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Abstract

The human immunodeficiency virus (HIV) infection, that causes acquired immune
deficiency syndrome (AIDS), is a dynamic process that can be modeled via differential
equations. The primary goal of this thesis is to show how to drive any initial state
into an equilibrium, called the long-term nonprogressor, in which the infected patient
does not develop symptoms of AIDS. We first propose three control methods for HIV
treatment. These methods are designed for antiretroviral drug therapy and are based on
the understanding of the system dynamics. We apply these control strategies to several
HIV dynamic models as well as a general disease dynamic model. Then we derive a
new output feedback control scheme from one of the proposed methods. To show the
feasibility of the output feedback control, the HIV model is studied analytically. This
control method guarantees that the immune state is enhanced to a certain level, which
is enough for a typical patient to be driven into the long-term nonprogressor. We also
investigate methods to estimate approximately the state of the immune system based on
the available outputs of the HIV model. The feasibility and effectiveness of the control

strategies and estimation ideas are demonstrated by computer simulations.

Key Words. HIV dynamic model, AIDS, output feedback control, drug scheduling,

biological system analysis.
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Chapter 1

Introduction

The human immunodeficiency virus (HIV) causes acquired immune deficiency syndrome
(AIDS). The first cases of AIDS were reported in 1981, and two years later the HIV
was identified as the virus that causes AIDS [3]. After the initial HIV infection, the
virus resides in the blood of the HIV-positive patient, where it infects CD4 T-cells,
which are essential components! of the human immune system [34]. An infected CD4
T-cell cannot fulfil its function in the immune system, and becomes a virus factory,
making multiple HIV copies. This process decreases the number of CD4 T-cells in the
HIV-infected patient. With a low level of CD4 T-cells, the immune system of a patient
cannot function properly, thus the patient is vulnerable to other infections [62]. In
modern clinical immunology a HIV patient is said to have AIDS when the patient has
less than 200 CD4 T-cells in each mm? of blood [54]. In 2006, the estimated number of
people infected by HIV worldwide was 39.5 million and more than three-million people

died of AIDS [70].

1.1 Survey of the literature

The HIV infection process involves interactions among the virus, the immune system

and anti-retroviral drugs®. This process can be modeled mathematically (See [5,11,46,

The cellular immune response in the human body employs T-cells to destroy body cells that have
been infected by the virus, and T-helper cells influence the activation of other T-cells. Therefore T-helper

cells are key components of the immune system.
2Since highly active anti-retroviral therapy (HAART) was developed in the late 1990s, it has succeeded

in reducing and maintaining virus load below detection level in many patients. However, about 25% of

11



54,55, 59] for specific models and [8] for general disease dynamic models). While the
study of the HIV infection is not a traditional control application, the control theory
literature provides some results concerning HIV treatment [22,29]. Model-based optimal
drug dosage problems in HIV treatment are studied in [32,47,48]. The drug-scheduling
method suggested in [72] relies on open-loop optimal control to maximize the inhibition
of HIV on the basis of measurements of the virus load. Finite-horizon open-loop control
is applied to a HIV chemotherapy model in [44], while continuous-time feedback control
schemes are used in [13,33] for a dynamic model of HIV and lymphocytes, such as
CD4 T-cells and CD8 T-cells. In [30] open-loop optimal control tools are applied to a
simplified model obtained from [75].

Although HIV-infected patients are expected to develop AIDS, the possibility of a
long-term nonprogressor (LTNP) is reported with clinical data [9,50,56], and studied by
means of mathematical models® describing the progress of the HIV infection [1,73,75,76].
LTNP is the status of a patient who has HIV, but also a sufficient number of CD4 T-cells
to fight off HIV and other infections. The mathematical model in [1,73,75,76] with no
drug input has at least two asymptotically stable equilibria, one of which corresponds to
the AIDS status while the other corresponds to the LTNP status. Unfortunately, with
few exceptions, the parameters of the human body are such that the state of a HIV-
positive patient is located in the region of attraction of the equilibrium corresponding to
the AIDS status, rather than the LTNP status. Accordingly, patients without medication
normally progress to AIDS. It is obviously desirable that the state of the patient be driven
into the LTNP region of attraction, where the patient does not progress to AIDS and
drug treatment can be stopped.

This thesis focuses on the design of drug therapy to drive a patient to the LTNP
status. Structured treatment interruption (STI) which switches between zero and max-
imal medication has been suggested to solve this problem [73,75,76]. However, STI
scheduling depends on the values of the model parameters, and thus is vulnerable to
parametric uncertainty. In addition the results of [73,75,76] indicate the possibility of
attaining the LTNP status, but do not provide systematic drug-scheduling methods for
driving the patient to the LTNP status.

patients stop therapy within the first year on HAART because of side effects [38].
3 A number of HIV models are available, but the LTNP phenomenon is described by only a few HIV

models in which the HIV specific immune modeling is sophisticated.
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In [82, 83] model predictive control (MPC) tools have been applied to the model
in [73] to determine when a full dose, or no medication, induce the LTNP status. This
problem has been studied with optimal control methods in [1,2,10]. Moreover, in [67-69],
optimal control theory has been applied to the disease dynamic model of [8]. A variation
of the scheme used in [82,83], as well as the effect of using a continuous function of
drug efficiency, is considered in [65]. Although all these works show that the state of
a patient can be successfully driven into the LTNP region of attraction, these control
methods rely on the accurate and timely measurement of all of the model states, and
thus are unrealistic. In addition these works use various dynamic models with diverse
properties and rely heavily on the existence of optimal control laws, thus provide little

understanding of the immune response.

1.2 Contribution of the thesis

The primary goal of this thesis is to steer the state of the system describing a HIV
infected patient to the LTNP status. This is achieved by means of new methods of
treatment.

The first method is based on an approximation of higher order dynamics by a re-
duced order model. For the approximation we divide the HIV infection model into two
subsystems and modify one of the subsystems to emulate the whole system. With the
modification we relieve the difficulties associated with the high order model, such as
state observation and parameter estimation.

The second control method is known as gradual reduction of drug dose. By this
scheme it is possible to steer the state of any patient to the LTNP status if the model
parameters belong to certain parameter intervals. In order to justify the claim, we first
analyze the stability and the bifurcation properties of a HIV model and show that there
exists an equilibria curve towards the LTNP, which is locally stable for almost every
fixed constant input.

The third control method is derived from a new control philosophy which aims at
boosting the response of the immune system by means of drug scheduling. The control
strategy is implemented by controlled drug scheduling based on the understanding of the
immune boosting mechanism. The feasibility of the control methodology is illustrated

via simulations on a general disease model and on three HIV dynamic models, one of
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which is a tristable HIV dynamic model.

This control perspective yields an output feedback method to control the immune
response. The suggested output feedback control idea guarantees that the immune state
is enhanced to a certain level, which is enough for a typical patient to be driven into the
long-term nonprogressor. To justify the control methodology the resulting controlled
HIV dynamic model is studied analytically.

Finally we investigate methods to estimate approximately the state of the immune
system on the basis of available outputs of the HIV model. We suggest two state esti-
mation methods, denoted as state inferences.

Experimental verification by clinical data is out of the scope of the thesis: we con-
centrate on model-based study as well as computer simulations to verify the feasibility

of the theoretical approach.

1.3 Organisation of the thesis

The thesis is organised as follows. In Chapter 2, Section 2.1 reviews some HIV models as
well as general models of disease dynamics. Section 2.2 surveys measurement methods for
the states of the HIV models, and discusses the relation between available measurements
and the states of the HIV models.

Chapter 3 is organised as follows. In Section 3.1 the problem considered in the
chapter is formulated, and in Section 3.2 the HIV model is modified to yield a reduced-
order model. Section 3.3 introduces a new control strategy for the modified model and
contains some simulation results. An improved control method with adapting reduced-
order model parameters is presented in Section 3.4. This chapter concludes with a
discussion of the results in Section 3.5.

Chapter 4 is organised as follows. In Section 4.1 and Section 4.2 we present the
bifurcation analysis of the HIV model in [40] to prepare for an application of gradual
reduction of drug dose. An example of gradual reduction of drug dose to the model is
discussed in Section 4.3. Section 4.4 summarises the result of the chapter.

Chapter 5 is organised as follows. In Section 5.1 we analyze the immune system,
develop a new strategy for drug dosage, and evaluate such a strategy by means of
simulations. The proposed strategy is then applied to the HIV model in [1] in Section 5.2,

and to the model of a general class of diseases in Section 5.3. In Section 5.4 we evaluate
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the control idea on an alternative HIV dynamic system, which possesses a tristability
property. Then Section 5.5 provides a summary and further remarks.

Chapter 6 is organised as follows. In Section 6.1 we describe the output feedback
control idea and its performances are demonstrated by means of computer simulations.
In Section 6.2 we analyze the controlled HIV model to show the control mechanism of
the output feedback strategy. Section 6.3 provides summary and conclusions.

Chapter 7 is organised as follows. Section 7.1 proposes a state apporximation method
based on continuous output injection , and the method is illustrated by means of com-
puter simulations. In Section 7.2 we suggest an alternative method to monitor the
immune status of the HIV infected patient taking into account implementation issues.
Section 7.3 describes further remarks.

We conclude this work in Chapter 8 with a summary of the main contributions of

the thesis in Section 8.1 as well as a discussion on future work in Section 8.2.

1.4 Published material

The works in Section 2.2 and Chapter 3 are included in [22] and [15]. The results in
Chapter 4 are presented in [17]. The results in Chapter 5 are published in [21], [16], [19],
and [18]. The works in Chapter 6 and Chapter 7 are included in [23] and [20] respectively.

In addition, the preliminary work for Chapter 4 is published in [27], and its applica-
tions are included in [25], [26], and [24]. The formal analysis and proofs for the work of

Chapter 4 are shown in [66] as well as [64].
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Chapter 2

Background material

This chapter provides an introduction to HIV models and to a general model of disease
dynamics, which are used throughout the thesis. In addition, some basic informations

on HIV measurements are given and discussed.

2.1 Introduction to HIV dynamic models

The interactions between HIV and immunocytes in the human body can be described
by means of several mathematical models. For a comprehensive explanation of HIV
infection modeling see [54] or [59].

Throughout the thesis the states of the models describe concentrations of specific
cells in a unit volume of blood and therefore are meaningful only when positive. The
model parameters which are used throughout the thesis are normalized so the state
variables do not represent actual data. For actual parameters in different HIV models
see [37,59]. Moreover each patient practically has different system parameters. For

parameter estimation techniques in HIV models see [78].

2.1.1 HIV model with CTL-mediated immune response

In this section we recall the HIV infection model of [73], which allows to describe the
LTNP equilibrium. In particular the model describes the cytotoxic T lymphocyte (CTL)
response needed for the existence of the LTNP equilibrium. The model is described by

16



the equations

T = \—dx —nbxy, (2.1)
y =nfry — ay — p121y — p222y, (2.2)
21 = c1z21y — biz1, (2.3)
W = CoTYw — Coqyw — bow, (2.4)
Z9 = coqyw — hzo. (2.5)

As indicated in Table 2.1, x is the concentration of uninfected CD4 T-cells, y is the
concentration of infected CD4 T-cells, z; is the concentration of helper-independent

CTLs, w is the concentration of CTL precursors, and z9 is the concentration of helper-

dependent CTLs.

State variable | Clinical meaning
x Concentration of uninfected CD4 T-cell
Y Concentration of infected CD4 T-cell
z1 Concentration of helper-independent CTL
w Concentration of CTL precursor
2o Concentration of helper-dependent CTL

Table 2.1: Clinical meaning of the state variables of the HIV model (2.1)-(2.5).

The population of healthy (uninfected) CD4 T-cells increases at a rate A (since the
cells are produced by the thymus), and decreases in the absence of HIV at a rate dx (since
the cells die naturally), which is proportional to the population of z. Uninfected CD4
T-cells are infected at a rate that is proportional to the product of x and y because the
CD4 T-cell z is a target of HIV and the infected CD4 T-cells y produce new virus. The
infected cell y dies out at a rate ay. In addition, the model describes the adaptive cell-
mediated immune system. This system consists of the precursor CTL w, which provides
long-term memory for a specific antigen, HIV in this case, as well as the effector CTL
zo, which has the role of destroying the infected cell y at the rate pszoy. The cell w
differentiates into the cell z5 at the rate cogyw. In other words, the model implies that
large populations of the infected cells y and of the precursor CTL w make the population

of zy increase more rapidly. The term coxyw in (2.4) implies that the precursor CTL

17



w is generated at a rate proportional to the concentrations of x, y, and w. The helper-
independent component of the CTL response is represented in this model by z;. These
cells proliferate without CD4 T-cell help at the rate ¢iz1y, and destroy infected cells at
the rate p1z1y. For a detailed explanation of the model see [73,75].

The population of HIV is not explicitly shown in models (2.1)-(2.5) and the y state
corresponds to infected CD4 T-cell in this model. The state y can be regarded propor-
tional to the HIV load [12,31,73], because the turnover of HIV is much faster than that
of y [60]. That is to say, we accept the approximation v = Cpy, where v is the virus level
and C), is a proportional parameter.

The quantity n, which varies between 0 and 1, describes the effect of the drug. In

the presence of a control input 1 can be written as
n= 1- 6*u7 (26)

where €* is the maximal effect of the drug. For example, ¢* = 0.98 indicates that the
maximal effect of the drug is 98%. From a control perspective, the input u, which has
values between 0 and 1, represents the drug dose of highly active anti-retroviral therapy
(HAART). If u = 1, a patient receives the maximal HAART therapy, while v = 0 means
no medication.

Note that, with the exception of Chapter 4 in the thesis, the drug input w is restricted
to be either 0 or 1 because the use of partially suppressive therapy (i.e., 0 < u < 1) is
difficult to achieve in practice [83]. In addition drug therapy at less than full dosage must
not be applied because of the high probability of emergence of drug-resistant strains of
HIV [83]. Consequently, equation (2.1) becomes & = A — dz — Szy when v = 0, or
t=A—dr— (1—¢€")fry when u = 1.

The remaining parameters A, d, G, a, p1, p2, 1, €2, ¢, b1, ba, and h are positive con-

stants. The population of HIV is not explicitly modeled because it can be approximated

by y.

2.1.2 HIV model with immune response strongly dependant on target

cells

In this section we recall the model in [40]. The model is described by the equations

18



T=\N—dr— Z Biyix, (2.7)

i=1
gi = (Biw —ai —piz)yi, 1=1,2.3,....m, (2.8)
Zi = (Cz'yiwz — bi)zi, 1=1,2,3,...,n. (2.9)

The clinical meaning of each state is given in Table 2.2. For a detailed explanation of
the model (2.7)-(2.9) see [40].
Assume that only one viral strain exists (i.e., n = 1 in model (2.7)-(2.9)) and intro-

duce a control term 7, yielding the model

T = \—dx —nbyx, (2.10)
g = nbr —a—p2)y, (2.11)
2 = (cyz® — b)z. (2.12)

The quantity 1 describes the effect of the drug, and can be written as
n=1-¢u, (2.13)

where €* is the maximum effect of the drug. From a control perspective, the input u
represents the drug dose, which has values between 0 and 1. The remaining parameters

A, d, B, a, p, ¢, and b are positive constants.

State variable | Clinical meaning
x Concentration of uninfected CD4 T-cell
Yi Concentration of infected CD4 T-cell by viral strain ¢
2 Concentration of immune reaction cell specific to viral strain ¢

Table 2.2: Clinical meaning of the state variables of the HIV model (2.7)-(2.9).
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2.1.3 HIV model with two target cell types

In this section we discuss the HIV model proposed in [1,2,10], which is described by the

equations

1 =M\ —dix1 — (1 — equqg ) kyvzy, (2.14)
By =y — daxo — (1 — feyur)kavao, (2.15)
y1 =(1 — equq)kyvzy — dy1 — myzys, (2.16)
Yo =(1 — feruq)kavze — dys — mazys, (2.17)

O =(1 — eu2) N7 (y1 + yo2) — cv — A1 (21, T2, u1)0, (2.18)

be(y1 +y2) . de(y1 + yo)

2 =\gp +
F (y1 +y2) + Ky (y1 +y2) + Ky

z—0pz, (2.19)

where Aqj(x1,x9,u1) = (1 — equq)prk1z1 + (1 — feruy)pokoxs.

As indicated in Table 2.3, 1 describes the uninfected CD4+ T-cell, x5 the uninfected
macrophage, y; the infected CD4+ T-cell, y5 the infected macrophage, v the free virus,
and z the CTL effector.

State variable | Clinical meaning
1 Concentration of uninfected CD4+ T-cell
To Concentration of uninfected macrophage
Y1 Concentration of infected CD4+ T-cell
Yo Concentration of infected macrophage
v Concentration of free virus
z Concentration of CTL effector

Table 2.3: Clinical meaning of the state variables of the HIV model (2.14)-(2.18).

The input terms wuq and wus represent the antiviral effects from reverse transcrip-
tase inhibitors (RTI) and protease inhibitors (PI), respectively. For a comprehensive
explanation of the model see [1,2,10] and for further detail see [12,14].

2.1.4 HIV model with two immune response types

In this section we recall the model in [6]. The model describes the interaction between

infected and uninfected CD4 T-cells in the human body, including lytic and non-lytic
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components of the immune response to HIV infection. The model is described by the

equations
&= \—dyxr —npyxN, (2.20)
ayx
By =g+ 2L ex? — nBryx1 N, (2.21)
Nty
ayx
By = Ag+ L2 ex3 — nBryxaN, (2.22)
Y2ty
¥ =ny[Bz + Buz1 + Bur2]N — dyy — Ky, (2.23)

where vo > v1, K = K(x1,x2) = k121 + koxo, and

1

N=N = .
(w1, 22) 1+ niz1 + naxo

As indicated in Table 2.4, x describes the concentration of uninfected CD4 T-cells which
do not play a role in the HIV-specific immune response, and y the concentration of
infected CD4 T-cells. x7 and x9 correspond to the concentrations of uninfected CD4

T-cells which participate in the HIV-specific immune response.

State | Clinical meaning

x Concentration of uninfected CD4 T-cell

unrelated to the HIV-specific immune response

Y Concentration of infected CD4 T-cell

T Concentration of uninfected CD4 T-cell

related to the HIV-specific immune response, type 1

To Concentration of uninfected CD4 T-cell

related to the HIV-specific immune response, type 2

Table 2.4: Clinical meaning of the state variables of the HIV model (2.20)-(2.23).

