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Abstract

This thesis addresses the observer design problem, for a class of linear one-dimensional parabolic

Partial Differential Equations, considering the simultaneous estimation of states and parameters

from boundary measurements.

The design is based on the Backstepping methodology for Partial Differential Equations and extends

its central idea, the “Volterra transformation”, to compensate for the parameters uncertainties. The

design steps seek to reject time-varying parameter uncertainties setting forth a type of differential

boundary value problems (Kernel-PDE/ODEs) to accomplish its objective, the solution of which

is computed at every fixed sampling time and constitutes the observer gains for states and pa-

rameters. The design does not include any pre-transformation to some canonical form and/or a

finite-dimensional formulation, and performs a direct parameter estimation from the original model.

The observer design problem considers two cases of parameter uncertainty, at the “boundary”:

control gain coefficient, and “in-domain”: diffusivity and reactivity parameters, respectively. For a

Luenberger-type observer structure, the problems associated to one and two points of measurement

at the boundary are studied through the application of an intuitive modification of the Volterra-type

and Fredholm-type transformations. The resulting Kernel-PDE/ODEs are addressed by means of

a novel methodology based on polynomial optimization and Sum-of-Squares decomposition. This

approach allows recasting these coupled differential equations as convex optimization problems

readily implementable resorting to semidefinite programming, with no restrictions to the spectral

characteristics of some integral operators or system’s coefficients.

Additionally, for polynomials Kernels, uniqueness and invertibility of the Fredholm-type transfor-

mation are proved in the space of real analytic and continuous functions. The direct and inverse

Kernels are approximated as the optimal polynomial solution of a Sum-of-Squares and Moment

problem with theoretically arbitrary precision.

Numerical simulations illustrate the effectiveness and potentialities of the methodology proposed

to manage a variety of problems with different structures and objectives.
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Chapter 1

Introduction

—Jean Baptiste Joseph Fourier (1768-1830)—

J. Fourier is best known for his work: “Théorie Analytique de la Chaleur”, where he made a detailed study of series
of trigonometric functions, the convergence of which was clarified later on the basis of the work of G.P. Dirichlet

and G. Riemann on discontinuous functions, and led to correct the A. Cauchy’s theorem on the sum of a series of
continuous functions, result finally achieved by K. Weierstrass. J. Fourier interest in numerical algorithms can be

regarded by his own words: “a numerical interpretation ...is however necessary...the true which it is proposed to
discover is no less hidden in the formula of analysis than it was in the physical problem itself”. This view is found
in a lesser-known facette of his work, addressing various types of problems in which inequalities appears, where he

determined region of solutions, such as convex polygons, and proposed methods to determine optimal points. Due to
technical difficulties at that time, these ideas remained dormant until the 20th century, being now elements of the

subject known as “Linear Programming”.

1.1 Motivation

Control System theory commonly bases its analysis, design and synthesis on mathematical models

of processes. These models generally include dynamics partially known which are usually formulated

via parameterized functions. To determine these parameters, System Identification theory considers

off-line and on-line approaches. In contrast with off-line methodologies,1 on-line schemes perform a

dynamical (adaptive) parameter estimation, allowing to analyse conditions, take corrective actions

and make predictions as the process evolves. In particular, for Diagnosis and Failure Detection,

combined on-line “state and parameter” estimation based on parameterizations with physical mean

provides significant advantages to evaluate the process condition and nature of its failures.

In general, the “parameter estimation problem” is particulary complex for Distributed Parameter

Systems (DPS). For instance, in a system with an heterogenous and anisotropic medium, this

problem could have infinite unknowns since its parameters are dependent on the position and

direction in the spatial domain, respectively [1]. A relevant area where problems of this type

can be found is the “Damage Detection in Flexible Structures”, via the estimation of parameters

1In an off-line approach the model parameters are fitted according to historical data as result of an optimization
problem defined for a complete set of these data which is not updated over time [2].
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1. Introduction

1.2. A brief review of Distributed Parameter Systems theory

representing elastic properties such as mass, stiffness and damping. In this case the model of the

system is typically formulated via “hyperbolic” Partial Differential Equations (PDEs) to describe

wave dynamics [3, 4]. Other extensive area corresponds to processes involving “phenomena of

transport and conversion”, such as chemical reactors, sediment formation, population dispersal,

circulatory physiology, to mention a few. Models for these systems commonly are formulated via

first-order hyperbolic and “parabolic” PDEs, where the uncertain functional parameters are part

of mechanisms of diffusion, reaction and advection [4, 5].

An additional complexity for the parameter estimation problem in DPS is the availability for

measuring an incomplete number of states of the system, in particular, the more physically realistic

and practical case where only boundary measurements are feasible.2 In theses cases the simultaneous

on-line “state and parameter” estimation, commonly carried out by the so-called adaptive observers,

is considered as a challenging mathematical problem and a systematical design is only currently

available for some systems which can be formulated via certain “canonical” forms [6, 7, 8].

Nowadays, an appealing type of DPS with boundary control/sensing are “secondary electric batte-

ries”, in particular Lithium-Ion-based chemistries. Their electrochemical models are mainly based

on the “porous electrode theory” and basically involve diffusion dynamics, the parameters of which

are partially known and can vary both temporally and spatially. In batteries the only physical “on-

line” points of control and measuring are their terminals/collectors, via the variables of current

and voltage, being unfeasible to access to the concentration of the ions, which are considered as

the main states of these type of models. Thus, the dynamic relation between parameterized func-

tions in the model and, for instance, the “ageing” mechanisms of the battery cannot be validated

directly, leading to models with limited ability to make predictions (long-term behaviour; SOC:

State-Of-Charge) and diagnose conditions (SOH: State-Of-Health) [9, 10].

The above described system is one of the multiple examples which illustrates the fundamental cha-

llenge of estimating states and parameters in DPS from boundary measurements. The underlined

practical and theoretical relevance of these problems motivates the study of this thesis for which

currently there are no clear ideas or methodologies proposed to deal with it [11].

1.2 A brief review of Distributed Parameter Systems theory

DPS, which are characterized by dynamical models where one or more of its independent variables

are functions over the spatial dimensions and time [12], arise in numerous application areas and

industrial processes (chemical, electrical, civil, mechanical, aeronautical, etc.) (e.g., see [13, 14, 15,

16] and references therein). Although the practical relevance of DPS is known, control, estimation

2This problem is a particular case of the general subject denominated “Boundary/Point Control of PDEs”, where
the actuation and sensing are applied either through the boundary or as points at the interior of the spatial domain.
Mathematically, these models involve unbounded input and output operators which make much more delicate the
analysis of the regularity conditions of the PDEs and control/observer schemes.
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and identification for these kind of systems have received considerably less attention than for

Lumped-Parameter Systems (LPS) (linear/nonlinear) [17]. This is in partly due to the “infinite

dimensional” nature3 of DPS which are normally modelled by PDEs, and its higher complexity4 in

comparison with Finite Dimensional Systems (FDS) modelled by Ordinary Differential/difference

Equations (ODEs). Indeed, a common or traditional approach to address DPS is based on the

simplified assumption that its variables are spatially uniform [4].

1.2.1 Control

Control of DPS modelled by PDEs has been studied since the 60’s, research that has been cha-

racterized for discovering new phenomena with no proper analogues in finite dimensions [23]. In

contrast to LPS, there is no a unified methodology of its treatment, and each problem call for

different techniques. These can be mainly classified into two categories [24]: (i) Early Lumping: a

reduction of the dimensionality is implemented as an initial step so that the system can be con-

sequently studied via a lump parameter model. (ii) Late Lumping: the infinite dimension nature

is kept as long as possible, particularly during the analysis and design, relegating the reduction of

dimension to the synthesis stage.

In the context of Early Lumping approach, commonly “model reduction” is carried out via a direct

discretization of the spatial operators or via spatial/time transformations [4, 18] leading to a model

made up of a set of ODEs or difference equations.5 Theses approaches imply loss of PDE structure

and relevant information6 needed for a suitable analysis and design [32] (see [24, 33] for fundamental

disadvantages).

In the frame of Late Lumping approach, for distributed control of linear PDEs (actuation and

sensing in the domain), Semigroup Theory7 provides a unified framework [12, 34, 35, 36, 37, 38].

3In contrast to LPS, differential operators as functions of the spatial coordinate have infinite number of eigenvalues
[18]. The analysis of the behaviour of these infinite elements is far more complex and pathological than for finite
dimensions (this can be seen by means of the analysis of infinite series and its convergence, keeping the notion
of linear combination and linear independence of finite-dimensional vector spaces [19]), for instance: there is no
equivalence for all norms; a closed and bounded set in a metric space does not need to be compact; a bijective linear
mapping does not need to be invertible; linear operators do not need to be continuous; etc. [20].

4As is commented in [21], this complexity turns out “impenetrable” for control engineers commonly with no back-
ground in PDEs and functional analysis. An example of such complexity can be seen in the design of optimal
controllers for PDEs by the resolution of Riccati equations in terms of continuous operators [22].

5Finite Difference Method (FDM) is one of the most popular method that allow a simple representation of PDEs by
a direct approximation of its differential operators. A substantive number of control applications have used FDM
to extend ideas from LPS to DPS (see discussion and references in [25]).

6In general common discretization methods do not “preserve structure” [26]. Structure-preserving formulation of
PDEs mimics their essential mathematical-geometrical properties and physical principles (symmetries, divergence
free, conservation laws, etc.) [28, 29, 27]. The Discrete Exterior Calculus methodology is a possible general approach
for formulating different mimetic numerical methods for PDEs [31, 30].

7In the context of Semigroup theory, the Hille-Yosida theorem and the Lumer-Phillips theorem plays a relevant role
providing a necessary and sufficient condition and more simple verification of this condition, respectively, for a
differential operator to be an infinitesimal generator of semigroup of contractions. This is the condition for a unique
solution of the abstract Cauchy problem which, for instance, by means of its spectrum analysis allows determining
the stability of its equilibrium points [34, 12, 18, 35].
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Indeed, control theory in infinite dimensional spaces owes its initial development to semigroup

theory by means of the extension of the spectral analysis and Lyapunov stability theory from FDS to

Infinite Dimensional Systems (IDS) [12, 37, 39]. The control action on abstract differential equations

(Banach or Hilbert spaces [40]) is commonly formulated in terms of a bounded operator, where

semigroup theory is suitable to solve the problem. By contrast, this situation change notably if the

actuation/sensing is applied only through the boundary. “Boundary control” of PDEs is physically

more realistic (industrial settings) and mathematically much more challenging. In this case, the

input operators are unbounded, making difficult their representation and treatment [22, 41, 42].

A particulary important extension, based on semigroup theory, is the classical theory of optimal

control to IDS [12, 34, 43, 44, 45], which leads to Operator Riccati Equations, an area of research in

its own right (e.g, see [46, 47, 48] and references therein). In the context of “late lumping”, besides

semigroup theory, a short variety of methodologies has been developed for extending the control

design to IDS, each one with its own limitations (see discussion and references in [49]), where

the so–called Backstepping for PDEs 8 emerges as an innovative approach providing a systematical

design [21, 50].

1.2.2 State Estimation

The extension of state estimation theory of FDS9 to IDS has been mainly carried out on the basis

of the least square optimization problem formulated in Hilbert spaces [55], for instance: the optimal

filtering problem which leads to the Riccati equation and Kalman filter [56]. This problem is related

to the “detectability” of the system, a weaker property than observability,10 which for IDS depends

on the location of the measurement points [12].

Essentially in observer design the central idea of the Luenberger observer [59] has been extended

to IDS (see a survey in [60]). Similar to “controllability”, the concept of “observability” in DPS

has been extensively discussed, with no absence of controversies.11 Practical considerations have

been discussed due to the complexity of the PDE models [64, 61, 12, 24, 17], leading to exact

and approximate definitions12[12]. An example of these definitions, which particulary shows the

8For a complete exposition of this methodology see [21, 50, 51, 18, 49]. A brief summary related to the observer
design problem is presented in Appendix B.

9Estimation theory has occupied a prominent place in FDS from the pioneering work of Norbert Wiener [52] and the
seminal contributions of Rudolph Kalman [53], in particular for state-spaces models of linear systems, where the
method of Least Squares (dates back to Karl Gauss around 1795) has been the main theoretical/practical tool [54].

10A linear FDS is detectable if all unstable modes are observable. This allows “detecting”, via output measurements,
a difference in trajectories based on differing their asymptotic behavior [57, 58]. In FDS stability can be analyzed
via its spectrum, which is not always feasible in IDS since the corresponding semigroup does not provide a proper
lower bound, property denominated “spectrum determined growth assumption” [12].

11In a interesting discussion in [61] the authors argue about the definition of observability based on the uniqueness
of solutions instead of recovering of the initial condition [62, 63]. An example includes a PDE model with a unique
solution and observable in a specific time-interval domain function of the spatial variable.

12As is commented in [12] many conceptions of Controllability/Observability have a limited use in practical control
synthesis and design. Definitions of FDS (“exact” concepts) can be very strong in IDS and most of the systems
can achieve these in an “approximate” sense. However, in general, approximate notions need not imply stabiliz-
ability/detectability [12].
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dependence of the observability on the spatial location of the sensors is the case of Linear Parabolic

PDEs, where by means modal analysis, an approximate observability is always satisfied with one

boundary measurement [64, 24] .13

Observer design using early lumping approaches is a straightforward strategy to deal with DPS

(e.g., see discussions and references about this in [24, 33, 32, 25]). However, its deficiencies are

well-known, as it has been early reported in the control/observer design for flexible structures:

• Based on a discretized model via the Finite Element Method (FEM)[65], it is shown that

a second-order observer is not convergent, although the reduced model is observable [66].

On the other hand via modal analysis [4, 67],14 there is an unreliable estimation of spatially

variable medium parameters (such as mass, stiffness and damping) [69, 70].

• With respect to the spectral method, a phenomenon known as control and observation

spillover can occur (source of closed-loop instability) due to the residual modes (uncontrolled)

not considered in FDS representation [71, 72].

In the context of late lumping approaches, aside from the extension of linear LPS theory to DPS

[12, 55], a few alternatives of observer designs can be found in the literature [60]. These designs can

mainly be classified under the Lyapunov stability analysis or energy minimization methodologies

[18, 73, 74, 75, 76]. Recently two methodologies of observer design, particulary appealing due to

its ability to reduce the Lyapunov analysis (on the full PDE model) to a simple finite-dimensional

problem, have been developed. One of these approaches derives Linear Matrix Inequalities (LMIs)

conditions for exponential stability directly from the model parameters and their bounds [77, 78].

The second alternative uses positive definite matrices to parameterize Lyapunov functions via

Sum-of-Squares (SOS) decomposition and polynomial optimization [79, 80, 81]. On the other

hand, Backstepping for PDEs allows a simple observer design where the dynamical properties of

the estimate stated are in advance imposed by the selection of a particular stable (target) error

system (e.g., see [21, 50, 49, 82, 83, 84, 85, 86]). All these approaches previously mentioned provides

a systematical design and effective constructive tools for analysis and control/estimation of DPS,

with the main advantage of avoiding abstract formulation in Hilbert spaces and operator equations.

13A practical test for approximate contrability/obserbability is based on the “spectral analysis” of the differential
operators denominated Modal Controlable/Observable condition [64]. However, its equivalence is true for “Riesz-
spectral systems”, such as linear parabolic PDEs.

14Spectral/Modal decomposition consists in a time-scale separation and model reduction. Commonly the popular
Galerkin Method [68] is used to derive an approximate FDS, where well-known LPS theories can be applied
directly. Its application depends on the eigenspectrum of the spatial differential operators. For instance, for first-
order hyperbolic PDEs, the eigenvalues are along vertical or nearly vertical asymptotes in the complex plane. It
implies a large number of modes to capture the PDE dynamic behaviour and therefore makes prohibitive the use
of this method [4].
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1.2.3 Parameter Estimation

The parameter estimation problem (inverse problem)15 is ubiquitous in modeling and particulary

complex in DPS, since the non-uniqueness difficulties not only arise from noisy data and insuffi-

cient number of observations, but also from sparse/boundary measurements and the objective to

determine “functional” model parameters [88, 89, 90]. This problem has received considerable at-

tention, the initial research of which was carried out by means of “early lumping” approaches (for

a extensive review of early methodologies see [91]). Similar to filtering and state space estimation

in IDS, parameter estimation has been principally addressed using the Least Squares method. In

particular on the basis of off-line schemes considering “abstract evolution” equations in Hilbert

spaces, where the quadratic optimization is analysed as an infinite dimensional problem (e.g., see

[5, 92, 3, 38] and references therein; substantive body of research of H.T. Banks, K. Ito, F. Kappel,

I.G. Roseen, K. Kunish and J.A. Burns). Methodologies based on the variational approach have

been less widespread, which involve a numerical solution of Riccati-like PDEs [93].

In parameter estimation a performance criterion is usually defined as a functional of the output

estimation error. The question of whether estimated parameters coincide with the parameters of

the process when the criterion is minimized (or output error vanishes) is referred to the“parameter

identifiability problem” [94, 95]. Commonly, an analysis of sensitivity of the performance criterion

with respect to the unknown parameters is one of the first steps of analysis, providing insights

about the tractability of the estimation and, for instance, its dependence on the spatial location

of the measurements. However, this useful tool cannot state “sufficient” conditions to guarantee

uniqueness of the solution in the identification [91]. For linear parabolic PDEs, the identifiability

problem has received significant attention, with an extensive history of theoretical and practical

results, in particular which are framed in the Sturm-Liouville theory [96] (e.g., see [97, 98, 95]

and references therein). For instance, some identifiability results show (necessary and sufficient

conditions) that it is possible to identify a constant parameter (diffusivity) from only one mea-

surement at the boundary [95, 99, 100, 101].16 Surprisingly, these studies involve “transformation

operators” (deformation formulas [102]) which lead to PDE problems and methodologies similar to

those associated with the Backstepping design for PDEs [103, 96].

The parameter estimation problem has had a relevant practical role in “Fault detection and Iso-

lation”,17 where the identification of spatially varying parameters [5] conducts to detect physical

changes that can be evaluated as faults [69, 105, 3, 106]. In general such approaches, by means of

15An inverse problem considers as unknown the system inputs (reconstruction problem) or the system parameters
(identification problem)[1, 87].

16It is worth noting that approximations of differential operators, such as the “finite difference method”, can cause
lost of identifiability of a parameter even thought this is mathematically (theoretically) identifiable. See example 2
in [95].

17Damage identification for mechanical, civil and aerospace systems (flexible structures) has been investigated for
many years, including analytical methods based on models of the structures. However, a mayor part of this
investigation mainly corresponds to signal processing, where most of the techniques consider the spectral analysis
of vibrations measurements (e.g., see [104] and references therein).
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discretization methods, transform the IDS problem into a finite dimensional parameter estimation

problem. These can be seen as part of more general Non-Destructive Testing (NDT) methods,

carried out by modal analysis, time or frequency domain, mostly applied in the analysis of flexible

structures [107, 108]. In this context a novel approach using spatio-temporal identification based

on the Coupled Map Lattice (CML) model 18 and orthogonal forward regression least-squares al-

gorithm has been presented by [110]. This work is part of a wide contribution of the authors in

the field of systems identification, firstly on LPS and now extending these ideas to DPS (e.g, see

[109, 111] and references therein).

1.2.3.1 Adaptive Observers

Parameter estimation has also been addressed as an on-line problem of simultaneous estimation

of states and parameters, scheme which is commonly known as adaptive observer. The main body

of research of this approach, for a class of PDEs and time-varying parameters, is based on the

semigroup theory according to the initial work of W. Scondo [112, 113] and the extensive research

of M.A. Demetriou [114, 115, 116, 117, 118, 119, 120, 7] (for a unified view see [121]).

In the context of late lumping a very limited number of alternative approaches can be found in

the literature. One of these, which is currently an active line of research, is the adaptive version

of Backstepping design for PDEs [50]. In general adaptive methods in Backstepping needs state

measurements on the full space domain [50, 122, 123, 124]. In common with adaptive observers

based on semigroup theory using boundary measurements, a feasible design is “only” achievable

for particular classes of system structures (“canonical observer form” [125]) where the unknown

parameters multiply the output of the system. For instance, in systems similar to (linearized model

of heat conduction in solid propellants [126]):

∂u

∂t
(x, t) =

∂2u

∂x2
(x, t) + γ(t)y(t),

∂u

∂x
(0, t) =− ρ(t)u(0, t), u(1, t) = U(t),

y(t) =u(0, t),

(1.1)

where x ∈ [0, 1] is the spatial variable, u is the dependent variable (temperature), γ is the “in-

domain” unknown parameter, ρ is the “boundary” unknown parameter, U is the control signal

and y is the measurable output. It is worth noting that this type of structure can be seen as

part of the “Positive Real” infinite dimensional systems 19(e.g., see [6] and references therein).

18CML can exhibit rich dynamical behaviour and it has been applied to model a vast kind of systems. It can be
formulated directly in discrete time or by using discretization on PDEs, which is usually carried out via simple
finite differences schemes [109].

19Similarly to adaptive control, for a class of systems, linear adaptive observers in FDS can be design via the
Lyapunov’s stability analysis based on the condition of existence of “Positive Real” (PR) functions, relation stated
via the Kalman-Yakubovich-Popov lemma and its variants [127]. This relation has been extended to IDS setting
forth the stability condition in terms of the existence of a solution of the Riccati equation or Lur’e equation (operator
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In particular, Backstepping-based adaptive observers have been applied to estimate “boundary”

unknown parameters [130, 131, 132, 133, 134, 135]. As has been commented in [11], “there is

no clear way” to address systems with more general structures and the adaptive observer design

remain as a significant fundamental challenge in IDS.

1.3 Thesis Outline

1.3.1 Objectives

This research has as main objective the simultaneous estimation of “states and uncertain parame-

ters” for a class of 1-dimensional linear parabolic PDEs described by:

∂u

∂t
(x, t) =ǫ(t)

∂2u

∂x2
(x, t) + λ(t)u(x, t),

a1u(0, t) + b1
∂u

∂x
(0, t) =c1θ(t)U(t),

a2u(1, t) + b2
∂u

∂x
(1, t) =c2θ(t)U(t),

y(t) =u(0, t) and/or y(t) = u(1, t),

(1.2)

where “t” is the time variable, “x” is the spatial variable in the unit interval Ω = [0, 1], “u” is the

dependent variable which describes the states of the DPS model, “ǫ” is the diffusivity coefficient

and “λ” is the reactivity coefficient, which are considered as in-domain time-varying uncertain

parameters. This class of DPS only considers available measurements at the boundary (“y”: output

of the model) and a control action “U” applied on a single boundary, where “θ” is its time-varying

unknown gain. The coefficients a1, a2, b1, b2, c1 and c2 allows managing mixed boundary conditions

(Dirichlet and/or Newman).

This objective is pursued considering two central conditions:

• Develop a “systematic/constructive” observer design methodology in the context of the late

lumping approaches, i.e., the analysis and design do not include a model reduction of the

PDEs.

• Develop a “computational/numerical method” to determine the observer gains formulated

as a finite dimensional optimization problem. In particular, obtain “approximated-analytic”

functions for these gains.

The objective is separated into three cases of study, of increasing complexity, where the observer

design only deals with one unknown parameter. (i) Firstly, the gain of the control action “θ” is

equations). Commonly, to obtain feasible equations an “exact observability”(controllability) property is assumed,
condition which is very strong requirement in IDS. More practical/simple approaches consider the “exponential
detectability” condition and the observer design is carried out so that the compensated error system generates a
“exponential stable C0 semigroup”[128, 129, 12, 6].
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considered as the unknown parameter. (ii) Secondly, the reactivity coefficient “λ” is assumed as

the uncertain parameter. (ii) Finally, the diffusivity coefficient “ǫ” is the only uncertain parameter

in the model that is considered.

1.3.2 Organization and Contributions

In accordance with the cases/objectives of study mentioned, this thesis is organized as follows:

• Chapter 2 presents a novel methodology to solve Differential Equations-Boundary Value

Problems (DE-BVPs) based on polynomial functions, Sum-of-Squares decomposition and

convex optimization. This chapter includes numerical examples to illustrate the performance

of the method proposed in comparison with some traditional approaches. This method is used

to solve PDEs/ODEs derived from the observer design problem addressed in the subsequent

chapters. Its contributions are:

◦ The DE-BVPs are recast as a convex optimization problem, readily implementable via

semidefinite programming tools, allowing fast computations and accurate results.

◦ The method avoids consideration of weak formulations, boundary conditions approxi-

mations and build-up of the resulting algebraic relations. On the contrary, this method

is applied directly to the original DE-BVP for a selected polynomial degree.

◦ The method leads to “approximated-analytic” solutions (polynomial functions). This

can also be applied to some classes of differential equations with quadratic terms, mul-

tiplicative inverse functions, amongst other classes of problems.

• Chapter 3 describes the boundary PDE control/observer design under Backstepping metho-

dology formulated as a convex optimization problem. The Volterra-type and Fredholm-type

transformations are analysed and the resulting Kernel-PDEs are solved via semidefinite pro-

gramming. Inverse Kernels are approximated as the optimal solution of a Sum-of-Squares

and moment problem. The main contributions in this chapter are:

◦ The approach proposed allows solving approximately Kernel-PDEs with sufficient pre-

cision to guarantee the stability of the closed-loop system in L2-norm topology.

◦ The convex formulation proposed and its numerical solution allows applying this me-

thodology to a wide class of problems, without restriction on the spectral characteristic

of some integral operators or classes of system’s coefficients.

◦ For polynomial Kernels, uniqueness and invertibility of the Fredholm-type transforma-

tion is proved in the space of real-analytic functions and continuous functions.

◦ The inverse Kernels (for the Volterra-type or Fredholm-type transformations) can be

determined approximately using the direct Kernels, avoiding to solve PDE-Kernels using

an inverse problem formulation.
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• Chapter 4 presents an adaptive observer design for a linear parabolic PDE under two sepa-

rated cases of uncertain time-varying parameters:

⊲ at the boundary: control gain parameter,

⊲ in-domain: reactivity parameter.

The design proposes a modified integral transformation to compensate for the parameter un-

certainty. In addition to an observer based on the Volterra-type transformation, an observer

design method with two boundary measures via a Fredholm-type transformation is also for-

mulated. The coupled Kernel-PDEs and ODEs are recast as convex optimization problems

and solved via semidefinite programming. The contributions of this chapter are:

◦ The adaptive observer performs a simultaneous state and parameter estimation con-

sidering only measurements at the boundary. The design does not require any pre-

transformation to some canonical form and/or finite dimensional formulation, enabling

a direct parameter identification from the original PDE model.

◦ The modified Volterra-type and Fredholm-type transformations proposed allows com-

pensating for the uncertain time-varying “boundary” or “in-domain” parameter.

◦ For two points of measurement, a Fredholm-type integral transformation is proposed

which allows managing the resulting non-strict feedback error system.

• Chapter 5 deals with the adaptive observer design problem for a Single Particle Model of

Lithium-Ion batteries where the diffusivity coefficient is considered the uncertain parameter.

The design proposes a modification of a Volterra-type transformation to compensate for the

parameter uncertainty. The resulting coupled/uncoupled Kernel-PDE/ODE is recast as a

convex optimization problem and solved via semidefinite programming. In addition, based

on the Moment approach, a novel scheme of inversion of the nonlinear output mapping of the

battery is formulated. The contributions of this chapter are:

◦ The adaptive observer performs a simultaneous estimation of the solid Lithium-Ion con-

centration and of the diffusivity parameter, considering only boundary measurements

of voltage and current. The design does not require any model reduction, taking into

account the full nature of the PDE model.

◦ The observer design methodology also considers the uncertain gain in the boundary

condition which is a reciprocal function of the diffusivity parameter. This boundary

uncertainty is dynamically compensated in conjunction with the in-domain uncertainty,

so that the adaptation scheme proposed leads to an accurate parameter estimation.

◦ The linear feedback problem in the observer is solved via a novel method of inversion

which circumvents the limited performance of gradient-based linear approximations com-
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monly used. The method proposed achieves a high precision for the whole domain and

is able to determine multiple optimal points.

• Chapter 6 provides concluding remarks of this research and suggestions for future lines of

investigation.

1.3.2.1 Publications

The contribution of this research has been disseminated in the following papers:

• P. Ascencio, A. Astolfi and T. Parisini, “Backstepping PDE Design: A Convex Optimization

Approach,” Submitted to IEEE Transactions on Automatic Control, 2016.

• P. Ascencio, A. Astolfi and T. Parisini, “Backstepping PDE-based adaptive observer for

a Single Particle Model of Lithium-Ion Batteries,” IEEE 56thConference on Decision and

Control, 2016, pp. 5623-5628.

• P. Ascencio, A. Astolfi and T. Parisini, “An Adaptive Observer for a class of Parabolic PDEs

based on a Convex Optimization Approach of Backstepping PDE Design,” American Control

Conference, 2016, pp. 3429-3434.

• P. Ascencio, A. Astolfi and T. Parisini, “Backstepping PDE Design, Volterra and Fredholm

Operators: a Convex Optimization Approach,” IEEE 55th Conference on Decision and Con-

trol, 2015, pp. 7048-7053.

1.4 Preliminary Terminology

1.4.1 Notation

A(Ω), C(Ω) and L2(Ω) stand for the space of real-analytic functions, continuous functions and

square integrable functions on the domain Ω, respectively. I, A, V and F denote the identity,

integral, Volterra-type and Fredholm-type operator, respectively.

R[x] denotes the ring of real polynomials in n variables x = [x1, x2, . . . , xn]
T and P[x] = {p ∈ R[x] :

p(x) ≥ 0, ∀x ∈ R
n} stands for the set of non-negative real polynomials. The notation Rn,r[x] and

Pn,r[x] explicitly indicates polynomials in n variables with degree at most r, whereas Σs represents

the subset of polynomials with Sum-of-Squares (SOS) decomposition. In particular P(K) represents

the non-negative polynomials on the set K.

Φr = [1, x1, . . . , xn, x
2
1, x1x2, . . . , x

r
n]

⊤ is the standard vector basis of Rn,r[x]. Polynomials are

expressed by multi-index notation: p(x) =
∑z(r)−1

j=0 pjx
αj = 〈p,Φr〉, where r ∈ N is the polynomial

degree, z(r) =
(
n+r
r

)
is the number of polynomial coefficients p = [p0, p1, . . . , pz(r)−1]

⊤ ∈ R
z(r),

xαj = x
α1
j

1 · · ·xα
n
j

n represents the j-th monomial with powers αj = [α1
j , . . . , α

n
j ] such that |αj |=
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∑n
k=1 α

k
j ≤ r, αk

j ∈ N. For simplicity it is expressed by p(x) =
∑

α∈Nn
r
pαx

α with powers α ∈ N
n
r ,

where N
n
r = {αj ∈ N

n; |αj |≤ r, ∀j = 0, . . . , z(r)− 1} = {α0, . . . , αz(r)−1}.

M(K)+ stands for the space of finite positive Borel measures on K. Sm and S
m
+ denote the set of

symmetric and semidefinite positive matrices of dimension m×m, respectively.

The expression δ = δ(x)
∣
∣
∣
P≈N
Q≈M indicates that in the function δ, P and Q have been substituted by

the polynomials N and M , respectively.

1.4.2 Definition

For the representation of bivariate polynomial Kernels P (x, y) =
∑z(d)−1

k=0 pkx
αkyβk of degree d ∈ N,

coefficients pk ∈ R and powers αk ∈ N, βk ∈ N, the following basis of monomials Φd are considered:

Φd := {1, x, y, x2, xy, y2, x3, x2y, xy2, y3, . . . , . . . , xd, xd−1y, . . . , xyd−1, yd},
α := {0, [1, 0], [2, 1, 0], . . . , [d, d− 1, . . . , 1, 0]},
β := {0, [0, 1], [0, 1, 2], . . . , [0, 1, . . . , d− 1, d]},

(1.3)

with z(d) = (d+1)(d+2)/2 terms, powers of which are grouped in d + 1 blocks, where each j-th

block contains j+1 elements ordered in relation with [xj−kyk], k=0, . . . , j, j=0, . . . , d.

Backstepping design for 1-dimensional PDEs with a Volterra-type or Fredholm-type transformation

involves the following domains [21, 82]:

Ω := {0 ≤ x ≤ 1}, (1.4)

ΩL := {0 ≤ x ≤ 1, 0 ≤ y ≤ x}, (1.5)

ΩU := {0 ≤ x ≤ 1, x ≤ y ≤ 1}, (1.6)

ΩS := {0 ≤ x ≤ 1, 0 ≤ y ≤ 1}, (1.7)

which are the unit interval, the lower and upper triangular subsets sharing a boundary along x = y,

and the unit square subsets of R2, respectively.

1.4.3 Abbreviations

BVP Boundary Value Problem LPS Lumped-Parameter Systems
DFN Doley-Fuller-Newman OCP Open Circuit Potential
DPS Distributed Parameter Systems ODE Ordinary Differential Equation
FDS Finite Dimensional Systems P2D Pseudo Two-Dimensional
FDM Finite Difference Method PDE Partial Differential Equation
FEM Finite Element Method PDAE Partial Differential Algebraic Equation
IDS Infinite Dimensional Systems PIDE Partial Integral Differential Equation
IVP Initial Value Problem SOS Sum-of-Squares
LI Linearly Independent SPM Single Particle Model
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Chapter 2

Formulation of Differential Equations

as Convex Optimization Problems1

—Pierre de Fermat (1601-1665)—

Beyond his contributions on the “Number Theory” and the celebrated so-called Fermat’s last theorem, P. Fermat is
considered father of the “Analytic Geometry”, title shared with René Descartes. Fermat’s work on this area, dealing
with the relationship of algebra to geometry, was one of the primary inspirations for the work of Sir Isaac Newton

on the subject that today is known as “Differential Calculus”. His idea to obtain a tangent line of a curve, based on
simple geometric observations, led to find local maxima and minima of differentiable functions, which is now known

as the “interior extremum theorem”.

On the basis of the Weierstrass approximation theorem continuous smooth solu-

tions of differential equations (boundary value problems), in compact sets, can be uni-

formly approximated by polynomials. In contrast to the traditional approaches such

as discrete approximations of differential operators or variational formulations, a sim-

ple methodology to approximate these solutions can be formulated via recasting the

equality condition of the differential problem as inequalities written in terms of poly-

nomial coefficients, and relaxing these via their Sums-of-Squares (SOS) decomposition

over a compact set. This methodology leads to a convex optimization problem, readily

implementable resorting to semidefinite programming tools, the objective of which cor-

responds to minimize the residual functions with respect to the original equality. This

flexible and generic approach is suitable to be applied on a wide class of differential

equations, linear or with quadratic terms, amongst other classes of problems with poly-

nomial terms.

1A brief theoretical background of this chapter is presented in Appendix A. For a detailed exposition see [136, 137, 138]
and references therein.
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2. Formulation of Differential Equations as Convex Optimization Problems

2.1. Sum-of-Squares Approach for PDEs

2.1 Sum-of-Squares Approach for PDEs

Let u = u(x) ∈ C∞(Ω) be the solution of a linear PDE-Boundary Value Problem (BVP):

P :

{

L[u(·)](x) = f(x), ∀x ∈ Ω̊

Bi[u(·)](x)|x∈∂Ωi
= ui, i = 1, . . . , r ∈ N

, (2.1)

in a compact domain Ω ⊂ R
n, where L and Bi are linear differential operators with polynomials

terms, f ∈ R[x], ∂Ω ⊇ ⋃r
i=1 ∂Ωi represents the boundary of Ω = Ω̊ ∪ ∂Ω, with Ω̊ interior subset

of Ω, and ui ∈ R is the value of Bi[u] on the boundary subset ∂Ωi. Based on the Weierstrass

approximation theorem [139], the solution u can be uniformly approximated by polynomials with

theoretical arbitrary precision.

Let

δd(x) =




∑

α∈Nn
d

pαL(x
α)− f(x)



 , ∀ x ∈ Ω̊ (2.2)

be the residual function due to the polynomial approximation u(x) ≈ pd(x) =
∑

α∈Nn
d
pαx

α ∈
R[x] in P (2.1), of degree d in n variables x = [x1, . . . , xn]

⊤ ∈ R
n and coefficients p = [pα0 , . . . ,

pαz(n,d)−1
]⊤ ∈ R

z(n,d) with z(n, d) =
(
n+d
d

)
.

In contrast to the traditional and well-established methodologies such as for instance: the Finite

Difference Method (FDM) or the Finite Element Method (FEM),2 a direct methodology to deter-

mine the polynomial pd consists in minimizing the residual function δd, by means of formulating

it as a Polynomial Optimization Problem in terms of the polynomial coefficients pα. This

approach can be seen as part of the residual methods to address Boundary Value Problems [147].

2.1.1 Compact Basic Semi-algebraic Sets

The main idea to solve (2.1) as a Polynomial Optimization Problem is based on a notable result

from Real Algebraic Geometry: the Positivstellensatz [136]. Peculiarly, this result of positivity

certification does not depend on the characteristics of the polynomials involved in the problem.

On the contrary, this result only depends on the kind of algebraic representation of the domain Ω.

Thus, if Ω can be described by

Ω ={x ∈ R
n; g1(x) ≥ 0, . . . , gm(x) ≥ 0}, (2.3)

2FDM, which is based on the approximation of differential operators by differences (forward, central, backward) on
a grid or mesh [140, 141], or FEM, which could be derived from the weak (variational) formulation of a differential
equation and the Ritz-Galerkin approximation [142, 65, 143, 144], can lead to non-convergent solutions. For the
FDM, an analysis of convergence can be carried out based on the “maximum principle” [145]. For the case of the
FEM, a sufficient condition to obtain a convergent solution consists in to formulate structures in accordance with
the Lax-Milgram lemma (bilinear form: A(u, v) : V × V → R, with V Hilbert space, continuous and coercive), for
instance, the particular case of self-adjoint operators [146].
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with m ∈ N and gj ∈ R[x], ∀ j = 1, . . . ,m, and this description is a compact basic semi-

algebraic set, based on the representation theorems of Schmüdgen or Putinar,3 the non-negative

function h(x) = ±δd(x)∓ γ, for some γ ≥ 0, can be formulated as:

±δd(x)∓ γ =
∑

J

sJ(x)GJ(x), sJ ∈ Σs, ∀ x ∈ Ω, (2.4)

where GJ denotes a particular combination of polynomial constraints gj ’s in accordance with the

Schmüdgen or Putinar representation selected (G0 = 1). Moreover, this allows relaxing (2.4) via



±δd(x)∓ γ −
∑

J 6=0

sJ(x)GJ(x)



 ∈ Σs, sJ ∈ Σs, ∀ x ∈ Ω, (2.5)

which is a SOS decomposition (hierarchy of SOS relaxations), equivalent to a convex optimization

problem, numerically implementable via semidefinite programming [136, 138].

Consider the particular domains involved in Backstepping PDE design.

Lemma 1. The domains (1.4), (1.5), (1.6) and (1.7) have the representations:

Ω ≡ {x ∈ R, g1(x) = x(1− x) ≥ 0}, (2.6)

ΩL ≡ {(x, y) ∈ R
2, g1(x) = x(1− x) ≥ 0, g2(x, y) = y(x− y) ≥ 0} (2.7)

ΩU ≡ {(x, y) ∈ R
2, g1(x) = x(1− x) ≥ 0, g3(x, y) = (y − x)(1− y) ≥ 0} (2.8)

ΩS ≡ {(x, y) ∈ R
2, g1(x) = x(1− x) ≥ 0, g4(x, y) = y(1− y) ≥ 0} (2.9)

respectively, which are “Compact Basic Semi-Algebraic Sets” and their associated quadratic modules

are “Archimedean”.4

Proof. By definition (2.6), (2.7), (2.8) and (2.9) are basic semi-algebraic sets [136, 149]. The

equivalence of the sets (1.4)-(1.7) and their respective representations (2.6)-(2.9) is immediate,

following the feasible solution set of the inequalities involved. Moreover, (1.4) is a closed and

bounded subset of R as well as the sets (1.5)-(1.7) are in R
2, and hence compact [150]. The

Archimedean property is verified directly since for each domain representation the set {x ∈ R
n :

g(x) ≥ 0} is compact for some j ∈ {1, . . . ,m} [138]. This property can also be validated since the

quadratic modules associated to Ω, ΩL, ΩU and ΩS satisfy the condition [148, 138]:

3These certificates have been considered due to they are computationally practical and simple of implementing. In
particular, Putinar’s Positivstellensatz only involves a linear number of SOS polynomials with respect to the compact
domain representation [148, 136, 138].

4Since the domains considered are polytopes, the functions gi can also be selected as affine inequalities where this
condition is always satisfied [138].
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∃ N ∈ N s.t.: N −
n∑

i=1

x2i ∈






s0 +

m∑

j=1

sjgj ; (sj)
m
j=0 ∈ Σs






. (2.10)

For instance, for Ω as in (2.6), selecting N = 1, s1 = 2 ≥ 0 and s0(x) = (x− 1)2 ≥ 0. For the lower

triangular domain ΩL as in (2.7), using:

NL = 2 ∈ N, s1 = 4 ≥ 0, s2 = 2 ≥ 0,

s0(x, y) = 3x2 − 2xy − 4x+ y2 + 2 = [1, x, y]QL[1, x, y]
T ∈ Σs,

QL =







2 −2 0

−2 3 −1

0 −1 1







� 0 ⇒ NL − x2 − y2 = s0(x, y) + s1g1(x) + s2g2(x, y).

