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Abstract

This thesis concerns the visualisation of networks, through anin-depth study into
the node-link diagram representation. Three subtopics are explored within this
space. The first is the problem of node layout, where the optimisation of a pop-
ular energy function, known as stress, is improved through an algorithm known
asstochasticgradient descent. The second is the method of edge bundling, where
theideaofhierarchicaledgebundlingis exploredinthe absence of aknownground
truth hierarchy. Its similarity to a topologically lossless bundling method known
as power-confluent drawingis then leveraged, in order toimprove technical prob-
lems with the underlying algorithms. The final topic is an engineering application
in the form of a serious game called EcoBuilder, which utilises the node-link dia-
gram to visualise the dynamical behaviour of food webs. Its purpose is to crowd-
source research through a citizen science approach, with outcomes in both visu-

alisation and mathematical ecology.
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Chapterl

Introduction

In his 1985 book, “Surely you're joking, Mr. Feynman!”, the physicist Richard Feyn-
man writes about an experience he had as a graduate student at Princeton Uni-
versity. One day, Feynman was scheduled to give a talk about his work at an or-
dinary weekly seminar, but the stars aligned to bring a host of famous names to-
gether into the audience for that week, including John von Neumann, Wolfgang
Pauli, and Albert Einstein. The story itself focuses on Feynman’s understandable
surprise and nervousness about the situation, but he also noted an interesting de-
tail about these great minds — they shared an uncanny ability to predict the out-
comes of complex mathematical processes, without having to resort to using al-

gebra to work through the equations by hand.

Feynman refers to this ability as being able to see the physics, and was no doubt
partoftheinspirationbehind Feynman diagrams, an alternative representation of

the complex equations that describe interactions between subatomic particles.

1
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For example, the equation

i
M = (Oliel/wl)( l;gzw) (Oziey”15)

and the Feynmann diagram

are equivalent, with both similarly colour-coded to match the corresponding ele-
ments of the interaction they are describing. Both the equation and the diagram
can be classified as a representations of the abstract concept of a mathematical
model, but it should be much clearer in the diagram that what is being described

is the movement of two particles as they exchange a photon.

The subject of this thesis is not physics, so the details of the above interaction are
not important. What is important is the fact that variations of these diagrams,
with slightly different rotations and symbols, can closely approximate the be-
haviour of any subatomic particle interaction, whilst remaining simple enough to
make complex and unwieldy integral expressions digestible. They helped open a
door to understanding the natural world, revolutionising the field of quantum
electrodynamics upon their introduction (Kaiser, 2005). Feynman’s contribu-
tionstoscience were eventually recognised by aNobel prize shared with Shinichiro
Tomonaga andJulian Schwinger, and the calculations behind their work could not

have been possible without these diagrams (Kaiser, 2009).

Why does this matter? Because the modern world has brought with it a powerful

tool with the potential to further unlock this ability to see; not everybody can be



a genius like Einstein or Feynman himself, but nowadays almost everybody does
have access to something they did not: a personal computer. Tables of data no
longer need to be plotted by hand, because a computer can do it automatically,
withouterror, and on volumes of dataimpossible for any person to handle in mul-
tiple lifetimes. But presenting this information in the best format to support hu-
man understanding is not trivial, because despite the brain’s amazing ability for
pattern recognition, it is also easily overloaded and often misled. The study of
what representations work best for humans, visualisation, is the real subject of

this thesis.

More specifically, the focus will centre upon on the visualisation of networks. Any
set of relationships between entities can be classified as a network. Commonly
studied examples include networks of relationships on social media, biological
metabolic pathways, and citation patterns between research publications. They
can be found everywhere and are becoming an incredibly important data struc-
ture, but it is far from a trivial task to faithfully represent their underlying pat-
terns, especially when the size of the network approaches the order of thousands
or even millions of nodes. The majority of this thesis concerns the algorithms be-

hind modern methods of network visualisation.

Another benefit of computers has been the development of user interfaces, which
have flourished as a result of the massive recent growth in consumer electronics.
This has brought a whole new language to the world, where people have learned
the ability to communicate with machines, now small enough to carry in their
pockets. Thereisawhole new generation of society who have grown up with these
devices to become ‘computer-literate’, granting them access to the world of inter-
active visualisation, which dynamically responds to the user depending on what
sections they wish to view, and how they wish to view them. Despite this, static di-

agrams are still invaluable, not least because they can be printed on paper, which
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is still the most accessible form of media in the world. A well-organized static vi-
sualisation also allows the viewer to digest the information in their own time, and
in the logical order that suits them best. This is just as a painting composed by a
talented artist, with the right details spread across the right locations, can be ob-
served and appreciated for just as long as a good movie. As such, the majority of
the work done here focuses on static visualisation. However it would be wasteful,
if not foolish to ignore the wide realm of possibilities that interactive media can

offer.

The final chapter of this thesis therefore explores an application of the algorithms
developed in preceding chapters, in the form of a research-oriented video game
called EcoBuilder. The goal of the player in the context of EcoBuilder is to con-
struct network of species connected by predator-prey interactions, whilst pre-
venting any species from going extinct. The result of which species go extinct and
which survive is determined by a dynamical system of equations used to model
real-world ecosystems, and so the research outcome of the game is to crowd-
source research into these dynamical systems through an approach known as cit-

izen science.

EcoBuilder is the thread that pulls together the entire narrative of this body of
work. Despite being the subject of the final chapter, the goal of producing a video
game was the initial target set for the PhD behind this thesis. At their core, video
games are simply interactive visualisations, with the one primary difference that
they present the user with an objective to complete. Within every game thereisan
underlying virtual world for the player to understand and interact with; the struc-
ture of this virtual world within EcoBuilder is shaped in the form of networks, and
so by definition a visualisation of such networks was required to reach the target

of producing the game.

However, the ensuing rabbit hole opened by the topic of network visualisation re-
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sulted in the bulk of the work here to be done parallel to the overarching goal of a
video game. The task of building an accurate depiction of any network, let alone
one with underlying dynamics like an ecosystem, is an intricate undertaking, and
in hindsight it is no surprise that its exploration led to interesting and fruitful av-
enues of research. Not all of these avenues eventually found themselves included
within EcoBuilder itself, but hopefully the contributions will nevertheless be of

use to the visualisation community at large.

1.1 Thesisroadmap

This thesis is organised as follows. There are four main chapters, each of which
explores atopicin the world of network visualisation. Chapter 2 concerns the lay-
out of nodes in the node-link representation of a network. It presents the appli-
cation of an algorithm known as stochastic gradient descent to the problem of
node layout, which outperforms the previous state-of-the-art for a popular objec-
tive function known as stress. Chapters 3 and 4 concern the presentation of the
links in a node-link diagram, specifically the idea of curving links to reduce clut-
ter. Both chapters present methods that leverage the use of an auxiliary graph to
inform this curvature. The difference between the two chapters is the method for
constructing this auxiliary graph: the first explored in Chapter 3 uses hierarchical
clustering, and the second in Chapter 4 uses power graph decomposition. Chap-
ter 5 presents an application of network visualisation algorithms to a research-
oriented video game called EcoBuilder. The objectives aimed at from the design
ofthe game are first presented, and the research outcomes fromreleasing it to the

public are then reported.

The broader literature review for the topics studied is split up across these chap-

ters, in Sections 2.1, 3.1, 4.1, and 5.1, each titled Background. A general context for
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the fields studied in this thesis as a whole can largely be garnered from reading

each of the three individual chapters together, if desired.

1.2 Statement of Originality

This is to certify that, to the best of my knowledge, the content of this thesis is my
own work. This thesis has not been submitted for any other degree or other pur-

poses.

I certify that the intellectual content of this thesis is the product of my own work
and that all the assistance received in preparing this thesis and sources have been

acknowledged.

1.3 Copyright Declaration

The copyright of this thesis rests with the author. Unless otherwise indicated, its
contents are licensed under a Creative Commons Attribution Non-Commercial

No Derivatives license (CC BY-NC-ND).

Under this licence, you may copy and redistribute the material in any medium or
format on the condition that; you credit the author, do not use it for commercial

purposes and do not distribute modified versions of the work.

Whenreusing or sharing this work, ensure you make the licence terms clear to oth-
ers by naming the licence and linking to the licence text. Please seek permission
fromthe copyright holder for uses of this work that are notincluded in this licence

or permitted under UK Copyright Law.


http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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1.4 Publications

The work in Chapter 2.2 was previously published in Zheng et al. (Zheng, Pawar,
and Goodman, 2019¢). The layout algorithm developed there was also applied to
food webs in Ho et al. (Ho et al., 2019). An early version of the work presented in
Section 3.1.1 was previously published in Zheng et al. (Zheng, Pawar, and Good-
man, 2018) The work presented in Section 4.1.1 has previously been published in
Zheng et al. (Zheng, Pawar, and Goodman, 2019b). An early version of the game
presented in Chapter 5 was published in Zheng et al. (Zheng, Pawar, and Good-
man, 2019a)



Chapter?2

Stress minimisation

If one were to ask a random group of people to draw a network/graph on a piece
of paper, it is likely that most would draw dots to represent the nodes, and lines
joining the dots to represent the edges. This is a representation so intuitive that it
is often synonymous with the abstract concept of a graph entirely. This is the rea-
sonwhy this‘join-the-dots’ representation, known as the node-link diagram, is the
most commonly studied and applied (Ghoniem, Fekete, and Castagliola, 2004),

and is also why it has been chosen for the purposes of this thesis.

The contribution of this first chapter is entirely focused on algorithms for posi-
tioning the nodes in a node-link representation, specifically through the numer-
ical optimisation of a popular objective function known as stress (Zheng, Pawar,
and Goodman, 2019c). However, it is useful to have an idea of the other possible
graph representations in order to gain a broader view of what network visualisa-
tion can be. A classical example of this includes the matrix plot, which is a grid
where each vertex is represented by a row and a column, and each edge is a dot
filled in at the intersection of a row and column (Liiv, 2010). Specialised types of
networks can also have similarly specialised representations. Trees, for example,

can be depicted as packed rectangles (Johnson and Shneiderman, 1991) or circles

8



Figure 2.1: A gallery of different graph representations, where left column con-
tains node-link diagrams for three different graphs, and each row shows the same
graph but in different representations. The top row shows matrix plots with rows
ordered nicely and shuffled; the middle shows disc and string intersection graphs;
the bottom shows rectangular and circle packed treemaps.
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(Wang, Wang, et al., 2006), in what are known as treemaps. Graphs with low boxi-
city, such as food webs (EkI6f et al., 2013), can be drawn as intersection graphs of
overlapping lines or rectangles or cuboids.! A related and more common exam-
pleis the disc graph, where nodes are represented by circles and edges exist if the
circles overlap. This sees widespread use as a Venn diagram, but usually without
the connotation of network structure. A more obscure example is string graphs,
where each vertex is represented by a (possibly curved) line, and edges exist be-

tween vertices whose lines intersect.

A gallery of such examples can be seen in Figure 2.1. Each of these each of these
representations has its unique benefits and downsides: matrix plots can show a
very dense amount of data in a small space, but are very dependent on the order-
ing of rows and columns (Liiv, 2010), as it can be seen in Figure 2.1 that shuffling
the order of rows and column can completely hide the underlying structure. A
survey of algorithms that can be used to find insightful orderings can be found
in Behrisch et al. (2016). The intersection-style graphs are intuitive and do not
require edges to be explicitly drawn, thus saving on visual clutter. However they
cannot be drawn for all graphs for either the circle (McDiarmid and Miiller, 2014)
or string (Schaefer, Sedgwick, and Stefankovic, 2003) representations. Treemaps
effectively convey the idea of a hierarchy, where the root node completely en-
velops each of its children in a recursive manner. On their own they can only visu-
alise trees, but have been effectively used in conjuction with clustering algorithms
to apply them to general graphs; examples of this include graph thumbnails (Yo-
ghourdjian et al., 2018), or power graph decomposition (Dwyer et al., 2014) which

will be studied later in Chapter 4, Section 4.1.1.

Even within the subfield of node-link diagrams, there is a wide variety of options

available. Examples include arc or chord diagrams, where nodes are placed on a

10r hypercuboids, although the usefulness of that for visualisation is likely limited.
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line or around a circle, respectively. Links are then added by drawing the epony-
mous arcs or chords between nodes. A method that has recently gained popular-
ity is the hive plot, a simple but effective variant of parallel coordinate plots (Krzy-
winski et al., 2012), which places nodes on radial lines to draw curves between
them, in a similar fashion to radar charts (Porter and Niksiar, 2018). Animportant
subtlety is that each node may or may not be placed on more than one line, and
the order in which the nodes are spread across the line is also a conscious choice.

This customisability is where the power of such a method lies.

Hopefully the above examples give a taste of how varied the representation of a
graphcanbe, evenifthe workinthis thesisfocusesitsattentionsolely onthe node-
link diagram. The remainder of this chapter will specifically concern the layout of
nodes in such a visualisation. And while there will be a focus on automatic node
layout, it is worth noting that how humans tackle the problem has also been stud-

ied empirically (Purchase, Pilcher, and Plimmer, 2010; Purchase, 2014).

2.1 Background

The formal study of node-link diagrams dates back to least the 1920s. For exam-
ple, Fary’stheoremisafamous proofthatany planar graph, defined asagraph that
can be drawn without any intersecting links, can always be drawn in a planar way
without needing links to be curved. This proof is attributed to Fary (1948), and
was independently discovered by ahost of other authors in the same era (Steinitz,
1922; Wagner, 1936; Koebe, 1936; Stein, 1951). The ensuing development of actual
algorithms for network layout emerged around the 1960s, with its seminal work

widely attributed to the barycentre algorithm of Tutte (1963).

Tutte’salgorithmis very simple, and boils down to solving a system of linear equa-
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tions, each of which strives to set a single node to the barycentre (i.e. mean posi-

tion) of its neighbours. This is defined as

1

X = w2, X 2D
whereX; is the i row of the | V| x k matrix X, with V being the set of verticesin the
graph and k the dimensionality of the layout (usually two); N (i) is the set of ver-
tices neighbouring i. Throughout this chapter, X will represent the coordinates
of nodes in alayout. Note that a necessary initial step is to fix the position of a se-
lection of nodes around the boundary of the drawing, in order to avoid the trivial
solution of placing all nodes in the same position. The powerful insight that Tutte
revealed with his algorithm was a remarkable mathematical theorem attached to
it. He proved that this barycentre algorithm will always produce a planar drawing,
inthe specific casethatthegraphisplanarandtri-connected (i.e.the graph cannot

be disconnected by removing two vertices, no matter which two are removed).

This algorithm has served as the springboard for two main branches of network
layout algorithms. Since planarity has been shown to be one of, if not the most
important markers for readability in node-link diagrams (Purchase, 1997), the
first branch is a line of planarity-based algorithms which can guarantee planar
node layouts. Examples include the algorithm of Read (1987) which recursively
removes nodes and adds dummy edges to maintain a triangulated graph at each
step. A problem with this method and Tutte’s is node resolution, which means that
nodes may be placed exponentially close to each other, rendering the graph im-

possible to read in certain areas.

A breakthrough for this problem came in 1990 by de Fraysseix, Pach, and Pollack
(1990) who described the first layout algorithm to achieve an asymptotically opti-

mal noderesolution ofan O(|V|x|V|) grid, and inlinear time (Chrobak and Payne,
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Figure 2.2: Agraph with nodes positioned symmetrically (left) and without cross-
ings (right) fromusing the algorithm of de Fraysseix, Pach, and Pollack (1990). De-
spite the planarity of the output, the poor angular resolution makes the drawing
more difficult to read.

1995). An example output of this algorithm can be seen in Figure 2.2, which works
by constructing a canonical ordering of the graph (Zhang and He, 2005) to order
nodes on the x-axis, and from there y-axis positions can be chosen such to avoid

crossings.

Improvements and refinements have been made with thisalgorithmin mind (Zhang
andHe, 2005), butsuch methods suffer from poor angularresolution, whichmeans
that adjacent edges form small angles between each other, another property that
has been shown to negatively impact the readability of layouts (Purchase, 1997).
Such an example of poor angular resolution is illustrated in Figure 2.2. This issue
exists until this day (Eades and Hong, 2012), and is a primary reason why most
network visualisation software uses algorithms based on a second, less mathe-

matically rigorous branch of algorithms also inspired by Tutte.

This second branch comes from an intuitive interpretation of Tutte’s algorithm:
that each edge is analogous to a spring of zero natural length, where the solution
to Tutte’s system of linear equations can be seen as the point at which the elas-

tic energy of these springs, according to Hooke’s law (Hooke, 1678), is minimised.
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This energy is defined as

energy(X) = >, |IX; —X;|? 2.2)
{i,jl€E

where E is the set of all edges. Differentiating with respect to the position of a sin-

gle node X resultsin

d energy(X) = Z —2(X; — X)) (2.3)
X; S

JEN()
whereit canbe seen that setting the left-hand side to zero results in Equation (2.1),

corresponding to an embedding of minimum global energy in the system.

This interpretation has been taken and advanced to alleviate the resolution prob-
lem presentin planarity based methods, by introducing the trade-off of foregoing
mathematical rigour. This is done by using human intuition to formulate varia-

tions on Equation (2.2), in what are known as force-directed algorithms.

2.1.1 Force-directed Optimisation algorithms

This section will present an overview of the various methods that have sprouted
from this second branch of algorithms, around which the work in this chapter is
based. All such algorithms will also be framed within the wider context of optimi-
sation, a framework which will tie together otherwise loosely-connected threads
in alogical taxonomy. It will also lead more cogently into the novel contributions
described in Section 2.2. A gallery of the algorithms to be described here is pre-

sented in Figure 2.3.

Thisinterpretation of framing the layout problem as optimisation is far from new,

for example a technique known as simulated annealing has been applied to graph
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Figure 2.3: Three graphs visualised with four different force-directed algorithms
fromSection2.1.1. Graphsare, fromlefttoright,agrid of width seven, abinary tree
of depthseven, and aSierpinskitriangle (Sierpinski, 1915) with five sub-triangle re-
cursions. The algorithms used are, from top to bottom, Tutte (2.1), spectral (2.6),
Eades (2.4), and stress (2.8). The nodes pinned to the edge of the layout for Tutte
are the four corners of the grid, all leaf nodes in the binary tree, and the three cor-
ners of the biggest Sierpifiski triangle.
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drawing since the 90s (Davidson and Harel, 1996) which is strongly rooted within
the field of optimisation. However it isimportant to acknowledge the word ‘force’
as a slight misnomer, as physical simulations are not used in their implementa-
tion, a fact also emphasised by Fruchterman and Reingold (1991) in their descrip-
tion of their popular layout method. ‘Force-inspired’ may have made for better

terminology.

The earliest of these algorithms was developed by Eades (1984) who, inspired by
techniques for positioning transistors on integrated circuits (Quinn and Breuer,
1979), made two modifications. The first was to alter the edge springs in order to
give them a non-zero natural length, avoiding having to fix an often arbitrary se-
lection of nodes around the boundary. The second was to introduce a repulsive
force between pairs of non-adjacent vertices to spread nodes evenly around the

drawing. The combination of these forces on a single node i is defined as

d = Ccy —
dxieneng(X) =— Z e log(|[X; = Xi[DXi5 + 2, mxij (2.4)
JEN(®) JEN@) '
where Tu = ﬂ i.e. the normalised vector pointing fromi to j, and ¢; and

X=X
c, are constant parameters determining the relative strengths of the forces. The

first summation defines the ‘springs’, where the logarithm attempts to maintain
the spring at unit length by flipping to negative if the node pair gets too close to-
gether.? The second summation s the repulsive force, which always pushes i away
from j if there does not exist an edge between them, and decays according to an
inverse square function analogous to charged electrons obeying Coulomb’s law

(de Coulomb, 1785).

There are two important aspects to notice here. The firstis that the left-hand side

2Hooke’s law was abandoned by Eades because “Experience shows that Hookes Law (linear)
springs are too strong when the vertices are far apart; the logarithmic force solves this problem”
(Eades, 1984).
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is not the energy itself, but its derivative. The second is that this derivative can
no longer be straightforwardly solved as in Equation (2.1) because it has become
non-linear. How then is energy minimised? Through a method known as gradient
descent, which is as simple as iteratively moving nodes in the direction opposite

to the derivative in Equation (2.4) according to

d energy(X) (2.5)

Xie 1o,
1

where 7 is a constant parameter. This operation, despite its simplicity, is theoret-
ically proven to find a minimal energy embedding (Cauchy, 1847), although it is
important to note that this embedding may not be globally optimal because the
energy function defined by (2.4) is non-convex and therefore may contain many
local minima. Many of the concepts introduced in this paragraph will be elabo-

rated uponin Section 2.1.2.

This optimisation through gradient descent interpretation is not how this type
of algorithm is commonly presented, as force-directed algorithms are often cat-
egorised into two families: force-balancing and energy-minimising models (Ort-
mann, Klimenta, and Brandes, 2017; Brandes, 2001b). Eades’ model fits into the
former, while othersfitinto the latter by directly defining an energy function such
asin (2.2). Energy is then minimised by gradient descent as in Equation (2.5) or
by another optimisation technique, as will be further elaborated upon in Sec-
tion2.1.2. Consequently, with the view that the action of ‘force-balancing’is equiv-
alent to gradient descent on another energy function, it is made clear that these

two families are equivalent as they both strive for the same goal: minimising en-

ergy.

This optimisation-centric viewpoint also allows a variety of linear algebra-based
methods to be grouped into the same taxonomy. The algorithm of Harel and Ko-

ren (2004) first embeds a graph in a high-dimensional space, determined by a co-
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variance matrix of graph-theoretic or shortest-path distances, and then finds an
optimal projection down to two dimensions by finding the eigenvectors of this
this matrix. This is commonly known as principal components analysis (PCA)
(Pearson, 1901). The classical scaling approach of Brandes and Pich (2007) is
based on constructing the high-dimensional embedding from a double centered
distance matrix between high-dimensional points and then performing PCA. The
intuition behind this method is that it optimises the inner product between low-

and high-dimensional distances.

The spectral approach, originally developed by Hall (1970) and largely ignored by
the field until Koren (2003), uses a graph Laplacian as the high-dimensional ma-
trix instead of shortest-paths, upon which PCA is again applied. This approach
is particularly closely related to Tutte’s algorithm, which in fact utilises the same
graph Laplacian when solving for Equation (2.1). The eigenvalue approach even
optimises the same energy function, but requires the variance of the embedding
to be non-zero, thereby avoiding the need to fix certain nodes around the bound-
ary (Koren, 2003). In mathematical terms, its energy upon a single dimension of

the layout in the column vector x can be derived as

energy(x) = Z w; (X — x;)?
li,jieE

. (2.6)
var(x) = — > (x; — X’ =1

where wj; is an optional weight given to each edge (previously all set to 1in (2.1))
andxis the mean of x. The one-dimensional layout that minimises energy is equal

to the second smallest eigenvector of the Laplacian matrix L, defined such that
x'Lx = energy(x) (2.7)

where xT denotes the transpose of x. Subsequent dimensions are found by cal-
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culating subsequent eigenvectors of L, often through power iteration (Koren,
2003). All of these methods boil down to finding the eigendecomposition of a
certain matrix which describes the graph in a different way, and each set of eigen-

vectors describes an optimal projection into a lower dimension.

Thelinear nature of such methods is adouble-edged sword, as it allows them to be
calculated and/or approximated quickly and precisely, but they all suffer from the
same issue that resulting layouts under-represent local detail (Brandes and Pich,
2008), especially in examples such as the binary tree in Figure 2.3, second row.
However their effectiveness at capturing global structure consistently has led
to them being commonly used as an initialisation step (Brandes and Pich, 2008;
Dwyer,2009). This willbecomeimportantlater when discussing the performance

of anovel optimisation process in Section 2.2.4.

Circling back to non-linear methods, there have been many attempts at improv-
ing Eades’ original formulation. A widely-used alternative, developed in 1991, is
the method of Fruchterman and Reingold (1991) who revert springs back to hav-
ing a natural length of zero, but balance this out by applying the repulsive force
between all pairs of vertices. Counter-intuitively, increasing the number of repul-
sive terms also makes the summation more efficient to calculate, by taking inspi-
ration from techniques used in physical simulations (Hachul and Junger, 2004;
Hu, 2005). More detail on scaling layout algorithms to large graphs can be found
in Section 2.1.5. Another notable attempt came from Frick, Ludwig, and Mehldau
(1995), who altered the calculations to never require a square root operation, and
introduced a number of extra heuristics to speed up the convergence of the op-
timisation procedure in Equation (2.5). These heuristics were introduced on an
intuitive and ad hoc basis, but have been shown to greatly speed up convergence

in practice (Brandes, 2001b).

Augmentations to force models with the purpose of highlighting features other
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than connectivity have alsobeenexploredintheliterature. For example, the mod-
ified forces of Noack (2007) and Agutter and Wheatley (2004) emphasise intra-
cluster forces in order to separate groupings in small world graphs. The ImPrEd
model of Simonetto et al. (2011) adds extra node-edge repulsive forces and con-
straintsinorder toimprove alayout whilst preservingits planarity. Further details
onmodel variants canbe found in the surveys of Herman, Melancon, and Marshall

(2000), Brandes (2001b), and von Landesberger et al. (2011)

Theenergy functionthatwillbecomethefocusfor the rest of this chapterisknown
asstress, and was popularised within the context of graphlayoutinby Kamada and

Kawai (1989). Its energy is defined as

stress(X) = > wy;([1X; — Xyl — dij)? (2.8)
{i,j}:i<j

where w; ; and d; ; are constants specific to each term in the summation. The in-
tuition behind this formulation is that there are Hooke’s law springs attached
between all pairs of vertices, not just those connected by edges. Each of these
springs is of natural length d;; and of stiffness w; ;. In practice, d;; is usually set to
the shortest-path distance between vertices, and w; is almost always set to d; J-Z in
order to suppress the contribution from long-range springs that would otherwise

obfuscate local detail (Brandes and Pich, 2008).

The derivative of this equation is non-linear, like in Equation (2.4) or in Fruchter-
man and Reingold (1991) and Frick, Ludwig, and Mehldau (1995), and so cannot be
solved exactly usinglinear solvers like for Equations (2.2) or (2.6). However, stress
asanenergy functionis knownto produce high-quality layouts (Brandes and Pich,
2008). This is partly because it manages to avoid the peripheral effect (Hu, 2005),
acommon visual artifact of many force-directed methods where repulsive forces

tend to push nodes towards the boundary of the layout. This can be seen in Fig-
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ure 2.3 for Eades’ method; the grid on the left bulges slightly, while the binary tree
and Sierpinski triangle underrepresent local detail. Stress avoids this by forgoing
repulsive forces entirely in Equation (2.8), as can also be seenin the bottom row in

Figure 2.3.

Stress also does not require extrainput parameters such as those in Equation (2.4)
because d;; and w;; are both derived from the structure of the graph itself. How-
ever, it is known to be difficult to optimise due to an abundance of local minima
(de Leeuw, 1988; Gansner, Koren, and North, 2004), and also does not scale well
tolarger graphs due to the quadratic number of terms in the summation (Brandes

and Pich, 2008; Hu, 2005).

Thesubsequent content of thischapter willaimataddressing theseissues through
theapplication of analgorithmknown as stochastic gradient descent (SGD) to min-
imise Equation (2.8). Before describing the algorithm itself however, a history of

other methods used to minimise stress will first be outlined.

2.1.2 Multidimensional scaling

Equation (2.8) was first utilised in a domain unrelated to graphs, but still for the
purpose of visualisation, known as multidimensional scaling (MDS). As the name
implies, this involves taking high-dimensional data and scaling it down to fewer

dimensions, usually to two or three.

