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ABSTRACT

The contributions presented in this thesis can be
classified under two categories:

A, Theoretical investigations leading to the develop-
ment of analytical techniques for the analysis and
synthesis of multiple-valued digital-data transmission
systems, and

B Experimental studies concerned with the implement-
ation of practical systems for transmission of
multiple-level signals, special emphasis being placed upon
ternary pulse code modulation systems.,

A, Theory

Certain new concepts are introduced that help to
define an information theoretic measure for the coding
efficiency of discrete-data systems, It is shown that
certain existing statistical coding technigues can be further
improved. The transmission efficieﬁcy of a communication
system operating under noisy conditions is now defined, and
its magnitude evaluated for different systems. The advant-
ages of a ternary system over others for transmission of
information are brought out, These investigations also led
to a more general formulation of the concept of channel
capacity.

Equivecation in binary and ternary systems is next
studied.,

Techniques of symbolic calculus are used to evaluate
the signal to false-pulse noise ratio in a ternary PCM
system, Methods for improving this ratio are suggested.

The problem of eptimum detection of ternary siznals in the
presence of noi%e is then formulated and solved,

&



The effect of quantization on system performance
is studied in detail using certain well known results of
Applied Statistics., Techniques are described by which the
reduction in the entropy of the signal,‘caused by quantigzation,
can be minimized,

A generalized class of discrete-data transmission
systems, of which PCM and delta modulation are particular
cases, is studied. The performance of these systems, for
different types of statistical ihputs, is evaluated. Studies
in system stability led to some interesting investigations
into the behaviour of non-linear sampled-data control systems,

B. Experimental Studies:

The development of a fast tristable circuit and the
actual performance of a ternary feedback encoder incorporating
tristable cirdﬁifs, are described. The design of a simple
ternary decoder is also given,
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STUDY OF CERTAIN FORMS OF TERNARY PULSE CODE
MODULATION SYSTEMS

1,INTRODUCT ION

An important development in the history of
communication has been the rapid growth in recent times, of
long distance communication channels., The inherent limitations
of conventional systems of modulation, such as amplitude
modulation, for tresnsmission of signals became more and more
apparent as the communication channels became longer and the
transmission requirements more stringent. An amplitude
modulated signal, for instance, is affected by channel noise,
inter-channel cross-modulation products and linear as well as
non~-linear distortion in the channel. If the transmission
path is sufficiently long, the interference accumulated over
the total path lenzth may well be enough to make it impossible
to retrieve the original signal. A useful method of reducing
the magnitude of this external interference is to use several
repeater sections of coaxial line or shielded cable pairs, in
tandenm, as the channel, This technique, however, does not
help in discriminating against the internal noise, :enerated
in the amplifiers themselves. As an averaze long distance
transmission line may have as many as five hundred repeater
sections or more, it is easy to see that the thermal noise
from the repeaters alone would be sufficient to make high-
fidelity transmission of signals over long distances, very
nearly impossible. o

A possible solution to this fundamental problem in long
distance communication was brought to lizht when the noise-
cleaning propverties of frequency modulacion were demonstrated
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in 1936.<1) It was shown that by sulitably processin; the
prinary signal, which cerries the messaze, it is possible to
produce a secondary signal which can be "cleansed" of the
noise, which it accumulates durin’; transmission throu-h the
channel, as often as necessary. It was further demonstrated
that it is possible in such a system to decrease the signal
nower required to achieve a ziven quality of trensmission, in
a channel of specified noise power, by suitablyv increasinz the
bandwidth of tr:nsmission, Also the noise-cleanin: capacity
of the system was shown to be related to the system's ability
to trade bandwidth with the siznal-to-noise ratio in the channel,

The interest aroused by this original concept led to
two main forms of activity: one was concerned with the
extension of earlier concepts of communication theory(2’5> to
include new factors such as communication in the prescnce of
noise, multiple regeneration of signals, and the effect of
statistical structure of signals and of noise on efficient

(4)

the performence of an ideal communication system, and established

communication. This theory made it meaningful to discuss
qualitative criteria for comparing the performance of different
systems, The other result was to stimulste further study of
the performance of unorthodox types of modulation such as pulse

(3)

had already been discovered, but had aroused, so far, little

position modulation and pulse duration modulation(6> which
interest; and it also gave an increased impetus to the
development of newer and more efficient systems of com unication,
It was during this period of sustained activity in the theory
and devdopment of modulation systems, that pulse-code modulation
(or PCM), one of the most £ficient and_versatile communication

(7-11)

systems in use today, was revived.

1.1 Basic Operations in Pulse-Code Modulation

PCM incorporates certain concepts such as "guantizing"
and "encoding" which meke it radically different from other
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modulation systems including other pulse modulation systems.(12>
A brief descrintion of the principal operations of PCHM is given
below.

Sampling: The signal is applied to the input of an
instantaneous sampler which periodically samples the siznal atb
a rate slizhtly higher than twice the frequency of the highest
frequency component present in the si:nel. Accordinz to the
sampling theorem, these samples completely snd unambisuously
determine the original signal.(15’14> These discrete samples
represent data which can then be individually processed into a
secondary siznal possessing more suitable characteristics for
transmission through a :iven channel,

Holding: The output of the sampler is passed on to
a holdinz circuit, which maintains an output voltage level equal
to that of a given sample during the interval until the next
sample arrives. This operation facilitates the later opcrations
of quantizing and encoding.,

Quantization: The samples emerging from the holding

circuit are next subjected to amplitude ouantigation. A11
samples falling within a given interval are specified by the
same quantization level, usually chosen to be the midnoint of
the intzsrval. This omeration somewhat distorts the signal as

the amplitude of the quantized sample may differ from that of
the original by as much as half the magnibude of the cquantization
interval,

Encoding: If the magnitude of the pecek interference
in the channel due tomwise is less than helf thet of a quantum
step, the rcceived signal can be restored to its orizinal value
by rezgeneration at ths receiver; an error can occur only if
Tthe peak noise is greater then tiis value. Encodinz serves to
trensform the sampled and quantized primary signel, having a

large number of levels of quantization and therefore very
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susceptible to noise, into a secondary signal which has fewer
and larger specified amplitude levels and consequently possesses
more suitable characteristics for transmission throuzh a noisy
channel.

The transmission characteristics of the PCH system are
determined by the choice of the code used for encoding. A
code mey be described as a scheme by which each member of a
finite set of discrete magnitudes is represented by a narticular
arrengement of the members of a different finite set of discrete
events, Each event in the latter set is celled a2 code element.

Each different possible arranjement of these code elements is
called a code group, and revresents the magnitude of a single

member of the first set.

In PCl, all the possible different levels, say-f, of a
quantized sample can be represented by the ordercd set of

integers (0,1,2, ....(#£ - 1)) and, therefore, by the symbols
or values (0,1,2, .... (;6— 1)) of a single digit belonging to
a number system of base 4. . The encoding process consists in

setting up a one-to-one correspondence between this system, which
is characterised by a single digit of bese ,5, and another

system with a group of n digits of base b . The order of

the code used is determined by the bese b of the new system.
FPor instance, if b 1is two, a binary code is obtained,cach

code element of which is restricted to either one of two symbols
for example, the absence or presence of a pulse, or aelternatively,
a positive or a negative pulse. In a ternary code, for which

b is three, a code element can have one of three distinct
values: it can, for instance, be a pulse which can be positive,
null or negetive. An N'ery code is obtained if b 1is equal

to N , and is characterised by code elements which can have

any one of N distinct values.

The number of discrete data required to specify a
continuous sigsnal of bandwidth W and duration T increases
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from 2WT symbols before encodinz, to (n)(27T) after, where
n 1is the number of code-clements (or digits) per code group as
ziven by the relation

/ n
{= b

If the transmission time remecins constant, PCM therefore requirss
e bandwidth n +times as great as that required for direct
trensmission, Since £ is, in general, very much greater than

b , thc increase in bandwidth is usually quite considerable.

Regenerative Repcecaters: Reveaters arc used at frequent

intervals in a long distance communication channel to compensate
for the attenuattew as well as distortion and noise in the
channel, In a PCM system, since the signal elements occur at
distinct, predictable instants of time and are completely
specified both in shape and ma nitude, the accumulated distortion
and noise can be almost completely eliminated by identifying the
code element and generating 2 similar one ot the repeater itself.
The overall performance of a PCM systoem can therefore be made
substantially indevnendent of the total distance of transmission.

Decoding: At the receiver, cach code group correspond-
ing to a given quantized siznal sample is separatad from the
rest. The contributions of cach of the code elements constitut-

inz a gZiven code group are then added together, after weizgbhting
egach code clement according to its own magnitude as well as its
nosition in the code group. For instance, the ternary code
group 0122 is made to yisld the woighted sum

/0 x 30 41 x 51 v 2x3° 42 x:327
O+ 3 + 18 + 54
= 75

At the termination of eech code zroup, a pulse equal in magnitude
to the weighted sum of the code elements of the zroup, is
generated. This pulse is anplied to vhe in-ut of a low pass
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filter of cut-off frequency ecual to that of the hizhest
freqguency compoﬁent present in the primary siznal before it was
sampled, Under normal ovnerating conditions, the output of the
filter is an almost exact reoroduction of the oriyinal siznal
excent for the distortion introduced by the process of quanti-

zation at the transmitter.

1.2 Performance of PCM Systenms

A signal transmitted by PCii is subject to three kinds
of transmission impairment: a) quantization distortion,

described above, b) overloading, dvue to the finiteness of the

range of guantization and c¢) false nulse noise, which occurs

when the transmitted code elements are incorrectly interpreted,
either during rezeneration at the repeaters or in the process of
decoding at the receiver. These factors have been extensively

studied in the literature.

1l.2.1 Quantization Distortion

The error introduced by ampnlitude quantizetion varies
from sample to sample and has a meximum value of »nlus or minus
half a gquantum stev. Since the variation of the error with
time is unpredictable, cuantization distortion has the character-
istic of noise rather than or distortion, end renresents an

irreversible loss of information.

Nuantization error power is provortional to the square
of a quantum step. Therefore, by reducing the size of a
guantum interval by increasing the number of levels, the magni-
tude of this error nower can be reduced. But, for a given
system of coding, increasing the number of levels also increases
the number of code eclements required for sample specification,
and consequently, the bandwidth ®r transmission. If the
transmission bandwidth is fixed, ‘the number of levels of
quantization that is permissible is determined by thg, base b

g

of the code used for encoding. The exact relaciong between
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the r.m.s. signal to gquantization distortion ratio (S/NQ) ,
the number (n) of code elements used and the base (b)“ of

the code employed is given by the expression(l5>

S/Ny = /710.8 + n (20 log b) / db.

Q

so that the signal to aquantization distortion ratio is
proportional to the logarithm of the base b of the code.

For instance, a unit increase in the number of digits per code
group improves the signal to distortion ratio of a binary
system by 6 db, of a ternary system by 9.54 db, of a gquartern-
ary system by 12 db and of a decimal system by 20 db.

The above formula is derived on the assumntion that
the input signal has a rectanguler distribution of amplitude,
that cuantization levels are equally svaced and that their
nunbcer is large. Under these conditions, quantization distor-
tion has a rectangular amplitude distribution and is substanti-
ally uncorrelated with the inout signal.(16>

Another important problem that has been investigated
in detail is the possibilitv of reducing the ma'nitude of
guantization distortion for sisznals having a non-rectanzular
amplitude distribution, such as zsussian or exponential,
by lozarithmically compressing the signal before subjecting it

(17-19)

to quantization.

The emphasis in all the work mentioned above is on thae
evaluation of the auantization error nower. There has been
very little study of the statistics of quantization noise,
either of its own statistical structure or of the relationship
between the signal and the quantizetion noise. This is
esnecially true for the case when the number of levels of
guantization is small. But, to ce¢valuate the performance of
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complex PCM systems (such as discussed in Sections 6 and 7)
which make usec of the probability constraints that cxist
between adjacent samples of the signal to obtein hiher
efficiency of communication, it 1is necessary to heve a
detailed knowledge of these statistics.

l.2.2 Overloading

The contribution to the distortion in the quantized
signal out>ut duc to the finiteness of the totel range of
gquantization, becomes vanishingly smell and can be nezlected
for all przctical purposes if the latter is greater than aboutl
four times the r.m.s. value of the input signal. It is casy
to meet this condition when the number of guantization levels
is larzie. If, hcwever, the number of levels is smell, the
problem of minimization of the error power due to overloading
becomes important. This problem, especially in the case of
complex PCHi systems emploving fecdback (Section 7), is, in
gencral, not very simple to solve since it involves the
simulbtancous minimization of the auantization error power as
well. '

l.2.%. X¥alse=-Pulse Noise

False-pulsc noisc is produced when a code clement 1s

wrongly interpreted(l4)

. Such misinterpretation cen occur
only if the channel noise 1is greater than half the separation
between adjacent specified lesvels of the code element. If

the interference is due to white noise, it is easy to show
that if this amplitude seperation is greater than a "threshold"
value, the probability of error becomes so low that the
transmission can be considered to bc almost perfeotgl4) The
threshold value is generally teken to be about ten times the

r.m.s. value of the noise power in the chennecl.

The cheracteristics of fealse-pulse noisc have been
studied in deteil for binary systems. When the system is
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operatinz above the threshold level, the statistics of falsce-
pulse noise cre very similar to thosc of immulse noise, and
(20) The

introduction of even scveral hundred repeaters in the channel

the quality of treonsmission is very little affected.

hes been shown to have very little effect on the cuelity of

the received signal, if the signal power in cach repeater .
section 1s maintained at a slizhtly hisher lcvel than the
threshold level for a communication channel consizting of a

sin:le reveater section.(gl)

When a signal is encoded into & group of code digits,
the wmisinterpretation of some code elements is more ssrious
then the misinterpretation of others, since each code element
is differently wei:hted. It has been shown that the feclse-
pulse noise power can be minimised by weigihting the »nower
allotted to the various digits of the code group according to
the contribution the un-weighted digit mekes to the total false-

. 2
pulse noise power.(“2’25)

Most results of this kind published relcte to binary
systcems. There has been very little study of false-pulse
noise in higher order systems such 2s ternary or guarternary
PCM systems. The only significent work in this ficld was
carried out by Oliver, Pierce and Shennon in their paver
"Philosophy of PCM”.(lq)
power required to ensure that the freauency of errors does not

Here they showed that the signel

exceed a given limit, is ap-roximately proportionzl to the
square of the number characterizing the order of the sysvem.

But the usefulness of this result is rather limited. For
instance, to mention only onc of its limitations, i does not
teke into account the fact that the effect of sn error of
interpretation is not the scme in the various svsiems, since

the respective code elements have different weights in different
systems.
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1.2.4 Assessment of the Performance of
PClL Systems

As mentioned earlier, it has been demonstrated that

the s%gnal power requlired to transmit a many-valued signel
through a noisy channel with a specified frcquency of errors
is approximately proportionsl to the squarcof the number of
levels of qguantization of the signal.(lq) By encoding a
signal having a large number of quantizetion levels into a
group of code digits each of which is assigned only a small
number of values, it was shown that it is possible to transmit
the original signal with less signal power, but with an
increase in the bandwidth of transmission. It is instructive
to find out whether this trading between bandwidth ond signal
power has been economical, or more explicitly, whether the
reduction, which was made »ossible by encoding, in the signal
power reqguired to maintain a given guality of trensmission
through a channel of specifiecd noise power, really compensates
for the increase in bandwidth of the new system.

This problem was studied by Oliver, rPicrce and

(14), who compeared the wnerformance of a PCM systcm

Shannon
L . » - A‘ 3
with that of an ideal system of communlcefclon.(l> An ideal
system can transmit information, with an infinitisimally small

freouency of errors.et the rate of

w 1og2(l + P/N) binary digits/sec

where
W = bandwidth of transmission
P = average siznal power, and
N = average noise nower in the chenncl, noise

being assumed to be "white'.

Assuming that the PCM system is opereting above the
threshold level so that the frequency of errors is very small,
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it was shown that a PCM system can transmit informetion at
the rate of

. - 12 x 8 . .
Cpcm W 1082(1 +I-Om ) bll’ch‘y digits per second

where

S = average signal power rcauired to keep the
freguency of errors below the threshold
level /71 part in 3 million_/

Compering the "capacities" of the PCM and the ideal systems, it
can be scen that in both  systems

(a) signal power and channel bandwidth are exchanged on a
logarithmic basis and

(b) informetion capacity is propnortioncl to the bendwidth
of the systen.

On the other hand, in terms of the signal power
rcquired to achieve the same channel capacity as that of the
ideal system, the efficilency of PCH is seen to be only 12%.

The expression quoted above for the rate of transmission
of informetion in a PCM system, has often been used in the past
as a relevant mecasure of the performance of a PCH system§12’15fa+\
This is rather unfortunate since it is hardly qualified to play

such a role, Its mein limitations may bc summed up as follows:

A. The formula is not an expression for the information
capaclity of a PCIH system, though it is often referred to by
thet desigsnation in the literaturc. It is derived on the
assumption that the PCM system is operating over the thres-
hold, so that the frequency of errors is small. 3ut, while
the probability of an error is small, it is still finite.

If the frenuency of errors thet can be tolercted in the
system is made smaller and smaller, the "capacity' of the
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system as defined by the formula would become less and less
until, in the limit, it will vanish, Thc definition of
the information capacity of a system procludes such
behaviour.(4)

B. According to the formula, all PCI” systems heve the some
capacity and thercfore the scme cfficiency. This conclusion
seems to be suspect for the followins recsons:

i) The formula fails to teake into account the fact that
the effect of a misinterpretation of a code element 1is
different in different systecms Por instonce, an error in
interpretation of the symbol of & codc element hoving

1000 distinct values produccs only ebout 1 part in 500 as
much error as & nisinterpretation of a2 bincry dizit.

ii) The formula does not tele into consideration the
fret that the information carryin: capacity per state of
a_svmbol is different for differcent systcems (Section 2).

For instence, each &bl of o binary dizit carrics mores

30}

information than cach ¢ decimal digit, but less

o)
o)

H

information than <cach

a ternary digit.
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2. Coding ®fficiency of an Incoding System
with Base b .

A quantized pulsc sample thet cen possess any one of
Z distinct megnitudes, is specified, after the encoding
operation, by n scperate digits each of which can have one
of b distinct levels. It is often assumed(l2'l4’24> that
the efficiency of a pulse code modulation system in transmitting
information is independent of the base b of the code used for
encoding*. The wvalidity of this assumption is discussed in
the present and the following sections (Sections 2 and 3)
where it is shown that coding to certain bases is more efficient
than coding to others and thet there exists cn optimum bease
for encoding of quantized signals,

The choice of & code for the rcopresentation of discrete

data 1s determined by considercations of whether

1) the data is to be used in a local static system such as

an informetion storage unit, or whether

2) the data is to be transmitted to a distant plcce through
a noisy chennel. For the sakes of clarity of presentation,
the present scction is devoted to a critical exvosition of
the basic ideas involved in the choice of a code to mect only
the first requirement; the trcatment of the more complex
latter case is postponed to the next Scction.

It may, however, be mentioned that it has been shown thet
choice of e as the radix for the representation of =z number
minimises the total wvolume 8; equipment necesscry for a
computer of given capacity( ). But the assumptions made
to derive this result zre not well defined :

The points of view prosented in the following discussion arc
also rather different from those given in Reference 25.
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2.1 Optimum Codes for Discrete Data

In the languege of topolozy, coding maps the original
signal from a given signal space on to a new signal space.
An optimum code, for a given class of signels, may therefore be
defined as that codc for which the new siznal space has least

(13)

volume.

2.1,1. Determination of Optimum Base for Encodiny

A cuantized sample thet can possess any onc of Og)
levels can be represented by o linecr array of CK) cells, the
k0 ce11 denoting a sample of megnitude (k), where x &L
After encoding the QC) levels maey be considerced to be represent-—
ed by an array of (n) cells each of which has (b) sub-cells,
as shown in Fig. 2.1. Any given maznitude (k) of a ouantized
sample 1is now unambiguously svecified by the selection of (n)
sub-cells, one sub-cell beinz chosen from each cell,

In the discussion which follows a sub-cell is also
referred to as a '"simple element" while a cell consisting of
b sub-cells is called an "eleuwent of order b ", Tor instance
a cell consisting of two sub-cells is called an element of
order two or alternetively, a binary element.

The total number of sub-cells necessary to svecify any
of the ({) given levels, unambizuously, is equal to (n b). If
the number (b) of sub-cells per cell is less than (4), the
Gotal number (nb) of sub-cells will, in eneral, be less than
(#.) since

The difference Oe-rm) may be considered to be a measure of
the saving in signal space made poscsible by coding. The
optimum code is obtsined when (b) is chosen such that (nb) is
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Distribution /1 l [ 17/ /i la/ Subcell 1
of subcells | 7777 | £4
o o ,/O/ o fo) Subcell O

oA
-—] —b ) s e J o a—— = 4= § —]No,0f cells n
c-1x24—v 4-0x23- o-Ong-v -—1x21-v‘1x2Q~0rdinal
value
A. Representation by binary cells
" Subcell 2
Distribution 2 / 2 2
of subcells | I IZ Subcell 1
o '/o’/ (o) Subcell O
Z.
]yl a3 —> No.of cells n

t

"2132_—" ‘0x31—-.4-1x30——-b Ordinal wvalue of cell

B. Representation by ternary cells

Fig. 2*1 Representation of number "NINETEEN" by
combination of n cells of order b,

(The term "Cell of Order b" may be used interchangeably
with "Device with b Discrete States" or "lultivalued
Digit of Radix b")

Occupied subcells marked by V///

Unoccupied subcells marked by '
Total No. of subcells required using binary cells = 2x5 = 10
Total No. of subcells required using ternary cells= 3x3 = g
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a minimum for a given value of (t). _

The optimum velue of (b) is easily obtained by the method
of Lagrange's undetermined multipliers as shown below:

The function to be minimized is (n b), subject to the
constralnt that Gf) is constant.

- A A '
‘ = 2.1.:

MM k /&a 202.

where k is an arbitrary constant.

Consider the function

U = 5V/& + A(w ‘*'£>

where A is a Lagrangian mulfiplier.
Partially differentiating U with respect to (n) and (b),
and equating to zero,

RAY

U J R /&7’&’ 2.4 |

U:'h,'l'?‘w kp—o 245

203.

Solving (2. 5) glves /L/

Substituting in (2 4)

/‘%7”7“
- Therefore, b =

Since (e) is an irrational number, it is impossible to
divide a cell into (e) exact parts. However, since (e) is
bounded by the two natural integers 2 and 3, and b? is a
continuous function; it is reasonable to assume that the
optimum base is either 2 or 3.

Keeping (nb) constant and allowinga{'to vary, the
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maximum number of elements (ﬁz) that can be unambicuously
specified by codinz to base 2 is 2(nb)/2 while the number
of elements (53) that cen be specified by codin: to base 3

is 3@D)/3,
Comparing Jge = 2(nb)/2 = C%/P§3nb and
Ly =303 o 5w

Ly o4
since <af7§ 7 erzr

It is thus seen that coding to base 3 provides the

it is seen that

greatest economy in the total number of sub-cells or simple
elements required to completely represent a given number of
discrete datas  /Also see Section 2,27

2.1.2 An Alternative liecthod for the
Determination of Ontimum Base

If a sequence of digits

al 82 00 00 an—l an

each of which can have b states is transmitted, the entropy
(H) per digit is given by the expression(4)
b
H=- 2_ p(i) log p(i)
i=1
where ©p(i) 1is the probability of occurrence of state i of
the digit. H may also be written as

b
H=+ ZZ; h(i)
i=1

where
h(i) = -p(i) log p(di)
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is defined as the entropy per state (i) of the digit.

For a given value of (b), the entropy H per svmbol
is a maximum when all the states are equally probable so
that

1
b

constant.

p(i)

The maximum value of H is given by the expression

b
Hooy = M8X Z[.:.l h(i)

o[- L 105 1]
b b

b [hb]

The quantity hb y inside the brackets, redresents the swemese
information capacity ver state of a digit, for a gziven value
of (b). /[ Also see Appendix 2.1 7/ The optimum number of
states per digit or, in other words, the optimum base for
encodin,, is given by that value of (b) for which the swerese
information capacity per state of a symbol is maximum. It

is shown in Appendix 2.1 that the optimur inte .ral velue of

(b) is 3 ,

The magnitude of the aswemese information capacity per
state of a symbol (hb) is plotted as a function of (l/b) in
Fig. 2.2.

2.2, Significance of the Concept of Information
Capacity per State of & Symbol.

The maznitude of the base (b) of the optimur encodinz
system has becn shown above to be 3, using two independent
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criteria. This is not surprising because these revresent but
two aspects of an ¢ fficient encoding svstem, namely

1) determination of the minimum amount of information that
would completely specify the message and

2) optimal representation of this information.

The concept of ewemese information capacity pexr state of a
symbol »rovides an optimum method for measuring the information
content of the messa_e by specifying how the dava should be
grouped and each grou> then sub-zZrouped so that the total
number of operations necessery to specify the information
content of the message is a minimur, On the other hand, the
concept of minimisation of the number of sub-cells recuired for
the specification of the data provides a criterion for deter-
mining the optimum system for representation of the messagc.
Now, 1f the system is to be used only for the storage of
information or only for transmitting the information through

a nolscless channel, the nroblem of guardinz azainst the
mutilation of information-carrying symbols by noise does not
arise. Under these conditions, both the requirements of an
efficient coding system mentioned ‘Lﬂvfiébf are equivalent:

a one-to-one correspondnece can be esteblished bebween the
arithmetical procedure by which the informesion content of the
signal is evaluated and the means of renresentation of the
signal, as is actually done, for instance, in thc construction

of the Shannon-Fano Code for non-equiprobable messages.<4’26)

2.2.1 Significance of the Concept in the
Study of Coding Systems

The concept of information capacity per state of a
symbol is important because it has epplications not only in the
field of pulse code modulation svstems, with respect to which
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it is studied in later sections, but also in any coding problem
involving the processing of discrete data. Studies in coding
are generally concerned with only the statistical structure of

the message.(4’12’26)

But an efficient encoding systcm has To
take into account not only the statistical structure of the
message but the properties of the physical mechanism as well,
whepeby ;the gpcoding is effected - in this case, the pro.erties
o§<denumora€§£ finite elessems—~ef numbers, This is made possiblc
by introducing the concept of informevion capacity our state of
a symbol.

An optimum coding system, such as the Shannon-Fano Codc,
operates by maximising the relctive entrony of the encoded

message.(l2)

Now, relative entrony is the ratio of the entropy
of the message source to the maximum velue iv could have, subject
to the condition that in both ceses the same set (or alphabet)

of svmbols is used.(q’le)

In other words, the conceot of
relative entropy applies only to the case where the original
message and the encoded message meke use of thz same alphabet.
It does not provide any useful criterion to judge the efficiency
of encoding when the alphabet is changed. For instance, thou:n
the information content of a discrete messcie is invariant with
respect to any reversible* transformetion into sequences of
binary, ternary, or, in general, N'sry digits, neither the
minimum number of operations required for the measurement of

the informaztion content of the messzge, norx the minimum

number of discrete elements necessery for its representation is,

in zeneral, invariant under such a transformation.**

* An alphabet A 1is said to bc reversibly transformed inco
another alphab:t B if the total number of possible messazes
in B is greater than or ecual to the number of messages in 4.

