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Abstract

The accuracy of numerical simulation algorithms is one of main concerns in modern
Computational Fluid Dynamics. Development of new and more accurate mathe-
matical models requires an insight into the problem of numerical errors.

In order to construct an estimate of the solution error in Finite Volume cal-
culations, it is first necessary to examine its sources. Discretisation errors can be
divided into two groups: errors caused by the discretisation of the solution domain
and equation discretisation errors. The first group includes insufficient mesh reso-
lution, mesh skewness and non-orthogonality. In the case of the second order Finite
Volume method, equation discretisation errors are represented through numerical
diffusion. Numerical diffusion coefficients from the discretisation of the convection
term and the temporal derivative are derived. In an attempt to reduce numeri-
cal diffusion from the convection term, a new stabilised and bounded second-order
differencing scheme is proposed.

Three new methods of error estimation are presented. The Direct Taylor Series
Error estimate is based on the Taylor series truncation error analysis. It is set up to
enable single-mesh single-run error estimation. The Moment Error estimate derives
the solution error from the cell imbalance in higher moments of the solution. A
suitable normalisation is used to estimate the error magnitude. The Residual Error
estimate is based on the local inconsistency between face interpolation and volume
integration. Extensions of the method to transient flows and the Local Residual
Problem error estimate are also given.

Finally, an automatic error-controlled adaptive mesh refinement algorithm is set
up in order to automatically produce a solution of pre-determined accuracy. It uses
mesh refinement and unrefinement to control the local error magnitude. The method
is tested on several characteristic flow situations, ranging from incompressible to

supersonic flows, for both steady-state and transient problems.
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Chapter 1

Introduction

1.1 Background

Numerical tools for structural analysis have been widely accepted in the modern en-
gineering community. The concept of Computer-Aided Design (CAD), Computer-
Aided Manufacturing (CAM) and more generally, Computer-Aided Engineering
(CAE) provides the possibility of optimising the design of the final product in many
different ways. Quick and accurate structural analysis is an important part of the
development process and numerical structures analysis packages are integrated into
most modern CAD systems.

The performance of many products, ranging from kitchen appliances to nuclear
submarines, depends not only on their structural properties, but also on the char-
acteristics of heat transfer, fluid flow and even fluid-solid interaction which play an
important role in their functionality. In order to improve their design, it is necessary
to extend the optimisation by including the fluid low phenomena into the numeri-
cal simulation. The progress in this area has been much slower the flow problems
generally require a solution of the systems of coupled non-linear partial differential
equations, which are more difficult to solve.

Computational Fluid Dynamics (CFD) provides the methods for numerical sim-
ulation of fluid flows. In spite of the fact that CFD analysis is regularly done in some

areas of engineering, it is still not a widely accepted design tool. The complexity of
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flow regimes in, for example, internal combustion engines, is such that an accurate
and predictive simulation becomes very expensive in terms of time and computer
resources. In order to simulate the features of the flow well, complicated models and
accurate solutions are needed.

The accuracy of numerical solutions represents an interesting field. A numerical
solution is obtained following a set of rules that provide a discrete description of the
governing equations and the solution domain. Its accuracy is determined from the
correspondence between the exact solution and its numerical approximation. The
judgement on the solution accuracy should therefore be done by comparing it with
the exact solution, which is usually unavailable. Error estimation is therefore an
important integral part of numerical solution procedures.

Numerical solutions of fluid flow and heat transfer problems generally include

three groups of errors (Lilek and Perié¢ [88)):

e Modelling errors are defined as the difference between the actual flow and
the exact solution of the mathematical model, describing the behaviour of the
system in terms of coupled partial differential equations. In the case of laminar
flows, modelling errors may be considered negligible for practical purposes —
the Navier-Stokes equations represent a sufficiently accurate model of the flow.
In the case of turbulent, two-phase or reacting flows, the additional models do
not always describe the underlying physical processes accurately. In order to
produce a “manageable” mathematical model certain simplifications are intro-
duced in its construction, potentially causing high modelling errors. A better
mathematical model requires a better understanding of the underlying phys-
ical processes, implies larger systems of equations and an increase in overall

computational effort

e The second group of errors originates from the method used to solve the math-
ematical model. Considering the complexity of the problem and non-linearity
of the equations, it is unreasonable to expect analytical solutions for all but

simplest fl w situations. We are forced to resort to an approximate numerical
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solution method. Discretisation errors describe the difference between the
exact solution of the system of algebraic equations obtained by discretising the
governing equations on a given grid and the (usually unknown) exact solution
of the mathematical model. Discretisation errors depend on the accuracy of
the equation discretisation method, as well as the discretisation of the solution

domain.

e The system of algebraic equations obtained from the discretisation is solved
using an iterative solver. The difference between the approximate solution of
the system obtained from the iterative solver and the exact solution of the
system is described by the iteration convergence errors. They can be

reduced to an arbitrary level, specified by the solver tolerance.

Most mathematical models require some kind of empirical input to calibrate the
model constants. For this calibration, it is necessary to ensure that the discretisation
and iteration convergence errors are sufficiently small. As the mathematical models
become more and more accurate, the issue of discretisation accuracy becomes more
important.

Having in mind the properties of the discretisation, it is possible to state several
a-prior: facts about the error. Numerical discretisation of a particular problem con-
sists of two steps: discretisation of the solution domain and equation discretisation.
In the first step, the solution domain is decomposed into discrete space and time
intervals. In equation discretisation a variation of the variable over each region is
prescribed, usually in a polynomial form. As the number of discrete regions increases
to infinity, the approximate solution tends to the exact solution of the mathemati-
cal model. Alternatively, an increase in the order of interpolation leads to the same
result. It is therefore possible to establish two ways of improving the accuracy of a
numerical solution: increasing the number of computational points and increasing
the order of interpolation.

The desired solution accuracy can be specified before the actual analysis it

depends on the objective of the analysis and the accuracy of the mathematical
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models used. If the solution is not accurate enough, the discretisation practice can
be changed. Error estimation, on the other hand, requires a numerical solution
in order to estimate the error. An adaptive procedure, producing the numerical
solution of pre-determined accuracy will therefore consist of several numerical solu-
tions, followed by error estimation and a suitable modification of the discretisation
practice.

In this study, the Finite Volume method of discretisation has been coupled with
an error-driven adaptive mesh refinement procedure in order to automatically pro-
duce numerical solutions of pre-determined accuracy. The procedure consists of a
Finite Volume-type discretisation, followed by an a-posteriori error estimation tool
and adaptive local mesh refinement algorithm. These parts interact automatically,
without anv user intervention. The adaptive procedure creates the solution that
satisfies the accuracy criterion.

In the next Section an overview of the subject is presented, covering the relevant
studies concerning the accuracy of Finite Volume discretisation. a-posterior: error

estimation and adaptive refinement.

1.2 Previous and Related Studies

1.2.1 Convection Discretisation

The majority of fluid flows encountered in nature and industry are characterised by
high Reynolds numbers, implying the dominance of convective effects (Hirsch [65]).
While the fundamentals of the Finite V lume discretisation are well understood
(Patankar [105], Hirsch [65] , discretisation of the convection term has been a subject
of ¢ ntinual intense debate.

In the framework of the second- rder accurate Fimite Volume Method FVM)
a consistent discretisation scheme for the convection term would be second-order
ac urate Central Differencing CD However, the combination of the expl cit time-

in egration, standard in the early development of numerical meth ds, and Cen-
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tral Differencing creates an unconditionally unstable discretisation practice (Hirsch
[65] . In order to achieve stability, first-order accurate differencing schemes have
been introduced (Courant, Isaacson and Rees [33], Lax (78], Gentry et al. [50]).
The unsatisfactory behaviour of first-order schemes has led Lax and Wendroff [79]
to search for the second-order accurate discretisation. In the Lax-Wendroff family
of schemes, stability is obtained by combining the spatial and temporal discretisa-
tion, leading to a variety of two-step (MacCormack [90], Lerat and Peyret [85]) and
implicit schemes (MacCormack [91], Lerat [84]). In the case of steady-state calcu-
lations, the combined spatial and temporal discretisation introduces an unrealistic
dependence of the solution on the time-step used to create it. In order to overcome
this anomaly, a family of second-order schemes with independent time integration
has been developed in the work of Beam and Warming [13, 14] and Jameson et al.
[68). Although this approach removes the dependence of spatial accuracy on the
size of the time-step, the differencing schemes of the Beam and Warming family
cause non-physical oscillations in the solution, severely reducing its quality. As a
consequence, the numerical procedure can produce values of the dependent variable
that are outside of its physically meaningful bounds. If one considers the transport
of scalar properties common in fluid flow problems, such as phase fraction, turbulent
kinetic energy, progress variable etc., the importance of boundedness becomes clear.
For example, a negative value of turbulent kinetic energy in calculations involving
k — € turbulence models results in negative viscosity, with disastrous effects on the
solution algorithm. It is therefore essential to obtain bounded numerical solutions

when solving transport equations for bounded properties.

The Beam and Warming family of schemes attempts to solve the boundedness
problem by introducing a fourth-order artificial dissipation term (Hirsch [65]), but
boundedness still cannot be guaranteed. Artificial diffusion terms, on the other
hand, reduce the accuracy of the scheme, particularly in the regions of high gradients.
The task of creating a good differencing scheme boils down to a balance between

boundedness and accuracy.

An alternative view on the issues of accuracy and boundedness can be based on
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the sufficient boundedness criterion for the system of algebraic equations. The only
convection differencing scheme that guarantees boundedness is Upwind Differencing
(UD), as all the coefficients in the system of algebraic equations will be positive
even in the absence of physical diffusion (Patankar [105]). This is effectively done
bv introducing an excessive amount of numerical diffusion, which changes the na-
ture of the problem from convection-dominated to convection-diffusion balanced. It
was noted by several researchers (Boris and Book [20], Raithby [112, 114], Leonard
[81]) that in cases of high streamline-to-grid skewness, this degradation of accuracy
becomes unacceptable. Although, in principle, mesh refinement solves the prob-
lem, the necessary number of cells is totally impractical for engineering problems
(Leonard [81)).

Several possible solutions to these problems have been proposed, falling into one

of the following categories:

e Locally analvtical schemes (LOADS by Raithby [148], Power-Law scheme by
Patankar [105]) use the exact or approximate one-dimensional solution for
the convection-diffusion equation in order to determine the face value of the
dependent variable. Although bounded and somewhat less diffusive than UD,

their accuracy in 2-D and 3-D is still inadequate.

e Upwind-biased differencing schemes, including first-order Upstream-weighted
differencing by Raithby and Torrance [114], Linear Upwinding by Warming
and Beam [146] and Leonard’s QUICK differencing scheme [81]. The idea
behind the upwind-biased schemes is to preserve the boundedness of UD by
biasing the interpolation depending on the direction of the flux. The amount
of numerical diffusion is somewhat smaller than for UD, but boundedness is

not preserved.

e Skew-Upwind Differencing schemes Raithby [112, 113] owe their derivation
to the fact that UD does not smear the solution in the case of mesh-to-flow
alignment It is therefore logical to create an upwind scheme that follows the

directi n of the flow, rather than the mesh. The resulting differencing scheme
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behaves better than UD, but with better resolution also introduces unbound-
edness. Bounding of such schemes considerably reduces their accuracy, as in
the case of Bounded Streamwise Upwinding (BSUD) of Gosman and Lai [55]
and Sharif and Busnaina [122].

e Switching schemes. In his Hybrid Differencing scheme, Spalding [126], recog-
nises that the sufficient boundedness criterion holds even for Central Differ-
encing if the cell Peclet number is smaller than two. Under such conditions,
Hybrid Differencing prescribes the use of CD, while UD is used for higher
Pe-numbers in order to guarantee boundedness. However, in typical flow situ-
ations, the Pe-number is considerably higher than two and the scheme reduces

to UD in the bulk of the domain.

e Blended Differencing, introduced by Peri¢ [109]. Recognising the sufficient
boundedness criterion as too strict for practical use, Peri¢ proposes a “blend-
ing” approach, using a certain amount of upwinding combined with a higher-
order scheme (CD or LUD) until boundedness is achieved. Although this
approach potentially improves the accuracy, it is not known in advance how
much blending should be used. In spite of the fact that the amount of blend-
ing needed to preserve boundedness varies from face to face, Peri¢ proposes a

constant blending factor for the whole mesh.

The quest for bounded and accurate differencing schemes continues with the
concept of flux-limiting. Boris and Book [20] introduce a flux-limiter in their Flux
Corrected Transport (FCT) differencing scheme, generalised for multi-dimensional
problems by Zalesak [152]. The idea has been extensively used by van Leer in a series
of papers working “Towards the ultimate conservative differencing scheme” [138,
139, 140, 141, 142]. These methods are sometimes classified as “shock-capturing
schemes”, eventually resulting in the class of Total Variation Diminishing (TVD)
differencing schemes. TVD schemes have been developed by Harten [58, 59], Roe
[118], Chakravarthy and Osher [27] and others. A general procedure for constructing
a TVD differencing scheme has been described by Osher and Chakravarthy [103].
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Sweby [129] introduces a graphical interpretation of limiters (Sweby’s diagram) and
examines the accuracy of the method.

TVD methodology has been originally derived from the entrophy condition for
supersonic flows and subsequently extended to general scalar transport. The effec-
tive “blending factor” between the higher-order unbounded and first-order bounded
differencing scheme depends on the local shape of the solution, thus introducing a
non-linear dependence of the solution on itself. The convergence of this non-linear
coupling to a unique solution can be strictly proven only for the explicit discretisa-
tion in one spatial dimension?.

One of the main conclusions of the TVD analysis is that a differencing scheme has
to be non-linear in order to be bounded and more than first-order accurate. TVD can
be classified as a switching-blending methodology in which the liscretisation practice
depends on the local shape of the solution. If offers reasonably good accuracy
and at the same time guarantees boundedness. It has been noted (Hirsch [65],
Leonard [83]) that limiters giving good step-resolution, such as Roe’s SUPERBEE
[118] tend to distort smooth profiles. On the other hand, limiters such as MINMOD
(Chakravarthy and Osher [27]), although being suitable for smooth profiles are still
too diffusive.

In order to develop a differencing scheme that is able to give good resolution
of sharp profiles and at the same time follow smooth profiles well, the Normalised
Variable Approach NVA) has been introduced by Leonard [82]. The TVD criterion
has been rejected as too diffusive. The new condition requires local boundedness
on a cell-by-cell basis. A series of differencing schemes based on the Normalised
Variable Diagram NVD has been presented in recent years. The most popular are
SHARP by Leonard, [82], SMART by Gaskell and Lau [49], UMIST by Lien and
Leschziner [87] and Zhu's HLPA {153]. Leonard [83] introduces a general bounding
method based on the NVD diagram. Unlike the TVD criteri n, NVA d es not offer

any guarantee as regards the convergence of the differencing scheme, even on simple

IThe proof hinges n the fact that all expli it diff r n ing s h m s of the Lax-W ndr ff and
Beam-Warming type reduce to UD f r Co—1 F r details see eg H'rs h [65
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one-dimensional situations.

NVD differencing schemes produce remarkably good results for both stepwise
profiles and smooth variations of the dependent variable. The amount of numerical
diffusion is reduced to a minimum. However, as a result of the locally changing
discretisation practice problems with convergence sometimes occur. A modified
implementation proposed by Zhu [154] improves convergence, but boundedness can
be guaranteed only for the converged solution.

Apart from the issues of accuracy and boundedness, which are essential for ac-
curate calculations, modern differencing schemes are also required to be convergent
and computationally inexpensive. The issue of computational cost includes both
the additional face-by-face operations required to determine the weighting factors
in TVD and NVD schemes and the additional effort required to obtain solutions for
steady-state problems. With the developmenc of NVD, the accuracy and bound-
edness of differencing schemes has been improved at the expense of convergence.
For this reason, in author’s opinion, the issue of convection discretisation is still not

fully resolved.

1.2.2 Error Estimation

The use of error estimates as control parameters in numerical procedures is an old
subject in numerical analysis. Automatic step-control and higher order predictor-
corrector schemes in the numerical solution of ordinary differential equations have
been standard tools for several decades.

The idea of using a-posteriori error estimates on the solutions of partial differ-
ential equations is more recent. In the Finite Element community the idea has been
popularised by Babuska, Rheinboldt and their colleagues [8, 9, 10], Bank and Weiser
[12], Oden et al. [99] and others. These efforts have been mainly directed at elliptic
boundary value problems.

There is a wide range of popular error estimation procedures for Finite Element
calculations. Oden et al. [98] present five groups of error estimators. These include

Element- and Subdomain-Residual methods, Duality methods, Interpolation and
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Post-processing methods. Element Residual methods use the residual in a numerical
solution to estimate the local error. The residual is a function measuring how much
the approximate solution fails to satisfy the governing differential equations and
boundary conditions for the particular finite element. Duality methods, valid for
self-adjoint elliptic problems, use the duality theory of convex optimisation to derive
the upper and lower bounds of the error. Subdomain-Residual methods are based on
the solution of the local error problem over a patch of finite elements. Interpolation
methods use the interpolation theory of finite elements to produce a crude estimate
of the leading term of the truncation error. Post-processing methods are based on
the fact that the solution (which is expected to be smooth) can be improved by
some smoothing algorithm. The estimate of the error is obtained by comparing
the post-processed version of the solution with the one obtained from the actual

calculation.

All these methods are strongly mathematically based and their properties have
been examined for a wide range of shape functions. They have been used not only for
svmmetric boundary value problems but have also been extended to unisymmetric

and convection-diffusion problems.

The Local Residual Problem Error estimate is the most recent error estimation
method in the Finite Element method. It produces impressive results, consistently
giving highly accurate estimates for a large variety of problems. It has been devel-
oped mainly by Ainsworth and Oden [2, 3, 4] and Ainsworth [1], but also includes
the previous work by Bank and Weiser [11, 12] and Kelly [71]. The method has been
extended to the Navier-Stokes problem in the work of Oden [101, 102]. It is based
on the element residual method with elements of the duality theory. It is possible
to show that this error estimate gives a strict upper bound on the solution error in
the energy norm. It requires the s lution of a local error problem over each finite
element and an error flux equilibration procedure. Err r flux equilibrati n has been
discussed in length by Kelly 71| and Ainsworth and Oden [3]. Kelly sh ws that
non-equilibrated fluxes result in gross over-estimation of the solution error. The

analysis of the flux equilibration problem has been given by Ainsw rth and Oden
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[4]. Recent work of Oden et al. [102] presents an adaptive refinement technique

based on this error estimate applied to incompressible Navier-Stokes equations.

Error estimation for the Finite Volume Method has been originally examined in
conjunction with turbulence modelling (McGuirk et al. [93]). The main objective
was to estimate the accuracy of the solution in absolute terms. In order to remove
unphysical oscillations in the solution, the convection term of the Navier-Stokes
equation has been discretised using Upwind Differencing. This introduces excessive
amounts of numerical diffusion which interferes with the turbulent diffusion intro-
duced by the turbulence model. Validation of turbulence models becomes a compli-
cated task it is not easy to determine how much of the additional diffusion comes
from the model and how much should be attributed to inaccurate discretisation.
McGuirk and Rodi [92] and McGuirk et al. [93] describe a technique fo- measuring
the numerical diffusion of Upwind Differencing. The numerical diffusion term is then
compared with other terms in the transport equation. The accuracy of the solution
depends on the ratio of the numerical diffusion term and the largest physical term in
the equation, called the Numerical Diffusion Ratio (NDR). It has been shown that
some of the computational grids used for model evaluation were too coarse to be used
to study the performance of turbulence models and that grid-independence studies
were misleading. In a later work by Tattersall and McGuirk [130], the numerical dif-
fusion estimate has been coupled with an adaptive node-movement technique. The
method has been used to calculate separated flows around airfoils. It is interesting
to note that the first mesh adaptation in the presented test case actually increased

the solution error due to the loss of orthogonality and mesh-to-flow alignment.

Richardson extrapolation is by far the most popular error estimation method
in Finite Volume calculations. It has been extensively used on a variety of situa-
tions, ranging from supersonic flows (Berger and Oliger [17], Berger and Collela [16],
Berger and Jameson [19] to incompressible problems (Thompson and Ferziger [134],
Muzaferija [97]). In order to estimate the error, Richardson extrapolation uses two
solutions of the same problem on two different grids. The method naturally cou-

ples with the use of multigrid acceleration techniques, where two solutions on grids
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with different cell sizes are already available. Richardson extrapolation is the only
method that can treat non-linearities of the problem, as it compares the solutions
of the complete coupled systems (Muzaferija [97]). Provided that the meshes are

fine enough, the accuracy of the error estimate is acceptable.

For industrial CFD problems, it is not always feasible to produce two solutions.
In some cases, it might be necessary to use hundreds of thousands of cells just to
represent the geometrical features of the computational domain, as in the case of
internal combustion engine cooling systems, steam turbine stators etc.. Single-mesh
single-run error estimates are therefore required.

Haworth et al. [61], Kern [72] and Muzaferija [97] present a new approach to the
problem of error estimation. With the development of NVD differencing schemes,
convection discretisation is becoming more and more accurate. The amount of
numerical diffusion introduced in order to preserve the boundedness of the solution
has been considerably decreased. As a consequence, errors from other sources, such
as insufficient mesh resolution and mesh quality have become more important. In
such cases, an error estimate based only on numerical diffusion cannot produce
an accurate overall picture of the solution quality. It has become necessary to
estimate the error in the case of full second-order accurate discretisation without
any numerical diffusion at all. If the numerical diffusion error is still of interest, the

error estimates can subsequently be modified to capture these effects as well.

Haworth et al. [61) propose the use of the cell to cell imbalances in angular
momentum and kinetic energy to measure of the local solution error. The method
has been tested on a transient flow problem in an axisymmetric internal combus-
tion engine. Unfortunately, the complexity of the selected test case does not allow
comparison of the error estimate with the “exact” error. Also, the method is not
capable of estimating the absolute error levels. An extension of the same approach
to higher moments of the variable has also been suggested but the results of this

extension have not been reported to date.

Muzaferija [97] proposes a method of error estimation based on the higher deriva-

tives of the s lution. This method uses higher-order face interp lation to obtain
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better estimates of the face values for the flow variables. The imbalance resulting
from higher-order interpolation corresponds to the truncation error source of Phillips
[110] and is consequently used to estimate the error for each cell. In order to deter-
mine the absolute error level, a suitable normalisation practice has been suggested.
A second error estimator suggested in this work solves the transport equation for
the solution error, with the aforementioned cell imbalance as the source term. The
estimated error is compared with the “exact” error, obtained using a numerical so-
lution on a very fine mesh. The method is slightly less accurate than Richardson
extrapolation, but it provides a single-mesh measure of the error even in the absence

of numerical diffusion and a means of estimating its magnitude.

The work of Kern [72] is mainly concerned with the formulation of an error
estimator for transient Euler and Navier-Stokes equations. The analysis is performed
for scalar hyperbolic equations in one and two spatial dimensions. In order to follow
the development of the numerical error in time, an error evolution equation has been
derived. Control volumes for the error evolution equation are staggered in space
and time relative to the basic mesh. In order to stabilise the solution procedure for
hyperbolic equations, a certain amount of numerical diffusion has been introduced
either by the Godunov (upwind) differencing scheme, or through flux limiting. In a
similar way to Muzaferija [97], more accurate face values for the flow variables are
obtained using Central Differencing and used as the source in the error evolution
equation. The method therefore measures the difference in the solution between
the effective discretisation and the second-order accurate approximation, which is,
in effect, numerical diffusion. The evolution equation for the error is extended to
two-dimensional problems with constant and variable coefficients, as well as systems
of differential equations. For equations with a diffusion term, the error source term
is modified to include higher-order derivatives, taking into account the error in the
diffusion term. Error estimation results are presented in terms of the Experimental
Order of Convergence (EOC), representing the rate of reduction of the error with
the number of cells. The accuracy of the method has not been tested against the

analytical solution.
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In comparison with the abundance of well-tested and reliable error estimators in
the Finite Element field, Finite Volume error estimation is still in its early stages
of development. The only well-examined and widely used method is Richardson
extrapolation, which in turn requires two solutions of the same problem on two
different meshes. A wide scope of ideas from the Finite Element field can, however,
be modified for the use in the Finite Volume method, as will be demonstrated later

in this Thesis.

1.2.3 Adaptive Refinement

In order to improve the accuracy of subsequent solutions, the distribution of the
error can be used to introduce an appropriate change in the discretisation practice
in the region of high error. In other parts of the domain, where the local error is
considered to be sufficiently small, such change may not be necessary. The local
changes in discretisation are commonly known as “mesh refinement”.

Mesh refinement strategies are usually divided into three groups, depending on

the type of the change introduced in the discretisation.

e In h-refinement additional computational points are inserted locally in re-
gions of high numerical error without disturbing the rest of the mesh. It is
also possible to remove points from regions in which the error is low through
an “unrefinement” procedure. Thus, the total number of points generally
changes during the refinement/unrefinement process. The method is particu-
larly suitable for problems with discontinuous solutions, requiring high local
refinement. Examples of h-refinement can be found in the works of Coelho

et al. [31], Vilsmeier and Hénel [145], Muzaferija [97] and others.

e r-refinement keeps the number of computational points constant throughout
the calculation, but redistributes them depending on the distribution of the
soluti n error. The structure of the mesh is preserved, which makes the method
particularly interesting f r single r multi-block structured meshes The main

drawback of this approach is that it is not known in advan e whether the
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desired level of accuracy is obtainable with the available number of points.
In cases where high local refinement is needed, r-refinement may cause high
mesh distortion and severely degrade the mesh quality in regions where the
resolution is not needed (Hawken et al. [60]). Point relocation algorithms
are based on weighting functions derived from the error estimate. In order
to perform the adaptation, the mesh is described as an elastic mass-spring
system with weighting functions as the load. The distribution of points in the
refined mesh corresponds to the locations of points under the load (see eg.
Ramakrishnan (115]). Particular care has to be taken in order to prevent the
mesh from overlapping. Examples of r-refinement can be found in Tattersall

and McGuirk [130], Ramakrishnan [115], Dwyer [41] and Dandekar et al. [35].

e The third method of refinement is called p-refinement. It is particularly
suitable for Finite Element calculations. This refinement procedure involves
the use of higher-order shape functions in regions of high numerical error. As
the higher-order finite element uses more computational nodes embedded in
the original mesh, changes in the mesh structure and connectivity result. In
order to close the system, additional coupling equations are required, com-
plicating the form of the resulting system of algebraic equations and usually
requiring much more computational effort for the solution (Rachowicz et al.
[111] . The method is suitable for the problems with smoothly changing solu-
tions. In the vicinity of steep gradients, the higher-order shape functions are
prone to spurious oscillations even more than their lower-order ounterparts.
While p-refinement seems to be practical for Finite Element calculations, it
has been rarely used outside of the Finite Element community. Calculations
with p-refinement have been presented by eg. Zienkiewicz [156], Oden et al.
[100] and others.

Reviews of adaptive techniques can be found in eg. Anderson [6], Thompson
[133] and Hawken et al. [60].

In the framework of h-refinement for the Finite Volume method, several different
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ways of point addition have been suggested, with different implications with respect
to the solution accuracy and complexity of the flow solver. Early developments of
adaptive grid techniques based on error estimation in the Finite Difference and Fi-
nite Volume methods were associated with the multigrid approach. The effort was
directed towards the solution of the Euler and Navier-Stokes equations. Brandt [22]
describes a coupled multigrid-local refinement method in which patches of refine-
ment cover the regions where high resolution is needed. The method is referred to
as the “segmental approach”. It has been further modified by Caruso (24, 25]. This
type of method is used for transonic and supersonic flows with discontinuities. It
uses a sequence of overlapping grids of increased fineness, thus allowing multiple
levels of refinement. Each of the overlapping “patches” is an orthogonal structured
grid which can be rotated relative to the basic grid. An optimisation procedure
is used in order to determine the optimum number, size, relative distribution and
orientation of the refinement “patches™. In the flow solver, each “patch” is treated
independently. with the information transfer between the different parts of the mesh
performed through the “patch” boundary conditions. The algorithm is computa-
tionally efficient since it deals with a series of uniform orthogonal structured grids,
but the critical point is the transfer of information between the overlapping grids
through boundary conditions. This is done explicitly, resulting in weaker coupling
and slower convergence. Resolution problems have been reported at places where

flow features intersect with “patch” boundaries (Berger [16, 17, 18]).

Segmental refinement procedure has been further modified by Berger and Oliger
[17] and Berger and Collela [16], with an error estimation procedure based on
Richardson extrapolation. The problem is solved on two grids with different cell
sizes and with different time-step sizes for each patch. The difference in the solution
is used to estimate the | ading term of the truncation error. Since the meshes are
structured, unif rm and orth gonal, no additi nal st rag is required The coarser
mesh is obtained by using every other point of the fine mesh. Cells in which the
error is larger than some pre-determined value are then marked for refinement. A

clustering algorithm developed by Berger [15 is used to optimise the construc ion
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of patches, their position and mesh size. It uses concepts from pattern recognition
and artificial intelligence theory. The simple optimisation algorithm is described
in [17]. One of the attractive features of this approach is that it can be used for
moving shocks in transient calculations although such a calculation has never been
reported.

Thompson and Ferziger [134] presented an adaptive multigrid algorithm for
steady-state Navier-Stokes equations coupled with the multigrid approach. The
error estimation procedure is again based on Richardson extrapolation. Reductions
of the CPU time and computer memory of 20 % and 40 % respectively, compared to
the “pure” multigrid method have been reported. The adaptive refinement proce-
dure is based on the work of Caruso [24, 25]. As a consequence of the interpolation
procedure needed to determine boundary conditions on the refinement “patches”,
the method is does not guarantee local mass conservation until a converged solution
is reached. A modified interpolation practice has been proposed but the problem
has never been appropriately solved.

All these methods use structured orthogonal grids and are usually coupled with
multigrid acceleration. The grids are superimposed on the basic grid and the calcu-
lation is coupled through the explicit update of “patch” boundary conditions.

Simpson [124] and Chen et al. [28] suggests the refinement procedure in which
the refinement patches are embedded into the original mesh, thus removing the
interpolation problem. The resulting mesh is then treated in a multi-block manner.
Although this approach presents a considerable improvement in comparison with the
earlier work, it is not appropriate for the situations with a large number of embedded
refinement levels, as the number of blocks becomes so large that it significantly
impairs the performance of the code (Chen et al. [28]).

A number of mesh refinement algorithms based on tetrahedral grids for Euler cal-
culations have been proposed recently (eg. Vidwans and Kallinderis {70, 144], Sonar
et al. [125]). Tetrahedral meshes offer geometrical flexibility, allow simple and highly
localised refinement and can be created by automatic mesh generation procedures.

Although this approach produces very good results in inviscid calculations, the ex-
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tension of the method to viscous flows has been somewhat less successful. Vilsmeier
and Hénel [145] have developed an adaptive Finite Volume algorithm on tetrahedral
meshes for Euler and Navier-Stokes equations using h-refinement on a cell-by-cell
basis. The emphasis has been placed on the improvement of mesh quality through
successive refinement and anisotropic stretching. Virtual stretching of triangular
elements has been introduced to provide the capability of mesh alignment. It is
performed in the vicinity of walls and in regions of high shear, with the stretching
direction determined from the gradients of the flow variables. Unfortunately, this
results in high distortion of the mesh, decreasing the accuracy of the method.

Muzaferija [97] and Coelho et al. [31] present a method that combines the quality
of hexahedral meshes with the capability of mesh refinement. Regions of local
refinement are embedded into the original grid. The interaction between the coarse
and fine mesh regions is done implicitly, using “split hexahedral” cells. A split
hexahedron is a cell type, hexahedral in topology, which can have more than six
faces. This approach guarantees local and global conservation after every iteration,
but requires an appropriate addressing structure of the mesh.

All efforts reviewed above provide encouraging evidence of the usefulness of the
adaptive refinement techniques, particularly for the flows with discontinuities. In
general. adaptive refinement is at its best when the regions of high error cover
only a small portion of the computational domain. The performance of adaptive
algorithms for incompressible flows has been examined almost exclusively for laminar
flow regimes. In spite of the encouraging results, extensions to turbulent flows (eg.

Chen et al. [28]) reported to date are very rare.

1.3 Present Contributions

This study makes the following specific contribution to the field of Computati nal
Fluid Dynamics:

e A Finite Volume discretisation technique applicable to arbitrarily unstru -

tured meshes in three spatial dimensions is presented The governing equations
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are solved in real space, using a fixed Cartesian coordinate system, for both
steady-state and transient problems. The discretisation practice is second-
order accurate in space and time, making it suitable for second-order contin-
uum mechanics problems. The computational mesh consists of non-uniform
polyhedral control volumes, with a variable number of neighbours. This sim-
plifies the problems of mesh generation for complex geometries, as well as
adaptive mesh refinement. In order to preserve high efficiency of the method
on vector and parallel computer architectures, a “face-addressing” implemen-

tation is used.

e In order to establish the sources of the discretisation error, a detailed analy-
sis of the present discretisation technique is performed. Numerical diffusion
terms resulting from the convection differencing scheme, discretisation of the

transient term and mesh-induced errors are derived.

e In an attempt to increase the accuracy of the method, a new second-order
bounded differencing scheme is proposed. The Gamma differencing scheme is
formulated as a bounded version of Central Differencing, following the Nor-
malised Variable Approach (Leonard [82]). The efficiency of the algorithm
on non-orthogonal meshes is improved through the choice of decomposition of
the face area vector into the orthogonal and non-orthogonal part, based on

the stability of the resulting non-orthogonal treatment.

e The issue of a-posteriori error estimation is analysed in general terms. The
requirements on an error estimate are outlined, as well as three approaches to
error estimation. Following each of these approaches, three new error estimates

are proposed:

— The Direct Taylor Series Error estimate is based on the Taylor series
truncation error analysis. Unlike the widely accepted Richardson extrap-
olation, this new error estimate can be used on a single-mesh solution.

In spite of its asymptotic exactness, the accuracy of this error estimate
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is not considered satisfactory.

— The Moment Error estimate derives the solution error from the imbal-
ance in higher moments of the variable. In order to provide the error

magnitude, the imbalance is normalised in an appropriate way.

— The Residual Error estimate measures the error from the inconsistency
between the prescribed variation of the function over the control volume
and the face interpolation practice, enabling the estimation of the error
in the convection-diffusion part of the discretisation. A normalisation
procedure is used to estimate the influence of the residual on the local

solution accuracy.

The Residual error estimate is also extended to include the influence of the
temporal error. The presented approach allows a separate evaluation of the
spatial and temporal error, which can be used to select the optimal time-step

size for a given spatial mesh.

Ainsworth and Oden [1, 2, 3, 4] show a possible use of the residual in order to
derive the strict upper bound on the error in the energy norm. Their approach
is extended to the Finite Volume discretisation, with an appropriate error flux

balancing procedure.

The accuracy of the proposed error estimates is tested on several problems

with analvtical solutions.

A mesh adaptation technique is presented. Having in mind the quality of
the available automatic mesh generators, the adaptive local mesh refinement
algorithm has been preferred over adaptive mesh generation. The present
technique enables both insertion and removal of the computational points,

depend ng on the level of the local error.

Finally, an automatic error-controlled adaptive local refinement unrefinement
alg rithm is assembled and successfully apllied to several steady-state and

transient laminar and turbulent fl ws
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1.4 Thesis Outline

In Chapter 2, the governing equations of continuum mechanics are summarised,
together with the constitutive relations for Newtonian fluids. A short overview of

turbulence modelling techniques is also presented.

Chapter 3 presents a second-order accurate Finite Volume method on arbitrarily
unstructured meshes. The setup of the computational mesh and the addressing
structure are described. Discretisation of a general scalar transport equation is
examined term by term. The Gamma differencing scheme is derived and tested on
several simple situations. The numerical diffusion tensors for the discretisation errors
are derived and their influence on the solution is illustrated on simple problems.
The performance of the proposed non-orthogonality treatments is also presented.
Finally, the segregated approach for the coupled systems of differential equations
used in this study is described and a solution methodology for steady-state and

transient turbulent flow calculations is summarised.

The issue of a-posterior: error estimation is addressed in Chapter 4. Several
new methods of error estimation for both steady-state and transient problems are
proposed. A Taylor series truncation error analysis is performed and its result is
compared with Richardson extrapolation. An alternative form of Taylor series error
estimation is proposed. The Moment Error estimate is derived from the transport
equation for the second moment of the solution. Inconsistency between face inter-
polation and volume integration is used to define the residual as the measure of the
local solution error, resulting in the Residual Error estimate. The concept is modi-
fied in order to include the temporal derivative, thus extending its applicability to
transient calculations. The proposed formulation of the residual is used to extend
the Local Problem Error estimate to Finite Volume discretisation. The performance

of error estimates is examined on simple cases with analytical solutions.

Chapter 5 outlines algorithms for error-driven adaptive mesh generation and
local mesh refinement. Their interaction with the estimated error distribution is

examined. The selected algorithm, based on cell-by-cell embedded refinement and
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unrefinement and “l-irregular” meshes is described. Comparison of uniform and
adaptive refinement is performed on a simple test case.

In Chapter 6, the proposed solution procedure is applied on four test cases. Su-
personic inviscid flow over a forward-facing step is used to test the performance of
adaptive refinement /unrefinement in conjunction with an error indicator. The accu-
racy of error estimation is examined on steady-state two-dimensional flow over a hill,
in both laminar and turbulent flow regimes. The interaction of the wall-functions
and low-Re turbulence models with error estimation and mesh refinement is also ex-
amined. A three-dimensional turbulent flow over a swept backward-facing step has
been selected to examine the overall performance of the error-controlled adaptive
refinement approach in a 3-D situation. Finally, laminar vortex shedding behind a
cylinder illustrates the capabilities of the algorithm for transient flow calculations.

Chapter 7 summarises the Thesis and offers some conclusions and suggestions

for future research.



Chapter 2

Governing Equations

2.1 Governing Equations of Continuum
Mechanics

The numerical procedure presented in this study deals with the problems of con-
tinuum mechanics. Characteristic length- and time-scales for such problems are
considerably larger than the scales of the discrete structure of the matter. It is
therefore possible to describe any macroscopic physical property of the matter as a
continuous function in macroscopic coordinates (time, space).

We shall start by introducing the concept of the material derivative, describing

the rate of change of the intensive physical property ¢ in time

d

9
Sl menav -2 [ av+f  ds(ev), (2.1)

where U is the velocity vector and dS is the outward pointing unit normal on 9V(t).

The rate of change of ¢ in V) is equal to its volume and surface sources:

2 [ Vi  aSeeU)= [ Q@dv+f | dsQs(e)
(2.2)
or, in the differential form:
9% | 96U =Qv 6)+7.Qs 4). (2.3

ot
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The governing equations of continuum mechanics can be written in the form of

Eqn. (2.3) (Aris [7]):

e Conservation of mass

dp _
yn + V.(pU) =0, (2.4)

e Conservation of linear momentum

U
% + V.(pUU) = pg + V.o, (2.5)

e Conservation of angular momentum

dp(x x U)

5 + V.[p(x x U)U] = p(x x g) +x x (V.0). (2.6)

Combination of Egs. (2.5) and (2.6) states that ¢ is a symmetric tensor:

oc=o7, (2.7)
e Conservation of energy
Ope
vy + V.(peU) = pg.U + V.(0.U) — V.q + pQ, (2.8)
e The entrophy inequality
dps q) , pQ
—_— . > V.= —
E” + V.(psU) >V (T) + T (2.9)

where

— p is the density,

— X is the position vector,

o is the stress tensor,

e is the total specific energy,

@ is the volume energy source

s is the specific entrophy
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— T is the temperature and

— q is the heat flux.

The above conservation laws are valid for any continuum. The number of un-
known quantities is, however, larger than the number of equations in the system,

making the system indeterminate.

2.2 Constitutive Relations for Newtonian Fluids

In order to close the system, it is necessary to introduce additional, so-called con-
stitutive relations. They depend on the properties of the continuous medium in
question. In the case of Newtonian fluids, the following set of constitutive relations

is used:

e The internal energy equation, defining the internal energy as a function of

pressure P and temperature T
u=u(P,T). (2.10)

The total energy is calculated as the sum of the kinetic es and internal energy

(and all others, like chemical, nuclear etc.which will be neglected in this study):

e= ey +u(P,T) = %U.U+u(P,T), (2.11)
e The equation of state:
p=p(P,T), (2.12)
e The Fourier’s law of heat conduction:

q=-AVT, (2.13)

e Generalised form of the Newton’s law of viscosity:

o=— (P + § uV.U) 1+ [VU+ (VU] (2.14)
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These constitutive relations, together with the governing equations for a contin-

uum create a closed system of partial differential equations for Newtonian fluids:
e Continuity equation:

op + V.(pU) =0, (2.15)
ot
e Navier-Stokes equations:
dpU

2= +V.(UU) = pg ~V (P + %pV.U)

+V. [ (VU + (VU)T)],

(2.16)

e Energy equation:

%ptf + V.(peU) = pg U -V.(PU) - V. (g p(V.U) U)

+V. [ (VU+(VO)T) U+ V.OVT) +0Q, (917

e The entrophy inequality:

% + V.(psU) > V. (_ATV T) + i’:’g (2.18)

The transport coefficients A and p are also functions of the thermodynamic state
variables:

A= MNP, T), (2.19)

uw=pu(P,T). (2.20)

Transport equations for the internal and kinetic energy have the following form

(Aris [7]):

9Pu | G (puU) = VU : [u (VU +(VU)T) - (g pV.U) 1]

Bt
‘9’?‘% +V.(penU) = pg.U — V.(PU) + PV.U
V. (§ w(V.U) U) + V. [1 (VU + (VU)T).U] (2:22)

_VU: [u (VU +(VU)T) - (g ;N.U) 1] .
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For incompressible isothermal fluids (p = const., A = 00), the system can be

further simplified:

VU =0, (2.23)
au
5+ V(UU) =g - Vp+V.(VU), (2.24)

where v is the kinematic viscosity and p kinematic pressure. All other equations in
the system are decoupled.
Most dependent variables require a gradient-diffusion term of the following form

(Patankar [105]):
—V.(T4V9). (2.25)

This term will therefore be included into the transport equation for a general ten-

sorial property x:

X 4 V.(pxU) = VT, 9x) = Sx(X), (2.26)

where S, (X) contains all terms that cannot be fitted on the left-hand side.

2.3 Turbulence Modelling

Most fluid flows occurring in nature are turbulent. Turbulence can be described as
a state of continuous instability in the flow, where it is still possible to separate the
fluctuations from the mean flow properties. It is characterised by irregularity in the
flow, increased diffusivity and energy dissipation (Tennekes and Lumley [132]). Tur-
bulent flows are always three-dimensional and time dependent, even if the boundary
conditions of the flow do not change in time. The range of scales in such flows is very
large, from the smallest turbulent eddies characterised by Kolmogorov microscales,
to the flow features comparable with the size of the geometry. A comprehensive
review of simulation techniques for turbulent flows can be found in Ferziger [47]. A
brief overview of the modelling techniques will be given here.

There are several possible approaches to the simulation of turbulent flows. The

first, Direct Numerical Simulation (DNS) (Eswaran and Pope (44, 45], Rogallo and
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Moin [119], Rogers and Moin {120]) numerically integrates the governing equations
over the whole range of turbulent scales. The requirements on mesh resolution
and time-step size put very high demands on the computer resources, rendering it
unsuitable for engineering applications.

The second approach is generally known as Large Eddy Simulation (LES). In
order to separate different length scales in a turbulent flow field, a spatial filter is
applied. Large scale structures that can be resolved by the numerical method on
a given mesh are called the super-grid scales. The influence of all other (sub-grid)
scales to the super-grid behaviour is modelled. The rationale behind this princi-
ple lies in the fact that the small scales of turbulence are more homogeneous and
isotropic and therefore easier to model. As the mesh gets finer, the number of scales
that require modelling becomes smaller, thus approaching the Direct Numerical
Simulation. Examples of this approach can be found in Deardorff [38], Givi [53] and
Moin and Kim [95].

An alternative approach to the simulation of turbulent flows is statistical. Sep-
arating the local value of the variable into the mean and the fluctuation around the
mean, it is possible to derive the equations for the mean properties themselves. The
selection of averaging methods depends on the characteristics of turbulent flow, and

according to Hinze [64], the following three averaging method can be distinguished:
1. Time averaging in a fixed point of space, for stationary turbulence,

2. Space averaging for a fixed moment in time in the case of homogeneous tur-

bulence,

3. Ensemble averaging for a series of identical experiments. This is the most

general form of averaging.

All these methods can appear in two versions, unweighted (Reynolds and weighted
eg densi y-weighted Favre averaging, [46]). The Reynolds averaging technique

perates as follows:

¢ x,t —(x,t +¢'(x,1, (2.27)
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where ¢'(x,t) denotes the fluctuation about the mean value, defined as:

- .

1) = Jim, 3 5o, 1), (2.28)

and A is the number of identically performed experiments.
Applying the above averaging procedure to the incompressible Navier-Stokes

equations, the following form of the averaged equations can be obtained:

V.U =0, (2.29)
ou — B N e
—; +V.(U0)=g-V5+V. (vwU) +TU.. (2.30)

In the case of compressible flows, Favre averaging is usually applied (see eg. Favre
[46], Cebeci and Smith [26]).

The term U’ \J' is called the Reynolds stress tensor. In order to close the system,
further modelling is necessary.

The task of Reynolds averaged turbulence modelling is to express the Reynolds
stress tensor in terms of the known quantities. There are two widely accepted
approaches. The first approach formulates and solves the transport equation for the
Reynolds stress tensor (and higher moments, depending on the order of the closure).
It is, however, still necessary to model some of the terms, since the number of
unknowns increases faster than the number of equations. Examples of this treatment
can be found in Rotta [121], Launder et al. [75] and Hanjali¢ and Rodi [56]). The
second, and more popular approach prescribes a relationship between the Reynolds
stress and mean velocity gradient. Although models prescribing non-linear relations
have been proposed recently (Speziale [127] and Shih et al. [123]), the most popular
approach is to use the Boussinesq approximation (Boussinesq [21]), which prescribes

a linear relation of the form:

— 2

UU =4 (VU+(VU)T) + 3L (2.31)
where

k=T . 0. (2.32)
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The kinematic eddy viscosity v, can be evaluated in many different ways, rang-
ing from algebraic relations and local equilibrium assumptions to the solution of
transport equations. The most popular approach is to express v, as a function of
the turbulent kinetic energy k and its dissipation rate ¢, leading to a “two-equation”

turbulence model:

k?
W= C“—e—, (2.33)
e=UU : VU, (2.34)

so named because k and € are obtained by the solution of their respective transport
equations. The first model of this kind has been proposed by Harlow and Nakayama
[57]. Derivation of the transport equations for k and e can be found in eg. Launder
and Spalding [77).

In fact, a wide variety of kK — ¢ models exists, the most noteworthy being the
standard k£ — € model by Launder and Spalding [77] and the RNG k — € variant by
Yakhot and Orszag [150, 151].