The difficulty in this task can be illustrated through a simple example: the hum-
ble tetrahedron. The task at hand is to find an ‘ideal’ drawing of the tetrahedron,
where ‘ideal’ is defined as having each of its edges drawn with equal length. When
one tries to draw such a configuration on a piece of (two-dimensional) paper, it
quickly becomes clear thatitis not possible. Even for such a small graph with only

four vertices, there are too few dimensions available to provide sufficient degrees
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of freedom. The next logical question is: what layout gets as close as possible to

this ideal?

Multidimensional scaling (MDS) is a technique to solve exactly this type of prob-
lem, that attempts to minimize the disparity between ideal and low-dimensional
distances. This is done by defining an equation to quantify the error in a layout,
and then minimizingitin asimilar fashion to the algorithms above in Section 2.1.1.
While this equation can come in many forms (Cox and Cox, 2000), stress as in
Equation (2.8) is the most commonly used for graph layout (Brandes and Pich,

2008), for the reasons described at the end of the previous section.

The use of Equation (2.8) was popularized for graph layout by Kamada and Kawai
(1989) who minimized the function usingalocalized 2D Newton-Raphson method,
while withinthe MDS community Kruskal (1964a) originally used gradient descent
(Kruskal, 1964b). This was laterimproved upon by de Leeuw (1988) with amethod
known as majorization, which minimizes a complicated function by iteratively
finding the true minima of a series of simpler functions, each of which touches
the original function and is an upper bound for it (Cox and Cox, 2000). This was
applied to graph layout by Gansner, Koren, and North (2004) and has been the

state-of-the-art for the past decade.

2.1.3 Majorization

Majorization is the algorithm that will be used throughout this chapter as the
benchmark against which the performance of SGD will be assessed. It works by
first finding a Laplacian matrix LY, defined as

—w; if i j
LY = Y 2.9)

L e s
~ 2 Ly =
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and then another Laplacian matrix L%, defined as

_ —w;;d;; X = XG||7h if i # 2.10)

X . .
= 2ieri L it i=j.

It can be shown that the equation
L¥x' = L*x (2.11)

where x and x’ are column vectors that represent single dimensions of the full
layouts X and X' respectively, guarantees that stress(X’') < stress(X) (Gansner,
Koren, and North, 2004). The optimisation process is then performed simply by
solving Equation (2.11) as a system of linear equations, with x" as the column of
unknowns being solved for. This is repeated in an iterative manner, where x’ is
computed in one iteration and then used as x in the next, until the algorithm can
no longer improve the value of stress by more than a certain threshold. Note that

LY only needs to be computed once, but L¥ must be recalculated on every itera-

tion.

Additionally in practice, the position of the first vertex is fixed to the origin, and
the first row and column of LY are removed, as well as the first row of the vec-
tor LXx. This is in order to remove translational invariance from the solution,
which allows for fast linear equation solving methods to be applied to solve Equa-
tion 2.11. In particular, Gansner, Koren, and North (2004) recommend Cholesky
factorization (Press et al., 2007c) or the conjugate gradient method (Press et al.,

2007b), both of which will be tested later in Section 2.2.3.

Gansner, Koren, and North (2004 ) also described another local method for solv-

ing Equation 2.11, where the system of equations is solved for just one vertex at a
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time. This is done by setting the position of vertexi to

. Z#i wyj (% + dij(x; — x)|1X; — X7
X = (2.12)
2 ji Wiy

and is also guaranteed to monotonically decrease stress (Gansner, Koren, and
North, 2004). This local method will also be tested later in Section 2.2.3, and will

furthermore be important when considering large graphs in Section 2.3.

2.1.4 Constraintrelaxation

The origin of the novel contributionsin this chapterisrootedinconstrained graph
layout, where a relaxation algorithm, here referred to as constraint relaxation,
has gained popularity due to its simplicity and versatility (Dwyer, 2009; Bostock,
Ogievetsky, and Heer, 2011). This algorithm will provide the context to the geo-
metric interpretation of SGD that will be leveraged to make the modifications in

Section 2.2.

Constraint relaxation was firstintroduced in video game engines as atechnique to
quickly approximate the behavior of cloth, which is modeled as a planar mesh of
vertices that maintains its edges at a fixed length. A full physics simulation would
represent each edge as a stiff spring, summing up and integrating over the result-
ing forces, but a realistic piece of cloth contains too many edges for this to be fea-
sible. To avoid this bottleneck, Jakobsen (2001) introduced the idea of consider-
ing each edge independently, moving a single pair of vertices at a time, as shown
in Figure 2.4. While this is a rather simple and perhaps naive idea, in practice the

solution converges in very few iterations.

This was utilized by Dwyer (2009), who used the method in conjunction with any

standard force-directed layoutto achieve effects such as making edges point down-
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Figure 2.4: Satisfaction of the distance constraint described by Equation (2.13).

wards, or fixing cycles around the edge of a wheel. To define it properly in the case
of maintaining a distance d;; between the coordinates of two nodes X; and X,

this constraint can be written as
|1X; = Xl « djj (2.13)

and is satisfied by moving X; and X ; in opposite directions by a vector

e I1X; = X|| —dij X; —X;

, (2.14)
2 |IX; =X

This canbe seen as a diagramin Figure 2.4, and is analogous to decompressing an

infinitely stiff spring of length d; ;.

Rewriting Equation (2.8) as

stress(X) = Z Q;;(X), (2.15)

i<j

Qij(X) = wy;(|1X; — Xl — di)?, (2.16)

itcanbeseenthatifevery termQ;; inthesummationissatisfied asaconstraint (2.13),
then the total stress is zero, corresponding to an ideal layout. This is exactly the
idea behind the method that will be studied here — a constraint is placed on every

possible pair of vertices, and then satisfied one by one as above.
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However zero stress is almost always impossible, for the same reasons that the
aforementioned tetrahedron cannot be embedded in 2D. In such situations, sim-
ply satisfying constraints does not lead to convergence, but the work in this chap-
ter will be dedicated to describing a simple extension that not only converges but,
remarkably, also minimises stress. This extension can be found from Section 2.2

onwards.

2.1.5 Largegraphs

To understand how many layout algorithms tackle scaling to larger graphs, it is
useful to rewrite Equation (2.8) by splitting the summation into two parts: paths

that traverse one edge, and paths that traverse multiple. This can be written as

stress(X) = Z wijaij + Z wijaij (2.17)

{i,j}€E {i,j}¢E
whereg;; = (||X; —X;|| - dl-j)z.Just considering the preprocessing stage for now,
it is clear that d and w can be easily computed for the left half of the summation
directly from the graph. Real-world graphs are also usually sparse, so for a graph

with |V| vertices and |E| edges, |E| < |V|*> making the space required to store

these values tolerable. However the second halfis not so easy — an all-pairs short-
est paths (APSP) calculation takes O(|E| + |V|) time per vertex for an unweighted
graphwithabreadth-firstsearch, or O(|E|+|V|log |V|) for aweighted graph using
Dijkstra’s algorithm (Cormen et al., 2009).

The second stage is iteration, where the layout is gradually improved towards a
good minimum. Again, computing the first summation is tolerable, but the num-
ber of longer distance contributions quickly grows out of control. Many notable

attempts have been made at tackling this second half. Acommon approach is to
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ignore d; ;, and to approximate the summation as an n-body repulsion problem,

jr
which canbe efficiently well approximated using k-d trees (Barnes and Hut, 1986).
Hu (2005) and independently Hachul and Junger (2004) used similar tricks in the
context of the force-directed model of Fruchterman and Reingold (1991), along
with a multilevel coarsening scheme to avoid local minima. Multilevel methods
will not be considered here, but a comparison and review can be found in Bartel

etal. (2010).

Brandes and Pich (2008) even ignore the second half completely and capture
the long-range structure by first initializing with a fast approximation to classi-
cal scaling known as PivotMDS (Brandes and Pich, 2007), which minimizes the
inner product rather than Euclidean distance. This idea of smartinitialisation will

be the subject of Section 2.2.4.

There are a couple of issues with this idea, one being that treating all long-range
forces equally is unfaithful to graph-theoretic distances, and another being that
therelative strength of these forces depends onan extra parameter that cangreatly
affect the final layout of the graph (Hu, 2005). Keeping these dependent on their
graph-theoretic distance sidesteps both of these issues, but brings back the prob-
lem of computing and storing shortest paths. One approach to maintaining this
dependence comes from Khoury et al. (2012), who use a low-rank approximation
of the distance matrix based on its singular value decomposition. This can work

extremely well, but still requires APSP unless w; ; = di_jl.

Within the normal MDS community, there have been multiple attempts to ap-
proximate stress, such as Halko, Martinsson, and Tropp (2011) or GLINT (Ingram
and Munzner, 2012). However an additional problem with graphs is that shortest
paths still need to be computed, and so even the distances between datapoints
are not immediately available. This is an assumption that these approximations

usually have, and so they cannot be directly used in the contexts of graphs. Fortu-
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nately, Ortmann, Klimenta, and Brandes (2017) developed an approach designed
around graphs. They pick a set of ‘pivot’ vertices whose shortest paths are used
as an approximation for the shortest paths of vertices close to them. Since this
approach reduces the number of terms in the summation, using it in the context
of SGD also reduces the amount of work per iteration. The use of this sparse ap-
proximation will be explored in Section 2.3. It will be leveraged in order to scale

the contributions outlined in the following sections up to large graphs.

2.2 Stochastic gradient descent

The remaining content within this chapter will describe the novel application of
stochastic gradient descent (SGD) to minimise stress. SGD is a method widely
used in other fields, most notably in machine learning (Bottou, 2012), but was not
previously applied to minimise Equation 2.8. SGD approximates the gradient of
a complex function using an unbiased estimator of that function, and in the case
that the complex function is a sum, the estimator may use the gradients of its in-

dividual terms (Bottou, 2012).

For stress in particular, this has an intuitive geometric interpretation of moving a
single pair of vertices atatime; thisinterpretationallows for asimple modification
to the optimisation step which help to avoid local minima and speed up conver-

gence. The benefits of SGD over majorization will be shown through experiment.

The modifications required to the constraint relaxation previously described in
Section 2.1.4 can be understood by first noticing that satisfying a constraint is
equivalent to movingboth verticesin the direction of the gradient of a stress term
Q;j

0Q;; o)

aX; a_Xiwij(HXi = Xj|| — dij)? = dwr. (2.18)
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The full gradient 9Q; ;/9X can be written as

0Q;;
an = —4wij1‘ ifk = J (2-19)
kO otherwise.

Recall that standard force-directed methods use (non-stochastic) gradient de-
scent, following Equation (2.5), and that this involves taking a step in the opposite
direction to the derivative of the entire summation at once. The change required
for stochastic gradient descentis as simple as doing the same thing, but to asingle

term at a time.

Specifically, this involves repeatedly selecting a single term Q;; and applying the

iterative formula X « X — nVQ;;(X). Note that since this gradient is zero with

respect to all X; other thanX; and X;, it suffices to update the positions of X; and
Xi Xi AXl Xi r

- + = — 4w;jn . (2.20)

J J
The constraint relaxation of the previous section is therefore equivalent to a spe-
cial case of SGD where w;; = 1andn = 1/4.2 Additionally in this case, a gradual
reduction in the step size 7 is necessary to make the process converge, since not
all terms can be simultaneously minimised. This will be further elaborated in Sec-
tion2.2.1, and the problem can be interpreted in the context of stress as each edge
of the aforementioned tetrahedron satisfying its constraint one by one as in Fig-

ure 2.4, but never finding a configuration where all are satisfied at the same time.

3This equivalence to stochastic gradient descent was not known for a long time, as neither
Jakobsen (2001) nor Dwyer (2009) classified the algorithm correctly. In fact, not even my supervi-
sors and I knew that this was SGD in the first version of this paper we submitted to ajournal, where
we chose the name weighted constraint relaxation.
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Writing 4 = 4w; ;7 as the coefficient of r, it can be seen that Q;; < Owhenu =1
and decreases monotonically from u = 0to u = 1. In other words, the exact step
size required to optimally minimise each term Q;; can always be instantly known.
Thisis the geometricinterpretation that allows for amodification to SGD, specific

to the context of stress. It involves setting a hard upper limit of u < 1:

AX; = —AX; = —ur,
l / 2.21)

p = min{w;;n, 1}

where the constant factor of 4 has been absorbed into 7 for brevity. This modified
algorithm makes updates that are identical to standard SGD when 7 is sufficiently
small, at

< ——. (222)

wmax
Since thiswill always eventually be the casebecausen tendstozero, it has the same
asymptotic convergence properties as standard SGD, which will be discussed in

Section 2.2.1.

Introducing this upper limit on y allows for much larger initial step sizes than stan-
dard SGD, yielding much faster convergence without needing to worry about di-
vergence due to exploding gradients (Goodfellow, Bengio, and Courville, 2016). It
will be shown by experiment that this results in state-of-the-art performance for a
wide range of graphs (except for a single specific case, see Section 2.2.3). In addi-
tion, random reshuffling of termsis used unless otherwise stated; see Section 2.2.2
for further elaboration. A full pass through all the terms Q;; will be referred to as
an iteration, while a single application of Equation (2.20) will be referred to as a

step. From now on, the modified SGD algorithm simply as SGD.

A crucial aspect of the experiments performed here is that vertex positions were

initialised uniformly randomly withinalxl1square, whereasacommonfirststep to
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Figure 2.5: Plots of stress for SGD and majorization on the graphs 1138_bus and
dwt_1005, each initialized randomly within a 1x1 square. The circles and crosses
showstressoneachiterationover10 runs, with the line running through the mean.
Initial stress values are omitted. SGD is clearly more consistent, always reach-
ing lower stress levels than majorization ever manages in hundreds of iterations
on 1138_bus. They both reach the same overall minimum on the more mesh-
like dwt_1005, but majorization often gets stuck on a particularly dangerous local
minimum, shown by its diverging paths. A more detailed timing analysis onawide

variety of other examples can be seen in Section 2.2.3.

Algorithm 1: Stochastic Gradient Descent

SGD (G):
inputs : graphG = (V,E)
output: k-dimensional layout X
d;j < SHORTESTPATHS(G)
X < RAND(|V], k)
for 7 in ANNEALINGSCHEDULE()
foreach{i, j} : i < jinrandomorder:
M <= Win
ifu>1:
L w1
IXi—Xll—dij X;i—X;
2 [1X;—X 1|
Xi «— Xi — MUY
Xj<Xj+ur

Figure 2.6: Pseudocode for the algorithm described in Section 2.2. The results in
this paper initialize positions randomly within a 1x1 square on line 3. The anneal-

ing schedule online 4 is explained in Section 2.2.1.
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constructing a node layout is to instead initialise using a fast linear method, such
as PivotMDS (Brandes and Pich, 2007). The inclusion of this extra initialisation
step brings the performance of majorization level to SGD in terms of final stress

reached, and will be further discussed in Section 2.2.4.

Plots of stress achieved using SGD compared to majorization are presented briefly
in Figure 2.5, and in more detail in Section 2.2.3. Pseudocode is shown in Algo-
rithm 1, Figure 2.6. All results were performed using C# running in Visual Studio,
on an Intel Core i7-4790 CPU with 16GB of RAM. Unless stated otherwise, graph

datais from the SuiteSparse Matrix Collection (Davis and Hu, 2011).

2.2.1 Stepsize annealing

The process of gradually reducing the step size over the course of the optimisa-
tion, so that the process can converge, will be referred to as an annealing sched-
ule. Choosing a good annealing schedule 7 is crucial to the performance of SGD
in all contexts (Darken, Chang, and Moody, 1992), and a typical implementation
can involve complex algorithms for tuning the step size to the problem at hand
(Ruder, 2016). Most of these methods do not apply here for tworeasons. First, due
tothelimitonthestepsizein Equation (2.21), muchlarger step sizes than standard
SGD would allow can and will be used. Second, many of these methods use previ-
ous gradients to inform the step size; only positions of the two vertices directly
involved are updated, so storing and applying previous gradients is inefficient to

the point of increasing the asymptotic complexity of the algorithm.

Even ignoring such adaptive methods, the full (infinite) space of possible anneal-
ing schedules is too large to investigate in its entirety, and results can even differ
depending on the input graph. A limited subset of possible schedules will there-

fore be tested, taking the mean final stress across a wide range of graphs as the
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performance criterion (the full set of graphs considered in Section 2.2.3). Two use
cases will be considered: one where time is a limiting factor and so the number of
iterationsis fixed, and another where the algorithm may continue until the layout

has converged to within a desired accuracy.

Fixed number of iterations

The schedules to be studied here will consider step size that starts at a maximum
valuen = 9. atthefirstiterationt = 0,and decreases monotonicallyton = i,
at the final iteration t = ¢, — 1. Large values of 7 result in all x capped at 1, and
very smallvalues will resultinlittle tono movement of vertices. Because the useful

range exists only in between these extremes, 7 is set to

Nmax = 7> Ymin = 7 (2.23)

Whin Wmax

In this case w;; = dl-‘j2 SO Wy, is inversely proportional to the diameter of the
graphd,,,,, and w,,,, to the smallest edge length d ,,;,,. This choice of n,,, ensures
thatall u = 1forthefirstiteration, resultinginthe constraint relaxation described
inSection 2.1.4 applied to all pairs of vertices. The choice of 7,;, ensures that even

the strongest constraints reach a small value of u = ¢ for the final iteration.

The performance was computed for various schedules n(t) where t is the iteration
number, constrained to 7(0) = Ny ANA N(Enax — 1) = Nmin (€Xcept for the special
case 7(t) = 1). In each panel of Figure 2.7 the form of the function »(t) is varied
for a fixed choice of t,,,, and ¢, on various input graphs. 1138_bus shows the typ-

ical behavior of = qebt

reaching lower stress and 7 = a/(1 + bt) never quite
catching up; lesmis shows that this applies to smaller graphs as well; dwt_1005
emphasizes the importance of larger step sizes, as the constant 7 = 1 struggles to

ever jump over large local minima. Note that on this easier graph#n = a/(1 + bt)
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Figure 2.7: Plots of mean stress against iterations over 25 runs for the annealing
schedulesdiscussedinSection2.2.1,witht,,, = 15ande = 0.1linall cases. The ex-
act schedules used are shown inset in the top right of every plot. To approximate
behavior given unlimited time, schedules were run for 500 iterations.
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Figure 2.8: Plots of mean stress over 25 runs on all graphs in Section 2.2.3 when
varying the parameters t,,, or € on Equation (2.24), normalized to the best values
over all runs from Figure 2.10. There are clear diminishing returns when increas-
iNg ¢4, SO Lmax = 15 Waschosen as a trade-off between speed and quality. € = 0.1
is close to optimum for this value.
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is enough to reach good minimain very few iterations.

The best form of (t) appears to be the exponential decay given by the equation

M(t) = Nmaxe . (2.24)

In addition, the parameters ¢,,,,, and € where varied for this form of n(t) (see Fig-
ure 2.8). Increasing ¢, always improves the quality but also increases computa-
tion time, so t,,, = 15 was chosen as a reasonable compromise between speed
and quality. With this number of iterations most of the gains had already been
made and further ones gave diminishing returns, although for particular applica-
tions another choice may be more appropriate. The right-hand side of Figure 2.8

shows that the choice ¢ = 0.1 appears to be close to optimal for this ¢ ..

It is common in SGD to use a schedulen = ©(1/t) (Darken, Chang, and Moody,
1992), however for the small number of iterations considered here, the large ini-
tial step sizes cause 7) to decay too quickly in the beginning, leading to worse local
minima. Exponential decay drops faster than 1/t ast — oo, but 1/t drops faster
in early iterations given fixed values at n(0) and 5(t,,.x — 1), as shown by the inset
panelsin Figure 2.7. An exponential schedule is also commonly used in simulated
annealing (Davidsonand Harel,1996) atechnique with similarities to gradient and

stochastic gradient descent (Pirlot and Vidal, 1996).

Unlimited iterations

The schedule described above works well in practice for a fixed number of itera-
tions, but given more time it can be desirable to let the algorithm run for longer to
produce an optimal layout. Here a schedule will be described that is guaranteed
to converge, with a stopping criterion to prevent the algorithm from wasting iter-

ations on negligible movements.
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A proof of convergence for SGD is well known in the machine learning literature

(Bottou, 2012), and requires an annealing schedule that satisfies

dn®)=c and > 5(t)?*< . (2.25)
t=0

t=0

This is guaranteed to reach global minima under conditions slightly weaker than
convexity (Bottou, 1998). Intuitively, the first summation ensures the decay is
slow enough to reach the minimum no matter how far away itisinitialized, and the
second ensures fast enough decay to converge to, rather than bounce around the
minimum (Welling and Teh, 2011). In the context of non-convex functions, like the
stress equation considered in this paper, such a proof only holds for convergence
toastationary pointthat may be asaddle (Bottou, 1998). Thereis also recent work
proving convergence to local minima in specific classes of non-convex functions

(Ge et al., 2015).

Since a global minimum cannot be guaranteed with any choice of schedule, the
best that can be done is to choose a schedule that will converge to a stationary
point. Acommonly used schedule that guarantees thisisn = ©(1/t), as this satis-
fies Equation (2.25). However, in the previous section it was noted that this sched-
ulegetsstuckinpoorlocalminima. Amixedschedule canthereforebe used: when
tissmall, n(t) = n,(t) follows the exponential schedule of the previous section,
because in practice this avoids poor local minima; when t is large this is switched

toal/t schedule to guarantee convergence to a stationary point, following

-1
max

. — =1
T when > 7 @ 7(7) = Wy (2.26)

Nt +71) =

The cross-over value 7 is the iteration at which the limit in Equation (2.21) stops
capping u and the algorithm becomes standard SGD. Since there are now more

iterations to work with, t,, = 30 is chosen in order to further improve avoid-
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ance of local minima. This choice is sufficient to give even or better mean per-
formance than majorization after convergence across every graph tested except
forone (see Section2.2.3), but again depending onthe application another choice

may be more suitable.

Finally, a suitable stopping criterion is needed to avoid the algorithm from never
stopping, although in practice a hard upper limit for ¢ is also included. Since SGD
does notguarantee the monotonic decrease of stress (Darken, Chang, and Moody,
1992), the majorization heuristic adopted by Gansner, Koren, and North (2004)
cannot be used, which stops when the relative change in stress drops below a cer-

tain threshold.

However it is guaranteed that each time a constraint is satisfied, its correspond-
ing term within the summation does decrease. How close the algorithm is to con-
vergence is therefore estimated by tracking the maximum distance any vertex is
moved by a single step over the previous iteration. The optimisation is stopped

when this crosses a threshold

max ||AX]| < 8. (2.27)

A value of § = 0.03 works well in practice, and is used for the results in Sec-

tion2.2.3.

Thus two schedules have been designed: one for a fixed number of iterations, and
one that continues until convergence. Results using both of these are presented
inSection 2.2.3. Itisimportant to note that these schedules use simple heuristics,
and the exact nature of the data will affect the results. However they are robust
across awide variety of graphs, as all the results shown in this paper use these two

schedules.
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2.2.2 Randomisation

Animportant considerationis the orderin which constraints are satisfied, as naive
iteration canintroduce biases that cause the algorithm to get caught in local min-
ima. The original method behind SGD, proposed by Robbins and Monro (1951),
randomizes with replacement, meaning that a random term is picked every time
with no guarantee as to how often a term will be picked. Some variants perform
random reshuffling (RR) which guarantees that every term is processed once on
eachiteration. Under certain conditions it can be proven analytically that RR con-
verges faster (Giirbiizbalaban, Ozdaglar, and Parrilo, 2019), and the results here

support this.

Unfortunately adding randomness incurs a penalty in speed, due to the cost of
both random number generation and reduced data cache prefetching. This over-
head is non-trivial, with iterations taking up to 60% longer with random reshuf-
fling compared to looping in order. The trade-offs between more randomness for
better convergence but slower iterations, versus less randomness for slower con-
vergence but faster iterations, will therefore be explored here. Five different de-
grees of randomness were tried: shuffling only the indices themselves, which re-
moves any bias inherent to the data but still makes use of the cache by iterating
in order; randomizing with replacement; shuffling the order of terms once; shuf-
fling twice and alternating between the two orders; and shuffling on every itera-

tion. The results can be seen in Figure 2.9.

Five different graphs were selected, each with around 1000 vertices, and show a
corresponding good layout for each to visualize the differences between them.
More mesh-like graphs such as dwt_1005 do not benefit much from added ran-
domness, and receive large gains in speed for a small hit to quality. As graphs get

more difficult to draw, shuffling only indices quickly becomes ineffective, with
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Figure 2.9: Plots of stress against time, taken using different degrees of random-
ization, over 50 runs from different random starting configurations. Markers indi-
cate mean stress, with vertical error bars ranging from best to worst over all runs.
Graphsarearrangedinorder of mean stress, with both stress and time normalized
to the absolute minimum and maximum respectively over any run.

mean stress levels off by orders of magnitude on the plots with broken axes. The
graph email is a social network, which tend to be very difficult to draw as their
global minima canbe hard to find. The drop in quality when reducing the random-
ness reflects this. G47 isarandom graph and has the highest stress, but is easier to
draw since there are many minima close to global that are all relatively easy to find.

Inother words, evenarandom layout would achieve a decent value for stress here.

Although RR is the most expensive method, it is only slightly more expensive and
consistently performs best. However if speed is the most important concern, al-
ternating between two random shuffles gives stress levels that are in many cases

almostasgood, ataslightly reduced cost. RRisused for the rest of the results here.
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2.2.3 Systematic study

To test the effectiveness of SGD, symmetric sparse matrices from the SuiteSparse
Matrix Collection (Davis and Hu, 2011) will be used as a benchmark, following
Khoury et al. (2012). Both SGD and majorization were ran on every graph with
1000 or fewer vertices, and compared the range of stress levels reached after 15 it-
erations and until convergence, using the two schedules described Section 2.2.1.
These results can be seen in Figure 2.10. Each graph in the collection is also as-
signed to a group as metadata, and graphs that share a group tend to have simi-
lar topologies; groups are kept together, ordered alphabetically, and within each
group sorted by difference in mean stress when allowing for convergence. Thus
both plots have the same order. Groups are demarcated by the alternating shaded

background.

A representative selection of larger graphs were also chosen for more detailed
timing results, showing multiple implementations of majorization and the time

course of convergence, which can be seen in Figure 2.13.

Quality

Figure 2.10 shows that that SGD reaches the same low stress levels on almost every
run for both annealing schedules. While majorization is proven to monotonically
decrease stress (Gansner, Koren,and North,2004), it can often struggle with local
minima. This canbe clearly seenin Figure 2.11, as majorization consistently shows

larger variance in its stress trajectories from different starting configurations.

The layouts displayed in Figure 2.10 were chosen to highlight the effects of differ-
ent types of graphs. From left to right, top then bottom: G15 is a random graph

with nodes decreasing in mean degree. These random graphs reach consistent
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Figure 2.10: Stress achieved over 25 runs on 243 graphs in total. Markers indi-
cate the mean over all runs, with bars ranging from minimum to maximum on
any run. The left plot shows values reached after 15 iterations, and the right af-
ter convergence. Stress values are normalized to the lowest value achieved on all
runs for either algorithm, as a baseline ‘correct’ layout. Layouts shown are de-
scribed in Section 2.2.3. An animated version of the left plot can be viewed at
www. youtube.com/watch?v=uv6Vw36KZ0k.


www.youtube.com/watch?v=uv6Vw36KZ0k
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Figure 2.11: Scatter plots of mean stress relative to the best achieved, against the
spread of the stress, measured as the coefficient of variation (standard deviation
over mean), using the same results as Figure 2.10. The shaded regions on the top
and right of each panel show the density of the mean (right) and spread (top) of
the stress, computed using the gaussian_kde function of SciPy (Virtanen et al.,
2020).

stress levels with both algorithms, as their lack of structure results in many min-
ima close to global. dwt_66 is an example of a graph that majorization struggles
with, as it is very long and often has multiple twists that majorization cannot un-
ravel. orbitRaising_2 is a similar example, but in this case majorization also
neverreachesthe global minimum, even after convergence. celegans_metabolic
isametabolic pathway thatis around as densely packed as a graph worth drawing
gets. SGD consistently outperforms majorization here too. Many of the largest
ranges in the plot are from graphs similar to ex2; grids are difficult to fully unfold,

and majorization often struggles with their many local minima.