To deal with drug dosage as control input, we introduce the 1 term into the model.
The quantity n describes the effect of the drug. In view of the presence of a control

input, 7 can be written as
n(t) =1- E*U(t)a

where €* is the maximum effect of the drug. From a control perspective the input

u represents the drug dose, which takes values between zero and one. Note that u is
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restricted to be either 0 or 1 as explained in Subsection 2.1.1. The remaining parameters
Ay AH, dg, dy, o, B, Bu, 71, Y2, €, ki1, ko, n1, and no are positive. For a detailed
explanation of the model see [6].

2.1.5 Disease dynamic model

In this section we describe a general disease dynamic model. In particular, we consider

the disease dynamic model given in [8,67,69] and described by the equations

&1 = (a1 — a2x3)r1 + bruy,

o
)
3t

1"2 = agl(x4)a22x1(t — T)I‘g(t — T) — a23(w2 — xg*) + bgUg,

o
)
=)

&3 = az1x2 — (ag2 + azsr1)xrs + baus,

T4 = 4171 — 4224 + bauy,

where the states z1, x2, 3 describe concentrations of specific cells in a unit volume of
blood and therefore are meaningful only when positive.

As indicated in Table 2.5, x1 describes the pathogenic antigen, xo the plasma cells,
x3 the antibody, and x4 the relative characteristic of a damaged organ, where x4 = 0

indicates a healthy organ and x4 = 1 a dead organ.

State variable | Clinical meaning
1 Concentration of pathogenic antigen
9 Concentration of plasma cells
T3 Concentration of antibody
x4 Concentration of relative characteristic of a damaged organ

Table 2.5: Clinical meaning of the state variables of the disease model (2.24)-(2.27).

This model is a modification of the mathematical model from [8], obtained by adding
therapeutic control inputs. Note that the model of [8] does not include any therapy
effects. The inputs are introduced for the model in [67,69] and they are the pathogen
killer uq, the plasma cell enhancer uo, the antibody enhancer ug, and the organ healing
factor us. Accordingly by < 0, by > 0, bg > 0, and by < 0 [67,69]. 7 and zo* in (2.25) are
parameters which describe a pure time delay and a steady-state concentration of plasma

cells, respectively. For further detail on the model see [8,67,69].
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2.2 HIV measurements

HIV measurements are needed to monitor the status of a HIV-infected patient. In this
section we summarize the status of measurements related to HIV infection dynamics.
Several types of antibody tests, such as enzyme-linked immunosorbent assay (ELISA)
or western blot, are not discussed because these tests cannot give quantitative data on
the amount of the antibody. For additional information about HIV antibody testing
see [58].

2.2.1 Viral load tests

Viral load tests, which return the level of the y state in model (2.1)-(2.5), are also
known as viral load assays, polymerase chain reaction (PCR) tests, or branched de-
oxyribonucleic acid (bDNA) tests [3]. These tests work by looking for HIV genetic
material, the ribonucleic acid (RNA). Each test has a threshold viral level, below which
it cannot reliably detect HIV genetic material. This limit for clinical technology is cur-
rently 50 copies/ml [61], although some advanced experiments can detect HIV down to
5 copies/ml [52]. Each test is highly reliable and repeatable, and thus is used with a
CD4 T-cell count to monitor the progress of a HIV-infected patient.

2.2.2 Flow cytometry and CD4 T-cell count

Examination of lymphocyte populations is possible because their cell surface markers are
uniquely expressed. Monoclonal antibodies are used to identify T lymphocytes in human
blood [28]. These antibodies are labeled with fluorescent markers [62]. A flow cytometer
is designed to automate the analysis and separation of cells stained with fluorescent
antibodies. The flow cytometer uses a laser beam and a light detector to count single
intact cells in suspension (see Figure 2.1). Every time a cell with a fluorescent antibody
passes the laser beam, the cell is excited by the laser and emits light, which is deflected
and recorded by a detector. This instrument can sort populations of cells into various
containers according to their fluorescence.

In HIV treatment, the measurement of T-cell subpopulations, such as a subpopu-
lation of CD4 T-cells, is a key indicator of the prognosis of AIDS and it is routinely
performed by flow cytometric analysis. Although trained users of a flow cytometer can

obtain accurate results quickly and easily, this measurement method has limitations be-
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Fluoreszcence Cellzuspesnion

Charging electrode

v Detectopr of
fformaard scattered
T light

Figure 2.1: Basic flow cytometer [43]. A flow cytometer is designed to automate the
analysis and separation of cells stained with fluorescent antibody. The flow cytometer
uses a laser beam and light detectors to count single intact cells in suspension. Each
time a cell with a fluorescent antibody passes the laser beam, the cell is excited by the

laser and emits light, which is deflected and recorded by detectors.

24



cause measuring specific cells requires the corresponding fluorescent antibody to stain
the target cells. For example, to measure unusual cells, the required antibody may be

costly or difficult to obtain [36].

2.2.3 Discussion on HIV measurements

Although a flow cytometer is a highly precise instrument, variability in the CD4 T-
cell count can be a significant problem [62]. For example, CD4 T-cell counts normally
undergo diurnal variation with fluctuation by as much as 150 to 300 copies/mm?, while
refrigeration of blood samples elevates the CD4 T-cell count. In addition, the CD4 T-
cell count increases as samples wait for processing. These variations make it difficult to
assess the real change in the CD4 T-cell population.

Meanwhile, since each viral load test has particular characteristics, results from dif-
ferent tests may not be comparable [3]. In particular, a pair of tests carried out on the
same sample of blood may vary significantly. Therefore, in clinical treatment the viral
load trend is more important than the individual viral load measurement.

Now consider the HIV model (2.1)-(2.5). In [22] we have assumed that the states x
and y are clinically measurable by means of polymerase chain reaction (PCR) test and
flow cytometry. PCR returns the level of HIV loads while a flow cytometer counts the
level of CD4 T-cells (see [39,53] for more information on PCR). The population of HIV
is not explicitly shown in the HIV model (2.1)-(2.5)!, and the y state corresponds to
infected CD4 T-cell in model (2.1)-(2.5). The state y is approximately considered as
proportional to the HIV load [12,73], because the turnover of HIV is much faster than
that of y [60].

Although we have assumed that x corresponds to the CD4 T-cells measured by a
flow cytometer in [22], different assumptions are claimed in [1] because the result from
flow cytometer could include the number of infected CD4 T-cells as well as uninfected
CD4 T-cells. Nevertheless we can measure the number of infected CD4 T-cell y with the
help of PCR.

To this end, firstly we must separate white blood cells from blood sample of the HIV
patient by Ficoll-Hypaque method [49]. The PCR measures the number of HIV genome
[3], and an infected CD4 T-cell has the HIV genome in its cellular DNA. Consequently, if

!See Subsection 2.1.3 or [76] for HIV models including the population of HIV.
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PCR is performed with the separated white blood cells, then only the number of infected
CD4 T-cells y can be counted and the number of healthy CD4 T-cells x can be obtained

by subtracting y from the CD4 count (i.e.,  + y) of flow cytometry.
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Chapter 3

Control method based on a

reduced order model

This chapter describes a drug scheduling method based on a reduced-order model of the
HIV infection, which does not require estimates of all of the parameters and states of
the full-order model. We divide the full-order model into two subsystems, one of which
is modified to approximate the full-order model. We show that the suggested method
succeeds in driving the HIV patient state into the LTNP region of attraction. The works
in this chapter are included in [22] and [15].

3.1 Problem formulation

Consider the HIV model (2.1)-(2.5), introduced in Section 2.1.1, namely

&= \—dx —npfxy, (3.1)
y =nPry — ay — p121y — p222y, (3.2)
21 =121y — b1 21, (3.3)
W = CoTYw — Coqyw — bow, (3.4)
29 = coqyw — hzs. (3.5)

When a patient is treated it is desired that the drug be eventually terminated. To
investigate this possibility we determine the five equilibrium points of the model (3.1)-
(3.5) in Table 3.1. The stability properties of these equilibria are evaluated with the
parameter set of [73,82,83] given in Table 3.2. Under the assumption that n = 1, which
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corresponds to the case of no medication, the interpretation of each equilibrium is as
follows. Point A indicates the status of a person who does not have HIV. With the
parameters of Table 3.2 this equilibrium is unstable, which explains why it is difficult
to revert a patient, once infected, back to the HIV-free status when the medication is
stopped. Points C and E are locally exponentially stable. Point C is the status of a
patient for whom HIV dominates. Point E is for a HIV-positive patient who does not
progress to AIDS. For this reason this status is refered to as LTNP. With the parameters
of Table 3.2, the number y&) of infected cells is low, while the number w®) of CTL
precursors is large, which is desired. The control goal is to drive the state near this
equilibrium from any initial state. Note that the HIV patient state cannot be induced
to the LTNP status if full dose of HAART medication is applied everyday [25,27,65,73,
75,82,83]. Points B and D, which are unstable for the parameters of Table 3.2, are not

of interest for this discussion.

Point A A = %, y =0, Unstable
(Healthy) 7AW =, wA) =0, 24 = 0.
Point B 2B) = %, yB) = —’\”fn_ﬁda, Unstable
2B =, w®B) =0, 2B = 0.
(AIDS) 7€) = % w@ =0, 2@ =
Point D | z(P) = W)\yw” y(P) = [Cz(A—dQ)—b2775]+\/[022n(gc—2?)—b2775}2—477502qdb2, Unstable
D) _ D) _ hz® D) _ yP)(canBg—caa)+bans
Zl( ) — 07 w( ) — cz;y(D)’ 22(\/) — Y 2;721;]2y(§) 27, .
. A [c2(A—dgq)—banB]—/[c2(A—dg)—b2an/3]* —4nScaqdb
Point B | 2 = g iy, o) = S Bl S S| LS
hzo(B) () (canBq—caa)+banfs
(LTNP) | «® =0, o =225 5=t : 222;231(123)) =

Table 3.1: Equilibrium points of the model (3.1)-(3.5) [25]. All stability properties are

based on the typical parameter set of Table 3.2.

To analyze the model (3.1)-(3.5), let X := [z,y,21,w, 22]" and let U be the set of
measurable functions on [0, 00) with values between 0 and 1. Note that the input 7(-)

of interest is in U. Also, let P = [0, 00)°.

Theorem 1 Consider the system (3.1)-(3.5). For every input function n(-) € U, finite-
time escape cannot occur, and the set P is positively invariant. In other words, for every

n(-) € U and initial condition X (0) € P, the solution X (t) of (3.1)-(3.5) exists for all
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A d B a P1 P2 c1 2 q

1 0.1 1 0.2 1 1 0.03 0.06 0.5
by | bo h €* z(0) y(0) | z1(0) | w(0) | 2(0)
0.1 { 0.01 | 0.1 | 0.9799 | 0.2913 | 3.3333 | 0.0913 | 0.0100 | 0.0100

Table 3.2: Parameters and initial conditions for model (3.1)-(3.5). All simulations in

this chapter use these typical parameters, which are taken from [73,82,83].
t >0, and is contained in P for all t > 0.

Proof: Let X(0) € P and assume that some component of X () escapes at the finite
time 7' > 0. Since (3.2), (3.3), and (3.4) have the linear form §(t) = f,(t)y(t), 21 (t) =
fa(£)z1(t), and w(t) = fi,(t)w(t), where fy(t), f2, (t), and f,,(t) are continuous on [0,T),
the states y(t), z1(t), and w(t) remain positive for 0 < ¢ < T. During this time interval
the states x(t) and z2(t) also remain positive since y(t) and w(t) are continuous and
positive, £ > 0, and 25 > 0 by (3.1) and (3.5) for = 0 and 29 = 0, respectively. Hence
X(t) € Pfor 0 <t < T. Now define V(t) := z(t) + y(t), which is positive for all
t €10,7). Then

V=A—dr—ay—piz1y — p22ay
<A—k(z+v)
—A—kV,
where £ = min{d,a}. Thus V(¢) (and hence, z(t) and y(t)) is bounded on the interval
0 <t < T. Indeed, for 0 < ¢t < T, the functions f,,(t) = c1y(t) — b1 and f,(t) =
cox(t)y(t) — caqy(t) — by are bounded. Therefore, 21 (¢) and w(t) do not diverge to infinity

by boundedness of f,, (t) and f,(t). Then, by (3.5), z2(t) is also bounded. Hence finite

escape does not occur and P is positively invariant O

3.2 Modification of the model

3.2.1 Separation of the model

We consider the full-order model (3.1)-(3.5) as the interconnection of two subsystems:

the infection dynamics and the immune system. The infection dynamics are modeled by
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u (z,y)
—> : >
Infection dynamics Immune system
< D121 + pazo

Figure 3.1: Interconnection between the infection dynamics and the immune system.

means of the two-dimensional nonlinear system
t=X—dr—[(1—€cu)zy, (3.6)
y =Bl —€u)ry —ay — (p121 + p222)y, (3.7)

with inputs v and p1z1 + p2z2, and outputs = and y.

The immune system is modeled by the three-dimensional nonlinear system

21 =C121Y — blzl, (3.8)
W = coTYw — Caqyw — bow, (3.9)
%9 = coqyw — hzy, (3.10)

with inputs x and y, and output p1z1 + p22ze. The interconnection of these subsystems
is shown in Figure 3.1.

We consider the full-order model (3.1)-(3.5) as the interconnection of two nonlinear
systems for several reasons. Firstly, it is currently not possible to measure all the states
of the full-order model (3.1)-(3.5) with high accuracy [83]. In particular, as discussed in
Section 2.2, we can assume that the CD4 T-cells z and the HIV loads y are measured
accurately. Therefore the system (3.6), (3.7) includes the states that can be measured
reliably, whereas the system (3.8)-(3.10) has unmeasured states.

Secondly, it might be impossible to estimate the parameters of the immune system
due to the lack of measurements of the immune system states. Even if estimation were
possible, it may be impractical to estimate these parameters for each HIV patient. For
additional information about parameter estimation in HIV dynamic models, see [77,78|.

Thirdly, although the full-order model (3.1)-(3.5) describes the human immune sys-
tem with both helper-dependent CTL and helper-independent CTL, the immune system
is only approximately modeled by a low-order system of differential equations. Therefore

we separate the well-modeled part (3.6), (3.7) from the poorly! modeled part (3.8)-(3.10).

!The model in [12] has an alternative immune system, which is different from (3.8)-(3.10).
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In the infection dynamics (3.6), (3.7), we can regard the effect on the virus load from
the immune system (3.8)-(3.10) as the positive function ¢(z1,22) = p121 + p2ze acting
on (3.7). The system (3.6), (3.7) consists of the model used in [54] as well as the func-
tion ¢, which corresponds to the control effect of the virus load produced by the system
(3.8)-(3.10). By appending ¢, the virus dynamic model of [54] becomes the system (3.6),
(3.7).

For these reasons we seek a control method that depends only on (3.6), (3.7). To
realize such a method, we note that (3.7) includes the states z; and zo, while (3.6) has
only the states x and y. Our goal is thus to modify (3.7) so that the modified system
exhibits dynamic behaviour similar to that of the full-order model (3.1)-(3.5) over short

time intervals.

3.2.2 Construction of the reduced-order model

The full-order model (3.1)-(3.5) has two asymptotically stable equilibria with the typical
parameter set. Therefore, when v = 0, the modified infection dynamics must have anal-
ogous equilibria for these parameters. Thus, as a candidate? for the modified infection

dynamics we consider the reduced-order model

T =X—dz— B(1 —€eu)zy, (3.11)

y = —pury + A+ By + C’y2 + Dyg, (3.12)

where A, B, C, and D are real numbers with D nonzero. When u = 0, (3.11), (3.12)

becomes

&= \—dzx — fzy, (3.13)

= A+ By + Cy*+ Dy’ (3.14)
The equilibria of (3.14) are determined by solving
A+ By+Cy*+Dy? =0. (3.15)

The full-order model (3.1)-(3.5) has two asymptotically stable equilibrium points when

u = 0. In order for the reduced order model (3.11), (3.12) to have two stable equilibria

2This is a possible candidate which has been found through a number of trials. Another candidate

can exist for the approach of this chapter.
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with v = 0, (3.15) must have three real solutions, namely, Ky, K, and K3, where

K1 < K9 < K3. Then A, B, and C are such that

A=—-DK KyKs,
B = D(K1 K>+ K2K3 + K3K7),

C=—-D(K;+ Ky + K3).

If D > 0 then K3 is an asymptotically stable equilibrium of (3.14) whereas K; and K3
are unstable. If D < 0 then K; and K3 are asymptotically stable equilibria of (3.14)
whereas K3 is unstable (see Figure 3.2). Therefore D must be negative. In addition
K; > 0 guarantees the existence of two asymptotically stable equilibria with positive y.
Consequently the values d+ﬁ+K1 and W%Kg of = for the two equilibria are also positive
since Ky, K3, and parameters are positive. Note that D < 0 implies existence and
boundedness of all trajectories of the model (3.13), (3.14).

D<0,Ky>0 D>0 Ky>0

0 K K, Ks 0 K K, K3

Figure 3.2: Graphs of y and ¢ in equation (3.14). The left and the right graphs
correspond to the cases with D < 0 and D > 0, respectively. It is assumed that
0 < K1 < K9 < Kj3. The dark dot in the graphs implies asymptotic stability of the

equilibrium point whereas the white dot indicates instability of the point.

If the initial value of y is between 0 and Ko, then y(t) tends to K;. Then x(t) tends
to ﬁ according to (3.13). If an initial state has a value of y greater than Ko, then
y(t) tends to K3, and z(t) tends to W. Therefore, the two-dimensional region of
attraction for the equilibrium (W)\Kl’Kl) is 0 < y < Ky while the two-dimensional
region of attraction for the equilibrium (d-i-ﬁ+[{3’ K3)is y > Ko.

With the typical parameter set and u = 0, the full-order model (3.1)-(3.5) has five
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equilibria, namely, (10, 0, 0, 0, 0), (0.2, 4.9, 0, 0, 0), (0.2913, 3.3333, 0.0913, 0, 0),
(0.6079, 1.5451, 0, 0.8799, 0.4079), and (8.2255, 0.0216, 0, 1240, 8.0255). Only the
third and the fifth equilibria are asymptotically stable. Thus the y component 3.3333
of the third equilibrium is chosen as K3 while the y component 0.0216 of the fifth is
chosen as Kj. Consequently, for u = 0, the reduced-order model (3.11), (3.12) has two
asymptotically stable equilibria, namely, (0.2913, 3.3333) and (8.2255,0.0216). Note that
the modified reduced-order model will emulate the full-order system in a short period
to present the effect of the immune system in those equilibria.

