
Unlimited Sensing of Multiband Signals

a dissertation presented
by

Gal Shtendel
to

The Department of Electrical and Electronic Engineering

in partial fulfillment of the requirements
for the degree of

Doctor of Philosophy
in the subject of

Electrical and Electronic Engineering

Imperial College London
London, UK,
October 2025



Thesis advisor: Dr Ayush Bhandari Gal Shtendel

Unlimited Sensing of Multiband Signals

Abstract

Analog-to-digital converters (ADCs) underpinmodern information systems, where a signal’s
time and amplitude are quantized. While time quantization can be lossless for certain sig-
nal models, amplitude quantization is a bottleneck that limits dynamic range and resolution.
The Unlimited Sensing Framework (USF) is a sampling paradigm that reconstructs signals
from the quantization error rather than from quantized amplitudes. This leads to high dy-
namic range (HDR) and high digital resolution (HDRes) acquisition with fewer bits.

This thesis develops the USF for multiband signals, which are sums of narrowband com-
ponents across a wide spectrum, common in radar, communications, and audio applications.
In multiband settings, HDR is crucial to capture both weak and strong signal components,
while HDRes is essential for accurate recovery from sub-Nyquist measurements, due to the
wide span of the spectral support.

Conceptually, the goal is to exploit the Fourier structure of multiband signals within the
USF. However, this is nontrivial: the nonlinear mechanism that enables HDR also distorts
the waveform, so the observed sequence is neither bandlimited nor exhibits a simple spectral
pattern. This thesis addresses this challenge through theory, algorithm design, and hardware
validation. It analyses single- and multi-channel architectures, establishes conditions under
which a multiband structure enables stable sub-Nyquist recovery in the USF, and derives
corresponding reconstruction methods. Hardware experiments corroborate the theory and
demonstrate practical feasibility.

Collectively, the results show that the USF can exploit Fourier structure to enable low-
power, HDR, sub-Nyquist sensing architectures. A key advantage is improved effective reso-
lution without increasing bit depth, which is particularly valuable for sub-Nyquist schemes,
where fewer measurements demand high-resolution ADCs. The findings have implications
for radar, communications, and related systems, bridging the gap between sampling theory
and deployable solutions.
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Notations

N The set of natural numbers
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1(a,b), 1D The indicator function on the interval (a, b), and the indicator function on the setD
DΩB

Symmetric baseband interval [−ΩB, ob) of width 2ΩB

f (t) Continuous-time functions, t ∈ R
f̂ (ω) Continuous-time Fourier transform, ω ∈ R
f [k] Discrete-time sequences, k ∈ Z
F (ω) Discrete-time Fourier transform, k ∈ Z
Re(x), Im(x) Real and imaginary part of a complex number x, respectively
x,x,X Scalars, vectors (small boldface), and matrices (capital boldface), respectively
[x]i The entry of the vector x at index i
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(∫∞
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1.1 Introduction

The theoretical foundation for the digital representation of analog signals was established

by Claude E. Shannon in 1948 [1]. This sampling theory, together with transformative hard-

ware innovations such as the transistor [2] and the integrated circuit [3], catalysed the digital

revolution and the information era by allowing data to be recorded, duplicated, stored, trans-

mitted and distributed without loss of information. More than 80 years later, Shannon’s

framework continues to underpin the digital infrastructure that shapes every aspect of mod-

ern life, from audio recorders to imaging sensors.

At the core of Shannon’s theory lies the principle of time quantization: representing a

continuous-time signal at discrete-time intervals. Remarkably, for bandlimited signals, this

process is lossless when the sampling interval is sufficiently small relative to the signal fre-

quencies. Over time, recovery guarantees from time-quantized samples have been extended

to broader signal classes, including finite-rate-of-innovation signals [4], sparse signals [5], and

signals with a Fourier structure [6, 7, 8, 9].

Analog-to-Digital Converters. A key strength of Shannon’s framework lies in its direct,

pointwisemapping from continuous-time signals to discrete samples, a process implemented

by the physical device called the Analog-to-Digital Converter (ADC). However, unlike the

theory, an ADC cannot represent amplitudes with infinite precision: each sampled value

must be mapped onto a finite set of amplitude levels. This process, known as amplitude

quantization, is inherently lossy and exposes a gap between Shannon’s theoretical framework

and its practical implementations [10]:

• Finite dynamic range: Input amplitudes that exceed the ADC’s limits are clipped,
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resulting in nonlinear distortions and permanent information loss.

• Finitedigital resolution: Themeasurements arequantizedduring the analog-to-digital

conversion process, introducing quantization noise and thereby limiting the precision

of the recorded signal. The quantization noise is illustrated in Fig. 1.1(c).

Unlimited Sensing:  Sample the Quantization Noise

2λ

(a) HDR Input Signal

Conventional Approach: Sample the Quantized Signal

(b) Quantized Signal

(c) Quantization Noise
+

λ

-λ

Clipped

Information 

Vanished

Information

=

Amplitude Quantiza
tion

Figure 1.1: Decomposition of high‐dynamic‐range input signal into quantized signal and quantization noise. (a) A high
dynamic range input signal undergoes amplitude quantization, which clips strong components and causes weak compo‐
nents to vanish. (b) The resulting quantized signal captures only the coarse amplitude levels. (c) The residual quantiza‐
tion noise contains the lost fine‐scale information. Conventional approaches sample only the quantized signal, whereas
the Unlimited Sensing Framework instead samples the quantization noise to recover the lost information.

Given a fixed bit budget, there is a fundamental trade-off between these two properties: ex-

panding the dynamic range to avoid clipping necessarily reduces resolution, whereas increas-

ing resolution reduces the range over which signals can be faithfully captured. This trade-off

is illustrated in Fig. 1.2.

Overcoming dynamic range and resolution constraints has been an active research field for

several decades. Seminal contributions include declipping and interpolation methods by Pa-

poulis [11], Janssen [12], andAbel [13], aswell as studies onquantizationnoise anddithering

by Bennett [14], Schuchman [15], and Gray [16]. However, these foundational methods in-

creasingly fall short in modern applications, where both high dynamic range and fine digital
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Figure 1.2: The trade‐off between dynamic range and digital resolution. Given a fixed bit budget (b = 4), there are 2b

amplitude representation levels. The quantization step equals the full dynamic range divided by the number of levels;
therefore, higher dynamic range results in a larger quantization step (Q = 0.62) compared to the lower dynamic range
(Q = 0.062).

resolution are essential. Conventional hardware components such as variable gain amplifiers

[17] also struggle—for example, when handling strong andweak signals simultaneously [18].

Addressing these challenges calls for a fundamental rethinking of the sampling process, with

tighter hardware–software integration, improved handling of nonlinearity, and closer align-

ment with the characteristics of the data.

The Unlimited Sensing Framework. The Unlimited Sensing Framework (USF) [19, 20]

is an alternative to Shannon’s sampling paradigm, that enables the reconstruction of signals

with both high dynamic range (HDR) and high digital resolution (HDRes) using only low-

resolutionADCs. TheUSF achieves this by tightly integrating hardware designwith algorith-

mic reconstruction, following the broader principles of Computational Sensing and Imag-

ing1.
1Computational Sensing and Imaging approaches aim to extract richer information than conventional sys-

tems by jointly designing the physical measurement process (encoding) and the computational recovery algo-
rithm (decoding). A well-known example of CoSI is the HDR photography algorithm used in most modern
smartphones [21, 22].
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Contrary to the conventional wisdom that targets the quantized signal, the USF reinter-

prets the quantization noise—the fractional (modulo) part of the signal—as the primary sig-

nal to sample and process (see Fig. 1.1). This is based on the key insight that, for sufficiently

smooth signals, the fractional part also encodes the missing integer “folds”.

The first result to mathematically formalise this idea is the Unlimited Sensing Theorem

[19, 20]. This result provides a sampling-rate condition for perfect recovery of bandlimited

signals from their modulo samples. In direct analogy to Shannon’s sampling theorem, the

required rate depends only on signal bandwidth and is independent of the ADC threshold

or dynamic range.

Realising USF in practice requires both hardware and algorithmic components. On the

hardware side, amodulo nonlinearity is applied before sampling via injection ofmodulo non-

linearity on the analog signal, so that the modulo samples are captured[23, 24]. On the algo-

rithmic side, one solves the inverse problem of reconstructing the original, “unfolded” signal

from these modulo samples.

The first algorithm achieving reconstruction under the conditions of the Unlimited Sens-

ingTheoremwas introduced in [20]. Subsequentwork incorporated hardware non-idealities

and measurement noise, yielding practical reconstruction methods [23, 25, 26]. Hardware

validations show up to 60× dynamic-range extension in practice [24], along with 10dB re-

ductions in quantization noise in tomography [27, 28], and radar systems [29]. The USF

paradigm has also enabled advances in imaging [30], 1024-QAM transmission [31], and full-

duplex communication [32].

Multiband Sampling. In many applications, including communications, radar, and cogni-

tive radio, the signals of interest are multiband [33, 34, 35, 36, 37, 38, 39], meaning their
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spectral energy is concentrated within several disjoint frequency bands, illustrated in Fig. 1.3.

For such signals, directly applying the Shannon–Nyquist theorem leads to prohibitively high

sampling rates, often beyond the capabilities of practical devices. This excessive rate can be

viewed as the penalty for treating them as bandlimited to their total spectral span, while ig-

noring the spectral gaps inherent in multiband signals.
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Figure 1.3: The spectrum of a multiband signal.

It is well established that, by exploiting

prior knowledge of a signal’s Fourier struc-

ture, perfect reconstruction can be achieved

at sampling rates well below the Nyquist

limit [10]. Early work by Kohlenberg [6]

proposed dedicated sampling schemes for such signals, while Landau [7] established a fun-

damental lower bound on the sampling density required for their exact recovery. These sem-

inal contributions laid the theoretical foundations for subsequent advances in the field of

multiband sampling [40, 41, 42, 43].

Multiband Sampling in Practice. Practical implementations of multiband sampling tech-

niques remain particularly challenging. First, the dynamic range versus resolution trade-off

is especially restrictive formultiband signals, which often contain both strong andweak com-

ponents. In such cases, conventional ADCs may either saturate on the strong components

or fail to capture the weaker ones, leading to the well-known near–far problem, illustrated in

Fig. 1.4 [44, 45, 18]. Second, operating at sub-Nyquist rates yields only sparsemeasurements,

which heightens susceptibility to noise. Because oversampling, which is a common noise-

reduction strategy[46], is inherently unavailable, achieving sufficient signal fidelity typically

requires high-resolution ADCs. This, in turn, increases power consumption and hardware
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cost, limiting the practical viability of such systems.
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Figure 1.4: Illustration of the near‐far problem. Sampling a signal containing both weak and strong components may
suffer from analog‐to‐digital converter limitations. Choosing a quantization range large enough to capture strong com‐
ponents can cause weak features to be lost (left), whereas using a smaller range preserves weak features but saturates
strong components (right).

1.2 ResearchObjectives

The ability of the USF to enhance the effective quantization resolution under a fixed bit bud-

get [24] makes it particularly appealing for sub-Nyquist sampling regimes, where the need

for high resolution often constrains practical systems.

However, existing studies of the USF have focused primarily on bandlimited signals. Prior

work has examined its injectivity [47], recovery in the time domain [19, 48, 49] and Fourier

domain [23], as well as practical implementation aspects [25, 50].

Specifically, we extend the study of the USF to the class of multiband signals, aiming to

derive sampling conditions that exploit their Fourier structure to enable sub-Nyquist recov-

ery. Addressing this problem has the potential to yield new theoretical insights, recovery

algorithms, and practical architectures that define the main goal of this thesis:
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Figure 1.5: The spectrum of a multiband signal before (left) and after (right) encoding based on the Unlimited Sensing
Framework (USF).

Develop sub-Nyquist sampling techniques for unlimited sensing of multiband signals

At first glance, this goal may appear contradictory. Sub-Nyquist techniques exploit spec-

tral sparsity and therefore seek tominimise redundancy, whereas the non-linear foldingmech-

anism in the USF produces a spectrum that is neither sparse nor bandlimited, making redun-

dancy crucial for recovery (Fig. 1.5). Reconciling these seemingly conflicting requirements

motivates the following research questions:

1. Theory: How can the Fourier structure of multiband signals be leveraged to achieve

recovery frommodulo samples at sub-Nyquist rates?

2. Algorithms: What are the corresponding recovery methods?

3. Validation: How do the methods translate to practical implementation?

1.3 Thesis Contributions

To address the research questions associated withmultiband signals within the USF, the gen-

eral class of multiband signals is further divided into two subclasses, bandpass signals and

single-tone signals, which are studied individually. Their spectral characteristics, along with

those of a standard bandlimited signal, are shown in Fig. 1.6.
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Figure 1.6: Four Fourier‐structured signal classes that are relevant for this work. (a) Bandlimited spectrum. (b) Multiband
spectrum. (c) Bandpass spectrum. (d) Single‐tone spectrum.

This subclass-based approach serves twomain purposes. First, it enables the development

of tailored strategies for each signal type by accounting for their distinct structure and prac-

tical relevance: bandpass signals commonly arise in sonar, radar, ultrasound imaging, and

optics, while single-tone signals are central to time-of-flight ranging and 3D imaging. Sec-

ond, by progressing from simpler to more general cases, the analysis remains tractable while

systematically building toward the broader class of multiband signals. An overview of the

thesis structure and its main contributions is provided in Fig. 1.7.
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Figure 1.7: Overview of the thesis roadmap and main contributions across signal classes, sampling patterns, and corre‐
sponding chapters.

1.4 Thesis Outline and a List of Publications

• Chapter 2: Background

In chapter 2, we introduce the necessary concepts to place this work in context. We

begin from the hardware perspective of conversion speed and dynamic range in ADCs.

Then, we discuss sub-Nyquist sampling, covering hardware-based demodulation, under-

sampling, bandpass sampling and periodic nonuniform sampling strategies. Next, the

chapter delves into the Unlimited Sampling Framework, highlighting the signal encod-

ing based on the modulo sampling pipeline, and the decoding methods for time- and

Fourier- domain based recovery.

• Chapter 3: Unlimited Sampling of Bandpass Signals
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[∗] G. Shtendel, D. Florescu, and A. Bhandari, “Unlimited sampling of bandpass signals: Com-

putational demodulationviaundersampling,” IEEETrans. SignalProcess., vol. 71, pp. 4134–

4145, Nov. 2023.

In Chapter 3, we introduce the concept of unlimited sampling of bandpass signals and

outline the motivation, key contributions, and practical applications. First, the idea of

computational demodulation via modulo undersampling is discussed and formalised.

Theoretical results are provided under various modulo folding architectures, including

ideal, generalized, and non-ideal cases, with recovery guarantees theorems derived for

each. Finally, the experimental section validates the theoretical findings through numer-

ical simulations and hardware implementations, demonstrating the robustness and fea-

sibility of the proposed methods.

• Chapter 4: Unlimited Sampling of Multiband Signals

[∗] G. Shtendel and A. Bhandari, “Unlimited Sampling of Multiband Signals: Single-Channel

Acquisition and Recovery,” in IEEE Signal Processing Letters, Sep. 2025.

[∗] R. Guo, G. Shtendel, Y. Zhu and A. Bhandari, “Unlimited Sensing for Multiband Signals:

From Theory to Practice,” in IEEE Transactions on Signal Processing, Oct. 2025, [under

review].

[∗] R. Guo, G. Shtendel and A. Bhandari, “Multiband Unlimited Sampling: Super-Nyquist

or Sub-Nyquist, That is the Question!,” 2025 IEEE International Conference on Acoustics,

Speech and Signal Processing (ICASSP), Hyderabad, India, Apr. 2025, pp. 1-5.

In Chapter 4, we extend theUnlimited Sensing Framework tomultiband signals. We de-

rive recovery guarantees that tie the sampling rate to the occupiedbandwidth, rather than
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themaximum carrier frequency. Building on this, we present a single-channel algorithm

operating on frequency-aware differences for sub-Nyquist recovery from modulo sam-

ples, and then introduce a multi-channel design with carefully chosen inter-channel de-

lays to resolve aliasing. Finally, we present a quantisation-aware reconstruction pipeline

that can accommodate practical non-idealities, which was co-designed with Dr. Ruim-

ing Guo. The algorithmic performance was validated in simulation and hardware, with

the help ofMr Yuliang Zhu.

• Chapter 5: Unlimited Sensing for Continuous-wave Time-of-Flight and Second

Order Bandpass Sampling

[∗] G. Shtendel and A. Bhandari, “HDR-ToF: HDR time-of-flight imaging via modulo acqui-

sition,” in Proc. IEEE Int. Conf. Image Process. (ICIP), Oct. 2022, pp. 3808–3812.

[∗] G. Shtendel and A. Bhandari, “Dual-channel unlimited sampling for bandpass signals,” in

2024 IEEE International Conference on Acoustics, Speech and Signal Processing (ICASSP),

Apr. 2024, pp. 9711–9715.

Chapter 5 contains two independent contributions. In the first part (Section 5.1), the

single-tone signal class (BST) is considered in the context of high-dynamic-range Time-

of-Flight (HDR-ToF) imaging. After formalising the forward model and the inverse

problem, a new sampling density criterion is derived, along with a direct reconstruction

algorithm that bypasses explicit signal unfolding. Accurate 3D image recovery at a mod-

erate oversampling factor is demonstrated in numerical simulations.

In the second part (Section 5.2), we extend the single-channel results for the bandpass

class (BBP) in Chapter 3 to second-order bandpass sampling. The design is based on a
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dual-channel architecture with two sampling rates. As shown, it allows for accommo-

dating scenarios of spectral overlap, leading to less restrictive sampling rate constraints

compared to the bandpass results inChapter 3. Themathematical guarantee, an efficient

recovery algorithm and its numerical validation are presented.

• Chapter 6: Conclusion

InChapter 6,we conclude the thesis by revisiting itsmotivation andoverarching research

problem, summarising themain contributionspresented throughout, anddiscussing the

limitations and scope of the proposed approaches. The chapter closes with an outlook

on open challenges and promising directions for future research.
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2.1 Analog-to-Digital Conversion

Shannon’s sampling theorem provides the theoretical foundation for converting an analog

signal into a sequence of discrete numbers:

Theorem 2.1 [Shannon’s Sampling Theorem [51]]

If a function f(t) contains no frequencies higher thanΩ (in radians per second), it is com-

pletely determined by giving its ordinates at a series of points spaced TS = π
Ω
seconds apart.

Theorem 2.1 requires the knowledge of the discrete samples with 1) infinite precision,

2) infinite dynamic range, and 3) arbitrarily high density, depending on the input bandwidth.

In practice, the interface between the analog and digital domains is typically implemented

using an Analog-to-Digital Converter (ADC) [52], which cannot yield such ideal samples.

The digitization process as performed by an ADC is illustrated schematically in Fig. 2.1.

For an analog input signal f (t), the first stage applies low-pass filtering to ensure bandlimit-

edness that matches the ADC’s bandwidth specifications. In the sampling stage, the signal

amplitudes at discrete time instances t = kTS, where k ∈ Z and TS ∈ R+, are captured.

This is performed by a circuit that maintains a constant output, such as a track-and-hold

(T/H) or sample-and-hold (S/H) circuit. The sampled value is then passed to a quantizer,

which converts it into a finite digital representation [9].
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Figure 2.1: The conventional digitization pipeline.
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The discrete samples produced by the ADC are influenced by several factors arising from

the device’s physical limitations. These include aliasing, quantization noise, and clipping, as

illustrated in Fig. 2.2(b). A more detailed discussion is provided in Sections 2.1.1 and 2.1.2.

September 2024 | Gal Shtendel Imperial College London
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Figure 2.2: Analog‐to‐digital converters. (a) Ideal assumptions to satisfy Shannon’s sampling theorem, (b) practical limita‐
tions.

2.1.1 Conversion Rate

The ability of an ADC to reliably digitize the signal amplitudes depends on two rates:

• Analog Bandwidth: The rate at which the T/H mechanism can track the analog

input. For frequencies exceeding the T/H’s analog bandwidth, the signal vanishes

within the noise floor, as the frequency response of the T/H decreases with increas-

ing frequency. The analog bandwidth is modelled by a low-pass filter with a cut-off

frequency.

• Sampling Rate: The rate at which the quantizer operates, denoted by fS = 1/TS,

defines how many samples can be quantized per second. When the sampling rate is
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exactly half the bandwidth of the input analog signal, it corresponds to sampling at

the Nyquist rate (fNS). Otherwise, the setting is either undersampling (fS < fNS) or

oversampling (fS > fNS).

The analog bandwidth is generally larger than the sampling rate [53] and therefore, for sam-

pling at or above theNyquist rate, where themaximal input frequency satisfies fmax ≤ fS/2,

it is typically omitted from the model. However, the analog bandwidth does play a role in

sub-Nyquist sampling.

Themain limiting factor for the sampling rate is the randomperturbations in the sampling

interval TS [54] between the recorded samples. These are known as the aperture jitter, or

timing jitter [54]. Timing jitter distorts the obtained values, with a more pronounced effect

at higher input frequencies as shown in Fig. 2.3, which consequently leads to a decrease in

the signal-to-noise ratio (SNR) of the samples [55].

∆t∆t

∆V

∆V

time

voltage

∆V Error at low frequency

Error at high frequency∆V

Timing error∆t

Figure 2.3: The effect of timing jitter at low (red) and high (blue) signal frequencies.

2.1.2 Dynamic Range andDigital Resolution

The dynamic range of an ADC refers to the ratio between the largest and the smallest sig-

nal intensities the device can resolve[56]. Amplitude values that exceed the ADC’s dynamic

range are clipped, meaning they are mapped to either the minimum or maximum quantiza-
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tion values. This effect is illustrated in Fig. 2.4. The clipping effect poses a disruption in

various signal acquisition systems, including photography [22], scientific imaging [57], com-

munications [58], and audio [21, 59, 60].

The digital resolution of anADC refers to the smallest detectable input voltage increment,

corresponding to the voltage represented by the least significant bit (LSB) [56]. This resolu-

tion is given by dividing the ADC’s dynamic range by 2N , whereN is the number of digital

bits. To improve quantization resolution, system designers sometimes intentionally reduce

the input dynamic range by applying a gain or adjusting the reference voltage—effectively us-

ing only part of the ADC’s physical range to increase sensitivity to smaller signals. Lowering

the full-scale voltage reduces the quantization step, enhancing digital resolution.

Limiteddigital resolution impactsmany signal‑acquisition systems, includingmedical imag-

ing [61], remote sensing [62], and audio processing [63].

amplitude

High dynamic range signal

Clipped signal

Figure 2.4: High dynamic range (blue) and clipped samples. This effect occurs when the amplitudes exceed the dynamic
range of the Analog‐to‐Digital converter.

2.2 Sub-Nyquist Sampling

Modern applicationsmake use of input signals that span a broad range of the electromagnetic

spectrum, from radio frequencies [35, 36] and microwaves, through terahertz radiation, to
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visible light [38, 39], as well as ultraviolet, X-rays, and gamma rays. In many cases, sampling

at or above theNyquist rate is impractical—evenwith state-of-the-art ADCs—or entails pro-

hibitive cost and power consumption. These trade-offs are especially critical in the Internet-

of-Things era, where efficiency and scalability are paramount.

The goal of the alternative approach of “sub-Nyquist sampling” is to recover the frequency

content of a sampled signal beyond the nominal sampling rate without loss of information.

