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1. Introduction

Ranking by majority voting is one of the most well-studied problems in voting theory. The basic set up is that each voter
ranks a set of alternatives, i.e. gives a linear order on the alternatives, and then a global ranking is produced by ranking
each pair of alternatives according to the majority vote on their pairwise ranking. We here assume that the number of
voters is odd. As Condorcet showed in 1785 [8] this may not lead to a linear, or even partial, order on the alternatives.
However, if the set of linear orders used by the voters is well-behaved we will get a linear order as the result. A Condorcet
domain is a set of linear orders such that whenever the voters choose their rankings from the domain, majority voting
will lead to a linear order.

The simplest non-trivial model for the possible rankings of a collection of alternatives is perhaps the single-peaked
domain. This domain was introduced formally in [5] and corresponds to a society in which all voters have a common
political axis, each voter has a preferred position, the “peak”, on this axis and on each side of the peak ranks alternatives
according to how close to the peak they are. Black [5] showed that on any domain of this type, majority voting will select
a unique winner, and in fact produce a transitive ranking of all alternatives. In terms of modeling the behavior of a group
of voters the single-peaked domain provides a sensible first approximation of, for example, a society where opinions
correlate with a left-right or a liberal-conservative axis. It is however clearly not a universal model of such opinions. A
second distinct model is given by the single-dipped domains, in which voters instead have a least preferred position on a
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common axis and rank alternatives higher when they are further away from this position. Up to relabeling of alternatives
there is exactly one maximal single-peaked domain for n alternatives, known as Black’s single-peaked domain, and one
maximal single-dipped domain. Both have size 2"~!, where n is the number of alternatives, and are in fact each other’s
duals, i.e. each order in one appears reversed in the other.

In real-life situations the collection of opinions is often not strictly determined by a common political axis and modeling
requires more flexible options than Black’s single-peaked domain, and the single-dipped domain. Arrow [4] introduced
one such class by requiring that the restriction to any triple of alternatives must be single-peaked in Black’s sense, but
letting go of the common political axis. These domains are now known as Arrow’s single-peaked domains and have been
studied in great detail. Slinko [31] showed that maximal domains of this type have size 2", just as Black’s, and they are
minimally rich, meaning that every alternative is ranked first in some order.

A common generalization of the single-peaked and single-dipped domains is given by the peak-pit domains. These
domains follow the set-up given by Arrow and require the restriction to each triple of alternatives to be either single-
peaked or single-dipped in Black’s sense. The class of peak-pit domains is much larger and structurally diverse than the
Arrow’s single-peaked domains, giving the modeler the ability to match a wider range of groups or societies. However, this
diversity also means that general peak-pit domains do not have the unified social interpretation that the single-peaked
domains have. Peak-pit domains have been studied in numerous papers, see e.g. [7,24], and within the class one finds
interesting trade-offs between different forms of diversity (e.g. local diversity studied in [19]). It is easy to show that if a
peak-pit domain is minimally rich then it is an Arrow’s single-peaked domain. However, if we consider domains which
are not minimally rich we find examples which are much larger than Arrow’s domains, thereby giving more diversity in
terms of the total number of distinct opinions. The first such examples were found by [13], and were only larger than
Arrow’s domains by a linear factor, but by now several constructions [14,20] have given exponentially larger domains.
Most such examples have been relatively complicated to describe and analyze.

Our focus is a class of domains which have a societal axis (an underlying linear order on the alternatives) and relative to
that axis are defined using only the never conditions 1N3 and 3N 1. The condition 1N3 for a triple (a, b, c) wherea < b < ¢
on the axis implies that the domain never ranks a last of the three, and 3N1 means that c is never placed first. As we
will see this class of domains is mathematically natural, and has a natural social choice interpretation. Given a societal
axis the never conditions 1N3 and 3N1 can both be seen as expressing a weak form of agreement with the ranking on
the axis. Consequently, this can be used to model a relatively homogeneous society where the population mostly agrees
with a common societal axis.

There are some exceptional domains in the class. If we have only 1N3 for all triples we get a unique Arrow’s single-
peaked domains, which is minimally rich, with only two alternatives ranked last. Dually, the domain with only 3N1
has only two top alternatives and all alternatives are ranked last in some order. However, for all other domains in this
class the set of top ranked alternatives, and last ranked alternatives, are both strict subsets of the alternatives, often
quite small. So, in this type of homogeneous societies, or domains, there is little diversity among the highest and lowest
ranked alternatives. Strikingly, as our results will show, in terms of domain size some of these seemingly austere societies
provide a larger variety of opinions than the single-peaked domains. Though here the source of variation is a diversity of
alternatives ranked near the middle of the societal axis, rather than a variety of potential top or bottom alternatives.

Finally, in order to simplify the structure of our domains further, and allow us to give a lower bound for how large
coherent domains can become, we restrict our focus to the subclass of set-alternating domains. As we will show, this
class contains domains larger than any previously known, both when seen as peak-pit domains and more generally as
Condorcet domains.

1.1. Related literature

The search for large well-behaved domains has a long history. Abello and Johnson [2] showed that there are Condorcet
domains, i.e. domains on which pairwise majority voting leads to a transitive ranking of the candidates, which are larger
than 2"~ 1, the size of Black’s single-peaked domain, and asked how large such domains can be. This question was reiterated
in the survey [21], which listed several fundamental unsolved problems in mathematical social science. The first of which
is “What is the largest size of a set of linear preference orders for n alternatives such that majority voting is transitive when
each voter chooses his preferences from this set?”. The problem is still unsolved. The most recent surveys are [11,17,28].

Johnson [16], and later Craven [6], conjectured that a Condorcet domain of maximum size contains at most 2"~!
linear orders. Here 2" is the maximum cardinality in several well-known domain classes, such as the single-peaked,
single-dipped, and group-separable domains. After Craven’s paper, a new counterexample on five alternatives to the
conjecture was given in [12]. The examples in [2] were not well known at the time. Fishburn [13] generalized the new
counterexample by introducing an alternating scheme resulting in what is now called Fishburn’s domains. These domains
mix never-top and never-bottom triples and have a size of order n x 2" [15].

Fishburn [13] conjectured that among Condorcet domains such that for any triple of alternatives do not satisfy a
never-middle condition the alternating scheme provides domains of maximum cardinality.

