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Dynamic Mixture of Finite Mixtures
of Factor Analysers

Margarita Grushanina∗ and Sylvia Frühwirth-Schnatter†

Abstract. Mixtures of factor analysers represent a popular tool for finding struc-
ture in data. While in many applications the number of clusters and latent factors
within clusters is held constant, some recent models automatically infer cluster
and/or factor dimensionalities. This is done by employing nonparametric priors
and allowing the number of clusters and factors to potentially be infinite. Markov
chain Monte Carlo (MCMC) estimation is performed via adaptive algorithms,
where parameters associated with the redundant factors are discarded. The cur-
rent work contributes to the literature by allowing automatic inference on the
number of clusters and cluster-specific factors while keeping both dimensions fi-
nite. For automatic inference on the cluster structure we employ the dynamic
mixture of finite mixtures model with a prior on the number of mixture compo-
nents. Automatic inference on cluster-specific factors is performed by assigning an
exchangeable shrinkage process prior, which can be interpreted as a generalized
cumulative shrinkage process prior for the columns of the factor loading matrices.
Extensive simulation studies and applications to benchmark as well as real data
sets demonstrate that our model outperforms competing alternatives, in particular
those based on the multiplicative gamma process prior, with respect to recovering
the correct number of cluster-specific factors.

Keywords: spike-and-slab prior, exchangeable shrinkage process prior, Indian
buffet process, Pitman-Yor process prior, finite mixture models, telescoping
sampling.
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1 Introduction
Mixtures of factor analysers (MFA) models combine clustering with local dimensional-
ity reduction performed separately in each cluster and are particularly useful for mod-
elling data with complex and nonhomogeneous structure. First works that describe
MFA models appeared already in the 1990s when Ghahramani and Hinton (1996) de-
veloped an expectation-maximization (EM) algorithm for inference on the parameters
of such a model. This algorithm was further developed for the purpose of clustering
high-dimensional data in McLachlan et al. (2003); see also McLachlan and Peel (2000,
Chapter 9). A Bayesian treatment of MFA via a variational approximation was first
considered by Ghahramani and Beal (2000). At the same time, Fokoue (2000) discussed
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2 Dynamic MFMFA

an algorithm for Markov chain Monte Carlo (MCMC) inference of an MFA model, which
was further ameliorated in Fokoue and Titterington (2003). The following years have
seen a fair amount of literature on various versions of MFAs. The most notable ones
include McNicholas and Murphy (2008), who assessed an MFA model in the context of
parsimonious Gaussian mixture models, and Viroli (2010), who introduced a mixture of
factor mixture analysers. The key feature of this model is that it assumes that the data
are generated according to several factor models with a certain prior probability (thus
performing a local dimension reduction at the first level), and that in each factor model
the factors are described by a multivariate mixture of Gaussians (thus performing a
global dimension reduction at the second level).

Determining the number of clusters and the number of cluster-specific factors has
always been a challenging issue. Many authors treat both quantities as known while oth-
ers, like McNicholas and Murphy (2008) and Viroli (2010), run their models for various
numbers of components in the mixture and factors in the factor-analytical part and use
model selection criteria to choose the best fitting model. In an early attempt to find a
way to learn model dimensions from data, Fokoue and Titterington (2003) developed a
Birth-and-Death MCMC algorithm, which uses the fact that the posterior distributions
of both factor models and finite mixture models are invariant to permutations of the
order of their parameters, and thus the collection of their parameters can be viewed as a
point process. More recently, Papastamoulis (2018) introduced an overfitting Bayesian
MFA model, which estimates the unknown number of mixture components assuming
a fixed number of factors. The optimal number of factors is then determined using
information criteria.

The most flexible Bayesian MFA model to date is the infinite mixture of infinite
factor analysers (IMIFA) model introduced in Murphy et al. (2020) that allows auto-
matic inference on both the number of clusters and cluster-specific factors by assigning
nonparametric priors to both cluster weights and cluster-specific factor loadings. For
automatic inference on the number of clusters, the IMIFA model employs a Pitman-
Yor process (PYP) prior, using its stick-breaking representation and a slice sampler
for MCMC estimation. Automatic inference on the number of cluster-specific factors is
achieved with the multiplicative gamma process (MGP) prior of Bhattacharya and Dun-
son (2011) and an adaptive Gibbs sampler is used to facilitate estimation with varying
dimensions. In fact, Murphy et al. (2020) offer an entire family of Bayesian MFA models
which encompass various approaches to model selection regarding both the number of
factors and the number of clusters. These models are briefly reviewed in Section 2.

The automatic inference on the number of clusters and factors achieved with
Bayesian nonparametric priors has the invaluable advantage of solving the model se-
lection problem, but staying within an infinite-dimensional framework comes at certain
costs, both regarding methodological and computational aspects. In many applied sci-
ences, the focus lies on data sets in which the number of mixture components K is
expected to be finite, even if unknown. Recent insights (Alamichel et al., 2024; Miller,
2023) indicate that finite mixtures with a prior on K provide an attractive alterna-
tive to infinite mixtures in this case. Computational issues are, for instance, subjective
truncation criteria on which models based on the MGP prior are highly dependent; see
Schiavon and Canale (2020) for a thorough investigation of this issue.
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In the present paper, we complement the IMIFA family and suggest an innovative
Bayesian MFA model with automatic inference on the number of clusters and cluster-
specific factors, all of which are assumed to be finite but unknown. This is achieved by
replacing the infinite Bayesian nonparametric priors (i.e. PYP and MGP priors) em-
ployed by Murphy et al. (2020) by finite counterparts. This also leads to computational
advantages.

Regarding the mixture part, we employ a mixture of finite mixtures (MFM) model
that assumes that the number of mixture components K is finite but unknown, and
puts a prior on K (Miller and Harrison, 2018). This model class allows inference with
respect to the number of filled components, which can be regarded as the number of clus-
ters in the data. More specifically, we employ the dynamic MFM model introduced in
Frühwirth-Schnatter et al. (2021) where the hyperparameter of the multinomial Dirich-
let prior on the component weights is inversely proportional to K, thus facilitating
more shrinkage with increasing number of components, which leads to the model being
“dynamic” with respect to K. This framework has the computational advantage that
the telescoping sampler of Frühwirth-Schnatter et al. (2021) can be employed, allow-
ing inference to be performed almost entirely within a Gibbs sampler, with only one
hyperparameter requiring a Metropolis-Hastings step, despite K being unknown.

Regarding the factor models in each cluster, we employ a cluster-specific exchange-
able shrinkage process (ESP) prior. Under this prior, the dimensionality of the cluster-
specific factor model is fixed while the number of active factors is unknown and estimated
from the data. As shown by Frühwirth-Schnatter (2023), this prior generalizes the cu-
mulative shrinkage process (CUSP) prior introduced by Legramanti et al. (2020). Such
(generalized) CUSP priors are two-component mixture priors where the spike shrinks
factor loadings toward zero and the spike probability increases as the column index
in the factor loading matrix increases. This allows inference on the number of active
columns in the loading matrix, which can be regarded as the number of cluster-specific
factors. The amount of shrinkage of the prior is controlled by a hyperparameter which
is not fixed as in Legramanti et al. (2020), but learned from the data. However, plugging
a CUSP prior instead of a MGP prior into a Bayesian factor model – suggested as a
future research direction in Murphy et al. (2020) – is not trivial from a computational
viewpoint. The ESP prior has the computational advantage of solely involving Gibbs
steps, even for the unknown hyperparameter in control of shrinkage. It is based on an
intrinsically binary classification problem with a binary latent indicator, improving the
sampler of Legramanti et al. (2020) that involves a potentially high-dimensional latent
categorical variable for classification.

The rest of the paper is organized as follows. Section 2 introduces the general notion
of a Bayesian MFA model, reviews the IMIFA model family, and discusses how to extend
this model class through alternative prior choices. Section 3 outlines the specific prior
choices of our Bayesian MFA model, with details on, respectively, the dynamic MFM
model given in Section 3.1 and the ESP prior given in Section 3.2. Section 4 presents
our four-block MCMC algorithm based on the telescoping sampler. The performance
of our method is illustrated in an extensive simulation study in Section 5 and through
a benchmark data application in Section 6. The paper concludes in Section 7. Techni-
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cal details, additional simulation studies and real data examples are presented in the
Supplementary material (Grushanina and Frühwirth-Schnatter, 2025).