Likewise, in the case of the upper triangular domain ΩU as in (2.8), considering:

NU = 3 ∈ N, s1 = 4 ≥ 0, s2 = 2 ≥ 0,

s0(x, y) = 3x2−2x−2y−2xy+y2+3 = [1, x, y]QU [1, x, y]
T ∈ Σs,

QU =







3 −1 −1

−1 3 −1

−1 −1 1







� 0 ⇒ NU − x2 − y2 = s0(x, y) + s1g1(x) + s2g3(x, y).

With respect to the unit square domain ΩS described via (2.9), choosing:

NS = 2 ∈ N, s1 = 2 ≥ 0, s2 = 2 ≥ 0,

s0(x, y) = x2−2x−2y+y2+2 = [1, x, y]QS [1, x, y]
T ∈ Σs,

QS =







2 −1 −1

−1 1 0

−1 0 1







� 0 ⇒ NS − x2 − y2 = s0(x, y) + s1g1(x) + s2g4(x, y).

Remark 1. As it has been confirmed in the proof of Lemma 1, due to the algebraic domain representations

(2.6)-(2.9) involve quadratic forms gj’s, the polynomial SOS condition: sj ∈
∑

s, ∀ j = 1, . . . ,m in (2.4) and

(2.10) can be simplified to a scalar non-negativity: sj ≥ 0. In this particular case the Putinar’s certificate is

equivalent to the S-procedure [136]. This feature allows reducing significantly computational costs in higher

dimensions.

2.1.2 Minimax Approximation

The axiom of completeness has a far-outstanding consequence in the generalized Min-Max theorem,

which sets forth the existence of extreme values of a continuous real-valued function on compact
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g
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d=d(x) d
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(d-g)≥0

Minimum

Maximum

0

d

Figure 2.1.1: Maximum and minimum values of a residual function in a compact domain.

domains [19]. Thus, the residual function (2.2) is bounded by δ ≤ δd(x) ≤ δ, where δ is the

minimum and δ is the maximum of δd on Ω compact domain. In addition, the exact solution of

(2.1), i.e. δd = 0 in (2.2), can be approximated using the simple idea depicted in Figure 2.1.1,

imposing δ → 0 and δ → 0 (δd → 0 in Ω) on the extreme values of δd.

Intuitively, to achieve this objective, the optimization cost function: min
{
maxx∈Ω{|δ|, |δ|} < γ

}
→

0 can be formulated, which can be seen as the standard Uniform Best approximation approach

used to approximate the null function (zero value in Ω) by δd in terms of L∞-norm (uniform

error) in Ω, scheme also denominated Minimax approximation [151, 152]. In addition, if Ω has the

representation (2.3) and this is a “compact basic semi-algebraic set” (for instance one of the sets

considered in Lemma 1), the positivity constraints

δ − δd(x) ≥ 0 (maximum)

δd(x)− δ ≥ 0 (minimum)
, (2.11)

∀ x ∈ Ω, can be relaxed and formulated via a SOS decomposition, so that there is an efficient

computation of δ and δ. Therefore, an approximate solution of u can be found via the convex

optimization problem:

P|u≈pd
⇒ Pd







γ∗ = infγ∈R,pα∈R γ

subj. to:
(
δ − δd(x)−

∑

J s
1
J(x)GJ(x)

)
∈∑s

(
δd(x)− δ −∑J s

2
J(x)GJ(x)

)
∈∑s

γ ≥ 0, s1J ∈∑s, s2J ∈∑s
[

γ δ

δ γ

]

� 0,

[

γ δ

δ γ

]

� 0

Bi[pd(·)](x)|x∈∂Ωi
= ui, i = 1, . . . , r ∈ N

, (2.12)

where GJ stands for combinations of gj ’s in accordance with the type of positivity certificate se-

lected (Schmüdgen or Putinar). The problem Pd imposes δd(x) → 0, ∀ x ∈ Ω, by means of the
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minimization of the global extreme values of δd in Ω, in terms of the polynomial coefficients pα.

Remark 2. With respect to the generality of the compact domain Ω, under the existence of a non-degenerate

coordinate transformation 5 (typical method to obtain canonical or known PDE forms [155, 156]), this domain

can be transformed to a symmetric unit hypercube with respect to the origin ([−1, 1]n), which is useful in

particular for orthogonal polynomials.

2.1.3 Least Squares Approximation

The other standard approach in approximation theory consists in the Best approximation in terms

of L2(Ω)-norm, scheme also denominated Least Squares approximation [152]. This has the main

advantage of obtaining a unique solution due to the strict convexity of the problem.

For P (2.1) with δd as in (2.2), the formulation of a quadratic cost functional: minpα
∫

Ω δ
2
d(x)dx

leads to a non-convex problem (multiplications of pα unknown parameters). However, due to the

semi-positivity and equality constraints





(
1

∫

Ω dx

)

γ − T (x) δd(x)

δd(x) γ



 � 0

∫

Ω
T (x)dx = 0

, (2.13)

the Schur’s complement provides a sufficient convex condition for this quadratic optimization pro-

blem, namely

∫

Ω

(
1

∫

Ω dx
γ2 − γT (x)− δ2d(x)

)

dx ≥ 0 ⇒
∫

Ω
δ2d(x)dx ≤ γ2, ∀ x ∈ Ω, (2.14)

with T = T (x) ∈ R[x], and considering that Ω has a representation as a “compact basic semialge-

braic set” (such as one of the sets described in in Lemma 1), (2.13) can be relaxed and formulated

via a SOS decomposition in its matrix-polynomial version.6

Remark 3. It is worth noting that the formulation (2.13) allows minimizing directly the “root” of
∫

Ω
δ2d(x)dx

instead of the traditional “Least Squares” cost functional. The standard least squares objective can be obtained

using
[

T (x) δd(x)

δd(x) 1

]

� 0

γ =

∫

Ω

T (x)dx

, (2.15)

where γ is the cost functional of the optimization problem. On the other hand, due to the quadratic structure

of this inequality, if deg(T ) = 2deg(δd) is selected, a better numerical performance is achieved (this can be

rather restrictive for dimensions n ≥ 2).

5Bijective variable transformation. Jacobian determinant does not vanish on the domain considered [153, 154].
6This condition can also be ”scalarized”, see details in [136, 138, 157].
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χΩβ
(x) = {1,x ∈ Ωβ ; 0,x /∈ Ωβ} is the indicator function, and it can be determined by the convex

optimization problem:

Pd,N







γ∗ = inf
γ∈R, cβ

k
∈R

γ

subj. to:

∀ β ∈ I = {β1, . . . , βN} :







(

δβ − δβ(x)−
∑

J s
1
β,J(x)GJ(x)

)

∈∑s
(

δβ(x)− δβ −∑J s
2
β,J(x)GJ(x)

)

∈∑s

s1β,J ∈∑s, s2β,J ∈∑s
[

γ δβ

δβ γ

]

� 0,

[

γ δβ

δβ γ

]

� 0

∀ l = 1, . . . ,M, ∀ m = 1, . . . ,M

s.t.: Θlm = ∂Ωβl
∩ ∂Ωβm 6= ∅

:

{

Dk (φβl
(x)− φβm(x))|x∈Θlm

= 0,

∀ k = 0, . . . , t

: γ ≥ 0

∀ i = 1, . . . , t ∈ N, ∀ σ ∈ I

s.t.: Λiσ = ∂Ωi ∩ ∂Ωσ 6= ∅
: Bi[pd(·)](x)|x∈Λiσ

= ui,

(2.19)

where M ∈ N is the total number of shared boundaries of local elements and D = ∂k

∂xk is a

differential linear operator which enforces continuity (k = 0) and a selected degree of smoothness

(k = 1, . . . , t ∈ N) between the local solutions. Similar to this Minimax optimization problem, a

Least Squares minimization can carried out based on (2.16).

2.2 Moment Approach for PDEs

In the context of the so-called the Generalized Moment Problem (GMP), one of the multiple and

useful applications of the duality between SOS and Moments8 is the solution of differential equations

(ODEs, PDEs) [137].

For linear PDEs with polynomial data, an approximate solution u ∈ L2(K, λ) can be obtained

interpreting it as a “density function” with respect to the Lebesgue measure λ = λ(x), ∀ x ∈ K.

This by means of the computation of finitely many moments y = (mα)α∈Nn
r
of the Borel measure

µ, dµ(x) = u(x)dλ(x) (u: Radon-Nikodym derivative of µ with respect to λ) as mα =
∫

Ω xαdµ(x)

[159, 137].

The method of approximation involves two steps:

(i) Consists of generating a “moment sequence” y = (mα)α∈Nn
r
through of solving the adjoint

operator equation derived from a weak formulation of the differential equation, namely

8For an introduction to this duality, see Appendix A. The proper cone of non-negative polynomials on K corresponds
to the proper cone of moment sequences y = (mα)α∈Nn with representing finite Borel measure µ: P∗(K) = {(mα) ∈
R

N
n

: ∃ µ ∈ M(K)+; mα =
∫

K
xαdµ(x), ∀α ∈ N

n} [148, 138].
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m∑

j=0

lj(x)
∂|αj |u(x)

∂x
α1
j

1 · · · ∂xα
n
j

n

= f(x) ⇔ L[u(·)](x) = f(x),

〈u,L∗[φi]〉L2(Ω) = 〈f, φi〉L2(Ω), ∀φi ∈ Φ,

(2.20)

with L
∗ adjoint operator, lj , f ∈ R[x] and φi = xαi the i-th element of the basis Φ =

{φ1, . . . , φi, . . .}, via a hierarchy of semidefinite programs [161, 160].

(ii) Corresponds to the “inverse optimization” procedure, which formulates a polynomial approxi-

mation for the unknown density u as û = θ⊤Φ(x) and performs a mean squares minimization:

inf
û∈Rn,r[x]

‖u− û‖L2(Ω) = inf
û∈Rn,r[x]

∫

Ω
(u(x)− û(x))2 dx

= inf
û∈Rn,r[x]

∫

Ω
û2(x)dx− 2

∫

Ω
û(x)u(x)dx

︸ ︷︷ ︸

dµ

+

∫

Ω
u2(x)dx

︸ ︷︷ ︸

≥0

≤ inf
θ∈Rz(r)

θ⊤
(∫

Ω
Φ(x)Φ⊤(x)dx

)

θ−2

z(r)−1
∑

k=0

θk

∫

Ω
φk(x)dµ

︸ ︷︷ ︸
mk

= inf
θ∈Rz(r)

x∈Ω

θ⊤Mθ − 2θ⊤y, (2.21)

only based on the knowledge of a finite moment sequence yr = {m0, . . . ,mz(r)−1} ∈ R
z(r),

equivalent to a semidefinite programming problem [162]. It is worth noting that the non-

negativity of û can be ensured if this condition (non-negativity) is included as constraint on

Ω using positive certificates on compact basic semialgebraic sets.

2.3 Computational Examples

The following examples, one and two-dimensional cases, illustrate the numerical performance of the

method proposed for solving differential equations-boundary value problems. These allow evaluat-

ing its subsequent implementation in the coupled PDE-ODE problems derived from the design of

Backstepping PDE-based adaptive observers (next chapters). Its extension to higher dimensions is

straightforward but still limited by the SOS polynomial set itself (see Remark 5 and Appendix A,

footnote 11), its positive representation and the current stage of semidefinite programming tools.

The numerical solution of these convex optimization problems has been obtained via the Yalmip

toolbox for Matlab [163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi

[165] and the SDP package part of the Mosek solver [166].

2.3.1 One-Dimensional Differential Equation-BVP

This section considers steady diffusion-reaction/advection problems which arise from several types

of systems, for instance: steady heat conduction, longitudinal deformation of an elastic rode, trans-
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verse deflection of a cable, etc [167, 89]. These are typical steady BVP used to exemplify the

standards one-dimensional numerical methods such as the Shooting Method (BVP as a pair of

initial-value problems), Finite Difference Method (approximation of differential operators by dis-

crete differences), Rayleigh-Ritz-Galerkin (variational approach, integral functional minimization)

or Spectral-Collocation methods [147, 168, 169, 170, 141, 171, 172, 173, 174, 175]. The nature of

its solutions (regular Sturm-Liouville-problem, solutions of which can span L2(0, 1)[176, 177]) are

suitable to test polynomial approximations.

2.3.1.1 Steady Convection-dominated Problem

This example considers the second order linear elliptic two-point BVP

P :







−ǫd2u
dx2 (x) + bdudx(x) = 0, ∀x ∈ (0, 1)

u(0) = 0

u(1) = 1

⇒ u(x) =
e

bx
ǫ − 1

e
b
ǫ − 1

, (2.22)

with exact analytical solution where ǫ > 0 and b > 0. If the convection (transport) term (b · ∇u)
dominates the dynamic of the problem (small ǫ/b), this leads to solutions with strong gradients

close to its boundaries (boundary layers) [146, 178]. As it is well-known, Galerkin-based numerical

approximations exhibit oscillatory behaviour if the local Péclet number: Pe = bh/(2ǫ) > 1. To

avoid this, for instance, a small (in certain cases unpractical) grid-size h is required.

The problem (2.22) has been approximately solved for ǫ = 1/50 and b = 2 via the convex formulation

(2.12) using SOSTOOLS-SeDuMi packages. As Figure 2.3.1 shows the characteristic of the solution

at the boundary requires a high polynomial degree (d ≥ 100) to reach a residual function δd ≤ 10−3.

Figure 2.3.1(a) depicts the exact solution and its polynomial approximation for a degree d = 100.

A piece-wise linear Centered Finite Difference approximation9 is also shown for N = 101 nodes

(discretization points) in the unit interval. The effect of the strong gradient at the boundary over

the precision of the polynomial solution is shown in Figure 2.3.1(b). In this case an approximation

error (u− p) ≤ 3.8 · 10−5 (see y-axis: right-hand side) and a residual function bound |γ|≤ 1.5 · 10−3

(see y-axis: left-hand side) are achieved. Figure 2.3.1(c) illustrates the oscillation in the Galerkin-

based numerical approximation10 for a grid-size h such that Pe = bh/(2ǫ) > 1. The decreasing

characteristic of the approximation error ‖u − pd‖∞ and of the L∞-norm of the residual function

δd is depicted in Figure 2.3.1(d). This is compared with the L∞-norm of the approximation error

obtained via the centered Finite Difference Method with respect to the number of nodes (secondary

x-axis, below polynomial degree d).

9The system of equations obtained from the application of the Centered Finite Difference Method coincides with
the system derived from the Finite Element Method with piecewise-linear polynomials under a uniform grid space
discretization and constant parameters.

10This oscillation can be overcome considering Stabilization Methods [146].
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Figure 2.3.1: Polynomial approximation of Steady Convection-dominated Problem.(a) Exact so-
lution u = u(x): solid line, polynomial solution pd for polynomial degree d = 100: dash line,
piece-wise linear Centered Finite Difference approximation with N = 101 nodes: dash-dot line
(circles: elements nodes). For clearness, the solutions have been plotted on the interval [0.95, 1]
instead of [0, 1]. (b) Approximation error (u−p): solid line (y-axis: right-hand side), residual func-
tion δ = δ(x): dash line (y-axis: left-hand side), optimal bound γ: dash-dot line (y-axis: left-hand
side). (c) Centered Finite Difference approximation for N = 4: solid-circle line , N = 8: dash-point
line and N = 24 dot-x line. (d) Residual function bound and error for polynomial approximation
(γ: solid-circle line, ‖u− pd‖∞: solid-point line)(primary x-axis. d: Polynomial degree) and Finite
Difference Method (‖u− pN‖∞: dash-square line (secondary x-axis. N Number of Nodes).
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2.3.1.2 Steady Diffusion-Reaction Problem

In general, in contrast to the convection-dominated problem, diffusion-reaction differential equa-

tions present a well-behaved solution. This is similar to the classic one-dimensional Poisson problem

where the ellipticity constant is dominant in comparison with the rest of coefficients in the equation

[146, 178].11 To illustrate the flexibility of the approach proposed, numerical examples with two

types of boundary conditions are considered.

• Case 1: Dirichlet Homogeneous Boundary conditions.

This case considers the second order linear elliptic two-point BVP with exact analytical

solution

P :







−d2u
dx2 (x) + u(x) = x, ∀ x ∈ (0, 1)

u(0) = 0

u(1) = 0

⇒ u(x) = x− sinh(x)

sinh(1)
, (2.23)

with homogeneous Dirichlet boundary conditions [179].

The problem (2.23) has been approximately solved via theMinimax convex formulation (2.12)

as well as root Least Squares (2.16) using Yalmip-SeDuMi packages. As Figure 2.3.2 shows,

the approximate polynomial solution reaches an accurate result for low polynomial degrees.

Figure 2.3.2(a) depicts approximations for polynomials degrees of d = 2 and d = 4 obtained

via the Minimax approach (2.12):

u ≈ u2 = −0.2500x2 + 0.2500x− 1.494·10−19,

u ≈ u4 = −0.01896x4 − 0.1270x3 − 0.002579x2 + 0.1486x− 5.72·10−18,

illustrating a comparison with a piece-wise linear Finite Element Method approximation of

6 elements. Figure 2.3.2(b) shows a residual function bound and approximation error (in

norm) with monotonic decreasing tendency for d ≤ 10. For higher polynomial degrees,

the semidefinite package run into numerical problems (optimum around to the maximum

threshold precision). Figure 2.3.2(c) shows an approximate solution using the Finite Element

Method with piece-wise quadratic Lagrange polynomials (3 basis per element), namely

u ≈ uFEM2(x) =

N∑

i=0

ciφi(x) +

N∑

j=1

djψj(x), (2.24)

φi(x) =

{

(2/h2)(x− xi−1)(x− (xi−1 + h/2)), ∀x ∈ [xi−1, xi]

(2/h2)(x− xi+1)(x− (xi+1 − h/2)), ∀x ∈ [xi, xi+1]
,

ψj(x) = −(4/h2)(x− xj−1)(x− xj) ∀x ∈ [xj−1, xj ],

11Similar to the advection dominated case, diffusion-reaction differential problems can also present boundary layers
under very small diffusion coefficients with respect to the reaction ones [178].
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where h = (xj−xj−1) is the uniform discretization step, with N = 3 elements and parameters:

c0 = c3 = 0, c1 = 0.0444, c2 = 0.0564, d1 = 0.02419, d2 = 0.05659 and d3 = 0.03927. Figure

2.3.2(d) depicts the L∞-norm approximation error using the FEM with piece-wise linear

(FEM1), quadratic (FEM2) and quartic (FEM4) polynomials as functions of the number of

elements N . It is worth noting that for the FEM approximate solution around 250 quartic

polynomials (∼ 50 Elements, 5 basis per element) are needed to achieve an approximation

error of 10−11. This accuracy can be obtained using a polynomial approximation of degree

d = 10 via the convex optimization approach proposed.

• Case 2: Mixed Dirichlet-Neumann Homogeneous Boundary conditions

This case considers the second order linear elliptic two-point BVP with exact analytical

solution

P :







−d2u
dx2 (x) + u(x) = 2e−x, ∀ x ∈ (0, 1)

u(0) = 0
du
dx(1) = 0

⇒ u(x) = xe−x, (2.25)

with homogeneous mixed Dirichlet-Neumann boundary conditions [169].

The problem (2.25) has been approximately solved via both the variant Least Squares (2.15)

in (2.16) and the Minimax (2.12) optimization problem, using Yalmip-Mosek packages. As

Figure 2.3.3 shows, due to the zero gradient condition at one boundary, this problem is slight

harder than (2.23). Figure 2.3.2(a) depicts approximate solutions for polynomials degrees of

d = 2 and d = 4 obtained via the standard Least Squares (2.15) in (2.16):

u ≈ u2 = −0.4534x2 + 0.9067x,

u ≈ u4 = −0.09095x4 + 0.4460x3 − 0.9871x2 + 1.0000x.

Figure 2.3.3(b) shows a monotonic decreasing residual function bound and approximation

error (in norms) for d ≤ 12. In this case the combination of Yalmip-Mosek packages obtained

lower residual bounds (γ ∼ 10−14) than the previous case via Yalmip-SeDuMi packages. This

optimization also ran into numerical problems for higher polynomial degrees (around to the

maximum threshold precision). Figure 2.3.3(c) shows an approximate solution using the

Finite Element method with piece-wise quartic Lagrange polynomials (5 basis per element),

namely

u ≈ uFEM4(x) =

N∑

i=0

ciφi(x) +

3∑

k=1

N∑

j=1

dk,jψk,j(x), (2.26)

φi(x) =

{ (
32
3h4

)
(x− xi−1)(x− (xi−1 +

h
4 ))(x− (xi−1 +

h
2 )(x− xi−1 +

3h
4 )), ∀x ∈ [xi−1, xi]

(
32
3h4

)
(x− xi+1)(x− (xi+1 − h

4 ))(x− (xi+1 − h
2 ))(x− (xi+1 − 3h

4 )), ∀x ∈ [xi, xi+1]
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u: Exact Solution
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Figure 2.3.2: Polynomial approximation of Case 1: Steady Diffusion-Reaction Problem with ho-
mogeneous Dirichlet boundary conditions. (a) Exact solution u = u(x): solid line, polynomial
approximation p = p(x) for polynomial degree d = 2: dot line and d = 4: dash line, piece-wise
linear Finite Element (FEM1) approximation with N = 6 elements: dash-dot line (circles: elements
nodes). (b) Optimal bound for the residual function and error. Minimax optimization: γ: solid-
circle line, ‖u − p‖∞: dot-point line. Root Least Squares optimization: γ: dash-x line, ‖u − p‖2:
dash-dot-start line. (c) Approximation using the Finite Element method with piece-wise quadratic
polynomials (FEM2). Exact solution u = u(x): solid line, FEM2 approximation: dash line. (d)
L∞-norm error approximation using FEM1: solid-circle line, FEM2: dash-square line and FEM4:
dash-dot-triangle line.
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ψ1,j(x) = −
(
128
3h4

)
(x− xj−1)(x− (xi−j +

h
2 ))(x− xj−1 +

3h
4 ))(x− xj)

ψ2,j(x) =
(
64
h4

)
(x− xj−1)(x− (xi−j +

h
4 ))(x− xj−1 +

3h
4 ))(x− xj)

ψ3,j(x) = −
(
128
3h4

)
(x− xj−1)(x− (xi−j +

h
4 ))(x− xj−1 +

h
2 ))(x− xj)

, ∀x ∈ [xj−1, xj ],

where h = (xj−xj−1) is the uniform discretization step, with N = 1 elements and parameters:

c0 = 0, c1 = 0.36906, d1,1 = 0.1950, d2,1 = 0.3038 and d3,1 = 0.3551. Figure 2.3.3(d) depicts

the L2-norm approximation error using the Finite Element method with piece-wise linear

(FEM1), quadratic (FEM2) and quartic (FEM4) polynomials as functions of the number of

elements N . Similar to the previous case, the FEM needs around 250 quartic polynomials

(∼ 50 Elements, 5 basis per element) to achieve an approximation error of 10−9. This accu-

racy can be obtained using a polynomial approximation of degree d = 10 via the convex

optimization approach proposed.

2.3.1.3 Sturm–Liouville Eigenvalue Problem

This example considers the second order two-point BVP with non-homogeneous Dirichlet boundary

conditions and exact analytical solution

P :







d2u
dx2 (x) + ω2u(x) = 0, ∀x ∈ (0, 1)

u(0) = 1

u(1) = 0

⇒ u(x) = cos (ωx), (2.27)

for an angular frequency of ω = 5π/2, which is a particular case of the classical Sturm–Liouville

Eigenvalue problem [177].

The problem (2.27) has been approximately solved via the variant Least Squares (2.15) in (2.16)

using Yalmip-Mosek packages. In comparison with the former problems (2.23) and (2.25), as it is

shown in Figure 2.3.4(b), if an unique polynomial is considered as approximate solution, to obtain

a residual function bound γ ∼ 10−11 a higher polynomial degree (d ≥ 20) is needed. To illustrate

a reduction of the polynomial degree, a polytopic decomposition of the domain is alternatively

formulated according to Section 2.1.4 using the Least Squares variant (2.15) in (2.19).

Let Ω =
⋃N

j=1Ωj = [0, 1] be the domain partitioned into N uniform intervals Ωj = [xj , xj+1], over

the set of equidistant nodes {x1, . . . , xj , xj+1, . . . , xN+1}. Let φj =
∑d

k=0 c
j
kx

k be a polynomial of

degree d, with coefficients cjk ∈ R, associated to each sub-domain Ωj such that δj(x) =
d2φj

dx2 (x) +

ω2φj(x) is its respective “local” residual function. The global approximate solution of (2.27) can

be written as u ≈ pd =
∑N

j=1 χ[xj ,xj+1](x)φj(x), where χ[a,b](x) = {1, x ∈ [a, b]; 0, x /∈ [a, b]} is the

indicator function, which can be determined by the convex optimization problem:
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Figure 2.3.3: Polynomial approximation of Case 2: Steady Diffusion-Reaction Problem with ho-
mogeneous Mixed Dirichlet-Neumann boundary conditions. a) Exact solution u = u(x): solid
line, polynomial approximation p = p(x) for polynomial degree d = 2: dot line and d = 6: dash
line. (b) Optimal residual function bound and error. Minimax optimization: γ: solid-circle line,
‖u − p‖∞: dot-point line. Least Squares optimization: γ: dash-x line, ‖u − p‖2: dash-dot-start
line. (c) Approximation using the Finite Element Method with piece-wise quartic polynomials
(FEM4). Exact solution u = u(x): solid line, FEM4 approximation: dash line. (d) L2-norm error
approximation using FEM1: solid-circle line, FEM2: dash-square line and FEM4: dash-dot-triangle
line.
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Pd,N







γ∗ = inf
γj∈R, cj

k
∈R

∑N
j=1 γj

subj. to:

∀ j = 1, . . . , N :







[

Tj(x)− s1j (x)gj(x) δj(x)

δj(x) 1− s2j (x)gj(x)

]

∈∑s

gj(x) = (x− xj)(xj+1 − x)

s1j ∈
∑

s, s2j ∈
∑

s

γj =
∫ xj+1

xj
Tj(x)dx

∀ j = 1, . . . , N − 1 :
{

Dk (φj(x)− φj+1(x))|x=xj+1
= 0, ∀ k = 0, . . . , t

φ1(0) = 1

φN (0) = 0

,

(2.28)

based on Putinar’s positivity representation on the compact basic semialgebraic sets (sub-domains):

Ωj = {x ∈ R : (x − xj)(xj+1 − x) ≥ 0}, ∀ j = 1, . . . , N , where D = dk

dxk is the differential linear

operator which enforces continuity (k = 0) and a selected degree of smoothness (k = 1, . . . , t ∈ N).

Figure 2.3.4(a) shows the exact solution and multiple local approximations. Local approximations

consist in polynomial basis φj for each interval j = 1, . . . , N = 5, with polynomial degree d = 4 and

smoothness t = 1. For this polynomial degree an approximation error ‖u−pd,N‖≤ 10−6 is achieved

for a number of local intervals N ≥ 16. As Figure 2.3.4(b) depicts, a monotonic decreasing tendency

for the global residual function bound and approximation error is also verified. This optimization

ran into numerical problems for polynomial degrees d ≥ 20 and number of elements (intervals)

N ≥ 70 for an unique polynomial and multiple polynomials, respectively.

Figure 2.3.4(c) shows a local polynomial approximation using a variant of the polytopic decom-

position proposed in (2.19), similar to the FEM with quadratic polynomials (FEM2), where 3

polynomials are used in each sub-domain by means of including:

φj =ϕ1,j(x) + ϕ2,j(x) + ϕ3,j(x),

ϕ1,j(xj + h/2) = ϕ1,j(xj+1) = 0

ϕ2,j(xj) = ϕ2,j(xj+1) = 0

ϕ3,j(xj) = ϕ3,j(xj + h/2) = 0

,

ϕk,j ∈ P1,4[x]

h = xj+1 − xj

∀ j = 1, . . . , N = 5, k = 1, 2, 3.

, (2.29)

as constraints in the convex formulation (2.19). Figure 2.3.4(d) depicts the L2-norm approximation

error using the Finite Element Method with piece-wise linear (FEM1), quadratic (FEM2) and

quartic (FEM4) polynomials as functions of the number of elements N . In this case the FEM

needs around 300 quadratic polynomials (∼ 100 Elements, 3 basis per element) to achieve an

approximation error of 10−6. This accuracy can be obtained using a polynomial approximation

of degree d = 14 with an unique polynomial or degree d = 4 and N = 100 for multiple local

polynomials, via the convex optimization approach proposed.
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u: Exact Solution

pd,N : Poly. approx.

ϕ1,j

ϕ2,j

ϕ3,j

ϕ1,1

ϕ3,1

ϕ3,2

ϕ1,2

ϕ2,1

ϕ3,3

ϕ1,3

ϕ2,4

ϕ3,5ϕ1,4 ϕ1,5

ϕ2,2 ϕ2,3

ϕ3,4

ϕ2,5

10
0

10
1

10
2

10
3

10
4

10
5

10
−11

10
−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

N : Number of Elements

E
r
r
o
r

(d)

 

 

FEM1: ‖u − pN‖2

FEM2: ‖u − pN‖2

FEM4: ‖u − pN‖2

Square min.: ‖u − pd,N‖2

Figure 2.3.4: Polynomial approximation of the Sturm–Liouville Eigenvalue Problem. (a) Exact
solution u = u(x): solid line, domain partitioned into N = 5 uniform intervals (circles: elements
nodes), each interval with a local polynomial approximation φj of degree d = 4. (b) Optimal
residual function bound and Least Squares optimization error for a unique approximate polynomial
and multiple local polynomials. (c) Approximation using constraints (2.29) in (2.19) with local
polynomials of degree d = 4. Exact solution u = u(x): solid line, multiple local polynomial
approximations: dash line. (d) L2-norm error approximation using FEM1: solid-circle line, FEM2:
dash-square line, FEM4: dash-dot-star line and convex optimization with constraints (2.29) in
(2.19): dot-triangle line.
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2.3.2 Two-Dimensional PDE-BVP

This section addresses the classical two-dimensional Poisson PDE [176, 143, 169, 180, 181, 182].

This arises as an equilibrium problem in many physical systems such as in the theory of conservative

fields (for instance: Electrical, gravitational, magnetic). The Poisson PDE can also be seen as the

stationary version of the diffusion problem, slightly more general than the Laplace equation.12

2.3.2.1 Poisson 2-Dimensional Equation

This example considers the 2-dimensional Poisson BVP with homogeneous Dirichlet boundary

conditions in a square domain, namely

P :







∂2u
∂x2 (x, y) +

∂2u
∂y2

(x, y) = −1, ∀(x, y) ∈ (0, 1)× (0, 1)

u(x, 0) = 0, u(x, 1) = 0, ∀ x ∈ [0, 1]

u(0, y) = 0, u(1, y) = 0, ∀ y ∈ [0, 1]

, (2.30)

with an approximate solution in terms of Fourier’s series given by [181]:

u(x, y) =
16

π4

∞∑

i=0

∞∑

j=0

sin((2i+ 1)πx) sin((2j + 1)πy)

(2i+ 1)(2j + 1)((2i+ 1)2 + (2j + 1)2)
. (2.31)

The problem (2.30) has been approximately solved via both a unique polynomial approximation

for the whole domain via the variant Least Squares (2.15) in the formulation (2.16), and multiple

local polynomials based on a triangular-based polytopic domain decomposition according to Figure

2.1.3(b) and variant Least Squares (2.15) in the formulation (2.19) (similar to (2.28)).

2.3.3 Rational Polynomial Functions

2.3.3.1 Reciprocal Function Problem

This section describes an approach to the approximation problem of rational polynomial functions.

This is a particular topic of research in approximation theory with a wide range of theoretical

and numerical results for specific rational structures [183], also known as “multiplicative inverse

functions” or “reciprocal functions”.

Let 1/Q(x) be a particular structure of rational real-valued polynomials with Q > 0, Q(x) =
∑dQ

j=0 qjx
j for x ∈ Ω ⊂ R and polynomial degree dQ. The problem consists in finding the reciprocal

polynomial of Q, i.e., a polynomial R such that:

P :

{

Q(x) ·R(x) = 1

∀ x ∈ Ω ⊂ R
. (2.32)

12For instance, in electrical fields the Poisson equation is: ∆u = div(∇u) = −4πρ, where ρ is density of the charge
distribution, which is an inhomogeneous version of the Laplace equation ∆u = 0 obtained for charges located
outside of problem’s domain (ρ = 0). In this particular case its solutions are called “harmonic functions” such as
Fourier’s series, which can be obtained by the method separation of variables [176, 180].
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Figure 2.3.5: Polynomial approximation of 2-Dimensional Poisson PDE. (a) Approximate solution
for an unique polynomial of degree d = 14. (b) Optimal residual function bound and Least Squares
optimization error for a unique approximate polynomial. (c) Approximation using variant (2.15)
in formulation (2.19) with local polynomials of degree d = 4. (d) L2-norm error approximation
using FEM1: dash-square line, FEM3: dash-dot-star line and variant (2.15) in formulation (2.19):
dot-triangle line. Optimal residual function bound of variant (2.15) in (2.19): solid-circle line.

The approach proposed to solve approximately P considers a partition of the domain
⋃N

j=1Ωj = Ω,

with N subintervals Ωj = [xj , xj+1] (N disjoint finite elements except at their boundaries) so that

R is locally approximated in every j-th subinterval: R ≈ Rd,j =
∑d

k=0 r
j
kx

k, ∀ x ∈ Ωj , where d

stands for the polynomial degree of Rj with coefficients rjk ∈ R . Thus, the global approximation

R ≈ Rd =
∑N

j=1 χΩj
(x)Rd,j(x) can be computed by a slight modification of the convex optimization

problem (2.19), namely
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Pd,N







γ∗ = inf
γ∈R, rj

k
∈R

γ

subj. to:

∀ j = 1, . . . , N :







(

Ij −Q(x)Rd,j(x)− s1j (x)gj(x)
)

∈∑s
(

Q(x)Rd,j(x)− Ij − s2j (x)gj(x)
)

∈∑s

gj(x) = (x− xj)(xj+1 − x)

s1j ∈
∑

s, s2j ∈
∑

s
[

γ
(
Ij − 1

)

(
Ij − 1

)
γ

]

� 0,

[

γ
(
Ij − 1

)

(
Ij − 1

)
γ

]

� 0

∀ j = 1, . . . , N − 1 :

{

Rd,j(xj+1) = Rd,j+1(xj+1)
dRd,j

dx (xj+1) =
dRd,j+1

dx (xj+1)

γ ≥ 0

,

(2.33)

where deg(s1j ) = deg(s2j ) = d + deg(Q) − 2, Ij ≤ Q(x)Rd,j(x) ≤ Ij , with extreme function values

Ij ∈ R and Ij ∈ R, ∀ j = 1, . . . , N . For this formulation point-wise continuity of the approximate

solution and its gradient at every inter-boundary point xj has been considered. The reason of

including a partition of the domain is to address rational polynomials with strong variations (this

normally occurs if the polynomial fluctuates above and below the value of 1) which requires mul-

tiplicative inverses of high degree, hard to be achieved by a unique function in the whole domain.

Figure 2.3.6(a) shows numerical results of the optimization problem Pd,N for the rational function

R(x) =
1

4x6 + 5x5 − 8x3 + x2 − x+ 1.8
, ∀ x ∈ Ω = [0, 1],

with d = 10 and N = 10. Circles indicate the boundary nodes xj selected. The product Q ·Rd,j is

depicted by a dash-dot line, which reflects the hardest multiplicative inversion zone Q → 0 (dash

line). Figure 2.3.6 (b) illustrates the monotone decreasing tendency of the approximation error as

the number of elements N increases.

2.3.4 Nonlinear Differential Equations

2.3.4.1 Algebraic Riccati Differential Equation

To illustrate the flexibility of the SOS approach to formulate certain quadratic non-linearities, this

section describes an alternative solution to the traditional analytical or numerical methods used to

solve the algebraic (scalar) differential Riccati equation.

Let

S :

{

ẋ(t) = ax(t) + bu(t)

x(0) = x0
, J(x, u) = 1

2

∫ T
0

(
qx2(t) + ru2(t)

)
dt (2.34)

be a generic linear dynamical system, with x ∈ R, where x0 ∈ R is its initial condition and u ∈ R is

44



2. Formulation of Differential Equations as Convex Optimization Problems

2.3. Computational Examples

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

8

x

F
u
n
c
t
io
n
Q

a
n
d
it
s
M
u
lt
ip
li
c
a
t
iv
e
In
v
e
r
s
e
R

d

(a)

0.99

0.995

1

1.005

1.01

P
r
o
d
u
c
t
:
Q

·
R

d

Q

Q·Rd,j

Rd,j

1 2 3 4 5 6 7 8 9 10
10

−3

10
−2

10
−1

10
0

N : Number of Elements

R
e
s
i
d
u
a
l
B
o
u
n
d
a
n
d
E
r
r
o
r

(b)

 

 

Minimax: γ

Minimax: ‖1 − Q ·Rd‖∞

Figure 2.3.6: Reciprocal polynomial approximation. (a) Function Q: dash line and polynomial
approximationRd: solid line (y-axis: left-hand side) (circles: elements nodes), for polynomial degree
d = 10 and N = 10 elements. Product Q ·Rd: dash-dot line (y-axis: right-hand side). (b) Optimal
residual function bound γ: solid-circle line. Norm of the approximation error: ‖1 − Q · Rd‖∞:
solid-dot line.

the control action; a ∈ R and b ∈ R\{0} are the system parameters. Let J = J(x, u) be a quadratic

performance index with q ≥ 0 and r ≥ 0 real scalar weights, and T > 0 a finite time of control.

Following the classical methodology for solving the Finite Horizon Linear-Quadratic Regulator

Problem (LQR), which leads to an optimal feedback u(t) = − b
rK(t)x(t) [184, 185], considering

a = b = 1, q = 3 and r = 1, the resulting Riccati equation and its exact solution (K∗) are given by:

P :

{
d
dtK(t) + 2K(t)−K2(t) + 3 = 0

K(T ) = 0
⇒ K∗(t) = 3 (1−e−4(T−t))

1+3e−4(T−t) . (2.35)

To solve the nonlinear differential boundary-value problem P, a polynomial function Kd(t) =
∑z(d)−1

j=0 kjt
j is proposed as an approximate solution of K. Due to the particular structure of P

in terms of the quadratic non-linearity in K, this can be formulated as the convex optimization

problem:

Pd







γ∗ = infγ∈R+,kj∈R −γ

subj. to: Md =

[
d
dtKd(t) + 2Kd(t) + 3− s(t)g(t, T ) Kd(t)

Kd(t) 1

]

∈ Σs

γ ≥ 0, s ∈∑s

Kd(T ) = 0
∫ T
0 Kd(t)dt ≥ γ

, (2.36)

for some polynomial Kd = Kd(t) of degree d, SOS polynomial s = s(t) of degree d−deg(g) ≥ 0 and
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g = g(t, T ) time-algebraic description of the finite horizon (interval) of control. In this formulation

the main equality is relaxed as δ(t,K) = K(t) + 2K(t) + 3 − K2 ≥ 0 and interpreted as a non-

negative “residual function”. In addition, via the Schur’s complement, a sufficient condition of this

non-negativity can be formulated by:

M =

[
d
dtK(t) + 2K(t) + 3 K(t)

K(t) 1

]

� 0. (2.37)

Since the horizon of control [0, T ] is equivalent to the set ΩT = {t ∈ R; g(t, T ) = t(T − t) ≥ 0} ⊂ R,

which is a “compact basic semi-algebraic set” due to the property of compactness of the function

g, ∀ t ∈ R, the matrix version of the Putinar’s Positivstellensatz can be applied. Thus, for

the approximation Kd of K, the non-negativity of M (2.37) can be formulated via the condition

Md ∈ Σs (2.36).

The main idea to solve approximately (2.35) is to exploit the non-negative characteristic of its

solution (K∗ > 0). Since maximizing the integral of Kd implies to increase the upper bounds of

the quadratic term K2
d , the problem Pd (2.36) seeks the maximum function K2

d so that the SOS

condition for Md is verified. Due to in the Riccati equation (2.35) the term K2 acts decreasing the

residual function δ = δ(t,K), to obtain a function K2
d with maximum upper bounds is equivalent to

reach the lowest bound of the SOS conditionMd ∈ Σs, leading to d
dtKd(t)+2Kd(t)+3−K2

d(t) = 0.

The results of the optimization problem (2.36) for T = 1 are shown in Figure 2.3.7.
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Figure 2.3.7: Polynomial approximation of the Algebraic Riccati Differential Equation (2.35). (a)
Exact solution K∗ = K∗(t): solid line, polynomial approximation Kd = Kd(t) for polynomial
degrees d = {2, 4, 6, 8}. (b) Lower bound of the integral constraint γ: solid-circle line (y-axis:
left-hand side). Norm of the approximation error: ‖K∗ −Kd‖∞: dash-dot line (y-axis: right-hand
side).
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Chapter 3

Convex Optimization Approach for

Backstepping PDE Design1

—David Hilbert (1862-1943)—

In August 1900, city of Paris, D. Hilbert gave one of the main lectures at the second International Congress of
Mathematicians. He presented 23 problems on topics covering all branches of mathematics, which in his thought its

solution should have significant consequences. The 17th problem concerns the formulation of positive definite
rational functions as “sums of quotients of squares”. Its starting point was in 1885 during the doctoral dissertation

of Hermann Minkowski, where Hilbert was one of his examiners. H. Minkowski commented that “there exists
non-negative real polynomials that cannot be written as finite sums of squares”. The arguments given by H.

