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Abstract: 

The thesis is divided into four chapters ( apart from the 

introduction). 

In chapter one a general formal foundation of local theories 

using the Higgs-Kibble mechanism is given in the unitary gauge. 

The geheral term that is added to the lagrangian owing to the 

presence of a gauge group is found both when the gauge group 

has and has not a non-trivial unbroken subgroup. The conjecture 

made by S. Weinberg about the form of this term when there is 

a non-trivial unbroken subgroup is found to be false in general. 

However;  when the unbroken subgroup is abelian, the conjecture 

is shown to be correct. A brief discussion of possible theories 

of currents following from these theories is given. 

In 'hapter two a specific model of weak and electromagnetic 

interactions suggested by B. Lee and Prentki and Zumino is used 

in studying K 	K1 	and yr, decays.This model uses the gauge 
Z   

principles given in chapter one. We find that the model does not 

fit the data well even though it has many arbitrary parameters. 

Comparisons with current algebra are also made. 

In chapter three non-polynomial theories for which the fields 

are only functions of time are primarily investigated. The usual 

contour integral methods are shown to be unnecessarily ambiguous. 

The conditions for the validity of the Kinking theorem are found 

not to be entirely consistent. The validity of the extrapolation 
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of such results to the one time and. three space field theories 

is discussed. 

In chapter four the zero space dimension A tp4 model is 

studied. A non—perturbative solution in the one—loop approximation 

for the self—energy functional is obtained. This amplitude is 

found to be non—analytic in A . The possible implications for 

higher dimensional field theories as well as the validity of 

perturbation theory are discussed.. 
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6. 

Introduction: 

In the approach that we shall adopt, a physical theory is 

given by a lagrangian and an appropriate quantisation procedure. 

A recurrent theme in particle physics is the invariance of the 

lagrangian under group transformations of the fields. Often, the 

parameters of the group transformation are not dependent on space-

time, but theories in which this is not the case are known as 

gauge theories. The importance of these theories is best under-

stood from specific examples. 

A free Dirac theory of electrons is invariant under a phase 

transformation which is independent of space-time. Such a theory 

requires the phase at all points to be changed equally and simul-

taneously. Dynamically there does not seem to be any reason for 

this. However, if we allow a mediating field, it is possible to 

have the phase of the electron field varying from one space-

time point to another. The mediating field is known as the 

electromagnetic field. In fact the line integral of this field 

between two points measures the change in phase of the electron 

field induced by a general gauge transformation. The gauge group 

of electrodynamics is isomorphic to rotations in two dimensions. 

Yang and Mills
I were. the first to generalise this idea to the case 

of isotopic spin. The concept of isotopic spin invariance arose from 

the observation that particles such as the proton and the neutron 

are very similar, differing only in their charge, and that in their 
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strong interactions they behave identically. If we consider that 

all interactions apart from the strong interactions are switched 

off it should be possible to adopt arbitrary local definitions 

of proton and neutron states at different points. As in the case 

of quantum electrodynamics (Q.E.D.) a local gauge invariance can 

be achieved by the introduction of a mediating field (with actually 

three components). Nowadays a Yang-Mills group is taken to denote 

the infinite dimensional group which is obtained by taking the 

continuous direct product of an arbitrary Lie group with itself 

over space-time. 

Although the idea of Yang and Mills is very simple and 

beautiful it still only allows us to write down a lagrangian. 

There remains the major problem of making calculations with such 

a lagrangian. We will consider two examples which will naturall: 

lead to the study of the main items in the thesis: 

—1/4 (c. r ,,)2  — (D K )(DK)-meK 
-1/2 XeK )2  

where W
a is a massless Yang-Mills isospin one triplet of vector 

. mesons and K is an isospin a half scalar field first introduced in 

this context by Higgs2and Kibble3  . This is very close to the original 

model of Yang and Mills except that we are dealing with scalars 

and have a quartic scalar interaction. We have the definitions 

Ga = dW —"DI Wa 4-g 	W
b 

W
c 

Y 	 abc 	v 
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and D: 	-1/2 ig Wµ Y a  ( where T al  a = 1,2.3 are Pauli 

matrices). Explicitly L i  is invariant under the group transformation 

l „,a 	a 	b 
n

p 	
Wa 	"abc A W 	t,Aa 

K-0; IC' = ( 1- i/2 g A ala  )K 

The essential difference between L1  and Q.E.D., mathematically, 

is the non-abelian nature of the gauge group. Physically, since 

experiments do not find evidence for massless spin one particles 

other than the photon, if L1 is to be capable of development into 

a physical theory all' but one component of the W boson should be 

massive. In fact the masslessness problem in L i  can be avoided. 

and this was the major achievement of Higgs and Kibble, Hagen 

and Gu:valnik4. If we write 

K 	( mt 	i a  t a  ) 

where the fields M, and cpa  ; a= 1,2,3 ) are hermitian and require 

a non-invariance of the vacuum under the symmetry by demanding 

<01 MI 0> --r• 0 

then the term linear in II must vanish i.e. 

- 	mk - 4-2-A k3  =0 

This implies that 	k = 0 or k = Fm7N . 

Now if m is positive and k is non-zero then we must have the 

mass of the W boson imaginary. If we want k non-zero and m negative 

then 4 in terms of the new fields M and 
cp  a 	

becomes 
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—1/4 G:o  G70, —.1/2 (gicilf2) 2  W 2  —1/2 (? M )2  

— 1/2 ( 4 A g2 k
2
)m
2 

— 1/2 (arfa) ("41)a) + • • • -1,1- 
This is in its most naive form the mechanism of Higgs and Kibble. 

Before considering the quantisation aspects we-will show another 

naturally occurring gauge symmetry. In fact general relativity can 

be written in a Dirac y—matrix basis which emphasises the SL(2,C) 

gauge symmetry. The Einstein lagrangian is 

2 	i Tr [In Lvl Bt4v  

det 
4 
 Tr el'  

where IP and Beare fields which transform as 

Lt(x) ---)LtP(x) = ( t(x) )-1  24(x) S ?"(x) 

B‘(x)--9 Bd.(' (x) = S(x) B S 1(x) — i S(x);) S-1(x) 
ab 	)4" 

and S(x) is exp i (*ab(x) 9:- ). We define t to be WA . 
2 

As usual B
149 

is the invariant field tensor 

a. By B
I4L i LB  µ' B  

i.e. B transforms under SL(2,C) as 

B
14)1 	

B/Ay 
= S B S-1 
 r$ 

The striking new feature here5  is the naturally occurring non-

polynomiality in the lagrangian. Methods have to be invented to 

deal with this. 

We will mainly consider cases in this thesis for which 	and 

1. 	are typical. In common with Q.E.D. we have the problems of 
2 
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gauge quantisation 
6 
. The problems of quantising are already 

present in the case of the free electromagnetic field. The equations 

of motion are given by the vanishing of the four divergence of the 

field tensor. Owing to the abelian gauge freedom there is an in-

finity of solutions for the photon field. The established methods 

for dealing with this problem all break the gauge symmetry. One 

method keepa the lagrangian in tact but the divergence of the 

photon field is fixed. This in effect chooses a gauge. Alternatively 

a piece SJC can be added to the lagrangian to make it no longer 

gauge invariant. Fermi used this second procedure and for a took 

minus half the square of the four divergence of the photon field. 

This approach involves an indefinite metric
6
. States containing 

an odd number of time-like photons have a negative norm. The ac7ual 

details are non-trivial and the above techniques are of somewhat 

historical interest owing to the method of Faddeeit and Popov7  which 

leans heavily on formal arguments based on the Feynman path integral. 

The question of unitarity and an indefinite metric are closely 

connected. Feynman
8 

was motivated in his quantisation of Yang-

Mills fields by the need to make his amplitudes unitary rather than 

gauge invariant. Fictitious particles which flowed only in closed 

loops were found to be necessary. The fictitiousness of the particles 

is seen from the extra factor of (-1) associated with the closed loop. 

Just as in the standard treatment in Q.E.D. a gauge breaking is 

introduced into the lagrangian via a Lorentz type condition or 

via adding a non-invariant piece to the lagrangian. A treatment of 
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the main features in the method of Faddeev and Popov will be 

given in Appendix 1. 

The remaining problems are those of renormalisation. If a lagrangian 

involving a general field 1/ has the expansion 

" ( 4)) 4-• 0 
where L

n 
are independent of y. then we can consider three separate 

cases. We can have 

i) Ln  7-• 0 for n greater than 4. 

ii) L
n 

0 for a finite number of values of n larger than 

four. 

iii) L
n
i 0 	for an infinite set of values of n. 

Cases (i) and (ii) are both polynomial lagrangians whereas case 

three is not.In fact case (ii) is rot renormalizable and no useful 

theory exists for it. Case (i) gives the simplest situation. However 

when local non—abelian gauge symmetries are present the renormali7 

sability is not easy to prove; owing to the work of tt Hooft9  

and Lee and Zinn—Justin 10  0 f - T ( and generalis:.tions of this ) 

have been shown to be renormalisable. 

Case (iii) seems at first sight to be the least tractable. 

However a remarkable amount of progress has been made on these 

theories by Delbourgo, Isham, Salam and Strathdee
11  . A very 

important example is given by 

( cfr ) = 	G s exp( 11.1(x) 	—1 : 

Formally 	‹T ( sexp)(4)(x) — 1 	exp x4(0) — 1 
	

)>, 
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equals exp(7c2  ;,(x) ) -1 (2(x) say) where Dr(x) denotes the 

free Feynman propagator for a scalar field s6(x). If reasonable 

field theories are to emerge for such interactions it is necessary 

to have adeauate distribution theoretic interpretations for 

(x). Following Speer12, Isham,Salam and Strathdee and Mitter'3  

we define 
00 

n%1 
	

4
1  Nn 

1 
(x2.1. 10 )n('A -1) 

Although formally the 1-40 limit gives 	(x) we have to be more 

careful. Jaffe has introduced a new class of test function spaces 

which generalises the space of Schwarz in such a way that in 

momentum space the test functions decrease exponentially ( approx-

imately) while in CQ -Ordinate space the Jaffe spaces have inter-

sections with the space of infinitely differentiable functions 

with compact support which are dense in the latter space. In 

fact it can be shown that Z(x, X) is a Jaffe distribution 

when 0.‹ Rel.< 1 , 0.c a <Iml.c 1 and a is a fixed 

constant. Speer was the first to introduce analytic renormalisation 

in conventional perturbation theory. However the actual idea of 

defining ' ill-defined ' quantities by analytic continuation 

goes back to M. Riesz
14.The A=0 limit is normally singular and 

Speer devised a general evaluator on a function of several var-

iables which in essence is the operation of taking the constant 

term of the Laurent expansion of the function. The essence of 

the non-polynomial method is the extension of the Speer evaluator 

to the case when the Laurent expansion does not exist. For an 
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arbitrary function 

A co E ALco + ANL(A) 

where AL  has a Laurent expansion at:.:0 but ANL  does not. 

The decomposition is obviously non-unique and the methods of 

Isham, Salem and Strathdee, Volkov15 and Bitter give a pre-

scription for obtaining an AL  . Given such an AL  the method of 

Speer can be used to obtain a value at %:() for A(1). Now taking 

the Fourier transform .T of 43(x, ).) we have 

(g5(x,) ) = 	7t3  24 	cosIrz (22-A!f 	 (p,A) 
21. 	 / 

sit, rs 	SCst Tro_A)-E 
where gp,A) = 	( 2  • L NCI-A.)7 -2 p - oj 

r(0.-.)i_ 	I"( (1-),) 	rc-z+i) 
and the contour r is given by 

2 	3 

( Here we have used that 

- t 
j_ 	oro-m)2 (1,2  Loyl  " ) - 2 	p (2... n  

+NI  k 	1 	r (rt. (I- a)) 
both sides of the equation being interpreted as Schwarz distri- 

butions). As 	0 1 is pinched at z = n, n = 2, 3, 4,... 

(1(47))NL  is extracted by locally deforming the contour ri co 

as to enclose the pinch singularities. Actually when we take the 
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limit ) -4 0 we find that 

Re (iP4D) ,•.■ 0 	as p
2 	

00 

Im 	exp (p2)rs  as 	 2 s 	p 	VD 

There is.a rapid fall off of the real part
16
. Now from the work 

of Bogoliubov, Shirkov and Jaffe
17 

we know that the Tx products 

of the interaction lagrangian are ambiguous up to operators with 

point support. To second order in the coupling constant the co-

efficient of such an operator is a Jaffe distribution of the form 
eo 

en ri 
L'
nS(4) (x) 

n=0  

with c
n 

real and ;E:c
n z

n 
an entire function of order 

less than a half.( This last requirement is due to locality). 

Our superpropagator does not contain this type of ambiguity 

because of the fast decay at infinity.Lehmann and Pohlmeyerl6 

noticed this and called this property minimal singularity 1 ; 

so far forLint = : exp( ). d') — 1 : it has been possible to 

construct Greens functions displaying minimal singularity for 

second and third order Greens functions only. It is useful at 

this stage to consider what is desirable in a quantum field 

theory. Following Wightman we will require 

(a) a separable Hilbert space, 'R. , of states 

(b) covariance of the fields under inhomogeneous SL(2,C) 

transformations 

(c) the spectrum of the generators of translations lie in 

or on the plus cone 
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(d) local commutativity of fields 

(e) asymptotic completeness, i.e. it = R in 	lre  out 

Usual localquamum field theory has fields which are Schwarz 

distributions. From our review of second order perturbation cal-

culations using the exponential lagrangian it seems that we 

should be considering Jaffe fields. Working from the axioms 

(a) to (e) it is possible to derive for this general class of 

fields a connection between spin and statistics, existence of 

PCT symmetry, crossing symmetry, the proof of dispersion relations, 

and the asymptotic condition. It sometimes happens that a non—

polynomial lagrangian arises from a polynomial lagrangian by an 

analytic redefinition of fields. Indeed a non—localisable field 

constructed as a strong limit of local fields can be shown to 

be PCT equivalent to a given local field provided certain conditions 

hold on the local fields of the approximating sequence. Fields 

which are PCT equivalent will be S equivalent if they have the 

same in—fields. 

J:
2 
 unlike the simple non—polynomial field theory considered 

above contains a gauge symmetry. Both these facets are intimately 

connected with each other and the nature of the problem of derivatives 

is best exemplified by the following example. ( A proper distri-

bution theoretic formulation of the argument is easy but cumbersome). 

= 1/2 	VX/4X) : v(1) ) : 	+ 1/2 	-)14(1) 
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where v(0) is 1 and 'A and y6 are independent scalar fields. 

We will define 	TT (x,y) as 

Tf(xl y) E <0 IT (5 Xx) : v(15(x)) - 1:3J(y) : v(16(y)) -1: )1(1> 
toP  

This just represents the series of diagrams 

+ 

.•■• 
.11 

04. 	■■••• 	••• ■■■ 
0‘ 	 A 

- _ — 	 + etc. 

where ' ------' represents )(lines and ' 	' represents plines. 

Now 

TT (x,Y) --,ag D (x-Y)<OITO v(41700)-1:: v(4)(y))-10 1 0?)) 
PV 	r I? 11  41, 

1 24+- A- v(n)x  In fact using  standard techniques we have (taking v016, = 	__ 

	

:Imo n! 	) 

2r/1 (p2,  = 1 	rix eiPax Piz r(-2) ('-' )z(-(v(z))2)D2(x)9 a D (x) ' 	27r i 	 F 	pl. Y F A? 	Jr 
We shall use the derivative formula of Salam which is obtained by 

taking time imaginary and performing the usual derivative operations 

in the resulting Symanzik region of space time. The formula is 

DzgD = 	2  
F fa y F 	z+1 ) 727127 	

1 
ity — 	g 921 Dzfl 

	

y 	4  

There are of course analogous derivative fDrmulae for other products 

of derivatives and these are always arranged so that the order of 

derivatives on both sides of a relation is .the same.Using  the above 

formula we have 

TIE(p ) = (1/2Tri) eiPex dz r(-z) (-1)z(-(v(z))2)  

r7 
	

(z+1 ) ( z+2 ) 

.2(g-  g  fi)2) Dzia 

	

ti 	tty 
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Performing the co—ordinate space integration we have 

TT (p) 	"az (--))z  1.1( -5) (-2 (v(z))2)r(i.„)  

(z+i)(z+2) r(zo.) 

.(tp2 )2  (-1) P /P2  + g ) 4 ry 
Y  

It is to be expected that as r -->rt ( where r' is given by 

displacing r by one unit to the left so that 0 is now enclosed by 
the contour) the residue at z=0 should correspond to a simple 

9c- propagation. This is particularly clearly seen from our dia-
grammatic interpretation for TT . However we find that 

—1(24-1  Res( r p p ritn Z=0 = 4 p2  instead of 1.p2. 
It may be argued with some justification that the derivative .  

formula is manifestly absurd since it implies 

❑ F = 0 

D
F 

is well—known to be an inhomogeneous equation, and it is easy 

to modify the theory in an ad hoc way to correct this. However 

this ad hoc procedure has not been generalised to arbitrary 

products of derivatives. Given a derivative prcicription it is 

still necessary that only a formally gauge invariant set of 

diagrams has been included in the definition of the superpropagators. 

Some progress in the chiral case has been made 
18
. In principle a 

gauge invariant set of diagrams can be defined for more com-

plicated theories such as gravitation. However the problems of 

obtaining a compact expression on which superpropagator techniques 

may be usefully applied are present. Even given a formally gauge 
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invariant set of graphs it is necessary to regularise them in a 

gauge invariant winner. The non-polynomial method has built in 

a regularisation somewhat similar to Speer's. The latter regularisation 

is known not to be gauge invariant in general and so we expect a 

similar sort of trouble in non-polynomial theories. 