2 Bayesian MFA
In this section, we provide a brief review of Bayesian MFA models and discuss how this
model class can be extended. Given N observations y = (y1, . . . ,yN ) of a multivariate
p-dimensional random variable, a Bayesian MFA model is formulated as follows. It is
assumed that these observations can be grouped into K groups (clusters) and within
each of these K clusters, labelled by k = 1, . . . ,K, the variability of the observations
can be described by Hk latent factors the number of which can vary across clusters. The
model can be formalised in the following way. The variation of the observations within
each cluster k is described by a cluster-specific factor-analytical model:

yn − 𝝁k = Λkfkn + 𝝐n,

where 𝝁k is a p-dimensional vector of cluster-specific means and Λk is a p × Hk-
dimensional cluster-specific factor loading matrix with elements λihk in row i = 1, . . . , p
and column h = 1, . . . , Hk. fkn is a Hk-dimensional vector of latent factors, and 𝝐n is a
p-dimensional vector of idiosyncratic errors. It is usually assumed that the latent factors
are orthogonal, namely:

fkn ∼ 𝒩Hk
(0, IHk

), (2.1)

and that fkn , fks , 𝝐n and 𝝐s are pairwise independent for all n ̸= s. The idiosyncratic errors
are assumed to follow a normal distribution with cluster-specific diagonal covariance
matrices:

𝝐n ∼ 𝒩p(0,Ξk), Ξk = diag(ξ2
1k, . . . , ξ

2
pk). (2.2)

This suggests that conditional on fkn all p elements of yn are independent, so all depen-
dencies between the variables are explained by the common factors fkn . The assumptions
(2.1) and (2.2) imply that the data within each cluster arise from a multivariate normal
distribution. Hence, we can formulate the following mixture model independently for
each observation yn, n = 1, . . . , N :

f(yn |𝝁1, . . . ,𝝁K ,Λ1, . . . ,ΛK ,Ξ1, . . . ,ΞK) =
K∑︂

k=1

ηk𝒩p (yn;𝝁k,Ωk) , (2.3)

where Ωk = ΛkΛT
k + Ξk denotes the cluster-specific covariance matrix of the data and

ηk(k = 1, . . . ,K) are cluster weights with
∑︁K

k=1 ηk = 1. Note that this decomposition
of Ωk into the sum of the cross-covariance matrix ΛkΛT

k and the idiosyncratic error
covariance matrix Ξk is only possible under assumptions (2.1) and (2.2).

The main challenge lies in establishing the values of K and H1, . . . , HK . Most of
the frequentist MFA literature requires the model dimension to be pre-specified, and
usually information criteria are used for model choice. Recently, Murphy et al. (2020)
have demonstrated that it is possible to recover both the number of clusters and cluster-
specific factors from the data in a one sweep algorithm within a Bayesian framework.
To this aim, two classes of prior families, both well-known in Bayesian non-parametric
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inference, are introduced within the MFA framework, namely a Pitman-Yor process
prior to learn the number of clusters and a multiplicative gamma process prior to learn
the number of cluster-specific factors. Below, these prior choices are briefly reviewed
and alternative choices are discussed.

2.1 Learning the number of clusters
To identify the number of clusters, Murphy et al. (2020) assign the PYP prior to the
mixture weights with the stick-breaking representation:

ηk = vk

k−1∏︂
l=1

(1 − vl), vk ∼ ℬ(1 − σ, d + kσ), k = 1, 2, . . . (2.4)

where the reinforcement parameter σ and the concentration parameter d are required
to satisfy the conditions σ ∈ [0, 1) and d > −σ. The PYP a priori assumes K = ∞
components in (2.3) and defines an infinite MFA model. For a given sample size N , only
finitely many components are occupied and the number of clusters, denoted by K+,
is defined as the number of non-empty components. Choosing σ = 0 yields an infinite
MFA based on the Dirichlet process (DP) prior with a concentration parameter equal
to d. Murphy et al. (2020) impose a joint (spike-and-slab) prior on both d and σ to
learn these hyperparameters from the data. This is important for learning the number
of clusters, as recently demonstrated by Ascolani et al. (2023) for DP priors that lack
posterior consistency for the number of clusters if d is fixed (Miller and Harrison, 2013).

It is well-known that both DP and PYP mixtures with σ > 0 imply that the number
of clusters K+ is increasing and diverges as N goes to infinity, with a rate depending
on σ. In the present paper, we are interested in applications in which the data arise
from a moderate number of clusters, even if the sample size increases. As alternatives to
infinite MFAs, the overfitting MFA (OMFA) model suggested by Papastamoulis (2018)
can be applied. In this specification of model (2.3), a large but fixed K is combined with
the symmetric Dirichlet prior η1, . . . , ηK ∼ DirK (αη/K) on the mixture weights. For
appropriate choices of the hyperparameter αη, this yields a sparse finite mixture where
K+ < K with high probability (Frühwirth-Schnatter and Malsiner-Walli, 2019).

Different prior choices on the mixture weights can be characterized and compared
for given hyperparameters by the induced exchangeable partition probability function
(EPPF), defined as the prior p(𝒞|N) over all random partitions 𝒞 = {𝒞1, . . . , 𝒞K+} of the
N observations into K+ clusters, with each cluster 𝒞j containing Nj > 0 observations.
An OMFA specification can be regarded as an “approximation” to an infinite MFA based
on the DP prior, since the EPPF p(𝒞|N,K,αη) of such a model converges to the EPPF
of a DP mixture with concentration parameter αη, given by the Ewens distribution
pDP(𝒞|N,αη), as K increases. On the other hand, the EPPF of an OMFA model with
a given value of K can be matched to the EPPF of a second family of PYP priors,
where the reinforcement parameter σ < 0 and the concentration parameter is equal
to d = K|σ|. In the corresponding stick-breaking representation, stick vK = 1 and
this PYP prior yields a mixture with infinitely many components, of which only K have
non-zero weights, with the symmetric Dirichlet distribution 𝒟K (|σ|) = 𝒟K (d/K) acting
as a prior on the weight distribution (Gnedin, 2010; De Blasi et al., 2015). Based on
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Gnedin and Pitman (2006), we find that the OMFA model of Papastamoulis (2018) with
concentration parameter αη > 0 and K fixed and a Bayesian MFA model with the PYP
prior on the mixtures weights with concentration parameter d = αη and reinforcement
parameter σ = −αη/K imply the same EPPF and are equivalent regarding the implied
prior on the partitions and the number of clusters.

In Section 3.1, we generalize the OMFA specification by putting a prior on the num-
ber of components K, while keeping the symmetric Dirichlet prior DirK (αη/K) as
a conditional prior on the mixture weights, given K. This yields a so-called dynamic
mixture of finite MFA, abbreviated as MFMFA, which is a special case of the class of
generalized MFM introduced by Frühwirth-Schnatter et al. (2021). The latter paper de-
rives many interesting properties of this model class, among them the EPPF p(𝒞|N,αη)
for any given prior p(K). Based on these results, the EPPF of a dynamic MFMFA reads:

p(𝒞|N,αη) = pDP(𝒞|N,αη) ×
∞∑︂

K=K+

p(K)R(K,αη,K+), (2.5)

R(K,αη,K+) =
K+∏︂
j=1

Γ(Nj + αη

K )(K − j + 1)
Γ(1 + αη

K )Γ(Nj)K
,

where pDP(𝒞|N,αη) is the probability mass function (pmf) of the Ewens distribution.
The paper by Greve et al. (2022) derives the induced prior on the number of clus-
ters p(K+|N,αη) and other functionals from this EPPF which are helpful for a deeper
understanding of the clustering behaviour of this specific Bayesian MFA model.

2.2 Learning the number of cluster-specific factors
While the OMFA model of Papastamoulis (2018) is able to learn the number of clus-
ters, it pursues the traditional approach regarding the unknown factor dimensions
H1, . . . , HK . They assume that H1 = . . . = HK = H is fixed and work with the
prior λihk|ϕh ∼ 𝒩 (0, θh), θh ∼ 𝒢−1(g0, h0), h = 1, . . . , H, with a column specific scale
parameter θh that is identical for all clusters. Traditional model selection criteria such
as Akaike, Bayesian or deviance information criteria are then used for selecting H.

The work of Murphy et al. (2020) provides a major improvement over this approach.
They introduce a well-known shrinkage prior on the factor loadings to the framework
of a Bayesian MFA, namely the MGP prior (Bhattacharya and Dunson, 2011) which
allows the factor loading matrix Λk in each cluster to have potentially infinitely many
columns. More specifically, with h = 1, . . . ,∞ denoting the column index, the prior on
the factor loadings λihk in the ith row is formulated for i = 1, . . . , p as follows:

λihk|ϕihk, τhk, σk ∼ 𝒩 (0, ϕ−1
ihkτ

−1
hk σ−1

k ), ϕihk ∼ 𝒢(ν1/2, ν2/2), τhk =
h∏︂

l=1

δlk,

δ1k ∼ 𝒢(a1, b1), δlk ∼ 𝒢(a2, b2), l ≥ 2, σk ∼ 𝒢(ρ1, ρ2), (2.6)

where δlk (l = 1, . . . ,∞) are independent and τhk is a shrinkage parameter for the
h-th column of the k-th cluster-specific loading matrix Λk. The τhks are stochastically
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increasing under the restriction a2 > 1, which favours growing shrinkage as the column
index h increases. At the same time, ϕihk are local shrinkage parameters for the factor
loadings λihk in Λk and are designed to favour sparsity while also preserving non-zero
loadings. Finally, σk is a global cluster-specific shrinkage parameter reflecting the belief
that the overall degree of shrinkage varies across the clusters.

This MGP prior defines a mixture of infinite factor analysers (MIFA) model and, in
combination with the PYP prior on the mixture weights, yields the IMIFA model, while
in combination with the overfitting mixture it produces the OMIFA model (Murphy
et al., 2020). While this model class represents an important benchmark in nonpara-
metric factor models, its implementation comes with certain challenges. First of all, to
learn the cluster-specific factor dimensions Hk in the various components k = 1, . . . ,∞,
a clear-cut decision which factors are active and which ones are inactive is needed. How-
ever, as for any continuous shrinkage prior, only soft thresholding is feasible for a MGP
prior. Following Bhattacharya and Dunson (2011), factor h in cluster k is discarded
during the MCMC sampling if a certain proportion of elements of the h-th column of
the k-th cluster loading matrix Λk lies within an ϵ0 neighbourhood of zero. While this
allows to learn possibly different cluster-specific factor dimensions Hk, the choice of the
truncation criteria can be rather influential, as shown in Schiavon and Canale (2020).
In practice, this makes it rather hard to set the truncation level, in particular, when
working with data sets where there is no clear indication of the probable number of
latent factors. Second, the hyperparameters a1 and a2 in (2.6) control at the same time
both the shrinkage rate and the prior for loadings on active factors, which creates a
trade-off between the need to maintain a rather diffuse prior for the active terms and to
introduce shrinkage for the redundant ones. As illustrated in Durante (2017), this leads
to the problem that the efficient shrinkage conditions imposed on the hyperparameters
provide too strong shrinkage in larger data sets.

