes.

2. If two nodes vi1
t1 and vi2

t2 , with (i1, t1) △= (i2, t2) have the same number of parents and

their parents have the same atomic action space, they belong to the same transition

equivalence class [∃i]. We denote by di the number of parent (or incoming edges) of

a node that belongs to equivalence class [∃i]. All nodes in G belong to one of the

U∃ equivalence classes, [∃i]
U∃
i=1. The number of nodes in G that belong to the same

equivalence class is denoted by mi
∃ , and %U∃

i=1 mi
∃ = n. For example, in Fig. 5.1, there

are two different equivalence classes, U∃ = 2, because there exist nodes with two parent

nodes or a single parent node.

3. Each equivalence class [∃i] with i ↓ {1, · · · ,U∃}, has a corresponding state-action space

Ci =
)︄di

k=1(X ↘Yk) that contains all the possible values the transition context (of an

element of the ith equivalence class [∃i]) can take. Recall that the atomic action space

might depend on the node, so two nodes belong to the same equivalence class if they

have the same number of parent nodes with the same atomic action spaces. This space

consists of the atomic states and the atomic action values of each parent of the node.
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We can upper-bound the size of this context space by (XȲ )di , where di is the number of

parent nodes in the ith equivalence class, and Ȳ is the size of the largest atomic action

space.

4. Each equivalence class [∃i] has a dedicated transition function pi(·|ci) for all i ↓

{1, · · · ,U∃} and all possible transition context ci ↓ Ci.

5. Ur is the number of distinct atomic action sets. For example, in the case of the leaky

maximum flow problem in Section 5.7 Ur = 2, the atomic action space is different if a

node has a single out-going edge or two out-going edges. In the wind farm optimisation

problem Ur = 1, regardless of the number of outgoing edges, the atomic action space

of a node remains the same. The number of nodes in G that have the atomic action set

j is denoted by m j
r , for all j ↓ {1, · · · ,Ur}. Then, %Uj

j=1 m j
r = n, where n is the number

of nodes in G.

6. For each distinct atomic action set {Y}Ur
j=1, we call the atomic reward context the

associated atomic state-action space Z j = X ↘Y j. We denote by z j ↓ Z j an element

of the reward context j.

7. For each atomic action set {Y j}Ur
j=1 we define a corresponding atomic reward function

r j(z j).

8. Define N∃,i
tk (c) to count the number of times a node of the equivalence class [∃i] has

observed the transition context c ↓ Ci during the first tk time steps, where tk indicates

the time step at which episode k starts (i.e. tk = (k↑1)→H +1). Sometimes, we are

interested in monitoring the number of visits more closely. Then, N∃,i
tk,v(c) counts the

number of time the transition context c ↓ Ci given that the agent started episode k

and already observed the v first nodes of G, with v ↓ {1, · · · ,n}. Nodes are indexed

by layers, but the indexing within a layer is arbitrary and fixed before the learning
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starts. In Figure 5.1 leftmost plot, we show an example of an LDAG with a valid node

indexing.

9. Define Nr, j
tk (z) to count the number of times a node has observed the reward context

z ↓Z j during the first tk time steps for all j ↓ [Ur] and for all z ↓Z j. N∃,i
tk,v(z) counts the

number of times the reward context z was observed until the vth node of the execution

of the kth episode, where the node indexing is the same as the one considered for

N∃,i
tk,v(c) (see entry 8 of this list for more details).

The posterior sampling algorithm proceeds by sampling an atomic reward function for

each possible action set {Y j}Ur
j=1 and a transition function for each equivalence class [∃i] for

all i ↓ {1, · · · ,U∃}. The atomic transition distributions and the atomic reward distributions

sampled at the beginning of episode k (step 3. in Alg. 11) are denoted {pi
k}

U∃
i=1 and {r j

k}
Ur
j=1,

respectively. The sampled DAMDP is then constructed by combining the atomic transition

and reward function as dictated by the graph G. To show that the sampled DAMDPs, MG,k,

concentrate around the true DAMDP M→
G, we construct confidence intervals around the

empirical atomic transition and reward functions. We define the confidence set of feasible

DAMDPs that we may sample at episode k as:

Mk
G =

⎜
M :∝ p̂i

k(·|c)↑ pi(·|c)∝1 ⇓ . i
k(c) ⇑c ↓ Ci, ⇑i ↓ [U∃ ] &

∝r̂ j
k(z)↑ r j(z)∝ ⇓ − j

k (z) ⇑z ↓ Z j⇑ j ↓ [Ur]
⎟
. (5.23)

Where p̂i
k denotes the empirical estimate at time step k of the ith atomic transition

function, r̂ j
k denotes the empirical estimate at time step k of the jth reward function, . i

k(c) is

the threshold for the error on the ith transition function, and − j
k (z) is the error threshold for

the error on the jth atomic reward function. We propose the following definition for the error
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thresholds:

. i
k(c) =

⟨︄
2

N∃,i
tk (c)

⌋︄
X log

⌋︄
2
&

⌈︄
+2di log

⌋︄
XȲ mi

tk
&

⌈︄⌈︄
⇑i ↓ {1, · · · ,U∃} and ⇑c ↓ Ci

(5.24)

− j
k (z) =

⎫⎩⎩⎩⎩⎭
log

⌋︄
XȲ m j

rk
&

⌈︄

max(1,Nr, j
tk (z))

⇑ j ↓ {1, · · · ,Ur} and ⇑z ↓ Z j, (5.25)

where Nr, j
tk (z) and N∃,i

tk (c) are defined above (elements 8 and 9 in the list).

Analysis of the Confidence Sets

Lemma 5.9.2. For any k ↖ 1, the true MDP M→
G belongs to the confidence set at episode k,

Mk
G, defined in equation 5.23 with probability:

P(M→
G /↓Mk

G)⇓ &/k.

Proof. The L1 deviation between the true atomic transition distribution pi(·|c) and its empiri-

cal estimate p̂i
k(·|c) is bounded for any % by [145]:

P
⌋︄
∝ p̂i

k(·|c)↑ pi(·|c)∝1 ↖ %
⌈︄
⇓ (2X ↑2)exp

⌉︄
↑ n%2

2
{︄

⇑i ↓ {1, · · · ,U∃} and ⇑c ↓ Ci,

(5.26)

where X is the number of distinct outcomes of p(·|c) and n is a fixed number of samples.

We now define

% i
∃ =

⟨︄
2
n

log
⌋︄

2X 2U∃(XȲ )dimi
tk2

&

⌈︄

where

% i
∃ ⇓

⟨︄
2
n

⌋︄
X log

⌋︄
2
&

⌈︄
+2di log

⌋︄
2U∃XȲ mi

tk
&

⌈︄⌈︄
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This upper bound on % i
∃ gives the exact expression of . i

k(c) defined in equation 5.24.

We can, therefore, show that the confidence bound in equation 5.23 holds with high

probability. In particular, for the atomic transition probability of a given context c ↓ Ci and

fixed number of visits n we have:

P
⎪
∝ p̂i

k(·|c)↑pi(·|c)∝1 ↖ . i
k(c)

⎠

= P
⎪
∝ p̂i

k(·|c)↑ pi(·|c)∝1 ↖

⟨︄
2
n

⌋︄
X log

⌋︄
2
&

⌈︄
+2di log

⌋︄
2U∃XȲ mi

tk
&

⌈︄⌈︄⎠

⇓ 2X exp
⌋︄
↑ n

2
(% i

∃)
2
⌈︄

= 2X exp
⌋︄
↑ n

2
2
n

log
⌋︄

2X 2U∃(XȲ )dimi
tk2

&

⌈︄⌈︄

=
&

2U∃(XȲ )dimi
tk2 .

Now, with a fixed number of samples n, the deviation between the true atomic expected

reward and the empirical atomic mean reward is bounded by Hoeffding’s inequality for any

% j
r > 0:

P
⌋︄
|r̂ j

k(z)↑ r j(z)|↖ % j
r

⌈︄
⇓ 2exp(↑2n(% j

r )
2) ⇑ j ↓ {1, · · · ,Ur} and ⇑z ↓ Z j. (5.27)

We define

% j
r =

⟨︄
1

2n
log

⌋︄
4UrXȲ m j

rk2

&

⌈︄
and note that % j

r ⇓

⟨︄
1
n

log
⌋︄

4UrXȲ m j
rk

&

⌈︄
.

Again, this upper bound on % j
r will be used to determine the exact expression of − j

k (z).
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Combining Hoeffdings inequality with our definition of % j
r , we get:

P
⎪
|r̂ j

k(z)↑ r j(z)|↖ − j
k (z)

⎠
=P

⎪
|r̂ j

k(z)↑ r j(z)|↖

⟨︄
1
n

log
⌋︄

4UrXȲ m j
rk

&

⌈︄⎠
(5.28)

⇓ 2exp(↑2n(% j
r )

2) (5.29)

= 2exp
⌋︄
↑ 2

n
n
2

log
⌋︄

4UrXȲ m j
rk2

&

⌈︄⌈︄
(5.30)

=
&

2UrXȲ m j
rk2

(5.31)

To compute the probability of interest P(M→
G /↓ Mk

G), we need to compute the union

bound by summing over all possible numbers of visits. It is important to note that in the

same layer, more than one node might observe a reward for the same atomic state-action pair

z = (x,y). It is also possible that in the same layer, more than one node observes the same

transition context c. As a consequence, the number of observations can increase by more

than a unit per time step. If we perform k episodes, the number of visits for a specific reward

context j might range between 0 and km j
r , where m j

r is the number of occurrences of reward

architecture j in G (see element 5 of the above list for a more complete definition). Similarly,

there are mi
∃ nodes that belong to the equivalence class [∃i], so a given transition context

ci can be observed up to kmi
∃ times (see element 2 of the above list for a more complete

definition). Now, computing the union bound by summing over all possible numbers of visits,

we obtain the following:

