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. 1  

ABSTRACT 

The contributions presented in this thesis can be 

classified under two categories: 

A. Theoretical investigations leading to the develop-

ment of analytical techniques for the analysis and 
synthesis of multiple-valued digital-data transmission 

systems, and 

B. Experimental studies concerned with the implement-

ation of practical systems for transmission of 
multiple-level signals, special emphasis being placed upon 

ternary pulse code modulation systems. 

A. 	Theory 

Certain new concepts are introduced that help to 
define an information theoretic measure for the coding 

efficiency of discrete-data systems. 	It is shown that 

certain existing statistical coding techniques can be further 

improved. The transmission efficiency of a communication 

system operating under noisy conditions is now defined, and 

its.  magnitude evaluated for different systems. 	The advant- 

ages of a ternary system over others for transmission of 
information are brought out. 	These investigations also led 
to a more general formulation of the concept of channel 
capacity. 

Equivecation in binary and ternary systems is next 
studied. 

Techniques of symbolic calculus are used to evaluate 
the signal to false-pulse noise ratio in a ternary PCM 
system. 	Methods for improving this ratio are suggested. 
The problem of optimum detection of ternary signals in the 

presence of noi4e is then formulated and solved. 
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The effect of quantization on system performance 
is studied in detail using certain well known results of 

Applied Statistics. 	Techniques are described by which the 

reduction in the entropy of the signal, caused by quantization, 

can be minimized. 

A generalized class of discrete-data transmission 

systems, of which PCM and delta modulation are particular 

cases, is studied. 	The performance of these systemsl for 

different types of statistical ihputs, is evaluated. 	Studies 

in system stability led to some interesting investigations 
into the behaviour of non-linear sampled-data control systems. 

B. Experimental Studies: 

The development of a fast tristable circuit and the 

actual performance of a ternary feedback encoder incorporating 
tristable circuits, are described. 	The design of a simple 
ternary decoder is also given. 
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STUDY OF CERTAIN FORMS OF TERNARY PULSE CODE 

MODULATION SYSTEMS  

LINTRODUCTION 

An important development in the history of 

communication has been the rapid growth in recent times, of 

long distance communication channels. The inherent limitations 

of conventional systems of modulation, such as amplitude 

modulation, for transmission of signals became more and more 

apparent as the communication channels became longer and the 

transmission requirements more stringent. 	An amplitude 

modulated signal, for instance, is affected by channel noise, 

inter-channel cross-modulation products and linear as well as 

non-linear distortion in the c 

path is sufficiently long, the 

the total path length may well 

to retrieve the original signal 

the manitude of this external 

interference accumulated over 

be enough to make it impossible 

A useful method of reducing 

interference is to use several 

hannel. 	If the transmission 

repeater sections of coaxial line or shielded cable pairs, in 
tandem, as the channel. 	This technique, however, does not 

help in discriminating against the internal noise, renerated 

in the amplifiers themselves. 	As an averaze long distance 
transmission line may have as many as five hundred repeater 

sections or more, it is easy to see that the thermal noise 

from the repeaters alone would be sufficient to make high-

fidelity transmission of signals over long distances, very 
nearly impossible. 

A possible solution to this fundamental problem in long 

distance communication was brought to light when the noise-

cleaning properties of frequency modulation were demonstrated 
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in 1936.(1) 	It was shown that by suj_tably processin_l the 

primary signal, which cErries the messae, it is possible to 

produce a secondary signal which can be "cleansed" of the 

noise, which it accumulates durinL; transmission throu:Lh the 

channel, as often as necessary. 	It was further demonstrated 

that it is possible in such a system to decrease the signal 

power required to achieve a ?Liven quality of transmission, in 

a channel of specified noise power, by suitably increasin:; the 

bandwidth of transmission. 	Also the noise-eleanin capacity 

of the system was shown to be related to the system's ability 

to trade bandwidth with the signal-to-noise ratio in the channel. 

The interest aroused by this original concept led to 

two main forms of activity: one was concerned with the 

extension of earlier concepts of communication theory(2'3) to 

include new factors such as communication in the presence of 

noise, multiple regeneration of signals, and the effect of 

statistical structure of signals and of noise on efficient 

communication.(4) 	This theory made it meaningful to discuss 

the performance of an ideal communication system, and established 

qualitative criteria for comparing the performance of different 

systems. 	The other result was to stimuIte further study of 

the performance of unorthodox types of modulation such as pulse 

position modulation(5)  and pulse duration modulation(6)  which 

had already been discovered, but had aroused, so far, little 

interest; and it also gave an increased impetus to the 

development of newer and more efficient systems of comunication. 

It was during this period of sustained activity in the theory 

and development of modulation systems, that pulse-code modulation 

(or PM), one of the most efficient and versatile communication 

systems in use today, was revived. (7-11)  

1.1 Basic Operations in Pulse-Code Modulation 

PCM incorporates certain concepts such as "quantizing" 

and "encoding" which make it radically different from other 
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modulation systems including other pulse modulation systems.(12) 

A brief description of the principal operations of PCM is given 
below. 

Sampling: 	The signal is applied to the input of an 

instantaneous sampler which periodically samples the signal at 

a rate slightly higher than twice the frequency of the highest 

frequency component present in the siznal. 	According to the 

sampling theorem, these samples completely and unambiguously 

determine the original sisnal.(13,14) These discrete samples 

represent data which can then be individually processed into a 

secondary signal possessing more suitable characteristics for 

transmission through a riven channel. 

Holding: 	The output of the sampler is passed on to 

a holdingcircuit, which maintains an output voltage level equal 

to that of a given sample during the interval until the next 

sample arrives. 	This operatIon facilitates the later operations 

of quantizing and encoding. 

Quantization: The samples emerging from the holding 

circuit are next subjected to amplitude quantization. 	All 

samples falling within a given interval are specified by the 

same quantization level, usually chosen to be the midpoint of 
the interval. 	This operation somewhat distorts the signal as 

the amplitude of the quantized sample may differ from that of 

the original by as much as half the magnitude of the quantization 
interval. 

If the magnitude of the peak interference 

in the channel due to ?vise is less than half that of a quantum 

step, the received signal can be restored to its original value 

by regeneration at the receiver; an error can occur only if 

the peak noise is greater than tSlis value. 	Encoding serves to 
transform the sampled and quantized primary signal, having a 

large number of levels of quantization and therefore very 
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susceptible to noise, into a secondary signal which has fewer 

and larger specified amplitude levels and consequently possesses 

more suitable characteristics for transmission throuh a noisy 

channel. 

The transmission characteristics of the PCM system are 

determined by the choice of the code used for encoding. 	A 

code may be described as a scheme by which each member of a 

finite set of discrete magnitudes is represented by a particular 

arrangement of the members of a different finite set of discrete 
events. 	Each event in the latter set is called a code element. 

Each different possible arranement of these code elements is 

called a code group, and represents the magnitude of a single 

member of the first set. 

In PCM, all the possible different levels, say 	of a 

quantized sample can be represented by the ordered set of 

integers (0,1,2, ....(t - 1)) and, therefore, by the symbols 
or values (0,1,2, 	(4- 1)) of a sinle digit belonging to 
a number system of base 4,. 	The encoding process consists in 

setting up a one-to-one correspondence between this system, which 

is characterised by a single digit of base I', and another 

system with a group of n digits of base b . 	The order of 

the code used is determined by the base b of the new system. 

For instance, if b is two, a binary code is obtainedif each 

code element of which is restricted to either one of two symbols 

for example, the absence or presence of a pulse, or alternative 

a positive or a negative pulse. 	In a ternary code, for which 

b is three, a code element can have one of three distinct 

values: it can, for instance, be a pulse which can be positive, 
null or negative. 	An N'ary code is obtained if b is equal 
to N , and is characterised by code elements which can have 
any one of N distinct values. 

The number of discrete data required to specify a 
continuous signal of bandwidth W and duration T increases 
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from 2WT symbols before encoding, to (n)(27T) after, where 

n is the number of code-elements (or digits) per code group as 

given by the relation 

= b 

If the transmission time remains constant, PCM therefore requires 

a bandwidth n times as great as that required for direct 

transmission. 	Since 6 is, in general, very much greater than 
b , the increase in bandwidth is usually quite considerable. 

Regenerative Repeaters: 	Repeaters are used at frequent 

intervals in a long distance communication channel to compensate 

for the attenuaturne as well as distortion and noise in the 

channel. 	In a PCM system, since the signal elements occur at 

distinct, predictable instants of time and are completely 

specified both in shape and manitude, the accumulated distortion  

and noise can be almost completely eliminated by identifying the 

code element and generating a similar one at the repeater itself. 

The overall performance of a PCM system can therefore be made 

substantially independent of the total distance of transmission. 

Decoding: 	At the receiver, each code group correspond- 

ing to a given quantized sinal sample is separated from the 

rest. 	The contributions of each of the code elements constitut-

ing a 2;iven code group are then added together, after weighting 

each code element according to its own magnitude as well as its 

position in the code group. 	For instance, the ternnry code 

group 0122 is made to yield the weighted sum 

. 30 	x 3
1 

+ 2 x 32 + 2 x 

= 	0 + 3 + 18 + 54 

= 75 

At the termination of each code Troup, a pulse equal in magnitude 

to the weighted sum of the code elements of the ;coup, is 
generated. 	This pulse is applied to the ineut of a low pass 
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filter of cut-off frequency equal to that of the highest 

freauency component present in the primary signal before it was 

sampled. 	Under normal operating conditions, the output of the 

filter is an almost exact re-production of the oribinal sinal 

except for the distortion introduced by the process of quanti-

zation at the transmitter. 

1.2 Performance of PCM Systems 

A signal transmitted by PCM is subject to three kinds 

of transmission impairment: a) quantization distortion, 

described above, b) overloading, due to the finiteness of the 

range of quantization and c) false pulse noise, which occurs 

when the transmitted code elements are incorrectly interpreted, 

either durinr; regeneration at the repeaters or in the process of 

decoding at the receiver. 	These factors have been extensively 

studied in the literature. 

1.2.1 Quantization Distortion 

The error introduced by amplitude quantization varies 

from sample to sample and has a maximum value of plus or minus 

half a quantum step. 	Since the variation of the error with 

time is unpredictable, quantization distortion has the charactei'-

istic of noise rather than of distortion, and represents an 

irreversible loss of information. 

quantization error power is proportional to the square 

of a quantum step. 	Therefore, by reducing the size of a 

quantum interval by increasing the number of levels, the magni- 

tude of this error power can be reduced. 	But, for a given 

system of coding, increasing the number of levels also increases 

the number of code elements required for sample specification, 

and consequently, the bandwidth ibr transmission. 	If the 

transmission bandwidth is fixed, the number of levels of 

quantization that is permissible is determined by tb- base b 

of the code used for encoding. 	The exact relationA etween 



the r.m.s. signal to auantization distortion ratio (S/N, 

the number (n) of code elements used and the base (b) of 

the code employed is given by the expression(15) 

S/Ng  = 4-10.8 + n (20 logi  )_4( db. 

so that the signal to quantization distortion ratio is 

proportional to the logarithm of the base b of the code. 

For instance, a unit increase in the number of digits per code 

group improves the signal to distortion ratio of a binary 

system by 6 db, of a ternary system by 9.54 db, of a auartern-

ary system by 12 db and of a decimal system by 20 db. 

The above formula is derived on the assumption that 

the input signal has a rectangular distribution of amplitude, 

that quantization levels are equally spaced and that their 

number is large. 	Under these conditions, quantization distor-

tion has a rectangular amplitude distribution and is substanti- 

ally uncorrelated with the inut-) 	signal.(16) 

Another important problem that has been investigated 

in detail is the possibilit7 of reducing the manitude of 

quantization distortion for signals having; a non-rectangular  

amplitude distribution, such as gaussian or exponential, 

by logarithmically compressing the signal before subjecting it 

to quantization.(17-19)  

The emphasis in all the work mentioned above is on the 

evaluation of the ojianbization error power. 	There has been 

very little study of the statistics of quantization noise, 

either of its own statistical structure or of the relationship 

between the signal and the auantization noise. 	This is 

especially true for the case when the number of levels of 

quantization is small. 	But, to evaluate the performance of 
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complex PCM systems (such as discussed in Sections 6 and 7) 

which make use of the probability constraints that exist 

between adjacent samples of the signal to obtain hither 

efficiency of communication, it is necessary to have a 

detailed knowledge of these statistics. 

1. 2. 2. Overloading 

The contribution to the distortion in the quantized 

signal outs:lit due to the finiteness of the total range of 

quantization, becomes vanishingly small and can be neglected 

for all practical purposes if the latter is greater than about 

four times the r.m.s. value of the input signal. 	It is easy 

to meet this condition when the number of ouantization levels 

is lare. If, hcwever, the number of levels is small, the 

problem of minimization of the error power due to overloading 

becomes important. 	This problem, especially in the case of 

complex PCM systems employing feedback (Section 7), is, in 

general, not very simple to solve since it involves the 

simultaneous minimization of the quantization error power as 

well. 

1.2.3. False-Pulse Noise  

False-pulse noise is produced when a code elpment is 

wrongly interpreted(14) Such misinterpretation can occur 

only if the channel noise is greater than half the separation 

between adjacent specified levels of the code element. 	If 

the interference is due to white noise, it is easy to show 

that if this amplitude separation is greater than a "threshold" 

value, the probability of error becomes so low that the 

transmission can be considered to be almost perfectc14) 	The 

threshold value is generally taken to be about ten times the 

r.m.s.'value of the noise power in the channel.(4) 

The characteristics of false-pulse noise have been 

studied in detail for binary systems. When the system is 
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operating above the threshold level, the statistics of false- 

pulse noise are very similar to those of imulse noise,  and 

the quality of transmission is very little affected.(26) 	The 

introduction of even several hundred repeaters in the channel 

has been shown to have very little effect on the duality of 

the received signal, if the signal power in each repeater 

section is maintained at a slightly hi;-,,her level than the 

threshold level for a communication channel consi3ting of a 

single repeater section.(21) 

When a signal is encoded into a group of code digits, 

the misinterpretation of some code elements is more serious 

then the misinterpretation of others, since each code element 

is differently weiZnted. 	It has been shown that the false-

pulse noise power can be minimised by weighting the y)ower 

allotted to the various digits of the code group according to 

the contribution the un-weighted digit makes to the total false-

pulse noise ,power. (22,23) 

Most results of this kind published relate to binary 

systems. 	There has been very little study of false-pulse 

noise in higher order systems such as ternary or quarternary 

PCP systems. 	The only siiclificant work in this field was 

carried out by Oliver, Pierce and Shannon in their paper 

"Philosophy of Pal°.(14) Here they showed that the sinal 

Power required to ensure that the frenuency of errors does not 

exceed a given limit, is ap7?roximately proportional to the 

square of the number characterizing the order of the system. 

But the usefulness of this Tesult is rather limited. 	For 

instance, to mention only one of its limitations, it:does not 

take into account the fact that the effect of en error of 

interpretation is not the same in the various sys-:,eras, since 

the respective code elements have different weights in different 
systems. 
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1.2.4 Assessment of  the Performance of 

POE Systems 

As mentioned earlier, it has been demonstrated that 

the signal power required to transmit a many-valued signal 

through a noisy channel with a specified freauency of errors 

is approximately proportional to the squareof the number of 

levels of auantization of the siHnal.(14) By encoding; a 

signal having a.large number of quantization levels into a 

group of code digits each of which is assigned only a small 

number of values, it was shown that it is possible to transmit 

the original signal with less signal power, but with an 

increase in the bandwidth of transmission. 	It is instructive 

to find out whether this trading between bandwidth and signal 

power has been economical, or more explicitly, whether the 

reduction, which was made possible by encoding, in the signal 

power required to maintain a given quality of transmission 

through a channel of specified noise power, really compensates 

for the increase in bandwidth of the new system. 

This problem was studied by Oliver, Pierce and 

ShPrinon(14) who compared the performance of a PCM system 

with that of an ideal system of communication. 
(4)

An ideal 

system can transmit information, with an infinitisimally small 

frequency of errors.at the rate of 

W log2(1 + P/N) binary digits/sec 

where 

W = bandwidth of transmission 

P = average signal power, and 

N = average noise rower in the channel, noise 

being assumed to be "white". 

Assuming that the PCM system is operating above the 

threshold level so that the freauency of errors is very small, 
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it was shown that a PCM system can transmit information at 
the rate of 

12 x S  Cpcm 	e = W log-(1 +100 x N binary di its per second 

where 

average signal power required to keep the 

frequency of errors below the threshold 

level /1 part in 3 million 7 

Comparing the "capacities" of the PCM and the ideal systems, it 

can be seen that in both systems 

(a) signal power and channel bandwidth are exchanged on a 

logarithmic basis and 

(b) information capacity is proportional to the bandwidth 

of the system. 

On the other hand, in terms of the signal power 

required to achieve the same channel capacity as that of the 

ideal system, the efficiency of PCM is seen to be only 12%. 

The expression quoted above for the rate of transmission 

of information in a PCM system, has often been used in the past 

as a relevant measure of the performance of a PCM system.(12 '13  • 

This is rather unfortunate since it is hardly qualified to play 

such a role. 	Its main limitations may ba summed up as follows! 

A. 	The formula is not an expression for the information 

capacity of a PCM system, though it is often referred to by 

that designation in-the literature. 	It is derived on the 

assumption that the PCM system is operating over the thres- 

hold, so that the frequency of errors is small. 	But, while 

the probability of an error is small, it is still finite. 

If the frequency of errors that can be tolerated in the 

system is made smaller and smaller, the"capacity' of the 



of a decimal digit, but less 

1 of a ternary digit. 
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system as defined by the formula would become less and less 

until, in the limit, it will vanish. 	The definition of 

the information capacity of a system precludes such 

oehaviour.(4) 

B. 	According to the formula, all FOE systems have the same 

capacity and therefore the same efficiency. 	This conclusion 

seems to be suspect for the following, reasons: 

i) 	The formula fails to take into account the fact that 

the effect of a misinterpretation of a code element is 

different in different systein 	For instance, an error in 

interpretation of the symbol of a code element having 

1000 distinct values produces only about 1 part in 500 as 

much error as a misinterpretation of a binary dizit. 

ii) The formula does not 

fact that the information 

a symbol is different for 

For instance, each 

information than each 

information than each  

take into consideration the 

carryin-z capacity per state of 
different systems (Section 2). 

of a binary disidt carries more 
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2. Coding Efficiency ofLIILEn 	System 

with Base b .  

A quantized pulse sample that can possess any one of 

distinct magnitudes, is specified, after the encoding 

operation, by n separate digits each of which can have one 

of b distinct levels. 	It is often assumed(12-14,24) that 

the efficiency of a pulse code modulation system in transmittins 

information is independent of the base b of the code used for 
* 

encoding . 	The validity of this assumption is discussed in 

the present and the foflowing sections (Sections 2 and 3) 

where it is shown that coding to certain bases is more efficient 

than coding to others and that there exists an optimum base 

for encoding of quantized signals. 

The choice of a code for the representation of discrete 

data is determined by considerations of whether 

-1) the data is to be used in a local static system such as 
an information storage unit, or whether 

2) the data is to be transmitted to a distant place through 

a noisy channel. 	For the sake of clarity of presentation, 

the present section is devoted to a critical exposition of 

the basic ideas involved in the choice of a code to meet only 

the first requirement; the treatment of the more complex 

latter case is postponed to the next Section. 

* 
It may, however, be mentioned that it has been shown that 
choice of e as the radix for the representation of a number 
minimises the total volume,q;,equipment necessary for a 
computer of given capacity 7). 	But the assumptions made 
to derive this result are not well defined 

The points of view wesented in the following discussion are 
also rather different from those e;iven in Reference 25. 
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2.1 Optimum Codes for Discrete Data 

In the language of topology, coding maps the original 

signal from a given signal space on to a new signal space. 

An optimum code, for a given class of signals, may therefore be 

defined as that code for which the new sinal space has least 
volume.(13)  

2.1.1. Determination of Optimum Base for Encoding  

A ouantized sample that can possess any one of (e) 

levels can be represented by a linear array of (,e) cells, the 
kth  cell denoting a sample of magnitude (k), where k 

After encoding the t) levels may be considered to be represent-

ed by an array of (n) cells each of which has (b) sub-cells, 

as shown in Fig. 2.1. 	Any given magnitude (k) of a ouantized 

sample is now unambiguously specified by the selection of (n) 

sub-cells, one sub-cell being chosen from each cell. 

In the discussion which. follows a sub-cell is also 

referred to as a "simple element" while a cell consistins of 

b sub-cells is called an "element of order b ". 	For instance 

a cell consistin of two sub-cells is called an element of 

order two or alternatively, a binary element. 

The total number of sub-cells necessary to specify any 
of the (0 given levels, unambiuously, is equal to (n b). 	If 

the number. (b) of sub-cells per cell is less than (4 the 

total number (nb) of sub-cells will, in eneral, be less than 

(f.) since 
o 
= bn  

The difference (de- nb) may be considered to be a measure of 
the saving in signal space made possible by coding. 	The 

optimum code is obtained when (b) is chosen such that (nb) is 
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a minimum for a given value of (L). 
The optimum value of (b) is easily obtained by the method 

of Lagrange's undetermined multipliers as shown below: 
The function to be minimized is (n b), subject to the 

constraint that (1) is constant. 

/re  But 	
= 

 

ift.ak 4.4 	k/1 
where k is an arbitrary constant. 
Consider the function 

* 71/ /e• 

2.1. 

2.2. 

2.3. 
where 7- is a Lagrangian multiplier. 

Partially differentiating IT with respect to (n) and (b), 
and equating to zero, 

/t• 	irc 	
= 0 	2.4. 

+ 'A 	k 	2.5. 
,Ce 	0 

Thik 
Solving (2.5) gives 	/ 

Substituting in (2.4) 	= 0 
4 — 

Therefore, b = e . 
Since (e) is an irrational number, it is impossible to 

divide a cell into (e) exact parts. 	However, since (e.) is 
bounded by the two natural integers 2 and 3, and bn  is a 
continuous function, it is reasonable to assume that the 
optimum base is either 2 or 3. 

Keeping (nb) constant and allowing 11, to vary, the 
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maximum number of elements ('2) that can be unambiguously 

specified by codin to base 2 is 2(nb)/2 while the number 

of elements (! x) that can be specified by codin to base 3 

is 3(nb)/3 

Comparing 2 
2(nb)/2 = .nb ) 	and 

= 3(nb)/3 _ w77)nb 

it is seen that 

since 

It is thus seen that coding to base 3 provides the 

greatest economy in the total number of sub-cells or simple 

elements required to completely represent a given number of 

discrete data, 	/Tlso see Section 2.27 

2.1.2 An Alternative Method for the  

Determination of Optimum Base 

If a sequence of digits 

a1 a2 	an_" an 

each of which can have b states is transmitted, the entropy 

(H) per digit is given by the expression(4)  

b  

H = 	> p(i) log p(i) 
i=1 

where p(i) is the probability of occurrence of state i of 
the digit. 	H may also be written as 

b  
H = + 	h(i) 

i=1 

where 
h(i) = -p(i) log p(i) 
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is defined as the entropy per state (i) of the digit. 

For a given value of (b), the entropy H per symbol 

is a maximum when all the states are equally probable so 
that 

p(i) = 1 

constant. 

The maximum value of H is given by the expression 

b 

Hmax = max 	h(i) 

b [- 1  log 1] 

=bEhb] 

The quantity hb  , inside the brackets, re=esents the avo.wILL 

information capacity per state of a digit, for a given value 

of (b). 	/Also see Appendix 2.1_7 The optimum number of 

states per digit or, in other words, the optimum base for 

encodin, is given by that value of (b) for wh.l.ch the awf.ep. 

information capacity per state of a symbol is maximum. 	It 

is shown in Appendix 2.1 that the optimur interal value of 

(b) is 3 

The magnitude of the avoragi..o information capacity per 
state of a symbol (hb) is plotted as a function of (1/b) in 
Fig. 2.2. 

2.2. Significance of the Concept of Information 

Capacity per State of a Symbol. 

The magnitude of the base (b) of the optima.-_ encoding 
system has been shown above to be 3, using two independent 

i=1 
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criteria. 	This is not surprising because these represent but 

two aspects of an efficient encoding system, namely 

1) determination of the minimum amount of information that 

would completely specify the message and 

2) optimal representation of this information. 

The concept of aireuete information capacity pe-, Mate of a 

symbol provides an optimum method for measuring the information 

content of the messae by specifying how the data s' could be 
grouped and each grou then sub-grouped so that the total 

number of operations necessary to specify the information 

content of the message is a minimILT. 	On the other hand, the 

concept of minimisation of the number of sub-cells required for 

the specification of the data provides a criterion for deter-

mining the optimum system for representation of the message. 

Now, if the system is to be used only for the storage of 

information or only for transmitting the information through 

a noiseless channel, the problem of guarding against the 

mutilation of information-carrying symbols by noise does not 

arise. 	Under these conditions, both the requirements of an 

efficient coding system mentioned ..,r,o1;y4.4.g,-t-  are equivalent: 

a one-to-one correspondnece can be established between the 

arithmetical procedure by which the information content of the 

signal is evaluated and the means of representation of the 

signal, as is actually done, for instance, in the construction 
26) of the Shannon-Fano Code for non-equiprobable messages. (4  '- 

2.2.1 Significance of the Concept in the  

Study of Coding Systems  

The concept of information capacity per state of a 

symbol is important because it has applications not only in the 

field of pulse code modulation systems, with respect to which 
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it is studied in later sections, but also in any coding problem 

involving the processing of discrete data. 	Studies in coding 

are generally concerned with only the statistical structure of 

the message.(4''26) But an efficient encoding system has to 

take into account not only the statistical structure of the 

message but the properties of the physical mechanism as well, 

whereby the e coding is effected - in this case, the pro.)erties 
ofA  denumerabl finite e.]..ae.4' numbers. 	This is made possible 

by introducing the concept of information capacity Per state of 

a symbol. 

An optimum coding system, such as the Shannon-Fano Code, 

operates by maximising the relative entropy of the encoded 
message.(12) 	Now, relative entropy is the ratio of the entropy 

of the message source to the maximum value it could have, subject 

to the condition that in both cases the same set (or alphabet) 

of symbols is used.(4,12)In other words, the concept of 

relative entropy applies only to the case where the original 

message and the encoded message make use of the same alphabet. 

It does not provide any useful criterion to judge the efficiency 

of encoding when the alphabet is changed. 	For instance, thouh 

the information content of a discrete messae is invariant with 

respect to any reversible* transformation into sequences of 

binary, ternary, or, in general, N'ary diits, neither the 

minimum number of operations required for the measurement of 

the information content of the message, norx the minimum 

number of discrete elements necessary for its representation is, 

in general, invariant under such a transformation.** 

** 

An alphabet A is said to be reversibly transformed into 
another alphab:•t B if the total number of possible messages 
in B is greater than or equal to the number of messages in A. 

The only exception to this rule is the transformation between 
binary and quarternary systems. 	Both of these systems are 
equally efficient. 	The reason for this anomaly is associatel 
with the fact that two (2) is the only number for which the 
the values obtained by .adding the number to itself and by 
multiplying it by itself, are equal: 2 + 2 = 2 x 2 . 
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2.2.2 Assessment of the  Coding Efficiencies  

of Different Systems  

1 for the average The expression h = b 
information capacit7 per state of a symbol, has the following 

properties: 

1) h is continuous in b. 