To achieve this, it aims to exploit prior knowledge about the signal, and sample according to

its structure, or information rate [64, 9].

A prominent use case for sub-Nyquist methods is acquisition of multiband signals, as il-

lustrated in Fig. 1.5, by exploiting spectral sparsity. The idea is to intentionally translate/alias

the occupied subbands into lower-frequency slices that low-rate ADCs can capture, while

preserving enough information to reconstruct the original spectrum. Such schemes can rely

on analog front-end preprocessing, algorithmic recovery [65, 66], or joint co-design of the

sensing and reconstruction stages [67, 53].

2.2.1 TheMultiband SignalModel

To discuss the relevant multiband sampling techniques, we first define the class of complex-

valuedmultiband signalswith spectral support G as1,

BMB (G) =
{
x ∈ L2 : x̂(ω) = 0, ∀ω /∈ G

}
, G def

=
⋃P−1

p=0
(ωp +DΩB

) , (2.1)

1Throughout this work, the structure of G is fixed by context and determined by the parameters
P,ΩB, {ωp}P−1

p=0 . Therefore, we omit explicit dependence on G and write BMB.
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where x̂ denotes the Fourier transform (FT) of x, the setDΩB

def
= [−ΩB,ΩB) is a symmetric

baseband interval of width 2ΩB and {ωp}P−1
p=0 are distinct center frequencies (with ωp 6=

0,∀p).

By specifying theparametersΩB, P (assumeωp 6= 0,∀p), wederive sub-classes ofBMB (G):

1. Bandpass signals (BBP), defined as (2.1) with P = 1.

2. Single-Tone signals (BST), defined as (2.1) with P = 1,ΩB → 0.

Let ωU
def
= maxp ωp + ΩB, we denote by BωU

the class of signals bandlimited to ωU. Then,

the following inclusion hierarchy holds for any G:

BST ⊂ BBP ⊂ BMB ⊂ BωU
.

It is useful to represent signals in BMB(G) from (2.1) in the following closed form:

x (t) =
P−1∑
p=0

φp(t)e
ȷωpt, supp (φ̂p) ∈ DΩB

, (2.2)

where each φp(t) ∈ C is a baseband signal modulated to its respective center frequency ωp.

2.2.2 Hardware-Based Demodulation

A multiband signal written in the form (2.2) is composed as the sum of P baseband signals

with maximal frequency ΩB, which are modulated by the set of carrier signals {eȷωpt}P−1
p=0

[68]. Sampling such signals below their Nyquist rate of 2ωU using hardware-based demodu-

lation is described below:
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1. The pth passband is de-modulated to be centered around the origin. Mathematically,

this is equivalent tomultiplying the input signal by the carrier signal’s conjugate e−ȷωpt.

2. A low-pass filter is applied to suppress any additional spectral information when ex-

tracting the interval [−ΩB,ΩB]. The output signal is the pth baseband φp.

3. Sampling at the sub-Nyquist rate 2ΩB ≤ ΩS ≤ 2ωU still yields the above-Nyquist

samples of φp so no information is lost.

Practical realisation of the process involves frequency mixers [69] and a quadrature demodu-

lation architecture [70], as shown in Fig. 2.5. This is because onlyRe {φp (t) e
ȷωpt} can be

accessed.
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Figure 2.5: I /Q architecture for demodulation of the pth spectral component of a signal, which is centred around fre‐
quency ωp

2.2.3 Undersampling

Sub-Nyquist sampling can also be realised without adding hardware, by operating the uni-

form sampler in Fig. 2.1 below the Nyquist rate, i.e., with TS > TNS.

33



Sampling every TS seconds replicates the continuous-time spectrum at integer multiples

of the sampling radian frequencyΩS
2. This replication is sketched in Fig. 2.7 for a bandpass

signal across four periods. Panels (b)–(d) illustrate undersampling, whereΩS < 2ωU = ΩNS.

Notice that in this case, the high-frequency band folds into the baseband interval (ωL, ωL),

known as aliasing.

Although aliasing is oftenundesirable—and theNyquist condition is derived as a sufficient

way to prevent it—it is not always necessary to avoid aliasing. For a given spectrum, theremay

exist undersampling rates at which the shifted replicas do not overlap, referred to as alias-

free rates. Formally, a signal x is alias-free with respect to the sampling rate TS whenever for

ω0 6= ω1 [71],

x is aliasfree(TS) ⇔ ω0 mod ΩS 6= ω1 mod ΩS ∀ω0, ω1 ∈ supp(x̂). (2.3)

These rates enable deliberate “spectral compression” for Fourier-sparse signals (e.g., band-

pass or multiband): the occupied subbands are translated into nonoverlapping slices of base-

band that a low-rateADCcancapture; a subsequent low-pass selection (and, if desired, digital

frequency modulation) recovers all relevant information, as illustrated in Fig. 2.7(b)–(d).

Uniform Bandpass Sampling

In the multiband case, the problem of finding alias-free rates is known to be difficult and

has no closed-form solution [65, 66]. However, for bandpass signals, alias-free rates can be

designed systematically, and this has been studied within the line of work on bandpass sam-
2Equivalently, the sequence’s discrete-time Fourier transform is periodic; the samples act as Fourier-series

coefficients over a fundamental band of widthΩS.
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Figure 2.6: The allowed sampling rates based on the bandpass sampling theorem (from [9]).

pling [8, 72, 73]. For real-valued bandpass signals, alias-free sampling rates depend on the

band position , and the valid rates are plotted in Fig. 2.6. The next theorem is known as the

bandpass sampling theorem [72].

Theorem 2.2 [The Bandpass Sampling Theorem [72]]

Letx ∈ BBP be a continuous-time bandpass signal wherex(t) ∈ R. LetωL, ωU denote the

minimum and maximum frequencies, respectively, of the positive passband. Let x [k] =

x(t)|k=kTS
, whereTS ≤ π/(ωU−ωL). Define x̂δ (ω) = TS

∑
k∈Z x [k] e

−ȷωkTS . If there

existsM ∈ N such that,
π (M − 1)

ωL
≤ TS ≤

πM

ωU
, (2.4)

then x̂δ (ω) = x̂ (ω) , ω ∈ (−ωU,−ωL) ∪ (ωL, ωU) and x can be recovered.

In Theorem 2.2,M is such that
⌊
2ωL

ΩS

⌋
=M − 1 ∈ N so there areM − 1 periods within

(−ωL, ωL).

Signal Recovery. Given the samplesx [k] of a bandpass signal at a rate that satisfies Theorem
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Figure 2.7: The computation of the baseband function x(t). The Fourier transform of the bandpass function (red), and
periodicity of the Fourier series of the bandpass samples (blue) at four sampling frequencies. (a) Sampling above the
critical rate of the bandpass signal. (b) Sampling frequency within the wedge ofM = 2. (c) Maximal valid sampling
frequency forM = 3. (d) Sampling frequency within the wedge ofM = 3.

2.2, recovery of x (t) is obtained by computing the inverse Fourier transform of,

x̂ (ω) = 1G(ΩS,M) (ω) x̂δ (ω) , G (ΩS,M) = ΩS

2
([−M, (1−M)] ∪ [(M − 1),M ]) .

(2.5)

Periodic Nonuniform Sampling

Alias-Free Multiband Sampling and Landau’s Bound. Alias-free rates can also exist for

multiband signals. However, unlike the bandpass case, there is no general closed-form char-

acterisation. Intuitively, each occupied subband induces a set of admissible sampling rates
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Figure 2.8: Multiband sampling using periodic nonuniform sampling pattern. In the acquisition stage, the input signal is
sampled byC channels with respective time‐delays di. Reconstruction involves filtering the sub‐Nyquist sequences,
combining them to recover each spectral band, and summing the bands to reconstruct the multiband signal.

(see Fig. 2.6), and an alias-free rate must lie in the intersection of these sets. For a givenmulti-

band spectrum, this intersection may be very restrictive or even empty [65].

Shifting subbands along the Fourier axis can be better controlled by using nonuniform

sampling patterns. This was formalised by Landau, proving that multiband recovery is pos-

sible with samples taken on an arbitrary grid, while the average sampling rate can be reduced

to the sum of the occupied bandwidths [74].

Periodic Nonuniform Sampling. Uniform and fully nonuniform sampling are two ex-

tremes: the former is easy to implement but is often inefficient, while the latter can approach

Landau’s limit, but its hardware realisation is challenging. Apractical compromise is periodic

nonuniform sampling (PNS): the sampling grid comprisesC uniformly spaced subsequences
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with period TS > TNS and relative delays di. The samples are

xi [k] = x (t) |kTS+di , 0 ≤ i ≤ C − 1, (2.6)

and the aggregate sampling frequency is CΩS, which can be lower than ΩNS and approach

Landau’sminimal rate. PNS is implementablewithC conventional uniform-samplingADCs

(see Fig. 2.8). Unlike uniform sampling, each channel need not operate at an alias-free rate.

Controlled spectral overlap across channels is permissible, with recovery enabled by joint pro-

cessing of theC sequences.

Signal Recovery. For band-pass signals, Kohlenberg [6] derived exact recovery conditions

for periodic nonuniform sampling with two sequences (C = 2). Coulson [68] generalised

these results to higher orders (C > 2). Lin and Vaidyanathan [71] further extended the

framework to multiband signals. The recovery conditions and a constructive reconstruction

procedure described in [71] are summarised below.

ThePNS samples given in (2.6) correspond to the continuous-time representationxδ,i (t) =

x
∑

k∈Z δ (t− (kTS + di)) .The (normalized) Fourier transform of xδ,i (t) is

x̂δi(ω) = TS

∫ ∞

−∞
x
∑
k∈Z

δ (t− (kTS + di)) e
−ȷωtdt

= TSx̂ (ω) ∗

(∑
l∈Z

δ (ω − lΩS) e
−ȷωdi

)
= TSx̂ (ω) ∗

∑
l∈Z

e−ȷlΩSdiδ (ω − lΩS)

= TS
∑
l∈Z

x̂ (ω − lΩS) e
−ȷlΩSdi . (2.7)

The spectrum of each subsequence of the PNS grid, as given in (2.7), is a periodic sum of the

multiband spectrum x̂(ω). Due to that, x̂δi (ω) is the sum of x̂ (ω − lΩS) over all integers
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l ∈ Z, for which x̂ (ω − lΩS) 6= 0. Focusing only on the interval [−ΩS

2
, ΩS

2
), we can write

x̂δi (ω) = TS

P−1∑
p=0

x̂ (ω − βp (ω) ΩS) e
−ȷβp(ω)ΩSdi ,

where,

βp (ω) =


p0 + 1, ω ∈ [−ΩS

2
, 0)

p0, ω ∈ [0, ΩS

2
)

0, elsewhere

, p0 =

⌊
ωp

ΩS

⌋
.

Let,

A (ω) =


e−ȷβ0(ω)ΩSd0 e−ȷβ0(ω)ΩSd1 · · · e−ȷβ0(ω)ΩSdC−1

...
... . . . ...

e−ȷβp(ω)ΩSd0 e−ȷβp(ω)ΩSd1 · · · e−ȷβp(ω)ΩSdC−1

 ,

we use a vector-matrix notation to write the sequences {x̂δi (ω)}C−1
i=0



x̂δ0 (ω)

x̂δ1 (ω)

...

x̂δC−1 (ω)


= A⊤ (ω)


x̂ (ω − β0 (ω) ΩS)

...

x̂ (ω − βp−1 (ω) ΩS)

 , (2.8)

Given {x̂δi (ω)}C−1
i=0 , the recovery is performed in the Fourier domain using a filter bank
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{fi}C−1
i=0 for each passband. For the ith passband, it is computed by solving

A


f̂0 (ω)

...

f̂C−1 (ω)

 =

(
0 · · · 0 1︸︷︷︸

ith index

0 · · · 0

)⊤

(2.9)

for every ω ∈
[
−ΩS

2
, ΩS

2

]
on which the replica of the passband is nonzero. Then, applying

the filter bank
{
f̂i (ω)

}C−1

i=0
on both sides of (2.8) extracts the passband. To recover the

multiband signal, the procedure has to be performed for all the passbands. This requiresA

in (2.9) to be nonsingular for ω ∈ supp (x̂ (ω)). As shown in [71], a convenient choice for

the delays is di = id0 because it rendersA (ω) a Vandermonde matrix, and the conditions

for nonsingularity become:

a)C = L, b) eȷβp(ω)ΩSdi 6= 1, and c) eȷβp(ω)ΩSdi 6= eȷβ
·
m(ω)ΩSdi for i 6= m.

Based on that, finding delay d0 for whichA−1 (ω) exists is a tractable problem.

The formulation in (2.8) suggests that a PNS grid composed of C sequences can resolve

up toC spectral passbands that overlap at the same frequency. These ideas can be related to

those considered by Papoulis in the generalised sampling [75] theory to overcome aliasing.

2.3 The Unlimited Sensing Framework

Computational Sensing and Imaging. Existing technology is shaped by two opposing

trends: on one hand, modern smartphones are more powerful than the computers used dur-
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ing NASA’s Apollo missions3; on the other hand, hardware capabilities are already being

pushed to their limits4. These trends motivate a signal processing approach that harnesses

modern fabrication techniques together with strong computational capabilities, called com-

putational sensing and imaging (CoSI) [76]. Underpinning CoSI is a paradigm shift from

the conventional “capture first – process later” approach, towards a co-design of hardware

and complementary algorithms. A renowned example of CoSI is the commercialised high

dynamic range (HDR) photography algorithm [21] that is prevalent in most modern smart-

phones [22]. In crux, CoSI frameworks are composed of:

• Encoding. The hardware is designed to produce the indirect measurements of a desired

quantity. Ultimately, by encoding the measurements, more information can be captured

than would be possible directly using the same resources.

• Decoding. The information is recovered from the encoded measurements using algo-

rithms and computational routines.

Mathematically, the encoding stage corresponds to a forward model, while the decoding

stage involves solving the associated inverse problem.

The Unlimited Sensing Framework (USF). The USF is a computational sensing protocol

that employs a unique encoding–decoding process to acquire signals with arbitrary dynamic

range at high resolution. Since its introduction in [19], the framework has been significantly

extended in terms of theory, hardware implementation, and applications. This section pro-

vides a brief overview of its main aspects, which are most relevant to the scope of this work.
3https://www.popularmechanics.com/space/moon-mars/a25655/nasa-computer-iphone-comparison/
4https://spectrum.ieee.org/power-problems-might-drive-chip-specialization
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2.3.1 Encoding—TheModulo Sampling Pipeline
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Figure 2.9: The modulo acquisition pipeline.

TheUSF is based on the non-linear digitization pipeline shown in Fig. 2.9. The non-linear

mapping is performed by the centred modulo operator with threshold λ

Mλ : x 7→ 2λ

([[
x

2λ
+

1

2

]]
− 1

2

)
, [[x]]

def
= x− bxc , (2.10)

where [[x]] and bxc define the fractional part and floor function, respectively. Compared to

the conventional signal acquisition model from Fig. 2.1, the USF pipeline incorporates an

encoding process realised by the modulo mapping, which compresses the amplitude infor-

mation into a fixed dynamic range. Given a signal f ∈ L2, the full pipeline is described as

follows:

1. Pre-filtering with a non-aliasing filter ϕ (t). The low-pass approximation of f (t) is

x (t) = f (t) ∗ ϕ (t) =
∫
f (τ)ϕ (t− τ) dτ. (2.11)

2. Non-linear mapping with the operatorMλ(·). The output is y (t)
def
= Mλ(x (t)).

3. Uniform sampling using an impulse train ⊗kTS

def
=
∑

k=∈Z δ(t − kTS) with parameter
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Transfer Function of Modulo ADC(a) 
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Figure 2.10: The modulo ADC (M –ADC). (a) Transfer function. (b) Input signal, output signal and modulo point‐wise
samples [48].

Ts > 0. This results in

y [k]
def
= y (t) |t=kTS

, k ∈ Z.

4. B-bits quantization of y [k]. The values of y [k] are rounded to the closest set element in

CB,λ =

{
±(2n+ 1)

2B
λ
∣∣ n ∈

{
0, . . . , 2B − 1

}}
, (2.12)

where [−λ, λ) are the dynamic range extremums.

Notice that themapping (2.10) is injected before the uniform sampling stage, so the low-pass

signal to be sampled x is encoded into a bounded signal y (t) = Mλ(x (t)) ∈ [−λ, λ), and

clipping cannot occur. This effect is visualised for some common input signals in Fig. 2.11.

The first hardware demonstration of the above encoding procedure was demonstrated in

[23] using the M–ADC, whose transfer function is shown in Fig. 2.10. In all the following

analyses, we discuss the forward model

y [k] = Mλ(x (kTS)), k ∈ Z, (2.13)

43



Figure 2.11: The modulo waveform (blue) generated by theM –ADC for different types of input signals (black). The
residual between the input and the modulo waveforms is shown in green. Notice that this is in fact the quantized signal
that is sampled in a conventional analog‐to‐digital pipeline.

and the non-linear inverse problem

given y [k] , find x (t) s. t. y = Mλ(x (kTS)). (2.14)

Sampling Resolution

The conventional trade-offbetweendynamic range andnoise floor, discussed in Section2.1.2,

states that for a fixed bit budget, increasing the dynamic range necessarily increases the quan-

tization step size, and vice versa. This trade-off is reflected by the signal-to-quantization noise

ratio, defined as SQNR
def
= 10 log10

(
σ2
q

σ2
x

)
,where σ2

x and σ2
q denote the power of the signal

(assuming zero mean) and the quantization noise, respectively. Remarkably, the USF chal-

lenges this limitation. Modulo signals not only encode large input amplitudes effectively, but

they also enable smaller quantization steps, thereby achieving both a higher dynamic range

and improved resolution simultaneously. Quantitatively, the quantization error of the M–

ADC is reduced by a factor of ζ = λ
||x||∞

. compared to the case of a conventional ADC.
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Figure 2.12: Left: Illustration of the quantization process for bit resolution b = 3 (from [31]). Right: Comparison between
the signal‐to‐quantization noise ratio (SQNR) of a conventional ADC and the modulo ADCs.

Identifiability in Unlimited Sampling

The forward model in (3) results in a non-linear, many-to-one mapping (2.10) that makes

the inverse problem (2.14) inherently ill-posed. However, as proved both in [47] and [77],

the problem is well-posed for any sampling rate 0 < TS < π/Ω, such that the modulo

samples y [k] uniquely characterise the bandlimited functionx. Normalizing the bandwidth

of x (t) to Ω = π so the critical sampling rate is TNS = 1, an oversampling rate is denoted

by Tϵ = π
π+ϵ

, ϵ > 0, where 0 < Tϵ < 1. Then, this injectivity property is formalised as

follows.

Theorem 2.3 [Injectivity for Modulo Sampling [47]]

Any f ∈ PWπ is uniquely determined by its modulo samples that are recorded on the grid

{tn = nTϵ}n∈Z with ϵ > 0.
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2.3.2 Decoding—Algorithmic Signal Recovery

The M–ADC’s encoding operation must be followed by a decoding procedure for solving

the inverse problem in (2.14). Depending on the signal class of interest, algorithms have been

proposed for different acquisitionmodels andprocessing techniques [48, 23, 78, 79, 30]. The

main focus in this study is the class of bandlimited signals. In the following, we first set up

the different models for the acquired modulo signal that are used in various works. Then, a

survey of the key recovery methods is given.

Folding Architectures

The USF-based signal recovery is based on exploiting the structure of the sampled modulo

signal. In particular, the modulo decomposition property.

Theorem 2.4 [Modulo Decomposition Property [48]]

The bandlimited function x ∈ BΩ admits a decomposition,

x (t) = y (t) + r (t) , (2.15)

where y (t) = Mλ(x (t)), λ > 0 and r (t) is a step-wise function.

Wewill refer to r (t) also as a simple function, or a residual function. This function holds the

discontinuities that are introduced by the modulo folding step. Theorem 2.4 is visualised in

Fig. 2.13.

Having the samples y [k], knowing r [k] = r (t) |t=kTS
is equivalent to knowingx [k] since

they can be computed one from the other using (2.15). Therefore, the inverse problem (2.14)
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Figure 2.13: The modulo decomposition property.

boils down to finding r [k]. The advantage of recovering the residual part is that its structure

can be leveraged for the task. In the USF line-of-work, 3main models for r (t) that are used:

1. IdealModulo Folding (Mλ). Assuming that all the folds have an exact amplitude equal

to 2λ, the residual function model was given by,

r (t) = 2λ
∑
m∈Z

e[m]1Dm (t), e[m] ∈ Z, (2.16)

where the real line is partitioned into intervalsDm such that
⋃

m∈ZDm = R. Recov-

ery algorithms based on thismodel were proposed for different input signal classes and

sampling architectures [48, 80, 81, 79, 82, 27].

2. Non-Ideal Modulo Folding (M̃λ). The advent of the M–ADC enabled the investi-

gation of practical realisations of the modulo-based encoding [23, 83, 50]. It was ob-

served that the amplitudes of the residual part do not necessarily belong to the set 2λZ.

A model that incorporates this empirical observation was proposed in [23],

r (t) =
∑
m∈M

cm1Dm (t), ∪m1Dm = R, cm ∈ R, (2.17)
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whereM is the number of folding instances. The model can describe the effect of

disruptions in the sampled signal, like reset- or shot- noise [50], aswell as imperfections

in the acquisition device [83] and deviations in the modulo threshold.

3. Generalized Folding (MH). To compensate for further model deviations that were

revealed in hardware experiments with the M–ADC [84, 25, 83, 85], a generalised

residual model was proposed in [25]. This model adds two degrees of freedom to the

residual function, incorporating two effects: hysteresis, where increasing or decreasing

signals exhibit a different threshold, and the folding transient effect, where the fold-

ing does not happen instantaneously, but rather it has a non-negligible time duration.

The generalized residual model with parameters λ, h ∈ [0, 2λ), α ∈ R+ is [25],

r (t) =
∑

p∈Z
spε0 (t− τp) ,where ε0 (t) = 2λh

[
1
α
t · 1[0,α) (t) + 1[α,∞) (t)

]
,

(2.18)

and λh = λ − h
2
, sp = sign (x (τp)− x (τp−1)). Moreover, p ≥ 1, {τp} is an

asynchronous sequence satisfying τ0 = 0 and,

τ1 = min {t > τ0|Mλ(x (t) + λ) = 0}

τp+1 = min {t > τp|Mλ(x (t)− x (τp) + hsp) = 0} .

The value of h controls the minimal time between folding adjacent instances τp and

τp+1, where for h = 0 folds can be arbitrarily close, like in the ideal model.

Illustration of a bandlimited signal and the folded outputs of the three architectures is

shown in Fig. 2.14
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Figure 2.14: Illustration of modulo folding by different folding architectures. Upper: Ideal folding. Middle: Non‐ideal
folding, where the discontinuities are not confined to the grid 2λZ. Lower: Hysteresis effect, where discontinuities do
not reset to the threshold value.

Time-Domain Based Recovery

The injectivity theorem 2.3 indicates that, under certain conditions, the recovery of a ban-

dlimited signal from its modulo samples becomes a well-posed problem. To extract this

unique solution, the following algorithms utilise prior knowledge on the structure of the

residual signal (2.16), and recover x (t) using time-domain processing.

The Unlimited Sampling Theorem and Algorithm. A sufficient condition for guaran-

teed recovery of a bandlimited signal x from its modulo samples is in the next theorem [48].

