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Abstract

This thesis addresses the observer design problem, for a class of linear one-dimensional parabolic
Partial Differential Equations, considering the simultaneous estimation of states and parameters

from boundary measurements.

The design is based on the Backstepping methodology for Partial Differential Equations and extends
its central idea, the “Volterra transformation”, to compensate for the parameters uncertainties. The
design steps seek to reject time-varying parameter uncertainties setting forth a type of differential
boundary value problems (Kernel-PDE/ODESs) to accomplish its objective, the solution of which
is computed at every fixed sampling time and constitutes the observer gains for states and pa-
rameters. The design does not include any pre-transformation to some canonical form and/or a

finite-dimensional formulation, and performs a direct parameter estimation from the original model.

The observer design problem considers two cases of parameter uncertainty, at the “boundary”:
control gain coefficient, and “in-domain”: diffusivity and reactivity parameters, respectively. For a
Luenberger-type observer structure, the problems associated to one and two points of measurement
at the boundary are studied through the application of an intuitive modification of the Volterra-type
and Fredholm-type transformations. The resulting Kernel-PDE/ODEs are addressed by means of
a novel methodology based on polynomial optimization and Sum-of-Squares decomposition. This
approach allows recasting these coupled differential equations as convex optimization problems
readily implementable resorting to semidefinite programming, with no restrictions to the spectral

characteristics of some integral operators or system’s coeflicients.

Additionally, for polynomials Kernels, uniqueness and invertibility of the Fredholm-type transfor-
mation are proved in the space of real analytic and continuous functions. The direct and inverse
Kernels are approximated as the optimal polynomial solution of a Sum-of-Squares and Moment

problem with theoretically arbitrary precision.

Numerical simulations illustrate the effectiveness and potentialities of the methodology proposed

to manage a variety of problems with different structures and objectives.
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Chapter 1

Introduction

—Jean Baptiste Joseph Fourier (1768-1830)—

J. Fourier is best known for his work: “Théorie Analytique de la Chaleur”, where he made a detailed study of series
of trigonometric functions, the convergence of which was clarified later on the basis of the work of G.P. Dirichlet
and G. Riemann on discontinuous functions, and led to correct the A. Cauchy’s theorem on the sum of a series of
continuous functions, result finally achieved by K. Weierstrass. J. Fourier interest in numerical algorithms can be
regarded by his own words: “a numerical interpretation ...is however necessary...the true which it is proposed to
discover is no less hidden in the formula of analysis than it was in the physical problem itself”. This view is found
in a lesser-known facette of his work, addressing various types of problems in which inequalities appears, where he
determined region of solutions, such as convex polygons, and proposed methods to determine optimal points. Due to
technical difficulties at that time, these ideas remained dormant until the 20™ century, being now elements of the
subject known as “Linear Programming”.

1.1 Motivation

Control System theory commonly bases its analysis, design and synthesis on mathematical models
of processes. These models generally include dynamics partially known which are usually formulated
via parameterized functions. To determine these parameters, System Identification theory considers
off-line and on-line approaches. In contrast with off-line methodologies,' on-line schemes perform a
dynamical (adaptive) parameter estimation, allowing to analyse conditions, take corrective actions
and make predictions as the process evolves. In particular, for Diagnosis and Failure Detection,
combined on-line “state and parameter” estimation based on parameterizations with physical mean

provides significant advantages to evaluate the process condition and nature of its failures.

In general, the “parameter estimation problem” is particulary complex for Distributed Parameter
Systems (DPS). For instance, in a system with an heterogenous and anisotropic medium, this
problem could have infinite unknowns since its parameters are dependent on the position and
direction in the spatial domain, respectively [1]. A relevant area where problems of this type

can be found is the “Damage Detection in Flexible Structures”, via the estimation of parameters

In an off-line approach the model parameters are fitted according to historical data as result of an optimization
problem defined for a complete set of these data which is not updated over time [2].

11
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representing elastic properties such as mass, stiffness and damping. In this case the model of the
system is typically formulated via “hyperbolic” Partial Differential Equations (PDESs) to describe
wave dynamics [3, 4]. Other extensive area corresponds to processes involving “phenomena of
transport and conversion”, such as chemical reactors, sediment formation, population dispersal,
circulatory physiology, to mention a few. Models for these systems commonly are formulated via
first-order hyperbolic and “parabolic” PDEs, where the uncertain functional parameters are part

of mechanisms of diffusion, reaction and advection [4, 5].

An additional complexity for the parameter estimation problem in DPS is the availability for
measuring an incomplete number of states of the system, in particular, the more physically realistic
and practical case where only boundary measurements are feasible.? In theses cases the simultaneous
on-line “state and parameter” estimation, commonly carried out by the so-called adaptive observers,
is considered as a challenging mathematical problem and a systematical design is only currently

available for some systems which can be formulated via certain “canonical” forms [6, 7, §].

Nowadays, an appealing type of DPS with boundary control/sensing are “secondary electric batte-
ries”, in particular Lithium-Ion-based chemistries. Their electrochemical models are mainly based
on the “porous electrode theory” and basically involve diffusion dynamics, the parameters of which
are partially known and can vary both temporally and spatially. In batteries the only physical “on-
line” points of control and measuring are their terminals/collectors, via the variables of current
and voltage, being unfeasible to access to the concentration of the ions, which are considered as
the main states of these type of models. Thus, the dynamic relation between parameterized func-
tions in the model and, for instance, the “ageing” mechanisms of the battery cannot be validated
directly, leading to models with limited ability to make predictions (long-term behaviour; SOC:
State-Of-Charge) and diagnose conditions (SOH: State-Of-Health) [9, 10].

The above described system is one of the multiple examples which illustrates the fundamental cha-
llenge of estimating states and parameters in DPS from boundary measurements. The underlined
practical and theoretical relevance of these problems motivates the study of this thesis for which

currently there are no clear ideas or methodologies proposed to deal with it [11].

1.2 A brief review of Distributed Parameter Systems theory

DPS, which are characterized by dynamical models where one or more of its independent variables
are functions over the spatial dimensions and time [12], arise in numerous application areas and
industrial processes (chemical, electrical, civil, mechanical, aeronautical, etc.) (e.g., see [13, 14, 15,

16] and references therein). Although the practical relevance of DPS is known, control, estimation

2This problem is a particular case of the general subject denominated “Boundary/Point Control of PDEs”, where
the actuation and sensing are applied either through the boundary or as points at the interior of the spatial domain.
Mathematically, these models involve unbounded input and output operators which make much more delicate the
analysis of the regularity conditions of the PDEs and control/observer schemes.

12
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and identification for these kind of systems have received considerably less attention than for
Lumped-Parameter Systems (LPS) (linear/nonlinear) [17]. This is in partly due to the “infinite
dimensional” nature® of DPS which are normally modelled by PDEs, and its higher complexity* in
comparison with Finite Dimensional Systems (FDS) modelled by Ordinary Differential /difference
Equations (ODEs). Indeed, a common or traditional approach to address DPS is based on the

simplified assumption that its variables are spatially uniform [4].

1.2.1 Control

Control of DPS modelled by PDEs has been studied since the 60’s, research that has been cha-
racterized for discovering new phenomena with no proper analogues in finite dimensions [23]. In
contrast to LPS, there is no a unified methodology of its treatment, and each problem call for
different techniques. These can be mainly classified into two categories [24]: (i) Farly Lumping: a
reduction of the dimensionality is implemented as an initial step so that the system can be con-
sequently studied via a lump parameter model. (ii) Late Lumping: the infinite dimension nature
is kept as long as possible, particularly during the analysis and design, relegating the reduction of

dimension to the synthesis stage.

In the context of Farly Lumping approach, commonly “model reduction” is carried out via a direct
discretization of the spatial operators or via spatial /time transformations [4, 18] leading to a model
made up of a set of ODEs or difference equations.”> Theses approaches imply loss of PDE structure
and relevant information® needed for a suitable analysis and design [32] (see [24, 33] for fundamental

disadvantages).

In the frame of Late Lumping approach, for distributed control of linear PDEs (actuation and

sensing in the domain), Semigroup Theory” provides a unified framework [12, 34, 35, 36, 37, 38].

3In contrast to LPS, differential operators as functions of the spatial coordinate have infinite number of eigenvalues
[18]. The analysis of the behaviour of these infinite elements is far more complex and pathological than for finite
dimensions (this can be seen by means of the analysis of infinite series and its convergence, keeping the notion
of linear combination and linear independence of finite-dimensional vector spaces [19]), for instance: there is no
equivalence for all norms; a closed and bounded set in a metric space does not need to be compact; a bijective linear
mapping does not need to be invertible; linear operators do not need to be continuous; etc. [20].

4As is commented in [21], this complexity turns out “impenetrable” for control engineers commonly with no back-
ground in PDEs and functional analysis. An example of such complexity can be seen in the design of optimal
controllers for PDEs by the resolution of Riccati equations in terms of continuous operators [22].

SFinite Difference Method (FDM) is one of the most popular method that allow a simple representation of PDEs by
a direct approximation of its differential operators. A substantive number of control applications have used FDM
to extend ideas from LPS to DPS (see discussion and references in [25]).

In general common discretization methods do not “preserve structure” [26]. Structure-preserving formulation of
PDEs mimics their essential mathematical-geometrical properties and physical principles (symmetries, divergence
free, conservation laws, etc.) [28, 29, 27]. The Discrete Exterior Calculus methodology is a possible general approach
for formulating different mimetic numerical methods for PDEs [31, 30].

"In the context of Semigroup theory, the Hille-Yosida theorem and the Lumer-Phillips theorem plays a relevant role
providing a necessary and sufficient condition and more simple verification of this condition, respectively, for a
differential operator to be an infinitesimal generator of semigroup of contractions. This is the condition for a unique
solution of the abstract Cauchy problem which, for instance, by means of its spectrum analysis allows determining
the stability of its equilibrium points [34, 12, 18, 35].

13
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Indeed, control theory in infinite dimensional spaces owes its initial development to semigroup
theory by means of the extension of the spectral analysis and Lyapunov stability theory from FDS to
Infinite Dimensional Systems (IDS) [12, 37, 39]. The control action on abstract differential equations
(Banach or Hilbert spaces [40]) is commonly formulated in terms of a bounded operator, where
semigroup theory is suitable to solve the problem. By contrast, this situation change notably if the
actuation/sensing is applied only through the boundary. “Boundary control” of PDEs is physically
more realistic (industrial settings) and mathematically much more challenging. In this case, the
input operators are unbounded, making difficult their representation and treatment [22, 41, 42].
A particulary important extension, based on semigroup theory, is the classical theory of optimal
control to IDS [12, 34, 43, 44, 45], which leads to Operator Riccati Equations, an area of research in
its own right (e.g, see [46, 47, 48] and references therein). In the context of “late lumping”, besides
semigroup theory, a short variety of methodologies has been developed for extending the control
design to IDS, each one with its own limitations (see discussion and references in [49]), where
the so—called Backstepping for PDEs® emerges as an innovative approach providing a systematical
design [21, 50].

1.2.2 State Estimation

The extension of state estimation theory of FDS? to IDS has been mainly carried out on the basis
of the least square optimization problem formulated in Hilbert spaces [55], for instance: the optimal
filtering problem which leads to the Riccati equation and Kalman filter [56]. This problem is related
to the “detectability” of the system, a weaker property than observability,!? which for IDS depends

on the location of the measurement points [12].

Essentially in observer design the central idea of the Luenberger observer [59] has been extended
to IDS (see a survey in [60]). Similar to “controllability”, the concept of “observability” in DPS
has been extensively discussed, with no absence of controversies.!! Practical considerations have
been discussed due to the complexity of the PDE models [64, 61, 12, 24, 17], leading to exact

and approximate definitions!?[12]. An example of these definitions, which particulary shows the

8For a complete exposition of this methodology see [21, 50, 51, 18, 49]. A brief summary related to the observer
design problem is presented in Appendix B.

9Estimation theory has occupied a prominent place in FDS from the pioneering work of Norbert Wiener [52] and the
seminal contributions of Rudolph Kalman [53], in particular for state-spaces models of linear systems, where the
method of Least Squares (dates back to Karl Gauss around 1795) has been the main theoretical/practical tool [54].

10A linear FDS is detectable if all unstable modes are observable. This allows “detecting”, via output measurements,
a difference in trajectories based on differing their asymptotic behavior [57, 58]. In FDS stability can be analyzed
via its spectrum, which is not always feasible in IDS since the corresponding semigroup does not provide a proper
lower bound, property denominated “spectrum determined growth assumption” [12].

"Tn a interesting discussion in [61] the authors argue about the definition of observability based on the uniqueness
of solutions instead of recovering of the initial condition [62, 63]. An example includes a PDE model with a unique
solution and observable in a specific time-interval domain function of the spatial variable.

12 As is commented in [12] many conceptions of Controllability/Observability have a limited use in practical control
synthesis and design. Definitions of FDS (“exact” concepts) can be very strong in IDS and most of the systems
can achieve these in an “approximate” sense. However, in general, approximate notions need not imply stabiliz-
ability /detectability [12].

14
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dependence of the observability on the spatial location of the sensors is the case of Linear Parabolic
PDEs, where by means modal analysis, an approximate observability is always satisfied with one

boundary measurement [64, 24] .13

Observer design using early lumping approaches is a straightforward strategy to deal with DPS
(e.g., see discussions and references about this in [24, 33, 32, 25]). However, its deficiencies are

well-known, as it has been early reported in the control/observer design for flexible structures:

e Based on a discretized model via the Finite Element Method (FEM)[65], it is shown that
a second-order observer is not convergent, although the reduced model is observable [66].
On the other hand via modal analysis [4, 67],!4 there is an unreliable estimation of spatially

variable medium parameters (such as mass, stiffness and damping) [69, 70].

e With respect to the spectral method, a phenomenon known as control and observation
spillover can occur (source of closed-loop instability) due to the residual modes (uncontrolled)

not considered in FDS representation [71, 72].

In the context of late lumping approaches, aside from the extension of linear LPS theory to DPS
[12, 55], a few alternatives of observer designs can be found in the literature [60]. These designs can
mainly be classified under the Lyapunov stability analysis or energy minimization methodologies
[18, 73, 74, 75, 76]. Recently two methodologies of observer design, particulary appealing due to
its ability to reduce the Lyapunov analysis (on the full PDE model) to a simple finite-dimensional
problem, have been developed. One of these approaches derives Linear Matrix Inequalities (LMIs)
conditions for exponential stability directly from the model parameters and their bounds [77, 78].
The second alternative uses positive definite matrices to parameterize Lyapunov functions via
Sum-of-Squares (SOS) decomposition and polynomial optimization [79, 80, 81]. On the other
hand, Backstepping for PDEs allows a simple observer design where the dynamical properties of
the estimate stated are in advance imposed by the selection of a particular stable (target) error
system (e.g., see [21, 50, 49, 82, 83, 84, 85, 86]). All these approaches previously mentioned provides
a systematical design and effective constructive tools for analysis and control/estimation of DPS,

with the main advantage of avoiding abstract formulation in Hilbert spaces and operator equations.

I3 A practical test for approximate contrability /obserbability is based on the “spectral analysis” of the differential
operators denominated Modal Controlable/Observable condition [64]. However, its equivalence is true for “Riesz-
spectral systems”, such as linear parabolic PDEs.

14Spectral/Modal decomposition consists in a time-scale separation and model reduction. Commonly the popular
Galerkin Method [68] is used to derive an approximate FDS, where well-known LPS theories can be applied
directly. Its application depends on the eigenspectrum of the spatial differential operators. For instance, for first-
order hyperbolic PDEs, the eigenvalues are along vertical or nearly vertical asymptotes in the complex plane. It
implies a large number of modes to capture the PDE dynamic behaviour and therefore makes prohibitive the use
of this method [4].
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1.2.3 Parameter Estimation

The parameter estimation problem (inverse problem)!® is ubiquitous in modeling and particulary
complex in DPS, since the non-uniqueness difficulties not only arise from noisy data and insuffi-
cient number of observations, but also from sparse/boundary measurements and the objective to
determine “functional” model parameters [88, 89, 90]. This problem has received considerable at-
tention, the initial research of which was carried out by means of “early lumping” approaches (for
a extensive review of early methodologies see [91]). Similar to filtering and state space estimation
in IDS, parameter estimation has been principally addressed using the Least Squares method. In
particular on the basis of off-line schemes considering “abstract evolution” equations in Hilbert
spaces, where the quadratic optimization is analysed as an infinite dimensional problem (e.g., see
[5, 92, 3, 38] and references therein; substantive body of research of H.T. Banks, K. Ito, F. Kappel,
I.G. Roseen, K. Kunish and J.A. Burns). Methodologies based on the variational approach have

been less widespread, which involve a numerical solution of Riccati-like PDEs [93].

In parameter estimation a performance criterion is usually defined as a functional of the output
estimation error. The question of whether estimated parameters coincide with the parameters of
the process when the criterion is minimized (or output error vanishes) is referred to the “parameter
identifiability problem” [94, 95]. Commonly, an analysis of sensitivity of the performance criterion
with respect to the unknown parameters is one of the first steps of analysis, providing insights
about the tractability of the estimation and, for instance, its dependence on the spatial location
of the measurements. However, this useful tool cannot state “sufficient” conditions to guarantee
uniqueness of the solution in the identification [91]. For linear parabolic PDEs, the identifiability
problem has received significant attention, with an extensive history of theoretical and practical
results, in particular which are framed in the Sturm-Liouville theory [96] (e.g., see [97, 98, 95]
and references therein). For instance, some identifiability results show (necessary and sufficient
conditions) that it is possible to identify a constant parameter (diffusivity) from only one mea-
surement at the boundary [95, 99, 100, 101].!¢ Surprisingly, these studies involve “transformation
operators” (deformation formulas [102]) which lead to PDE problems and methodologies similar to

those associated with the Backstepping design for PDEs [103, 96].

The parameter estimation problem has had a relevant practical role in “Fault detection and Iso-

lation” ! where the identification of spatially varying parameters [5] conducts to detect physical

changes that can be evaluated as faults [69, 105, 3, 106]. In general such approaches, by means of

15 An inverse problem considers as unknown the system inputs (reconstruction problem) or the system parameters
(identification problem)[1, 87].

161t is worth noting that approximations of differential operators, such as the “finite difference method”, can cause
lost of identifiability of a parameter even thought this is mathematically (theoretically) identifiable. See example 2
in [95].

""Damage identification for mechanical, civil and aerospace systems (flexible structures) has been investigated for
many years, including analytical methods based on models of the structures. However, a mayor part of this
investigation mainly corresponds to signal processing, where most of the techniques consider the spectral analysis
of vibrations measurements (e.g., see [104] and references therein).
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discretization methods, transform the IDS problem into a finite dimensional parameter estimation
problem. These can be seen as part of more general Non-Destructive Testing (NDT) methods,
carried out by modal analysis, time or frequency domain, mostly applied in the analysis of flexible
structures [107, 108]. In this context a novel approach using spatio-temporal identification based
on the Coupled Map Lattice (CML) model '® and orthogonal forward regression least-squares al-
gorithm has been presented by [110]. This work is part of a wide contribution of the authors in
the field of systems identification, firstly on LPS and now extending these ideas to DPS (e.g, see
[109, 111] and references therein).

1.2.3.1 Adaptive Observers

Parameter estimation has also been addressed as an on-line problem of simultaneous estimation
of states and parameters, scheme which is commonly known as adaptive observer. The main body
of research of this approach, for a class of PDEs and time-varying parameters, is based on the
semigroup theory according to the initial work of W. Scondo [112, 113] and the extensive research
of M.A. Demetriou [114, 115, 116, 117, 118, 119, 120, 7] (for a unified view see [121]).

In the context of late lumping a very limited number of alternative approaches can be found in
the literature. One of these, which is currently an active line of research, is the adaptive version
of Backstepping design for PDEs [50]. In general adaptive methods in Backstepping needs state
measurements on the full space domain [50, 122, 123, 124]. In common with adaptive observers
based on semigroup theory using boundary measurements, a feasible design is “only” achievable
for particular classes of system structures (“canonical observer form” [125]) where the unknown
parameters multiply the output of the system. For instance, in systems similar to (linearized model

of heat conduction in solid propellants [126]):

u 2U
O 1) =2 1) + (D)),
%(O,t) = — p(t)u(0,t), u(l,t)=U(t), (1.1)
y(t) =u(0,1),

where = € [0, 1] is the spatial variable, u is the dependent variable (temperature), ~ is the “in-
domain” unknown parameter, p is the “boundary” unknown parameter, U is the control signal

and y is the measurable output. It is worth noting that this type of structure can be seen as

part of the “Positive Real” infinite dimensional systems!®(e.g., see [6] and references therein).

18CML can exhibit rich dynamical behaviour and it has been applied to model a vast kind of systems. It can be
formulated directly in discrete time or by using discretization on PDEs, which is usually carried out via simple
finite differences schemes [109].

Y8imilarly to adaptive control, for a class of systems, linear adaptive observers in FDS can be design via the
Lyapunov’s stability analysis based on the condition of existence of “Positive Real” (PR) functions, relation stated
via the Kalman-Yakubovich-Popov lemma and its variants [127]. This relation has been extended to IDS setting
forth the stability condition in terms of the existence of a solution of the Riccati equation or Lur’e equation (operator
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In particular, Backstepping-based adaptive observers have been applied to estimate “boundary”
unknown parameters [130, 131, 132, 133, 134, 135]. As has been commented in [11], “there is
no clear way” to address systems with more general structures and the adaptive observer design

remain as a significant fundamental challenge in IDS.

1.3 Thesis Outline

1.3.1 Objectives

This research has as main objective the simultaneous estimation of “states and uncertain parame-

ters” for a class of 1-dimensional linear parabolic PDEs described by:

8u 82U

o (@) =e(t) 75 (@, 8) + A)ulz, 1),
aru(0,t) + b1gZ(07t) =c10(t)U (1), (1.2)
(1, 1) + by o (1,1) =ex(DU(),

y(t) =u(0,t) and/or y(t)=wu(1,?),

where “¢” is the time variable, “z” is the spatial variable in the unit interval Q = [0, 1], “u” is the
dependent variable which describes the states of the DPS model, “€” is the diffusivity coeflicient
and “\? is the reactivity coefficient, which are considered as in-domain time-varying uncertain
parameters. This class of DPS only considers available measurements at the boundary (“y”: output
of the model) and a control action “U” applied on a single boundary, where “0” is its time-varying
unknown gain. The coefficients a1, ao, b1, bo, ¢1 and ¢ allows managing mixed boundary conditions

(Dirichlet and/or Newman).

This objective is pursued considering two central conditions:

e Develop a “systematic/constructive” observer design methodology in the context of the late
lumping approaches, i.e., the analysis and design do not include a model reduction of the
PDEs.

e Develop a “computational /numerical method” to determine the observer gains formulated
as a finite dimensional optimization problem. In particular, obtain “approximated-analytic”

functions for these gains.

The objective is separated into three cases of study, of increasing complexity, where the observer

design only deals with one unknown parameter. (i) Firstly, the gain of the control action “6” is

equations). Commonly, to obtain feasible equations an “exact observability” (controllability) property is assumed,
condition which is very strong requirement in IDS. More practical/simple approaches consider the “exponential
detectability” condition and the observer design is carried out so that the compensated error system generates a
“exponential stable Co semigroup”[128, 129, 12, 6].
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considered as the unknown parameter. (ii) Secondly, the reactivity coefficient “\” is assumed as
the uncertain parameter. (ii) Finally, the diffusivity coefficient “€” is the only uncertain parameter

in the model that is considered.

1.3.2 Organization and Contributions
In accordance with the cases/objectives of study mentioned, this thesis is organized as follows:

e Chapter 2 presents a novel methodology to solve Differential Equations-Boundary Value
Problems (DE-BVPs) based on polynomial functions, Sum-of-Squares decomposition and
convex optimization. This chapter includes numerical examples to illustrate the performance
of the method proposed in comparison with some traditional approaches. This method is used
to solve PDEs/ODEs derived from the observer design problem addressed in the subsequent

chapters. Its contributions are:

o The DE-BVPs are recast as a convex optimization problem, readily implementable via

semidefinite programming tools, allowing fast computations and accurate results.

o The method avoids consideration of weak formulations, boundary conditions approxi-
mations and build-up of the resulting algebraic relations. On the contrary, this method

is applied directly to the original DE-BVP for a selected polynomial degree.

o The method leads to “approximated-analytic” solutions (polynomial functions). This
can also be applied to some classes of differential equations with quadratic terms, mul-

tiplicative inverse functions, amongst other classes of problems.

e Chapter 3 describes the boundary PDE control/observer design under Backstepping metho-
dology formulated as a convex optimization problem. The Volterra-type and Fredholm-type
transformations are analysed and the resulting Kernel-PDEs are solved via semidefinite pro-
gramming. Inverse Kernels are approximated as the optimal solution of a Sum-of-Squares

and moment problem. The main contributions in this chapter are:

o The approach proposed allows solving approximately Kernel-PDEs with sufficient pre-

cision to guarantee the stability of the closed-loop system in £2-norm topology.

o The convex formulation proposed and its numerical solution allows applying this me-
thodology to a wide class of problems, without restriction on the spectral characteristic

of some integral operators or classes of system’s coefficients.

o For polynomial Kernels, uniqueness and invertibility of the Fredholm-type transforma-

tion is proved in the space of real-analytic functions and continuous functions.

o The inverse Kernels (for the Volterra-type or Fredholm-type transformations) can be
determined approximately using the direct Kernels, avoiding to solve PDE-Kernels using

an inverse problem formulation.
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e Chapter 4 presents an adaptive observer design for a linear parabolic PDE under two sepa-

rated cases of uncertain time-varying parameters:

> at the boundary: control gain parameter,

> in-domain: reactivity parameter.

