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Abstract
Particular solutions of the Poisson equation can be constructed via Newtonian poten-
tials, integrals involving the correspondingGreen’s function, which in two-dimensions
has a logarithmic singularity. The singularity represents a significant challenge for
computing the integrals, which is typically overcome via specially designed quadra-
ture methods involving a large number of evaluations of the function and kernel. We
present an attractive alternative: we show that Newtonian potentials (and their gradi-
ent) applied to (tensor products of) Legendre polynomials can be expressed in terms
of complex integrals which satisfy simple and explicit recurrences that can be utilised
to exactly compute singular integrals, i.e., singular integral quadrature is completely
avoided. The inhomogeneous part of the recurrence has low rank structure (its rank
is at most three for the Newtonian potential) and hence these recurrences have dis-
placement structure. Using the recurrence directly is a fast approach for evaluation
on or near the integration domain that remains accurate for low-degree polynomial
approximations, while high-precision arithmetic allows accurate use of the approach
for moderate-degree polynomials.
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1 Introduction

We consider the Newtonian potential and its gradient over the unit square:

¨
�

log ‖x − t‖ f (t)dt,
¨

�

∇ log ‖x − t‖ f (t)dt
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where � := {(x, y)� : −1 ≤ x, y ≤ 1}. We also consider Newtonian potentials
over other rectangles and parallelograms. We allow x to be anywhere inR2, including
x ∈ �.When it is far from� the kernel is smooth and traditional quadrature techniques
are effective. However, as x approaches �, the kernels become increasingly singular,
with weak singularities when x ∈ �.

Computing such integrals has a long history with many effective quadrature
schemes, for example [3–5, 15, 26, 29], see also related methods for the comput-
ing layer potentials (boundary integrals) [1, 7, 16]. We refer the reader for [3, 4, 26]
for recent overviews of existing methodology and a detailed description of their lim-
itations for computing the integrals for x near or on �, due to the nearly singular or
singular integrals.

In [26], an approach is advocated for computing the integrals via expansions in a
monomial basis, whose conditioning can be controlled up to degree 20. In this paper,
we investigate a closely related alternative: expand f in Legendre polynomials

f (x, y) ≈
m∑

k=0

n∑

j=0

fk j Pk(x)Pj (y)︸ ︷︷ ︸
Pkj (x,y)

and compute the integrals

¨
�

log ‖x − t‖Pkj (t)dt,
¨

�

∇ log ‖x − t‖Pkj (t)dt

in closed form, which will be related to a simple recurrence relationship. This
recurrence relationship can be solved extremely fast, albeit with some issues with
ill-conditioning for large k or j . Expansion in Legendre polynomials enjoys numer-
ous advantages over monomials, including the existence of fast and stable transforms
for computing expansion coefficients [2, 21, 28].

To derive the recurrence relationship, we express the Newtonian potential as the
real part of a complex logarithmic integral

L f (z) :=
¨

�

log(z − (s + it)) f (s, t) ds dt

and its gradient in terms of the real and imaginary parts of the Stieltjes integral

S f (z) :=
¨

�

f (s, t)

z − (s + it)
ds dt .

Thus, particular solutions to the Poisson equation with the (real-valued) right-hand
side f (x, y) are given by

¨
�

log ‖x − t‖ f (t)dt = ReL f (x + iy) ≈
m∑

k=0

n∑

j=0

fk jRe Lkj (x + iy).
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where Lkj (z) := LPkj (z) and we identify x = (x, y)� with z = x + iy. The gradient
can be related to the Stieltjes integral via:

¨
�

∇ log ‖x − t‖ f (t)dt =
(

Re
−Im

)
S f (x + iy) ≈

m∑

k=0

n∑

j=0

fk j

(
Re

−Im

)
Skj (x + iy)

where Skj (z) := SPkj (z). The key observation of this article is that {Lkj (z)} and
{Skj (z)} both solve simple recurrence relationships that can be used to compute them
exactly.

In particular, we show that the complex logarithmic and Stieltjes integrals of Leg-
endre polynomials have displacement structure. Define the (infinite) matrices

L(z) :=
⎛

⎝
L00(z) L10(z) · · ·
L10(z) L11(z) · · ·

...
...

. . .

⎞

⎠ , S(z) :=
⎛

⎝
S00(z) S10(z) · · ·
S10(z) S11(z) · · ·

...
...

. . .

⎞

⎠ .

We show in Theorem 4.4 that L(z) satisfies a Sylvester equation of the form

CL(z) − iL(z)C� = F(z)

where F(z) has at most rank 3 and C is tridiagonal. We further show in Lemma 4.1
that S(z) satisfies a Sylvester equation of the form

(z I − B)S(z) − iS(z)B� = 4e0e�
0 ,

that is the right-hand side has rank 1 and B is also tridiagonal. Displacement structure
is a powerful property with substantial numerical implications, see [6, 8–10, 19].

The paper is structured as follows:

Section 2 The methodology we develop parallels singular integrals over (one-
dimensional) intervals, in particular, it utilises a simple relationship between complex
logarithmic and Stieltjes integrals. Numerical solution of Stieltjes integrals via recur-
rence relationships has a long history going back to Gautschi [13, 14], see also the
review in [23]. In this section, we give a brief review of these results and extend them
to a modified complex logarithmic integral over a complex interval needed in the
derivation of the results on a square.

Section 3 We show that the Stieltjes integrals Skj (z) satisfy a simple “5-point stencil”
recurrence relationship by adapting the technique from intervals. By mimicking the
connection between complex logarithmic and Stieltjes integrals used on intervals, we
show that Lkj (z) simultaneously satisfies two “5-point stencil” recurrence relation-
ships with an explicitly constructed inhomogeneous term. Moreover, we can construct
the boundary cases Sk0(z), S0 j (z), Lk0(z), and L0 j (z) directly.
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Section 4 The recurrences can be recast as Sylvester’s equations, and the recurrence
relationships for L(z) canbe combined in away that exposes the displacement structure
in L(z) and S(z).

Section 5 An implication of these results is that we can directly construct Lkj (z) and
Skj (z) by direct substitution in the recurrence relationship. The resulting algorithm
gives an effective and fast approach to construction that is exact. However, in practice,
there are errors due to round-off error, so it may only be effective for z near the
square and for low-degree polynomials. High-precision arithmetic mitigates this issue,
allowing for its effective usage for moderate-degree polynomials.

Section 6 The results can be extended from the unit square to other squares by an
affine change-of-variables. We demonstrate this by computing a Newtonian potential
over a square mesh, recovering a known solution to roughly machine precision. Other
rectangles and parallelograms require modification of the recurrences by a simple
scaling and low-rank perturbation.

Section 7 We conclude by discussing the implications of displacement structure to
both computation of Newtonian potentials and their gradient, as well as the potential
for generalising to other kernels, geometries, and higher dimensions.

Appendix We derive the formulæ for extension to non-square rectangles.

Remark 1.1 An experimental implementation of the results is available in the Julia
package MultivariateSingularIntegrals.jl [22].