2) If the total number of elements (nb), defined as the 

number of states (b) per symbol times the number of symbols (n) 

is kept constant the total number of things that can be 

specified by these elements, is a monotonic function of h . 

3) The function h attains a unique maximum for a fixed, 

finite value of the base b of the system, corresponding to 

the case of the optimum encoding system. 

It, therefore, appears justifiable to define the coding 

efficiency of a system in terms of the average information 

capacity (h) per state of a symbol as follows: 

The relative coding efficiency (170 of an encoding 

system with base b is the ratio of the average information 

capacity per state of a symbol of the given system to the 

average information capacity per state of a symbol of a 

hypothetical system with base b = e : 

The percentage relative coding efficiency defined as 

/100 x Vb%7 is plotted against the base b employed for 

coding in Fig. 2.3 . 

It will be seen from Figure 3.3 that a ternary coding 
system has an efficiency of nearly 99'6% while coding to base 

(2) gives an efficiency of only about 94'4% . 	It may be 
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noted that coding to base (4) gives a system with the same 

relative efficiency as an encoding system with base (2). 	As 

the base b of the encoding system approaches infinity, the 

relative coding efficiency approaches zero. 

2.3 Applications 

The concepts developed above can be made use of to show 

that certain so-called optimum codes mentioned in the 

literature(12,13,26) are not really optimum. 	In the present 

Section it is shown that an important coding technique called 

the Shannon-Fano Code, which may be considered to be represent-

ative of this class of "optimum" codes, is not optimum; an 

optimum coding technique, which is a modified version of the 

Shannon-Fano Code, is then presented. 

However, before proceding to the discussion of these 

codes, it is instructive to analyse an assumption on which the 

codes mentioned above seem to be at least in part, based. 	The 

assumption is that "binary messages whose states are equiprobable 

cannot be condensed and that there is no more economical way to 

store them than to put each messaLe separately into a binary 

storage unitl:(27) 	It is shown below that this statement is 

true only in a very restricted class of cases. 

2.3.1 Possibility of Compression of 

3inary Messa.7ss 

A more precise formulation of the statement quoted above 

is as follows: "If every possible message has equal probability 

of being, generated by the source, end if the number of possible 

messaes is 2m  e 	, the relative entropy is unity and it is im-

possible to improve upon the simple code which uses a block of 

m 

	

	 (12) binary elements to represent each message. 

Assuming that there are 	= 2m  eossible messages and 

that these are all equally probable, it is easily seen that the 
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minimum number of binary elements required to represent each 

possible messae is m . 

Since two separate simple elements are necessary to 

specify a binary element, the total number of simple elements 

necessary for the rorpresentation of the message is (2 x m). 

But, any of the messages can be represented by a 

sequence of n ternary elements where 

n = lo=33  

Since a ternary element requires three simple eloment, 

for its specification, the minimum number of simple elements 

that would be necessary to completely re?resent the message is 

3 log3  2m  

3m log32 

3 m / 1.535 

which is less than (2m). 

From the above result, it would appear that coding to a 

ternary base would always require a lesser number of simple 

elements than in the case of binary coding. 	This, however, is 
not the case. 	For it is implicitly asnumed in the above 

derivation (as well as the derivations in Section 2.1) that 

the total number of binary or ternary elements used need not be 

an integral multiple of unity - an assumption that is untenable 

from the point of view of phsical realizability of the system. 

This would be evident from considering the number of simple 

elements necessary for encoding a group of, say, 15 messages in 

the binary and ternary systems: a binary system requires only 

8 elements since 

23 < 15 < 24 

while a ternary system requires 9 elements since 

3 2 < 15 ( 3 3 
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It is thus seen that, for a given number of messag es, coding to 

a ternary base can be less efficient than coding to a binary 

base, under certain conditions. 

A more detailed investigation of the comparative codin 

efficiencies of binary and ternary systems for a given number of 

messages, yields the following results: 

1) A ternary system is always more efficient than a binary 

system if the number of messages is greater than a minimum 

value 	(eaual to 262,144) corresponding to a sequence of 

18 binary elements. 	/The value of to  is derived in •  
Appendix 2.27 

2) If the number of messages is less than or equal to 41,  1  

there are three possible situations: 

i) the ternary system is more efficient than the binary 

system if the number (0 of messages is specified by either 
of the relations 

112- 	
1v/3 

a) 2%2 < 	3 

where 
n is an even multiple of 3 , or 
n-1 	Iv/a 

b) 2 2 	irt3, 3 

where 
n is an odd multiple of 3. 

ii) the binary system is more efficient than the ternary 

system if 

2d2 	E < ei/-5 3 
where 

n is even but not an integral multiple of 3 

iii) the two systems are equalTefficient if 
1/2 

[2 7  - 1+ 1] t 	2437/2 
2, 
7 
 

where 
n is an even multiple of three. 
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It may be noted that the relationships given above refer 

only to comparative efficiencies of binary and ternary coding 

for a given number of messa?3es. 	If, on the other hand, the 
maximum number (7,-) of simple elements that may be used is 

fixed, the following simple results are obtained: 

1) A ternary system is always more efficient than a binary 

system if the maximum total number of elements h. is equal 

to or greater than 33 

2) If h is less than 33, there are only two possible 
alternatives: 

i) The ternary system is more efficient than the binary 

system if either 

a) X is an odd or even multiple of 3 

or b) X. is odd, but not a multiple of 3, and also x>,17 

or X = 7 

ii) A binary system is more efficient than a ternary 

system if either 

a) h is even, but not a multiple of 3. 

or b) X is odd, but not a multiple of 3 and also X 
except when X = 7 

It is interesting to note that in contrast to the case 
of a given number of messages, when the maximum number of element,  

is fixed, there are only two possible alternatives: either the 

binary or the ternary system is more efficient, but they are 

never equally efficient for any non—zero value of -X /Appendix 2.37 

Now, any binary message source is bound to nroduce, 

within a given length of time T , a message sequence consistin 

of at least 18 binary elements, if the duration T is 

sufficiently large, say To  . 	Therefore, if coding delays of 
the order of T0  or greater can be tolerated, a binary messas,e 

can always be compressed (using fewer elements) by employing a 
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ternary encoding scheme. 

2.3.2 Efficiency of the Shannon-Fano Code  

A discrete message, in 3eneral, consists of a sequence 
of, say, N symbols each of which can have any of, say, je 
dinstinct values. 	The relative entropy of suc,n . a megge is 

• , aytdrcz- 

less than unity when the symbols are not independent of each 
other and/or the probabilities of occu=ence of the different 
states of each symbol are not equal. 	It is2ost4ti lhz encode 
such a 	 sage into a new sequence of symbols wh 	se relative 

4/-r Tke 4nYr-" entropyjeappro4ximet  ates very closely to unity. 	The Shannon-Fano 
code provides a simple means for effecting such a transform-
ation4412,26 Employing a repeated-division process into binary 
groups of nearly equal probability, it encodes t 
message into a sequence of binary elementsee 

Th4,44-wect,  
,is nearly unity. (12) 

e orijmal 
rotative entropy 

It is easy to ghow that though this procedure maximises 
/sintetw 

the relative entropy f the coded sequence, it is, nevertheless, 
not truly optimum in the sense it requires more elements for the 
representation of the message than is strictly necessary. 	For,' 
if the original message is encoded into the binary sequence 

al a2 a3 	 an-1 an 

the sequence requires (2n) simple elements or sub-cells 
for its specification. 	But it was shown in Section 2.3.1 that 
any binary sequence consisting of (2n) simple elements can be 
uniquely represented by a sequence of ternary elements consisin ,  
of fewer than (2n) simple elements if (2n) is equal to or greatoL 
than 36 . 

It may be noted that, in a Shannon-Fano Code, the 
representation of the message is effected by identifying the 
process of grouping and sub-grouping necessary to isolate a 



36 

given message from the ensemble of messaes, with the message 
itself. 	Therefore, if the representation of the message is 

not optimum, it also follows that the binary encoding technique 

employed to effect the representation is also not optimum in 

the sense that the total number of elementary operations 

required to encode the message is more than is strictly necessary 
/-The total number of elementary operations is here defined as 

the number of operations per individual decision (for instance, 

the number of sub-groups into which a group is divided, at each 

step of the encoding process) times the total number of decision. 

2.3.3 An Optimum Techniaue for Encoding Messages of 

Unequal Probability 

The concepts developed in the present Section can be made 
tA-0-14A-r-4-4 mesa use of to develop a technique for encodin-z; mossa:- laioeual 

probability into a sequence of symbols hef-gnlaive entropy 
ww-A-tuerr-vA4 	

, 
 

A of nearly unity, satisfying the following two conditions: 

1) the number of elementary operations necessary to encode 
the message is a minimum 	and 

2) the number of simple elements used to represent the 

message is a minimum. 

The coding scheme described below satisfies all these require- 

ments. 	It is a simple modification of the Shhnnon-Fano Code. 

The messages are arranged in order of decreasing -prob- 
ility. 	This ordered series is then divided into three groups 
such that the total probability of each group is nearly the 
same. 	If the message is in the first group, the first ternary,- 

element of the sequence to be used to represent the message, is 

0 ; if the message is in the second group, it is 1 ; if the 

messae is in the third group, it is 2 . 	Each group is than 

sub-divided into three sub-groups of equal total probability, 
as before. 	Depending upon whether the message is in the first, 
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second or third sub-group, the second ternary element of the 

sequence is either 0, 1 or 2 respectively. 	The process of 

sub-division and allotment of succeeding ternary digits is 

repeated until each sub-group contans only one message. 	Now, 

every possible message is represented by a unique sequence of 

ternary elements, the high-probability messages being specifi.3.d 

by short sequences and low-probability messages by long sequenceS. 
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3. Transmission Efficiency of Pulse Code 

Modulation Systems  

We shall next consi• er whether a ternary system, which 

has been shown above to beA or representation of data, is also 

optimum for transmission of information through noisy channels. 

A ternary system requires fewer "simple elements" to 

given amount of information; therefore, hyPotheti-

a given average transmitter power, each element of 

a ternary digit can be assigned more power than the correspond-

ing element of any other system including binary pulse code 

modulation, so that the probability of error in the detection of 

a ternary element due to interference by noise, is less than 

for any other system. 	3ut, on the other hand, the equivocation 

(E) in a ternary or higher order system is more complex than 

in a binary system. 	It now consists of two parts: the first 

part (El) is a measure of the uncertainty involved in estimat-

ing the position of the errors in the received sequence of 

digits, whie the second (E2) provides a measure of the 

uncertainty in estimatin which of the various possible states 

of the wrongly received symbol was actually transmitted. 	The 

latter quantity (E2) is zero for binary systems, but not for 

higher order systems includin the ternary, as shown below: 

Let the received sequence consist of N symbols. 

Let the probability of o given symbol being correctly received 

be a and let 

p = I - q 	...3.1 

Now, the probability of obtaining a sequence containing 

errors mid q correct symbols is 

ND P = D - qNo S ...3.2 

transmit a 

cally, for 
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Average entropy per symbol, (E1), required to locate 

the errors: 

E1 = 1 
— In p nepits 

= - /P In p + q In q_7 	. . . 3 . 3 

Once the position of the error is known, only (b-1) 

alternatives have to be considered since the state of the 

symbol as indicated when received, is known to be wrong. 

Entropy per symbol (E2) required to correct the errors: 

E2   = D In 	(b-1) nepits 

= 0 , for binary PCM 

= p In 2 , for ternary :?CM 

= p In 3 , for cuerternary POM 

.% Total equivocation E 

...3.4 

E 	= E1 + E, 

= Ipien p+qitn 	+ 

The extent to which the improvement in siznal trans-

mission made possible by the availability of more si.7.nal power 

per simple element in a ternary system, is offset by the 

increase in the total equivocation per symbol can be 

determined only by a more quantitative analysis of the nroblem. 

Two possible approaches to the problem are outlined 

in the present Section and in Section 4 respectively. 

The expression 3.4 for E0  is correct only if each of the 
(b-1) possible alternativtsis equally probable. 	This 
condition is not always satisfied. 	A more suitable 
expression for E2  and for the total equivocation (E) is 
derived later. 

N* 	 • 2 • 



40 

3.1 Transmission Efficiency of a 

Communication System 

A auantitativo measure of the performance of a 

communication system is provided by the expres3ion for the 

transmission efficiency of the system, 	It may be defined as 

follows: 

"The transmission efficiency (Ill) of a system of 

communicEtion is the ratio of the rata of transmission 

of information (R) of the given system to the rate of 

transmission of information (CI) of an ideal system as . defined by the modified Hartley Law, (428)  -the bandwidth 
(w) 5  the signal power (I) and the noise power (F) being 

the same in both systems." (29,30,31)  

= R/C, 
...3.6A 

where 
R 	= H(X) - Hy(X) 	...3.63 

C= W L. P+N 1 

	

	 ...3.6C -7--  

H(X)= Entropy of the transmitted sisnalN  

. -4E_ p ( x ) to p(x) 	...3.6D 
x 

H (X)= Equivocation or conditioned entrap 

offq when the received signal [y is 

known. 

= - 	1: P(Y) Py(x) fn Py(x) 
y x 

...3.6E 

It may be noted that R represents the maximum rate 

of transmission of information that is possible if optimum 



coding techniques are employed, rather than the actual rate 

of transmission achieved in simple practical systems. 

The performance of different pulse code modulation 

systems are compared below on the basis of the transmission 

efficiency of the system, with special reference to binary 

and ternary systems. 	The discussion is confined to the study 

of balanced systems, that is, systems in which the extreme 

excursions of the transmitted symbols are symmetrically 

situated about zero. 	It has been shown that a balanced pulse 

code modulation system of any order b , requires less signal 

power than the corresponding unbalanced system having the same 

performance.(14) 

In Sections 3.2 and 3.3 it is assumed that the inter-
fering channel noise has a gaussian distribution of amplitude 

and a flat spectrum, while in Section 3.4 the noise is assumed 

to possess a rectangular amplitude distribution and a flat 

spectrum. 

3.2 Transmission Efficiency of Binary PCM 

In balanced binary pulse code modulation, the amplitude 

of the coded signal can assume either of two values: (+V) or 

	

(-V) units. 	It is convenient to express the signal amplitude 

V in terms of the root mean square value 4.1 of the interfering 

noise, as follows: 

V = as 	. ..3.7 

where 

a is a dimensionless multiplicative constant 

	

T 	, and 

N is the noise power. 

Assuming that the probability of occurrence p(x) of 

the two states at the transmitter are equal, the entropy per 
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second H(x) of the source is 

2 
H(x) = 2 x W .E1 p(x) /'n p(x) 

x,l 

=[7 /en 2] n6pits 7, ;, • • 	• 

To determine the equivocation Hy(X) it is necesm-:— 

to determine the output probability distribution p(y) 	icy 

conditional probability distribution at the receiver- 

p(y) is liven by the relation 

P(y) = i P(x) Px(Y) 	• • • 7_,..9.f 

or, in matrix notation, 

 

Px(Y) 

 

  

that is  

pi(1) pi(2) 

p2(1) p2(2)  P(2)) 

whore 

Px(Y) 

Yluvrix,a4  
Now, white, noise has 

A 
f(x) 

x) =  

is the transpoe,e o 

2 

1 	202  
j2 IL a- 

a symmetrical probability density 

Therefore, 

    

     

     

    

4_1 

    

     

     



f(1) 

it 	s p 	,2),  s 

1 
2 
1 

since 

2 

r + s = 1 

Now, 

P154W1  Py(x) 

1 
11 	2 

1 

2 

...3.12 

4.3 

since 

P1(1)  = P2(2)  = r  

P1(2)  = p2(1) = s  

Also, since p(x) is constant ,  

P(x) Px(Y) = 

 

P(y) 

But p(x). = p(y) , by equation 3.12 

 

Py(x) = Px(Y) 

Consequently, 

  

HY  (X) = Y. p(y) Z pY 
 (x) La p

Y 
 (x) 

Y 	x 

= 2: p(x) 2: px(y) & px(y) 
x 	y 

= HX(Y) 00.3.13 

In a balanced binary system, the de section level is at 



Al' -(x) 	= j27( 

-x2 

e 1 ...3.15B 

zero. (Fig. 3.1). 	Therefore, if the received pulse is 
Positive it is detected as being in state (1), and if negative, 
as being in state (2). 	Hence, 

P1(1)  = P2(2)  

  

-x2 

202  

 

  

1 

  

e dx 

      

J 2 it tr 

 

1 +  
2 ...3.14A 

P1(2)  = P2(1)  

-art` 	 
12a2  ct. A . 	e 

J 
f:K) 

1 - -ir(a)  
2 ...3.14B 

where 
	 +a 

'r(x) dx 	...3.15A 
—cc 

.*. Hy(X) = -2W1 14-*2(a)  1+ *(a) 
 ' 	2

(a)  n  
2  

1- *(a)1 
2 

nepits per second 	...3.16 
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The rate of transmission R 

= 2W n 2 1+ it (a)  1 
2 

1+ T(a) 	1- `1! 
2 
 (a)  itn 	11 

2 
 (a)  

2  

nepits per second ...3.17 

The signal power P of the binary system is 

2 
P = 

	

	x2. p(x) 
x=1 

(a 0.)2 

a2 N 	 ...3.18 

The channel capacity of an ideal system usin: the same 

signal power as the binary system is 

C I 	= W ,gn (l+P/N) 

= W tn (1+a2) nepits per 

second 	...3.19 

The transmission efficiency 11 = R/CI  is plotted as a 

function of the signal to noise ratio ` _ 
	) a2. in 1\7 - 

Fig. 3.2. 

Equation 3.17 has been often mentioned in the literature. 
For instance, in references (29) and (3), it is partially 
derived without givin the full proof. 	It is, however, 
instructive to derive equation 3.17 in detail: this shows 
how the desenerate character of a (2x2) symmetric matrix 
makes binary pulse code modulation unique in certain 
respects. 	For example, it is the only pulse code 
modulation system for which the followin: relations hold: 

H(X) = H(Y) 	(follows from eon. 3.12) 

and 

Hy(X) = Hx(Y) 	eon.3.13 
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3.2.1 Capacity of Binary Systems  

In the determination of the transmission efficiency, 

the expression for R was derived on the assumption that the 
input probability distribution p(x) is the same for the two 

states of the binary symbol. 	It is easily shown that this, 

namely, the eauiprobable, disribution is also the optimum 

input probability distribution for maximum rate of trensmissior 

of information (Appendix 3.1). 	In other words, the expression 
3.17 for R also gives the capaciLy for a binary system. 

It may be noted that this result is a direct conse-

quence of the fact that a binary system which is symmetric, 

also possesses cyclic symmetry. 	In other words, if a binary 

channel is disturbed by noise having a symmetric probability 
distribution, the conditionatprobability matrix /px(y)_7 

possesses both symmetry as well as cyclic symmetry. 	Under 

these conditions, the probability distribution p(x) at the 

input must be an equiprobable one for maximum R . 	This point 

is discussed further in Section 3.3. 

3.3 Transmission Efficiency of Ternary FCM 

In balanced ternary systems, the transmitted signal 

assume any of three values: (+2V), 0 or (-2V) units. 

Assuming that all three states are equally probable, 

p(1) = p(2) = p(3) = 3 
the entropy H(x) is 

H(x) = 2W. La 3 nepits per second ...3.20 
Now 

H(Y) - Hx(Y) 	...3.21 

* 
It is easier to compute 	H(Y)-Hv(Y) rather than 
H(X)-Hv(X) 	since, to determifte Hy(X), it is necessary 
to evaluate not only p(y) but also p (x) from p(x) 
and px(Y) • 
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Here, H(Y) and Hx(Y) are functions of the conditional 

probabilities px(y) which are, in turn, determined by the 

characteristics of the noise as well as the moans of detection. 

employed at the receiver. 	The receiver is assumed to be a 

simple detector which decides that the transmitted signal is 

(1) in state (1) if the received pulse is greater than 

some pre-assigned detection level, Z1= +Z 

(2) in state (2) if the received pulse lies between (+Z) 

and (-Z) 	and 

(3) in state (3) if the pulse is more negative than 

Z2= -Z . 	(Fig. 3.3.) 

It may be noted that the absolute magnitudes of the 

two detection levels, positive and nesative, are the same, 

beinr-4 both equal to Z . 	This must be so for the optimum 

detector since the system is symmetrical, the positive pulses 

of state (1) and the negative pulees of state (3) being of 

equal magnitude and of equal probability of occurrence. 	But 

in contrast to the case of binary systems, where the detection 

level is taken as the middle of the extreme excursions of the 

positive and negative pulses, (namely, the zero voltage level), 

the optimum slicing levels Z for ternary systems are not, in 

:general, situated half way between the excursions for succesiv 

states, namely, +V units with respect to the zero level. 

This is because, when Z=V , 

1) the conditional probability p2(2) for the intermediate 

state is less than the corresponding conditional probabilities 

131(1) and p3(3) for the extreme states (1) and (3), the 

difference becoming very pronounced for small values of signal 

to noise ratio (S/N) 

2) the conditional probabilities p1(3) and p3(1) are 

larLer than the corresponding conditional probabilities 

and p
3
(2) for very low values of (S/N) 	and 

-ID1  (2) 
-  
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3) for small values of s/N , the conditional error 
probabilities p2(1) and p2(3) for state (2) are greater 

than the no-error probability p2(2) . 	Due to the above 

reasons, the output probability p(y=2)ff p'(2) for state (2) 

tends to be less than those for the other two states. 

Consequently, H(Y) tends to be less than what it would be 
if p'(1) 	p'(2) and p'(3) were equal, the difference 

being very marked when (S/N) is small. 

For certain values of (s/N) the effect of (1), (2) and 
(3) in lowering the magnitude of H(Y) and hence of R , can 
be reduced by making Z greater than V. 	For certain other 
values of (S/N) , however, making Z greater than V causes 
HX(Y) to increase faster than H(Y) ; under these conditions 

in general, R is maximum when Z is less than V . 

It is instructive to find out the conditions under 

which Z is greater or less than V . 	This problem can be 
investigated by considering the function 

R7  = RV  +6, R 
	 ...3.22A 

where 

R = Rate of transmission when Z is 

adjusted at the optimum value 

RV = Rate of transmission when Z=V • 

=flii(Y) - Hx(Y)j 
	..,3.22B 
Z=V 

AR = Increment in Rate of transmission 

dZ H(yj -AVLET  . Hx(Y1] 
Z=V 	Z=V 

...3.22C 

= Z - V 	 ...3.22D 
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Since AR has to be positive for maximum R , it is 
easily seen that AV is positive if 

    

d 
717 H(Y)  

Z=V 

- I-FAT  Hx(Y)..1 	> 0 
Z=V 

...3.23A 

 

A V is negative if 

 

   

 

H(Y) dZ 	- Z=V dZ HX(Y) 	< o 
-- z=v 

 

 

If the detection levels are +Z and -Z /  the con-

ditional probabilities px(y) are 

oo 	- x 2 

P1(1) = 
1 

2 0 2  
e dx 

r 
-(211 .4 

- x2  
1 dx , putting z=p e 
2it 

-(2cc-13) 

p1( 2) 

-(2V-Z) 'a 
2
_77  

1 	 e 2 cr  = 
47 0-1 	

dx 

`-(2V+Z) 

 

 

_ -0(2a+0) -4Y(2a-0) 
2 ...3.25B 
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7(2V+Z) -x 2  

----- 
p1(3) = 1 	I 	e 2 a dx ,t it a 

_  iI2a+(3)  ...3.25C 

P2(1) = 

2 
Am" 

Cra.M  
1 e 
2 it cr.) +Z 

1- itI3)  
2 ...3.25D 

P2(2) 

- x 

	

1 	1 dx e 2 cr  

	

V2 	z  

P2(3) .._ 

p3(1) 

p3(2) 

P3(3) 

. 

= 

= 

= 

P2(1) 

P1(3) 
p1(2) 

P1(1) 

, by symmetry 

, 	II 	It 

It 	It 

, 	It 	?I 

...3.25E 

...3.25F 

...3.25G 

...3.25H 
...3.251 

The output probability distribution p(y) is ;iven by 



1 \) 

1 t 
5 i 

5  

(2a+(3)+ (0- *(2a--(3) 
3 

+ 2 1+ (2a-0) 
- 2 12n 

54. 

+ *(2a-(3) 	*(2a-F(3)-* (2a-(3) 	(2a+(3) 
2 	 2 	 2 

* (P) 	14121 
1- 	 (2a+P) *(2a+P) 	(20c-(3) 1+i pa- 01 / 1  

2 	 5 

(2a+13)+ *((3)-I (2a-(3) 
6 

(2a+(3)+ 1(3)- *(20c-13) 
3 

1 	i (2a+(3)+ *( 0- i (2a-(3) 
k,2 	6 

...3.26 

Substituting the above values for p(y) and px(y) in 
equation 3.21, we get, after simplification, 

R.2w L2 T 1(2a+(3)+ *co-* (2a-135.1P 	- T(2a+0)+*(13)-4(2a-13.-i] 

L 	 6 	 6 

+ 2 r (2a-FP)- T(2a-13) 
2 

+ 2[ 1-* (2a+(3) 
2 

*(2a+()+ 1 ((3)- *(2a-p)/ 
3: 

1+ * (2a-(3) 
2 

1 * (2a+0)- 1 (2x-13)  
2 

1- * (2a+3)  
2 

n 

± 	L.f)
5 	

n 
1 2 	-I 

olitPfs-( 
Fl 

1-:(13)  
2 

nepits per sec. ...3.27 
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R is maximum when Z is adjusted at the optimum value; this 

value for Z is determined by the relation 

dR 
dz = 0 	 .3.28A 

if e • 	
- z /-1 + En p(y)2 	p(y) 

x 	y 
	+Pv 

P 
n Px(Y)_7 d z Px(Y) = 0 ...3.28 

Equation 3.28 is an integro-differential equation involving 

the determination of the limits of integration of the probabil- 
ity integral17 , as a function of Z . 	An approximate method 

of solution of the equation is presented in Ap2endix 3.2.. The 

results obtained are plotted in Fig. 

For a given value of signal-to-noise ratio S/N 
equation 3.28 is satisfied by more than one value of Z = Zio  

thereby indicating the existence of more than one local maxima 

:Z1‘ . 	The true optimum value of Z = Zopt is obtained by 

evaluating R for the various values of Zn  and choosing that 

value of ZA  for which R attains a unique maximum numerical 
value, max. 

Applying the above procedure to the determination of 

Zopt and Rmax , for V = 0.4 °, it is seen that 

Zopt= .560" (approximately) 1  

R 	= .2958 nepits per second max 

Comparing the above results with the value of 

R = .2872 nepits per second 

corresponding to 

V = .4cr 

) 
) 
) 

...3.29A 

...3.29B 
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it is seen that proper choice of the detection level Z 

increases the rate of transmission R in this instance, by 
approximately 3%. 

The average signal Power required to transmit a 
ternary symbol is 

3  
p  = ;› 	.2 p(xi)  

i=1 xl  

/ -472  + 0 + 4V2_7 

(2.667m2)cr2  ...3.30 

The channel capacity of an ideal system using the 
same signal power is 

C= 	W 	
1+(2•667a2) cr 2  I 

= W en /-1+2.667a2 7 nepits 
per second ...3.31 

The transmission efficiency 'Y=.- R/0, is plotted 
against signal to noise ratio S/N in Fi. 3.2.. 