The design proposes a modified integral transformation to compensate for the parameter un-
certainty. In addition to an observer based on the Volterra-type transformation, an observer
design method with two boundary measures via a Fredholm-type transformation is also for-
mulated. The coupled Kernel-PDEs and ODEs are recast as convex optimization problems

and solved via semidefinite programming. The contributions of this chapter are:

o The adaptive observer performs a simultaneous state and parameter estimation con-
sidering only measurements at the boundary. The design does not require any pre-
transformation to some canonical form and/or finite dimensional formulation, enabling

a direct parameter identification from the original PDE model.

o The modified Volterra-type and Fredholm-type transformations proposed allows com-

pensating for the uncertain time-varying “boundary” or “in-domain” parameter.

o For two points of measurement, a Fredholm-type integral transformation is proposed

which allows managing the resulting non-strict feedback error system.

e Chapter 5 deals with the adaptive observer design problem for a Single Particle Model of
Lithium-Ion batteries where the diffusivity coefficient is considered the uncertain parameter.
The design proposes a modification of a Volterra-type transformation to compensate for the
parameter uncertainty. The resulting coupled/uncoupled Kernel-PDE/ODE is recast as a
convex optimization problem and solved via semidefinite programming. In addition, based
on the Moment approach, a novel scheme of inversion of the nonlinear output mapping of the

battery is formulated. The contributions of this chapter are:

o The adaptive observer performs a simultaneous estimation of the solid Lithium-Ion con-
centration and of the diffusivity parameter, considering only boundary measurements
of voltage and current. The design does not require any model reduction, taking into

account the full nature of the PDE model.

o The observer design methodology also considers the uncertain gain in the boundary
condition which is a reciprocal function of the diffusivity parameter. This boundary
uncertainty is dynamically compensated in conjunction with the in-domain uncertainty,

so that the adaptation scheme proposed leads to an accurate parameter estimation.

o The linear feedback problem in the observer is solved via a novel method of inversion

which circumvents the limited performance of gradient-based linear approximations com-
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monly used. The method proposed achieves a high precision for the whole domain and

is able to determine multiple optimal points.

e Chapter 6 provides concluding remarks of this research and suggestions for future lines of

investigation.

1.3.2.1 Publications

The contribution of this research has been disseminated in the following papers:

e P. Ascencio, A. Astolfi and T. Parisini, “Backstepping PDE Design: A Convex Optimization
Approach,” Submitted to IEEE Transactions on Automatic Control, 2016.

e P. Ascencio, A. Astolfi and T. Parisini, “Backstepping PDE-based adaptive observer for
a Single Particle Model of Lithium-Ion Batteries,” IEEE 56" Conference on Decision and
Control, 2016, pp. 5623-5628.

e P. Ascencio, A. Astolfi and T. Parisini, “An Adaptive Observer for a class of Parabolic PDEs
based on a Convex Optimization Approach of Backstepping PDE Design,” American Control
Conference, 2016, pp. 3429-3434.

e P. Ascencio, A. Astolfi and T. Parisini, “Backstepping PDE Design, Volterra and Fredholm
Operators: a Convex Optimization Approach,” IEEE 55" Conference on Decision and Con-
trol, 2015, pp. 7048-7053.

1.4 Preliminary Terminology

1.4.1 Notation

A(2), C(Q) and L£2() stand for the space of real-analytic functions, continuous functions and
square integrable functions on the domain €2, respectively. I, A, V and F denote the identity,

integral, Volterra-type and Fredholm-type operator, respectively.

R[x] denotes the ring of real polynomials in n variables x = [z1, %9, ..., 7, and P[x] = {p € R[x] :
p(x) > 0,Vz € R™} stands for the set of non-negative real polynomials. The notation R,, ,[x] and
P, »[x] explicitly indicates polynomials in n variables with degree at most r, whereas X5 represents
the subset of polynomials with Sum-of-Squares (SOS) decomposition. In particular P(K) represents

the non-negative polynomials on the set K.

T‘]T

r]" is the standard vector basis of R, ,[x]. Polynomials are

expressed by multi-index notation: p(x) = ng_l p;x% = (p, ®,), where r € N is the polynomial

_ 2
¢, = [1,x1,...,2pn, 27,2122, ..., T

degree, z(r) = (”jr) is the number of polynomial coefficients p = [pg, p1, .- . ,pz(r)_l]—r e R,
1 n

.,a”] such that |a;|=

x% = x,7---x,’ represents the j-th monomial with powers a@; = [a! ’

j,..
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> by oz? <r, a;“ € N. For simplicity it is expressed by p(x) = > PaX® with powers o € N7,

acNn
where N' = {@; € N"; [a;|<r,Vj =0,...,2(r) = 1} = {@0, ..., Qs }-

M(K) stands for the space of finite positive Borel measures on K. S™ and S denote the set of

symmetric and semidefinite positive matrices of dimension m x m, respectively.

The expression § = §(x) gzﬁ indicates that in the function §, P and @ have been substituted by

the polynomials N and M, respectively.

1.4.2 Definition

For the representation of bivariate polynomial Kernels P(x,y) = z(zd())fl prz®yPr of degree d € N,

coefficients pr € R and powers ai € N, 8 € N, the following basis of monomials &4 are considered:

,_ 2 2 .3 .2 2 .3 d .d—1 d—1 ,d
q)d'_{lazayvxaxyvyaxaxya$y7y>"'7"'ax>$ Y,-.., Y ay}7

a:={0,[1,0],[2,1,0],...,[d.d—1,...,1,0]}, (1.3)
g :=1{0,[0,1],[0,1,2],...,[0,1,...,d — 1,d]},
with z(d) = (d+1)d+2)/2 terms, powers of which are grouped in d 4+ 1 blocks, where each j-th

block contains j41 elements ordered in relation with [27~%y*], k=0,...,5, j=0,...,d.

Backstepping design for 1-dimensional PDEs with a Volterra-type or Fredholm-type transformation

involves the following domains [21, 82]:

Q:={0<az<1}, (1.4)
Qr={0<z<1,0<y <z}, (1.5)
Qu:={0<z<1l,z<y<l1}, (1.6)
Qg:={0<z<1,0<y<1}, (1.7)

which are the unit interval, the lower and upper triangular subsets sharing a boundary along = = v,

and the unit square subsets of R?, respectively.

1.4.3 Abbreviations

BVP Boundary Value Problem LPS Lumped-Parameter Systems

DFN  Doley-Fuller-Newman OCP Open Circuit Potential

DPS  Distributed Parameter Systems ODE  Ordinary Differential Equation

FDS  Finite Dimensional Systems P2D Pseudo Two-Dimensional

FDM Finite Difference Method PDE Partial Differential Equation

FEM Finite Element Method PDAE Partial Differential Algebraic Equation
IDS  Infinite Dimensional Systems PIDE  Partial Integral Differential Equation
IVP  Initial Value Problem SOS Sum-of-Squares

LI Linearly Independent SPM Single Particle Model
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Chapter 2

Formulation of Differential Equations

as Convex Optimization Problems:

—Pierre de Fermat (1601-1665)—

Beyond his contributions on the “Number Theory” and the celebrated so-called Fermat’s last theorem, P. Fermat is
considered father of the “Analytic Geometry”, title shared with René Descartes. Fermat’s work on this area, dealing
with the relationship of algebra to geometry, was one of the primary inspirations for the work of Sir Isaac Newton
on the subject that today is known as “Differential Calculus”. His idea to obtain a tangent line of a curve, based on
simple geometric observations, led to find local mazima and minima of differentiable functions, which is now known
as the “interior extremum theorem”.

On the basis of the Weierstrass approximation theorem continuous smooth solu-
tions of differential equations (boundary value problems), in compact sets, can be uni-
formly approximated by polynomials. In contrast to the traditional approaches such
as discrete approximations of differential operators or variational formulations, a sim-
ple methodology to approximate these solutions can be formulated via recasting the
equality condition of the differential problem as inequalities written in terms of poly-
nomial coefficients, and relaxing these via their Sums-of-Squares (SOS) decomposition
over a compact set. This methodology leads to a convex optimization problem, readily
implementable resorting to semidefinite programming tools, the objective of which cor-
responds to minimize the residual functions with respect to the original equality. This
flexible and generic approach is suitable to be applied on a wide class of differential
equations, linear or with quadratic terms, amongst other classes of problems with poly-

nomial terms.

! A brief theoretical background of this chapter is presented in Appendix A. For a detailed exposition see [136, 137, 138]
and references therein.
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2.1 Sum-of-Squares Approach for PDEs

Let u = u(x) € C*(Q2) be the solution of a linear PDE-Boundary Value Problem (BVP):

b { Liu())(x) = f(x), ¥x € 21
Bi[u(")

|(x)|xeon, =w, i=1,...,reN ’

in a compact domain € C R”, where L and B; are linear differential operators with polynomials
terms, f € R[x], 9Q D |J;_, 99; represents the boundary of Q = Q U 99, with Q interior subset
of 2, and u; € R is the value of B;[u] on the boundary subset 0f2;. Based on the Weierstrass
approximation theorem [139], the solution u can be uniformly approximated by polynomials with

theoretical arbitrary precision.

Let

Sax) = > pal(x®) = f(x) |, YxeQ (2.2)

aeNY

be the residual function due to the polynomial approximation u(x) ~ py(x) = ZaeNg DaX™ €
R[x] in P (2.1), of degree d in n variables x = [z1,...,2,]" € R” and coefficients p = [pa,- - - ,
|T € R*D with z(n,d) = ("19).

Pa; (n,d)-1
In contrast to the traditional and well-established methodologies such as for instance: the Finite
Difference Method (FDM) or the Finite Element Method (FEM),? a direct methodology to deter-
mine the polynomial p; consists in minimizing the residual function 4, by means of formulating
it as a Polynomial Optimization Problem in terms of the polynomial coefficients po. This

approach can be seen as part of the residual methods to address Boundary Value Problems [147].

2.1.1 Compact Basic Semi-algebraic Sets

The main idea to solve (2.1) as a Polynomial Optimization Problem is based on a notable result
from Real Algebraic Geometry: the Positivstellensatz [136]. Peculiarly, this result of positivity
certification does not depend on the characteristics of the polynomials involved in the problem.
On the contrary, this result only depends on the kind of algebraic representation of the domain Q.
Thus, if 2 can be described by

Q={xeR"q(x)>0,...,9m(x) > 0}, (2.3)

2FDM, which is based on the approximation of differential operators by differences (forward, central, backward) on

a grid or mesh [140, 141], or FEM, which could be derived from the weak (variational) formulation of a differential
equation and the Ritz-Galerkin approxzimation [142, 65, 143, 144], can lead to non-convergent solutions. For the
FDM, an analysis of convergence can be carried out based on the “maximum principle” [145]. For the case of the
FEM, a sufficient condition to obtain a convergent solution consists in to formulate structures in accordance with
the Lax-Milgram lemma (bilinear form: A(u,v) : V x V — R, with V Hilbert space, continuous and coercive), for
instance, the particular case of self-adjoint operators [146].
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with m € N and g; € R[x], V j = 1,...,m, and this description is a compact basic semi-
algebraic set, based on the representation theorems of Schmiidgen or Putinar,? the non-negative

function h(x) = £d4(x) F v, for some v > 0, can be formulated as:

+oq(x ZSJ J(x), sjeXs, VxeQ, (2.4)

where G; denotes a particular combination of polynomial constraints g;’s in accordance with the

Schmiidgen or Putinar representation selected (G = 1). Moreover, this allows relaxing (2.4) via
£04(x) Fy— > ss(x)Gs(x) | €5, s5 €N, VxEQ, (2.5)
J#0

which is a SOS decomposition (hierarchy of SOS relaxations), equivalent to a convex optimization

problem, numerically implementable via semidefinite programming [136, 138].

Consider the particular domains involved in Backstepping PDE design.

Lemma 1. The domains (1.4), (1.5), (1.6) and (1.7) have the representations:

Q={zeR gi(z) =z(1—x) >0}, (2.6)
Q= {(z,y) € R* g1(x) = (1 — 2) > 0, galw,y) = y(z —y) > 0} (2.7)
O ={(z,y) € R?, gi(z) = (1 —2) > 0, g3(z,y) = (y —)(1 —y) >0} (2.8)
Qs = {(x,y) € R?, g1(x) = 2(1 —2) > 0, ga(w,y) = y(1—y) >0} (2.9)

respectively, which are “Compact Basic Semi-Algebraic Sets” and their associated quadratic modules

are “Archimedean” *

Proof. By definition (2.6), (2.7), (2.8) and (2.9) are basic semi-algebraic sets [136, 149]. The
equivalence of the sets (1.4)-(1.7) and their respective representations (2.6)-(2.9) is immediate,
following the feasible solution set of the inequalities involved. Moreover, (1.4) is a closed and
bounded subset of R as well as the sets (1.5)-(1.7) are in R?, and hence compact [150]. The
Archimedean property is verified directly since for each domain representation the set {x € R™ :
g(x) > 0} is compact for some j € {1,...,m} [138]. This property can also be validated since the
quadratic modules associated to Q, Qr, Qp and Qg satisfy the condition [148, 138]:

3These certificates have been considered due to they are computationally practical and simple of implementing. In
particular, Putinar’s Positivstellensatz only involves a linear number of SOS polynomials with respect to the compact
domain representation [148, 136, 138].

4Since the domains considered are polytopes, the functions g; can also be selected as affine inequalities where this
condition is always satisfied [138].
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n m
dNeNst: N - Zw? €< so+ ZSjgj; (s)jeo € Es ¢ - (2.10)
i=1 j=1

For instance, for €2 as in (2.6), selecting N = 1, s; = 2 > 0 and so(z) = (x —1)? > 0. For the lower

triangular domain €, as in (2.7), using:

N, =2€N,s51=4>0,50=2>0,
so(z,y) = 327 — 2zy — 4o +y* + 2 = [L,2,9]QL[L, 2, 9] € I,

2 =2 0
Qr=]1 -2 3 -1 | =0= NL—$2—Z~/2:80(95,9)+8191($)+8292(3«“,y)-
0 -1 1

Likewise, in the case of the upper triangular domain ; as in (2.8), considering:

Ny=3€N,s1=4>0,59=2>0,
so(z,y) = 32 —20—2y—2xy+y*+3 = [1,z,y]Qu[l,z,y]" € I,

3 -1 -1
Qu=| -1 3 -1 [ =0= Ny—2?—y?=s0(2,y) + s101(2) + s293(z, ).
1 -1 1

With respect to the unit square domain Qg described via (2.9), choosing:

Ng=2€N,51=22>0,50=22>0,

SO(xay) = $2—2$—2y+y2+2 = [L%ZJ]QS[Lx,y]T € ES?

2 -1 -1
Qs=1 -1 1 0| >=0= Ns—x2—y2:So(iﬁ,y)+8191($)+8294($,y)-
-1 0 1

O]

Remark 1. As it has been confirmed in the proof of Lemma 1, due to the algebraic domain representations
(2.6)-(2.9) involve quadratic forms g;’s, the polynomial SOS condition: s; € Y,V j=1,...,m in (2.4) and
(2.10) can be simplified to a scalar non-negativity: s; > 0. In this particular case the Putinar’s certificate is
equivalent to the S-procedure [136]. This feature allows reducing significantly computational costs in higher

dimensions.

2.1.2 Minimax Approximation

The aziom of completeness has a far-outstanding consequence in the generalized Min-Max theorem,

which sets forth the existence of extreme values of a continuous real-valued function on compact
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Maximum Y

******* o

Figure 2.1.1: Maximum and minimum values of a residual function in a compact domain.

domains [19]. Thus, the residual function (2.2) is bounded by § < d4(x) < §, where § is the
minimum and § is the mazimum of 64 on € compact domain. In addition, the exact solution of
(2.1), i.e. 64 = 0 in (2.2), can be approximated using the simple idea depicted in Figure 2.1.1,
imposing § — 0 and § — 0 (64 — 0 in Q) on the extreme values of dg.

Intuitively, to achieve this objective, the optimization cost function: min {max,cq{|d],|d|} <~} —
0 can be formulated, which can be seen as the standard Uniform Best approzimation approach
used to approximate the null function (zero value in Q) by 4 in terms of L£%°-norm (uniform
error) in €, scheme also denominated Minimaz approxzimation [151, 152]. In addition, if 2 has the
representation (2.3) and this is a “compact basic semi-algebraic set” (for instance one of the sets

considered in Lemma 1), the positivity constraints

6 — da(x)

04(x) =4 >0 (minimum)

A\

0 (maximum) 2.11)

V x € ), can be relaxed and formulated via a SOS decomposition, so that there is an efficient
computation of § and 6. Therefore, an approximate solution of u can be found via the convex

optimization problem:

7' = infyerpaer ¥

Plynp, = P y>0, shedy,, stey, : (2.12)
§

7é50,7 -0
s v o v

Bilpg(-)](x)|xeon,=wi, i=1,...,reN

where G; stands for combinations of g;’s in accordance with the type of positivity certificate se-

lected (Schmiidgen or Putinar). The problem P, imposes d4(x) — 0,V x € €, by means of the
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minimization of the global extreme values of d4 in €2, in terms of the polynomial coefficients pq .

Remark 2. With respect to the generality of the compact domain §2, under the existence of a non-degenerate
coordinate transformation ® (typical method to obtain canonical or known PDE forms [155, 156]), this domain
can be transformed to a symmetric unit hypercube with respect to the origin ([—1,1]"), which is useful in

particular for orthogonal polynomials.

2.1.3 Least Squares Approximation

The other standard approach in approximation theory consists in the Best approximation in terms
of £2(Q)-norm, scheme also denominated Least Squares approzimation [152]. This has the main

advantage of obtaining a unique solution due to the strict convexity of the problem.

For P (2.1) with d4 as in (2.2), the formulation of a quadratic cost functional: min,, [, d3(x)dx
leads to a non-convex problem (multiplications of p, unknown parameters). However, due to the

semi-positivity and equality constraints

() =760 30|
da(x) gl (2.13)

/Q T(x)dx = 0 |

the Schur’s complement provides a sufficient convex condition for this quadratic optimization pro-

blem, namely

/Q <f91dx72 AT (x) - 53(x)> x>0 = /Q(sg(x)dx <12 ¥xeQ, (2.14)

with T'= T'(x) € R[x], and considering that 2 has a representation as a “compact basic semialge-

braic set” (such as one of the sets described in in Lemma 1), (2.13) can be relaxed and formulated
via a SOS decomposition in its matrix-polynomial version.®
Remark 3. It is worth noting that the formulation (2.13) allows minimizing directly the “root” of [, 63(x)dx

instead of the traditional “Least Squares” cost functional. The standard least squares objective can be obtained
using
T(x) dal
1

X)] >0
(5d(X) ,

y = /QT(x)dx

where 7y s the cost functional of the optimization problem. On the other hand, due to the quadratic structure

(2.15)

of this inequality, if deg(T) = 2deg(d4) is selected, a better numerical performance is achieved (this can be

rather restrictive for dimensions n > 2).

®Bijective variable transformation. Jacobian determinant does not vanish on the domain considered [153, 154].
5This condition can also be ”scalarized”, see details in [136, 138, 157].

28



2. FORMULATION OF DIFFERENTIAL EQUATIONS AS CONVEX OPTIMIZATION PROBLEMS
2.1. Sum-of-Squares Approach for PDEs

Figure 2.1.2: Integral of the square of a residual function in a compact domain.

Therefore, as Figure 2.1.2 illustrates, an approximate solution of u can be found via the convex

optimization problem:

’7* = inf’yeR,paeR v
D S IV 5
subj. to: <fﬂ dx) 7T dalx) — 3, Si(x)G(x) | € 2
Pl =Py %a(x) 7 . (2.16)
JoT(x)dx =0

7 2 07 SJ S Z§X2
Bilpg(-)](x)|xeon,=wi, i=1,...,7r€N

where, as in the previous section was indicated, G; represents a particular combination of g;’s
according to the type of Positivstellensatz (Schmiidgen or Putinar) selected. The problem Py
(2.16) enforces 04(x) — 0, V x € Q, by means of the minimization of the “square root” of the
integral of the residual function.

Remark 4. For the particular case of Putinar’s Positivstellensatz with Q = {x € R™ : g1(x) > 0, g2(x) > 0}

“compact semi-algebraic set with Archimedean quadratic module”, matrices with structure:
Csix) 0 2%2
S1(x) _l . 0] €. . smE) (2.17)

Sy(x) = [g 0 )] € ijz, S9 € ZS (2.18)

sa(x

can be considered in the problem (2.16). For these structures the SOS matrix condition is immediately verified

based on the existence of polynomial matrices Bj such that S; = BjT (x)Bj(x), j =1,2.

Remark 5. In the one-dimensional case the set of non-negative polynomials (P 24) coincides with the set
of SOS polynomials (3~ ,). However, in general, to the extent the dimension of the space increases, y . is a
strictly smaller subset of Py, 04 [186, 284]. Thus, the application of the approach proposed is limited to low
dimensional differential BVPs (in practice, n < 3), and for one dimension is expected to achieve its best

numerical performance.
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2.1.4 Polytopic Domain Decomposition

The idea of the Finite Element Method of decomposing the whole domain into structural elements
and approximating the global solution as the contribution of local polynomial approximations of
these sub-domains [142, 65, 143, 144, 158], can directly applied to the formulation of differential
equations as convex optimization problems. If the selected sub-domains are polytopes,” such us
for instance: intervals in R, polygons in R2, etc., these can be formulated as compact basic semi-
algebraic sets which always satisfy the Putinar’s Positivstellensatz [138]. Thus, the non-negative
representation of polynomials in these sets allows solving local differential problems via the convex
optimization formulation (2.12) or (2.16). The “global solution” is the contribution of each local
solution, the continuity of which is imposed by simple optimization constraints on every local boun-
dary (between sub-domains). An example of a two-dimensional polytope decomposition is shown

in Figure 2.1.3 in accordance with Lemma 1.

A (@) A j (b)
6 Q
3,6
3 Q33
5
4 Qi:j Ql+1,
2| Qpyj Qi1
31 Qiaja
2
1 Qjj1
1
» | » |
1 2 3 1 2 3

Figure 2.1.3: Example of a Polytopic Two-Dimensional Domain Decomposition. (a) Squares. (b)
Triangles (Upper: €2; ; and Lower: §; j_; Triangular Domains).

Let Q = Uﬁe] {13 C R™ be the domain partitioned into N polytopes €2g such that {13 = So)g U oQa
and Nge Qs =0,V B €1, where I = {By,..., 8y} with B, e N", k=1,...,N.

e For instance for the two-dimensional square-based decomposition shown in Figure 2.1.3(a):
N =9 8= (i,j) € 1,3] x [1,3] ¢ N2, I = {(1,1),(2,1),(3,1),...,(3,3)} and Q =
Ui jrer -

(n.d) agssociated

Let ¢p(x) = ZaeNg 2x be a polynomial of degree d with coefficients ¢® € R?
with each sub-domain Qg such that dg is its respective “local” residual function. The global

approximation of the solution in (2.1) can be written as u(x) & pg(x) = >_gc; Xa,(x)¢9g(x), where

"Polytopes are bounded (compact and convex) polyhedrons which can be generated by a set of finitely many linear
inequalities and equalities [136].
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X0, (%) = {1,x € Qp;0,x ¢ Qg} is the indicator function, and it can be determined by the convex

optimization problem:

. .
= inf 8
v veR, fer Y

subj. to:

s —0p(x) — 32,55, ()Gu(x)) € 3,
0p(x) =85 — 2oy 85 ,(x)Gu(x)) € X,
vVoel={p,...,O0n} : SE,JGEsa S%JEZS

PN i 55] >~ 0, [7 51 =0
éﬁ Y o
vi=1,...M,Vm=1,....M ‘ Dy, (¢ﬂl(x)—¢5m(x))|x€elm:0,
S.t.:@lm:aﬁﬁlﬂaﬁgm#w Vk=0,...,t
iy >0
Vi=1,...,teN, Voel
: Bi[pa()](x)|xen,, = wi,
L s.t.: Ajy = 0Q; N O, ?é 0
(2.19)
where M € N is the total number of shared boundaries of local elements and D = aa—:k is a

differential linear operator which enforces continuity (k = 0) and a selected degree of smoothness
(k=1,...,t € N) between the local solutions. Similar to this Minimaz optimization problem, a

Least Squares minimization can carried out based on (2.16).

2.2 Moment Approach for PDEs

In the context of the so-called the Generalized Moment Problem (GMP), one of the multiple and
useful applications of the duality between SOS and Moments?® is the solution of differential equations
(ODEs, PDEs) [137].

For linear PDEs with polynomial data, an approximate solution u € £2(K,\) can be obtained
interpreting it as a “density function” with respect to the Lebesgue measure A = A\(x), V x € K.
This by means of the computation of finitely many moments y = (mq)aen» of the Borel measure
t, dp(x) = u(x)dA(x) (u: Radon-Nikodym derivative of p with respect to A) as meq = [, Xx*dpu(x)
159, 137].

The method of approximation involves two steps:

(i) Consists of generating a “moment sequence” y = (Mmq)aene through of solving the adjoint

operator equation derived from a weak formulation of the differential equation, namely

8For an introduction to this duality, see Appendix A. The proper cone of non-negative polynomials on K corresponds
to the proper cone of moment sequences y = (Ma)aen» with representing finite Borel measure p: P*(K) = {(ma) €
RY 13 e M(K) 45 ma = [ x¥du(x), Vo € N*} [148, 138].
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m o514, (x
S 50020 pa e Lu()() = £(0),

[0}

ol .
=0 Oxy” -+ Oy’ (2.20)
u, L [¢i]) p2) = (f, i) c2(),  Voi € 9,

with L* adjoint operator, I;, f € R[x] and ¢; = x% the i-th element of the basis ® =
{é1,...,di,...}, via a hierarchy of semidefinite programs [161, 160).

(ii) Corresponds to the “inverse optimization” procedure, which formulates a polynomial approxi-

mation for the unknown density v as @ = 6T ®(x) and performs a mean squares minimization:

inf |lu— 4 = inf —a(x))*d
it =il = ot (w6 () dx
= inf /ﬁz(x)dx—Q/ﬂ(x)u(x)dx—l—/u2(x)dx
4R r[x] JO Q —— Ja
dp
z(r)—1 20

oer=(")

< inf 07 (/Q@(X)QT(x)dx> 0—2 Hk/ngk(x)du

k=0 —_——
my

= inf 6'MO—-20"y, (2.21)
geR*(")
x€e)
only based on the knowledge of a finite moment sequence y, = {my,... ,mz(r)_l} e R=("),

equivalent to a semidefinite programming problem [162]. It is worth noting that the non-
negativity of @& can be ensured if this condition (non-negativity) is included as constraint on

Q using positive certificates on compact basic semialgebraic sets.

