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ABSTRACT

Analog-to-digital converters (ADCs) underpin modern information systems, where a signal’s
time and amplitude are quantized. While time quantization can be lossless for certain sig-
nal models, amplitude quantization is a bottleneck that limits dynamic range and resolution.
The Unlimited Sensing Framework (USF) is a sampling paradigm that reconstructs signals
from the quantization error rather than from quantized amplitudes. This leads to high dy-
namic range (HDR) and high digital resolution (HDRes) acquisition with fewer bits.

This thesis develops the USF for multiband signals, which are sums of narrowband com-
ponents across a wide spectrum, common in radar, communications, and audio applications.
In multiband settings, HDR is crucial to capture both weak and strong signal components,
while HDRes is essential for accurate recovery from sub-Nyquist measurements, due to the
wide span of the spectral support.

Conceptually, the goal is to exploit the Fourier structure of multiband signals within the
USF. However, this is nontrivial: the nonlinear mechanism that enables HDR also distorts
the waveform, so the observed sequence is neither bandlimited nor exhibits a simple spectral
pattern. This thesis addresses this challenge through theory, algorithm design, and hardware
validation. It analyses single- and multi-channel architectures, establishes conditions under
which a multiband structure enables stable sub-Nyquist recovery in the USF, and derives
corresponding reconstruction methods. Hardware experiments corroborate the theory and
demonstrate practical feasibility.

Collectively, the results show that the USF can exploit Fourier structure to enable low-
power, HDR, sub-Nyquist sensing architectures. A key advantage is improved effective reso-
lution without increasing bit depth, which is particularly valuable for sub-Nyquist schemes,
where fewer measurements demand high-resolution ADCs. The findings have implications
for radar, communications, and related systems, bridging the gap between sampling theory
and deployable solutions.
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Notations

aN®E 2z

Lap), Ip

supp(f)

Ts,Tns
E(f,q)

The set of natural numbers

The set of real numbers

The set of integer numbers

The set of complex numbers

For K € Z, then Ty = {0,1,..., K — 1}

The indicator function on the interval (a, b), and the indicator function on the set D
Symmetric baseband interval [—Qg, 0b) of width 2Q2g

Continuous-time functions, t € R

Continuous-time Fourier transform, w € R

Discrete-time sequences, k € Z

Discrete-time Fourier transform, k € Z

Real and imaginary part of a complex number z, respectively

Scalars, vectors (small boldface), and matrices (capital boldface), respectively
The entry of the vector x at index ¢

The entries of the matrix X at column ¢ and at index (3, j), respectively

The classes of bandlimited, multiband, and bandpass functions, respectively
The space of Paley-Wiener functions

The finite-differences operator of order N € N

The modulo operator with threshold A € R*

The p-norm for an integer 1 < p < 0o. For continuous and discrete functions, it is
1

1 1
defined by | £1|, & (/S 1F (@1 dt)” and | £, = (Siez | FIR7) 7, respectively
The set of points in the domain of the function f, where f is nonzero

Its size is denoted # f

Sampling period and the Nyquist period (for bandlimited signals), respectively

The mean-squared-error (MSE) between signals f and g
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1.1 INTRODUCTION

The theoretical foundation for the digital representation of analog signals was established
by Claude E. Shannon in 1948 [1]. This sampling theory, together with transformative hard-
ware innovations such as the transistor [2] and the integrated circuit [3], catalysed the digital
revolution and the information era by allowing data to be recorded, duplicated, stored, trans-
mitted and distributed without loss of information. More than 80 years later, Shannon’s
framework continues to underpin the digital infrastructure that shapes every aspect of mod-
ern life, from audio recorders to imaging sensors.

At the core of Shannon’s theory lies the principle of time quantization: representing a
continuous-time signal at discrete-time intervals. Remarkably, for bandlimited signals, this
process is lossless when the sampling interval is sufficiently small relative to the signal fre-
quencies. Over time, recovery guarantees from time-quantized samples have been extended
to broader signal classes, including finite-rate-of-innovation signals [4], sparse signals 5], and

signals with a Fourier structure [6, 7, 8, 9].

Analog-to-Digital Converters. A key strength of Shannon’s framework lies in its direct,
pointwise mapping from continuous-time signals to discrete samples, a process implemented
by the physical device called the Analog-to-Digital Converter (ADC). However, unlike the
theory, an ADC cannot represent amplitudes with infinite precision: each sampled value
must be mapped onto a finite set of amplitude levels. This process, known as amplitude
quantization, is inherently lossy and exposes a gap between Shannon’s theoretical framework

and its practical implementations [10]:

e Finite dynamic range: Input amplitudes that exceed the ADC’s limits are clipped,
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resulting in nonlinear distortions and permanent information loss.

e Finitedigital resolution: The measurements are quantized during the analog-to-digital
conversion process, introducing guantization noise and thereby limiting the precision

of the recorded signal. The quantization noise is illustrated in Fig. 1.1(c).

(@) HDR Input Signal (b) Quantized Signal

Vanished
Information

\/ »
\" - ;
Clipped (c) Quantization Noise

Conventional Approach: Sample the Quantized Signal Unlimited Sensing: Sample the Quantization Noise

Figure 1.1: Decomposition of high-dynamic-range input signal into quantized signal and quantization noise. (a) A high
dynamic range input signal undergoes amplitude quantization, which clips strong components and causes weak compo-
nents to vanish. (b) The resulting quantized signal captures only the coarse amplitude levels. (c) The residual quantiza-
tion noise contains the lost fine-scale information. Conventional approaches sample only the quantized signal, whereas
the Unlimited Sensing Framework instead samples the quantization noise to recover the lost information.

Given a fixed bit budget, there is a fundamental trade-off between these two properties: ex-
panding the dynamic range to avoid clipping necessarily reduces resolution, whereas increas-
ing resolution reduces the range over which signals can be faithfully captured. This trade-off
is illustrated in Fig. 1.2.

Overcoming dynamic range and resolution constraints has been an active research field for
several decades. Seminal contributions include declipping and interpolation methods by Pa-
poulis [11], Janssen [12], and Abel [13], as well as studies on quantization noise and dithering

by Bennett [14], Schuchman [15], and Gray [16]. However, these foundational methods in-

creasingly fall short in modern applications, where both high dynamic range and fine digital
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Quantization of an Analog Signal With Bit Budget b=4

FQ step = 0.62 Q step = 0.062

High-Dynamic-Range Amplitude
A
o
Low-Dynamic-Range Amplitude
A
o

\ 5

\-0.5
0 5 10 15 0 5 10 15
Time Time

Figure 1.2: The trade-off between dynamic range and digital resolution. Given a fixed bit budget (b = 4), there are b
amplitude representation levels. The quantization step equals the full dynamic range divided by the number of levels;
therefore, higher dynamic range results in a larger quantization step (() = 0.62) compared to the lower dynamic range
(Q = 0.062).

resolution are essential. Conventional hardware components such as variable gain amplifiers
[17] also struggle—for example, when handling strong and weak signals simultaneously [18].
Addressing these challenges calls for a fundamental rethinking of the sampling process, with

tighter hardware—software integration, improved handling of nonlinearity, and closer align-

ment with the characteristics of the data.

The Unlimited Sensing Framework. The Unlimited Sensing Framework (USEF) [19, 20]
is an alternative to Shannon’s sampling paradigm, that enables the reconstruction of signals
with both high dynamic range (HDR) and high digital resolution (HDRes) using only low-
resolution ADCs. The USF achieves this by tightly integrating hardware design with algorith-

mic reconstruction, following the broader principles of Computational Sensing and Imag-

ing'.

!Computational Sensing and Imaging approaches aim to extract richer information than conventional sys-
tems by jointly designing the physical measurement process (encoding) and the computational recovery algo-
rithm (decoding). A well-known example of CoSI is the HDR photography algorithm used in most modern
smartphones [21, 22].
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Contrary to the conventional wisdom that targets the guantized signal, the USF reinter-
prets the guantization noise—the fractional (modulo) part of the signal—as the primary sig-
nal to sample and process (see Fig. 1.1). This is based on the key insight that, for sufficiently
smooth signals, the fractional part also encodes the missing integer “folds”.

The first result to mathematically formalise this idea is the Unlimited Sensing Theorem
[19, 20]. This result provides a sampling-rate condition for perfect recovery of bandlimited
signals from their modulo samples. In direct analogy to Shannon’s sampling theorem, the
required rate depends only on signal bandwidth and is independent of the ADC threshold
or dynamic range.

Realising USF in practice requires both hardware and algorithmic components. On the
hardware side, a modulo nonlinearity is applied before sampling via injection of modulo non-
linearity on the analog signal, so that the modulo samples are captured[23, 24]. On the algo-
rithmic side, one solves the inverse problem of reconstructing the original, “unfolded” signal
from these modulo samples.

The first algorithm achieving reconstruction under the conditions of the Unlimited Sens-
ing Theorem was introduced in [20]. Subsequent work incorporated hardware non-idealities
and measurement noise, yielding practical reconstruction methods [23, 25, 26]. Hardware
validations show up to 60 x dynamic-range extension in practice [24], along with 10dB re-
ductions in quantization noise in tomography [27, 28], and radar systems [29]. The USF
paradigm has also enabled advances in imaging [30], 1024-QAM transmission [31], and full-

duplex communication [32].

Multiband Sampling. In many applications, including communications, radar, and cogni-

tive radio, the signals of interest are multiband [33, 34, 35, 36, 37, 38, 39], meaning their
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spectral energy is concentrated within several disjoint frequency bands, illustrated in Fig. 1.3.
For such signals, directly applying the Shannon-Nyquist theorem leads to prohibitively high
sampling rates, often beyond the capabilities of practical devices. This excessive rate can be
viewed as the penalty for treating them as bandlimited to their total spectral span, while ig-
noring the spectral gaps inherent in multiband signals.
It is well established that, by exploiting
Spectrum of a Multiband Signal

prior knowledge of a signal’s Fourier struc- ——

ture, perfect reconstruction can be achieved

0 Wo w1
at sampling rates well below the Nyquist
Figure 1.3: The spectrum of a multiband signal.
limit [10]. Early work by Kohlenberg [6]
proposed dedicated sampling schemes for such signals, while Landau [7] established a fun-
damental lower bound on the sampling density required for their exact recovery. These sem-

inal contributions laid the theoretical foundations for subsequent advances in the field of

multiband sampling [40, 41, 42, 43].

Multiband Sampling in Practice. Practical implementations of multiband sampling tech-
niques remain particularly challenging. First, the dynamic range versus resolution trade-off
is especially restrictive for multiband signals, which often contain both strong and weak com-
ponents. In such cases, conventional ADCs may either saturate on the strong components
or fail to capture the weaker ones, leading to the well-known near—far problem, illustrated in
Fig. 1.4 [44, 45, 18]. Second, operating at sub-Nyquist rates yields only sparse measurements,
which heightens susceptibility to noise. Because oversampling, which is a common noise-
reduction strategy[46], is inherently unavailable, achieving sufficient signal fidelity typically

requires high-resolution ADCs. This, in turn, increases power consumption and hardware
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cost, limiting the practical viability of such systems.

High Dynamic Range High Digital Resolution

2r A = Signal 21 = Signal
” Quantized Signal (B = 3 Bits) Quantized Signal (B = 3 Bits)
S15¢ ’ ‘ 515}
8 8
$.l ] !,
< <
051 05
J l ’Weak features are lost Strong features are lost
LS A G
0 0.2 0.4 0 0.2 0.4
Time (sec) Time (sec)

Figure 1.4: lllustration of the near-far problem. Sampling a signal containing both weak and strong components may
suffer from analog-to-digital converter limitations. Choosing a quantization range large enough to capture strong com-
ponents can cause weak features to be lost (left), whereas using a smaller range preserves weak features but saturates

strong components (right).

1.2 RESEARCH OBJECTIVES

The ability of the USF to enhance the effective quantization resolution under a fixed bit bud-
get [24] makes it particularly appealing for sub-Nyquist sampling regimes, where the need

for high resolution often constrains practical systems.

However, existing studies of the USF have focused primarily on bandlimited signals. Prior
work has examined its injectivity [47], recovery in the time domain [19, 48, 49] and Fourier
domain [23], as well as practical implementation aspects [25, 50].

Specifically, we extend the study of the USF to the class of multiband signals, aiming to
derive sampling conditions that exploit their Fourier structure to enable sub-Nyquist recov-
ery. Addressing this problem has the potential to yield new theoretical insights, recovery

algorithms, and practical architectures that define the main goal of this thesis:
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Spectrum of a Multiband Signal Spectrum of a Multiband Signal After USF Encoding

T (w) A Modulo Spectrum

0 wo w1 0 Wo w1

Figure 1.5: The spectrum of a multiband signal before (left) and after (right) encoding based on the Unlimited Sensing
Framework (USF).

Develop sub-Nyquist sampling techniques for unlimited sensing of multiband signals

At first glance, this goal may appear contradictory. Sub-Nyquist techniques exploit spec-
tral sparsity and therefore seek to minimise redundancy, whereas the non-linear folding mech-
anism in the USF produces a spectrum that is neither sparse nor bandlimited, making redun-
dancy crucial for recovery (Fig. 1.5). Reconciling these seemingly conflicting requirements

motivates the following research questions:

1. Theory: How can the Fourier structure of multiband signals be leveraged to achieve

recovery from modulo samples at sub-Nyquist rates?
2. Algorithms: What are the corresponding recovery methods?

3. Validation: How do the methods translate to practical implementation?

1.3 THESIS CONTRIBUTIONS

To address the research questions associated with multiband signals within the USF, the gen-
eral class of multiband signals is further divided into two subclasses, bandpass signals and
single-tone signals, which are studied individually. Their spectral characteristics, along with

those of a standard bandlimited signal, are shown in Fig. 1.6.
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Bandlimited Multiband

f A —_—O—
=gy 0 o o o Y
Single-Tone Bandpass
'y
- 0 w == 0 o ag

Figure 1.6: Four Fourier-structured signal classes that are relevant for this work. (a) Bandlimited spectrum. (b) Multiband
spectrum. (c) Bandpass spectrum. (d) Single-tone spectrum.

This subclass-based approach serves two main purposes. First, it enables the development
of tailored strategies for each signal type by accounting for their distinct structure and prac-
tical relevance: bandpass signals commonly arise in sonar, radar, ultrasound imaging, and
optics, while single-tone signals are central to time-of-flight ranging and 3D imaging. Sec-
ond, by progressing from simpler to more general cases, the analysis remains tractable while
systematically building toward the broader class of multiband signals. An overview of the

thesis structure and its main contributions is provided in Fig. 1.7.
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Roadmap and Contributions of This Thesis

( Signal Class ) ( Sampling Pattern ] [Chapter) [ Thesis Contributions ]
| Theory | | Algorithm | | Experiments |
2 v v v
I VAN
=y O 0 O Q0
Mtband 3 v v v
0 wo o T

S S

0 wo

Figure 1.7: Overview of the thesis roadmap and main contributions across signal classes, sampling patterns, and corre-
sponding chapters.

1.4 THESIS OUTLINE AND A LIST OF PUBLICATIONS

e Chapter 2: Background
In chapter 2, we introduce the necessary concepts to place this work in context. We
begin from the hardware perspective of conversion speed and dynamic range in ADCs.
Then, we discuss sub-Nyquist sampling, covering hardware-based demodulation, under-
sampling, bandpass sampling and periodic nonuniform sampling strategies. Next, the
chapter delves into the Unlimited Sampling Framework, highlighting the signal encod-

ing based on the modulo sampling pipeline, and the decoding methods for time- and

Fourier- domain based recovery.

e Chapter 3: Unlimited Sampling of Bandpass Signals
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[*] G.Shtendel, D. Florescu, and A. Bhandari, “Unlimited sampling of bandpass signals: Com-
putational demodulation via undersampling,” JEEE Trans. Signal Process.,vol. 71, pp. 4134

4145, Nov. 2023.

In Chapter 3, we introduce the concept of unlimited sampling of bandpass signals and
outline the motivation, key contributions, and practical applications. First, the idea of
computational demodulation via modulo undersampling is discussed and formalised.
Theoretical results are provided under various modulo folding architectures, including
ideal, generalized, and non-ideal cases, with recovery guarantees theorems derived for
each. Finally, the experimental section validates the theoretical findings through numer-
ical simulations and hardware implementations, demonstrating the robustness and fea-

sibility of the proposed methods.
Chapter 4: Unlimited Sampling of Multiband Signals

[*] G. Shtendel and A. Bhandari, “Unlimited Sampling of Multiband Signals: Single-Channel

Acquisition and Recovery,” in JEEE Signal Processing Letters, Sep. 2025.

[¥] R. Guo, G. Shtendel, Y. Zhu and A. Bhandari, “Unlimited Sensing for Multiband Signals:
From Theory to Practice,” in JEEE Transactions on Signal Processing, Oct. 2025, [under

review].

[*] R. Guo, G. Shtendel and A. Bhandari, “Multiband Unlimited Sampling: Super-Nyquist
or Sub-Nyquist, That is the Question!,” 2025 IEEE International Conference on Acoustics,

Speech and Signal Processing (ICASSP), Hyderabad, India, Apr. 2025, pp. 1-5.

In Chapter 4, we extend the Unlimited Sensing Framework to multiband signals. We de-

rive recovery guarantees that tie the sampling rate to the occupied bandwidth, rather than
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the maximum carrier frequency. Building on this, we present a single-channel algorithm
operating on frequency-aware differences for sub-Nyquist recovery from modulo sam-
ples, and then introduce a multi-channel design with carefully chosen inter-channel de-
lays to resolve aliasing. Finally, we present a quantisation-aware reconstruction pipeline
that can accommodate practical non-idealities, which was co-designed with Dr. Ruim-
ing Guo. The algorithmic performance was validated in simulation and hardware, with

the help of Mr Yuliang Zhu.

Chapter 5: Unlimited Sensing for Continuous-wave Time-of-Flight and Second

Order Bandpass Sampling

[¥] G. Shtendel and A. Bhandari, “HDR-ToF: HDR time-of-flight imaging via modulo acqui-

sition,” in Proc. IEEE Int. Conf. Image Process. (ICIP), Oct. 2022, pp. 3808-3812.

[*] G. Shtendel and A. Bhandari, “Dual-channel unlimited sampling for bandpass signals,” in
2024 IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP),

Apr. 2024, pp. 9711-9715.

Chapter 5 contains two independent contributions. In the first part (Section 5.1), the
single-tone signal class (BsT) is considered in the context of high-dynamic-range Time-
of-Flight (HDR-ToF) imaging. After formalising the forward model and the inverse
problem, a new sampling density criterion is derived, along with a direct reconstruction
algorithm that bypasses explicit signal unfolding. Accurate 3D image recovery at a mod-

erate oversampling factor is demonstrated in numerical simulations.

In the second part (Section 5.2), we extend the single-channel results for the bandpass

class (Bgp) in Chapter 3 to second-order bandpass sampling. The design is based on a
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dual-channel architecture with two sampling rates. As shown, it allows for accommo-
dating scenarios of spectral overlap, leading to less restrictive sampling rate constraints
compared to the bandpass results in Chapter 3. The mathematical guarantee, an efficient

recovery algorithm and its numerical validation are presented.

Chapter 6: Conclusion

In Chapter 6, we conclude the thesis by revisiting its motivation and overarching research
problem, summarising the main contributions presented throughout, and discussing the
limitations and scope of the proposed approaches. The chapter closes with an outlook

on open challenges and promising directions for future research.
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2

Background

26



2.1 ANALOG-TO-DigITAL CONVERSION

Shannon’s sampling theorem provides the theoretical foundation for converting an analog

signal into a sequence of discrete numbers:

Theorem 2.1 [Shannon’s Sampling Theorem [51]]
If a function f(t) contains no frequencies higher than ) (in radians per second), it is com-

pletely determined by giving its ordinates at a series of points spaced Ts = & seconds apart.

Theorem 2.1 requires the knowledge of the discrete samples with 1) infinite precision,
2) infinite dynamic range, and 3) arbitrarily high density, depending on the input bandwidth.
In practice, the interface between the analog and digital domains is typically implemented
using an Analog-to-Digital Converter (ADC) [52], which cannot yield such ideal samples.

The digitization process as performed by an ADC is illustrated schematically in Fig. 2.1.
For an analog input signal f (t), the first stage applies low-pass filtering to ensure bandlimit-
edness that matches the ADC’s bandwidth specifications. In the sampling stage, the signal
amplitudes at discrete time instances ¢ = kTs, where k € Z and Ts € R, are captured.
This is performed by a circuit that maintains a constant output, such as a track-and-hold
(T/H) or sample-and-hold (S/H) circuit. The sampled value is then passed to a quantizer,

which converts it into a finite digital representation [9].

t)|t=
f—I ¢ -& {9 ——8=
kT fIK]
Input Pre-filter . N~ Samples of
Signal (Anti-Aliasing) Sampling Quantization Bandlimited Function

Figure 2.1: The conventional digitization pipeline.
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The discrete samples produced by the ADC are influenced by several factors arising from
the device’s physical limitations. These include aliasing, quantization noise, and clipping, as

illustrated in Fig. 2.2(b). A more detailed discussion is provided in Sections 2.1.1 and 2.1.2.

[ Infinite Range ] ( Infinite Precision ] (Arbitrary Sampling Density]

Practical Limitations

Conversion Speed (aliasing) Resolution (noise floor) Dynamic Range (clipping)

MMM\/W\/\/\I\MWN\MNW

Figure 2.2: Analog-to-digital converters. (a) Ideal assumptions to satisfy Shannon’s sampling theorem, (b) practical limita-
tions.