D and K5 remain undetermined. At this point, we know only that K; < Ky < K3,
D < 0, and |D| must be sufficiently small. If |D| is large and v = 1, then, with the
typical parameters, the dynamics of (3.11), (3.12) do not vary dramatically whereas
those of the full-order model (3.1)-(3.5) do. In the next section it is assumed that D and

K> are fixed and a control methodology is presented.

3.3 Control strategy with constant parameters

In this section we assume that D and K, are constant and design a control strategy
denoted as CSCP. With the above assumption all the parameters of (3.11), (3.12) are
determined. The basic concept of the control strategy is that the low-order system
(3.11), (3.12) for the modified infection dynamics is used as an emulator of a high-order
system, the HIV patient.

The idea of using the reduced-order model (3.11), (3.12) in HIV treatment is as
follows. We assume that the patient has HIV measurement tests at the beginning of a
period of length 7. Within the period T the reduced-order model (3.11), (3.12) exhibits
dynamic behaviour similar to that of the high-order system. From HIV measurements
(see Section 2.2), the CD4 T-cell count and viral load can be thought of as the values
of the states x and y, respectively. Therefore we set these levels as the initial values
for (3.11), (3.12) at the beginning of the period. During the period we consider (3.11),
(3.12) as an emulator of the patient. Then we estimate the CD4 T-cell count and viral
load of the patient by referring to the states  and y of (3.11), (3.12), respectively. The
HIV measurements of the patient are available only once in each period, whereas the
states = and y of the reduced-order model (3.11), (3.12) are available as desired by means

of numerical integration. See Figure 3.3 for the configuration of the controlled system.
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(z,y) in (3.11),(3.12)

>3 Reduced-order model
Full-order model
(z.y)
Control law U Infection dynamics Immune system
P121 + pozo

Figure 3.3: Diagram describing the configuration of the controlled system with reduced-
order model. Note that (z,y) of full-order model is considered as discrete time input to

reduced-order model.

Using (3.11), (3.12) we decide whether the anti-HIV therapy is taken each day. In
other words the states  and y of the reduced-order model (3.11), (3.12) are available
at the beginning of each day by means of numerical integration. This decision depends
only on the value of y because y = K> is the boundary of the LTNP region of attraction
in the reduced-order model (3.11), (3.12). If the state y of the reduced-order model
(3.11), (3.12) is lower than K at the beginning of the day, the anti-HIV medication is
not administered to the patient for the day. Otherwise the medication is administered

to the patient.

3.3.1 Control steps of CSCP

The idea of CSCP is realized by the following steps. Note that time is measured in days.

Initialization. Three positive numbers 7', N, and K5, a negative number D, and
a function up(t) (0 < t < 1 day) of daily drug effect are chosen. T' denotes the time
period between each set of HIV measurements, while NV denotes the total number of HIV
measurements during medication. Therefore the period of total medication is NT' days.
Let np denote the number of days after the last HIV measurement and let ny denote
the number of HIV measurements after the beginning of the medication. Therefore, with
the initialization np = 0 and ny = 0, a generic day of the treatment can be denoted as

the (nyT + nr)th day.
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Initialization :

T, N, D, Ky, up(t) (0< ¢ < 1).

Set nr =0 and ny =0.

>v

Measure CD4 count and viral load.

Set zp (nyT) and yp (nyT) from these measurements.

Set z;(nnT) =zm(nnT) and yr(nnT) = yu (nnT).

>y

No medication is applied Full drug therapy is applied
YES NO

to the real system. < 3| to the real system.

u(nnT +nr+1t) =0, u(nnT +nyp +t) = up(t),

(0<t<). (0<t<).

v

Integrate model (12),(13) for one day
with (z7(nnT + nr), yr(nnT + nr)) and u(nyT + nr + ).
From the solution, set zg = z(nyT + nr + 1) and yr = y(nyT + ny + 1).

ny =np+ 1, NO
1 I/(HNT-FTL'[')ZIL‘F, <
y[(TLNT —+ n'[') =Yr.
YES
NO

nT=0,

ny =ny + 1.

YES

Figure 3.4: Control strategy with constant parameters (CSCP) D and K.
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STEP 1. The present CD4 T-cell count and viral load are measured and zp;(nyT)
and yyr(nyT) are set from these measurements. The subscript M indicates that the
values are obtained from measurements. Set zr(nyT) = zp(nyT) and yr(nyT) =
ym(nyT). The subscript I indicates the initial value for the reduced-order model (3.11),
(3.12) for each day.

STEP 2. At the beginning of each day, if y;(nyT+n7) > Ks, then full drug therapy
is applied to the HIV patient and the input u(nyT + ny +t) = up(t) (0 <t <1 day)
applied to the reduced-order model (3.11), (3.12). Otherwise no medication is applied
and the input u(nyT +nr +t) =0 (0 < ¢t < 1 day) is applied to the reduced-order
model (3.11), (3.12).

STEP 3. Integrate the reduced-order model (3.11), (3.12) for one day with the
initial point (z7(nyT + nr),yr(nnT + nr)) and the input u(nyT + np +t). Set zp =
z(nyT +np + 1) and yrp = y(nnT + np + 1), where the subscript F' indicates the final
value of the state of the reduced-order model (3.11), (3.12).

STEP 4. If np = T then go to STEP 5. Otherwise increase ny by one, set
zi(nNT +nr) = zp, yr(nyT + nr) = yr, and go to STEP 2.

STEP 5. If ny = N then terminate this routine. Otherwise set np = 0, increase
ny by one, and go to STEP 1.

A flow chart illustrating these control steps is given in Figure 3.4.

3.3.2 Simulations of CSCP

In this subsection two computer simulations of the CSCP are presented. We regard
the full-order model (3.1)-(3.5) as the HIV patient in the simulations. All simulations
use the typical parameters of [73,82,83] and one of the initial conditions of [82,83], as
indicated in Table 3.2. Note that the initial point is in the vicinity of Point C when
u = 0, which corresponds to a seriously progressed HIV infection. The design variables
are defined as Ky = 0.0216, Ky = 1.5451, K3 = 3.3333, D = —0.6, N = 600, T' = 4 for
the first simulation, and T" = 7 for the second simulation. K7 and K3 are determined as
discussed in the previous section.

The value Ko = 1.5451 is selected according to Table 3.1 as the only equilibrium
value of y such that K7 < Ky < K3. We assume that the daily drug treatment implies a

square-wave profile of u during the day because HAART drugs are usually taken orally
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at fixed doses and the drug absorption dynamics cannot be manipulated arbitrarily. In

particular the function of the one-day drug effect up(t) (0 < ¢ < 1 day) is assumed to

be given by
1, if 0 <t <0.6 day,
up(t) =
0, if 0.6 <t <1 day.
1 1000
s &
E 5 8
£ 3 :§
0 "0
0 Time(day) 600 0 Time(day) 600
o 10 = 4
= & = &
8 _q.; gzg
B g
0 0
0 Time(day) 600 0 Time(day) 600
21 6]
5% <
: :
=
"0
0 Time(day) 600 0 Time(day) 600

Figure 3.5: Simulation result of the control strategy with constant parameters D and

Ky, and with T'= 4. The unit of = and y is (100copies/ul).

In the first simulation of this strategy (Figure 3.5), the drug therapy is terminated
around the 200th day by the suggested control routine. After the termination of the
therapy, x(t) and w(t) increase slowly, and y(t) decreases slowly in the full-order model
(3.1)-(3.5). The state in the full-order model (3.1)-(3.5) is successfully driven to the
LTNP status® because T is sufficiently small that the reduced-order model (3.11), (3.12)
emulates the behaviour of the full-order model (3.1)-(3.5), although the reduced-order
model (3.11), (3.12) uses constant values of D and K.

3For recent data of treatment interuption in HIV therapy, see [7] where ‘STACCATO?’ trials have
been reported with physical experiments. The treatment decision making method used in ‘STACCATO’
trials is based on the level of CD4 T cell. A comparison study of the theoretical approach of this thesis

and the clinical data provided by experimental works such as [7] should be carried out in the future.
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Figure 3.6: Simulation result of the control strategy with constant parameters D and

Ky, and with T'= 7. The unit of 2 and y is (100copies/ul).

However, in the second simulation of the strategy (Figure 3.6), the drug treatment
does not end within the length of the simulation. The strategy fails to bring the HIV
patient to the LTNP status because T is too large for (3.11), (3.12) to emulate (3.1)-(3.5)
effectively with fixed D and Kbs.

3.4 Control strategy with time-varying parameters

Figure 3.6 shows a recurring pattern in the simulation. This pattern implies that CSCP
fails to drive the state into the LTNP region of attraction. To break this pattern we
modify the values of D and K5 during the medication and design a control strategy with
varying parameters (CSVP). If we adjust D and K5 once every period T, the occurrence
of this pattern can be prevented. In this section a method for adjusting D and K» is
described and illustrated.

At the beginning of a new period, let t = nyT. From the previous period we know

the initial point (zar(nNT —T), yp(nnT —T')) of the reduced-order model (3.11), (3.12),
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the final point (zp,yr) of the reduced-order model (3.11), (3.12), the values of D and
K5, and the history of the input u(t), where nyT — T < ¢t < nyT. In addition we
can find the current levels of the CD4 T-cell count and viral load (zps(nnT), ym(nnT))
from measurements on the HIV patient. Although particular values of D and Ky are
used for the previous period, there may exist alternative values of D and K5 that reduce
the error between the reduced-order model (3.11), (3.12) and the patient, i.e., model
(3.1)-(3.5). We define the difference ¢ = yr — yp(nnT) between yr and yy (nyT) as
the error between the reduced-order model (3.11), (3.12) and the patient. Figure 3.7
shows a conceptual representation of the initial point of the reduced-order model (3.11),
(3.12) for the previous period, the final point of the reduced-order model (3.11), (3.12),
the current HIV measurements (CD4 T-cell count and viral load) of the HIV patient,

and the error.

level
A
epu(nnT) S
__ —\“/\/
.’ITM(TLNT—T) /"A\\n///
\W’
ymnT) .-
yp (T — T~ . error
- o va
>y
nyT —T nyT

<————— last period ——————»> «—— new period

Figure 3.7: A conceptual figure depicting the state trajectories of the real system and

of the reduced-order model (3.11), (3.12).

To find such values of D and K5 we consider a rectangular region in the vicinity

of the previous values of D and K», and solve an optimization problem to minimize 2

within the rectangular region.

3.4.1 Control steps of CSVP

To realize the CSVP we use the steps of the CSCP with modifications to Initialization
and STEP 5, called Initialization’ and STEP 5, respectively. Initialization’ for the CSVP
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consists of Initialization used in the CSCP together with the selection of the positive
numbers 6D and dK5. STEP 5 for CSVP is as follows.

STEP 5. If ny = N, terminate this routine. Otherwise set n7 = 0 and increase
ny by one. The present CD4 T-cell count and viral load are measured and zp/(nyT)
and yas(nnyT) are set from these measurements. Let D* and K»* be the current values
of D and K>, respectively. Find new D and K> satisfying

min (y*(nnT) — yar(nnT))?, (3.16)

D € [D* — 6D, D* +§D]
Ky € [K2™ —8Kg, Ko™ 4+ §K3]

where y*(nyT) is the y component of the solution of the reduced-order model (3.11),
(3.12) for the initial point (zpr(nNT—T),yapr(nnyT—T')) and the input function u(nyT —
T +t), where 0 <t < T. Set x7(nyT) = xp(nnT), yr(innT) = ypm(nyT), and go to
STEP 2.

A flow chart for the CSVP is shown in Figure 3.8.

3.4.2 Simulation of CSVP

All system parameters, the initial point, and the design variables except D and K5 are as
in the simulation in which the HIV patient does not reach the LTNP status if the CSCP
is used. The initial values of D and K5 are set as —0.6 and 1.5451, respectively. Also,
both 6D and 6Ky are defined as 0.1. To solve the minimization problem numerically we
use the Optimization Toolbox of MATLAB.

For the first 7 days all the trajectories in Figure 3.9 are the same as those of the
simulation shown in Figure 3.6. Thereafter, once every period, the control method
adjusts the parameters D and K5 used by the reduced-order model (3.11), (3.12) to
emulate the behaviour of the full-order model (3.1)-(3.5). Although 7" is the same as in
the simulation shown in Figure 3.6, the patient state is induced to the LTNP status in
this case. Moreover the state in Figure 3.9 converges faster than the state in Figure 3.5.

In the meantime, as shown in Figure 3.9, the behaviour of the reduced-order model
(3.11), (3.12) approaches that of the full-order model (3.1)-(3.5) at each period with a
steady series of square-wave inputs u(t). On the contrary, from the 100th day to the
350th day, where the input u(t) switches twice in each period 7', the full- and reduced-

order models do not show similar behaviour.
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Initialization :

T, N, D, K;, 6D, 6K», up(t) (0 < ¢ < 1).

Set n = 0 and ny = 0.

v

Measure CD4 count and viral load.

Set 2 (nnT) and ypr(nnT) from these measurements.

Set z;(nnT) = zp(naT) and ys(nnT) = yu (nnT).

No medication is applied Full HAART is applied
'YES NO

to the real system. < —»|to the real system.

u(nyT +np +1) =0, u(nyT + ny +1t) = up(t),

0<t<). (0<t<1).
\

Integrate model (12),(13) for one day
with (zr(nyT + nr),yr(nnT + nr)) and u(nyT + np + t).
From the solution, set zp = z(nyT + nr + 1) and yr = y(nnyT + np + 1).

Y

nr=nr+1,

NO
x[(nNT+ nT) =TF, |€—

yr(nnT + nr) = yr.

nr=0,ny =ny+ 1. YES

Measure CD4 count and viral load,

o

and set zp (nyT) and yp (naT) from | N

| these values. Substitute D* and K-*

for the current D and K, respectively.
Find new D and K, satisfying (17). YES
Set z;(nnT) = zp(nnT) and

yr(nnT) = ym (anT).

Figure 3.8: Control strategy with time-varying parameters (CSVP) D and K.
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Figure 3.9: Simulation result of the control strategy with varying parameters D and K>

when T' = 7. The unit of x and y is (100copies/ ul).

3.5 Conclusions

In this chapter we have shown how the suggested control strategies can drive the HIV
patient’s state to the LTNP status. The works in this chapter are presented in [22]
and [15]. All the results in the chapter are based on the HIV dynamics model (3.1)-
(3.5). Thus more research is needed for other HIV models. In the next chapter we will
discuss on a HIV model and analyse a bifurcation property in order for a continuous
drug variation to be applied.

We now comment on the assumptions that are made in the simulations, and also

discuss an idea for improving the given results.

1. Tt is assumed that the full-order model (3.1)-(3.5) accurately describes the dy-
namics of the HIV patient. Hence the two-dimensional system (3.11), (3.12) can
emulate the five-dimensional system (3.1)-(3.5). However this fact does not mean
that the control method is guaranteed to work clinically. It is necessary to consider

more detailed models of the real system and to work with clinicians. For example
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the model in [47] is a ten-dimensional model including a continuously mutating
viral population but does not contain dynamics relating to the human immune

system.

. Although viral load test results are obtained in practice within ten days to two
weeks [3], this measurement delay is not considered in the simulations in this
chapter. Hence some modifications of the simulations and a more involved control

scheme are required.

. We assume that up(t) is a square wave of amplitude 1 with 1-day time period and
60% width. However the dynamics of drug effect in the human body cannot be
assumed to be a square wave. Further modeling of the drug delivery dynamics

must be included in the full-order model (3.1)-(3.5).

. In this chapter, the behaviour of the reduced-order model (3.11), (3.12) approaches
that of the full-order model (5.1)-(5.5) at each period with a steady series of square-
wave inputs u(t), as shown in Figure 3.9. On the contrary, from the 100th day to
the 350th day, where the input wu(t) switches twice in each period T, the full- and
reduced-order models do not show similar behaviour. To increase the similarity
between the behaviour of the full-order model (5.1)-(5.5) and that of the reduced-
order model (3.11), (3.12), we can use the reduced-order model (3.11), (3.12) when
u(t) = 0 and an alternative model when wu(t) = 1. Currently, the reduced-order
model (3.11), (3.12) is used for both u(t) = 0 and u(¢) = 1, but this model is
designed to emulate the full-order model (5.1)-(5.5) only when u(t) = 0.
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Chapter 4

Control method by gradual

reduction of drug dose

Recently a control strategy based on gradual reduction of drug dose (GRDD) has been
proposed to induce CTL mediated control and to achieve the LTNP status [27,66]. In
this chapter we apply this drug scheduling scheme to a HIV model with immune system
which strongly depends on the HIV target cells. By means of this method the HIV
patient is steered to the LTNP status. The results in this chapter are presented in [17].

In addition, the preliminary work for this chapter is published in [27], and its appli-
cations are included in [25], [26], and [24]. The formal analysis and proofs for the work

of the chapter are shown in [66] as well as [64].

4.1 Gradual reduction of drug dose and HIV model with

immune response strongly dependant on target cells

GRDD, also known as gradual dose reduction (GDR), is a drug prescription scheme
to taper off the drug medication level. This drug scheduling scheme is now considered
in some clinical cases, such as long-term uses of neuroleptic, antidepressant or benzo-
diazepine for chronic patients [51,71,80]. In [27] GRDD has been introduced for HIV
treatment to induce the patient state to the LTNP, see also [24-26]. A mathematical
analysis of GRDD for the model in [75] has been performed in [66].

The scheme of GRDD is based on the bifurcation properties of the HIV model. In
this chapter we consider the model (2.10)-(2.12), discussed in Section 2.1.2. We recall
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Point F 2 F) = %7 yF) =0, (F) — .
Point G A T %’ 2@ — .

. Ae++/A2c2 —dbedn3 (H) _
Point H | z(H) = 2° v o e y = W’ 2 = nﬁxp .
. Ae—+/A2c2—dbedn3 0 _

Point 1 g = 2 v 2Ccd =, y\ = m7 20 = _”Bxp =3

Table 4.1: Equilibrium points of the model (4.1)-(4.3).

the model here for convenience:

& =\ —dx —nByzx, (4.1)
= (npx —a—p2)y, (4.2)
2 = (cyz® — b)z. (4.3)

The model has four equilibrium points: Point F, Point G, Point H, and Point I (see Table
4.1). Without any medication (i.e., n = 1), Point G and Point H are asymptotically
stable [40].