On the other hand, dwt_307 is the one graph (of the 243 investigated) where ma-
jorization reaches lower stress than SGD as a result of the modifications to stan-

dard SGD (see Figure 2.12).

494 _bus is an example of the type of graph where stress as an energy function
produces better layouts than other popular models. Its symmetry is clear here,

whereas other force-directed algorithms can fail to show this due to the periph-



2.2. Stochastic gradient descent 43

g
g
2% .
L= p
253 )
#“4; N I
-i'ﬁ‘. zt,;-%l"ﬂ\» 5 !
" A %

et
s
£

y .%1.’
.
S
%
(>
o

Taaal

-~

72,

Figure 2.12: Layouts from dwt_307, the only one of the 243 graphs considered
where majorization (left) yields lower stress than SGD (middle). The cylindrical
shapeofthegraphisillustratedinaview of a3D layout and projection on theright,
which looks similar to if the middle layout were to be rotated with a positive yaw
motion.

eral effect (Hu, 2005). dwt_361 is an example of the type of graph that both SGD
and majorization struggle with: long graphs that can twist. A twistin a graph con-
stitutes adeep local minimum thatiterative methods struggle within general, and

SGD is still susceptible to this issue.

Sandi_authorsis a small graph, but with some densely packed sections that can
become stuck behind each other, something that majorization often struggles
with. And finally, S10PI_n1 is a long graph that does not get twisted and so SGD
deals withit perfectly well, butits long strands still tend to give majorization prob-

lems.

Speed

SGD convergestolowstresslevelsinfar feweriterations than majorization. Graphs
are laid out in only 15 iterations in the left plot in Figure 2.10, and there is not
much improvement to be gained from using the convergent schedule to let the
algorithm run for longer. This indicates that most global minima can be found in
very few iterations, making SGD especially suited for real-time applications such

as interactive layout. The stopping criterion used for majorization was for rela-
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tive decrease in stress to be less than 107>, which is ten times more forgiving than
originally suggested by Gansner, Koren, and North (2004), as 104 was not lenient
enough to be confident that it had settled completely. Given enough time, ma-
jorization does almost always eventually find good minima, but can still settle in
suboptimal minima and in some cases never finds the best configuration regard-
less of initialization. Majorization also takes many more iterations to converge

than SGD, with means of 237 and 106 iterations respectively.

Thereal-world time periteration mustalsobe considered, eventhoughbothshare
acomplexity O(|V|?). The Cholesky factorizationroutine from Numerical Recipes
(Press et al.,2007c) was adapted to C#, and found that iterations are around 40%
faster than SGD. However the initial decomposition before back-substitution re-
quires |V|3/6 iterations involving a multiply and a subtract (Press et al., 2007¢),
so the total time quickly tips in favor of SGD. Conjugate gradient (CG), with tol-
erance 0.1 and max iterations 10 as in Gansner, Hu, and North (2013), is an iter-
ative method itself to solve the majorizing function and so iterates slower than
Cholesky and SGD, but often beats out Cholesky overall when fewer iterations are
necessary. CG and Cholesky also both benefit from optimized matrix multiplica-

tion routines (Gansner, Koren, and North, 2004) that were not tried here.

Localized majorization, which s also used to for majorization in the sparse model
to be studied in Section 2.3, iterates fastest of all but converges slowest. It is also
worth noting that over-shooting has been used before in the context of majoriza-

tion to achieve an average of 1.5 times speedup (Wang and Wang, 2012).

Plots of stress against real time can be seen in Figure 2.13, where initial stress val-
ues are omitted, which is the cause of the horizontal offset to Cholesky due to its
longer initialization time. Note that if the time for the first iteration for Cholesky
is removed, it outperforms the other implementations of majorization, but still

does not ever drop below the curve for SGD.
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Figure 2.13: Graphs of stress against time for all three implementations of ma-
jorization, and SGD using the 15 iteration annealing schedule. 10 runs were used
for each method, and the line plots run through the mean stress and time per it-
eration. Graphs were considered as unweighted and layouts were initialized ran-
domly within a1x1 square. The graph btree9 is a binary tree of depth 9. The lay-
outs show examples of what the graphs look like after 15 iterations, with Cholesky

on top and SGD on bottom.
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2.2.4 Smartinitialisation

Theresults presented from the experiments performed here were recently repro-
duced and extended in the work of Borsig, Brandes, and Pasztor (2020). Specifi-
cally, they compared the performance of SGD against the localised version of ma-
jorization (see Equation (2.12)), with a focus on comparing the random initialisa-

tion used here against initialising with PivotMDS (Brandes and Pich, 2007).

Performance (measured in terms of minimum stress) given random initialisation
was found to confirm the benefits of SGD presented here. Crucially however, the
difference in performance when both methods are initialised with PivotMDS is
negligible. Note that Borsig, Brandes, and Pasztor (2020) did not compare run-
ning times in their results, but noted that differences would likely depend more
on implementation details than algorithmic differences, as both versions take a

similar number of iterations to converge when given the smart initialisation.

It was also noted that SGD may be more amenable to parallelisation due to each
step only moving two vertices at a time, a fact utilised by Olauson, Marin, and

Soder (2020) in their parallel implementation of the method developed here.

The resilience of SGD against poor initialisation also prompted Borsig, Brandes,
and Pasztor (2020) to replace PivotMDS as the initialisation step with SGD itself,
with majorization kept as the refinement stage. This combination resulted in the
best performance of all, signifying that majorization is better at reaching the very
bottom of local minima than SGD, whereas SGD is better at escaping poor overall
minima. This is likely due to the fact that the recommended annealing schedule
from Section 2.2.1 does not mathematically converge in expectation. This com-
bination of SGD plus majorization was chosen for the layout implementation in

EcoBuilder, outlined in Section 5.4.1.
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2.3 Sparse approximation

This section contains an application of SGD to the sparse stress model of Ort-
mann, Klimenta, and Brandes (2017). The model is made sparse by strategically
omitting terms in the summation of the objective function, by choosing a set of

vertices as pivots and only considering shortest paths from these pivots.

To approximate the full model well it is important to choose pivots that are well
distributed over the graph, and so Ortmann, Klimenta, and Brandes (2017) pre-
sented an experimental evaluation of various methods for doing so. The imple-
mentation here uses max/min random sp to select pivots. This was chosen be-
cause it gives good performance (second-best of all methods evaluated in terms
of average reduction in stress) and the only method that performed slightly bet-
ter, k-means sp, is more complicated to implement and has a worse asymptotic

complexity (Ortmann, Klimenta, and Brandes, 2017).

To further elaborate, ordinary (non-random) max/min sp starts by picking one
pivot randomly and computing its shortest paths to all other vertices, with sub-
sequent pivots chosen by picking the vertex with the maximum shortest path
to any pivot chosen so far (de Silva and Tenenbaum, 2004). The random exten-
sion max/min random sp instead samples for subsequent pivots with a probabil-
ity proportional to shortest paths to any pivot, rather than simply always picking
the maximum. k-means sp is also built upon max/min sp, as it uses the calculated
shortest paths as a high-dimensional embedding, exactly following the same first
step as the layout method of Harel and Koren (2004). A standard k-means clus-
tering algorithm is then applied to this embedding (Friedman, Hastie, and Tibshi-
rani, 2001b), and pivots are chosen as the vertices closest the centroids of these
clusters. This extra clustering step is what pushes up the resulting asymptotic

complexity (Ortmann, Klimenta, and Brandes, 2017) which, in combination with
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Algorithm 2: Sparse SGD

SparseSGD (G, h):

inputs : graph G = (V, E), number of pivots h
output: k-dimensional layout X

P < MAXMINRANDOMSP(G, h)

dp; < SPARSESHORTESTPATHS(G, P)

Wp; < 0

foreach{p,i}e (PxV) : p & N(i):

L S < |{] ER(p) : dpj < dpi/z}l

!’
Wi, < SWip

foreach{i, j} € E:
| Wi e Wi < wy
X < RAND(|V], k)
for 7 in ANNEALINGSCHEDULE() :
foreach{i, j} € EuU (P x V)inrandom order:
ui < Min(wi;n, 1)
K < Min(wjn, 1)
F e IXi—Xjll-d;j X;—X;
2 X=X ]|
X; < Xj — pr

Figure 2.14: Pseudocode for performing SGD on the sparse stress approximation
described in Section 2.3. Note that all R(p) and wl-’p can be constructed over the

course of shortest path calculations without increasing the asymptotic complex-
ity (Ortmann, Klimenta, and Brandes, 2017) by using amulti-source shortest paths
algorithm.

the extraimplementation work required, was why it was not chosen here.

These pivots p € P are then each assigned a region R(p), which is the set of
vertices closer to that pivot than any other. The relevant weights w;,, are then
adapted depending on the composition of the region, resulting in a new second

half of Equation (2.17) with fewer terms

stress(X) = Z wijdij+z z W;0ij (2.28)

{i,j}eE i€V peP\N(i)

whereg;; = (||X; — X;|| — d;;)? and N(i) are the neighbors of i to prevent over-
ij i j ij g
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lap with any edges in the first summation. The adapted weight wi’p is then set to
SipWip, Where s;, is the number of vertices in R(p) at least as close to p as to i, de-

fined as

sip = [{J € R(p) : djp < d;p/2}]. (2.29)

The reason the weight on vertex i is increased like this is because its contribution
actsasanapproximation for the stresstoall verticesin R(p), and (2.29) isrequired
to prevent the weight on closer vertices from being overestimated. It isimportant
tonote thatifboth vertices p and g are pivots then w,, may not equal w;,. Impor-
tantly, if only p is a pivot then wy,, = 0 as g should not contribute to the position

of p.

This leaves far fewer terms in the summation, and so the complexity per iteration

for SGDisnow O(|E| + |P||V

), as any terms that have been cut are simply ignored.
In the context of majorization this new model must be used with the local method
described at the end of Section 2.1.3, Equation (2.12), resulting in the same overall

complexity.

Resulting layouts are presented in Figures 2.15, where the graph EVA is the least
well approximated by the sparse model, likely due toits low diameter and high de-
gree distribution. 3elt is very well approximated by the model itself, but the per-
formance of majorization declines as the number of pivots exceeds ~100, likely
due to the increased number of terms in the summation that introduce more lo-

cal minima to jump over.

Note that the results here again do not use PivotMDS (Brandes and Pich, 2007) to
initialize as done by Ortmann, Klimenta, and Brandes (2017), and instead initial-
ize randomly within a 1xX1square as before. A gallery of larger graphs is presented
in and 2.16, and pseudocode for the entire algorithm can be seen in Algorithm 2,

Figure 2.14.
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Figure 2.15: Examples of sparse SGD on the graphs USPowerGrid, EVA, and 3elt.
From left to right: best layouts using 10 pivots, 50, 200, full stress, and plots
showing stress over 25 runs for each number of pivots. The 15 iteration anneal-
ing schedule from Section 2.2.1is used for SGD, and majorizationis allowed to run
for 100 iterations.

Figure 2.16: Some larger graphs, each approximated with 200 pivots. From
left to right, top row then bottom: pesa (11,738 vertices), bcsstk31 (35,588),
commanche_dual (7,920) and its original (3D) layout, finance256 (37,376), bc-
sstk32 (44,609), luxembourg_osm (114,599) and its original layout. The right-
hand graphs have edge weights calculated from distances in their original layouts.
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2.4 Applications

A benefit of force-directed algorithms is the possibility of making ad hoc changes
to the optimisation process, to change the visualisationin a domain-specific man-
ner. For example, nails can be used to hold a node in place (Mi et al., 2016), mag-
netic fields canbe used to align nodesin various ways (Sugiyama and Misue, 1994),
and complex attractive and repulsive forces can be used to highlight clusters (Suh

etal.,2019).

Some of the properties of SGD, in particular the fact that each edge is considered
separately along with the ability to consistently avoid local minima well, make
SGD well suited to such additional modifications. This section will describe some
recipes for examples of this, each applied to various real-world graphs in order to
show the merits of their use. Note that these applications are also possible with
majorization, but can require more drastic modifications in order to apply them

successfully.

2.4.1 Radiallayout

Itis often the case that a user will want to examine specific vertices in a graph, es-
pecially in aninteractive setting. Itis therefore important to be able to emphasize
distances involving certain vertices. Brandes and Pich (2011) presented a general
method of doing this in the context of majorization, by interpolating between two

stress summations representing general and constrained weights separately.

For SGD, emphasizing specific distances is as simple as weighting the correspond-
ing constraints more heavily. Forexampletofocusonvertex 3, therelevant weights
are set to infinity
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Figure 2.17: The London Underground map with a focus on Green Park, created
using the method described in Section 2.4.1. The distances are based on travel
time rather than real world distance.

This causes only the remaining constraints to decay, but the systemstill converges
in this case as there are no conflicts between the ones emphasized. Exploding gra-
dients are still prevented by the capping of the step size in Equation (2.21). Anim-
portant remaining step is that the step size must be allowed to decay for extra it-
erations, in order to allow the infinitely weighted terms to essentially become the
only remaining contribution at convergence. An example of this method in action

canbe seenin Figure2.17.*

Setting weights to infinity when using majorization results in the algorithm be-
coming instantly very stuck, which is why the more complicated interpolation

(Brandes and Pich, 2011) is necessary.

“Data collected from www.github.com/petertrotman/london-underground-travel-time
-map, accessed 13/8/20.


www.github.com/petertrotman/london-underground-travel-time-map
www.github.com/petertrotman/london-underground-travel-time-map
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This idea of editing individual constraints can also be used to pin nodes in place.
This could be done by not allowing pinned nodes to be moved when satisfying the
constraint as in Figure 2.4. Additionally if many nodes are pinned, then any con-
straints between pinned nodes can be left out of the objective function entirely,

reducing the amount of computation time required.

2.4.2 General multidimensional scaling

Stress as an energy function originated as a general visualisation algorithm for
embedding high-dimensional data, and using SGD to optimize it does not change
its ability to perform this original function. Here this will be shown by applying it
on a distance measure other than the graph-theoretic shortest path, in order to
show its versatility. The measure that will be used is the Jaccard index, which can

be defined as a distance by
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(2.31)
where N(i) is the set of neighbors of vertex i. This is effectively a measure of how
similar the neighbour sets of vertices i and j are to each other. This measure will
be applied ontop of an existing graph layout, but since the two spatial dimensions

arealready being used, the three-dimensional space of colour will be used instead.

Since color is simply a linear mix of red, green, and blue (RGB), it can be used as a
3D space in which Euclidean distances can be embedded, where each color corre-
sponds to a separate axis. Note that using the raw RGB space to embed colour is
notgenerally recommended due toits nonuniformity causing unwanted visual ar-
tifacts (Rogowitz and Treinish, 1998). Ideally a perceptually uniform colour space
would be used such as CIELAB (Smart, Wu, and Szafir, 2019), but in this small illus-

trative example it was not vital.
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Figure 2.18: Co-appearances of characters in Les Misérables by Victor Hugo
(Knuth, 1993). Groups of similarly colored vertices indicate clusters based on Jac-
card dissimilarity as in Equation (2.31).

Since the Jaccard distance is bounded between 0 < d;; < 1, embedded distances
fit perfectly within the similarly bounded axes of color. This means that vertices
not only have coordinates within normal Euclidean space, but also within RGB
space. AnillustrationofthiscanbeseeninFigure 2.18, where vertices are coloured
according to their (secondary) embedding in RGB space. Note that in this case W j

is simply set to one.

This process can help to reveal groupings, but can also produce ambiguity when
applied to larger graphs due to the lack of distinct color combinations, again a
problem caused by alack of output dimensions. One possibility in this case would
be to use an interactive form of visualization in which the user selects a smaller

group of vertices at a time, and the algorithm embeds only their selection in an
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RGB space, by considering dissimilarities only between selected vertices.

2.5 Discussion

One of the major reasons why previous force-directed algorithms (Eades, 1984;
Kamada and Kawai, 1989; Fruchterman and Reingold, 1991; Frick, Ludwig, and
Mehldau, 1995), have become popular is how simple and intuitive the concept
is. The idea of a physical system pushing and pulling vertices, modeled as sets of
springs and electrical forces, makes them easy to understand and quick to imple-

ment for practical use.

The geometric interpretation of the SGD algorithm presented here shares these
qualities, as the concept of moving pairs of vertices one by one towards an ideal
distance is just as simple. In fact the stress energy function in Equation (2.8) is
commonly known as the spring model (Kamada and Kawai, 1989; Hu, 2005), and so
the physical analogy of SGD to decompressing one spring at a time very naturally
fits thisintuition. Theimplementationalso requires nolinear equationsolver, and
there is no need to consider smart initialization, which can often be just as com-
plex a task (Brandes and Pich, 2008). Considering only a single pair of vertices at
a time also makes further constrained layouts easy to implement, and allows an

appropriate sparse approximation to grant scalability up to large graphs.

But perhaps the mostimportant benefit of SGD is its consistency regardless of ini-
tialization, despite being non-deterministic due to the shuffling of the order of
terms. This claim was further supported by Borsig, Brandes, and Pasztor (2020)
in their replication study of the work done here, as outlined in Section 2.2.4. By
contrast, the plots in Section 2.2.3 clearly show how vastly the results from ma-

jorization can differ depending on initialization, especially when restricted to a
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limited number of iterations. This reliability of SGD can be crucial for real-time
applications with fixed limits on computation time, such as within an interactive

visualization.

However there are still situations where SGD can struggle with local minima, such
asdwt_2680@ whichis susceptible to twisting in the middle. This canbe seenin Fig-
ure 2.13 where a twisted layout is purposefully included to illustrate this pitfall.
A potential solution to this is overshooting, or in other words allowing values of
1 < u < 2inEquation (2.21). This greatly reduces the chance of a twist, but results
in poorer local minima in most other cases and can also bring back the problem of
divergence, so is a potential avenue for future work, perhaps to be used in con-
junction with an adaptive annealing schedule to further optimize performance

depending on the input data.

This will be used in Chapter 5, Section 5.4.1 for a real-world application, where it
willbe shown thatallowing aslightly higher maximum step sizeisinfact necessary

for another domain-specific application, on top of the ones shown in Section 2.4.

Interaction could also allow the user to manually adjust the step size  from Equa-
tion (2.20), allowing them to ‘shake’ the graph out of local minima themselves.
The step size annealing from Section 2.2.1is the most ad hoc and data-dependent
component of SGD, so handing control over to the user could help, especially in

dynamical situations where the structure of the graph changes with time.

Additionally, if frame rate becomes an issue in an interactive setting, the applica-
tion does not have to wait until the end of an entire iteration before rendering an
updated layout, because vertices are continually being moved at each satisfaction
step. Thiswould keep the application smooth and responsive, whilst still giving an

indication of the algorithm’s progress.

The application of gradient-based methods to functions such as stress has also re-
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cently been explored by Ahmed et al. (2020), who further showed their flexibility
by supplementing the objective function with objectives such as angular resolu-
tion or number of crossings. Their work especially shows the potential benefits of
taking inspiration from the rapidly growing machine learning literature through

their usage of tools such as tensorflow. js (Smilkov et al., 2019).

Conclusion

Thischapter has presented amodified version of stochastic gradient descent (SGD)
to minimize stress as defined by Equation (2.8). An investigation comparing the
method to majorization shows consistently faster convergence to lower stress lev-
els, and the fact that only a single pair of vertices is considered at a time makes it
well suited for variants such as domain-specific modifications or the pivot-based
approximation of Ortmann, Klimenta, and Brandes (2017). This improved per-
formance — combined with a simplicity that forgoes an equation solver or smart
initialization — makes SGD a strong candidate for general graph layout applica-

tions.

All code used for timing experiments, along with afast C++implementation witha

Python wrapper, is open source and available at www. github.com/jxz12/s_gd2.


www.github.com/jxz12/s_gd2

Chapter3

Hierarchical edge bundling

The previous chapter was anexploration of how to positionthe vertices of agraph,
andthenatural question to thenaskis how to deal with the only remaining compo-
nent: the edges. However this question is seemingly redundant at first, as the ob-
vious answer is to simply draw straight lines between adjacent nodes. While this
is by no means a poor choice, and is exactly how all node-link diagrams have been
drawn thus far in this thesis, this chapter and the next will explore the possibility

of drawing links using curves instead.

3.1 Background

The curving of linksin the context of anode-link diagramis known as edge bundling.
Itisatechniquethathasbeendeveloped because many networks, when processed
through a standard force-directed layout, result in a seemingly random layout
with no discernable structure. See Figure 3.7 for examples of this. The similarity
of such layouts to tangled collections of hair has led to them being colloquially

termed hairballs.

58
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Figure 3.1: A visualisation of the Unity game engine, rendered using the Unity
game engine. Edges are bundled using hierarchical edge bundling as described
in Section 3.1.1. The graph has a total of 5,025 vertices and 20,177 edges, reduced
to 8,380 included in the final render to reduce clutter. The colour applied to each
edge highlights the class being referenced by transitioning from light to dark, in
order to emphasise the pattern of certain important nodes that many others de-
pend on. For example, the thickest bundle in the top right comes from a folder
calledMath/, whichisusedin calculations all over the source code. The thick bun-
dle coming from the top leftis afolder called IMGUI/, whichis used for debugging
with developer tools. Using MAX_EXT blending as suggested by Holten (2006) al-
lows links flowing in opposite directions to be salient, and anti-aliasing is crucial
for smoothing the output. Source code for generating this figure can be found at
www.github.com/jxz12/HierarchicalEdgeBundles.


www.github.com/jxz12/HierarchicalEdgeBundles
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Unfortunately thisis notaneasily solved problem, because the curse of dimension-
ality (Friedman, Hastie, and Tibshirani, 2001a) means that most of these networks
simply cannot be accurately represented in two dimensions, and the likelihood
of this problem only rises as the size of any network increases. This can happen
even if there exists a clear underlying structure to these networks, lying beyond
the reach of the standard layout algorithm. Edge bundling attempts to alleviate
this issue by introducing a trade-off: the ability to follow individual links is sac-
rificed for better representation of global structure, by allowing links to overlap.
This is analogous to organising the wires in a computer system by tying groups of

wires together that share similar endpoints.

Theliteratureis rich with various different methods for performing this bundling,
dating all the way back to the 1800s with the flow maps of Minard (1862) or Sankey
diagrams (Sankey, 1896). More modern algorithms for performing bundling auto-
matically include multilevel agglomerative edge bundling by Gansner, Hu, North,
and Scheidegger (2011) which greedily merges pairs of links at a time by selecting
the pairs that minimise a cost function based on the amount of ‘ink’ used to draw
links. A more complex cost function is used in metro-style bundling by Pupyrev
et al. (2016), which is based on multiple criteria including ink, individual edge
lengths and node separations. The winding roads method of Lambert, Bourqui,
and Auber (2010) first draws a supplementary grid around the nodes in the graph,
and routes edges through this grid such that they naturally bundle on shared grid

coordinates.

Thesame premise behind force-directed nodelayoutisalsousedinforce-directed
edge bundling by Holten and van Wijk (2009), which bundles links by defining
forcesbetweenadjacentlinksinstead of nodes. Asshown previouslyinSection2.1.1,
force-directed methods are in fact gradient descent optimisation methods where

the gradientis defined before the cost functionitself, and this edge bundling tech-
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nique is no different. A similar method by Cui, Zhou, et al. (2008) also uses geom-

etry to group edges, but instead discretely clusters them first.

Another effective approachis kernel density estimationby Hurter, Ersoy, and Telea
(2012), who iteratively apply a convolutional filter over a density map of links
in an already rendered diagram. This method belongs to the subfield of image-
based bundling methods (Lhuillier, Hurter, and Telea, 2017; Telea, 2018). A di-
verse gallery of edge bundling algorithms applied to the same dataset can be seen

in the review of Lhuillier, Hurter, and Telea (2017).

However all of the aforementioned methods share a key similarity: they apply
bundling upon the assumption that node positions are predetermined and will
not be moved. This is perfectly fine and even desirable in many common use cases
where nodes have a predefined location, such as geographical maps. However
whenthereisno predefined positioning, the usual methods suchasforce-directed
layouts were never designed to lend themselves towards bundling. A layout that
can be bundled must place similar links in parallel, and this is not guaranteed or
even desired for most force layouts. Maximising the angular resolution of links
sharing nodes is sometimes even directly optimised as part of the cost function
(Argyriou, Bekos, and Symvonis, 2010) and so common layout methods usually

do not help, and may even worsen, the bundling quality of their visualisations.

3.1.1 Hierarchical bundling

Avoiding this issue, of common node layouts not lending themselves towards
bundling, iswhy one of the most powerful bundling techniquesisamethod known
as hierarchical edge bundling, published by Holten (2006)!. This is because the

layout of vertices is directly informed by the structure of the bundles. An exam-

l1ts effectiveness was recognised by a Test of Time award at the IEEE VIS conference in 2016.
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ple of thisin action can be seenin Figure 3.1, which illustrates the method applied
to the source code of the Unity game engine. The graph being visualised is a call
graph, where each class is a vertex, and is connected by an edge to any other class

itdepends on.

The trick to the bundling comes from the fact that there is extra metadata avail-
able: the hierarchy of folders and source files that hold the code. This hierarchy,
not the call graph itself, is first layed out as a tree. Then, since this tree includes
extranodes to represent the folders and source files, these extranodes are erased
from the final visualisation. However their coordinates are instead used as an aux-
iliary routing graph (ARG) to route the original edges through. More precisely,
this process of routing involves taking every edge in the original call graph (the
vertices of which map to leaves of the hierarchical tree) and rendering each one
using a spline curve, whose control points consist of the path from leaf to leaf
through the ARG. There is only one such path through the ARG becauseitisatree,
although this may not necessarily be the case; this possibility of anon-tree-shaped
ARG will be studied in the following chapter, Section 4.2.3. The precise definition
of the spline curve is also important, and will be further elaborated upon in Sec-
tion 4.2.5, but for now the important thing to note is that this produces bundling
behaviour because vertices close to each other in the hierarchy will share control
points for their splines, thus curving their rendered links towards each other. An
example of a hierarchical tree with its resulting bundles side by side can be seen

later in Figure 3.3.

This technique is so effective because the structure of the bundles is supervised
by human judgement. To continue within the call graph example, the hierarchy
of folders and source files is literally designed by the programmers for organisa-
tional purposes, and so it is very likely to admit some utility for also organising,

say, a visualisation. Additionally, not only is the curvature links influenced by the
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ARG, butsoistheposition of the nodes. Sinceeachnodeisaleafinthetree-shaped
ARG, their positions around the circle are also influenced by the topology of the
tree. Thisidea of using an auxiliary hierarchy toinformbundlingis the basis of the
work in this chapter, except that it will instead investigate the more common sit-
uation of when this metadata is not included with the original data. It must there-

fore must be generated by the algorithm itself as a preprocessing step.

3.1.2 Clustering

To generate a hierarchy, what is needed is a way of grouping similar datapoints
together. This is known as clustering, and is a vast field of study, not least as one
of the primary objectives of the fast-growing discipline of machine learning. The
subfield of clustering just within the context of networks is large in its own right,
duetoits utility in common datasets such as protein—proteininteraction or social

networks.