The conjecture posed by Fishburn is true for three to five alternatives [13], and six alternatives [14]. In [15] it was
claimed to be true for seven alternatives, though without including a proof. This was later proven independently in [3].
For eight alternatives there is a counterexample to Fishburn’s conjecture [23]. A version of Fishburn’s conjecture where
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the domain is also required to have maximum width has also been studied and was eventually refuted in [7] for n = 42
alternatives, and in [20] for 34 alternatives. What smallest n is for which the size of Fishburn’s alternating domain is
exceed in this class remains an open problem.

For a sufficiently large n the lower bound on the size of maximum Condorcet domains has been increased to
2.1708" [13] and later to 2.1890" [20].

In this paper we present a sequence of Condorcet domains that for a sufficiently large n have a size exceeding 2.1973",
improving the existing lower bounds. The value of this result lies not only in improving the lower bound but also in
presenting a well-structured domain that does not depend on recursive constructions. Previous cited lower bounds, were
based on the replacement scheme that was iteratively applied, starting with a carefully chosen domain on a small number
of alternatives.

1.2. Overview of this paper

The structure of the paper is as follows. Section 2 contains notation and definitions used in the paper. We discuss
general domains defined by the 1N3, 3N 1 never conditions in Section 3. Section 4 introduces set-alternating schemes and
discusses the structure of the domains these generate. Section 5 contains the analysis of the asymptotic growth rate of
some of the largest domains in this class. We conclude in Section 6 with some additional comments and open problems.

2. Preliminaries

Let a finite set X = [n] = {1,..., n} be the set of alternatives. Let £(X) be the set of all linear orders over X. Each
agent i € N has a preference order P; over X (each preference order is a linear order). For brevity, we will write preference
orders as strings, e.g. 12...n means 1 is the best alternative, n is the worst. We let « denote the order 123...n.

A subset of preference orders D C £(X) is called a domain of preference orders. A domain D is a Condorcet domain if
whenever the preferences of all agents belong to the domain, the majority relation of any preference profile with an odd
number of agents is transitive. A Condorcet domain D is maximal if every Condorcet domain D’ 2 D (on the same set of
alternatives) coincides with D. In our paper we are focused on maximal Condorcet domains unless otherwise specified.

Definition 1. Let D; and D, be two domains of equal cardinality on sets of alternatives X; and X, respectively. We say
that domains D; and D, are isomorphic if there are a bijection ¥ : X; — X; and a bijection o : D; — D, such that for each
x € D; we have o(x) = x¥, where x¥ is an order with permuted alternatives according to . If D; and D, are isomorphic,
we write D; = D;.

The dual of a partial order Ry is the partial order R, for which xR,y if and only if yR1x. The dual of a domain D is the
domain consisting of the dual of each order in D.

A societal axis for a domain is a designated linear order on the set of alternatives. This is usually assumed to correspond
to some organizing principle for the alternatives, e.g. a left-right political scale. The societal axis is not necessarily an
element of the domain, e.g. for some domains which are not maximal domains.

Sen [30] proved that a domain is a Condorcet domain if the restriction of the domain to any triple of alternatives
(a, b, c) satisfies a never condition. A never condition can be of three forms xNb, xNm xNt, referred to as a never bottom,
a never middle, and a never top condition respectively. Here x is an alternative from the triple and xNb, xNm, and xNt
means that x is not ranked last, second, or first respectively in the restricted domain. Fishburn noted that for domains
with a societal axis, never conditions can instead be described as iNj, i, j € [3]. iNj means that ith alternative from the
triple according to societal axis does not fill in jth place within this triple in each order from the domain. For example
restriction abc to triple a, b,c € [n], a < b < c satisfies never conditions 1N2, 1N3, 2N1, 2N3, 3N 1, 3N2, but violates
never conditions 1IN1, 2N2, 3N3.

A set N of never conditions is complete if it assigns at least one never condition to every triple of alternatives. Sen’s
result states that every Condorcet domain satisfies some complete set of never conditions. Given a complete set of never
condition we let D(N) denote the set of all linear orders which satisfy the never conditions in N.

A Condorcet domain D is connected if, given any two orders from the domain, the second order can be obtained from the
first by a sequence of transpositions of neighboring alternatives such that all orders generated by this sequence belong to
the domain. A Condorcet domain has maximal width if it contains a pair of completely reversed linear orders. A Condorcet
domain D is unitary if it contains the order « = 123...n.

Following [31] we say that a Condorcet domain is copious if the restriction to any triple has size 4, or equivalently
every triple, satisfies a single never condition. A domain is ample if the restriction to any pair has size two. Every copious
Condorcet domain is ample. We will make us of the following simple lemma:

Lemma 1. A copious Condorcet domain D is maximal.

Proof. Assume that D is not maximal and that u is an order which can be added to D to form a larger domain D’. The set
of never conditions satisfied by orders in D’ must be a subset of the never conditions satisfied by orders in D. But, since
each triple satisfies exactly one never condition in D this means that D’ cannot satisfy a complete set of never conditions,
which contradicts that 7’ is a Condorcet domain. O
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A domain which satisfies a never condition of the form xNb for every triple is called Arrow’s single-peaked domain. Note
that since never-bottom conditions are mapped to never-bottom conditions by isomorphism one may rewrite this as yN3
never conditions, using e.g. any order from the domain as a societal axis.

A domain D is a peak-pit domain if, for each triple of alternatives, the restriction of the domain to this triple is either
single-peaked (iN3 restriction), or single-dipped (iN1 restriction).

A domain D is called a Fishburn domain if it satisfies the never conditions of the alternating scheme [13]: there exists
a linear ordering of alternatives ay, ..., a, such that for all i, j, k with 1 < i < j < k < m the restriction of the domain
to the set {a;, ;, ax} is single-peaked with axis a;a;ay if j if is even (odd), and it is single-dipped with axis a;ajay if j is
odd (even). Note that there are either one or two Fishburn domains depending on the parity of n. The dual of a Fishburn
domain is also a Fishburn domain.

Fishburn [13] introduced the function

f(n) = max{|D| : D is a Condorcet domain on a set of n alternatives}.
Similarly Karpov and Slinko [20] introduced the function

h(n) = max{|D| : D is a peak-pit Condorcet domain on a set of n alternatives}.
and also showed that f(n) € £2(2.1890") and h(n) € §2(2.1045™), where F(n) € £2(g(n)) means that lim;_, % > 0.