2.I1.1 CONVERSION RATE

The ability of an ADC to reliably digitize the signal amplitudes depends on two rates:

e Analog Bandwidth: The rate at which the T/H mechanism can track the analog
input. For frequencies exceeding the T/H’s analog bandwidth, the signal vanishes
within the noise floor, as the frequency response of the T/H decreases with increas-
ing frequency. The analog bandwidth is modelled by a low-pass filter with a cut-off

frequency.

e Sampling Rate: The rate at which the quantizer operates, denoted by fs = 1/7s,

defines how many samples can be quantized per second. When the sampling rate is
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exactly half the bandwidth of the input analog signal, it corresponds to sampling at
the Nyquist rate ( fns). Otherwise, the setting is either undersampling (fs < fns) or

oversampling (fs > fns).

The analog bandwidth is generally larger than the sampling rate [53] and therefore, for sam-
pling at or above the Nyquist rate, where the maximal input frequency satisfies fmax < fs/2,
it is typically omitted from the model. However, the analog bandwidth does play a role in
sub-Nyquist sampling.

The main limiting factor for the sampling rate is the random perturbations in the sampling
interval Ts [54] between the recorded samples. These are known as the aperture jitter, or
timing jitter [S4]. Timing jitter distorts the obtained values, with a more pronounced effect
at higher input frequencies as shown in Fig. 2.3, which consequently leads to a decrease in

the signal-to-noise ratio (SNR) of the samples [S5].

voltage

At At
H
At Timing error
2 A /\ m g
Stime A1/ Error at high frequency
AV M \/\ AV Error at low frequency

Figure 2.3: The effect of timing jitter at low (red) and high (blue) signal frequencies.

2.1.2 Dy~NaMmic RANGE AND DiGITAL RESOLUTION

The dynamic range of an ADC refers to the ratio between the largest and the smallest sig-
nal intensities the device can resolve[56]. Amplitude values that exceed the ADC’s dynamic

range are c/ipped, meaning they are mapped to either the minimum or maximum quantiza-
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tion values. This effect is illustrated in Fig. 2.4. The clipping effect poses a disruption in
various signal acquisition systems, including photography [22], scientific imaging [57], com-
munications [58], and audio [21, 59, 60].

The digital resolution of an ADC refers to the smallest detectable input voltage increment,
corresponding to the voltage represented by the least significant bit (LSB) [S6]. This resolu-
tion is given by dividing the ADC’s dynamic range by 2N where N is the number of digital
bits. To improve quantization resolution, system designers sometimes intentionally reduce
the input dynamic range by applying a gain or adjusting the reference voltage—effectively us-
ing only part of the ADC’s physical range to increase sensitivity to smaller signals. Lowering
the full-scale voltage reduces the quantization step, enhancing digital resolution.

Limited digital resolution impacts many signal-acquisition systems, including medical imag-

ing [61], remote sensing [62], and audio processing [63].

amplitude

TRV —
FRVAVAVAYAVAVAVEE

Figure 2.4: High dynamic range (blue) and clipped samples. This effect occurs when the amplitudes exceed the dynamic
range of the Analog-to-Digital converter.

2.2 SUB-NYQUIST SAMPLING

Modern applications make use of input signals that span a broad range of the electromagnetic

spectrum, from radio frequencies [35, 36] and microwaves, through terahertz radiation, to
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visible light [38, 39], as well as ultraviolet, X-rays, and gamma rays. In many cases, sampling
at or above the Nyquist rate is impractical —even with state-of-the-art ADCs—or entails pro-
hibitive cost and power consumption. These trade-offs are especially critical in the Internet-
of-Things era, where efficiency and scalability are paramount.

The goal of the alternative approach of “sub-Nyquist sampling” is to recover the frequency
content of a sampled signal beyond the nominal sampling rate without loss of information.
To achieve this, it aims to exploit prior knowledge about the signal, and sample according to
its structure, or information rate [64, 9].

A prominent use case for sub-Nyquist methods is acquisition of multiband signals, as il-
lustrated in Fig. 1.5, by exploiting spectral sparsity. The idea is to intentionally translate/alias
the occupied subbands into lower-frequency slices that low-rate ADCs can capture, while
preserving enough information to reconstruct the original spectrum. Such schemes can rely
on analog front-end preprocessing, algorithmic recovery [65, 66], or joint co-design of the

sensing and reconstruction stages [67, 53].

2.2.1 THE MULTIBAND SIGNAL MODEL

To discuss the relevant multiband sampling techniques, we first define the class of complex-

valued multiband signals with spectral support G as!,

Bus (9) = {r e [* : 3(w) =0, Vw ¢ G}, G¥|J ‘(@ +Da), (1)

1Throughout this work, the structure of G is fixed by context and determined by the parameters
P, Qg, {wp};:z_ol. Therefore, we omit explicit dependence on G and write Byg.
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where 7 denotes the Fourier transform (FT) of z, the set Dg, of [—Qg, Qg) is a symmetric
baseband interval of width 2€2g and {wp}}];_ol are distinct center frequencies (with w, #
0,Vp).

By specifying the parameters 2, P (assume w,, # 0, Vp), we derive sub-classes of Bug (G):
1. Bandpass signals (Bgp), defined as (2.1) with P = 1.
2. Single-Tone signals (BsT), defined as (2.1) with P = 1,g — 0.

Let wy e max, wy, + {2, we denote by B,,, the class of signals bandlimited to wy. Then,

the following inclusion hierarchy holds for any G:

Bst C Bgp C Bug C BWU'

It is useful to represent signals in Byvg(G) from (2.1) in the following closed form:

P—1
x(t) = Z op(t)e™?t,  supp (p,) € Dag, (2.2)
p=0

where each ¢, (t) € Cis a baseband signal modulated to its respective center frequency w,.

2.2.2 HARDWARE-BASED DEMODULATION

A multiband signal written in the form (2.2) is composed as the sum of P baseband signals
with maximal frequency €2, which are modulated by the set of carrier signals {ejwpt};:ol
[68]. Sampling such signals below their Nyquist rate of 2wy using hardware-based demodu-

lation is described below:
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1. The p™ passband is de-modulated to be centered around the origin. Mathematically,

this is equivalent to multiplying the input signal by the carrier signal’s conjugate e~ Iwpt,

2. A low-pass filter is applied to suppress any additional spectral information when ex-

tracting the interval [— g, Qg]. The output signal is the p™ baseband ¢,,.

3. Sampling at the sub-Nyquist rate 2005 < 25 < 2wy still yields the above-Nyquist

samples of ¢, so no information is lost.

Practical realisation of the process involves frequency mixers [69] and a quadrature demodu-
lation architecture [70], as shown in Fig. 2.5. This is because only Re {¢, () €’?"} can be

accessed.

cos (th)—l

>
= &
>(X) >
sin (wpt)4T ¢ KT

Input Mixin Pre-filter
Signal 9 (Anti-Aliasing)

v
-
v

v

2 >1(1)|t=kT

\ 4
\ 4

9 »Q(t)|e=rT

Sampling Quantization

Figure 2.5: | /Q architecture for demodulation of the pth spectral component of a signal, which is centred around fre-
quency Wy

2.2.3 UNDERSAMPLING

Sub-Nyquist sampling can also be realised without adding hardware, by operating the uni-

form sampler in Fig. 2.1 below the Nyquist rate, i.e., with Ts > Tys.
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Sampling every Ts seconds replicates the continuous-time spectrum at integer multiples
of the sampling radian frequency 2s?. This replication is sketched in Fig. 2.7 for a bandpass
signal across four periods. Panels (b)—(d) illustrate undersampling, where (ds < 2wy = Cys.
Notice that in this case, the high-frequency band folds into the baseband interval (wy,w ),
known as aliasing.

Although aliasing is often undesirable—and the Nyquist condition is derived as a sufhicient
way to preventit—itis not always necessary to avoid aliasing. Fora given spectrum, there may
exist undersampling rates at which the shifted replicas do not overlap, referred to as alias-

free rates. Formally, a signal x is alias-free with respect to the sampling rate Ts whenever for

wo # wy [71],

x is aliasfree(Ts) < wp mod Qs # wy; mod Qs Vwy,w; € supp(T). (2.3)

These rates enable deliberate “spectral compression” for Fourier-sparse signals (e.g., band-
pass or multiband): the occupied subbands are translated into nonoverlapping slices of base-
band thatalow-rate ADC can capture; a subsequent low-pass selection (and, if desired, digital

frequency modulation) recovers all relevant information, as illustrated in Fig. 2.7(b)-(d).

UNIFORM BANDPASS SAMPLING

In the multiband case, the problem of finding alias-free rates is known to be difficult and
has no closed-form solution [65, 66]. However, for bandpass signals, alias-free rates can be

designed systematically, and this has been studied within the line of work on bandpass sam-

2Equivalently, the sequence’s discrete-time Fourier transform is periodic; the samples act as Fourier-series
coeflicients over a fundamental band of width Qs.
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Figure 2.6: The allowed sampling rates based on the bandpass sampling theorem (from [9]).

pling [8, 72, 73]. For real-valued bandpass signals, alias-free sampling rates depend on the
band position , and the valid rates are plotted in Fig. 2.6. The next theorem is known as the
bandpass sampling theorem [72].

Theorem 2.2 [The Bandpass Sampling Theorem [72]]

Let x € Bgp be a continuous-time bandpass signal where x(t) € R. Let wy , wy denote the

minimum and maximum frequencies, respectively, of the positive passband. Let x (k] =

2 (t)|k=rs, where Ts < m/(wy —wL). DefineTs (w) = Ts Y op @ [k e7H5. Ifthere

extsts M € N such that,

(M —1) M

wL Wy

then Ts (w) =7 (w) ,w € (—wy, —wi) U (WL, wy) and x can be recovered.

In Theorem 2.2, M is such that {%J = M — 1 € Nso thereare M — 1 periods within

(—wL,wL).

Signal Recovery. Given the samples z [k] of a bandpass signal at a rate that satisfies Theorem
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Figure 2.7: The computation of the baseband function x(t) The Fourier transform of the bandpass function (red), and
periodicity of the Fourier series of the bandpass samples (blue) at four sampling frequencies. (a) Sampling above the
critical rate of the bandpass signal. (b) Sampling frequency within the wedge of M = 2. (c) Maximal valid sampling
frequency for M = 3. (d) Sampling frequency within the wedge of M = 3.

2.2, recovery of x (t) is obtained by computing the inverse Fourier transform of,

T (w) = Tg@san (W) Ts (W), G(Qs, M) =3 ([=M,(1 - M)]U[M —1), M)).

2

(2.5)

PErR1IODIC NONUNIFORM SAMPLING

Alias-Free Multiband Sampling and Landau’s Bound. Alias-free rates can also exist for
multiband signals. However, unlike the bandpass case, there is no general closed-form char-

acterisation. Intuitively, each occupied subband induces a set of admissible sampling rates
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Figure 2.8: Multiband sampling using periodic nonuniform sampling pattern. In the acquisition stage, the input signal is
sampled by C' channels with respective time-delays d;. Reconstruction involves filtering the sub-Nyquist sequences,
combining them to recover each spectral band, and summing the bands to reconstruct the multiband signal.
(see Fig. 2.6), and an alias-free rate must lie in the intersection of these sets. For a given multi-
band spectrum, this intersection may be very restrictive or even empty [65].

Shifting subbands along the Fourier axis can be better controlled by using nonuniform
sampling patterns. This was formalised by Landau, proving that multiband recovery is pos-

sible with samples taken on an arbitrary grid, while the average sampling rate can be reduced

to the sum of the occupied bandwidths [74].

Periodic Nonuniform Sampling. Uniform and fully nonuniform sampling are two ex-
tremes: the former is easy to implement but is often inefficient, while the latter can approach
Landau’s limit, but its hardware realisation is challenging. A practical compromise is periodic

nonuniform sampling (PNS): the sampling grid comprises C' uniformly spaced subsequences
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with period Ts > Tis and relative delays d;. The samples are
xX; [l{i] =X (t) |kTs+dz‘7 0 S 7 S C — 1, (26)

and the aggregate sampling frequency is C()s, which can be lower than (2ys and approach
Landau’s minimal rate. PNSisimplementable with C' conventional uniform-sampling ADCs
(see Fig. 2.8). Unlike uniform sampling, each channel need not operate at an alias-free rate.
Controlled spectral overlap across channels is permissible, with recovery enabled by joint pro-
cessing of the C' sequences.

Signal Recovery. For band-pass signals, Kohlenberg [6] derived exact recovery conditions
for periodic nonuniform sampling with two sequences (C' = 2). Coulson [68] generalised
these results to higher orders (C' > 2). Lin and Vaidyanathan [71] further extended the
framework to multiband signals. The recovery conditions and a constructive reconstruction
procedure described in [71] are summarised below.

The PNS samples given in (2.6) correspond to the continuous-time representation x4; (t) =

T ey 0 (t — (kTs + d;)) . The (normalized) Fourier transform of x5 (t) is

Tg;(w) = Ts /OO x Z 6 (t — (kTs +d;)) e dt

T ke
= Ts (w) * (Z § (w—18s) GJWdi> = Ts7 (w) * Z e %5 (1 — 1)
lez lez
=T5 > T (w—IQg) e 7%, (2.7)
lez

The spectrum of each subsequence of the PNS grid, as given in (2.7), is a periodic sum of the

multiband spectrum Z(w). Due to that, Z5; (w) is the sum of T (w — I§2s) over all integers
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| € Z, for which Z (w — IQs) # 0. Focusing only on the interval [—%, %), we can write

v

~1
Ts; (W) =1Ts x (w — ﬁp (w) QS) efﬂﬁp(w)gsdi’

s
I
o

where,
(
Qs
p0+l, w € [—7,0)
w
— Q — | 2
By (w) Do, wel0,3) » Po LQSJ :
0, elsewhere
\
Let,
e~ IB0(W)Qsdo  p—3Bo(W)sdr .. o—3Bo(w)Qsdc—1
A(w) = : : : ;
e IBp(@)Qsdo  o=3Bp(W)sdr ... o IPpw)sdo s

: . . N -1
we use a vector-matrix notation to write the sequences {Z5; (w)},_,

T50 (W)
b () T (w— o (w)Qs)
o —AT (W) : , (2.8)
T (w = Bp-1 (w) 0s)
Tso-1 (W) i

. ~ c-1 : : : o
Given {Zs; (w)},_, > the recovery is performed in the Fourier domain using a filter bank
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{ fZ}ZC:_Ol for each passband. For the i™ passband, it is computed by solving

T
A : :(0 e 0 10 - 0) (2.9)
ith index

Jo-1 (w)

for every w € [—%3, %ﬂ on which the replica of the passband is nonzero. Then, applying
Cc-1

the filter bank {ﬁ (w)} on both sides of (2.8) extracts the passband. To recover the
i=0

multiband signal, the procedure has to be performed for all the passbands. This requires A

in (2.9) to be nonsingular for w € supp (Z (w)). As shown in [71], a convenient choice for

the delays is d; = idy because it renders A (w) a Vandermonde matrix, and the conditions

for nonsingularity become:
)C =1L, b) eIPp(W)$2sd; #1, andc) eIPp (W)$2sd; £ eIBm(W)Qsdi g0 o £ m.

Based on that, finding delay dj for which A ™" (w) exists is a tractable problem.
The formulation in (2.8) suggests that a PNS grid composed of C' sequences can resolve
up to C spectral passbands that overlap at the same frequency. These ideas can be related to

those considered by Papoulis in the generalised sampling [75] theory to overcome aliasing.
2.3 THE UNLIMITED SENSING FRAMEWORK

Computational Sensing and Imaging. Existing technology is shaped by two opposing

trends: on one hand, modern smartphones are more powerful than the computers used dur-
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ing NASA’s Apollo missions>

; on the other hand, hardware capabilities are already being
pushed to their limits*. These trends motivate a signal processing approach that harnesses
modern fabrication techniques together with strong computational capabilities, called coms-
putational sensing and imaging (CoSI) [76]. Underpinning CoSI is a paradigm shift from
the conventional “capture first — process later” approach, towards a co-design of hardware
and complementary algorithms. A renowned example of CoSI is the commercialised high

dynamic range (HDR) photography algorithm [21] that is prevalent in most modern smart-

phones [22]. In crux, CoSI frameworks are composed of:

e Encoding. The hardware is designed to produce the indirect measurements of a desired
quantity. Ultimately, by encoding the measurements, more information can be captured

than would be possible directly using the same resources.

e Decoding. The information is recovered from the encoded measurements using algo-

rithms and computational routines.

Mathematically, the encoding stage corresponds to a forward model, while the decoding

stage involves solving the associated inverse problem.

The Unlimited Sensing Framework (USF). The USF is a computational sensing protocol
that employs a unique encoding—decoding process to acquire signals with arbitrary dynamic
range at high resolution. Since its introduction in [19], the framework has been significantly
extended in terms of theory, hardware implementation, and applications. This section pro-

vides a brief overview of its main aspects, which are most relevant to the scope of this work.

3https:/ /www.popularmechanics.com/space/moon-mars/a25655/nasa-computer-iphone-comparison/
4https:/ /spectrum.ieee.org/power-problems-might-drive-chip-specialization
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2.3.1 ENcCODING — THE MoDULO SAMPLING PIPELINE

A4

%)\ R & :///,\ (9) le=kT

kT ylk]

Input Pre-filter Modulo Samplin Modulo Samples of
Signal (Anti-Aliasing) Mapping ping Bandlimited Function

f———1 ¢

Figure 2.9: The modulo acquisition pipeline.

The USF is based on the non-linear digitization pipeline shown in Fig. 2.9. The non-linear

mapping is performed by the centred modulo operator with threshold A

///,\:x'—>2)\<[[%+%ﬂ—%), [[x]]défx—m, (2.10)

where [z] and |z ] define the fractional part and floor function, respectively. Compared to
the conventional signal acquisition model from Fig. 2.1, the USF pipeline incorporates an
encoding process realised by the modulo mapping, which compresses the amplitude infor-
mation into a fixed dynamic range. Given a signal f € L2, the full pipeline is described as

follows:

1. Pre-filtering with a non-aliasing filter ¢ (¢). The low-pass approximation of f (¢) is
s)=f@0)x0(0)= [ fDo(t-r)dr @.1)

2. Non-linear mapping with the operator .#Z)(-). The outputis y (¢) O \x(t)).

3. Uniform sampling using an impulse train Q7 & Y keez 0(t — kTs) with parameter
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(@) Transfer Function of Modulo ADC (b)  Input Signal, Output Signal and Folded Samples via Modulo ADC
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Figure 2.10: The modulo ADC (.# -ADC). (a) Transfer function. (b) Input signal, output signal and modulo point-wise
samples [48].

T, > 0. This results in

y [K] = y(t) |i=krs, k€ Z.

4. B-bits quantization of y [k]. The values of y [k] are rounded to the closest set element in

GB,Az{i(an—Zl)A | ne{O,...,QB—l}}, (2.12)

where [— A, \) are the dynamic range extremums.

Notice that the mapping (2.10) is injected before the uniform sampling stage, so the low-pass
signal to be sampled x is encoded into a bounded signal y (t) = .Z\(z (t)) € [-A, A),and
clipping cannot occur. This effect is visualised for some common input signals in Fig. 2.11.
The first hardware demonstration of the above encoding procedure was demonstrated in
[23] using the .# —ADC, whose transfer function is shown in Fig. 2.10. In all the following

analyses, we discuss the forward model

y k] = A\(x (kTs)), ke€Z, (2.13)
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Figure 2.11: The modulo waveform (blue) generated by the .# -ADC for different types of input signals (black). The

residual between the input and the modulo waveforms is shown in green. Notice that this is in fact the quantized signal
that is sampled in a conventional analog-to-digital pipeline.

and the non-linear inverse problem
giveny [k], findz (t) s.t. y= (v (kTs)). (2.14)

SAMPLING RESOLUTION

The conventional trade-off between dynamic range and noise floor, discussed in Section 2.1.2,
states that for a fixed bit budget, increasing the dynamic range necessarily increases the quan-
tization step size, and vice versa. This trade-oft is reflected by the signal-to-quantization noise
ratio, defined as SQNR 10 logyq <%) , where 07 and 0 denote the power of the signal
(assuming zero mean) and the quantization noise, respectively. Remarkably, the USF chal-
lenges this limitation. Modulo signals not only encode large input amplitudes effectively, but
they also enable smaller quantization steps, thereby achieving both a higher dynamic range

and improved resolution simultaneously. Quantitatively, the quantization error of the ./Z -

A
[l

ADC is reduced by a factor of ( = . compared to the case of a conventional ADC.

o)
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Figure 2.12: Left: lllustration of the quantization process for bit resolution b = 3 (from [31]). Right: Comparison between
the signal-to-quantization noise ratio (SQNR) of a conventional ADC and the modulo ADCs.

IDENTIFIABILITY IN UNLIMITED SAMPLING

The forward model in (3) results in a non-linear, many-to-one mapping (2.10) that makes
the inverse problem (2.14) inherently ill-posed. However, as proved both in [47] and [77],
the problem is well-posed for any sampling rate 0 < Ts < /€, such that the modulo
samples y [k] uniquely characterise the bandlimited function 2. Normalizing the bandwidth

of x (t) to Q = 7 so the critical sampling rate is Ts = 1, an oversampling rate is denoted

by T. = Z~,e > 0, where 0 < T, < 1. Then, this injectivity property is formalised as
follows.