In this thesis we are interested primarily in questions involved 

in quantising lagrangians which are non-polynomial in form or 

involve gauge fields ( or both ). The subject is very technical 

but werare stimulated to this study by the undoubted elegance of 

gauge field theories. The scheme of the thesis is as follows : 

In chapter one we consider spontaneously broken local symmetries. 

No explicit symmetry breaking is ever introduced. Indeed in the 

arguments given by 't Hooft and others concerning renormalisa- 

bility of massive Yang-Mills fields gauge invariance played the 

dominant role. The basic ideas involved in giving vector bosons 

masses is discussed at a dynamical level. Recently Weinberg
19 

has considered the quantisation of these local theories in the 

general case in the unitary gauge.He made a very interesting 

conjecture about the non-local gauge compensating term ( characteristic 

of gauge theories ) which has to be added to the lagrangian. In 

essence he required this term to be independent of the generators 

of the unbroken subgroup. This will all be transparent when the 

technical apparatus has been set up. Unfortunately Weinberg's 

method of attack was not flexible enough to prove his conjecture. 
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We
19 used the very powerful method of Faddeev and Popov to 

examine under what condition s the conjecture of Weinberg is 

valid. In addition the results of Weinberg for the case when the 

gauge group has no unbroken subgroup are easily obtained using 

F-P. A brief discussion of the currents in the theory follows. 

Currents have not been the centre of attention in these spontaneous 

symmetry breaking models since the possibility of higher order 

corrections which are calculable is the main difference between 

these models and effective lagrangians used in the past. We find 

difficulties inherent in the spontaneous symmetry breaking nature 

of our lagrangian which seems to make the method of generating 

Sugawara type theories using the method of Bardakci, Halpern and 

Frishman not directly applicable. This approach has recently been 

advocated for the Higgs-Kibble type theories. We have not found 

any consistent way of modifying the above procedure to make it 

satisfactory. It is amusing to note the presence of q-number Schwinger 

terms in some _ current commutators, a feature which also occurs 

in the work of Barnes and Isham
21. This perhaps should not be too 

surprising since non-linear realisations are closely connected 

with spontaneous symmetry breaking. 

In chapter two models of unified theories of weak and elec-

tromagnetic interactions are discussed. We give some simple criteria 

for the usefulness of these models. In particular we examine the 

Lee-Prentki-Zu.•nino22 model (LPZ). There are many other models, 

of course, but this is one of the simplest off-springs of the 



20. 

Salam—'17einberg23 model which avoids the obvious experimental 

pitfalls. Indeed until recently no better models were known. 

The models which are now available are often more complicated 

and so the predictive power is not great. In LPZ we find that 

we are unable to calculate 24 fn  and f
K 

mutually consistently. 

Some other features are found to support current algebra predictions 

and yet others to contradict current algebra results. We found 

that the leptonic processes were not very useful in constraining 

the LPZ model. Only the semi—leptonic processes seem to imply 

constraints. Actually the purely leptonic process ;Pe  e --* e e 

gives a very modest limit on the mass of the new scalar mesons 

which occur in the theory. Many calculations exist now in the 

literature using other models but we only believe the order of 

magnitudes of the calculations. 

In chapter three we consider one dimensional non—polynomial 

field theories. At first sight this may seem an extreme simplification 

but it is really surprising how much of the established features 

of the four dimensional features persist. The degree of rigour 

and simplicity in interpretation of tadpoles allows in our opinion 

a useful probe into the thorny topic of derivative interactions
26
. 

Various forms of the non—polynomial interactions are considered. 

The behaviour at infinity of the interactions as well as the analytic 

properties of superpropagators in the minor coupling constant 

both point to exponential interactions as being the best behaved. 
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It is necessary to be somewhat cautious about extrapolating 

the results of low dimensional field theories to higher dimensional 

ones. In particular the exact nature of the A analyticity in the 

minor coupling constant does change as the dimension of the space 

changes. The most interesting aspect of this study is of course 

the possibility of a rigorous treatment of derivatives. In the 

fully relativistic case these derivatives are very badly under-

stood owing partly to the first type and second type tadpoles that 

occur. We have little to guide us in our choice of values of these 

tadpoles; the work in lower dimensional theories will not help 

us to find the values of the tadpoles but we hope that it will 

show up the degree to which the ad hoc assumptions about tadpoles 

may be accurate. We were able to scrutinise the Kinking theorem
11 

and it was found to be not quite consistentae suspect that thill 

is true also in the four dimensional case but at the moment the 

conceptual difficulties ( in the non—polynomial framework where 

counterterms are not permitted ) are too great to extend the 

considerations we have given. 

In chapter four we lock at perturbation theory itself and con-

sider whether it may not be a suitable tool. In quantum gravity 

we would like to know the fluctuations about the classical solution 

for the metric; but this is too difficult at the moment. Using 

classical solutions given by Raczka
27 

we find a closed form for 

/ the self—energy functional for the one dimensional theory A q4  (t)_ 

in the one loop approximation. Since the solution is non—perturbative 
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the expressions that we obtain are very complicated. It is clearly 

necessary to understand the nature of the solution of a simple 

case like this before the more realistic and complex cases are 

treated.•It is very interesting to see emerging a non—analyticity 

in )even for such a simple divergence free theory
28
. Our experience

26 

is that coupling constant analyticity becomes more singular with 

higher dimensions of space. In this connection we will discuss 

an amusing and perhaps profound observation made by Salam and 

Weisskopf about the role of —analyticity and the nature of the 

' Schwarzschild singularity. This investigation supports the view 

that coupling constant perturbation theory may not be a valid • 

procedure to follow. 

Four appendices have been included. The first deals with 

Faddeev—Popov quantisation and Feyiman path integrals. The second 

gives some of the interactions in the LPZ model as well as a brief 

consideration of the order of magnitude of higher order calculations. 

The third appendix gives a simple exposition of the Kinking theorem 

• due to I.S.S.
11. The final appendix is concerned with the calculation 

of the classical action involved in the considerations in chapter 

four. 
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Chapter 1 Spontaneous symmetry breaking in gauge theories  

We would first like briefly to examine the dynamical reasons 

for the apparent breakdown of Goldstone's theorem4  in the Higgs-

Kibble mechanism. We cannot really solve any non-trivial field 

theories in four dimensions; fortunately the free field gives a 

non-trivial illustration of the Higgs-Kibble mechanism. We will 

thus consider (in a first order formalism) 

i) 1- G II  el 	4)4 01. - 2-2 Pt: 1)2  

ii) 4HK = 	- 1  Fro  PatAAM - "v 	) + 	F
For

F 
/-4-v 

cpP a q) + cro - g 4fA 
t4 

whereas j:HK  denotes IHiggs -Kibble G denotes X  Goldstone  

Actually the developments of the Higgs -Kibble mechanism were due 

to many people. In fact it was P.W. Anderson
28 who suggested the 

mechanism first for non-relativistic field theories. Now J:G is 
invariant under a constant shift in the field when IA = 0. 

The conserved current for this symmetry is g. Similarly HK 

is invariant under the field transformations 

(a) —5 95' (x) = 0(x) 	g E (x) 

	

A (x) 	A' (x) = A (x) + 	e(x) 
/4-  

In the proof of the Goldstone theorem the commutator 

C s(x) = 4)1 RAx ) s6(0)] 10> 
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plays an important part. The broken symmetry condition is just 

C°  (x) d3x 	0 
R3 

The current conservation requirement in the Goldstone theorem 

hypotheses imposes 

J3  C0(x) d
3
x 0 

R' 

Given these two conditions the proof of the Goldstone theorem goes 

through. For X we have 

CG ( x ) = — DILA( x,0 ) 

' where 4 
A (x, µ2) = 2  lr 12 	eiP'x  4: (P0) S (P2-1.0) 

(2704  

Explicit calculation gives 

0 
CG  ( x ) d3x = —i cos rot = —i when tA0  = 0 

So the Goldstone theorem hypotheses apply if and only if 140  = 0. 

This is of course obvious from simpler considerations in this case! 

We will choose to quantise J: 	in the Coulomb gauge. This 
HK 

is not a covariant gauge and it is conceivable that quantisation 

using a manifestly covariant gauge may give drastically different 

conclusions. Actually in the Lorentz gauge Goldstone bosons appears 

However these massless bosons occur in the lagrangian with the 

wrong sign for the kinetic energy and so they are unphysical. A 

method of introducing the Coulomb gauge condition is to add to 
3 

the lagrangian a lagrange multiplier term 	Ak 
k=1 
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The field equations are 

a A — 
y
A 

-D 4, 	g A 
IA 

0 

0 

The equations which do not involve time are the constraint equations 

and we see that 

v2 Ao 	goo fak Fok 

The dynamical variables 4 	, and the transverse components 

of F
ok 

and Ak  are independent.The canonical commutation relation. 

of interest is 

[4) °(z,t) , + (Z,t )] = -iS(L-z) 
and so we see that igris the conserved current which generates 

the first type gate transformations inc. We write 

g 	= g 111A —i4.4)11X  

and then j: becomes 
l'HK 

= 1  F t")(a 	— faV 	F 4 g2  
MK 	r. it 	 PV 	 P- 

vk 	3  ko  
Moreover 

cii (x) 	ig3 <61[1/14(x), ( 72)-1)k V11 /C>  HK 

From the form of 1,tEK  we see that we have a free field and so 
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we know the commutator involved in CP
K 
 for all values of x. 

H 

In fact 

i [OW, ivy)] = 	g-2,n)/S(x_y;g2) 
An explicit calculation gives 

83 	
O°Hic(x) d3x = g cos gt 

It is this time dependence which spoils the proof of Goldstone's 

theorem. 

We will now turn to the main interest of this chapter : 

the setting up of a general formalism for local Higgs-Kibble 

type theories. We shall consider a compact Lie group G of dimension 

N and generators 16.7j.(= 1,..., N 	Our theory contains spin zoro 

fields, Op(x)2  transforming under a representation Ro  of G, spin 

half fields
n
(x) transforming under a representation R1  of G 

and finally spin one fields Awe,(x)  transforming under the ad-  

joint Tepresentation of G. ( Frequently we shall suppress the 

representation indices such as p, n2  and ac). The most general 

lagrangian compatible with conventional renormalisability and 

Symmetry under G is 

1 	rb --irry (aA - BA -E A Av ) 
Icy 	y eq. 	%lax Ar. = 4  imp K 

+ 	14e - DF(pp  c(4P + i  (1:4,)P A.p.) 

‘Tn r(9fOr'n 	
(.2 On Awr) 	4],a  %Yr, 

- P (+) - ■1"/ (-F1 , ib )4, 

where 	T1  and -r ° are matrices representing the action of 
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Ja  on 11/(x) and 4(x) respectively and 

et 	44°  3 :]  = jr 

The equations of motion give in particular 

P 	= DA 	— 1) Au  —E 	
at et tor 	oN 	31 IA 	 °rig ate a'Y 

P
D ciA) 	= 	 Clet  )pq  eP (3.  A of  I.%

P 	PP 

and  ( Dr,T )n . aqin + i (It )nm 	A 
m 	ocix. 

For the sake of completeness
19 

we will now give some conditions 

that have to be satisfied by P(4)1 -17  and m0  . However the 

details of these quantities do not play a large part in our 

considerations. The criterion of hermiticity requires P(4) to 

be a real function and renormalisability in the conventional 

sense demands that P(16) is at most a fourth degree polynomial. 

Naturally we must require that P(40) is invariant under_the group 

action of G on 0. This gives simply 
ap(95)  ( -c:) pq  4 q = 

‘a  

I 
Similarly G invariance of 4/0-',T)y implies that 

s yo Pp] = — (7.:e )pcjo -Flq  
while hermitieity requires 

—r  p — 	o 4 po 
m 	• The various gauge Identical reasoning gives mod  = 	0 0 if') 

0 
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o 

coupling constants are absorbed in I
et it up 	and E jy!. Without 

loss of generality we can choose J and Aat hermitian which in 

turn requires Elve real. Moreover when G is semi-simple or of the 

form (semi-simple group) x ( abelian group ) we can demand that19 

E - -E = -E = - E 
OpW 	artil 	1104 

We introdule the inner product 

<xty> = X 
1:71) 

where x and y have the same representation under G . The inner 

product is group invariant if Argu,v> equals4Cutg
-1
v> for any 

g in G. A necessary condition for group invariance of the inner 

product is 

(" c"1 = 
	 o) 

oc • qr 	rq 

We choose lc
o 

so that this is true and also we take #(x) hermitian. 

For a and b transforming under R° we have 

d 	ist: s. 
‹ac 

 
ca 	Ca, e 	Id s= 0 

In order to work in classical terms but still have a proper quantum 

treatment we shall use the formalism of Jona-Lasinio30. To the 

ordinary lagrangian ( 	,?cp,...) is added a Schwinger source 

term K(x)/p(x). We define the generating functional for connected 

Greens functions W110. 

exp i W [X] a1.0,04o1 0, 	K 

10, ad> are the ou.1 where 	 vacuum states.Following standard 
in 

procedure we make the functional Legendre transformation29 
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r [(p c] 	virK) - dog K(x)Cpc(x) 

where Cpc(x) = SW/SK(x) = <-01 boVp(x)10 2—co) K  

<0p= 0,— °° /c  

It is clear that g 	r = 0 and that 
K(x) 

s ris (pow - 	— K(x) 

In field theory we are often interested in connected: Feynman 

diagrams which cannot be disconnected by cutting a single internal 

line. These are called one particle irreducible Feynman diagrams. 

It turns out that roan be interpreted in terms of such Feynman 

diagrams. Now 

But 	S K( z) 690(x) = S2 r 	.(z) To(x) and the 

second functional z-erivative of W is just the propagator; hence 

s2  r s e( )S-.%(i) is the inverse propagator. Similarly 

S 3  ri = — 	d4o d43  d4'  C  if A 	2  r  
sy,c(x)S1),(y)sce(z) 	 si9c(x)stcoe 

where S = 83w 
	S2 r 	s 2 r 

K(&) SK(p) S Ka) 
	yo.(p) 8 pc(y) 	cYpetr) cs-Tc(z) 

82  r 	= (.—y) =I d.4. 8 -y7 	Liu.) 
D-77,737 	 S K(y) 5K(z) Sic (x) 

S 
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Diagramatically we can interpret this last equation as 

where D denotes propagator. Further study of vertices would confirm 

that r is indeed the generating functional of one particle irred-
ucible vertices. We can expand ras 

r c = 	z 	1 	d4x1...d4xil l"(n)(xl,..., x
n 
 )q,

c  (x1 	c 
)..9,(x

n 
 ) 

- n=0 nt 

' where r(n)  is the sum of all one particle irreducible diagrams with 

n external lines. This is not the most useful form of the expan-

sion. In fact we can consider rkn) in momentum space and ex-

pand about the point of zero external momenta; then 

r 	f d'x (-- v(9.(x)) 	u(c19.)+ • 
The ' a cpc(  term is absent because of Lorentz invariance. v(q9c) 

is known as the effective potential. Since 

exp ifd4x (- V(cc) 	(1/470)2  U(970)+ 	) 

siP 	- 1  a4x K( )970(x)) 

we have V(Go 
0
) equal to the classical potential in the tree 

T  

graph approximation. Spontaneous symmetry breaking occurs if 

<01°01 p(x)101-- co> 	0 when K =.0 

i.e. 	srisq,
c
(x) is zero for some non-zero pc. 
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If we are interested in translationally invariant vacuum expec-

tation values <0,b151a(p(x)1 0,--ct> is zero and so the vanishing 
ri 

of Sr/soc  for non-zero cc  is equivalent to the vanishing of l 

dV/ dope  . The unitary gauge condition can now be formulated in 

terms of the effective potential. This is somewhat better than 

Weinberg's formulation since he uses the ordinary potential in 

his definitions and so strictly is working to a tree graph ( or 

semiclassical ) approximation. The gauge condition is given by 

<T° , 43(x)> =. 0 , a = 1, ... ,N for all x oc 
where .X satisfies 	 (1.2) 

?Feff (). ) 	0 

q 

Here P eff 
( 0) is the effective potential which reduces to 

P (0) in the tree graph approximation. It is useful at this 

point to present an argument given by Weinberg which proves the 

existence of the unitary gauge. 

We suppose that <eix)., cp(x)) 0 0 for all oc 

and consider a gauge transformation T belonging to Ro  which 

transforms 0(x) into T(x)tp(x). G is of course assumed to be 

a compact and local Lie group. We define 

F(T) = < 	T > 
F(T), for fixed x, is a real bounded differentiable function 

defined in the closed manifold of G and so has both maxima and 

minima. We suppose F(T) has an extremum at T equal to Ts  ; then 
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( F ( TB  1- ET ) — F ( TB  ) ) is zero to first order in S T. 

Hence if 

& T 	o 
eC 

where E are arbitrary infinitesimal parameters. Now 
vt 

eoe  < 	I tom  TB 	6.0ticr oco 	TE  

The condition for an extremum together with locality gives 

<T. °  )L, T.., CP> = 0 for all x, and for all OC 
0( 

This proves the existence of the unitary gauge. 

One of the aims of our work has been to build up an 

analogue of Kibble's beautiful counting theorem in the context 

of quantising gauge lagrangians. Weinberg 
19  made conjectures 

about these analogues but was unable to prove them. 

Kibble's Theorem3: 

We let S be the isotropy group of ,k . We denote the 
dimension of the representation R

0 
 by n and the dimension of the 

isotropy group by M. Of course M is less than or equal to N 

where N is the dimension of G. Before introducing the gauge 

vector fields there are (N M)massless scalar fields which moy be 

placed in one to one correspondence with the broken components 

of the symmetry group, and (n+M—N) massive scalar fields. When the 

Higgs—Kibble mechanism is introduced, (n+M—N) massive scalar fields 

remain, but the remaining (N-11) massless scalar fields linearly 

combine with (N M)of the vector fields to yield (N—M) massive vector 

fields. M massless vector fields remain. 