2.3 Computational Examples

The following examples, one and two-dimensional cases, illustrate the numerical performance of the
method proposed for solving differential equations-boundary value problems. These allow evaluat-
ing its subsequent implementation in the coupled PDE-ODE problems derived from the design of
Backstepping PDE-based adaptive observers (next chapters). Its extension to higher dimensions is
straightforward but still limited by the SOS polynomial set itself (see Remark 5 and Appendix A,
footnote 11), its positive representation and the current stage of semidefinite programming tools.
The numerical solution of these convex optimization problems has been obtained via the Yalmip
toolbox for Matlab [163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi
[165] and the SDP package part of the Mosek solver [166].

2.3.1 One-Dimensional Differential Equation-BVP

This section considers steady diffusion-reaction/advection problems which arise from several types

of systems, for instance: steady heat conduction, longitudinal deformation of an elastic rode, trans-
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verse deflection of a cable, etc [167, 89]. These are typical steady BVP used to exemplify the
standards one-dimensional numerical methods such as the Shooting Method (BVP as a pair of
initial-value problems), Finite Difference Method (approximation of differential operators by dis-
crete differences), Rayleigh-Ritz-Galerkin (variational approach, integral functional minimization)
or Spectral-Collocation methods [147, 168, 169, 170, 141, 171, 172, 173, 174, 175]. The nature of
its solutions (regular Sturm-Liouville-problem, solutions of which can span £2(0,1)[176, 177]) are

suitable to test polynomial approximations.

2.3.1.1 Steady Convection-dominated Problem

This example considers the second order linear elliptic two-point BVP

—efb (@) + b)) =0, vx € (0,1) ¥
P: u(0) =0 = u(z) =, (222)
ee — 1
ul) =1

with exact analytical solution where ¢ > 0 and b > 0. If the convection (transport) term (b- Vu)
dominates the dynamic of the problem (small €/b), this leads to solutions with strong gradients
close to its boundaries (boundary layers) [146, 178]. As it is well-known, Galerkin-based numerical
approximations exhibit oscillatory behaviour if the local Péclet number: P, = bh/(2¢) > 1. To

avoid this, for instance, a small (in certain cases unpractical) grid-size h is required.

The problem (2.22) has been approximately solved for e = 1/50 and b = 2 via the convex formulation
(2.12) using SOSTOOLS-SeDuMi packages. As Figure 2.3.1 shows the characteristic of the solution
at the boundary requires a high polynomial degree (d > 100) to reach a residual function 64 < 1073.
Figure 2.3.1(a) depicts the exact solution and its polynomial approximation for a degree d = 100.
A piece-wise linear Centered Finite Difference approximation® is also shown for N = 101 nodes
(discretization points) in the unit interval. The effect of the strong gradient at the boundary over
the precision of the polynomial solution is shown in Figure 2.3.1(b). In this case an approximation
error (u—p) < 3.8-107° (see y-axis: right-hand side) and a residual function bound |y|< 1.5-1073
(see y-axis: left-hand side) are achieved. Figure 2.3.1(c) illustrates the oscillation in the Galerkin-
based numerical approximation!? for a grid-size h such that P. = bh/(2¢) > 1. The decreasing
characteristic of the approximation error ||u — p4ll and of the £°°-norm of the residual function
04 is depicted in Figure 2.3.1(d). This is compared with the £°°-norm of the approximation error
obtained via the centered Finite Difference Method with respect to the number of nodes (secondary

x-axis, below polynomial degree d).

9The system of equations obtained from the application of the Centered Finite Difference Method coincides with
the system derived from the Finite Element Method with piecewise-linear polynomials under a uniform grid space
discretization and constant parameters.

10This oscillation can be overcome considering Stabilization Methods [146].
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Approximate Solution
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Figure 2.3.1: Polynomial approximation of Steady Convection-dominated Problem.(a) Exact so-
lution v = wu(x): solid line, polynomial solution pg for polynomial degree d = 100: dash line,
piece-wise linear Centered Finite Difference approximation with N = 101 nodes: dash-dot line
(circles: elements nodes). For clearness, the solutions have been plotted on the interval [0.95, 1]
instead of [0, 1]. (b) Approximation error (v —p): solid line (y-axis: right-hand side), residual func-
tion § = d(x): dash line (y-axis: left-hand side), optimal bound : dash-dot line (y-axis: left-hand
side). (¢) Centered Finite Difference approximation for N = 4: solid-circle line , N = 8: dash-point
line and N = 24 dot-x line. (d) Residual function bound and error for polynomial approximation
(v: solid-circle line, ||u — pgl|co: solid-point line)(primary x-axis. d: Polynomial degree) and Finite
Difference Method (||u — pn|lec: dash-square line (secondary x-axis. N Number of Nodes).
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2.3.1.2 Steady Diffusion-Reaction Problem

In general, in contrast to the convection-dominated problem, diffusion-reaction differential equa-
tions present a well-behaved solution. This is similar to the classic one-dimensional Poisson problem
where the ellipticity constant is dominant in comparison with the rest of coefficients in the equation
[146, 178].11 To illustrate the flexibility of the approach proposed, numerical examples with two

types of boundary conditions are considered.

e Case 1: Dirichlet Homogeneous Boundary conditions.

This case considers the second order linear elliptic two-point BVP with exact analytical

solution

with homogeneous Dirichlet boundary conditions [179].

The problem (2.23) has been approximately solved via the Minimaxz convex formulation (2.12)
as well as root Least Squares (2.16) using Yalmip-SeDuMi packages. As Figure 2.3.2 shows,
the approximate polynomial solution reaches an accurate result for low polynomial degrees.
Figure 2.3.2(a) depicts approximations for polynomials degrees of d = 2 and d = 4 obtained
via the Minimaz approach (2.12):

u A~ uy = —0.25002% + 0.25002 — 1.494-10719,
uw A ug = —0.01896z* — 0.12702> — 0.0025792% + 0.14862 — 5.72-107 18,

illustrating a comparison with a piece-wise linear Finite Element Method approximation of
6 elements. Figure 2.3.2(b) shows a residual function bound and approximation error (in
norm) with monotonic decreasing tendency for d < 10. For higher polynomial degrees,
the semidefinite package run into numerical problems (optimum around to the maximum
threshold precision). Figure 2.3.2(c) shows an approximate solution using the Finite Element

Method with piece-wise quadratic Lagrange polynomials (3 basis per element), namely

N N
u~ uppM, () = Y adi(z) + Y djv(x), (2.24)
i=0 =1

)

ou(a) = { (2/h?)(x = zi1)(z = (zio1 +1/2)), Vo € i1, ]
(2/0?)(x = 1) (@ — (Tip1 — 1/2)), Vo € 25, 2141]
bj(@) = —(4/h°) (& — zj_1)(x —a5) Vo € [z, 5],

M Similar to the advection dominated case, diffusion-reaction differential problems can also present boundary layers
under very small diffusion coefficients with respect to the reaction ones [178].
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where h = (z;—xj_1) is the uniform discretization step, with NV = 3 elements and parameters:
co =c3 =0, ¢ =0.0444, co = 0.0564, d; = 0.02419, d2 = 0.05659 and ds = 0.03927. Figure
2.3.2(d) depicts the L£%-norm approximation error using the FEM with piece-wise linear
(FEM;), quadratic (FEM3) and quartic (FEM4) polynomials as functions of the number of
elements N. It is worth noting that for the FEM approximate solution around 250 quartic
polynomials (~ 50 Elements, 5 basis per element) are needed to achieve an approximation
error of 107!, This accuracy can be obtained using a polynomial approximation of degree

d = 10 via the convex optimization approach proposed.

e Case 2: Mixed Dirichlet-Neumann Homogeneous Boundary conditions

This case considers the second order linear elliptic two-point BVP with exact analytical

solution

P: u(0) =0 = u(zr) =ze ¥, (2.25)
) =0

with homogeneous mixed Dirichlet-Neumann boundary conditions [169].

The problem (2.25) has been approximately solved via both the variant Least Squares (2.15)
in (2.16) and the Minimaz (2.12) optimization problem, using Yalmip-Mosek packages. As
Figure 2.3.3 shows, due to the zero gradient condition at one boundary, this problem is slight
harder than (2.23). Figure 2.3.2(a) depicts approximate solutions for polynomials degrees of
d =2 and d = 4 obtained via the standard Least Squares (2.15) in (2.16):

u A~ uy = —0.45342> + 0.9067x,
U~ ug = —0.090952* + 0.446023 — 0.98712% + 1.0000z.

Figure 2.3.3(b) shows a monotonic decreasing residual function bound and approximation
error (in norms) for d < 12. In this case the combination of Yalmip-Mosek packages obtained
lower residual bounds (v ~ 10~!%) than the previous case via Yalmip-SeDuMi packages. This
optimization also ran into numerical problems for higher polynomial degrees (around to the
maximum threshold precision). Figure 2.3.3(c) shows an approximate solution using the

Finite Element method with piece-wise quartic Lagrange polynomials (5 basis per element),

namely
N 3 N

u ~ upgpMm, (T) = Z cigi(x) + Z Z di. j¥k.(2), (2.26)
i=0 k=1 j=1

i(z) = { (%) (x —zi1)(® — (w1 + 7)) (@ — (i1 + %)(JU —x;—1 + %)), Vo € [zi-1, 2]

h
4
(3%) ( —zit1) (@ — (i1 — %))(x — (Tit1 — %))(x — (Tip1 — %)),Vm € [zi, Tit1)
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Figure 2.3.2: Polynomial approximation of Case 1: Steady Diffusion-Reaction Problem with ho-
mogeneous Dirichlet boundary conditions. (a) Exact solution v = wu(x):
approximation p = p(x) for polynomial degree d = 2: dot line and d = 4: dash line, piece-wise
linear Finite Element (FEM; ) approximation with N = 6 elements: dash-dot line (circles: elements
nodes). (b) Optimal bound for the residual function and error. Minimaxz optimization: ~: solid-
circle line, ||u — p||so: dot-point line. Root Least Squares optimization: : dash-x line, ||u — p||2:
dash-dot-start line. (c) Approximation using the Finite Element method with piece-wise quadratic
polynomials (FEM3). Exact solution u = wu(x): solid line, FEMy approximation: dash line. (d)
L%°-norm error approximation using FEM;: solid-circle line, FEMs: dash-square line and FEMy:
dash-dot-triangle line.

solid line, polynomial
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Prj(@) == (38) (v — zj-1) (@ — (wij + 2)) (@ — 2j-1 + ) (2 — 25)
Yo j(7) = (%‘ (x —zj-1)(x (fb’z itIN@ -z ) (@ —x;) Vo€ [z, ),
Usj(x) = = (33) (& = zj1) (@ — (2 + D)@ — 250 + §)) (@ —27)

where h = (z;—xj_1) is the uniform discretization step, with NV = 1 elements and parameters:
co =0, ¢; = 0.36906, d1,1 = 0.1950, dz;1 = 0.3038 and d3; = 0.3551. Figure 2.3.3(d) depicts
the £2-norm approximation error using the Finite Element method with piece-wise linear
(FEM;), quadratic (FEM3) and quartic (FEM4) polynomials as functions of the number of
elements N. Similar to the previous case, the FEM needs around 250 quartic polynomials
(~ 50 Elements, 5 basis per element) to achieve an approximation error of 10~%. This accu-
racy can be obtained using a polynomial approximation of degree d = 10 via the convex

optimization approach proposed.

2.3.1.3 Sturm-—Liouville Eigenvalue Problem

This example considers the second order two-point BVP with non-homogeneous Dirichlet boundary
conditions and exact analytical solution
Lu(r) + wu(z) =0, ¥x € (0,1)
P: uw(0) =1 = wu(x) = cos (wx), (2.27)
u(l) =0

for an angular frequency of w = 57/2, which is a particular case of the classical Sturm—Liouville

Eigenvalue problem [177].

The problem (2.27) has been approximately solved via the variant Least Squares (2.15) in (2.16)
using Yalmip-Mosek packages. In comparison with the former problems (2.23) and (2.25), as it is
shown in Figure 2.3.4(b), if an unique polynomial is considered as approximate solution, to obtain
a residual function bound  ~ 107! a higher polynomial degree (d > 20) is needed. To illustrate
a reduction of the polynomial degree, a polytopic decomposition of the domain is alternatively

formulated according to Section 2.1.4 using the Least Squares variant (2.15) in (2.19).

Let Q = UN Q; = [0, 1] be the domain partitioned into N uniform intervals Q; = [z}, z;41], over

the set of equidistant nodes {z1,...,2;,2j41,...,2n41}. Let ¢; = ZZ 0 c]i,mk be a polynomial of

degree d, with coefficients 07 € R, associated to each sub-domain ; such that §;(z) = ddjzf () +

w?p;(z) is its respective “local” residual function. The global approximate solution of (2.27) can
be written as u ~ p; = Zjvzl X[zj.2;41)(2)0j(z), where x[qp)(2) = {1,z € [a,b];0,2 ¢ [a,b]} is the

indicator function, which can be determined by the convex optimization problem:
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Figure 2.3.3: Polynomial approximation of Case 2: Steady Diffusion-Reaction Problem with ho-

mogeneous Mixed Dirichlet-Neumann boundary conditions. a) Exact solution v = u(x):

solid

line, polynomial approximation p = p(z) for polynomial degree d = 2: dot line and d = 6: dash
line. (b) Optimal residual function bound and error. Minimaz optimization: 7: solid-circle line,
|lu — plloo: dot-point line. Least Squares optimization: v: dash-x line, ||u — p||2: dash-dot-start
line. (c) Approximation using the Finite Element Method with piece-wise quartic polynomials
(FEMy). Exact solution v = u(z): solid line, FEM, approximation: dash line. (d) £2-norm error
approximation using FEM;: solid-circle line, FEMs: dash-square line and FEM,: dash-dot-triangle

line.
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( = inf’yjeR, cler Z;\le Yj
subj. to: (| Tj(z) - 331‘ (z)g;(x) 9;(x) ey
0(x) 1-— si(m)gj(a:) #
Vi=1,...,N 1y gi(x) = (2 —xj) (x4 — )
Pan 8]1- €Y . 332» €, )
3 = [ T
Vj=1,...,N—-1 {}D)k (65(2) = G2 (1)l yey, ., = 0V k=0,
¢1(0) =1
¢n(0) =0

(2.28)

based on Putinar’s positivity representation on the compact basic semialgebraic sets (sub-domains):
Q={zreR: (v —zj)(rjy1—2z) >0}, Vj=1,...,N, where D = % is the differential linear
operator which enforces continuity (k = 0) and a selected degree of smoothness (k=1,...,¢t € N).
Figure 2.3.4(a) shows the exact solution and multiple local approximations. Local approximations
consist in polynomial basis ¢; for each interval j = 1,..., N = 5, with polynomial degree d = 4 and
smoothness ¢ = 1. For this polynomial degree an approximation error ||u —pg y||< 107¢ is achieved
for a number of local intervals N > 16. As Figure 2.3.4(b) depicts, a monotonic decreasing tendency
for the global residual function bound and approximation error is also verified. This optimization
ran into numerical problems for polynomial degrees d > 20 and number of elements (intervals)

N > 70 for an unique polynomial and multiple polynomials, respectively.

Figure 2.3.4(c) shows a local polynomial approximation using a variant of the polytopic decom-
position proposed in (2.19), similar to the FEM with quadratic polynomials (FEM,), where 3

polynomials are used in each sub-domain by means of including;:

o5 =p1,5(x) + @2.i(x) + ¢35(x),
@1, +h/2) = p15(xj41) =0 Pk,j € P1a[X]
©2,j () = p2,i(Tjt1) =0 s h=x5 — , (2.29)
©3,j(7;) = p3,5(x; +h/2) =0 Vi=1,...,N=5 k=123

as constraints in the convex formulation (2.19). Figure 2.3.4(d) depicts the £2-norm approximation
error using the Finite Element Method with piece-wise linear (FEM;), quadratic (FEMjy) and
quartic (FEMy) polynomials as functions of the number of elements N. In this case the FEM
needs around 300 quadratic polynomials (~ 100 Elements, 3 basis per element) to achieve an
approximation error of 1076, This accuracy can be obtained using a polynomial approximation
of degree d = 14 with an unique polynomial or degree d = 4 and N = 100 for multiple local

polynomials, via the convex optimization approach proposed.
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Figure 2.3.4: Polynomial approximation of the Sturm—Liouville Eigenvalue Problem. (a) Exact
solution u = u(z): solid line, domain partitioned into N = 5 uniform intervals (circles: elements
nodes), each interval with a local polynomial approximation ¢; of degree d = 4. (b) Optimal
residual function bound and Least Squares optimization error for a unique approximate polynomial
and multiple local polynomials. (c¢) Approximation using constraints (2.29) in (2.19) with local
polynomials of degree d = 4. Exact solution v = wu(z): solid line, multiple local polynomial
approximations: dash line. (d) £2-norm error approximation using FEMj: solid-circle line, FEMa:
dash-square line, FEMy: dash-dot-star line and convex optimization with constraints (2.29) in
(2.19): dot-triangle line.
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2.3.2 Two-Dimensional PDE-BVP

This section addresses the classical two-dimensional Poisson PDE [176, 143, 169, 180, 181, 182].
This arises as an equilibrium problem in many physical systems such as in the theory of conservative
fields (for instance: Electrical, gravitational, magnetic). The Poisson PDE can also be seen as the

stationary version of the diffusion problem, slightly more general than the Laplace equation.'?

2.3.2.1 Poisson 2-Dimensional Equation

This example considers the 2-dimensional Poisson BVP with homogeneous Dirichlet boundary

conditions in a square domain, namely

S (a,y) + %(w) =-1, Y(z,y) €(0,1) x (0,1)
P:¢ u(z,0)=0, u(z,1)=0, Vaelo1] , (2.30)
u(0,y) =0, u(l,y) =0, ¥y elo,1]

with an approximate solution in terms of Fourier’s series given by [181]:

_ 16 = e sin((2¢ + 1)mx) sin((25 + 1)7y)
wz,y) =25 z; z% i+ 1)(2j + (2 + 1)2 + (2) + 1)2) (2.31)

The problem (2.30) has been approximately solved via both a unique polynomial approximation
for the whole domain via the variant Least Squares (2.15) in the formulation (2.16), and multiple
local polynomials based on a triangular-based polytopic domain decomposition according to Figure
2.1.3(b) and variant Least Squares (2.15) in the formulation (2.19) (similar to (2.28)).

2.3.3 Rational Polynomial Functions
2.3.3.1 Reciprocal Function Problem

This section describes an approach to the approximation problem of rational polynomial functions.
This is a particular topic of research in approximation theory with a wide range of theoretical
and numerical results for specific rational structures [183], also known as “multiplicative inverse
functions” or “reciprocal functions”.

Let 1/Q(x) be a particular structure of rational real-valued polynomials with @ > 0, Q(x) =
Z?ﬁo qjxj for z € 2 C R and polynomial degree dg. The problem consists in finding the reciprocal
polynomial of @), i.e., a polynomial R such that:

z)-R(x)=1
p.| Q) R (2.32)
VzeQCR
12For instance, in electrical fields the Poisson equation is: Au = div(Vu) = —4wp, where p is density of the charge

distribution, which is an inhomogeneous version of the Laplace equation Au = 0 obtained for charges located
outside of problem’s domain (p = 0). In this particular case its solutions are called “harmonic functions” such as
Fourier’s series, which can be obtained by the method separation of variables [176, 180].
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Figure 2.3.5: Polynomial approximation of 2-Dimensional Poisson PDE. (a) Approximate solution
for an unique polynomial of degree d = 14. (b) Optimal residual function bound and Least Squares
optimization error for a unique approximate polynomial. (c) Approximation using variant (2.15)
in formulation (2.19) with local polynomials of degree d = 4. (d) £2-norm error approximation
using FEM;: dash-square line, FEMj: dash-dot-star line and variant (2.15) in formulation (2.19):
dot-triangle line. Optimal residual function bound of variant (2.15) in (2.19): solid-circle line.

The approach proposed to solve approximately P considers a partition of the domain Ujvzl ; =1,
with N subintervals Q; = [z;,z;41] (NN disjoint finite elements except at their boundaries) so that
R is locally approximated in every j-th subinterval: R ~ Ry; = ZZ:O T‘il‘k, vV x € Qj, where d
stands for the polynomial degree of R; with coefficients 7 € R . Thus, the global approximation

R~ Ry = Z;VZI X, (7)Rq,j(x) can be computed by a slight modification of the convex optimization
problem (2.19), namely
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( *

= inf j
v veR, rier Y

subj. to: _ L
Ij = Q(x)Ryj(z) — s;(w)g;(x) ) € 2o
Q(x)Raj(z) — L; — 55(x)gj(z) ) € 3,
Vi=1.. . .N ) 9i(@) = (2 —25) (2541 — @)
Pd,N 5} € Zs, S? S ZS
Y (Ij—l)]H) [’Y (Ij—l)]H)
(L - 1) g (Z; - 1) v
, R j(zj41) = Raji1(Tj41)
Vi=1,...,.N—-1 :{dej’j J _de,iyjHj
Az (Tjy1) = dz (7j41)
v>0

(2.33)
where deg(sjl-) = deg(sjz) = d+deg(Q) — 2, I; < Q(z)Raj(x) < I;, with extreme function values
IjeRand I; €eR,Vj=1,...,N. For this formulation point-wise continuity of the approximate
solution and its gradient at every inter-boundary point z; has been considered. The reason of
including a partition of the domain is to address rational polynomials with strong variations (this
normally occurs if the polynomial fluctuates above and below the value of 1) which requires mul-
tiplicative inverses of high degree, hard to be achieved by a unique function in the whole domain.

Figure 2.3.6(a) shows numerical results of the optimization problem Py x for the rational function

1

R(z) =
() 426 + 525 — 83 + 22 — x4+ 1.8’

VaeQ=1]0,1],

with d = 10 and N = 10. Circles indicate the boundary nodes x; selected. The product @ - Rg; is
depicted by a dash-dot line, which reflects the hardest multiplicative inversion zone @ — 0 (dash
line). Figure 2.3.6 (b) illustrates the monotone decreasing tendency of the approximation error as

the number of elements IV increases.
2.3.4 Nonlinear Differential Equations

2.3.4.1 Algebraic Riccati Differential Equation

To illustrate the flexibility of the SOS approach to formulate certain quadratic non-linearities, this
section describes an alternative solution to the traditional analytical or numerical methods used to

solve the algebraic (scalar) differential Riccati equation.

Let

s:{ O =axF0ull) ) = LT (g2 + ) dt o

be a generic linear dynamical system, with € R, where x¢ € R is its initial condition and u € R is
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Figure 2.3.6: Reciprocal polynomial approximation. (a) Function @: dash line and polynomial
approximation Ry: solid line (y-axis: left-hand side) (circles: elements nodes), for polynomial degree
d =10 and N = 10 elements. Product @ - R;: dash-dot line (y-axis: right-hand side). (b) Optimal
residual function bound ~: solid-circle line. Norm of the approximation error: ||[1 — @ - Rg|oc:
solid-dot line.

the control action; a € R and b € R\{0} are the system parameters. Let J = J(x,u) be a quadratic
performance index with ¢ > 0 and r > 0 real scalar weights, and 7" > 0 a finite time of control.
Following the classical methodology for solving the Finite Horizon Linear-Quadratic Regulator
Problem (LQR), which leads to an optimal feedback u(t) = —%K(t)a:(t) [184, 185], considering

a=>b=1,q=3and r = 1, the resulting Riccati equation and its exact solution (K*) are given by:

LR @) +2K(t) — K2(t)+3=0 —a(T—t
P:{ il (8) + 2K (1) )+ = KA(t) =30 ) (2.35)

(T)=0 Lem im0

=

To solve the nonlinear differential boundary-value problem P, a polynomial function Ky(t) =
ngg_l kjtj is proposed as an approximate solution of K. Due to the particular structure of P

in terms of the quadratic non-linearity in K, this can be formulated as the convex optimization

problem:
( . )
Y= 1nf7€R+,kj€R -
d
LR () + 2Kt + 3 — s()g(t, T) Kyt
subj. tor My — | a(t) +2Kq(t) +3 —s(t)g(t,T) Ka(t) e,
K,(t) 1
P, , (2.36)
v>0, s€)
Kq(T) =0
[ Ka(t)dt >~

\

for some polynomial Ky = K,4(t) of degree d, SOS polynomial s = s(t) of degree d —deg(g) > 0 and
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g = g(t,T) time-algebraic description of the finite horizon (interval) of control. In this formulation

the main equality is relaxed as 6(t, K) = K(t) + 2K (t) + 3 — K2 > 0 and interpreted as a non-

negative “residual function”. In addition, via the Schur’s complement, a sufficient condition of this

non-negativity can be formulated by:

LK({t)+2K(1t)+3 K(t)

K(1)

1

= 0.

(2.37)

Since the horizon of control [0, 7] is equivalent to the set Qp = {t € R; g(¢t,T) =t(T' —t) > 0} C R,

which is a “compact basic semi-algebraic set” due to the property of compactness of the function

g, V t € R, the matrix version of the Putinar’s Positivstellensatz can be applied. Thus, for

the approximation Ky of K, the non-negativity of M (2.37) can be formulated via the condition

M, € %, (2.36).