Theorem 2.3 [Injectivity for Modulo Sampling [47]]

Any | € PW, is uniquely determined by its modulo samples that are recorded on the grid

{tn = nT.}, , withe > 0.
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2.3.2 DECODING — ALGORITHMIC SIGNAL RECOVERY

The .# -ADC’s encoding operation must be followed by a decoding procedure for solving
the inverse problem in (2.14). Depending on the signal class of interest, algorithms have been
proposed for different acquisition models and processing techniques [48, 23, 78,79, 30]. The
main focus in this study is the class of bandlimited signals. In the following, we first set up
the different models for the acquired modulo signal that are used in various works. Then, a

survey of the key recovery methods is given.

FOLDING ARCHITECTURES

The USF-based signal recovery is based on exploiting the structure of the sampled modulo

signal. In particular, the modulo decomposition property.

Theorem 2.4 [Modulo Decomposition Property [48]]

The bandlimited function x € Bq admits a decomposition,

z(t)=y(t)+r(t), (2.15)

wherey (t) = AM\(x (t)), X > 0and r (t) is a step-wise function.

We will refer to r (t) also as a simple function, or a residual function. This function holds the
discontinuities that are introduced by the modulo folding step. Theorem 2.4 is visualised in
Fig. 2.13.

Having the samples y [k], knowing 7 [k] = 7 (t) |s=pr is equivalent to knowing z [k] since

they can be computed one from the other using (2.15). Therefore, the inverse problem (2.14)
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Figure 2.13: The modulo decomposition property.

boils down to finding 7 [k]. The advantage of recovering the residual part is that its structure

can be leveraged for the task. In the USF line-of-work, 3 main models for r (¢) that are used:

1. Ideal Modulo Folding (.#). Assuming thatall the folds have an exactamplitude equal

to 2, the residual function model was given by,
r(t)=2))_ elmllp, (t), e[m] € Z, (2.16)

where the real line is partitioned into intervals D,,, such that Umez D,, = R. Recov-
ery algorithms based on this model were proposed for different input signal classes and

sampling architectures [48, 80, 81, 79, 82, 27].

2. Non-Ideal Modulo Folding (/Z/:) The advent of the .# —~ADC enabled the investi-
gation of practical realisations of the modulo-based encoding [23, 83, 50]. It was ob-
served that the amplitudes of the residual part do not necessarily belong to the set 2\Z.

A model that incorporates this empirical observation was proposed in [23],

rt)= > culp, (), Unlp, =R, ¢y €R, (2.17)
meM
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where M is the number of folding instances. The model can describe the effect of
disruptions in the sampled signal, like reset- or shot- noise [50], as well as imperfections

in the acquisition device [83] and deviations in the modulo threshold.

3. Generalized Folding (.#y). To compensate for further model deviations that were
revealed in hardware experiments with the .# -ADC [84, 25, 83, 85], a generalised
residual model was proposed in [25]. This model adds two degrees of freedom to the
residual function, incorporating two effects: bysteresis, where increasing or decreasing
signals exhibit a different threshold, and the folding transient effect, where the fold-
ing does not happen instantaneously, but rather it has a non-negligible time duration.

The generalized residual model with parameters A, b € [0, 2)), o € RT is [25],

r(t) = ZPGZ $pe0 (t — 7p) ,where g0 () = 2)\p, [2t - Ljg.) () + Liaoo) (1)]
(2.18)
and \, = A — %, 5, = sign(z(7,) — x (7,—1)). Moreover, p > 1, {7,} is an

asynchronous sequence satisfying 7o = 0 and,

7 = min{t > 1| #\(x (t) + \) = 0}

Tpp1 = min {t > 7,|.#\(x (t) — x (7,) + hs,) = 0}.

The value of h controls the minimal time between folding adjacent instances 7, and

Tp+1, where for h = 0 folds can be arbitrarily close, like in the ideal model.

[lustration of a bandlimited signal and the folded outputs of the three architectures is

shown in Fig. 2.14
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Figure 2.14: lllustration of modulo folding by different folding architectures. Upper: Ideal folding. Middle: Non-ideal
folding, where the discontinuities are not confined to the grid 2\Z. Lower: Hysteresis effect, where discontinuities do
not reset to the threshold value.

Time-DoMAaIN BASED RECOVERY

The injectivity theorem 2.3 indicates that, under certain conditions, the recovery of a ban-
dlimited signal from its modulo samples becomes a well-posed problem. To extract this
unique solution, the following algorithms utilise prior knowledge on the structure of the
residual signal (2.16), and recover z (t) using time-domain processing.

The Unlimited Sampling Theorem and Algorithm. A sufficient condition for guaran-

teed recovery of a bandlimited signal = from its modulo samples is in the next theorem [48].

Theorem 2.5 [The Unlimited Sampling Theorem [19, 48]]
Let © be a continuous-time function with maximum frequency Q 2. Then, a sufficient
condition for the recovery of x (t) from its modulo samples (up to an additive constant)

taken every Ts seconds apart is Ts < 1/ (2Qe) where e is Euler’s number.
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The sampling density criterion in Theorem 2.5 exploits the property that bandlimited sam-
ples z[k] ey (kTs) can be upper bounded in the higher-order differences domain. Mathe-
matically, || AN z]| s < (T5Qe)™ ||2]|s0, where ANz denotes N-th order difference operator

on z. Based on the previous relation, if

Ts < Tus = 50, (2.19)

then for

N* > ’VlogA — log ﬁx

log (Ts$2e) —" be € ,and B > ||zl (2.20)

it is guaranteed that |[|AN z||_ < A [48]. From modular arithmetic, we have the property
that A\ (AN #\(x [k])) = (AN z [k]). Then, under the assumption of ideal modulo
sampling, that is the residual function follows (2.16), this property can be leveraged to sepa-

rate z [k] and r [k] in the higher differences space,
MA((ANy) [K]) = a0 ((AV) [k]) = (AV2) [K]. (2.21)

Given (AN z) [k], by inversion of the finite differences operation, the inverse problem (2.14)

can be solved. Let S define the anti-differences operator

S: {slk] ke — Y _ slm], (2.22)

that inverts the operator A up to an unknown constant. The recovery is based on applying
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Algorithm 1: The Unlimited Sensing Algorithm (US-Alg)
Data: y [k| = 4\ (v (KTs) ).
Result: 7 (t) =~ x (t).

1) Compute N from (2.20). 4(c) Ky =
2) Compute (AN SlomltSon)on g
3) Compute A(d) Sty [K] = San)[k] + 2Ak ).

S(0) k] = (//[/\(ANQ) - AN?J) k).

4) DefineS : {s[k]}rezr — S5 _, slm). end
Forn=0: N —2:

4(a) s k] = (S (s@)) [k]-
4(D) S(n41) = 2A {M-‘ 6) (t) = > 7 [k]sinc (7%. — k:) :

S sequentially /V times on the finite differences of the residual. The restriction on its ampli-
tudes is used to find the unknown constant. The full recovery algorithm, called US-Alg [48],
is summarised in Algorithm 1. The recovery using US-Alg is not restricted by the number of
folds in the signal, leading to theoretically infinite dynamic range. It is also suitable for mea-
surements with additive bounded noise, where y,, [k] = y [k] +n [k], | [k]| < Bo, for some
Bo > 0and Vk € Z. Romanov et al. [77] proposed a recovery algorithm for any Ts > T\q,
given that there is 7y € R for which ||z(¢)|| < [¢|", p > 0for |t| > Tp. The recovery is
based on a prediction filter.

Results Demonstrating Applicative Utility. In US-Alg, the bandlimited and the residual
samples that compose y based on (2.15) are separated in the higher-order difference space.
This same principle was later adapted to a series of algorithms that enable efficient HDR
signal acquisition for different sensing and imaging systems. In [86], such a framework for

computational array processing was presented. The advantage of the proposed algorithms is
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Figure 2.15: Time-domain partitioning of modulo samples into their bandlimited and residual components x[k] and ’/’[k‘]
respectively, based on higher order finite differences operator (from [48]).

the capability to estimate the direction of arrival directly from the eigenvalues of the higher-

order differences samples and to retrieve a beamformed signal directly from the folded sam-

ples. Beckmann etal. defined the Modulo Radon transform (MRT) in [27] as a composition

of the Radon and Modulo operators. The authors prove the injectivity of the MRT, and

demonstrate its utilisation for computerised tomography systems via a recovery algorithm

named US-FBP. A proof of concept for FMCW radars was presented in [87]. An HDR Time-

of-Flight imaging framework is part of this thesis, and covered in Section 5.1).
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Sampling Architectures for Bandlimited Signals. The ideal modulo non-linear mapping
was integrated into common sampling architectures such as 1-bit ¥ and multi-channel sam-
pling. Graft et al. [80] observed that the fact that both the modulo and 1-bit ¥4 sampling
architectures trade the bit budget with oversampling makes their integration desirable. The
authors formulated recovery guarantees and algorithms that are not based on finite difference
operations, as these are not beneficial in the 1-bit ¥4 case. Multi-channel sampling architec-
ture was examined by Lu et al. in [82]. In the proposed framework, the bandlimited signal
is sampled simultaneously with multiple channels at the critical rate. The threshold on each
channel varies such that the values are coprime numbers. Then, the Chinese Remainder The-
orem enables the unfolding of the modulo samples.

Time-Domain Based Recovery for Modulo Hysteresis Folding. The generalized model
of the residual function (2.18) allows tackling some non-standard sampling scenarios such
as incomplete folds [25], non-pointwise average sampling [83], or event-driven sampling [84,
85]. As in the ideal folding case, the recovery is again based on estimation of the residual
samples 7 [k], which is equivalent to finding the folding instances and amplitudes, (s,, 7;,),
in the case of the parametric model (2.18). Here, the recovery is based on first filtering the
data by a generic filter ¢ that produces, ¥ * y [k] = ¢n *  [k] — ¢ * r [k] . Then, for
cases when the transient duration « is negligible, a variation of the US-Alg based on \;, can be

used. Otherwise, a thresholding based algorithm was presented in [25].

FouriER-DoMAIN BASED RECOVERY

A Fourier-domain approach for solving the problem (2.14) was suggested in [23]. The method
leverages the fact that for z € Bg, then 7 (w) = 0, V|w| > Q while 4, (z (t)) ¢ Bq. To
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formulate this, the input signal is assumed to be 7-periodic such that z () = (£ + 7). Sam-
pling with period T5 yields K = 7/Ts samples over one period. Denote by Z, i, 7" the DFT
of the K-length sequences x, y, and r, respectively. The Fourier-domain partition of the

finite difference sequence Ay satisfies

_ Az[n]—Ar[n] n€ (Epx_1) (in-band interval),
Ay [n] =

—Ar[n] ne (lx1\Epx_1)+ (K —1)Z (out-of-band interval),

(2.23)

where P = [$Z] and we assume K > 2P + 1, which is an oversampling setting. The
Fourier-domain separation (2.23) is not based on the higher-order differences like the time-
domain separation (Section 2.3.2). Also, there is no need for the assumption of r (t) € 2A\Z.
This allows using the non-ideal model for the residual function (2.17). Mathematically, the

finite differences sequence of the residual samples has a DFT that can be written as,

M-1
[n] = Z w [m] e_]%n[m]", P Ar, (2.24)
m=0

=0

which is a function of 20 parameters, where M is the number of folds. The sequences
Kk, w of length M denote the instances and amplitudes of the discontinuities, respectively.
From (2.23), there are K — 1 — P accessible samples of Ar [n] so possible recovery requires

K —1— (2P + 1) > 2M. This condition is formalised in the next theorem.
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Theorem 2.6 [Fourier Domain Reconstruction, [23]]
Let © € Bq be a T-periodic function. Suppose that we are given K modulo samples of
y k] = A)\(x (ET)) with at most M non-ideal folds. Then a sufficient condition for

recovery of x (t) from y [k (up to a constant) is that,

Qr

, and KEQUQ—WJF(MH)).

™

Ts <

Compared with (2.19), the sampling rate in Theorem 2.6 is favourable. A suitable recovery
algorithm called the US-FP was also presented in [23], and it is summarised in Algorithm 2.
The idea is illustrated in Fig. 2.16. To estimate the folding times, spectral estimation tech-
niques like Prony’s method [88] and the Matrix Pencil [89] can be used. Successful recovery
by using the Fourier-domain approach was demonstrated in hardware experiments with the
A —ADC, where the signal was contaminated with system noise [50] and non-ideal folds [23].
A recent work utilised the US-FP method for direct estimation of a sparse signal from its mod-

ulo measurements, without unfolding [90].

2.3.3 ADVANTAGES OF USF OVER ALTERNATIVE HIGH-RESOLUTION AND HIGH-DYNAMIC-

RANGE METHODS

Several existing approaches address high-dynamic-range (HDR) acquisition either algorith-
mically, by attempting to recover saturated samples after clipping, or at the hardware level,
by modifying the signal before quantization. Algorithmic de-clipping methods exploit sig-
nal structure, such as bandlimitedness[11] or sparsity, as well as measurement redundancy

from oversampling or multiple data streams[13]. However, they operate after saturation has
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Algorithm 2: Unlimited Sensing Fourier-Prony (US-FP)

Input: {y [k}, 7, Pand M = | M|in (2.17).

Result: 7 (). .
1) Compute The DFT Ay [n].

2) Define

zln] = Ay[n], n € lx_1 \ Epx_1.
3) Fold Estimation in the Fourier Domain
3a) Define Ty (z) using (2.25).
3b) Find p such that T, (z) p = 0.

3¢) Using p above, compute the roots &,
of the polynomial P/ (2) constructed

via,
M—-1 M

Pu(z) =[] (1 - iﬁ”) =Y pnle"
m=0

n=0

3d) Estimate tNm = —Tslgm/(ﬂo.

z[0]

3e) Estimate ¢ [m] using least-squares
minimization.
4) Estimate Ar [k]. This is done by
plugging {¢ [m] , £, } e in the first
order differences of (2.17), yielding

Ar [n] and then performing inverse
DFT.

5) Estimate " [k] by zero padding and
anti-difference.

6) Estimate 7 [k] = 7 [k] + y [k] (up to an
unknown constant).

7) Estimate 7 (t) by applying

sinc-interpolation to 7 [k].

[—M]
z[1— M]
: (2.25)
z [—1]

already caused information loss, so their guarantees depend on restrictive assumptions, in-
cluding the number of clipped samples, the oversampling factor, or a known sparse model.
Moreover, many such methods provide only discrete-to-discrete recovery and lack a general

sampling-density criterion for arbitrary HDR signals.

Hardware-based alternatives, such as automatic gain control, companding, and adaptive
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Automatic gain control and companding attempt to fit the signal into the ADC range before
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Figure 2.16: Frequency domain partitioning of modulo samples into their bandlimited and residual components x[k] and
’r[k] respectively (based on [23]).

sampling, but this introduces analog complexity, stability concerns, and sensitivity to non-
ideal implementations. Time-varying gain architectures similarly use additional hardware
structure and often rely on oversampling or calibration.

For improving digital resolution, Sigma-delta ADCs are particularly relevant in this com-
parison because, like USF, they trade sampling rate for amplitude resolution: instead of using
many bits per sample, they oversample and shape the quantization error[91]. In this sense,
sigma-delta conversion can resemble USF at a high level, since both methods exploit oversam-
pling to relax the requirements on the instantaneous quantizer resolution.

The distinction, however, is that sigma-delta and modulo sampling address the dynamic-
range problem in different ways. Practical sigma-delta systems have a finite stable input range:

if the internal prediction error or loop states become too large, the modulator can overload,
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become unstable, or produce large reconstruction errors. Thus, sigma-delta achieves high res-
olution by using significant oversampling and feedback-based noise shaping, but its perfor-
mance depends on loop stability, filter design, and the admissible signal range. By contrast,
modulo sampling deliberately folds the signal amplitude through a controlled nonlinearity.
Values outside the ADC range are not clipped or treated as overload events. Instead, they

are mapped back into the measurable range in a structured way that preserves information

modulo the folding threshold.

58



3

Unlimited Sensing of Bandpass Signals
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3.1 INTRODUCTION AND CONTRIBUTIONS

Motivation. Spectrum of a Bandpass Signal

— Qg—

Bandpass signals are prevalent in sonar [33,

34], radar [35, 36], ultrasound imaging [37], —% @ h) @0
and optics [38, 39], and often occupy spec- Figure 3.1: The spectrum of a bandpass signal.

tral bands that make sampling above their

Nyquist rate challenging. Two main approaches to address this issue, which are hardware
demodulation and undersampling, reviewed in Chapter 2, do not account for the limita-
tions imposed by the ADC’s finite dynamic range and resolution. Here, we aim to develop a
USF-based method that enables efficient acquisition of bandpass signals with HDR and high
HDRes.

Unlimited Sensing of Bandpass Signals. HDR sampling of bandpass signals has been ad-
dressed mostly through ADC implementations [69, 92, 93]. Computational techniques ad-
dressing this challenge are less explored, and in particular, bandpass signals have not been ex-
plicitly considered within the USF. However, emerging applications such as USF-based radar
and computational tomography [87, 29] systems, emphasise the need for such solutions.

A key challenge in achieving HDR bandpass sampling based on the USF is the opposing
sampling paradigms. Bandpass sampling operates within the sub-Nyquist region, whereas all
of the existing USF techniques reside in the oversampling region’. To develop techniques for

USF-based acquisition in the undersampling domain, we address the three questions of:

1) Theory: How does aliasing affect the amplitude-folded signal?

1 At the time this work was published.
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2) Algorithm: What are the frameworks to unfold such functions, that are folded in both

their range and domain?

3) Practice: Are the proposed frameworks practical, and can they be implemented?

Contributions. This chapter formulates and addresses the problem of HDR sampling and
recovery of bandpass signals with modulo non-linearities at sub-Nyquist sampling rates. The

main contributions are:
1) Recovery guarantees. Given folded samples of a bandpass signal, the conditions
for guaranteed recovery are derived, enabling sub-Nyquist sampling.

2) Algorithmic flexibility for practical solutions. Solutions are derived for different

modulo folding architectures, which explain different hardware observations.

3) Numerical simulations and hardware experiments. Validation of the results and
algorithms is provided, establishing the practical feasibility and the empirical per-

formance of the recovery methods.

The recovery guarantees are summarised in Fig. 3.2.

Signal Model. Bandpass signals comprise a spectral band of width €2g, centred around a
modulation frequency wy > (2g/2. The signal model is written according to (2.2) with
P =1as

wgp () = @o(t)e™, ©(t) €R, supp(Py) € D%. (3.1)

In the following, we consider real-valued bandpass signals having two symmetric spectral

bands w.r.t. the DC frequency w = 0, as illustrated in Fig. 3.1. This is the model from
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Figure 3.2: The existing results for commonly occurring types of bandlimited signals in the context of the Unlimited
Sensing Framework (USF) for different folding architectures denoted by .Z, //Z)\, M, require oversampling. The
contribution of this work is the extension of the results for the bandlimited signal type to their corresponding bandpass
case, especially in the undersampled regime.

[68], which can be obtained by replacing the modulation € in (3.1) with e?**°*, which

corresponds to the model (2.2) with P = 2 and w; = —wy.

3.2 TowarRDS COMPUTATIONAL DEMODULATION VIA MODULO UNDERSAMPLING

Tep(w) —7gp (W) Uep (w)
I + N/U = J\/\/I\/\/\Ll
[T 0 W W Qg 0 wo ¥ [y 0 oo W

Figure 3.3: The Fourier-domain representation of a modulo signal. The sum of a bandpass component pr (w) (upper)
and a residual component —7gp (w) (middle) composes the modulo signal Ygp (w) = Tgpp (w) — Tgp (w (lower).

Sub-Nyquist sampling of modulo signals may seem unreasonable because modulo folding
renders a bandlimited signal, non-bandlimited, as visualised in Fig. 3.3. However, the mo-
tivation to investigate modulo undersampling emerged during hardware experiments with
amplitude-modulated (AM) bandpass signals; for some choices of sampling rates, undersam-

pling with the .# -ADC yielded the baseband signal (¢ in (3.1)) without any recovery pro-
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cedure. An example is shown in Fig. 3.4. This phenomenon indicates that, despite the non-
bandlimitedness of the modulo signal, the underlying bandlimited component preserves its

structure under aliasing.

Computational Demodulation from Non-ideal Modulo Measurements

5 —
——Bandpass Signal
——Modulo Signal
. ——Baseband Signal
S ‘ ‘ —® Modulo Samples
F I | |
S pe—e-A _A -!-.&llulw‘fl|‘I[l=|“l1n.u ym s AP ‘ it !- m; H} Wil .m .l -
T T R
a
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<
5L L L | 1 1
0.01 0.02 0.03 0.04 0.05 0.06

Time
Figure 3.4: An amplitude modulated signal, its associated modulo signal and undersampled modulo samples. The fre-
quencies of the message and carrier signals are fyy = 35 Hz and fc = 400 Hz, respectively. For a sampling period

Ts = 2.5 ms, modulo samples coincide with underlying baseband signal samples, which directly results in demodula-
tion.