33. 

The proof of this theorem will not be explicitly given but 

it is to be found implicitly in our formalism. First we will give 

concrete examples of this theorem. We will take U(n)31  for G and 

consider 95 to belong to the complex fundamental representation. If 

the vacuum expectation value of 4pis the massless vector fields 

are n x n hermitian matrices )( satisfying 

1( • 	= 	0 

and also 	)l1'. I = 	0 

These equations give ( 2n- 1 ) conditions on 1r and so out of 

( n + 2 12  ( n-1  ) ),i.e. n,
2  gauge mesons of U(n) (n-1)2  are 

2 

photons. We can explicitly construct the /r corresponding to 

the photons. We let {'(i) I i. 2, 3,...,n} be the basis 

of the ( n-1 ) dimensions}, space orthogonal to A . The matrices 

pti) 	(01(j) 

satisfy 	Z. 0 ; these 	can be made hermitian by 

symmetrisation. Eszentially the same process can be used to pro-

duce a theory with (n-m)
2 photons for any m less than n. In 

particular for m equal to (n-1) we have the physically useful 

case of just one photon. Instead of one complex fundamental 

representation, n4fundamental complex representations are used. 

We can understand now the unitary gauge condition. The Goldstone 

bosons have directions of the vectors (r %) and in the unitary 

gauge we are eliminating the Goldstone modes. The fields Cra  

and B ( which are the Goldstone bosons ) are defined by 
a 
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ct) 	0-
a
n
a +(T° 	) oc 	oc 

where 
	

<n
a 
 "L"

o 	
= 0 for all te 

4!..n nu> cSab a u 

na  <na  $ X 	= X if KX, t°K 	= 0 

Equation (1.2) implies that 

o A 	7c  
2 B = 

 
Defining the matrix 

o o 
m
2

g  =- ra 

we have as a necessary and sufficient condition for the vanishing 

of m
2 
cep X that <T

o  , X A to 0. vanishes. This 	in turn recuires 
/ 

x T 
0
A 
 to be zero. We will use the term'unbroken subgroup' for 

the isotropy group of 'X . Until further notice we will assume 

that we have no non-trivial unbroken subgroup. Hence in this 

case X40  .7 0 if and only if 	m
2 

X vanishes. This shows 

that (m2) has an inverse (m
-2). 

We shall follow the Faddeev-Popov method of quantisation; the 

action is constant on the orbits of G and we extract an infinite 

factor LS proportional to 11 digx) before developing a 

perturbation series and a belongs to G. So 

(p) f 	ch° 	sti>1 	da = 

Now 	Sd, = 	o (0'a n 	+ Bt  -c°  X ) e oi 

constant 	(1.3) 

(1.4) 
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From the unitary gauge condition we have 

i.e. 

0 

n n a • a 
1 	

ITa 	
9 

so that aa has We define 	Cra  = 	— <na  2  .X > 

Ir 
lx 

vanishing vacuum expectation value. Caaw and D 	are defined 
A 

as follows : 

cay to 1  
ix ," 	(1.5) 

+ D
P
u t° ff,2) a  

o 
I na 

a 
	= ‹...c°21  na  y n1;4> nb 

t Ow 	cfc  (-ca
1) = <etc  ( Too?) 1,  rib)  % 

Moreover it is easy to see that 

( using 

If D
PA'‘ 

— D 	 i E Yap 

E e ET I reqb ) 

Using these quantities we can express equation (1.3) as 

= 3( 	(3-a  ‹-t; na  nb) + Bc<tc;r  T:1) 	nb  

7r ( To
A 	

f car cr 	D
/sot
2  ) 

Hence 
s — 	O. ( b 	a <na  9 	)<T; n a 9 lib) 

i gyf2aBa  <T; ( 1: eamc  ) 	nb) 

Similarly 	c B
A 	

i 	
# 

( Cal (Q0- + <no  p7t> ) + BK

Owing  to the non—singularity of (m2) 

( m2 ) B = 0 if and only if B = 0 
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In evaluating ( 1.3) we are then constrained to the hyper—

surface B = 0 and so we need include only infinitesimal trans-

formations in the integration. It is first convenient to define 

= 	cr ot ( m2  )
1b6 

+ B
1 s 

Dp(  (m2) 
y 	,ib g 

Hence SBV  = i( m ) 2 	er  
locv 171  2( 	lt, 

Now f n N  

I Det 	.29 S(.-xi) 1 -1 
exp i ( i S (0) log dot m-2  8 ) 

We thus easily obtain Weinberg'u result
19 

that the correct 

Feynman rules are given by replacing T— products by Tx— products 

and using the negative of the interaction lagrangian as the in-

teraction Hamiltonian provided a term 

i S (0) log det ( m-219 (x) ) 	(1.6) 

is added to the hamiltonian. Although we have not explicitly 

obtained the Feynman rules these are easily computed from their 

definition as the Greens functions of the free part of the total 

action. In fact the vector meson Green's function is of the form 

< Tx l6r(x)  A010(01) = ( gr,,m2 	
ra-2  

where 6 (x) is the massive propagator. 

=  
PK 	

-4T A1, C(1( Irk> 

oe= 1 	( m-2 	e ) d 



( 12  (Q)) 

ii
= 	d(fields) d(conjugate momenta)S(gauge condition) 

(1.7) 

f exp( 	j dx  ( Lcovariant + S(o) term)) 
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Now we shall see that the above theory admits a canonical 

quantisation. In a path integral formalism this means that an 

arbitrary Green function 	T( Q(fields) ) where Q(fields) is 

an arbitrary function of the non-Goldstone fields (but not of 

the conjugate field momenta) can be expressed as 

J
rz 	d(fields) d(conjugate momenta to fields) Q(fields) 

d 
exp(i fax (((conjugate momentum)xu(field co-ordinate)) 

- (a Hamiltonian)) ) 	(1.7') 

In (1.1) we have 

= 0 
'alT17:0) 

9(2oActk)  

9J: 	=- 	D°  ( oft , net) 
_ 7ra 

2)(ao cra ) 

= 	
x 

A 

=Fok 	pko ) = Fok Ek 
04 	 OC 	 OC 	 OC 
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Also 
	aoc. 	_  

g( do  

%; k1  2 4. 1:  k (20 
«k 

_ 
(.--; 

r 
1) 3

r  ab 	(m-2  )al l 2(N  )(ri 4 0g 

- <— Ira na 	“El 	j* 
w'ritC? 90  Crb  na  

So 
f

Tha) 
N2. - E l  A A ) 	1 1 ola go 

< Dkol  Iko> 
ia A eg t° , b o nD 

dk Aceo 

Vet  -e; 	ao  Bajlr )t 

We add 9 k  (Ek Acc o ) to 4, so that the term 

becomes (9k 6Lc  ) Apeo  • 

Now we integtate'over B, 1C and then Alwo  in (1.7). We are in-

terested specifically in 

d OSP [ii .n  ( 	(n r2 	 (En2  )01;<C1301 1: nbCrb  Ath 

Now (m-2) 	4. 2 (m•-. 	 N  2) <1,4o Ito nia. A  

( (m 	
Al 	m -b / b 

= 	+ (m4 ) <to 	to 7.1 	cr A 	qt 2 

"if 	 Sp A 	a: -b f 	b 4'eco I 

+ (m-2) 
\
-de e;k 	nb 7  ,- 0, 	%) C b ro  

(1.8) 

A A o Ai  ,o 

where -1 -1 m . m equals m
-2 

; m-1 exists since m 2 
is real and 

symmetric with eigenvalues the reciprocals of the squares of the 

vector meson masses ( and no mass is zero ). In the case we are 



= Xa 
	+ i Ya 
	a = 11 2 

where 

Ka 

Ka = 	( Ka  + K2 ) and Ya  = (4)i ( Ka- 

39. 
dealing with 

1 = na na
T - f 	m-2) 	0 )011  

b  CC /1 	IV(  

From equation (1.5) we see that 

<Tot  n 	"C a  %I)b 

ba bial 2 
a 	

) $ -C 	C I 	( m = <t o/ 	)< 
n.. 	t o 

Hence 

 

( 111-.2) 	>t0 

lab ,
1: 0 	„ ,, 

 I\ 	
3k 	

-b 
= <te( nb na..)  <na  „ tool nbl) 	oto % tcic$  

rzt Ctar Cb:a' (m2) 
12r 

From equation (1.7) we can see that the Gaussi.in integration for 

gives a factor 1Det m-1  1 -1  whereas the Gaussian integration 
pet ml ra-2 -1 . The product of these for Ae  gives a factor 

factors is IDet m 2  el and this perfectly cancels the 6(o) 

term in (1.7); so a hamiltonian exists for which (1.7') is equi- 

valent to (1.7). 

We can get a clearer idea of this formalism by considering 

the very familiar case G= SU(2). In the usual formalism the sca- 

lar fields are given as a complex doublet 
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1  and A =  0 	after appropriate normalisations. In a four 

component formalism we deal with 

{yX3.

2] 	and 

X 	 1 
1 

Now 	IS K
a ( *2) a  b  Kb 

	

where tEof 	= 1,2131y is the set of Pauli matrices and 

are the infinitesimal transformation parameters. It is easy to 

see that 

	

SIXa 	;1g' icrA (-ee/2)ab Kb  — ICbt -e/2)ba  ) 

	

SYa 	= j. It( (41/2)ab  Kb  + K: ( "1-4/2)ba  ) 

••• 

T
o 	

= 

 

(e/2)113  Kb  — K1 (17/2)131  

(.e/2)213  Kb  — 4 ( -evob, 
- i ( ( iew,(2)1b Kb  + 4( -e/2)b, ) 

- ( cep )2b Kb  + K1( "e/2)132  ) 

 

AN. 

= [00  

Y2 	
0 
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This requires that 

n = 0°1 

0 

Hence C ly 
	S V 

 

(m2) = 45,;441  

It is also easy to see that ( after a little algebra ) 

a3 

o( 2 

1  

(1/21) 

(1/2i) 

(1/2) 

D
1 2 

= 	
2 

1)0(1 = 4 

D1Of = - D3 	— 3 	oc 1 - 

D©3 	oc 
= 	D3 

2 
= 

and DW  = 0 otherwise. 

Wei berg has obtained the same results using canonical quan-

tisation. This approach is much longer than the one we have 

adopted and its extension to the most interesting case when 

041C M < N 	is not obvious. Indeed Weinberg seemed to be in 

difficulties in t3 latter case and was unable to come to firm 

conclusions. The whole philosophy of the Weinberg approach is 

entirely different from ours. His justification for (1.6) depended 

on differences such as 

T ( Ai (x) 	Afw(y)) - ‹Tx  ( Acre(x), A(y)  )> 

i m-2 so so 	
4( x-y cep IA y 

• These differences are present always in derivative interactions 
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and are not the prerogative of gauge theories. In fact Charap32 

and Gerstein, Jackiw Lee and Weinberg
32 

found for the interaction 

"S-t = 2 ci2 a clab (?) tPb 
= 9sa gab (c) dre 

A 
where T a 	gab (c19)9  

that we can use the Tx  part of the propagator if we use the 

interaction hamiltonian 

Tti  = - 	gab(  9 " b 
	i S4(0) Tr log (1+ op) ) 

where 	gab = Sal) 	gab 

Weinberg summed the effect of non-,:ovariant parts of the propagators 
19 

using the method of Lee and Yang. 

We will now consider the case when G contains an unbroken 

subgroup. If the group G has a non-trivial unbroken subgroup S 

with M independent generators the formalism de-oribed above breaks 

down. Following Weinberg we introduce the complete set of eigen-

vectors Cn of (n2
). Since (m

2) is real and symmetric such a 

set exists 
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Of course (m
2
) is a singular matrix now. We define 

in► =  ( En )a A  a 

n o = ( En )0% 

n 
= ( 	) 171. 

Jn 	

n 

( E
n 
) a 	()J  

If ( 
m(n))2 

is zero then ( 6n  )a 0c J is a generator of S. Con-

versely, if cg 
 JA 

 is a generator of S then c
15 
 is an eigenvector 
 

of (m
2 
 ) with zero eigenvalue. Both these statements can easily 

be proved. For convenience we let f 5
n 
; n = 1,...,9 be the 

independent set of generators of S, so that m
2 
E
n 

is zero for 

n less than or equLl to M. 

,t  o 	to 	= 

	(° ) ( 	) ( m 2)  oc .‘ 7 	I 	 n 	m 

nImM+1 

where ( m 2  ) is an ( N-M ) x ( N-M ) matrix 

	

( g 2) 	Ime/Tip.o n 

	9  4° 

;:o 
it a, with nsmi,Mtl 

nm 	A  

N 
Now 415 = cr n 

a a 

<t 	 •° , 	"E„ m  ( 2  ) 
nm 

so -c 	, cfr)= 0 if and only if {Bra  = 0 
er 

A 2 
( as m 	is non-singular ). 

, M I1+111•••11N3 

In order to specify a gauge we need M more independent conditions. 

Hence a gauge with no Goldstone bosons is given by 
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E 	= 	0 	m = M+1,...,N 

9 If(x) = Kn(x) n = 11...,M r. n 

where K(x) are arbitrary functions. 

Now 

SEm = iEmacni n 	C 
ot
aTO" 	+ 	DI(  

a 	P ocit 

M: = a* 9( (E 4 	-c* 	— e( r g )11 ) 

	

n p 	1  LA mr L 	m 	m 

We consider the change of variables 

CO m  = m 
	 m = 1,...,m • 

(1.9) 
•E.11/ cm« C::1(  TeL 	n 	

= M+12...,N 

We can visualise the transformation as a NxN matrix 

M 

M 

where U rim = 6nw 6m« Ca4  Cra  S(x—x'). In the cases that 

we shall consider we will see that (1.9) is a non—singular trans-

formation. The determinant of the transformation is 

Det ( c C.. 	Cra  i3(x—xt)) 216 ma w 	nIm? 11+1 

The Faddev—Popov factor necessary for t1e quantisation of the 

lagrangian is 



d12. fl 
m. M+1 	n = 1 

45. 
N 

1.10) 

= 	Id) 1 D et ( cn  "e'm ix  Ca Cra O ( x-x ) )n ,m> 	
=1 

N 
d ( wm) 	S ( a- p  ( E 	'6 r 	- 	)) n u 	dow 	q 	q got  ks, q 

M = 	 n=1 

Weinberg's conjecture essentially requires that the integrations 

over GJ introduce only field independent factors. We shall first 

give a general class of counterexamples to this conjecture. Since 

we will find it convenient to work with
m 

it is perhaps worth 

mentioning that the structure function with respect to these gen- 

erators is EPqr  where 

	

= 	E (3 	B wfar q 'pqr 

We suppose that S is a subgroup of G such that 

C p  , 5 -] = 0 if either p or q is larger 

	

than M• (but not both) 	
(1.11) 

The interpretation of this is simple. 

If G is isomorphic to the direct product of S and some group 

the condition is satisfied; however this is not a necessary 

condition for the validity of (1.11). Actually (1.11) implies 

that 	
, up 	,Tql] 

vanishes for the domain 1 o tp: M+1 	m< M+1} via the Jacobi 
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identity; so 	Jp  , 3 j 	belongs to the centre of S (or 

outside S) for p and q larger than M. This implies that 

G = ( S / ( centre of S ) ) x ( some group ) 

If S is semisimple then the centre of S is trivial so that G is 

indeed of the form S x ( some group ) . Now (1.11) implies that 

c` pa E Ap = 0 

	

pa qA rw 	w 

if either p or q ( but not both ) is larger than M . Using 

the antisymmetry of the structure constants vie have 

cper -6qp C 	oci4 	
0 	if r(+1, q 

or r 	M+1 

Also 	ton 
	:r- o '‘ 
	

7,to 	rc.  on 	) 
( m 	m ( 

when n < 11 and m 7 M. 

So 	 nb 	1 m° 

	On  re m0 	Ity.  0  

Hence since 

lno nb 	Enst.o2r nb  na) na  + Ena, Cbot2few  

we have 	;nx  Cb 	Bug 	0 for n$ M, m, 	(1.12) 
tic  

Now la B
m 

, m = M+1,...,N1 is an independent set of variables; 

so from (1.11) we see that 

[(i)
m 
= 0 	m  = M+1,...,N3 if and only if 	0, m=1.:+31),...24 (  
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So 
Jab. 	s 13-!) 

m r1,14-1 	 n = 1 

= 	Det ( 'dnV 3 	Cal Cra  S (x—x' )n,ra 	I -1  
IT 

"m TT S( %oPtSE•ei-4-6€ 	 —EcloPrwq)) mal 	n=s1 	 r c1= 

This is characteristic of the Faddev-Popov ghosts. In order to 

be explicit we arrange Una(  to be. Sna for all n and take 1.1=3 

and N=4 (e.g. G = SU(2)xU(1) but with S = SU(2) ). The above 

integral then becomes 
3 f ãø 

„ 	
( Op. ( ;,g. 	Eneci  At.e0q  • )1,C0n) ) 

n=1 

We make the transfoltmation 

2co + 9 ( era - et/2 ) E 1 	 2 3 	3 2 E123 

	

82 = - 924)2 + 	A3  W1 4.413) E231 

	

92633 + 	46)2 A2 W1) E312 

The Jacobian for the transformation is 

   

- A31.2S(x-xl) 	A; .2 S( i-xt 

- 92 ä 	 .as(.....t )  

ea s(._.. ) 	42 S(x-x1) 

 

   

   

since g . Ai = 0 i = 112,3 and A = AE • 
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This Jacobian is just the Faddev-Popov ghost contribution.(Bars 

have been omitted in the above). 