Minkowski turned D. Hilbert’s mind, and later in 1888, he proved the truth of this statement. However an explicit
example of these polynomials was only found in 1967 by Theodore Motzkin, inspired by the Emil Artin’s solution of
the 17th Hilbert’s problem (1927). Artin’s proof triggered many further developments, one of these constitutes the

foundations of the Sum-of-Squares decomposition and optimization methodology.

In this chapter the Backstepping design for PDEs is recast as a convex optimization

problem. Some types of linear one-dimensional parabolic PDEs and a first-order hyper-

bolic PDE are studied, with particular attention to non-strict feedback structures. The

exact matching condition over the resulting Kernel-PDEs is relaxed, providing bounds to

guarantee the stability of the target system. Thus, the integral Kernels of the Volterra-

type and Fredholm-type transformations involved can be approximated. Due to the

compactness of these integral operators, this approximation is carried out by polyno-

mial functions, setting forth differential-BVP problems, linear in term of polynomials

coefficients. This characteristic and mainly the SOS-based representation properties

of positive polynomials over polytopic domains, enable to formulate an optimization

problem and its solution via semidefinite programming. Similarly, inverse Kernels are

approximated as the optimal solution of a SOS and Moment problem. Additionally,

the uniqueness and invertibility of the Fredholm-type transformation are proved in the

1This chapter is based on the publications [186, 187].
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space of real-analytic functions and continuous functions. Numerical examples illustrate

the performance of the method proposed.

3.1 Introduction

Continuous-time Backstepping for PDEs2 is a well-established methodology in boundary con-

trol/observer design in DPS [21, 50]. It mainly relies on the basis of the Volterra transformation

[188, 189, 40, 190], to map an “original” system (PDE model of the problem addressed) into a

particular “target” system (PDE model with desired features of stability and convergence).

This methodology of design involves two key elements:

(i) well-posedness/solution of the Kernel-PDE,

(ii) invertibility of the integral transformation,

and has mostly been applied on systems known as “strict-feedback” systems. In these cases, the

Volterra-type transformation, the invertibility of which is a well-know property [18, 191, 192, 193,

194], is a suitable transformation to manage its causal structure (causal in space [195, 196]). To

achieve the “target” system, this transformation leads to the so-called Kernel-PDE, which is sim-

ple to solve in comparison with the operator Riccati equation derived from the linear quadratic

regulator (LQR) approach [12, 43, 44, 45, 22, 48]. Moreover, for some classes of such systems, this

problem can be reduced to a standard Kernel-PDE form, which allows obtaining a closed-form so-

lution [197, 198, 199]. In general (e.g., systems with spatially and temporally variant parameters) a

closed-form analytic solution is improbable and simple numeric method cannot be applied directly

[49].

To solve the Kernel-PDEs, these are commonly transformed into integral equations to be solved

via the Successive Approximation method [200]. The mean feature of this methodology is the

possibility of finding Kernels with a closed-form solution or recursive formulas for their computation

[21, 40, 50, 190, 197, 198, 199, 200, 201]. Since for strict-feedback systems this methodology has

provided a useful tool, less research efforts have been devoted to solve the Kernel-PDE in alternative

ways.

Recently, Backstepping for PDEs has been applied on systems with “non-strict” feedback structure3

via the application of the Fredholm-type transformation, for parabolic [202, 205] as well as hyperbolic

2For a complete exposition of this methodology see [21, 50, 51, 18, 49]. A brief summary related to the observer
design problem is presented in Appendix B.

3For instance, these systems can be found in dynamics with non-local terms involving the whole spatial domain, in
PDE models [202] or finite-dimensional with distributed delays [203]. Similarly, in design-oriented problems such
as: control of coupled PDE-ODE (Ordinary Differential Equations) systems by under-actuated schemes [204, 82]
(fewer actuators than spatial states [83]; it avoids an additional control action to cancel the non-strict feedback term
[198]), or observer design for systems whose output (sensing) comprises the states on the whole domain [84].
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PDEs [204, 82]. In these cases, the Volterra-type transformation cannot be used and the Fredholm-

type transformation provides a suitable alternative to deal with it. However, its application leads to

new and intricate mathematical problems, such as the operator invertibility and Kernel solvability,

where the traditional tools just provide partial answers. For instance:

• the application of the concepts of fixed point theory (Picard sequence of successive approxi-

mations [206, 207]) does not lead to a general prove of convergence of an approximate solution

of the Kernel-PDE nor invertibility of a Fredholm-type transformation. This is due to the

necessary condition of contraction of the resulting operator (Kernels with small spectral ra-

dius) which leads to conservative constraints over the system coefficients [204, 82], one of the

main drawbacks of this methodology of analysis for addressing general cases [200, 208].

• On the contrary, if a particular Kernel structure is proposed, such as partially separable

Kernels, a simplified analysis can be carried out based on the the method of separation of

variables [205]. However, the invertibility of the integral transformation and solvability of the

resulting Kernel-PDE is limited to a specific class of coefficients of the system.

Since the current methodologies used in Backstepping for PDEs mostly are framed in the context

of the Banach’s contraction principle 4 [211], as it has been pointed out in [82], new methods of

analysis and solution of the Kernel equations with integral operators which are not contractions

are needed.

The main objective of the proposed approach is to determine Kernels to guarantee stability. Since

the target system involves a margin of clearance in its stability, which is characterized as a domain

of stability rather than a specific point, this allows relaxing the exact zero matching condition over

the Kernel-PDEs. Thus, the resulting Kernel-PDEs can be solved approximately to achieve this

stable domain. The essential aims of the method of solution are:

(a) independence to the spectral characteristics of the resulting operators (thus, it does not

impose restrictions over the system),

(b) flexibility to include a wide range of linear integral transformations,

(c) boundness and smoothness in the PDE-Kernel solution,

to provide a general approach.

3.1.1 Integral Compact Operators

In general, linear differential equations can be transformed into linear integral equations. Fre-

quently, these equations involve operators which are bounded or compact (completely continuous)

4These tools are also typically used to prove existence and uniqueness [190, 201, 208, 209, 210].
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[200, 208, 20, 212, 213, 214]. In fact, every linear integral operator AK : X → X :

AK [u(·)](x) :=
∫

Ω⊂Rn

K(x,y)u(y)dy (3.1)

with continuous Kernel or weakly singular Kernel K, is compact on the Banach space of contin-

uous functions .5

This is the case of the resulting integral operators derived from the Kernel-PDEs in the Back-

stepping PDE design, as is indicated in [50] (page 19, footnote 2), where the Kernel is bounded

twice continuously differentiable.

In infinite-dimensional spaces, for linear equations of second kind, namely

(I− AK)[u(·)](x) = w(x), (3.2)

two approaches are usually carried out to determine whether there exists a bounded inverse6:

• The first method is framed in the context of the “Banach contraction principle” [211, 206, 207],

based on the so-called Neumann series, for bounded operator with small spectral radius

(‖AK‖< 1) [208]. This is the essential tool in the standard Backstepping PDE

methodology, which relies on the inherent contraction property of the Volterra opera-

tor [217], guaranteeing the uniform convergence of the Successive Approximation method

[40, 190, 201, 208].

• The second method is a re-statement of the celebrated Fredholm Alternative theorem [208,

20, 213, 218], based on the compactness property of AK , which is the core of the proposed

approach. In this case the existence of a unique trivial solution u = 0 of the homogeneous

equation u− AKu = 0 implies invertibility and thus the uniqueness of solutions.

In most of traditional Banach spaces and for all Hilbert spaces, every compact operator is a limit of

finite rank operators [194, 216, 219, 220].7 For continuous Kernels, a simple option for establishing

this sequence are polynomial Kernels, which are a special class of degenerate Kernels8[208, 216].

For instance, if KN :=
∑N

j=0 kjx
αjyβj then

AKN
[u(·)](x) =

∫

Ω
KN (x, y)u(y)dy =

N∑

j=0

kjx
αj

∫

Ω
yβju(y)dy

5
AK is compact in the Banach space of continuous functions: X = (C(Ω;R), ‖·‖∞)) and on the Hilbert space of
square integrable functions: X = (L2(Ω;R), 〈·, ·〉L2)). Likewise, for square integrable Kernels, AK is compact on
this Hilbert space [208, 215, 216].

6For bounded linear operators, bijectivity is a sufficient and necessary condition for (bounded) invertibility [192, 20].
7Compact operators resemble the behaviour of operators in finite-dimensional spaces [20, 19].
8Degenerate Kernels has been proposed to simplify the solution of the resulting Kernel-PDEs and for verifying
invertibility of the integral transformation involved [205, 21, 50]. However, these approaches are restricted to
particular/conservative system properties [205].
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is a polynomial in the span of {xαj}Nj=0 so that AKN
is a finite rank operator and hence compact

[216]. Moreover, since K ∈ C(Ω×Ω) (Ω = [0, 1]), based on the Weierstrass approximation theorem

[221], there exists a sequence of polynomials {KN}∞N=0 such that:

‖AK−AKN
‖= sup

‖u‖≤1
‖AK−KN

u‖≤ ‖K−KN‖∞→ 0
N→∞

, (3.3)

with kj ∈ R, αj ∈ N and βj ∈ N for j = 0, . . . , N . Equivalent results can be obtained for square

integrable Kernels [40, 222]. It is worth nothing that in this case the linear equation (3.2) is reduced

to a finite-dimensional problem [190, 201, 221].

3.2 Parabolic PDE and the Volterra-type Operator

3.2.1 Problem Setting

Backstepping for PDEs has mostly been applied on systems with strict-feedback structure. A usual

example of such systems is the class of parabolic PDEs [21, 50] described by:

ut(x, t) = ǫ uxx(x, t) + λ(x)u(x, t)

u(0, t) = 0, u(1, t) = U(t),
(3.4)

where ǫ is a constant diffusivity coefficient, λ is a spatially varying reactivity parameter and

u(x, 0) = u0(x) ∈ C(Ω;R) is the initial condition.9

The objective is to find a control action U = U(t) so that the origin of (3.4) is exponentially

stable. For this class of system, the Backstepping PDE methodology proposes a Volterra-type

transformation:

w(x, t) = u(x, t)−
∫ x

0
K(x, y)u(y, t)dy

= (I− VK)[u(·, t)](x), (3.5)

where I is the identity operator and VK : C(Ω;R) → C(Ω;R), to transform the original system

(3.4) into a target system:

wt(x, t) = ǫwxx(x, t)− cw(x, t)

w(0, t) = 0, w(1, t) = 0,
(3.6)

which is exponentially stable ( cǫ > −π2

4 ).

Following the standard Backstepping PDE design procedure detailed in [21], the transformed system

9A wide class of reaction-advection-diffusion PDEs can be transform into (3.4) with constant diffusion and no advec-
tion terms via the so-called Gauge transformation [21, 50].
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(3.4) takes the form:

wt(x, t)− ǫwxx(x, t) + cw(x, t) = ǫK(x, 0)
︸ ︷︷ ︸

δ0(x)

ux(0, t) +

(

(λ(x) + c) + 2ǫ
d

dx
K(x, x)

)

︸ ︷︷ ︸

δ1(x)

u(x, t) +

∫ x

0
(ǫKxx(x, y)− ǫKyy(x, y)− (λ(y) + c)K(x, y))
︸ ︷︷ ︸

δ2(x,y)

u(y, t)dy, (3.7)

w(0, t) = u(0, t) = 0, w(1, t) = u(1, t)
︸ ︷︷ ︸

=U(t)

−
∫ 1

0
K(1, y)u(y, t)dy = 0,

so that the target system (3.6) is achievable if the boundary control action is determined by

U(t) =
∫ 1
0 K(1, y)u(y, t)dy and if the continuous bounded Kernel K = K(x, y) satisfies the so-

called Kernel-PDE:

δ2(x, y) = 0, δ1(x) = 0, δ0(x) = 0, ∀ (x, y) ∈ ΩL, (3.8)

namely an “exact zero matching” condition over each term δi (i = 1, 2, 3), which are henceforth

considered as residual functions. This linear hyperbolic PDE (Klein-Gordon-type) is well-posed

and, for a constant reactivity term λ = λ0, it can be solved in a closed form [21, 50, 197]. Its

solution, denoted by K⋆:

K⋆(x, y) = −λy
I1

(√

λ(x2 − y2)

)

λ(x2 − y2)
, λ =

λ0 + c

ǫ
,

is in terms of the first-order modified Bessel function I1.

3.2.2 Kernel-PDE as a Convex Optimization Problem

Proposition 1. Let

u(x, t) = w(x, t) +

∫ x

0
L(x, y)w(y, t)dy (3.9)

be the inverse transformation of (3.5) [21, 191] and the relation:

L(x, y) = L̆(x, y)− σ, L̆(x, y) ≥ 0, σ ≥ 0 (3.10)

a positive decomposition of L in the triangular domain ΩL. Let m0,0 be the 0-order moment of L̆

in accordance with

mi,j :=

∫ 1

0

∫ x

0
xiyjL̆(x, y)dydx. (3.11)
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Let c ≥ 0, δ1 = maxx∈Ω|δ1(x)|, δ2 = max(x,y)∈ΩL
|δ2(x, y)| and δ0(x) = 0, the transformed system

(3.7) is exponentially stable if the residual functions satisfy:

δ1 + δ2 ≤ ǫ

(
4π2

π2 + 20

)(
1

4m0,0 + σ + 1

)

. (3.12)

Proof. Let V = 1
2

∫ 1
0 w

2(x, t)dx = (1/2)‖w(x)‖2 be a Lyapunov functional.10 Its time-derivative

V̇ =
∫ 1
0 w(x)wt(x)dx along the trajectory (3.7), with δ0(x) = 0, is given by:

V̇ = ǫ

∫ 1

0
w(x)wxx(x)dx

︸ ︷︷ ︸

T1

+

∫ 1

0
w(x)u(x)δ1(x)dx

︸ ︷︷ ︸

T2

−c
∫ 1

0
w2(x)dx+

∫ 1

0
w(x)

∫ x

0
δ2(x, y)u(y)dydx

︸ ︷︷ ︸

T3

.

(3.13)

With respect to the term T1, using integration by parts, the boundary conditions in (3.6), and

splitting the resulting expression by a factor 4/(π2 + 4) ≤ θ < 1, yields11:

T1 =w(x)wx(x)
∣
∣1
0 −

∫ 1

0
w2
x(x)dx ≤ −ǫθ‖wx(x)‖2

︸ ︷︷ ︸

T1a

− ǫ(1− θ)‖wx(x)‖2
︸ ︷︷ ︸

T1b

. (3.14)

Then, applying Wirtinger’s inequality on the term T1a and Agmon’s and Young’s inequalities on

the term T1b [21, 50, 223, 224, 225], yields:

T1 ≤− ǫθ
π2

4
‖w(x)‖2+ǫ(1− θ)(‖w(x)‖2−w2),

where w2 = maxx∈Ωw
2(x), which leads to:

V̇ ≤−
(

ǫθ

(
π2

2
+2

)

+2(c−ǫ)
)

V (t)−ǫ(1−θ)w2 + T2 + T3. (3.15)

As for the term T2, substituting u = u(x, t) from (3.9), the inverse Kernel L from (3.10), taking

an upper bound by means of the maximum absolute value of some integrand functions and the

maximum value of the residual functions, yields:

T2 ≤
∫ 1

0
w2(x)|δ1(x)|dx+

∫ 1

0
|w(x)||δ1(x)|

∫ x

0
|L(x, y)||w(y)|dydx

≤ δ1‖w(x)‖2+δ1w2

∫ x

0
L̆(x, y)dydx+ σδ1

∫ 1

0
|w(x)|

∫ x

0
|w(y)|dydx

︸ ︷︷ ︸

T2a

,

10For a clearer description, the time-dependence in the functions is dropped (w(x) ≡ w(x, t)). The norm is the usual
in the space of square integrable functions on the domain Ω = [0, 1] : ‖w(x)‖2=

∫

Ω
w2(x)dx.

11The lower bound of θ corresponds to the condition: c ≥ 0.

53



3. Convex Optimization Approach for Backstepping PDE Design

3.2. Parabolic PDE and the Volterra-type Operator

where δ1 = maxx∈Ω|δ1(x)|. Then, using the identity
∫ b
a f(x)

∫ x
a f(y)dydx = (1/2)(

∫ b
a f(x)dx)

2 for

f continuous function [226] on the term T2a, and Grüss’ Integral inequality [227] on its resulting

term, leads to:

T2 ≤ (2 + σ)δ1V (t) + δ1

(σ

8
+m0,0

)

w2. (3.16)

Changing the order of integration in the term T3 and following a similar procedure as described

above for the term T2, yields:

T3 =

∫ 1

0
u(y)

∫ 1

y
w(x)δ2(x, y)dxdy ≤

∫ 1

0
|w(x)|

∫ x

0
|w(y)||δ2(x, y)|dydx +

∫ 1

0

∫ y

0
L̆(y, s)|w(s)|ds

∫ 1

y
|w(x)||δ2(x, y)|dxdy + σ

∫ 1

0

∫ y

0
|w(s)|ds

∫ 1

y
|w(x)||δ2(x, y)|dxdy

≤ (1 + 2σ)δ2V (t) + δ2

(
1 + 2σ

8
+m0,0

)

w2, (3.17)

with δ2 = max(x,y)∈ΩL
|δ2(x, y)|. Finally, using in (3.15) the upper bounds (3.16) and (3.17) for the

terms T2 and T3, respectively, grouping terms with respect to V = ‖w(x)‖2/2 and w2, and choosing

θ = 20/(π2 + 20), the condition V̇ ≤ 0 is satisfied if:

− (δ1 + δ2) +
δ1σ + δ2
2(σ + 1)

+
c+ ǫθ0
(σ + 1)

≥ 0,

and

− (δ1 + δ2) +
δ1(σ + 2) + δ2

2(4m0,0 + σ + 1)
+

ǫθ0
(4m0,0 + σ + 1)

≥ 0,

where θ0 = 4π2/(π2+20) and c ≥ 0, which leads to the expression (3.12), i.e. a sufficient condition

for exponential stability of (3.7).

Motivated by the result of Proposition 1, which sets forth a “margin of clearance” in the stability

of the transformed system (3.7), a relaxation of the exact zero matching condition for the residual

functions δ1 and δ2 can be considered. This allows formulating an approximate solution for the

Kernel-PDE (3.8).

Proposition 2. Let N(x, y) =
∑z(d)−1

k=0 nkx
αkyβk be a polynomial approximation of K of arbitrary

even degree d > dλ ∈ N in accordance with (1.3). Let Y = Y (x), Z = Z(x, y) be polynomials

of degree dY = d and dZ = 2
⌈
d+dλ+2

2

⌉

, respectively; let ρ
Y
, ̺

Z
, ρY , and ̺Z be lower and upper

bounds of these polynomials in ΩL; γj ≥ 0, j = 1, . . . , 4. For a reactivity term λ = λ(x) described

by a polynomial function of degree dλ, the Kernel-PDE (3.8) can be formulated as the convex

optimization problem:

minimize:
γj ,N,Y,Z,sj

γ1 + γ2 + γ3 + γ4 (3.18)
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subject to: Y (x)− δ1(x) = 0, Z(x, y)− δ2(x, y) = 0, (3.19)
(

Y (x)− ρ
Y
− s1(x) g1(x)

)

∈ Σs, (3.20)

(ρY − Y (x)− s2(x) g1(x)) ∈ Σs, (3.21)
(

Z(x, y)− ̺
Z
− [s3(x, y) s4(x, y)] gL(x, y)

)

∈ Σs, (3.22)

(̺Z − Z(x, y)− [s5(x, y) s6(x, y)] gL(x, y)) ∈ Σs, (3.23)

sj ∈ Σs, ∀ j = 1, . . . , 6, (3.24)
[

γ1 ρ
Y

ρ
Y

γ1

]

� 0,

[

γ2 ρY

ρY γ2

]

� 0,

[

γ3 ̺
Z

̺
Z

γ3

]

� 0,

[

γ4 ̺Z

̺Z γ4

]

� 0, (3.25)

ǫNxx(x, y)−ǫNyy(x, y)−(λ(y)+c)N(x, y)=δ2(x, y) (3.26)

(λ(x) + c) + 2ǫ
d

dx
N(x, x) = δ1(x), (3.27)

N(x, 0) = 0, (3.28)

∀ (x, y) ∈ ΩL, for some polynomials s1, s2 of degree dY − 2, s3, s4, s5, s6 of degree dZ − 2 and

gL = [g1, g2]
⊤, with g1(x) = x(1− x) and g2(x, y) = y(x− y). The optimal minimal bounds for the

residual functions are: δ1 = max{γ1, γ2} and δ2 = max{γ3, γ4}.

Proof. Since N is a polynomial approximation of K, as which is indicated above, the residual

functions in (3.7) have a polynomial structure determined by (3.26)-(3.28), equivalent to Y and

Z by (3.19). In addition, the quadratic module associated to the representation of the domains

Ω and ΩL are Archimedean (see Lemma 1). Based on Putinar’s Positivstellensatz [148, 138], via

the SOS decomposition (3.20)-(3.24), the unknown extreme values of Y and Z (ρ
Y
, ρY , ̺Z , ̺Z) for

each residual function can be determined via a polynomial optimization problem, which is convex

in terms of polynomial coefficients and solved via semidefinite programming [136]. The absolute

value of these upper and lower bounds are given by means of (3.25), so that the linear cost function

(3.18) yields Y → 0, Z → 0 in Ω and ΩL, respectively, which is equivalent, by (3.19), to the minimal

optimal value of the residuals functions δ1 and δ2 in their respective domains.

Remark 6. Due to (3.8) is well posed, since Rd(ΩL) is dense in C(ΩL) and L2(ΩL), if (3.18)-(3.28)

establishes a sequence of minimizers (N∗

d ), d ∈ N, so that {δd1

1 , δ
d2

1 , . . . ,→ 0} and {δd1

2 , δ
d2

2 , . . . ,→ 0} are

monotone decreasing sequences of δ1 and δ2 as d→ ∞, it is expected to achieve N∗

d → K as d→ ∞.

Remark 7. In (3.18)-(3.28) two extra polynomials Y and Z equivalent to δ1 and δ2, respectively, are

included. These allow managing the necessary even degree condition of SOS [136], which is not always

satisfied by (3.26) or (3.27).

3.2.3 Approximate Inverse Transformation

It is well-known that Volterra operators of the second kind (3.5) with continuous Kernels have a

unique solution which is globally invertible [18, 191, 208]. According to the standard Backstepping
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PDE procedure [21, 50], the inverse Kernel L in (3.9) is determined following the same approach

that leads to the Kernel K, and computed via the Successive Approximation method. However,

this procedure is not suitable for residual functions δ1(x) 6= 0, δ2(x, y) 6= 0.

A tractable alternative to find an approximate smooth solution of the inverse Kernel L in (3.9) is

proposed according to the Moment approach, as it has been presented in Chapter 2, Section 2.2

([137, 161, 162]).

Proposition 3. Let

L(x, y)−K(x, y)−
∫ x

y
K(x, s)L(s, y)ds = 0,

T[L(·, ·)](x, y) = 0, (3.29)

∀ (x, y) ∈ ΩL be the relation satisfied by any direct Kernel and its inverse with the Volterra-type

transformations (3.5) and (3.9). Let (3.10) be the positive decomposition of L, where σ is its

minimum value in ΩL. Let N(x, y) =
∑z(d)−1

k=0 nkx
αkyβk be a known polynomial approximation of

K in accordance with (1.3), a sequence of approximate moments mi,j can be determined by the

convex optimization problem:

minimize:
γj ,̺j ,mi,j ,σ

γ1 + γ2 + ̺2 − ̺1 (3.30)

subject to: ρsij ≥ −γ1, ρsij ≤ γ2, (3.31)

2dm∑

i=0

2dm∑

j=0

mi,j+σ−̺1 ≥ 0, ̺2−
2dm∑

i=0

2dm∑

j=0

mi,j−σ ≥ 0, (3.32)

ρsij = mi,j −
σ

(j+1)(i+j+2)
−
∫ 1

0

∫ x

0
N(x, y)xiyjdydx −

z(d)−1
∑

k=0

nk
i+αk+1

(

mβk,j−mi+αk+βk+1,j−
σ

j+1

(
1

j+βk+2
+

1

i+j +αk+βk+3

))

,

(3.33)

M0 ≥ 0, M1 � 0, M2 � 0, . . . ,Mdm � 0, (3.34)

R0 ≥ 0, R1 � 0, R2 � 0, . . . , Rdm−1 � 0, (3.35)

S0 ≥ 0, S1 � 0, S2 � 0, . . . , Sdm−1 � 0, (3.36)

T0 ≥ 0, T1 � 0, T2 � 0, . . . , Tdm−2 � 0, (3.37)

M0=m(I0)=[m0,0], M1=m(I1)=







M0 m1,0 m0,1

m1,0 m2,0 m1,1

m0,1 m1,1 m0,2






, M2 = m(I2), . . . ,

Mdm = m(Idm), (3.38)

Rr = m(Ir + g1(1))−m(Ir + g1(2)), (3.39)

Sr = m(Ir + g2(1))−m(Ir + g2(2)), (3.40)
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Tr = −m(Ir + g3(1)) +m(Ir + g3(2)) +m(Ir + g3(3))−m(Ir + g3(4)), (3.41)

Ir=









































[0, 0] 1, 0 0, 1

1, 0 2, 0 1, 1

0, 1 1, 1 0, 2







2, 0 1, 1 0, 2

3, 0 2, 1 1, 2

2, 1 1, 2 0, 3

2, 0 3, 0 2, 1

1, 1 2, 1 1, 2

0, 2 1, 2 0, 3

4, 0 3, 1 2, 2

3, 1 2, 2 1, 3

2, 2 1, 3 0, 4















3, 0 . . .

4, 0 . . .

3, 1 . . .

5, 0 . . .

4, 1 . . .

3, 2 . . .

3, 0 4, 0 3, 1 5, 0 4, 1 3, 2
...

...
...

...
...

...

6, 0 . . .
...

. . .





















, (3.42)

g1 = [(1, 0), (2, 0)], g2 = [(1, 1), (0, 2)], (3.43)

g3 = [(1, 2), (2, 1), (2, 2), (3, 1)], (3.44)

where Mr are moment matrices of dimension z(r) = (r+1)(r+2)
2 , Rr, Sr, Tr are localizing matrices

(their sequence is limited by r ≤ dm − ⌈max(deg(gi))/2⌉) associated to the compact basic semi-

algebraic set description of ΩL [137], the entries of which are indexed by Ir according to the order

of the powers in the canonical polynomial basis Φr (1.3); sij = i(2dm+1)+j, ∀ i = 0, . . . , 2dm−d−1,

j = 0, . . . , 2dm, for an arbitrary moment order dm ≥
⌈
d+1
2

⌉
and γ1 ≥ 0, γ2 ≥ 0, ̺1 ≥ 0 and ̺2 ≥ 0.

Proof. Since the zero function is the only function orthogonal to every element in an inner product

space: 〈T[L], v〉L2 =0, ∀v ∈ L2(ΩL) ⇔ T[L] = 0 (weak formulation) [176], and due to the canonical

polynomial basis Φr(x, y) = {φi(x)φj(y) = xiyj ; i+ j ≤ r, ∀i, j, r ∈ N} generates a dense subset of

the (separable) Hilbert space L2(Ω), an approximate solution of (3.29) can be found by means of

the set of linear equations 〈T[L], φi(x)φj(y)〉L2(ΩL) = 0 (finite dimensional problem):

∫ 1

0
φi(x)

∫ x

0
L(x, y)φj(y)dydx−

∫ 1

0
φi(x)

∫ x

0
N(x, y)φj(y)dydx

−
∫ 1

0
φi(x)

∫ x

0
N(x, y)

∫ y

0
L(y, s)φj(s)dsdydx = 0, (3.45)

for N a known polynomial approximation of K. Interchanging the order of integration in the last

term of (3.45), substituting L by (3.10) and plugging in the polynomial series N and test functions

φi(x) = xi, φj(y) = yj yields:

∫ 1

0

∫ x

0
L̆(x, y)xiyjdydx− σ

(j + 1)(i+ j + 2)
−
∫ 1

0

∫ x

0
N(x, y)xiyjdydx

−
∫ 1

0

(∫ y

0
(L̆(y, s)−σ)sjds

) z(d)−1
∑

k=0

nky
βk

(
1−yi+αk+1

i+αk+1

)

dy = 0, (3.46)

∀i ∈ N, j ∈ N, (i+j) ≤ r. Thus, expanding the last term in (3.46), applying definition (3.11) and

keeping the integral of third term for numerical computation (N is known), the expression (3.33) is
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obtained. This equation is written as a residual function ρsij , the upper and lower bounds of which

are set forth by (3.31) and included in the optimization index (3.30), so that ρsij → 0 as required.

Since L is not necessarily positive, it is decomposed by (3.10), where L̆ ≥ 0 is considered as a

density function for a Borel measure µ: dµ = L̆dx, mi,j =
∫

ΩL
xiyjdµ. Based on the Schmüdgen’s

representation12 of non-negative polynomials in a compact basic semialgebraic set [148, 161] (which

takes into account all combinations of the functions gi, {1, g1, g2, g3 = g1g2}, described by (3.43)-

(3.44) in terms of polynomial powers), yr = (mi,j)(i+j)≤r is a sequence of moments if and only if the

Moment matricesMr and Localizing matrices Rr, Sr, Tr are semi-definite positive ∀r ∈ N. However,

in practice, a truncated Moment problem can be solved (r = 0, . . . , dm), which is formulated by

conditions (3.34)-(3.37). Finally, via the cost function (3.30) with respect to ̺1 and ̺2, and the

conditions of minimum and maximum (3.32), a bounded optimization problem is enforced, the

solution of which is a “valid”13 sequence of approximate moments minimizing (3.33).

Remark 8. The truncated Moment problem can be solved imposing rank constraints on the Moment and

Localizing matrices [137]. This condition sets up a non-convex problem.

Remark 9. Alternatively, an optimization problem similar to Proposition 2 can be applied directly to (3.29)

to find an approximation of L. This is formulated in Section 3.3.4 for the Fredholm-type operator. Instead

of using (3.29), the standard Backstepping PDE approach computes the inverse Kernel following the same

approach that leads to the direct Kernel K [21].

Proposition 4. Let L̆r =
∑z(r)−1

k=0 lkx
αkyβk be a polynomial approximation of L̆ (3.10) according

to definition (1.3). Given a “valid” sequence of approximate moments yr = (mi,j)(i+j)≤r, L̆ can be

approximated as L̆r = θ⊤Φr(x, y) by the solution of the convex optimization problem:

minimize:
γj≥0,θ,sj

γ1 + γ2 (3.47)

subject to: (Mrθ − yr) + γ1 ≥ 0, γ2 − (Mrθ − yr) ≥ 0, (3.48)

θ⊤Φr(x, y)−s0(x, y)− [s1(x, y) s2(x, y)]g(x, y)=0, (3.49)

s0, s1, s2 ∈ Σs, (3.50)

where γ1 ≥ 0, γ2 ≥ 0, g = [g1, g2]
⊤ with g1(x) = x(1−x) ≥ 0 and g2(x, y) = y(x−y) ≥ 0; polynomials

s0 of degree r and s1, s2 of degree r−2; θ = [l0, l1, . . . , lz(r)−1]
⊤ and Mr=

∫ 1
0

∫ x
0 Φr(x, y)Φ

⊤
r (x, y)dydx

∈ S
z(r)
+ , the elements of which are determined by:

Mr(i, j) =
1

(αi+αj+βi+βj+2)(βi+βj+1)
, (3.51)

12The Putinar’s positivity representation leads to a similar formulation and numerical results.
13Proposition 3 states conditions to obtain a sequence of real numbers which is a “valid” sequence of moments, i.e.,
it corresponds to a moments of a non-negative function [161].
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where the coefficients αi, βi correspond to the powers of the canonical polynomial basis Φr (1.3). In

addition, the sequence of minimizers L̆∗
r, ∀ r ∈ N, is such that ‖L̆− L̆∗

r‖L2(ΩL)→ 0 as r → ∞, and

therefore L(x, y) ≈ L̆∗
r(x, y)− σ̂.

Proof. Let φk(x, y) = xαkyβk be the k-th element of the vector of monomial basis Φr (1.3). The

(i, j)-th element (row and column, respectively) of the Moment matrix is given by

Mr(i, j) =

∫ 1

0

∫ x

0

(

xαiyβi

)(

xαjyβj

)

dydx,

where (3.51) is its direct computation. Since L̆2
r = (

∑z(r)−1
k=0 lkφk)(

∑z(r)−1
t=0 ltφt) = θ⊤ΦrΦ

⊤
r θ, where

θ = [l0, l1, . . . , lz(r)−1]
⊤, following [162], the mean square error of the approximation of L̆ can be

upper bounded by14 E(L̆r)= ‖L̆−L̆r‖2L2(ΩL)
≤ θTMrθ − 2θTyr := 2J(θ), where the “known” valid

sequence of approximate moments yr =
(∫

ΩL
φk(x, y)dµ

)

αk+βk≤r
is ordered according to

yr = [m0,0, . . . ,mz(r),0,m0,1, . . . ,mz(r),1, . . . , m0,z(r), . . . ,mz(r),z(r)]
⊤.

Since J is quadratic in terms of the unknown vector θ, its minimizer satisfies d
dθ

(
1
2θ

TMrθ − θTyr

)
=

θ(Mr + MT
r )/2 − yT

r = 0 (Mrθ = yr), which has a global minimizer since d2J(θ)
dθ2

= Mr ∈ S
z(r)
+

[228]. To avoid the matrix inversion in θ = M−1
r yr and instead of a SDP formulation of J via the

Schur complement [162], the approach proposed defines a lower bound γ1 and an upper bound γ2

via (3.48), which by means of (3.47) imposes Mrθ → yr.

Thus, since the quadratic module associated to the representation of ΩL is Archimedean (see

Lemma 1), L̆r = θTΦr(x, y) ≥ 0, ∀ (x, y) ∈ ΩL, if this satisfies the Putinar’s Positivstellensatz

representation given by (3.49)-(3.50) for some polynomials s0, s1 and s2 with SOS decomposition.

A proof of ‖L̆− L̆∗
r‖L2(ΩL)→ 0 as r → ∞ is found in [162, Proposition 4].

3.3 Hyperbolic PIDE and the Fredholm-type Operator

3.3.1 Problem Setting

Recently, Backstepping for PDEs has been applied to systems with “non-causal” structure. For

instance, consider the class of first-order hyperbolic PIDEs (Partial Integral Differential Equations)

14According to Chapter 2, Section 2.2:

E(L̆r) = ‖L̆− L̆r‖
2
L2(ΩL)=

∫

ΩL

(

L̆− L̆r

)2

dx =

∫

ΩL

L̆2
rdx− 2

∫

ΩL

L̆r L̆dx︸︷︷︸
dµ

+

∫

ΩL

L̆2dx

︸ ︷︷ ︸
≥0

≤ θ⊤
(∫

ΩL

ΦrΦ
⊤
r dydx

)

θ−2

z(r)−1
∑

k=0

lk

∫

ΩL

φk(x, y)dµ

= θ⊤Mrθ − 2θ⊤yr := 2J(θ),
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(see details in [204, 82]):

ut(x, t) = ǫux(x, t) + f(x)u(0, t) +

∫ x

0
h1(x, y)u(y, t)dy +

∫ 1

x
h2(x, y)u(y, t)dy,

u(1, t) = U(t),

(3.52)

where u(x, t) = u0(x) ∈ L2(Ω) is the initial condition and f, h1, h2 are real-valued continuous

functions. The objective is to find a control action U = U(t) so that the origin of (3.52) is

exponentially stable. For this class of system [204, 82] (see also [205] for parabolic systems) a

Fredholm-type transformation has been proposed, namely

w(x, t) = u(x, t)−
∫ x

0
P (x, y)u(y, t)dy−

∫ 1

x
Q(x, y)u(y, t)dy,

= (I− F)[u(·, t)](x), (3.53)

where F: L2(Ω;R) → L2(Ω;R) is a linear operator in terms of Kernels P and Q in the lower ΩL

and upper ΩU triangular domain, respectively, to transform the original system (3.52) into the

target system:

wt(x, t) = wx(x, t),

w(1, t) = 0,
(3.54)

which is exponentially stable. Following the standard Backstepping PDE design procedure (detailed

in [82]), the transformed system (3.52) takes the form:

wt(x, t)− wx(x, t) =

(

f(x)+P (x, 0)−
∫ x

0

P (x, y)f(y)dy−
∫ 1

x

Q(x, y)f(y)dy

)

︸ ︷︷ ︸

δ0(x)

u(0, t)−Q(x, 1)
︸ ︷︷ ︸

δ3(x)

u(1, t) +

∫ x

0

u(y, t)

(

h1(x, y)+Px(x, y)+Py(x, y)−
∫ y

0

P (x, s)h2(s, y)ds−
∫ x

y

P (x, s)h1(s, y)ds−
∫ 1

x

Q(x, s)h1(s, y)ds

)

︸ ︷︷ ︸

δ1(x,y)

dy+

∫ 1

x

u(y, t)

(

h2(x, y)+Qx(x, y)+Qy(x, y)−
∫ x

0

P (x, s)h2(s, y)ds−
∫ y

x

Q(x, s)h2(s, y)ds−
∫ 1

y

Q(x, s)h1(s, y)ds

)

︸ ︷︷ ︸

δ2(x,y)

dy,

w(1, t) = u(1, t)
︸ ︷︷ ︸

=U(t)

−
∫ 1

0

P (1, y)u(y, t)dy, (3.55)

so that the target system (3.54) is achievable if the boundary feedback control is determined by

U(t) =
∫ 1
0 P (1, y)u(y, t)dy and if the continuous Kernels P and Q satisfy the Kernel-PIDE:
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δ1(x, y) = 0, ∀ (x, y) ∈ ΩL,

δ2(x, y) = 0, ∀ (x, y) ∈ ΩU ,

δ0(x) = 0, δ3(x) = 0, ∀ x ∈ Ω.

(3.56)

For these coupled hyperbolic PIDEs, a method of analysis, computation and an equivalent sufficient

(conservative) condition for a unique solution have been given in [82].

3.3.2 Existence, Uniqueness and Invertibility

In contrast to the Volterra Operator (3.5), existence, uniqueness and invertibility of the Fredholm-

type transformation (3.53) have been proved mostly relying on the Banach contraction mapping

principle (see [209] and references therein). In this context, [204, 82] proposes a contraction mapping

in terms of a system of integral equations equivalent to (3.56), which is used to calculate the Kernels

by Picard’s iterative method, the convergent of which is guarantied only for specific conditions

on the system under analysis. This kind of conservative conditions can be circumvented if the

analysis is restricted to the space of real-analytic functions and Kernels with polynomials structure.

Moreover, this analysis also remains valid on the space of continuous functions.

Lemma 2. If u = u(·, t) is a real-analytic function ∀ t ≥ 0, solution of the integral equation (3.53),

and the Kernels P and Q are (bounded) polynomials, P 6= Q, then the homogeneous equation

(I− F)[u(·, t)](x) = 0 has only the trivial solution u = 0.

Proof. Let P (x, y) =
∑z(dP )−1

j=0 pjx
αjyβj and Q(x, y) =

∑z(dQ)−1
j=0 qjx

αjyβj be polynomials of degree

dP , dQ ∈ N, respectively, in accordance with definition 1.3; d = max{dP , dQ}, j = 0, . . . , d, pj =

0, ∀(αj + βj) > dP or qj = 0, ∀(αj + βj) > dQ as required. For each t ≥ 0, since an analytic

function has a unique series representation u(x) =
∑∞

k=0 akx
k [229] (without loss of generality, the

analysis considerers this function real-analytic at x = 0), the homogeneous integral equation (3.53)

(with w = 0) can be formulated as:

∞∑

k=0

ak



xk +

s(d)−1
∑

j=0

qj − pj
βj + k + 1

xαj+βj+k+1 −
s(d)−1
∑

j=0

qj
βj + k + 1

xαj



 = 0. (3.57)

This expression is equivalent to a linear (independent) combination of monomials of the polynomial

basis Ψx = [1, x, . . . , xd, xd+1, xd+2, . . . , xd+N+1, . . .]; namely

∞∑

k=0

xk
(

νk[a0, a1, . . . , aN , . . .]
⊤
)

=0 ⇔ Ψx V a=0, (3.58)

where a=[a0, a1, . . . , aN , . . .]
⊤ and νk=[νk,0, . . . , νk,N , . . .] is the k-th row of the matrix:
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V =


























ν0,0 ν0,1 · · · ν0,N · · ·
...

... · · · ... · · ·
νd,0 νd,1 · · · νd,N · · ·

m∑

j=j0

qj−pj
βj+1 νd+1,1 · · · νd+1,N · · ·

0
m∑

j=j0

qj−pj
βj+2 · · · νd+2,N · · ·

0 0
. . .

... · · ·
...

... · · ·
m∑

j=j0

qj−pj
βj+N+1 · · ·

0 0 . . . 0
. . .


























