Advances in Computational Mathematics (2026) 52:66
https://doi.org/10.1007/s10444-026-10327-2

®

Check for
updates

Newtonian potentials of Legendre polynomials
on rectangles have displacement structure

Sheehan Olver’

Received: 7 July 2025 / Accepted: 17 June 2026
© The Author(s) 2026

Abstract

Particular solutions of the Poisson equation can be constructed via Newtonian poten-
tials, integrals involving the corresponding Green’s function, which in two-dimensions
has a logarithmic singularity. The singularity represents a significant challenge for
computing the integrals, which is typically overcome via specially designed quadra-
ture methods involving a large number of evaluations of the function and kernel. We
present an attractive alternative: we show that Newtonian potentials (and their gradi-
ent) applied to (tensor products of) Legendre polynomials can be expressed in terms
of complex integrals which satisfy simple and explicit recurrences that can be utilised
to exactly compute singular integrals, i.e., singular integral quadrature is completely
avoided. The inhomogeneous part of the recurrence has low rank structure (its rank
is at most three for the Newtonian potential) and hence these recurrences have dis-
placement structure. Using the recurrence directly is a fast approach for evaluation
on or near the integration domain that remains accurate for low-degree polynomial
approximations, while high-precision arithmetic allows accurate use of the approach
for moderate-degree polynomials.
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1 Introduction

We consider the Newtonian potential and its gradient over the unit square:

// log [lx —#|| f()dt, // Viogllx —t| f(£)dt
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where Q = {(x, y)T :—1 < x,y < 1}. We also consider Newtonian potentials
over other rectangles and parallelograms. We allow x to be anywhere in R?, including
x € Q. Whenitis far from 2 the kernel is smooth and traditional quadrature techniques
are effective. However, as x approaches 2, the kernels become increasingly singular,
with weak singularities when x € Q.

Computing such integrals has a long history with many effective quadrature
schemes, for example [3-5, 15, 26, 29], see also related methods for the comput-
ing layer potentials (boundary integrals) [1, 7, 16]. We refer the reader for [3, 4, 26]
for recent overviews of existing methodology and a detailed description of their lim-
itations for computing the integrals for x near or on €2, due to the nearly singular or
singular integrals.

In [26], an approach is advocated for computing the integrals via expansions in a
monomial basis, whose conditioning can be controlled up to degree 20. In this paper,
we investigate a closely related alternative: expand f in Legendre polynomials

) =Y D fij Px)Pi(y)

k=0 j=0
J Pyj(x,y)

and compute the integrals

// log ||x — t|| Py (#)dt, // Vlog [lx — t]| Py (¢)dt
Q Q

in closed form, which will be related to a simple recurrence relationship. This
recurrence relationship can be solved extremely fast, albeit with some issues with
ill-conditioning for large k or j. Expansion in Legendre polynomials enjoys numer-
ous advantages over monomials, including the existence of fast and stable transforms
for computing expansion coefficients [2, 21, 28].

To derive the recurrence relationship, we express the Newtonian potential as the
real part of a complex logarithmic integral

Lf(z):= //Qlog(z —(s+1ir)) f(s,t)ds dr

and its gradient in terms of the real and imaginary parts of the Stieltjes integral

Sf(z) :=/ Mdsdt.

Qz—(s+ir)

Thus, particular solutions to the Poisson equation with the (real-valued) right-hand
side f(x, y) are given by

//Qlog lx —¢t]| f(t)dt =Re L f(x +1iy) =~ ZZ SijRe Lj(x +1y).

k=0 j=0
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where Lij(z) := LP;;(z) and we identify x = (x, y) " with z = x +iy. The gradient
can be related to the Stieltjes integral via:

m n

R . R .
//Q Viog |x —t|f(t)dt = (_Ifn) Sfx+in=) > fiy (_Ifn) Sij (x + 1)

k=0 j=0

where Sij(z) 1= SPyj(z). The key observation of this article is that {L;(z)} and
{Skj (z)} both solve simple recurrence relationships that can be used to compute them
exactly.

In particular, we show that the complex logarithmic and Stieltjes integrals of Leg-
endre polynomials have displacement structure. Define the (infinite) matrices

Loo(z) Lio(z) --- So0(z) S10(z) - -~
L(z):= | L) L1i(z) --- S(z) := | S10(2) S () ---

)

We show in Theorem 4.4 that L(z) satisfies a Sylvester equation of the form
CL(z) —iL(x)C" = F(2)

where F(z) has at most rank 3 and C is tridiagonal. We further show in Lemma 4.1
that S(z) satisfies a Sylvester equation of the form

(zI — B)S(z) —iS(z) BT = 4epeq ,

that is the right-hand side has rank 1 and B is also tridiagonal. Displacement structure
is a powerful property with substantial numerical implications, see [6, 810, 19].
The paper is structured as follows:

Section 2 The methodology we develop parallels singular integrals over (one-
dimensional) intervals, in particular, it utilises a simple relationship between complex
logarithmic and Stieltjes integrals. Numerical solution of Stieltjes integrals via recur-
rence relationships has a long history going back to Gautschi [13, 14], see also the
review in [23]. In this section, we give a brief review of these results and extend them
to a modified complex logarithmic integral over a complex interval needed in the
derivation of the results on a square.

Section 3 We show that the Stieltjes integrals Sy; (z) satisfy a simple “5-point stencil”
recurrence relationship by adapting the technique from intervals. By mimicking the
connection between complex logarithmic and Stieltjes integrals used on intervals, we
show that L;(z) simultaneously satisfies two “5-point stencil” recurrence relation-
ships with an explicitly constructed inhomogeneous term. Moreover, we can construct
the boundary cases Sx0(z), So;j(z), Lko(z), and Lo;(z) directly.
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Section 4 The recurrences can be recast as Sylvester’s equations, and the recurrence
relationships for L (z) can be combined in a way thatexposes the displacement structure
in L(z) and S(z).

Section 5 An implication of these results is that we can directly construct Lg;(z) and
Skj(z) by direct substitution in the recurrence relationship. The resulting algorithm
gives an effective and fast approach to construction that is exact. However, in practice,
there are errors due to round-off error, so it may only be effective for z near the
square and for low-degree polynomials. High-precision arithmetic mitigates this issue,
allowing for its effective usage for moderate-degree polynomials.

Section 6 The results can be extended from the unit square to other squares by an
affine change-of-variables. We demonstrate this by computing a Newtonian potential
over a square mesh, recovering a known solution to roughly machine precision. Other
rectangles and parallelograms require modification of the recurrences by a simple
scaling and low-rank perturbation.