If we now demand that S is abelian while (1.11) still holds 

we have 

pqr
= 0 if q.IM 

This gives 
r 	N 
j dB. 	s( w) fl s( n A . 	) 

(1.14) 

= 	 a 	n oc 
Det 	E 

ny mg( 	
S(x-x') I - 1on,)M+1 dot d (x-x° )1 -1  • 

Hence Weinberg's conjecture holds here.Now, however, we shall 

show that, if S is abelian, Weinberg is right irrespective of 

the validity of (1.11). From (1.5) we have 

n 	,:_co  
m a = 
	

m n a' nt)nb 	-6 	Calr-t° nee n nr oc n  

For nt5,11, 'anipc mw g 
Cay is an undetermined quantity and can be 

arranged to be zero i.e. Umn  = 0 , for myM nt5M . 

Hence by the argument used before we have again (1.13). Since 

S is just abelian Epqr  vanishes if p,q4M Now 

s VI  a 	( no;M) 
nlq L t gas 	nlq L q 

N 
As before the factor naCco,„,) in (1.10) together with (1.13) 

mai M+1 
makes this sum vanish; hence (1.14) again is valid. Since we only 

have one photon, S = U(1) is a useful case to consider. If in 

addition we take Ro to be the adjoint representation, then the 

dimension of the space orthogonal to (1.:11g= 1,...0q1 is one. 
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Now 

/)i ni>  
m 1 = 
	<, 

u m  ^ / 

giving 

o n  
Irm 1 

0 	m..5M 

, n3> 

So 	
6ot 	Cl 
n m et

Y 
 

c5nm k)" n 	for mln:711 . Hence 

in this fairly general case we have found the Faddev-Popov 

factor in terms of cr and 7t only. In (1.14) the determinant 

is that of an (N-M)x(N-M) matrix. Usually it is arranged that 

coat 	et for n t n 

We then have for the Faddev- Popov factor 

I
Det ( Cman  (ra 	(x-x' ) )

n,mzmil
I -1 

which precisely means that the factor is 1-ehmluated taking account 

only of the broken generators. This is essentially Weinberg's 

conjecture and is a counting theorem in the context of quantis-

ation. 

Unlike most effective lagrangians the class of lagrangians 

given above are renormalisable.This class provides unified theories 

of weak and electromagnetic interactions ( which will be discussed 

in the next chapter ). It is however interesting briefly to look 

at the currents in the theory. This aspect has been largely ignored 

and most of the effort has gone into field theory perturbative 
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calculations. Yang-Mills theories can give ( via a formal 

limit due to Bardakci, Frishman and Halpern 
20 

 (BFH)) Sugawara 

theories with c-number Schwinger terms34. It has been suggested35 

that in the Higgs-Kibble theories it may be possible ( by taking 

essentially the same formal limit) to ottain new Sugawara theories 

which contain q-number Schwinger terms.Sugawara theories with 

q-number Schwinger terms have been produced of course before by 

Barnes and Isham
21. We however found difficulties with the BFH 

limit owing to the fact that the masses in the theory are in part 

or completely generated by spontaneous symmetry breaking. The 

limit procedure requires the bare vector boson mass and the bare 

gauge coupling constant to tend to zero in such a way that their 

ratio tends to a constant. In conventional massive Yang-Mills 

theorias we have a strict field current identity. The canonical 

commutation relations of the field theory translate simply into 

equal time commutation relations for the currents. In the limit 

of vanishing bare mass and coupling constant 48 find the ' canonical 

conjugate' of the current commuting with the current. Now any 

operator,which commutes with all the canonically independent 

dynamical variables, is just proportional to the identity operator. 

The theory of currents which is obtained after taking the limit 

is a non-canonical one. 

If we take G = U(3)1,  x U(3)R  and follow our general 

prescription for writing down the lagrangian displaying the 
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Higgs —Kibble mechanism we have 

— 	Tr ( F L FI49L 
+ FRF µ R ) 

— 	Tr ( ( D L)1  D Pit t ( Dc6R)/ 	) 

4 m 2 Tr ( L +L 4)11 ) 	P (+L) 	P(cPR)  

The scalars are 3x3 complex matrices which transform as a (31-3) 

representation and the vector gauge particles are 3x3 hermitian 

matrices. The vacuum expectation value of 1P•is taken to be real, 

and the anti—hermitian part of 4t gives the Goldstone bosons. 

Consequently L in the unitary gauge is obtained by considering 

oto to be hermitian, and replacing 1,  by (4) + :x). It was pointed 

out by Bardakci and Halpern 31 that 	nitary 
	invariant under 

a a global group 

A ----) A' = S A S 
• 

where S= exp i ( 	• E) 
2 

and 	; i = 	is the set of Gell—Mann matrices and 

i = Q,...,8) is the set of group parameters. This invariance 

is of course an extremely natural one and similar global symmetry 

groups exist for U(n)L  x U(n)R  . The field current ( as opposed 

to the Noether current ) is independent of P () and is given by 
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Ft, 01 	g 	-o) A (cp + a) 

We see already the effect of the Higgs-Kibble particles. As 0—, 0 

we regain the strict field current identity. The Noether current 

is of the farm j 	el a Fly and so even after using  the equations 

of motion it has terms quadratic in A and involving  a derivative 

of A. Now the mass of A is 	. The BFH limit requires that 

g 	0 but that remains non-zero. These are not inconsistent 

requirements. We define 

Fs = D jcl .  — 9 i s 	— (9 z z 1  )47' i 13  
ro 	ts s' 	v p. 	r 	y 

+ (2  z f -3. )so i  A + BoAzr i cipc ( s —1)00, 1f6 j, ti, 
, I 	

?" 	 r v 
Sar 

Z 44  --= 2 Tr ( -2- ;
ol 
 ; 	) ( er+ a) ( te+ r  ) 

..., 	 A sit In fact F 
5  
_. = g  Z Fa .Using  the canonical commutation 
7 	 ft4  

relations 

we have 

[A 	) x t 

[4) ( 	t) 

[ Fa ok 

4 FA  

, — Tr ( 

t)  ' jbr 

oi 	, 	= i s„Sij  S3(s-v) 

laDocrii t)]-4 	S 	(Soc ti  

(At, 

= g2 ea?  s71Faok  (ast ) I z bd  L' t) Vr  (V 

= g2 -iae(2,0t)  pd 41,t,  
Vok(  L'- t)  9 lird(Li It  )] 

0 	as g  --> 0 

This is the essential idea in the BFH procedure. However we have 

where 
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scalar particles and it is necessary that Fok should commute 

with all the 95 dynamical variables ( viz. 15 and D04) for it 

to be a constant . The BFH prescription for obtaining pure non—

canonical theories (i.e. theories in which the ' field ' variables 

do not have canonical conjugate variables ) requires a new field 

0 	such that 

4; = 	/ g 	with g 

Formally 0' has no canonically conjugate field. Unfortunately 

then the last term in the expression for i S  becomes infinite 
Po 

and not a particularly meaningful theory would emerge. This type 

of problem seems to be present in whatever way we modify the BFH 

procedure. Finally a brute force calculation of commutators does 

however reveal q number Schwinger terms which have canonical 

dimension two. This fits in with the ideas of asymptotic scale 

invariance. The actual details of the current commutators is 

very complicated and not too illuminating. We feel that any 

model of currents which will 'merge from the Higgs-7Kibble type 

theories is likely to be very involved and ugly compared to the 

Sugawara model. 
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Chapter 2 Gauge model calculations  

The ideas of Higgs
2 
 Kibble3 and others have been used by 

Weinberg, Seism and Ward
23 to construct weak interaction theories. 

Since these first efforts many models of weak interactions have 

been invented. It would be true to say that the main impetus to 

the growth of such theories is the elegance inherent in spontaneous 

symmetry breaking. With the benefit of hind—sight we shall indicate 

how these theories may have been discovered by physicists who 

were not field theorists absorbed in gauges and spontaneous 

symmetry breaking. 

The old conventional weak interactions required3  

= gw  ( J 5e + h. c. ) 

where 	= 	1.1 i't( 1  - X5  )2 	4 	( 1 — 

+ 5 l‘
e 
( 1 — 5 ) n cos (c + 5 O'( 1— lr5  sin e  

and ec 
is the Cabibbo angle; only charged W vector bosons 

are involved. However for such theories it has been shown that 

for scattering of neutrinos into longitudinally polarised W 

mesons the diagram 

S 

2 
gives a cross—section which behaves as 	gW 	s -4 Mw 
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2 

for s very much larger than mw  ( the square of the W meson 

mass). Unitarity demands that a( ;;),--3 WL  WL  ) is bounded 

by 	( constant / s ) . We have something much stronger than 

a tolerable log s violation of unitarity ; however if we in-

troduce new exchanges 37  in the s-channel or the t ( or u ) 

channel with suitable couplings, e.g. 

V 

  

.."...>/-••■■•■•••--W 

 

e 

 

   

W 

we may be able to cancel the bad high energy behaviour. Here Z 

1 
is a neutral vector boson and e is a charged heavy lepton. 

Bjorken, Khriplovitch and Vainstein have adopted this approach 

systematically and have found relations between the couplings 

which are characteristic of Yang-Mills theories. A S-matrix 

view-point has been given by Quinn and J.C. Taylor 38  for 

the necessity of the Higgs -Kibble scalar. For ye 	3W1  

it is known that asymptotically for large s Cr, S4. In 

order for Ire 	Ire to be finite it has been shown that 

a condition is Or". s
1 

as 	s 	ao. However if the diagram 
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Higgs-Kibble exchan 

is taken into account then s type behaviour is cancelled off 

to allow Or",s
-1. These considerations indicate that the new 

models of weak interactions may be more than picturesque mathe-

matical schemes. 

The method of model construction is now well understood. The gauge 

group is frequently SU(2) x U(1) and the differences between 

models is often based on different choices of representations. 

The coaaplings are chosen such that the classical interaction 

Hamiltonian of the Higgs-Kibble fields is a minimum when a neutral 

Higgs-Kibble field e has a non-vanishing value 4: 450;P 39 

Neutral components are chosen for symmetry breakdown so that we 

maintain electric ,,,harge conservation. All couplings are gauge 

invariant and renormalisable; moreover there should be only one 

massless vector boson ( which will be identified with the photon) 

as a result of the Higgs-Kibble phenomenon, i.e. the unbroken 

subgroup is U(1). 

Naturally not all models constructed in the above way will 

be meaningful; there are experimental constraints. The original 

model of Salam and Weinberg allows y 	e 	e in first 

order; however it can still be made to fit the Reines-Gurr
40 data, 

••• 
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but it is in difficulties because it allows a process ),n being quarks 

and gives rise to unacceptably large values for K --4 2/A. In 

view of this we shall concentrate on another model due to Lee, 

and Prentki and Zumino (LPZ)22  . We now establish the model as 

well as some notation : 

G = SU(2) x U(1) 

The generators Ja, a= 0,1,2,3 of G satisfy 

[Jk jt] 

[ik , JO] 

— 

[ 

i E klm Jm 

= 0 

We introduce 
e' 

— 111 

e L 	

1, 
 
[ 

PI L 

tj  

V 	
M 

Our,-:conventions flr the Dirac matrices are such that 

1 — 15  
Ve 	l'" ( Ve) R 	= 0 

2 

EL  and ML  transform under the fundamental SU(2) representation; 

e'R, p!ill  eR  , and tAR  are SU(2) singlets. The covariant 

derivative of y/(x) a field transforming under G is given by 

Zo  

D tt. = w ig 	j 
r 

o 

where the gauge fields transform as 



1 
g• 2  

1 0  xt, ) 	3. 
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sx  k = cklm 	
- lank 

ax ° - 2 no 
gt  

and 	jk 	are suitable representatiors of J
k 
. We define the 

charge operator Q as 

So 

= J.3 
+ 

A = ( 1 x 	t  1 x0 ) (1 2 .11. 	1 y-i 
gi 	g 2 ' 

couples to the charge operator and is taken to be the electromagnetic 

field. In order that the leptons have the correct electric charge 

we demand that 

j0 eR 
= -2 eR am!. 

.0 
 E
L 

= 0 

Of course identical equations hold for the muon multiplets. The 

linear combination of X3 and X
0 
 orthogonal to A is denoted 

by Z 	Explicitly 

Apart from the neutral vector mesons we have the charged mesons 

which are given by 

W 	= 	(1/2) (x1 ± x2) 

The It ' " leptons are known as the 'heavy' leptons. In these 

theories every particle present which has not been found experimen-

tally is regarded as being  heavy. Consequently it is important to 

try to find experimental constraints on all the heavy particles 
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occurring in these theories. We let { Ci  ; i = 1,2,1 be the 

set of 3x3 matrices which form a representation of the SU(2) algebra, 

i.e. [Ci/2 , Ci/2] = i EE ijk  Ck  /2 . Only interactions 

with the electron multiplet will be explicitly exhibited. Exactly 

similar couplings apply for the moon multiplet. LPZ have constructed 

the following invariant couplings : 

<--) 

	

i) EL  1 	( ar,  4 g CiXJ Er.
2 

	

ii)R 	yr ( g 	4- 2g tame 	) e'R  

iii) ;R 	- 2g tan& X°  ) eR  
Here we have introduced the Salam-Ward-Weinberg mixing angle which 

is defined to be 9 

g' = g tan 

LP; have extended the above considerations to hadrons by in-

troducing integrally charged quarks. As usual right handed quarks 

are taken to be singlets. Explicitly 

p+ 	 pit 

hi 	= n 	h2 	
Ac 

.[ 

These are triplets and 

no = n cos c + ), sin o 

	

ac 	-n sin 0 c + 	cos e c 

Denoting 	p,n11 by q the meson.  octet is given by --q 
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( For baryons it is necessary to add a G singlet quark which is 

also an SU(3) singlet ). New quarks r,r' and p' have been intro-

duced and are known as charmed quarks. The invariant couplings 

are clearly very similar to those given before. 

In contrast to the Salam-Ward-Weinberg model two triplets of 

Higgs -Kibble scalars are introduced. 

o 
	(11 —42)/ (2) 

X3 

i X 2) / (2)1  

Here 	i  is hermitian. The second triplet of scalars is 

?xi —10 (2)1  
x3 
+ 	

) / 
(2)-i 

with 	7- = old  + i j 	 = . 	 A . eci 	= P-J . 

The most general Higgs -Kibble potential P which is compatible with 

renormalisability is 

+ bI1
2 + 012  + dI22 t f14X 14  + h I3

x 13 

where I1 
= 	; )2 	- vx 13 

6 

12 = Xx% 	14 = x jt 

and 0 0 11 
_ _ 	0 1 0 

1 0 0 
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I1 and I2 have charge zero)  and I3 has charge one and 14 has 

charge two. It is important to have all possible invariant coup-

lings since a gauge theory is renormalisable in the strict sense 

if it contains all possible terms of dimension four or less which 

are gauge invariant. If this condition is satisfied, the lagran-

gian contains all the necessary counterterms for renormalisation. 

It has been shown by LPZ that 

P = a  ( 	)2 4 	( 	2 )2 	0  ( 2 2 4.  ; 2) 	d  ( :2 4. 	a ) 

f  ( (a2 	; 2) 2 4. 4 (1. 	)2 ) + h  ( 	)24(113)2 ) 

Now a and c are taken to be negative whereas b,d,f and h are 

taken poditive. P has a minimum for 	.; = a .; 	= 0/  and 

	

2 4 2 	2  = — a/ 2b E u22 as well as a  = 	= —0/4d g v2/4. 

It is possible to make a SU(2) gauge transformation so that 

1.11, 
•••■ x = 

+ + 

— 
v + e°  

Now a U(1) gauge transformation can be made to make e° real. 

We have only touched on the bare bones of the model but the subject 

with its many ramifications is large. We find that 

m
2 	

= g
2 ( v

2/2 	u2) 	m2 . ( g2 	g' 2) v2 

m2 	= 2 ( c — c v2/(2)-1' 	hu2) m2 =2(c—cv2+ 2fv) 
1.-  

2 	2 m o  71 4 ( 0/2 —3 c v ) e   2 if 
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Before proceeding with calculations we would like to mention 

the choice of gauges41. We will not be performing higher order 

loop calculations and so the unitary gauge is sufficient for our 

purpose. 't Hooft and Veltman have shown that spontaneously 

broken gauge symmetries are renormalisable for a gauge in which 

the massive vector boson propagator is 

A (p, ) = 	[ 44 	
- 

g — (1— 	r ) p  P / ( P2- 1  M2)1 	1  
2 

1111 	
1 

4  (P
2
M) 

The choice 

= oo gives the Landau or renormalisable gauge 

= 1 	gives the 't Hooft Feynman gauge 

= 0 	gives the unitary gauge 

The equation 

lim ( ( calculation ) 	) = ( calculation ) 
E-)0 	

f=470 	f= 0 

has not been satisfactorily established. However for all y ›o the 

above type of equvAon has been verified ( and indeed proved generally ). 

Many models are found to be inconsistent42 with the data on 

KL  ->japL( where our conventions are such that 

KL) = 	( (14.4)11e, - (1-01n) / ( 2(1+142) 	). 
The current experimental upper limit on the branching ratio 

1-4( KL 	To/ r.(KL_, all) is 1.8x10 9. In LPZ we have vertices 
such as 
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W 

x - 

r  

— 

I 111" 

/n •  

63. 

However the LPZ model has been designed to eliminate the AS = 1 

neutral current and so 

„o 

n 

does not occur. We still have diagrams of the form 

It is here that theicharmedidiagrams come into effect43. In fact 

the vertex couplings are 

 

Irs cos 

  

  

2 

  

      

'X 
MID 

	

m 	1 +?(
5 

sin e pi  
v- 	1 

- m 1 - 

	

-2 	sin e 
2 	0 

rap  
cos as  21:1 

2 

These show that the charmed quark contributions can be used to 

make the decay KL 	rt. as small as necessary by adjusting 

Im –ml and similar charmed–uncharmed mass differences. Exact 
pl 	P I 
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we have Higgs-Kibble scalar exchanges ; ilhich is a new feature 
ow. 
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SU(4) invariance would give ri(KL 	 )= 0 to all orders! 