, (3.59)

∀ k ∈ N, m = z(d)− 1, j0 = m− d, the elements of which are given by:

νk,i =χ[k](i) + χ[0,d+k+1](i)

i−k−1∑

j=0

qs(i,j,k) − ps(i,j,k)

j + k + 1
− χ[0,d](i)

d∑

j=i

qr(i,j)

j + k + 1− i
, (3.60)

with χ[a](i) = {1, i = a; 0, i 6= a} and χ[a,b](i) = {1, i ∈ [a, b]; 0, i /∈ [a, b]} indicator functions,

s(i, j, k) = j + (i− k)(i− k − 1)/2, ∀ i ≥ k + 1 and r(i, j) = j(j + 3)/2− i, ∀ i ≤ d sub-indexes of

polynomial coefficients.

Thus, considering u(x) =
∑N

k=0 akx
k as a finite series, due to the particular upper triangular

structure of V (3.59), is clear that rank(V ) = N + 1 = dim(a) (below the horizontal line of

V , for pj 6= qj , ∀j = j0, . . . ,m, only one diagonal element could be zero, i.e, there is at least N

independent rows. The extra row can be taken from above this line). In addition, it can be verified

that νd+k+1,d+k+1 = 1, ∀k = 0, . . . , N , so that limN→∞ rank(V ) → dim(a). Therefore, the unique

solution of (3.58) is the trivial one a = [0, 0, . . .]⊤ [230], equivalent to u(·, t) = 0, ∀t ≥ 0.

Theorem 1. Let T = I − F : X → X be the linear operator in (3.53), where X = AB = (A ⊂
C(Ω;R), ‖·‖∞) is the Banach space of real-analytic functions or X = AH = (A ⊂ L2(Ω;R), 〈·, ·〉L2)

is the Hilbert space of square integrable real-analytic functions. If u = u(·, t) ∈ X , real-analytic

function ∀t ≥ 0, and the Kernels P and Q are bounded polynomials, P 6= Q, then the integral

equation T[u(·, t)](x) = w(x, t) (3.53) has unique solution and the operator T is boundedly invertible

in X .

Proof. Let F be the linear operator with P and Q bivariate (bounded) polynomials of finite basis

as in Lemma 2. Reordering terms, these polynomials can be alternatively expressed by

P (x, y) =

dP∑

n=0

xnϕn(y), ϕn(y) =

dP∑

k=n

ps(k,n)y
k−n, (3.61)

Q(x, y) =

dQ∑

n=0

xnψn(y), ψn(y) =

dQ∑

k=n

qs(k,n)y
k−n, (3.62)
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where s(k, n) = k(k + 3)/2 − n. Taking d = max{dP , dQ} and assigning ps(k,n) = 0, ∀ s(k, n) >

z(dP )− 1 or qs(k,n) = 0, ∀ s(k, n) > z(dQ)− 1 as required, the linear operator can be written as:

F[u(·, t)](x) =
∫ 1

0

d∑

n=0

d∑

k=n

(
χ[0,x](y)ps(k,n) + χ[x,1](y)qs(k,n)

)
xnyk−nu(y, t)dy

=

∫ 1

0
F (x, y)u(y, t)dy =

d∑

n=0

xn
∫ 1

0
F (n, y)u(y, t)dy,

(3.63)

where χ[a,b](y) = {1, y ∈ [a, b]; 0, y /∈ [a, b]} is the indicator function ([a, b] ⊂ R) and F =
∑d

k=n y
k−n

(
χ[0,x](y)ps(k,n)+χ[x,1](y)qs(k,n)

)
. Since F is a bounded polynomial Kernel (a special

class of degenerate Kernels [208]), it is immediate that F is a finite rank operator, as (3.63) shows.15

Its compactness can be proved in some Banach and Hilbert spaces. In the case of the Banach space

of continuous functions, since F is bounded in S = [0, 1]2 and continuous except possibly along

the curve x = y (also known as mildly discontinuous Kernel [232]), F is a compact operator

[217, 231] (also denominated as completely continuous operator [222]). In the Hilbert space of

square integrable functions, since F is a finite rank operator [192], it is a Hilbert-Schmidt oper-

ator (F[u](·, t) =
∑d−1

j=0 ψj(y)〈φj(x), u(y, t)〉L2(Ω), for some {φj}, {ψj} finite orthonormal systems

in L2(Ω)) and therefore compact [216, 222, 231, 233]. Thus, based on Lemma 2 and on the pro-

perty of compactness of F, according to a particular feature of the Fredholm Alternative Theorem

([208, Corollary 3.5],[20, Corollary 7.27]),16 the solution of (3.53) is unique and the operator T is

boundedly invertible in AB and AH.

Remark 10. The non-zero solution of the first-order hyperbolic PDE (3.54) is not real-analytic for any

function f0 ∈ A(Ω) as initial condition, ∀ t ≥ 0 (w(x, t) = {f0(x + t), t ≤ 1 − x; 0, t > 1 − x}). However,

Theorem 1 is still valid if the domain of analysis is restricted to (x, t) ∈ {(υ, τ) ∈ [0, 1]× [0, 1]|τ ≥ υ}.

Remark 11. It is worth studying how the Fredholm-type operator F (3.53) splits the standard polynomial

basis in two particular linearly independent sets (LI) and, based on this fact, analyse an extension of Lemma

2 to the Banach space of continuous functions X = (C(Ω;R), ‖·‖∞).

Lemma 3. If f ∈ B(Ω\{0}), B = (C − A), is a continuous real non-analytic function then F (x) =

xi
∫ x
0 y

jf(y)dy is a continuous real non-analytic function, ∀ x ∈ (Ω\{0}), with i ∈ N and j ∈ N

finite powers.

Proof. By contradiction (contrapositive), assuming F (x) = xi
∫ x
0 y

jf(y)dy ∈ A(Ω\{0}) as a con-

tinuous real analytic function, since dF
dx (x) ∈ A(Ω\{0}) (derivative of a continuous real analytic

function is continuous real analytic [229]), by the second fundamental theorem of calculus [226]:

A(Ω\{0}) ∋ dF

dx
(x) =ixi−1

∫ x

0
yjf(y)dy + xi+jf(x),

15
F maps into a finite-dimensional space [208, 20, 231].

16The uniqueness of Fu = u (trivial solution) implies the existence of the solution of (I− F)[u(·, t)](x) = w(x, t).
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A(Ω\{0}) ∋
(

x−(i+j)
︸ ︷︷ ︸

A1

dF

dx
(x)

︸ ︷︷ ︸

A2

)

=i

(

x−(i+j−1)

)

︸ ︷︷ ︸

B1

(

xi
∫ x

0
yjf(y)dy

)

︸ ︷︷ ︸

B2

+ f(x). (3.64)

Since the terms A1 and B1 are continuous real analytic functions in Ω\{0} (functions with con-

vergent Taylor’s series and radius of convergence: 0 < x < 2x0, ∀ x0 ∈ Ω), A2 ∈ A(Ω\{0}),
B2 ∈ A(Ω\{0}) by hypothesis, and base on the property that the product of analytic functions is

also an analytic function [229], it is inferred that f ∈ A(Ω\{0}).

Lemma 4. If u = u(·, t) ∈ C(Ω), ∀ t ≥ 0 in the integral equation (3.53), and the Kernels P and Q be

bounded bivariate polynomials in Ω×Ω, P 6= Q, then the homogeneous equation (I−F)[u(·, t)](x) = 0

has only the trivial solution u = 0.

Proof. Consider u = u(·, t) ∈ B(Ω), ∀ t ≥ 0 with B = (C − A) (the case u ∈ A(Ω) has been

proved in Lemma 2), with F : C(Ω;R) → C(Ω;R) as in (3.53). For polynomial Kernels P 6= Q

formulated according the standard bivariate basis (1.3), with polynomial degrees: deg(P ) = dP ,

deg(Q) = dQ, d = max(dP , dQ), it is straightforward to verify that the homogeneous equation

(I− F)[u(·, t)](x) = 0 can be written as17:

u(x)−
d∑

n=0

ψn(x)

∫ x

0
ynu(y)dy

︸ ︷︷ ︸

T1

−
dQ∑

i=0

θix
i

︸ ︷︷ ︸

T2

= 0, (3.65)

with

θi =

dQ∑

k=i

qs(k,i)

(∫ 1

0
yk−iu(y)dy

)

, ψn(x) =
d∑

k=n

(

qr(k,n)−pr(k,n)
)

︸ ︷︷ ︸
cr(k,n)

xk−n, (3.66)

s(k, i) = k(k + 3)/2− i, r(k, n) = n+ k(k + 1)/2.

As for the term T1, consider the following set of functions:

Θ =

{

ψ0(x), ψ1(x)y, ψ2(x)y
2, . . . , ψn(x)y

n, . . . , ψd−1(x)y
d−1, ψd(x)y

d

}

,

=

{
(

c0 + c1x+ c3x
2 + . . .+ cr(d,0)x

d
)

,
(

c2 + c4x+ c7x
2 + . . .+ cr(d,1)x

d−1
)

y,

(

c5 + c8x+ c12x
2 + . . .+ cr(d,2)x

d−2
)

y2, . . . ,

(
d∑

k=n

cr(k,n)x
k−n

)

yn, . . . , (3.67)

(
cr(d−1,d−1) + cr(d,d−1)x

)
yd−1, cr(d,d)y

d

}

.

17For notational simplicity the time-dependence in the functions is dropped.
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Since Θ is a linearly independent (LI) set of functions (bivariate polynomials of different degrees),

Θ =Θ ◦ u(y) =
{

ψ0(x), . . . , ψn(x)y
n, . . . , ψd(x)y

d

}

◦ u(y), (3.68)

is also a LI set of functions ∀ u ∈ C(Ω), u(x, t) 6= 0, ∀ x ∈ Ω, t ≥ 0, where ◦ denotes the Hadamard

product (element-wise).

Let V : C(Ω;R) → C(Ω;R) be the standard Volterra operator given by: V[f(·, t)](x) =
∫ x
0 f(y, t)dy,

f ∈ C(Ω). Due to the Volterra operator V is linear and injective [235], this maps (3.68) to

Γ1 = V(Θ) =

{
(

c0 + c1x+ . . .+ cr(d,0)x
d
)∫ x

0
u(y)dy, . . . ,

(
d∑

k=n

cr(k,n)x
k−n

)
∫ x

0
ynu(y)dy, . . . , cr(d,d)

∫ x

0
ydu(y)dy

}

,

(3.69)

which also is a set of LI functions (a linear injective operator preserves linear independence)[236].

In addition, based on Lemma 3, restricting the domain Ω to Ω = Ω\{0}, Γ1 is a set of continuous

real non-analytic functions.

Thus, since the term T2 in (3.66) is a linear combination of elements of the standard LI univariate

polynomial basis Γ2 = {1, x, x2, . . . , xdQ}, and this basis cannot span to the space B(Ω), it is inferred
that Γ1 ∪ Γ2 is a set of LI functions, ∀ x ∈ Ω.

Moreover, it is immediate to verify that if u ∈ B(Ω), u is not a linear combination of the elements

of Γ2. Similarly, regarding Γ1, for α1, α2 ∈ R, α1u(x) + α2x
j
∫ x
0 y

nu(y) = 0 ⇔ α1 = α2 = 0 or

u = 0, ∀ x ∈ Ω, since it is a homogeneous Volterra integral equation of the second kind (this can

also be obtained including uy to Θ and then applying V. However it requires u ∈ C1). Therefore,

Γ = {u(x)} ∪ Γ1 ∪ Γ2 is a set of LI functions in Ω.

Finally, since u = 0 is solution of (3.65) for x = 0 (θ0 = 0), and (3.65) is a linear combination of

LI functions in Γ, ∀ x ∈ Ω, it is concluded that (I − F)[u(·, t)](x) = 0 has only the trivial solution

u = u(·, t) = 0, ∀ x ∈ Ω, ∀ t ≥ 0.

Remark 12. It is worth noting that the mutually linear independence between elements of Γ1 and Γ2. Taking

the Wronskian of arbitrary elements of these sets yields

W =

∣
∣
∣
∣
∣

xi xj
∫ x

0
ynu(y)dy

ixi−1 jxj−1
∫ x

0
ynu(y)dy + xj+nu(x)

∣
∣
∣
∣
∣

=xi+j−1

(

(j−i)
∫ x

0

ynu(y)dy+xn+1u(x)

)

(3.70)

= xi+j+n

(

(j−i)(1/x)
∫ x

τ(x,n)

u(y)dy+u(x)

)

(3.71)

= 0 ⇔ u(x) = 0, ∀ x ∈ Ω, (3.72)
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with 0 < τ(x, n) < x ≤ 1, ∀ i = 0, . . . , dQ, ∀ j = 0, . . . , d and n ∈ [0, d], where the equivalence from (3.70)

to (3.71) relies on the Bonnet’s mean value theorem based on the fact that yn is a nonnegative increasing

function for n ≥ 1 [237], namely

∃ at least one τ ∈ (0, x) such that:

∫ x

0

ynv(y)dy = xn
∫ x

τ

v(y)dy,

and (3.72) due to (3.71) involves an homogeneous Volterra integral equation of the second kind [190].

However “linearly independent functions may have an identically zero Wronskian”. That is not the case for

analytic functions (see Theorem 1 in [238]).

Theorem 2. Let T = I − F : X → X be the integral linear operator in (3.53), where X =

(C(Ω;R), ‖·‖∞) is the Banach space of continuous functions. If the Kernels P and Q are bounded

polynomials, P 6= Q, then the integral equation w(x, t) = T[u(·, t)](x) (3.53) has a unique solution

and the operator T is boundedly invertible in X .

Proof. [The proof follows the same arguments of the one of Theorem 1]. Let F be as in (3.53), this can be

written as:

F[u(·, t)](x) =
∫ 1

0

(
d∑

n=0

xn
d∑

k=n

(
χ[0,x](y)ps(k,n) + χ[x,1](y)qs(k,n)

)
yk−n

)

︸ ︷︷ ︸

F

u(y, t)dy. (3.73)

In the Banach space of continuous functions, since F is bounded in Ω × Ω and continuous except possibly

along the curve x = y, F is a compact operator [217, 231]. Thus, based on Lemma 2 for continuous real

analytic functions and Lemma 4 for continuous non-analytic real functions, according to a particular feature

of the Fredholm Alternative Theorem [208, Corollary 3.5], the solution of w(x, t) = T[u(·, t)](x) is unique

and the operator T is boundedly invertible in X .

3.3.3 Kernel-PIDE as a Convex Optimization Problem

Proposition 5. Let

u(x, t) = w(x, t) +

∫ x

0
R(x, y)w(y, t)dy +

∫ 1

x
S(x, y)w(y, t)dy (3.74)

be the inverse transformation of (3.53) in terms of the Kernels R and S (as it is proposed in

[205, 204, 82] under specific conditions on the system (3.52)). Let ∆1 =
∫ 1
0

∫ x
0 δ

2
1(x, y)dydx and

∆2 =
∫ 1
0

∫ 1
x δ

2
2(x, y)dydx be the mean square of the residual functions detailed in (3.55). Considering

δ0(x) = 0 and δ3(x) = 0 in (3.56), the transformed system (3.55) is exponentially stable if the

residual functions satisfy:

√

∆1 +
√

∆2 ≤
e−1

(
1 +

√
σ1 +

√
σ2
) , (3.75)

where σ1=
∫ 1
0

∫ x
0 R

2(x, y)dydx and σ2=
∫ 1
0

∫ 1
x S

2(x, y)dydx.

66



3. Convex Optimization Approach for Backstepping PDE Design

3.3. Hyperbolic PIDE and the Fredholm-type Operator

Proof. Let V = 1
2

∫ 1
0 e

αxw2(x, t)dx be a Lyapunov functional for some α > 0. Its time-derivative

V̇ =
∫ 1
0 e

αxw(x)wt(x)dx along the trajectory (3.55), with δ0(x) = 0 and δ3(x) = 0, is given by:

V̇ ≤
∫ 1

0
eαxw(x)wx(x)dx

︸ ︷︷ ︸

T1

+

∫ 1

0
eαxw(x)

∫ x

0
u(y)δ1(x, y)dydx

︸ ︷︷ ︸

T2

+

∫ 1

0
eαxw(x)

∫ 1

x
u(y)δ2(x, y)dydx

︸ ︷︷ ︸

T3

.

(3.76)

Using integration by parts and the boundary condition in (3.54) on the term T1 yields:

T1 ≤ eαxw2(x)
∣
∣
x=1

x=0
− α/2

∫ 1

0
eαxw2(x)dx ≤ −αV (t). (3.77)

Regarding the term T2, changing the order of integration and plugging in u = u(y, t) the expression

given by the inverse transformation (3.74), this can be written as:

T2 =

∫ 1

0
w(y)

∫ 1

y
eαxw(x)δ1(x, y)dxdy

︸ ︷︷ ︸

T2a

+

∫ 1

0

(∫ y

0
R(y, s)w(s)ds

)(∫ 1

y
eαxw(x)δ1(x, y)dx

)

dy

︸ ︷︷ ︸

T2b

+

∫ 1

0

(∫ 1

y
S(y, s)w(s)ds

)(∫ 1

y
eαxw(x)δ1(x, y)dx

)

dy

︸ ︷︷ ︸

T2c

. (3.78)

Using the Cauchy-Schwarz integral inequality [239], yields:

T 2
2a ≤

(∫ 1

0
e2αxw2(x)dx

)(∫ 1

0

(∫ x

0
w(y)δ1(x, y)dy

)2

dx

)

≤ max
x∈Ω

{eαx}max
y∈Ω

{e−αy} 4V 2(t) ·
(∫ 1

0

(∫ x

0
eαyw2(y)dy

)(∫ x

0
δ21(x, y)dy

)

dx

)

⇒

T2a ≤ 2eα/2V (t)
√

∆1, (3.79)

T 2
2b ≤

(
∫ 1

0

(∫ y

0
R(y, s)w(s)ds

)2

dy

)(
∫ 1

0

(∫ 1

y
eαxw(x)δ1(x, y)dx

)2

dy

)

≤ max
x∈Ω

{eαx}max
s∈Ω

{e−αs}
(∫ 1

0

(∫ y

0
R2(y, s)ds

)

·
(∫ y

0
eαsw2(s)ds

)

dy

)

·
(∫ 1

0

(∫ 1

y
eαxw2(x)dx

)

·
(∫ 1

y
δ21(x, y)dx

)

dy

)

⇒

T2b ≤ 2eα/2V (t)
√

∆1

(∫ 1

0

∫ y

0
R2(y, s)dsdy

) 1
2

, (3.80)

and

T 2
2c ≤

(
∫ 1

0

(∫ 1

y
S(y, s)w(s)ds

)2

dy

)(
∫ 1

0

(∫ 1

y
eαxw(x)δ1(x, y)dx

)2

dy

)
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≤ 4eαV 2(t)

(∫ 1

0

(∫ 1

y
S2(y, s)ds

)

dy

)(∫ 1

0

(∫ 1

y
δ21(x, y)dx

)

dy

)

⇒

T2c ≤ 2eα/2V (t)
√

∆1

(∫ 1

0

∫ 1

y
S2(y, s)dsdy

) 1
2

, (3.81)

where ∆1 =
∫ 1
0

∫ x
0 δ

2
1(x, y)dydx. With respect to the term T3, this can be written as:

T3 =

∫ 1

0
w(y)

∫ y

0
eαxw(x)δ2(x, y)dxdy

︸ ︷︷ ︸

T3a

+

∫ 1

0

(∫ y

0
R(y, s)w(s)ds

)(∫ y

0
eαxw(x)δ2(x, y)dx

)

dy

︸ ︷︷ ︸

T3b

+

∫ 1

0

(∫ 1

y
S(y, s)w(s)ds

)(∫ y

0
eαxw(x)δ2(x, y)dx

)

dy

︸ ︷︷ ︸

T3c

, (3.82)

where upper bounds for every term, in relation with ∆2 =
∫ 1
0

∫ 1
x δ

2
2(x, y)dydx, can be found following

the same procedure described above in (3.79)-(3.81). Finally, using in (3.76) the upper bounds for

the terms T1, T2 and T3, the condition V̇ ≤ 0 is satisfied provided:

α− 2eα/2
(√

∆1 +
√

∆2

)

(1 +
√
σ1 +

√
σ2) ≥ 0,

with σ1 =
∫ 1

0

∫ x

0
R2(x, y)dydx and σ2 =

∫ 1

0

∫ 1

x
S2(x, y)dydx. Since the factor (1/2)αe−α/2 reaches the

maximum value of e−1 at α = 2, the expression (3.75) is obtained, i.e. a sufficient condition for

exponential stability of (3.55).

Based on this result, similar to Proposition 2, a relaxation on the zero matching condition for

the residual functions δ1 and δ2 can be considered and the Kernel-PIDE (3.56) can be solved

approximately in terms of polynomial Kernels.

Proposition 6. Let N(x, y) =
∑z(d)−1

k=0 nkx
αkyβk and M(x, y) =

∑z(d)−1
k=0 mkx

αkyβk be polynomial

approximations of P and Q, respectively, of arbitrary even degree d ∈ N, with coefficients nk

and mk and powers in accordance with (1.3). Let Y = Y (x, y), Z = Z(x, y) be polynomials of

degree dδ = 2
⌈
max{d+dh1 ,d+dh2}+1

2

⌉

and γ1 ≥ 0, γ2 ≥ 0. For any functions f, h1, h2 described for

polynomials of degree df , dh1 , dh2, respectively, the Kernel-PIDE (3.56) can be formulated as the

convex optimization problem:

minimize:
γj ,N,M,T1,T2,Y,Z,sj

γ1 + γ2 (3.83)

subject to: Y (x, y)−δ1(x, y)=0, Z(x, y)−δ2(x, y)=0, (3.84)
[

2γ1−T1(x, y)−s1(x, y)g1(x) Y (x, y)

Y (x, y) γ1−s2(x, y)g2(x, y)

]

∈ Σ2×2
s , (3.85)
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[

2γ2−T2(x, y)−s3(x, y)g1(x) Z(x, y)

Z(x, y) γ2− s4(x, y)g3(x, y)

]

∈ Σ2×2
s , (3.86)

s1, s2, s3, s4 ∈ Σs, (3.87)
∫ 1

0

∫ x

0
T1(x, y)dydx = 0,

∫ 1

0

∫ 1

x
T2(x, y)dydx = 0 (3.88)

δ1 = δ1(x, y)
∣
∣
∣
P≈N
Q≈M ,

δ2 = δ2(x, y)
∣
∣
∣
P≈N
Q≈M ,

δ0 = δ0(x, y)
∣
∣
∣
P≈N
Q≈M = 0,

δ3 = δ3(x) |Q≈M =M(x, 1) = 0,







as in (3.55), (3.89)

for some polynomials sj , j = 1, . . . , 4 of degree dδ − 2, T1 and T2 of degree 2dδ, g1(x) = x(1 − x),

g2(x, y) = y(x − y) and g3(x, y) = (1 − y)(y − x). The optimal root mean square bounds of the

residual functions are:
√
∆1 ≤ γ1 and

√
∆2 ≤ γ2.

Proof. The convex optimization problem formulation follows similar arguments as the ones given

in the proof of Proposition 2. Regarding the optimal mean square bounds for δ1 and δ2, let

A1 =

[

2γ1 − T1(x, y) Y (x, y)

Y (x, y) γ1

]

≻ 0, ∀(x, y) ∈ ΩL (3.90)

be a symmetric real polynomial positive definite matrix on ΩL (pointwise condition). Taking the

Schur’s complement of A1 and its integration on the domain ΩL yields

A1 ≻ 0 ⇔ 2γ21 − γ1T1(x, y)− Y 2(x, y) > 0, ∀(x, y) ∈ ΩL,

1∫

0

x∫

0

Y 2(x, y)dydx < γ21 − γ1

1∫

0

x∫

0

T1(x, y)dydx. (3.91)

If there exists a polynomial function T1 satisfying (3.88), it is clear that γ1 is an upper bound of

the root mean square value of Y in ΩL. The positivity condition (3.90) is made computationally

tractable via the matrix-polynomial version of Putinar’s Positivstellensatz18[138, 157], based on the

representation of ΩL as in Proposition 1, namely, for some ρ > 0, A(x, y) ≻ ρI ≻ 0, ∀(x, y) ∈ ΩL,

then:
(

A(x, y)−g1(x)S1(x, y)−g2(x, y)S2(x, y)
)

∈ Σ2×2
s

S1, S2 ∈ Σ2×2
s .

(3.92)

Thus, conditions (3.85) and (3.86) are obtained if the following particular forms for S1 and S2 are

18This condition can also be ”scalarized”, i.e., expressed in terms of scalar polynomials [136, 138, 157].
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considered:

S1 =

[

s1(x, y) 0

0 0

]

∈ Σ2×2
s , s1 ∈ Σs,

S2 =

[

0 0

0 s2(x, y)

]

∈ Σ2×2
s , s2 ∈ Σs,

(3.93)

the SOS matrix condition of which is immediately verified since S1 = BBT , S2 = CCT with:

B =

[

b1(x, y) · · · bm1(x, y) 0

0 · · · 0 0

]

∈ R[x]2×(m1+1),

C =

[

0 0 · · · 0

0 c1(x, y) · · · cm2(x, y)

]

∈ R[x]2×(m2+1),

(3.94)

where s1 =
∑m1

j=1 b
2
j (x, y) ∈ Σs and s2 =

∑m2
j=1 c

2
j (x, y) ∈ Σs; bj ∈ R[x], ∀j = 1, . . . ,m1, cj ∈

R[x], ∀j = 1, . . . ,m2, for some finitem1 ∈ N andm2 ∈ N. Following the same arguments, conditions

for Z on ΩU can be deduced. Therefore, according to the equality (3.84) and the optimization

objective (3.83), the root mean square error of δ1 and δ2 are minimized.

3.3.4 Approximate Inverse Transformation

For known Kernels P and Q, the inverse transformation of (3.53) can be found by means of the

direct substitution of (3.74) in (3.53), which yields

∫ x

0
w(y, t)δ1(x, y)dy +

∫ 1

x
w(y, t)δ2(x, y)dy = 0, (3.95)

equality satisfied if the residual functions

δ1(x, y) =R(x, y)− P (x, y)−
∫ y

0
P (x, s)S(s, y)ds−

∫ x

y
P (x, s)R(s, y)ds−

∫ 1

x
Q(x, s)R(s, y)dy, ∀(x, y) ∈ ΩL, (3.96)

δ2(x, y) =S(x, y)−Q(x, y)−
∫ x

0
P (x, s)S(s, y)ds−

∫ y

x
Q(x, s)S(s, y)ds−

∫ 1

y
Q(x, s)R(s, y)ds, ∀(x, y) ∈ ΩU . (3.97)

are identically zero in their respective triangular domains. Since (3.95) does not depend on any

original and target systems (expression equivalent to (3.29) for the Volterra operator), it can be

used to find an approximation of the inverse Kernels R and S, given the approximate direct ones

P ≈ N , Q ≈M .

70



3. Convex Optimization Approach for Backstepping PDE Design

3.4. Numerical Results

Proposition 7. Let A(x, y) =
∑z(d)−1

k=0 akx
αkyβk and B(x, y) =

∑z(d)−1
k=0 bkx

αkyβk be polynomial

approximations of R and S, respectively, of arbitrary even degree d ∈ N, with coefficients ak and bk

and powers in accordance with (1.3). Let Y and Z be polynomials of degree dδ = 2
⌈
max{dN ,dM}+d+1

2

⌉

and γj ≥ 0, j = 1, . . . , 4. For given direct approximate Kernels N and M of P and Q with

degrees dN and dM , respectively (solution of (3.83)-(3.89)), the integral equation (3.95)-(3.97) can

be formulated as the convex optimization problem:

minimize:
γj ,A,B,Y,Z,sj

γ1 + γ2 + γ3 + γ4 (3.98)

subject to: Y (x, y)− δ1(x, y) = 0, Z(x, y)− δ2(x, y) = 0, (3.99)
(

Y (x, y)− ρ
Y
− [s1(x, y) s2(x, y)] gL(x, y)

)

∈ Σs, (3.100)

(ρY − Y (x, y)− [s3(x, y) s4(x, y)] gL(x, y)) ∈ Σs, (3.101)
(

Z(x, y)− ̺
Z
− [s5(x, y) s6(x, y)] gU (x, y)

)

∈ Σs, (3.102)

(̺Z − Z(x, y)− [s7(x, y) s8(x, y)] gU (x, y)) ∈ Σs, (3.103)

s1, s2, s3, s4, s5, s6, s7, s8 ∈ Σs, (3.104)
[

γ1 ρ
Y

ρ
Y

γ1

]

� 0,

[

γ2 ρY

ρY γ2

]

� 0,

[

γ3 ̺
Z

̺
Z

γ3

]

� 0,

[

γ4 ̺Z

̺Z γ4

]

� 0, (3.105)

δ1 = δ1(x, y)
∣
∣
∣
P≈N, Q≈M
R≈A, S≈B as in (3.96), (3.106)

δ2 = δ2(x, y)
∣
∣
∣
P≈N, Q≈M
R≈A, S≈B as in (3.97), (3.107)

for some polynomials sj , j = 1, . . . , 8 of degree dδ − 2, gL = [g1, g2], gU = [g1, g3], with g1(x) =

x(1 − x), g2(x, y) = y(x − y) and g3(x, y) = (1 − y)(y − x). The optimal minimal bounds for the

residual functions are: δ1 = max{γ1, γ2} and δ2 = max{γ3, γ4}.

Proof. The proof follows the same arguments of the one of Proposition 3, hence omitted.

3.4 Numerical Results19

3.4.1 Parabolic PDE with constant reactivity term

This example considers λ(x) = 20 and ǫ = 1 in the system (3.4) and c = 0 in target system

(3.6). The direct Kernel K in (3.5) is approximated solving the convex optimization problem

(3.18)-(3.28). The bounds of the residual functions δ1 and δ2 are indicated in Figure 3.4.1. The

approximate Kernel N for d = 12 is depicted in Figure 3.4.2(a).

Regarding the inverse transformation (3.9), using the previous direct approximate Kernel, a moment

19The numerical solution of the convex optimization problems has been obtained via the Yalmip toolbox for Matlab
[163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi [165] and the SDP package part
of the Mosek solver [166].
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Figure 3.4.1: Bounds for the residual functions in (3.7), solution of (3.18)-(3.28), as a function of
the polynomial degree d.
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Figure 3.4.2: (a) Direct approximate KernelN for d = 12 (K ≈ N in (3.5)). (b) Inverse approximate
Kernel Lr for r = 13 (L ≈ Lr in (3.9)).

mi,j m0,0 m0,1 m0,2 m0,3 m0,4 m1,0 m1,1 m1,2 m1,3 m1,4 σ

L̆⋆ 4.1903 1.2286 0.5517 0.3011 0.1843 2.7834 0.9177 0.4394 0.2497 0.1572 10.0000

L̆ 4.1940 1.2298 0.5523 0.3015 0.1846 2.7859 0.9187 0.4399 0.2500 0.1574 10.0076

Table 3.1: Extract of the moment sequence (3.11), optimal solution of (3.30)-(3.44), according to
r = 0, . . . , 13.
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sequence (3.11) has been calculated solving the convex optimization problem (3.30)-(3.44) for dm =

13. Table 3.1 shows a small part of this sequence, which is compared with the inverse Kernel L⋆

obtained via the Successive Approximation method, the positive component of which is given by

L̆⋆(x, y) = −λy
J1

(√
λ(x2−y2)

)

√
λ(x2−y2)

+ 10, where J1 is the first order Bessel function [50]. The whole

moment sequence has two digit of precision with respect to L̆⋆. Finally, based on the whole

previous moment sequence, an approximate inverse Kernel Lr = L̆r − σ has been determined

solving (3.47)-(3.50) for r = 13, the result of which is shown in Figure 3.4.2(b).

3.4.2 Parabolic PDE with spatially varying reactivity term

This example considers two cases of spatially varying reactivity in the system (3.4):

Case 1: λ(x) = 10 +
8

cosh2 (σ(x− 0.5))
, (3.108)

Case 2: a(x) = 1 + 0.3 sin (3πx) ,

λ(x) = 15 +
1

4

d2a

dx2
(x)− 3

16

da
dx(x)

a(x)
. (3.109)

The first case is a particular example of the “one-peak” functions described in [50], where its

associated Kernel-PDE has a closed-form solution. On the contrary, the second case requires a

numerical solution of its Kernel-PDE [21]. For both cases the direct Kernel K in (3.5) has been

approximated solving the convex optimization problem (3.18)-(3.28). In particular, for the second

case, the variant described in Chapter 2, Section 2.1.4 has been applied. The reactivity terms have

been approximated by a polynomial λ(x) ≈∑r
k=0 ckx

k.

B.1) Case 1: High Order Polynomials

For the first case a degree of r = 10 for the reactivity term has been selected, with a maximum

approximation error of 0.11%. Its results are indicated in Table 3.2, which shows the high Kernel

polynomial degrees required to achieve small bounds for the residual functions δ = max{δ1, δ2}.

d 18 20 22 24

δ 1.1 · 10−3 4.63 · 10−4 1.06 · 10−4 5.52 · 10−5

Table 3.2: Maximum bounds of residual functions for spatially varying reactivity term (3.108).

B.2) Case 2: Multiple Kernel Approach

For the second case a polynomial approximation for the reactivity term, with parameter bounds

|ck|< 106, requires a degree r > 20. Theses conditions, (i) large number of Kernel parameters

(z(r) >
(
2+r+d
r+d

)
with d degree of K) and (ii) large parameter magnitudes, make unreasonable

and unsuccessful the application of the approach proposed with a single Kernel. However, the
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property of representation of non-negative polynomials in compact basic semi-algebraic sets leads

to aMultiple Kernel Approach via a “domain decomposition” of the whole domain in small tractable

elements, as it has been proposed in Section 2.1.4.

Consider the lower 2-dimensional triangular domain ΩL (1-dimensional case is straightforward).

Let Ωx = [x1, . . . , xj , . . . , xm+1] and Ωy = [y1, . . . , yi, . . . , ym+1] be partitions in m intervals for Ω in

relation with the variable x and y, respectively. For Ne = m(m+ 1)/2 elements Ωi,j = [xj , xj+1]×
[yi, yi+1] ⊂ ΩL, ΩL =

⋃

i,j Ωi,j , j = 1, . . . ,m, i = 1, . . . , j, the residual function δ = δ(x, y) can be

minimized by the convex optimization problem:

minimize:
γi,j≥0,ρi,j≥0,̺i,j≥0

m∑

j=1

j
∑

i=1

γi,j + ρi,j + ̺i,j

subject to:
(
δi,j(x, y)− s1i,j(x, y)Ei,j(x, y)

)
∈ Σs,

(
γi,j − δi,j(x, y)− s2i,j(x, y)Ei,j(x, y)

)
∈ Σs,

(

F k
i,j(x)− τ1i,j(x)E

1
i,j(x)

)

∈ Σs,
(

ρi,j − F k
i,j(x)− τ2i,j(x)E

1
i,j(x)

)

∈ Σs,
(

Gk
i,j(y)− υ1i,j(y)E

2
i,j(y)

)

∈ Σs,
(

̺i,j −Gk
i,j(y)− υ2i,j(y)E

2
i,j(y)

)

∈ Σs,

(3.110)

with

F k
i,j(x) = Yk(Ni,j(x, y)−Ni−1,j(x, y))|y=yi

,

Gk
i,j(y) = Xk(Ni,j(x, y)−Ni,j−1(x, y))|x=xj

,

Yk =
∂k

∂yk
, Xk =

∂k

∂xk
, k = 0, 1, . . . , rs,

sni,j = [sk,1i,j (x, y), s
k,2
i,j (x, y)], s

n,1
i,j ∈ Σs, s

n,2
i,j ∈ Σs, ∀ n = 1, 2,

τmi,j ∈ Σs, υ
m
i,j ∈ Σs, ∀ m = 1, 2,

Ei,j(x, y) = [E1
i,j(x), E

2
i,j(y)]

⊤,

E1
i,j(x) = (x−xj)(xj+1−x), E2

i,j(y) = (y−yi)(yi+1−y),

(3.111)

∀ x ∈ [xj , xj+1], ∀ y ∈ [yi, yi+1], where δ(x, y) = δi,j(x, y), ∀ (x, y) ∈ Ωi,j and the operators X and

Y enforce the continuity (k = 0) and a selected smoothness (k = rs ∈ N) between the approximate

Kernel solutions on every element.20

A partition of the domain allows decreasing the polynomial approximation degree to r = 6 or lower,

for a maximum approximation error less than 3% in the reactivity term. Results for the Kernel

solution, including (3.110)-(3.111) in the convex optimization problem (3.18)-(3.28), are indicated

in the first row of Table 3.3, where J(δ) = (1/Ne)(
∑m

j=1

∑Ne

i=j γ
2
i,j)

(1/2). For a partition of Ne = 15

20For simplicity, the optimization scheme (3.110)-(3.111) only shows square elements Ωi,j . A slight modification of
this formulation allows including triangular elements on the diagonal x = y.
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elements (m = 5), Figure 3.4.3 depicts the approximate Kernel solution.

Ne 1 3 6 10 15

Case 2: J(δ) −−− 2.43·10−1 1.81·10−2 9.7·10−3 3.1·10−3

Example λ = cte: J(δ) 1.55 2.86·10−2 3.4·10−3 1.5·10−3 5.6·10−4

Table 3.3: Root mean square of residual functions. Domain partition in Ne elements, Kernel with
degree d = 6. First row, example from Section 3.4.2, Case 2. Second row, example with constant
reactivity term from Section 3.4.1.
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Figure 3.4.3: Approximate Kernel: K ≈N in (3.5). Polynomial degree d = 6 and ΩL partitioned
in Ne=15 elements (m=5).

3.4.3 Hyperbolic PIDE

This example considers the problem presented in [204][82]:

f(x) = a+
bσ√

c cosh(
√
c)

sinh
(√
c(1− x)

)
(3.112)

h2(x) = − bσ

cosh(
√
c)

cosh(
√
cx) cosh

(√
c(1− y)

)
(3.113)

h1(x) = h2(x) + bσ cosh
(√
c(x− y)

)
(3.114)

with a = 1.25, b = 0.1, c = 0.01, σ = 7.5 (the application of the proposed approach is not limited

to this case, which has been selected for comparison purposes). This problem (equations (71)-(73)
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of [82]) corresponds to a first-order PDE coupled with a second order ODE, equivalent to the 1-

dimensional hyperbolic PDE (3.52). The direct Kernels P and Q in (3.53) have been approximated

solving the convex optimization problem (3.83)-(3.89). To implement this approach, the functions

f , h1 and h2 in (3.112)-(3.114) have been approximated by a combination of univariate polynomials

of degree 4, with maximum approximation error < 10−9%. The approximate Kernels M and N

for d = 10 are shown in Figure 3.4.4(a), with root mean square bounds for the residual functions:

γ1 = 5.28 ·10−11 and γ2 = 7.20 ·10−11. Using this result, the inverse Kernels R and S have been

approximated solving (3.98)-(3.107) for d = 10. The result is shown in Figure 3.4.4(b) with bounds

of the residual functions: γ = max{γ1, γ2, γ3, γ4} ≤ 3.33·10−11.
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Figure 3.4.4: (a) Direct approximate Kernels M and N for d = 10 (P ≈ N , Q ≈M in (3.53)). (b)
Inverse approximate Kernels A and B for d = 10 (R ≈ A, S ≈ B in (3.74)).
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Chapter 4

Adaptive Observer Design for a Class

of Parabolic PDEs1

—Vito Volterra (1860-1940)—

V. Volterra became interested in mathematics and science in his preadolescent years, passion which prevailed despite
the dismay of his family. His interest in pure mathematics was inspired by his geometry instructor Cesare Arzelà, at
the technical high school in Florence, and his calculus teacher Ulisse Dini, at the Scuola Normale Superiore in Pisa.

V. Volterra made important contributions in several fields. A real gem is considered his discovering of the
“pointwise discontinuous functions”, two decades before René Baire’s category theorem, when he still was a student
at Pisa. However, he is mostly known for his work in linear integral equations applying a principle which he called
“the passage from the discrete to the continuous”, the limiting case of which was used by Ivar Fredholm and David
Hilbert. He introduced the modern concept of “Functional” in his 1887 paper “On functions that depend on other

functions”, name given later by Jacques Hadamard. He is considered one of the founders of the branch of
mathematics that came to be called “Functional Analysis”.

In this chapter the observer design problem, for simultaneous state and parame-

ter estimation, for a class of one-dimensional linear parabolic PDEs is addressed. The

type of PDEs considered involves an uncertain “boundary” control gain parameter or

an uncertain “in-domain” reactivity term. The design is based on the Backstepping

PDE methodology, including a modified integral transformation to compensate for the

parameter uncertainty. The solution of the resulting coupled Kernel-PDE/ODEs is ob-

tained using the methodology proposed in Chapter 3, namely via its formulation as a

convex optimization problem based on Sum-of-Squares decomposition and its computa-

tion via polynomial optimization techniques. This methodology allows computing – in

a fast and direct way – the state and parameter observer gains at every fixed sampling

time. Similar to the observer based on the Volterra-type transformation, an observer

design method with two boundary measures via the Fredholm-type transformation is

presented. Numerical simulations illustrate the performance of the approach proposed.

1This chapter is based on the publications [240, 187].
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4.1 Introduction

In the field of continuous-time boundary control/observer design for linear PDEs, Backstepping

for PDEs stands out as a simple and systematic design methodology [21, 50, 49, 51, 18]. As dual

to control design [21], Backstepping PDE observer design2 mimics the feedback structure of the

Luenberger-type state observer for finite dimensional systems [50]. In this methodology the observer

error equation is mapped into a target PDE with given stability and convergence properties. This

transformation is achieved for specific output injection observer gains which are functions of the

integral Kernels governed by the resulting Kernel-PDE [86].