P
⎪
|r̂ j

k(z)↑ r j(z)|↖

⎫⎩⎩⎭ log
⌉︄4UrXȲ m j

rk
&

{︄

max(1,Nr, j
tk (z j))

⎠
⇓

m j
rk

%
n=1

&
2UrXȲ m j

rk2
<

&
2UrXȲ k

(5.32)
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P
⎪
∝p̂i

k(·|c)↑ pi(·|c)∝1 ↖

⎫⎩⎩⎭ 2
max(1,N∃,i

tk (ci))

⌋︄
X log

⌋︄
2
&

⌈︄
+2di log

⌋︄
2U∃XȲ mi

tk
&

⌈︄⎠

⇓
mi

tk

%
n=1

&
2U∃(XY )dimi

tk2 <
&

2U∃(XȲ )dik

This allows us to define . i
k(c) (introduced in equation 5.23) for all i ↓ {1, · · · ,U∃} and

for all c ↓ Ci:

. i
k(c) :=

⟨︄
2

max(1,N∃,i
tk (c))

⌋︄
X log

⌋︄
2
&

⌈︄
+2di log

⌋︄
2U∃XȲ mi

tk
&

⌈︄⌈︄
(5.33)

and − j
k (z) for all j ↓ {1, · · · ,Ur} and for all z ↓ Zi, as

− j
k (z) :=

⎫⎩⎩⎭ log
⌉︄4UrXȲ m j

rk
&

{︄

max(1,Nr, j
tk (z))

. (5.34)

Summing the probabilities over all possible reward contexts z ↓Z j (the number of which

is bounded by XȲ ) and transition context c ↓ Ci (the number of which is bounded by (XȲ )di)

we get

P(M→
G /↓Mk

G) (5.35)

=
Ur

%
j=1

%
z↓Z j

P(|r̂ j
k(z)↑ r j(z)|< − j

k (z))+
U∃

%
i=1

%
c↓Ci

P(∝ p̂i
k(·|c)↑ pi(·|c)∝< . i

k(c))

(5.36)

⇓
Ur

%
j=1

%
z↓Z j

&
2UrXȲ k

+
U∃

%
i=1

%
c↓Ci

&
2U∃(XȲ )dik

⇓ &
k

(5.37)

as desired.
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5.9.2 Upper Bounding the Regret

The regret can be upper bounded by the sum of the errors made at each node.

Lemma 5.9.3. If MG,k and M→
G belong to the confidence set at time step k, Mk

G, then the

one-step Bellman error is upper bounded by the size of the confidence interval:

|(T k
µk,h ↑T →

µk,h)V
k
µk,h+1(sh+1)|⇓ H min{

n

%
v=1

. iv
k (cv

k)+ − jv
k (zv

k),1} (5.38)

Proof. Error in the atomic Bellman operator has the most impact if the value function is

high; we can then directly upper bound the value function with H.

|(T k
µk,h ↑T →

µk,h)V
k
µk,h+1(sh+1)|⇓ H|(T k

µk,h ↑T →
µk,h)| (5.39)

⇓ H
⌋︄⌊︄⌊︄⌊︄⌊︄

nh

%
v=1

r jv
k (xv

k|cv
h,µ)+

nh+1

∋
v=1

piv
k (x

v
h+1|cv

h+1,µ)↑
nh

%
v=1

r jv
→ (xv

k|cv
h,µ)+

nh+1

∋
v=1

piv
→ (x

v
h+1|cv

h+1,µ)

⌊︄⌊︄⌊︄⌊︄

⌈︄

(5.40)

⇓ H
⌋︄⌊︄⌊︄⌊︄⌊︄

nh

%
v=1

r jv
k (xv

k|cv
h,µ)↑

nh

%
v=1

r jv
→ (xv

k|cv
h,µ)

⌊︄⌊︄⌊︄⌊︄+
⌊︄⌊︄⌊︄⌊︄

nh+1

∋
v=1

piv
k (x

v
h+1|cv

h+1,µ)↑
nh+1

∋
v=1

piv
→ (x

v
h+1|cv

h+1,µ)

⌊︄⌊︄⌊︄⌊︄

⌈︄

(5.41)

⇓ H
⌋︄⌊︄⌊︄⌊︄⌊︄

nh

%
v=1

r jv
k (xv

k|cv
h,µ)↑

nh

%
v=1

r jv
→ (xv

k|cv
h,µ)

⌊︄⌊︄⌊︄⌊︄+
nh+1

%
v=1

⌊︄⌊︄⌊︄⌊︄p
iv
k (x

v
h+1|cv

h+1,µ)↑ piv
→ (x

v
h+1|cv

h+1,µ)

⌊︄⌊︄⌊︄⌊︄

⌈︄

(5.42)

⇓ H min
⎛ nh

%
v=1

− jv
k (zv

h,µ)+. iv
k (cv

h+1,µ),1
⎞

(5.43)

Equation 5.40 is directly obtained using the definition of the atomic Bellman operator

equation 5.10. Then equation 5.41 is obtained by grouping together the terms depending on

the atomic reward functions and the one depending on the atomic transition functions. To
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obtain equation 5.42 we use the following inequality:

n

∋
i=1

ai ↑
n

∋
i=1

bi ⇓ %
i=1

|ai ↑bi|, ⇑ai,bi ⇓ 1.

Finally, in equation 5.43, we upper-bound the error in the transition and reward function

at each node with the width of the corresponding confidence interval. Note that since the

reward at each time step is bounded in [0,1], the sum of all the nodes’ errors in a given layer

is upper-bounded by 1.

With this upper bound on the Bellman error, we are now equipped to upper-bound the

regret; we first decompose it as follows, observing that !̃k ⇓ H for any k ↓ {1, · · · ,K}.

Hence,

K

%
k=1

!̃k ⇓
K

%
k=1

!̃kI{Mk
G,M

→
G ↓Mk

G}+H
K

%
k=1

⎨
I{M→

G /↓Mk
G}+ I{Mk

G /↓Mk
G}

⎬
.

By Lemma 5.9.1, E[I{MG,k /↓Mk
G}|Dtk ] = E[I{M→

G /↓Mk
G}|Dtk ]. Additionally, setting

& = 1
K in Lemma 5.9.2 shows the true DAMDP M→

G does not belong to the confidence set at

time step k, Mk
G, with probability P(M→

G /↓Mk
G)<

1
K . Then,

E
[︄ K

%
k=1

!̃k

]︄
⇓ E

[︄ K

%
k=1

!̃kI{MG,k,M→
G ↓Mk

G}
]︄
+2H

K

%
k=1

P(M→ /↓Mk) (5.44)

⇓ E
[︄ K

%
k=1

E[!̃k|M→
G,MG,k]I{MG,k,M→

G ↓Mk
G}

]︄
+2H (5.45)

⇓ E
[︄ K

%
k=1

H

%
h=1

|(T k
µk,h ↑T →

µk,h)V
k
µk,h+1(stk+1)|I{MG,k,M→

G ↓Mk
G}

]︄
+2H (5.46)

⇓ HE
[︄ K

%
k=1

H

%
h=1

min
⎛ nh

%
v=1

. iv
k (cv

k)+ − jv
k (zv

k),1
⎞]︄

+2H, (5.47)
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where Eq. 5.45 is obtained by applying the tower property and noting that Mk
G is measurable

if MG,k is known. Equation 5.46 is the definition of the modified regret term (see eq. 5.20).

Finally, equation 5.47 is a direct consequence of Lemma 5.9.3. We also denote by n the

number of nodes in G; we use iv to denote the equivalence class of the node v and jv to denote

the atomic action set available at node v. The transition context observed during episode k

at node v is denoted by cv
k ↓ Civ , and the reward context observed at node v during the kth

episode is denoted by zv
k ↓ Z jv .

The contribution to the regret incurred by errors in the reward function r j
k can be upper-

bounded by the sum of − j
k for every episode and every node v ↓ Vj, where Vj is the set of

nodes that exhibit the reward architecture j. Then, for a single reward architecture j we have:

K

%
k=1

%
v↓Vj

− j
k (z

v
k) =

K

%
k=1

%
v↓Vj

− j
k (z

v
k)⊋{Nr, j

tk (zv
k)⇓ m j

r}+
K

%
k=1

%
v↓Vj

− j
k (z

v
k)I{Nr, j

tk (zv
k)> m j

r}

⇓
K

%
k=1

%
v↓Vj

I{Nr, j
tk (zv

k)⇓ m j
r}+

K

%
k=1

%
v↓Vj

I{Nr, j
tk (zv

k)> m j
r}

⎫⎩⎩⎭ log
⌉︄4UrXȲ m j

rk
&

{︄

max(1,Nr, j
tk (zv

k))
.

Where zv
k ↓ Z j is used to denote the reward context observed in the vth node of G during

the kth episode.

Consider a fixed zv
k = z. The case where Nr, j

tk (z) ⇓ m j
r happens less than 2m j

r times for

each z ↓ Z j can be upper bounded as follows %K
k=1 %v↓Vj I{Nr, j

tk (z)⇓ m j
r}⇓ 2m j

rXȲ . Now,

let’s suppose that Nr, j
tk (z)> m j

r for a z ↓ Z j. In the kth episode, for any node v ↓Vj, we have

Nr, j
tk,n(z)+ 1 ⇓ Nr, j

tk (z)+m j
r ⇓ 2Nr, j

tk (z). Note that the number of occurrences of a specific

reward architecture in each layer depends on G, but we know that it occurs m j
r times over an

episode.
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We can then bound the following ratio:

K

%
k=1

%
v↓Vj

⎫⎩⎩⎭I{Nr, j
tk (zk,v)> m j

r}
Nr, j

tk (zk,v)
⇓

K

%
k=1

%
v↓Vj

⟨︄
2

Nr, j
tk,v(zk,v)+1

(5.48)

=
⇔

2
Kmr

j

%
t=1

(Nr, j
t (zt)+1)↑1/2 (5.49)

⇓
⇔

2 %
z↓Z j

Nr, j
Tj
(z)

%
b=1

b↑1/2 (with Tj = Km j
r +1) (5.50)

⇓
⇔

2 %
z↓Z j

⟨︂ Nr, j
Tj
(z)

0
x↑1/2dx (5.51)

⇓
⟨︄

2XȲ %
z↓Z j

Nr, j
Tj
(z) =

⎡
2XȲ Km j

r . (5.52)

Equation 5.49 rewrites the two sums as a single one, where now, each index t in Nr, j
t

uniquely encodes a pair (tk,n). We obtain equation 5.50 by considering all possible reward

contexts z ↓ Z j and the total number of times this specific reward context was visited. In

equation 5.51 we use the fact that the sum %N
i=n+1 x↑1/2 is upper bounded by

⟩︂ N
n x↑1/2dx.