We stress that Point G corresponds to the status of a patient for whom HIV domi-
nates, whereas Point H corresponds to the status of a patient who does not progress to

AIDS, i.e., the LTNP status.

4.2 Preliminary analysis of gradual reduction of drug dose

Let X := [z,y,2]T and let U be the set of measurable functions whose values are between

0 and 1. Therefore, the input 7(-) of interest is in ¢. Also, let P = R3 = [0, 00)3.

Theorem 2 Consider the system (4.1)-(4.3). For any n(-) € U, no finite escape time
phenomenon occurs and the set P is positively invariant. In other words, for any initial
condition X (0) € P, the solution X (t) of model (4.1)-(4.3) exists for all t > 0 and is

contained in P for all t > 0.

Proof: Suppose that X(0) € P and that some components of X (¢) shows finite escape
time phenomenon at a finite time 7" > 0. Since (4.2) and (4.3) have the linear form
y(t) = fy(t)y(t) and 2(t) = f.(t)z(t), where f, and f, may be regarded as continuous
functions of time whose values exist for 0 < ¢ < T, the states y(t) and z(¢) remain

positive for 0 < t < T. (Note that y and Z go to zero when y and z approach to zero,
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respectively, and also §y = 0 and 2 = 0 when y = 0 and z = 0, respectively.) Since (4.1)
has the form @(t) = A+ f,(t)z(t), where f, may be regarded as a continuous function of
t for 0 <t < T, it can be seen by means of a comparison lemma [42] that the state z(t)
also remains positive in this time interval. This implies that X () € P for 0 < ¢ < T,
regardless of n(-). Now let V(t) := z(t) 4+ y(t), which is positive for all ¢ € [0,T"). Then,
let K = min{d,a} and note that

V=A—dr—ay—pzy<A—k(z+y)=\—kV.

Thus V(t) (as well as x(t) and y(¢)) is bounded in the interval 0 < ¢ < 7. This in
turn implies that finite escape does not occur. Indeed, for 0 < ¢ < T, the function
£:(t) = (ey(t)z(t)* — b) is bounded, and therefore, z(t) is bounded. So we conclude that

T equals infinity. O

Assumption 1 The parameters of model (4.1)-(4.3) are such that

d<a, (4.4)
2ad < A3, (4.5)
4d
A—Qﬁ < g, (4.6)
3° c
a0 — ad) >3 (4.7

Although Assumption 1 is technically designed to subsequent analysis of this chapter
and the model parameters are normalized so the state variables do not represent actual
data, Assumption 1 can be justified by previous works in the literature on HIV dynamics
such as [54,75], as seen in what follows.

Inequality (4.4) implies that the decay rate of the uninfected cells is smaller than
that of the infected cells [54]. Inequality (4.5) implies the basic reproductive ratio [54] is
larger than 2. For small basic reproductive ratio, the virus is automatically eradicated
and the patient needs not be treated. However this is apparently not the case for most
AIDS patients.

Regarding inequality (4.6), it is noted that if the immune responsiveness c lies below
a threshold, treatment cannot result in the establishment of CTL memory [75]. While
any formula for such a threshold is not presented in the literature, the condition (4.6)

might be understood as a possible lower bound for the immune responsiveness.
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Inequality (4.7) limits the size of 3. In [75], it is mentioned that ‘If the rate of viral
replication [ is below a threshold..., an effective CTL response is always established.’
This means that, for too small G, LTNP is automatically achieved so that the patients
need not be treated at all (note that this is not the case for most AIDS patients in the
real world), hence 8 should be lower-bounded. The HIV literrature has not presented
any quantitative criterion regarding this, but the conditions (4.7) could be understood

for such bound.

Lemma 1 Suppose Assumption 1 holds.

1. The quantity inside the square-root term of Point H and Point I (see Table 4.1) is
positive for all values of 0 < n <1 (therefore the system has four real equilibrium

points for all n).

2. Point F and Point G coincide when

o = 2
T/—T/FG—Aﬁ-

Moreover 0 < pg < %
3. Point G and Point H coincide when n = figy, where the solutions of
Y (n) = b33n® — acABn + a’ed = 0 (4.8)
are 07, gu and 03 (7 < Hagu < 03 ). Moreover pa < g < 1.
4. 2 >0 when neg <n < 1.
Proof:

1. The term under the square-root of Point H and Point I is A2¢? — 4bcdnB. When
n = 1 this term achieves its minimum, namely A\?c? — 4bcd3, which is positive by

(4.6). Therefore all four points are real for any 7.

2. By solving the equations z(*) = (&) and y#) = 4(©) we obtain that Point G =

(3, 0,0) if and only if n = “—g. Also % is positive and less than % by (4.5).
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3. y@ =y and 2(@) = 2(H) imply Y () = 0. By (4.5) and (4.7)

Y(—o0) <0,

Y (0) = acd > 0,

3d3 3d3
¥lrre) =005 —acw_w ity
Y (27rg) = bB° (iﬁ?) c)\ﬂﬁ + a%ed < a’bd (% _ g) <0,

Y (1) =b8% — acAB + a’cd = ba(AB — ad) <a()\567iad) — 5) > 0.

o

Thus the third-order algebraic equation Y (1) = 0 has three real solutions n}, g,

and n3 such that 07 < ngy < n3 with 07 < 0 and frg < gy < 27Fra < 13 < 1.

From z(©) = z(H)

VA2 — dbednf = 2g;d e (4.9)

Setting n = 1 or n = n3, the right-hand term of (4.9) is negative. Thus 2(G) £ g (H)

when 7 = nf or n =n3. From Y (7jgy) =0 and 0 < fjgg < 2%,

bﬂ?’ﬁ%H — acA\Bigy + a’cd =0

)
N2c? — 4bedBigr = 46“72?2212 — dacd\c + Nc?
Wel:s
)
VAR — dbedBiin = Fo£d — e

Thus, when n = fgy, (a:(G), y(G), Z(G)) = (a;(H), y(H), z(H)) and rg < Ngg < 1.

4. Note that

H O _ c(AnB = 2ad) + nf\/ N2c? — 4bcdnﬂ.
nB 2cdnf3

When n > 25 = 2Nrq, z(H) > 77% by (4.6). When figy < 1 < 27rg, Y(n) <0

;U(

since this is a continuous function of 7. Then,

—b31® + acAfn — a’cd > 0
)
" B%(N\2c? — dbednB) > (2acd — AenB)?
)

(H) ~ a
> o
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Thus 2(") > 0 when gy <7 < 1.

O

In what follows, let Ir = [0,7rq), Ic1 = (MrG,cH), Ia2 = (15, 1], and Iy = (Ggw, 1.
Theorem 3 Suppose Assumption 1 holds.

1. Point F is locally exponentially stable for n € Ir.

2. Point G is locally exponentially stable for n € Ig1 U Igs.

3. Point H is locally exponentially stable for n € Iy.
Proof:

1. The Jacobian matrix of system (4.1)-(4.3) at the Point F is

-d -nB% 0
0 nﬁ% —a 0],
0 0 —b

hence the stability is determined by the sign of the term ng3 % — a, which is negative

when 1 € Ip, hence the claim holds.

2. The Jacobian matrix of system (4.1)-(4.3) at the Point G is

—7][3% —a 0

\3n—ad \3n—ad

Ap—ed () _pAnad |
Y

where Y (n) is given in (4.8). Then the characteristic equation is s3>+ G1s? + Gas+

G3 = 0 with
A Y(n)
Gy = 7755 + 773—;3,
Y(n) A
GQ = ()\ﬁ’l’} — ad) + ?72(;,2) E,
Y
Gs = (\On — ad) 773(;3.

From the proof of Lemma 1, Y () = 0 when n = fjgg or n = n3, and Y(n) > 0

when 7pg <1 <fgp or nz <n < 1.
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Hence if n € Ig1 U Igo, G and G5 are positive, and

Y (n) A Y<n>2) o

A
GGy — Gz = 7755 (Aﬁn —ad + 2F2a 1333

Thus, when n € Ig1UIge, Point G is locally exponentially stable by Routh-Hurwitz

criterion.

. The Jacobian matrix of system (4.1)-(4.3) at the Point H is

—d—npy  —pBzH) 0
nBy ) 0 —py |,
g () gy () (H) o (H)? (H) 0

where () y(H ) and z() are from Table 4.1. Then the characteristic equation is

s3 + Hys? + Hys + Hy = 0, with

A
Hl = IIZ‘(H)7

Hy = (nBa™ — a)b+ np(\ — dz'™),

bA

—ay (1821 — @) — 2pbn By 1.

Hy =

For n € Iy, Hy is positive and

b
x(H)

Act+/ A2¢2—4bednB A
2cd > 2d"

(H)
(nBz) — a) — 2pbn By H) 2(H) = pbzi(de(H) —A) >0,

Ha: =
3 )

because xH) =

Moreover, in this interval

A
HyHy — Hy = —gnB(\ - dae ™)) 1 2pbn gy 2 (H) > o,

since

=+ /A2c2 — 4bednS
2cd

(H)

x _é
7=

Therefore, when n € Iy, Point H is locally exponentially stable by Routh-Hurwitz

criterion.
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4.3 Treatment by gradual reduction of drug dose

Assumption 2 The drug is so effective that

(1-€)A38

1. 4.10
< (4.10)

Theorem 4 Consider the system (4.1)-(4.3) and assume Assumptions 1 and 2 hold.
Then all trajectories X (t) with u =1 converge to Point F.

Proof: As in the proof of Theorem 2, let V(t) = z(t) + y(t). Then, by (4.4), V(t) =
A—dz—ay—pzy < A—d(z+y) - (a—dy < A—d(z+y) =A—dV(t), which holds
for all ¢ > 0 due to the positive invariance of P.
If y(t) converges to zero, then the claim holds because of (4.1), (4.2), and (4.3).
Otherwise, V() becomes less than \/d eventually since V(t) < A\ — dV (t). This in

turn implies that z(t) < A\/d in a finite time. Then equation (4.2) becomes
§ =ymPfz —a—pz) < =0y, (4.11)

for some 0 > 0, because n < (da)/(A3). Hence y(t) converges to zero, which is contra-
diction.

Since y(t) goes to zero, x(t) converges to A\/d by (4.1) and z(t) goes to zero by (4.3).

Now we state the treatment idea which is based on [42, Lemma 9.8] and consists of
two steps. In the first step we use full dosage (i.e., w = 1). Thus 7 is in the interval Ip,
and by Theorem 4 the state X (¢) converges to Point F. In the second step, we slowly
reduce the dosage, so that the state X (¢) follows the exponentially stable equilibrium,
Point G and then Point H. This may drive the state near Point H when 1 becomes 1
(i.e,, u=0).

Using Table 4.1 we define the exponentially stable points line (ESPL) x(n) as

Point F, neElp,
x(n) = { Point G, n € lg1, (4.12)

Point H, n e ly.

Note that Point G and H are functions of 17 whereas Point F is not. We regard the ESPL

not defined at n = rpg and 1 = gy since we do not have proven exponential stability of
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Figure 4.1: 3 dimensional plot of the exponentially stable points line (ESPL) given in

2

y(x10_3)

1

0

9.6

9.7

(4.12). The case of n € Ir corresponds to Point F, (10,0,0).

A
1

d
0.1

B
1

a

0.2

p
1

c

0.03

b
0.01

z(0)
0.2

y(0)
4.9

Table 4.2: Parameters and initial conditions for model (4.1)-(4.3).

any equilibrium point for these values of 7. For additional analysis of the case n = fpg

and n = g, see [66].

Figure 4.1 shows the ESPL with the parameters of Table 4.2. Figure 4.2 displays the
result of the application of the GRDD with ¢* = 0.99 and the initial condition which
corresponds to a serious status of AIDS, as presented in Table 4.2. The first and second
step take 50 days and 450 days, respectively. Figure 4.3 is a 3 dimensional plot based
on Figure 4.1 and Figure 4.2. The thick line and the thin line correspond to the ESPL

and the state trajectory, respectively. Note that the scale is not as in Figure 4.1. Figure

4.3 shows that the patient is driven to the LTNP status.
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Figure 4.2: Result of the application of the gradual reduction of drug dose (GRDD).
The unit of z and y is (100copies/ul).

10

Figure 4.3: 3 dimensional plot of the result of gradual reduction of drug dose (GRDD).
The thick line is the ESPL and the thin line is the state trajectory, which starts at the
point (0.2000, 4.9000,0.0001) marked with .
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4.4 Conclusion

In this chapter we have applied a new treatment scheme, known as GRDD, to the HIV
infection model in [40] exploiting the positivity property of the system and a bifurcation
analysis. It has been shown that, for any initial state, the state of the patient can be
steered to the LTNP status by the proposed treatment if the model parameters satisfy
specific assumptions. The results in this chapter are presented in [17].

In addition, the preliminary work for this chapter is published in [27], and its appli-
cations are included in [25], [26], and [24]. The formal analysis and proofs for the work

of the chapter are shown in [66] as well as [64].
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Chapter 5

Control method by activation of

the immune response

The purpose of this chapter is to derive a new drug scheduling methodology for HIV
patients on the basis of the properties of the immune system. The main idea stems from
a simple graphical analysis. In this chapter we do not provide a formal treatment of
the properties of the controlled system, but focus on the methodological and conceptual

aspects of the design. The results in this chapter are published in [21], [16], [19], and [18].

5.1 Analysis and control of HIV model with CTL-mediated

immune response

In this section we consider the model (2.1)-(2.5), namely

&=\ —dx —npfxy, (5.1)
y =nfry — ay — p121y — p222y, (5.2)
21 =c1z1y — by21, (5.3)
W = coxyw — coqyw — bow, (5.4)
29 = coqyw — hzo. (5.5)

For the clinical meaning of the states, see Table 2.1. The model (5.1)-(5.5) has five

equilibrium points, three of which are recalled here from Table 3.1:
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Point A:

Point C:
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Point E:
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2nBcaq ’ d -+ nﬂy(E) ’
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C2qY Cap2y

Table 5.1: Equilibrium points of the model (5.1)-(5.5)

In this section we use the same system parameters of Chapter 3 (see Table 3.2),
whereas we use a different initial point. The initial point is one of those used in [82] as
indicated in Table 5.2. This point is in the vicinity of Point A, which represents a newly

infected patient!.

z(0) | y(0) | 21(0) | w(0) | 22(0)
10 0.01 | 0.01 | 0.01 | 0.01

Table 5.2: Initial condition for model (5.1)-(5.5). This initial condition is given in [82].

From the discussion in Section 3.2, we can regard model (5.1)-(5.5) as the inter-
connection of two subsystems: the infection dynamics and the immune system [15,22].
The goal of the control in this chapter is to enhance immunity and this is equivalent to
boosting z1, w, and zy. Particularly, helper-dependent responses (i.e., w and z9) must
be enhanced in order to lead a HIV patient to the LTNP status (Point E), because the
w and 2z components of Point C are zero and those of Point E are positive and large.
In addition, since zo depends upon w (see equation (5.5)), if w is increased, then zs is
also increased.

Equation (5.4) can be written as w = K(z,y)w where K (z,y) = coxy — caqy — ba.

I This point is also regarded as the status of a HIV patient that has been treated with HAART for a

long time [82].
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)

Figure 5.1: Graphical properties of the immune system enhancement in model (5.1)-

(5.5).

Note that K(z,y) depends upon the variables x and y of the infection dynamics, and
also note that the infection dynamics is directly affected by the drug. Accordingly we
can control w indirectly via the input u.

Figure 5.1 shows some geometric properties of the function K (z,y) for the given
parameters in the (z,y) positive quadrant. The dotted line describes the set K (z,y) = 0.
Since K (z,y) > 0 above this line the immune term w increases when (z,y) belongs to
this region. The dashed line and the solid line describe the sets K(x,y) = 0.5 and
K (z,y) = 1, respectively. mg and 7¢ correspond to the projection into the (z,y)-plane
of Point E and Point C, respectively. 7y indicates the projection into the (z,y)-plane of
the initial state.

The basic control idea is to force the patient state to be such that w(t) > 0 as long
as possible. In the case of model (5.1)-(5.5) this idea can be implemented by means of

the following control procedure.

5.1.1 The control procedure

Initialization: Select a positive number T,;. Ty denotes the sampling time for the

computation of the control input. Let w denote the immune term, K = cozy — coqy — ba
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the immune increasing factor, and the set K(z,y) > 0 in the (z,y) positive orthant the
immune increasing region. X7 is the initial condition of model (5.1)-(5.5).

STEP 1: Integrate model (5.1)-(5.5) with initial condition X for Ty time instants
with full medication and with no medication. Let X r,, and X, be the values of the
state of the model (5.1)-(5.5) at the end of the integration period with full medication
and with no medication, respectively. Let 7p f,, and 7f,, be the projections of Xp ¢y,
and Xp ,,m, respectively, on the (z,y) plane.

STEP 2: If 7g,, is not in the immune increasing region, then set u = 0.

If mp fm is in the immune increasing region and g ., is not in the immune increasing
region, then set u = 1.

If both 7gym and g fp, are in the immune increasing region and the immune term of
XFnm is not smaller than that of X f,,, then set u = 0.

If both 7gnm and 7F fp, are in the immune increasing region and the immune term of
XF fm is greater than that of Xp,,, then set u = 1.

STEP 3: The input determined in STEP 2 is applied to the model (5.1)-(5.5) with
initial point X; for T time instants. Let Xz be the values of the state at the end of the
integration period.

STEP 4: Set X; = Xp and go to STEP 1.

Consider the set € of the positive orthant such that all initial conditions in 2 are
driven to the LTNP status by the proposed control procedure. The shape and size of the
set 2 depend upon the system’s parameters and the value of T;. A simple estimate of {2
will be computed in Subsection 5.1.2. For initial conditions outside €2 to be driven inside
), it is necessary to apply a preliminary control action, for example full medication over
a sufficiently long period (which will be considered in the next chapters). Note that
the initial condition in Table 5.2, associated to a patient treated by long time HAART
therapy, belongs to the set €2, as shown in Figure 5.2 and Figure 5.3.

