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Abstract:
The thésis is divided into four chapters ( spart from the
introdﬁction).

In chapter one a general formal fogndation of local theories
using the Higgs-Kibble mechanism is gi%en in ths unitary gauge.
The general term that is added to the lagrangian owing to the
presenée of a gauge group is found both when the gauge group
has and has not a non-trivial unbroken subgroup. The conjecture
made by S. Weinberg about the form of this term when there is
a non-trivial unbroken subgroup is found to be false in general.
However, when the unbroken subgroup is abelian, the conjecture
is shown to be correct. A brief discussion of pussible theories
of currents following from these theories is given.

In chapter two a specific model of weak and eleciromagnetic
interactions suggested by B. Lee and Prentki and Zumino is used

in studying X ’ K' and yf decays.This model uses the gauge
2z

l
principles givéh in ;Lapter one. We find tﬂat-the model does not
fit the data well even though it has amany arbitrary parameters.
Comparisons with current algebra are also made.

In chapter three non-polynomial theories for which the fields
are only'functions of time are primarily investigated. The usual_

contour integral methods are shown to be unnecessarily ambiguous.

fhe conditions for the validity of the Kinking theorem are feund

not to be entirely consistent. The validity of the extrapoliation
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of such results to the one time and three space field theories
is discussed. _

In chapter four the zero space dimension 1\,04 model is
studied. A non-perturbative solution in the one-loop approximaiion
for the self-energy functional is obtained. This amplitude is
found to be non-analytic in }. The possible implications for
higher dimensionalvfield theories as well as the validity of

perturbation theory are discussed.
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Introduction:

In the approach that we shall adopt, a physical theory is
given by a lagrangian and an appropriatg quantisation procedure.

A recurrent theme in particle physics is the invariance of the
lagrangian uader group transformations of the fields. Often, the
parameters of the group transformation are‘not dependent on space-
time, but theories in which this is not the case are known as
gauge theoriea. The importance of thése theories is best under-
stood from specific ex;mples.

A free Dirac theory of electrons is invariant under a phase
transformation which is independent of space-time. Such a theory
requires the phase at all points to be changed equally and simul~
taneously. Dynamically there does not seem to be any reason for
this. However, if we allow a mediating field, it is possible to
bave the phase of the electron field varying from one space~
time point to another. The mediating field is known as the
electromagnetic field. In fact the line integral of this field
between two points measﬁres the_change in phase of the electron
field induced by a general gauge transformation. The gauge group
of electrodynamics is isomorphic to rotations in two dimensions.
Yang and Millsl were the first to generalise this idea to the case
of isotopic spin. ?he concept of isotopic spin invariance érose from
the observestion that particles such aé the proton and ths neutron

are very similar, differing only in their charge, and that in tkeir
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strong interactions they behave identically. If we consider that
all interactions apart from the strong interactions are switched
off it should be possible to adopt arbitrary local definitions

of proton and neutron states at different points. As in the case
of quantum electrodynamics (Q.E.D.) a local gauge invariance can
be achieved by the introduction of a mediating field (with actﬁally
three components). Nowadays a Yang=-lills group is taken to denoie
the infinite dimensional group %hich is obtained by taking the
continuous direct product of an arbitrary Lie group with itself
over space-time.

Although the idea of Yang and Mills is very simple and
beautiful it still only allows us to write down a lagrangian.
There remains the major problem of making calculations wifh such
a lagrangian. We will consider twé examﬁles which will naturall;
lead to the study of the main items in the thesis: |

L, = Ua,)? - (p.x )T(DrK)-me

-1/2 A&tk )2
where W> is a massless Yang-Y¥ills isospin one triplet of vector
mesons and X is an isospin a half scalar field first introduced in
this context by Higgszand Kibb1e3 « This is very close to the originsal

model of Yang and Mills except that we are dealing with scalars

and have a quartic scalar interaction. We have the definitions

c
v

a _ a 2 b
G‘w = Drwy ‘aywﬁ te &, wPL W
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and D= ar-1/2 ig 'Hi'ca ( where Ta’, a=1,2.3 are Pauli
matrices). Explicitly i’ is invariant under the group transformation

W~ w'i =W, o g, A weo- ) N

K—3 XK'= ( 1-i/2 gA®® )k
The essential difference between .(.1 and Q.E.D., mathematically,
is the non-abelian nature of the gauge group. Physically, since
experiments do not find evidence for. massless spin one particles
other than the photon, if Ll is t0 be capable of development into
a physical theory all but one component of the W boson should be
massive. In fact the masslessness problem in Ll can be avoided
and this was the major achievement of ﬁiggs and Kibble, Hagen

4

and Guralnik’. If we write

‘ 1
K= 1B ( M Pk + ié%tr?) ( )
- 0
where the fields ¥, and ((f,)a' ; a=1,2,3 ) are hermitian and require

a non-invariasnce of the vacuum under the symmetry by demanding

<ofuf o>= o0

then the term linear in I must vanish i.e.

-k - Tl =0
This implies that k=0 or k=[- /) o
Now if m is positive , and k is non-zero then we must have the
mass of the W boson imaginary. If we want k non-zero and m negetive

then ot' in terms of the new fields M and Sba becomes



| 9
-1/4 6, 6% -1/2 (/)2 W -1/2 (9, u )2
j 34 Ry ) f
: 2
-1/2 (4 X & K¥wme -1/2 (342 @p, )+
97. z o a ‘
Thig is in its most naive form , the mechanism of Higgs and Kibble.
Before considering the quantisation aspects we -will show another
naturally occurring gauge symmetry. In fact general relativity can
be written in a Dirac x-matrix basis which emphasises the SL(2,C)
gauge symmeiry. The Einstein lagrangian is

L , = iTr[H L"]Bw

J - det % rr MY

where 1 and BM are fields which transform as

Lﬁ(x) —>» Lt*(x) = ( §(x) )"1 ¥ (x) S'?"x)
B*(x)—> B'#* (x) = S(x) B, sl(x) - 1 s(x)D s (x)

and S(x) is exp i (éa.b(x) 9_‘ )e We def:.ne g to be Y, S‘t .
2

As usual Bpw is the invariant field tensor

- B j
BPBV 3, Lt [BF, B,]
i.e. Brw transforms under SL(2,C) as

.._9 1 =
rﬂ’ B S 1_3»3

The striking new feature here5 is the naturally occurring non-
polynomiality in the lagrangian. liethods have to be invented to
deal with this.

We will mainly consider cases in this thesis for which il and

L are typical. In common with Q.E.D. we have the problems of
2
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gauge quantisation 6 « The problems of quantising are already
present in the case of the free electromagnetic fisld. The‘equaticns
of motion are given by the vanishing of the four divergence c¢f the
field tensor. Owing to the abelian gauge freedom there is an in-
finity of solutions for the photon field. The established metbhods
fof dealing with this problem all break the gauge symmetry. OneA
method keepa the lagrangian in tact but the divergence of the
photon field is fixed. This in effect chooses a gauge. Alternatively
a piece 3& can be added to the lagrangian to meke it no longer
gauge invariant. Fermi used this second procedure and for SL took
minmus half the squaré of the four divergence of the photon field.
This approach involves an indefinite metricé. States containing
an odd numbér of time-like photons have a negative norm. The actual
details are non-trivial and the above techniques are of somewhat

1

historical interest owing to the method of Faddeev and Popov' which
leans heavily on formal argumentis based on the Feynman path integral.
The question of unitarity and an indefinite metric are closely
connected. Feynman8 was motivated in his quantisatidn of Yang-

Mills fields by the need to make his amplitudes unitary rather than
gauge invariant. Fictitious particles which flowed only in closed
loops were found to be necessary. The fictitiousness of the particles
is seen from the extra factor of (-1) associsted with the closed loop.

Just as in the standard treatment in Q.E.D. a gauge breaking is

introduced into the lagrangian via a Lorentz type condition or

via adding a non-invariant piece to the lagranzian. A treatment of
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the main features in the method of Faddeev and Popov will be
given in Appendix 1. -
The remaihing problems are those of renormaiisation. If a lagrangian

involving a general field ?’has the expansion

L(y) = Z',,:o La /i N

whers Ln are independent of ¢ then we can consider three separate
cases. We can haQe
i) L =0 for a greater than 4.
1i) L #0 for a finite number of values of n larger than
four.

iii) yﬁ# 0 for an infinite set of values of n
Cases (i) and (ii) are both polynomial lagrangians whereas case
three is not.In fact case (ii) is rot renormalisable .and no useful
theory exists for it. Case (i) gives the simplest situation. However
when local non-abelian gauge symmetries are present the renormali-
sability is not easy to prove; 6wing to the work of !t Hooft9
and Lee and Zinn-Justinrlo J:l ( and generalis:tions of this )
havé been shown to be renormalisable.

Case (iii) seems at first sight to be the least tractable.
However a remarkable amount of progress has been made on these
theories by Delbourgo, Isham, Salam and Strathdeell. A very

important example is given by

£ (¢ ) = G:exp(x%(x))'-l:

vFormally <T ( sexp x¢(x) -1 3 3 exp m’S(O) -1l )>o
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equals exp( x 2 Du(x) ) -1 (D (x) say) where DF(I) denotes the

free Feynman propasgator for a scalar field ¢(x). If reasonable
field theories are to emerge for such interactions it is necessary
to have adeguate distribution theoretic interpretations for

JD (x). Following Speerla, Isham,Salam and Strathdee and Mitter13

we define -

[ -]
D (x,2)z nz,; ( %:)n -11;1- ( x%¢ 30 )21
Although formally the A=0 limit gives & (x) we have to be more
careful. Jaffe has introduced a new class of test function spaces
which generalises the space of Schwarz in such a way that in .
momentum space the test functions decrease exponentially ( epprox-
imately) while in co~ordinate space the Jaffe spaces have inter~
sections with the space of infinitely differentiable functions
with compact support which are deﬁse in the latter space. In )
fact it can be shown that o) (xy X ) is a Jaffe distribution
when O< ReQd<l , O<a<Imd<l and a is a fixed
constant. Speer was the first to introduce analytic renormalisation
in conventional perturbation theory.. However the actual idea of
defining * ill-defined ' quantities by analytic cor.xtinuation

14.The A=0 limit is normally singular and

goes back to M. Riesz
Speer devised a general evaluator on a function of several var-
jables which in essence is the operation of taking the constant
term of the Lax;trent expansion of the function. The essence of

the non-polynomial method is the extension of the Speer evaluator

to the case when the Laurent expansion cdoes not exist. For an
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arbitrary function

A(2) T a () 4 ag(R)

where AL has a Laurent expansion at A =0 but ANL does not.

The decox;lposition is obviously non-unique and the methods of

Isham, Salam and Strathdes, Voll;cov]'5 and Hitter givé a pre-~

scription for obtaining an AL « Given such an AL the method of

Speer can be used to obtain a value at Az0 for A(A ). Now taking

the Fourier transform ’3’ of B (xyA) we have _

F@En) s w2t [un e (27 20 Jo,y
2i 1
Sz SinT(-2)2

where J(p,)) = (Pn-io)("))z -2

Free-20z-10)r(o-0nz) M)

and the contour I is given by

.

[ ~
*— A - e
O \l 2 3

( Here we have used that

F( i) = w2 (p‘-m)""'“‘z M (2 nt-2)
+ M (n G-2v)

both sides of the equation being interpreted as Schwarz distri~-

v

butions). As A —> O [ is pinched at z = ny, n = 2, 3, 4,...
(F(D ))NL is extracted by locally deforming the contour | so

as to enclose the pinch singulai‘ities. Actually when we take the
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limit ) —~» 0 we find that
Re (iFD) ~ 0O 8s po—> oo
In (1FD) ~ exp (pz)v, as po—y e
There is-a rapid fall off of the real part16. Now from the work

1 we knbw that the TX products

of Bogoliubov, Shirkov and Jaffel
of the interaction lagrangian are ambiguous up to operators with

point support. To second order in the coupling constant the co-

S S L O

n=0 n

efficient of such an operator is a Jaffe distribution of the form

with cn‘ real and ;E:cn z"  en entire function of order
less than a half.( This last requirement is due to lécality).
Our supefpropagator does not contain this type of ambiguity
because of the fast decay at infinity.Lehmann and Pohlmeyer16
noticed this and called this property ' minimal singularity ';
so far for L., = exp(A ¢) =1 : it has been possible to
construct Greens functions displaying minimal singularity for
second and third order Greens functions only. It is useful at
this stage to consider vhat is desirable in a quantum field
theory. Following Wightman we will require

(a) a separable Hilbert space, #C , of states

(b) covariance of the fields under inhomogeneous SL(2,C)

transformat ions
(c) the spectrum of the generators of translations lie in

or on the plus cone
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(d) local commutativity of fields

(e) asymptotic completeness, i.e. P = H in P4 out
Usual localquantunm field theory has fields which are Schwarsz
digtributions. From our review of second order perturbation cal-
culations using the exponential lagrangian it seems that we
should be considering Jaffe fields. Working from the axioms
(a) to (e) it is possible to derive for this generzsl class of
fields_a connection between spin and statistics, existence of
PCT symmetry, crossing symmetry, the proof of dispersioﬁ relations,
and the ésymptotic condition. It sometimes happens that a non-
polynomial lagrangian arises from a polynomial lagrangian by an
analyticrredefinition of fields. Indeed a non-localisable field
constructed as a strong limit of local fields can be shown to
be PCT equivalent to a given local field provided certain conditions
hold on the local fields of the approximating sequence. Fields
which are PCT equivalent will be S equivalent if they have the
same in-fields. \

J: 2 unlike the simple non-polynomial field theory considered
above contains a gauge symmetry. Both these facets are intimately
connected with each other and the nature of the problem of derivatives
is best exemplified by the following example. ( A proper distri-

bution theoretic formulation of the argument is easy but cumbersome ).

,(, = 1/2 (QPX'J(X) +v(¢P )‘: + 1/2 9"4)'3}‘(1)
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vwhere v(0) is 1 and X and ¢ are independent scalar fields.

We will define IT (x,y) as
»

Ty = G (Bryx(x) (P (x) - 1:91(y) - () -1: )|
p |

This just represents the series of diagrams :.

(3, = P =3 + k== “‘i + etc.
» rav
where ! - represents Xhlnes and '_ __ _ ' represents ¢ lines.
Now

TT (xw) =29, ey Lol (: v(@ (x))-1:t v(P(y))-12) |>

&14"
In fact using standard techniques we have (té.k:mg v(tp) = n;o‘b 5T v(n))

IM e = 5=, fix % [a3 T'(wa) (=2)%(-(x(2))%0 5193 2 (x)
ke

We shall use the derivative formula of Salam which is obtained by
taking time imaginary and performing the usual derivative operations

in the resulting Symanzik region of space time. The formula is '
z - 2 ' 1 2 2+l
Dp 9,3% N S R N TRy {g}lg, 7 g,w'a } Py

There are of course analogous derivative formulae for other products

of derivatives and these are always arranged so that the order of
derivatives on both sides of a relation is the same.Using the above

formula we have
ITe)r= aerd) [ 2% laz Plog) ()20
r (261 ) ( 242 )
.2(99— g 99 »p?¥
|




17.

Performing the co-ordinate space integration we have

2 b4 2
FIM )= 25 far (202 T(=a) (-2 (v(2)P)(2=2)
P | (2+1)(242) ['(2+1)
i 2\2 2 '
A - L
($0°)* ( pﬁpy/p + 3 gr,,)
It is to be expected that as s { where [ is given by
displacing I by one unit to the left so that O is now enclosed by
the contour) the residue at 220 should correspond to a simple
x— propagation. This is particularly clearly seen from our dia-
grammatic interpretation for TT « However we find that
—1(21\')'1 Res( p pﬂ"') an = 1 p2 instead of 1.p2.
r 4 720
It may be argued with some justification that the derivative

formula is manifestly absurd since it implies

Oo, = 0
DF is well-known to be an inhomogeneous equation, and it is easy
to modify the theory in an ad hoc way to correct this. However
this ad hoc procedure has not been generalised to arbitrary
products of derivatives. Given a derivative prcucription it is
still necessary that only a formally gauge invariant set of
diagrams has been included in the definition of the superpropagators.
Some progress in the chiral case has been made 18. In Principle a
gauge invariant set of diagrams can be defined for more com-
Plicated theories such as gravitation. However the problems of

obtaining a compact expression on which superpropagator techniques

.may be usefully applied are present. Even given a formally gauge
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invariant set of graphs it is necessary to regularise them in a
gauge invariant manner. The non-polynomial method has built in
& regularisation somewhat similar to Speer's. The latter regularisation
is known not to be gauge invariant in general and so we expect a
similar sort of trouble in non-polynomial theories.