Every domain D is associated with a graph Gp [27]. The set of linear orders from D is the set of vertices Vp and for

two orders u, w € D we draw an edge between them if D does not contain order x that is between u, w in terms of
Kemeny betweenness (which means that x agrees with all binary comparisons on which u, v agrees). Puppe and Slinko
[27] proved that for each Condorcet domain D the graph Gp is a median graph (as defined by [25]). If Condorcet domain

D is connected, then in the associated domain each edge represents one swap of neighboring alternatives.
For set complements we will use the notation A = [n] \ A, where A C [n].

3. Coherent domains

Our focus in this section is the class of domains which have a societal axis and relative to that axis are defined using
only the never conditions 1N3 and 3N1. As noted in the previous section we can, as long as we only consider domains
up to isomorphic equivalence, assume that the social axis is the order « = 12...n. Thus we will from now on assume
that domains are unitary unless we specify otherwise.

We call this class of domains the coherent domains, motivated by its natural social choice interpretation. Given a
societal axis the never conditions 1N3 and 3N1 can both be seen as expressing a weak form of agreement with the
ranking on the axis. The condition 1N3 for a triple a < b < ¢ implies that the domain never ranks a last of the three, and
3N1 means that c is never placed first. Consequently, this can be used to model a relatively homogeneous society where
the population mostly agrees with a common societal axis.

Note that given a societal axis we may relabel the alternatives so that each is labeled by their rank along the axis.
This gives an isomorphism from the original domain to one in which the societal axis is 12...n, and the domain is still
defined by 1N3 and 3N 1 never conditions. Hence every coherent domain is isomorphic do a unitary coherent domain and
we will in the rest of the paper assume that all domains are unitary, unless we explicitly specify something else.

There are some exceptional domains in the class. If we take the complete set of never conditions N with 1N3 for
all triples, then D(N) is an Arrow’s single-peaked domain, by [32] this domain is copious and minimally rich, with only
two alternatives ranked last. Dually, the domain with only 3N1 has only two top alternatives and all alternatives are
ranked last in some order. However, for all other domains in this class the set of top ranked alternatives, and last ranked
alternatives, are both strict subsets of the alternatives, often quite small. So, in this type of homogeneous societies, or
domains, there is little diversity among the highest and lowest ranked alternatives. Strikingly, as our results will show, in
terms of domain size some of these seemingly austere societies provide a larger variety of opinions than the single-peaked
domains. Though here the source of variation is a diversity of alternatives ranked near the middle of the societal axis,
rather than a variety of potential top or bottom alternatives.

All maximal coherent domains have a well-structured common part, which we will refer to as the Fibonacci domain.
The Fibonacci domain is the unitary domain of all orders which satisfy both of the two never conditions 1N3 and 3N1 for
each triple.

Proposition 1. Consider the unitary Fibonacci domain:

1. For every triple abc, listed according to their rank in «, there are orders in the Fibonacci domain whose restriction to
that triple are abc, ach, and bac.

2. The size of the Fibonacci domain on n alternatives asymptotically grows like 5J”fs(”—fs)".

10 2

Proof. Linear orders that satisfy the two never conditions 1N3 and 3N1 for every triple correspond to permutations that
avoid the set of patterns {231, 321, 312}. Such permutations are called known as free permutations and are counted by
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the (n + 1)th Fibonacci number [26]. From the asymptotic growth rate of the Fibonacci sequence we get part 2 of the
proposition.

Let abc be a triple as in the proposition. The restriction of « to that triple gives the restriction abc. Let 8 be the order
obtained from « by moving b to the first ranked position, and keeping the relative ranks of all other alternatives as they
were. This order satisfies both 3N1 and 1N3 for all triples, so it belongs to the domain and has restriction bac to our triple.
In the same way the order §, obtained from « by moving b to the last ranked position, belongs to the domain and give
the restriction ach. O

Going in the other direction we can also provide a concrete upper bound for the maximum possible size of a coherent
domain.

g . . . . 1 2n ~ 4n
Proposition 2. A maximal coherent domain on n alternatives has size at most m(n) IS

Proof. The restriction of a coherent domain to any triple cannot be of the form 321. Hence the domain is a collection of
321-avoiding permutations. It is well known that the number of 321-avoiding permutations of length n is given by the
Catalan numbers [22]. O

Lemma 2. Given 1 < k < nlet A = [k] and B = [n] \ A. If D is a maximal coherent domain on n alternatives then the
restrictions of D to A and B are also maximal coherent domains.

Proof. Let D be a unitary maximal coherent domain on n alternatives. Let D; be the restriction of D to A = {1, 2, ..., k}
and D, the restrictionof DtoB={k+1,...,n}.

Assume that at least one of Dy and D, is non-maximal, say D;. Let a be an order which can be added to D; and b any
order from D,. Let ¢ be the order ab. Note that a triple which contains elements from both A and B will never have the
highest element ranked last, and never the lowest element ranked first. So, ¢ satisfies both 3N1 and 1N3 for those triples.
For triples from B, ¢ satisfies the same never conditions as D. For triples from A ¢ will satisfy at least one never condition
from D, since a can be added to D;. So, ¢ can be added to D, contradicting that D is maximal.

The same argument works if instead D, is not maximal. Hence both D; and D, must be maximal. O

Note that the lemma implies that the restriction to any interval on the societal axis is a maximal domain.
All copious Condorcet domains are ample, but ample domains are not always copious [3]. For maximal coherent
domains this is however an equivalence.

Lemma 3. An ample maximal coherent domain D is copious.

Proof. First note that since the set of never conditions satisfied by D are a subset of those for the Fibonacci domain, the
Fibonacci domain is a subset of D.

By Proposition 1 the Fibonacci domain has restrictions to any triple which contain the three orders 123, 132, 213.In
each of these orders 1 and 3 do not change their relative order. Hence an ample domain must contain one more order
for each triple. This gives four orders for each triple, making the domain copious. O

Lemma 4. A maximal coherent domain on n > 3 alternatives has at least two terminal alternatives and at least two alternatives
which are ranked first. The alternatives 1 and 2 are among the first ranked alternatives, n — 1 and n are among the terminal
alternatives.