Lastly, equation 5.52 is obtained by Cauchy-Schwartz inequality.

With the same approach, we can bound the regret incurred by the error in the ith transition

function,

K

%
k=1

%
v↓Vi

. i
k(c

v
k)⇓

K

%
k=1

%
v↓Vi

I{N∃,i
tk (cv

k)⇓ mi
∃}+

K

%
k=1

%
v↓Vi

I{N∃,i
tk (cv

k)> mi
∃}. i

k(c
v
k),

where Vi denotes all the nodes of the equivalence class [∃i]. For any c ↓ Ci, the case where

N∃,i
tk (c) ⇓ mi

∃ happens less than 2mi
∃ times. Given that |Ci| ⇓ (XȲ )di we can upper-bound

%K
k=1 %v↓Vi I{N∃,i

tk (c) ⇓ mi
∃} ⇓ 2mi

∃(XȲ )di . For a given transition context c and episode k

when N∃,i
tk > mi

∃ , we have that for any node V ↓Vi, N∃,i
tk,v(c)+1 ⇓ N∃,i

tk (c)+mi
∃ ⇓ 2N∃,i

tk (c).
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We can then bound the following ratio:

K

%
k=1

%
v↓Vi

⎫⎩⎩⎭I{N∃,i
tk (cv

k)> mi
∃}

N∃,i
tk (ck

v)
⇓

K

%
k=1

%
v↓Vi

⟨︄
2

N∃,i
tk,v(c

v
k)+1

(5.53)

=
⇔

2
Km∃

i

%
t=1

(N∃,i
t (ct)+1)↑1/2 (5.54)

⇓
⇔

2 %
c↓Ci

N∃,i
Ti
(c)

%
b=1

b↑1/2 (with Ti = Kmi
∃ +1) (5.55)

⇓
⇔

2 %
c↓Ci

⟨︂ N∃,i
Ti
(c)

0
x↑1/2dx (5.56)

⇓
⟨︄

2(XȲ )di %
c↓Ci

N∃,i
Ti
(c) =

⎡
2(XȲ )diKmi

∃ . (5.57)

All steps here are obtained following the same reasoning as in equation 5.48 to equa-

tion 5.52.

Because the rewards at every time step (or layer) are bounded in [0,1], the total regret

consists of the following:

min
⎛

H
K

%
k=1

H

%
h=1

min
⎛ nh

%
v=1

− iv
k (z

v
k)+. iv

k (cv
k),1

⎞
,T

⎞
(5.58)

⇓ min
⎛

H
Ur

%
j=1

2m j
rXȲ +

⎡
2XȲ Km j

r log(4UrXȲ m j
rK)

+H
U∃

%
i=1

2mi
∃(XȲ )di +

}︄
2(XȲ )diKmi

∃
⌉︄
X log(

2
&
+2di log(2U∃XȲ mi

∃))
{︄
,KH

⎞

(5.59)

⇓ min
⎛

H
Ur

%
j=1

2m j
rXȲ +

⎡
2XȲ Km j

r log(4UrXȲ m j
rK),KH

⎞

+min
⎛

H
U∃

%
i=1

2mi
∃(XȲ )di +

}︄
2(XȲ )diKmi

∃
⌉︄
X log(

2
&
+2di log(2U∃XȲ mi

∃))
{︄
,KH

⎞

(5.60)
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To complete the proof, we note that min(a+b,c) ⇓
⇔

ac+b holds for a,b,c > 0. We

then apply this inequality twice in equation 5.60.

Equation 5.60 ⇓
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This gives us the result obtained in equation 5.13.

5.10 Conclusion

This chapter formalises a new subclass of MDPs with an underlying graphical structure,

DAMDPs. It also introduces a posterior sampling-based algorithm, PSGRL, that leverages

this latent graphical structure to learn an optimal policy efficiently. We also provide evidence

that PSGRL outperforms PSRL in theory and practice whenever this graphical structure

is present. Although the structure of DAMDPs may appear restrictive, we argue that it

does appear in many practical settings. Finding the maximum flow of a graph is a common

framework for many real-world problems, such as network routing [85] and supply chain

management [119]. Additionally, in the next chapter, we provide strong evidence that

this latent graphical representation is present in wind farm yield optimisation. However,

immediate steps can be taken to extend our method’s applicability further and broaden
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the range of problems it can tackle. First, the proposed framework could be extended to

accommodate a broader range of real-world problems to allow for continuous state and

action. Quantifying the benefit of the graphical factorisation in such a context remains of

great interest. Second, we could add edge attributes, for example, if we revisit the maximum

leaky flow problem presented in Section 5.7. We could imagine that pipes are not built with

the same material; hence, they do not have the same probability of leaking or that the longer

the pipe is, the more likely it is to leak; adding additional attributes to the edge would allow

us to consider a richer set of transition dynamics and to model real-world problems more

realistically. Such an increase in complexity will impact the upper bound on the regret but

would offer more flexibility in the modelling. We leave these endeavours for future work as,

for the time being, our graph-based approach renders a potentially large subset of real-world

MDPs amenable to more efficient training.



Chapter 6

Real-World Example: Wind Farm Yield

Optimisation

In this chapter, we present and motivate the problem of optimising the yield of a wind farm.

Critically, we aim to validate that a structure similar to the one considered in Chapter 5

manifests itself in this real-world inspired problem and that this structure can be learned. To

that end, we consider a prediction task: given a complete description of the farm and the

wind conditions, a transformer model predicts the yield of the entire farm. The transformer

model proposed for this task not only performs extremely well but also identifies the potential

interactions between the wind turbines within the farm, allowing us to establish that the latent

graphical structure studied in Chapter 5 appears in this real-world scenario.

The work presented1 in this chapter was published as Li, S., Robert, A., Faisal, A. A., &

Piggott, M. D. (2024). Learning to optimise wind farms with graph transformers. In Applied

Energy.
1See Section 1.4 for details on the shared contributions.
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6.1 Introduction

Wind energy is a key component in addressing critical environmental, economic, and energy

security challenges.

Wind farms comprise clusters of wind turbines strategically positioned within a limited

geographical area to maximize energy capture. However, the proximity of turbines to one

another introduces a key challenge: the wake effect. This phenomenon occurs when the

airflow downstream of a wind turbine is altered by the presence of the turbine’s rotor. As

the rotor extracts kinetic energy from the wind, it reduces the wind speed in the downstream

region, creating a wake. Additionally, interactions between the airflow and the turbine

structure, including the rotating blades, generate increased turbulence intensity within the

wake [122]. When a downstream turbine operates within the wake of an upstream turbine,

whether fully or partially, it is exposed to significantly reduced wind speeds and elevated

turbulence. These altered conditions can lead to a substantial reduction in the downstream

turbine’s energy production. The airflow in the wake does not immediately recover to its

undisturbed state; instead, the wind speed remains diminished, and turbulence levels remain

high for a considerable distance downstream [152, 112]. This diminished wind resource

adversely affects the power output of turbines located within these wake regions, making

the spatial layout of turbines a critical factor in wind farm design. Given the importance of

mitigating the wake effect, accurately modelling wind turbine wakes has become a central

focus in both the optimal design and operational control of wind farms. Detailed wake models

are essential for optimizing turbine placement, maximizing overall energy production, and

ensuring efficient farm operations. Research in this area has explored various computational

and empirical methods for predicting wake behaviour, from simplified engineering models

to high-fidelity simulations that account for complex fluid dynamics. For more in-depth

insights, one can refer to [110] and the references therein. Accurate wake modelling is not

only crucial for increasing the energy yield of existing wind farms but also plays a significant
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role in the development of future large-scale farms, where minimizing the negative impact of

turbine wakes becomes even more challenging. As wind energy continues to grow as a key

renewable energy source, advancements in wake prediction and mitigation strategies will be

vital for optimizing the efficiency and profitability of wind farm projects.

One effective method for improving wind farm performance and reducing the negative

effects of wake interactions is yaw steering optimisation. This technique involves making

controlled adjustments to the yaw angle of each wind turbine, redirecting the wake away

from downstream turbines. By doing so, the downstream turbines can benefit from higher

wind speeds, increasing their power generation. This improvement comes at the cost of a

small reduction in the power output of the upstream turbine that is being yawed. However,

the overall power output of the entire wind farm can be enhanced. Yaw steering optimisation

must consider the interaction patterns between the turbines, meaning that the optimisation

process cannot be conducted independently for each turbine. Instead, it must be formulated

as a global optimisation problem, where the yaw angles of all turbines are adjusted in a

coordinated manner to maximize the collective energy production of the farm. This holistic

approach contrasts with traditional turbine control methods, where turbines are oriented

directly into the wind to maximize their individual power output, often at the expense of

downstream turbines. Numerous studies have demonstrated the effectiveness of yaw steering

optimisation in boosting wind farm power generation. For instance, Adaramola and Krogstad

[4] conducted wind tunnel experiments with two lab-scale turbines and observed a 12%

increase in power output by adjusting the yaw angle of the upstream turbine. Similarly, Ma et

al. [84] applied a cooperative yaw control strategy on a line of five turbines using high-fidelity

large eddy simulations (LES), resulting in a 17.5% improvement in power production. In

operational settings, Howland et al. [58] reported up to a 13% increase in power generation

through wake steering optimisation under specific wind conditions at a commercial wind

farm. Overall, yaw steering optimisation represents a strategic approach to maximizing the
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total power output of a wind farm by carefully managing wake interactions, outperforming

conventional control methods focused solely on individual turbine performance.