In this thesis we are interested primarily in questions involved |
in quantising lagrangians which are non-polynomial in form or
involve gauge fields ( or both ). The subject is very technical
but we are stimulated to this study by the undbubted elegance of
gauge field theories. The scheme of the thesis is as follows :

In cﬁapter one we consider spontaneously broken local symmetries.
No explicit symmetry breaking is ever introduced. Indeed in the
argumenté given by 't Hooft and others concerning renormalisa-
bility of massive Yang-Mills fields gauge invariance played the
 dominant role. The basic ideas involved in giving vector bosons
masses is discussed at a dynamical level. Recently We:‘:.nberg'19
has considered the quantisation of these local theories in the
general case in the unitary gauge.He made a very interesting
conjecture zbout the non-local gauge compensating term ( characteristic
of gauge theories ) which has to be added to the lagrgngian. In
essence he required this term to be independent of the generators
of the unbroken subgroup. This will all be transparent when the
technical apparatus has been set up. Unfoftunately Weinberg's

method of attack was not flexible enough to prove his conjecture.
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Welg used the very powerful method of Faddeev and Popov to
examine under what condition's the conjecture of Weinberg is
valid. In addition the results of Weinberg for the case when the
gauge group has.no unbroken subgroup are easily obtained using
FP-P. A brief discussion of the currents in the theory follows.
Currents have not been the centre of attention in these spontaneous
symmetry breaking models since thé possibility of higher order
corrections which are calculable is the main difference between
these models and effective lagrangians used in the past. We find
difficulties inherent in the spontaneous symmetry breaking nature
of our lagrangian which seems to make the method of generating
.Sugawara'type theories using the method of Bardakci, Halpern and
Frishman not directly applicable. This approach has recently be<n
advocated for the Higgs-Kibble type theories. We have not found
any consistent way of modifying the above procedure to make it
gsatisfactory. It is amusing to note the presence of g-number Schwinger
terms in some . current commutators, a feature which also occurs
in the work of Barnes and Ishamzl. This perhaps should not be too
surprising since non-linear realisations are closely'connected
with spontaneous symmetry breaking.

In chapter two models of unified theories of week and elec-
tromagnetic interactions aré discussed. We give some simple criteria
for the usefulness of these models. In particular we examine tke
Lee-Prentki-Zunino-> model (LPZ). There are many other models,

of course, but this is ons of the simplest off-springs of the
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Salam-einberg ~ model which avoids the obvious experimental
pitfalls. Indeed until recently no better models were known.
The models which are now available are often more complicated
and go the predictive power is not great. In LPZ we find that
24

fﬁ

we are unable to calculate and £ mutually consistently.

K
Some other features are found to support current algebra predictions
and yet others to contradict current algebra results. We found
that the leptonic processes were not very useful in constraining
the LPZ model. Only the semi-leptonic processes seem to imply
constraints, Actually the purely leptonic process §g e —y i% e
gives a very modest limit on the mass of the new scalar mesons
which occur in the theory. Many calculations exisi now in the
literature using other models but we only believe the order of
magnitudes of the calculations.

In chapter three we consider one dimensional non-polynomial
field theories. At first sight this may seem an sxtreme simplification
but it is really surprising how much of the esvablished features
of the four dimensional features persist. The degree of rigour
and simplicity in interpretation of tadpoles allows in our opinion
a useful probe into the thorny topic of derivative interaction526.
Various forms of the hon-polynomial interactions are considered.
The behaviour at infinity of the interactions as well as the analytic
properties of superpropagators in the minor coupling constant

both point to exponential interactions as being the best behaved.
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It is necessary to be somewhat cautious about extrspolating
the results of low dimensional field theories to higher dimensional
ones. In particular the exact nature of the A analyticity in the
minor coupling constani does change as the dimension of the space
changes. The most interesting aspect 6f this study is of course
the possibility of a rigorous treaiment of derivatives. In the
fully relativistic case these derivafives are very badly under-
stood owing partly to the first type and second type tadpoles that
occur. We have little to guide us in our choice of values of these
tadpoles; the work in lower aiﬁensional theories w¥ill nct help
us to find the values of the tadpoles but we hope that it will
show up the degree to which the ad hoc assumptions about tadpoles
may be accurate. We were able to scrutinise the Kinking theorem11
and it was found to be not quite consistent.We suspect that thiu
is true also in the four dimensional case but at the moment the
conceptual difficulties ( in the non-polynomial framework where
counterterms are not permitted ) are too great io extend th;
considerations we have given.

In chapter four we lock at perturbation theory itself and con-
sider whether it may not be a suitable tool. In quantum gravity
we would like to know the fluciuations about the classical solution
for the metric; but this is too aifficult at thé moment. Using

27

classical solutions given by Raczka ' we find a closed form for
the self-energy functional for the one dimensional theory 2-q4{t)-

in the one loop approzimation. Since the solution is non-perturbative
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the expressions that we obtéin are very complicated. It is clearly
necessary to understand the nature of the solution of a simple
case like this before the moré realistic and complex cases are
treated. It is very interesting to sees emerging a non-analyticity
in Aeven for such a simple divergence free theoryzs. Qur e:cperiencc-a?5
is that coupling constant analyticity becqmés more singular with
higher dimensions of space. In this connection we will discuss
an amusing and perhaps profound observation made by Salam and
Welsskopf about the role of X —analyticity and the nature of the
Schwarzschild singularity. This iﬁvestigation supports the view
that coupling constant perturbation theor& may not be a valid
procedure to follow.

Four appendices have been included. The first deals with
Faddeev-Popoy quantisation and Feyruwan path integrals..The second
. gives some of the interactions in the LPZ model as well as a brief
consideration of the order of magnitude of higher order calculations.
The third appendix gives a simple exposition of the Kinking theoren
dus to I.S.S.ll. The final appendix is concerned with the calculaticn
of the classical action involved in the considerations in chapter

four.
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Chapter 1 Spontaneous symmetry breaking in gauge theories

We would first like briefly to examine the dynamical reasons
for thé apparent breskdown of Goldstone's fheorem"' in the Higgs-
Kibble mechahism. We cannot really solve any non-irivial field
theories in four dimensiongj fortunately the free field gives a
noh—trivial illustration of the Higgs-Kibble mechanism. We will

thus consider (in a first order formalism)

1) L, = $ 2 ¢+ 3¢, -z m2P°

s = 1 ' Mo » 1grv
11) L 5 P (W - Fak) « 3775,
[z 1ov¢ -go
t ¢ ap + 5970 -e¢a,
Lo aonotes L) sorone horess Ly denotes Ly oo vypner

Actually the developments of the Higgs-Kibble mechanism were due
to many people. In fact it was P.W. Anderson28 who suggested the
mechanism first for non-relativistic field theories. Now of.G is
invariant under a constant shift in the field wien M _ = O.

The conserved current for this symmetry is ¢g. o Similarly £'HK

is invariapt under the field transformations

¢ (x) —¢'(x) = p(x) + & &(x)
"r(x) -— };,(x) Af*(x) + (=)

In the proof of the Goldstone theorem the commutator

cF@) = &f [, ¢0]] [
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pleys an important part. The broken symmetry condition is just

!; ®(x) &¥x # o

R
The current conservation requirement in the Goldstone theorem

hypotheses imposes

0 3. _
9, g; c’(x) @°>x = 0 }

Given these two conditions the proof of the Goldstone theorem goes

¢ we have

through. For £
o ct(x) = - Fa(xo)

where 4

Az, p?) = an |82 ST £(0%) (% pP)
(2r)

Explicit calculation gives

0 K - s -
ﬁl:;’ GG(x)dx--J.cosr-ot = -1 when fr, =0

So the Goldstone theorem hypothesés apply if and only if Po~= 0.
This is of course obvious from simpler considerations in this casel
We will choose to quantise J:EK in the Coulonb gauge. This

is not a covariant gauge and it is conceivable that quantisation
using a manifestly covariant gauge may give drastically different
conclusions. Actually in the Lorentz gauge Goldstone bosons appear!
However these massless bosons occur in the lagrangian with the
wrong sign for the kinetic energy and so they are unphysical. A
method of introducing the Coulomb gauge condition is to add to

the lagrangian a lagrange multiplier term - A X, ‘Ak X
k=1
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The field equations are

|
Q)
.
]
Q)
>

Fp.v“'" Y y >

A A .

— 0
'aqu"‘_

3“5'"" -

k
BkA —— 0

The equations which do not involve time are the constraint equations
and we see that

g2 = -e¢® =0, FF
The dynamical variables 4) ’ ¢° , and the transverse components

k

of F° and Ak are independent.The canonical commutation relation.

of interest is

[ °(x:t), dlzt)] = -18(z)
and so we see that ig#"is the conserved current which gererates

the first type gause transformations in IB.K' We write
g VP = & Al*-ap¢HK
end then L gx becomes ’("HK
‘L'm{ = 4 F‘“‘(arv, -9y.) + 3 F F, % g vt v,
212, (V- %Y)
Moreover '

ch(x) = 18> <[, (vH7F) ][>

From the form of L.HK we see that we have a free field and so
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we know the commutator involved in CFHK for all values of x.

In fact _
. =24R 2
1 [V, V] = 8- 6799 Alx-y3¢%)
An explicit calculation gives

ﬁf_,, ¢ (%) x = g cos gt

It is this time dependence which spoils the proof of Goldstone's
theorem.

We will now turn to the main interest of this chapter :
the setting up of a general formalism for local Higgs-Kibble
type theories. We shall consider a compact Lie groﬁp G of dimension
N and generators {J"ol: lyeeey N} . Our theory contains spin sero
fields, q')p(x), transforming under a representation Ro of G, spin
half fields \Pn(x) transforming under a representation R—,’g— of G
and finally spin one fields Aurt(i) transforming under the ad-
joint representation of G. ( Frequently we shall suppress the
representation indices such as p, n, and «.). The most general
lagrangian compatible with conventionzl renormalisability and

symmetry under G is

- i P -1 (a4
L = 41?"“3-‘ R (3rAn

+ 3 g, D - (997 + 1 (T P00 A,,)

?n xp(a}“l’n + 1 (T.‘%‘P.)n A-?q‘-) - q;n 2 \’Un

v avAar - E«px Bopdy» )

- p($) - PF.PIv

o . . .
where -c% and ’C“ are matrices representing the action of
&
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J, on Y(x) and cf)(x) respectively and

[’L . J‘A],—_ L By Ty

The equations of motion give in particular

B A - A -
o a,u o) ’av ap

(24, = 0., + 1 (1% )0 by Lo

E, & A
“p¥ pp ¥V

=L (0,¥), = 3y, + 1 (tE), W, Ao
19

For the sake of completeness ’ we will now give some conditions
that have to be satisfied by P(¢ )s F and my o However the
details of these quantities do not play a large part in -our
considerations. The criterion of hermiticity requires P(¢) to
be a real function and renormalisability in the conventional
sense demands that P(¢) is at most a fourth degree polynomial;

. Naturally we must require that P(¢ ) is invariant under the group

action of G on 47. This gives simply

e(P) (o), P, =0
'a¢p Paq q

Similarly G invariance of \TI(—P,¢)\[I implies that

[0, F,] = - (10 0F,

& “pq
while hermiticity requires

Pl N,

Identical reasoning gives mér = - Xo o, Kc » The various gauge
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coupling constants are absorbed in ° T,% J and B Without
o’ "x ? Cw wpyt oM
loss of generality we can choose J_ and Aarhermitian which in

turn requires E“Pb’ real. Moreover wvhen G is semi~simpls or of the

form (semi-simple group) x ( abelian group ) we can demand that?

E ==~E =-E = - E
oLy < oY Spe
We introduse the inner product
{x3y >= Ipyp
"where x and y have the same representation under G . The inner
product is group invariant if <¢gu,v) equals <u,g-1v) for any

£ in G. A necessary condition for group invariance of the inner

product is
o Oy = - o
(Tolgr (Tadrg

.

We choose T° so that this is true and also we take ¢(x) hermitian.

For a and b transforming under R® we have

(arTOV) T -1 &<y o5Tu b>, o 0
In order to work in classical terms but still have a proper guantum
treatment we shall use tke formalism of Jona—LasinioBo. To the
ordiﬁary lagrangian i(q?.',%¢,-.-) is added a Schwinger source
term K(x)@(x). We define the generating i‘unctionél for connected

Greens functions W[K].

exp i W[X] = (O,c-a‘o, -QK
whers ‘O, + °°> are the {ox;:;\] vacuum states.Following standard

29

procedure we make the functional liegendre transformation
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W[K] - de'x X(x) @, (x)

nt

C o]
where @ (x) = SW/ SX(x) = <0,%o|p(x)| 0,-ed
<0, 1 0,- 7,

Tt is clear that &1 =0 and that
Kix

iT/se (x) = -k

In field theory we are often interes.ted in connected Feynman
diagrams which cannot be disconnected by cutting a single internal
line. These are called one particle irreducible Feynman diagrams.
It turns out' that " can be interpreted in terms of such Feynman

diagramse. Now

T Sy = f ‘e S Sx(a)
, 5q;c(x)aK(y) ' $ x(y) 5x(z) 89, ()

2
But S x(z) /Scpc(x) = §°T /@c(z)cpc(x) and the
second functional :erivative of W is just the propagator; hence
2
S F/SPC(Z)S%(X) ~ is the inverse propagator.Similarly

$3 T _ = -ﬂ[ ate atp a"S» $2r . S
59, (x)8¢,()5¢,(2) S, (x)8q (o)

where S = 83\? . 62 r . 821"

' Sx(«) dx(p) dx(¥) 5<Pc(p) 3@ (v)  S4K) 5%(5)
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Diagramatically we can interpret this last equation as

whene D denotes propagator. Further study of vertices would confirm
that I is indeed the generating functional of one particle irred-

ucible vertices. We can expand Mas
o0

4_ n

r [¢C-] = Z l [d 10..& r( )(xl,ooo, X )?c(x )o.P(l )
n=0 n!

where l"(“) is the sum of all one particle irreducible diagrams with

n external lines. This is not the most useful form of the expan—~

. - n) .
sion. In fact we can consider I"'( ) in momentum space and ex-

pand about the point of zero external momenta; then

fa x (- V(g (x) +3 5 (0 RARE RPN

- The ! a‘*q%- term is absent because of Lorentz invariance. V((Pc)

is known as the effective potential. Since
exp i {a% (- V(@) + 3 @ Q)P u(@ )+ -ox )
(Pc 2 pVe Pe ¢

= exp i ( W[K] - r it k(x)@(x))
we have V(¢c) equal to the classical potential in the tree

graph approximation. Spontaneous symmetry breaking occurs if

K0,%| P(x)]0,->  # 0 when X =0

i.e. 8r/S<Pc(x) is zero for some non-zero ?c.
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If we are interested in translationally invariant vacuum expec-~
tation values <0,°013"(P(x)l 0,—°> is zero and so the vanishing
of $ F/Sq)c for non-gzero §0c is equivalent to the vanishing of
dv/ d@_ . The unitary gauge condition can now be formulated in
terms of the effective potentizl. This is somewhat better than
Weinberg's formulation since he uses the ordinary potential in
hig definitions and so strictly is working to a tree graph ( or

semiclassical ) approximation. The gauge condition is given by

oy pD = 0, o = L,e.s,§ forall x

where A satisfies (1.2)

dPere (X)) = 0

?2q
Here P .. ( 4) ) is the effective potential which reduceé to
P (¢) in the tree graph approximaiion. It is useful at this
point to present an a.rgument. given by Weinberg which proves the
exigtence of thé unitary gauge.