** The only exception to this rule is the trensformetion between
binary and quarternary systems. Both of these systems arec
cqually efficient. The reason for this anomaly is aszocistede
with the fact that two (2) is the only number for which the
the values obtained by -adding the number to itself and by
nultiplying it by itsclf, are coual: 2+ 2 = 2x2 .
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2.2.2 Assessment of the Coding Efficiencies

of Different Systecms

The expression h = 5

information capacity per state of a symbol, has the following
properties:

-1
% log = | for the average

1) h is continuous in b.

2) If the total number of elements (nb), defined as the

number of states (b) per symbol fimes the number of symbols (n)
is keot constant the total number of things that can be
specified by these elements, is a monotonic function of h .

3) The function h atteins a unique meximum for a fixed,
finite value of the bese b of the system, corresvonding to
the case of the optimum encoding system.

It, therefore, appears Jjustificble to define the coding
efficiency of a system in terms of the average informavion
capacity (h) per state of a symbol as follows:

The relative coding efficiency 0719 of an encoding
system with base b 1is the retio of the average information
capacity per state of a symbol of the given svstem to the
average information capacity per stete of a symbol of a
hypothetical system with base b = e

The percentage relative coding efficiency defined as
/100 x 7“0%—7 is plotted azainst the base b employed for
coding in Fig. 2.3

It will be seen from Figure 3.3 that a ternary coding
system has an efficiency of nearly 99+6% while coding to base
(2) gives an efficiency of only about 94°4% . It may be
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noted that coding to base (4) gives a system with the same
relative efficicency as an encoding system with base (2). Is
the base b of the encoding system approaches infinity, the
relative coding efficiency aporoaches zcro,.

2.3 Applications

The concepts develoned above can be made use of to show
that certain so-called optimum codes mentioned in the

Iterature<12’15’26>

are not really optimum. In the »resent
Section it is shown thet an important coding wtechniocue called
the Shannon-Fano Code, which may be considered to be represent-
ative of this class of "optimum" codes, is not optimum; an
optimum coding technigque, wihich is a modificd version of the
Shennon-Fano Code, is then presented.

However, before proceding to the discussion of these
codes, it is instructive to anclyse an assumption on which the
codes mentioned above secm to be at leest in part, based. The
assumption is that "binary messecges whose states are couiprobable
cannot be condensed and that there is no more economicel way to
store them than to put ecach messorc senaratcly into a binary
storage unit?(27> It is shown below that this statement is
true only in a very restricted clasc of cases.

2.3,1 Possibility of Compression of

Binary licssazes

A more precisc formuletion of the stetenent guoted above
is as follows: "If every possible messagc has equal probebility
of being generated by the source, cnd if the number of possible
messaces is ot , the relative entropy is unitv and it is im-
possible to improve upon the simple code which usces a block of

"
m binary elements to rcoresent each messaze. (12)

Assuming that there are ¢ = o -ossible messages and
that these are 211 equally probeable, it is easily seen that the



32

minimum number of binary clements rcquired to represent each
possible messa.e is m .

Sinee two separste simple elemonts are necessary to
specify a binary element, the tobtal numbcer of simple clements
necesscry for the representation of the message is (2 x m).

But, any of the messages can be represcnted by a
sequence of n ternary =2lements where

n = 102531

Since a ternary element requires th-ee simple clome
for its specification, the minimum nuwmber of sinple clements
that would be necessory to completely reoresent the messazge is
1o 2
3 ga
m log32

5m/ 1.585

m

which is less than (2m).

From the above result, it would appear thet coding to =
ternary base would always reaquire a lesser number of simple
elements than in the case of binarv coding. This, however, is
not the casc. For it is implicitly assumed in the above
derivation (as well as the derivations in Rection 2.1) that
the total number of binary or ternary elements used need not be
an integral multiple of unity - an assumption that is untenablc
from the point of view of physical realizability of the systemn.
This would be evident from considerinz the number of simple
elements necessery for encoding a group of, say, 15 messages in
the binary and ternary systems: a binary system reouires only
8 elements since

23 (15 ¢ 2%

while a ternary system requires 9 elements since

3°< 15 <37
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It is thus seen that, for a given number of messages, coding to
a ternary base can be less efficient then coding %o a binary

base, under certain conditions.

A more detailed investigation of the compmerctive codin:

efficiencics of binary and ternary systems for a given number of

messages, yields the following results:

1) 4 ternary sjstem is always more efficient than a binary
system if the number of messages is grester than a minimum
value 60 (equel to 262,144) corresponding to a sequence of
18 binary elements. /The value of ﬂo is derived in
Appendix 2.2 7

2) If the number of messaszes is less than or equal to £ )
there are three nossible situations:

i) +the ternary system is more efficient than the binary
system if the number (;) of messages is specified by either
of the relations

'w/3

a) Z%?év%i L4 3££§‘3

where
n 1is an even nultiple of % , or

-1 w/3
by 23 < Q%s/

where
n is an odd multiple of 3%,

ii) the binary system is more efficient than the ternary

system if VE

AUz'$ L < s 3

where
n is even but not an integral multiple of 3 .

iii) +the two systems are equallyefficient if
no_ _ n/2
[2§- +1]<6 { Pyp2

where
n is an even multiple of Ghree.
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It may be noted that the relationships given above refer
only to comparative efficiencies of binary and ternary coding
for a given number of messazes. If, on the other hand, the
maximum number (X) of simple elements that may be used is
fixed, the following simple results are obbtained:

1) A ternary system is always more efficient then a binary
system if the maximum total number of elements \ is eaqual
to or greater than 33

2) If » 1is less than 33, there are only two possible
alternatives:

i) The ternary system is more efficient than the binary
system if either
a) » is an odd or even multiple of 3

or b) AN is odd, but not a multiple of 3, and also A %17
or A = 7

ii) A binary system is more efficient than a ternary
system if either
a) N is even, but not a multiple of 3.

or b) N is odd, but not a multiple of 3 and also » £ 17,
except when » = 7

It is interesting to note that in contrast to the case
of a given number of messages, when the maximum number of elements
is fixed, there are only two possible alternatives: either the
binary or the ternary system is more efficient, but they are
never equally efficient for any non-zero value of A LprendiX 2.3/

Now, any binary message source is bound to nroduce,
within a given length of time 7T , a message sequence consisting
of at least 18 binary elements, if the duration T is
sufficiently large, say Ty Therefore, if coding delays of
the order of Ty ©Or greater can be tolerated, a binary messaie
can always be compressed (using fewer elements) by emnloving a
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ternary encoding scheme,

2.3.2 Efficicncy of the Shannon-Fano Code

A discrete message, in general, consists of a sequence
of, say, N symbols each of which can have any of, szy,
dinstinct wvalues. The relacive entropy of such gﬁpes age 1is
less than unity when the symbols are not independent of each
othar and/or the probabilities of occurr-ence of the different
states of cach symbol are not equal. It is QOSE%Eii.ﬁB encode
such a m 2iage into a new sequence of symbolsxwheee relative

sz Aourees .
entropX&approx1mates very closely to unity. The Shannon-Fano
code prov1des a simple means for effecting such a transform-

atlon 112,26

Employing a repeated—division Drocess into binary
groups of nearly equal probability, it S Ee orizginal
mEfssage into a sequence of binary ulements whome rdative entropv*/‘%

Ais nearly unity.(12>

It is easy ?%{EEOV that though this procedure maximisecs
the rclative entropx<of the coaed sequence, it is, nevertheless,
not truly optimum in the sencse it requires more elements for the
representation of the message than is strictly necessary. For.,’

if the original message is encoded into the binary sequence

al 82 aB ¢ 2 0 0.0 0 0 an_l an

the sequence requires (2n) simplec elements or sub-cclls

for its specification. But it was shown in Section 2.%.1 that
any binary sequence consisting of (2n) simple elements can bec
uniguely represented by a secuence of ternary elements consistin:
of fewer than (2n) simple elements if (2n) is ecual to or greator
than 36 .

It may be noted that in a Shannon-Fano Code, the
representation of the message is effected by identifying the
process of grouping and sub-grouping nccessary to isolate a
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given message from the ensemble of messa.es, with the messaje
itself, Therefore, if the representation of the message is
not optimum, it also follows that the binary encodinz tecchnigue
employed to effesct the representation is also not optimum in
the sense that the total number of elementary overations
required to encode the message is more than is strictly necessary
L—The total number of elementary operations is here defined as
the number of operations per individual decision (for instance,
the number of sub-groups into which a group is divided, at each
step of the encoding process) times the total number of decisiong.

2.5.2 An Optimum Technigue for Encoding Messazes of

Unequal Probability

The concepts developed in the nresent peckion can be mede
g?kgg necrual
nrobabilit 1nto a sequence of symbols relasive entrony
oD Yy o] v hﬁﬁiﬁqgﬁk e e CTony
ofAnearly unlty, satisfyiny the following two conditions:

use of to develop a technigue for enco 1p~ messa;

. N -

1) +the number of elementary omerabtions necessarv to encode

the message is a minimum and

2) the number of simnle elements used to represent the

message 1is a minimum, .

The coding scheme described below satisfies all thesc reguire-
ments. It is a simple modification of the Shhnnon-¥ano Code.

The messages are arranged in order of decreasinz “Hroboh-
ility. This orderced serics is then divided into threc sroups
such that the total probability of cach groun is nesarly tho
geine. If the message is in the first group, the first ternery
element of the sequence to be used to represcnt the message, is
O 3 1f the message is in the second group, it is 1 ;3 if the
messa’;e is in the third group, it is 2 . Bach zroup 1s then
sub-divided into three sub-groups of equal total nprobability,
as before. Depending upon whether the message is in the first,
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second or third sub-group, the second ternary element of the
sequence is either 0O, 1 or 2 respectively. The »rocess of
sub-division and allotment of succeeding ternary digits is
repeated until each sub-groun contans only onc messege. Now,
every possible message is revpresented by a unigue sequence of
ternary clements, the high-probability messages being specifizd
by short sequences and low-probability mecssazes by long sequenceS.
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3. Transmission Efficiency of Pulse Code

Modulation Systems

We shall next consider whether a ternsry system, which
has been shown above to bg( or revnresentation of data, is also

optimum for transmission of information through noisy channels,

L ternary system rcouires fewer "simple elements" to
Transmit a given amount of information; <therefore, hypotheti-
cally, for a given average transmitter power, cach clement of
a ternary digit can be assigned more power than the corresnhond-
ing element of any other system including binary nulse code
modulation, so that the probability of error in the detection of

a ternary element due to interference by noise, is less than
for any other system. But, on the other hana, the equivocation
(E) in a tcrnary or higher order system is morc complex than
in a binary systemn. It now consists of two parts: the first
part (El) is a measure of the uncertainty involved in estimst-
ing the position of the errors in the received sequence of
digits, whi‘e the second (Eg) provides a measure of thc
uncertainty in estimatiny which of the various nossible states
of the wrongly received symbol was actually transmitted. The
latter quantity (Ez) is zero for binary svstems, but not for
higher order systems includinz the ternary, as shown below:

Iet the received sequence consist of N symbols.
Iet the probability of & given symbol beinz correctly received
o2 g and let

p = l—q -a.5ol

Now, the probability of obtsining a sequence containing p
errors and q correct symbols is

Py = P N cee3.2
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.o Lverage entrooy per symbol, (El), rcquired to locate
the errors:
* %

1n Pé nepits

=l

Bq

Once the position of the error is known, only (b-1)
alternatives have to be considered since the state of the
symbol as indicated when received, is known to bc wronjg.

-/ plnp+gqlngqg/ ceeBdB

« s INTTOPY PCr symbol (E2) required to correct the errors:

E, =op1ln (b-1) nepits R DTS

= 0 , for binary PCIL
=p ln 2 , for ternary 2Cl

=p ln % , for cusrternary PCL

o Total equivocation E

E e El + E2

-[jpzzg p+q/£n {] + p.l;(b-l)...B.B

The extent to which the improvement in siznal trans-

mnission made possible by the availability of more siznal nower

per simple element in a ternary system, 1s offset by the
increase in the total eguivocation per symbol can be

determined only by a more quantitative enalysis of the nroblcm.

Two possible approaches to the oroblem arz outlined
in the present Section and in Section 4 rcspectively.

* The expression 3.4 for E
(b-1) possible alternatlvgsls eaually probeble. This
condition is not always satisfied. L more suitable

is corrcct only if cach of the

expression for E gnd for the total ecauivocation (E) is

derived later.

Wi M,q% 24 .
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3.1 Transmission Efficiency of a

Communication System

A cuantitativ: measure of the performance of a
communication system is provided by the expression for the
transmission efficicnecy of the system, It may be defined as
follows:

"The transmission efficiency (/7) of & systcm of
comminiccstion is the ratio of the rate of trensmission
of information (R) of ths ziven system to the rste of
transmission of information (C ) of an idcel system as
defined by the modified Hartlev Law, (#128) ine bandwidth
(W) , the signal vpower (P) and the noise nower (I¥) being
the same in both systems." (29,20,31)

u = R/CI v .3.6
where
R = H(X) - HY(X) ...3.6B
_ P+N
CI = T]‘J ‘gn —1_5— P -5060
H(X)= BEntropy of the transmitted signal {X}

== p(x) gn o(x) e+ .3.6D
X

HY(X)- Bouivocation or conditioned antro:
Of{X} when the received sics nal{ i
known,

2 2. p(y) py(x) En py(x) ...3.6B
y X

It may be noted that R represents the maximum ratce
of transmission of information thaet is nossible if optimum
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coding techniques are emnloyed, rather than the actual rate
of transmission achieved in simple practical systems.

The performance of different pulse code modulation
systems are compared beclow on the basis of the transmission
efficiency of the system, with'special reference to binary
and ternary systems. The discussion is confined to the study

of balanced systems, that is, sysvems in which the extreme
excursions of the transmitted symbols are symmetrically
situated about zero. It has been shown that a balanced pulse
code modulation system of any order b , requires less signal
power than the corresponding unbalanced system having the same

performance.(IQ)

In Sections 3.2 and 3.3 it is assumed that the inter-
fering channel noise has a gaussian distribution of amplitude

and a flat spectrum, while in Section 3.4 the noise is assumed
to possess a rectangular amplitude distribution and a2 flat
spectrum,

5.2 Transmission Efficiency of Binary PCl

In balanced binary pulse code modulation, the amplitude
of the coded signel can assume either of two values: (+V) or
(=V) units. It is convenient to express the sizgnal amplitude
V in terms of the root mesn square value ;- of the interfering
noise, as follows:

V=o0o e seB.7

where
o is a dimensionless multiplicative constant

o =.f§£ , and

N 1is the noise power.

Assuming that the probability of occurrence p(x) of
the two states at the transmitter are equal, the entropy per
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second H(x) of the source is

H(x)

2
2 %W EE& p(x)/ﬁn p(x)
.

ZéW»Afn %7 népits v e 5D

To determine the equivocation HY(X) it is necessor
to determine the outout probability distribution p(y) - ad t.:
conditional probabilitcy distribution py(x) at the receiver
p(y) 4is =ziven by the relation

p(y) = = p(x) py(¥) Y
X
or, in matrix notation,
~
) = eyl foe0, .0
ply)e =3 p ¥y p(x v e s 200
o E \‘ L j
that is e s '
i \
(p W) 2@ P@ | (pea
g ’ \ ¢
(p(2) po(1) pp(2) §p (0(2))
where ~r . )
I'px(y)” is the transpoce off'px(y)u .- (ﬁ’
Fhermal .
Now, Whit%(noise has & symmeoricel probebility density fﬂnddz””’
f(x) rzéz
£(x) = —= e ° . ..7.10
/2no

Therefore,

@] - P SR
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since
p (1) = py(2) =
p1(2) = py(1) ==
Also, since p(x) 1is constant,
' i
p (1) ‘r s“ 5
p4(2) s =z | 2
2
P I 2
since
r + s =1
Now, (
- X
Py () 7 Byt
p(x) p,(¥)
o(y)
But p(x) = p(y) , by equatibn 3.12
Sepg () = 2 (T)
Consequently,
(0 - Z o) 2 v G0 dn b0
y x -
- X o(x) 2 o (y) A P, ()
X J
= HX(Y) 0005015

In a balanced binary system, the decection level is at
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zero. (Fig. %.1). Therefore, if the received pulse is
positive it is detected as being in state (1), and if negative,
as being in state (2). Hence

py(1) = p,y(2)
2
+o0 ~X
1 2
= _ e dx
Jexwr T
-0 C
- tx¥la e B 144
p,(2) = 2,(1)
2
~ag T
1 . 29 dis
27(0'
-
- o) R
where . T |
V(o) = (x) dx ...3.15A
= :
N (x) - e 2" .e.%,15B

Jo Hy(X) = -2w LIHE @) [n it \pé(oc) + l-\?g(oc) {n -——-Z—ll' ‘]‘-{'<aw!

nepits per second 03,16
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.o The rate of transmission R

= 2W[ n 2__1_+_\1!§(_0Q /{n Lt g(“) - = ‘]é(a) ,ﬁn 'l:lé'(&lj

nepits per sccond ...3.17

The signal power P of the binary system is
2

P= > x°.
x=1

p(x)

(o 6)2
o N ...3.18

The channel capacity of an ideal system usin® the same
signal power as thce binary system is

CI = W #n (1+P/N)
= W fn (l+a2) nepits per
second e ee5.19
The transmission efficiency m-= R/CI is »lotted as &
function of the signal to noise ratio (% = a2) in
Fig. 3.2,

Equation %.17 has been often mentioned in the literature.
For instance, in references (29) and (3), it is pertially
derived without givinz the full proof,. It is, however,
instructive to decrive equation 3,17 in deteil: this shows
how the degenerate character of a (2x2) symmetric matrix
makes binary pulse code modulction unigue in certain
respects. For example, it is the only pulse code
modulation system for which the followins relations hold:

H(X) H(Y) (follows from can. 5.12)

HY(X) = HX(Y) eqn.3.1%
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5.,2.1 Capacity of Binory Svystems

In the determinction of the trensmission efficiency,
the expression for R was derived on the ecssumption that the
input probebility distribution p(x) is the same for the two
states of the binary symbol. It is ecasily showm thet this,
namely, the equiprobeble, distribution is zlso the ontimun
input probability distribution for meximum retec of transmissicr
of informetion (Appendix %.1). In other words, the expression
.17 for R also givecs the capacity for a binary system,

It may be noted thet this result is a direct consec-
guencce of the fact thet a binery system which is symmetric,
also possesses cyclic symmetry. In other words, if a binary
channel is disturbed by noise having &z symmetric probebility
Gistribution, the Conditionairprobability metbtrix L—PX(Y)_7
possesses both symmetry as well as cyclic symmetry. Under
thesc conditions, the probability distribution p(x) at the
input must bec an equivrobeble one for maximum R . This »oint
is discussed further in Section 3%.3.

3.5 Transmission Efficiency of Ternary PCM .

In balanced ternary systems, the transmitted signel cn
assume any of three values: (+2V), O or (-2V) units,
Assuming that all three states ere cqually probable,

p(1) p(2) = p(3) =%
the entropy H(x) is

H(x) 2W°f[n 3 nepits per sccond ...3.20

Now
R

1

- *
H(Y) - HX(Y) e..3.21

It is easier to compute H(Y)-H(Y) rather than

H(X)-H(X) , since, to determifie HY(X) it is necessary
to evaldate not only p(y) bdbut also " p ex) from p(x)
and  p_(¥) . J
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Here, H(Y) =and HX(Y) are functions of the conditionel
probabilities px(y) which ere, in turn, determined by the
characteristics of the noisec as well as the mceans of detection
employed at the receiver. The receiver is assumed to be a
simple detector which decides thet the transmitted signal is

(1) 1in state (1) if the received nulse is gresater than
some pre-assigned detcction level, Zy= +Z

(2) in state (2) if the received pulse lies between (+2)
and (-2) and

(3) 1in state (3) if the vpulse is more nezaotive than
22= —Z - (Figo 5.5!)

It may be noted that the absolute meznitudes of the
two detection levels, positive and nezative, arc the same,
being both equal to 7 . This must be so for the optimum
detector since the system is symmetrical, the positive pulses
of state (1) and the negetive pul:es of stete (3) being of
equal magnitude and of equal probebility of occurrence. But,
in contrast to the case of binary systoms, where the detection
level is teken as the middle of the extreme excursions of the
positive and negetive pulses, (nemely, the zero voltage level),
the optimum slicing levels Z for ternery systems are not, in
gencral, situeted half way between the excursions for succesive
stetes, namely, +V units with respoct to the zero level.
This 1is because, when Z=V ,

1) +the conditional probability p,(2) for the intermediate
state is less than the correspondiig conditionel probebilitics
pl(l) end pa(ﬁ) for the extreme stases (1) cnd (3), the
difference bccominz very pronounccd for small values of sisnal
to noise ratio (S/N)

2) the conditional probabilities pl(B) end pB(l) are
lar:er than the corvesponding conditional probabilities p1(2)
and p5(2) for very low values of (S/N) , and
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3) for small values of S/N , the conditional error
probabilities p2(l) and p2(5) for state (2) are greater
than the no-error probability p2(2) . Due to the above
reasons, the output probability p(y=2)= p'(2) for state (2)
tends to be less than those for the other two states.
Consequently, H(Y) tends to be less than what it would be
if p'(1) , p'(2) and p'(3) were equal, the difference
being very marked when (S/N) is small,

For certain values of (S/N) the effect of (1), (2) and
(3) in lowering the magnitude of H(Y) and hence of R , can
be reduced by meking 7 greater than V, For certein other
values of (S/N) , however, meking 7 greater than V causecs
HX(Y) to increase faster than H(Y) ; under these conditions
in general, R is meximum when 2 i1is less than V .

It is instructive to find out the conditions under
which 7 1s greater or less than V . This problem can be
investigated by considering the function

RZ = RV + A R . e 05¢22A
where
RZ = Rate of transmission when Z 1is
adjusted at the optimum value
Rv = Rate of transmission when 2=V .
7=V

Increment in Rate of transmission

ﬁAv[d—%- H(Yﬂ —AV.[‘C%Z' . HX(Yﬂ

2=V 7=V
e ee2.22C

"

OV =2 -V «ee5.22D
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Since AR
easily seen that AV

has to be positive for maximum R ,
is positive if

[E%’f HX(Y)_"\ > o
- 7=V

AT

d

—

17 HX(Y)JZ:V <0

If the detection levels are +Z and -7 , the

ditional probabilitiecs px(y) are
-X
y 27t

-(2v-32

el

2

Pl(l) dx

dx , putting

- X

-

626

~(27-2)

Pl(g) \/.él_“_

<

~-(2V+Z)

lﬁ'(2a+622- W (20-B)

it is

ceeDe2lh

0005025}3‘

con-

7=

.. 5.28A

...5.25B
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p5(2)

p5(3)
pz(1)
Pz (2)
Pz (3)

—J2ﬂ¢LZ

1t

1

i

po (1)
p,(3)
py(2)
v, (1)

J,A

k]

by symmetry

"

n

The output probability distribution p(y)

eee3.25C

e0e2.25D

s ¢5.25E

v ee2.,25F
ee:2.25G
ces5.25H
eee3.251
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: N
oL
Cpr(e) oLt ¥2esB) ¥ (B)y (20-) 1—\“<2°°ﬂ3>i, \%\
\
gp(5>! ';1% 1- ¥ ': "1i'
- - o — — /’ \
i == v = Il

_ ' \
11— ¥V (20+B) ¥ (20+B)- ¥W20-B) 1+V¥ (20c—B)| fl l
X 2 2 2 L 3'

Vo
il

1 ¥ (oatP)+ ¥(B)-¥ (2a-B) §
2 6

- Y (204B)+ ¥(B)- ¥ (20-B)
3

V¥ (20+B)+ ¥(B)-¥ (20-B)
6

++5.20

L_
2

Substituting the ebove values for p(y) and px(y) in
equation 3.21, we geu, after simplificsation,

R=2W>Z-2E R (20-0)] 0,1 - SEIDROE K20-p)]

¥ o)+ ¥ (B)- \v<2oc-§jfjjn | ¥ (2asp)s ¥ ()= ¥(20-0)/
L. ' -

3 - )
. % [1+ ¥ (20-B) ],Zn ’IJ 1+ ¥ (20-B) _(
2 {.. 2 B
c p[laep)s ¥oep)  fn [ L (20eB)o ¥(20-B) g}
2 wd he 2
N %[ 1- ¥ (20+B) j.ﬁn 3 1- Y (20+B) j
> oo 2 .
)
L2 ¥ ( ¥ ( i
3{[ J (B) Ln B _2_£2 _

3‘@ r C @]f""t@—(ﬁj nepits per sec. ...3.27
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R is maximum when 2 is adjusted at the optimum value; this
value for 7 1is determined by the relation

—_— = O 0'-c30‘28A

2 iy ()7 =5 ()
y

1
+

W

A 2 /1 +/€n px(y)_7 EQZ_ p (Y) =0 ...3.28
X ¥ ‘

Bquation 5.28 is an integro-differential equation involving

the determination of the limits of integration of the probabil-
ity integral“@', as a function of Z . An zoproximate method
of solution of the ecquation is presented in Lpoendix 3.2.. The
results obtained are plotted in Fiz. 3.4..

For s given value of signal-to-noise ratio S/N ,
eguation 3.28 is satisfied by more than one value of Z = ZA?
thereby indicating the existence of morc than one local maxima
{BA}. The true optimum value of 2Z = Zopt

evaluating R for the various values of Z. and choosing that

is obtained by

value of 7 for which R attains a unique maximum numerical

A
value, R ox

Applying the above procedure to the determination of

Zopt and R ., for V = 0.40, it is secen thet
Z = ,560 (eayproximately) )
Opt ’ ) . ..3.29A
R .= +2958 nepits per second )

Comparing the above results with the value of

R = .2872 ncpits per second )
corresponding to % e d2.29B
7 = V = .40 )
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it is seen that proper choice of the detection level 2
increases the rate of transmission R , in this instance, by
approximately 3%.

The average signal power required to transmit a
ternary symbol is

Mo

[
1
[

xi2 P(Xi)

% [B° + 0+ 4V 7

(2.66702) o 2 v e3.30

The channel capacity of an idesl system using the
same signal power is

- o, 2|
- {2.66707) @ /

- o

= W {n 4"1+2.667a2_7 nepits
per second ...3.31

The transmission efficiency V= R/C; 1is plotted
against signal to noise ratio S/N in Fig. 3.2..

