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ABSTRACT

The effects of magnetic field intensity on the properties of the plasma discharge and on the underlying phenomena are studied for different
propellants’ ion mass. The plasma setup represents a 2D radial–azimuthal configuration with perpendicular electric and magnetic fields. The
electric field is along the axial direction, and the magnetic field is along the radial direction. The magnetic field intensity is changed from 5 to
30mT, with 5mT increments. The studied propellant gases are xenon, krypton, and argon. The simulations are carried out using a reduced-
order particle-in-cell code. It is shown that, for all the propellants, the change in the magnetic field intensity yields two distinct plasma
regimes, where either the modified two-stream instability (MTSI) or the electron cyclotron drift instability (ECDI) are dominant. A third
plasma regime is also observed for cases with moderate values of the magnetic field (15 and 20mT), where the ECDI and the MTSI co-exist
with comparable amplitudes. This described variation of plasma regime becomes clearly reflected in the radial distribution of the axial elec-
tron current density and the electron temperature anisotropy. At the relatively low-magnetic-field intensities (5 and 10mT), the MTSI is miti-
gated. At relatively high magnitudes of the magnetic field (25 and 30mT), the MTSI becomes strongly present, a long-wavelength wave mode
develops, and the ECDI becomes suppressed. An exception to this latter observation was noticed for xenon, for which the ECDI was observed
to be detectable with a notable strength up to the magnetic field value of 25mT.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0176586

I. INTRODUCTION

E�B plasma discharges are of high applied relevance across the
industries, from the manufacturing to the aerospace. These discharges
present intricate physics that has gathered the attention of the scientific
community for decades. The plasma in the E�B configuration is
characterized by a vast array of underlying multiscale, multidimen-
sional, and multiphysics processes.1,2 The resulting highly complex
nature of the plasma has impeded achieving a comprehensive knowl-
edge basis of the phenomena in the E�B plasmas despite years of
effort and a large body of research.1–6 An enabling effort to achieve this
full understanding consists of extensive parametric studies over wide
ranges of plasma conditions and in controlled simulation environ-
ments. Such parametric studies allow one to isolate the effects of vari-
ous physical factors and mechanisms on the underlying microscopic
processes as well as on the global macroscopic behavior of the plasma.

The experimental works informed by the simulations are also of high
importance to complement the parametric investigations since they
enable the validation of the numerical observations and provide further
insights from real-world devices and settings. The existing rich litera-
ture can indeed guide the joint numerical–experimental endeavors by
highlighting the phenomena and/or the range of plasma parameters/
configurations that require further in-depth analyses and more focused
investigations.

The available high-fidelity plasma simulation codes, such as the
ones based on the kinetic particle-in-cell (PIC) method,7 have so far
proven to be highly useful to provide insights into the complicated
physics of the E�B discharges. However, their enormous computa-
tional cost is not compatible with the extensive parametric investiga-
tions that are required to study the characteristics of the multiscale,
multidimensional phenomena in detail over broad parameter spaces
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and to investigate the involved dynamics over rather extended time
frames. The reduced-order PIC scheme,8–12 developed and extensively
verified at Imperial Plasma Propulsion Laboratory (IPPL), serves as a
game-changer in this respect. This is because the reduced-order PIC
allows us to perform high-fidelity simulations whose results closely
resemble those of traditional PIC codes, and that also feature reduced
computational costs by several factors to an order of magnitude.8,9,12

Equipped with this cost-efficient numerical tool and following on
the investigations presented in Paper I13 of this article, we focus in this
Paper II on the effects that the intensity of the applied magnetic field
in our adopted radial–azimuthal plasma configuration has on the
development, the characteristics, and the impacts of the electron cyclo-
tron drift instability (ECDI) and the modified two-stream instability
(MTSI) modes. We analyze these aspects for the plasma discharges of
xenon, krypton, and argon.

In the context of E�B plasma technologies, it is important to
note that the magnetic field intensity represents a design parameter.
Particularly in the case of Hall thrusters, which we have chosen as a
proving ground for our analyses here, the topology of the applied mag-
netic field and its magnitudes within the domain remain invariant
over time and through the operation of the device. Despite this tempo-
ral invariancy, the magnetic field typically features notable spatial var-
iations by design, with conventionally large gradients existing in the
axial direction along the thrusters’ discharge channel centerline.14,15

The present effort aims to systematically assess in a radial–
azimuthal Hall-thruster-representative setup the distinct influences
that the magnetic field intensity has on the instability spectra and on
the consequent variation(s) in the properties and the behavior of
plasma discharges of multiple propellants. To the best of our knowl-
edge, our effort is unique and un-attempted within the existing litera-
ture. Prior to this work, the effects of the magnetic field intensity in a
similar context to that our paper have been numerically assessed for
two settings:

(1) In an axial–azimuthal Hall-thruster-representative configura-
tion with xenon propellant.16,17 The research reported in Refs.
16 and 17 investigated the spatial variations in the characteris-
tics of the ECDI and its transition dynamics to the ion acoustic
instability (IAI)16,18 in the presence of various magnetic field
magnitudes.

(2) In cross-field configurations that exhibit large-scale spoke-like
plasma structures.19–22 The authors in Refs. 21 and 22 demon-
strated the formation of the “rotating spoke” structures from
the gradient drift instability for various magnitudes of the mag-
netic field and explored the evolution of the gradient drift insta-
bility into an m¼ 1 rotating spoke mode. In Ref. 19, Powis et al.
evaluated the parametric dependency of the rotating spoke fre-
quency on several parameters, including the strength of the
applied magnetic field. Boeuf and Takahashi in Ref. 20 showed
that, depending on the magnetic field intensity, the rotating
direction of the spoke mode can be either along the positive or
the negative E � B direction.

From an experimental perspective, the authors are unaware of any
effort with a similar scope to that of this article. However, there have
been multiple publications in the context of the E�B plasma dis-
charges that examined the influence of the magnetic field strength on
the large-scale plasma instabilities such as the spoke mode,23–25 on the

electron species’ properties,26 and on the electrons’ cross-field trans-
port characteristics.27,28

II. OVERVIEW OF THEORETICAL DESCRIPTIONS
OF THE ECDI AND THE MTSI

In this section, we briefly discuss the 2D radial–azimuthal disper-
sion relations of the ECDI and the MTSI as derived from prior
research in the literature.

Ducrocq et al.29 formulated the dispersion relation of the ECDI
in a plasma immersed in a constant electromagnetic field. They used
kinetic description for the electrons and the fluid equations for cold,
unmagnetized ions. The projection of their 3D dispersion relation
onto a 2D plane perpendicular to the magnetic field is29

k2?k
2
De

1�me

mi

x2
pe

x2

 !

þ 1� I0 bð Þe�b þ
X1
n¼1

2 x� kzVdeð Þ2In bð Þe�b

nxceð Þ2 � x� kzVdeð Þ2
" #

¼ 0: (1)

In Eq. (1), k? is the wavevector component perpendicular to the mag-
netic field, kz is the azimuthal wavenumber, xpe is the electron plasma
frequency, xce is the electron cyclotron frequency, kDe is the Debye
length, Vde is the electrons’ E � B drift velocity, andme andmi are the
electron and ion mass, respectively. In addition, b ¼ k2zV

2
th=xce, in

which Vth is the electrons’ thermal velocity. In denotes the modified
Bessel function of order n.