2 Log and Stieltjes integrals on intervals

A classic result (cf. [14]) is that Stieltjes integrals of weighted orthogonal polynomials
satisfy the same three-term recurrence as the orthogonal polynomials themselves, apart
from a simple inhomogeneity. Defining

S[−1,1] f (z) :=
ˆ 1

−1

f (t)

z − t
dt

and Sk(z) := S[−1,1]Pk(z), the three-term recurrence for Legendre polynomials
(assuming P−1(x) = 0)

x Pk(x) = k

2k + 1
Pk−1(x) + k + 1

2k + 1
Pk+1(x) (2.1)

gives us the three-term recurrence for their Stieltjes integrals:

zSk(z) =
ˆ 1

−1

z − t

z − t
Pk(t)dt +

ˆ 1

−1

t Pk(t)

z − t
dt

= 2δk + k

2k + 1
Sk−1(x) + k + 1

2k + 1
Sk+1(x). (2.2)
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Note, we also know the initial condition that can be used to kick off the recurrence,

S0(z) =
ˆ 1

−1

dt

z − t
= log(z + 1) − log(z − 1),

thus we can deduce Sk(z) by forward-substitution with the recurrence.
We now demonstrate that a similar process can be used to derive a simple recurrence

relationship for Lk(z) := L[−1,1]Pk(z) where

L[−1,1] f (z) :=
ˆ 1

−1
log(z − t) f (t)dt,

using a construction motivated by [23, Section 7.3]. We first connect the complex
logarithmic integral to the Stieltjes integral of a specific ultraspherical polynomial
[11, Section 18.3]. For λ �= 0, λ > −1/2, the ultraspherical polynomials C (λ)

n (x) are
orthogonal with respect to the weight (1− x2)λ−1/2 on [−1, 1] with the normalisation
constant 2n(λ)n/n! where (λ)n = �(λ + n)/�(λ) is the Pochhammer symbol. The
definition can be extended to λ = −1/2, where the weight is no longer integrable
by an explicit expression in terms of Hypergeometric functions [11, 18.5.9], or more
explicitly by the formula

C (−1/2)
k (x) =

⎧
⎪⎪⎨

⎪⎪⎩

1 k = 0

−x k = 1
(1−x2)C(3/2)

k−2 (x)
k(k−1) otherwise

. (2.3)

We will also use the standard extension to λ = −3/2 below:

C (−3/2)
k (x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1 k = 0

−3x k = 1
3(x2+1)

2 k = 2
x3−3x

2 k = 3
9(1−x2)2C(5/2)

k−4 (x)
k(k−1)(k−2)(k−3) otherwise

. (2.4)

We will denote the Stieltjes integral of ultraspherical polynomials as

S(λ)
k (z) :=

ˆ 1

−1

C (λ)
k (t)

z − t
dt .

Since C (1/2)
k (x) = Pk(x), we have Sk(z) = S(1/2)

k (z), but here we are focussed on
relating Lk(z) to the case with λ = −1/2:
Proposition 2.1

Lk(z) = −S(−1/2)
k+1 (z) +

{
log(z + 1) + log(z − 1) k = 0

0 otherwise
.
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Proof Integrating by parts allows us to relate the complex logarithmic integral to the
Stieltjes integral, which is more amenable to computation as:

L[−1,1] f (z) = log(z + 1)
ˆ 1

−1
f (t)dt −

ˆ 1

−1

F(t)

z − t
dt

where F(x) = ´ 1
x f (s) ds. In the case of Legendre polynomials, its indefinite integral

is given in terms of certain ultraspherical polynomials [11, 18.9.19]:

ˆ 1

x
Pk(t)dt = C (−1/2)

k+1 (x)+δk = (1 − x2)C (3/2)
k−1 (x)

k(k + 1)
+δk . (2.5)

Thus, since
´ 1
−1 Pk(t)dt = 0 when k �= 0, we have

Lk(z) = −
ˆ 1

−1

C (−1/2)
k+1 (t)

z − t
dt = −S(−1/2)

k+1 (z).

For k = 0, we have

L0(z) = 2 log(z + 1) − S(−1/2)
1 (z) −

ˆ 1

−1

1

z − t
dt,

which simplifies to the desired expression. 	


This can be used to deduce a simple recurrence relationship:

Theorem 2.2 The complex logarithmic integral of Legendre polynomials satisfies a
three-term recurrence, using the convention L−1(z) = 0:

zLk(z) = k − 1

2k + 1
Lk−1(z) + k + 2

2k + 1
Lk+1(z) + λk(z)

for

λk(z) :=

⎧
⎪⎨

⎪⎩

(z − 1) log(z − 1) + (z + 1) log(z + 1) k = 0

−2/3 k = 1

0 otherwise

.

Proof We shall deduce the recurrence relationship for Lk(z) using a technique also
advocated in [23, 27]. We employ the recurrence relationship for ultraspherical poly-
nomials

tC (λ)
k (t) = k + 2λ − 1

2(k + λ)
C (λ)
k−1(t) + k + 1

2(k + λ)
C (λ)
k+1(t), (2.6)
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which remains valid for λ = −1/2 (and λ = −3/2). Note we have

ˆ 1

−1
C (−1/2)
k (x)dx =

ˆ 1

−1

⎧
⎪⎪⎨

⎪⎪⎩

1 k = 0

−x k = 1
(1−x2)C(3/2)

k−2 (x)
(k−1)k otherwise

dx =

⎧
⎪⎨

⎪⎩

2 k = 0

2/3 k = 2

0 otherwise

.

(2.7)
It follows from Proposition 2.1 that

zLk(z) = −
ˆ 1

−1

z − t

z − t
C (−1/2)
k+1 (t)dt

︸ ︷︷ ︸
use (2.7)

−
ˆ 1

−1

1

z − t
tC (−1/2)

k+1 (t)
︸ ︷︷ ︸
use (2.6)

dt

+
{
z log(z + 1) + z log(z − 1) k = 0

0 otherwise

= −
ˆ 1

−1

1

z − t

(
k − 1

2k + 1
C (−1/2)
k (t) + k + 2

2k + 1
C (−1/2)
k+2 (t)

)
dt

+

⎧
⎪⎨

⎪⎩

z log(z + 1) + z log(z − 1) k = 0

−2/3 k = 1

0 otherwise

= k − 1

2k + 1
Lk−1(z) + k + 2

2k + 1
Lk+1(z).

+

⎧
⎪⎨

⎪⎩

´ 1
−1

1
z−t dt + z log(z + 1) + z log(z − 1) k = 0

−2/3 k = 1

0 otherwise

,

which simplifies to the desired result. 	

To extend the results to 2D, we will need to work with the following variant, where

we complexify the integration variable:

M[−1,1] f (z) :=
ˆ 1

−1
log(z − it) f (t)dt

and Mk(z) := M[−1,1]Pk(z). This is a subtle change: writing z = x + iy, if −1 ≤
y ≤ 1 and x < 0 then the integral passes over the branch cut of the logarithm, which
we take to be along the negative real axis. We nevertheless can relate this to L:
Proposition 2.3 For z = x + iy, we have

M[−1,1] f (z)=L[−1,1] f (−iz) + iπ

2

⎧
⎪⎪⎨

⎪⎪⎩

´ 1
−1 f (t)dt x > 0 ory ≥ 1

−3
´ 1
−1 f (t)dt x ≤ 0 andy ≤ −1(´ y

−1 −3
´ 1
y

)
f (t)dt x < 0 and−1< y<1

123
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Proof We use the formula (using the principle value of the argument/phase, i.e.,−π <

arg z ≤ π , see [11, Sections 1.9(i) & 4.2(i)])

log(iz) = log |z| + i arg(iz) = log z + iπ

2

{
1 −π < arg z ≤ π/2

−3 otherwise

to deduce

ˆ 1

−1
f (t) log(z − it)dt =

ˆ 1

−1
f (t) log(−iz − t)dt

+ iπ

2

ˆ 1

−1
f (t)

{
1 −π < arg(−iz − t) ≤ π/2

−3 otherwise
dt

The result follows by considering the region where −iz − t = y − t − ix is under the
three different cases:

1. If x > 0 then Im (y−t−ix) = −x < 0 andhence−π < arg(−iz−t) < 0,whilst if
y ≥ 1 and x ≤ 0we have Re (y−t−ix) ≥ y−1 ≥ 0 and 0 ≤ arg(−iz−t) ≤ π/2.