If the detection levels are chosen as +|Z{= +|V| ,

the expressions for px(y) s p(y) and R Dbecome considerably
simpler. They are now given by

1+ ¥ (o) VOp-¥(a) 1-¥ (Ga
2 2

pr(y)y = _1_-_\1‘/‘2131,)_ Pla) kaigl $..3.32

19 Ga) ¥ Gw-Y(a) 1+ ¥(e)
i 2 2 2

!
‘ i
|




| P:(l) / ) ¥(30
v b= PR ...5.35
[ 2'(3) } | J
3- ¥(3a)
k z; -

and
‘az=w=ew{;2[?13%£é£%ﬂ3n'[éliéiiﬁi]
[ [ _
- 22y (@) o[ 2% gm)} 2 [wao%_\y (ocj’/{_’n[‘lf Ga- wa}
. %[1- g(Ba)é’n[l— xv2<3cx)]+ %[1_ Y@ |n [1—‘1’ <°‘_>7

+ %—[ ‘l/(oc)] é:n['lf (ocﬂ} nepits per second e 5034

*

The magnitude of Mooy = E%EI) is plotted azainst
S/N in Fiz. 3.2.. I

%2.52.1 Capacity of a Ternary System

In contrast to the case of binary systems, the
expression for the rate of transmission R for a ternary
syscem as given by equation %.27 does not represent the
cepacity of a ternary system, This i1s because the equi-
probable distribution assumed at the input for the various
states of the ternery symbol, does not maximise the rete of
transmission R . An equiprobable distribution is the
optimum distribution for the input symbols only if the

A different, but numericelly caouivelent expression has been
derived in a recent publication (Ref. 29), in a slightly
different manner.
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c . . . - -5 .
conditional probability matrix / px(y)u7 vossessgcyclic
symmctry, that is, only if

Pl(a) = pi+l(j+l)= ______ =pi+b—l(j+b_l) Z.35
where
b is the period of the group so that
pi(j)Epi+b(j+b> 00.50:”‘

Under these conditions, it is easily seen that the expressior
for HX(Y)

B0 = L o 'Zypxmlln p ()

is completely determined by the characteristics of the noise
as given by the conditional vprobebilitics pX(y) and is now
dependent on the probability distribution p(x) of the inpuv
signel, Therefore, the channel capeacity C 1is given by

C

1

Max /TH(Y) - Hy(Y)_7
MAX /TH(Y) 7 - Hy(Y) Ve BLBE

which is obtained when ©p(y) is constant so that

) /0 |
p(y) = ti/b ) .o 3.3
But (‘ ] ~n R B
, L | (
i p(y))— Y px(y)h  p(x) ]
Therefore . ] '«/ - N
f o (
RSAURNIENSI RS Teo) )
: ! - AL ~r -
whore U Sx,y“ = ﬁ PX(Y); )
('l? if the inverse cexists.
=J:§)_( "‘5*‘58
(%)
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because of equations 3.35 and 3.37,

as can be easily sceen by expanding
~ -1
D (7l using the Cayley-Hemilton

theorem, and simpiifyinz using equations

3.35 and 3.37.

But, in a ternary pulse code modulaition chgnnel, which
is assumed to be balanced =nd is perturbed by Whitgkn01se which
has & smooth, symmetric amplitude distribution curve, couation
5435 can never be satisfied for finite values of S/N . For
instance, for very low velues of S/N , the conditioncl
probability matrix is cpproximetely given by

el - ke . 1o3ke
> 2
1-ke ke 1-ke ...%.%9
> 2 |
1-3ke e 1+ke
> >
where ﬁ?
k = |£
Vs
oy
&= 3

When e <1 , it is easily shown that R can be increased by
keeping the »robability of transmission of the intermedizate
stete (2) to a value much below that for the other two statcs.
In the limiting case where S/N -0 , so that -+ 0 , the
moximum rcte of trensmission is obtained by not transmitting
state (2) at all.

Equation 3,35 is savisfied for the ternary system only
when S/N  tends to infinity. Under these conditions,
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Iimit
S .
ﬁ—*ym}pi(a)»-gij 3. 404
where ™ . .
. 0,143 ...3.40B
R CINE R
so that
| Jj1 0 0
i ol =llo 1 o . +3.400
0 0 1

The problem of exact determination of the capacity of
a ternary channel for finite vealues of S/N is comp'iceted
and difficult from the point of view of numerical evaluation,
but very interesting from a theoretical scandpoint. Two
possible situacions arise here: in the first case, the
conditional probabilities px(y) sre known, while in the
second, only certain relationships among the pX(y) , and not
the conditional probabilities themselves, are known. Both
these situations are discussed below, but since the former
has been studied in detail by Shannon it is only briefly
mentioned here,

Case A : If px(y) are known, C 1is obtained by
maximising
R = H(Y) - HX(Y) e 05041A

with respect to p(x) subject to the constraint
3
5— p(xi) = 1 0003.4‘1B
i=1

This is equivalent to maximising

5
I=8(Y) - H(Y) + 2 2 p(xy) .o 35,410
i=1
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where A is a Lagran:;ian Multiplier, This leads, by the

method of Lagranie, to the system of equations

- )
9 ! )
) L“H(Y)- A(D+ A %Ei p(x;) | = 0, i=1,2,3.
. -n3-4‘2

After a certain amount of manipulation, equations 3.42 yield
the following transcendental eouations for p(xi)

3 > 3 . .
[ &ne & 5 wmip ool

3
o(x )= s e

17351 i 'i=1,2,3 o 3.u3A
where 3 ‘ : () l
C=- j_ p3(3)An 3 i | ...3.43B
‘;?:f’mpim |
-1
,} Sin - ]} pi(j)u , if the inverse exists ...3.43C
Case B ¢+ To appreciate the significance of the

second case, it must be realized that channel capacity, as
defined by Shannon, is a variational quantity that is maximised
with respect to the input probability distribution p(x) ,

when p_ (y) are known. But in any practical system, b, (v)
are determlned by the characteristics of the perturbing noise
aiwyai} as the method of detection employed at the receiver.
YERL indicated in Section 3.%, the optimum detection levels
(z) at the receiver for maximum R, and therefore the condition-
al probabilities pX(y) , are themselves functions

of p(x) - which is souzht to be adjusted to maximise R -

Eouations 3%.43% are directly adapted from Shannon's general
result (Ref.4).
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since R is a function of o(x) . It is thus seen that to
meximise R to get T , it is not enough to optimise the
probability distribution »p(x) , since this wou:d only
optimise the system with respect to a receivinz system which
may (for example, s binary system) or may not (for instance,
a ternary system) optimum with respect To the newly
acjusted values of p(x) . To obtain C , it is necessery to
ovtinise the system with respect to not only p(x) buc slso
the variable or adjustable aspect of the receiver: for a
ternary system, the receiver may be considersd to be specified
by a function, say, f(Z) where Z represents the variable
aspect, namely, the masnitude of the detection level and I
stands for the invariant aspect of ths receiver. Optimising
the receiver is, however, equivalent to optimising the con-
ditionasl »Hrobabilities pX(y) subject to certain constraints
specified by the inter-reletionshins that exist amonzi the
px(y) due to the invariance of the functional form f of the
receiver f(x) and of the channel noise | .

t is therefore necessary to modify the functional
eauation 3%,41C for tThe determinetion of the capacity of a

ternary system. The function to be meximised now is
3 3 3
I = H(D)-Hy(Y)+A > p(x)+ EEQN} > o, _.(¥) e B b4
x=1 r=1 y=1
where

Ay Moy Mo, ‘&3 cre Lazranzien multipliers
and the couations of constraint are -

5
S p(x) = 1 .. B 448
x=1

3
= o. .. (y) =1, r=1,2,7 e 3L.LUC
y=1 -

Constraints due to the receiver are introduced later.
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Differentisting I pertially with respsct to p(x) and
pX(y) eand equating to zero, vields m = 3+32: 12 eguations:

I

S, T w0, K-1,2 .m ceeB 45
wacre
q = p(x=k) A
= Py (7=3) ,  3<{k$2x3
d =1,2,3
= D o(7=3) . 2x3 L3P
J=1,2,3
_ . 2 2
= Pyoz(y=3) »  3°<k{3%+ 3
i=1,2,3 e s 5. U458

These m equations %.4% to.ether with couations 3.44B,C
compromise (m+4) <ecustions in the (m+4) unknowns A
B,k oo ¥ 2 p(x) and px(y) . It A s Wy Wos By BTC
eliminated p(x) and px(y) can be determined.

Since ther: are m(=12) independent equationsiﬁ.45\
and four equations of constreint (3.443,C), this system of
equations possess (m-4)=8 de rees of freedom. This does not
correspond to the actual conditions of ovncrction of the systen,
as there are additional constraints imposed upon thz px(y)
by the cheracteristics of the receiver; in facs, the actual
number of degrces of freedom among the px(y) , for a ziven
channel, is the same as the number of detection levels (7Z) to
o¢ determined at the receiver. Therefore, for a general
ternary system, which mey or may not be balanced, there are
two degrees of freecdom with respect to the p(x) and an
additional two degrees of freedom with resiyect to the pX(y)
There fore, to reduce the number of degrecs of freedom of the
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system of equations mentioned above from (8) to (4), it is
necessary to introduce 4 additional equations of constraint.
This can be done by formulating expressions connecting any

two independent conditional probabilities, say pl(l) and

pl(2) , to the four other independent conditional probabilities
P2(1) , p2(2) , pa(l) and p5(2).. /It may be noted that
the other conditional probabilities pl(B) R p2(5) and

. pB(B) are not independent since they are related to the rest
of the pX(y) throuzgh equations 5.440_7 . In general, these
equations can be formulated as follows:

6}{(@1’(12’ °°°°° -qm>_o
5)4(Q:|_ b] Q.2 [} -....--qm) = O .¢-5.4‘6

Fouation 3.44A has to be modified to take into account these
additional constraints. This can be done as shown below:

The variational equations which follow from 3.46 are
first formed:

03 03 d 3
1 1 1 _
aql 6 q1 + _'——'a q2 6 q'2 +ooon-+ a qm 5qm - O
33 R T
4 4 _
I

Wherei(qk is the first variation of Qe - These equations
are multiplied by the Lagrangisn multipliers 2)1 ’ 3)2 ’ ig
and i%_ respectively, integrated over the interval of
variation and then added to equations 3.45.. m modified

equations are now obtained:



/ AP g a3
S - 1 2 4 _

51 = Q’l+ ))l 3 ql +)>2 aql Foscca +>)4 -S—Q-i- =0
0 X 3%
g 1 2 4 _
:.‘k - Qrk+ l F) qk +>>2 3 qk toeeeet 94 3 qk = O

L] )] G}

§ = q + ) 1 2 ‘ .

m m 1 aqm + ié 5a, +.....+—ﬁ4‘ o 6 e e ed .48

These m equations together with equations 3.44B,C and

3.46 comprise (m+8) equations in the (m+8) unknowns A ,

My = Wy 391‘_}04 , p(x) and PX(Y)O Ir A, By = Uy

Y q-: 3, are eliminated, p(x) &and pX(y) can be determined
and hence the channel capacity ¢

The procedure given above for meximisinz R by
adjusting p(x) and px(y) such that the transmitter, the
channel and the receiver are all simultaneously matched to
each other, can be easily extended to higher order systems
such as the quarternary and others.

Summing uo, it may be mentioned that the modification
outlined cbove of the original definition of channel capacity
is essential if the concept of capacity is to »rovide a valid
criterion for the comparison of the performance of communi-
cation systems for which the conditional probabilities are not
invariant, but are defined in terms of the channel noise and

the adjustable perameters of the receiver.

5.2.2 Comparison of Binary and Ternary Systens

It can be seen from Fig. 3.%. that at signal-to-noise
ratios zreater than about ~-30 db, ternary pulse code
modulation is always more efficient than the binary system.
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L_ Study of curve C , Which corresponds to the use of
opivimum detection levels at the receiver, indicates thet this
lower limit of -30 db can be decreased further by using the
optimum receiver_ /. The maximum efiiciency of the ternary
sysvem 15 approximacely 83.4% while that of the binary system
is only about 75% to 76% . For high signal-to-noise ratios
of the order of 15 db or greater, the difference in the
efficiencies of the two systems varies from about 15% to
about 24% . On the other hand, when the signal-to-noise ratio
is very low, say, less than -3C db, the binary system is more
efficient. This can be accounted for by the fact that,
under these conditions, R 1is meximum when the probability
of occurrence p(2) of the intermediate state (2) is less
than that for the other two states - not equal to, as assumed
in the derivation of R (Section 3.3.1). The extent to
which the efficiency of the ternary system can be made to
approach (or probably exceed) that of the binary system by
adjusting the initial probabilities p(x) , was not investi-
gated due to the complexity of the numerical computations
involved.

5,4 Fvaluation of Efficiency when Noise is not
Gaussian

It is instructive to study the performance of pulse
code modulation systems when the perturbing noise is not
gaussian. In the nresent Section, the transmission efficiency
of a binary system perturbed by peak-limited noise having a
rectangular amplitude distribution @(x) and a flat spectrum,
is evaluated. It is assumed that the average signal power
(P), the averaze noise power (N) and the bandwidth (W) of the
system are the same as for that dealt with in Section 3.2..

The probability density function @(x) of the noise
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is given by

N

P(x) dx =] =
a

— x|4& a
) 2 |

p—

./"\

0 , X\ >a e e3.49

where Ea% is the maximum amplitude of the noise.
The averaie noise vpower NO

+a

No = Jh X2 B(x) dax
—-a
32
= _5_ units * c03 050A

is equal to the gaussian noise power N if
[ =
a = \;’/5 ! 0005050:5

) The rate of transmission R 1is obtained by substitut-
ing ?@ (o) for“E‘(a) in equation 3,17, where

A
b (o) = B(x) dx
AN
Y
_% a V< oa
1, VvV >a

j_a_ «< (3
el y & >ﬁ e 3,51

The channel capacity of an ideel system usinz the
same signal pow2r P

P = (of
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as the binary system is

P

N
where
N' 1s the entropy power of the noise
— l L e 2H' T
Eﬁre e e e3.528
where
H' = entrony of the noise
Since r.,+(}O
"H' = V/ B(x) log, #(x) ax
-
1
=3 Aln (1262) ceeB.53
. S} 2
v =2
' N e
Therefore
Cy = W An (1+ L2 42) .. 3,50

6
The transmission efficiency 7 = 63— is plotted against
in Fig, 3.4. T

=

It can be secn from Fi:, 3.4 that there exists a
sharply defined critical region where the transmission
efficiency of the system is very higzh - higher than that for
the corresponding binary system perturbed by gaussian noise.
The S/T ratio corresponding to the peak of the curve is the
same as that for which the equivocetion falls to zero. The
curve falls away revidly for values of 3/N ratio different
from this value, the corresponding transmission efficiencies
beinz much less than in the case of zaussien noise.

It is significant thet the magnitude of the maximum
efficiency is the same as that for the ternary system
perturbed by saussian noise,
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4, THouivocation in Binary and Ternasry
Pulse Code Modulation Systems

The rate of transmission R through a noisy channel
is always less than the source entropy H(x). For a given
. R s .
source, the ratio x) °* which may be called normalized rate

of transmission, R o ? provides a gquantitative measure of

nor
the ability of the system to fight noise.

When H(_) is very nearly unity, it may be useful to
consider the compliment of -(—) namely

1 - B L M) |
H(x) H(X)

(XD
—X—— mey be called the normalized equivocation, HY(X)

H(X) norm !

of the system.

The normalized equivocation of binary as well as of
ternary PCM is plotted against signal to noise ratio in
Fig. 4.1,

It is evident from Fig. 4.1 thaet the normalized
equivocation for binary systems is always less than that for
ternary, for the same signal to noise ratio. The significance
of this is not that binary PCM is better than ternary, but
that pulse code modulation is such that it offers more
immunity from noise to the transmitted symbols if these are
coded to a binary rather than to a ternary base. The reason
why a ternary system is more efficient than the binary despite
this handicap is, of course, that a ternary symbol carries
more information per state as shown in Section 2.

It mey be noted that the concept of normalized
equivocation is more limited in its application then the
concept of transmission efficiency. While the latter
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provides a criterion for the assessment of the relative
performence of all communication systems, the former is
most useful in assessing to what extent the system of
modulation used (for instance, PCM) for communication
is adapted to the type of symbols used (for example, binary,
ternary or quarternary symbolsjfor transmission.
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5. Signal to False-~Pulse-Noise Ratio
in a Ternary System

To achieve the rate of transmission R as evaluated
in the previous Sections, not only very long - theoretically,
infinitely lonz - vrocessing delays will have to be tolerated
both during coding, before transmission as well as during
decoding, after reception, but it would also be necessary to
use extremely complex insbtrumentation to merform the coding
and decoding operations. It is obvious that a simple,
orcctical system in which the coding delay is no more than is
necessary to code & single sample of the »rimary si.nal, can
never achieve this rate. While it is difficult to derive
an xact expression for the rate of trensmission of such a
system, it is nevertheless nossible to define and to evaluate
an alternative measure of the performence of the systemn. In
the present Section, the relevant measure is taken to be the
signel to false-pulse-noise ratio of thc system,

(32-35)

are made use of in derivacions given below, of the sizsnal to

Techniques of symbolic (or Blissard) calculus

noise ratio of the ternary channel.

5.1 Signal to Noise Ratio for a Code Group

Consisting of one Digit

Let symbol x(i) be transmitted and symbol y(j) Dbe
received, so that the error € 1is given by

e = x(1) —Ay(j) cee5.1

Since x(i) and y(j) can each assume either of the three
values + h, 0, -h units € can assume any of the five values:

O, #h, +2h units. Let the probabilities that e is 0, 'h]
and ;2}.’1{' be
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Pr(e = 0) = «

Pr(e =th!) = Pr(e = -h)+Fr(e = +h)
= B

Pr(e =|2h!) = Pr(e = -2h)+Pr(e = +2h)
=%

Let the cvents s Y1 I correspond to the situations
e =0, € =|hl, end € = |2h| respectively.

In a stetistical sense, the amplitude of the received
signal may be considered to be undiminished and of meznitude
unity, if € = 0 . This is equivelent to the statement that
the event Yo mekes a contribution of magnitude plus unity
to the amplitude of the received signal. Similarly, the
events y; and Yy, contribute (=1) unit and (~2) units
respectively to the signal amplitude.

The probability generating function GP of the
amplitude of the received signal is now given by

0

1

J J
1 £ 2 7

Gp=/oat  + Bt~ +y

+1 -1 -2 -
=/ ot +Bt +yt _/ eeeDe3

The received signal power SO and noise power NO
can be calculated from the first and second moments of the
probability density function of the amplitude. But, it is
easier to obtain these moments by meking use of the moment
generating function GM which can be derived from GP by
substitucin: e? for t R

GNI =[OC ea+ B e-a'*' 6-23‘] 0-0504

Expanding GM in powers of a ,



i 2 5
GM=(X|;I.Ta+a_'+'ia‘T +o 00
- 2 5
+ B tl - a + %T - %T +eooe
u 2 3
+ v !} - 2a+ gﬁ! - %ﬁ Foos
2 n
= ma+ M + Moy o 4 et a_ 4+
O lo';‘.r' 20§—: . e mnt n: e

where m, 4 m; , My,..M _,... are the moments of the
0 1 2 n’
distribution of order O, 1, 2,....0,....Tespectively,

Eouating coefficients,

my = o + B +¥= 1 ...5.6A
m = (o - B - 2y)

= (1 - 2B - 3y) ...5.6B
m, = (@ + B+ 4)

= (1 + 3y) ees5.6C

my gives the mean value of the amplitude of the
received signal while m, gives the total received power.
The average noise power Ny is equal to the mean square value
of the fluctuations of the received signal about the mean
value my and is therefore given by the second central
moment Bo

NO = '“,2 ¢-0597

] _ 2
where Bo = m, - mq
(1 +3y)-(1 = 2 = 3y)2

4B (1-p)+ 9y (1-v)-12By se 05074

1t

Since the total received power is o, , the received signal
power is

S m~A— N

0 2 0

_ 2
. ml 0005-8
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The signal to false-pulse-noise ratio SO/NO of &
oulse code modulation system using a sinzle ternary digit
per sample of signal is therefore

2
So o M
No Uo
_ (1-2p-3v)° 5.9
FBTLI=B)+9y i<y )=12Py erd

If the channel is perturbed by gaussian white noise,
and the two detection levels are chosen midway between zero
and the extreme positive and negative excursions respectively
of the transmitted signal, as discussed in Section 3,5, then

o =3 /01 + py(2) + 5(3)T
-3 1+ 2T 7

B =2 [0(2) + py(3)_7
-3 14T - 27
Y = % [ 0,(3) 7
- %1‘1 (37 7 ...5.10.
where A %
() \—/%—I_‘? - e 27 ax

The signal to false-pulse noise ratio SO/No of a
ternary chennel overeting under these conditions, is plotted
as a function of the signal to channel noise ratio S/N ,
in Fig. 5.1. For purvnoses of comparative study of the two
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Footnote to Fig. 5.1

~As the ohannel signal to noise ratio S/ falls from
infinity to the value 0.42, the mean value (my) of the
amplitude of the signal in the reoeiver output falls from unity
to zero., If the ohannel signal to noise falls further, below
this critioal value, the mean value my of the received signal
amplitude beoomes negat ive. In the statistical sense in whioh
my is used in the present context, a negative value of my can
only be interpreted as indicating the absence of any signal at
all in the reoeiver output. In other words, for values of
ohannel signal to noise ratio S/h less than 0}42, the signal
to false —pulse -noise ratio of the system may be considered to
be equal to zero. Under these conditions, the system may be
considered to be aoting as a source of pure noise with output
power given by
- - N:')‘)l/ +/u'z ’)W
-/+37/
It is, therefore, obvious that the part designated Bi of the
signal to false-pulse-noise ratio (S,/Nyp) versus the channel
signal to noise ratio (S/ﬁ) curve (Figs.5.1) does not correctly
represent the true signal to noise ratio of the system,
The output signal power S and the false-pulse-noise
power N of the ternary system are plotted separatey in fig.5. 14:
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systems, the signal to false-pulse ratio (SO/NO)Binary of a
binary channel operating under the same conditions, using
the same signal power S as the ternary system, is also
plotted in Fig. 5.1 using the formula(51’56).

1
41rs

(8 -1

o/No)Binary

where
r = % é-p:L(l) + P2(2)_7

s =3 /0(2) + py(1) 7
the fhrecboldl e f[fecC common fe AR 5“‘3‘_ew5)
It may be noted that while both curves exhibit%ﬁhe threshold
effect for the ternary channel occurs at a higher signal to
channel noise ratio S/N than for’the corresoonding binary.
Also, for all values of S/N , the output signal to noise ratio
SO/NO is higher for the binary system.

5.1.1 Anomalous Behaviour of So/No for
Low Values of S/N

It is evident from equation 5.9 that SO/NO becomes
zero when the mean signal amplitude my at the receiver is
ZEero. The important point to note here is that mq becomes
zero before the signal to channel noise ratio S/N approaches
ZeTo, For instence, SO/NO becomes identically equal to zero
when

o= 054 , B =038, v =0-08
corresponding to the non-zero, finite value of S/N = 0+42.
/ It may be noted that
=B =y = % when S/N = 0_/
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The reason for this anomalous behaviour is that a Y error
(that is, an error corresponding to event yz) contributes. four
times as much power 2t the output as the events Yo OT ¥y -

A closer study of equation 5.9 or, zlternatively, of

- Fig. 5.1, further reveals that SO/NO increases from zero to

a finite value (0.29) as S/N decreases further to zero,

For values of S/N in this range (0 to 0.42) it is obvious

that SO/NO y &3 glven by equation 5.9, does not represent

the true siznal to noise ratio of the system. mq is negative
in this range and, in the statistical sense in which mq is
used in the oresent context, a nezative value of m can
nossibly be interpreted only as indicating the absence of

any si nal in the receiver output. L ternary system operating
in this rengce of values of S/N mey be considered to be acting
as o pure noise :enerator of output power

my = 1 + 3y

The ternary system under discussion (Section 5.1) cen
therefore be profitably used to transmit a signal only if
S/N is greater than a fixed, finite, value. It is instruct-
ive to find out whether it is possible to extend the range of
values of S/N for which my "is finite and positive. Since
it 1s the presence of <y errors which causes my to take on
negative velues, it is immediately obvious thet any scheme
for extending the working range of a ternary system would
involve techniques for decreasing the probability of occurrence
of vy errors. Two methods present themselves:

1. Completely suppressing the transmission of the inter-
mediate state (state 2) so that +y errors cannot occur.

my = (1-2B) is now non-negative since B 1is never greater
than 0.5, The system is, however, no longer ternarye=it is
binary!

2. Reducing the probability of occurrence, p(l)=p(3)=p ,
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of the extreme states, namely, state 1 and state 3. If the
amplitude (2V) of the transmitted signal is made sufficiently
large, the conditional probabilities pi(j) , 1 #J , will be
low enough to ensure that

ml= (1 - 2B - 3Y>> 0

For a given velue of 3/N , or, in other words, for a given
transmitter power S, the signal amplitude (2V) can always be
chosen as large as desired by mcking p(l) correspondingly
small acdording to the relation

p(1HE 82 .e.5.11
8y

If the signal smplitude is chosen to be too large, however,
(1) and ©p(3) become much smaller then p(2) so that the
source entropy H(x) and therefore the rate of transmission
of information, become very low. Therefore V must not be
chosen to be any larger then is necessary to ensure that my
is positive and (ml2 / uz) is egqual to the desired signal
to false-pulse noise ratio SO/NO .

The magnitude of incidence of vy errors can be
reduced by adopting the sbove technique at the transmitiing
end of the channel, The signal to false-pulse noise ratio
SO/NO obtained by this means can be further improved by
using a more refined detection procedure at thereceiver, than
the simple one discussed in the present Section. Such an
optimum detection procedure for ternary signals is given in
Section 5.3.

5.2 Signal to Noise Ratio for a Code Group
Consisting of n Digits

Iet 2AO be the pecak to peak amplitude of the
unquantized signcl. Assuming thet the quantization is

uniform and thet n ternary digits a; ay —---a are used

n
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to reprcesent the original signel, the maximum amplitude A of
the gquontized signel in either direction, positive or negative,

is
1 1 1

A=2A (3 + =5 + ———— + =)
0 ‘% 32 dl

= 24, (% - 1)

2,3"

1
= Ao(l - gh) I 2

The first digit is the most significant, the relative
contribution of the kth digit being inversely proportional
to 3k .