We suppose that <ti<"\ y p(x) #0 forAall «
and consider a gauge transformation T belonging to Ro which
trensforms ¢(x) into T(x)4>(z). G is of course assumed to be
a compact and local Lie group. We define |
MZ)= <A, T¢>

F(T), for fixed x., is a real bounded differentiable function
defined in the closed manifold of G and so has both maxima and

minima. We suppose F(T) has an extremum at T equal to T

g} then
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(F( Ty & S0) -F( Tp } ) is zero to first order in S .
Hence if
$7 = 1 €1° 7
. : of & ,
vhere &  are arbitrary infinitesimal parameters. Now

o
. ¢ o . o
ie KA, T 1P = -€LTA, gD
The condition for an extremum together with locality gives
o -
<1;°<'A, TEciJ)- 0 for all x, and for all « .
This proves the existence of the unitary gauge.
One of the aims of our work has been to build up an

analogue of Kibble's beautiful counting theorem in the context

19

of quantising gauge lagrangians. Weinberg made conjectures

about these analoguocs but was unable to prove then.
Kibble's Theorem3:

We let S be the isotr_opy group of ) . We denote the
dimension of the representation RO by n and the dimension of the
isotropy group by M. Of course M is less than or equal to N
where N is the dimension of G. Before introducing the gauge
vector fields thers are (N-¥) massless scalar fields which may be
placed in one to cne correspondence with the broken components
of the symmetry group, and (n+M-N) massive scalar fields. When the
Higgs-Kibble mechanism is introduced, (n#¥-¥) massive scalar fields
remain, but the remaining (N-M) massless scalar fields linearly
combine with (H-¥) of the vector fields to yield (¥-}) massive vector

fields. ¥ massless vector fields renaine.
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The proof of this theorem will not be explicitly given but
it is to be found implicitly in our formalism. First we will give
concrete examples of this theorem. We will take U(n)31 for G and
consider 95 to belong to the complex fundamental representation. If
the vacuum expectation value of q5 is )\ the massless vector fields

are n x n hermitian matrices X satisfying

¥-x = 0

and also ').T. Y = 0
These equations give ( 2n- 1 ) conditions on ¥ and so out of
(n+2 -g- (n-1) )sieee. ng gauge mesons of U(n) (11—1)2 are

photons. We can explicitly construct the X corresp(mding'to

the photons. We let {7‘(1) | i= 2, 3,...,n} be the basis

of the ( n-1 ) dimensional space orthogonal to A . The matrices

x(i:.‘l) = )‘»(i)}'(j)

satisfy X e =0 ; these Y can be made hermitian by

symmetrisation. Eesentially the sams process can be used to\ Pro-

duce a theory with (n—m)2 photons for any m less than n. In

particular for m equel to (n-1) we have the physically useful

case of just one photon. Instead of one cOmpiex fundamental

representation, nifundamental complex representations are used.
We can understand now the unitary gauge condition. The Goldstone

bosons have directions of the vectors { 'L‘:'A) and ?'.n the unitary

gauge we are eliminating the Goldstone modes. The fields G'a

and B ( which are the Goldstone bosons ) are defined by
[~ 4
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= | o
¢ = o n, + B“('E“l)
where <na, 'E:()) = 0 for all o
<na’ Y = éa.b
o
n <o ,X> = X if X,T,A>= 0
Bquation (1.2) implies that
o o
<T_, X s 1/3))33 = 0
Defining the matrix

2
m
i

we have as a necessary and sufficient condition for the vanishing

= = <t:)9 T;A>

of m that <t°“) ’ XATZ)> vanishes. This in turn recuires

2

X
“p °p
X ‘Co'/\ to be zero. We will use the teram'unbroken subgroup' for

8 B
the isotropy group of A « Until furvher notice we will assume
that we have no non-trivial unbroken subgroup. Hence in this

case X = 0 if and only if m2 X 5 vanishes. This shows

s ~p
that (m2) has an inverse (m-2).
We shall follow the Faddeev-Popov method of quahtisation; the
action is constant on the orbits of G and we extract an infinite -

factor A\ proportiocnal to '];( dfl(x) Tbefore developing a

perturbation series and { belongs to G. So
¥ S o n
A (¢) |TT 2(<T 2, ¢> ) 4@ = constant (1.3)
o=l o/

- oF
Bow S = 1Ty (O.n, + B2 (1.4)
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From the unitary gauge condition we have

<Tc:< k ’ A > = 0
i.e. ) = < ) ] na> na
. [] - ]
We Qef:me O'a = 0, - < n s A > 80 that O, bhas
vanishing vacuum expectation value. C‘;x and D}g «x are defined

as follows :

o

- o - a¥ ..o
Tyr = <'ana,nb>nb * cutx]

o o - o o & _0
‘tz(‘t“l) = <ty (TR) Hnymy + Dﬂq‘f.p)

(1.5)

Moreover it is easy to see that

Dae = Dny =1 B,
o ) . o
( using L—; y? T “j) = i ?B’xptf*) )

Using these quantities we can express equation (1.3) as

§¢ = 1.0 '{U'a<-c§na,!1b) + B“<'c§,('c::\) ’ nb'}nb
sirgn) (oo, o n )

Hence

So'y = iQ‘l( g', + <n, ,J\>)<'t;na , nb>
| +ifB <TE (T2A), nY
Similarly g3 = ;O ( ¢ (g +<n, ,A>)+B I )
) x p o a [ ] [ g
Owing to the non—sing;’-ularity of {(m2)

(m®) B = 0 if and only if B= 0
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In evaluating ( 1.3) we are then constrained to the hyper-
surface B = O and so we need include only infinitesimal trans-

formations in the integration. It is first convenient to define

O™ BT
- aw 2 o 2
98 g (m ){58 + B sz (%)

¥ ps

Honce §3, = 1 (u ) Q, 8%,
Now ¥
| fﬂ“l 5( 520 8,)e0

lDet n 20 S(x—x‘) | -1

I

exp i ( 1 3(0) 1log det 29 )

We thus easily obtain Weinberg'e resul'l‘.]'9 that the correct -
Feynman rules are given by replacing T-'products by X products
and using the negative of the interaction lagré.ngian as the in-

teraction Hamiltonian provided a term

i $(0) log det ( m20(x) ) (1.6)

is added to the hamiltonian. Although we have not expliciily
obtained the Feynman rules these are easily computed from their
definition ags the Greens functions of the free part of the total

action. In fact the vector meson Green's function is of the form

< {A“l"(x) 5,0} = (e n° -33) o Aa)

rv

where /) (x) is the messive propagator.
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Now we shall see that the =zbove theory aq.mits‘ a canonical
quantisation. In a path integral formalism this means that an
arbitrary Green function T( Q(fields) ) where Q(fields) is
an arbitrary function of the non-Goldstone fields (but not of

the conjugate field momenta) can be expressed as

<T(R)>

= Jd(fields) d(conjugate momenta) é(gauge condition)
' (1.7)
covariant

| exp(% sdx (L + S(o)'term))

jd(fields) d(conjugate momenta to fields) Q(fields)

exp (% Idx (Z( (conjugate mOmentum)x%,E( field co-ordinate))

-(a Bamiitonian)) ) (1.7')
In (1.1) we have
dL = o
LIRS
9L = - (R - A ) =-xF = EX

9(3,8,)

T A AR B

oL
9 (3, 8, )

"
'
A
UO
-
g
-.;5»
>
'
>3



Also acﬁ. = ° i\l/f =
TERE 2 = TG

it
!
<
=
ol
n

akAtm) - ungo jk) +1 (I‘)

o«k

L=3(ENH% + &"

+3

Fua'b Fdab AL - ) Xx xxl - '.i < D ¢; k¢>
the <-ﬂ'a n.+ (m-Z)ﬁxIXTZ)’ ao()‘b o+ i Gb Auot: oy
1A, xt“'txl +9, xf‘}))

4 eeee
k . Lk
We add 'r)k (E5 4., ) to f s that the term - E& Qk A
] k -
become: (ng“) A, ¢

Now we integtate’ over B, X and then Ac{d in (1.7). We are in-

terested specifically in

[an exp[i/ﬁ(-%(m"") B 1 KA T T A ]

5y
Now - -2 .
CRih & SN C ROV PR N AL P
ECER W E (m'l):{ftp, a0, 4, ) (1.8)

+ (m-z)ﬁﬂ. LT T nb7<'£°ﬁ'),‘tu. my O T Ao A

-l - -2 - -
where ', m' equals m $ m 1 exists since m 2 is real and

symmetric with eigenvalues the reciprocals of the squares of ihe

vector meson masses ( and no mass is zero ). In the case we axe
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dealing with

P o -2 0 44\T
1 = na na - (T.“')) (m )“{5(1/5))

From equation (1.5) we see that

o o
<Tunb y 'C“, n'bl>

be b'ﬁ' ( m2 ) .

= KTemo e %y 7 O O (7 e

Hence

( m-2 ﬁP'<T:‘nb ’tc;b)><'ﬁoal)! t:c n'b'>
=<t:(nb ’ na)(na. ’1::" nb'7 -(t:(nb ’t:' nb>
be blat , 2
3 cxu (m )XX'

From equation (1.7) we can see that the Gaussin integration for

c

7( gives a factor |Det m-ll 1 Ghereas the Gaussian integration
for A gives a factor | pet w' O w2 =1 . e product of these
factors is |Det m-29| and this perfectly cancels the &(o) |
term in (1.7); so a hamiltonian exists for which (1.7') is equi-
valent to (1.7).

We can get a clearer idea of this formalism by considering
the very familiar case G= SU(2). In the usual formalism the sca-

lar Pfields are given as a complex doublet

- 3 P
Ka .= X, + i Ya a 1,2

wnere

- ’r 3 »
X, = % (K .+ K[ ) amd Y, = ()i (K-K])
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1
and A= [0] after appropriate normalisations. In a four
component formalism we deal with
xl 1l
$ = X and 2 = 0
Yl 0
Y2 0
' - . X L b
Now S kK, = i QL (tT/2) a %

where {’I:u; X = 1,2,3.} is the set of Pauli matrices and

are the infinitesimal transformation parameters. It is easy to

see that .
§x, = 3100 (T/2.0 %, - &} (<72)°))
Sy, = 30 (¥ 0k, o+ k] (2P )
(T/2),°x, - £ (€/2)"
T, =3 (C72),° %, = x5 (T2,
°‘ RS GYONS S NS
(- C(T2), g + xf (</2°%)
Hence
o 0
9N = F|o| TRA = 3]
-3 0
0
o - 0
1:3>~ = - % L
0
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This requires that

1

n = 0

0

0

Hence c i* = S“x |
(mz)ﬂﬁ = % gu@

It is also easy to see that ( after a little algebra )

D 2 .5 (3/21)

!
o
n

a2 = T«

0L.= -0, = &, (1/21)

o3
2 . 3 - .
De3 = =~ P2 = 5«1 (1/2)
and D‘ = 0 otherwise,
“p

Weiunberg has obtained the same results using canonical quan-
tisation; This approach is much longer than the one we have
adopted and its extension to the most interesting case when
o< H< N is not obvious. Indeed Weinberg seemed to be in
difficulties in ta3 latter case and was unable to come to firm
conclusions. The whole philosophy of the Weinberg approach is
entirely different from ours. His justification for (1.6) depended

on differences such as

<§( Adr.(x) . A{w(y)) - T A«R(x), AN(y:) )’

= -4 mfp Sﬁ S: S4 xy)

Thegse differences are present always in derivative interactions
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and are not the prerogaiive of gauge theories. In fact Charap32

and Gerstein, Jackiw; Lee and Weinberg32 found for the interaction

.J{ % (?a. g—lab (90) (?b - ‘{v _.
L 9P<pa g, (P) 9rzpb

A

vhere (@, = Ex ()9, Py

-

that we can use the ™ part of the propagator if we use the

interaction hamiltonian
H, = -i7q, talegn, + 3 810 s e

where 8 = 5;b + é;b .

Weinberg summed the effect of non-:ovariant parts of fhe pPropagators
using the method of Lee and Yang!’

We will now consider the case when G contains an unbroken
gubgroup. If the group G has a non-trivial unbroken subgroup S
with M independent generators the formalism de-cribed above breaks
down. Following Weinberg we introduce the complete set of eigen-
vectors En of (m2). Since (m2) is real and symmetric such a

set exists

= m(n ))2 T

n n

(P 3y = &,

"
on

(%), ('c‘n)ﬂ “ |
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0f course (m2) is a singular matrix now. We define

Enrx = (En )o: A«p

=0 - o
T.n = ( C )“'t,a

n e {4

In = (cn )aJx

n,

If m(n))2 is gero then ( En )“ J, 1is a generator of S. Con~
versely, if Ca .)}5 is a generator of S then 9{5 is an eigenvector
of (mz) with zero eigenvalue. Both these statements can easily

be proved. For convenience we let { ffn

“wh

n = 1,...,1«{} be the
independent set of generators of S, so that m2 En is zero for
n less than or equ:l to M.
<t° ;\ 2 (g ) (8P
T T. ) = m ’a nm
n,m 3 M+l
where ( @ 2 ) is an ( ¥-M ) x ( ¥-M ) matrix

(n 2) o =<"'l','°n 1, foml> with n,m»N+l
Fow ¢ = @n 4+ ! B T° A
- a a m=H +1 n n

- = 2
<t: Ard)= &, By (8%,
So , o=
{T°, )y @)= O if end only it {3.= 0, n= M+1,...,N}

(as @ 2 is non-singular ).

In order to specify = gauge we need M more independent conditions.

Hence a gauge with no Goldstone bosons is given by
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m
9#15(1)5 K(x) n= 1e.,M

where K!'l(x) are arbitrary functions.

Now

1

B .z 3 0 ay - 3 ¥
SBm ie cng‘n'n ( Cu O, + S B, Doy )

"

— - - - ) -
53.An S« 9"( ( E"@K C‘P Sy y -3 2)0 )

We consider the change of variables

wm= .ﬂm m=‘ l,ooo,M
.= (1.9)
v = = a -
= cnx Chx Co O—aﬂn m Htlyeoo N
We can visualise the transformation as a NxN matrix
b Y —)
T o
li 1 0
Uij
= - - ax - [ ]
where U cnx S Co T d (x~x'). In the cases that

we shall consider we will see that (1.9) is a non-singular trans-

formation. The determinant of the transformation is

Det ( cnx o

ay .
coc 0. 8(“ x')) n,m > ¢l

The Faddev-Popov factor necessary for the quantisation of the

lagrangian is



N -
5dﬁﬂ scg2y) 1 (9.30
o= M+l _ n=1
(1.10)
= J-dw \Det ( cnx —mu iKO' g(x-x') )n I ‘ =1
ﬂ é(‘") T 3 (s, Bupy oup gy Bh A T,3,8))

m = M4l n=]1

Weinberg's conjecture essentially requires that the integrations
over W introduce only field independent factors. We shall first
give a general class of counterexamples to this conjecture. Since
we will find it convenient to work with Em it is perhaps worth
mentioning that the structure function with respect to these gen-
erators is B where

Par

b1

= ¢._¢ ¢ E
Par P* “qp tYy Y
We suppose that S is a subgroup of G such that

[Jp y Jq] = 0 if weither p or q is larger
than ¥ (but not both) (1.11)
_ The interpretation of this is simple.
If G is isomorphic to the direct product of S and some group
the condition is satisfiedj however this is not a necessary

condition for the validity of (1.11). Actually (1.11) implies

(% (5 3]

vanishes for the domain { QP M+l , m< M+1} vig the Jacobi

that
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identity; so [.fp y Eq] belongs to the centre of S (or

outside S) for p» and q larger than . This implies that

¢ & ( s/ (centreof S) ) x ( some group )

P

If S is semisimple then the centre of S is trivial so that G is

indeed of the form S x { some group ) . Now (1.11) implies that

c c ¢ B
Px qap TY  opF
if either p or q V( but not both ) is larger than M . Using

= 0

the aﬁtisymmetry of the structure constants we have

S 8 . T E = 0 if reMel, q€ M
cpu cqﬁ crb, L“PK & sy 4 F

or rslM, q> M+l

Also % (ET°, A) =% (T° %)

ny o me

=0 = 0 - =0 =0 -
o -<To om, ToAY> = s ToTIADF O
Hence since
-0 - - (o} - bx 0
Tn™ T cnx<txn'b ’ na} n, * cnx C t«)
woehave o C°% 5 = O for ngM, myM (1.12)

YNow {5 §m ,m = M+1,...,H} is an independent set of variables;
so from (1l.11) we see that
{wm = 0 ,m= u+1,...,::} if and only if{ﬁm=0, n = H+1;...,zr}

(1.13)



So - N - -
Jm M S(E™ T T18(a.58

msi{+l n=1
- - s =]
- "Det ( ®ay %mx  “u o g(t-x' )n,mz 141 ‘
¥ M \
i@ $
j .,111 m E (o "% GP 5 =1 ®a5’a gy

This is characteristic of the Faddev-Popov ghosts. In order to
be explicit we arrange Enu to be. sn“ for all n and take =3
and ¥24 (e.g. ¢ = sU(2)xU(1) but with S = SU(2) ). The above

integral then becomes

3 3
dw 1 S(SP( > E 30)))

n=l &1 nta c 9q

We make the transformation

' = .12 ®
s, = =%%w, + 9"( Ay W fw,) B,

2
-9 w + 99( A;wl - A1 ©,) Byyy

-32w3 + ar( o, - abw,)) Eayo

w
n
"

The Jacobian for the transformation is

~0%8(xxt) -y A(xx) WG 8(xx)
A'3.38(x-x') -9° 8 (x-x') -A;. .96 (x-x")

4p@8(ex') 84 F(zx)  -92 §(xx')

]
since 'a.Ai = 0 1=1,2,3 and A = AE .
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This Jacobian is just the Faddev-Popov ghost contribution.(Bars
have been omitted in the above).