Data-driven wake models, especially those based on deep learning and trained on high-

quality wind farm datasets, hold significant promise in balancing computational cost and

accuracy. Many recent studies integrating deep learning into wind farm power prediction

rely on establishing surrogate models for individual wind turbine wakes. For instance,

Ti et al. [135] trained artificial neural networks (ANNs) on RANS data and employed

wake superposition methods to effectively combine predicted individual turbine wakes

and accurately predict the generated power. Zhang et al. [149] introduced an innovative

wind turbine wake model capable of delivering 2D predictions by training a convolutional

conditional generative adversarial neural network on LES data. Furthermore, Li et al. [78]

utilised graph neural networks (GNNs) to learn from RANS simulations using their native

multi-scale unstructured mesh-based data, leading to the development of a data-driven wake

model that can rapidly generate precise 3D flow field solutions.

When considering the farm as a whole, Park et al. [104] developed a data-driven model

that represents wind conditions and the relative positions of wind turbines as a graph. They

trained a graph neural network with physics-induced attention (PGNN) to predict both the

power output of individual turbines and the overall farm’s power with high accuracy.

In a similar vein, Duthé et al. [44] investigated the effects of varying graph connectivity

patterns on model performance, offering insight into how different configurations of turbine

relationships can influence prediction accuracy. Bentsen et al. [153] further refined the

GNN approach by introducing an attention mechanism that is entirely learned from data,

enhancing the model’s ability to flexibly weigh the influence of neighboring turbines and

improve overall predictive performance. Nevertheless, the representation of wind farms

as graphs is not without limitations. One potential drawback is the reliance on predefined

graph connectivities or adjacency matrices, which are crucial for model performance but can
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be hard to determine accurately. However, representing wind farms as graphs introduces

certain challenges. A key limitation lies in the reliance on predefined graph connectivities

or adjacency matrices, which are critical to the model’s success but can be difficult to

determine with precision. Additionally, the varying nature of underlying physics across

models of different fidelities—such as analytical models, computational fluid dynamics

(CFD) simulations, and real-world data—compounds the challenge. GNNs trained on one

dataset with pre-established connectivities may struggle to generalize or transfer effectively to

datasets of differing fidelities. The work presented in this chapter addresses these limitations

by proposing a more versatile and generalizable framework for learning data-driven models at

the farm scale. Specifically, it adopts a transformer architecture, which integrates the ability to

process graph-structured data, similar to GNNs, while leveraging the scalability and capacity

of transformer models [137]. The transformer approach not only enhances scalability but

also mitigates common issues associated with deep GNNs, such as over-smoothing [27],

which can hamper the effectiveness of deeper network layers. This hybrid approach aims to

offer a more flexible, robust solution for accurately modelling wind farms while improving

generalization across datasets and optimization tasks.

The primary novelties and contributions of this work can be summarised as follows:

1. A novel farm-scale model based on transformers was developed using training data

generated from PyWake. The model can predict wind farm power accurately, averaging

an accuracy of 99.8% on previously unseen layouts and wind conditions.

2. The presented data-driven model can precisely identify the sparse wake interactions

among wind turbines in the farm, i.e. it can accurately characterise where there is

aerodynamic influence between turbines and where there is none. This is achieved

by the proposed transformer model while taking as input fully connected graph repre-

sentations of the wind farm containing information that only includes farm layouts,
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turbine yaw angles and wind conditions. This provides transparency into the model’s

inner workings and aids in model interpretability.

3. To improve the model’s generalisability over various layouts and yaw angle configu-

rations, a layout generator was employed to produce random yet realistic wind farm

layouts of different sizes. To generate our dataset, we use Genetic Algorithms (GAs)

to search over various yaw angle configurations while aiming to optimise overall wind

farm power. The selected training data was randomly sampled from GA runs on wind

farms of randomly generated layouts and wind conditions, enabling the model to dis-

cern favourable and sub-optimal configurations of yaw angle. The trained transformer

model accurately identifies optimal yaw angle configurations despite not necessarily

encountering them during training.

4. Equipped with strong evidence that the dependencies between the wind turbines can

be encoded in a directed acyclic graph. We conduct a simple experiment highlighting

the potential of PSGRL (see Chapter 5) for finding optimal policies efficiently by

leveraging the latent graphical structure.

The subsequent sections of this chapter are organised as follows: We first briefly summa-

rize the background context for this work, encompassing engineering tools for wind farm

simulation, GNNs and transformers presented in Section 6.2. The deep learning frameworks

considered are then presented in Section 6.3. We provide a detailed description of the data

generation processes in Section 6.4. Section 6.5 provides empirical validation of the proposed

approach.
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6.2 Background

6.2.1 Wind Farm Simulations with Engineering Wake Models

Engineering wake models are computationally efficient tools for computing the wake inter-

actions between wind turbines across a wide range of steady-state conditions. This work

relies on the Bastankhah-Gaussian deficit model [18] to calculate the wake effect’s impact

on the velocity at each downstream wind turbine, and the Jiménez deflection model [61] to

characterise the wake deflection induced by steering the wind turbine’s yaw angle. These two

models are implemented in the open-source wind farm simulation software PyWake. PyWake

simulator has been benchmarked against established high-fidelity simulations and real-world

wind farm data [107, 47]. The Bastankhah-Gaussian model assumes that the velocity deficit

has a Gaussian shape. It can formally be written as follows:

!U =

⌋︄
1↑

⟨︄
1↑ CT

8
⌉︄
)(x)/d0

2{︄
⌈︄

exp
⌋︄
↑ x2

2)(x)2

⌈︄
U∃, (6.1)

where x denotes the downstream distance from the turbine rotor, )(x) is the standard deviation

of the Gaussian velocity deficit profile at x (defined in Eq. 6.2), CT is the thrust coefficient

of the turbine, U∃ is the upstream wind velocity and d0 represents the diameter of the wind

turbine. The standard deviation of the Gaussian velocity deficit, )(x), is commonly defined

as follows:

)(x) = kx+0.2
\︂

.d0, (6.2)

where k = 2)(x)
2x denotes the growth rate of the wake and . is a function of CT.

The lateral deflection of the wake caused by yaw steering is approximated with the

Jiménez model. The effective wind speed Uw at each wind turbine is computed using a
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superposition-based approach to combine the lateral deflection and the velocity deficit of the

wake. Given the incoming wind speed and wake deficits from upstream turbines. The wind

turbine’s power P can be computed as follows:

P =
⟨︂

A0

1
2

∀U3
w dA, (6.3)

where A0 is the area swept by the wind turbine blades and ∀ is the air density.

6.2.2 Graph Neural Networks and Transformers

A wide variety of physical, biological and social systems can be formulated as graphs

at a certain level of abstraction. Using graph representations in these systems facilitates

the applications of various mathematical and computational tools, including graph neural

networks (GNNs), allowing researchers to uncover hidden relationships, make accurate

predictions and solve complex problems. While traditional machine learning techniques that

are effective across many scenarios often prove inadequate when applied to graph-structured

data, GNNs have succeeded in various domains where relationships and dependencies are

embedded within network structures. Recent years have witnessed the application of GNNs

in predicting material properties of crystals [26], identifying influential users within online

social networks [72], recommending meaningful mobile applications to potential users [79]

and simulating complex mesh-based numerical models of high-dimensional physical systems

[108]. The transformer model [137] has been widely acknowledged as the most powerful

neural network for modelling sequential data and has seen great success in natural language

processing (NLP), speech analysis [39] and computer vision [81]. In recent years, researchers

have found ways to alleviate limitations pertaining to GNNs such as over-smoothing [27],

over-squashing [5] by incorporating some of the principles underpinning transformers, but
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adapting them to modelling the unique properties of graphs [147, 117]. More details about

GNNs and transformers are introduced in Section 6.3.

6.3 Methodology

6.3.1 Graph Representation of Wind Farms

The representation of a wind farm and the wind conditions can be encoded as a directed

graph denoted by G = (V,E,u). Where, G consists of a tuple of vertex-level features denoted

as V ↓ RNv↘dv , edge-level features represented as E ↓ RNe↘de , and graph-level features

expressed as u ↓ Rdu . In this context, the number of vertices and edges are denoted by Nv

and Ne, respectively. The dimensions of vertex, edge, and graph-level features are denoted

by dv, de, and du, respectively. Each vertex in the graph corresponds to one of the wind

turbines composing the farm. Formally, the vertex are labelled as vi for i = 1, . . . ,Nv, when

the farm is composed of Nv wind turbines. The vertex-level features encode key information

about the wind turbine state, including the turbine’s position and yaw angle. The edges in

the graph encode potential interactions between the wind turbines. Essentially, a directed

edge exists from an upstream wind turbine to a downstream wind turbine if the wake of

the upstream wind turbine influences the power generated by the downstream wind turbine.

Formally, a directed edge, denoted as ei j ↓ E, is established if the wake generated by vi may

influence the power output of v j. The specific process to construct the wind farm graph,

especially determining which edges to include in the graphical representation of the wind

farm, is detailed in Section 6.3. Features at the edge level encode factors such as relative

positions and distances between turbines. Lastly, graph-level features are used to specify

physical parameters shared among all vertices in the graph, including variables such as wind

speed and turbulence intensity (TI).
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This approach of representing wind farms as graphs is largely inspired by the work

of Park et al. [104], building on the idea that the interactions modelled within the graph

structure can provide a strong foundation for predicting the energy output of a wind farm. A

more comprehensive explanation of how wind farms are represented as graphs is provided in

Section 6.3.