If the detection levels are chosen as +1Zi= ±11/1 
the expressions for px(y) , p(y) and R become considerably 
simpler. They are now srAV'en by 

     

 

1+ f (a) 	* (3tic). `kW 	1— V_3a)  
2 

1- T (00 	
f (a) 	2 

1- f (a)  
2  

1-T2(3a)  f (3«.)42-1 (a) 	1+ t(a)  

  

11 Px(Y)I1 

 

..3.32 
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3-12  (3a)  
6 

*(300  
3 

3- *(3a) 
6 

...3.33 

 

 

  

and 

lt,bz_vr2f2P- 'IPaj en.  P-  6(3a)l  

Cfr 3a),Ten 	 

• 2 • {1+*21 	f(spt]  g 	(3002—  If  (0j4 l! (3c)2-*(a7  

2 [1- 1/2 	2 	2 	2 (34 	1/(34, 	ir( aj  1,  [1 -* (o3 
• 3 

+ 1[ 1/(a)] 	bg-  (a] nepits per second 	...3.34 * 

The magnitude of z=v 
S/N in Fig. 3.2.. 

) is plotted against 

3.3.1 Capacity of a Ternary System 

In contrast to the case of binary systems, the 

expression for the rate of transmission R for a ternary 

system as given by equation 3.27 does not represent the 
capacity of a ternary system. 	This is because the eaui-
probable distribution assumed at the input for the various 

states of the ternary symbol, does not maximise the rate of 
transmission R . 	An eauiprobable distribution is the 

optimum distribution for the input symbols only if the 

A different, but numerically equivalent expression has been 
derived in a recent publication (Ref. 29), in a slightly 
different manner. 
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conditional probability matrix /-px -7 (y) possesskcyclic 
symmetry, that iss  only if 

 

P i(j) = pi,1(j+1)- 

 

Pi_00_1(j-00-1) • • •33F, 

where 

 

b is the period of the group so that 

Pi(j)EEPi.03(i+b) 

7 • • • 	• 

Under these conditions, it is easily seen that the expression 
for HX(Y) 

Hx(Y) = 1 p(x) 	px(yjn px(y) 

is completely determined by the characteristics of the noise 
as given by the conditional probabilities px(y) and is no-u 
dependent on the probability distribution p(x) of the input 
sisnal. 	Therefore, the channel capacity C is Eiven by 

C = Max /-H(Y) - Hx(Y) _7 

= MAX /-H(Y)_7 - Hx(Y) 	• • 

which is obtained when p(y) is constant so that 

Hip  ( 

P(Y) = 

But 	^, 

p(y):) = ( px(y)II, p(x) :j 
Therefore 

P(x)H I) Sx,34 P(Y) 
..... 	-1 

' x( i l  	 where 0 Sx13741 = H 	Y)  

11 	if the inverse exists. 

= 
) 15 	 ...3.38 1  1 
( T; J 
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because of equations 3.35 and 3.37, 
as can be easily seen by expanding: 

ilpx(Y)0 	using the Cayley-Ramilton 

theorem, and simplifyin using equations 

3.35 and 3.37. 

But, in a ternary pulse code modula'Gion ch- nell  which 

is assumed to be balanced and is perturbed by white noise ,hied 

has a smooth, symmetric amplitude distribution curve, equation 

5.35 can never be satisfied for finite values of S/N . 	For 

instance, for very low values of S/N , the conditional 

probability matrix is approximately given by 

lipx(Y)11 	= 

where 

l+ks ks 

k6 

k6 

1-3k6 

...3.39 

2 

1-ks 

2 

1-ks 

2 

1-3ks 

2 

1+kc 

2 

k= 

E = 

J1  
V 
a 

When 	< 1 it is easily shown that R can be increased by 

keeping the Probability of transmission of the intermediate 

state (2) to a value much below that for 

In the limiting case where S/N 0 , so 

maximum rate of transmission is obtained 

state (2) at all. 

the other two states, 

that 6-4 0 , the 

by not transmitting 

Equation 3.35 is satisfied for the ternary system only 
when S/N tends to infinity. 	Under these conditions,  
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3.40A 

where f) , i 1 j 
1 	i = j 

...3.40B 

so that 

   

 

ff 
	11 0 0 

Px(3)Ij = 0 1 0 
0 0 1 

  

  

...3.40C 

   

The problem of exact determination of the capacity of 
a ternary channel for finite values of S/N is comp'icated 

and difficult from the point of view of numerical evaluation, 

but very interesting from a theoretical s'Gandpoint. 	Two 

Possible situaAons arise here: in the first case, the 
conditional probabilities px(y) are known, while in the 
second, only certain relationships among the px(y) , and not 

the conditional probabilities themselves, are known. 	Both 
these situations are discussed below, but since the former 

has been studied in detail by Shannon it is only briefly 
mentioned here, 

Case A : If px(y) are known, C is obtained by 
maximising 

	

R = H(Y) - Hx(Y) 	...3.41A 

with respect to p(x) subject to the constraint 

3 

	

p(xi) = 1 	...3.41B 
i=1 

This is equivalent to maximising 

3 
I = H(Y) - HX(Y) + X L_ p(xi) 

i=1 
...3.41C 
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where X is a Lagranian Multiplier. 	This leads, by the 
method of Lagran;e 1  to the system of equations 

r- a 	 3 
77)77)  L,H(Y)-Hx(Y)+ X ;S: P(xi) 

1=1 
= 0, i = 1,2,3. 

...3.42 

After a certain amount of manipulation, equations 3.42 yield 

the following transcendental equations for p(xi) : 

3 	3 3 
2E-s. .+  	S. .pi( )/yin 
1=1 1° i=1 j=1 1° 1  a 

3  
p(x )_? s 

i j=1 ij 	= 1,2,3 

where 	3 	1 
r 

C = - 	pi(,j) A.ni 	Pi(j)  ›.--. 
j=1 	3 

77.1D(i)Pi(j) 
i=1 

Pi(j) 

...3.4aA 

...3.43B 

 

-1 

  

= pi(J) 

 

, if the inverse exists ...3.43C 

    

Case B  : To appreciate the significance of the 
second case, it must be realized that channel capacity, as 

defined by Shannon, is a variational quantity that is maximised 

with respect to the input probability distribution p(x) , 
when px(y) are known. 	But in any practical system, px(y) 

are determined by the characteristics of the perturbing noise 

as well as the method of detection employed at the receiver. 
However 

\ , as indicated in Section 3.3, the optimum detection levels 
(z) at the receiver for maximum R, and therefore the condition- 
al probabilities px(y) 	are 	themselves functions 

of p(x) - which is sought to be adjusted to maximise R - 

* 
Equations 3.43 are directly adapted from Shannon's general 
result (Ref.4). 



63 

since R is a function of p(x) . 	It is thus seen that to 

maximise R to get - , it is not enough to optimise the 

Probability distribution p(x) , since this wooAd only 

optimise the system with respect to a receiving system which 

may (for example, a binary system) or may not (for instance, 

a ternary system) Ail'optimum with respect to bhe newly 

adjusted values of p(x) . 	To obtain C , it is necessary to 

optimise the system with respect to not only p(x) but also 

the variable or adjustable aspect of the receiver: for a 

ternary system, the receiver may be considered to be specified 

by a function, say, f(Z) where Z represents the variable 

aspect, namely, the magnitude of the detection level and f 

stands for the invariant aspect of the receiver. 	Optiziising 

the receiver is, however, equivalent to optimising the con-

ditional probabilities px(y) subject to certain constraints 

specified by the inter-relationships that exist amon:,; the 

px(y) due to the invariance of the functional form f of the 

receiver f(x) and of the channel noise 1 

It is therefore necessary to modify the functional 
ecluation 3.41C for the determination of the capacity of a 

ternary system. 	The function to be maximised now is 

	

3 	3 	3 
H(Y)-Hx(Y)+X >  p(x)+ r ›- Px=r(Y) 	...3.44A  

x=1 r=1 y=1 

where 

	

X , 111 	2 	3 	re Lazransian multipliers 

and the enuations of constraint are 

3 
P(x) = 1 	 ...3.44B 

x=1 

3  
	 D

x-
_
r 
(Y) = 1 	r = 1,2,3 ...3.440 

y-1  

Constraints due to the receiver are introduced later. 
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Differentiating I partially with respect to p(x) and 
px(y) and equating to zero, :Yields m = 3+32= 12 equations: 

wilore 

31 
ank  Qk ° 

k = 1,2, 	...3.45 

qk = p(x=k) 

Px=1(Y=j)  

= Px= 2.( Y=i 

k< 3, 

x 3 

j = 1,2,3 

2x3 <'„k < 32  

j = 1,2,3 

32<11, 32+ 3 

j = 1,2,3 

 

 

= px,3(3r=j) 

...3.45B 

These m equations 3.45 to ether with equations 3./MB,C 

compromise (m+4) equations in the (m+4) unknowns X 

11  11 	p(x) and Dx(y) 	If X u l' 	2' 	3' 	 ' -1' 1'2'1'3 
eliminated p(x) and px(y) can be determined. 

, 
Since there are m(=12) independent equations0.45' 

and four equations of constraint (3.4431 C), this system of 

equations possess (m-4)=8 de_rees of freedom. 	This does not 

correspond to the actual conditions of operation of the s:y. stelr 

as there are additional constraints imposed upon the px(y) 

by the characteristics of the receiver; in fact, the actual 

number of degrees of freedom among the py(y) , for a siven 

channel, is the same as the number of detection levels (7.) to 
be determined at the receiver. 	Therefore, for a general 

ternary system, which may or may not be balanced, there are 

two degrees of freedom with respect to the p(x) and an 

additional two degrees of freedom with resect to the Px(Y) • 
Therefore, to reduce the number of degrees of freedom of the 

are 
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system of equations mentioned above from (8) to (4), it is 

necessary to introduce 4 additional equations of constraint. 

This can be done by formulating expressions connecting any 

two independent conditional probabilities, say 131(1) and 

p1(2) , to the four other independent conditional probabilities 

p2(1) , p2(2) 	p3(1) and p3(2) , 	/—it may be noted that 

the other conditional probabilities p1(3) , p2(3) and 

p3(3) are not independent since they are related to the rest 

of the px(y) through equations 3.44C_7 . 	In general, these 

equations can be formulated as follows: 

, q2 

 

qm) = 0 

 

	

ql 7  q2 7 	gm) = 0 	 ...3.46 

Equation 3.44A has to be modified to take into account these 

additional constraints. 	This can be done as shown below: 

The variational equations which follow from 3.46 are 

first formed: 

a I 	aI 	 a 

	

1 	1 	1 

	

8  q2  	a q bqm = 0 a  ql 
8 q

1 
 + 

	

aq2 	m 

a35 	
a 14 

	

4 	4 	
8  q2 	 ql + 

	

a cal 	a q2 	qm 8 qm  = 0 

...3.47 

where >\'qk  is the first variation of qk  . These equations 

are multiplied by the Lagrangian multipliersi)1 ' -))2 ' 3 
and i)4  respectively, integrated over the interval of 

variation and then added to equations 3.45.. 	m modified 

equations are now obtainedi 
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(-I 	a I 	aI 	a 4 = 0 
l 

)) 	 ',0 
'51 = gl+  1 	+ j'.

\-) 
 2 77

2 
  + 	+ 

a  ql

1 	

q 	4 a  ql 

k — -k+ 	
± 

1 a qk 	2 d 
1 9  2 

	

 	4 a qk4 = 0 

+)) aTi m= -m 1 ---± + )", al  + 	 aqm 	
a q 

 

a 
4 

— -m 
0 	...3.48 

These m equations together with equations 3.1iJiB,C and 
3.46 comprise (m+8) equations in the (m+8) unknowns X. 

'11"-->. 1/4  ' 1 	4 ' p(x) and px(y). 	If X 	1/1 	114 
))1_,1) 4  are eliminated, p(x) and px(y) can be determined 
and hence the channel capacity C . 

The procedure given above for maximising R by 
adjusting p(x) and px(y) such that the transmitter, the 
channel and the receiver are all simultaneously matched to 

each other, can be easily extended to higher order systems 

such as the quarternary and others. 

Summing up, it may be mentioned that the modification 

outlined above of the original definition of channel capacity 

is essential if the concept of capacity is to provIde a valid 

criterion for the comparison of the performance of communi-

cation systems for which the conditional probabilities are not 

invariant, but are defined in terms of the channel noise and 

the adjustable parameters of the receiver. 

3.3.2 Comparison of Binary and Ternary Systems 

It can be seen from Fig. 3.3. that at signal-to-noise 

ratios greater than about -30 db, ternary pulse code 

modulation is always more efficient than tile binary system. 

A 	a 	ab 	aff 
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/ Study of curve C , which corresponds to the use of 

optimum detection levels at the receiver, indicates that this 

lower limit of -30 db can be decreased further by using the 

optimum receiver_7. 	The maximum efficiency of the ternary 

ssGem is approximately 83.4% while that of the binary system 
is only about 75% to 76% . 	For high signal-to-noise ratios 

of the order of 15 db or greater, the difference in the 

efficiencies of the two systems varies from about 15% to 
about 24% . 	On the other hand, when the signal-to-noise ratio 

is very low, say, less than -3C db, the binary system is more 

efficient. 	This can be accounted for by the fact that, 

under these conditions, R is maximum when the probability 

of occurrence p(2) of the intermediate state (2) is less 

than that for the other two states - not equal to, as assumed 

in the derivation of R (Section 3.3.1). 	The extent to 

which the efficiency of the ternary system can be made to 

approach (or probably exceed) that of the binary system by 

adjusting the initial probabilities p(x) , was not investi-

gated due to the complexity of the numerical computations 

involved. 

3.4 Evaluation  of Efficiency when Noise is not  

Gaussian 

It is instructive to study the performance of pulse 

code modulation systems when the perturbing noise is not 

gaussian. 	In the present Section, the transmission efficiency 

of a binary system perturbed by peak-limited noise having a 

rectangular amplitude distribution 0(x) and a flat spectrum, 

is evaluated. 	It is assumed that the average signal power 

(P), the average noise power (N) and the bandwidth (W) of the 

system are the same as for that dealt with in Section 3.2.. 

The probability density function 0(x) of the noise 



1 2a 
0(x) dx =( 1 

0 ...3.49 

is given by 
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whore 	is the maximum amplitude of the noise. 

The avera:e noise power No  

+a 

No  = 	x2  0(x) dx 
-a 

a2 T. units ...3.50A 

is eaual to the gaussian noise power N if 

a = /3 1 	 ...3.50B 

The rate of transmission R is obtained by substitut- 
ing (a) for (a) in equation 3.17, where 

+acr 

") = J 	0(x) dx 

T 	v 

1v :7> a , 

-a\ 

...3.51 

The channel capacity of an ideal system usin. the 
same signal powor P 

P= (ag-)2 
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as the binary system is 

CI = W log (1+ 

 

...3.52A 

 

where 

N' is the entropy power of the noise 

27 e 	 ...3.523 

where 

Since 

H' = entropy of the noise 

+.N) 

H' = 	0(x) loge  0(x) dx 
_oo 

1 	e  2H' 

Lri (12(12) 

6 2 N' 

Therefore 

CI =a2) 
6 - 

7r e 

...3.54 

The transmission efficiency /1 = 	is plotted against C 
7 	 I S in Fig. 3.4. 

It can be seen from Fi. 3.4 that there exists a 

sharply defined critical region where the transmission 

efficiency of the system is very high - hiPdaer than that for 

the corresponding binary system perturbed by gaussian noise. 

The S/N ratio corresponding to the peak of the curve is the 

same as that for which the equivocation falls to zero. 	The 

curve falls away rapidly for values of S/N ratio different 

from this value, the corresponding transmission efficiencies 

being much less than in the case of ,;gaussian noise. 

It is significant that the magnitude of the maximum 

efficiency is the same as that for the ternary system 

perturbed by ,aussian noise. 
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4. Eouivocation in Binary and Ternary 

Pulse Code Modulation Systems 

The rate of transmission R through a noisy channel 

is always less than the source entropy H(x). 	For a given 

source, the ratio175-c)  , which may be called normalized rate 

of transmission, Rnorm  , provides a quantitative measure of 

the ability of the system to fight noise. 

When 77)  is very nearly unity, it may be useful to 

consider the compliment of -7--Hoc)  namely 

H (X) 
1 - 	= 	 ...4.1 

H(x) 	H(X) 

H (X) 

H(X) 
may be called the normalized equivocation, Hy(X)norm  

of the system. 

The normalized equivocation of binary as well as of 

ternary PCM is plotted against signal to noise ratio in 

Fig. 4.1. 

It is evident from Fig. 4.1 that the normalized 

equivocation for binary systems is always less than that for 

ternary, for the same signal to noise ratio. 	The significance 

of this is not that binary PCM is better than ternary, but 

that pulse code modulation is such that it offers more 

immunity from noise to the transmitted symbols if these are 

coded to a binary rather than to a ternary base. The reason 

why a ternary system is more efficient than the binary despite 

this handicap is, of course, that a ternary symbol carries 

more information per state as shown in Section 2. 

It may be noted that the concept of normalized 

eouivocation is more limited in its application than the 

concept of transmission efficiency. 	While the latter 
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provides a criterion for the assessment of the relative 

performance of all communication systems, the former is 

most useful in assessing to what extent the system of 

modulation used (for instance, 	PCM) for communication 

is adapted to the type of symbols used (for example, binary, 

ternary or quarternary symbols for transmission. 
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5. Signal to False-Pulse-Noise Ratio 

in a Ternary System 

To achieve the rate of transmission R as evaluated 

in the previous Sections, not only very long - theoretically, 

infinitely long - processing delays will have to be tolerated 

both during coding, before transmission as well as during 

decoding, after reception, but it would also be necessary to 

use extremely complex instrumentation to narform the coding 

and decoding operations. 	It is obvious that a simple, 

practical system in which the coding delay is no more than is 

necessary to code a single sample of the primary sinall  can 

never achieve this rate. 	While it is difficult to derive 

an Exact expression for the rate of transmission of such a 

system, it is nevertheless possible to define and to evaluate 

an alternative measure of the performance of the system. 	In 

the present Section, the relevant measure is taken to be the 

signal to false-pulse-noise ratio of the system. 

Techniques of symbolic (or Blissard) calculus(32-35)  

are made use of in derivations given. below, of the signal to 

noise ratio of the ternary channel. 

5.1 Signal to Noise Ratio for a Code Group  

Consisting of one Digit  

Let symbol x(i) be transmitted and symbol y(j) be 

received, so that the error 6 is given by 

E = x(i) 	y(j) 	...5.1 

Since x(i) and y(j) can each assume either of the three 

values + h, 0, -h units s can assume any of the five values: 

0, +h, +2h units. 	Let the probabilities that 6 is 0, 'hi 

and 1 2h/ be 
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Pr(c = 0) = a 

Pr(e = 	= Pr(s = -h)+Er(s = +h) 
. 

Pr(c =1210 = Pr(c = -2h)+Pr(s = +2h) 
y 

Let the events y0,  yl, y2  correspond to the situations 

s = 0 	s 01; , and s = 1213. respectively. 

In a statistical sense, the amplitude of the received 

signal may be considered to be undiminished and of mavaitude 

unity, if e = 0 . 	This is equivalent to the statement that 

the ev,:nt y0  makes a contribution of magnitude plus unity 

to the amplitude of the received signal. 	Similarly, the 

events yl  and y2  contribute (-1) unit and (-2) units 

respectively to the signal amplitude. 

The probability generating function GP  of the 

amplitude of the received signal is now given by 

Gp  = 	cpctYo  +ptYl  +ytY2_7 
+1 	-1 	-2 

=/-at +pt +yt _7 

putting y0  = 1, yl  = -1 and y2  = -2 

The received signal power So  and noise power N0  
can be calculated from the first and second moments of the 

probability density function of the amplitude. 	But, it is 

easier to obtain these moments by making use of the moment 

generating function Gm  which can be derived from Gp  by 

substitutin-  ea  for t 

GM  =Ea e
a+p e-a+ eI 
	

...5.4 

Expanding Gm  in powers of a , 

...5.3 
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Gm = a rl + a + 21  a2  + a313 +... 

	

2 	3  

+ ° Ll  - a + 
	- 1 	31- +. '' 

+ y Gi - 2a+ 4a2 8a3 ! _ 	2! 	3 +"' 

an a2 = m + m --r + m„... 	+ 	m_ -T +... 0 	l' L. 	e 7T 	-4-  Li.  n. 
.00505 

where m0  ml 	m2,..mn,... are the moments of the 

distribution of order 0, 1, 2,....n,....respectively. 

Eouating coefficients, 

mo  = a + p 	1 	...5.6A 

m1 	(a - P - 2y) 

= (1 - 2(3 - 3y) 	...5.6B 

m2 = (a + p + 4y) 

= (1 + 3Y) 	 ...5.60 

ml  gives the mean value of the amplitude of the 

received signal while m2  gives the total received power. 

The average noise power No  is equal to the mean square value 
of the fluctuations of the received signal about the mean 
value m1 and is therefore given by the second central 
moment 112  : 

where 

N0 = 112 	 ...5.7 

1/2  = m2 - ml 
2 

= (1 4.3y)-(1 - 2 - 3y)2  

4p (1-(3)+ 9y (1-y)-12Py 	...5.7A 

Since the total received power is m2 , the received signal 
power is 

S0  = m - N0  = 2 0 
= m1

2 
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The signal to false-pulse-noise ratio So/No  of a 

pulse code modulation system using a single ternary digit 

per sample of signal is therefore 

So 	m1
2 

N0 	112 

 

1=2O -3Y)- 
-y) -12Pry ...5.9 

 

If the channel is perturbed by gaussian white noise, 

and the two detection levels are chosen midway between zero 

and the extreme positive and negative excursions respectively 

of the transmitted signal, as discussed in Section 3.3, then 

	

a = 	LP1(1) 	p2(2) 	p3(3)7 

= L1 + 2TF(V)_7 

	

13 
 = 	

L131(2) 	P2(3)7 

	

= 	-1--1M(3V) - 21-(V)2 

	

Y = 	/-pi(3)7 

/-1 --11.7(3v)_7 ...5.10. 

where 

(v) = 1 
-7  C 

+V x2 ____7  

e 	dx 

-V 

The signal to false-pulse noise ratio So/No  of a 

ternary channel operatin under these conditions, is plotted 

as a function of the signal to channel noise ratio S/N 

in Fig. 5.1. 	For purposes of comparative study of the two 
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Footnote to Fig. 5.1  

As the channel signal to noise ratio S/N  falls from 
infinity to the value 0.42, the mean value (m1) of the 
amplitude of the signal in the reoeiver output falls from unity 
to zero. 	If the ohannel signal to noise falls further, below 
this critical value, the mean value ml  of the received signal , 
amplitude beoomes negative. 	In the statistical sense in which 
ml  is used in the present context, a negative value of m1  can 
only be interpreted as indicating the absence of any signal at, 
all in the receiver output. 	In other words, for values of 
ohannel signal to noise ratio S/N  less than 0.42, the signal 
to false pulse —noise ratio of the system may be considered to 
be equal to zero. 	Under these conditions, the system may be 
considered to be acting as a souroe of pure noise with output 
power given by 	

"Ytv N = 7)1/1 	z  
17,  3 7  

It is, therefore, obvious that the part designated Bi  of the 
signal to false—pulse—noise ratio (So/ND) versus the channel 
signal to noise ratio (S/N) curve (Figs.5.1) does not correctly 
represent the true signal to noise ratio of the system. 

The output signal power So  and the false—pulse—noise 
power No  of the ternary system are plotted separat4 in fig.5.1A; 
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systems, the signal to false-pulse ratio (S
o/No)Bin ary of a 

binary channel operating under the same conditions, using 

the same signal power S as the ternary system, is also 

plotted in Fig. 5.1 using the formula(31,36) 

1 
(So/No)Binery = 4rs 	1  

where 
1 r 	7  L 1)1(1) + p2(2)_7 

1 s = 7 	121(2) + p2(l)_7 
fit e 	/.. o ect ate 	s 1131-e 	5)  

It may be noted that while both curves exhibit \the threshold 

effect for the ternary channel occurs at a higher signal to 
channel noise ratio S/N then for the corresponding binary. 

Also, for all values of S/N , the output signal to noise ratio 
So  /No  is higher for the binary system. 

5.1.1 Anomalous Behaviour of  So  /No  for 

Low Values of S/N 

It is evident from equation 5.9 that So/No  becomes 
zero when the mean signal amplitude ml  at the receiver is 
zero. 	The important point to note here is that ml  becomes 

zero before the signal to channel noise ratio S/N approaches 
zero. 	For instence, So/No  becomes identically equal to zero 
when 

a = 0.54 , p = 0.38 , y = 0.08 
corresponding to the non-zero, finite value of S/N = 0.42. 

/It may be noted that 

a = 13.y. 	when S/N = 0_7 

• 
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The reason for this anomalous behaviour is that a y error 

(that is, an error corresponding to event y2) contributes. four• 

times as much power at the output as thearents y0  or yl • 

A closer study of equation 5.9 or, alternatively, of 
Fig. 5.1, further reveals that S0/N0  increases from zero to 

a finite value (0.29) as S/N decreases further to zero. 

For values of S/N in this rane (0 to 0.42) it is obvious 

that S0  /N0  , as given by equation 5.9, does not represent 
the true si:Jial to noise ratio of the system. 	m1 is negative 

in this range and, in the statistical sense in which m1 is 

used in the present context, a negative value of ml  can 

possibly be interpreted only as indicating the absence of 

any sinal in the receiver output. 	A ternary system operating 

in this range of values of S/N may be considered to be acting 

as a pure noise ?,enerator of output power 

m2 = 1 + 3y 

The ternary system under discussion (Section 5.1) can 

therefore be profitably used to transmit a signal only if 

S/N is greater than a fixed, finite, value. 	It is instruct-

ive to find out whether it is possible to extend the range of 

values of S/N for which m1 'is finite and positive. 	Since 

it is the presence of y errors which causes ml  to take on 

negative values, it is immediately obvious that any scheme 

for extending the working range of a ternary system would 

involve techniquesibr decreasing the probability of occurrence 

of y errors. 	Two methods present themselves: 

1. Completely suppressing the transmission of the inter-

mediate state (state 2) so that y errors cannot occur. 

ml  = (1-2P) is now non-negative since p is never greater 

than 0.5. The system is, however, no longer ternaryr.it is 

binary: 

2. Reducing the probability of occurrence, p(1)=p(3)=p 2 
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of the extreme states, namely, state 1 and state 3. 	If the 

amplitude (2V) of the transmitted signal is made sufficiently 

large, the conditional probabilities pi(j) , i 	j , will be 

low enough to ensure that 

m1= (1 - 2p - 3'0> 0 

For a given value of S/N or, in other words, for a given 
transmitter power S, the signal amplitude (2V) can always be 

chosen as large as desired by making p(1) correspondingly 

small according to the relation 

8V2  
p(1Y:, S  ...5.11 

If the signal amplitude is chosen to be too large, however, 

o(1) and p(3) become much smaller than p(2) so that the 

source entropy H(x) and therefore the rate of transmission 

of information, become very low. 	Therefore V must not be 

chosen to be any larger than is necessary to ensure that ml  

is positive and (m12 / 112) is eaual to the desired signal 

to false-pulse noise ratio So/No  . 