For certain class of PDE models, mainly due to the contraction properties of the Volterra inte-

gral transformation, a closed-form solution of the Kernel-PDE can be obtained [197], allowing a

direct computation of the observer gains, scheme which has been commonly implemented (see for

instance [241, 132, 11]). However, this PDE-Kernel computation approach, framed in the con-

text of the Banach’s contraction principle [211] and carried out via the Successive Approximation

method [208], is not suitable for general cases such as causal systems with spatially and temporally

variant parameters [49, 242], where also direct numerical methods cannot be applied [243]. On

the other hand, the application of this type of recursive methods remains valid only for particular

or conservative conditions in non-strict feedback systems (non-causal in space), which require a

Fredholm-type integral transformation [205, 82].

In general, adaptive methods in Backstepping PDE design need state measurement on the full space

domain [50, 122, 123, 124]. A feasible case of adaptive observer design based on boundary measure-

ments requires a particular system structure denominated “canonical observer form”3 [125], which

includes “in-domain” terms constituted of multiplications of unknown parameters and output mea-

surements of the system [126]. Despite this structure can be obtained by an integral transformation

on the original system, enabling to design adaptive output-feedback control schemes [126, 244], this

is not useful to estimate the uncertain parameters of the original system, since it turns out to be

an inverse under-determined problem.

A common approach proposed to overcome this problem consist of approximating the original PDE

model as a finite dimensional input-output model, suitable for applying parametric identification

techniques. However, in this case the resulting over-parameterized structure does not lead to

determine a unique solution (see for instance [11]). As has been commented in [11], currently

“there is no clear way” to address systems with general “in-domain” uncertain terms and the

adaptive observer design remain as a significant fundamental challenge in IDS.

The main objectives of the approach proposed in this chapter are:

(a) avoid any pre-transformation and/or finite-dimensional formulation, enabling a direct para-

2A brief summary on Backstepping PDE-based observer design is presented in Appendix B.
3It is worth noting that this type of structure can be seen as part of the “Positive Real” IDS [6].

78



4. Adaptive Observer Design for a Class of Parabolic PDEs

4.2. Observer Design for one Uncertain Boundary Parameter

meter identification from the original PDE model,

(b) performs a simultaneous state and parameter estimation considering only measurements at

the boundary, considering:

◦ one point of measurement via the Volterra-type integral transformation,

◦ two points of measurement via the Fredholm-type integral transformation (non-strict

feedback error system).

4.2 Observer Design for one Uncertain Boundary Parameter

4.2.1 Problem Setting

Consider the one-dimensional linear parabolic PDE with an uncertain parameter in the mixed

boundary conditions, namely

ut(x, t) = ǫuxx(x, t) + λu(x, t),

u(0, t) = 0, ux(1, t) = u(1, t) + θ(t)U(t),

θt(t) = σ1α(t) + η1(τi)ω(τi), ∀t ∈ [ta, tb],

αt(t) = σ2α(t) + η2(τi)ω(τi), ∀t ∈ [ta, tb],

y(t) = u(1, t).

(4.1)

where u(x, 0) = u0(x) ∈ C(Ω) is the state initial condition, ǫ > 0 is a constant diffusivity term, λ is

a constant reactivity term, U is the control action, gain of which (θ) is considered as an uncertain

time-varying parameter modelled as a double integrator; σ1 ≥ 0 and σ2 ≤ 0 with θ(ta) = θ0 and

α(ta) = α0 unknown initial conditions of the parameters.

With respect to the parametric model (double integrator), this can be seen as a particular case of

the model proposed in [245, 246]. This type of model considers the variation of θ as the output of a

linear system excited by random jumps (random time τi) of unknown magnitude (η1 and η2), where

ω is a completely unknown sequence of isolated impulses.4 Thus, this model can exhibit various

waveform patters according to the number of integrators and combination of their states (see details

in [247, 245]). In particular, the structure in (4.1), for σ1 ≥ 0 and σ2 ≤ 0, provides a combination

of steps and ramps, where the parameter α vanishes under no excitation.5 In comparison with

the standard models which consider θ as piecewise constant function of time [127], the proposed

model leads to an observer with lower feedback gains and more accurate estimates of the transient

dynamic [245, 246].

4As is pointed out in [247], the model includes the signal ω and magnitudes η1 and η2 only for the symbolic purpose
of providing a mathematical idea of the model. These variables are not used in the observer design.

5This model allows taking into account dynamics such as piece-wise constant functions of time with smooth transitions
between their values.
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4.2.2 Adaptive Observer

The proposed adaptive observer has a Luenberger-type collocated structure based on [86, 21, 50],

namely

ût(x, t) = ǫûxx(x, t) + λû(x, t) + h(x)ũ(1, t),

û(0, t) = 0, ûx(1, t) = û(1, t) + pbũ(1) + θ̂(t)U(t),

θ̂t(t) = σ1α̂(t) + ρ1S1(q(1))ũ(1, t), ∀t ∈ [ta, tb],

α̂t(t) = σ2α̂(t) + ρ2S2(p(1))ũ(1, t), ∀t ∈ [ta, tb],

ŷ(t) = û(1, t),

(4.2)

where û, θ̂ and α̂ are the estimate state and control gain parameters, respectively, initial conditions

of which are û(x, 0) = û0(x) ∈ C(Ω), θ̂(ta) = θ̂0 and α̂(ta) = α̂0; ũ(1, t) = y(t) − ŷ(t) is the

(measurable) output estimation error; ρ1 < 0, ρ2 < 0; S1 and S2 are real valued functions, q ∈ C2(Ω)

and p ∈ C2(Ω). The function h = h(x) and the constant pb are the observer gains for the state and

the boundary condition, respectively.

4.2.3 Design via the Volterra-type Transformation

The observer error equation between (4.1) and (4.2) can be written as:

ũt(x, t) = ǫũxx(x, t) + λũ(x, t)− h(x)ũ(1, t),

ũ(0, t) = 0, ũx(1, t) = (1− pb)ũ(1, t) + θ̃(t)U(t),

θ̃t(t) = σ1α̃(t)− ρ1S1(q(1))ũ(1, t), ∀t ∈ [ta, tb]

α̃t(t) = σ2α̃(t)− ρ2S2(p(1))ũ(1, t), ∀t ∈ [ta, tb],

ũ(1, t) = y(t)− ŷ(t),

(4.3)

where ũ(x, t) = u(x, t) − û(x, t), θ̃(t) = θ(t) − θ̂(t) and α̃(t) = α(t) − α̂(t) are the state and

parameters estimation errors, respectively. The design of the Backstepping PDE-based adaptive

observer (4.2) consists basically in transforming the “original” estimation error system (4.3) into

a “target” system with prescribed features of stability. In this case, the following exponentially

stable system:

w̃t(x, t) = ǫw̃xx(x, t)− cw̃(x, t)

w̃(0, t) = 0, w̃x(1, t) = 0,

d

dt

[

θ̃(t)

α̃(t)

]

= Λ

[

θ̃(t)

α̃(t)

]

+ Γw̃(1, t), ∀t ∈ [ta, tb],

(4.4)

it is proposed, where c > 0, Λ ∈ R
2×2 (with bounded elements), the eigenvalues of which have

non-positive real parts, and Γ ∈ R
2×1 (with bounded elements).
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Remark 13. The PDE (4.4) with respect to the variable w̃ is a standard parabolic PDE, with homogeneous

boundary conditions, which is exponentially stable for c > −ǫπ2

4 . This can be verified as follows. Let

V = 1
2

∫ 1

0
w̃2(x, t)dx be a Lyapunov functional.6 Its time-derivative V̇ =

∫ 1

0
w̃(x)w̃t(x)dx along the trajectory

(4.4) is given by:

V̇ =

∫ 1

0

w̃(x) (ǫw̃xx(x, t)− cw̃(x, t)) dx =
✘✘✘✘✘✘✘✘✿0
ǫw̃(x)w̃x(x)

∣
∣x=1
x=0 − ǫ

∫ 1

0

w̃2
x(x)dx

︸ ︷︷ ︸

T1

−c
∫ 1

0

w̃2(x)dx,

≤−
(

ǫ
π2

4
+ c

)∫ 1

0

w̃2(x)dx ≤ 0,

(4.5)

where a variation of Wirtinger’s inequality has been applied on the term T1 [50]. Thus, if matrix Λ is

Hurwitz, the coupled PDE-ODE system (4.4) is exponentially stable for any Γ bounded gain.

To achieve this state mapping the modified Volterra-type transformation

ũ(x, t) = q(1)w̃(x, t)−
∫ 1

x
K(x, y)w̃(y, t)dy − q(x)θ̃(t)− p(x)α̃(t) (4.6)

with polynomial kernel K ∈ C2(Ω × Ω) is proposed, where the polynomial functions q and p

are included to compensate for the parameters uncertainty. Following the standard procedure of

Backstepping PDE observer design [21, 50], the transformation (4.6) leads to:

ũt(x, t) =q(1)w̃t(x, t)−
∫ 1

x
K(x, y)w̃t(y, t)dy − q(x)θ̃t(t)− p(x)α̃t(t)

=q(1) (ǫw̃xx(x, t)− cw̃(x, t))−
∫ 1

x
ǫK(x, y)w̃yy(y, t)dy

︸ ︷︷ ︸

T0

+c

∫ 1

x
K(x, y)w̃(y, t)dy−

q(x)θ̃t(t)− p(x)α̃t(t),

=q(1) (ǫw̃xx(x, t)− cw̃(x, t)) +

∫ 1

x
(cK(x, y)− ǫKyy(x, y)) w̃(y, t)dy +

ǫ
∂

∂y
K(x, 1)w̃(1, t)− ǫ

∂

∂y
K(x, x)w̃(x, t)−

✘✘✘✘✘✘✘✘✿0
ǫK(x, 1)w̃x(1) + ǫK(x, x)w̃x(x, t) −

q(x)
(

σ1α̃(t)− ρ1S1(q(1))
(

q(1)[w̃(1, t)− θ̃(t)]− p(1)α̃(t)
))

−

p(x)
(

σ2α̃(t)− ρ2S2(p(1))
(

q(1)[w̃(1, t)− θ̃(t)]− p(1)α̃(t)
))

,

(4.7)

where w̃ has been substituted by its “target” dynamic (4.4) and the time derivatives of the pa-

rameters estimation errors by the expressions stated in (4.3); the transformation (4.6) has been

evaluated at the boundary x = 1, namely

ũ(1, t) = q(1)[w̃(1, t)− θ̃(t)]− p(1)α̃(t), (4.8)

and integration by parts has been applied on the term T0. Substituting the second spatial derivative

of (4.6), namely:

6For a clearer description, the time-dependence in the functions is dropped (w̃(x) ≡ w̃(x, t)).
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ũxx(x, t) =q(1)w̃xx(x, t)−
∫ 1

x
Kxx(x, y)w̃(y, t)dy + 2

∂

∂x
K(x, x)w̃(x, t) +

∂

∂y
K(x, x)w̃(x, t) +

K(x, x)w̃x(x, t)− qxx(x)θ̃(t)− pxx(x)α̃(t), (4.9)

the expressions (4.7), (4.8) and the modified Volterra-type transformation (4.6) into the “original”

estimation error system (4.3) leads to:

ũt(x, t)−ǫũxx(x, t)− λũ(x, t) + h(x)ũ(1, t) =
(

ǫqxx(x) + q(x)[λ− ρ1S1(q(1))q(1)]− p(x)ρ2S2(p(1))q(1)− h(x)q(1)
)

︸ ︷︷ ︸

T1

θ̃(t) +

(

ǫpxx(x)− σ1q(x) + p(x)[λ− σ2 − ρ2S2(p(1))p(1)]− q(x)ρ1S1(q(1))p(1)− h(x)p(1)
)

︸ ︷︷ ︸

T2

α̃(t) −

(

ǫKy(x, 1) + q(x)ρ1S1(q(1))q(1) + p(x)ρ2S2(p(1))q(1) + h(x)q(1)
)

︸ ︷︷ ︸

T3

w̃(1, t)− (4.10)

(

(2ǫ

(
∂

∂y
K(x, x) +

∂

∂x
K(x, x)

)

︸ ︷︷ ︸

T4

+q(1)[λ+ c]

)

w̃(x, t) +

∫ 1

x

(

ǫKxx(x, y)− ǫKyy(x, y) + [λ+ c]K(x, y)
)

w̃(y, t)dy = 0.

Thus, comparing the terms T1 and T2 with respect to T3 and using the identity d
dxK(x, x) =

∂
∂xK(x, x) + ∂

∂yK(x, x) in T4 [21] yields

ũt(x, t)− ǫũxx(x, t)− λũ(x, t) + h(x)ũ(1, t) = δ0(x)θ̃(t)− δ1(x)w̃(x, t) +
∫ 1

x
δ2(x, y)w̃(y, t)dy + δ3(x)α̃(t) = 0,

(4.11)

with boundary conditions:

ũ(0, t) =q(1)✘✘✘✘✿
0

w̃(0, t) −
∫ 1

0
K(0, y)w̃(y, t)dy − q(0)θ̃(t)− p(0)α̃(t) = 0

ũx(1, t) =q(1)✘✘✘✘✘✿0
w̃x(1, t) +K(1, 1)w̃(1, t)− qx(1)θ̃(t)− px(1)α̃(t)

=(1− pb) ũ(1, t)
︸ ︷︷ ︸

(q(1)w̃(1,t)−q(1)θ̃(t)−p(1)α̃(t))

+ θ̃(t)U(t),

(4.12)

equivalent, at each time t, to the set of differential boundary value problems, here denominated

Kernel-PDE/ODE, composed by the coupled PDE-ODE BVP:

δ0(x) = ǫqxx(x) + λq(x) + ǫKy(x, 1) (4.13)

δ1(x) = 2ǫ
d

dx
K(x, x) + q(1)(λ+ c), (4.14)

δ2(x, y) = ǫKxx(x, y)− ǫKyy(x, y) + (c+ λ)K(x, y), ∀(x, y) ∈ ΩU , (4.15)
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K(0, y) = 0, ∀y ∈ Ω, (4.16)

q(0) = 0, qx(1, t) = K(1, 1)−U(t), (4.17)

and the ODE-BVP:

δ3(x) = ǫpxx(x) + (λ− σ2)p(x)− σ1q(x) + p(1)
ǫKy(x, 1)

q(1)
(4.18)

p(0) = 0, px(1) = p(1)
K(1, 1)

q(1)
, (4.19)

∀ q(1) 6= 0, where the observer gains are given by:

pb =1− K(1, 1)

q(1)
, (4.20)

h(x) =− 1

q(1)
(ǫKy(x, 1) + ρ1S1(q(1))q(1)q(x) + ρ2S2(p(1))q(1)p(x)) (4.21)

for a zero matching condition on the residual functions δj , ∀ j = 0, . . . , 3.

Remark 14. The boundary condition (4.17) implies that the function q is not only dependent on the spatial

variable but also on time. This continuous time-dependence implies that the validity of posing (4.14)-(4.19)

is restricted to signals U with particular features, such as for instance “piece-wise constant” dynamics.

Thus, despite the scheme of solving (4.14)-(4.19) at “each fixed time” can achieve good results, this does not

necessarily lead to a stable and convergent estimation. Therefore, for general cases, it is necessary to pose a

full coupled PDE/ODE (initial value problem) with time-varying boundary conditions.

Regarding the “target” parameter error dynamic stated in (4.3), substituting (4.8) into the para-

meter estimation error of the “original” system (4.2) yields

d

dt

[

θ̃(t)

α̃(t)

]

=

[

ρ1S1(q(1))q(1) σ1 + ρ1S1(q(1))p(1)

ρ2S2(p(1))q(1) σ2 + ρ2S2(p(1))p(1)

]

︸ ︷︷ ︸

Λ

[

θ̃(t)

α̃(t)

]

+

[

−ρ1S1(q(1))q(1)
−ρ2S2(p(1))q(1)

]

︸ ︷︷ ︸

Γ

w̃(1, t),

∀ t ∈ [ta, tb]. Thus, a sufficient condition to set forth a matrix Λ with negative eigenvalues is

S1(q(1))q(1) > 0 and S2(p(1))p(1) > 0 (ρ1 < 0, ρ2 < 0 , σ1 ≥ 0, σ2 ≤ 0), from a suitable selection

of the functions S1 and S2, for instance Si(f) = f or Si(f) = sign(f). As for the invertibility of

(4.6), for bounded continuous functions q = q(x) and p = p(x), it is provided by the invertibility

property of the Volterra integral operator on the Banach space of continuous functions [191, 208],

which is a similar case of the transformation presented in [248].

Remark 15. In general, since the function q and therefore p are dependent on time, the matrix Λ is

function of time. In this case, the non-positivity condition on its eigenvalues is not sufficient to guarantee

the stability of (4.4). A sufficient condition can be obtained if the matrix Λ is also differentiable or with

Lipschitz continuity, with sufficiently small Lipschitz constants [127].
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4.2.3.1 Kernel-PDE/ODE as a Convex Optimization Problem

Similar to Chapter 3, Section 3.2.2, a relaxation of the exact zero matching condition for the residual

functions δi can be considering to solve approximately the Kernel-PDE/ODE (4.13)-(4.19).

Proposition 8. Let N(x, y) =
∑z(d)−1

k=0 nkx
αkyβk be a polynomial approximation of K in (4.6) in

accordance with (1.3) and f(x) =
∑d

k=0 fkx
k be polynomial approximation of q in (4.6) of arbitrary

even degree d ∈ N. Let ηj and σj be lower and upper bounds of δj in (4.13)-(4.14), respectively,

∀ x ∈ Ω, ∀ j = 0, 1. Let η3 and σ3 be lower and upper bounds of δ2 in (4.15), respectively,

∀ (x, y) ∈ ΩU ; γj ≥ 0, ξj ≥ 0, ∀ j = 0, . . . , 2. The coupled PDE-ODE BVP (4.13)-(4.17) can be

formulated as the convex optimization problem:

minimize:
γj ,ξj ,N,f,sij

3∑

j=0

γj + ξj (4.22)

subject to: (δj(x)− ηj − s0j(x) g1(x)) ∈ Σs, ∀ j = 0, 1, (4.23)

(σj − δj(x)− s1j(x) g1(x)) ∈ Σs, ∀ j = 0, 1, (4.24)

(δ2(x, y)−η2−[s20(x, y) s21(x, y)] gU (x, y)) ∈ Σs, (4.25)

(σ2−δ2(x, y)−[s22(x, y) s23(x, y)] gU (x, y)) ∈ Σs, (4.26)

s0j , s1j , s2i ∈ Σs, ∀ j = 0, 1, i = 0, . . . , 3, (4.27)
[

γj ηj

ηj γj

]

� 0,

[

ξj σj

σj ξj

]

� 0, ∀ j = 0, . . . , 3, (4.28)

δ0 = δ0(x)
∣
∣K≈N
q≈f as in (4.13), (4.29)

δ1 = δ1(x)
∣
∣K≈N
q≈f as in (4.14), (4.30)

δ2 = δ2(x, y) |K≈N as in (4.15), (4.31)

N(0, y) = 0, ∀ y ∈ Ω (4.32)

f(0) = 0, fx(1, t) = N(1, 1)− U(t), (4.33)

∀ (x, y) ∈ ΩU , ∀ t ≥ 0, for some polynomials s0j, s1j and s2i of degree d−2, ∀ j=0, 1, ∀ i = 0, . . . , 3;

gU = [g1, g3] with g1(x) = x(1− x) and g3(x, y) = (y − x)(1− y) (see (2.8)). The optimal minimal

bounds for the residual functions are: δj = max{γj , ξj}, ∀ j = 0, . . . , 2.

Proof. [The proof follows the same arguments exposed in Proposition 2.] Let N be the polynomial appro-

ximation of K (4.6), as it is defined above. Then the residual functions (4.13)-(4.16) have polyno-

mial structure determined by (4.29)-(4.33). Since the quadratic module associated to the compact

basic semi-algebraic representations of the domains Ω and ΩU are Archimedean (see Lemma 1),

based on Putinar’s Positivstellensatz [148, 138] and on the SOS decomposition of (4.23)-(4.27),

the unknown extreme values of each δj (ηj , ξj) can be determined as a polynomial optimization

problem, which is convex in terms of their polynomial coefficients [136]. The absolute value of the

lower and upper bounds of each δj are given by means of (4.28), so that the linear cost function

(4.22) yields δj → 0 in ΩU .
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Regarding the ODE-BVP (4.18)-(4.19), this can also be approximately solved via polynomial op-

timization based on known polynomial approximations of the solutions K and q of the coupled

PDE-ODE BVP (4.13)-(4.17).

Proposition 9. Let N and f be known polynomial approximations of degree d of the solutions P

and q of (4.13)-(4.17), respectively. Let l(x) =
∑dl

k=0 lkx
k be a polynomial approximation of p in

(4.6) of even degree dl ≥ d. Let η and σ be lower and upper bounds of δ3 in (4.18), respectively,

∀ x ∈ Ω; γ ≥ 0, ξ ≥ 0. The coupled ODE-BVP (4.18)-(4.19) can be formulated as the convex

optimization problem:

minimize:
γ,ξ,l,s0,s1

γ + ξ

subject to: (δ3(x)− η − s0(x) g1(x)) ∈ Σs,

(σ − δ3(x)− s1(x) g1(x)) ∈ Σs, (4.34)

s0, s1 ∈ Σs,

[

γ η

η γ

]

� 0,

[

ξ σ

σ ξ

]

� 0,

l(0) = 0, lx(1) = l(1)N(1, 1)/f(1),

∀ x ∈ Ω, for some polynomials s0 and s1 of degree dl−2; g1(x) = x(1−x) (see (2.6)). The optimal

minimal bound for the residual function is: δ3 = max{γ, ξ}.

Proof. The proof follows the same arguments exposed in Proposition 2 and (8), hence it is omitted.

Remark 16. It is worth noting that the ODE-BVP (4.18)-(4.19) has a boundary value (p(1)) as part of the

“in-domain” equation. Proposition (9) allows solving this particular structure where other approaches, such

as the “shooting method”, can not be directly applied.

4.3 Design for an Uncertain Reactivity Parameter

4.3.1 Problem Setting

The objective is to design an adaptive observer for the one-dimensional linear parabolic PDE with

strict-feedback structure and Neumann boundary conditions described by

ut(x, t) = ǫuxx(x, t) + λ(t)u(x, t),

ux(0, t) = u(0), ux(1, t) = U(t),

dλ(t)

dt
= 0, ∀ t ∈ [ta, tb], λ(ta) = λ0,

y(t) = u(1, t) or y0(t) = u(0, t), y1(t) = u(1, t),

(4.35)

to simultaneously estimate the state u and the uncertain reactivity parameter λ. This parameter

is considered as a piece-wise constant function of time (as it is described in Section 4.2.1, this
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observer can easily be modified to include smooth time dynamics via a double integrator). For this

system u(x, 0) = u0(x) ∈ C(Ω;R) is its initial condition and U = U(t) denotes the control action.

As it is indicated in (4.35) (last equation), the observer design considers two cases: one point of

measurement y and two boundary points: y0 and y1.

4.3.2 Target System

Proposition 10. Consider the following “target” coupled PDE-ODE:

w̃t(x, t) = ǫw̃xx(x, t)−(c−λ̃(t))w̃(x, t)−φ(x)λ̃2(t),
w̃x(0, t) = 0,

w̃x(1, t) = 0, (4.36)

λ̃t(t) = −ρλ̃(t)− a0w̃(0, t)− a1w̃(1, t),

with initial conditions w̃(x, 0) = w̃0 and λ̃(0) = λ̃0; ρ > 0, a0 ∈ R, a1 ∈ R
7 and φ ∈ L2(Ω).

Assuming |λ|≤M a known bound, if the conditions

c ≥ 2M + 2αM2 +max{|a0|γ0, |a1|γ1}(1 + σ0), (4.37)

ρ ≥ 1

2

( |a0|
γ0

+
|a1|
γ1

)

+
1

2α

∫ 1

0
φ2(x)dx, (4.38)

are satisfied for some selected constants α > 0, γ0 > 0, and γ1 > 0, and for σ0 ≥ max{|a0|γ0,|a1|γ1}
ǫ ,

then the PDE-ODE system (4.36) is stable.

Proof. Let V = 1
2

∫ 1
0 w̃

2(x, t)dx + 1
2 λ̃(t)

2 be a Lyapunov functional.8 Its time-derivative V̇ =
∫ 1
0 w(x)wt(x)dx+ λ̃λ̃t along the trajectory (4.36) is given by:

V̇ =

∫ 1

0
w(x) (ǫw̃xx(x)−cw̃(x)) dx+

∫ 1

0
λ̃w̃2(x)dx−

∫ 1

0
w̃(x)φ(x)λ̃2dx+ λ̃λ̃t,

≤
✘✘✘✘✘✘✘✘✘✿0
ǫw̃(x)w̃x(x)

∣
∣x=1
x=0 − ǫ

∫ 1

0
w2
x(x)dx− c

∫ 1

0
w̃2(x)dx+ |λ̃|

∫ 1

0
w̃2(x)dx+ λ̃2

∣
∣
∣
∣

∫ 1

0
w̃(x)φ(x)dx

∣
∣
∣
∣

︸ ︷︷ ︸

T1

+λ̃λ̃t,

(4.39)

which via the Cauchy-Schwarz integral inequality [239] on the term T1 and Young’s inequality

(special case)[21] on its resulting relations for some α > 0, and considering |λ̃|≤ 2M yields

V̇ ≤ −ǫ
∫ 1

0
w2
x(x)dx−

(

c− |λ̃|
)∫ 1

0
w̃2(x)dx+

λ̃2

2

(

α

∫ 1

0
w̃2(x)dx+

1

α

∫ 1

0
φ2(x)dx

)

+ λ̃λ̃t,

≤ −ǫ
∫ 1

0
w̃2
x(x)dx−

(
c− 2M − 2αM2

)
∫ 1

0
w̃2(x)dx+

λ̃2

2α

∫ 1

0
φ2(x)dx+ λ̃λ̃t. (4.40)

7The coefficient a0 or a1 can take zero value to exclude the boundary measurements u(0, t) or u(1, t), respectively.
8For a clearer description, the time-dependence in the functions is dropped (w̃(x) ≡ w(x, t), λ̃ ≡ λ̃(t)).
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In last equation of the target system (4.36) it is verified:

λ̃λ̃t =λ̃
(

−ρλ̃(t)− a0w̃(0)− a1w̃(1)
)

≤− ρλ̃2 + |a0||λ̃||w̃(0)|
︸ ︷︷ ︸

T2

+|a1||λ̃||w̃(1)|
︸ ︷︷ ︸

T3

,

≤− λ̃2
(

ρ− 1

2

( |a0|
γ0

+
|a1|
γ1

))

︸ ︷︷ ︸
σ

+
|a0|γ0
2

w̃2(0) +
|a1|γ1
2

w̃2(1), (4.41)

which is derived from using Young’s inequality on terms T2 and T3 for some γ0 > 0, γ1 > 0. Then,

applying over the differential expressions d
dx

(
(1− x)w̃2(x)

)
and d

dx

(
xw̃2(x)

)
an integration along

x ∈ [0, 1], in relation with the terms w̃(0) and w̃(1), respectively, yields

λ̃λ̃t ≤− σλ̃2 +
|a0|γ0
2

(∫ 1

0
w̃2(x)dx+ 2

∫ 1

0
(x− 1)w̃(x)w̃x(x)dx

)

+

|a1|γ1
2

(∫ 1

0
w̃2(x)dx+ 2

∫ 1

0
xw̃(x)w̃x(x)dx

)

,

≤− σλ̃2 + β

∫ 1

0
w̃2(x)dx+ β

(∣
∣
∣
∣

∫ 1

0
(x− 1)w̃(x)w̃2

x(x)dx

∣
∣
∣
∣
+

∣
∣
∣
∣

∫ 1

0
xw̃(x)w̃2

x(x)dx

∣
∣
∣
∣

)

, (4.42)

where β = max{|a0|γ0, |a1|γ1} > 0. Thus, applying once more time the Cauchy-Schwarz integral

inequality on the last term in (4.42) and Young’s inequality on its resulting expressions, leads to:

λ̃λ̃t ≤− σλ̃2 + β

∫ 1

0
w̃2(x)dx +

β

(∫ 1

0
w̃2
x(x)dx

)1/2(

( max
x∈[0,1]

(x− 1)2)1/2 + ( max
x∈[0,1]

x2)1/2
)(∫ 1

0
w̃2(x)dx

)1/2

,

≤− σλ̃2 + β(1 + σ0)

∫ 1

0
w̃2(x)dx+

β

σ0

∫ 1

0
w̃2
x(x)dx, (4.43)

for some σ0 > 0. Finally substituting (4.43) into (4.40) is obtained:

V̇ ≤−
(

ǫ− β

σ0

)∫ 1

0
w̃2
x(x)dx−

(
c− 2M − 2αM2 − β(1 + σ0)

)
∫ 1

0
w̃2(x)dx −

λ̃2
(

σ − 1

2α

∫ 1

0
φ2(x)dx

)

≤ 0, (4.44)

if conditions (4.37) and (4.38) are satisfied for σ0 ≥ β
ǫ , which are sufficient conditions for the

stability of (4.36).

4.3.3 Design for one boundary measurement: Volterra-type Transformation

Consider the system (4.35) with a unique point of measurement y = u(1, t). For a simultaneous

estimation of u and λ, a Luenberger-type observer with collocated setup structure based on [86] is

proposed, namely

87



4. Adaptive Observer Design for a Class of Parabolic PDEs

4.3. Design for an Uncertain Reactivity Parameter

ût(x, t) = ǫûxx(x, t) + λ̂(t)û(x, t) +
p(x)

q(1)
ũ(1, t),

ûx(0, t) = û(0, t),

ûx(1, t) = U(t) + pbũ(1, t) (4.45)

dλ̂

dt
(t) =

ρ1
q(1)

S1ũ(1, t), ∀ t ∈ [ta, tb], λ̂(ta) = λ̂0,

ŷ(t) = û(1, t),

where û and λ̂ are the estimate state and reactivity parameter, respectively, initial conditions of

which are û(x, 0) = û0(x) ∈ C(Ω) and λ̂(ta) = λ̂0; y(t) − ŷ(t) = ũ(1, t) = u(1, t) − û(1, t) is the

measurable output estimation error; ρ1 < 0; p = p(x) and pb are the observer gains for the state

and boundary condition, respectively, S1 is a real valued function and q ∈ C2(Ω) with q(1) 6= 0.

The observer error equation can be written as:

ũt(x, t) = ǫũxx(x, t)−
p(x)

q(1)
ũ(1, t) +

[

û(x, t)λ̃(t) + ũ(x, t)λ̂(t) + ũ(x, t)λ̃(t)
]

︸ ︷︷ ︸

∆(x,t)

ũx(0, t) = ũ(0, t),

ũx(1, t) = −pbũ(1, t),
dλ̃

dt
(t) = − ρ1

q(1)
S1ũ(1, t), ∀ t ∈ [ta, tb], λ̃(ta) = λ̃0,

ũ(1, t) = y(t)− ŷ(t),

(4.46)

where ũ(x, t) = u(x, t)− û(x, t) and λ̃(t) = λ(t)−λ̂(t) are the state and parameter estimation error,

respectively. The term ∆(x, t) = u(x, t)λ(t) − û(x, t)λ̂(t) can be considered as a particular case

obtained from the Taylor’s series approximation of the bivariate function g = u(x, t)λ(t) around

the point (û(x, t), λ̂(t)).

The design of the adaptive observer (4.45) consists in transforming the “original” estimation error

system (4.46) into the “target” system (4.36), which is assumed to be stable for a suitable selection

of the parameter “c”, for µ = 1 and a0 = 0. To achieve this mapping a modification of the

Volterra-type transformation (3.5), with integral Kernel P ∈ C2(ΩU ),

ũ(x, t)=q(1)w̃(x, t)−
∫ 1

x
P (x, y)w̃(y, t)dy−q(x)λ̃(t) (4.47)

is proposed, where the function q allows rejecting the λ parameter uncertainty. Similarly, as it

has been detailed in Section 4.2.3, following the standard procedure of Backstepping PDE observer

design [21, 50], the transformation leads to:

ũt(x, t) =q(1)w̃t(x, t)−
∫ 1

x
P (x, y)w̃t(y, t)dy − q(x)λ̃t(t)
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=q(1)
(

ǫw̃xx(x, t)− [c+ λ̃(t)]w̃(x, t)− φ(x)λ̃2(t)
)

−
∫ 1

x
ǫP (x, y)w̃yy(y, t)dy

︸ ︷︷ ︸

T0

+

[c− λ̃(t)]

∫ 1

x
P (x, y)w̃(y, t)dy + λ̃2(t)

∫ 1

x
P (x, y)φ(y)dy − q(x)λ̃t(t), (4.48)

=q(1)
(

ǫw̃xx(x, t)− [c+ λ̃(t)]w̃(x, t)
)

+

∫ 1

x

(

[c− λ̃(t)]P (x, y)− ǫPyy(x, y)
)

w̃(y, t)dy +

ǫ
∂

∂y
P (x, 1)w̃(1, t)− ǫ

∂

∂y
P (x, x)w̃(x, t)−

✘✘✘✘✘✘✘✘✿0
ǫP (x, 1)w̃x(1) + ǫP (x, x)w̃x(x, t) −

(

q(1)φ(x)−
∫ 1

x
P (x, y)φ(y)dy

)

λ̃2(t)− q(x)

(

− ρ1

✟
✟✟q(1)
S1

(

✟
✟✟q(1)[w̃(1, t)− λ̃(t)]

))

,

where w̃ has been substituted by its “target” dynamic (4.36) and the time derivative of the parame-

ter estimation error by its dynamic stated in (4.46); the transformation (4.47) has been evaluated

at the boundary x = 1, namely

ũ(1, t) = q(1)[w̃(1, t)− λ̃(t)], (4.49)

and integration by parts has been applied on the term T0. Substituting the modified Volterra-type

transformation (4.47), its second spatial derivative and the expressions (4.48) and (4.49) into the

“original” estimation error system (4.46) leads to

ũt(x, t)− ǫũxx(x, t) +
p(x)

q(1)
ũ(1, t)−∆(x, t) =

(

ǫqxx(x) + q(x)[λ̂(t)− ρ1S1]− p(x)− û(x, t)
)

︸ ︷︷ ︸

T1

λ̃(t) +
(

ǫPy(x, 1) + q(x)ρ1S1 + p(x)
)

︸ ︷︷ ︸

T2

w̃(1, t) −

(

2ǫ

(
∂

∂y
P (x, x) +

∂

∂x
P (x, x)

)

︸ ︷︷ ︸

T3

+q(1)[c+ λ̂(t)]

)

w̃(x, t) + (4.50)

∫ 1

x

(

ǫPxx(x, y)− ǫPyy(x, y) + [c+ λ̂(t)]P (x, y)
)

w̃(y, t)dy +

(

q(x)− q(1)φ(x) +

∫ 1

x
P (x, y)φ(y)dy

)

λ̃2(t).

Thus, comparing T1 with respect to T2 and using the identity d
dxK(x, x) = ∂

∂yK(x, x) + ∂
∂xK(x, x)

in T3 [21] yields

ũt(x, t)− ǫũxx(x, t) +
p(x)

q(1)
ũ(1, t) + ∆(x, t) =

(

q(x)− q(1)φ(x) +

∫ 1

x
P (x, y)φ(y)dy

)

λ̃2(t) +

δ0(x, t)λ̃(t)− δ1(x, t)w̃(x, t) +

∫ 1

x
δ2(x, y, t)w̃(y, t)dy = 0, (4.51)

with constraints obtained from the boundary conditions in (4.46), namely
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ũx(0, t) = q(1)✘✘✘✘✘✿0
w̃x(0, t) −

∫ 1

0
Px(0, y)w̃(y, t)dy + P (0, 0)w̃(0, t)− qx(0)λ̃(t)

= ũ(0, t) = q(1)w̃(0, t)−
∫ 1

0
P (0, y)w̃(y, t)dy − q(0)λ̃(t),

ũx(1, t) = q(1)✘✘✘✘✘✿0
w̃x(1, t) + P (1, 1)w̃(1, t)− qx(1)λ̃(t)

= −pbũ(1, t) = −pb
(

q(1)
(

w̃(1, t)− λ̃(t)
))

,

(4.52)

which are equivalent, at each time t, to the Kernel-PDE/ODE:

δ0(x, t) = ǫqxx(x) + λ̂(t)q(x)− û(x, t) + ǫPy(x, 1), (4.53)

δ1(x, t) = 2ǫ
d

dx
P (x, x) + q(1)(c+ λ̂(t)) (4.54)

δ2(x, y, t) = ǫPxx(x, y)−ǫPyy(x, y)+(c+λ̂(t))P (x, y), ∀ (x, y) ∈ ΩU (4.55)

q(1) = P (0, 0), P (0, y) = Px(0, y), (4.56)

q(0) = qx(0), qx(1) = P (1, 1), (4.57)

and function φ(x) satisfying the Volterra’s integral equation of second kind:

q(x)

q(1)
= φ(x)−

∫ 1

x

P (x, y)

q(1)
φ(y)dy, (4.58)

∀ q(1) 6= 0, for a zero matching condition on the residual functions δj , ∀ j = 0, . . . , 2. In this case

the observer gains are given by:

pb =
P (1, 1)

q(1)
, (4.59)

p(x) =− (ǫPy(x, 1) + ρ1S1q(x)) . (4.60)

Remark 17. Due to (4.53) includes û and λ̂, and (4.55) considers λ̂, the Kernel P and function q are

not only dependent on the spatial variable but also on time. As is has been commented in Remark 14, this

continuous time-dependence implies that the validity of posing (4.53)-(4.57) is restricted to signals û and λ̂

with particular features. Therefore, despite a practical scheme of solving (4.14)-(4.19) at “each fixed time”

can achieve good results, this formulation does not necessarily lead to a stable and convergent estimation.

Regarding the “target” parameter error dynamic stated in (4.46), substituting (4.49) into the

parameter estimation error of the “original” system (4.45) yields

dλ̃

dt
(t) =− ρ1

q(1)
S1

(

q(1)[w̃(1, t)− λ̃(t)]
)

= (ρ1S1)λ̃(t)− (ρ1S1)w̃(1, t),

∀ t ∈ [ta, tb]. Thus, considering w̃ as a bounded signal and ρ1 < 0, a sufficient condition to obtain

a stable dynamic for λ̃ in (4.46) is the selection of a positive function S1 > 0, ∀ t ≥ 0.

With respect to the integral equation (4.58), given a bounded function q and a Kernel P , the
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existence and uniqueness of a bounded continuous function φ = φ(x) are guaranteed by the well-

known invertibility property of the Volterra integral operator on some Banach and Hilbert spaces

[18, 208, 191]. As for equations (4.53)-(4.57), an approximate solution can be determined, at each

fixed time, via the methodology developed in Chapter 2, for instance setting up an equivalent

algorithm to the convex optimization problem described in Proposition 2.

4.3.3.1 Kernel-PDE/ODE as a Convex Optimization Problem

Similar to Section 4.2.3.1, the Kernel-PDE/ODE (4.53)-(4.57) can be approximately solved via an

optimization problem.

Proposition 11. Let N(x, y) =
∑z(d)−1

k=0 nkx
αkyβk be a polynomial approximation of P and f(x) =

∑d
k=0 fkx

k be polynomial approximation of q in (11), of arbitrary even degree d > dû ∈ N, in

accordance with (1.3). Let ηj and σj be lower and upper bounds of δj, respectively, in Ω, ∀ j = 0, 1.

Let η2 and σ2 be the lower and upper bound of δ2, respectively, in ΩU ; γj ≥ 0, ξj ≥ 0, ∀ j = 0, 1, 2.

For λ̂ and û estimated by the observer (4.45) and the former approximated by a polynomial function

of degree dû, the Kernel-PDE (4.53)-(4.57) can be formulated as the convex optimization problem:

minimize:
γj ,ξj ,N,f,h,sij

2∑

j=0

γj + ξj

subject to: (δj(x, t)− ηj − s0j(x) g1(x)) ∈ Σs, ∀j = 0, 1,

(σj − δj(x, t)− s1j(x) g1(x)) ∈ Σs, ∀ j = 0, 1,

(δ2(x, y, t)−η3−[s20(x, y) s21(x, y)] gU (x, y)) ∈ Σs,

(σ2−δ2(x, y, t)−[s22(x, y) s13(x, y)] gU (x, y)) ∈ Σs,

s0j , s1j , s2i ∈ Σs, ∀ j = 0, 1, i = 0, . . . , 3,
[

γj ηj

ηj γj

]

� 0,

[

ξj σj

σj ξj

]

� 0, ∀ j = 0, . . . , 2,

δ0 = δ0(x, t)
∣
∣P≈N
q≈f as in (4.53),

δ1 = δ1(x, t)
∣
∣P≈N
q≈f as in (4.54),

δ2 = δ2(x, y, t) |P≈N as in (4.55),

f(1) = N(0, 0), N(0, y) = Nx(0, y),

f(0) = fx(0), fx(1) = N(1, 1),

(4.61)

∀ (x, y) ∈ ΩU , ∀t ≥ 0, for some polynomials s0j , s1j of degree d − 2, ∀ j = 0, . . . , 2; si3 of degree

d−2, ∀ i=0, . . . , 3 and gU = [g1, g3] with g1(x) = x(1−x) and g3(x, y) = (y−x)(1−y) (see (2.8)).