If we now demand that S is abelian while (2.11) still holds

we have
pq_l‘ = 0 if qs M '
This gives : '
fafi TT S(w) [T 8(3.i8
a w o
jo Tl ot I3 208D aag
- = = a w1 =1 2 v1=1
= l Det %oy Cne Cuxﬂ'a 8 (x—x )‘ n,m% M4l |det @ &(x-x?)}

Hence Weinberg's conjecture holds here.Now, however, we shall
show that, if S is abelian, Weinberg is right irrespective of

the validity of (1.11). From (1.5) we have

Al

- s=0 - - ay=o0
N L npr oy, + ®ne ®ny %" Tn A

For n<M, T _© c3¥

e cmx MR an undetermined quantity and can be

arranged to be zero i.e. Umn =0, formy¥ y, nsM .
Hence by the ergurcat used before we have again (1.13). Since

S is just abelian §pqr vanishes if p,qs i . Now

N
A = _5_ , B A’ Q) ns M
nlg “L 1 o= 4l nlqg "t q ( )

N
As before the factor [ [d(w,)in (1.10) together with (1.13)
m= M+l
makes this sum vanishj hence (1.14) again is valid. Since we only
have one photon, S = U(1l) is a useful case to consider. If in

addition we take Ro to be the adjoint represéntation, then the

dimension of the space orthogonzl to {121‘«: 1,...,N} is one.
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~ Now _
=0 = =0
Tp ™ T A/<xs M
giving 0  n<M
m 1l -
SrpTp> ©?7H
<2 [ n1>
- - 1
So Cha cmx G.‘x = ‘Snm /()., nl$ for mynylY . Hence

in this fairly general case we have found the Faddev-Popov
factor in terms of O and D only. In (1.14) the determinant

is that of an (N-M)x(N-¥) matrix. Usually it is arranged that
cn."sé.n“ for n>» X
We then have for the Faddev—~ Popov factor

. an -1
I Det ( cm O'a 8 (I—I' ) )n’mzu+1‘

which precisely means that fhe factor is wvaluated taking account
only of the broken generators. This is essentially Weiunberg's
‘conjecture and is a counting theorem in the context of quantis-
ation.

Unlike most effective lagrangians the class of lagrangians
given above are renormalisable.This class provides unified theories
of weak and electromagnetic interactions ( which will be discussed
in the next chapter ). It is however interesting briefly to look
at the currents in the theory. This aspect has been largely ignored

and most of the effort has gone into field theory perturbative
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calculations. Yang-Mills theories cen give ( via a formal
limit due to Bardakci, Frishman and Halpern 20 (BFH)) Sugawara

34. It has been suggested35

theories with c-number Schwinger terms
that in the Higgs-Kibble theories it may be possible ( by taking
egssentially the same formal 1limit) to okbiain new Sugawara theories
which contain gq-number Schwinger terms.Sugawara theories with
g-number Schwinger terms have been produced of course before by
Barnes and Ishamzl. We however found difficulties with the BFH

limit owing to the fact that the masses in the theory are in part

or completely generated by spontaneous symmetry breaking. The

1imit procedure requires the bare vector boson mass and the bare
gange coupling constant to tend to zero in such a way that their
ratio tends to a constant. In conventional massive Yang-Xills
theoriss we have a strict field current identity. The canonicsal
commutation relations of the field theory translate simply into

equal time commutation relations for the currents. In the limit

of vanishing bare massA and coupling constant ~e find the ' caronical
conjugate! of the current commuting with the current. Now any
operator,which commutes with all the canonically independent
dynamical variables, is just proportional to the identity operator.
The theory of currents which is obtained after taking the limit

is a non-canonical one.

If we take G = U(3)L x U(3)R and follow our general

prescription for writing down the lagrangian displaying the
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Higgs-Kibble mechanism we have

- L R pv
L = -1 m|( R, P+ B, FFR)

L IEEX DA AN TSN
+.m02 o ( cb'l’: ¢, + 43‘;{ ¢. ) + P ($) + P(¢R)

_ The scalars are 3x3 complex matrices which transform as a (3,3)
representation and the vector gauge particles are 3x3 hermitian
matrices. The vacuum expectation value of <f>'is taken to be real,
and the anti-hermitizn part of ¢ gives the Goldstone bosons.

Consequently L in the unitary gauge is obtained by considering

<1> to be hermitian, and replacing tf by (¢ +2A). It was pointed

_ . 31 c s . ,
out by Bardakci and Halpern that iuni tary 1's invariant under
a global group

A —> A = S5 A ST
» e

"

¢ —> ¢ s ¢ s o

where S = exp i ( A .E)

2
and {Ai

i= 0,....,8} is the set of Gell-ilann matrices and
{el s 1= O,...,B} is the set of group perameters. This invariance

is of course an extremely naturzl one and similer global symmetry
groups exist for U(n)L x U(n)R . The field current ( as opposed

to the Noether current ) is independent of P (¢) and is given by
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3, = ki [qb,gqa] + g ($+1) 4, (¢ +2)

We see already‘the effect of the Higgs-Kibble particles. As ([J-—> 0

we regain the strict field current identity. The Noether current

ig of the ferm J + g-l QPFW and so even after using the equations
of motion it has terms quadratic in A and involving a derivative

_of A, Now the mass of A is g} « The BFH limit reguires that

g —» 0 but that A remains non-zer'o. These are not inconsistent

requirements. We define

y
+ (22 2L PP s, EPPY 30w 5 LyaRplyE gx e
P

£ Y 5 _ ¥ - -1¥p . p
F 23 anﬂ (Qrz z )"

-~ S .03 o
where 2% = 2 1p ( %1-2-%% )(4)“4-',\)( q:,-plx)

In fact ﬁt‘i = g %S“ F‘}‘d .Using the canonical commutation
relations
oj - s 3,
[Ao{i{ X, t) N -% Fﬂ' ( xt, t)] = lgdpsij S (}‘g-;g_')
| e =, §3 5 p
[49"‘( x t) -2 ( 5D (' t)ﬂ- i (z-x') 9,
we have [;a ok € x, t) » Ipr (', t)]

‘ 2 raaC_,C 2 bd
= & [2%6AF°, (@), £ PN x'0) v (2s1))

= 82 ﬁac(iﬁt) ﬁbd (E' st) [Fcok( X t) ) Vrd(?ﬁ' ’t)]

w— 0 as g=0

This is the essential idea in the BFH procedure. However we have
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scalar particles and it is necessary that goo; should commute
with all the 75 dynamical variables ( viz. ¢ and n°¢) for it
t0 be a constant . The BFH prescription for obtaining pure non-
canonical theories (i.é. theories‘ in which the ' field ' variables

do not have canonical conjugate variables ) requires a new field
¢ ' such that

¢ =¢' [/ g  with g — 0
Formally ¢' bhas no canonically conjugate field. Unfortunately
then the last term in the expression for i‘;i becbmes infinite
and not a particularly meaningful theory would emerge. This type
of problem seems to be present in whatever way we modify the BFH
procedurs. Finally a brute force calculation of commutators does
however reve_a,l q number Schwinger terms which have canonical
dimension two. This fits in with fhe ideas of asymptotic scale
invariance. The actual details of the current commutators is
very complicated and not too illuminating. We feel that any
model of currents which will emerge from the Higgs~Kibble type
theories is likely to be very involved and ugly compared to the

Sugawara model.
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Chapter 2 Gauge model calculations

The ideas of Higgsz, Kibble3

Weinberg, Salam and ¥Iar<123

and others have been used by

to construct weak interaction theories.
Since these first efforis many models of weak interactions have
been invented. It would be true to say that the main impetus to
the growth of such theories is the elegance inherent in spontaneous
symmetry breaking. With the benefit of hind-sight we shall indicate
how these theories may have been discovered by physicists who

were not field theorists absorbed in gauges and spontaneous
symmetry breaking.

The old conventional weak interactions req_uired36

i‘ 8y ( Je ‘«';e-l-h.c.)

where J 'A.x((l—b'5)11‘ + e x((l-x5)}é |
+ P X( ( 1—X5) n cosiec + 5 X(( I—XB))sinB
and Sc is the Cabibbo angle; only charged W vector boébns

are involved. However for such theories it has been shown that -
for scatiering of neutrinos into longitudinally polarised W

mesons the diagram

vV
AN .
VL
S ) e
AP
- L
v 2
g€lves a cross-section which behaves as &y 8

i;ﬂ
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for s very much larger than m§ ( the square of the W meson
mass). Unitarity demands that O( Yy — W W ) is boundsad
by ( constant / s ) . We have something much stronger than
a tolerable log s violation of unitarity ; however if we in-

37

troduce new exchanges in the s~channel or the t ( or u )

channel with suitable couplings ,' 8ee
v

— M'ﬂ
rd

we may be able to cancel the bad high energy behaviour. Here Z

is a neutral vector boson and e' is a charged heavy lepton.
Bjorken, Khriplovitch and V_z__a:instein have adopted this epproach
systematically and have found relations between the couplings
which are characteristic of YTang-Mills theories. A S-matrix

38

view-point has been given by Quinn and J.C. Taylor for
the necessity of the Higgs-Kibble scalar. For wve —) 3WL

31
it is known that asymptotically for large 8 O ~ s™2, 1p

order for Y —) weé& 1o bs finite it has been shown that

a condition is O ~ s.l as ‘ 5 =3 o0, However if the diagram
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+ ) } +
Higgs-Kibble exchan;:\\ -

2 e

3
is taken into account then s 2 type behaviour is cancelled off

to allow O'Avs-l. These considerations indicate that the new
models of weazk interactions may be more than picturesque mathe-
matical schemes.

The method of model construction is now well understood. The gauge

group is frequently SU(2) x U(1) and the differences between
models is often based on different choices of representations.
The couplings are cliosen such that the classical interaction
Hamiltonian of the Higgs-Kibble fields is a minimum when a neutrzl
Higgs-Kibble field 4’0 has a non-vanishing value < ¢ o 39,
Neutral components are chosen for symmetry breakdown so that we
maintain electric charge 'conserva.tion. All couplings are gauge
invariant and renormalisable; moreover there should be only one
massless vector boson ( which will be identified with the photon)
as a result of the Higgs-Kibble phenomenon, i.e. the unbroken
subgroup is U(1).

Naturally not all models constructed in the above way will

be meaningfui; there are experimental constraints. The original
model of Salam and Weinberg allows );-+ e ==> 9 & e in first

'L
order; however it can still be made to fit the Reines-Gurr40 data,
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but it is in difficulties because it allows a process A,n being guarks

)> 2° <"*
n f"-

and gives rise. to unacceptably large values for X —o Zr«. In
view of this we shall concentrate on another model due to Lee,
and Prentki and Zumino (LPZ)22. We now establish the model as

well as some notation

¢ = su(2) x u(1)_

The generators Ja, a= 041,243 of G salisfy

[_'Jk , Jl] = i eklm o

0
[*,3°] = o
We initroduce
et ,-t'
E = ¥ =
L ve L vf\
) L ML

Our.-“eonventions f>r the Dirac matrices are such that

1 -¥ oy, = (v), = o0

O ——————

2
B and M transform under the fundamental SU(2) representation;
. . .
e'ps Wpgo ep » and My ave _SU(2) singlets. The covariant

derivative of ‘{/(x) e field %ransforming under G is given by

o

- R - k .z . 0
Dl"‘“/ -Qr\u-l—lgxl;a ¥ +1-§' X" J \l/

where the gauge fields itransform as
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Sxk = g¥lm ggm - 130"
o - ¥ g P
8x% = - 29 Q0 )
s g P
and jk are suitable representations of Jk » We define the
charge operator Q as
3 . 0
Q J3 + 5 4
N 1
So A= (1x3 4+ 1 xo)(l2 + .1.2)'5
kg F g g g

couples to the charge operator and is tzken to be the electromagnetic
fielde In order that the leptons have the correct electric charge
we demand that

0 — . 0 -
J° ep = -2 eg ani J E = o

Of course identical equations hold for the muon multiplets. The
linear combination of X3 and XO orthogonal to A is denoted
by 2 .« Explicitly
1 1 (o) 1 1 v
z = (3x3- 2x%)(l + 1 yE
P g B g g g
Apart from the neutral vector mesons we have the charged mesons

which are given by

Wt o= (1/2)%(x11 X,)

The " t ® leptons are known as the ‘heavy' leptons. In these
theories every particle present which has not been found experimen~
tally is regarded as being heavy. Consequently it is important to

try to find experimental constraints on all the heavy particles
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occurring in these theories. ¥e let {Ci ; 1= 1,2,3} be the
set of 3x3 matrices which form a represcntation of the SU(2) algebra,
i.e. [Ci/2 R Cj/2] = i éijk Cy /2 . Only interactions
with the electron multiplet will be explicitly exhibited. Exactly
similar couplings apply for the muon multiplet. LPZ have conétructed

the following invariant couplings :

i B o
)EL-iz-X(

+ g c. X ) E

+ 2z tan® x° ) e

ii) E'R _32; vt ( " 2

o ,
- 2g tan & XP ) ep

1% 1®¢ ‘:Q)ﬁ;

iii) B %x"(

Here we have introduced the Salam-Ward-Heinberg mixing angle which
is defined to be @ |
g' = g tan@
IEZV have extended the above considerations to hadrons by in-
troducing integrally charged quarks. As usual right handed quarks

are taken to be singlets. Explicitly =

' - p+ 5 ) p'+
o n, | by A
c C_
Y I ¥ L

These are triplets and

= in 6
n, n cos ec + Msi c

)c = -nsinec + )cos@c

Denoting  pyny) by q the meson octet is given by gqq .
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( For baryons it is necessary to add a G singlet quark which is
also an SU(3) singlet ). New quarks r,r' and p' have been intro-
duced and are known as charmed quarks. The invariant couplings
are clearly very similar to those given before.

In contrast to the Salam-Ward-Weinberg model itwo triplets of

Higgs-Kibble scalars are introduced. o
T

| 3 ¥ (x* =)/ (2%
'X = zO = x3
-
(7 + 1% / (@F]

Here Xl is hermitian. The second triplet of scalars is

x* (' o) @F
A ’f'-_ x * = x5
R | 1 +-ijf) / (2)%1
 with )cj = o +1pj and’ ocj'r=o<j , /3;." =ﬂj.

The most general Higgs-Kibble potential P which is compatible with

.

renormalisability is

2 2 x

8l +bL,° 4ol + AL, 4 £1,5 1, + hI3xI3
were I, = ( ¥ )2 I,= ¥ X
1, = X=X I, = X EX
and 0O O
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I1 and 12

charge two. It is important to have 2ll possible invariant coup-

have charge zero, and 13 has charge one and I4 has

lings since a gauge theory is renormalisable in the strict sense
if it contains all possible terms of dimension four or less which
are gauge invariant. If this condition is satisfied, the lagran-
gian contains all the necessary counterterms for renormalisation.

It bas been shown by LPZ that

P=a(3)2+0 (32074 o(2%+ 3D sa(BL22)

e (B - 32)% 44 R B)P) en (. PRGEDH?)
Now a and c are taken to be qegative vhereas b,d,f and h are
taken poditive. P has a minimum for p .ﬁ =2 .? =‘3.? = 0, and
3 2 = . a/ 2b = u2, as well as 22 = 3?2 = —cf4d = v2/4.

It is possible to make a SU(2) gauge transformation so that

0 x*t +

Y = fuX’ X = x T
0 v + e°

W2

¥ow a U(1) gauge transformation can be made to make e? Teal.
¥We have only touched on the bare bones of the model but the subject

with its many ramifications is large. We find that

1
m2 = g2 ( v2/2 * u2) m2 = ( 82 + 8 2) v2
+ 2 -
o |
h
W, =2(c-c vo/(2)% + m®) . =2(c-cv?s 2tv)
& , e *
- 2
n = 4(cf2 -3 cv°)
° 2 2



62.
Before proceeding with calculations we would like to mention

ys)

the choice of gauges .+ We will not be performing higher order
loop calculations and go the unitary gauge is sufficient for our
purpose. 't Hooft and Veltman have shown that spontaneously

- broken gauge symmetries are renormalisable for a gauge in which

the massive vector boson propagator is

D (py8) =-i [g}w - (1~ 1/;‘ ) pr p,/ ( p°- -;- mz)] 1

v 2
F (p°-1%)
The choice
¥ = co gives the Landau or renormalisable gauge
§ =1 gives the 't Hooft - Feynman gauge

§ =0 gives the unitary gauge
The equation

lim ( ( calculation ) _
€90 : f‘é>o

has not been satisfactorily established. However for all g >0 the

) = { calculation )§= o

above type of equavion has been verified ( and indeed proved generally ).

42

Many models are found to be inconsistent™~ with the data on

XK - fip ( where our conventions are such that
KD = ( (el - -6)IE®) / ( 2(14102) )F ).