This cancellation mechanism has been invented by Glashow-Maiani - 

Iliopoulos. Some models have now been eliminated by considering 

K1-K2  mass differences42. The data for KL 	Jur and Ki  -K2  

mass differences give incompatible bounds on the quark mass 

differences. However since strong interaction effects are appreciable 

in the K1  K2 
mass difference such considerations do not rule out 

the model completely. We would like to discuss in fact how Plausible 

any quantitative calculations are for models such as LPZ for semi-

leptonic processes. Unfortunately after much calculation we found 

that the 7, - e scattering data gives the following bound 

a2m  2 m2 < 0.055 
of /  

where a = ( mw/ mz) sec 8 . This is not very restrictive and 

actually gives a lower bound on the mass of the charged Higgs-

Kibble scalar of 3 MeV. 

We now consider K 	and K 	decays 44 since the data is 
L3 	l2 

fairly good. In addition to vector boson exchanges 



65. 
The matrix element for 	7[ LA21 	is written as 

l 771( 	 G sin Ge  [f +(t) (ktq)13+ f_(t) (k-q)131 v
ra

epton 
 

where vlepton = t'v
Ft  1 

I Y(1- ) ) uIV 
 , 	and 	are the 13 	5  

momenta of the kaon and pion respectively and t= (k-q)2  and 8 c 
is the Cabibbo angle. Now in LPZ as we have seen 

771. ( KO 	n 1.41,) = n? (vector exchange) +7n (scalar exchange) 

From our previous discussion tho renormalisable gauge calculations 

would bring in y+ and y 	as well as Paddeev-Popov ghosts. Anyway 

it is plausible that owing to the Glashow-Iliopoulos-Maiani mech-

anism the higher order corrections should. be small. 

ini(vector exchange) = -iGsinec  ((mic+mx) ( kfq ), 	(k-q) ) 
4 	2mn La x 	2mfrmK 

.<1  I 

711, ( scalar exchange) 	Gsint 

am(140 u,t) 

ra K24.mi2e.  
(EKnin mtruk) a2  

   

2 p..rcrt, mico- m) 

. rr1(1-  y 5) Jul) 

We know that the lepton scalar part can be written as (1:g- 	1y(1-i
5
)I 
 a' PI  

This the only vector that we can form from k" and q" only. These 

processes involve the annihilation of a quark and an antiquark. Van 

Royen and Weisskopf 45  (in terms of older quark models) have con- 

sidered. this for K and it 	They write the creation operator 
12 	12 

a 94 (0) for a meson in terms of the creation operators bx (15 ) 
L'• 
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and c

x 
 s
(E) for the quark and antiquark with unitary spin components 

r and a as follows 

a0  (o)= 	fdp F(0, 12) d(r1s) bxr(2) cxs(-2) 

where f(0 ,r) is an unknown quantity. It is in fact the space 

wave function of the quark-antiquark bound state corresponding to 

1  and 

7 (0, 	) = (1:1 7,)3/2  if r 	) e 12-'11  d3r 

Weisskopf and Van Royen then proceed to show that the decay widths 

are proportional to (f (0, 0)1
2
. Indeed this is not just a refine- 

ment but is necessary in order to obtain decay rates with the 

correct dimensions ( rather than the dimension of the cross-sections). 

The normalisation of the meson fields is not the same as the 

normalisation of the product of two fermion fields. When two 

quarks make a meson the matrix element is multiplied byiir l, 

for each external meson line, where E is the meson energy and 

n is chosen so that the result obeys certain conditions such as 

f
+
(0) = 1 in the SU(3) symmetry limit. We have also assumed that 

the p-quark has a mass im and that the 1-quark has a mass imk46  
'mos 	CP 

The n-quark has a mass14when accompanied by alAquark. The quarks 

each have momentum 1pP where pt' is the meson momentum. 

In the LPZ model rr and K 	processes are given by 
12 	

t
2  
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67. 
and 

We have sim.lar diagrams with A and n interchanged ( for K 
2 

of course). The values that we obtain for f+(t) and f (t) are: 

f+  (t) 	( 4 + 	11.2  - t 	MK+ Mir) (2.1) 

   

- 2 47 mz  mit  

f (t) = ( 	4. m,t — 

24 

 

(m  m m mic 	2 
A X 	(t-m_,) 

(2.2) 

 

The experimental situation is approximately as follows: 

f+ ( q
2 
) = f (0) ( 1+ 	g2 ) 

m  

The experiments seem to give the mean value 

+ 0.04 

We also have 	f(0) = - .85 + .15 
	

(2.3) 

f4(0) 

f
K  1 
	cos Oc  N 1.26 

f  f (0) 

(2.1)-and (2.2) do not give the right slopes away from t=0 

but it may be that the quark-antiquark wave-function is t-dependent.. 

We now consider f4(0) and f (0). We find that f+(0) is 1.710 
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which is badly in disagreement with experiment.However we may 

reasonably suppose that we have a scaling factor refinement due 

to quark-antiquark bound states. It is amusing here to note that 

the Ademollo-Gatto theorem47  is not violated. From the Gell-Mann-

Okubo mass formula we can write 

2 _ - mo
2 

+ g 
• P 

2 	1 e m2 = m • - lc 

m
2 

= Mo
2  - 

and this gives 

f (0) = ( 2m02  + e )1.  ( 2m0  + a g /mo  ) 

2 	m  2(14.  qm  2)(146/m2 ) 

= 	1 4. 0(g,
2) 

In the usual theory of these decays using current algebra and 

octet dominance of sum rules44  ( since mesonic resonances occur 

only in SU(3) octet and singlet states ) it has been found that 

f
+
(t) < 1 	for t 0 

i.e. the symmetry breaking contribution is negative. From the 

considerations regarding the Ademollo-Gatto theorem and the above 

we see here a situation where the model incorporates some current 

algebra but not all. 

Now (2.3) gives us the condition 

2 x 105 	mx < 7 x 105  

a  
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We now try to calculate V fn  from the model. It is necessary 

to multiply the contributions from the second order diagrams for 

n 	and K4  --)F44,  by the quark—antiquark wave function. 

In the case of a purely vector interaction the factors are found 

by comparison with experiment to be ( (m 4)3/2/ (2)-i) for the 

1 pion and ( m 	)/ (2)2  for the kaon. The same factors may be 

used in our case provided the contributions from the scalar ex-

change is small. For pion decay we have 

2 
( 1 	a m 	) it 

2 2 mr- 

and the scalar part satisfies 

1 

a2 m2 , < 0.09 and so the 
—2---f 
m —m 
it .7( 

assumption about the smallness of the scalar part is not con-

tradicted. However for the kaon de-:ay we obtain the result 

fK = m ( 1 + a
2m,2) 

2 2 
miCraX 

and so the scalar part satisfies 

—1.2 <a
2 mic2  < —0.25 

2 2 
mx 

This gives VIC .75 which is very badly in disagreement 

with experiment. Hence it seems that we have no consistent way 

of calculating K—decays. In view of this it seems preferable to 

realise the elegant idea of Salem and Weinberg concerning 

f 
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renormalisable unified theories of weak and electromagnetic in-

teractions by not using quarks. Actually now such models are in 

existence. Bars, Yoshimura, and Halpern34 have constructed such 

a model with the physical mesons causing spontaneous symmetry 

breaking ( with 0 I= U(3)",  x U(3)R  x SU(2) x U(1) ). The simplicity 

of the original models has gone however. The real direction for 

progress lies in ideas such as using radiative corrections as a 

source of spontaneous symmetry breaking. it is essential to 

increase the predictive power of these theories by cutting down 

on the large number of parameters which presently they seem to 

require. 
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71. 
Chapter 3 	Non—polynomial field theories in low dimensions  

There are many difficulties still remaining in non—polynomial 

field theories. It is a topic full of subtleties. Slight changes 

in form of interactions often result in large changes in behaviour 

of matrix elements. The aim of the founders of the theory48 is 

to have a perfectly finite theory without having renormalisation 

constants ( which are essentially undetermined ). Before delving 

into technicalities it is perhaps wise to see some of the pre-

dictions of the theory. Computations by I.S.S.49  to second order 

in the electromagnetic coupling constant show that 

. 2 
Sm/m ^0 	log ( 1/-A: m) 	1:t: 	2/11 

Se/ef4.1 — S log ( 1/7cm)2 	—1/25 

where lc 'which is the square rocs of 167r times the Newtonian 

constant G, equals 0.5 x 10
-18 	—1 

	

GeV 	. These results were 

computed by summing the following typical set of graphs 

• • • • 

where 

 

2 and 	• 	. 

 

denote electronlphoton, and graviton lines respectively. A very 
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similar method has been used by Duff, Huskins and Rothery 50 to 

compute the gravity modified electromagnetic mass difference of 

the charged and neutral pion using the Lee and Nish phenomeno- 

logical lagrangian. Their result was m 	m 
o 

 6.8 MeV. The 

experimental answer is 4.7 MeV. Applications to weak interactions  

also exist.There are objections to these calculations. The most 

important of these ( or perhaps the most pertinent as regards 

non-polynomial field theories ) is that the calculations may 

not be gauge invariant. 

A lot of progress can be made if we compensate for the increased 

complexity of non-polynomial field theories over polynomial theories 

by reducing the number of dimensions d of space. Glimm and 

Jaffe
51 have been particularly successful in studying d= 1 theories. 

In particular for the 04  interaction they have been able to 

solve the theory to verify most of the Wightman axioms. Lower 

dimensional theories are often useful in pointing out errors in 

methodology which are often obscured by distribution theoretic 

ambiguities in cases
52 

for which d= 3. 

We first consider a free field theory 

L = 	(ar)2 
The dimension d is not explicitly relevant here and canonical 

terms will be ignored. We consider the following field redefinitions 

V.> 	exp 	— 1) 
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ii) 	p = 	log( 1 +'7C ) 

The redefinition (i) implies that 

L 	L' = 1/2 	( iD2C ) 2  exp ( 29c ) 

Similarly (ii) implies that 

L 	L' = 1/2 (9.2c  ) 2 ( 	ax )- 2 

In this way we naturally obtain derivative interactions as well 

as different forms of non-polynomiality. Indeed this might lead 

us to think that there is not much difference between the two 

forms of non-polynomiality. 

We shall investigate the following interactions 

a) 	Lint = )1: q ( 1 - g q 2  : 

a') Lint ( 1-q ) 	v: -n ) 

b) 	Lint  = exp(- a q) 

b') Lint a  exP(- 	q):  

c)Lint 
exp(- X q2  ) 

0) Lint = 
	exP(-  a q2): 

d)  Hint = 	: p2  exp(-)q): 

d') Hint = 	P2 V(q)  : 
be 

where v(x) = :E: 	(-1)n 	v(n)
n 

and v(o) = 1. 
n=0 n: 

In (a) and (d9 we could consider (taking oc and p as real constants) 
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P 

e 

at 	

—lq 

tc  

	

V(q) 	V(q) I P2 	

+ p 

p 'V(q)

p 
2 

but on grounds of simplicity we avoid these cases. It is worth 

mentioning that the interactions in (b) to (e') are somewhat 

unconventional. Normally, in ( ) to (c'), only 

q2  (a 2L 	i n 2.1  
Lint 	int/  q )q = 0 

would be regarded as an interaction. Similarly in (d) and (d') 

— Hint 	P
2 

 

would be the conventional interaction. 7, is known as the minor 

coupling constant. 

We have the usual relations 

[q(t), p(t)] = 

&(t), 	= 1 where 
	1 	

P 	q 

Solutions for the free field ( i.e. Ho = -0
2  + tqos q2  ) 

are 	q(t) = o eicet 
	

e  

	

P(t) = ico(c(
o 
eiwt _ A 	) 

Coo  ot] =. 	20 

	

We define it (t ) = 10-4 	ei  

a (t) o e
—its) t 

So for free fields we have 

e) 
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Ep(t) 	ii(0)] = -1o) sin co t 

[(t) 	q(0)..1 = 	sin go t 

pt) , q(0.] = -i cos go t 

The Fock states (n) satisfy 

a (n> = 4i In-1) , atIn> = r..1;71 Intl) 

and 	Iri> E. 	1 	( at )n  10>,  

Clearly 

D0(t) = (01T( q(t) q(0))10) = e(t) <01 q(t) q(0)10> 

t 9(—t)<1q(0) q(t)l o) 

= 1 exp 
2co 

Similarly we find that 

T ( p(t) q(0) )10> = 	i 	i 0(—t)e iwitl 

1 T ( q(t) p(0) )10> = 	i e—icolt1 	g(-t) 

T ( p(t) p(0) )10) = 2id e—V.4*i 

We shall also consider (10) for d= 1,2. 

D(d)(X) 	I'  d ( "1 )k exp ik.x 
i(2n) d+1  	 —k — 

for d = 1, 2 and 6> 0. We look at these last two cases to 

point out the dangers of indiscriminate extrapolation of the 

d = 0' behaviour to d = 3' behaviour. 

D(1)(t,x).  = dko1 exp i ( koi — k1x) 
1 2 n i(2 n ) 

a 
- ko + k1 
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• 

On performing the contour integral 

D(1)(x2t) = 9 (t) ( zi A(-x-t))- 0(-t)( ij 11(t-x) ) 

The momentum space superpropagator corresponding to 

is 

exp 	(9(t) 9(-x-t) + 8(-t) 01 (t-x)) ) 
2 

r i(st+kx) 	2 D(1), ,N
e  

J e 	
dx dt 

e-71)(4d) ( 
4 - 

de f dr r eir(ssin9 + k cos9 ) 
ff 	0 

+ a -independent quantity 

Hence the d= 1 superpropagator is an entire function in a. The 

case d = 2 is somewhat cumbersome. 

(2)(x) 	
1 	i(ko  t - klx, k2  x2)d3k  

-17.;;3 	
e 
	. 	  Jr.  

This reduces to 
2n 

D(2)(x) = 	I 	de ( ( xi2  -1- x22) 	cosi) 4- hl )-1  
o 

where x.= (tpx,,x2) 

It is known that 53  

f a. + b 

dx 

 cosx 

= 	2  

(a2  - 

 

0( a2  - b2 
 ) tan71(( a2.4)2)itanix) 

a + b 

 

+ 	1 	O(b2-a2)log (b2-a2) tanix +a+b  
2 24 (b - a ) 	

(b2-s2)itanix -a-b 
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Hence in the Symanzik region 

D(2)(x1,x2,t) 0C i/ (a 2) 1.  

where x 2 = t2 + x1
2 .1- x2

2 

f(q2) = 	fd3x e ± il.2c- f(x2) 
ea 

•• 	ALT 	f dr r sin r 121 r(r2) 
lal 	o 

The momentum space superpropagator for d = 2 is 

exp i ( 1),2( Pc 2)4) exp(ip.x) e - E(e)i. dx  
i 

	eo 

= 4ff fdr r sin 1121 exp( iA2/r) e'" E  r 	where E> 0 
12.1 	o 

A very simple argument can be given to show that this is not 

analyt:c at = 0. This goes as follows: 

B.(2)  exists at a = 0. We let 	= a+ib where a and 

b are real; then 

5(2) :-. Azi f: r r sin r 121 exp i[(a2-b2+2abi)/1] exp(- 6r) 
41 a 

For ab negative this integrand blows up at r = 0 whereas for 

ab positive this is not the case. This demonstrates non-analyticity 

at 	0. More explicitly the nature of the non-analyticity is seen 

from 

feeexp( _ 	dx =ITI Ki(ria ) 
4x • . x 

where Re >, 0, and Re)j>0 and 
n-1 

K
n
(G) = 	(..1)k(n_k_i):(iz

)2k-niki 	(...1)n+11r(1 )n+2k 10,t z2nijk) 

	

k=0 	 k=0 

Using 
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Here, 	, ICkz )n lki = (logiz 41/(k+i) --i-y(n+k+1))/k:(n+k): 

Also)  ar exP(-((-if21 + )r - 	))= (4N2/121)-i  Ki(-4 .2 21 ) 
0 

Using these relations and after some more manipulation we have 

( 2 ) = 142f 	 / 	 ( 0.2 	 4  12 	 4  .;t2 ) 
 API 

( (4 A 2/ 12.0 + (- ",2/ 12.1 )4  ) 
(12.1 

12.1 2: (2  A2   122k  ( (4)FiL03/2  (_4)2/121)3/2 ) 

k=0 k: (k+1): 
00 

-12.1 (4 .12/12.1 )3/2 E
k=0 

(2k+1)(-2 )212.1)2k(log(-27►121)-W(k+1) 
2 kl (k+1)!' 4? (k+2)) 

 00 

-121(-02,421;11  
kr-0 

(2k+1)(2y!zi)2t  (log(2Azi)44,(kt1)40+2), 

2 la (k+1)! 

 

This rather ugly expression shows that D(2) has a dominant singularity . of the form 02 )4  ; hence it is important to note that the analyticity 

properties of the 1d=2' case is quite different from the cl= 1 case. 

Our interest in the study of lower dimensional theories is based 

on obtaining qualitative rather than quantitative insights into 

behaviours of superpropagators in d=3 theories. 