2. If x ≤ 0 and y < −1 then Im (y−t−ix) = −x ≥ 0 andRe (y−t−ix) ≤ y+1 < 0
and hence π/2 < arg(−iz − t) ≤ π . If y = −1, the integrand only differs at a
single point, so its value is unchanged.

3. If x ≤ 0 and − 1 < y < 1 then for t < y, we have Re (y − t − ix) > 0 whilst for
t > y, we have Re (y − t − ix) < 0 and hence the integrand changes value at the
point y = t . 	


Specialising to Legendre polynomials and using (2.7) to simplify the expressions
results in the following:

Theorem 2.4 For z = x + iy, we have

Mk(z) = Lk(−iz) + iπδk

⎧
⎪⎨

⎪⎩

1 x > 0 ory ≥ 1

−3 x ≤ 0 andy ≤ −1

−1 x < 0 and − 1 < y < 1

− 2iπ

{
C (−1/2)
k+1 (y) x < 0 and − 1 < y < 1

0 otherwise
.

We can deduce a three-term recurrence for Mk(z) as well:

Corollary 2.5 For z = x + iy, we have

zMk(z) = i
k − 1

2k + 1
Mk−1(z) + i

k + 2

2k + 1
Mk+1(z) + μk(z)

123
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for

μk(z) :=

⎧
⎪⎨

⎪⎩

(z − i) log(z − i) + (z + i) log−(z + i) k = 0

−2i/3 k = 1

0 otherwise

−
{
2iπxC (−1/2)

k+1 (y) x < 0 and −1 < y < 1

0 otherwise
,

where we define the logarithm with the other limit along its branch cut:

log− z :=
{
log |z| − iπ y = 0 and x < 0

log z otherwise
.

Proof Considering the different cases, we find that:

(z−i) log(z−i)+(z+i) log−(z+i) =(z − i) log(−iz − 1) + (z + i) log(−iz + 1)

+ π

⎧
⎪⎨

⎪⎩

iz x > 0 or y ≥ 1

−3iz x ≤ 0 and y ≤ −1

−iz − 2 x < 0 and −1 < y < 1

.

For the k = 0 case, we thus find, using Theorem 2.4,

zM0(z) = i(−izL0(−iz)) + iπ z

⎧
⎪⎨

⎪⎩

1 x > 0 or y ≥ 1

−3 x ≤ 0 and y ≤ −1

2y − 1 x < 0 and − 1 < y < 1

= 2iL1(−iz) + (z − i) log(−iz − 1) + (z + i) log(−iz + 1)

+ iπ z

⎧
⎪⎨

⎪⎩

1 x > 0 or y ≥ 1

−3 x ≤ 0 and y ≤ −1

2y − 1 x < 0 and − 1 < y < 1

= 2iM1(z) + π

{
2yiz + 2 − 4C (−1/2)

2 (y) x < 0 and − 1 < y < 1

0 otherwise

+ (z − i) log(z − i) + (z + i) log(z + i).

This reduces to the result when we observe, using (2.3),

2yiz + 2 − 4C (−1/2)
2 (y) = 2xyi − 2y2 + 2 − 2(1 − y2) = 2xyi= −2ixC (−1/2)

1 (y).

123
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For k > 0, we have, using the three-term recurrence (2.6) to expand yC (−1/2)
k+1 (y),

zMk(z) = i(−izLk(−iz)) − 2iπ z

{
C (−1/2)
k+1 (y) x < 0 and − 1 < y < 1

0 otherwise

= i
k − 1

2k + 1
Lk−1(−iz) + i

k + 2

2k + 1
Lk+1(−iz) − 2i/3δk1

+ 2π

{
k−1
2k+1C

(−1/2)
k (y) + k+2

2k+1C
(−1/2)
k+2 (y) x < 0 and − 1 < y < 1

0 otherwise

− 2iπx

{
C (−1/2)
k+1 (y) x < 0 and − 1 < y < 1

0 otherwise

which reduces to the result via Theorem 2.4. 	

Remark 2.6 The proceeding theorem may not apply for complex floating-point num-
bers due to the existence of a negative 0: since −i(0.0 + iy) = y − 0.0i, some
implementations of the logarithm may be evaluated as if it is below the branch cut.
This can be avoided by specialising the implementation of the logarithm for complex
floating-point numbers.

3 Complex logarithmic and Stieltjes integrals on squares

We now turn to deducing recurrence relationships for the two-dimensional integrals
Skj (z) and Lkj (z).

3.1 Stieltjes integrals

We begin with deriving a recurrence relationship for the 2D Stieltjes integral

Skj (z) :=
¨

�

Pk(s)Pj (t)

z − (s + it)
ds dt .

Proposition 3.1 The Stieltjes integral Sk j (z) satisfies the “5-point stencil” recurrence
relationships, using the convention S−1, j (z) = Sk,−1 = 0:

zSk j (z) = i
j

2 j + 1
Sk, j−1(z) + i

j + 1

2 j + 1
Sk, j+1(z)

+ k

2k + 1
Sk−1, j (z) + k + 1

2k + 1
Sk+1, j (z) + 4δ jδk .

Proof This follows from the three-term recurrence for Sk(z). That is, first note that

Skj (z) =
ˆ 1

−1
Pk(s)

ˆ 1

−1

Pj (t)

z − (s + it)
dt ds = −i

ˆ 1

−1
Pk(s)S j (−iz + is)ds. (3.1)

123
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We, therefore, deduce by writing −iz = −iz + is − is and using the appropriate
three-term recurrences:

zSk j (z) =
ˆ 1

−1
Pk(s) (−iz + is)S j (−iz + is)

︸ ︷︷ ︸
use (2.2)

ds − i
ˆ 1

−1
sPk(s)︸ ︷︷ ︸
use (2.1)

S j (−iz + is)ds

= j

2 j + 1

ˆ 1

−1
Pk(s)S j−1(−iz+is)ds+ j + 1

2 j + 1

ˆ 1

−1
Pk(s)S j+1(−iz+is)ds

+ 2δ j0

ˆ 1

−1
Pk(s)ds − i

k

2k + 1

ˆ 1

−1
Pk−1(s)S j (−iz + is)ds

− i
k + 1

2k + 1

ˆ 1

−1
Pk+1(s)S j (−iz + is)ds

= i
j

2 j + 1
Sk, j−1(z) + i

j + 1

2 j + 1
Sk, j+1(z)

+ k

2k + 1
Sk−1, j (z) + k + 1

2k + 1
Sk+1, j (z) + 4δ jδk

where we used (3.1) to simplify the expression in the last equality. 	

To use this recurrence, in practice, we need to know the initial conditions. It turns

out we can deduce these directly in terms of the one-dimensional singular integrals,
which are deducible directly from recurrences:

Proposition 3.2

Sk0(z) = (−1)k i(Mk(−1 − iz) − Mk(1 − iz)),

S0 j (z) = Mj (z + 1) − Mj (z − 1)

Proof We use the fact that we have an explicit form for S0(z):

Sk0(z) = −i
ˆ 1

−1
Pk(s)S0(−iz + is)ds

= −i
ˆ 1

−1
Pk(s)

[
log(1 − iz + is) − log(−iz + is − 1)

]
ds

= i(−1)k
ˆ 1

−1
Pk(s)

[
log(−1 − iz − is) − log(1 − iz − is)

]
ds

= (−1)k i(Mk(−1 − iz) − Mk(1 − iz)).