Figure 5.2 shows the results of the application of the proposed control procedure
with T, = 1 (day)?. The control input becomes eventually zero® and the patient state

converges to the LTNP status, namely to Point E which is (8.2255, 0.0216, 0, 1240,

2This assumes that HIV measurements are carried out from day to day. If we choose smaller T, then

the state trajectory can be controlled more minutely. This issue will be considered in the next chapters.
319 days are required for the control signal to reach zero in Figure 5.2.
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Figure 5.2: Results of the application of the control procedure in Section 5.1.1 to model

(5.1)-(5.5) with Ty =1 (day). The unit of z and y is (100copies/ul).

Figure 5.3: The (z,y) trajectory resulting from the proposed control strategy. The
dotted line indicates the set K (z,y) = 0 and the solid line indicates the (z,y) trajectory.
The (z,y) trajectory stays within the immune increasing region, coxy — caqy — by > 0,

and converges to Point E.
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Figure 5.4: Estimation of the set  with z; = 0.01, w = 0.01, and zo = 0.01. The “”
and the “4+” marks denote the projections of the initial points and of the final points in

the (z,y) plane, respectively.

8.0255) for the given parameters. The (z,y) trajectory is shown in Figure 5.3, which
shows that the (x,y) trajectory stays within the immune increasing region coxy — caqy —
by >0 for all t > 0.

The proposed control strategy relies on the knowledge of the immune increasing
region, which depends upon system’s parameters. Note however that it is sufficient to
use a conservative estimate of the immune increasing region, hence rendering the control

strategy robust.

5.1.2 The set

To estimate the set 2 we use computer simulations. In these simulations it is assumed
that 21 (0) = 0.01, w(0) = 0.01 and 22(0) = 0.01, which means that the immune system
is hardly boosted. We simulate with pairs of initial points (z(0),y(0)) with z(0) and
y(0) taking values in the set {0.01,1,2,3,--- ,10}. All other conditions are as in the
previous subsection.

()

In Figure 5.4, the initial points are indicated with “” marks in (z,y) plane. The

“+” marks denote the (x,y) states after the control process for 400 days. Figure 5.5
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Figure 5.5: Zoomed in version of Figure 5.4. All “+” marks from Figure 5.4 are shown
in this graph. The “+” marks belong to the region of attraction of Point E and belong

to the immune increasing region.

shows a zoomed in version of Figure 5.4. All considered initial states yield trajectories
which converge to the LTNP state, mp. Particularly the trajectory with z(0) = 10 and
y(0) = 0.01 is displayed in Figure 5.2 and Figure 5.3. The suggested control idea works

for all considered initial points.

5.2 Analysis and control of HIV model with two target cell
types

In this section we consider model (2.14)-(2.19) of Section 2.1.3, namely

1 =M\ —dyx1 — (1 — equq ) kyvzy, (5.6)
&9 =Xy — doxa — (1 — fequq)kovxs, (5.7)
Y1 =(1 — erur)krvzy — dy1 — mazy, (5.8)
Y2 =(1 — ferur)kavze — dya — mazys, (5.9)
v =(1 — eu2) N7 (y1 + ya2) — cv — A1 (21, T2, u1)0, (5.10)
soapt SEULtY)  delntw) 5 (5.11)

(i +y2) + Ky~ (1 +y) +Ka

with Al(xl,xg,ul) = (1 — elul)plklxl + (1 — felul)pgkgajg.
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We use the same system parameters and an initial point of [10], as indicated in Table
5.3. The model (5.6)-(5.11) with the given parameters has at least* two asymptotically
stable equilibrium points, which correspond to the AIDS status and the LTNP status
[1,10]. The initial point represents a patient immediately after the HIV infection.

M| di | e ky A do f ko §
10 | 0.010.7]80x10"%]|31.98x1073 | 0.01 0.34 0.1 0.7
my | ma | €2 Nrp c p1 P2 AE be
0.01 | 0.01 | 0.3 100 13 1 1 1.0x1072 | 0.3
K, | dg | Kq4 g T:(0) T»(0) | T3 (0), T5(0) V(0) E(0)
0.1 |0.25|0.5 0.1 1000 3.198 0.0 0.001 0.01

Table 5.3: Parameters and initial conditions for model (5.6)-(5.10).

The dynamics of the CTL effector z (given in equation (5.11)) are explained in [12].
Equation (5.11) can be written as 2 = Ag + K (y)z, where

bry dgy
K(y) = - -
y+ Ky y+Kqg

E,

with y = y; + y2. The states y; and y, are determined by equations (5.8) and (5.9),
respectively and these two equations include the RTI therapy input term, u;. Conse-
quently 2 is affected by the input w;. Figure 5.6 shows the graph of K = K(y) as a
function of y for the given system parameters. If K(y) is non-negative and A\g is a pos-
itive constant, then Z > 0. Therefore the condition K(y) > 0 implies that the patient’s
state is inside the immune increasing region. With the given parameters, K (y) = 0 when
y is either 0.0821 or 1.2178. Hence if y € [0.0821,1.2178] the immune system is boosted.

To apply the control methodology from Section 5.1 to model (5.6)-(5.10) we assume
that u; = ug = u because drug therapy with only one category® of anti-HIV drugs can
cause the emergence of drug-resistant strains of HIV [83]. The state z is regarded as the
immune term and K (y) is regarded as the immune increasing factor. With this definition

it is possible to apply directly the control steps proposed in Section 5.1. Similarly to

In [1,10], it is only shown that two of the equilibria of model (5.6)-(5.11) are asymptotically stable
with the parameters of Table 5.3. Note that we do not need the stability of any other equilibrium points

for the discussion in this thesis.
5Note that the input terms w1 and ug represent the antiviral effects from reverse transcriptase in-

hibitors (RTT) and protease inhibitors (PI), respectively.
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Figure 5.6: Graph of the function K(y). The function derived from (5.11) is K(y) =

ylffgb - ydf—Kyd — 0p with y = y1 + y2. The dotted line represents the set K(y) = 0. With

the given parameters, K (y) = 0 when y is either 0.0821 or 1.2178.

what discussed in Section 5.1 it is possible to estimate a subset such that all initial
conditions in this subset are driven to the LTNP state by the proposed control strategy.

Figure 5.7 shows the results of the application of the control procedure with T, = 1.
The control input converges to zero and the patient states converges to the LTNP status,
given by (967.839, 0.621, 0.076, 0.006, 0.415, 353.108) [10]. The (z,y) trajectory is
displayed in the top graph of Figure 5.8, where x = x1 + z2. 7 in the graph represents
the initial point in the (z,y) plane, and mprnyp and marps denote the LTNP status
and the AIDS status in the (z,y) plane, respectively. These two points are locally
asymptotically stable [10]. 7mpys indicates the point which is asymptotically stable when
u=1.

The bottom graph of Figure 5.8, which is a zoomed version of the top graph, provides
an explanation of the control mechanism. In particular the shaded region is the region
where the immune term z is enhanced. In the first two days of simulation the control
input is zero because the patient state cannot enter the shaded area regardless of the

input. As a result the patient state converges to marps (which is outside the area of
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Figure 5.7: The results of the control procedure applied to model (5.6)-(5.10) with
Ty = 1. The unit of x and y is (copies/ul). (Note the different time axis in the bottom
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Figure 5.8: (x,y) graphs from Figure 5.7.
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the bottom graph) and penetrates into the shaded area only in the third day. When the
initial state is in the shaded area and u = 0, the resulting trajectory is a counterclockwise
spiral converging to marps. On the other hand if u = 1 and the state is in region A,
then the trajectory is a counterclockwise spiral converging to mwgps, whereas if u = 1 and
the state is in region B, then the trajectory is a clockwise spiral and converges to mrys.
This implies that if the trajectory reaches the shaded area, where the immune term is
enhanced, then there is a switching input sequence which forces the state to remain in
the shaded area, provided T} is sufficiently small. This behaviour is clearly illustrated

in the bottom graph of Figure 5.8.

5.3 Analysis and control of disease dynamic model

In this section we show that the control methodology proposed in Section 5.1 is applicable

to the model (2.24)-(2.27) discussed in Section 2.1.5, namely

i1 = (a1 — a1223)x1 + biua, (5.12)
To = ag1(x4)agexi(t — T)x3(t — 7) — ags(xe — 22™) + bous, (5.13)
&3 = az1x2 — (@32 + aszwy)xr3 + baus, (5.14)
T4 = Q4171 — @42T4 + batiy. (5.15)

We use the same system parameters and one of the initial conditions of [67,69], as
indicated in Table 5.4. The initial condition corresponds to a patient who would be led

to fatal damage of the body without treatment.

a1l ai2 a2 azs a31 as2 a33 a41 Q42 bl
1 1 3 1 1 1.5 0.5 0.5 1 -1
by | by | ba | T | @2" | 21(0) | 22(0) | 23(0) | 24(0)
1] 1]-1]o0] 2] 3 2o | 43| o

Table 5.4: Parameters and initial conditions for model (5.12)-(5.15).

The function agq(x4), which describes the immune deficiency effect caused by the

damage of the organ, is selected as in [69], namely

cosmxy, if 0<xy <0.5,
ag (x4) = (5.16)
0, if 0.5 < 4.
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Figure 5.9: The results of the application of the control procedure to model (5.12)-(5.15)
for 100 days with Ts = 0.1. The control method successfully suppresses the pathogen x

in a short period.

In [67-69] the time unit is not specified and simulations are carried for 10 time units.
With the given initial state the patient’s organ becomes deadly damaged after 4 time
units [67-69]. We assume that 1 time unit in model (5.12)-(5.15) is 10 days and we set
Ts = 0.1, which corresponds to 1 day, to implement the control strategy of Section 5.1.
Consequently we simulate model (5.12)-(5.15) for 100 days. Note that without treatment
the disease would result in a fatally damaged organ after 40 days.

To apply the control methodology proposed in Section 5.1 to model (5.12)-(5.15) we
assume ug = ug = uyq = 0, hence u; is the only control input. This is motivated by the
observation that the antiviral drug input in model (5.1)-(5.5) corresponds to the antigen
killer u1 in model (5.12)-(5.15). In addition we regard the state zo as the immune term
and the function ag;(x4)agez:(t — 7)x3(t — 7) as the immune increasing factor K, which
is a function of x1, x3, and agi(z4), when 7 = 0. Thus K(z1,z3,a21(x4)) > 0 is the

immune increasing space of the model®. With these assumptions it is possible to apply

SWe call K(x1,z3,a21(x4)) > 0 the immune increasing space, instead of immune increasing region,

because the immune increasing factor K is a function of three variables.
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Figure 5.10: The (x1,x3,a21(x4)) trajectory from Figure 5.9. 7y and 7o indicate the

projections of the initial and final points into the (1, 23, a21(x4)) space, respectively.

the control strategy developed for model (5.1)-(5.5) to the model (5.12)-(5.15).

Note, however that, as z1 and x3 are positive, age = 3, and ag;(z4) is non-negative,
by (5.16), the trajectory always stays in the immune increasing space. As a result STEP
2 of the procedure has to be replaced by the following step.

STEP 2*: The control input is the one that maximizes x5 at the end of the inte-
gration period.

Figure 5.9 shows the results of the application of the proposed control procedure
for 100 days. The procedure, unlike what proposed in [67-69] (where optimal control
tools are used), provides either full dosage or no dosage of medication for each day and
successfully suppresses the pathogen x; in a short period. The (x1, x3, as1(z4)) trajectory

obtained from the control procedure is displayed in Figure 5.10.

5.4 Analysis and control of HIV model with two immune

response types

In this section we evaluate the control idea by applying it to an alternative HIV dynamic

system, which shows a tristability property. To the best of our knowledge, this is the first
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study on drug scheduling for a tristable HIV model. We consider the model (2.20)-(2.23)

in Section 2.1.4, namely

&= \—dzx —nByxN, (5.17)
. ayx
Ty = Ay + L ex? — nBryx1 N, (5.18)
Nty
. ayx
Ty =Ag+ ¥ exs — nBuywaN, (5.19)
72ty
Y =nylBr + Buz1 + Puze]N — dyy — Ky, (5.20)

where 75 > v1, K = K(x1,%2) = ki1 + koxo, and

1

N=N = .
(w1, 2) 1+ nizy + naxs

We use the same system parameters of [6], as indicated in Table 5.5.

Al Ag | de | dy | « B B 7 V2 €
2 | 1077 10.05]02|03]| 0.03 0.03 2 6 0.05
ki | ko ny | ng | € | z(0) | x1(0) | x2(0) | y(0)
0.1 0 0 2 10.8]6.6671 | 0.0001 | 0.0001 | 8.3327

Table 5.5: Parameters and initial conditions for model (5.17)-(5.20).

With these parameters model (5.17)-(5.20) is a tristable system [6] when u = 0. To
highlight this property three trajectories of the systems are displayed in Figure 5.11.
The three initial conditions in Figure 5.11 are (40, 5, 5, 1), (0.01, 0.01, 0.01, 10), and
(10, 1, 0.01, 6). We integrate model (5.17)-(5.20) with u = 0 from these initial conditions

for 1,000 days, and obtain the three points :

Point P : (30.5919, 2.0279, 0.7433, 1.2737),
Point Q : ( 6.6671, 0.0000, 0.0000, 8.3328),

Point R : (1 9.0522, 1.0225, 0.0000, 5.6985).

Figure 5.11 shows that each trajectory converges to one of these points. Point Q implies
the status of a patient for whom HIV dominates, which is locally stable with the given
parameters. Point P describes the LTNP, i.e. a patient who is infected with HIV but
does not progress to AIDS. With the given parameters Point P is also locally stable. At

Point P, the number of infected cells (the y component) is maintained very low, while the
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Figure 5.11: State histories of model (5.17)-(5.20) with input v = 0 from the initial
state (40, 5, 5, 1) (top graphs), (0.01, 0.01, 0.01, 10) (middle graphs), (10, 1, 0.01, 6)
(bottom graphs). x(t) and z1(t) are represented by solid lines while y(¢) and x(t) are

represented by dotted lines.

numbers of the HIV-specific CD4 T-cells (the 21 and x9 components) are large, which
is desired. Finally Point R can be interpreted as a substitution status for the LTNP,
which will be discussed in Sections 5.4.2. The main goal of controlled drug scheduling
is to bring the state of a patient to within a small neighbourhood of the LTNP status,
Point P.

The initial state considered in this section is shown in Table 5.5, which represents a
patient with AIDS, in the vicinity of Point Q. Figure 5.12 shows the simulation result of
the withdrawal of drugs after full-dosage treatment for 500 days with this initial point.
Regardless of the treatment, the infected cells (y state) re-emerge to pre-treatment levels
and the immune response (x; and x2 states) are not excited after the cessation of drugs.
Hence immunological control of the HIV in the absence of the drug is not achieved and
a systematic drug scheduling is needed for the HIV patient to be driven into the region

of attraction of the LTNP status.
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Figure 5.12: Result of the cessation of drugs after 500 days of treatment. Although
the infected cells (y) seem to be eradicated during the treatment, they re-emerge to

pre-treatment levels when the drugs are stopped.

5.4.1 Modification of the control procedure

Exploiting the ideas introduced in Chapter 3 we regard model (5.17)-(5.20) as the in-
terconnection of two subsystems: the infection dynamics and the immune system (see
Figure 5.13). The infection dynamics are described by equations (5.17) and (5.20), while
the immune system is represented by equations (5.18) and (5.19). The goal of the control
is to enhance immunity, and this is equivalent to boosting x; and x2. To lead a HIV
patient to the LTNP status (Point P), the HIV specific immune response (i.e., 1 and
x2) must be enhanced because the z1 and xs components of Point Q are zero and those
of Point P are positive and large. Therefore we must increase the z; and xo terms by
controlled medication scheduling.

Equation (5.18) can be written as
&1 = Ag + Ki(21, 22, y,u)z1,

where

—ex1 — (1 — €u)BryNi(z1,22),
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Figure 5.13: Interconnection between the infection dynamics and the immune system in

model (5.17)-(5.20). Note that the input u is applied to both subsystems.

with Ny(z1,22) = 71— On the other hand equation (5.19) can be written as

14+nix1+n2x2
jj2 = )\H + K2($27y7u)x27

where

Ky(x2,y,u) = —exg — (1 — €"u) By Na(r2),

Y2+ Y

with Ny(z2) = . In this section we consider the case” with n; = 0 and ky = 0.

Figure 5.14 shows some geometric properties of the function Kj(z1,z2,y,u) for the
given parameters and for zo = 0, in the (21, y) positive orthant. The dotted lines describe
the sets in which K;(z1,0,y,0) = 0, Ki(z1,0,y,0) = 0.02, and K;(z1,0,y,0) = 0.04,
respectively. The solid lines depict the sets in which K;(z1,0,y,1) = 0, K;(x1,0,y,1)
= 0.05, and Ki(x1,0,y,1) = 0.1, respectively. These graphs allow to conclude, for
example, that if zo is sufficiently small and the point (z1,y) is placed into the set in
which Kj(z1,0,y,0) = 0 and x; > 0, then the state z; increases when u = 0. 7p, 7,
and 7R correspond to the projection into the (1, y)-plane of Point P, Point Q, and Point
R, respectively. Note that 7g and 7g are located in the set in which K;(z1,0,y,0) =0,
while 7p is not.

Figure 5.15 shows some geometric properties of the function Ky(ze,y,u) for the
given parameters in the (z9,y) positive quadrant. The dotted lines indicate the sets
in which Ks(x2,y,0) = 0, Ka(z2,y,0) = 0.02, and Ks(x2,y,0) = 0.04, respectively.
The solid lines represent the sets in which Ka(x9,y,1) = 0, Ks(x2,y,1) = 0.05, and
Ks(x9,y,1) = 0.1, respectively. These graphs allow to conclude, for example, that if the

point (zg,y) is such that Ks(x2,y,0) = 0, then the state x5 increases when u = 0 by

"In [6], this case is described as z1 is lytic and 2 is non-lytic. Lytic immune response kills infected

cells, whereas nonlytic immune response inhibits viral replication via soluble mediators [74].
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Figure 5.14: Properties of the function Ki(x1,z9,y,u).

(5.19) and Ay > 0. 7p, mQ, and 7 correspond to the projection into the (x2,y)-plane
of Point P, Point ), and Point R, respectively.