Section 7 We conclude by discussing the implications of displacement structure to
both computation of Newtonian potentials and their gradient, as well as the potential
for generalising to other kernels, geometries, and higher dimensions.

Appendix We derive the formula for extension to non-square rectangles.

Remark 1.1 An experimental implementation of the results is available in the Julia
package MultivariateSingularIntegrals.jl [22].

2 Log and Stieltjes integrals on intervals

A classic result (cf. [14]) is that Stieltjes integrals of weighted orthogonal polynomials
satisfy the same three-term recurrence as the orthogonal polynomials themselves, apart
from a simple inhomogeneity. Defining

1
(#)
S-1.11f (@) = f—dt
12—
and Si(z) = Sj—1,11Px(z), the three-term recurrence for Legendre polynomials
(assuming P_1(x) = 0)
P) = s P (0 + o P () @.1)
= e T T g et '

gives us the three-term recurrence for their Stieltjes integrals:

Ly VPt
28:(2) z/ %Pk(t)dt+/ k(t)dt
12— _

12—
=28 + S0+ g 2.2)
TR T e T T g e '
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Note, we also know the initial condition that can be used to kick off the recurrence,
dr
So(z) = / F— =log(z+ 1) —log(z — 1),
12—

thus we can deduce Sk (z) by forward-substitution with the recurrence.
We now demonstrate that a similar process can be used to derive a simple recurrence
relationship for Ly (z) := L[—1,11Px(z) where

1
log(z — 1) f(r)dr,
1

Li-1nf(2):= /

using a construction motivated by [23, Section 7.3]. We first connect the complex
logarithmic integral to the Stieltjes integral of a specific ultraspherical polynomial
[11, Section 18.3]. For A # 0, A > —1/2, the ultraspherical polynomials C,(,A) (x) are
orthogonal with respect to the weight (1 —x2)*~1/2 on [—1, 1] with the normalisation
constant 2" (1), /n! where (1), = I'(A + n)/I'(}) is the Pochhammer symbol. The
definition can be extended to A = —1/2, where the weight is no longer integrable
by an explicit expression in terms of Hypergeometric functions [11, 18.5.9], or more
explicitly by the formula

1 k=0
TPy = - o, =1 (2.3)
—(lixk&c_kl_)z ) otherwise
We will also use the standard extension to A = —3/2 below:
1 k=0
—3x
P (x) = ﬁL:” k=2 (2.4)
x°—3x _
%T_Xz)ch/f)(x) k=3 )
= DE= =) otherwise

We will denote the Stieltjes integral of ultraspherical polynomials as

1 C()t) f
5P () :=/1 Z"_(t)dt.

Since C,El/z) (x) = Pr(x), we have S;(z) = S,il/z) (z), but here we are focussed on
relating Lk (z) to the case with A = —1/2:
Proposition 2.1

log(z+1) +1log(z—=1) k=0

(=1/2)
Li(z) =-S 2) + .
k@) k+1 @ !O otherwise
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Proof Integrating by parts allows us to relate the complex logarithmic integral to the
Stieltjes integral, which is more amenable to computation as:

1 1 F
Lo f (@) =log(z + 1)/1f(t)dt—/1 %dt

where F(x) = fxl f(s) ds. In the case of Legendre polynomials, its indefinite integral
is given in terms of certain ultraspherical polynomials [11, 18.9.19]:

(1 =) )

1
(=1/2)
Py(t)dt =C Sk = k. 2.5
/x % (2) el ()3 Kht D) +36k (2.5)
Thus, since fi] Py (t)dt = 0 when k # 0, we have
1 C(*l/z)(t)
ue = | =M.

For k = 0, we have
(-1/2) b
LO(Z) = 210g(Z + l) — Sl / (Z) _/ Z—tdl,
_1 -

which simplifies to the desired expression. O
This can be used to deduce a simple recurrence relationship:

Theorem 2.2 The complex logarithmic integral of Legendre polynomials satisfies a
three-term recurrence, using the convention L_1(z) = 0:

k—1 k+2
2Li(z) = 5——Li-1(2) + 77— Li3+1(2) + Ak (2)

2k + 1 2k + 1
for
(z—=Dlog(z—1) + (z+1Dlog(z+1) k=0
A(z) == 1 —-2/3 k=1
0 otherwise

Proof We shall deduce the recurrence relationship for Ly (z) using a technique also
advocated in [23, 27]. We employ the recurrence relationship for ultraspherical poly-

nomials
k+2x—1

2(k + 1)

k+1

10 = 2k + 1)

(0 + e, (2.6)
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which remains valid for A = —1/2 (and A = —3/2). Note we have

k=0 2 k=0
/ cP (oydx = / » k=1 dax={2/3 k=2
_ 2, ~(3/2) .
a x(k)cl)k W Stherwise 0  otherwise
2.7
It follows from Proposition 2.1 that
! (~1/2) bl 1/2)
7Ly (2) = —/ Ck+ (t)dt —/ tCk+ (1) dt
12— B A A
use (2.7) use (2.6)
n zlog(z+ 1)+ zlog(z—1) k=0
0 otherwise
Pl (k-1 172 (=1/2)
== —(— C 1)) de
/1Z—t<2k+1 k ()+2k+1 k42 ())
zlog(z +1)+zlog(z—1) k=0
+1-2/3 k=1
0 otherwise
S e F L e
= kg1 1@ gy Ben @)
Jh Ldr +zlogz + 1) +zlogz — 1) k=0
+1-2/3 k=1,
0 otherwise
which simplifies to the desired result. O

To extend the results to 2D, we will need to work with the following variant, where
we complexify the integration variable:

1
M1 f(2) = /llog(z —it) f(t)dt

and My (z) := M|—1,11Px(z). This is a subtle change: writing z = x +1iy, if —1 <
y < 1 and x < O then the integral passes over the branch cut of the logarithm, which
we take to be along the negative real axis. We nevertheless can relate this to £:

Proposition 2.3 For z = x + iy, we have

. f,llf(f)dl x>0ory>1
Mizinf@=Li—111f(—iz) + % -3 f_ll f(0)dt x <O0andy < —1
(fil _3fyl) f(®dt x <O0and—1<y<l
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Proof We use the formula (using the principle value of the argument/phase, i.e., — 7 <
argz < m, see [11, Sections 1.9(1) & 4.2(1)])

im
log(iz) = log |z| +iarg(iz) = logz + —

{1 - <argz <m/2
2

—3 otherwise

to deduce
1 1
/ S(@)log(z —in)dt = / f (@) log(—iz — r)dt
—1 —1

. 1 .
i 1 —n < arg(—iz—1t) <m/2
+ = t dr

2 J F® {—3 otherwise
The result follows by considering the region where —iz —t = y —t — ix is under the
three different cases:

1. Ifx > OthenIm (y—t—ix) = —x < Oandhence —7m < arg(—iz—¢) < 0, whilstif
y > landx <OwehaveRe (y—t—ix) > y—1 > 0and0 < arg(—iz—1t) < m/2.