Similarly,

S0 j (z) =
ˆ 1

−1
Pj (t)S0(z − it)dt

123
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=
ˆ 1

−1
Pj (t)

[
log(1 + z − it) − log(z − it − 1)

]
ds

= Mj (z + 1) − Mj (z − 1).

	


3.2 Complex logarithmic integral

The key idea in the one-dimensional complex logarithmic integrals was their reduction
to a Stieltjes integral, which led to a recurrence relationship. Here, we observe that one
can deploy this same technique on two-dimensional complex logarithmic integrals.

Theorem 3.3 The complex logarithmic integral of Legendre polynomials satisfies two
“5-point stencil"-like recurrence relations, using the convention L−1, j (z) = Lk,−1 =
0:

zLk j = k − 1

2k + 1
Lk−1, j + k + 2

2k + 1
Lk+1, j + i

(
j

2 j + 1
Lk, j−1 + j + 1

2 j + 1
Lk, j+1

)
+ F (1)

k j (z),

= k

2k + 1
Lk−1, j + k + 1

2k + 1
Lk+1, j + i

(
j − 1

2 j + 1
Lk, j−1 + j + 2

2 j + 1
Lk, j+1

)
+ F (2)

k j (z),

where we take L−1, j = Lk,−1 = 0 and have

F (1)
0 j (z) = i

Mj+1(z − 1) + Mj+1(z + 1) − Mj−1(z − 1) − Mj−1(z + 1)

2 j + 1

+ μ j (z − 1) + μ j (z + 1),

F (1)
10 (z) = −4/3,

F (1)
k j (z) = 0 for k �= 0 and (k, j) �= (1, 0),

F (2)
k0 (z) = Lk+1(z − i) + Lk+1(z + i) − Lk−1(z − i) − Lk−1(z + i)

2k + 1
+ λk(z − i) + λk(z + i) + βk0(z)

F (2)
01 (z) = −4i/3 + β01(z),

F (2)
k j (z) = βk j (z) for j �= 0 and (k, j) �= (0, 1)

where

βk j (z) = 2iπC (−1/2)
j+1 (y)

×

⎧
⎪⎨

⎪⎩

C (−3/2)
k+2 (x)/3 − xδk + δk1/3 −1 < x < −1 and − 1 ≤ y < 1

−2xδk + 2δk1/3 x ≤ −1 and − 1 ≤ y < 1

0 otherwise

.
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Proof For the first recurrence relationship, we roughly follow the approach of the
two-dimensional Stieltjes integral using the recurrence in Theorem 2.2. First note that
we can write:

Lkj (z) =
ˆ 1

−1
Pj (t)

ˆ 1

−1
Pk(s) log(z − (s + it))dsdt =

ˆ 1

−1
Pj (t)Lk(z − it)dt .

Therefore, we have:

zLk j (z) =
ˆ 1

−1
Pj (t)(z − it)Lk(z − it)dt + i

ˆ 1

−1
t Pj (t)Lk(z − it)dt

= k − 1

2k + 1

ˆ 1

−1
Pj (t)Lk−1(z − it)dt

︸ ︷︷ ︸
Lk−1, j (z)

+ k + 2

2k + 1

ˆ 1

−1
Pj (t)Lk+1(z − it)dt

︸ ︷︷ ︸
Lk+1, j (z)

+i
j

2 j + 1

ˆ 1

−1
Pj−1(t)Lk(z − it)dt

︸ ︷︷ ︸
Lk, j−1(z)

+i j+1

2 j+1

ˆ 1

−1
Pj+1(t)Lk(z − it)dt

︸ ︷︷ ︸
Lk, j+1(z)

+
ˆ 1

−1
Pj (t)λk(z − it)dt .

To compute
´ 1
−1 Pj (t)λk(z − it)dt , we use Corollary 2.5 to see that

ˆ 1

−1
Pj (t)(z − it) log(z − it)dt = zM j (z) − i

ˆ 1

−1
t Pj (t) log(z − it)ds

= i
j − 1

2 j + 1
Mj−1(z) + i

j + 2

2 j + 1
Mj+1(z)

− i
j

2 j + 1
Mj−1(z) − i

j + 1

2 j + 1
Mj+1(z) + μ j (z)

= − i

2 j + 1
Mj−1(z) + i

2 j + 1
Mj+1(z) + μ j (z). (3.2)

Hence, we can simplify:

ˆ 1

−1
Pj (t)λ0(z − it)dt

=
ˆ 1

−1
Pj (t)

[
(z−it−1) log(z−it−1)+(z−it+1) log(z − it + 1)

]
dt

= − i

2 j + 1

(
Mj−1(z − 1

) + Mj−1(z + 1))

+ i

2 j + 1
(Mj+1(z − 1) + Mj+1(z + 1)) + (μ j (z − 1) + μ j (z + 1)),
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ˆ 1

−1
Pj (t)λ1(z − it)dt = −2/3

ˆ 1

−1
Pj (t)dt = −4/3,

ˆ 1

−1
Pj (t)λk(z − it)dt = 0, (k > 1).

We have thus successfully derived the first recurrence.
For the second recurrence, we use Corollary 2.5 to reduce the integral. Now write

Lkj (z) =
ˆ 1

−1
Pk(s)

ˆ 1

−1
Pj (t) log(z − (s + it))dtds =

ˆ 1

−1
Pk(s)Mj (z − s)ds

so that

zLk j (z) =
ˆ 1

−1
Pk(s)(z − s)Mj (z − s)ds +

ˆ 1

−1
sPk(s)Mj (z − s)ds

= i
j − 1

2 j + 1

ˆ 1

−1
Pk(s)Mj−1(z − s)ds

︸ ︷︷ ︸
Lk, j−1(z)

+i
j + 2

2 j + 1

ˆ 1

−1
Pk(s)Mj+1(z − s)ds

︸ ︷︷ ︸
Lk, j+1(z)

+ k

2k + 1

ˆ 1

−1
Pk−1(s)Mj (z − s)ds

︸ ︷︷ ︸
Lk−1, j (z)

+ k + 1

2k + 1

ˆ 1

−1
Pk+1(s)Mj (z − s)

︸ ︷︷ ︸
Lk+1, j (z)

ds

+
ˆ 1

−1
Pk(s)μ j (z − s)ds.

where μ j is defined in Corollary 2.5. We thus need only simplify the last integral.
Note that, using Theorem 2.2,

ˆ 1

−1
Pk(s)(z − s) log(z − s)ds = zLk(z) −

ˆ 1

−1
sPk(s) log(z − s)ds

= k − 1

2k + 1
Lk−1(z)+ k+2

2k+1
Lk+1(z)+λk(z)− k

2k+1
Lk−1(z)− k+1

2k+1
Lk+1(z)

= Lk+1(z) − Lk−1(z)

2k + 1
+ λk(z). (3.3)

If −1 < x < 1 we have, using (2.5) and (2.1),

ˆ 1

−1
Pk(s)

{
x − s x < s

0 otherwise
ds = x

ˆ 1

x
Pk(s)ds −

ˆ 1

x
s Pk(s)ds

= x(C (−1/2)
k+1 (x) + δk) − k

2k + 1

ˆ 1

x
Pk−1(s)ds − k + 1

2k + 1

ˆ 1

x
Pk+1(s)ds

= C (−1/2)
k+2 (x) − C (−1/2)

k (x)

2k + 1
+ xδk − δk1

3
= −C (−3/2)

k+2 (x)

3
+ xδk − δk1

3
(3.4)

123



Newtonian potentials of Legendre polynomials… Page 15 of 30 66

where the last equality comes from the relationship [11, 18.9.7]

(n + λ)C (λ)
n = λ(C (λ+1)

n − C (λ+1)
n−2 )

with λ = −3/2. If x ≤ −1 then

ˆ 1

−1
Pk(s)

{
x − s x < s

0 otherwise
ds =

ˆ 1

−1
Pk(s)(x − s)ds =

⎧
⎪⎨

⎪⎩

2x k = 0

−2/3 k = 1

0 otherwise

.