There exist a wide variety of powerful and creative methods that have been de-
veloped to perform clustering on networks. A widely used method is to define an
equation that canbe used to numerically measure the quality of agiven clustering,
and to attempt to maximise this quality. This is reminiscent of the optimisation-
based methods described in Section 2.1.1. A popular version of this is known as
modularity, defined as
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where Aiistheadjacency matrixwhere A;; equalslifverticesiand j are connected

by anedge, and C;; equals 1if vertices i and j are in the same cluster and O other-

wise. The value of Q lies between -1/2 and 1 (Brandes, Delling, et al., 2007), and it
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canbeintuitively understood as the fraction of the edges that fall within the given

clusters minus the expected fraction if edges were distributed at random.

This was introduced by Newman and Girvan (2004) to evaluate a separate cluster-
ingalgorithm, and later directly optimised by Newman (2006b) with two methods
that both initialise the network as one big cluster that is recursively split into half
until no further gain in modularity is possible. The first finds the split by calcu-
lating eigenvectors of the modularity matrix, and another that finds the split by
repeatedly moving vertices between the two sides of the split until modularity is
maximised, akin to a hill-climbing method. Optimising modularity in general is
NP-complete (Brandes, Delling, et al., 2007), but its intuitive interpretation has
led to various other authors to develop methods to optimise it. The Louvain al-
gorithm (given its name from the authors coming from the University of Louvain,
Belgium) (Blondel et al., 2008) and its recent improvement to the Leiden algo-
rithm (from Leiden University, Netherlands) (Traag, Waltman, and van Eck, 2019)
both start by placing every vertex in a singleton cluster, followed by successively
merging clusters whilst also moving vertices between clusters, also until modu-

larity cannot be improved further.

The behaviour of random walks along the graph has also been used to great effect
for clustering. For example, the markov cluster algorithm of Enright, van Dongen,
and Ouzounis (2002) simulates arandom walk process through a series of matrix
multiplications on the markov chain of the graph. The infomap algorithm of Ros-
vall and Bergstrom (2008) optimises a cost function known as the map equation,
whichappliesinformation-theoretic concepts suchas entropy tothe behaviour of
random walkers. Itis optimised through a combination of greedy search and sim-
ulated annealing. Other types of algorithms include statistical inference meth-
ods such as Bayesian inference (Hastings, 2006) and block-modelling (Reichardt

and White, 2007). Another perspective on clustering includes grouping together
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Figure 3.2: An example of different types of clusters. On the left is a situation with
edges within clusters, and on the right with edges between clusters.

edges instead of vertices, which means that a single vertex may belong to many

overlapping clusters, anidea explored by Evans and Lambiotte (2009).

The growing number of graph-shaped datasets being used in machine learning
has also led to a number of supervised and semi-supervised methods for cluster-
ing and general dimensionality reduction, such as DeepWalk (Perozzi, Al-Rfou,
and Skiena, 2014) which treats each vertex as a ‘word’ to generate ‘sentences’ us-
ing random walks across vertices. These sentences are then taken and applied to
techniques originally designed for language processing. Attempts to transfer the
success of convolutional neural networks have also been generalised to apply to
graphsofany topology (Kipfand Welling, 2016; LeCunetal., 2017), as wellas many
other architectures depending on the task at hand (Battagliaetal., 2018; Wu et al.,
2020).

One reason why there is such a variety of clustering algorithms is due in part to it
being an undefined problem. A simple example of two equally valid but opposing
definitions for a cluster would be to compare a clique vs. a biclique. A definition
that attempts to keep edges within clusters, such as Equation 3.1, perfectly cap-
tures cliques, butfails forbicliques, as none of the edges are within the clusters, in-
stead all falling between them. It is therefore important to keep in mind that clus-

tering algorithms are attempts to quantify common characteristics of real-world
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data, and there is generally no ‘right answer’ to the question of which one should
be chosen; it depends on both the specific objective and dataset being examined.
Nevertheless, they have been used to great effect in many applications (Fortunato
and Hric, 2016), and so confidence canbe placed in their utility as a tool to help un-

derstand patterns in data.

The work in this chapter will focus on hierarchical clustering, the family of cluster-
ing algorithms where the output is a dendrogram: a binary tree used to describe
a hierarchical structure. This can either be done from the bottom up, i.e. each
node starts in its own cluster and pairs of clusters are progressively merged un-
til only one remains, or top down, i.e every node starts in the same cluster that is
recursively splitinto two halves. The former is known as agglomerative clustering,
and the latter as divisive clustering. The output fits well here, since the goal is to
construct a hierarchical edge bundling visualisation like the one in Figure 3.1, but
without a prior hierarchy included with the data; the dendrogram produced from

such a clustering algorithm can be used as this missing hierarchy.

This idea of using the output dendrogram of a clustering algorithm to produce
hierarchical edge bundling has been previously explored by Jia, Garland, and Hart
(2011) who produce ahierarchy using the algorithm of Girvanand Newman (2002).
This method removes one edge from the network at a time, specifically the one
with the most betweenness centrality i.e. the edge traversed the most often when
mapping the shortest paths between all pairs of vertices. This naturally splits clus-

ters when an edge is removed that is the final bridge between two clusters.

Unfortunately Jia et al. did not perform any quantitative analysis to evaluate the
performance of their clustering algorithm, and only present results when using
one clustering method. The contribution in this chapter extends their work by
evaluating the performance of anumber of hierarchical clustering methods, against

abenchmark of graphs where the ground truth cluster configuration is known.
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3.1.3 Hierarchical clustering

To assess the quality of the divisive Girvan-Newman (GN) algorithm used by Jia,
Garland, and Hart (2011), its performance will be compared with agglomerative
dissimilarity clustering. Thiscomparison willbe done viaexperimentinSection3.2,
and the rest of this background section will outline the different methods it will

be compared to.

Dissimilarity clustering is a family of algorithms where the input is a matrix of dis-
similarities between individual datapoints, in this case the vertices of agraph, and
the output is a dendrogram as required. Similarly to the stress-based layout ex-
plored in the previous chapter, it is a more general algorithm that can be applied
to any numerical dataset and not just graphs, unlike the methods previously out-
linedinSection 3.1.2. Itis also closely related to the class of multidimensional scal-
ing methods that stress minimisationbelongs to, asboth procedures take amatrix

of dissimilarities as input.

Not only does this fit thematically with the topics explored in previous chapters,
but a key benefit to using dissimilarity clustering is that the output dendrogram
contains extrainformationto describe the ‘quality’ of the merge at that point. This
information is vital as it can be used to ‘prune’ the hierarchical tree in order to
make the resulting edge bundles more salient. This will be elaborated uponin Sec-
tion 3.2.2, and an example of the method pipeline from start to finishis illustrated
in Figure 3.3. Two other questions must first be answered before one can proceed
with performing this clustering: what exactly are the dissimilarities to be used
as input, and how will the algorithm proceed to process these dissimilarities to
merge clusters? There are many choices for answering these questions, and out-

lining these will cover the remainder of the background for this chapter.
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Figure 3.3: An example of the hierarchical edge bundling pipeline explored here,
on the graph lesmis which describes co-appearances of characters in the musi-
cal les Misérables (Knuth, 1993). The top-left is a layout from stress optimisation;
top-rightis adendrogram computed from agglomerative dissimilarity clustering
(seeSection 3.1.3); bottom-left is the tidied up hierarchical tree after pruning (see
Section 3.2.2); bottom-right is the final hierarchical edge bundling diagram when
original edges are rendered using splines (see Section 3.1.1). The characters Jean
Valjean and Javert are the main protagonist and antagonist respectively, and they
are placed next to each other for both the stress and bundled layouts. Those two
are highlighted, as well as a third main character, Marius, whose role in the net-
work is much clearer in the bundled layout.
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Greedy agglomeration

General hierarchical clustering based on dissimilarities can be done inboth an ag-
glomerative and divisive way, but the work here will focus on agglomerative meth-
ods. Agglomerative methods are more popular among practitioners (Roux, 2018)
due largely to the divisive version having O(2!"1) possible splits for a cluster of

size |V

, as each datapoint can be placed in either one half or the other. This re-
sults in an exponential runtime complexity per split, whereas the agglomerative
method has only to chose from pairs of datapoints, giving an O(|V|?) complexity

per merge.

There do exist heuristics to speed up the divisive method to bring the complex-
ity down to polynomial, such as using algorithms like k-means to decide the split
instead (Lamrous and Taileb, 2006). However, since there already exists a graph-
specificdivisive method in the GN algorithm to compare to, this chapter will focus

on comparing it to its agglomerative counterparts.

The agglomerative process is as follows:

1. Calculate the dissimilarities between all pairs of datapoints.
2. Place each datapointinto its own singleton cluster.

3. Iterate over each pair of clusters, and merge the closest pair into a single

cluster.

4. Recalculate the dissimilarities between the newly merged cluster and the

remaining unmerged clusters.

5. Repeat steps 3 and 4 until only one supercluster remains.

On the surface this is a simple procedure, but it is not immediately clear how to

calculate dissimilarities between datapoints or between clusters in steps 1 or 4.
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There are an abundance of choices for what to use for step 1, whichis the same first
step as used in stress-minimisation from Section 2.1.2. There, the graph-theoretic
shortest-path was used as the dissimilarity, but there exist a wide variety of other
measures that can be used that result in higher quality results. This will be shown
in the experimental comparison in Section 3.2 and discussed later in this section.
Here the assumption that a dissimilarity is already defined between datapoints
will first be taken, to begin by outlining how they are recalculated when clusters

are merged.

There are also many choices for recalculating dissimilarities between clusters,
and each choice can be thought of as a different heuristic for the greedy choice
of which pair of clusters to merge together. The most commonly used meth-
ods fall into three categories: using one member of a cluster as a representa-
tive, averaging over all cluster members, and measuring the variance of members
within a cluster (Roux, 2018). Choosing a single representative member is the
most straightforward; when calculating the dissimilarity between two clusters,
one can take the best-case scenario by choosing the closest pair of inter-cluster
points, or the worst-case by choosing the farthest pair. These are known as single-
and complete-linkage algorithms, respectively (Sibson, 1973; Defays, 1977). One
can also choose to take an average over the members of both clusters. This can
be done by taking the mean dissimilarity between all inter-cluster pairs, and and
is known as UPGMA (Unweighted Pair Group Method with Arithmetic mean). Its
‘weighted’ counterpart, known as WPGMA, is more efficient, as when a cluster is
merged it ‘forgets’ that it was made up of other elements and becomes treated as
asingle datapointitself (Sneath and Sokal, 1973). The reason it is called weighted
is, perhaps confusingly, because the original datapoints ‘lose weight’ by being
merged into a cluster, whereas in the unweighted version each original datapoint

still contributes the same amount to each merging decision.
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The third categoryis knownas Ward’s method (WardJr,1963), and is based on min-
imising variance within clusters. The dissimilarity between clusters in this case is
the increase in total within-cluster variance if they were to be merged. This is the
same objective function that k-means clustering attempts to minimise (Friedman,

Hastie, and Tibshirani, 2001b).

Note that since each merge is based on the dissimilarity between clusters, this ex-
tra information that can be stored in the resulting dendrogram as the height of
the branch. This is a direct benefit of using dissimilarity clustering, and is usually
used to decide where to cut the dendrogram if flat clusters are needed. It will be
leveraged to simplify the resulting dendrogram in Section 3.2.2. However this is
also a source of trouble for Ward’s method specifically, because a monotonically
increasing branch height is only guaranteed if the input is a distance, and not just

adissimilarity. A distance must strictly satisfy the conditions

leZO and le=O¢>l=]
d; = d; (3.2)

dij <dj + dky

where the third conditionis known as the triangle inequality, and is a requirement
for the points to have a corresponding embedding in a metric space, such as Eu-
clidean. A dissimilarity is only required to satisfy the first two conditions. Since
Ward’s method is based on variance, a concept that only makes geometric sense
in a metric space, using a dissimilarity may result in dendrograms with negative

branch lengths, making it impossible to cut the tree and form flat clusters.

The results in Section 3.2 will include both distances and dissimilarities, both ap-
plied to Ward’s method and the others reviewed in this section. In practice, any
reasonable dissimilarity does not often result in negative branch lengths with

Ward’s method, even if it does not satisfy the criteria of a distance. None of the
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results presented on the benchmark used here have this problem, but it is impor-

tant to note the possibility of it happening in practice.

The final thing to discuss before moving onto how to choose a dissimilarity is the
computational complexity onrecalculating dissimilaritiesbetween clusters when
they are merged. Remarkably, all of the above methods can be recalculated based

on the Lance-Williams equation

diujie = aidix + odjic + Bd;j + yldie — dji| (3.3)

wheredy;, jy is the new distance between k and a newly merged cluster containing
iand j,andthevaluesof «, 3,and y canall be calculated in constant time. Recalcu-
lating the dissimilarity matrix after a merge therefore takes O(|V|) time. Search-
ing through this matrix to find the best merge takes O(|V|?) time, but this can be
reduced to O(|V'|log(|V'|) with a priority queue. Since forming a complete den-
drogramrequires O(|V'|) merges, the overall complexity of greedy agglomerative

clusteringis O(|V|*log(|V]).

3.1.4 Random walks as dissimilarities

Thefirststep before performing the agglomerationisto calculate the pairwise dis-
similaritiesbetweenindividual datapoints. As previously noted, the shortest path
distance was used in the context of optimising stress, but it be shown here that
this is far from optimal in a clustering context. The reason for this that there is
not enough local information to differentiate vertices successfully. For example,
imagine a graph with two fully connected cliques, but with one edge connecting
asingle inter-cluster pair (one edge connecting the two clusters to the left of Fig-
ure 3.2). Since the shortest path between the pair is one hop, it means that the pair

is considered just as similar to each other as to the other vertices in their respec-



3.1. Background 73

tive cliques. Similarly, vertices in the same group within a biclique are not con-
nected at all (right side of Figure 3.2) and so within-cluster pairs would be consid-

ered even less similar than inter-cluster pairs.
A commonly used distance to capture local detail is the Jaccard index

IN() NN())|

4 =1 NOUNG)

(3.4)
which can be interpreted as the proportion of neighbours shared between ver-
tices i and j. However, this has the exact opposite problem to using shortest
paths, as it fails to capture any global detail, because any pair of vertices more
than two hops away can never share any neighbours, and so will always have a
maximum dissimilarity of one. An ad hoc solution to this problem is to combine
the two measures by simply multiplying them together, following Zheng, Pawar,
and Goodman (2018). Note that despite shortest paths and Jaccard index both
being distance metrics (Clarkson, 2006), it is not guaranteed the product of dis-

similarities will also be.

A popular method of graph clustering that uses dissimilarities as input is the clus-
ter walktrap method of Pons and Latapy (2006). They use random walks to first
construct a high-dimensional embedding of each vertex. To construct the high-
dimensional embedding, the Markov chain transition matrix of the graph is cal-
culated, defined as

P=D"'A (3.5)

where D is a diagonal matrix of degrees, where the entries are the sum of the cor-
responding row in A, which is the adjacency matrix of the graph that is not nec-
essarily binary if edges have weights. P is essentially a normalised A where rows

sumup to one.

However, this is not directly used as the high-dimensional embedding because of
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the same problem as the Jaccard coefficient in Equation (3.4), that is it only cap-
tures local detail. This matrix is therefore multiplied by itself a number of times
in order to simulate a longer random walk. However, multiplying too many times
results in a matrix converging to a state only dependent on the in-degree of each
vertex (Pons and Latapy, 2006), and so the length of the walk is left as an input pa-

rameter that should be set to an intermediate value. The distance is defined as

t _pt 2
(P, —P},)

d;; = ML 3.6
j \ Dy (3.6)

where t > 0is an input parameter that determines how many times P should be
multiplied by itself. Notice that this is very close to being simply the Euclidean
distance between columns in P, except with a factor consisting of D;lf. This was
done presumablyinordertoundercompensate for high-degree vertices, although
they state that their distance “can also be seen as the I? distance between the two
probability distributions” (Pons and Latapy, 2006) without mentioning this fac-
tor. However alookinto their provided source code confirms the use of the factor.
Since this measure can also be written as the Euclidean distance between columns
in the matrix D"Y2P!, it automatically also qualifies as a distance metric. Pons and
Latapy (2006) did not study whether the inclusion of this factor performs bet-
ter quantitatively, and the performance on the benchmark used in Section 3.2 is

in fact always higher when this factor is left out. Equation (3.6) will therefore be

used without including it, i.e. simply \/Zk(Ple — P;k)z. This will be referred to
as the snapshot embedding, as it captures the random walker state after a fixed

number of stepst.

Thealgorithmthen proceedsby applying agglomerative clustering using the Ward
method, but with one difference: it only merges clusters connected by an edge.
This reduces computation time and likely improves the modularity of the result-

ing clusters, but since the end goal is to produce bundles, edges between clusters
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areacceptableastheywillbebundled. The results here will therefore use the more

general algorithm that is unaware of edges between clusters.

Itis also not necessary to be restricted to having the embedding capture the ran-
domwalker at asingle walk length. Another type of embedding that willbe used is
the weighted average over all walk lengths. However this would also converge to
the same matrix as aninfinite length walk, by virtue of the Markov matrix converg-
ing to only depend on in-degrees as previously mentioned. In this case a damp-
ing factor is used, similar to the one used in PageRank (Page et al., 1999) and in-
fomap clustering (Rosvall and Bergstrom, 2008) to simulate arandom walker los-
ing a proportion of its energy on each step and eventually coming to a stop. This
is defined as

P = Z tkpk (3.7)
k=0

where 0 < t < 1isaninput parameter to represent the proportion of walkers
that move on to take another step. This will be referred to as the damped embed-
ding, as it captures the random walker state damped over a range of step lengths.
A range of values for t from Equation (3.6) will be systematically tested in the Sec-

tion 3.2.

Random walks have many nice properties, including the an extra benefit of inter-
preting heavier edge weights as bringing vertices closer rather than farther away,
as would be done in a standard shortest paths algorithm. This is more commonin
real world datasets, for exampleinasocial network where an edge weight couldin-
dicate the frequency of two friends messaging each other, or in afood web where
to indicate the strength of an interaction between two species. The weights on
the graphin Figure 3.3 describe how many times characters appeared in the same
scene together, and this extrainformation was used in the clustering process. The

fact that the Markov chain matrix is a probability distribution also allows it to nat-
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urally be applied to measures such as the Kullback-Leibler (KL) divergence

P.
dij = > Py log (P—”‘) (3.8)
k Jjk

which canbeinterpreted as the relative entropy of i relative to j. Another popular

measure is the Wasserstein distance

d;; = f IF(0) — )| (39)

where F; denotes the cumulative probability distributions of i and j (Ramdas, Tril-
los, and Cuturi, 2017). This can be interpreted by imagining the area under the
curve of one distribution as mass to be moved, and measuring the amount of work
needed to transform that mass into the second distribution. Both are natural and
popular dissimilarities in the context of probability that are commonly used in the
field of machinelearning (Goodfellow, Pouget-Abadie, et al., 2014; Arjovsky, Chin-
tala, and Bottou, 2017). The Wasserstein distance is already a distance metric (Vil-
lani, 2003) and so can safely be used as an input. KL is not even a dissimilarity in
Equation 3.8 as it is not symmetric, and so it is commonly symmetrised by adding

the two directions together as d{j = d;; + dj; (Kullback and Leibler, 1951).

One final dissimilarity based on random walks that has been applied before to
clustering applications is the Euclidean commute time distance (Yen et al., 2005).
This is defined as the average time it takes for a random walker to travel from a
one vertex to the other and then back again. It is also a distance metric (Qiu and
Hancock, 2007), and can be found in closed form using the Moore-Penrose pseu-

doinverse of the Laplacian matrixL = D — A as
— + + +
d;j = |E|(L;; + ij — 2Ll.j) (3.10)

where L1 is the pseudoinverse of L (Albano and Messinger, 2012). The distances
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derived from Equations (3.4)-(3.10) will all be used in the following section as part

of an experimental study to determine which is most effective.

3.2 Experimental study

Since clustering is an undefined problem, the quality of clusters will be measured
by using abenchmark set of graphs where a ground truth clustering configuration

is known.

Itisimportant to note that the contributions in this chapter are solely in compar-
ing different hierarchical clustering methods by quantifying the choice between
them. This means that the edge bundling problem has been reduced to the task
of hierarchical clustering in a network context. This means that a comparison to
other edge bundling methods is out of scope, but also means that the results pre-
sented have potential significance in the general field of network clustering as well

as for bundling.

Table 3.1 contains the four graphs used in this study. The graph karate is a clas-
sic dataset that has been extensively studied in the network research literature
(Fortunato and Hric, 2016), originally compiled by Zachary (1977). It is a social
network containing relationships between members of a karate club, in which a
rift between two club leaders caused the club to split into two new clubs, where
the resulting members of the two clubs form the ground truth clustering of the
data. The footballTSE graph is a network of American football games between
Collegesinthe US, where the ground truthis the conference in which they belong.
It was originally studied by Girvan and Newman (2002) in the same paper as the
GN algorithm was presented. The ground truth data used is a version corrected

by Evans (2010), as the original data clusters were assigned from the 2001 season
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Table 3.1: Benchmark graphs used for the experiment in Section 3.2. |V| denotes
the number of vertices, |E| the number of edges, and |M| the number of ground
truth clusters.

Name V| |E]| M|
karate 34 78 2
footballTSE 115 613 19
caltech 762 16651 9
1fr 250 472 10

instead of the correct 2000 season. The caltech graphis a social network of stu-
dents at the California Institute of Technology, extracted from the website Face-
book and originally studied by Traud, Mucha, and Porter (2012). Ithasbeen shown
to demonstrate clique structure (Nocaj, Ortmann, and Brandes, 2015), where the
ground truth used here are the dorms in which students were living. This is the
most messy data and so the dorm ground truth is the least well matched by the

clustering algorithms used.

The 1fr graph is an artificial graph from the Lancichinetti Fortunato Radicchi
(LFR) benchmark (Lancichinetti, Fortunato, and Radicchi, 2008) which is a model
to generate graphs with a clustered structure, given a number of parameters to
account for power law distributions in cluster size and vertex degree. The param-
eters used here werey = 3,7, = 1.5,and u = 0.1. They represent the degree
distribution, community size, and fraction of edges to place between commu-
nities, respectively. The LFR benchmark was developed in order to improve the
popular random model of Girvan and Newman (2002). All graphs are undirected

and unweighted.

Thesefour graphswere runthrougheach ofthe agglomerative methods presented
in Section 3.1.3. For methods that first require a high dimensional embedding, a
range of parameters were used for the values of ¢ for Equations (3.6) and (3.7). To

assess the quality of the results, the adjusted random index (ARI) was used to com-
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pare a ground truth clustering against the clusters predicted by the algorithm.
The benefit of using ARl is that it is robust to cluster labels being swapped, avoid-
ing the situation where the clusters are correct but the order of labels is not. ARI
isbounded between -1 and 1, where a value of 1 denotes perfect clustering, O de-
notes a randomly shuffled clustering, and -1 denotes an even worse match than
the expected result of a shuffle. A problem with hierarchical clustering is that, to
extract flat clusters to match the ground truth, the resulting dendrogram must
be cut. The results here give the benefit of the doubt by measuring ARI at all cut-
ting points and taking the maximum ARI of all cuts, to essentially assume that the

algorithm always chooses its cut perfectly.

The package scipy.cluster.hierarchy (Virtanen et al., 2020) was used to per-
form all hierarchical dissimilarity-based clustering. Results are presented in Fig-
ures 3.4 and 3.5, whereall dissimilarity measures are clustered with each of the five

linkage methods presented in Section 3.1.3.

3.2.1 Results

The aim of this study is to answer two questions: which dissimilarity measure is
best, and which linkage method is best for clustering this dissimilarity? Unfor-
tunately there is no clear-cut answer to either question, but the results can be in-
terpreted to give some recommendations. Looking at the bottom right panels
for each graph, itisimmediately clear that single linkage is the least effective and
should be avoided. The best scores for the remaining linkage methods generally
hover around the same value, and so it is clear that the remaining four linkage
methods all can result in high quality results. Looking at the mean ARI scores,
however, it becomes apparent that Ward’s method produces the best results on

average. This is consistent with the choice made by Pons and Latapy (2006) for
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Figure 3.4: Clustering performance onthe graphskarateand footballTSE.Each
linkage method is denoted by a different color and symbol. ARl is on y-axis, clus-
tering algorithms on the x-axis. Average and best ARl over all clusteringsis in bot-
tom right. Missing values for KL are due to probabilities of O in the Markov chain.
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Figure 3.5: Clustering performance on the graphs caltechand 1fr, following the

same format as Figure 3.4.
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their clustering method, now with quantitative results to verify the decision.

The best dissimilarity for Ward over all graphs is Euclidean on snapshot embed-
ding witht = 5in Equation (3.6), and it seems the original authors in Pons and
Latapy (2006) agree with this choice too, as they performed their analysis using
eithert = 2ort = 5. Using Equation 3.7 to take a weighted average of step lengths
also does not improve the clustering performance, further confirming their de-
sign choices. Despite being a distance metric, the performance of Wasserstein is
consistently poorer than both Euclidean and KL. It is however worth noting that
it consistently improves as the value of ¢ rises for both snapshot and damped em-
beddings. Both sets of parameters converge to the same embedding (the station-
ary distribution of the Markov chain) fort - ocoandt — 1, respectively, so it
seems that Wasserstein is effective on this stationary distribution, at least on this

benchmark.

Thealternative dissimilarities in the bottom left panels do not reach the same best
values as the embeddings do, but they possess the important benefit of not need-
ing to tune an extra parameter t, which is of great importance to practitioners.
This is especially true given the variance of some of the lines in the top plots in
Figures 3.4 and 3.5. TheJaccard index combined with UPGMA consistently scored
highin each of the test graphs, and so is also worth arecommendation as an inter-
pretable and robust choice. The remaining results in this chapter will use Ward’s
method on Euclidean distance over a snapshot embedding witht = 5, due to the

reasons outlined above.

3.2.2 Pruning

Thefinal step to producing a hierarchical edge bundling visualisationis to convert

the resulting dendrogram into an edge bundled diagram. This is done by first lay-
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Figure 3.6: Anexampleoftheresulting hierarchicaledge bundles when pruningis
not applied to the hierarchy. On the left is the full hierarchical dendrogram with-
out pruning, and on the right is the resulting bundled diagram, which is clearly
worse than the one in Figure 3.3.

ing out the hierarchy as a tree, and then redrawing the original edges back on top
assplines routed up and down the hierarchy. However a problem with using a den-
drogramisthat,asabinarytree, it contains as many branch nodes as leaves, which
means that the resulting splines end up being routed through too many control
points to separate individual edges. See Figure 3.6 for an example of this on the
lesmis graph. The process of tidying up this tree such that it is suitable for use in

hierarchical bundling will be referred to as pruning.

Jia, Garland, and Hart (2011) also encountered the same problem when producing
their hierarchicalbundles using the resulting dendrogram from the GN algorithm.
They alleviate this issue by applying a branch-merging procedure that leverages
thefactthateachbranch correspondstoadisconnected subgraph, duetothe pro-
gressive removal of edges at each step in the algorithm. This cannot be applied to
ageneral dendrogram, and so another property of dissimilarity clustering is used
instead: the fact that each parent cluster can store the dissimilarity between its
two child clusters before the merge. This is usually thought of as the height of

each branchin the dendogram, as shown in the top-right of Figure 3.3, and is used
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here to recursively merge branches in the hierarchy if their height difference falls
below a certain threshold. This follows another similar idea of Pons and Latapy
(2006) who use the same branch height information to determine an optimal cut-

ting point for forming flat clusters.