Proof. The coherent domain contains the Fibonacci domain and the first statement is true for that domain.
The second statement follows by restricting the domain to [n — 1] and [n]\ 1. O

Lemma 5. Let a be an order from a coherent domain on n alternatives. The values ranked before 1 form a monotone increasing
sequence and the values ranked after n form a monotone increasing sequence.
If n is ranked before 1 then no alternative is ranked between them. If there exists an order containing n1 then it is unique.

Proof. If a and b are ranked before 1 and a < b on the societal axis then bal is a 321 pattern, which violates both 1N3
and 3N1. The same argument works for nba.

Note that nal is a 321 pattern for every a. We cannot have two orders which restrict to xn1 and n1x, since the standard
order « restricts to 1xn and would form a Latin square with the other two orders. Hence the set of alternatives ranked
before n1, and the set ranked after n1, is unique. Since both sets form increasing sequences we get a unique order. [

Proposition 3. An ample maximal coherent domain on n alternatives has size at least 2"~ 1.

Proof. This statement is true for n < 4. Suppose it is true for all k < n — 1, let us prove for n.
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Assume that the domain D is an ample maximal coherent domain on n alternatives. For each k < n there are partition
of [n] on Ay = [k] and By, = [n] \ [k] and an order ¢, = ab, where a belongs to the maximal coherent domain on set Ay, b
belongs to the maximal coherent domain on set By. Because of ampleness, for each k maximal coherent domain on set Ay
contains order q with k1. For k" < k, order q is not equal to restriction of ¢; to Ag. Thus, from the induction hypothesis
each partition with 1 < k < n contains at least 2"~%~1 orders. Additionally from ampleness, we have an order with n1
that does not belong to described partitions. Summing, we get 1+ ZZ;} 2n—k=1 — 2n=1 Thus, domain P contains at least

21 orders. O
Proposition 4. A maximal coherent domain D is connected.

Proof. Let us consider a unitary coherent domain D. We first prove that for any order a = a;a; . . . a, not equal to « there
is a pair of neighboring alternatives a;a;, 1, such that a; > a;, 1, which we can transpose and still have an order in D.

The order a has at least one pair of neighboring alternatives a;a;,; such that a; > a;,1, since otherwise the g;:s would
form a monotone increasing sequence, meaning that a = «.

Consider the order b = a;...a;1G;...a, obtained by swapping the ranks of a; and a; ;. The only never conditions
which can prohibit b from belonging to D are those for triples containing both g; and a;, 1, as all others are unaffected by
the swap.

Let x be an alternative with lower rank than g; in a. Since qg; is not the smallest of the three, as a; > a;;1, the triple
does not violate 1N3 in b. Neither does it violate 3N 1, since x was ranked first in a as well. If instead x has higher rank
than a;;¢ in @, a symmetrical argument shows that both never conditions are satisfied. Thus, the order b belongs to the
domain D.

Each transposition moves some alternative closer to its rank in «, so after a finite number of transpositions we must
reach o, forany A O

4. Set-alternating schemes

Next we will focus on domains generated by what we call set-alternating schemes. These domains are special cases
of coherent domains and, as we will show, they provide examples of Condorcet domains which, for large enough n, are
larger than all previously studied domains.

Let us start our analysis by defining the class of set-alternating schemes.

Definition 2. Given a subset A C [n] consider the following set N(A) of never conditions. For triples i < j < k with
j € A assign the never condition 1N3. For triples i < j < k with j ¢ A we assign the never condition 3N 1. This is the
set-alternating scheme defined by A.

We let D(A) denote the Condorcet domain D(N(A)) and say that D(A) is the domain generated by A. Let f,(A) denote
the cardinality of D(A).

Given that our definition of set-alternating schemes could easily be modified to use any other pair of never conditions,
one may ask why we focus on the particular pair 1N3, 3N1? If one tests out all pairs of peak-pit never conditions on all
sets A for some small n, say n = 5, one finds that most pairs do not generate a copious domain for every A, but a small
set of pairs do. These pairs fall into four families.

The first are the two domains which assign the same never condition 1N3 to every triple, or 3N1 to every triple. These
domains are single-peaked and single-caved respectively, and have size at most, in fact exactly, 2"~ ! by [29] and [31].
Here the domain does not depend on A, but it does depend on the choice of never condition. The second family are those
which use two never-bottom conditions, or two never-top conditions. This is a subset of the class of Arrow’s single-peaked
domains, and their duals. These also have size 2"~! by [31], but here the domain does depend on A. The class of all Arrow’s
single-peaked domains has been studied in detail in [31]. The third family uses the pair 2N1/2N3. If we use this pair and
take A to be the set of odd numbers, or even numbers, we recover Fishburn’s alternating scheme. Generalized versions
of Fishburn's domains are discussed in [18,33]. The fourth family, which we will show to be copious for all n, is given by
the pair 1N3, 3N1 and is the focus of the remainder of the paper.

Let us consider some examples. If A = [n], then all triples are assigned the 1N3 never condition. This gives an Arrow’s
single-peaked domain, but it is not Black’s single-peaked since the domain does not contain two mutually reversed orders.
This is the only Arrow’s single-peaked domain given by a set-alternating scheme. It is also the only coherent Arrow’s
single-peaked domain. By [31] this domain is maximal and has cardinality 2"~'. For A = @ we get a domain which can
be related to that for the empty set via the following lemma.

Lemma 6. Define the reverse complement A* of A to be A* = n + 1 — A, where the subtraction means the set of numbers
n+1—iforalieA

Let Cq be the domain generated by the set A and C, the domain generated by A* then C, is obtained from C; by first reversing
all orders and then reversing the names of the alternatives.
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Fig. 1. Domain size and set size for all subsets of {2,...,n— 1}.

Proof. Assume that we have a triple (a, b, c) satisfying a Fishburn type never condition xNp.

Note that when all orders are replaced by their duals, every never condition xNp is replaced by xN(4 — p).

Similarly, when the list of names is reversed a never-condition xNp is replaced by (4 — x)Np. Here the triple (a, b, c¢) is
transformedto(n+1—c,n+1—b,n+1—a).