The magnitude of incidence of y errors can be 

reduced by adopting the above technique at the transmitting 

end of the channel. 	The signal to false-pulse noise ratio 

S0  /N0  obtained by this means can be further improved by 

using a more refined detection procedure at thereceiver, than 

the simple one discussed in the present Section. 	Such an 

optimum detection procedure for ternary signals is given in 

Section 5.3. 

5.2 Signal to Noise Ratio for a Code Group 

Consisting of n Digits  

Let 2A
0  be the peak to peak amplitude of the 

unquantized signal. 	Assuming that the quantization is 

uniform and that n ternary digits al  a2  ----an  are used 



= A (1 - 	) 0 	3n 

Let 

transmission 

occurrence of 
kth digit are 

contributions 

of the sip.nal 

and -4A0/3k 

generating 
digit is 

function 

the average signal power E'lc used for the 

of the kth  digit be such that the probability 

ak, IBk  and yk  respectively 

of (y0)k, (yl)k  and 

reconstructed at the 

respectively. 	Therefore, the 

the events 

(G)k  

(Yo)k 

of the contribution 

7  (yi)k  and (y2)k  

(Y2)k 
receiver 

to the amplitude 

are 2A0/3k,-2A0/3k 
probability 

due to the 

. The 

for the 

relative 

of 

to represent the original signal, the maximum amplitude A of 

the quantized signal in either direction, positive or negative, 

is 

A = 2A0  (71  + 1  -0  + .) 	3- 

2A0  (4 -1-,) 
2.3" 

 

+ 3n) 

 

...5.12 

The first digit is the most significant, the relative 

contribution of the kth  digit being inversely proportional 

to 3k  . 

2A0 	2A0 	4A0  
3
k 	- 

3
k 

(GE)k  = (ak. t 	+ (3k. t 	+ yk. t ...5.13 

The probability generating function of the received signal 

amplitude as given by the weighted sum of the contributions 

due to the various digits, is, therefore, 

n 	2A0 
7E 

G (t) = —Mak. t 3  + 

k=1 

2A0  
k 

t 3  + y • • k• 

4A0 1 

k 
t 3  ...5.14 

the coefficient of tY in the continued product giving the 
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probability of the amplitude of the received signal being 

equal to y . 	It is possible, thouh rather tedious, to 

obtain the moments of this compound distribution End, from 

those, the relative magnitudes of the signal and the noise 

power in the receiver output, using the moment generating 

function G (a) 

n ( 	2A0 	2A0 	X4A0  ? 
a.-7 	a-3  

i 

	a-v 	- a —.-k  ‘ 
G (a) = 	! ',ak' e 3 	+ Pk'e 

k=1  

in a manner essentially similar to that used in Section 5.1. 

A more elegant method, however, both from the point of view 

of ease of computation s well as of obtaining a physical 

picture of the processes involved, is to make use of the 

cumulant generating function of the distribution as shown 

below. 

The cumulEnt venerating function GC(a) 

GC  (a) 	a2 	a3 an = Cl  a + C2 	+ c 	+ ----+ C —T  3 	n n. ...5.16 

where Cl  , C2  , ----Cn  are cumulants of order 

---n respectively)of the amplitude of the 

received signal is given by the relation(32)  

GC(a) = 	Gm(a) 

The moments m1 m2 --- mn and the correspnding cumulants 

c1 c2 --- cn are related as follows: 

mn = An(1; c1, c2, 	 cn) 
	...5.18A 

cn = An(f; ml, m2, 	, ran) 
	...5.18B 

where An  (f; gil  g2, 	 , gn) are  

1k* 	3 	( ...5.15 

...5.17 
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Bell Dolynomicls(35) derived from the generating function 

A(t)-Er f /g(t)" 

eag(t) 
	 ...5.19 

so that 

Al  (f; 

A2  (f; gi, 

A3 (f;  g1, 

= fl 61 

g2)  = fl 62+ f2g12  

g2, g3)  = fl 62+3f2 g1  g2+ f3 g1
2 
 

An  (f; gl' g2' ---- gn) 
le-ag(d " [c1,11,. 

dt 

where 

fl  

fn 

f /-g(t)_7 

do  f /-g(t) 7 

1)n-'1(n 1)!  

dgn  

...5.21 

gl = at g(t)  

n d g(t) gn = dtn 
...5.22 

Now, cumulants possess the interesting property that when 



2A0 (1 
(ml)k - 

3
k 	2(3k 	3Yk)  

2 41 

(m2)k = 
3
2k (i 	'Yk) 

...5.23 

...5.24 

2 4A0  

32k 
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independent systems are compounded, the rth cumulant Cr of 

the compound system is given by the sum ) (Cr)14-(Cr)2+--+(C 

of the rth cumulants of the separate systems. 	Since the 

latter can be easily calculated from the corresponding 

moments, the cumulants of the compound system are easily 

determined. 

Now, the moments m. and m2 of the distribution 

of the received signal amplitude due to the kth  digit, are 

from equations 5.4, 5.5 and 5.15. 	The corresponding 

cumulants (c 1)k  and (c2)k   are, therefore, given by 

(ci)k  = (mi)k  

2A0  =
3' 

(1 - 2Pk  - 3yk) 

(c2)
k = (m2)i1 (ml)2 

...5.25 

r4Pk(1-Pk)+9yk(1-yk)-12Pkyk  7 ...5.26 

from eruptions 5.18B and 5.20 

The cumulants C1  and C2  of the compound system 

(that is, of the probability distribution of the total 

amplitude of the received signal) are now given by 

2An 0 Cl  = // 	(1 - 2Pk  — 
k=1 
n 

4A 2  C2 = —— /_4Pk(1-Pk)+9yk(1-yk)-12(3kyk_7 

3Yk) 

k=1 3  

...5.27 

...5.28 
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If it is assumed that a , 3 and y are the same for all 
the n digits, then 

n 
C1 = 	(ci)k  

k=1 	n 

= (1-2P-3y) 
k=1 

   

   

1 = A0(1 	) (1 - 2p - 3y) ...5.29 
n 

C2 = 	(c2)k  

   

k=1 	 2 4A0  
= /-4P(1-0+9y(1-y)-1213y_7 Z--

3 
 2k 

k=1 

1 = 7 A02  (1- 12'n  ) /-4P(1-13)+9Y(1-y)-12Py_7 ...5.3o 
3 - 

From eauations 5.18A, 5.20 and 5.22, it is easily seen 
that the moments 1111 and M2 of the compound distribution 
are 

1V11 = Cl 
1412 = 01

2 + C2 
	 .5.31 

so that tile central moment 112  is 

112 = M2 - M1
2  

= C2 	 ...5.31A 

Therefore, the output signal to false-pulse noise 
ratio (S0  /N0  ) of the compound ternary system is 
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So 	M 2 

N0 	112 
A02(1- 1 2 -7- (1-2P-3y)2 3n) 

	

A0 	1 - 

	

2 	(1 	,' 413(1 -P)+9y(1 -y) -12Py7 
3

/1 

2(1 -- 1/311 - 213 - 3y)2  
(1+ 1-) /7p(14 )+9y(1-y)-120Y_7 

3n  — 

...5.32 

5.2.1  Maximization of S0/N0  of an n-di- it 
Ternary System  

The r,:,:ctive contribution of the kth  digit to the 
total noise power N0  at the receiver is given by the ratio 

( (No )k 	c2)k 
N0 	2 

4A02 11 A02  
= 
3
2k / ! 2 (1  - 

3
--27)  

8 

  

...5.33 
3
2k
(1 - 

  

   

assuming that the probability coefficients ak, 	 and 1k 
are invariant with respect to k . 

2 

The ratio of 
a function of k . 

(C2) 2 is plotted in Fis. 5.2 as 

It may be seen from Fig. 5.2 that approximately 98% 
of the total noise power is caused by wrong interpretation of 
the first two digits. 	It was, however, shown in Section 5.1 
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Relative Oontribution to Total 
Error Power from the Various digits 
in a Code Group of n digits, 
(is assumed to be greater than 6) 

5 1 	2 	3 	4 
POSITION OF DICIT IN CODE GROUP: k  

0.11. Jr 

0.0001 	  

1.00 
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ti
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0.03.- 

FIG. 5.2  

0.001. 



- 1- 2A0 	

2 
Li 

k=1 
___ 77  (1-2Pk-3Yk5] 

4A 2 	 -1 
/ 	k 	 4Pk( 1-13k)+9yk(1-yk)-12Pkyld 

3  

I = 
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that when the system is operating over the threshold, a very 

slight increase in the transmitted signal power S causes the 

output signal to noise ratio S0/N0  to increase exponentially 

with5(Fig. 5.1). 	Therefore, it is reasonable to expect an 

increase in S0  /N0  for the same value of channel signal to 

noise ratio S/N , if the amounts of signal power Pk  allotted 

to the various digits are re-distributed such that the more 

significant digits, such as the first and the second, are 

allotted proportionate] more power than the less significant. 

Assuming that the amplitude of the k
th 

digit is (2Vk) and 

that all the three states of the digit are equally probable, 

the output signal to noise ratio So/No  is maximum if Vk  
and, therefore, the corresponding eck, Pk  and yk  are chosen. 

such that the function I defined below, is maximum: 

...5.34 

where 

is a licqrangian multiplier, 
n 
N 

S =/. Pk 
k=1 

n 	3 

= / 	P(i) (2Vk)i
2 
 

k=1 i=1 

n 

= 

k=1 

I is maximum if 

I = 0 -oVk  

Pk  and yk  being  

, since p(i) 

k = 1, 2, ----n 

functions of Vk . 

8, 2 
5 Vk 

1 
3. 

...5.35 
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5.3 Detection of.  Ternary Signals in the  

Presence of Noise  

Let the probability of trJnsmission p(i) of state i 

(i = 1, 2, 3) of the ternary symbol be assumed to be known. 

If the amplitude xi  of the transmitted symbol and also the 

characteristics of the interfering noise are known, the 

conditional probability pi(y) that the amplitude of the 

received signal is y if state i is transmitted, can be 

determined. 	The corresponding aposteriori probability 

p (i) that state i is transmitted if the received signal 

amplitude is y, is given by 

P(i) Pi(Y) 	i = 1, 2, 3 
P (i)  •.•5•36 

3_ 
P(i)Pi(Y) 

1=1 

The problem of detection now resolves itself into dividing;  
the sample space Y consisting of the ensemble of all received 

signals, into three regions Y, (j = 1,2,3) such that if the 

received signal falls into class Y, then decision 

Di  (j = 1, 2, 3) is optimum according to some criterion. 

(Decision Di  is said to be taken if it is decided at the 

receiver that the transmitted signal was in state j). 	For 

instance, the simple detection process assumed in Sections 5.1 

end 5.2 makes its decisions on the assumption that decision 

Dj  is optimum if it makes the corresponding aposteriori 

probability p (i=j) maximum. 	On this basis, it can be 

easily shown that if the channel noise has a symmetrical 

amplitude distribution with zero mean and if the amplitude 

of the transmitted signal is 2Vk, than the optimum division 
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Y, of the sample space Y is 

(y -,Vk) 	Y1  

y-, 	Y2  

(y < -Vk) Y
3 

 

.5.57 

Y1 	Y2 ' Y3 corresponding to decisions D1 ** 
respectively. 

D2 ' D3 

 

The procedure outlined above jives an equal wei; ht 

to ill types of errors of decision. 	Therefore, from the 

point of view of minifAsation of false-noise power this A 
method is not optimum since, as shown in Section 5.1, certain 

types of error distort the reconstructed signal more than 

others - a y error contributes four times as much error 

power as a p error. 	An optimum detector which minimises 
false--but 6e error power can however be designed using an 
extension of the principles of statistical decision 

theory(37'38'39)  as shown below. 

If state i of a symbol is transmitted but the decis- 

ion at the receiver is D
j 	

let the noise power introduced 

into the reconstructed signal be denoted by Nib. 	For a 

ternary system, the noise power matrix is 
0 1 4 

II 	 1 
3 	

:1 	0 	1 

1 0 
...5.38 

(y ')V1 ) _7. Y1  implies that a sample of amplitude greater 
than Vk 	forms a subset of sample space Y1  . 

It maybe noted that Y2  may have boundary points in 
common with YI - and 	y These common points, 
however, form a null class of probability zero, and 
may be neglected. 
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The average value or expectation of noise power in the 

reconstructed signal if the decision is Dj  , is now given 
by 

3  DM Pi(Y) 
E(N D.)=   N. 

i=1 7 P(i)Ai(Y) 

3 
= _ py(i)  Nij  

i=1 
...5.39 

where p (i) is the a posteriori probability of transmission 
of state i. 	If 

c
the optimum detector is defined as one that 

po't 
minimises false7noise error Dower, the decision problem 
resolves itself into: 

1) 	computing p
Y 
 (i) for i = 1, 2, 3 

2)computingE(NiD.)for different values of j and 

3) choosing that value of j for which E(NIDj) is 
minimum. 

In other words, the transmitted symbol is detected as being 
in state 1 if 

E(NiD1). E(N1D2) ; E(N\D/)-̀,-Lz LEN \ D-7) 	...5.40A 

as being in state 2 if 

E(NiD2) .1 E(N D1)).,  E(N\D2)E(NID3) 	...5.40B 

as being in state 3 if 

E(N1D3), E(N1D1); E(NID3)E(N\D2) 	...5.40C 

Substituting actual numerical values for Nij )we have: 

decision D1  is optimum if 

P 	(2)-1- 4PY  (3)‹ PY  (1)+ P (3) 	...5.41A 

and 	 4py(1)+ py(2) 
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decision D2 is optimum if 

P (1)-1-  PY  (3) < -Y(2)+ 4P (3) 
...5.41B 

and 4p
Y
(1)+ p

Y
(2) 

decision D3  is optimum if 

4p (1)+ p
Y 
 (2) = p 

Y
(2)+ 4p (3) 

 

 

—5.410 

D
Y  (1)+ P (3) - 

5.3.1 Graphical Representation of  the 

Ternary Detection Problem 

It can be easily shown that the sum of the perpen-

dicular distances to the three sides of an equilateral 

triangle from a point inscribed inside it, is equal to the 

height of the triangle. 	An event specified by the ternary 

system of probabilities p(1), p(2), p(3) 

i 

	p(i) = 1 

can therefore be represented by a point inscribed in an 

equilateral triangle of altitude unity, if the coordinates of 

the point as specified by its distances from the three sides 

are equal to p(i), i = 1, 2, 3. (Fig. 5.3). 

Since each element y of the sample space Y consist-

inc of the ensemble of all received signals, is completely 

specified by the ternary system of a posteriori probabilities 

p (i) associated with y , the sample space Y can be set 

in one-to-one correspondence with the total area A of the 
equilateral triangle. 

Optimum decision is now effected by she following 
means: 

and 
It 
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Equating triangles 0111, CMS and OKL to the equilateral triangle 
KIN, 

(1/2  ) OD . 11M + (1/2) OE . MK + (1/2) OF . KL = (1/2) KR . LM 

Therefore, 
OD + OE + OF = KR, 

Or, 	 p(1) 	( 2 ) 	p(3)1 • 

if altitude KR of KIM is equal to unity. 

FIG. 5.3. REPRESENTATION OF A TERNARY SYSTEM OF PROBABILITIES. 
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1) Making use of the inequalities 5.41A,B,C wcdch specify 

the optimum division of the sample space Y into Y. , 

divide the total area A of the y/ into three regions A. 
= 1, 2, 3) such that Ai  corresponds to Yj  . 

2) Compute the relative a posteriori probabilities 

corresponding to the given received signal y . 

3) Locate the point corresponding to this system of 

probabilities inside the triangle. 

LOIfthepointfallsinregion. Aj  , make decision D. . 

Equations 5.41A,B,C are not in a form suitable for 

simple geometrical construction. 	By simple algebraic 

manipulation it is however possible to derive from them the 

following equations to specify the loci of points which 

specify the boundaries ofAj  . 

Al  : pl> 0.5 + p3  

and P3 

A2  : pl  % 0.5 + p3  

and 
p3 	+ P1 	 ...5.42B 

A3 w 	p3  >pl  

and 
p3  >0.5 +P1 	 ...5.42C 

The results are plotted in Fig. 5.4 

py(±)..stk 



12' C2). is (3) s oS 

p(0) c 
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Al A2, A3: DECISION REGIONS 

FIG. 5.j. G1?APHICAL ;:lEPRESENTATI T; OF OPTIMA TERNARY  
DETECTION PROBIllt  . 
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6. Analysis of Quantization Distortion 

Apart from false-pulse noise, the performance of 
a.PCM system is subject to two further types of trans- 

mission impairment. 	These are 1) overloading and 2) 
quantization distortion. The error power NOL  due to 
overloading is easily computed from 4-he relation 

NOL = 2 	p(x).x2  dx 	...6.1 

A0  

where p(x) is the probability density function of the 
signal amplitude and A0  is half the quantization range. 

For most types of random inputs of practical interest, such 
as the gaussian, this can be neglected if A0  is chosen to 

be greater than four times the r.m.s. value of the input 
signal.(16) 	The present Section is therefore devoted to a 
discussion of only u- 	n distortion. 	The effect 

A of quantizatlonrs iven 	 the signa -to-noise ratio, at 

the output of the uantizer, as well as on the rate of 
transmission of information, is discussed. 

6.1 Evaluation of Quantization Distortion 

If the peak to peak amplitude range of the signal 
is finite and equal to 2A0  , the input signal power S is 
given by 

x2  p(x) dx 	...6.2 
"t- A0 

S 



+h/2 

i= -(e -1)/2 	-h/2 

p(xi+u) 

...6.4 

_ 

+(,e -1)/2 
X,2  
ti 
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Let quantization be assumed to be uniform. 	If the number 
of quantization levels is band the magnitude of a 
quantization interval is h then the probability density 

th pi  associated with the . quantization level is 

pi 
	p(:,c.+11) dAL 	...6.3 

-h/2 

so that the total power of the output of the quantizer is 

-1-(e -1)/2 

so 
i= 4e -1)/2 

As 	incPeases from low to sufficiently high values, there 

is not only a quantitative change in the magnitude of S0  
but also a qualitative change in its structure as shown 
below. 

6.1.1 Quantization Distortion when ,e is large. 

According to the Euler-Macicurin summation theorem, 
we have(40) 

a+,(1.11 

Jr f(x) dx= h f(a)+f(a+h)+----+f(a4=ih)4f(a+th) 

a 
(j-1) (

x) 
a+ ,eh. 

+h Rm ....6.5 



a+ fh 

f(x) dx = 

a 

f(a+ih) h Rm+1  

i=1 

...6.7 

2a 

where 
98 

and 

is the Bernouilli number of order j , defined Bj  

as the coefficient of (tj/j!) in the expansion of 
V( et-1) 

hni f(m) (a + Rm = Bm m 
.e
: 	h) 	 e ‘"1 ...6.5A 

Let 

f(x) = x2  

+h/ 2 

-h/2 

...6.6 

If p(x) and its first m derivations p'(x), p"(x), 
p(m)(x) - which are assumed to exist - vanish at x = -Ao 
and x = +Ao , then f(x) and its first (m+1) derivatives 
will not only be continuous in the range (-A07  +A0) but 
also vanish at x = -Ao and +Ao . 	Consequently, equation 
6.5 reduces to 

where 

a .= a -1)/2 	...6.7A 

Making use of equations 6.4, 6.6 and 6.7 we have 

+h/ 2 

x2 dx 	p(x+IL) db 

-h/2 
+h/2 

xi  2 .1 p(xi 	+h Rm+1 
i=-a 	-h/2 

= h So 	 m+1 
	...6.8 

A n 0 

-Ao +a 
= h 



-Ao 	-h/2 

+A
o 	+h/2 +Ao  +h/2 

x2 dx p(x+11) du = 

 

x2p(x+u) du dx 

-h/2 

Also 
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+Ao +h/2 

(x-u)2p(x) du dx 

-h/2 

substituting x for (x+u) and 

integrating with respect to u 

+A o  

= 	p(x) 
- Ao 

(x+h/2)3-(x-h/2)3  dx 
3 

.% So + Rm+1 

+Ao 	+Ao 

3  -h 	p(x) x2 dx + 	p(x) dx 

-Ao 

...6.9 

...6.10 

= h(S + h2/12) 

= S + h2/12 

If the tails of the probability density function p(x) 

approach the variate axis sufficiently close such that 

p(x) and at least its first two
** 
 derivatives tend to 

zero at the extremities of the distribution and if, in 

* 
This is permissible if the double integral is absolutely 
convergent. 

** 
It is not necessary to take account of the third 
deriv:tive since 	

B2k+l EL 0 
for all integral values of k .J 1 



100 

4,  is lsrge so that 

that Rm+1 can be 

It is thus seen that 

addition, 

shown40'41 

h2/12 • 

causes the output power to be 

h is small, then it can be 

neglected in comparison with 

the quantizing operation 

greater than the input signal 

power by an amount NQ  : 

N = So - S 

h2/12 	 ...6.11 

6.1.2 Quantization Distortion  when  .11,  is Small 

When the number of quantization levels is small, 

it is difficult to compute the error power NQ  for the 

following reasons: 

a) If the quantization distortion is to be kept within 

bounds, it is necessary to reduce the dynamic range of 
quantization. 	Under these conditions, the error power 

due to overloading cannot be neglected. 

b) Reduction of the dynamic range of quantization is 

equivalent to truncating the input probability distri-

bution at points where the probability density function 

p(x) is not small. 	Since the new truncateddLstribution 

PT(x) and its derivatives pth(x), 141,(x), ---- do not 

vanish at the extremities of the distribution the term 

m-1 

B. 

j=2  

a+ eh 
hj •

f 
 (j-1)(x)( 

i•  
a  

in eauation 6.5. cannot be neglected. 

c) Since the quantization intervals are large, the 
remainder term Rm in equation 6.5 is not small. 
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Evaluation of Rm is however complicated by the fact 

that the magnitude of e is not known. 

The maximum bounds to the error due to quantization 

can however be computed in an approximate manner as shown 
below. 

The quantized signal power S0  may be written as 

z+h/2 

0 	p(x) dx 	...6.12 

z-h/2 

where 
z = (i 	h 	...6.12A 

Fisher has shown that equation 6.12 is eauivalent to42  

So  = C0  + C1 sine + C2 sin 2e + --- 
D1 cos e + D2 cos 2e + 	...6.13 

where 2n z+h/2 

Co  2n
1  7)-  do 	z2  p(x) dx 	...6.13A 

i 0 	z-h/2 

 

1 

  

2n z+h/2 

sin(re)de 	z2  p(x) dx 

...6.13B 

Cr 

    

      

    

0 

2 It 

z-h/2 

z+h/2 

cos(re)de 5 	z2 p(x) dx 

...6.13C 
z-h/2 

It can be shown that 



+CO 7102Tc+h/2 

Co 	p(x) dx 	z2 dz 	...Ref.42 

 

+h/2 
r 

x-h/2 

 

   

x2 p(x+u) dx du ...6.14 

L.) -co  -h/2 

  

But the right hand side of equation 6.14 is the same as the 
left hand side of equation 6.8 multiplied by h . 	Therefore,  

Co = S + h
2/12 	...6.15. 

Assuming the input signal distribution to be gaussian with 
zero mean and variance -2 = S it can be further shown 
that(42) 

Cr = 0 r = 1, 2, 

 

 

-2r2nx2 

Dr = (-1)r  4 (a + 
h2 2  

4 Itr21  e 	h2  

Therefore, 

-2n2 ---z S 
h2 	h2 	h S0 	S + 77 - 4(S + --7) e 	cos e 

411' 

...6.16 

-8n2 S 
+ 4(S + - h22) e h 	cos 2e 

16n 

-? s 

- 4(S + --- 
h2 
7) e h 	cos 30 

187 

36n 

The error power (So- S) therefore consists of a steady 
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term No= h
2/12 as well as an infinite series of periodic 

terms. 	Since the coefficients of the periodic terms form 

an asymptotic series, the maximum possible contribution 

due to the periodic comi7onent is 

Se 	= -4(S + h2  /4g -2 
 )e -2g 2S/h2 	

...6.18 

The relative magnitudes of this component as well as of 
the steady term No  are given below for various values of 
h . 

h = 	: 

6) = 4(S + S/4g2 
)e -27t2 

= 0.8 x 10-8S 

No= h
2/12 

= 0.085 

h = 1.5q: 
Se 	0.0006 S 

No= 0.187 S 

h = 2cr 
be = 0.032 S 
No= 0.33 S 

h = 3a : 
se . 0.545 S 
No= 0.75 S 

It may be noted that the magnitude of the periodic 

component is quite negligible even when the auantization 

interval (h) is as large as one standard deviation, . 

Therefore, if h G a , it is possible to obtain the true 
second moment (S) of the original signal distribution by 

subtracting the correction term No  which is completely 
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defined in terms of h , from the second moment of the 

quantized signal distribution, namely the output power So  . 

Proceeding in a manner essentially similar to that used in 

deriving So  , it can be shown that the correction terms to 

be applied to the other moments, namely 1st, 3rd, 4th,...., 

of the output distribution to get the true moments of the 

original distribution is a function of only the quantization 

interval, h, if h < (r. 	Since the useful dynamic range 

of a signal is usually confined to about 8a , recovery 

of the original signal statistics is possible if -6 8 , 
-e being the number of levels. 

There is a sudden increase in the magnitude of se  

when h exceeds cr. 	For instance, se  attains a value of 

approximately 10% of the steady component when h = 20". 

Now, the magnitude of the periodic component be  cos e is a 

function of e and is different for different locations of 

the quantization levels along the variate (signal input) 

axis. 	Since the magnitude of e cannot be determined from 

a study of the output of the quantizer, a correction term 

involving the periodic component be  cos e cannot be formu- 

lated even though se  is known. 	Therefore, for values of 

This follows from the fact that even though the quanti-

zation interval h is fixed, if the levels of auanti-

zation are shifted, as a whole, along the variate axis, 

the groupings corresponding to the various levels change 

so that the value of So also changes. 	It is easily 

seen, however, that So  is periodic of period h , if 

the number of levels is sufficiently lar[,e. 	This is the 

basis of the formulation of equation 6.12. 	If the tails 

of the distribution at the overloading limits +/,0  of the 

auantizer, approach the variate axis very closely the 

limitation that -42  must be large con be relaxed to a 

certain extent. 
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h greater than a , the statistics of the original signal 

cannot be reconstructed with good accuracy as the periodic 

component now begins to assume relatively large values. 

Even though the actual ma;nitude of the periodic 

component 80 cos e in any particular case is unknown, the 

statistics of the error introduced by this component on an 

average can be evaluated by studying the ensemble consisting 

of all quantizers. 	Assuming that e IlL-s a rectangular 

probability density function g(e) 

g(e) 
0 > e > 27c 

0‘,,  6 4_ 2 it 
...6.19 

the probability density function h(x) for 

x = K cos y 

where 	K be  
—24s/h2  

= —4(s + h2/4712)e 

can be determined as follows. 

Inverting equation 6.20, we have 

...6.20 

e = f (x) 
= are cos(x/K) 	...6.21 

Direct substitution of 6.21 in 6.19 gives 

g(e) de = g[f04 ge/x) I dx 	...6.22 

= h(x) dx 

where J(e/x) is the Jacobian of e with respect to x . 

Now, for each value of x in the range -K to +K, 

there exist two values of 6 . 