2. Ifx <0and y < —IthenIm (y—¢—ix) = —x > 0andRe (y—r—ix) < y+1 <0
and hence 7 /2 < arg(—iz —t) < m.If y = —1, the integrand only differs at a
single point, so its value is unchanged.

3. Ifx <0and — 1 <y < 1thenfort < y, we have Re (y — —ix) > 0 whilst for
t > y, we have Re (y —t —ix) < 0 and hence the integrand changes value at the
point y = t. O

Specialising to Legendre polynomials and using (2.7) to simplify the expressions
results in the following:

Theorem 2.4 For z = x + iy, we have

1 x>0o0ry>1
Mi(z) = Li(—iz) +ind; { —3 x <Oandy < —1
-1 x<0and—1<y<1
C,Ejrim(y) x<0and—1<y<1
0 otherwise ’

— 2im

We can deduce a three-term recurrence for My (z) as well:

Corollary 2.5 For z = x + iy, we have

k+2
Mi—1(z) +i Mi1(z2) + i (2)

. n
My(z) =
M) =g 2%+ 1
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for
(z—1log(z =)+ (z+1)log_(z+1) k=0
wi(z) == { —2i/3 k=1
0 otherwise
aimxc P G) x <0and 1<y <1
0 otherwise ’

where we define the logarithm with the other limit along its branch cut:

log_z = {log|z|—in y=0andx <O.

logz otherwise

Proof Considering the different cases, we find that:

(z—1)log(z—1)+(z+i) log_(z+1) =(z — 1) log(—iz — 1) + (z + i) log(—iz + 1)
iz x>0ory>1
+m {-3iz x<0andy < —1
—iz—2 x<0and -1 <y <1

For the k = 0 case, we thus find, using Theorem 2.4,

1 x>0ory>1
ZMo(z) = i(—izLo(—iz)) +imrz { -3 x<0andy < —1
2y—1 x<0and -1 <y<1
=2iL(—iz) + (z — i) log(—iz — 1) 4+ (z + 1) log(—iz + 1)
1 x>0ory=>1
+imrz {3 x <0andy < —1
2y—1 x<0and -1 <y<1
2yiz+2—4Cé_1/2)(y) x<0and —1<y<l1
otherwise

+ (z — ) log(z — 1) + (z + 1) log(z + 1).

=2Mi(z) +x

This reduces to the result when we observe, using (2.3),

2yiz +2 —4C5 P (y) = 2xyi — 2)% +2 — 2(1 — y?) = 2xyi= —2ixC TP ().
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For k > 0, we have, using the three-term recurrence (2.6) to expand yCy, +11/ 2 ),

cy2

IMi(z) = i(—izLy(—iz)) — 2inz {0"“ () x<0and =1 <y<1

otherwise

iA=Ly (—iz) +i kr2 ) (—iz) —2i/38
= — i —iz) — 2i
2k+1 k—1(—iz 2%k + 1 k+1 < k1

1
+ 271 2k+l
0

1/2 —1/2
Aol Py + H20VP () x <0and 1<y <1

otherwise

1/2
i G0 x<0and 1<y <
otherwise

which reduces to the result via Theorem 2.4. O

Remark 2.6 The proceeding theorem may not apply for complex floating-point num-
bers due to the existence of a negative 0: since —i(0.0 4+ iy) = y — 0.0i, some
implementations of the logarithm may be evaluated as if it is below the branch cut.
This can be avoided by specialising the implementation of the logarithm for complex
floating-point numbers.

3 Complex logarithmic and Stieltjes integrals on squares

We now turn to deducing recurrence relationships for the two-dimensional integrals
Skj(z) and Lg;(z).

3.1 Stieltjes integrals

We begin with deriving a recurrence relationship for the 2D Stieltjes integral

. Py (s) P (1)
Skj(z) == //gzZ—(S+1t) ds dz.

Proposition 3.1 The Stieltjes integral Syj(z) satisfies the “5-point stencil” recurrence

relationships, using the convention S_1 j(z) = Sk,—1 = 0:
28k (z) =i—/—"—=35 () +1 J+1 S (2)
kj ] + k,j—1 ] +1 k,j+1
s @+ g @ +4850
S R A T ROV ke

Proof This follows from the three-term recurrence for Sy (z). That is, first note that

Ski = P i@ —————drds = —i 1P Si(—i is)d 3.1
k,(z)—[ k(s)/ P PP s——1[1 x($)S;(—iz +1is)ds. (3.1)
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We, therefore, deduce by writing —iz = —iz + is — is and using the appropriate
three-term recurrences:

1 1
28k (z) = / Py (s) (—iz +1is)S;(—iz +is) ds — i/ sPi(s) Sj(—iz+1is)ds
—1 -1 =

use (2.2) use (2.1)
1 ]+1 1
= Pi(s)Sj—1(—iz+is)d P (s)Sj41(—iz+is)d
2j+1/_1 k($)Sj—1(—iz+1s) s+2j+1/_1 k(8)Sj+1(—iz+is)ds
1 k 1
+28j0/_1Pk(s)ds—i2k+l/_lPkfl(s)Sj(—iz—i—is)ds
k1ot )8 (—iz + is)d
i 5)Si(—iz +1is)ds
41 ) TR
. J 1
— Sy i S,
12j+1 k.j I(Z)+12j+1 k., j+1(2)
+ S -()+k+1S i(z) +46;48
2 1 T o Ty kL Jok
where we used (3.1) to simplify the expression in the last equality. O

To use this recurrence, in practice, we need to know the initial conditions. It turns
out we can deduce these directly in terms of the one-dimensional singular integrals,
which are deducible directly from recurrences:

Proposition 3.2

Sk0(z) = (= DXi(My (=1 — iz) — My(1 — iz)),
Soj(z) =Mj(z+1)—M;j(z—1)

Proof We use the fact that we have an explicit form for So(z):
1
Sko(z) = —i/ Pr(s)So(—iz +is)ds
-1
1
= —i/ Pi(s) [log(1 — iz + is) — log(—iz +is — 1)] ds
-1

1
= i(—l)k/ Pi(s) [log(—1 — iz — is) — log(1 — iz — is)] ds
—1

= (= DMi(Mp(=1 —iz) — Mi(1 — i7)).