The physics of turbulence in the vicinity of impermeable no-slip walls is consid-
erably different from the other parts of the flow. It is therefore necessary to use
appropriate turbulence models in the near-wall region. For the most general and
detailed treatment, low-Re versions should be used (see eg. Lam and Bremhorst [74],
Launder and Sharma [76] etc.). However, in order to resolve the near-wall details
well, the computational mesh needs to be very fine in this region.

It is possible to compensate for the existence of the wall without resolving the
near-wall region, albeit at the expense of considerable approximation and, as will
be shown later, also with adverse effects on numerical resolution). Wall-functions

Launder and Spalding [77] represent a simpl fied model of turbulence, which mim-
ics the near-wall behaviour of the velocity, k£ and €. It assumes that the flow near
the solid wall behaves like a fully developed turbulent boundary layer. In numerical
simulations, this mod 1 is used to bridge the regions of high gradients near the wall

and couples with the high-Re k — ¢ model in the rest of the domain. For the details



2.3 Turbulence Modelling 71

of its derivation and implementation, the reader is referred to Launder and Spalding

[77] and Gosman and Ideriah [54].
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Chapter 3

Finite Volume Discretisation

3.1 Introduction

The purpose of any discretisation practice is to transform one or more partial differ-
ential equations into a corresponding system of algebraic equations. The solution of
this system produces a set of values which correspond to the solution of the original
equations at some pre-determined locations in space and time, provided certain con-
ditions, to be defined later, are satisfied. The discretisation process can be divided
into two steps. the discretisation of the solution domain and equation discretisation
(Hirsch [65], Muzaferija [97]).

The discretisation of the solution domain produces a numerical description of
the computational domain, including the positions of points in which the solution is
sought and the description of the boundary. The space is divided into a finite number
of discrete regions, called control volumes or cells. For transient simulations, the
time interval is also split into a finite number of time-steps. Equation discretisation
gives an appropriate transformation of terms of governing equations into algebraic
expressions.

This Chapter presents the Finite Volume method (FVM) of discretisation, with

the following properties:

e The method is based on discretising the integral form of governing equations
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over each control volume. The basic quantities, such as mass and momentum,

will therefore be conserved at the discrete level.

e Equations are solved in a fixed Cartesian coordinate system on the mesh that
does not change in time. The method is applicable to both steady-state and

transient calculations.

e The control volumes can be of a general polyhedral shape, with a variable
number of neighbours, thus creating an arbitrarily unstructured mesh. All
dependent variables share the same control volumes, which is usually called
the colocated or non-staggered variable arrangement (Rhie and Chow [117],

Perié¢ [109]).

e Systems of partial differential equations are treated in the segregated way
(Patankar and Spalding [107], van Doormaal and Raithby [137]), meaning
that they are solved one at a time, with the inter-equation coupling treated
in the explicit manner. Non-linear differential equations are linearised before

the discretisation and the non-linear terms are lagged.

The details of the discretisation practice and implementation of boundary con-
ditions will be described in the remainder of this Chapter. In Section 3.2 the mesh
arrangement is described. Section 3.3 presents a discretisation procedure for a scalar
transport equation. The discretisation of the convection, diffusion and source terms
is presented in Section 3.3.1. Several possibilities for the discretisation of the tem-
poral derivative are given in Section 3.3.2. The implementation of the boundary
conditions is discussed in Section 3.3.3. A new second order accurate and bounded
convection differencing scheme is proposed in Section 3.4. Some details of the so-
Iution procedure, including the treatment of mesh non-orthogonality, deferred cor-
rection and the under-relaxation are given in Section 3.5. Section 3.6 discusses the
errors introduced during the discretisation process. Numerical examples, illustrat-
ing the behaviour of the discretised terms and numerical errors, are presented in

Section 3.7.
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The solution procedure for systems of partial differential equations requires spe-
cial attention. The generalised segregated approach for pressure-velocity coupling

is described in Section 3.8. Finally, some closing remarks are given in Section 3.9.

3.2 Discretisation of the Solution Domain

Discretisation of the solution domain produces a computational mesh on which the
governing equations are subsequently solved. It also determines the positions of
points in space and time where the solution is sought. The procedure can be split

into two parts: discretisation of time and space.

Figure 3.1: Control volume.

Since time is a parabolic coordinate (Patankar {105]), the solution is obtained

by marching in time from the prescribed initial condition. For the discretisation of
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time, it is therefore sufficient to prescribe the size of the time-step that will be used
during the calculation.

The discretisation of space for the Finite Volume method used in this study
requires a subdivision of the domain into control volumes (CV). Control volumes do
not overlap and completely fill the computational domain. In the present study all
variables share the same CV-s.

A typical control volume is shown in Fig. 3.1. The computational point P is

located at the centroid of the control volumes, such that:
/ x — xp)dV = 0. (3.1)
\p

The control volume is bounded by a set of flat faces and each face is shared with
only one neighbouring CV. The topology of the control volume is not important -
it is a general polyhedron.

The cell faces in the mesh can be divided into two groups internal faces (between
two control volumes) and boundary faces, which coincide with the boundaries of the
domain. The face area vector S; is constructed for each face in such a way that it
points outwards from the cell with the lower label, is normal to the face and has the
magnitude equal to the area of the face. The cell with the lower label is called the
“owner” of the face its label is stored in the “owner” array. The label of the other
cell “neighbour” is stored in the “neighbour” array. Boundary face area vectors
point outwards from the computational domain boundary faces are “owned” by
the adjacent cells. For the shaded face in Fig. 3.1, the owner and neighbour cell
centres are marked with P and N, as the face area vector S; points outwards from
the P control volume. For simplicity, all faces of the control volume will be marked
with f, which also represents the point in the middle of the face (see Fig. 3.1 .

The capability of the discretisation practice to deal with arbitrary control vol-
umes gives considerable freed m 1n mesh generation. It is particularly useful in
meshing ¢ mplex geometrical configurations 1n three spatial dimensions. Arbitrar-
1lv unstructured m sh s als int r ct well with the concept of local grid refinement,

where the computational points are added in the parts of the domain where high
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resolution is necessary, without disturbing the rest of the mesh.

3.3 Discretisation of the Transport Equation

The standard form of the transport equation for a scalar property ¢ is:

%tﬂ + V.(pUg) —V.(oT4Ve) = S4(9). (3.2)
— ~ -~ —

. convection term diffusion term source term
temporal denvative

This is a second-order equation, as the diffusion term includes the second derivative
of ¢ in space. For good accuracy, it is necessary for the order of the discretisation to
be equal to or higher than the order of the equation that is being discretised. The
discretisation practice adopted in this study is second-order accurate in space and
time and will be presented in the rest of this Chapter. The individual terms of the
transport equation will be treated separately.

In certain parts of the discretisation it is necessary to relax the accuracy re-
quirement, either to accommodate for the irregularities in the mesh structure or to
preserve the boundedness of the solution!. Any deviation from the prescribed order
of accuracy creates a discretisation error, which is of the order of other terms in the
original equation and dissappers only in the limit of excessively fine mesh. Particu-
lar attention will therefore be paid to the sources of discretisation error representing
such behaviour.

The accuracy of the discretisation method depends on the assumed variation of
the function ¢ = ¢ x,t in space and time around the point P. In order to obtain a
second-order accurate method, this variation must be linear in both space and time,

i.e. it is assumed that:

¢(x) = ¢p + (x —xp).(Vo p, (3.3)
é(t + At) = ¢ + At (%) , (3.4)

1These issues will be addressed in length in Sections 3.3.1 and 3.6.
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where

op = ¢(xp), (3.5

¢' = ¢(t). (3.6)

Let us consider the Taylor series expansion in space of a function around the
point X:

1
¢ x)=¢p+ (x —xp).(Vd p+ §(X —xp 2: (VV9)p

+ %(x —xp)?:: (VVV)p

+...+%(x—x1>)" : (VV.V@)p+ ... (3.7)

n n

The expression (x — xp)™ in Eqn. (3.7) and consequent equations in this study
represents the nth tensorial product of the vector (x — xp) with itself, producing an

L. ?

nth rank tensor. The operator is the inner product of two nth rank tensors,

creating a scalar.

Comparison between the assumed variation, Eqn. (3.3), and the Taylor series
expansion, Eqn. (3.7), shows that the first term of the truncation error scales with
(x —xp)? , which is for a 1-D situation equal to the square of the size of the control
volume. The assumed spatial variation is therefore second-order accurate in space.
An equivalent analysis shows that the truncation error in Eqn. (3.4) scales with A#2,
resulting in the second-order temporal accuracy.

The Finite Volume method requires that Eqn. (3.2) is satisfied over the control

volume Vp around the point P in the integral form:

t+At 3
/t [— p¢dV+/‘P V.(pUg) dV—[/P V.(pT$V ) dv} dt

ot Jvp
_ /tt+At (/VP Se( dV) dt. (3.8

The discretisation of Eqn. (3.8 will now be examined term by term.

3.3.1 Discretisation of Spatial Terms

Let us first examine the discretisation of spatial terms. The generalised form of

Gauss’ theorem will be used throughout the discretisation procedure, involving the e
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identities:
/ V.adV =4 dS.a, (3.9)
vV v
=4 ds 10
[, veav=4§ dse, (3.10)
/VVadefavdSa, (3.11)

where 9V is the closed surface bounding the volume V and dS represents an in-
finitesimal surface element with associated outward pointing normal on 9V

A series of volume and surface integrals needs to be evaluated. Taking into
account the prescribed variation of ¢ over the control volume P, Eqn. (3.3), it

follows:

[ sx)av = [ l¢p+(x—xp).(V4)p] aV
Vp Vp

= ¢p/ av + [/ (x —xp) dV] AVe)p

Vp Ve

= ¢pVp, (3.12)
where Vp is the volume of the cell. The second integral in Eqn. (3.12) is equal to
zero because the point P is the centroid of the control volume.

Let us now consider the terms under the divergence operator. Having in mind

that the CV is bounded by a series of flat faces, Eqn. (3.9) can be transformed into

a sum of integrals over all faces:

/ VadV=4 dSa
Vp avp

- Ef: ( /; dS.a) . (3.13)

The assumption of linear variation of ¢ leads to the following expression for the

face integral in Eqn. (3.13):

/de.a= (/de) ay+ [/de(x—xf)] : (Va)y

Combining Eqgs. (3.12), (3.13) and (3.14), a second-order accurate discretised form
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of the Gauss’ theorem is obtained:
(V.a)Vp =) S.aj. (3.15)
f

Here, the subscript f implies the value of the variable (in this case, a) in the middle
of the face and S is the outward-pointing face area vector. In the current mesh
structure, the face area vector Sy point outwards from P only if f is “owned’ by
P. For the “neighbouring” faces S; points inwards, which needs to be taken into
account in the sum in Eqn. (3.15). The sum over the faces is therefore split into
sums over “owned” and “neighbouring” faces:
> Sa;= Y Spa;— > Sja;. (3.16)
7 owner neighbour
This is true for every summation over the faces. In the r>st of the text, this split is

automatically assumed.

3.3.1.1 Convection Term

The discretisation of the convection term is obtained using Eqn. (3.15):
/‘, V.(pUg)dV =3 _8.(pUg);
d f
=>_S.(0U); ¢,
f
= F ¢y, 3.17)
/
where F in Eqn. (3.17) represents the mass flux through the face:
F =8.(pU);. (3.18)

The calculation of these face fluxes will later be discussed separately in Section 3.8.
For now it can be assumed that the flux is calculated from the interpolated values
of p and U.

Eqgs. 317 and (3 18) also require the face value of the variable ¢ calculated from
the values in the cell centres, which is obtained using the convection differencing

scheme.
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Before we continue with the formulation of the convection differencing scheme, it
is necessary to examine the physical properties of the convection term. Irrespective
of the distribution of the velocity in the domain, the convection term does not violate
the bounds of ¢ given by its initial distribution. If, for example, ¢ initially varies
between 0 and 1, the convection term will never produce the values of ¢ that are
lower than zero or higher than unity. Considering the importance of boundedness
in the transport of scalar properties of interest (see Section 1.2.1), it is essential to

preserve this property in the discretised form of the term.

3.3.1.2 Convection Differencing Scheme

The role of the convection differencing scheme is to determine the value of ¢ on the
face from the values in the cell centres. In the framework of arbitrarily unstructured
meshes, it would be impractical to use any values other than ¢p and ¢, because of
the storage overhead associated with the additional addressing information. We shall
therefore limit ourselves to differencing schemes using only the nearest neighbours

of the control volume.

q)p'/ ¢£

. d -
P £] N

Figure 3.2: Face interpolation.

X

Assuming the linear variation of ¢ between P and N, Fig. 3.2, the face value is

calculated according to:
¢f = f:0p + (1 - fz)¢N- (3.19)
Here, the interpolation factor f, is defined as the ratio of distances fN and PN:

(3.20

3=

f1‘=
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The differencing scheme using Eqn. (3.19 to determine the face value of ¢ is
called Central Differencing (CD). Although this has been the subject of some
debate, Ferziger and Peri¢ [48] show that it is second order accurate even on non-
uniform meshes. This is consistent with the overall accuracv of the method. It
has been noted, however that CD causes unphysical oscillations in the solution for
convection-dominated problems (Patankar, [105], Hirsch [65]), thus violating the
boundedness of the solution.

An alternative discretisation scheme that guarantees boundedness is Upwind
Differencing (UD). The face value of ¢ is determined according to the direction of
the flow:

¢y =¢p for F>0.
¢y = (3.21)
¢f=¢n for F<O.
Boundedness of the solution is guaranteed through the sufficient boundedness crite-
rion for systems of algebraic equations (see eg. Patankar, [105]). As it will be shown
later (Section 3.6), boundedness of UD is effectively insured at the expense of the
accuracy, by implicitly introducing the numerical diffusion term. This term violates
the order of accuracy of the discretisation and can severely distort the solution.

Blended Differencing (BD) (Perié¢ [109]) represents an attempt to preserve

both boundedness and accuracy of the solution. It is a linear combination of UD,

Eqn. (3.21) and CD, Eqn. (3.19 :

¢y =1 —7 of)up+~ ¢5)cp, (3.22)

or

¢s =[(1 -y maz(sgn F),0 +vf;]ép
+[(1 y)mun(sgn(F),0) +v(1  f2)]én- (3.23
The blending factor v, 0 < v < 1, determines how much numerical diffusion will be

introduced Peric [109] proposes a constant v for all faces of the mesh For v = 0

the scheme reduces to UD.
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Many other attempts to find an acceptable compromise between accuracy and
boundedness have been made (see Section 1.2.1). The most promising approach at
this stage combines a higher-order scheme with Upwind Differencing on a face-by-
face basis, based on different boundedness criteria. We shall return to the issues
of boundedness, accuracy and convergence of convection differencing schemes in
Section 3.4.

3.3.1.3 Diffusion Term

The diffusion term will be discretised in a similar way. Using the assumption of

linear variation of ¢ and Eqn. (3.15), it follows:
[ V-(erove)dv = LG
= %:(PF¢)IS-(V¢)f- (3.24)
If the mesh is orthogonal, i.e. vectors d and S in Fig. 3.3 are parallel, it is possible

S

de
[ o
Hh
2

Figure 3.3: Vectors d and S on a non-orthogonal mesh.

to use the following expression:

¢N_¢P.

S.(Ve)r =18 —3

(3.25)

Using Eqn. (3.25), the face gradient of ¢ can be calculated from the two values
around the face. An alternative would be to calculate the cell-centred gradient for

the two cells sharing the face as:

1
(Vé p= - Ef: S ¢5, (3.26)
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interpolate it to the face:

(V¢)f = fx(vd))P + (1 - ft)(vé)N (3'27)

and dot it with S. Although both of the above-described methods are second-order
accurate, Eqn. (3.27) uses a larger computational molecule. The first term of the
truncation error is now four times larger than in the first method, which in turn
cannot be used on non-orthogonal meshes.

Unfortunately, mesh orthogonality is more an exception than a rule. In order to
make use of the higher accuracy of Eqn. (3.25), the product S.(V¢)s is split into
two parts:

S.(Ve);=  A(Ve); + k.(Vo)s. (3.28)

—— N ——’
orthogonal contribution  non-orthogonal correction

The two vectors introduced in Eqn. (3.28), A and k, have got to satisfy the following

condition:
S=A+k (3.29)

Vector A is chosen to be parallel with d. This allows us to use Eqn. (3.25) on
the orthogonal contribution, limiting the less accurate method only to the non-
orthogonal part which cannot be treated in any other way.

Many possible decompositions exist and we will examine three:

e Minimum correction approach. The decomposition of S, Fig. 3.4, is done

3

Figure 3.4: N 1- tho n ltytr atment~ th “mn'm mc re tio " appr a h
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in such a way to keep the non-orthogonal correction in Eqn. (3.28) as small as
possible, by making A and k orthogonal:

d.s
A=5d, (3.30)

with k calculated from Eqn. (3.29). As the non-orthogonality increases, the

contribution from ¢p and ¢y decreases.

e Orthogonal correction approach. This approach keeps the contribution

2 1

Figure 3.5: Non-orthogonality treatment in the “orthogonal correction” approach.

from ¢p and ¢y the same as on the orthogonal mesh irrespective of the non-

orthogonality, Fig. 3.5. To achieve this we define:

. |
A= rglsh (3.31)

e Over-relaxed approach. In this approach, the importance of the term in

Figure 3.6: Non-orthogonality treatment in the “over-relaxed” approach.

ép and ¢y is caused to increase with the increase in non-orthogonality:

— d 2
A= <SP (3.32)



86 Finite V lume Discretisation

The decomposition of the face area vector is shown in Fig. 3.6.

The diffusion term, Eqn. (3.24), in its differential form exhibits the bounded be-
haviour. Its discretised form will preserve this property only on orthogonal meshes.
The non-orthogonal correction potentially creates unboundedness, particularly if
mesh non-orthogonality is high. If the preservation of boundedness is more impor-
tant than accuracy, the non-orthogonal correction has got to be limited or completely
discarded, thus violating the order of accuracy of the discretisation. This will be
further discussed in Section 3.6.

All of the approaches described above are valid Eqn. (3.29) is satisfied for all
of them. The difference occurs in their accuracy and stability on non-orthogonal
meshes and will be addressed later, namely in Sections 3.6 and 3.7 4.

The final form of the discretised diffusion term is the same for all three ap-
proaches. The orthogonal part of Eqn. (3.28) is discretised in the following way:

since d and A are parallel, it follows that:

®n — Op

A(Ve)=|A 3 (3.33)
and Eqn. (3.28) can be written as:
S.(Ve); = |A @—;ﬂ +K(Vg);. (3.34)

The face interpolate of V¢ is calculated using Eqn. (3.27).

3.3.1.4 Source Terms

All terms of the original equation that cannot be written as convection, diffusion or
temporal terms are treated as sources. The source term, Sg(¢), can be a general
function of ¢. When deciding on the form of the discretisation for the source, its
interaction with other terms in the equation and its influence on boundedness and
accuracy should be examined. Some general comments on the treatment of source
terms are given in Patankar {105]. A simple procedure will be explained here.

Before the actual discretisation, the source term needs to be linearised:

Se & =Su+Spé, 3.35
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where Su and Sp can also depend on ¢. Following Eqn. (3.12), the volume integral

is calculated as:
fv Ss(#)dV = SuVp + SpVp dp. (3.36)
P

The importance of the linearisation becomes clear in implicit calculations. It is
advisable to treat the source term as “implicitly” as possible. This will be further

explained in Section 3.5.

3.3.2 Temporal Discretisation

In the previous Section, the discretisation of spatial terms has been presented. This
can be split into two parts the transformation of surface and volume integrals into
discrete sums and expressions that give the face values of the variable as a function
of cell values. Let us again consider the integral form of the transport equation,

Eqn. (3.8):
t+at [ 9
/t [5 /V pbdV + /V _V(pUg)av - /V RACAL) dV] dt

= e ( [ S4(9) dv) dt.

Using Egs. (3.17), (3.34) and (3.36), and assuming that the control volumes do not

change in time, Eqn. (3.8) can be written as:
t+at | (9
Ji [({%”) Ve + 3" Fé; = () /S-(V4)y | dt
¢ P f f

t+At
= /t (SuVp + SpVp ép) dt.

(3.37)

The above expression is usually called the “semi-discretised” form of the transport
equation (Hirsch [65]).
Having in mind the prescribed variation of the function in time, Eqn. (3.4), the

temporal integrals and the time derivative can be calculated directly as:

00\ _ Ppop — Ppdh
(22) - eeer-ntr -

t+At 1
/t ¢ t)dt = 5 (6" + 9" At, (3.39)
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where

" =¢ t+At,
¢°=6t). (3.40)

Assuming that the density and diffusivity do not change in time, Egs. (3.37),
(3.38) and 3.39) give:

ppop —ppd% L "
T Vet zf:m, - 5; PL4)S.(Vo

1 1
+ 3 Y F¢f - 3 D (T6)sS (Vo)g
f f
1 1
— SulVp+ §Sp Ve op + 5Sp Vp ¢%. (3.41)

This form of temporal discretisation is called the Crank-Nicholson method. It is
second-order accurate in time. It requires the face values of ¢ and V¢ as well as
the cell values for both old and new time-level. The face values are calculated from
the cell values on each side of the face, using the appropriate differencing scheme
for the convection term, and Eqn. (3.34) for diffusion. The evaluation of the non-
orthogonal correction term will be discussed later (see Section 3.5). Our task is to
determine the new value of ¢p. Since ¢; and (V¢); also depend on values of ¢ in

the surrounding cells, Eqn. (3.41) produces an algebraic equation:
ap¢1;> + Z aNgb',i, = Rp. (3.42)
N

For every control volume, one equation of this form is assembled. The value of ¢
depends on the values in the neighbouring cells, thus creating a system of algebraic

equations:
[A][¢] = [R], (3.43)

where [A] 1s a sparse matrix, with coefficients ap on the diag nal and an off the
diagonal, [4] is the vector of ¢-s for all control volumes and [R] is the source term
v ct r The sparseness pattern of the matrix depends on the order in which the

control volumes are labelled, with every off-diagonal coefficient above and below the
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diagonal corresponding to one of the faces in the mesh. In the rest of this study,
Eqn. (3.43) will be represented by the typical equation for the control volume,
Eqn. (3.42).

When this system is solved, it gives a new set of ¢ values — the solution for the
new time-step. As will be shown later, the coefficient ap in Eqn. (3.42) includes
the contribution from all terms corresponding to ¢% — the temporal derivative,
convection and diffusion terms as well as the linear part of the source term. The
coefficients an include the corresponding terms for each of the neighbouring points.
The summation is done over all CV-s that share a face with the current control
volume. The source term includes all terms that can be evaluated without knowing
the new ¢’s, namely, the constant part of the source term, and the parts of the
temporal derivative, convection and diffusion terms corresponding to the old time-

level.

The Crank-Nicholson method of temporal discretisation is unconditionally stable
(Hirsch [65]), but does not guarantee boundedness of the solution. Examples of
unrealistic solutions given by the Crank-Nicholson scheme can be found in Patankar
and Baliga [106]. As in the case of the convection term, boundedness can be obtained

if the equation is discretised to first order temporal accuracy.

It has been customary to neglect the variation of the face values of ¢ and V¢ in
time (Patankar [105]). This leads to several methods of temporal discretisation. The
new form of the discretised transport equation combines the old and new time-level

convection, diffusion and source terms, leaving the temporal derivative unchanged:

ppdp — ppdp

AR Ve + S Foy — T (T0)5(V9),
f f

= SuVp + SpVpop. (3.44)

The resulting equation is only first-order accurate in time and a choice has to be

made about the way the face values of ¢ and V¢ are evaluated.

In explicit discretisation, the face values of ¢ and V¢ are determined from
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the old time-field:

o7 = fo0p + (1= fz)o%, (3.45
5.(v6); = A B2 4 a(ves. (3.46

The linear part of the source term is also evaluated using the old-time value.

Eqn. (3.44) can be written in the form:

A
o = 6% + —é Y Fo; — 3 (oT)S.(Vo); + SuVp + SpVeds| .
pPPVP |75 7 (3.47)

The consequence of this choice is that all terms on the r.h.s. of Eqn. (3.47) depend
only on the old-time field. The new value of ¢p can be calculated directly it is
no longer necessary to solve the system of linear equations. The drawback of this
method is the Courant number limit (Courant et al. [32]). The Courant number is

defined as:

_U,d
Co= I (3.48)

If the Courant number is larger than unity, the explicit system becomes unstable.
This is a severe limitation, especially if we are trying to solve a steady-state problem.
The Euler Implicit method expresses the face-values in terms of the new

time-level cell values®:

¢r = f20p + (1 = f2) 8N, (3.49)
N — 5

S.(Vo)y= A ——

+k.(Vo)s. (3.50)

This is still only first order accurate but, unlike the explicit method, it creates an
system of equations like Eqn. (3.42). The coupling in the system is much stronger
than in the explicit approach and the system is stable even if the Courant number
limit is violated (Hirsch [65]). Unlike the explicit method, this form of temporal

dis retisation guarantees boundedness

2The evalua 10n of the n n-orthogonal correction will be discussed later in Se tion 3 5
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Backward Differencing in time is a temporal scheme which is second-order
accurate in time and still neglects the temporal variation of the face values. In order
to achieve this, each individual term of Eqn. (3.8) needs to be discretised to second
order accuracy.

The discretised form of the temporal derivative in Eqn. (3.44) can be obtained
in the following way: consider the Taylor series expansion of ¢ in time around
(t + At) = ¢™

2
d(t) = ¢° = ¢" — %At + %%Atz +0(At). (3.51)

The temporal derivative can therefore be expressed as:

9 _¢"—¢° 18

5 N 550 At + O(A#?). (3.52)

In spite of the prescribed linear variation of ¢ in time, Eqn. (3.38) approximates
the temporal derivative only to first order accuracy, since the first term of the
truncation error in Eqn. (3.52) scales with At. However, if the temporal derivative
is discretised up to second order, the whole discretisation of the transport equation
will be second-order accurate even if the temporal variation of ¢; and (V¢); is
neglected.

In order to achieve this, the Backward Differencing in time uses three time levels.

The additional Taylor series expansion for the “second old” time level is:

— — H20 — 4N 6(15 @ 2 3
d(t—At)=¢" = ¢ —2§At+2at2At + O(A?). (3.53)

It is now possible to eliminate the term in the truncation error which scales with At.
Combining Egs. (3.51) and (3.53) the second-order approximation of the temporal
derivative is:

0p _ 30" —2¢°+34%
ot At ’

(3.54)

Again, the boundedness of the solution cannot be guaranteed. Comparison between
the Backward Differencing and the Crank-Nicholson method will be made in Sec-

tion 3.6. The final form of the discretised equation with Backward Differencing in
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time is:

3Pp®" = 20p¢° + 30P6”

AL P+ Fot = (0T4)7S.(Vo 4
f f
= SuVp + SpVrdp. (3.55)

This produces a system of algebraic equations that must be solved for ¢%.
Steady-state problems are quite common in fluid flows. Their characteristic is

that the solution is not a function of time, i.e. the transport equation reduces to:
V.(pU¢) — V.(pI'yVe) = Su + Sp ¢. (3.56)

If we are solving a single equation of this type, the solution can be obtained in a
single step. This is generally not the case: fluid flow problems require a solution of
non-linear systems of coupled equations. If the non-lineasity of the system is lagged,
which is the case in the segregated approach used in this study, it is still necessary
to solve the system in an iterative manner. In order to speed up the convergence,
an implicit formulation is preferred. The convergence of the iterative procedure can

be improved through under-relaxation, which will be described in Section 3.5.

3.3.3 Implementation of Boundary Conditions

Let us now consider the implementation of boundary conditions. The computa-
tional mesh includes a series of faces which coincide with the boundaries of the
physical domain under consideration. The conditions there are prescribed through
the boundary conditions.

In order to simplify the discussion, the boundary conditions are divided into
numerical and physical boundary conditions.

There are two basic types of numerical boundary conditions. Dirichlet (or fixed
value boundary cond'tion prescribes the value of the variable on the boundary.
Von Neumann boundary condition, on the other hand, prescribes the gradient of
the variable normal t the b undary. These two types of boundary conditions can

be built into the system of algebraic equations, Eqn. (3.42), before the solution.
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Physical boundary conditions are symmetry planes, walls, inlet and outlet con-
ditions for fluid flow problems, adiabatic or fixed temperature boundaries for heat
transfer problems etc.. Each of these conditions is associated with a set of numerical
boundary conditions on each of the variables that is being calculated. Some more
complicated boundary conditions (radiation boundaries, for example) may specify

the interaction between the boundary value and the gradient on the boundary.

3.3.3.1 Numerical Boundary Conditions

Before we consider the implementation of numerical boundary conditions, we have
to address the treatment of non-orthogonality on the boundary. Consider a control

volume with a boundary face b, shown in Fig. 3.7. In this situation, the vector d

Figure 3.7: Control volume with a boundary face.

extends only to the centre of the boundary face.

It is assumed that a boundary condition specified for the boundary face is valid
along the whole of the face. The decomposition of the face area vector into the
orthogonal and non-orthogonal part is now simple: the vector k in Fig. 3.7 is parallel
to the face. The orthogonal part of the face area vector (A in Fig. 3.7) is therefore

equal to S, but is no longer located in the middle of the face.

The vector between the cell centre and the boundary face is now normal to the
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boundary:
d, = —— (3.57)
and the correction vector k is not used.

e Fixed Value Boundary Condition

The fixed value boundary condition prescribes the value of ¢ at the face b to
be ¢,. This has to be taken into account in the discretisation of the convection

and diffusion terms on the boundary face.

— Convection term. According to Eqn. (3.17), the convection term is

discretised as:
/v V.(pUg)dV = " F ¢;.
P 7

It is known that the value of ¢ on the boundary face is ¢,. Therefore,

the term for the boundary face is:

F, ¢y, (3.58)

where Fy is the face flux.

— Diffusion term. The diffusion term is discretised according to Eqn. (3.24).
[, V(eLeV6)aV = 3(6L)S.(V4);.
f

The face gradient at b is calculated from the known face value and the

cell centre value:

oy — Op
d,

S.(Ve)y= S (3.59)

because S and d,, are parallel.

e Fixed Gradient Boundary Condition

In the case of the fixed gradient boundary condition, the dot-product of the

gradient and the outward pointing unit normal is prescribed on the boundary:

S
(_S__V<p)b = g (3.60
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— Convection term. The face value of ¢ is calculated from the value in

the cell centre and the prescribed gradient:

¢ = ¢p + dn.(Vo)s
= ¢P + dn 9b- (361)

— Diffusion term. The dot product between the face area vector and

(V@), is known to be
S g (3.62)

and the resulting term is:
(PTg)e S go. (3.63)

As the vector d,, does not point to the middle of the boundary face, the face
integrals in the fixed gradient boundary condition are calculated only to first
order accuracy. This can be rectified by including the boundary face correction
based on the vector k (Fig. 3.7) and the component of the gradient parallel to
the face in the first cell next to the boundary. However, Section 3.6 will show
that the error of the same type is neglected for the internal faces of the mesh

and this correction is omitted for the sake of consistency.

3.3.3.2 Physical Boundary Conditions

Let us now consider some physical boundary conditions for fluid flow calculations.

For simplicity, we shall start with the incompressible flow.

e Inlet boundary. The velocity field at the inlet is prescribed and, for consis-

tency, the boundary condition on pressure is zero gradient (Hirsch [65)).

e Outlet boundary. The outlet boundary condition should be specified in such
a way that the overall mass balance for the computational domain is satisfied.

This can be done in two ways:
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— The velocity distribution for the boundary is projected from the inside
of the domain (first row of cells next to the boundary). These velocities
are scaled to satisfy overall continuity. This approach, however, leads to
instability if inflow through a boundary specified as outlet occurs. The

boundary condition on pressure is again zero gradient.

— The other approach does not require the velocity distribution across the
outlet the pressure distribution is specified instead. The fixed value
boundary condition is used for the pressure, with the zero gradient bound-
ary condition on velocity. Overall mass conservation is guaranteed by the

pressure equation (see Section 3.8).

e Symmetry plane boundary. The symmetry plane boundary condition im-
plies that the component of the gradient normal to the boundary should be
fixed to zero. The components parallel to it are projected to the boundary

face from the inside of the domain.

e Impermeable no-slip walls. The velocity of the fluid on the wall is equal to
that of the wall itself, so the fixed value boundary conditions prevail. As the
flux through the solid wall is known to be zero, the pressure gradient condition

is zero gradient.

Compressible flows at low Mach numbers are subject to the same approach as
above. The situation is somewhat more complex in case of transonic and supersonic
flons the number of boundary conditions fixed at the inlet and outlet depends on
the number of characteristics pointing into the domain. For these cases the reader
is referred to Hirsch [65] or Uslu [135].

For turbulent flows, the inlet and outlet boundary conditions on turbulence
variables (k and ¢, for example are typically assigned to fixed values and zero
gradients, respectively The boundary conditions for the turbulence properties on
the wall depend on the form of the selected turbulence model and the near-wall

treatment.
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3.4 A New Convection Differencing Scheme

In this Section, a new convection differencing scheme will be proposed. It is based
on the Normalised Variable Approach (NVA) of Leonard [82] and Gaskell and Lau
[49]. It guarantees boundedness of the solution by introducing a small amount
of numerical diffusion in regions where it is needed. The scheme is formulated
as a stabilised version of Central Differencing (CD) in order to preserve overall
second-order accuracy. The necessary modification of the Convection Boundedness
Criterion of Gaskell and Lau [49] for non-uniform unstructured meshes is also given.

The description of the new differencing scheme will start with an analysis of
the issues of accuracy and boundedness, and introduction of the concepts of Total

Variation Diminishing (TVD) and the Normalised Variable Approach (NVA).

3.4.1 Accuracy and Boundedness

As has been mentioned before, none of the basic convection differencing schemes
produces a numerical solution which is bounded and accurate at the same time.
This problem has been tackled in several different ways, including the introduc-
tion of “streamwise-upwind schemes” (eg. Raithby [112, 113]), higher-order upwind
schemes (eg. QUICK by Leonard [81]) and flux-limited schemes (eg. FCT by Boris
and Book [20]). Flux limiting is a procedure that creates a differencing scheme which
is higher than first-order accurate, but without the spurious oscillations associated
with the classical second-order schemes. This has proven to be the most promising
approach. Harten (58] introduces the notion of Total Variation Diminishing (TVD)

to characterise oscillation-free lux-limited schemes.

3.4.1.1 TVD Differencing Schemes

The derivation of the TVD criterion starts with the derivation of semi-discrete
schemes for the unsteady convection problems by Osher, named the “E-schemes”.

He shows that these schemes are at most first-order accurate but converge to the
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correct physical solution which satisfies the entrophy condition®.
It is well known (eg. Sweby [129], Harten [58]) that a crucial estimate involved
in convergence proofs of differencing schemes is a bound on the variation of the

solution. The Total Variation TV (¢"*!) [129] of the solution is defined by:
TV(¢™) =) oy —¥p, (3.64)
f

where P and N are the points around the face f. The Total Variation Diminishing

schemes satisfy the following condition (Sweby [129]) for every time-step:
TV (§™) < TV(47). (3.65)

Sweby also shows that the schemes satisfying the above condition are also “E-
schemes”, thus producing the solution that obeys the entrophy condition.

The above condition is now applied to the higher-order flux-limited schemes
in the way suggested by Sweby [129]: a selected higher-order differencing scheme is
written as a sum of the first-order bounded differencing scheme (UD) and a “limited”

higher order correction:

¢5 = (#)up + ¥[(¢)no — (#)up), (3.66)

where (¢)go represents the face value of ¢ for the selected higher-order scheme and
¥ is the flux limiter. Following van Leer [139] and Chakravarthy and Osher [27],
Sweby [129] assumes that the limiter is a function of consecutive gradients of ¢,

Fig 3.8, as measured by:

_¢c— v
r= py—— (3.67)
Thus:
V=10 r7) (3.68)

The points U, C and D are selected according to the direction of the flow on the
face f.

The weak solutions of this equation are non-unique (Sweby [129] and so an extra constraint

is needed to select the unique physical solut: n
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flow direction q)
- D

6. 7|9
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U C £ D

Figure 3.8: Variation of ¢ around the face f.

Sweby [129] shows that the following constraint on the limiter guarantees that

the scheme satisfies the TVD condition:
0< (ql—yl, \Il(r)) <2 (3.69)

The points that satisfy the TVD condition can be presented as the shaded region
in Sweby’s diagram, Fig. 3.9, showing ¥ as a function of r. The hatched region in

Fig. 3.9 is known as the second-order region of the TVD diagram (Sweby [129)).

y!
2
.-f.
rd
1 ............ i..
4 -
0 1 2 r

Figure 3.9: Sweby’s diagram.

The TVD boundedness criterion as derived by Sweby [129] includes the depen-

dence of the limited scheme on the Courant number. The TVD condition given
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by Eqn. (3 69), applies to explicit second-order differencing schemes on a five-point
computational molecule in one-dimensional problems. All second-order schemes
are considered to be a linear combination of explicit versions of Linear Upwinding
Warming and Beam [146]) and Central Differencing (Lax-Wendroff [79]), where
the face value of ¢ depends on the Courant number in order to guarantee stability.
As the Courant number increases, the differencing scheme becomes more and more
diffusive and in the limit of Co = 1, both schemes reduce to Upwind Differencing.
This type of behaviour is essential to prove the convergence of TVD differencing
schemes.

The dependence of the convection differencing scheme on the Courant number
cannot be accepted it would imply that a steady-state solution for a convection-
dominated problem depends on the time-step used to reach the steady state.

In spite of its deficiencies, the TVD approach has been widely accepted. It
has, however, been noted (Leonard [83]) that TVD schemes are either too diffusive,
introducing too much numerical diffusion (for example MINMOD by Zhu and Rodi
[155] , or too compressive, distorting the smoothly changing solutions through the
introduction of “down-winding”, where the influence of ¢p to ¢y is larger than that
of ¢c (SUPERBEE by Roe [118] .

A less restrictive and more general approach to boundedness can be found in the

Normalised Variable Approach (NVA), described below.

3.4.1.2 Convection Boundedness Criterion and the NVD Diagram

The Normalised Variable Approach and Convection Boundedness Criterion have
been introduced by Leonard [82] and Gaskell and Lau [49]. Unlike the TVD ap-
proach, it does not guarantee convergence of the proposed differencing scheme, but
tackles the problem of boundedness in a more general way

Consider the variation of a convected scalar ¢ around the face f in a one
dimensional case, Fig 3.8. The normalised variable is defined as [82]

¢ — oy

, 370
¢p — du

a:
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where U and D refer to the points in Fig. 3.8.
With this definition, any differencing scheme using only the nodal values of ¢ at

points U, C and D to evaluate the face value ¢ can be written in the form:

where

~ _ ¢c—¢u

ve = ¢p — du (3.72)
and

~ _ ¢r—¢u

o5 = —¢D e (3.73)

In order to avoid unphysical oscillations in the solution, we will require that ¢¢

(and consequently ¢;) are locally bounded between ¢y and ¢p, meaning either

¢v < ¢c < ¢p, (3.74)

or

dv 2> ¢c 2 ¢p- (3.75)

If this criterion is satisfied for every point in the domain, the entire solution will
be free of any unphysical oscillations. This is the basis of the Normalised Variable

Approach.
The Convection Boundedness Criterion (CBC) (Gaskell and Lau [49]) for ¢¢ is

given as:
0<dc <1, (3.76)
because by definition
éc =0= ¢c = ¢u, (3.77)
éc =1= ¢c = ép. (3.78)

Gaskell and Lau [49] show that the boundedness criterion for convection dif-
ferencing schemes can be presented in the Normalised Variable Diagram (NVD),
showing <$, as a function of ¢c, as the hatched region in Fig. 3.10 (including the

line ;ﬁ;f = ¢¢), or with the following conditions:
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e for 0 < dc <1, 50 is bounded below by the function ¢; = 5(; and above by

unity, and passes through the points (0,0) and (1,1),

o for (ZC < 0 and 50 >1 q;f is equal to q;c.

0 -
1 ~
P

Figure 3.10: Convection Boundedness Criterion in the Normalised Variable Diagram.

Fig. 3.11 shows some basic differencing schemes represented in the NVD: Upwind
Differencing (UD , Central Differencing (CD), Linear Upwind Differencing (LUD)
by Warming and Beam [146] and QUICK by Leonard [81]. It can be seen that the

only basic differencing scheme that satisfies the boundedness criterion is UD.

-~ LuD,/ UD
(bf * ! 7

/ Qurcs "/
/ ws

e gl L

+ s

f 1 -~
/ 0,

Figure 3 11: Common differen ing s hemes in the NVD diagram
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It should be noted that the NVD makes no reference to the Courant number,
thus resolving the problem of dependence of the steady-state solution on the time-
step. In a later paper, Leonard [83] includes the “transient interpolation modelling”
of the face value of ¢ depending on the time-step, again restricting all differencing
schemes to UD for Co = 1.

NVD diagrams for a number of TVD and NVD schemes as well as the relationship
between NVD and Sweby’s diagram can be found in Leonard [83].

3.4.1.3 Convergence Problems of Flux-Limited Schemes

According to both TVD and NVA| any differencing scheme that is more than first-
order accurate must be non-linear in order to guarantee boundedness. Non-linearity
of the differencing scheme is introduced through the dependence of the flux limiter
on the solution itself (see Egs. (3.68) and (3.71)).

This additional non-linearity does not cause the divergent behaviour, as the orig-
inal higher-order scheme satisfies the stability condition. It has, however, been noted
that the NVD schemes under some conditions do not produce a unique solution for
a steady-state problem, as the change in the discretisation practice changes the solu-
tion between the time-steps and vice versa. For the TVD schemes, the convergence
of the non-linear system to a unique solution can be proven only for explicit calcula-
tions, introducing the dependence of the limiter on the Courant number. In the case
of implicit calculations in two or three dimensions, or for Co > 1, the convergence
properties of TVD schemes cannot be proven. The NVD criterion, on the other
hand, does not guarantee that the differencing scheme will be convergent under any
conditions. Experience with some NVD differencing schemes (Zhu [154]) shows that
special modifications in the implementation of the differencing scheme are needed
in order to improve convergence.

The creation of a differencing scheme in either the TVD or NVA framework can

be divided into three steps:

e A basic differencing scheme needs to be selected. This scheme can be un-

bounded, but should be accurate and stable. This basic differencing scheme
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will be used unaltered in those regions where it produces a bounded solution.

e The regions of the domain in which problems with boundedness occur need
to be detected in some way. For this purpose the TVD schemes use the
“smoothness monitor” r, Eqn. (3.67), whereas the NVD schemes introduce

the concept of the “normalised variable” ®, Eqn. (3.70).

e Finally, a change in the discretisation in regions of unboundedness needs to be
introduced. This change is partially dictated by the TVD or NVD criterion
itself, Figs. 3.9 and 3.10.

The Convection Boundedness Criterion represents the most general approach to
the issue of local boundedness of the solution. It has therefore been selected as the
boundedness indicator for the new bounded differencir g scheme. According to its
original formulators, the Normalised Variable Approach is not readily extendible to
arbitrarily unstructured meshes, but in the present work we show that this is not
the case. The next Section introduces the necessary changes in the calculation of
the Normalised Variable to achieve this.

The choice of the basic differencing scheme comes from the desired order of ac-
curacy of the Finite Volume method presented in this study. In order to achieve the
second order behaviour, consistent with the rest of the discretisation practice, CD
has been selected. It uses a compact computational molecule, which is advantageous
for unstructured meshes.

The bounding process for the new differencing scheme is based on the NVD
diagram. Once the basic framework has been established, the issue of accuracy vs.

¢ nvergence will be addressed.

3.4.2 Modification of the NVD Criterion for Unstructured
Meshes

Th CBC us s the value of the dependent variable ¢ in the U far upwind node

in order to determine ¢c. Thisis n t practical f r arbitrarily unstructured meshes
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because the far upwind cell label is not known, or that point does not even exist.

The definition of the normalised variable, Eqn. (3.70), is originally given for a
uniform mesh. This implies that a differencing scheme based on Eqn. (3.71) will
be sensitive to sudden changes in the mesh spacing. A generalisation of the NVD
criterion to non-uniform meshes has been given by Darwish [37]. However, this
generalisation is complex and introduces additional computational cost.

In this Section, a modification of the Normalised Variable in terms of gradients of
the dependent variable will be presented. It enables the use of the NVA on arbitrarily
unstructured and non-uniform meshes without an increase in the computational cost.

The information available for each cell face includes the gradients of the depen-
dent variable over both cells sharing the face and the gradient across the face itself.
Using the fact that the computational point is located in the middle of the control
volume, definition of ¢¢ can be changed as follows.

If the value of ¢¢ is bounded by ¢y and ¢p, Fig. 3.12, it is also bounded by the
interpolated face values d)}' and ¢;. The advantage of this formulation is that the
calculation of the gradient of ¢ across the cell on the basis of the interpolated face

values is valid both on uniform and non-uniform meshes. The new definition of ¢¢

i7 0,
7,

at

—o ~—
C

Figure 3.12: Modified definition of the boundedness criterion for unstructured meshes.

is therefore:

¢f — ¢c
1—- = 3.7
5T =9, (3.79)

= _9$c—9¢; _
Sk
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In the case of a uniform mesh, Eqn. (3.72) and Eqn. (3.79) are equivalent.

The next step is to reformulate Eqn. (3.79) in terms of gradients across the face
and the “upwind” cell C. Using the interpolation factor f;, Eqn. (3.20), and vector
d, Fig. 3.6, the difference ¢} — ¢¢ can be written as:

¢7 — ¢c = f(ép — éc)

_ 90— ¢c
=Jz (xp — z¢)
Ip —X¢
= f2(V¢)s.d(zp — z¢), (3.80)
since
¢p — ¢c _ 5
2y — 20 (Vo)s.d. (3.81)

d=—. (3.82)

The transformation of d)}r — ¢, can be done in the following way:

__¢5-¢
¢}—¢f = mi _mi x}'-_xf)
f f
= (V¢ cd(zf - z4). (3.83)

Using Eqs 320 , (3.80) and (3.83 , the transformation of Eqn. (3.79) is simple:
~ o7 — ¢c
¢c = 1-
° 4 — ¢
1— f,(V(ﬁ)fa Ip — .’L‘c')
(Vo)ed =5 —z7)

Since the computational point C is located in the middle of the cell, the following

(3.84

geometrical relation can be used:

¥ — 2 ¥ -z
I "1 92t —7C 95 (385

Ip — Tc Ip — Xc
giving the final form of ¢¢-

s, (¥ ;.d (V6 ,d

bc 2Véod  2(Vocd (386
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There is no reference to the ”far upstream” node U, or even to the previous upstream
face. The product (V¢ ;.d is calculated directly from the values of the variable on

each side of the face:

(V¢)s.d =ép — éc. (3.87)

Implementation of the NVD criterion on any mesh is now simple. The informa-
tion about the topological structure of the mesh is irrelevant. Even the existence of
the opposite face f~ 1s not required it is only necessary to have the point C in the

middle of the control volume.

3.4.3 Gamma Differencing Scheme

The following Section gives the description of the Gamma differencing scheme.