One critical aspect to highlight is that the graph representation used in this context is

characterized by a high degree of heterophily. This means that connected nodes tend to have

dissimilar features. As a result, traditional graph neural network (GNN) models, like the

Graph Convolutional Network (GCN) [67], which are designed with the assumption that

nodes connected by an edge have similar features (a property known as homophily), may

not be suitable for this task. GCN’s reliance on feature similarity across edges makes them

suboptimal for graphs with pronounced heterophily, such as those representing wind farms.

In contrast, more advanced models, such as attentional networks, which learn to aggregate

features from neighbouring nodes using attention mechanisms, or graph neural networks that

employ message-passing frameworks, are better suited for this problem.

6.3.2 Message-Passing Graph Neural Networks

The message-passing graph neural network [19] is among the most adaptable and powerful

variations of graph neural networks, enabling the exchange of arbitrary message vectors

between vertices connected by edges. In this model, the edges define pathways for trans-

mitting information, which is conveyed through messages. The content of these messages

is determined by a message function that leverages the features of both the sending and

receiving vertices, making the framework highly flexible in capturing complex relationships

within the graph.

The graph neural network architecture used in this work closely aligns with the designs

detailed in the papers by Battaglia et al. [19] and the work by Park et al. [104]. Given a wind
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farm consisting of N turbines, the graph neural network model receives input the graphical

description of the wind farm G = (V,E,u), where V ↓ RNv↘dv , E ↓ RNe↘2 and u ↓ R2. In

our experiments, we consider the number of wind turbines composing the farm, Nv, to range

from 2 to 100. Each vertex encodes three turbine-level features, including span-wise and

stream-wise coordinates and turbine yaw angles, dv = 3.

The edge features E ↓ RNe↘2 describe the relative span-wise and stream-wise distances

between turbines, while the global features u ↓ R2 characterise the farm’s upstream wind

speed and turbulence intensity. The edge features, E ↓ RNe↘2, encapsulate the spatial

relationships between turbines by encoding the relative span-wise and stream-wise distances

between them. Additionally, global features u ↓R2 include critical farm-wide environmental

factors such as the upstream wind speed and turbulence intensity, essential for capturing the

overall dynamics affecting turbine performance.

The GNN architecture consists of three distinct multi-layer perceptron (MLP) encoders,

each responsible for transforming the features of vertices, edges, and global properties

into more expressive latent spaces. These encoded features are subsequently processed

through a series of graph-net blocks. Within each graph-net block, an edge model combines

edge features, source and target vertex features, and global features to generate new edge

embeddings. A vertex model aggregates incoming edge features with existing vertex and

global features to produce new vertex embeddings. Finally, a global model constructs new

graph-level embeddings by pooling all vertex and edge-level features concatenated with the

global features. A decoder MLP then utilises the updated latent representation computed by

the processor to extract meaningful information. In this case, the transformed vertex features

are decoded to generate vertex-level predictions for individual turbine powers. An illustration

of the message-passing graph neural network is shown in Figure 6.1.
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Fig. 6.1 This diagram illustrates the architecture of the message-passing graph network. The
edge, vertex and global models in a graph-net block are multi-layer perceptrons (MLPs).

6.3.3 Transformers

The proposed transformer model’s architecture follows a similar encoder-processor-decoder

structure, where the graph-net blocks are substituted with multi-head attention blocks.

These multi-head attention blocks are inspired by those in the encoder section of the

original transformer paper [137] and incorporate elements from the transformer architecture

with additional layer normalisation, as described in [123] and [115]. In the context of a

wind farm consisting of N turbines, the transformer model is designed to process only

vertex-level features, denoted as X ↓ RN↘5, where N ↓ [2,100] denotes the number of wind

turbines. Note that the upper limit of 100 wind turbines in the farm is completely arbitrary

and could be extended if needed. The vertex-level features consist of all the graph attributed,

including the span-wise and stream-wise coordinates of the wind turbines, turbine yaw angles,

and the upstream wind speed and turbulence intensity. In particular, no explicit positional

encodings were applied, aligning with the principle that wind farm graph representations
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should exhibit permutation invariance while acknowledging that spatial coordinates were

directly incorporated into the input features.

The proposed architecture’s multi-head attention block serves as a critical mechanism

for effectively learning and representing the complex interactions among wind turbines

within a wind farm. These interactions are essential for generating precise power predictions

and gaining deeper insights into the patterns governing wind farm power generation. Each

multi-head attention block comprises two primary components: the multi-head self-attention

Fig. 6.2 Schematic of the proposed transformer model architecture. a: The proposed trans-
former architecture and its building blocks. b: Details of the multi-head attention block
utilised here, where GELU refers to the Gaussian Error Linear Unit.
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module and the point-wise feed-forward network. The multi-head self-attention module

allows the model to assign different weights to vertex-level features for each turbine, which

helps understand the subtle dependencies and interactions between them. This attention

mechanism is vital in a wind farm setting, where factors such as the relative position of

turbines, their orientations, and environmental conditions (e.g., wind speed, turbulence) all

influence power generation. By weighing these relationships dynamically, the model can

better capture how the configuration and operation of one turbine may affect others, thus

improving the accuracy of power output predictions. The point-wise feed-forward network

applies independent non-linear transformations to each feature. This step refines the learned

representations, allowing the model to better capture the complexities of turbine behaviour

by adjusting the feature values more expressively. The feed-forward network effectively

transforms the attention-weighted features into more useful latent representations that the

model can utilize to make predictions. Incorporating layer-normalisation layers into the

architecture improves the model stability and contributes to faster convergence. Figure 6.2

visually depicts the considered model architecture, Figure 6.2a shows how predictions are

computed, while Figure 6.2b illustrates the architecture of the multi-head attention block. At

the core of the multi-head attention block is the multi-head attention mechanism, where each

head hi computes a different latent representation of the input X . To compute the output of a

single attention head hi, the model first projects the input X ↓RN↘d to a query, Qi = XW Q
i , a

key, Ki = XW K
i and a value Vi = XWV

i . Where W Q
i ↓ Rd↘dk , W K

i ↓ Rd↘dk and WV
i ↓ Rd↘dv

respectively, where d is the hidden dimension with dk = dv = d. Then, the attention head hi

can be computed as follows:

hi = softmax
⌋︄

QiKT
i⇔

dk

⌈︄
Vi. (6.4)

The multi-head attention block output consists of the concatenation of all attention heads

{hi}m
i=1 multiplied with a projection matrix W O ↓ Rmdv↘d , yielding:
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MultiHeadAttention(X) = Concat(−1h1, ...,−mhm)W O, (6.5)

where m is a hyper-parameter that indicates the number of attention heads used by the model,

and −i are learnable parameters initialised to 1.

As illustrated in Figure 6.2a the input X is first encoded with a neural network MLPenc,

X0 = MLPenc(Xin), then it goes through a series of Multi-head Attention Blocks MAB,

Xi = MAB(Xi↑1)+Xi↑1, for i = 1, ...,n. Then the final latent representation Xn is decoded

using a neural network MLPdec, Xout = MLPdec(Xn).

Note that the exact sequence of operations performed inside a multi-head attention block is

also detailed in Figure 6.2b. The output of the ith attention block Xi can be written as:

Xi = FFN
⌉︄
LN(MultiHeadAttention(LN(Xi↑1)))+Xi↑1

{︄
, (6.6)

where FFN denotes a feed-forward network, while LN indicates layer normalisation. The

specific calculations are outlined as follows:

FFN(X) = LN
⌉︄
)(LN(X)W1 +b1)

{︄
W2 +b2 +X , (6.7)

where )(·) denotes the GELU non-linear activation function.

The parameters of each block are learned via back-propagation during training.
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6.4 Model Training

6.4.1 Data Generation

Wind farm layouts were randomly generated with the Plant Layout Generator (PLayGen),

originally developed by NREL [52]. For each generated layout we carried out several wind

farm simulations, using the PyWake [107] software. Note that PyWake is a simulator we use

to generate data; the proposed model does not depend on PyWake and could work with other

simulators or potentially with real-world data. The simulation model computes the wake

effect of a single turbine with the Bastankhah-Gaussian analytical model [18]. Individual

turbine wakes are combined using the sum-of-squares superposition method. To simulate

yaw angle-based wake steering effects we used the Jiménez wake deflection model [61].

Graph representation of wind farms was built incorporating the farm layouts, simulation

parameters and individual turbine powers obtained through PyWake simulations. For GNN

training, directed edges were established from an upstream wind turbine to a downstream one

if the angle between the two turbines fell within the range of [↑15∃,15∃]. For the transformer

training the input, consisted of a fully connected wind farm graph. Figure 6.3 provides visual

depictions of various wind farm layouts generated by PLayGen alongside their corresponding

graph representations. Notably, the wind turbine parameters employed in all simulation

scenarios were calibrated to align with the specifications of the Vestas V80 wind turbine.

Two datasets were generated for training and experimenting with different machine

learning-based surrogate models. The “standard” dataset comprises diverse wind farm layouts

and physical parameters with randomly initialised wind turbine yaw angles, serving as a

validation set for experimenting with various surrogate models. In contrast, the “enhanced”

dataset is significantly larger and incorporates a broader range of yaw angle configurations.