Similarly,
1
S0j(2) =/1Pj(t)S()(Z—it)dt
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1
= / Pj(1) [log(l +z —it) — log(z — it — 1)] ds
-1

=Mijz+1)—-M;(z—-1).

3.2 Complex logarithmic integral

The key idea in the one-dimensional complex logarithmic integrals was their reduction
to a Stieltjes integral, which led to a recurrence relationship. Here, we observe that one
can deploy this same technique on two-dimensional complex logarithmic integrals.

Theorem 3.3 The complex logarithmic integral of Legendre polynomials satisfies two
“5-point stencil"-like recurrence relations, using the convention L_1 j(z) = Ly, —1 =
0:

k42 N j+1 M

— Li i+ —L ; — Ly i_ — Ly i F
k l']+2k+l k+1, +1(2'+1 k., j 1+2.+1 k,j+1 (2),

k+1 - j+2 s
T A v "+‘*f+‘(21+1 kj-t T oy et )+ Fig @),

where we take L1 j = Ly, 1 = 0 and have

Mig@—D+M @+ ) —Mj_1(z—1)—M;_1(z+1)
2j + 1
+ujz—D+piz+1),
Fiy)(2) = —4/3,
Fk@(z) =0 fork #0and (k,j) # (1,0),

Liy1(z —1) + Lg1(z +1) — Lg—1(z —1) — Lg—1(z +1)
2k 4+ 1
+ A (z —1) + e (z +1) + Bro(2)

FiP(@) = —4i/3 + foi (2),
FP@ =Py forj#0and (k, j) # 0, 1)

Fo(2) =

FO) =

where

. —1/2
B2 =2iC P ()
CP0)/3—x8+81/3 —1<x<—land —1<y<1
X 4 —2x6k + 2611/3 x<-—land —1<y<1

0 otherwise
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Proof For the first recurrence relationship, we roughly follow the approach of the
two-dimensional Stieltjes integral using the recurrence in Theorem 2.2. First note that
we can write:

1

1 1
Lij(2) =/1 P,-(z)/1 Pi(s) log(z — (s + ir))dsdr =/1 P;(t)Li(z — it)dr.

Therefore, we have:

1 1
zLij(z) = / Pi(t)(z —it)Li(z —it)dt +i/ tP;(t)Li(z —ir)dz
—1 —1

k-1 /1 Pi(t)Li_1(z — it)dt + k2 /1 P;(t)Lis1(z — it)dt
= — i —1(z—1 —_— i —1
2%k + 1 . J k—1(Z %+ 1 . j k+1Z

Li—1,j(2) Li+1,j(2)

J ! j+1 !
i P, 1()Li(z —it)dt-H—— P 1(0)Li(z —it)dt
+12j+1/_1 i—1(1) Li(z — it) +12j+1 /_1 i41(1) Li(z — it)

L, j—-1(2) Li,j+1(2)

1
+/1 Pj(t) A (z —ir)dz.
To compute f_ll P;(t)Ar(z — it)dt, we use Corollary 2.5 to see that

1 1
/ Pi(t)(z —it)log(z —it)dt = zM;(z) — i/ tPj(t)log(z —it)ds
—1 —1

j+2
2j+1
L J+1

M. _
Jj 1(z) ]2j+1

i i

=——M;_ —M; i(2). 3.2
2 1 j I(Z)+2j+1 j+1(2) + 1 (2) (3.2)

. J =
=i

1
Mj_1() +i

21 Mji1(2)

. J
- M; :
12j+1 j+1(2) + 1 (2)

Hence, we can simplify:

1
/ Pi(1)o(z — in)dr
-1

1
=/ Pj(1) [(z—it—Dlog(z—it — 1)+ (z—it+1) log(z — it + 1)] dt
-1
i
BEETES] (Mj_1(z— 1)+ M;_1(z+ 1))
+ﬁ(Mj+1(z—1)+M,-+1(z+1>)+(u,-(z—1>+u,-(z+1)),
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1 1
/ Pij(O)A1(z —in)dr = —2/3/ P;(t)dt = —4/3,
—1 -1
1
/ Pi(O)A(z —it)dt =0, (k> 1).
—1

We have thus successfully derived the first recurrence.
For the second recurrence, we use Corollary 2.5 to reduce the integral. Now write

1

1 1
Lj(z) = /1 Pr(s) /1 Pj(t)log(z — (s +it))dtds = /1 Pi(s)M;(z — s)ds

so that

1 1
z2Lj(z) = / Pr(s)(z —s)Mj(z — s)ds + / sPr(s)Mj(z — s)ds
-1

’j_l/lP()M ( )d+'j+2/1P()M ( )d
=i SYM;_1(z — s)ds +1-— SYM ;i 1(z — s)ds
i1/, k j—1 i1/, k j+1

L j-1(z) L, j+1()

L )d+k+1/1P )Mz —s)d
T Rt A A T B

Li-1,j() Liy1,j(@)

1
+/ Pr(s)pj(z — s)ds.
-1

where (; is defined in Corollary 2.5. We thus need only simplify the last integral.
Note that, using Theorem 2.2,

1 1
/ Pr(s)(z — s)log(z — s)ds = zLi(z) — / s Pr(s)log(z — s)ds
—1 —1

O+ L O+ @ — i L )=t L 11 2)
_2k+1 k—1(Z 2k+1 k+1(Z k(Z 2k+1 k—1\Z 2k +1 k+1(Z

_ Li1(2) — Li—1(2)
— T 1 (2). (3.3)

If -1 < x < 1 we have, using (2.5) and (2.1),

1 . 1 1
/ IO N ds:x/ Pk(s)ds—/ 5 P (s)ds
1 0 otherwise x x

= (5P (x) + 80 £ /IP (s)d k+1/1P (s)d
=xCp W k 2k+1J, k=188)E8 2k+1 J, e
= 2k + 1 T 3 SR
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where the last equality comes from the relationship [11, 18.9.7]
(n+1)CH = AP — cPD)

with A = —3/2. If x < —1 then

! X—5 x<s§ 1 2 k=0
/ Pr(s) o ds = / Pe(s)(x —s)ds = 1-2/3 k=1
1 0 otherwise -1 .
0 otherwise
3.5)

Furthermore,
1 1
/ Pr(s)(z —s)log_(z —s)ds = / Pr(s)(z — s)log(z — s)ds
—1 —1

1 — frd
B 2i7r/ Pe(s) X—s y Oa.mdx <s ds
1 0 otherwise

use (3.4) and (3.5)
_ Lir1 (@) = L1 (@)