(3.5)

Furthermore,

ˆ 1

−1
Pk(s)(z − s) log−(z − s)ds =

ˆ 1

−1
Pk(s)(z − s) log(z − s)ds

− 2iπ
ˆ 1

−1
Pk(s)

{
x − s y = 0 and x < s

0 otherwise
ds

︸ ︷︷ ︸
use (3.4) and (3.5)

= Lk+1(z) − Lk−1(z)

2k + 1
+ λk(z)

+ 2iπ

⎧
⎪⎨

⎪⎩

C (−3/2)
k+2 (x)/3 − xδk + δk1/3 y = 0 and − 1 < x < 1

−2xδk + 2δk1/3 y = 0 and x ≤ −1

0 otherwise

. (3.6)

These combine to give:

ˆ 1

−1
Pk(s)μ0(z − s)ds =

ˆ 1

−1
Pk(s)(z − i − s) log(z − i − s)ds

︸ ︷︷ ︸
use (3.3)

+
ˆ 1

−1
Pk(s)(z + i − s) log−(z + i − s)ds

︸ ︷︷ ︸
use (3.6)

+ 2iπ y
ˆ 1

−1
Pk(s)

{
x − s x < s and − 1 < y < 1

0 otherwise
ds

︸ ︷︷ ︸
use (3.4) and (3.5)

= Lk+1(z − i) + Lk+1(z + i) − Lk−1(z − i) − Lk−1(z + i)

2k + 1
+ λk(z − i) + λk(z + i)
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+ 2iπ

⎧
⎪⎪⎨

⎪⎪⎩

C(−3/2)
k+2 (x)

3 − xδk + δk1/3 y = −1 and − 1 < x < 1

−2xδk + 2δk1/3 y = −1 and x ≤ −1

0 otherwise

− 2iπ y

⎧
⎪⎨

⎪⎩

C (−3/2)
k+2 (x)/3 − xδk + δk1/3 −1 < x < 1 and − 1 < y < 1

−2xδk + 2δk1/3 −1 < y < 1 and x ≤ −1

0 otherwise,

where the last two terms can be combined to get the desired result. The computation for
other choices of j ismore straightforward: for j �= 0, we have (usingC (−1/2)

j+1 (−1) = 0
to ensure consistency when y = −1)

ˆ 1

−1
Pk(s)μ j (z − s)ds

= −4i

3
δkδ j1 − 2iπC (−1/2)

j+1 (y)
ˆ 1

−1
Pk(s)

{
x − s x < s and − 1 < y < 1

0 otherwise
ds

= −4i

3
δkδ j1

+ 2iπC (−1/2)
j+1 (y)

⎧
⎪⎨

⎪⎩

C (−3/2)
k+2 (x)/3 − xδk + δk1/3 −1< x<1 and − 1< y<1

−2xδk + 2δk1/3 −1 < y < 1 and x ≤ −1

0 otherwise.

	

To kick off the recurrence, we also need an explicit form for L00:

Proposition 3.4

L00(z) = (1 − z)M0(z − 1) + iM1(z − 1) + (1 + z)M0(z + 1) − iM1(z + 1) − 4.

Proof This follows from:

L00(z) =
ˆ 1

−1

ˆ 1

−1
log(z − (s + it)) ds dt =

ˆ 1

−1
L0(z − it) dt

=
ˆ 1

−1

[
(1 − z + it) log(z − it − 1) + (1 + z − it) log(z − it + 1) − 2

]
dt

= (1 − z)M0(z − 1) + iM1(z − 1) + (1 + z)M0(z + 1) − iM1(z + 1) − 4.

	

Having two different 5-point stencils allows us to eliminate degrees of freedom.

In particular, we can deduce inhomogeneous three-term recurrence relationships that
give the first row and column:
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Corollary 3.5

zLk0(z) = k − 2

2k + 1
Lk−1,0(z) + k + 3

2k + 1
Lk+1,0(z) + 2F (1)

k0 (z) − F (2)
k0 (z)

zL0 j (z) = i
j − 2

2 j + 1
L0, j−1(z) + i

j + 3

2 j + 1
L0, j+1(z) + 2F (2)

0 j (z) − F (1)
0 j (z)

Proof The first part follows from multiplying the first formula in Theorem 3.3 by 2
and subtracting the second formula, and the second part follows the other way round.
	


4 Recasting as a Sylvester equation

We can rewrite the recurrence relationhips as (infinite) Sylvester equations. The Stielt-
jes integral for Legendre polynomials has a displacement structure with rank 1:

Lemma 4.1 The (infinite) matrix S(z) satisfies the recurrence

zS(z) = BS(z) + iS(z)B� + 4e0e�
0

for the matrix

B =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 1
1/3 0 2/3

2/5 0 3/5
3/7 0 4/7

4/9 0 . . .
. . .

. . .

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.

The logarithmic integral for Legendre polynomials satisfies two Sylvester equations
for

F (�)(z) =
⎛

⎜⎝
F (�)
00 (z) F (�)

10 (z) · · ·
F (�)
10 (z) F (�)

11 (z) · · ·
...

...
. . .

⎞

⎟⎠ :
Lemma 4.2

zL(z) = AL(z) + iL(z)B� + F (1)(z),

zL(z) = BL(z) + iL(z)A� + F (2)(z)

where B was defined in Lemma 4.1 and

A =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

0 2
0 0 1
1/5 0 4/5

2/7 0 5/7

3/9 0 . . .
. . .

. . .

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.
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Remark 4.3 Note that B is the multication-by-x matrix for Legendre polynomials and
A is the principle subsection of the multiplication-by-x matrix for the ultraspherical
polynomials C (−1/2)

k (x).

We can combine these two recurrences to deduce a single recurrence where the
entire z dependence is in the right-hand side:

Theorem 4.4
CL(z) − iL(z)C� = F(z)

where F(z) := F (2)(z) − F (1)(z) has at most rank 3 and

C := A − B =

⎛

⎜⎜⎜⎜⎜⎝

0 1
−1/3 0 1/3

−1/5 0 1/5

−1/7 0 . . .
. . .

. . .

⎞

⎟⎟⎟⎟⎟⎠
.

Proof The form of the Sylvester equation follows from subtracting the Sylvester equa-
tions in the preceding lemma. The fact that F(z) has rank 3 follows since dropping
the first row and column, we find, for z ∈ �,

F(z)[2 : ∞, 2 : ∞] =
⎛

⎝
β11(z) β12(z) · · ·
β21(z) β22(z) · · ·

...
...

. . .

⎞

⎠

= 2iπ

⎛

⎜⎜⎜⎝

C (−3/2)
3 (x) + 1/3

C (−3/2)
4 (x)

C−3/2
5 (x)

...

⎞

⎟⎟⎟⎠

(
C (−1/2)
2 (y) C (−1/2)

3 (y) · · ·
)

which has rank 1 (and similarly for z /∈ �). 	