The main idea to solve approximately (2.35) is to exploit the non-negative characteristic of its

solution (K™* > 0). Since maximizing the integral of K, implies to increase the upper bounds of

the quadratic term Kﬁ, the problem P; (2.36) seeks the maximum function Kg so that the SOS

condition for My is verified. Due to in the Riccati equation (2.35) the term K? acts decreasing the

residual function § = §(¢, K), to obtain a function K3 with maximum upper bounds is equivalent to
reach the lowest bound of the SOS condition My € X, leading to %Kd(t) +2K4(t)+3—K3(t) = 0.
The results of the optimization problem (2.36) for 7' =1 are shown in Figure 2.3.7.
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Figure 2.3.7: Polynomial approximation of the Algebraic Riccati Differential Equation (2.35). (a)

Exact solution K* = K*(t):

solid line, polynomial approximation K; = K (t) for polynomial
degrees d = {2,4,6,8}. (b) Lower bound of the integral constraint ~:

solid-circle line (y-axis:

left-hand side). Norm of the approximation error: ||[K* — Kg||~: dash-dot line (y-axis: right-hand

side).
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Chapter 3

Convex Optimization Approach for

Backstepping PDE Design:

—David Hilbert (1862-1943)—

In August 1900, city of Paris, D. Hilbert gave one of the main lectures at the second International Congress of
Mathematicians. He presented 28 problems on topics covering all branches of mathematics, which in his thought its
solution should have significant consequences. The 17" problem concerns the formulation of positive definite
rational functions as “sums of quotients of squares”. Its starting point was in 1885 during the doctoral dissertation
of Hermann Minkowski, where Hilbert was one of his examiners. H. Minkowski commented that “there exists
non-negative real polynomials that cannot be written as finite sums of squares”. The arguments given by H.
Minkowski turned D. Hilbert’s mind, and later in 1888, he proved the truth of this statement. However an explicit
example of these polynomials was only found in 1967 by Theodore Motzkin, inspired by the Emil Artin’s solution of
the 17" Hilbert’s problem (1927). Artin’s proof triggered many further developments, one of these constitutes the
foundations of the Sum-of-Squares decomposition and optimization methodology.

In this chapter the Backstepping design for PDEs is recast as a convex optimization
problem. Some types of linear one-dimensional parabolic PDEs and a first-order hyper-
bolic PDE are studied, with particular attention to non-strict feedback structures. The
exact matching condition over the resulting Kernel-PDEs is relaxed, providing bounds to
guarantee the stability of the target system. Thus, the integral Kernels of the Volterra-
type and Fredholm-type transformations involved can be approximated. Due to the
compactness of these integral operators, this approximation is carried out by polyno-
mial functions, setting forth differential-BVP problems, linear in term of polynomials
coefficients. This characteristic and mainly the SOS-based representation properties
of positive polynomials over polytopic domains, enable to formulate an optimization
problem and its solution via semidefinite programming. Similarly, inverse Kernels are
approximated as the optimal solution of a SOS and Moment problem. Additionally,

the uniqueness and invertibility of the Fredholm-type transformation are proved in the

!This chapter is based on the publications [186, 187].
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space of real-analytic functions and continuous functions. Numerical examples illustrate

the performance of the method proposed.

3.1 Introduction

Continuous-time Backstepping for PDEs? is a well-established methodology in boundary con-
trol/observer design in DPS [21, 50]. It mainly relies on the basis of the Volterra transformation
[188, 189, 40, 190], to map an “original” system (PDE model of the problem addressed) into a

particular “target” system (PDE model with desired features of stability and convergence).

This methodology of design involves two key elements:
(i) well-posedness/solution of the Kernel-PDE,
(ii) invertibility of the integral transformation,

and has mostly been applied on systems known as “strict-feedback” systems. In these cases, the
Volterra-type transformation, the invertibility of which is a well-know property [18, 191, 192, 193,
194], is a suitable transformation to manage its causal structure (causal in space [195, 196]). To
achieve the “target” system, this transformation leads to the so-called Kernel-PDE, which is sim-
ple to solve in comparison with the operator Riccati equation derived from the linear quadratic
regulator (LQR) approach [12, 43, 44, 45, 22, 48]. Moreover, for some classes of such systems, this
problem can be reduced to a standard Kernel-PDE form, which allows obtaining a closed-form so-
lution [197, 198, 199]. In general (e.g., systems with spatially and temporally variant parameters) a
closed-form analytic solution is improbable and simple numeric method cannot be applied directly
[49].

To solve the Kernel-PDEs, these are commonly transformed into integral equations to be solved
via the Successive Approzimation method [200]. The mean feature of this methodology is the
possibility of finding Kernels with a closed-form solution or recursive formulas for their computation
[21, 40, 50, 190, 197, 198, 199, 200, 201]. Since for strict-feedback systems this methodology has
provided a useful tool, less research efforts have been devoted to solve the Kernel-PDE in alternative

ways.

Recently, Backstepping for PDEs has been applied on systems with “non-strict” feedback structure?
via the application of the Fredholm-type transformation, for parabolic [202, 205] as well as hyperbolic

2For a complete exposition of this methodology see [21, 50, 51, 18, 49]. A brief summary related to the observer
design problem is presented in Appendix B.

3For instance, these systems can be found in dynamics with non-local terms involving the whole spatial domain, in
PDE models [202] or finite-dimensional with distributed delays [203]. Similarly, in design-oriented problems such
as: control of coupled PDE-ODE (Ordinary Differential Equations) systems by under-actuated schemes [204, 82]
(fewer actuators than spatial states [83]; it avoids an additional control action to cancel the non-strict feedback term
[198]), or observer design for systems whose output (sensing) comprises the states on the whole domain [84].
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PDEs [204, 82]. In these cases, the Volterra-type transformation cannot be used and the Fredholm-
type transformation provides a suitable alternative to deal with it. However, its application leads to
new and intricate mathematical problems, such as the operator invertibility and Kernel solvability,

where the traditional tools just provide partial answers. For instance:

e the application of the concepts of fixed point theory (Picard sequence of successive approxi-
mations [206, 207]) does not lead to a general prove of convergence of an approximate solution
of the Kernel-PDE nor invertibility of a Fredholm-type transformation. This is due to the
necessary condition of contraction of the resulting operator (Kernels with small spectral ra-
dius) which leads to conservative constraints over the system coefficients [204, 82], one of the

main drawbacks of this methodology of analysis for addressing general cases [200, 208].

e On the contrary, if a particular Kernel structure is proposed, such as partially separable
Kernels, a simplified analysis can be carried out based on the the method of separation of
variables [205]. However, the invertibility of the integral transformation and solvability of the

resulting Kernel-PDE is limited to a specific class of coefficients of the system.

Since the current methodologies used in Backstepping for PDEs mostly are framed in the context
of the Banach’s contraction principle 4 [211], as it has been pointed out in [82], new methods of
analysis and solution of the Kernel equations with integral operators which are not contractions

are needed.

The main objective of the proposed approach is to determine Kernels to guarantee stability. Since
the target system involves a margin of clearance in its stability, which is characterized as a domain
of stability rather than a specific point, this allows relaxing the exact zero matching condition over
the Kernel-PDEs. Thus, the resulting Kernel-PDEs can be solved approximately to achieve this

stable domain. The essential aims of the method of solution are:

(a) independence to the spectral characteristics of the resulting operators (thus, it does not

impose restrictions over the system),
(b) flexibility to include a wide range of linear integral transformations,
(¢) boundness and smoothness in the PDE-Kernel solution,

to provide a general approach.

3.1.1 Integral Compact Operators

In general, linear differential equations can be transformed into linear integral equations. Fre-

quently, these equations involve operators which are bounded or compact (completely continuous)

4These tools are also typically used to prove existence and uniqueness [190, 201, 208, 209, 210].
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[200, 208, 20, 212, 213, 214]. In fact, every linear integral operator Ax : X — X

Al = [ Keypu(y)dy (31)

with continuous Kernel or weakly singular Kernel K, is compact on the Banach space of contin-

uous functions .°

This is the case of the resulting integral operators derived from the Kernel-PDEs in the Back-
stepping PDE design, as is indicated in [50] (page 19, footnote 2), where the Kernel is bounded

twice continuously differentiable.

In infinite-dimensional spaces, for linear equations of second kind, namely

(I=Ag)fu()](x) = w(x), (3.2)

two approaches are usually carried out to determine whether there exists a bounded inverse©:

e The first method is framed in the context of the “Banach contraction principle” [211, 206, 207],
based on the so-called Neumann series, for bounded operator with small spectral radius
(JAg||< 1) [208]. This is the essential tool in the standard Backstepping PDE
methodology, which relies on the inherent contraction property of the Volterra opera-

tor [217], guaranteeing the uniform convergence of the Successive Approzimation method

40, 190, 201, 208].

e The second method is a re-statement of the celebrated Fredholm Alternative theorem [208,
20, 213, 218], based on the compactness property of A, which is the core of the proposed
approach. In this case the existence of a unique trivial solution v = 0 of the homogeneous

equation u — Axu = 0 implies invertibility and thus the uniqueness of solutions.

In most of traditional Banach spaces and for all Hilbert spaces, every compact operator is a limit of
finite rank operators [194, 216, 219, 220].” For continuous Kernels, a simple option for establishing
this sequence are polynomial Kernels, which are a special class of degenerate Kernels®[208, 216].

For instance, if Ky := Z;VZO kjz®iyP then

N
Ay [u()] (x) = /Q Kn(zy)ulpdy =3 ko /Q yPuly)dy

J=0

®Ax is compact in the Banach space of continuous functions: X = (C(2;R),||-|l)) and on the Hilbert space of
square integrable functions: X = (L2(%R), (-,-)z2)). Likewise, for square integrable Kernels, A is compact on
this Hilbert space [208, 215, 216].

5For bounded linear operators, bijectivity is a sufficient and necessary condition for (bounded) invertibility [192, 20].
"Compact operators resemble the behaviour of operators in finite-dimensional spaces [20, 19].

8Degenerate Kernels has been proposed to simplify the solution of the resulting Kernel-PDEs and for verifying
invertibility of the integral transformation involved [205, 21, 50]. However, these approaches are restricted to
particular/conservative system properties [205].
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is a polynomial in the span of {x®} j—o so that Ag is a finite rank operator and hence compact
[216]. Moreover, since K € C(Q2 x Q) (2 = [0, 1]), based on the Weierstrass approximation theorem

[221], there exists a sequence of polynomials {Kx}%_, such that:

Ax—Agll= sup |Ax_gyul|< |K—K
[Ax —Agy| Hzlulglll E-kyul< | ooz 0, (3.3)

with k; € R, o; € Nand 8; € N for j = 0,..., N. Equivalent results can be obtained for square
integrable Kernels [40, 222]. It is worth nothing that in this case the linear equation (3.2) is reduced
to a finite-dimensional problem [190, 201, 221].

3.2 Parabolic PDE and the Volterra-type Operator

3.2.1 Problem Setting

Backstepping for PDEs has mostly been applied on systems with strict-feedback structure. A usual
example of such systems is the class of parabolic PDEs [21, 50] described by:

ut(x,t) = € Ugg(z,t) + AN(z)u(x, t)
uw(0,t) =0, wu(l,t)=U(t),

(3.4)

where € is a constant diffusivity coefficient, A is a spatially varying reactivity parameter and

u(x,0) = up(z) € C(;R) is the initial condition.”

The objective is to find a control action U = U(t) so that the origin of (3.4) is exponentially
stable. For this class of system, the Backstepping PDE methodology proposes a Volterra-type

transformation:

w(z,t) = u(z,t) — /OZ K(z,y)u(y,t)dy
= ([ = Vg)[u(-,0)](z), (3.5)

where I is the identity operator and Vg: C(;R) — C(€;R), to transform the original system
(3.4) into a target system:

wi(z,t) = ewgg(x,t) — cw(x, t)

w(0,t) =0, w(l,t) =0,

. . . 2
which is exponentially stable (£ > —7-).

Following the standard Backstepping PDE design procedure detailed in [21], the transformed system

9A wide class of reaction-advection-diffusion PDEs can be transform into (3.4) with constant diffusion and no advec-
tion terms via the so-called Gauge transformation [21, 50].
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(3.4) takes the form:

we(x,t) — €Wgg(x,t) + cw(x,t) = eK(z,0) uz (0,1) + (()\(a:) +c)+ 26;K(:13,l’)> u(z,t) +

hrn s z
() 51 ()
/O (K2 ) — eKoyy(2,y) — (Aw) + K (2,9)) uly, D)dy, (3.7)
d2(x,y) X
w(0,t) =u(0,t) =0, w(l,t)=mu(l,t) / K(1,y)u(y,t)dy =0,
SN—— 0

=U(t)

so that the target system (3.6) is achievable if the boundary control action is determined by
Ut) = fol K(1,y)u(y, t)dy and if the continuous bounded Kernel K = K(x,y) satisfies the so-
called Kernel-PDE:

do(z,y) =0, 6&1(z)=0, do(x)=0, V(x,y)e€Qp, (3.8)

namely an “exact zero matching” condition over each term d; (i = 1,2,3), which are henceforth
considered as residual functions. This linear hyperbolic PDE (Klein-Gordon-type) is well-posed
and, for a constant reactivity term A = )Xo, it can be solved in a closed form [21, 50, 197]. Its

solution, denoted by K*:

_ Iy < Ma? y2)> Ao+ ¢
K (xvy) = _)‘y X(l’2 _ y2) 3 € )

>
I

is in terms of the first-order modified Bessel function 1.

3.2.2 Kernel-PDE as a Convex Optimization Problem

Proposition 1. Let
u(z,t) = w(z,t) + /Ox L(z,y)w(y,t)dy (3.9)
be the inverse transformation of (3.5) [21, 191] and the relation:
L(z,y) = L(z,y) — o, L(z,y) >0, 0 >0 (3.10)

a positive decomposition of L in the triangular domain Q. Let mogo be the 0-order moment of L

in accordance with

1 pz
m;, ::/ / 'y L(z,y)dydz. (3.11)
0o Jo
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Let ¢ > 0, 61 = maxgeqld1(2)], 02 = max(, y)eq, |02(x,y)| and do(x) = 0, the transformed system

(3.7) is exponentially stable if the residual functions satisfy:

- = 4 1
01+ 62 < . A2
L 2_6<7T2+20> <4m0,0+0+1> (3.12)

Proof. Let V = %fol w?(z,t)dz = (1/2)||w(z)||? be a Lyapunov functional.l® TIts time-derivative
V= fol w(z)w(z)dz along the trajectory (3.7), with dg(x) = 0, is given by:

V=ec /0 lw(:c)wm(az)dxwL /0 lw(x)u(m)él(x)dx —c /0 1w2(:1:)d$+ /0 1w(x) /0 ’ 52v(x,y)u(y)dydx.
T3

Ty Ty
(3.13)

With respect to the term 77, using integration by parts, the boundary conditions in (3.6), and
splitting the resulting expression by a factor 4/(72 +4) < 6 < 1, yields!!:

1
Ty =w(z)ws(z) |§ —/0 wi(z)da < —eb]wy ()| — (1 — 0)||ws ()| (3.14)

Tra T1p

Then, applying Wirtinger’s inequality on the term Tj, and Agmon’s and Young’s inequalities on
the term Ty, [21, 50, 223, 224, 225], yields:

7T2
Ty < — 0= w(@)|*+e(1 = 0) (w()|[*~w?),

2

where W? = max,eq w?(x), which leads to:

V<-— <69 (7;2+2> +2(c—e)) V(t)—e(1—0)0% + Ty + Ts. (3.15)

As for the term Th, substituting v = u(x,t) from (3.9), the inverse Kernel L from (3.10), taking
an upper bound by means of the maximum absolute value of some integrand functions and the

maximum value of the residual functions, yields:

1 1 x
T, < / w? ()[4 (2)|dz + / ()16 ()] / Lz, ) [ ()| dyda

x 1 T
< 51 w(a) >+ 5w / L. y)dydz + o5, / ()| / ()| dyde,
0 0 0

T2 a

OFor a clearer description, the time-dependence in the functions is dropped (w(z) = w(zx,t)). The norm is the usual
in the space of square integrable functions on the domain Q = [0,1] : [w(z)|*= [, w*(z)da.
"The lower bound of # corresponds to the condition: ¢ > 0.
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where §; = max,ecq|d1(z)|. Then, using the identity f f(@) [ fy)dyde = (1/2)(f;f(a:)dx)2 for
f continuous function [226] on the term T5,, and Griiss’ Integral inequality [227] on its resulting

term, leads to:

T, <2+ 00V () +3 (2

3 + m0,0> w2. (316)

Changing the order of integration in the term 73 and following a similar procedure as described

above for the term 75, yields:
1 1
o= [ uw) [ oy < [ @) [l i +

// (y,s)|w(s) ]ds/|w H(ngy)\dzdy—i—af/]w |ds/|w )|02(x, y)|dzdy

— — (142
< (14 20)02V (t) + 02 ( +8 a + m070) @2, (3.17)

with 0y = max(, e, |02(x,y)|. Finally, using in (3.15) the upper bounds (3.16) and (3.17) for the
terms Ty and T3, respectively, grouping terms with respect to V = ||w(z)||?/2 and w?, and choosing
= 20/(w% + 20), the condition V < 0 is satisfied if:

610 + 085 ¢+ eby

_(g+572)+2(0+1)+(0+1) 20,

and

E(U + 2) + 572 690

— (61 +02) + >0,
(014 02) 2(4mog+0+1) ' (dmog+o+1)

where 0y = 472 /(7% 4 20) and ¢ > 0, which leads to the expression (3.12), i.e. a sufficient condition
for exponential stability of (3.7). O

Motivated by the result of Proposition 1, which sets forth a “margin of clearance” in the stability
of the transformed system (3.7), a relazation of the exact zero matching condition for the residual

functions 41 and d9 can be considered. This allows formulating an approximate solution for the
Kernel-PDE (3.8).

Proposition 2. Let N(z,y) = z(:d())_l npx® Y be a polynomial approzimation of K of arbitrary
even degree d > dy € N in accordance with (1.3). Let Y = Y(z), Z = Z(x,y) be polynomials
of degree dy = d and dy = 2 {W—‘ , respectively; let Py 0y Py and 05 be lower and upper
bounds of these polynomials in Qr; ~v; >0, j=1,...,4. For a reactivity term A\ = \(z) described
by a polynomial function of degree dy, the Kernel-PDE (3.8) can be formulated as the convex

optimization problem:

S 3.18
Z}%@ézsej Y1+7v2+ 73+ 4 ( )
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subject to: Y (x) —d1(z) =0, Z(z,y) — oz, y) =0, (3.19)
(Y(2) = py = s1(2) q1(2)) € %, (3.20)
(Py =Y (z) — s2(z) g1(x)) € Es, (3.21)
(2(,9) = 0, — [ss(w,9) sa(w,9)] gule,y)) € S, (3.22)
(07 — Z(2,y) — [s5(z,y) s6(z,y)] gL(z,y)) € Xs, (3.23)
s;i €SV i=1,...,6 (3.24)

kl ”Y]zo, [72 P Y]zo, LW’ QZ]zo, [’“ QZ]zo, (3.25)
Py N Py 72 92, 73 0z 4

€Naa (2, y) —eNyy(2,y) — (A(y) +c) N (2, y) =b2(z, y) (3.26)
(A=) +¢)+ QE%N((E, z) = 61 (x), (3.27)
N(z,0) =0, (3.28)

YV (z,y) € Q, for some polynomials s1,s2 of degree dy — 2, ss,s4,S5,5¢ of degree dz — 2 and
g1, = [g91,92] ", with g1(x) = 2(1 — x) and go(x,y) = y(x —y). The optimal minimal bounds for the

residual functions are: & = max{yi,v2} and 62 = max{vys,v4}.

Proof. Since N is a polynomial approximation of K, as which is indicated above, the residual
functions in (3.7) have a polynomial structure determined by (3.26)-(3.28), equivalent to Y and
Z by (3.19). In addition, the quadratic module associated to the representation of the domains
2 and Qp, are Archimedean (see Lemma 1). Based on Putinar’s Positivstellensatz [148, 138], via
the SOS decomposition (3.20)-(3.24), the unknown extreme values of Y and Z (p,,, py, 0, 0z) for
each residual function can be determined via a polynomial optimization problem, which is convex
in terms of polynomial coefficients and solved via semidefinite programming [136]. The absolute
value of these upper and lower bounds are given by means of (3.25), so that the linear cost function
(3.18) yields Y — 0, Z — 0in Q and €, respectively, which is equivalent, by (3.19), to the minimal

optimal value of the residuals functions d; and ds in their respective domains. O

Remark 6. Due to (3.8) is well posed, since Rq(Qr) is dense in C(Q) and L2(Qg), if (3.18)-(5.28)
establishes a sequence of minimizers (Nj), d € N, so that {5{11,5%’,...,% 0} and {531,532,...,% 0} are

monotone decreasing sequences of 61 and 0o as d — 00, it is expected to achieve N; — K as d — oo.
Remark 7. In (3.18)-(3.28) two extra polynomials Y and Z equivalent to 01 and &3, respectively, are
included. These allow managing the necessary even degree condition of SOS [136], which is not always
satisfied by (3.26) or (3.27).

3.2.3 Approximate Inverse Transformation

It is well-known that Volterra operators of the second kind (3.5) with continuous Kernels have a

unique solution which is globally invertible [18, 191, 208]. According to the standard Backstepping
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PDE procedure [21, 50], the inverse Kernel L in (3.9) is determined following the same approach
that leads to the Kernel K, and computed via the Successive Approrimation method. However,

this procedure is not suitable for residual functions d;(x) # 0, d2(x,y) # 0.

A tractable alternative to find an approximate smooth solution of the inverse Kernel L in (3.9) is
proposed according to the Moment approach, as it has been presented in Chapter 2, Section 2.2
([137, 161, 162]).

Proposition 3. Let
L(z,y) — K(z,y) — /90 K(x,s)L(s,y)ds =0,
Yy

V (x,y) € Qp be the relation satisfied by any direct Kernel and its inverse with the Volterra-type
transformations (3.5) and (3.9). Let (3.10) be the positive decomposition of L, where o is its
minimum value in Q. Let N(x,y) = 2(:‘1())_1 nkx®yPk be a known polynomial approzimation of
K in accordance with (1.3), a sequence of approzimate moments m;; can be determined by the

convex optimization problem:

minimize: Y1+ v+ 02— 01 (3.30)
V1@ M550
subject to:  ps;; = =V, Psy; < V2 (3.31)
2dy 2dm 2dm 2dm
S om0 20 -3 o 0, (3.32)
i=0 j=0 i=0 j=0
o 1 prx o
=My — T~ — Nl‘, 332 ]d dx —
psz] 1, (]+1)(Z+j+2) /O /0 ( y) y-ay
P 5 (e )
S S (e L :
P Z+Oék+1 Br»>J HoptBr+1,J ]_|_1 ]+ﬂk+2 Z+] +ak+5k‘+3
(3.33)
My>0, My =0, My>=0,..., My, =0, (3.34)
Ry>0, Ri =0, Ry, = 0,... ;Rdm—l =0, (3.35)
So>0, S1=0, S3=0,...,84 _1 =0, (3.36)
To>0, Ty =0, To = 0,...,Ty _o =0, (3.37)
My mio9 moa
Mo=m(lo)=[mop], Mi=m(l1)=|mio mao mii|, M2=m(l2),...,
mo1 M11 M2
Ma,, =m(1a,,), (3.38)
Ry = (L, + (1)) = m(L, + 1(2)), (3.39)
Sy =m(I, 4+ g2(1)) — m(I, + g2(2)), (3.40)
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T = —=m(I; + g3(1)) + m(L; + g3(2)) + m(L + g3(3)) — m(L; + g3(4)), (3.41)

0,00 1,0 0,1] 2,0 1,1 0,2] 3,0
1,0 2,0 1,1] 3,0 2,1 1,2 | 4,0
0,1 1,1 0,2| 2,1 1,2 0,3 | 3,1
2,0 3,0 2,1 40 3,1 22| 50 ...

I, = , (3.42)
1,1 2,1 1,2 3,1 2,2 1,3 | 4,1 ...

0,2 1,2 0,3 2,2 1,3 0,4 | 3,2

3,0 4,0 3,1 50 4,1 3,2 6,0

g1 = [(17 0)7 (2’ O)]v g2 = [(la 1)7 (07 2)]7 (343)
g3 = [(172)3(2’ 1)a(272)7(331)]a (344)
where M, are moment matrices of dimension z(r) = %, R, S,, T, are localizing matrices

(their sequence is limited by r < d,, — [max(deg(g;))/2]) associated to the compact basic semi-
algebraic set description of Qp, [187], the entries of which are indexed by I, according to the order
of the powers in the canonical polynomial basis ®, (1.3); s;; = i(2dym+1)+4,Vi=0,...,2d,,—d—1,
j=0,...,2dy, for an arbitrary moment order d,, > (%1 and y1 >0, v2 >0, o1 > 0 and g2 > 0.

Proof. Since the zero function is the only function orthogonal to every element in an inner product
space: (T[L],v);2=0, Vv € L2(Q) < T[L] = 0 (weak formulation) [176], and due to the canonical
polynomial basis ®,.(x,y) = {¢i(z)¢;(y) = z'y’;i + j < r,Vi,j,r € N} generates a dense subset of
the (separable) Hilbert space £2(£2), an approximate solution of (3.29) can be found by means of
the set of linear equations (T[L], ¢i(z)#;(y))2(a,) = O (finite dimensional problem):

/@ / () () dyels — /cbz /Nmy@( \dyds

- /0 6u(x) /0 N(x.y) /0 L(y, 3)d; (s)dsdydz = 0, (3.45)

for N a known polynomial approximation of K. Interchanging the order of integration in the last

term of (3.45), substituting L by (3.10) and plugging in the polynomial series N and test functions
¢i(x) = 2%, 9;(y) =y’ yields:

Idydx — N( I dyd
// (2, y)aty’ dyd (j+1)z—|—j+2 // (z,y)a'y dyde
y o H—Oék-i-l
- Ly, )sid dy =0, 3.46
/0</0((y 88>any (Hakﬂ)y (3.46)

VieN, j €N, (i+7) <r. Thus, expanding the last term in (3.46), applying definition (3.11) and

keeping the integral of third term for numerical computation (/V is known), the expression (3.33) is
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obtained. This equation is written as a residual function ps,;, the upper and lower bounds of which
are set forth by (3.31) and included in the optimization index (3.30), so that ps,, — 0 as required.
Since L is not necessarily positive, it is decomposed by (3.10), where L > 0 is considered as a
density function for a Borel measure p: du = Ed:z:, m;j; = fQL x'y/dp. Based on the Schmiidgen’s
representation'? of non-negative polynomials in a compact basic semialgebraic set [148, 161] (which
takes into account all combinations of the functions g;, {1, g1, 92,93 = g192}, described by (3.43)-
(3.44) in terms of polynomial powers), y, = (m; ;) (i+j)<r is a sequence of moments if and only if the
Moment matrices M, and Localizing matrices R,., S, T;- are semi-definite positive Vr € N. However,
in practice, a truncated Moment problem can be solved (r = 0,...,d,,), which is formulated by
conditions (3.34)-(3.37). Finally, via the cost function (3.30) with respect to p; and g2, and the
conditions of minimum and maximum (3.32), a bounded optimization problem is enforced, the

solution of which is a “valid”'® sequence of approximate moments minimizing (3.33). O

Remark 8. The truncated Moment problem can be solved imposing rank constraints on the Moment and

Localizing matrices [137]. This condition sets up a non-convex problem.