For this reason, we consider alternative shrinkage priors for the factor loading matri-
ces in a Bayesian MFA model in the present paper. One such family is the CUSP prior of
Legramanti et al. (2020) which defines an alternative factor model with a priori infinitely
many columns in Λk and largely corrects the drawbacks of the MGP prior. This prior
has not yet been implemented for Bayesian MFA models, but can easily be adjusted
to define an alternative MIFA model (as also mentioned as a possible future research
direction in Murphy et al. (2020)). The CUSP prior is a nonparametric prior on the
variances of the elements of the factor loading matrix and represents a sequence of spike-
and-slab distributions which assign growing mass to the spike as the model complexity
grows. Active loadings are controlled by the slab parameters, while inactive loadings are
controlled by the spike parameters. For any component k of a MIFA model, regardless
whether the number of components K is finite or infinite, the prior on the factor loadings
λihk in the ith row of the h-th column of Λk is formulated for i = 1, . . . , p as follows:

λihk | θhk ∼ 𝒩 (0, θhk),
θhk |πhk ∼ (1 − πhk)pslab(θhk|ϕθ) + πhkδθ∞ , (2.7)

πhk =
h∑︂

l=1
wlk, wlk = vlk

l−1∏︂
m=1

(1 − vmk), (2.8)
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where πhk ∈ (0, 1) is the probability of the spike. Note that the definition of πhk in (2.8)
as a cumulative sum over w1k, . . . , whk implies that the sequence π1k, π2k, π3k, . . . is in-
creasing, pulling in this way all factor loadings a priori toward zero as the column index
h increases, similar in spirit to the MGP prior. Moreover, wlk exhibits the usual stick-
breaking representation of a DP prior (Sethuraman, 1994) where the vhk are generated
independently from a ℬ(1, απ)-distribution. Finally, θhk is a column shrinkage parameter
for the hth column of the cluster-specific factor loading matrix Λk, ϕθ denotes the hyper-
parameters of the slab distribution and θ∞ is fixed in Legramanti et al. (2020) at 0.05.

The CUSP prior and its properties were further studied and generalised in Kowal
and Canale (2023) and Frühwirth-Schnatter (2023) with applications, respectively, in
the context of nonparametric functional bases as well as sparse Bayesian factor analysis.
Their insights are exploited in the present paper in the context of Bayesian MFA.
First of all, the construction of the cluster-specific spike probabilities π1k, π2k, π3k, . . .
from the stick-breaking representation of a DP prior with concentration parameter απ

can be generalized by involving an arbitrary sequence of sticks v1k, . . . , vHk, where H
can be both finite or infinite. Second, the Dirac spike in (2.7) can be replaced by a
continuous distribution pspike(θhk) without affecting the key properties of the prior,
provided that the slab distribution is stochastically dominated by the spike distribution
around 0 (Frühwirth-Schnatter, 2023, Proposition 2.2). The resulting spike-and-slab
prior yields a generalized CUSP prior which can, in principle, be based on the stick-
breaking representation of any finite or infinite mixture. The adaptation of the factor
dimensionality Hk in each cluster k of an MFA model based on a generalized CUSP
prior avoids the ambiguity of the MGP prior, since the “inactive” columns of Λk are
identified as those which are assigned to the spike and Hk is defined as the number of
“active” columns assigned to the slab.

An interesting class of generalized CUSP priors arises from independent sticks vhk ∼
B(ah, bh), h = 1, . . . , H, where the decreasing slab probabilities π⋆

hk = 1 − πhk have a
representation as a multiplicative beta process (Frühwirth-Schnatter, 2023):

π⋆
hk =

h∏︂
ℓ=1

(1 − vℓk) =
h∏︂

ℓ=1

v⋆ℓk, v⋆hk ∼ B(bh, ah), h = 1, . . . , H. (2.9)

Various generalized CUSP priors can be applied for a Bayesian MFA by specific choices
of H and (ah, bh), h = 1, . . . , H in (2.9). Choosing H = ∞ in combination with a beta
prior on the sticks, where ah and bh are constant yields new MIFA models. For instance,
ah = 1 and bh = ατ as in Legramanti et al. (2020) or ah = β and bh = βατ as in Kowal
and Canale (2023) yields MIFA models based on, respectively, a one-parameter (Teh
et al., 2007) or a two-parameter (Ghahramani et al., 2007) Indian buffet process (IBP)
prior. The MCMC procedure introduced by Legramanti et al. (2020) for the CUSP prior
could, in principle, be extended to MIFA, however, such a sampling strategy quickly
becomes computationally intensive. To perform MCMC for the CUSP prior, Legramanti
et al. (2020) truncate the infinite representation (2.7) at a finite upper limit H < ∞
for the number of factors (which can be chosen adaptively during MCMC) by defining
vHk = 1. Despite being an intrinsically binary classification problem, the assignment
of the columns of the factor loading matrices to spike or slab requires in each cluster
data augmentation based on H categorical variables zhk, each with H realisations in
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{1, 2, . . . , H}, based on the discrete prior Pr(zhk = ℓ |wℓk) = wℓk), ℓ = 1, . . . , H. The
number of active columns in the cluster-specific loading matrix Λk is then defined as
Hk =

∑︁H
h=1 I{zhk > h}. As a result, sampling the categorical indicators z1k, . . . , zHk

to perform classifications of all H columns of Λk into active or inactive ones, operates
on a separate H ×H grid for each cluster and requires H2 density evaluations.

Frühwirth-Schnatter (2023) discusses an alternative (generalized) CUSP prior with
finite H which can be used to define the (new) class of mixture of (finite) overfitting fac-
tor analysers (MOFA). In the context of Bayesian MFA, this prior involves the following
sticks:

vhk ∼ B(ah, bh), h = 1, . . . , H, (2.10)

where ah = 1 and bh = ατ (H−h+1)/H. For a wide range of hyperparameters ατ (which
can be learned from the data), this defines a MOFA specification where Hk < H with
high probability. As will be discussed in Section 3.2, prior (2.10) emerges as the CUSP
representation of an ESP prior on the slab probabilities, which is invariant to permu-
tations of the column index within each cluster. Working with the ESP prior, which is
commonly applied in finite sparse Bayesian factor analysis (see e.g. Frühwirth-Schnatter
et al. (2025)), is advantageous from a computational points of view, in particular in the
context of Bayesian MFA. Due to the exchangeability of the weights (rather than the
sticks), classification of the columns into spike and slab involves data augmentation
based on H binary (rather than categorical) variables γ1k, . . . , γHk and requires only
2H density evaluations in each cluster. Finally, it is evident that prior (2.10) converges
to the CUSP prior of Legramanti et al. (2020) with the concentration parameter ατ

approaching the hyperparameter απ as H increases. Hence, a MOFA model based on
the finite generalized CUSP prior (2.10) offers an attractive alternative to the trun-
cated version of the CUSP prior of Legramanti et al. (2020), in particularly from a
computational viewpoint.

3 Extending the IMIFA model family
The clustering properties of any prior on the mixture weights hold, in general, indepen-
dently of the chosen family of component distributions and, therefore, independently of
the prior distribution on the component-specific parameters. Hence, for any Bayesian
MFA, the prior on the factor loadings within each cluster can be chosen independently
from the prior on the mixture weights and a range of new Bayesian MFA models can
be constructed to expand the IMIFA model family introduced by Murphy et al. (2020)
by combining the priors discussed, respectively, in Section 2.1 and Section 2.2. As men-
tioned earlier, any MIFA model can be based on the CUSP prior of Legramanti et al.
(2020) instead of the MGP prior to learn the cluster specific factor dimensions Hk. In
combination with the PYP prior for the number of clusters, this yields an alternative
to the IMIFA model of Murphy et al. (2020) and avoids the drawbacks of the MGP
prior. Efficient computation for this model class can be based on an infinite mixture
of overfitted factor analysers (IMOFA) model, where the PYP prior is combined with
prior (2.10) with a finite, fixed upper limit H for learning the factor dimension Hk in
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each cluster. As discussed, such a model can be regarded as a finite approximation of
an IMIFA model based on the CUSP prior.

In the present paper, we focus on Bayesian MFA models with automatic inference on
the dimensionality of both cluster and factor structure of the data, which, at the same
time, allows to keep both K and H1, . . . , HK finite, while being random variables that
are inferred from the data. To this aim, we employ the dynamic mixture of finite mix-
tures model to identify the cluster structure of the data. For the cluster-specific factor-
analytical part of the model, we rely on the finite generalized CUSP prior introduced
in (2.10) and exploit its relationship to the class of ESP priors (Frühwirth-Schnatter,
2023). We call the resulting novel MFA model a dynamic mixture of finite mixtures of
factor analysers, or dynamic MFMFA for short. In addition to the reasons outlined in
Section 2.1, this choice is also guided by computational considerations. Learning the
number of clusters in a dynamic MFMFA model gives the additional advantage of mak-
ing the MCMC estimation possible almost entirely within Gibbs sampler steps relying
on telescoping sampling and eliminating the need to refer to additional methods such
as slice sampling.