CD is used in the bulk of the domain. For the values of ac < 0 and ;f;c > 1 the
boundedness criterion prescribes the use of UD in order to guarantee boundedness.
Therefore, some sort of “switching” between the schemes is needed. This causes the
most serious problems with the family of NVD differencing schemes there is no
guarantee that a steady-state solution will be obtained because of the perturbations
introduced by “switching”. In order to overcome this difficulty, the majority of
existing NVD schemes use some form of linear upwinding in the range of values
0< 5(; < Bm, where G, is a constant of the differencing scheme, usually around
1/6 (Gaskell and Lau [49]). The meaning of 8, will become clear from the further
discussion, Section 3.4.3.1. Numerical experiments show that LUD is not really
appropriate for this purpose, because it causes both distortion and the shift of the
profile in comparison with the exact solution.

Values of ¢¢ close to 0 (d7c > 0) represent the profile of the dependent variable
similar to the one shown in Fig. 3.13.

If the line passing through ¢y, éc and ¢p is regarded as the exact form of the
bounded local profile, it can be seen that the exact face value ¢; is bounded by the
values obtained from UD and CD. It follows that some kind of blending between

the two can be used to obtain a good estimate of the face value.
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%,

—e &
U C £
Figure 3.13: Shape of the profile for 0 < q~5c < Bm-

ol

In order to establish a smooth transition, the blending between UD and CD
should be used smoothly over the interval 0 < éc < Bm and the blending factor vy

should be determined on the basis of &C such that:
e ¢c =0= y=0 Upwind Differencing),
o dc=Pn= v = 1 (Central Differencing .
This practice simultaneouslv satisfies two important requirements:

e The face value in situations of rapidly-changing derivative of the dependent
variable is well estimated and a smooth change in gradients is secured. This
has proven to be much better than forms of the Linear upwinding usually used

in this situati n Gaskell and Lau [49], Darwish [36] .

e The transition between UD and CD is smooth. This reduces the amount
of switching in the differencing scheme and improves convergence. In other

NVD schemes there is a p int where a small change in the value of dc causes
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an abrupt change in the discretisation practice, causing the deterioration in

convergence. With the Gamma differencing scheme, this is not the case.

The blending factor 4 has been selected to vary linearly between éc = 0 and
(ZC = Bm:
=%
Prm

The proposed form of the Gamma differencing scheme thus includes the follow-

Yy (3.88)

ing.

e For all the faces of the mesh, check the direction of the flux and calculate:

do = ¢c — du

é¢p — du
_1_ (Vo)sd
2(Ve)e.d

from the previous available solution or the initial guess.
e Based on ¢c, calculate q;f as:

—cchOorachuseUD:

<Ef =¢c = é5 = ¢c, (3.89)
- ﬂm§$c<1useCD:
- 1 1~
¢r =3+ 5%c (3.90)

or, in terms of un-normalised variables:

¢1 = fzéc + (1 = f2)ép, (3.91)
— 0 < @¢ < B blending is used:
- H2 -
o5 = "g;i + (1 + '2%') écs (3.92)

or, in terms of un-normalised variables:

~

b = (1 ~fea- f:)) bo+ 2100 (399

m
The blending factor is calculated from the local value of éc and the pre-

specified constant of the scheme, G,,.
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The NVD diagram for this differencing scheme is shown in Fig. 3.14.

5: 4

1

.
o
i

1/2 L

0 ﬁm 1 ~

?c

Figure 3.14: Gamma differencing scheme in the NVD diagram.

The Gamma differencing scheme uses a compact computational molecule, in-
cluding one computational point on either side of each face. The calculation of bc
has been modified in such a way that it does not require the far upwind node ad-
dressing. The differencing scheme can therefore be easily implemented on arbitrarily
unstructured meshes. The scheme is upwind-biased not through an increase in the
computational molecule, but in the way the blending factor is calculated it can

therefore be seen as a stabilised version of Central differencing.

3.4.3.1 Accuracy and Convergence of the Gamma Differencing Scheme

The role of the 8, coefficient can be seen in Fig. 3.14 - the larger the value of Gy,
the more blending will be introduced. At the same time, the transition between UD
and CD will be smoother For good resolution, the value of 8, should ideally be
kept as low as p ssible.

An upper himit on 8,, comes from the accuracy requirement. For ¢c — %, the
variati n f ¢ is linear between U and D and CD reproduces the exact value of

¢¢. Bm should therefore alwavs be less than % Higher values of 3, result in more
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numerical diffusion. For good resolution of sharp profiles, f§,, should ideally be
kept to about 0.1. Lower values do not improve the accuracy, but introduce the

“switching” instability. The useful range of Gy, is therefore:

. (3.94)

DN =

1
— < <
= <hn <

The other factor influencing the choice of 3, is the convergence for steady-state
calculations. The problem of convergence with the Gamma differencing scheme is
less serious than with other schemes of the switching type because of the smooth
transition between UD and CD. A universal remedy for convergence problems is to
increase the value of 3,, (but not over 1).

It should also be mentioned that the face value of ¢ in the Gamma differencing
scheme does not in any way depend on the Courant number. Steady-state solutions

will therefore be independent of the size of the time-step used to reach it.

3.5 Solution Techniques for Systems of Linear
Algebraic Equations

Let us again consider the system of algebraic equations created by the discretisation,

Eqn. (3.42):
apdp +>_andy = Rp.
N

This system can be solved in several different ways. Existing solution algorithms
fall into two main categories: direct and iterative methods. Direct methods give
the solution of the system of algebraic equations in a finite number of arithmetic op-
erations. Iterative methods start with an initial guess and then continue to improve
the current approximation of the solution until some “solution tolerance” is met.
While direct methods are appropriate for small systems, the number of operations
necessary to reach the solution raises with the number of equations squared, making
them prohibitively expensive for large systems Muzaferija [97]). Iterative methods

are more economical, but they usually pose some requirements on the matrix.
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The matrix resulting from Eqn. (3.42) is sparse most of the matrix coefficients
are equal to zero. If it were possible to choose a solver which preserves the sparsity
pattern of the matrix, the computer memory requirements would be significantly de-
creased. Unlike direct solvers, some iterative methods preserve the sparseness of the
original matrix. These properties make the use of iterative solvers very attractive.

Iterative solvers require diagonal dominance in order to guarantee convergence.
A matrix is said to be diagonally equal if the magnitude of the diagonal (central)
coefficient is equal to the sum of magnitudes of off-diagonal coefficients. The addi-
tional condition for diagonal dominance is that ap > Y, an| for at least one row
of the matrix.

In order to improve the solver convergence, it is desirable to increase the diagonal
dom nance of the system. Discretisation of the linear part of the source term,
Eqn. (3.36), is closely related to this issue. If Sp < 0, its contribution increases
diagonal dominance and Sp is included into the diagonal. In the case of Sp > 0,
diagonal dominance would be decreased. It is more effective to include this term
into the source and update it when the new solution is available. This measure is,
however. not sufficient to guarantee the diagonal dominance of the matrix.

The analysis of the structure of the matrix brings us back to the issue of bound-
edness. The sufficient boundedness criterion for systems of algebraic equations men-
tioned in Section 3.3.1 states that the boundedness of the solution will be preserved
for diagonally equal systems of equations with positive coefficients. This allows us
to examine the discretised form of all the terms in the transport equation from the
point of view of boundedness and diagonal dominance and identify the troublesome

parts of discretisation.

The convection term creates a diagonally equal matrix only for Upwind Dif-
ferencing. Any other differencing scheme will create negative coefficients, violate
the diagonal equality and potentially create unbounded solution. In the case of
Central D fferencing on a uniform mesh, the problem is further complicated by the
fa t that the central coefficient is equal to zero. In order to improve the quality

of the matrix for high r-order differencing schemes, Khosla and Rubin (73] propose
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a deferred correction implementation for the convection term. Here, any dif-
ferencing scheme is treated as an upgrade of UD. The part of the convection term
corresponding to UD is treated implicitly (i.e. built into the matrix) and the other
part is added into the source term. This, however, does not affect the boundedness
in spite of the fact that the matrix is now diagonally equal, as the “troublesome”

part of the discretisation still exists in the source term.

The diffusion term creates a diagonally equal matrix only if the mesh is orthog-
onal. On non-orthogonal meshes, the second term in Eqn. (3.34) introduces the
“second neighbours” of the control volume into the computational molecule with
negative coefficients, thus violating diagonal equality. As a consequence of mesh
non-orthogonality, the boundedness of the solution cannot be guaranteed. The in-
crease in the computational molecule would result in a higher number of non-zero
matrix coefficients, implying a considerable increase in the computational effort re-
quired to solve the system. On the other hand, the non-orthogonal correction is
usually small compared to the implicit part of the diffusion term. It is therefore
reasonable to treat it through the source term. In this study, the diffusion term
will therefore be split into the implicit orthogonal contribution, which includes only
the first neighbours of the cell and creates a diagonally equal matrix and the non-
orthogonal correction, which will be added to the source. If it is important to resolve
the non-orthogonal parts of the diffusion operators (like in the case of the pressure
equation, see Section 3.8), non-orthogonal correctors are included. The system of
algebraic equations, Eqn. (3.42), will be solved several times. Each new solution will
be used to update the non-orthogonal correction terms, until the desired tolerance
is met. It should again be noted that this practice only improves the quality of
the matrix but does not guarantee boundedness. If boundedness is essential, the
non-orthogonal contribution should be discarded, thus creating a discretisation error

described in Section 3.6.

At this point, the difference between the non-orthogonality treatments proposed
in Section 3.3.1.3 becomes apparent. The decomposition of the face area vector into

the orthogonal and non-orthogonal part determines the split between the implicit
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and explicit part of the term, with the consequences on the accuracy and convergence
of non-orthogonal correctors. The comparison of different treatments is based on

several criteria:

e On which angle of non-orthogonality is it necessary to introduce non-orthogonal
correctors how good an approximation of the converged solution can be ob-

tained after only one solution of the system?
e How many non-orthogonal correctors are needed to meet a certain tolerance?

e How does the number of solver iterations change with the number of correc-

tors?

e If the non-orthogonal correction needs to be discarded for the sake of bound-

edness, which approach causes the smallest discretisation error?

The discretisation error for the diffusion term will be derived in Section 3.6.
Numerical results for the convergence of three non-orthogonality treatments will be
given in Section 3.7.

The discretisation of the temporal derivative creates only the diagonal coefficient
and a source term contribution, thus increasing the diagonal dominance. Unfortu-
nately, the sufficient boundedness criterion cannot be used to establish the bound-
edness of the discretisation, as it does not take into account the influence of the
source term.

The above discussion concentrates on the analysis of the discretisation on a term-
by-term basis. In reality, all of the above coefficients contribute to the matrix, thus
influencing the properties of the system. It has been shown that the only terms that
actually enhance the diag nal dominance are the linear part of the source and the
temp ral derivative

In steady-state calculations, the beneficial influence of the temporal d rivative on
the diagonal dominance does not exist. In order to enable the use iterative s lvers,

the diagonal d minance needs to be enhanced in some other way, namely through
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under-relaxation. Consider the original system of equations, Eqn. (3.42):
ap¢';7 + Z aN¢',§, = Rp.
N

Diagonal dominance is created through an artificial term added to both left and
right-hand side of Eqn. (3.42):

l—-a
a

l—-a

ap¢?> + ap¢?> + Z aNqﬂ';, =Rp+ apqﬁ%, (3.95)
N

or

2 apdl. (3.96)

ap
—;qﬁ’}; + ZaNqS’,t, =Rp+
N

Here, ¢% here represents the value of ¢ from the previous iteration and a is the
under-relaxation factor (0 < a < 1). Additional terms cancel out when steady-state
is reached (¢} = ¢%).

In this study, the iterative solution procedure used to solve the system of al-
gebraic equations is the Conjugate Gradient (CG) method, originally proposed by
Hestens and Steifel [63]. It guarantees that the exact solution will be obtained in the
number of iterations smaller or equal to the number of equations in the system. The
convergence rate of the solver depends on the dispersion of the eigenvalues of the
matrix [A4] in Eqn. (3.43) and and can be improved through pre-conditioning. For
symmetric matrices, the Incomplete Cholesky preconditioned Conjugate Gradient
(ICCG) solver will be used. The method is described in detail by Jacobs, [67]. The
adopted solver for asymmetric matrices is the Bi-CGSTAB by van der Vorst [136].

3.6 Numerical Errors in the Discretisation
Procedure

This Section gives an overview of numerical errors introduced through the discreti-
sation procedure. Errors come from two sources. The first group of errors is a con-
sequence of discretisation practices that are lower than second-order accurate. This

includes the discretisation of temporal terms and convection differencing schemes,
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where it was necessary to lower the order of discretisation in order to preserve the
boundedness of the solution. The second group of errors is caused by the discreti-
sation of the solution domain. They are a direct consequence of mesh quality. This
group of errors includes insufficient mesh resolution, skewness and non-orthogonality
errors.

The Finite Volume method described above is characterised as second-order ac-
curate and therefore also creates higher-order errors. Since the method has been
developed for second-order continuum mechanics problems, the higher-order errors

will be neglected?.

3.6.1 Numerical Diffusion from Convection Differencing

Schemes

The second-order numerical error in the Finite Volume method can be described nu-
merical diffusion. It is a consequence of the discretisation practice which is not fully
second-order accurate, selected to preserve the boundedness of the solution. The
change in accuracy of the convection discretisation can be examined by comparing
the selected differencing scheme, with the second-order (unbounded) Central Dif-
ferencing (CD). Bounded differencing schemes produce a numerical diffusion-type

term of the form:
V.(Tn.Vo), (3.97)

where I'y is the numerical diffusion tensor.

Every bounded differencing schemes of the TVD and NVD family can be written
as a sum of Central Differencing and the numerical diffusion term of the above form,
possibly with some higher-order terms in the case when the original (unbounded)
differencing scheme is more than second-order accurate. Here, we shall present
a method for the evaluation of the numerical diffusion for Blended Differencing,

Eqn. 323, and examine the properties of the numerical diffusion term

4An extension of the FVM to four h-order a curacy can be found in Lilek and Pen¢ [88]. An

illustrati n of the behavi ur of higher-order err rs has been presented by Leonard [83].
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Consider the face value of ¢ obtained by CD, Eqn. (3.19) and BD, Eqn. (3.23):

(¢5)cp =fz0p + (1 — fz)én,
(¢5)Bp =[(1 — 7) maz(sgn(F),0) + vf:]¢p
+ [(1 - ’Y) min(sgn(F),O) + 7(1 - fz)]d’N

The difference in the face value is:
6¢s —(ds)cp — (é5)BD

=[(1 — ) fz — (1 = 7v) maz(sgn(F),0)]¢p
+[(1 =) (1= fz) = (1 = 7) min(sgn(F), 0)]¢x. (3.98)

To clarify the meaning of this expression, let us assume that F' > 0:
§¢r=[1-"Mfe— QA =Miep+ {1 -7 (1~ fo)¢n
=(1-7)1 - fz)(¢~ — ¢p). (3.99)

For the whole convection term, the difference can be written as:
E.=) Fdé¢; =) S.(pU);[(1 - 7)1~ fo)(én — ¢p)]
f f
= ; S.[(1 =)~ fz)(pU)sd.(V),]

Zf: S.[(1 = 7)1 = £2)(pU)sd].(V),]

> S.(Tn.Vo)s, (3.100)
f

where I'y is a tensorial numerical viscosity:
Iy =(1-7)1- f)(U),d. (3.101)
More generally, the numerical diffusion tensor can be written as:

Ty = (1 —7) pU)sd[(1 - f.) maz(sgn(F),0) + fz min(sgn(F),0)].
(3.102)
Eqs. (3.100 and (3.102) give us an insight into the properties of numerical dif-

fusion. Firstly, it can be seen that the term is indeed diffusion-like, depending on
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gradients of ¢. For a uniform distribution of ¢, this term vanishes. Other important
facts are that the term scales linearly with the mesh-spacing (i.e. with |d ), that it
is large in the cases of large convection velocity and that it disappears when (U) 7S
goes to zero (this is usually called “mesh-to-flow alignment”). For Central Differ-
encing (y = 1), 'y also goes to zero. The numerical diffusion tensor for Upwind

Differencing on a uniform mesh (f; = 1) can be simplified to:
1

Numerical diffusion for the Gamma differencing scheme (Section 3.4) can also be
calculated from Eqn. (3.102). The blending factor is calculated from the face value

of (ZC as:

(
vy=0 for ¢ < 0 and ¢¢c > 1,

T={y=% for 0<dc < fm, (3.104)

vy=1 forﬁm§$c<1.

The error coming from numerical diffusion has been well-known. Many attempts
to reduce its influence on the solution have been made, mainly by reducing the
effective blending factor. The effects of numerical diffusion on the accuracy of the

solution will be illustrated in Section 3.7.

3.6.2 Numerical Diffusion from Temporal Discretisation

A detailed analysis of the temporal discretisation shows that it can also produce
a numerical diffusion error. This is important for transient calculations — the de-
velopment of the solution in time can be severely smeared The Crank-Nicholson
me hod, Eqn 3.41 , gives a fully second-order accurate discretisation in time. In
order to derive the numerical diffusion term for any other temporal discretisation
sch me. we need only to ¢ mpare it with the Crank Nicholson method. Let us first

consider the Euler Implicit temporal discretisation.
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The comparison between the Crank-Nicholson discretisation, Eqn. (3.41):
no__ o 1 1
ordh —Pr0by, 1 S P} — = S (T ) S(V4)]
At 25 24
1 (] 1 (4]
+ 5 L Fé7— 5 3 (oTe)1S.(Ve);
! f
1 1
= SuVp + ESPVP¢?> + 53}7Vp¢7;
and the Euler Implicit method, Eqn. (3.50):
¢n — ¢o n n
Prlr Prery, + S F6} - S (pT4)7S-(V9);
f f
= SuVp + SpVpép,

gives the difference of

Et=

N =
L}

D Féj -3 Fd5
|7 7

+

t\’)ll--‘ N =

Z(PF¢)IS (Vo7 Z(PR»);S (Vd))]

| f
(SpVepdp — SpVrdp). (3.105)

Using Eqn. (3.4):

0+ 90 A4
"=¢0+ o A

and

0(V¢)
Er At

(Vo " =(Ve)° + (3.106)

Eqn. (3.105) can be written as:

-350(3),

A oV
+ —2£ Z(Pf‘os)f&—(gf—)i

f

At 09

E; can be decomposed into three parts:
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e Convection error:

At 0o
D¢ = —T%:F(§>f’ (3.108)
e Diffusion error:
At oV
Dp = > > (pT4)sS. af’)f , (3.109)
f
e Source term error:
Ds = ——spvp (‘%) . (3.110)
ot)p

In order to perform the analysis of E;, it is necessary to express the temporal
derivative of ¢ as a combination of spatial terms. The original transport equation

will be used in this form:

01¢0)

s = So(8) = V.(pU®) + V.(sT4V9). (3.111)

The convection term can be split into two parts:
V.(pU¢) = pU.Vo + ¢ V.(pU). (3.112)

In order to simplify the derivation, it is assumed that p = const. It follows:

08 _ Sy(9)

5= ~UVe-4VU+V.(V0). (3.113)

Using Eqn. (3.113 , the convection error, Eqn. (3.108), splits into four terms:

Doy = —— Z [S¢p¢)]f (3.114)
D¢y = 7 Z,: F[U.Vy,, (3.115
D 3=%;F[¢V.U],, 3.116)
D¢y = % Ef:F[V. T,V ],. 3.117)

Dc1 cannot be further analysed, as it d pends on the distribution of the source.

It will be shown that Do, has an important effect it can be transformed into
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a numerical diffusion-type term. Dcj scales with the divergence of velocity. In
standard situations V.U is considered to be small and this term is neglected. D¢y
includes higher derivatives of ¢ and is therefore neglected.

Let us now come back to D¢z, Eqn. (3.115). Following a procedure similar to

the one in Section 3.6.1, this term can be written as:
At
DCQ = —2— Z S. [(pUU) V(ﬁ]f . (3.118)
f

A closer look into Eqn. (3.118), reveals that this term has the form V.(I'7.V¢)
where I'z is a form of tensorial diffusion. This (numerical) diffusion has a maximum

if vectors S, U and V¢ are parallel:
Dey = Z . [ o|U 2 V¢),] . (3.119)

This would correspond to a one-dlmensmnal transport of a wa've. The maximum

equivalent numerical diffusion is therefore:

(T7)maz = ﬁp U (3.120)

Eqn. (3.120) can be written in terms of the Courant number, Eqn. (3.48):
1
(I'T)maz = 3 CopU d. (3.121)

Comparison of Egs. (3.121) and (3.103) shows that for Co = 1 the numerical diffu-
sion from the temporal discretisation is the same as numerical diffusion from UD.
This effect is far from negligible. For good temporal accuracy, a higher-order tem-
poral scheme is as important as a higher order convection differencing scheme.
Following the equivalent path for the diffusion error Dp, Eqn. (3.109), it can be
shown that it produces terms that either cannot be analysed or depend on higher
gradients of ¢. For the similar reason, the source error Dg cannot be analysed either.
An equivalent analysis for the explicit temporal discretisation produces a
similar result. The main error term comes from the convection part of the decompo-
sition. It can be written as the diffusion term equivalent to Eqn. (3.119), but with

numerical diffusion of the opposite sign:

(Tr)mae = -% CopU d. (3.122)
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Egs. (3.102) and (3.122) can also be used to confirm some well-known stability
analysis results. It is, for example, well known that explicit Central Differencing is
an unconditionally unstable combination of spatial and temporal discretisation for
transport equations without a diffusion term. According to Eqn. (3.103), CD does
not introduce any numerical diffusion in the system. The numerical diffusion from
the Explicit discretisation in time is negative, producing negative effective diffusion.
Any system with negative diffusion is unstable. In the case of explicit Upwind
Differencing, the effective diffusion in the system is positive if the numerical diffusion
from UD is larger than the negative diffusion from the temporal discretisation. This
is the case if Co < 1, which agrees with the classical stability result (see eg. Hirsch
[65]). For Co > 1, the effective diffusion becomes negative and the system becomes
unstable.

Backward Differencing in time is a second-order accurate scheme. It can
be shown that the additional part of the temporal derivative actually cancels out
the numerical diffusion term resulting from D. (see Appendix A). The leading
term of the truncation error is, however, four times larger than for the Crank-
Nicholson method. The major deficiency of the scheme comes from its extrapolative
behaviour in time, which causes unboundedness. An example of its behaviour, given
in Section 3.7 shows that a combination of a bounded convection differencing scheme
and the Crank-Nicholson temporal discretisation creates a bounded solution, which

is not the case if the Backward differencing in time is used.

3.6.3 Mesh-Induced Errors

Let us start the overvi w of mesh-induced errors with the insufficient mesh reso-
lution. If the solution changes rapidly in some regions of the domain and the local
number of computational points is not sufficient to describe that change, the shape
of the solution will effectively be lost. Even if the exact solution is available in a
certain number of points, the picture of the overall solution depends on the distribu-
tion and the number of those points. In Finite Volume calculations, the accuracy of

interactions described by the differential equation depends on the mesh resolution.
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It is therefore important that the selected computational points can provide a good
picture of the solution.

For the second-order spatial discretisation, the mesh resolution error is a con-
sequence of the assumed linear variation of the solution over the control volume.
Although it does not change the nature of the differential equation that is being
solved, insufficient mesh resolution may produce a completely incorrect picture of
the solution.

The influence of mesh non-orthogonality on boundedness has been described in
Section 3.5. The advantage of orthogonal meshes in the discretisation of the diffusion
term comes from the fact that only the first neighbours of the cell are included into
the computational molecule. The non-orthogonal term, irrespective of its implicit
or explicit treatment, also uses the second neighbours of the cell, thus increasing the
size of the computational molecule. Although both methods of discretisation are
second order accurate, the increase in the computational module implies a larger
leading term in the Taylor series expansion and higher errors.

Non-orthogonality error, which violates the order of discretisation comes
into effect only if it is necessary to guarantee the boundedness of the solution. In
this case, the non-orthogonal component in Eqn. (3.34) is discarded, thus creating
a discretisation practice that obeys the sufficient boundedness criterion. For the

complete diffusion term, the non-orthogonality error has the following form:
E;= Xf: S.[(pU)sk.(Vé)4]
= V.(I'pV9), (3.123)
where
Ip = (pU)sk. (3.124)

The magnitude of I, depends both on the non-orthogonality angle of the mesh and
the selected non-orthogonality approach (see Section 3.3.1.3). For the same angle

of non-orthogonality, E4 will be smallest for the minimum correction approach, as
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it guarantees that the vectors A and k in Fig. 3.4 are orthogonal, keeping the non-
orthogonal term to a minimum.

Skewness error is another numerical diffusion-type error. It effectively reduces
the accuracy of face integrals to first order. Fig. 3.15 shows a typical situation

causing the skewness error.

Figure 3.15: Skewness error on the face.

The calculation of face integrals requires the value of the variable in the middle

of the face (point f in Fig. 3.15):
/deqS: S ;. (3.125)

The value ¢; is obtained by linear interpolation from the points P and N around
the face. This interpolation actually gives the value of ¢ in the point f,, which is
not necessarily in the middle of the face. It follows that the face integral reduces to

first order accuracy. For the convection term, the error is again diffusion-like:
E,=) S.(pUd¢ ,, (3.126)
f
where

0y = ¢5 — o5,
=m. V¢ ; 3.127)
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and
m = Xy — Xj. (3.128)
E; can be transformed into:

E,= Ef: S. [(pU)ym.(V)/]

= V.([sVé¢), (3.129)
where
I's = (pU)m. (3.130)

When examining the importance of Eqn. (3.129) one should keep in mind that S
and m are orthogonal to each other, Fig. 3.15. On meshes of reasonable quality |m)|
is smaller than d . The influence of Eqn. (3.129) is expected to be smaller than the
numerical diffusion from the convection differencing scheme. On highly distorted
meshes the influence of this term can be significant.

As in the case of mesh non-orthogonality, the error in Eqn. (3.129) can be re-
moved using the face interpolate of V¢@. This, however, increases the size of the

computational molecule and potentially causes unboundedness.

3.7 Numerical Examples

In this Section, numerical data for some of the discretisation errors will be pre-
sented. We shall start with the properties of basic convection differencing schemes.
A comparison of the Gamma differencing scheme with other high-resolution differ-
encing schemes will be given in Section 3.7.2. The behaviour of different temporal
discretisation schemes is presented in Section 3.7.3. Finally, in Section 3.7.4, three

non-orthogonality treatments (see Section 3.3.1.3) are tested.

3.7.1 Numerical Diffusion from Convection Discretisation

In order to present the behaviour of UD, CD and Gamma differencing scheme, the

following test case has been selected. Consider a steady-state convection of a scalar
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¢, Eqn. (3.131), in a square domain shown in Fig. 3.16:

V. pU¢) = 0. (3.131)

N
outlet
boundaries

inlet
boundaries

Figure 3.16: Step-profile test setup.

Three mesh-to-flow angles are examined: # = 0°, § = 30° and 6 = 45°. At the
inlet boundary, a step-profile of ¢ is prescribed.

The velocity field is prescribed to be uniform. For § — 0°, all three differencing
schemes reproduce the exact solution, Fig. 3.17 to within one cell width.

Fig. 3.18 shows the diffusion of the profile along the domain for UD. The flow
is no longer aligned with the mesh and numerical diffusion smears out the solution.
The unbounded solution for CD on the same case is presented in Fig. 3.19.

In order to simplify the comparison, profiles of ¢ along the sampling line normal
to the flow are plotted. Fig. 3.20 gives the comparison of UD, CD and Gamma
differencing scheme. It can be seen that Gamma differencing produces a bounded
and accurate s lution.

Fig 3.21 presents the same data for # = 45°. CD still gives an unbounded
solution, although the oscillations are now much smaller. The am unt of numerical
diffusi n in UD is n w even larg r thisi th worst case in terms of m sh-to-

flow alignment. Following the accuracy of CD and giving a bounded solution, the
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Figure 3.17: Convection of a step-profile, § = 0°, UD.
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Figure 3.20: Convection of a step-profile, § = 30°, UD, CD and Gamma differencing

schemes.
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Figure 3.21: Convection of a step-profile, § = 45 , UD, CD and Gamma differencing

schemes.
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Gamma differencing scheme reproduces the exact profile.

3.7.2 Comparison of the Gamma Differencing Scheme with

Other High-Resolution Schemes

Let us now present a comparison of the Gamma differencing scheme with a group of
other high-resolution schemes. The test setup is similar to Fig. 3.16, with different
profiles of ¢ at the inlet boundary. The mesh to-flow angle is fixed to 30°. Following
Leonard [83], three boundary profiles of ¢ are selected:

e Step-profile:

0 for0<z< %,
¢(z) = (3.132)

1 fori<z<l,
e sin?-profile:
sin® |37 (z — % forl<z<i
$(z) = o (== )] ¢ 2 (3.133)

0 elsewhere,

e Semi-ellipse:

¢(z) = - (3.134)

0 elsewhere.

z 1)? 1 1
1-— T forg <z <3,

The comparison of the profiles is given along the line in the centre of the domain,

normal to the flow. The differencing schemes included in this comparison are:

e Gamma differencing scheme, Section 3.4,

e Self-filtered Central Differencing (SFCD) [128],

e van Leer TVD scheme [139],

e SUPERBEE TVD differencing scheme by Roe [118],

e SOUCUP NVD differencing scheme by Zhu and Rodi [155],

e SMART NVD scheme by Gaskell and Lau [49].
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3.7.2.1 Step-profile

The results for the first test case are shown in Figs. 3.22, 3.23 and 3.24. Several
interesting features can be recognised. The step-resolution for Gamma is far su-
perior to the older version of stabilised Central Differencing (SFCD). The Gamma
differencing scheme gives the resolution of CD over the step and completely removes
unphysical oscillations.

SUPERBEE, Fig. 3.23, actually gives better step-resolution than Gamma. This
is the most compressive TVD differencing scheme. While SUPERBEE is very good
for sharp profiles, distortions of smooth solutions are too large to be accepted
(Leonard [83]).

SOUCUP, Fig. 3.24, is more diffusive than Gamma. The other NVD scheme,
SMART. gives a solution very close to the one obtained from the Gamma differenc-
ing scheme. One should have in mind that SMART is actually a stabilised version of
QUICK by Leonard, [81]. QUICK uses a computational molecule which is twice the
size of the one used by CD and Gamma. Apart from that, SMART is usually imple-
mented in a deferred correction mode, causing distortions in the temporal behaviour.
The Gamma differencing scheme, with its compact computational molecule, does

not require such treatment.

3.7.2.2 sin’-profile

The results for the convection of a sin? profile are shown in Figs. 3.25, 3.26 and 3.27.
This test case has been selected to present the behaviour of the differencing schemes
on smoothly changing profiles. Another interesting feature of this test is a one-
point peak in the exact solution, Fig. 3.25. It is known that TVD schemes reduce to
first-order accuracy in the vicinity of extrema. This phenomenon is usually called
“clipping’ . The amount of “chipping” giv s us a direct indi ati n of the quality f
the differencing scheme.

SFCD, Fig. 3.25, shows a considerable amount of “clipping”. The maximum of

the profile for the Gamma differencing scheme 1s about 0 85 considerably less than
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Figure 3.22: Convection of a step-profile, § = 30°, CD, SFCD and Gamma differencing

schemes.

1.0 <
\
. v
0.8
06—
= N
-8 4 Exact
0-4—_ — = van Leer
- — = SUPERBEE
- ==== Gamma
0.2
; A,
0.0 \J ' L ] v ' L8 l Ll l Ll I LS ' v I v I LS l s l LS
0.2 0.3 0.4 0).(5 0.6 0.7 0.8

Figure 3.23: Convection of a step-profile, § = 30°, van Leer, SUPERBEE and Gamma
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Figure 3.24: Convection of a step-profile, § = 30 , SOUCUP, SMART and Gamma

differencing schemes.
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Figure 3.25: Convection of a sin?-profile. § = 30 , CD, SFCD and Gamma differencing

schemes.
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Figure 3.26: Convection of a sin?-profile, § = 30 , van Leer, SUPERBEE and Gamma

differencing schemes.
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that for CD. This is the price that needs to be paid for a bounded solution.

The best of the TVD schemes is again SUPERBEE, Fig. 3.26. It follows the
exact profile quite accurately and peaks at about ¢ = 0.9. The van Leer TVD
limiter still seems to be too diffusive.

Fig. 3.27 shows the comparison for the NVD schemes. Again, there is not much
difference between SMART and Gamma solutions. SOUCUP still seems to be too

diffusive.

3.7.2.3 Semi-ellipse

The results for the convection of a semi-elliptic profile with the selected differencing
schemes are shown in Figs. 3.28, 3.29 and 3.30. The main feature of this test-case
is an abrupt change in the gradient on the edges of the semi-ellipse, followed by the
smooth change in ¢. CD, Fig. 3.28, introduces oscillations in the solution, influencing
the smooth region of the profile. This is usually called “waviness” (Leonard [83]).
Gamma again proves to be a more effective way of stabilising CD than SFCD.

Fig. 3.29 clearly shows the problems with SUPERBEE it tries to transform the
semi-ellipse into a top-hat profile, as has been noted by Leonard [83]. Van Leer’s
limiter performs quite well in this situation. This can be attributed to the balanced
introduction of numerical diffusion and anti-diffusion used in this limiter.

The solutions for SMART and Gamma, Fig. 3.30 are again quite close: SMART
gives marginally smaller “clipping” of the top and Gamma follows the smooth part
of the profile better. SOUCUP, while describing the smooth profile well, clips off
about 107 of the peak.

3.7.3 Numerical Diffusion from Temporal Discretisation

The objective of the following examples is to show the influence of different forms of
temporal discretisation on the accuracy of the solution. Three test cases have been

selected:

e 1-D transport of a step profile,
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Figure 3.28: Convection of a semi-ellipse, § = 30°, CD, SFCD and Gamma differencing

schemes.
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e 1-D transport of a half s n? profile,
e 2-D transport of a “bubble”.

In order to minimise the effects of convection discretisation, the Gamma dif-
ferencing scheme has been used for both 1-D test cases. It is known that the
Crank-Nicholson temporal discretisation is second-order accurate. This solution
can therefore be used to illustrate how much of the error comes from the convec-
tion differencing scheme. It is, however, still easy to recogmse the features of the

temporal discretisation error.

3.7.3.1 1-D Tests

The test setup consists of a one-dimensional domain with the constant velocity field.
The initial profile is prescribed at the inlet and convected down the domain. For all
test cases, the Courant number is set to Co = 0.2.

Figs. 3.31 and 3.32 present solutions for four different methods of temporal dis-

cretisation:
e Euler Implicit discretisation, Eqn. (3.44),
e Explicit discretisation, Eqn. (3.47),
e Crank-Nicholson method, Eqn. (3.41),
e Backward Differencing in time, Eqn. (3.55).

In Section 3.6.2 the numerical diffusion coefficients for the Euler Implicit and Ex-
plicit temporal discretisation have been derived. Fig. 3.31 illustrates this behaviour.
The Euler Implicit discretisation introduces positive numerical diffusion, resulting
in the smeared profile. The Explicit discretisation actually gives better step resolu-
tion as a consequence of negative numerical diffusion from temporal discretisation.
Crank-Nicholson and Backward Differencing in time give essentially the same result.
Inaccuracy of Backward Differencing is larger because of its extrapolative behaviour

the leading term of Taylor series truncation error scales with 4At?, compared with
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Figure 3.31: Transport of a step-profile after 300 time-steps, four methods of temporal
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temp ral discretisation.
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At? for Crank-Nicholson. The Backward Differencing solution is also unbounded in
spite of the fact that a bounded convection differencing scheme has been used.
The effects of negative numerical diffusion for Explicit temporal discretisation
can be clearly seen in Fig. 3.32. Comparison with the exact solution shows that the
distribution of ¢ is steeper than it should be. Both Crank-Nicholson and Backward

Differencing in time follow the smooth profile well.

3.7.3.2 2-D Transport of a “Bubble”

In order to show the effects of the tensorial numerical viscosity from temporal dis-
cretisation in space, a two-dimensional test-case has been selected. Consider a trans-
port of a “bubble” of a passive scalar in a uniform velocity field, Fig. 3.33. In order
to remove the effects of convection discretisation, a special “interface-tracking” dif-
ferencing scheme has been used. It will guarantee that both boundedness and the
shape of the “bubble” are not affected. The InterGamma differencing scheme is
particularly suitable for surface tracking. Details on this highly compressive and

bounded differencing scheme can be found in [69].

final position O

O initial position

Figure 3.33: Setup for the transport of the bubble.

The “bubble” is transported across a 200 x 100 CV mesh with the fixed Courant
number of 0.2. The influence of the temporal discretisation can be seen as a distor-
tion in the shape of the “bubble”. The limitation on the InterGamma differencing

scheme is that it can resolve the interface over no less than two control volumes.
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This has been taken into account in the initial setup by smearing the interface over
two cells.

Fig. 3.34 gives the initial shape of the bubble. If we recall Eqn. (3.118 , it can be
seen that the numerical diffusion for the Euler Implicit discretisation is large where
U.V¢ is large. Fig. 3.35 illustrates the behaviour of this error term. The bubble
is smeared in the direction of the velocity. In the direction normal to the flow the
“bubble” is squeezed because of the conservative form of discretised equation.

The opposite effect for the Explicit discretisation, Fig. 3.36, is the result of
negative numerical diffusion. The Crank-Nicholson method, Fig. 3.37 shows no

distortion of the shape.

3.7.4 Comparison of Non-Orthogonality Treatments

Finally, a comparison of the three procedures for handling non-orthogonality in the
solution algorithm will be given. If we limit ourselves to simple situations with
analytical solutions, it is very difficult to present their performance in terms of
accuracy and boundedness. It is, however, relatively easy to examine the first three
criteria laid down in Section 3.5. The test case used for this purpose is a Laplace

equation:
V.V¢ =0, (3.135)

with fixed value boundary conditions on a mesh with uniform non-orthogonality
shown in Fig. 3.38.

The equation is solved on 5 meshes with different non-orthogonality angles, rang-
ing from a, = 10° up to a, = 65°.

For each of the non-orthogonality treatments, the convergence history through a
series of correctors for a selected computational point is plotted against the number
of non-orthogonal correctors.

For the mesh angle of a,, — 10°, there is no significant difference in convergence.

The overshoot in the first corrector is smallest for the over-relaxed approach.
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[

Figure 3.34: Initial shape of the bubble. Figure 3.35: Transport of the bubble af-
ter 800 time-steps, Euler Implicit.

I

Figure 3.36: Transport of the bubble af- Figure 3.37: Transport of the bubble af-
ter 800 time-steps, Explicit discretisation. ter 800 time-steps, Crank-Nicholson.
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Figure 3.38: Non-orthogonal test with uniform grid angle.

For o, = 30°, Fig. 3.40, the oscillations for the minimum correction approach
are quite considerable — it is necessary to do at least five correctors to obtain a
good approximation of the final solution. The over-relaxed approach needs only two
correctors to obtain the solution of the same accuracy. It should also be noted that,

unlike the other two approaches, its convergence curve is smooth.

When the angle is increased to 40°, Fig. 3.41, the minimum correction approach
diverges (note that the scale for ¢ is much larger than on other figures). The
convergence history for other two treatments is similar to the previous Figure. If
the angle is increased further, Fig. 3.42, the orthogonal correction does not converge
any more, even after 30 correctors. Any further increase of the angle leads to
divergence.

The over-relaxed approach still converges even if the angle is increased up to
65, Fig. 3.43. The number of non-orthogonal correctors increases considerably, as
does the effort required for the solution. This should be kept in mind during the
mesh generation process, specially for the transient calculations. The necessary
computational effort can increase as much as an order of magnitude if mesh non-

orthogonality is severe.

From these tests, it can be concluded that the over-relaxed approach has several

advantages:
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e The solution after the first non-orthogonal corrector is closer to the converged
solution that in other non-orthogonality treatments. The angle of mesh non-
orthogonality that requires non-orthogonal correctors is therefore larger than

in other approaches.

e The convergence of non-orthogonal correctors is monotonic rather than oscil-

latory, resulting in the higher stability of the solution procedure.

e The over-relaxed approach reaches a converged solution even on meshes dis-

torted so severely that other non-orthogonality treatments diverge.

e It has been noted that the number of ICCG solver sweeps needed to solve a
non-orthogonal corrector decreases through the corrector series, which is not
the case for other non-orthogonality treatments. The overall computational
cost for the over-relaxed approach will therefore be smaller even in the case of

the same number of correctors.

These properties of the over-relaxed non-orthogonality treatment make it very
attractive, specially for transient calculations and it will be used in the rest of this

study.

3.8 Discretisation Procedure for the
Navier-Stokes System

In this Section, a discretisation procedure for the Navier-Stokes equations will be
presented. We shall start with the incompressible form of the system, Egs. (2.23)
and (2.24):

V.U =0,
%U +V.(UU) - V.(vVU) = —Vp.

Two issues require special attention: non-linearity of the momentum equation

and the pressure-velocity coupling.
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The non-linear term in Eqn. (2.24) is V.(UU), i.e. velocity is “being transported
by itself”. The discretised form of this expression would be quadratic in velocity and
the resulting system of algebraic equations would therefore be non-linear. There are
two possible solutions for this problem either use a solver for non-linear systems,
or linearise the convection term. Section 3.3.1 describes the discretisation of this

term:

=apUp+ > anUy,
N

where F', ap and ay are a function of U. The important issue is that the fluxes F’
should satisfy the continuity equation, Eqn. (2.23). Egs. (2.23) and (2.24) should
therefore be solved together, resulting in an even larger (non-linear) system. Having
in mind the complexity of non-linear equation solvers and the computational effort
required, linearisation of the term is preferred. Linearisation of the convection term
implies that an existing velocity (flux) field that satisfies Eqn. (2.23) will be used to
calculate ap and ay.

The linearisation does not have any effect in steady-state calculations. When the
steady-state is reached, the fact that a part of the non-linear term has been lagged is
not significant. In transient flows two different approaches can be adopted: either to
iterate over non-linear terms or to neglect the lagged non-linearity effects. Iteration
can significantly increase the computational cost, but only if the time-step is large.
The advantage is that the non-linear system is fully resolved for every time-step,
whose size limitation comes only from the temporal accuracy requirements. If it is
necessary to resolve the temporal behaviour well, a small time-step is needed. On
the other hand, if the time-step is small, the change between consecutive solutions
will also be small and it is therefore possible to lag the non-linearity without any
significant effect.

In this study, the PISO procedure proposed by Issa [66] is used for pressure-
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velocity coupling in transient calculations. For steady-state calculations, a SIMPLE
pressure-velocity coupling procedure by Patankar [105] is used.

In Section 3.8.1 the problem of pressure-velocity coupling is presented. The
pressure equation is derived for the incompressible Navier-Stokes system. Gener-
alisation to compressible and transonic flows can be found in eg. Demirdzi¢ et al.
[39]. Section 3.8.2 describes the pressure-velocity coupling algorithms. Finally, in
Section 3.8.3, a solution procedure for incompressible Navier-Stokes equations with

a turbulence model is presented.

3.8.1 Derivation of the Pressure Equation

In order to derive the pressure equation, a semi-discretised form of the momentum

equation will be used:
apUp = H(U) — Vp. (3.136)

In the spirit of the Rhie and Chow procedure [117], the pressure gradient term
is not discretised at this stage. Eqn. (3.136) is obtained from the integral form of
the momentum equation, using the discretisation procedure described previously.
It has been consequently divided through by the volume in order to enable face
interpolation of the coefficients.

The H U) term consists of two parts: the “transport part”, including the matrix
coefficients for all neighbours multiplied by corresponding velocities and the “source
part” including the source part of the transient term and all other source terms
apart from the pressure gradient (in our case, there are no additional source terms):

u°
H U) = — ZaNUN + E (3137)
N

The discretised form of the continuity equation (Eqn. (2.23)) is:

VU=) SU;=0. (3.138)
f
Eqn. (3.136) is used to express U:
1
UP = H U) - —Vp. (3.139)
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Velocities on the cell face are expressed as the face interpolate of Eqn. (3.139 :

U, = (H U))f - (55), o) (3.140

ap ap

This will be used later to calculate the face fluxes.
When Eqn. (3.140 is substituted into Eqn. (3.138), the following form of the

pressure equation is obtained:

= §f_js. (H(U))f. (3.141)

The Laplacian on the Lh.s. of Eqn. (3.141) is discretised in the standard way (see
Section 3.3.1.3).

The final form of the discretised incompressible Navier-Stokes sy:tem is:

apUp=HU)-> Spy, (3.142)
f

;s. [(é){(vp),] = Zf:s' (H(U))f. (3.143)

ap

The face flux F is calculated using Eqn. (3.140):

F=SU;—8. [(H(U)>f_ (_I_)I(Vp)f}. 3.144

ap ap

When Eqn. (3.141) is satisfied, the face fluxes are guaranteed to be conservative.

3.8.2 Pressure-Velocity Coupling

Consider the discretised form of the Navier-Stokes system, Eqs. 3.142) and (3.143).
The form of the equations shows linear dependence of velocity on pressure and
vice-versa. This inter-equation coupling requires a special tr atment.
Simultaneous algorithms (eg. Caretto et al. [23], Vanka [143] operate by
solving the complete system of equations simultaneously over the whole domain.
Such a procedure might be considered when the number f ¢ mputati nal p ints

is small and the number of simultaneous equations is not too large. The resulting
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matrix includes the inter-equation coupling and is several times larger than the
number of computational points. The cost of a simultaneous solution is great, both
in the number of operations and memory requirements.

In the segregated approach (eg. Patankar [105], Issa [66]) the equations are
solved in sequence. A special treatment is required in order to establish the necessary
inter-equation coupling. PISO [66], SIMPLE [105] and their derivatives are the most
popular methods of dealing with inter-equation coupling in the pressure-velocity

system.

3.8.2.1 The PISO Algorithm for Transient Flows

This pressure-velocity treatment for transient flow calculations has been originally
proposed by Issa [66]. Let us again consider the discretised Navier-Stokes system for
incompressible flow, Egs. (3.142) and (3.143). The PISO algorithm can be described

as follows:

e The momentum equation is solved first. The exact pressure gradient source
term is not known at this stage the pressure field from the previous time-step
is used instead. This stage is called the momentum predictor. The solution
of the momentum equation, Eqn. (3.142), gives an approximation of the new

velocity field.

e Using the predicted velocities, the H U) operator can be assembled and the
pressure equation can be formulated. The solution of the pressure equation
gives the first estimate of the new pressure field. This step is called the pres-

sure solution.

e Eqn. (3.144) gives a set of conservative fluxes consistent with the new pressure
field. The velocity field should also be corrected as a consequence of the new
pressure distribution. Velocity correction is done in an explicit manner, using

Eqn. (3.139). This is the explicit velocity correction stage.