So the joint reversal interchanges 3N1 and 1N3, and replaces (a, b,c)by(n+1—c,n+1—b,n+1—a). O

For n = 4, D({2}) is isomorphic to Fishburn’s domain. In particular, D({2}) is Fishburn’s domain relative to the societal
axis 2143. For n > 4 there is no A corresponding to Fishburn’s alternating scheme.

Here we may ask which domain sizes set-alternating schemes more generally generate. In Fig. 1 we plot the pair
(set size, domain size) for all subsets of {2,...,n — 1} for n = 8 and 9. We exclude 1 and n from A since they cannot
be midpoints of a triple and hence do not affect which domain we generate. As we can expect from Lemma 6 the size
distribution is symmetrical. The lowest domain sizes in the figure are of the form 2"~! and in Corollary 2 we show that
this is the minimum possible size. We also see many schemes which lead to much larger domains and we can identify
the maximum ones.

Definition 3. D(B,) is the domain generated by the odd set-alternating scheme if
B, =1{2,3,5,....,n— 3+ pa},
where p, = (n mod 2).

This scheme produces the largest domain sizes for small n and we will later investigate their growth rate. For even
n, the set B, is equal to its reverse complement. For odd n the reverse complement consists of the even numbers
Bi = {2,...,n— 3}, which by Lemma 6 generates a domain of the same size as B,. If we extend this set of even numbers
by n — 1 we get a new scheme which we will use in our asymptotic analysis.

Definition 4. D(A,) is the domain generated by the even set-alternating scheme if
An=1{2,4,6,...,n—=24py},
where p, = (n mod 2).

We will refer to the scheme given by taking Bj, for odd n and A, \ (n—2) for even n as the truncated even set-alternating
scheme.

Fig. 2 displays the graph associated to the even set-alternating scheme for n = 6.

In Table 1 we show the sizes of the domains generated by these schemes and Fishburn’s alternating scheme, each
computed using the Condorcet Domain Library (CDL) from [36,37].

Regarding the maximum domain size we conjecture the following.

Conjecture 1. For each n > 5, the maximum size of a set-alternating domain is the size of the set-alternating domain.

This conjecture has been verified computationally for n < 24. As we can see for n < 16 Fishburn’s alternating scheme
leads to larger domains than the odd set-alternating scheme.

Proposition 5. The domain generated by a set-alternating scheme is a copious peak-pit maximal Condorcet domain.

Proof. For n < 3 each maximal set-alternating domain is a maximal copious peak-pit Condorcet domain. Let us assume
that it is true for n — 1 alternatives.

First, let us recall that in a copious domain every triple of alternatives satisfies exactly one never condition. By Lemma
2 a copious domain is maximal, so we only need to show that the domain is copious,

Let C; be the restriction of C to [n] \ 1. The domain C; is also a set-alternating domain and hence copious by our
induction assumption. If we add 1 as the highest ranked element in each order of C; we get a new domain Cfr on the set
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215634
214365 213465 213564 215364
214356 | 213456 | 213546 | 215346
125634
124365 | 123465 | 123564 125364
124356 123456 | 123546 | 125346
135624
134265 | 132465 | 132564 135264
134256 | 132456 | 132546 | 135246
315624
314265 | 312465 | 312564 315264
314256 | 312456 312546 315246 356124
351264

341256 351246

Fig. 2. The graph Gp for the domain D(As) generated by the even set-alternating scheme for n = 6.

Table 1
Domain sizes for the odd scheme, the even scheme, and Fishburn’s alternating scheme. The odd scheme
surpasses Fishburn’s alternating scheme for n > 16.

n odd 1N33N1 even 1N33N1 Truncated even 1N33N1 Alternating scheme
4 9 9 8 9

5 19 18 19 20

6 42 42 39 45

7 91 84 91 100

8 202 199 190 222

9 437 398 437 488

10 973 950 922 1069

11 2102 1900 2102 2324

12 4690 4554 4464 5034

13 10122 9108 10122 10840
14 22617 21884 21587 23266
15 48779 43768 48779 49704
16 109104 105323 104322 105884
17 235197 210646 235197 224720
18 526441 507 398 503966 475773
19 1134474 1014796 1134474 1004212
20 2540586 2446022 2434088 2115186

of alternatives [n]. Each order in Cfr is compatible with both 1N3 and 3N1 never conditions for triples 1, i, j, and all other
triples satisfy the never condition given by A. Hence C]+ C C, and since the restriction of Cl+ to any triple not containing
1 has size four this is true for C as well. This shows that any triple not containing 1 satisfies the condition required for C
to be copious.

We can repeat this argument for the restriction of C to [n] \ n, getting a subdomain C,+, where n is ranked last in
every order, which shows that every triple not containing n has a restriction of size 4. It remains to show that triples of
the form 1, j, n also give restrictions of size 4.

Since C; is copious, and hence ample, Cfr restricted to a triple 1, j, n contains both 1jn and 1nj. Similarly C;\ contains
both 1jn and j1n. So the restriction of C to this triple contains 1jn, 1nj, j1n.

The domain C contains orders which rank the alternatives from A highest, then n1, and finally all alternatives from A. If
j € A, then the restriction of C to 1, j, n contains nlj, giving a fourth order and the triples satisfy only the never condition
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1N3.Ifj ¢ A, then the restriction of C to 1, j, n contains jn1, giving a fourth order and the triple satisfies only the never
condition 3N1.
So, we have shown that the domain C is copious, and thereby a maximal Condorcet domain. O

In addition to potentially large sizes, the set-alternating schemes generate domains with good local structure.

Corollary 1. Each domain defined by a set-alternating scheme is connected.

Set-alternating schemes can be used as a straightforward way of producing random examples of maximal Condorcet
domains. For a given n we can construct a set A at random by including each value from X, with probability p,
independently, and then construct a domain D by using the set-alternating scheme given by A. For p = % we get the
uniform distribution for A.

Question 2. What is the expected size of the domain D generated by the set-alternating scheme of a random set A, when A is
generated with inclusion probability p?

Since the domain size here is exponential in n the expected size might deviate significantly from the median size. The
same question could be asked for the median.

4.1. Recursive properties of the domain sizes

First of all let us note that whether either of 1 and n is a member of A or not does not affect the size of the generated
domain. Simply because neither of these can be the middle element of a triple. Next, let w be the largest element in A,
and A = A\ w.