According to the above dispersion relation, the unstable modes of
the ECDI occur near certain azimuthal wavenumbers given by the fol-
lowing equation:29–31

kz ¼ k0 ¼ N
xce

Vde
¼ N

q
me

B2
x

Ey
; N ¼ 1; 2;… (2)

In Eq. (2), q is the elementary charge. The transition of the ECDI
modes to the ion acoustic instability (IAI) has been reported in Refs.
30 and 32 at sufficiently large amplitudes of the instability. The charac-
teristics of the fastest growing mode of the ion acoustic instability are33

kz;max � 1ffiffiffi
2

p
kDe

; xmax �
xpiffiffiffi
3

p ; (3)

where xpi is the ion plasma frequency.
Regarding the MTSI, the author in Ref. 34 derived a dispersion

relation based on the fluid treatment of the electrons and the ions in
the radial–azimuthal plane. In this description, the electrons are
assumed to be isothermal and isotropic, and the ions are considered to
be unmagnetized and cold. Same relation can be obtained using kinetic
treatment of the ions in the limit of Te ! 0:35 The resulting dispersion
relation is given by Eq. (4) as

1� xpi

x

� �2

�mi

me

x2
pe k

2
x

x� kz
Ey
Bx

� �2
k2

�mi

me

x2
pe k

2
z

x� kz
Ey
Bx

� �2
�xce

2

� �
k2

¼ 0:

(4)

The resonance condition of Eq. (4) establishes a relationship
between the radial (kx) and the azimuthal (kz) wavenumbers of
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the fastest growing mode of the MTSI as the following
equation:

kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q
me

B2
x

Ey
kx

s
: (5)

To further illustrate the above statement concerning the resonance
condition, we solved the MTSI’s dispersion relation [Eq. (4)] for the
plasma density and the field strength conditions of the baseline radial–
azimuthal benchmark problem as an example.36 Figure 1 shows the
variations of the real frequency [plot (a)] and the growth rate [plot (b)]
of the MTSI waves across the kx � kz plane. Superimposed on the
plots as cyan dotted lines are the loci of the ðkx; kzÞ pairs that satisfy
Eq. (5), hence, correspond to the MTSI’s fastest growing mode. From
Fig. 1(b), it is noticed that the MTSI is unstable only when

kz �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q
me

B2x
Ey
kx

q
. Accordingly, in line with the findings of Ref. 34, the

relationship given by Eq. (5) can properly define the boundary between
the stable and unstable regimes of the MTSI.

III. DESCRIPTION OF THE SIMULATIONS’ SETUP

The simulations’ domain is a 2D Cartesian plane representing the
radial–azimuthal coordinates of a Hall thruster. This domain is sche-
matically illustrated in Fig. 2. In the adopted coordinate system, x, y,
and z indicate the radial, axial, and azimuthal directions, respectively.

The simulations’ setup follows identically the one used in Paper I
of the article.13 The only exception is that, for the simulations in this
paper, the strength of the applied radial magnetic field (Bx) is varied
across a range of values, which are summarized in Table I. The axial
electric field remains constant at 10 kVm�1 for all the cases. This is the
same electric field value as that adopted in the radial–azimuthal bench-
mark case in Ref. 36. The initial plasma properties and the computa-
tional parameters used for the simulations are provided in Table II.

Initially, electrons and ions are sampled from Maxwellian distri-
butions at 10 and 0.5 eV, respectively. The particles are then uniformly

FIG. 1. Numerical solution of the MTSI’s dispersion relation given by Eq. (4) with the plasma and the applied fields conditions corresponding to the baseline setup of the simula-
tions in this work (see Sec. III), namely, xenon propellant, ni ¼ 1:5� 1017 m�3; Ex ¼ 10 kVm�1, and Bx ¼ 20mT; (a) normalized real frequency (xr=xpi ), and (b) normalized
growth rate (c=xpi ) of the MTSI. The dotted cyan curves show the loci of the kx and kz value pairs associated with the MTSI’s fastest growing mode as determined by Eq. (5).

FIG. 2. Schematics of simulations’ computational domain, the coordinate system,
and the directions of the applied constant electric and magnetic fields.

TABLE I. List of the studied simulation cases, summarizing the values of the radial
magnetic field (Bx ) and the ion species in each case. B0 refers to the magnetic field
intensity in the baseline benchmark setup (20 mT).36

Case no. Bx ðmTÞ Bx=B0 Propellant

1 5 0.25 Xe, Kr, Ar
2 10 0.5 Xe, Kr, Ar
3 15 0.75 Xe, Kr, Ar
4 20 1 Xe, Kr, Ar
5 25 1.25 Xe, Kr, Ar
6 30 1.5 Xe, Kr
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loaded as pairs over the x–z simulation plane. To simulate the down-
stream convection of azimuthal waves and to control the particles’
energy growth, a virtual axial extent ðLy ¼ 1 cm) is considered. Along
the axial (y) direction, Poisson’s equation is not solved. The particles
crossing the domain boundary in the y direction are resampled from a
Maxwellian at their initial load temperatures (10 eV for electrons,
0.5 eV for ions). These resampled particles are then reinjected onto the
simulation plane, preserving their azimuthal and radial positions.

The simulations are collisionless, and the establishment of a steady
state is achieved though imposing an ionization source function Sðx; zÞ.
The profile of the ionization source is uniform along the azimuthal direc-
tion and follows a cosine function along the radial direction, spanning
from x¼ 0.09 to 1.19 cm with the peak of S0 ¼ 8:9� 1022 m�3 s�1. The
detailed definition of the ionization source is provided in Ref. 36.

The potential boundary conditions consist of a zero-volt Dirichlet
condition at the radial boundaries of the domain, which represent
grounded walls. Along the azimuthal boundaries, a periodic condition
is implemented.

The secondary electron emission (SEE) from the walls is not
modeled, and all particles reaching the radial boundaries are, thus,

removed from the simulations. Additionally, to mimic the periodicity
along the azimuthal direction, the particles leaving the azimuthal
extent at one end of the domain are reintroduced from the opposite
azimuthal boundary.

The simulations are performed using the IPPL-Q2D code. The
domain decomposition associated with the reduced-order PIC scheme
is applied along the radial and the azimuthal directions of the simula-
tions using 50 regions.12 In Sec. 1 of the Appendix, a summary of the
results of the convergence study and the verifications of the Q2D simu-
lations against the radial–azimuthal benchmark case36 are provided.
The results Sec. 1 of the Appendix demonstrate that, as the number of
regions is increased, the predictions of the Q2D simulations approach
the 2D results. In particular, simulations with 50 number-of-regions
can reproduce the 2D results with sufficient accuracy, while offering a
significant computational speedup (fivefold) over the conventional 2D
simulations. With 50 regions, the Q2D approximation involves an
error of about 12% in the ion number density and 5% in the electron
temperature, with the characteristics of the resolved instabilities being
almost identical to those captured by the full-2D simulation.
Accordingly, 50 number-of-regions has been an appropriate choice for
the parametric analyses and the study of the physics in the present
effort.

IV. RESULTS

In this section, we present the results of the simulations that we
have performed to characterize the impact of the intensity of the radial
magnetic field on the dynamics of the plasma discharge with various
propellants (gases). Our focus is on studying the variations of the dom-
inant instability modes with the Bx and the consequent effects on the
plasma.

Following the same order of presentation as that pursued in
Paper I,13 we begin by presenting the variations of the plasma proper-
ties’ profiles. We then discuss how the magnitude of the B-field affects
the instabilities’ characteristics. The characteristics of the instabilities
are deduced from the fast Fourier transform (FFT) analyses of the azi-
muthal fluctuations and are complemented by more comprehensive
dynamic mode decomposition (DMD) analyses.

A. Variation in the plasma properties distribution

Figure 3(a) shows the time-averaged radial profiles of the ion
number density from the different simulation cases, and Fig. 3(b)

TABLE II. Summary of the computational and the physical parameters used for the
radial–azimuthal simulations.