A closer look to Eqn. (3.139) reveals that the velocity correction actually consists

of two parts a correction due to the change in the pressure gradient (ﬁVp term)
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and the transported influence of corrections of neighbouring velocities (Ea(;_Jl term).
The fact that the velocity correction is explicit means that the latter part is neglected
— it is effectively assumed that the whole velocity error comes from the error in the
pressure term. This, of course, is not true. It is therefore necessary to correct the
H U) term, formulate the new pressure equation and repeat the procedure. In
other words, the PISO loop consists of an implicit momentum predictor followed by
a series of pressure solutions and explicit velocity corrections. The loop is repeated
until a pre-determined tolerance is reached.

Another issue is the dependence of H(U) coefficients on the flux field. After each
pressure solution, a new set of conservative fluxes is available. It would be therefore
possible to recalculate the coefficients in H(U). This, however, is not done: it is
assumed that the non-linear coupling is less important than the pressure-velocity
coupling, consistent with the linearisation of the momentum equation. The coeffi-
cients in H(U) are therefore kept constant through the whole correction sequence

and will be changed only in the next momentum predictor.

3.8.2.2 The SIMPLE Algorithm

If a steady-state problem is being solved iteratively, it is not necessary to fully resolve
the linear pressure-velocity coupling, as the changes between consecutive solutions
are no longer small. Non-linearity of the system becomes more important, since the
effective time-step is much larger.

The SIMPLE algorithm by Patankar [105] is formulated to take advantage of

these facts:

e An approximation of the velocity field is obtained by solving the momen-
tum equation. The pressure gradient term is calculated using the pressure
distribution from the previous iteration or an initial guess. The equation
is under-relaxed in an implicit manner (see Eqn. (3.96 ), with the velocity

under-relaxation factor ay.

e The pressure equation is formulated and solved in order to obtain the new
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pressure distribution.

e A new set of conservative fluxes is calculated using Eqn. (3.144). As it has
been noticed before, the new pressure field includes both the pressure error and
convection-diffusion error. In order to obtain a better approximation of the
“correct” pressure field, it would be necessary to solve the pressure equation
again. On the other hand, the non - linear effects are more important than
in the case of transient calculations. It is enough to obtain an approximation
of the pressure field and recalculate the H(U) coefficients with the new set
of conservative fluxes. The pressure solution is therefore under-relaxed in

order to take into account the velocity part of the error:
pnew — pald + ap(pp _ pold) (3145)
where

— p"® is the approximation of the pressure field that will be used in the

next momentum predictor,

old js the pressure field used in the momentum predictor,

=D
— pP is the solution of the pressure equation,
— @y is the pressure under-relaxation factor, (0 < a, < 1).

If the velocities are needed before the next momentum solution, the explicit

velocity correction, Eqn. (3.139), is performed.

Perié, [109] gives an analysis of the under-relaxation procedure based on the
expected behaviour of the second corrector in the PISO sequence. The recommended

values of under-relaxation factors are (Perié, [109]):
e a, = 0.2 for the pressure and

e ay = 0.8 for momentum.
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3.8.3 Solution Procedure for the Navier-Stokes System

It is now possible to describe the solution sequence for the Navier-Stokes system
with additional coupled transport equations (eg. a turbulence model, combustion
equations, energy equation or some other equations that influence the system).

In transient calculations, all inter-equation couplings apart from the pressure-
velocity system are lagged. If it is necessary to ensure a closer coupling between
some of the equations (eg. energy and pressure in combustion), they are included
in the PISO loop. A transient solution procedure for incompressible turbulent

flows can be summarised as follows:
1. Set up the initial conditions for all field values.
2. Start the calculation of the new time-step values.

3. Assemble and solve the momentum predictor equation with the available face

fluxes.

4. Go through the PISO loop until the tolerance for pressure-velocity system is
reached. At this stage, pressure and velocity fields for the current time-step

are obtained, as well as the new set of conservative fluxes.

5. Using the conservative fluxes, solve all other equations in the system. If the

flow is turbulent. calculate the effective viscosity from the turbulence variables.

6. If the final time is not reached, return to step 2.

The solution procedure for steady-state incompressible turbulent flow is

similar:
1. Set all field values to some initial guess.
2 Assemble and solve the under-relaxed momentum predictor equation

3. Solve the pressure equation and calculate the conservative fluxes. Update
the pressure field with an appropriate under-relaxation. Perform the explicit

velocity correction using Eqn. (3.139
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4. Solve the other equations in the system using the available fluxes, pressure
and velocity fields. In order to improve convergence, under-relax the other

equations in an implicit manner, as shown in Eqn. (3.96).

5. Check the convergence criterion for all equations. If the system is not con-

verged, start a new iteration on step 2.

3.9 Closure

A Finite Volume discretisation technique for arbitrarily unstructured meshes has
been described. It allows the use of the control volumes of arbitrary topology,
simplifying the problem of mesh generation for complex geometries. In order to
preserve the efficiency of the algorithm, a “face addressing” approach by Weller
[147] has been adopted.

The discretisation of the temporal and spatial terms based on the face addressing
procedure has been described in Section 3.3. The proposed discretisation treatment
is second-order accurate in space and time. Several methods of temporal discreti-
sations have also been examined. Implementation of boundary conditions has been
briefly discussed. A new non-orthogonality treatment has been proposed and tested
on a series of meshes with increasing non-orthogonality angles. The results show
that the over-relaxed approach has distinct advantages over the other two approaches
in terms of stability, although it causes the largest discretisation error if the non-
orthogonal correction is discarded. It provides better convergence behaviour and at
the same time allows higher angles of non-orthogonality.

In order to improve the discretisation of the convection term, the Gamma dif-
ferencing scheme has been proposed in Section 3.4. It is based on the Normalised
Variable Approach, first suggested by Leonard [82]. It guarantees bounded solutions
and preserves the second-order accuracy of the method. The Gamma differencing
scheme uses a compact computational molecule (including only first neighbours of
the control volume), making it specially useful on arbitrarily unstructured meshes.

A necessary modification in the formulation of the Normalised Variable is also pre-
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sented.

Particular attention has been paid to the order of accuracy of the method and the
sources of the discretisation error. The main sources of the error are the convection
differencing scheme, discretisation of the transient terms and the mesh quality. The
effective numerical diffusion has been derived for each of those terms. Numerical
examples, showing the influence of different forms of numerical diffusion to the
solution, have been presented in Section 3.7.

Finally, in Section 3.8, a discretisation procedure for coupled systems of equations
has been presented. The adopted treatment of the pressure-velocity system is based
on the PISO algorithm for transient calculations and the SIMPLE approach for
steady-state flons. A sequence of operations for both steady-state and transient

calculations has been summarised.



Chapter 4

Error Estimation

4.1 Introduction

Chapter 3 describes the Finite Volume discretisation. The discretisation procedure
allows us to obtain a discrete approximation of governing equations for a particular
problem. When the resulting system of algebraic equations is solved, it produces an
approximate solution at a set of points in the computational domain. The quality
of the numerical solution depends on the distribution of the points as well as the
applied discretisation practice.

The presented method of discretisation is second-order accurate in space and
time, 1.e. it is assumed that the variation of the function over each control volume is
linear. This is the major source of numerical errors. If a better solution is needed,
control volumes should be subdivided in such a way that the assumption about the
linear variation becomes acceptable.

Another source of numerical errors is the discretisation practice. For good accu-
racy, it is necessary for the order of discretisation to be equal to or higher than the
order of the partial differential equation that is being discretised. If that is not the
case, discretisation errors effectively introduce a term which is of the order of other
terms in the equation, resulting in high numerical errors unless the mesh is made
excessively fine.

The error in the numerical solution is defined as the difference between the exact
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solution of the governing equation ® x,t), and the solution of the discrete system

¢:

E=%-¢. (4.1)

The purpose of error estimation is to detect inaccuracies in the numerical so-
lution, including both the errors coming from inappropriate discretisation of the
solution domain and discretisation errors. Adaptive refinement process consists of
a series of numerical solutions and error estimations, followed by appropriate im-
provements in the discretisation. The objective of the procedure is to automatically

produce a numerical solution of the prescribed accuracy.

The role of the error estimate is to provide an answer to the following questions:

e What is the magnitude of the solution error?

e If the error is larger than some pre-determined level, what is the most effective

way of reducing it?

The answer to the first question controls the adaptive refinement process. If
the current solution satisfies the error level criterion, further refinement is no longer
necessary. If this is not the case, the error distribution can be used to introduce some
changes in the numerical procedure eg. better distribution of computational points
or higher order of discretisation, in order to improve the accuracy of consequent

solutions.

The only data available to the analyst containing the information about the error
is the numerical solution itself. This leads us to the concept of a—posteriori error
estimation. As the name suggests, an estimate of the solution error is obtained
after the numerical solution. An a-posterior: error estimate is constructed having in
mind the the known characteristics of the discretisation practice and the equation

that is being solved.
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4.1.1 Error Estimators and Error Indicators

Early efforts in the field of error detection have been directed towards problems with
discontinuous solutions, like multiple shock structures in supersonic flows (see Berger
and Oliger [17], Berger and Collela [16], Lohner [89], Ramakrishnan et al. [116] etc.).
The solution has some distinct features — shocks, contact discontinuities, shock-to-
shock interaction points etc. that need to be resolved accurately. It is known in
advance that those features can be recognised by large gradients in flow variables.
Adaptive refinement is therefore directed towards the regions in which gradients are
high. In the exact solution, discontinuities are infinitely thin — mesh refinement is
therefore stopped when the thickness of discontinuities in the numerical solution is
considered to be small enjugh, or when the maximum number of computational

points is reached.

Combinations of gradients of flow variables used to control the adaptive refine-
ment procedure are called error indicators. An error indicator highlights the
regions of the domain where a better resolution is needed. In general, it does not
provide information about the absolute error level. Error indicators are cheap to

compute and for simple situations give reliable information about the solution.

Adaptive refinement for problems with smooth solutions cannot be controlled
by an error indicator. Flow features that need refinement cannot be identified in
advance and adaptive refinement should be stopped when some pre-determined accu-
racy is reached. An error estimate is therefore expected to give more information
about the accuracy than the error indicator. It should estimate the absolute error
level as well as the distribution of the error throughout the domain. Interaction
between error estimation and local mesh refinement should also be kept in mind.
If the refinement algorithm allows localised refinement with rapid changes in mesh
size, it is necessary to obtain accurate information about the error. Patch-based

refinement methods are not so sensitive to the accuracy of the error estimate.

The Effectivity index ¢ measures the quality of an error estimate. It is defined
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as the ratio of magnitudes of the estimated error e and the exact error E:

(=— (4.2)

Good error estimates have effectivity indices close to unity.

In this Chapter several methods of error estimation are proposed. Section 4.2
outlines the requirements on an error estimate. In order to simplify matters, we shall
first examine the problem of error estimation in steady-state calculations, where the
whole error comes from the discretisation of spatial terms. Three approaches to
a-posteriori error estimation of the spatial error are examined.

The first group of methods derive the error from the known order of accuracy and
the local variation of the solution. They are based on the Taylor series truncation
error analysis, discussed in Section 4.3. Two different ways of estimating the first
term of the truncation error are presented: Richardson extrapolation, Section 4.3.1
and the Direct Taylor Series Error estimate. Section 4.3.2.

Section 4.4 describes a new approach to the problem of error estimation the
Moment Error estimate. It is derived from the analysis of the original equation in
the differential form. The imbalance in the transport equation for a higher moment
of the variable is used to estimate the error. Instead of measuring the numerical
error directly, it derives its value from the effects of the discretisation inaccuracy on
the balance in the discretised moment equation.

An alternative approach to error estimation is presented in Section 4.5. The
Residual Error estimate follows similar work in Finite Element error estimation.
Residual is a function that measures how well the original equations are satisfied
over each control volume. It is assembled on a cell-by-cell basis. A transport-based
normalisation of cell residuals is used to estimate the absolute error level.

Section 4.6 gives an extension of the Residual Error estimate. It is possible to
derive a strict upper bound on the solution error expressed through an appropnate
error norm. Unlike the other error estimation methods described in this Chapter,
it does not measure the error directlv. The Local Problem Error estimate is based

on the similar work of Bank and Weiser [12], Kelly [71], Oden et al. [98], Ainsworth
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and Oden [1, 2, 3, 4] and others in the Finite Element community. The approach by
Ainsworth and Oden [4] has been chosen as the most general and directly extendible
to the Finite Volume method. The basic error estimate has been developed for linear
elliptic problems and consequently extended to unisymmetric [2] and non-linear
(specifically incompressible Navier-Stokes equations) [101] problems. The error is
presented in the form of an error norm. One of the requirements for the successful
use of this error estimate is an accurate error flux balancing procedure. This has
been widely discussed in the Finite Element literature (see Kelly [71], Ainsworth
and Oden [3] or Ainsworth [4]). The conservation properties of the Finite Volume
solution removes the need for a special error flux balancing algorithm, as will be
shown in Section 4.6.1.1. A simplified solution procedure for the local error problem
is given in Section 4.6.4.

Error estimation for transient calculations is discussed in Section 4.7. The tran-
sient error estimate is derived as an extension of the Residual method, taking into
account the effects of the temporal discretisation on the accuracy of the solution. It
is possible to split the total error into the spatial and temporal contributions. The
requirement of equivalent temporal and spatial accuracy can be used to determine
the optimal time-step size for a given computational mesh.

The examples presented in Section 4.8 illustrate the performance of error esti-
mates in simple situations. Comparison of the estimated and real error is given
for test cases with analytical solutions. Finally, some closing remarks are given in

Section 4.9.

4.2 Requirements on an Error Estimate

Let us now outline a set of properties a good error estimate should have.

The purpose of error estimation is to give an insight into the accuracy of the
solution. It is desirable to present the error information in terms of the absolute
error value. The error estimate is easier to understand if its dimensions are the

same as those of the solution variable. This approach is not generally accepted
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because of its impracticality for singular problems. A typical example can be found
in linear elasticity (see Zienkiewicz [156]). Under a point load, the local displacement
(and hence the error) is locally equal to infinity. The net effect of this error on the
rest of the domain is usually negligible (Zienkiewicz [156]). The solution error for
such situations can, however, be presented as an error norm. Singular problems are
not common in fluid flows and such treatment is not necessary.

The error estimate will be used to control an adaptive refinement procedure. It
should therefore provide reliable information about the distribution of the
error through the computational domain. Even if the error level is not estimated ac-
curately, a correct error distribution guarantees that refinement regions are properly
selected.

Accurate error distribution is critical in calculations with highly localised refine-
ment, where the successive levels of refinement are embedded into each other. First
levels of refinement should be located accurately in order to reduce unnecessary
overheads. Error estimation should therefore work well on coarse meshes.

The error estimate will regularly be calculated on adaptively refined meshes,
consisting of control volumes of different sizes. It is even possible to use different
orders of discretisation in different parts of the mesh. If an accurate estimate of the
error is to be obtained for such a mesh, the error estimate should scale correctly
with the order of discretisation and mesh size.

For transient calculations with tracking of flow features, error estimation will
have to be done very often. The mesh is refined every few time-steps, depending on
the level of the error. In order to keep the computational cost at a reasonable level,
both error estimation and mesh refinement need to be computationally efficient. The
error estimate should therefore be easy to compute. An efficient error estimate is
based on the local solution and mesh information and can be calculated on
a cell-by-cell basis. If error estimation requires a solution of a system of algebraic
equations over all control volumes, it is considered to be too expensive.

Error estimation method should have a strong methematical basis. It should

be applicable to all degenerate forms of the transport equation (elliptic problems,
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convection or source-dominated problems). It is also desirable that the error esti-
mate gives the exact value of the error if the order of solution is one order higher
than the order of discretisation.

The transient error estimate is expected to work well even if the change of the
solution in time is very slow, or the solution tends to a steady-state solution. It
would therefore be advisable to construct it as an extension of a steady-state error
estimator.

As the number of computational points goes to infinity, the error estimate should
tend to the exact error faster than the solution tends to the exact solution. The
error estimate with this property is said to be asymptotically exact. It is expected
that the error estimate will detect both the errors resulting from insufficient mesh
resolution and the discretisation errors. The error estimate should also be reliable
in the vicinity of points of singularity.

Finally, the error estimate should modestly over-estimate the actual error.
Considering the complexity of error estimation, one cannot expect extremely accu-
rate results. If it is known that the error can be estimated only up to a certain
accuracy, over-estimation is preferred. Once the desired accuracy of the solution is
achieved according to the error estimate, the actual error will be even smaller.

Some of the aforementioned requirements on the error estimate are quite hard to
fulfill, others are even contradictory. It would be difficult to create an error estimate
which is both very accurate and easy to compute. Accuracy of the estimate on coarse
meshes presents a particular problem. The error estimation methods presented in

this Chapter should be seen as a compromise between the suggested requirements.

4.3 Methods Based on Taylor Series Expansion

The first group of error estimation methods is based on the analysis of the numerical
solution in terms of the Taylor series expansion. Every smooth function can be
written as an expansion in its derivatives around a given point in space. This

expansion is potentially infinite, depending on the number of non-zero derivatives
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at the selected point.

The discretisation process can be considered as a truncation of the infinite series.
The truncated form of the expansion at the computational point is used to describe
the variation of the solution over the control volume surrounding it. The complete
solution is created as a union of these locally defined “shape functions”.

A pth order accurate discretisation method describes the local variation of ¢

with the first p terms of the Taylor series:

#(x) =¢p + (x —xp).(VP)p+ ... + H(x — xP)”_l\:i_/(VV..V ®)p.

L
— 1)
P= pmto P (4.3)

The discretisation error can also be expressed as an (infinite) series in higher

derivatives of ¢:

e(x) = ®(x) — ¢(x) = i %(x - xP)“\::/(VV..V ®)p- (4.4)

The estimate of the error in the computational point is based on the average

error in the control volume, consistent with the discretisation practice:

el =i /., [i =) (YT ¢)p} av
< vip nf; / P (%(x ~xr)" YL ¢)p) avl. (4.5)

Let us now consider the form of Eqn. (4.5). It is assumed that the magnitude of
the leading term in Eqn. (4.5) gives a good estimate of the whole truncation error.
If the exact solution ®(x) is smooth and the control volume is small, contributions
from higher terms of the expansion in Eqn. (4.5) will indeed decrease rapidly with
increasing n. This is strictly true only if the mesh resolution is adequate.

The Taylor series error estimate uses only the first term of the expansion in

Eqn. 45) to estimate the error:

1 1
— _ P ...
e 9) A /VP (p! X — Xp . (VVP. Vo p) dVv
11
- —— — PV :: (VV..V . .
- [/‘P X — Xp V] ( ¢ p 4.6)

p p
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If the mesh is too coarse, the contribution of higher-order terms can be signifi-
cant, particularly if higher derivatives are large. It can therefore be expected that
Eqn. (4.6) under-estimates the actual error.

In the case of second order accurate (Finite Volume) discretisation, the prescribed

spatial variation of ¢ over the control volume is linear, Eqn. (3.3):
(b(x) =¢p+ (x— Xp).(ng)p
The leading term of the truncation error is:
1 2
e(x) = E(x —xp)*: (VV@)p. 4.7)

Following Eqn. (4.6), the Taylor series error estimate in the point P is calculated

11
6t(¢)=V—P§

1
= 575 M:(VV)r . (48)

[ ex—xerav]: (V4|

M in Eqn. (4.8) is the second geometric moment of the control volume:

M= /| (x—xp)2dV. (4.9)

Vp

The local error can be estimated in two ways, resulting in two methods of error
estimation. The first, Richardson extrapolation, uses numerical solutions from two
meshes with different spacing. The second method estimates the numerical error
from a single solution. An error estimate based on the latter idea is presented in

Section 4.3.2 below.

4.3.1 Richardson Extrapolation

Richardson extrapolation is the most popular form of error estimation based on the
Taylor series truncation error analysis. It has been used for a large variety of flow
problems, ranging from incompressible Navier-Stokes equations (see eg. Thompson

and Ferziger [134], Muzaferija [97], Chen et al. [28]) to inviscid supersonic flows (see
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eg. Berger and Oliger [17], Berger and Collela [16]). Since the method requires solu-
tions of the same problem on two meshes, it has been regularly used in conjunction
with multigrid acceleration techniques.

The basic idea of Richardson extrapolation is to obtain an approximation of the
leading term in the truncation error from suitably weighted solutions on two meshes
with different cell size (Muzaferija [97], Caruso [25]).

The spatial variation of the exact solution on two meshes with spacing h; and

hy can be symbolically written as (Muzaferija [97]):

®(x) = ¢(x, hy) + K{C(x) + O(x, hl), (4.10)
d(x) = @(x, hy) + REC(x) + O(x, hl), (4.11)

where
e ¢(x, h,) is the approximate solution on the mesh with spacing A,,
e hPC(x) is the leading term of the truncation error,

e h = h(x) is the local mesh size calculated as the ratio of cell volume and
surface area:

Vp

h= :
25 S

(4.12)

e p is the order of accuracy of the discretisation method,
e O(x,h?) is the rest of the truncation error.

From Egs. (4.10) and (4.11), C(x) can be approximated as:

¢(x, ha) — @(x, h1)
M-’

Cx = (4.13)

The estimate of C x , Eqn. (4.13 , can be used to improve the fine mesh solution

® X, hy). The improved (gth order accurate) solution is:

i !
¢x,0 —pxX,hp —2——-0x, M (4.14
()p—1 (Byp 1
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This improved solution can be used to estimate the error in @(x, h2).
The Richardson extrapolation error estimate is calculated from the difference

between the improved solution and the solution from the fine mesh:

8%, ha) — $(x, h)|

ei(¢) = |¢(x,0) — ¢(x, ha)| = Ey—1 (4.15)
For second-order accurate discretisation:
e(d) = 160, ha) = ¢, ha)], (4.16)

k
) 1

It is instructive to analyse the interaction between the Richardson extrapolation
error estimate, Eqn. (4.16), and the general form of the Taylor series error estimate,
Eqn. (4.8). Let us start with the simplest form of the second geometric moment for

a hexahedral contro] volume aligned with the global coordinate system, Fig. 4.1.

AZ

1 S,
—S> 1 S D —
)
Ay
Az

g

Figure 4.1: Hexahadral control volume aligned with the coordinate system.

The calculation of the moment tensor M is now straightforward:

Az2 0 0
v
M=1—; 0 Ay 0 |- (4.17)
0 0 AZ

The Taylor series error estimate for this control volume, Eqn. (4.8), simplifies to:

ld) = 57~ M: (VY8

_ 1 5 (0% . [0%d , [0%¢
_24 ’AZ‘ (@)P'{'Ay 6y2 PAZ 622 . . (418)
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It is also known that (VV¢@)p should be independent of the mesh, as two numer-
ical solutions correspond to the same physical problem. The double-dot product
M : (VV¢)p in Eqn. (4.18) is expected to scale quadratically with h. This is
independent of the orientation of the control volume in relation to the global co-
ordinate system. Richardson extrapolation, Eqn. (4.16), uses this property to esti-
mate the error. According to Eqn. (4.18), Richardson extrapolation assumes that
the magnitude of each term in M individually scales with h?. This is valid only for
geometrically similar control volumes. If the control volumes of two meshes are not
similar in shape, Richardson extrapolation looses accuracy.

The Richardson extrapolation error estimate requires two solutions on meshes
with different spacing: ¢(x, h;) and ¢(x, hy). In industrial applications this is not
always feasible the mesh necessary to appropriately describe the geometry and
boundary conditions can be of the order of several hundred thousands cells. Cal-
culation on a finer mesh could easily exceed the available computational resources.
The adaptive refinement algorithm proposed in this study does not include multi-
grid acceleration and two solutions are not readily available. As a consequence, the
Richardson extrapolation error estimate is considered to be expensive.

It is well known that Richardson extrapolation under-estimates the solution er-
ror. It is particularly inaccurate on coarse meshes. If a good error estimate is to
be obtained, both meshes need to be fine enough to approximate the solution well.
Once the solution is smooth in relation to mesh size on both meshes, the higher-
order truncation error terms vanish quickly and the accuracy of the error estimate

improves rapidly with mesh refinement.

4.3.2 Direct Taylor Series Error Estimate

It 1s possible to obtain the Taylor series error estimate from a single-mesh result.
This is a novel appr ach to Taylor series error estimation. The terms from Eqn. 4.8)
will be approximated from the available solution and mesh geometry. The error es-
timate obtained in such a way is called the Direct Taylor Series Error estimate.

The task of creating a single-mesh Taylor series error estimate can be divided into
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two parts: estimating the second gradient of ¢ in P and evaluating the geometric
moment tensor M for the control volume, both appearing in Eqn. (4.18).

The (VV¢)p tensor is calculated from the available solution using Gauss’ theo-
rem twice: Eqn. (3.10) is used to calculate (V¢)p, which is then used in Eqn. (3.11)
to obtain the second gradient. It should be noted however that the double Gauss’
theorem actually provides an average value of the second gradient over the con-
trol volume and the set of its neighbours, whereas Eqn. (4.8) requires the value in
the centroid the the control volume. The estimate will therefore be good only if
the numerical solution approximates the exact solution well and the mesh is fine
enough.

Calculation of M for control volumes in an arbitrarily unstructured mesh is
slightly more complex. The approach adopted here follows the work of Helf and
Kister [62]. Using Gauss’ theorem, it is possible to reduce the volume integral
in Eqn. (4.9) to a set of geometric moment integrals over the faces and finally to
integrals over face edges. In order to simplify the derivation, the terms of M will be
assembled in a local coordinate system, with the origin in the centre of the control

volume. Eqn. (4.9) can be modified as follows:

M=/vp(x)2dV=/VP(xx)dv
= %/VP V.[x (xx)]dV
— % [, (@:x) (xx)

1
= ng:/;, (dS.x) (x x). (4.19)

The surface integrals in Eqn. (4.19) can be further simplified. It is known that
all faces are flat. For every point on the face, the dot-product dS.x reduces to a

constant. It follows that:

/Sj(dS.x) (xx) = S.x; /S!(xx) dA. (4.20)

Combining Egs. (4.19 and (4.20), the volume integral is reduced to a sum of

surface integrals over flat faces. Point x; has been selected as a sample point — any
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other point from the face plane will give the same product. Once the face integrals
are calculated for all faces of the mesh, they are added to control volumes on both
sides of the face with opposite signs.

Repeating the procedure once again, calculation of second geometric moments
for the face can be reduced to a sum of integrals over the face edges, which are easily
calculated.

This method is directly applicable on general polyhedral control volumes. In
spite of its recursive nature, it still seems computationally expensive. Calculation of
the error requires the evaluation of two second rank tensors (or a second rank and
a third rank tensor for vector properties), which is considered expensive.

Having in mind the limited accuracy of (VV¢)p, it would be wise to produce a
simple estimate o M. knowing that this simplification does not significantly degrade
the overall accuracy of the method. An appropriate transformation of the coordinate
system can reduce the second geometric moment tensor to diagonal terms only. Ori-
entation of the coordinate system then coincides with the principal geometric axes
of inertia for the control volume. If the product M : (VV¢)p were calculated in
that coordinate system, it would reduce to only three terms, similar to Eqn. (4.18).
Vectors 1, 2 and 3 in Fig. 4.1 represent the principal vectors of inertia for the
control volume. For a hexahedral cell of arbitrary orientation, they can be approxi-
mated from the face area vectors of the opposite face pairs. Thus, for example, 1 is
approximated with (Fig. 4.1):

So S; Vp
1= + 4.21
( ) So + S ( )

and the error estimate, Eqn. (4.8), simplifies to:

ed = -élvp M: (VVé)r

1
24 Vp

~
~

11 VV¢ p) + 2. 2.(VV¢)p + 3. 3(VV¢ P -
422

The off-diagonal terms in M which w uld arise for warp d ¢ ntrol v lumes are

neglected. Eqn. (4.22) is still considered to be a reasonable estimate of the full
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tensorial product, since the aspect ratio of the cell is taken into account. This prin-
ciple can be extended to general polyhedral shapes by introducing an “orientation
vector”, defined as the ratio of cell volume and the average cell surface in the given
direction.

The evaluation of the M : (VV¢)p term in the error estimate can be simplified
even further. If it is assumed that the control volume is not distorted in any way, the
product scales with the square of the characteristic linear size of the control volume,
Eqn. (4.12) and the magnitude of (VV¢)p. The error can therefore be estimated

as:

1
ei(d) = A M : (VV8)p|

1
~ v K2 |(VV)pl. (4.23)

Simplification in Eqn. (4.23) further reduces the accuracy of the estimate. This
is, however, a popular practice in the Finite Element community (Oden et al. [98]),
particularly for elliptic problems.

Having in mind the situations of mesh alignment to flow gradients and high cell
aspect ratios, Eqn. (4.22) has been selected in the present work as a good balance

of accuracy and computational cost.

4.3.3 Measuring Numerical Diffusion

The current formulation of the Direct Taylor Series Error estimate measures the
numerical diffusion only indirectly. Richardson extrapolation takes numerical dif-
fusion effects only partially, through the solutions on meshes with different mesh
spacing. An overview of numerical diffusion terms has been given in Section 3.6.
Their common property is that the magnitude of the numerical diffusion coefficient
scales with the mesh size. Numerical diffusion is therefore smaller on a finer mesh,
which is visible in the error estimate.

The Direct Taylor Series Error estimate cannot measure numerical diffusion er-
rors at all. If it is necessary to include it into the error estimation procedure, the

following procedure can be used:
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e Using the expressions for numerical diffusion from different sources, the nu-

merical diffusion tensor is assembled for each face.

e The term V.(I',,,. V@) is then evaluated for every control volume. The influ-
ence of this term on the total error is obtained through normalisation, (see Sec-

tion 4.4.1), using the characteristic time-scale T' (defined later in Eqn. (4.33 ):
— | pr V(Fnumv¢) dVl T

enum VP

(4.24)

® e..m is added to the truncation error estimate, Eqn. (4.8).

Gradients of ¢ are estimated from the current solution. Numerical diffusion
smears out local gradients as a consequence, en,,, will be under-estimated even if
the total numerical diffusion tensor is calculated exactly. In the uncommon case of
negative numerical diffusion coefficients (explicit temporal discretisation, compres-

sive differencing schemes), the opposite effect is expected.

4.4 Moment Error Estimate

The second approach to the problem of error estimation is based on the analysis of
the differential equation that is being solved. An estimate of the error is derived
from the properties of the exact solution.

Let us consider a steady-state scalar transport equation in the standard form,

Eqn. (3.56):

V.(6U) - V.(sTsV6) = So(@).

Finite Volume discretisation produces a solution that satisfies this equation over
each control volume in the integral form.

If Eqn. (3 56) were satisfied for each point in the computational domain (in the
differential form , its solution would also satisfy all higher moment equations. At

this stage, we shall limit ourselves to the second moment of ¢:

mey — ;qs?. (4.25)
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The transport equation for my can be derived from Egs. (3.56) and (4.25) in the

following form:
V.(pUmg) — V.(pT'yVmy) = S4(6) ¢ — pLe(V$.V ). (4.26)

The numerical solution of Eqn. (3.56) is, however, of limited accuracy. There is
no guarantee that Eqn. (4.26) will be satisfied for every control volume. This will
be the case only if the numerical solution of Eqn. (3.56) corresponds to the exact
solution on all cell centres and all faces of the mesh.

The imbalance in Eqn. (4.26) depends on the local difference between the ap-
proximate and exact solution — it can therefore be used to estimate the numerical
error.

Following Eqn. (4.26), the local imbalance is equal to:

resm(mg) = /n [V-(pUm,) = V(g5 Vm,) — S4(8) 6 + To(V4.V4)] dV.
(4.27)

The cell centre values of my are calculated from the known values of ¢ using
Eqn. (4.25). Following the discretisation practice presented in Chapter 3, convec-
tion, diffusion and source terms are assembled from the cell values of my. In the
calculation of face values from the convection term, Central Differencing is used.

Some attention should be given to the boundary condition treatment. On fixed
value boundary faces, the value of ¢ is prescribed. This value can be used to calcu-
late the corresponding face value of my. On fixed gradient boundaries, a different
approach is needed. The value of ¢ on the boundary face is calculated from the
value in the adjacent cell, consistent with the prescribed boundary condition. The
value of m, on the boundary face is then calculated from ¢, using Eqn. (4.25).

The same principle can be extended to a general steady-state vector (tensor)
transport equation. Let us consider a steady-state transport equation for a general

vector property a:

V.(pUa - V.(pT,Va) = Su + Spa. (4.28)
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The steady state form of the transport equation for the second moment of a:

1
m, = ;aa, (4.29)

has the following form-

V.(pUm,) - V. pI';Vm,) = Su.a+2Spm, — pl'.(Va: Va).
(4.30)

The imbalance in m, is assembled similar to Eqn. (4.27):

resm(mg) = / [V.(pUm,) — V.(pI'eVm,) — Su.a
p (4.31)

—28pmg, + pl'w(Va: Va)|dV.

Unlike the Taylor series error estimation methods, the Moment Error estimate
produces a scalar error for both scalar and vector properties. Iu the case of a
vector transport equation, the resulting error estimate corresponds to the error in
the magnitude of a. The same is valid for tensor transport equations.

The Moment Error estimate measures the error through its influence on the
solution. The proposed approach can be extended to higher moments of ¢. In
the case of fourth order discretisation of Equ. (3.56), the second moment transport
equation will be satisfied automatically. Effects of the numerical error can still be
detected as the imbalance in transport equations for higher moments of ¢.

The next step in the construction of the Moment Error estimate is to provide a

way of estimating the magnitude of the error from the imbalance.

4.4.1 Normalisation of the Moment Error Estimate

Dimensions of res,, (my) from Eqn. (4.27) are [¢]?[L]*/[T], 1.e. it does not correspond
to the absolute error in ¢. In order to obtain the error magnitude, a suitable
n rmalisation practice is required.

Eqn. 427 shows that res, mg) represents the volume integrated error in the
transport of my The purpose of normalisation is to establish the influence of the

imbalance to the local value of ¢. Normalisation of resn,(mg) will be based on
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the local transport conditions for ¢. The effective transport consists of two parts:
convective velocity and the effective diffusive transport. It is estimated as:

Ly

Utrans = |U + 5 (4.32)

The local characteristic length-scale h represents the mesh spacing. It is calculated
as the ratio of cell volume and surface area, Eqn. (4.12). It should be noted that
this length-scale does not have any physical meaning it merely represents the local
mesh size.

The characteristic time-scale T required for normalisation of res,,(m,) is calcu-
lated from the characteristic transport velocity and the local cell size:

h h?

r= Usans  |U h+Ty’

(4.33)

Combination of Egs. (4.33) and (4.27) enables us to estimate the solution error.
The error estimate constructed this way has the dimensions of ¢, giving an insight
into the magnitude of the local error. The final form of the Moment Error estimate
for a steady-state transport equation is:

resm(mg) T

em(9) =2 Ve

(4.34)

4.4.2 Consistency of the Moment Error Estimate

As noted earlier, the task of error estimation is to pinpoint the regions of the com-
putational domain in which the difference between the numerical and real solution
is large. A good error estimator should also pinpoint regions in which the solution
is approximated well. If the polynomial order of local variation of the solution is
lower than or equal to the order of discretisation, the error estimate should return
Zero.

Let us assume that the variation of ¢ over a certain region is linear. If the terms
of Eqn. (3.56) are discretised to second order, the resulting ¢ field is exact. The
error estimate, Eqn. (4.34), should return zero. According to Eqn. (4.25), the local

variation of my will be quadratic. If the terms of Eqn. (4.27) are also discretised to
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second order accuracy, resulting res,(m,) will be non-zero simply because of the
discretisation error in Eqn. (4.27) we are trying to describe a quadratic variation
with a linear function. It follows that, for consistency with Eqn. (3.56), evaluation

of the terms in Eqn. (4.27) should be fourth-order accurate.

The error in the evaluation of volume integrals scales with the h*. It can therefore
be expected that the Moment Error estimate tends to the exact error faster than
with h?, producing exact asymptotic behaviour on very fine meshes. If the mesh
is too coarse, the scaling of the error estimate may be incorrect, depending on the
ratio of fourth-order terms and the actual solution error.

In practice, the problem is not so serious. It rarely happens that the order
of discretisation is high enough to follow the variation of the solution over the
control volume exactly. If this is the case, the fourth-order terms of Eqn. (4.27)
can be approximated accurately and added to the error estimate. Considering the
computational overhead from the evaluation of control volume moment tensors and
the limited gain in accuracy, the terms of Eqn. (4.27) will be discretised to second-
order.

The influence of fourth-order terms can be partially taken into account in the
normalisation of the imbalance in my. An improved estimate of the error can be
obtained if the local transport in Eqn. (4.32) is over-estimated, thus compensating
for the over-estimation of the imbalance. This has been done by including the whole

cell surface area into the convective transport estimate in Eqn. (4.32).

The proposed form of the Moment Error estimate measures the numerical dif-
fusion through its influence on the solution. Coming back to the derivation of the
transport equation for my, Eqn. (4.26 , it can be seen that every term in this equa-
tion has its equivalent in Eqn. (3.56). This is the reason why the exact solution
of Eqn. (3.56) also satisfies Eqn. (4.26 . The numerical errors introduced 1n the
discretisation change the structure of Eqn. (3.56) on the level of the discretisation
error, by introducing a numerical diffusion term. Numerical diffusion acts as an ad-
ditional term in the original transport equation which does n t have its equivalent

in the transport equation for the moment and therefore causes an imbalance in the
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volume integral for m.

The Moment Error estimate is cheap to compute. Its behaviour on coarse meshes
should be significantly better than any of the Taylor series error estimates. The
influence of discretisation error is measured without the need for explicit evaluation
of numerical diffusion terms. The main disadvantage of the method is its relative

inaccuracy on very fine meshes.

4.5 Residual Error Estimate

The idea for the Residual Error estimate comes from similar work in Finite Element
error estimation. In order to introduce the concept of residual, it is first necessary
to analyse the properties of a Finite Volume solution. An appropriate normalisation
of the residual is then used to estimate the magnitude of the error.

In the Finite Element method, equations are solved using the Galerkin principle
(Zienkiewicz [156]) minimisation of the weighted residual over the computational
domain. The governing equations are therefore not necessarily satisfied over each
finite element!. Once the solution is calculated, the residual distribution is available.
The residual is a function that measures how well the local solution satisfies the
original governing equations. It is therefore natural to associate the level of residual
with the local solution error.

The Finite Volume discretisation is derived from the integral form of the govern-
ing equation over the control volume. The numerical solution consists of cell centre
and cell face values that satisfy the original equation over each cell. Cell face values
are determined using an interpolation practice consistent with discretisation. The
idea of the residual as a measure of accuracy is therefore not immediately obvious.

In order to introduce the residual, the basis of the Finite Volume method will be
examined. For that purpose, let us assume that a numerical solution of a differential

equation on a given grid with a pth order accurate Finite Volume discretisation is

!More precisely, they are satisfied only if the the shape function can exactly follow the variation

of the solution over the finite element
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available: pth order accuracy implies that the function used to evaluate the sur-
face and volume integrals consists of the first p terms of Taylor series expansion,
Eqn. (4.3 , and that pth order accurate face interpolation is used. The variation of
the numerical solution over the control volume is therefore described by Eqn. (4.3).
Let us also assume that the exact solution of the problem is available.

If the exact solution varies over the control volume faster than the pth order, the
governing equation cannot be satisfied. In this situation, a control volume imbalance
should exist. This is in contradiction with the basic principle of Finite Volume
discretisation. In order to simplify further discussion, we shall limit ourselves to
second-order accurate Finite Volume method.

The inter-point coupling in the system of algebraic equations obtained by the
Finite Volume discretisation comes from the face interpolation. The cell value of ¢
depends on the values in neighbouring cells through the calculation of face values and
face gradients of ¢. Inconsistency between volume integration and face interpolation

can be explained on a simple 1-D situation, Fig. 4.2.

6 o o—
p aA f N

Figure 4.2: Inconsistency between face interp lation and the integration over the cell.

For volume integrals, a second-order accurate discretisation assumes linear vari-

ati n f ¢ over the ¢ ntrol volume P, Eqn. 3.3 (continuous hne in Fig 4.2 .

¢ x)=¢p+ x—xp).Vop.
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Here, (V¢)p is calculated using discretised Gauss’ theorem, Eqn. (3.26):
1
(V4)p = 3~ 2_Sér.
Py

On the other hand, the face value of ¢ is obtained by linear interpolation between
the points P and N. The interpolated face values together with the cell-centred
volume integrals satisfy the integral form of the governing equation.

Let us consider an arbitrary point A inside the control volume P. The value of

¢ in this point can be calculated in two ways:

e Following the assumed distribution of ¢ over the control volume (continuous

line in Fig. 4.2), ¢(A) is:
¢(A) =¢p+ (XA - XP).V¢p, (435)
since A is inside the control volume P.

e On the other hand, the face value ¢; for the face between P and N is obtained
by interpolation. The same approach can be used for the point A which is

also between P and N (dashed line in Fig. 4.2):

¢(A) = fadp +(1— fa) ON, (436)
where
AN
fa= VR (4.37)

Values of ¢(A) obtained from Eqgs. (4.35) and (4.36) are identical only in the case
of linear variation of the exact solution over the control volume and its neighbours,
in which case the numerical error is equal to zero. If this is not the case, for every
point inside the control volume two equally valid values of ¢ can be given.

On the face f, situation is even more complicated: ¢; obtained by interpolation,

Eqn. (3.19):

¢f = fzdp + (1 _fz)¢N’
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satisfies the governing equation in the integral form. For the point just left of the

face (in the P control volume), the value of ¢ is:
¢f = (ﬁp + (Xf - Xp).v¢p (438)
and for the point just right of f, it is:

¢5 = dn + (X5 —xn).Von. (4.39)

Let us now consider the construction of the cell residual. According to the
definition used in finite elements, residual is a consequence of insufficient order of
accuracy of the prescribed variation of ¢ over the control volume. It has been shown
that the face values satisfying the governing equation are not consistent with the
variation of ¢ used for volume integrals. A consistent face value of ¢ for the P control
volume should be calculated using Eqn. (4.38). If this value is different from the
interpolated ¢y, the integral form of the governing equation for P is not satisfied any
more. The imbalance obtained this way is equivalent to the finite element definition
of the residual.

Information about the error can be obtained in two ways:

e Since every face is shared by two control volumes, three different face values
can be determined, Egs. (3.19), (4.38) and (4.39). In case of the exact solution,
all three values will be identical. If a face jump exists, it can be used to measure

the error.

e The face values are calculated consistent with the prescribed variation of ¢
over the control volume. A residual is assembled for each control volume and

normalised in an appropriate way.

Although the first approach produces the estimate of the error on the face with
same dimensi ns as ¢, 1t d es not take into account the convection-diffusion balance
of the equation, as the face jump in (V¢ ; should also be taken into account.

The second appr ach pr duces a cell bas d residual, taking into account the

convection-diffusion balance and the influence of mesh quality. A normalisation
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practice is necessary to extract the information about the magnitude of the error.
This approach is preferred because it directly incorporates all discretisation and
mesh-induced errors.

For a steady-state scalar transport equation, Eqn. (3.56), the cell residual is

calculated as:

resp(¢) = L [V-(pU9) = V.(6T4V9) ~ Su— Spép) dV

=Y S.[(pU) 105 — (0L4)£(V$)s] — SuVp — Spép Vp.
! (4.40)

The face values of ¢ and V¢ are determined from the prescribed variation of ¢ over

the control volume, Eqgn. (3.3):
¢5 =dp+ (xs —xp).Vop (4 41)
and
(V) = Vop. (4.42)

Calculation of the residual does not require any special boundary treatment.
Irrespective of the boundary condition, inconsistency between ¢; obtained using
Eqn. (4.41) and the boundary face may exist. The face jump on the boundary face
represents a violation of the prescribed boundary condition by the local solution,
which is built into the residual.

The cell residual resp($) from Eqn. (4.40) has several interesting properties:

e The residual is constructed using solely the local information about the solu-
tion and the local mesh geometry. It only requires the cell gradient of ¢ and
Pf vectors for cell faces (see Fig. 3.15). It can be assembled on a cell-by-cell

basis and is therefore cheap to compute.

o The geometry of the control volume is taken into account through the Pf
vectors and its treatment is consistent with the discretisation practice. Mesh-

induced errors are built into the calculation of the residual: the point f is
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located in the middle of the face (Fig. 3.15), accounting for the skewness
error, and (V¢); does not include any non-orthogonal correction (the second

term in Eqn. (3.34)) from the larger computational molecule?.

Numerical diffusion can also be detected by the residual. It has been shown
that the face interpolation used in the convection term is inconsistent with
the prescribed variation of ¢ over the cell irrespective of the choice of the
differencing scheme. On the other hand, a comparison of Upwind and Cen-
tral Differencing shows that UD produces a larger difference between ¢; from

Egs. (4.38) and (3.19) than CD, resulting in a larger residual.

Residual Error estimation is directly extendible to Finite Volume discretisation
of any order of accuracy. The only change in the calculation of the residual

will be in tne assumed variation of ¢ over the control volume.

According to the form of the residual, the accuracy of the error estimate should
not significantly change with mesh size it should work well both on fine and

coarse meshes.

The correct scaling and asymptotic behaviour of the Residual Error estimate
can be explained on a one-dimensional situation, using Fig. 4.3, as explained

below.

For every control volume, two face values and a cell centre value are available.
Finite Volume discretisation guarantees that this combination of face and cell
centre values satisfies the governing equation in its integral form. It is therefore
possible to approximate the variation of the exact solution over the cell by
a parabola passing through the three available points. The error estimate
1s assembled using the prescribed linear) variation of ¢ over the cell. The
difference between the two 1s represented by the shaded region in Fig. 4.3.
According to Fig 4.3, the distribution of the error over the control volume

is quadratic. This implies that the err r tends to the exact error with the

2For the details f the mesh-induced errors the reader 1s referred to Se tion 3.6.3.
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P

Figure 4.3: Scaling properties of the residual error estimate.

fourth power of mesh size, resulting in the asymptotically exact behaviour
of the estimate. Extension of this analysis to multi-dimensional situations is

straightforward.

The above properties make the Residual Error estimate an attractive error esti-
mation tool. It is, however, still necessary to extract the information about absolute

error level from the residual.

4.5.1 Normalisation of the Residual Error Estimate

Evidently, resp(¢) has the dimensions of [¢][L]*/[T]. As in the case of the Moment
Error estimate, an appropriate normalisation practice is needed to extract the error
magnitude. The form of the residual, Eqn. (4.40), shows that the terms contributing
to the error are the ones requiring the face values of ¢ and V¢, namely the convection
and diffusion terms. The normalisation of resp(¢) will therefore be based on the
characteristic convection and diffusion transport for the control volume. In order
to maximise the accuracy of the method, geometric information will be used on a
face-by-face basis.

Consider a two-dimensional flow situation for the control volume around a point

P, Fig. 4.4. Estimation of the total diffusion transport flux is simple: for each of the
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Figure 4.4: Estimating the convection and diffusion transport.

neighbours, a face diffusion coefficient is known (same as in the discretised form of
the transport equation). d is used as the characteristic length and the area active
in the transport is equal to S. A volume-weighted face sum of estimated diffusion

transport fluxes gives the approximation of the total diffusion transport coefficient:
1 oI’
Fapr=2>_|S| (elo)s ) (4.43)
Vp 7 d|

The convection transport term requires more attention. Let us assume a locally
uniform velocity field which is divergence-free. In that case, only half of the cell
surface is active in the transport of interest, which reduces the influence of the
residual to the local error. The convection transport coefficient can therefore be

estimated as the volume weighted flux going in (or out) of the control volume:
1
Fopny = — Z maz(F,0). (4.44)
VP 5

If the velocity field is not divergence-free, discretisation of the convection term splits
into two parts, with the term containing V.(pU) being added to Sp. This will be
taken into account in the normalisation, by adding this part of Sp to the normali-
sation factor.