Remark 9. Alternatively, an optimization problem similar to Proposition 2 can be applied directly to (3.29)
to find an approzimation of L. This is formulated in Section 3.53.4 for the Fredholm-type operator. Instead
of using (3.29), the standard Backstepping PDE approach computes the inverse Kernel following the same
approach that leads to the direct Kernel K [21].

Proposition 4. Let L, = ;(:r())_l Lz yPr be a polynomial approzimation of L (3.10) according

to definition (1.3). Given a “valid” sequence of approzimate moments y, = (M ;) (ij)<r; L can be

approrimated as L, = 0T ®,.(z,y) by the solution of the convex optimization problem:

%igzorrézsz]e "+ 72 (3.47)
subject to: (M0 —y;) +71 >0, 72— (M0 —y,) >0, (3.48)
0@, (z,y)—so(x,y)— [s1(z,y) s2(w,y)lg(x,y) =0, (3.49)
50, 81, S2 € Xg, (3.50)

where 41 2 0,7 2 0, g = g1, 92] T with g1(x) = 2(1-2) = 0 and ga(w,y) = y(z—y) > 0; polynomials
so of degree r and sy, so of degree r—2; 6 = [lg, 11, ... ,lz(r)_l]—r and M, :fol fox O, (z,y)® (x,y)dydx

€ Si(r), the elements of which are determined by:

1
(ai+a;+Bi+B+2)(Bi+8;+1)

2The Putinar’s positivity representation leads to a similar formulation and numerical results.
B3Proposition 3 states conditions to obtain a sequence of real numbers which is a “valid” sequence of moments, i.e.,
it corresponds to a moments of a non-negative function [161].
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where the coefficients a, B; correspond to the powers of the canonical polynomial basis ®, (1.3). In
addition, the sequence of minimizers i;’i, V reN, is such that ||lé - JiiHﬁz(QL)% 0 as v — oo, and

v

therefore L(x,y) ~ L (x,y) — 6.

Proof. Let ¢p(x,y) = 2y be the k-th element of the vector of monomial basis @, (1.3). The

(i,7)-th element (row and column, respectively) of the Moment matrix is given by

M, (i, §) = /0 1 /0 ' (xaiy5i> (g;ajyﬁj) dydz,

where (3.51) is its direct computation. Since L2 = (Ez(:r())_l lkdr)( ngo)_l ligy) =0T @, @10, where
0 = [lo,l1,... ,lZ(T),I]T, following [162], the mean square error of the approximation of L can be
upper bounded by'* E(L,)= HZU}—ZU}TH%Q(QL)S 6TM,.0 — 20"y, :=2.J(0), where the “known” valid

sequence of approximate moments y, = ( fQL or(z, y)du) e is ordered according to
ap+PE<r

o T
yr = [mO,Ov sy My(),05 0,1 - -5 () 15 - o5 TR0 2(7)s -+ s mz(r),z(r)]

Since J is quadratic in terms of the unknown vector 6, its minimizer satisfies d% (%QTMTO — HTyT) =
O(M, + M) /2 —yI' = 0 (M0 = y,), which has a global minimizer since dzd*gg") =M, € Si(r)

[228]. To avoid the matrix inversion in § = M, 'y, and instead of a SDP formulation of J via the

Schur complement [162], the approach proposed defines a lower bound 7, and an upper bound 7o

via (3.48), which by means of (3.47) imposes M,.0 — y,.

Thus, since the quadratic module associated to the representation of €y is Archimedean (see
Lemma 1), L, = 0T®,.(z,y) > 0,V (z,y) € Qr, if this satisfies the Putinar’s Positivstellensatz
representation given by (3.49)-(3.50) for some polynomials sg, s; and se with SOS decomposition.

A proof of ||L — E:|’£2(QL)_> 0 as 7 — oo is found in [162, Proposition 4]. O

3.3 Hyperbolic PIDE and the Fredholm-type Operator

3.3.1 Problem Setting

Recently, Backstepping for PDEs has been applied to systems with “non-causal” structure. For

instance, consider the class of first-order hyperbolic PIDEs (Partial Integral Differential Equations)

1 According to Chapter 2, Section 2.2:

o o o o o 2 o v v o
E(L) = |\L—LT||22(“L)=/ (L—LT) dm:/ LEdm—Q/ LTde—&—/ [2de
QL QL QL du QL
z(r)—1

<o (/ q>,.<1>Idydx) 0-2 > L[ ¢r(x,y)dp
Qr,

k=0 37
=0"M,.0—20"y, :=2J(0),
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(see details in [204, 82]):

x 1
up(x,t) = eug(x,t) + f(x)u(0,t) —I—/O hi(z,y)u(y,t)dy +/ ha(z,y)u(y, t)dy,

u(l,t) =U(t),

(3.52)

where u(z,t) = ug(z) € L3(Q) is the initial condition and f,h1,hs are real-valued continuous
functions. The objective is to find a control action U = U(t) so that the origin of (3.52) is
exponentially stable. For this class of system [204, 82] (see also [205] for parabolic systems) a

Fredholm-type transformation has been proposed, namely
x 1
wlat) = ule. )= [ Pyt Ody— [ Q.y)utu )y,
= (I =F)u(,t)|(z), (3.53)

where F: £2(Q;R) — L£2(;R) is a linear operator in terms of Kernels P and @ in the lower €,
and upper Qp triangular domain, respectively, to transform the original system (3.52) into the

target system:
(3.54)

which is exponentially stable. Following the standard Backstepping PDE design procedure (detailed
in [82]), the transformed system (3.52) takes the form:

——
53(2)

wiat) — wy (. £) = (f<x>+P<x,o> / Pl y) fy)dy— / Q(w)f(y)dy) w(0.8) — Q. ) u(L,) +
)

60($
x

Jutwn (hm, )+ Pali )+ Py (o)~ [ Pl (s, )ds - / Pla s, s~ [ Q. s>h1<s,y)ds) dy+

61 (x,y)
[t (h2<x,y>+czw<x,y>+@y<x,y>— / Pl (s v)ds— [ Qe o)hats, s~ [ Q(as)hl(s,y)ds) dy,
d2(z,y)
1
w(l,t) = u(l,t) - / P(L, y)u(y, t)dy, (3.55)
S—— 0

=U(t)

so that the target system (3.54) is achievable if the boundary feedback control is determined by
U(t) = fol P(1,y)u(y,t)dy and if the continuous Kernels P and @ satisfy the Kernel-PIDE:
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(51(1’,y> = 07 v (x7y) S QL7
52($7y) = Oa v (%y) € QUa (356)
do(z) =0, d3(z) =0, Ve

For these coupled hyperbolic PIDEs, a method of analysis, computation and an equivalent sufficient

(conservative) condition for a unique solution have been given in [82].

3.3.2 Existence, Uniqueness and Invertibility

In contrast to the Volterra Operator (3.5), existence, uniqueness and invertibility of the Fredholm-
type transformation (3.53) have been proved mostly relying on the Banach contraction mapping
principle (see [209] and references therein). In this context, [204, 82] proposes a contraction mapping
in terms of a system of integral equations equivalent to (3.56), which is used to calculate the Kernels
by Picard’s iterative method, the convergent of which is guarantied only for specific conditions
on the system under analysis. This kind of conservative conditions can be circumvented if the
analysis is restricted to the space of real-analytic functions and Kernels with polynomials structure.

Moreover, this analysis also remains valid on the space of continuous functions.

Lemma 2. Ifu = u(-,t) is a real-analytic function ¥ t > 0, solution of the integral equation (3.53),
and the Kernels P and @Q are (bounded) polynomials, P # @, then the homogeneous equation
(I —F)[u(-,t)](z) = 0 has only the trivial solution u = 0.

Proof. Let P(z,y) = ngg’)_l pjz%iyPi and Q(x,y) = ijg?)‘l qjz%y’% be polynomials of degree
dp, dg € N, respectively, in accordance with definition 1.3; d = max{dp,dq},j =0,...,d, p; =
0, V(oij + B4) > dp or gj = 0, V(oj + B;) > dg as required. For each ¢t > 0, since an analytic
function has a unique series representation u(z) = Y 3o axx® [229] (without loss of generality, the
analysis considerers this function real-analytic at 2 = 0), the homogeneous integral equation (3.53)

(with w = 0) can be formulated as:

s(d)—1 (d)—1

pj 2B TR+ _ 2% | =
Zak * + Z B+k 5P Z 5]+k:+1 | =o. (3.57)

This expression is equivalent to a linear (independent) combination of monomials of the polynomial

basis U, = [1,x,..., 2% 29 xd42 24+ N+1 ] namely
(e.)
Zwk (Vk ag,al,...,aN,...]T>:O<:)\I'x Va=0, (3.58)
k=0

where a=[ag, a1, ...,ay,...]" and 7= (Vk0s -, VEN,-..] is the k-th row of the matrix:
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0,0 V0,1 e Vo,N
Vd,0 Vd1 o Vd,N
q@f{ Vd+1,1 T Va+1,N
J=jo -
V= . : 3.59
0 > YT o vanan (3.59)
j=jo
0 0
T
Z @ierl
j=jo
0 0o ... 0 |
VkeN, m=z(d)—1, jo=m — d, the elements of which are given by:
'S~ k)~ Petiak) 4G
. . s(%,7, s(%,7, . (1,7
= - ) 3.60
Vik,i =X (k) (1) + X[0,d+%+1)(2) ; Ry X[o,d] () ; Ry (3.60)

with x(q (i) = {1,7 = ;0,7 # a} and x[u4(i) = {1,i € [a,b];0,i ¢ [a,b]} indicator functions,
s(i,j,k)=j+ (@ —k)(i—k—1)/2,Vi>k+1and r(3,j) = j(j +3)/2 — i,V i < d sub-indexes of
polynomial coefficients.

Thus, considering u(z) = fozo apx®

as a finite series, due to the particular upper triangular
structure of V' (3.59), is clear that rank(V) = N + 1 = dim(a) (below the horizontal line of
V, for p; # ¢j,Vj = jo,...,m, only one diagonal element could be zero, i.e, there is at least IV
independent rows. The extra row can be taken from above this line). In addition, it can be verified
that vgipt1,d4k41 =1, Vk=0,..., N, so that limy_,o rank(V) — dim(a). Therefore, the unique

solution of (3.58) is the trivial one a = [0,0,...]" [230], equivalent to u(-,t) =0, Vt > 0. O

Theorem 1. Let T =1—-F : X — X be the linear operator in (3.53), where X = Ag = (A C
C(S4R), ||-loo) is the Banach space of real-analytic functions or X = Ay = (A C L2 R), (-, ) 22)
is the Hilbert space of square integrable real-analytic functions. If u = u(-,t) € X, real-analytic
function Yt > 0, and the Kernels P and Q are bounded polynomials, P # @Q, then the integral
equation T[u(-,t)](x) = w(x,t) (3.53) has unique solution and the operator T is boundedly invertible
n X.

Proof. Let F be the linear operator with P and @ bivariate (bounded) polynomials of finite basis

as in Lemma 2. Reordering terms, these polynomials can be alternatively expressed by

dp dP
P(z,y) =Y a"0on(y), en®) = > Pstrmyy™" (3.61)
n=0 k=n
do do
n=0 k=n
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where s(k,n) = k(k + 3)/2 — n. Taking d = max{dp,dq} and assigning pyn) = 0,V s(k,n) >

z(dp) — 1 or gym) = 0,V s(k,n) > 2(dg) — 1 as required, the linear operator can be written as:

1d d
Flu(-,t)](x) :/0 SN (Xt O)Pstom) + X)) @) dsimy) 2"y uly, t)dy
n=0k=n (3.63)

_['F t)dy = o 7 t)d
_ /0 (o iy = /0 (n,y)uly, t)dy,

where Xpo5(y) = {1,y € [a,0];0,y ¢ [a,b]} is the indicator function ([a,b] C R) and F =
Zzzn Yk (X[O,x] (Y)Ps(en) T X[1] (y)qs(km)). Since F' is a bounded polynomial Kernel (a special
class of degenerate Kernels [208]), it is immediate that F is a finite rank operator, as (3.63) shows.!?
Its compactness can be proved in some Banach and Hilbert spaces. In the case of the Banach space
of continuous functions, since F' is bounded in S = [0,1]?> and continuous except possibly along
the curve z = y (also known as mildly discontinuous Kernel [232]), F is a compact operator
[217, 231] (also denominated as completely continuous operator [222]). In the Hilbert space of
square integrable functions, since F is a finite rank operator [192], it is a Hilbert-Schmidt oper-
ator (Flu](-,t) = Z?;(l) Vi (y)(#5(x), u(y, 1)) c2(q), for some {@;}, {1);} finite orthonormal systems
in £2(Q)) and therefore compact [216, 222, 231, 233]. Thus, based on Lemma 2 and on the pro-
perty of compactness of F, according to a particular feature of the Fredholm Alternative Theorem
([208, Corollary 3.5],[20, Corollary 7.27]),!¢ the solution of (3.53) is unique and the operator T is
boundedly invertible in Apg and Ay. O

Remark 10. The non-zero solution of the first-order hyperbolic PDE (3.54) is not real-analytic for any
function fo € A(Q) as initial condition, ¥V t > 0 (w(z,t) = {fo(x +1t),t <1—2;0,t > 1 —x}). However,
Theorem 1 is still valid if the domain of analysis is restricted to (z,t) € {(v,7) € [0,1] x [0,1]|7 > v}.

Remark 11. [t is worth studying how the Fredholm-type operator F (3.53) splits the standard polynomial
basis in two particular linearly independent sets (LI) and, based on this fact, analyse an extension of Lemma
2 to the Banach space of continuous functions X = (C(€;R), [||loo)-

Lemma 3. If f € B(Q\{0}), B= (C —A), is a continuous real non-analytic function then F(z) =
z f(;c v f(y)dy is a continuous real non-analytic function, ¥V x € (Q\{0}), with i € N and j € N

finite powers.

Proof. By contradiction (contrapositive), assuming F(z) = = [ 3/ f(y)dy € A(Q\{0}) as a con-
tinuous real analytic function, since %(x) € A(Q\{0}) (derivative of a continuous real analytic

function is continuous real analytic [229]), by the second fundamental theorem of calculus [226]:

A0 3 @) =ia ™ [ )y + ot f (o),
0

15F maps into a finite-dimensional space [208, 20, 231].
8The uniqueness of Fu = u (trivial solution) implies the existence of the solution of (I — F)[u(-,t)](x) = w(x,t).
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AQ\{0}) 3 (w‘“ﬂ’) dF(x)) =i (m—“*j—l)) (x / ’ yjf(y)dy> + f(2). (3.64)
N , 0

N — d.CL‘
Ay

Ao ~~

Bl B2

Since the terms A; and B; are continuous real analytic functions in Q\{0} (functions with con-
vergent Taylor’s series and radius of convergence: 0 < = < 2x0,V 29 € Q), Ay € A(Q\{0}),
By € A(Q\{0}) by hypothesis, and base on the property that the product of analytic functions is
also an analytic function [229], it is inferred that f € A(Q\{0}). O

Lemma 4. Ifu = u(-,t) € C(Q), ¥Vt > 0 in the integral equation (3.53), and the Kernels P and Q) be
bounded bivariate polynomials in Qx§, P # Q, then the homogeneous equation (I—F)[u(-,t)](x) =0

has only the trivial solution u = 0.

Proof. Consider u = u(-,t) € B(Q), V¢t > 0 with B = (C— A) (the case u € A(Q) has been
proved in Lemma 2), with F : C(Q;R) — C(;R) as in (3.53). For polynomial Kernels P # @
formulated according the standard bivariate basis (1.3), with polynomial degrees: deg(P) = dp,
deg(Q) = dg, d = max(dp,dg), it is straightforward to verify that the homogeneous equation
(I —F)[u(-,t)](x) = 0 can be written as'":

d z dg
(@) = 3o vu(e) [ 9wy =3 0’ =0 (3.65)

n=0 =0

Ty Ty
with
dQ 1 ' d

0; = Z‘Is(k:,i) (/0 yk_zu(y)dy) , Un(z) = Z (Q'r(k,n)_p'r(k,n)) b, (3.66)

k=i k=n

Cr(k,n)

s(k,i) =k(k+3)/2—14, r(k,n)=n+k(k+1)/2.

As for the term T, consider the following set of functions:
S :{¢0($)7 wl(x)ya ¢2(x)y27 s 7?%(95)3/”, s 7¢d—1(x)yd_17 ¢d(fﬁ)yd}a
_ 2 d 2 d—1
_{ (CO +C1r + 377 + .o+ Cp(d,0)T ) , (02 T T + x4+ g 1)T ) Y,
d
<C5 + g + 1oz + ..+ cr(d72)xd_2) Tl (Z cr(hn)xk_”) y.., (3.67)
k=n

(¢r(d—1,d-1) + Cr(@d—1)T) y Cr(d,d)yd}~

For notational simplicity the time-dependence in the functions is dropped.
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Since © is a linearly independent (LI) set of functions (bivariate polynomials of different degrees),

0 =0ou(y) = {1/10(33), ce U ()Y ,wd(a;)yd} o u(y), (3.68)

is also a LI set of functions V u € C(Q2), u(x,t) # 0,V x € Q, t > 0, where o denotes the Hadamard

product (element-wise).

Let V: C(Q;R) — C(Q;R) be the standard Volterra operator given by: V[f(-,)](z) = [; f(y,t)dy,
f € C(2). Due to the Volterra operator V is linear and injective [235], this maps (3.68) to

Iy =V(0) :{ (CO +cor+...+ cr(d’o)xd) / u(y)dy, ...,
0

d X X
(Zcr(k,n)ﬂfk_">/0 ?/"U(y)dya--.ycr(d,d)/o ydu(y)dy},

k=n

(3.69)

which also is a set of LI functions (a linear injective operator preserves linear independence)[236].
In addition, based on Lemma 3, restricting the domain Q to Q = Q\{0}, I'; is a set of continuous

real non-analytic functions.

Thus, since the term 75 in (3.66) is a linear combination of elements of the standard LI univariate

2

polynomial basis Ty = {1, z,2%,..., 2%}, and this basis cannot span to the space B(€Q), it is inferred

that I'; UTy is a set of LI functions, V z € Q.

Moreover, it is immediate to verify that if u € B(2), u is not a linear combination of the elements
of T'y. Similarly, regarding Ty, for a1, as € R, aju(z) + asa’ fox y"u(y) =0 < a3 = ag =0 or
u =0,V x €, since it is a homogeneous Volterra integral equation of the second kind (this can
also be obtained including u, to © and then applying V. However it requires u € C1). Therefore,
[ = {u(x)} UT; UTy is a set of LI functions in Q.

Finally, since v = 0 is solution of (3.65) for z = 0 (6p = 0), and (3.65) is a linear combination of
LI functions in ', V = € €, it is concluded that (I — F)[u(-,#)](z) = 0 has only the trivial solution
u=u(,t)=0,YxeQ,Vt >0. O

Remark 12. [t is worth noting that the mutually linear independence between elements of T'y and I's. Taking

the Wronskian of arbitrary elements of these sets yields

xt x’ fox y"u(y)dy
W=| , ,
it =t G [Ty uly)dy + a9t ()
—gitil <(jz‘) /Ogﬂ y”U(y)derl’”HU(I)) (3.70)
_ gititn ((j—i)(l/x) [ u(y)dy+u<w>> (3.7
7(z,n)
=0 u(r)=0, Vaoe, (3.72)
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with0 < 7(z,n) <z <1,Vi=0,...,dg, Vj=0,...,d and n € [0,d], where the equivalence from (3.70)
o (3.71) relies on the Bonnet’s mean value theorem based on the fact that y™ is a nonnegative increasing
function for n > 1 [287], namely

xT x
3 at least one T € (0,z) such that: / y"u(y)dy = x”/ v(y)dy,
0 T

and (3.72) due to (3.71) involves an homogeneous Volterra integral equation of the second kind [190)].

However “linearly independent functions may have an identically zero Wronskian”. That is not the case for

analytic functions (see Theorem 1 in [238]).

Theorem 2. Let T =1 —-F : X — X be the integral linear operator in (3.53), where X =
(C(%R), [|]|o) s the Banach space of continuous functions. If the Kernels P and @ are bounded
polynomials, P # @, then the integral equation w(zx,t) = Tu(-,t)](x) (3.53) has a unique solution

and the operator T is boundedly invertible in X .

Proof. [The proof follows the same arguments of the one of Theorem 1]. Let F be as in (3.53), this can be

written as:

F[u('a / <Z Z X[o x] pe(k,n) + X[z,1] (y)QS(k,n)) yk—n> u(yv t)dy' (373)

F

In the Banach space of continuous functions, since F' is bounded in ) x {2 and continuous except possibly
along the curve x = y, F is a compact operator [217, 231]. Thus, based on Lemma 2 for continuous real
analytic functions and Lemma 4 for continuous non-analytic real functions, according to a particular feature
of the Fredholm Alternative Theorem [208, Corollary 3.5], the solution of w(z,t) = T[u(-,t)](z) is unique
and the operator T is boundedly invertible in X O

3.3.3 Kernel-PIDE as a Convex Optimization Problem

Proposition 5. Let

T 1
u(z,t) = w(zx,t) —i—/o R(x,y)w(y,t)dy—i—/ S(z,y)w(y,t)dy (3.74)

be the inverse transformation of (3.53) in terms of the Kernels R and S (as it is proposed in
[205, 204, 82] under specific conditions on the system (3.52)). Let Ay = fol Iy 0% (z, y)dydx and

9 = fol fxl 83(x, y)dydx be the mean square of the residual functions detailed in (3.55). Considering
do(z) = 0 and d3(x) = 0 in (3.56), the transformed system (3.55) is exponentially stable if the

residual functions satisfy:

-1

(T o+ o)

VAL+1/A <

(3.75)

where o1 :fol Jo R*(z,y)dydxz and ngfol fxl S%(z,y)dydz.
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Proof. Let V = 2 01 e*®w?(x,t)dz be a Lyapunov functional for some a > 0. Its time-derivative

V= fo e“Tw(xz)w(x)dx along the trajectory (3.55), with dp(x) = 0 and d3(z) = 0, is given by:

<[ () () / e () / ()b, )y + / () / " uly)br(e,y)dd

T Ts T3
(3.76)
Using integration by parts and the boundary condition in (3.54) on the term 7} yields:
1
Ty < e (2)[*) - a/2/ T 2(2)dz < —aV (1), (3.77)
0

Regarding the term T3, changing the order of integration and plugging in u = u(y, t) the expression

given by the inverse transformation (3.74), this can be written as:

= [ ww / ey ey + [ ([ #wspwions) ( / 1 e, ) dy

Tap

Toa
+ /O 1 ( /y 1 S(y,s)w(s)ds) < /y 1 eo‘xw(x)él(x,y)dac) dy. (3.78)

~~

Toc
Using the Cauchy-Schwarz integral inequality [239], yields:

< ([ 1 e (o) ( / 1 (/ xw(y)ém,y)dy)z dx>

< max{e®*} max{e™*} 4V2(t) - /0 1 < /0 ' 6ayw2(y)dy) ( /0 ' 5f(w,y)dy) dw) =
< 1

Taa < 2e°2V (8)\/Ar,
T3, < ( /O 1( /0 ’ > dy> 0 /y e“ww(x)él(x,y)dx)Zdy>
< max (e} maxfe ") < / < /0 ’ RQ(y,s)ds> - < /0 T e (s )ds> dy)-
() ([ o)

€
2

Tngzea/QV(t)\ﬁ</ / R3(y, s )dsdy) : (3.80)

(3.79)

and

dy) ( /0 1 ( /y 1 emw(x)él(x,y)dx>2dy>

67



3. CONVEX OPTIMIZATION APPROACH FOR BACKSTEPPING PDE DESIGN
3.3. Hyperbolic PIDE and the Fredholm-type Operator

< 4e“V23(t) </01 (/yl S2(y, s)ds> dy) </01 </yl 5%(:c,y)dx> dy> =

Tye < 262V (/B < /O 1 /y "5, s)dsdy>é , (3.81)

where A = fol fo‘r 82 (x,y)dydx. With respect to the term T3, this can be written as:

- [ "u() [ e wtersato i+ | 1 ([ resoas) ([ euomamds )+

T3a Tsp

/01 (/yl S(y,s)w(s)ds> </Oy eaxw(w)&(w,y)dm) dy, (3.82)

Tsc

where upper bounds for every term, in relation with Ay = fol fxl 83(x, y)dydz, can be found following
the same procedure described above in (3.79)-(3.81). Finally, using in (3.76) the upper bounds for
the terms 77, Ts and T3, the condition V < 0 is satisfied provided:

o =2e"2 (VAT +V/A) (1+ o1 + V) > 0,

with o7 = fol Jy R*(z,y)dydz and oy = fol fxl S2(x,y)dydz. Since the factor (1/2)ae™®/? reaches the
maximum value of e~! at a = 2, the expression (3.75) is obtained, i.e. a sufficient condition for

exponential stability of (3.55). O

Based on this result, similar to Proposition 2, a relaxation on the zero matching condition for
the residual functions d; and d2 can be considered and the Kernel-PIDE (3.56) can be solved

approximately in terms of polynomial Kernels.