Iet the average signel power Ik used for the
sransmission of the KB digit be such that the probability of
ogﬁur?e?ce of the cvents (yo)k , (yl)k. and (yE)k for Fhe
k" digit are % s Bk and Yi respectively. The releative
contributions of (yo)k, (yl)k and (v2)k to the Qmplitude
of the signal reconstructed at the receiver are 2AO/5 —2Ao/5
and —4AO/3k respectively. Therefore, the probability t

gencrating function <GE)k of the contribution due to the

k

digit is

2k, 2Aq 4o
3k 3K 5K

(GP)k = (ak. t + Bk. t + Y t ) eee5.13%

The probability generating function of the received signal

emplitude as ziven by the weighted sum of the contributions
due to the various digits, is, therefore,

Ao _ 24 _ g (
X o %

GP(t) = + By T + Y

the coefficient of +Y in the continued product giving the
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probability of the amplitude of the received signal being
equal to y . It is possible, thouzh rathiur tediaus, to
obtcin the moments of this compound distribution end, from
these, the reletive magnitudes of the signal and the noise
power in the receiver output, using the moment genereting
function GM(a)

afl . 24, _aon ﬁﬁfo?
) mE x -azp L
G’B,I(&) = { ) '{\ G,k. e + Bkoe + Yko O "'{ . 0 .5015

k=11{_

in a2 menner essentially similar to that used in Section 5.1.
A more elegent method, however, both from the point of view
of casc of computation ¢ s well as of obtaining o physical
picture of the processes involved, is to maeke use of the
cumulant generating function of the distribution as shown

below,
The cumulent zenerating function Gc(a)
GC(a> 32 a5 o
where Cy , Cs s ----C, are cumulants of order

1,~2, =--n respectively,of the amplitude of the

received signel is given by the relation(52>
Gc(a) = J;n GM(a) ee:5.17
The moments m M, -== m, and the correspnding cumulants
¢y Cp —-== C, are relcted es follows:
m, = An(l; Cyy Cpy ——==——= , cn) «e.5.184
c, = A (f; My, Oy, =—=————- y M) ...5.18B
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Bell polynomi:ls(BB) dé¢rived from the generating function

ACE) = f [T8(t) 7
ieag(t) ...5019
so thet
b (B3 39) = 1) g
A2 (f’

P
B1y &) = Iy 8o+ f8
gla

2
82’ g5) = fl 82+5f2 gl 82+ f5 81

l.‘5l20
where

f - a7

- dﬁ -

f, = ggﬁ £/ g(t)_/

= (- 1" (n-1)! ...5.21

3y = == (%)
_ ?;n _
By = T g(t) ce.5.22

Now, cumulents possess the interesting property that when
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independent systems are compounded, the rth

cumulant C of
the compound system is =iven by the sum 5 (¢c )l+(C )2+-—+(C ). \
of the rth cumulants of the separete systems. Since the -
latter cen be easily calculated from the corresponding
moments, the cumulants of the compound system are casily

de cermined.

Now, the moments m_  and my of the distribution

of the rcceived signel amplitude due to the kth digit, are
2AO
4
(m2)k = g?E— (1 + BYk) 0005024
from equations 5.4, 5.5 and 5.15, The corresponding

cumulents (Cl)k and (c2)k are, therefore, given by

(Cl)k = (ml)k

2AO
— (1 - ZBk - BYk) eee5.25

I

(o) = (my)y - (ml)i

2
4a
- ggi 4B (1-B ) +9v, (1-yy ) -12B vy 7 ++.5.26

from ecuations 5.18B and 5.20

The cumulaonts Cl and 02 of the compound system
(thet is, of the probcobility distribution of the totel
amplitude of the received signal) are now given by

= 2
Cl = (l — 2&1{ - BYk) ooo5027
k=1 5
Do 2
0O —
02 = ;k— Z 4Bk(l—6k)+9'Yk(l"'Yk)_l2BkYk_7 “'5'28
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If it is assumed that o« , B and y are the same for all
the n digits, then

n
6y = 2 (o)
k=1
22
= (1-2B-3y) 2. 3{—0
k=1
= Ap(1 - ;%— ) (1 - 28 - 3v) ...5.29
n
il
Co = (eply
k=1 2
- — 4
= £ 4B(1-B)+9v(1-v)-12By_/ - 32k
k=1
1

I

ol

4% (1- 3% ) [ T4B(1-B)+9v(1-v)-12BY_7 ...5.30

From equations 5.184, 5,20 ond 5.22, it is easily sccn
that the moments Ml end M2 of the compound distribution

are
Ml = Cl
M, = C;° + C, ...5.31
so thot the central moment By is
wy = My - My°
= 02 ceeDB1A

Thercfore, the outnut signal to felse-pulse noise
retio (SO/NO) of the compound ternary system is
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2
EQ ) Ml
Yo Bo
1571 252 (1-2p-37)2
3
- 2
4

21 - Bln‘)[us(l-ﬁ)wy(1-7)—12&(_7

. 24 —'/3)(1 - 2B - 3y)° . .5.50
(1+ —) /TB(1-B)+9v(1-y)-12By_7

5.2.1 Meximigation of SO/NO of an n-dizit
Ternary System

The r¢:otive concribution of the kth digit to the

total noise power NO at the receciver is given by the ratio

Mol (ool
No C2
/
2 Ty 2
S L S
3% /- 5=
8
= «ee5.%3
37%(1 - 5%3)

assuming that the probability coefficients e s Bk and Y
are inveriont with respect to k .

The rotio of (02)k C, 1is plotted in Fiz. 5.2 as
a function of k .

It mey be seen from Fig. 5.2 that approximetely 98%

of the total noise power is caused by wrong interpretation of
the first two digits. It was, however, shown in Section 5.1
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thet when the system is operating over the threshold, a very
slight increase in the tronsmitted signal power S causes the
output signel to noise retio SO/NO to increase exponentizlly
withS(Fig. 5.1). Therefore, it 1s reasonable to expect cn
increcsce in SO/NO for the same vclue of chennel signeal to
noise rcatio S/N , if the amounts of signal power Pk allotted
to the vearious dizits are re-distributed such that the more
significcnt digits, such as the first end the second, are
allotted proportionately more power thon the less significant.
Assuming thet the cmplitude of the kth dizit is (2 k) and
that 211 the three stetes of the digit are equally probable,
the output signcl to noise ratio SO/NO is maximum if Vk
end, therefore, the corresponding % s Bk cnd Yy are chosen
such that the function I , defined below, is maximum:

- <§2" 2hy
e o (1-2B - 5Yk;}
_ . — k=1 5
I = + AS
n 2 __
< 4AO § 1
/. '?k_ ?{ 4 (l Bk>+9Yk(l_Yk> lgBkYk‘
k=1 2 L 5.3
where
A is o Legrangiean multipli
n
S = >
=/ . Pk
k=1
n 3
TN
=) 2. p(i) (2v),°
k= i=1
n
= :Z" % ng , Since p(i) = %
k=1
I is meximum if
oI -
b‘vi; = O 3 k = l, 2, — ] u005095

Bk end Y being functions of Vi -
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5.3 Detection of Ternary Signals in the

Presence of Noise

Let the »robebility of trcensmission p(i) of stote 1
(1 =1, 2, 3) of the ternary symbol be assumed to be known.

—

f the amplitude x; of the transmitted symbol and =1so the

o
=

aracteristics of the interfering noise are known, the
conditional probebility pi(y) thet the cmpiitude of the
received signel is y 1if stete i 1s transmitted, can be
determined. The corresponding cposteriori probobility
py(i) thet state i is transmitted if the received signal
cmptitude is y, is given by

o(1) p:(y) . _
p (1) = i, 1=1,273 ...5.36

e

> p(L)p;(3)

=1

-

The problem of detection now resolves itself into dividing

the scmple space Y consisting of the ensemble of all received
signcls, into three regions Yj (§ = 1,2,3) such that if the
reccived signcl fells into class Yj then decision

Dj (j =1, 2, 3) is optimum according to some criterion.
(Decision Dj is said to be teken if it is decided at the
receiver thcet the transmitted signel wes in state j). For
instance, the simple detection oprocess assumed in Sections 5.1
snd 5.2 mekes its decisions on the assumption thet decision

D. 1is ovtimum if it mekes the corresponding aposteriori
probebility py(izj) maximum. On this basis, it can be
casily shown thet i1f the channel noise has a symmetrical
cmplitude distribution with zero mecn and if the amplitude

of the trensmitted signel is 2Vk, then the optimum division
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Y. of the sample space Y is

-

J
(y >V & ¥q
(-—'\/‘k;i ¥ <+ Vk)::_ Y,
(y<-N) T ¥y c025.37

Yl ) Y2 y Y *sorresponding to decisions Dl s D2 R D3

respectively.

The procedure outlined aobove jives an equal weizht
to 11 types of errors of decision. [Egiyffore, from the
point of view of mininisation of falsg:noise power this
nethod is not ontimum since, as shown in Section 5.1, certcin
types of error distort the reconstructed signal more than
others - a2 y error contributes four times as much error
nower &s & B error. An optimum detector which minimises
false—pu‘se error power can however be designed using an
extension of the principles of statistical decision
theory(57’58’59)

If steote 1 of o symbol is tronsmitted but the decis-
ion at the receiver is Dj y let the noise power introduced

as shown below,

into the reconstructed signal be denoted by Nij' For a
ternary system, the noise power matrix is
. ' EO 1 4i
4 1 i .
i N...}. = il O l. s 00 . 8
i) 5.3
- 5 1 0

(Yf>Vk)': Yl implies that 'a sample of cmplitude grecoter
than Vk forms a subset of sample spece Yl .
It meybe noted thet Y2 nay have boundcry points in
common with Y cnd Y, . These common points,
however, form a null clags of probability zero, and
may be neglected,
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The averege value or expectation of noise power in the
reconstructed signecl if the decision is Dj y 1S now given
by

p(i) py(¥)
3 M1
i=1 ¥ p(1)p;(¥)

s

E(N]Dj)

ees5.%9

n
v
T

d
N

"
N
=

where py(i) is the a posteriori probebility of transmission
of state i. If the optimum detector is defined as one thot

HE TR

minimises falserznoise error power, the decision problem
resolves itself into:

1) computing py(i) for 1=1, 2, 3

2) computing E(N!Dj) for different values of j and

3) choosing thet velue of j for which E(N‘Dj) is
minimunm,

In other words, the tronsmitted symbol is detected as being

in state 1 if
B(N|D;) £ B(W|D,) | E(N\Dl)fél:CFJ\Dg> .. 5,404

as being in state 2 if
E(N|D,) < E(N D)) E(N\Dg)g:E(N\DB) ...5.40B

as being in state % if
B(W| D) & E(W| D), B(N| ;)< B(W|D,) v e 25,400

Substituting cctucl numerical values for Nij ,Wwe have:
decision D1 is optimum if

py(2)+ 4py(5)££ py(l)+ py(B) e 5.41A

ond <
" 4 1
— Py( )+ Py(2)
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decision D is optimum if

2
py(l)+ py(B) < py(2)+ 4py(3) .. .5.41B
and " < N
4py(l)A py(2)
decision DB‘ is optimum if
yd
4py(l)+ py(z) =S py(2)+ ~’+py(3) ...5.41C

n < . (1)+ p,(3)

5.3.1 Graphical Representation of the
Ternary Detection Problem

It can be easily shown thot the sum of the perpen-
dicular distances to the three sides of an equilateral
triangle from a point inscribed inside it, is equal to the
height of the triongle. An event specified by thc ternary
system of probcbilities p(l), p(2), p(3)

< p(i) =1
i
can therefore be represented by a point inscribed in an
equilateral triangle of altitude unity, if the coordinates of
the point as specificd by its distances from the three sides
are equal to p(i), i=1, 2, 3. (Fig. 5.3).

Since each element y of the sample space Y consist-
inz of the ensemble of 21l received signeals, is completely
specified by the ternary system of o posteriori probebilities
py(i) cssocicted with y , the samnle space Y can be set
in one-to-one correspondence with the total area A of the
ecuilcterecl tricngle.

Optimum decision is now effected by the following

neons <
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Equating triangles OIM, (MK gnd OKL to the equilateral triangle

KIM,
| (1/2)OD.I.'M+(1/2)OE.MK+(1/2)OF.KL-(1/2)KR
Therefore,
OD + OE + OF = KR,
Or, p(l) + p(2) ""PG) = 1,

if gltitude KR of KIM is equal to unity.

FIGe 5+3. RuPRESENRATION OF A TERNARY SYSTEM OF PROBABILITIES .

IM



P

1) Mcking use of the inequalities 5.414,B,C wioich specify
the optimum division of the samp%e,sp ce Y into Yj s

Lang e .
divide the total area A of the/\'Y into three regions Aj )

(i =1, 2, 3) such that AJ corresponds to Yj .

2) Compute the relative a posteriori probabilities py(i)g}hi
corresponding to the given received signel y .

3) Locate the point corresponding to this system of
probesbilities inside the triangle.

4) If the point falls in region Aj , make decision Dj .

<.

Equotions 5.414,B,C are not in o« form suitable for
simple geometriccl construction. By simple algebraic
manipulation it is however vnossible to derive from them the
following equetions to specify the loci of points which

specify the boundaries of Aj

Al : p1:Z'O‘5 + PB

C.D.d pl ;r pB L) 05042A
A2 : Pléé 05 + P3
and
pB i: 0‘5 + Pl : " e QBQLFEB
b+ P32 D)
end g
pa } 0.5 + pl v 0 05¢LI‘2C

The results are plotted in Fig. 5.4
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K pt=g

PO > 05 + p(3)

plt) s pla)e -f} e AN _ _ ______ T P = p(s): O-F
p(3) so P(2d=o

P> o5+ pit)

pG)al

Pl p(3) = OF
Pl =0

Al’ Az, Asx DECISION REGIONS

FIG. 5.4.  GRAPHICAL REPRESENTATION OF OPTIMUM TERNARY
DETECTION PROBIEM.
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6. Analysis of Quantization Distortion

Apart from false-pulse noise, the verformance of
a-PCM system is subject to two further types of trans-
mission impairment. These are 1) overloading and 2)
quantization distortion. The error power NOL due to
overloading is easily computed from +he relzstion

. CD 2
Nop, = 2 & p(x).x° dx c..6.1

40
where p(x) 1is the probability density function of the
signal amplitude and AO is half the quantizetion range.
For most types of random inputs of practical interest, such
as the gaussian, this can be neglected if AO is chosen to
be greater than four times the r.m.s. value of the input
i \1£l6) The present Section is therefore devoted to =z

discussion of onl

uE ]ze%; n distoxtion. The effect
en/oy 't

P 1.4 ;
of quantizatioq&as iv he signal-to-noise ratio, at
the output of the

trensmission of informetion, is discussed.

uentizer, as well as on the rate of

6.1 Evaluation of Quantization Distortion

If the peak to peak amplitude range of the signeal
is finite and equal to 2AO , the input signal power S 1is

given by +A

0 2
S = (' x“ p(x) dx c..6.2

...AO
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Iet quantization be assumed to be uniform. If the number

of quantization levels is A and the magnitude of a
quantization interval is h , then the probability density

P; associated with the ith guantization level is
+h/2
~-h/2

so that the total power of the outvut of the quantizer is

+({ -1)/2
So = 2,, Py %
i= ~(£ -1)/2
= ;21’_ ' x? | p(xi+u) dw.
i= =(f -1)/2 -h/2 ce Bl

As { increases from low to sufficiently high values, there
is not only a gquantitative change in the magnitude of SO
but also a gqualitative chenge in its structure as shown

below.

6,1.1 Qﬁantization Distortion when -5 is large.

According to the Euler-Maclcurin summation theorem,

we have(4o)

a+ﬁh
j‘ f(x) dx= h%:%f(a)+f(a+h)+————+f(a+f:ih)+%f(a+fh)

o m-1 o+ th

m-1 5.
-> B, %T {f(a_l) (X)B R ...6.5
5= a
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where
B. 1s the Bernouilli number of order j , defined
as the coefficient of (tj/jl) in the expansion of

5/ &¥-1)
and { m .
- h™ o(m) ;
R, =B, = f (e + 84h) 0¢ 61 ...6.5A
Tet +h/2
f(x) = x2 p(x+ u) du 6.6
-h/2
If p(x) and its first m derivetions p'(x), p"(x), -—-—,
p(m)(x) - which are assumed to exist - vanish a2t x = -A

and x = +AO , then f(x) and its first (m+l) derivatives
will not only be continuous in the renge (—AO, +AO) but
also vanish at x = —AO and  +A, . Consequently, equation
6.5 reduces to

o+ gh 2a |
£(x) dx = h jS' foa+ih)+h R . 6.7
o i=1
where
a = (g -l)/2 0006.7A

Making use of equations 6.4, 6.6 and 6.7 we have

+A +h/2
J“ x° dx g p(x+1) du
-4 -h/2
+a +h/2
= h :S’ xi p(xi+u) dw +h R 1
i=-a -h/2

ll.6.8

[
=
n
o
5~
=
B
+
|._.I
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Also
+Ao +h/2 +AO +h/2
~g x2 dx p(x+u) du = Lf xap(x+u) du dx
—AO ~-h/2 ~A, -h/2
+Ao +h/2
= 5ﬁ LY (X—u)ap(x) du dx
—AO -h/2

substituting x for (x+u) and
integrating with respect to u*

tFo , ,
=L§ p(x) (Eh/2)=(xh/2)” ax
_Ao

+A, +4

ahg

(o]
p(x) x° dx + ;%? b[ p(x) dx
~A

...Ao
- n(S + h°/12) ...6.0
.S +R - 8 + he/12 6.10
LR ) O m+1 ® o o L]

If the teils of the probability density function p(x)
approach the variecte cxis sufficiently close such thet
p(x) end at least its first two** derivatives tend to
zero ot the extremities of the distribution and if, in

- :
This is permissible if the double integral is absolutely

convergent.

It is not necessary to take account of the third
deriv-tive since

for a1l integral vclues of k> 1
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addition, Axis lerge so that h 1is small, then it can be
*O% fnat R,
h2/12 * It is thus seen that the quantizing operation

causes the outout power to be greater than the input signal

shown can be neglected in comparison with

power by en amount NQ :

Ny = 8, -8

he/12 . .6.11

6.1.2 2uantization Distortion when /L is Small

When the number of quantization levels is small,
it is difficult to compute the error power N for the

Q

following reasons:

a) If the quantization distortion is to be kept within
bounds, it is necessary to reduce the dynamic range of
quantization., Under these conditions, the error nower
due to overloading cannot be neglected.

b) Reduction of the dynamic range of quantization is
‘équivalent to truncating the input probebility distri-
bution at points where the probability density function
p(x) 1is not small. Since the new truncated distribution
pT(x) and its derivatives pé(x), p%(x), -——— do not
vanish at the extremities of the distribution the term

m-1 hj e (5-1) 1 O+ {n
i av )}
LJ.;:?— - J o

in equation 6.5.'cannot be negiec%ed.

c) ©Since the quantizetion intervals are lerge, the
remainder term Rm in equation 6.5 is not small.
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Evaluation of Rm is however complicated by the fact
that the magnitude of © is not known.

The maximum bounds to the error due to gquantization
can however be computed in an approximate manner as shown

below,
The guantized signal power SO may be written as
z+h/2 .
So = ;Ei 2° Sﬂ p(x) dx eee6.12
1 z-h/2
wheve '
z = (i + 29—7[)11 ...6.124

Fisher has shovmn that equation 6.12 is equivalent to42

SO = CO + C1 sino + 02 sin 206 + ===

* Dy cos O + D, cos 20 + ——= ...6.153
where 2n z+h/2
Cp = 5 > ) ao 22 p(x) ax ...6.134
io z-h/2
2n z+h/2
1 . 2
C, = = j;~ sin(re)de z° p(x) dx
N .eeH.15B
0 z=h/2
2n z+h/2
D, = % :S—_gﬂ cos(ro)ds S 22 p(x) dx
R . ...6.13C
0 z-h/2

It can be shown that



+0 2]02/X+h/2

Coy = % p(x) dax 22 dz .. Ref .42
-0 x-h/2
+0 +h/2
= % x2 p(x+u) dx du ee .0 14
o0 -h/2

But the right hand side of equation 6,14 is the same as the

left hand side of equation 6.8 multiplied by h . Therefore,
CO = S + h2/12 0006015¢

Assuming the input signel distribution to be geussian with

zero mean and veriance o2 - S , it can be further shown
that(42)

Cp = O r=1, 2, ————-
D= (- 4 @2+ B 12 ...6.16
4n-p
Therefore,
..271:2 g
ne n2,  n°
SO=S+ E—LI-(S-FZ?)G cos 6
—8n2 g
n? ne
+ 4(8 + ———2) e cos 26
l6w
—181!28
e 12
- 4(8 + —g—g) e cos 30
36m
+ ———————

The error power (SO— 3) therefore consists of & steady
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term No= h2/12 as well as an infirite series of periodic
terms. Since the coefficients of the periodic terms form
an asymptotic series, the maximum possible contribution
due to the periodic component is

5 5 -211:2S/h2
6 = -4(5 + h/4x%)e ...6.18

The reclative magnitudes of this component as well as of
the steady term No are given below for various values of

h .
h =0 H . 2 _2,}‘2
Sﬁ = 4(S + S/4n)e
- 0.8 x 10”83
N_= h&/12
= 0:085
h =1l.50:
66 = 0.0006 8
NO= 0-187 8
h = 2¢
8 = 0.032 §
No= 033 8
h = %30 :
8 = 04545 S
N = 0:75 S

It may be noted that the magnitude of the periodic
component is quite negligible even when the quantization
interval (h) is as large as one standard deviation, .
Therefore, if h £ o , it is possible to obtzin the true
second moment (8) of the original signal distribution by
subtracting the correction term N0 which is completely
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defined in terms of h , from the second moment of the
quantized signal distribution, namely the output power SO .
Proceeding in a manner essentially similar to thet used in
deriving So s 1t can be shown thet the correction terms to
be epplied to the other moments, namely lst, 3rd, 4th,....,
of the output distribution to get the true moments of the
original distribution is a function of only the gquantization
interval, h, if h £ o. Since the useful dynamic range
of a signal is usually confined to about 8¢ , recovery
of the original signal statistics is possible if'ﬂ 28,

f being the number of levels.

There 1s a sudden increase in the magnitude of &y
when h exceeds o, For instance, 66 atteins a value of
approximetely 10% of the steady component when h = 20,
Now, the magnitude of the periodic component 66 cos® is =
function of ¢ and is different for different locations of
the quantizetion levels along the varicte (signal input)
'axis.* Since the magnitude of 6 cannot be determined from
a study of the output of the quantizer, a correction term
involving the periodic component 56 cos © cannot be formu-

lated even though &, is known. Therefore, for velues of

6

This follows from the fect thot even though the gquanti-
zction interval h 1is fixed, if the levels of quanti-

zotion are shifted, os a whole, along the variate axis,
the groupings corresponding to the verious levels change
so that the value of So also changes. It is easily
seen, however, that S, is periodic of period h , if
the number of levels is sufficiently large. This is the
basis of the formulation of egqguetion 6.12. If the tails
of the distribution at the overloading limits *L, of the
quantizer, approach the variate axis very closcely the
limitation thet  must be large cen be relaxed to a
certzin extent.
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h greater than o , the stetistics of the originel signel
cannot be reconstructed with good accuracy as the periodic
component now begins to assume relatively large values,

Even though the actucl meznitude of the periodic
component 8y cos ® in any pecrticuler case is unknown, the
statistics of the error introduced by this component on an
average can be evaluated by studying the enscmble consisting
of 211 quontizers. Assuming thet © hrs a rectangular
probebility density function g(6)

70, 0>6>2n

g(e) =) 4 006,19
S 0L 64 an

the probability density function h(x) for

b K cos® ve o020

where K 69

i

-4(8 + h2/4ﬂ2)e —2ﬂ2S/h2

1]

can be determined as follows.
Inverting equetion 6.20, we have
& = £(x)
= are COS(X/K) 0..6021

Direct substitution of 6.21 in 6.19 zives

g(e) a8 = g[r(x) | aCe/x) | ax ceeB.22

= h(x) ax
where J(6/x) is the Jacobian of ® with respect to x .

Now, for each v:lue of x in the range -K to +K,
there exist two values of 6 .



Therefore,

_ d
Je/x) = 2 e f(x) .e.6.23
whence
0 ~K X +K
wx) = |, L1 >
Ll/k(K -x“) , -K«x (K ...6.24
The expectation or avercge velue of the periodic
component is given by
+K
E(x)= S x h(x) dx
-K
+K
_ S X dx
- )
r (K°-x7)1/2
=X
= 0 ees6.25
while the mean square value is
+K
2
E(X2) - 2X ngl
* (K*-x") /2
~K
1 +K
/2 2 _
= 7-3‘-‘7— % (K2—x2) +%— cre sin (x/K)
L X
1l_2
=z . 0e6.26

K2/2 is &lso the varicnce of the distribution of the

periodic component since E(x) is zero.
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L rezsonable compromise between low overlocding
error oower and high quantization noise on one hand and
large overloading and low quantizetion noise on the other,
can be achieved by keeping the dynamic range of quantiz-
ation (EAO) equal to approximstely ©  when the permissible
number of quantization lcvels is smell. It may be noted
that under these conditions, the use of a 3- level guantizer,
which corresponds to h = 2 , mekes it possible to recover
the statistics of the original signel without a greot loss
in accuracy, the error being approximetely 10% in the
estimation of quontization noise corresponding to an error
of 2bout 3% in the estimetion of the veriance S8 of the
signal distribution. On the other hand, the error intro-
duced by the use of a2 2- level quantizer is 73% in the
estimation of quantizeotion noisc ond epproximetely 55% in
the estimation of varieance.

The above estimates of error cre only approximately
correct since the effect of the zbrupt terminction of the
teils of the distribution caused by limiting the overloading
renge to 60 is not tnken into account.

6.1.3 General HExpression for Quontization Noise

If p(x) and its derivatives do not vanish at the
extremities of thc distribution then the terms

m~1 (5-1) o+ £h

S 5-1

DT I S € end R_
52 0 0 x

cannot be neglected. For instance, if the probability
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distribution is rectangular

?%E_ » —AjL x é”‘o
p(x) = © e 6.27

{ o ., &o‘>?x’

-

and if the quantization levels are equally spaced, it can
be shown thet

s = 42nn0 ...6.28L

ooooo

1l
[y
Mo
1
&
+
~
Mo
+
)
Mo
+
+
N
v
=
~7
L !

= "Tg_" h.2 0006028B

The important point to note here is that in contreast to the
previous case (equation 6.11) where the quantized signel
DOWET SO was greater then the in:ut signal power S , in
the present instance S, 1is less than 3 , though in both
cases*

S,- 8 = h°/12

Since’ the probability density function p(x) of the
amplitude of the signcl is continuous in x in both these
cases, it is reasoncble to assume that there exists a
particular probaebility distribution for which the input

If the input signel were charecterized not by a rect-
engulear distribution, but by 2 unimodal, U-shaped
probebility density function, not only would the
quantized signal power 8 ¢ less thon S , but (S-SO)
would be grester thon h=/12 as well.
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signal power and the quantized signel power cre the same.
Such a distrihution would not heve cs cbrupt terminctions

at its extremities as the rectengulsr distribution nor as
smooth contact with the variate axis, for large values of
the variate, as the one discusscd in Section 6.1.1. Though
(8 - So) vonishes for this distribution, it is obviovus thet
quentization noise which is given by

+a +h/2
N = :> J u® p(xi+u) du cce6.29
i=-a -=h/2
cannot be zero since h is finite. In other words, cven

if the number of quentizetion levels is lerge so thot there
is no correlation between the quantized signel and the

error due to quantizetion, it can still be misleading to usc
che cxpression (S - So) to asscess the quantizetion noise
power NQ . It is, howcver, possible to asscss N% in

terms of S and So if the cross-correlation between

input and output is teken into cccount, as shown below.