Parameter Value unit

Computational parameters
Domain length Lx ¼ Lzð Þ 1:28 cm
Virtual axial length Lyð Þ 1 cm
Cell size ðDx ¼ DzÞ 50 lm
Number of cells in each direction ðNi ¼ NjÞ 256
Time step ðtsÞ 1:5� 10�11 s
Total simulated duration ðtsimÞ 30 ðlsÞ
Initial number of macroparticles per cell (Nppc) 100
Physical parameters
Initial plasma density ðni;0 Þ 5� 1016 m�3

Initial electron temperature (Te;0) 10 eV
Initial ion temperature (Ti;0) 0:5 eV
Axial electric field Eyð Þ 10 000Vm�1

Potential at walls ð/wÞ 0V

FIG. 3. (a) Radial profiles of the ion number density (ni ) averaged over all azimuthal locations and over the time interval of 20–30ls from the radial–azimuthal simulations with various
radial magnetic field intensities and propellants. (b) Variation of the ion number density’s peak value along the radial direction vs Bx=B0 for the three studied propellants.
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presents the variations of the peak values of the ion number density
profiles with Bx=B0. In Sec. 2 of the Appendix, we have verified that
the simulations had indeed arrived at a quasi-steady state. This has
been achieved by assessing the time evolution plots of the spatially
averaged plasma properties in addition to the time evolution plots of
the amplitudes of the azimuthal fluctuations captured by the
simulations.

From Fig. 3, we observe a consistent trend of decreasing density
with the increasing magnetic field intensity, with xenon and argon
consistently exhibiting the highest and the lowest densities, respec-
tively. Furthermore, beyond 0.75B0, the changes in the density become
minor, and the evolution of the peak densities with Bx=B0 appears to
have reached an asymptote.

The radial distributions of the electron temperature (Te) and the
radial and the azimuthal electron temperature components (Tex and
Tez) are shown in Fig. 4. Figure 4 also presents the variations of the
average values of these properties over the radial extent of the domain
vs Bx=B0.

From the plots in Fig. 4, we notice that Te exhibits an increasing
trend within the Bx range of 0.25B0 to 0.75B0 for all propellants. For
xenon and krypton, the Te remains nearly constant between 0.75B0

and 1B0 but decreases afterward toward higher Bx values. For argon,
Te consistently drops beyond 0.75B0. The Tez follows a similar varia-
tion with Bx=B0 as that of the Te for the cases of xenon and krypton
propellants. For argon, however, the azimuthal electron temperature
does not vary significantly for the magnetic field intensities of 0.25B0

to 0.75B0 before dropping in values toward higher Bx .

The Tex for all the propellants increases with the magnetic field
up to Bx=B0 ¼ 0.75, after which it remains almost constant. We can
readily notice by comparing the Tex vs Bx=B0 plot in Fig. 4(d) against
the ni vs Bx=B0 plot in Fig. 3(b) the inverse correlation that exists
between the radial electron temperature, which determines the par-
ticles’ thermal flux to the walls, and the plasma density. This inverse
correlation arises due to the temporal constancy of the imposed parti-
cle injection source in the simulations as was elaborated on in Paper
I.13 Nevertheless, it is emphasized that the extent to which the observed
correlation may hold in more realistic scenarios needs to be investi-
gated in a setup with self-consistent ionization process and with the
axial fluxes of the particles also self-consistently resolved (hence, a 3D
PIC simulation).

In Paper I,13 we exploited the knowledge of the different influen-
ces that the MTSI and the ECDI modes have on the electrons’ heating
and on the electrons’ cross-field transport to distinguish the dominant
instability between the ECDI and the MTSI across various simulation
cases prior to analyzing the FFT/DMD spectra of the plasma
fluctuations.

We introduced two parameters, namely, the average of the
Tex=Tez ratio over the radial extent of the domain, and the radial pro-
file of the normalized axial electron current density (Jey=Jey;mean), as
two indicators for the above purpose. In this regard, as the ECDI con-
tributes to the electrons’ heating primarily along the azimuthal direc-
tion,37,38 whereas the MTSI heats up the electrons mostly in the radial
direction,35,39,40 the ratio of the radial-to-azimuthal electron tempera-
ture can be an indirect indicator of the relative significance of the

FIG. 4. (a) Radial profiles of electron temperature (Te), radial electron temperature (Tex ), and azimuthal electron temperature (Tez), averaged over all azimuthal locations, and
over the time interval of 20–30 ls from the radial–azimuthal simulations with various radial magnetic field intensities and propellants. Variation of the radially averaged Te [plot
(b)], Tex [plot (c)], and Tez [plot (d)] vs Bx=B0 for the three studied propellants from the quasi-2D simulations.
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FIG. 5. (a)–(f) Radial profiles of the radial-to-azimuthal electron temperature ratio (Tex=Tez) (top row) and the normalized axial electron current density (Jey=Jey;mean) (bottom
row) averaged over all azimuthal locations and over the time interval of 20–30 ls from the Q2D simulations with various axial magnetic fields and propellants. (g) Variation of
the radially averaged values of Tex=Tez vs Bx=B0 from the Q2D simulations with various propellants. (h) Variation of the radially averaged values of �Jey vs Bx=B0 from the
Q2D simulations with various propellants.

FIG. 6. Comparison of the 2D snapshots
of the normalized plasma properties at a
time of local maximum of the spatially
averaged radial electron temperature for
various radial B-field intensities and the
xenon propellant. The columns, from left
to right, represent the axial and radial
electron current densities ðJey and JexÞ,
the azimuthal electric field ðEzÞ, the radial
electron temperature (TexÞ, and electron
number density (ne).
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MTSI and the ECDI modes in a simulation. In addition, as was
observed in Paper I13 and also in Ref. 41, the axial electron current
induced by the MTSI is mainly concentrated near the walls as opposed
to that carried by the ECDI, which is mostly focused in the central
region of the domain.

Accordingly, looking at Fig. 5, we can see that, for the high values
of the magnetic field (1.25B0 and 1.5B0),

Tex
Tez

> 1, and the Jey is mainly
the largest near the walls for all the propellants. For the case of xenon
with Bx ¼ 1.25B0, the spikes in the Jey near the walls are more pro-
nounced than for the other two propellants. For these cases, we can,
therefore, deduce that the MTSI shall be stronger than the ECDI. In
Sec. IVB, we demonstrate from the spectral analyses that the ECDI is,
in fact, highly mitigated at Bx ¼ 1.5B0 for xenon and krypton (argon
simulation not carried out) and at Bx ¼ 1.25B0 for krypton and argon.

For low values of the magnetic field (0.25B0 and 0.5B0),
Tex
Tez

< 1,
and the Jey is maximum at the centerline for all the propellants. This
suggests that the ECDI must be the dominant mode under these mag-
netic field conditions. We will see in Secs. IVB and VA that the MTSI
is mitigated in the low-magnetic-field intensity range.

At the intermediate magnetic field values (0.75B0 and 1B0), par-
ticularly for xenon and krypton, Tex

Tez
� 1, and the Jey has a more uni-

form distribution across the radial extent of the domain. This implies
that both the MTSI and the ECDI develop with comparable intensities
in these cases. Nevertheless, for the argon simulation case with
Bx ¼ 1B0, the MTSI seems to be slightly stronger than the ECDI as the

ratio Tex
Tez

is moderately above unity, and the Jey is larger toward the

walls.
A sample set of 2D snapshots of various plasma properties are

presented in Fig. 6. These snapshots are from the simulations with
xenon and with the different magnetic field intensities. The snapshots
for each Bx case correspond to an instance of time when the spatially
averaged Tex over the entire domain is at its local maximum. The snap-
shots from the 0.25B0 case are not shown here, because they did not
show distinguishable coherent structures as in the other cases. For the
0.5B0 case, MTSI-like patterns are not observed, and only azimuthal
waves are visible. The simulation cases with 0.75B0 and 1B0 feature
both the ECDI-representative waves with short azimuthal wavelengths
and the radial–azimuthal MTSI-like structures of longer azimuthal
wavelengths. The ECDI waves become less distinct in the 1.25B0 case
and are not observed in the 1.5B0 case. Furthermore, it is noteworthy
that, at the high-magnetic-field-intensity limit (1.25B0 and 1.5B0), a
wave structure with a long azimuthal wavelength is seen to be develop-
ing as well.