The current experimental upper limit on the branching ratio

FCx, = pp)/ [ (&~ a11) is 1.8x10™0. In 1PZ we have vertices

such as R
AN e%-- - - -
) W— Z
[a e e —a S WU N

P x- A~ ®
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However the LPZ model has been designed to eliminate the AS =1

neutral current and so

a
>mx°
n
does not occur. We still have diagrams of the form

T s~

1;' " and ’r_l l:l

r&

It is here that the'charmed'diagrams come into effect43. In fact

the vertex couplings are

\]_--4----—- -2 ') 1+¥ cos Gc
v 2
“----_-‘ ﬁmpl 1 +X5 sin 90
v 2
-—.fé' m 1 - -
p\j\"'<“‘" ;P- ___2_}_5__ sin Gc
_ —Fa
b
ARG L. (?3_” . ___v__]_._ 1- XE cos &

Py
These show that the charmed quark contributions can be used 1o

make the decay X —> F‘f‘ as small as necessary by adjusting

\mp - mpl and similar charmed-uncharmed mass differences. Exact
1
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SU(4) invariance would give [ (KL - F,uu)‘-: 0 to all orders!
This cancellation mechanism has been invented by Glashow=Maiani-

Tliopoulos. Some models have now been eliminated Ly considering

KI-K mass differences42

o . The-data for ICL —r upm and KI-K

2
mass differences give incompatible bounds on the quark mass
differences. However since strong interaction effects are appreciable

in the XK.~ K2 mass difference such considerations do not rule out

1
the model completely. We would like to discuss in fact how plausible

any quantitative calculations are for models such as LPZ for semi-
leptonic' processes. Unfortunately after much calculation we found

that the ?Je - e scattering data gives the following bound

2 2 2
ame/ m, < 0.055

where a = ( mw/ mz) sec @ . This is not very restrictive and
actually gives a lower bound on the mass of the charged Higgs-

' Kibble scalar of 3 MeV.
44

We now consider K and X decays since the data is

L3 12

fairly good. In addition to wvector boson exchanées

we have Higgs-Kibble scalar exchanges | which is a new feature /

1 -
n x‘ F

- am om e o -
-
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~ The matrix element for K? —_— n- J 2 :/"~ is written as

MO KOa7py) = 15 etn 8, [£,(+) (era)Ps £_(8) (k-q)#]v oote"

lepton )
where VP <v |X(1—- Xs) ] uy> and of are the
momenta of the kaon and pion respectively and t= (k—-q)2 and 9

is the Cebibbo angle. Now in LPZ as we have seen

M(x° — n-ru;‘) = M (vector exchange) + M (scalar exchange)
From our previous discussion tho renormalisable gauge calculations
would bring in y"' and ¥~ as well as Faddeev-Popov éhosts. Anyway
it is plausible that owing o the Glashow-Iliopoulos-Maiani mech-

anism the higher order corrections should ve small.

M (vector exchange) = —i%sinac ((mK+m ) ( k+q ),“+(m7r-ﬁg) (k-q)‘)

2o o, 20 _m,
.<v ”(1—3')] u,)
m( scalar exchange) = ~i Gsin8 ( mK t)'E (EKm“ + o) o2
5—"3_;?; mK(t- m})

. é’»l(l- X 5) lu)">

N ~ I 4
W& know that the lepton scalar part can be written as (k-9)<vpml_xﬁ)ll Q
o
O
This the only vector that we can form from k° and q* only. These

processes involve the annihilation of a quark and an antiquark. Van
Royen and Weisskopf 45 (in terms of older quark models) have con-

sidered this for Kl and R + They write the creation operator
2 {2 :

¢(O) for a meson ¢ in terms of the creation 0pera‘bors ¥ (2)
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and cxs(g) for the quark and antiquark with unitary spin components
r and 8 as follows
ax¢(°) = r’ZS Jd3p £y p) a(rys) ¥*_(p) ¥ (-p)
where f£(¢ ,r) is an unknown quantity. It is in fact the space
wave function of the quark-antiquark bound state corresponding to
¢ s and |

Floz)= e [eegzy 22 @

Weisskopf and Van Royen then proceed to show that the deca& widths
are proportional to |[f (¢, 0)[2. Indeed this is not just a refine-
ment but is necessary in order to obtain decay rates with the
correct dimensions ( rather than the dimension of the cross—-sections).
The normalisation of the meson fieids is not the same as the
normalisation of the product of two fermion fields. @hen two

quarks make a meson the matrix element is' maltiplied by ‘fn-?"":',ﬂ

for sach external meson line, where E is the mesdon energy and

n is chosen so.that the result obeys certain cunditionsv such as
f+(0) = 1 in the SU(3) symmetry limit. We have also assumed that
the p-quark has a massf‘—%‘mx and that the 2 -quarkPhas a mass %%46.
The n-quark has a massi;—iﬁ;}when accompanied by ai}\}quark. The quarks

each have momentum 3p* where pM is the meson momentum.

In the LPZ mddel n-‘ and KL processes are given by
2 2
- \_,\ )
n s v [
n
y



67.

and
P
N T,
x
) ¢ L P S e T L
¥
Ay ' P
We have similar diagrams with ;\ and n interchanged ( for Kl
‘ 2
of course). The values that we obtain for f+(t) and £ (t) ares
2 2 . %
£, ()= (m + 0’ - t) (nem) (2.1)
24z By O
2 2 * o
f(t) = +nmn. - t 2 2
£(8) = (mp «m - t) {(m,r- ne) +a%((m 4 ) -t)}
2
242 Dy Oy (t=n5)
(2.2)
The experimental situation is approximately as follows:
2\ . ' 2
£, (%) = £ () (142, &)
- - - n
"
The experiments seem to give the mean value
'X_., 2~ 0.04 _
We also have f-(O) - - .85 : .15 (2.3)
fK 1 cos 9c ~  1l.26
. 0
£, f+( )

(2.1)- and (2.2) do not give the right slopes away from t=0

but it may be that the quark—-antiquark wave-function is t-dependent.

We now consider £ (0) and f_(0). We find that £ (0) is 1.710
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which is badly in disagreement with experiment.However we nmay
reasonably suppose that we have a scaling factor refinement due
to quark-antiquark bound states. It is amusing here to note that

47

the Ademollo-Gatto theorem is not violated. From the Gell-liann-—

Okubo mass formula we can write
2 - 2

m,T = m, + €
2 _ 2 1
m.K = mo -z €
m2 = n 2 -

n - o

and this gives

f+(0) C | 2m°2 +%6)%( m  + %—é/mo )

242 n,%(1+ % &/n %) (13 € /n> )
= 1+ 0(e?) .
In the usual theory of these deca&s using current algebra and
octet dominance of sum :rules44 ( since mesonic resonances occur

only in SU(3) octet and singlet states ) it has been found that

£(8)<1 for t<0 ~
j.o. the symmetry breaking cortribution is negative. From the
congiderations regarding the Ademollo-Gatto theorem and the above
we see here a situationrn where the model incorporates some current
algebra but not all.

Now (2.3) gives us the condition

n

2710° <« m < 71x10°

anﬁ
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We now try to calculate £,/ £, from the model. It is necessary
to multiply the contributions from the second order diagrams for
n + — F.y and X —yfv by the quark-antiquark wave functions
In the case of a purely vector interaction the factors are found
by comparison with experiment to be ( (m“)3/2/ (ZY%) for the
pion and mﬁmk%)/ (2f% for the kaon. The same factors may be.
used in our case provided the contributions from the scalar ex-
change is small. For pion decay we have

2

£ = ong (1 ¢« a B
" w

2
©
m2__ m2
r X
. os 2 2
and the scalar part satisfies a m,|<

)

0.09 and so the

-

m_ -m
assumption about the smallness of the scalar part is not con~

tradicted. However for the kaon de:ay we obtain the result

_ 2 2
fr = m (1+a m )

2_2 B
KX "
and so the scalar part satisfiss
L2 < dml < =0.25
2—m2
Joy 'X
This gives fK/ﬁ‘<f «75 which is very badly in disagreement
with experiment.'Hence it seems that we have no consistent way

of calculating K-decays. In view of this it seems preferable to

realise the elegant idea of Salam and Weinberg concerning
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renormalisable unified theories of weak and electromagnetic in-
teractions by not using quarks. Actually now such models are in

34

existence. Bars, Yoshimura, and Halpern™ " have consiructed such

a model with the physical mesons cesusing spontaneous symmeiry
bresking ( with G = 0(3)L x U(3)R x SU(2) x U(1) ). The simplicity
of the original models has gone however. The real directiop for
progress lies in ideas such as using radiative corrections as a
source of spontaneous'symmetry breaking. It is essential 1o
increase the predictive power of these theories by cutiing down

on the large number of parameters which presently they seem to

require.
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Chapter 3 Non-polynomial field theories in low dimensions

There are many difficulties still remaining in non-polynomial
field theories. It is a topic full of subtleties. Slight changes
in form'bf interactions often result in large changes in behaviour
of matrix elements. The aim of the founders of the.theory48 is
to have a perfectly finite theory without having renormglisatioﬁ
constants ( which are essentially undetermined ). Before delving
into technicalities it is perhaps wise to see some of the pre-
dictions of the thgory. Computations by I.S.S.49 to seéond order

in the electromagnetic coupling constant show that

Sa/m 2 %,-‘ log ( 1/ m)2 ~ 2/1

defe = —g;r- 108(1/-»(!2)2 =~ -1/25

vhere X ,which is the square roct of 167 times the Newtonian

18 -1

constant G, equals 0.5 x 10 GeV . These results wers

computed by summing the following typical set of graphs

-ws
®

.
- g a3

U4 - - ",
e T TN,
» .

‘\‘w_,/ + \w/ + TR T 4 e

el Al oA,

where > 3 A~~~ 3 and L,

denote electron,photon, and graviton lines respectively. A very



T2

20 to

similar method has been used by Iuff, Huskins and Rothery
compute the gravity modified glectromagnetic mass difference of

the charged and neutral pion usiﬁg the Lee and Nish phenomeno-
logical lagrangian. Their result was mn* - mﬁo'\'6;8 MeV. The
experimental answer is 4.7 leV. Applications to weak interactions
also exist.There are objections to these calculations. The ﬁost
jmportant of these ( or perhaps the most pertinent as regards
non-polynomial field theories ) is that the calculations may

not be gauge invariant.

A lot of progress can Pe made if we compensate for the increased
complexity of non-polynomial field theories over ﬁolynomial theories
by reducing the number of dimensions d of space. Glimm and
Jaffe51 have been particularly succossful in studying d= 1 theories.
In particular for the ¢‘1 interaction they have been able to
solve the theory to verify most of the Wightman axiohs. Lower
dimensional theories are often useful in pointing out errors in
methodology which are often obscured by distritution theoretic
ambiguities in cases52 for which d= 3.

We first consider a free field theory

L = 3 (3p)°
The dimension d is not expl;ci@ly relevant here and canonical

terms will be ignored. We consider the following field redefinitions

i) 10'%' /2 (expAX -1)
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ii) @ = 1/a log( 1 +2X)

The redefinition (i) implies that

L — L' = 1/2  (9x )2 exp(23%)
Similarly (ii) implies that

" = 2 2 -2

L—» L' = 1/2 (2X) (1 +2%)
In this way we naturally obtain derivative interactions as well
as different forms of non-polynomiality. Indeed this might lead
us o think that there is not much difference between the two

forms of non-polynomiality.

We shzll investigate the following interactions

) L, = Ara(i-ga?)t:

@)Ly, = 1 (10)7% (9F -n) -
) Ly, = exn(-2a)

b') L, = o+ exp(-2a):

¢) Ly, = exp(-2q°) R
') L, = 3 exp(-2q?)s

d) B, = %: 2% exp(-Aa):

') B, . = *Zs : p° V(qd :

where .V(x)= i (1) w(n) x® and v(o) = 1.
n=0 n! ,

In (d) and (d') we could consider (taking and g as real consiants)
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e) e
2 2 '
« D X Y *131’ Y

e') v(a) V(a) v(aq)
but on grounds of simplicity we avoid these cases. It is worth
mentioning that the interactions in (b) to (e') are somewhat
unconventional. Normally, in (¢) to (e¢'), only
" 2 2. 2y
L. - - )
would be regarded as an interaction. Similarly in (d) and (4')
2

Hnt - tr

would be the conventional interaction. A is knowm as the minor

coupling constant.

We have the usual relations
[a(t), p(t)] = 1
[a(t), é.r(t)] = 1 where o = 3‘-5:, (p+iwg)

Solutions for the free field ( i.e. H_ = 3p° + 30°q° )

iwt ~-iwt

are a(t) &, e + (30 e

iwt - (5 e"iwt )

p(t) = ia;(«‘oe )

[Bo ,o(°] = 1/ 2w

We define af(t) = J2u ied, ot W?

a (t) =20 ip eIVt

So for free fields we have
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[P(t) ’ i’(o)] = -iw sinw t

[Q(t) , Q(O)] =-iy sinw t

[P(t) » ¢(0)] =~i coswt
The Fock states |n) satisfy

a [n)l = A7 n-1>, &'ind = favl [ne1)
and | = % ( at)* 10> '

Clearly _ |
2°(¢) = <0I2( a(t) a(0))|0)

0(+) <01 a(+) a(0)I6>
+0(-t)<0)a(0) o(¢)|0>

1 exp (-iwltl)
20

- Similarly we find that

4T ( p(t) q(0) )I0) =

i e-iw[tl+ i 9(_t)e-iwlt!

_"%_
GIT (a(t) p(0) )O) = i &I _ g y) emiwlHl
ST ( p(5) p(0) )IO) = pwe ioltl

Ve shall also consider (b') for d= 1,2.

(a) . 1 (a+41), . .
P e i(2m) 3T j-d * X -llic':

for d =1, 2 and €> 0. We look at these last two cases to
point out the dangers of indiscriminate extrapolation of the

' d = 0' behgviour to ' 4 = 3! behaviour.

D(l)(;b.,x)* -'-'

dk dk expi (k $ -k x)
i(ZN)zI (o} 1 o) 1

2 2 .
-ko -l-kl_lé.
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On performing the contour integral
DM (x,6) = B(+) ( 51 B(-x-t))- B(-)( i 8(t=x) )
The momentum space superpropagator corresponding to |

exp (i (O(t) B(-x~t) + B(~t) O(t-x)) )
2 : )
* eri(st+kx) 932 D(l)(x,t) dx dt -

exp(13%) ( [§7 a6 (@ axx 78500 + kcosf )

+ ') ~independent quantity

Hence the d= 1 superpropagator is an entire function in X . The
case d = 2 is somewhat cumbersome.

{ + - -
142 (x) = 1 f otlig® = Xkyx) = Ky X5),3,

i(2m) X - ic

This reduces to
2n

D(z)(x) = hj af ( ( x12+ x22) % cos® + ki )-1
Jo
where x = (t,xl,xz)
It is known that 23
1
a + b cosx (a.2 - bz)-i ' a+b
+ 1_ . 6 (b°-22)10g (ﬁ-aﬁ%tan%x +24b

2 2\3 )
| - 1
( ) (b%-2%)Ztankx —a-b
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Hence in the Symanzik region

D("’)(xl,xz,t) o i/ (2%

where §2=t2+x2+122
Using .
~ 2 - + 1ige.x 2
£7(a%) = J- a’x TR p(x) ;

dr r sinr|a] f(r)

[{]
L] ’

LQI
The momentum cpace superpropagator for & =2 is

(3%

fexp 1 (22 2 2%) exp(ip.x) e ~€ dx

= 4n fdr r sin r|p| exp( iX /r) e where € > 0
121 7o

A very simple argument can be given to show thai this is not
analytic at 2 = 0. This goes as follows:
5(2)

exiots at A= 0. Ve let )\ = a+ib wherse a and

b are realy then
(2) = _4_!_1‘ J':r T sin r|p|exp 1[(a -b +2ab1)/1] exp(-er)

For ab negative this integrand blows up at r = O whereas for
ab positive this is not the case. This demonstrales non-analyticity
at A= 0. More explicitly the nature of the non-analyticity is seen

from

thp(-_f:'_ -¥x) & =JEK1(J'{§’)
] < - . )1

where Re 5 > 0, and Re)Y>0 and

Kyle) = % o (k1)1 302 Y+ (-Un’lé,(-;«z)“zk k(zymik)
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Here K(z,n,k) = (logiz -5y (k+l) ~& V(n+k+1))/k!(n+k)!

co 1
Alsojodr exp(-((-i|p| + &)r = 0%/ )= (43/12))% K (-42%|p) )
Using these relations and after some more manipulation we have

5@ = L

sk (- 42/120% 5,412 - (9%/121)3, (-4 R pp1)
+ L -((uﬁ/mv%+(4mﬁxm>%>

(Ul )’ ~
-+ |2 i @22 P ( (%120Y2 + (<422 )

k=0 k! (k+1)!