If x represents samples of the input signal, ¥y
the output of the quantizer and n the number of samples,
then the quantization noise power per sample is

1 o
Ny = Z(x - ) .t .6.30
/7/’!,

the sunmation extending over somple valucs.

But _
Dlx-mfE D xf D>y 2 > xy ...6.31

Now, the covariance between the input and the output is
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<
<

[n

cov (x,y) = (x - (7T - 1y

whire By and py are the mean
velues of x end y orespectively

( -ny-ux S -y Q% Byl

(Z{Xy - n pxui> e 06,32

Bl B

since

My ZY = pyz_x =n poy

ilso, by definition,

cov (x,y) = p g eee6.33%

where

correlation coefficient of x aond ¥

Gxg = veoriance of x and
Gy? = variocnce of ¥y
Therefore,
_l/S2 5.2 S )
NQ =R \LE t LT - 2 Xy
1 2 2 2 2
== (nﬂ% +n o +n°& +n uy ~ 2n cov(x,y)-2n pxpy)
2 2 2 .
. 4 o 2_ oo -
= - + y 2 P % y +(LLX uy) noo6o§4‘
If p, = py = 0, then
Ny=8+8, - (8.8, .. .6.35

The usefulness of cquation 6.35 is not confined
to providing a means for asscssing the moznitude of Nq .

Y]
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It also indicotes the existence of o simple experimental
vrocedure by which the cross-correlction botween the input
and the output of & guantiger or & similaer non-lince
sampled-data system ccn be determined. Since S , SO end
NQ can be evelunted cxperimentelly using long time-constent
wattmeters ond a unity-gein difference eamplifier, the

corrclation is casily dctermined fron the relation

S+ S - N
o = I .. 6.36

T
2(5.8,) /2

This formula is especially useful under conditions when it
is difficult to compute p from purecly thcorctical consider-
ations, due to cither difficulties ofmethematical comput-
ation or lack of knowlcdge of the detailed stotistics of the
original signeal,

The significence of the corrclation coefficient
in the statisticol analysis and design of communicotion or
process control systems using quantizers is brought out in
Section 7.

6.2 Minimizetion of Quantization Distortion

The magnitude of quantization distortion NQ can
be reduced by proper choice of the levels of quantization,
Xy o Since the cxtreme quontization levels cre alrcady
fixed by considcrations of maximum permissible overloading
error power, the optimum velues of x; , for minimum. Bnoy

ccn be obteained by solving the (f, -2) simultaneous

equations:
+2 fhi/2
- RN 2 ;
3, R j u p(xi+ u) du = O
i==-2a —hi/2
i = (-a+l), (-o+2),-=-—- -1,0,+1,-———=(2a-2),(a~1)

c.:6.37
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Thcre are two sets of wunknown gquantitics to be determined
here: hi and X; e It is rcasonable to assume, as a
first approximation, thaot hi is inversely proportional

ith

to the probability P, associated with the level, x. .

i
If the number of levels is large, Dy is directly
proportional to p(xi) . Thercfore, the gquantity hi in

equation 6.3%7 may be replaced by

hi = o h/p(xi) .. .6.38
where o 1is a proportionality constant determined by the
relation

< _ah
= A ...6.
> 5t T 2k 39
i
and .
h = 2.[;0/'5' 0506059.&‘_

Simultancous solution of equations 6.37 and 6.39 zives,
approximately, the desired optimum values of Xy . If .
is larze and the probability density function p(x) is well
behaved, the method of successive approximebions can be
used to obtain increased accuracy.

Though equation 6.37 cen be solved, in any
particular case, using the methods of numericel analyses
the labour involved is usuelly very great, In prcctice,
if the amplitude distribution hes a pronounced "hump" or

(43)

a reduction in gquantizetion noise by using logerithmically-
(16-19,44)

kurtosis it has been shown thest it is possible to achieve

tepered quantum steps. The reduction in
quentization distortion obteined by this mezns is, in genercl,
less than what is possible with optimum spzcing of lavels,

but the problems of design and of instrumentation of a
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logarithmic quantizer are very much simpler. Since,
however, these aspects have been studied in considerable
detail in the literature, they will not be discusscd here
further.

6.5 Bffect of Quantizetion on Entropy of the

Signal

If it is assumed that samples of the originsl sign:1l
have not been corrupted by external noise before they are
guantized, then the effect of quantization is to reduce the
entropy per sample from en infinite to o finite wvalue. It
can be easily shown that the mazgnitude of the final entropy
of the quantized signal is 2 maximum if the probability of
occurmence of the various levels at the output is the szme for
all levels and, further, if successive guontized semples
are independent. Assuming thet quantization is uniforn,
this can be achieved only if the input to the quantizer hes
a rectanguler amplitude distribution ond a flet power spectrum.
But meny tyoces of natural-.y occurring signals do not possess
these characteristics, an important instance beinz the class
of speech signals which have an epproximetely gaussian

(45-47)

In such circunstances, the entropy of the output of the

emplitude distribution cnd 2 falling power spectrum.

quantizer cen be moximized by subjecting the signal to the
following sequence of operations (FPig. 6.1)

1) A nmodified signal having a bendwidth-limited, flect
spectrum is obtained by possing the originel, unsaoxrpled
signal through = spectrui-shaping network heving c
trensfer function L(jw)

2) This nodified signel is sampled at the corrcsponding

Nygquist rnte.(lg)

%2) The sompled signal is passed through a suitable
nor. lincar network N(A) which is such that the
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probability density function of amplitude of the output
is rectangular.

4) The processed signeal is now unifornly gquantized.

The corresponding operations ot the receiver to retrieve

the original signal are:

1) The decoder outout is sampled and applied to & non-
linear network N"l(A) heving an input-output relation-
ship that is the inverse of that used at the transmitter.

2) This signel is passed through a shaping network
heving & transfer function L_l(j(@ to compensate for
the spectral shaping done at the transmitter.

3) This is now applied to & low pass filter having the

seme bandwidth as the originel signal.

It nay be noted thet the shaping nstwork L{jw)
and the sampler precede the non-line:rr element N(A). The
reason for this is that a continuous band-limited signal
when passed through a non-linesr network, is so distorted
due to the introduction of high order harmonics of the
conponents of the input signal that it requires, in general,
a very much higher sanpling frequency for exact specification.
This difficulty is eliminated by subjecting the signeal to
any non-linear operation only after it is sampled, all the
necessary lineer operations on the signel being performed
before sempling is effected,

An importcnt result in informetion theory, on which
the cbove technigue for optimizing system performance by
spectral sheping is besed, is derived end discussed below.

Even if the transmission medium between the trans-
mitter and the receiver is noiseless, the nocximum rate of

transmission of informetion of o PCM system is only
RO=(2W logB{r)ternits/second. Fror the information theory



116

point of view, the problem of optimum design of the systen
is therefore cquivelent to that of reducing the entropy of
the originzl signal from infinity to 2 value that is as necrly
as possible equal to Ro(but not grecter than R, subject
tc the constraint thet the performence of the syste:n as
specified by o suitzbly chosen "criterion of fidelity”,(4)
is an optinun. On this bosis, the PCM trensmitter ney be
split up into two perts: the first, consisting of the
optimizing linear and non-linecr networks and the quantizer,
which reduces the source entropy from infinity to Ro relative
to some fidelity criterion, and the second part consisting
of the encoder, which codes the guantized signal into a form
sulitable for transmission through & channel heving a capacity
not g;eater than RO . The quantizer mey now be considered
to becnoisy channel perturbed by noise nQ of mesnitude NQ .
If x and y represent the input and the output respectively
of the quantizer, then the entropy of the Jjoint event (x, ¥)
is

H(x, ¥)

]

H(x) + Hx(y)
H(x) + Hx(x+nQ) , assuning that x and

n are completely additive
H(x) + H(nQ) s e e 640

since quantization noise is independent of the input signal.
Hence, the rate of transmission is

R = H(x) + H(y) - H(x, y)
= H(y) - H(l’lQ) ooa6o4l
and atteins a meximum velue R_ . when H(y) 4is nexinized

with respect to the input probebility distribution p(x),
H(M) being independent of x .

The problem of design now is that of finding the
power spectre P(f) of the input signal that would maxinize
the performance of the system on the basis of some relevant
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criterion of fidelity, while the rate of treonsmission is
held constant at R.ox 7 FBooy Peing less than or equal %o
R . A clue to the. choicce of a suitable criterion of

fgdelity is provided by the fact that the higher the signal-
to-noise ratio So/NQ at the output in anr given band of

the spectrum, the better the performaonce of the system in
that particular beand. Ict P(f) and NQ(f) represent the
vower spectra of the input signal and quantization noise
respectively. If the total bandwidth of transmission, W ,
is now divided into an infinite number of narrow bands d4df ,
it would be reasonable to assume that the soectra of both
signal and noise are white inside each of these bands. Tet
Pl(f) df and Nl(f) df denote the entropy power of siznal
and noise respectively in one of these narrow bands. Since
it 1s assumed that the amplitude distribution of the input to
the quantizer is rectangular and that quantization is uniforn,
1t follows that

P,(f) daf P(f) ar
N,(F)df -~ ‘ﬁérfj‘af ree 682

The rate of transmission in & typical infinitesimal
band is now given by

df log, 2ne4“P1(f)df + Ny (£) at_/

dR

]

df log, 2me/ W (f) d4f_/
P, ()
N, (£)

) af e .6.45

log, (1 +

while the signal to noise ratio in that band is

So _ N )+ B () V6.l
Ny ¥y (£)

The signal-to-noise ratio of the out,out will be a maximum
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for a given value of Rmax if
/.
Ml NL () ¢ PLo(D) N, (f) + P,(f)
I
I = J | 1 L7 log, -2 1 ar
l Nl(f) 5ﬁ(f)
O i o oot6-45

where A 1is a Lagrangian multiplier,is a maximum

Bouating
B e ... 5,46
P, (1)
zives
N, (£)
- = - A, a constant e s 047
Pl(f)+Nl(f)
Therefore
P (f)
1 = Bii) must be a constant

Nﬁf) NQ(f)

for optimum performance. Since the spectrum of quantizasion
noise is flab within the frequency range O - W, 10) it

follows that the spectrum of the signal must also be flat.

It is important to note that the above technique
of system optimization by adjustment of input signal spectrum
is based upon the assumption that the statistics of quanti-
zation noise is completely independent of that of the input
signal, This assumption is quite valid in almost all cases
of practical interest, the correlation function of quanti-
zation noise being quite negligible unless the correlation
function of the input is greater than about 0°99997 , which
is an extremely high figure, very unlikely to be met in
practice.

It may be noted that the spectral reshaping performed
at the receiver %o reconstruct the origianl signal does not
affect the fidelity of reproduction since signal and noise



119

are both affected to the same extent.

In the transmission of a typical siznal, such as
speech, the improvement in communication efficiency achiecved
by spectral reshaping is cuite considerable. The power
spectrum of speech(45) (Fig. 6.2) remaihs approximately
constant at 40 db between 100 cps and 500 cps, then falls to
O db at about 8000 cps, the "gain" varying approximately
linesrly with frequency. Now, if a signal confined to the
bandwidth O - W , having an entropy power P ,6 is passed
throuzgh a filter having the characteristic Y(f) , then the
entropy power of the output ensemble 18(4)

1 v 2
= 5loge"f(f)’ ar
e 0
Using this result, it can be shown that if the signal spectrum
is confined to the range O - 8000 cps, the entropy power of
the signal is approximately

7 8000 - 500 _ 15
8000 8
e or e
that of white noise confined to the same bandwith. In other

words, transmitting the spcech signal without modifying its
spectrum causes a deterioration in the performance of the
system cquivalent to a reduction of approximately 18.15)db
in the received signal-to-noisc ratio.

6.3.1 Choice of the Non-linear Characteristic N(A)

Any probability density function p(x) that is
defined within the range (o ,o0+B) and is continuous in x
can be transformed into the rectanguler probabilit- density
function q(y)

(% ,y A Ly a+p

a (7) =ZO s 0>y > o+

as shown below,

o o '6.48
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Bquating the elements of probebility density p(x) dz
and q(y) dy , we get

p(x) dx = q(y) dy
=q [ Nx)7 dy ...6.49
where y = N(x) is the desired functional relation-—

ship between the original ond transformed variates.

Thercfore,

p(x) dx

dy = ~-
a/ N(x)_7
Integrating, %
_ p(x) dx
J = —
a/ N(x)_7/
-
= B‘, P(X) '.¢-6050

since q/ N(x)_/ is independent of
x within (o .c+B) .

where
P(x) is the cummulative distribution function
X
P(x) = SA p(x) dx .. .6.504
-

= It is therefore nossible to convert any enscmble
having en arbitrary, continuous probability distribution into
one having a rectangular distribution by passing the ensemble
through an instantancous non-linear clement hsving the same
characteristic as the cummulative probability distribution
function of the input.

In any pnractical communication system such as PCM,
where the peak wower handling capacity of the system is
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neccssarily limited, there is considerable advantaje in
dealing with signals that have a rectangular distribution of
amplitude rather than geussian, Assuming, for insteance,
that the unprocessed signal hes a gaussian ecmplitude distri-
bution of variance o2 , and that the gquantizer hes & neak
to peak range (EAO) of 8¢ , the entrody power P! of the

G
truncated gaussian signal is

>
] [
PG - L e HG
27{9

where HG is the entropy of the signeal.

Neglectin> the rcduction in entropy caused by limit-
inz the range to 8¢ , we et

1
, 1 2log (2= e 02) /2
P, = —— . ¢ ©
G
27

@

= g . .
The entropy power of an ensembte having a rectangular

amplitude distribution confincd to the same range (=40 ,+40 )
is
2H
!
P:-—-];—G R
27C

where HR is the entropy of the rectangular distribution

+40
> f Lo (L) ax
' N .L4G8G Bo
Pﬁ = — e

2ne
o1 2loge(8v)

27ne
= 3-75 -2

Transforming the input distribution from truncated gaussicn
to rectangular, therefore, makes it possible, in this case,
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to increase the entropy power of the traonsmitted signal ‘
approximately 574 db . Performance gf the systvem 1s there-
fore improved since guantization noisé%fgrggﬁstant, spacing
of levels being the same in both cases. The improvement
achieved is greater or less than 5.74 db depending upon
whether the quantization range is grcater or less than 8¢ .

6.%2.2 Choice of the ILineer Shaping Network L({jw)

et Gii(w) be the power spectrum of the input
signal., If L(jw is the transfer function of the shaping
network, the power spectrum of the outoput is

2
Goo(w) = Gii(w) »L(Juﬂ . ces6.51
Since it 1s desired that the ouput spectrum be white,
2 1
L(j(l))‘ = lll6'52
G;4(w)

Now Gii(w) can be approximated to any required degree of
accuracy by a rational function G(w) . It therefore
follows that the inout power spectrum can be expressed as
the ratio of two polynomials, M(w) and N(w) , in w .
Since the power spectrum function is a real-valued, even,
non-negative function of w for real values of w , M(w)
and N(w) are polynomials in w° with real coefficients.
There fore
G.. (w) a4 G(OJ)

ii
M(w)
N(w)
_ W ml(w2)+ ————— +ma(w§% 653
no+ nl(w Y+ - - = = = +nb(w 9

M(w) &and N(w) being of degree 2a and 2b respectively.
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Since the coefficients Ny 3 == - M n - - n, are

a’ o?
real, the poles and zeros of M(w) and N(w) are either
real or occur in complex conjugate pairs. Hence, M(w)
and N(w) can each be expressed as the product of two

conjugate factors

M(w)

It

My (o) . My (Jo)

N(w) = Fp(w) . Ny (jw)

such that ML(jw) and NL(jw) have no poles or zeros in
the right half of the complex ww plane,

Therefore 5

2 ‘NL(Jw>

i) - B

,ML(Jw>
that is )
N, (jw

10| = L2

My (Jw)

Though the outputof L(jw) would yield a signal
heving a flat spectrum, this does not necessarily mean that
the spectrum of the input to the quantizer would be white
since the non-linear element N(A) also distorts the signal
spectrum to a certain extent. For instance, uniform
quantization epplied to a signal thot has been passed throuzh
a logarithmic element introduces discrimination against high
frequency components of the signeal. In such instances,
the effect of the non-linear element on signal spectra
should be teken into account in the determination of IL(jw)
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7. Extension of the Philosophy of PCH

Though the performance of PCl systems can be im»roved
by spectral shaping, this method suffers from the following
disadvantages:

(a) It is assumed that an ideal low pass filter is
available for reconstruction of the original signal. But,
such a filter is not physically realizable. In practice,in-
terpolation between successive samples has to be achieved
by some other means such as passing the samples through a
holding circuit and then through another network that
Partially compensates for the 'aperture effect' introduced
by the holding circuit(48). This is equivalent to the use
of a low pass filter with a finite transition region between
the transmission and the attenuation bands, the attenuation
in the attenuation band being also finite. Since the ,
attenuation presented by the system to unwanted frequencies
is finite, the fidelity of transmission of the system is
also limited,(49).

(b) It is, in general, necessary to keep the transmission
delay through the system, caused by the usc of low pass
filters at the transmitter (before sampling) and at the
receiver (after decoding), within reasonable provportions.

/ This is especially important in telemetry and control
systems applications._7 This makes it necessary to use a
sampling frequency considerably in excess of twice the
bandwidth of the sampled signal(49>, Spectral shaping
techniques cannot take advantage of the appreciable correl-
ation that may exist between successive samples under these

conditions.

(¢) BSpectral shapning cannot make use of second- and
higher-order correlations that may be present in the signal.
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In the analysis of Section 6, the techniqgues employed
to derive the relevant stochastic model for the actual signal
were based on the principle of "approximation in the vicinity
of a point"y; that is, it is assumed that the characteristics
of a curve inside a given interval can be specified as a
function of the derivatives of the curve at a point within
the interval, There exists another method of approximation,
that is more relevant to sampled-data systems, in which the
given function is represented by a polynomial whose values
coincide with those of the given function at a sufficient
number of specified points in time. It is possible not only
to derive a methematical modecl for a stochastic process on
this assumption but also to devise a practical communication
system based upon this model, as shown below.

7.1. Description of Suggested System

Consider the system shown in Fig. 7.1.. The input
signal p(t) is applied to one terminal of a difference
amplifier, while the predicted value r(t) of the signal as
computed by the extrapolator J , is applied to the other
terminal. The difference signal € (t) is sampled and then
quantized by the quantizer Q Dbefore it is applied to the
input of the extrapolator J . The sampled and quantized
signal q(t) is simultaneously applied to the encoder which
then transmits the coded egquivalent of g(t) to the receiver
through the given noisy channel. At the receiver, the coded
signal 1s decoded before it is sampled and then applicd to
the input of a network J' +that is identical to the cxtra-
polator J at the transmitter. It may be noted (see also
Fig. 7.2) that the receiver output r'(t) is effectively
the same as the output r(t) of the extrapolator J , apart
from the transmission delay caused by the channcl and the
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decoding circuits, if it can be assumed that no decoding
errors have been caused due to the presence of noise in the
transmission channel*. Further, if the criterion of fidelity
for the system is chosen to be minimization of the mean-square
system error EZS , given by the difference between the

output signal r'(t) and the input signal p(t) delayed by

the dead-time lag (To) of the system
E_ - ]r'(t) - p(t+T) e 7.1,

then, it can be seen that system optimization is equivalent
to minimization of the mean square of the error signal (t)

E(t) = p(t) - r(t) cee7.2.

Now, the greater the accuracy of extrapolation, the smaller
the error signal T (t). If the number of quantization
steps (ﬂ) is fixed, it would therefore be possible to specify
the signal to a greater degree of precision than would be
possible if the invut signal p(t) itself were quantized.

/ See Section 7.4_7. A high fidelity communication system
can therefore be designed if an accurate extrapolator can be
instrumented. Problems associated with nhysical realizability
of extrapolators and their instrumentation, as well as the
optimization of extrepolators with respect to the statistical
structure of the input-signal, are discussed in the follow-

ing Sections.

* It is easy to see that the signal deterioration caused
in this case by channel-noise interference (that is, false
pulse noise, € T) is of a different pattern from that
produced in orgfhary PCl systems, Since now the effect
of false-~pulse noise is cumulative, it will be assumed in
further discussions that there is provision for correct-
ion of errors in the transmitted signal, either through
use of error-correcting codes for transmission of the
coded signal, or alternatively, through use of an addit-
ional channel between the transmitier and the receiver
for interrogating the transmitter either periodically for
. routine checks or on detection of an error in the received
?nmfvauwww error-detecting but bot error-correcting codes are used.
(ref: 50, 51).



130

7.2, Extrapolation of Sampled Signals

The simplest method of estimating the future value
of a function f(t) at time +t=(nT+T) , ziven only the
values of f(t) at the discrete instants of time

t = (n-k)T , 0<k<n

where T is the sampling period, is to assume that f(t)
remains constant at f(nT) in the interval (nT) +to
(nT+7). If, however, the signal is slowly varying, a
better estimate of the signal at time (nT+T) can be obtained
by employing linear extrapolation in which knowledge of the
magnitude of the immediately previous two samples

f

0 f(nT)

and f f(n-1 T)

n-1

are made use of to compute the average rate of change of the
signal
f(n7) - £f(n=-1I T)
T

in the intervel (n-1)T to (nT), it bein: then assumed that
the rate of change remains unchanged in the interval (nT)
to (nT+71). The predicted value of f(nT+T) is now given

by

fP(t) = fP(nT+T)
= f(nT) + £(n?) - f(n-T T>(t—nT)
T
f -1
= fn + "—Il"""-'—n-—l' « T 000’7.5
T

An even better estimate of f(nT+T) could have been obtained
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if allowance had been made for possible curvature of the
function f(t). Knowledge of f(nT) and f(n-1 T) alone is
insufficient to specify whether f(t) is convex or concave
in the neighbourhood of f(nT). If, however, fn_2=f(H:§ T)
is also known, then it becomes possible to take the curvature
of the signal into account using the quadratic function in ¢

fP(t) fP(nT+T)
f - f
A NS < Y, )
T

+ a (t-n-1 T)(t-nT) cesol

as the basis of the extrapolation scheme. The structure of
the quadratic term of eqn. 7.4. is such that it vanishes
when t=(n-1)T and t=nT. This ensures that the extra-
polated curve has the correct magnitude f(n-1 T) and f£(nT)
at t=(n-1)T and +t=nT respectively. The constant o 1is
now chosen to make the.function fP(t) have the correct
magnitude f _, abt t=(n-2)T. Putting t=(n-2)T, we get

f -1

£ = fyt _n_q_j_n_—_}_ (~20)+0(~T) (=2T)  +..7.5

giving o - .- 2 o1t fo0 e
212

Therefore,
f -f f -2 f .+ f
_ n n-1 n n-1 n-2
rp(aen) = g EE o 4822 (s
12

...7-7‘.

Further increase in the accuracy of extrapolation
can be obtained by adding a cubic term

B (t- n-2 7) (t- n-I T) (t-nT)
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to eqan. 7.4. and then solving for P by making the extra-
polated curve fP(nT+T) have the correct magnitude fn_5 ,
froos Tha and f, at the four sampling instants

t= (n~-3)T, (n-2)T, (n-1)T and nT, respectively. The
technicue can be indefinitely repeated to give the general
extrapolation formula (sometimes celled "Newton's Formula

for Backward Interpolation” £52):
5§ L
_ l n
fP(nT+T) =f, + —=7
T
6. f
+ 2 2n (T+T)7T
’ 2
d o e e e e -
f
+ P kn (E=I T+1) (k=2 147)~—=(T+1)7T
' | x
+ ______ ".7.8
A 5 = —
where lfn .fn fn—l
) _ 6 -
2fn - 1 fn Si fn—l
fp = To Ipm % fha
= -2 fp gt 5ty o Ty 3
5 - -
kn = k-1 fn” %-1 Tpa o0 784

5k fn being the kth order beck~difference of f(nT)

If =T,

then o 5
= 6 —— O o4
fP(n+l T) £+ lfn+ 2fn+ + kfn4 vee7.9
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The number of past samples that have to be taken
into account in extrepoleting the given function one interval
into the future is therefore greater by one than the order of
the highest-order back - difference occurring in the express-

ion defining the given function,

By analogy with the terminology of numerical mathe-
matical analysis, a system that is capable of extrzepolating
making use of back-difference of order k , would be called

hercafter an extrapolator of kth order.

7.2.1. Accuracy of Extrapolation

Putting =nT=t in equation 7.8., we get

fp(t+t) = £() + HE) = I
T
£(6)=2f (6=T)+£(6=2T)  (m,1)p
7° E

- - - - = - o OQ eeelel0,

-

Taking the Laplace trensform of both sides we gel

dé‘fp(t+r) = FP(S)

f(s)—f(s)e—ST
T

= f(s) + T
p 2(8)=2 £(5)e™41(8)0™% (i, 1y
2
+ o= - = = = to O

n
H
~
0]
~
)
t
~
)
Y]
|
1S
=
=
1
<1
~N
=

=§(S)J [e"ij vea7.11
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Since (eST) is the transfer function of an ideal
predictor with prediction time of T units, it follows that
the extranolated function fP(t+T), as given by equation 7.8,
provides exact prediction, if an infinite number of back
differences (if they exist) are taken into account.

7.3, Synthesis of the Extrapolator

th order extrepolator caen accurately predict the

Ak
future values of any function whose back-differences of order
greater than k , are zero, after an initiel settling period.
For instance, since a polynomial of order p cannot Aevt back-
differences of order greater than p , its future values can
be accurately predicted by an extrapolator of order greater
than (or equal to) p, after an initial settling time of p
periods. If, however, the order of the extrepolator is less
than that of the polynomial, the settling time of the system
becomes infinite and the difference e(t) Dbetween the actual
signal p(t) and the predicted signal r(t) is always finite,
except possibly at a finite number of discrete instants in
time, specified by a null cless of probebility zero. For
instence, if a zero-order extrapolator which can reproduce
only a constant or a step input perfectly, or a first-order
extrapolator which can exactly reproduce only signals of no
greater complexity thean a ramp function

y=a+bt, .oo7012

is used to extrapolate the future values of a parcbolic

function
Z :C+dt+et2 4017013

it is casy to see that the error term would be "almost never"
equal to zero for any velue of +t. While it would not be
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possible to exactly reproduce the original input using an
extrapolator of lower order than the input signal, it is
possible to reduce the magnitude of the error term e(t) by
makinz use of a feedback configuration similar to that
suggested by Porter and Stoneman(55) for use in scmpled
servomechanisms, in which the magnitude of the error term
itself is used to control the output of the extrapolator.

The actual implementation of such a system is duscussed below.