The next step is to lay out the hierarchy itself as a tree. Following Holten (2006),
a radial tree layout is chosen, and since each leaf of the tree represents a vertex
of the original graph, they are first placed around the circumference of the cir-
cle. The order in which leaves are placed around the circle is very important, as
it directly affects the proximity of edges to be bundled together. This is a similar
problem to seriation in matrix plots (Liiv, 2010). Obviously any cousin vertices
in the tree should be placed next to each other, but this still leaves an exponen-
tial number of orderings because the order within groups of cousins is still unde-
cided. Fortunately, a neat solution exists to this problem, as there exists an algo-
rithm that can find an optimal ordering. The definition of optimal in this case is
to minimise the total dissimilarity between leaves ordered next to each other. Re-
markably, this can be computed in polynomial time using the algorithm of Bar-
Joseph, Gifford, and Jaakkola (2001), which leverages the structure of the hierar-
chical dendrogram to formulate the task as a dynamic programming problem. All
resulting layouts presented here use this optimal ordering, although its complex-
ity of O(|V|*) makes it prohibitively slow for datasets any larger than the graphs

studied here.

The next step is to position the branches of the tree. Many methods were tested
for determining branch placement, including the use of force-directed methods
such as Tutte’s algorithm as in Figure 2.3, but the method settled upon was to use
polar coordinates, in the following manner. The angle of a parent is set to the
mean of the angles of its children, and its distance from center is set proportional

to the total number of leaves below it in the hierarchy. This means that the height
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Figure 3.7: Drawings of the graphs in Table 3.1 using both a stress layout (left) and
with hierarchical edge bundling (right), ordered in the same sequence as in the
table. Colours of nodes correspond to the ground truth clusters included in the
data. Inkarate, thetwoleaders of the clubare colouredlighter. For football, 8 of
itsteamsare singleton clustersinindependentdivisions, coloured black. Forcal-
tech, 168 students are unassigned to dorms, also coloured black. For all graphs,
a branch merge distance of 10% of the dendrogram height was used, with merged
branches placed at a polar distance equal to the fraction of leaves it has as chil-

dren, cubed.
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of a branch corresponds to the size of its corresponding cluster, which is extra

information embedded in the final visualisation.

The final step is to render the bundles itself. With the tree layout determined, this
step is exactly the same as that of Holten (2006). Important subtleties include re-
laxing bundles to prevent splines from overlapping too much, and skipping the
lowest common ancestor as acontrol pointinorder to reduce clutter around com-
mon parent nodes. The resulting visualisations for the four benchmark graphsin
Table 3.1 canbe seenin Figure 3.7. Code used to generate all figures can be found

atwww.github.com/jxz12/HierarchicalEdgeBundles.

3.3 Discussion

The work done in this chapter presents a pipeline for producing hierarchical edge
bundles (Holten, 2006) on general graphs without hierarchical metadata avail-
able, as illustrated in Figure 3.3. This was done by agglomerative hierarchical
clustering, a method widely available in many data analysis software packages.
A range of parameterisations for performing this clustering were compared, and

some practical recommendations will be further elaborated in this final section.

In general, the results presented largely agree with the design choices made by
Pons and Latapy (2006) for the use of agglomerative dissimilarity clustering on
graphs. That is except for leaving out the extra D;,f weighting in Equation 3.6 as
it did not improve performance at all in the benchmark explored here. The use
of dissimilarity measures based on random walks also outperforms those derived
from other features such as shortest paths, as well as the GN algorithm used by Jia,
Garland, and Hart (2011), which also has a higher runtime complexity. Calculating

the betweenness-centrality for each edge is O(|V||E|) (Brandes, 2001a) and since
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this must be recalculated |E| times, the overall complexity of GN is O(|V||E|?),

compared to O(|V|*log |V|) for the agglomerative methods explored here.

Ward’s method also consistently outperforms other linkage methods, and a quali-
tative observation of noteis thatitalso tends to give dendrograms thatlend them-
selves more to the pruning process in Section 3.2.2. Branches in Ward dendro-
grams more clearly delineate separately groups of clusters, leading to easier sim-
plification into a streamlined hierarchy for bundling. When the opposite situa-
tion occurs, i.e. if differences in branch height are homogenous, the pruning pro-
cess may merge every single branch into one, since child branches are recursively
merged into their parents. However this also usually corresponds to a poor qual-
ity clustering in general, because the algorithm could not find large groups of dat-

apoints all close to each other.

In a real-world visualisation pipeline, this pruning process would ideally be hu-
man driven, with methods such as MLCut of Vogogias et al. (2016) allowing den-
drograms to be interactively explored and cut to form flat clusters. Such a tool
could be easily applied to perform multiple cuts in order to form a hierarchy for
bundling. Pruning is also not the only way to solve the dendrogram issues of Fig-
ure 3.3. For example, different types of splines may not resultin the same issues. A

more thorough examinationinto the use of B-splines canbe foundinSection 4.2.5.

Interaction would also greatly improve the utility of these visualisations. Holten
(2006) suggested ideas such as dynamically tweaking the amount that bundles
are relaxed, and highlighting interesting bundles by hiding other links. An addi-
tional possibility in this context would be to interactively prune the hierarchical
tree in order to neaten bundles, or being switching between different clustering
algorithms to reveal different patterns depending on the algorithm selected. The
need for interaction can also be seen in the complex final render caltech in Fig-

ure 3.7, second-from-bottom; a dynamic option such as GrouseFlocks by Archam-
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bault, Munzner, and Auber (2008) would be useful here.

A quantitative assessment of the actual utility of resulting bundles is something
missing from the literature, but out of scope for the work here. It is however clear
that certaintopological features are made more salient by these diagrams. A good
example of this is can be seen in the karate graph in Figure 3.7, where it is clear
that the two nodes on the left are central to the topology of the graph, due to the
thickness of the bundles stemming from them. These two are in fact the two club
leaders whose disagreement caused the club to split into the two factions used as
ground truth for clustering. The algorithm was able to place them next to each
other in a completely unsupervised manner, due to the quality of the extracted
hierarchy combined with the optimal ordering (Bar-Joseph, Gifford, and Jaakkola,
2001) outlined in Section 3.2.2. A possible study to quantify the effectiveness of
bundles could be to ask participants to identify ground truth cliques or bicliques

from different bundling configurations.

Future work could also include testing on a larger benchmark, especially with
graphs with more biclique than clique structure. The current benchmark also
measures the quality of clustering, but not bundling directly. Such a benchmark
could be used to compare the hierarchical bundling method here directly with
other (non-hierarchical) methods. In asimilar vein, a dissimilarity measure or ob-
jective function that quantifies bundling quality could be directly optimised to

produce high-quality bundles.
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Power-confluent drawing

Edge bundling can be likened to data compression on graphs, as the goal is to de-
scribe a given network without having to know the source and target for every
individual edge. Such compression would be impossible in a random network,
butbecausereal-world datadoes have structure, underlying patterns canbelever-

aged to group together similar components within the data.

The hierarchical edge bundling of the previous chapter can be interpreted as lossy
compression, because the grouping of edges can obscure the exact endpoints
of each edge. In the same vein as, say, JPEG image compression, there exists a
tradeoff between the amount of data used against the amount of information dis-
played. But just as there exist lossless compression formats for images, such as
PNG compression, there also exists such a counterpart for edge bundling, known
as confluent drawing. An example of such a drawing can be seen on the right-hand
side of Figure 4.1, where the bundles are interpreted as follows: every possible
smooth path from one vertex to another indicates that they are connected by an

edge in the original graph.

89
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Original Graph Power Graph Routing Graph Confluent Drawing

Figure4.1: Apipelinefor producing power-confluentdrawings. Fromleft toright:
aconventionalnode-link diagramwith verticesarranged aroundacircle; its power
graph decomposition, where edges are compressed by grouping similar verticess
together; a novel equivalent routing graph, where the nested structure of groups
is represented by a directed tree; the resulting confluent drawing, where original
edges are threaded through the routing graph to form bundled junctions.

4.1 Background

Confluentdrawing hasits roots in the more theoretical side of graph drawing, and
was originally developed by Dickerson et al. (2005) as a novel method for drawing
planar graphs. In Figure 4.1 for example, the drawing of the original graph on the
left contains many crossings and in fact can not be drawn in a planar way. Allow-
ing edges to overlap, but requiring all smooth curves to denote an edge between
endpoints, means that all connectivity is preserved, thus adhering to the analogy

of lossless compression.

This process is analogous to inserting junctions on a train track to allow carriages
to switch directions without stopping. The precise definition of a confluent draw-

ing will be outlined later in Section 4.1.2.

The work in this chapter will study a subset of confluent drawing known as power-
confluent drawing. While a standard confluent drawing needs only to follow the
definition in Section 4.1.2, with no restrictions on its creation process, producing
a power-confluent drawing consists of three steps: finding the power graph de-

composition,; converting this decomposition into an equivalent auxiliary routing
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graph (ARG), similarly to hierarchical edge bundling in Section 3.2.2; and finally
drawing curves back on top to render a confluent drawing. Each stepisillustrated
in Figure 4.1. This was an idea originally explored by Bach et al. (2017), and the
work presented here will aim to further develop and formalise the implementa-
tion of this idea. Furthermore, it will be proved in Section 4.2.7 that this specific
process can only ever result in a subset of all confluent drawings, thus earning the

terminology of power-confluent.

4.1.1 Power graph decomposition

The first step to producing a power-confluent drawing is to construct a power
graph, and so this step will be outlined first. A power graph is an extension to
the conventional node-link diagram, that allows vertices to be grouped together
into power groups, in order to merge edges that share endpoints into individual
power edges (see the leftmost two drawings in Figure 4.1). Power groups may also
be nested in a hierarchical structure, allowing power edges to cross group bound-

aries.

This idea was originally developed for use in biological protein—-protein interac-
tion network analysis by Royer et al. (2008), who originally computed adecompo-
sition by using heuristics based on the Jaccard index, defined here in Equation 3.4.
This was later improved by Dwyer et al. (2014) who presented multiple methods
of finding both optimal and sub-optimal decompositions, while also proving that
the problem in general is likely to be N'P-hard. The method they recommended
for practical useis a greedy agglomeration technique, not unlike the ones studied
in Section 3.1.3, except without the benefit of the Lance-Williams property shown
in Equation (3.3). Its complexity is O(|V|*|E|log|E|), as it must search through
O(|V|?) merges O(|V|) times, and each merge takes O(|E|log |E|) time to assess
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)

and in practice the number of edges to be considered diminishes quickly anyway

its quality. InSection 4.2.1this assessment step will be improved slightly to O(|E

(Dwyer etal., 2014).

Thisisalsothe method chosenbyBachetal.(2017), to construct their initial power
graphs, and so is the one studied here. Note that the following description is spe-
cifictoundirected graphs; the changesrequired for directed graphs are described

in Section 4.2.6.

Greedy agglomeration

The algorithm works taking advantage of the fact that the hierarchy of power
groups can also be represented as a tree, with vertices as the leaves, similarly to
the hierarchical clustering of Section 3.1.3. It first initializes every vertex as the
sole member of a power group, henceforth referred to as a module, and initializes
asetofneighboursforeach trivialmodule based on the edges of the graph. It then
greedily merges pairs of top-level modules at a time, picking the merge that elim-
inates the most edges at each step, until no more edges can be eliminated. The

number of eliminated edges for any given merge is given by

x,(m,n) = [IN(m) n N(n)| 4.1)

wherem andnaremodulesand N aretheir neighbour sets. Thisisalmostthe same
asnedges(m, n)in Dwyer et al. (2014), except as a positive score rather than a neg-

ative penalty.

This is the stage where the difference between this power decomposition and hi-
erarchical clustering becomes clear: since power decomposition must preserve
connectivity information, inline with the lossless compression analogy, care must

be taken when performing the merging step in order to keep edges and power
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edges pointing at the correct endpoints. The simplest case is when two modules
m and n share the exact same neighbours, i.e. N(m) = N(n). In this case one
module can simply be ‘absorbed’ into the other, such that every pair of edges is

merged into one, and the number of modules decreases by one.

Atrickier caseisif only one of the modules contains edges that cannot be merged.
For example, m cannot fully absorb n if N(m) O N(n). Leaf modules of the hi-
erarchical tree, i.e. individual vertices, also cannot be absorbed, and so the same
situation occurs when m is a leaf and n is a module. In both cases m adopts n,
and N(m) N N(n)is removed from N(n). If both contain edges that cannot be ab-
sorbed, i.e. N(m) ¢ N(n)and N(m) 7 N(n), then a new module is created that
adopts m and n as children and steals N(m) N N(n) as its neighbour set. This also
happensifmandnarebothleafmodules. Note that thisisdone equivalentlyinthe
original description by always generating a new parent module, and removing ei-
ther child if their neighbour sets become empty (Dwyer et al., 2014). The greedy

process above will be the subject of improvements in Section 4.2.1.

4.1.2 Confluentdrawing

The original definition of a confluent drawing A for agraph G is:

» There is a one-to-one mapping between the vertices in G and A, so that, for
eachvertexv € V(G), thereis a corresponding vertex v’ € A, whichhasa

unique point placement in the plane.

» Thereisanedge (v;, ;) € E(G)iffthereisalocally-monotone curve [defined

as having no self intersections or sharp turns] e’, connecting v; and vj’ in A.

« Aisplanar. That is, while locally-monotone curves in A can share overlap-

ping portions, no two can Cross.
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This was proposed by Dickerson et al. (2005), where the second condition is the
key part of the definition that lets links overlap in the final drawing. Itis notimme-
diately obvious how to convert a power graph into such a drawing. Fortunately,
Bach et al. (2017) proposed the idea of first converting a power graph decompo-
sition into an ARG. Then, for each adjacency, the graph-theoretic shortest path
through the ARG is used as the sequence of control points for a B-spline (Seder-

berg, 2005).

This process is illustrated in Figure 4.1, and the ARG used is almost exactly the
one in hierarchical clustering (Section 3.1.1), where each layer of the hierarchy is
mapped to a branch vertex in a hierarchical tree. The only differences are the re-
moval of theroot of the tree, and the addition of extra edges between tree vertices
to represent power edges, as shown in Figure 4.1, second from right. Note that in
the original algorithm edges in the ARG are undirected (Bach et al., 2017), unlike
those shown in Figure 4.1. The addition of directed edges to the ARG will be used

to solve various theoretical issues in Section 4.2.4.

4.2 Improvements

This section will describe multiple improvements to the methods described in the
previous section, which encapsulate the novel contributions from this chapter.
The speed and quality of the power decomposition algorithm will be improved in
Section 4.2.1, and two theoretical issues will be resolved for the conversion to a

confluent drawing in Sections 4.2.2 and 4.2.3.

Specifically for the conversion, it will be shown that the combination of B-splines
and shortest paths introduces problems not fully explored by Bach et al. (2017),

causing the resulting drawings to violate the second and third conditions in the



4.2. Improvements 95

above definition. These problems will be solved, and the subclass of confluent
drawings the algorithm can produce will beidentified as anew classification known
as power-confluent. The corrected solution guarantees that the second condition
of the definition in Section 4.1.2 is always satisfied, but still cannot guarantee the

third, as discussed in Section 4.2.7.

Itisimportantto note that these theoreticalissues arerarein practical use cases of
Bach et al. (2017), and that the solutions proposed here will not often change the
resulting drawings. When the issue does occur however, it changes the implied
connectivity of the graph. Ensuring correctness is also necessary for work on the

theoretical side of the method to further progress.

4.2.1 Greedy heuristics

The algorithm outlined in Section 4.1.1 greedily selects the next merge based on
the reduction in edges as in Equation (4.1). However this is not the only metric
that the greedy algorithm can use to judge the quality of any given merge. Only
using one heuristic often results in many merges with the same score, and so
the choice of merge may be arbitrarily chosen from many candidates, some of
which may lead directly to local optima. In such situations it can be useful to in-
clude additional heuristics to further discriminate between choices. This is not
explicitly mentioned in Dwyer et al. (2014), but is implemented in their provided
source code, where they include two other metrics: minimising the total number
of groups/modules after the merge, and minimising the number of times power

group boundaries are crossed by power edges.

Here a new heuristic will be introduced that can roughly capture the effects of

both, and is simpler to calculate: a penalty for the number of edges that could not
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be merged. This is defined by

kA(m,n) = |[N(m) AN(n)| (4.2)

where A denotes the symmetric difference, i.e. the number of unshared neigh-
bours, between the two sets. This effectively measures the number of edges that
cannot ever be eliminated in future steps, because only top level modules are con-
sidered for merging. Equation (4.2) captures the number of modules because a
new parent module is only added if both children have unshared neighbours, and
so the smaller Equation (4.2) is, the fewer modules there will likely be. It also cap-
tures the effect of edges crossing group boundaries, because any unshared edges
must cross the boundary of its new parent module after the merge. Rewarding the

first heuristic and punishing the second leaves a total score of

x(m,n) = wyx,(m,n) — wax,(m, n) (4.3)

where w, and w, determine the relative weight of either heuristic. For example,
to construct a modular decomposition (Habib, de Montgolfier, and Paul, 2004),
w, may be set to infinity to forbid any module boundary crossings. Setting w, =
10andw, = 1workswellin practice; these are the parameters used for the results

in Table 4.1.

Adding the new heuristic produces the best or joint best results in all graphs, and
alsoimproves the consistency of the output, with a better worst resultin all cases.
Note that the variation between runs in the implementation used is due to a pseu-
dorandom order of iteration through candidate merges! (Figure. 4.2, line 4) and
so when multiple merges have the same score, the choice becomes nondetermin-

istic. The networks are, from top to bottom, Italian families linked by marriage

IThis is due to the use of std: :unordered_set in C++, which may vary between implementa-
tions of the standard library (Josuttis, 2012).
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Table 4.1: Experimental results for the improved greedy power graph decompo-
sition described in Section 4.1.1 |E| is the number of edges in the original graph,
compressed into |P| power edges and |[M | power groups; shaded cells indicate the
better score between the two methods.

Name (|E) Best |P| (|M]) Worst |P| (|M])
only x, X~ and xp only x, Xnand x
florentine (20) 114) 11(4) 11 (6) 11(5)

karate (78) 28 (13) 28(13) 30 (15) 29 (13)

southern (89) 30(17) 27 (21) 37 (16) 30 (18)

dolphins (159) 82(29) 81(30) 87 (28) 83 (30)

lesmis (254) 74 (39) 72 (41) 79 (39) 72 (42)
football (613) 282 (83) 278 (84) 289 (83) 286 (84)
netsci (914) 355(187) 338 (184) 371(189) 341(186)

(Breiger and Pattison, 1986), members of a karate club (Zachary, 1977), women
meeting at social events (Davis, Gardner, and Gardner, 2009), interactions be-
tween bottlenose dolphins (Lusseau et al., 2003), co-occurrence of characters in
the musical Les Misérables (Knuth, 1993), American football games between US
colleges (Girvan and Newman, 2002), and coauthorships of scientists working on

network theory (Newman, 2006a).

It is important to note that this is still a simple greedy heuristic, which does not
make any guarantees about the optimality of the final result. The original method
by Dwyer et al. (2014) gives the option to somewhat alleviate this, by optionally
maintaining a priority queue of the best configurations seen so far, along with
some dynamic programmingto preventre-evaluating configurationsalready seen.
Afurtherexploration of this extended algorithmis out of scope for this paper, and
Dwyer et al. (2014) additionally note that the qualitative improvement that results

from including this priority queue is minimal.

Thefinal changeinvolves bringing down the complexity of neighbour setintersec-
tionto O(E) using hash sets, which reduces the complexity of the algorithm down

slightly to O(|V |?|E|). Pseudocode for the above described algorithm can be seen
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Algorithm 3: GREEDY POWER GRAPH DECOMPOSITION
inputs : graphG = (V,E)
output: modules M = set of pairs (C,N)
M < {(@, N(v))|v eV}
do

Kpest < 0

foreach pair of modules {m, n} € M,, X M,

L Kpest < max(;c(m, n)’ Kbest)

MERGE({m, N}pest)
while ke, > 0

Figure 4.2: Pseudocode forthe greedy heuristic power graph constructionin Sec-
tion 4.1.1. Each module consists of a set of children C, and a set of neighbours N.
The score function x is from Equation (4.3), and the merge operation on line 6 is
described in Section 4.1.1, where any new module is parented to its merged chil-
drenbyaddingthemtoitssetof childrenC. Inpracticearedundant super-module
is maintained, whose children are the top level modules M, on line 4.

in Figure 4.2.

4.2.2 Node splitting

The improvements described will now move onto the conversion of the power
graph into a power-confluent drawing. Issues regarding the use of B-splines are
firstidentified (of degree p = 3 in the source code of Bach et al. (2017), although
itis not specified in the paper) for interpolating control points. These were likely
chosen because they satisfy the convex hull property, which prevents crossings
at shared control points. They also offer local control (i.e. moving a control point
only affects the surrounding p + 1 segments), which guarantees that splines that

share enough intermediate control points will overlap.

Local control is what makes it possible for drawings to be confluent; with the right
routing graph, it is possible for edges to share enough control points to produce
the overlapping portions that are required for a confluent drawing. Specifically,

for two curves to be guaranteed to overlap they must share p or more control
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Figure 4.3: Examples to show how the direction of node splitting can affect the
graph K, ,. The first column shows a standard situation where a split is required
to make edges overlap, the second shows the correct split, and the third shows
that if the node is split the other way, then the edges {a, c} and {b, d} are falsely
introduced.

points (see Section 4.2.5 for a proof and a more detailed explanation).

There are two problems with using B-splinesin this context. Thefirstis thatsplines
that share fewer than p control points will not overlap, but sharing even a single
routing node should indicate a bundled junction. The authors recognized this,
calling it the ‘crossing artifact’ (Bach et al., 2017, Fig. 4), and fixed it by splitting
routing nodes into two: one forincoming and one for outgoing edges. Thisisillus-
trated in Figure 4.3. The intuition behind this splitting is correct, as it introduces
another shared control point that tightens the bundle, joining the crossed edges
intoajunction. However, their exact description contains anambiguity in the con-
text of undirected graphs, as it is not specified how to identify edges as incoming

or outgoing.

This is problematic as an incorrect split may introduce errors into the resulting
drawing, as shown in Figure 4.3, right. This ambiguity will be resolved, along with

the following related problem, in Section 4.2.4.
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Figure 4.4: Examples of how absent edges can appear to exist due to the short-
circuit problem. Top: a toy example of a hypothetical routing graph that causes
edges {a, d} and {c, b} to both erroneously appear to exist. Bottom: an example
of a power graph that causes a similar ambiguity, where c appears connected to b
because the edge {b, d} short-circuits the nested structure of power groups (rep-
resented by blue boxes), causing {a, b} to be routed incorrectly downwards. The

correct direction that would not cause anissue is shown as a dashed line along the
top.

4.2.3 Short-circuits

The second problemisalso caused by local controlbut has an opposite result: that
splines will always overlap if they share p or more control points. For some ARGs,
such as the examples in Figure 4.4, splines may overlap so as to create the visual
impression that extra edges, not present in the original graph, exist. This violates

the second condition in the confluent definition.

Here it will be explained why routing edges through their graph-theoretic short-
est paths in the ARG can introduce false adjacencies. A power decomposition is
converted into an ARG by (a) connecting the members of each power group to
a new vertex corresponding to the group, and (b) connecting pairs of vertices
whose corresponding power groups are connected by power edges. Since the
original edges do not exist in this auxiliary graph, they are instead drawn back on

top by finding the graph-theoretic shortest path between the vertices on either
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Figure 4.5: A fleshed-out version of Figure 4.4, bottom, without any redundant
power groups. (i): an example of the power graphin the same layout as Figure 4.4,
where the nested structure of groups comes from a clique structure. (ii) top: a
conventional node-link layout of the graph, bottom: the same power graph as in
(i). (iii) left: the resulting routing graph from the method of Bach et al. (2017),
right: the resulting drawing when splines take their shortest paths through this
routing graph. The edge {a, b} is routed downwards in the wrong direction, caus-
ing the edge {c, b} to falsely appear to exist. The edge {a, e} also has two equal-
length shortest paths, either through the line shown or downwards through b. (iv)
left: the result of using the new method (Section 4.2.4) of retaining the hierarchi-
cal structure of power groups through directed edges, right: the resulting draw-
ing where {a, b} is routed through the three correct upward routing nodes. The
previously incorrect routing is marked by a dashed line.
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end of the edge, using the nodes on this path as the control points for a spline.
However, since (a) and (b) both result in edges in the routing graph, with nothing
to differentiate between them, this can cause a short-circuit effect, that poten-
tially introduces false adjacencies into the resulting drawing. This is shownin Fig-
ure 4.4, where two intermediate routing nodes are used because that is the min-
imum number of shared control points required for quadratic splines to overlap
(see Section 4.2.5). Note that every power group in this example is intentionally

redundant for clarity; a full version of this example can be seen in Figure 4.5.

This effect can be explained as follows. The structure of groups within a power
graph canberepresented asatree, where groups arerepresented by branches and
vertices by leaves. Trees are geodetic (i.e. there exists a unique shortest path be-
tween any pair of vertices), but the connections introduced by power edges can
act like bridges between branches, to invalidate this property and produce ambi-
guity either in the choice of path (if the shortest paths are equal) orin which edges
exist at all, by routing splines in the wrong direction entirely. The bottom row in
Figure 4.4 shows a simple example of how this can happen. While it may seem as
if this counter-example is contrived and should not ever appear due to the redun-
dant nested structure of power groups, a similar pattern arises from the optimal
decomposition of aclique, showninFigure 4.5. The key detail hereis that only one
power edge should ever be traversed for any given adjacency, whichis guaranteed

by the solution described in the following Section 4.2 4.

4.2.4 Hierarchical routing

The solution to these problems is to instead construct the ARG as follows:
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Figure 4.6: The solution to both ambiguities described in Section 4.2.4. The left-
most graphs are a power graph (top), and a tree that represents the hierarchy of
power groups (bottom), but without power edges. The middle column contains
the resulting routing graphs without node splitting (top) and with (bottom, split
indicated in red). The final column displays the resulting bundled layouts.

« The hierarchical structure of power groups is retained as a directed tree,

with all routing edges directed towards its leaves.

» Power edges are reattached between their corresponding branch vertices,

as a special type of routing edge that is incoming at both branch vertices.

» Theroot of the tree is discarded.

This leaves the same ARG as before, except now with all routing edges explicitly
directed (see Figure 4.6, middle column). Note that this also means all adjacency
information is now preserved in the ARG, such that the original graph can be re-
covered. The purpose of having power edges outgoing at both ends will soon be

made clear.

To draw the adjacency edges back on top, any shortest path calculations can now

be forgoed. Instead, for each power edge, a depth-first search is performed for
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Algorithm 4: POWER-CONFLUENT DRAWING
inputs : modules M = set of pairs (C,N)
output: drawing A
V<@g E—J, P
foreach modulem = (C,,,,N,,,) € M
Ve<Vum
E « EU{(m,c)|c € Cp}

P < Pu{(m,n)|n € N}

foreachvertexv e V
if  NT(v)| > 2and [N~*(v)| > 2
L SPLIT(V)

A<Q

X « LAYOUT((V, E U P))

foreach poweredgep = {i, j} € P
Q; < pathse (V,E)fromleavestoi
Q; < paths € (V, E) from j to leaves
A < AU{SPLINE(X,)|q € Q; X Q;}

Figure 4.7: Pseudocode for the conversion from a set of power graph modules
(see the output of Algorithm 3 in Figure 4.2) to a rendered drawing, described
in Section 4.2.4. Note that the edges on line 4 are ordered pairs, while those on
line 5 are unordered. This allows, on line 7, for Nt to indicate a set of outgoing
neighbours, and N ~* a set of incoming neighbours plus any connected by power
edgesin P. The split operation online 8 then moves N* and N ~* to separate rout-
ing nodes, as in Figure 4.6. In practice a shorter edge length is placed between
split routing nodes, and so line 10 requires a layout method that can embed edge
lengths, such as the stress layout in Section 2.1.2. The specifics of the spline func-
tiononline 14 are outlined in Section 4.2.5

all child leaf nodes starting from both ends of the power edge. Each path to each
leaf from one end is then concatenated to the reversed path to each leaf from the
other end, and every concatenated path is used as the sequence of control points
foraspline. These paths are now guaranteed to be unique because the ARG is now
effectively atree, due to power edges beingincomingatboth ends to prevent their
traversal. Since only the one correct power edge is traversed for each spline, the

short-circuit problem described in Section 4.1.2 is alleviated.