Theorem 2.5 [The Unlimited Sampling Theorem [19, 48]]

Let x be a continuous-time function with maximum frequency Ω rad
sec

. Then, a sufficient

condition for the recovery of x (t) from its modulo samples (up to an additive constant)

taken every TS seconds apart is TS ⩽ 1/ (2Ωe) where e is Euler’s number.
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The sampling density criterion in Theorem 2.5 exploits the property that bandlimited sam-

ples x[k] def
= x (kTS) can be upper bounded in the higher-order differences domain. Mathe-

matically, ‖∆Nx‖∞ ≤ (TSΩe)
N‖x‖∞, where∆Nx denotesN -th order difference operator

on x. Based on the previous relation, if

TS ≤ TUS = 1
2Ωe

, (2.19)

then for

N⋆ ≥
⌈
log λ− log βx
log (TSΩe)

⌉
, βx ∈ 2λZ, and βx ≥ ||x||∞, (2.20)

it is guaranteed that ||∆N⋆
x||∞ < λ [48]. From modular arithmetic, we have the property

that Mλ(∆
NMλ(x [k])) = Mλ(∆

Nx [k]). Then, under the assumption of ideal modulo

sampling, that is the residual function follows (2.16), this property can be leveraged to sepa-

rate x [k] and r [k] in the higher differences space,

Mλ(
(
∆Ny

)
[k]) = Mλ(

(
∆Nx

)
[k]) =

(
∆Nx

)
[k] . (2.21)

Given
(
∆Nx

)
[k], by inversion of the finite differences operation, the inverse problem (2.14)

can be solved. Let S define the anti-differences operator

S : {s[k]}k∈Z+ →
k∑

m=1

s[m], (2.22)

that inverts the operator∆ up to an unknown constant. The recovery is based on applying
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Algorithm 1:The Unlimited Sensing Algorithm (US-Alg)
Data: y [k] = Mλ(x (kTS) ).
Result: x̃ (t) ≈ x (t).
1) ComputeN from (2.20).

2) Compute (∆Ny)[k].

3) Compute
s(0)[k] =

(
Mλ(∆

Ny)−∆Ny
)
[k].

4) Define S : {s[k]}k∈Z+ →
∑k

m=1 s[m].
For n = 0 : N − 2:

4(a) s(n+1)[k] =
(
S
(
s(n)
))

[k].

4(b) s(n+1) = 2λ

⌈
bs(n+1)/λc

2

⌉
.

4(c) κn =⌊
S(s(n+1))[1]−S(s(n+1))[J+1]

12βX
+ 1

2

⌋
.

4(d) s(n+1)[k] = s(n+1)[k] + 2λκ(n).

end

5) x̃[k] =
(
S
(
s(N−1)

))
[k] + y [k].

6) x̃ (t) =
∑
k∈Z

x̃ [k] sinc
(

t
TS
− k
)
.

S sequentiallyN times on the finite differences of the residual. The restriction on its ampli-

tudes is used to find the unknown constant. The full recovery algorithm, called US-Alg [48],

is summarised in Algorithm 1. The recovery using US-Alg is not restricted by the number of

folds in the signal, leading to theoretically infinite dynamic range. It is also suitable for mea-

surements with additive bounded noise, where yη [k] = y [k] + η [k], |η [k]| ≤ β0, for some

β0 > 0 and ∀k ∈ Z. Romanov et al. [77] proposed a recovery algorithm for any TS > TNQ,

given that there is T0 ∈ R for which ‖x(t)‖ < |t|−ρ, ρ > 0 for |t| > T0. The recovery is

based on a prediction filter.

Results Demonstrating Applicative Utility. In US-Alg, the bandlimited and the residual

samples that compose y based on (2.15) are separated in the higher-order difference space.

This same principle was later adapted to a series of algorithms that enable efficient HDR

signal acquisition for different sensing and imaging systems. In [86], such a framework for

computational array processing was presented. The advantage of the proposed algorithms is
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Figure 2.15: Time‐domain partitioning of modulo samples into their bandlimited and residual components x[k] and r[k]
respectively, based on higher order finite differences operator (from [48]).

the capability to estimate the direction of arrival directly from the eigenvalues of the higher-

order differences samples and to retrieve a beamformed signal directly from the folded sam-

ples. Beckmann et al. defined theModuloRadon transform (MRT) in [27] as a composition

of the Radon and Modulo operators. The authors prove the injectivity of the MRT, and

demonstrate its utilisation for computerised tomography systems via a recovery algorithm

named US-FBP. A proof of concept for FMCW radars was presented in [87]. AnHDRTime-

of-Flight imaging framework is part of this thesis, and covered in Section 5.1).

52



Sampling Architectures for Bandlimited Signals. The ideal modulo non-linear mapping

was integrated into common sampling architectures such as 1-bitΣδ andmulti-channel sam-

pling. Graff et al. [80] observed that the fact that both the modulo and 1-bit Σδ sampling

architectures trade the bit budget with oversampling makes their integration desirable. The

authors formulated recovery guarantees and algorithms that are not based on finite difference

operations, as these are not beneficial in the 1-bitΣδ case. Multi-channel sampling architec-

ture was examined by Lu et al. in [82]. In the proposed framework, the bandlimited signal

is sampled simultaneously with multiple channels at the critical rate. The threshold on each

channel varies such that the values are coprime numbers. Then, theChineseRemainderThe-

orem enables the unfolding of the modulo samples.

Time-Domain Based Recovery for Modulo Hysteresis Folding. The generalized model

of the residual function (2.18) allows tackling some non-standard sampling scenarios such

as incomplete folds [25], non-pointwise average sampling [83], or event-driven sampling [84,

85]. As in the ideal folding case, the recovery is again based on estimation of the residual

samples r [k], which is equivalent to finding the folding instances and amplitudes, (sp, τp),

in the case of the parametric model (2.18). Here, the recovery is based on first filtering the

data by a generic filter ψN that produces, ψN ∗ y [k] = ψN ∗ x [k]− ψN ∗ r [k] . Then, for

cases when the transient durationα is negligible, a variation of the US-Alg based on λh can be

used. Otherwise, a thresholding based algorithm was presented in [25].

Fourier-Domain Based Recovery

AFourier-domain approach for solving theproblem(2.14)was suggested in [23]. Themethod

leverages the fact that for x ∈ BΩ, then x̂ (ω) = 0, ∀|ω| > Ω while Mλ(x (t)) /∈ BΩ. To
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formulate this, the input signal is assumed to be τ -periodic such thatx (t) = x (t+ τ). Sam-

pling with period TS yieldsK = τ/TS samples over one period. Denote by x̂, ŷ, r̂ the DFT

of the K-length sequences x, y, and r, respectively. The Fourier-domain partition of the

finite difference sequence∆y satisfies

∆̂y [n] =


∆̂x [n]− ∆̂r [n] n ∈ (EP,K−1) (in-band interval),

−∆̂r [n] n ∈ (IK−1 \ EP,K−1) + (K − 1)Z (out-of-band interval),

(2.23)

where P = dΩτ
2π
e and we assume K ≥ 2P + 1, which is an oversampling setting. The

Fourier-domain separation (2.23) is not based on the higher-order differences like the time-

domain separation (Section 2.3.2). Also, there is no need for the assumption of r (t) ∈ 2λZ.

This allows using the non-ideal model for the residual function (2.17). Mathematically, the

finite differences sequence of the residual samples has a DFT that can be written as,

̂̄r [n] = M−1∑
m=0

w [m] e−ȷ 2π
K−1

κ[m]n, r̄
def
= ∆r, (2.24)

which is a function of 2M parameters, where M is the number of folds. The sequences

κ, w of lengthM denote the instances and amplitudes of the discontinuities, respectively.

From (2.23), there areK − 1− P accessible samples of ∆̂r [n] so possible recovery requires

K − 1− (2P + 1) ≥ 2M . This condition is formalised in the next theorem.
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Theorem 2.6 [Fourier Domain Reconstruction, [23]]

Let x ∈ BΩ be a τ -periodic function. Suppose that we are given K modulo samples of

y [k] = Mλ(x (kT )) with at mostM non-ideal folds. Then a sufficient condition for

recovery of x (t) from y [k] (up to a constant) is that,

TS ≤
τ

K
, and K ≥ 2

(⌈
Ωτ

2π

⌉
+ (M + 1)

)
.

Compared with (2.19), the sampling rate in Theorem 2.6 is favourable. A suitable recovery

algorithm called the US-FP was also presented in [23], and it is summarised in Algorithm 2.

The idea is illustrated in Fig. 2.16. To estimate the folding times, spectral estimation tech-

niques like Prony’s method [88] and the Matrix Pencil [89] can be used. Successful recovery

by using the Fourier-domain approach was demonstrated in hardware experiments with the

M–ADC, where the signal was contaminatedwith systemnoise [50] and non-ideal folds [23].

A recent work utilised theUS-FPmethod for direct estimation of a sparse signal from its mod-

ulo measurements, without unfolding [90].

2.3.3 AdvantagesofUSFoverAlternativeHigh-ResolutionandHigh-Dynamic-

RangeMethods

Several existing approaches address high-dynamic-range (HDR) acquisition either algorith-

mically, by attempting to recover saturated samples after clipping, or at the hardware level,

by modifying the signal before quantization. Algorithmic de-clipping methods exploit sig-

nal structure, such as bandlimitedness[11] or sparsity, as well as measurement redundancy

from oversampling or multiple data streams[13]. However, they operate after saturation has
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Algorithm 2:Unlimited Sensing Fourier-Prony (US-FP)
Input: {y [k]}K−1

k=0 , τ, P andM = |M| in (2.17).
Result: x̃ (t).
1) Compute The DFT ∆̂y [n].
2) Define

z[n] = ∆̂y [n] , n ∈ IK−1 \ EP,K−1.
3) Fold Estimation in the Fourier Domain

3a) Define TM (z) using (2.25).
3b) Find p such that TM (z)p = 0.
3c) Using p above, compute the roots ξ̃m

of the polynomial PM (z) constructed
via,

PM (z) =

M−1∏
m=0

(
1− ξm

z

)
=

M∑
n=0

p [n]z−k.

3d) Estimate t̃m = −TS∠ξ̃m/ω̄0.

3e) Estimate c̃ [m] using least-squares
minimization.

4) Estimate ∆̃r [k]. This is done by
plugging {c̃ [m] , t̃m}m∈M in the first
order differences of (2.17), yieldinĝ̃
∆r [n] and then performing inverse
DFT.

5) Estimate r̃ [k] by zero padding and
anti-difference.

6) Estimate x̃ [k] = r̃ [k] + y [k] (up to an
unknown constant).

7) Estimate x̃ (t) by applying
sinc-interpolation to x̃ [k].

TM (z)
def
=


z [0] z [−1] · · · z [−M ]

z [1] z [0] · · · z [1−M ]
...

... . . . ...
z [M − 1] z [M − 2] · · · z [−1]

 . (2.25)

already caused information loss, so their guarantees depend on restrictive assumptions, in-

cluding the number of clipped samples, the oversampling factor, or a known sparse model.

Moreover, many such methods provide only discrete-to-discrete recovery and lack a general

sampling-density criterion for arbitrary HDR signals.

Hardware-based alternatives, such as automatic gain control, companding, and adaptive

gain[17], address the dynamic-range limitation by changing the acquisitionmechanism itself.

Automatic gain control and companding attempt to fit the signal into the ADC range before
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Figure 2.16: Frequency domain partitioning of modulo samples into their bandlimited and residual components x[k] and
r[k], respectively (based on [23]).

sampling, but this introduces analog complexity, stability concerns, and sensitivity to non-

ideal implementations. Time-varying gain architectures similarly use additional hardware

structure and often rely on oversampling or calibration.

For improving digital resolution, Sigma-delta ADCs are particularly relevant in this com-

parison because, likeUSF, they trade sampling rate for amplitude resolution: instead of using

many bits per sample, they oversample and shape the quantization error[91]. In this sense,

sigma-delta conversion can resemble USF at a high level, since bothmethods exploit oversam-

pling to relax the requirements on the instantaneous quantizer resolution.

The distinction, however, is that sigma-delta and modulo sampling address the dynamic-

range problem in differentways. Practical sigma-delta systems have a finite stable input range:

if the internal prediction error or loop states become too large, the modulator can overload,
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become unstable, or produce large reconstruction errors. Thus, sigma-delta achieves high res-

olution by using significant oversampling and feedback-based noise shaping, but its perfor-

mance depends on loop stability, filter design, and the admissible signal range. By contrast,

modulo sampling deliberately folds the signal amplitude through a controlled nonlinearity.

Values outside the ADC range are not clipped or treated as overload events. Instead, they

are mapped back into the measurable range in a structured way that preserves information

modulo the folding threshold.
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3
Unlimited Sensing of Bandpass Signals
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3.1 Introduction and Contributions

Motivation.
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Figure 3.1: The spectrum of a bandpass signal.

Bandpass signals are prevalent in sonar [33,

34], radar [35, 36], ultrasound imaging [37],

and optics [38, 39], and often occupy spec-

tral bands that make sampling above their

Nyquist rate challenging. Two main approaches to address this issue, which are hardware

demodulation and undersampling, reviewed in Chapter 2, do not account for the limita-

tions imposed by the ADC’s finite dynamic range and resolution. Here, we aim to develop a

USF-basedmethod that enables efficient acquisition of bandpass signals withHDR and high

HDRes.

Unlimited Sensing of Bandpass Signals. HDR sampling of bandpass signals has been ad-

dressed mostly through ADC implementations [69, 92, 93]. Computational techniques ad-

dressing this challenge are less explored, and in particular, bandpass signals have not been ex-

plicitly consideredwithin theUSF.However, emerging applications such asUSF-based radar

and computational tomography [87, 29] systems, emphasise the need for such solutions.

A key challenge in achieving HDR bandpass sampling based on the USF is the opposing

sampling paradigms. Bandpass sampling operates within the sub-Nyquist region, whereas all

of the existingUSF techniques reside in the oversampling region1. To develop techniques for

USF-based acquisition in the undersampling domain, we address the three questions of:

1) Theory: How does aliasing affect the amplitude-folded signal?
1At the time this work was published.
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2) Algorithm: What are the frameworks to unfold such functions, that are folded in both

their range and domain?

3) Practice: Are the proposed frameworks practical, and can they be implemented?

Contributions. This chapter formulates and addresses the problem of HDR sampling and

recovery of bandpass signals withmodulo non-linearities at sub-Nyquist sampling rates. The

main contributions are:

1) Recovery guarantees. Given folded samples of a bandpass signal, the conditions

for guaranteed recovery are derived, enabling sub-Nyquist sampling.

2) Algorithmic flexibility for practical solutions. Solutions are derived for different

modulo folding architectures, which explain different hardware observations.

3) Numerical simulations and hardware experiments. Validation of the results and

algorithms is provided, establishing the practical feasibility and the empirical per-

formance of the recovery methods.

The recovery guarantees are summarised in Fig. 3.2.

Signal Model. Bandpass signals comprise a spectral band of width ΩB, centred around a

modulation frequency ω0 > ΩB/2. The signal model is written according to (2.2) with

P = 1 as

xBP (t) = φ0(t)e
ȷω0t, φ(t) ∈ R, supp (φ̂0) ∈ DΩB

2

. (3.1)

In the following, we consider real-valued bandpass signals having two symmetric spectral

bands w.r.t. the DC frequency ω = 0, as illustrated in Fig. 3.1. This is the model from
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[68], which can be obtained by replacing the modulation eȷω0t in (3.1) with eȷ±ω0t, which

corresponds to the model (2.2) with P = 2 and ω1 = −ω0.

3.2 Towards Computational Demodulation viaModulo Undersampling
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x̂BP(ω)

Figure 3.3: The Fourier‐domain representation of a modulo signal. The sum of a bandpass component x̂BP (ω) (upper)
and a residual component−r̂BP (ω) (middle) composes the modulo signal ŷBP (ω) = x̂BP (ω)− r̂BP (ω) (lower).

Sub-Nyquist sampling ofmodulo signals may seem unreasonable becausemodulo folding

renders a bandlimited signal, non-bandlimited, as visualised in Fig. 3.3. However, the mo-

tivation to investigate modulo undersampling emerged during hardware experiments with

amplitude-modulated (AM) bandpass signals; for some choices of sampling rates, undersam-

pling with the M–ADC yielded the baseband signal (φ0 in (3.1)) without any recovery pro-
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cedure. An example is shown in Fig. 3.4. This phenomenon indicates that, despite the non-

bandlimitedness of the modulo signal, the underlying bandlimited component preserves its

structure under aliasing.

Figure 3.4: An amplitude modulated signal, its associated modulo signal and undersampled modulo samples. The fre‐
quencies of the message and carrier signals are fM = 35 Hz and fC = 400 Hz, respectively. For a sampling period
TS = 2.5 ms, modulo samples coincide with underlying baseband signal samples, which directly results in demodula‐
tion.

Modulo Undersampling. Consider the bandpass signal xBP ∈ BBP defined in (3.1), and

xBP (t) ∈ R. Let xBP [k] = xBP (t) |t=kTS
, k ∈ Z be its uniform samples with TS ≤

π/ΩB, and define the normalized Fourier series x̂BPδ (ω) = TS
∑

k∈Z xBP [k] e
−ȷωkTS . We

can always extract the lowpass filtered signal x via its spectrum,

x̂ (ω) = 1[
−ΩS

2
,
ΩS

2

] (ω) x̂BPδ (ω) , (3.2)
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Using that TS · xBP [k] are the FS coefficients of x̂BPδ (ω) together with (3.2) we write,

xBP [k] =
1

2π

∫ ΩS/2

−ΩS/2

x̂BPδ (ω) e
ȷωkTSdω (3.3)

=
1

2π

∫ ∞

−∞
1[

−ΩS

2
,
ΩS

2

] (ω) x̂BPδ (ω) eȷωkTSdω

(3.2)
=

1

2π

∫ ∞

−∞
x̂ (ω) eȷωkTSdω = g (t)|t=kTS

def
= x [k] .

The last equation shows that in the sub-Nyquist regime TS > TNS, the samples xBP [k]

are not unique and represent the lowpass signal x(t) 6= xBP (t), as illustrated in Fig. 3.5.

Using the modulo decomposition property (Theorem 2.4), we decompose both sequences

into their modulo and residual components

xBP [k] = yBP [k] + rBP [k] , x [k] = y [k] + r [k] , k ∈ Z. (3.4)

Subtracting the modulo sequences, we get

(yBP − y) [k] = (xBP − x) [k]︸ ︷︷ ︸
=0 from (3.3)

− (rBP − r) [k] . (3.5)

For the LHS of (3.5), since yBP [k] ∈ [−λ, λ) we get that (yBP − y) [k] ∈ (−2λ, 2λ). For

the RHS, (rBP − r) [k] ∈ 2λZ so the intersection set between the two sides of (3.5) must

be zero. Then,

(yBP − y) [k] = (r − rBP) [k] = 0⇒ yBP [k] = y [k] , ∀k ∈ Z. (3.6)
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The result in (3.6) shows that by undersampling themodulo bandpass signal, we get the sam-

ples of the modulo lowpass signal. The fact that yBP to y is like xBP to x, will play a key role

in the derivation of theUSF bandpass samplingmethods. It reveals that for suitable sampling

rates, after unfolding yBP to x. we can recover the bandpass signal xBP.

Bandpass 
Spectrum
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Figure 3.5: Undersampling demodulates the bandpass spectrum into a lowpass region, and the lowpass signal x can be
extracted.

3.3 Theory and Algorithms

Problem Formulation. The acquisition pipeline for HDR bandpass sampling is detailed in

Chapter 2.3.1 and Fig. 2.9. The input signal xBP is fed into the M–ADC, which performs

themodulo folding operation and yields the samples yBP [k] at rateTS. Signal reconstruction

is achieved by solving the inverse problem:

given yBP [k] = Mλ(xBP (kTS)), where TS > TNS, recover xBP (t) . (3.7)

Based on the modulo undersampling result described above, it is evident that given TS, if:

1. The spectrum of xBP has no spectral overlaps, and

2. The residual samples r [k] can be recovered from yBP [k],
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then we can find x [k] from yBP [k] and xBP (t) from x [k]. Therefore, the solution strat-

egy is to determine the intersection between the sampling periods where both conditions are

satisfied.

3.3.1 Ideal Folding Architecture

For the ideal folding architecture described in Chapter 2.3.2, we derive the following sam-

pling theorem.

Theorem 3.1 [The Unlimited Bandpass Sampling Theorem [94]]

Let xBP ∈ BBP with ΩB = ωU − ωL and yBP (t) = Mλ(xBP (t)). Let yBP [k] =

y (kTS), k ∈ Z be the modulo samples of xBP (t) at period TS > 0. If there existsM ∈ N

such that TS satisfies,


π(M−1)

ωL
≤ TS ≤ 2πe(M−1)+1

2eωU
M ∈ 2N+ 1

2πeM−1
2eωL

≤ TS ≤ πM
ωU

M ∈ 2N
(3.8)

where e denotes Euler’s number, thenxBP (t) can be recovered from yBP [k] up to an integer

multiple of 2λ.

Proof. We define the normalized FS with coefficients yBP [k],

ŷBPδ (ω)
def
= TS

∑
k∈Z

yBP [k] e
−ȷωkTS (3.9)

(2.15)
= TS

∑
k∈Z

[xBP − rBP] [k] e−ȷωkTS = [x̂BPδ − r̂BPδ] (ω) ,
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Substituting (3.3) and (3.6) into (3.9)

ŷBPδ (ω) = ŷδ (ω) = x̂δ (ω)− r̂δ (ω) , (3.10)

where x̂δ (ω) and r̂δ (ω) are the FS of x [k] and r [k], respectively. From (3.10), we get that

ŷδ (ω) = x̂δ (ω)− r̂δ (ω) which means that under the conditions of Theorem 2.5 [48], we

can getx [k] (and hence, x (t)) from yBP [k]. Moreover, if (2.4) is satisfied then fromLemma

2.2, xBP (t) can be obtained and

Ωx
U =


ωU − M−1

2
ΩS M ∈ 2N+ 1

M
2
ΩS − ωL M ∈ 2N

, (3.11)

whereΩx
U denotes the bandwidth ofx. TheUSF recovery condition forx requires thatΩS ≥

4πωx
Ue. ForM ∈ 2N+ 1, plugging (3.11) allows to re-write the USF recovery condition as

ΩS ≥ 4πωx
Ue = 4πe

(
ωU − P−1

2
ΩS

)
⇔ ΩS ≥ 4πe

1+2πe(M−1)
ωU.