3.1 Dynamic mixture of finite mixtures of factor analysers
Let k = 1, . . . ,K denote the cluster index and h = 1, . . . , H denote the factor indices
within a cluster with H being the maximum possible number of factors in any cluster.
The dynamic MFM model is a mixture model with a prior p(K) on the number of
mixture components K and can be written in the following hierarchical way (Frühwirth-
Schnatter et al., 2021):

K ∼ p(K),

η1, . . . , ηK |K,αη ∼ DirK

(︂αη

K

)︂
, (3.1)

𝝁k |b0,B0 ∼ Np(b0,B0), cluster means for k = 1, . . . ,K,

Sn |η1, . . . , ηK ∼ ℳ(1; η1, . . . , ηK), latent allocation variables for n = 1, . . . , N,

yn |Sn = k,𝝁k,Ωk ∼ 𝒩p(𝝁k,Ωk), for each data point n = 1, . . . , N,

Ωk = ΛkΛT
k + Ξk, cluster covariance matrices for k=1, . . . ,K.

The model is called “dynamic” due to the fact that the Dirichlet concentration param-
eter αη/K is inversely proportional to the number of components K, which favours
more sparse solutions as the number of components grows. Under this model, the joint
distribution of the data y = (y1, . . . ,yN ) has a representation as a countably infinite
MFM with K p-variate Gaussian components:

p(y) =
∞∑︂

K=1
p(K)

N∏︂
n=1

K∑︂
k=1

ηk𝒩p(y;𝝁k,Ωk).

In this framework, K is defined as the (theoretical) number of components in the mix-
ture, while the number of clusters K+ is defined as the number of filled components
that generated the data, namely K+ =

∑︁K
k=1 ℐ{Nk > 0}, where Nk = #{n : Sn = k}

counts the observations generated by the component k. Assigning a prior to K has the
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advantage that both K and K+ are random a priori. Depending both on the number of
observations N and the choice of hyperparameters, they can be close or rather different,
see the detailed investigation in Greve et al. (2022). Having the Dirichlet concentration
parameter decrease with increasing K allows a gap between K+ and K and thus ensures
randomness in the prior distribution of K+ for a broad range of hyperparameters αη.

The EPPF of a dynamic MFMFA has been provided in (2.5). In the limiting case
where the prior p(K) increasingly concentrates all prior mass at K = +∞, this model
converges to an infinite MFA where clustering is based on a DP mixture. An OMFA
model arises as that special case where the prior p(K) puts all prior mass on a fixed
value K = Kf . For more general priors p(K), the connection of the dynamic MFMFA
to infinite MFA based on the PYP prior is of special interest. The EPPF (2.5) arises
from mixing a PYP prior over the reinforcement parameter σK = −αη/K, while the
concentration parameter d = αη is independent of K. Hence, the dynamic MFMFA
model represents a model beyond the class of Gibbs-type priors.

It remains to be discussed how to choose p(K). Following the considerations in
Frühwirth-Schnatter et al. (2021) and Grün et al. (2022), we chose the suggested trans-
lated beta-negative-binomial (BNB) prior K − 1 ∼ BNB(αλ, aπ, bπ), which represents
a hierarchical generalisation of the Poisson, the geometric and the negative-binomial
distributions. The p.m.f. of the prior on K takes the following form for k = 1, 2, . . .:

Pr(K = k) = Γ(αλ + k − 1)B(αλ + aπ, k − 1 + bπ)
Γ(αλ)Γ(k)B(aπ, bπ) (3.2)

where αλ > 0, aπ > 0 and bπ > 0 are hyperparameters. The choice of hyperparameters
can be governed by the desired value of the prior mean E(K) = 1 + αλbπ/(aπ − 1),
which exists as long as απ > 1. An important advantage of this prior is that the three
parameters αλ, aπ and bπ allow simultaneous control over both the expectation and
the tails of the prior on K as well as the implied prior on K+ and its expectation (see
Frühwirth-Schnatter et al. (2021) and Greve et al. (2022) for details on the induced
prior on K+).

Since the hyperparameter αη in the Dirichlet concentration parameter αη/K plays
an important role for the prior distribution induced on the number of filled clusters
K+ and the partitions, we learn it from data by assigning it a prior and updating it
from the posterior distribution in a random walk Metropolis-Hastings step. We choose
the F-distribution prior αη ∼ ℱ(νl, νr) as it is flexible enough to allow various cluster
solutions by modeling the behaviour close to zero and in the tail independently (see
Frühwirth-Schnatter et al. (2021) for further motivation of this prior choice).

3.2 ESP prior on factor loading variances
Frühwirth-Schnatter (2023) introduces the general class of exchangeable shrinkage pro-
cess priors, which take the form of unordered spike-and-slab priors. Adjusted for the
MFA framework, this prior is defined as follows. For each cluster k = 1, . . . ,K, assume
𝝉 k = {τhk ∈ (0, 1) : h = 1, . . . , H} to be a finite sequence of i.i.d. random probabilities.
Let Θk = {θhk}, h = 1, . . . , H be a finite sequence of column-specific shrinkage param-
eters assumed to be independent conditional on 𝝉 k and independent of all τlk, l ̸= h for
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all h. If the prior θhk|τhk takes the following spike-and-slab form:

θhk|τhk ∼ (1 − τhk)pspike(θhk|ϕ0) + τhkpslab(θhk|ϕθ), (3.3)

where ϕ0 and ϕθ are the hyperparameters of the spike and the slab distributions, re-
spectively, then Θk follows an ESP prior. The prior is exchangeable in the sense that it
is invariant to permutations of the column indices h within each cluster and to permu-
tations of the cluster indices k across clusters.

It is often assumed in the literature that the slab probabilities τ1k, . . . , τHk follow a
beta distribution, where the first parameter depends on H. Here, H is the same in all
clusters and can be considered as the maximum possible number of factors allowed by
the data. A typical choice of the beta prior for τhk would be

τhk|H,ατ ∼ ℬ
(︂
b0
ατ

H
, b0

)︂
, h = 1, . . . , H.

This prior was proposed in Frühwirth-Schnatter et al. (2025) in the context of sparse
finite Bayesian factor models. For H → ∞ it converges to the infinite two-parameter
beta prior introduced by Ghahramani et al. (2007) in the framework of Bayesian non-
parametric latent feature models. With b0 = 1, this prior becomes the one-parameter
beta prior employed by Ročková and George (2016), which converges to the IBP prior
for H → ∞ (see Teh et al. (2007) for more details):

τhk|H,ατ ∼ ℬ
(︂ατ

H
, 1
)︂
, h = 1, . . . , H. (3.4)

As shown in Frühwirth-Schnatter (2023), any ESP prior admits a finite generalised
CUSP representation. In the context of our Bayesian MFA model, it is obtained by per-
muting the column index h of the parameters θ1k, . . . , θHk according to the decreasing
slab probabilities τ(1k) > . . . > τ(Hk) for each cluster k. Increasing spike probabilities
πhk for h = 1, . . . , H, as for a CUSP prior, are obtained for each cluster by defining
πhk = 1−τ(hk). Representation (3.3) allows one to choose an upper limit for the number
of factors in each cluster, H, and keep it fixed throughout the entire inference procedure.
By performing the classification between spike and slab independently for each column,
we end up with defining an effective number of active factors Hk in each cluster k,
which is random a priori and a posteriori, typically smaller than H, and varies between
clusters.

The CUSP prior of Legramanti et al. (2020) defined in (2.7) can be considered as the
limiting case, with H → ∞, of the exchangeable spike-and-slab prior (3.3) on θhk|τhk
where τhk arises from prior (3.4). For H → ∞, the hyperparameter ατ has the same
meaning as the hyperparameter απ of the stick distribution of the CUSP prior. However,
while Legramanti et al. (2020) assume a fixed value απ = 5, we adapt ατ to the data
under a generalized beta prime prior,

ατ ∼ β′ (aα, bα, 1, H) . (3.5)

This assumption allows a conjugate analysis and simple updating of ατ , where the
number of active factors H1, . . . , HK+ in all filled clusters serve as sufficient statistics in
a partially marginalised Gibbs step within the MCMC scheme developed in Section 4.
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The relationship between the combined priors (3.3) and (3.4) and the CUSP prior
holds regardless of the distributions of the spike and the slab, both of which are allowed
to depend, respectively, on (random) hyperparameters ϕ0 and ϕθ. Following Legramanti
et al. (2020) and Kowal and Canale (2023), we combine the spike and slab distribu-
tions pspike(θhk|ϕ0) and pslab(θhk|ϕθ) with the conditionally Gaussian prior λihk | θhk ∼
𝒩 (0, θhk) for the factor loadings in row i and column h of the cluster k loading matrix.
This allows to work out the marginal prior for the hth column 𝝀hk = (λ1hk, . . . , λphk)⊤
of the kth cluster factor loading matrix for specific spike and slab priors. For example,
under the slab prior θhk|aθ, bθ ∼ 𝒢−1 (aθ, bθ), a Student-t distribution results for 𝝀hk,
i.e. 𝝀hk|aθ, bθ ∼ t2aθ

(0, bθ/aθIp), while 𝝀hk|a0, b0 ∼ t2a0(0, b0/a0Ip) under the spike
prior θhk|a0, b0 ∼ 𝒢−1(a0, b0). Thus, the full specification of the prior on the factor
loadings in each cluster of the MFA model can be formalised as follows:

λihk | θhk ∼ 𝒩 (0, θhk), where i = 1, . . . , p, h = 1, . . . , H and k = 1, . . . ,K,

θhk | τhk ∼ τhk𝒢−1(aθ, bθ) + (1 − τhk)𝒢−1(a0, b0), (3.6)

τhk|ατ , H ∼ ℬ
(︂ατ

H
, 1
)︂
, ατ ∼ β′ (aα, bα, 1, H) .