Let the extranolator be designed such that its

output r(t) is equal to P,, P,_;, --- P, &t the sampling
instants (nT), (n-1T),---(n-kT) respectively, where P ;.

is the true amplitude of the input signal p(t) atcgime (n-k)T.
The output of the extrapolator can be expressed as kth order

polynomial,

r(t) = Tt rl(t—nT)+r2(t—nT)2+ ———+rk(t—nT)k eeo7 o1l

If either the order of the extrapolator is less than that of
the signal or if the signal is not purely deterministic, at
the instant t=(n+1)T there would be an extrapolation error
e(n+1IT) between the actual siznal in-ut p(t) and the predicted
signal (%)

e(@+IT) = p(@+IT)- r(A+IT ) eee7.15

for the present, it will be assumed that the optimum mode of
operation of the extrapolator is such that when the error
term e(n+IT) is detected, the extrapolator generates a new
polynomial s(t)

s(t) = 8+ sl(t—ﬁ?IT)+ 32(t - EIIT)2

F m—— sk(t—ﬁ?IT)k eee7.16

that passes through the most recent (k+l) wvalues of the
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\
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led S e

Fig. 7.3 Ex lation of



input p(t) namely
p(n+IT), p(aT), p(n-1T),--- p(n+I-KT)

k Dbecing the order of the extrapolator. In other words, the
extrapolator takes account of the most recent discrepency
between the actual value of the signal and the predicted
value, th make both mongivudes equal as well as to modify the
extrapolation constants (nemely, the coefficients of the
gencrated polynomial) such thot further extrapolation is
performed on the basis of the most rescent data avellable
rejording the input signal. This can be done by using the
error term e(n+lT) to genebate a correction function c(t)

c(t) = C ¥ cl(t—E:TT)+cg(t—ﬁ:IT)2
d om—— ck(t—ﬁ:IT)k I

which is then added to r(t) such that the new output is
eoucl to p(t) at t=(n+l)T. Since, now,

s(t) = r(t) + c(t) e.e7.18

it follows that

o(t) =e(@I D) , at t =nsl T )
) 0007019
=0 , &6t =m T ,
where
(n - k)<;1n5; n ces7e10A

Eouation 7.17 cen therefore be exprecssed in the form

o(8) = (@D 1+ B (14 B 14 STD)

eee?/e20
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The number of factors to be included in the product
specified within the square brackets in equation 7.20 is the
same as the order of the extrapolator, corresvonding to the
k zeros of c¢(t), specified by equation 7.19,

It is possible to express equation 7.20 s a poly-
nomial in ascending powers of (t-n+1T) by mutliplying out
the factors within the square brackets:

2 k
c(t) = e(n+IT) agta) TrasT o+ ———+ak1’47 ere7.21

where

T = (t-n+1 T)

Making use of the relationships

3(t)= d +dyt + ——mm + 4t

g (t) = d1+2 d2t ¢ cm—m+(k=-1)d k—2+k.dk-tk—l
s () = el gy +xia

(k)(t) 1-_d1 ces7.22

where g 1is a polynomial in t , and do, d1 — dk are
constants, it is easy to see that function c¢(t) .can be
synthesized from e(n+l T) using a chain of integrators and
summning amplifiers, as shown in Fig. 7.4, once the magnitudes
of Bys 81 smmm—ay in ecuation 7.21 are determined from
equation 7,20,

Putting n=0, 1, ==—=(n-1), n in

s(nT+1) = r(nT) + c(nT+1) ees7.18
we get

s(T) = r(0) + c(7)

0 + e(0) (ao+a1T+--—+aka) ees 74234
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r(T) + c(T+71)

)]+

k
e (0) (ao+alT+ ————+a, T )

s(T+T)

ﬁ-eET) gaofé}T+ j——ifak?k) eee7.2%3B

_ k
s(nT+tT) = e(o)(ao+alT+ ——--+akT )

k
+ e(T)(ao+ alT+ ———+akT )

b o e m mm = ===
+ e(@m1IT)(a_+a,T+ ———+a Tk)
o 1 k
k
+ e(nT) (ao+a1r+-———+akt ) .ee7.2%C
Therefore n-1

k

(ao+alT+————+akT ) e(mT) ...7.24

M

r(nT)

=
I
o

It is obvious from equation 7.24 that if the extra-
polator J is to generate r(nT) at time t=nT, the input
to the polynomial generator (ao+alT+ ~~--+aka) should be
the commulative sum of all error inputs e(mT) previous to
t= nT. The extrapolator proper, therefore, consists of two
parts 3 namely, the error intejrator I and the polynomial

generator R , as shown in Fig. 7/.5.

The complete system configurations, at the trans-
mitter, of the modified PCM systems using zero, first,
second and third order extrapolators are shown in Figures
7.6, 7.7, 7.8 and 7.9 respectively,

The effect of introducing the cuantigzer within the
loop is considered in Sections 7.4 and 7.7.



141

e(t) EXTRA- r(t)
‘ P POT ATOR >
ERROR ;SIGNATL J PREDICTED
quTPuT

IS EQUIVAIENT TO

[T~~~ —-——= =71
( : B 1 POLYT ON.—- T ( t )
e(t) \ INTEG- « ! IAT MUA
RATOR [ ! GENERATOR g ,
I \ 1 ™
I - 1 =
| |

- — —— . — g \— - — —— —

ERROR INTEGRATOR T

FIG: 7.5: SYNTHESTS OF THZ BYTRAPOLATOR.




p(t) *

&
QUANTIZER a(t) -
TO ENCODER
HOLDING INTEGRATOR
CIRCUIT S <

FIG. 7.6 MODIFIED PCM SYSTEM: EXTRAPOIATIONs 2ZERO ORDER

Pt S,

2t



143

QUANTIZER . alt)y
70 | ENCODER

— ——— — — ——— — —— — e — —— —— —— — e —

L INTEGRATOR  p—e—— l-/,I| HOLDING f—"~—1 INTEGRATOR r—-l—

CIRCUIT o

(98¢

EXTRAPOLATOR

 en— —~— ——— — ~— ~—— — ~—— — —

p |- mpLIFIER OF GAINE/,I]

PIG. 7.7. MODIFIED PCM SYSTEM:= EXTRAPOILATION: FIRST ORDER.




144

TO ENCODER

OULNTIZER >
q(t}
l
|
|
GTo '
3 |
27 |
\ Y |
A
|
GAIT |
1 || somoInG B
T 7z cIzcuIT [ I '
T I
|
|
! EXTRAPOLATOR |

= INTEGRAT R

FIG. T.8. MODIFIED PCI SYSTEM:=EXTRAPLATI N: SECND NRDER.




p(t)

r(t)

- QUANTIZER T ENGOUER
, ‘
z
| X

GATH &
llm h '
GAL
2ﬂ2 e

A
g

= 'INTEGRATOR

FIG. 7.9.

, GAIN
S o1 ——{E%E}ﬁ—-' I 1y

HOIDING
CIRCUIT

MODIFIED PCM SYSTEMrEXTRAPLIATION: THIRD ORDER.

INTEGRATOR }




146

7.4. Representation of Stochastic Signals

The conditiong 8f validity of the assumption made in
Section 7.3 that it is permissible to represent a signal at
least locally (that is, over time intervals of restricted
duration) by a polynomiasl of finite order, are discussed in
the present Section.

7.4.1., Ieast Square Estimation of Sample

Megnitudes

Let the joint probability density functioézﬁhe
variates Xq and X5 L.

x(t)
x(t-1) see7e25

x1

*2
be p(Xl, X2> . Let the best estimate in the least square
sense, of Xq for a given value of X5 be

Xl = h(Xg) .0007026
Therefore, by definition,

Expectation of (%1 - h(xgijg

+ay +R )

j~ ‘%l'h<x2} p(xq, X?) dx, dx,
=00

-0
+o0 -hﬁ 2
( SE&'MXJ p(xp) PG| %) ax; ax,

v
- =00

n

+Q +oo 5
& P(XE) ax, SE{l—h(Xg)J p(X1\ xg) dx,
-0 =0 ese? 27



where e

p(Xe) = S P(Xl,X2) d-Xl ee el 27A
e
is a minimum.,

But,
+0O
. 5 ;
x [ﬁl— h(xgi] p(xlkxg) dxq

at

-—m

+5Q 2
- j E{}_-m2(xl)+m2(xl)—h(x2£{ P(Xl‘ X2) Xm
=

where mg(xl) is the conditional mean value of Xq

for a given value of Xy -

Sl 2 2
= L?l- m2(Xl)] p(xl‘xg) dx, + _m2(xl)—h(x2i}

T cor/ 28
(54)

-

since mg(xl) is a function of X5 only

is a minimum when

h(XQ) = mg(xl)
where oo
( X, p(xXq yx,) dx
. 1 1'72 1
my(xy) = — cee7.29
5’. p<xla Xg) Xm

-0
Therefore, the best estimate of Xy in terms of X5 is the

conditional mean value mZ(Xl) of X, .
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7.4.1.,1. Ieast Sguare fstimate for

Gaussian Signal

If the signal is gaussian,
P(Xl’xg) =

2
1 X 2@K1X2

2
] 2 & T
2ﬁq’10’2;il—P2 2(l—f‘)~’12 S5 9p°

where (C is the correlation coefficient

eee /50
the best estimate of X is given by
+ 80
my(xq) = j_mxlp(xl’XE) dxq
10
J P(lexg) dx
+0O
: —6$lp(xl,x2) dxq
X2
L exp(- —% )
G§(2TT 202
+0
N}
j 1L exp |- ——E—— (- -r—ﬁx )i}
- Al 1 PN 1 2
) - ~
| 51 2Y-p7) 202(1-F) 2
~ G
Rl
ol F, 2
= (O X2 2 O] 07.51

since CTi = Gé ,

Xq and X5 being both samples from the same ensembile.
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The structure of the signal during the interval
(t=1) to (t) can be obtained by solving ecuation 7.31
which may be rewritten as

x(t) = P(T) x(t-1)
Putting
t = nT,
we get X, = ¢3x -1 eoe /e BLA

Multiplyinz both sides by the intesrating factor ﬁb_n—l)we

20 5(40)

G—(n-*-l) Xn+i-P—n Xn = 0 A Yo

Therefore, the first difference
-1 _
51 x ) =0

giving
_n .
C’ X, = k , an arbitrary constant,

Substituting back the values for +t , and neglecting the
constant k , we get
t
x(t) =¢ e 7.33

If the sampling freguency of the signal is consider-
ably greater than the Nyquist rate or if the signal is
characterized by a falling power spectrum, (Jwill not be much
less than unity, For instance, ordinsry speech {x(t) is
characterized by a fallinz power spectrum that can be
approximately represented by the expression

2™ 4

G (f) = ——=—,
1+(£/15)

wx vool e B
where f2 is the frequency at which the spectral density
becomes half the maximum value attained by GXX(f) . The

corresponding autocorrelation function QXX(T) is given by(go)
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I
B (t) = Yeﬂ(f) cos 2Wf t df
O
- anf, VTl
= ﬂXx(O) e " eee7435
where
B (0)=%" 4 £, veu7.354

The normalized correlation coefficient ()(T> is now given by

()= L)
XX °)
2% £, |t
= € L ’ 0007056
Tor ordinery speech, f2 is approximetely 800 cps. If it

is desired to pass all frequencies within the pass band

O-W cps, it is necessary to sample at a fresuency fS equal
to or greater than 2W, the corresponding value of T Dbeing
2iven by l/fS; The calculsted values of (@(t) for various
values of W are given in Teble 7.1. The sampling frequency
f is assumed to be approximately 20% in excess of the

s
theoretical Nyquist rate.

Teble 7.1

W fg £y ()
2.2, kc/s 8,000 cps 0.5%
8.2. ke/s 20,000 cps 0.78
13 ke¢/s 30,000 cps 0.85
------- 50,000 cps 0.90
------- 100,000 cps 0.95

The values of FD(T) for the hizh samplin: frequencies
of 50 kc¢/s and 100 kc/s are given in the Table merely to
indicate the high vslues of correlation existing between
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successive samples in communication systems such as delta-
modulation which employ pulse repetition freouencies of this
(55)

It fs is very much gregter than the half-power
frequency f2 , Tthen P(T) is close to unity. Under these
conditions, expression 7.33 can be renlaced by a polynomial
of finite order to a high degree of accuracy:

x(t) o

1+t 4Py 2 (iérLB)2+ 3 ( Z%.pZB
2 k3

oI
T T (iégi:2 Y
Zn

Since modulus of -Ln /2 tends to zero as [° tends to unity,
only a few terms of the expansion would have to be considered
to obtain adequate accuracy if (t InP) is less than unity.

order.

I

It, therefore, follows that a vpolynomial extramolavor of
finite order is adeqguate to handle svochastic signals gener-
ated by gaussian processes.

Tt may be noted here that if the signal =x(t) hsas
a constant or "direct-current" component m , then using the
same statistical techniques as before, the best least square
estimate of x(t) cen be shown to be given by

x(t) = m +(7) [;(t-w) - ﬁ]

m i-fﬁ(T)] + O(t)x(t=1)

constant + @(t) x (t=-71) voe7eB324
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7.4.1.,2. Ieast Sguare BEgtimate for Non-Gaussian

Signals

For non-gaussian signals, the least square estimate
of x(t) as given by the conditional mean value of x(t)
in terms of x(t-t) is not, in general, linear in x(t-7).
If, however, it is only desired to represent x;= x(t) as

a linear function of x,= x(t-1)

Xl=h(X2)
=a+BX2 P 1)

thus restricting in advance the class of functions h(xz)
which may be used to minimize the integral given in eqn. 7.27,
then the optimum values of the constants o and B for

which
&[]E%l— h(XZEf p<Xl’X2) dxy dx,

is a minimum, can be found as follows:

Iet
My and m2 be the mean values of Xl and x2
respectively,
(35 and Gé2 be the variances of Xy and X5 respect-
ive ly’ /me,(}’(/
Xl2 be the covarance of Xy and Xo e
Then
+0 +§{ >
T = S S {Xl - h(xgi] p(xl,x2) dx, dx,

o« tog 2
§ S [?l - o - B(xg)] p(xy, X,5) dx; dx,
X T00
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o 2
S [Xl— my - B(X2—m2)+ m, - o - B ml:{ P(Xl,Xg)

-

il

W)

dxl dx2

Oj? - 28%12 + 62<Té2 + (ml— & - B m2)2 eee7439

I

I is a minimum if

I

= 0
B e 7,40
T
= 0
>B -
Solving equations 7.40 gives
x = my- B I, VR X §
8 - Mo
6‘2
2
oy
= QD(T)_]-' ooo7-42
G2
where (> (t) 1is the normalized correlation coefficient
Mo
G 3"
1 2
Since O7 = G; = S5
00070”‘5
m =m,;, = m
therefore -
X; =W Ll -fD(T)] + (1) X5 oo 7 b

which is essentially the same as expression 7.32A for the
case of maussian signals, It is therefore obvious thot if
it is justifiable a-priori (see Section 7.4.1.3.) to use an
estimate for Xq that is linear in X5 then a nolynomial
extrapolator can be efficiently used for the nrocessinz of
such siznals, even if they are non-gaussian.
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It may be noted that the least square estimate h(Xe)
is the same for both gaussian and non-gaussian signals. This
is a direct result of the use of the least square error
criterion for the determihation of h(x,), the solutions of
the linear least square nroblem and the corresponding general
least square problem beinz identical if the process is
normal(55>'

7.4.1.3. Ieast Sauare Estimates for nth
Order Markov Processes.

So far it was assumed that the statistical structure
of the signal gg(t)} is such that the maznitude of the signal
at time t 1is a function of the megnitude of the immediately
previous sample x(t-t) at time (t-t) and only of it.

This 1is, of course, ecuivalent to assuming the signal to be
generated by a Markov process of first order(57) . It will
now be assumed that the intersymbol influence extends over
n sampling intervals, thet is, the maznitude of x(t)

depends upon x(t-t), x(t-2T), ————- x(t-nT).
Let . x(t) = X,
x(t-1) = %,

0007045

——— . — ————

If it is now desired to express X, as a function
such that the expectation

h(X2X5~-—Xn+1> of XpsXzy ==Xy g
of 2
[kl - h(XQXB _____ Xn+l)J
is a minimum, then proceeding as in the previous Section, it
can be shown that h(x2 ————— Xn+l) is given by the conditional

mean value of Xy when the meznitudes of Xp==mm= X are
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known, that is,

40
{ x p(xyxp=mmx ) dxy
h(x2——-xn+l) = ;‘g v 746
{p Gepxpmmmmxyyy) dxy
s 8

This exvpression is, however, very unweldy to use and difficalt
o solve. Also, it is, in general, ocuite difficult to obtain
an accurate representation for the (n+l) dimensional
probability density function p(x1x2————xn+l) .

For these reasons it is more sensible to use a simpler, though
theoretically less accurate*, model for h(x2-——xh+1) that
can be derived usinzg experimentzlly obtainable data such as
the moments and first-order oroduct-moments of the varisbles
HyXp===X, ] » Therefore, it will hereafter be assumed that
the form of the possible functions h(x2——-xn+l) will be
restricted to functions belonging to the cless of linear
manifolds of XpKz——~X

n+l °
of xq is now given by

Therefore, the best estimate

h(XE"'—"XrHl) - B12X2+ B15X5+—~~+Bln Xn+Bl(n+1)Xn+l

0007C47

The coefficients 612,—--Bln, Bl(n+l) can now be found by
minimizing the integral . i o

2
I = Expectation of [xl— BlEXE—BlB 3~ Bl(n+l) Xn+;]

00-704‘8

* The temporal and spatial stability of high order joint
probability distributions is, in genersl, poor. This is
especially true of the conditions normally met with in
communication systems. The greater the order of the
distribution, the greater is the fluctuation in the magni-
tudes of the parameters of the distribution.
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) QEZ [%1— Blzxe— 615 X5 T _Bl(n+l) Xn+ij e0 7449

the summation extending over all sample values.

Differentiating I with respect to Blk and
equating to zero, we get

L;rik = 2. Gax) = Brp 2 Gog) === =By 2 ()7

—eas e =Byna) :S:(Xn+lxk)

= 0 ses7e50

where k takes on the values 2,3 ,---(n+l).

Therefore

2 o
Bip > xp7+ Byz S XpXgt———tBy 1) > XpXp, ) =D XpXy

BlEZX *or B155X === 4B(n41) L %51 =%

- 2
Bro 2 *Xpu1¥ot Blazxml"a*"“* P1(n+1) mel =D X1 %
Vo751

Using the notation xik to denote the covariance between

the variates X4 and X, Wwe get

A

n

B1o Aop + Brz Aoz +====+ B1(n,1) Mo(ni1) 21

Bio A 52 - + 915 55 ot Bl(n+l) )‘5(n+1) = Az

Bio Mam+1)2t BizM(n+1)3t=""" Pi(ns1) M(n+1)(n+1) “M(n+1)1

cee/e52
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Solving the system of equations 7.52 gives
B - /\1k
1k N11

vse7453

where /\ik is the cofactor of A, in the determinant /\

A= My | e B = 1,2,m0—(ae1) ves7.54
Consider now a second order process snecified by the
relacionship
x(t) +ay x(t-r)+aex(t-21)= e(t) esa7.55

If ay and a8, are chosen to miniﬁize the mean square of
the residual term e(t), then

ay = -Byp
~
i 12
_+/\
11
Mo Mog
M3 133
«e7.56
Moo "oz
M52 "33
But
T v et
where ﬁjik is the corresponding correlation coefficient
Further,

O-i =®k 9 0007.58

since Xy and X, are samples from the same ensemble, and
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~. _ ‘_) .
(jik = (_(T] k=i }) vee7.59
since the sampling interval is constant.

Also,

(\)ll = p<0>
= 1 ce 7460
(1) ()
Cer)y (o)
/C(/’ = -
oy €
o .
(1) o)
P(x) - peen)] | veu7.61
1 - P
Similarly,
a = + /\13
2 N
11
Mo Moo
M3 Aao
Moo Ao \
Mo 33

\P(r) Co) }

Pty P (1)
1P (o) (%);
Pty P @

63(21) - F)E(T)
1- 0%(T)

v o602
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It may be noted that if the autocorrelation function
of the signal is of the exponential type given by ean. 7.3%6,

then
2 /T
F(ET) = e 1 T‘ ©
2
=E -ﬂr(/Tﬂ
- 0%(1) .\.7.65
Therefore, mﬁ % 0

according to egqn. 7.62, so that the least square estimate of
x(t) is now given by

x(t) = ay Xtt—T) eeo7.OH

In other words, if the signal has a falling power spectrum
similar to that possessed by white noise passed through a
single stage RC integrating network, no greater accuracy in
the representation of the signal is achieved by considering
second or higher order processes as the statistical model for
the signal,

The statistical estimation equation

x(t) + alx(t—r) + .%X(t—ET) = 0 ees7.65
can be solved(58> to give
x(t) = ut (A cos wt+B sin wt) ee o706
where u = + 321/2 veo? 67
ol
®W = grc COS | =~ ~————— vesl 08
2 a21/2

Since s and therefore wu are less than unity (according
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to eguation 7.62), x(t) is characterized by a damped
sinusoidal oscillation, that rapidly decays to zero, The
order of the polynomial required to adequately represent x(t)
is determined by the relsative magnitudes of u and w .

The more general estimation. equation
x(t) +alX(t-T)+————+anX(t—nT) = 0 ees7.69

can be solved to give

where hl hz———— hn are the roots of the charactericstic
equation

nt 4 ay hn—l + ay hn_2 tm=—=t 8, = 0O eeaZe71

It is rather difficult to study the detailed behaviour of

such a function. In any case, if the order of the egquation
is larze, the order of the extrapolator required for adequate
representation of the function becomes too large for consider-
ation in practical cases.

7.5. Bxponential Extrapolation

It was shown in Section 7.4 that for gaussian sig-
nals, the best estimate of =x(t) is given by

x(t) = A1) x(t-7) 07472
which can be solved to give
x(t) = P¥(x) o773

Rather than designing a high order polynomial extrapolator
to generate a polynomial approximation to the exponential

input signal, it is mae logical to design the extrapolator
to gencrate an exponential waveform. This can be done by



replacing the polynomial generator vart only of the extra-
volator by an exponential generator consisting of an RC
network as shown in Fig. 7.11. The input to the exponential
generator is, as in the polynomial case, the sampled output
of the error integrator so that the actual input to the RC
netwrk is (except for the error introduced by quantization)
an impulse of magnitude ecqual to that of the most recent
sample p(nT) of the signal. Now, the impulse response

of the RC network is given by

L WY

¥
where ¥ is equal to the time constant RC of the network,
If R and C are chosen such that

~ T 7.0

S
En p—(—f)

where T 1is the sampling interval, then it can be seen that
the output of the exponential generator would decay to
exactly p(nT) P(t) at the next sampling instant (L T) .

An amplifier of gain ¥ is introduced between the
output of the RC network and the difference amplifier to
compensate for the attenuation caused by the former.

It may be noted that ordinary PCM and single-inte-
gration delta modulation systems(55’6o’6l) are particular
cases of the present system. The former can be derived
by breaking the feedback section of the loop while single-
integration delta-modulation systems (with n coded digits
per sample) can be obtained by replacing the exponential
extrapolator with a unity-gain holding circuit or alter-
natively, by increasing the time constant of the network

to a value that is very large compared to the sampling inter-
val,
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FIG. 7.11. EXPONENTIAL EXTRAPOLATION.
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FIG. 7.11A. EXPONENTIANL EXTRAPOLATION USING PHYSTICALLY REALIZABLE ELEMENTS.
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7.6, Inprovement in Svstem Performance due to
Use of Ixtrspolator.

It hes been shown in previous sections thet the cxzistence
of correlation between successive sanples of the same signal
can be consicerecd to be due to the presence of & non-random
component in the signal, If this systematic comnonent is
elininated using extrapolation technigues, it is now necessary
to trensmit only the purely rancom component to the receiver.
for it to regenerate the original signal. The varience &nd,
therefore, in general, the peak to peealt voriction of the error
signal e(t) given by the difference between the actual input
signel p(t) and the extrepolator output r(t), are less than
those of the input signel itself so thet for = given, fixed
number of levels ¢f quantizetion, it is possible to represcnt
the output of the quantizer to a greater cdegree of precisioi.
The retio of the voriances of the actual system input »(t)
anC. of the input e(t) to the quantizer may therefore be
consicderec to be a suitcble criterion to judge the improvement
in system performence obtained by using the extrcpolator.

Methods for evaluating the ratio ere outlined below:-

7.6.1, First Order Correlection.

Let e(t) denote the residual component left after the best
estincte of x(t), nemely p(r) x(t -71), h=s been subtracted
from x(t)

Xl"?Xz-"—' 81 P RE 7.75‘
where

xp = x(t)

x, = x(t -1)

The varience of &(t) is given by



2 ; 2
o= [} G Pxp ) p(xgs %) dxy dxg

2 , from eq. 7.39.

I
9

,
1-2FP Mo P

LA J 70760

]
:ﬁ
no
;
Ny

since
~ 0 G
xlg_(o* a

0, = a = ¢
It is thus seen that the veriance of the input to the
quontizer is recuced by o factor of (1 - PZ) by using the
extrapolator.
The quontization noise introcduced into the transmitted
signal is approximately given by
k G‘z
Ny = —%—
? /

./

= bzn o ue >

where
1
b = base of the coding system used
n

[t

number of quantization levels

1

number of coced digits per sanple
lc

o, constont cof proportionality.

If it is cdecided to reduce the mumber of coded cigits per
sample from ny to n, but increcse the sanpling frecuency £
from (l/&l)to (1/p ) such thet the product of the sampling
2

S

freguency anc the number of digits per semple is constont,
that is

Blb
LR \)

T2= Tl P, 7-78
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then a reduction in quantization noise can be expected if

2 2 2 2
G (1—P2 ) < SN Cl_Plj s 7-79.’

p12 LM
waere
P1 o= CTp)
s s 7080
P = P(Ty)
IEquetion 7.79 yields the relation
o(ny - 1) o2
b £ 1-0, cee 7.82

1 - fgg

Since & very large increase in Py over @y is not, in general,
obtainable even with & cdoubling of the sampling frequency it is
obvious thet equation 7.82 woulcd normally be setisfied only
when nqy Is smell, sey equal to 2 or 3.  Also, it is more
difficult to satisfy eguetion 7.82 when o tcrnarz;or higher

Suste

orcer system rather thagxconventional binarykis usec.,

7.6.2. Higher Orcer Correlations.

If high order correlations exist in the original signel,
then x(t) con be representec in the least squere sense by &
linezr function of x(t -1), x(t - 27), ... x(t - n 7T), as in
equetion 7.47. The residual, rendom element e(t) obtained
after subtrcoting the best estimate of xy, from x is
therefore given by

= = '—B X —'E X o r @ -
et (t) €, 17 F1272 1273 Bl(n+1)Xn+1

n+1l
1

- /\ L— /\11( Xk. c..7n83l
1 =1
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Since the average value of 1 is zero, the variance of ey
is given by

2
= B (sl €1)
where T means Wexpectation of¥
n+1l
<
= L;ME(Xi 81>
i=1
= B (Xl 81), since ey is uncorrelated with
X2, XB’ e w e Kn+l
n+l
= E:T /\1k >\11{
- VAN
k=1 Fa\ 11
= . L) 7-84-v
/\11
where

A and /\ik are as defined in section 7.4.
It hes been shown (Ref:59) that an expression of the
form equeation 7.84 can be rewritten as

2 _2 2 2 2
e ~¢ (1- 122> G "(313.% (l‘€14.23)"'(1'€ 1(n+1).25——n>

LN N ) 7.85'
where

= /—-\-:.—j-——-——: ree 7.86,
B e o R € P G N AT
f1 %e2300s (i-1)(Ck+1)es o (n+1l) provides o mezsure of the

actucl correition thot cexists bhetween X anc x. after any
verietion in the Wtotalh correlation plk.between Xy and X

cue to the influence of Xpy Xgy e X 9y K1y ave Xpgq has

been removed, anc is called the "particl correletion coefficicnt®
of x1 ent x Wl#h respect to x,, X wee Ky 19 Fyey v Kpyqe
For instance, P13.2 provides & measure of the resicual

—
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correlation thet exists between x; and Xs after the effect

of any influence on X and X due to X, has been removecl,
Thus, for the cose mentioned in section 7.4. where

appreciable correlation is known to exist over two scmple

intervels, the voricnce of the actuel input to the quantizer,

after the elimination of the systemectic component in the

sizncl, 1is given by

=

6_82=2(1_§71)(1_(3152) 5

2 3 13
=5 (1 -£) e (
&G, | Tor Ny

§ —/ o[ le L25 /

/(1'€_~ )(1=557) >j -

o ..
=G/ 1 - 2(1: ) — (ﬂ(ﬁ’t) _10 (@&9 eve 1,87,
- F 1- L5

It nay be noted thet if, in the above expression
) 3

plar ) = '92(1 ) e, 7.88.

or, in other worcs, if the autocorreletion function @ _ (<)
of the signal is exponential, then the verience of
e(t) is given by

2 _ 2( 2~\ .89
0 g ¢ \1- P @), see 7.89.
which is the seme as the expression obteined for the cose of
extrepolotion making use of only first orcdew correlation.
This result thus further confirms the decduction mace earlier
in section 7,24 (equetions 7.62 to 7.64) thot, for sisznels
characterized by such autocorrelcation functions, no advantage
is geaineld by cesigning the extrepolator Lo make use.of secont-
anc higher order correlations in the sampled signal.
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7.7. ILffect of Quantization on System Performence.