Therefore, 

whence 

J(8 /x) 

h(x) 	= 

io6 

2 A- f(x) = 

-K 

x +K 

K 

...6.23 

...6.24 

0, -K 1/2 
1/7t  (K2-x2) 	, 

The expectation or average value of the periodic 

component is given by 
+K 

E(x)= 

-K 

+K 

= 

-K 

= 0  

x h(x) dx 

x dx 

n(K2-x2)1/2  

...6.25 

while the mean square value is 

+K 

E(x2) = 

 

x2 dx 

7L(K2-x2) 1/2  

1  
ic (K2-x2

) 
/2 

L 

 

-+K 
K2 +-- are sin (x/K) 2 

  

 

_-K 

= K2 	
...6.26 

2 K - /2 is also the variance of the distribution of the 
periodic component since E(x) is zero. 
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A reasonable compromise between low overloading 

error power and high quantization noise on one hand and 

large overloading and low quantization noise on the other, 

can be achieved by keeping the dynamic range of quantiz-

ation (2Ao) equal to approximately 6 when the permissible 

number of quantization .levels is small. 	It may be noted 

that under these conditions, the use of a 3- level quantizer, 
which corresponds to h = 2 	, makes it possible to recover 

the statistics of the original signal without a great loss 

in accuracy, the error being approximately 10% in the 

estimation of quantization noise corresponding to an error 

of about 3% in the estimation of the variance S of the 
signal distribution. 	On the other hand, the error intro-

duced by the use of a 2- level quantizer is 73% in the 
es timation of quantization noise and approximately 55% in 
the estimation of variance. 

The above estimates of error are only approximately 

correct since the effect of the abrupt termination of the 

tails of the distribution caused by limiting the overloading 

range to 6or" is not taken into account. 

6.1.3 	General Expression for Quantization Noise 

If p(x) and its derivatives do not vanish at the 

extremities of the distribution then the terms 

m-1 

 

a+ eh 

 

hj 
p J 

j=2 

(J-1) 
f 	(x) 

 

and Rm 

   

   

cannot be neglected. 	For instance, if the probability 
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distribution is rectangular 

1 -Ao  x +A c 	o  
...6.27 p(x) = 

0 , 10'.x! 

and if the quantization levels are equally spaced, it can 

be shown that 

= ,e 2 h2/12  

i= +a 

So = 

  

2 xi  

 

i= -a 

 

2 	t-1 2  = 7 h 2 
* 	

0 +/2+22+.....+(-7-) 

 

= 62 - 1  h2 12 ...6.28B 

The important point to note here is that in contrast to the 

previous case (equation 6.11) where the quantized signal 

power So  was greater than the in:ut signal power S , in 

the present instance So  is less than S , though in both 

cases* 

So- S = h2/12 

Since- the probability density function p(x) of the 

amplitude of the signal is continuous in x in both those 

cases, it is reasonable to assume that there exists a 

particular probability distribution for which the input 

If the input signal were characterized not by a rect-
angular distribution, but by a unimodal, U-shaped 
probability density function, not only would the 
quantized signal power S, 	e less than S , but (S-So) would be greater than 	h/12 as well. 
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signal power and the quantized signal power are the same. 

Such a distrihution would not have as abrupt terminations 

at its extremities as the rectangular distribution nor as 

smooth contact with the variate axis, for large values of 

the variate, as the one discussed in Section 6.1.1. 	Though 

(S 	So) vanishes for this distribution, it is obvious that 

quantization noise which is given by 

+h/2 

u2  p(xi+u) du 	.0.6.29 

i=-a -h/2 

cannot be zero since h is finite. 	In other words, oven 

if the number of quantization levels is large so that there 

is no correlation between the quantized signal and the 

error due to quantization, it can still be misleading to use 

)che expression (S - So • ) to assess the nuontization noise 

power No  . 	It is, howcver, possible to assess 	in 

terms of S and So if the cross-correlation between 

input and output is taken into account, as shown below. 

If x represents samples of the input signal, y 

the output of the quantizer and n the number of samples, 

then the quantization noise power per sample is 

n 	
_ y)2 = _ N  

the summation extending over 	sample values. 

...6.30 

+a 

N= 

But 
(x  y)2 5,y2_ 2  y xy  ...6.31 

Now, the covariance between the input and the output is 
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coy (x,y) = 11.1- :>-7(x - 11x)(Y - 1137) 

where p,x  and y  are the mean 
values of x and y respectively 

1
n  
( 

-1 	7,Tx+n 	) Lx 	y 	x y 

= 3E-  () xy - n p,xp,y) 
	

...6.32 

since 
y 	Ily  i x = n p, x y 

Also, by definition, 

coy (x,y) = p v x cr y 	...6.33 

where 
= correlation coefficient of x and y 

= variance of x and 

= variance of y 

a 2 
x 

T 2 

Therefore, 

1 N 2 7--  2 N 	= - ,:f_x + z__ y Q 	1-1,- , - 2 >7  -) 
= 1 (n cr2+n x

2+ncr 2+n p, 2- 2n cov(x,y)-2n p,xp,y) 

X2+ T y 2_ 2  py x 
T 	

x y 	
)2 ...6.34 P' 

If p,x  = 1Ly  = 0, then 

Nn  = S + So  - 2pP.S0 	...6.35 

The usefulness of equation 6.35 is not confined 
to providing a means for assessing the manitude of N_ . 
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It also indicates the existence of a simple experimental 

procedure by which the cross-correlation between the input 

and the output of a quentizer or a similar non-linear 

sampled-data system can be determined. 	Since S , So and 

N can be evaluated experimentally using long time-constant 

wattmeters and a unity-gain difference amplifier, the 

correlation is easily determined from the relation 

P 
S + So - NQ ...6.36 
2(S.S0)

1/2  

This formula is especially useful under conditions when it 

is difficult to compute p from purely theoretical consider-

ations, due to either difficulties ofmathematical comput-

ation or lack of knowledge of the detailed statistics 3f the 

original signal. 

The significance of the correlation coefficient 

in the statistical analysis and design of communication or 

process control systems using quantizers is brought out in 

Section 7. 

6.2 Minimization of Quantization Distortion 

The magnitude of auantization distortion NQ  can 

be reduced by proper choice of the levels of quantization, 

x. . 	Since the extreme quantization levels are already 

fixed by cimsiderations of maximum permissible overloading 

error power, the optimum values of. 	for minimum. xi  , 	. TT 0. 
can be obtained by solving the (!;-2) simultaneous 

equations: 

	

+a 	+hi  /2 a ,\ 
ax. 	Z___ 	 1__ 	u2  D(x.+ u) du = 0 - i  

i=-a -hi/2 

i = (-a+l), (-a+2),---- -1,0,+1,----(a-2),(a-l) 

...6.37 
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There are two sets of unknown quantities to be determined 

here: hi  and x. i • It is reasonable to assume, as a 

firstapProximation,thathi is inversely proportional 

to the probability p
i 

associated with the ith level, xi  

If the number of levels is large, pi  is directly 

Proportional to p(xi) . 	Therefore, the quantity hi  in 

equation 6.37 may be replaced by 

h. = a h/p(xi) 	...6.38 

where a is a proportionality constant determined by the 

relation 

ah —y--) = 2A0 .6.39 

and 
h = 2A

oie 

Simultaneous solution of equations 6.37 and 6.39 gives, 

approximately, the desired optimum values of xi  . 	If 

is large and the probability density function p(x) is well 

behaved, the method of successive approximations can be 

used to obtain increased accuracy. 

Though equation 6.37 can be solved, in any 

particular case, using the methods of numerical analyses 

the labour involved is usually very great. 	In practice, 

if the amplitude distribution has a pronounced "hump" or 

kurtosis(43)  it has been shown that it is possible to achieve 

a reduction in quantization noise by using logarithmically- 

tapered quantum steps.(16-19,44) 
	

The reduction in 

quantization distortion obtained by this means is, in general, 

less than what is possible with optimum spacing of levels, 

but the problems of design and of instrumentation of a 
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logarithmic quantizer are very much simpler. 	Since, 

however, these aspects have been studied in considerable 

detail in the literature, they will not be discussed here 

further. 

6.3 Effect of quantization on Entropy of the  

Signal  

If it is assumed that samples of the original signal 

have not been corrupted by external noise before they are 

quantized, then the effect of quantization is to reduce the 

entropy per sample from an infinite to a finite value. 	It 

can be easily shown that the magnitude of the final entropy 

of the quantized signal is a maximum if the probability of 

occuiluice of the various levels at the output is the same for 

all levels and, further, if successive quantized samples 

are independent. 	Assuming that quantization is uniform, 

this can be achieved only if the input to the quantizer has 

a rectangular amplitude distribution and a flat power spectrum. 

But many types of natural-_y occurring signals do not possess 

these characteristics, an important instance being the class 

of speech signals which have an approximately gaussian 

amplitude distribution and a falling power spectrum. (45-47) 

In such circumstances, the entropy of the output of the 

quantizer can be maximized by subjecting the signal to the 

following seauence of operations (Fig. 6.1) 

1) A modified signal having a bandwidth-limited, flat 

spectrum is obtained by passin:. the original, unsampled 

signal through a spectrum-shaping network having a 

transfer function L(jw) 

2) This modified signal is sampled at the corresponding 

Nyquist rpte.(12) 

3) The sampled signal is passed through a suitable 

nor linear network N(A) which is such that the 
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probability density function of amplitude of the output 

is rectangular. 

4) The processed signal is now uniformly quantized. 

The corresponding operations at the receiver to retrieve 

the original signal are: 

1) The decoder output is sampled and applied to a non-

linear network N-1(A) having an input-output relation-

ship that is the inverse of that used at the transmitter. 

2) This signal is passed through a shaping network 

having a transfer function L-1(j 	to compensate for 

the spectral shaping done at the transmitter. 

3) This is now applied to a low pass filter having the 

same bandwidth as the original signal. 

It may be noted that the shaping network L(jw) 

and the sampler precede the non-liner element N(A). 	The 

reason for this is that a continuous band-limited signal 

when passed through a non-linear network, is so distorted 

due to the introduction of high order harmonics of the 

components of the input signal that it requires, in general, 

a very much higher sampling frequency for exact specification. 
This difficulty is eliminated by subjecting the signal to 

any non-linear operation only after it is sampled, all the 

necessary linear operations on the signal being performed 

before sampling is effected. 

An important result in information theory, on which 

the above technique for optimizinz.  system performance by 

spectral shaping is based, is derived and discussed below. 

Even if the transmission medium between the trans-

mitter and the receiver is noiseless, the maximum rate of 

transmission of information of a PCM system is only 
Ro=(2W log3 t)ternits/second. 	From the information theory 
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point of view, the problem of optimum design of the system 

is therefore equivalent to that of reducing the entropy of 

the original signal from infinity to a value that is as nearly 

as possible equal to Ro(but not greater than Ro , subject 

to the constraint that the performance of the system as 

specified by a suitably chosen "criterion of fidelity",(4)  

is an optimum. 	On this basis, the PCM transmitter nay be 

split up into two parts: the first, consisting of the 

optimizing linear and non-linear networks and the Quantizer, 

which reduces the source entropy from infinity to Ro  relative 

to some fidelity criterion, and the second part consisting 

of the encoder, which codes the quantized signal into a form 

suitable for transmission through a channel having a capacity 

not greater than Ro . 	The quantizer may now be considered 

to beoloisy channel perturbed by noise nQ  of nanitude Ng  . 

If x and y represent the input and the output respectively 

of the quantizer, then the entropy of the joint event (x, y) 

is 
H(x, y) = H(x) + Hx(y) 

= H(x) + Hx(x+n ) 	assuming that x and 

are completely additive 

= H(x) + H(N) , 

since quantization noise is independent of the input signal. 

Hence, the rate of transmission is 

R = H(x) + H(y) - H(x, y) 

	

= H(y) - H(n ) 	...6.41 

	

and attains a maximum value R 	when H(y) is maximized max 
with respect to the input probability distribution p(x), 

He112 being independent of x . 

The problem of design now is that of finding the 

power spectra P(f) of the input signal that ,could maximize 

the Performance of the system on the basis of some relevant 
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criterion of fidelity, while the rate of transmission is 

held constant at Rmax ' Rmax being less than or equal to 

Ro . 	clue to the.choice of a suitable criterion of 

fidelity is provided by the fact that the higher the signal-

to-noise ratio So/N. Q  at the output in an7 given band of 

the spectrum, the bettor the performance of the system in 

that particular band. 	Lot P(f) and N2(f) represent the 

power spectra of the input signal and quantization noise 

respectively. 	If the total bandwidth of transmission, W 

is now divided into an infinite number of narrow bands df , 

it would be reasonable to assume that the spectra of both 

signal and noise are white inside each of these bands. 	Let 

P1(f) df and N1(f) df denote the entropy power of sisnal 

and noise respectively in one of these narrow bands. 	Since 

it is assumed that the amplitude distribution of the input to 

the quantizer is rectangular and that quantization is uniform, 

it follows that 

P1(f) df 	P(f) df 

N1  (f) df = 	N(f) df ...6.42 

The rate of transmission in a typical infinitesimal 

band is now given by 

dR = H(y) - H(nQ) 

= df loge  2ne/P1(f)df + Nl(f) df_7 

- df loge  2ne/-N1(f) df_7 

P1 	) df 
(f) 

= loge  (1 + 	 ...6.43 
N1(f) 

while the signal to noise ratio in that band is 

So 	N1(f) + Pl(f) 
= 	 ...6.44 

NQ 	N1(f) 

The signal-to-noise ratio of the output will be a maximum 



118 

for a given value of Rmax  if 

1AT 
\ I Nl(f) + Pl(f) 

I = + X loge  
J 1 	N1(f) 0 L 

  

Nl(f) Pl(f) 

N1  (f) 
df 

...6.45 

 

where X is a Lagrangian multiplier, is a maximum 

Eauating 

dI = 0 	...6.46 
dP1  (f) 

?.;ives 

Therefore 

N (f) 
1 	X 	a constant 

Pl(f)+Nl(f)  

Se06.47 

PI(f) _ 
P( f) must be a constant 

N(f) 	N (f) 

for optimum performance. 	Since the spectrum of quantization 

noise is flat within the frequency range 0 - W,(16) it 

follows that the spectrum of the signal must also be flat. 

It is important to note that the above technique 

of system optimization by adjustment of input signal spectrum 

is based upon the assumption that tthe statistics of quanti-

zation noise is completely independent of that of the input 

signal. 	This assumption is quite valid in almost all cases 

of practical interest, the correlation function of quanti-

zation noise being quite negligible unless the correlation 

function of the input is greater than about 0.99997 , which 

is an extremely high figure, very unlikely to be met in 

practice. 

It may be noted that the spectral reshaping performed 

at the receiver to reconstruct the origianl signal does not 

affect the fidelity of reproduction since signal and noise 



having an entropy power P , is passed 

having the 	Y(f) , then the characteristic 

ensemble is(4)  entropy power of the output 

Y(f)12  df j loge  
0 

bandwidth 0 - W 

through a filter 

P 

1 

e 

function q(y) 	
;1 

(1 (y) 7
) 
0 

as shown below. 

/ a 	Y a+ P 

/ a> Y 	cc+13  
...6.48 

119 

are both affected to the same extent. 

In the transmission of a typical sinal l  such as 

speech, the improvement in communication efficiency achieved 

by spectral reshaping is quite considerable. 	The power 

spectrum of speech(45) (Fig. 6.2) remains approximately 

constant at 40 db between 100 cps and 500 cps, then/falls to 

0 db at about 8000 cps, the "gain" varying approximately 

linearly with frequency. 	Now, if a signal confined to the 

Using this result, it can be shown that if the signal spectrum 

is confined to the range 0 - 8000 cps, the entropy power of 

the signal is approximately 

2. 8000 - 500 	_ 15 -  
8000 	8 

or e 

that of white noise confined to the same bandwith. 	In other 

words, transmitting the speech signal without modifying its 

spectrum causes a deterioration in the performance of the 

system equivalent to a reduction of approximately 8.15)db 

in the received signal-to-noise ratio. 

6.3.1  Choice of the Non-linear Characteristic N(L 

Any probability density function p(x) that is 

defined within the range (a ,a+p) and is continuous in x 

can be transformed into the rectangular probability. density 



Fig. 6.2, Spectral Density for Speech 

(From Reference 45) 
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Equating the elements of probability density p(x) dx 

and q(y) dy , we get 

p(x) dx = q(y) dy 

= q /-N(x)_7 dy 	...6.49 

where 

	

	
y = N(x) is the desired functional relation-

ship between the original and transformed variates. 

Theref ore, 

dy = p(x) dx  
q/-N(x)7 

Integrating, 

Y = 

x 
r 

p(x) dx  
q/-N(x)_7 

->c 

p. P(x) ...6.50 

since q/-N(x)7 is independent of 

x within (a ,a+P) . 

where 

P(x) is the cummulative distribution function 

x 

P(x) = 	p(x) dx 	...6.50A 

It is therefore possible to convert any ensemble 

having an arbitrary, continuous probability distribution into 

one having a rectangular distribution by passing the ensemble 

through an instantaneous non-linear element having the same 

characteristic as the cummulative probability distribution 

function of the input. 

In any practical communication system such as PCM, 

where the peak -.cower handling capacity of the system is 
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necessarily limited, there is considerable advantae in 

dealing with signals that have a rectangular distribution of 

amplitude rather than gaussian. 	Assuming, for instance, 

that the unprocessed signal hEs a gaussian amplitude distri-

bution of variance a2 , and that the ouantizer has a -r:eak 

to peak range (2A0) of 80-  , the entropy power Pd of the 

truncated gaussian signal is 

1 	
-TG 

PG = 	e  
27,:e 

where HG is the entropy of the signal. 

Neglectina-  the reduction in entropy caused by limit-

ing the range to 8c , we Jet 

2 1/2 
1 	

e 21oge(27c e T ) 
P = G 

The entropy power of an ensembe having a rectangular 

amplitude dis-bribution confined to the same range (-46 ,+4T 

is 

1 2HR PR = 27ce 

where T", 

R is the entropy of the rectangular distribution 

1 PR = 	e 
27c e 

+4T 

2 	. I- loF (1) dx 

=-40' 8c 	'e  86 

1 21c1 (8T) 

27ce 

= 3.75T-2 

Transforming the input distribution from truncated gaussian 

to rectangular, therefore, makes it possible, in this case, 

27c e 
2 
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to increase the entropy power of the transmitted signal 

approximately 5.74 db . 	Performance f the system is there-

fore improved since quantization nois Ais constant, spacing 

of levels being the same in both cases. 	The improvement 

achieved is greater or less than 5.74 db depending upon 

whether the quantization range is greater or less than 8c- . 

6.3.2 Choice of the Linear Shaping Network LLIE1 

Let Gii(w) be the power spectrum of the input 

signal. 	If L(jw) is the transfer function of the shaping 

network, the power spectrum of the output is 

L(jwf 	...6.51 

spectrum be white, 

Off6,52 

Goo 00  =Gii(w) 

Since it is desired that the ouput 

2 
L(jw1 	1  

Gii(w) 

Now Gii(w) can be approximated to any required degree of 

accuracy by a rational function G(w) . 	It therefore 

follows that the input Power spectrum can be expressed as 

the ratio of two polynomials, M(w) and N(w) $ in w . 
Since the power spectrum function is a real-valued, even, 
non-negative function of w for real values of w , M(w) 

and N(w) are polynomials in w2 with real coefficients. 

Therefore 

G(w) 

_ M(w) 

N(w) 

.6.53 
n+ n1(w2)+ 	 +nb

(w2i, 

M(w) and N(w) being of degree 2a and 'lb respectively. 

m0+ m1(w2)+ 	 +ma(w2( 



124. 

Since the coefficients m0  , 	ma; no, 	- nb are  
real, the poles and zeros of M(w) and N(w) are either 

real or occur in complex conjugate pairs. 	Hence, M(w) 

and N(w) can each be expressed as the product of two 

conjugate factors 

M(w) = ML(jw)  ° ML*(jw)  

N(w) = NL(jw) . NI.,*(jw) 

such that ML(jw) and NL(jw) have no poles or zeros in 

the right half of the complex w plane. 

NL(jw) 

ML(jw)  

that is 
NL(jw) 

)1 = 
ML(N) 

Though the output of L(jw) would yield a signal 

having a flat spectrum, this does not necessarily mean that 

the spectrum of the input to the quantizer would be white 

since the non-linear element N(A) also distorts the signal 

spectrum to a certain extent. 	For instance, uniform 

quantization applied to a signal that has been passed through 

a logarithmic element introduces discrimination against high 

frequency components of the signal. 	In such instances,  

the effect of the non-linear element on signal spectra 

should be taken into account in the determination of L(jw) . 

Therefore 
2 

L(jw) 
2 
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7. Extension of the Philosophy of Par, 

Though the performance of PCM systems can be im]oroved 

by spectral shaping, this method suffers from the following 

disadvantages: 

(a) It is assumed that an ideal low pass filter is 

available for reconstruction of the original signal. 	But, 
such a filter is not physically realizable. 	In practice,in- 

terpolation between successive samples has to be achieved 

by some other means such as passing the samples through a 

holding circuit and then through another network that 

partially compensates for the 'aperture effect' introduced 

by the holding circuit(48) 	This is equivalent to the use 

of a low pass filter with a finite transition region between 

the transmission and the attenuation bands, the attenuation 

in the attenuation band being also finite. 	Since the, 
attenuation presented by the system to unwanted frequencies 

is finite, the fidelity of transmission of the system is 
also limited,(49) 

(b) It is, in general, necessary to keep the transmission 

delay through the system, caused by the use of low pass 

filters at the transmitter (before samplinE) and at the 

receiver (after decoding), within reasonable proportions. 
L-This is especially important in telemetry and control 

systems applications. 7 This makes it necessary to use a 

sampling frequency considerably in excess of twice the 

bandwidth of the sampled signal(49), Spectral shaping 

techniques cannot take advantage of the appreciable correl-

ation that may exist between successive samples under these 
conditions. 

(c) Spectral shaping cannot make use of second- and 

higher-order correlations that may be present in the signal. 
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In the analysis of Section 6, the techniques employed 

to derive the relevant stochastic model for the actual signal 

were based on the principle of "approximation in the vicinity 

of a point"; that is, it is assumed that the characteristics 
of a curve inside a given interval can be specified as a 
function of the derivatives of the curve at a point within 

the interval. 	There exists another method of approximation, 

that is more relevant to sampled-data systems, in which the 

given function is represented by a polynomial whose values 

coincide with those of the given function at a sufficient 

number of specified points in time. 	It is possible not only 
to derive a mathematical model for a stochastic process on 

this assumption but also to devise a practical communication 

system based upon this model, as shown below. 

7.1. Description of Suggested System 

Consider the system shown in Fig. 7.1.. 	The input 

signal p(t) is applied to one terminal of a difference 
amplifier, while the predicted value r(t) of the signal as 
computed by the extrapolator J is applied. to the other 
terminal. 	The difference signal e (t) is sampled and 'then 

quantized by the quantizer Q before it is applied to the 

input of the extrapolator J . 	The sampled and quantized 

signal q(t) is simultaneously applied to the encoder which 

then transmits the coded equivalent of q(t) to the receiver 
through the given noisy channel. 	At the receiver, the coded 
signal is decoded before it is sampled and then applied to 
the input of a network J' that is identical to the extra- 

polator J at the transmitter. 	It may be noted (see also 
Fig. 7.2) that the receiver output r 1(t) is effectively 
the same as the output r(t) of the extrapolator J , apart 

from the transmission delay caused by the channel and the 
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decoding circuits, if it can be assumed that no decoding 

errors have been caused due to the presence of noise in the 

transmission channel . 	Further, if the criterion of fidelity 

for the system is chosen to be minimization of the mean-square 

system error Es  , given by the difference between the 

output signal r'(t) and the input signal p(t) delayed by 

the dead-time lag (T0) of the system 

E
s = irf(t) - p(t+To)1 	

...7.1. 

then, it can be seen that system optimization is eauivalent 

to minimization of the mean square of the error signal 	(t) 

(t) 	= p(t) - r(t) 	...7.2. 

Now, the greater the accuracy of extrapolation, the smaller 

the error signal €(t). 	If the number of quantization 

steps (,6 is fixed, it would therefore be possible to specify 

the signal to a greater degree of precision than would be 

possible if the input signal p(t) itself were quantized. 

/—See Section 7.4_7. 	A high fidelity communication system 

can therefore be designed if an accurate extrapolator can be 

instrumented. 	Problems associated with physical realizability 

of extrapolators and their instrumentation, as well as the 

optimization of extrapolators with respect to the statistical 

structure of the input-signal, are discussed in the follow-

ing Sections. 

It is easy to see that the signal deterioration caused 
in this case by channel-noise interference (that is, false 
pulse noise, E 13.7) is of a different pattern from that 
produced in ordiftary Pal systems. 	Since now the effect 
of false-pulse noise is cumulative, it will be assumed in 
further discussions that there is provision for correct-
ion of errors in the transmitted signal, either through 
use of error-correcting codes for transmission of the 
coded signal, or alternatively, through use of an addit-
ional channel between the transmitter and the receiver 
for interrogating the transmitter either periodically for 
routine checks or on detection of an error in the received 

rt,a44, 	error-detecting but bot error-correcting codes are used. 
(ref: 50, 51). 
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7.2. Extrapolation of Sampled Signals 

The simplest method of estimating the future value 

of a function f(t) at time t=(nT+T) , siven only the 

values of f(t) at the discrete instants of time 

t = (n-k)T 	0 <k< n 

where T is the sampling period, is to assume that f(t) 

remains constant at f(nT) in the interval (nT) to 

(nT+T). 	If, however, the signal is slowly varying, a 

better estimate of the signal at time (n7+T) can be obtained 

by employing linear extrapolation in which knowledge of the 

magnitude of the immediately previous two samples 

fn = f(nT) 

and 
	

fn-1 = f(E:I T) 

are made use of to compute the average rate of change of the 

signal 

f(nT) - f(E-71 T) 

T 

in the interval (n-l)T to (nT), it bein then assumed that 

the rate of change remains unchanged in the interval (nT) 

to (nT+T). 	The predicted value of f(nT+T) is now given 

by 

f p(t) = f p(nT+T) 

f(nT) - f(177I T) (t-nT) 

T 

f
n 	+ 	.T 	...7.3 fn 	fn-1 

T 

An even better estimate of f(nT+T) could have been obtained 

= f(nT) + 
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if allowance had been made for possible curvature of the 

function f(t). 	Knowledge of f(nT) and f(n-1 T) alone is 

insufficient to specify whether f(t) is convex or concave 

in the neighbourhood of f(nT). 	If, however, fn-2=f  (7=7 T) 

is also known, then it becomes possible to take the curvature 

of the signal into account using the quadratic function in t 

f (t) = f (nT+T) 

fn  fn-1  = fn 	(t-nT) 

+ a (t-nom T)(t-nT) 	...7.4 

as the basis of the extrapolation scheme. 	The structure of 

the quadratic term of eqn. 7.4. is such that it vanishes 

when t=(n-1)T and t=nT. 	This ensures that the extra-

polated curve has the correct magnitude f(571 T) and f(nT) 

at t=(n-1)T and t=nT respectively. 	The constant a is 

now chosen to make the function f (t) have the correct 

magnitude fn-2 at t=(n-2)T. 	Putting t=(n-2)T, we get 

T 

fn-2 =  fn+ 
fn - fn-1  ( 2T)+a(-T)(-2T) 

T 
...7.5 

giving 
CX, = 

fn - 2 fn-1+ fn-2 	
• • • • 6 

2T2 

ti + 

Therefore, 

f (nT+T) = fn+ f
n-fn-1  fn-2 fn-1+ fn-2 (T+T)T 

T2 T 

...7.7. 