Modulo Undersampling. Consider the bandpass signal zgp € Bgp defined in (3.1), and
rep (t) € R. Let zgp [k‘] = Igp (t) |t:kTs, k € 7 be its uniform samples with 75
7/, and define the normalized Fourier series Zgps (w) = 15 Y .oy Tap [K] e kTS We

can always extract the lowpass filtered signal x via its spectrum,

T (w) = 1{_%%} (W) Zeps (W) (3.2)
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Using that Ts - xgp [k] are the FS coefficients of Tgps (w) together with (3.2) we write,

1 Qs/Q
IBpP [k’] = — / §3p5 (w) GJWkTde (33)

The last equation shows that in the sub-Nyquist regime Ts > Tys, the samples zgp [k]
are not unique and represent the lowpass signal x(t) # xgp (t), as illustrated in Fig. 3.5.
Using the modulo decomposition property (Theorem 2.4), we decompose both sequences

into their modulo and residual components
zep (k] = yep (k] +rep (K], [kl =y[k]+r[k], keZ (3.4)
Subtracting the modulo sequences, we get

(ygp — y) [k] = (zgp — ) [K] — (18P — 1) [K]. (3.5)
—————

=0 from (3.3)

For the LHS of (3.5), since ygp [k] € [—A, A) we get that (ygp — v) [k] € (—2X,2)). For
the RHS, (rgp — 1) [k] € 2AZ so the intersection set between the two sides of (3.5) must

be zero. Then,

(yep — ) [K] = (r —rep) [F] = 0= wep [F] =y [K], VK€ Z. (3.6)
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The resultin (3.6) shows that by undersampling the modulo bandpass signal, we get the sam-
ples of the modulo lowpass signal. The fact that ygp to y is like xgp to x, will play a key role
in the derivation of the USF bandpass sampling methods. It reveals that for suitable sampling

rates, after unfolding ygp to x. we can recover the bandpass signal zgp.

Bandpass
Spectrum Lowpass Spectrum

Demodulation I Demodulation
FQB" 6 QS FQB"

Figure 3.5: Undersampling demodulates the bandpass spectrum into a lowpass region, and the lowpass signal & can be
extracted.

3.3 THEORY AND ALGORITHMS

Problem Formulation. The acquisition pipeline for HDR bandpass sampling is detailed in
Chapter 2.3.1 and Fig. 2.9. The input signal xgp is fed into the .#-ADC, which performs
the modulo folding operation and yields the samples ygp [k] at rate Ts. Signal reconstruction

is achieved by solving the inverse problem:

given ygp [k] = A\ (xgp (kTs)), where Ts > Tys, recover zgp (t). (3.7)

Based on the modulo undersampling result described above, it is evident that given T, if:
1. The spectrum of zgp has no spectral overlaps, and

2. The residual samples r [k] can be recovered from ygp [£],
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then we can find z [k] from ygp [k] and zgp (¢) from x [k]. Therefore, the solution strat-
egy is to determine the intersection between the sampling periods where both conditions are

satisfied.

3.3.1 IDEAL FOLDING ARCHITECTURE

For the ideal folding architecture described in Chapter 2.3.2, we derive the following sam-

pling theorem.

Theorem 3.1 [The Unlimited Bandpass Sampling Theorem [94]]

Let xgp € Bgp with Qg = wy — wi and ysp (t) = Mx(xep (t)). Let ygp [k] =
y (KTs), k € Z be the modulo samples of wp (t) at period Ts > 0. If there exists M € N
such that Ts satisfies,

m(M—1) < TS < 2me(M—1)+1 M e 2N+ 1

wL 2ewy

(3.8)
2reM —1 < TS S % M c N

2ewr —

where e denotes Euler’s number, then xgp (t) can be recovered from ygp [k| up to an integer

multiple of 2.

Proof. We define the normalized FS with coefficients ygp [k],

Jeps () = T > yee [k] e (3.9)
=
(2.15) —gwkTs __ [~ oy
=15 Z [zep — rep| [K] € = [Zps — TBPs] (W),
keZ
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Substituting (3.3) and (3.6) into (3.9)
ygps (W) = ¥s (w) = Ts (W) =75 (w), (3.10)

where Z5 (w) and 75 (w) are the FS of & [k] and r [k], respectively. From (3.10), we get that
Us (w) = Ts (w) — 7’5 (w) which means that under the conditions of Theorem 2.5 [48], we
can get z (k] (and hence, z (t)) from ygp [k]. Moreover, if (2.4) is satisfied then from Lemma
2.2, xgp (t) can be obtained and

wu—@gs Me2N+1

Qf = : (3.11)
MOs—w M €2N

where () denotes the bandwidth of 2. The USF recovery condition for = requires that (s >

drwije. For M € 2N + 1, plugging (3.11) allows to re-write the USF recovery condition as

(s > drwje = 4me (wU - %Qs)
(3.12)

4dme
& s > Tt 2me(M—1)%V-

It can be directly shown that wy > 2%, which yields the final condition on {2s,

4me
1+2me(P-1)

4re < Qe < 2w
w )
1+2me (M —1)" "~ =M1

(3.13)

For M € 2N, using the same derivation as in (3.12), we get {25 > 4me (%QS — wL), which

yields
2wy 4me

—— <N < — . 14
M — S_QWGM—le (3.14)
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Using T's = ?2—7; in 3.13 and 3.14 yields the desired result; then zgp (£) can be recovered from

its modulo samples. [ ]

As a sanity check, the consistency of Theorem 3.1 with Theorem 2.5 can be verified for
M = 1. Nevertheless, for M > 1, lower sampling periods are allowed by exploiting the
bandpass prior. Another property to look at is the upper bound on M. In the conventional
bandpass result (see Theorem 2.2), this is given by M < %J . Using (3.13) and (3.14), an

equivalent bound for the modulo bandpass case is,

(M —1)2meQp <w M €2N+1 M< |52 +1] MeaN+1
=
2reMQg <wy M €2N M< |32 MeoN
(3.15)

Since the bound in (3.15) is tighter for the even case, we get that M < LQ’:;%BJ , which is

stricter than M < {;‘;—:J . Lastly, we notice that based on Theorem 3.1, whenever

QszﬁwL Me2N+1 (316)

Qszzu)u M € 2N

M
we get the baseband relocation case, where x have minimal bandwidth Qfj = Qg. This case

is demonstrated in Fig. 2.7(c) for M = 3.

Sampling-Based Demodulation of Modulo AM Signals. Among the most common band-
pass waveforms that appear in practical applications are double-sideband AM signals [95],
characterised by a spectrum comprising two adjacent sidebands mirrored around a carrier fre-

quency. Because of their spectral structure, AM signals can be recovered even when (25 = (g
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[8]. In this particular case, the result of Theorem 3.1 can be improved based on an even

stronger prior, formalised in the next corollary.

Corollary 1 (Unlimited Sampling of AM Signals). If the side lobes of the bandpass spectrum x
aresymmetric, i.e, T (W +w) =T (wy — w), Yw € [0, Qg /2], then xgp(t) can be recovered

via Algorithm 3 if there exists Man € N such that

———  and Wy e > dweMam. (3.17)
2MAM Wy — WL

Qs _ wy + WL
Proof. We require that the sideband copies lead to pairs of lobes that perfectly overlap, such
that a pair is centred around the origin. This is true if the LHS equation in (3.17) is satisfied.
Furthermore, to ensure that adjacent pairs of lobes do not lead to additional overlaps, which
ensures that the information can be recovered, we further assume {25 > g. This leads to

the following condition on wy, wy :

wy + wi
Wy — WL

> 2Mam. (3.18)

Lastly, we compute wyj, in order to derive a bound for USF. The pair of lobes centred in the
origin has width wy —wy, therefore its bandwidth is wj = %. This yields the USF condition
Qs > 47re% = 2me()g. By using the LHS equation in (3.17) it is translated in terms of
wy, wy that leads to the RHS equation in (3.17). [ |

The RHS equation in (3.17) is a tighter condition than (3.18), and thus is enough for

input recovery in the case of AM signals. As a particular case, Corollary 2 has implications

for sinusoids, which can be viewed as AM signals with {25 — 0. While [96] demonstrated
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Algorithm 3: Unlimited Sampling of Bandpass Signals

Input: YBP [k’}, )\,BIBP = ||l‘Bp||OO, WL, and wy-.
Result: Bandpass function, Zgp (1).

1) Compute 2 using (3.11).

| log A—log Bzgp
2) Compute N = [—log(TsQﬁe) —‘

(3.6)

3) Compute (ANy) [k] =" (ANygp) [K].

4) Compute (ANr) [k] = (A (ANy) — (ANY)) [K].
Set (o) [k] = (AN7) [k].

5) Forn=0: N —2
() seen) K] =S (o) [k, S {5k} rezs = Yoy s[ml.
(i) Snt1) [K] = 2A {M-‘ (rounding to 2)\Z).

+J.

68z
S2(Amn)[1]-S2(A"r) [—E2 +1]
(iii) Compute K(,) = \‘ 12B2gp *

N =

(V) (i) (K] = Sty [K] + 26 ().

end
6) Z[k] =S (s(v—1)) [K] + yep [k] + 2mA, m € Z.
7) Compute Ty (w) = Ts Y ;o5 T [k] e M5,
8) Estimate Zgp (t) from 75 (w) using (2.5) and M from (3.8).

that these signals allow lower sampling rates than in the general bandlimited case, under the

conditions of Corollary 1, this improvement can be further enhanced.
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3.3.2 (GENERALIZED FOLDING ARCHITECTURE

To be able to accommodate nonlinear effects occurring during modulo acquisition, such as
hysteresis, the generalized modulo architecture .#} described in Chapter 2.3.2 is considered

for the forward model with 75 > 0. The output samples are modelled as,
yep [k] = M (zep (KTs)) = (zp +18p) [F] 2 (2 + rep) K], (3.19)

where the residual sequence is modeled as rgp [k] = 3 _; 5,0 (KTs — 7,) based on (2.18).
By replacing the ideal modulo with .#} (), the inverse problem (3.7) is changed accordingly.

Assuming negligible transient (v = 0), it gives €9 (£ — 7,) = 2M\p 17, 00) (£) [i=r7s €
{0,2\,}. Therefore, samples x [k] (3.19) can be recovered up to 2\, Z using a variation
of US-Alg detailed in Algorithm 1, as explained next. Using the same reasoning as in US-Alg,
Vk € Z we require that |AN (2 + 1) [k]| < An, which is true if (T5Q¢)™ [|g]l.. < An. Sub-
sequently, T [k] = x [k] + 2M\j,, M € Z, is computed using ANz [k] = .4, (ANy[k]).

In the following, we give a theorem guaranteeing recovery from generalized modulo data.
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Theorem 3.2 [Generalized Modulo Recovery]

Let wgp € PWy, ) and ygp (k] = M (xep (1)) |1=kry be the generalized modulo
samples of xgp with sampling period Ts > 0. We assume that there exists M € N such
that Ts satisfies (3.8). Then xgp can be recovered from (AN pr) (k| up to an integer

multiple of 2\, where N is defined as

_ Fog An — log fﬂ (3.20)

log (Ts2e)

and Q) is defined in (3.11).

Proof. From (3.19) we get that AVygp = AN (z + rgp), where z [k] = x () |;=s1; and
x is defined in (3.2). It can be directly verified that the value of IV in (3.20) guarantees
(TsQe)™ ||| < A, which was also shown in [48] for the case A = 0. Similarly, given that
rep [k] € {2mAy, | m € Z}, it can be directly shown that ANrgp [k] € {2m)\, | m € Z}.
Then, using a similar reasoning as for US-Alg, we get that ., (A"rgp [k]) = 0 and thus
(ANz) [k] = 4, (AN ygp [K]). Further on, the US-Alg can be used to recover z (t). Even
though the recovery of () has no direct link to the bandpass property of zgp (t), this is
required to get back zgp (t) from g (t). As shown in Theorem 3.1, this is possible if (3.8) is
satisfied. [

3.3.3 NON-IDEAL FOLDING ARCHITECTURE

The Fourier-domain-based recovery procedure in Chapter 2.3.2, which is designed for the
non-ideal folding architecture, exploits both the parametric structure of the residual signal

model (2.17), and the partitioning of the modulo signal in the frequency domain. Since for
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bandpass signals Zgp (w) = 0, Vw € R, |w| ¢ (wi,wy), two partitioning intervals can be
leveraged in that case. In fact, the bandpass prior interval of w € (—wy,wy ) can be used to
recover the residual signal’s parameters without the need for demodulation, for any {25 >
2wy. Qualitatively, this can be observed in Fig. 3.3. However, for further reduction of the

sampling frequency, demodulation will be necessary.

Fourier-Domain Partitioning of Modulo Bandpass Signals. To derive the modulo band-
pass sampling conditions in the discrete frequency domain, we use the discrete Fourier trans-
form (DFT). The function xgp () is considered to be 7-periodic . We also assume that
Ts = 4, where K € Z denotes the number of samples, and without reducing the gen-
erality, we assume that w , wy are integer multiples of 27” In terms of the K -length DFT of

ygp, (3.10) becomes,

K-1

. 2

ysp [n] = Ts Z yep [k] e 7" = Tps (w) | _2x
k=0

= (Z5 — TBps) (W)|y=2z,, = T[] —Top 1]

Moreover, z (t) defined in (3.2) is T-periodic as well, given that its frequencies are obtained
by shifting Zgp (w) by integer multiples of 2g = %
We assume wy. > 0, therefore wi > 27/7. Define Q, Qu € Z as

def Kwi def Kwy
QL - QS ) QU - QS )

(3.21)

we get QL > 1. We know that the DFT coefficients computed from the samples z[k] =

2(t)|i=kr, map to the magnitudes of Z(w)| 2 qg. It then follows from (3.11) and
w=n""=n72
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(3.21) that the indices of the passband frequencies in T [n], the DFT of z(t), are contained

in

{(—QF, Q5 +1,...,—Qiu{Qr,QF +1,...,Q5}, where

M—
Qu— =K M e 2N +1

Q= and, @ = Q) — s, (3.22)
MK Qu M € 2N

and o Qu — QL. The number of periods 2 within (—wi,wi)is M — 1 = 25% <

N. We have that z [k] = xgp [k] via (3.3). Then, using the periodicity of the DFT, that is
uep [K —q] = ysp [q], Vg € {0,1, ..., K}, the following holds

R z[n|—7ep[n], n€LEgqrqnx
YspP [n] =

—Tgp ], n € Ik \ Egr 05,1
where the set Ejgr ge) ¢ is given by, Ejgr gz v = [QF, QY] U [K — Qf, K — Qf]. The
partition is schematically illustrated in Fig. 3.6. As can be seen, the two sets on which the

residual and the lowpass signals can be separated are,

QY+ 1, K —Qf —1] (Outer Set)
Fgp — . (3.23)

0,Qf —1JU[K — Q7 —1,K —1] (Inner Set)

A sampling density criterion that enables recovery based on the two sets is given in the next

theorem.
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The Outer Interval

Trigonometric
Polynomial

|

0 Q-1Qj-1 K-Qj-1
Figure 3.6: The partitioning of a bandpass signal into its modulo (red) and residual (blue) components in the discrete

Fourier-domain. (a) Decomposition of the bandpass spectra into the modulo and residual components. (b) The inner and
outer intervals as defined in (3.23) on a single DFT period.

Theorem 3.3 [Bandpass Fourier-Domain Recovery]

Let xgp € Bgp be a T-periodic function. Suppose that we are given K modulo samples of
ysp [k] = My (wep (K15)), at sampling period Ts = 4= > 0, folded at most M times.
If there exists M € N such that Ts satisfies,

(M—l)T Mt
(M—-1)T Mt
qe 1) = 15 = 2, M € 2N
or,
(M-1)7 Mt
QL=M=T) <Ts < 200 Me2N+1 (3 24)
(M—l)T Mt
. =15 S sgurry M EN

and QL > M +1for M € 2Nor M € (2N + 1)\ {1} 7n (3.24). Then, xgp (t) can be
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recovered from ygp [k| up to 2\Z.

Proof. We start from (2.4) and multiply by K to get,

(M_ 1) K < B < Koy (%) K. (3.25)

Re-arranging (3.25) with respect to the number of samples K,

EKWU < K < 2 KwL

Moo S syt (3.26)

Then, using (3.21), we get an equivalent of the bandpass sampling condition (2.4) in the

discrete frequency domain

(3.27)

Next, to recover the bandpass samples, we note that for a modulo sequence with M folds,
the first order difference of the residual, Ar, is a 2V -parametric signal. Its recovery requires
2M + 1 samples in the outer set (3.23), for which ygp [n] = —7gp [n]. This is guaranteed
by K —2Q¢ — 1 > 2M + 1. By substituting with Q){j from (3.3.3) and isolating K we get,

K > QAN pf e 9N+ 1

K <29M2D e 9N

For every M > 0, M > 0, we get that Q(QLMMH) > QQWU and Q(Q;;ﬁ_l) < AQJQ_Ll.
Integration with the bound in (3.27) and substitution K = 7 /75 yields the first condition

in(3.24). Fortheset [0, Q7 — 1JU[K — Qf — 2, K — 2] werequire that2 (Qf — 1) > 2M.
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We use Qf from (3.3.3) and isolate K to get,

K <2 M) e oN+1

(3.28)
K > 2t e 9N

As in the outer set case, we integrate (3.28) with the bound in (3.27), and replace K = 7/T5
to get the sampling condition in (3.24). For T that satisfies (3.24) for some M € N, zgp (t)

can be recovered from its modulo samples by Algorithm 4. |

o As asanity check, it is verified that in the case of a bandlimited signal (Qy = Qg), the
result is that 2(M + 1) modulo samples beyond the maximal non-zero frequency of the

signal are needed, as expected from Theorem 2.6.

e For M = 1, the possibility of reconstruction based on the inner set samples is indepen-

dent of the sampling period and requires () > M + 1.

e Thenumber of folds that can be recovered decreases when M gets larger, as more replicas

of the bandwidth occupy the outer set (even M case) or the inner set (odd M case).

e For a given M, the outer set (even M case) or the inner set (odd M case) shrinks as K
increases. Consequently, a larger M would require lowering the sampling period for
recovery based on a specific interval. This implies that in modulo undersampling, the
sampling period must be carefully optimised based on the recovery strategy, taking into

account the exploited interval and the parity of M.

Similar to Corollary 1, the prevalence of AM signals and their spectral structure motivates

the proof of the next corollary for non-ideal modulo bandpass sampling.
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Algorithm 4: Bandpass Recovery in the Fourier-Domain

Input: {pr [k’]}f:_ol, T, WL, Wy, and M = |./\/l| (217)
Result: Bandpass function, Zgp (1).

1) Compute &/BP [n], the DFT of Aygp.

2) Compute Qf or Q{; using (3.3.3).

)
)
g def 2 36
3) Define Ar[n] = —Aygp [n] = —Ay [n], wheren € Fgp (3.23).
)
)

W

Use spectral estimation to estimate Ar (k] [23].

5

Estimate 7 [k] = S°F | Ar [m] (up to an unknown constant), and compute

z [k] =7 [k] + yee [K].
6) Compute Ty (w) = Ts Y 4cq @ [k] e K5,
7) Estimate Zgp (¢) from 25 (w) using (2.5) and M from (3.24).

Corollary 2 (Fourier-Domain Recovery for AM Signals). If xgp € Bgp 5 a T-periodic
[function such that the side lobes of T are symmetric, i.e, T (w. +w) = T (wy —w),Vw €
[0, Qg /2], then xgp(t) can be recovered from K modulo samples folded at most M times via

Algorithm 4 if there exists Mam € N such that Qs = f?_;s = ‘;UM—J;‘;L and

47T(Q|_—M—1)

Qg < Qs <
B = 5= T(2MAM—1)

(3.29)

Proof. Justas in Corollary 1, Qs = (wy + wy) / (2Mam) guarantees perfect overlapping of
the spectral lobes. For recovery to work, we further require that Qg < {2s. Here, only the
outer set [Qf + 1, K — Qf; — 2| can be used and hence, we require that (K — 2Q{ —2) >
2M. Then, the RHS of (3.29) follows by substituting Q7 (3.3.3) (with M = 2Manm) and
K = (Qs7) /(27). [
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Bandpass Signal Reconstructed Signal

TBP (t) fgp(t)
Modulo Modulo Baseband Bandpass
Signal Samples Samples Samples
o ‘; > Recon. o [Freq y ~
% v ’ Algorithm| 7| Shift _ > BPF
yep(t) [Samelingl — ypgp (] z[k] Zp[k]
Acquisition Reconstruction

Figure 3.7: Modulo bandpass acquisition and reconstruction pipeline.

3.4 EXPERIMENTS

The theoretical results presented in Section 3.3 are validated in numerical experiments, and
the potential of the modulo undersampling technique is demonstrated via hardware exper-
iments, including the computational demodulation and the recovery of a bandpass signal

from its modulo samples.

3.4.1 NUMERICAL EXPERIMENTS

As the most practical use case, we consider the case of baseband relocation. In the experi-
ments, the bandwidth of the positive Fourier-domain coefficients is {2g = 7, and their com-
plex values are generated randomly so Zgp (w) = 100Uy + 71200y, Vw € [wy,wy], where
(Up,Uy) € (0,1) x (0,1) are sampled from a uniform distribution. The negative Fourier-
domain coefficients are the complex conjugate of the positive Fourier-domain coefficients.
The bandpass signal is normalized so ||xzgp||,, = 1. The experimental pipeline follows the
block diagram in Fig. 3.7. The modulo of the bandpass signal, ygp (t) is sampled at period
Ts for a time interval 7 to produce a sequence of X' = 7/T modulo samples ygp [k], and
the samples that are recovered by Algorithm 3 and Algorithm 4 are denoted by Z'gp [k] and

TER [k], respectively. Both algorithms recover the signal up to an additive constant of 2)\Z.
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Table 3.1: Hardware Experiments-Summary of Parameters and Performance

Exp. | Fig.No. Ts(ms) K 7(ms) wi(rad/s) wy(rad/s) p Aw  Qum(rad/s) Om(rad) wo(rad/s) Oc(rad) & (z,7)
0 Fig. 3.4 2.5 24 598 229 x 10° 2.73x10° 249 -2.502 219.91 1.147 251 x 103 -0.17 1.7 % 1073
1 Fig. 3.9 10 30 299 584.33 672.30  3.77  3.72 43.98 2.644 628.31 —0.93 71x1073
2 Fig. 3.10 2.5 24 598 229 x10° 2.73x10° 2.6 2.47 216 —1.57x 1072 25 x 10> —1.57 x 1072 4.26 x 1074

This factor is estimated from the ground-truth samples xgp [k], and the MSE between the

signals is measured and denoted by € (zgp, 83 ) and & (zgp, THR).