5 Computation via recurrences

The derived recurrence relationships, combined with the fact that we know the first
row and column of L(z) and S(z), lead to a direct routine for computing all of their
entries. In particular, we can infer each row/column from entries in the preceding
row/column:

Corollary 5.1 The rows and columns of L(z) satisfy a three-term recurrence relation-
ship:

iL(z)e j−1 + (2 j + 1)CL(z)e j − iL(z)e j+1 = (2 j + 1)F(z)e j ,

−L(z)�ek−1 − i(2k + 1)CL(z)�ek + L(z)�ek+1 = (2k + 1)F(z)�ek .
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We consider computing the truncation up to total degree p:

L p(z) :=

⎛

⎜⎜⎝

L00(z) · · · L0,p−1(z) L0p(z)
L10(z) · · · L1,p−1(z)

... . .
.

L p0(z)

⎞

⎟⎟⎠

Note that Corollary 5.1 allows us to deduce the ( j + 1)-th column ((k + 1)-th row)
of L p(z) from the j th column (kth row). We use this in Algorithm 1 to alternatively
filling in a row and column until we have computed all the entries of L p(z). For the
right-hand side, we denote

F (α),p(z) :=

⎛

⎜⎜⎜⎜⎝

F (α)
00 (z) · · · F (α)

0,p−1(z) F (α)
0p (z)

F (α)
10 (z) · · · F (α)

1,p−1(z)
... . .

.

F (α)
p0 (z)

⎞

⎟⎟⎟⎟⎠
.

Algorithm 1 Computing complex logarithmic integrals for Legendre polynomials up
to total degree p, L p(z) ∈ C

(p+1)×(p+1)

Construct F(1),p(z) defined in Theorem 3.3. Note that M0(z ± 1), . . . , Mp+1(z ± 1) can be computed
via the recurrence Corollary 2.5 in O(p) operations.
Construct F(2),p(z) also using Theorem 3.3. Note that L0(z ± i), . . . , L p+1(z ± i) can be computed via

the recurrence in Corollary 2.5, whilst C(−3/2)
2 (x), . . . ,C(−3/2)

p+2 (x) and C(−1/2)
1 (y), . . . ,C(−1/2)

p+1 (y)
can be computed via (2.6).
Compute the first row/column of L p(z) using the three-term recurrences as defined in Proposition 3.4
and Corollary 3.5.
for � = 0, . . . , 
 p

2 � − 1 do
Compute L�+1,�+1(z), . . . , L p−�−1,�+1(z) from L p(z)e� and L p(z)e�−1 (for � ≥ 1) using the first

equation in Corollary 5.1.
Compute L�+1,�+2(z), . . . , L�+1,p−�−1(z) from e�

�
L p(z) and e�

�−1L
p(z) (for � ≥ 1) using the

second equation in Corollary 5.1.
end for
return L p(z).

Algorithm 1 is effective for computing Newtonian potentials of Legendre polyno-
mials, by taking the real part of L p(z). As this algorithm computes the values exactly,
the only source of error is round-off error; there are no errors introduced by numerical
approximation. For low order p, the round-off error remains small when z is on or near
the square, see Fig. 1. Here, we compare the computation to a high-precision computa-
tion via Julia’s in-built BigFloat type using 1000 bits of precision (which due to the
exactness of the formulæ will give more accurate approximations to the true result).
This implies these techniques can be effectively combined with a more traditional
quadrature-based approach for z bounded away from the square, where h-refinement
is used to ensure only low p is needed to resolve the desired function. The round-off
error grows exponentially with p at an increasing rate, the further away z is from
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Fig. 1 The norm of the round-off absolute error in computing the Newtonian potential for p = 5 (left)
and p = 10 (right) using Algorithm 1 to compute the L p(z) with double precision (Float64) arithmetic.
We see that the approximation is accurate to about 12–15 digits within the square, remains accurate in a
neighbourhood of the square but loses accuracy away from the square, where traditional quadrature becomes
effective

the square, see Fig. 2. Using high-precision arithmetic is one approach to mitigating
this issue, and we consider double-word arithmetic (cf. [20]) as implemented in the
Double64 type in [25]. Double-word arithmetic is based on using two traditional
floating-point numbers to capture 106 bits of precision (compared with the 52 bits of
standard double precision), and is very performant.

The recurrence is fast to solve as demonstrated in Fig. 3.1 As a rough comparison,we
compare the cost with that of calculating log(s+it) at (p+1)2 points, which is a proxy
for the cost of quadrature-based approaches which require kernel evaluation. Putting
aside the round-off errors, the recurrence is faster than the cost of evaluating com-
plex logarithms, as it has significantly fewer special function operations: most of the
computation involves floating-point arithmetic operations. While with double-word
precision as implemented in [25], the computational cost is greater than evaluating the
complex logarithm, it is still in the same ballpark, and thus is potentially competitive
for high-accuracy computations when compared to quadrature-based approaches.

We can similarly compute the Stieltjes integral S(z) using the following recurrence
on its rows and columns:

Corollary 5.2 The rows and columns of S(z) satisfy a three-term recurrence relation-
ship: for k, j > 0, we have

i j S(z)e j−1 + (2 j + 1)(B − z I )S(z)e j + i( j + 1)S(z)e j+1 = 0,

kS(z)�ek−1 + (2k + 1)(iB − z I )S(z)�ek + (k + 1)S(z)�ek+1 = 0.

That is, we can compute

S p(z) :=

⎛

⎜⎜⎝

S00(z) · · · S0,p−1(z) S0p(z)
S10(z) · · · S1,p−1(z)

... . .
.

Sp0(z)

⎞

⎟⎟⎠

1 The computations were performed on an M2 MacBook Air with a single thread.

123



Newtonian potentials of Legendre polynomials… Page 21 of 30 66

Fig. 2 The worst-case round-off absolute error in computing the Newtonian potential for increasing p using
Algorithm 1 for four different points. The error grows significantly with p, but at a much slower rate for z
near or within the square, which is the regime that traditional quadrature breaks down. Using double-word
(Double64) arithmetic increases the accuracy and allows for roughly machine-precision accuracy inside
the square up to around p = 40 and up to around p = 20 for an adjoining square sharing a corner

using Algorithm 2.
In Fig. 4, we see that the error for the Stieltjes integral (whose real and imaginary

parts give the gradient of the Newtonian potential) behaves loosely similar to the
Newtonian potential, though with larger errors, including within the square. Double-
word arithmetic continues to be effective for evaluating the recurrence with high
accuracy for moderately high p.

Fig. 3 Timing for computing the recurrence with double precision (Float64) and double-word precision
(Double64), comparedwith the cost of evaluating log(s+it) at (p+1)2 points (evaluate kernel), whichwe
use as a proxy for quadrature-based approximations. The computational cost of Algorithm 1 is competitive,
though the round-off error is currently a limiting factor
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Fig. 4 The worst-case round-off absolute error in computing the Stieltjes integrals for increasing p using
Algorithm 2 for four different points. The error behaviour is roughly similar to the Newtonian potential
though with a kink phenomena dependent on the choice of z, likely due to the dependency on z in the
Sylvester equation. Using double-word (Double64) arithmetic increases the accuracy and allows for
roughly machine-precision accuracy inside the square up to around p = 60 and up to around p = 40 for
an adjoining square sharing a corner

Algorithm 2 Computing the Stieltjes integrals for Legendre polynomials up to total
degree p, S p(z) ∈ C

(p+1)×(p+1)

Compute the first row/column of S p(z) using Proposition 3.2. Note that M0(z±1), . . . , Mp+1(z±1) and
M0(−iz±1), . . . , Mp+1(−iz±1) can be computed via the recurrence Corollary 2.5 in O(p) operations.
for � = 0, . . . , 
 p

2 � − 1 do
Compute S�+1,�+1(z), . . . , Sp−�−1,�+1(z) from S p(z)e� and S p(z)e�−1 (for � ≥ 1) using the first

equation in Corollary 5.2.
Compute S�+1,�+2(z), . . . , S�+1,p−�−1(z) from e�

�
S p(z) and e�

�−1S
p(z) (for � ≥ 1) using the

second equation in Corollary 5.2.
end for
return S p(z).