2%+ 1 +h(@)
Co) P (0)/3 = x5 +81/3 y=0and —1 <x <1
+ 2im { —2x8¢ + 28¢1/3 y=0andx < —1 . (3.6)
0 otherwise

These combine to give:

1 1
/ Pe(s)toz — s)ds = / Pi(s)(z — i — 5) log(z — i — 5)ds
. -1

use (3.3)

1
+ / Pi(s)(z +i—s)log_(z+1i—s)ds
-1

use (3.6)

1
- d —1 1
+%w/1&@)x P =T s
1 0 otherwise

use (3.4) and (3.5)
 Lii(z =) + L1 (2 +1) — Li—1(z — 1) — Lg—1(z +1)
2k + 1
+A(z — 1) + Ap(z +1)
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(=3/2)
S @ s+ 81/3 y=—land —1 <x <1
+2im \ —2x58; + 2811/3 y=—landx < —1
0 otherwise
P @)/3— xS +6u/3 —1<x<land —1<y<l1
—2imwy § —2x8; + 28;1/3 —l<y<landx < —1
0 otherwise,

where the last two terms can be combined to get the desired result. The computation for
other choices of j is more straightforward: for j # 0, we have (using C;:Lll/ 2) (-1)=0
to ensure consistency when y = —1)

1
/lPk(s)uj(z —s)ds

4 - ! - d—1 1
=—§13k3ﬂ ~2inC} 1/2>(y)/ Pk(S){g §or=san =Y =g
~1

j+l otherwise
4i
=~ 351
C(_S/Z)(x)/3—x8 +6k1/3 —l<x<land —1<y<l
1) k42 k k1 y
+2ir CY P (9) { —2x8¢ + 2841 /3 —l<y<landx <—1

0 otherwise.

To kick off the recurrence, we also need an explicit form for Lgg:

Proposition 3.4
Loo(z) = (1 —2)Mo(z — D) +iMi(z— D+ (1 +2)Mo(z+ 1) —iMi(z+ 1) — 4.

Proof This follows from:

1 1 1
Loo(z) =/1/110g(z—(s+it))dsdt=/ Lo(z —it)dt

1

1
=/ [(1 —z+inlog(z —it — 1) + (1 +z — i) log(z — ir + 1) — 2] dt
-1

=0 -2Moz—D+iMiz—1D)+A+2)Mo(z+1) —iM(z+ 1) — 4.

O

Having two different 5-point stencils allows us to eliminate degrees of freedom.
In particular, we can deduce inhomogeneous three-term recurrence relationships that
give the first row and column:
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Corollary 3.5
-2 k+3
tLio() =3 +1Lk—1,O(Z)+ T L0 +2F0 @) — B @)
ji—2 Jj+3 ) (0
zLoj(z) = 2 - ILOJ 1(z)+12 " lLo,j+1(z)+2F0j (2) — Fy; (2)

Proof The first part follows from multiplying the first formula in Theorem 3.3 by 2
and subtracting the second formula, and the second part follows the other way round.
0

4 Recasting as a Sylvester equation

We can rewrite the recurrence relationhips as (infinite) Sylvester equations. The Stielt-
jes integral for Legendre polynomials has a displacement structure with rank 1:

Lemma 4.1 The (infinite) matrix S(z) satisfies the recurrence

28(z) = BS(z) +iS(z)B" + 4e0eg

for the matrix

0 1
1/3 0 2/3
2/5 0 3/5
B = 3/7 0 4/7

4/9 0

The logarithmic integral for Legendre polynomials satisfies two Sylvester equations
for

F@) FO@) -
FO@) = Fff;) (2) F“>( )
Lemma 4.2

2L(x) = AL@) +iL@B" + FV (),
zL(z) = BL(z) +iL()AT + F®(2)

where B was defined in Lemma 4.1 and

A = 2/7 0 5/7
3/9 0
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Remark 4.3 Note that B is the multication-by-x matrix for Legendre polynomials and
A is the principle subsection of the multiplication-by-x matrix for the ultraspherical

polynomials C ,E_l/ D (x).

We can combine these two recurrences to deduce a single recurrence where the
entire z dependence is in the right-hand side:

Theorem 4.4
CL(z) —iL(z)CT = F(2)

where F(z) == F®(z) — FV(2) has at most rank 3 and

0o 1
~1/3 0 1/3
C—A—B— ~1/5 0 1/5

~1/7 0

Proof The form of the Sylvester equation follows from subtracting the Sylvester equa-
tions in the preceding lemma. The fact that F(z) has rank 3 follows since dropping
the first row and column, we find, for z € €2,

B11(z) P12(2) - -~
F(2)[2:00,2:00] = | B21(2) B22(2) -+

) +1/3

T A(=3/2)
. C (x) ~1)2 —12
= 2i7 373/2(}0 (Cé 1/ )(y) C§ 1/ )(y) .. )
5

which has rank 1 (and similarly for z ¢ ). O

5 Computation via recurrences

The derived recurrence relationships, combined with the fact that we know the first
row and column of L(z) and S(z), lead to a direct routine for computing all of their
entries. In particular, we can infer each row/column from entries in the preceding
row/column:

Corollary 5.1 The rows and columns of L(z) satisfy a three-term recurrence relation-
ship:

iL(Z)ej_l +Q2j+ 1)CL(Z)ej — iL(z)ej+1 =2j+ l)F(Z)ej,
—L(z)Ter1 —i2k +1)CL(2) Tex + L(2) Texy1 = Qk+ DF(2) ey
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We consider computing the truncation up to total degree p:

Loo(z) -+ Lo,p—1(z) Lop(2)
(= | F10F B
LpO(Z)

Note that Corollary 5.1 allows us to deduce the (j + 1)-th column ((k 4 1)-th row)
of L?(z) from the jth column (kth row). We use this in Algorithm 1 to alternatively
filling in a row and column until we have computed all the entries of L”(z). For the
right-hand side, we denote

Fa) (@) -+ By () Fy (2)
(@) (@)
F@P(z) = Fiog @ - Fip @

F;,‘é) (2)

Algorithm 1 Computing complex logarithmic integrals for Legendre polynomials up
to total degree p, L (z) € CP+Dx(p+D)

Construct F(l)'p(z) defined in Theorem 3.3. Note that Mo(z = 1), ..., Mp41(z £ 1) can be computed

via the recurrence Corollary 2.5 in O (p) operations.

Construct F(z)*p(z) also using Theorem 3.3. Note that Lo(z 1), ..., L 4 (z 1) can be computed via

the recurrence in Corollary 2.5, whilst C{~>/? (=3/2) 12 12
y 2.5, whilst C x), ..., ijL2 (x)andC1 ), ..., Cerl )

can be computed via (2.6).