Further increase in the accuracy of extrapolation 
can be obtained by adding a cubic term 

f3 (t- E77 T) (t- TT. T) (t-nT) 
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to eon. 7.4. and then solving for p by making the extra-

polated curve f (nT+T) have the correct magnitude fn-3 , 
fn-27 fn-1 and fn at the four sampling instants 

t= (n-3)T, (n-2)T, (n-1)T and nT, respectively. 	The 

technique can be indefinitely repeated to give the general 

extrapolation formula (sometimes celled "Newton's Formula 

for Backward Interpolation" -02). 

6 n  f 
f 	(nT+T) = fn + 	

1 
T 

2 2n  (T+T)T 
T2 	12 

Sk fn  	 (k-1 T+T)( 	T+T)---(T+T)T 
T- 

L 
...7.8 

where 5 f = f- f 1 n 	n n-1 

o f = 
2 n 5

1  fn- 1 fn-1 

= fn- 2 fn-1+ fn-2 

3fn = 62  fn- 52 fn-1 

= fn- 3 fn-1+ 3 fn-2- fn-3 

05
k
f
n 
= 6

k-1 fn- 6k-1 fn-1 
	...7.8A 

O
k 
Of 

 

then 

being the kth order back-difference of f(nT) 

If 	T = T 

fP  (n+1 T)= fn+ 6lfn+  6 fn+ ---+ 6kfn+.--- 
	...7.9 
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The number of past samples that have to be taken 

into account in extrapolating the given function one interval 

into the future is therefore greater by one than the order of 

the highest-order back - difference occurring in the express-
ion defining the given function. 

By analogy with the terminology of numerical mathe-

matical analysis, a system that is capable of extrapolating 

making use of back-difference oc order k would be called 

hereafter an extrapolator of kth order. 

7.2.1. Accuracy of Extrapolation 

Putting nT=t in equation 7.8., we get 

f (t+T) f(t) + f(t) - f(t-T2 
 ti  =  

T 

f(t)-2f(t-T)+f(t-2T). (T+T)T  
T2 

	 to o° 	...7.10. 

Taking the Laplace transform of both sides we get 

06f (t+T) = F (S) 

= f(s) + f(s)-f(S)e-511  T 

f(s)-2 f(5)e-sT+f (s)e-2sT (T+T)T 
2 

	 to (50 
2 

= f(s) [I+ 11-5T  + (1-e-5T) 

T2 (T+T)T+ tom 

= f(s) [!- (1- e 	) 

= 1f(5)1 	...7.11 
f(t7:1-T) 
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Since (eST) is the transfer function of an ideal 

predictor with prediction time of T units, it follows that 

the extrapolated function fp(t+T), as given by equation 7.8, 

provides exact prediction, if an infinite number of back 

differences (if they exist) are taken into account. 

7.3, Synthesis of the Extrapolator 

A kth order extrapolator can accurately predict the 

future values of any function whose back-differences of order 

greater than k , are zero, after an initial settling period. 

For instance, since a polynomial of order p cannot kyvt/ back-

differences of order greater than p , its future values can 

be accurately predicted by an extrapolator of order greater 

than (or equal to) p, after an initial settling time of p 

periods. 	If, however, the order of the extrapolator is less 

than that of the polynomial, the settling time of the system 

becomes infinite and the difference s(t) between the actual 

signal p(t) and the predicted signal r(t) is always finite, 

except possibly at a finite number of discrete instants in 

time, specified by a null class of probability zero. 	For 

instance, if a zero-order extrapolator which can reproduce 

only a constant or a step input perfectly, or a first-order 

extrapolator which can exactly reproduce only signals of no 

greater complexity than a ramp function 

y = a + bt , 	...7.12 

is used to extrapolate the future values of a parabolic 

function 

z = c + dt + e t2 
	.7.13 

it is easy to see that the error term would be "almost never" 

equal to zero for any value of t. 	While it would not be 
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possible to exactly reproduce the original input using an 

extrapolator of lower order than the input signal, it is 

possible to reduce the magnitude of the error term e(t) by 

making use of a feedback configuration similar to that 

suggested by Porter and Stoneman(53)  for use in sampled 

servomechanisms, in which the magnitude of the error term 
itself is used to control the output of the extrapolator. 

The actual implementation of such a system is duscussed below. 

Let the extrapolator be designed such that its 

output r(t) is equal to Pn., Pr-1,  --- Eh-k at the sampling 

instants (nT), (n-1T),---(n-kT) respectively, where Pri_k  

is the true amplitude of the input signal p(t) at time (n-k)T. 

The output of the extrapolator can be expressed as kth  order 
A 

r(t) = ro+ rl(t-nT)+r2(t-nT)2+ ---+rk(t-nT)k  ...7.14 

If either the order of the extrapolator is less than that of 
the signal or if the signal is not purely deterministid, at 
the instant t=(n+1)T there would be an extrapolation error 

e(ETIT) between the actual signal in,ut p(t) and the predicted 
signal r(t) 

e(ETIT) = p(ET7T)- r(F7IT ) 	...7.15 

For the present, it will be assumed that the optimum mode of 

operation of the extrapolator is such that when the error 
terme(=T)isdetected,theextrapolatorgenerates-new 

polynomial s(t) 

s(t) = so+ si(t-FiTIT)+ s2(t - 77-TT)2  

+ ----+ sk(t-ETTT)k 	...7.16 

that passes through the most recent (k+l) values of the 

polynomial: 



Pn+  

Pn-1 

n-2 

r(t) 

13(t)"•••-••4111... 
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(n-k)T 	(n-2)T (w-1)T nT 	(n+1)T time 

7,3  Extrapolation of Sampled Signals.  



137 
input p(t) namely 

p(ri7TT), p(nT), p(1771T),--- p(ETI=RT) 

k being the order of the extrapolator. 	In other words, the 

extrapolator takes account of the most recent discrepency 

between the actual value of the signal and the predicted 

value, th make both mangitudes equal as well as to modify the 

extrapolation constants (namely, the coefficients of the 

generated polynomial) such that further extrapolation is 

performed on the basis of the most recent data available 

rearding the input signal. 	This can be done by using the 

error term e(n+1T) to generate a correction function c(t) 

c(t) = co+ cl(t-n+1T)+c2(t-ETIT)2  

+ 	+ c k(t-F-+IT)k 
	

...7.17 

which is then added to r(t) such that the new output is 

eaual to p(t) at t=(n+l)T. 	Since, now, 

s(t) = r(t) + c(t) 

it follows that 

c(t) = e( 	T) , at t = n+1 T 

= 0 	, att=mT, 

where 

...7.18 

...7.19 

(n - k)<, 	n 	...7.19A 

Equation 7.17 can therefore be expressed in the form 

c(t) = e(ETIT) ( t-E7IT t  
T ) (1+ T 	

--n+--FITIT, 	--T 

2
T) 

kg,  

...7.20 
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The number of factors to be included in the product 

specified within the square brackets in eauation 7.20 is the 

same as the order of the extrapolator, corresponding to the 

k zeros of c(t), specified by equation 7.19. 

It is possible to express eauation 7.20 as a poly-

nomial in ascending powers of (t-n+1T) by mutliplying out 

the factors within the square brackets: 

c(t) = e(TTIT) ao+a1T+a2T
2+ ---+ak ...7.21 

where 
T = (t-HTT T) 

Making use of the relationships 

g(t)= do+dit + 

 

+ dktk  

 

g'(t) = d1+2 d2t + ---+(k-1)dk_itk-2+ . .tk-1  

g(k-1)(t) = ik-1 dk_, +Lh.dk.t 

g(k)(t) = 	 ...7.22 

where g is a polynomial in t , and do, d1 	d 	are 
constants, it is easy to see that function c(t) ,can be 
synthesized from e(R7I T) using a chain of integrators and 
summing amplifiers, as shown in Fig. 7.4, once the magnitudes 
of a0, al  ,----ak  in equation 7.21 are determined from 
equation 7.20. 

Putting n=0, 1, ----(n-1), n in 

s(nT+T) = r(nT) + c(nT+T) 	...7.18 

we get 

s(T) 	= r(0) + c(T) 

= 0 + e(0) (ao+a1T+---+akT
k) 	...7.23A 
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s(T+T) = r(T) + c(T+T) 

E(T)Jj + A(T+T) 
T=T 

e(0) (a0+a1T+ ----+akTk) 

+e (T) (ao+aI 	----+a Tk) 

s(nT+T) = e(o)(ao+a1T+ ----+akT
k) 

+ e(T)(ao+ a1T+ ---+akT
k) 

+ e(117-IT)(ao+a1T+ ---+ak1 ) 

+ e(nT) (ao+a1T+----+a T ) 

...7.23B 

...7.23C 

Therefore 	 n-1 

r(nT) - (ao+a1T+----+akT
k 	e(mT) ...7.24 

m=0 

It is obvious from equation 7.24 that if the extra-
polator J is to generate r(nT) at time t=nT, the input 

to the polynomial generator (ao+a,T+ ----+akTk) should be 

the commulative sum of all error inputs e(mT) previous to 

t= nT. 	The extrapolator proper, therefore, consists of two 
parts ; namely, the error interator I and the polynomial 

generator R , as shown in Fig. 7.5. 

The complete system configurations, at the trans-

mitter, of the modified PCM systems using zero, first, 
second and third order extrapolators are shown in Figures 

7.6, 7.7, 7.8 and 7.9 respectively, 

The effect of introducing the ouantizer within the 

loop is considered in Sections 7.4 and 7.7. 
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7.4. Representation of Stochastic Signals  

The conditions df validity of the assumption made in 

Section 7.3 that it is permissible to represent a signal at 

least locally (that is, over time intervals of restricted 

duration) by a polynomial of finite order, are discussed in 

the present Section. 

7.4.1. Least Square Estimation of ,Sample  

Magnitudes  

Let the joint probability density function/  / he 
variates x1 and x2 i 

x1 	x(t) 

x2 	x(t-T) 	 ...7.25 

be p(xl, x2) . 	Let the best estimate in the least scluare 
sense, of x1 for a given value of x2 be 

	

x1 = h(x2) 	 ...7.26 

Therefore, by definition, 

Expectation of rx1  - h(x2)J 2 

+on 2 

V1-h(x2j p(x1, x2) dx1  dx2  

-cSo -oo 

SI 	
2 

	

ci-h(x2 	 ( p(x-2) P`xlS  x2 ) dx1  dx2 
--oc) 
A-n 	+03 	2 

p(x2) dx2 	[c).-h(x
2)
] 

-Do 	-00 ...7.27 



+c0 
2 

h(x2] p(xil x2) dx, 

where 

P(x2) = 
	p(xl,x2) dx1 	...7.27A 

is a minimum. 

But, 

—o0 

2 
.--r11 (X )+M (X )-h(x 	p(x x ) dx 

L.-1 2 1 2 1 	2 	1 2 1 

where m2(x1) is the conditional mean value of x1 
for a given value of x2  . 

+CNO 

 

2 	 2 
m2(x1)] -p(H x2) dx1+ I m2(x1)-h(x2.).7 Lxl- 

...7.28 

since m2(x1) is a function of x2 only(54) 

is a minimum when 

h(x2 ) = m2(xl )  

 

where 

 

-Foo 
xip(x1,x2) dx1  =06 

 

m2 (xl )  

 

...7.29 

 

490 
p(xi,x2) dx1  

Therefore, the best estimate of x
1 in terms of x2 is the 

conditional mean value m2(x1) of x1 
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7.4.1.1. Least Sauare Estimate  for 

Gaussian Signal  

If the signal is cfaussian 0 	7 

P(xilx2)  = 
2 2(1x0 x22 

exp 1 	1  c1 

2ffTicr2 75 	
[ 	c-  

2(11,2)  12 	0-1.;3-2 + i;F 2
2 

where (0 is the correlation coefficient 	...7.30 

the best estimate of x1 is given by +oo 

x
1
p(x1lx2) dx1  

m2(xl)  = 
+.00 
p(x1,x2) dx 

c...‹,0 

+co 

x1p(x17x2)  dx1 
-03 

x1 dx1 

_14„(3i 	) 
exp 1 	)2 

(x, ---x2, 
21'2(1-6') 	cr2 

 

x2 

(CI 
 
x2 2 	 ...7.31 

since c7 = 1 	2 ' 

x1 and x2  being both samples from the same ensemble. 
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The structure of the signal during the interval 

(t-T) to (t) can be obtained by solving ecluation 7.31 

which may be rewritten as 

x(t) = p(T) x(t-T) 

Putting 

t = nT 

we get 	xn 	czixn-1 
	 ...7.31 

Multiplying both sides by the integrating factor -n-1 we 
get(40) 

-(n+1) -n xn+277 xn  = 0 

Therefore, the first difference 

1((o-n xn) 

giving 

...7.32 

n  xn = k , an arbitrary constant. 

Substituting back the values for t , and neglecting the 

constant k , we get 
x(t) = 	 ...7.33 

If the sampling frequency of the signal is consider-

ably greater than the I\Tyquist rate or if the signal is 

characterized by a falling power spectrum, p will not e much 

less than unity, 	For instance, ordinary speech {_x(t) 
	

is 

characterized by a falling power spectrum that can be 
approximately represented by the expression 

211A  G)oc(f) - 
1+(f/f2)2 
	...7.34 

where f2 is the frequency at which the spectral density 

becomes half the maximum value attained by Gxx(f)  . 	The 

corresponding autocorrelation function 0 (T) is given by(20) 
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= r(3- (f) cos 21if T df 

0 

0 xx(o)  e 
- 211f

2 
ITI 

...7.35 

where 

0 (0=-712  A f2 	...7.35A 

The normalized correlation coefficient 	(T)  is now given by 

/o(T)= 0xx(t) 
0xx(0) 

= e 
-2 tij f 2. I T 	 ...7.36 

For ordinary speech, f2 is approximately 800 cps. 	If it 

is desired to pass all frequencies within the pass band 

0-W cps, it is necessary to sample at a freq.uency fs  equal 

to or greater than 2W, the corresponding value of i bein 

,riven by 1/fs; 	
The calculated values of ()(T) for various 

values of W are given in Table 7.1. 	The sampling frequency 

fs 
is assumed to be approximately 20% in excess of the 

theoretical Nyauist rate. 

Table 7.1 

W fs fs P(T) 
3.2. kc/s 8,000 cps 0.53 
8.2. kc/s 20,000 cps 0.78 

13 kc/s 30,000 cps 0.85 

50,000 cps 0.90 
 	100,000 cps 0.95 

The values of IC  (T) for the hiFTh samplin7, frequencies 

of 50 kc/s and 100 kc/s are given in the Table merely to 

indicate the high values of correlation existing between 
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successive samples in communication systems such as delta-

modulation which employ pulse repetition freauencies of this 

order.(55)  
If fs is very much greeter than the half-power 

frequency f2  , then P(T) is close to unity. 	Under these 

conditions, expression 7.33 can be replaced by a polynomial 
of finite order to a high degree of accuracy: 

x(t) = pt 

1 + t 	P+ t2  

+ - - + to  

/Ln P)3  

 

—7.37  

Since modulus of Ln /0  tends to zero as 	tends to unity, 

only a few terms of the expansion would have to be considered 

to obtain adequate accuracy if (t -en(D) is less than unity. 

It, therefore, follows that a polynomial extrapolator of 

finite order is adequate to handle stochastic signals gener-

ated by gaussian processes. 

It may be noted here that if the signal x(t) has 

a constant or "direct-current" component m then using the 

same statistical techniques as before, the best least square 

estimate of x(t) can be shown to be given by 

x(t) = m +P(T) [?:(t-T) 

= m 	P(r)] + 	p(T)x(t-T) 

= constant + 	P(T) x (t-'t) ...7.32A 



m1 and m2 be the mean values of x1 and x2 
respectively, 

2 
(3-12 and  °--2 be the variances of x1 and x2 respect- 

ively, „a„ of, 

X12 be the covarance of x1 and x2 • 
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7.4.1.2. Least Square Estimate for Non-Gaussian 

Signals 

For non-gaussian signals, the least square estimate 

of x(t) as given by the conditional mean value of x(t) 

in terms of x(t-T) is not, in general, linear in x(t-T). 

If, however, it is only desired to represent x1= x(t) as 

a linear function of x2= x(t-T) 

x1=h(x2) 

=a+ 3x2  .1.7.38 

thus restricting in advance the class of functions h(x2) 

which may be used to minimize the integral Liven in eqn. 7.27, 

then the optimum values of the constants a and p for 

which 

   

   

 

h(x2  p(xl,x2) dx1  dx2  

   

   

is a minimum, can be found as follows: 

Let 

Then +(3,3 

`
+6( 
	

2 
I = 	- h(x2

)
.1 	p( 	x2) dx, dx2  

-6) 



Since (0-1  

m1 

= 

= m2 

= 

= 

1 	2 

m 3 
	

...7.43 

154- 

+O -h 
.5' 	.5 [X1- m1 

2 
p(x2-m2)+ m1- a 	P 

-7 

 P(x1lx2) 

dx2  

= CN1
2 

- 213X12 	
R2  (-22(ml- 	- P m2)2 

	
...7.39 

I is a minimum if 

0 

0 
...7.40 

Solvins equations 7.40 gives 

a = ml-  P m2 
X12 = 

= 

...7.41 

where 	r(T) is the normalized correlation coefficient 

X12 

therefore x

1 = m [1 .4p(„-)] 	((,) x2 

which is essentially the same as expression 7.32A for the 
case of paussian signals. 	It is therefore obvious that if 

it is justifiable a-priori (see Section 7.4.1.3.) to use an 
estimate for x1 that is linear in x

2 , then a -wlynomial 
extrapolator can be efficiently used for the processing of 

such signals, even if they are non-gaussian. 
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It may be noted that the least square estimate h(x2) 

is the same for both gaussian and non-laussian signals. 	This 

is a direct result of the use of the least square error 

criterion for the determihation of h(x2), the solutions of 
the linear least square problem and the corresponding general 

least square problem being identical if the process is 
normal(55)• 

7.4.1.3. Least Square Estimates for nth  

Order Markov Processes. 

So far it was assumed that the statistical structure 
of the signal x(t)} is such that the magnitude of the signal 

at time t is a function of the magnitude of the immediately 

previous sample x(t-T) at time (t-'r) and only of it. 
This is, of course, ecuivalent to assuming the signal to be 

generated by a Markov process of first order(57) . 	It will 
now be assumed that the intersymbol influence extends over 
n sampling intervals, thEt is, the magnitude of x(t) 

depends upon x(t-T), x(t-2T), 	x(t-nT). 

Let x(t) = x1 

x(t-T) = x2  
...7.45 

x(t-nT) = xn+1 

If it is now desired to express x
1 as a function 

h(x2x3---xn+1) of x2'x3'----xn+1 such that the expectation 
of 	 2 

- h(x2x3 	 xn+1)] 

is a minimum, then proceeding as in the previous Section, it 
can be shown that h(x2 	xn+1) is given by the conditional 
mean value of x1 when the magnitudes of x2 	xn+1 are 

1 



known, that is 

h(x2 ---xn+1)  

+6) 

ea 
x1 - p(x1  x2 ---xn+1  ) dx1 j 

-1-0Q 
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7 

...7.46 

S P 
-co 

(xix2----x ) n+1 	l 

This expression is, however, very unWbldy to use and difficult 

to solve. 	Also, it is, in general, suite difficult to obtain 

an accurate representation for the (n+l) dimensional 

probability density function p(xlx2 ----xn+1) 

For these reasons it is more sensible to use a simpler, though 

theoretically less accurate 1  model for h(x2---x11+1) that 

can be derived using experimentally obtainable data such as 

the moments and first-order product-moments of the variables 

xix2 ---xn+1 
	Therefore, it will hereafter be assumed that 

the form of the possible functions h(x2 ---xn+1)  will be 

restricted to functions belonc,;ing to the class of linear 

manifolds of x2x3---xn+1 ' 	Therefore, the best estimate 

of x1 is now given by 

h(x2---xn+1) 
	

'1.2x2+ 1313x31----1131n xn-131(n+1)xn+1 

...7.47 

The coefficients p12' - 	131(n+1) 	w - -B 	can no be found by 

minimizing the integral 

2 
I = Expectation of pc-- A -12x2--13x3 131(n+1) xn+J 

...7.48 

* The temporal and spatial stability of high order joint 
probability distributions is, in general, poor. 	This is 
especially true of the conditions normally met with in 
communication systems. 	The greater the order of the 
distribution, the greater is the fluctuation in the magni-
tudes of the parameters of the distribution. 
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- 5:  Lx1- 012x2- 013  x3 --- -131(n+1) xn+0 
	...7.49 

the summation extending over all sample values. 

Differentiating I with respect to 01k  and 
equating to zero, we get 

-0 
LS-07k  = 	(xlxk)  - 1312 I (x2xk) 	-131k 	(xk)2  

131(n+1) 

= 0 	 ...7.50 

where k takes on the values 2,3,---(n+1). 

Therefore 

012 5x22+ 1313 	 x23c34- ---+131(n+1) 	x2xn+1 =', x2x1 

012;5-x3x2+ 1315:x32 4----4-0l(n+1) 	xn+1 = -51x3x1 

13122...xn+lx2+ 131 xn+lx34.----+ 0l(n+1) › 'n+
2  
1 = 7 xn+1 xl 

...7.51 

Using the notation Xik  to denote the covariance between 
the variates xi  and xk we get 

1312 X22 + 1313 X23 	131(n+1) X2(n+l) 	X21 

1312 X32 	1313 x,33  +----+ 0l(n+1) X3(n+1) 	X31 

012 X(n+1)24- 1313X(n+1)31-----+ 0l(n+1) X(n+1)(n+1) =X(n+1)1 

...7.52 



Solving the system of equations 7.52 gives 

lk 
131k 	/\11 

...7.53 

158 

where 	A 	is the cofactor of Xik in the determinant A ik 

= 	1 	1,k = 1,2,----(n+1) 	...7.54 

Consider now a second order process aDecified by the 
relaionship 

x(t) +al  x(t-T)-1-a2x(t-2T). s(t) 	...7.55 

If al  and a2  are chosen to minimize the mean square of 
the residual term s(t), then 

a1 =  

+ 

-1312 

1̂2 
A 
11 

X12 	X.23 

x15 	X33 
...7.56 

X22 	X23 

X32 	X33 
But 

where 

X  ik = ...7.57 Cr  i (9:£ 

ik is the corresponding correlation coefficient 

Further, 
CY (T' 

k 

since 	xi and 	xk are samples from the same ensemble, and 
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ik = e(T J k-i J ) 	...7.59 
since the sampling interval is constant. 

Also, 
(°11 . • 	= P Co) 

= 1 ...7.60 

 

 

 

 

...7.61 

Similarly, 

a2 = 	
13 

11 

X12 	
X
22 

x13 	x32 

X23 
X
22 

A.
32 	33 

(3 (T) 	P(o) 

p(2-r) 	p (T) 

	

Ci (0) 	P(T) 

	

P(t) 	p (60) 

P(2T) - P2(T)  
p2(T) 

...7.62 
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It may be noted that if the autocorrelation function 

of the signal is of the exponential type given by eon. 7.36, 

then 

0  (2T) = e 
-12T( /T0  

/To  i2 

p2( 	 ...7.63 

Therefore, 	AV 
2 

according to eqn. 7.62, so that the least squire estimate of 

x(t) is now given by 

x(t) 
	

al  x(t-T) 	...7.64 

In other words, if the signal has a falling power spectrum 

similar to that possessed by white noise passed through a 

single stage RC integrating network, no greater accuracy in 

the representation of the signal fs achieved by considering 

second or higher order processes as the statistical model for 

the signal. 

The statistical estimation equation 

x(t) + a1x(t-T) + 

can be solved(58)  to give 

x(t) = ut (A cos 

where 	u= + a2
1/2 

= arc cos 

eaxp (t-2T) 

wt+B sin 

a 1 

= 	o 	...7.65 

wt) 	...7.66 
...7.67 

...7.68 

L._ 	2 a21/2  

Since a2 and therefore u are less than unity (according 
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to equation 7.62), x(t) is characterized by a damped 

sinusoidal oscillation, that rapidly decays to zero. 	The 

order of the polynomial required to adequately represent x(t) 

is determined by the relative magnitudes of u and w . 

The more general estimation. equation 

x(t) +a1x(t-T)+----+anx(t-nT) = o 
	...7.69 

can be solved to give 

x(t) = H1 ht + H2 2 ht + ---+ Hn n ht + 	...7.70 1  

where 	h1 h2---- hn are the roots of the characteristic 
equation 

hn  + a1 hn-1  + a2 h
n-2 +----+ an  = o 	...7.71 

It is rather difficult to study the detailed behaviour of 

such a function. 	In any case, if the order of the equation 

is large, the order of the extrapolator required for adequate 
representation of the function becomes too large for consider-

ation in practical cases. 

7.5. 	Exponential Extrapolation 

It was shown in Section 7.4 that for 
nalss  the best estimate of x(t) is given by 

x(t) = (0(T) x(t-T) 

which can be solved to give 

x(t) = pt(T)  

gaussian sig- 

...7.72 

.7.73 
Rather than designing a high order polynomial extrapolator 

to generate a polynomial approximation to the exponential 

input signal, it is mom logical to design the extrapolator 

to generate an exponential waveform. This can be done by 



replacing the polynomial generator part only of the extra-

polator by an exponential generator consisting of an RC 

network as shown in Fig. 7.11. 	The input to the exponential 

generator is, as in the polynomial case, the sampled output 

of the error integrator so that the actual input to the RC 

network is (except for the error introduced by quantization) 

an impulse of magnitude equal to that of the most recent 

sample p(nT) of the signal. 	Now, the impulse response 
of the RC network is given by 

1 e 

where 1( is equal to the time constant RC of the network. 

If R and C are chosen such that 

...7.74 

tn -r5C7ED 

where T is the sampling interval, then it can be seen that 

the output of the exponential generator would decay to 
exactly p(nT) ()(T) at the next sampling instant (ETI T) 

An amplifier of gain 	is introduced between the 

output of the RC network and the difference amplifier to 

compensate for the attenuation caused by the former. 

It may be noted that ordinary PCM and single-inte-
gration delta modulation systems(55,60,61) are particular 
cases of the present system. 	The former can be derived 
by breaking the feedback section of the loop while single-

integration delta-modulation systems (with n coded digits 

per sample) can be obtained by replacing the exponential 

extrapolator with a unity-gain holding circuit or alter-

natively, by increasing the time constant of the network 

to a value that is very large compared to the sampling inter-
val. 
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pet) 

FIG. 7.11. EXPONENTIAL EXTRAPOLATION.  
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FIG. 7.11A. EXP TENTI/L EXTRAPOLATION USING PHYSICALLY REALIZABLE ELEMENTS  . 
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7.6. 	Improvement in System Performance due to  

Use of Extraloolator. 

It has been shown in previous sections that the existence 

of correlation between successive samples of the same signal 

can be considered to be due to the presence of a non—random 

component in the signal. 	If this systematic component is 

eliminated using extrapolation techniques, it is now necessary 

to transmit only the purely random component to the receiver. 

for it to regenerate the original signal. 	The variance and, 

therefore, in general, the peak to peak variation of the error 

signal a(t) given by the difference between the actual input 

signal p(t) and the extrapolator output r(t), are less than 

those of the input signal itself.so  that for a given, fixed 
number of levels of quantization, it is possible to represent 

the output of the quantizer to a greater degree of precision. 