In some of our proofs it will be convenient to work with set-alternating domains where the set of alternatives form
a different interval than [n]. When the interval is X we let Dx(A) denote the domain, to make clear what the underlying
interval is,

Proposition 6. If w = n — 1, then f,(A) = 2f,_1(A).

Proof. For all triples i, n— 1, n, we have the never condition 1N3. Thus, only alternatives n— 1 and n can be last in orders
from D(A). Note that adding n, or n — 1 at the end of an order, which does not use that alternative, does not violate 1N3,
3N1 conditions. Hence, the number of linear orders with n last equals f;,_1(A’), and the same holds for those with n — 1
last. O

Proposition 7. If 1 < w < n — 1, then f(A) = 2f,_1(A) + fa_1(A") — S, where S = Z}:ﬁ_]fj(ﬂ).
Proof. There are f;,_1(A) orders, in which n is the last alternative, and there are f,_1(A) orders in which n is the second
last alternative.

If there is an order in which two alternatives a < b are ranked after n in some order then the triple a, b, n must satisfy
a 1N3 never condition. So b € A by the definition of our scheme, and a cannot be ranked last due to the never condition.
If b # w we get a contradiction, since the triple b < w < n satisfies 1N3 and so allows only w and n to be ranked last
among the three.

Hence, if n is neither ranked last nor second last in an order, then the alternative w is ranked last.

Next we note that there are f,_;(A’) orders that satisfy all conditions without alternative w, and we will now consider
those orders with w added as the last ranked alternative. If an order of this form violates a never condition it must be
of the form 3N1, since otherwise the middle element of the triple must belong to A and w be the first element, which
contradicts the definition of w.

If there is more than one alternative x; ranked after n, and automatically before w, then the same argument as above
shows that the alternative b ranked last before w must belong to A" and the other alternatives x; must satisfy x; < b < w.
So the triples x;, x;, w do no violate a 3N'1 condition when w is added last. The triples x; < w < n have n ranked first, but
are assigned a 1N3 never condition since w € A.

The orders which end with nw satisfy all never conditions and there are f,_,(A’) such orders. However, these orders are
already included in our count of orders with n ranked second to last. So we need to subtract their number from f,_;(A").

Next we consider orders § in which n is ranked third from the end, and having w ranked last violates a 3N1 never
condition. This implies that there is one element a ranked between n and w and we must have a > w, since otherwise
this triple would have a 1N3 never condition. So the possible values for a range from w + 1ton — 1. If a = w +j then
we must also have the alternatives from a + 1 to n — 1 ranked in increasing order before n, since g satisfies all never
conditions not involving w. This means that the end of our order must be of the forms n(n — 1)w, or (n — 1)n(n — 2)w,
and so on up to (w + 2)...(n — 1)n(w + 1)w. So there are f,_,(A’) orders which end with aw.

This gives f,_1(A") — Z;;i]ﬁ(A/) orders from D(A) with w last, excluding those with n second last.

Adding this to our counts for orders with n last or second last gives our result. O
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By Proposition 7 we have f,,(A) > 2f,_1(A), giving us a general lower bound on the size of set-alternating domains.
Corollary 2. We have f,(A) > 2f,_1(A) and f,(A) > 2™ 1,

Proof. We have f,(A) = 2f,_1(A ) + fu1(A) — Zj"_uz) 1fi(A"), where 2f,_;(A) is the number of orders in which n is last or

second last, and fa1(A) — ZJ »_1Jj(A") is the number of orders in which n is neither last nor second last. Thus, we have
fo1(A') — Z] o_1fi(A") = 0 and f,(A) > 2f;_1(A). Starting from f; = 1 we get f(A) > 2"~ 1. o

We also get some information about sets which generate large domains.

Corollary 3. Ifn— 1is a member of A then Ay = A\ n — 1 generates a domain which is at least as large as that for A.
If 2 is not a member of A then A, = A U {2} generates a domain which is at least as large as that for A.

Proof. Let us prove the first part. First note that A; = A’. We have f,(A) = 2f,_1(A1) and f;(A1) = 2fu—1(A1) + fu—1(A]) —
Yo fi(A}). Thus, we have fy(A) < fu(A1).

For the second part, consider the reverse complement A*, which generates a domain of the same size as A. If 2 is not
a member of A then n — 1 € A* and as we just showed the domain would have been at least as large if n — 1 had not
been a member of A*. O

Hence the set of largest, for each n, set-alternating domains, includes domains generated by sets A which contain 2
and does not contain n — 1.
The following proposition determines the exact sizes for some special cases.

Proposition 8. For k = 1, we have f,({n—k}) = 2"~ ! and f,({k}) = 2"~ '. Fork > 1and n < k+1, we have f,({n—k}) = 2"!
and f,({k}) =2""'. For k > 1and n > k+ 1, we have fy({n — k}) = 5 - 2" 3 — 2"*=2 and f,({k}) = 5 - 2"~3 — 2k-2

Proof. For k = 1, f,({n — k}) = fu({k}) = 2"~ follows from Proposition 6.

For k > 1and n < k + 1, we have f,({n — k}) = fa({k}) = 2" ! because it is the size of any Arrow’s single-peaked
domain.

From Proposition 7 for k > 1 and n > k+ 1 we have f,({n — k}) = 2f,_1({n — k}) +2"2 — Z}::_,{_] 2~1, Rearranging,
we have f,({n — k}) = 2f,_1({n — 1 — (k — 1)}) + 2"*2,

For k = 2, we have f,({n —2}) = 2" 1+ 2"4 For k = 3, we have f,({n—3}) = 2(2"2 42" ) 42" = 2" 1 4 3.2,
For k = 4, we have fy({n — 4}) = 22" 2 + 3. 2"6) 4 276 = 2n=1 1 7. 2" 6 Splving the recurrence, we have
fulfn —k}) = 271 4 (251 — 1) 2n2,

From Proposition 7 for n > k+1 we have f,({k}) = 2fn,1({k})+2”*2—2;;k27] 2~1, Having initial condition fi,1({k}) = 2*
we get the solution f,({k}) =5-2"3 - 22 O

Utilizing Proposition 7 once more one can find the size of the set-alternating domains with |A| = 2. Iteratively applying
Proposition 7 one can in principle find the size of any set-alternating domain. Another special case is solved in the
following proposition.