Two main effects are produced by putting the quentigzer
in the forwerd section of the feedback loop of the systems

A, The quantization noise thus introduced affects the
proper operation of the extreanolator, and

B. The quantiger makes the loop gain of the system.
amplitude dependent. Under certain conditions,
this can lead to system instability.

These aspects are cdiscussec in detail below.

Te7ele Effect due to Quantization Noisec.

If the number of levels of quantization is sufficiently
large and if the sampling frequency is not wvery much greater
than the Nyquist rate, then it is justifiable, as shown in
section 6, to replace (Ref.62) the quantizer by a source of
independent, random, additive, white noise g(t) with amplitude
distribution p;(g) given by

h
f!‘. y - =% 8 é"‘ b
p(o‘) = h . 2 2 oo 7090
1° h
_ 0 ’ lel>3
anc veriance
2= “L h2 enve 7-91

g 12

where h is the magnitude of a quantization interval (Fig.7.124).
Assuming the probebility distribution of the amplitude of the
error signel e(t) to the quantizer to be gaussian,as given
the rela
by the relation ~82/25— 5
P (8) = —,:_1—"- .2 © veof .92,
2 Jar «
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g (t)
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FIG. 7.12B., EQUIVAIENT CIRCUIT FOR TII: QUAITTIZSR.
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the compound distribution ps(q) of the amplitude of the
ubput

a(t) = g(t) + e(t) oo 7.93

of the quantizer is given by (Ref:63)

+,00
pa(q) = l Py (a-e )P (e ) d e
= '“’/’~}2 /_ ( q + b )-I(C9 -k )
/ 26 ¢ fos
I .
where 1 +&X -t2/2 ces 7.94
I() = —= e dt ... 7.95

Jem)
- L

If, however, the quentizetion noisc power is small compred to
%, then it may be assumed thet the amplitude distribution
of q(t) remains geussian, with the differcence that the output
powerfrqz is grester then 6”82 by an amount cgual te T‘g2.
Under these conditions, since g(t) and e(t) are uncorrelated,
it is easily shown thet the configuration of fig.7.124 can be
replaced by the system shown in fig,7.12B in which the acditive
noise source within the loop is replaced by an cequivalent im2ut
signel outside the loop.

The introduction of the quantizer is thus seen to be
equivalent to merely increasing the varicnce of the random
comn,onent of the input signal p(t) by ¢ 2,

One immediate conclusion which can be drown from a study
of fig.7.124 is that even if the input signal is completely
systematic, there is no significant advontaze gained by
increasing the order of the extrapolator beyonc the point where
the kth—oraer back Cifference of the signal is approximately
egual to or less than the root mean square value cof the
quantization ncise. For instence, for the gaussian signal
mentionec in section 7.4, optimum utilization of the
extrapolator may presumably be considercd to be obtained if the

th back cdifference
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k
Q X = (F—l) X roy 7'96n
n
of the signel z(t) at t = n T, is approximately equal to
G, since beyond this velue there is very little reduction in
%he magnituce of the residual component to be obtained even
if & is mace much larger. ‘

7.7.2. Lffect of Nonlinearity on Loop Gain of Systen.

Since the quantizer possesses odd symmetry, only ocd
hermonics of the input signal are generatec. It may therefore
be assumed that the linear elements following the quantizer,
being precdominantly of the low pass type, (for instence, the
RC integrator network used for exponential extrepolation),
severely cattenuate all the harmonics generatec by the non-
linearity, the order of the lowest-order harmonic present being
three. Uncer these concitions, it is permissible to investiccate
the stability of the systemysing cescribing function techniques.
(Ref: 64,65).

The cescribing function N(A) of & nonlinearity is definecd
as the ratio of the funcementol component A4 sin (ot + )
of the output sizncl, to the input signal, when the latter
is & sinusoidal function, A sin wt

NL) = Alsin(wt+ta Ry

Asinwt

It is easily shown (Ref.64) that for o stealy stote ‘
oscillation to be present, the loop gain of the system for the

fundemental component must be unity - in other worcs,
v (jw) x N(A) = 1 eo. 1.98

where w(jo) is the open loop freguency response function of
the feedback loop obtained by substituting (jo) for (s) in the
open loop trensfer funotion w(s), s being the complex
frequency function
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S =0+ jw.

The amnlitude and frequency of possible stctes of oscillation
of the system arc given by the roots of equation 7.98 which
con be solved by plotting w(j w) and 1/ﬁ(A) to real and
imeginary coorcinetes in the w plane

and noting the points of intersection of the two loci.

In & sampled date system, the celays introcduced (Ref.66)
by sampling anc the use of holding circuits, cause the
frequency response function to have the form of o spiral

(Ref.67) as shown in fig.7.14.  Purther, the describing
function of an ON-OFF nonlinearity, corresponcing to the
usc of & 1- dizit binary cocde, is given by (Ref.64)

4q

9 «es 1,99
T A

N, (L)

where 2 qq is the pealk to peak amplitude of the output of

the nonlinearity. l/ﬁ(&> is also plotted in fig.7.l4. /It
mey be noted that the gain of the element is purely real - &
consequence of the assumption that the nonlinesr clement hao
no hysteresis_/. It is obvious that the system is unstcble
since the goin becomes infinite when the amplitude 4 of the
input is zero. Though there is more than one point of
intersection between the two loci possible, it cen be shown
(Ref.67) thet the only stoble mode of oscillation is thet
corresponCing to the point W, at the extreme right of all the
points of intersection. This point defines the existence of
a limit cycle (Ref.68, 69) of frequency w, and amplitucde A,
oscillaticns at the lower frequency w, suppressing those 2t
©, -and ©pe It is possible to suppress these oscillations
if, by some mecns, the gain of the nonlinear element can be
prevented from increasing to infinity for small values of A..
This con be accomplished by using a three-level nonlinearity,
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FPIG. 7.14., STABILITY DIAGRAM F)i} BINARY SYST-1i.
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oorresponding to the use of a l1-digit ternary code, as shown
in fig., 7.13B, The describing funoction of such o nonlinecrity
is given by

-1
C4g 7 a 2) 2
Iy (&) =J -9 ll - (2D ljeenza
A - 2A e © Rew 7-100
where &O f ov 24 <ao

ao is the Wdeald-zone®Fof the nonlinearity

l/N (L) is plotted in fig.7.15. It mey be noted that for
certain values of emplitude, l/NB(A) is double-valued, its
megnituce fmlllnbgz%flnluy to a minimum and then again
increasing, as A increases from zero to infinity. The
megnitude of the input amplitude A corresponcding to the point
of closest approach of the function l/N3(A) to the origin con
be determined by solving

d
az s (A )= ve. 7.101

Solving equation 7.101 gives

a 2 a 2
_24'= LG - o)
4p A2 4!“2
giving
ao = \/é A eee 7.102

For this vzlue of 8y, me .gnitude of NB(A> atteins a maximum

given by
A 4q :
(A) = 0 R 7.103
1T a,

If this velue of Né(A) is less then the magnitude of
Ng(A):] for A = &4, , corresponding to the limit cycle
conditio®, that is, if

-0 Z "= (AC )

— N

< (&qJ 77 A,
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that is, if

a. o o , eve 74104

then it is obvious that the loci of the two curves cannot
intersect. Therefore, by proper choice of the dead-zone 2,3
for & given value of Qg the possibility of oscillation can
be avoiced in & ternary system.

The above result is especially important in considering
the suitcbhility of communication systems using l-cdigit codes
for telemetry or process—control applications.

7.7¢3. Statistical Transfer Function of Quantizotion
Nonlinearity.

Since, in a communication system, the input to the
nonlinear element is o time series and not a sinusoical
function of given fregquency and amplitude, the use of describing
function techniques to study the overall performance of =
system&o ¢, wide renge of input signals, is of limited
applicetion, It has however been suggested by Booton (Ref.70)
that the performance of a nonlinear element can be studiecd by
assigning a 'linear gain funoction' to the element, the naturc
of the function being determineéd by the characteristics of
the element as well os of the random input. If the exact
functional depencence between the input x(t) and the output
y(t) of the element is specified by the relation

vy = £(x) ees 7.105

then it is assumed that the excot functional relationsihip
cen be replaced by a linexr eqguation of the form

y(t) = Iio:{(t) + d(t) , eee 70106

if the constant of proportionality, k - celled ¥wihe
equivelent gein® of the element - is chosen such that the
variance of the residual tewm d(t) is o ninimum for the type
of input signal uncéer consicleration. In other words, if the
probability density function of the input signal is p(x),
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then the constant Xk is chosen such that the integral

+0§_F - 2 .

I = ‘[ 1 fCX) - kXﬂi p( x) dX oo e 7!107
...OOF’ -+ R
+0R” 5

= j £ (x) p(x)dx - 2k‘jixf(x) p (x) dx
- 40 " —(R .
+ kz XL p (X)dx e s 7'108
.,

is a minimum.  The optimum value of k is obtamed by
solving

g; F—4 O [ N } 70109
dk
giving
+ R
- = —0n
5-!-(\0 X2 b (x) dx
J oo
("7 %) 56
<f d
—1 . — 00 X X p X X s 7'110
2
Vox
where
G’XZ is the variance of the input signal x(t).

If the assumption of lineerity is again irvoked, in &
Gifferent context, to be able to assume that the probability
distribution function of the output of the nonlinear element
is substentially the sage as that of the innut except for &
multiplicetion constent, then for a gaussian input to the
system, the probability density function of the amzlitude ol
the signel associated with any pert of the feedback loop Is
also goussian (Ref.70,71)+ Therefore, for a gaussian input

¥ If the number of levels of quantization is sufficiently

large, with respect to the behaviour of the emulitude probability
ggnsi%y function of the input (section 6), it is justifiable %o
assume that the shapes of the probability density functions of
the input and the output ore substantially the same.
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to the communication systemof fig,7.1, the input to the
quontizer is also gaussian. Under these conditions, the

"equivalent gein® or the Wstatistical trensfer functionw, lc3,
of a 3-level quantizer os specified by the relstion

+a x>+ %o
a -
f(X) = 0 - —2—O'é}( é + a02 N 7-111
-q X<'— ao 2
2
is given by 5
/—‘+w - X
k G—-P' = J 0637 -?}_-_-: e 26—2 dx
5 a q~{2n
+ 0 2
2 -X
+ 84 2 - \
+ g 2 <o)'X'G‘f§!: ’ ax
- %
2 =
+ 4 0 e X
‘)—LT) (~a).x “’2'—"" € 24 i
-® - -3 l
oo e 0-2 S 9?’?
= — .x, ——— (-1).d Le j
_ a G/gr!— X
—_— 2
-5 2 =
20 e 2
+ 5 (—-:-%y E—-Q:—(-l).dge =T }
o \/2” 2% N

ol o)) 2

Thercfore, >
-a

5 .
1{5 = ‘/727_' . 09__ 'eXP '8‘(}'2] vag 7‘112-

It may be noted that for an ON-OFF nonlinearity (that is,
if 2, = 0) this expressicn becomes

e v a 7-113

—

1

f
<
o

2 \( 7T
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which is the same as the expression given by Booton for the
limiting case of & limiter whose rangec of operation in the
linecr moce tends to zero.

The statisticzal transfer function of an l-level quantizer
can be obtoined in the same manner as for @E,,B—level guantizer,
or by a superposition of the required number{B—level
nonlinearities of peak to peak amplitude (at output) of 2q
end of dead-zones of megnitude a_, 3a,, &, ere(1-2), :

- A3

— - 2
- s —L? (1+2m)l /86‘2
2 ( - O fin
k = =, =D e s e 7 -114-
I3 T 4

— m:o

,£ is assumecd to be odc.

By verrying the mcgnitude of q. as well as of a.
v S i ~i
associated with any given 3-level nonlinearity NB(i) involvec

in the sujerposition operation, and using the corresponcing

alG

at

stztistical transfer function 5
— ~ay

k_ (1) = lé% . El .e S 2 veo 74115

5 J/’ a

the above technique can be extended to cover the case of

logaritimic quantization or of any other type of quantization

(Ref.19) inveolving the use of nonlinecr expansion - compressicn

CUTVES.

It mey be mentionec here that the statistical trensfer
function of any nonlinear element possessing odd symmetry
(inclucding those not involving quantizetion) can be determince
to any required degrec of acouracy by adding the statistical
transfer functions corresponding to the different 3-level
nonlinear elements used to obtain, by superposition, an
ateguate aponroximation to the given nonlinzerity. This is
e much quicker methoc for obteaining the equivelent gein of
the nonlinear element thon the method suzgested in Ref,72,
whicn requires the evaluation of the very large munber of
integrols thet are necessary to cherccterize the anproximaticon
obtained by splitting the given nonlinearity into an adequate
munber of pilooeowise linear segments.
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Once the statistical transfer function of the quantizer is
evcluated and the expected varionce G_%Z of the error
siznal ot its input estimated (Ref,70); then the system as &
wnole con be consicered as o linecr network.Filtering and.
smoothing networks cen now be introduced, into the systen,
if necesscry (for instence, to discriminate ageainst noise
in the signal input to the system), meking use of the stondard
technigues of linear networlk theory and rondom nolse analysis
(Ref-7l, 72)4
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8. Tristable Circuits.

In & preliminary study of the problems involved in the
instrumentation of a ternary system of pulse code modulation,
one of the main problems that presented itself was that of the
analogue-to-digital conversion of the magnitudes of the primary
signal. It was proposed to make use of an encoder of the
feedback type (see section 9) to perform this operation, a
decoding network consisting of a suitable number of tristable
circuit elements, each capable of being triggered to give any
of three different levels of voltage across its output
terminals, being used in the fcedback loop of the encoder.
Since the stability, accuracy and speed of operation of the
encoder are directly dependent upon the corresponding
characteristics of the decoder and therefore, of the tristable
elements of which it is composed, it was found necessary to
develop & reliable, fast tristable circuit conforming to the
following specifications: ,

1. The circuit shall have 3 stable states,

2. The output voltage can assume any of one of threc
different, distinct levels, each voltage level corrcsponding
to one stablc state of the circuit.

3. By means of repeated triggering the circuit can be

made to pass through the three stable states sequentially,
so that a periodic staircese waveform is obtained at the
output.

4o The circuit can be reset to any stable state by a
single reset pulse, while the circuit is in either of the
other two states.

5. The increments (or decrements) in voltage between
successive output levels while the stoircase is ascending
(or descending), should be equal.

6. It should be possible to build up several circuits with
clmost identicoal characteristics, especiclly with respect

to the magnitude of the output voltage levels, without
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requiring the use of close matching of circuit components,
The various circuit configurations that were

investigated may be classified under four mein categories,
namely .

A. Inergy Storage Circuits (Ref.73)

B. Combinations or matrices of bistable multivibrators.

C. Tristeble multivibrators based on the twin-triode

Leoles~Jordan trigger circuit. An additional nonlinear

mode of operation, besides the two "conventionalV modes

of the bistable multivibretor, in which the loop gain of

the circuit is less than unity, is obtained either through

the introduction of extre nonlinearities, such as diodes,

into the regenerative loop of the circuit or through the

unconventional use of nonlinearitics already inherent in

the system, such as the grid-current nonlincerity associcted

with cach multivibreting-valve. (Ref.74-77)

D. Tristable circuits, using three valves, based upon

the ring-counter principle.

Since the theory and development of these circuits have
been discusscd in detail by the present writer elsewhere
(Ref:78), only a very bricef outline of the theory of operation
of the tristable circuit finally chosen for usc in the cncoder
is given here.

The basic circuit is given in fig.8.1.

When the circuit is in state-2, valve Vy 1s conducting and
valves V, and V3 are cut off, If & negative input pulse is
now applied to the apodes Py, Py, P3 of ¥y, V, and V3 through
the diodes Dy, Dy, Dz, 2 negative pulse appears at P, and Py
but not at Py since the anode of Vy is at -27 volts which is
considerably below the voltage level existing at the cathodes
of Dy, D2 and Ds. The negative pulsec appearing at Ps is
capacitively coupled to the grid of V; which therefore begins
to cut off, The positive voltage step appearing at the anode
of Vi appears at the grid of V before it appears at the grid
of V3 since there is cupgcltlve coupling betwecen Py and grid

/f.‘-’Q{- v, , /( L e A wv(a W/(A? YRy I /(/uwf(/wﬁ /fu&JQArww’P et IOXML
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of Vé. v, therefore bezins to conduct and the negative
step appearing at P2 is immediately applied to the grid of
V3 through the coupling RC network, thus cnsuring that valve

V3 remains cut-off. After the transients have decayed, theo
oircuit settles down into the new stable state (State 1) in
which valve V2 is conducting and valves L and Vé are cut-off.

Applying the same reasoning as given above, 1t is casily
shown that the application of another negative pulse would
cause the circuit to switch to State-0, in which valve Vé
alone conducts, The circuit can now be switched back to
State~2 by applying another negative pulse, the circuit thus
passing through one complete cycle of ternary states.

The positive and negctive platce voltage exevrsions at
P, P, and Py are limited to +0 volts and.~27 volts respectively,
using the clamping diodes Dy5 Do, D3, Dy, D5, Dg-

The circuit can be reset to any required state by applying
a positive pulse to the grid of the appropriate valve.

4 ternary output, defined by threec distinot volteage levels,
can be obtained by feeding the outputs of wvalves vy and VB
into the system of operational amplificrs shown in fig.8.2.

The nccessity for operational emplificrs is avcided in the
tristable circuit given in fig.8.3. The output of this
circuilt when in State-2, is the same as the supply voltage,
+150V, sincc the conditions at the output arc uneffected by
the conduction in valve Vi. In State-l, however, valve V2
concucts causing current to flow through the parallel resistive
network (r) (r + r) in series with the plate resistor R of Vye
Since only half as much current passcs through (r + r) as
through r, the voltage at the output is exactly nhalf that at
the junction of r.and the plate resistor R of Voo In Statc-0,
velve Vs conducts, Now, however, the full voltage drop
across the parellel resistive network (r) (r + r) is available
as the output, thus cnsuring that the voltage difference
between the outputs for State 0 and State 2 is twice that for

State 0 and State-l.
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The ccupling between the plate resistors and the resistance
capacitance voltage divider networks is made through cathode
followers. This not only ensures faster switching but also
defines the output voltage for State-2 precisely, since no
i, A current is now supplied to the R-C voltage divider
networks, The maximum negative excursion at the anodes of
V).V, V5 is limited to +84V by means of the clamping diodes
D4, D5, Dgs This ensures that the current through the plate
resistor R of the conducting valve is the same for all threec
states,.

. The ternary output waveform of the circuits given in figures

8.1 and 8.2, is shown in fig.8.4.
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9. Ternary Lncoder.

Three methods are available for encoding an analogue
signal into digital form:

A. Counting. The magnitude of the sample is determined
by counting the number of units contained in it one by
one, until the difference between the magnitude of the
sample and that corresponding to the total count is less
than helf a unit. (Ref.7,10).

B. Feedback Subtraction. The magnitude of the sample

is compared with that corresponding to one code digit

after ancther, proceeding from the most significant to the
least, and subtracting an amount equal to the magnitude of
the given cigit from that of the sample each time the digit
value is found to be smaller than the magnitude of the
semple or of its residue from the previous subtraction.

The procedure continues until the residue is less than
half a unit. (Ref. 8,81).

C. Coding Tube Method. Magnitude of the sample is
measured in a single step by comparison with a set of
stancard values (Ref. 11, 82),

Of the three methods mentioned, the last is by far the
festest. It is also poscible, using this technique, to
present the output with the coded digits arranged in ascencing
orcer of significance with the least significant digit
occurring first and the most significant last. This makes
it possible to introduce considerable simplification in the
decoding process (Ref: 79, 80). However, this method is :
rather more costly to implement than the other two, Therefore,
it was decided to base the development of the ternary encodor
on the feedback principle, since this method is much faster
and more flexible then the counting method (Ref:81).
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Two different ternary enocoders, Incocder I and Encoder II,
each capable of encoding the amplitude of a rectangular
voltage pulse into a sequence of ternary digits, are described,

Of these, only a modified version (using 2 coded digits per
sample) of Incoder II was actually constructed and tested.

9.1 Incoder I.

The operation of IEncoder I is described below:

Samples from the holding circuit arrives at the input A
of the d¢ifference amplifier DA, at the rate of 10 Kec/s.
Outputs of the tristoble circuits TSC I, TSC II and TSC III
are added together in the ratio 9:3:1 respectively, and this
combined output is applied to the input B of the difference
eamplifier. The voltagc developecd at B is proportional to the
magnitude of the ternary number represented by the stotes of
the three tristable circuits I, II and IIT. For instance, if
the tristable circuits I, II and III are in states 2, 0 ond
1 respectively, the output voltage at B would be egqual to

k(2 x 32 + 0 x 3%4X 3%)

k(18 + 0 + 1)

]

19k,

where k is a constant of proportionality,

Incoding is performed by triggering the tristeble circuite
in such a manner as to reduce to & minimum the difference
between the signal voltege at A and the output voltege at B
of the three tristeble circuits. This is accomplished by
meking use of the outpu voltage of the cifference amplifier
DA to, S LE Trigdbr bulses T,, T., 1T,, TL., TII ITI

A EECT I 8 Tpr tp thp omy 4 @ne 1llg
which ocour at & fixed repetition frequency of 10 KXo /s, with
an interval of 1/(60 x 103) 16,6 u sec., between successive

pulses, as cdescribed below,
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Initially, TSC I is set to state 2 and both TSC II and
TSC III to state 0. The input at B would therefore be.
propertional to the meagnitude of the ternary number 200, If.
the voltage at B is greater than the magnitude of signal at A,
a positive difference signal is ceveloped by DA. This
triggers the bistable circuit BS, producing a positive step
at the output of BS which is coupled to the input of the gates
5 L, &Iz ..y, O III; and O IIIg. enabling the gates to pass.
eny trigger pulse that moy be applied to them now.  Therefore,
when the trigger pulse IA occurs, it passes through the gate
5 I, and sets back TSC I from state 2 to state 1.  If the
signal voltage lies botween 000 ancd 022, the voltage at B would
be still greater than the signal voltage at A, so that the .
error voltage would continue to be positive. Consequently,
when pulse Iy occurs, it will pass through gate G Iy which
remeins open, anc set back TSC I to state O from state 1,

On the other hand, if the signal voltage at A is greater
then the magnitude of the ternary number 200 as represented by
the voltage at B, the error signal developed by DA would be
negative., Consequently, the bistable circuit BS would nct
trigger with the effect the pulse IA does not pass through the
gate I, which remeins closed.  Therefore, TSC I remains in
state 2. As the error signal continues toc be negative, the
gate G‘IB.would not be open when the pulse I arrives.
Therefore, TSC I remains in state 2, unaffected, signifying
that the signal voltage is greater than 200.

As a third alternative, suppose that the signal voltage
lies between 108 and 200. In this case, at the beginning of
operations, the bistable circuit BS woculd trigger applying =
positive voltage to gate 6 I,.  Therefore, the pulse I, would
trigger TSC I from state 2 to state 1, But thercafter the
voltege at B would be less than the signal voltage,. Consequentl:-
gate G Ig would not be open to let pulse Iz through. Therefore,
TSC I remeins in state 1.
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From the above discussion it can be seen that at the output
of the bistable circuit BS there would be

l. No change, if the signal voltage is greater than 200.

2 A positive rectangular pulse followed by & region of
no change of equal duration, if the signal voltage lies between
100 and 200 anc

3. Two positive rectangular pulses merging into each other
if the signal voltage is less than 100.

The output of the bistable circuit is now passed through a
phase - inverting, integrator circuit. If the reference datum
for the output of the integrator is taken as that corresponding
to case 2, the integrator output, at the beginning of pulse
Ip, would be

positive for case 1,
Zexro for case 2 andc
negative for case 3.

The output of the integrator is used to gate trigger pulses
to two pulse generators, a positive pulse being obtained in
case 1 and a negative pulse in case 3.

The pulse I, besices triggering TSC I, if necessary,
from state 1 to stete 0, also resets TSC II to state 2 from
state 0, thus enabling the encoder to commence the coding
operaticns for obtaining the second ternary digit, which are
the same as for the first digit,

Similarly, at the end of the encoding for the second.digit.
the pulse IIB also resets TSC III to state 2 from state 0, so
that the encoding for the third digit may follow.

The circuit shown encodes the signal only correct to
three ternary digits., .The signal has been completely encoded
when pulse IIIB is over, This pulse is therefore also use?
to reset the verious tristable circuits to their initial
stotes, namely, to reset TSC I to state 2, and TSC II and
TSC III to state O. At the seme instant, & new sample
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arrives at the input A of the difference amplifier, from the
holding circuit, and the encoding processes are repcated for
the new sample.