-1z (4%%/1p) )3/2 Z (22) (-2 1p1) % (1og(-229p1 )~sy(k+1)

Bt (s +¥ (x+2))

3, 0o
-121(-42%/ 12} )/‘kz; (241){2:81p1)% (2og(22%p1 ) BWlicel ) -y (ks2) }
2 k! (k+1)!

(2)

This rather ugly expression shows that D has a dominant singularity
of the form ()2)’%; hence it is important to note that the analyticity
properties of the ‘a=2' tase is quite different Zrom the d= 1 case.
Our interest in the study of lower dimensional theories is based
on obtaining qualitative rather than quantitative insights into
behaviours of superpropagators in d=3 theories.

From now on we will concentrate on the d=0 case. It is useful
to note that

t
L {a) = : L (q):¢
. L.} 2
1 _,%_“ _]2._
where L(q) = (/J2n) [dx o L( a +xD=(0))
‘”
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This easily leads to

2
Al = e.}/4w: e e, (3.1)

e
2 ) .2
(3+2D(0))

2
-Aq

e (1 + 2/@)-% sexp(—%

The inverse relation is

2 2 |
e 20, = (- 23D(0)7F exp ( -2a%(1-22D(ON7H)  (3.3)

in particulaf sqt: = Hn(w%q) / (“ZN%)n
So =
1y = 2 l§=:0 &y @t/ D
o
. _
- 3
. Ldt ot :-Zo & (o)
(2L+ 1) 1 (2wB)2t#L
= 32l 41 %+
Setting £(q,t) = lZ; gt (1/20%)°" * 5, o (w3)/(21):
we have | 2
, N L
14 + &8¢ = 2. _10 (3t (g/w)® ) Hy (w2a)
t dt l=0 *
= exp ( -gt%/40 + fra)
This gives 2 3 %,
£(q,t) = _;_]_-__r e—gt /4 ( o8 tq _ e & 1 )
2g® -
2 %
and L:f.:i); (@) = —2;_% L e'{gt /4w) b (e® tq _ e-étq) dt

=1 2

~ i(ﬂw)%g oxp w( 1/6° 7 9

as q=> ¢ o0



80,
Similarly

a' 1 ¥ -q)2
gm-,)(q) 2) (n/w) (20q) o¥(-0)

Now it is well-known that the harmonic oscillator wave functions
are LZ(R) functions un(x) given by
) = (wE i P m P E (k) R

un\t) = (w2 /n 2vn.) Hn(wt)e
for all non-negative n. Hence fhe Wightman functions corresponding
o (a) and (a') blow up whereas this is not the case for (b)
to (d!); so iﬁ this simple framework we can already see the
difference between local and non~local interactions , or,
strictly speaking, between the analogues in d = 0 of local and
non-local interactions in fully relativistic theories.

From the equations, (3.1) to (3.3) certain properties of the
n-point functions( regarded as functions in2) can be deduced. The
superpropagators arising from interactions (a) and (a') bave the
same analyticity 112 ) . For (b) and (b') the superpropagators have
an essential singularity at )\ = 1/ 2D(0) together with a
possible branch point.

When w has a small posgsitive imaginary part
® cinwlt] _ist 2. 2
f o R e at = -2nw /1(s -n“w®) ,n#FO0

- 00

Hence fw Rid <°| P (e o—Aalt),, ~Aq(0), ) | (> dt

= 21 8(s) + 122 Z 1 (2% 2w )Y 1/(s%-n%?))

=l (n-1)1
' (3.4)
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Naturally the behaviour of (3.4) as a function of } ( and not of
s ) is of interest; so s is kept awéy from the regions of its
poles. From the ratio test (3.4) is absolutely convergent and

go the superpropagator is entire in )\ .

Similarly ) ‘
"1t el 1w (sem 22°(4),, o~ 2d%(0), o
J«.dte <Olj ( T SR (3.5)
= onb(s) s 2o (Aa)? (2n)t (1/200) % (~4nefi(sP-4n2?))

n=1
Again by the ratio test (3.5) is analytic in the region JAl<|w].
From equaxi;ns (3.3) %0 (3.5) the following can be deduced s
(A) Interactions (b) and (b') both give two point functions

| ‘vhich are entire in A.

- (B) The superpropagators in (c¢) and (c') have the same 1-
analyticity in the interior of the disclA} = @ which has
on its.border an essential singularity.

We have already managed to narrow down the choice of non-
polynomial lagrangians. The rationals are not pleasant and now
(b) seems to have more symmetrical and elegant analyticity pro-
perties than (c) . Indeed it has been found by Lehmann and Trute 18

that localisability picks out the exponential parametrisation of
fields in the non-linesr chiral theories. Salam has also advocated
this parametrisation in gravity. It is fairly obvious zlso that

derivabives do not affect the analyticity properties. Explicitly

we have
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o1 ( +30°(t) exp(-Aa(t)):e3p°(0) exp(<3a(0)): ) K%
= 3 ( 2() 2(0) ) ex(2? a(¥) a(0))

+ 2% 3(6) 2(0) B(3) a(0) ) a(0) exw(A® &) a(0) ) ({®) pe)

+3 24 (5% a(0) )2 (a(s) (0) )2 exp(2? (%) a(0) )

where ' r—— ! denotés the usual contraction symbol in Wick's
theorem. A comparison with (3.4) reveals essentially the same
convergence conditions and so the saﬁe analyticity content.

We would now like to see whether the Kinking theorem is
rigorously true in d=0 theories. The d=3 version is extremely
elegant but there is no doubt tﬁat the proof of the theorem is not
rigorous ( since we do not know how to treat derivatives
satisfactorily e It is of course true that the thedrem is most
useful in =2 and d=3 theories where the free propagator
is singular ( in the sense of being infinite on the light cone ).’
The kinked Greens functions are generally finite whereas the
conventional Greens functions are not. B

We consider a modified version of (d') in which V is a function
of § 3 @ fields are independent of q and p. The case (d')
itself is interesting but actually the analogue of it in 'd=3!
field theories has not been explicitly examined in the context
of kinking.

K(z) = :2

%z i J[dtldtz <L) (q, 202 V(ﬁi)“’h’g V(ﬁg)qu )|



where

q, = alt)) , », = ©p(t) ete.

6(2) < 34 iszdtl at,, Q| T(qazépfu(af)u%pgu(&g): o) | O

u= V=1,

So |
(2 (2 o JIdt at, 0| Ma o503 0) | 0>

The theorem of Kinking requires that

connected + ( extra terms )

where G'(o) = <0} 'I'(qaqb)l (D . The extra terms in the above

expression occur because we are treating the analogue of a massive

theory, and will be given later. ( Tadpoles are automatically

zero since we have normal ordered interactions ).

We wish to see if a rigorous treatment ( which is possible

in the ' =0 ' case ) demonstrates that the assumptions made in

the Kinking theorem are consistent.

It is easy to see that

20| 2( g, potip3tq, )] 0>

M 1,2 e U e I . o
ddy (ip))° + 282 B0, BB, + 2 O, Bidy Bib,

From these identities we have

2 () - ¢(2) )

connected

-%,g”atl it, {-g-a, i@ (el #1411 %gg(tl) i (Te Lt e o)
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-3 0(-t)) o 1o (gl fogl + Il )
+ 5% 0(t;) 9(-té) ol 1t 1+ (el + [0 )

+ ( terms with t, and t

1 o interchanged ) }

( where for éimplici‘t‘.y we have taken ta = .tb =0)
= -”dtlata(%w &2 (e lvgl v 1) )i ey ) gt )20 Pl ity o )
(2) _ G(z) )

Since we are interested in ( X we have dropped

. connected
the term

ff iolt gyl o = 2ielt 1 5y gy
J : 172

Mo are faced with the evaluation of

”"- Lo legl + Pol+itd) ap as, (3.6)
and j'fg(tl) 0 (-t,) i@ (Il +fe 1+ [t,]) at, at, (3.7)

We mak2 the transformation

t1=rsin9 0= < %

t, = ~r cos® 0< 8 < 2x

The Jacobian for the transformation is r . We have the following

regions

2<0, 1:12) ) z(r>0, 0L 8 <n3)

(2,705 3,50, $,30) = (r>0, 70 <0< 3

(t1> 6, t

( 3,795 t,70, t,<0) (r>0, 3n<B <n)

L]

(4,50, % (r>0,m<0<3/2 )

57 05 140 )

1< 0s t2<0) = (T70,%n<0< %ﬂ )

(8,79 5 £,<0, t<0 )

(t12< 0, t

(rv0, 7/4 " L0 < on)
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So

” “iw( [ty 1+ h:ll + 1t,1) at. at,
3
fdr r ( rz" - 2i@r ( sin®+ cosf ) a0 +J4Z —Ziwrsinede
1R
n 2n ®
_'_'f QRiwr cosede + j2 2w (~ cos0 - sinf) a0
sn n2ﬁ .
J'I/é' L2LWT sinf a0 + I o 2iWT cos ad )
o 2

A function in terms of which we will be able to express (3.6)

and (3. 7) is F(As u)
- e —1):: ( l—x)
(g )=f /

- Z ¥ (2r41, 1dw) F@E)/( M (241) PG ~r))

where we have used

v y-1 x
I x e P azx = 1 X(y,ru) for Rewy »0
0

X
and b’(d, x) S R for Rex30

0
In fact F(,u) is finite. This is seen from the following crude
inequalities.

When Imx=0 ,%50, and x>0 ( or x imaginary)

‘X“‘!I)"< lx«lhx |
Moreover r () ) = (-l)r r(z) when r 3 O
M (x+1)(3-r) M(x+1) T (2-r)
56 [B(A,u)[<|du | Z l_w;r (-1 (T (w+1) [(3x))

= o (2r+l
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2 =%
i.e. IF( Lu)|<Au) (1= |Au]® )7
Any singularities that F( 2 ,u) has are integrable. Putting A= 2wy

we have

ffe- iw (|t12|+ lltl‘ + ltz‘ ) dtl dt.? In
1 I:) )['25—5" i (sinf + cos® ) a8 + 25 ot Acosf a6
- fut) o ‘ 0 '
. o
.2 ri“ e_i(z)"g)(sine + cosfB) a0 ]
0 .
We make the substitutions
x = (sinf ¢+ cosg)(Z)'%
y = cos$

Then (3.6) becomes

fo 1
1 f a;‘«)é(p( Fa,1)-F (2Fa, 27H))
2

2w™ O .
s2 (B2, 1) =K, 275)))
If the Kinking theorem is to be true then the analytic continuations
in @ on both sides of the equation should be true. Allowing w to

become a)-;-ie’(e>0) ices A >N\ -1€A/y s We have

oo a
J‘ a AJ' o X (A-1edw) () 2yF o

° u ( withu'> u > 0 )
u! . .
= - j ax ( az/w + ix)-z (1—12)_%
. | .
—_— -j“ x~2 ( 1-x2)—% dx as € —> 0

u

which is finite.



87.

Putting x = sinﬁ

fx-z (1~ x2 )‘% dx = fd@ sin-?; = - cotf3

Hence (3.6) is

2 , 3 " 3
6 (-é[czot{bli_ﬂ) = - 2y

‘Similarly (3.7) is

00 1 1 sAagE . - 1l
"‘l"éj ax A 3 dx (1-12)'591&21_' Jew*
sw? “o 2
Thereforg
(2)_ a(2)
(*%-¢ )connected
= (-39 ) s pe(- ) = - 2
24 16w
Now the Kinking theorem would require ( K(2) G(z)) to
- connected
- be glven by '
2
i2((as. at, & 2O ) DDty a2 04
1 2 2 1 1 2 -5 2
dat ' - dat
1 2

) iszdfldfz (-a? D(O)(‘tl) "is(tl) ) D(O)( 1% )

2 o ( -w? D(o)(tz) - ig(tz)' )

( since ( 9—-—2- ‘+ 0?2 ) D(O)(t) =-16(%) )
dt _
=’J‘J:1’° at, ot SO CIhl+ 15lrnd) L

(2w)>

(2w) 2 : 2 (2w)?

* J-dtl"i_L__i“’ 2 giw(2inl) - J(dt 1w?  t@(20t,])
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3 + 1 - 1 -1 I
16w 2w 4w 4o 16w

it

This seems to show that the Kinking theorem is not wvalid in this
case} ﬁhere are tﬁo possible reactions; One would state that the

t d =0; .analogues are massive theories and it is well—known that
massive theories do not continue smoothly into massless theoriese.
If we adopt this view point kinking may be valid in massless but
not massive theories. The more pessimistic view point is that the
assumptions of the Kinking theorem may not be mutually consistent
( irrespective of whether the field theory is méssive or massless).
The d-number is important in these consgiderations. For d = 0 we
can be rigorous and use T-products rather than X products and
moreover second type tadpoles pose no problems. As soon as we
consider d = 3 field theories we have meaningless guantities
occurring ( i.g. values of distributions at fixed arguments).Since
many of the valuable well-established features in d=3 theories
geem to have analogues in d = O theories we feel that the Kinking
theorem should not be regarded at the moment of being to the same-
degree fundamental.

There is nothiﬁg in principle to prevent the extension of the
programme with one dimensional theories to interactions invariand
under internal symmetry groups. There are none of the problems
of maintaining unitarity and gauge invariance since no regularisations
are required; however the Sommerfeld-Watson summation technique

will have to be employed. One of the wesknesses of this method



89,
lies in the inherent ambiguity in defining interpolating functionms.
The nature of this ambiguity is beautifully summed up by a theorem
due to Fuchs?> which states the following : )

If f(z) is regular for Re z % O and of exponential type

characteriscd by c,and if f(i\n) =0with] >0,2 ., -2 >8> 0
then f(z) = 0 if

1lim sup r—2c/" §(r) = ©0.
T —wyod

where §(r) - oxp 2Z A -1

T n
Ap<

Yoreover if +the limit superior condition is not true then there
is an £(z) ( satisfying all the hypotheses of the theorem ) which
is not identically sero.

Of course the ambiguity in the interpolating functions does
not matter if all the residues aré éummed; however one of the
techniqués in use is the opening out of the contour of the mom-

54

entum space superpropagator and evaluating the superpropagator
from one or two residues. In d=3 theories some success haé\been
had by using the minimal singularity ansatz but for 4 =0
theories this is not a relevant concept; the basic trouble is
that ' opening out of the contour ' is not a smotth mathematical
operaiion. Hence the ambiguities rem=in an embarrassment for
lower dimensional theories.This seems to indicate that the

technique may be at fault , i.e. the ambiguities are not

purely of a distribution theoretic nature.
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Chapter 4 Non-perturbative calculations

We have concentraﬁed gso far on perturbative calculations i.e.
on expanding the S-matrix in a2 power series in the coupling constzni.
In gauge theories we are often interested in questions which make
us suspect whether perturbative treatments are meaningful. In
quantum gravity 'it is interesting to understand quantum fluctuations
about the classical solutions for the metric fieldss. Intuitively
we can see why non-perturbative treatments are required. The classical
solution can be built up by summing all tree graphs. This has
been shown expliéitly for the Schwarzschild solutionj the classical
solution is already a non-perturbative one. The natural extension
of this programme is to sum up all diagrams witn” one loop. We
shall not try quantum gravity but rather the one-dimensional
model

Lo = Ade (4.1)

This obviously does not have gauge symmetries -nd also no problems
of renormalisation arise but it_is a non~linear interaction and
gives rise to a Hamiltonian with a positive definite spectrum
for A > 0. One dimensional models of gravity are far from absurd
56

and have been seriously suggested by Klauder” . A non-trivial

example of such a model is given by

I I p(t) a(t) - p($)a®(¢) - v( p(t) ) at

‘with I the action and p(t)>oO.
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The first problem is to find a non-perturbative summation
technique for summing one loop contributions. The answer to this
has been indicated by Feynman. Given an action Sr@l we wij.l

associate an action S C¢J which vill give all Greens

1 loop

functions in the one loop approximation.
5) 100p @3 = SLEL 4% S 4 ¢ ‘Pj

and @ is a classical solution. We have used the notation

s 1 «ee k¥ to denote the functional derivative :‘f_ _;:_ .

Moreove: &P" 6¢k
¢ = P +¢

where P and 56 are both quantum fields. We proceed to a

non—pertﬁrbative calculation via the Feynman path integra157.