The standard dataset was utilised for initial model validation and experimentation. In

contrast, the enhanced dataset is designed to leverage the transformer models’ capabilities to
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Fig. 6.3 Visualisation of various layout pattern produced by PLayGen alongside their corre-
sponding graph representations. Wake maps were generated using the Bastankhah-Gaussian
analytical model integrated in the PyWake simulator. For the purposes of these visualisations,
simulations were conducted with a wind speed of 10 m/s, 5% turbulence intensity, and all
turbines facing the wind direction, which in each case was chosen at random. It is important
to note that flow field information was neither produced during the data generation process
nor included as a component of the features within the dataset. The directed arrows represent
edges used in GNN training. Wind turbines were coloured based on their individual power
generation.

handle enormous datasets and train the most advanced surrogate model for wind farm power

prediction and optimisation.

In the standard dataset, 200k simulation scenarios were generated, each scenario subjected

to a random wind farm layout from one of the four layout styles shown in Figure 6.3, with

a random number of wind turbines between 2 and 100, wind speed between 8 and 15 m/s,

wind direction between 0∃ and 359∃, turbulence intensity (TI) between 5% and 15%. All

wind turbine yaw angles were randomly initialised between ↑30∃ and 30∃. In the enhanced

dataset, the training data was randomly sampled from different genetic algorithm runs to

improve the model’s ability to discern subtle variations in yaw angle configurations. Each

GA run was performed using the PyWake model to optimise for total power generation

by varying individual wind turbine yaw angles between ↑30∃ and 30∃. All instances of

the genetic algorithm were executed for 50 generations with a population size of 100, a
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cross-over probability of 70% and a mutation rate of 50% so that a more diverse range of

yaw angle configurations can be introduced. A total of 200,000 scenarios (each comprising a

unique wind farm layout and set of physical wind parameters) were randomly generated and

optimised using genetic algorithms to produce the dataset. The final dataset included 100

randomly sampled yaw angle configurations from each scenario and was split into 80% for

training, 10% for validation and another 10% for testing.

The creation of both datasets was parallelised and executed on Imperial College London’s

CX1 High-Performance Computing (HPC) cluster. The generation of the standard dataset

required approximately eight CPU hours, while the enhanced dataset necessitated over 5,000

CPU hours.

6.4.2 Validation of the Learned Latent Graph

All models were trained to minimise the mean squared error (MSE) of predicted individual

turbine powers with the AdamW optimiser [83]. Training experiments and model compar-

isons were conducted primarily on the standard dataset, with a final larger model being

trained on the enhanced dataset. The models were implemented using the open-source deep

learning library PyTorch [105], and Pytorch Geometric [45].

Figure 6.4 illustrates the results of training various GNN models with different numbers

of graph-net blocks and hidden units per Multi-Layer Perceptron (MLP) layer within the

encoder, the decoder, and the graph-net blocks. These are compared to a transformer

consisting of five multi-head attention blocks, four attention heads, and a hidden size of 128

neurons. The transformer model featured 16.3 million trainable parameters and reached its

lowest validation loss at 8.6↘10↑6. In contrast, the best-performing GNN model achieved

a validation loss of 1.79↘ 10↑5 at 124 thousand parameters. The results indicate that

increasing model capacity by adding more layers and hidden units per layer led to only

marginal improvements in GNN performance. On the other hand, the transformer model
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demonstrated superior scalability with respect to the number of trainable parameters in the

model, and a sufficiently large transformer was able to outperform the GNNs in terms of

validation loss.

Fig. 6.4 Comparison of lowest validation loss of GNN models of various sizes and the
transformer model. The lowest validation loss of each GNN model was computed from
training runs with three different random seeds. GNN models with 64 hidden units per MLP
layer were denoted as “narrow”, while those with 128 hidden units per MLP layer were
referred to as “wide”. The transformer model was trained only once due to the excessive
training time required.

The final choice for the surrogate model involved opting for a transformer model with

increased width and depth. This model comprised eight multi-head attention blocks, each

with four attention heads of 128 hidden dimensions. The encoder MLP, the decoder MLP

and the feed-forward layers have 512 hidden dimensions each, resulting in a model with a

total of 25.8 million trainable parameters. The model was trained for one million steps on the

enhanced dataset with a batch size of 256. A cosine annealing learning rate scheduler [82]

was incorporated into the training process, with a maximum learning rate of 4↘10↑4, which

was reached after a linear warm-up period of 50,000 steps. To optimise GPU memory usage

and accelerate training, 16-bit automatic mixed precision (AMP) was employed. The entire

training process spanned 75 hours and was conducted on 5 NVIDIA A100 GPUs on the

Department of Earth Science and Engineering’s “Hivemind” DGX GPU cluster. The trained
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model achieved an MSE loss of 3↘10↑4 when evaluated on the previously unseen test data

set. This result corresponds to a relative accuracy of 99.8% in predicting farm power.

6.5 Results and Discussion

6.5.1 Assessment of Surrogate Model Efficacy

As mentioned in Section 6.3, a wind farm can be naturally defined as a graph, where wind

turbines are represented as vertices of the graph, and the wake effects among turbines can

be modelled as (directed) edges between pairs of vertices. Figure 6.5b illustrates graph

representations of randomly generated wind farms under different incoming wind directions.

The graph representations were created by treating the wind turbines as graph vertices and

establishing edges based on wind direction, where a directed edge is established from an

upstream turbine to its downstream counterparts. This edge is formed when the angle between

the pairs of turbines and the wind direction falls within a range of 15∃, considering potential

yaw steering effects. It is important to acknowledge that alternative methods for determining

edges, such as nearest-neighbour connections or fully connected edges, are equally valid.

In situations where graph learning is applied to problems lacking predefined relationships

among vertices, the approach chosen for defining edges, be it based on factors such as wind

direction or downstream distance, markedly impacts the effectiveness of the graph learning

tasks. As sub-optimal choices of edges could hinder the predictive power and generalisability

of the model, one potential alternative is to consider fully connected graphs, which is similar

to the transformer approach adopted here, where each vertex is free to interact with every

other vertex and the significance of this pair-wise interaction is evaluated through an attention

score.

Attention scores computed within a transformer model can enhance model interpretability

by offering valuable insights into how the model focuses on different parts of the input data
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to make accurate predictions. Graph representations of the attention map output from the

surrogate model on previously unseen wind farms are shown in Figure 6.5c. The attention

map was extracted from the last multi-head attention block in the transformer model and

averaged over all attention heads.

It can be seen that the transformer model is able to demonstrate a notable proficiency

in accurately capturing the dependencies of power and wake effects among wind turbines,

even when flow field data was not directly provided as model input. Moreover, there is a

consistent correspondence between the attention scores learned by the transformer model

and the wake patterns deducible from the wind farm’s wake map produced (for visualisation

purposes) by PyWake.

The assessment of the transformer surrogate model’s predictive power and ability to

generalise was extended by employing it to predict the power output of wind farms with

layouts not encountered during the training phase. This evaluation spans all wind directions

ranging from 0∃ to 359∃ at intervals of 1∃. Three exemplar outcomes are showcased in

Figure 6.6, where the farm layouts are presented in Figure 6.6a. Figure 6.6b illustrates

the predicted farm power from PyWake, regarded as the ground truth for the purposes of

this work, the predictions from the transformer surrogate, and the discrepancy between the

two. The first two rows of Figure 6.6 show the evaluation of the model on two randomly

generated layouts featuring 45 and 55 wind turbines, respectively. The third row shows

an evaluation of the model on a real-world wind farm, Horns Rev 1, a Danish offshore

installation of 80 wind turbines in the North Sea. Across all wind directions, the transformer

surrogate demonstrates average mean relative accuracies of 99.85%, 99.71%, and 99.69%,

along with minimum accuracies of 99.25%, 97.65%, and 97.56%, for the cluster, multi-

string, and Horns Rev 1 layouts, respectively. This is consistent with the 99.8% relative

accuracy the model achieved in the previously unseen test data set. In general, the slightly

reduced accuracies tend to correspond to wind directions associated with more rapid changes
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Fig. 6.5 Illustration of different approaches of representing wind farms. The three rows
correspond to three randomly generated wind farms previously unseen by the model, subject
to similar physical conditions of 12 m/s wind speed and 5% TI at incoming wind directions
45∃, 315∃ and 135∃. The three wind farms comprise 45, 55, and 35 wind turbines, respectively.
In particular, all turbines in all configurations are orientated to face the direction of the wind.
a: Wake map produced by PyWake using the Bastankhah-Gaussian analytical model. b:
Graph representation of a wind farm, where solid dots represent wind turbines (vertices) and
grey lines with arrows represent interactions (directed edges). c: Graph representation of the
attention score output from the trained transformer model. Only attention scores larger than
0.1 were visualised. Circles with arrows at the end denote self-attending tokens.

in total wind farm power. This is explainable in part as relative error values were plotted,

and the related fact that higher model errors correspond to those wind directions where

wake effects between turbines are strongest. The strong agreement observed between the

predictions made by the transformer surrogate and PyWake serves as additional evidence of
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the model’s generalisability. Remarkably, even without explicit training on identical layouts

across different wind directions, the transformer model is able to demonstrate high accuracy

when applied to novel layouts under different wind directions.

Fig. 6.6 The model was tested across different scenarios consisting of various wind directions
using previously unseen farm layouts. The results are presented in three rows, demonstrating
outcomes for a random cluster-type layout, a random multi-string-type layout, and the Horns
Rev 1 layout, respectively. a: Wake map generated by PyWake using the Bastankhah-
Gaussian analytical model. The assumed conditions for the three wind farms included
wind speeds of 10 m/s, TIs of 5%, and dominant wind directions of 315∃, 45∃, and 270∃,
respectively. All wind turbines were oriented to face the incoming wind direction. b:
Comparison of total farm power computed by PyWake and the transformer surrogate model,
as well as relative error at different wind directions.
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Fig. 6.7 The two leftmost plots summarize the results obtained on a wind farm yield optimi-
sation task with six wind turbines. The first plot shows the performances when PSGRL and
PSRL directly optimise the yaw angle. The second plot illustrates the farm layout (each node
represents a wind turbine, and each edge contains the wake effect). The two rightmost plots
show the same experiment for a larger farm with nine wind turbines.