Finally, the cluster-specific idiosyncratic variances are assigned the hierarchical prior
ξ2
ik ∼ 𝒢−1(aξ, bξi), bξi ∼ 𝒢(ag, bgi). Further details on prior choices and hyperparameters

are given in the Supplementary material, Appendix A.

For the MCMC estimation, we resort to the usual technique of data augmentation
for ESP priors. We introduce KH latent binary indicator variables γhk, one for each
column h = 1, . . . , H of the loading matrix Λk in each cluster k, to classify the columns
into “active” and “inactive” ones. The indicator γhk takes the value of either zero or
one for each column h = 1, . . . , H and follows the Bernoulli prior P (γhk = 1|τhk) = τhk.

4 Posterior computations and MCMC algorithm
4.1 Nested Gibbs sampler
Despite the relatively complex nature of the model, with separate factor-analytical mod-
els nested within a cluster structure, posterior inference can be done mostly within Gibbs
sampling steps. The sampler consists of four major blocks presented in the Algorithm 1.
In the first block, the partition 𝒞 = {𝒞1, . . . , 𝒞K+} is updated and the number K+
of non-empty clusters is identified. The second block deals with cluster-specific factor
models and consists of two separate steps. In Block 2, step (a), the factor model pa-
rameters are updated for every filled cluster and the number of active factors Hk in
each cluster k = 1, . . . ,K+ is identified via the non-zero elements in the corresponding
columns of the binary indicator matrix 𝜸 = {γhk}, where by 𝜸k we denote the row of 𝜸
that corresponds to cluster k. In the same way, 𝜽k = {θhk, h = 1, . . . , H} denotes the
column-specific shrinkage parameters for the factor loadings in cluster k. In Block 2,
step (b), hyperparameters of the factor model are updated.

In the third block, the new number of mixture components K ≥ K+ is sampled and
the Dirichlet parameter αη is updated via a random walk Metropolis-Hastings (MH)
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Algorithm 1 Telescoping sampling for the dynamic MFMFA model.

Block 1.
(a) Update the partition 𝒞 of the data by sampling latent allocation indicators

Sn for n = 1, . . . , N , from Pr(Sn = k |𝜼K ,𝝁1, . . . ,𝝁K ,Ω1, . . . ,ΩK ,K) ∝
ηk𝒩p(yn;𝝁k,Ωk), k = 1, . . . ,K.

(b) Compute the number of observation points in each cluster Nk = #{n |Sn = k},
the number of non-empty components K+ =

∑︁K
k=1 ℐ{Nk > 0}, and relabel the

components so that the first K+ clusters are non-empty.

Block 2.
(a) For each of the filled clusters k = 1, . . . ,K+ run the factor analytical procedure

with the spike-and-slab prior on factor loadings, sequentially updating fkn , Λk, Ξk,
𝜽k, 𝜸k and 𝝉 k. Conditional on Λk and Ξk update cluster means 𝝁k for the filled
clusters k = 1, . . . ,K+ (see Algorithm 2 for further details).

(b) Update the hyperparameters bξ = (bξ1, . . . , bξp), bθ, b0 and ατ of the factor-
analytical model conditional on K+, 𝜽k, 𝜸k, Ξk and 𝝉 k (see Algorithm 3 for further
details).

Block 3.
(a) Conditional on the partition 𝒞, draw a new value of K ≥ K+ from

p(K | 𝒞, αη) ∝ p(K) α
K+
η K!

KK+(K −K+)!

K+∏︂
k=1

Γ(Nk + αη/K)
Γ(1 + αη/K) , K = K+,K+ + 1, . . . .

(b) Using a random walk MH step, sample αη | 𝒞,K from

p(αη | 𝒞,K) ∝ p(αη)
α
K+
η Γ(αη)

Γ(N + αη)

K+∏︂
k=1

Γ(Nk + αη/K)
Γ(1 + αη/K) .

Block 4.
(a) If K > K+, add K−K+ empty clusters and sample their cluster means 𝝁k and the

corresponding factor model parameters, i.e. Λk and Ξk from the priors.
(b) Sample cluster weights from 𝜼K ∼ 𝒟(αη/K + N1, . . . , αη/K + NK).

step. Finally, in the fourth block, we fill the empty clusters including the parameters of
the underlying factor models from the corresponding priors. Thus, the first and third
blocks are the standard telescoping sampler clustering steps as described in Frühwirth-
Schnatter et al. (2021). As for such an algorithm starting values can be rather influential
in forming the chain path, they are carefully chosen to ensure that the sampler moves
through all areas of high posterior support, see details in the Supplementary material,
Appendix B.1.

Note that in Block 4, step (a) of Algorithm 1, Λk, Ξk, 𝜽k, and 𝝉 k for the added
empty clusters are sampled using, respectively, the hyperparameters bξ = (bξ1, . . . , bξp),
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bθ and b0 learned in Block 2, step (b) of Algorithm 1 from the K+ filled components.
This is a specific feature of the telescoping sampler for MFMs developed in Frühwirth-
Schnatter et al. (2021), which ensures that the hyperparameters of the filled components
inform the hyperparameters of the empty components.

As mentioned above, a separate factor-analytical procedure needs to be run in
Block 2, step (a) for each of the filled clusters 1, . . . ,K+ (full details are provided
in Algorithm 2). The first three steps of Algorithm 2 are standard Gibbs sampler steps
for factor models, with the first step used to update the factors fkn for all observations
n ∈ 𝒞k assigned to cluster k. In the following two steps, factor loadings 𝝀ik in the ith
row of Λk and idiosyncratic variances ξ2

ik are updated for i = 1, . . . , p. Since classifica-
tion in Block 1, step (a) of Algorithm 1 is carried out marginalised w.r.t. the factors fkn ,
it is important to update the factors in the first step of Algorithm 2. In this way, factors
derived for observations currently assigned to a cluster are used in the subsequent steps
of updating the cluster-specific factor loadings and idiosyncratic variances. In step 4 of
Algorithm 2, cluster-specific means 𝝁k are sampled based on the observations assigned
to cluster k and the updated parameters of the cluster-specific factor models.

The remaining steps of Algorithm 2 deal with the classification of the columns of
the cluster-specific factor loading matrices, {𝝀hk}, h = 1, . . . , H, into “active” (assigned
to the slab) and “inactive” (assigned to the spike). As already described in Section 3.2,
this is done by introducing a latent binary indicator γhk for each column h = 1, . . . , H
of each matrix Λk, which takes the value of 0 if the corresponding column 𝝀hk is
assigned to the spike and of 1 if the corresponding column is assigned to the slab. The
classification itself is performed in step 5 of Algorithm 2, where the values 0 or 1 are
assigned to γhk according to the marginal probabilities of 𝝀hk arising from either the
spike or the slab distribution. In step 6, slab probabilities τhk are updated based on the
binary indicators γhk. Finally, in step 7, the cluster-specific factor loading variances θhk
are sampled separately for the columns assigned to the spike and for those assigned to
the slab.

Finally, Algorithm 3 describes the procedure in Block 2, step (b) of Algorithm 1,
where the hyperparameteres of the factor-analytical models are updated based on the
information derived from the K+ filled clusters in Block 2, step (a). Note that in step 5
of Algorithm 3 we marginalise over slab probabilities τhk and sample the hyperparam-
eter ατ of the ESP prior (3.4) using only the information from the classification of the
columns of the factor loading matrices into “active” and “inactive” ones and the cor-
responding number of active factors in each filled cluster, H1, . . . , HK+ (see Frühwirth-
Schnatter (2023) for the single factor model solution). As shown in the Supplemen-
tary material, Appendix B.2, this still allows a conjugate analysis where the posterior
p(ατ |H1, . . . , HK+ , H) given in (4.1) is a generalized beta prime distribution, based on
the prior (3.5), and the numbers of active factors H1, . . . , HK+ in all filled clusters serve
as sufficient statistics. A draw from (4.1) is simply obtained as ατ = HZ/(1−Z), where
the auxiliary variable Z ∼ ℬ (aα + H++, bα + H∞) is sampled from a beta distribution.
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Algorithm 2 Details of the step (a) in Block 2 of the Algorithm 1.
for (k in 1 : K+) do

1. Sample fkn for n : n ∈ 𝒞k from

fkn | − ∼ 𝒩H

(︂
(ΦH + ΛT

k Ξ−1
k Λk)−1ΛT

k Ξ−1
k (yn − 𝝁k), (ΦH + ΛT

k Ξ−1
k Λk)−1

)︂
,

where Ξk = diag(ξ2
1k, . . . , ξ

2
pk) and ΦH = IH .