Imposing this directionality on the routing graph also fixes the node splitting am-
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biguity in Section 4.1.2, guaranteeing that the split occurs in the correct direc-
tion, according to therule of separatingincoming and outgoing edges to different
nodes. Note that incoming and outgoing in this context no longer refers to edges
in the original graph; how to deal with these will be described in Section 4.2.6.
This works because every routing node is the boundary between two sides of a
biclique, equivalent to a single bundled junction; the explicit direction of routing
edges now encodes the orientation of the bundle itself. This entire process is il-
lustrated in Figure 4.6, and pseudocode for the resulting algorithm can be seenin

Figure 4.7, Algorithm 4.

4.2.5 B-splines

The choice of spline has not yet been discussed, for either confluent drawing or
the hierarchical bundling of Section 3.2. The usually chosen spline in the litera-
ture is the B-spline, which is a generalisation of Bézier curves that offers the two
nice properties of convex hull and local control, previously mentioned in Sec-
tion 4.2.2. A more thorough explanation into why these properties are beneficial
to bundling is, however, something generally missing from the literature, and so
this section will attempt to elucidate some theory behind why they are commonly
used for bundling purposes. The importance of choosing the correct spline is il-
lustrated in Jia, Garland, and Hart (2011), in which the diagrams contain poorly
implemented B-splines that do not satisfy these two properties. A good introduc-
tion to B-splines and their decomposition into segments can be found by Seder-

berg (2005).

It will first be proven that splines of degree p must share at least p control points
to overlap. A B-spline is a parametric curve that interpolates a number of control

points by summing up contributions from a basis function for each (Figure 4.8).
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Asaconsequence, thesplineis constructed asaseries of polynomial curves, known
as segments, which each satisfy the local control property, meaning that each seg-
ment is affected by the basis functions of only the surrounding p + 1 control
points. These basis functions are continuous, so at the exact point at which two
segments join (known as a knot) the curve cannot simultaneously be affected by
the two furthest control points affecting the segments on either side. The remain-
ing control points at the knot are therefore the last p control points of the left
segment, which overlap with the first p control points of the right segment. This
proof is illustrated in Figure 4.8. As a result, splines used must be quadratic, i.e.

p = 2, fornode splitting (Figure 4.3) to work as intended.

The values of knots determine the parametric intervals over which the segments
span, and the above proof assumes a ‘uniform’ knot vector, where uniform is de-
fined as having knots spaced along even parametric intervals. This ensures that
splines with overlapping control points also have overlapping knots. To addition-
ally ensure that splines are connected to the first and last control point, the knot
vector must also be ‘open’, i.e. it contains p repeated knots at each end. How-
ever, there are two ways of doing this: the first retains the same total number of
knots, for example a quadratic spline (p = 2) with 4 control points and the stan-
dard knot vector (0, 1, 2, 3,4) becomes (0, 0, 1, 2, 2), which eventually reduces to
a Bézier curve (Sederberg, 2005). The second appends p — 1 knots at either end,
where (0, 1,2, 3,4) becomes (0,0, 1, 2, 3,4, 4), effectively duplicating the first and
last control points. This second method is illustrated by the translucent curves to

represent repeated knots in Figure 4.8.

In practice this second method makes the rendered curve hugits path through the
routing graph closer than the first. In the case of cubic splines (p = 3), this means
that edges come sufficiently close to look bundled, even though the above proof

demonstrates that the degree must be p = 2 for curves to fully overlap (unless
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Figure 4.8: Examples of two open uniform B-splines and their basis functions be-
low. Control points are spaced evenly along the x-axis such that knots (vertical
lines) align with their associated segments. The top spline is quadratic (degree
p = 2), while the bottom is cubic (p = 3). In both, the left- and rightmost ba-
sis functions go to zero at the middle knot, and so another curve that shares the
middle p control points is guaranteed to overlap exactly at that knot. Note that
the sum of basis functions must always add up to one, so to attach a curve to its
endpoints, the final control point is repeated p times. The curves there are also
slightly transparent, to match the corresponding repeated basis functions.
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routing nodes are split twice to guarantee three shared control points). This ap-
pears to be the choice of the original authors (Bach et al., 2017) in their provided
source code. The benefit of cubic splines is that they are C? continuous, i.e. have
no sudden jumps in curvature, and having this extra smoothness is more aesthet-
ically pleasing. Regardless, for all figures here except for the bottom of Figure 4.8

quadratic splines are used, along with the first method of joining to end points.

Note that drawing a spline for every edge is not the only way to render the graph,
andalsointroducesagreatdeal of redundancy due to the large amount of overlap-
ping portions. If a purely confluent drawing is desired, then it is not necessary to
redraw overlapping segments. Allowing bundles to be relaxed (Bach et al., 2017,

Fig.18) is, however, a useful option that rendering each link does provide.

4.2.6 Directedgraphs

The definition for a directed confluent drawing is almost the same as the undi-
rected case, except with the caveat that any path can only ‘flow’ in one direction.
This is analogous to preventing trains on tracks from crashing into each other.
Formally, for a directed confluent drawing B, this extra condition (Dickerson et

al.,2005) is:

 Locallymonotone curvesin B may share some overlapping portions, but the
edges sharing the same portion of a track must all have the same direction

along that portion.

Thismeansthatdirected graphsleadtoaslightly different power-to-routinggraph
conversion, where the description by Bach et al. (2017) says “The only difference is
that we create — as necessary — two junctions for each group, one for incoming and

one for outgoing edges.” Here this short description will be elaborated upon, as
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simply adding another routing node when its corresponding group has both in-
coming and outgoing edges is not enough to guarantee that all portions will only
flowinonedirection. Thisis because any power edges at a power group are propa-
gated down the hierarchy, so thatevenif flows are correctly directed into separate
junctions at one group, they may still clash further down the tree. Therefore, all
descendants of any such group must also have two routing nodes: one for outgo-
ing edges (flowing up the hierarchy) and one for incoming edges (flowing down

the hierarchy).

The description of the improved power graph construction algorithm from Sec-
tion4.1.1is also easily applied to directed graphs, by splitting neighbour sets into
incoming and outgoing edges. This is how the original algorithm is described by
Dwyer et al. (2014). In other words, the formulations for the heuristics in Equa-

tion (4.3) instead become

ks(m,n) = INt(m)NnNT(n)| + [IN~(m)n N~ (n)|, (4.4)

Ka(m,n) = IN*H(m) AN*(n)| + [N~ (m) AN—(n)| (4.5)

where N1 is a set of outgoing edges, and N~ a set of incoming edges.

4.2.7 Planarity

Here the third condition in the confluent definition (Section 4.1.2) will be dis-
cussed, which requires planarity. Unfortunately, the method of Bach et al. (2017)
doesnotofferanyguarantee of planarity due tothe use ofaforce-directed method
tolay outthe graph. While the authors do recognize this, and make the distinction
that their drawings are ‘non-planar confluent’, the loss of this condition means
that almost any drawing, with or without curved edges, satisfies a now-trivial def-

inition. There also exist graphs that have been proven to not admit any confluent
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drawing (Dickerson et al., 2005), and so it is impossible for any algorithm to pro-
duce confluentdrawings for general graphs. However, the planarity conditioncan
be relaxed in the context of finding a drawing that reduces the number of cross-
ings, for example in layered confluent drawings (Eppstein, Goodrich, and Meng,
2007). Bach et al. (2017) do not explicitly address this question, but in practice
the approach can greatly reduce the number of crossings, making it a practical

method to enhance readability.

Furthermore, itiseasytoseethataplanar ARG canalwayslead toaplanardrawing,
as long as one is careful to avoid crossings at routing nodes (which is always pos-
sible because every routing node is simply a single junction). If it is assumed that
there are no redundant routing edges without adjacencies routed through them,
this means that the complete confluent definition can be satisfied if and only if
the ARG is also planar. This naturally implies a new subset of confluent drawings,
much like the A-confluent (Eppstein, Goodrich, and Meng, 2005) or strict conflu-
ent (Eppstein, Holten, et al., 2013) subclasses, which can be found only through a
planar power-to-routing graph conversion. Such drawings will be named power-
confluent. This new classification will now be proven to be a subclass of strict con-

fluent drawing.

Stricter than strict

The definition of strict confluent drawing has only the additional restriction that
there can be at most one smooth path between vertices, and there cannot be
any paths from a vertex to itself (Eppstein, Holten, et al., 2013). For the power-
confluent case, because the mapping of edges to power edges is surjective (Royer
et al., 2008), each edge can only correspond to a single path through the power
graph hierarchy, and therefore also through the routing graph behind the conflu-

ent drawing. Every power-confluent drawing is therefore also strict confluent.



4.2. Improvements 111

¢ ®

Figure 4.9: An example of a strict confluent drawing that cannot be reverse-
engineered into a valid power graph, unless power group boundaries are al-
lowed to overlap. On the left is the confluent drawing (with junctions marked by
transparent blue circles), and on the right is a power graph that shows all possi-
ble groupings to match these junctions. The proof is further explained in Sec-
tion4.2.7.

Thereverseis not true, because another condition of power graphs is that groups
must be disjoint (Royer et al., 2008), i.e. their boundaries may not overlap. There
exist confluent drawings that cannot result from power graphs unless this con-
dition is broken, for example the tetrahedron-like structure in Figure 4.9. In this
structure there are six junctions, and so at least six power groups are required in
the corresponding power graph; however, there is a maximum of four that will
not overlap, as there can only be one for each ‘corner’ of the ‘tetrahedron’. This
is due to the middle vertex of each ‘corner’ sharing junctions with all three sur-
rounding it, which means that grouping any of the three valid pairings will block

out the other two.

Notethatthegraphitselfis not necessarilyimpossibletodrawinapower-confluent
manner, but that this particular drawing could never result from the algorithm
presented in this paper. Power-confluent is therefore a strictly stronger condition

than strict confluent.



112 Chapter 4. Power-confluent drawing

4.3 Discussion

The work presented here has developed the ideas presented by Bach et al. (2017)
by bothimproving the power graph decomposition step (Section 4.1.1) and fixing
some practical issues with the conversion to a confluent drawing (Section 4.1.2).
Source code for all the algorithms discussed can be found at www. github.com/j

xz12/pconfluent.

Further directions could involve developing methods to find power-confluent
drawings, by guiding the search algorithm towards solutions that produce pla-
nar routing graphs. Methods such as simulated annealing or Monte Carlo may

also prove useful for improving the greedy search presented here.

Itisalsonot clear how often the theoretical issues raisedin Sections 4.2.2and 4.2.3
would occur in real world data. The pathological power graph example in Fig-
ure 4.5 is clearly a rare situation, and it is further not known if the power graph
construction algorithm outlined in Section 4.1.1and improved in 4.2.1 would ever
produce such a power graph. Future work could include analysing a dataset of

graphs and searching for whether/how often such a situation ever occurs.

Onthetheoretical side, it may be the case that relaxing the non-overlapping group
boundary condition, as explored by Ahnert (2014), could result in an equivalent
classification to strict confluent drawing. The potential proof or refutation of this
equivalenceisleftas an open question, along with determining the exact relation-

ship between power decomposition and confluent drawing in general.

Tofinishona practical note, amore tailored layout algorithm than standard force-
directed methods will be necessary for the algorithm to become a truly practical
tool, as layouts can often become tangled and unreadable. See Figure 4.10 for two

examples of this on graphs previously studied in this chapter. The layout function
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Figure 4.10: Two examples of graphs drawn with Algorithms 3 then 4, in Fig-
ures 4.2 and 4.7 respectively. On the leftis karate, previously shownin Figure 3.7,
top. Ontherightis lesmis, previously shown in Figure 3.3.

(Figure4.7,line 10) is currently only given the routing graph asinput, but may ben-
efitfromextrainformation, suchas which edges are power edges and which are hi-
erarchical. An effective radial layout that can avoid crossings, like the one shown

in Figure 4.6 but automatic, may also offer a superior solution.
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EcoBuilder

The preceding chapters focused on the algorithms and methods underlying visu-
alisation techniques, but it is important to remember that visualisation is a disci-
pline with practical applications firmly in mind as the end goal. The work in this
chapter will explore such a goal by moving towards an engineering focus, specif-
ically the design and development of EcoBuilder, a research-oriented video game

about building ecosystems.

5.1 Background

The unique selling point of EcoBuilder is that its ecosystem simulation is based on
the same mathematical models studied by theoretical ecologists. The review of
backgroundliteratureinthis sectionwill therefore begin by discussing the models
chosen in the following Section 5.1.1. With the knowledge of how pairs of species
interact with each other, the following Section 5.1.3 will study the choice of which
species interact at all. Section 5.1.4 then explores prior work behind how best to

show the user a network whose topology changes over time, whichisimportant as

114
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Figure 5.1: Screenshots of EcoBuilder displayed on an iPhone and an iPad. The
particular ecosystem shown depicts the bottom-right plant going extinct due to
apparent competition, as well as the top-right animal going extinct due to com-
petitive exclusion.
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the player will be building this topology themself. Lastly, Section 5.1.5 will outline
a brief history of previous attempts to crowdsource research through the citizen

science approach, and give context to why EcoBuilder was created.

5.1.1 Predator-prey interactions

Ever since Isaac Newton formulated his physical laws of motion, it has become
clear that nature speaks in the language of differential equations. From simple
mechanical systems such as the oscillating swing of a pendulum (Fulcher and
Davis, 1976), to the cosmic dance of celestial bodies in space (Marchal, 2012), and
even the electrical action potentials across every neuronin the brain that is decid-
ingwhich words should gointo thissentence (Hodgkin and Huxley, 1952), calculus

has time and again been an invaluable tool for describing the natural world.

The behaviour of ecosystems is no different, where the most widely used mod-
els function by defining the change in abundance (measured by biomass per unit
area) over time. There are many such examples of this, ranging from the simple
and linear systems to be studied here, to highly complex data-driven models such
as EcoPath with EcoSim, which has been used for decades to inform environmen-
tal policy for aquatic conservation (Christensen and Walters, 2004). Other mod-
els include ones that consider the effects of temperature on metabolic rate (Sav-
age et al., 2004; Dell, Pawar, and Savage, 2014), spatio-temporal dynamics such
as turbulance in water (Watteaux, Stocker, and Taylor, 2015), or evolution to pro-
duce the correct dynamics as an emergent property (Laird, Lawson, and Jensen,
2008). Arguments have also been made for second-order differential equations

to describe such dynamics (Colyvan and Ginzburg, 2003).

But perhaps the oldest and most commonly studied of these models is known as
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the Lotka-Volterra equations, defined as

dz;
d_l'l = Zi(l'l' + Z AUZ]) (5.1)
J
where z; isthe abundance of speciesi, r; isitsgrowthrate (or deathrateifitis nega-
tive), and A;; is the strength of the interaction between two species, which is pos-
itive if i eats j and negative if j eats i. This can be written to include all species
simultaneously as
dz

I = (r + Az)z!. (5.2)

The matrix A is known as the interaction matrix, and is called that because it con-
tains all the information on how each pair of species interact with each other.
There are five classifications of interaction possible in such a model, designated
by the nature of the values in the corresponding pair of values in this matrix. For
example, if A;; > 0and Aj; < 0, thenitis a standard example of species i prey-
ing on species j, where the ‘sign’ of the interaction is (+, —). The remaining types
are mutualism (+, +), competition (—, —), commensalism (+, 0), and amensalism
(—,0). Different models include differing amounts of each type of interaction,
and the proportion of types can strongly influence the behaviour of the system
(May, 1973; Allesina and Tang, 2012; Tang, Pawar, and Allesina, 2014). However
the predator-prey type is the most commonly studied and most prevalent in na-

ture, and so will be the only one considered here.

The purpose of the above equations is to use them to find values of z, and a stan-
dard way of doing this for differential equations is to simulate by performing nu-
merical integration at each time step, using methods such as Runge-Kutta (Press

etal., 2007a).! However the simplicity of the model chosen allows something dif-

IThis was used in older versions of the game, but brings with it numerical problems such as stiff
equationsleadingtoinstability (Pressetal.,2007a), or having to choose asuitableintegration time
step. It also adds the issue of having to choose an arbitrary abundance threshold for species to go
extinct.
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ferent: it can be analytically solved for an equilibrium point. This is the solution
at which the interactions fully balance each other such that the instantaneous
change in abundance is zero. Note the similarity of this method to the graph lay-
out algorithm of Tutte shown in Section 2.1, Equation (2.1). This is done by setting
the left-hand side of Equation (5.2) to zero, where it is clear that the system con-
tains many trivial solutions with any species z; = 0, which corresponds to the
natural case of an extinct species staying extinct. This also means that there are
an exponential number of solutions, with each species at a zero or non-zero abun-
dance. However, the strictly non-zero solutionis the one of interest, which occurs
at

zt = —A"1r. (5.3)

where z* contains the abundances of every species at equilibrium. This is equiv-
alent to solving a linear system of equations and so can be solved exactly by nu-
merical methods. If the solution z* contains any negative numbers the system of

equations is said to not be feasiblei.e. it is not possible for all species to coexist.

Local asymptotic stability

If the system is feasible, another benefit of this technique is that it allows for the
derivation of the local asymptotic stability of this fixed point, which has been
widely used in the literature as a mathematically elegant and computationally
tractable measure of the stability of food webs (May, 1973; Emmerson and Years-
ley, 2004). This definition will be henceforth referred to simply as stability. To

findif asystemis stable, the first step is to find the Jacobian matrix

ofi ... oh
0z1 0z,
ofn  Ofn

6z1 aZn
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where f;istherightside of Equation (5.1) and n = |V |is the total number of species
(vertices) in the food web (graph). This is the matrix of all possible partial deriva-
tives of a system, which describes the instantaneous behaviour of the system by
linearising it. This Jacobian is then evaluated at the feasible equilibrium point z*,
resulting in what is known as a community matrix. For the Lotka-Volterra equa-

tions studied here, this is

* n * %
r, + 2A11Z1 + Zi#l Alizl. Alnzl
Il = : : (5.5)

Anizy o T+ 2A0,20 + 3 ApZ]

n
i#n
which also conveniently simplifies to J| . = diag(z*)A, after substituting z* back

in using Cramer’s rule (May, 1973). The system can then be declared locally stable

if the largest real part of any eigenvalue of the community matrix is non-negative
ALO. (5.6)

An intuitive physical interpretation of this type of stability can be seen by imag-
ining the two ways of holding a chopstick vertically when gripping only a single
end. If the chopstickis pointing upwards, even the slightest nudge will make it fall
over due to gravity. Ifitis dangling downwards, gravity will reset its position after
a nudge, and it can be called stable. In the context of ecosystems, the chopstick
is a species, and the nudge is an environmental perturbation such as the loss of
individuals of one or more species’ populations due to as natural disaster, or the

addition of individuals to one or more species’ populations due to immigraton.

The behaviour of the community matrix J|,- iswhatis commonly studied in math-
ematical ecology, due to the fact that it can be reverse-engineered to apply to al-
most any system of differential equations. It therefore sidesteps the problem of

choosing which model to use, by jumping straight to this matrix. It is also the
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source of the long standing ‘complexity vs. stability’ debate in the world of ecol-
ogy, because it can be shown that as the number of species, i.e. size of A, grows,
the chance of Equation (5.6) being satisfied tends to zero, even for small ecosys-
tems of only a few dozen species (May, 1973). The reason for the debate is that
systems exist in the real world with many more species than the math suggests is
possible, and many subsequent works have studied what features of ecosystems
allow such acontradictionto occur. Forexample, Tang, Pawar, and Allesina (2014)
show that the correlation between pairs of elements in A can improve stability,
Brose, Williams, and Martinez (2006) study the consequences of body mass, and
Johnson, Dominguez-Garcia, et al. (2014) study the layered nature of groups of

species.

However acommon criticism is that this method assumes the existence of a feasi-
ble equilibrium in the first place, and this is far from guaranteed. It has also been
shown that in simple systems like the Lotka-Volterra equations studied here, that
feasibility almost always leads to stability anyway (Dougoud et al., 2018). For this

reason, the work done here will focus solely on feasibility.

5.1.2 Metabolicscaling

The steps so far have discussed how to find abundances given the interaction ma-
trix A, butit has not yet been discussed how to find the numerical values to go into
the matrix in the first place, i.e. its parameterisation. To fill this gap, a set of con-
straints known as metabolic scaling will be used. It leverages the idea that each
species has ametabolism rate that can be measured, i.e. the speed at which an or-
ganism converts a food source into either energy for movement or materials for

growth.

Metabolism is useful for two main reasons. The first is that, as it essentially mea-
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Figure 5.2: A plot of metabolism against individual body mass for a selection of
animals. The slow-moving sloth is a good example showing that the model is im-
perfect, but still a very good estimate when considering the complexity of life.
Data taken from (Nagy, Girard, and Brown, 1999), power law slope and intercept
fromFig.2in Brown et al. (2004). All photos taken from www. pixabay. comunder
the Pixabay License.

sures the energy output of aspecies, itis strongly correlated with other traits such
asmovementspeed (Hirtetal.,2017) and therefore has been successfully used for
parameterisation of A (Tang, Pawar, and Allesina, 2014; Brose, Williams, and Mar-
tinez, 2006; Pawar, 2015). The second is that whole organism metabolic rate in
multi-cellular eukaryotes scales positively with body mass. The study of the rela-
tionships between mass and other biological traits is known as allometry. Some
examples of species and their metabolisms can be seen in Figure 5.2. Note that
scaling is isometric to superlinear in unicellular eukaryotes and prokaryotes (De-
Long et al., 2010), and that body temperature is also closely related to individual
metabolism (Savage et al.,2004). These cases will however be left out of scope for

the work done here and left as a possible future direction.

Specifically, the allometric functions used for the species-wide reproductionrates
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rin Equation (5.1) are

bom‘ig_1 if i is producer
r; = (57)

-1 ...
—domf if i is consumer

where b, and d, are constants to normalise birth and death rates, and m,; is the
body mass of speciesiinkilograms. The exponent § is an empirically verified rela-
tionship between metabolism and individual body mass (Brown et al., 2004), and
it is taken minus one in order to convert it into mass-specific units. Remarkably,
the same exponent of § = 3/4canbe applied to species atalmost all sizes, from the
smallest bacteria to the largest blue whale (Kleiber, 1947). It is theorised to take
a value of 3/2 — rather than the 2/3 that one would expect from a spherical surface
areatovolumeratio — due to the fractal spreading pattern of tubes (such as veins)
(West, Brown, and Enquist, 1997), although not without controversy (Agutter and
Wheatley, 2004). Note that since 8 = 3/4, the exponent as a whole is negative, im-

plying negative scaling of body mass to metabolic rate at the mass-specific level.

The strengths of predator-prey interactions are defined as

—aoF (i, j)m:t ifiis prey
eoaoF (j,)m;" ifiispredator

where q, is a normalising constant, e, measures biomass conversion efficiency,
and F (i, j) is a function that captures the scaling of interaction rate in terms of
consumer mass as well as consumer-resource body mass ratio. The m™! factor at
the end is to convert it into mass-specific units, just as the minus one in the expo-

nent of Equation (5.7).

The function F (i, j) can be expressed in many ways, and is more difficult to mea-

surethanindividualmetabolismasitinvolvestheinteractionbetween twospecies.
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To overcome this, Pawar, Dell, and Savage (2012) constructed a mathematical
model that simulates species as randomly moving individuals, such that they can
betreated as particles colliding under a Brownian motion approximation (Ocubo,
1980). Traits such as movement speed and mutual detection distance between
consumer and resource have allometric relationships, and so were carefully com-
bined (and validated against empirical data) to construct a mechanistic model of

species interaction rate. The final resulting formulations for (i, j) are

Pu+2p ms 2py ms Pd
m-Y Fd 1+<—‘) (—‘) if active capture

F(,j) = J (5.9)

if grazing

where p, and p, are allometric scaling exponents derived to capture species ve-
locity and reaction distance, respectively. The top versionfor ‘active capture’ cap-
tures the case where both species move around, e.g. foxes hunting rabbits, and
the bottom for ‘grazing’ captures only the consumer moving, e.g. deer feeding
on grass. These are the functions that will be used for all work done here, where
all primary producers will be assumed to be stationary, and all consumers are as-
sumed to be mobile. The numerical values of the constants used for this model

canbe seenin Table 5.1.

The values of F (i, j) and therefore A; ; reduce to constants, and so the functional
behaviour of these interactions is still linear. Linearity has been criticised in the
past for being too simplistic, and more complex models such as Type Il or Il func-
tional responses (Holling, 1973) have introduced non-linear functionsinto A in or-
der to capture the effects of handling time and predator satiation, respectively.
However, due to the added complexity to the model and the fact that the equi-
librium calculation in Equation (5.3) would become much more difficult due to a

non-linearity, it was decided that only a linear functional response will be consid-
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Table 5.1: Constants used for the model in Section 5.1.1, taken from Pawar, Dell,
and Savage (2012). The value for e, takes two values to account for prey being
more difficult to digest as a plant (0.2) than an animal (0.5), close to the naturally
observed values (Lindeman, 1942; Kozlovsky, 1968).

Parameter Description Value
by Normalising constant for birth rate 1.71x107°
do Normalising constant for death rate 4.15%x 1078
B Scaling exponent for metabolism 3/a
Qo Normalising constant for search rate 8.31 x10~%
Do Scaling exponent for velocity 0.26
Dd Scaling exponent for detection distance 0.21
€ Biomass conversion efficiency 0.20r0.5

ered here.

The equations outlined above only require two parameters per species in order
to parameterise almost all of Equation (5.1): the choice of whether the speciesisa
producer, and the choice of its body mass. These are two intuitive and biologically
meaningful traits for a player to consider. The values that require parameterisa-

tion are the diagonal values of A, which will be discussed in the following section.

Intraspecific interference

Itis well known that no species can grow exponentially forever, as there is always
some point at which the abundance of any species reaches its carrying capacity.
Thisapplies to almost every example of exponential growthin thereal world, from

the growth of a business on the stock market, to the spread of a deadly virus.

This is captured by the diagonal elements of the interaction matrix A;;. This can
be interpreted as the amount that species inhibits itself, or in other words the in-
traspecific interference. It is always a negative value, because otherwise the abun-

dance of a species would grow even faster than exponentially, and can be inter-
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preted as competition between individuals over space.

Thisvalue hasastrongeffect onthe dynamics of the model. Infact, itcanbe shown
that any ecosystem can be made stable by simply increasing the magnitude of the
diagonal values of the community matrix in Equation (5.5). Barabas, Michalska-
Smith, and Allesina (2017) further showed the importance of these values, as they
proved thatitonly takes one weak interference value to qualitatively affect the sta-

bility of an ecosystem.

Unfortunately, there is no easy way to measure this value in real world ecosys-
tems, as quantifying the amount a species competes with itself is difficult. Previ-
ous works have overcome this problem by assuming every species can coexist at
an abundance following Damuth’s law, which states that the species with larger
body masses tend to have smaller populations (in terms of number of individu-
als). The minimal constant value forall A;; is then calculated for these abundances
(such that eigenvalues are pushed to the left and Equation (5.6) is satisfied), and
used as a proxy for the health of an ecosystem (Tang, Pawar, and Allesina, 2014;
Pawar, 2015). However this is the opposite order of causation, as the behaviour of

A should be the mechanism underlying Damuth’s law in the first place.