That a non-perturbative solution may well be the only meaningful
solution is indicated by the folloiring argument. Power series
converge within entire circles and for 2 negative the potential
goes t0 = o0 as q approaches e , The character of the bound states
changes completely as A< 0 or A > 0. Hence we may suspec;t that’
amplitudes are not analytic at ) = 0. Actually A —-analyticity
can have also quite an amusing direct physical interpretation.
Salam has stressed that in gravity modified quantum electrodynamics
the effect of gravity is to remove ultraviolet infinities and instead
leave a factor log A ( where A iis the gravitational coupling
constant ). However no summation in perturbation theory was attempted.

Now eisskopf has interpreted the infinity suppression in gravity



92.
modified quantum electrodynamics as connected ivith the limiting
frequency of a standing photon wave in the curved space time
around an electron. Such a photon has the wavelength given by
the Schwarzschild radius And it is not unreasonable to regard
this as the definition of the latter. From general relativity thls
limiting frequency is 1/3m where m, is the electron mass.
Using Weisskopf's formula for Sme / m, Wwe get something
proportional to log(1/3m~eﬁ). In this way we have some sort of
connection between the Schwarzschild solution and the analyticity
of our S-matrix elements. We can perhaps get some idea about the
effect of higher order quantum corrections on the Schwarzschild
solution from this. If for example the } behaviour becomes
( log X )1-% owing to quantum loop corrections the Schwarzschild
radius behaves lika A exp( - 1’3 ).
We consider ' ,

L= ap%(a@)® + $(a®)% + 12 (o))

The equation of mofion is
i) o+« plalt) = Al )’

A class of solutions is given by26

q,(T) c e(f1t)

with a? = p¥(1-2c)
—22¢%/ N2

cn{y,k) ¢ i sn(y,k)

k2

and e(y)

The Jacobian elliptic functions are defined by
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sn(u,k)
at
u=
0 J1-42) (1-5x%2)
and en(u,k) = Jl - snz(u,k)
dn(u,k) = ﬁ - x? snz(u,k)

AS A=—==) 0, and k —=3 0 e(y) ——> exp(iy)

We define n(t) by58

q(?) = qc('t) + ﬁ’%vl(-c)
Hence tb '
8) 100pla( )] = 8a (¢]] + 2 L a (303(x) )Pmzp®y (x))°
a

+ 3242(=) 4%(x))
since tb .
s = f at ( -5p2 (¢1)? + Ha®)? + 22 (a(xN)H)
t

S@c(t)] is somewb.t more complicated.

Nt .
sfa,] = }{j " a9 @ c202(5(09) %% Fel(e(00))% e
nt

In fact

- Flu) | .
u =_n_t.b u =ﬂ'{;a
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where A
Pu) = B(u)( 3 63° (1-2/k?) - p® ¢?/® + 220t (P2 /3t )
w(3020? 20?4 p22(1-2/c®) 414k 2P0 B2)act12xt)
32 |

¢4snucnudnu (%-02.(2.2(-2/3.)-»21 04/3k2)
sandu (3 c2a® 21/ (3x2)?) + au (- 12¢%At)
4+ adnu ( i,u2c2/k2 + ide? ((xKZexr?)At)

and u A

" B(u) =J dn? v dv 3 k' = (1—k2)'ir

0

The details of how we calculated E(u) are given in appendix 4.

Now the Feynman integral in these one dimensional models can be

related formally to Wiener integrals.

f‘BF(Q) REL <<’1,‘<'1> F{a} "'f;Bw(Q) E <@ F{i%q‘j

58 and aF(q) is Feynman measure.’

where sz(q) is Wiener measure

( F {q} is just some integrable function )oWe will first consider

in a little detail the measure in Feynman integrals. There are

various approaches and all can be related to the commutative

Hilbert space integral approach.We shall choose the most physical

of these approaches. An alternative view-point is via contraction
59

semigroups and Trotters formula“”.

We put

i
X(ksa) = fexpg sfa-k, 2] M J)?(q)
i
The Stone-Weierstrass theorem states that every function which
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is continuous on £ can be uniformly approximated by functions

continuous in a finite number of variables.

: N
i l ‘
K(b'a) = lim Joo. Iexp - S( Gy e eesyg ) g( - )'r g,
B R L R R o c-2%
Ne = tb—ta

where the interval [‘ca, tb] has been divided into N equal
intervals, and >q(t:;ke)and ta-a-ke by Qe and tk respectively.Now.
we have

1) K( bsa ) = IK( bse ) K( g3a ) dg,
ii)j K( 4 tl 5 95 t2 YK ( 9 1:2 5 _0,;_ tl ) d32 = 8(3:'1'31)
-0

Both these relations are intuitively obvious probabilistic require-
ments. Sometimes (i) is known as the semigroup sroperty and (ii)
is called the unitarity propertyso.

For infinitesimal (31-32) and, (tl—t2)

- i b=
where 5 is the classical action. This is Ysynman's definition.

Now  Slapey) = Bagra) + (ay-0,)" 95/9af | +0 (g -g,)°

278

(1i) implies *ggxat _ 0 _
i, - !

eﬂ’[i (31‘21)'32,1] [=o,0" 42, = 5(31“31)

- o0
where - Pr2’1(9.2:31) = ’J §( 9519 )/ 9 Qf

Magking the change of variable

L, ]_22’1 / 2n%
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we have 1
dg,= (30, /2ni{-)|_ dp, 4
932 J 27 4

and this gives
= %
',mZ,ll = | X P, 1/21\”{1)
9g, | ,
The phase of my 4 can be found from the semi-group property.
b

For the free field

- - 2
8 (b,2)= 7 play -a)
by~ ta

and mk,k—l is independent of k.

(K(b;c) K(c3a) dg, = (m“)z dq, exp_li; %—}‘Al.t( (qb-qc)ai-(qc-qa)z)

2
= mAt)2 (iﬂ"ﬁdt/rl.)%exp %;:lgl"'(qb—qa)

2 Lt
where tb- tc = tc - ta. =z At .
So %.' -
m,, = ('&/iu hAt)* and this gives the phase of the
measure. Hence
1 2 g
B o1 = (1/21r‘ﬁi).2_ Det -—9—:—§T
k-
Vg Ty,

“

Fow that we know what the Feynman measure is we cen proceed with
our calculations. For S1 loop path integrals m is8 a constant
factor and so the measure is particularly simpls.

We are interested in



97.

K(bya) ty ,
=F§F(q) exp £ (S[a]+% 5% PPE 15000 ar
. tza
=_exp%8[qc']f§”(')) exp(-3| (f(2)%am)exn( 3 (-32e3(x)+ p°) ax)
t

Fow it is Xxnown that 58

foa”w(m R e (3 f

0

t
at o x*)
= (m f(O))'%

where
(t) +Q(t) f(t) =0

£f(t) = 0 and »f'(t) = -]
( when x(o) and /(‘ (t) are both fixed ). For the case of interest
£0(z) + (@ - 320%°@Q1))2(x) =0 (4.2)

In order tolsolve this equation61 we have to consider certain
mathematical facts about elliptic functioms. Sn and on 02
are both single valued functions with real and imaginary periods .
Sn u has the following properties:
i) sn u is an odd elliptic function of order 2 .

( The order of a doubly-periodic function iz the sum

of the multiplicities of all the poles which the function

has within a fundamental parallelogram).

3i) sn u has a simple pols of residue 1/k at every point

congruent to iK' ( mod 4K, 2iK')
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iii) sn u has a simple pole of residue ~1/k at points
congruent to 2K+iK' ( mod4K,2iK')
Similarly cn u is an even elliptic function of order two,has
simple poles at every point congruent to iK'(mod4K,2K+2iK')
with residue -i/k together with simple poles at every point
congruent to 2K+iK' (mod4K,2K+2iK') with residue i/k. The

quantities K and K' are given by

(2" 2 . 25\
K= (1 - x%sin“@ )"% ag
Jo .
A
1
K'= (1-k'%sin®0 )% ab
Jo .

Our real interest is e(u). From the above we can deduce th,t e(uw)
has a period parallelogram determined by (&, w + 2w') (where

W = 4K and @' = 2K' ). Within the parallelogram e(u) has poles

given by (W + i %(a‘) and ( %w + i -';?a)' ) with residues 2ifk

and -2i/k respectively; so

e(u) = _2i/k - 2i/k X + Afu)

> 3 ' 3 2 o '
U=W -1 '2'“ u- -2-01 1260

( where A(u) is analytic and free from singularities within the
parallelogram ).Consequently within the fundamental parallelogram

the double pole terms of ez(u) are given by

- L(u-(@+1300))%- 4 (u-(dwada))?

k

-and the single pole terms are given by
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2i Auw) (v-w-1 %w' )t -giA(u)(u-%’w -1 2yt
k * 2
' EQ (w-w -1 Fo ) u-0-1 30 )7

Before we can progress further it is necessary to introduce further
concepts in elliptic functions. The structure of elliptié functions |
( and in fact 311 doubly periodic functions)is very restricted.

We depend heavily on the following type of theorems

| " Two functions, which are doubly periodic in the same

period and which have the same zeros and the same infinities each

in the same degrees,respectively, are in a constant ratio?

It is conveniernt to introduce Weierstrassts @ —function

o 00 2
C@ = s [T [T (1-sen(f +3 &)

vhere % = 2m« + 2m'x' , the ratio « 't & not being purely

real; the infinite product is extended over all terms that are

given by assigning to m and m' all positive and negative iﬁtegx-al
values from + o to - o0 excepting only simultaneous zero

values. The double-infinite product converges uniformly and
unconditionally for all values of z in the finite part of the

plane; hence ©O“(z) is an odd function but not a doubly periodic one.

Indeed

o( z + ém.x) (-1)® e""l(mz*mz“) o (2)

T( z+ 2uat) = (-l)m' ezq-(mzt + m|2°(|) o (2)
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where 1 ' = O (! )/ @ (') and H =z é'(d)/(r(ot)

Now if g(t) is a function with its set of infinities given by
{ °; } lsisn} in 2 parallelogram of periods containing t
and with a set of zeros given by {XJ ‘1 < i< n} ( repeated
zeros and infinities appearing the relevant number of times in

the above sets ) we associate a function

) = gG-¥)E(t-Y))ee gl -F) o7

O(t- °1) o{t- cz).... g( t- cn)

where e is a constant.

Blteon)= 1) 210 e - ZY) +2ex

g(t+2¢)= 8(%) ezv\‘( PICEED I B 20 !
By assumption g(t 4 200) = yg(t)
glt + 2«') = y'g(t)

If we choose

2e - ¥

¥y = exp( 21a+2€«)

a
v'= exp( 2na + 2pu')

then £(t)/g(t) is a constant by the theorem stated earlier.
These considerations will form the basis of our soiution for the
Beynman path integral. Now f£(T) is a doubly periodic function
( at least of the second kind ). This is clearly seen from (4.2).

We consider
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f(t) = B ___ (1 + p(t-a) + q(t-a)% ...)
(t-a)"
Phis gives
1 r = n ¢ m° - 2m + positive powers of (T -d)

Hence we require
m + :rn2 -  2mD ...
(t- d§2 z‘l:-ds v

However we already know the singularity structure of the right

3ac? E(nn - B

]

hand side of this equation. Hence one possibility is

- '3 -
a = w+1i ‘éw' = d.l
QX

o’ +m= -122c% K20°

~2mp = _6_5L_A(w+i=°’éw' ))c2 - 122¢° ( w/.ﬂ.)-’
ka 22

It is necessary that m is a positive integer if we are to have
doubly periodic solutions. Now since m° + m+l2) Gz/k‘?.ﬂ-2
vanishes we have m equal to 3( -1 £ (1- 48102/1:211.2)% )s thus
we need (1~ 48 102/k2n2)—’§ ~ 1 to be a positive integer. This
can be guaranteed since k is a variable parameter and can be taken
imaginary. Another possibility for 4. et'g:.is given by

a = (éw+i;w'.) = 4

2 2

i
a 2

m+n? = -122¢%/ k2?2

{
g
]

2
- 612C° A -32'-w+123-co' )+_1_Q£2(£o/ﬂ-)-‘
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There is a very useful theorem which states the following:
Every doubly-pe_riodic func".cion has_ as many irreducible zeros
as it has irreducible infinities..

This theorem shows us that we must consider

£((t) = o(t-Y%) a(t-¥) .. (T - ¥,) e (gT)

(ot -d) ® (a(t-4a) )

We know that oo

log G(z) = logz ~- Z:‘ (2n)"'1 220 Ex-En

n = 2
in a neighbourhood of 2= O where E denotes summation for all

X {( F 0 ). We define auxiliary functions

{(2)= o'(2)/a(z; amd (P(2) == aq(s)/ az
In fact @(z+ 2“)::@(24'2“')‘@(2)
Hence in a neighbourhood of 2z=0 ' _
1(2) = -l 8223/60 - g3z5/14o m e = 2o Ex‘zn — e

2
@ (Z) = z-z + g222/20 + 8324/ 28 = cee + (2n—1)z2n-2 Zn-zn-} eeoe

2m
1 df _ _ - - -
Fow 3z = = 0 + 2 {(t-¥) -n{(z-4) nf(x-4,)
dc i=1
2m
2
.2
: 5= 2 oy® - P @(z-xi)-m@u—al)
de f 4t i=1
- mf(f-dz)
The next steps should now be clear. ¥We obtain an expansion of 1 g’g_
£ dc?

in the vicinity of T = O and then compare the coefficients of this

2 2
expansion with the coefficients of the known expansion (3AC € (.{'21:)-,,.,2)
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about the origin. For the ease of computations we will use the

identities which follow
t u - 1 2
Platv)= -f@-Pn +3 (66’) = g(f,‘)’))

'l,.(tiq-v)'-’ @)+ 4 £:(v) _0'(11))
\ P -F)

We shall consider the case m=l. This will illustrate the main

features adequately.
£f(t) = o(z-¥)0(t-%) em(pT)
0(t- dl) 0'(1:-:12)

It is now easy to see that
1 af =
f dt
were X = P(-g) + @) -0 x)-F-7)
Y = 3 (P8 +0r, - @ -q) -B-a))
2 = Py +0%-2)) -%(-¥;) -0%( - )
er 4 B 1) ) -4

Moreover in a neighbourhood of T =0

V 4 Xe+ Y12 ¢ 223 4 ..,

v

3262 Q1) - p® = (320 - pAeeidcn-627n? 4 L,

2

= (V24 20V ) 426( 2VY & X2 4 XV ) + 262 (3VZe3XTHVTEX ) 4. e

Hence the three conditions which determine e Xl, and X2

are 3;\02-,42 = v? 4+ o2xv

322N = oy + X% + X (4.3)

-3}\02.0.2 = 3VZ + 3XY + VY +%x2
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Fronm generai theory we know that equation (4.3) givesvtwo different
sets of values for {e 31 ’ X } The two sets are denoted by
{.E(J) X (3) K (3) s i=1 2} The solution of (4.2) is

given by
() = Dot A e z‘”) (@ (t-0))) (o (e -a,)Fexn( p{e)

+ 295z -5 2) (o (2 o (e-a)) em( g D)

where
(1)
e® T —v(t-dl)tr(t—d ) (ol e‘” L e DD -
o(t- ¥ e- 5,

(2 | 0)
% o atma )50, )6 D=6 Do (08, ) e et
o(t- ¥, o5,

Hence we have

K( bya ) =R Pexp § Sfu) ©(a;) G(a,))2

(0,008 Whay, e p o, Boy P

This is an extrémely complex expression. We shall try to understand
some of its implications. First we shall elaborate a little more
on the classical solution used.

g, (T) = (2(1- 2/x? p) )% e( (2/(2—1:%))%;“)
As A —> 0 we have q, (€ ) approaching (-Zp/rz)d%exp(i Ft)
if ( 9-/1;2) tends to a non-zero value{_—) } this is just the free
- field solution '
‘ ¥e are mainly interested in our analysis in the A -aﬁalyticity

properties of K(bja). The factor dependent on S [qc]is non—analytic
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in :K . This can be seen from F(u) ( remembering that c? is
ﬁ'lkz/(kz-z/y.z) and N° is —2/(k2-2/rl-2) )« The other
factor contributing to K.should represent non-classical effects.
We may well expect similar.non-analyticity in R.to be present.
The Weierstrassian @ =function has no singularities in the finite
part of the complex plane and this applies also of course %o the
exponential function; so singularitigs occur whep the arguments
have singularities ( i.e. when Xl’. Xz and e have singularities).
The factor ( cr(dl) Cr(dz) )% is unimportant in the sense that it is
gsolely a function of k which is a parameter which labels the set
of classical solutions that we have u_sed. Now Xl, Xz and e
are given by equation (4.3). It is the case however that ),Cz is
independent of A and so the singularities of xl’ Xz and
e will be in ’L and k .»Iﬁ is quite remarkable that the
non-classical terms do not contribute to the non-analyticity in
?l here ( at least in the approximation that we have used ).
0f course if we choose k to be dependent on :X this will no
longer hold.
We can make our solution more explicit by actually calculating
Y 1? xz and e « This is hard to do exactly but we can take
Xl' and 3'2 smell and replace the second equation in (4.3)

for example by

31 A Pl ™ (1/5’5.2 PRV SR E
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This is approximate but still meaningful since we have
the values of K and K' at our disposal ( in the sense
that they are just functions of k which we can vary);
"basically we can choose the dl and d2

x2 are indeed small. The other equations in (4.3) seem also

such that Yl and

to suggest a cut structure in k and u . Our framework is
particularly a.ppropriate'to quantum gravity; in fact DeWitt
has shown that functional differentiation with respect to
the background field of the functional that we have just
constructed gives all amplitudes.