Let us finally consider the influence of source term errors. No discretisation error
is associated with the constant source term component — Su is considered to be
exact The error contr'bution from the linear part of the s urce, Sp ¢p, scales with

the erro in ¢p and the whole of Sp should therefore be included into normalisation.



4.6 Local Problem Error Estimate 181
The proposed normalisation factor is therefore calculated as:
Foorm = Feonv + thff + Sp- (4.45)

The final form of the Residual Error estimate is:

e (9) = TeSP(d’)

= . 4.46
VP Fnorm ( )

It is interesting to notice that Fyrm from Eqn. (4 45) actually corresponds to
the volume-weighted central coefficient from the discretised transport equation for
¢, Eqn. (3.2), where Upwind Differencing is used on the convection term.

The Residual Error estimate, Eqn. (4.46), has got many desirable properties. It
is cheap to compute and does not require any tensor manipulations. Its accuracy
relative to the solution accuracy is expected to be independent of the mesh size. All
discretisation errors are taken into account. Overall, the accuracy of the Residual
Error estimate is expected to be very good. Extension of the method to vector and
tensor transport equations is straightforward. The residual and the error for a vector
transport equation is a vector, where each component of the error corresponds to
the error in the appropriate component in the original field. If a scalar error is

preferred, it can be calculated as the magnitude of the vector error.

4.6 Local Problem Error Estimate

The Local Problem Error estimate is based on the a method of error estimation
in the Finite Element field (Ainsworth [4] . This method extends and combines
several existing error estimation techniques to the case of non-uniform k — p Finite
Element approximation on irregular meshes. It derives a strict upper bound on the
solution error expressed through an error norm. Error estimation procedure requires
a solution of a local residual problem. As a first step, it is necessary to calculate
the residual for each control volume, as described in the previous Section.

In what follows, the error estimate is first developed for an elliptic model problem

in Section 4.6.1. Section 4.6.1.1 presents the error flux balancing method for the
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Finite Volume discretisation. Generalisations to the scalar transport equation and
the Navier-Stokes problem are given in Sections 4.6.2 and 4.6.3, respectively. A
simplified solution procedure for the local problem is given in Section 4.6.4.

For the details of the derivation of the Local Problem Error estimate, the reader
is referred to [4]. This Section will only present the basic principle without the
mathematical proof. Although inconsistent with the rest of this study, the notation

of Ainsworth and Oden [4] will be used.

4.6.1 Elliptic Model Problem

The model problem that is being solved is:
L(u)=finQ, (4.47)

with the following boundary conditions:

u=0 on 'p,
(4.48)
anif.Vu=g only,
where
L(u) = =V.(aVu) + cu, (4.49)
with arbitrary constants a and ¢ and
FD N FN = 07
(4.50)
Fpuly =09.
iy is a unit normal pointing in the direction of the face area vector Sy:
. Sy
Ny = _—— 4.51
f Isf ( )

Let us now introduce a new way of presenting the error which has been accepted
as standard in Finite Element applications an error norm

The error norm for the elliptic problem, Eqn. (4.47 , is defined as:

e %E—/v(aVe.che?)dv: 4.52
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This norm is usually called the “energy norm”.

The property of this norm is the scaling (Ainsworth and Oden [4]):
ern 6= u—1u, <Ch, (4.53)

where h is the linear size of the control volume, k is the order of approximation and
C is a constant independent of A and k. Unlike other proposed ways of measuring
the error, Eqn. (4.52) does not have the dimension of the solution and it cannot
be directly associated with the actual error magnitude. The error norm, however,
scales correctly on a non-uniform A — p mesh, which is important in the case of local
refinement.

Through a series of theorems, Ainsworth and Oden [4] derive the following prop-
erty:

Theorem 1. For every control volume, a local problem:
—V.V’(,/)p =Tp in QP, (454)
with boundary conditions:

flf.Vl,bP:Rp on 3QP\FD,

(4.55)
Yp=20 on 0Qp NTp,
can be used to produce a local error estimate:
Qx a

This error estimate provides the strict upper bound on the ezact error in the energy

norm.
N
e 2< Y & Vip), (4.57)
P_1

where

o (Qp 15 the local subdomain, usually a s ngle control volume,
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e 7p 15 the solution res dual over Q2p, defined as:

rp=f—L u), (4.58)

e Rp 1s the residual error fluz,

o N s the number of subdomains (control volumes).
Proof. See Ainsworth and Oden [4]. O

The solution residual 7p is equivalent to the residual defined in the previous

Section:
/v rp(u) dV = —resp(). (4.59)
P

As can be seen from the form of Eqn. (4.54), local problems are coupled through
the boundary conditions, specifically through the residual error lux Rp. The calcu-
lation of the residual error fluxes for the Finite Element method has been discussed
in detail in a number of papers [1, 4]. Rp on the cell faces is dependent on the face
jumps in the solution.

Following [4]. Rp is defined as:

Rp—g—an; Vu, on dQ2p NIy,
Rp = (4.60)

Rp — —aplafi;.Vuy] ondQp Th.

The term [afi;.Vuy) is defined on each internal face of the mesh as the local

jump in the gradient:
]Ia ﬁf.Vuh]] = [a ﬁf.(Vu,,)f]P - [aﬁ,.(Vuh f]N s (461)

where P and N are the control volumes sharing the face and fi;. Similarly, the face

jump in the solution is defined as

[ul = [ un)flp = [ un sln- (4.62

Here, [ up f]lp and [ V 4 4]p are the values of u, and Vu, on th fa e f con ist nt

with the prescribed variation of u, 1n the cell P.
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We can also define an arbitrary linear interpolate of (us)s and (fif.Vuy)s:

(a ﬁf.Vuh)a = ap aﬁf.[(Vuh)f]p + (1 — ap) aﬁf.[(Vuh)f]N (4.63)

(u)y = ap [(un)slp + (1 — ap) [(un)s]n- (4.64)

Nothing needs to be said about ap in Egs. (4.63) and (4.64) apart from that it
is the same as in Eqn. (4.60).
The necessary condition for the solution of the local problem is that the error

fluxes are balanced:
/ rpdV + f RpdA =0. (4.65)
Qp a0p

The problem of determining ap in such a way that Eqn. (4.65) is satisfied has
been discussed at length in the Finite Element community (see eg. Ainsworth and
Oden [3]). The performance of the Local Problem Error estimate is critically de-
pendent on this condition. If the error fluxes are not balanced, accuracy of the error
estimate is degraded to such an extent that the error bound of Eqn. (4.57) becomes
meaningless (see Ainsworth and Oden [4]).

In order to adopt the Local Problem Error estimate for the Finite Volume
method, it is necessary to provide a procedure for calculation of balanced resid-

ual error fluxes.

4.6.1.1 Balancing Problem in Finite Volume Method

The objective of the balancing procedure is to determine the boundary conditions
for local error problems, Eqn. (4.54), in such a way that the balance condition,
Eqn. (4.65) is satisfied for every control volume. It will be shown that this objective
can be reached without the actual calculation of ap coeflicients as a consequence of
the conservative nature of the Finite Volume solution.

Error flux balancing will initially be done for the elliptic problem, Eqn. (4.47),
and is subsequently generalised to the convection-diffusion and Navier-Stokes prob-
lems. In order to simplify the expressions, the subscript & will be dropped. Face

values of u and Vu are assumed when they are needed, (i.e. on all mesh faces).
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Separating the boundary conditions, the volume residual 7p can be rewritten as:

/Qprpde\/QP(f—cup)dV;-l—f;mP (8 Vur. (4.66)

-

a b

Following Eqn. (4.60), the integral of the face jump can be split into two parts:

A= —1nraV - o Vuy|dA.
ﬁQPde Jon hl“N(g fif.a uP)df-i—&P . afaiiy.Vuy]

¢ 7 " (4.67)

The term (b) from Eqn. (4.66) can also be split into two, depending on the type

of the prescribed boundary condition:

f dS.a Vup = f dS.a Vup+ dS.a Vup .
p I'p

anpNI'y a0p 'y Tp

~ —— -’

g b (4.68)

The residual balance condition, Eqn. (4.65), will now be assembled part by part,
using Eqs. (4.66), (4.67) and (4.68). To clarify further developments, it should be
said that Rp is not defined on I'p, as this is not necessary (see boundary conditions
for the local problem, Eqn. (4.55)).

Combining Eqn. (4.67) (c¢) and Eqn. (4.68) (e) yields:

dS.a Vup = f gdA.

f (g—ﬁf.aVuP) dA +
aNpN'y aNpnN'y

NpNI'y
(4.69)

Combining Eqn. (4.67) (d) and Eqn. (4.68) (f) yields:

f _afaiiy . Vur] dA + f dS.a Vup
a0p I'y 0p I'v Tp

= . r [iif.a Vup — a fiy.aVup — fi;.aVuy |dA
“@p Iw Tp (4.70
= B o FD[(l —ap)ang.Vup +apaiiy.Vuy)dA

- ans.Vu dA.
80p Ty Tp f 1 a

where see Eqn. (463 )

(afif.Vu =(1~ap afif Vup+apaiiy.Vuy. (471)

l-a
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Assembling the balance, Eqn. (4.65), from Egs. (4.66), (4.69) and (4.70), it

follows:

/Qp(f —cup)dV + A gdA + AN (afiy.Vu), o dA=0.

(4.72)

The result can be interpreted as follows: the interpolation method for the face
fluxes (afi;.Vu),_, should be selected in such a way that, together with the volume
integral, it satisfies the original problem, Eqn. (4 47), in the integral form over each
control volume.

Eqn. (4.72) provides a basis for the calculation of balanced fluxes. In the first
stage, the calculation of Rp can be modified. On internal faces of the mesh, Rp is:

—ap [afi;.Vuy] = —ap(afif.Vup — aiif.Vuy)
= (1 —-ap)aiif.Vup+apatiy.Vuy —af;.Vup
= (ah;.Vu),_, — af;.Vup. (4.73)
On boundary faces, Eqn. (4.60) can be used directly.

The remaining problem is how to determine the interpolate (a1 f.Vu)(l_ a)’ For-
tunately, the Finite Volume discretisation readily provides these fluxes. As a conse-
quence of the conservative form of the discretisation practice, the face fluxes calcu-
lated consistently with the discretisation automatically satisfy Eqn. (4.72).

For the model problem, the interpolated face gradient is

uN —up

(ahy.Vu) ,_, =a q

(4.74)

In the case of non-orthogonal meshes, an explicit correction compatible with
the non-orthogonality treatment should be added. The balance condition given in
Eqn. (4.72) is satisfied to the solver tolerance. The calculation of Rp is straightfor-

ward, using Eqn. (4.73 .

4.6.2 Generalisation to the Convection-Diffusion Problem

The extension of the Local Problem Error estimate requires the analysis of the

convection term. Its contribution to the residual has been presented in Section 4.5.



188 Error Estimation

The face contribution for the balanced error fluxes uses the interpolated value of ¢
to the face. For completeness, the expressions for the residual and Rp are given.
A steady-state convection-diffusion problem is specified as follows:

Find ¢ = ¢ x) such that
V. pUg) = V.(pI'y V@) = Su+ Sp¢ in §, (4.75)
with boundary conditions:

¢ = éolx) on ¥o, (4.76)
afif. Vo =g(x) onTy,
where
IpNIn =0,
IFpuUTly =00.

The volume integral of the residual for the control volume is

/Qr,=¢11’=/Q [Su+ Spé— V.(pUs) + V.(pT V)] dV

= Sulp +Spop Ve =Y S.[ pU)ds) = (pT4); (V¥)s],
/ (4.77)

consistent with Eqn. 4.40).
In order to satisfy the balance condition, Eqn. (4.65), residual error fluxes are

calculated as:
e On internal faces:

RP = Qp Ff[[(ﬁ]l - ap[[pI’q, ﬁ,qu]

=Fi(— () 1.0 +95) —(— plp0. Vo |, +plyhi;.Vey),
(4.78

e On fixed gradient boundary faces I'y):

RP =ap Ff]I(f)]] - apl[pr¢ ﬁf.VdB]]
=Ff - ¢ 1 a +¢f)—(_g+pl—‘¢ﬁf'v¢f ) (479
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e On fixed value boundary faces, the calculation of Rp splits into two parts:

— For the convection part, the face jump exists:

(Rp)c = ap Ff[¢]
= Ff(— () (1-a) + ¢5); (4.80)

— For the diffusion part, I'p is treated as a fixed value boundary from the
elliptic problem. Since the exact boundary gradient is not known, the
local problem has to be solved with the fixed value boundary condition.
This somewhat complicates matters, as the residual also contains the face
jump from the convection term, Eqn. (4.80). An appropriate modification
can be easily introduced. Before the solution of the local problem, the
part of the residual from the convection term on the fixed value boundary
will be removed. Now the boundary can be treated in the same way as

for the elliptic problem, Section 4.6.1.

In Eqs. (4.78), (4.79) and (4.80) Fy is the face flux in respect to the direction of

the face area vector (see Chapter 3):
Ff = Sf.(pU)f,

where Sy is the face area vector. (¢) ,_,) is calculated consistently with the convec-
tion differencing scheme used in discretisation.

The error norm for the convection-diffusion problem has the following form:
e|l2=¢—dn L= /V (o Ve.Ve + Spe?) dV (4.81)
The local problem is:
~V.V¢Yp =rp in Qp, (4.82)
with boundary conditions:

ﬁf.V’ll)p = RP on an \FD, (4 83)

ﬁ/.VipP = (Rp)c, Yp=0 onodpNTp.
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The upper bound for the error in the convection-diffusion problem is the same

as for the elliptic case:

N
lellz < D €6(Ver), (4.84)
P=1
where
(Vp) = [ (= Vyp.Vip)dV. (4.85)
P P Ok pl-\¢ P- P . .

This concludes the extension of the Local Problem Error estimate to the convection-

diffusion problem.

4.6.3 Generalisation to the Navier-Stokes Problem

The form of the Local Problem Error estimate for the Navier-Stokes equations is
similar to the one for the scalar transport equation. Some points, however, need to be
discussed further: the formulation of an appropriate error norm for the Navier-Stokes
problem and the coupling between the pressure error and the convection-diffusion
error.

Let us first formulate the incompressible steady laminar form of the Navier-
Stokes problem:
Find the pair (U(x), p(x)) such that

V.(pUU - vVU) = f — Vp,
v.U=0,

in €, with the boundary conditions:

U=UD(X), Vp=0 on FD,
(4.86)
;. VU=0, p=pny(x} only,
where:

F'pNTy =0,
puly =0Q.
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4.6.3.1 Error Norm for the Navier-Stokes System

In order to simplify the discussion, from here on all the variables will be considered
to be dimensionless, with the characteristic scales equal to unity (following Girault
and Raviart [52]). The uniqueness of the solution of the Navier-Stokes problem has
been discussed by Oden et al. [101], Girault and Raviart [52] and Temam [131]. If
the uniqueness condition is satisfied, the following property of the numerical solution

can be proven (see Oden et al. [101], or Girault and Raviart [52]):

Theorem 2. Suppose that the conditions for the uniqueness of the solution for the
Navier-Stokes problem hold (see [101, 52]). Let (U, p) be the solution of Eqn. (4.86).
Then, for v sufficiently large, there exists a mesh spacing hy such that for all h < hyg,
the discretised form of Eqn. (4.86) has a unique solution (Uy,py) and

lim([U ~ Unly + [lp — palle) = 0. (487)

If, in addition, the solution (U, p) of Eqn. (4.86) is in the space of accessible func-
tions of the order k+1, where k is the order of accuracy of the discretisation method,

then a constant C' > 0 exists, independent of k, such that
|U ~ Unly + [lp — pallo < C ¥, (4.88)
Proof. See [52]. O
The norms in Theorem 2 are defined as:
v|Z= /QV(VV : Vv)dV, (4.89)
lg 5= /Q ¢’ dv. (4.90)
Oden, [101], defines the error in the solution of Eqn. (4.86) as:
e=U- U, (4.91)
E=p-pn (4.92)

and introduces a new “star” norm (e, E) ,. It is consequently proven (Oden, [101])

that the new norm is equivalent to the norm for Navier-Stokes problem:

(,E) v= U—-Un1+ p—pn o (4.93)
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4.6.3.2 Formulation of the Local Problem

Following the derivation of the Local Problem Error estimate, it can be shown that

there exists an upper error bound on the error in the “star” norm.
Theorem 3. Let mp be the solution of the local problem:
-V.Vmp =rp in Qp, (4.94)
with boundary conditions:
n;Vmp =Rp on 0Qp \Tp, (4.95)
i;.Vmp = (Rp)ec, mp=0 ondQpNTp.
The residual rp and face jumps Rp and (Rp)c are defined as:
rp= /Q [~ Vp~V.(UU-»VU)] a, (4.96)

on internal faces:

Rp = Fi (= (U)4_q) + Uy) = S| [ (vy.VU),_,, + vy (VU),

(4.97)
on zero gradient boundary faces:
Rp = Fy(— (U)(j_qy + Uy) — [S|v;.VU; (4.98)
and on fized value boundary faces:
(Re)c = Fr(—(U)_a) + Uy). (4.99)

Then, the error (e, E) of the discrete solution of the Navier-Stokes problem
Eqn. (4.86) satisfies the following bound:
N
(e, E)IIZ < 3 €p(Vmp, V.Up), (4.100)
’ P=1
where N is the number of subdomains (finite volumes).

The local error estimate €%(Vmp, V.Up) is defined as:

1
&(Vmp, V.Up) = / (=Vmp : Vmp)dV + /Q (V.Up)2dV.
P

Qp V
(4.101)
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Proof. See [101]. O

The only difference between the convection-diffusion and the Navier-Stokes prob-
lem is the treatment of the additional source term: the pressure gradient. In the
convection-diffusion problem, constant source terms are considered to be exact,
whereas here the pressure gradient term carries a certain numerical error associ-

ated with the divergence of velocity.

4.6.4 Solution of the Local Problem

The results on the upper bound for the error, Egs. (4.57), (4.84) and (4.100), assume
that the local problem is solved exactly over each subdomain. This is, however,
potentially expensive and for purposes of error estimation not really necessary. In
this Section, a simple method for the approximate solution of the local problem is
proposed in the framework of second-order accurate Finite Volume discretisation.
Numerical experiments show that this method is appropriate for error estimation.
Let us first take another look at the definition of the local problem for the elliptic

equation:
—V.pr =Tp in Qp, (4102)
with boundary conditions:

ﬁf.V'lﬁp = Rp on an \FD, (4 103)

Yp=0 on O0p NTp.

The boundary conditions show a certain peculiarity:

e If the control volume has a face on the fixed value boundary I'p, the problem

is well-posed.

e If, on the other hand, there are no fixed value boundary faces on the control

volume, the problem is indeterminate up to a constant.
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The actual error estimate does not require p, but only the volume integral of
its gradient. It can therefore be obtained without knowing the actual level of 1p.
The solution procedure for the local problem is set up in such a way that the level
of yp is calculated only when the problem is well-posed.

Let us first discuss the situation when the cell does not have any fixed value

boundary faces.

4.6.4.1 Solution of the Indeterminate Local Problem
The local error estimate ¢p is calculated as:
0 1
€ (Vip) = / ~Vyp.VypdV.
Qx a

It will be assumed that Vip changes linearly through the cell the cell will not
be further subdivided. It is therefore only necessary to determine the value of Vyp
in the cell centre. This will be done by formally solving the local residual problem
on a mesh consisting of a single cell.

The gradient of 9 in the cell centre is calculated using the discretised version of

the Gauss’ theorem:
1
Vip == Sy (4.104)
Ve 5
and
v =vp+ (X —xp).Vibp. (4.105)
It is further assumed that Vi)p and Vs are identical. 9y is then equal to:
Yy =¥p + (x; — xp).Vjy. (4.106
Using Egs. (4.104 and 4106 , it f llows:
1
Vip = =Y S[(x; — xp .Viy], (4.107
Vp 7

where the p part disappears.
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The boundary condition prescribes fi;. Vip on each face. A further simplification
is necessary to use it with Eqn. (4.107). Neglecting mesh non-orthogonality, it
follows that:

(x_{ - XP).V’(pf = Xy —Xp ﬁf.V’(/)f. (4.108)

Putting Eqs. (4.107) and (4.108) together, the following expression for Vip is

obtained:

1 - 1
V’(/}P = V—ES X —xPlnf.wa = V—ZS Xy _xPIRP-
Py Py
(4.109)

4.6.4.2 Solution of the Determinate Local Problem

The solution procedure for the determinate local problem will be set up in such a
way that the result from the previous Section can be used. The only information
missing is the gradient on fixed value boundary faces.

In order to calculate this gradient, the local problem will again be formally solved
on the mesh with a single control volume.

The local problem is discretised Eqn. (4.54) using the discretised form of the
Gauss’ theorem, Eqn. (4.104):

— > S(Vyp)s=rpVp. (4.110)
/

The faces with the fixed gradient boundary condition will be called the “g”-faces
and the faces with the fixed value boundary condition the “v”-faces. The sum from

Eqn. (4.110) splits into two:
; S(Ver)y =28 (Vor)y + 8. (Vir)o (4.111)
For the “g”-faces, the boundary condition is given:
S.(Vyp)g = S 017.(Vyp)g = S (Rp),, (4.112)

whereas for the “v”-faces we have:

S (¥p v — (¥p P

5 (4.113)

S.(V¥p)y = S 017.(Vyp), =
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Here, (yp)p is the solution of the local problem in the cell centre. (¢p), is equal
to zero, following the boundary condition on the local problem, Eqn. (4.55).

(¢¥p)p is therefore:

(4p) _fQFTPdV+ZgS(RP)9
P)P — z S%

and the face gradients for the “v”-faces are

fi;. (Vipp)y = _((‘fip)”. (4.115)

(4.114)

All face gradients are now known and Eqn. (4.109) can again be used.
This concludes the solution procedure for the local problem in the elliptic case.

Generalisation to other types of the local problems is straightforward.

4.6.5 Application of the Local Problem Error Estimate

The Local Problem Error estimate does not describe the magnitude of the solution
error directly. It is therefore necessary to establish what kind of information about
the error can be recovered from this error norm.

The optimal mesh, irrespective of its size, is the one in which the error is uni-
formly distributed through the whole domain. The actual level of the error depends
on the problem that is being solved and the number of control volumes. It follows
that in an optimal mesh the error gradients are equal to zero. The error norm from
Egn. (4.52 1is based on the magnitude of the error gradient and therefore provides
information about the mesh quality.

The upper bound on the error norm, Eqn. (4.57),.describes the relation between
the solution error and the solution of the local problem. In most cases, error flux
boundary conditions cause the indeterminacy of the local problem up to a con-
stant (see Section 4 6 4 This indeterminacy implies that no information about the
magnitude of the error can be recovered from the Local Problem Error estimate.

The energy (dissipation norm for the incompressible Navier-Stokes equations
can, however, be compared with the total dissipation in the system. Oden [102] de-

scribes an error-controlled adaptive refinement procedure based on the Local Prob-
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lem Error estimate. The accuracy of the solution is considered satisfactory when

the error is reduced to 3 — 5% of the total dissipation.

4.7 Error Estimation for Transient Calculations

Error estimation in transient calculations can be seen as an extension of steady-state
error estimation Apart from the error coming from spatial resolution, additional

temporal effects need to be taken into account.

In transient problems, three separate accuracy questions can be posed:

e In the first instance, it is necessary to measure the error introduced by each
time-step of the transient calculation. Both the spatial and temporal error

should be taken into account.

e The second question is concerned with the accuracy of the solution after a
certain number of time-steps. To answer this question, it is necessary to follow

the evolution of the error in time.

e Finally, in transient cases with adaptive refinement and tracking of flow fea-
tures, results of error estimation are used to change the mesh and the time-step
size. It is therefore necessary to estimate the spatial and temporal errors sep-
arately. Decision on mesh refinement will be based on the spatial error only.
The ratio of spatial and temporal error can also be used for automatic time-
step control — the requirement for the equivalent temporal and spatial accuracy

enables us to estimate the optimal time-step size.

We shall start the analysis of the transient error with the formulation of the tem-
poral residual. Section 4.7.2 presents a procedure for separate estimation of spatial
and temporal errors. Finally, Section 4.7.3 gives an insight into the transportive

properties of the error.
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4.7.1 Residual in Transient Calculations

Let us consider the integral form of the transport equation for ¢, Eqn. (3.8):

/tHAt [% /v,, ppdV + /v,, V.(pUg)dV — [/p Ve pLeve) dv] *

-/ e ([, 5ot av) d.

It has been shown that the assumption of linear variation in space and time leads
to the Crank-Nicholson form of discretisation, Eqn. (3.41):

n __ 0 1 1
afﬁmp_mvp +5 S F¢} = 5 Y (6T4)/S.(V9)]
7 f

1 1 o
+ EZF‘#} - EZ(Prdt 1S(Vé ;
f f
1 1
= Sulp + 55})"}94’79 + 55})Vp¢‘,’;.

Section 4.5 gives the residual error analysis for a steady-state situation. The
convection-diffusion residual for a steady-state problem was assembled from the
prescribed linear) variation of ¢ in space. This spatial residual has the following

form Eqn. (4.40) :

resp(6) = [ V.(6U9) ~ V.(sToV6) ~ Su—Spés) dV

= ZS [(pU)f¢f - (pr¢)f(v¢)f] — SuVp — Sp ¢p Vp.
f

Eqn. (4.40 estimates the error in transport terms of Eqn. (3.41). The complete

residual can therefore be assembled by including the transient term:

n o_ 4 1 1
Wevp + 5 resp ) + Zresp(d ),

resrp ¢) = 5 5

(4.116)

where resp ¢") and resp ¢ ) are calculated using Eqn. 4.40).
Eqn. 4.116 takes into account all deviations of second-order accuracy, thus
measuring all discretisati n errors. In order to obtain the error magnitude, the

normalisation described in Section 4.5.1 1s used.
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4.7.2 Spatial and Temporal Error Contributions

The previous Section describes the formulation of the residual for transient calcu-
lations, including both the spatial and temporal error terms. It would be useful to
know how much of the total error is caused by spatial and how much by temporal
discretisation.

In transient tracking calculations, changes in the computational mesh follow
certain features that require high spatial resolution (moving shocks, pressure waves,
flame fronts etc.). The tracking effect is created by a region of fine mesh that travels
through the domain with the feature of interest. Since the speed and the direction of
its propagation are not known in advance, the adaptive algorithm relies on the error
estimate to add and remove computational points. The tracking problem can be
described as an adaptive calculation with simultaneous refinement and unrefinement.
For such calculations, it is advisable to neglect the temporal part of the error, as
it obscures the spatial error sources of interest. From the refinement point of view,
the transient term is therefore considered to be exact. The spatial error alone gives
more accurate information about the location of the tracked flow feature.

For first-order temporal schemes (Euler Implicit and Explicit discretisation), the

spatial error residual is equal to:

resPEX (g) = PP¢PA_tpP¢P Vp + resp(¢7). (4.117)

Similarly, for Backward Differencing in time:

_ i¢n— 267+ 19
At

resEP(¢) Vp + resp(¢™). (4.118)

For Crank-Nicholson discretisation, the spatial error estimate is the same as for
the first-order temporal schemes, as the rate of change of the spatial error in time is
neglected. For other methods of temporal discretisation, the temporal error consists
of two parts: the temporal error of the Crank-Nicholson method and the additional
temporal numerical diffusion error (see Section 3.6.2). The error estimate can be
derived from the difference between Eqs. (4.116) and (4.117) or Egs. (4.116) and
(4.118), respectively.
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For the first-order temporal schemes, the temporal component of the residual is

equal to:

res?l’EX @) = resp(d) — resfl EX(*"’)

= 5 resp(4") + 5 resp(#°). (4.119)

An insight into Eqn. (4.119) can be given if it is assumed that spatial discreti-
sation produces no error. In that case res??(¢) = 0, and from Eqn. (4.117) it

follows:

resP(¢n) = _fWPA_—tpPéP Vp. (4120)

Using Eqn. (4.120) for ¢™ and ¢° in Eqn. (4.119), it follows:

. 1 no_ 4 1 o _ 00
TCS?”EX (¢) — _pP¢P pP¢P Vp — _PP¢p pP¢p Vp

2 At 2 At
_ 1pp¢p —2pp9p + ppo¥
=5 % V. (4.121)

which approximates the second derivative in time. This is consistent with the leading
term of the truncation error for the first-order temporal schemes. The transient error
estimate therefore correctly estimates the temporal error in the case of the first-order
accurate temporal discretisation.

The separation of the residual into the spatial and temporal contribution enables
us to look into the issue of optimal time-step size. Equivalent temporal and spatial
accuracy implies that the peak error magnitudes from temporal and spatial discreti-
sation are the same. The influence of the spatial and temporal error is measured by

the time-step indicator

mazxr resr ¢ )

tres = (4.122)

maz(resr ¢ )

For t,ef > ;, temporal error dominates It is more efficient to reduce the time-
step than to refine the mesh; for ¢,y < %, the situation is opposite The time-step
indicator should, however, be used only as a global indicator of the relative quality

of temporal and spatia discretisation, as it will typically change in time.
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4.7.3 Evolution Equation for the Error

Let us consider a scalar transport equation in the standard form, Eqn. (3.2)

%‘"’ +V.(pUg) ~ V.(pT4V9) = S4(¢)-

In transient calculation, a residual is created for every time-step as a conse-
quence of the discretisation error. The error is built into the solution and follows
its development. The accuracy of the solution after several time-steps will therefore
depend not only on the current discretisation error, but on the errors in all previous
time-steps the error in transient calculations has potentially cumulative effects.

In order to estimate the total solution error, it is necessary to follow its devel-
opment from the initial condition. It is assumed that the initial condition is exact,
i.e. that no error has beed introduced by its discrete representation.

The local error source is expressed as the cell residual. It includes both the
effects of temporal and spatial discretisation.

Since the error is transported with the solution, both ¢ and the error are subject
to the same transport process. It is therefore possible to write the transport

equation for the error in the following form:

% + V.(pUe) — V.(pI'yVe) = S.. (4.123)

Boundary conditions for Eqn. (4.123) are easily derived. On fixed value bound-
aries for ¢, no numerical error is introduced e is therefore fixed to zero. On all
other types of boundary conditions, e mimics the behaviour of ¢. The local error
source, S, shows the influence of discretisation to local accuracy. It would be natural

to estimate S, as the volume-weighted cell residual:

_ resF(d>).

Se=—

(4.124)

The solution of Eqn. (4.123) should in theory produce the “exact” distribution
of the numerical error through the domain. If the equation were solved exactly
with exact error sources, it would be possible to re-create the exact solution by

adding this error to the numerical solution. This is, however, not reasonable the
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numerical solution of Eqn. (4.123 is subject to the same discretisation problems
as the original transport equation Additional uncertainty comes from the estimate
of the error source S.. An example one-dimensional convection study will be given
in Section 4.8. Attempts to solve the equivalent of Eqn. (4.123) for steady-state
problems have produced disappointing results. In the author’s opinion, this is a
consequence of the local equilibrium of the error source and transport, which changes

the nature of the transported error.

4.8 Numerical Examples

In order to examine the accuracy of error estimation methods presented in this
Chapter, several numerical examples will be considered. The selected t~st cases
have analytical solutions, which allows comparison between the exact and estimated
errors. Although the presented cases do not represent “real” flow situations, they
share some properties with them and provide an useful insight into the accuracy

and scaling properties of error estimates.

4.8.1 Line Source in Cross-Flow

The first test case is a convection-diffusion problem for a scalar variable eg. temper-
ature or concentration. It consists of a fixed strength line source of a passive scalar
in a fixed uniform velocity field. In order to avoid the singularity at the line source,
it is located outside the computational domain. The analytical solution for this test

case can be found in Hinze [64]:

(4125

b1y — S K, (Ul_ vz ’ﬂ/’)ew_f),

2n T
Here
e z and y are the spatial co rdinates. The or'gin of the coordinate system is

located at the source, with the z coordinate pointing in the direction of the

velocity vect T,
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e S* =16.67¢]/s is the strength of the source,

e I' = 0.05m?/s is the diffusion coefficient,

e U; = 1m/s is magnitude of the velocity,

e Kj is the modified Bessel function of the second kind and zero order.

In order to examine the scaling properties of the error, the problem will be solved
on a series of uniformly refined meshes. The exact and estimated errors will then
be plotted against the number of computational points.

Two situations of mesh-to-flow alignment will be presented: a uniform orthogonal
mesh aligned with the flow in Section 4.8.1.1, and a non-uniform non-aligned non-

orthogonal mesh, Section 4.8.1.2.

4.8.1.1 Mesh Aligned with the Flow

The test setup for this situation is given in Fig. 4.5. The size or the domain is
U
Z
——
-
- X
—’/ \ Computational] domai. f

{Fixed value boundaries] Zero
gradient

Figure 4.5: Line source in cross-flow: mesh aligned with the flow.

4 x 1m, 0.05m downstream of the source. The analytical solution is prescribed
on fixed value boundaries. Meshes used in this comparison range from 50 to 51520
CV-s.

Fig. 4.6 shows the exact solution on the 80 x 41 CV-s. The distribution of the
exact and estimated errors is given in Figs. 4.7, 4.8, 4.9 and 4.10.

Comparing Figs. 4.8, 4.9 and 4.10 with Fig. 4.7, two parts of the exact error

can be recognised. The region of the highest exact error corresponds to the highest



204 “Error Estimation

0.39 15.72 31.05 46.39 61.72 77.05

Figure 4.6: Aligned mesh: exact solution.

0.000000 0.069005 0.138010 0.207015  0.276020  0.345025

Figure 4.7: Aligned mesh: Exact error magnitude.

B ~——

-

BT S ey

0.000000 0.018090 0.036180 0.054271  0.072361  0.090451

Figure 4.8: Aligned mesh: Direct Taylor Series Error estimate.
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5 D Wty

0000000 0230963 0.461926 0692889 0.923852  1.154815

Figure 4.9: Aligned mesh: Moment Error estimate.

0.000000 0.218956 0.437911 0.656867 0.875823 1.094778

Figure 4.10: Aligned mesh: Residual Error estimate.
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local discretisation error. This error source has been accurately detected by all
error estimates. The secondary effect of this high error can be seen just downstream
from the error source. Here, the exact error is still large, but the estimates do not
pick up its source. The error is transported from the region with high discretisation
error and will disappear when the source is removed. The secondary error cannot be
detected by the error estimate because it does not result from the local discretisation
error. As the mechanism of error transport is not fully understood, we shall assume
that the error source only creates a local error. The results in the present study
show that this simplification does not degrade the accuracy of error estimation and
that it is particularly useful from the point of view of local mesh refinement, where

the detection of error sources is more important than the actual magnitude.

Let us now consider the scaling properties of the error and error estimates.
Figs. 4.11 and 4.12 show the reduction of the mean and maximum error with the
number of control volumes. It is expected that the error will reduce with the square

of the mesh size, following the second order accuracy of the method.

In two spatial dimensions, the number of computational points quadruples if the
mesh spacing is halfed in each direction. The slope of the curve in Fig. 4.11 should
therefore be —1. Slight variations of the slope and the rapid drop in the maximum
error on coarse meshes are attributed to the discretisation of the exact boundary

condition.

The advantage of the Moment and Residual Error estimates over the Direct
Taylor Series Error estimate can be clearly seen, both in the mean and maximum
error The Moment and Residual estimates give almost identical results on coarse
meshes. As the solution gets more accurate, the Moment Error estimate looses
accuracy the magnitude of the neglected fourth-order terms becomes similar to
the magnitude of the solution error. The Residual Error estimate consistently gives

good results.
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Figure 4.11: Aligned mesh: scaling of the mean error.
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Figure 4.12: Aligned mesh: scaling of the maximum error.
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4.8.1.2 Non-Orthogonal Non-Aligned Mesh

Let us now consider the effects of mesh-to-flow alignment and non-orthogonality on
the accuracy of the solution. Skewness and non-orthogonality errors are introduced
by the mesh. In the first instance, CD will be used for the convection term. The

test setup for this situation is given in Fig. 4.13.

[Point source]|

U
_>
——
—

o
_>
e
_>
_>

Figure 4.13: Line source in cross-flow: non-orthogonal non-aligned mesh.

The dimensions of the domain are 3 x 1.41 m, with the same diffusion coefficient
and relative position to the source as in the previous case. Boundary conditions
from the analytical solution are prescribed on all boundaries.

The exact solution on the 40 x 40 mesh is shown in Fig. 4.14. The exact and
estimated error distribution are given in Figs. 4.15, 4.16, 4.17 and 4.18. All error
estimation methods pick up the error source well.

The scaling of the exact and estimated error with the mesh size is shown in
Figs. 4.19 and 4.20. In the case of mean error, all estimates show comparable
accuracy. The Direct Taylor Series estimate, however, under-estimates the error.
Discretisation errors introduced by mesh distortion did not noticeably change the
order of the method.

In order to introduce even more numerical diffusion, Upwind Differencing 1s
used for the convection term. The scaling of the mean and maximum error is
shown is F'gs. 4.21 and 422. The slope of the curv is now cl ser t —j}. It
can also be seen that both mean and maximum error are much higher than with

Central Differencing Figs. 4.11 and 4.12), illustrating the importance of se ond-

order ¢ nvection discretisation.
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229 16.47 30.64 44.82 58.99 7317

1
0.000000 0.129918 0.259836 0.389754 0.519671  0.649589

Figure 4.15: Non-aligned mesh: Exact error magnitude.

0.000000 0.041652 0.083303 0.124955 0.166607  0.208259

Figure 4.16: Non-aligned mesh: Direct Taylor Series Error estimate.
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R ¢ -t PSS
0.000000 0.148584 0.297167 0.445751 0.594334 0.742918

Figure 4.17: Non-aligned mesh: Moment Error estimate.

w |l SRR
0.000000 0.144730 0.289459 0.434189 0578919  0.723649

Figure 4.18: Non-aligned mesh: Residual Error estimate.
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Figure 4.19: Non-aligned mesh: scaling of the mean error.
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Figure 4.20: Non-aligned mesh: scaling of the maximum error.
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Figure 4.21: Non-aligned mesh: scaling of the mean error with UD.
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Figure 4.22: Non-aligned mesh: scaling of the maximum error with UD.
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Error estimates, however, do not follow the scaling behaviour of the error. Nu-
merical diffusion smears the gradients, producing a picture of a smoothly varying
field, which complicates the estimation of the error. The quality of the solution is
so bad that accurate error estimation is not possible. It should be noted that only
the Moment Error estimate shows slower error reduction with refinement. This is,
however, a very severe test for error estimates, with a combination of poor mesh

quality, high discretisation errors and steep gradients in the solution.

4.8.2 Line Jet

In order to test the behaviour of error estimates on a fluid flow situation, a line jet
test case will be considered. The test setup consists of an infinitely fast jet from
an infinitely thin line orifice entering a large domain. The amount of momentum
introduced by the jet is finite and equal to M. The analytical solution for this
problem can be found in Panton [104]. For the coordinate system located at the
mouth of the orifice with i pointing in the direction of the jet, the exact velocity

vector in the point (z,y) is:

U = ui + vj, (4.126)
where
u= %x 3 sech? (x'g %) , (4.127)
1 2
v=-—3 Az~ % tanh? (x'§ %) + -?;:z:'% y sech? (x'§ %) ,
(4.128)
9 3
A= (5 uMJ) , (4.129)
1
48 %\ 3
B = .
( 7 ) (4.130)

and M, = U2 h is the momentum carried by the jet.
In order to avoid the problems with accuracy of the discretised form of the exact
boundary condition, the computational domain will be located downstream from

the jet. The mesh is aligned with the main direction of the flow, Fig. 4.23. The
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Figure 4.23: Line jet: test setup.

domain is 4 x 1 m in size, 0.5 m downstream of the orifice. Fig. 4.24 shows the exact

solution on the 80 x 41 CV-s.

In order to simplify the discussion, only the magnitudes of the estimated and
exact errors will be presented. Fig. 4.25 shows the magnitude of the latter — the
region of highest error is associated with the high gradients in the vicinity of the

source. In the rest of the domain, the errors are relatively low.

The proposed error estimates, Figs. 4.26, 4.27 and 4.28 pinpoint the regions of
high error well. A slight anomaly in the error distribution for the Moment Error
estimate can be seen in Fig. 4.27. This is a consequence of the lower order of
accuracy of the Finite Volume method associated with fixed value boundaries. The
face compensation of fourth-order terms of the Moment Error estimate is lost for
the cells next to the boundary. These terms are large on the inlet side of the domain

because of high gradients in U.

Let us now consider the scaling of the mean and maximum error for this case.
Several details should be noted: on very fine meshes, the exact solution does not
sh w exp cted error s aling. The error is extremely low in large regions of the mesh.
Further refinement in such regions will not influence the average error. At the same
time, the error is still large in the vicinity of the jet — the bulk of the solution error

comes from this re ion The scaling of the mean error is influenced by this feature.
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Figure 4.26: Line jet: Direct Taylor Series Error estimate.
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Figure 4.27: Line jet: Moment Error estimate.
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Figure 4.28: Line jet: Residual Error estimate.
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Figure 4.29: Line jet: scaling of the mean error.
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Figure 4.30: Line jet: scaling of the maximum error.
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Although it shows remarkable accuracy on coarse meshes, the Moment Error es-
timate over-estimates both the mean and maximum error. Its error reduction rate is
lower than for other methods because of the accuracy problems at the inlet bound-
ary. The Residual Error estimate gives consistently good results. The accuracy of

both methods is better than for the Direct Taylor Series Error estimate.

4.8.3 Transient One-Dimensional Convective Transport

The issue of error estimation for transient calculations will be considered in this
Section. An example solution of the transport equation for the error will be given.
For that purpose, the case of one-dimensional transport of a half-sin? profile is
considered. The domain is 100 CV-s long and the Courant number is set to Co = 0.2.

In order to create toth the spatial and temporal error sources, a combination
of the bounded second-order accurate convection differencing scheme (Gamma) and
the second order unbounded Backward Differencing in time is used.

Fig. 4.31 shows the approximate and the exact solution after 350 time-steps. The
difference between the two represents the exact cumulative error. If an estimate of

this error is needed, the evolution of the error in time should be followed.

f(x)
=]
o

|

50.0 550 600 6; 0 70.0 75.0 80.0

Figure 4.31: 1-D convective transport exact and analytical s luti n after 350 time-

steps.
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Figure 4.32: 1-D convective transport: change in the solution during a single time-step.
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Figure 4.33: 1-D convective transport: estimated and exact single time-step error.
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Let us first examine the accuracy of the error estimate for a single time-step.
Comparing the shape of the solution in two consecutive steps (349th and 350th),
Fig. 4.32, it is possible to determine the error introduced during this step.

Fig. 4.33 presents the exact time-step error and the full Residual Error estimate.
The spatial error is included in the same gr ph for comparison. The full Residual
Error estimate approximates the exact error well. It can also be seen that the spatial
and temporal error are balanced in the region of highest error. The time-step size
is therefore appropriate for the given spatial resolution.

Using the full time-step residual as the error source, it is possible to follow
the evolution of the error in time from the onset of the calculation. The exact
error after 350 time-steps is calculated as the difference between the two curves in
Fig. 4.31. It is essential to solve the transport equation for the error as accurately as
possible in the first instance, Gamma differencing in space and Crank-Nicholson
in time are used. In Fig. 4.34, the estimated and exact errors are shown. The

0.2

Exact
A =— = Estimated, CN
0.1 — = Estimated, BD

error

0.0

50.0 55.0 60.0 65.0 70.0 75.0 80.0

Figure 4.34: 1-D convective transport: estimated and exact error after 350 time-steps.

accuracy of this estimate is poor, as a consequence of the combined inaccuracies
in the estimation of the error source terms and the actual discretisation error in
the transport equation for the error. In order to determine the dependence of this
inaccuracv on the discretisation of the error transport equation, another solution

with Backward Differencing in time is given.



4.8 Numerical Examples 221

Although the estimation result for the evolution of the error cannot be considered
good, it confirms the assumption about the transportive properties of the error and

the residual as its source.

4.8.4 Local Problem Error Estimation

In this Section, three numerical examples for the accuracy of the Local Problem
Error estimate will be presented. The accuracy of the proposed solution method for
the local problem will also be examined.

In order to compare the estimated and exact error, it is necessary to evaluate the
error norm from the available exact error. For each calculation, the global effectivity
index will be presented.

Figure 4.35: Elliptic test case: Exact so- Figure 4.36: Elliptic test case: Esti-
lution. mated error norm distribution.

Let us start with the following elliptic test case (Ainsworth and Oden [2]):

—V.Vé=0in [o, %] x [o, %] (4.131)
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with boundary conditions:

¢ 0,y — (e 1+ 1) sin(2ry),

(4.132)
¢(é1 y) ¢(£II, 0) ¢ z, ; 0.
The exact solution of the problem is:
d(z,y) — e 1 VITIT _ e 2VIHT gin(2ry). (4.133)

The exact solution on a 10 x 10 mesh and the estimated error norm are shown
in Figs. 4.35 and 4.36, respectively.
Exact and estimated global error norms are used to calculate the global effectivity

index:

ellese  0.052461605
€ ezace  0.0513568

= 1.021. (4.134)

Let us now consider the accuracy of the solution procedure for the local problem.
For that purpose, two control volumes will be selected one for the determinate
form of the local problem (i.e. with a face on the fixed value boundary) and one for
the indeterminate form. The boundary conditions are calculated from the balanced
error fluxes, as explained in Section 4.6. The local problem is than solved on a series
of meshes and the solution is compared with the result of the simplified calculation.

The results are given in Tables 4.1 and 4.2, respectively. Having in mind a very high

Mesh size Local error norm, 10 8
5% 5 1.73813
10 x 10 1.74598
20 x 20 1.74822
100 x 100 1.74896
Approximate solution 2.12916

Table 4.1: Determin te local problem: accuracy of the approximate soluti n.

cost associated with a more accurate (numerical) s lution procedure for the local
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Mesh size lliocal error norm, 10~°
2XD [ 4.80221
10 x 10 4.77243
20 x 20 4.81892
100 x 100 4.85736
200 x 200 II 4.86252
Approximate solution Il 4.86361

Table 4.2: Indeterminate local problem: accuracy of the approximate solution.

problem, the accuracy of the simplified method seems to be acceptable, particularly
because the number of cells with fixed value boundary faces is limited. The results
will slightly deteriorate for the convection-diffusion local problems, but this does
not seem to be critical.

Error norms for the line source in cross flow (Section 4.8.1.1) and the line jet

test cases (Section 4.8.2) are shown in Figs. 4.37 and 4.38. Effectivity indices on

0.000000 0.042926 0.085851 0.128777 0.171702 0.214628

Figure 4.37: Line source in cross flow, aligned mesh: estimated error norm.

several meshes are given in Tables 4.3 and 4.4, respectively.