6.5.2 Wind Farm Yield Optimisation

While the proposed transformer model can successfully predict the wind farm’s yield, it

cannot be used to identify the yaw angle setting that maximises the wind farm’s overall yield.

To identify this optimal strategy, we consider two different approaches. (i) We formulate the

optimisation problem as an MDP and use PSRL to find an optimal strategy. By doing so, we

deliberately ignore the additional structure in the wind farm optimisation problem. (ii) We

model the problem as a DAMDP, and we leverage the graph G that encodes the interaction

patterns within the farm using PSGRL (see Chapter 5).

To simplify the problem, we consider that the farm layout is organized on a grid. Each col-

umn of that grid represents a layer of the directed acyclic graph that encodes the interactions

between the wind turbines.

The wind farm’s yield optimisation problem can be modelled as a finite horizon time

inhomogeneous MDP M = ↔{Sh}H
h=1,{Ah}H

h=1,{Ph}H
h=1,{Rh}H

h=1,H,∀↗. The state s ↓ St at

time step t consists of the wind speeds observed at each wind turbine in the tth layer of the

grid. The wind speeds are discretized and include the 40 increments of 0.1m/s from 6m/s

to 10m/s. The size of the state space at time step t is |St |= 40nt , where nt is the number of

wind turbines in layer t. The action a ↓At at time step t consists of the yaw angle applied

at each wind turbine in the tth layer of the grid. The action space is discretized, and at each



6.5 Results and Discussion 189

turbine, the possible actions are either to deflect in one of the two possible directions or

face the wind, i.e. {30∃,0∃ ↑ 30∃}. The size of the action space at time step t is At = 3nt .

The transition dynamics {Ph}H
h=1 are computed with FLORIS [8] 2 and determine the wind

speeds observed at the next layer. The reward function, Rt , which consists of the energy

production of all wind turbines in layer t, is also computed with FLORIS.

This problem can also be formalized using a DAMDP

MG = ↔X ,{Y j}Ur
j=1,{r j}Ur

j=1,{pi}U∃
i=1,H,{∀v

A}
n1
v=1,G↗ (see Chapter 5). We recall that the

DAMDP execution is tightly linked to the graph G. In particular, the usual MDP formulation

is broken down into its atomic components, which are described at the node level (more

details are given in Chapter 5). In this context, each node of the graph G corresponds to a

wind turbine. The atomic state of each vertex, x ↓ X , describes the wind speed observed at

the location of the corresponding wind turbine. Similarly, the atomic action y ↓ Y consists of

the desired yaw angle for the corresponding wind turbine.

Since the wind speed only depends on the action performed at the wind turbines whose

wake effect can reach the current location, atomic transition dynamics use the graph’s

connectivity and explicitly learn these atomic dynamics.

The performance, measured as the power generated by the wind farm, of the two ap-

proaches is shown in Figure 6.7. We consider on the left of Figure 6.7 a grid of 6 wind

turbines, and we show in blue the performance of PSGRL and in red the performance of

PSRL. The plots on the right of Figure 6.7 consider a farm with nine turbines. In both

scenarios, we can see that PSGRL (blue curve) is more efficient in learning the optimal yaw

angle setting. This improved performance of PSGRL is additional evidence that leveraging

the problem’s underlying structure can boost RL algorithms’ efficiency.
2The code for the FLORIS simulator is available at the following address: https://github.com/NREL/floris
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6.6 Conclusions

First, the proposed methodology is a contribution on its own. It facilitates the application of

transfer learning to wind farm datasets of varying fidelities or real-world data, overcoming

potential limitations faced by graph neural networks utilising pre-determined connectivities.

The trained model was shown to generalise well, averaging a relative accuracy of 99.8%

over power predictions of wind farms that were not encountered during the training process.

Furthermore, the model can discern wake effects between turbines in previously unseen farm

layouts and wind conditions, aligning well with the corresponding wind farm wake maps.

This encouraging result motivates further research into the potential of surrogate models

for wind farm simulations with more complex physics, transfer learning transformers on

real-world wind farm data, and data-driven modelling of wind farms with heterogeneous

turbines.

Additionally, the proposed methodology highlights that the latent graphical structure

considered in Chapter 5 manifests itself in real-world problems such as wind farm yield

optimisation. More importantly, this structure can be learned, the proposed computational

framework encodes the wind farm into a fully connected graph and processes it through

a transformer. The transformer’s self-attention mechanism allows for the identification of

latent relationships between turbines within wind farms.
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Conclusion

To conclude, we briefly summarize the contributions of the material presented in this thesis

and highlight important future work directions.

7.1 Summary

In this work, we have presented algorithms that successfully leverage latent structures in

MDPs to improve their learning efficiency. We focused on two important types of latent

structure: the hierarchical structure and the graphical structure.

The structures considered in this thesis are of great practical interest as they naturally

appear in many real-world scenarios. The hierarchical structure we consider underpins the

great success of deep Hierarchical Reinforcement learning [94, 21, 139], and the latent

graphical structure of Chapter 5 finds several real-world applications; in particular, the

optimisation of a wind farm’s yield as motivated in Chapter 6.

This final chapter first summarises the overall contributions of the material presented

in this thesis. Then, in Section 7.2, we highlight potential future research directions for

each chapter. We finally conclude this thesis with a broader discussion on future research

directions and the relevance of structure discovery in RL.
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Our work in Chapters 3 and 4 improves our understanding of goal-conditioned HRL in

several ways.

Chapter 3 considers the MDP decomposition induced by goal-conditioned HRL. In particular,

we show that the original MDP can be decomposed into a low-level MDP and a high-level

MDP and each agent is tasked to find the optimal policy in their respective MDP.

The lower bound on HRL’s sample complexity offers practitioners a valuable tool to help

them decide whether to consider a hierarchical decomposition for their problem. The lower

bound also clearly highlights the benefit of state and temporal abstraction in HRL.

The novel Hierarchical Q-learning-based algorithm designed in Chapter 3 successfully lever-

ages the hierarchy to improve its sample efficiency. The performance of the proposed

algorithm is empirically validated on a set of hierarchical tasks, which includes a set of

maze-like environments specially designed for that purpose, as well as more traditional

benchmark tasks such as the Gymnasium taxi environment. The performance of the proposed

algorithm on these tasks further emphasizes the usefulness of the lower bound since the

empirical efficiency gains observed support our theoretical findings.

The implementation of Hierarchical Q-learning proposes an interesting way to cope with

the non-stationarity of the high-level transition dynamics unique to the goal-based approach.

Our implementation relies on the fact that in the goal-based setting, the intended behaviour

of the optimal low-level policy is known in advance: an optimal low-level policy successfully

reaches the instructed sub-goal. The non-stationarity is mitigated as we only aim to learn

the high-level transition under the optimal low-level policy. This is achieved by performing

high-level updates only if the behaviour exhibited is the one we expect from the optimal

low-level policy.

Chapter 4 refines our understanding of HRL by providing a provably efficient algorithm

in a setting that requires several additional assumptions. Concretely, we assume that the
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reward function is sparse and only rewards the agent when the episode ends in the goal state.

We also assume that the agent can access a map / that describes the hierarchical structure of

the decompositions. Specifically, the structure map / explicitly encodes the expected next

high-level state after successfully completing each sub-goal.

In this particular setting, we propose a regret minimisation algorithm and study how its regret

relates to the lower bound on monolithic RL approaches that do not explicitly exploit the

hierarchical structure. The proposed algorithm is flexible enough to accommodate a broad

choice of low-level algorithms (i.e., any optimistic algorithm) to compute the low-level policy.

Our upper bound on the regret is valid for any choice of low-level algorithm. This theoretical

result suggests that hierarchical methods’ main source of efficiency gains is their ability to

leverage repeated patterns (low-level MDPs) in the original problem.

The algorithm proposed in Chapter 4 represents an improvement over existing hierarchical

algorithms. Whether it is about the nature of the theoretical guarantee. The posterior

sampling-based hierarchical algorithm studied in [146] has an upper bound on its Bayesian

regret. We were able in Chapter 4 to derive an upper bound on the frequentist regret of

the proposed algorithm, which is a stronger theoretical guarantee. The only existing work

deriving a frequentist upper bound on the regret of an HRL algorithm [40] expresses the

regret as a function of the decomposition’s characteristics and the behaviour (coverage) of the

policy during learning. With our algorithm and its upper bound, we remove this dependency

on the policies’ behaviour and propose an upper bound on the regret that only depends on

the decomposition’s characteristics.

Overall, our contributions strengthen our understanding of the sources of the efficiency gains

offered by HRL algorithms.

We also consider algorithms that could leverage latent graphical structure. Chapter 5

proposes a posterior sampling-based algorithm to efficiently solve problems exhibiting a

graphical structure. Chapter 6 demonstrates that the graphical structure considered appears
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in real-world problems such as wind farm yield optimisation problems. More precisely,

Chapter 5 formalises a new subclass of MDPs with an underlying graphical structure,

DAMDPs. It also introduces a posterior sampling-based algorithm, PSGRL, that leverages

this latent graphical structure to learn an optimal policy efficiently. In that context, we provide

evidence that PSGRL outperforms PSRL in theory and practice whenever this graphical

structure is present. In particular, we provide an upper bound on PSGRL’s regret and show

that it provides efficiency gains compared to traditional methods that ignore the graphical

structure (like PSRL) or model it differently (like FMDP). We validate our theoretical findings

with a set of experiments on a graph problem, which is a stochastic version of the well-known

maximum flow of a graph. Although the structure of DAMDPs may appear restrictive, it does

appear in many practical settings. Indeed, our empirical validation shows that our algorithm

performs well on a stochastic version of the maximum flow problem. Suggesting that this

algorithm could be applied to the large family of real-world problems that could be modelled

as finding the maximum flow of a graph, such as network routing [85] and supply chain

management [119].