From now on we will concentrate on the dr-0 case. It is useful 

to note that 

T. (q) = : LI (q): 

where 
ao ,42 

il(q) = (lbrl; ) f dor e-72- 	q +041'0)) 
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This easily leads to 
2 
/4 (0  

e—Aq 	: e lq: 	(3.1) 

(1 + -A/4))4  :exp(- 	q2}: (3.2  
(i+1D(o)) 

 

• 

The inverse relation is 

t e-2: = (1— 2n(0))-1z  exp ( —1q2(1-2A)(0))-1) 

In particular 	
-1r 	/ 	n 

	

tqn: = 1111(4)'(1.) / 	) 

(3.3) 

 

So 
5td! 

int 	1=0 	g H2l +1(4;ic1)/ (2c°1")
21+1 

L(a)   

ie.o0 

at e
t 

0 
gI, 
 " 	

+lu 
'2L +1 (6172-q)  

+21  

0 

  

     

(21 + 1) (2 wi)2 L +1 

Do 

Setting f(q,t) = 	gt. (t/2 (4) 11)2L +1 H 1. 
2 f +1‘A 4

ii_)/(2141)1 

to 

we have 
1 df + g-  f 
t dt 

 

1 
( 	(gicA))i-  )1.  H L (w 

  

—gt
2 
 /4co + g tq ) 

• 

This gives 

f(gft) = '"'"""T 
-1 	

egt  2/440  ( eg'tq — e—itcl ) 
2g 	

co 

	

(a) 	x 	1 	Jr'  -1,(Rt /401— t (egtq _ e—gt 
2 1 

and. 	(q) = 	1 	A e r- 	(1) at 

	

Lint 	2g1. v  

N (7c CO 	g 1  exp 4, ( 	q) 2  

as 	+ oO 
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Similarly 

L
i
a0  
nt ) ( q) 	—1— ( Tr /(4 ) (2wgf  e4)(1—q) 2 r(v) 

Now it is well-known that the harmonic oscillator wave functions 

are L2(R) functions un
(x) given by 

un` 
ft) = (col 	nt )1- n(CA ) e-12-``. 

t2 

for all non-negative n. Hence the Wightmanfunations corresponding 

to (a) and (a') blow up whereas this is not the case for (b) 

to (V);  so in this simple framework we can already see the 

difference between local and non-local interactions , or, 

strictly speaking, between the analogues in d = 0 of local and 

non-lo-al interactions in fully relativistic theories. 

From the equations,(3.1) to (3.3) certain properties of the 

n-point functions( regarded as functions in a) can be deduced. The 

superpropagators arising from interactions (a) and (a') have the 

same analyticity ti 1 . For (b) and (b') the superpropagators have 

an essential singularity at a = 1/ 21)(0) together with a 

possible branch point. 

When CO has a small positive imaginary part 

f 	e-in Cu It! e
ist 	, 2 2 2) ) dt 	= -2n co /its -n Go 	n 0 

00  

Hence (D°  eist 
co 

<'0  I T ( 0—A q(t):: e—Aq(0):  ) c> St 

= 2 rr S(s) + i a2 1 	(p,e2/  204 )'l-1( 1/(s2-n22)) 

n=1 (n-1)1 

(3.4) 
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Naturally the behaviour of (3.4) as a function of 	and not of 

s ) is of interest; so s is kept away from the regions of its 

poles. From the ratio test (3.4) is absolutely convergent and 

so the superpropagator is entire in 

Similarly 

At  eist 4 T (:e  Aci2(t) 	Xg.2(0) 
;. e 

-o0 

= 

00 
(3.5) 

2 ITS(s) 	(An/n.02  (2n)! (1/26o)2n(-4nari(s2-4n2dco2)) 

n = I 

Again by the ratio test (3.5) is analytic in the region /1110w). 

From equations (3.3) to (3.5) the following can be deduced : 

(A) Interactions (b) and (b') both give two point functions 

which are entire in A. 

(B) The superpropagators in (c) and (0) have the same A—

analyticity in the interior of the disciAl =6) which has 

on its border an essential singularity. 

We have already managed to narrow down the choice of non-

polynomial lagrangians. The rationale are not pleasant and now 

(b) seems to have more symmetrical and elegant analyticity pro-

perties than (c) . Indeed it has been found by Lehmann and Trute 18  

that localisability picks out the exponential parametrisation of 

fields in the non-linear chiral theories. Salam has also advocated 

this parametrisation in gravity. It is fairly obvious also that 

derivatives do not affect the analyticity properties. Explicitly 

we have 
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‹0 IT ( : 2(t) exP(—Ag(t)):P02(0) exp(-13q(0)): ) 	C 

P(T)-1(0) )2  exg,k2  117)-1(0) ) 

pr (-73(0) p(-7.7 1q(0) caTrig(0) exp( A2  qrrt5—q(0) ) (1;;70(0)) 
4, it.. 4 ( p75-7(0) )2 ( ci(73(0) )2 exp( 262 Frig(0)  ) 

where 
	

denotes the usual contraction symbol in Wick's 

theorem. A comparison with (3.4) reveals essentially the same 

convergence conditions and so the same analyticity content. 

We would now like to see whether the Kinking  theorem is 

rigorously true in d=0 theories. The d=3 version is extremely 

elegant but there is no doubt that the proof of the theorem is not 

rigorous ( since we do not know how to treat derivatives 

satisfactorily ). It is of course true that the theorem is most 

useful in d=2 and d=3 theories where the free propagator 

is singular ( in the sense of being  infinite on the light cone 

The kinked Greens functions are generally finite whereas the 

conventional Greens functions are not. 

We consider a modified version of (d') in which V is a function 

of q 	11 fields are independent of q and p. The case (d') 

itself is interesting  but actually the analogue of it in '6=31 

field theories has not been explicitly examined in the context 

of kinking. 

K(2) = 1 .2 	
dt dt 4) I T( '-g1D 1 2 	2 

	) 
la> 1 2 	cis' 1 Vkcil)"."2 /4(12):(11, ) I n 1 
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where qa  = q(t

a)  9 Pa 	
p(t

a
) etc. 

G(2)  = 211  i2fidt1  dt2 
 <0T(01 -1pu(12):tip2u(a22): qb  )1 -a"2  1 2  1 	2 	/ 

where u = V - 1. 

So 

K
(2) - G(2) 
	

1-8  	dt1  dt2 <01 T(qa:p3.::4; Q 0> 

The theorem of Kinking requires that 

_ 	(0) 
- G 	+ ( extra terms ) ( K(2)- G(2) )connected 

where G(o)  = <0 1 T(q
a
q
b
)1 0> . The extra terms in the above 

expression occur because we are treating the analogue of a massive 

theory, and will be given later. ( Tadpoles are automatically 

zero since we have normal ordered interactions ). 

We wish to see if a rigorous treatment ( which is possible 

in the ' d=0 ' case ) demonstrates that the assumptions made in 

the Kinking theorem are consistent. 

It is easy to see that 

2 2 I 
<0 I T(  qae 

- gagb (172)2 2Q1 
D2% ri32  + 2 cl:P2  11717173  

From these identities we have 

2( K(2)  - G(2) )connected 

= 4 at1  at2  
J 	

t 80 e-14)( I til+1'21 +1t121)— -4 i'l  0(t1) e-i-CO(Itil+Itkit121 
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- 	(-t2)  e- iCo ( Itil + 1t21 + It121 ) 

(—t 2) 0 coi 	(t1) 9 	
e- ic0( 1t11 	1t21 + It121 ) 

( terms with t1  and t2  interchanged )1 

( where for simplicity we have taken t
a
= t

b
= 0 ) 

t-16.) e-i4)  ( 	(t21+ 1 191  )+- i COO(ti)0(—t2)6-441( it?lb 24121  ) = IPA
1
at2`—a  

Since we are interested in ( K(2) -G(2) )connected we have dropped 

the term 

rre-iwitabl e 
2iwitr.1 

e dt
1
dt
2 a J 

We are faced with the evaluation of 

ic0( It)) 	1%121+ It21  ) dti  dt2 	(3.6) 

and face(t1) 	-t2) e -f.co ( (tit t  It121 + (t21) dt
1dt2 (3.7)  

We mak3 the transformation 

t1 
= r sin 9 
	

0. r 

t
2 

= -r cos e 	o < G .4.  2 

The Jacobian for the transformation is r . We have the following 

regions 

(ti  > 0, t2<0, t12> 
	

(r>0, 0< A <74) 

(ti) 0, t2  0, 	0) ea 	0, in < 6 < 

( t170, t270, titO) g  (Ty°,  VI' 04 t) 

(t
12 

0, t2 0, t1  <0 ) 	
e ( r yO, ir < 0 < 3/ 2 it  ) 

(t12 4 ' 0 t1 ' 
<0 t

2 
 <0) e ( r70,3,n<g< TC 

(t12)9 , t1$ t2 	= <0 ) 	(r)0, 7/4 < 	21t) - 
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So 

jfe±w( Iti21+ I'll + 1 t21)  at1dt2 co 	 04r 
4  —2itO rsin 0 n = — i dr  r  ( fin e- 2iC0 r ( sine + cost) ) in  

0 1 C ti 1. 	8 	 do  
Jo 	i o  

- 	 -32 7(  2i co r cos 0 de + I e-2i t.) r (- cos 0 - sine) + I 

	

An 
e 	 A 	 dO 

7/41t e2iCOr sine de 4.  2Ir c°s9  de ) 
4 

ir  

A function in terms of which we will be able to express (3.6) 

and (3.7) is F( a, u) 
r( 	u ) 	e-i 	1..i2)4.-2-1  di 

j  

= 	yor+i, i)u) ram r(r+i)N-1--r» 
rag() 

where we have used 
ru 

x 31- 1  e-Px  dx = A-v  Y(3, p tau) for Rev >0 
J o 

and rap x) = x e 	-1 toy 	d.t 
...i

1 	 for Re re ) 0 
0 

In fact F( pu) is finite. This is seen from the following crude 

inequalities. 

	

When Imbt = 0 	"Op and x,0 ( or x imaginary) 

( o' ,x) I < I x°70( 

moreover 	 (-1)1.  r(1) 	when r > 0 
r(r+l)ra-r) 	 nr+1) r( -r) 

Oo 

SO IF( ,u)1<1 11 	Dui2r  (-1)r  r()/ (r(14.1)r( -r)) 
o 
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i.e. 	Iv( Alu)I <PA ( 1 — (lul2  )4  
Any singularities that F( 1,u) has are integrable. Putting 	2cor 

we have 

ff e 	(1t121+ 	4. 	) 	dti  dt2  

	

e-i'N (sin g t cos 9 ) 	
tt 

4 

WW2.  
1 idA Ar2rn  do + 2 -i cos 0 de 

0 0 

+ 2  ill'.  e-i(2)4A(sin9 + cos 0) ae  

We make the substitutions 

( sin 9 + cos 9 ) ( 2 )4  

y = cos 

Then (3.6) becomes 

1 	f 	( F( 2”, 1 ) 
2 CO2  0 

+ 2 (F(  y  1  ) ••• F( 	24) )) 

If the Kinking  theorem is to be true then the analytic continuations 

in (0 on both sides of the equation should be true. Allowing w to 

— F ( 2*A1  24 )) 

become CO 	( 6'7. 0) i.e. A -->'N we have 
Oh 
da Ar e ix ( _ i6.4.0)  (1_12)4  dm 

o 	u 	 ( with us u 7 0 ) rut 

J u 

dx E 	ix)-2 (1_x2)4 

u‘ 	
-2 ( 1-x2 )-i dx 	as E ---) 0 

which is finite. 
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Putting x = sinA 

, 
fx-2  ( 1 - x') 2  dx = 

-2 
sin /3 = - cot/3 

Hence (3.6) is 

-2 (  3 
2 

-2- Tr  
) 	= 

n  

 

3 

W2  
••• 

 

Similarly (3.7) is 

1 
Soo dA 

A 1' 	dx 
4 to2  0 	2 

Therefore 

( K(2)- G(2)  connected 

- x2  ).e 	 x = - 1  
44)2  

= 2 W  (- 4 "1-2  ) + 	- 	) = - 1 
24J 	1640 

Now the Kinking theorem would require ( K(2)_ 
G(2))

connected 
to 

be given 

i 2if  

= 	i2  

( since 

= -f 

by 

at 

( 

t 

1 at 

dtldt2  

2 
a -- 

2 	
512 

2 dt
1  

( 

+ co2  ) 

6,4 
-3  

(2cy) 

D(0)( -t1)  D(C))(t-t) 2  12 
dt2

2  

D(0)(-t1) -1.5(t1) ) D(°)(  t1  t2 

_ 4)2 	3)(0)(t2) 	S (t2) ) 

D(°)(t) = -iS(t) ) 

e-ioi( 'tit t It2ititj ) ddt 

2  
dt 

2 

D(0)(t
2
) 

-1- 
214 

-ia)(21t
21) jicit2 it02  + 	dti  i(i (a)2 	e-  icd (2 It1  I ) 

(2 co) 2 	 (2o0)2 
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3 	+ 1 	1 — 1 
	3 

— lbw 20, 4g.) 4w 	16L0 

This seems to show that the Kinking theorem is not valid in this 

case; there are two possible reactions. One would state that the 

• d =0' analogues are massive theories and it is well—known that 

massive theories do not continue smoothly into massless theories. 

If we adopt this view point kinking may be valid in massless but 

not massive theories. The more pessimistic view point is that the 

assumptions of the Kinking theorem may not be mutually consistent 

( irrespective of whether the field theory is massive or massless). 

The d—number is important in these considerations. For d = 0 we 

can be rigorous and use T—products rather than Tx  products and 

moreover second type tadpoles pose no problems. As soon as we 

consider d = 3 field theories we have meaningless quantities 

occurring ( i.e. values of distributions at fixed arguments).Since 

many of the valuable well—established features in d=3 theories 

seem to have analogues in d = 0 theories we feel that the Kinking 

theorem should not be regarded at the moment of being to the same 

degree fundamental. 

There is nothing in principle to prevent the extension of the 

programme with one dimensional theories to interactions invariant 

under internal symmetry groups. There are none of the problems 

of maintaining unitarity and gauge invariance since no regularisations 

are required; however the Sommerfeld—Watson summation technique 

will have to be employed. One of the weaknesses of this method 
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lies in the inherent ambiguity in defining interpolating functions. 

The nature of this ambiguity is beautifully summed up by a theorem 

due to Fuchs53  which states the following : 

If f(z) is regular for Re z 7 0 and of exponential type 

characterised by coma if f(an) = 0 with an 70' An+1 	> 	' 

then f(z) = 0 if 

lim sup r-2cAT i(r) . °O. 
r 	oe 

where 
T(r) = exp 2 2:

n< 
A
n A r n 

Moreover if the limit superior condition is not true then there 

is an f(z) ( satisfying all the hypotheses of the theorem ) which 

is not identically zero. 

Of course the ambiguity in the interpolating functions does 

not matter if all the residues are summed; however one of the 

techniques in use is the opening out of the contour of the mom- 

54 entum space 	superpropagator and evaluating the superpropagator 

from one or two residues. In d=3 theories some success has been 

had by using the minimal singularity ansatz but for d = 0 

theories this is not a relevant concept; the basic trouble is 

that ' opening out of the contour ' is not a smooth mathematical 

operation. Hence the ambiguities remain an embarrassment for 

lower dimensional theories.This seems to indicate that the 

technique may be at fault , i.e. the ambiguities are not 

purely of a distribution theoretic nature. 
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Chapter 4 	Non-perturbati've calculations  

We have concentrated so far on perturbative calculations i.e. 

on expanding the S-matrix in a power series in the coupling constant. 

In gauge theories we are often interested in questions which make 

us suspect whether perturbative treatments are meaningful. In 

quantum gravity it is interesting to understand quantum fluctuations 

about the classical solutions for the metric field55. Intuitively 

we can see why non-perturbative treatments are required. The classical 

solution can be built up by summing all tree graphs. This has 

been shown explicitly for the Schwarzschild solution; the classical 

solution is already a non-perturbative one. The natural extension 

of this programme is to sum up all diagrams wit!). one loop. We 

shall not try quantum gravity but rather the one-dimensional 

model 
A q4(t) 	 (4.1) 

This obviously does not have gauge symmetries ,nd also no problems 

of renormalisation arise but it is a non-linear interaction and 

gives rise to a Hamiltonian with a positive definite spectrum 

for-A> 0. One dimensional models of gravity are far from absurd 

and have been seriously suggested by Klauder
56
. A non-trivial 

example of such a model is given by 

I = 	p(t) q(t) - p(t)q2(t) - v(  p(t) ) 	dt 

with I the action and p(t), 0. 
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The first problem is to find a non—perturbative summation 

technique for summing one loop contributions. The answer to this 

has been indicated by Feynman. Given an action SC(93 we will 

associate an action S
1 loop 

CV which will give all Greens 

functions in the one loop approximation. 

1,00P [1123 	" eP1 	" 	44) (I)  p lj 

and ; is a classical solution. We have used the notation 

ij . . k to denote the functional derivative 21 ... a • 
It crik 

Moreover 

= 	f0 

where q7 and 15 are both quantum fields. We proceed to a 

non—perturbative calculation via the Feynman path integral57. 

That a non—perturbative solution may well be the only meaningful 

solution is indicated by the following argument. Power series 

converge within entire circles and for A negative the potential 

goes to — oo as q approaches fto The character of the bound states 

changes completely as A40 or A i7 0. Hence we may suspect that 

amplitudes are not analytic at 	0. Actually ,X —analyticity 

can have also quite an amusing direct physical interpretation. 

Salam has stressed that in gravity modified quantum electrodynamics 

the effect of gravity is to remove ultraviolet infinities and instead 

leave a factor log A ( where ). is the gravitational coupling 

constant). However no summation in perturbation theory was attempted. 

Now Weisskopf has interpreted the infinity suppression in gravity 
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modified quantum electrodynamics as connected with the limiting 

frequency of a standing photon wave in the curved space time 

around an electron. Such a photon has the wavelength given by 

the Schwarzschild radius and it is not unreasonable to regard 

this as the definition of the latter. From general relativity this 

limiting frequency is Ome  where me  is the electron mass. 

Using Weisskopf's formula for S me / me we get something 

proportional to log(1/3me.k). In this way we have some sort of 

connection between the Schwarzschild solution and the analyticity 

of our S-matrix elements. We can perhaps get some idea about the 

effect of higher order quantum corrections on the Schwarzschild 

solution from this. If for example the A behaviour becomes 

( log )14  owing to quantum loop corrections the Schwarzschild 

radius behaves likc 	exp( - 	). 