Compute the first row/column of L”(z) using the three-term recurrences as defined in Proposition 3.4

and Corollary 3.5.

for £=0,....5]—1do

Compute Lyy1,041(2), -, Lp—¢—1,¢+1(2) from LP(z)eg and LP (z)eg_y (for £ > 1) using the first
equation in Corollary 5.1.

Compute Lyt ¢+42(2), -, Lgy1, p—e—1(2) from elTLp(z) and eZ_ILp(z) (for £ > 1) using the
second equation in Corollary 5.1.
end for

return L7 (7).

Algorithm 1 is effective for computing Newtonian potentials of Legendre polyno-
mials, by taking the real part of L”(z). As this algorithm computes the values exactly,
the only source of error is round-off error; there are no errors introduced by numerical
approximation. For low order p, the round-off error remains small when z is on or near
the square, see Fig. 1. Here, we compare the computation to a high-precision computa-
tion via Julia’s in-built BigFloat type using 1000 bits of precision (which due to the
exactness of the formula will give more accurate approximations to the true result).
This implies these techniques can be effectively combined with a more traditional
quadrature-based approach for z bounded away from the square, where i-refinement
is used to ensure only low p is needed to resolve the desired function. The round-off
error grows exponentially with p at an increasing rate, the further away z is from
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Newton potential error, p = 5 Newton potential error, p = 10

10712

1010
10 04

1011

1071

Fig. 1 The norm of the round-off absolute error in computing the Newtonian potential for p = 5 (left)
and p = 10 (right) using Algorithm 1 to compute the L?(z) with double precision (Float64) arithmetic.
We see that the approximation is accurate to about 12—15 digits within the square, remains accurate in a
neighbourhood of the square but loses accuracy away from the square, where traditional quadrature becomes
effective

the square, see Fig.2. Using high-precision arithmetic is one approach to mitigating
this issue, and we consider double-word arithmetic (cf. [20]) as implemented in the
Double64 type in [25]. Double-word arithmetic is based on using two traditional
floating-point numbers to capture 106 bits of precision (compared with the 52 bits of
standard double precision), and is very performant.

The recurrence is fast to solve as demonstrated in Fig. 3." As arough comparison, we
compare the cost with that of calculating log(s +it) at (p+ 1)? points, which is a proxy
for the cost of quadrature-based approaches which require kernel evaluation. Putting
aside the round-off errors, the recurrence is faster than the cost of evaluating com-
plex logarithms, as it has significantly fewer special function operations: most of the
computation involves floating-point arithmetic operations. While with double-word
precision as implemented in [25], the computational cost is greater than evaluating the
complex logarithm, it is still in the same ballpark, and thus is potentially competitive
for high-accuracy computations when compared to quadrature-based approaches.

We can similarly compute the Stieltjes integral S(z) using the following recurrence
on its rows and columns:

Corollary 5.2 The rows and columns of S(z) satisfy a three-term recurrence relation-
ship: for k, j > 0, we have

ijS()ej_1 + 2j + (B —z1)S()ej +i(j + DS(2)ej11 =0,
kS(z) Ter—1 + 2k + 1)AB — z1)S(2) Tex + (k + 1)S(2) Texy1 = 0.
That is, we can compute
S00(z) -+ S0,p—1(2) Sop(2)
SP(2) = 519(2) S1,p-1(2)

S10(2)

! The computations were performed on an M2 MacBook Air with a single thread.
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Newtonian potential error, increasing p (Float64) Newtonian p ial error, ir ing p (D 4)
1e+00 1e+00 -
1e-02 . 1e-05 4
1e-04
o 1e-10 .
1e-06 - 1t .
5 sl = 1e-151 1 st
S 1e-08- . . s le . I
° 3 % e o N o
1e-10- . et e 1e-20+ « ot
*. St ° e et
" . .- -
1e-124 * 2=01+02m o | 1 i = z=0.1+02m
e . + z=1.0+1.0m Te-25 St T + z=1.0+1.0im
1e-144 . - © 2=05+1.1im T © 2=05+1.1im
l « 2=-30-30m 1e-30+  2=-30-30m
1e-16-—1 T T T T T T T T T T T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 0 10 20 30 40 50 60 70 80 90 100
P P

Fig.2 The worst-case round-off absolute error in computing the Newtonian potential for increasing p using
Algorithm 1 for four different points. The error grows significantly with p, but at a much slower rate for z
near or within the square, which is the regime that traditional quadrature breaks down. Using double-word
(Double64) arithmetic increases the accuracy and allows for roughly machine-precision accuracy inside
the square up to around p = 40 and up to around p = 20 for an adjoining square sharing a corner

using Algorithm 2.

In Fig. 4, we see that the error for the Stieltjes integral (whose real and imaginary
parts give the gradient of the Newtonian potential) behaves loosely similar to the
Newtonian potential, though with larger errors, including within the square. Double-
word arithmetic continues to be effective for evaluating the recurrence with high
accuracy for moderately high p.

Newtonian potential timings

1e+01 Il
er = recurrence (Float64) .
1e+00 4| « recurrence (Double64) F I,
1e-01 4| * evaluate kernel .
1e-02 R
o 1e-03 r—
E .. .
1e-044 « . ., . ° — T
1e-05 - o
te064 © T 1 °
1e-074 « °
T T T T T
10° 10! 102 103 104
p

Fig.3 Timing for computing the recurrence with double precision (Float64) and double-word precision
(Double64), compared with the cost of evaluating log(s+if) at (p+ 1?2 points (evaluate kernel), which we
use as a proxy for quadrature-based approximations. The computational cost of Algorithm 1 is competitive,
though the round-off error is currently a limiting factor
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Stieltjes error, increasing p (Float64) Stieltjes error, increasing p (Double64)

1e+00 1e+00
3
1e-021 : 1e-05 ]
1e-04+
1e-10-
16-06 1
5 5 te-15-
S 1e-08- g le
(7] (7]
1e-10- 1e-20
te-12 ] + 2-0.1+02m o + 2-0.1+02m
© < 2=1.0+1.0m le-25 < 2=1.0+1.0m
1e-14- . 2205+ 11im . - 2205+ 11im
. . 2=-30-3.0im 1e-307 vt . 2=-30-3.0im
1e-16 — T T T T T T T T T T T T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 0O 10 20 30 40 50 60 70 80 90 100
p p

Fig. 4 The worst-case round-off absolute error in computing the Stieltjes integrals for increasing p using
Algorithm 2 for four different points. The error behaviour is roughly similar to the Newtonian potential
though with a kink phenomena dependent on the choice of z, likely due to the dependency on z in the
Sylvester equation. Using double-word (Double64) arithmetic increases the accuracy and allows for
roughly machine-precision accuracy inside the square up to around p = 60 and up to around p = 40 for
an adjoining square sharing a corner

Algorithm 2 Computing the Stieltjes integrals for Legendre polynomials up to total
degree p, S”(z) € CP+Dx(p+D

Compute the first row/column of S” (z) using Proposition 3.2. Note that M (z£1), ..., Mpy1(z+1) and
My(—=iz%1),..., Mp4(—iz=£1) can be computed via the recurrence Corollary 2.5 in O (p) operations.
for 0=0,....15]—1do

Compute Sg41,041(2), -, Sp—e—1,6+1(2) from SP(z)e; and SP(z)e,—y (for £ > 1) using the first
equation in Corollary 5.2.