Proposition 6. Let N(x,y) = Z(:d[))_l npx®yPe and M(x,y) = Zz(:d())_l myz®yPr be polynomial

approximations of P and Q, respectively, of arbitrary even degree d € N, with coefficients ny
and my, and powers in accordance with (1.3). Let Y = Y (x,y), Z = Z(x,y) be polynomials of
degree ds = 2 {max{d+dh12’d+dh2}+l—‘ and v1 > 0, v > 0. For any functions f,h1,he described for

polynomials of degree dy,dp,,dp,, respectively, the Kernel-PIDE (3.56) can be formulated as the

convex optimization problem:

NS, M 359
subject to: Y(z,y)—d1(x,y)=0, Z(z,y)—0d2(z,y)=0, (3.84)
2y =Ti(2,y)—s1(2,y)91(2) Y(z,y) ex2 (385)

Y(z,y) N —s2(7,y)g2(z,y)
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2vo —To(x,y)—s3(x, T Z(x,
Z(‘T7y) V2= S4($,y)gg($,y)
51,82, 53,54 € ESa (387)

1 o 1l
/ / Ti(x,y)dydz = 0, / / Tr(z,y)dydr =0 (3.88)
0o Jo 0 Ja

51 - 61($7y) 5211\\2 )

8y = 0oz, y) |E=N

2= 02(2,9) QM as in (3.55), (3.89)
50 = (50(1',:1/) 5;% = O,

(53 = 53(.TU) ‘QzM = M(.Z’, 1) = O,

for some polynomials s;,j = 1,...,4 of degree ds — 2, T1 and Ty of degree 2ds, g1(z) = z(1 — x),
g2(z,y) = y(x —y) and g3(x,y) = (1 —y)(y — x). The optimal root mean square bounds of the
residual functions are: VA1 <1 and VAs < 9.

Proof. The convex optimization problem formulation follows similar arguments as the ones given

in the proof of Proposition 2. Regarding the optimal mean square bounds for §; and ds, let

2y —T(z,y) Y(z,y)

Al =
Y(z,y) T

= 0,V(z,y) € Qp (3.90)

be a symmetric real polynomial positive definite matrix on €, (pointwise condition). Taking the

Schur’s complement of A; and its integration on the domain €, yields

Al =0 27% - VlTl(l‘)y) - Y2(I‘,y) > 07 V(x,y) € QL7

8

1 =z 1
//me@M<ﬁ—m//ﬂmm@m. (3.91)
0 0 0 0

If there exists a polynomial function T} satisfying (3.88), it is clear that 7 is an upper bound of
the root mean square value of Y in 7. The positivity condition (3.90) is made computationally
tractable via the matrix-polynomial version of Putinar’s Positivstellensatz'®[138, 157], based on the
representation of €y, as in Proposition 1, namely, for some p > 0, A(z,y) = pI = 0, Y(z,y) € Qr,
then:

(A@.y)=91(@)S1(@, 1)~ g2 @,9) S () ) € T2

(3.92)
51, SQ c E§X2.

Thus, conditions (3.85) and (3.86) are obtained if the following particular forms for S; and Sy are

8 This condition can also be ”scalarized”, i.e., expressed in terms of scalar polynomials [136, 138, 157].
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considered:
_ | o
S, = siley) 0 n2X2 g ex,,
0 0
_ - (3.93)
0 0
Sy = € X2 sy € X,
_O 32(1'73/)_
the SOS matrix condition of which is immediately verified since S; = BBT, Sy = CC" with:
B— bl(x,y) U bm1 (‘/L‘a y) 0 c R[X]Qx(mﬁ_l),
0 0 0
(3.94)
o= 0 Y| e peonen),
0 Cl(xay) Cm2(x7y)
where s; = Z;n:ll b?(:n,y) € X and sy = ;71:21 c?(:n,y) € ¥ bj € Rx,Vj =1,....,mq, ¢ €
R[x],Vj = 1,...,ma, for some finite m; € N and mg € N. Following the same arguments, conditions

for Z on Qp can be deduced. Therefore, according to the equality (3.84) and the optimization

objective (3.83), the root mean square error of d; and dy are minimized. O

3.3.4 Approximate Inverse Transformation

For known Kernels P and @, the inverse transformation of (3.53) can be found by means of the
direct substitution of (3.74) in (3.53), which yields

T 1
/0 w(y,t)él(x,y)dy+/ w(y, t)02(z, y)dy =0, (3.95)

equality satisfied if the residual functions
51(2.9) =R(w9) = Play) = [ Pla9)S(s.ds = [ Plas)Rls. s
Y
/xl Q(z, s)R(s,y)dy, V(z,y) € Qr, (3.96)
Ao ) =S(a.9) = Qo) ~ | " Pz, )S(5, y)ds — / " Q(,5)S (5, y)ds—

1
/ Qz,$)R(s,y)ds,  V(w,y) € Q. (3.97)

are identically zero in their respective triangular domains. Since (3.95) does not depend on any
original and target systems (expression equivalent to (3.29) for the Volterra operator), it can be

used to find an approximation of the inverse Kernels R and S, given the approximate direct ones
PN, Q~M.
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z(d)—1

Proposition 7. Let A(z,y) = >, apx®yPe and B(x,y) = z(d)_

A 1bkxo‘ky5k’ be polynomial

approximations of R and S, respectively, of arbitrary even degree d € N, with coefficients ay and by,
max{dN,dM}-i-d—‘rl-|
2

and powers in accordance with (1.3). LetY and Z be polynomials of degree ds = 2 {
and v; > 0,7 = 1,...,4. For gwen direct approzimate Kernels N and M of P and Q with
degrees dy and dpy, respectively (solution of (3.83)-(3.89)), the integral equation (3.95)-(3.97) can

be formulated as the convex optimization problem:

77]71}%@@%%] M +v2+73+ N (3.98)
subject to: Y(z,y) —01(z,y) =0, Z(z,y)— da(z,y) =0, (3.99)
(Y(@.) = py — [s1(2.9) s2le,9)] g1e,y)) € B, (3.100)

(py =Y (z,y) — [s3(@,y) sa(z,y)] gr(,y)) € s, (3.101)

(2.9 = 0, = [s5(w,) s6(w,9)]) gu(w,9)) € 5, (3.102)

(07 — Z(z,y) — [s7(2,y) ss(z,9)] gu(z,y)) € s, (3.103)

51,52, 53, 54, 55, 56, 57, 53 € X, (3.104)

kl pY]zo, [72 P Y]ao, LW’ "Z]zo, [’“ QZ]zo, (3.105)
Py M Py 72 0, 3 0z 4

01 = b1(e,y) [R2N &7 as in (3.96), (3.106)
o 828 as in (3.97), (3.107)
for some polynomials s;,j = 1,...,8 of degree ds — 2, g1 = lg1,92), gu = |91, g5], with g1(w) =

(1 —x), g2(z,y) = y(x —y) and gs(x,y) = (1 —y)(y — z). The optimal minimal bounds for the

residual functions are: & = max{y1,v2} and 62 = max{vys,v4}.

Proof. The proof follows the same arguments of the one of Proposition 3, hence omitted. O

3.4 Numerical Results!

3.4.1 Parabolic PDE with constant reactivity term

This example considers A(z) = 20 and € = 1 in the system (3.4) and ¢ = 0 in target system
(3.6). The direct Kernel K in (3.5) is approximated solving the convex optimization problem
(3.18)-(3.28). The bounds of the residual functions §; and Jy are indicated in Figure 3.4.1. The
approximate Kernel N for d = 12 is depicted in Figure 3.4.2(a).

Regarding the inverse transformation (3.9), using the previous direct approximate Kernel, a moment

9The numerical solution of the convex optimization problems has been obtained via the Yalmip toolbox for Matlab
[163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi [165] and the SDP package part
of the Mosek solver [166].
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10 w

10; 5'\.\ —&—||0; || oo: Residual on z =y

18_1 : \:'X\' -© -[|0y||oo: Residual in Q, ]
102 L ‘o\:,\\;\’ =X= || K* — Nyg||oo: Approx. error | ]

Residual Bounds and Error

10 Il Il Il Il
6 8 10 12 14 16 18 20

d: Polynomial degree

Figure 3.4.1: Bounds for the residual functions in (3.7), solution of (3.18)-(3.28), as a function of
the polynomial degree d.

0.8

y 0.6

0.4

0.2

Figure 3.4.2: (a) Direct approximate Kernel N for d = 12 (K ~ N in (3.5)). (b) Inverse approximate
Kernel L, for r =13 (L =~ L, in (3.9)).

Mij | 1M0,0 ™mo,1 mo,2 mo,3 mo,4 m1,0 mi mi 2 mi3 mi.4 o
L* | 4.1903 | 1.2286 | 0.5517 | 0.3011 | 0.1843 | 2.7834 | 0.9177 | 0.4394 | 0.2497 | 0.1572 | 10.0000
L 4.1940 | 1.2298 | 0.5523 | 0.3015 | 0.1846 | 2.7859 | 0.9187 | 0.4399 | 0.2500 | 0.1574 | 10.0076

Table 3.1: Extract of the moment sequence (3.11), optimal solution of (3.30)-(3.44), according to
r=0,...,13.
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sequence (3.11) has been calculated solving the convex optimization problem (3.30)-(3.44) for d,,, =
13. Table 3.1 shows a small part of this sequence, which is compared with the inverse Kernel L*
obtained via the Successive Approximation method, the positive component of which is given by

o —_ J1< X(127y2)>
L*(z,y) = _)\QW

moment sequence has two digit of precision with respect to L*. Finally, based on the whole

+ 10, where J; is the first order Bessel function [50]. The whole

previous moment sequence, an approximate inverse Kernel L, = L, — o has been determined
solving (3.47)-(3.50) for r = 13, the result of which is shown in Figure 3.4.2(b).

3.4.2 Parabolic PDE with spatially varying reactivity term

This example considers two cases of spatially varying reactivity in the system (3.4):

8

Case 1: A(z) =10+ , 3.108
e (=) cosh? (o(z — 0.5)) ( )
Case 2: a(x) =1+ 0.3sin (37z),
1 d%a 3 g—g(m)

The first case is a particular example of the “one-peak” functions described in [50], where its
associated Kernel-PDE has a closed-form solution. On the contrary, the second case requires a
numerical solution of its Kernel-PDE [21]. For both cases the direct Kernel K in (3.5) has been
approximated solving the convex optimization problem (3.18)-(3.28). In particular, for the second
case, the variant described in Chapter 2, Section 2.1.4 has been applied. The reactivity terms have

been approximated by a polynomial A(z) ~ >, _, cpxh.

B.1) Case 1: High Order Polynomials

For the first case a degree of r = 10 for the reactivity term has been selected, with a maximum
approximation error of 0.11%. Its results are indicated in Table 3.2, which shows the high Kernel

polynomial degrees required to achieve small bounds for the residual functions = max{d;,2}.

d] 18 | 20 22 24
611.1-1073]4.63-107%| 1.06-107* | 5.52-10~°

Table 3.2: Maximum bounds of residual functions for spatially varying reactivity term (3.108).

B.2) Case 2: Multiple Kernel Approach

For the second case a polynomial approximation for the reactivity term, with parameter bounds
lcx|< 10°, requires a degree r > 20. Theses conditions, (i) large number of Kernel parameters
(z(r) > (2;1;(1) with d degree of K) and (ii) large parameter magnitudes, make unreasonable
and unsuccessful the application of the approach proposed with a single Kernel. However, the
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property of representation of non-negative polynomials in compact basic semi-algebraic sets leads
to a Multiple Kernel Approach via a “domain decomposition” of the whole domain in small tractable

elements, as it has been proposed in Section 2.1.4.

Consider the lower 2-dimensional triangular domain €, (1-dimensional case is straightforward).
Let Oy = [1,. .., Ty, Tmy1] and Qy = [Y1,. .., Y, - - -, Ym+1] be partitions in m intervals for  in
relation with the variable z and y, respectively. For No = m(m +1)/2 elements Q; ; = [z, xj4+1] X
Wi yi1] C Qr, Qp =U;;Qij, g =1,....m,i=1,....j, the residual function § = §(z,y) can be
minimized by the convex optimization problem:

J

Mgalgﬂggzgjzo 1 2; Yij + pij+ 0ij
: 1=
subject to: (65 (x Y)Eij(z,y)) € s,
(vig — dig(x y) 5; (2, 9) Eij(2,y)) € %,

(F ()EL(a )) e, (3.110)
(p n%jm)Eij(x)) es,,

(65w — vl ) B W) € =,

(g 50) — v WE W) € N,

with

oF oF
Ykzﬁy Xk::@7k:071a'--arsa
_ 3.111
b= [sfjl(x Y), ff(:ﬂ y)], s nl € X, 32’3-2 €Y, Vn=1,2, ( )

TZTZ' S 287 Ui,j € 25, Y'm = 172’
Eij(z,y) = [B};(z), B2 (y)] "
Ejj(@) = (v=2;)(wj01—2), B(y) = (y=9:) (i1 =),

V€ [z, zj], Vy € Y Yit1], where 6(z,y) = 0, j(z,y), V (x,y) € Q;; and the operators X and
Y enforce the continuity (k = 0) and a selected smoothness (k = r; € N) between the approximate

Kernel solutions on every element.?’

A partition of the domain allows decreasing the polynomial approximation degree to » = 6 or lower,
for a maximum approximation error less than 3% in the reactivity term. Results for the Kernel
solution, including (3.110)-(3.111) in the convex optimization problem (3.18)-(3.28), are indicated
in the first row of Table 3.3, where J(0) = (1/Ne)(3_7L, ZZ = 'yw) (1/2) For a partition of N, = 15

20For simplicity, the optimization scheme (3.110)-(3.111) only shows square elements €; ;. A slight modification of
this formulation allows including triangular elements on the diagonal z = y.
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elements (m = 5), Figure 3.4.3 depicts the approximate Kernel solution.

N | 1 3 6 10 | 15
Case 2: J(0) | — — — | 2.43-107! | 1.81-102 | 9.7-103 | 3.1-1073
Example A = cte: J(0) | 1.55 |2.86-102 | 3.4-10% | 1.5-103 | 5.6-107*

Table 3.3: Root mean square of residual functions. Domain partition in N, elements, Kernel with
degree d = 6. First row, example from Section 3.4.2, Case 2. Second row, example with constant
reactivity term from Section 3.4.1.

Figure 3.4.3: Approximate Kernel: K~ N in (3.5). Polynomial degree d = 6 and €, partitioned
in N, =15 elements (m=>5).

3.4.3 Hyperbolic PIDE
This example considers the problem presented in [204][82]:

bo

e o (VD sinh (v/c(1 — z)) (3.112)

flx)=a+

hao(z) = _cos}li?\/é) cosh(vy/cz) cosh (ve(1 —y)) (3.113)
hi(z) = ha(x) 4+ bo cosh (Ve(z —y)) (3.114)

with a = 1.25, b=0.1, ¢ = 0.01, 0 = 7.5 (the application of the proposed approach is not limited

to this case, which has been selected for comparison purposes). This problem (equations (71)-(73)

(0]
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of [82]) corresponds to a first-order PDE coupled with a second order ODE, equivalent to the 1-
dimensional hyperbolic PDE (3.52). The direct Kernels P and @ in (3.53) have been approximated
solving the convex optimization problem (3.83)-(3.89). To implement this approach, the functions
f, h1 and hg in (3.112)-(3.114) have been approximated by a combination of univariate polynomials
of degree 4, with maximum approximation error < 107°%. The approximate Kernels M and N
for d = 10 are shown in Figure 3.4.4(a), with root mean square bounds for the residual functions:
1 = 5.28-107' and v = 7.20-10~!'. Using this result, the inverse Kernels R and S have been
approximated solving (3.98)-(3.107) for d = 10. The result is shown in Figure 3.4.4(b) with bounds
of the residual functions: 7 = max{~y1, v2,73, 74} < 3.33-10711.

M = M(z,y)

Figure 3.4.4: (a) Direct approximate Kernels M and N for d =10 (P =~ N, Q ~ M in (3.53)). (b)
Inverse approximate Kernels A and B for d =10 (R~ A, S ~ B in (3.74)).
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Chapter 4

Adaptive Observer Design for a Class
of Parabolic PDEs:

—Vito Volterra (1860-1940)—

V. Volterra became interested in mathematics and science in his preadolescent years, passion which prevailed despite
the dismay of his family. His interest in pure mathematics was inspired by his geometry instructor Cesare Arzela, at
the technical high school in Florence, and his calculus teacher Ulisse Dini, at the Scuola Normale Superiore in Pisa.
V. Volterra made important contributions in several fields. A real gem is considered his discovering of the
“pointwise discontinuous functions”, two decades before René Baire’s category theorem, when he still was a student
at Pisa. However, he is mostly known for his work in linear integral equations applying a principle which he called
“the passage from the discrete to the continuous”, the limiting case of which was used by Ivar Fredholm and David
Hilbert. He introduced the modern concept of “Functional” in his 1887 paper “On functions that depend on other
functions”, name given later by Jacques Hadamard. He is considered one of the founders of the branch of
mathematics that came to be called “Functional Analysis”.

In this chapter the observer design problem, for simultaneous state and parame-
ter estimation, for a class of one-dimensional linear parabolic PDEs is addressed. The
type of PDEs considered involves an uncertain “boundary” control gain parameter or
an uncertain “in-domain” reactivity term. The design is based on the Backstepping
PDE methodology, including a modified integral transformation to compensate for the
parameter uncertainty. The solution of the resulting coupled Kernel-PDE/ODES is ob-
tained using the methodology proposed in Chapter 3, namely via its formulation as a
convex optimization problem based on Sum-of-Squares decomposition and its computa-
tion via polynomial optimization techniques. This methodology allows computing — in
a fast and direct way — the state and parameter observer gains at every fixed sampling
time. Similar to the observer based on the Volterra-type transformation, an observer
design method with two boundary measures via the Fredholm-type transformation is

presented. Numerical simulations illustrate the performance of the approach proposed.

!This chapter is based on the publications [240, 187].
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4.1 Introduction

In the field of continuous-time boundary control/observer design for linear PDEs, Backstepping
for PDEs stands out as a simple and systematic design methodology [21, 50, 49, 51, 18]. As dual
to control design [21], Backstepping PDE observer design? mimics the feedback structure of the
Luenberger-type state observer for finite dimensional systems [50]. In this methodology the observer
error equation is mapped into a target PDE with given stability and convergence properties. This
transformation is achieved for specific output injection observer gains which are functions of the

integral Kernels governed by the resulting Kernel-PDE [86].

For certain class of PDE models, mainly due to the contraction properties of the Volterra inte-
gral transformation, a closed-form solution of the Kernel-PDE can be obtained [197], allowing a
direct computation of the observer gains, scheme which has been commonly implemented (see for
instance [241, 132, 11]). However, this PDE-Kernel computation approach, framed in the con-
text of the Banach’s contraction principle [211] and carried out via the Successive Approximation
method [208], is not suitable for general cases such as causal systems with spatially and temporally
variant parameters [49, 242], where also direct numerical methods cannot be applied [243]. On
the other hand, the application of this type of recursive methods remains valid only for particular
or conservative conditions in non-strict feedback systems (non-causal in space), which require a

Fredholm-type integral transformation [205, 82].

In general, adaptive methods in Backstepping PDE design need state measurement on the full space
domain [50, 122, 123, 124]. A feasible case of adaptive observer design based on boundary measure-
ments requires a particular system structure denominated “canonical observer form”?3 [125], which
includes “in-domain” terms constituted of multiplications of unknown parameters and output mea-
surements of the system [126]. Despite this structure can be obtained by an integral transformation
on the original system, enabling to design adaptive output-feedback control schemes [126, 244], this
is not useful to estimate the uncertain parameters of the original system, since it turns out to be

an inverse under-determined problem.

A common approach proposed to overcome this problem consist of approximating the original PDE
model as a finite dimensional input-output model, suitable for applying parametric identification
techniques. However, in this case the resulting over-parameterized structure does not lead to
determine a unique solution (see for instance [11]). As has been commented in [11], currently
“there is no clear way” to address systems with general “in-domain” uncertain terms and the

adaptive observer design remain as a significant fundamental challenge in IDS.

The main objectives of the approach proposed in this chapter are:

(a) avoid any pre-transformation and/or finite-dimensional formulation, enabling a direct para-

2A brief summary on Backstepping PDE-based observer design is presented in Appendix B.
3Tt is worth noting that this type of structure can be seen as part of the “Positive Real” IDS [6].
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meter identification from the original PDE model,
(b) performs a simultaneous state and parameter estimation considering only measurements at
the boundary, considering:
o one point of measurement via the Volterra-type integral transformation,

o two points of measurement via the Fredholm-type integral transformation (non-strict

feedback error system).

4.2 Observer Design for one Uncertain Boundary Parameter

4.2.1 Problem Setting

Consider the one-dimensional linear parabolic PDE with an uncertain parameter in the mixed
boundary conditions, namely

= €Uy (x,t) + Au(z, t),

=0, wug(l,t)=u(l,t)+0)U(t),

= o1a(t) + m(n)w(r), Vi€ [ta, by, (4.1)
ay(t) = oga(t) +na(mi)w(m), V€ [ta, to],

<
—
o~
S~—

I

<
~—~
—_
~+
~—

where u(z,0) = ug(z) € C(R) is the state initial condition, € > 0 is a constant diffusivity term, X is
a constant reactivity term, U is the control action, gain of which () is considered as an uncertain
time-varying parameter modelled as a double integrator; o1 > 0 and oy < 0 with 6(¢,) = 6y and

a(t,) = ap unknown initial conditions of the parameters.

With respect to the parametric model (double integrator), this can be seen as a particular case of
the model proposed in [245, 246]. This type of model considers the variation of € as the output of a
linear system excited by random jumps (random time 7;) of unknown magnitude (n; and 72), where

4 Thus, this model can exhibit various

w is a completely unknown sequence of isolated impulses.
waveform patters according to the number of integrators and combination of their states (see details
in [247, 245]). In particular, the structure in (4.1), for o3 > 0 and o2 < 0, provides a combination
of steps and ramps, where the parameter o vanishes under no excitation.” In comparison with
the standard models which consider 6 as piecewise constant function of time [127], the proposed
model leads to an observer with lower feedback gains and more accurate estimates of the transient

dynamic [245, 246].

4As is pointed out in [247], the model includes the signal w and magnitudes 7; and 72 only for the symbolic purpose
of providing a mathematical idea of the model. These variables are not used in the observer design.

5This model allows taking into account dynamics such as piece-wise constant functions of time with smooth transitions
between their values.
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4.2.2 Adaptive Observer

The proposed adaptive observer has a Luenberger-type collocated structure based on [86, 21, 50],

namely

U (z,t) = €ligy(x,t) + Mz, t) + h(z)a(l,1),

=0, d(1,t) =a(1,t) +ppi(1) + 0)U (),

u(1,t), Vit € [te,ts), (4.2)
u(1,t), Vi€ [te,ts),

where 4, 0 and & are the estimate state and control gain parameters, respectively, initial conditions
of which are a(z,0) = do(z) € C(Q), 0(ta) = O and &(t,) = do; a(1,t) = y(t) — §(t) is the
(measurable) output estimation error; p; < 0, p2 < 0; S and Sy are real valued functions, ¢ € C(£2)
and p € C%(Q). The function h = h(z) and the constant py are the observer gains for the state and

the boundary condition, respectively.

4.2.3 Design via the Volterra-type Transformation

The observer error equation between (4.1) and (4.2) can be written as:

(2, ) = €lige (2, t) + Na(x, t) — h(z)a(l,t),
@(0,t) =0, @u(1,t) = (1—pp)a(l,t) +0()U (),
0:(t) = o1a(t) — p1.S1(q(1)a(1,t), VYt € [ta,t] (4.3)
a(t) = o2a(t) — p25S2(p(1))a(1,1), Vt € [to, to],
a(1,t) = y(t) —9(t),

where a(z,t) = u(z,t) — a(z,t), 0(t) = 0(t) — 0(t) and a(t) = a(t) — &(t) are the state and
parameters estimation errors, respectively. The design of the Backstepping PDE-based adaptive
observer (4.2) consists basically in transforming the “original” estimation error system (4.3) into
a “target” system with prescribed features of stability. In this case, the following exponentially

stable system:

—i—Fu?(l,t), YVt € [taytb]a

it is proposed, where ¢ > 0, A € R?*2 (with bounded elements), the eigenvalues of which have

non-positive real parts, and I' € R?*! (with bounded elements).
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Remark 13. The PDE (4.4) with respect to the variable W is a standard parabolic PDE, with homogeneous
boundary conditions, which is exponentially stable for ¢ > —6%2. This can be verified as follows. Let

V=3 fol W2 (z,t)dx be a Lyapunov functionalS Its time-derivative V = fol w(x)we(x)dx along the trajectory

(4.4) is given by:

1% :/1 W(7) (eWye(w,t) — cd(,t)) dv = ew(x)b z=1 e/ol W2 (x)dx —c/llbz(:c)dm,

0

2 !
< — (e + c) / ﬁ)g(x)dx <0,
4 0

where a variation of Wirtinger’s inequality has been applied on the term Ty [50]. Thus, if matriz A is

Hurwitz, the coupled PDE-ODE system (4.4) is exponentially stable for any T' bounded gain.