In Fig. 7, we compare the 2D snapshots of the Jey and the Ez from
the simulations with the three propellants and the various studied
magnetic field intensities. From these snapshots, we can qualitatively
observe the overall similarity between the 2D spatial distributions of
these two plasma properties among the different propellants for most
of the magnetic field magnitudes. A disparity is noticed, however, for
the 1.25B0 case. In this case, the azimuthal ECDI waves are less

FIG. 7. Comparison of the 2D snapshots of (a) normalized radial electron current density (Jey ), and (b) the normalized azimuthal electric field (Ez) at a time of local maximum
of the spatially averaged radial electron temperature for various radial B-field intensities and the three propellants.
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pronounced for krypton than for xenon. Moreover, for argon, the
ECDI waves seem to be so weak as not to be noticeable.

With the above observations in mind, we present in Sec. IVB a
comprehensive evaluation of the instabilities’ characteristics by refer-
ring to the FFT and the DMD spectra.

B. Variation in the characteristics and the structure
of the azimuthal instabilities

The averaged spatial FFT spectra of the azimuthal electric field
(Ez) from the simulations with different B-field intensities and propel-
lants are presented in Fig. 8. The wavenumbers are nondimensional-
ized with respect to the azimuthal wavenumber of the ECDI’s first
harmonic (k0) given by Eq. (2) (with N ¼ 1, and using the values of
the imposed Ey and Bx). We can see from the plots in Fig. 8 that, for
the low-magnetic-field values (0.25B0 and 0.5B0 cases) and for all the
propellants, only the ECDI mode is dominantly visible at kzk0 � 1.

For the simulation cases with the B-field intensity of 0.75B0 and
1B0, the theoretical range of the MTSI’s azimuthal wavenumber from
Eq. (5) is around kz � 0.1–0.25. This range is highlighted on the plots
of Fig. 8 by gray-shaded areas. The theoretical kz values are obtained
from Eq. (5) by substituting the value of the radial wavelength (kx) of
the MTSI mode. The kx of the MTSI from our simulations is about
245 rad=m because the captured MTSI waves have a radial wavelength
twice the radial size of the domain. From the 0.75B0 case, the FFT
spectra for all the propellants start to show peaks near the normalized
theoretical azimuthal wavenumber of the MTSI at kz=k0 � 0.25. For
the 0.75B0 case, the ECDI mode’s magnitude is comparatively lower
in krypton than in xenon, and it reaches its lowest value for argon.

For the case Bx ¼ 1B0, the FFTs for all the propellants show both the
ECDI and the MTSI peaks. Nevertheless, for the case of argon, the
intensity of the ECDI is nearly equal to that of the MTSI in contrast to
the cases with xenon and krypton for which the ECDI is stronger than
the MTSI.

In the high magnetic field range (1.25B0 and 1.5B0), the MTSI is
clearly present with high amplitude. Another mode at a lower wave-
number and a comparable strength to the MTSI is also visible. We
refer to this mode as the long-k mode. This long-k instability mode
had been observed in our previous studies41,42 as well with a similar
wavelength and a frequency of approximately 1MHz. The long-k
mode was observed in Refs. 41 and 42 in the presence of strong radial
magnetic field gradients, significant secondary electron emission
(SEE), or at high number density conditions. The exact origin of this
instability is still not fully understood; however, it is conjectured to be
the result of an inverse energy cascade of shorter wavelength instabil-
ities within the system, at least in certain conditions.41

At the highest magnetic field condition (Bx ¼ 1.5B0), the ECDI is
not visible in the spatial FFT spectra of Fig. 8. In this regard, we refer
to Sec. 3 of the Appendix, where we have compared the spatial and the
temporal FFT spectra of the Q2D 1.5B0 simulation with the xenon
propellant against a corresponding full-2D simulation. In Sec. 3 of the
Appendix, the kz spectrum from the full-2D simulation exhibits a very
small peak at the normalized wavenumber of the ECDI’s first har-
monic. Accordingly, we conclude that the ECDI is not entirely absent
in the 1.5B0 condition. Rather, the ECDI mode is strongly suppressed
to a very low amplitude. At such a low amplitude, the ECDI is likely
falling close to the noise level of the Q2D simulations, which makes it
undetectable from the spatial FFT of the Q2D results.

FIG. 8. 1D spatial FFT plots of the azimuthal electric field signal from the simulations with various values of Bx and the different propellants. The FFTs are averaged over all
radial positions and over the time interval of 20–30 ls.
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To determine the frequency spectra of the instabilities, we look
at the spatially averaged temporal FFT plots of the Ez signal as is
shown in Fig. 9 for the various simulations. It should be noted from
the FFT plots in Fig. 9, however, that, in some cases, there is more
than one peak within the expected frequency range of the instability
of interest. Thus, as was explained in Paper I,13 we have additionally
used the dynamic mode decomposition (DMD) analysis43 to distin-
guish the individual instability modes present in the system and to
derive unambiguously their spatial structure together with their
frequencies.

We would recall that the DMD is an interpretable data-driven
method that finds a best-fit linear model describing the time evolution
of global spatiotemporally coherent structures (dynamic modes) in data.
A much more robust variant of DMD, called OPT-DMD, enables reli-
able identification of the dominant instability modes underlying plasma
systems, even in the presence of high noise levels in the data.43–45

The results of the OPT-DMD analysis for the various B-field sim-
ulations with xenon propellant are presented in Fig. 10. The results
show the 2D spatial patterns of the dominant instability modes
together with their associated frequencies. To identify among all the
DMD modes the modes representing the MTSI and the ECDI, we
have performed a cross-comparison between the wavenumber and the
frequency of the DMD modes against the wavenumber and the fre-
quency of the peaks in the FFT spectra. In case, a clear peak associated
with an instability would have not been detectable, especially from the
spatial FFT, the theoretical wavenumbers have been used. In Sec. 4 of
the Appendix, we have additionally provided the OPT-DMD charac-
terization results of the ECDI and the MTSI modes for the simulations
with the different propellants.

In line with our conclusions from the spatial FFT analysis
(Fig. 8), in the low-magnetic-field conditions (0.25B0 and 0.5B0

cases), the MTSI is mitigated and is, thus, not detectable. This is
because, in these two Bx cases, the DMD analysis does not show any
mode with a radial–azimuthal structure resembling the MTSI. All the
DMD-discovered modes in these two Bx cases amount to azimuthal
fluctuations, which appear to be somewhat turbulent. In fact, the azi-
muthal fluctuations for the 0.25B0 and 0.5B0 cases are not as clean as
the ECDI modes observed in the cases with the larger magnetic field
values. Another interesting characteristic of the ECDI and other azi-
muthal modes in the 0.25B0 and 0.5B0 cases is that the amplitude of
the fluctuations for each mode appears to be nearly uniform across the

domain (this is also the case for the 0.75B0 case). On the contrary, for
the higher Bx values (1B0 and 1.25B0), the intensity of the ECDI
modes is higher near the center of the domain along the radial
direction.

At the highest simulated magnetic field, namely, the 1.5B0 case,
the DMD does not discover any mode with purely azimuthal oscilla-
tions that can be representative of the ECDI. This is again consistent
with the absence of a clear peak near the first harmonic of the ECDI
from the spatial FFT plots in Fig. 8.

For the 0.75B0, 1B0, and 1.25B0 cases, DMD discovers both the
ECDI-like and the MTSI-like modes. For these cases, also for the Bx of
1.5B0, Fig. 10 shows several modes that feature fluctuations with both
the radial and the azimuthal wavenumber components. As was
pointed out in Paper I,13 these modes may represent the intermediate
stages of discharge evolution during which the dominant instability
modes are transitioning to one another. Finally, for the cases of 1.25B0

and 1.5B0, the long-k mode is identified with a frequency of about
1.5MHz.