2. Sample the ith row 𝝀ik of the kth cluster loading matrix for i in (1, . . . , p) from

𝝀⊤
ik|− ∼ 𝒩H

(︂
(Ψ−1

k + ξ−2
ik FkFT

k )−1Fkξ
−2
ik (yi − 1Nkμik)T , (Ψ−1

k + ξ−2
ik FkFT

k )−1
)︂
,

where Ψk = diag(θ1k, . . . , θHk), Fk = {fkn : n ∈ 𝒞k} is a matrix of factors of the cluster
k, yi is a vector of observations of variable i, for which Sn = k, and 1Nk is a vector of
ones.

3. Sample the diagonal elements ξ2
ik of Ξk for i in (1, . . . , p) from

ξ−2
ik |− ∼ 𝒢

(︃
aξ + Nk

2 , bξi + 1
2

∑︂
n:n∈Nk

(yin − μik − 𝝀ikfkn)2
)︃
.

4. Update the cluster-specific mean 𝝁k from 𝝁k | − ∼ 𝒩p(bk,Bk), where

bk = Bk

(︂
B−1

0 b0 + Ξ−1
k

∑︂
n:n∈𝒞k

(yn − Λkfn)
)︂
, Bk = (B−1

0 + Nk Ξ−1
k )−1.

5. Sample the binary indicators γhk for each column {𝝀hk}, h = 1, . . . , H of the loading
matrix as

P (γhk = 0|𝝀hk, b0, ατ ,H) ∝ H

ατ + H
t2a0(𝝀hk;0, (b0/a0)Ip),

P (γhk = 1|𝝀hk, bθ, ατ ,H) ∝ ατ

ατ + H
t2aθ (𝝀hk;0, (bθ/aθ)Ip) .

6. Sample the (unordered) slab probabilities τhk for h in (1, . . . , H):

τhk|γhk ∼ ℬ
(︂ατ

H
+ γhk, 2 − γhk

)︂
.

7. Given γhk and the hth column 𝝀hk of the loading matrix, for each h in (1, . . . , H),
sample θhk|γhk,𝝀hk depending on γhk:

θhk|γhk = 0,𝝀hk ∼ 𝒢−1

(︄
a0 + 1

2p, b0 + 1
2

p∑︂
i=1

λ2
ihk

)︄
,

θhk|γhk = 1,𝝀hk ∼ 𝒢−1

(︄
aθ + 1

2p, bθ + 1
2

p∑︂
i=1

λ2
ihk

)︄
.

end for
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Algorithm 3 Details of the step (b) in Block 2 of the Algorithm 1.
1: Sample bξi for i = 1, . . . , p from

bξi | − ∼ 𝒢
⎛⎝ag + K+aξ, bgi +

K+∑︂
k=1

1
ξ2
ik

⎞⎠ .

2: Calculate the effective number of “active” columns Hk in cluster k as Hk =∑︁H
h=1 γhk. Define H++ =

∑︁K+
k=1 Hk as the total number of “active” columns in

all filled clusters and H∞ = HK+−H++ as the total number of “inactive” columns
in all filled clusters.

3: Sample b0 from

b0|− ∼ 𝒢
⎛⎝a1 + H∞a0, b1 +

K+∑︂
k=1

∑︂
h:γhk=0

1
θhk

⎞⎠ .

4: Sample bθ from

bθ|− ∼ 𝒢
⎛⎝a2 + H++aθ, b2 +

K+∑︂
k=1

∑︂
h:γhk=1

1
θhk

⎞⎠ .

5: Sample ατ |H1, . . . , HK+ , H from a generalized beta prime distribution:

ατ |H1, . . . , HK+ , H ∝ β′ (︁aα + H++, bα + H∞, 1, H
)︁
. (4.1)

4.2 Post-processing and stratification
Before any further inference is performed, the MCMC output should first undergo a
post-processing to resolve the label switching problem inherent in Bayesian inference for
mixture models, to ensure correct grouping of the model components into clusters. We
estimate the number of active components ˆ︁K+ as the mode of the posterior distribution
p(K+|𝒚) derived from all MCMC draws and keep only those draws where the realisation
of K+ is equal to ˆ︁K+. For these draws, label switching between clusters is accounted for
by applying k-means clustering to the point process representation of the MCMC draws
in the spirit of Frühwirth-Schnatter (2011), see Appendix B.3 in the Supplementary
material for details on this procedure.

For inference on the parameters of cluster-specific factor models, these draws are
processed further. First, we estimate the number of factors ˆ︁Hk in each of the K+ clusters
as the mode of the corresponding posterior distribution. In the second step, we remove
all draws in which the number of active factors Hk is not equal to ˆ︁Hk in any cluster.
For the remaining draws, the cluster-specific factor loading matrices exhibit ˆ︁Hk active
and H − ˆ︁Hk inactive columns (with the respective indicators γhk = 1 and γhk = 0),
and we keep only the active columns for further inference. These sparsified cluster-
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Parameter(s) Hyperparameters Hyperparameter values
𝝁k b0,B0 median(y),diag(R2

1, . . . , R
2
p)

K αλ, απ, βπ 1, 4, 3
αη νl, νr 6, 3
ατ aα, bα 6, 2H + 1
ξ2
ik aξ, ag, bgi 1, 3, 100/R2

i

θhk|γhk = 1 aθ, a2, b2 3, 2, 1
θhk|γhk = 0 a0, a1, b1 21, 1, 1

Table 1: Hyperparameter specifications for the MFMFA model. In the prior for 𝝁k, Ri

denotes the range of the data in dimension i.

specific factor loading matrices Λk with Ĥk columns are then used for the calculation
of cluster-specific covariance matrices Ωk = ΛkΛ⊤

k + Ξk, see Section 5.

However, the cluster-specific factor loading matrices Λk are not uniquely identified,
since we did not impose any constraints on these matrices during the MCMC sampling to
prevent rotational invariance. Rather, we apply the MatchAlign algorithm introduced in
Poworoznek et al. (2021) independently in each cluster k to resolve rotational invariance
for the draws of Λk in a post-processing step. More details of this approach are discussed
in Appendix B.3 of the Supplementary material.

5 Simulation study
The performance of the dynamic MFMFA model is first demonstrated on simulation
studies. We consider several different settings to assess the ability of the model to cor-
rectly infer cluster and factor dimensionality of the data. In Section 5.1, we demonstrate
the performance of the model on a range of various settings p, N and Hk on data sets
with balanced cluster sizes and common number of factors. We consider only N > p
settings as this is a precondition for a stable performance of a model based on a mixture
of Gaussian distributions. In the case with p > N , the cluster covariance matrices are
not well defined, which leads to difficulties in both the clustering assignment and factor
model performance. The simulation study in Section 5.2 is more challenging with the
number of cluster-specific factors set to Hk = 0 in some clusters and factor-loading
matrices exhibiting a distinct structure in others. The hyperparameter specifications
are reported in Table 1. The maximum number of factors H is equal to the largest in-
teger that satisfies the variance identification condition of Anderson and Rubin (1956),
H ≤ (p − 1)/2. Unless otherwise specified, the sampler is run for 50, 000 iterations,
with 20% of them discarded as burn-in. In both sections, we compare the performance
of the dynamic MFMFA model with the IMIFA model of Murphy et al. (2020) for all
simulated data sets.

Cluster performance is assessed using the adjusted Rand index (ARI; Hubert and
Arabie (1985)) and the misclassification rate is estimated as the percentage of mis-
labelled observations compared to the true cluster labels used to simulate the data.
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To assess the accuracy of the model in estimating the true cluster-specific covariance
matrices Ω0

k = Λ0
k(Λ0

k)⊤ + Ξ0
k of the data via the estimated covariance matrices

ˆ︁Ωk = 1
M

M∑︂
m=1

Ω(m)
k , Ω(m)

k = Λ(m)
k (Λ(m)

k )⊤ + Ξ(m)
k ,

where Λ(m)
k and Ξ(m)

k are the m-th among the M posterior draws passing the post-
processing procedure described in Section 4.2, we compute for each simulation in each
of the scenarios a Monte-Carlo estimate of the mean squared error (MSE) defined by

MSEΩk
=

p∑︂
i=1

p∑︂
l=i

𝔼((Ωk,il − Ω0
k,il)2 |y)/(p(p + 1)/2).

Following Murphy et al. (2020), the data are standardised before being fed into both
models. More specifically, the data are transformed as ỹn = S−1(yn − m), where m
denotes the vector of means of y and the scale matrix S =

√︁
diag(Sy,1 . . . Sy,p) is

defined from the empirical variances Sy,i of the data yin over n = 1, . . . , N . Given the
true cluster-specific factor loading and covariance matrices Λ0

k and Ω0
k of the original

data, the corresponding matrices then take the form S−1Λ0
k and S−1Ω0

kS−1 for the
transformed data.

5.1 Simulation study 1

The purpose of this simulation study is to evaluate the performance of our model on
data sets of various sizes, i.e., under various settings of p, N and Hk, with the clusters
approximately equally sized, but not very well separated from each other, and the same
number of factors in each cluster. Three different settings of (p,N,Hk) are considered,
namely (20, 100, 4), (30, 200, 7), and (50, 500, 10), to evaluate the performance of the
model against an increasing dimensionality of the data set.

The data are simulated with K+ = 3 clusters and cluster weights 𝜼3 = (1/3, 1/3, 1/3).
The model parameters are simulated as ξ2

ik ∼ 𝒢−1(2, 1) and 𝝀⊤
ik ∼ 𝒩4(0, I4) for all i

and k. To ensure that clusters are overlapping, the means are generated similarly to
Murphy et al. (2020) as 𝝁k ∼ 𝒩p((2k − 4)1, Ip). Each yn, n = 1, . . . , N , is simulated
from a conditional mixture model with fkn ∼ 𝒩4(0, I4):

p(yn |{𝝁k,Λk, fkn ,Ξk},𝜼K+
) =

K+∑︂
k=1

ηk𝒩p

(︁
yn;𝝁k + Λkfkn ,Ξk

)︁
.