To achieve this state mapping the modified Volterra-type transformation

1 ~
() = g(L)i(e, t) - / K ()i (y, t)dy — q@)(t) — p(x)a(t) (4.6)

with polynomial kernel K € C?(2 x Q) is proposed, where the polynomial functions ¢ and p
are included to compensate for the parameters uncertainty. Following the standard procedure of

Backstepping PDE observer design [21, 50], the transformation (4.6) leads to:

i, t) =q(L)iy(a, ) — / K (2,y)@n(y, )y — a(2),(2) — p(2)(2)

1
— (1) (€iBpale t) — cib(a, 1)) — / K (2, )y (y, )dy +e / K (2, 9)i(y, £)dy—

q()0:(t) — p(x)an(t), T
1
=q(1) (eWgy(z,t) — c0(z,t)) + / (cK(z,y) — eKyy(x,y)) w(y, t)dy + (4.7)

0
G;LK(JU, Dw(1,t) — ea({;K(x, x)w(z,t) —W+ eK (z, x)wy(x,t) —

a(@) (16(t) = prS1(a(1) (aDB(L,8) — 60)] — p(Da()) ) -
p(x) (2(8) = p2Sa(p(1)) (a1, 1) = O] - p(1)a() ) )
where @ has been substituted by its “target” dynamic (4.4) and the time derivatives of the pa-

rameters estimation errors by the expressions stated in (4.3); the transformation (4.6) has been

evaluated at the boundary x = 1, namely
a(1,t) = q(V)[@(1,t) — 6(t)] - p(1)a(t), (4.8)

and integration by parts has been applied on the term Ty. Substituting the second spatial derivative

of (4.6), namely:

For a clearer description, the time-dependence in the functions is dropped (i (z) = Ww(z, t)).
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Uge (2, 1) =q(1)Wey(z,t) — /xl Koo (z,y)w(y, t)dy + Q%K(:v,x)w(x,t) + ;yK(x, x)w(xz,t) +
K (2, )0 (2, 1) — qra (2)0(2) — pas (), (4.9)
the expressions (4.7), (4.8) and the modified Volterra-type transformation (4.6) into the “original”
estimation error system (4.3) leads to:
Uiy (2, 1) —€ligy (2, 1) — Mz, t) + h(x)a(1,t) =

(eqm(rﬂ) +a(@)A = p151(a(1))g(1)] = p(x)p252(p(1))g(1) — h(m)q(l)) 0(t) +

Ty
(epm(w) —019() + p(z)[A — 02 = p252(p(1))p(1)] — q(x)p1.51(¢(1))p(1) — h(fﬁ)p(l)) a(t) —
T
(eKy(% 1) +q(2)p151(a(1))g(1) + p(x)p252(p(1))g(1) + h(w)q(l)) w(l,t)— (4.10)
T3
<(26 <aayK(x,m) + %K(z, x)) +q(D)[A + C])u?(x,t) +

1 Ty
/x (eKm(xay) —eKyy(z,y) + A+ C]K(l’,y))zb(%t)dy =0.

Thus, comparing the terms 77 and 75 with respect to T3 and using the identity %K (x,z) =
S K(z,2) + £ K(z,7) in Ty [21] yields

(1) — €ligg (2, 1) — Az, t) + h(x)a(1,t) = do(2)0(t) — & (z)b(z,t) +
| (4.11)
| ety iy + sa()ao = o

with boundary conditions:
1
(0,1) =1yt - /0 K0, )y, t)dy — g(0)A(t) — p(0)a(t) = 0

i (1,1) =gV 17 + K (1, D)i(1, 1) — (D)) — pa(1)al) (4.12)
=(1—pp)a(l,t) + 0()U(1),
——
(a(D@(1,H)-q(D)iE)~p(1)a(t))

equivalent, at each time ¢, to the set of differential boundary value problems, here denominated
Kernel-PDE/ODE, composed by the coupled PDE-ODE BVP:

do(x) = €qua(z) + Ag(x) + eKy(z, 1) (4.13)
01(z) = 26%]((37, x) +q(1)(A+ o), (4.14)
do(z,y) = eKpz(x,y) — eKyy(z,y) + (c+ N)K(z,y), V(z,y) € Qu, (4.15)
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K(0,y) =0, VyeQ,
q(0) =0, q.(1,t)=K(1,1)-U(t),

and the ODE-BVP:

—~

4.16)

—~

4.17)

B2(0) = epaa(z) + (A= 22)p(o) — ovq(o) + p() LD (118)
_ K0
p0) =0, paf1) =p(1) 72, (4.19)
V q(1) # 0, where the observer gains are given by:
K@)
m=l- = (4.20)
h(z) =— q(ll) (eKy(z,1) + p1S1(q(1))a(1)q(x) + p252(p(1))q(1)p(x)) (4.21)
for a zero matching condition on the residual functions d;, V 7 =0,...,3.

Remark 14. The boundary condition (4.17) implies that the function q is not only dependent on the spatial
variable but also on time. This continuous time-dependence implies that the validity of posing (4.14)-(4.19)
s restricted to signals U with particular features, such as for instance “piece-wise constant” dynamics.
Thus, despite the scheme of solving (4.14)-(4.19) at “each fized time” can achieve good results, this does not
necessarily lead to a stable and convergent estimation. Therefore, for general cases, it is necessary to pose a

full coupled PDE/ODE (initial value problem) with time-varying boundary conditions.

Regarding the “target” parameter error dynamic stated in (4.3), substituting (4.8) into the para-

meter estimation error of the “original” system (4.2) yields

(
(t) —p252(p(1))q(1)

o))

d [é(t)] _ [plsl(Q(l))Q(l) o1+ 1S (a(1)p(1)
dt | a(t) p252(p(1))q(1) o2+ p2Sa2(p(1))p(1)
A

] [é(t)] . !—mSl(q 1>>q<1>] _—

34

YV t € [ta,tp]. Thus, a sufficient condition to set forth a matrix A with negative eigenvalues is
S1(q(1))g(1) > 0 and Sa(p(1))p(1) >0 (p1 <0, p2 <0, 01 >0, o2 < 0), from a suitable selection
of the functions S; and So, for instance S;(f) = f or S;(f) = sign(f). As for the invertibility of
(4.6), for bounded continuous functions ¢ = ¢(x) and p = p(z), it is provided by the invertibility
property of the Volterra integral operator on the Banach space of continuous functions [191, 208],

which is a similar case of the transformation presented in [248].

Remark 15. In general, since the function q and therefore p are dependent on time, the matriz A is
function of time. In this case, the non-positivity condition on its eigenvalues is not sufficient to guarantee
the stability of (4.4). A sufficient condition can be obtained if the matriz A is also differentiable or with
Lipschitz continuity, with sufficiently small Lipschitz constants [127].
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4.2.3.1 Kernel-PDE/ODE as a Convex Optimization Problem

Similar to Chapter 3, Section 3.2.2, a relaxation of the exact zero matching condition for the residual

functions ¢; can be considering to solve approximately the Kernel-PDE/ODE (4.13)-(4.19).

Proposition 8. Let N(z,y) = Zz(j())_l nkz*y’* be a polynomial approzimation of K in (4.6) in
accordance with (1.3) and f(x) = Zi:o frz® be polynomial approxzimation of q in (4.6) of arbitrary
even degree d € N. Let n; and o; be lower and upper bounds of 6; in (4.13)-(4.14), respectively,
VaeQ V=01 Letns and oz be lower and upper bounds of do in (4.15), respectively,
Y (2,y) € Qui > 0,6 >0,Y5=0,....2. The coupled PDE-ODE BVP (4.13)-(4.17) can be

formulated as the convex optimization problem:

3
e JZ:;% G (4.2
subject to: (6(z) — s0j(7) g1(®)) €8s, YV j=0,1, (4.23)
(05 — ( ) —s15(z) gi(x)) €8s, Vji=0,1, (4.24)
(02(w,y) —n2—[s20(2, y) s21(,9)] gu(z,y)) € s, (4.25)
(o2—0b2(z,y) —[s22(w, ) s23(z, )] gu(®,y)) € s, (4.26)
505, S1j,82i € X, Vi=0,1,i=0,...,3, (4.27)
[77 "j] =0, Fj Uj] =0, Vj=0,...,3 (4.28)
nji oj &
8o = do(x) |[ESN as in (4.13), (4.29)
o1 = 1(x) |[E5N as in (4.14), (4.30)
o = 02(2,Y) [k~N as in (4.15), (4.31)
N(0,y) =0, VyeQ (4.32)
f0)=0, fo(L,t) = N(1,1) = U(@), (4.33)

YV (z,y) € Qu, Vt >0, for some polynomials s;, s1; and sg; of degree d—2,V j=0,1,Vi=0,...,3;
gu = |91, 93] with gi1(x) = x(1 — x) and g3(x,y) = (y — x)(1 —y) (see (2.8)). The optimal minimal
bounds for the residual functions are: 0; = max{v;,&;}, V j=0,...,2.

Proof. [The proof follows the same arguments exposed in Proposition 2.] Let N be the polynomial appro-
ximation of K (4.6), as it is defined above. Then the residual functions (4.13)-(4.16) have polyno-
mial structure determined by (4.29)-(4.33). Since the quadratic module associated to the compact
basic semi-algebraic representations of the domains  and €y are Archimedean (see Lemma 1),
based on Putinar’s Positivstellensatz [148, 138] and on the SOS decomposition of (4.23)-(4.27),
the unknown extreme values of each d; (1;,&;) can be determined as a polynomial optimization
problem, which is convex in terms of their polynomial coefficients [136]. The absolute value of the
lower and upper bounds of each §; are given by means of (4.28), so that the linear cost function
(4.22) yields 6; — 0 in Q. 0
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Regarding the ODE-BVP (4.18)-(4.19), this can also be approximately solved via polynomial op-

timization based on known polynomial approximations of the solutions K and ¢ of the coupled
PDE-ODE BVP (4.13)-(4.17).

Proposition 9. Let N and f be known polynomial approximations of degree d of the solutions P
and q of (4.13)-(4.17), respectively. Let l(z) = Zil:o lLz® be a polynomial approxzimation of p in
(4.6) of even degree d; > d. Let n and o be lower and upper bounds of d3 in (4.18), respectively,
VaoeQv>0,&>0. The coupled ODE-BVP (4.18)-(4.19) can be formulated as the convex

optimization problem.:

minimaize: v+ &
7a§71730751
subject to: (03(x) —n — so(x) g1(x)) € Xg,
(0 —d3(z) — s1(z) g1(x)) € s, (4.34)
50,51 € s, [7 ”] - 0, F U] -0,
U o ¢

10) =0, (1) =1(1)N(, 1)/ (1),

YV x € Q, for some polynomials so and s1 of degree d; —2; g1(x) = (1 —z) (see (2.6)). The optimal

minimal bound for the residual function is: 03 = max{y,£}.

Proof. The proof follows the same arguments exposed in Proposition 2 and (8), hence it is omitted.
O

Remark 16. It is worth noting that the ODE-BVP (4.18)-(4.19) has a boundary value (p(1)) as part of the
“in-domain” equation. Proposition (9) allows solving this particular structure where other approaches, such

as the “shooting method”, can not be directly applied.

4.3 Design for an Uncertain Reactivity Parameter

4.3.1 Problem Setting

The objective is to design an adaptive observer for the one-dimensional linear parabolic PDE with

strict-feedback structure and Neumann boundary conditions described by

ug(, 1) = €uge (z,t) + A(t)u(z, t),

ug(0,1) = u(0), ug(1,t) =U(t),
dA(t) (4.35)

SR 0, ViE [ta,ts], Mta) = o,
a =0 € [ta,te], Ata) = o

y(t) = u(l,t) or yo(t) = u(0,1), y1(t) = u(l, 1),

to simultaneously estimate the state v and the uncertain reactivity parameter A. This parameter

is considered as a piece-wise constant function of time (as it is described in Section 4.2.1, this
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observer can easily be modified to include smooth time dynamics via a double integrator). For this
system u(x,0) = ug(z) € C(;R) is its initial condition and U = U(t) denotes the control action.
As it is indicated in (4.35) (last equation), the observer design considers two cases: one point of
measurement y and two boundary points: yy and y;.

4.3.2 Target System

Proposition 10. Consider the following “target” coupled PDE-ODE:

= etgo (2, 1) — (= A(t))@(z, 1) —p(x) \2(1),

=
Pl
s

~

)
)
1,t) = (4.36)
(t) = —p)\( ) — apw(0,t) — a1w(1,t),

with initial conditions w(x,0) = Wy and A0) = Xo; p > 0, ag € R, a1 € R 7 and ¢ € L3(Q).

Assuming |A|< M a known bound, if the conditions

¢ > 2M + 2aM? + max{|ag|0, |a1 |71} (1 + o), (4.37)

p> 2('5’;2' |a1|> QQ/ (@) (4.38)

are satisfied for some selected constants o > 0, v9 > 0, and v > 0, and for oy > w,

then the PDE-ODE system (4.36) is stable.

Proof Let V = 01 W% (z,t)dx + l5\( t)? be a Lyapunov functional® Its time-derivative V =
fo x)dx + )\)\t along the trajectory (4.36) is given by:

1 1 1 5 s
V:/ w(z) (€W (2) —ctb(a ))d:c+/0 Mir? (a )dm—/ (z)p(x)N2dz + A,

W—e/ x—c/ dx+|)\\/ 2)da + A2

+A\e,

/ (2)oe)de

T

(4.39)

which via the Cauchy-Schwarz integral inequality [239] on the term T; and Young’s inequality

(special case)[21] on its resulting relations for some o > 0, and considering |X\|< 2M yields

V< e [utae (o) [ it s (o [ wwrto s L [ war) + 30,

1 1 32 gl .
< —e/ W2 (x)dx — (c—2M — 2on2) / w2 (z)dx + ;\— / % (z)dx + M. (4.40)
0 0 @ Jo

1,t), respectively.
A(t))-

"The coefficient ap or a; can take zero value to exclude the boundary measurements u(0,t) or u(
8For a clearer description, the time-dependence in the functions is dropped (@ (zx) = w(z,t), A =
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In last equation of the target system (4.36) it is verified:
My = (—pj\(t) — agw(0) — alzl)(l))

< — pX? + lao| |Al[@(0)] +ax | AlJw(1)],

To T
<_x2< —<|a°‘+’a1|>)+‘“°|70w20 CTIWET 4.41
<3 (p- 5 (10l ) ) sl + gz (4.41)

g

which is derived from using Young’s inequality on terms 75 and T3 for some 9 > 0, v1 > 0. Then,

applying over the differential expressions @ ((1 — :L‘)wQ(x)) and - (acwz (l‘)) an integration along

z € [0,1], in relation with the terms w(0) and w(1), respectively, ylelds

My < — oA+ |“°2’7° </01 w?(z)dx + 2 /Ol(x — 1)@@)@@)@) -

|a12!71 (/1 2z )d$+2/01xm(x)wx(x)dx>,

<—oX+ 5/ z)dx + B ( /Ol(x — Do (2)0? (x)dz| + /01 2 (x)w? (x)dx

where 8 = max{|ag|Y0, |a1|71} > 0. Thus, applying once more time the Cauchy-Schwarz integral

> o (4.42)

inequality on the last term in (4.42) and Young’s inequality on its resulting expressions, leads to:

M < —a)\2+6/ r)dx +
1 1/2 1 1/2
B (/ u?i(x)dat) (( max (z — 1)2)1/2 + ( max x2)1/2> </ wz(aﬁ)dw> ,
0 xz€(0,1] z€[0,1] 0
1
§—0A2+6(1+00)/ dx—f—/ 2 ( (4.43)
0
for some o¢ > 0. Finally substituting (4.43) into (4.40) is obtained:
) ] 1 B 1
V<- <e — ) / W2 (z)dx — (c — 2M — 2aM? — B(1 + 09)) / W2 (z)dx —
g0/ Jo 0
- 1 !
2?2 <g ~ 5 /0 qﬁz(x)dx) <0, (4.44)
if conditions (4.37) and (4.38) are satisfied for o9 > é, which are sufficient conditions for the
stability of (4.36). O

4.3.3 Design for one boundary measurement: Volterra-type Transformation

Consider the system (4.35) with a unique point of measurement y = u(1,¢). For a simultaneous
estimation of v and A, a Luenberger-type observer with collocated setup structure based on [86] is

proposed, namely
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X . AP p(z) -

Up(x,t) = €lgy(z,t) + A(t)a(z,t) + mu(l, t),

U5 (0,t) = u(0,1),

Uy (1,t) = U(t) + ppu(1,t) (4.45)

A P1 - R 2
- = 7 1 a 3 a) = )
20 = LLSaL ), Ve ol Ao = o

g(t) = a(1,t),

where @ and \ are the estimate state and reactivity parameter, respectively, initial conditions of
which are @(z,0) = do(z) € C(Q) and Mta) = do; y(t) — §(t) = a(1,t) = u(1,t) — a(1,t) is the
measurable output estimation error; p; < 0; p = p(x) and p, are the observer gains for the state
and boundary condition, respectively, S is a real valued function and ¢ € C?(2) with ¢(1) # 0.

The observer error equation can be written as:

~ _ - p(x) - R o o
U (w,t) = €ligy(x,t) — mu(l,t) + [u(x,t)A(t) + @z, )AE) + @z, A
A(z,t)
(0,t) = @(0,1),
U (1,t) = —pyi(1,1), (4.46)
%(t) = —%Slﬂ(l,t), YVt € [tq,ts), S\(ta) = 5\0’

u(l,t) = y(t) —4(t),

where @(x,t) = u(x, t) — 4(x, t) and A(t) = A(t)—A(¢) are the state and parameter estimation error,
respectively. The term A(z,t) = u(z,t)A(t) — 4z, t)A(t) can be considered as a particular case
obtained from the Taylor’s series approximation of the bivariate function g = wu(z,t)A(t) around

~

the point (a(z,t), A(t)).

The design of the adaptive observer (4.45) consists in transforming the “original” estimation error
system (4.46) into the “target” system (4.36), which is assumed to be stable for a suitable selection
of the parameter “c”, for ¢ = 1 and ag = 0. To achieve this mapping a modification of the

Volterra-type transformation (3.5), with integral Kernel P € C%(Qy),

1
e, t) =q(1)i (e, ) / P, y)i(y, t)dy—q(z)A(t) (4.47)

is proposed, where the function ¢ allows rejecting the A parameter uncertainty. Similarly, as it
has been detailed in Section 4.2.3, following the standard procedure of Backstepping PDE observer

design [21, 50], the transformation leads to:

1 ~
i, ) =g(L)in (1) — / P, y)iu(y, )dy — q(z)(t)
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} R 1
=q(1) (eﬁ)m(x,t) — e+ A@t)]w(z,t) — <Z>(:U))\2(t)> - / eP(z,y)Wyy(y, t)dy +
1 To

~ 1 ~ ~
e~ (D) / P y)i(y, t)dy + X2() / P, y) () dy — a()h(2), (4.48)

xT

1
(le = A®)P(z.y) = Py () ) iy, t)dy +

0

e(%P(:E, Dw(1,t) — Eaayp(l',l')ﬁ}(:E,t) —WjL eP(x,x)W,(x,t) —

(a0~ [ Paioton) ¥ - ata) (s (st - 2) )

where w has been substituted by its “target” dynamic (4.36) and the time derivative of the parame-

=4(1) (etra(e,0) = [+ XD, 0)) + /

x

ter estimation error by its dynamic stated in (4.46); the transformation (4.47) has been evaluated

at the boundary x = 1, namely
a(1,t) = q(V)[@(L,t) = AB)], (4.49)

and integration by parts has been applied on the term 7. Substituting the modified Volterra-type
transformation (4.47), its second spatial derivative and the expressions (4.48) and (4.49) into the

“original” estimation error system (4.46) leads to

~ — €U T Mﬁ — €T =
g, t) er(Z,t) + (1) (1,t) — A(z, t)
(edrale) + a@)AW) = pr81] = p(@) = e, ) ) AE) + (ePy(w,1) + a(2)prS1 + plx) ) (1, 2) -
3 %
<26 <§yP(a:,x) + 2 pa, x)) (e + x(tn)w(x,t) + (4.50)
Ts

1
[ (ePualn) = ePry(o) + e+ AOIP(aw) )l )y +
1

(qm — 4o + [

xT

P(fﬂ,y)eb(y)dy) N2(t).

Thus, comparing 7} with respect to 75 and using the identity L K (z,z) = %K(x, z) + LK (z,x)

ox
in T3 [21] yields

1

(2, 8) — ciiga(c,t) + zﬁ‘f;m, 0+ Al t) = <q<x> - ao@) + [ Pl y)¢(y)dy> R2(1) +
1

oz, )A(t) — 01 (z, ) (x, t) + / do(z,y, t)w(y,t)dy = 0, (4.51)

with constraints obtained from the boundary conditions in (4.46), namely
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1
1(0,1) = g1 01 — /0 P (0, )y, t)dy + P(0,0)0(0,1) — g, (0)A(t)

(4.52)
Ui (1 M + P(1,1)d(1, 1) — gu(1)A(2)
= —pi(1,t) = —py (a(1) (@(1,1) = A®)) )
which are equivalent, at each time ¢, to the Kernel-PDE/ODE:
50(5,1) = equa(x) + A(B)g(z) — iz, £) + Py, 1), (4.53)
81(x,t) = 2e——P(z,x) + q(1)(c + A(t)) (4.54)
Oa(x,y,t) = € m<x y) = €Pyy(,y) +(c+ A1) P(z,y), ¥ (,y) € (4.55)
q(1) = P(0,0), P(0,y) = P»(0,y), (4.56)
q(0) = g2(0), g.(1) = P(1,1), (4.57)
and function ¢(z) satisfying the Volterra’s integral equation of second kind:
q(z) / ' P(z,y)
—= = ¢(x) — — dy, 4.58
el () e o(y)dy (4.58)
V q(1) # 0, for a zero matching condition on the residual functions d;, V j = 0,...,2. In this case
the observer gains are given by:
P(1,1)
= , 4.59
P =" (4.59)
p(x) = — (ePy(x,1) + p1.Siq(z)) . (4.60)

Remark 17. Due to (4.53) includes @ and X, and (4.55) considers X, the Kernel P and function q are
not only dependent on the spatial variable but also on time. As is has been commented in Remark 14, this
continuous time-dependence implies that the validity of posing (4.53)-(4.57) is restricted to signals @ and A
with particular features. Therefore, despite a practical scheme of solving (4.14)-(4.19) at “each fixed time”

can achieve good results, this formulation does not necessarily lead to a stable and convergent estimation.

Regarding the “target” parameter error dynamic stated in (4.46), substituting (4.49) into the

parameter estimation error of the “original” system (4.45) yields

O == Ly (d()(0.0) = X01) = (1SOAO — (S a(L.0)

YV t € [ta,tp]. Thus, considering w as a bounded signal and p; < 0, a sufficient condition to obtain

a stable dynamic for X in (4.46) is the selection of a positive function S; > 0, ¥ ¢ > 0.

With respect to the integral equation (4.58), given a bounded function ¢ and a Kernel P, the
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existence and uniqueness of a bounded continuous function ¢ = ¢(z) are guaranteed by the well-
known invertibility property of the Volterra integral operator on some Banach and Hilbert spaces
[18, 208, 191]. As for equations (4.53)-(4.57), an approximate solution can be determined, at each
fixed time, via the methodology developed in Chapter 2, for instance setting up an equivalent

algorithm to the convex optimization problem described in Proposition 2.

4.3.3.1 Kernel-PDE/ODE as a Convex Optimization Problem

Similar to Section 4.2.3.1, the Kernel-PDE/ODE (4.53)-(4.57) can be approximately solved via an

optimization problem.

Proposition 11. Let N(z,y) = Zzg);l nrx®yP% be a polynomial approzimation of P and f(x) =
Zizo frz® be polynomial approzimation of q in (11), of arbitrary even degree d > dy € N, in
accordance with (1.3). Let n; and o be lower and upper bounds of §;, respectively, in Q, ¥ j =0, 1.
Let ng and o3 be the lower and upper bound of o2, respectively, in Qy;v; >0,& >0,V j=0,1,2.
For \ and @ estimated by the observer (4.45) and the former approzimated by a polynomial function

of degree dy, the Kernel-PDE (4.53)-(4.57) can be formulated as the convezr optimization problem:

minimize: E v +&;
75,&5 >IN, f3 845 iz

subject to: (0j(x,t) —m; — so(x) g1(x)) € Bs, Vi =0,1,

(0j —60j(x, t) —s15(x) g1(x)) € X, Viji=0,1,

( y) s21(z,y)] gu(z,y)) € s,

( y) s13(z,y)] gu(z,y)) € s,

504,515, 52i € 2, Vj=01,:=0,...,3,

[” "j]>0, Fj Uj]zo, Viji=0,....2
N i aj &

do = do(x,t) |, PNN as in (4.53),

d2(x,y,t) —n3—[s20(z,
(

oy —0a(x,y,t)—[s22(x,

(4.61)

61 = 0y (x, 1) fng as in (4.54),
8y = 8o

f(1) =N(0,0), N(0,y) =Nz(0,y),
f(0) = f2(0), fa(1) = N(1,1),

,y,t) |pan  as in (4.55),

V (z,y) € Qu, Vt > 0, for some polynomials sqj,s1; of degree d —2, ¥ j=0,...,2; s;3 of degree
d—2,Y1=0,...,3 and gy = [g1, 93] with g1(x) = z(1 —z) and g3(x,y) = (y—x)(1 —y) (see (2.8)).

The optimal minimal bounds for the residual functions are: @ = max{y;,&}, V j=0,...,2.