V. DISCUSSIONS

In this section, we first compare the numerically observed charac-
teristics of the resolved ECDI and MTSI modes for the different B-field
intensities against the predictions of the corresponding theories for
these two instability modes. Second, for the xenon propellant as an
example, we discuss the contributions of the various momentum force
terms to the electrons’ cross-field transport, including the roles of the
instabilities, the viscosity, and the convective inertia forces. Third, we
analyze, for the different propellants, how the change in the instabil-
ities’ spectra with the magnetic field intensity impacts the plasma par-
ticles’ velocity distribution functions along the radial and azimuthal
velocity components.

A. Comparison of the simulated instabilities’
characteristics with theory

The variations of the normalized characteristics of the dominant
ECDI and MTSI modes vs Bx=B0 are plotted in Fig. 11 for the three
studied propellants. The instabilities’ characteristics are obtained from
the FFT and the DMD analyses of the Q2D simulations’ results. The
characteristics of interest are the nondimensional azimuthal wavenum-
ber (kzkD), the nondimensional frequency (x=xpi), and the nondi-
mensional azimuthal phase velocity (Vph=Cs).

FIG. 9. 1D temporal FFT plots of the azimuthal electric field signal from quasi-2D simulations with various magnitudes of the radial magnetic field and different propellants. The
FFTs are averaged over all radial and azimuthal positions.
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To compare the instabilities’ simulated characteristics against the
theoretically predicted ones from the analytical relations reviewed in
Sec. II, the plots in Fig. 11 also show the theoretical data points for the
azimuthal wavenumber of the ECDI’s first harmonic [Eq. (2)], as well
as for the frequency, the wavenumber, and the phase velocity of the
fastest growing MTSI mode from Eqs. (4) and (5). These data points
are shown using hollow markers. On all the ECDI-related plots, the
characteristics of the fastest growing ion acoustic instability mode
from Eq. (3) are additionally superimposed as horizontal dotted black
lines. It is also pointed out that, for the simulation cases in which the
MTSI or the ECDI mode was not clearly detected from the FFT/DMD

analyses (the modes were strongly mitigated), the plots in Fig. 11 only
present the theoretical data points.

To discuss the observations from Fig. 11, we first focus on the
ECDI mode. We observe from the left-column plots in Fig. 11 that, as
the magnetic field intensity increases, the normalized wavenumber of
the dominant ECDI mode increases. Furthermore, the slight disparities
in kzkD among the various propellants are also noticed to rather
become more visible with the Bx=B0. The nondimensional frequency
of the dominant ECDI mode shows an increasing trend vs Bx=B0

within the field intensity range of 0.25B0 to 1B0. The ECDI’s normal-
ized frequency does not show a major variation across the different

FIG. 10. Visualization of the several dominant DMD modes of the azimuthal electric field data from the radial–azimuthal simulations with different Bx values and the xenon pro-
pellant. The approach pursued to derive these modes is explained in detail in Ref. 43. The modes identified with a box correspond to those with wavelengths equal to the wave-
lengths of the dominant modes visible in the spatial FFT plot in Fig. 8.
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propellants. Finally, the normalized phase velocity exhibits an
increasing-decreasing trend with the Bx=B0, with the peak value occur-
ring at the magnetic field intensity of 0.5B0. The ion mass is seen to
minimally affect the Vph=Cs variations of the ECDI mode with the Bx ,
with the most noticeable difference being observed among the three
propellants at Bx ¼ 0.5B0.

With regard to the theoretical comparisons, the B-field depen-
dency of the ECDI’s normalized wavenumber from the simulations
[Fig. 11 (top row, left column)] is in very good agreement with the the-
ory. From Eq. (2), the theoretical wavenumber of the ECDI’s first har-
monic has a quadratic relationship with the Bx , which is seen to be
also quite well captured by the simulated wavenumbers as well across
the Bx value.

Another comparison that we would like to make from the ECDI’s
characteristic plots is with respect to the theoretical characteristics of

the fastest growing IAI mode (the horizontal dotted black lines). In a
similar manner to Paper I,13 we are interested to understand whether
the ECDI modes show possible signs of transition to the ion acoustic
instability from any of the various B-field simulations. From the plots
in Fig. 11, and considering all the normalized wave properties, the sim-
ulated characteristics of the ECDI at the Bx=B0 values of 0.75 and 1 are
overall close to the characteristics of the IAI’s fastest growing mode
from Eq. (3).

To evaluate more closely possible similarities between the simu-
lated ECDI’s and the theoretical IAI’s wave characteristics, we have
shown the 2D dispersion plots of the azimuthal electric field fluctua-
tions in Fig. 12 for the various B-field simulations and with the xenon
propellant as an example. The theoretical dispersion relation of the IAI
[Eq. (3) from Paper I13] is superimposed on all the plots in Fig. 12. It is
indeed noticed that the cases with the Bx=B0 ¼ 0.75 and 1 show a

FIG. 11. Variation of the normalized characteristics of the dominant ECDI and the MTSI modes vs Bx=B0 from the radial–azimuthal simulations with the different propellants.
(Top row) normalized azimuthal wavenumber (kzkDe) compared against the theoretical data points from Eqs. (2) and (5) for the wavenumber of the ECDI’s first harmonic mode
and the MTSI’s fastest growing mode, respectively; (middle row) normalized real frequency (x=xpi ); (bottom row) normalized azimuthal phase velocity (Vph=Cs).
Superimposed on the ECDI plots, the horizontal dotted black lines indicate the characteristics of the fastest growing mode of the ion acoustic instability from Eq. (3). The hollow
markers on the MTSI frequency plot correspond to the solution to the instability’s dispersion relation given by Eq. (4); the theoretical data points on the middle-column frequency
plot are from solving Eq. (4) with the azimuthal wavenumbers from Eq. (5), whereas the theoretical points on the right-column frequency plot are from solving Eq. (4) using the
simulated azimuthal wavenumbers. The same is true for the phase velocity (bottom row, middle, and right-most columns).
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resonance-broadening feature around the mode(s) with the largest
magnitude. Such resonance broadening has been reported to occur
when the ECDI modes transit to the IAI.33 Nevertheless, the combined
results from Figs. 11 and 12 are not fully conclusive so as to assert the
ECDI modes’ definitive transition to the IAI at the Bx=B0 values of 0.75
and 1. In addition, the quite turbulent 2D dispersion plots of the fluctu-
ations for the 0.25B0 and the 0.5B0 simulation cases are also noted.

Returning to Fig. 11, we now assess the variations in the MTSI
mode’s characteristics across the various Bx values. It is recalled that
the MTSI was not observed as being distinctly present from the FFT
and the DMD analyses of the azimuthal electric field from the simula-
tions with the B-field intensities of 0.25B0 and 0.5B0. The MTSI was,

however, detected from Bx=B0 ¼ 0.75 onward, and the plots in Fig. 11
show that both its normalized wavenumber and frequency almost line-
arly increase with the magnetic field. As the Bx increases, the kzkD val-
ues for the different propellants become rather more disparate.
However, the x=xpi is noticed to be quite invariant with the ion mass
across the Bx=B0 values. The MTSI’s Vph=Cs characteristic is observed
to be a rather weak function of the Bx and does not show any major
variation among the different studied propellants.

With regard to the theoretical comparisons, the MTSI’s simulated
kzkD shows a good agreement with the theoretical relation [Eq. (5)] up
to the Bx=B0 of 1. At the higher Bx=B0 values, the simulated wavenum-
bers show some deviation from the theory with a major discrepancy at
Bx ¼ 1.5B0.