Note that only the Point P (i.e., the LTNP) has a positive x5 component among the
three steady states, and that Ks(z2,y,0) depends upon the variables xo and y, which
are directly affected by the drug from (5.19) and (5.20). Accordingly, we can control
Z9 indirectly via the input u. The basic control idea is therefore to force the state to
be such that Ky(z2,y,u) > 0 (which implies #2(t) > 0) as long as possible. In the case
of model (5.17)-(5.20) this idea can be implemented by means of the following control

procedure.

The control procedure

Initialisation: Select a positive number Ts. T denotes the sampling time for the
computation of the control input. Let xo denote the immune term, Ks(xa,y,u) the
immune increasing factor, the set in the (x2,y) plane in which Ks(z2,y,0) > 0 the
immune increasing region for u = 0, the set in the (z9,y) plane in which Ky(z2,y,1) >0
the immune increasing region for u = 1. X7 is the initial condition of model (5.17)-(5.20).

STEP 1: Integrate model (5.17)-(5.20) with initial condition X; for Ty with full
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medication and with no medication. Let X ¢, and Xp,,, be the values of the state
of the model (5.17)-(5.20) at the end of the integration period with full medication and
with no medication, respectively. Let 7 f,, and 7g,m, be the projections of X ¢y, and
XF nm, respectively, on the (z2,y) plane.

STEP 2: If mpyy, is not in the immune increasing region for u = 0, then set u = 1.
Otherwise set u = 0.

STEP 3: The input determined in STEP 2 is applied to the model (5.17)-(5.20)
with initial point X7 for Ts. Let X be the value of the state at the end of the integration
period.

STEP 4: Set X; = Xp and go to STEP 1.

5.4.2 Simulations and remarks

Figure 5.16 shows the results of the application of the proposed control procedure with
Ts = 1 (day). The control input becomes eventually zero and the patient state converges
to the LTNP status, namely to Point P. The resulting (z2,y) trajectory is displayed in
the top graph of Figure 5.18, which shows that the (z2,y) trajectory stays within the
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Figure 5.16: Results of the application of the control procedure in Subsection 5.4.1 to
model (5.17)-(5.20) with T, = 1 (day).

immune increasing region for u = 0.

While the given initial state X is successfully driven to the LTNP status we now
investigate an alternative strategy by which X; is driven to Point R (the importance
of this alternative control goal will be discussed later in this section). To this end we

consider the following step, which replaces STEP 2 of the control procedure.

STEP 2': If g fp, is not in the immune increasing region for v = 0, then set u = 1.

Otherwise set © = 0.

From the initial point X, full dosage (i.e., u = 1) forces the trajectories to move
towards the lower-right of the (z1,y)-plane and of the (x2,y)-plane by (5.18), (5.19),
and (5.20). No medication (i.e., u = 0) drives the trajectories towards the upper-left
of those planes. Therefore the input decision in STEP 2’ yields on-off switches of u
without boosting the state x5. Note that on-off input switches enhance the state x; in
the vicinity of Point Q, as we can see from Figure 5.14. Thus the control procedure with

STEP 2’ is such that the initial point X; reaches Point R, while the control procedure
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Figure 5.17: Results of the application of the alternative control procedure with STEP
2’ to model (5.17)-(5.20) with Ts = 1 (day).

with STEP 2 drives the initial state to Point P by enhancing both x; and xs.

Figure 5.17 shows the results of the application of the alternative procedure with
Ts =1 (day). The control input becomes eventually zero and the patient state converges
to Point R. The (z3,y) trajectory is displayed in the bottom graph of Figure 5.18, which
shows that the (z2,y) trajectory stays outside the immune increasing region for u = 0.

In Figure 5.18 the dotted lines indicate the sets in which Ks(x2,y,0) = 0, Ko(x2,y,0)
= 0.02, and Ks(x2,y,0) = 0.04, respectively. The solid lines describe the (x2,y) tra-
jectories. Note that the (x9,y) trajectories starts from Xy, which is close to mg. The
trajectory of the top graph converges towards 7wp, while that of the bottom graph con-
verges towards mp.

We complete this section with some remarks.

1. One of the most difficult problems in HIV treatment is the emergence of HIV
mutation [37]. If HIV mutates to escape from the LTNP status (Point P in this
section) then this virus cannot be suppressed by the human immune response [79].

This is the reason why we investigate the control method of STEP 2.
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Figure 5.18: The (x9,y) trajectories resulting from the proposed control strategies. In
the top graph the (x2,y) trajectory stays within the immune increasing region for v = 0,
while we can see that the trajectory of the bottom graph stays outside the region. (Note

the different scales.)

If we drive the state to Point R and again to Point P, then the emergence of HIV
mutants against both x; and xo can be postponed as long as the state remains in
the neighbourhood of Point R. This is because the level of x5 is sufficiently low in
the vicinity of Point R and the mutational escape of HIV from x5 requires a certain
level of x5 [35]. Note that we deal with a model having three stable steady states,
but the more complicated models with n steady-states in [4,40] can be studied

similarly.

2. To drive the patient status into the LTNP we can consider the GRDD scheduling
scheme, introduced in Chapter 4. We have applied the GRDD scheme to model
(5.17)-(5.20) with the initial state in Table 5.5. Figure 5.19 shows the result. We
see that the state is successfully driven to the LTNP status, Point P. However the

current scheme of GRDD cannot drive the state towards Point R.
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Figure 5.19: Result of GRDD application to model (5.17)-(5.20).

5.5 Conclusion

We have provided a unified control methodology for drug scheduling for disease dynamics
and have shown its applicability, by means of computer simulations, for different disease
models. The method relies on the intuitive idea that the control action has to boost
the immune system and it is based on a simple graphical analysis of the immune system
model. Our model-based study suggests that applying the proposed treatment in the real
world could lead to an immune control of HIV if the model is close to the actual immune
mechanism. Note that the proposed scheme serves as a guideline of drug planning rather
than a ready-to-use clinical treatment.

The control method is appropriate for HIV/AIDS cases. Figure 5.20 shows the
situation in HIV/AIDS treatment. The HIV antiviral drug produces an effect on the
levels of uninfected and infected HIV target cells. HIV target cells are key component
of the human immune system, and the dynamics of the immune system are related with
the populations of uninfected and infected HIV target cells. Therefore we can control
the drug dosage in order to maximize the action of the immune system in HIV/AIDS

models via the levels of uninfected and infected HIV target cells.
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Figure 5.20: The relations between drug input, HIV target cell, and the immune system
dynamics in HIV/AIDS treatment.

The results in this chapter are published in [21], [16], [19], and [18]. In conclusion

we comment on further ideas which may be considered to advance the present results.

1. The simulations in Section 5.1 and Section 5.3 initiate drug therapy on the sec-
ond and the fifth day, respectively, because no medication increases the immune
response faster than full medication in the beginning of the treatment. In the sim-
ulation of Section 5.2 the medication initiates on the third day because we must
wait the patient state to enter the immune increasing region. The long delay of
treatment initiation in [47], where the medication initiates at ninth year, is due to
the maximization of the efficacy of drug dose. For the problem of the decision of

therapy initiation, a theoretic controllability analysis is given in [41].

2. The immune system’s models in this chapter have different properties. For ex-
ample, Figure 5.1 and Figure 5.8 show different shapes of the immune increasing
regions in the plane identified by the levels of uninfected and infected HIV target
cell. The boundary in Figure 5.1 is a curved line, whereas that in Figure 5.8 is
composed of two straight lines. Accordingly the control results are not comparable
because the control steps are dependent on the immune increasing region, hence

on the model of the immune system.

3. In this chapter we use a constant Ts;. However, a variable T can be used to
enhance further the immune system. For example, if we use a sufficiently small T
in Section 5.1, the (z,y) trajectory in Figure 5.3 would show smaller swings. In the
meanwhile we can divide the HIV therapy into two stages, first we make the patient

state enter the immune increasing region and then enhance the immune system as
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much as possible in the second stage. In this case we can use a comparatively large

constant T in the first stage and a variable T in the second stage.
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Chapter 6

Output feedback control in HIV

dynamics

The motivation of the research in this chapter comes from the drug scheduling methodol-
ogy for HIV patients in Chapter 5. The main idea, which stems from a simple graphical
analysis, has been conceptually introduced in Chapter 5, and in turn leads to the design
of a feedback control strategy in this chapter. In this chapter we justify the idea from a
mathematical perspective and provide some formal properties of the resulting controlled

system. The works in this chapter are included in [23] and [18].

6.1 Description of output feedback control

Consider model (2.1)-(2.5) of Section 2.1.1, which is also discussed in Chapter 3 and

Section 5.1, namely

T =\ —dzx —npxy, (6.1)
§ =Py — ay — p121y — p222y, (6.2)
2 =c121y — b2, (6.3)
W = CoTYw — Coqyw — bow, (6.4)
29 = coqyw — hzs. (6.5)

In this chapter we use the same system parameters of Chapter 3 and Section 5.1 as

nominal parameters (see Table 3.2). The model (6.1)-(6.5) has five equilibrium points,
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three of which are recalled from Table 3.1, for convenience:

Point A:
L) 37 ) N B R ) B S O
Point C:
A b 32O _ ¢
©__ 2 o e _NPr T (©) g 50—
dCl _I_blnﬁ? Yy C17 1 1 ) ) 2 3
Point E:
B — 0(n) — /0(n)? — 4nBcaqdbs H(B) _ A
2nfeaq ’ d+npyE)’
LB g ;) ha® &) Y (canBq — caa) + banB
1 — Y w - (E)’ 22 - (E) 3
Cc2qY C2p2y

where 0(n) = co(A — dq) — banp.

The initial point for the simulations in this chapter is identical to the initial point of
Section 5.1, that is, 2(0) = 10, y(0) = 0.01, 21(0) = 0.01, w(0) = 0.01, and 22(0) = 0.01
(see Table 5.2) unless it is explicitly indicated. From the discussion in Section 3.2, we
can regard model (6.1)-(6.5) as the interconnection of two subsystems: the infection
dynamics and the immune system. The infection dynamics are described by equations
(6.1) and (6.2) and the immune system is described by equations (6.3)-(6.5). The goal of
the control is to enhance immunity. Then we must increase w by controlled medication
scheduling as discussed in Section 5.1, and we recall that equation (6.4) can be written
as w = K(x,y)w, where K(x,y) = coxy — caqy — by. Thus we can control the growth of
w, indirectly, via the input u. For some geometric properties of the function K(z,y) for
the given parameters see Figure 5.1 in Section 5.1.

In this section we propose a control strategy that requires only partial state infor-
mation. The states x and y are considered as output of the infection dynamics and
input of the immune system. These states are also regarded as the measured! output
of the model (6.1)-(6.5). Thus the output feedback controller uses the states z and y as

controller input. A schematic diagram of the closed loop system is depicted in Figure

!The states = and y are measurable with experimental environment as discussed in Section 2.2. In

addition these states can be theoretically observed using Riccati equation-based estimator [10].
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Figure 6.1: Diagram describing the interconnections of the infection dynamics, the im-

mune system, and the controller.

6.1 and the control procedure is described in the following steps?.

Initialization: Select a positive number T;. T; denotes the period of full medication
preceding the application of the proposed control law and driving the state to Point A.
Let L1 = Li(z,y) = y — Yy and Ly = Lo(z,y) = y — (z — q) where® y(&) <y, < 3(©),
X7 is the initial condition of model (6.1)-(6.5).

STEP 1: (Preliminary Control Action)

Apply u = 1 for T; time instants.

STEP 2: (The Control Law)

If L1 < 0and Ly <0, then uw = 0. Otherwise, u = 1%.

The preliminary control action is justified by the discussion in Section 5.5. The con-
trol law in STEP 2 corresponds to the control procedure of Section 5.1 for a sufficiently
small Ty and a different immune increasing region given by the conditions L; < 0 and
Ly < 0.

Figure 6.2 shows the results of the application of the feedback control procedure

with y,, = b1/c1. In the simulation STEP 1 is unnecessary since the initial point (x(0),

2This control procedure stems from the discussion in Section 5.5.
3The property y(E) < y(c) will be proven in Lemma 3.
“Note that the output feedback is only used to decide the timing of u, not the magnitude of the w.
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Figure 6.2: Results of the application of the output feedback control scheme to model
(6.1)-(6.5) with y,, = b1/ci. The unit of x and y is (100copies/ul). Note the different

time scales.

y(0), 21(0), w(0), 22(0)) = (10, 0.01, 0.01, 0.01, 0.01) is sufficiently close to Point A.
The control input becomes eventually zero and the patient state converges to the LTNP
status, i.e., to Point E. The resulting (z,y) trajectory is displayed in Figure 6.3, which
shows that the (z,y) trajectory stays within the set defined by L; < 0 and Ly < 0.
Note that the virus level (i.e., y) is restricted by the condition L; < 0. This condition
prevents the state from progressing towards Point C. On the other hand the condition
Lo < 0 renders the increase of w locally optimised, see Subsection 6.2.5 for additional

discussion.

6.1.1 Examples of applications of the output feedback control

In this subsection we discuss further examples of applications of the output feedback
control, which will be discussed in Chapter 7. Particularly the initial point used in these
examples is identical to one of those used in [83], as indicated in Table 6.1. This point
is in the vicinity of Point A, which represents a newly infected patient.

Now we consider the trapezoidal set 7(y,;) defined by the inequalities y > 0, y < z—gq,
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Figure 6.3: The (x,y) trajectory resulting from the output feedback control strategy.
The dotted line and the solid line indicate the set K (z,y) = 0 and the (z,y) trajectory,
respectively. The dashed line and the dash-dotted line represent the sets L1 = 0 with
Y = b1/c1 and Lo = 0, respectively.

Tty < % + ¢ and y < yx, where € is any small positive number. The conditions
y(E) < yp < y(c) in the Initialization step guarantee that Point E and Point C are

located inside and outside the set 7(y,), respectively.

2(0) | y(0) | 21(0) | w(0) | z(0)
10 | 01| 01 |01 | 01

Table 6.1: Initial condition for model (6.1)-(6.5). This initial condition is given in [83].

Figure 6.4 shows the results of the application of the output feedback control with
yx = 0.5 and T; = 20. In STEP 1 the state moves sufficiently close to Point A and enters
the set 7. The control input becomes eventually zero and the patient state converges
to the LTNP status, i.e., to Point E. The top graph in Figure 6.4 shows that the (x,y)
trajectory stays within the set 7, which is the area enclosed by the dotted line.

Figure 6.5 shows the result of the same control scheme applied using a sample-and-
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Figure 6.4: Results of the application of the control procedure of Section 6.1 to model
(6.1)-(6.5).
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Figure 6.5: Results of the application of the control procedure of Section 6.1 with a

sample-and-hold device of fixed sampling period. The sample period is 0.25 (day).
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Figure 6.6: Results of the application of the control procedure of Section 6.1 with a
sample-and-hold device with non constant sampling period. We assign 0.25 (day) sam-
pling period in the interval [20,28), 1 (day) in the interval [28,35), and 7 (day) in the
interval [35,200]. In the top graph 7 corresponds to the projection into the (z,y) plane
of Point C, and the dash-dotted line indicates the set y = y(©) = b, /cy.

hold device. The sample period T}, is 0.25 (day). A sufficiently small T},% guarantees
that the (x,y) trajectory is such that y(t) < % with y, < % because the control method
forces the state to stay inside the set 7 (this fact will be proven in Subsection 6.2.3).
In clinical terms, the control example in Figure 6.5 implies four HIV measurements
in a day, which means the patient’s blood must be sampled every 6 hours. This is hard to
achieve practically. However this frequent sampling is not needed in all the time interval
[20,200]. In other words we need a 0.25 (day) sampling period only for the first few
days in order for the HIV patient to be driven into the region of attraction of the LTNP.
For example, if we assign 0.25 (day) sampling period in the interval [20,28), 1 (day) in

5This T} does not have the same meaning of the T in Section 5.1. In this section the control decision
is made at the current moment and the decision is held for T}, while in Section 5.1 the control decision
is made by predicting in 7Ts. Nonetheless, the resulting control actions are essentially the same because

these methods force the state to stay inside the set 7.
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the interval [28,35), and 7 (day) in the interval [35,200], then the immune system of
the patient is boosted enough to be in the region of attraction of LTNP. This result is
presented in Figure 6.6.

6.2 Analysis of the controlled HIV model

6.2.1 Basic analysis of the HIV model

Let X :=[z,y,21,w, 22]T and let U denote the set of measurable functions with values in

the set [0,1]. Note that the input 7(-) of interest belongs to U. Finally let P = [0, 00)®.

Assumption 3 The parameters of the model (6.1)-(6.5) are positive and such that

d<a, (6.6)
g > g, (6.7)
A > aq, (6.8)

b1 A1 /A
(3 (2-)

i—z<min{(*f)‘_T\/d_q)2&<2—q>2,<agd>2}, (6.10)
o o)
PR

(1-€)8< min{ (6.11)

Although Assumption 3 is technically designed to subsequent analysis of this chapter
and the model parameters are normalized so the state variables do not represent actual
data, Assumption 3 can be justified by previous works in the literature on HIV dynamics
such as [54,75,83], as seen in what follows.

Inequality (6.6) implies that the decay rate of the uninfected cells is smaller than
that of the infected cells [54]. Inequality (6.7) gives a lower-bound for 3. If the rate
of viral replication [ is below a threshold, then an effective CTL response is always
established [75]. Hence, for very small 3, the LTNP status is automatically achieved,
and the patient needs not be treated. However this is apparently not the case for most
AIDS patients. A quantitative lower-bound for (3 is not provided in [75]: the condition
(6.7) could be regarded as such a bound.

Inequality (6.8) requires that the differentiation of CTL precursor into helper-dependent
CTL occurs slowly. Combining (6.8) with (6.6) we obtain A > dg, which is essential for
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the existence of the LTNP equilibrium. To see this, suppose that ¢ > %. Then, because

z < 4 + € after a certain time (see the proof of Theorem 5), it follows from (6.4) that

A
w < 62(3)1110 — coqyw — baw < —byw < 0,

for w # 0, which implies the extinction of CTL precursors and no treatment can induce
the drug-free immune control of HIV.

In (6.9), by /c; is assumed to be lower-bounded. Note that 3(©) = by /cy, i.e., the y
level of the status of AIDS. Thus (6.9) implies that the disease status is seriously fatal
to the human body, which is consistent with the current outbreak of AIDS.

