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1. Introduction and discussion

The authors sincerely thank Dukumaci for his great interest in our investigation. In his comment, he proposed
an analytical solution based on the “matrizant” approach [l 2]. The two linearised Euler equations as functions of
pressure p and velocity perturbations # are transformed to a first order matrix ordinary differential equation (Eq. (3) in
Dokumaci’s comment) as functions of two new coeflicients p* directly linking p and i (using Eq. (4) in his comment).
At sufficiently high frequencies, the off-diagonal terms of the matrizant can be assumed zero; this decouples p™ and
p~, and the analytical solution of p* (Eq. (7) in Dokumaci’s comment) follows from the simplified first order matrix
ordinary differential equation.

For consistency with our original paper [3]]), key equations in Dokumaci’s comment are rearranged. Using the
mean property relations (Egs. (5)-(11)in [3]]), Eq. (7) in Dokumaci’s comment becomes:

pr(x) = CiPi () ey

where the coeflicients Pf(x) are expressed as:

1 50x)\ /4 S ) 1
Pl(x)z(%) exp(fo (1;](:4+C—2’(+M(1+lgM)+M2(%—m)))dx) @

Time dependence €'’ is assumed, following our previous treatment [3]. p, & = d(Inp)/dx, M, y, ky = w/¢ , w,
¢ and x are mean density, normalised first order differential of mean density, Mach number, ratio of specific heats,
local wave number, complex angular frequency, speed of sound and axial location respectively. Note that the two
coefficients P7(0) equal 1 at the inlet (x = 0) of the duct with a mean temperature distribution. C7 are two arbitrary
coefficients which can be determined for given initial or boundary conditions. In Dokumaci’s comment, p and #& can
be reconstructed using the following relations:

p(0) = p*(x) + p~(x) = C{PT(x) + C P (%) 3

pPr-p _ 1 -
———— = = (C{PT(0) - C{P{ () )
pc pc
In our work [3], a two-step procedure was used to obtain the analytical solution of the acoustic field: (1) firstly,
an acoustic wave equation as a function of p (e.g., Eq. (27) in [3]) was derived based on linearised Euler equations;
(2) the WKB approach was then applied to obtain analytical solutions. Assumptions were made and Mach number

a(x) =
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terms with order exceeding M? were neglected in both steps, leading to a frequency criterion of [3]]: |ko| > ||
and Ik(z)l > |B|/2, where g is the normalised second order differential of mean density. The “matrizant” approach
of Dukumaci’s comment is a one-step procedure whose only assumption is to neglect the off-diagonal terms of the
matrizant. Mach number terms with higher orders are retained in the diagonal terms, extending applicability of the
solution to large Mach numbers when the frequency is sufficiently large.

However, Dokumaci’s decoupling criterion (which is equivalent to a frequency criterion) is derived based on
equations which neglect mean flow contributions. To the authors’ knowledge, this criterion then becomes invalid at
larger Mach numbers. As the criterion in [3]] was derived accounting for mean flow, it does not rigorously follow that
Dokumaci’s criterion is tighter than ours.

We examine the performance of the analytical simulations given by Dokumaci’s comment and our previous work
[3] by applying them to a straight duct containing one-dimensional mean flow, and with a distributed mean temperature
zone extending from x = x; to x = x, = x; + [. Initially, a linearly decreasing temperature profile is considered. More
detail on the duct configuration and temperature profile is given in [3].

Figures show the predicted gain and phase of the acoustic transfer functions ¥, and ¥, (Egs. (56) and (57)
in [3]]) against axial distance for two different flow Mach numbers and frequencies. Predictions using our previous
analytical solution shows excellent agreement with the solution calculated using the two linearised Euler equations
(Egs. (16) and (19) in [3]]), while predictions using Dokumaci’s solution exhibit inaccuracies.
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Figure 1: Evolution of ¥, and ¥, with x for the linear mean temperature profile. T; = 1600 K, T, = 800 K, M; = 0.05, fl/j¢y =1land Z; = —1.
(a): transfer function gain |F,|. (b): transfer function phase ZF,. (c): transfer function gain |#,|. (d): transfer function phase ZF,.