Both error norms pick up the region of the high exact error well. In terms of
effectivity indices, the Local Problem Error estimate is superior to all other methods
of error estimation. In some cases, the exact error norm has been slightly under-

estimated, thus violating the derived upper bound condition for the estimate. This
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Mesh size II Global error norm | Global effectivity index

10 x 5 4.56203 1.32034
20 x 11 2.32105 1.10746
40 x 21 1.219 0.95054

Table 4.3: Line source in cross flow, aligned mesh: global error norm and effectivity

index.

0.000000 0.000346 0.000692 0.001038 0.001383 0.001729

Figure 4.38: Line jet: estimated error norm.

Mesh size || Global error norm | Global effectivity index

0.393599 0.78347
0.319659 0.98313
0.017713 0.96943

Table 4.4: Line jet: global error norm and effectivity index.
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is attributed to the inaccuracies in the approximate solution of the local problem.

4.9 Closure

This Chapter presented an overview of error estimation methods for the Finite
Volume discretisation. Three new error estimates have been proposed. The Direct
Taylor Series Error estimate is based on the analysis of the Taylor series truncation
error. It is set up in such a way to enable single-mesh single-run error estimation. Its
accuracy is comparable with Richardson extrapolation. The Moment Error estimate
uses the imbalance in higher moments of the variable to provide an estimate of the
absolute error level. The Residual Error estimate measures the error using the cell
residual, caused by the inconsistency between the calculation of cell integrals and
face interpolation. Appropriate normalisation procedures are used to estimate the
error magnitude.

The definition of the residual for Finite Volume discretisation enables us to
generalise some results from the Finite Element field. The Local Problem Error
estimate has been extended to the Finite Volume method, together with the nec-
essary error flux balancing procedure, described in Section 4.6.1.1. This method
provides a highly accurate upper bound on the solution error in the energy norm.
The Local Problem Error estimate, originally derived for elliptic equations has been
subsequently extended to the convection-diffusion and Navier-Stokes problem.

An extension of the Residual Error estimate to transient calculations has been
presented in Section 4.7. It is possible to separately estimate the parts of the error
coming from spatial and temporal discretisation, as well as the total discretisation
error per time-step. Issues of solution accuracy after a given number of time steps
and the potential accumulation of the error have also been addressed. Finally, in
Section 4.8, numerical examples illustrating the accuracy of proposed error estimates

are given.
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Chapter 5

Adaptive Local Mesh Refinement

and Unrefinement

5.1 Introduction

Chapter 4 presented the tools that enable us to estimate the error in the numerical
solution. This information can now be used to change the distribution of computa-
tional points in order to improve the accuracy of subsequent solutions.

The mesh adaptation decreases the mesh-induced discretisation errors by im-
proving the distribution of computational points. An automatic error-based
adaptive mesh generation algorithm tries to create a computational mesh in
which the numerical error is uniformly distributed through the domain and corre-
sponds to the desired solution accuracy. This strategy produces a solution of desired
accuracy with the minimum number of computational points. It consists of several

steps:

1. The geometry of the domain and the boundary conditions are provided as
a set of surface descriptions and the appropriate specification of boundary
conditions along these surfaces. The required level of accuracy is defined as

the acceptable level of mean and maximum numerical error.

2. An initial computational mesh is created. The quality of this mesh is not
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critical. It should, however, be fine enough to provide a good basis for a-
posteriori error estimation. A poor initial mesh will increase the number of

mesh adaptation cycles.
3. The discretised set of governing equations is solved on the available mesh.

4. Using the tools described in Chapter 4, the numerical errors are estimated

from the information about the mesh and the available solution.

5. If the desired level of accuracy is reached, the mesh adaptation procedure is

stopped.

6. It is now possible to study the interaction between the numerical error and the
distribution of computational points. If necessary, additional computational
points can be introduced into the mesh in order to reduce the numerical error
to the desired level. As proposed by Zienkiewicz [156], the known order of
accuracv of the method can be used to estimate the desired local mesh size.

The new mesh is expected to have uniform error distribution.

7. A new computational mesh is created according to the criteria defined in the
step 6 and the original boundary description. In order to increase the efficiency
of the method, the existing numerical solution is mapped onto the new mesh

and used as an initial guess.

Steps 3 to 7 are repeated until the desired level of accuracy is reached or available
computer resources are exhausted.

The proposed adaptive mesh generation procedure tends towards the optimal
distribution of computational points the requirement for uniform distribution of
the error is built into step 6. The most difficult part of the procedure is the automatic
creation of the new mesh from the known boundary description and desired mesh
size distribution. Although this seems to be a reasonable request, presently available
automatic mesh generators are not able to produce meshes of reasonable quality.

An alternative approach to the subject of mesh adaptation comes from the re

quirement to make the pr cedure automatic. It is restricted by the issue of mesh
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generation: instead of creating a completely new mesh, the existing mesh will be
modified. Although this approach does not in general produce optimal meshes, it
attempts to maximise the increase of numerical accuracy per computational cost be-
tween two mesh changes. The mesh changes are done locally, in order to preserve the
“good” parts of the original mesh. If it can be assumed that the original mesh gives
a good representation of the geometry of the domain and boundary conditions, the
boundary description is not needed. This leads us towards an adaptive local mesh

refinement and unrefinement procedure, consisting of the following steps:

1. An initial computational mesh is created. It is expected that this mesh is fine

enough to describe the geometry and boundary conditions well®.
2. The discretised set of equations is solved on the available mesh.

3. The numerical error is estimated. If the desired level of accuracy is reached,

the calculation is stopped.

4. The estimated errors are used in order to decide what changes should be made
in the mesh in order to remove the regions of high error. At the same time, it is
possible that in some regions of the mesh, errors are much lower than average.
A required change of the mesh therefore consists of two parts: regions of the
mesh that need more computational points and regions in which the number
of computational points is too large according to the ratio of the local and

average error.

5. The mesh is then modified according to the requirements from the step 4.

Some additional changes in the mesh may be introduced in order to preserve

1In engineering calculations, this is rarely the case, as the boundary description consists of a set
of flat faces. It is therefore necessary to update the position of the points added on the boundary
in order to preserve the smooth description of the surface at the discrete level. This, on the other
hand, implies the availability of an alternative surface description, either in the analytical form,
or as a set on non-uniform rational b-splines NURBS , which brings us back to the interaction of
the mesh refinement algorithm and the CAD package. This is not the subject of the present study

and is therefore avoided.
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the mesh quality.

6. The existing numerical solution is mapped on the modified mesh and used as

an initial guess.

Steps 2 to 6 are repeated until the desired level of accuracy is reached.
In order to complete the adaptive local mesh refinement and unrefinement pro-

cedure, three questions need to be answered:

e How to select the regions of the mesh for refinement and unrefinement if the

error distribution is known?

e How to introduce the required change in the mesh and what additional changes

are needed in order to preserve the mesh quality?

e How to map the numerical solution from one mesh to the other with minimum

degradation of the solution accuracy?

The first question is answered in Section 5.2 refinement and unrefinement cri-
teria are based on the analysis of the estimated error field. An answer to the second
question is proposed in Section 5.3. The mesh changes are based on an embedded
cell-by-cell refinement and unrefinement procedure for “l-irregular” meshes. Some
details of the solution transfer between the meshes are given in Section 5.4. In order
to provide an insight into the relative merit of the proposed refinement technique in
comparison with uniform refinement, the error reduction on a simple test case is pre-
sented in Section 5.5. Finally, the adaptive local mesh refinement and unrefinement

algorithm is summarised in Section 5.6, together with some closing remarks.

5.2 Selecting Regions of Refinement and

Unrefinement

The procedure of selecting the regions of the mesh for refinement and unrefinement

is influenced by two 1ssues: the mesh adaptation procedure that will be used and
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the accuracy of the error estimate. The required information can also be two-fold.
Adaptive mesh generation algorithms need a distribution of the desired mesh size
through the domain, whereas local mesh refinement requires the lists of cells labelled
for refinement and unrefinement. Although these lists are related to the desired
mesh size distribution, it is easier to adopt a selection procedure rather than try to
transform one into the other.

Let us first show how to select the desired mesh size distribution. For each cell
of the computational mesh, the error magnitude and the mesh size h are known. It
is also known that the discretisation method is second-order accurate, i.e. that the
error scales with the square of the mesh size. If the desired error level is Ej, the
desired local mesh size [, is calculated from the following scaling relations for the

error:

e| ~ AR?, (5.1)
Ey~ AL (5.2)

where A is the unknown scaling factor. It follows that:

lo= h\/%. (5.3)

The quantity [y is calculated for each computational point. The field of [y can
subsequently be smoothed out in order to preserve reasonable mesh grading.

The local mesh refinement procedure can in theory use the same result. The local
value of [y is compared with the existing mesh spacing in order to decide whether the
cell needs to be refined or unrefined. Unfortunately, this is not the best approach
in some cells, the desired mesh size can be considerably smaller than their current
size. If the mesh quality is to be preserved, grading between the fine and coarse
regions needs to be smooth.

As an alternative approach, the error in a cell can be compared with the average

error € in the domain. Refinement and unrefinement criteria are then:

o If the error is larger than A,.s€, the cell is marked for refinement.

o If the error is smaller than Aynres €, the cell is marked for unrefinement.
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Parameters A,y and Aynres are the “safety” coefficients controlling the refinement

procedure, with the following properties:

Aref > 1, (5.4)
Aunref <l (55)

Although this system produces the refinement information efficiently, it is by no
means as accurate as the first approach. For example, in early stages of refinement
starting from a coarse mesh, the error level may be high everywhere and most of the
cells need to be refined. If, on the other hand, the solution is known to have some
localised features (shocks, propagating discontinuities etc.), a high level of localised
refinement is needed. Only a very small number of cells needs to be changed.

Parameters A;e; and Aynres effectively control the shape of the final mesh. Higher
Ares and lower Aynres result in a larger number embedded levels of refinement. Ide-
ally, Ares and Aynres should be based on the statistics of the error distribution,
average error level and the required accuracy. Unfortunately, no simple relation be-
tween these parameters can be found. The recommended values of refinement and

unrefinement control parameters based on the experience in this study are:

Ares = 1.5, (5.6)
Aunres — 0.5. (5.7)

Lists of cells for refinement and unrefinement do not contain all the information
needed to construct a good locally refined mesh. It is still desirable to create a
mesh with a smooth transition between the coarse and fine regions. The grading
information is not included smoothness of the mesh needs to be guaranteed in
some other way. One of the possibilities is to create a set of rules describing the
interaction between the coarse and fine regions. Cells for refinement (unrefinement)
are marked and the refinement information is propaga ed through the mesh. A more
detailed discussion of this issue will be given in Secti n 5.3. Another possibility
is to group the cells that require refinement into blocks and than add a “safety
margin” around each block (Brandt [22], Caruso [24, 25]). This moves the coarse-

fin mesh interface awav fr m the region of high err r. Saf ty regions should in
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some way take into account the distribution of desired mesh spacing around the
regions of high error. This brings us to the issue of accuracy of the error estimate.
Considering the potentially high grading of locally refined meshes, it is important
that the error estimate represents the error accurately. Safety regions are introduced
to compensate for the potential inaccuracy of the estimate. Generally, an accurate
error estimate allows a precise (and therefore efficient) mesh refinement procedure.
The accuracy of the estimate is more important in the local refinement procedure

than in adaptive mesh generation, where mesh grading is naturally smoother.

ALARARARAREEERIRRIR RN

velocity
profile

AR

initial mesh and solution

a) uniform refinement b) directional refinement

Figure 5.1: Directionality of mesh refinement.

The last issue that needs to be addressed is the local orientation of the mesh. Let
us consider a fully developed laminar duct flow, Fig. 5.1. The velocity profile changes
rapidly across the duct, but remains uniform along the duct. It would therefore be
reasonable to refine the mesh only in the direction normal to the gradient (Fig. 5.1
b) and not equally in all directions (Fig. 5.1 a).

The directionality information can be deduced from the gradient of the solution,
which points in the direction of the steepest slope. It is therefore desirable to refine

the mesh preferentially normal to the gradient vector.
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If the computational procedure includes the solution of more than one equation,
cells for refinement are combined into a single list. It may happen that a single
cell is marked for refinement by more than one error field. In that case, the desired
refinement direction needs to take into account the gradients of all fields requiring
refinement of that particular cell.

The implementation of refinement directionality is easier in the context of local
mesh refinement than in adaptive mesh generation and will be further discussed in

the next Section.

5.3 Mesh Refinement and Unrefinement

Mesh refinement and vnrefinement changes the topology of the mesh in order to
include the regions of 1efinement and unrefinement. The available information in-

cludes:
e Current computational mesh,
e List of cells that need to be refined with the desired direction of refinement,
e List of cells for unrefinement.

Let us first establish a refinement procedure for a single cell. A decision on the
type of the cell split needs to be made. In order to preserve the quality of the mesh,
the available cell types are limited to hexahedra and degenerate hexahedra.

Consider a hexahedral cell and a refinement direction R, Fig. 5.2. The shape
of the cell is described by three vectors: 1, 2 and 3. They carry the information
about the directional stretching of the control volume. These vectors have an average
direction of the two face area vectors for the pair of opposite faces of the hexahedron
and the magnitude corresponding to the ratio of the volume and the average cross-
section area.

For example, vector 1 is calculated as:

(S S8\ Vs ]
1(s’hs>s+s’ 5.8)
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S

R

Figure 5.2: Refining a hexahedral cell.

where Vp is the cell volume and Sy and S, are the face area vectors for the pair of
opposite faces, Fig. 5.2. Vectors 2 and 3 are calculated equivalently.
The decision on the cell spli is based on the magnitude of the dot-product of 1,

2 and 3 with R. The importance of each direction is estimated as:

n = |R.1, (59)
7 = |R.2|, (5.10)
73 = |R.3 (5.11)
and the average is:
_ 1
T = 5(71 + 79+ 73). (5.12)

Three directions are now examined separately. If 7, for a certain direction is larger
than £ 7, the cell is split normal to that direction. This procedure takes into account
the interaction between the geometry of the cell and the direction of the gradient,
with £ as a parameter controlling the “directionality” of refinement. Higher levels of
¢ imply that the solution has one strong direction of the gradient and strong mesh-
to-flow alignment is desired. £ should vary between zero (cell is always split in all
three directions) and two (strong directional refinement). For a good compromise
between alignment and smoothness, the currently recommended values of £ are 0.6

for two-dimensional situations and 1.2 for three-dimensional flows.
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Smooth grading in locally refined meshes is a more difficult task. The freedom in
grading is very small — we can decide either to split the cell or not. Smoothly graded
meshes could be obtained through point movement algorithms (see Section 1.2.3),
but that approach is considered to be too expensive for the mesh quality it produces.
However, it can be at least ensured that the local jump in the cell size is not larger
than two. In order to do that, a concept of “l-irregular” meshes (Demkowicz et al.
[40]) is introduced. An example of such a mesh in two dimensions is shown in

Fig. 5.3. In the first level of refinement, cells in the hatched region were selected

SR SO N %

V2D 22D

AR LX AL IR, SRR
ALY N

Figure 5.3: “l-irregular” mesh.

for refinement. No additional intervention was necessary. The second refinement
level required the shaded cells to be split. In order to preserve smooth grading,
the concept of “l-irregularity” comes into action. The new topological cell type is
a “split hexahedron”. It is hexahedral in shape, but can have two “neighbours”
over the one of the faces of the original hexahedron. If there is more than one such
face, the cell needs to be subdivided. Additional changes in the mesh necessary to
preserve “l-irregularity” were done in the two cells next to the refinement region.
The resulting mesh is again “l-irregular”. As a consequence of the “l-irregularity”
condition, the grading in the final mesh is smoother.

Unlike the cells marked for refinement, for which refinement is forced, cells for
unrefinement carry only a possibility of being removed from the mesh. In other

words, unrefinement will be performed only if there are no mesh regularity require-
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ments to prevent it. A standard approach to mesh unrefinement enables the removal
of only those cells that have been added during the refinement procedure. This au-
tomatically implies that the mesh refinement starts from a very coarse mesh and
that the final mesh can only be locally as fine or finer than the original mesh. Cells
added into the mesh are stored into a “tree” data structure and can be removed on
request. An advantage of this strategy is that the original mesh can be recovered
after refinement and unrefinement.

In some situations, the refinement-only approach is not appropriate. The initial
mesh can be too coarse to produce a reasonable error estimate. A more general
procedure, including an arbitrary initial mesh with the possibility of both refinement
and unrefinement has been adopted in this study.

The unrefinement procedure is based on a “cell-pair” roncept: the list of cells for
unrefinement is scanned in order to create “cell pairs” according to certain criteria.
The cell pair can be subsequently merged into a single cell if there are no regularity
limitations. It is no longer necessary to store the “history” of the mesh refinement,
as any cell is capable of unrefinement. One of the drawbacks of this approach
is that the recovery of the initial mesh after refinement and unrefinement is not
guaranteed. This is, however, desirable only in transient shock-tracking calculations.
If mesh recovery is essential, the refinement history can be built into the original

procedure.

5.4 Mapping of Solution Between Meshes

In order to speed up the solution of the problem on a refined mesh, a good initial
guess is needed. An approximate solution of the same problem on a different mesh
is already available, since the problem has been solved before the mesh is refined.
The mapping of the solution between two meshes is a straightforward task. The
assumed variation of the function over each control volume is linear. All fields

defined on cell centres can be mapped using the following procedure:

1. For each point P in the refined mesh, find the closest point T in the original
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mesh.

2. Calculate the position difference:

P = Xp — X7, (5.13)
3. Calculate ¢p as
¢p = ¢r +p.(Vo)r. (5.14)

The face flux transfer requires more care. The fluxes are defined on cell faces and
satisfy the continuity constraint. If the flux transfer is not accurate, continuity will
be violated, possibly causing unboundedness in the first solution of the new mesh
and other undesirable effects.

Since not all of the faces have their equivalents in the original mesh, a more
general (and more accurate) procedure is needed. For that purpose, wz need to

come back to the calculation of fluxes (see Section 3.8). Fluxes are calculated using

Eqn. (3.144):
r-s](19) -(2) on]

after the solution of the pressure equation, Eqn. (3.141):

V. (ivp> — gf:s. (H(U))f.

ap ap

Eqn. (3.141) guarantees that the fluxes satisfy continuity. Instead of transferring
the fluxes directly, parts of the pressure equation will be interpolated to the new
mesh. The required fields are ap and H(U) both defined at cell centres and easy
to transfer. The pressure equation is then assembled and solved on the new mesh
before the calculation is resumed. This procedure can be performed between the

meshes bearing no similarity and will always produce conservative fluxes.

5.5 Numerical Example

The influence of the mesh changes introduced by the adaptive procedure to the

accuracy of consequent solutions 1s two-fold-
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e The numerical error caused by insufficient mesh resolution in the original mesh
is decreased through the introduction of additional computational points in
the regions of high error. If the error estimate is sensitive to the other mesh-
induced errors, such as mesh skewness and excessive non-orthogonality, the

cells causing the error are also subdivided, thus reducing the error magnitude®.

e Local refinement by mesh embedding increases mesh non-orthogonality, which
may have adverse effects on the solution accuracy. The increase in the local

error is created away from the originally detected high error.

A good mesh adaptation algorithm should offer the benefit of adequate local
mesh resolution without the significant deterioration in mesh quality. In order to
examine the performance of the adaptive algorithm described in this Chapter, its
error reduction rate will be compared with that of uniform refinement on a test
case with an analytical solution. For this purpose, the line source in cross-flow test
case described in Section 4.8.1.1 will be used. The influence of the error estimation
method on the error reduction rate will also be examined.

In the first instance, the adaptive refinement starts from a coarse 10 x 6 CV

mesh. The refinement parameters are set to:

Ares = 1.5,
£=06.

The initial mesh and first six levels of adaptive refinement based on the Residual
Error estimate are shown in Figs. 5.4, 5.5, 5.6, 5.7, 5.8, 5.9 and 5.10.

The final mesh, with 10 embedded levels of refinement, is shown in Fig. 5.11.
As a consequence of the symmetry of the problem, the refinement procedure creates
symmetric refinement patterns. The “l-irregularity” principle successfully enforces
a smooth transition between the coarse and fine regions of the mesh.

The nature of the adaptive algorithm is such that the maximum error moves

to different regions of the domain, as the cells are added in the region of highest

2QOnly the estimates based on the Taylor series truncation error are not sensitive to mesh quality.
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Figure 5.4: Initial mesh.

Figure 5.5: First level of adaptive refinement.

441

Figure 5.6: Second level of adaptive refinement.

-

Figure 5.7: Third level of adaptive refinement.
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Figure 5.9: Fifth level of adaptive refinement.
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Figure 5.10: Sixth level of adaptive refinement.
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Figure 5.11: Tenth level of adaptive refinement.
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error. The distribution of the exact error in the initial mesh is shown in Fig. 5.12.

Figs. 5.13, 5.14 and 5.15 show the “movement” of the error after two, four and

> MO

|71 R VORI 1 41
0.000 0.685 1.370 2.055 2.740 3.425

Figure 5.12: Initial distribution of the exact error.

six levels of refinement. In order to clarify the process, the scale in all figures has
been changed. As the refinement progresses, the error peak is reduced, leading to
a more uniform error distribution. In the case of uniform refinement, the error
distribution remains similar through the whole refinement procedure (see Fig. 4.7).
Following the definition of the optimal mesh from Section 4.6, the quality of the
adaptively refined mesh is better than that of the uniform mesh, irrespective of the
mesh-induced errors caused by mesh embedding.

The reductions of the mean and maximum error with the number of control
volumes for uniform and adaptive refinement are shown in Figs. 5.16 and 5.17. In
spite of the rapid reduction of the maximum error, in the case of adaptive refinement
the mean error, after an initial period, decreases slower than in the case of uniform
refinement. This result suggests that after an initial gain in accuracy of the adaptive
procedure, the uniform refinement becomes more efficient. The mean error reduction
in Fig. 5.16 should be approached with care. The mean error for both uniform and
adaptive refinement is calculated as the average value for all computational points.
In the case of uniform refinement, the points are uniformly distributed through the
domain, covering both the regions of high and low error. Adaptive refinement, on
the otﬁer hand, places the points in regions of high error, thus resolving the features

that have caused the error in the first place but at the same time biasing the mean
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by higher sampling in those regions. This effect can be partially removed if a cell-
volume-weighted average error is used as shown in Fig. 5.18, but the sampling bias

still exists. Having in mind that the sampling problem cannot be resolved in an

10!

—8— Uniform
Adaptive

weighted mean error
L
S)

no of cells

Figure 5.18: Uniform and adaptive refinement: scaling of the volume-weighted mean

€error.

appropriate way, the unweighted mean error will be used in the rest of this study.
The sampling effect should be kept in mind when comparing the reduction of the
mean error for uniform and adaptive refinement.

The maximum error, Fig. 5.17, does not suffer from the sampling problem. Its
reduction in adaptive refinement is clearly much faster than in the case of uniform
refinement, indicating an improvement in the overall accuracy for the same number
of cells. The reduction of the maximum error still does not give the full picture of
the solution quality. Adaptively refined meshes resolve the regions of high gradients
considerably better than uniform meshes with the same number of cells, thus giving

a better picture of the real solution.

In order to provide a more objective comparison of the uniform and adaptive
refinement, we shall return to the concept of optimal meshes. According to the
definition from Section 4.6, an optimal mesh implies a uniform distribution of the

discretisation error. It is therefore possible to measure the mesh “optimality” as the
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ratio of the mean and maximum error:

g = Zmean (5.15)

emaz

For 1 = 1, the error is uniformly distributed through the domain, as emeen = €maz-
In the case of inappropriate resolution in a certain part of the mesh, the maximum
error will be larger than e,eqn, resulting in a low 7. Ideally, one would like to
keep n as close to unity as possible. For low 7, a local refinement procedure is
expected to considerably improve the error distribution, causing a rapid decrease
in the maximum error. It should, however, be noted that n bears no information
about the error level. The variation of the mesh optimality index 7 for uniform

and adaptive refinement with the number of cells is shown in Fig. 5.19. In the case

03

1 —B— Uniform
0.1 —A— Adaptive

no of cells

Figure 5.19: Optimality index for uniform and adaptive refinement.

of uniform refinement, new computational points are added uniformly through the
domain, which is not a very efficient way of reducing the peak error. The mean
error 18 being reduced faster, creating a small region of high error and decreasing
the opt'mal ty index The adaptive procedure, on the other hand, concentrates
the refinement on the region of high error, thus improving the optimality. Both
optimality indices are still far from unity, which is typical for the problems with a

localised h'gh error
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The “optimality” measure, Eqn. (5.15) should not be confused with the mesh
quality. The quality of the mesh is judged by the level of mesh-induced errors
caused by the cell distortion, non-orthogonality and mesh skewness. Although the
two issues are clearly connected, the difference can be drawn in the following way:
mesh quality is a property of the mesh, specifying the amount of mesh-induced
errors expected from a certain mesh. Mesh optimality, on the other hand, depends
on the interaction between the mesh and the particular problem that is being solved.
From the optimality point of view, the main cause of low 7 is inappropnate mesh

spacing in relation to the solution gradients, rather than the mesh-induced errors.

In order to present a more realistic picture of the influence of mesh changes
to the accuracy, the graphs showing the cell centre values in comparison with the
exact solution will be given. For this purpose, a cut through the domain, 0.2m
downstream from the inlet boundary and normal to the flow is made. Figs. 5.20,
5.21 and 5.22 show the exact and numerical solution on the initial mesh and after
the first two levels of refinement (the meshes in question can be seen in Figs. 5.4, 5.5
and 5.6). The principle of adaptivity and the improvement in accuracy can now
be clearly seen: the computational points are added only when they are needed.
The solution after only two levels of adaptivity (Fig. 5.22) is accurate enough for all
practical purposes. Further downstream, the smoothly-changing solution does not
require the same number of computational points for the same level of accuracy. This
is demonstrated in Fig. 5.23, showing the cut through the domain 3 m downstream
from the inlet. The adaptively refined mesh resolves the profile with only 6 points,
but this is completely appropriate in comparison with the exact solution. The same
trend can be seen after ten levels of refinement, Figs. 5.24 and 5.25. The number of
computational points is large where the solution varies rapidly and depends on the
local curvature. Further downstream, the same level of accuracy can be obtained

with a much smaller number of cells.

As described in Section 5.2, the selection of cells for refinement is based on the
estimate of the local error. It could therefore be expected that the error reduction

rate depends not only on the applied refinement technique, but also on the accuracy
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of the error estimate. In order to examine the importance of this interaction, the
adaptive procedure has been repeated, basing the choice of refinement regions on
the exact error and each of the error estimates described in Chapter 4. Scaling of
the mean and maximum of the exact error with the number of computational points
for different error estimates is shown in Figs. 5.26 and 5.27. Several interesting

conclusions can be drawn:

e The scatter of the points in Fig. 5.26 is relatively small, indicating similar

performance of all error estimates.

e The adaptive refinement technique moves the error from one region of the do-
main to the other, sometimes creating meshes with high mesh-induced errors.
This can be seen in the behaviour of the maximum error, Fig. 5.27. As the
error estimates are typicslly sensitive to the mesh quality, the mesh-induced

errors are removed in consequent mesh refinements.

e The adaptive procedure based on the exact error exhibits the slowest reduc-
tion of both mean and maximum error. Although this behaviour is by no
means obvious, its cause can be explained from the nature of the exact error.
Section 4.8 distinguishes two parts of the exact error: the locally induced error
and the transported error. An adaptive procedure based on the exact error
cannot distinguish between the two and, as a consequence, adds unnecessary
resolution in the regions where only the transported error exists. Error esti-
mates proposed in the present study neglect the mechanism of error transport
from the region of high error sources to the rest of the domain, resulting in a

more economical error removal.

o In the final stages of refinement, the maximum error reaches a plateau (see
Fig. 5.27) and the amount of refinement needed to further improve the accu-
racy becomes very large. At this stage, embedded refinement is spread through
the whole of the domain, creating strongly linked refinement patterns. The
“l-irregularity” condition introduces numerable changes in the mesh for ev-

ery prescribed cell split. The mesh quality (in terms of average skewness and
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non-orthogonality) is severely reduced. The bulk of the error should now be
attributed to the mesh quality rather than insufficient resolution in the regions
of high gradients. Since the objective of adaptivity is to produce accurate so-
lutions with only a slight increase in computational cost, further refinement
is not considered to be efficient. If the solution accuracy is still not appropri-
ate, the adaptive procedure should be repeated from a finer initial mesh. As
a guideline, in this particular case the plateau was reached when the initial
maximum error was reduced by a factor of 20. This is a property of the par-
ticular mesh adaptation algorithm rather than the adaptive approach itself.
If it were possible to create an adaptive procedure that does not impair the

mesh quality, this behaviour could be avoided altogether.

The second approach to the adaptive calculations starts from a relatively fine
initial mesh and use both refinement and unrefinement to improve the mesh qual-
ity. In order to examine the performance of the unrefinement procedure, both
refinement-only and refinement/unrefinement calculations will be performed. The
initial mesh consists of 80 x 40 CV (Fig. 5.28), which is considered to be too fine
in the smooth parts of the solution and too coarse close to the singularity. The

refinement /unrefinement parameters are set to:

Ares = 1.5,
Aum‘ej' = 0.5,
£=0.6.

Unlike refinement, the unrefinement algorithm adopted in this study does not
preserve the symmetry of the mesh for symmetric problems. The symmetry would
require some kind of global optimisation: the unrefinement procedure would have to
recognise the plane of symmetry not imposed from the outside. The adopted algo-
rithm selects the “cell pairs” on a cell-by-cell basis, with the final result depending,
among other things, on the order of cells in the cell list.

Although aesthetically pleasing, the symmetry is not essential for the accuracy

of the solution. If the mesh quality is deteriorated as a result of a “non-optimal”
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selection of cell pairs, consequent refinement levels are expected to remove the error.

Figure 5.28: Initial mesh for refinement/unrefinement.
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Figure 5.29: Second level of refinement/unrefinement.

Figure 5.30: Second level of refinement-only.

An example (asymmetric mesh resulting from refinement/unrefinement is shown in
Fig. 5.29, with the equivalent refinement-only mesh in Fig. 5.30. In the region
of smooth gradients far downstream from the point source, the estimated error is
mu h 1 wer than aver ge. The cells in that regi n have been merged to create
larger cells, resulting in lower local accuracy. Some parts of the mesh have been
left unchanged, as the local ac uracy corresp nds to the average accuracy of the

solution. In the regions of high error close to the point source, the mesh resolution
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has been improved.
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Figure 5.32: Refinement/unrefinement: scaling of the maximum error.

A comparison of the mean and maximum error scaling for adaptive refinement
based on the Residual Error estimate is shown in Figs. 5.31 and 5.32. The sampling
problem can now be seen even more clearly. The scaling of the mean error suggests
that uniform refinement reduces the error more efficiently than both refinement-

only and refinement unrefinement. The reduction of the maximum error, Fig. 5.32



256 Adaptive Local Mesh Refinement and Unrefinement

is again faster for the adaptive procedure than in the case of uniform refinement.
The plateau in the maximum error is reached when the initial peak error is reduced
by a factor of 10. It should, however, be noted that the error level on the initial
mesh is of the order of 1 %, which is lower than the typical accuracy needed for
engineering purposes.

A closer look into Figs. 5.31 and 5.32 reveals the correspondence between the
refinement only and refinement/unrefinement calculations. The peak error is in both
cases located in the refined region and its level is approximately the same. The unre-
finement procedure merges the cells in the region of low local error, thus moving both
graphs towards lower numbers of computational points. Refinement/unrefinement
therefore reaches the maximum error plateau with the smaller number of cells than
refinement-only. In terms of the mean error, the difference between the two adaptive

procedures is marginal.

0.5

044 —B— Uniform Al
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Figure 5.33: Optimality index for umiform refinement, adaptive refinement-only and

adaptive refinement unr finement.

The variation of n for refinement-only and refinement/unrefinement is shown in
Fig. 5.33. Both adapti e procedures increase the optimality index very rapidly. The
initial increase is la ger for refinement unrefinement, as the removal of unnecessary
¢ lls influences the mean error. It should also be noted that 7 for the final adaptively

refined mesh 1s much higher than for any uniform mesh in spite of the additional
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Figure 5.34: Refinement/unrefinement: scaling of the mean error for different error
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Figure 5.35: Refinement /unrefinement: scaling of the maximum error for different error
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resolution added in the region of high error.

Let us finally examine the influence of error estimation on the error reduction rate
in the case of refinement/unrefinement. For that purpose, the adaptive calculation
has been repeated with the use of the proposed error estimates and the exact error.
The scaling of the mean and maximum error with the number of cells, for different
methods of estimation are shown in Figs. 5.34 and 5.35. The error reduction follows
a similar path for all error estimates, with the one based on the exact error again
showing the slowest drop. It can be therefore concluded that all error estimates
accurately highlight the error sources and the differences in the estimated error

distribution do not have a major influence on the adaptive process.

5.6 Closure

This Chapter presented some details of the adaptive local mesh refinement and un-
refinement procedure used in this study. The mesh adaptation algorithm is based
on the results of the error estimation procedure described in Chapter 4. Firstly,
the algorithms for an error-driven adaptive mesh generation and mesh refinement
procedure have been given. They consist of several parts: the analysis of the error
distribution, selection of regions for refinement and unrefinement, changing the ac-
tual computational mesh, and finally, mapping the solution from one mesh to the
other.

In order to overcome the problems connected with the issue of automatic mesh
generation, the selected procedure aims to change the existing computational mesh
in an optimal way. Smooth mesh grading is preserved through the concept of “I-
irregularity” of the mesh.

The mesh refinement procedure is controlled by three parameters: A,e; and
Au ef, controlling the grading between the coarse and fine regions of the mesh, and
£ determining the desired level of mesh alignment.

When the new mesh is created, an interpolate of the solution from the previous

mesh is used as an initial guess C nsistent with the discretisation practice, it is
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assumed that the variation of the function over the control volume is linear. Some
attention needs to be given to the issue of the transfer of fluxes between two meshes.
A procedure that produces a set of conservative fluxes irrespective of the topological
interaction between the meshes has been described in Section 5.4. This completes
the adaptive local mesh refinement and unrefinement algorithm. An example of its

performance on a test case with an analytical solution has been given in Section 5.5.
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Chapter 6

Case Studies

6.1 Introduction

In this Chapter, the efficiency of the proposed error-driven adaptive mesh refinement
algorithm will be examined on several test cases. Mesh adaptation can be performed
accurately only if it is based on an accurate estimate of the error. Section 4.8
presented a comparison of the exact and estimated errors for several test cases with
analytical solutions. In real flow situations, this is not possible as the governing
equations cannot be solved analytically. It is, however, still possible to solve the
flow problem on a very fine mesh and consider the solution to be accurate enough to
provide a good estimate of the exact error. In computational terms, this is extremely
expensive and practical only for two-dimensional laminar test cases.

The performance of adaptive refinement algorithms is most effective on problems
with discontinuous solutions. High resolution is needed only along the line of the
discontinuity in 2-D, or along the discontinuity surface in 3-D. From the point of
mesh resolution, the adaptive refinement algorithm effectively reduces the dimen-
sionality of the problem by one, resulting in significant reductions in the number
of cells required to obtain a solution of a certain accuracy. A case of this kind,
involving two-dimensional supersonic inviscid flow over a forward-facing step will be
presented in Section 6.2. The performance of both adaptive mesh refinement and

refinement unrefinement procedures will be examined. In this situation, it is easy
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to judge the accuracy of error estimates in spite of the fact that the exact solution
is not available, as the error is represented by the finite thickness of the shocks. The
mesh refinement algorithm is controlled by a pressure-based error indicator, which
is consequently compared with the proposed error estimates. This error indicator
is tailored for discontinuous flows and its known properties are used to judge the

quality of the new error estimates.

The second test case is selected to illustrate the performance of the algorithm
on steady incompressible recirculating flows, in both laminar and turbulent regimes.
Unlike the supersonic test case, the incompressible flow over a hill produces a smooth
solution, posing more serious demands on both error estimation and adaptive refine-
ment. For the laminar case the “exact” numerical solution on a very fine mesh will
be used to compare th error estimates with the exact error. In the next phase, tur-
bulent flow will be examined, with two different wall treatments. The wall function
approach compensates for the presence of the wall through certain modifications in
the shear stress and turbulence variables in the near-wall cell. The accuracy of the
solution therefore depends on the interaction of the size of the near-wall cell and
the wall model, which should be taken into account both in error estimation and
adaptive refinement. Low-Reynolds-number models, on the other hand, integrate
the equations all the way to the wall and therefore do not require any special treat-
ment, either in error estimation or in mesh refinement. The rapid variation in all
fields close to the wall requires high mesh resolution and is likely to cause high local
errors. In the case of turbulent calculations, the error from all the solution variables
should be taken into account when the decision on mesh refinement is made. Ideally,
the influence of the error in each of the variables on the local solution error should
be taken into account through some form of error weighting. This would, however,
require either an extensive parametric study for each point in the domain, or a good
understanding of the non-linear) inter-equation coupling. Considering the high co t
of such an analysis and the limited gain in terms of the computational effort, all the

errors will be treated as equally important.

Potential gains 1n the performance for adaptive algorithms on 3-D problems are
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even larger than in two dimensions. If the mesh spacing is halved in every direction,
the total number of cells in 3-D increases by a factor of 8, whereas in 2-D the
number of cells quadruples. The turbulent flow over a swept backward-facing step,
presented in Section 6.4 has been selected to illustrate the mesh adaptation in three
dimensions.

Finally, in Section 6.5, a transient test case is examined. The transient error
estimate can be used in several ways. Firstly, it is possible to examine the error
balance in order to select the optimal time-step size for a given mesh. The balance
depends on the interaction of the spatial and temporal error in different regions of the
domain and the number of time-steps necessary to resolve the temporal evolution of
the flow. In the case of vortex shedding behind a cylinder presented in this Section,
the solution varies periodically in time. If the periodicity is regular, it is possible
to follow the solution during one cycle and mark all the cells in which the error
reaches some pre-determined threshold at any time. This information is then used
to refine the mesh, reducing the spatial component of the error. The advantage of
this approach is that the mesh does not change in time, reducing the overall cost of

the adaptive calculation.

6.2 Inviscid Supersonic Flow Over a
Forward-Facing Step

This two-dimensional test problem was introduced by Emery [42]. The domain is

filled with an ideal gas with 4 1.4. The inlet conditions are set to:

U=1m/s
p=14kg/m?
P =1kg/ms’

which corresponds to the Mach number of 3. At the outlet boundary, a zero gradient
condition is specified on all variables. Along the walls of the tunnel, the reflecting

boundary condition is applied. The corner of the step is the centre of a rarefaction
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Figure 6.1: Supersonic flow over a forward-facing step: Mach number distribution,

uniform mesh, 840 CV.
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Figure 6.2: Supersonic flow over a forward-facing step: Mach number distribution,

uniform mesh, 5250 CV.

Figure 6.3: Supersonic flow over a forward-facing step: Mach number distribution,

uniform mesh, 53000 CV.
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fan and hence a singular point of the flow. This singularity has not been treated in
any special way and the local error causes a boundary layer of about one cell thick-
ness just above the step (Woodward and Colella [149]). A pressure-based supersonic
flow solver is used. In order to avoid spurious oscillations in velocity and pressure,
the Gamma differencing scheme is used on all equations.

In the first instance, the problem is solved on three uniform meshes, with 840,
5250 and 53000 CV-s, giving the Mach number distribution presented in Figs. 6.1,
6.2 and 6.3, respectively. An interesting feature is the over-expansion region at the
corner, followed by a weak shock originating just downstream of the edge. The
nature of the over-expansion and its interaction with the corner singularity has
been briefly discussed by Woodward and Colella [149]'. From the point of view of
adaptive refinement, the presence of both weak and strong shocks complicates the
situation considerably, particularly because the weak shock is not picked up in the
coarse mesh (see Fig. 6.1).

In the first instance, the following pressure based error indicator will be used:

Vp
=2 (6.1)

The local cell size h is calculated from Eqn. (4.12). This error indicator measures
the pressure jump over a cell, giving a good indication of the shock resolution in
comparison with other flow features. This error indicator will be consequently used
to judge the performance of the error estimators described in Chapter 4.

Figs. 6.4, 6.5 and 6.6 show the distribution of T on three uniform meshes, cor-
responding to the Mach number distribution from Figs. 6.1, 6.2 and 6.3. The error
indicator correctly highlights the main shock structure on all meshes. The weak
shock originating from the corner is recognised only on the finest mesh.

The error indicator can now be compared with the estimated error distribution.
Figs. 6.7, 6.8 and 6.9 show the estimated errors on the intermediate mesh (5250
CV-s) using the Direct Taylor Series, Moment and Residual Error estimates for

the momentum equation.  Unlike the error indicator, all three error estimates

1Gimilar effects occur in wind tunnel experiments of this type [149].
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Figure 6.4: Supersonic flow over a forward-facing step: error indicator Y, uniform mesh,
840 CV.

Figure 6.5: Supersonic flow over a forward-facing step: error indicator T, uniform mesh,
5250 CV.

Figure 6.6: Supersonic flow over a forward-facing step: error indicator T, uniform mesh,
53000 CV.
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Figure 6.7: Supersonic flow over a forward-facing step: Direct Taylor Series Error
estimate for the momentum, uniform mesh, 5250 CV.

Figure 6.8: Supersonic flow over a forward-facing step: Moment Error estimate for the
momentum, uniform mesh, 5250 CV.

Figure 6.9: Supersonic flow over a forward-facing step: Residual Error estimate for the
momentum, uniform mesh, 5250 CV.
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successfully locate the weak shock at the corner of the step.
The adaptive strategies described in Chapter 5 will now be used: refinement-only
from the coarse mesh (840 CV, Fig. 6.10), refinement-only from the intermediate

mesh 5250 CV, Fig. 6.11) and refinement/unrefinement from the same initial mesh.

Figure 6.10: Supersonic flow over a forward-facing step: coarse mesh, 840 CV.

Figure 6.11: Supersonic flow over a forward-facing step: intermediate mesh, 5250 CV.

The refinement parameters are set to:

Aes 15
A s —05
£€=06

In Figs. 6.12, 6.13 and 6.14, the changes in the mesh for the first three levels of
refinement from the coarse initial mesh guided by Eqn. (6.1) are shown. Following
the error indicator, additional cells are added around the main shock structure.

However, the error indicator T does not recognise the weak shock since it does not
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Figure 6.12: Supersonic flow over a forward-facing step: first level of adaptive refine-

ment starting from the mesh in Fig. 6.10.
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Figure 6.13: Supersonic flow over a forward-facing step: second level of adaptive re-

finement starting from the mesh in Fig. 6.10.
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Figure 6.14: Supersonic flow over a forward-facing step: third level of adaptive refine-

ment starting from the mesh in Fig. 6.10.
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exist in the coarse mesh solution (Fig. 6.1) and as a consequence, no new cells are
added in the region around it.
A detail of the refined mesh, showing the “l-irregularity” principle in action is

shown on Fig. 6.15. The grading between the coarse and fine parts of the mesh is

T

Figure 6.15: Detail of the adaptively refined mesh.

relatively smooth, preserving the quality of the refined mesh around the shock. If
the “l-irregularity” were not obeyed, rapid grading would cause high mesh-induced
errors, degrading the quality of the numerical solution.

The Mach number distribution after three levels of refinement is shown in Fig. 6.16
and the final solution, after five refinement levels in Fig. 6.17. The shock resolution
on the adaptively refined mesh with 15220 CV-s, (Fig. 6.17) is clearly superior to the
solution on a uniform mesh with 53000 CV-s (Fig. 6.3), demonstrating the potential
of the adaptive algorithm. The quality of the solution, however, cannot be judged
only by the resolution of strong shocks. The fine uniform mesh resolves the weak
shock originating from the corner of the step reasonably well. Although the adap-
tive solution picks up the same feature, its resolution is not comparable with the
resolution of the main shock structure. After three levels of refinement, Fig. 6.16,
the weak shock is not picked up at all. This is clearly an undesirable side-effect of

adaptive refinement. The key to the problem lies in the solution used to start the
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adaptive procedure. On the coarse mesh, the weak shock in question is not picked
up at all (see Fig. 6.1). The improvement of its resolution is possible only when the
mesh refinement progresses far enough the detect the shock in the first place.
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Figure 6.16: Supersonic flow over a forward-facing step: Mach number distribution on
the adaptively refined mesh after three levels of refinement.
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Figure 6.17: Supersonic flow over a forward-facing step: Mach number distribution on
the adaptively refined mesh after five levels of refinement.

The preferred approach to the adaptive calculations would be to start from a
mesh that is capable of picking up all the features of the flow, leading us to the second
adaptive refinement strategy. The adaptive procedure starts from the intermediate
mesh (5250 CV-s, Fig. 6.11) and in the first instance performs refinement only. The
final mesh, after three levels of adaptive refinement, is shown in Fig. 6.18. This
mesh is considerably too fine in the region close to the inlet boundary. In this part
of the domain all the fields are constant, but the refinement-only procedure has no
means of removing the unnecessary computational points. The resolution of the
weak shock is now adequate, as it was possible to recognise it in the early stages of
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refinement.

This test case illustrates a dilemma in the selection of the initial mesh for adap-
tive calculations. If it is too coarse, some of the important flow features may be
left out of the initial stages of refinement, degrading the quality of the final solu-
tion. If, on the other hand, the initial mesh is too fine, a considerable number of
computational points may end up in the region where they are not needed. This
dilemma can be resolved by the use of a refinement /unrefinement procedure. The
initial mesh can now be fine enough to resolve all the features of the flow, and the

computational points can be removed if they are not needed.

Figure 6.18: Supersonic flow over a forward-facing step: third level of adaptive refine-

ment starting from the mesh in Fig. 6.11.

The first three levels of refinement /unrefinement starting from the same initial
mesh are shown in Figs. 6.19, 6.20 and 6.21. The merging of cells in the region close
to the inlet can be clearly seen, as the local error in that region is effectively zero.
It can also be seen that in spite of the inter-locking mentioned in Section 5.5, the
quality of the refined mesh is still adequate, as is the resolution of the weak shock.
It is interesting to follow the progress of mesh refinement in the region surrounding
it. The first level of refinement/unrefinement, Fig. 6.19, leaves the mesh resolving
the weak shock intact, while the region around 1t is coarsened. The second and third
level add more computational points around the shock, specially where it interacts
with the strong reflected shock.

The comparison of the Mach number distribution for refinement only, Fig. 6.22,

and refinement/unrefinement, Fig. 6.23, after three levels of refinement reveals no
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Figure 6.19: Supersonic flow over a forward-facing step: first level of adaptive refine-

ment /unrefinement starting from the mesh in Fig. 6.11.
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Figure 6.20: Supersonic flow over a forward-facing step: second level of adaptive re-

finement /unrefinement starting from the mesh in Fig. 6.11.
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Figure 6.21: Supersonic flow over a forward-facing step: third level of adaptive refine-
ment/unrefinement starting from the mesh in Fig. 6.11.
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considerable differences.

ki, \\\\\

Figure 6.22: Supersonic flow over a forward-facing step: Mach number distribution for
the mesh in Fig. 6.18.