Chapter 6 introduces a data-driven model that can accurately predict the power generation

and learn the interaction patterns of all wind turbines in a given wind farm, regardless

of the wind farm layout, yaw angle configurations and wind conditions. The proposed

model encodes the wind farm into a fully connected graph and processes it through a

transformer. Critically, the self-attention mechanism adopted by the transformer model

allows for identifying latent relationships between the turbines composing the wind farm.

The learned relationship can be encoded in a directed acyclic graph similar to the one

considered in Chapter 5. Finally, we show that the PSGRL algorithm presented in Chapter 5

can learn an optimal action profile to optimise the yield of a wind farm more efficiently than

PSRL, an algorithm that ignores this latent graphical structure. The model presented to learn

the wind farm’s interaction pattern is an interesting contribution for several reasons. This
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approach facilitates the application of transfer learning to wind farm datasets of varying

fidelities or real-world data, overcoming potential limitations faced by graph neural networks

utilising pre-determined connectivities. This model could be used as a surrogate model for

wind farm simulations. As one trained, the forward pass in the model could be significantly

less computationally intensive than the current simulation engine. Additionally, the model

generalises well, averaging a relative accuracy of 99.8% when it predicts the power of wind

farms that were not encountered during the training process. Furthermore, the model can

discern wake effects between turbines in previously unseen farm layouts and wind conditions,

aligning well with the corresponding wind farm wake maps.

7.2 Further work

In this section, we consider future directions for research related to the material presented

in this thesis. We first discuss each chapter individually and conclude by considering more

general extensions and the role of structure discovery in RL.

7.2.1 A Lower Bound on HRL Efficiency

Although the lower bound and the algorithm presented have taken a significant first step in

bettering our understanding of the benefits of hierarchical decomposition, there is still scope

for further work in this area. Three immediate open questions are particularly interesting.

(i) Could our lower bound be refined by explicitly accounting for the low-level and

high-level agent interactions?

The current proof of the lower bound considers the learning of the low-level MDP and high-

level MDP as independent problems. While this simplification results in a valid lower bound,

it might be refined with a more careful analysis of the effect of the interactions between



196 Conclusion

the two hierarchy levels. This analysis is more challenging than simply considering the

high-level MDP to be non-stationary. It also requires accounting for the fact that exploration

of entire low-level MDP regions depends on the behaviour of the high-level policy.

(ii) Could we learn the hierarchical decomposition, particularly the sub-goal space?

Indeed, methods that design efficient sub-goal spaces remain largely unexplored and are a

critical aspect of the design of HRL algorithms. We discuss this point more extensively in

Section 7.2.5.

(iii) Moreover, the insights we proposed are framed in a tabular setting and do not yet

extend to a continuous setting where function approximation could be leveraged to allow the

low-level agent to generalise over sub-goals and to consider setting beyond the tabular case

described in this Chapter 3.

7.2.2 An Upper Bound on HRL Regret

The algorithm and the theoretical guarantee provided in Chapter 4 is a significant step toward

our quest to design a provably efficient algorithm for HRL. While the proposed algorithm

seems reasonably efficient, there are some immediate areas for improvement.

(i) Is it possible to design a more efficient hierarchical algorithm?

We identify two sources of inefficiency in our algorithms that might suggest that an algorithm

with improved efficiency could be considered. Our algorithm treats all sub-goals of a low-

level MDP as independent tasks. However, all these tasks share the same low-level MDP and

are governed by the same dynamics. Sharing information about the learned dynamics could

boost the algorithm’s efficiency. Another drawback of our approach is that the algorithm

stops collecting samples whenever it fails a single sub-goal. Using the remaining episode to
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collect more information about the environment would probably lead to a gain in efficiency

as well.

(ii) Could we extend our result to a more general setting, like the one considered in

Chapter 3?

The structure map / was instrumental in computing the high-level transition function. If this

map is deterministic, it could be trivially learned without affecting the overall complexity

of the algorithm, as a single observation would be sufficient to learn the map. However, if

the map is stochastic, meaning that a successful sub-goal could lead to different high-level

states, we must learn the high-level transition function, which would affect the algorithm’s

efficiency. However, it seems reasonable to have some additional structure here as there

might be only a small number of candidates as potential next high-level states. Formulating

the problem for a more general reward setting might be possible. Note that the low-level

sparse reward construction could be preserved as these rewards are completely artificial. This

approach might be limited as the low-level would ignore the rewards that are not directly

encoded as sub-goals.

7.2.3 Posterior Sampling for RL on Graphs

We successfully demonstrated that several problems could be modelled as DAMDPs and then

solved with PSGRL. Nevertheless, immediate steps could be taken to extend our method’s

applicability further and broaden the range of problems it can tackle.

(i) Currently, all edges in the graph considered are identical.

An interesting extension would be considering different types of edges, which would broaden

the set of problems that could be modelled with the proposed approach. This could typically

be done by adding an attribute to each edge. For example, if we revisit the maximum leaky

flow problem presented in Section 3.6. We could imagine that edges have an additional
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attribute that encodes the distance between two nodes, and the larger the distance is, the more

likely it is for the associated edge to leak. Adding additional attributes to the edge would

allow us to consider a richer set of transition dynamics and to model real-world problems

more realistically. Such an increase in complexity will impact the upper bound on the regret

but would offer more flexibility in the modelling.

(ii) The current approach only focuses on a tabular setting. It would be interesting to

extend it to a continuous setting.

A potential solution would require designing a deep RL algorithm that uses GNN to estimate

the transition dynamics. The GNN model would be able to leverage the graphical structure

while considering continuous input and output spaces. Obtaining any theoretical guarantees

for this continuous setting would be difficult, but evaluating the empirical efficiency gain of

graphical factorisation in this context remains of great interest.

Modelling the dynamics with a GNN would also be a convenient way to deal with the

previously suggested innovation of adding an attribute to each edge. The edge attributes

would become part of the GNN input. The network would then be able to account for varying

types of edges and even extrapolate and interpolate to previously unseen edge attributes, a

feat not approachable by tabular methods.

7.2.4 Real-World Example: Wind Farm Yield Optimisation

As already mentioned in Chapter 6, the model presented in Chapter 6 is a contribution on

its own and provides a lot of opportunity for future research direction. The wind farm yield

optimisation experiment also highlights the limitations of the PSGRL algorithm. Several

immediate open questions could be addressed.

(i) Could the transformer model be used to model higher-fidelity wind farm simulations?

High-fidelity wind farm simulations are computationally intensive. Using the model proposed

as a surrogate model could be an efficient alternative. While it seems challenging to collect a
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dataset of high-fidelity simulations to train a transformer from scratch, we could consider

training in phases. The initial training phase would be performed with a dataset collected

from a low-fidelity simulator. Typically, the interaction pattern between the wind turbines

could be learned with this dataset as well as a crude estimate of the wake. In the second phase,

the wake shape and characteristics could be refined with a dataset consisting of high-fidelity

simulation data.

(ii) From the RL perspective, while PSGRL proposed a reasonable solution, it worked

for a relatively simple layout of wind farms. An immediate next step would be to relax some

of the constraints of DAMDPs further and allow for arbitrary directed graphs with edge

attributes. We could then encode the relative distance between the wind turbines and consider

an even broader set of wind farm layouts.

Also, the excellent performance of deep learning algorithms motivates the deep RL

approach for this specific type of problem.

7.2.5 Learning the structure

Until now, we have assumed the structure given. While this is a reasonable assumption in

many scenarios, it is not generally true. The structure could also be present but unknown.

This motivates the study of algorithms that can learn this unknown latent structure.

An immediate challenge is that learning the structure might be even more difficult than

solving the task itself, making it unlikely that any efficiency gains will be realised. For

example, learning the correct hierarchical structure induces a search in an exponentially large

space of possible hierarchical decompositions. Indeed, in such a scenario, any state could be

considered a potential sub-goal. Even learning the right state abstraction, i.e., which state

features describe high-level states and which set of features describe low-level states, would
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also be challenging.

From an efficiency perspective, it is worth learning the structure if it is universal enough to

be used in various tasks. Learning the structure would represent an initial effort that pays off

when the agent discovers new tasks with the same shared structure. At this point, the agent

could benefit from an efficiency boost associated with the learned structure.

We believe that the graph and hierarchical structure we considered are quite general and

could be used in a wide range of tasks.

A natural way to approach such a solution would be to consider the problem of jointly

learning the agent policy, the environment dynamics and the latent structure. One way to

approach this problem is to compute a set of likely structures given the current beliefs about

the dynamics. It would be interesting to consider an exploration strategy that aims to collect

interactions to confirm or disprove the validity of the current structure. Alternatively, we

could consider an algorithm that samples a given structure from a posterior distribution over

plausible structures. This alternative approach raises the problem of planning with wrong or

incomplete structure definitions.

When we consider the problem of learning the structure, we also face the issue that there

might be more than one valid structure for a given MDP. If we think of the hierarchical

structure and the n-rooms problem, we could have a hierarchical decomposition that does

not consider a single room but a block of 4 rooms and learn to exit through one of the eight

potential exists. However, some structures lead to more significant efficiency improvement

than others. While tools like our lower bound could be instrumental in searching the space of

valid structure, in practice, it is not immediately clear how to guide the search for the most

efficient decompositions.

Another area for improvement is identifying whether an MDP exhibits additional structure.

In the case of a hierarchical structure, this could motivate the decomposition of the MDP
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into a hierarchy of arbitrary depth. After a first decomposition, the algorithm eventually

realised that the first generation of low-level MDPs could be further decomposed, resulting in

a deeper hierarchy, and so on. Building a more general structure, like a hierarchy of arbitrary

depth, would require specialised algorithms that can adequately leverage the more complex

emerging structures.

These questions are vastly unexplored, yet they might be vital to developing agents who

can learn new tasks and efficiently leverage their previous experiences.
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