Compute S¢y1,042(2), -+, Set1,p—e—1(2) from ezsl’(z) and e;ﬁlsl’(z) (for ¢ > 1) using the
second equation in Corollary 5.2.
end for

return S”(z).

6 Extensions to squares, square meshes, and rectangles

We now see how the results allow computation of Newtonian potentials on other
squares and rectangles, which allow for computing on simple rectangular meshes. We
tackle a general square of width and height 4 using an affine change of variables:

a+h pb+h
/ / f(s,0)log|z — (s +it)|dsdr
a b

Cn ot (s + Dh (t+ Dh
=5 ) (e S )

S PR POREIT

_ (s+Dh @+ Dh

2
}—l(z—a—ib)—l—i—(s—f-it)

x log

x log dsdt
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2
_h 10g(2/h)// ( (s+1)h’b+(t+1)h

5 ) dsdt 6.1)

Thus, by expanding the mapped function f ( + w ,b+ M) in a Legendre

expansion, we can compute its Newtonian potential from L” ( (z—a— 1b) —1-1),
noting that the extra integral term only impacts the first entry by a simple modification.

Being able to compute Newtonian potentials over general squares allows us to
compute Newtonian potentials over simple meshes, e.g., by dividing the unit square
into smaller squares and summing over the Newtonian potential calculated over each
of the smaller squares. As an example, consider recovering

u(x, y) i= e—60(x—1/5)2—50()7—1/10)2 (6.2)

from its Laplacian, which equals
F(x,y) = 8e 600 =1/92=500=1/10 (57 _ 7205 1-1800x% — 250y + 1250y2). (6.3)

Because « and f are extremely small outside the unit square, we can approximate

1 1
u(x.y) = —// log lx — £]Lf (£)dt ~ E//ng lx — £l £ (6)dt

2k _q

2j_
/2(k D _ /M—l IOg ”x_t”fp(t)dt

where f), is an approximation using mapped Legendre polynomials:

(s +Dh (t+ Dh L
fo (a bt ) =5 c]((?’h’h’p)Pk(s)Ri(t).
k.j=0

We compute clga.’b’h’p ) using the fast Legendre transform in [28], and the Newtonian

potentials are then deducible in closed form from L”(z) using (6.1). In Fig.5, we
see how the approach converges for different choices of polynomial order p. Using
purely Float 64 arithmetic, the approach is still fairly accurate despite the instability,
and we can recover u to around 10 digits, using 100 x 100 sub-squares and p = 6
on each square. If we use DoubleF64 arithmetic to compute L”(z) (whilst still
using Float 64 arithmetic for the Legendre transforms), we can recover u to roughly
machine precision using 100 x 100 sub-squares and p = 9 on each square.
Rectangles with differing height and weight, or more generally, parallelograms,
require some modification of the techniques. When we rescale (or possibly rotate) the
rectangle, we can reduce the computation to one over a canonical rectangle:

ij(z) _/ / Pk< ))P () log(z — (s +it))deds,
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Solution errors (Float64) Solution errors (DoubleF64)
1e+004 # s 1e+00 # .
. -
. .
. .
. N . .
1e-05 . . 1e-05 4 . .
. .
<] . <] .
E) . : . E .
.
1e-104 1e-104
.
= p=3 = p=3
p=6 p=6
1e-15 1e-154 ‘
° p=9 e p=9
.
T T T T T T T T T T
1000 10°5 1010 10's 1020 1000 1008 10" 1018 1020
n n

Fig. 5 The worst-case absolute error in computing the Newtonian potential (divided by 27) of f defined
in (6.3) compared with u defined in (6.2) measured at a 4 x 4 grid of points, by dividing the unit square
into n? squares of size 2/(n + 1) x 2/(n + 1). In each sub-square, the Newtonian potential is computed
by finding the Legendre coefficients via [28] using Float64 arithmetic, where the Newtonian potentials
of the Legendre polynomials L?(z) are computed via Algorithm 1. In the left figure, we use Float64
arithmetic to compute L”(z) and see that there is a limit to the accuracy, though it is accurate to up to 10
digits. In the right figure, we use DoubleF64 to compute L”(z) and achieve roughly machine-precision
accuracy

where y > 0. The construction in Theorem 3.3 can be readily generalised to these inte-
grals, see Appendix. One thus arrives at two Sylvester equations similar to Lemma4.2,
now of the form

LY (z) = yALY(z) +iLY (z)B' + FV7 (),
ZzLY(z) = yBLY(2) +iLY ()AT + F®7(2),

where F1)7 /F@7 are simple scalings and small rank perturbations of F(1/F®),
The techniques we developed for computing L?”(z) will then apply to this modified
setting.

7 Conclusion

We have shown that complex logarithmic and Stieltjes integrals of Legendre polyno-
mials, whose real and imaginary parts contain the Newtonian potential and its gradient,
have a displacement structure. This leads to an extremely fast approach for evaluating
Newtonian potentials on and near the square, though there are issues with round-off
error for large orders. There are a number of directions for which this result may be use-
ful in real-world computations. One may combine the recurrence-based approach for
evaluating Newtonian potentials on and near the square with quadrature-based tech-
niques away from the square, though the precise switch-over point requires further
investigation. When combined with /-refinement, this would result in an effective, fast,
and parallelisable approach for computing Newtonian potentials. Initial experiments
on a square mesh have shown this is an effective approach for computing Newtonian
potentials, and with the use of high-precision arithmetic can lead to computations
achieving roughly machine-precision accuracy.
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An arguably more interesting direction would be utilisation of the displacement
structure for faster and more reliable computations, including both near and far from
the square, by overcoming the instability in the recurrence. The exact source of the
instability is not yet clear, though in the one-dimensional case, the recurrences are
known to have a maximal solution given by orthogonal polynomials which satisty
the same recurrence relationship; hence, the phenomena in the 2D case likely have a
similar cause. In the 1D case, there are classical ways of finding the minimal solution of
three-term recurrences, including Miller’s algorithm and (F.W.J.) Olver’s algorithm,
cf. [11, Section 3.6], but it currently remains unclear how these techniques can be
extended to 2D.