Figure 6.23: Supersonic flow over a forward-facing step: Mach number distribution for
the mesh in Fig. 6.21.

The objective of the adaptive procedure is to produce the accurate solution with
the minimum number of computational points. The performance of the algorithm
can therefore be measured in terms of the number of cells used vs. the number of
cells in the uniform mesh giving the equivalent resolution. Table 6.1 shows the in-
crease in the number of cells in four levels of adaptive refinement starting from the
coarse initial mesh and the number of cells for the uniform mesh with equivalent
resolution. The percentage ratio in the second column of Table 6.1 gives the number
of computational points in the adaptively refined mesh as a fraction of the number
of cells in the uniform mesh. This can be used to estimate the reduction in the com-
putational effort needed to obtain a solution of a certain accuracy between adaptive

and uniform mesh refinement. The resolution of the initial mesh is inadequate in
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Adaptive refinement | % ratio || Uniform
840 100 % 840
1440 42.8 % 3360
2396 178 % 13440
4160 7.73% || 53760
7867 3.66 % || 215040
15220 1.77 % || 860160

Table 6.1: Supersonic flow over a forward-facing step: number of cells for adaptive and

uniform refinement starting from the coarse mesh.

most of the domain and the early stages of refinement introduce a considerable
number of cells. As the refinement progresses, the benefit of the adaptive procedure

becomes more and more apparent.

Refinement | % ratio || Refinement and | % ratio || Uniform
only unrefinement
5250 100 % 5250 100 % 5250
7690 36.6 % 6200 29.5 % 21000
11748 14.0 % 8796 10.5 % 84000
18903 5.62 % 14738 4.38 % || 336000
33219 247 % 27091 2.01 % | 1344000
60493 1.12 % 54222 1.01 % || 5376000

Table 6.2: Supersonic flow over a forward-facing step: number of cells for refinement-

only and refinement /unrefinement starting from the intermediate mesh.

Table 6.2 shows the respective number of cells for refinement-only and refine-
ment/unrefinement starting from the intermediate mesh. The refinement-only pro-
cedure behaves in approximately the same way as in Table 6.1, although the initial

benefit is somewhat larger. Unrefinement brings substantial benefits only in the first
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three steps. As the refinement progresses, the difference between the two meshes
decreases, as more of the cells are placed where they are actually needed. The ben-
efit from unrefinement is also potentially larger if the starting mesh is finer. This
will generally be the case: when the shape of the solution is not known in advance,
the analyst will tend to create a mesh which is fine everywhere, knowing that the

adaptive procedure is capable of removing the excess cells where they are not needed.

Attention will now be turned to error estimation for supersonic flows. From
the numerical accuracy point of view, supersonic flows are singular and the shock
resolution is inadequate irrespective of the cell size. On uniform meshes the maxi-
mum error, Fig. 6.25, is therefore independent of mesh refinement. The mean error,
Fig. 6.24, decreases as the mesh gets finer, partly because of the better resolution
of the smooth profiles and partly because the number of cells away frora the shock

increases relative to the total number of cells.

The error scaling in the case of adaptive refinement starting from the coarse
mesh and refinement /unrefinement are shown in Figs. 6.26 and 6.27 and Figs. 6.28
and 6.29, respectively. The increase in the maximum error for the Direct Taylor
Series Error estimate corresponds to the improvement of the shock resolution. The
net effect of the sampling change in this case is that the mean error remains uniform

as the refinement progresses for both refinement-only and refinement /unrefinement.

In spite of the fact that the residual is well-defined, the Local Problem Error
estimate cannot be used on inviscid problems. Eqn. (4.101) shows that in the case
of v = 0, the local error estimate goes to infinity, rendering the upper bound on the

error meaningless.

In the case of supersonic flows, the comparison of the error estimate and the
exact error is not relevant — the physical thickness of the shock is infinitely small,
¢ mpared with the finite thickness in the numerical solution. The role of error
estimation is to control the adaptive procedure. Numerical experiments show that
any of the proposed error estimates can be used in place of the error indicator T,

producing equivalent refinement patterns.
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Figure 6.24: Supersonic flow over a forward-facing step: scaling of the mean error for

uniform refinement.
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Figure 6.25: Supersonic flow over a forward-facing step: scaling of the maximum error

for uniform refinement.
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Figure 6.26: Supersonic flow over a forward-facing step: scaling of the mean error for

adaptive refinement.
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Figure 6.27: Supersonic flow over a forward-fa ing step: scaling of the maximum error

for adaptive refinement.
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Figure 6.28: Supersonic flow over a forward-facing step: scaling of the mean error for

refinement /unrefinement.
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6.3 Laminar and Turbulent Flow Over a 2-D Hill

The geometry of the second test case consists of a symmetric hill in a tunnel, with

the blockage ratio of hill height to channel depth of 1/6.07, Fig. 6.30.
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Figure 6.30: Two-dimensional hill test case.

The shape of the hill is defined by the following set of points:

zfmm] | 0| 9 |14|20|30|40 |54
ylmm] || 28 |27 |24 |19 |11 4 | 0

Table 6.3: The profile of the hill.

The computational domain starts at 3.6 H (or 100 mm) upstream of the hill

summit and extends for 15 H downstream. Two flow regimes will be examined:

1. Laminar flow with Re = 60, based on the centreline velocity and the hill
height. At the inlet boundary, a fully developed parabolic duct flow velocity

profile is prescribed.

2. Turbulent flow on Re = 60000 Almeida et al [5] describe Laser-Doppler
anemometer (LDA measurements of the mean flow and turbulent stresses for
these conditions. This test case has also been used in the ERCOFTAC code-

comparison exercise {43]. The recommended inlet velocity and turbulence
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profiles from the ERCOFTAC workshop are used. The turbulence model se-
lected for this calculation is the non-linear form of the £ — ¢ model by Shih

et al. [123).

Both flow regimes will be originally solved on four meshes created using transfi-
nite mapping, with 518, 2044, 8584 and 34336 CV-s, respectively. The mesh spacing
is slightly graded towards the walls and the hill. A sample mesh with 2044 CV-s is
shown 1n Fig. 6.31.

Figure 6.31: Two-dimensional hill: uniform mesh with 2044 CV.

In the second phase, the error-driven adaptive algorithm will be used in two
modes: refinement-only from the coarse initial mesh and refinement/unrefinement

from the fine mesh.

6.3.1 Laminar Flow

The accuracy of the proposed error estimates can be evaluated only if the exact
solution for the problem is available. In the case of two-dimensional laminar flows,
it is reasonable to use a numerical solution from a very fine mesh in the place of the
analytical solution. The flow over a hill has been resolved on the mesh with 137344
CV-s and the solution has been linearly interpolated to other meshes in order to
calculate the “exact” error. Although this number of cells may seem excessive,
the “exact numerical” solution is still not considered accurate enough to judge the

accuracy of error estimation for the meshes with more than 10000 CV-s.
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In the method of solution (see Section 3.8), the pressure equation is used to
enforce the continuity constraint on the velocity field. We shall therefore concentrate
on the estimation of the velocity error, knowing that appropriate resolution of the

velocity field implies accurate pressure distribution.
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Figure 6.32: Laminar flow over a 2-D hill: velocity field.
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Figure 6.33: Laminar flow over a 2-D hill: pressure field.

The solution obtained on the mesh with 2044 CV-s is shown in terms of velocity
and pressure fields in Figs. 6.32 and 6.33.

The difference between the “exact” solution and the velocity field from Fig. 6.32
represents the exact error in the velocity. This error, Fig. 6.34, has a vector form,
each component giving the error in the corresponding component of the velocity
vector.

An error estimate is set up to highlight the regions of high discretisation error,
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rather than to create an error field which will consequently be added to the solution
to improve its accuracy. It is therefore more informative to look at the magnitude

of the exact error, shown in Fig. 6.35.
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Figure 6.35: Laminar flow over a 2-D hill: velocity error magnitude, uniform mesh,
2044 CV.

Looking at Fig. 6.35, three distinct parts of the exact error can be recognised.
The first, upstream of the hill, shows error patterns spreading uniformly from the
inlet boundary. The inlet boundary condition corresponds to a fully developed duct
flow on the mesh consistent with the number of cells in the y-direction. As the mesh
resolution changes, the discrete description of the inlet profile introduces an error in
spite of the fact that all inlet conditions represent the same physical situation. The
ordered behaviour of this error can also be seen in Fig. 6.34. The error is induced
by the description of the inlet boundary condition, which is for the purposes of error
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analysis considered to be exact. As a consequence, this error cannot be picked up
by an error estimate.

The second region of high error envelops the hill, including the area just above
the summit. The error in this region is mainly caused by insufficient mesh reso-
lution close to the summit, with the rest of the error being convected downstream
from the peak. The third interesting region lies further downstream, close to the
outlet boundary. It is assumed that the error here originates from the accumulated
upstream inaccuracies. It is rapidly removed with refinement and disappears on the

next finer mesh (see Fig. 6.36).
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Figure 6.36: Laminar flow over a 2-D hill: velocity error magnitude, uniform mesh,
8584 CV.

The estimated error distributions using the Direct Taylor Series, Moment and
Residual Error estimates for the mesh with 2044 CV-s are shown in Figs. 6.37, 6.38
and 6.39. In order to highlight the error distribution rather than its magnitude, the
colour-scale in Figs. 6.37, 6.38 and 6.39 has been adjusted.

All three error estimates highlight the front of the hill as the region of high error
sources, corresponding to the maximum error in Fig. 6.35. The mesh-induced errors
are high at the connection of the orthogonal mesh in front and behind the hill with
the region of non-orthogonality above the hill and are visible in all error estimates.
Upstream of the hill, the estimated error is low and depends mainly on the mesh
spacing. The recirculation zone behind the hill also induces some error, caused by

the high velocity gradients between the recirculation bubble and the rest of the flow.
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Figure 6.37: Laminar flow over a 2-D hill: Direct Taylor Series Error estimate for the
velocity, uniform mesh, 2044 CV.
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Figure 6.38: Laminar flow over a 2-D hill: Moment Error estimate for the velocity,
uniform mesh, 2044 CV.
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Figure 6.39: Laminar flow over a 2-D hill: Residual Error estimate for the velocity,
uniform mesh, 2044 CV.



286 Case Studies

10°
10"
’~
) a2
5 10° e
E &~~“;L *
8 —B— Exact > A~
g 10 —A— Taylor \“lx‘
—>— Moment A h
4 —— Residual N TS
10 A M
~
A
10_5 1 lllnll ™ IIIII1 T lllll'l ™7 lllllll
10" 10 10° 10* 10° 10°
no of cells

Figure 6.40: Laminar flow over a 2-D hill: scaling of the mean error for uniform refine-

ment.
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Figure 6.41: Lamnar flow over a 2-D hill: scaling of the maximum error for uniform

refinement.
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The scaling of the mean and maximum for the exact error and the proposed
error estimates is given in Figs. 6.40 and 6.41.

On the meshes over 10000 CV-s, the “exact numerical” solution used to obtain
the exact error cannot be considered accurate enough in comparison with thl; solu-
tion that is being examined. The maximum error for such meshes is of the order of
0.02m/s, or 1% of the centreline velocity. The accuracy of the “exact” numerical
solution should be at least an order of magnitude better, which with the shown
scaling requires a mesh of around 1000000 CV-s. The relative inaccuracy of the
“exact numerical” solution causes a distortion in the scaling of the exact error with
mesh refinement.

The Moment and Residual Error estimates capture the mean and maximum error
with reasonable accuracy, particularly on coarse meshes. The Direct Taylor Series
Error estimate underpredicts its magnitude, which is consistent with expectations.
The influence of the neglected fourth-order terms can be seen in the scaling of the
mean Moment Error. Having in mind that the average error on the mesh with 8584
CV-s is around 0.5 % of the centreline velocity, it seems plausible that the neglected

fourth-order terms influence the accuracy of the error estimate.
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Figure 6.42: Laminar flow over a 2-D hill: estimated error norm, uniform mesh,
2044 CV.

The distribution of the estimated error norm according to the Local Problem
Error estimate is shown in Fig. 6.42. This correctly highlights the region of high
velocity gradients close to the summit of the hill. As a consequence of the high
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local residual, this error norm also pinpoints the mesh-induced errors behind the
hill. Following Oden et al. [101, 102], the error norm from the Local Problem Error
estimate can be used in an alternative way. The formulation of the error norm
corresponds to the magnitude of the error in the quantity that is being minimised
by the numerical solution procedure. In the case of the laminar flow, this is the

total dissipation in the system, defined as:
By = /V odV = /v v [VU + (VU)T] : VU av (6.2)

The accuracy of the solution can therefore be measured in terms of the ratio of
(e, E) |? and ®;,, Fig. 6.43, corresponding to the relative error in the dissipation.
As a guideline, the “exact” error in ®;,; can be calculated using the dissipation from

the “exact numerical” solution. The Local Problem Error estimate guarantees that
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Figure 6.43: Laminar flow over a 2-D hill: s aling of the relative error in dissipation

for uniform refinement.

(e, F) 2 provides the upper bound on the dissipation error, which is not the case
for the final point in Fig 6.43. This can be attributed partly to the inaccuracy of
the “exact” numerical solution and partly to the quality of the solution procedure
for the local error problems.

In the second phase, two refinement strat gies will be used. refinement-only from

the initial mesh with 2044 CV-s, Fig. 6.31 and refinement unrefinement from the
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mesh with 8584 CV-s. The Residual Error estimate is used to highlight the sources

of the error, with the refinement/unrefinement parameters set to:
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Figure 6.46: Laminar flow over a 2-D hill: mesh after the third level of refinement.
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The mesh changes in the first three levels of refinement starting from the coarse
mesh are shown in Figs. 6.44, 6.45 and 6.46. The cells are concentrated around the
summit and in the recirculation region behind the hill. Some cells are also added

close to the outlet boundary in the middle of the channel.
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Figure 6.47: Laminar flow over a 2-D hill: first level of refinement/unrefinement.
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Figure 6.48: Laminar flow over a 2-D hill: second level of refinement/unrefinement.

The refinement/unrefinement algorithm behaves in a similar way: the mesh
changes in the early stages of refinement/unrefinement are shown in Figs. 6.47 and
6.48. Refinement is again concentrated around the hill in order to resolve the region
of high error at the front of the hill and in the recirculation zone. Another zone of
refinement extends downstream from the summit towards the middle of the channel.
This is the result of the interaction between the velocity field (Fig. 6 32) and the
grading in the initial mesh. The mesh spacing is initially graded towards the wall.
If one assumes that the influence of the hill does not extend all the way to the outlet
boundary, the velocity field close to the outlet corresponds to the fully developed

duct flow, with the parabolic velocity profile. The second derivative of U 1n the
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y-direction is constant, as a result of which the refinement procedure tends to create

a more uniform mesh by refining the cells in the centre of the channel.

The interaction between the mesh changes and the estimated error distribution
shown in Figs. 6.49, 6.50 and 6.51 gives a useful insight into the development of the
adaptive solution. The first level of refinement creates a rapid drop in the maximum
error (distribution of the estimated error on the initial mesh is given in Fig. 6.39;
note the change in the colour-scale). The peak error is still located close to the
summit of the hill. The second level of refinement moves the maximum error away
from the hill, into the area of high mesh grading and non-orthogonality. Several new
regions of high error are detected in the second and third level of refinement, created
as a consequence of relatively low local mesh quality. In spite of the fact that the
initial error caused by insufficient mesh resolution is removed very rapidly, further
improvement in accuracy is limited by the mesh grading and non-orthogonality. The

quality of the mesh is an important issue in the case of adaptive laminar calculations.

The situation is even more clear in the case of refinement/unrefinement starting
from the mesh with 8584 CV-s. Fig. 6.52 presents the distribution of the Residual
Error estimate on the initial (uniform) mesh. The changes in the estimated error in
first two levels of refinement are shown in Figs. 6.53 and 6.54, corresponding to the
meshes from Figs. 6.47 and 6.48. Additional mesh resolution around the summit
completely removes the local peak in the error. The cells removed through unrefine-
ment close to the upper boundary in the first level cause a high error (see Fig. 6.53)
and are partially re-introduced when the adaptive procedure is repeated, Fig. 6.48.
Generally, the main error sources in the adaptively refined meshes are created in the
area of interaction of the coarse and fine mesh. In this case, unrefinement causes
more problems in terms of mesh quality than is reasonably acceptable, considering

the limited reduction in the number of cells.

Laminar flows regularly create smooth solutions in which only a part of the error
can be attributed to the insufficient resolution. The mesh quality plays an impor-
tant role in the overall solution accuracy. The best performance from the adopted

mesh refinement algorithm is obtained when only two or three levels of adaptive re-
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Figure 6.49: Laminar flow over a 2-D hill: Residual Error estimate after the first level
of refinement,
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Figure 6.50: Laminar flow over a 2-D hill: Residual Error estimate after the second
level of refinement.
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Figure 6.51: Laminar flow over a 2-D hill: Residual Error estimate after the third level
of refinement.
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Figure 6.52: Laminar flow over a 2-D hill: Residual Error estimate on the uniform
mesh, 8584 CV-s.
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Figure 6.53: Laminar flow over a 2-D hill: Residual Error estimate after the first level
of refinement /unrefinement from the fine mesh.
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Figure 6.54: Laminar flow over a 2-D hill: Residual Error estimate after the second
level of refinement /unrefinement from the fine mesh.
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finement are used. The unrefinement procedure introduces mesh distorsions of such
significance that its use cannot be justified in this case. In order to demonstrate this
fact, a refinement-only calculation starting from the mesh with 8584 CV-s has been

performed. The mesh after two levels of refinement is shown in Fig. 6.55, with the

mesh.
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Figure 6.56: Laminar flow over a 2-D hill: Residual Error estimate after the second

level of refinement /unrefinement.

corresponding Residual Error distribution in Fig. 6.56. The corresponding results
for refinement /unrefinement are given in Figs. 6.48 and 6.54. Refinement-only does
not degrade the quality of the mesh close to the top wall and the estimated error
levels are considerably lower than in the case of refinement/unrefinement.

Finally, the estimated error levels in the adaptively refined meshes will be exam-
ined. Unfortunately, the “exact numerical” solution cannot be used to measure the

accuracy of the error estimates. Mesh adaptivity creates refinement patches that
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Figure 6.57: Laminar flow over a 2-D hill: scaling of the maximum Moment Error for

different types of refinement.
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Figure 6.58: Laminar flow over a 2-D hill: scaling of the maximum Residual Error for

different types of refinement.
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very quickly become as fine or finer than the mesh used for the “exact numerical”
solution, rendering it unusable for our purposes. It is therefore more interesting to
examine the performance of different adaptive procedures in terms of the reduction
of the estimated error.

Figs. 6.57 and 6.58 show the change in the error with the number of cells on
adaptively refined meshes. The adaptive procedure reduces the error faster than
uniform refinement according to both the Moment and Residual Error estimates,
although the gain seems to be much smaller than in the supersonic test case from
Section 6.2. Between the two estimates, the drop is faster for the Residual Error,

as it is used to mark the cells for refinement.

The refinement-only procedure starting from the coarse initial mesh consistently
performs better than uniform refinement in spite of the reduced mesh quality. If we
limit the refinement to only three levels, all refinement strategies perform reasonably
well.

The error reduction shown in Fig. 6.58 does not considerably change if the Direct
Taylor Series or Moment Error estimates are used to mark the cells for refinement.
The largest change in the performance can be made by changing the refinement
parameters (Ares, Aunres and €), as they influence the quality of the refined mesh.
Generally, lower € creates smoother grading and improves the mesh quality by pre-
serving the original aspect ratio of the cell. At the same time, it also increases the
number of cells in the mesh through the “l-irregularity” principle, thus increasing
the cost of the compu ation. When specifying the refinement and unrefinement
thresholds, one should have in mind the desired accuracy relative to the accuracy
of the initial solution, as well as the importance of the mesh quality. It has been
shown that the cells imtially removed through unrefinement were re-introduced in
the next level of refinement. This is typical for a large number of refinement lev-
els on smoothly changing solutions and should be avoided, as it causes a potential
reduction of the mesh qu lity.

The performance of the adaptive pr cedure in laminar flows is critically depen-

dent on the quality of the refined mesh. An adaptive mesh generation able to create
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smoothly graded meshes with low non-orthogonality is expected to perform consid-
erably better than the proposed local mesh refinement algorithm in terms of error
reduction. As an automatic mesh generator with such properties is not available,
the only alternative is to limit the refinement to a modest number of embedded
levels. This conclusion is, however, somewhat influenced by the typical error levels
in the solution, which are of the order of 0.5 % or less. If the flow structures were
more complex, the adaptive procedure would perform considerably better. On the
other hand, the mesh resolution needed to produce the “exact numerical” solution
would also be considerably higher and it would be impossible to judge the accuracy

of the error estimates.

6.3.2 Turbulent Flow

The complexity of turbulent flows presents an even more challenging problem for
both error estimation and adaptive refinement. In this test case, the non-linear
k — € turbulence model by Shih et al. [123] is used to simulate the turbulent flow
over a hill. In order to preserve boundedness in the k and ¢ transport equations,
the Gamma differencing scheme is used. Since the velocity is not a bounded prop-
erty, the convection term in the momentum equation is discretised using Central
Differencing.

The fields of velocity, turbulent kinetic energy and its dissipation for the mesh
with 2044 CV-s are shown in Figs. 6.59, 6.60 and 6.61. The main feature of the flow
is the recirculation bubble behind the hill, with high gradients in all fields. As in
the case of laminar flow, high velocity gradients also occur near the summit, due to
the acceleration of the flow and the compression of the boundary layer. For this test
case, the measured inlet velocity profile does not correspond to the fully developed
turbulent duct flow. The developing boundary layer along the top wall can be seen
in the k field, Fig. 6.60. It is interesting to note the local peak in € at the detachment
point on the lee slope of the hill and its rapid variation close to the wall around the
reattachment point.

Figs. 6.59, 6.60 and 6.61 illustrate that every variable of the coupled system
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requires high resolution in a different part of the domain.

At this point, it is necessary to examine the interaction between error estimation
and the treatment of the wall used in this calculation. The near-wall region of high
gradients is bridged by the wall-functions, which creates an additional term in the
momentum equation in order to compensate for the increased shear stress at the wall.
The additional drag is treated as a change in the effective viscosity at the “wall face”,
carrying the difference between the assumed linear and the logarithmic velocity
profile between the cell centre and the wall. For the & and e transport equations, the
situation is somewhat different: wall-functions use the local equilibrium assumption

and prescribe the generation of k£ and the value of € in the near-wall cell.

Each of the error estimates reacts differently to the wall treatment. In the mo-
mentum equation, the Direct Taylor Series and Residual Error estimates recognise
the high velocity gradients in near-wall cells and report high local errors. Both of
these error estimates use the local velocity gradient and cannot fully recognise the
wall-function modification. Although it is not clear how to judge the accuracy of
the velocity in the near-wall cell, having in mind that it compensates for the prox-
imity of the wall, the estimated error can still be useful. The error estimates take
into account the bulk of the low when estimating the error and therefore offer the
information on the “relative inaccuracy” of the wall-function treatment along the

wall.

Error estimation for the & transport equation does not require any modification:
wall-functions introduce a near-wall generation term which does not require any
special treatment.

The estimation of the error in € needs to compensate for the fact that the wall-
function treatment prescribes the value of € in the near-wall cell. This value is
not consistent with the solution of the € equation in the bulk of the domain and
the err r in the near-wall cell is therefore considered to be zero. The near-wall €
interacts with the rest of the domain through the transport terms of the ¢ equation,
causing high gradients near to the wall. In spite of the near-wall treatment, the

original formulation of the error estimates is still valid in the bulk of the flow
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Figure 6.59: Turbulent flow over a 2-D hill: velocity field, uniform mesh, 2044 CV.
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Figure 6.60: Turbulent flow over a 2-D hill: turbulent kinetic energy field, uniform
mesh, 2044 CV.

Figure 6.61: Turbulent flow over a 2-D hill: dissipation of turbulent kinetic energy,
uniform mesh, 2044 CV.
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Figure 6.62: Turbulent flow over a 2-D hill: Direct Taylor Series Error estimate for
velocity, uniform mesh, 2044 CV.
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Figure 6.63: Turbulent flow over a 2-D hill: Moment Error estimate for velocity, uniform
mesh, 2044 CV.
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Figure 6.64: Turbulent flow over a 2-D hill: Residual Error estimate for velocity, uniform
mesh, 2044 CV.
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Figure 6.65: Turbulent flow over a 2-D hill: Direct Taylor Series Error estimate for k,
uniform mesh, 2044 CV.
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Figure 6.66: Turbulent flow over a 2-D hill: Moment Error estimate for k, uniform
mesh, 2044 CV.
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Figure 6.67: Turbulent flow over a 2-D hill: Residual Error estimate for k, uniform
mesh, 2044 CV.
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Figure 6.68: Turbulent flow over a 2-D hill: Direct Taylor Series Error estimate for e,
uniform mesh, 2044 CV.
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Figure 6.69: flow over a 2-D hill: Moment Error estimate for €, uniform mesh, 2044 CV.
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Figure 6.70: Turbulent flow over a 2-D hill: Residual Error estimate for €, uniform
mesh, 2044 CV.
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It is possible to establish the level of the modelling error for the wall-functions,
based on the value of y*. In spite of the fact that wall-functions are in principle
able to cover the whole range of y*, from the laminar sublayer to the log-law layer,
it is well-known that they produce the best results for 50 < y* < 100. The estimate
of the near-wall accuracy and consequently the refinement criterion can therefore be

based on y* condition.

Figs. 6.62, 6.63 and 6.64 present the distribution of the Direct Taylor Series,
Moment and Residual Error estimates for the velocity field. The error estimates
highlight several regions of high error: the windward slope of the hill, the point of
flow detachment on the lee slope and the recirculation bubble. The Direct Taylor
Series Error estimate does not pick up the high error around detachment. Here, the
complex flow field creates a rapid variation in both the magnitude and the direction
of the velocity. The actual velocity magnitude is relatively small and the mesh is
too coarse to detect the local peak in the second gradient of the velocity used to
estimate the error. As the mesh becomes finer, the second gradient calculated on the
discrete mesh becomes closer to its exact value, resulting in a more accurate error
estimation. This is visible in the scaling of the maximum error with the number of
cells for uniform refinement, which will be shown later. On the windward slope, the
compression of the boundary layer increases the second velocity gradient, resulting
in the high local error. Here, the flow is aligned with the mesh and does not change
direction, making it easier to resolve the second velocity gradient. The Moment and
Residual Error estimate recognise both the compression of the boundary layer and

the detachment point as the regions of the high error.

The variation in the accuracy of the solution near the wall can be seen in
Fig. 6.64. The error in the near-wall cell downstream from the hill shows the de-
pendence on the velocity magnitude. If the local velocity is low (just behind the
hill or at the reattachment point), the error is smaller. The Moment Error estimate
Fig. 6.63, on the other hand, recognises the modified viscosity on the wall face, thus
giving a different picture of the relative importance of the near-wall error to the rest

of the domain.
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Figs. 6.65, 6.66 and 6.67 show the estimated error distribution in k around the hill
for the Direct Taylor Series, Moment and Residual Error estimate. High errors are
detected just downstream from the detachment point, where high shear causes high
generation of k. The second region of high error is associated with the reattachment
point, where € varies rapidly. The Direct Taylor Series Error estimate Fig. 6.65),
places the error more towards the middle of the vortex as a consequence of the
inaccurate evaluation of the second gradient close to the boundary.

Error estimates for ¢ are presented in Figs. 6.68, 6.69 and 6.70. The principle
error source is associated with high gradients around and just downstream of the
detachment point (see Fig. 6.61) and are highlighted by all methods. The Residual
Error estimate also highlights the reattachment region, characterised by the rapidly
varying e.

Figs. 6.71, 6.72 and 6.73 show the distribution of the estimated error norm
for velocity, turbulent kinetic energy and its dissipation. The high error is again
concentrated in several points around the hill summit. Error norms for k£ and ¢
detect the peak error around the detachment and reattachment points behind the
hill.

The complexity of the mathematical model for turbulent flows does not allow us
to create a numerical solution on a very fine mesh and treat it as a good approxi-
mation of the exact solution. This is partly due to the high gradients in turbulence
properties requiring a very fine mesh and partly to the irreducible error introduced
by the wall-functions. The applicability of wall-function in terms of the y* condi-
tion limits the minimum size of the cell near the wall, thus limiting the reduction of
the discretisation error. This can be avoided if a low-Re turbulence model is used
(eg. Launder and Sharma [76] . The change in the turbulence model, however, also
changes the modelling error, as a result of which the two solutions cannot be com-
pared directly. The ac uracy of error estimation in the present case will theref re be

judged only by comparing the different error estimates and their scaling properties.

The scaling of the estimated mean and maximum error for the velocity is given in
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Figure 6.71: Turbulent flow over a 2-D hill: estimated error norm for velocity, uniform
mesh, 2044 CV.
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Figure 6.72: Turbulent flow over a 2-D hill: estimated error norm for k, uniform mesh,
2044 CV.
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Figure 6.73: Turbulent flow over a 2-D hill: estimated error norm for ¢, uniform mesh,
2044 CV.
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Figure 6.74: Turbulent flow over a 2-D hill: scaling of the mean velocity error for

uniform refinement.
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Figure 6.75: Turbule t flow over a 2-D hill: scaling of the maximum velocity error for

uniform refinement.
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Figure 6.76: Turbulent flow over a 2-D hill: scaling of the mean error in k for umform

refinement.
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uniform refinement.
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Figure 6.78: Turbulent flow over a 2-D hill: scaling of the mean error in ¢ for uniform

refinement.
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Figure 6.79: Turbulent fl w over a 2 D hill: scaling of the maximum error in ¢ for

uniform refinement.
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Figs. 6.74 and 6.75. If it is assumed that the Moment and Residual Error estimates
bound the exact error, as was previously the case, the mean velocity error for the
mesh with 2044 CV-s can be estimated to 0.02m/s or 1 % of the centreline velocity.
Fig. 6.75 contains two graphs for the Residual Error estimate, with and without
the values at the near-wall cells. If the near-wall cells are excluded, the Residual
and Moment Error estimates follow the same path. The Direct Taylor Series Error
estimate shows a peculiarity: as the number of cells increases, the maximum error
also increases, bringing the error estimate into close agreement with the other two
methods. As mentioned earlier, this is a consequence of the more accurate evaluation
of the second velocity gradient. After 3 levels of uniform refinement the maximum
error has been reduced only by about 50 %. Further refinement decreases the near-
wall y* below the recommended range, causing higher modelling errors. A similar
behaviour can be seen in the scaling of estimated errors in turbulent kinetic energy,
Figs. 6.76 and 6.77. The maximum error remains virtually unchanged through the
whole refinement procedure. The Moment and Residual Error estimates are very
close to each other, both in the mean and maximum value. The Direct Taylor Series

Error estimates predicts lower error levels.

The change of the mean and maximum error in € shown in Figs. 6.78 and 6.79
gives a very different picture of the solution accuracy. Not only does the reduction
of the mean error appear to be very slow, but the maximum error actually increases
with refinement. It should be noted that the near-wall cell has been excluded from
all error estimates, consistent with the wall-function treatment. Fig. 6.61 shows the
high local peak in € at the point of detachment on the lee slope. On the mesh with
2044 CV-s, this peak is resolved over a single cell. As the mesh becomes finer, the
magnitude of € increases. Even on the finest mesh, the peak in € is only one cell
wide. As a result of this behaviour, the maximum error (Fig. 6.79) actually increases

with mesh refinement.

It can be concluded that the wall-function treatment carries an irreducible error
caused in two ways. Firstly, the details of the near-wall flow are not resolved un-

less the y* condition is violated. If that is the case, wall-functions do not enforce
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the logarithmic near-wall velocity profile and high-Re turbulence models produce
incorrect behaviour of the turbulence properties in the low-Re region near the wall,
resulting in high modelling errors (see eg. Patel et al. [108]). If, on the other hand,
the y* condition is obeyed, it limits the cell size near the wall, thus fixing the level
of the discretisation error.

In the adaptive calculations, the combination of the Moment Error estimate for
the velocity and the Residual Error estimate for k has been used. The y* values
in near-wall cells are not allowed to drop below 50, by explicitly excluding the
cells from refinement parallel with the wall. It is, however, still allowed to split
the near-wall cells in a way that does not violate the y* condition. The laminar
adaptive calculation implies that the major factor influencing the mesh quality is
the unrefinement procedure. Having in mind that the typical error distribution in
turbulent calculations contains high local error peaks, the refinement /unrefinement

parameters for this calculations have been set to:

Are = 1.8
Aunref =0.2
£=06

The first set of results is obtained by refining the initial uniform mesh with
2044 CV-s. The mesh changes in the first three levels of refinement are shown in
Figs. 6.80, 6.81 and 6 82. The changes in the Moment Error estimate for velocity
through the levels of refinement can be followed in Figs. 6.83, 6.84 and 6.85, with the
estimated error in £ in Figs. 6.86, 6.87 and 6.88. The error reduction shows a very
different behaviour than in the case of laminar flow. The first level of refinement
reduces the error magnitude, but the maximum error remains at the same place,
just downstream from the summit. In the second level of refinement, the error peak
1s m ved to the near-wall cell, with only a slight change in its magnitude. This cell
is consequently blocked from further refinement on the basis of the y* condition.
Further adaptive mesh changes are unable to cause any change in the maximum

€error.
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Figure 6.80: Turbulent flow over a 2-D hill: mesh after the first level of refinement.
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Figure 6.81: Turbulent flow over a 2-D hill: mesh after the second level of refinement.
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Figure 6.82: Turbulent flow over a 2 D hill: mesh after the third level of refinement.
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Figure 6.83: Turbulent flow over a 2-D hill: Moment Error estimate for velocity after
the first level of adaptive refinement.
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Figure 6.84: Turbulent flow over a 2-D hill: Moment Error estimate for velocity after
the second level of adaptive refinement.
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Figure 6.85: Turbulent flow over a 2-D hill: Moment Error for velocity estimate after
the third level of adaptive refinement.



6.3 Laminar and Turbulent Flow Over a 2-D Hill

Figure 6.86: Turbulent flow over a 2-D hill: Residual Error estimate after the first level
of adaptive refinement.
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Figure 6.87: Turbulent flow over a 2-D hill: Residual Error estimate after the second
level of adaptive refinement.
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Figure 6.88: Turbulent flow over a 2-D hill: Residual Error estimate after the third
level of adaptive refinement.
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The error reduction for the turbulent kinetic energy is somewhat more favourable,
as it is initially possible to improve the mesh resolution without trapping the max-
imum error near the wall. The initial region of high error is located around the
reattachment point (see Fig. 6.67) and is removed with the additional resolution.
In the third refinement level, Fig. 6.88, the maximum error is eventually trapped in

the near-wall cell on the lee slope of the hill and cannot be further reduced.

Figure 6.89: Turbulent flow over a 2-D hill: second level of refinement-only from the

fine mesh.
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Figure 6.90: Turbulent flow over a 2-D hill: second level of refinement/unrefinement
from the fine mesh.

It is also interesting to follow the behaviour of the local peak in the distribution
of € through mesh refinement. The coarse mesh shows the high ¢ in the near-wall
cell. As the refinement progresses, the peak remains in the near-wall cell, rapidly
increasing in magnitude. Even after four levels of refinements it is still resolved over
only a single cell, raising doubts about the interaction between the wall-functions
and the formulation of the € equation used in the turbulence model. The gradient of e

therefore rises as the mesh resolution improves, causing an increase in the maximum
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error similar to the one in the case of uniform refinement (see Fig. 6.79).

The refinement-only and refinement/unrefinement calculations for this test case
have been performed starting from the uniform mesh with 8584 CV-s. Turbulent
flows show a much larger difference between the mean and maximum error than
was the case in laminar flows, thus opening a potential for the use of unrefinement.
Figs. 6.89 and 6.90 show the meshes obtained after two levels of refinement-only
and refinement/unrefinement. The additional cells are again concentrated around
the summit of the hill and in the recirculation region. In the middle of the duct, the
profiles of velocity, k and e are flat, the local error is low and the unrefinement can
successfully remove the unnecessary cells. The lower quality of the unrefined mesh
does not play an important role: the peak error is still associated with the very thin
boundary layers, particularly around the summit of the hill. In spite of the fact
that the initial mesh was graded towards the wall, the refinement procedure tends
to introduce considerably more resolution than was originally the case.

One of the unwritten rules of the “manual” mesh generation for turbulent flows
is that the long and thin cells are appropriate close to the wall, as they provide
sufficiently good resolution for the high velocity gradients normal to the wall and do
not impose unnecessary resolution along the wall?2. This approach is only partially
appropriate for detached flows: around the detachment and reattachment points,
the velocity gradient is high not only normal to the wall, but also parallel to it. For
good accuracy, it is necessary to provide sufficient resolution in both directions. The
adaptive procedure satisfies this condition by splitting the affected cells into four.
If the flow is attached, the directionality of the mesh is preserved, thus preventing
unnecessary overheads.

The Moment Error estimate for the velocity and the Residual Error estimate for
k, Figs. 6.91 and 6.92, show a similar distribution as in the case of refinement-only
from the coarse initial mesh. The peak error is again trapped in the near-wall cell,
out of reach of the adaptive refinement procedure. The estimated error levels are

slightly higher, but the irreducible error from the wall-functions still exists.

2Such an approach has been used to create the initial mesh for the hill, shown in Fig. 6.31.
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Figure 6.91: Turbulent flow over a 2-D hill: Moment Error estimate for velocity after
two levels of refinement/unrefinement.

0.000 0.001 0.002 0.003 0.004 0. 0.008  0.007

Figure 6.92: Turbulent flow over a 2-D hill: Residual Error estimate for k after two
levels of refinement /unrefinement.
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Let us finally examine the error reduction rate for the different methods of adap-
tive refinement. The scaling of the maximum value for the Moment Error estimate
for velocity, with and without the near-wall cells is given in Figs. 6.93 and 6.94. If
the near-wall cells are included, the error in velocity actually increases with mesh
refinement. The high resolution of the adaptively refined mesh picks up the rapid
variation of the velocity around the detachment point, but the error cannot be fur-
ther reduced because of the y* condition. When the near-wall cells are excluded
(both in uniform and adaptive refinement), the adaptive calculation shows its su-
periority. The error reduction is faster if the refinement starts from the fine initial
mesh. The benefit of unrefinement can also be seen: the refinement/unrefinement
graph moves the points in the refinement-only curve towards the lower number of

cells.

The Moment and Residual Error estimates for k are shown in Figs. 6.95 and 6.96.
The Moment Error estimate shows a very slight error reduction with the refinement,
whereas the maximum Residual Error increases, bringing the two estimates into close

agreement.

In terms of the maximum error reduction, the adaptive algorithm shows no
significant advantage over uniform refinement. The apparent increase in the error
is a consequence of the finer mesh resolution normal to the wall, especially around
the detachment point. It should also be mentioned that the final level of uniform
refinement (34336 CV-s) violates the y* condition on some parts of the lower wall,
causing a change in the wall-function treatment from the log-law to the laminar
sublayer regime. The discretisation error therefore seems to be somewhat smaller,

but a modelling error has been introduced instead.

The performance of the adaptive procedure can also be measured in terms of its
influence on the solution accuracy. For this purpose, two uniform mesh solutions
(2044 and 34336 CV-s) will be compared with the results of the adaptive procedure
starting from the coarse initial mesh (2044 CV). The presented results show the
distribution of the z-component of the velocity and the turbulent kinetic energy at

z=0and x =0.134m.
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Figure 6.93: Turbulent flow over a 2-D hill: scaling of the maximum Moment Error for

velocity for different types of refinement.
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Figure 6.94: Turbulent flow over a 2-D hill: scaling of the maximum Moment Error for

velocity without the near-wall ells for different types of refinement.
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Figure 6.95: Turbulent flow over a 2-D hill: scaling of the maximum Moment Error for

k for different types of refinement.
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Figure 6.96: Turbulent flow over a 2-D hill: scaling of the maximum Residual Error for
k for different types of refinement.
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Figure 6.97: Turbulent flow over a 2-D hill: velocity distribution at z = 0 for uniform

meshes.
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Figure 6.98: Turbulent flow over a 2-D hill: velocity distribution at £ = 0, first level of

refinement.
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Figure 6.99: Turbulent fl w over a 2 D hill: ve ocity distribution at  — 0, sec nd level

f refinem nt.
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Figure 6.100: Turbulent flow over a 2-D hill: velocity distribution at z = 134 for

uniform meshes.
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Figure 6.101: Turbulent flow over a 2-D hill: velocity distribution at z = 134, first level

of refinement.
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Figure 6.102: Turbulent flow over a 2-D hill: velocity distribution at z = 134, second

level of refinement.
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Figure 6.103: Turbulent flow over a 2-D hill: distribution of k at £ = 0 for uniform

meshes.
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Figure 6.104: Turbulent flow over a 2-D hill: distribution of £ at £ = 0, first level of

refinement.
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Figure 6.105: Turbulent flow over a 2-D hill* distribution of k at z = 0, se ond level of

refinemen
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Figure 6.106: Turbulent flow over a 2-D hill: distribution of k at z = 134 for uniform

meshes.
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Figure 6.107: Turbulent low over a 2-D hill: distribution of k at z = 134, first level of

refinement.

0.2

0.0 0.02 0.04 0196 0.08 0.1 0.12

Figure 6.108: Turbulent flow over a 2-D hill: distribution of k at z = 134, second level

of refinement.
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For reference, the difference between the two velocity fields from the uniform
meshes is given in Figs. 6.97 and 6.100. The influence of the mesh resolution is
clearly visible in both graphs, particularly close to the lower wall. It can also be
seen that the flow on the finer mesh is already attached at x = 0.134 m (Fig. 6.100 ,
whereas the coarse mesh solution still predicts flow recirculation. Figs. 6.98, 6.99,
6.101 and 6.102 follow the development of the solution in the first two levels of
refinement for both locations. The positions of cell centres for the adaptively refined
meshes are marked with squares. After the first refinement level, the refined mesh
consists of 2910 CV-s, with the second level of refinement increasing the number of
cells to 4564. It can be seen that the adaptive solution becomes closer to the fine
mesh solution in the first level of refinement, with the difference between the two

becoming negligible after only two refinement levels.

The distribution of k on the selected locations for two uniform meshes is given
in Figs. 6.103 and 6.106. The differences are again considerable, particularly at
z = 0.134m. The adaptive procedure, Figs. 6.104, 6.105, 6.107 and 6.108, again
rapidly improves the quality of the solution. The resolution of the sharp profile of
k at x = 0.134m (Figs. 6.107 and 6.108) seems to have a very strong influence on
the length of the recirculation bubble.

The above example clearly shows that the proposed local refinement algorithm
makes it possible to create a solution which is for all practical purposes as accurate

as the fine mesh solution on the mesh with a much smaller number of cells.

The alternative to the troublesome wall-functions in the treatment of the wall
is the integration all the way to the wall with the use of a low-Reynolds-number
turbulence model. A wide variety of extensions for the k — ¢ family of two-equation
models exists in the literature (eg. Lam and Bremhorst [74], Launder and Sharma
[76], Chien, [29] etc.). These models reproduce the correct near-wall behaviour of k
and € and no longer limit the refinement close to the wall. The application of a low-
Re model, however, introduces a different set of problems. If the rapid variation of
k and € near the wall is to be resolved, the mesh in that region needs to be very fine

indeed, with the first cell falling into the region of y* ~ 0.1 (Leschziner [86] . An
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example of such a mesh around the hill is shown in Fig. 6.109. This mesh has been
used in conjunction with the low-Re turbulence model by Launder and Sharma [76]
to produce the velocity field shown in Fig. 6.110. A closer look at the velocity field
close to the hill reveals the difficulty: on the windward slope, the boundary layer is
compressed so hard that even this mesh cannot accurately resolve the high velocity
gradient. Instead of reducing the error, the attempt to resolve the boundary layer
close to the summit of the hill makes the problem more difficult. All error estimates
recognise this point as the highest error source. As the wall-functions are not in
use, the error estimates can be used without any modification. As the boundary
layer thickness increases, the low-Re approach resolves the velocity profile more
accurately. The accuracy of the solution in terms of modelling errors is considered
to be better, particularly around flow detachment and reattachment.

Figure 6.109: Turbulent flow over a 2-D hill: uniform mesh for the low-Re calculation.

000 033 067 100 133 166 200 233 266 300 333

Figure 6.110: Turbulent flow over a 2-D hill: velocity field for the low-Re turbulence
model.
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If it were possible to decrease the high error peak close to the summit of the
hill, the cost associated with the use of the low-Re model could be considered ac-
ceptable. For this purpose, the refinement-only procedure starting from the mesh
shown in Fig. 6.109 is used. The initial mesh consists of 13320 CV-s with strong
grading towards the wall. The y* value in the near-wall cell is of the order of 0.1.
The method of error estimation and the refinement parameters are kept the same as
in previous calculations. After three levels of refinement, the mesh consists of 38076
CV-s. According to the error estimates, even this mesh is too coarse to resolve the
compressed boundary layer at the windward side of the hill. Figs. 6.111, 6.112 and

6.113 show the change in the estimated maximum error with refinement. The be-
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Figure 6.111: Turbulent flow over a 2 D hill: maximum error reduction for velocity

with adaptive refinement and the low-Re turbulence model.

haviour of the estimates is slightly different than before. For the maximum velocity
error, the Moment and Direct Taylor Series Error estimates agree closely and show
that the error levels off after two refinement levels. The mesh is now fine enough to
start resolving the strongly compressed boundary layer close to the summit of the
hill. The Residual Error estimate still shows an increase in the error, but comes to
a closer agreement with other two error estimates. Only the final level of refinement

actually decreases the error. This is, however associated with a large increase in the
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number of cells. The majority of cells added in the adaptive procedure are placed in
the near-wall region. The “l-irregularity” condition imposed to preserve the mesh
quality pushes the number of cells in the final refinement level up to 165470, consid-
erably increasing the cost of the calculation. The result is still impressive: all error

estimates on all fields report a drop in the maximum error.

The changes of the maximum error in k and € are somewhat more favourable.
After an initial jump in the first level of refinement, the error consistently decreases.
The decrease is not uniform, as the position of the error peak changes as the reso-

lution around its previous position becomes better.

This test case allows us to draw several conclusions about the compatibility
between local mesh refinement and turbulent flow calculations. The performance of
the adaptive algorithm in terms of error reduction is worse than in the case of laminar
flows, primarily as a result of the more complicated mathematical model. The major
source of difficulties is near the wall, where all fields vary very rapidly. If this region
is effectively “bridged” by the wall-functions, the limits on their applicability in
terms of modelling errors introduce a limitation on the minimum cell size. When
the adaptive procedure moves the maximum error into the near-wall cell, it cannot
be reduced any further. Mesh adaptivity, however, does improve the accuracy away
from the wall and offers better resolution normal to the wall, which is of particular

importance around the detachment and reattachment point.