We consider 

it =7 4 it  2 ( q(t)  )2 + 	ti(z)  )2 + 	)1,  ( q(s) )4 

The equation of motion is 

a( ) 	kt2  gc-c 	qt-c »3  

A class of solutions is given by26 

qc( -c) = C e(i).'t) 

	

with 	 p,2 ( 1 - a C
2 ) 

k
2 	= _2 c2/ ja 2 

	

and 	e(y) = on(y2k) 	i sn(ylk) 

The Jacobian elliptic functions are defined by 
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sn(u1k) 

U = dt 
■■■■■411.001wamm■■■■■■■•■■..w.N.wm.lms■emem■ 

0 	 j( 	t2 ) ( 	k2t2 ) 

and 	cn(u lk) = j1 sn2(u lk) 

dn(u lk) = ./3. - k2  sn2(u,k) 

As 1 --4 0 , and k --4 0 e(Y) 	exP(iY) 

Vie define ti(t ) by58  

q(T) = qc( ) + ii*V 1( ) 

Hence 

31 loop [(I(  )] 	S [10(.03 + 11 
 rtb 	

(i(i(t) )2- ,r2q(t))2  
a a2 2 	2 -g• (10(.0 11.  (T-) 

since 
ftb 

S = 	dt ( 2 f4-2  (cl(t) )2  + 4(.0 )2  + 	( q(t) )4) 

t a 
SE:10(t)] is somewb,t more complicated.. 

a 
Scq 	 c140(1--- C2112(e(irc))2-,ifFC2 e (nt) 	c4(e(at))4 ) 

nt 

In fact 

-1 [go] = F(u)I - F(u) 
u =WI) 	u =Sit a 
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where 

E(u) Ftil) -47 	
02n2 (1_2/k2)  142 C2/k2 4 2Ac4(k2....2)/3k4 ) 

4 	
2c2( 

402112  2102 41 
	

1 —2/k2  )4.(14k124k2 
3k2k1242)1

C4/12k4) 

3k
2  

sn u cn u do u (iC2122(-2P)422 C4/3k2) 

+du3u 	c2.n.2 2i/ (3k2)2)  dn2u (- i  2 C4/k4) 

	

du u iti2c2/2 	C4 k2+2k'2)/k4) 

and 
E(u) = 
	; k' = (1k

2)i 

The details of how we calculated F(u) are given in appendix 4. 

Now the Feynman integral in these one dimensional models can be 

related formally to Wiener integrals. 

f ) e e <ehei > 	 4 <4,4> pql w(q) e 

where Zw(q) is Wiener measure58  and OF(q) is Feynman measure. 

( F tql/  is just some integrable function ).We will first consider 

in a little detail the measure in Feynman integrals. There are 

various approaches and all can be related to the commutative 

Hilbert space integral approach.We shall choose the most physical 

of these approaches. An alternative view-point is via contraction 

semigroups and Trotter's formula59. 

	

We put K(b,a) = fexr4 S 	LID. , 23 KO kW 
The Stone-Weierstrass theorem states that every function which 



95. 

is continuous on fl can be uniformly approximated by functions 

continuous in a finite number of variables. 

N 

K(b;a) = lim 
(-4 0 
NE = t

b
-t

a 

	

S( • 	exp - 	• • • fak  • • • tadkr1:1S(ab-aN)21k I lc...4qt  

	

h 	b 

where the interval NI  tbJ 	has been divided into N equal 

intervals, and q(tIke)and take by qk  and tk  respectively.Now 

we have 

i) K( b;a ) = 	b;c ) K( Vii.  ) d30  

ii)i[
00  
K( qi  t1  ; 22  t2  ) Kq2 t2  ; 21 t1  ) dq2  = S(31  -al) 

-so 

For infinitesimal (q1-q2) and (t1-t2) 

K(2;1) = m211  exp 	S ( 32, 11  ) 

where S is tat) classical action. This is 1-symmaA definition. 

Now 
	

(c12/c11)  = (12 'q2) 	(ql-cl2)K g" 	2.1=2.2 + 0 ( 21-32)2  

(ii) implies that  00 

0. 

2 
- 12  dr. =I (91-11) .2  exp 	1- 31).2,2 213 	I W2 111  

where  - P 2,1(32331) 	32'31 )/ g gI 

Making the change of variable 

q2 	p
2,1 

 / 2 n 

Both these relations are intuitively obvious probabilistic require-

ments. Sometimes (i) is known as tvle semigroup ?roperty and (ii) 

is called the unitarity property
60
. 
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we have 

22 

[ 

= 	g (  22,1 /2n ii  

'32 
1 d p2,1 

27r II 

and this gives 

[ 

1 m2,1 1  = 2( 212212t_") 1  

g  22 
The phase of m2 s1  can be found from the semi—group property. 

For the free field 

(b , a = 	r(qb cla)2  

t
b
— t

o 

and  mk,k-1 is independent of k. 

fl((b;c) K(c;a) dcle  = (mist)2 Sage  explitt2_. ( (gb-clo)2+(go  —qa)2) 
h tit 

, 2 	(q —o )2  
= ( x11,4  t) 	tic Itai ts.) exp E-2- 	b -a  

2 4. t 

where tb
— t

o 
= t

o 
— t

o 
= Lit . 

So 

m
Qt = ( 	h Ltt)i  and this gives the phase of the 

measure. Hence 	

11 

m 	
(1/2ifiii)i 	Det g2  

k,k-1 = 	
(ti'c QqZ-3. 

Now that we know what the Feynman measure is we can proceed with 

our calculations. For S1 loop 
path integrals m is a constant 

factor and so the measure is particularly simple. 

We are interested in 
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K(b,a) 	t
b 

r4CZ F(v1) exp 1:13 ( S [gel + 	-1. (pi (T))24. '12(T)(2  c,:(.0.4„2, 
t
b
a 

i 	 1 ..2 . 	/ 	2/ , 	2. _ 
= exp 3-1 S[qc]f‘r(1) exp(4-- (iict)) crr)expk 	(-31qcvs)+ tt ) clz ) 

t 
a 

Now it is known that 58  

f jW(X) 	 exp (i* d"c 

(7T f(0) )4  
where 

ffi( T ) + Q(1) f( -t) =0 

f(t) = 0 and f'(t) = -1 

( when )C(0) and 
/c 

 (t) are both fixed ). For the case of interest 

f 	 32.02e2(a_r))f('t) = 0 	(4.2) 

In order to solve this equation
61 

we have to consider certain 

mathematical facts about elliptic functions. Sn and en 62 

are both single vaned functions with real and imaginary periods . 

Sn u has the following properties: 

i) sn u is an odd elliptic function of order 2 

( The order of a doubly-periodic function is the sum 

of the multiplicities of all the poles which the function 

has within a fundamental parallelogram). 

ii) sn u has a simple pole of residue 1/k at every point 

congruent to 	( mod 4K, 2i10) 
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iii) sn u has a simple pole of residue -lik at points 

congruent to 2K+11C' ( mod4K,2iK') 

Similarly on u is an even elliptic function of order two,has 

simple poles at every point congruent to 110(mod4K,2K+2iK1) 

with residue -0( together with simple poles at every point 

congruent to 2K+iK' (mod4K,2K+2iK') with residue ilk. The 

quantities K and K' are given by 

K 
 = r

r  (1 - k2sin29 )4  de 
0 

10= 	(1-102sin2a )4  de 

0 

Our real interest is e(u). From the above we can deduce that e(u) 

has a period parallelogram determined by (.41 1 G) + 20P) (where 

GI = 4K and 4)1  = 2K' ). Within the parallelogram e(u) has poles 

given by (4,+ i 2(o') and ( 2i0 + i ;col ) with residues 2i/k 

and -2i/k respectively; so 

e(u) = 2i/k 	-.2iik 	f A(u) 
. 3 	3 	.3 , u-4, -1 - ' 	u- Al-120 2" 

( where A(u) is analytic and free from singularities within the 

parallelogram ).Consequently within the fundamental parallelogram 

• % 
the double pole terms of e

2  (u) are given by 

	

( u - (A)+ i iip ) ) -2 	42  ( u 	 1))_2m ( 20).1.i2 
2 	"- k 

and the single pole terms are given by 
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, at A(u) 	u — — 	
; )-1  — 2i A(u) (u — co — i 

3 )--1  

8 	, 	. 3 	0-1, 	. 3 , ku—co—i -2 c4; ) ku-6)-3.2to 
• 

Before we can progress further it is necessary to introduce further 

concepts in elliptic functions. The structure of elliptic functions 

( and in fact all doubly periodic functiona)is very restricted. 

We depend heavily on the following type of theorem: 

" Two functions, which are doubly periodic in the same 

period and which have the same zeros and the same infinities each 

in the same degrees,respectively, are in a constant ratio' 

It is convenient to introduce Weierstrass's Q —function 
00  

Cr(z) = z T-T flr ( 1 — zik)exp( E 	
2 ) 

k 	-2-  — X2  — 0, — 00 

where 71:.= 2ma + 2m' a , the ratio a( : 0( not being purely 

real; the infinite product is extended over all terms that are 

given by assigning to m and m' all positive and negative integral 

values from + 00 to — oo excepting only simultaneous zero 

values. The double—infinite product converges uniformly and 

unconditionally for all values of z im the finite part of the 

plane; hence Or(z) is an odd function but not a doubly periodic one. 

Indeed C7' ( z + 2m ) r- —1)ra  e2  1 (mz+m2a ) 01z) 

cr( z + 2d100) = (_1)110  e21' (m' 	t m'°(')  0r(z) 

• 
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where rt  • = er(00)/cr (ce 	and 	= &(a)/CT(a) 

Now if g(t) is a function with its set of infinities given by 

ci 	1tifie.n1 in a parallelogram of periods containing t 

and with a set of zeros given by {Zrj  11 ..g.;j:5 n). ( repeated 

zeros and infinities appearing the relevant number of times in 

the above sets ) we associate a function 

(t) = cr(t— 	y2) egt t 

(f (t—cl )cr(t— C2).... a( t— en) 

where e  is a constant. 

( t + 200 = Kt) e2 	Ec - gr 	tea 

t 2K') = 2(t) e2  PIO Fc — E ) f 2tect 

By assumption 	g(t + 20c) = yet) 

g(t + 21e) = ytg(t) 

If we choose 

a = Zo — 	y 

exp( 21a + 2 tot ) 

ys  = exp( 211! a + 2 toe ) 

then 	12(t)/g(t) is a constant by the theorem stated earlier. 

These considerations will form the basis of our solution for the 

Feynman path integral. Now f(t) is a doubly periodic function 

( at least of the second kind ). This is clearly seen from (4.2). 

We consider 



101. 

f( t) = B 
	( 1 + p(1. -d) t  q( -024- ...) 

(Z- d)m 
This gives 

1 d2f - - 	m + m2 	- 	2mp 	+ positive powers of ("C -d) 
f d't 2 	(t  _ 02 	(t -1 

Hence we require 

m +rt2 	- 2mp 	3 2.  c2 e2( ft) 	t2 

(t- d)2  

However we already know the singularity structure of the right 

hand side of this equation. Hence one possibility is 

d = 	co + . .Ay Ay 	= d1 

	

m2 + m = 	- 12 02/ k2  S12  

	

-2mp = 	6i A( co + i 2  ca l  ) ik 2  2 ks). 
— 12 AC2  ( 60  /j7:071  

k2 a 2 

It is necessary that m is a positive integer if we are to have 

doubly periodic solutions. Now since m2 + m + 12 a C2/k2.0.2 

	

vanishes we have m equal to i( -1 ± (1- 	 .2  ); thus 

we need (1- 48 C2/k2.0.2)i  - 1 to be a positive integer. This 

can be guaranteed since k is a variable parameter and can be taken 

imaginary. Another possibility for d etp.is given by 

	

d. = 	1( 3 ej 	3 i tot ) 	d2 

	

. 	2 	2  

m + m2  = -12 C2/ k2..22 

2mp = - 6i C2  ( 
	

+ i 2 3 Ce. 	) t 12 	C 2  ( 

k2n2 

( - 

k 
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There is a very useful theorem which states the following: 

Every doubly-periodic function has as many irreducible zeros 

as it has irreducible infinities. 

This theorem shows us that we must consider 

) = 	t - ri) d'( t -  2(2) 	-c - r2m) exP (et) 

(cr(t 	ell) )rn (o- (t — 6-2) )m 

We know that 

log 6( z ) 

ao 

log z - N-1 2n 	-2n (2n) z 
n = 2 

in a neighbourhood of z= 0 where El denotes summation for all 

'K ( 	0 ). We define auxiliary functions 

(z) = 	cr' (z)/Cr(z) and ()(z) = _ d'(, (z)/ dz 

In fact 
	

0( z + 20e) = 61( z + 2 	) a61(z) 

Hence in a neighbourhood of z=0 

/1(z) = z -1  - g2z3/60 - g3z5/140 - 	
- z 2n-1 Ex-2n 

• • • • 

(z) = z-
2 -2n+  ... Ellc  z2/20 + g

3
z4/ 28 - 	+ (2n-1)z221-2   

1 df 	
2m 

7 
dv 

— e 	
1Z1 

(-r— yi) — mic t — 	—nivt—cl2) 
1 d2f _ 1  af  .2 
I 	— (i 	) 

2m 

.E 0( - 	- m 6)(r-cli) 
i = 1 

-me(C-d2) 

The next steps should now be clear. We obtain an expansion of 1 A 
f de 

in the vicinity of 1:= 0 and then compare the coefficients of this 

2 2, 2 
expansion with the coefficients of the known expansion (AC e 

Now 
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about the origin. For the ease of computations we will use the 

identities which follow 

( u + v) 4(u) 4(v) + 	tur-H=P1) 2  

( 	+ v) = '(U) 4- 	(v) 	(6)1 (V.) —V(u)) 
(v) —0(u) 

We shall consider the case m=1. This will illustrate the main 

features adequately. 

r( -r) —' 	cr( 	Cr ( 	X2 ) 	exp(tz) . 
Cr( t— di) alT—d2) 

It is now easy to see that 

where 
ti 

?
= 	V + 	+ Yt2 + ZT3 + 1 df  

	

6(-d1 ) 4- P (-d2 ) 	(-x1 ) - (_ 2r2 ) 
= 	(6)  (--c) te(-2r2 ; — (Po  ( —di) —0(—d2 )) 

z  = 	( 2( _d2 ) 	Xi) 6)2(  2r2)  

v = e t(— el ) 	11(42 ) — ( —di ) — (—d2 ) 
Moreover in a neighbourhood of t = 0 

3;02 e2(f)t)  _ 142 = ( 3;02 	. a 	,. )4.63.cil. -6;C 2IL2  "C 2  

and 
ld2f = ( V2 + 2XV ) +2t( 2VY + X

2 + XV ) + 2t2(3VZ+3XY+VYt4X )+... 
fdt2 

Hence the three conditions which determine (4 )  Xl y and X2 

are 2 	2 
3ik C — ft 	= V 2 

 
 + 2XV 

300212 = 2VY + X2  + XV 

c2fL2  = 3VZ + 3XY + VY + X2  

(4.3) 
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From general theory we know that equation (4.3) gives two different 

sets of values for few, al 2 W2 31. The two sets are denoted by 

few , 	, 	; 	1,21. The solution of (4.2) is 

given by 

f(%) = 	cr( -41)) tr(t -r2(  )) (13-( 	( tree -d2))-leig e.(1)-c) 
• D2Q(T-c(2) )0.(t-a;(2) ) (C (1 -(11))-1( T(1- -d2))-leig e (2)t) 

where 

eg(1).0  Dl  =ti<t-dl)0'(t-d2) (e( 2 )-e(1)+1,(t-42))+1,(t-V-4(t-t -t(t-t)-1  
trcr 	a(z  zr2(1))  

eel-1)2 ....vt-a.1)1*-d2)(e(2)_0)411(c_al(2))._„.44.11,_c_4(t_xs.(3,1 

T(C-  Yi(2))  Cr(  "c-  X2(2))  
Hence we have 

IC( bya ) 
	

rci? 
	

(cr(ai ) (1(.12)) 

(Diouri(i)),,a,2(1) ).„ D2cr(!1(2))0(4),2(2)))), 

This is an extremely complex expression. We shall try to understand 

some of its implications. First we shall elaborate a little more 

on the classical solution used. 

clo(t) ( 2(1- 2/k2  142) )4  e( (2/(24 )i  lav 

a 
	As A --+ 0 we have qe(T) approaching (-2/2142)-lexp(ipT) 

if ( ./k2) tends to a non-zero value 	; this is just the free 

field solution. 

Be are mainly interested in our analysis in the 1 -analyticity 

properties of K(b;a). The factor dependent on S rqais non-analytic 
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in "A . This can be seen from F(u) ( remembering that C2  is 
)1.-11c2/(k2_2442) and 41! is -2/(k2-2/r2) ) ‘. The other 

factor contributing to K should represent non-classical effects. 

We may well expect similar non-analyticity in ) to be present. 

The Weierstrassian Cr-function has no singularities in the finite 

part of the complex plane and this applies also of course to the 

exponential function; so singularities occur when the arguments 

have singularities ( i.e. when WI, 	and e  have singularities). 

The factor ( 0(d1) cr(d2) yi is unimportant in the sense that it is 

solely a function of k which is a parameter which labels the set 

of classical solutions that we have used. Now 	and e2 

are given by equation (4.3). It is the case however that AC2  is 

independent of A and so the singularities of )11, Y2  and 

e will be in /A and k . It is quite remarkable that the 

non-classical terms do not contribute to the non-analyticity in 

here ( at least in the approximation that we have used ). 