6 Extensions to squares, squaremeshes, and rectangles

We now see how the results allow computation of Newtonian potentials on other
squares and rectangles, which allow for computing on simple rectangular meshes. We
tackle a general square of width and height h using an affine change of variables:

ˆ a+h

a

ˆ b+h

b
f (s, t) log |z − (s + it)|dsdt

= h2

4

ˆ 1

−1

ˆ 1

−1
f

(
a + (s + 1)h

2
, b + (t + 1)h

2

)

× log

∣∣∣∣z −
(
a + (s + 1)h

2
+ i

[
b + (t + 1)h

2

])∣∣∣∣ dsdt

= h2

4

¨
�

f

(
a + (s + 1)h

2
, b + (t + 1)h

2

)

× log

∣∣∣∣
2

h
(z − a − ib) − 1 − i − (s + it)

∣∣∣∣ dsdt
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− h2 log(2/h)

4

¨
�

f

(
a + (s + 1)h

2
, b + (t + 1)h

2

)
dsdt (6.1)

Thus, by expanding the mapped function f
(
a + (s+1)h

2 , b + (t+1)h
2

)
in a Legendre

expansion, we can compute its Newtonian potential from L p
( 2
h (z − a − ib

) − 1− i),
noting that the extra integral term only impacts the first entry by a simplemodification.

Being able to compute Newtonian potentials over general squares allows us to
compute Newtonian potentials over simple meshes, e.g., by dividing the unit square
into smaller squares and summing over the Newtonian potential calculated over each
of the smaller squares. As an example, consider recovering

u(x, y) := e−60(x−1/5)2−50(y−1/10)2 (6.2)

from its Laplacian, which equals

f (x, y) := 8e−60(x−1/5)2−50(y−1/10)2(57−720x+1800x2−250y+1250y2). (6.3)

Because u and f are extremely small outside the unit square, we can approximate

u(x, y) = 1

2π

¨
R2

log ‖x − t‖ f (t)dt ≈ 1

2π

¨
�

log ‖x − t‖ f (t)dt

≈
n∑

k, j=1

ˆ 2k
n −1

2(k−1)
n −1

ˆ 2 j
n −1

2( j−1)
n −1

log ‖x − t‖ f p(t)dt

where f p is an approximation using mapped Legendre polynomials:

f p

(
a + (s + 1)h

2
, b + (t + 1)h

2

)
=

p∑

k, j=0

c(a,b,h,p)
k j Pk(s)Pj (t).

We compute c(a,b,h,p)
k j using the fast Legendre transform in [28], and the Newtonian

potentials are then deducible in closed form from L p(z) using (6.1). In Fig. 5, we
see how the approach converges for different choices of polynomial order p. Using
purely Float64 arithmetic, the approach is still fairly accurate despite the instability,
and we can recover u to around 10 digits, using 100 × 100 sub-squares and p = 6
on each square. If we use DoubleF64 arithmetic to compute L p(z) (whilst still
using Float64 arithmetic for the Legendre transforms), we can recover u to roughly
machine precision using 100 × 100 sub-squares and p = 9 on each square.

Rectangles with differing height and weight, or more generally, parallelograms,
require some modification of the techniques. When we rescale (or possibly rotate) the
rectangle, we can reduce the computation to one over a canonical rectangle:

Lγ

k j (z) :=
ˆ γ

−γ

ˆ 1

−1
Pk

(
s

γ

)
)Pj (t) log(z − (s + it))dtds,
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Fig. 5 The worst-case absolute error in computing the Newtonian potential (divided by 2π ) of f defined
in (6.3) compared with u defined in (6.2) measured at a 4 × 4 grid of points, by dividing the unit square
into n2 squares of size 2/(n + 1) × 2/(n + 1). In each sub-square, the Newtonian potential is computed
by finding the Legendre coefficients via [28] using Float64 arithmetic, where the Newtonian potentials
of the Legendre polynomials L p(z) are computed via Algorithm 1. In the left figure, we use Float64
arithmetic to compute L p(z) and see that there is a limit to the accuracy, though it is accurate to up to 10
digits. In the right figure, we use DoubleF64 to compute L p(z) and achieve roughly machine-precision
accuracy

where γ > 0. The construction in Theorem 3.3 can be readily generalised to these inte-
grals, see Appendix. One thus arrives at two Sylvester equations similar to Lemma 4.2,
now of the form

zLγ (z) = γ ALγ (z) + iLγ (z)B� + F (1),γ (z),

zLγ (z) = γ BLγ (z) + iLγ (z)A� + F (2),γ (z),

where F (1),γ /F (2),γ are simple scalings and small rank perturbations of F (1)/F (2).
The techniques we developed for computing L p(z) will then apply to this modified
setting.

7 Conclusion

We have shown that complex logarithmic and Stieltjes integrals of Legendre polyno-
mials, whose real and imaginary parts contain theNewtonian potential and its gradient,
have a displacement structure. This leads to an extremely fast approach for evaluating
Newtonian potentials on and near the square, though there are issues with round-off
error for large orders. There are a number of directions forwhich this resultmay be use-
ful in real-world computations. One may combine the recurrence-based approach for
evaluating Newtonian potentials on and near the square with quadrature-based tech-
niques away from the square, though the precise switch-over point requires further
investigation.When combinedwith h-refinement, thiswould result in an effective, fast,
and parallelisable approach for computing Newtonian potentials. Initial experiments
on a square mesh have shown this is an effective approach for computing Newtonian
potentials, and with the use of high-precision arithmetic can lead to computations
achieving roughly machine-precision accuracy.
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An arguably more interesting direction would be utilisation of the displacement
structure for faster and more reliable computations, including both near and far from
the square, by overcoming the instability in the recurrence. The exact source of the
instability is not yet clear, though in the one-dimensional case, the recurrences are
known to have a maximal solution given by orthogonal polynomials which satisfy
the same recurrence relationship; hence, the phenomena in the 2D case likely have a
similar cause. In the 1D case, there are classical ways of finding theminimal solution of
three-term recurrences, including Miller’s algorithm and (F.W.J.) Olver’s algorithm,
cf. [11, Section 3.6], but it currently remains unclear how these techniques can be
extended to 2D.

The structure of our system is very similar to that of the Poisson equation as dis-
cretised in [12], which was solved efficiently with the Alternative Direction Implicit
method, which may provide a means for stable computation away from the square.
There is also a recent algorithmwhich avoids inversion [6] whichmay also apply to our
setting. A hiccup in utilising this result is that whilst our matrices have displacement
structure, the right-hand side of the Sylvester equation does not decay rapidly for z in
the square, hence truncation will result in large errors: we need to work with the recur-
rence in an infinite-dimensional way. Another alternative is to use mixed precision
computation, which was introduced for computing an operator arising in fractional
calculus which had displacement structure in [24]. These potential approaches for
stable computation would be significantly slower than the unstable direct recurrence,
however.