2. Improved solution

Figures T}{3| demonstrate that, in the presence of a mean flow, the best performance of Dokumaci’s solution occurs
when the frequency is large. This observation has allowed the present authors to propose an improved solution. By
substituting the analytical solution of p (Eq. (3)) into the linearised Euler equations (e.g., Egs. (24) and (25) in [3]])
and using the procedure (Eq. (46) in [3]]), another version of the analytical solution of i is given by:

(k- (14201 + )M + By - IM?) /4 CHP? (x)
(x) = iko — aM pe
()
iko + (1= 21 +Y)M + By = IM?) a/4) C;P; (x)
- iko — aM pc
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Figure 2: Evolution of ¥, and ¥, with x for the linear mean temperature profile. T, =1600K, T» = 800 K, M; = 0.2. fljey =1.Z; = —-1. (a):

transfer function gain |F,|. (b): transfer function phase ZF . (c): transfer function gain |#,|. (d): transfer function phase Z,.
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Figure 3: Evolution of ¥, and ¥, with x for the linear mean temperature profile. T =1600K,T> =800 K, M; =0.2. flje; =03.Z; = -1. (a):
transfer function gain |F,|. (b): transfer function phase ZF . (c): transfer function gain |#,|. (d): transfer function phase Z,.

It is interesting to note that this exactly matches Eq. (47) in [3]]. To the authors’ knowledge, the improved analytical
solution given by Eqgs. (3) and () generally has higher accuracy than Eqs. (3) and @) of Dokumaci’s comment,
particularly at lower frequencies. The criterion pertaining to this improved analytical solution follows from the method
in Dokumaci’s previous research [2] (pages 857-858). Equations accounting for mean flow, rather than neglecting it,
are used to derive the criterion, which approximately equals that of our previous analytical solution [3]]. Figures [T}[3]
confirm that performance of our improved analytical solution is better than both our previous solution and Dokumaci’s.
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Figure 4: Contour maps of (a) €, and (b) g, using our previous analytical solution as functions of fI/¢; and M for the linear mean temperature
profile. The dashed line represents y as a function of M. T =1600K, T = 800 K and Z; = —1.
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Figure 5: Contour maps of (a) €, and (b) ¢, using the Dokumaci’s solution as functions of f//¢; and M; for the linear mean temperature profile.
Markers X represent y ; as a function of M;. T, =1600K, T» = 800 K and Z; = —1.

3. Validation

3.1. Linear axial temperature variation

As in our previous work [3], a parametric study provides further insights into the accuracy of the three analytical
solutions across different frequencies, fI/¢;, Mach numbers, M|, and temperature ratios, 72 /71. FiguresEI - El show
the error coefficients, €, and €, (defined in Eqgs. (58) and (59) in [3]]), for analytical solutions obtained using our
previous method (Figs. @] and [7), Dokumaci’s solution (Figs. [5]and[8) and our improved solution (Figs. [6|and [9).

For moderate Mach numbers (e.g. M; < 0.4) our previous solution maintains high accuracy across all reduced
frequencies, while Dokumaci’s solution performs well only at higher frequencies. It is interesting to note that Doku-
maci’s solution has a better performance when both the inlet Mach number, M, and the reduced frequency are large.
Dokumaci’s frequency criterion (Eq. (8) in his comment, with representation of  given by Egs. (8) and (9)) is plotted,



Figure 6: Contour maps of (a) €, and (b) ¢, using the improved analytical solution as functions of f1/¢; and M; for the linear mean temperature
profile. The dashed line represents y as a function of M. T =1600K, T = 800 K and Z; = —1.
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Figure 7: Contour maps of (a) €, and (b) ¢, using our previous solution as functions of f1/¢; and T,/T) for the linear mean temperature profile.
The dashed line represents y as a function of To/T,. T =1600K, M; =0.2and Z; = —1.