The structure of our system is very similar to that of the Poisson equation as dis-
cretised in [12], which was solved efficiently with the Alternative Direction Implicit
method, which may provide a means for stable computation away from the square.
There is also arecent algorithm which avoids inversion [6] which may also apply to our
setting. A hiccup in utilising this result is that whilst our matrices have displacement
structure, the right-hand side of the Sylvester equation does not decay rapidly for z in
the square, hence truncation will result in large errors: we need to work with the recur-
rence in an infinite-dimensional way. Another alternative is to use mixed precision
computation, which was introduced for computing an operator arising in fractional
calculus which had displacement structure in [24]. These potential approaches for
stable computation would be significantly slower than the unstable direct recurrence,
however.

Displacement structure also has implications in terms of utilising the matrices in
further computation. It is known that we can perform fast matrix—vector operations
[19], and we further have precise bounds in the decay of the singular values [8, 9],
and there has been recent progress adapting the results to complex matrices [10]. This
latter result tells us that, in principle, we do not need to compute the full matrix, but
rather can approximate it by a low-rank matrix, which may lead to much more efficient
evaluation of Newtonian potentials.

In terms of generalisation of the result, we suspect that complex logarithmic and
Stieltjes integrals applied to orthogonal polynomials on triangles and other simple two-
dimensional geometries have simple recurrence relationships. It seems likely there is
also displacement structure in higher dimensions; however, the derivation based on
complex analysis and Stieltjes integrals is unlikely to generalise. Recent results on
computing power law integrals of orthogonal polynomials on intervals [17] and balls
[18] may facilitate generalisation of displacement structure results, in particular to
power law integrals on squares and cubes. An extension to triangles would facilitate
application of the results to more general geometries, as in the scheme introduced in [4].

Appendix. Modified complex logarithmic integrals for rectangles and
parallelograms

Here, we consider the derivation of recurrence relationships for the integral
v ol s .
L@ = / / e (;) Pj(1)log(z — (s + ir))dsdt,
-
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following the proof of Theorem 3.3. Mimicking the first recurrence in Theorem 3.3,
we first define

Y s 1
Lﬂ@:=/n1%(;)byz—nmf=V/lﬂﬁﬂqmddy—ﬂwt
—y _
= yLi <y) + 2y log y k.,
which satisfies the three-term recurrence

L} () =y ;Lk <y> +2zy log ¥ 8

k—1 k+2 z
=y’ Lo ()49 =2 L (2 ) 4920z /y) +22y log v 6
y 2k+1 y
k—1

=y y
Yok + 1Lk— —— L@ + ¥ M(z/y) + 22y log v 8

We can then write L,’:j (z) = f_ll Pj(1)L] (z — it) dt so that

1

1
sz(z) = yAIPj(t)(z—it)LZ (Z—it)dt—i—i/ltpj(l‘)Lk (z —ir)de

+4zlog yd;

_y k] @) +yt2
TN (-1 ST 1

J Jj+1
Hi— L}:J 1(Z)+12 +1L}:’j+1(z)

2j+1
i
)dt+4y log y &k (Z(Sj - 581-1).

! z
+y /1 Pj(t) Ak (

We can simplify the remaining integral term using

1
/ Pj(l)(z :i:l)log (Z )dt
-1

(2)

1 /! lo
= —/ Pi(t)(z £y —it)log(z £y —it)dt — 24 P (t)(zL£y —ir)dt

Y J- y _
_iMipGEy) —Mj1(zEy)

y 2j+1

(== i =0
picty) 2logy |77V
+ - —g J :1 3
v v 0 otherwise
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where we used (3.2). Thus, we get

1 .
y/“ 5@no<z ”)m
-1 14

Mjpz—y)+Mjn(z+y)—Mj1(z—y)—M;j—1(z+y)

2j 41
2z j=0
tujz—y)+ujz+y)—2logy -5 j=1

0 otherwise
1 .
— it 4y8;
y/ Pj(h (Z 1>dt=—L,
—1 14

3
1
V/l Pi(t)h (Z

_'[
1>m=0, & > 1).
y

For the second recurrence, we first write: L,}:j (z) = ffy Pr(s/y)Mj(z — s)ds so

that

14
ZL]}:j(Z)Z/ Pk(s)(Z_S)Mj(Z—S)dS+y/
e

s i+2
12j+1 I(Z)+12 +1Lk,j+1(Z)
by K Q+y-FLpyr o

Yokt1 L, Yokt 1 Li,@

+/ Pk( >/¢,(z—s)ds
— y

We have

Ll)</+1 (2) _LZ—l (2)

Vs s
—P| = ) Mj(z—s)ds
yV 14

y
/ Pr(s/y)(z—s)log(z—s)ds= y—+y2)»k <£> +2zy log y k.
—y 2k+1 y

Noting that

Y s
(=1/2)
Py <—>ds=)/c ( >+)/5k,
l y k+1 y

if —y <x < y we have

Y _ y
/ Pk(i) YOS xSy ds=/ Pe(s/y)(x — s)ds
1% 0 otherwise X

-y

2
S22 vk 1 X 2kt 1 12
C - —C —)-y'—cC
y K+l (y) 2k+1 K <y) v 2k +1 k+2

()
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é
+yxd — J/z%
(=3/2)
C (x/v) k1
e e 2.1 T
3 3
Thus,
v s LY  (z—)+LY, , (z+)—L) , (z—1)—L)_, (z+1)
/ P2 o(z—s)ds = k! k+1 k-1 k—1
i 2k +1
+4zy log y &k
()
. —yz%—i—yx&{—yz‘s"?l —y<x<yand —1<y<l1
T2ATY N _2yxdi + 29280 /3 x<-—yand —1<y<1
0 otherwise.

For j # 0, we have

14 S
/ Py (—) wj(z —s)ds
—y y

4 (=12 /V (s) x—s x<sand —l<y<l
= ——606i1 —2inC; Pl — ds
3 ko1 ) —y k v/) |0 otherwise

4i
—5 %1

2~(=3/2)( x
y=C ¥ 2
k+2 (V)—)/X(Sk-i-yTBkl —y<x<yand —l<y<l

- o=1/2) 3
F2A7C5 O ) —2xs + 28% —l<y<landx < -y

0 otherwise
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