Proposition 9. For even n > 4, we have

n n
5—1 1

e D)) (Wl

i=1 j=1

Proof. An order ¢ € L(A U B) is a shuffle of two orders a € £(A), b € £(B), where the sets A and B are disjoint, if the
restriction of ¢ to A equals a, and the restriction of ¢ to B equals b.

The domain D({2, 3, ... %}) contains all orders, that have the structure a + b + ¢, where + is concatenation, a e
D25, n-i-n({2, 3, ...5 — i}), the order b is a shuffle of two the orders 5 —i+ 1...5 and 5 + 1...5 + j, and
c € D it n— 1}({” 4+ j + 1...n}). This domain satisfies all never conditions that follow from the def1n1t10n of the
set- alternatmg domain. Karpov and Slinko [20] proved that domains with this structure are maximal Condorcet domains.

The number of orders which are shuffles of two orders with i and j alternatives is (‘+’) If the first alternative belongs
to the second order and the last alternative belongs to the first order, then we have ('ﬂ 2)

There are 2"~ 2(”{1 12) linear orders which have the described above structure and cannot be described by a smaller
shuffle.

Thus, we have f,({2,3, ..., 3}) =2"2 4 ( )—1—22 ('1. N ) 221" 1+Z (lﬂ )22,
Simplifying, we obtain the result. O
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Forn=2,4,6,8,... we have 2, 9, 42, 194, 884, 3978, .... Here we get an asymptotic growth rate of
2n—3 (g _ l) _ 2%—2(9(g1’l/2)7

where g = 1.41.... This size is within a constant factor of that for the Fishburn domains.
Proposition 6 leads to the following proposition.

Proposition 10. For 1 < k < n, we have f,({k,...,n —1}) = 2"

In the considered cases the set A consists of successive alternatives. All these cases are associated with relatively small
domain sizes. Sets A with a large number of alternations i € A,i 4+ 1 € A possibly leads to a greater size. In the next
section we will analyze one such case.

5. The asymptotic growth rate of the set-alternating domains

Here we analyze the even set-alternating domains D(A;) and their sizes a(n). In proofs we use A, = {1,2,4,6,...,n—
2 + pn}, Pn = (n mod 2). Adding 1 to set A, does not change the definition, but universalizes notation. From now on we
let a(n) denote the size of the domain generated by the even set-alternating scheme.

We partition all orders in D(A,) on orders that start with elements from the set {1, 2}, orders that start from the set
{1, 2, 3, 4}, but not from the set {1, 2}, orders that start from the set {1, 2, 3, 4, 5, 6}, but not from the set {1, 2, 3, 4}, etc.
Orders from part k start from [2k], but not from [2(k — 1)].

Orders from the first part start with 12, 21. There are 2a(n — 2) such orders. Orders from the second part start with
one of 1324, 1342, 3124, 3142, 3412. There are 5a(n — 4) such orders. For n = 6, 18 orders from the upper side of Fig.
2 constitute the first part, 10 orders from the bottom left side of Fig. 2 constitute the second part, 14 orders from the
bottom right side of Fig. 2 constitute the third part.

Lemma 7. In all orders from the kth part of D(A;) alternatives from Ay are in ascending order.

Proof. We will prove the statement by contradiction.

Suppose there is a pair of elements i > j from Ay, and an order q from part k of D(A,) such that i, j are in descending
order in g and there is no x € Ay, j < x < i such that i, x are in descending order in g. We take the closest pair in
descending order. Note that i is even and i < 2k.

Now we will prove that all alternatives k < i, k # j precede j in order q.

Suppose, that there is element x € [2k] between i and j in order q. If j < x < i, then this triple violates 1N3 and 3N1.
If x > i, then i, j, x violates 1N3. Thus, the only possibility is x < j.

If there is y > i such that it precedes i in order g, then i, j, y violates 1N3. Thus only elements below i precede i in
order q.

If there is z < j that stays after j in order q, then i, j, z violates 1N3. If there is z, j < z < i that stays after j in order q,
then z € Ay, otherwise triple violates 3N 1. In this case pair z, i is in descending order and closer, than pair j, i. There is
no such z.

Thus, all alternatives k < i, k # j precede j in order g, and order q belongs to part i/2, or lower. Because 2k ¢ Ay, we
have i/2 < k. We get a contradiction. O

Lemma 8. In all orders from the kth part of D(A,) alternatives from Ay are in ascending order.

Proof. Because of Lemma 7 elements from A, are in ascending order in each order from part k.

Let us prove by induction that for each j € [k — 1] element 2j 4 1 precede 2j in each order from part k.

For j = 1, elements i € Ay, precede 2 in each order from part k. We have i = 3, otherwise triple 2, 3, i violates 3N 1.
By induction hypothesis for each | < j, element 21 4 1 precedes 2! in each order from part k. let us prove for j. All i < 2j
precede 2j in each order from part k. Elements i € Ay, i > 2j precede 2j in each order from part k. We have i = 2j + 1,
otherwise triple 2j, 2j + 1, i violates 3N1. L

Suppose there is a pair of elements a > b from A, such that a, b are in descending order in order q from part k of
D(A). Since b precede b — 1 in order g, triple b — 1, b, a violates 3N 1. We get a contradiction. O

Definition 5. A sequence aia,...ay of k elements u and k elements d such that for all 1 < j < 2k we have
li € [jllai = u}| > |i € [jlla; = d}| is a Dyck word.
Proposition 11 ([9]). The number of Dyck words of size 2k is Cy, where C is the kth Catalan number.

Let us define a bijection p between the set of Dyck words of length 2(k+ 1) and the top 2k elements segment of orders
in the kth part of D(A,).
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Table 2

An example.
Top 4 elements Dyck word
1324 ududud
1342 uduudd
3124 uuddud
3142 uududd
3412 uuuddd

Definition 6. Our bijection produces Dyck words as follows.

The first element in Dyck words is u. It has no correspondence in orders. Each consequent element in the top 2k
elements segment of an order from kth part of D(A,) corresponds with the consequent element in Dyck word: if the
element belongs to Ay, then d, if not, then u. The last element in Dyck word is d. It has no correspondence in orders. The
length of the constructed Dyck word is 2(k + 1).