The ratio of the variances of the actual system input p(t) 

and of the input a(t) to the quantizer may therefore be 

considered to be a suitable criterion to judge the improvement 

in system performance obtained by using the extrapolator. 

Methods for evaluating the ratio are outlined below:• 

7.6.1. 	First Order Correlation. 

Let e(t) denote the residual component left after the best 
estimate of x(t), namely p(T) x(t —T), has been subtracted 
from x(t) 

xl 	p x2 = ca.   7.75, 

where 

xi  = x(t). 
x2  = x(t —T) 
B1 = a(t) 

The variance of e(t) is given by 



2 
+ 	+•:x) 

- 2 r; 	p x2  ) p( x1  , x,) dx1  dx2  

- 	GO 

G-1 - 2  P x12 	(D
2
6-2

2 	
from eq. 7.39. 

(r. 2( 	 ... 7.76. 

sine e 

X12 
_ 
- ( 	1 

G-  G-  = 1 - 	2 

It is thus seen that the variance of the input to the 

quantizer is reduced by a factor of (1 - c2) by using the 

extrapolator. 

The quantization noise introduced into the transmitted 

sirnal is approximately given by 

k (r
-2 
6 

y,  2 NQ  

2 k  G-- (1- e2 ) 
b
2n • • • 7.77 

where 

1 = number of quantization levels 

b = base of the coding system used 

n = number of coded digits per sample 

k = a constant of proportionality. 

If it is decided to reduce the number of coded digits per 

sample from n1  to n2  but increase the samplinp: frequency fs  

from (1/
Tl

)to (1/T  ) such that the product of the sampling 
2 

frequency and the number of digits per samidc is constant, 

that is 
n
2 

T2 = T1 n1 
... 7.78 
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then a reduction in quant izat ion noise can be expected if 

2 ( 1  _ p22 ) 	 2 - ( 1 — e ) 1 	... 7.79, 
b2n2 	 2n, 

where 

= - (21)  

P2 = P(22)  
... 7.80 

Equation 7.79 yields the relation 

b2 ( n1 — 1-32)  1 	2  1 ... 7.82 

   

1 — C22  

Since a very- large increase in p2  over 	is not, in general, 
obtainable even with a doubling of the sampling frequency it is 
obvious that equation 7.82 would normally be satisfied only 
when n1  s small, say equal to 2 or 3. 	Also, it is more 
difficult to satisfy equal ion 7.82 when a ternary or hirter 5  its rc YV%, 

order system rather thanirc6nventional binar,;(  is used. 

7.6.2. Higher Order Correlations. 

If high order correlations exist in the original signal, 
then x(t) can be represent ecl in the least square sense by a 
linear function of x(t — -c), x(t — 2 T), 	x(t — n T), as in 
equation 7.47. 	The residual, random element c(t) obtained 
after subtracting the best estimate of x1, from xl  is 
therefore given by 

(t) = 	= x1- p12x2 - p13x3 • 
n+1 

1 	A  
1\lk 

k=1 

• - Pl(n+1)xn+1 

  

...7.83. 
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Since the average value of si  is zero, the variance of s1 
is Aven by 

2 
6 	E (sl  sl) 

where E means nexpectation ofc? 
n+l 

sl) 
i=1 

E (x1 61' 	Cl ) since 	is uncorrelated with 

x2, X3/ " 9 X/1-1-1 

n+1 
Alk Xlk 

 

11 
k=1 A 7.84. 

where 

 

11 

 

and A ik  are as defined in section 7.4. 

It has been shown (Ref:59) that an expression of the 

form equation 7.84 can be rewritten as 

2 	2 r   
\ 1  - 1 122) (1  - (313 	

t. 

 1-  C14.2 *  * *(1q21(n+1) .23--n)  

7.85. 

/\1k 
7.86. 

()1k.23-'.  a • 
(k-1 )(k+1 )... (n+1) A llAkk 

fl k.23...(k-1)(k+1)...(n+1) provides a measure of the 

actual correltion that exists between x1  and xk  after any 

variation in the "total" correlation1311-c' between x1  and xk  
cue to the influence of x2, x3, 1" xk-1' xk+1' 	xn+1 has  
been removed, and is called the "partial correlation coefficient u 

of xi  and x with respect to x-, z 	' • • xk-P xk+1 ' ' xn+1 • 
For instance, D13.2  provides a measure of the residual r  

where 



169 

correlation that exists between x1 and x3 
after the effect 

of any influence 	 " on -1  and x3  due to x2 
has been removed, 

Thus, for the case mentioned in section 7.4. where 

appreciable correlation is known to exist over two sample 

intervals, the variance of the actual input to the quantizer, 

after the elimination of the systematic component in the 

si.vn:.1, is given by 

2 
c  

2 
- (3 \ 13,2' 

1 
/\ 

A l  

/;A 11 	33 

2 (1 
P12) 

 (1 

2 2 
= 	(1 -4)12) 

2 - 
=7/ 1 

2 ) 

1 - 
rp_3  12  23  ) 

( 
\, 
4

1
1-16

2
2 
 )(1-(

)23 

	

r4 , (21-) - e2 
 (T) 	 	.0. 7.87. 

n  4 
1 - 	-(T) 

It may be noted that if, in the above expression, 

f(2T ) = ... 7.88. 

or, in other words, if the autocorrelation function V7x(T) 

of the signal is exponential, then the variance of 

e(t) is given by 

G-  6 	C 2 (1 - e CO) 
	

4... 7.89. 

which is the same as the expression obtained for the case of 

extrapolation making use of only first order correlation. 

This result thus further confirms the deduction made earlier 

in section 7.24 (equations 7.62 to 7.64) that, for signals 

characterized by such autocorrelation functions, no advantage 

is gained by designing the extrapolator to make use .of second-
and higher order correlations in the sampled 
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7.7. Effect of Quantization on System Performance. 

Two main effects are ;produced by putting the quantizer 

in the forward section of the feedback loop of the system: 

A. The quantization noise thus introduced affects the 

proper operation of the extrapolator, and 

B. The quantizer makes the loop gain of the system. 

amplitude dependent. 	Under certain conditions, 

this can lead to system instability. 

These aspects are discussed in detail below. 

7.7.1. 	Effect due to Quantization Noise.  

If the number of levels of quantization is sufficiently 

large and if the sampling frequency is not very much greater 

than the Nyquist rate, then it is justifiable, as shown in 

section 6, to replace (Ref.62) the quantizer by a source of 

independent, random, additive, white noise g(t) with amplitude 

distribution p1(g) given by 

1 	_ L.< s 	4_ h 

h 	2 --- 	2 	7.90 

0 	gl 

and variance 

21 h2 
cr- g 	12 

... 7.91 

where h is the magnitude of a quantization interval (Fig.7.12A). 

Assuming the probability distribution of the amplitude of the 

error signal s(t) to the quantizer to be gaussian,as given 

by the relation 
—6
2
/2c—  2 

P (s) = 	
1  

.e to.7.92. 
2 

 

P1' (cr) 
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FIG. 7.12B. EQUIVAIEIT2 CIRCjIT FOR TIE VAITTIMR. 
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the compound distribution p3(q) of the amplitude of the 

output 

q(t) = g(t) + a(t) 	 7.93 

of the quantizer is given by (Ref:63) 

+ co 

P (q) 	= 	I p1 	( q-s )p (6  ) d s 
3 - 	2 

-6°  /77/2 	(q 	+ h ) 	I 
T- 	2C- 

where +0( 	2 
1 	-t-/2 

I (a) = 	_ 	e 	dt 

_ 
If, however, the quantization noise power is small compxed to 

T-a2I  then it may be assumed that the amplitude distribution 
of q(t) remains gaussian, with the difference that the output 

power 6- 2  is greater than F'a  2  by an amount equal to r g2. 
Under these conditions, since g(t) and a(t) are uncorrelateC., 

it is easily shown that the configuration of fig.7.12A can be 

replaced by the system shown in fig.7.12B in which thc additive 

noise source within the loop is replaced by an equivalent 

signal outside the loop. 
The introduction of the quantizer is thus seen to be 

equivalent to merely increasing the variance of the rondom 

com_onent of the input signal p(t) by G- 2. 

One immediate conclusion which can be drawn from a study 

of fig.7.12A is that even if the input signal is completely 

systematic, there is no significant advantage gained by 
increasing the order of the extrapolator beyond the point where 
the kth-order back difference of the signal is approximately 

equal to or less than the root mean square value of the 
quantization noise. 	For instance, for the gaussian signal 

mentioned in section 7.4, optimum utilization of the 

extrapolator may presumably be considered to be obtained if the 
kth back difference 

I-271  
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k xn 	
—1) x 	Po, 7,96, 

of the signal x(t) at t = n T, is approximately equal to 

0-1  since beyond this value there is very little reduction in 

the magnitude of the residual component to be obtained even 

if k is made much larger. 

7.7.2. Effect of Nonlinearity  on Loo-0 Gain of System. 

Since the quantizer possesses odd symmetry, only odd 

harmonics of the input signal are generated. 	It may therefore 

be assumed that the linear elements following the quantizer, 

being predominantly of the low pass type, (for instance, the 

RC integrator network used for exponential extrapolation), 

severely attenuate all the harmonics generated by the non—
linearity, the order of the lowest—order harmonic present being 

three. 	Under these conditions, it is permissible to investigate 

the stability of the systemusing describing function techniques. 
(Ref:  64,65). 

The describing function N(A) of a nonlinearity is defined 

as the ratio of the fundamental component Al  sin (wt + 0) 
of the output sir.racal  to the input signal, when the latter 

is a sinusoidal function A sin wt 

A sin(wt+ 9-) 
N( 

 
L) = 	1 	 ... 7.97 

Asinwt 

It is easily shown (Ref.64) that for a steady state 

oscillation to be present, the loop gain of the system for the 

fundamental component must be unity — in other words, 

vr (jco) c N(A) = 1 	 *ow 7.58  

where w(jw) is the open loop frequency response function of 

the feedback loop obtained by substituting (jco) for (s) in the 

open loop transfer function w(s), s being the complex 

frequency function 
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s =a+ j w . 

The amplitude and frequency of possible states of oscillation 

of the system are given by the roots of equation 7.98 which 

can be solved by plotting w(j w) and 14(A)  to real and 
imaginary coordinates in the w plane 

W = 	j V 

and noting the points of intersection of the two loci. 

In a sampled data system, the delays introduced (Ref.66)  
by sampling and the use of holding circuits, cause the 

frequency response function to have the form of a spiral 

(Ref.67) as shown in fig.7.14. 	Further, the describing 

function of an ON—OFF nonlinearity, corresponding to the 

use of a 1— digit binary code, is given by (Ref.64) 

N
2 
 (A) = 

40 -o 

 

7.99 
ii A 

where 2 go  is the peal: to peal amplitude of the output of 
the nonlinearity. l4(A)  is also plotted in fig.7.14 27it 

may be noted that the gain of the element is purely real — a 

consequence of ,the assumption that the nonlinear element has 
no hysteresisj. 	It is obvious that the system is unstable 
since the gain becomes infinite when the amplitude A of the 
input is zero. 	Though there is more than one point of 

intersection between the two loci possible, it can be shown 

(Ref.67) that the only stable mode of oscillation is that 
corresponding to the point we  at the extreme right of all the 
points of intersection. 	This point defines the existence of 
a limit cycle (Ref.681  69) of frequency wo  and amplitude Aol  
oscillations at the lower frequency wo  suppressing those at 
wi.and w2. 	It is possible to suppress these oscillations 
if, by some means, the gain of the nonlinear element can be 

prevented from increasing to infinity for small values of A.. 

This can be accomplished by using a three—level nonlinearity, 
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oorresiponding to the use of a 1-digit ternary code, as shown 

in 	7.15B, 	The describing function of such a nonlinearity 

is riven by 
_ 1 
2 	--' a0 1\T

3  (A) = j 	
o __i_  _ ( 

2A 
 ) - ; /or 2A ,,:./ a 

A 	 o 1 	 , .. 7.100 
where 	(0 	< 01-  2A 4-ao t 

ao  is the udead-zoneufof the .nonlinearity 

lAr
3
(A) is plotted in fig.7.15. 	It may be noted that for 

certain values lamplitude, 1/11.3(11) is double-valued, its 

magnitude fallingicinfinity to a minimum and then again 

increasing, as A increases from zero to infinity. 	The 

magnitude of the input amplitude A corres onding to the point 

of closest approach of the function 1/N3(A) to the origin can 

be determined by solving 

d N ( A ) = 0 A 3 

Solving equation 7.101 gives 

a
o

2 
1 0. _ 	a02  ) -= 

2 4A4 A  
4A2 

giving 

ao 	A 

... 7.101 

.,. 7.102 

For this value of ao , magnitude of N
3
(A) attains a maximum 

given by 
^ 4a

o 	 • 	7,103 Y
3 
( A)  

Sao  

If this value of N
3
(A) is less than the magnitude of 

[N2(A)] for A = Ao 	corresponding to the limit cycle 

conditioS, that is, if 

4
a  

0 	N
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that is, if 

ao 
	 7.104 

then it is obvious that the loci of the two curves cannot 

intersect. 	Therefore, by proper choice of the dead—zone ao, 

for a given value of q0, the possibility of oscillation can 

be avoided in a ternary system. 
The above result is especially important in considering 

the suitability of communication systems using 1—digit codes 

for telemetry or process—control applications. 

7.7.3. Statistical Transfer  Function of Quantization  

Nonlinearity. 

Since, in a communication system, the input to the 
nonlinear element is a time series and not a sinusoidal 

function of given frequency and amplitude, the use of describing 
function techniques to study the overall performance of a 

systemto a wide range of input signals, is of limited 

application. 	It has however been suggested by Booton (Ref.70) 

that the performance of a nonlinear element can be studied by 

assigning a 'linear Fain function' to the element, the nature 
of the function being determined by the characteristics of 

the element as well as of the random input. If the exact 

functional dependence between the input x(t) and the output 

y(t) of the element is specified by the relation 

y = f(x) 	 ... 7.105 

then it is assumed that the exact functional relationship 

can be replaced by a linear equation of the form 

y(t) = k.x(t) + d(t) 	 ... 7.106 
if the constant of proportionality, k — called uthe 
equivalent gainu of the element — is chosen such that the 

variance of the residual term d(t) is a minimum for the type 

of input signal under consideration. 	In other words, if the 

probability density function of the input signal is p(x), 
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then the constant 	k 	is chosen such that the integral 

+0()  
1 = 

J2 
f(x) - 	kx 	p( x) dx ... 7.107 

_00--  
2 

± 	, :x•- 
r i+0e,  

= 	f (x) p(x) dx 	- 2k xf(x) p (x) dx 
J 

.... CP 

4. 	k2 ,) 
x 	p (X)d1 ... 7.108 

is a minimum. The optimum value of k is obtaied by 

solving 

dI 0  . ... 7.109 
dk 

giving 

x 	f (x ) p ( 	dx 
Oo 

+ Cud 	2 
(x)x 	p 	dx 

_ fx) 

xf(x) 	p(x) dx 
- oo 7.110 

x 
where 

2  is the variance of the input signal x(t). 

If the assumption of linearity is again invoked, in a 

different context, to be able to assume that the probability 

distribution function of the output of the nonlinear element 

is substantially the same as that of the input except for a 

multiplication constant, then for a gaussian input to the 

system, the probability density function of the amplitude of 

the signal associated with any part of the feedback loop :Is 

also gaussian (Ref.70,71). Therefore, for a gaussian input 

€ 	If the number of levels of quantization is sufficiently 
large, with respect to the behaviour of the amplitude probabili7 
density function of t17127177ETsection 6), it is justifiable to 
assume that the shapes of the probability density functions of 
the input and the output are substantially the same. 
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to the communication systempof fig.7.11  the input to the 
quantizer is also rmussian. 	Under these conditions, the 
"equivalent gain" or the "statistical transfer function:, 
of a 3-level quantizer as specified by the relation 

ao +a 	x` + / 
f (x) = 	0 	_ a 	2 -- x 	+ ao  -- 2 	

... 7.111 

_q 	
X < - ao 2 

2 
is given by 

2 
3 

- x2 

a 2- o 
86" 7  112. 

It may be noted that for an ON-OFF nonlinearity (that is, 
if ao  = 0) this expression becomes 

k = 
2 ... 7.113 

Therefore, 

k 	
I 
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which is the same as the expression given by Booton for the 

limiting case of 'a limiter whose range of operation in the 

linear mode tends to zero. 
The statistical transfer function of an 1-level quantizer 

can be obtained in the same manner as for the 3-level quantizer, 

required 
nonlinearities of ;peak to peak amplitude (at output) of 2q 

and of dead-zones of magnitude ao, 3a0, 5ao 	...(1-2)ao  : 

3 	-2t  

	

1 	2 	- R (14-2m) /8 a- 2  

k 	

2 	at. 	
e 

 
... 7.114 • 1 s211 

— m=0 
i is assumed to be odd. 

By varying the magnitude of qi  as well as of ai  

associated with any given 3-level nonlinearity N3
(i) involved 

in the au-Derposition operation, and using the corresponding 

st:tistical transfer function 

	

12 	q_ • 
k (i) 	.e 
3 	i/ 	(3- 

2 
_ai  

8u - 2 ... 7.115 

the above technique can be extended to cover the case of 

logarithmic quantization or of any other type of quantization 

(Ref.l9) involving the use of nonlinear expansion - compression 

curves. 

It may be mentioned here that the statistical transfer 

function of any nonlinear element possessing odd symmetry 

(including those not involving quantization) can be determined 

to any required degree of accuracy by adding the statistical 

transfer functions corresponding to the different 3-level 

nonlinear elements used to obtain, by superposition, an 

adequate approximation to the given nonlinarity. 	This is 

a much quiche-2 method for obtaining the equivalent gain of 
the nonlinear element than the method suggested in Ref.721  
which requires the evaluation of the very large number of 

integrals that are necessary to characterize the approximation 

obtained by splitting the given nonlinearity into an adequate 

number of pioomise linear segments. 



Once the statistical transfer function of the quantizer is 

evaluated and the expected variance T- -2  of the error 
si7nal at its input estimated (Ref..70), then the system as a 

whole can be considered as a linear network.Filterinf: and. 
smoothing networks can now be introduced, into the system, 

if necessary (for instance, to discriminate against noise 

in the signal input to the system), makin:: use of the standard 

techniques of linear network theory and random noise analysis 

(hef.71, 72). 
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8. 	Tristable Circuits. 

In a preliminary study of the problems involved in the . 

instrumentation of a ternary system of pulse code modulation, 

one of the main problems that presented itself was that of the 

analogue—to—digital conversion of the magnitudes of the primary 

signal. 	It was proposed to make use of an encoder of the 

feedback type (see section 9) to perform this operation, a 

decoding network consisting of a suitable number of tristable 
circuit elements, each capable of being triggered to give any 

of three different levels of voltage across its output 

terminals, being used in the feedback loop of the encoder. 

Since the stability, accuracy and speed of operation of the 

encoder are directly dependent upon the corresponding 

characteristics of the decoder and therefore, of the tristable 

elements of which it is composed, it was found necessary to 
develop a reliable, fast tristable circuit conforming to the 

following specifications: 
1. The circuit shall have 3 stable states. 

2. The output voltage can assume any of one of three 
different, distinct levels, each voltage level corresponding 

to one stable state of the circuit. 

3. By means of repeated triggering the circuit can be 

made to pass through the three stable states sequentially, 

so that a periodic staircase waveform is obtained at the 
output. 

4. The circuit can be reset to any stable state by a 
single reset pulse, while the circuit is in either of the 
other two states. 

5. The increments (or decrements) in voltage between 

successive output levels while the staircase is ascending 

(or descending), should be equal. 
6. It should be possible to build up several circuits with 

almost identical characteristics, especially with respect 

to the magnitude of the output voltage levels, without 
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requiring the use of close matching of circuit components. 
The various circuit configurations that were 

investigated may be classified under four main categories, 
namely 

A. Energy Storage Circuits (Ref.73) 
B. Combinations or matrices of bistable multivibrators. 
C. Tristable multivibrators based on the twin—triode 
Ecoles—Jordan trigger circuit. 	An additional nonlinear 
mode of operation, besides the two nconventionalil modes 
of the bistable multivibrator, in which the loop gain of 
the circuit is less than unity, is obtained either through 
the introduction of extra nonlinearities, such as diodes, 
into the regenerative loop of the circuit or through the 
unconventional use of nonlinearities already inherent in 
the system, such as the grid—current nonlinearity associated 
with each multivibrating—valve. (Ref.74-77) 
D. Tristable circuits, using three valves, based upon 
the ring—counter principle. 

Since the theory and development of these circuits have 
been discussed in detail by the present writer elsewhere 
(Ref:78), only a very brief outline of the theory of operation 
of the tristable circuit finally chosen for use in the encoder 
is given here. 

The basic circuit is given in fig.8.1. 
When the circuit is in state-2, valve V1  is conducting and 

valves V2 and V3 are cut off. 	If a negative input pulse is 
now applied to the anodes P1, P2, P3  of V1, V2  and 1/3  through 
the diodes Di, D2, D3, a negative pulse appears at P2  and P3  
but not at P1 since the anode of V1 is at —27 volts which is 
considerably below the voltage level existing at the cathodes 
of Di, D2  and D3. 	The negative pulse appearing at P3  is 
capacitively coupled to the grid of V1  which therefore begins 
to cut off. 	The positive voltage step appearing at the anode 
of V1  appears at the grid of V2  before it appears at the grid 
of V3, since there is capacitive coupling between P1  and grid 
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of V.3. 	V2 therefore be ins to conduct and the negative 

step appearing at P2  is immediately applied to the grid of 

V
3 
through the coupling RC network, thus ensuring that valve 

V3 remains cut—off. 
	After the transients have decayed, the 

circuit settles down into the new stable state (State 1) in . 

which valve V2  is conducting and valves V1  and V3 are cut—off. 

Applying the same reasoning as given above, it is easily 

shown that the application of another negative pulse would 

cause the circuit to switch to State-01  in which valve V3  

alone conducts. 	The circuit can now be switched back to 

State-2 by applying another negative pulse, the circuit thus 
passing through one complete cycle of ternary states. 

The positive and negative plate voltage excursions at 

Pl ,P2  and P3  are limited to +0 volts and.-27 volts respectively, 

using the clamping diodes Di, D2, D3, D4, D5, D6. 

The circuit can be reset to any required state by applying 

a positive pulse to the grid of the appropriate valve. 
A ternary output, defined by three distinct voltage levels, 

can be obtained by feeding the outputs of valves V1  and V3  
into the system of operational amplifiers shown in fig.8.2. 

The necessity for operational amplifiers is avoided in the 

tristable circuit given in fig.8.3. 	The output of this . 

circuit when in State-2, is the same as the supply voltage, 

+150V, since the conditions at the output are unaffected by 

the conduction in valve V1. 	In State-11  however, valve V2 
conducts causing current to flow through the parallel resistive 

network (r) (r + r) in series with the plate resistor R of V2. 

Since only half as much current passes through (r + r) as 
through r, the voltage at the output is exactly half that at . 

the junction of r-and the plate resistor R of V2. 	In State-0, 
valve V

3 conducts, 	Now, however, the full voltage drop 

across the parallel resistive network (r) (r + r) is available 

as the output, thus ensuring that the voltage difference 

between the outputs for State 0 and State 2 is twice that for 
State 0 and State-l. 
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The coupling between the plate resistors and the resistance 
capacitance voltage divider networks is made through cathode 
followers. 	This not only ensures faster switching but also 
defines the output voltage for State-2 precisely, since no 

,f,U4current is now supplied to the R—C voltage divider 
networks. The maximum negative excursion at the anodes of 
V1.V2 V3 is limited to +84V  by means of the clamping diodes 
D4, D5, 0  De. 	This ensures that the current through the plate 
resistor R of the conducting valve is the same for all three 
states. 
. The ternary output waveform of the circuits given in figures 

8.1 and 8.2, is shown in fig.8.4. 
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9. 	Ternary Encoder. 

Three methods are available for encoding an analogue 

signal into digital form: 

A. Counting. The magnitude of the sample is determined 

by counting the number of units contained in it one by 

one, until the difference between the magnitude of the 

sample and that corresponding to the total count is less 
than half a unit. (Ref.7110). 

B. Feedback Subtraction. The magnitude of the sample 

is coMpared with that corresponding to one code digit 

after another, proceeding from the most significant to the 

least, and subtracting an amount equal to the magnitude of 

the given digit from that of the sample each time the digit 

value is found to be smaller than the magnitude of the 
sample or of its residue from the previous subtraction. 
The procedure continues until the residue is less than 
half a unit. (Ref. 8,81). 

C. Coding Tube Method. Magnitude of the sample is 

measured in a single step by comparison with a set of 
standard values (Ref. 11, 82). 

Of the three methods mentioned, the last is by far the 
fastest. 	It is also possible, using this technique, to 
present the output with the coded digits arranged in ascending 

order of significance with the least significant digit 

occurring first and the most significant last. 	This makes 
it possible to introduce considerable simplification in the 
decoding process (Ref: 79, 80). 	However, this method is 
rather more costly to implement than the other two. 	Therefore, 
it was decided to base the development of the ternary encoder 

on the feedback principle, since this method is much faster 

and more flexible than the counting method (Ref:81). 
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Two different ternary enooders, Encoder I and Encoder II, 

each capable of encoding the amplitude of a rectangular 

voltage pulse into a sequence of ternary digits, are described, 

Of these, only a modified version (using 2 coded digits per 

sample) of Encoder II was actually constructed and tested. 

9.1. 	Encoder I.  

The operation of Encoder I is described below: 

Samples from the holding circuit arrives at the input A 

of the difference amplifier DA, at the rate of 10 Ko/s. 

Outputs of the tristable circuits TSC I, TSC II and TSC III 
are added together in the ratio 9:3:1 respectively, and this 

combined output is applied to the input B of the difference 

amplifier. 	The voltage developed at B is proportional to the 

magnitude of the ternary number represented by the states of 

the three tristable circuits I, II and III. 	For instance, if 

the tristable circuits I, II and III are in states 2, 0 and 

1 respectively, the output voltage at B would be equal to 

k(2 x 32  + 0 x 3ix 3°) 

k(18 + 0 + 1) 

= 19k, 

where k is a constant of proportionality. 

Encoding is performed by triggering the tristable circuits 

in such a manner as to reduce to a minimum the difference 

between the signal voltage at A and the output voltage at B 

of the three tristable circuits. 	This is accomplished by 

making use of the output voltage of the difference amplifier 
DA toy  ttrn.0-6 	ck,y, 

the trigger pulses IA, IB, IIA, IIB, ILIA  and IITB  
which occur at a fixed repetition frequency of 10 Kc/s, with 

an interval of 1/(60 x 103) = 16.6 11 sec. between successive 
pulses, as described below. 
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Initially, TSC I is set to state 2 and both TSC II and 

TSC III to state O. 	The input at B would therefore be. 

proportional to the magnitude of the ternary number 200. 	If. 

the voltage at B is greater than the magnitude of signal at A, 

a positive difference signal is developed by DA. 	This 

triggers the bistable circuit BS, producing a positive step 

at the output of BS which is coupled to the input of the gates 
c3 IA, 6 IB, ..., 	ILIA  and G IIIB. enabling the gates to pass. 

any trigger pulse that may be applied to them now. 	Therefore, 

when the trigger pulse IA  occurs, it passes through the gate 

5 IA  and sets back TSC I from state 2 to state 1. 	If the 

signal voltage lies botween 000 and 022, the voltage at B would 
be still greater than the signal voltage at A, so that the . 

error voltage would continue to be positive. 	Consequently, 

when pulse IB  occurs, it will pass through gate G IB  which 

remains open, and set back TSC I to state 0 from state 1. 