Without a good way of deriving these diagonal values mechanistically, the work
here will simply leave them as another input parameter chosen by the player. This
interference of each species, alongside the body mass to parameterise the off-
diagonals as in the previous section, will therefore be the two degrees of freedom

that determine the behaviour of each species.

5.1.3 Foodweb topology

The final missing piece from the model needed to fully simulate an ecosystem to

decide which species should interact with each other in the first place. The study
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of the topology of food webs has seen many models being developed to capture

the non-randomness that exists in their structure.

One of the main features that such models attempt to incorporate is the obser-
vation that big things generally eat things smaller than themselves. An early ver-
sion of this is the cascade model by Cohen, Briand, and Newman (2012), which be-
gins by placing every species along an axis, and then only allows species to prey on
other speciesthatarelower thanthem onthis axis. The placement on this axis can,
butis not necessarily, interpreted as body mass. A notable improvement to this is
the Niche model of Williams and Martinez (2000), who leveraged the fact that big
things eat small things, but not too small. They therefore constrain species toonly

prey onotherspecies withina certainrange on the axis, as shownin Figure 5.3, top.

Other attempts include the nested hierarchy model (Cattin et al., 2004) which
captures the clustered nature of food webs, the trophic coherence model (John-
son, Dominguez-Garcia, et al., 2014) which captures the layered nature of groups
of predators, or the speciation (Rossberg et al., 2006) and diet breadth (Petchey
etal.,2008) models, which simulate evolutionary and foraging processes, respec-

tively, to produce structure as an emergent property.

However, none of these models can capture the topology of food webs fully satis-
factorily. Furthermore, thinking about the options to give a player who is build-
ing a food web, it would be much more interesting to have full control over which
interactions are realised. That is the choice used from this point on, but a good
question to ask at this point is whether it is possible for humans to comprehend

the topology of real world webs in the first place.
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Dimensionality

Onethingthatall the aforementioned models shareis low dimensionality. This es-
sentially means that there exists a structural pattern that can be largely explained
using rules and models without too many parameters. It is important that the di-
mensionality of topologies players are tasked with recreating is low, because hu-
mans struggle with understanding high-dimensional information. After all, the
algorithms studied in previous chapters all aimed at reducing the dimensional-
ity of graphs down to two dimensions. To gain an idea of just how complicated
structures can become, the number of possible edges in a general directed graph
isn(n—1), which means that there are 2"("~1 possible configurations for the user
to try, assuming edges can go in both directions. Even if edges can only in one di-
rection then there are 3"("~1/2 which is still worse than exponential. Note that
these calculations are for completely general graphs, and that there are extra con-
straintsin food webs such as plants not being predators; the idea of just how com-

plex these topologies can be nevertheless still holds.

It may then seemimpossible for the player to effectively explore this search space,
but low-dimensional topologies should mean that simple strategies and patterns
can be used to successfully construct them. Fortunately, a study by EkIof et al.
(2013) collected a large amount of data to directly ask the question: what dimen-
sionality do empirical food webs exhibit? Dimensionality in this case is defined as
the number of niche axes required to capture the topology of a food web, which
follows the same definition as the aforementioned niche model. An example of

thisis shownin Figure 5.3.

The question was answered by searching for the minimum number of niche axes
required to describe the topologies present in the data, by applying an algorithm

that searches the space by swapping certain species one by one, and then estimat-
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E

° | :
Figure 5.3: An example of a food web that cannot be one-dimensional, when fol-
lowing the definitionin Section 5.1.3. Top-leftis atwo-dimensional niche drawing,
where coloured boxes indicate the group of prey for a predator. Top-right is the

corresponding node-link diagram. The bottom drawing shows why only having
one dimension cannot position the prey such that each pair is adjacent.

ing the ‘best’ dimension using the Akaike information criterion (Ekl6f et al., 2013).
This is necessary because there does not exist a polynomial time algorithm for
determining the number of axis required. Their result was that the number of di-
mensions needed to describe eventhelargest websis surprisingly low. For smaller
webs (fewer than 250 interactions) only one dimension was needed, and only four
were needed for their best prediction on webs with thousands of species (with a

mean of 1.395 over all webs).

This definition of dimensionality should not be confused with the widely-used in-
terpretation of physical attributes that lie on an axis, such as body mass as de-
scribed is Section 5.1.2. It is a strictly mathematical definition used to describe
graph topology. This means that dimensionality is not a direct component of the
game itself, but it does mean that relatively simple strategies and patterns should
be able to describe any real food web topology, and therefore that humans can

hope to form such strategies in order to play the game well.
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Trophiclevels

Afinaltopological feature that willbe consideredis the trophiclevel of each species,
specifically the prey-averaged trophic level (Williams and Martinez, 2004), de-

fined as

yj =1+ Py (5.10)
i

where P j; is the proportionofthediet of j thati contributes to. In other words, the
trophiclevel of a species is exactly equal to the mean trophic level of its prey, plus
one. The similarity of this definition to Tutte’s algorithm back in Chapter 2, Equa-
tion (2.1) is worth noting, as the matrix to be solved here is also a graph Laplacian,

defined as

1 =Py o Py, 1
—P 1 ... —P 1
2,1 2n || Y2 _ (5.11)
__Pn,l _Pn,z 1 ] _Yn_ _1_

where most of the values of P j; will be zero because the structure will be reason-
ably sparse. The matrix also has the nice property of being diagonally dominant,
which means thatiterative methods such asJacobior Gauss-Seidel are guaranteed

to converge (Young, 2014). This will be made use of later in Section 5.4.1.

It is widely accepted that the trophic level of species has a useful meaning within
the context of ecosystems (Post, 2002; Johnson, Dominguez-Garcia, et al., 2014).
Thisis because species with high trophic levels tend to be more biologically ‘com-
plex’, as they are at the top of the food chain, like humans for example. Trophic

level will therefore be made use of in Section 5.4.1 within a visualisation context.

A summary statistic based on the trophic levels of all species is known as trophic
coherence, and is a measure of how homogeneous the layers of trophic levels are.

For example, a perfectly coherent topology would have all integer trophic levels.
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Specifically, coherence is defined as

coherence(y) = \l -1+ % Z (yi —y;)? (5.12)
{i,jleE

and can be interpreted as the standard deviation of differences in trophic level

over each edge. Itis strictly larger than zero, where zero indicated perfect coher-

ence,andsothelargeritisthe moreincoherentthe web. This quantity was studied

byJohnson, Dominguez-Garcia, et al. (2014), where it was shown that more coher-

enttopologies resultin more stable ecosystems. It will be used here to analyse the

strategies taken by players to tackle challenges in the game.

5.1.4 Dynamicgraphlayout

The layout of the nodes shown to the player leverages the work done in Chapter 2
by minimising stress. However the topology of their network will change every
time the player adds/removes a node/link, and so the layout must be recomputed
eachtimeanactionis performed. A problem with thisis that there is no guarantee
that nodes will not be moved vastly apart in successive layouts, especially since
stress is invariant to rotation, translation, and reflection. Another problem is that
nodes with identical shortest paths to all other nodes in the topology may also
swap positions, with no effect on the resulting stress. For example, the upper two
nodesinthe XshapeinFigure 5.1aretopologically identical, and so swapping their
positions would have no impact on the resultant stress. Simply re-performing the
layout process every time a link is added results in these mismatches becoming a

common occurrence.

This problem of aligning layouts between different topologies is known as dy-
namic graph layout in the literature, where the task is defined as preserving the

layout stability of the drawing or the mental map of the viewer. Among the first
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works to describe this formally are Eades, Lai, et al. (1991) and Misue et al. (1995),
where different definitions of stability are presented, such as reducing the move-
ment of the same node across successive layouts, and/or maintaining similar neigh-

bourhoods of nodes in close proximity.

Archambaultand Purchase (2012), Archambaultand Purchase (2013), and Archam-
bault and Purchase (2016) later resolved the real benefit of maintaining stability,
as prior studies had surprisingly not found improvement in task performance
when users were presented with more stable layouts. For example, previous tests
gave graphreadability tasks such as finding the node with the highest degree with
no significant performance benefit Saffrey and Purchase, 2008. It was shown that
that the real benefit of stability was to keep track of specific nodes and edgesinan
evolving graph, resulting in increased performance in orientation tasks, such as

tracking specific locations or paths in the topology.

A naive method of maintaining layout stability is to use the previous layout as the
initialisation for the next. This is effective at maintaining nodes close to each
other, but unfortunately can throw the optimisation directly into a local mini-
mum, leading to low-quality layouts. The work in Chapter 2 showed that stochas-
tic gradient descent (SGD) does not require smart initialisation to effectively min-
imise stress, but unfortunately it is not good enough to escape from a bad (i.e.
worse than random) initialisation. This is especially true when a single axis is
constrained, as will be described in Section 5.2.3. Another common strategy is
to simply pin nodes from previous layouts and only move ones that have directly
changed (Ghani, EImqvist, and Yi, 2012), but over the course of time this may lead

to accumulated stress and tangled layouts.

Common methods of better solving the problem include anchoring and linking,
which both involve keeping information from previous layouts in consideration.

Anchoringis the idea of precomputing anideal position for each node and adding
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an attractive force for that node to its ideal position, although this is usually only
applicableinofflinesituations where the sequence of topologiesis already known.
Linking applies a force between corresponding nodes in adjacent layouts, and so
can be done in an online context. Brandes and Mader (2011) explored multiple
ways of performing both in the context of stress minimisation, and found that
the linking strategy worked best in most contexts for maintaining stability. They
also quantified the trade-off between readability and stability, as one must give

up some reduction in stress to keep nodes together across successive layouts.

A variety of other creative ideas to deal with this problem have also been pro-
posed, such as tweaking a force-directed model to minimize Bayesian probability
differences between layouts (Brandes and Wagner, 1997). Simplifying the union
of the two graphs using a hierarchical decomposition, similarly to those studied
in Chapter 4, and depicting only the movement of the hierarchy was also explored
by Archambault (2009). Presenting the user with multiple timeslices of the transi-
tionin a comic-style grid, rather than through animation, has also been shown to
improve task response times, although at the expense of accuracy (Archambault,
Purchase, and Pinaud, 2011). A example of amodern method is Dynamic Network
Plaid (Lee, Archambault, and Nacenta, 2019) which presents such timesliceson a
large touch-screen display, opening up new realms of possibility in terms of inter-

active exploration of the data.

In the context of EcoBuilder, since the considered graphs are smalli.e. fewer than
a couple dozen vertices, it was decided that the state-of-the-art methods men-
tioned above were not crucial for the intended use case. However this would a top
priority for any future work. The layoutis simply recomputed on each topological

change, and a linear equation known as the Procrustes? statistic was used to align

2The name Procrustes is derived from Greek mythology, and translates to ‘stretcher’. It is based
on the story of a man named Damastes, who was given it as a nickname because he would offer
unsuspecting travellers a place to stay for the night, but proceed to stretch their limbs on a rack if
they did not exactly fit the bed. Karma eventually caught up to Damastes when he experienced the
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successive layouts. This simply measures the sum of squared distances of move-
ments, and can be directly minimised using linear methods. Therefore, the dif-
ferences in rotation, translation, and reflection layouts are neutralised, but other
stability metrics are not considered and left as future work. Note that this statistic
has been previously used to assess the similarity between layout algorithms (Ort-
mann, Klimenta, and Brandes, 2017). More specific details onimplementation are

described in Section 5.4.1.

5.1.5 Citizenscience

At the time of writing, the video game industry has grown large enough to eclipse
the film and music industries, combined (Egenfeldt-Nielsen, Smith, and Tosca,
2019). Its recent growth is due to the rise in mobile and competitive gaming,
which have rounded out the market to appeal to casual and hardcore audiences
respectively. Their popularity has also spilled into the world of research, with a
variety of research-oriented games being produced in a range of disciplines. The
motivation behind making such gamesis twofold, as they can simultaneously per-
form outreachthrough publicengagement, as well as produce research outcomes

through crowdsourcing of human intelligence through player gameplay.

This crowdsourcing is known as citizen science, and is not limited to the digital
world; it has been successfully applied to physical projects such as measuring soil
composition (Rossiter et al., 2015), tracking the global impact of light pollution
(Cui, Shen, et al., 2020), or centralising the work of birdwatching enthusiasts to
better track the population trajectories of bird species (Link, Sauer, and Niven,
2008). Even in the digital space, citizen science does not necessarily require a

gamified context in order to perform the crowdsourcing. One of the oldest dig-

same fate as his guests at the hands of Theseus (Cox and Cox, 2000).
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ital citizen science projects is Galaxy Zoo (Masters and Galaxy Zoo Team, 2019),
which tasks players at identifying different types of galaxies from telescope data,
in order to build amap of the universe. They have successfully classified the mor-
phologies of galaxies for over adecade, and the data collected has even been used

in machine learning contexts (Walmsley et al., 2020).

The projects most related to the work done here are however the gamified ones.

Some of the most successful examples of this include:

« Foldit (Cooper et al., 2010), a game where the player is given the ablity to fold
proteins, with the objective being to find folded configurations with the low-
est Rosetta energy. This is important because real proteins fold into low en-
ergy configurations, and knowing the topology of such states is important to
understanding their chemistry. The search space of topologies is too large for
computers to currently handle, and so they turn to the spacial reasoning of hu-
mans (although Google have recently made attempts at solving this with ma-

chinelearning (Senior etal., 2020)).

 Eyewire (Bae et al., 2018), where players are tasked with analysing pictures of
3D images of brains, collected using an electron microscope. The game aims to
leverage the pattern recognition abilities of humans in order to map the exact

locations of huge numbers of neurons.

» EteRNA (Lee, Kladwang, et al., 2014), a game conceptually very similar to Foldit,
except that it is applied to RNA sequences instead. It is also presented as a 2D
interface instead of 3D, which presents a slightly different type of reasoning re-

quired to solve its puzzles.

Popular mainstream games have also included citizen science elements within

their games. Borderlands 3, a game that has sold millions of copies, included a
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block puzzle similar to Tetris that tasks the player with mapping DNA across gut

biomes.>

The success of these projects shows that the general public has great potential as
a scientific resource to be tapped into. People from non-scientific backgrounds
are in general keen to contribute to a scientific cause; Ponti et al. (2018) discuss
player motivations and came to the conclusion that participants are driven by sci-
entific ideals such as collaborative progress and democratisation of knowledge.
They also warn, however, that introducing too much of a competitive element to
the gamification may produce cognitive tension between the two goals of collab-

oration and rivalry between players.

Canineinspiration

Thestorybehind EcoBuilderis based around historical eventsin Yellowstone Park,
USA. In 1926, wolves were declared officially extinct in the park due to an excess
of hunting due to lack of regulation at the time. The consequence of this was that
elk no longer had any natural predators, leaving them to feed excessively on the
park’s plants without risk of predation. The resulting supression on plant popula-
tion had a knock-on effect to smaller mammals such as beavers and fish, causing
their populations to struggle, and the health of the entire ecosystem to deteri-
orate. This continued until 1995, when ecologists decided to take the action of
reintroducing wolves to the park, by capturing fourteen wolves from Canada and

transporting them across the border (Smith, Peterson, and Houston, 2003).

Thankfully, the operation was a success due to the ensuing trophic cascade: elk
once again had a natural predator, leading to the restoration of plants, bringing

back beavers who could again build dams, drawing fish back into rivers, and so on

3See www. youtube . com/watch?v=L_mH6Ak_Ny@ for their official promotional explanation.
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and so forth (Dobson, 2014). EcoBuilder aims to give ordinary people the ability
to make similar decisions in their own simulated ecosystems. These simulations
will be performed using the equations in Section 5.1.1, and so phenomena like the
chain reactions seen in Yellowstone can be recreated, as emergent properties of

the underlying dynamical system.

The goal, interms of citizen science, is to create a symbiotic relationship between
players and researchers within the context of the game. Players will learn about
how ecosystems function, and why they may fall apart given the wrong structural
decisions. Inreturn, players will be tasked with building ecosystems that offer po-
tential solutions to the stability vs. complexity debate. A further visualisation ex-
periment is also embedded within the game, with the aim of exploring different
types of node layout for food webs. The design of the game such that these re-
search outcomes of the game will be outlined in the following Section 5.2. A more
detailed description of implementation and design details can be found in Sec-

tion 5.4, which serves as an appendix to this chapter.

5.2 Experimental design

The gameplay of EcoBuilder is split into two sets of levels. The first set is called
‘Learning World’, and the second is ‘Research World’. When the player first opens
the game, they are greeted with two large buttons that lead to the two Worlds. Ini-
tially, Research World is locked and may only be entered when they complete all
the levels in Learning World, as shown in Figure 5.4, left. This gives the player an
incentive to complete the Learning levels, and also ensures that all players have
received the same introduction before tackling the more difficult problems pre-

sented in the Research levels.
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Figure 5.4: Screenshots to illustrate Learning and Research World. From left to
right: the splash screen the user sees when they start the game, the list of levels in
Learning World, and the leaderboards in Research World. A more detailed outline
of the user interface within each level can be found in Section 5.4.

5.2.1 Learning World

Learning World contains 18 levels in total, all of which contain relatively simple
scenarios designed to be instructive. For example, levels 3 and 4 both force the
use of a heavy animal that cannot be saved with a single plant, to teach the player
that heavier species consume slower (on a mass-specific basis) and so require
more abundant food sources. Levels 5 and 6 present the player with a situation
known as competitive exclusion, a well-known natural phenomenon that states
that if two predators share the exact same prey, then the predator with a faster

intake rate will almost always drive the slower to extinction.

The corresponding real-world example told to the player is the exclusion of red
squirrels after the introduction of grey squirrels in Britain, due to their superior
foraging ability (Gurnell et al., 2004). This principle, although predicted by the

mathematical model, is however not as common in nature as one would think. Ex-
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amples such as the ‘paradox of the plankton’ seemingly ignore the principle en-
tirely, as tens or hundreds of plankton species are able to coexist despite sharing
the same resources (Hutchinson, 1961); results from the game may help to reveal

why this occurs.

To complete each level in the game, the player needs only to construct an ecosys-
tem where all species can coexist. Each level additionally has the option to earn
extra ‘stars’ by also maximising their score, thereby giving the player amotivation
to better understand the underlying dynamics of the simulation. A description of
the scoring metric used in the game can be found in Equation 5.17 in Section 5.4.2.
Unfortunately, this metric does not have any direct significance in terms of an-
swering a research problem, so is not suitable for crowdsourcing the answer to
an ecological question. This issue will be discussed in the following Section 5.2.2,
where the player will be given two alternate scoring metrics that are of greater re-

search interest.

5.2.2 Research World

Research world contains 3 further levels for the player to play, each with a differ-
ent scoring metric. These levels act more like a sandbox, where players may add
up to 48 species (limited due to the uniqueness constraint explained below) in
whatever topology they wish. They are given a single task: get as high a score as
possible. This score in Level 1is simple the same as in Learning World, i.e. Equa-
tion 5.17. Level 2 adds an extra one million points per each additional animal,
which is so large that it effectively means that Equation 5.17 is only included as
atie-breaker. Level 3 also gives blocks of a million points, but for each additional
max chain length instead of each animal. To incentivise players to reach for high

scores, each of these three levels has a leaderboard for skilled players to aim to be
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thebest, asshowninFigure 5.4, right. The purpose of Research World is to see how
players approach these three situations, all of which do not have an immediately

obvious solution.

There are a couple of extra details that first must be addressed, however, before
letting players loose. The first issue is that there are many trivial solutions if the
player is allowed to add many identical species. This is because the main cause of
extinctionsinthe simulationis due to chainreactions such as the aforementioned
competitive exclusion, but these do not occur if species are identical (Armstrong
and McGehee, 1980). For this reason, no two species are allowed to have the same
set of traits. Since there are 9 possible values for body mass and 5 for interference,
this resultsin an upper limit of 45 combinations, plus the binary choice of plant or
animal. The number of plants is limited to 3, leaving a total of 48 species per web:

more than enough to comfortably fill the screen of a mobile device.

5.2.3 Objectives

EcoBuilderisapuzzlegame — the player is not tasked with time constraints or tests
of dexterity. It is therefore a direct test of the ability of the player to understand
the dynamics of the underlying simulation. This presents the opportunity to per-
formacontrolled test to measure the extent of this understanding under different

conditions.

Inthis case, two node layout methods are tested, where one is computed by simply
minimizing stress, and the other additionally has the y-axis positions of species
constrained to their trophic level. The layout with only stress optimised will be
referred to as the standard layout, and with y-axis constrained as the trophic lay-
out. See Figure 5.5 for anillustrative example of both layouts side by side. Further

details on the implementation of these layouts can be found in Section 5.4.1
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Figure 5.5: A side-by-side comparison of the same food web with and without
trophic level constraints. The unconstrained layout is on the left, and the con-
strained is on the right. In the game itself, the little circles along links move to
show the direction of biomass flow.

Other experiments in the literature generally give participants topological tasks
suchas finding pathsbetween nodes (Bachetal.,2017; Okoe, Jianu, and Kobourov,
2018) or deciding which nodes would disconnect the network if removed (Pur-
chase, 1997). A novel difference with the experiment here is that there is an actual

dynamical system for the participant to further understand.

The fact that puzzle games are solved using human intelligence also brings the
possibility of leveraging this intelligence to crowdsource research. As previously
described in Section 5.1.3, the number of possible topologies in a directed graph
without bidirectional edges is 3*("~1/2_ To place this in perspective, with just six
species this already corresponds to over ten million possible topologies. With
twenty species, this is 4.5 x 10°°: more than the estimated number of atomsin the
observable universe (Guth, 2003). Tasking the player with finding the patterns

and strategies to navigate such complexity is the purpose of Research World.

With these details in mind, it is possible to state two objectives:
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» Objective 1: to determine whether trophic level layout constraints will help

players to complete Learning World faster.

» Objective 2: to task players with finding strategies to achieve high scores

in Research World, and to explore whether these strategies reflect patterns

found in reality.

The reasoning behind the first objective is because constraining species to their
trophic level tends to orient edges upwards, as illustrated in Figure 5.5, which
should help to preserve the player’s mental map of the flow of biomass through
the system. However this does remove a degree of freedom from the optimisa-
tion of stress, and so layouts may become more difficult to read for more dense

topologies, thus hindering the player instead.

The second objective is the citizen science component of the game, where it is
hoped that players will learn enough about the dynamical behaviour of ecosys-
tems through their experience in Learning World, to solve the extra problems
where the solutions are both unknown and involve many more species. The strate-
gies taken by the top players will be analysed to see if real-world features materi-

alise as emergent properties of the constructed ecosystems.

5.3 Results and analysis

Data from a total of the 842 players who completed at least one level, and over
9000 individual playthroughs were analysed to produce the results presented
here. The analysis willbegin with examining player performancein Learning World,

and then finish with Research World.
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Figure 5.6: Bar charts showing how far players progressed through the game, for
both the standard stress layout and trophically constrained groups. On the left
is how many levels were completed, and on the right is how many stars were col-
lected. The smooth curves denote a kernel density function over all bins, and the
dotted vertical lines mark the median. The p-value for the null hypothesis of the
medians values of both distributions being the same is written above each plot,
calculated by generating 100,000 permutations of the test set.

5.3.1 Objectivel

Objectivelconcernsthe performance of playersasthey progressed through Learn-
ing World, depending on the type of visualisation they were presented with, as
detailed in Section 5.2.1. The first question to ask is: how many levels did players
complete before stopping? This is answered in Figure 5.6, where bar charts con-
taining the furthest level reached and number of stars collected can be seen. The
test statistic studied here for both plots is the median, marked by vertical dot-
ted lines for both plots, where it can be seen that progress is slightly further for
the trophic group for both measures. To validate the significance of this result, a
permutation test was performed with the null hypothesis that there is no differ-
ence in medians between the two layouts. This was done through a permutation
one-tailed test (Good, 2006), by counting the number of times that the observed
increase in median for the trophic group occurred over 100,000 permutations of
the concatenated test set. The resulting p-values are written on top of the corre-

sponding charts in Figure 5.6.
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The p-value of 0.028 for levels completed shows a statistically significant result
for which group made it further through the game, as defined a p-value below 5%.
The corresponding result for number of stars achieved is not as convincing, but
is still positive nonetheless. Looking at the shape of levels completed, there is a
big cutoff at levels 8 and 9, which is a sign that those two levels where designed
to be a little too difficult. However, almost all players with the perseverance to
make it over that hump continued on to complete the remaining levels. This was

the biggest group of players in general, coming in at just under 25% of all players.

However, this difference in progress through levels makes it incorrect to directly
evaluate objective 1 by simply looking at the total play time of players, since play-
ing more levels will increase total play time. A look at the data indeed confirms
that the median play time of trophic players was longer. Because of this, the time
element is better analysed on a level-by-level basis. This can be seen in Figure 5.7,
where a histogram of the time taken by both sets of players is plotted for each of
the 18 levels in Learning World, including p-values over the median for each, asin

Figure 5.6.

Not many of the resulting medians are statistically significant, however almost ev-
ery level has a better median for trophic than standard, with many of the more
difficult later levels falling below a 10% threshold. Level 7 is the only level where
the opposite case occurs, and the standard group performed consistently better.
However it is also the level that players had the least trouble with in general, with

the fastest completion time over all levels.

A peek into research world confirms the need for care when picking a visualisa-
tion, as the standard group achieved higher median scores than trophic on the
first Research Level, with a p-value of 0.096 on the null hypothesis that the median
scores from both groups is the same. This first level simply reuses the score met-

ricin Equation (5.17) which takes connectance into account, and so food webs are
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Figure 5.7: Histograms of the time taken by both sets of players for every level,
with the same conventions as Figure 5.6. The index of each level is written on the
top left of every plot, where the upper limit of the x-axis is set to the time at which
95% of players managed to finish.
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naturally going to become especially crowded there. In these situations, fixing the
y-axis causes nodes to bunch too closely together to differentiate. Standard lay-
outs still become hairballs, but at least nodes are separated enough to not over-
lap too much. The remaining research world levels had little to no difference in
median scores, which shows that for many tasks there is no value to be gained for

adding the trophic constraint to the layout.

These results point towards a small, but clear improvement in performance for
the trophic visualisation over the standard one. This is enough to recommend the
method for the general application of food webs, but with the condition that care

muststillbe taken to consider the specificuse case, asitis notalways goingto help.

5.3.2 Objective?2

After completing Learning World, players unlock the right to compete against
each other on three extra levels, as detailed in Section 5.2.2. The analysis of these
levels will be more qualitative than in Learning World, but nevertheless, all three
sets of results reveal interesting patterns of how players approached solving the

challenges, and of which strategies were good enough to be the very best.

Each level gets its own page of plots, where Levels 1, 2, and 3 can be found in Fig-
ures 5.8, 5.9, and 5.10 respectively. The food webs of the top three players are
drawn on the left of each plots, along with their names. On the right of each plot
are histograms plotting some features of these top three webs in the top half, and
the same features from the top 50 scores on the bottom. The top half therefore
shows the best of the best strategies, and the bottom shows the general patterns

of all good strategies to place relatively highly on the leaderboards.