(3.12)

It can be directly shown that 4πe
1+2πe(P−1)

ωU ≥ 2ωU

P
, which yields the final condition onΩS,

4πe

1 + 2πe (M − 1)
ωU ≤ ΩS ≤

2ωL

M − 1
. (3.13)

ForM ∈ 2N, using the same derivation as in (3.12), we getΩS ≥ 4πe
(
M
2
ΩS − ωL

)
, which

yields
2ωU

M
≤ ΩS ≤

4πe

2πeM − 1
ωL. (3.14)
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Using TS = 2π
ΩS

in 3.13 and 3.14 yields the desired result; then xBP (t) can be recovered from

its modulo samples. ■

As a sanity check, the consistency of Theorem 3.1 with Theorem 2.5 can be verified for

M = 1. Nevertheless, forM > 1, lower sampling periods are allowed by exploiting the

bandpass prior. Another property to look at is the upper bound onM . In the conventional

bandpass result (see Theorem 2.2), this is given byM ≤
⌊
ωU

ΩB

⌋
. Using (3.13) and (3.14), an

equivalent bound for the modulo bandpass case is,


(M − 1)2πeΩB ≤ ωL M ∈ 2N+ 1

2πeMΩB ≤ ωU M ∈ 2N
⇒


M ≤

⌊
ωL

2πeΩB
+ 1
⌋

M ∈ 2N+ 1

M ≤
⌊

ωU

2πeΩB

⌋
M ∈ 2N

(3.15)

Since the bound in (3.15) is tighter for the even case, we get thatM ≤
⌊

ωU

2πeΩB

⌋
, which is

stricter thanM ≤
⌊
ωU

ΩB

⌋
. Lastly, we notice that based on Theorem 3.1, whenever


ΩS = 2

M−1
ωL M ∈ 2N+ 1

ΩS = 2
M
ωU M ∈ 2N

, (3.16)

we get the baseband relocation case, where x have minimal bandwidth Ωx
U = ΩB. This case

is demonstrated in Fig. 2.7(c) forM = 3.

Sampling-Based Demodulation ofModulo AM Signals. Among themost common band-

pass waveforms that appear in practical applications are double-sideband AM signals [95],

characterised by a spectrum comprising two adjacent sidebandsmirrored around a carrier fre-

quency. Because of their spectral structure, AMsignals can be recovered evenwhenΩS = ΩB
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[8]. In this particular case, the result of Theorem 3.1 can be improved based on an even

stronger prior, formalised in the next corollary.

Corollary 1 (Unlimited Sampling of AMSignals). If the side lobes of the bandpass spectrum x̂

are symmetric, i.e., x̂ (ωL + ω) = x̂ (ωU − ω) ,∀ω ∈ [0,ΩB/2], thenxBP(t) can be recovered

via Algorithm 3 if there existsMAM ∈ N such that

ΩS =
ωU + ωL

2MAM
and

ωU + ωL

ωU − ωL
≥ 4πeMAM. (3.17)

Proof. We require that the sideband copies lead to pairs of lobes that perfectly overlap, such

that a pair is centred around the origin. This is true if the LHS equation in (3.17) is satisfied.

Furthermore, to ensure that adjacent pairs of lobes do not lead to additional overlaps, which

ensures that the information can be recovered, we further assume ΩS ≥ ΩB. This leads to

the following condition on ωU, ωL:

ωU + ωL

ωU − ωL
≥ 2MAM. (3.18)

Lastly, we compute ωx
U, in order to derive a bound for USF. The pair of lobes centred in the

origin haswidthωU−ωL, therefore its bandwidth isωx
U = ΩB

2
. This yields theUSF condition

ΩS ≥ 4πeΩB

2
= 2πeΩB. By using the LHS equation in (3.17) it is translated in terms of

ωU, ωL that leads to the RHS equation in (3.17). ■

The RHS equation in (3.17) is a tighter condition than (3.18), and thus is enough for

input recovery in the case of AM signals. As a particular case, Corollary 2 has implications

for sinusoids, which can be viewed as AM signals with ΩB −→ 0. While [96] demonstrated
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Algorithm 3:Unlimited Sampling of Bandpass Signals
Input: yBP [k], λ,βxBP

= ||xBP||∞, ωL, and ωU.
Result: Bandpass function, x̃BP (t).
1) ComputeΩx

U using (3.11).

2) ComputeN =

⌈
log λ−log βxBP

log(TSΩ
x
Ue)

⌉
.

3) Compute
(
∆Ny

)
[k]

(3.6)
=
(
∆NyBP

)
[k].

4) Compute
(
∆Nr

)
[k] =

(
Mλ(∆

Ny)−
(
∆Ny

))
[k].

Set s(0) [k] =
(
∆Nr

)
[k].

5) For n = 0 : N − 2

(i) s(n+1) [k] = S
(
s(n)
)
[k], S : {s[k]}k∈Z+ →

∑k
m=1 s[m].

(ii) s(n+1) [k] = 2λ

⌈
bs(n+1)/λc

2

⌉
(rounding to 2λZ).

(iii) Compute κ(n) =

⌊
S2(∆nr)[1]−S2(∆nr)[

6βxBP

λ
+1]

12βxBP
+ 1

2

⌋
.

(iv) s(n+1) [k] = s(n+1) [k] + 2κ(n).

end

6) x̃ [k] = S
(
s(N−1)

)
[k] + yBP [k] + 2mλ,m ∈ Z.

7) Compute x̂δ (ω) = TS
∑

k∈Z x̃ [k] e
−ȷωkTS .

8) Estimate x̃BP (t) from x̂δ (ω) using (2.5) andM from (3.8).

that these signals allow lower sampling rates than in the general bandlimited case, under the

conditions of Corollary 1, this improvement can be further enhanced.
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3.3.2 Generalized Folding Architecture

To be able to accommodate nonlinear effects occurring during modulo acquisition, such as

hysteresis, the generalized modulo architectureMH described in Chapter 2.3.2 is considered

for the forward model with TS > 0. The output samples are modelled as,

yBP [k] = MH (xBP (kTS)) = (xBP + rBP) [k]
(3.3)
= (x+ rBP) [k] , (3.19)

where the residual sequence is modeled as rBP [k] =
∑

p∈Z spε0 (kTS − τp) based on (2.18).

By replacing the ideal modulo withMH (·), the inverse problem (3.7) is changed accordingly.

Assuming negligible transient (α = 0), it gives ε0 (t− τp) = 2λh1[τp,∞) (t) |t=kTS
∈

{0, 2λh}. Therefore, samples x [k] (3.19) can be recovered up to 2λhZ using a variation

of US-Alg detailed in Algorithm 1, as explained next. Using the same reasoning as in US-Alg,

∀k ∈ Zwe require that |∆N (x+ η) [k]| < λh, which is true if (TSΩe)N ‖g‖∞ < λh. Sub-

sequently, x̃ [k] = x [k] + 2Mλh,M ∈ Z, is computed using∆Nx [k] = Mλh

(
∆Ny [k]

)
.

In the following, we give a theorem guaranteeing recovery from generalized modulo data.
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Theorem 3.2 [GeneralizedModulo Recovery]

Let xBP ∈ PW[ωL,ωU] and yBP [k] = MH (xBP (t)) |t=kTS
be the generalized modulo

samples of xBP with sampling period TS > 0. We assume that there existsM ∈ N such

that TS satisfies (3.8). Then xBP can be recovered from
(
∆NyBP

)
[k] up to an integer

multiple of 2λh, whereN is defined as

N =

⌈
log λh − log βg
log (TSΩx

Ue)

⌉
, (3.20)

andΩx
U is defined in (3.11).

Proof. From (3.19) we get that ∆NyBP = ∆N (x+ rBP), where x [k] = x (t) |t=kTS
and

x is defined in (3.2). It can be directly verified that the value of N in (3.20) guarantees

(TSΩe)
N ‖x‖∞ < λh, which was also shown in [48] for the case h = 0. Similarly, given that

rBP [k] ∈ {2mλh | m ∈ Z}, it can be directly shown that∆NrBP [k] ∈ {2mλh | m ∈ Z}.

Then, using a similar reasoning as for US-Alg, we get that Mλh

(
∆NrBP [k]

)
= 0 and thus(

∆Nx
)
[k] = Mλh

(
∆NyBP [k]

)
. Further on, the US-Alg can be used to recover x (t). Even

though the recovery of x (t) has no direct link to the bandpass property of xBP (t), this is

required to get back xBP (t) from g (t). As shown in Theorem 3.1, this is possible if (3.8) is

satisfied. ■

3.3.3 Non-Ideal Folding Architecture

The Fourier-domain-based recovery procedure in Chapter 2.3.2, which is designed for the

non-ideal folding architecture, exploits both the parametric structure of the residual signal

model (2.17), and the partitioning of the modulo signal in the frequency domain. Since for
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bandpass signals x̂BP (ω) = 0, ∀ω ∈ R, |ω| /∈ (ωL, ωU), two partitioning intervals can be

leveraged in that case. In fact, the bandpass prior interval of ω ∈ (−ωL, ωL) can be used to

recover the residual signal’s parameters without the need for demodulation, for any ΩS >

2ωU. Qualitatively, this can be observed in Fig. 3.3. However, for further reduction of the

sampling frequency, demodulation will be necessary.

Fourier-Domain Partitioning of Modulo Bandpass Signals. To derive the modulo band-

pass sampling conditions in the discrete frequency domain, we use the discrete Fourier trans-

form (DFT). The function xBP (t) is considered to be τ -periodic . We also assume that

TS = τ
K
, where K ∈ Z denotes the number of samples, and without reducing the gen-

erality, we assume that ωL, ωU are integer multiples of 2π
τ
. In terms of theK–length DFT of

yBP, (3.10) becomes,

ŷBP [n] = TS

K−1∑
k=0

yBP [k] e
−ȷ 2π

K
kn = ŷBPδ (ω) |ω=2π

τ
n

= (x̂δ − r̂BPδ) (ω)|ω= 2π
τ
n = x̂ [n]− r̂BP [n] .

Moreover,x (t)defined in (3.2) is τ -periodic aswell, given that its frequencies are obtained

by shifting x̂BP (ω) by integer multiples ofΩS = 2π
TS
.

We assume ωL > 0, therefore ωL ≥ 2π/τ . DefineQL, QU ∈ Z as

QL
def
=
KωL

ΩS
, QU

def
=
KωU

ΩS
, (3.21)

we get QL ≥ 1. We know that the DFT coefficients computed from the samples x[k] =

x(t)|t=kTS
map to the magnitudes of x̂(ω)|

ω=n
2π
τ

=n
ΩS

K

. It then follows from (3.11) and
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(3.21) that the indices of the passband frequencies in x̂ [n], the DFT of x(t), are contained

in

{−Qx
U, Q

x
U + 1, . . . ,−Qx

L} ∪ {Qx
L, Q

x
L + 1, . . . , Qx

U} , where

Qx
U =


QU − M−1

2
K M ∈ 2N+ 1

M
2
K −QL M ∈ 2N

and, Qx
L = Qx

U −QB, (3.22)

and QB
def
= QU − QL. The number of periods ΩS within (−ωL, ωL) isM − 1 = 2ωL

ΩS
∈

N. We have that x [k] = xBP [k] via (3.3). Then, using the periodicity of the DFT, that is

ŷBP [K − q] = ŷBP [q] ,∀q ∈ {0, 1, . . . , K}, the following holds

ŷBP [n] =


x̂ [n]− r̂BP [n] , n ∈ E[Qx

L ,Q
x
U],K

−r̂BP [n] , n ∈ IK \ E[Qx
L ,Q

x
U],K

where the set E[Qx
L ,Q

x
U],K

is given by, E[Qx
L ,Q

x
U],K

= [Qx
L, Q

x
U] ∪ [K −Qx

U, K −Qx
L]. The

partition is schematically illustrated in Fig. 3.6. As can be seen, the two sets on which the

residual and the lowpass signals can be separated are,

FBP =


[Qx

U + 1, K −Qx
U − 1] (Outer Set)

[0, Qx
L − 1] ∪ [K −Qx

L − 1, K − 1] (Inner Set)
. (3.23)

A sampling density criterion that enables recovery based on the two sets is given in the next

theorem.
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Figure 3.6: The partitioning of a bandpass signal into its modulo (red) and residual (blue) components in the discrete
Fourier‐domain. (a) Decomposition of the bandpass spectra into the modulo and residual components. (b) The inner and
outer intervals as defined in (3.23) on a single DFT period.

Theorem 3.3 [Bandpass Fourier-Domain Recovery]

Let xBP ∈ BBP be a τ -periodic function. Suppose that we are givenK modulo samples of

yBP [k] = M̃λ (xBP (kTS)), at sampling period TS = τ
K
> 0, folded at mostM times.

If there existsM ∈ N such that TS satisfies,


(M−1)τ

2QL
≤ TS ≤ Mτ

2(QU+M+1)
, M ∈ 2N+ 1

(M−1)τ
2(QL−M−1)

≤ TS ≤ Mτ
2QU

, M ∈ 2N

or,
(M−1)τ

2(QL−M−1)
≤ TS ≤ Mτ

2QU
, M ∈ 2N+ 1

(M−1)τ
2QL

≤ TS ≤ Mτ
2(QU+M+1)

, M ∈ 2N
, (3.24)

andQL > M + 1 forM ∈ 2N orM ∈ (2N+ 1) \ {1} in (3.24). Then, xBP (t) can be
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recovered from yBP [k] up to 2λZ.

Proof. We start from (2.4) and multiply byK to get,

(
M − 1

2

)
K ≤ KωL

ΩS
≤ KωU

ΩS
≤
(
M

2

)
K. (3.25)

Re-arranging (3.25) with respect to the number of samplesK ,

2

M

KωU

ΩS
≤ K ≤ 2

M − 1

KωL

ΩS
. (3.26)

Then, using (3.21), we get an equivalent of the bandpass sampling condition (2.4) in the

discrete frequency domain
2QU

M
≤ K ≤ 2QL

M − 1
. (3.27)

Next, to recover the bandpass samples, we note that for a modulo sequence withM folds,

the first order difference of the residual,∆r, is a 2M -parametric signal. Its recovery requires

2M + 1 samples in the outer set (3.23), for which ŷBP [n] = −r̂BP [n]. This is guaranteed

byK − 2Qx
U − 1 ≥ 2M + 1. By substituting withQx

U from (3.3.3) and isolatingK we get,


K ≥ 2(QU+M+1)

M
M ∈ 2N+ 1

K ≤ 2(QL−M−1)
M−1

M ∈ 2N
.

For every M ≥ 0,M > 0, we get that 2(QU+M+1)
M

≥ 2QU

M
and 2(QL−M−1)

M−1
≤ 2QL

M−1
.

Integration with the bound in (3.27) and substitutionK = τ/TS yields the first condition

in (3.24). For the set [0, Qx
L − 1]∪[K −Qx

L − 2, K − 2]we require that2 (Qx
L − 1) ≥ 2M .
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We useQx
L from (3.3.3) and isolateK to get,


K ≤ 2(QL−M−1)

M−1
M ∈ 2N+ 1

K ≥ 2(QU+M+1)
M

M ∈ 2N
. (3.28)

As in the outer set case, we integrate (3.28) with the bound in (3.27), and replaceK = τ/TS

to get the sampling condition in (3.24). For TS that satisfies (3.24) for someM ∈ N, xBP (t)

can be recovered from its modulo samples by Algorithm 4. ■

• As a sanity check, it is verified that in the case of a bandlimited signal (QU = QB), the

result is that 2(M +1)modulo samples beyond the maximal non-zero frequency of the

signal are needed, as expected from Theorem 2.6.

• ForM = 1, the possibility of reconstruction based on the inner set samples is indepen-

dent of the sampling period and requiresQL ≥M + 1.

• The number of folds that can be recovered decreaseswhenM gets larger, asmore replicas

of the bandwidth occupy the outer set (evenM case) or the inner set (oddM case).

• For a givenM , the outer set (evenM case) or the inner set (oddM case) shrinks asK

increases. Consequently, a larger M would require lowering the sampling period for

recovery based on a specific interval. This implies that in modulo undersampling, the

sampling period must be carefully optimised based on the recovery strategy, taking into

account the exploited interval and the parity ofM .

Similar to Corollary 1, the prevalence of AM signals and their spectral structure motivates

the proof of the next corollary for non-ideal modulo bandpass sampling.
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Algorithm 4: Bandpass Recovery in the Fourier-Domain
Input: {yBP [k]}K−1

k=0 , τ, ωL, ωU, andM = |M| (2.17)
Result: Bandpass function, x̃BP (t).

1) Compute ∆̂yBP [n], the DFT of∆yBP.

2) ComputeQx
L orQx

U using (3.3.3).

3) Define ∆̂r [n] def
= −∆̂yBP [n]

(3.6)
= −∆̂y [n], where n ∈ FBP (3.23).

4) Use spectral estimation to estimate ∆̃r [k] [23].

5) Estimate r̃ [k] =
∑k

m=1 ∆̃r [m] (up to an unknown constant), and compute
x̃ [k] = r̃ [k] + yBP [k].

6) Compute x̂δ (ω) = TS
∑

k∈Z x [k] e
−ȷωkTS .

7) Estimate x̃BP (t) from x̂δ (ω) using (2.5) andM from (3.24).

Corollary 2 (Fourier-Domain Recovery for AM Signals). If xBP ∈ BBP is a τ -periodic

function such that the side lobes of x̂ are symmetric, i.e., x̂ (ωL + ω) = x̂ (ωU − ω) ,∀ω ∈

[0,ΩB/2], then xBP(t) can be recovered fromK modulo samples folded at mostM times via

Algorithm 4 if there existsMAM ∈ N such thatΩS = 2π
KTS

= ωU+ωL

2MAM
and

ΩB ≤ ΩS ≤
4π (QL −M − 1)

τ(2MAM − 1)
. (3.29)

Proof. Just as in Corollary 1,ΩS = (ωU + ωL) / (2MAM) guarantees perfect overlapping of

the spectral lobes. For recovery to work, we further require that ΩB ≤ ΩS. Here, only the

outer set [Qx
U + 1, K −Qx

U − 2] can be used and hence, we require that (K − 2Qx
U − 2) ≥

2M . Then, the RHS of (3.29) follows by substitutingQx
U (3.3.3) (withM = 2MAM) and

K = (ΩSτ) /(2π). ■
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Figure 3.7: Modulo bandpass acquisition and reconstruction pipeline.

3.4 Experiments

The theoretical results presented in Section 3.3 are validated in numerical experiments, and

the potential of the modulo undersampling technique is demonstrated via hardware exper-

iments, including the computational demodulation and the recovery of a bandpass signal

from its modulo samples.

3.4.1 Numerical Experiments

As the most practical use case, we consider the case of baseband relocation. In the experi-

ments, the bandwidth of the positive Fourier-domain coefficients isΩB = π, and their com-

plex values are generated randomly so x̂BP (ω) = 100U0 + ȷ120U1, ∀ω ∈ [ωL, ωU], where

(U0, U1) ∈ (0, 1) × (0, 1) are sampled from a uniform distribution. The negative Fourier-

domain coefficients are the complex conjugate of the positive Fourier-domain coefficients.

The bandpass signal is normalized so ||xBP||∞ = 1. The experimental pipeline follows the

block diagram in Fig. 3.7. The modulo of the bandpass signal, yBP (t) is sampled at period

TS for a time interval τ to produce a sequence ofK = τ/T modulo samples yBP [k], and

the samples that are recovered by Algorithm 3 and Algorithm 4 are denoted by x̃USBP [k] and

x̃FPBP [k], respectively. Both algorithms recover the signal up to an additive constant of 2λZ.
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Table 3.1: Hardware Experiments–Summary of Parameters and Performance

Exp. Fig. No. TS (ms) K τ (ms) ωL(rad/s) ωU(rad/s) ρ AM ΩM(rad/s) θM(rad) ω0(rad/s) θC(rad) E (x, x̃)

0 Fig. 3.4 2.5 24 59.8 2.29× 103 2.73× 103 2.49 −2.502 219.91 1.147 2.51× 103 −0.17 1.7× 10−3

1 Fig. 3.9 10 30 299 584.33 672.30 3.77 3.72 43.98 2.644 628.31 −0.93 7.1× 10−3

2 Fig. 3.10 2.5 24 59.8 2.29× 103 2.73× 103 2.6 2.47 216 −1.57× 10−2 2.5× 103 −1.57× 10−2 4.26× 10−4

This factor is estimated from the ground-truth samples xBP [k], and the MSE between the

signals is measured and denoted by E
(
xBP, x̃

US
BP

)
and E

(
xBP, x̃

FP
BP

)
.

—• Time-Domain Recovery. The evaluation on this experiment is based on 1000 random

realizations of a bandpass signal xBP ∈ B(50π,51π) with λ ∼ U (0.05, 0.1). According to

(2.19), the samplingperiod should satisfyTS ≤ TBP
US = 1/ (102πe) ≈ 1.1×10−3. However,

according to Theorem 3.1 withM = 5, recovery is still possible for 0.080 ≤ TS ≤ 0.085.

We set TS = 0.080 to achieve baseband relocation in (3.16). The maximal reconstruction

error achieved by Algorithm 3 is E
(
xBP, x̃

US
BP

)
= 8.54× 10−32. This verifies the validity of

Theorem 3.1, and shows a factor of 8πe reduction in the required sampling period for band-

pass signals recovery. The modulo samples of xBP (t)with λ = 0.07 and the reconstruction

using Algorithm 3 withN = 3 are shown in Fig. 3.8.

—•Fourier-DomainRecovery. To test the utility of our numerical algorithm, 1000 random

realizations of the signal xBP ∈ B(199π,200π) and λ ∼ U (0.02, 0.1) were generated. The

maximum number of detected folds wasM = 259. Without undersampling, recovery of

xBP using the US-FP algorithm requires a sampling period smaller than 4.4 × 10−3. Based

on (3.24), we observe that withM = 2 the sampling period can be eased to 5.8 × 10−3 ≤

TS ≤ 10× 10−3. We set TS = 10× 10−3, which relocates the bandpass signal to a baseband

position (3.16). The maximal reconstruction error using Algorithm 4 is E
(
xBP, x̃

FP
BP

)
=

6.39× 10−32.
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Figure 3.8: Reconstruction of a bandpass signal with ωL = 50π, ωU = 51π from its modulo samples at TS =
8× 10−2, where λ = 0.07,M = 5. Reconstruction with Algorithm 3 achieves E

(
xBP, x̃

US
BP

)
= 2.06× 10−34.

3.4.2 Hardware Experiments

Experimental Protocol. The results for non-ideal modulo architectures can be validated via

hardware experiments, by achieving computational demodulation and recoveryof abandpass

signal from its modulo samples. The input signal follows,

xBP (t) = AM (1 + cos (ΩMt+ θM)) sin (ω0t+ θC) (3.30)
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where{AM,ΩM, θM} are the amplitude, frequency andphase of amessagewave, and{ω0, θC}

are the frequency and phase of a carrier wave. The minimal and maximal frequencies of the

bandpass signal in (3.30) are ωL = ω0 − ΩM and ωU = ω0 + ΩM, respectively. In the

experimental prototype, the signal (3.30) is generated by a TTI–TG5011 function generator,

and then fed into the M–ADC and a 4-channel DSO–X 3024A oscilloscope that simultane-

ously samples the input and the output of theM–ADC to produce the ground-truth and the

modulo samples. The sampling and reconstruction pipeline follows Fig. 3.7. For validation

purposes, standard curve fitting techniques are used to estimate the parameters of (3.30).