The optimal minimal bounds for the residual functions are: δj = max{γj , ξj}, ∀ j=0, . . . , 2.

Proof. The proof follows the same arguments exposed in Proposition 2, equivalent to Proposition

8, hence it is omitted.
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4.3.4 Design for two boundary measurements: Fredholm-type Transformation

Consider the adaptive observer design problem for the system (4.1) with two points of measurement

at the boundary: y0(t) = u(0, t) and y1(t) = u(1, t). In this case, similarly to (4.45), a Luenberger-

type structure is proposed, namely

ût(x, t) = ǫûxx(x, t) + λ̂(t)û(x, t) +
h0(x)

β
ũ(0, t) +

h1(x)

β
ũ(1, t),

ûx(0, t) = p0ũ(0),

ûx(1, t) = U(t) + p1ũ(1), (4.62)

d

dt
λ̂(t) =

ρ0
β
S0ũ(0, t) +

ρ1
β
S1ũ(1, t), ∀ t ∈ [ta, tb], λ̂(0) = λ̂0,

ŷ0(t) = û(0, t), ŷ1(t) = û(1, t),

where û and λ̂ are the estimate state and reactivity parameter, respectively, for a combination of

the measurable output estimation errors ũ(0, t) = u(0, t) − û(0, t) and ũ(1, t) = u(1, t) − û(1, t)

via the states observer gains h1 = h1(x) and h2 = h2(x), ∀ x ∈ Ω. û(x, 0) = û0(x) ∈ C(Ω) and

λ̂(ta) = λ̂0 are the initial conditions for the states and parameter, respectively; ρ0 < 0, ρ1 < 0

and β 6= 0; S0 and S1 are real valued functions; p0 and p1 are the observer gains for the boundary

conditions. The observer error equation can be written as:

ũt(x, t) = ǫũxx(x, t)−
[
h0(x)

β
ũ(0, t) +

h1(x)

β
ũ(1, t)

]

︸ ︷︷ ︸

Ψ(x,t)

+
(

û(x, t)λ̃(t) + ũ(x, t)λ̂(t) + ũ(x, t)λ̃(t)
)

︸ ︷︷ ︸

∆(x,t)

,

ũx(0, t) = −p0ũ(0, t),
ũx(1, t) = −p1ũ(1, t), (4.63)

d

dt
λ̃(t) = −ρ0

β
S0ũ(0, t)−

ρ1
β
S1ũ(1, t), ∀ t ∈ [ta, tb], λ̃(ta) = λ̃0,

which is a non strict-feedback system (non-causal in space [195]) due to the inclusion of two mea-

surement points, as stated by the term Ψ in the first equation of (4.63); ∆ = u(x, t)λ(t)−û(x, t)λ̂(t).
In this case, to achieve the “target” system (4.36), which is assumed to be stable for a suitable se-

lection of the parameter “c”, with a0 6= 0 and a1 6= 0, a modification of the Fredholm-type integral

transformation (3.53), with integral Kernels P ∈ C2(ΩL) and and Q ∈ C2(ΩU ),

ũ(x, t) =βw̃(x, t)−
∫ x

0
P (x, y)w̃(y, t)dy−

∫ 1

x
Q(x, y)w̃(y, t)dy − q(x)λ̃(t)

=(βI− F)[w̃(·, t)](x)− q(x)λ̃(t)

(4.64)

is proposed, where the function q ∈ C2(Ω) is included to compensate for the λ parameter uncertainty

(the non-modified version of this Fredholm-type transformation has been presented in [205, 204,

82]); I and F denote the identity and integral Fredholm-type operator, respectively. In accordance

92



4. Adaptive Observer Design for a Class of Parabolic PDEs

4.3. Design for an Uncertain Reactivity Parameter

with the standard methodology in Backstepping observer design for PDEs [21, 50], equivalent to

the procedure followed in Sections 4.2.3 and 4.3.3, this transformation leads to:

ũt(x, t)− ǫũxx(x, t) + Ψ(x, t)−∆(x, t) =
(

h0(x) + q(x)ρ0S0 − ǫPy(x, 0)
)

w̃(0, t) +
(

h1(x) + q(x)ρ1S1 + ǫQy(x, 1)
)

w̃(1, t) +
(

2ǫ
d

dx
P (x, x)− 2ǫ

d

dx
Q(x, x)− β(c+ λ̂(t))

)

w̃(x, t)+

(

ǫqxx(x)+q(x)λ̂(t)−û(x, t)−
q(0)

β
(h0(x) + q(x)ρ0S0)−

q(1)

β
(h1(x) + q(x)ρ1S1)

)

λ̃(t) +

✘✘✘✘✘✿0
w̃x(0, t) (ǫP (x, 0))−✘✘✘✘✘✿0

w̃x(1, t) (ǫQ(x, 1))+ (4.65)
∫ x

0

(

ǫPxx(x, y)− ǫPyy(x, y) + P (x, y)(c+ λ̂(t))
)

w̃(y, t)dy +

∫ 1

x

(

ǫQxx(x, y)− ǫQyy(x, y) +Q(x, y)(c+ λ̂(t))
)

w̃(y, t)dy +

(∫ x

0
P (x, y)φ(y)dy +

∫ 1

x
Q(x, y)φ(y)dy + q(x)− βφ(x)

)

λ̃2(t) −

1

β

(

(h0(x) + ρ0S0q(x))

∫ 1

0
Q(0, y)w̃(y, t)dy + (h1(x) + ρ1S1q(x))

∫ 1

0
P (1, y)w̃(y, t)dy

)

= 0,

and constraints from the boundary conditions in (4.63) given by:

ũx(0, t) = β✘✘✘✘✘✿0
w̃x(0, t) + [Q(0, 0)− P (0, 0)] w̃(0, t)−

∫ 1

0
Qx(0, y)w̃(y, t)dy − qx(0)λ̃(t)

= −p0ũ(0, t) = −p0βw̃(0, t) + p0

∫ 1

0
Q(0, y)w̃(y, t)dy + p0q(0)λ̃(t),

ũx(1, t) = β✘✘✘✘✘✿0
w̃x(1, t) + [Q(1, 1)− P (1, 1)] w̃(1, t)−

∫ 1

0
Px(1, y)w̃(y, t)dy − qx(1)λ̃(t)

= −p1ũ(1, t) = −p1βw̃(1, t) + p1

∫ 1

0
P (1, y)w̃(y, t)dy + p1q(1)λ̃(t).

(4.66)

Due to the complexity of the coupled PDE-ODE (4.65), in particular its last term which involves

the interaction of the observer function gains: h0, h1, q and Kernels: P , Q in the whole domain Ω,

the symmetry of its relations allows considering the special case of: h0 = h1 = h and ρ0 = ρ1 = ρ,

which simplifies (4.65)-(4.66) leading to a more tractable form described by:

ũt(x, t)− ǫũxx(x, t)+Ψ(x, t)−∆(x, t) =
(

q(x)− βφ(x) +

∫ x

0
P (x, y)φ(y)dy +

∫ 1

x
Q(x, y)φ(y)dy

)

λ̃2(t) +

δ0(x)λ̃(t) + δ1(x)w̃(0, t) + δ2(x)w̃(1, t) + δ3(x)w̃(x, t) +
∫ x

0
δ7(x, y)w̃(y, t)dy +

∫ 1

x
δ8(x, y)w̃(y, t)dy = 0,

(4.67)
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with constraints:

P (1, y) +Q(0, y) = 0,

Qx(0, y) + p0Q(0, y) = 0, Px(1, y) + p1P (1, y) = 0,

Q(0, 0)− P (0, 0) = −p0β, Q(1, 1)− P (1, 1) = −p1β,
qx(0) = p0q(0), qx(1) = −p1q(1),

(4.68)

∀ y ∈ Ω, which are equivalent for S0 = S1 = S, q(0) = q(1) = βµ/2 with µ ∈ R, at each time t, to

the Kernel-PDE/ODE:

δ0(x) = ǫqxx(x) + q(x)
(

λ̂(t)− ρµS
)

− û(x, t)−µh(x), (4.69)

δ1(x) = h(x) + q(x)ρS − ǫPy(x, 0), (4.70)

δ2(x) = h(x) + q(x)ρS + ǫQy(x, 1), (4.71)

δ3(x) = 2ǫ
d

dx
P (x, x)− ǫ

d

dx
Q(x, x)− β(c+ λ̂(t)), (4.72)

δ4(x) = Qx(0, y) + p0Q(0, y) |y=x , (4.73)

δ5(x) = p1Qx(0, y) + p0Px(1, y) |y=x , (4.74)

δ6(x) = P (1, y) +Q(0, y), (4.75)

δ7(x, y) = ǫPxx(x, y)− ǫPyy(x, y) + (c+ λ̂(t))P (x, y), ∀ (x, y) ∈ ΩL (4.76)

δ8(x, y) = ǫQxx(x, y)− ǫQyy(x, y) + (c+ λ̂(t))Q(x, y), ∀ (x, y) ∈ ΩU (4.77)

qx(0) = (µ/2)(Q(0, 0)− P (0, 0)), (µ/2)β = q(0), (4.78)

qx(1) = (µ/2)(Q(1, 1)− P (1, 1)), (µ/2)β = q(1), (4.79)

and function φ(x) satisfying satisfying the Fredholm’s-type integral equation of second kind:

q(x)

β
= φ(x)−

∫ x

0

P (x, y)

β
φ(y)dy −

∫ 1

x

Q(x, y)

β
φ(y)dy, (4.80)

∀ y ∈ Ω, ∀ x ∈ Ω, β 6= 0, for an exact zero matching condition on the residual functions δj ,

∀ j=0, . . . , 8. In this case the boundary observer gains are given by p0 = − qx(0)
q(0) and p1 = − qx(1)

q(1) .

Regarding the “target” parameter error dynamic stated in (4.36), substituting the Fredholm-type

transformation (4.64) evaluated at both boundaries into the “original” parameter error dynamic

given in (4.63) for ρ0 = ρ1 = ρ yields

dλ̂

dt
(t) = − ρ

β
S (ũ(0, t) + ũ(1, t))

= − ρ
β

([

βw̃(0, t)−
∫ 1

0
Q(0, y)w̃(y, t)dy − q(0)λ̃(t)

]

+

[

βw̃(1, t)−
∫ 1

0
P (1, y)w̃(y, t)dy − q(1)λ̃(t)

])

=
ρ

β
S (q(0) + q(1)) λ̃(t)− ρS (w̃(0, t) + w̃(1, t))− ρ

β
S

(
∫ 1

0 ✘✘✘✘✘✘✘✘✘✘✿0

(Q(0, y) + P (1, y))w̃(y, t)dy

)
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= [ρµS] λ̃(t)− ρSw̃(0, t)− ρSw̃(1, t),

with µ = q(0)/(2β), q(0) = q(1), ∀ t ∈ [ta, tb]. Thus, considering w̃ as bounded signal and ρ < 0,

a sufficient condition of stability for λ̃ in (4.36) is the selection of a function S such that µS > 0,

∀ t ≥ 0.

With respect to the integral equation (4.80), given a continuous bounded function q and continuous

bounded Kernels P and Q, the existence and uniqueness of a bounded continuous function φ = φ(x)

relies on the invertibility of the Fredholm-type operator I−F. This has been proved for the Banach

and Hilbert spaces of real-analytic functions A(Ω) in Theorem 1 and Banach spaces of continuous

functions C(Ω) in Theorem 2.

4.3.4.1 Kernel-PDE/ODE as a Convex Optimization Problem

Similar to Sections 4.2.3.1 and 4.3.3.1, the Kernel-PDE/ODE (4.69)-(4.79) can be approximately

solved based on the approach presented in Chapter 2. For instance, setting up a similar formulation

to the convex optimization problem described in Chapter 3, Proposition 6, and computing its

solution at “each fixed time”.

Proposition 12. Let N(x, y) =
∑z(d)−1

k=0 nkx
αkyβk andM(x, y) =

∑z(d)−1
k=0 mkx

αkyβk be polynomial

approximations of P and Q in (4.64), respectively, of arbitrary even degree d > dû ∈ N in accordance

with (1.3). Let f(x) =
∑d

k=0 fkx
k and l(x) =

∑d
k=0 lkx

k be polynomial approximations of q in

(4.64) and h = h1 = h2 in (4.62), respectively. Let Tj = Tj(x), ∀j = 0, . . . , 6 and Tj = Tj(x, y),

∀j = 7, 8, be polynomials of degree 2dδj ; γj ≥ 0, ∀ j = 0, 8. Let û be estimated by the observer

(4.62) and approximated by a polynomial function of degree dû. The Kernel-PDE (4.69)-(4.79) can

be formulated as the “bilinear” convex optimization problem:

minimize:
γj ,N,M,Tj ,f,l,sij

8∑

j=0

γj (4.81)

subject to:

[

γj−Tj(x)−s0j(x, y)g1(x) δj(x)

δj(x) γj

]

∈ Σs, ∀ j = 0, . . . , 6 (4.82)

[

2γ7−T7(x, y)−s07(x, y)g1(x) δ7(x, y)

δ7(x, y) γ7−s17(x, y)g2(x, y)

]

∈ Σs, (4.83)

[

2γ8−T8(x, y)−s08(x, y)g1(x) δ8(x, y)

δ8(x, y) γ8−s18(x, y)g3(x, y)

]

∈ Σs (4.84)

s0j , s17, s18 ∈ Σs, ∀ j = 0, . . . , 8, (4.85)
∫ 1

0
Tj(x)dx=0, ∀ j = 0, . . . , 6, (4.86)

∫ 1

0

∫ x

0
T7(x, y)dydx=0,

∫ 1

0

∫ 1

x
T8(x, y)dydx=0, (4.87)
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δj = δj(x)
∣
∣
∣
q≈f, h≈l
P≈N, Q≈M , ∀ j = 0, . . . , 6, as in (4.69)-(4.75), (4.88)

δj = δj(x, y)
∣
∣P≈N
Q≈M , ∀ j = 7, 8, as in (4.76)-(4.77), (4.89)

fx(0) = (µ/2)(M(0, 0)−N(0, 0)), f(0) = (µ/2)θ, (4.90)

fx(1) = (µ/2)(M(1, 1)−N(1, 1)), f(1) = (µ/2)θ, (4.91)

for some polynomials s0j, s17, s18 of degree dδj −2, ∀j=0, . . . , 8; g1, g2 and g3 according to (2.7)-

(2.8). The optimal mean square bounds for the residual functions are:
∫ 1
0 δ

2
j (x)dx ≤ γ2j , ∀ j =

0, . . . , 6;
∫ 1
0

∫ x
0 δ

2
7(x, y)dydx ≤ γ27 and

∫ 1
0

∫ 1
x δ

2
8(x, y)dydx ≤ γ28 .

Proof. Following similar arguments as the ones given in the proof of Proposition 6, the problem

(4.81)-(4.91) can be formulated as a “bilinear” convex optimization problem.9 In particular, regard-

ing the optimal mean square bounds for γi, ∀ i = 1, . . . , 8, the formulation of the matrix inequalities

and the existence of Ti are justified by (3.91) and (3.92)-(3.94) ∀ i = 1, . . . , 8, in the respective

domains ΩL or ΩU . The bilinearity appears in the equations (4.73)-(4.74) due to the products

of the unknowns p0 and p1 with the Kernels P and Q. Therefore, according to the optimization

objective (4.81), the root mean square error of each δj is minimized.

Remark 18. The problem (4.81)-(4.91) can be solved by means of the software PENOPT (with the package

to solve bilinear matrix inequalities: PENBMI) [249, 250]. To speed up the computation of the solution,

alternatively, this optimization problem can be implemented iteratively via gradient methods, in particular,

for instance, using the result proposed by Barzilai and Borwein [251, 252].

4.4 Numerical Results10

4.4.1 System with an Uncertain Boundary Parameter

To implement the observer (4.2), the Kernel PDE-ODE BVP (4.13)-(4.19) has been solved appro-

ximately, at each fixed time, in two steps. Firstly, solving the problem (4.13)-(4.17) via the im-

plementation convex optimization problem formulated in Proposition 8. Secondly, based on the

polynomial solutions K and q obtained, solving the ODE-BVP (4.18)-(4.19) via Proposition 9. The

performance of this observer is depicted in Figure 4.4.1. A polynomial degree d = 12 for the kernel

K and functions q and p has been selected. The scheme denominated “Obs. 1st order” corresponds

to σ1 = σ2 = 0, with ρ1 = −300, and S1(·) = sign(·). For the scheme denominated “Obs. 2nd

order”, σ1 = 50, σ2 = −1, with ρ1 = −300 and ρ2 = −300; S2(·) = sign(·). For both cases ǫ = 1,

λ = −1.5 and c = 15 have been considered.

9Based on the SOS decomposition, the resulting convex optimization problem is formulated via matrix inequalities,
which are considered bilinear in terms of the unknowns.

10The numerical solution of the convex optimization problems has been obtained via the Yalmip toolbox for Matlab
[163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi [165] and the SDP package part
of the Mosek solver [166].
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The adaptive observer proposed has been compared with a Lyapunov-based adaptive observer

[127, 253]. It has been designed based via model reduction of the Transcendental Transfer Function

[11, 254] of the parabolic PDE (4.3), namely

H(s) =
L(u(1, t))
L(θ(t)U(t))

=
sinh(

√

(s− λ)/ǫ)

((s− λ)/ǫ) cosh(
√

(s− λ)/ǫ)− sinh(
√

(s− λ)/ǫ)
, (4.92)

where L denotes the Laplace transformation, considering a 1st order model for the parameter

dynamic, i.e., σ1 = σ2 = 0. This adaptive observer has the Luenberger structure:

˙̂v(t) = Av̂(t) + θ̂(t)BU(t) + Lỹ(t),

ŷ(t) = Cv̂(t),

˙̂
θ(t) = ρU(t)F ỹ(t), ρ > 0,

(4.93)

where (A,B,C) is a space state representation of the second order Padé approximation of (4.92)

around s = ǫ+ λ (see Figure 4.4.1(d)). Using the Lyapunov function V = ṽ(t)⊤P ṽ(t) + (1/ρ)θ̃2(t),

the observer gains are determined via the solution of the Linear Matrix Inequaly/Equality problem:

A⊤P+PA−C⊤Z⊤−ZC ≤ −σP, P � 0, σ > 0,

B⊤P = FC, L = P−1Z.
(4.94)

For σ = 10 and ρ = 300/‖F‖, Figures 4.4.1(a)-(c) show the effect of this model reduction on the

parameter estimation, considering a control action U(t) = sin(30πt).

Clearly, the 2nd order observer gives better results than the 1st order observer and the Lyapunov-

based adaptive observer, in particular, for the transient dynamic of the parameter θ.

4.4.2 System with an Uncertain Reactivity Parameter

The adaptive observer for (4.35) has been implemented via two schemes:

• “Observer 1”: Adaptive observer (4.45), with a unique measured point, based on the Volterra-

type operator. The observer gains (4.59)-(4.60) have been determined via the solution of the

convex optimization problem formulated in Proposition 11.

• “Observer 2”: Adaptive observer (4.62), with two measured points, based on the Fredholm-

type operator. The observer gains have been determined by means of the solution of the

Kernel-PDE (4.69)-(4.79) via Proposition 12.

At every sampling time the estimated state û = û(x, t) has been approximated as a polynomial

function of degree 6. For t = 0.1, Figure 4.4.2(a)-(b) illustrates the approximate integral Kernels

for both adaptive observers, considering polynomial Kernels with degree d = 16, û(x) = 3.667 +
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Figure 4.4.1: Adaptive Observer Design for PDE with Boundary Uncertain Parameter. (a), (b)
and (c): results from observer 1st order model: dash line, observer 2nd order model: solid line
and Lyapunov-based observer design: dot line. True parameter: dash-dot line. (a) Estimated
parameters. (b) Parameter estimation errors. (c) Output estimation errors. (d) Bode plot. Second
order Padé approximation: dash-line. Transcendental transfer function (4.92): solid line.

2.42x + 0.15x2 + 0.82x3 + 4.87x4 − 12.75x5 + 5.41x6, λ̂ = 1.5, c = 17, ρ = −0.14
∫ 1
0 û(x, t)dx and

µ = 2. For the period of time t = 0, 3, the performance of the simultaneous state and parameter

estimation is shown in Figure 4.4.2 (c)-(d), with respect to the mean square state estimation error

E2(t) = (1/N)‖u(·, t) − û(·, t)‖1/22 , with N = 40 spatial points in Ω, and the estimation of the

reactivity parameter λ. For the Observer 1, the parameters ρ1 = −0.32, S1 =
∫ 1
0 û(x, t)dx > 0 and

c = 17 have been selected. For the Observer 2, lower gains ρ = −0.14, S = sing(µ)
∫ 1
0 û(x, t)dx,

c = 17 and µ = 2 are considered.
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Figure 4.4.2: Adaptive Observer Design for PDE with Reactivity Uncertain Parameter. (a) Ap-
proximate Kernel N for the adaptive “Observer 1” (one boundary measurement). Integral Kernel
out of the upper triangular domain in grey color.(b) Approximate kernels N and M for the adap-
tive “Observer 2” (two boundary measurement points). (c)-(d) Simulation results for a step-type
change in the reactivity parameter. Adaptive “Observer 1”: dash-dot line and “Observer 2”: solid
line. (c) Mean square state estimation error E2. (d) Estimation of the reactivity parameter. True
parameter λ (dash line) and its estimate λ̂ (via “Observer 1” and “2”).
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Chapter 5

Adaptive Observer for a Model of

Lithium-Ion Batteries1

—Michael Faraday (1791-1867)—

M. Faraday, a man with virtually no formal education, is well known for his contributions to the principles of the
“electromagnetic induction” and “electrochemistry”. His is considered as one of the most influential scientists of all
time with a legacy which goes further beyond his outstanding experimental investigations, registered in a manuscript

which comprises about 3500 pages, from science to technology. For instance, his concepts about electric and
magnetic fields were mathematically developed a generation later by James Maxwell, leading to the conception of the
special theory of relativity by Albert Einstein. M. Faraday coined many familiar words such as “electrode”, “anode”,
“cathode” and “ions”. His intense work can be seen in his advice to a younger scientist to “work, finish, publish”.

Despite this, he still found time for visiting and helping poor and sick people as elder of his local church in London.
M. Faraday did not commercialize his discoveries of the principles of the electric motor, the dynamo, the

transformer, etc., which have led to enormous changes in our daily lives.

In this Chapter the observer design problem for the simultaneous estimation of the

solid Lithium concentration and of the diffusivity parameter, for a model of Lithium-

Ion batteries, is addressed. The battery model is based on electrochemical principles,

formulated via PDEs and nonlinear functions, and considers a “single solid particle” as

representative element of its electrodes. Following the design proposed in Chapter 4,

the adaptive observer design is based on the Backstepping PDE methodology, including

a modified Volterra-type transformation to compensate for the diffusivity uncertainty.

The resulting coupled Kernel-PDE/ODE is solved using the convex optimization me-

thodology proposed in Chapter 2 and formulated in Chapter 3. In addition, a simple

variation of the Volterra-type transformation is studied, which leads to an uncoupled

Kernel-PDE and ODE-BVP formulation. This allows computing the state and parame-

ter observer gains, at each fixed time, by means of the well-known closed-form solution

of the Backstepping Kernel-PDE and an efficient numerical solution for the ODE-BVP

involved. On the other hand, a novel scheme of inversion of the nonlinear output

1This chapter is based on the publication [255].
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mapping, which relates the measured voltage and internal variables of the model, is

presented. The effectiveness of this approach is illustrated by numerical simulations.

5.1 Introduction

Physics-based electrochemical models provide an accurate prediction of the internal dynamics

of Lithium-ion batteries. The most established model of this type, the so-called pseudo two-

dimensional (P2D) model, also known as Doley-Fuller-Newman (DFN) model [256], includes both

macro-scale dynamics in the electrolyte and micro-scale diffusion of Lithium in spherical particles in

the porous active material, which are formulated by a set of nonlinear Partial Differential Algebraic

Equations (PDAEs). Due to its complexity [257] and the significant computational burden [258],

more tractable models have been used for control, identification and state estimation [10, 259]. For

instance:

• Equivalent-Circuit Models: Common electronic elements are used to define a circuit that

closely matches the measured behaviour of the battery cell. In general these models cannot

predict long-term behaviour of a battery [10].

• Single Particle Models: Phenomenological electrochemical-based model which considers a

single particle of active material to describe the main dynamics in the electrodes (see [260]

and the references cited therein).

Despite the simple formulation of the Single Particle Model (SPM) and consequently its limited

operating range to low current rates, this model captures the main fundamental challenges of the

full DFN model [260, 261]. One of these consists in the estimation of the electrochemical internal

state variables (which are not directly measurable) from measurements such as current, voltage and

temperature, which ultimately leads to the estimation of the State-of-Charge (SOC) of the battery.

In this context two problems are addressed in this chapter:

• Estimation of the Diffusivity Coefficient : Uncertain parameters inherently characterize bat-

tery models [262]. In particular, the diffusivity coefficient [11], which plays one of the main

roles to describe the dynamic of insertion/extraction of Lithium ions in/from solid parti-

cles. This parameter can be time/physically dependent on the internal states of the battery

[263, 264].

• Inversion of the Nonlinear Output Mapping : To estimate the Lithium-ion concentrations,

PDE-based linear observers mostly use particle surface values as feedback signals (boundary

values of the PDE). These variables are not physically accessible and are related to the output

measured variables (voltage, current and temperature) via nonlinear functions, which describe

the exchange of flux of ions in terms of the overpotentials along the battery.
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As far as the state estimation is concerned, Backstepping PDE observer design [21, 86, 50] provides a

simple and “fully” infinite-dimensional approach for addressing the spatial and temporal estimation

of Lithium-ion concentrations [262, 11, 264, 265, 266]. The observer mimics the structure of the

classical Luenberger-type state observer, mapping the error equation into a stable target PDE

system via output injection gains, which, in turn, are computed as functions of the integral Kernels

governed by the resulting Kernel-PDE [86, 50].

Under parameter uncertainty, as it has been commented in Chapter 4, adaptive methods in

Backstepping PDE design mostly need measurements of the states on the full spatial domain

[50, 122, 123, 124] to provide a convergent parameter estimation. On the contrary, its input-output

observer design approach is limited to a particular system structure denominated “canonical ob-

server form” [125, 126, 82]. This structure includes additive terms where the unknown parameters

and boundary measurements are factors, which allows formulating a direct parameter estimation.

However, this structure is not present in PDE-based battery models, as in many general cases.

On the other hand, Backstepping PDE observer design needs a linear output feedback from the

boundary measurements [21, 50]. For PDE-based battery models this involve the inversion of the

nonlinear output mapping so that the Lithium-ion surface concentration is formulated as a function

of the measured variables (voltage and current). This inversion has commonly been carried out

by linear approximations (via Taylor’s series representation) [11], and therefore its performance is

limited by the gradient computation of the equilibrium potentials. For some batteries chemistries

these potentials exhibit a monotonic behavior so that the is feasible to compute the gradient, even

if this has a small magnitude. However, for some electrode materials such as graphite, common

in Lithium-ion batteries, these potentials have a nearly zero value (< 10−6) in wide zones of its

operational range [261, 267].

In this chapter above-described problems are studied via a systematic application the results ob-

tained through Chapters 2, 3 and 4, namely exploiting the properties of polynomial optimization

based on SOS decomposition and Moment Theory.

The main objectives addressed in this chapter are:

(a) perform a simultaneous estimation of the Lithium-ion concentration and diffusivity uncertain

parameter considering only measurements of voltage and current,

(b) develop a nonlinear mapping inversion scheme, avoiding gradient-based computations, pro-

viding an accurate estimation of the Lithium-ion surface concentration to be used by the

observer feedback.
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• Dissolved : The Electrodes and the Separator are all immerse in the Electrolyte filling all pores

of the solid material. When a Lithium ion leaves a solid particle, this is considered dissolved

in the electrolyte phase. In the Separator, Lithium ions only exist dissolved in the Electrolyte.

◦ Electrolyte: This is a concentrated solution, solid or liquid, which is the medium for a

transfer of ionic charge between electrodes. This can also act as an electronic insulator.

Its potential gradient is not negligible for currents above 0.5C .2

The DFN model [256] describes the dynamics of a Lithium-ion battery via a set of PDAEs (see

Appendix C for a summary of these equations, description of variables and parameters associated).

This mainly involves 5 coupled equations to describe the movement of Lithium ions and potentials

in the solid and electrolyte states, and the rate of reaction at the solid-electrolyte boundary. Since

this model considers that Lithium can exist at every point along the battery, either in the solid

phase or in the dissolved state, the intercalation dynamics has to be solved at every point of the

spacial domain with the consequent high computational burden and complexity of the model.

A simplification of this model is the so-called Single Particle Model (SPM). This considers that the

diffusion in the solid particles is the slowest process so that its dynamic dominates over the transport

in the electrolyte. Thus, each electrode can be modeled via a single representative spherical particle

of active material where the intercalation occurs (see Figure 5.2.1) (see [11, 260] and the references

cited therein for an in-depth description). This simplification involves the following assumptions:

(i) the electrolyte dynamic is neglected considering the Lithium-ion concentrations in the elec-

trolyte phase constant and known (ce(z, τ) = c0e),

(ii) there is no spatial variation of the Lithium-ion concentrations in the solid phase (c±s (z, r, τ) =

c±s (r, τ), j
±
n (z, τ) = j±n (τ)),

(iii) the moles of Lithium ions are preserved in the electrolyte
(
dηLi,e
dτ = 0

)

and in the solid phase
(
dηLi,s
dτ = 0

)

,

where the variable z is the spatial position, r is the radial spherical coordinate and τ denotes time;

cs is the Lithium-ion concentration in the solid particle, ce is its concentration in the electrolyte

and jn is pore-wall molar ion flux; the upper-index “±” relates a variable to its spatial domain,

i.e.,“+”: positive electrode and “− :” negative electrode; ηLi,e and ηLi,s stand for the total moles of

Lithium ions in the electrolyte and solid particle state, respectively (refer to Appendix C, Tables

C.1 and C.2, for a list of variables and parameters, respectively).

These assumptions lead to a proportionally between the pore-wall molar ion flux (j±n ) and the

current applied to the battery: I, namely

2C-rate: ratio of the current (A) to the nominal battery capacity (A-h). For instance if a battery has a nominal
capacity of 2 (A-h), 0.5C correspond to a current magnitude of 1(A). If this battery supplies 1C of current per 1
hour, after that it will be fully discharge.
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∂ce
∂z

=0 =
∂ce
∂τ

⇒ ie(τ) = ie, ce(τ) = c0e;
∂ile
∂z

(z, τ) = alFjln(z, τ),

• Positive Electrode:

ie(0
+, τ) =0, ie(L

+, τ) = −I(τ),
∫ L+

0+

∂ie(z, τ)

∂z
dz =− I(τ) =

∫ L+

0+
a+j+n (τ)dz ⇒ I(τ) = −a+L+Fj+n (τ),

• Negative Electrode:

ie(L
−, τ) =I(τ), ie(0

−, t) = 0,
∫ L−

0−

∂ie(z, τ)

∂z
dz =I(τ) =

∫ L−

0−
a−j−n (τ)dz ⇒ I(τ) = a−L−Fj−n (τ).

derived from the property of conservation of charge (see Appendix C, equation (C.6)), where a is

the particle specific interfacial area, L is the layer thickness and F denotes the Faraday’s constant.

Thus, the resulting PDE model for the intercalation process of Lithium ions in the solid particle is

given by the diffusion dynamic (see Appendix C, equation (C.4)) :

∂cls
∂τ

(r, τ) =
1

r2
∂

∂r

(

Dl
s(τ)r

2∂c
l
s

∂r
(r, τ)

)

, r ∈ (0, Rl
s)

∂cls
∂r

(0, τ) = 0, (5.1)

∂cls
∂r

(Rl
s, τ) = l

I(τ)

Dl
s(τ)a

lLlF
,

where the upper index l associates the Lithium-ion concentration in the solid phase cs to an electrode

(l={+,−}, positive electrode and negative electrode, respectively), Rl
s is the radius of the particles

and Dl
s stands for the diffusivity parameter considered as a piece-wise constant function of time.

Similarly, the assumptions (i)-(iii) lead to a model output which corresponds to a nonlinear mapping

between the voltage V (measurable) and the Lithium-ion concentration on the particle surface

clss(τ) = cls(R
l
s, τ) (non-measurable) described by:

V (τ) =η+s (τ)− η−s (τ) + U+(c+ss(τ))− U−(c−ss(τ)) + FR+
f j

+
n (τ)− FR−

f j
−
n (τ), (5.2)

ηls(τ) =
2RT

F
sinh−1

(

−l I(τ)

2alLlilo(τ)

)

, (5.3)

ilo(τ) =k
l
[

c0ec
l
ss(τ)

(

cls,max − clss(τ)
)]1/2

, (5.4)

jln(τ) =− l
I(τ)

alLlF
, (5.5)

where ηls corresponds to the solid-phase intercalation reaction overpotential, ilo is the exchange

current density and U l stands for the Open-Circuit equilibrium Potential (OCP).
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5.3 Adaptive Observer Design

The objective of the observer design problem is to carry out a simultaneous estimation of the

uncertain parameter Dl
s and state variable cls in (5.1) from measurements of V and I according to

(5.2)-(5.5). The design hereafter considered is based on a slight modification of the Backstepping

PDE design methodology presented in Chapter 4.

5.3.1 SPM Formulation for Observer Design

To simplify the observer design the scale and state transformation [11, 265]:

x =
r

Rl
s

, t =
D

l
sτ

(Rl
s)

2 , c
l
n(x, t) = x

cls(x, t)

cls,max

, (5.6)

are carried out,3 where D
l
s denotes a (known) nominal value of the diffusion parameter, so that the

transformed (normalized) states satisfy cln ∈ [0, 1] and the radial spatial variable satisfies x ∈ [0, 1].

The transformed system from (5.1) via (5.6) is a parabolic PDE model with mixed boundary

conditions, namely

∂cln
∂t

(x, t) = ǫl(t)
∂2cln
∂x2

(x, t),

cln(0, t) = 0,

∂cln
∂x

(1, t) = cln(1, t) +

θl(t)
︷ ︸︸ ︷
(

1

ǫl(t)

)

̺l
︷ ︸︸ ︷
(

l
Rl

s

D
l
sa

lLlFcls,max

)

I(t), (5.7)

d

dt
ǫl(t) = 0, ∀t ∈ [ta, tb], ǫl(0) = ǫl0,

y(t) = cln(1, t) = ϕ(V (t), I(t)),

where ǫl(t)= (Dl
s(t)/D

l
s) represents the uncertain diffusivity ratio parameter (piece-wise constant

function of time), the reciprocal of which θl(t) appears as part of the gain of the current density

I at one boundary condition. The model output y(t) = cln,ss(t) = ϕ(V (t), I(t)) corresponds to the

inverse of the nonlinear mapping (5.2).

5.3.2 Target System

Proposition 13. Consider the following “target” coupled PDE-ODE:

w̃t(x, t) = ǫ(t)w̃xx(x, t)− cǫ(t)w̃(x, t)− ψ(x)ǫ̃(t)w̃(1, t)− φ(x)ǫ̃2(t),

w̃(0, t) = 0, w̃x(1, t) = 0, (5.8)

ǫ̃t(t) = −ρǫ̃(t)− a1w(1, t),

3The new coordinates x and t depend on the electrode parameters. It is worth noting that, between the negative
and positive electrode diffusion dynamics, these new coordinates could have a considerable different range. For
notational clarity this dependence is omitted.

106



5. Adaptive Observer for a Model of Lithium-Ion Batteries

5.3. Adaptive Observer Design

with initial conditions w̃(x, 0) = w̃0 and ǫ̃(0) = ǫ̃0; ρ > 0, a1 ∈ R, ψ(x) ∈ L2(Ω) and φ ∈ L2(Ω).

Assuming ǫ such that: 0 < ǫ0 ≤ ǫ ≤M , with ǫ0 and M a known bounds, if the conditions

c >
M2

2ǫ0

(

σ3 +
1

σ1

∫ 1

0
ψ2(x)dx

)

+
Mα

ǫ0σ2

(

1 +
1

σ2

)

− (1− α)
π2

4
, (5.9)

ρ ≥ a21
2σ0

+
1

2σ3

∫ 1

0
φ2(x)dx, (5.10)

are satisfied for some selected constants 0 < α ≤ 1, σ0 > 0, σ1 > 0, σ2 ≥ 2
(

αM
σ0+σ1

)

and σ3 > 0,

then target system (5.8) is stable.

Proof. Let V = 1
2

∫ 1
0 w̃

2(x, t)dx + 1
2 ǫ̃(t)

2 be a Lyapunov functional.4 Its time-derivative Vt =
∫ 1
0 w̃(x)w̃t(x)dx+ ǫ̃ǫ̃t along the trajectory (5.8) is given by:

Vt =

∫ 1

0
w̃(x)

(

ǫw̃xx(x)− cǫw̃(x)
)

dx− ǫ̃w̃(1)

∫ 1

0
w̃(x)ψ(x)dx− ǫ̃2

∫ 1

0
w̃(x)φ(x)dx+ ǫ̃ǫ̃t,

≤
✘✘✘✘✘✘✘✘✘✿0ǫw̃(x)w̃x(x)

∣
∣x=1
x=0

︸ ︷︷ ︸

B0

− ǫ

∫ 1

0
w̃2
x(x)dx

︸ ︷︷ ︸

T0

−cǫ
∫ 1

0
w̃2(x)dx + ǫ̃ (−ρǫ̃− a1w(1)) +

ǫ̃w̃(1)

∫ 1

0
w̃(x)ψ(x)dx+ ǫ̃2

∫ 1

0
w̃(x)φ(x)dx, (5.11)

≤− ǫα

∫ 1

0
w̃2
x(x)dx− ǫ

(

c+ (1− α)
π2

4

)∫ 1

0
w̃2(x)dx− ρǫ̃2 +

|w̃(1)||a1ǫ̃|
︸ ︷︷ ︸

T1

+ |w̃(1)|
∣
∣
∣
∣
ǫ̃

∫ 1

0
w̃(x)ψ(x)dx

∣
∣
∣
∣

︸ ︷︷ ︸

T2

+

∣
∣
∣
∣

∫ 1

0
w̃(x)φ(x)dx

∣
∣
∣
∣

︸ ︷︷ ︸

T3

ǫ̃2,

where the term T0 has been split by some factor 0 < α < 1 and Wirtinger’s inequality [50] has been

applied on one of its resulting expressions. Thus, applying the Cauchy-Schwarz integral inequality

[239] on each term: T1, T2 and T3, Young’s inequality (special case )[21] on its resulting relations

for some σ0 > 0, σ1 > 0 and σ3 > 0, and considering |ǫ̃|≤M yields

Vt ≤− ǫα

∫ 1

0
w̃2
x(x)dx− ǫ

(

c+ (1− α)
π2

4

)∫ 1

0
w̃2(x)dx− ρǫ̃2 +

1

2

(

σ0w̃
2(1) +

1

σ0
a21ǫ̃

2

)

+

(5.12)

1

2

(

σ1w̃
2(1) +

1

σ1
M2

∫ 1

0
ψ2(x)dx

∫ 1

0
w̃2(x)dx

)

+
1

2

(

σ3M
2

∫ 1

0
w̃2(x)dx+

1

σ3
ǫ̃2
∫ 1

0
φ2(x)dx

)

.

With respect to the boundary term w̃(1, t) in (5.12), via integration by parts of d
dx

(
xw̃2(x)

)
along

x ∈ [0, 1], and using the Cauchy-Schwarz integral inequality in conjunction with Young’s inequality

leads to:

4For a clearer description, the time-dependence in the functions is dropped (w̃(x) ≡ w(x, t), ǫ ≡ ǫ(t) and ǫ̃ ≡ ǫ̃(t)).
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w̃2(1) =

∫ 1

0
w̃2(x)dx+ 2

∫ 1

0
xw̃(x)w̃x(x)dx,

≤
∫ 1

0
w̃2(x)dx+ 2

(

( max
x∈[0,1]

x2)1/2
)(∫ 1

0
w̃2(x)dx

)1/2(∫ 1

0
w̃2
x(x)dx

)1/2

, (5.13)

≤
(

1 +
1

σ2

)∫ 1

0
w̃2(x)dx+ σ2

∫ 1

0
w̃2
x(x)dx,

for some σ2 > 0. Thus, substituting (5.13) into (5.12) and re-grouping terms is verified:

Vt ≤−
[

αǫ−
(
σ0 + σ1

2

)

σ2

] ∫ 1

0
w̃2
x(x)dx−

[

ǫ

(

c+ (1− α)
π2

4

)

− M2

2

(

σ3 +
1

σ1

∫ 1

0
ψ2(x)dx

)

−

σ0 + σ1
2

(

1 +
1

σ2

)]∫ 1

0
w̃2(x)dx− ǫ̃2

(

ρ− a21
2σ0

− 1

2σ3

∫ 1

0
φ2(x)dx

)

≤ 0, (5.14)

if conditions (5.9) and (5.10) are satisfied for σ0+σ1
2 ≤ ǫα

σ2
≤ αM

σ2
, which are sufficient conditions for

the stability of (5.8).