To test the robustness of the model performance, each simulation setting was replicated
25 times and each time a new data set was generated. As the cluster-specific parameters
Λk and Ξk could induce some degree of separation between clusters, pairwise scatter
plots of a randomly chosen data set are shown in Figure 1 to demonstrate the extent of
overlap between clusters. For the sake of clear visibility, five randomly chosen variables
from a data set with p = 20 variables and N = 100 observations are depicted. For the
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Figure 1: Pairwise scatter plots of five randomly chosen variables from one of the repli-
cate data sets with p = 20 and N = 100 demonstrating the overlap between the three
clusters.

(50, 500, 10) setting we ran the sampler for 75, 000 iterations as convergence was slower
to achieve for a larger data set. As in other settings, 20% of the draws were discarded
as burn-in.

To provide some benchmark, we compare the performance of our dynamic MFMFA
model with the IMIFA model of Murphy et al. (2020) by running the R-package IMIFA
on exactly the same 25 simulated data sets. As the IMIFA R package offers the full
family of models, we restricted the choice of model to the most flexible MFA model,
namely the IMIFA, to ensure better comparability, and set the PYP parameters of the
IMIFA model, namely σ and d, to be learned from data. The hyperparameters of the
MGP prior are left as default, i.e. a1 = 2.1 and a2 = 3.1. We run the IMIFA model for
exactly the same number of iterations as the dynamic MFMFA model.

The results provided in Table 2 demonstrate that the dynamic MFMFA model per-
forms well for all three settings of (p,N,Hk), exhibiting the capability to uncover the
true structure of the simulated data in most cases. The partition has been identified cor-
rectly in all replicates for all settings of (p,N,Hk). The number of cluster-specific factors
was occasionally slightly overestimated for the larger settings of (p,N,Hk), however, in
most cases it was recovered correctly. In general, the model exhibited stable perfor-
mance both on small- and medium-sized data sets. The MSEs of the cluster-specific
covariance matrices provided in Table 3 are in all three cases very small, with the es-
timation becoming more exact as the size of the data set grows. This shows that the
model generally correctly recovered the data structure even in the very few cases where
the number of cluster-specific factors was slightly under- or overestimated.
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p,N,Hk Model ˆ︁K+ ˆ︁H1 ˆ︁H2 ˆ︁H3 ARI
(20, 100, 4) MFMFA 3 [3, 3] 4 [4, 4] 4 [4, 4] 4 [4, 4] 1 [1, 1]

IMIFA 3 [3, 3.1] 5 [4.2, 5] 5 [5, 5] 5 [5, 5] 1 [1, 1]
(30, 200, 7) MFMFA 3 [3, 3] 7 [7, 7.8] 7 [7, 8] 7 [7, 8] 1 [1, 1]

IMIFA 3 [3, 3] 8 [7.6, 8] 8 [7.6, 8] 8 [7, 8] 1 [1, 1]
(50, 500, 10) MFMFA 3 [3, 3] 10 [10, 11] 10 [10, 11.8] 10 [10, 12] 1 [1, 1]

IMIFA 3 [3, 3] 11 [11, 11] 11 [11, 11] 11 [11, 11] 1 [1, 1]

Table 2: Simulation results for the dynamic MFMFA and the IMIFA models under
different settings for the number of variables p, observations N and latent factors in
each cluster Hk. The true number of clusters is K+ = 3. The performance of ˆ︁K+ andˆ︁Hk is based on modal estimates. For each performance measure, we report the median,
and the 5% and the 95% quantiles (in brackets) across 25 simulated data sets. Clustering
performance is assessed via the ARI against the known cluster labels.

p,N,Hk MSEΩ1 MSEΩ2 MSEΩ3

(20, 100, 4) 0.027 [0.017,0.046] 0.027 [0.020,0.036] 0.032 [0.021,0.064]
(30, 200, 7) 0.017 [0.011,0.022] 0.016 [0.011,0.021] 0.016 [0.012,0.021]
(50, 500, 10) 0.006 [0.006,0.009] 0.007 [0.006,0.009] 0.007 [0.006,0.009]

Table 3: Cluster-specific MSEs of the covariance matrices estimated by the dynamic
MFMFA model under three different setting of p,N,Hk.

The clustering performance of the IMIFA model is also excellent. Only in one case
out of 25, the IMIFA model estimated 5 instead of 3 clusters. In the factor-analytical
part, however, it shows a tendency to slightly overestimate the number of cluster-specific
factors compared to the dynamic MFMFA model. This can be attributed to the intrinsic
inefficiency of the MGP prior described in Section 2.2. Cluster-specific MSEs for the
IMIFA model are not reported as the output provided by the IMIFA package does not
easily facilitate calculation of the MSE as described in Section 5.

5.2 Simulation study 2
In this section, we present a simulation study which illustrates settings where the dy-
namic MFMFA model performs clearly better than the IMIFA model. We consider two
different scenarios to assess the comparative performance of the two models in chal-
lenging settings, i.e. small data sets with overlapping clusters, structured factor loading
matrices, and diagonal covariance matrices in some of the clusters. For each scenario,
we generate 25 replicate data sets.

In the first scenario, we generate a data set with p = 20 variables, T = 100 observa-
tions, and 4 equally weighted clusters of which two contain Hk = 4 factors each and two
contain zero factors (which means that the cluster-specific covariance matrices in these
cases are diagonal). The idiosyncratic errors are generated from 𝒩 (0, 1). The non-zero
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Scenario Model ˆ︁K+ ˆ︁H1 ˆ︁H2 ˆ︁H3 ˆ︁H4 ARI Err. (%)
Sc. 1 MFMFA 4 [4, 4] 3 [2, 4] 3 [2, 4] 0 [0, 0] 0 [0, 0] 1 [1, 1] 0 [0, 0]

IMIFA 4 [4, 9.8] 4 [3.9, 5] 5 [4, 5] 2 [0, 2] 2 [0, 2] 1 [0.79, 1] 0 [0, 21.2]
Sc. 2 MFMFA 4 [4, 4.8] 5 [5, 5] 5 [5, 5] 0 [0, 0] 0 [0, 0] 1 [0.98, 1] 0 [0, 2]

IMIFA 4 [4, 7.4] 6 [6, 6] 6 [6, 6] 1 [0, 2] 0 [0, 2] 1 [0.92, 1] 0 [0, 8.9]

Table 4: Simulation results for two different scenarios. The true number of clusters is
K+ = 4. The true number of factors is H1 = H2 = 4 and H3 = H4 = 0 for scenario 1,
and H1 = H2 = 5 and H3 = H4 = 0 for scenario 2. The performance of ˆ︁K+ and ˆ︁Hk is
based on modal estimates. For each performance measure, we report the median, and
the 5% and the 95% quantiles (in brackets) across 25 simulated data sets. Clustering
performance is assessed via the ARI and the percentage error rate against the known
cluster labels.

factors are generated as fkn ∼ 𝒩4(0, I4). The factor loadings are generated in a similar
manner to one of the simulation study scenarios in Frühwirth-Schnatter et al. (2023).
More specifically, they form two blocks, with the first 10 variables loading on factors 1
and 2 and the remaining 10 variables loading on factors 3 and 4. The non-zero factor
loadings are generated as λihk = (−1)bihk(2 + 0.1𝒩 (0, 1)), where the exponent bihk is
a binary variable with Pr(bihk = 1) = 0.3. The maximum possible number of factors is
set as H ≤ (p− 1)/2, which in this case is 9. We run the sampler for 75, 000 iterations
and discard 30% of them as burn-in.

The second scenario contains a data set with p = 20 variables, T = 120 observations,
and 4 equally weighted clusters of which two contain each Hk = 5 factors and two
contain zero factors. As in the previous scenario, the idiosyncratic errors are generated
from 𝒩 (0, 1), and the non-zero latent factors are generated as fkn ∼ 𝒩5(0, I5). The
factor loadings are also generated in a similar way to the previous scenario, with a
difference that in the clusters with a non-diagonal covariance matrix, one factor (a
so-called market factor) has significant loadings on all 20 variables. The remaining
four factors have significant loadings assigned in the following way: the first factor
has significant loadings on variables 1–6, the second on variables 6–11, the third on
variables 11–16, and the fourth on variables 16–20. Again, as in the previous scenario,
the maximum possible number of factors is set as H ≤ (p− 1)/2 and the sampler is run
for 75, 000 iterations with 30% of them discarded as burn-in.

We run the IMIFA model on exactly the same 25 replicate data sets for each sce-
nario, with the same number of iterations as the dynamic MFMFA model and the model
settings as described in Section 5.1. The results provided in Table 4 show a distinct ten-
dency of the IMIFA model to struggle with identifying clusters with diagonal covariance
matrices. This is especially evident in the first scenario, where the median number of
factors in such clusters is two. Also classification results are better in the case of the
dynamic MFMFA model: it delivers perfect classification in all 25 replicate data sets
in scenario 1, and overestimated the number of clusters only in two cases out of 25 in
scenario 2 estimating five and six clusters, respectively. The IMIFA model overestimated
the number of clusters six times in scenario 1 and four times in scenario 2, identifying
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up to 13 clusters. This higher frequency of misclassifications of IMIFA is also reflected
in the 5% and 95% quantile estimations of the ARI (0.79 and 0.92 for the 5% quantile)
and error rate (21.2% and 8.9% for the 95% quantile).