Exp. 1: Reconstruction fromNon-idealModulo Samples

To show demodulation and reconstruction using Algorithm 4, a signal with a period of τ =

299 ms that obeys (3.30) with the parameters AM = 3.72,ΩM = 43.98 rad/s, θM =

2.64, ω0 = 628.31 × 103 rad/s, and θC = −0.93 × 10−2 rad is generated. The signal

was fed into the M–ADC with a threshold λ ≈ 2.01 ± 3/20, where ±3/20 is a manually

adjustable design parameter, and then sampled at period TS = 10 ms. The produced mod-

ulo samples y [k] have Qx
U = 3 andM = 4. As (3.30) is an AM signal, we validate that

ΩS = 2π/TS = 200π rad/s satisfies (3.17) withMAM = 1 and also satisfies (3.29) since

ΩB = 28π ≤ 200π ≤ 293π. The conditions of Corollary 2 are satisfied so we can use Algo-

rithm 4 with input y [k], to produce the recovered samples x̃FP [k]. The error compared to

the sequencex [k] = x (kTS) isE
(
x, x̃FP

)
= 7.1×10−3, which verifies that yBP [k] ≈ y [k]

when undersampled. We then use interpolation with sinc (ΩSt) to get x̃FP (t), and recover

x̃BP (t) = x̃FP (t) sin (ω0t+θC)
sin θC

. The corresponding signals are shown in Fig. 3.9.
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Figure 3.9: Reconstruction from experimental data usingM –ADC. The experimental parameters are in Table 3.1
(Exp. 1).

Figure 3.10: Reconstruction from experimental data using the generalizedM –ADC. The experimental parameters are
in Table 3.1 (Exp. 2).

Exp. 2: Reconstruction FromGeneralizedModuloNonlinearity

The input is generated using (3.30) with ΩM = 216 rad/s, ω0 = 2.5 × 103 rad/s, θM =

θC = −1.57 × 10−2 rad, and AM = 2.47. The generalized modulo nonlinearity param-

eters are λ = 1.93, h = 0.88, leading to a ratio ρ = 2.6 between the input amplitude

and modulo threshold. The input is bandpass, satisfying {ωL, ωU} = {2.29, 2.73} × 103.

The input and output of the modulo were sampled with period TS = 2.5× 10−3, which is
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more than double the Nyquist sampling period of TNS = 1.2 ms. This resulted inK = 24

samples. The input xBP (t), modulo output y (t) and output samples y [k] = y (t) |t=kTS

are depicted in Fig. 3.10. The samples of the baseband signal x (t) |t=kTS
were subsequently

recovered using Algorithm 3 with threshold λh. The signal x (t) is reconstructed via in-

terpolation with sinc (Ωt), where Ω = π
TS
. The input xBP (t), recovered as x̃BP (t) =

x̃ (t) sin (ω0t+θC)
sin θC

, is depicted in Fig. 3.10. The error between the recovered input and ground

truth is E (xBP, x̃BP) = 4.26× 10−4.

3.5 Conclusion

In this chapter, the Unlimited Sensing Framework was leveraged for high dynamic range

bandpass sampling. The proposed computational sensing-based solution demonstrates how

the distinct advantages of modulo folding architectures can be exploited in this context.

The first insight is that the structure of bandpass input signals can be exploited to establish

a unique mapping between bandpass signals and their modulo samples, even at sub-Nyquist

rates. Building on that, sampling conditions that guarantee signal recovery are derived. The

three folding architectures: ideal modulo, non-ideal modulo, and generalised modulo are ex-

amined to address practical considerations of modulo ADCs. Practical recovery algorithms

that achieve successful reconstruction at the specified rates, in both the time and frequency

domains, were derived as well. The numerical experiments validated the underlying theoreti-

cal findings. Taking a step closer to practice, hardware experiments further demonstrated the

advantages of the proposed approach.

Overall, this chapter highlights thepotential ofmodulo folding architectures forundersampling-

based acquisition. While directly relevant to bandpass signals, the results also lay the ground-
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work for broader sampling architectures, such as multi-channel systems [73] and Sigma–

Delta ADCs [92], as well as more general signal models, in particular multiband signals.
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4
Unlimited Sensing of Multiband Signals
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4.1 Introduction and Contributions

Motivation
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Figure 4.1: The spectrum of a multiband signal.

Multiband signals are characterised by spec-

tra consisting of multiple disjoint frequency

bands, as illustrated in Fig. 4.1. They arise

across a wide range of technologies, includ-

ing 5G, Wi-Fi, cognitive radio, radar, sonar, and hyperspectral imaging, where information

from several spectral bands is exploited [33, 34, 35, 36, 37, 38, 39].

When sampling multiband signals, a direct application of the Shannon sampling theorem

treats the signal as bandlimited to its total spectral span. This is often impractical: the re-

quired sampling rate is set by the overall bandwidth rather than the actually occupied sub-

bands, yielding prohibitively high demands on analog-to-digital converters (ADCs). Mathe-

matically, this excess reflects the penalty for ignoring the spectral gaps inherent in the Fourier

structure of multiband signals. Over the past decades, sub-Nyquist sampling strategies that

exploit these gaps have been developed in both classical andmodernworks [71, 97, 43, 41, 42]

and are summarised in Chapter 2.

Looking ahead, multiband signals are expected to play a central role in emerging applica-

tions:

• 6Gcommunication, spanningRF,mmWave, visible-light, and terahertz bands,withdense

spectrumoccupancy andheightened interference—particularly inMIMOultra-wideband

systems [98].

• LiDAR- and radar-based autonomous systems, where robust operation under adverse
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conditions is critical for safety.

• Extended Reality (XR), where multiband protocols are essential to meeting stringent

latency, throughput, and reliability requirements [99].

Common to the above is the demand for both high dynamic range (HDR) andhigh digital

resolution (HDRes), which adds a further layer of complexity to sampling. ADC quantiza-

tion introduces a fundamental bottleneck: under a fixed bit budget [46], there is an inherent

trade-off between HDR and HDRes. Expanding the dynamic range prevents clipping of

strong signals but reduces resolution for weak ones, whereas increasing resolution improves

sensitivity toweak components at the risk of saturating strong ones. This trade-off, discussed

in Sections 2.1.1 and 2.1.2, is particularly acute in multiband scenarios for two reasons:

1. Coexistence of strong andweak components leads to the near–far problem [44, 45]. Con-

ventional solutions such as variable-gain amplifiers [17] struggle to accommodate both

simultaneously [18].

2. Sub-Nyquist methods typically demand high digital resolution. Low sampling rates in-

troduce noise folding, while insufficient bit depth severely compromises algorithmic re-

covery.

These considerations underscore the need for architectures thatmitigate quantization lim-

itations. In this regard, the Unlimited Sensing Framework (USF) offers a distinct advantage:

for a fixed bit budget, it increases the effective quantization resolution [24], thereby reduc-

ing reliance on excessive bit depth. This property makes USF-enabled sub-Nyquist schemes

especially promising for practical acquisition of multiband signals [78].
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requires signal structure 

Downsampling Oversampling

Figure 4.2: Downsampling vs. oversampling through the lens of redundancy. Sub‐Nyquist recovery inverts a many‐
to‐one mapping of frequencies by exploiting signal structure. In contrast, the Unlimited Sensing Framework inverts a
many‐to‐one mapping of amplitudes by exploiting measurement redundancy (typically via oversampling).

Unlimited Sensing of Multiband Signals. The challenge in sub-Nyquist USF for multi-

band signals arises from the conflicting requirements visualised in Fig. 4.2: while undersam-

pling is key to leveraging the multiband structure, redundancy, and in particular, oversam-

pling, is crucial for the inversion of the many-to-one modulo mapping in the USF.

In Chapter 3, we showed that despite their non-bandlimited nature, bandpass signals can

be effectively demodulated and acquiredboth theoretically and inpractice using theM–ADC.

This, togetherwith insights regarding complex exponentials [78], serves as a first step towards

USF-based multiband sampling. Yet, the extension from bandpass signals is not immediate.

Here, we derive a new multiband acquisition strategy within the USF that enables stable

recovery under HDR, HDRes and sub-Nyquist constraints. By exploiting structural prop-

erties of multiband signals and tailoring the acquisition and recovery processes, we overcome

the limitations imposed by aliasing and modulo non-linearities.

Contributions. This chapter formulates and addresses the problem of HDR sampling and

recovery of multiband signals with modulo non-linearities at sub-Nyquist sampling rates.

The main contributions are:
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1) Recovery guarantees. We derive conditions for exact recovery ofmultiband signals

from folded (modulo) samples by leveraging effective bandwidth, tightening the

existingUSF bandpass sampling result. We further establish below-Nyquist recov-

ery guarantees for a multiphase periodic-nonuniform USF pipeline with known

band locations

2) Algorithms. We present a compact single-channelmodulo-unfolding architecture

that is backwards-compatible with priormultiband frameworks and an integrated

USF-based recovery workflow across single- and multi-channel settings.

3) Numerical simulations and hardware experiments. We validate the theory and

methods in a single-channel setting, achieving up to 13× dynamic-range improve-

ment with 7-bit measurements. Grounded in the multiphase theoretical frame-

work, collaborators’ experiments validate robustness under low-bit quantization

and reliability in challenging real-world scenarios.

Signal Model. The multiband signal model is (2.2),

x (t) =
P−1∑
p=0

φp(t)e
ȷωpt, supp (φ̂p) ∈ D2ΩB

,

where x is the sum of P baseband signals {φp}P−1
p=0 of bandwidth 2ΩB, with respective mod-

ulation frequenciesΩC = {ωp}P−1
p=0 .
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4.2 Single-Channel Acquisition and Recovery

To reduce hardware complexity andmitigate challenges related to calibration and synchroni-

sation in multi-channel systems, we first adopt a single-channel design well-suited for com-

pact, resource-constrained systems. The proposed architecture is backwards compatiblewith

previous frameworks, such as hardware-demodulated radar systems, single-channel multi-

band sampling [65, 66], andmulti-channel periodic nonuniform samplingmethods [41, 97].

Problem Formulation. Given a multiband input signal x, the acquisition pipeline is de-

scribed in Chapter 2.3.1 and Fig. 2.9, where the M–ADC hardware yields samples y [k] =

Mλ(x (t))|t=kTS
, k ∈ Z.The corresponding inverse problem amounts to:

given y [k] = Mλ(x (kTS)), recover the discrete samples x [k] . (4.1)

Solution Approach. Our recovery leverages the separation of modulo samples into their

smooth and non-smooth components based on the modulo decomposition property in [48]

(see also Theorem 2.4 in Chapter 2 of this work) , which gives

y [k] = x [k]− r [k] , r [k] ∈ 2λZ, (4.2)

where x and r denote the multiband and residual parts, respectively.

Though smoothness can be measured via a digital derivative filter1 ∆ =

[
−1 1

]
, this

would be non-ideal for modulated signals. Therefore, we redefine the filter to accommodate
1The filter∆ is used in theUS-Alg unfoldingmethod presented in [48] and in (Algorithm 1), to shrink the

amplitudes ofΩ-bandlimited signals for sufficiently small TS.
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local carrier frequencies {ω0}P−1
p=0 , which achieves more precise shrinkage. To exemplify this,

consider P = 1 in (2.2) which results in bandpass signal, x(t) = φ0(t)e
−ȷω0t. Using ψ =[

−1 eȷω0TS

]
as an adaptation of∆, The N -th order filter ψN def

= ψ ∗ ψN−1 is related to

∆N def
= ∆ ∗∆N−1 via,

ψN [k] = ∆N [k] e−ȷω0kTS , k = [0, 1, · · · , N + 1]. (4.3)

Then,

(ψN ∗ x) [k] = e−ȷω0kTS(∆N ∗ φ0)[k]. (4.4)

The advantage of defining the filter ψ is that the upper bound ||ψN ∗ x||∞ is independent

of ω0. According to [48], ||∆Nφ0||∞ ≤ (TSΩBe)
N ||φ0||∞ for TS ≤ 1/(2ΩBe). Hence,

we can findN such that ||ψN ∗ x||∞ is arbitrarily small. The shrinkage of ||ψN ∗ x||∞ for

increasingN is exploited to isolate the samples r [k] in (4.2). Despite the conceptual similarity

to US-Alg in [48], the same technique cannot be applied because ψN [k] 6∈ Z; a new recovery

strategy is needed to handle the non-integer nature of ψ. In Section 4.2.1, we formalise the

filter ψ for P > 1. Then, in Section 4.2.2, we introduce a recovery algorithm in the domain

defined by ψN .

4.2.1 The Proposed Filter

Before generalising the solution approach and presenting the recovery algorithm, we formu-

late the properties of the filter Ψ, defined for a set of modulation frequencies ΩC. We also

formalise its property to arbitrarily shrink the amplitudes of amultiband signal x for a choice

of TS.
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Lemma 1. Let x be defined in (2.2) with frequencies ΩC
def
= {ωp}P−1

p=0 , #ΩC = P . Let

x [k] = x(t)
∣∣
t=kTS

. Define

ΨΩC

def
= ψ0 ∗ ψ1 ∗ · · ·ψP−1, ψp

def
=

[
−1 eȷωpTS

]
, (4.5)

andΨN
ΩC

def
= ΨΩC

∗ΨN−1
ΩC

. Let ||φ||∞
def
= maxp ||φp||∞. Then,

||ΨN
ΩC
∗ x||∞ ≤ P (TS2

P−1ΩBe)
N ||φ||∞. (4.6)

Proof. Let φ̃p[k]
def
= φp [k] e

−ȷωpkTS andΩ[p]
C

def
= ΩC \ {ωp}. We will use the identity

(
ΨN

ΩC
∗ φ̃p

)
[k] =

(
ΨN

Ω
[p]
C

∗
[(
∆N ∗ φp

)
[m] eȷωp(m)TS

])
[k] , (4.7)

which is proved by induction in Appendix A. Taking magnitudes in (4.7), we obtain:

∥∥(ΨN
ΩC
∗ φ̃p

)∥∥
∞ ≤

∥∥∥ΨN

Ω
[p]
C

∥∥∥
1
||∆N ∗ φp||∞. (4.8)

The filter coefficients areΨΩC
[k] = (−1)kakΩC

, where we define akΩC
as the degree k elemen-

tary symmetric polynomial2 in P variables {eȷωpt}ωp∈ΩC
. For theN th order filter,

ΨN
ΩC

[k] = (−1)k
∑

v∈V(N,k)

∏N−1

i=0
a
[v]i
ΩC
, (4.9)

where the set V(N, k) =
{
v ∈ NN |

∑N
i=1 [v]i = k

}
consists of all length-N vectors of

2For a set of variables ζ = {zn}N−1
n=0 , the elementary symmetric polynomial of degree k is akζ =∑

S⊆IN ,#S=k zi1zi2 · · · zik .
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non-negative integers whose elements sum to k. Therefore, we have

∥∥∥ΨN

Ω
[p]
C

∥∥∥
1
≤

N(P−1)∑
n=0

∑
v∈V(N,k)

N−1∏
i=0

∣∣∣∣a[v]iΩ
[p]
C

∣∣∣∣.

Using Vandermonde’s identity
∑r

k=0

(
m
k

)(
n

r−k

)
=
(
m+n
r

)
and

∣∣∣∣a[v]iΩ
[p]
C

∣∣∣∣ = (Ω[p]
C

[v]i

)
, where

(
m
k

)
denotes the binomial coefficient,

∥∥∥ΨN

Ω
[p]
C

∥∥∥
1
≤

N(P−1)∑
n=0

(
N#Ω

[p]
C

n

)
= 2N(P−1). (4.10)

Plugging (4.10) and the bound ||∆N ∗ φp||∞ from [48] in (4.8),

∥∥(ΨN
ΩC
∗ φ̃p

)∥∥
∞ ≤ 2N(P−1)(TSΩBe)

N ||φp||∞.

Finally, from the linearity of convolution and summation over P terms, we obtain the final

bound ||ΨN
ΩC
∗ x||∞ ≤ P

∥∥ΨN
ΩC
∗ φ̃p

∥∥
∞. ■

From Lemma 3, choosing TS ≤ 1
2PΩBe

ensures that the amplitudes of x shrink as N in-

creases. It is valuable to investigate the result of Lemma 1 for particular signal classes.

Bandlimited case (P = 1). The condition TS < 1/(2ΩBe)matches [48], while the appli-

cability is extended to one-sided bandpass signals, as ω0 does not affect the sampling rate.

Bandpass Case (P = 2). For real-valued bandpass signals, we have TS ≤ 1/(4ΩBe). As TS

is independent of ω0, a new USF bandpass sampling condition can be deduced. We add the
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Figure 4.3: Achievable (white) and unachievable (red) sampling rates under the Unlimited Sensing Framework as a func‐
tion of the maximum frequency fU. They differ from the conventional result [72] only by a lower bound, while allowing
high dynamic range recovery.

USF condition to the bandpass sampling formula in [72]:

π(P − 1)

ω0 − ΩB
≤ TS ≤ min

{
πP

ω0 + ΩB
,

1

4ΩBe

}
, P ∈ Z. (4.11)

Shown in Fig. 4.3, the result is less restrictive compared to [94].

MultibandCase (P > 2). The conditionTS < 1/(2PΩBe) implies an exponential decrease

in TS with P , but this is still often lower than TNS in practical cases, as it depends on the to-

tal bandwidth {ΩB, P}, rather than modulation frequencies. Notably, it does not impose

constraints on inter-band spacing; therefore, it can be treated as an added constraint in algo-

rithmic approaches such as [65, 66] used in uniformmultiband sampling, without requiring

reformulation or guard bands.
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4.2.2 Recovery Algorithm

Convolving both sides of (4.18) with the complex-valued filter3 ΨN ∈ CP (N+1) defined in

(4.5) gives (
ΨN ∗ y

)
[k] =

(
ΨN ∗ x

)
[k]−

(
ΨN ∗ r

)
[k] . (4.12)

Lemma 1 provides an upper bound on ||ΨN ∗ x||∞ under the specified conditions. Then,

the following unfolding algorithm can recover x [k] frommodulo samples y [k].

Theorem 4.1 [Multiband Recovery fromUniform Samples]

Let x be defined in (2.2) with frequencies ΩC
def
= {ωp}P−1

p=0 , #ΩC = P . Moreover, let

y [k], k ∈ Z denote its modulo samples at period TS and k0 ∈ Z denote the index of the

first modulo fold. Let β ∈ {z ∈ 2λZ : z ≥ ||φ||∞}. If k0 > NP + 1, and

TS < 1/
(
2P−1ΩBe

)
, N ≥

⌈
log (λ)− log (Pβ)

log (TSP2P−1ΩBe)

⌉
, (4.13)

then the samples x [k] = x|t=kTS
can be recovered from y [k].

Proof.Weshowa constructiveproof for reconstructingx [k],∀k ∈ Z, considering: 1.k < k0

2. k = k0 3. k > k0.

1) k < k0: The modulo signal has no folds so x [k] = y [k].

2) k = k0: Compute the filterΨ using (4.5) withΩC
4. Apply it to get (4.12) and then apply

3To relax the notation, the subscriptΩC is omitted.
4For TS > TNS (undersampling), thenΩC = {ω mod ΩS : ω ∈ ΩC}.
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Mλ(·) on both sides to get

Mλ(Ψ
N ∗ y) = Mλ(Mλ(

(
ΨN ∗ x

)
)−Mλ(Ψ

N ∗ r)).

From Lemma 3, TS andN satisfying (4.13) yield,

||ΨN ∗ x||∞ ≤ P (TS2
(P−1)ΩBe)

N ||φ||∞ ≤ λ. (4.14)

For the residual component, note that r [k] = 0 for all k ∈ [k0 − 2NP, k0). Define

k̃ = k0 −NP , then:

(
ΨN ∗ r

) [
k̃
]
=
∑

|p|≤
⌊
NP
2

⌋ r [k̃ − p]ΨN [p]

= r [k0] Ψ
N [−NP ] . (4.15)

Since ΨN is known, we can normalize it such that ΨN [−NP ] = 1. Because r [k] ∈

2λZ we have Mλ(
(
ΨN ∗ r

) [
k̃
]
) = Mλ(r [k0]) = 0. Combining with (4.14), we get

Mλ(
(
ΨN ∗ y

) [
k̃
]
) =

(
ΨN ∗ x

) [
k̃
]
. Hence,

r [k0] = Mλ(
(
ΨN ∗ y

) [
k̃
]
)−

(
ΨN ∗ y

) [
k̃
]
, (4.16)

and the recovered sample is x [k0] = y [k0] + r [k0].

3) k > k0: Given r [k0], define the corrected signal y(k0)
def
= (y + r [k0] δ [m− k0]). The

first fold in y(k0) occurs at k > k0. Thus, applying step 2) recursively to y(k0), with

k̃ = k0 −NP + 1, yields r [k0 + 1]. Repeating steps 2) and 3) results in x [k]. ■
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Algorithm 5:Unlimited Sampling of Multiband Signals (Single-Channel)
Input: y,ΩC, λ,N (computed in (4.13)).
Result: x, unfolded amplitudes of a multiband signal.
1) Compute the FIR filterΨN of lengthNP + 1 using (4.5).

2) NormalizeΨN [k]← ΨN [k] /(ΨN
[
−
⌊
NP
2

⌋]
).

3) Initialize y(0)Ψ ← ΨN ∗ y.

4) For k ≤ 2NP , set x [k] = y [k], y(k+1)
Ψ = y

(k)
Ψ .

5) For k > 2NP , perform:
x [k] = y [k] + Mλ(

(
y
(k)
Ψ

)
[k −NP ])− yΨ [k −NP ].

y
(k+1)
Ψ ← y

(k)
Ψ + (x [k]− y [k])

(
ΨN ∗ δ [m− k]

)
.

Starting from the modulo samples of a multiband signal x, Algorithm 3 recovers the under-

sampled sequence5 x. If TS is also an “alias-free rate” [71], recovery of x is possible. Starting

with the modulo samples of a multiband signal x (t), Algorithm 5 provides the undersam-

pled sequence x. In the cases where TS is also an alias-free rate of the spectral support, or for

systems based on multiple uniform samplers [41, 10], recovery of x (t) is possible.

4.2.3 Experimental Validation

Performance. We numerically validate our method over 621 random realizations with P =

6 bands of width fB = 400 Hz, generated per [42]. The modulation frequencies randomly

span from fB to 12.5
TS
− fB. Signals are sampled at TS = 2.5 × 10−5 s, satisfying (4.13),

with a modulo threshold λ = 0.01 =
∥x∥∞
100

. All recoveries achieve machine-precision MSE.

Fig. 4.4 illustrates the diversity of the spectrum that can be handled.
5The condition on k0 is discussed in [77].
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Figure 4.4: Reconstruction of a multiband signal. Left: numerical experiment. The sampling rate approaches the Nyquist
rate of the multiband signal. Right: reconstruction from 7‐bit quantized samples collected via hardware. The dynamic
range improvement is 13.7×, and the reconstruction MSE is 2.7 × 10−3. As shown (yellow ink), recovery usingUS‐
Alg for the given sampling rate TS fails.

Stability. To empirically test the noise sensitivity of the proposed algorithm, we fix fC =

{±9.7,±15.5,±23.5} kHz with fs = 20 kHz and set the dynamic range gain to≈ 6.6×.

We add gradually increasing white Gaussian noise η to the modulo samples from level 50 to

5 dB. The filter order is chosen such that ||φ ∗ (x+ η) ||∞ ≤ λ for each noise level. The

average MSE over 200 experiments is plotted versus SNR in Fig. 4.5, showing low MSE up

to a noise level of 15 dB.

Hardware Experiment. We validate our algorithm via hardware experiments. The multi-

band signal x is parametrized by fC = {25.64, 79.77, 182.34} and fB = 22.04 Hz, and

is digitised with 7-bit resolution, as in [100]. The maximum amplitude is ||x||∞ = 5.91 =

13.7λwithmodulo thresholdλ = 0.43. The choice of samplingperiodTS = 1.3×10−3 s ≈

0.5TNS compensates for quantizationnoise anddistortion. Reconstruction results are shown
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Figure 4.5: Reconstruction performance under additive white Gaussian noise. The proposed algorithm maintains stable
recovery down to 20 dB.

in Fig. 4.4, achieving anMSE of 2.7× 10−3 while US-Alg [48] fails under the same setting.