With regard to the large discrepancy at 1.5B0, it is first pointed
out that we have taken the highest peak within the MTSI wavenumber
range, as was highlighted in plots of the spatial FFT in Fig. 8, to repre-
sent the azimuthal wavenumber of the MTSI from the simulations.
For the 1.5B0 case, the spatial FFT spectra show a peak at kz

k0
¼ 0:188,

which we selected as the simulatedMTSI wavenumber. However, there
also exists another nearby peak at kz

k0
¼ 0:125 with a slightly lower

amplitude. This second, lower-amplitude peak coincides with the theo-
retical wavenumber of the MTSI from Eq. (5) for the 1.5B0 case.
Because it cannot be said with full certainty which one of the two peaks
definitely corresponds to the MTSI in the simulation, we have added
an error bar in the kzkD plot of Fig. 11 for the 1.5B0 case. The error
bar covers the wavenumber interval between the two identified peaks.

To ensure that this special double-peak feature of the FFT spec-
trum is not due to the Q2D approximation of the problem, we verified
the Q2D simulation of the 1.5B0 case with the xenon propellant
against a full-2D simulation of the same case in terms of the spatial
and temporal FFT spectra of the instabilities. The results are provided
in Subsec. 3 of the Appendix. The 2D simulation also shows a broad-
ening of the kz=k0 spectrum near the MTSI’s azimuthal wavenumber
(within kz

k0
¼ 0:125–0:188). The consistency between the Q2D and the

2D simulations bolsters our confidence in the Q2D results and in the
derived insights.

As another point, we discussed at length in Paper I of the article13

how a slight variation in the theoretical value of the MTSI’s azimuthal
wavenumber can drastically change the theoretically predicted values
of the frequency, and, in turn, the phase velocity, because Eq. (5)
describes the MTSI’s theoretical wavenumber at the resonance condi-
tion of the instability. In this regard, we observe from the results in
Fig. 11 as well (middle- and right-most-column plots for the x=xpi

and Vph=Cs) that if we use the MTSI’s simulated wavenumber to solve
the dispersion relation in Eq. (4) to obtain the theoretical frequency
and subsequently the theoretical phase velocity, the simulations’ pre-
dictions of these two characteristics are quite comparable with the the-
oretical predictions. However, if we use the theoretically predicted
MTSI’s wavenumber to solve Eq. (4), which is in any case rather simi-
lar to the simulated values at least in the range of 0.75B0 to 1B0, the
theoretical frequencies and phase velocities become notably disparate
compared to the simulations’ predictions.

Finally, to explain why the MTSI is mitigated in the cases with
low B-field intensities, i.e., for Bx=B0 < 0.75, we have plotted in Fig. 13
the variation of the normalized MTSI’s growth rate (c=xpi) against the
normalized azimuthal wavenumber (~kz ¼ kzkD) and the normalized

FIG. 12. Dispersion plots of the azimuthal electric field fluctuations from the simula-
tions with various Bx values and the xenon propellant obtained from the 2D spatio-
temporal FFT of the azimuthal electric field signal at the mid-radial location of the
domain over t¼ 20–30 ls. The superimposed red curves are the theoretical disper-
sion relation of the ion acoustic instability (see Paper I13) calculated using the time-
averaged (within 20–30 ls window) plasma properties. In each plot, the dashed yel-
low line is the tangent to the linear part of the ion acoustic dispersion relation.
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radial magnetic field. The growth rate is obtained by solving the
MTSI’s dispersion relation as is given by Eq. (4) at two fixed values of
the normalized radial wavenumber (~kx ¼ kxkD) of 0.02 and 0.035.
These specific ~kx values are selected because they indicate the two
bounds of ~kx for the MTSI modes that were developed in our simula-
tions across the various magnetic field intensities. The MTSI’s ~kz is
varied from about 0.02 to 0.2 as the Bx increases from 0.25B0 to
1.5B0.

From the plots in Fig. 13, we observe that in the low-magnetic-
field range, the growth rate of the MTSI’s fastest growing mode is
small, but it increases significantly as the magnetic field becomes stron-
ger. This is consistent with our numerical observations that stronger
MTSI modes occur at the higher magnetic field magnitudes.

B. Variation in the electrons’ cross-field transport

In this section, we compare the significance of the roles
played by various electron current carrying mechanisms as the
magnitude of the B-field changes. This is done as an example for
the xenon propellant. The mechanisms of interest are represented
by the individual force terms in the electrons’ azimuthal momen-
tum equation13,18,46

FB ¼ Ft þ FI þ FP þ FE: (6)

Equation (6) includes the temporal and the convective inertia forces (Ft
and FI , respectively), a force due to the non-diagonal pressure terms,
i.e., the viscosity (FP), and the electric force term (FE), which accounts
for the momentum change in the electron species induced by the azi-
muthal instabilities. Additionally, the magnetic force term (FB), which
appears on the left-hand side of the azimuthal momentum equation,
represents the aggregate effect of all the right-hand-side force terms
mentioned above. The right-hand-side force terms are defined as

FB ¼ �qneve;yBx; (7)

Ft ¼ @

@t
mneve;zð Þ; (8)

FI ¼ @

@x
mneve;x ve;zð Þ; (9)

FP ¼ @

@x
Pe;xzð Þ; (10)

FE ¼ �q~ne~Ez: (11)

In Eqs. (7)–(11),m is the electron mass, ne is the electron number den-
sity, ve;x and ve;z are the electrons’ radial and azimuthal drift velocities,
and ~ne and ~Ez are the number density and the azimuthal electric field
fluctuations.

The time-averaged (over 10ls) radial profiles of all the above
force terms and their average values over the radial extent of the

FIG. 13. Variation of the normalized MTSI’s growth rate (c=xpi ) vs the normalized azimuthal wavenumber (~k z ¼ kzkD) and the Bx=B0 obtained from the solution of the MTSI’s
dispersion relation in Eq. (4) for the xenon propellant. To solve the dispersion relation, we have used ni ¼ 1:5� 1017 m�3, Te ¼ 30 eV, and Ey ¼ 10 kVm�1. The dispersion
relation is solved for two constant normalized radial wavenumber values (~k x ¼ kxkD) of (a) ~k x ¼ 0.02, and (b) ~k x ¼ 0.035. The cyan curves in plots (a) and (b) indicate the azi-
muthal wavenumber of the MTSI’s fastest growing mode as is determined from Eq. (5). Plot (c) shows the variation of the normalized MTSI’s growth rate vs Bx=B0 with the two
selected values of ~k x .

FIG. 14. Radial distribution of the force terms [Eqs. (7)–(11)] in the electrons’ azimuthal
momentum equation [Eq. (6)] for the xenon propellant and various values of the radial
magnetic field: (a) 0.25B0, (b) 0.5B0, (c) 0.75B0, (d) 1B0, (e) 1.25B0, and (f) 1.5B0.
The momentum terms are averaged over 10ls of the simulations’ time.
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domain are shown, respectively, in Figs. 14 and 15 for the various
B-field simulations with xenon propellant. In these two figures, Ft is
not shown due to its vanishingly small contribution.

From Figs. 14 and 15, it is evident that the FE term is distinctly
dominant for all the cases. In fact, the average value of the FE term is
more than two orders of magnitude larger than the value of the other
terms across all the Bx intensities. The radial distributions of the FB
and the FE terms for the 0.25B0 and 0.5B0 cases show a convex profile
with the maximum occurring at the center. This is consistent with the
transport profiles that we expect when the ECDI is the dominant insta-
bility in the radial–azimuthal configuration. For the 0.75B0 and 1B0

cases, the superposition of the contributions of the ECDI and the
MTSI to the electron transport creates a more radially uniform FE dis-
tribution. Particularly for the 1B0 case, where the MTSI and the ECDI
were observed in Sec. IVB to be of more comparable intensities, the FE
profile contains two peaks away from the center indicating the MTSI’s
transport and a peak at the center, which represents the transport car-
ried mainly by the ECDI. Finally, the profiles of the FE term for the
1.25B0 and the 1.5B0 conditions show peaks near the edges of plasma
as a result of the strong MTSI contribution.