Regarding inequality (6.10), it is noted that if the immune responsiveness co lies
below a threshold, treatment cannot result in the establishment of CTL memory [75].
While any formula for such a threshold is not presented in [75], the condition (6.10)
might be understood as a possible lower bound for the immune responsiveness.

Inequality (6.11) means that highly effective drug treatment is available for HIV
patients. In the thesis we do not consider the drug-resistant case associated to HIV
evolution and we suppose that the virus level of the patient can be suppressed by drug
treatment. Inequality (6.11) requires a strongly effective drug and the mathematical
analysis in this chapter is based on this assumption. Note that the value of ¢* from [83]
is such that inequality (6.11) does not hold. This value of €* is nevertheless used in

simulations to highlight the robustness of the proposed methodology.

Lemma 2 Consider the model (6.1)-(6.5). Suppose Assumption 3 holds. Then yF) is

well-defined and positive for u = 0.

Proof: If u=0, then n =1 and

) — 0(1) — \/0(1)2 — 4Bcaqdby
2Bc2q ’

where (1) = ca(\ — dq) — banB3. From (6.6), (6.10), and (6.8), #(1) and §(1)? — 43coqdby

are positive. Also 6(1) — 1/0(1)2 — 4Bc2qdby > 0 because all parameters are positive.
Thus ) is well-defined and positive for u = 0. (]

Lemma 3 Consider the model (6.1)-(6.5). Suppose Assumption 3 holds. Then yF) <
y©) foru=0.
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Proof: From (6.9),

- 20q  2Beaq - 2fcaq 2Bc2q ’
where, as above, (1) = co(A — dq) — banfs. O

Theorem 5 Consider the model (6.1)-(6.5). Suppose Assumption 3 holds and u(t) =1

for allt > 0. Then all trajectories with initial condition X (0) € P converge to Point A.

Proof: Let V(t) = z(t) + y(t). By (6.6), V(t) = X\ — dx — ay — p1z21y — p2zoy <
A —d(x +y) =X —dV(t), which holds for all ¢ > 0 due to the positive invariance of
P. Then [0, 4] is an attractive region for V'(t). This implies that limsup, .., V(t) < 3,
which in turn implies that x(t) < 3 + € for all € > 0 and for all ¢ > t, for some ¢, > 0

(because z(t) and y(t) are both positive). Then equation (6.2) becomes
y=y((1 —€)Br —a—pr1z1 — paz2) < 0y,

for some 0, which is positive by equation (6.11). Hence, it follows that y(¢) converges to
zero. Since y(t) goes to zero, x(t) converges to A/d by (6.1). Then all other states (21,
w, and z3) go to zero by equations (6.3)-(6.5). O

6.2.2 Properties of the immune increasing factor K

Now recall that K(z,y), defined as K(x,y) = coxy — coqy — be, denotes the immune
increasing factor and that the set K (x,y) > 0 of the (x,y) positive orthant denotes the
immune increasing region (see Subsection 5.1.1). Note that K (), y()) = —by < 0.
By Theorem 5, if u(t) = 1 the state of model (6.1)-(6.5) converges to Point A.
Therefore, by continuity of K (x,y) with respect to z and y, there is a finite time 7" such
that K (z(T),y(T")) < 0 and the state of the system is in a neighbourhood of Point A.
Consider an initial condition close to Point A and described by X5 = (3 — 41, 09, 03,
04, 05). By the proof of Theorem 5, d1, d2, d3, d4, and J5 are positive and sufficiently

small. Note, in addition, that

K =coynpx(z —q—y)+ A —dr — (x — q)(a + p121 + p222)]. (6.12)
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Then K(Xs) for u = 0 is given by

€202

A A A A
ﬂ(g—fﬁ) (5—51—11—52) +>\—d(5—51) - (5—51—11) (a + p103 + p2ds) >
A A A
ﬂ(a —51) (E — 01 —q—52) - (3—51 —Q) (@ + p103 + p2ds) >
A A A
(E —Q—51) (ﬁg —a— (361 — p103 —p255) —5352-

Since, by equations (6.6), (6.7), and (6.8), (% —q) and (ﬂ% —a) are positive then

K(X5) > 0 for u =0 and 67, d2, d3, 04 and J5 sufficiently small.
Using the above facts we provide some properties of model (6.1)-(6.5).

tre }Kf(ajvzl) -
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(5131'2, Yi2
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'
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Figure 6.7: The curves K (z,y) = coxy — caqy — be = 0 (dotted), © = A — dx — fzy =0
(dashed), and A — dV = 0 (solid), where V' = x 4+ y. The points (x;2,y2) is defined as
the intersection of K =0 and A — dV = 0 in the (z,y) plane.

Proposition 1 Consider the model (6.1)-(6.5) and a state X(0) € P which is suffi-
ciently close to Point A with x(0) + y(0) < %. Suppose u(t) =0 for t >0, and let X(t)
be the corresponding trajectory. Then there exists T > 0 such that X (T) belongs to the

1Mmune Increasing region.
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Proof: As in the proof of Theorem 5, let V(t) = z(t) + y(t). Then V(¢) < A/d for all
t > 0 because we assume z(0) + y(0) < A/d (see the proof of Theorem 5). Consider now
the set o and the set 3, as depicted in Figure 6.7. Note that the x component is not less
than (&) and the y component is not greater than y&) for any point in the set o U .
Moreover, by assumption, the point (z(0),y(0)) is located in the set o U 3, and 21(0),

w(0) and 22(0) are sufficiently small.
_bh

_a7

Since yF) < 4(©) 21 < 0 in the set awU 3, which implies that z;(t) goes to zero
as long as the point (z,y) stays within the set o U 5. In addition z5(t) goes to zero as
long as the point (z,y) stays within the set U 3, since w < 0 in the set o U 3. Now, in
the set a U 3,

Y =y(Br — a—p1z1 — paza) > 0y,

for some positive 8, since z(t) > zF) > ¢ > a/3 in the set aU S by (6.7) (also see Figure
6.8).

For all (x,y) € #, & > 0 and y > dy. Hence for any (x(0),y(0)) € 3, (x(13),y(T3))
enters the set « in a finite time T > 0.

For all (z,y) € a, © < 0 and § > 0y. Hence for any (2(0),y(0)) € a, (z(Ta),y(Tw))
enters the immune increasing region (the upper region of the set K(x,y) = 0) in a finite
time T, > 0. Note that the point (x,y) in the set a cannot enter the set 3 because
¥y > 6y > 0 on the set &£ = 0 which is the boundary between the set a and the set §
(part of the dashed line in Figure 6.7).

Hence the point (z,y) enters the immune increasing region in finite time. Moreover
the point penetrates into the immune increasing region passing through K(z,y) = 0,

z € (2P, 2;). O

Proposition 2 Consider the model (6.1)-(6.5) and a state X = (x,y, z1,w, 22). Assume

there exists u such that

z(x—q—y)nB+A—dx > (x—q)(a+piz1 + paza). (6.13)
Then there is an input u which renders K(:E,y) non-negative.
Proof: At the point (x,y), we have, by (6.12),

K(z,y) =coy(nfr(r —q—y) + A —dz — (z — q)(a + p121 + p222)).
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Note now that ¢y and y are positive. Then, in order to render K (z,y) non-negative, we

need
nBzr(x —q—1y) + A —dr— (r—q)(a+ p1z1 + paza) > 0.

Thus, if there is a value of u that renders inequality (6.13) true, then K(z,y) can be
rendered non-negative. O
The first term on the left-hand side of inequality (6.13) includes the input u via the
term 7, which is multiplied by  (x — ¢ — y) 8. Therefore, to maximise the left-hand side,
u can be selected as
Y 1, if y>a—gq, (6.14)
0, if y<zxz—q.
Note that by equation (6.14), u is chosen to render K > 0 whenever this is possible.
However (6.14) locally maximises w, as will be discussed in Subsection 6.2.5.
Proposition 2 is interpreted as follows. In the (x,y) plane, consider a state (x*,y*).

At this state, K = cox™y* — coqy™ — by = K*. The equation of the line X = K* in the

plane is
K*+b 1
y=—— -
o x—q

Then the gradient of the line is

%__K*—i-bg 1
dr s (x—q)?%

The gradient of the line at the point (z*,y*) is

dy, o . (c2x'y* —coqy* —ba)+ba 1
_(‘T Y )__ * 2
dx C2 (z* —q)
* * 1
=—y"(=z" —¢
( )(:v*—Q)2
= — y*
Tt —q

At the point (x*,y*), the time derivatives of the states z and y from (6.1) and (6.2) are

d
V= 2o(aty") = A= da* —nfa’y",

dy * * * * * *
Vy = E(x ') = (Bx™ —a —pr2] —paz3) Yy

The state can be driven into the area K > K* if and only if

*

Y
T* —q

Vyz_ V:E

Sl <1 — *y >n[3+ " —a > p1z] +Dp2zy.
T* —q T* —q
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Therefore, if there is a value of u that renders inequality (6.13) true with the selection

(6.14), then the state can be driven to the area K > K™ instantaneously.

6.2.3 The enhanced level of the immune system

Consider the set 7(y,) defined in Subsection 6.1.1 by the inequalities y > 0, y < = — g,
r+y< % + ¢, and y < .., where € is any small positive number. Assume® y, = y(©) =

b1/c1 (Figure 6.8 depicts the set 7(yx), with y, = b1/c1).

Proposition 3 Consider the model (6.1)-(6.5) with the input u selected as in STEP 1
of the output feedback control. Then all trajectories of the model enter the set T(yy) in

finite time.

Proof: The state y is positive by Theorem 1. The state converges to Point A by
Theorem 5 and also x(t) + y(t) < % + € for all ¢ > t, for some t. > 0, from the proof of

Theorem 5, hence all trajectories of the model enter the set 7(y,) in finite time. g

Proposition 4 Consider the model (6.1)-(6.5) with the input u selected as in STEP 2 of
the output feedback control. Then the set T(y,) is positively invariant, i.e., all trajectories

starting in 7(yx) remain in 7(y,) for all future time t.

Proof: The state y is positive by Theorem 1, and also z(t) + y(t) < § + € for all ¢ > ¢,
for some t. > 0 from the proof of Theorem 5. By condition (6.11), y < 0 if u = 1 for
X € P, from the proof of Theorem 5. To conclude the proof, & must be greater than g
on the set {(x,y)| y=x—gq, ¢ €[q,q+ g—i]} Note that if A — dz — nBxy > y(nfz — a)

with w = 1, then & > ¢ on this set. The above condition rewrites as
A—dr— (1 —€")pay > (1 —€")Bry — ay
which is equivalent to
A—ag>z2(l —)fr+d—a—2q(1 —€")5],

hence it is true because the left-hand term is positive by (6.8) and the right-hand term
is negative by condition (6.11). Hence all trajectories starting in 7(y,) remain in 7(y,)

for all future time ¢ with the input u selected as in STEP 2. O

6 A different selection for Y. will be discussed in Subsection 6.2.4.
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Note that Proposition 4 implies tlim z1(t) = 0 by equation (6.3), and this property
—00

will be useful in Chapter 7. Propositions 3 and 4 imply that the feedback control

guarantees that the state of the model (6.1)-(6.5), with the input as in STEPS 1 and 2,

does not converge to Point C (i.e. to the AIDS status). The set 7(y,) contains points

_/
by b !
<q _|_ ci Y 01 ) /
./~
Y
Y
Y
Y
7
> /
4 by
Y set (&)
Y

)

o (i1, yi1)
A/ ,

7
Y
¥
i x
Figure 6.8: The trapezoidal set 7(y,) with y, = y(©) = % and € = 0. The dotted line

C1

and the dashed line indicate the sets K(x,y) = 0 and y = y,, respectively. The solid

line and the dash-dotted line represent the sets y +x = % and y = x — q, respectively.

in which K < 0 (see Figure 6.8). At STEP 1 in the feedback method the state enters
the set K < 0 in the set 7(y.), and at STEP 2 the state enters the set K > 0 in the
set 7(yx). In the case of Figure 6.3 in Section 6.1, the states never returns to the set
K < 0in the set 7(y,). However, even if the state returns to the set 7(y,;) N(K < 0), the
feedback control method guarantees that the immune system (i.e., w and z3) is boosted

to a certain level, as discussed in the following statements.

Proposition 5 Consider the model (6.1)-(6.5) with the input u selected as in STEP 2 af-
ter the preliminary control action in STEP 1. Suppose that the states X = (z,y, z1,w, 22)
is on the line K(x,y) = 0 at t = Ty and Ty and that X (t) is in the set K(x,y) < 0,
fort € [0,T1), and X(t) is in the set K(x,y) > 0 fort € (T1,Ty). Assume that K is
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negative at t = To. Then z9(T2) > zom(2(T2)) and w(Ty) > wp(z(13)), where

B i o1 big A —dx Ca

22m{@) = D2 < <1 (@ — Q)2> ot r—q > ’ (6.15)
= —hcl Zom (X

Wi () = P om (). (6.16)

Proof: Note that at ¢ = 0, the state is sufficiently close to Point A by Theorem 5.

From Proposition 2, at ¢t = T5,

y(T>) > 4 A —dx(T3)

(1) (1 EOET D) —q ° <p121(T2) + p22a(Th).

Moreover, by Proposition 4, z;(T%) is negligible and u = 0 by the definition of the control

law. Hence

1 y(T3) A — dz(T»)
() > <°””(T2) (1‘ () —q> ey _a>'

By Proposition 4, for 0 <t < Tb,
. by b1
Zy = coqyw — hzg < coq—w — hzg < coq—wpr — hae,
C1 C1
where wj; is the maximum of w in the time interval 0 < t < T,. Then wy = w(Ts)
because w(0) is sufficiently small and w monotonically increases to w(7%) in the interval
Ty <t < Ty". By the comparison lemma (see [42, Lemma 3.4]), 2o(T%) < %w(Tg)
since z2(0) is sufficiently small. Hence z3(T%) > zom (2(T3)) and w(Ts) > wp,(z(T:)). O
To show that the level of immune system in Proposition 5 is enough for the states
to be in the region of attraction of Point E for the model (6.1)-(6.5) with the given
system parameters, we use computer simulations. In these simulations it is assumed

that z1(0) = 0.0001, u = 0 (note that the input is constant), 22(0) = zom(2(0)), and

w(0) = ngll)l 22(0). We simulate with 50 pairs of initial points on the line K (z(0),y(0)) =
0 with x(0) regularly spaced between z;3 and x;3 (see Figure 6.9)8.

The bottom graph of Figure 6.9 shows a zoomed-in version of the top graph. All
considered initial states yield trajectories which converge to the LTNP state (7p mark).

The trajectory with x(0) = x;3 is displayed with a dashed line in the top graph. This

"By the assumptions of Proposition 5, was is w(0) or w(Ts). If was = w(0), then z2(T2) goes to zero

by (6.5). Hence war = w(T2) by contradiction.
8The point (3, y:3) is defined as the intersection of y =  — q and A — da — Bzy = 0. Note that & > 0

regardless of u (either w = 0 or w = 1) in the region A — dz — Bzy > 0 in the set 7(yx). Therefore the

state cannot reach K (z,y) = 0 for « € [x;1, 23] in the set 7(yx).

95



)
.
VAR ( )
0.8f uo Zi3, Yi3 i
'\/
M \
0.6f ;) \ set 7 ]
h \ \
= ]/\(\/(xila Yi1)
o4t ! ! .
I J
I N TE
02l 1 Mo 0 s ]
: ; N- S~ (w2, Yo
P T T T T e e e e \
0 Il Il Il Il Il Il Il I
0 1 2 3 4 5 6 7 8 9 10
€z
0.03
0.028 i
0.026F + -
= +++++++%+
0.024 T 1
............. TE
0.0221 11T o ..
002 Il Il Il Il Il Il
7.9 7.95 8 8.05 8.1 8.15 8.2 8.25

Figure 6.9: Simulations for 500 days with 50 initial points on the line K(x,y) = 0,
(x € i3, Ti2]), the levels of w(T) and z2(T%) in Proposition 5, and the condition u = 0.
(243,v43) is the intersection of y — (x — ¢) = 0 and A — dx — Szxy = 0. The “”and the
“+”marks denote the projections on the (z,y) plane of the initial points and of the final
points, respectively. The dashed line represents the (z,y) trajectory with the initial

condition x(0) = z;3 on the line K(z,y) = 0.

trajectory goes outside the set 7 because we use a constant v = 0 instead of the output
feedback controller in the simulation of Figure 6.9.

We now study if the (x,y) trajectory stays within the set 7(y,) N(K < 0) for a long
time. To this end we provide a general property of the HIV dynamic model, by which
we conclude that if the (z,y) state enters the set 7(y,) N(K < 0) during the output
feedback control, then the state cannot remain there but has to return to the set 7(y.)

N(K > 0).

Proposition 6 Consider the model (6.1)-(6.5) and assume X (t) € 7(y,) N (K < 0) with
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u(t) = 0 for t € (—13,0] where T3 is sufficiently large and positive?. Let X(t) be the
corresponding trajectory with u(t) = 0 for t > 0. Then there exists Ty > 0 such that

X(Ty) belongs to the immune increasing region.

(\.\/\ —dx — Pay =0

\ N
\ \

X A—dV =0,
S(Tigsyia) N

Figure 6.10: The lines K (z,y) = 0 (solid), V = A/a (dashed), and V' = A/d + € (dotted)
where V. = 2 4+ y and € = 0. The point (x4,¥4) is the intersection of K = 0 and
A —aV =0, while (z;2,y;2) is the intersection of K =0 and A — dV = 0.

Proof: Consider the set v defined by the inequalities K < 0, y > 0, V' > A\/a, and
V < A/d + € where € is any small positive number, as depicted in Figure 6.10. The
points (z;1,v:1) and (2;2,v:2) are defined in Figure 6.8. As in the proof of Theorem 5,
let V(t) = z(t) + y(t). Then V(t) < 4 + € for all t > ¢, for some t. > 0 (see the proof of
Theorem 5). In addition & = A — dz — fzy > XA — (d + By;1)z in the set 7(y,) N (K < 0)
with u = 0. Note that d + By;1 < a by (6.10), hence x(0) > 2 by assumption. Thus the
point (z(0),y(0)) is located in the set ~.