4.3 Multiphase Acquisition and Recovery

The term multiphase refers to a periodic nonuniform sampling pattern obtained by sampling

the waveform at several known temporal phases. In practice, this work implements this pattern

using multiple time-delayed acquisition branches; These branches should not be interpreted as

independent signal channels.

The deployment of the single-channel method presented in Chapter 4.2 would either re-

quire additional demodulation hardware [69, 9], or satisfying a set of constraints that can be

challenging to meet at sub-Nyquist sampling rates [65].

Another route to introduce redundancy at sub-Nyquist rates (Fig. 4.2) is to sample the

samemodulo-folded waveform at several known temporal phases. This leads to amultiphase

sampling architecture: each phase is sampled uniformly with period TS, while the collection

of phases forms a denser nonuniform sampling pattern over one period. The redundancy re-

quired for modulo unfolding is therefore obtained across the phase/delay index. This design

is closely related to the classical multi-coset architecture for multiband sampling, grounded
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Figure 4.6: Multiphase Unlimited Sensing Framework sampling architecture. The high‐dynamic‐range input signal x (t)
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the folded signalMλ(x(t)) is sampled pointwise at period TS through multiple channels with time‐delays Td.

in Landau’s density criterion [7, 101] and periodic nonuniform sampling (seeChapter 2.2.3),

and it retains the simplicity and efficiency reported in [9].

Forward Model. We consider the multiband signal model (2.2), where x(t) ∈ R. To de-

scribe multiphase modulo sampling, we introduce the spatiotemporal sampling model

y [c, k] = Mλ(x(t+ s))|t=kTS,s=cTd
, k ∈ Z, c ∈ IC , (4.17)

where TS, Td ∈ R+ and we assume TS ≤ π
2ΩB

. Here, c is the phase index, which in practical

implementation is referred to as the channel. Vectorization of the two-dimensional sequence

(4.17) yields a periodic, nonuniform sampling pattern, so the model is compatible with tech-

niques such asmulti-coset sampling and can be implemented as a time-delayedmulti-channel

architecture. This is illustrated in Fig. 4.6.
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Solution Approach. The parameters {TS, Td} in (4.17) control the sampling density along

the temporal and spatial indicesk and c, respectively. Considering a sub-Nyquist setupwhere

TS > TNS [40], the condition (2.19) is not satisfied along the index k6. Therefore, applying

a finite differences operator along the temporal dimension of x in the spirit of US-Algwould

not result in amplitude shrinkage. On the other hand, the parameter Td in (4.17) can be

set to yield amplitude shrinkage and make the value ||∆Td
x||∞ arbitrarily small, where∆Td

denote the finite difference operator along the spatial dimension, even when TS is relatively

large. This idea extends the principle used in [102], which is described in Chapter 5.2.

To see this approach in action, we begin with the modulo decomposition (4.18), followed

by the application of theN th order operator∆N
Td
,

y [c, k] = x [c, k]− r [c, k]⇒ ∆N
Td
y = ∆N

Td
(x− r). (4.18)

For a suitable choice of {Td, N}, we have Mλ(∆
N
Td
y) = ∆N

Td
x. Despite the similarity to

the case of bandlimited inputs, our approach recovers x directly from∆N
Td
x. This avoids the

ambiguity caused by anti-difference operations used in [48, 23, 26], where x is recovered by

inverting∆N
Td
r. The solution steps are detailed below.

Recovery Guarantees

To separate∆N
Td
x and∆N

Td
r in (4.18), the following bound will be used.

Lemma 2. Let x(t) =
∑P−1

p=0 φp(t)e
ȷωpt, supp (φ̂p) ∈ D2ΩB

, ||φ||∞ = maxp ||φp||∞,

6See proof of Lemma 2 in [48] and its following discussion.
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ωU
def
= max {ωp}P−1

p=0 . Moreover, let x[k] = x(t)|t=kT , k ∈ Z, and T ≤ π
ωU+ΩB

. Then,

||∆Nx||∞ ≤ P

(
ωU

ΩBe
+ 1

)N

(TeΩB)
N ||φ||∞. (4.19)

Proof. Define φ̃p [k] = φp (t) e
ȷωpt|t=kTS

. We prove via induction that∆N φ̃p satisfies,

[
∆N φ̃p

]
k
= eȷωpkTd

N∑
n=0

hN [n] [∆nφp]k+N−n , hN [n]
def
=

(
N

n

)(
eȷωpTd − 1

)N−n
.

(4.20)

BaseN = 1

[∆φ̃p]k = [φp]k+1 e
ȷωp(k+1)T − [φp]k e

ȷωpkT = eȷωpkT
(
(eȷωpT − 1) [φp]k+1 + [∆φ]k

)
= eȷωpkT

(
h1[0] [φp]k+1 + h1[1] [∆φp]k

)
.

Assume (4.20) holds forN − 1. Prove forN :

[
∆N φ̃p

]
k
=
[
∆
(
∆N−1φ̃p

)]
k
=
[
∆N−1φ̃p

]
k+1
−
[
∆N−1φ̃p

]
k
.

Using the induction assumption,

[
∆N−1φ̃p

]
k+1

= eȷωpT

N−1∑
n=0

hN−1[n] [∆
nφp]k+1+N−1−n e

ȷωpkT ,
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and similarly for the term
[
∆N−1φ̃p

]
k
. Combining the terms,

[
∆N φ̃p

]
k
= eȷωpkT

N−1∑
n=0

hN−1[n]
(
[∆nφp]k+N−n e

ȷωpT − [∆nφp]k+N−1+n

)
(4.21)

= eȷωpkT

N−1∑
n=0

hN−1[n]
(
[∆nφp]k+N−n h1[0] +

[
∆n+1φp

]
k+N−n−1

h1[1]
)
.

Splitting the sum and using a change of variables ñ = n+ 1,

[
∆N φ̃p

]
k
= eȷωpkT

(
N−1∑
n=0

hN−1[n]h1[0] [∆
nφp]k+N−n

)

+
N∑

ñ=1

hN−1[ñ− 1]h1[1]
[
∆ñφp

]
k+N−ñ

)

= eȷωpkT

N∑
ñ=0

(hN−1[ñ]h1[0] + hN−1[ñ− 1]h1[1])
[
∆ñφp

]
k+N−ñ

,

with the convention hN−1[−1] = hN−1[N ] = 0. Using the binomial recursion

hN [n]
def
=

(
N

n

)
(ejωpT − 1)N−n =

((
N − 1

n

)
+

(
N − 1

n− 1

))
(ejωpT − 1)N−n

=

(
N − 1

n

)
(ejωpT − 1) (ejωpT − 1)N−1−n +

(
N − 1

m− 1

)
(ejωpT − 1)N−1−(n−1)

= hN−1[n] (e
jωpT − 1) + hN−1[n− 1] = hN−1[n] h1[0] + hN−1[n− 1] h1[1],

we get (4.20) and the induction is complete.

As shown in [48], for bandlimited functions we have ||∆nφp||∞ ≤ (TΩe)n. To upper

bound (4.20), we use this result along with
∣∣(eȷωpT − 1

)∣∣ = 2
∣∣∣sin(ωpT

2

)∣∣∣ ≤ ωpT . This

104



yields:

∣∣[∆N φ̃p

]
k

∣∣ ≤ N∑
n=0

|hN [n]|
∣∣[∆nφp]k+N−n

∣∣
≤

N∑
n=0

(
N

n

)∣∣(eȷωpT − 1
)∣∣N−n

(TΩBe)
n ||φp||∞

=
N∑

n=0

(
N

n

)
(ωpT )

N−n (TΩBe)
n ||φp||∞

=
(
ωpT

(
1 + ΩBe

ωp

))N
||φp||∞.

The final result follows from the triangle inequality

||∆Nx||∞ ≤
P−1∑
p=0

||∆N φ̃p||∞ ≤ P max
p

(
||∆N φ̃p||∞

)
.

■

Our result is backwards-compatible with the known USF result for the bandlimited class,

as can be verified by setting P = 1, and ω0 = 0, yielding the bound in [20], as expected.

The upper bound in Lemma 2, given by 4.19, depends on the maximum frequency of the

multiband signal, ωU. This limitation comes from not fully exploiting the signal’s Fourier

structure. In Section 4.2, we replace the difference filter Δ with a frequency-aware filterΨΩC

that leverages this structure, yielding an upper bound that is independent of ωU.

Exact Multiband Recovery via Sub-Nyquist USF. The upper bound in Lemma 2 can be

applied along the spatial dimension of our USF-MC architecture, with respect to the delay Td.
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For x[c, k] in (4.18) we have,

||∆N
Td
x||∞ ≤ P

(
ωU

ΩBe
+ 1

)N

(TdeΩB)
N ||φ||∞. (4.22)

Therefore, by choosing sufficiently small Td we “oversample” x along its spatial dimension,

which leads to the LHS of (4.22) being arbitrarily small. The exact recovery of x (t) from

y [c, k] is then achievable under the conditions in the next theorem.

Theorem 4.2 [Exact Multiband Recovery]

Let x(t) =
∑P−1

p=0 φp(t)e
ȷωpt, where supp (φ̂p) ∈ D2ΩB

, ||φ||∞ = maxp ||φp||∞,

ωU
def
= max {ωp}P−1

p=0 , and x(t) ∈ R. Let y [c, k] , c ∈ IC , k ∈ Z be its modulo

samples obtained by the model (4.17) with TS = LTd, where L is prime and x̂ (ω) = 0,

∀|ω| < π
TS
. If,

Td <
1

ωU + ΩBe
, N ≥

⌈
log λ− logP ||φ||∞
log Td (ωU + ΩBe)

⌉
, C = P +N, (4.23)

Then x (t) can be perfectly recovered.

Proof. Let xk,yk ∈ RC be the vectors with elements [xk]c = x [c, k], and [yk]c = y [c, k],

respectively, corresponding toC samples at rate Td. From (4.18),∆Nyk = ∆Nxk −∆Nrk,

where rk
def
= xk − yk. The choice of Td < 1

ωU+ΩBe
guarantees that Td (ωU + ΩBe) < 1.

Therefore, the amplitudes of xk shrink with the filter order N based on Lemma 2. For N

that satisfies (4.23), the upper bound on x leads to

||∆Nxk||∞ ≤ λ ⇒ Mλ(∆
Nyk) = ∆Nxk, (4.24)
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because
[
∆Nrk

]
c
∈ 2λZ, ∀c ∈ IC−N . The principle in (4.24) is then applied for every vec-

tor of c samples, indexed by k. LetX,Y be the concatenation of vectorsxk,yk, respectively:

X
def
=

[
x0 x1 · · · xk · · ·

]
, Y

def
=

[
y0 y1 · · · yk · · ·

]
, k ∈ Z. (4.25)

By applying finite differences along the columns ofY, followed by the modulo operator, we

compose the matrixY

Y
def
=

[
y0 y1 · · · yk · · ·

]
, yk ∈ RC−N , yk

def
= Mλ(∆

Nyk), k ∈ Z. (4.26)

Based on (4.24), we writeY = ∆N
Td
X, where the subscript Td is used to denote that the

operator is column-wise. The discrete-time Fourier transform (DTFT) along the rows ofY

yields the vector ŷ (ω) =

[
ŷ0 (ω) ŷ1 (ω) · · · ŷC−N (ω)

]⊤
, where ŷc : R 7→ C is the

DTFT function and it satisfies,

ŷc (ω)
def
=
∑
k∈Z

[
Yc

]
k
e−ȷωkTS (4.27)

=
N∑
i=0

(−1)N−i

(
N

i

)∑
k∈Z

[Xc+i]k e
−ȷωkTS =

[
∆N x̂ (ω)

]
c
,

and x̂ (ω) =

[
x̂0 (ω) x̂1 (ω) · · · x̂C−1 (ω)

]⊤
. In words, at any fixed ω, the DTFT

function ŷc (ω) is equal to the finite differences of the DTFT functions computed from the

original channels {x[c, k]}C−1
c=0 . The DTFT functions x̂c (ω) are related to the multiband
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signal x(t) via

x̂c (ω) =
TS
L

∑
k∈Z

[Xc]k e
−ȷω(k+ c

L
)TS = TS

∑
l∈Z

x̂ (ω − lΩS) e
−ȷ2πl

c
L , (4.28)

and similarly to (2.7) , over the interval [0, 2ΩS) the finite bandwidth of x implies that

x̂c (ω) = TS

L−1∑
l=0

x̂ (ω − lΩS) e
−ȷ2πl

c
L , ω ∈ [0, 2ΩS). (4.29)

Using this,

[
∆N x̂ (ω)

]
c
=

N∑
i=0

(−1)N−i

(
N

i

)
x̂c+i (ω)

= TS

L−1∑
l=0

x̂ (ω − lΩS)
N∑
i=0

(−1)N−i

(
N

i

)
e−ȷ2πl

c+i
L

= TS

L−1∑
l=0

x̂ (ω − lΩS) e
−ȷ2πl

c
L

(
e−ȷ2π

l
L − 1

)N

. (4.30)

Let hl ∈ CC−N with [hl]c = e−ȷ2πl
c
L

(
e−ȷ2π

l
L − 1

)N

, using a vector-matrix notation

ŷ (ω) = Hx(ω), where (4.31)

H
def
=

[
h0 h1 . . . hL−1

]
, x(ω)

def
=



x̂ (ω)

x̂ (ω − ΩS)

...

x̂ (ω − (L− 1)ΩS)


.
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Since the spectrum of x is composed of 2P passbands of width 2ΩB < ΩS, we have that

x̂ (ω − lΩS) 6≡ 0 only for a subset of IL. This subset is called the diversity set of x̂(ω) and

defined as [42]

S def
=
⋃
ω

Sω, Sω = {l ∈ [0, L− 1] : [x(ω)]l 6≡ 0} . (4.32)

This reflects that only |S| ≤ 2P sub-intervals out of L are occupied. Therefore, (4.31) can

become,

ŷ (ω) = HSxS(ω), (4.33)

where columns ofH and the rows of x(ω) are restricted to the set S . The matrixH can be

written as the product

H = V

[
0

(
e−ȷ

2π
L − 1

)N

. . .

(
e−ȷ

2π(L−1)
L − 1

)N]⊤
,

whereV ∈ C(C−N)×L is composed from the firstC −N rows of anL×L discrete Fourier

transformmatrix. As discussed in [43], this matrix has a full row rank whenever (C−N) ≥

|S|. If 0 /∈ S , thenHS has full row rank as well. Compute the left pseudo-inverseH†
S and

apply on both sides of (4.33),

H†
S ŷ (ω) = xS(ω). (4.34)

Then, x(t) is obtained from xS(ω) as in [40]. ■

InTheorem4.2, for a fixed timedelay satisfying (4.23), greater channel redundancy (C rela-

tive toP ) allows a higher finite-difference orderN , which in turn accelerates amplitude decay.

Conversely, by adjusting Td the required number of additional channels can be reduced to
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Algorithm 6:Unlimited Sensing for Multiband Signals (Multiphase)
Input: y [c, k] , c ∈ IC , k ∈ Z, ΩB, ΩC = {ωp}P−1

p=0 , N.
Result: Fourier samples of a multiband signal x.

1) Let yk ∈ RC , [yk]c = y [c, k], andY def
=
[
y0 y1 · · · yk · · ·

]
defined in (4.25).

Compute the finite differences along the columns, denoted∆N
Td
Y.

2) ApplyMλ(·)to the elements of∆N
Td
Y, givingY def

= Mλ(∆
N
Td
Y) = ∆N

Td
X from (4.26).

3) Compute the DTFT along the rows ofY, giving the functions ŷc (ω) in (4.27).

4) Let hl ∈ CC−N with [hl]c = e−ȷ2πl
c
L

(
e−ȷ2π

l
L − 1

)N

. ConstructH in (4.31).

5) Construct the diversity set S = {s0, s1, · · · , s#S} in (4.32), restrict the columns ofH
to the set S as in (4.33). Then, computeH†

S .

6) Let x (ω) : RL 7→ CL, with functions

[x (ω)]l =

{[
H†

S ŷ (ω)
]
i
, if l = si ∈ S,

0, if ℓ /∈ S,
ℓ = 0, . . . , L− 1. (4.35)

7) Compute x [k] = IDTFT (x (ω)).

N = P + 1, when Td satisfies ||∆Td
X||∞ ≤ λ. This demonstrates that by processing along

both signal dimensions, we can achieve HDR reconstruction with minimal overhead on the

sampling architecture.

Furthermore, theproposedmethod, as summarised inAlgorithm6, reconstructs themulti-

band samples directly from their finite differences, eliminating the need for a minimal num-

ber of samples in the vicinity of the unfolded value, as required by other local reconstruction

techniques in the USF.
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Robust Recovery on Finite Intervals

The solution approach andmathematical guarantees derived in the previous sectionhighlight

the benefits of spatiotemporal processing for USF-Multiband. However, the key hypothesis

r[c, k] ∈ 2λZ for all c ∈ IC , k ∈ Z is challenging to satisfy in practice. Violations of this

may compromise the HDR capability and recovery precision of the method. In particular,

hardware experiments reveal the following challenges:

• Measurement Noise. System and quantization noise can be amplified by the nonlinear

filter (4.24), destabilising it and distorting recovery.

• Hardware Imperfections. Non-ideal analog folding can produce off-grid folds r[k] /∈

2λZ , causing spikes and degrading multiband reconstruction accuracy.

Problem Formulation. Considering the above factors, the model (4.18) becomes

yη [c, k] = x [c, k]− r [c, k] + η [c, k] , (4.36)

where η [c, k] accounts for noise and hardware imperfections. As noted, applying Algorithm

6 directly to the noisy modulo measurements yη [c, k] may fail under these conditions. To

improve robustness, an optimization-based recovery algorithm has been proposed. Consider

the firstK columns of the matrixY, defined in (4.25). Applying the first-order finite differ-

ences (N=1) along the columns, we get

yk = xk − rk, k ∈ IK ,
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where xk, rk are the corresponding first-order differences of the multiband and the residual

samples, respectively. The problem to be solved is to find estimates for xk and rk via

min
xk,rk
‖yk − (xk − rk)‖2ℓ2 , for a fixed k ∈ IK . (4.37)

To relax the ill-posedness, priors reflecting the signal model are utilised. The smoothness of

x is exploited by approximating its samples with a modulated polynomial model, that is

[xk]c ≈
P−1∑
p=0

H(c; [qk]p)e
ȷωpTdc, (4.38)

whereH(t; τ ) is a polynomial at variable t, and its coefficients are the elements of the vector

τ ∈ CP . The error
∣∣∣[xk]c −

∑P−1
p=0 H(c; [qk]p)e

ȷωpTdc
∣∣∣ can be bounded on a finite interval

of length (C − 1)Td, and it decays rapidly w.r.t. the polynomial order. For r, we exploit the

sparsity of rk, that is [23],

[rk]c =

Mk−1∑
m=0

[αk]m δ [c− [βk]m] , [αk]m ∈ 2λZ, [βk]m ∈ IC−1, (4.39)

where {[αk]m , [βk]m}
Mk

m=0 are pairs of the amplitudes and folding instants, respectively, and

δ [k] is the Dirac delta function. Adding the priors (4.38) and (4.39) to (4.37) we arrive at
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the optimization problem

min
qk,αk,βk

‖yk − (xk − rk)‖2ℓ2 , s.t. [xk]c =
P−1∑
p=0

H(c; [qk]p)e
ȷωpTdc, (4.40)

[rk]c =

Mk−1∑
m=0

[αk]m δ [c− [βk]m] , [αk]m ∈ 2λZ, [βk]m ∈ IC−1.

Solution Strategy. The constrained problem (4.40) is non-convex and challenging to solve.

To address this, we decompose the problem into two tractable sub-problems and solve them

by alternating minimisation:

1. In P1, we retrieveαk,βk using sparse approximation.

2. In P2, we fit the modulated polynomial model (4.38) to the estimate of xk.

Sub-problem P1. Assuming that xk is known, we estimate rk by minimizing,

(P1) min
αk,βk

∥∥∥r̃k − rk

∥∥∥2
ℓ2
, s.t. r̃k = xk − yk

[rk]c =

Mk−1∑
m=0

[αk]m δ [c− [βk]m] , [αk]m ∈ 2λZ, [βk]m ∈ IC−1, (4.41)

which is a non-convex problem. To find the solution to (4.41), we leverage the following

continuous-time, sparse parametrisation as the ratio of two polynomials [49]:

[rk]c =
Pk(
[
ζC−1

]
c
)

Qk(
[
ζC−1

]
c
)
,

Pk ∈ PMk−1

Qk ∈ PMk

,
[
ζC−1

]
c
= eȷ

2cπ
C−1 . (4.42)

The roots ofQk uniquely determine the spike locationsβk asQk([uk]m) = 0⇐⇒ [uk]m =
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eȷ2π[βk]m/(C−1),m ∈ IMk
. Consequently, (4.41) can be equivalently re-formulated as,

min
Qk,Pk

C−2∑
c=0

∣∣∣∣∣[rk]c − Pk(
[
ζC−1

]
c
)

Qk(
[
ζC−1

]
c
)

∣∣∣∣∣
2

. (4.43)

The numeratorPk can be found exactly by solving a linear system of equations, as soon as the

denominatorQk is known. Hence, (4.43) can be considered asminimizing onQk alone. Still

(4.43) is non-convex, it is solved iteratively, where we construct a collection of estimates for

Qk and choose the one that leads to the minimal mean-squared error on the measurements

y via (4.43).

Sub-problem P2. With r known, finding qk boils down to a linearly constrained quadratic

minimization problem, which is formulated as,

(P2) min
qk

‖x̃− x‖2ℓ2 , s.t. x̃ = y + r, [xk]c =
P−1∑
p=0

H(c; [qk]p)e
ȷωpTdc. (4.44)

The procedure of solving the sub-problemsP1 andP2 is carried out iteratively, ultimately

yieldingC−1unfolded estimates of the vector ˜̄xk for a givenk. By repeating it for allk ∈ IK ,

we get the firstK columns of the matrixX in (4.25).

Interpolation. By following the logic as steps 3)-7) inAlgorithm6while operating in the dis-

crete Fourier domain rather than the discrete-time Fourier domain, the sequence x (t) |t=kTd

is recovered on the dense grid t = kTd, for k ∈ IKL.
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Figure 4.7: M –ADC hardware prototype. The testbed is designed such that experimental parameters, including the
sampling step TS, time delay Td, and threshold λ, are tunable.

Hardware Experiments

The translation of theory into practice was evaluated by assessing the algorithmic perfor-

mance under synthetic noise (see [100]) and real hardware experiments.

Experimental Protocol. The analog, HDR signal x is fed to the USF-MC hardware, as de-

picted in Fig. 4.7. The original HDR input as ground truth andM–ADC outputs are simul-

taneously recorded on the PicoScope 3406D oscilloscope at 8 bits and 4 bits resolution, re-

spectively. The performance of the method is compared with that of the conventional multi-

channel pipeline[42], using the same 4 bits quantization as theM–ADC.