—e Time-Domain Recovery. The evaluation on this experiment is based on 1000 random
realizations of a bandpass signal zgp € Bsor51x) with A ~ U(0.05,0.1). According to
(2.19), the sampling period should satisfy Ts < T5Y = 1/ (1027e) ~ 1.1x1073. However,
according to Theorem 3.1 with M = 5, recovery is still possible for 0.080 < 75 < 0.085.
We set Ts = 0.080 to achieve baseband relocation in (3.16). The maximal reconstruction
error achieved by Algorithm 3 is € (pr, fg?,) = 8.54 x 10732, This verifies the validity of
Theorem 3.1, and shows a factor of 87e reduction in the required sampling period for band-
pass signals recovery. The modulo samples of zgp (¢) with A = 0.07 and the reconstruction

using Algorithm 3 with N = 3 are shown in Fig. 3.8.

—e Fourier-Domain Recovery. To test the utility of our numerical algorithm, 1000 random
realizations of the signal zgp € B(199r,200r) and A ~ U (0.02,0.1) were generated. The
maximum number of detected folds was M = 259. Without undersampling, recovery of
xgp using the US-FP algorithm requires a sampling period smaller than 4.4 x 1073. Based
on (3.24), we observe that with M/ = 2 the sampling period can be eased to 5.8 x 1073 <
Ts <10 x 1073. Weset Ts = 10 x 1073, which relocates the bandpass signal to a baseband
position (3.16). The maximal reconstruction error using Algorithm 4 is & (zgp, ZEp) =

6.39 x 10732,
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(a) Input Bandpass Signal

Bandpass Signal (Ground Truth)
0.5 Modulo Samples
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Time
01 (b) Undersampled Modulo Samples
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(c) Bandpass Signal Reconstruction Inset
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05k Reconstruction ’
' 0.1
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Time
Figure 3.8: Reconstruction of a bandpass signal with w. = 507, wy = 517 from its modulo samples at T =

8 x 1072, where A = 0.07, M = 5. Reconstruction with Algorithm 3 achieves & (pr, 5%,53) =2.06 x 10734,
3.4.2 HARDWARE EXPERIMENTS

Experimental Protocol. The results for non-ideal modulo architectures can be validated via
hardware experiments, by achieving computational demodulation and recovery of a bandpass

signal from its modulo samples. The input signal follows,
xgp (t) = Am (1 + cos (Qmt + Ou)) sin (wot + O¢) (3.30)
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where { Am, Q0m, Om } are the amplitude, frequency and phase of a message wave, and {wy, fc }
are the frequency and phase of a carrier wave. The minimal and maximal frequencies of the
bandpass signal in (3.30) are w. = wy — v and wy = wy + (v, respectively. In the
experimental prototype, the signal (3.30) is generated by a TTI-TG5011 function generator,
and then fed into the .#—~ADC and a 4-channel DS0-X 3024A oscilloscope that simultane-
ously samples the input and the output of the .# ~ADC to produce the ground-truth and the
modulo samples. The sampling and reconstruction pipeline follows Fig. 3.7. For validation

purposes, standard curve fitting techniques are used to estimate the parameters of (3.30).

ExPp. 1: RECONSTRUCTION FROM NON-IDEAL MODULO SAMPLES

To show demodulation and reconstruction using Algorithm 4, a signal with a period of 7 =
299 ms that obeys (3.30) with the parameters Ay = 3.72,Qy = 43.98 rad/s, Oy =
2.64,wp = 628.31 x 10° rad/s, and c = —0.93 x 1072 rad is generated. The signal
was fed into the ./ ~ADC with a threshold A ~ 2.01 £ 3/20, where +3/20 is a manually
adjustable design parameter, and then sampled at period 7s = 10 ms. The produced mod-
ulo samples y [k] have Q) = 3 and M = 4. As(3.30) is an AM signal, we validate that
Qs = 27w /Ts = 2007 rad/s satisfies (3.17) with May = 1 and also satisfies (3.29) since
Qg = 287 < 2007 < 2937. The conditions of Corollary 2 are satisfied so we can use Algo-

rithm 4 with input y [£], to produce the recovered samples 2" [k]. The error compared to

the sequence z [k] = z (kTs)is € (z,27") = 7.1x10~®, which verifies that ygp [k] ~ y []
when undersampled. We then use interpolation with sinc (€2st) to get 2" (t), and recover

Tep (t) = 7P (1) %Z?C). The corresponding signals are shown in Fig. 3.9.
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Experimental Measurements and Reconstruction

0 0.05 0.1 0.15 0.2 0.25

Time (s)

Modulo Samples —® Undersampled Modulo Samples = = Reconstruction

Signal (Ground Truth)

Figure 3.9: Reconstruction from experimental data using .# -ADC. The experimental parameters are in Table 3.1
(Exp. 1).

Bandpass Input Reconstruction from Generalized Modulo Measurements
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Figure 3.10: Reconstruction from experimental data using the generalized .# -ADC. The experimental parameters are
in Table 3.1 (Exp. 2).

Exp. 2: RECONSTRUCTION FROM GENERALIZED MODULO NONLINEARITY

The input is generated using (3.30) with Qy = 216 rad/s,wy = 2.5 x 10% rad /s, Oy =
Oc = —1.57 x 1072 rad, and Ay = 2.47. The generalized modulo nonlinearity param-
eters are A = 1.93,h = 0.88, leading to a ratio p = 2.6 between the input amplitude
and modulo threshold. The input is bandpass, satisfying {wi, wy} = {2.29,2.73} x 10°.

The input and output of the modulo were sampled with period 7s = 2.5 x 1073, which is
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more than double the Nyquist sampling period of T\s = 1.2 ms. This resulted in K = 24
samples. The input zgp (£), modulo output y (t) and output samples y [k] = y (¢) |i=x1y
are depicted in Fig. 3.10. The samples of the baseband signal « (t) |1, were subsequently
recovered using Algorithm 3 with threshold Aj,. The signal x (¢) is reconstructed via in-
terpolation with sinc (€2t), where 2 = %S The input xgp (t), recovered as Zgp (t) =

z (1) %, is depicted in Fig. 3.10. The error between the recovered input and ground

truthis € (IBP, %Bp) =4.26 x 1074

3.5 CONCLUSION

In this chapter, the Unlimited Sensing Framework was leveraged for high dynamic range
bandpass sampling. The proposed computational sensing-based solution demonstrates how
the distinct advantages of modulo folding architectures can be exploited in this context.

The first insight is that the structure of bandpass input signals can be exploited to establish
a unique mapping between bandpass signals and their modulo samples, even at sub-Nyquist
rates. Building on that, sampling conditions that guarantee signal recovery are derived. The
three folding architectures: ideal modulo, non-ideal modulo, and generalised modulo are ex-
amined to address practical considerations of modulo ADCs. Practical recovery algorithms
that achieve successful reconstruction at the specified rates, in both the time and frequency
domains, were derived as well. The numerical experiments validated the underlying theoreti-
cal findings. Taking a step closer to practice, hardware experiments further demonstrated the
advantages of the proposed approach.

Overall, this chapter highlights the potential of modulo folding architectures for undersampling-

based acquisition. While directly relevant to bandpass signals, the results also lay the ground-
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work for broader sampling architectures, such as multi-channel systems [73] and Sigma-

Delta ADCs [92], as well as more general signal models, in particular multiband signals.
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4

Unlimited Sensing of Multiband Signals
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4.1 INTRODUCTION AND CONTRIBUTIONS

Motivation Spectrum of a Multiband Signal

—O—

Multiband signals are characterised by spec-

tra consisting of multiple disjoint frequency 0 wo w1
bands, as illustrated in Fig. 4.1. They arise Figure 4.1: The spectrum of a multiband signal.
across a wide range of technologies, includ-

ing 5G, Wi-Fi, cognitive radio, radar, sonar, and hyperspectral imaging, where information
from several spectral bands is exploited [33, 34, 35, 36, 37, 38, 39].

When sampling multiband signals, a direct application of the Shannon sampling theorem
treats the signal as bandlimited to its total spectral span. This is often impractical: the re-
quired sampling rate is set by the overall bandwidth rather than the actually occupied sub-
bands, yielding prohibitively high demands on analog-to-digital converters (ADCs). Mathe-
matically, this excess reflects the penalty for ignoring the spectral gaps inherent in the Fourier
structure of multiband signals. Over the past decades, sub-Nyquist sampling strategies that
exploit these gaps have been developed in both classical and modern works [71, 97, 43, 41, 42]
and are summarised in Chapter 2.

Looking ahead, multiband signals are expected to play a central role in emerging applica-

tions:

e 6G communication, spanning RF, mmWave, visible-light, and terahertz bands, with dense
spectrum occupancy and heightened interference—particularly in MIMO ultra-wideband
systems [98].

e LiDAR- and radar-based autonomous systems, where robust operation under adverse
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conditions is critical for safety.

o Extended Reality (XR), where multiband protocols are essential to meeting stringent

latency, throughput, and reliability requirements [99].

Common to the above is the demand for both high dynamic range (HDR) and high digital
resolution (HDRes), which adds a further layer of complexity to sampling. ADC quantiza-
tion introduces a fundamental bottleneck: under a fixed bit budget [46], there is an inherent
trade-off between HDR and HDRes. Expanding the dynamic range prevents clipping of
strong signals but reduces resolution for weak ones, whereas increasing resolution improves
sensitivity to weak components at the risk of saturating strong ones. This trade-off, discussed

in Sections 2.1.1 and 2.1.2, is particularly acute in multiband scenarios for two reasons:

1. Coexistence of strong and weak components leads to the near—far problem [44, 45]. Con-
ventional solutions such as variable-gain amplifiers [17] struggle to accommodate both

simultaneously [18].

2. Sub-Nyquist methods typically demand high digital resolution. Low sampling rates in-
troduce noise folding, while insufficient bit depth severely compromises algorithmic re-

covery.

These considerations underscore the need for architectures that mitigate quantization lim-
itations. In this regard, the Unlimited Sensing Framework (USF) ofters a distinct advantage:
for a fixed bit budget, it increases the effective quantization resolution [24], thereby reduc-
ing reliance on excessive bit depth. This property makes USF-enabled sub-Nyquist schemes

especially promising for practical acquisition of multiband signals [78].
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Redundancy

Sub-Nyquist: Inversion of many-to-one mapping Unlimited Sensing: Inversion of many-to-one
requires signal structure mapping requires redundancy

Figure 4.2: Downsampling vs. oversampling through the lens of redundancy. Sub-Nyquist recovery inverts a many-

to-one mapping of frequencies by exploiting signal structure. In contrast, the Unlimited Sensing Framework inverts a
many-to-one mapping of amplitudes by exploiting measurement redundancy (typically via oversampling).

Unlimited Sensing of Multiband Signals. The challenge in sub-Nyquist USF for multi-
band signals arises from the conflicting requirements visualised in Fig. 4.2: while undersam-
pling is key to leveraging the multiband structure, redundancy, and in particular, oversam-
pling, is crucial for the inversion of the many-to-one modulo mapping in the USF.

In Chapter 3, we showed that despite their non-bandlimited nature, bandpass signals can
be effectively demodulated and acquired both theoretically and in practice using the .# —ADC.
This, together with insights regarding complex exponentials [ 78], serves as a first step towards
USF-based multiband sampling. Yet, the extension from bandpass signals is not immediate.

Here, we derive a new multiband acquisition strategy within the USF that enables stable
recovery under HDR, HDRes and sub-Nyquist constraints. By exploiting structural prop-
erties of multiband signals and tailoring the acquisition and recovery processes, we overcome

the limitations imposed by aliasing and modulo non-linearities.

Contributions. This chapter formulates and addresses the problem of HDR sampling and
recovery of multiband signals with modulo non-linearities at sub-Nyquist sampling rates.

The main contributions are:
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1) Recovery guarantees. We derive conditions for exact recovery of multiband signals
from folded (modulo) samples by leveraging effective bandwidth, tightening the
existing USF bandpass sampling result. We further establish below-Nyquist recov-
ery guarantees for a multiphase periodic-nonuniform USF pipeline with known

band locations

2) Algorithms. We presenta compact single-channel modulo-unfolding architecture
that is backwards-compatible with prior multiband frameworks and an integrated

USF-based recovery workflow across single- and multi-channel settings.

3) Numerical simulations and hardware experiments. We validate the theory and
methods in a single-channel setting, achieving up to 13 x dynamic-range improve-
ment with 7-bit measurements. Grounded in the multiphase theoretical frame-
work, collaborators’ experiments validate robustness under low-bit quantization

and reliability in challenging real-world scenarios.
Signal Model. The multiband signal model is (2.2),

P-1
z(t) = Z Wp(t)ejwpta supp (#p) € Daqy,
p=0

where @ is the sum of P baseband signals {gop};:ol of bandwidth 22, with respective mod-

- : P-1
ulation frequencies ¢ = {w,}, -

920



4.2 SINGLE-CHANNEL ACQUISITION AND RECOVERY

To reduce hardware complexity and mitigate challenges related to calibration and synchroni-
sation in multi-channel systems, we first adopt a single-channel design well-suited for com-
pact, resource-constrained systems. The proposed architecture is backwards compatible with
previous frameworks, such as hardware-demodulated radar systems, single-channel multi-

band sampling [65, 66], and multi-channel periodic nonuniform sampling methods [41, 97].

Problem Formulation. Given a multiband input signal , the acquisition pipeline is de-
scribed in Chapter 2.3.1 and Fig. 2.9, where the .#/~ADC hardware yields samples y [k] =

M\ (x (t))|t=k1y, k € Z. The corresponding inverse problem amounts to:

given y [k] = A\ (x (kTs)), recover the discrete samples z [k] . (4.1)

Solution Approach. Our recovery leverages the separation of modulo samples into their
smooth and non-smooth components based on the modulo decomposition property in [48]

(see also Theorem 2.4 in Chapter 2 of this work) , which gives
ylk] =x[k] —r[k], rl[k]€2)\Z, (4.2)

where  and 7 denote the multiband and residual parts, respectively.
Though smoothness can be measured via a digital derivative filter! A = {_1 1] , this

would be non-ideal for modulated signals. Therefore, we redefine the filter to accommodate

The filter A is used in the US-Alg unfolding method presented in [48] and in (Algorithm 1), to shrink the
amplitudes of 2-bandlimited signals for sufficiently small Ts.
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local carrier frequencies {wy };;_01, which achieves more precise shrinkage. To exemplify this,
consider P = 1 in (2.2) which results in bandpass signal, z(t) = ¢o(t)e 70", Using 1) =
{_1 eJWOTS] as an adaptation of A, The N-th order filter ¢V def ¥ * N1 is related to

AN A AN-T via,
YN [k] = AN [k]e7o*s -k =10,1,--- ,N +1]. (4.3)

Then,
(YN * x) [k] = e RIS (AN % 00)[K]. (4.4)

The advantage of defining the filter 1 is that the upper bound ||/ * x||_ is independent
of wy. According to [48], ||ANwol|., < (Ts%€)V||¢ol|., for Ts < 1/(2Qge). Hence,
we can find N such that |[¢)" * z||__ is arbitrarily small. The shrinkage of || x z||__ for
increasing V is exploited to isolate the samples 7 [k] in (4.2). Despite the conceptual similarity
to US-Alg in [48], the same technique cannot be applied because 1™V [k] & Z; a new recovery
strategy is needed to handle the non-integer nature of 7. In Section 4.2.1, we formalise the
filter ¢ for P > 1. Then, in Section 4.2.2, we introduce a recovery algorithm in the domain

defined by ¢,

4.2.1 THE PROPOSED FILTER

Before generalising the solution approach and presenting the recovery algorithm, we formu-
late the properties of the filter ¥, defined for a set of modulation frequencies {2c. We also
formalise its property to arbitrarily shrink the amplitudes of a multiband signal x for a choice

of Ts.
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Lemma 1. Ler x be defined in (2.2) with frequencies Qc © {wp}P_Ol, #Qc = P. Let

x [k] = z(t) Define

’t:kTs.

def

Voo = Yo x 1 x--Yp_1, U, &« [— ej“’PTS] ; (4.5)
and U Wo x WYL Let ||g]|. < max, ||| .. Then,
105, * 2| < P(Ts2" ' Qe)V||¢l | (4.6)
Proof. Let 3,[k] % o, [k] e7*75 and QX ¥ O\ {w,}. We will use the identity
(W * ) 6] = (R  [(AY % 0p) [m] 2] ) [4], (47)
which is proved by induction in Appendix A. Taking magnitudes in (4.7), we obtain:

”(\Pg * ‘Pp H\I/N

* @p” (4.8)

The filter coefficients are o [k] = (—1)*ag, , where we define ag,_ as the degree k elemen-

tary symmetric polynomial® in /> variables {e**'}  _, . For the N B order filter,

N-1

N _(_1\k vl;
Uoe b = (=13 v Ly acc' (4.9)
where the set V(N k) = {V e NV | ZZ v = k} consists of all length-/V vectors of
2For a set of variables ¢ = {z,}_, the elementary symmetric polynomial of degree k is alg =

ESQHN,#S:k ZiyZig " B
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non-negative integers whose elements sum to k. Therefore, we have

N(P-1)

ZZH

n=0 veV(N,k)

[v] i

Q[P

vl (vl
Using Vandermonde’s identity Y~ o (%) (,",) = ("7") and agi;] = (g[ic]f'l)’ where ()
denotes the binomial coefficient,
N(P-1) [p]
N#Q B
H‘I’ggl <) ( " C) = 2N, (4.10)
n=0

Plugging (4.10) and the bound ||AY x ¢, || from [48] in (4.8),
1o % @)l < 2™V (T50%e) I

Finally, from the linearity of convolution and summation over P terms, we obtain the final

N N ,~
bound [[U || < P||¥f *Gpl| . |
From Lemma 3, choosing Ts < 2’;(236 ensures that the amplitudes of x shrink as V in-

creases. It is valuable to investigate the result of Lemma 1 for particular signal classes.

Bandlimited case (P = 1). The condition Ts < 1/(2€2ge) matches [48], while the appli-

cability is extended to one-sided bandpass signals, as wy does not affect the sampling rate.

Bandpass Case (P = 2). For real-valued bandpass signals, we have Ts < 1/(4Qge). As T

is independent of wy, a new USF bandpass sampling condition can be deduced. We add the
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Unlimited Bandpass Sampling Theorem

300 P=1 P=2 P=3 P=4 P=5 P=l

v Nyquist Lower Bound

0 100 200 300 400 500 600 700 800
fu (Hz)

Figure 4.3: Achievable (white) and unachievable (red) sampling rates under the Unlimited Sensing Framework as a func-

tion of the maximum frequency fU. They differ from the conventional result [72] only by a lower bound, while allowing
high dynamic range recovery.

USF condition to the bandpass sampling formula in [72]:

P 1
Wo + Q|37 4936

m(P—1)

wo — OB

<Ts Smin{ }, PelZ. (4.11)

Shown in Fig. 4.3, the result is less restrictive compared to [94].

Multiband Case (P > 2). The condition Ts < 1/(27Qge) implies an exponential decrease
in Ts with P, but this is still often lower than Tys in practical cases, as it depends on the to-
tal bandwidth {Qg, P}, rather than modulation frequencies. Notably, it does not impose
constraints on inter-band spacing; therefore, it can be treated as an added constraint in algo-
rithmic approaches such as [65, 66] used in uniform multiband sampling, without requiring

reformulation or guard bands.
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4.2.2 RECOVERY ALGORITHM

Convolving both sides of (4.18) with the complex-valued filter> ¥~ € CF™+1 defined in
(4.5) gives
(TN xy) [k] = (TN x2) [k] — (TN =) [K]. (4.12)

Lemma 1 provides an upper bound on || ¥ x z||__ under the specified conditions. Then,
the following unfolding algorithm can recover x [k] from modulo samples y [k].
Theorem 4.1 [Multiband Recovery from Uniform Samples]
Let © be defined in (2.2) with frequencies Q¢ o {wp}ll:ol, #Qc = P. Moreover, let
y [k], k € Z denote its modulo samples at period Ts and ko € 7 denote the index of the
forst modulo fold. Let § € {z € 2\Z : z > ||o|| }- If ko> NP+ 1, and

(4.13)

Ts <1/ (2P_1§236), N > FOg (A) —log (PB)—‘ 7

log (Ts P2P~1Qge)
then the samples v (K] = |i—k1, can be recovered from y k).
Proof. We show a constructive proof for reconstructing z k|, Vk € Z, considering: 1.k < ky

1) k < ko: The modulo signal has no folds so z [k] = y [k].