5.3.3 Design via the Volterra-type Transformation

The proposed adaptive observer for the system (5.7) with respect to the negative electrode diffusion

dynamic5 has a Luenberger-type collocated structure [86, 21], namely

∂ĉn
∂t

(x, t) = ǫ̂(t)
∂2ĉn
∂x2

(x, t) + h(x)c̃n(1, t),

∂ĉn
∂x

(0, t) = 0, (5.15)

∂ĉn
∂x

(1, t) = ĉn(1, t) + θ̂(t)̺I(t) + pbc̃n(1, t),

dǫ̂

dt
(t) = ρ1S(q(1))c̃n(1, t), ǫ̂(0) = ǫ̂0,

ŷ(t) = ĉn(1, t),

where ĉn and ǫ̂ are the estimated Lithium-ion solid concentration and diffusivity ratio parameter

in the negative electrode, respectively; c̃n(1, t) = y(t)− ĉn(1, t) denotes the output estimation error

considering as unique indirect measurable point y(t) = cn(1, t) from the inversion of (5.2); ρ1 < 0;

S is a real valued function and q ∈ C2(Ω). The function h = h(x) and the constant pb are the

observer feedback gains for the state and the boundary condition, respectively. The observer error

equation can be written as:

∂c̃n
∂t

(x, t) =

[

ǫ(t)
∂2c̃n
∂x2

(x, t) + ǫ̃(t)
∂2ĉn
∂x2

(x, t)

]

︸ ︷︷ ︸

∆(x,t)

−h(x)c̃n(1, t)

c̃n(0, t) = 0, (5.16)

5For the sake of notational simplicity the negative electrode upper index in the variables is dropped.
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∂c̃n
∂x

(1, t) = (1− pb)c̃n(1, t) + θ̃(t)̺I(t),

dǫ̃

dt
(t) = −ρ1S(q(1))c̃n(1, t), ∀t ∈ [ta, tb], ǫ̃(0) = ǫ̃0,

where c̃n(x, t) = cn(x, t) − ĉn(x, t) is the concentration estimation error, ǫ̃(t) = ǫ(t)− ǫ̂(t) is the

diffusivity ratio estimation error and θ̃(t) = (1/ǫ(t)− 1/ǫ̂(t)). The term6 ∆(x, t) = ǫ(t)∂
2cn
∂x2 (x, t)−

ǫ̂(t)∂
2ĉn
∂x2 (x, t).

The backstepping PDE-based adaptive observer design for the system (5.7) consists in transforming

the “original” estimation error system (5.16) into the “target” system (5.8), which is assumed to

be stable. To achieve this state mapping, in accordance with the integral transformation (4.47)

proposed in Chapter 4, the modified Volterra-type transformation

c̃n(x, t) = q(1)w̃(x, t)−
∫ 1

x
P (x, y)w̃(y, t)dy − q(x)ǫ̃(t) (5.17)

with Kernel P ∈ C2(Ω × Ω) is proposed. The function q is included to reject the time-varying

uncertainty on the diffusivity ratio parameter. In addition, to simplify the boundary condition in

(5.16) θ̃(t) is approximated by a first order Taylor approximation, i.e., θ̃(t) ≈ −ǫ̃(t)/ǫ̂2(t).

Remark 19. A higher order Taylor’s approximation of θ̃ in (5.16) can also be considered. The approximation

error of this term implies that, in Proposition (13), Lyapunov time-derivative (5.11), one boundary condition

in the term B0 does not vanish. However, this residual term can included in the main expressions via (5.13)

to be compensated by a suitable selection of the parameter c.

Following the standard procedure of Backstepping PDE observer design [21, 50] applied in Chapter

4, Sections 4.2.3 and 4.3.3, the transformation leads to:

∂c̃n
∂t

(x, t) =q(1)w̃t(x, t)−
∫ 1

x
P (x, y)w̃t(y, t)dy − q(x)ǫ̃t(t),

=q(1)
(

ǫ(t)w̃xx(x, t)−cǫ(t)w̃(x, t)−ψ(x)ǫ̃(t)w̃(1, t)−φ(x)ǫ̃2(t)
)

−
∫ 1

x
ǫ(t)P (x, y)w̃yy(y, t)dy

︸ ︷︷ ︸

T0

−

ǫ(t)

∫ 1

x
cP (x, y)w̃(y, t)dy + ǫ̃(t)w̃(1, t)

∫ 1

x
P (x, y)ψ(y)dy + ǫ̃2(t)

∫ 1

x
P (x, y)φ(y)dy − q(x)ǫ̃t(t),

=q(1)
(

ǫ(t)w̃xx(x, t)−cǫ(t)w̃(x, t)
)

+ ǫ(t)

∫ 1

x
(cP (x, y)− Pyy(x, y)) w̃(y, t)dy + (5.18)

ǫ(t)
∂

∂y
P (x, 1)w̃(1, t)− ǫ(t)

∂

∂y
P (x, x)w̃(x, t)−

✘✘✘✘✘✘✘✘✘✿0
ǫ(t)P (x, 1)w̃x(1)− ǫ(t)P (x, x)w̃x(x, t) −

(

q(1)ψ(x)−
∫ 1

x
P (x, y)ψ(y)dy

)

w̃(1, t)ǫ̃(t)−
(

q(1)φ(x)−
∫ 1

x
P (x, y)φ(y)dy

)

ǫ̃2(t)−

q(x)
(

− ρ1S(q(1)) (q(1)[w̃(1, t)− ǫ̃(t)])
)

,

6As it has been commented in Chapter 4, the term ∆(x, t) in (5.16) corresponds to a particular (exact) case of the

Taylor’s series approximation of the bivariate function F = ǫ(t) ∂
2cn
∂x2 (x, t) around the point

(
∂2ĉn
∂x2 (x, t), ǫ̂(t)

)

.
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where w̃ has been substituted by its “target” dynamic (5.8) and ǫ̃t by its dynamic stated in (5.16);

the transformation (4.47) has been evaluated at the boundary x = 1, namely

c̃n(1, t) = q(1)[w̃(1, t)− ǫ̃(t)], (5.19)

and on the term T0 has been applied integration by parts. Substituting the modified Volterra-type

transformation (5.17), its second spatial derivative and the expressions (5.18) and (5.19) into the

“original” estimation error system (5.16) yields

∂c̃n
∂t

(x, t)−∆(x, t) + h(x)c̃n(1, t) =

(

ǫ(t)qxx(x)− [q(x)ρ1S(q(1))q(1) + q(1)h(x)]− ∂2ĉn
∂x2

(x, t)
)

︸ ︷︷ ︸

T1

ǫ̃(t) +

(

ǫ(t)Py(x, 1) + [q(x)ρ1S(q(1))q(1) + q(1)h(x)]− q(1)ψ(x)ǫ̃(t)
)

︸ ︷︷ ︸

T2

w̃(1, t) −

ǫ(t)

(

2

(
∂

∂y
P (x, x) +

∂

∂x
P (x, x)

)

︸ ︷︷ ︸

T3

+q(1)c

)

w̃(x, t) + (5.20)

ǫ(t)

(∫ 1

x

(

Pxx(x, y)− Pyy(x, y) + cP (x, y)
)

w̃(y, t)dy

)

+

(∫ 1

x
P (x, y)ψ(y)dy

)

w̃(1, t)ǫ̃(t)−
(

q(1)φ(x)−
∫ 1

x
P (x, y)φ(y)dy

)

ǫ̃2(t).

Thus, comparing the terms in brackets of T1 and T2, using the identity d
dxK(x, x) = ∂

∂xK(x, x) +
∂
∂yK(x, x) in T3 [21] and decomposing ǫ(t)qxx(x) = ǫ̂(t)qxx(x) + ǫ̃(t)qxx(x) and ǫ(t)Py(x, 1) =

ǫ̂(t)Py(x, 1) + ǫ̃(t)Py(x, 1), leads to

∂c̃n
∂t

(x, t)−∆(x, t) + h(x)c̃n(1, t) =

(

Py(x, 1)− q(1)ψ(x) +

∫ 1

x
P (x, y)ψ(y)dy

)

w̃(1, t)ǫ̃(t) +

(

qxx(x)− q(1)φ(x) +

∫ 1

x
P (x, y)φ(y)dy

)

ǫ̃2(t)+ (5.21)

δ0(x, t)ǫ̃(t)− δ1(x, t)ǫ(t)w̃(x, t) + ǫ(t)

∫ 1

x
δ2(x, y, t)w̃(y, t)dy = 0,

with constraints obtained from the boundary conditions in (5.16), namely

c̃n(0, t) = q(1)✘✘✘✘✿
0

w̃(0, t) −
∫ 1

0
P (0, y)w̃(y, t)dy − q(0)ǫ̃(t) = 0

∂c̃n
∂x

(1, t) = q(1)✘✘✘✘✘✿0
w̃x(1, t) + P (1, 1)w̃(1, t)− qx(1)ǫ̃(t)

= −pbũ(1, t) = (1− pb) (q(1) (w̃(1, t)− ǫ̃(t))) +

≈θ̃(t)
︷ ︸︸ ︷
[

− ǫ̃(t)

ǫ̂2(t)

]

̺I(t),

(5.22)
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which are equivalent, at each time t, to the coupled Kernel-PDE/ODE:

δ0(x, t) = ǫ̂(t)qxx(x)−
∂2ĉn
∂x2

(x, t) + ǫ̂(t)Py(x, 1), (5.23)

δ1(x) = 2
dP

dx
(x, x) + q(1)c, ∀x ∈ Ω, (5.24)

δ2(x, y) = Pxx(x, y)− Pyy(x, y) + cP (x, y), ∀(x, y) ∈ ΩU (5.25)

q(0) = 0, P (0, y) = 0, ∀y ∈ Ω (5.26)

qx(x, t)|x=1 = P (1, 1) +
̺I(t)

ǫ̂2(t)
, (5.27)

and functions ψ(x) and φ(x) satisfying the Volterra’s integral equations of second kind:

Py(x, 1)

q(1)
= ψ(x)−

∫ 1

x

P (x, y)

q(1)
ψ(y)dy, (5.28)

qxx(x)

q(1)
= φ(x)−

∫ 1

x

P (x, y)

q(1)
φ(y)dy, (5.29)

∀ q(1) 6= 0, for a zero matching condition on the residual functions δj , ∀ j = 0, . . . , 2. In this case

the observer gains are given by:

pb =1− P (1, 1)

q(1)
(5.30)

h(x) =−
(

1

q(1)
ǫ̂(t)Py(x, 1) + ρ1q(x)S(q(1))

)

. (5.31)

Regarding the “target” parameter error dynamic (5.16), substituting (5.19) into the parameter

estimation error of the “original” error system (5.15) yields

dǫ̃

dt
(t) =− ρ1S(q(1)) (q(1)[w̃(1, t)− ǫ̃(t)]) = [ρ1S(q(1))q(1)]ǫ̃(t)− [ρ1S(q(1))q(1)]w̃(1, t),

∀ t ∈ [ta, tb]. Thus, considering w̃ as a bounded signal and ρ1 < 0, a sufficient condition to obtain

a stable dynamic for ǫ̃ in (5.16) is the selection of a function S such that S(q(1))q(1) > 0, ∀ t ≥ 0.

With respect to the integral equations (5.28)-(5.29), given a continuous bounded function q, a

continuous bounded P and Py, the existence and uniqueness of bounded continuous functions

ψ = ψ(x) and φ = φ(x) are guaranteed by the invertibility property of the Volterra integral

operator on some Banach and Hilbert spaces [18, 208, 191].

5.3.4 Coupled PDE-ODE as a Convex Optimization Problem

Similar to the methodology described in Section 4.3.3.1, the coupled Kernel-PDE/ODE (5.23)-

(5.27) can be approximately solved considering a relaxation of the exact zero matching condition

on its residual functions δi, via its SOS decomposition and its formulation as an optimization

problem.
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Proposition 14. Let N(x, y) =
∑z(d)−1

k=0 nkx
αkyβk be a polynomial approximation of P in (5.17)

of arbitrary even degree d > dĉxx ∈ N, in accordance with (1.3). Let µ(x) =
∑d

k=0 µkx
k be a

polynomial approximation of q in (5.17) with domain constrained to (1.4). Let ηj, σj be lower

and upper bounds of δj, respectively, in Ω, ∀ j = 0, 1. Let η2, σ2 be lower and upper bound of δ2,

respectively, in ΩU . Let ∂2ĉn
∂x2 (x, t) be estimated by the observer (5.15) and approximated at each

fixed time by a polynomial function of degree dĉxx . The coupled Kernel-PDE/ODE (5.23)-(5.27)

can be recast as the convex optimization problem:

minimize:
ηj ,σj ,N,µ,sij

2∑

j=0

ηj + σj ,

subject to: (δj(x)− ηj − s0j(x) g1(x)) ∈ Σs, ∀j = 0, 1,

(σj − δj(x)− s1j(x) g1(x)) ∈ Σs, ∀j = 0, 1,

(δ2(x, y)−η2−[s20(x, y) s21(x, y)] gU (x, y)) ∈ Σs,

(σ2−δ2(x, y)−[s22(x, y) s23(x, y)] gU (x, y)) ∈ Σs,

s0j , s1j , s2i ∈ Σs, ∀j = 0, 1, 2, i = 0, . . . , 3 (5.32)

ηj ≥ 0, σj ≥ 0, ∀j = 0, 1, 2,

δ0 = δ0(x)
∣
∣P≈N
q≈µ as in (5.23),

δ1 = δ1(x)
∣
∣P≈N
q≈µ as in (5.24),

δ2 = δ2(x, y) |P≈N as in (5.25),

µ(0) = 0, N(0, y) = 0,

µx(1) = N(1, 1) +
̺I(t)

ǫ̂2(t)
,

for some polynomials s0j , s1j, s2i of degree d − 2, ∀ j = 0, 1, ∀ i = 0, . . . , 3 and gU = [g1, g2]

according to (2.8), with ‖δj(x)‖∞= max{ηj , σj}, ∀ j = 0, 1, 2.

Proof. The proof follows the same arguments exposed in Propositions 2 and 8, hence it is omitted.

5.3.5 Uncoupled Kernel-PDE/ODE via Convex Optimization

The Kernel-PDE/ODE (5.23)-(5.27) can be uncoupled considering a small modification of the

integral transformation (5.17), namely

c̃n(x, t) = w(x, t)−
∫ 1

x
P (x, y)w(y, t)dy − q(x)ǫ̃(t), (5.33)

(the factor q(1) has been dropped from the first term in the right-hand side of (5.17)). In this case,

following the same procedure described in Section 5.3.3, the modified Volterra-type transformation,

at each fixed time t, leads to the set of equations:
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δ0(x, t) = ǫ̂(t)qxx(x)−
∂2ĉn
∂x2

(x, t) + q(1)ǫ̂(t)Py(x, 1), (5.34)

q(0) = 0, qx(1) = P (1, 1)q(1) +
̺I(t)

ǫ̂2(t)
, (5.35)

δ1(x) = 2
d2P

dx2
(x, x) + c, ∀x ∈ Ω, (5.36)

δ2(x, y) = Pxx(x, y)− Pyy(x, y) + cP (x, y), ∀(x, y) ∈ ΩU (5.37)

P (0, y) = 0, ∀y ∈ Ω, (5.38)

and functions ψ(x) and φ(x) satisfying the Volterra’s integral equations of second kind:

∂P

∂y
(x, 1) = ψ(x)−

∫ 1

x
P (x, y)ψ(y)dy, (5.39)

d2q

dx2
(x) = φ(x)−

∫ 1

x
P (x, y)φ(y)dy, (5.40)

for a zero matching condition on the residual functions δj , ∀ j = 0, . . . , 2. In this case the observer

gains are given by:

pb =1− P (1, 1) (5.41)

h(x) =−
(

ǫ̂(t)
∂P

∂y
(x, 1) + ρq(x)S(q(1))

)

. (5.42)

Thus, at each fixed time t, the ODE BVP (5.34)-(5.35) can be solved for a known Kernel P , which

is the solution of the well-known Kernel-PDE (5.36)-(5.38) and arises from the Backstepping PDE

observer design for a collocated setup. Its solution is unique and can be obtained in closed-form

via the Successive Approximation Method [197, 21, 50]:

Θ(x, y) =
√

c(y2 − x2), P (x, y) = −cxI1(Θ(x, y))

Θ(x, y)
(5.43)

∂P

∂y
(x, y) =

−c2xy
Θ2(x, y)

(
(I0 + I2)(Θ(x, y))

2
− I1(Θ(x, y))

Θ(x, y)

)

, (5.44)

where Ij stands for the j-th order modified Bessel function.

It is worth noting that the ODE BVP (5.34)-(5.35) includes the boundary term q(1) in the “in-

domain” ODE expression. This problem can be effectively solved via SOS decomposition and

polynomial optimization as follows.

Proposition 15. Let µ(x) =
∑d

k=0 µkx
k be a polynomial approximation of q in (5.33) of arbitrary

even degree d > dPy ∈ N. Let η, σ be lower and upper bounds of δ0 in (5.34) in Ω, respectively.

Considering a polynomial approximation of Py(x, 1) from (5.43)-(5.44) of degree dPy , the ODE BVP

(5.34)-(5.35) can be recast, at each fixed time t, as the convex optimization problem:
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minimize
η,σ,µ,sj

: η + σ,

subject to : (δ0(x)− η − s0(x) g1(x)) ∈ Σs,

(σ − δ0(x)− s1(x) g1(x)) ∈ Σs,

s0, s1 ∈ Σs, η ≥ 0, σ ≥ 0,

µ(0) = 0,
dµ

dx
(x)

∣
∣
∣
∣
x=1

=
−c
2

+
̺I(t)

ǫ̂2(t)
,

(5.45)

for some SOS polynomials s0, s1 of degree d−2 and g1 according to (2.6), with ‖δ0(x)‖∞= max{η, σ}.

Proof. It follows similar arguments of the proof of Propositions 2 and 8, considering univariate

polynomials in Ω, hence it is omitted.

5.4 Output Mapping Inversion

The linear feedback problem in the observer (5.15) involves the indirect measurement of y(t) =

cln,ss(t) = cls(R
l
s, t)/c

l
s,max = ϕ(V (t), I(t)) from the inversion of (5.2). This output mapping in-

version can be addressed assuming the positive electrode diffusion dynamic as instantaneous in

comparison with the negative electrode dynamics [265], and on the basis of a simplification of

the Lithium conservation property [11], which leads to a linear relation between negative/positive

electrode surface concentrations; i.e.,

c+n,ss(t) =−
(

ε−L−

ε+L+

c−s,max

c+s,max

)

c−n,ss(t) +
ηLi,s

ε+L+c+s,max
. (5.46)

Thus, the nonlinear output mapping (5.2) is a function of only one unknown variable: c−n,ss(t),

namely

V (t) =G(c−n,ss(t), I(t)) (5.47)

=∆ηs(i
+
o (t), i

−
o (t), I(t)) + U+(c+n,ss(t))− U−(c−n,ss(t))−

(

R+
f /(a

+L+) +R−
f /(a

−L−)
)

I(t)

ilo(t) =k
l cls,max

√
coe

[

cln,ss(t)(1− cln,ss(t))
]1/2

, (5.48)

with ∆ηs = η+s (t)− η−s (t), for η
l
s according to (5.3) in terms of (5.48) and c+n,ss given by (5.46).

The method of inversion of (5.47) is crucial due to the high sensitivity of the observer performance

in relation to the accuracy of its computation [262]. To solve the nonlinear equation E(t) =

V (t) − G(c−n,ss(t), I(t)) = 0, standard gradient-based approaches [11] are severely affected due to

the nearly zero gradient of G with respect to the Lithium-ion surface concentration in some intervals

of its domain and for some type of electrode’s materials [269, 267].
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5.4.1 Inversion via Moment Approach

To solve (5.47), in contrast to gradient-based schemes and their inherent limitations [127], the

proposed approach is based on an inverse Moment problem formulation [137, 162]. Let Vt = V (t)

and It = I(t) be measured values and υ(x) = c−n,ss(x, t) ∈ [υak , υbk ] = Ωk ⊂ Ω at each fixed time.

Considering all parameters in (5.47)-(5.48) and the U l functions known, the quadratic error

J(υ) =(G(υ, It)− Vt)
2, υ ∈ Ωk ⊂ Ω, (5.49)

is interpreted as a (non-negative) density function J ∈ L2(Ωk, λ) with respect to the Lebesgue

measure λ(υ) = υ ∈ Ωk. This allows computing finitely many moments (sequence) Yd = {yi},
∀ i = 0, . . . , d of the Borel measure dµ(υ) = J(υ)dλ(υ) (J : Radon-Nikodym derivative of µ with

respect to λ [137, 138]) as:

yi =

∫ υbk

υak

Ψi(υ)J(υ)dυ, (5.50)

where Ψi are elements of a polynomial basis in Ωk. The objective is to recover from Yd a

non-negative approximate polynomial Jd of J in Ωk, to compute a polynomial optimization:

minv∈Ωk
{Jd} → c∗n,ss = ϕ(Vt, It) at each fixed time t.

Proposition 16. Let Jd =
∑d

i=0 ϑiΨi(υ) = Θ⊤B(v) be a polynomial approximation of J in (5.49)

of degree d ∈ N, with Θ ∈ R
d+1 and B(v) = [Ψ0, . . . ,Ψd]

⊤ a selected polynomial basis of monomials

Ψi in Ωk. Given a sequence of moments Yd = {yi}, ∀i = 0, . . . , d, J can be approximated by the

solution of the convex optimization problem:

minimize:
γj≥0,Θ,sj

γ1 + γ2

subject to: (MdΘ−Yd) + γ1 ≥ 0, γ2 − (MdΘ−Yd) ≥ 0, (5.51)

Θ⊤B(v)− s0(υ)− s1(υ)g1(υ) = 0,

s0, s1 ∈ Σs,

where γ1 ≥ 0, γ2 ≥ 0, Θ = [ϑ0, . . . , ϑd]
T , the moment matrix

Md =

∫ υbk

υak

Φ(υ)Φ⊤(υ)dυ ∈ S
d+1
+ , (5.52)

g1(υ) = (υ− υak)(υbk − υ) ≥ 0, and polynomials s0 of degree d and s1 of degree d− 2. In addition,

the sequence of minimizers J∗
r , ∀r ∈ N, is such that ‖J − J∗

r ‖L2(Ωk,λ)→ 0 as r → ∞.

Proof. The convex optimization problem described above is an alternative formulation of the pro-

blem presented in [162], using linear constraints in (5.51), hence its proof is omitted.

If B is selected as the canonical polynomial basis, the elements of the moment matrix correspond

to:
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Md(i, j) =
(

υi+j+1
bk

− υi+j+1
ak

)

/(i+ j + 1), (5.53)

∀ i = 0, . . . , d and j = 0, . . . , d. The problem (5.51) could lead to an ill-conditioned matrix

inversion. However, using the shifted Legendre monomials as basis in Ωk (orthogonal basis), a

diagonal moment matrix can be obtained, namely

Md =[m0,0,m1,1, · · · ,m1+d,1+d]I ∈ S
d+1
+ , (5.54)

mi,i =

∫ υbk

υak

Ψ2
i (υ)dυ =

υbk − υak
1 + 2i

, (5.55)

Ψi(υ) =
1

2i

⌊i/2⌋
∑

j=0

(−1)j
(
i

j

)(
2i− 2j

i

)

(c1υ + c0)
i−2j , (5.56)

with c1 = 2/(υbk − υak), c0 = 1 − c1υbk and I ∈ R
d+1×d+1 the identity matrix. It is worth noting

that for Θ = M−1
d Yd the non-negativity of Jd is not guaranteed. To provide this condition, this

has to be included as in Proposition 16 via its SOS representation.

To compute minυ∈Ω{Jd}, non-gradient methods can be used such as the Golden Section search

[270]. For some kind of OCPs with nearly zero gradient in some intervals [267], (5.49) could

present more than one global minimum, which can be computed by the Moment-SOS approach

[137, 138]. The scheme of inversion, at each fixed time, consists in a systematic reduction of

intervals: Ω ⊃ Ω1 ⊃ . . .Ωk . . . ⊃ ΩN , with Ωk = [υ∗k−1 − δk, υ
∗
k−1 + δk], δk−1 > δk > 0, centered at

the local optimal point υ∗k−1. Based on an accurate approximation Jd = Jd(υ), ∀υ ∈ Ωk, recovered

from its respective local moments, the sequence {υ∗k} → minυ∈Ω{J}.

5.5 Numerical Results7

The adaptive observer (5.15) has been implemented by means of two schemes:

• “Observer 1”: Based on the Volterra-type transformation (5.17), the resulting coupled Kernel-

PDE/ODE (5.23)-(5.27) has been solved via Proposition 14. The Observer gains have been

computed by (5.30)-(5.31).

• “Observer 2”: Based on the Volterra-type transformation (5.33), the resulting uncoupled

Kernel-PDE (5.36)-(5.38) and ODE-BVP (5.34)-(5.35) have been solved via (5.43)-(5.44) and

Proposition 15, respectively. The Observer gains have been computed by (5.41)-(5.42).

The SPM electrochemical parameters mostly correspond to the DFN model DUALFOIL [271, 242].

To illustrate the scheme proposed for the nonlinear mapping inversion under nearly zero gradient,

the OCPs functions have been taken from [267], which corresponds to a Graphite/LiFePO4 Cell.

7The numerical solution of the convex optimization problems has been obtained via the Yalmip toolbox for Matlab
[163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi [165] and the SDP package part of
the Mosek solver [166].
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Regarding the inversion of the nonlinear output mapping (5.2), the performance of the scheme

proposed in Section 5.4 is shown in Figure 5.5.1, for a 1C constant current discharge (C-rate: ratio

of the current (A) to the nominal battery capacity (A-h)). At the first time instant (t = 0), for initial

condition c−n,ss(0) = 0.712100857944318, the scheme yields the value ϕ(V0, I0) = 0.712100857944327

after k = 6 steps of reduction of the intervals Ωk (Figure 5.5.1 (a)). As it is depicted in Figure

5.5.1 (b), for the whole range of cn,ss, the scheme of inversion achieves a precision of 13 decimals.

1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1

k

S
u

rf
a

c
e

 c
o

n
c
e

n
tr

a
ti
o

n

(a)

 

 

c−n,ss(0)

ϕ(V0, I0)

0 250 500 750 1000 1250 1500 1750 2000
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

τ [s]

S
u
rf

a
c
e
 C

o
n
c
e
n
tr

a
ti
o
n

 

 

(b)

10
−18

10
−17

10
−16

10
−15

10
−14

10
−13

10
−12

10
−11

10
−10

A
b
s
o
lu

te
 I
n
v
e
rs

io
n
 E

rr
o
r

 

 

c−n,ss(τ )

ϕ(Vτ , Iτ )

Ess(τ )

Figure 5.5.1: Inversion of the Nonlinear Output Mapping in Lithium-Ion Batteries. Case of constant
discharge current of 1C. SPM (actual) surface concentration (left y-axis) c−n,ss: solid line. (a) Six
first optimization steps at the instant t = 0 : dash-circle line. (b) Surface concentration obtained
by the inversion scheme (y-axis: left-hand side): ϕ(Vτ , Iτ ): dash line. Absolute inversion error
(y-axis: right-hand side) Ess = |c−n,ss(τ)− ϕ(Vτ , Iτ )|: dash-dot line.

As for the observer (5.15), a degree d = 12 for the polynomial Kernels has been selected. At

each fixed time, the Hessian of the estimated Lithium-ion concentration ∂2ĉn
∂x2 (x, t) has been ap-

proximated as a polynomial of degree dĉxx = 3. For the “Observers 1” and “2”, the perfor-

mance of the simultaneous state and diffusivity ratio parameter estimation is shown in Figure

5.5.2, where a discharge/charge current generated via an Urban Dynamometer Driving Sched-

ules (UDDS) has been applied [11, 242]. In Figure 5.5.2(a), the mean absolute estimation error:

E(t) = (1/N)
∑

x∈Ω|c−n (·, t) − ĉ−n (·, t)|, with N = 100 spatial points, is depicted as well as the

estimated surface concentration. In Figure 5.5.2(b), the estimated diffusivity ratio parameter and

its actual value (ǫ(t) = 1, ∀ t ≥ 0) are shown. For “Observer 1”, the parameters c = 30 and

ρ1 = −1.2 · 103 have been selected. For “Observer 2”, higher gains c = 30 and ρ1 = −5.65 · 103

have been considered. For both observers, the function S is selected as S(q(1)) = q(1). Figure

5.5.3 depicts the estimated diffusivity ratio parameter for a step-type variation from ǫ(t) = 1 to

ǫ(t) = 0.95 at t = 300 [s]. In this case, a multi-frequency-type charge/discharge current has been

applied and, for the Observer 2, the parameters c = 30 and ρ1 = −4.2 · 103 have been selected.
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Based on the numerical implementation of the observers designed and on the results obtained,

Observer 2 provides a better performance than Observer 1.

0 200 400 600 800 1000
0

0.2

0.4

0.6

0.8

1

S
u
rf

a
c
e
 c

o
n
c
e
n
tr

a
ti
o
n

(a)

 

 

τ [s]
0

0.05

0.1

0.15

0.2

0.25

M
e
a
n
 a

b
s
o
lu

te
 e

s
ti
m

a
ti
o
n
 e

rr
o
r

 

 

Obs. 1: E(τ )
Obs. 2: E(τ )
SPM: c−n,ss(τ )

Obs. 1: ĉ−n,ss(τ )
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Figure 5.5.2: Adaptive Observer Design for Lithium-Ion Batteries. Observer results for UDDS
charge/discharge. Case of constant diffusivity parameter. (a) Mean absolute estimation error.
Observer 1: dot line and Observer 2: solid line. Estimated surface concentration (y-axis: right-
hand side). SPM (actual) value: dash line, Observer 1: dash-dot line and Observer 2: solid line
(y-axis: left-hand side). (b) Estimated diffusivity ratio parameter. SPM value: dash line, Observer
1: dash-dot line and Observer 2: solid line.
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118



Chapter 6

Conclusions

—George Stokes (1819–1903)—

G. Stokes mainly focused his carrier on natural philosophy but with various excursions into pure mathematics, to
develop methods or validate mathematical techniques to solve particular physical problems. The so-called Stokes’s
theorem was first appeared in print in 1854, included by himself as part an exam at Cambridge University, where
Clerk Maxwell was a student. Stokes’s and the Divergence theorem were used through the Maxwell’s Treatise on
Electricity and Magnetism, but only its vector form appeared in the Josiah W. Gibbs’s work on vector analysis.

These forms were not obviously related each other and to the George Green’s theorem, but Vito Volterra in 1889 was
able to unite them and, along with Henri Poincaré, generalize to higher dimensions. Although Elie Cartan realized

that these three theorems can be easily stated using differential forms, it was Edouard Goursat in 1917 who first
noted that these could be written in the simple form:

∫

S
w =

∫

T
dw, today called the “generalized Stokes theorem”.

Backstepping methodology for PDEs basically bases its analysis and design on the

Volterra-type transformation and its synthesis on the solution of the so-called Kernel-

PDE. In this thesis, the notable simplicity of its central idea has been used to propose an

intuitive modification of the Volterra-type and Fredholm-type transformations to com-

pensate for the parameter uncertainties, for a class of one-dimensional linear parabolic

PDEs. In addition, to solve the resulting coupled Kernel-PDE/ODE new notable re-

sults in polynomial optimization from SOS and Moment theory have been exploited.

The methodology proposed allows a “simultaneous state and parameter estimation”,

which does not require any pre-transformation to some canonical form and/or finite

dimensional formulation, enabling a direct parameter identification from the original

PDE model, considering only boundary measurements.

6.1 Differential Equations as Convex Optimization Problems

In Chapter 2, a methodology to recast differential equations-boundary value problems with polyno-

mial terms as convex optimization problems has been proposed. This formulation is intuitive in its

conception and can be carried out in a straightforward manner. The variety of numerical examples
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analyzed illustrates the high accuracy of the method proposed. In particular, for an approximate

solution with a unique polynomial, lower polynomial degrees are needed to achieve similar accura-

cies to the standard Finite Element Method using hundreds of elements with local basis such as

linear, quadratic or quartics. The flexibility of the approach proposed also allows defining domain

decompositions and solve local optimal problems with similar results to the FEM.

One advantage of this approach based on SOS is its simple numerical programming, which does not

need to formulate and build up particular discrete algebraic structures verifying its conditioning and

managing its boundary conditions. On the other hand, it is also possible to extend the approach

proposed to solve PDE-initial value problems, for instance combining it with the Crank-Nicolson’s

method or other time-marching schemes.

The main limitation of the method proposed is the current state of SOS tools, regarding the type

of monomials used in the decompositions, and the convex optimization tools, in relation with

managing a large number of parameters and parameters with big magnitudes. For problems with

dimensions greater than one, SOS polynomials are a small subset of positive polynomials (see

Chapter 2, Remark 5), so that is theoretically harder to find an optimal solution with accurate

results as the dimension increase.

6.2 Convex Formulation of Backstepping Design for PDEs

In Chapter 3, based on polynomial functions and SOS decomposition, a novel methodology has

been proposed to recast the so-called Kernel-PDEs, core of the synthesis in Backstepping for PDEs,

as a convex optimization problem. In contrast to the standard Successive Approximation Method

used to solve Kernel-PDEs and its inherited restrictions, the method proposed allows managing

systems with strict and non-strict feedback structure, involving the Volterra and Fredholm-type

transformations, in a unified manner not subject to convergence conditions.

For polynomial Kernels and analytic functions or continuous functions, uniqueness and invertibility

of the Fredholm-type transformation have been proved, which allows applying the methodology

proposed to a wide class of problems without restriction on the spectral characteristic of some

integral operators.

In practice, the method proposed does not impose conservative constraints on the parameters of the

system to accomplish contraction properties on the operators involved so that achieving convergence

(Banach Contraction Principle). On the contrary, it is flexible to manage linear problems with

operators of different structure and objectives. The resulting polynomial approximation problem

can be formulated as a convex optimization problem and solved directly resorting semidefinite

programming, obtaining accurate approximate solutions with a theoretically arbitrary precision.
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6.3 Adaptive Observer Design

In Chapter 4, a simple modification of the Volterra-type transformation has been proposed to

compensate for the time-varying gain uncertainty of the boundary control action. The resulting

coupled Kernel-PDE/ODE is formulated as an convex optimization problem, the numerical solution

of which is fast enough to be solved at every sampling time. A numerical example illustrates

the capability of the design proposed to perform an accurate “simultaneous state and parameter

estimation” only from one boundary measurement.

The above adaptive observer proposed has been extended to the challenge problem of “on-line”

estimation of “in-domain” uncertain parameters such as reactivity and diffusivity. Similar to

the case of boundary unknown parameter, the observer design relies on a modification of the

Volterra/Fredholm-type transformation, where additive extra terms have been included to account

for the parameter uncertainties. Based on this modified transformation, a systematic methodology

of observer design has been formulated. Its intuitive mathematical steps seek to reject the time-

variant uncertainties, the associate components of which are dynamically cancelled out by means

of solving differential boundary value problems.

The uniqueness and invertibility of the Fredholm-type operator in the space of analytical functions

and continuous functions proved in Chapter 3, allows designing adaptive observers, using poly-

nomial Kernels, via two boundary points of measurement. Despite the resulting coupled Kernel-

PDE/ODE problem is more complex than for one measurable point, its approximate numerical

solution based on the method proposed in Chapter 2 does not involve higher complexities. On the

other hand, although the resulting differential problem not necessarily has a unique global solution,

the method of solution allows finding the optimal local dependence between the observer gains and

integral Kernels, which can be computed in a simple and fast way at every fixed sampling time.

In contrast with the case of a boundary unknown parameter, the modified integral transformation

for “in-domain” parameter uncertainties leads to “target systems” which are not necessarily stable.

This stability depends on the selection of one crucial parameter “c” which is also the main factor

in the coupled Kernel-PDE/ODE. Despite a bound for this parameter can be found to guarantee

stability and convergence of the estimation error, this depends on some polynomial Kernels which

are also indirect functions of it. This recursive dependence is the main drawback of the proposed

observer design methodology, which involves analysing bounds of integral equations.

Numerical examples illustrate the ability of the design proposed to perform an accurate simul-

taneous state and “boundary” or “in-domain” parameter estimation only from boundary mea-

surements. The parameter adaptation laws are similar in structure to the resulting gains derived

from stability analysis using Lyapunov-like arguments and Barbălat’s lemma in LPS (for instance,

gradient methods). Similarly, the identification problem is also subject to standard condition of

persistent excitation. The main parameter of design in the coupled Kernel-PDE/ODE (“c”) has
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a simple direct proportionality with the observer gain for the estates of the system, allowing a

faster convergence as its value increases. However, the selection of its magnitude, beside stability

conditions, is a delicate balance of convergence between states and parameters, which is not clear

to set forth in advance for different systems.

The observer design developed proposes time-invariant polynomial Kernels in the modified Volterra-

type or Fredholm-type transformation to compensate for uncertainties. This is a simplified approach

since a dynamical rejection of theses uncertainties is needed and therefore, the scheme has to carry

out a computation of these Kernels at every time instant, which is not physically realizable. In

practice, for slow and smooth systems such as some types of parabolic PDEs, the method proposed

achieves satisfactory results computing theses Kernels at every fixed sampling time, as it has been

illustrated in different numerical examples. However, despite assuming that these Kernels behave

as piece-wise constant function of time, the steps of design do not lead necessarily to a stable and

convergent estimation.

6.3.1 Adaptive Observer for Lithium-Ion Batteries

In Chapter 5, an adaptive observer has been designed to address the relevant problem of estimating

the Lithium-ion concentrations in solid particles under an uncertain diffusivity coefficient. The

Volterra-type transformation and the steps of design formulated in Chapter 4 has been extended

to this case where both “in-domain” and “boundary” uncertainties has been considered, showing

the generality of the method proposed. Numerical simulations confirm the capability of this design

to achieve a convergent and accurate simultaneous parameter and estate estimation.

The observer design proposes a Luenberger-type structure. In contrast to the standard methodo-

logies based on gradient schemes, based on polynomial optimization and Moment theory, a novel

methodology of inversion of the nonlinear map between voltage and solid particle concentration

has been proposed. Thus, the problem derived from the flat shape of Open Circuit Potential func-

tions has been circumvented and the observer linear feedback term can be dynamically determined

with high precision for the whole domain. In addition, this method allows finding multiple global

minimums for the inversion problem.

In contrast to the observer detailed in Chapter 4, for a diffusivity uncertainty the observer design

involves an ODE which includes the second derivative of the estimated state variable with respect

to the spatial coordinate. Since, for the battery model considered, this state can behave similarly

to a linear function, the second derivative provides signals (information) with small magnitudes.

Therefore, an increase of the polynomial observer gain is required to capture small variations in

the parameters and achieve a faster convergence. However, this kind of gains makes the scheme

highly sensitive to noisy measurements.
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6.4 Future Research Directions

The adaptive observer design proposed in this thesis is not complete and a series of rigourous

mathematical analyses is still pending to provide consistency with results obtained from numerical

simulations. The insights achieved, from the limitations and potentials of the methodology de-

veloped in this thesis, contribute to inspire potential new lines of further research that are worth

exploring.

• Backstepping design for PDEs proposes in advance a parameterized “target” system. However

its methodology to achieve this target does not consider degrees of freedom to optimize the

parameters involved, at least keeping the simplicity of the design. The formulation of this

method as a direct optimal problem, for instance to design state estimators as optimal filters,

has not been explored. In this problem, the features of the convex formulation via SOS could

contribute with new ideas to set forth a tractable optimal design.

• Backstepping design for PDEs considers only one “target” system. Naturally one question

arises: would it be possible to consider multiple “targets”? The exact matching condition set

by the current method excludes this possibility. However, as it has shown in this thesis, that

condition can be relaxed to transform into stable systems. This is an unexplored subject with

relevant implications, in particular with respect to Lyapunov stability analysis. For instance,

a set of target PDEs could constitute a domain of stability which could be parameterizable

via SOS. Thus, integral transformations could lead to matrix inequalities instead of an exact

target, tractable of solving and optimizing.

• All above mentioned points are connected to provide robustness to the control/observer pro-

blem, which in DPS is limited to each particular case under study. The features of the convex

formulation via SOS could contribute to advance to formulate more general or unified tools.

For instance, looking for formulations in DPS which allows an equivalent Lyapunov stability

of polytopic structures in LPS.

• The observer design proposed leads to some type of “target” systems which involve certain

combinations of states, parameters, signal errors and Kernels. The analysis of stability of

these particular structures, via the Lyapunov’s methodology, could be useful to study the

recursive dependence in the Kernels of integral transformations involved and look for its

natural derivation and ways for its compensation.

• The methodology of Backstepping design for PDEs has remarkable similarities to a method

of solving the identifiability problem framed in the context of the Sturm-Liouville problem,

via the Gel’fand-Levitan’s theory and “deformation formulas”. This connection has not been

explored and it could provide new insights to the adaptive observer design problem.
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[141] Endre Süli and David F. Mayers. “An Introduction to Numerical Analysis”. Cambridge Uni-

versity Press. 2003.

[142] O.C. Zienkiewicz, R.L. Taylor and J.Z. Zhu. “The Finite Element Method: Its Basis and

Fundamentals”. Elsevier Butterworth-Heinemann, 2005, sixth edition.

[143] Mark S. Gockenbach. “Partial Differential Equations: Analytical and Numerical Methods”.

Society for Industrial and Applied Mathematics, 2010, second edition.

[144] Mark S. Gockenbach. “Understanding and Implementing the Finite Element Method”. Society

for Industrial and Applied Mathematics, 2006.

[145] K.W. Morton and David F. Mayers. “Numerical Solution of Partial Differential Equations:

An Introduction”. Cambridge University Press, 2005, second edition.