Weak-Strong Mixtures. The coexistence of weak and strong targets in multiband sensing is

a long-standing challenge: reliable recovery must deliver both HDR and HDRes. In the

experiment, the ratio between the dynamic range of the two signal components is set to:

‖φ3‖∞/‖φ2‖∞ = 100, as shown in Fig. 4.8(c). As shown in Fig. 4.8(b–c), the conven-

tional method misses the weak component, whereas the proposed algorithm reconstructs

both components with MSE ≈ 10−3 using as few as 4- bit quantization. Both the strong

and weak signal components match the 8-bit ground truth data.

115



40 dB

Figure 4.8: Hardware experiment: weak‐strong mixtures (‖x‖∞ = 13.64λ). (a) Input signal and measurements. (b)
Signal reconstruction. (c) Recovered spectrum. (d) Recovered weak signal components. The input signal x consists of
6 bands ({φi}6i=1), with a DR ratio of ‖φ3‖∞/‖φ2‖∞ = 100. Under 5 bits quantization, a conventional ADC
avoids clipping φ3 but fails to capture φ2 due to coarse quantization step (≈ 0.56), which far exceeds the DR of φ2,
as shown in (d). In contrast, the proposed method precisely recovers both strong and weak components using a reduced
quantization budget of 4 bits.

Spectral Super-Resolution. In practice, noise limits how closely spaced spectral bands can

be separated. In a band super-resolution experiment, a case with bands only 4.46 Hz apart

is evaluated. The input dynamic range is 15.71× the ADC’s dynamic range, and sampling

is performed with a downsampling factor of 9.44, and≈ 4−bit quantization. Despite these

constraints, the proposed method achieves a recovery withMSE 2.06× 10−2.

Dense Spectrum Sensing. Considering a spectral support where the number of bands is

large, andband separation is small, the input signal in this experimenthasK = 16bandswith

separation of 51.24 Hz, covering the spectrum from 46.33 Hz to 663.24 Hz. In this setup,

the USF-MC attains 7.61× dynamic range extension and 36.95× downsampling, using a 4.25-

bit quantization budget, which pushes the algorithm’s stability and robustness limits. The

precise signal reconstruction with an MSE≈ 10−2 together with the low sampling rate and

bit budget demonstrates the potential of the USF-MC pipeline to expand the sensing capability

for multiband signal detection.
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Multiband Separation from a Strong Tone. The presence of a strong jamming signal

within the multiband signal spectrum is a known issue in RF communications. Conven-

tionally, this requires designated hardware or expansion of the ADC’s dynamic range, which

leads to coarser quantization. Due to the amplitude folding, theUSF can accommodate such

interference even at an unknown frequency. To test this, the signal in the designed exper-

iment has a strong tone with an unknown frequency around 100 Hz, present within the

multiband spectrum. We set λ = 0.66 and fS = 40.21 Hz, leading to 15.47-fold dynamic

range extension and a downsampling factor of 9.84. In the presence of measurement noise

and folding non-idealities, themethod accurately separates themultiband signal and the tone

using only 3 bits, matching the result from high-resolution (8 bits) ground truth.

4.4 Conclusion

In this chapter, the Unlimited Sensing Framework (USF) was extended to multiband acqui-

sition under high dynamic range and high digital resolution constraints. We demonstrated

how the spectral structure of multiband signals can be coupled with modulo folding to en-

able stable recovery at sub-Nyquist rates, without incurring the prohibitive bit-depth require-

ments typically associated with classical sub-Nyquist methods. Building on this perspective,

we introduced recovery guarantees, algorithms, and validations that together form a practical

USF-Multiband pipeline.

Thefirst insight is that exploiting theFourier structure ofmultiband signals is possible even

within the Unlimited Sensing Framework. This leads to the recovery guarantee for uniform

sampling, which decouples the required sampling rate from the maximum carrier frequency

and ties it to the occupied spectrum alone. To translate this into practice, we derived a single-
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channel algorithm operating directly on frequency-aware differences.

To address spectral aliasing and practical nonidealities, including noise, quantization, and

non-idealmodulo behaviour, we introduce amultiphase sampling approache. Carefully cho-

sen phases (as time-delays) create spatial redundancy, enabling effective modulo unfolding

while maintaining sub-Nyquist rates. The unfolded channels are then combined in a high-

order difference domain to cancel aliasing effects. We emphasise that a multiphase model

is not the most general multichannel form. A genuinely multichannel USF model, involv-

ing distinct input channels and possible inter-channel dependencies, remains an interesting

direction for future work.

Finally, we instantiate a practical, quantization-aware reconstruction algorithm that is ro-

bust to commonnon-idealities. Inhardware tests, the algorithmreconstructsweak and strong

signal components, operates reliably ondensely occupied spectra, and achieves spectral super-

resolution while maintaining sub-Nyquist sampling rates.
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5
Unlimited Sensing for Continuous-wave

Time-of-Flight and Second Order

Bandpass Sampling
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5.1 HDR-ToF: HDRTime-of-Flight Imaging viaModulo Acquisition

5.1.1 Motivation and Contributions

Continuous-wave Time-of-Flight (CW-ToF) imaging is a compact and efficient consumer-

grade 3D imaging technology [103, 104, 105, 106, 19, 107, 108]. The dynamic range bot-

tleneck of conventional ADCs limits the ability to recover both the amplitude and phase

parameters when signals of the form in (5.1) are sampled. This raises an issue, because with

the widespread applications of 3D imaging in areas such as robotics, surveillance, remote

sensing [109], scientific imaging, and autonomous navigation [110], reliability and stability

are required; hence, the development of 3D HDR imaging solutions. While pure algorith-

mic solutions [111, 112, 113] lack guarantees for errorless recovery, other solutions based

on advanced hardware design [114, 115], are often complex and impractical for off-the-shelf

products.

Mathematically, the signals that are utilised inCW-ToF systemsbelong to the class of single-

tone signals xST (t) = Aeȷ(ω0t+θ). This can be derived by setting P = 1 and φ(t) = Aeȷθ,

A ∈ R, θ ∈ [0, 2π) in (2.2). We consider real-valued signals corresponding to P = 2 and

ΩC,0 = −ΩC,1 so the mathematical model becomes

xST (t) =
A

2

(
eȷ(ω0t+θ) + e−ȷ(ω0t+θ)

)
= cos (ω0t+ θ). (5.1)

Using a M–ADC can prevent saturation, but sampling of signals of the form (5.1) based

on the bandlimitedmodel (Theorem 2.5) is sub-optimal as it requires samples on the real line

and does not leverage the parametric structure of (5.1). The sum-of-sines model considered

in [81] is a related problem; however, the technique requires unfolding of themodulo signals,
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which necessitates a suboptimal sampling rate and number of measurements.

This work develops a USF-based acquisition technique for single-shot HDRToF imaging

that operates at a moderate oversampling factor. The main contributions are:

1) Novel architecture for HDRToF imaging. The proposed camera utilises modulo

non-linearity in the acquisition stage. The inverse problem of recovering the ToF

image from folded measurements is formulated.

2) Samplingdensity criterion. Amathematical guarantee forToF recovery frommod-

ulo samples is derived, showing a factor of 2πe
3

reduction compared to the USF

Theorem 2.5.

3) Recovery algorithm. The proposed algorithmic procedure directly recovers a 3D

image from finitely many modulo ToF samples without the requirement for inver-

sion or unfolding of modulo samples.

5.1.2 HDRCW–ToF Imaging via Unlimited Sensing

ConventionalCW–ToF imaging is based on lock-in sensor-based homodyne detection [106].

Depth imaging is accomplished by probing the scene with a sinusoidal illumination (hence

CW–ToF). This strategy is the workhorse of ToF systems such as theMicrosoft Kinect [106]

and photonic mixer devices [116]. Mathematically, the scene is illuminated with a probing

signal p (t) = 1 + ρ0 cos (ω0t) , ρ0 < 1 where ω0 is the modulation frequency, typically

in MHz. The interaction of p (t) with the scene hr (t) results in the back-scattered signal

qr (t) = (p ∗ hr) (t). Let p (t) = p (−t). The amplitude at the scene point and the distance

from the sensor are encoded in the signal qr (t), illustrated in Fig. 5.1. The lock-in sensor
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Figure 5.1: An illustration of the probing and the back‐scattered waveforms in a continuous wave time‐of‐flight sensor.

cross-correlates qr (t)with p (t) resulting in the ToFmeasurements (qr ∗ p) that simplify to,

mr (t) = Γr

(
1 +

ρ20
2
cos (ω0t+ θr)

)
, θr = ω0τr ∈ [0, 2π] , (5.2)

where the phase θr encodes the depth information. The parameters {Γ, τ = 2z/c}, where

c is the velocity of light, are efficiently recovered from the samples of mr (t) via the “Four

Bucket Method” [106, 116] summarised below.

Four Bucket Method (FBM)

1. Starting with 4measurements,mr [k] = mr

(
πk
2ω0

)
, k ∈ [0, 3],

mr [0] mr [1]

mr [2] mr [3]

 =
Γr

2

 2 + ρ20 cos (θr) 2− ρ20 sin (θr)

2− ρ20 cos (θr) 2 + ρ20 sin (θr)

 (5.3)
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• The reflected function arises from the interaction between the probing signal and the SRF:

r(t) =

Z

⌦1

⇢ (⌧)h (t, ⌧) d⌧.

and for an SRF which is a shift-invariant kernel

r(t) = (p ⇤ hSI) (t) .
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y

Figure 5.2: The sampling pipeline of: (Upper) a conventional continuous‐wave time‐of‐flight sensor, and (Lower) our
proposed HDR‐ToF system

2. a complex-valued phasor is constructed frommr [k] ∈ R,

cr
def
= (mr [0]−mr [2])︸ ︷︷ ︸

ρ20Γr cos(θr)

+ȷ (mr [3]−mr [1])︸ ︷︷ ︸
ρ20Γr sin(θr)

≡ ρ20Γre
ȷω0

2zr
c︸ ︷︷ ︸

ToF Phasor

(5.4)

3. the albedo and depth are estimated via Γ̃r = |cr| /ρ20 and z̃r = (c/2ω0)∠cr, respec-

tively.

Problem Formulation

To enable HDR functionality in ToF imaging, the cross-correlation function in (5.2) is sam-

pled using theM–ADC. The resulting samples are given by,

y [k]
(2.10)
= Mλ(mr (kTS)) ≡

(
λ
π

)
∠eȷ(π

λ)mr(kTS), λ ∈ R>0 (5.5)

whereTS ∈ R+ is the samplingperiod. The goal is to recoverΓr, θr fromthemodulo samples.

Due to themodulo folding, applying the FBMmethodon y [k]wouldnot recover the desired

parameters. As mentioned, a possible recovery strategy is to first unfold y [k] tomr [k], but
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this does not leverage the parametric structure of (5.2).

Recovery Strategy

Letmr [k] = mr (kTS), TS > 0. Then, we have,

(∆mr) [k] = −Γrρ
2
0 sin

(
ω0TS
2

)
sin

(
ω0TS
2

+ kTSω0 + θr

)
. (5.6)

ForN > 1, recursively applying the above yields,

(
∆Nmr

)
[k] = ∆

(
∆N−1mr

)
[k] (5.7)

⇒ 2N
(

Γrρ20
2

)
sinN

(
ω0TS

2

)
cos
(
kω0TS +

N
2
(ω0TS + π) + θr

)
.

Fromthe above,wenote that‖∆mr‖∞ ≤ |Γrρ
2
0/2| |2 sin (ω0TS/2)|N andamplitude shrink-

age is achieved via oversampling, whenever

sin

(
ω0TS
2

)
<

1

2
⇒ 0 < TToF <

π

3ω0

. (5.8)

Hence, choosing TToF as above, we can upper bound ‖∆mr‖∞ by the modulo threshold

λ ∈ R>0, whenever,

N ⩾
⌈

log (λ)− log
(
βΓ
ρ

)
log (2 sin (ω0TS/2))

⌉
, βΓ

ρ ⩾
∣∣∣∣12Γrρ

2
0

∣∣∣∣ . (5.9)

Equations (5.8) and (5.9) prescribe how to choose TS andN such that the commutativity in

a certain sense [20] ofMλ(·) and∆N as in (5.10), holds. Using this, we can access the higher
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order differences ofmr because,

Mλ(∆
NMλ(mr)) = Mλ(∆

Ny) = ∆Nmr, N > 0. (5.10)

Recovery Algorithm. The proposed algorithm directly recovers the ToF parameters from

higher-order differences samples ∆Nmr. Under the conditions in (5.8) and (5.9), we com-

pute,

y [k]
∆N

−−→ y = ∆Ny
Mλ(·)−−−→ Mλ(y)

(5.10)−−→ mr [k] (5.11)

wheremr [k] =
(
∆Nmr

)
[k] is vectorized asm ∈ R(K−N)×1 with vector element [m̄]k =

mr [k]. Let us define,

ψN
ω0TS

[k]
def
=
(
kω0TS +

N
2
(ω0TS + π)

)
, TS <

π
3ω0
.

Using the identity cos
(
ψN
ω0TS

[k] + θr
)
= cos (θr) cos

(
ψN
ω0TS

[k]
)
−sin (θr) sin

(
ψN
ω0TS

[k]
)

we can now isolate θr. For k ∈ [0, L− 1] with L ≥ K − N andN given in (5.9), the un-

knowns {Γr, θr} can now be estimated via least-squares solution to the system of equations

yλ = DTp,


Mλ(y [0])

...

Mλ(y [L− 1])


︸ ︷︷ ︸

yλ

= κNTS


cos
(
ψN
ω0TS

[0]
)

− sin
(
ψN
ω0TS

[0]
)

...
...

cos
(
ψN
ω0TS

[L− 1]
)

− sin
(
ψN
ω0TS

[L− 1]
)


︸ ︷︷ ︸
T

 Γr cos (θr)

Γr sin (θr)


︸ ︷︷ ︸

p

(5.12)

where,
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• yλ ∈ RL×1 is the vector ofmodulomeasurements such that [yλ]l = (∆Nmr) [l] (cf. (5.11)).

• D ∈ RL×L is a diagonalmatrixwith elements givenby [D]l,l = κTS,N
def
=

ρ20
2

(
2 sin

(
ω0TS

2

))N
withN in (5.9).

• T ∈ RL×2 is a matrix of sinusoids defined in (5.12).

• p2×1 is the unknown vector from which ToF phasor is constructed via cλr = [p]1 +

ȷ [p]2 = Γre
ȷθr yielding {Γr, θr}.

Whenever L > 1 or K > N + 1, p (or cλr ), is estimated via p = κ−1
TS,N

(T+yλ) where

T+ denotes matrix pseudo-inverse. Next we provide a simplified algorithm that estimates

{Γr, θr} from two samples, namely,Mλ(ȳ [0]) andMλ(ȳ [1]) orN + 2 samples y [k].

The result is summarised in the next theorem.

Theorem 5.1 [Modulo Time-of-Flight Imaging [96]]

Let y [k] be defined in (5.5) be the modulo samples obtained from a lock-in sensor-based

ToF imager, operating at modulation frequency ω0. Furthermore, let us assume an upper

bound βΓ
ρ ⩾

∣∣1
2
Γrρ

2
0

∣∣ is known. Then, the unknown scene parameters {Γr, θr} in (5.2)

can be estimated from N + 2 modulo samples provided that the sampling time satisfies

TToF < π/3ω0 and whereN is given in (5.9).

The proof of this theorem is constructive and is based on the proposed algorithm, for

which a simplified version that estimates {Γr, θr} from two samples, namely,Mλ(ȳ [0]) and

Mλ(ȳ [1]) orN + 2 samples y [k], is described below.

ToF Estimation fromN + 2Modulo Samples
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1. Step 1: Obtaining Modulo Samples. Let TToF < π/3ω0 and suppose an upper

bound βΓ
ρ ⩾

∣∣1
2
Γrρ

2
0

∣∣ is known based on which N⋆ = N is computed from (5.9).

Using this, we get y [k] , k ∈ [0, K − 1]modulo samples in (5.5) withK > N⋆ + 1.

2. Step 2: ToF Estimation. Using (5.11), we compute Yk
def
= Mλ(ȳ [k]), k = 0, 1. For

T ∈ R2×2, its inverse is given by,

Tinv =
1

sin (ω0T )

 sin (ν1) − sin (ν0)

cos (ν1) − cos (ν0)

 , νk def
= ψN⋆

ω0T
[k] .

Analogous to (5.4), we define the phasor,

cλr =
(Y0 sin (ν1)− Y1 sin (ν0)) + ȷ (Y0 cos (ν1)− Y1 cos (ν0))

κT,N⋆ sin (ω0T )

≡ Γr cos (θr) + ȷΓr sin (θr) = Γre
ȷθr . (5.13)

Thus, |cλr | and∠cλr amount to {Γr, θr}, respectively.

Numerical Demonstration

The effectiveness of the HDR ToF imaging approach is validated numerically, using a 3D

bunny model from [117]. The transient image has amplitudes Γr ∈ [0, 255] and depth val-

ues zr ∈ [0.1, 6]meters, shown in Fig. 5.3(a), where r ∈ R402×400. The back-scattered signal

qr is computed and cross-correlated with a sinusoidal probing signal of angular frequency

ω0 = 2π · 20× 106 rad/s. This results in Γr ∈ [0.5, 377] and θr ∈ [0.08, 1.6π].

Signal Acquisition. The modulo signal is generated as in (5.5) with λ = 10, and compared

to a saturated signal where amplitudes are clipped to the range [−λ, λ]. Both signals are sam-
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(a) Ground truth (d) Modulo Measurements (e) US-ToF Reconstruction(c) Four-bucket Reconstruction(b) Clipped Measurements
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Figure 5.3: 3D imaging from simulated Time‐of‐Flight (ToF) measurements of the “Stanford Bunny” [117]. The probing
sinusoidal signal frequency is f0 = 20[MHz], modulo threshold is λ = 10 and the sampling rate is TS = 1/(6.66f0).
(a) Ground truth transient image composed of amplitude and depth maps. (b) Four equidistant samples of a ToF signal.
Values are clipped to the range [−λ, λ]. (c) Reconstruction with the four‐bucket algorithm using 4 equidistant samples
over a period, sampled at rate TS = 1/(4f0). (d) Four equidistant modulo samples of the ToF signal with modulo
threshold λ. (e) Reconstruction from modulo samples with the US‐ToF algorithm. The order of differences isN = 27.
The mean squared error (MSE) for the amplitude and depth maps is on the order of 10−9 and 10−12, respectively.

pled at rate TS = π/(3.33ω0), just slightly below TToF from (5.8). The clipped measure-

ments (Fig. 5.3(b)) exhibit information loss, while modulo acquisition (Fig. 5.3(d)) preserves

unique spatiotemporalmappings due to the nonlinearmodulomapping, enabling near-exact

recovery.

Algorithm Performance. Using (5.9) withN = 27, our algorithm achieves MSE values of

10−9 for Γr and 10−12 for zr. Non-exact recovery is attributed to the quantization error in-

troduced by finite precision arithmetic. This result validates Theorem 5.1, and demonstrates

recovery of amplitudes ≈ 19× larger than the ADC range, as shown in Fig. 5.3(e), which

is visually indistinguishable from the ground truth (Fig. 5.3(a)). In Fig. 5.3(c), we show the
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result of applying the FBM method on the clipped signal sampled with rate π/(2ω0). The

method fails as saturated values in the measurements degenerate the phasor, leading to con-

stant amplitude and depth estimation.
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5.2 Dual-channel Unlimited Sampling for Bandpass Signals

5.2.1 Motivation and Contributions

Chapter 3 examined USF-based acquisition and reconstruction of bandpass signals, provid-

ing feasibility andmathematical guarantees forHDRbandpass sampling at sub-Nyquist rates.

Nevertheless, because the approach relies on uniform sampling, the achievable sub-Nyquist

rates are restricted to the intersection of the bandpass sampling theorem and USF-related

constraints (see Section 2.2.3).

Periodic Nonuniform Sampling (PNS) is known to relax the “alias-free” constraint [71]

in the conventional sampling case, as explained in Chapter 2.2.3, but has not been explored

for modulo samples. This work presents a dual-channel architecture that integrates modulo

and PNS-based sampling, and further leverages the dual-channel architecture to improve the
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Figure 5.5: The acquisition and reconstruction pipeline of the proposed dual‐channel bandpass sampling architecture.

modulo recovery conditions. The main contributions are:

1) Theoretical guarantees. Bandpass signal recovery from modulo samples compati-

ble with second-order bandpass sampling.

2) Design principles. Provide principles for the design of a dual-rate HDR bandpass

sampling system and an efficient recovery algorithm.

3) Sampling density criterion. The dual-rate design enables further sampling rate re-

duction, which is backed by a mathematical guarantee.

5.2.2 Second-Order Unlimited Sampling

To enhance dynamic range and resolution, the proposed architecture is composed of a M–

ADCwith two sampling channels, forming the following sampling pipeline:

xBP (t) −→ Mλ(·) −→ y (t) |t=(kTSi+di) −→ yi [k] , d0 = 0, k ∈ Z.
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The input xBP (t) is assumed to be a real-valued bandpass signal, same as in Chapter 3. As

shown in Fig. 5.5, the modulo operator Mλ folds the amplitudes of xBP (t) into the con-

fined range [−λ, λ], and the output is sampled by the two channels at periods TS0, TS1 re-

spectively. The relative inter-channel delay is d1. Since the two channels provide uniform

sampled sequences, a naive approach would be to process them independently using the ex-

isting USF methods. However, the nonuniform structure of the sampled sequence enables

more efficient recovery, as we show.

Recovery Approach.

The design parameters TS0, TS1, d1 shown in Fig. 5.5 provide degrees of freedom that allow

reconstruction that hinges on 3 steps:

1) Recovery of x0 [k] from y0 [k] under a suitable choice of TS0.

2) Recovery of x1 [k] from x0 [k] and y1 [k] under a suitable choice of TS1, d1.

3) Recovery of xBP (t) from the samples x0 [k] and x1 [k] under a suitable choice of TS1, d1.

Step 1 Let x0 [k] = xBP (t) |t=kTS
, and denote by x̂BP,0(ω) its discrete-time Fourier trans-

form. The demodulation property of modulo signals explained in Chapter 3.2 implies that

for TS > TNS, there exists a bandlimited signal x0 (t) 6= xBP (t) which is defined via its

spectrum

x̂0 (ω) = 1DΩS
2

(ω) x̂BP,0 (ω) , (5.14)

where 1D denotes the indicator function on the intervalDΩS
2

. Since x0 (t) is a bandlimited

signal, it can be recovered from its modulo samples y0 [k] ifΩS is sufficiently large compared

to the bandwidth of x0 (t) [48]. However, a unique feature of demodulated signals arises
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here; if ΩS > ΩB, the support of x0 (t) depends on the sampling rate ΩS itself. The case of

sampling rates that satisfy the bandpass sampling theorem (brown regions in Fig. 5.4) is cov-

ered in Chapter 3, including recovery guarantees for xBP (t) from its uniform samples x0 [k].

Using second-order bandpass sampling (SO-BPS), a recovery guarantee for x0 [k] when ΩS

is within the red regions in Fig. 5.4 is derived in the next lemma.

Lemma 3. Let xBP (t) ∈ L2 ∩ L∞ be a real-valued bandpass signal with positive passband

supported on [ωL, ωU). Furthermore, let y [k] = Mλ(xBP (kTS)), k ∈ Z be the modulo

samples of xBP (t) at period TS = 2π/ΩS. If there existsM ∈ 2N that satisfies

4πeωU

2πeM + 1
≤ ΩS ≤

4πeωL

2πeM − 1
, and

ωU + ωL

ωU − ωL
≥ 2πeM, (5.15)

where e denotes Euler’s number, then the samples x [k] = xBP (t) |t=kTS
can be recovered from

y [k] up to an additive constant of 2λZ.