Of course if we choose k to be dependent on ,k this will no 

longer hold. 

We can

t' 

 make our solution more explicit by actually calculating 

If 

 

1' y 2  and e  . This is hard to do exactly but we can take 

21 1  and 1/ 2  small and replace the second equation in (4.3) 

for example by 

3i  ^ c2 n. 	v ae12 	4. 	V22 
2 
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This is approximate but still meaningful since we have 

the values of K and K' at our disposal ( in the sense 

that they are just functions of k which we can vary); 

basically we can choose the di  and d2  such that ri  and 
1r2  are indeed small. The other equations in (4.3) seem also 

to suggest a cut structure in k and ft . Our framework is 

particularly appropriate to quantum gravity; in fact DeWitt 

has shown that functional differentiation with respect to 

the background field of the functional that we have just 

constructed gives all amplitudes. 

Naturally we would like to extend our discussion to the case 

Lint = 4
1(x) in four dimensions. The equation of motion is 

( C3 + 	) 	p = 43( x,p) 

Putting 	or = pr xy.  we have 

( d2/d0.2 	m2/p2 ),p = 43/ p2 

Hence a solution is Ip(xf(3) = ip0(0) 4101 where q90  and 

n. are suitably chosen. We are interested in the quantum fluctuation 

around this solution. We have so far been considering 

	

q: 	It 

where M is a space of operators. However now we have the case 

	

: 	v4  

4 i where V is Minkowski space. The Feynman integral is written as 
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K( 	) = f exp i 	S 	12. .a]  or 6(p 

where 025 cp = 	up TT 	acit(x) 

L, x 
As before we cannot proceed without determining .41, 	, and it is 

the form of itt which makes an important difference in the four 

dimensional case. We shall choose the vacuum for both the initial 

and. final configuration. 

<0,00 1 	= fexp 	scrii+ (pj  

Now the equation of motion is 

= o  

But we also have 

f exp ( i SE(+0+ log .A4) cip = 0 
6 ti 

Hence 	0 = <0,00 I  T ( i 	+ cp.] f (10g1/1),i)1 	0.4.> 

From this we make the assumption 

T 	S . Cie  + 0]  + ( loges ,i ) 	0 
h '1  

So following DeWitt we require 

T((login) i) 	 + 56.] - 	T syi  

k

1- ..eilc+...=- - (  
2 	,ijk 	

. 
 

where ejk  is the advanced propagator. Here we have used the 
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if• log det G = - tr ( GSG 1 ) 

(logdetG).=- Gjk ( G -1) 
I 3. 	 kj pi 

We have so far managed the analogues of the steps made in the 

one dimensional theory. DeWitt and others have even formally obtained 

( where Utii S!ij - So. (G zr 03 ) 

1 4 by taking 0.3= (det g4. / ; here g* denotes the advanced Greens 

. function evaluated at ? = 0. Unfortunately unlike in the one dim-

ensional case we have no non-perturbative method of evaluating 

the determinant in (4.6). Fredholm methods developed in this 

field theory context by Schwinger just recover the perturbation 

expansions when applied to (4.6),It is very rarely in interacting 

field theories ( irrespective of the space dimension ) that a 

non-perturbative method can be made to work. Since perturbation 

theory seems unlikely to be valid it is crucial that new summation 

techniques are vigorously sought. 

relations 

<0," I or' p4):› i loop 	
= (det (1-g0U)/ det(1-4 U) 

(4.6) 
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Appendix 1 	Functional integrals 

This section is based in part on private communication and notes 

from J. Tarski. 

Functional integrals provide a convenient formalism for describing 

Greens functions and hence S matrix elemtints. Current methods of 

quantising gauge fields rely solely on the functional integral. 

Moreover, alternative definitions of functional integrals allow 

for the possibility of new forms of quantisation. 

Usually functional integrals are regarded as objects which 

are manipulated to give formal relations ( e.g. between un-

renormalised Greens functions in different gauges or forms for 

tadpole cancelling terms). Their structure is usually disregarded. 

However there exists a rigorous definition cf the commutative Hilbert 

space :Integral. The history integral of Feynman can be regarded as 

an analytic continuation of a Hilbert space integral with modified 

weight. 

For a real separable Hilbert space If 
F s 	c 

is a tame functional if 

a) there exists a finite dimensional subspace E such 

that F(x) = F(xE) where xE  is the orthogonal pro-

jection of x on E. 

b) F is Lebesgue measurable on E 

We define 11 to be the set of tame functionals. For a tame 
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functional F E is known as the base of F. If the dimension 

of E is n we will define the measure 

d tkE(x) = ( 2irCT) 	dxl 
	

dxn  exp (x3 )2/2c3 
j311 

with Cr positive. Of course 

d tAE(x) 

It is easy to see that if we define the functional integral of 

a tame functional as 

I7c(F) = yr) = f d/AE  (x) 	F(psx) 

this is independent of the base E. 

Definition : 

= (F 	I„(IFIC() 4: gl°;11  0( ?>1 
de 

oe  

	

11 PH = fIlt( led v 
is a norm on 'J. 	can be 

completed in the usual way. 

It is necessary to extend the operator I for non—tame 

functionals. A basic system fE/ in d1  is given by lEildimEi=i1Eiciel 

UEL=It 
i. 

F is pc—invariant if for any two basic systems {Ali and .f BI 

i) FA 	, F11  in ''./g 
 for all p,q sufficiently large 

q 

	

—p 	, 

ii) lim 	II Fk 	B 11 — 0 
p:9. ..9.012 	cl 6(  

If the space of u — invariant functionals is denoted by I then 

For any functional F 

Ft(x) 	F (xE  ) 



p 

since 

-1 _ 	-1 
 4- 	

-1 where a - A  
F belonging to I 

0( 
 implies that F belongs to Iis  for all /3 

satisfying 1:4(6 < 0( . The. essential property about I gx  functionals 

is that the projection approximating functions are Cauchy and so 

F is in the completion of or' 

From the above it is clear that 	can be defined for F 

in I and in particular for go 1. I 
0( 
 is non-trivial since 

q clot  .( It is often found convenient to restrict Iar nirther 

by demanding that conditions (i) and (ii) are satisfied for arbitrary 

systems of projections {Cen/ and la nil which tend to unity as n 

and m become large. All tame functionals belong to this restricted space) 

I (F)  E .  lira 	I (Fr  ) 	fg3 (x) Et-  <x9x> /2(r F(.) 
n-,63 It 'n 

( The concept of 01C-invariance makes the above definition indep-

endent of E ). The lattice or polygonal approximation that is 

often used for fumtional integrals can be seen to fit into this 

scheme. The lattice is merely a finite dimensional projection. A 

lattice type defines a basic system. The Feynman path integral is 

of the form 

f2F(x) 	 F (i) 

=I A51 
i x‘ e4141(5c'i>  F (i2x) 

00  

where
F
(x) is imaginary but c8 (x) is real. Hence it looks like 

a commutative Hilbert space integral. However for a history integral 
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a rigorous interpretation is not known except for the trivial 

system of the free field. Feynman's postulate is that 

<oinloout> = jexp tS con dcp(x) 

Mi 	in 
where 10in 

t\ 
 / are the out vacuums. Sql is the action functional. 

Elements of the S-matrix can be expressed in terms of Greens functions. 

<T(F(ib)) 0  = f F(4)s ro) T)- 	(x) 

F is an arbitrary functional. On the right of the above expression 

0 is a classical field whereas on the left it is a quantum 
field. In gauge-invariant theories the action is constant on the 

orbits of the gauge group 

i.e. S[4111]= S[4:0 where 4 is a result of applying the 

element of the gauge group to the field 4>. The idea of Faddeev 
and Popov is to extract the (infinite) factor arising in expressions 

for the Greens functions owing to this gauge degeneracy. There are 

two ways of progressing. One shall be called the Landau-F-P method 

and the other the Fermi -F-P method. 

The Landau-F-P way is as follows: 

We define a hypersurface (16 If(#) = 0) in the space of 

fields such that the equation f(e) = 0 has only one solution 

in n (x) for any I:(x). A functional associated with this hyper-

surface is defined via the condition r f con s(f r  (i)., 	= constant 
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From the definition it is necessary that 4,102-7=
f
(15  

Now F-P postulate that 

IF( ) exp i S C 4J  delf  +3 Tjs( f[i,(,)) ) d (x) 

should be used in developing a perturbation theory for gauge fields. 

The F-F-P procedure is only slightly different. Apiece is 

added to the action which is not gauge invariant, i.e. 

s (40 --*Ect3.7-sEq9+AsEcta 
such that 4 SCce]# A s 03.As before 

idzis  Cstg f exp i A S 0474.13 TT d,C). (x) = constant 

4 [N is a gauge invariant quantity. F-F postulate that 

J F
AS

C4)3 exp (i(Si- 4S)) TI d.+(x) 
 x 

should be used in developing pertw:bation expansions of the Greens 

functions. 

As a simple example quantum electrodynamics will be considered. 

The lagrangian will be quantised in the Landau gauge i.e a Ar. 0 

(f Tr cc (2.A(x) -92J(x) ) dji(x) )-1 
Here 4elf  A is A independent and so can be taken as unity . 

So the Greens functions are now calculable. 

This requires choosing the hypersurface given by 

f CA) = D IA Z' 

Hence 41f 
A is proportional to 
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In particular 

< T  ( (x) (Y)  > Landau 

constant . 	r(x) ;TAY) exp i S TTS( 9.A) dA ay di,  
x 

We could proceed similarly using the F—F—P method. Here AS fA] 

is taken to be 	1 	 ( 9 .A(x)) 2  ix and edieel is found 
2(3 

to be A independent. 
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Appendix 2  Details of the LPZ model 

We will let I denote interaction. In particular I(Y) will be 

the part of the interaction lagrangian which involves Y alone. 

It turns. out that 

I(E W,A0Z) = ig ( - ye Y 	+ eL Ye  VI14  - 0(14 yelii+t,  

ye  yi`eL  Wrt+  ) 

+ ig  sin B ( ( eL eeL - et  eA eL) A+(eitttelt- ;R IS IAeR)A) 

4 ig cose (( eL yreL — ;LilAet) zr ) 

+ ig tan 9 sin e ( ;R yiAeR  - 	XP'ek)Zt... 

I( quarksIIH IA,Z) = ig ( -(ilycos ec + ALsinunc )epi yi; +711 11(nLcos o 
+ lLsin00)W; - 51( %cos Oc+ALsin 00 )W+e.  

+( ELcos ec  XLsin Oderiliti+) 

+igsine ((fLepL  -rL 1:L 	) A t, ) 

+igsin 0 	rR  `rRt PR zflA pit  — rR trit)A t, 

+igcos 9 ((51 ,11"pi  - i'L eAria  TpieePir 	eri j)Ztt  ) 

+igt an 8 sin 9 (1:R  era  - pR  W14  PR t rrR 5kePA)Zr  

+ig (-(-7iLsin ee  + 	etPL W: 	-nLsin e c 

t, osOc)  w 	-ZiLs in ac  + Alcos0c) eri W 

- 	sinO6+ ltcos 8 ) wet - ) 
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I( Et  )(A) 

= 	me ( 	eL + ; 17 /1  + 	e0+ e 	;i1(+4eR R e R L 

+ iie]k+ eR  + eL  eev eR  ) 

-41 m' ( 	)C4 4 e + 73.' X+ IV  + ;' eo+v eL + 	e' 
-P R e

L 	e R-7—LL R 

+3; e  - eR  + eL  eo v 	eR  ) 

I( quarksjcpy) 

= 	mr ( 	7Rx. c n 	eo" r + 5-1(t fr 
L R 	L Liu R 

+ ne,jc +rRL eo v r
R 
 ) 

12 mg  ( PR  'X 4.  r + 5 + 	5 C  

	

L R 4 n 	R o 4 v P 
7/1" L + ;L PR 

+ Re 	PR + 	v PR ) 4 2 

-g mpt (511.4+ ry + 	9:17;1 c 	+ fl fo v 
"7—  

+ 113C — 	P i  + 	eo v L 

mr,( 	- 	Iii,;(-;1 	1.71 eo 	v rt 	+r t 
cyR--4r-LRR 

+ 5 X + rk  + rL  eof v ri ) 
77-  

-4 mn ( 71oR(u+6°)n L + L ( u+ 6°) ncR + 

5CL  ( u+ S R  

There are many more important couplings but we do not need them. 

We now give specific couplings 
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g cos Oe  ( 1- g5  ) 
2 

— g sin 4 0  ( 1- 	) 
2 

We shall now give the general order of magnitude of higher order 

effects on dimensional grounds 

G = g2/ 4 	e-2  = g-2  4 g' —2  and m: = e2 

In higher order processes large momentum contributions are more 

important than the low momentum contributions. Hence the contri-

bution:: from photon and massive vector boson propagators are of 

the same order; the T matrix for weak processes will have the 

expansion 

T = G r50  + 	) + a2( 
2 

2 
+ • • • 

e"' 
2 
 [bn 	b (G 112) + b

2
( GM2)2+ - 

where M is usually the mass of the vector boson W; so we would 

expect that higher order effects are larger in models with large 

2 
M . 
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Appendix 3 : The Kinking Theorem 

The idea of Kinking was first suggested by Salam and later 

the Kinking theorem was proved by Isham, Salem and Strathdee11. 

The new concept introduced is that of Kinked Greens functions 

which are finite (after the standard non-polynomial regularisation). 

We shall consider the system in ' d=3 ' field theories described by 

of = 	9„X V(17) t 147 r)r  co 

where V(0) is 1 and X and 17 are independent scalar fields. 

G(x,y) =, <T ( X,(x) A (Y) )Heisenberg picture 
/1.. 2,-,,,-■ 	1 N> =4CTX( )((x))((Y) exp i --1-.  1,,Ad kvq) - - Dirac picture 
I 

It is one of the assumptions of the Kinking theorem that the 

replacement of a T product by a'Txproduct is valid provided tadpole 

contributions are dropped; this is an assumption which has not 

been proved in the framework of perturbation theory. We define 

G(14)(xly) to be the Nth term in the expansion for G(x,y) obtained 

by expanding the exponential involved. We define the Kinked Greens 

function K(xly) as 

IC(x/Y) = <Tx(X(x)X(Y) exP i z Orx) 20f) ) 

Kli(x,y) is the Nth term in a perturbation expansion for K(x,y). 
or, . 	. : • • 

e.g. 	G(2)  - 	 - . . 

1( 
if tadpoles 

vanish 
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I.S.S. have succinctly expressed the Kinking theorem as 

G(N)(x,y) = 	(7) K(r)  
r=0 

We will not reproduce here the general proof given by I.S.S.; 

instead we shall look at a special case 

K(2)(x,y) — G(2)(x2y) 

= (i ) 2  f dz1 dz 2 	'Jr.(  zi)Do z 	g( 

% _,z  
a (i)2  jjdzidz2 	0 

(Z  1) x- Dkz1) A 1 

(i)2(_011 dzidz2  5(x-21) D(z1—z2) 

(0), 
= D(x—y) = G

(o)
(x,y) = K kx,y; 



120. 

Appendix 4 : The calculation of S rq ] . u 0 
/It b 

flta 	 iiXc4  ( e(n.t))4  ) 

We shall often use relations of the form62 

	

fsn u cn u du = - ( do u ) / k2 	 (A4.1) 

i 
..sn u cn u dnm  u du = 
r 	

-1 de+lu  (A4.2) 

(m+l)k2  

on2u dn2  u du = 1 ((l+k2)E(u) 10 
i 3k2  (A4.3) 3k 	

- 2u + k2sn u cn u do u ) 

	

and 	snnu onPu du 	( for n + p - 1 - 2m # 0 ) 

(A4.4) dn2mu 
1 

	

_ 	 n - 	sn u cnp -2  u nd2m-lu du -10 2  snnu cnP -2u nd2mu du 

	

Now 	S(u) = - sn u do u + i cn u do u 

Hence 
ub 	 ub  

du e(u) )2 = 2 	2 - 2 	 2 du (sn u dn u- cn u an u -2i an u cn u dn u ) 

ua 	
ua 

1 	B(u) 
I 121)  2 3k 	ua 

where B(u) = 1 ( (k2  -2) E(u) + 210 2u - 2k2sn u cn u do u 
2 
3k 

4. 2i dn3  u ) 
2 

s [4c] = n.".1  d(f1t)(202112(gr1t))2_ ev2c2(.(int))2 

In evaluating the remaining terms in the expression for S [q c] 
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we shall just expand the integrands as products of sn u and cn u 

and then use relations such as given in (A4.1) to (A4.4). 

	

r

ub 	

u=ub 
du (e(u))2  = 	- (u-E(u))-2i(dn u)/k1 

Ju 	 k2 u=u 

	

a 	 a 

Similarly 

'du (e(u))4  
= 8 1c2-2 E(u) + (l4k' 2+k2-3k2kt?+2)  u + 8 sn u cn u dn u 

3k4 	 3k4 	 3k2 

—  4i,  dn2u + 41 (  k2+ 2k12 ) dn u 
k4 	 k4 

where we have evaluated fsn u cn3u an using (A4.4) with m = 0 

n = 1 and p = 3. Finally collecting together terms we have 

S [4c) = 1171 [F(u)] 
u=SItb 
usint a 

where F(u) is given by 

	

E(u) 	02112  12-2 - p.2  C2  4.  2 (k2-2);  04 
3k22 	3k4 

+ u ( 102'22. 2102- tt2c2(1 2 ) + (1410 2+k2-3k2k'2+2) 2 04) 
3k2 

	

3k4 	4  

+ sn u on u dn u (2 C2112(-2/3) + 2 2 C4/3k2) 

• dn3u (2 02112  . 2i/(3k2)2 ) + dn2u (_ 2 ic4ik4)  

+ dn u ( i .2.12  + 	C4( k2  + 2 k' 2) ) 

k2 	 k4 
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