The three levels will be examined in succession, starting with Level 1, where a very

clear correlation of trophic to body massis shownin the top 3 scores. This pattern
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Figure 5.8: An analysis of strategies used for Level 1 of Research world. On the
left are layouts of the top 3 leaderboard scores, with a colour map to show the
coloursoftraitcombinations for plantsand animals. To the top-rightis an analysis
of these three scores with various histograms. Counter-clockwise from the top-
left: the number of plants with each possible combination of traits, the same but
for animals, the masses and trophic level of each species, the same for intraspe-
cificinterference, trophic levels of all species, incoherence (Equation (5.12)), and
connectance. On the bottom-right are the same plots, but for the top 50 scores.
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isweaker but still present for the top 50 webs. Connectance for Level1is very high
because the score metric (Equation (5.17)) demands it, and webs are in general in-
coherent. From this, it can be posited that a strong correlation between trophic

level and body mass is necessary for webs with high connectance to be feasible.

Level 2 removes the need for high connectance, and itis clear that players took ad-
vantage of this, as the median connectance shot all the way down to below 0.2 for
the best webs, and even lower over the top 50. This is strong evidence that high
connectance webs are more difficult to build, which is in line with most predic-
tions (May, 1973; Allesina and Tang, 2012). In fact this is such a strong effect that,
as shown by the completely flat histogram of animal traits, that the best players
were able to make all 45 possible animals coexist. This is not only impressive, but
also shows thatbuilding large and diverse ecosystems that are feasible is possible,
given the right configurations. This median value for connectance is also in line
with predictions for empirical food webs (Goldwasser and Roughgarden, 1997),
which means that, given few constraints and minimal information, the topologi-
cal structure of constructed food webs mimics that of the real world. As a caveat,
the drop in connectance may also be a side-effect of high-connectance webs pro-
ducing more cluttered visualisations, such that players may actively try to avoid
them. Itis also of note that the the best webs in Level 2 are very incoherent. This is
a signal that there is a lot of omnivory in diverse ecosystems, which may suggest

that omnivory plays a part in supporting large ecosystems.

Finally, the best webs for Level 3 show that for long chain lengths to exist, then co-
herence is likely to be necessary. The plot of mass and trophic levels shows the
same pattern of heavier species at high trophic levels as before, but with more
lighter species overall in the web than heavy. This is likely because lighter species
arerequired to sustain high levels of biomass flow up to the next trophiclevel, and

so more are needed to be a powerful ‘base’ for the webs. It is also interesting that
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this pattern of more lighter species than heavy is what is commonly observed in
nature (Fenchel, 1993), which points towards the large chain lengths of Level 3
being at least in part similar to that of natural ecosystems. There is also a clear
patternin the trait combination plots, where most species, including animals, are
concentrated around low mass and low interference. This is very different from
the high connectance webs in Level 1, where heavy species were preferred, and
high interference is used as often as low. This is again likely because of the need

for alarge amount of biomass flowing up the lower levels.

It is also clear from all levels that low mass and low interference is optimal for
plants. Thisisrelatively obvious, asitis the combination that resultsin the highest
plantabundance. Thereistherefore noevidence that playersraninto the ‘paradox
of enrichment’, that states that sometimes higher abundance of prey can desta-

bilise webs (Rosenzweig, 1971).

The food webs built in Research World can also be used to examine the choice of
range of interference strengths (diagonals in Equation (5.2)), which was 10 to
1071, Looking at all off-diagonal values in all interaction matrices in the 3 Research
levels shows that 95% of the values lie in between the range 5107 to 7x1072. This
range is in roughly line with the results of Ho (2020), where it is shown that max-
imum feasibility in food webs occurs when the diagonals are around ten times

larger than the off-diagonals.

5.3.3 Discussion

The work in this chapter has presented EcoBuilder: a video game for crowdsourc-
ing mathematical ecology. It was publicly promoted from the 31st of July 2020,
and the results here were taken from data collected up until the 16th of August,

making up a span of one and a half months. Demographics for players of the game
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Figure 5.11: Player demographics for EcoBuilder. Most players were ages inin the
20s to 30s, but with a good mix of other age groups too. Gender was also slightly
more biased towards males, with no players picking a third ‘other’ option.

canbeseeninFigure 5.11.

There were two research outcomes planned from the game. The first was a quan-
titative comparison of two different visualisations, where one is a standard layout
and another has y-axis positions constrained. The results of this are outlined in
Section 5.3.1, where it was shown that constraining the y-axis does make a small,
but significant difference to many of the tasks performed in the game. The results
do not mean an exemplary recommendation for trophic constraints in all situa-
tions, but it does show small and consistent improvement on the tasks set for the

player within the game.

An older version of the game also planned to make use of the 3D capabilities of
the Unity game engine, by placing species in three dimensions and having play-
ersrotate the resulting node-link diagram. However, early playtests revealed that
players could not digest this interface easily, and so the game was converted back

to 2D.

The second outcome was to have players tackle ecological puzzles where the solu-

tions are far from clear, in an attempt to crowdsource the intelligence of humans
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for pattern recognition. It was hoped that a healthy dose of competition would
motivate players to find structural patterns to build healthy ecosystems, and the
results here show that this faith was well placed. Players exceeded expectations,
especially on level two where many were able to make all possible species coex-
ist. The qualitative analysis presented in Section 5.3.2, even as an exploratory and
early stage study, revealed a number of patterns in player strategies, and a more
precise dive into specific topologies of the top scores is sure to show even more.
Itis clear that the general public are a powerful resource, and that they are more
than happy to contribute when presented with a challenging but accessible op-

portunity to do so.

As previously discussed in Section 5.1.3, the number of possible topologies for
ecosystems is more than exponential, and so it is impossible for computers to
perform an exhaustive search for large and healthy food webs. The high scores
achieved by players were therefore somethingthat only acrowdsourcingapproach
could have revealed, and the ability for players to achieve the scores they did
is also strong evidence for player learning of the concepts. Future versions of
the game may take advantage of this, by introducing a back-and-forth approach
between players and researchers. The strategies found (such as placing heavier
species at higher trophiclevels) could be implemented into computer search rou-
tines to find even larger ecosystems. Another promising avenue for future ver-
sions would also be the introduction of species body temperature as another trait
for the player to tweak, possibly also to model the effects of climate change on

food webs.

Another important observation for future projects that involve interactive net-
works is that, on the small vertical screens of mobile devices, layouts can get very
crowded with even a couple of dozen nodes. Any sequel that would attempt to

consider evenlarger ecosystems, i.e.in the order of hundreds of species, would be



5.4. Appendix: User interface 153

more suited to a desktop setting, and would likely require a more specialised visu-
alisation than a standard force-directed layout. The idea of restricting the player
to two-dimensional topologies, as defined in Section 5.1.3, could offer a neat so-
lution to the problem, as each species would only require a position, along with
two coordinates to specify its feeding range, to fully describe its incoming links.
Edgebundling techniques like those studied in Chapter 4 were also deemed as too
complex for the context of a mobile game, but a desktop version could open that

door as well.

A priority for any sequel would also be to implement the improved layout stabil-
ity methods outlined in Section 5.1.4. Even though the networks considered in the
game are small, layouts that did not preserve the mental map of the player were a
more common occurrence than desired, and this problem would be exacerbated
even further if larger networks were involved. One potential option is to continue
the crowd sourcing theme and use the method of Yuan et al. (2012), who use many
human-produced layouts of subgraphs to piece together an overall pleasing lay-
out. At the very least, more interactive exploration options would surely be of use

to the player.

Allsource code and assets used to produce the game are open source and publicly

available at www. github.com/jxz12/EcoBuilder.

5.4 Appendix: Userinterface

This section describes the user interface of EcoBuilder in detail. It is placed as an
appendix to this chapter, as the content is not strictly necessary for understand-

ing the research aims and goals presented in the main text.

There are multiple components that go into the development of any game, and


www.github.com/jxz12/EcoBuilder

154 Chapter 5. EcoBuilder

st ) o

4 N

4

2/2 Well done! It is not
2— 1 possible to save this
animal with a single food _
2 source, but with two food | —§
1 sources its diet is varied
i ‘enough. )

Figure 5.12: An illustrative screenshot of gameplay in EcoBuilder. The compo-
nents labelled 1-8 are explained in Section 5.4.
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EcoBuilder is no different. The Unity game engine (Goldstone, 2009) was chosen
as the computational framework, due to its ease of compilation to various plat-
forms, including mobile and WebGL. To illustrate the various engineering chal-
lenges behind the user interface, Figure 5.12 will be used as a reference screenshot
of the gameplay performed by a player. The various moving parts are labelled in
the order they will be explained. However, the best way to gain an understanding
of the interface is to try it — links for downloading the game on iOS and Android

canbe found at www.ecobuildergame.org.

5.4.1 Food web visualisation

The most complex component of the gameplay is the visualisation of the ecosys-
temitself, asitmustsimultaneously display its topology and dynamical behaviour.
For that reason, this whole section will be devoted to its explanation, and the fol-

lowing Section 5.4.2 will concern the remaining components.

As shown by label 1in Figure 5.12, a node-link diagram is used for visualising the
topology of the food web. The nodes of the diagram represent species, where
their shape and colour are dependent on the two traits, size and interference (fur-
ther explained in Section 5.4.2, label 6). Node colour depends on both traits si-
multaneously, to span a 2D plane in the 3D CIELAB colour space to maintain per-
ceptual uniformity (Smart, Wu, and Szafir, 2019), where the planes used for plants
and animals can be seen in bottom left of Figures 5.8 to 5.10. Node shapes were
designed to be relatively spherical in order to resemble a classical node-link dia-
gram, and change depending on the choice of plant or animal. The cute faces are
procedurally generated using random combinations of eyes and mouths. Links
are rendered with low opacity, except with moving circles that flow in the direc-

tion of biomass transfer. Such animated edges were studied by Holten, Isenberg,


www.ecobuildergame.org

156 Chapter 5. EcoBuilder

et al. (2011) to be effective at showing link direction, and also recommended in
Bachetal. (2017). Coloured outlines around nodes and links are also used to indi-
cate their status, for example in Figure 5.12 a blue outline means the component
cannot be edited, and a yellow outline means it is the current focus of the panel

labelled by the number 6.

Toshow the equilibrium abundance of each species, as calculated by Equation 5.3,
asmallsymbolis placed next to each species, which follows the same conventions
as battery life indicators on mobile devices, and health bars in video games. Be-
cause thisabundance canbe negative (corresponding to extinction), values below
zero are shown as red that only fills a small fraction of the space, and positive val-
ues as green that fills up more. An example of negative abundance can be seenin
Figure 5.1. Numbers showing the exact traits of each species are also placed above
the battery icons, so that the exact definition of the species can be exactly identi-

fied.

Interactive layout

The introduction of interaction adds multiple extra factors that need to be taken
into consideration. The first is the question of how the player adds new edges
to the graph. This is done in the simplest and most intuitive manner: the player
simply drags in between the two nodes they wish to attach to each other. Since
the flow of biomass is directed from prey to predator, the first intuition may be to
drag from the prey to predator, however preliminary feedback showed that play-
ers found it more intuitive to think in terms of this eats that. The default setting in
the game therefore has the player drag from predator to prey, but this is left as an

optionin the settings.

The Unity game engine works by providing the programmer with functions to im-
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plement that will be run once per frame, but SGD is not quite fast enough to be
completely computed every frame and still maintain a good frame rate. Because
of this, the layout code is implemented as a thread that runs concurrently along-
side the primary frame-by-frame thread, and only returns the layout to display on
the screen once it is completed. SGD is fast enough to only require a couple of
frames, even on mobile devices, but concurrency is still required to prevent stut-
ter. Ontop of'this, thelocal version of majorization (see Section 2.1.3) isused once
per vertex per frame in order to fine tune the layout slowly into a precise mini-

mum.

As described in Section 5.1.4, successive topologies constructed by the player are
aligned using a Procrustes transformation, and will be described in detail here.
The Procrustes error is simply defined by the sum of squared distances between
two layouts

procrustes(X, X') = Z I1X; — X% (5.13)
ieV

The purpose of the corresponding transformation is to minimise this error, and

can be performed exactly using linear methods.

Removingthetranslational componentis performed by simply placingthe barycen-
ter of both layouts at the origin. Traditionally X" is then dilated, but stress is not
invariant to scaling so this step is skipped here. The rotational component is then
removed by differentiating the right-hand side of Equation (5.13) with respect to

arotation 0 and solving for the derivative equalling zero, resulting in

(5.14)

2 (yix; — XiY£)>

0x,y,x,y') = tan ! ( - -
Zi(xixi - Yiyi)

where x and y are the two dimensions of the layout X, and similarly for X'. Since
the dilation step was skipped, this process is performed for both the new layout

and its reflection, where the result with a lower value of Equation (5.13) is chosen.
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Note that usually in the literature, the square root of this value is taken as the final
statistic. If the sets of vertices differ between topologies, then their intersection

isinstead compared.

To transition smoothly between aligned layouts, the SmoothDamp () function pro-
vided by Unity is used, which attaches a critically damped spring between an ob-
ject and its target position, to avoid jerky movement by maintaining continuity
(Kirmse, 2004). Connected components are layed out separately, and simply

placed horizontally adjacent to each other such to avoid overlap.

Constraining the y-axis

A domain-specific feature of food webs is that any valid topology allows for the
trophic level to be calculated for each species, following the process outlined in
Section 5.1.3. For this reason, an additional constraint to the layout is included,

that constrains the y-axis to the trophic level of the species.

The diagonal dominance of the Laplacian matrix to be inverted in order to solve
for trophic levels allows for the Jacobi method to be used. Expressing the trophic
level Equation (5.11) as

y=L"b, (5.15)

ordinaryJacobi solves for y by assigning

, 1
yi = L_ bi - Z Ll]Yl (5.16)

i j#
foreachvertexi(Young,2014). Inthis case, bis simply a columnvector of ones. An
iterative method was chosen because the topology of the graph will only change
by asingle edge at a time, and so previously calculated trophic levelsis agood ap-

proximation for subsequent values. From experience, the number of iterations
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required for convergence is almost always fewer than ten. Since the matrix L con-
tains an entry for every edge, the complexity per iteration is O(|E|), as opposed
to solving the system exactly. Equation (5.15) does not have a solution if any com-
ponent has no vertex with anin-degree of zero (i.e. no primary producers). In this

case, trophic level computations are simply ignored.

A problem here is that stress is more difficult to optimise, because there is now
only one degree of freedom for vertices to move around in. The solution found
was to increase the maximum value of yin Equation (2.21) to 1.1, as well as adding
five extrainitialisationiterations at the beginning of the optimisation. Thisis how-
ever an ad hoc solution and future work should involve testing variations of this
systematically. The aforementioned Procrustes statistic also skips the rotation
step in this case, as any rotation would break the orientation of these constraints.
An example of the same food web visualised with and without this constraint is
shown back in Figure 5.5, where it can be seen that the constrained version tends

to point edges upwards.

An important question is whether constraining the y-axis is helpful to the user in
thefirst place. Intuition says the constraint will largely make edges point upwards,
which should help to preserve the player’s mental map of the flow of biomass
throughout the system. The opposing argument is that layouts will have higher
stress, and so may become more crowded. This question will be systematically
tested by the game. Half of the players will be given an standard layout and the
other half a constrained layout, and data collected from the game will be used to
study which is more effective. More detail on this experiment is outlined in Sec-

tion 5.2.
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Focus

A final addition to Research world is another tool for navigating the topology of
food webs. If a species is tapped twice, the layout transitions into a mode where
only the direct connections to that species are visible, where its prey are posi-
tioned below it and its predators above. The topology can then be navigated in
this mode, by hopping from one node to another by again tapping. This extra fea-
ture was necessary because as the number of species goes up, layouts canbecome
crowded and difficult such that it is difficult to see fine details. The ability to focus

attention on a single node helps to alleviate this.

5.4.2 Heads-up display

The remaining labels on Figure 5.12 point to elements of a 2D overlay, upon which
exists what is known as a heads-up display (HUD). The idea of a HUD is now ubig-
uitous to video game interfaces, but its name originated from military aviation,
where the pilot would need to have extrainformation available whilstleaving their
view unobstructed. Its purpose in the context of games is the same, where it gives
the player the remaining information required to complete the game, whilst leav-

ing the main visualisation as visible as possible.

Label 2: Constraints

Different levels offer different scenarios, with specific topological constraints
shownonthisfirst panel. The top two icons show the maximum numbers of plants
and animals the player may introduce, and the bottom two show the number of

edges and the maximum chain length. Chain length is defined for each plant as
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zero, and each animal as the shortest path from any plant to it. These are all used

throughout the game as conditions required to pass each level.

Earlier versions of the game also included maximum loop length as an extra con-
straint, but there does not exist a polynomial time algorithm to search for allloops
inagraph. Johnson’salgorithm (Johnson, 1975) was attempted for this, butits run-
ning time grew to unacceptable levels, and so it was cut from the final release of

the game.

Label 3: Score

This panel displays the player’s score, as well as how many stars they have ob-
tained. To obtain the first star, the only conditions are that all species coexist and
that there is a single connected component. The second and third stars require
the player to reach certain numerical score thresholds as a further challenge for
skilled players. The current score is shown as the number in the pale brown sub-

panel, and the target is shown as the green number below.

Many different metrics were tried and tested for use as ascore, most of which were
unsuitable. For example, the total abundance every species was agood candidate,
but this is maximised by having only plants in the food web, as any animals sim-
ply lose too much biomass via the efficiency factor e, in Equation (5.8). The score
should instead continuously increase as the food web becomes more complex.
Another related option was to take the total flux of the food web, defined as the
total amount of biomass flow through every interaction. This is defined here as

the sum of the positive off-diagonals in Equation (5.5).

One definition of quantitative complexity is o/ nC, where o is the standard devia-
tion of the off-diagonals of the community matrix in Equation 5.5, n is the number

of species, and C is the connectance, defined as the proportion of realised to pos-
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sible interactions such that 0 < C < 1. Specifically thisis C = |E|/(n(n — 1)/2).
This quantity was shown by May to negatively correlate with the probability of sta-
bility as defined in Equation (5.6), and acted as the springboard for the aforemen-
tioned complexity vs. stability debate. This criterion has been taken and updated
tomoreaccurately matchreal ecosystemstructure (Allesinaand Tang, 2012; Tang,
Pawar, and Allesina, 2014), but all contain the components g, n, and C. Unfortu-
nately none of these metrics were able to fit the purposes of a game, because the
factor o is not very interpretable, and initial feedback showed that players found
it difficult to work out why it would go up or down. Leaving out o and only includ-
ing n and C does not work either, since they are both structural measures and so

do not capture any dynamics of the system.

The final formulation settled upon was a compromise between the aforemen-
tioned options: the factor ¢ is replaced by the total abundance and the square

root removed, to construct a final score of

n
score = (Z z;") nC (5.17)
i

where z* is from Equation (5.3). This alternative was found to be interpretable and

goes up as the food web grows in size.

Label 4: Level

The square in the top right of the HUD is a button that represents the level cur-
rently being played. When the player has earned the first star of alevel, thisbutton
canbe pressedto passtheleveland unlock the next. Theappearance of thisbutton
before the level has been passed can be seen in Figure 5.1, where pressing it gives
theoptionto quitthegame orreset thelevel. The screenshown to the player upon

completing alevel is shown in Figure 5.13, left.
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Label 5: Help

This panel is present throughout the game, in both menu screens and during a
level playthrough. It was necessary to not overfill this box for two reasons: the
firstis that the target platform for the game is mobile devices, so space is limited;
the second is that in preliminary playtests, players tended to skip any long blocks
of text. Some players would even skip all text, regardless of length, and so care
had to be taken to use a ‘learn-by-doing’ approach as often as possible. For that
reason, multiple levels that act as heavily guided and constrained tutorials were

included.

The green arrow on the edge of the panel can be used to hide or show the text at
will. If the player does not find the solution to a level after two minutes, the text
also shows itself to reveal a hint. Further playtests showed that the sometimes
counter-intuitive behaviour of the simulation can be frustrating to players, so giv-
ing extra help after a delay was a necessary step, a technique often used by game

developers to ensure that players get stuck as rarely as possible.

Label 6: Inspector

This panel is known as the inspector, and is the avenue through which the player
views and changes the traits of their species. These two traits, body mass and in-
terference, take awide range of values: mass goes from one gram to one thousand
kilograms, therefore spanning six orders of magnitude; interference goes from
104 to 107!, spanning three orders of magnitude. This range for mass was chosen
to capture species of almost all sizes in the natural world. Smaller species do exist
and are vital to Earth’s ecosystem (such as bacteria and the smallest insects) but
they are left as out of scope for the game. The range of interference values was set

to span this range, as preliminary playtests showed that species with any larger
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interference tended to be very difficult to keep alive at all, and species with any
smaller interference tended to destabilise the rest of the food web. Preliminary
tests also showed that allowing the player to choose interference on top of body
mass was too much information for players to begin with. The ability to tweak in-
terference by hand is therefore not unlocked until the second set of levels known
as Research World is reached (see Section 5.2). Further discussion of interference

values can be found in Section 5.3.2.

Both traits are also set according to alog scale, so that all orders of magnitude are
accessible. The sliders themselves are constrained to only take discrete values, so
that the player knows the exact values being used. This also means that values can
be displayed using a single number next to the species, as shownin the screenshot

in Figure 5.12.

The button to the upper-left of the panel can be used to remove unwanted species
from the food web. It is placed next to the name of the species, which is randomly
generated by joining together sequences of syllables.* The player may also input

their own name for each species, if they wish to do so.

Label 7: Initiator

This panel contains two buttons that are used to initiate the addition of a new
species to their ecosystem. It is at this point at which the binary choice between
plant and animal is chosen and fixed, which not only makes sense from a biolog-
ical standpoint, but is also necessary in terms of topology, because plants must
have anin-degree of zeroi.e. they cannot be predators. This is not strictly true for
the real world, because species such as the Venus flytrap are in fact carnivorous

plants. There are even animals that can perform photosyntesis, such as the sea

*Credit for therandom name generation algorithm goes towww. fantasynamegenerators. com,
accessed 13/8/20.
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slug, which can ‘steal’ the ability to produce chloroplasts from the algae it eats
(Rumpho et al.,2008). These such creatures, as remarkable as they are, were con-

sidered rare enough to leave out of scope for EcoBuilder.

At this point it is worth mentioning that the number of plants was also limited to
amaximum of three in any given level, and usually fewer. This was necessary here
because there is no explicit competition between plants, i.e.a(—, —) pairinthe in-
teraction matrix, and so there is no penalty at all for adding more of them. This
decision was made because of the difficulty behind parameterising these extrain-
teractions, and so the limiting of the number of plants was instead used. Other
plant growth models such as the chemostat model (Sommer, 1983) were also con-

sidered, but not utilised in the final version.

Label 8: Recorder

The final component of the gameplay in EcoBuilder is that ability to undo and redo
actions, a feature now considered standard among most consumer applications.
The arrow pointing left goes backward to undo an action, and the arrow pointing
right goes forward to redo a previously undone action, as is conventional. It isim-
plemented simply using a stack, and so undone actions are lost forever if a new
action is performed. The criteria for being an action is a topological change, i.e.
the addition or removal of vertices or edges, or a change in value for the trait of a

species.

The entire sequence of actions performed by the player isrecorded, and when the
level is completed it is transformed into a string to sent to a server, along with
other playthrough data. The remaining contents of this data will be explained in

the following section.
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Figure 5.13: Screenshots to illustrate player registration and data collection.
From left to right: the report screen shown when a level is completed, the regis-
tration page for player accounts, and the settings page for account details.

5.4.3 Datacollection

Figure 5.13, left, depicts the report card shown to the player when they complete a
level. It tells the player the number of stars they achieved, their score, and the me-
dian score from all high scores throughout the world. The median score is shown
in order to motivate the player to strive for higher scores, as a small competitive
incentive. The small button to the middle-right of the panel can also be pressed
to show the exact decomposition of their score, as defined by Equation 5.17, but
scaled to fall within a reasonable range of values that make sense as a score. The

player can then replay the level or continue to the next.

When this report card panel is shown, a POST request is sent to the server con-
taining multiple fields, including: a timestamp, the score, each component of the
parameterisation defined by Equation 5.2, a list of timed actions performed by

the player, and a list of device metadata such as operating system and resolution.
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These fields are received by the server and stored in an SQL database for future

analysis.

The middle screenshotin Figure 5.13 shows the registration page thatis shown the
first time the application is opened. An account is required for two purposes: the
first is to ensure that the data being collected can be matched to a single player,
even if they decide to switch devices; the second is to have them tick a box to in-
dicate that they are aware of the general data protection regulation (GDPR) their
data will be held under. Note that since there is no ‘sensitive’ personal data being
collected, such as ethnicity or political opinions, a tick box is not strictly neces-
sary. Some general demographic information, such as age and education back-
ground, is optionally collected atregistration. The player may also delete their ac-
countwhenever they wish, asshown by the settings page to the right of Figure 5.13.
Here they may also change game settings such as volume or drag direction. They
may also view the GDPR privacy policy in full, and a credits page to thank the lab

members who kindly gave their time to help playtest the game.



Conclusion

This thesis has explored the topic of network visualisation using the ’join-the-
dots’ representation known as the node-link diagram. Three chapters studied
three distinct subjects within the context of this representation. Chapter 2 con-
sidered the problem of node layout, where the idea of force-directed algorithms
was framed in the general context of optimisation, which brings a variety of algo-
rithms into a shared perspective. The scope was then focused on the popular en-
ergy function known as stress, where an algorithm known as stochastic gradient
descent was applied to optimise stress more efficiently than the previous state-
of-the-art algorithm, as shown through an experimental study. It was also applied
to an approximation of the stress summation that allows the method to scale to
large graphs. Constrained layout and general multidimensional scaling were also

briefly explored as further capabilities.

Chapter 3 dealt with the concept of allowing links to be curved, in order to untan-
gle the hairballs that often result from using force-directed algorithms on real-
world data. The method known as hierarchical edge bundling was the main focus,
which classically uses hierarchical metadata to inform bundling; the work here
studied the situation where this metadata must be inferred. Many options for
this inference were compared through an experimental study on datasets with a
ground truth included, and recommendations were made for applicationin prac-

tice. Chapter 4 compared this method to a topologically lossless version of edge

168
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bundling, known as power-confluent drawing. The hierarchical nature of the loss-
less method is leveraged to solve some technical issues with a past implementa-
tion, and some smallimprovements are presented to improve the greedy agglom-

eration preprocessing step.

The thesis is rounded out by Chapter 5, which presents the design and develop-
ment of EcoBuilder, aresearch-oriented video game that allows the player to build
their own simulated ecosystem. The node-link diagram representation was used
to visualise both the structural topology and dynamical behaviour of the con-
structed food webs. This choice of representation was studied by performing
a controlled test between two randomly allocated groups of players, where one
group was presented a layout with the y-axis of nodes constrained to the trophic
level of its corresponding species. The effect of this extra constraint was shown to
be statistically significant on player performance, but not in all scenarios and so
caution was recommended. A secondary research outcome was to crowdsource
good strategies from players to build diverse and healthy ecosystems, by pro-
viding a global leaderboards for players to compete with each other on. An ex-
ploratory analysis of the configurations assembled by top players revealed strong
patterns of species bodysizes correlating with trophic level, with various other

features also shown to be of interest.

Visualisation is a rich topic filled with interesting problems, and network visual-
isation is no exception. From algorithmic challenges all the way up to questions
of human psychology, there exists a wide variety of research opportunities to ex-
plore at all levels of abstraction. The overarching purpose of visualisation is also
to provide tools for practitioners to analyse real-world data, and so the leap from
theory to practice is tangible, and the impact of work done immediate. A perfect
example of this is EcoBuilder itself, where the applied domain is food webs. With-

out research into the underlying algorithms that drive visualisation, such a use
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case would not be possible. Without such use cases, the dynamics of the systems

within these domains would remain opaque.

If nothing else, visualisation can also be beautiful. It is the hope that the work in
this thesis goes at least a small way towards making this beauty visible for more

people than before.
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