To conclude, the dynamic MFMFA model exhibits more reliable performance than
the IMIFA model on data sets which are small in both the number of variables and obser-
vations, and contain clusters with zero factors (diagonal covariance matrices). However,
when data dimensions increase, the difference in performance between the two models
becomes less pronounced, and both models deliver comparable results with IMIFA only
slightly tending to overestimate the number of cluster-specific factors. Additional sim-
ulation studies in Appendix C of the Supplementary material confirm these results on
data with differently sized clusters and varying number of cluster-specific factors.

6 Italian olive oils data set
The Italian olive oils data set (Forina et al., 1983) has been widely used in the literature
for testing clustering and MFA models (see, e.g. Murphy et al. (2020)) and is available
in the R package FlexDir. The data describe the composition of eight fatty acids in
N = 572 Italian olive oils, which originate from three areas: northern Italy, Sardinia,
and southern Italy. Each area breaks down into several regions: northern Italy comprises
Umbria and east and west Liguria; Sardinia is divided into inland and coastal Sardinia;
and southern Italy is composed of north Apulia, Calabria, south Apulia, and Sicily. This
induces us to presume that classification should most likely reflect a combination of area
and/or region structure with the number of clusters arguably between three and nine,
or anyway not exceeding nine by far. Due to a rather small number of p = 8 variables
in the data set, the initial number of cluster-specific factors in the MFMFA algorithm,
which is usually set at H = ⌊(p− 1)/2⌋, was replaced by H = p.

We compare the performance of our model with the three other MFA models. The
first model is the IMIFA model, which is the only one that can be compared with
our model in terms of flexibility, as it also provides fully automatic inference on the
number of clusters and cluster-specific factors and allows the number of factors to differ
between clusters. The other two models, namely, parsimonious Gaussian mixture models
(McNicholas and Murphy, 2010), fit via the R package pgmm (McNicholas et al., 2018),
and overfitting Bayesian mixtures of factor analysers (Papastamoulis, 2020), fit via the R
package fabMix, only allow the same number of factors in each cluster. The two latter
models represent a collection of models with different restrictions on the covariance
structure (see details in McNicholas and Murphy (2010) and Papastamoulis (2020)). To
ensure the best possible comparability, we chose the fully unrestricted model (denoted as
“UUU” model in both papers) which represents an MFA covariance structure equivalent
to the one in the dynamic MFMFA model. For both the parsimonious Gaussian mixture
model and the IMIFA model, we chose the k-means option for initial clustering, as the
same way of initialising clustering was employed in the MFMFA model. For the sake of
simplicity, we will refer to the models by the names of the R packages which were used
to fit them. The data are standardised before being fed into all models, and the MCMC
sampler is run for 50, 000 iterations with 20% of them discarded as burn-in. For the
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Model # clusters # factors ARI ARI
(areas) (regions)

Dynamic MFMFA 4 5, 3, 6, 6 0.89 0.55
IMIFA 6 3, 4, 2, 3, 6, 6 0.56 0.79
pgmm 5 5 0.59 0.76
fabMix 5 4 0.59 0.76

Table 5: Results of fitting the dynamic MFMFA model against a range of benchmark
MFA models on the Italian olive oils data set. Note that the number of factors is
estimated to be same for all clusters in pgmm and fabMix by model design.

Dynamic MFMFA
Cluster 1 2 3 4
Northern
Italy

151 0 0 0

Sardinia 0 98 0 0
Southern
Italy

0 0 28 295

IMIFA
Cluster 1 2 3 4 5 6
Northern
Italy

42 61 48 0 0 0

Sardinia 0 0 0 98 0 0
Southern
Italy

0 0 0 0 128 195

pgmm
Cluster 1 2 3 4 5
Northern
Italy

88 63 0 0 0

Sardinia 0 0 98 0 0
Southern
Italy

0 0 0 122 201

fabMix
Cluster 1 2 3 4 5
Northern
Italy

60 91 0 0 0

Sardinia 0 0 98 0 0
Southern
Italy

0 0 0 122 201

Table 6: Confusion matrices between the estimated and presumed cluster assignments
to three areas of the Italian olive oils data set. The estimated cluster assignments are
provided by the dynamic MFMFA, IMIFA, pgmm and fabMix models.

dynamic MFMFA model, the same values of hyperparameters were used as reported in
Table 1 for the simulated data.

Table 5 presents the results of applying all four MFA models to the Italian olive
oils data, while Table 6 and Table 7 present the confusion matrices between the es-
timated partition and that into areas or regions, respectively. Interestingly, clustering
performance exhibited by the dynamic MFMFA model is closer to the partition into
three larger areas, while the clustering performance exhibited by the other three mod-
els is closer to the partition to the nine smaller regions. With respect to the partition
into areas, the dynamic MFMFA delivered a classification with an ARI of 0.89. Only
southern Italy was divided into two clusters, with most of the data points corresponding
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Dynamic MFMFA
Cluster 1 2 3 4
Umbria 51 0 0 0
East Liguria 50 0 0 0
West Liguria 50 0 0 0
Inland Sar-
dinia

0 65 0 0

Coastal Sar-
dinia

0 33 0 0

North Apulia 0 0 23 2
South Apulia 0 0 0 206
Calabria 0 0 0 56
Sicily 0 0 5 31

IMIFA
Cluster 1 2 3 4 5 6
Umbria 39 11 0 0 0 0
East Liguria 0 50 0 0 0 0
West Liguria 3 0 48 0 0 0
Inland Sar-
dinia

0 0 0 65 0 0

Coastal Sar-
dinia

0 0 0 33 0 0

North Apulia 0 0 0 0 25 0
South Apulia 0 0 0 0 11 195
Calabria 0 0 0 0 56 0
Sicily 0 0 0 0 36 0

pgmm
Cluster 1 2 3 4 5
Umbria 51 0 0 0 0
East Liguria 37 13 0 0 0
West Liguria 0 50 0 0 0
Inland Sar-
dinia

0 0 65 0 0

Coastal Sar-
dinia

0 0 33 0 0

North Apulia 0 0 0 25 0
South Apulia 0 0 0 12 194
Calabria 0 0 0 56 0
Sicily 0 0 0 36 0

fabMix
Cluster 1 2 3 4 5
Umbria 10 40 0 0 0
East Liguria 50 0 0 0 0
West Liguria 0 51 0 0 0
Inland Sar-
dinia

0 0 65 0 0

Coastal Sar-
dinia

0 0 33 0 0

North Apulia 0 0 0 25 0
South Apulia 0 0 0 9 197
Calabria 0 0 0 55 1
Sicily 0 0 0 33 3

Table 7: Confusion matrices between the estimated and presumed cluster assignments
to nine regions of the Italian olive oils data set. The estimated cluster assignments are
provided by the dynamic MFMFA, IMIFA, pgmm and fabMix models.

to the north Apulia region being placed in a separate cluster. In terms of partitioning
into smaller regions, the closest clustering performance was delivered by IMIFA with an
ARI of 0.79. Most data points corresponding to three northern regions were placed into
separate clusters, while north Apulia, Calabria and Sicily were all placed in one cluster.
The other two models, namely pgmm and fabMix, also placed north Apulia, Calabria
and Sicily mostly in one cluster while northern Italy was split between two clusters. All
models put Sardinia into a separate group, which probably indicates that olive oils from
that region have distinguishably different chemical characteristics.

Regarding the number of cluster-specific factors, the results of all four models were
close. Both the dynamic MFMFA and IMIFA model estimated three factors in the
cluster corresponding to Sardinia, and six factors in the two clusters corresponding
to southern Italy. For northern Italy, however, the results differ. The dynamic MFMFA
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model puts the whole area into one cluster with five cluster-specific factors, while IMIFA
divided this area into three clusters with the number of factors ranging between two
and four. The pgmm and fabMix models estimated five and four factors, respectively.

7 Conclusion
We proposed a novel model in the MFA framework which allows fully automatic infer-
ence on the number of non-empty components in the mixture and the number of latent
factors in the cluster-specific factor-analytical models while keeping both dimensions fi-
nite. This was done by employing the connection between nonparametric Bayesian priors
and their finite-dimensional representations, connecting the MFM framework with the
ESP class of priors (Frühwirth-Schnatter, 2023) in the factor-analytical part. This ap-
proach allowed to eliminate some of the drawbacks of the popular MGP prior. Posterior
inference is performed mostly within Gibbs sampler steps and all influential parameters
are learned from the data, which makes it possible to use the dynamic MFMFA model
on various data sets with no or little additional tuning. Some hyperparameter tuning
may become necessary when working with data sets of essentially different nature. How-
ever, the hyperparameter values we provided proved to be rather universal and can be
employed for data sets of various sizes and structures.

Future research directions could include, for instance, the introduction of element-
wise shrinkage for the columns of cluster-specific factor loading matrices, which could
help to achieve more exact identification in sparse factor models. Moreover, the triple
gamma prior (Cadonna et al., 2020) could be employed for the spike and the slab
distributions instead of the inverse gamma priors (Frühwirth-Schnatter, 2023). This
could improve mixing, as well as uncertainty quantification for the number of cluster-
specific factors. Another interesting and promising direction of research would be to
relax the assumption of independent factors, which is particularly restrictive in the case
of time-series data, where observations at different points of time are often correlated.
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