The role of the convective inertia (FI) term is negligible for all the
cases. The viscous term (FP) is most significant in the 1.25B0 and
1.5B0 conditions. In this respect, although the radial average of the FP
term is still small compared to the FE in these cases (Fig. 15), the local
value of this term along the radius has a noticeable effect on the total
momentum distribution captured by the FB term in the high mag-
netic-field-intensity conditions [Figs. 14(e) and 14(f)]. In detail, in the
1.25B0 case, the FP accounts for nearly two-thirds of the total momen-
tum (FB) adjacent to the walls, and it becomes negative immediately
after the near-wall region toward the center of the domain, where it
counteracts the FE term and, thus, reducing the FB. The FP term then
assumes a nearly constant and slightly positive value in the central part
of the domain. In the 1.5B0 condition, the FP demonstrates an oscilla-
tory behavior across the domain reaching its peak relative significance
at the centerline where it creates a bump in the FB profile.

As one last point concerning the plot in Fig. 15, the discrepancy
between the left-hand side (FB) and the sum of the force terms on the

right-hand side (RHS) of the azimuthal momentum equation from the
radial–azimuthal simulations at the low Bx intensities has been traced
to be due to the momentum loss induced in the system by the introduc-
tion of an artificial boundary along the axial direction (Sec. III). Similar

FIG. 16. Normalized radial and azimuthal velocity distribution functions of the elec-
trons for various radial magnetic field values and the three studied propellants from
the Q2D simulations.

FIG. 15. Variation of the radially averaged value of each force term in the electrons’
azimuthal momentum equation [Eq. (6)] vs Bx=B0 from the radial–azimuthal simula-
tions with xenon propellant. The hollow black dot represents the sum of all terms on
the right-hand side of the azimuthal momentum equation.

FIG. 17. Normalized radial and azimuthal velocity distribution functions of the ions
for various radial magnetic field values and the three studied propellants from the
Q2D simulations.
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to what was observed in Paper I of this paper,13 the imbalance between
the right-hand side and the left-hand side is particularly pronounced
for the cases that exhibit relatively larger axial electron currents
(Bx < 1B0) due to the higher particles’ resampling rates in these cases.

C. Plasma species’ distribution functions

To investigate how the changes in the dominant instability modes
with the Bx intensity affect the plasma particles’ velocities, we have
provided, in Figs. 16 and 17, respectively, the radial and the azimuthal
velocity distribution functions of the electrons and the ions at
t¼ 30ls. The VDFs are calculated for the plasma particles residing
over the entire domain of the simulations.

Looking at the electrons’ radial VDFs (Fig. 16, left column), we
notice that, at the lowest magnetic field intensity (Bx ¼ 0.25B0), the
distributions are closer to Maxwellian for all the propellants. However,
for all the other cases, the high-velocity tail of the distribution func-
tions is depleted, and most of the electrons have low- to mid-range
velocities. The azimuthal EVDFs (Fig. 16, right column) become
increasingly asymmetric with respect to the vz ¼ 0 axis as the B-field
decreases. In particular, the azimuthal EVDF for the 0.25B0 case
shows a noticeable peak at the negative vz values, which represents a
large population of drifting electrons at relatively high azimuthal drift
velocities compared to all the other cases.

Referring to the ions’ velocity distribution functions in Fig. 17
(left column), we observe that, in the low B-field range (0.25B0 and
0.5B0), the radial IVDFs have lost the mid-range velocity ions and
retained the ions with high velocity in the tail. In the higher B-field
intensity conditions, the mid-range velocity ions are seen to be
replenished.

The azimuthal IVDFs in Fig. 17 (right column) show various
degrees of broadening due to the ion-wave trapping phenomenon.47

As a further evidence of the ion-wave trapping, the ions’ azimuthal
phase-space plots are provided in Fig. 18. The plots in Fig. 18 indicate
that the ions’ phase-space distribution is affected by the potential fluc-
tuations of the azimuthal instability waves to different extents depend-
ing on the value of the radial magnetic field intensity.

Indeed, the azimuthal IVDF for the case with Bx ¼ 0.25B0 fea-
tures a strong broadening, which becomes increasingly more signifi-
cant from xenon to argon. Unlike the other Bx conditions, and even
unlike what was observed for the various E-field cases presented in
Paper I,13 the azimuthal IVDF of the 0.25B0 case broadens toward
both the negative and the positive velocities. As it is seen from Fig. 18,
the ions’ phase-space plot shows a turbulent distortion of the ions
toward both the positive and the negative velocities for the 0.25B0

case. The turbulent behavior could be possibly because some of the azi-
muthal ECDI waves in this case may have positive phase velocities. For
the other B-field intensities, the extent of the azimuthal IVDFs’ broad-
ening diminishes with the increasing Bx value, as is also evidenced
from the decrease in the significance of the ion-wave trapping from
the phase-space plots in Fig. 18.

VI. CONCLUSIONS

The studies in this paper complemented the discussions of Paper
I13 by assessing in depth the effects that the radial magnetic field inten-
sity have on the behavior of the plasma discharges of various gases—
xenon, krypton, and argon. Similar to Paper I,13 we carried out the
investigations in a 2D configuration representative of a Hall thruster’s
radial–azimuthal cross section. We also used the reduced-order quasi-
2D PIC with a uniform 50-region domain decomposition approxima-
tion. The magnetic field value was varied over the range of 5 to 30mT,
with 5mT increments. Having considered the B-field intensity of
20mT as the baseline value (B0), the studied B-field range corre-
sponded to 0.25B0 to 1.5B0. We demonstrated that the changes in the
strength of the magnetic field yield three plasma regimes for all the
studied propellants.

In regime I associated with relatively low B-field values (0.25B0

to 0.5B0), we observed the mitigation of the MTSI mode.
Consequently, due to the dominance of the ECDI mode, the radially
averaged electrons’ radial-to-azimuthal temperature ratio (Tex=Tez)
was seen to be less than one and the radial distribution of the axial

FIG. 18. Ions’ azimuthal phase-space plots for various radial magnetic field values
and the xenon propellant.
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electron current density peaked around the center of the domain. We
showed that the mitigation of the MTSI in this regime rooted in the
mode’s very small growth rates.

In regime II with moderate values of the magnetic field inten-
sity (0.75 B0 to 1 B0), the MTSI was seen to develop with a compara-
ble strength with respect to the ECDI. The mean Tex=Tez ratio in
this regime was accordingly observed to be close to 1, and the axial
electron current density exhibited a rather uniform radial profile.
An exception was observed for the argon propellant for which, at
the B-field intensity of 1 B0, the MTSI was observed to be stronger
than the ECDI. This resulted in the mean Tex=Tez ratio to be slightly
larger than 1 and for the radial Jey profile to feature a peak near
the walls.

For relatively high values of the B-field (1.25 B0 to 1.5B0) cor-
responding to regime III, the ECDI was overall observed to be miti-
gated, and, hence, was not visible from the spectral analyses. The
instabilities’ spectra in this regime were dominated by the MTSI
and a long-wavelength wave mode. For regime III, Tex

Tez
was greater

than 1, and the radial profile of the Jey had peaks in the vicinity of
the walls. For the case of the xenon propellant, the ECDI mode was
exceptionally observed to be still detectable from the FFT plots at
Bx ¼ 1.25 B0.

The detailed FFT and DMD analyses of the azimuthal electric
field fluctuations confirmed the observations summarized above con-
cerning the nature of the dominant instability modes within each of
the three plasma regimes—observations that had been inferred
from the mean Tex=Tez ratio as well as the radial profile of the Jey.
The DMD analyses, in particular, casted light on the spatial structures
of the dominant modes that were identified through the FFT plots.
Indeed, the DMDmethod was shown to notably aid in disambiguating
the results of the spatial and temporal FFT analyses.