Displacement structure also has implications in terms of utilising the matrices in
further computation. It is known that we can perform fast matrix–vector operations
[19], and we further have precise bounds in the decay of the singular values [8, 9],
and there has been recent progress adapting the results to complex matrices [10]. This
latter result tells us that, in principle, we do not need to compute the full matrix, but
rather can approximate it by a low-rankmatrix, whichmay lead tomuchmore efficient
evaluation of Newtonian potentials.

In terms of generalisation of the result, we suspect that complex logarithmic and
Stieltjes integrals applied to orthogonal polynomials on triangles and other simple two-
dimensional geometries have simple recurrence relationships. It seems likely there is
also displacement structure in higher dimensions; however, the derivation based on
complex analysis and Stieltjes integrals is unlikely to generalise. Recent results on
computing power law integrals of orthogonal polynomials on intervals [17] and balls
[18] may facilitate generalisation of displacement structure results, in particular to
power law integrals on squares and cubes. An extension to triangles would facilitate
application of the results to more general geometries, as in the scheme introduced in [4].

Appendix. Modified complex logarithmic integrals for rectangles and
parallelograms

Here, we consider the derivation of recurrence relationships for the integral

Lγ

k j (z) :=
ˆ γ

−γ

ˆ 1

−1
Pk

(
s

γ

)
Pj (t) log(z − (s + it))dsdt,
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following the proof of Theorem 3.3. Mimicking the first recurrence in Theorem 3.3,
we first define

Lγ

k (z) :=
ˆ γ

−γ

Pk

(
s

γ

)
log(z − s)ds = γ

ˆ 1

−1
Pk(t) log(γ [z/γ − t])dt

= γ Lk

(
z

γ

)
+ 2γ log γ δk,

which satisfies the three-term recurrence

zLγ

k (z) = γ 2 z

γ
Lk

(
z

γ

)
+ 2zγ log γ δk

= γ 2 k−1

2k + 1
Lk−1

(
z

γ

)
+γ 2 k+2

2k+1
Lk+1

(
z

γ

)
+γ 2λk(z/γ )+2zγ log γ δk

= γ
k − 1

2k + 1
Lγ

k−1(z) + γ
k + 2

2k + 1
Lγ

k+1(z) + γ 2λk(z/γ ) + 2zγ log γ δk

We can then write Lγ

k j (z) = ´ 1
−1 Pj (t)L

γ

k (z − it) dt so that

zLγ

k j (z) = γ

ˆ 1

−1
Pj (t)(z − it)Lγ

k (z − it) dt + i
ˆ 1

−1
t Pj (t)Lk (z − it) dt

+4z log γ δkδ j

= γ
k − 1

2k + 1
Lγ

k−1, j (z) + γ
k + 2

2k + 1
Lγ

k+1, j (z)

+i
j

2 j + 1
Lγ

k, j−1(z) + i
j + 1

2 j + 1
Lγ

k, j+1(z)

+γ

ˆ 1

−1
Pj (t)λk

(
z − it

γ

)
dt + 4γ log γ δk

(
zδ j − i

3
δ j1

)
.

We can simplify the remaining integral term using

ˆ 1

−1
Pj (t)

(
z − it

γ
± 1

)
log

(
z − it

γ
± 1

)
dt

= 1

γ

ˆ 1

−1
Pj (t)(z ± γ − it) log(z ± γ − it)dt − log γ

γ

ˆ 1

−1
Pj (t)(z ± γ − it)dt

= i

γ

Mj+1(z ± γ ) − Mj−1(z ± γ )

2 j + 1

+μ j (z ± γ )

γ
− 2 log γ

γ

⎧
⎪⎨

⎪⎩

z ± γ j = 0

− i
3 j = 1

0 otherwise

,
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where we used (3.2). Thus, we get

γ

ˆ 1

−1
Pj (t)λ0

(
z − it

γ

)
dt

= i
Mj+1(z − γ ) + Mj+1(z + γ ) − Mj−1(z − γ ) − Mj−1(z + γ )

2 j + 1

+μ j (z − γ ) + μ j (z + γ ) − 2 log γ

⎧
⎪⎨

⎪⎩

2z j = 0

− 2i
3 j = 1

0 otherwise

,

γ

ˆ 1

−1
Pj (t)λ1

(
z − it

γ

)
dt = −4γ δ j

3
,

γ

ˆ 1

−1
Pj (t)λk

(
z − it

γ

)
dt = 0, (k > 1).

For the second recurrence, we first write: Lγ

k j (z) = ´ γ

−γ
Pk(s/γ )Mj (z − s)ds so

that

zLγ

k j (z) =
ˆ γ

−γ

Pk(s)(z − s)Mj (z − s)ds + γ

ˆ γ

−γ

s

γ
Pk

(
s

γ

)
Mj (z − s)ds

= i
j − 1

2 j + 1
Lγ

k, j−1(z) + i
j + 2

2 j + 1
Lγ

k, j+1(z)

+γ
k

2k + 1
Lγ

k−1, j (z) + γ
k + 1

2k + 1
Lγ

k+1, j (z)

+
ˆ γ

−γ

Pk

(
s

γ

)
μ j (z − s)ds.

We have

ˆ γ

−γ

Pk(s/γ )(z−s) log(z−s)ds=γ
Lγ

k+1(z)−Lγ

k−1(z)
2k+1

+γ 2λk

(
z

γ

)
+2zγ log γ δk .

Noting that ˆ γ

x
Pk

(
s

γ

)
ds = γC (−1/2)

k+1

(
s

γ

)
+ γ δk,

if −γ < x < γ we have

ˆ γ

−γ

Pk

(
s

γ

) {
x − s x < s

0 otherwise
ds =

ˆ γ

x
Pk(s/γ )(x − s)ds

= γ 2 x

γ
C (−1/2)
k+1

(
x

γ

)
− γ 2k

2k + 1
C (−1/2)
k

(
x

γ

)
− γ 2 k + 1

2k + 1
C (−1/2)
k+2

(
x

γ

)
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+γ xδk − γ 2 δk1

3

= −γ 2C
(−3/2)
k+2 (x/γ )

3
+ γ xδk − γ 2 δk1

3
.

Thus,

ˆ γ

−γ

Pk

(
s

γ

)
μ0(z−s)ds=γ

Lγ

k+1 (z−i)+Lγ

k+1 (z+i)−Lγ

k−1 (z−i)−Lγ

k−1 (z+i)

2k +1

+4zγ log γ δk

+2iπ y

⎧
⎪⎪⎨

⎪⎪⎩

−γ 2
C(−3/2)
k+2

(
x
γ

)

3 + γ xδk − γ 2 δk1
3 −γ < x < γ and − 1 ≤ y < 1

−2γ xδk + 2γ 2δk1/3 x ≤ −γ and − 1 ≤ y < 1

0 otherwise.

For j �= 0, we have
ˆ γ

−γ

Pk

(
s

γ

)
μ j (z − s)ds

= −4i

3
δkδ j1 − 2iπC (−1/2)

j+1 (y)
ˆ γ

−γ

Pk

(
s

γ

) {
x − s x < s and − 1< y<1

0 otherwise
ds

= −4i

3
δkδ j1

+2iπC (−1/2)
j+1 (y)

⎧
⎪⎪⎨

⎪⎪⎩

γ 2C(−3/2)
k+2

(
x
γ

)

3 − γ xδk + γ 2δk1
3 −γ < x<γ and −1< y<1

−2xδk + 2δk1
3 −1 < y < 1 and x ≤ −γ

0 otherwise

.
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