given by:

@
<3

1
d dw' c? dy 2
—(ne¢)+ —|, — — 6
T T dx ©
e Fig.[5] shows that the criterion is only satisfied at smaller Mach numbers, with the performance of the solution only
ez good when the reduced frequency significantly exceeds this criterion.
6 Our improved solution combines the advantages of our previous solution and Dokumaci’s solution; it reproduces

e« the acoustic field accurately even at low frequency, larger Mach number conditions.

Zwi(ln o) +2
dx

+y?

Sl l )
— >y, = —
z Xa e max | ¢

es 3.2. Sine-wave axial temperature variation

66 The performance of the three analytical solutions, for sine-wave axial mean temperature profiles (full details given
o7 in [3])), are shown in Figures[I0]-[T2] Predictions by applying our previous solution in a piecewise linear manner are
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Figure 8: Contour maps of (a) €, and (b) €, using Dokumaci’s solution as functions of f1/¢; and T, /T, for the linear mean temperature profile.

Markers X represent y, as a function of T, /T;. T1 = 1600 K, My =0.2 and Z; = —1.
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Figure 9: Contour maps of (a) €, and (b) €, using our improved solution as functions of f1/¢; and T, /T for the linear mean temperature profile.

The dashed line represents y as a function of 72 /7. T1 = 1600 K, M| = 0.2 and Z; = —1.

also shown, using N, = 40 axial segments. At very low Mach numbers and relatively large frequencies, all of the
analytical predictions capture the acoustic field accurately. As the Mach number, M|, increases, the predicted acoustic
fields from the three versions of our analytical solution remain good, while predictions using Dokumaci’s solution
exhibit inaccuracies. At lower reduced acoustic frequency, fI/¢;, our previous solution, current improved solution
and Dokumaci’s solution, when applied globally to the temperature field, are not able to reproduce the acoustic field;
only the piecewise linear approach yields accurate predictions of the acoustic field.

Conclusions

Our previous and improved analytical solutions for the one-dimensional acoustic field in a duct with an axial mean
temperature gradient and mean flow generally apply over a wider frequency range than Dokumaci’s solution. As Mach
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Figure 10: Evolution of ¥, and ¥, with x for the sine mean temperature profile. T, =1600K, T, = 800 K, M; = 0.001, fljcy =1.5and Z; = —1.
(a): transfer function gain |F|. (b): transfer function phase ZF,. (c): transfer function gain [#,|. (d): transfer function phase ZF,.
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Figure 11: Evolution of F, and ¥, with x for the sine mean temperature profile. T =1600K, T, = 800 K, M; = 0.2. fl/¢| = 1.5. Z; = 1. (a):
transfer function gain |F,|. (b): transfer function phase ZF,. (c): transfer function gain |#,|. (d): transfer function phase Z,.

number terms with higher orders are retained in the diagonal terms of the matrizant, his solution can be used for larger
Mach number flow conditions as long as the frequency is sufficiently large. The frequency criterion of Dokumaci’s
solution is derived by neglecting mean flow, while those for our previous and improved solutions account for mean
flow, and so it would not be rigorous to conclude that his criterion is tighter than ours. Finally, it should be noted that
our previous analytical solution only needs thermodynamic and mean flow properties at the beginning and end of the
region with mean temperature distribution, while Dokumaci’s and our improved solutions need the properties in the
entire region, meaning that our previous solution is easier to use.
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Figure 12: Evolution of ¥, and ¥, with x for the sine mean temperature profile. T, =1600K, T, = 800 K, M; = 0.2. flje; =03. Z; = -1. (a):
transfer function gain [%,|. (b): transfer function phase Z¥,. (c): transfer function gain |F,|. (d): transfer function phase ZF,.
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