Regarding the aggregated insights from the characterization of
the instabilities, we first showed that the dependency of the azimuthal
wavenumber of the ECDI’s first harmonic on the B-field intensity
from the simulations matches well the theoretical relationship. We
also noticed that the simplified relation proposed in Ref. 34 for the azi-
muthal wavenumber of the MTSI’s fastest growing mode overall cap-
tures the correct correlation with the magnetic field intensity,
particularly for the intensity values corresponding to regime II. For
plasma regime III, the capability of the relation from Ref. 34 to explain
the numerically observed trend of the MTSI’s azimuthal wavenumber
vs the B-field intensity was debated. The frequencies of the ECDI and
the MTSI were noticed to increase with the Bx . Regarding the phase
velocity vs Bx for the ECDI and the MTSI, we noticed a non-
monotonic increasing-then-decreasing trend for the case of the ECDI
for all the propellants. For the MTSI, the trend was observed to be
rather constant for all the propellants across the studied magnetic field
intensities.

Concerning the changes in the significance of the force terms in
the electrons’ azimuthal momentum equation, we discussed, as an
example for xenon, that the electric force term representing the effect
of the instabilities is the dominant contributor to transport across the
magnetic field values investigated. The radial distributions of the FE
term and the FB term (the left-hand side of the momentum equation)
were noticed to expectedly change with the Bx value in accordance
with the observations reported from the time-averaged profiles of the
axial electron current density. The viscous force term (FP) was seen to

have a non-negligible contribution to the overall electrons’ cross-field
transport within regimes II and III.

Finally, we evaluated the impact that the increase in the Bx inten-
sity has on the velocity distribution functions of the electrons and the
ions. Regarding the electrons, we noted for all propellants that, with
the rise in the Bx , the radial EVDFs depart from a nearly Maxwellian
distribution at the lowest B-field intensity to the distributions for
which the tail of the VDF is consistently depleted, whereas the azi-
muthal EVDFs became increasingly more symmetric with respect to
vz ¼ 0 axis with the rise in the Bx value.

Regarding the ions, the extent of distortion and broadening of the
radial and the azimuthal VDFs, respectively, were seen to decrease
with the increase in the magnetic field strength. An observation of par-
ticular interest was that the ions’ azimuthal VDF featured a broadening
in both the positive and negative velocity directions at Bx ¼ 0.25B0.
This was the case for all the propellants albeit the extent of the broad-
ening was different among the various gases.
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APPENDIX: SUPPLEMENTARY ANALYSES

1. Verification results of the IPPL-Q2D code against
the radial–azimuthal benchmark case

Figure 19 compares the predictions of the IPPL-Q2D with differ-
ent number-of-region approximations against the full-2D results
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obtained using IPPL-2D code in the radial–azimuthal benchmark set-
ting.36 For the Q2D simulations, the same number-of-regions are con-
sidered along the radial and the azimuthal directions. The comparison
of the results is provided in terms of the time-averaged (over 25–30ls)
radial profiles of the ion number density [Fig. 19(a)] and the electron
temperature [Fig. 19(b)] as well as the wave characteristics as inferred
from the spatial and the temporal FFTs of the azimuthal electric field
fluctuations [Figs. 19(c) and 19(d), respectively]. Additionally, the 2D
snapshots of several plasma properties are illustrated in Fig. 19(e).
These snapshots are taken at a particular moment of the discharge

evolution corresponding to a local maximum of the globally averaged
radial electron temperature.

2. Time evolution of the plasma properties
and the waves’ amplitude

The time evolution signals of the averaged (over the entire
domain) ion number density and radial electron temperature are
shown in Fig. 20 for the various B-field simulations with the xenon
propellant. These plots indicate the establishment of a quasi-steady

FIG. 19. Verification results of the Q2D
simulations (using IPPL-Q2D code) with
various number-of-regions against the full-
2D simulation (using IPPL-2D12) of the
radial–azimuthal benchmark case.36 (a)
and (b) Time-averaged (over 25–30 ls)
radial profiles of the ion number density
and the electron temperature, respec-
tively; (c) spatial FFTs, and (d) temporal
FFTs of the azimuthal electric field fluctua-
tions averaged over all radial locations
and over 25–30 ls duration from the vari-
ous simulations; and (e) 2D snapshots of
the plasma properties at the time of local
maximum of the spatially averaged radial
electron temperature [the rows, from top
to bottom, represent the azimuthal electric
field ðEzÞ, the radial electron temperature
(TexÞ, and the axial and radial electron
current densities (Jey and Jex )]. The error
bars in plots (a) and (b) indicate the varia-
tion bounds between the results from the
different 2D codes that participated in the
benchmarking activity. Adapted with per-
mission from Faraji et al., AIP Adv. 13,
025315 (2023). Copyright 2023 Authors,
licensed under a Creative Commons
Attribution (CC BY) license.
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state in the system across all the simulated cases following an initial
transient. This initial transient lasts for about 5 to 10 ls depending
on the specific simulation case.

Furthermore, Fig. 21 presents the temporal evolution of the
amplitude of the dominant azimuthal instability modes (discussed
in Sec. IV B) within the simulations. The instability’s amplitude at
each time instant is determined by averaging the spatial FFT of the
azimuthal electric field fluctuations across all radial positions. The
resulting instantaneous amplitude corresponding to the wavenum-
ber of each specific instability is then plotted over time. The plots
also include the time evolution of electrons’ cross-field mobility.
The plots in Fig. 21 provide further evidence for the establishment
of a quasi-steady state in all the simulations.

FIG. 20. Time evolution of spatially averaged ion number density (top row) and radial electron temperature (bottom row) from the simulations with various radial magnetic field
values and the xenon propellant. Each trace is normalized with respect to the temporally averaged value of the corresponding signal.

FIG. 21. Time evolution of the amplitude of the dominant azimuthal modes (left
axes) and the average electrons’ mobility (right axes) from the simulations corre-
sponding to various radial magnetic field values and the xenon propellant.

FIG. 22. Comparison of the averaged spatial and temporal FFT spectra of the azi-
muthal electric field fluctuations for the Bx ¼ 1.5B0 case with xenon propellant as
obtained from the Q2D and full-2D simulations. The averaging is consistent with the
averaging performed for the FFT analyses’ results in Sec. IV B.
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It is underlined that, from Fig. 21, we can infer the instability that
has the dominant contribution to the electrons’ mobility. This can be
done by observing the correlation between the electrons’mobility oscil-
lations and the oscillations in the instabilities’ amplitude.

3. FFT spectra of the Bx 5 1.5B0 case as obtained
from the Q2D and 2D simulations

Figure 22 presents a comparison between the averaged spatial
and temporal FFT spectra of the azimuthal electric field fluctuations
as obtained from the Q2D simulation and a full-2D simulation of
the extreme magnetic field intensity case of 1.5B0.

In addition to the point inferred from the plots of Fig. 22 concern-
ing the ECDI mode, the results additionally serve to verify the predic-
tion of the Q2D simulation at Bx ¼ 1.5B0 concerning the azimuthal
wavenumber of the MTSI. It is recalled that, from Fig. 11, we saw some
discrepancy between the simulated MTSI’s azimuthal wavenumber and
its theoretical value from Eq. (5). In this regard, from Fig. 22, we
observe that the peaks associated with the MTSI mode from the spatial
FFT spectra of the Q2D and the 2D simulations are coincident (at
kz
k0
¼ 0:188). However, as is illustrated in the figure, in both simulations,

the FFT spectrum around this peak is broadened over a finite wave-
number interval of kz

k0
¼ 0:125–0:188. As a result, we can expect the

MTSI’s azimuthal wavenumber to be somewhere within this interval.

4. Additional DMD results

Figure 23 compares the spatial structures of the ECDI and the
MTSI modes as obtained from the OPT-DMD analyses of the vari-
ous B-field simulations with xenon, krypton, and argon. At each
Bx , the modes’ shape is nearly identical among the different propel-
lants; however, they are different in terms of the associated
frequencies.
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