Naturally we would like to extend our discussion to the case

£ int © 1(‘}4(::) in four dimensions. The equation of motion is

2 "y e
( B +2)P(xp) = A@(=p)
Putting o= b x p ¥ have
2 2 2,2 2
(a%ar? + o%/p°)Q = A@%/p
Henc_e-a golution is Q(x,p) = ?0((5) e(Q1 ) where ¢O and
.Q. are suitably chosen. We are interested in the quantum fluctuation
around this solution. We have so far been considering
qs R —> ¥
where ¥ is a space of operators. However now we have the case

Vs

P

where v} is Minkowski space. The Feynman integral is written as
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K(h,_g)‘:fexp_i; S[CF,b,a] m@
where DBCF [C?] T—T quP-(x)

As before we cannot proceed without determining M o1 s and it is
the form of M which mekes an important difference in the four
dimensional case. We shall choose the vacuum for both the initial

.and final configurgtion.,

<0,00 | 0,- 00) = j‘exP S[‘?"’?J JS?

i
a
Now the equation of motio'n is

S5 [@ + ¢]

But we also have

é_é_ exp 1s[9+¢]+ logM) d¢ = 0
?1
Hence 0 = 0,00 |T (% S [@ +4>] + (Log M) i)]o ¢>

From this we make the assumption

’I‘(% s,i[$+¢] + (20gM) )= 0

So following DeWitt we require

T((logﬂ),i)-‘- %S % +¢1 - %T S,i[-'?+ ¢]
L T B
= - %_ﬁ S s ¢t 4 Lii s -3 ( log et G"')’ih..

_where G”k is the advanced propzgator. Here we have used the



108.

relations ) -1
Slogdet G = -tr (G8G)

= _ gk -1
( log det G ),i e ( ij ),i

We have so far managed the analogues of the steps made in the

one dimensional theory. DeWitt and others have even formally obtained

(det (1-g,u)/ det(l-gg ) )%
(4.6)

<0, @ | 0,- oo) 1 loop

. = .- S .. =0
( where U,ig S,ia S’l:j [@ 1)

by taking .M[@]= (det g+ )'%; here g  denotes the advanced Greens
function evaluated atf = 0. Unfortunately unlike in the one dim-
ensional case we have no non-perturbative method of evaluating

the determinant in (4.6). Fredholm methods developed in this

field theory context by Schwinger jusf recover the perturbation
expansions when applied to (4.6).It is very rarely in interacting
field theories ( irrespective of the space dimension ) that a
non~-perturbative method can be made to work. Since'perturbation
theory seems unlikely to be valid it is crucial that new summation

techniques are vigorously sought.
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Appendix 1 Functional integrals
This section is based in part on private communication and notes

from J. Tarski.

Functional integrals provide a convenient formalism for describing
Greens functions and hence S matrix elémsnts. Current methods of
quantising gauge fields rely solely on the functional integral.
Moreover, alternative definitions of functional integrals allow
for the possibility of new forms of quantisation.

Usually functional integrals are regarded as objects which
are manipulated to give formal relations ( e.g. between un-
renormalised Greens functions in different gauges or forms for
tadpole cancelling terms). Their structure is usually disregarded.
However there exists a rigorous definition cf the commutative Hilbert
space integral. The history iﬁtegral of Feynman can be regarded as
an analytic continuation of a Hilbert space integral with modified
weight.

For a real separable Hilbert space 1;f

F : Y — ¢
is a tame functional if
a) there exists a finite dimensional subspace E such
that F(x) = F(xE) where X, is the orthogonal pro-
jection of x on B.
b) F is Lebesgue measurable on E

We define ﬁj to be the set of tame functionals. For a tame
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functional ¥ E is I;novm as the base of F. If the dimension

of E is n we will define the measure

1 n : _
i pglx) = ( 2re)™" ax’ dx® exp ['- a% (13)2/20-_']

with Q@ positive. Of course

deE(x) =1
E

It is easy to see that if we define the functional integral of

a tame functional as

L (F) = I4(F)

this is independent of the base E.

fm kg (x)  Fpg)

Definition :
SR RSN PRESHCHILIR L) AR
”F"“= [I'j{( in )J e is a norm on 'j“. ,:Lcan be

- completed in the usual way.

It is necessary to extend the operator I 5t for non-tame

functionals. A basic system {E} in ?( is given by {EildimEi-%i,EiC R}

For any functional F ?Eﬁ:a

- P ' :
R(x) 2 Flxg)
& . B
P is & -invariant if for any two basic systems {A} and {B}
i) P ’ FB! in ’jo( for all p,-q sufficiently large

& q

i1) 1lim I, -7 =0
L L AL

If the space of & — invariant functionals is denoted by I, then
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gince
“FG“ = |17l lell, where X = BTN+ Yy
® P g
F belonging to I“ implies that F belongs to I[3 for all /3
satisfying lé(b € « . The essential property about I“ functionals
is that the projection approximating functions are Cauchy and so
F is in the complétion of ’jo: . '
From the above it is clear that I'If .can be defined for P
in I°< and in pai-ticular for = 1. I'O( is non-trivial since
’J“ <1, o( It is often found convenient to restrict I, further
by demanding that conditions (i) and (ii) are satisfied for arbvitrary
systems of projections {Qn} and {\B m} which tend to unity as n

and m become large. All tame functionals belong to this restricted space}

Im (»y = 1131” I,“(FEn) = f;B(x) e-<x,x>/2orF(x)

( The concept of & —invariance makes the above definition indep-
endent of E ). The lattice or polygonal approximation that is
often used for funcitional integrals can be seen to fit into this
scheme. The lattice is merely a finite dimensional projection. A
lattice type defines a bagic system. The Feynman path integral is
of the form
I‘lbp(x) e%il‘<i’i> F ()
=I‘DW(X) e'%Fdsi> F (i’}zx’
where ,DF(x) is i'maginary but £w(x) is real. Hence it looks like

a commutative Hilbert spaca integral. However for a history‘integral
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a rigorous interpretation is not known except for the trivial

system of the free field. Feynm:;.n‘s postulate is that
<Oinloout> = Jexp %S C¢J” d(P(x)
x

in -
where ‘Qout> are the vacuums. SC$1is the action functional.

in
out

Elements of the S-matrix can be expressed in terms of Greens functiong,
SHE@)Y, = f w) exefs sI4) [T a6
A 4

P is an arbitrary functional. On the right of the above expression

¢ is a classical field whereas on the left it is a quantum
field. In gauge-invariant theories the action is constant on the
orbits of the gauge group.

i.e. 5[4,0.] = 5[¢] where ('PQ is a result of applying the
element of the gauge group to the_ field qS e« The idea of Faddeev
and Popov is to extract the (infinite) factor arising in expressions
for the Greens functions owing to this gauge degeneracy. There are
two ways of progre=sing. One shall be called the Landau-F-P method
and the other the Fermi-F-P method.

The Landau-F-P way is as follows:

We define a hypersurface (¢ ,f((f?) = 0) in the space of
fields such that the equation f(«?‘“) = 0 has only one solution
in £ (x) for any ¢ (x). A functional associated with this hyper—

gurface is defined via the condition

J'Aftﬂg S(f [q)n(x)_] )dﬂ(x_) = constant



113,
. [o!
From the Gefinition it is necessary that Afbe J= AfCP

Yow F-P postulate that

fo4) emyseaaeen T1SCapan) e

should be used in developing a perturbation theory for gauge fields.
The F-F-P procedure is only slightly different. A piece is

added to the action which is not gauge invariant, i.e.

s (¢) —> S[$1= s[¢] +As[¢d
such that A S[¢%J# A s L[pJ.is before

AAS ftﬁ]fexp %AS [(ﬁﬂ_]g dfX (x) = constant
‘%s [$]is a gauge $nvariant quantity. F-P postulate that
IF $ A, T exp (1(s AS)) U a¢(x)

should be used in developing pertu:bation expansions of the Greens
functions.

As a simple example quantum electrodynamics will be congidered.
The lagrangian will be quantised in the Landau gauge i.e 3".&"5 0
This requires choosing the hypersurface given by

£[a] =3, i
Hence Af A is proportional to

([TS(5uam -9 ) anm )

Here Af A 1is A independent and so can be tzken as umity .

So the Greens functions are now calculable.
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In particular
<t (Y yE) )> Landau _
= constant . -[\[/(x) w(v) exp% S TT&Q-A) dA dy ap
X

We could proceed similarly using the P-F-P method. Here 4S [A]

is taken to be o (9 .A(x))2 Ax and AA(AS) is found

2P

to be A independent.
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Appendix 2  Details of the LPZ model
We will let I denote interaction. In particular I(Y) will be
the part- of the interaction lagra.ngié.n which involves Y alone.
It turns out that

I(EWAZ)—lg(—yXe'W + efvw —e'X" ‘H

f‘
+ P, yhe ; )
+igsin® (3 Yoy - M) Ar(opfey eRBeR)A)

+ ig cos @ (( 5} ylet - EI’JX ey) Zy)
+ ig tanBsin @ ( ERX"eR - & x"‘e}'{)zh
I(quarks,W;A,Z) =1ig ( -(HLcos Bc + j‘LsinBc)B‘“ pr; +§Lx'EnLcos 90
| * :lLsinBc)w;k - 5f(n cosd +2 sin ﬁc)w;
+( Tycosf fLsinsc)}PrLW*)
+igain® ((Brafpy - T yfepe Befol- T L)
+igsin@ (5R'6"pR— 'fR’Gf‘rR+ pp ytog - T Frpla p
+igeos 0 ((o 3ty - FL¥fr + 71 3%e; - ?ix* )2, )
vigtan® sin@ (T ¥’ - 5, 4% 0 + Fh¥ Ty RAEUR
‘+1g( ~(-fisin O, + A cosd) oy WA tf-n sinf

+

+1Lcos9c)'ﬁ;+ (-ﬁLsinac + ;'\'Lcosﬂc) A’rri ‘HP

—55,{(411» sin@;r )Lcos 9‘:) W; )



116.

IC B %))
= P m (3K e T 0 ¢ S O Do+ FXT
’ +§e]§+eR+EL%:1_eR)
A (ST e s BT v v BT e 4 W T
v +3’e7<- of + o (’g_;;_ et )
I( quarks,K,Y)

=2 m (TR B+ TRE B, t T e:"’:’- my + 3K 7

v L 2
- - + v
+nI)‘(+rR+rL éo rR)
"Iz- (P T + = + v - - -
2 R X L+ 3k cLiTPR c°7-5-—1’1. trX Py
+0_X P + P 2 )
cy, L -7-—-
-2 n (pﬁ*+r'+p' ) +50 CFV o
_%_ R 7( R —:ﬁ?- L
.+ v
4T p+;\xp+p 0 P} )
X 2 oy TR L T
2 om (FXTT !+ I":x "A, + U M I YO
r! R R -fmg—- L R
| V. o- 4 - €'+ v |
+2X r + r Lo T}
c R L -J?r- R

- 0 - o] = 0
_E :_r}-( ncB(u-l-K )ncL 4+ ncL ( u+6 ) nc:R + }\cn( u+X )AGL

£ a2, (wiA, )
R

°L

There are many more important couplings bui we do not need them.

We now give specific couplings
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-gcosgc(l-li) xr‘
2 ..

-gsin@c(l-x )x""
2

We shall now give the general order of magnitude of higher order
effects on dimensional -grounds

G = 82/m§ ’ 62 = g-2+g'-2 and o = e°

In higher order processes large momentum contributions are more
important than the low momentum contributions. Hence the contri-
bution: from photon-and massive vector boson propagators are of
the same order; the T matrix for weak processes will have the

expansion

T':.'J%__ [ao + 31(91.) +32(1(_)2+ ...]

X3 o
G 2 2,2
NJE‘ [bo + by (GH)+b2(GH)+...]

where M is usually the mass of the vector boson W; so we would

expect that higher order effects are larger in models with large

l[2.
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Appendix 3 ¢ The Kinking Theorem
Phe idea of Kinking was first suggested by Salam and later
thé Kinking thgorem was proved by Isham, Salem and Strathdeell.
The new concept introduced is that of Kinked Greens functions
which are finite (after the standard non-polynomial regularisation).

We shall consider the system in ' d=3 ' field theories described by

L = 29X ervw) + 3290

where V(0) is 1 and x ,» and ? are independent scalar fields.

6xy) =T (X(x) X 0) )7

eigenberg picture

Dirac picture

=< ( X DX @) e 1 3|Q0E() - 1

It is oné of the assumptions of the Kinking theorem that the
replacement of‘a T product by a'Txproduct is valid provided tadpole
contributions are dropped; this is an agssumption ﬁhich has not

" been proved in the framework of verturbation theory. We define
G(N)(x,y) to be the Nth term in the expansion for G(x,y) obtained
by expanding the exponential involved. We define the Kinked‘Greens

function K(x,y) as
Koy) = <X e o j 3 ORA@ >

KN(x,y) is the Nth term in a perturbation expansion for K(z,y).

. o~ o, Ul
[ ’ ® - o %
. * ] P .
s . - o .

. .. L

el G( 2) = .'-.'..' : .".‘-.l"‘ $ -‘__; .S = K . . .

X

if tadpoles

vanish
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I.S.S. have succinctly expressed the Kinking theorem as’

N (¥
My = = () k()

=0 T

We will not reproduce here the general proof given by I.S.S.;

instead we shall look at z special case
12 (z,5) - ¥ (x,5)

' [ z z .
(1)? J dz, ds, ’JP( l)D(x-zl) g"(zl) D,.( 2) D(z]:-z2)
) g,(ZZ)D(zz -y)

= (i,)2 rdzldzz D(Zl)D(x—zl) D(zl-ZZ) D(Z2)D(z2-y)

(i)?(-i)2jj dz,dz, S(x-zl) D(zl—z2) S(zz-y)

s D(z-y) = G(O)(IIY) =K(o)(xsy)
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Appendix 4 : The calculation of S [qc] .

Q)
s )= 07 f @0 @t (60 - 1pieie(t))?
Ot

a et (e@en?)
¥e shzll often use relations of the fom62
J'snucnu du - --(d.nu.)/l«;2 ‘ (44.1)
fsn uenudn®u du = -1 an™1y (A4.2)
(m+1)1~:2

Jcn2u an® u du = 1 ((1+k2)E(u) ~x?u+k’snucnuadnu )

3 (44.3)
and snu__cnfu du (for n+p-1-2mf 0)
dn2m )
v (A4.4)
= -]i§ [ sn’u enP%u na?® Ly au —x! 2 J enfu en?"%u na®™u au
k
Now é(u) = -snudnu + icnudnu
Hence

Yy -
j. du ( e(u) )2 = J du (snzu an2u= cn®u anu ~2i sn u en u dnu )

u u

a - Ta
= L B(u) lub

3kz u,

2

where B(u) = ( (k2-2) E(u) + 2x*“u - 2%sn w cn u dn u

1

3k2

+ 2i dn3 u )
3k2

In evaluating the remeining terms in the expression for S [qc]
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we shall just expand the integrands as products of sn u and cn u

and then use relations such as given in (44.1) to (A4.4).

u u
b : 2 _ _ . 2
j w (e(u))® = [u - 2 (u-B(u))-2i(dn u)/k]
u k2 uat
a a
Similarly

Idu (e\u))4
= 8 k2—2 B(u) + (14x® +k —3k2k' 42) u+ 8 snucnudnu

3k4 3k4 3k2

- % awlu  + 41 ( 124 2k'2) dn u
x4 R~

3

where we have evaluated I;n u cn”u du using (A4.4) withm =0

n=1 and p = 3. Finally collecting together terms we have

s (] = 7 [F)] %

u851t
where F(u) is given by
Bu) & c2n i’z -p2c® 42 P2)act .
3k2 k2 3k4
su (36202 2% $p%%0 - 2) ¢ (4 Pa®oueBie) 2 o)
32 2 el 4

+snmucnudnu (30 2 2(--2/3) + 2204/3k2
a’u (%6202 . 21/(3xD)?) ¢ an®u (~aictich

+dnu(it202+i}104(k2+2k'2) )
2 4

k X
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