2) k = ko: Compute the filter ¥ using (4.5) with Qc*. Apply it to get (4.12) and then apply

3To relax the notation, the subscript {2 is omitted.
*For Ts > Ts (undersampling), then Q¢ = {w mod Qs : w € Qc}.
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A(+) on both sides to get
MY 5 y) = MM 5 7)) — (I 5 7).
From Lemma 3, Ts and N satisfying (4.13) yield,
O % z]| < P(Ts2 "V Qge)V |||, < A (4.14)

For the residual component, note that r [k] = O forall k € [ky — 2NP, ko). Define
k = ko — NP, then:

(% +r) [E] - Zmﬁ%J " [E _p] v [p]

= 1 [ko) UV [-NP]. (4.15)

Since WY is known, we can normalize it such that UV [~ N P] = 1. Because r [k] €
2A\Z we have A (U™ * 1) [E} ) = A\(r [ko]) = 0. Combining with (4.14), we get
MN((UN % y) [E]) = (U xx) [E] Hence,

r ko) = A4 (U 5 ) [F]) = (2% ) [k (4.16)
and the recovered sample is = [ko] = y [ko] + 7 [ko)-

k > ko: Given 7 [k], define the corrected signal y*0) o (y + 7 [ko] 6 [m — ko). The
first fold in y*0) occurs at k > k. Thus, applying step 2) recursively to y*0) | with
k=ky— NP +1, yields r [ko + 1]. Repeating steps 2) and 3) results in z [£]. [
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Algorithm 5: Unlimited Sampling of Multiband Signals (Single-Channel)
Input: y, Q0c, A, N (computed in (4.13)).
Result: z, unfolded amplitudes of a multiband signal.

1) Compute the FIR filter UV of length N P + 1 using (4.5).
2) Normalize UV [k] < W [k] /(U [— [5E]]).
)

— UV xy.

4) Fork <2NP,setx k] = y[k],y&fm = y\(Ij{)-

5) Fork > 2N P, perform:
2 lK] = y[k] + A6((45)) b = NP) = o [k — NP,

g ) 4 (@ (K] =y [K]) (O %6 [m — K]).

)
)
3) Initialize y{
)
)

Starting from the modulo samples of a multiband signal &, Algorithm 3 recovers the under-
sampled sequence® . If Ts is also an “alias-free rate” [71], recovery of z is possible. Starting
with the modulo samples of a multiband signal z (¢), Algorithm S provides the undersam-
pled sequence z. In the cases where 75 is also an alias-free rate of the spectral support, or for

systems based on multiple uniform samplers [41, 10], recovery of z (¢) is possible.

4.2.3 EXPERIMENTAL VALIDATION

Performance. We numerically validate our method over 621 random realizations with P =
6 bands of width fg = 400 Hz, generated per [42]. The modulation frequencies randomly
span from fg to % — fg. Signals are sampled at Ts = 2.5 x 1077 s, satisfying (4.13),

with a modulo threshold A = 0.01 = ”:f(‘)lg" . All recoveries achieve machine-precision MSE.

Fig. 4.4 illustrates the diversity of the spectrum that can be handled.

>The condition on ky is discussed in [77].
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Figure 4.4: Reconstruction of a multiband signal. Left: numerical experiment. The sampling rate approaches the Nyquist
rate of the multiband signal. Right: reconstruction from 7-bit quantized samples collected via hardware. The dynamic
range improvement is 13.7 X, and the reconstruction MSE is 2.7 X 1073. As shown (yellow ink), recovery using US-
Alg for the given sampling rate T fails.
Stability. To empirically test the noise sensitivity of the proposed algorithm, we fix fc =
{£9.7,£15.5,+23.5} kHz with f; = 20 kHz and set the dynamic range gain to ~ 6.6 x.
We add gradually increasing white Gaussian noise 1) to the modulo samples from level 50 to

5 dB. The filter order is chosen such that || * (x + 7) < A for each noise level. The

oo

average MSE over 200 experiments is plotted versus SNR in Fig. 4.5, showing low MSE up

to a noise level of 15 dB.

Hardware Experiment. We validate our algorithm via hardware experiments. The multi-
band signal x is parametrized by fc = {25.64,79.77,182.34} and fg = 22.04 Hz, and
is digitised with 7-bit resolution, as in [100]. The maximum amplitude is ||z|| = 5.91 =
13.7 A with modulo threshold A = 0.43. The choice of sampling period Ts = 1.3x 107 s ~

0.5Tns compensates for quantization noise and distortion. Reconstruction results are shown
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Figure 4.5: Reconstruction performance under additive white Gaussian noise. The proposed algorithm maintains stable
recovery down to 20 dB.

in Fig. 4.4, achieving an MSE of 2.7 x 10~ while US-Alg [48] fails under the same setting.

4.3 MULTIPHASE ACQUISITION AND RECOVERY

The term multiphase refers to a periodic nonuniform sampling pattern obtained by sampling
the waveform at several known temporal phases. In practice, this work implements this pattern
using multiple time-delayed acquisition branches; These branches should not be interpreted as
independent signal channels.

The deployment of the single-channel method presented in Chapter 4.2 would either re-
quire additional demodulation hardware [69, 9], or satisfying a set of constraints that can be
challenging to meet at sub-Nyquist sampling rates [65].

Another route to introduce redundancy at sub-Nyquist rates (Fig. 4.2) is to sample the
same modulo-folded waveform at several known temporal phases. This leads to a multiphase
sampling architecture: each phase is sampled uniformly with period 75, while the collection
of phases forms a denser nonuniform sampling pattern over one period. The redundancy re-
quired for modulo unfolding is therefore obtained across the phase/delay index. This design

is closely related to the classical multi-coset architecture for multiband sampling, grounded
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(a) MultiBand Signal and Spatiotemporal Samples

Multiband Signal z(t)

Sampling period Ts

T (b) USF-Multiband Acquisition Pipeline
g

&

Ts :

Modulo Signal . (x(t))
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CTy T
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Figure 4.6: Multiphase Unlimited Sensing Framework sampling architecture. The high-dynamic-range input signal x (t)
is being folded in the analog-domain, yielding the low-dynamic-range signal .# ((t)) as shown in (a). Subsequently,
the folded signal ./ (m(t)) is sampled pointwise at period T5 through multiple channels with time-delays T§.

in Landau’s density criterion [7, 101] and periodic nonuniform sampling (see Chapter 2.2.3),

and it retains the simplicity and efficiency reported in [9].

Forward Model. We consider the multiband signal model (2.2), where 2(¢) € R. To de-

scribe multiphase modulo sampling, we introduce the spatiotemporal sampling model

Yy [Ca k] - %A(Zﬂ(t + S))|t:kTs,$:ch7 ke Z7 cE I[Ca (417)
where Ts, Ty € RT and we assume Ts < ﬁ. Here, c is the phase index, which in practical
implementation is referred to as the channel. Vectorization of the two-dimensional sequence
(4.17) yields a periodic, nonuniform sampling pattern, so the model is compatible with tech-

niques such as multi-coset sampling and can be implemented as a time-delayed multi-channel

architecture. This is illustrated in Fig. 4.6.
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Solution Approach. The parameters {75, Ty} in (4.17) control the sampling density along
the temporal and spatial indices £ and ¢, respectively. Considering a sub-Nyquist setup where
Ts > Tis [40], the condition (2.19) is not satisfied along the index k°. Therefore, applying
a finite differences operator along the temporal dimension of z in the spirit of US-Alg would
not result in amplitude shrinkage. On the other hand, the parameter 7§ in (4.17) can be
set to yield amplitude shrinkage and make the value || Az, z|| _ arbitrarily small, where A7,
denote the finite difference operator along the spatial dimension, even when 75 is relatively
large. This idea extends the principle used in [102], which is described in Chapter 5.2.

To see this approach in action, we begin with the modulo decomposition (4.18), followed

by the application of the IV th order operator A]\g ,
yle, k] =xlc k] —rle, k] = Afy = A} (z — 7). (4.18)

For a suitable choice of {Ty, N}, we have #\(A},y) = A} x. Despite the similarity to
the case of bandlimited inputs, our approach recovers x directly from Aé\fd 2. This avoids the
ambiguity caused by anti-difference operations used in [48, 23, 26], where  is recovered by
inverting A% 7. The solution steps are detailed below.

RECOVERY GUARANTEES

To separate A% x and A% 7 in (4.18), the following bound will be used.

Lemma 2. Let x(t) = Z;]::_ol ep(t)e?, supp (§p) € Dagg, [l¢ll,, = maxy [[wpll

®See proof of Lemma 2 in [48] and its following discussion.
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wy ¥ max {wp};:ol. Moreover, let x[k] = x(t)|i=rr, k € Z, and T < . Then,

N
w
8%l < P (5 +1) (e ligl (519

Proof. Define @, [k] = ¢, (t) €*?'|;_j1,. We prove via induction that A" &, satisfies,

N

n

[AYG], = errthe Z hy [n] [A"@ply iy hav [0 £ (

)

(4.20)

Base N =1

[A&p]k = [‘Pp]kﬂ eer (DT Pkl — gronkT ((ejpr - 1) [Spp]kﬂ + [ASO]k)

= kT (Pa[0] [0p)sr + Pa 1] [Aeply) -

- [@p]k €

Assume (4.20) holds for N — 1. Prove for N:

[ANﬁp}k = [A (AN_I@ZJ)} [AN 1901?} k1 [AN_I‘EP}

L
Using the induction assumption,
N-1
N—-1~ JwpT' JwpkT
(AT G ]y, =€ ZhN ] (A plk g1 g €
n=0
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and similarly for the term [AN 1oy } Combining the terms,

[AN‘PP = Mt Z hy-i[n] ([A Cplisnn et — [An‘zﬁp]HNan) (4.21)

— plopkT Z hn_1[n] <[A”cpp]k+N,n hi[0] + [A™ e, ] kA N—n—1 h1[1]) :

Splitting the sum and using a change of variables n = n + 1,

[AYG,],, = e (i hav—1[n]ha [0] [A“%]HN”>

+ Z hy-1[n — 1 [1] [AT,] k+N—ﬁ>
= eMrhT Z (hy-a[A]ha[0] + By o[ — 1R [1]) [AT ] kit N—7

n=0

with the convention Ay_1[—1] = hy_1[N] = 0. Using the binomial recursion

i (Yo (5 (3 e

n
N -1 » . N -1\, .
_ JjwpT 1 jwpT 1 N—-1-n jwpT 1 N—-1—(n-1)
(Ve = et e (U7 e )

= hy_1[n] (€T — 1)+ hy_1[n — 1] = hy_1[n] hi[0] + hy_1[n — 1] Ry[1],

we get (4.20) and the induction is complete.

As shown in [48], for bandlimited functions we have [|A"g,||_ < (TQe)". To upper
T _1 )} =2 sm< ZT>‘ < w,T. This

bound (4.20), we use this result along with } (eJ“’P
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yields:

[ANG] <D 1 0] [[A™p] syl

n=0
N
N w N—n n
gz(n (™ — 1) (1) (|l
n=0
N
N —n n
:Z(n (D) (TQ8)" Il
n=0
N
= (@ (1+22)) " eyl

The final result follows from the triangle inequality

P-1
1A%l <D NAYG ], < Pmax (|AYG.,) -
p=0

Our result is backwards-compatible with the known USF result for the bandlimited class,
as can be verified by setting P = 1, and wy = 0, yielding the bound in [20], as expected.

The upper bound in Lemma 2, given by 4.19, depends on the maximum frequency of the
multiband signal, wy. This limitation comes from not fully exploiting the signal’s Fourier
structure. In Section 4.2, we replace the difference filter A with a frequency-aware filter ¥

that leverages this structure, yielding an upper bound that is independent of wy.

Exact Multiband Recovery via Sub-Nyquist USF. The upper bound in Lemma 2 can be

applied along the spatial dimension of our USF-MC architecture, with respect to the delay Tj.
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For x[c, k] in (4.18) we have,

N
w
a5l < P (G 1) (Taeste) el (4.2
BE
Therefore, by choosing sufficiently small Ty we “oversample” x along its spatial dimension,

which leads to the LHS of (4.22) being arbitrarily small. The exact recovery of z (t) from

y [c, k] is then achievable under the conditions in the next theorem.

Theorem 4.2 [Exact Multiband Recovery]

o w ~
Lera(t) = 3, 0 ¢p(t)er", where supp (8y) € Dagg, |9l = maxy ||yl

wu ¥ max {wp}fz_ol, and x(t) € R Letyle, k], ¢ € Lo, k € 7Z be its modulo
samples obtained by the model (4.17) with Ts = LTy, where L is prime and T (w) = 0,

Viw| < 7. 1

1 log A — log P
T, < jvz[og og Pl

, ., C=P+N, 423
wy + QB€ log Td (CL)U + QB€> —‘ ( )

Then x (t) can be perfectly recovered.

Proof. LetXy,yr € R be the vectors with elements [x1], = x[c, k], and [yi]. = v [c, k],
respectively, corresponding to C' samples at rate Ty. From (4.18), ANy, = ANx;, — ANry,

where ry, dof X, — Y. The choice of Ty < guarantees that Ty (wy + Qge) < 1.

S S
wy+2ge

Therefore, the amplitudes of x;, shrink with the filter order /V based on Lemma 2. For N

that satisfies (4.23), the upper bound on z leads to
AN <A = (A yy) = AVx, (4.24)

106



because [AN I‘k] . € 2M\Z, Ve € Io-n. The principle in (4.24) is then applied for every vec-

tor of ¢ samples, indexed by k. Let X, Y be the concatenation of vectors Xy, y, respectively:

X < [XO X - Xk...], Yy & [yo yi oo oyl KEZ. (425

By applying finite differences along the columns of Y, followed by the modulo operator, we

compose the matrix Y
~ def | _ _ — C—N —  def N
Y = {YO Y. o Yoo } , YL€R v Y = «///\(A yk), keZ. (4.26)

Based on (4.24), we write Y = A% X, where the subscript T§ is used to denote that the

operator is column-wise. The discrete-time Fourier transform (DTFT) along the rows of Y
T

yields the vectory (w) = {’y\o (W) 7y (w) -+ Fo_nw)| »where 7. : R — Cisthe

DTFT function and it satisfies,

T (w) €[V, e (4.27)

I
|
Nt
P
—
=
~
>
[
T
=
o
.\
£
ol
&
I
>
2
<)
£

-
and X (w) = {3}0 (W) #1(w) -+ Too (w)} . In words, at any fixed w, the DTFT
function 7, (w) is equal to the finite differences of the DTFT functions computed from the

original channels {z[c, k]}'. The DTFT functions 7. (w) are related to the multiband
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signal x(t) via

T c <
Te(w)= 2D Xy e DB =T Y R (w—10s) e ML, (428)

k€ I€Z
and similarly to (2.7), over the interval [0, 2€2s) the finite bandwidth of = implies that

L—1
Be(w)=T5) T(w—19)e "L, we0,205). (4.29)

Using this,

L1 N /N cti
=Ts Y 7(w—I9Qs) Z(—l)N‘Z( Z, >e_32”lT
=0 =0
L-1 c I N
=T5) 7 (w—I0s)e "L (592“3 — 1) : (4.30)

N
c l
Leth; € CON with [hy], = ¢ ™1 (G_J%L — 1) , using a vector-matrix notation

¥ (w) = HX(w), where (4.31)
[ P
H < hy hy hLl} , X(w) « #lw—1)
_/x\ (w—(L— 1)95)_

108



Since the spectrum of x is composed of 2P passbands of width 2{2g < (s, we have that
T (w — s) # 0 only for a subset of I ;. This subset is called the diversity set of T(w) and
defined as [42]

def

SEJSs, So={l€0,L—1]:[X(w)], #0}. (4.32)

w

This reflects that only |S| < 2P sub-intervals out of L are occupied. Therefore, (4.31) can
become,

¥ (w) = H%s(w), (4.33)

where columns of H and the rows of X(w) are restricted to the set S. The matrix H can be
written as the product
-

2T N 2m(L—1) N
HzV{O (e_]f—l) (G_J L —1) } )

where V € C(E-N)xL g composed from the first C' — N rows of an L x L discrete Fourier

transform matrix. As discussed in [43], this matrix has a full row rank whenever (C'— N) >
|S|. If0 ¢ S, then HS has full row rank as well. Compute the left pseudo-inverse Hg and
apply on both sides of (4.33),

HLY () = Xs(w). (4.34)
Then, x(t) is obtained from Xs(w) as in [40]. |

In Theorem 4.2, for a fixed time delay satisfying (4.23), greater channel redundancy (C'rela-
tive to P) allows a higher finite-difference order N, which in turn accelerates amplitude decay.

Conversely, by adjusting Ty the required number of additional channels can be reduced to
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Algorithm 6: Unlimited Sensing for Multiband Signals (Multiphase)

Input: y [c, k] ,c € I¢, k € Z, Qp, Qc = {wp};D:_Ol,N.
Result: Fourier samples of a multiband signal .

1) Letyr € RY, [yx], = ylc, kl,and Y of [yo yi o Y- ] defined in (4.25).
Compute the finite differences along the columns, denoted AN Y.

2) Apply .#(-)to the elements of AY Y, giving Y o MN(AYY) = AY X from (4.26).

3) Compute the DTFT along the rows of Y, giving the functions 7. (w) in (4.27).

<

N
!
4) Leth; € CON with [hy], = e "L <6127rf — 1) . Construct H in (4.31).

5) Construct the diversity set S = {50, 51, - - - , Sps} in (4.32), restrict the columns of H
to the set S as in (4.33). Then, compute HL.

6) LetX (w) : RY — CL, with functions

= R
X (w)], = { [Hsy (W)L’ =8€5 (=0,...,L—1. (4.35)
0, ifrg s,

7) Compute z [k] = IDTFT (X (w)).

N = P + 1, when Ty satisfies || A7, X|| . < A. This demonstrates that by processing along
both signal dimensions, we can achieve HDR reconstruction with minimal overhead on the
sampling architecture.

Furthermore, the proposed method, as summarised in Algorithm 6, reconstructs the multi-
band samples directly from their finite differences, eliminating the need for a minimal num-
ber of samples in the vicinity of the unfolded value, as required by other local reconstruction

techniques in the USF.
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RoBUST RECOVERY ON FINITE INTERVALS

The solution approach and mathematical guarantees derived in the previous section highlight
the benefits of spatiotemporal processing for USF-Multiband. However, the key hypothesis
rle, k] € 2\Z forall ¢ € I, k € Z is challenging to satisfy in practice. Violations of this
may compromise the HDR capability and recovery precision of the method. In particular,

hardware experiments reveal the following challenges:

e Measurement Noise. System and quantization noise can be amplified by the nonlinear

filter (4.24), destabilising it and distorting recovery.

e Hardware Imperfections. Non-ideal analog folding can produce off-grid folds k] ¢

2)\Z , causing spikes and degrading multiband reconstruction accuracy.

Problem Formulation. Considering the above factors, the model (4.18) becomes

U le k] = x e, k] — r e, k] +nle k], (4.36)

where ) [¢, k] accounts for noise and hardware imperfections. As noted, applying Algorithm
6 directly to the noisy modulo measurements ¥, [c, k] may fail under these conditions. To
improve robustness, an optimization-based recovery algorithm has been proposed. Consider
the first K columns of the matrix Y, defined in (4.25). Applying the first-order finite differ-

ences (N=1) along the columns, we get

Y. =Xp — T, keI,
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where X, Tj, are the corresponding first-order differences of the multiband and the residual

samples, respectively. The problem to be solved is to find estimates for X, and T, via
min ||y, — (X — Tk)”?g, forafixed k € Ig. (4.37)
Xk Lk

To relax the ill-posedness, priors reflecting the signal model are utilised. The smoothness of

x is exploited by approximating its samples with a modulated polynomial model, that is

v
L

Xil, ~ Y H(c [ai],)e™r e, (4.38)

i
o

where H(t; 7) is a polynomial at variable ¢, and its coefficients are the elements of the vector

T € CP. The error [ik]c — EP_I H(c; [qk]p)ejprdc

=0 can be bounded on a finite interval

of length (C' — 1)T4, and it decays rapidly w.r.t. the polynomial order. For r, we exploit the

sparsity of Ty, that is [23],
Mj,—1
Tl = > lowl,, 6lc—[Bil,), lowl, € 20Z,  [Bil,, € To-y, (4.39)

m=0

where {[ag], ., [Bk],, i‘:{i , are pairs of the amplitudes and folding instants, respectively, and

d [k] is the Dirac delta function. Adding the priors (4.38) and (4.39) to (4.37) we arrive at
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the optimization problem

v
—

min [y, — (X — Te) |72, st Kel, = Y Hlc [l e ™, (4.40)
k0K, Bk s
My —1
[T], = Z (], 0lc— (B, lowl, €2M\Z, [Bkl,, € le—1.
m=0

Solution Strategy. The constrained problem (4.40) is non-convex and challenging to solve.
To address this, we decompose the problem into two tractable sub-problems and solve them

by alternating minimisation:
1. In P1, we retrieve o, 3;, using sparse approximation.

2. In P2, we fit the modulated polynomial model (4.38) to the estimate of X

Sub-problem P1. Assuming that X}, is known, we estimate I'j, by minimizing,

~ 2 ~
(P].) min T, — T} , S.t T, =X, — ?k
ak,Bk 22
My—1
T, = Y lewl, 0le— (B, [owl, €202, [Byl,, € Lo, (4.41)
m=0

which is a non-convex problem. To find the solution to (4.41), we leverage the following

continuous-time, sparse parametrisation as the ratio of two polynomials [49]:

], = —Pk( KC*JC) e € P ) [CCfl}c = /e,

Qk([CC’—l]c)7 Qr € Puy,

(4.42)

The roots of Q;, uniquely determine the spike locations 3}, as Qi ([ug),,,) = 0 <= [ui],, =
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/27 Bilm/(€=1) 'm € Ty, . Consequently, (4.41) can be equivalently re-formulated as,

(4.43)

The numerator Py, can be found exactly by solving a linear system of equations, as soon as the
denominator Qy, is known. Hence, (4.43) can be considered as minimizing on Qi alone. Still
(4.43) is non-convex, it is solved iteratively, where we construct a collection of estimates for
Qi and choose the one that leads to the minimal mean-squared error on the measurements

y via (4.43).