On the other hand, if the signal voltage at A is greater 

than the magnitude of the ternary number 200 as represented by 

the voltage at B, the error signal developed by DA would be 
negative. 	Consequently, the bistable circuit BS would not 

trigger with the effect the pulse IA  does not pass through the 
gate IA  which remains closed. 	Therefore, TSC I remains in 
state 2. 	As the error signal continues to be negative, the 
gate G IB.would not be open when the pulse IB  arrives. 
Therefore, TSC I remains in state 2, unaffected, signifying 

that the signal voltage is greater than 200. 

As a third alternative, suppose that the signal voltage 

lies between 106 and 200. 	In this case, at the beginning of 

operations, the bistable circuit BS would trigger applying a 
positive voltage to gate G IA. 	Therefore, the pulse IA  would 
trigger TSC I from state 2 to state 1. 	But thereafter the 

voltage at B would be less than the signal voltage, Consequentl: 
gate G IB  would not be open to let pulse IB  through. Therefore, 
TSC I remains in state 1. 
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From the above discussion it can be seen that at the output 
of the bistable circuit BS there would be 

1. No change, if the signal voltage is greater than 200. 

2. A positive rectangular pulse followed by a region of 

no change of equal duration, if the signal voltage lies between 

100 and 200 and 

3. Two positive rectangular pulses merging into each other 

if the signal voltage is less than 100. 

The output of the bistable circuit is now passed through a 

phase — inverting, integrator circuit. 	If the reference datum 

for the output of the integrator is taken as that corresponding 

to case 2, the integrator output, at the beginning cf pulse 

IBI  would be 

positive for case 1, 

zero 	for case 2 and 

negative for case 3. 

The output of the integrator is used to gate trigger pulses 

to two pulse generators, a positive pulse being obtained in 

case 1 and a negative pulse in case 3. 

The pulse IB, besides triggering TSC I, if necessary, 

from state 1 to state 0, also resets TSC II to state 2 from 

state 0, thus enabling the encoder to commence the coding 
oper.7,tions for obtaining the second ternary digit, which are 

the same as for the first digit. 

Similarly, at the end of the encoding for the second. digit:  
the pulse IIB also resets TSC III to state 2 from state 0, so 
that the encoding for the third digit may follow. 

The circuit shown encodes the signal only correct to 

three ternary digits. .The signal has been completely encoded 
when pulse MB  is over. 	This pulse is therefore also used  
to reset the various tristable circuits to their initial 
states, namely, to .reset TSC I to state 2, and TSC II and 
TSC III to state 0. 	At the same instant, a new sample 
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arrives at the input A of the difference amplifier, from the 

holding circuit, and the encoding processes are repeated for 

the new sample. 
From the above discussion it can be seen that two separate 

operations are necessary to encode each ternary digit. 	In 

other words, to encode a sample into a sequence of (n) ternary 

digits, (2n) trigger pulses, equally spaced in time, would be 

necessary. 	This is because the present system makes use of 

two binary decisions to determine the magnitude of each 
ternary digit, each of the binary decisions being made 

individually and sequentially, instead of simultaneously 

A more efficient system is described in the next seotion. 

9.2. Encoder II. 

In this encoder, the position of zero potential of the 
signal is taken to be in the centre of the dynamic range of 

the signal. 	In other words, if the ternary number 222 

corresponds to the extreme positive excursion of the signal, 

and 000 corresponds to the extreme negative excursion, then 

the number 111 corresponds to no—sia.nal conditions. 	This 

arrangement makes 

a ternary digit — 

less than 1— in a 

If the first 
a given sample is 

it possible to determine the magnitude of 

namely whether it is greater, equal to or 

single step as described below. 

digit of a ternary number corresponding to 

1, then the maximum and minimum values the 

number can have are 122 and 100 respectively; if the maximum 

value of the number is greater than 122, the first digit is 2, 

and if the minimum value is less than 100, the first digit is 
zero. 	In other words, if the magnitude of the first digit is 

1, then the maximum excursi.on of the signal from the zero or . 

earth potential (corresponding to no—signal conditions) 

cannot be greater than + (122 — 11) or + (122) 

m Note: According to the present choice of scale,(122 — 111) 
/ 011, "as given in the discussion for Encoder I, but is equal 
to 122. 
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Accordingly, in the present Encoder, the incoming signal is 

compared with avoltage of magnitude 122. 	If the signal is 

greater than 122, obviously, the first digit of the number is 

2, not 1. 	Simultaneously, the signal is compared with a 

voltage of magnitude — (122) = 100, which is obtained by 
inverting the comparison voltage (+122). 	If the signal is 

less than 100, then the first digit of the number is zero and 
not 1. 	On the other hand, if the signal voltage lies between 
+ 122 and — 122, that is between 122 and 100, then the first 
digit of the ternary number corresponding to the signal, is 1. 

Once the first digit has been evaluated, the second digit 
can be determined as before after a voltage corresponding to 
the magnitude of the first digit has been subtracted from the 
original signal voltage. 	For instance, if the first digit 
is 2, 32= 9 volts is subtracted from the signal; if the first 
digit is 0, (_.32) 	(— 9) volts is subtracted, if, however, 
the digit is 1, no voltage need be subtracted 4s 1 corresponds 
to zero voltage. 	This subtraction process is necessary to 
ensure that the residual voltage would not be greater than 
the magnitude corresponding to a first digit, so that comparison 
of voltages may again be.performed at zero or state —1 level. 
If the second digit is 1, this residual voltage cannot be 
greater than (112 — 111) = 112 or less than (110 — 111) = — 112 
Therefore, this residual voltage is simultaneously compared 
against voltages of magnitude 112 and — 112 to determine the 
second digit. 

When the second digit is evaluated, the process is repeated 
by subtracting from the residual signal a voltage proportional 
to the value of the second digit and comparing this against 
voltages of (111 + 0/2) and (111 — E/2) where S=`112 — 111 
.(11l — 1101 	In a practical encoder, such as given in 

r.-t: 
fig.9.5, it isoaecessary to use an additional tristable 
circuit to provide the values of + S1/2  and — /f2; this is 
done by properly setting the triggering levels of the trigger 
circuits T1  and _7 T2 
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A circuit which performs the above operations is shown 

in fig.9.5. 	The output (S) from the holding circuit is 
applied to the input A of the difference amplifier DA 1. 

The outputs (E0) of the tristable circuits TSC I and TSC II 
are added together in the ratio 3 : 1 respectively, and applied 
to input B of DA 1. 	Initially, both TSC I and TSC II are in . 
state 1. 	Therefore the output of DA 1 is equal to (S 	E0).S.  

namely, the signal only. 	This is presented to the inputs 

A' and A'; of the differential amplifiers DA 2 and DA 3. 	The 

outputs (V) of the bistable circuits BS A and BS B are added 
together in the ratio 9 : 3 respectively, and applied to the 
input B' of DA 2 directly. 	The output V of BS:A and BS:B 
is also applied after inversion through a unity gain 
amplifier, to the input - BH of DA 3. 	Initially, both BS:A 
and BS:B are in state 2m  and their combined output V corresponds 
to the ternary number 122. 	The outputs (S—V) and (S+V) of 
the differential amplifiers will therefore be positive and 
negative respectively according as the signal is larger than 
122 or smaller than 100. 	The output of DA 2 is applied to 
the trigger circuit T1  which triggers if (S—V),(8.4). 	The 

output of DA 3 is applied to the trigger circuit T2  which 
triggers if (S+V)0/2). 	The output of T1  is a ,,-1,-vvc,step 
while that of T2 is a negative step, 

The outputs of T1  and T2  are coupled to the gates 6 IA  
and 6 IB respectively, so that pulse P I is allowed to pass 
through 6 IA  if T1  has triggered, or through 6 IB  if T2  has. 
triggered. 	If the signal is greater than 122, T1  triggers, 
as explained earlier, and P1, when it arrives, triggers TSC I 
from state 1 to state 2, thereby subtracting a voltage of 

& The two possible staEes of BS:A anFBS:B are denoted, F57 
State 2 and State 1, the former indicating the positive output 
condition, while the latter denotes the absence of any voltage 
at the output terminals. 
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magnitude (9.7) corresponding to the value of the first 

digit (2) from the signal. 	On the ether hand, if signal is . 
smaller than (-122), T2  triggers and P I sets TSC I to state 0, 
thereby subtracting a voltage of magnitude (-9-7) corresponding 
to the value to the first digit 0, from the signal. 	The 

same pulse PI resets BS:A to state 1, so that the residual 

signal is compared now with voltages equal to 112 and —112, 
instead of 122 and —122, as before. 

The magnitude of the first ternary digit is found out by 
sensing the outputs of the trigger circuits T1  and T2. 	A 
positive step at T1  indicates that the first digit is 2, 
while a negative step at T2  indicates that the digit is O. 
The outputs of T1  and T2  are fed into a ternary pulse generator 
which gives a positive output pulse if the output of T1  is 
positive, a negative output pulse if the output of T2  is 
negative and no output at all if the outputs of T1  and T2  
are negative and positive respectively. 

The second and third digits are determined in the same 
manner as the first digit. 	At the end of the coding of the 
second digit, the pulse P II resets BS:B to state 1, while 

at the end of the coding of the third digit, the pulse P III 

resets both TSC .I and TSC II to state 1 and BS:A and BS:B 
both to state 2. 

The actual waveforms at various points of the encoder are 
given in figures 9.8, 9.9 and 9.10. 
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10. qernary Decoder. 

If the output of the encoder had been such that the 
least significant digit of the code group occurs first and 
the most significant digit last, then it is possible to use 
a modified form of the Shannon Decoder (Ref.79,80) to decode 
the reoeived coded signal, as shown in fig. 10.l. 	The 
received noisy signal is regenerated and applied to a 
ternary current generator circuit which supplies an 
instantaneous pulse of either (+I), 0 or (—I) units of 
current to an RC network, depending upon whether the reoeived 
code digit is in state 2, 1 or 0 respectively. 	The time 

constant RC is such that any charge on the capacitor C 
decays to exactly one third its initial value during the 
interval of time T allocated to one code digit. 	Thus, one 
coding interval T after the arrival of the complete code 
group, the total charge remaining on the capacitor is equal 
to the sum of the contributions due to the various digits 
weighted.according to a ternarz scale, the weight of code 
digits 1, 2, 	n being 30 	3n-1 respectively. 
The desired signal output is obtained by sampling the output 
of the RC circuit at this instant, and applying it to a 
holding capacitor and a correction network to compensate for 
the aperture effect introduced by the holding oirouit. 

By alternate use of two decoders, one for odd — numbered 
code groups and the other for the even — numbered groups, 
an idle interval equal to the time taken for the transmission 
of a code group, is made available between successive code 
groups, which can be made use of to allow the result of 
one decoding operation to deoay to insignificant proportions 
before another code group is decoded. 

However, since the output of the encoder actually used in 
the experiment provides the most significant digit first 
and the least significant digit last, deooding cannot be 
effected in the present case using the ternary form of 
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Shannon decoder mentioned above. 	Since only two digits 
are used per code group in the experimental encoder, it was 
decided to use the simple switching scheme outlined below, 

for decoding. 

The received noise — free ternary signal is applied 
simultaneously to two resistor networks, one of gain unity 
and the other of gain equal to 1/3. 	The outputs of these 
networks are then selectively switched using.a diode switching 
oircuit (Fig. 10.4), to give a common output, the switching 
being such that the output of the unity gain network is 
connected to the output circuit during odd multiples T, 3T, 

(2n+1) T of the digit interval T, while the a — third 
gain, network is connected to the output during even multiples 

2T, 3T, 	(2 n)T of T 	This ensures that the two digits 
of the code group are weighted in the required proportions. 
The output of the switching circuit is then applied to an 
integrator (Fig. 10.5) which sums the contributions from both 
digits of the group. 	Immediately after the contribution 
due to the second digit has been operated upon by the integrato— 
the integrator output is sampled (Fig.10.6) and applied to a 
holding capacitor. 	The output of this holding circuit is 

then amplified and applied to a low pass filter to provide 
the required smoothing for the output signal. 

A short duration after the output of the integrator is 
sampled, but before the next ternary pulse arrives at the 
input of the integrator, the integrator capacitor is 
completely discharged using a diode resetting circuit (Fig.10.5 
to prepare it to operate on the next code group. 

The circuit is designed to operate over a wide band of 
sampling frequencies from ap7roximately 4 Ko/s to above 40 Kc/s. 

The main flow diagram of the receiver as well as the 
detailed circuit diagrams are given in figures 10.3 to 10.ra. 
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11. 	Summary of Conclusions 

The thesis, especially the ?art  dealing pith theoretical 
investiations, is mainly concerned with the development of 
analytical techniques for evaluatin and optimiain the 
oerformance of discrete data transmission s--stems in e;eneral 
rather than wit': the detailed study of any °articular 
communication system. 	However, on account of the 
importance of - ernary systems, special serphasis 'las been 
placed on the study of ternary POE systems. 

Introducing the conce -Dt of information ca.oacit:,  _oar 
state of a symbol, it is shown in section 2 that ternary systems 
have the hi chestcodins efficiency of all ohysically realizable 
sysems. 	Methods are then sugested b7-  which the efficiency 
of certain well known statistical codin technie.ues, such as 
the FLannon-Fano coe, can be further improved. 

In section 3, the transmission efficiency of communication 
systems, in which the transmission channel is 7erturbed lay 
noise, is defined. 	The transmission efficiencies of binary 
and tenar:' PCP.] systems are evaluated assumin an equi-orobable 
distribution for the various states of the transmitted symbo 
It is seen that except for ver7 low sie-nal to noise ratios of 
the order of (-30) db or less, the efficiency of a ternary 
sysem is always considerably hie!; er, the difference being 
es?eically noticeable when the signal_ to noise ratio is lar ee. 
It is shown that the conceet of chnnel ca:adty as defined by 
Shannon is inadequate te evaluate the erforreance of actual 
systes end t et a more :feneral _Formulation or the conc,:t 
is necessary, in which the channel caeacity is defined in terms 
of the parameters of the actual system includin the receiver, 
and of the distribution o the perturbin noise. 

The variation in the form of the functional depon,i'lence 
between transmission efliciency and the channel sienal to noise 
ratio, as the characristics of channel noise cllanz-;e, is next 
studied. 
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In section 4.1  equivocation in 'Dinar and tJrnary systms 

is comeut3:1 and shown to be less in a binary -- 
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Seion 7 is, conc:arnd with the _e -v on nt of nor., 
coohisicated forms o 	 moulE,Jion in which an7 

of ..h.„ statisical st-i'uctuLe o-_11 the-2 

is made 	of to im-brove 	ra.;, of t.:ansmission of 
ir:7.ortion of the s7s;:em. 	;117S, suitable for this purpos:,, 

ineor--)orats an ,xtrepo:etor is 1;ri5,L. 	Prniems i-avoL)ed 
in the slathsis of the :,xu-ce._alator as -Jell 	s th-e 

and statisical consi::erations that de_cmine the choice 
of tlia parametes of th 	yThza -.olator, are dis:ussd. 	The 

imorovment in the ir ooi:snc oftbe 	 sysm 
OVL:2 conventional POI.• 	J1)Amaed or dif:er=t t.es 

of statisal in uts. 

The e.t_iriortion in th_, acc=acT of ::2- t7a:.olL.tion Lnd 

in h *':-1-fernanc of th 	auEntiziation 

is 	studied. 	The if 	on 	staTpi)ity of the E-. --ctem f_ue 

to tho reence of the. ouLntization 	the 

feedback loop, is also investiate. 	It is demontrated :311a_ 

wereas the use of a symmetrical binEy'7 naantizL.r wit-_1 211  levels 

causs unavidable sstirr: 	 mod.e of 

can bc obtained in a Tpro-erl- 	 a 

-•nor 7 nJantiz.,r 	311  Lvels. 

E;caAseicl transfr function of ri 	1-level 

qllantizer i briv d r.afcin 	se of a sim'el; technique that .asily 

lends its:21f to the derivation of th so•i ical transfr funocion 

of any nonlinarit7 )os3:Jssin of  off s7r.• 	•- . 
	The 	of 

t' use o± -2tastical :rEnsfar functions 	nonlin,arities in 

analysis of nonlinear com:unication o. cone-rol ss:nt is ,,-itrassed. 

bri:;* outline of the :c,„riment:1 orh f7oc T1S c6rrid out, 
is . 1-.sen5ed in .free next three- sections. 	It ns 	a lantion3d 
in this connctioi -tat the 	stuf.ies outline:d in this 
thesis er ,  unertaT:en 11.:7t the jdca of investiatin the ThTsical 
--ealizability of t_rnary syst-ems in : enrol ratter :in 	obtain 
:r ..nirnena1 v-rificion of the th_cretical 	j-can: 
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In section 8, a short outline of the theory of operation 
of a certain type of tristable circuits is given. No original 
ideas are presented in this section, the emphasis is on the 
development of reliable and fast praotical tristable circuits 
for use in the instrumentation of the feedback encoder 

mentioned in section 9.2. 	Section 9 describes the operation 
of two different types of ternary feedback encoders, of which 
only the one described in section 9.2. was actually built and 
tested. A ternary decoder based upon Shannon's binary PCM 
decoder, is described in section 10. 	The design of a simple 
deooder (different from that mentioned above) that was built 
to decode code groups consisting of not more than two ternary 
digits, is also given. 

Exoept for the development work briefly set out in section 
8, the research work described in seotions 2 to 10 of this 
thesis, as reviewed above in the present section, represents 
original'contributions by the writer to communication theory. 
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APPENDIX 2.1 

Entropy per Symbol: 

b 

- 2:1 p(i) logep(i) units 	...A2.1.1 

1=1 

Average entropy per state of a symbol 

1 t- = 	L_ p(i) logep(i)] units 	...A2.1.2 

i=1 

Information capacity per state of a symbol, for a 

given value of b : 

i=1 

loge( 	units 	...A2.1.3 

To obtain 	information capacity per stato of a symbol 

for optimum value of b (= bopt)  ' differentiate eqn. A2.1.3 
with respect to b , and eauate to zero% 

i.e. 

i.e. 

d 7 05- _Loge  

loge 	F  

= - 1 

0 

= - 
b" 

loge  

—7 
b" 

[1./bj 

bopt  = e 	 ...A2.1.4 
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Since the number of possible states (b) per digit has 

to be finite and an integral multiple of unity, the value of 

e is inadmissible for bopt. 	The function 

1 hb  = - Lb log 

is continuous and has but one stationary point. 	Therefore, 

the optimum value of b has to be either or both of the two 

integers, a and b , specified by the ineauaJ..ity 

a <e < b 	 ...A2.1.5 

namely, the integers 2 and 3 . 
Substituting the values 2 and 3 in the expression for 

hb we find 

h2 	
1 log 7  

h3 = 1 , 	1 - 5  _Log 7  ..A2.1.6 

Therefore, the optimum number of states b per digit 

for which the average information capacity per state of a 

symbol is maximum is 3 . 
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APPENDIX 2.2  

The magnitude of Lo  is calculated as follows: 

Let the total number (X) of simple elements in the 

binary and ternary systems be Xb  and Xt  respectively. 

Also, lot the correspondin7, number of messages tht can be 

specified in the two systems be)',/b and t respectively. 

Therefore, 

119/b 	

Xb 
77 	 ...A2.2.1 2 

pp 	Xt 
= ...A2.2.2 - 3 

A physically realizable ternary system would require 

less number of simple elements then the correspondin:; binary 

system, under all conditions, if the total number of messages 

is so large that 
( 	

2 tb 	 ....A., 2.3 

for the same number of simple elements in both systems, 

X0 = Xb = Xt 	 ...A2.2.4 

The minimum value of Xb for which equations A2.2.3 . 
and A2.2.4 are simultaneoulsy satisfied gives t o  . 

Combining equations A2.2.3 and A2.2.40, 

xo1— xo l 
3  T 

X0+ 2 

2 	 ...A2.2.5  
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Taking' logarithms, 

X0 	X0+ 2 77  log 3 2 	2 

i.e 	
X 	s, 0 	.5, 3 to 2 

	

X0  + 2 	7 lo; 3 

	

Xo 	35.3 

= 36, approximating to the next 

lrgest integer. 

it0  corresponds to a binary sequence 
or 18 binary digits  

0 = 218  = 262,144 

of (36/2) 
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AFEENDIX 2.3  

The relationships obtained in Section 2.3.1 concerning 

the relative coding efficiencies / 	and 'T of binary and 

ternary systems, can be derived by solving the two simultaneous 

equations 

3n 	r (mod 22) 	... 2'3.1 
 

and 
3n = 2m 	 ...A2

.3.2 

where m, n and r are integers. 

Solutions to these equations have, however, to be 

obtained by inspection since there is no general method for 

solvinE them. 	The symbolism is, however, useful in understand-

ing the relationships derived in Section 2.3.1 . 

For instance , it is seen that 4/ is never equal to 

for a given number of simple elements X , since there is no 

solution to the equation 

3n  7-1 0 (mod 2m) 

for any integral, non-zero values of m and n . 

The relationship "J congruent b, modulo p" 

b (r.od 1►) 

signifies the incesral rela,ionship that 

a - b  is an integer, 

Ivan that a, b and p are integers. 
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APENDIX 3.1 

Capacity of a Binary Channel 

Let the 1)robability of transmitting the first and 
second symbols be 

p(1) = P 	) 
p(2) = 9 

respectively, and of receiving them 

p 1(1) 

p'(2) 

= 

= 

P' 

qi 

) 
) 
) 

...A3.1.2) 

respectively. 	Assuminz that the noise has a symmetrical 
amplitude distribution and that the detection level at the 
receiver is zero, 

P1(1) = P2(2) 
= r 	

...A3.1.3 

P1(2) = P2(1) = S 

The rate of transmission R 

R = H(Y) - Hx(Y) 

= 	[p 	n PI+ QI~n r•I 

[P+ Q] F4n r + s in s  

= - 	En Pt+ Q' 	Q'1 + constant 

...A3.1.4 
since P + Q = 1 

is a maximum when H(Y) 

H(Y) = - [P' In Pi+ eA in Q' 



r 	s 

s r 

= 

= 

 

 

 

  

  

-1 

PI 

1 
7 

1 
7 
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is maximum, because of eouation A3.1.4 . It is easily shown 
that this occurs when 

P' =g' = 1 
2 

Therefore, 

1 r -s• 
r s 

S r -s 

1 r -s 
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APPENDIX 3.2  

Determination of the Optimum Detection Levels, + Z 

The optimum detection levels are determined by the 
relation 

dR 	_ 0 	 . 3 .28A 

where 
R is the rate of transmission 

- 	L 1 + in p(3727 7147 (P(Y)) 

4.  1 
	7 / 1 + in Px(Y)_7 	L—Px(Y)-7= x y 

i.e. 	- 2 D. 1n -*(2a--13)- q/13)- *(2a+13)1] 

x 	(2oc-13)+ ((3)+/* (2a+(3)3 

- [1 + In 	*  (2a+P)+ (°)-11(2a-P)] 3 

x 	/‘P tcc+(3)+ /*(13)+4 (2a—qj 

+ 	In 1+ ‘If 2a-13).] 	(2a-p)] 

0 ...3.28B 

+ 3n *(2a+(3)-
2 
 * (2a-0)]  Ly,  (2oc+ (3)+ (2a-13).] 

.4 _ In  1-* (r).] 	4(2a116..) 

+ 	E- iti(3)] 

In *(3) 	P4(13).] = 0 
	...A3.2.1 
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where 

Using the 

and 

we get 

+a 
( a 	f ,f(x) dx 

-cc 
-x2 

) = 	1 o  
_127r 

approximations 
t-(1T+61T) = 2.61/41:(V)+I(V) 

1I(V+6V) =OM - 6V. V.T(V) 

...A3.2.2A 

...A3  .2.2B 

6.-  -21LPal 	a(2 /2/(oc)+/LC(.3a)1 

x[21f (a)+a((3a) - (Sal 3a//% (3a)3 

- 2  [i:L+ Ln -q(3a)+ ; 6a, 2p! (oc)+4(3a) 

x \.--.. /1/.((oc)+,?41/(3a) — 6a 3a/7,/r(3a) ] 

- 	{11+ 	1+ -4)(c)  ) 	 2 	6a .f?r(a)n [./1) (a)+6octa.1 (oc) 

+ f 	(1411-r(3c)2  7-P(a)  + 6a ./ -1)(a)+4 	(3a) fl 

x 5)(a)+/4) (3a)+ 60( 	oci-2}7(cc)-30'../Zi) (3cc) 

- 2 D.+ 	c1-1(3cx) 	(3a)1 1)(3a)- sa 1.3a.Ar(3a)0 

- 	[1+ .tn L1-  Va.)  Occ.1)( cr) J V4).  (a)- oa {ar,r(a)311 

- f ',tn 	[I 	(oc)+2 b a.12r(oc)] (a)- 	6a 	..a./5(oc) 

= 0 9 

where 
sa 	= — a ...A3.2.3 
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Equation A3.2.3 can be expressed in the form 

f + g oa + h (oa)2  = 0 	 ...A3.2.4 

where 
f = 2E.P(a)+ (3a)Yen 3-2 3a)- ,tn-tr(3a) 

4. hi, (cc?jEZn  1+1-(cc) 	ini(a).1 

+r)fr  (a) +Y'(3a) , 	1+/C n t(31— (a-d 

- (30c.g ri+Ln 1- 2(3a) 

-/ (ate [1+ tn 24(2a] 

[21fr(a)+ )4-(3a27 2[3-21;a (3a) 	-gr 3(.3a3 

+ [3a-11'0a)] [2+ In 3-267-(3a)+ 	-1113°27 

+La .t (a)Y-2- n 1 	— 

2  [• -)` (a_?iR+ 13)- (a)+ 7-17) 	/ 
Y'((x)-3a N3agil+ /en t (3c )  0xj 

+ (a)+y- (3a27PlifT3̀)Z_Tcc8][2] 

+[3a Y-(3a27t1+ 1- 42(3coi 

//0-,,,VA,AAA,4 

 

 

g = 
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+L--)(3agt'7-(3.,)_1127 
+ [a -y-0.27[1+ fn 1— r(a) 

+[7- (c_ci:.-1;c°00 712/ 
and 

h = L3a, -W(3ag 	(a) /frac)13-2 -175E) ---t3aj [23 

+/-tir (42  Z 1+ 	1(a 	1p.-1TE) [2°1 

+/-a."(0)-3a1/'(30)7Z-V(Va4)--73:3 -1/21 

cci“a>71-1100,1[2.1 

Since f, g and h are functions of a only, (oa) can be 
determined by solving the quadratic equation A3.2.4 

f, g and h are plotted as functions of a in 
Fig. 3.5. 

The above procedure gives only a very rough aporoxi-
nation of the true value of 6a . A better approximation 
can be obtained by substituting the ap,:roximate value for 

a in equation A3.2.3 and repeatinf= the procedure given 
above. 



ftg.h versus a 
for 

Solution of Equation 3A08 

8 

6• 

 

1.0 10.0 

FIG. 3.  
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