9This assumption is established as the worst condition for enhancing w and zz. However this assump-
tion implies that the uninfected CD4 T-cells () and the infected CD4 T-cells (y) stay in the vicinity of
the curve A — dz — Szy = 0 in the set 7(yx) N (K < 0), which is ironically a good clinical condition for
a HIV patient (see Figure 6.10). Note that the immune response for HIV does not need to be boosted

if this clinical condition is maintained.
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Figure 6.11: The grey region indicates the set 7(y,) where y,, = 7—15y(c). The dash-dotted
line, the dotted line, and the solid line describe the sets A — dz — Szy = 0, K(z,y) =0,
and the (x,y) trajectory, respectively (top graph). From y,, we obtain the corresponding

x,, from the top graph and zg,, of (6.15) from the bottom graph.

By assumption, z1(0) and 22(0) are sufficiently small. Note that z1(t) goes to zero
(31 <0 by y < yis < y(©)10, and that z5(t) goes to zero by w < 0 in the set 4. Then the
states does not cross the line A — aV = 0 because V(t) > A — aV (t) — p121y — pazay >
A —aV(t) — p121(0)yis — p222(0)y;s. In addition

¥ =y(Br —a—p1z21 — paz2) > dy,
for some positive § because x4 > ¢ > § by (6.7) and x(¢) > x4 in the set 7. Hence the
state enters the immune increasing region through K(z,y) =0, z € (x4, z;2)- U
6.2.4 The enhanced level of the immune system with a smaller vy,

From Figure 6.9 we infer that the guaranteed levels of the immune system can be changed

using a different value of y,. To this end we consider the set 7(y,) where y,, = 7—15y(c),

YK =0 and A+ aV = 0 have two intersections in the positive orthant if and only if lc% < % (% — q)2.

In addition, if % > % (% - q), the smaller real part of the y components of the intersections becomes

less than g—i. Therefore yi4 < y(C) by (6.9) and (6.10).
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Figure 6.12: Results of the application of the output feedback control scheme to model
(6.1)-(6.5) with the set 7(y,) where y,, = 7—15y(c). The unit of x and y is (100copies/ul).

as depicted in the top graph of Figure 6.11. Note that Propositions 3 and 4 still hold for
this set 7(y,), and the inequalities y B <y, < y© still hold in Figure 6.11. If we assign
a smaller y,, a larger x,; and a larger zy,, in (6.15) are obtained from the top graph and
the bottom graph in Figure 6.11, respectively. The point (x,y,) is the intersection of
the boundary of the set 7(y,;) and A — dx — Szy = 0. Note that z,, = #ﬁyﬂ in this case,
because the intersection is on the line y = y.

We perform a simulation of the control procedure of Section 6.1 with the set T(%y(c))
and the same initial conditions used in Section 6.1. Figure 6.12 shows the results.
Compared with the case of the set 7(y(“)) in Section 6.1, the case of the set 7(7—15y(c))
requires longer control efforts (over 750 days) and shows slower enhancement of the
immune system (compare Figure 6.2 and Figure 6.12), while it theoretically guarantees

greater boosted level of the immune system from (6.15).

6.2.5 Interpretation of the condition Ly(x,y) =0

In this subsection we discuss how to select u(t) to locally (in time) maximise w(t). This

is realised by a numerical method. Consider model (6.1)-(6.5), i.e., X (t) = f(X(t), u(t))
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Figure 6.13: Results of the application of the on-line selection of u to maximise the

increase of w, for model (6.1)-(6.5). The unit of = and y is (100copies/ul).

with X = [z,v, zl,w,zg]T. With a sufficiently small 67T and the current state value
X (t), we obtain an approximation of X (¢ + d7") by the classical 4th order Runge-Kutta

method [45], namely,
1
X(t+0T)=X(t)+ E(kl + 2ko + 2k3 + k), (6.17)

where

As a result, an approximation of w(t + 67", calculated by (6.17), is a function of u(t)
and we can select u(t) to locally maximise w(t + 07'). To implement this strategy, we

find wu(t) satisfying

max w(t+ 7)),

u(t) e Up
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Figure 6.14: The (x,y) trajectory resulting from the on-line strategy. The dotted line
and the solid line indicate the set K (z,y) = 0 and the (x,y) trajectory, respectively. The
dashed line and the dash-dotted line represent the sets Li(z,y) = 0 and Lo(x,y) = 0,

respectively.

where, for example, Ug = {0.01,0.02,--- ,1} and §7" = 0.00001.

Figure 6.13 shows the results of the application of this method. The system para-
meters are as in the previous simulations, while the initial condition is X (0) = (0.2913,
3.3333, 0.0913, 0.0001, 0.0001), sufficiently close to Point C. The resulting (z,y) trajec-
tory is displayed in Figure 6.14, which shows that the (z,y) trajectory moves along the
sets La(z,y) = 0 in the middle of the treatment.

Therefore the condition Ly(z,y) = 0 of the output feedback scheme in Section 6.1

implies local maximal growth of w.

6.3 Conclusion

We have provided an output feedback control method for HIV drug therapy. The immune
boosting mechanism yielded by the control law has been discussed and supported by
formal statements. We have also shown that the proposed idea guarantees a minimal

activation of the immune system. The applicability of the method is demonstrated by
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means of computer simulations. The works in this chapter are included in [23] and [18].
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Chapter 7

Approximate estimation of

immune states in HIV dynamics

Control methods based on the understanding of the boosting mechanism of the immune
response have been proposed in Chapter 5 and Chapter 6. The purpose of this chapter is
to provide approximate estimation methods for the states of the immune system of the
HIV patient on the basis of available measurements. We show the applicability of these
state inference ideas by means of numerical simulations. The results in this chapter are
presented in the work of [20].

The methods in this chapter rely on approximations hence we use the terminology
state inference rather than state observer. Note that the inference of the immune states
is not used in feedback control loop in this chapter (see Figure 7.1). The purpose of this
chapter is just to monitor the CTL response in HIV dynamics (2.1)-(2.5).

To begin with we recall model (2.1)-(2.5) of Section 2.1.1, namely

= \—dx —nlxy, (7.1)
§ =nfry — ay — p121y — p222y, (7.2)
21 =121y — b1 21, (7.3)
W = coryw — Caqyw — bow, (7.4)
29 = coqyw — hzs. (7.5)

The model (7.1)-(7.5) with w = 0 has five equilibrium points, three of which are recalled

from Table 3.1, for convenience, as given in what follows.
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Figure 7.1: Diagram describing the connections of the HIV model, the controller, and the
state estimator. The block inside the dotted-line indicates the HIV dynamics (7.1)-(7.5),

which consist of two subsystems, the infection dynamics and the immune system.
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In Chapter 6 we have shown that an output feedback can be designed to boost the
immune response of the human body to steer the system to Point E, i.e. the LTNP
status.

In this chapter we suggest state estimation methods for the state of the immune
system of model (7.1)-(7.5). The methods are aimed to be used during the STEP 2,
defined in Section 6.1. Note that we do not need any state estimation during STEP 1,
defined in Section 6.1, because the state converges to Point A by Theorem 5. Also z;
does not need to be estimated in STEP 2 because it converges towards 0, as shown in

Proposition 4.
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7.1 State inference of immune system via continuous out-
put measurement
For model (7.1)-(7.5), assume the following.
1. z(t) is zero.
2. z and y are the system outputs and are twice differentiable’.

Consider now the functions

A—drx—ay—2—1y

z I’,j}‘, 7‘ = ) 7.6
Vao (@, 2,9, 1) - (7.6)
and
1 .
C2qp2y Yy
(7.7)

By (7.1), (7.2), and the assumption on 21(t), Vs, (z,%,y,9) = z2. Then, by (7.5), the
function vy, (z, &, &, y,y, §) is such that

1 h ! 1
[—()\—dx—ay—j:—y)— (%()\—da)—ay—j:—y)—I——(d:t+ay+é§+ij)>]
C29p2Y Y Y Y

1 1 d (1
= h—A—dr—ay—2—9)+ - | -(A—dz —ay — & —y
C2qp2y[ y( Y Dt <y( Y y)ﬂ
1
= —— (hzg + 22) = w.
C2qY

Note that the assumption on z1(t) is acceptable during STEP 2 since z1(t) decreases
exponentially by Proposition 5 and Proposition 4 during the drug treatment (see Section
6.1). Consequently, z;(t) becomes sufficiently small for all ¢ in STEP 2 and negligible
as time goes by. Also note that we obtain an approximation of a differentiator from the
assumption on the continuous measurability of the state x and y. See Figure 7.2 for the
implementation of an approximate differentiator with a transport delay.

As a result of the above discussion, approximations of w and z9 are given by

zg = 722('%7D(‘T7 5T)7y7 D(y75T)) (: 22)7

w = vy (x, D(x,o7), D(D(x,7),7),y, D(y,07), D(D(y,d7),07)) (= 0),

!This implies that = and y are continuously measurable.
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Figure 7.2: Diagram describing an implementation of approximate differentiator in

Simulink using transport delay.

where D(z,07) = (z(t) — x(t — 07))/d7 (see Figure 7.2).

This state approximation idea is denoted as state inference via continuous output
measurement (SIC). Two simulations of SIC have been carried out for the examples from
Subsection 6.1.1. The time ranges of the graphs are selected to show the performance

of SIC and we consider the errors

ew =W — W,

€zy = 22 — 22.

Figure 7.3 shows the result of SIC in the interval [50,100] for the case in Figure 6.4.
The variables w(t) and z2(t) of model (7.1)-(7.5) are depicted with dotted lines in the
first and third graph, respectively. For w(t) and Z5(t), the parameter dp is 0.05.

From the assumption on double differentiability of the state x and y, SIC cannot
guarantee good performance in the interval [20,50], because this interval includes too
many switches between 0 and 1 of the input function u(t). The switchings render & and
¢ discontinuous, by equations (7.1) and (7.2), which implies that # and §j are not defined
for all t.

However we can apply SIC in the time interval [20,200] for the case in Figure 6.5,
because this case has only a few input switching instants and we can use SIC piece by
piece? for each period in which the input is constant. Note that a constant u(t) implies
twice differentiable system outputs, z(t) and y(t), by (7.1) and (7.2).

Figure 7.4 shows w and e, particularly in the interval [26,38]. Note that the time
range of the bottom graph is [20,200] although the time ranges of the top and middle
graphs are [26,38]. w(t) and w(t) are depicted with the dotted line and the solid line,

2This implies that the inferences of z2 and w do not exist for the first 7 and 207 periods after each
input switching, respectively (see the definition of D(-,d7) and Figure 7.2). Note that @ and e, in

Figure 7.4 are discontinuous at each input switching instant.
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Figure 7.3: State histories of state inference via continuous output measurement for the

example in Figure 6.4 for the time interval [50, 100].

respectively, in the top graph. e, is displayed with the solid line in the middle and
bottom graphs. A rescaled u(t) is plotted with dashed line as a square wave function in
the middle graph. The third graph in the figure confirms the performance of SIC in the
whole time period [20,200]. 22 and e,, are not shown in the figure, and the parameter

o7 is selected equal to 0.01.

7.2 State inference of immune system via discrete output

measurement

Although SIC is a good state approximation for the immune system, we consider an

alternative state approximation method because the continuous output injection in SIC
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Figure 7.4: State histories of state inference via continuous output measurement and of
the errors for the example in Figure 6.5. Note that @ and e, are discontinuous at each

input switching instant.

is hardly implementable in practice. In fact the levels of x and y are measured at
discrete time instants from patient’s blood samples (see Section 2.2 for a discussion
on HIV measurements). This implies that currently we cannot use SIC which requires
continuous measurement of x and y. We denote the state approximation idea in this
section as state inference via discrete output measurement (SID).

Firstly we infer z5(t) for the example in Figure 6.5, where x and y are measured every
0.25 day. The approximation idea stems from [57, Section III.A]. We can approximately
calculate & and g from two samples of z and y, respectively. Also approximations of &
and ¢ can be obtained from three samples of x and y, respectively.

We assume that z; is sufficiently small because y(t) is such that y(t) < i’—i. Then, by
(7.1) and (7.2),

A—dr—ay—-1—y

z29 = ’
p2y
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Figure 7.5: State inference via discrete output measurement of zo for the example in
Figure 6.5 with 1 sample each 0.25 (day). In the top graph, Zs is the state approximation
of z9 by state inference via discrete output measurement. 2, is given by points each 0.25

(day), while z5 is shown with the solid line.

and the SID of z, denoted by Zs, is plotted in Figure 7.5. In the first graph the solid
line corresponds to za(t) from the model (7.1)-(7.5) and the points indicate Za, every
0.25 (day) in the time interval [26,38]. The second graph shows the error between zo
and Zo from the first graph. The last graph presents the overall performance of the SID
of z3 in the time interval [20,200]. We see that discrete-time measurements of = and y
can be used to estimate the level of z5.

The variable w is inferred using the same method. By equation (7.5)

1 <22+h22>
w=—|[——7],
C2q Yy

and an approximation of Z5 is obtained from Zo. However Z5 is oscillating in the interval
[26, 36], which makes the SID of w unreliable in this interval. This oscillation is caused
by the switching of the input u between 0 and 1. If the input « is changed from 1 to 0
(or vice-versa) at a certain instant, then Zy is not reliable by (7.1) and (7.2) because &

and g are not continuous.
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Figure 7.6: State inference via discrete output measurement of w for the example in
Figure 6.5 with 4 samples each 0.25 (day). In the top graph w is the state approximation
of w by state inference via discrete output measurement. @ is given by points at each

0.25 (day), while w is shown with the solid line.

To overcome this problem in Zs, we apply the method used in the previous section. By
multiple measurements in each period, where the input u is guaranteed to be constant,
we reliably obtain not only Zy but also w, the SID of w as shown in Figure 7.6. From
the ideas in [57], three measurements of x and y are needed to approximate & and 9,

respectively, although we use four measurements® to infer w in Figure 7.6.

7.3 Conclusion

We have presented two state approximation methods to monitor the immune status in

a HIV dynamic model. In the first method we suggest an approximate estimation (i.e.,

3Suppose that the four measurements are carried at T, T + 6, T + 26, and T + 38. For example, we
infer zo(T + &) based on the measurements at 7" and 7"+ 2. Similarly we infer z2 (7" + 20) based on the
measurements at 7'+ § and T 4 35. By these infered z2(T + §) and z2(T" + 25) we approximately obtain

2o and also the inference of w.
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SIC) which requires continuous output injection from the HIV dynamic system. The
second method (i.e., SID) allows to infer the states of the immune system using only
three (or four) measures of x and y if the system parameters are known. The works in

this chapter are included in [20]. We complete this chapter with some remarks.

1. The function 7, in Section 7.1 does not depend on the w dynamics (7.4) except for
¢ and g which are scaling factors. Thus we do not need any information on (7.4)
in order to see the trend of w. This implies that we can use extremum seeking
methods for the boosting of the immune term w regardless of (7.4). This will be

the subject of future research.

2. While state inference methods show promising performance, measurement noise

and model uncertainty problems should be researched in detail.
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Chapter 8

Conclusion

The primary goal of this thesis is to steer the state of the system describing a HIV
infected patient to the LTNP status. This is achieved by means of new methods of
treatment.

The first method, described in Chapter 3, is based on an approximation of higher
order dynamics by a reduced order model. For the approximation we divide the HIV
infection model into two subsystems and modify one of the subsystems to emulate the
whole system. With the modification we relieve the difficulties associated with the high
order model, such as state observation and parameter estimation.

The second control method, discussed in Chapter 4, is known as gradual reduction
of drug dose. By this scheme it is possible to steer the state of any patient to the LTNP
status if the model parameters belong to certain parameter intervals. In order to justify
the claim, we first analyze the stability and the bifurcation properties of a HIV model
and show that there exists an equilibria curve towards the LTNP, which is locally stable
for almost every fixed constant input.

The third control method, studied in Chapter 5, is derived from a new control phi-
losophy which aims at boosting the response of the immune system by means of drug
scheduling. The control strategy is implemented by controlled drug scheduling based
on the understanding of the immune boosting mechanism. The feasibility of the control
methodology is illustrated via simulations on a general disease model and on three HIV
dynamic models, one of which is a tristable HIV dynamic model.

This control perspective yields an output feedback method to control the immune

response in Chapter 6. The suggested output feedback control idea guarantees that
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the immune state is enhanced to a certain level, which is enough for a typical patient
to be driven into the long-term nonprogressor. To justify the control methodology the
resulting controlled HIV dynamic model is studied analytically.

Finally, in Chapter 7, we investigate methods to approximate the state of the immune
system on the basis of available outputs of the HIV model. To this end we suggest two

state estimation methods, denoted as state inferences.

8.1 Main contribution

The main part of this research relies on a property of the immune system in a HIV model.
The property is that excitement of a key component in the immune system depends on
the infection dynamic states, which correspond to HIV infected cells and uninfected cells.
Interestingly these two states can be measured by clinical methods and moreover they
are directly affected by antiretroviral drugs, which are used in HIV antiviral-drug ther-
apy. Therefore we propose control methods of drug scheduling to enhance the response
of the immune system. The methods are based on the comprehension of the immune
boosting mechanism, and also can be applied to various biological systems, which de-
scribe infection dynamics with drug input. Consequently this thesis provides guidelines

for drug scheduling to strengthen the immune system of an infected patient.

8.2 Future work

1. In this work we assume the immune system is clearly modeled by differential equa-
tions but the human immune system is too complicated to be modeled with a
few differential equations, thus unmodeled parts of the immune system must be
considered. To overcome such a modeling-limitation problem, we can exploit adap-
tive control methods, such as extremum seeking and the method used in Section
3.4. Extremum seeking methods might be suitable to maximize the immune sys-
tem without precise immune system modeling, and the method of Section 3.4 is

available for partly modeled problem by means of parameter adaptation.

2. The input term used in this thesis is the idealized therapy effect to the human
body. Although the input function obtained from the control procedure can drive

the patient state into the region of attraction of the LTNP, the realization of the
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function in the human body could be difficult, because the function is a square
wave. Therefore further consideration for the drug delivering mechanisms must be
researched. For example a modeling method to describe biobarriers between drugs

and their target is used for cancer chemotherapy [63,81].

. The proposed control methods are simple and powerful to boost the immune sys-
tem, as seen in the simulations. However alternative control laws can be investi-
gated because the methods in this thesis do not consider the cost of drugs, side
effects of HAART, the duration of the anti-HIV therapy, and noise in the HIV
measurements. Finally constraints on the levels of HIV and CD4 T-cells must be

considered during the medication.
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