Proof. LetxLP (t) denote the lowpass function defined in (5.14), and letΩLP denote itsmax-

imal frequency. Following that, y [k] are the corresponding modulo samples (Chapter 3.2,

[94]). First, we require thatxLP (t) is sampled above itsNyquist rate (ΩNQ > ΩLP), resulting

in x̂ (ω) |ω=ΩS/2 = 0. Denote by G the support of the real-valued signal’s spectrum, which

is symmetric. Due to the symmetry, the condition translates intoM ΩS

2
/∈ G for any odd

integerM . Written differently,

(M − 1)
ΩS

2
< ωL, and (M + 1)

ΩS

2
≥ ωU, ⇒ 2ωU

M + 1
≤ ΩS <

2ωL

M − 1
, M ∈ 2N.

(5.16)

ForΩS that satisfies (5.16), the maximum frequencyΩLP is an integer shift of the passbands’
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boundary frequencies−ωL and ωU and satisfies

ΩLP =


ωU − M

2
ΩS ΩS ≤ ωU+ωL

M

M
2
ΩS − ωL ΩS >

ωU+ωL

M

, (5.17)

and the condition arises when ωU −M ΩS

2
≥ −ωL +M ΩS

2
is re-arranged intoΩS ≤ ωU+ωL

M
.

Based onTheorem 2.5, recoveringx [k] frommodulo samples requiresΩS ≥ 4πeΩLP. Plug-

ging the two possible values forΩLP given in (5.17), we get


4πe

(
ωU − M

2
ΩS

)
≤ ΩS ⇒ ΩS ≥ 4πeωU

2πeM+1

4πe
(
M
2
ΩS − ωL

)
≤ ΩS ⇒ ΩS ≤ 4πeωL

2πeM−1

. (5.18)

It can be directly shown that 2ωU

P+1
≤ 4πeωU

2πeM+1
and 4πeωL

2πeM−1
≤ 2ωL

P−1
. Then we write,


4πeωU

2πeM+1
≤ ΩS <

ωU+ωL

2
,

ωU+ωL

2
≤ ΩS ≤ 4πeωL

2πeM−1
,

,M ≤ ωU + ωL

ωU − ωL
(5.19)

where the RHS ensures that ωU+ωL

2
≤ 2ωL

P−1
and 2ωU

M+1
≤ ωU+ωL

2
soΩS satisfies (5.16). Lastly,

4πeωU

2πeM + 1
≤ 4πeωL

2πeM − 1
⇒ 2πeM ≤ ωU + ωL

ωU − ωL
, (5.20)

and the two parts of (5.19) can be unified to get (5.15). Under the condition on ΩS, the

samples xLP [k] can be recovered from the modulo measurements using Algorithm 1. ■

Fig. 5.4 illustrates the relation between the intervals in (5.15), represented by the red re-
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Algorithm 7: Second-order Bandpass Recovery via Unlimited Sampling
Input: y0 [k], y1 [k], λ,α = ||xBP||∞, ωL, and ωU.
Result: Bandpass function, x̃BP (t).
1) Compute theN th order finite-differences

(
∆Ny0

)
[k], where the order is computed

fromN =
⌈
log λ−logα
log(TS0Ωe)

⌉
.

2) Compute
(
∆Nr0

)
[k] =

(
Mλ(∆

Ny0)−
(
∆Ny0

))
[k].

Set s(0) [k] =
(
∆Nr0

)
[k].

3) For n = 0 : N − 2

(i) s(n+1) [k] = S
(
s(n)
)
[k], S : {s[k]}k∈Z+ →

∑k
m=1 s[m].

(ii) s(n+1) [k] = 2λ

⌈
bs(n+1)/λc

2

⌉
(rounding to 2λZ).

(iii) Compute κ(n) =
⌊

S2(∆nr)[1]−S2(∆nr)[
6α
λ

+1]

12α
+ 1

2

⌋
.

(iv) s(n+1) [k] = s(n+1) [k] + 2κ(n).

end

4) Compute x̃0 [k] = S
(
s(N−1)

)
[k] + y0 [k].

5) Compute x̃1 = x̃0

[
TS1

TS0
k
]
+ Mλ(y1 [k]− y0

[
TS1

TS0
k
]
).

6) Solve (2.9) to get the filters f̂0 (ω) , f̂1 (ω).

7) ̂̃gBP (t) = (f0 ∗ x̃0) (t) + (f1 ∗ x̃1) (t) + 2mλ,m ∈ Z.

gions, and the valid intervals for uniform HDR bandpass sampling according to Theorem

3.1, represented by the intersection between red and brown regions. To get x0 [k], the result

of Lemma 3 can be used directly.

Step 2 In the next step of the reconstruction pipeline, the bandlimited samples of the second

channel x1 [k] are recovered from their modulo samples. While this can be done under the
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conditions of Lemma 3, an alternative option is to achieve this by designing the delay interval

d1 based on the next lemma. This significantly relaxes the constraint on the sampling rate of

the second channel.

Lemma 4. Let xBP (t) ∈ L2 ∩L∞ be an ωU-bandlimited signal, let x0 [k] = xBP (t) |t=kTS
,

k ∈ Z be its samples at period TS > 0 and y1 [k] = Mλ(xBP (t))|t=kTS+d1 be its modulo

samples. If,

d1 ≤
λ

ωUe‖xBP‖∞
≤ π

ωU
,

TS
d1
∈ N, (5.21)

then the sequence x1 [k] = xBP (t) |t=kTS+d1 can be recovered from y1 [k].

Proof. Let x [k] def
= xBP (t) |t=kd1 , k ∈ Z, that is the sequence of samples of xBP (t) at

instances t = kd1. Let ∆x denote its first-order finite differences such that ∆x [k] =

x [k + 1]−x [k]. Since xBP (t) is ωU-bandlimited and d1 ≤ π/ωU, its amplitudes are upper

bounded based on Lemma 2 in [48]

‖∆x‖∞ ≤ d1ωUe‖xBP‖∞
(5.21)
≤ λ. (5.22)

The sequence (x1 − x0) [k] = x
[
k TS

d1
+ 1
]
− x

[
k TS

d1

]
is a subset of x [k] and from (5.22),

we have that ‖x1 − x0‖∞ ≤ λ. Using modular arithmetic (Prop. 2 in [48]) we can write

Mλ(y1 −Mλ(x0)) = Mλ(x1 − x0)
(5.22)
= x1 − x0, (5.23)

Then, computing x1 [k] = x0 [k] + (x1 − x0) [k] yields the result. ■

Lemma 4 indicates that the samples of a bandlimited signal can be recovered from its mod-

ulo measurements and its samples on a shifted grid, whenever the shift is sufficiently small.

136



Importantly, the sampling period can be any TS ∈ d1N for which TS ≤ 2π
ωU−ωL

.

To harness this result into our architecture, the parameters are chosen as follows. For TS0

that satisfies (5.15), we chooseTS1 that satisfiesTS1/TS0 ∈ N and d1 that satisfies both (5.21)

and TS1/d1 ∈ Z. Then, y0 [k] , y1 [k] are obtained such that the conditions of Lemma 4 are

satisfied with x0
[
TS1

TS0
k
]
and y1 [k]. Finally, x̃1 = x̃0

[
TS1

TS0
k
]
+ Mλ(y1 [k]− y0

[
TS1

TS0
k
]
).

Step 3 After x0 [k] and x1 [k] have been recovered, the bandpass signal xBP (t) is recon-

structed by following the SO-BPS procedure described in Section 2.2.3. The main result

is summarised in the next theorem, which unifies the system design requirements that fulfil

the 3 recovery steps.

Theorem 5.2 [Unlimited Second-Order Sampling of Bandpass Signals]

Let xBP (t) ∈ L2 ∩ L∞ be a real-valued bandpass signal with passband supported on

[ωL, ωU). Furthermore, let its modulo samples at periods TS0, TS1 ≤ 2π/ (ωU − ωL) be

y0 [k] = Mλ(xBP (t))|t=kTS0
and y1 [k] = Mλ(xBP (t))|t=kTS1+d1 , respectively, and a

relative delay d1 > 0. If there existM ∈ 2N,Q1, Q2 ∈ N such that,

1. ωU+ωL

ωU−ωL
≥ 2πeM and 2πeM−1

2eωL
≤ TS0 ≤ 2πeM+1

2eωU
.

2. TS1 = Q1TS0 = Q2d1, and d1 ≤ λ
ωUe∥xBP∥∞

.

3.
⌊
2ωL

ΩS

⌋
d1
TS1

/∈ N and
(⌊

2ωL

ΩS

⌋
+ 1
)

d1
TS1

/∈ N.

Then xBP (t) can be recovered up to an additive constant of 2λZ.

Proof. As the conditions satisfy Lemma 3, Lemma 4 and the SO-BPS recovery conditions,

by following the steps described in this section, the result can be obtained. ■
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Figure 5.6: Reconstruction of a bandpass signal with modulation frequency ω0 = 1054π(rad/sec), and maximum
amplitude α = 46.33 from its modulo samples with λ = 1. The sampling rates areΩS0 = 352π(rad/sec) and
ΩS1 = 16π(rad/sec) for the first and second channels, respectively. The relative delay is d1 = 7.57× 10−6(sec).
The error between the ground‐truth bandpass samples and those recovered using Algorithm 7 isMSE = 3.45 ×
10−21.

Numerical Experiment.

Experimental Protocol. To test our framework, bandpass signals are generated following

the model in Chapter 3 and [68], which is : xBP (t) = φ(t) cos (ω0t) ,whereω0 =
ωU+ωL

2
is

a modulation frequency, and φ(t) is a lowpass signal with bandwidth ωU−ωL

2
= 5π(rad/s).

We generate 60 random realizations of φ(t), modulated at uniform frequency increments

of 0.5π(rad/sec), within
[

4πeωU

2πeM+1
, 4πeωL

2πeM−1

]
with M = 2,M = 4, and M = 6. Fol-

lowing Fig. 5.5, modulo samples of y0 [k] and y1 [k] with threshold λ = 1 are obtained.

The sampling rates are ΩS0 = 352π(rad/s),ΩS1 = 16π(rad/s) and the delay is d1 =
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7.5758 × 10−6(sec), that satisfy Theorem 5.2 with integers Q1 = 4, Q2 = 3 × 103 and

the correspondingM . Reconstruction of x0 [k] , x1 [k] is performed usingAlgorithm 7, and

evaluated using the MSE, where the additive constant of 2λZ is estimated from the ground-

truth samples.

Performance Evaluation. The recovery of x0 [k] is performed up to the machine precision,

and this result is asserted across 3 intervals of (5.15), which further validates the theoretical

bound. Then,x1 [k] is recovered up tomachine precision aswell, showing that for the second

channel, samples can be taken just above the Nyquist rate of the demodulated signal, since

ΩS1 = 16π > 10π = ωU − ωL. Lastly, for the reconstruction of the bandpass signal,

an average MSE of 6.18 × 10−21 is observed, for inputs with a maximal average amplitude

of ≈ 34λ. The nonexact recovery occurs due to finite precision arithmetic, and the results

demonstrate the potential of the proposed framework forHDRsampling of bandpass signals.

The results for one of the tested realisations are shown in Fig. 5.6.

5.2.3 Conclusion

In this chapter, theUnlimited Sensing Framework (USF) is applied to two distinct problems:

high dynamic range time-of-flight (ToF) imaging and bandpass sampling. In the first part,

modulo acquisition is shown to enable robust recovery of amplitude and phase parameters in

ToF systems, with theoretical guarantees supported by numerical experiments. This setting is

inherently parametric, therefore a natural extensionwould be to formulate the noisy recovery

problem statistically, for instance through amaximum-likelihood estimator implemented via

a low-dimensional search over the unknown amplitude and phase parameters. Such a formu-

lation would also enable a reliability analysis based on Cramér–Rao lower bounds, as well
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as systematic comparisons between the proposed estimator and statistically optimal perfor-

mance limits.

In the second part, a dual-channel architecture based on Periodic Nonuniform Sampling

wasdeveloped to relax the aliasing constraints ofuniformUSF sampling, enabling sub-Nyquist

recovery of bandpass signals. Both theoretical derivations and numerical experiments con-

firmed the feasibility of these approaches.

Despite targeting different signal models, both studies illustrate a unifying principle: by

exploiting the Fourier structure of the signals and integrating hardware-inspired architectures

with practical recovery algorithms, theUnlimited Sensing Framework can reconcile dynamic

range and sampling-rate limitations.

Together, these results highlight the versatility of USF across modalities and signal classes,

and they lay the foundation formore general acquisition frameworks. In particular, theymo-

tivate the extension to multiband signals explored in Chapter 4, where USF-based sampling

is examined in both single- and multi-channel architectures, leveraging both parametric and

non-parametric models.
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6
Conclusion

6.1 Motivation and Research Problem

The digitization of analog signals has long been underpinned by Shannon’s sampling theory,

which guarantees perfect reconstruction of bandlimited signals from uniform samples. This

principle has shaped sensing and communication systems for decades and remains founda-

tional to modern digital technology.

In practice, however, analog-to-digital converters (ADCs) deviate from the ideal assump-

tions of classical sampling theory. Amplitude quantization introduces clipping and quan-

tization noise, both of which distort recorded samples. This gap has become increasingly

restrictive in modern applications that demand both high dynamic range and fine digital
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resolution—capabilities that conventional ADCs struggle to achieve simultaneously due to

inherent trade-offs.

The Unlimited Sensing Framework (USF) offers a promising route to overcoming these

hardware limitations. It effectively boosts quantization resolution under a fixed bit budget,

enablinghigh-dynamic-range acquisitionwith low-resolutionADCs. Over thepast fewyears,

the practical feasibility of the USF has been demonstrated through several hardware imple-

mentations, validating its theoretical principles and showing its potential in high-dynamic-

range imaging and sensing applications.

However, until now, USF has been studied primarily in the context of bandlimited signals.

This focus overlooks the important signal class of multiband signals found in communica-

tions, radar, sonar, and hyperspectral imaging. Treating such signals as bandlimited to their

full spectral span imposes prohibitively high sampling rates and hinders the direct applica-

tion ofUSF ideas that were developed for bandlimited settings. This highlighted the need for

new theory and methods that exploit the inherent Fourier structure of multiband signals to

enable their recovery at lower sampling rates. In this context, USF’s ability to improve effec-

tive digital resolution without increasing the bit budget is especially attractive; sub-Nyquist

sampling sacrifices the possibility of oversampling-based noise reduction, and thus demands

higher resolution measurements.

This thesis addresses that gap: It investigates how theUSF can be extended to sub-Nyquist

sampling of multiband signals and develops the theoretical, algorithmic, and practical foun-

dations needed to do so.
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6.2 Summary of Contributions

Theory. On the theoretical front, this thesis provides the first foundations for applying the

USF to Fourier-structured signals, including:

1. Formal recovery guarantees for single-tone and bandpass signals, representative of real-

world sensing modalities such as time-of-flight and radar.

2. Recovery guarantees formultiband signals, basedon leveraging their structuredFourier

support.

3. Theoretical analysis of multi-channel USF architectures for resolving aliasing both in

amplitude and frequency domains under sub-Nyquist sampling rates.

Algorithms. On the algorithmic front, this thesis develops practical recovery methods for

applying the USF to Fourier-structured signals, including:

1. A constructive algorithm that exploits known structured Fourier support to enable

reconstruction of multiband signals from sub-Nyquist modulo samples.

2. USF-based bandpass sampling algorithms, tailored to different modulo folding archi-

tectures, explain and accommodate device-level behaviours observed in practice.

3. An end-to-end procedure that recovers 3D depth directly from finitely many modulo

ToF measurements, without explicit inversion or unfolding. This enables HDR oper-

ation under severe saturation.

Practice. On the practical front, this thesis validates the USF under realistic conditions

through prototype hardware and end-to-end system experiments, including:
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1. Prototype measurements that test and verify the theoretical modelling of demodula-

tion of modulo signals across different folding architectures.

2. End-to-end experiments confirming recovery forbandpass andmultiband signals based

on proposed algorithms.

Taken together, the results establish a coherent pathway from theory to hardware for ap-

plying the USF to Fourier-structured signals. The thesis shows that modulo-enabled USF

can turn structured spectral priors into tangible sampling and reconstruction gains, closing

the gap between theory, algorithms, and practice.

6.3 Limitations and Scope

This work targets Fourier-structured signals—single-tone, bandpass, andmultiband—where

spectral support is known at acquisition (non-blind) or before recovery (semi-blind). The

fully blind setting, in which the support is unknown, is not covered by existing results. The

main challenge is that the separation between smooth and integer signal components, which

is at the core of algorithmic approaches, cannot be realised directly through on spectral sepa-

ration.

Themodulo architectures considered are pointwise sampling schemes. AlthoughUSF has

shown promise with Sigma–Delta converters, such integrations are outside the scope of this

thesis and are not leveraged here.

Multi-channel guarantees and algorithms assume calibrated hardware. In uncalibrated se-

tups, effects such as timing jitter and gain/phasemismatch can severely affect the redundancy

principles these methods rely on, posing a significant challenge for direct deployment.
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6.4 Open Problems and FutureWork

We conclude by highlighting open questions and future directions that are both technically

pressing and practically consequential.

1. Fully blind recovery. In many multiband sampling applications (e.g., spectrum sens-

ing), the carrier frequencies are unknown a priori. It is therefore necessary to develop

theory, algorithms, and guarantees that remove prior knowledge of the spectral sup-

port. The first attempt in this direction was already presented in [118], and future

results can lead to further utilisation of USF-based multiband sampling.

2. Non-bandlimitedFourier-structured signals. So far, onlybandlimitedmodels of Fourier-

structured signals have been considered. The framework could be broadened to other

Fourier-structured classes, such asmodulated splines, chirps/polynomial-phase signals,

andfinite-rate-of-innovationprocesses. Such advances could impact radar/sonar, biomed-

ical imaging (ultrasound,magnetic resonance imaging), wireless communications, and

LiDAR.

3. High-dimensional extensions. Multiband sampling has higher-dimensional formula-

tions [119], and modern computational photography already exploits aliasing to im-

prove reconstructions [120]. Extending the multiband-USF ideas to higher dimen-

sions could deliver simultaneousHDRand high effective resolutionwith low-bit read-

out, while maintaining stable performance under sensor non-idealities. Promising tar-

gets include burst imaging, and active/depth sensing—e.g., ToF and FMCW LiDAR

in the presence of motion andmultipath. Key challenges include the derivation of the
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theory formultidimensional unlimited sampling [121], stable and scalable reconstruc-

tion algorithms, and realisation of multidimensional modulo front-ends.
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A
Proof of the Identity Used in Lemma 1 of Chapter 4

Let Ω[p]
C

def
= ΩC \ {ωp}, and define φ̃p[k]

def
= φp [k] e

−ȷωpkTS . For the filter ΨΩC
defined in

(4.5), prove by induction the identity

(
ΨN

ΩC
∗ φ̃p

)
[k] =

(
ΨN

Ω
[p]
C

∗
[(
∆N ∗ φp

)
[m] e−ȷωp(m)TS

])
[k] . (A.1)

Proof. CaseN = 1: The frequency responseofΨΩC
is Ψ̂ΩC

(ω) =
∏P−1

p=0

(
1− e−ȷ(ω−ωp)TS

)
.

The filter coefficients are:

ΨΩC
[k] = (−1)kakΩC

, akΩC

def
=
∑
S⊆ΩC
|S|=k

∏
ω∈S

e−ȷωTS ,
∣∣akΩC

∣∣ ≤ (#ΩC

k

)
, (A.2)
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whereakΩC
denotes the elementary symmetric polynomial of degreek inP frequenciesΩC, fol-

lowing fromNewton’s identities. We also use the recursive definition akΩC
= ak−1

Ω
[p]
C

e−ȷωpTS +

ak
Ω

[p]
C

. Computing the LHS of (A.1) withΨΩC
:

(ΨΩC
∗ φ̃p) [k] =

P∑
n=0

(−1)n
(
an−1

Ω
[p]
C

e−ȷωpTS + an
Ω

[p]
C

)
φp [k − n] eȷωp(k−n)TS

ñ=n−1
= e−ȷωpkTS

(
P−1∑
ñ=−1

(−1)ñ+1añ
Ω

[p]
C

eȷωpñTSφp [k − ñ− 1] +
P∑

n=0

(−1)nan
Ω

[p]
C

eȷωpnTSφp [k − n]

)

= e−ȷωpkTS

(
0 +

P−1∑
n=0

(−1)nan
Ω

[p]
C

eȷωpnTS (φp [k − n]− φp [k − n− 1]) + 0

)

= e−ȷωpkTS

P−1∑
n=0

(−1)nan
Ω

[p]
C

eȷωpnTS(∆ ∗ φp) [k − n] .

Inductive Step: Assume the identity (A.1) holds for someN .

Prove forN + 1: From the definition
(
ΨN+1

ΩC
∗ φ̃p

)
[k] =

(
ΨΩC
∗ΨN

ΩC
∗ φ̃p

)
[k], we com-

pute:

(
ΨN+1

ΩC
∗ φ̃p

)
[k] =

P∑
n=0

(−1)n
(
an−1

Ω
[p]
C

e−ȷωpTS + an
Ω

[p]
C

)(
ΨN

ΩC
∗ φ̃p

)
[k − n] (A.3)

ñ=n−1
=

P−1∑
ñ=−1

(−1)ñ+1añ
Ω

[p]
C

e−ȷωpTS
(
ΨN

ΩC
∗ φ̃p

)
[k − ñ− 1]

+
P∑

n=0

(−1)nan
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[p]
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(
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∗ φ̃p
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= 0 +
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(−1)nan
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∗ φ̃p
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[k − n− 1]e−ȷωpTS

)
+ 0
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For theN th order filterΨN
ΩC
,

ΨN
ΩC

[k] = (−1)k
∑

v∈V(N,k)

N−1∏
i=0

aviΩC
, V(N, k) def

=

{
v ∈ NN |

N∑
i=1

vi = k

}
. (A.4)

where the set V(N, k) consists of all length-N vectors of non-negative integers whose ele-

ments sum to k. Using the induction assumption, replacing ΨN
ΩC

according to (A.4) and

computing the convolution,

(ΨN
ΩC
∗ φ̃p)[k − n]− (ΨN

ΩC
∗ φ̃p)[k − n− 1]e−ȷωpTS (A.5)

= e−ȷωp(k−n)TS

N(P−1)∑
l=0

(−1)l
∑

v∈V(N,l)

N−1∏
i=0

avi
Ω

[p]
C

e−ȷωplTS(∆N+1 ∗ φp) [k − n− l] .

Substituting (A.5) into (A.3) and re-arranging,

(
ΨN+1

ΩC
∗ φ̃p

)
[k] =

P−1∑
n=0

(−1)nan
Ω

[p]
C

e−ȷωp(k−n)TS
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l=0

(−1)l
∑
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avi
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[p]
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(∆N+1 ∗ φp) [k − n] e−ȷωp(k−n)TS

=

(
ΨN+1

Ω
[p]
C

∗
[(
∆N+1 ∗ φp

)
[m] e−ȷωp(m)TS

])
[k] .

Thus, the identity (A.1) holds forN + 1, which completes the proof. ■
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