From the above discussion it can be seen that two separate
operations are necessary to encocde each ternary digit. In
other words, to enccde a sample into & scquence of (n) ternary
digits, (2n) trigger pulses, equally speced in time, woulcd be
necessarye. This is because the present system makes use of
two binary decisions to determine the magnitude of each
ternary digit, each of the binary decisions being made
individually and sequentially, instead of simultaneously

A morc efficient system is described in the next seotion,

9,2, Lngcoder II,

In this encoder, the position of zero potential of the
signal is taken to be in the centre of the dynamic range of
the signal, In other words, if the ternary number 222
corresponcs to the extreme positive excursion of the signal,
and 000 corresponcs to the extreme negative excursion, then
the number 111 corresponcs to no-signal concitions. This
arrangement makes it possible to determine the magnitude cf
a ternary cigit - namely whether it is greater, cqual to or
less than 1- in a singlc step as described below,

If the first digit of o ternary number corresponcing to
& given sample is 1, then the maximum and minimum values the
number con have are 122 and 100 respectively; if the maximun
velue of the number is greater than 122, the first digit is 2,
and 1f the minimum value is less than 100, the first dizit is
ZEeY0 ., In other words, if the magnitude of the first digit is
1, then the maximum excursicn of the signal from the zero or
earth potential (corresponding to no-signal conditions)
cannot be greater than + (122 - 11) or + (122)%

¥ Note: According to the present choice of scale, (122 - 111)
f O%%é‘as given in the discussion for Encocder I, but is equal
0 .




208

R

.xoq.e.zaué—;) esng’ Lrsureg of

from A PSC I T80 II
holding+ " Difference o~ ol ~ ° ~
Civeuit= ot 10kds Amplifier DAL JLS S & MY SR J AT 3 j
A ha
Ys-E ‘35 = 3
(s&p-v) W/
|
. ’ Ay
Difference @_ 1 >
Amplifie | acl A
DA2 Cor gating
rV) GI@
_ TNV >
\ M‘éfne
Difference i . .
Amplifier A 7L
DA3 - ' A
» I P II P III
Inverting urmity- ~
gain amplifier. /-1 <
N oy
v - u 3
8 - ¥ =
o =7 y o
Z ) <
f N Bhs A BS: B
I»,—
¥, S
—MNW
v A *
Lowawr
| 9R

R

PI, PII, PIII = Trigger pylses at 10 ke/sa.
Interval betdeen !pulses = 33,3 wlec
T.,T. = /"‘Triggér Circuits
DA1, DA2/, DA3 = Uhity Gain Difference Amplifiers

: ?05. o' ENCODER I1

$07C

+072



OUTPUT VOLTAGE

205

Etﬂja 2 . } 9?

4

g St. 2:+ 3V

+ rﬁ.hZE* 1v
v

o State 1: | O st, il:gv _St.1: oY S

g T/ME
StQ:- 3V

1 tO- 3

Tristable Circuit II
L ~+ PBistable Circuit \ BS-B8

State 0:- 9V Tristable Circuit 1

Output voltages of TSCI & ¥SC II:

Measured at point B of fig. 9.5

All voltages sre measured assuming state — 1 potentials of the
Tristgble circuits to be at earth potentlal, so that the ternary
number 111 corresponds to zero

222 i " 9 +3 41 =13V
000 " "9 -3 -] ==]3V

FIG. 9. 6.



206

J1
from T{ o —>»= . TERNARY 2 —*
PULSE __."_1_"__
N o
from Ty o— —>1 GENERATGR p S
| OUTPUT

Crock PuLses

FIC. 9.7. TERNARY PUISE GENERATOR [é-'NCODE‘R IIJ




207

Accordingly, in the present Encoder, the incoming signal is
compared with avoltage of magnitude 122. If the signal is
greater than 122, obviously, the first digit of the number is
2, not 1. Simultaneously, the signal is comparec with &
voltage of magnitude -~ (122) = 100, which is obtained by
inverting the comparison voltage (+122). If the signal is
less than 100, then the first digit of the number is zero and
not 1. On the other hand, if the signal voltage lies between
+ 122 and -~ 122, that is between 122 and 100, then the first
digit of the ternary number corresponcding to the signal, is 1.

Once the first digit has been evaluated, the second digit
can be cdetermined as before after a voltage corresponding to
the magnitude of the first digit has been subtracted from the
original signal voltage. For instance, if the first cdigit
is 2, 32=.9 volts is subtracted from the signal; if the first
digit is O, (—.32) = (- 9) volts is subtracted, if, however,
the digit is 1, no voltage need be subtrocted as 1 corresponcs
to zero voltage. This subtraction process is nccessary to
ensure that the residual voltage would net bc grester then
the negnitude corresponding to a first digit, so that comparison
of voltages may again be.performed at zero or state -1 level.
If the second digit is 1, this residual voltage cannot be
grecter than (112 - 111) = 112 or less then (110 - 111) = - 112
Therefore, this residual voltage is simultaneously compared
against voltages of magnitude 112 and - 112 to determine the
seconc digit.

When the second digit is evaluated, the process is repeated
by subtracting from the residual signal a voltage proportional
to the value of the second digit and comparing this against
voltages of . (111 + 5/&) end (111 - 575) where & =(112 - 111)
=(111 - 110). ;ﬁ;n a practical encoder, such as given in
fig.9.5, it iq{ﬁécess&ry to use an additional tristable
cirouit to provide the values of + §/, and - g/é; this is
cdone by properly setting the triggering levels of the trigger
circuits T, and T2_7
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A circuit which performs the above operations is shown

'in fig,9.5. The output (S) from the holding circuit is
applicd to the input A of the difference cmplifier DA 1,

The outputs (EO) of the tristable circuits TSC I ancd TSC II

arc added together in the rotio 3 : 1 respectively, and applied
to input B of DA 1. Initially, both TSC I and TSC II are in .
state 1, Therefore the output of DA 1 is equal to (S -~ EO)=S.
nemely, the signal only. This is presented to the inputs

A' and A% of the cifferential emplifiers DA 2 and DA 3. The
outputs (V) of the bistable circuits BS A ancd BS B arc adcecd
together in the ratio 9 : 3 rcspectively, and appliec to the
input B' of DA 2 dircctly. The output V of BS:A and BS:B

is also applied aftcr inversion through & unity gain

amplifier, to the input-B"% of DA 3, Initially, both BS:A

and BS:B arc in state 2® and their combined output V corresponcs
to the ternary number 122, The outputs (S-V) and (5+V) of

the cdifferential amplifiers will thercfore be positive and
negative respectively according as the signal is larger then
122 or smaller than 100, The output of DA 2 is applied to

the trigger cirouit Ty which triggers if (S-V)>(S/2). The
output of DA 3 is applied to the trigger circuit T2 which
triggers if (S+V)<(@@} The output of Ty is a *fnﬁwstep

while thot of T2 is a negative step,

The outputs of Tl ond T2 are coupled to the grtes € ;A
and € IB respectively, so that pulse P I is allowecd to pass
through 6 I, if T; hos triggered, or through 6 I if T, hes.
triggered. If the signal is greater then 122, Tl triggers,
as explaincd earlier, ancd PI, when it arrives, triggers TSC I
fron state 1 to state 2, thereby subtracting & voltage of

¥ The two possible states of BS:A and BS:B are denoted by
State 2 and Stete 1, the former indicating the positive output
condition, while the latter denctes the absence of any voltage
at the output terminnls.
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megnitude (9v) corresponding to the value of the first

digit (2) from the signal. On the nther hand, if signal is
smaller than (-122), T, triggers and P I sets TSC I to state O,
thereby subtracting a voltage of magnitude (=9V) corresponding
to the value to the first digit O, from the signal. The

seme pulse PI resets BS:A to state 1, so that the resicdual
signal is compared now with voltages equal to 112 end -112,
instead of 122 anc -122, as before.

The magnitude of the first ternary digit is found out by
sensing the outputs of the trigger circuits Tl and T2. A
positivwe step at Tl indicates that the first digit is 2,
while a negative step at T, incicotes that the digit is O.

The outputs of Tl ancé T2 are fed into a ternary pulse generator
which gives a positive output pulse if the output of Tl is
positive, a negative output pulse if the output of T2 is
negative and no output ot all if the outputs of Tl and T2

are negative and positive respectively.

The second and third digits are determined in the same
manner as the first digit, At the end of the coding of the
second digit, the pulse P II resets BS:B to state 1, while
at the end of the coding of the tuird digit, the pulse P III
resets both TSC.I and TSC II to state 1 and BS:A and BS:B
both to state 2.

The actual waveforms at verious points of the encoder are
given in figures 9.8, 9.9 and 9.10.
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10. Ternary Decoder.

If the output of the encoder had been such that the
least significant digit of the code group occurs first and
the most significant digit last, then it is possible to use
a modified form of the Shanncn Decoder (Ref.79,80) to decoce
the received coded signal, as shown in fig. 10.1l. The
received noisy signal is regenerated and applied to a
ternary current generator circuit which supplies an
instantaneous pulse of either (+I), O or (-I) units of
current to an RC network, depending upon whether the received
code digit is in state 2, T or O respectively. The time
constant RC is such that any charge on the capacitor C
decays to exactly one third its initial velue during the
interval of time T allocated to one code digit., Thus, one
cocding intervel T after the arrivel of the complete code
group, the total charge remaining on the capacitor is equal
to the sum of the contributions due to the wverious digits
weighted.according to a ternari‘scale, the weight of code
digits 1, 2, ... n being 3°, 3, ... anl, respectively.

. The desired signal output is obtained by sampling the output
of the RC circuit at this instant, and applying it to a
holding capacitor and & correction network to compensate for
the aperture effect introduced by the holdihg cirocuit.

By alternate use of two decoders, one for odd - numbered
code groups and the other for the even - numbered groups,
an idle interval equal to the time taken for the transmission
of a code group, is made available between successive code
groups, which can be made use of to allow the result of
one cdecoding operation to decay to insignificant proportions
before another code group is decoded.

However, since the output of the encoder zotually used in
the experiment provides the most significant digit first
and the least significant digit lecst, deooding cannot be
effeoted in the present case using the ternary form of
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Shennon decoder mentioned above, Since only two digits
are used per code group in the experimental encoder, it was
decided to use the simple switching scheme outlined below,
for decoding.

The received noise - free ternary signal is applied
simultaneously to two resistor networks, one of gain unity
and the other of gain equal to 1/5. The outputs of these
networks are then selectively switched using.a diode switching
circuit (Fig. 10.4), to give a common output, the switching
being such that the output of the unity gain network is
connected to the output circuit during odc multiples T, 3T,
eee (2n+1l) T of the digit interval T, while the & -~ third
gein network is connected to the output during even multiples
2T, 3T, e»e (2 n)T of T . This ensures thot the two digits
of the code group are weighted in the regquired proportions.
The output of the switching circuit is then applied to an
integrator (Fig. 10.5) which sums the contributions from both
digits of the group. Immediately after the contribution
due to the second digit has been operated upon by the integrator
the integrator output is sampled (Fig.10.6) and applied to a
holding capacitor. The output of this holding circuit is
then amplified and applied to a low pass filter to provide
the requirecd smoothing for the output signal,

A short duration after the output of the integrator is
sampled, but before the next ternary pulse arrives &t the
input of the integrator, the integrator capacitor is
completely discharged using a dicde resetting circuit (Fig.lO. 5\
to prepare it to operate onm the next code group.

The circuit is designed to operate over a wicde band of
sanpling frequencies from aprroximctely 4 Ke/s to above 40 Ko/s.

The mein flow diagrem of the receiver as well as the
deteiled circuit diagrams are given in figures 10,3 to 10.%.
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11, Summary of Conclusions

The thesis, especislly the »2ert dealing @ith theoreticel
investiysvions, is mainly concernsd with the develooment of
analycical techniques for evaluating and optinisin: bthe
neriormance of discrece date transmission srsbtems in g

.

retier vhkan wit: bthe detailed study of any serticuleaer

communicatvion syssen. Howzver, on account oif the

i
)
(93]
oy
W
w
[a]

imporvance of %ernary systems, snecial zmvhasis
placed on the svudy of Gerxnary PCL systems.

Introducing the conc:nt of information cazecit™ oer
stace of a symbol, it 1s shown in sesction 2 thet ternary systems
have the hi hest coding =fficiency of ©¢ll ochysicelly r:alizable
SYS .emS. liethods ars than su.zested b~ which ths efficiency
0f cerbtfain well lmown statistical codin: technicuzs, such as

th2 Zhannon-~-Feno coce, can be furthzr improvad.

In section 5, the transmission efficizncy of communication
systems, in which che transmission chammel is mzrturbad bv
nolss, 1is defined. The transmission efficiznci:s of binary
end ternar;y PCHM systems are 2velusted agssuming an sguisrovabls

distribution for the vearious stst:zs of the vransmitted symbol.
It is secn thet except for very low siztnal to nolsc revios of

che order of (-30) db or less, the efficicncy of a ternary
sys./em 1s always considerebly his e¢r, vhe differcnce belng
2sHzlcally noticzalls when the sisnal to noisc ratio is lar c.
It is shown that the concans of chennel ca~edby as defiined by
Shannon is inadequate ©. cvaluate the sarformance of actual
syscens énd t et & move zencral Tormmlation oi the concoe .t

is nec:ssary, in which the chenncl cereclity is 4:7fincd in v:zrms

of wihe parametars of the actuel sysscem includin the receiver,

end of the discribution o the verturbin, noiise.

he veariation in the form of the funectional devncndence
between transmission cfliciczney and 5Sh: channel siznal to noise
ratio,'as thz charac.icristics of chennz:1 noise clianze, is nexs
studicd.
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In section 4, cauivocation in “iner and t:rnerT SysSIEms
is com>utsl cnd shown to bI le¢ss in e binary =37 lel.
Mhe signal o false-nulge noisc rebtio in o Sernery syssienm

is cvslusocd in section © mekin: us:

W
[ e]

symholic calculus, and zh>m o s l:ss olen in a biner sysbem.
S

The depernience of the sisnel vo fuész-pulsz noise rabtio on the
wioonability of occurrence of the verio

ternary symbol, is astudicd end m.tholis cre thi:n su- szgited for
improvin: the sisnel to falsc-pulse noiz: ratio. The contribud
to the total fels.-2u @ noise 2roor cows ™ L. . she various

di dite of oc.z . roun a- crodime o s nd cnelt dcel sochnicuss

Q)

cozeneed dor ninivizing Sthe cosel faloz—suls. itz zrror

n cubecsion oF G nmerzt 23 nels in the
ronEsnee of . nois: is form i

lec.d end zolved, izens for aréhid
Ao dem a9

fervrzsenoation of the -2ncrel cern.rv Gaoctlon trobiom ars

also inv:sci-atced.

The ma ni.ude >f ~uantizacion noiz:z o8& Lon uwy. in 3¢
makin  ues of certein well known ve« niques of L0 iod Svetisii-

A corre¢listion sechnifue, “apavls ol i2nzral & lica.ion, is zlso

i
LY LELn T for 2va u csion of aucnvicetiorn noiso.

o
PSRN

1)
o

,fl

An erza viical zxoression is cerived for minisizin-, cuansi-

zésion 4isus stion b non~uniform soccin., or -mentietion lowol=.

“he effect of ~uantization on .ntros of the siznal is
sowei.d and a m:thod is sux est:d for ninimizin- t2 reducsion
in the snoropy of thu sisnal, crusced by auencisasion, in which
linse and nonlinza: chenine neiworis ane us:d 5o om:r:se udon
ch= Sowsr suectrun as well es thr orohenility dis:cibucion
of em.li:u = of the sizneil. An im>orsdent rosult in inTormation

srzory oon walth the edove oiimizin: 6o hnique iz Yoz d, is £lw0

dorived,

Tases 0T o bransmitoc

od

ions



Scosion Y ois conczrn:d sich the .ev. ovm nt of mox:
sophis&icat:d forms of .uls.: cod: modulscion in which anv
avelleuvle a- .piorni knovl:. = ol h. stesis.icel soructurs o1 cha

5i;na1 is made uze of to improve shz ras: 2f ¢oansmission of

iziorsation of Ghe sSvsoen. L svsazx, suicenl: for <chis »uros.:,

Jue s incorcoraiv.s an :xcorepd-ocbtor is Lwidad. Problems involvod
in the smnthasizs of the xive_olesor ss :ll ¢3 thi s:livent
shysical and svafistical consicevracions that des. cmine the choice
of <wh:z Daramevers o7 th. oxbtra olator, erc dis-uss:d. The
ewioes.d improvemsns in She Horformance 0F the suz. xsuid sysoolnm
ovir convincionel PCL zewac.i,-, 1 cwelues.d for 4ifcromt oy ois
of svavissical in-uts.

The lecoriorsvion in ¢h: accuract of rwstersoligion ond

"

shers:torw, in sh. irisrmanc: of shi: svar.u, crussl
is n ¢ studicd. . The L£Ff-.3% on sh2 svehilicy of the vretem due
o The Srezrence of the oucntizetion non

9] 9] 1
fecdbeck loop, is also invesci atad. It is

w
G

Vooroas th: u of & symmesrical Diner- cuventiz.r wits 27 levaels

caus:s unav:idabls svss.wm wnstabilily, & e5oniz mod: of oo rasion

ab

cen bo odteaincd in o wroJ:wls  siin.d =svac Shet cmtlore a
0 » . ' n

gy, Loricel oo oclnert ocoenbizor o Y3

~

Th. =cesisciecsl sransi.r: function ol &

guantiger 1 “oxlv 4 nazin 180 ol e simnio b;chniqus chet rasily

lends its2li ©o che doerivetion of th. zoesi sicel srancisr funcoion
off eny nonlincarit- .oss:ssin. oddl sy tro, Ths: izwowsancs of
Tty us. o0f ztesvical .renasfor funcioionz F nonlin.eritics in Lho

analysis of nonlin:erv ~om unicetion oi consrol svyst.mu is ztressed.

LoDrizt ooutline of the :xw.riment. 1l wort “hot wos cerri:d oduc,
is resensed in ks nsxit Shree: sechbions. It wey Do vensid
in vhis conn-ctio~ cret the .. .vi-srtzl sculics outlinsd in 5his
thesis wer  undertvoien sivn the idze of invesvi atin. the ~hvesical
soalizebilivy of b.ornary syscems in sn.ral reshor oshen o obtain

cwocrinenvel veorificeiion of che th.ocrocicel wesulss rosens.d

sorlicy.
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In section 8, a short outline of the theory of operation
of a certain type of tristable oircuits is given. No original
ideas are presented in this section; the emphasis is on the
development of reliable and fast practical tristable oircuits
for use in the instrumentation of the feedback encoder _
mentioned in seotion 9.2. Seotion 9 describes the operation
of two different types of ternary feedback encoders, of which
only the one described in section 9.2. was aotually built and
tested. A ternary decoder based upon Shannon's binary PCM
decoder, is described in section 10. The design of a simple
decoder (different from that mentioned above) that was built
to decode code groups consisting of not more than two ternary
digits, is also given.

Except for the development work briefly set out in seotion
8, the research work described in sections 2 to 10 of this
thesis, as reviewed above in the present section, represents
original“contributions by the writer to communication theory.
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APPENDIX 2.1

Entropy per Symbol:
b
H = - Z:_ p(i) logep(i) units ...A2-1.1
i=1

Average centropy per state of a symbol

[: E: p(i) log P(li} units eeehy 1.2

. Information capacity per state of a symbol, for a
given value of b

- b
_ 1 Y . . f .
h, = 5} max. - / p(i) logep(l); units
- i=1 -
_ 1 uns
= gs 1oge(.5)) units ...A2.1.5
To obtain information capacity per statc of a symbol
for optimum value of b (= bopt) , differentiate eqn. A,.1.3
with respect to b , and equate to zero.
a l1, 1] o
a5 i *%8e B, T
i.e.
1 1 1
- - log =0
E? g? e b
1
i.e. log, [ /b] = =1
0.. bopt _= e ...A20104
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Since the number of possible stetes (b) per digit has
to be finite and an integral multiple of unity, the value of

¢ 1is inadmissible for bO . The function

pt
1 1
by = - [B log ‘5]

is continuous and has but one stationary point. Therefore,
the optimum value of b has to be either or both of the two
integers, a and b , specified by the inscuality

ade<b Y P A

2
namely, the integers 2 and 35 .

Substituting the values 2 and 3 in the expression for
hb y we find

1,1
hp=-3to33
_ o lg.l
h5 = - 5 log 3‘ -noA20106

Therefore, the optimum number of stetes b per dizit
for which the average information capacity per state of a
symbol is maximum is 3 .,
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APPENDIX 2.2

The magnitude of Alo is celculeaced as follows:

Iet the total number (M) of simple elements in the
binary and ternary systems be Kb end Kt respectively.
Also, lot the corresponding number of messages thet can be
specified in the two systems bei}b end i}t respectively.
Thercfore,

L - " A,.2.1
b T 5,2 Pt
A
f %
xt - 5 3 co-A2-2¢2

A physically realizeble ternary system would require
less number of simple elements then the correspondinz binary
system, under all conditions, if the total number of messages
is so large that

i [
/,tggx,b coehy.2.3

for the same number of simple elements in both sysvems,

t ...A2.2.4

The minimum value of Azb for which equeavions A2.2.3
and A2.2.4 are simultaneoulsy satisfied zives %’O .

Combining equations A..2.% and A2.2.4o,

2

- ...A2.2.5
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Takinz logarithms,

* >
L A.O {/' 55‘3

= 36, ajproximating to the next
lergest inteszger.

o /Cb corresponds to a binary sequence of (56/2)
or 18 binary digits

’{;o - 218 - oep 144
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APPENDIX 2.5

The relationships obtained in Section 2.3%.1 concerning
the relative coding efficiencies 4)B and /?T of binary and
ternary systems, can be derived by solving the two simultaneous

equations

Bn = r (mod 2m) ...A.Z.B.l*

and
51’1 = 2111 0.’A2l5-2

where my, n and 1r are integers.

Solutions to these equations have, however, to be
obtained by inspection since there is no general method for
solving them. The symbolism is, however, useful in understand-
ing the relationships derived in Section 2.5.1 .

) ”
For instance, it is scen that i B is never equal to / m
for a given number of simple elements A , since there 1is no

solution to the equation
3% = 0 (mod 2™)

for any integral, non-gzero values of m and n .

The relastionship "¢ congruent b, modulo »' ,
a= b (rod Pp)

gsisnifies the integral relaiionship thev
a —-b
D

is an integer,

ziven thet a, b and » are integers.
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APPENDIX 3,1

Capacity of a Binary Channel

Let the probability of transmittinz the first and
second symbols be

p(l) = P )
p(2) = 1Q g ERY PRI
respectively, and of receiving them
p'(l) = P! )
) "'A 0102)
p'(2) = 7 ) 5

respectively. Assuming thsat the noise has a symmetrical
amplitude distribution and that the detection lavel at the
receiver is zcro,

!
H

pl(l) pz(g)

"'AB'l'B

1l
AN

!
n

p1(2) = ©5(1)

The rzste of transmission R
R = HY) - HX(Y)
- [?' tn Py Q"én Q'.j +

[? + Q] [;/Cn T + S Zn é]
- [?"l; P'+ Q‘/Kn Q'] + constant

l..A501.4

4]

since P+ Q =1

is a maximum when H(Y)

H(Y) = - (P' ko Brs oy tn Q'—
E
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is maximum, because of equation A5.l.4 . It is easily shown
that this occurs when

- - 1
P! = Q! = 5

Therefore,

HEEECI

=
—

-
e

- P =

|
S TV
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APPENDIX 3.2

Determination of the Optimum Detection Levels, + 2

The optimum detectioh levels are determined by the
relation
dR

=7 = O ve 0D 284

where
R is the rate of transmission

o T Gy 2= (o))

* % Z}:. T [1+ 100,30 T 5 [0,(3) =0 ...3.28B

J
ie. - o ]:1 ¢ 1o §} A(20-R)= ¥ (B)- w@owe)}]

"

1
! T TGy

g A (2a=B)+ N (B) 4 (20¢+B)3J

+ 1o é V (20+B)+ wéa)-\v (2a—ﬁ)]

o

R ‘
% 8rB)+ A (B)+ 4 (20-B))
[+ 10 26902080 [y (oopy)
[l + In W(QOH'B)EW (ga"@] ‘E’Y' —(20t+(3)+/\l’(20t—[3ﬂ
[} + In l-ﬂl(ga+ﬁz] [& ”V(2a4ﬁi}
[1
1

cm 2 O] [ A |

+
A LS NVERS. NVIRS L AVERNS V)

+ 1n ¥(B) [241(3)] = 0 el A

.2.1

@)

><r%_{ﬂr(2x+@)1-ﬁfﬂ)+ Y’(lx“ﬁ>g]



N
AN
~J
P e

where - o
Y(o) = f Y (x) ax
a —x2
A (x) = 2=e 2
REY:
Using the approximations
L(v+sv) = 2.6WY (V)+ (V) coohgl2.28
and
/?/J(V+5V) = (V) - 68V, V./)/ff(V) ..°A5.9.2B
we get

TRTATEE—
x[E’?f(oc)#qf(BG) - GOLE 506-/2//(506)3j

- % [1+ in z?{f(Ba)+ % sa. 22y (a)+zy(3a) ﬂ
x oAty Ge) - ou 30y G

-2 [ dn {1 o }] [y drmoafon @}

+ % [1+ {niZw(Boc)-éw(a) + 80 Lpla)Ty (30) g]
Berncon m ot o]

\:1+ {n ({1;1%2012 -6aﬂy(5a)§] EP@O‘)" oo 250"/’4{(5&)2]

1+ fn (0 o] () (@)= 00§ argp(a)]

- & 1+ /n Dj(oc)+26a-/2}r(oc')3] @5(0‘)' oo E“-P«)ﬂa@

]
A AVIEERN L [\V}

?

where
6a = B - u, oooA 0205
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Bguation A§.2.5 can be expressed in the form
f+goa+h (6a)° = O SN

where

e - fr@evw)[dn 222000 llnw’(z»oo]
e 2ED o fag@)]
Jr @ eroa[ 1k a LT
[ 0] [1:n 120
[y @ [aedn 15 |
g = [2%(oc>+ ¥/ 2[3—_7%(33) - i,;_%;@][féj
+ [3avGw) [24 ko 22300, |y 315§5—“y
of oy -o- Ln11F@ /@ﬂlf(ooj
[ @] [ wtwr o ]2
o [ar@sapiun//1edn Lia) 1‘f<aj
v/ ¥ <a>+y<5a_7/%§%%+yl§%%][e ]
+ [3a roof [ n 12300 |
- - /& B W&wﬁ]
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Jren] [ L 5@][2]
+[ay(og7[1+ /(;n_l:‘—%(ﬁ]
+[70 (01)7/;__’”%%%)//2,]

h = [3&”%(3&)_7[;3”(06)-# ?(BOCJ[Q‘-%(;&')- 3;%‘33)] [2.]
Lrof [ - gle]
+[ & Y(a)-3a %(3@_7[ %"%ﬁ%ﬁ% / / 2]
[ vouff g /[T
[‘W(“)/[l V(oc)]/ /

SBince f, g and h are functions of o only, (sx) can be
determined by solving the quadratic equation A5.2.4

f, g8 and h are plotted as functions of a in
FiP,‘- 3'50

The above procedure gives only a very rouzh aporoxi-
mation of the true value of dx . A better avproximation
can be obtained by substitubting the apzroximate value for

o in equation A3.2.3 and repeating the procedure given
above,
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