Table 2 presents the bijection applied to the top four elements of the second part of D(A;). The following lemmas
prove that the bijection is well-defined.

Lemma 9. The image of each Dyck word of length 2(k + 1) is a top 2k elements segment of an order from kth part of D(A,).

Proof. Let us consider nonboundary subwords a;a;ay, i, j, | € [2k] (boundary elements have indices 0 and 2k 4 1). There
are eight types such subwords: ddd, ddu, dud, duu, udd, udu, uud, uuu. The corresponding order should satisfy 1N3 if the
median is d, and 3N1 if the median is u. Because the order of elements in A, and in Ay are increasing, images of ddd,
dud, udu, uuu satisfy 1N3, 3N1, image of udd satisfies 1N3, image of uud satisfies 3N1.

Image of ddu violates 1N3, if

{r € [2k]lla, = u,r < l}| +2 < |{r € [2k]|a, =d,r < i}|.

It is impossible because of the definition of the Dyck word.
Image of duu violates 3N1, if

{r € [2kl|la, = u,r <j}|+2 < |{r € [2k]|la, =d, T < I}].

It is impossible because of the definition of the Dyck word.
For each r < k we have |[2r] N Ayk| = 2 + |[2r] N Ayk|. The image of the first 2r of each Dyck word contains at least
one u that corresponds with an element from set [2n] \ [2k]. The corresponding order belongs to part k. O

Lemma 10. The image of each top 2k elements segment from kth part of D(A,) is a Dyck word.

Proof. Because |Ax| = |Azx| we have equal numbers of u and d.

Suppose there is an order q from kth part of D(A;) such that for corresponding Dyck work there is 0 < j < 2k — 1
with [{i € [j1UO0|a; = u}| < |{i € [j]U 0|a; = d}|. Therefore thereis 0 <r <jsuchthat |{ie [r]UOlg; =u}|+1=|{i
[r] U 0|a; = d}|. Thus, order q belongs to part r/2, or lower. We get a contradiction. O

We are ready to present our main result.

Proposition 12. For even n we have
2 n
a(n) ~ {( 2+2f2) ,
n
for odd n we have a(n) ~ 7“?’1 (\/ 2+ 2ﬁ> .

Proof. For m = n/2, even n we define w(m) = a(n). From bijection we have

m
w(m) =) Cerrw(m — k). (1)
k=1
Starting from w(0) = 1 we have a recurrence over even numbers. After rearranging indices one finds that this
recurrence is recurrence (32) from [1]. n
The sequence w(m) is sequence A289684 in [34]. Robert Israel showed that w(m) ~ ? 2+24/2) . Having
m = n/2 we get then result for even n. From Proposition 6 for odd n we have a(n) = 2a(n — 1) that means a(n) ~

Z\/ﬁ <\/2+2ﬁ) .0
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For even n, a(n) is member n/2 of the sequence A289684 in [34]. Forn = 1,2,..., we have 1, 2,4,9, 18,42, 84,
199, ...

n
Since the set-alternating scheme produces a peak-pit domain we have f(n), h(n) € .Q(( 2+2ﬁ) ), where

24242 =2.197368....
Eq. (1) has coefficients which are Catalan numbers. Catalan numbers have many interesting properties (see e.g. [35]).
Proposition 13 exploits one of the Catalan numbers properties.

Proposition 13. a(n) is odd if and only ifn =2, t > 1, or t = 0.

Proof. We will prove this by induction. The statement is true for n < 4. Suppose the statement is true for n < 2°. Let us
prove forn e {28 +1, ..., 2%},

If n is odd, then by Proposition 6 we have a(n) = 2a(n — 1), a(n) is even. For even n we have Eq. (1), where m = n/2.

Ciyq isodd ifand only if k+1=2"—1,r > 1 [10]. w(m — k) is odd if and only if m —k =0, or m — k = 2°, s > O (it
follows from from induction hypothesis).

For k = m, both numbers are odd if m = 2" — 2.

For k = m — 25, both numbers are odd if m =25 + 2" — 2.

If we have m = 2™ — 2, then there is exactly one pair r,, s such that 25422 —2 = 2" — 2 (solutioniss =r, =r; — 1).
Thus for all m = 2" — 2, m > 2 we have two odd members in Eq. (1), the sum is even.

The expression m = 2° + 2" — 2 is an equation with unknowns s and r. The number m + 2 has a unique partition into
two powers of two, if it exists. If the parts are equal numbers, then m = 2" — 2 for some ry. In this case we have an even
sum. If the parts are different and s, r > 1, then there are two ways to define s, r, and the sumis even.Ifs=1andr > 1,
then there is unique k = m — 2 that leads to odd member of the sum. There is no other pair of s, t, because r > 1. Thus,
we have m = 2 + 2" — 2 and the sum is odd. Having r = t 4+ 1 we obtain the result. O

The domain generated by the even set-alternating scheme exceeds the domains from Fishburn’s alternating scheme in
size for all n > 18, but as we have already seen it is not the largest set-alternating domain. The odd set-alternating scheme
leads to larger Condorcet domains. However, using Proposition 7 we can show that the ratio of their sizes is bounded by
a constant factor. In particular the growth rate is of the same order as a(n).

n
Proposition 14. The odd set-alternating scheme generates domains of size .Q(( 2+ Zﬁ) )

Proof. The restriction of D({2,3,5,7,...,n — 3} to the set X \ {2,n — 1} contains a(n — 2) orders. The restriction of
D({2,3,5,7,...,n—2} to the set X \ {2} contains a(n-1) orders. The restriction of D(A,) to the set X \ {3, n — 2} contains
fi—2({2,3,5,7,...,n—5}) orders. The restriction of D(A,) to the set X \ {3} contains f,_1({2, 3,5,7,...,n — 3}) orders.

Thus, f,({2,3,5,7,...,n=3}), ({2, 3,5, 7, ..., n—2}) are between a(n—2) and a(n+2) that proves the statement. O

6. Discussion

In this paper we introduced and studied the class of coherent Condorcet domains and showed that this class contains
Condorcet domains which for large numbers of alternatives exceed all previously known examples in size. Our paper
leaves open conjectures and questions for the domain classes we have studied. We believe that the coherent domains are
of interest both for direct applications, where they can serve as models for homogeneous social choice situations, and for
the mathematical study of large general Condorcet domains.
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