[146] Alfio Quarteroni.“Numerical Approximation of Partial Differential Equations”. Springer,

2008.

[147] Mark H. Holmes. “Introduction to Numerical Methods in Differential Equations”. Springer,

2007.

134



7. Bibliography

[148] M. Laurent. “Sums of squares, moment matrices and optimization over polynomi-

als”. Springer, in Emerging Applications of Algebraic Geometry, IMA Volumes in

Mathematics and its Applications, 2009, vol. 149, pp. 157-270. [Online]. Available:

http://homepages.cwi.nl/ monique/

[149] M. Marshall. “Positive Polynomials and Sums of Squares”. Mathematical Surveys and Mono-

graphs, American Mathematical Society, 2008, vol. 146.

[150] W. A. Sutherland. “Introduction to Metric and Topological Spaces”. Oxford Universiy Press,

1981, second edition.

[151] Nick Trefethen. “Approximation Theory and Approximation Practice”. Society for Industrial

and Applied Mathematics, 2012.

[152] Michael J. D. Powell. “Approximation Theory and Methods”. Cambridge University Press,

1981.

[153] Tom M. Apostol. “Mathematical Analysis”. Pearson, 1974, second edition.

[154] John H. Hubbard and Barbara Burke Hubbard. “Vector Calculus, Linear Algebra, and Dif-

ferential Forms: A Unified Approach”. Matrix Editions, 2009, fourth edition.

[155] P. Olver. “Applied Mathematics Lecture Notes”. 2014. [Online]. Available:

http://www.math.umn.edu/ olver/appl.html

[156] Alan Jeffrey. “Applied partial differential equations. An introduction”. Academic Press, 2002.

[157] C.W. Scherer and C.W.J. Hol. “Matrix Sum-of-Squares Relaxations for Robust Semi-Definite

Programs”. Mathematical Programming. 2006, vol. 107, issue 1-2, pp.189-211.

[158] Jacob Fish and Ted Belytschko. “A First Course in Finite Elements”. JohnWiley & Sons,

2007.

[159] H. L. Royden and P.M Fitzpatrick. “Real Analysis”. Macmillan, fourth edition, 2010.

[160] C. Caramanis. “Solving Linear Partial Differential Equations via Semidefinite Optimization”.

MSc. thesis, Massachusetts Institute of Technology, 2001.

[161] D. Bertsimas and C. Caramanis. “Bounds on linear PDEs via Semidefinite Optimization”.

Springer-Verlag. Journal Mathematical Programming. Series A, 2006, vol. 108, issue 1, pp.

135-158.

[162] D. Henrion, J. Lasserre and M. Mevissen. “Mean Squared Error Minimization for Inverse

Moment Problems”. Springer. Applied Mathematics & Optimization, 2014, vol. 70, n.1, pp.

83-110.

135



7. Bibliography
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Appendix A

Polynomial Optimization via

Sum-of-Squares

As J.B. Laserre pointed out in [138], optimization problems with linear and quadratic

functionals look so familiar that we forgot that they are polynomials. Thanks to re-

markable results from Algebraic geometry (positivity certificates), these, amongst other

classes of polynomials optimization problems, can be “globally” solved on domains

characterized as “semi-algebraic sets” with polynomials terms. In addition, positivity

certificates based on “Sum-of-Squares” representations lead to “Convex Optimization”

problems which can be solved via semidefinite programming, and allows finding so-

lutions with theoretical arbitrary precision. This provides a general methodology to

address a wide class of problems, with a beautiful duality between moment sequences

and positive polynomials.

A.1 Polynomial Optimization

In general, the polynomial optimization problem

P : inf
x∈K

p(x) ⇔







p∗ = supγ∈R γ

subj. to: p(x)− γ ≥ 0

x ∈ K

, (A.1)

where K ⊂ R
n and p ∈ R[x], is NP-hard1[148]. However, this can be approximated by hierarchy

of convex relaxations2 (Pd; p
∗
d), with p

∗
d global optimum for (p(x)− γ) ∈ Pn,2d[x], using represen-

tations of non-negative polynomials via Sum-of-Squares (SOS) [274, 275, 136] or the dual theory

1NP-hard: Non-deterministic Polynomial-time hard. See [272] for a glance in complexity theory and NP-problems in
control systems design.

2The convex relaxation Pd grows in size and thus its complexity as d increases. It can be a Linear Programming
(LP-)relaxation or SDP-relaxation, depending on the type of certificate of positivity considered [273, 137].
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A. Polynomial Optimization via Sum-of-Squares

A.1. Polynomial Optimization

of Moments [276, 277, 137, 138] (see [148] for an excellent survey on these topics).3 These repre-

sentations can be formulated as a semidefinite programming (SDP) problem [275, 279], namely

p∗d = sup
γ∈R

γ

subj. to: p(x)− γ =
∑

J

sJ(x)GJ(x), sJ ∈ Σs, (A.2)

where sJ are SOS polynomials to be determined and GJ denotes a particular combination of

polynomial constraints gj ’s. Moreover, if

K = {x ∈ R
n : gj(x) ≥ 0, j = 1, . . . ,m} (A.3)

is a compact basic semialgebraic set4 for some polynomials gj ∈ R[x], the sequence of upper

bounds (p∗d ≥ p∗) is monotone and converge to the global minimum: p∗d → p∗ as d→ ∞ [148, 280,

281]. The central point of this approach is the type of positivity certificate (Positivstellensatz) for

p(x) − γ ≥ 0, ∀x ∈ K, which is based on powerful results from Real Algebraic Geometry, and its

practical computation5,.6

◦ Schmüdgen’s Positivstellensatz [282]7: Let K in (A.3) be a compact basic semialgebraic

set. Given p ∈ R[x], if p > 0 on K, then p ∈ P (g1, . . . , gm). P is called preordering on R[x]:

P (g1, . . . , gm) =







∑

J⊆{1,...,m}

sJGJ ; sJ ∈ Σs






(A.4)

generated by the polynomials gj ∈ R[x], j = 1, . . . ,m, GJ =
∏

j∈J gj for J ⊆ {1, . . . ,m}.

◦ Putinar’s Positivstellensatz [283]8: Let K in (A.3) be a compact basic semialgebraic set.

The set

Q(g1, . . . , gm) =






s0 +

m∑

j=1

sjgj ; (sj)
m
j=0 ∈ Σs






(A.5)

3There are non-SOS representations of positive polynomials on different type of domains, such as representations of
Polya’s, Bernstein’s and Handelman’s. Despite these lead to linear and/or semi-definite programming problems, in
general, these are restricted to cases with no zeros in the positive orthant. See [278] and references therein.

4A set S ⊂ R
n defined as S = {x ∈ R

n; fi(x) ⊲i 0, i = 1, . . . , t}, where for each i, ⊲i is one of ≥, >,=, 6= and
fi(x) ∈ R[x], is called a basic semialgebraic set. A subset of Rn is a semialgebraic set if it is a finite union of basic
semialgebraic sets [149].

5There are other representations of positive polynomials in term of SOS, such as of Schweighofer and Stengle. However,
these are more difficult to verify in comparison with Schmüdgen’s or Putinar’s parameterizations.

6If K is non-compact semialgebraic set, Schmüdgen’s and Putinar’s Positivstellensatz does not hold. However, if for
theses cases a particular type of quadratic module satisfies the Archimedean property, the hierarchy of semidefinite
programs converge [280].

7The main drawback of this remarkable result is the exponential cardinality (2m) of the set J , which usually implies
large SDP problems.

8In contrast to Schmüdgen’s Positivstellensatz, in this case the number of terms in the representation (A.5) increases
linearly, being computationally more tractable.
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is denominated quadratic module on R[x] generated by the polynomials gj ∈ R[x], j =

1, . . . ,m. It is said to beArchimedean if there exists a polynomial function h ∈ Q(g1, . . . , gm)

such that its level set Lh = {x ∈ R
n : h(x) ≥ 0} is a compact set.

Given p ∈ R[x] and the quadratic module Q as in (A.5) Archimedean, if p > 0 on K, then

p ∈ Q(g1, . . . , gm).

The Archimedean property is equivalent to:

∀p ∈ R[x], ∃ N ∈ N such that N ± p ∈ Q(g1, . . . , gm) ⇔ (A.6)

∃ N ∈ N such that N −
n∑

i=1

x2i ∈ Q(g1, . . . , gm). (A.7)

Particular cases where the Archimedean property is satisfied are: (i) All gj ’s are affine and

K is a polytope.9 (ii) The set {x ∈ R
n; gj(x) ≥ 0} is compact for some gj .

A.1.1 Sum-of-Squares

A polynomial p ∈ Rn,r[x] is said to be a Sum of Square of polynomials (p is SOS: p ∈ Σs) if p

can be written (decomposed) as:

p(x) =
m∑

j=1

q2j (x), (A.8)

where qj ∈ Rn,dj [x]. If p ∈ Σs ⊂ Rn,r[x], then r is even and deg(qj) = dj ≤ (r/2), ∀j := 1, . . . ,m.

In the univariate case, a SOS condition is equivalent to global non-negativity. However, in multiple

dimensions, this is just a sufficient condition.10 The set inclusion is commonly referred as11 p ∈
Σs ⊂ Pn,2d[x] ⊂ R[x] and deg(qj) ≤ d.

Theorem 3. ([136, 137]) Let Φr be the standard vector basis of R[x] with z(r) =
(
n+r
r

)
monomials

in x with degree ≤ r. A multivariate polynomial p ∈ R[x] is SOS (p ∈ Σs ⊂ Pn,2d[x]), if and only

if there exists a matrix Q ∈ S
z(d)
+ satisfying p(x) = ΦT

dQΦd, r = 2d.

The essential feature in Schmüdgen’s and Putinar’s Positivstellensatz is the condition of existence

9A function f : Rn → R
m is affine if it is a sum of a linear function and a constant: f(x) = Ax+ b, A ∈ R

n×m and
b ∈ R

m. A bounded polyhedron is denominated polytope. A polyhedron is the set defined by finitely many linear
inequalities or equations (intersection of a finite number of halfspaces and hyperplanes) [228, 136].

10The converse: p ≥ 0 ⇒ p ∈ Σs is not always true. An example is the Motzkin polynomial (bivariate sextic:
M(x, y) = x4y2 + x2y4 − 3x2y2 + 1). David Hilbert, more than one century ago, showed its equivalence in three
cases: univariate (n = 1), quadratic (2d = 2) and bivariate quartics (n = 1, 2d = 4), i.e., global non-negativity is
equivalent to a SOS representation.

11
Pn,2d[x] is a semialgebraic set but it is not a basic semialgebraic set for 2d ≥ 4. It cannot be described by unquan-
tified inequalities, i.e., the description must include logical operations between sets. From the optimization point
of view, this fact leads to non-easily computable barrier functions. However, this computational complexity can be
reduced since these sets can be represented or approximated as projections of spectrahedral sets (semialgebraic).
To the extent the dimension increases, SOS polynomials are a smaller subset (volume) of the positive polynomials
[136, 284].
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of some SOS polynomials. Based on these type of representations of p in terms of gj ’s, it can be

concluded the positivity of p on K, in a similar way that p ≥ 0 can be certificated by p ∈ Σs. As it

is stated by Theorem 3, this feature is computationally practical since SOS polynomial condition

is equivalent to formulate SDP constrains on polynomial coefficients, namely

Find
Q∈Rz(d)×z(d)

: Q

subject to : Q = QT , Q � 0, trace(Q,Bj) = pj , ∀j = 0, . . . , z(r)− 1 (A.9)

ΦdΦ
T
d =

z(r)−1
∑

j=0

Bjx
αj

where the problem of the size: z(d) ≤ nd is not prohibitive of implementing (solving it in polynomial

time). Thus, the polynomial optimization problem (A.1)(equivalent to (A.2)) can be formulated

by the relaxation

Pd :







p∗d = sup
Qk

γ

subj. to :
(

p(x)−γ−
N∑

k=1

sk(x)
︷ ︸︸ ︷

Φ⊤
ik
(x)QkΦik(x)Gk(x)

)

∈ Σs

Qk ∈ S
z(ik)
+ , ik = d− dk, ∀k = 1, . . . , N,

(A.10)

based on the existence of sk ∈ Σs, where
12 dk = ⌈deg(Hk)/2⌉ and maxk(deg(p), deg(Gk)) ≤ 2d ;

N = 2m and Gk =
∏

k∈J gk for J ⊆ {1, . . . ,m} if Schmüdgen’s Positivstellensatz is considered; N =

m and Gk = gk for Putinar’s Positivstellensatz (Putinar’s refinement requires that the quadratic

module generated by g1, . . . , gm be Archimedean, which is not very restrictive [138]).

A.1.2 Moments

The moment problem is a relevant topic in functional analysis with several theoretical and practical

implications [285]. The classical problem of moments (referred as full moment problem)13

[286, 287, 288] involves two main questions that can be stated as follows: (i) Existence: what are

the conditions to find a measure14 µ on K, given a infinite sequence of real numbers y = (yj)j∈N

12The function ⌈a⌉, commonly referred to as ceil function, rounds to the nearest integer greater than or equal to a.
13Initially conducted by Thomas Stieltjes (K = [0,∞), 1984), Hans Hamburger (K = (−∞,∞), 1920) and Felix
Hausdorff (K = [0, 1], 1923).

14In particular, regarding the moment approach for polynomial optimization, this is a Borel measure, i.e., a non-
negative (µ(B) ∈ R

+
0 ) countably additive (µ(B) = µ

(⋃∞
i=0 Bi

)
=

⋃∞
i=0 µ(Bi), Bi

⋂

i 6=j Bj = ∅) set function on Borel
sets Bi. Let A = {A1, . . . , Ai, . . .} be a system of subsets, which is symmetric (Ai ∈ A ⇒ Ac

i ∈ A, ∀i), it is called
a σ-algebra if

⋃

i Ai ∈ A and
⋂

i Ai ∈ A, ∀i. A Borel σ-algebra BA is the minimal σ-algebra containing A. A Borel
set is an element of BA. Due to its minimality characteristic, BA may not include all subsets of sets of measure
zero, i.e., Borel measure is not complete. Lebesgue measure is its extension [289, 290, 291, 292].
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such that

∫

K

xαjdµ(x) = yj , ∀j ∈ N ? (A.11)

(if it exists, is said to be a representing measure of the sequence y), (ii) Uniqueness: under what

conditions the measure µ is uniquely determined by the moment sequence y? (if it is unique, is

said to be determinate). Positiveness is the essential condition to answer these questions. Given

a real infinite sequence y = (yj)j∈N, and defining the Riesz linear functional:

Ly : Cc(K) → R

f 7→ Ly(f) :=

∫

K

f(x)dµ(x),
(A.12)

according to the Riesz-Markov representation theorem ([159], Chapter 21; [293], Section 2.14.), if

K is locally compact Hausdorff space15 and Ly is positive on Cc(K),16 then there exists a unique

positive measure µ on the Borel σ-algebra associated with the topology of K. A particular case

is the Haviland’s result [294, 137], which considers a closed K ⊂ R
n and a linear functional on

non-negative polynomial functions on K:

Ly : Pn,r[x] → R

f 7→ Ly(f) =

∫

K





z(r)−1
∑

j=0

fjx
αj



 dµ(x) =

z(r)−1
∑

j=0

fj

∫

K

xαjdµ(x) =

z(r)−1
∑

j=0

fjyj .

(A.13)

For instance, considering a nondecreasing measure µ in the real axis (K ⊆ R), for the so-called

Stieltjes’ moment problem (K = [0,∞)), the sufficient and necessary condition of existence is

Ly(p
2 + xq2) ≥ 0, ∀ p, q ∈ R[x]. In the case of the so-called Hamburger’s moment problem17

(K = (−∞,∞)), the condition is Ly(p
2) ≥ 0, ∀p ∈ R[x] [296]. These conditions are equivalent to

the positiveness of the Hankel matrices Hn � 0 and Hn+1 � 0, and Hn � 0, ∀n ∈ N, respectively

[297], where

15A topological space X is called Hausdorff if for any x, y ∈ X with x 6= y there exists open sets A and B such that
x ∈ A, y ∈ B and A

⋂
B = ∅. Thus, every metric space is Hausdorff, i.e., separable, in particular the Euclidean

space R
n. A topological space X is said to be locally compact if for each x ∈ X there exists and open set A and

closed set B with x ∈ A ⊂ B and B compact. In particular, the Euclidean space R
n is locally compact. A subset

of the Euclidean space is compact if and only if it is bounded and closed (Heine-Borel theorem) [150, 293].
16Cc stands for the collection of all continuous complex functions on K whose support is compact.
17A elegant proof of existence and uniqueness of Hamburger’s moment problem can be found in [295].
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Hn+k(y)(i, j) = (yi+j−2+k) =













y0+k y1+k y2+k · · · yn+k

y1+k y2+k y3+k · · · yn+1+k

y2+k y3+k y4+k · · · yn+2+k

...
...

...
. . .

...

yn+k yn+1+k yn+2+k · · · y2n+k













, ∀i, j ∈ N, 1 ≤ i, j ≤ n+ 1.

(A.14)

This equivalence is clear on the basis of the existence of positive polynomials. Let

Hn(p, q) = 〈p(x), q(x)〉R[x] =
〈

n∑

i=0

pix
i,

n∑

j=0

qjx
j

〉

R[x]

=
n∑

i=0

n∑

j=0

piqj

∫

K

xi+jdµ(x) =
n∑

i,j=0

piqjyi+j

= 〈p,Hnq〉R = pTHnq (A.15)

be a sesquilinear form18 in terms of real polynomial coefficients p = [p0, . . . , pn]
T and q = [q0, . . . , qn]

T

and Hankel matrix Hn as in (A.14). Considering the Hamburger’s case, if (A.11) holds, the

quadratic Hankel form:

Hn(p, p) = pTHnp =

∫

K





n∑

j=0

pjx
j





2

dµ(x) =

n∑

i,j=0

pipjyi+j ≥ 0 (A.16)

(f(x) = p2(x)), which is the necessary and sufficient condition of existence of µ [137], equivalent to

Hn � 0, ∀n ∈ N. y is referred as a positive definite sequence of moments. Therefore, instead

of checking Ly(f) ≥ 0, ∀ f ≥ 0 on K, this only needs to be checked on polynomials with SOS

decomposition.

Due to the generality of K in the Riesz-Markov’s and Haviland’s theorems and, in particular, its

multi-dimensionality,19 certificate of positivity is a complex task (the multi-dimensional moment

problem for general sets is still unsolved [281]). A significant exception can be stated if K is a

compact basic semi-algebraic set. In this case, the remarkable results of K. Schmüdgen (1991)[282]

and M. Putinar (1993)[283, 300] lead to a practical implementation, if a truncated case20(finite

sequence y = (yj)
n
j=0) of the full moment problem is considered.

18A inner product on a complex scalar field is a sesquilinear form, i.e., it is linear in the first factor and conjugate
linear in the second factor: 〈, 〉 : V × V → F, 〈v, αw〉 = α〈v, w〉, 〈v, αw1 + βw2〉 = α〈v, w1〉+ β〈v, w2〉 [218].

19Schmüdgen [298] and Berg, Christensen and Jensen[299] showed that the Hamburger’s result can not be extended
to R

n for n ≥ 2 based on the fact that there exists polynomials globally non-negative but not SOS.
20Curto and Fialknow have carried out a systematic study of the truncated moment problem. Their results have had
relevant implications in polynomial optimization (see [301, 148] and references therein).
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A.1.2.1 Multi-dimensional Notation

◦ Moment Matrix21: Based on the sesquilinear form (A.15) (bilinear in R
n) for a multi-

variable case, and the linear functional (A.13), the Matrix of Moments is defined as Mr(y) =

Ly(Φr(x)Φ
T
r (x)) with elements Mr(y)(α,β) = Ly(x

αxβ) = yα+β, ∀α,β ∈ N
n
r , namely

Hn(p, q) = Ly(pq) =

∫

K

pTΦ(x)qTΦ(x)dµ(x) = pT
∫

K

Φ(x)Φ(x)Tdµ(x)q = 〈p,Mr(y)q〉Rn .

(A.17)

Thus, in similar way to (A.16), for every p ∈ R[x], a SOS decomposition of f(x)=
∑z(r)−1

j=0 fjx
αj =

p2(x) leads to

〈p,Mr(y)p〉Rn = Ly(p
2) =

∫

K

p2(x)dµ(x) =
∑

α∈Nn
r

fαyα ≥ 0 ⇔ Mr(y) � 0. (A.18)

The moment matrix is a symmetric matrix of dimension z(r) =
(
n+r
r

)
and z(r)(z(r)+1)

2 entries

in terms of the first 2r-order moments. For instance, if n = 2 and r = 2:

M0 = (y0,0), M1 =







(M0) y1,0 y0,1

y1,0 y2,0 y1,1

y0,1 y1,1 y0,2






, M2 =

x0,0 x1,0 x0,1 x2,0 x1,1 x0,2

x0,0

x1,0

x0,1

x2,0

x1,1

x0,2



















 M1







y2,0 y1,1 y0,2

y3,0 y2,1 y1,2

y2,1 y1,2 y0,3

y2,0 y3,0 y2,1

y1,1 y2,1 y1,2

y0,2 y1,2 y0,3

y4,0 y3,1 y2,2

y3,1 y2,2 y1,3

y2,2 y1,3 y0,4















.

◦ Localizing Matrix22: Given a polynomial g =
∑

γ gγx
γ ∈ R[x], where gγ are real coeffi-

cients, the Localizing Matrix is defined as Mr(gy) = Ly(g(x)Φr(x)Φ
T
r (x)) with elements:

Mr(gy)(α,β) = Ly(g(x)x
αxβ) =

∑

γ

gγyγ+α+β, ∀ α,β ∈ N
n
r . (A.19)

21For a one-dimensional problem: Mn(y) = Hn(y) with the Hankel matrix as in (A.14). In this case, if
y = (mj)0≤j≤2n (even case), then it has a representing Borel measure µ ∈ R if and only if Hn(y) � 0 and
rank(Hn(y)) =rank(y). The rank of the real sequence is the smaller integer 1 ≤ i ≤ n so that Hn(:, i) ∈
span(Hn(:, 1), . . . , Hn(:, i − 1)). Higher order moment matrices are called flat extension if their rank does not
increase with their size [137].

22Curto and Fialknow denominated the moment matrix of a shifted vector as Localizing Matrix [301].
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For example, for n = 2, r = 1 and g(x) = a+ x2 − x1x
2
2:

M1(gy) =







ay0,0 + y0,1 − y1,2 ay1,0 + y1,1 − y2,2 ay0,1 + y0,2 − y1,3

ay1,0 + y1,1 − y2,2 ay2,0 + y2,1 − y3,2 ay1,1 + y1,2 − y2,3

ay0,1 + y0,2 − y1,3 ay1,1 + y1,2 − y2,3 ay0,2 + y0,3 − y1,4






.

Therefore, if the measure µ has support in the set K = {x ∈ R
n; g(x) ≥ 0}, then:

〈p,Mr(gy)p〉Rn = Ly(gp
2) =

∫

K

g(x)p2(x)dµ(x) =
∑

α∈Nn
r

fαyα ≥ 0 ⇔ Mr(gy) � 0, (A.20)

where f(x) =
∑z(r)−1

j=0 fjx
αj = g(x)p2(x), which can be interpreted as the action to localize

the support of a representing measure for y [148].

A.1.3 Primal-Dual Perspective

Let K ⊂ R
n be a Borel subset and M(K) the space of finite signed Borel measures on K, such that

µ ∈ M(K)+ (convex non-negative cone). Let p : K → R be an integrable function with respect

to µ, the Generalized Moment Problem (GMP) formulated as a global polynomial optimization

problem is:

D :

{

ρ∗ = infµ∈M(K)+

∫

K
p(x)dµ(x)

subj. to: µ(K) = 1
, (A.21)

the constraints of which can be interpreted as an optimization over probability measures (µ(K) = 1)

[137, 289, 302]. The formulation (A.21) and the optimization problem (A.1) are equivalent (this

can be easily proved considering for every x ∈ K the Dirac measure23 µ := δx ∈ M(K)+ ⇒
∫

K
p(x)dµ(x) =

∫

K
p(x)dδx(x) = f(x)) [137, 138]. In fact, if the problem (A.1) (infx∈K p(x))

attains its global minimum at x∗ ∈ K (K compact and support of a positive measure24), then

the Dirac measure µ∗ = δx∗ is the optimal solution of (A.21). This equivalence is also a duality

relation:

P :







p∗ = supγ∈R γ

subj. to: p(x)− γ ≥ 0

x ∈ K

⇔ D :







ρ∗ = infµ∈M(K)+

∫

K
p(x)dµ(x)

subj. to:
∫

K
dµ(x) = 1

µ ≥ 0

(A.22)

23Let M be any σ-algebra of a set X. The Dirac measure δx0
is a measure concentrate at one point x0, such that

δx0
(A) = 1 ⇔ x0 ∈ A ∈ M and δx0

(B) = 0 ⇔ x0 /∈ B ∈ M [159]. The Dirac measure (µ = δx0
) is singular

with respect to the Lebesgue measure (η) concentrate on R
n \ x0. Thus, Dirac measure has no Radon-Nikodym

derivative (dµ = ρdη) [303, 304].
24The support of a function is defined to be the closure of the set of points at which the function is nonzero, i.e,
closure of the set {x : f(x) 6= 0} [293, 159].
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in the sense of Linear Programming duality,25 with strong duality (there is no duality gap: ρ∗ = p∗)

if K is compact. For a generic function p, the formulation (A.22) is infinite-dimensional. However,

if polynomials p ∈ Rn,r[x] are considered, this is a finite-dimensional convex problem:

D :







ρ∗ = infy
∑

α∈Nn
r
pαyα

subj. to: y0 = 1

yα =
∫

K
xαdµ(x), ∀α ∈ N

n
r

(A.23)

but still untractable. This is due to the hard problem of characterization of the convex cone

Yn,r(K) = {(y)α ∈ N
n
r : ∃µ ∈ M(K)+;yα =

∫

K
xαdµ(x), ∀α ∈ N

n
r }, which can be simplified and

efficiently implemented if K is a compact basic semialgebraic set via the following relaxation:

Dd :







ρ∗d = infy Ly(p) =
∑

α∈Nn
d
pαyα

subj. to: y0 = 1

Md(y) � 0

Md−vj (gjy) � 0, j = 1, . . . ,m

, (A.24)

dual formulation of (A.10) for the Putinar’s Positivstellensatz representation, where p ∈ Rn,r[x],

Ly is the Riesz linear functional (A.13), Md(y) is a Moment matrix, Md−vj (gjy) is a Localizing

matrix, vj := ⌈deg(gj)/2⌉ and d ≥ max{⌈r/2⌉,maxj vj}.

25Let B(K) be the space of measurable functions on K. M(K) and B(K) constitute a dual pair of spaces with duality
bracket 〈µ, f〉 :=

∫

K
f(x)dµ(x) and the usual scalar product (see [137], appendix C.3 for details). Similarly, the

cone of positive polynomials Pn,r and the cone of real sequences with a representing measure Yn,r are dual each
other (see [148], Section 4.4.1).
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Appendix B

Backstepping Design for PDEs

B.1 The Fundamental Idea

Backstepping design for PDEs can be seen as an extension of backstepping for nonlinear LPS [305].

This was initiated around 2000 as a methodology for boundary control/observer design for linear

PDEs [21, 50, 51, 18, 49]. Its fundamental idea, the Volterra transformation [40, 190], traces back

to the application of the method of Integral Operators for solving initial-boundary problems [306]

derived from the boundary control of parabolic equations [307]. It stands out for its elegant and

simple systematic methodology, which: (i) does not involve spatial discretization of the PDE model,

(ii) carries out a collective treatment of the system modes instead of a finite analysis of them based

on their spectral characteristics, (iii) does not require to formulate the problem in abstract Hilbert

spaces, apply semigroup theory, nor solve operator-valued equations.

The central point of this methodology, is the use of the “Volterra Integral Transformation” (coor-

dinate transformation),1 namely

w(t, x) = u(t, x)−
∫ x

0
K(x, y)u(t, y)dy, (B.1)

where the Kernel K = K(x, y) is assumed to be continuous on the triangle domain T (0, b) =

{(x, y); 0 ≤ x ≤ b, 0 ≤ y ≤ x}, and k(x, y) ≡ 0 ∀ x ≤ y, i.e., the Kernel vanishes above the diagonal

of the square [0, b] × [0, b]. Due to the fact that the range of the integration variable y is always

limited by x, carrying an analogy with the time variable, this transformation can be seen as causal

in space [195]. One of the relevant properties of the Volterra transformation is that it is invertible

under mild conditions on its Kernel [191], so that stability of the system in w = w(x, t) (target

system) translates into stability of the system in u = u(x, t) (original system).

1Volterra equation of the “first kind”:
∫ x

a
K(x, t)f(t)dt = g(x); Volterra equation of the “second kind”: f(t) −

∫ x

a
K(x, t)f(t)dt = g(x), with f = f(t) unknown function and K(x, t) ≡ 0, ∀ t > x. These equations are particular

cases of the Fredholm Integral Equations, where the Kernel does not vanish in the domain (K(x, t) 6= 0 in the square
Q(a, b) = {a ≤ x ≤ b, a ≤ t ≤ x})[308].
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B.2 Continuous-Time Approach for Observer Design

The main idea is to use the Volterra Integral Transformation (B.1) to map an Original PDE into

a Target PDE. This leads to the so-called “Kernel-PDE”, the solution of which constitutes func-

tional gains capable to compensate for the “original” system achieving the stability and convergence

properties of the “target” system, selected in advance.2 An example of this approach applied to

the observer design problem for the heat equation, anti-collocated setup, is summarized as follows:

System (S)

ut = uxx + λu

ux = 0

u(1, t) = U(t)

Observer (O)

ût = ûxx + λû+ h(x)ũ(0, t)

ûx(0, t) = p0 ũ(0, t)

û(1, t) = U(t)

Original Error System (E)

ũt = ũxx + λũ− h(x)ũ(0)

ũx(0, t) = −p0 ũ(0, t)
ũ(1, t) = 0

Volterra Transformation (VT)

ũ(x, t) = w̃(x, t)−
∫ x
0 K(x, y)w̃(y, t)dy

Target Error System (T)

w̃t = w̃xx

w̃x(0, t) = 0

w̃(1, t) = 0

Kernel PDE (KPDE)

Kxx(x, y)−Kyy(x, y) =

−λK(x, y)

K(1, y) = 0

K(x, x) = λ
2 (x− 1)

Kernel Solution (KS)

K(x, y) = −λ(1− x)·
I1(

√
λ(2−x−y)(x−y)√

λ(2−x−y)(x−y)

(B.2)

where x ∈ Ω = [0, 1] is the spatial variable, λ is the reactivity coefficient, U is the control action, û is

the estimation of the dependent variable u (heat), ũ = u− û is the estimation error, K ∈ C1(Ω×Ω)

is the Kernel of the Volterra transformation and h(x) = Ky(x, 0) = λ(1−x)
x(2−x)I2(

√

λx(2− x)) and

p0 = K(0, 0) = λ/2 are the observer gains.

The observer design consists in two main steps:

(i) For the PDE system (S) the Luenberger-type Observer (O) is proposed. Subtracting (O) from

(S) leads to the observer error (E), which is considered as the “Original” Error System. For

(E) the asymptotically stable PDE system (T) is proposed, which is considered as “Target”

Error System.

(ii) The Volterra transformation (VT) is used to map between (E) and (T). Computing ũt, ũxx,

ũ(0) from (VT) and substituting (T) in their resulting expressions yields:

ũt(x, t) = w̃t(x, t)−
∫ x

0
K(x, y)w̃t(y, t)dy = w̃t(x, t)−

∫ x

0
K(x, y)w̃yy(y, t)dy

︸ ︷︷ ︸

T0

,

2The transformation alone is not capable of eliminating the undesirable terms of the original system, but it bring
these terms to the boundary, where a compensation law eliminates or dominates them.
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= w̃xx(x, t)−
∫ x

0
Kyy(x, y)w̃(y, t)dy −K(x, x)w̃x(x, t) +K(x, 0)✘✘✘✘✘✿0

w̃x(0, t) +

∂K

∂y
(x, x)w̃(x, t)−Ky(x, 0)w̃(0, t),

ũx(x, t) = w̃x(x, t)−
∫ x

0
Kx(x, y)w̃(y, t)dy −K(x, x)w̃(x, t),

ũxx(x, t) = w̃xx(x, t)−
∫ x

0
Kxx(x, y)w̃(y, t)dy−

∂K

∂x
(x, x)w̃(x, t)− dK

dx
(x, x)w̃(x, t)−K(x, x)w̃x(x, t)

ũ(0, t) = w̃(0, t),

where integration by parts has been applied on the term T0. According to these expressions

the observer error (E) can be written as:

ũt(x, t)− ũxx(x, t)− λũ(x, t) + h(x)ũ(0) =
(

h(x)−Ky(x, 0)
)

︸ ︷︷ ︸

T1

w̃(0, t) +

(

2
dK

dx
(x, x)− λ

)

︸ ︷︷ ︸

T2

w̃(x, t) +

∫ x

0

(

Kxx(x, y)−Kyy(x, y) + λK(x, y)
)

︸ ︷︷ ︸

T3

w̃(y, t)dy = 0,

where the identity dK
dx (x, x) = ∂K

∂x (x, x) +
∂K
∂y (x, x) has been used. In addition, from the

boundary conditions of (E), based on (T), it is obtained:

ũx(0, t) =✘✘✘✘✘✿0
w̃x(0, t) −K(0, 0)w̃(0, t) = −p0ũ(0, t) = −p0w̃(0, t), ⇒ K(0, 0) = p0

︸ ︷︷ ︸

T4

,

ũ(1, t) =✘✘✘✘✿
0

w̃(1, t)−
∫ 1

0
K(1, y)w̃(y, t)dy = 0, ⇒ K(1, y) = 0

︸ ︷︷ ︸

T5

.

Thus, applying the coordinate transform x = 1− y, y = 1− x, K(x, y) = K(x, y), the terms

T2, T3 and T5 constitute the Kernel-PDE (KPDE) and the terms T1 and T4 leads to the

observer gains. The Kernel K has a closed-form solution given by (KS) [21].

The Kernel-PDE is commonly solved converting this into an integral equation and then applying the

method of Successive Approximations, the expressions of which can be computed recursively3 and

evaluated symbolically, and in some cases explicitly, as in (B.2) via the first order modified Bessel

function I1. Except for special cases, the solution of the Kernel-PDE by means of the Successive

Approximation method is computationally rather expensive. In addition, if more complex systems

are considered, for instance those with spatially and time varying parameters, there could be no

direct numerical solution known for the Kernel-PDE [243].

Due to the property of invertibility of the Volterra Transformation, and that the “target” system can

be selected exponentially stable, the observer shall provide a state estimation error exponentially

stable.
3This recursion is also used to compute a quantitative bound of the Kernel, needed for example in inverse optimal
control [50].
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C. Pseudo Two-Dimensional Lithium-Ion Battery Model

C.1. Governing Equations

Figure C.1.1 illustrates a typical sandwich scheme for a Lithium-ion battery (discharging stage).

For the sake of notational simplicity, its three layers are identified in the governing equations by

the symbol l as: Positive Electrode: l = +, Separator: l = sep and Negative Electrode:

l = −. Their spatial domain are: Positive Electrode: [0, L+], Separator: [0sep, Lsep] and Negative

Electrode: [0, L−].

C.1.1 Input-Output Signals

For l ∈ {−, sep,+} and collectors at 0−, 0+:

V (τ) = φ+s (0
+, t)− φ−s (0

−, t),

I(τ) = ile(x, τ) + ils(x, τ),

iseps (x, τ) = 0 (x ∈ [0, Lsep]).

(C.1)

C.1.2 Potentials in the Solid Phase

For l ∈ {−,+}:
∂φls
∂x

(x, τ) = − 1

σl
ils(x, τ) =

ile(x, τ)

σl
− I(τ)

σl

i−e (0
−, τ) = 0 = i+e (0

+, τ),

i−e (L
−, τ) = I(τ) = i+e (L

+, τ),

isepe (x, τ) = I(τ), ∀x ∈ [0, Lsep].

(C.2)

C.1.3 Potentials in the Electrolyte

For l ∈ {−,+}:

∂φe
∂x

(x, τ) = − i
l
e(x, τ)

κl
+

2RT

F
(1− t+0 )

(

1 +
d ln fc/a

d ln cle
(x, τ)

)
∂ ln cle
∂x

(x, τ),

φe(L
−, τ) = φe(0

sep, τ),

φe(L
sep, τ) = φe(L

+, τ),

φe(0
+, τ) = 0.

(C.3)

C.1.4 Transport in the Solid Phase

For l ∈ {−,+}:

∂cls
∂τ

(x, r, τ) =
1

r2
∂

∂r

(

Dl
s(·)r2

∂cls
∂r

(x, r, τ)

)

,

∂cls
∂r

(x, 0, τ) = 0,

∂cls
∂r

(x,Rl
s, τ) = −j

l(x, t)

Dl
s(·)

,

clss(x, τ) = cls(x,R
l
s, τ).

(C.4)
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C.1.5 Transport in the Electrolyte

For l ∈ {−, sep,+}:

ǫle
∂cle
∂τ

(x, τ) =
∂

∂x

(

De(·)
∂cle
∂x

(x, τ) +
(1− t+0 )

F
ile(x, τ)

)

,

∂c−e
∂x

(0−, τ) = 0 =
∂c+e
∂x

(0+, τ),

De(L
−)
∂c−e
∂x

(L−, τ) = De(0
sep)

∂csepe

∂x
(0sep, τ),

De(L
sep)

∂csepe

∂x
(Lsep, τ) = De(L

+)
∂c+e
∂x

(L+, τ),

ce(L
−, τ) = ce(0

sep, τ),

ce(L
sep, τ) = ce(L

+, τ).

(C.5)

C.1.6 Conservation of Charge

For l ∈ {−,+}:

∂ile
∂x

(x, τ) = alFjl(x, τ) = jLi(x, τ) = −∂i
l
s

∂x
(x, τ). (C.6)

C.1.7 Butler-Volmer Kinetics

For l ∈ {−,+}:

jLi(x, τ) = alilo(x, τ)

(

exp

(
α−F

RT
ηls(x, τ)

)

− exp

(−α+F

RT
ηls(x, τ)

))

,

ilo(x, τ) = kl
(

cls,ss(x, τ)
)α+ (

cle(x, τ)
(

cls,max − cls,ss(x, τ)
))α−

,

ηl(x, τ) = φls(x, τ)− φe(x, τ)− U l(clss(x, τ))− FRl
f j

l(x, τ).

(C.7)

C.1.8 Effective Coefficients

In order to account for the tortuosity in the porous media, effective coefficients can be used ac-

cording to the Bruggeman relations.

For l ∈ {−,+}:

κl,eff = κl
(

ǫle

)b
,

σl,eff = σl
(

ǫle

)b
,

Deff
e = De

(

ǫl
)b
.

(C.8)

where b is the so-called Bruggeman exponent [310].
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C.1.9 Variables and Parameters

Symbol Description Units

r Radial Spherical Coordinate r ∈ [0, Rl
s] m

x Longitudinal Cartesian Coordinate x ∈ [0, Ll] m

τ Time Coordinate m

cls Solid Phase Concentration cls ∈ [0, cls,max] mol/m3

cls,ss Solid Surface Phase Concentration mol/m3

ce Electrolyte Concentration ce ∈ [0, ce,max] mol/m3

U l Open Circuit Equilibrium Potential (OCP) V

ηl Solid-Phase Intercalation Reaction Overpotential V

φls Electric Potential in the Solid-Phase V

φe Electric Potential in the Electrolyte V

ilo Exchange Current Density A/m2

jl Pore-wall Molar Flux mol/(m2 s)

jLi Volumetric Reaction Current A/m3

ils Electronic Current in the Solid Phase A/m2

ile Ionic Current in the Electrolyte A/m2

I Current Density A/m2

R Universal Gas Constant 8.314 J/(mol ◦K)

T Standard Ambient Temperature 298 ◦K

F Faraday's Constant 96487 C/mol

Table C.1: Variables and constants in the Pseudo Two-Dimensional Lithium-Ion Battery Model
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C.1. Governing Equations

Symbol Description Units

cls,0 Initial Solid Phase Concentration mol/m3

ce,0 Initial Electrolyte Concentration mol/m3

cls,max Maximum Solid Phase Concentration mol/m3

cle,max Maximum Electrolyte Concentration mol/m3

al
Particle Specific Interfacial Area (Surface Area to Vol-
ume)

m2/m3

Dl
s Solid Phase Diffusivity Coefficient m2/s

De Electrolyte Diffusivity Coefficient m2/s

ǫl Volume Fraction or Porosity of Solid Phase –

fc/a Mean Molar Activity in the Electrolyte –

ǫe Volume Fraction in the Electrolyte –

κl Ionic Conductivity of the Electrolyte S/m

σl Electronic Conductivity of Solid Phase S/m

Rl
f Resistance Film Solid Electrolyte Interphase Ω m2

t+0 Transference Number of Cations in the Electrolyte –

α− Anodic Transference Coefficient –

α+ Cathodic Transference Coefficient –

kl Intercalation/deintercalation Reaction Rate Constant A (m3/mol)α
++2α−

Ll Layer Thickness m

Rl
s Particle Radius m

Table C.2: Parameters in the Pseudo Two-Dimensional Lithium-Ion Battery Model
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