An alternative wall treatment in turbulent calculations is the use of a low-Re
turbulence model with integration all the way down to the wall. This approach
requires much higher near-wall resolution, with the first cell falling well into the
laminar sublayer. A low-Re model does not limit the adaptive procedure in any way,
thus allowing a considerable improvement in accuracy. It should, however, be kept
in mind that the rapid near-wall variation requires a very fine mesh and even with
an adaptive procedure the necessary number of cells will be much higher than for
the wall-function treatment. The peak error still remains near the wall. A potential
for better near-wall accuracy can be possibly found in alternative formulations of

the two-equation turbulence models, with the turbulence variables that vary linearly
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Figure 6.112: Turbulent flow over a 2-D hill: maximum error reduction for k with

adaptive refinement and the low-Re turbulence model.
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adaptive refinement and the low-Re turbulence model.
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in near the wall, such as the ¢ — { two equation model by Gibson and Dafa’Alla

[51, 34].

6.4 Turbulent Flow over a 3-D Swept

Backward-Facing Step

The swept backward-facing step test case demonstrates the performance of the local

mesh refinement algorithm on a three-dimensional situation. The setup of the case

A

_.»

— &E»' computational domain J

" 1) 20H
45 15H

—» |10mHi ! %

—— e — ——t — ——— — e e i — — —— —] e e — e —
| | |

_>

— .';

U, X

— — ¥

A
_>
U,
—
_>
20H
—
24H
— d -
* '
—
, ‘ s
22222228 |8 J* y
_>

S5 EE AN A EERE AR R AR EANARANANANANANNANANANANNNNNNNN
Figure 6.114: 3-D swept backward facing step: test setup.
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consists of an obstacle with a blunt leading edge and a triangular back mounted on
a plate inside the channel, Fig. 6.114.

The height of the step is H = 0.04m. The flow in this geometry has been
experimentally investigated by LeHuuNho and Béguier [80], using visualisation and
Laser-Doppler Anemometry (LDA) in a water channel at Re = 3000 and a rotating
hot-wire probe in the wind-tunnel at Re = 60000. At high Reynolds number, a
vortex is formed behind the upstream corner of the step from the rolling of separating
shear layers (Moinat and Lesieur [96]). The vortex follows the step and is eventually
straightened by the side stream at the other side of the step.

Calculations for the same geometry on Re = 60000 have been done by Moinat
and Lesieur [96] using Large Eddy Simulation (LES) with the Structure function
sub-grid scale turbulence m.odel (Métais and Lesieur [94]) and the standard k — €
mode] with wall-functions.

In order to provide a reasonable mesh resolution around the vortex, the com-
putational domain covers only a small region around and behind the step, marked
in Fig. 6.114. The inlet boundary is positioned downstream of the leading edge,
thus avoiding the modelling problems related to the laminar separation and tran-
sition to turbulence. Unfortunately, no experimental data is available upstream of
the triangular part of the obstacle. Following Moinat and Lesieur [96], the velocity
distribution at the inlet is prescribed as a 1/7 power-law profile with a boundary
layer thickness of § = 0.3 H in the z-direction. The other two velocity components
are set to zero. On the top surface and the sides of the computational domain, a
symmetrv plane boundary condition is specified. The free-stream velocity is set to
22.5m s, corresponding to the measured wind-tunnel conditions.

The turbulence model selected for this calculation is again the non-linear version
of the k ¢ model by Shih {123] with wall-functions. The turbulent kinetic energy
and its dissipation at the 1nl t are prescribed to be in equilibrium with the velocity
field.

The flow field is particularlv complex around the corner of the triangular part,

where the v rtex is created Previous calculations suggest that the mesh required to
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Figure 6.115: 3-D swept backward-facing step: coarse uniform mesh, 16625 CV.
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properly resolve such a situation would contain around 1 million cells, which exceeds
the computer resources available for this study. In an industrial environment it
is also often necessary to resolve the flows which are even more complicated on
relatively coarse meshes. This test case can provide an example of the benefits that
can be obtained from an adaptive algorithm in such a situation.

The uniform mesh calculations are made on two meshes, with 16625 and 133000
CV-s. The mesh, shown in Fig. 6.115, is slightly graded towards the step and the
solid walls.

The stream ribbons in Figs. 6.116 and 6.117 are used to visualise the main
features of the flow. In Fig. 6.116 the ribbons are released just above the obstacle
and are trapped by the vortex. Their colour represents the local velocity magnitude
and their width changes with the magnitude of the vorticity. A single ribbon shown
in Fig. 6.117 is released next to the corner of the triangular part and follows the
vortex from its creation. The vortex can also be seen in the velocity distribution in
the z — 2z plane on three levels, Figs. 6.118, 6.119 and 6.120. The under-resolved
region at the corner of the triangular part in Fig. 6.118 gives an indication of a
rapidly changing three-dimensional flow structure over the height of the step. The
same conclusion can be reached from the rapid variation of the surface pressure at
the same point, shown in Fig. 6.121.

The internal structure of the vortex can be easily seen in the near-surface distri-
bution and the iso-surface of turbulent kinetic energy, Figs. 6.122 and 6.123.

Overall, the gradients in the solution are high for all fields close to the step, with
the solution becoming smoother further downstream. It can therefore be expected
that the principal error sources will be found along the edge of the step, particularly
at the corner of the triangular part.

In the previous test cases error estimation results obtained from the Moment
and Residual Error estimates sh wed g od agreement, with the Direct Taylor Series
estimate consistently underpredicting the error levels. The exact solution for this
test case is again not available and the quality of the estimated error distribution

will be judged by comparing the two estimation methods.
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Figure 6.117: 3-D swept backward-facing step: stream ribbon in the vortex.
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Figure 6.119: 3-D swept backward-facing step: velocity field cut, y/H = 0.5.
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Figure 6.121: 3-D swept backward-facing step: surface pressure.
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6.122: 3-D swept backward-facing step: near-surface k distribution.

3-D swept backward-facing step: k iso-surface.

Figure 6.123:
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The Moment and Residual Error estimates for the velocity field, turbulent kinetic
energy and its dissipation are shown in Figs. 6.124, 6.125, 6.126, 6.127, 6.128 and
6.129. The iso-surface level is the same for both error estimates and is given in
Table 6.4. The reference value in the table can be used as an indication of the

typical magnitude of the variables.

Field || Reference level || Estimated max error " Error iso-surface level
U || Up=22.5m/s 4dm/fs 0.4m/s
k k = 1.5m?/s? 1.5m?/s? 0.4m?/s?
€ 200 m?/s3 150 m?/s3 50m?/s®

Table 6.4: 3-D swept backward-facing step: iso-surface level for the Moment and Resid-

ual Error estimates.

In the first instance, a close agreement in the error distribution between the two
error estimates can be seen for all three fields.

The Moment and Residual Error estimates for velocity highlight several error
sources. The highest error is created at the corner of the triangular part, particularly
at the bottom of the step. Comparing the error distribution with the velocity
cuts (Figs. 6.118, 6.119 and 6.120), the existence of high velocity gradients at the
corner of the step is confirmed. Another source of error exists at the downstream
edge of the triangle, where the relatively fast side-stream interacts with the vortex.
High errors also exist in the zone of high shear behind the top edge of the step.
Apart from the above error sources recognised by both error estimates, the Moment
Error estimate also highlights several small detached points of high error above the
step and downstream from its corner. A look at the mesh structure, Fig. 6.115,
reveals that this error originates from the interaction of the mesh skewness and
non-orthogonality and high velocity gradients. If the field changes smoothly, the
mesh-induced errors are low irrespective of the quality of the mesh.

A similar distribution of the error sources can be seen in the error estimates for

the turbulent kinetic energy, shown in Figs. 6.126 and 6.127. Here, the influence of
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Figure 6.124: 3-D swept backward-facing step: Moment Error estimate for velocity.

Figure 6.125: 3-D swept backward-facing step: Residual Error estimate for velocity.
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Figure 6.126: 3-D swept backward-facing step: Moment Error estimate for k.

Figure 6.127: 3-D swept backward-facing step: Residual Error estimate for k.
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Figure 6.128: 3-D swept backward-facing step: Moment Error estimate for e.

Figure 6.129: 3-D swept backward-facing step: Residual Error estimate for .
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the mesh quality on the accuracy of the solution can be seen even more clearly. The
Moment Error estimate shows the “patchy” error distribution spreading behind
the edge of the triangular part, decreasing in size as the k distribution becomes
smoother. The error is again high along the top of the step and at the corners of
the triangle. The Moment Error estimate also follows the early part of the vortex,
where the generation of k is high. The Residual Error estimate predicts the lower
magnitude of the error at the upstream corner relative to the Moment Error estimate,
creating a slight discrepancy between the estimates.

Error estimates for € are shown in Figs. 6.128 and 6.129. Apart from the high
error levels along the edge of the step, both the Moment and Residual Error estimate
detect an additional error source further downstream. The origin of this can be
explained using similar calculations in two spatial dimensions. The main feature of
the e distribution in the backward-facing step geometries is a long and narrow region
of high dissipation just behind the edge of the step, characterised by high gradients
in €. The width of this feature is of the order of 0.2 H, which means that the mesh
with 133000 CV-s resolves it over approximately three cells. This is clearly not good
enough to resolve the high gradients in ¢ and causes high local errors.

Two refinement strategies will now be used: refinement-only from the initial
mesh with 16625 CV-s (Fig. 6.115) and refinement/unrefinement from the mesh
with 133000 CV-s. According to the error levels shown above, the uniform mesh
used for refinement/unrefinement is still not very fine. The potential benefit from
unrefinement will therefore be limited. A single level of mesh adaptation in this
calculation creates a mesh with 301496 CV-s, reaching the limit of the available

computer resources.

In order to demonstrate at least three levels of refinement without hitting the
limit of the available computer resources, the refinement-only calculation uses the

following refinement parameters:

/\ref =8
£=12
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The refinement /unrefinement uses the values recommended in Chapter 5:

Ares — 1.5
Ares = 0.5
£=12

In order to preserve the accuracy of wall-functions, the y* in the near-wall cell
is not allowed to drop below 50. The resolution of the initial mesh is so poor that
only one cell has been blocked from refinement for this reason during both adaptive
calculations.

The refinement patterns in 3-D extend behind the step all the way along its
width. In order to provide an insight into the mesh structure, a portion of the
domain close to the upstream edge of the triangle is selected. Error estimates
predict high errors around this corner, which will result in extensive mesh changes.

The uniform mesh around the corner of the step is shown in Fig. 6.130. The
height of the step is split into only seven control volumes, with the y* value for the
near-wall cell of the order of 500 or more. This mesh is only able to pick up the
basic features of the flow, without any hope of producing accurate results. The first
level of refinement. Fig. 6.131, doubles the number of cells over the height of the
step and provides considerably better resolution around the corner. The last two
cells at the top of the step have also been refined. The two consequent refinement
levels, Figs. 6.132 and 6.133, follow the same trend. After three levels of refinement,
the step height is divided into 46 CV-s, a considerable improvement in comparison
with the initial uniform mesh.

Table 6.5 gives the change in the number of cells through the levels of adaptive
refinement, giving the number of cells in the refined mesh as a percentage of the size
of the uniform mesh giving equivalent local resolution in regions of high error.

In rder t demonstrate the improvement in accuracy through the refinement
procedure, we shall f llow the changes in the error iso-surface on the four meshes.
Figs. 6.134, 6.135, 6 136 and 6.137 shows the iso-surface of 0.75m s in the Moment

Error estimate for velocity. Initially, the high error envelopes both corners of the
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Figure 6.130: 3-D swept backward-facing step: coarse uniform mesh at the corner of

the triangular part.
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Figure 6.131: 3-D swept backward-facing step: mesh detail after the first level of

refinement.
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Figure 6.132: 3-D swept backward-facing step: mesh detail after the second level of

refinement.
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Figure 6.133: 3-D swept backward-facing step: mesh detail after the third level of

refinement.
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Adaptive refinement | % ratio (| Uniform
16625 100 % 16625
27563 20.7 % || 133000
64003 6.01 % || 1064000
202957 2.38 % || 8512000

Table 6.5: 3-D swept backward-facing step: number of cells for adaptive and uniform

refinement starting from the coarse mesh.

triangle, also showing several points of high mesh-induced errors behind the step.
As the refinement progresses, the region of high error becomes smaller and closer to
the solid walls. The mesh-induced error is moved to the point where the refined part
interacts with the coarse mesh away from the step. In the final mesh, the Moment
Error estimate is high just at the tip of the triangle and close to the wall at the

upstream edge.

The changes in the Residual Error estimate for k£ are shown in Figs. 6.138, 6.139,
6.140 and 6.141, with the iso-surface of 0.35 m?/s. The error is initially high inside
the vortex, downstream from the step. As the refinement progresses, the error peak

moves closer to the wall and the top edge.

In terms of the maximum error reduction, neither uniform nor adaptive refine-
ment show the expected scaling. The change in the maximum error in velocity
for the adaptive calculation is shown in Fig. 6.142. All error estimates predict an
increase in its magnitude as the mesh becomes finer. The increase is highest in
the Direct Taylor Series Error estimate: as the mesh refinement picks up the new
features of the solution the second velocity gradient increases, pushing the error
estimate higher. The maximum error for the Residual Error estimate is given both
with and without the near-wall errors. The near-wall error is higher than for the
Moment Error estimate, as was the case for the turbulent flow over a hill. When the
near-wall cells are removed from the comparison, the Moment and Residual Error

estimates show a reasonable agreement. It is interesting to notice that in spite of
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Figure 6.134: 3-D swept backward-facing step: iso-surface of the Moment Error esti-
mate for velocity on the initial mesh.

Figure 6.135: 3-D swept backward-facing step: iso-surface of the Moment Error esti-
mate for velocity after the first level of refinement.
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Figure 6.136: 3-D swept backward-facing step: iso-surface of the Moment Error esti-
mate for velocity after the second level of refinement.

Figure 6.137: 3-D swept backward-facing step: iso-surface of the Moment Error esti-
mate for velocity after the third level of refinement.
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Figure 6.138: 3-D swept backward-facing step: iso-surface of the Residual Error esti-
mate for k on the initial mesh.

Figure 6.139: 3-D swept backward-facing step: iso-surface of the Residual Error esti-
mate for k after the first level of refinement.
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Figure 6.140: 3-D swept backward-facing step: iso-surface of the Residual Error esti-
mate for k after the second level of refinement.

Figure 6.141: 3-D swept backward-facing step: iso-surface of the Residual Error esti-
mate for k after the third level of refinement.
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Figure 6.142: 3-D swept backward-facing step: scaling of the maximum velocity error

for adaptive refinement.
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Figure 6.144: 3-D swept backward-facing step: scaling of the maximum velocity error

for uniform and adaptive refinement.

the sampling bias and the increase in the maximum error, the mean velocity error
(Fig. 6.143) drops according to all error estimates.

The difference in the error reduction for velocity between the uniform and adap-
tive refinement is given in Fig. 6.144 for the Moment and Residual Error estimates.
The first level of uniform and adaptive refinement create the same maximum errors.
As the adaptive procedure progresses, the maximum velocity error increases, giving
an indication of the insufficient resolution of both uniform meshes.

The change in the maximum error for k, shown in Fig. 6.146 is typical for adap-
tive calculations starting from very coarse meshes. Early stages of refinement reveal
previously invisible flow features, causing an increase in the error level. When the
mesh resolution becomes sufficient to pick up all the details of the flow, the max-
imum error starts to drop. The adaptive refinement gives a qualitative advantage
over the initial (uniform mesh) solution in spite of the fact that the maximum error
is higher. The cause behind the low initial error is a completely inappropriate mesh
resolution, which creates a wrong picture of the complexity of the flow field. The
adaptively refined mesh, on the other hand, resolves all the features of the flow. A

comparison of the error for uniform and adaptive refinement, Fig. 6.145, reveals that
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Figure 6.145: 3-D swept backward-facing step: scaling of the maximum k error for

uniform and adaptive refinement.
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adaptive refinement.
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Figure 6.147: 3-D swept backward-facing step: scaling of the maximum e error for

adaptive refinement.

the uniform procedure needs another two levels of refinement to start reducing the
maximum error in k. Such a mesh would consist of 8512000 CV-s, 42 times more
than the corresponding adaptively refined mesh.

The scaling of the maximum error for the proposed error estimates in the adap-
tive procedure is given in Fig. 6.147. Mesh adaptivity decreases the y* value in the
near-wall cell, resulting in an increase in the near-wall € levels. In spite of the fact
that the estimated error in this cell is set to zero, all error estimates show a rapid
increase in the maximum error. The error in this case comes from the fact that a
high ¢ near the wall induces high gradients towards the bulk of the flow, requiring
more mesh resolution. This error cannot be overcome in an appropriate way, as
€ and its near-wall gradients rise faster than the newly added mesh resolution can
resolve them.

The refinement-only and refinement /unrefinement calculations reach the limit of
the available computer resources after only a single level of mesh adaptation. As
the mesh with 133000 CV-s is still not appropriate in terms of resolution, the errors
behave in much the same way as in refinement-only from the coarse mesh. The mesh

size for both refinement-only and refinement/unrefinement are given in Table 6.6.
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Refinement | ¥ ratio || Refinement and | % ratio || Uniform
only unrefinement

133000 100 % 133000 100 % || 133000

323958 30.4 % 301496 28.3 % | 1064000

Table 6.6: 3-D swept backward-facing step: number of cells for refinement-only and

refinement /unrefinement starting from the fine mesh.

The benefit from unrefinement in this case is quite limited, because of the low initial

resolution and only a single refinement level.

In summary, this test case shows much the same behaviour as the other turbulent
test case presented in this Chapter. The error reduction is slow for both uniform and
aaaptive mesh refinement, with most of the problems caused by the treatment of the
wall. The mesh size necessary to appropriately resolve three-dimensional flows is
much larger than in 2-D. It can therefore be expected that in industrial applications
the user needs to relv on comparatively coarse meshes. In such situations, the
benefit of an adaptive procedure should be described more in terms of appropriate

resolution of the details of the solution than in the reduction of the error.

Considering the size of three-dimensional problems, the issue of efficiency of the
adaptive algorithm on vector and parallel computer architectures becomes impor-
tant. The error estimation methods presented in this study operate on a cell-by-cell
basis and therefore vectorise and parallelise naturally. The mesh refinement proce-
dure needs to be split into two parts. The first, selection of the type of the cell split
does not vectorise (it 1s based on non-vectorisable topological analysis), but can be
parallelised with the use of inter-processor face communication. The second part
includ s the actual creation of the new mesh and can again be paralleli ed with a
certain amount of eff rt. It would, however, be very difficult to automatically keep
the load balance within reasonable limits. The refinement in this study has there-
fore been performed in a single-processor mode, followed by the mesh decomposition

which produces perfect load balancing 1rrespective of the mesh structure.
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6.5 Vortex Shedding Behind a Cylinder

The final test case in this Chapter provides an insight into the properties of error
estimation and adaptivity in transient calculations. For this purpose, the laminar
shedding flow behind a cylinder in two spatial dimensions will be used. The test

setup consists of a cylinder with the radius r = 0.01 m in a channel, Fig. 6.148. The
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Figure 6.148: Vortex shedding behind a cylinder: test setup.
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Figure 6.149: Vortex shedding: uniform mesh.

inlet velocity is set to Up = 1m/s and with the kinematic viscosity of 5 x 1075 m?/s,
gives a Reynolds number of 400. On the top and bottom boundaries of the channel,
a symmetry plane boundary condition is used. The initial mesh consists of 8800
CV-s and is shown in Fig. 6.149.

This flow is characterised by the shedding of vortices behind the cylinder, which
can be seen in velocity and pressure fields in Figs. 6.150 and 6.151. The vortical
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Figure 6.152: Vortex shedding
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motion is also visible in the distribution of the enstrophy (magnitude of the curl of
the velocity), shown in Fig. 6.152.

In the first instance, the flow will be resolved on the same mesh with three tem-
poral discretisation schemes, namely the first-order Euler Implicit (EI) discretisation
and two second-order schemes: Backward Differencing in time (BD) and the Crank-
Nicholson (CN) method. The temporal changes will be followed in the variation
of the pressure in the point 0.05m downstream from the origin (see Fig. 6.148).
Initially, the time-step is set to 2 x 10 *s, giving a maximum Courant number of
0.4. The pressure traces for the three methods of temporal discretisation are given

in Fig. 6.153. The results for the two second-order accurate temporal discretisation

20 2f1 2.2

Figure 6.153: Vortex shedding: pressure trace for different methods of temporal dis-

cretisation.

methods are very close to each other, with the Euler Implicit discretisation showing
small discrepancies in both the pressure amplitudes and the length of the period.
The accumulation of the temporal error can be seen even on this slowly evolving
flows.

The Residual Error estimate for transient flows described in Section 4.7 will now

be used. The distribution of the full Residual Error estimate for this case is shown

3In this test case, a single pressure cycle is resolved over 200 time-steps.



358 Case Studies

in Fig. 6.154. The principle error source is located on the surface of the cylinder
and is caused by the high velocity gradients in the boundary layer. The error on
the windward side remains more or less constant in time. The other error peak is
associated with the point where the vortex is created. Here, the high error oscilla.t.m‘
between the top and bottom half of the cylinder, depending on the position of the

vortex.
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Figure 6.154: Vortex shedding: full Residual Error for EI on Co = 0.4.

¢ TSN, AT L1111
0.0000 0.0125 0.0250 0.0375 0.0500 0.0625 0.0750

Figure 6.155: Vortex shedding: spatial Residual Error for EI on Co = 0.4.

The spatial part of the Residual Error estimate is shown in Fig. 6.155. It is
very similar to the full Residual Error, as the bulk of the error comes from the
spatial discretisation. The spatial error becomes much smaller in the vortex street
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downstream of the cylinder.

The full Residual Error for the Backward Differencing in time and the Crank-
Nicholson method look very similar. The real difference in the accuracy can be
seen in the temporal part of the Residual Error estimate, shown in Figs. 6.156,
6.157 and 6.158. In the first instance, it can be seen that the temporal part of the
residual highlights the different parts of the domain: the bulk of the error is located
downstream of the cylinder, showing a distribution similar to the enstrophy field
(see Fig. 6.152). The highest error is associated with the point of quickest variation
of the velocity in time for this particular time-step. The temporal error is smallest
for the Backward Differencing in time. One should, however, keep in mind that the
temporal error changes in every time step and that it represents only about 10% of
the total error.

In order to establish the dependence of the temporal error on the size of the time-
step, the calculation is repeated with the Euler Implicit temporal discretisation and
a maximum Courant number of 2.

The distribution of the full and temporal Residual Error estimates is shown in
Figs. 6.159 and 6.160 for the same time as in the previous calculation. The full
Residual Error is now around 10 % higher. The largest change can be seen in the
temporal error estimate, three times higher than for Co = 0.4. Having in mind that
the inlet velocity is set to Uy = 1m/s, both the total error and its temporal part do
not seem to be very high, giving the maximum error of 8% and 2%, respectively.

However, the influence of this error is not as small as it seems: the temporal
error shown in Fig. 6.160 represents the distortion of the velocity field caused by
temporal discretisation in a single time-step. A pressure cycle with the maximum
Courant number of 2 is in this test case resolved over 40 time-steps, pushing the
potentially cumulative temporal error much higher.

The effect of the higher Courant number can be clearly seen in the pressure
trace for the two calculations, Fig. 6.161. The amplitude of the pressure oscillation
is now much lower and the shedding frequency is underpredicted. For good temporal

accuracy, it is therefore essential to keep the Courant number at a reasonable level,
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Figure 6.156: Vortex shedding: temporal Residual Error for EI on Co = 0.4.
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Figure 6.158: Vortex shedding: temporal Residual Error for CN on Co = 2.
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Figure 6.159: Vortex shedding: full Residual Error for EI on Co = 2.
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Figure 6.160: Vortex shedding: temporal Residual Error for EI on Co = 2.
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depending on the size of the phase error that can be tolerated.

Local mesh refinement in transient calculations can be used in two ways. The
first, tracking of the flow features through the domain, is interesting in cases of
flame propagation and transient supersonic flows. The adaptive refinement is used
to provide good mesh resolution around the moving feature, removing the cells
when they are no longer needed. The proposed local refinement algorithm is not
well-suited for such calculations, as it does not guarantee the recovery of the original

mesh after refinement and unrefinement.

0.0

2.0 2.1 2.2

Figure 6.161: Vortex shedding: pressure trace for the Euler Implicit discretisation on

two Courant numbers.

In periodic transient calculations, the same principle can be used. The refine-
ment/unrefinement algorithm would now keep on working on the same parts of
the domain during the shedding cycle. However, the price of refinement and field
transfer between the meshes makes this approach relatively expensive, as the refine-
ment needs to be repeated every several time-steps. An alternative to this treatment
would be to follow the calculation through one cycle, estimating the error and mark-
ing the cells for refinement after every time-step. When the cycle is completed, the
marked cells are refined, creating a mesh which can be kept unchanged during the

calculation and still offers good resolution where it is needed.
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An example of the above strategy on the vortex shedding test case will now be
presented. Fig. 6.162 shows the example mesh that was created by refining all the
cells with high error in a single time step (the velocity and pressure fields for the

same time-step can be seen in Figs. 6.150 and 6.151). The mesh refinement covers

\\\\\\\\\

Figure 6.162: Vortex shedding: adaptively refined mesh changing in time.
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Figure 6.163: Vortex shedding: mesh refinement based on the error in the complete
shedding cycle.

the regions of high velocity gradients and rapid pressure variation in the vortex
street. As the calculation progresses in time, the desired effect of mesh removal
has not been obtained. Only a very small number of cells close to the cylinder is
unrefined, as the local velocity gradients are still relatively high. The refinement
eventually covers much of the domain close to the cylinder, similar to the mesh
shown in Fig. 6.163.

The second refinement strategy uses the refinement information accumulated
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Figure 6.164: Vortex shedding: spatial Residual Error after the first level of refinement.

T T
0.0000 0.0125 0.0250 0.0375 0.0500 0.0625 0.0750

Figure 6.165: Vortex shedding: spatial Residual Error after the second level of refine-
ment.
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Figure 6.166: Vortex shedding: temporal Residual Error after the second level of re-

finement.
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during the complete shedding cycle. It produces the refined mesh shown in Fig. 6.163.
Refinement covers the surface of the cylinder, extends downstream over the part of
the domain where the vortices are created and follows them to the outlet. It also
covers a considerable part of the outlet boundary. Here, the high error is caused by
the interaction of the boundary condition and the velocity field. The zero gradient
condition used on this boundary is not appropriate when a vortex exits the domain.
This causes a distortion of the velocity field and high local errors.

The influence of local mesh refinement on the accuracy of the solution can be
seen in the distribution of the spatial part of the Residual Error estimate after one
and two refinement levels, shown in Figs. 6.164 and 6.165. The size of the time-step
is kept the same as on the initial mesh, increasing the maximum Courant number to
1.6 after two refinement levels. The error peaks close to the wall are now removed.
The distribution of the temporal error is also different: the maximum error has
moved outside of the refined region (see Fig. 6.163). The overall solution accuracy
is now better, as a consequence of the better resolution in the area where the vortices

are created.

6.6 Closure

This Chapter presented five example applications of the error estimates and adaptive
mesh refinement. The variety of the presented flow regimes allows us to draw several
conclusions on the overall performance of the proposed error-controlled local mesh
refinement algorithm.

In supersonic flows, the solution in large parts of the domain varies very smoothly,
with the narrow regions of high gradients. In such situations, the local mesh refine-
ment algorithm is at its best. The bulk of the error is caused by inappropriate
mesh resolution around the shocks and contact discontinuities. The task of error
estimation is comparatively easy an error indicator is completely appropriate for
this purpose. From the point of view of adaptivity, the refinement/unrefinement

procedure behaves better than refinement-only. The capability of cell removal al-
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lows the adaptive calculation to be started from a comparatively fine mesh, which is
able to pick up all the details of the flow. Mesh unrefinement consequently removes

the cells where they are not needed.

Laminar calculations present a large contrast to the supersonic flows. The flow
field here is very smooth, thus presenting a greater challenge for both error estima-
tion and adaptive refinement. It is now possible to create a fine-mesh solution and
use it to examine the accuracy of the error estimates. The Moment and Residual
Error estimates bound the exact error, while the Direct Taylor Series Error estimate
underpredicting its value. The performance of the adaptive refinement technique is
limited by the quality of the mesh created by cell addition. In laminar calculations,
onlv a part of the solution error is caused by insufficient mesh resolution, which is
the type of the error remov=d by mesh refinement. As the number of cells increases,
the importance of mesh quality becomes larger. The proposed refinement procedure
does not produce the meshes of appropriate quality, which slows down the error

reduction rate.

The two-dimensional turbulent test case reveals a variety of problems related
to turbulent flows. The reduction error of the maximum error with the increase
in the mesh size is very slow, primarily as a consequence of the complexity of the
mathematical model. The main source of the problem is the near-wall region, for
both wall-function treatment and the integration to the wall with the low- Re models.
The use of wall-functions is connected with a limitation on the size of the near-wall
cell. When the error is trapped near the wall, it cannot be further decreased. This is
true for both uniform and adaptive mesh refinement, finally resulting in the inability
to create mesh-independent solutions. The low-Re near-wall treatment does not pose
such limitations, allowing the use of mesh adaptivity to its full extent. In this case,
however the details of the flow near the wall need to be fully resolved, considerably
in reasing the overall ¢ mputational cost.

The refinement criterion in turbulent calculations cannot be based on the error

estimate for only one of the fields. Typically, each of the variables vary rapidly in

different parts of the domain, which needs to be taken into account when the cells
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for refinement are selected.

In spite of the low error reduction rate, the adaptive algorithm in turbulent
calculations still offers the benefits in terms of accuracy, primarily by providing
good mesh resolution at a relatively low cost.

A three-dimensional flow over the swept backward-facing step illustrates the
behaviour of the adaptive algorithms in 3-D. The number of cells needed to resolve
a flow of such complexity is very high. In the situations of highly complex flow
fields and limited computer resources, the error-controlled local mesh refinement
algorithm is a very useful tool, enabling a solution of reasonable accuracy to be
obtained on a relatively small number of cells.

The final test case illustrates the application of the error estimate on a transient
flow problem. The vortex shedding behind the cylinder gives us an opportunity
to examine the relative influence of the spatial and temporal error on the overall
solution accuracy. The transient formulation of the Residual Error estimate reveals
that the temporal component of the error for a single time-step is considerably
smaller than its spatial counterpart. The potentially cumulative effect of this error
is still important, as it influences the shedding frequency. The overall accuracy of
the transient flow simulation depends on both the spatial and temporal component
of the error. Their balance should be estimated having in mind the number of time-
steps that are needed to resolve the evolution of the flow in time. The local mesh
refinement algorithm in this case can be used to eliminate the spatial component
of the error. In order to reduce the cost of the adaptive calculation, this has been
done by marking the cells for refinement through the whole shedding cycle and then
using the accumulated information to refine the mesh.

This completes the assessment of the error estimation and local mesh refinement
algorithms presented in this Thesis. In the next Chapter, the main findings of the

Thesis are summarised and some recommendations are given for future research.
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Chapter 7

Summary and Conclusions

The main concern of this study is the accuracy of numerical simulations of fluid
flows with the Finite Volume method of discretisation. Several important areas
of interest have arisen. Primarily, it is necessary to understand the assumptions
introduced during the discretisation process and their implications on the quality
of the solution. When these implications are recognised, it is easier to use the
discretisation method in a such a way to produce accurate results with a minimum

expense in terms of time and computer resources.

The desired numerical accuracy depends on the objective of the analysis and the
quality of the applied mathematical models. The error caused by the discretisation
should be considerably smaller than the expected modelling error. If the results of
the simulations are to be used with confidence, it is necessary to provide an estimate

of the discretisation error in absolute terms.

It is often known in advance what level of discretisation error can be accepted.
An automatic procedure which creates a numerical solution of pre-determined ac-
curacy would therefore be a useful extension of the error estimation tools. This
can be achieved through an error-controlled adaptive mesh refinement procedure, in
which the the mesh is dynamically changed depending on the estimated error levels.
Three primary areas of research can therefore be distinguished: discretisation, error

estimation and adaptive mesh refinement.
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7.1 Discretisation

The Finite Volume method is a well-established numerical procedure, particularly
suitable for fluid flow simulations because of its conservative properties. The dis-
cretisation method described in this study splits the computational domain into
polyhedral control volumes with a variable number of faces. The governing equa-
tions of continuum mechanics are consequently discretised in the integral form over
each control volume. The discretisation is performed in real space, using a fixed
Cartesian coordinate system on meshes that do not change in time. The discretisa-
tion uses a colocated variable arrangement, with all fields sharing the same control

volumes.

This study presents a formal analysis of the accuracy of the Finite Volume
method in the second-order framework. Certain modifications introduced during
the discretisation result in discretisation errors, influencing the order of accuracy of
the method. The error terms are divided into numerical diffusion and the mesh-
induced errors. The numerical diffusion tensors resulting from the convection term
and temporal derivative are derived and their characteristics are illustrated on simple
situations. The influence of mesh skewness and non-orthogonality on the accuracy

is also examined.

Having recognised the convection discretisation as the largest source of numerical
diffusion, Section 3.4 describes a new bounded and second-order accurate differenc-
ing scheme suitable for arbitrarily unstructured meshes. The Gamma differencing
scheme described in this Section is a bounded version of Central Differencing. It
belongs to the family of the Normalised Variable differencing schemes, first proposed
by Leonard [82] and Gaskell and Lau [49]. A modification in the formulation of the
Normalised Variable needed to u e the boundedness criterion on non-uniform arbi-
tranly unstructured meshes has also been presented. It is now possible to calculate
the value of the Normalised variable on a face-by-face basis, independent of the
mesh spacing and without the explicit reference to the far upwind node. The result-

ing differencing scheme uses blending and switching between Upwind and Central
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Differencing, with a very low level of numerical diffusion. The Gamma differencing
scheme, however, shares to some extent the convergence problems encountered in
most schemes of the NVD family.

The Finite Volume discretisation described above has been applied to fluid flow
problems. The solution algorithm for the Navier-Stokes system in the segregated
framework with and without the turbulence model is summarised. The pressure-
velocity coupling is treated by the SIMPLE algorithm (Patankar[105]) for steady-
state calculations. For transient problems, the PISO algorithm by Issa [66] has been

used.

7.2 Error Estimation

The problem of a-posteriori error estimation for steady-state calculations has been
approached in three different ways, resulting is three new error estimates presented
in Chapter 4.

The Direct Taylor Series Error estimate originates from the Taylor series trun-
cation error analysis. The discretisation error is calculated from the leading term
of the truncation error, similar to the widely accepted Richardson extrapolation
approach. However, unlike Richardson extrapolation, the Direct Taylor Series Er-
ror estimate calculates the error from a single numerical solution, using the Gauss’
theorem twice to obtain the necessary second gradient tensor.

The differential equation that is being solved can be used to derive the transport
equations for higher moments of the variable. If the original transport equation were
solved exactly, all higher moment equations would also be satisfied. The numerical
solution is, however, of limited accuracy and this is not the case. The Moment Error
estimate uses the imbalance in the higher moment transport equations in order to
estimate the discretisation error. The imbalance is calculated on a cell-by-cell basis
and normalised to provide a measure of the absolute error level.

The derivation of the Residual Error estimate comes from the analysis of the

basic assumptions in the Finite Volume discretisation. In order to calculate the
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surface and volume integrals in the integral form of the governing equation, it is
necessary to prescribe the variation of the solution over the control volume. At the
same tume, it is also necessary to determine the face value of the dependent variable
from the distribution around the face. In the framework of the second-order accurate
Finite Volume method both of these functions are linear, but they offer two different
values of the variable for any point inside the control volume. The inconsistency
between the two values is used to assemble the cell residual. This is a function
whicl measures how well the solution satisfies the original equation over the control
volume and is therefore naturally associated with the discretisation error. A suitable
normal sa ion practice is again used to estimate the error magnitude, thus creating

the Residual En or estimate.

A comparison of different methods of temporal discretisation allows extension
of the formulation of the residual and consequently the Residual Error estimate to
transient alculations. It is also possible to separate the parts of the total error
caused by the temporal and spatial discretisation, which in turn can be used to

adjust the size of tie time-step to provide equivalent spatial and temporal accuracy.

The formulatioa of the residual proposed above allows the strict upper bound on
the error in the eme1gy norm to be obtained in the manner suggested by Ainsworth
and Oden in [1, 2, 3, 4] for the Finite Element method. The Local Problem Error
e timate is modified in a way appropriate for the Finite Volume discretisation and
accompan ed with the necessary error flux balancing procedure. In order to calcu-
late the global error norm, an elliptic local error problem needs to be solved over
every control volume. A simplified solution procedure for the local problem is also

suggested.

The proposed error estimates are tested on several test cases with analytical
solutions The Moment and Residual Error estimate consistently show good per-
formance with the Direct Taylor Series estimate underpredicting the err r levels as

expected.
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7.3 Adaptive Mesh Refinement

The distribution of the estimated error is used to improve the quality of consequent
solutions by modifying the computational mesh. This is done through an automatic
local mesh refinement algorithm described in Chapter 5. The local refinement pro-
cedure used in this study consists of two parts: embedded cell-based h-refinement

and a new unrefinement method based on cell pairs.

The refinement algorithm allows us to add more computational points in the
parts of the domain where more resolution is needed. The algorithm marks the
cells in the original mesh based on the pre-defined error threshold and propagates
the refinement patterns through the mesh in order to enforce “l-irregularity”. This
condition preserves the quality of the refined mesh by enforcing a smooth transition
between the coarse and fine regions. The direction of the cell split is determined
from the gradient of the solution, thus allowing the refinement procedure to create
refinement patterns aligned with the flow. The new cells are embedded into the
original mesh and are treated fully imphcitly. This treatment allows a creation of
an adaptive solution procedure without violating the conservative properties of the
discretisation. The cell-based refinement is capable of creating rapid mesh grading

with a large number of embedded levels of refinement.

The primary requirement on the unrefinement algorithm was to allow the removal
of not only the cells added during refinement, but also of the cells from the initial
mesh. An unrefinement procedure satisfying this requirement is original to this work.
It merges the cell marked for unrefinement with one of its neighbours (also marked
for unrefinement) to create a larger cell. Smooth mesh grading is again enforced
through “l-irregularity”. This method of unrefinement is cheaper and faster than
the traditional approach, which stores the history of refinement into a “tree” data-
structure and is capable of removing only the cells added in previous refinement
levels. The main drawback of the unrefinement algorithm in its current form is
the interlocking of unrefinement patterns, which prevents further unrefinement and

increases mesh non-orthogonality. It is also difficult to ensure that the original mesh
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will be recovered when the cells added by refinement need to be removed.

The performance of the adaptive algorithm is examined on a two-dimensional

case with an analytical solution, in conjunction with the exact error and the error

estimates described above.

7.4 Performance of the Error-Controlled

Adaptive Refinement Algorithm

The Finite Volume discretisation, error estimation and local mesh refinement are

the components of an error-controlled adaptive refinement algorithm, capable of

automatically producing a solution of some pre-determined accuracy. Before such a

tool can be used for engineering purposes, it is necessary to examine the limits of its

applicability and its performance on the variety of flow problems. For this purpose,

five test cases have been examined, covering laminar and turbulent, incompressible

and supersonic flows in two and three spatial dimensions. The conclusions drawn

from these test cases can be summarised as follows:

e The adaptive refinement algorithm is at its best when the error caused by

insufficient mesh resolution covers only a small portion of the computational
domain. In this case, local refinement efficiently removes the error by aug-
menting mesh resolution in the affected areas. The error estimation in such
cases is also relatively simple, as it is only necessary to highlight the points of
high error. A typical example of such a situation is the supersonic flow with

strong shocks.

Laminar flows present the exact opposite of the situation described above. The
error in the smoothly changing solution is caused not only by the insufficient
mesh resolution, but al o by the quality of the mesh. The error estimation now
performs very well, with the M ment and Residual Error estimates bounding
the exact error. Local mesh refinement, however, does not offer great gains

because of the deteriorating mesh quahty. If the refinement 1s limited to a
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modest number of levels, the gains from the improved mesh resolution are still

greater than the drawbacks of lower mesh quality.

e Turbulent flows present a considerable challenge for the local refinement algo-
rithm. It has been noted that the drop in the maximum error is much slower
than expected, both for uniform and adaptive refinement. The main source of
difficulty is the near-wall region. If this region is bridged by the wall-functions,
the size of the near-wall cell is limited, thus preventing further refinement near
the wall. If a low-Re turbulence model is used instead, a very large number of
cells is needed to resolve the rapid variation of the solution near the wall. It is
no longer possible to use the error estimate on only one of the fields to judge
the accuracy of the solution and decide on mesh refinement. This needs to be
taken into account in adaptive calculations by consulting the error estimate
for more than one variable. In spite of the slow error reduction, local mesh re-
finement still offers some benefits, mainly through good mesh resolution in the

regions of high gradients and efficient use of the available computer resources.

¢ In transient calculations, the overall accuracy of the solution depends on both
the spatial and temporal components of the error. The transient formulation
of the Residual Error estimate allows discrimination between the two. Al-
though the proposed local mesh refinement algorithm is not well suited for
the transient calculations with the tracking of flow features, it can still be

successfully used on periodic flow problems.

The present study contributes to the field of Computational Fluid Dynamics in
three ways. In the area of Finite Volume discretisation, the Gamma differencing
scheme offers a capability of improved accuracy, by creating bounded solutions with
a minimum amount of numerical diffusion. The proposed error estimates present a
reliable tool for predicting the levels of discretisation errors in a wide variety of flow
regimes. Finally, the properties of the local mesh refinement algorithm are examined

on a variety of flow problems and some conclusions on its performance are given.
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7.5 Future Work

The results of this study can be improved in several ways, mainly in the areas of
discretisation accuracy and local mesh refinement. The following recommendations

for future work are proposed.

The critical part of the Finite Volume method from the point of view of solu-
tion accuracy is the discretisation of the convection term. An accurate convection
differencing scheme needs to preserve the boundedness of the solution and at the
same time introduce as little numerical diffusion as possible. At this stage, there
is no obvious alternative to the non-linear switching/blending schemes of the TVD
and NVD family. Scope for improvement within the existing framework still exists,
particularly from the point of view of the convergence of the scheme in steady-state

calculations.

Several researchers (eg. Choi et al. [30]) have recently noted that the performance
of the TVD and NVD schemes deteriorates on highly non-orthogonal meshes. The
discretised form of the convection term does not immediately reveal the cause of this
behaviour. Numerical experiments, however, suggest that mesh non-orthogonality
needs to be taken into account in some way. In spite of the fact that high mesh
non-orthogonality is regularly present in industrial calculations, no attempts in this

direction have been reported to date.

The field of error estimation in the Finite Volume method is still in its early stages
of development. In general, room for improvement of the accuracy of error estimates
always exists. The primary objective in the near future will be extensive validation
of the proposed error estimates on a much larger number of test cases, having in
mind the potential of their further improvement. The main uncertainty at this stage
lies in the normalisation of cell imbalances. A more appropriate formulation can be
obtained only when the error estimates have been applied on a variety test cases,

well beyond the scope of this Thesis.

In the author’s opinion, the most imp rtant issue in adaptive mesh refinement is

the development of an automatic mesh generation tool capable of producing high-
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quality meshes. In recent years, several commercial automatic mesh generators have
emerged, but none of them is yet capable of providing the mesh quality needed for
accurate CFD calculations. Some of the characteristics of a good mesh generator

would be the following:

e The mesh generator should automatically create a computational mesh with
a given number of cells in an arbitrarily complex three-dimensional domain

described by a CAD package.

e The mesh should consist of mainly hexahedral control volumes with low level
of distortion and non-orthogonality, particularly in the near-wall region. The
mesh generator needs to be able to create smooth grading towards some pre-
defined points, with the capability of mesh alignment with a prescribed direc-

tion.

e It should be possible to automatically re-create the mesh in order to modify
the cell size in different parts of the domain, based on the information obtained
from an error estimate. At the same time, the mesh generator should interact
with the CAD model, such that the details of boundary description are not

lost in the refinement process.

Once such a tool is available, it will replace the proposed local mesh refinement
algorithm. In the meantime, the existing algorithm can be improved in several
ways, mainly in its unrefinement part. Firstly, it is necessary to develop a strategy
which will prevent the inter-locking of the cells. Although the problem looks simple,
it requires some sort of global optimisation or pattern recognition logic.

If the refinement /unrefinement procedure is to be used in transient tracking cal-
culations, a further modification is needed. The proposed method of point addition
and removal does not guarantee that the original mesh will be retrieved after multi-
ple levels of refinement and unrefinement. This needs to be enforced by storing the
cell pairs which should be preferentially merged when the cells are due for unrefine-

ment. With such a modification, the current form of the unrefinement algorithm
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would be capable of recovering the original mesh and would avoid the inter-locking

problem.
Finally, the overall error-controlled local refinement procedure should be sub-
jected to further testing in order to establish the influence of the different refinement

parameters on the quality of results, particularly in turbulent flow regimes.



Appendix A

Comparison of the Euler Implicit
Discretisation and Backward

Differencing in Time

In this Appendix it will be shown that the difference between the Backward Dif-
ferencing in time and the Euler Implicit temporal discretisation (see Section 3.3.2)
cancels the D¢ and Dp terms in the temporal error, Egs. (3.108) and (3.109). For
details of the derivation of the numerical diffusion term for the Euler Implicit tem-

poral discretisation, the reader is referred to Section 3.6.

The Euler Implicit temporal discretisation gives the following discretised form

of the temporal derivative, Eqn. (3.38):

09 _¢"—¢°
ot~ At

The Backward Differencing in time, on the other hand, uses Eqn. (3.54):

06 _ 39" =26+ }"
ot At ‘

When the difference between the two terms is integrated over the control volume and

the time-step, using the assumption of linear variation of ¢ in space, the following
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term is obtained:
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The second derivative of ¢ in time in Eqn. (A.1) will be obtained by differenti-
ating Eqn. (3.111):

9(p9)

5 = Su+Spe—V.(pUg) + V.(pTV).

Assuming that p, U, I'y, Su and Sp are constant:

p?;f Sp (g‘f) v.(pU ‘Zf)+v [r¢v(%‘iﬁ)] (A.2)

Finally, combining Egs. (A.1) and (A.2) and discretising the convection and diffusion

terms, it follows:

At o¢ At o(Ve)s , At 0
Epp-p1=—— 3 F (—) +— S (pTy) S —H + —SpVp | —
B 2 4 o), 2 ¢ ot 2 ot

d "(A.3)
which, using Eqs. (3.108), (3.109) and (3.110) can be written as:
Egp_-g1 — Dc+ Dp — Dg. (A4)

Section 3.6 shows that the difference between the Crank-Nicholson method and

Euler Implicit temporal discretisation can be written as:
E,=D¢c+ Dp + Ds. (A.5

The convection and diffusion errors Dc and Dg therefore cancel out, leaving the

source term error Dg, which is a consequence of the source term linearisation.
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