Sub-problem P2. With r known, finding q, boils down to a linearly constrained quadratic

minimization problem, which is formulated as,

i

(P2)  min [X—x[p, st X=y+r, Kl =) Hielal,)e™ ™ (444)
p

I
o

The procedure of solving the sub-problems P1 and P2 is carried out iteratively, ultimately
yielding C'— 1 unfolded estimates of the vector Xy fora given k. By repeatingitforall k € I,

we get the first K columns of the matrix X in (4.25).

Interpolation. By following the logic as steps 3)-7) in Algorithm 6 while operating in the dis-
crete Fourier domain rather than the discrete-time Fourier domain, the sequence z (t) |k,

is recovered on the dense grid ¢ = kT4, for k € Igy.
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Figure 4.7: .# -ADC hardware prototype. The testbed is designed such that experimental parameters, including the
sampling step T, time delay Ty, and threshold \, are tunable.

HARDWARE EXPERIMENTS

The translation of theory into practice was evaluated by assessing the algorithmic perfor-

mance under synthetic noise (see [100]) and real hardware experiments.

Experimental Protocol. The analog, HDR signal x is fed to the USF-MC hardware, as de-
picted in Fig. 4.7. The original HDR input as ground truth and .# —~ADC outputs are simul-
taneously recorded on the PicoScope 3406D oscilloscope at 8 bits and 4 bits resolution, re-
spectively. The performance of the method is compared with that of the conventional multi-

channel pipeline[42], using the same 4 bits quantization as the .# —~ADC.

Weak-Strong Mixtures. The coexistence of weak and strong targets in multiband sensing is
a long-standing challenge: reliable recovery must deliver both HDR and HDRes. In the
experiment, the ratio between the dynamic range of the two signal components is set to:
llesllo/ll¢2llo, = 100, as shown in Fig. 4.8(c). As shown in Fig. 4.8(b—c), the conven-
tional method misses the weak component, whereas the proposed algorithm reconstructs
both components with MSE &~ 10~ using as few as 4- bit quantization. Both the strong

and weak signal components match the 8-bit ground truth data.
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(a) Multiband Signal: 6 Bands and Bandwidth 40 Hz (c) Fourier Spectrum: Enhanced Noise Floor
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Figure 4.8: Hardware experiment: weak-strong mixtures (||z|| ., = 13.64\). (a) Input signal and measurements. (b)
Signal reconstruction. (c) Recovered spectrum. (d) Recovered weak signal components. The input signal x consists of

6 bands ({p; }3_,), with a DR ratio of ||| . /[|¢2]| . = 100. Under 5 bits quantization, a conventional ADC
avoids clipping 3 but fails to capture 2 due to coarse quantization step (= 0.56), which far exceeds the DR of (2,
as shown in (d). In contrast, the proposed method precisely recovers both strong and weak components using a reduced
quantization budget of 4 bits.

Spectral Super-Resolution. In practice, noise limits how closely spaced spectral bands can
be separated. In a band super-resolution experiment, a case with bands only 4.46 Hz apart
is evaluated. The input dynamic range is 15.71x the ADC’s dynamic range, and sampling

is performed with a downsampling factor of 9.44, and ~ 4—bit quantization. Despite these

constraints, the proposed method achieves a recovery with MSE 2.06 x 1072

Dense Spectrum Sensing. Considering a spectral support where the number of bands is
large, and band separation is small, the inputsignal in this experimenthas K = 16 bands with
separation of 51.24 Hz, covering the spectrum from 46.33 Hz to 663.24 Hz. In this setup,
the USF-MC attains 7.61 X dynamic range extension and 36.95x downsampling, using a 4.25-
bit quantization budget, which pushes the algorithm’s stability and robustness limits. The
precise signal reconstruction with an MSE ~ 1072 together with the low sampling rate and
bit budget demonstrates the potential of the USF-MC pipeline to expand the sensing capability

for multiband signal detection.
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Multiband Separation from a Strong Tone. The presence of a strong jamming signal
within the multiband signal spectrum is a known issue in RF communications. Conven-
tionally, this requires designated hardware or expansion of the ADC’s dynamic range, which
leads to coarser quantization. Due to the amplitude folding, the USF can accommodate such
interference even at an unknown frequency. To test this, the signal in the designed exper-
iment has a strong tone with an unknown frequency around 100 Hz, present within the
multiband spectrum. We set A = 0.66 and fs = 40.21 Hz, leading to 15.47-fold dynamic
range extension and a downsampling factor of 9.84. In the presence of measurement noise
and folding non-idealities, the method accurately separates the multiband signal and the tone

using only 3 bits, matching the result from high-resolution (8 bits) ground truth.

4.4 CONCLUSION

In this chapter, the Unlimited Sensing Framework (USF) was extended to multiband acqui-
sition under high dynamic range and high digital resolution constraints. We demonstrated
how the spectral structure of multiband signals can be coupled with modulo folding to en-
able stable recovery at sub-Nyquist rates, without incurring the prohibitive bit-depth require-
ments typically associated with classical sub-Nyquist methods. Building on this perspective,
we introduced recovery guarantees, algorithms, and validations that together form a practical
USF-Multiband pipeline.

The firstinsightis that exploiting the Fourier structure of multiband signals is possible even
within the Unlimited Sensing Framework. This leads to the recovery guarantee for uniform
sampling, which decouples the required sampling rate from the maximum carrier frequency

and ties it to the occupied spectrum alone. To translate this into practice, we derived a single-
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channel algorithm operating directly on frequency-aware differences.

To address spectral aliasing and practical nonidealities, including noise, quantization, and
non-ideal modulo behaviour, we introduce a multiphase sampling approache. Carefully cho-
sen phases (as time-delays) create spatial redundancy, enabling effective modulo unfolding
while maintaining sub-Nyquist rates. The unfolded channels are then combined in a high-
order difference domain to cancel aliasing effects. We emphasise that a multiphase model
is not the most general multichannel form. A genuinely multichannel USF model, involv-
ing distinct input channels and possible inter-channel dependencies, remains an interesting
direction for future work.

Finally, we instantiate a practical, quantization-aware reconstruction algorithm that is ro-
bust to common non-idealities. In hardware tests, the algorithm reconstructs weak and strong
signal components, operates reliably on densely occupied spectra, and achieves spectral super-

resolution while maintaining sub-Nyquist sampling rates.
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5.1 HDR-ToF: HDR TiME-0F-FLIGHT IMAGING VIA MODULO ACQUISITION

5s..0 MOTIVATION AND CONTRIBUTIONS

Continuous-wave Time-of-Flight (CW-ToF) imaging is a compact and efficient consumer-
grade 3D imaging technology [103, 104, 105, 106, 19, 107, 108]. The dynamic range bot-
tleneck of conventional ADCs limits the ability to recover both the amplitude and phase
parameters when signals of the form in (5.1) are sampled. This raises an issue, because with
the widespread applications of 3D imaging in areas such as robotics, surveillance, remote
sensing [109], scientific imaging, and autonomous navigation [110], reliability and stability
are required; hence, the development of 3D HDR imaging solutions. While pure algorith-
mic solutions [111, 112, 113] lack guarantees for errorless recovery, other solutions based
on advanced hardware design [114, 115], are often complex and impractical for off-the-shelf
products.

Mathematically, the signals that are utilised in CW-ToF systems belong to the class of single-
tone signals st (1) = Ae’“0'+9 This can be derived by setting P = 1 and ¢(t) = Ae?,
A e R,0 € [0,2m) in (2.2). We consider real-valued signals corresponding to P = 2 and

Qco = —Qc so the mathematical model becomes

2|

zsT (1) = (eJ(wot—l-@) + e—J(wot+0)) = cos (wot + 6). (5.1)

Using a .#/ —ADC can prevent saturation, but sampling of signals of the form (5.1) based
on the bandlimited model (Theorem 2.5) is sub-optimal as it requires samples on the real line
and does not leverage the parametric structure of (5.1). The sum-of-sines model considered

in [81] is a related problem; however, the technique requires unfolding of the modulo signals,
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which necessitates a suboptimal sampling rate and number of measurements.
This work develops a USF-based acquisition technique for single-shot HDR ToF imaging

that operates at a moderate oversampling factor. The main contributions are:

1) Novel architecture for HDR ToF imaging. The proposed camera utilises modulo
non-linearity in the acquisition stage. The inverse problem of recovering the ToF

image from folded measurements is formulated.

2) Samplingdensity criterion. A mathematical guarantee for ToF recovery from mod-
ulo samples is derived, showing a factor of 22 reduction compared to the USF

Theorem 2.5.

3) Recovery algorithm. The proposed algorithmic procedure directly recovers a 3D
image from finitely many modulo ToF samples without the requirement for inver-

sion or unfolding of modulo samples.

5..2 HDR CW-ToF IMAGING via UNLIMITED SENSING

Conventional CW-ToF imaging is based on lock-in sensor-based homodyne detection [106].
Depth imaging is accomplished by probing the scene with a sinusoidal illumination (hence
CW-ToF). This strategy is the workhorse of ToF systems such as the Microsoft Kinect [106]
and photonic mixer devices [116]. Mathematically, the scene is illuminated with a probing
signal p (t) = 1 4 pocos (wot), po < 1 where wy is the modulation frequency, typically
in MHz. The interaction of p (t) with the scene hy (t) results in the back-scattered signal
¢ (t) = (p* hy) (t). Let P (t) = p (—t). The amplitude at the scene point and the distance

from the sensor are encoded in the signal ¢, (¢), illustrated in Fig. 5.1. The lock-in sensor
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Figure 5.1: An illustration of the probing and the back-scattered waveforms in a continuous wave time-of-flight sensor.

cross-correlates gy (t) with p (¢) resulting in the ToF measurements (¢, * p) that simplify to,

my (t) =T, (1 + % cos (wot + «91.)) 0 = wory € 10,27, (5.2)

where the phase 0, encodes the depth information. The parameters {I', 7 = 2z/c}, where
¢ is the velocity of light, are efficiently recovered from the samples of m, (t) via the “Four

Bucket Method” [106, 116] summarised below.

Four Bucket Method (FBM)

1. Starting with 4 measurements, m,. [k] = m, (%), k € 0,3],

my [0] my [1] 2+ ptcos (6;) 2 — p3sin (6,)

Iy
=5 (5.3)
my [2] my [3] 2 — picos(0r) 2+ p3sin(6,)
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Figure 5.2: The sampling pipeline of: (Upper) a conventional continuous-wave time-of-flight sensor, and (Lower) our
proposed HDR-ToF system

2. a complex-valued phasor is constructed from m, [k] € R,

Cr def (mr [0] — My [2]) +7 (mr [3] — My [1]) = \pgrreﬂwo% (54)

N N J/

' '

P2l cos(6r) pelr sin(6r) ToF Phasor

3. the albedo and depth are estimated via I = || /p2and 2 = (¢/2wp) Zer, respec-

tively.

Problem Formulation
To enable HDR functionality in ToF imaging, the cross-correlation function in (5.2) is sam-

pled using the .# —ADC. The resulting samples are given by,
ylk) 2 oty (e (kT5)) = (2) 203 e R (5.5)

where Ts € R™ is the sampling period. The goal is to recover Iy, 0, from the modulo samples.
Due to the modulo folding, applying the FBM method on y [k] would not recover the desired

parameters. As mentioned, a possible recovery strategy is to first unfold y [k] to m, [k], but
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this does not leverage the parametric structure of (5.2).

Recovery Strategy
Let my [k] = my (kTs), Ts > 0. Then, we have,

T T
(Am,) [k] = —Tp3 sin (%) sin <w02 > 4 kTswy + 9r> ) (5.6)
For N > 1, recursively applying the above yields,
(ANm,) [k] = A (AN "'m,) [K] (5.7)

= 2N <Fer‘%> sin® (WOTTS) cOS (kons + % (woTs + ) + Hr) )

From the above, we note that [[Am, || < [Ty P2 /2|12 sin (woTs/2) ]N and amplitude shrink-

age is achieved via oversampling, whenever

. [ woTls 1 T
<==0<Tror < —. 5.8
sm( 2 ) 2 ToF 30‘)0 ( )

Hence, choosing o as above, we can upper bound ||Am,|| by the modulo threshold

A € R, whenever,

. (5.9)

-T, 2
log (2sin (woTs/2)) Po

N> {log()\)—log(ﬁpr) -‘ 7 5,1; > ‘;

Equations (5.8) and (5.9) prescribe how to choose Ts and N such that the commutativity in

a certain sense [20] of .#, () and AY asin (5.10), holds. Using this, we can access the higher
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order differences of m, because,

,//)\(AN%A(TFLI-)) = %)\(ANy) = ANmr, N > 0. (5.10)

Recovery Algorithm. The proposed algorithm directly recovers the ToF parameters from

higher-order differences samples AVm,.. Under the conditions in (5.8) and (5.9), we com-

pute,
y [k =[5 = AYy| L0 L4 )] 2 m k] (5.1)
where T, [k] = (ANm,) [k] is vectorized as m € RE~N)*1 with vector element [m], =

i, [k]. Let us define,

N 6] (kwoTs + X (woTs + 7)), Ts <

woTs 3wo *

Using the identity cos (Y2 7. [k] 4 6;) = cos (6;) cos (¢)) 1, [k])—sin (6;) sin (¢ 1, [K])

woTs woTs woTs

we can now isolate 6. For k € [0, L — 1] with L > K — N and N given in (5.9), the un-

knowns {I'y, 0, } can now be estimated via least-sguares solution to the system of equations

yA = DTP:
Ay [0 cos () 1, [0] —sin () 1, [0]
A7 [0]) ) (5 [0]) (V5 [0]) I\ cos (6,)
= K,
[y sin (0,)
A\ [L —1]) cos( i\;Ts [L—lD —sin( 0T [L—l]) R -
(5.12)
where,
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¥, € RE*!isthe vector of modulo measurements such that [y, ], = (AVm,) [I] (cf.(5.11)).

e D € RI*lisadiagonal matrix with elements given by [D] 11 = KTs,N o é (2sin (£25)) N
with V in (5.9).
e T ¢ RE*2is a matrix of sinusoids defined in (5.12).

e p?**!is the unknown vector from which ToF phasor is constructed via ¢} = [p], +

J [p]2 =Tl yielding {Ty, 0, }.

Whenever L > lor K > N + 1, p (or ¢}), is estimated via p = x5,y (Ty,) where
T denotes matrix pseudo-inverse. Next we provide a simplified algorithm that estimates
{T'y, 6, } from two samples, namely, #(y [0]) and .4\ (y [1]) or N + 2 samples y [k].
The result is summarised in the next theorem.
Theorem 5.1 [Modulo Time-of-Flight Imaging [96]]
Let y (k] be defined in (5.5) be the modulo samples obtained from a lock-in sensor-based
10F imager, operating at modulation frequency wo. Furthermore, let us assume an upper
bound B}; > |%Frp(2)‘ is known. Then, the unknown scene parameters {I'y, 0, } in (5.2)
can be estimated from N + 2 modulo samples provided that the sampling time satisfies

TroF < /3wo and where N is given in (5.9).

The proof of this theorem is constructive and is based on the proposed algorithm, for
which a simplified version that estimates {I'y, 6, } from rwo samples, namely, .4 (% [0]) and

A\(y [1]) or N + 2 samples y [k], is described below.

ToF Estimation from N + 2 Modulo Samples
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1. Step 1: Obtaining Modulo Samples. Let T7or < /3wy and suppose an upper
bound ﬁg > ‘%Fr/)%‘ is known based on which N* = N is computed from (5.9).

Using this, we gety (k] , k € [0, K — 1] modulo samples in (5.5) with K > N* + 1.

2. Step 2: ToF Estimation. Using (5.11), we compute Y}, def A\(y [k]), k =0, 1. For

T € R**?, its inverse is given by,

1 sin (v1) —sin (vp) def . arw
TinV RN b) == N k M
sin (woT) Yk won[ ]

cos (v1) — cos (1)

Analogous to (5.4), we define the phasor,

s (Yosin(vy) — Yisin (vg)) + 7 (Yo cos (v1) — Y cos (1))

C =

K+ sin (weT)

=T cos (6;) + jlpsin (6,) = Tpe’. (5.13)

Thus, |c}| and Zc amount to {I', 6, }, respectively.

Numerical Demonstration

The eftectiveness of the HDR ToF imaging approach is validated numerically, using a 3D
bunny model from [117]. The transient image has amplitudes I', € [0, 255] and depth val-
ues 2, € [0.1, 6] meters, shown in Fig. 5.3(a), wherer € R*0#*4%0_ The back-scattered signal
gr is computed and cross-correlated with a sinusoidal probing signal of angular frequency

wo = 27 - 20 x 10% rad/s. This results in ', € [0.5,377] and 0, € [0.08, 1.67].

Signal Acquisition. The modulo signal is generated as in (5.5) with A = 10, and compared

to a saturated signal where amplitudes are clipped to the range [— A, A]. Both signals are sam-
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(a) Ground truth (b) Clipped Measurements (c) Four-bucket Reconstruction (d) Modulo Measurements (e) US-ToF Reconstruction
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Figure 5.3: 3D imaging from simulated Time-of-Flight (ToF) measurements of the “Stanford Bunny” [117]. The probing
sinusoidal signal frequency is fo = 20[MHz], modulo threshold is A\ = 10 and the sampling rate is Ts = 1/(6.66 fy).
(a) Ground truth transient image composed of amplitude and depth maps. (b) Four equidistant samples of a ToF signal.
Values are clipped to the range [—)\, )\]. (c) Reconstruction with the four-bucket algorithm using 4 equidistant samples
over a period, sampled at rate Tg = 1/(4f0). (d) Four equidistant modulo samples of the ToF signal with modulo
threshold \. (e) Reconstruction from modulo samples with the US-ToF algorithm. The order of differencesis N = 27.
The mean squared error (MSE) for the amplitude and depth maps is on the order of 10~? and 10712, respectively.
pled at rate Ts = 7/(3.33wy), just slightly below 1o from (5.8). The clipped measure-
ments (Fig. 5.3(b)) exhibit information loss, while modulo acquisition (Fig. 5.3(d)) preserves

unique spatiotemporal mappings due to the nonlinear modulo mapping, enabling near-exact

recovery.

Algorithm Performance. Using (5.9) with N = 27, our algorithm achieves MSE values of
107 for I, and 10~ 2 for z,. Non-exact recovery is attributed to the quantization error in-
troduced by finite precision arithmetic. This result validates Theorem 5.1, and demonstrates
recovery of amplitudes ~ 19x larger than the ADC range, as shown in Fig. 5.3(e), which

is visually indistinguishable from the ground truth (Fig. 5.3(a)). In Fig. 5.3(c), we show the
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result of applying the FBM method on the clipped signal sampled with rate 7/(2wy). The
method fails as saturated values in the measurements degenerate the phasor, leading to con-

stant amplitude and depth estimation.
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Figure 5.4: (a) The spectrum of a bandpass signal. (b) Valid sampling rates for uniform bandpass sampling (brown),
second-order bandpass sampling (blue), and high-dynamic-range bandpass sampling of first- and second-order (red).

5.2 DUAL-CHANNEL UNLIMITED SAMPLING FOR BANDPASS SIGNALS

5.2 MOTIVATION AND CONTRIBUTIONS

Chapter 3 examined USF-based acquisition and reconstruction of bandpass signals, provid-
ing feasibility and mathematical guarantees for HDR bandpass sampling at sub-Nyquist rates.
Nevertheless, because the approach relies on uniform sampling, the achievable sub-Nyquist
rates are restricted to the intersection of the bandpass sampling theorem and USF-related
constraints (see Section 2.2.3).

Periodic Nonuniform Sampling (PNS) is known to relax the “alias-free” constraint [71]
in the conventional sampling case, as explained in Chapter 2.2.3, but has not been explored
for modulo samples. This work presents a dual-channel architecture that integrates modulo

and PNS-based sampling, and further leverages the dual-channel architecture to improve the
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Figure 5.5: The acquisition and reconstruction pipeline of the proposed dual-channel bandpass sampling architecture.

modulo recovery conditions. The main contributions are:
1) Theoretical guarantees. Bandpass signal recovery from modulo samples compati-
ble with second-order bandpass sampling.

2) Design principles. Provide principles for the design of a dual-rate HDR bandpass

sampling system and an efficient recovery algorithm.

3) Sampling density criterion. The dual-rate design enables further sampling rate re-

duction, which is backed by a mathematical guarantee.

5.2.2 SECOND-ORDER UNLIMITED SAMPLING

To enhance dynamic range and resolution, the proposed architecture is composed of a .Z -

ADC with two sampling channels, forming the following sampling pipeline:

TBp (t) — .ﬂ)\() — Y (t) |t=(kTsi+di) — Y [k’] , do =0, ke Z.
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The input zgp (t) is assumed to be a real-valued bandpass signal, same as in Chapter 3. As
shown in Fig. 5.5, the modulo operator .Z), folds the amplitudes of zgp () into the con-
fined range [—A, A}, and the output is sampled by the two channels at periods 75, T re-
spectively. The relative inter-channel delay is d;. Since the two channels provide uniform
sampled sequences, a naive approach would be to process them independently using the ex-
isting USF methods. However, the nonuniform structure of the sampled sequence enables

more efficient recovery, as we show.

Recovery Approach.
The design parameters Tsg, Ts1, di shown in Fig. 5.5 provide degrees of freedom that allow

reconstruction that hinges on 3 steps:

1) Recovery of x¢ [k] from yq [k] under a suitable choice of Ts.
2) Recovery of 1 [k] from ¢ [k] and y; [k] under a suitable choice of 75, d;.

3) Recovery of xgp (t) from the samples z [k] and x; [k] under a suitable choice of Tsy, d;.

Let zg [k] = xgp () |i=k7y, and denote by Zgp o(w) its discrete-time Fourier trans-
form. The demodulation property of modulo signals explained in Chapter 3.2 implies that
for Ts > Tys, there exists a bandlimited signal zo () # xgp (£) which is defined via its

spectrum

i‘\o (w) = HDQS (w) /x\BP,O (w) 5 (514)

s

where 1p denotes the indicator function on the interval Dog. Since ¢ (t) is a bandlimited
2

signal, it can be recovered from its modulo samples yq [£] if (2s is sufficiently large compared

to the bandwidth of z (t) [48]. However, a unique feature of demodulated signals arises
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here; if (25 > (g, the support of z( (t) depends on the sampling rate (s itself. The case of
sampling rates that satisfy the bandpass sampling theorem (brown regions in Fig. 5.4) is cov-
ered in Chapter 3, including recovery guarantees for xgp () from its uniform samples x [k].
Using second-order bandpass sampling (SO-BPS), a recovery guarantee for g [k] when Qs

is within the red regions in Fig. 5.4 is derived in the next lemma.

Lemma 3. Let xgp (t) € L? N L™ be a real-valued bandpass signal with positive passband
supported on [wi,wy). Furthermore, let y k] = M\(xgp (K1s)), k € Z be the modulo
samples of vgp (t) at period Ts = 2 [Qs. If there exists M € 2N that satisfies

4dmewy 4mew wy + wi
——— <O < ——— and
2reM +1 2reM — 1 wy — WL

> 2meM, (5.15)

where e denotes Euler’s number, then the samples v [k| = xgp (t) |i=kr, can be recovered from

y [k] up to an additive constant of 2\ZL.

Proof. Letzyp (t) denote the lowpass function defined in (5.14), and let {2 p denote its max-
imal frequency. Following that, y [k] are the corresponding modulo samples (Chapter 3.2,
[94]). First, we require that zp (¢) is sampled above its Nyquist rate (g > €Q1,p), resulting
in 7 (W) |lw=qs/2 = 0. Denote by G the support of the real-valued signal’s spectrum, which
is symmetric. Due to the symmetry, the condition translates into M % ¢ G for any odd

integer M. Written differently,

Q Q
(M =12 <w,and (M4 1) 2wy, =

2wU 2wL
2L A e o
M1 w1 e

(5.16)

For () that satisfies (5.16), the maximum frequency {21,p is an integer shift of the passbands’
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boundary frequencies —w; and wy and satisfies

wy — Y5 Qg < e

Qrp = , (5.17)

%QS—WL Qs>wu—+wL

and the condition arises when wy — M % > —w + M % is re-arranged into {2s < “)UTJ“"L

Based on Theorem 2.5, recovering = [k] from modulo samples requires 25 > 4mwe€)pp. Plug-

ging the two possible values for {21,p given in (5.17), we get

4re (wu — %Qs) < QS = QS > Amewy

2meM+1
(5.18)
M _ 4dmewi
47‘(‘6( Qs wL) < Qs = Qs < oM —1
2wy 4mrewy Amrew| 2w .
It can be directly shown that = NS S @ and 57 < 525, Then we write,
Amrewy < Q < wU—i-wL
2reM+1 — Wy + Wi
M <PV (5.19)
Wy — WL
wytwi Amew|
2 < Q — 2meM—1"

where the RHS ensures that wUJWL < 2wL and ]3;1’1 < “’U+wL so (s satisfies (5.16). Lastly,

4mewy dmrew wy + wi
= 2meM < ——, 5.20
2reM +1 = 2meM — 1 e T wy —wL ( )

and the two parts of (5.19) can be unified to get (5.15). Under the condition on {2, the

samples xpp [k] can be recovered from the modulo measurements using Algorithm 1. W

Fig. 5.4 illustrates the relation between the intervals in (5.15), represented by the red re-
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Algorithm 7: Second-order Bandpass Recovery via Unlimited Sampling

Input: yo k], y1 [k], A, = ||zsp|| ., WL, and wy.
Result: Bandpass function, Zgp (1).
1) Compute the N** order finite-differences (ANyq) [k], where the order is computed

_ | logA—log
from N = [IOg(Tser)—"

2) Compute (ANrg) [k] = (A (ANyo) — (ANyo)) [K].
Set S(0) [k‘} = (ANTO) UC]

3) Forn=0:N—2
(D) Sue [K] = S (s) (K], : (slblbaens — Shio sl
(i) Sm+1) (k] = 2A "M-‘ (rounding to 2)\Z).

2 |

s2(Anp)[1]-52(Amr) 52 11]
12

N =

(iii) Compute k() = {
(i) (i) [F] = S(nt) [K] + 26 ().
end

4) Compute Zo [k] =S (s(v—1)) [k] + yo [K].

5) Compute &1 = & [%k] oy K] — o [%k} ).

6) Solve (2.9) to get the filters fo (W), fi ().
7) Gep (t) = (fo * To) (t) + (fi * 1) () + 2mA,m € Z.

gions, and the valid intervals for uniform HDR bandpass sampling according to Theorem
3.1, represented by the intersection between red and brown regions. To get x [k], the result

of Lemma 3 can be used directly.

In the next step of the reconstruction pipeline, the bandlimited samples of the second

channel x1 [k] are recovered from their modulo samples. While this can be done under the
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conditions of Lemma 3, an alternative option is to achieve this by designing the delay interval
d; based on the next lemma. This significantly relaxes the constraint on the sampling rate of

the second channel.

Lemma 4. Let xgp (t) € L? N L™ be an wy-bandlimited signal, let xq [k] = xgp (t) |i=k1s
k € Z be its samples at period Ts > 0 and yy [k] = M\(vep (t))|t=k1s+d, e its modulo
samples. If,

A l TS

< =2 N, (5.21)

d < —M—M—
" woellspll, T wu”

then the sequence 11 [k| = xgp (t) |i=k1y+d, can be recovered from yy (k.

Proof. Let T [k L rep (t) |t=kds» & € Z, that is the sequence of samples of xgp (t) at
instances t = kd;. Let AT denote its first-order finite differences such that A7 [k] =
T [k + 1] — T [k]. Since xgp (t) is wy-bandlimited and d; < 7/wy, its amplitudes are upper

bounded based on Lemma 2 in [48]

(5.21)
IAZ]| . < diwoellzepll. < A (5.22)

The sequence (x1 — o) [k] =7 [k:g—f + 1} -7 [kg—f] is a subset of 7 [k] and from (5.22),

we have that ||z — 20|, < A. Using modular arithmetic (Prop. 2 in [48]) we can write

(5.22

,//)\(yl — %)\<£K0>) = %A($1 — £L‘0) :) T, — Xg, (5.23)

Then, computing x; [k] = x¢ [k] + (21 — ) [K] yields the result. [

Lemma 4 indicates that the samples of a bandlimited signal can be recovered from its mod-

ulo measurements and its samples on a shifted grid, whenever the shift is sufficiently small.
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27
wy—wL

Importantly, the sampling period can be any Ts € d;N for which Ts <

To harness this result into our architecture, the parameters are chosen as follows. For 75,
that satisfies (5.15), we choose T thatsatisfies Ts; /Tsy € Nand d; thatsatisfies both (5.21)
and Ts,/d; € Z. Then, yo [k] , y1 [k] are obtained such that the conditions of Lemma 4 are
satisfied with {%k} and  [k]. Finally, 7, = {%k} (1 (K] — o [%k] ).
After g [k] and x1 [k] have been recovered, the bandpass signal zgp (t) is recon-
structed by following the SO-BPS procedure described in Section 2.2.3. The main result
is summarised in the next theorem, which unifies the system design requirements that fulfil
the 3 recovery steps.

Theorem 5.2 [Unlimited Second-Order Sampling of Bandpass Signals]

Let xgp (t) € L? N L™ be a real-valued bandpass signal with passband supported on

[wi,wy). Furthermore, let its modulo samples at periods Tsy, Ts, < 21/ (wy — wy) be

Yo [k] = A\ (xep (1)) |i=k1s, and y1 (K] = Ax(zep (t))|t=k1s,+d1» respectively, and a
relative delay dy > 0. If there exist M € 2N, Q1, Q2 € Nsuch that,

1 ¢ Hwi Z oweM and 2mweM —1 S TSO S 27reM+1-
wy—wL 2ew| 2ewy

2. T51 = QITSO = Qle, ﬂ}’ld d1 S m.
2w, d; 2w d1
5|2 A g Nand (|22 +1) 2 ¢ N
Then xgp (t) can be recovered up to an additive constant of 2\Z.

Proof. As the conditions satisfy Lemma 3, Lemma 4 and the SO-BPS recovery conditions,

by following the steps described in this section, the result can be obtained. [ |
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Figure 5.6: Reconstruction of a bandpass signal with modulation frequency wg = 10547 (rad/sec), and maximum
amplitude &« = 46.33 from its modulo samples with A = 1. The sampling rates are Q2sq = 3527 (rad/sec) and
s, = 167 (rad/sec) for the first and second channels, respectively. The relative delay is d; = 7.57 x 1075 (sec).
The error between the ground-truth bandpass samples and those recovered using Algorithm 7 is MSE = 3.45 X
10721,

Numerical Experiment.

Experimental Protocol. To test our framework, bandpass signals are generated following

wytwe
3 1S

the model in Chapter 3 and [68], whichis: zgp (t) = ¢(t) cos (wot) , where wy =
a modulation frequency, and (1) is a lowpass signal with bandwidth 245+ = 5 (rad/s).

We generate 60 random realizations of ¢(t), modulated at uniform frequency increments

of 0.57 (rad /sec), within [Te ATe ] with M = 2,M = 4,and M = 6. Fol-
lowing Fig. 5.5, modulo samples of yo [k] and y; [k] with threshold A\ = 1 are obtained.

The sampling rates are sy = 3527 (rad/s),{ds; = 167(rad/s) and the delay is d; =
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7.5758 x 1075(sec), that satisfy Theorem 5.2 with integers )1 = 4,Q2 = 3 X 103 and
the corresponding M. Reconstruction of z [k| , 21 [k] is performed using Algorithm 7, and
evaluated using the MSE, where the additive constant of 2\Z is estimated from the ground-

truth samples.

Performance Evaluation. The recovery of z [£] is performed up to the machine precision,
and this result is asserted across 3 intervals of (5.15), which further validates the theoretical
bound. Then, x; [k]is recovered up to machine precision as well, showing that for the second
channel, samples can be taken just above the Nyquist rate of the demodulated signal, since
U5y = 16m > 10m = wy — wy. Lastly, for the reconstruction of the bandpass signal,
an average MSE of 6.18 x 10721 is observed, for inputs with a maximal average amplitude
of & 34\. The nonexact recovery occurs due to finite precision arithmetic, and the results
demonstrate the potential of the proposed framework for HDR sampling of bandpass signals.

The results for one of the tested realisations are shown in Fig. 5.6.

5.2.3 CONCLUSION

In this chapter, the Unlimited Sensing Framework (USF) is applied to two distinct problems:
high dynamic range time-of-flight (ToF) imaging and bandpass sampling. In the first part,
modulo acquisition is shown to enable robust recovery of amplitude and phase parameters in
ToF systems, with theoretical guarantees supported by numerical experiments. This setting is
inherently parametric, therefore a natural extension would be to formulate the noisy recovery
problem statistically, for instance through a maximum-likelihood estimator implemented via
alow-dimensional search over the unknown amplitude and phase parameters. Such a formu-

lation would also enable a reliability analysis based on Cramér—Rao lower bounds, as well

139



as systematic comparisons between the proposed estimator and statistically optimal perfor-
mance limits.

In the second part, a dual-channel architecture based on Periodic Nonuniform Sampling
was developed to relax the aliasing constraints of uniform USF sampling, enabling sub-Nyquist
recovery of bandpass signals. Both theoretical derivations and numerical experiments con-
firmed the feasibility of these approaches.

Despite targeting different signal models, both studies illustrate a unifying principle: by
exploiting the Fourier structure of the signals and integrating hardware-inspired architectures
with practical recovery algorithms, the Unlimited Sensing Framework can reconcile dynamic
range and sampling-rate limitations.

Together, these results highlight the versatility of USF across modalities and signal classes,
and they lay the foundation for more general acquisition frameworks. In particular, they mo-
tivate the extension to multiband signals explored in Chapter 4, where USF-based sampling
is examined in both single- and multi-channel architectures, leveraging both parametric and

non-parametric models.
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Conclusion

6.1 MOoTIVATION AND RESEARCH PROBLEM

The digitization of analog signals has long been underpinned by Shannon’s sampling theory,
which guarantees perfect reconstruction of bandlimited signals from uniform samples. This
principle has shaped sensing and communication systems for decades and remains founda-
tional to modern digital technology.

In practice, however, analog-to-digital converters (ADCs) deviate from the ideal assump-
tions of classical sampling theory. Amplitude quantization introduces clipping and quan-
tization noise, both of which distort recorded samples. This gap has become increasingly

restrictive in modern applications that demand both high dynamic range and fine digital
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resolution—capabilities that conventional ADCs struggle to achieve simultaneously due to
inherent trade-offs.

The Unlimited Sensing Framework (USF) ofters a promising route to overcoming these
hardware limitations. It effectively boosts quantization resolution under a fixed bit budget,
enabling high-dynamic-range acquisition with low-resolution ADCs. Over the past few years,
the practical feasibility of the USF has been demonstrated through several hardware imple-
mentations, validating its theoretical principles and showing its potential in high-dynamic-
range imaging and sensing applications.

However, until now, USF has been studied primarily in the context of bandlimited signals.
This focus overlooks the important signal class of multiband signals found in communica-
tions, radar, sonar, and hyperspectral imaging. Treating such signals as bandlimited to their
full spectral span imposes prohibitively high sampling rates and hinders the direct applica-
tion of USF ideas that were developed for bandlimited settings. This highlighted the need for
new theory and methods that exploit the inherent Fourier structure of multiband signals to
enable their recovery at lower sampling rates. In this context, USF’s ability to improve effec-
tive digital resolution without increasing the bit budget is especially attractive; sub-Nyquist
sampling sacrifices the possibility of oversampling-based noise reduction, and thus demands
higher resolution measurements.

This thesis addresses that gap: It investigates how the USF can be extended to sub-Nyquist
sampling of multiband signals and develops the theoretical, algorithmic, and practical foun-

dations needed to do so.
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6.2 SUMMARY OF CONTRIBUTIONS

Theory. On the theoretical front, this thesis provides the first foundations for applying the

USF to Fourier-structured signals, including:
1. Formal recovery guarantees for single-tone and bandpass signals, representative of real-

world sensing modalities such as time-of-flight and radar.

2. Recovery guarantees for multiband signals, based on leveraging their structured Fourier

support.

3. Theoretical analysis of multi-channel USF architectures for resolving aliasing both in

amplitude and frequency domains under sub-Nyquist sampling rates.
Algorithms. On the algorithmic front, this thesis develops practical recovery methods for
applying the USF to Fourier-structured signals, including:
1. A constructive algorithm that exploits known structured Fourier support to enable

reconstruction of multiband signals from sub-Nyquist modulo samples.

2. USF-based bandpass sampling algorithms, tailored to different modulo folding archi-

tectures, explain and accommodate device-level behaviours observed in practice.

3. An end-to-end procedure that recovers 3D depth directly from finitely many modulo
ToF measurements, without explicit inversion or unfolding. This enables HDR oper-

ation under severe saturation.

Practice. On the practical front, this thesis validates the USF under realistic conditions

through prototype hardware and end-to-end system experiments, including:
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1. Prototype measurements that test and verify the theoretical modelling of demodula-

tion of modulo signals across different folding architectures.

2. End-to-end experiments confirming recovery for bandpass and multiband signals based

on proposed algorithms.

Taken together, the results establish a coherent pathway from theory to hardware for ap-
plying the USF to Fourier-structured signals. The thesis shows that modulo-enabled USF
can turn structured spectral priors into tangible sampling and reconstruction gains, closing

the gap between theory, algorithms, and practice.

6.3 LIMITATIONS AND SCOPE

This work targets Fourier-structured signals—single-tone, bandpass, and multiband—where
spectral support is known at acquisition (non-blind) or before recovery (semi-blind). The
tully blind setting, in which the support is unknown, is not covered by existing results. The
main challenge is that the separation between smooth and integer signal components, which
is at the core of algorithmic approaches, cannot be realised directly through on spectral sepa-
ration.

The modulo architectures considered are pointwise sampling schemes. Although USF has
shown promise with Sigma—Delta converters, such integrations are outside the scope of this
thesis and are not leveraged here.

Multi-channel guarantees and algorithms assume calibrated hardware. In uncalibrated se-
tups, effects such as timing jitter and gain/phase mismatch can severely affect the redundancy

principles these methods rely on, posing a significant challenge for direct deployment.
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6.4 OPEN PrROBLEMS AND FUTURE WORK

We conclude by highlighting open questions and future directions that are both technically

pressing and practically consequential.

1. Fully blind recovery. In many multiband sampling applications (e.g., spectrum sens-
ing), the carrier frequencies are unknown a priori. It is therefore necessary to develop
theory, algorithms, and guarantees that remove prior knowledge of the spectral sup-
port. The first attempt in this direction was already presented in [118], and future

results can lead to further utilisation of USF-based multiband sampling.

2. Non-bandlimited Fourier-structured signals. So far, only bandlimited models of Fourier-
structured signals have been considered. The framework could be broadened to other
Fourier-structured classes, such as modulated splines, chirps/polynomial-phase signals,
and finite-rate-of-innovation processes. Such advances could impactradar/sonar, biomed-
ical imaging (ultrasound, magnetic resonance imaging), wireless communications, and

LiDAR.

3. High-dimensional extensions. Multiband sampling has higher-dimensional formula-
tions [119], and modern computational photography already exploits aliasing to im-
prove reconstructions [120]. Extending the multiband-USF ideas to higher dimen-
sions could deliver simultaneous HDR and high effective resolution with low-bit read-
out, while maintaining stable performance under sensor non-idealities. Promising tar-
gets include burst imaging, and active/depth sensing—e.g., ToF and FMCW LiDAR

in the presence of motion and multipath. Key challenges include the derivation of the
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theory for multidimensional unlimited sampling [121], stable and scalable reconstruc-

tion algorithms, and realisation of multidimensional modulo front-ends.
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ProoF oF THE IDENTITY USED IN LEMMA 1 OF CHAPTER 4

Let Q[g F 0 \ {w,}, and define ¢, k] o ©p [ k] e777*T5 | For the filter Vg defined in

(4.5), prove by induction the identity
(W, ) 1] = (W« [(AY ) ] B k. (a)

Proof. Case N = 1: The frequency response of W is\fg\c(w) =110 (1 — e dlwmwn)Ts),

p=0

The filter coefficients are:

e -y #)
Vo [k] = (_1)%8@ agc def Z He s, ‘agc| < ( kc , (A.2)

SCOQc wes
S|=k
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where aéc denotes the elementary symmetric polynomial of degree k in P frequencies €2, fol-
lowing from Newton’s identities. We also use the recursive definition ad <= a’;ﬂ,]le_]”PTs +
C

aifl il Computing the LHS of (A.1) with Wq_:

P
(Wac + @) (K] = Y _(=1)" (agge—”ﬂs + ag[g]) op [k — ] erpkmTs
n=0

P-1 P
T kT ( (~1)™ e ™, [k = T — 1]+ 3 (=1) gy ™ i, k- n])

n=-1 n=0 e
p-1
= e (o Y () (g~ n] — gy k= 1))+ o)
C
n=0
P-1
= ¢S Z%(—l)”ag[cp] e S (A ,) [k — ).

Inductive Step: Assume the identity (A.1) holds for some V.

Prove for N + 1: From the definition (\Ifg:rl « @) [k] = (Voo * UY_* &) [k], we com-

pute:
P
(W55 3) 1= 0 (anle ™™ o ) (@) Bl (43)
n=0
P-1
n=n—1 7 7 o " N
=) (-1 +1aQ[Cp]e 2ls (N % 3,) [k — 7 — 1]
=1
P
+ Y (1) agy (Vo *3p) [k — 7
n=0
P-1
=0+ (=D"agy (U5, *@p) [k —n] — (U3, * &) [k —n— 1]e75) +0
n=0
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For the N** order filter \I/NC,

Uy (k] Yy HaQ, )def{ NN|ZVZ—]€} (A.4)

veV(N,k)

where the set V(IV, k) consists of all length-N vectors of non-negative integers whose ele-
ments sum to k. Using the induction assumption, replacing \Ifgc according to (A.4) and

computing the convolution,

(T * Pp)[k = n] = (Tg * &)k —n — e (A.S)
N(P-1) N-—1
Rl DN CS VN | Ui —0nlTs (AN g 0 Y [k —n —1].
=0 veV(N,l) i=0

Substituting (A.5) into (A.3) and re-arranging,

(‘I’NH * SOP) -
P-1 N(P-1) N-1
(_Unag[p]e—gwp(k—n)Ts (_1)l ag{p] e]wplTs (AN+1 * Spp) [/{3 o — l]
n=0 ¢ 1=0 VEV(N,) i=0 ¢
(N+1)(P-1) N-—1
= (=1)" H a?;[p](AN“ % pp) [k — ] e72erthmTs
n=0 veV(N+1,n) i=0 ¢
= (\Dg{;}l % [(ANH % SOp) [m] e pr(m)Ts]) (k]
Thus, the identity (A.1) holds for N + 1, which completes the proof. ]
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