Proof. The proof follows the same arguments exposed in Proposition 2, equivalent to Proposition

8, hence it is omitted. ]
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4.3.4 Design for two boundary measurements: Fredholm-type Transformation

Consider the adaptive observer design problem for the system (4.1) with two points of measurement
at the boundary: yo(t) = w(0,t) and y1(t) = u(1,¢). In this case, similarly to (4.45), a Luenberger-

type structure is proposed, namely

(@, t) = €iiga(z,t) + At)a(z, t) + h”éx)am,t) + hlgx)ﬂ(l,t),
i5(0,t) = pou(0),
ig(1,) = U(t) + pra(l), (4.62)

A = %soam,t) + %Sla(l,t), YVt € [tasts], MO) = Ao,

o(t) = a(0,2), Gu(t) = a(l,1),

where @ and \ are the estimate state and reactivity parameter, respectively, for a combination of
the measurable output estimation errors 4(0,t) = w(0,t) — u(0,¢) and a(1,t) = u(1,t) — a(1,¢)
via the states observer gains h; = hi(z) and he = hao(z), ¥V & € Q. 0(z,0) = dp(z) € C(RN) and
;\(ta) = 5\0 are the initial conditions for the states and parameter, respectively; pg < 0, p1 < 0
and (B # 0; Sp and S7 are real valued functions; py and p; are the observer gains for the boundary

conditions. The observer error equation can be written as:

N _ ho(x) _ hi(x) g s g

Gy (2, 1) = €ligg(z,t) — Oﬁ @(0,t) + 1[3, u(l,t)] + (u(x,t))\(t) + @z, )A(t) +u(x,t))\(t)>,
W(rt) A(z,t)

ﬂx(oﬂt) = —poﬂ,(o,t),

Uy (1,t) = —p1a(1,t), (4.63)

d - . .
M) = —%Sou(o,t) — %Slu(l,t), Vb€ [ta,ts], Mta) = Ao,

which is a non strict-feedback system (non-causal in space [195]) due to the inclusion of two mea-
surement points, as stated by the term W in the first equation of (4.63); A = u(z, )A(t)—a(z, ) A(L).
In this case, to achieve the “target” system (4.36), which is assumed to be stable for a suitable se-
lection of the parameter “c”, with ag # 0 and a; # 0, a modification of the Fredholm-type integral

transformation (3.53), with integral Kernels P € C?(21) and and Q € C%(Qu),

T

e t) =pile.t) — | Pla.y)aty. Oy~ / Q. )iy, )y — a(x)M(2)

0

=(BL—F)[@ (-, t)](2) — a(z)A()

(4.64)

is proposed, where the function ¢ € C2(€2) is included to compensate for the A parameter uncertainty
(the non-modified version of this Fredholm-type transformation has been presented in [205, 204,

82]); I and F denote the identity and integral Fredholm-type operator, respectively. In accordance
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with the standard methodology in Backstepping observer design for PDEs [21, 50], equivalent to

the procedure followed in Sections 4.2.3 and 4.3.3, this transformation leads to:

— €lgy(x,t) + ¥(x,t) — Az, t) =

( 2)poSo — €Py(z, 0))11;(0,75) + (hl(x) + q(2)p151 + €Qy 1))@(1,75) +
( QE%Q(:U, 7) - Ble+ Mt))) (e, )+
(sqm @) =G, 22 (ho(e) + a(hpmso) =25 () + <x>p151>) At +

Bt 1) (eP(2,0)) — Bk tT Q. 1)) + (4.65)

/0 <€Px:v z,y) — ePyy(z,y) + P(x, y)(c+ At ))) Wy, t)dy +
/; (esz z,y) — €Qyy(,y) + Q(z,y)(c + At ))) w(y,t)dy +

(/0 P(x dy+/ Q(z,y) ()dy+q(m)—ﬁ¢(x))Z\2(t)_
;(ho )+ poSoq(x /QOy w(y, t)dy + (h1(z) + p1S19(x /ply (,t)dy>:

and constraints from the boundary conditions in (4.63) given by:

1
— B8+ Q(0,0) — P(0,0)] (0, ) — /0 Q2 (0, 1)y, )dy — g (O)A()

1
— —poi(0,) = —poBi(0,£) + po /0 Q0. y)i(y, t)dy + pog(0)A(D).
(4.66)

1
= a1y 4 QL 1) — P(L 1)) (L) — /O Po(L )iy, 1)y — ga(DA(E)
1
= —pra(l,t) = —p pw(1,t) +P1/0 P(1,y)d(y, t)dy + prg(1)A(t).

Due to the complexity of the coupled PDE-ODE (4.65), in particular its last term which involves
the interaction of the observer function gains: hg, h1, ¢ and Kernels: P, () in the whole domain €2,
the symmetry of its relations allows considering the special case of: hg = hy = h and pg = p1 = P,

which simplifies (4.65)-(4.66) leading to a more tractable form described by:
Ug(x,t) — €lgy(z,0)+¥(z,t) — Az, t) =
T 1
(q<x> =t + [ Py + [ Qo) 3w +
0(@)A(E) + 81()@(0, 8) + So(2)@(1, 1) + d3 () (x, ) +

/57ary w(y,t dy+/ ds(z, y)w(y,t)dy = 0,

(4.67)
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with constraints:
P(1,y) +Q(0,y) =0,
Qx(0,y) +poQ(0,y) =0, Pu(l,y) +p1P(1,y) =0,
Q(0,0) — P(0,0) = —poB, Q(1,1) — P(1,1) = —p1f3,
4z(0) = pog(0), ¢z(1) = —p1g(1),

(4.68)

YV y € Q, which are equivalent for Sy = S1 =5, ¢(0) = ¢(1) = Bu/2 with u € R, at each time ¢, to
the Kernel-PDE /ODE:

00(w) = edun (@) + (@) (A() = puS) — (a, 1) ~ uh(x), (4.69)
81(z) = h(z) + q(z)pS — eP,(x,0), (4.70)
ba(x) = h(z) + q(2)pS + €Qy(x, 1), (4.71)
B3() = 26 Pl ) — e Q. 2) — Ble+ A1), (1.72)
04(7) = Qs (0 y) +poQ(0,Y) |y=x , (4.73)
05(2) = P1Qz(0,¥) + poLa(L, ) ly=z , (4.74)
de(z) = P(1,y) + Q(0,y), (4.75)
51(x,y) = Paa(,y) — Pyy(w,y) + (c+ AB)Plz,y), ¥ (2,y) € Qp (4.76)
38 () = €Qaa(w.y) — €Quy(2,9) + (c+ AD)Q(z,y), ¥ (z,y) € W (4.77)
¢:(0) = (11/2)(Q(0,0) — P(0,0)), (1/2)8 = q(0), (4.78)
¢:(1) = (1/2)(Q(1,1) = P(1,1)),  (1/2)8 = q(1), (4.79)
and function ¢(z) satisfying satisfying the Fredholm’s-type integral equation of second kind:
) g [ PED gy - [P LD )0y (4.80)
VyeQ VaeQ B0, for an exact zero matching condition on the residual functions 4;,
V j=0,...,8. In this case the boundary observer gains are given by py = —q;((o? and p; = —q;((f)).

Regarding the “target” parameter error dynamic stated in (4.36), substituting the Fredholm-type
transformation (4.64) evaluated at both boundaries into the “original” parameter error dynamic

given in (4.63) for pg = p1 = p yields

d\ Do _
_ 2 (lsa0.0- " _ _
= ﬁqﬁ (0,¢) 0Q(O,y) w(y,t)dy — q(0 } [ (1,1) /Ply t)dy — q(1 )A(t)D
_ _ 0
=%5(Q(0)+Q(1));\(t)—55( @(0,8) + (1, 1)) — gs ( / (Q(0 1,y>>w<y,t>dy>
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= [puSIA\(t) — pSw(0,t) — pSw(1,1),

with u = ¢(0)/(28), ¢(0) = q(1), V t € [tq,tp]. Thus, considering @ as bounded signal and p < 0,
a sufficient condition of stability for X in (4.36) is the selection of a function S such that ;S > 0,
Vt>0.

With respect to the integral equation (4.80), given a continuous bounded function ¢ and continuous
bounded Kernels P and @, the existence and uniqueness of a bounded continuous function ¢ = ¢(z)
relies on the invertibility of the Fredholm-type operator I —F. This has been proved for the Banach
and Hilbert spaces of real-analytic functions A(€2) in Theorem 1 and Banach spaces of continuous
functions C(2) in Theorem 2.

4.3.4.1 Kernel-PDE/ODE as a Convex Optimization Problem

Similar to Sections 4.2.3.1 and 4.3.3.1, the Kernel-PDE/ODE (4.69)-(4.79) can be approximately
solved based on the approach presented in Chapter 2. For instance, setting up a similar formulation
to the convex optimization problem described in Chapter 3, Proposition 6, and computing its

solution at “each fixed time”.

Proposition 12. Let N(z,y) = ;(:d())_l npx®y% and M(z,y) = Zz(:d())_l mrz 1P be polynomial

approximations of P and Q in (4.64), respectively, of arbitrary even degree d > dgz € N in accordance
with (1.3). Let f(z) = Ei:o fex® and l(z) = ZZZO Ipx® be polynomial approxzimations of q in
(4.64) and h = hy = hy in (4.62), respectively. Let T; = Tj(z), V5 =0,...,6 and T; = Tj(x,y),
Vj = 1,8, be polynomials of degree 2ds,; v; > 0,V j = 0,8. Let @ be estimated by the observer
(4.62) and approximated by a polynomial function of degree dy. The Kernel-PDE (4.69)-(4.79) can

be formulated as the “bilinear” convexr optimization problem:

minimize:

. 4.81
FYj7N7M7Tj7f7l75ij ’yj ( )

1 <.
o

(1) — sns 5.
subject to: =T (@) =05 (7, y)gn(w) - 05(w) € X, vVij=0,...,6 (4.82)
I i () v
[2~, — T - 5
yr=T7(z,y) —s07(z,y)g1() 7(7,y) e, (4.83)
o7(, y) Y7 —s17(,y)g2(x, y)
(97 — T - 5
v8—T3(x,y)—s0s(z,y)g1(x) s(z,y) ey, (4.84)
I ds(z,y) vs —s18(2,Y)93(7, y)
505,517, 518 € Mg, Viji=0,...,8, (4.85)

/1 T(2)de=0, ¥ j=0 (4.86)

//T7xydydx 0//Tg:):ydyd:): 0, (4.87)
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5; = 6;(x) ’gf’ M V=06, as in (4.69)-(4.75), (4.88)
5 =06i(x ) |62, Vi=T.8 as in (4.76)-(4.77), (4.89)
f2(0) = (1/2)(M(0,0)=N(0,0)), f(0) = (n/2)0, (4.90)
fo(1) = (u/2)(M(1,1)=N(1,1)),  f(1) = (n/2)0, (4.91)
for some polynomials soj, si7,s18 of degree ds,—2, Vj=0,...,8; g1, g2 and g3 according to (2.7)-

(2.8). The optimal mean square bounds for the residual functions are: fol 5]2(:z)dx < 'y]?, V)=
0,...,6; fol fox 5$(x,y)dyd:ﬁ < ’y% and fol fwl 63 (z,y)dydr < ~3.

Proof. Following similar arguments as the ones given in the proof of Proposition 6, the problem
(4.81)-(4.91) can be formulated as a “bilinear” convex optimization problem.” In particular, regard-
ing the optimal mean square bounds for v;, Vi =1,...,8, the formulation of the matrix inequalities
and the existence of T; are justified by (3.91) and (3.92)-(3.94) V i = 1,...,8, in the respective
domains 7, or Q. The bilinearity appears in the equations (4.73)-(4.74) due to the products
of the unknowns py and p; with the Kernels P and (). Therefore, according to the optimization

objective (4.81), the root mean square error of each ¢; is minimized. O

Remark 18. The problem (4.81)-(4.91) can be solved by means of the software PENOPT (with the package
to solve bilinear matriz inequalities: PENBMI) [249, 250]. To speed up the computation of the solution,
alternatively, this optimization problem can be implemented iteratively via gradient methods, in particular,

for instance, using the result proposed by Barzilai and Borwein [251, 252].

4.4 Numerical Results!?

4.4.1 System with an Uncertain Boundary Parameter

To implement the observer (4.2), the Kernel PDE-ODE BVP (4.13)-(4.19) has been solved appro-
ximately, at each fixed time, in two steps. Firstly, solving the problem (4.13)-(4.17) via the im-
plementation convex optimization problem formulated in Proposition 8. Secondly, based on the
polynomial solutions K and ¢ obtained, solving the ODE-BVP (4.18)-(4.19) via Proposition 9. The
performance of this observer is depicted in Figure 4.4.1. A polynomial degree d = 12 for the kernel
K and functions ¢ and p has been selected. The scheme denominated “Obs. 15 order” corresponds
to o1 = 09 = 0, with p; = —300, and S;(-) = sign(-). For the scheme denominated “Obs. 2"¢
order”, o1 = 50, 09 = —1, with p; = —300 and p2 = —300; Sa(-) = sign(-). For both cases ¢ = 1,

A = —1.5 and ¢ = 15 have been considered.

9Based on the SOS decomposition, the resulting convex optimization problem is formulated via matrix inequalities,
which are considered bilinear in terms of the unknowns.
19The numerical solution of the convex optimization problems has been obtained via the Yalmip toolbox for Matlab
[163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi [165] and the SDP package part
of the Mosek solver [166].
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The adaptive observer proposed has been compared with a Lyapunov-based adaptive observer
[127, 253]. It has been designed based via model reduction of the Transcendental Transfer Function

[11, 254] of the parabolic PDE (4.3), namely

Hs) = L(u(1,t)) _ sinh(y/(s — A)/€) (4.92)
LOBUE)  ((s—N)/e) Cosh(\/(s—)\)/e)—sinh(\/(s—)\)/e)7 .

where £ denotes the Laplace transformation, considering a 15¢ order model for the parameter

dynamic, i.e., 01 = 02 = 0. This adaptive observer has the Luenberger structure:

g(t) = Co(t), (4.93)
0(t) = pU()Fij(t), p>0,

where (A, B,C) is a space state representation of the second order Padé approrimation of (4.92)
around s = e+ \ (see Figure 4.4.1(d)). Using the Lyapunov function V = 4(t) T Po(t) + (1/p)62(t),
the observer gains are determined via the solution of the Linear Matrix Inequaly/Equality problem:
ATP+PA-C'ZT"—ZC < —oP, P> 0,0>0,
(4.94)
B'P=FC, L=P'Z
For o = 10 and p = 300/| F||, Figures 4.4.1(a)-(c) show the effect of this model reduction on the
parameter estimation, considering a control action U(t) = sin(307t).

Clearly, the 2°d order observer gives better results than the 1* order observer and the Lyapunov-

based adaptive observer, in particular, for the transient dynamic of the parameter 6.

4.4.2 System with an Uncertain Reactivity Parameter

The adaptive observer for (4.35) has been implemented via two schemes:

e “Observer 1”7: Adaptive observer (4.45), with a unique measured point, based on the Volterra-
type operator. The observer gains (4.59)-(4.60) have been determined via the solution of the

convex optimization problem formulated in Proposition 11.

e “Observer 2”: Adaptive observer (4.62), with two measured points, based on the Fredholm-
type operator. The observer gains have been determined by means of the solution of the
Kernel-PDE (4.69)-(4.79) via Proposition 12.

At every sampling time the estimated state @ = (x,t) has been approximated as a polynomial
function of degree 6. For ¢t = 0.1, Figure 4.4.2(a)-(b) illustrates the approximate integral Kernels
for both adaptive observers, considering polynomial Kernels with degree d = 16, u(z) = 3.667 +
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Figure 4.4.1: Adaptive Observer Design for PDE with Boundary Uncertain Parameter.
and (c): results from observer 1%% order model: dash line, observer 2°¢ order model:
and Lyapunov-based observer design: dot line. True parameter: dash-dot line.

order Padé approximation: dash-line. Transcendental transfer function (4.92): solid line.

2.42x + 0.152% 4 0.8223 + 4.872* — 12.752° + 5.4125, A= 1.5,c=17, p = —014[0 x,t)dx and
p = 2. For the period of time t = 0,3, the performance of the simultaneous state and parameter
estimation is shown in Figure 4.4.2 (¢)-(d), with respect to the mean square state estimation error
Es(t) = (1/N)|lu(-,t) — f&(-,t)Hé/Q, with N = 40 spatial points in Q, and the estimation of the
reactivity parameter A. For the Observer 1, the parameters p; = —0.32, §1 = fo

¢ = 17 have been selected. For the Observer 2, lower gains p = —0.14, S = sing(u

t(x,t)dz > 0 and

fo z,t)dz,
¢ =17 and p = 2 are considered.
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Figure 4.4.2: Adaptive Observer Design for PDE with Reactivity Uncertain Parameter. (a) Ap-
proximate Kernel N for the adaptive “Observer 1” (one boundary measurement). Integral Kernel
out of the upper triangular domain in grey color.(b) Approximate kernels N and M for the adap-
tive “Observer 2” (two boundary measurement points). (c)-(d) Simulation results for a step-type
change in the reactivity parameter. Adaptive “Observer 1”: dash-dot line and “Observer 2”: solid
line. (c) Mean square state estimation error Fs. (d) Estimation of the reactivity parameter. True
parameter A (dash line) and its estimate A (via “Observer 17 and “27).
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Chapter 5

Adaptive Observer for a Model of

Lithium-Ion Batteries:

—Michael Faraday (1791-1867)—

M. Faraday, a man with virtually no formal education, is well known for his contributions to the principles of the
“electromagnetic induction” and “electrochemistry”. His is considered as one of the most influential scientists of all
time with a legacy which goes further beyond his outstanding experimental investigations, registered in a manuscript

which comprises about 3500 pages, from science to technology. For instance, his concepts about electric and
magnetic fields were mathematically developed a generation later by James Mazwell, leading to the conception of the
special theory of relativity by Albert Finstein. M. Faraday coined many familiar words such as “electrode”, “anode”,

“cathode” and “ions”. His intense work can be seen in his advice to a younger scientist to “work, finish, publish”.
Despite this, he still found time for visiting and helping poor and sick people as elder of his local church in London.

M. Faraday did not commercialize his discoveries of the principles of the electric motor, the dynamo, the
transformer, etc., which have led to enormous changes in our daily lives.

In this Chapter the observer design problem for the simultaneous estimation of the
solid Lithium concentration and of the diffusivity parameter, for a model of Lithium-
Ton batteries, is addressed. The battery model is based on electrochemical principles,
formulated via PDEs and nonlinear functions, and considers a “single solid particle” as
representative element of its electrodes. Following the design proposed in Chapter 4,
the adaptive observer design is based on the Backstepping PDE methodology, including
a modified Volterra-type transformation to compensate for the diffusivity uncertainty.
The resulting coupled Kernel-PDE/ODE is solved using the convex optimization me-
thodology proposed in Chapter 2 and formulated in Chapter 3. In addition, a simple
variation of the Volterra-type transformation is studied, which leads to an uncoupled
Kernel-PDE and ODE-BVP formulation. This allows computing the state and parame-
ter observer gains, at each fixed time, by means of the well-known closed-form solution
of the Backstepping Kernel-PDE and an efficient numerical solution for the ODE-BVP

involved. On the other hand, a novel scheme of inversion of the nonlinear output

!This chapter is based on the publication [255].

100



5. ADAPTIVE OBSERVER FOR A MODEL OF LITHIUM-ION BATTERIES
5.1. Introduction

mapping, which relates the measured voltage and internal variables of the model, is

presented. The effectiveness of this approach is illustrated by numerical simulations.

5.1 Introduction

Physics-based electrochemical models provide an accurate prediction of the internal dynamics
of Lithium-ion batteries. The most established model of this type, the so-called pseudo two-
dimensional (P2D) model, also known as Doley-Fuller-Newman (DFN) model [256], includes both
macro-scale dynamics in the electrolyte and micro-scale diffusion of Lithium in spherical particles in
the porous active material, which are formulated by a set of nonlinear Partial Differential Algebraic
Equations (PDAEs). Due to its complexity [257] and the significant computational burden [258],
more tractable models have been used for control, identification and state estimation [10, 259]. For

instance:

e Equivalent-Circuit Models: Common electronic elements are used to define a circuit that
closely matches the measured behaviour of the battery cell. In general these models cannot

predict long-term behaviour of a battery [10].

e Single Particle Models: Phenomenological electrochemical-based model which considers a
single particle of active material to describe the main dynamics in the electrodes (see [260]

and the references cited therein).

Despite the simple formulation of the Single Particle Model (SPM) and consequently its limited
operating range to low current rates, this model captures the main fundamental challenges of the
full DFN model [260, 261]. One of these consists in the estimation of the electrochemical internal
state variables (which are not directly measurable) from measurements such as current, voltage and

temperature, which ultimately leads to the estimation of the State-of-Charge (SOC) of the battery.

In this context two problems are addressed in this chapter:

e FEstimation of the Diffusivity Coefficient: Uncertain parameters inherently characterize bat-
tery models [262]. In particular, the diffusivity coefficient [11], which plays one of the main
roles to describe the dynamic of insertion/extraction of Lithium ions in/from solid parti-
cles. This parameter can be time/physically dependent on the internal states of the battery
[263, 264].

e Inversion of the Nonlinear Output Mapping: To estimate the Lithium-ion concentrations,
PDE-based linear observers mostly use particle surface values as feedback signals (boundary
values of the PDE). These variables are not physically accessible and are related to the output
measured variables (voltage, current and temperature) via nonlinear functions, which describe

the exchange of flux of ions in terms of the overpotentials along the battery.
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As far as the state estimation is concerned, Backstepping PDE observer design [21, 86, 50] provides a
simple and “fully” infinite-dimensional approach for addressing the spatial and temporal estimation
of Lithium-ion concentrations [262, 11, 264, 265, 266]. The observer mimics the structure of the
classical Luenberger-type state observer, mapping the error equation into a stable target PDE
system via output injection gains, which, in turn, are computed as functions of the integral Kernels
governed by the resulting Kernel-PDE [86, 50].

Under parameter uncertainty, as it has been commented in Chapter 4, adaptive methods in
Backstepping PDE design mostly need measurements of the states on the full spatial domain
[50, 122, 123, 124] to provide a convergent parameter estimation. On the contrary, its input-output
observer design approach is limited to a particular system structure denominated “canonical ob-
server form” [125, 126, 82]. This structure includes additive terms where the unknown parameters
and boundary measurements are factors, which allows formulating a direct parameter estimation.

However, this structure is not present in PDE-based battery models, as in many general cases.

On the other hand, Backstepping PDE observer design needs a linear output feedback from the
boundary measurements [21, 50]. For PDE-based battery models this involve the inversion of the
nonlinear output mapping so that the Lithium-ion surface concentration is formulated as a function
of the measured variables (voltage and current). This inversion has commonly been carried out
by linear approximations (via Taylor’s series representation) [11], and therefore its performance is
limited by the gradient computation of the equilibrium potentials. For some batteries chemistries
these potentials exhibit a monotonic behavior so that the is feasible to compute the gradient, even
if this has a small magnitude. However, for some electrode materials such as graphite, common
in Lithium-ion batteries, these potentials have a nearly zero value (< 107%) in wide zones of its

operational range [261, 267].

In this chapter above-described problems are studied via a systematic application the results ob-
tained through Chapters 2, 3 and 4, namely exploiting the properties of polynomial optimization
based on SOS decomposition and Moment Theory.

The main objectives addressed in this chapter are:

(a) perform a simultaneous estimation of the Lithium-ion concentration and diffusivity uncertain

parameter considering only measurements of voltage and current,

(b) develop a nonlinear mapping inversion scheme, avoiding gradient-based computations, pro-
viding an accurate estimation of the Lithium-ion surface concentration to be used by the

observer feedback.
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5.2 Single Particle Model of the Lithium-Ion Batteries

To describe the battery cell behaviour electrochemical-based models commonly consider three

physical domains:
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Figure 5.2.1: Schematic of an Intercalation Cell and its Single Particle Model.

e Negative Electrode: This usually is a pure metal or an alloy. Most of Lithium-ion batteries
currently has Graphite as principal element. However, to expand the capacity of the cell,

elements such as Silicon has been included as an additional intercalation material.

e Separator: This layer is a thin porous medium, which is an ionic conductor but electronically
separates both electrodes, i.e., this only allows ionic charge transfers preventing internal short

circuits and rapidly self-discharge.

e Positive FElectrode: This include compounds of various chemistries, often metallic oxides
of its blend, such as Li,CoOs, Li,MnsO4 and Li,FePO4. The Lithium ions are the main
components taking part of the oxidation and reduction chemical reactions and of the mass

transport between electrodes.

This model also considers two disjoint phases (states) for Lithium ions (porous electrode theory

[268]):

e Solid: The agglomeration of lattice sites can be modeled as spherical solid particles capable
of storing Lithium. In the Flectrodes, the transfer of Lithium ions is modeled as intercalation
process, i.e., an insertion or extraction from interstitial places of these porous solid particles,

which are immerse in the Electrolyte.
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e Dissolved: The FElectrodes and the Separator are all immerse in the Electrolyte filling all pores
of the solid material. When a Lithium ion leaves a solid particle, this is considered dissolved

in the electrolyte phase. In the Separator, Lithium ions only exist dissolved in the Electrolyte.

o FElectrolyte: This is a concentrated solution, solid or liquid, which is the medium for a
transfer of ionic charge between electrodes. This can also act as an electronic insulator.

Its potential gradient is not negligible for currents above 0.5C .2

The DFN model [256] describes the dynamics of a Lithium-ion battery via a set of PDAEs (see
Appendix C for a summary of these equations, description of variables and parameters associated).
This mainly involves 5 coupled equations to describe the movement of Lithium ions and potentials
in the solid and electrolyte states, and the rate of reaction at the solid-electrolyte boundary. Since
this model considers that Lithium can exist at every point along the battery, either in the solid
phase or in the dissolved state, the intercalation dynamics has to be solved at every point of the

spacial domain with the consequent high computational burden and complexity of the model.

A simplification of this model is the so-called Single Particle Model (SPM). This considers that the
diffusion in the solid particles is the slowest process so that its dynamic dominates over the transport
in the electrolyte. Thus, each electrode can be modeled via a single representative spherical particle
of active material where the intercalation occurs (see Figure 5.2.1) (see [11, 260] and the references

cited therein for an in-depth description). This simplification involves the following assumptions:

(i) the electrolyte dynamic is neglected considering the Lithium-ion concentrations in the elec-

trolyte phase constant and known (c.(z,7) = ¢?),

(ii) there is no spatial variation of the Lithium-ion concentrations in the solid phase (¢f(z,r,7) =

5 (r 1), g (2,7) = Gy (7)),

dnr -
(iii) the moles of Lithium ions are preserved in the electrolyte < 72“71’8 = O) and in the solid phase
dngis
("= =0)

where the variable z is the spatial position, r is the radial spherical coordinate and 7 denotes time;

¢s is the Lithium-ion concentration in the solid particle, c. is its concentration in the electrolyte
and j, is pore-wall molar ion flux; the upper-index “4” relates a variable to its spatial domain,

7

i.e.,“+”: positive electrode and “— :” negative electrode; nr; . and 7 s stand for the total moles of
Lithium ions in the electrolyte and solid particle state, respectively (refer to Appendix C, Tables

C.1 and C.2, for a list of variables and parameters, respectively).

These assumptions lead to a proportionally between the pore-wall molar ion flux (],jf) and the

current applied to the battery: I, namely

2C-rate: ratio of the current (A) to the nominal battery capacity (A-h). For instance if a battery has a nominal
capacity of 2 (A-h), 0.5C correspond to a current magnitude of 1(A). If this battery supplies 1C of current per 1
hour, after that it will be fully discharge.
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dce . 0Oce
9z Ot

e Positive Electrode:

ie(07,7) =0, (LT, 1) =—I(T),

= ie(T) = i, CG(T) = Ce; $(Z,T) = alefz(sz)7

Lt a- Lt
[0 e = [ it = 160) =~ LR ),
o+ 0z 0t

e Negative Electrode:
ie(L™,7)=I(7), i.(07,t) =0,

L™ Bie(z, 7 L~
/_ f)e(gz’)dz =I(1) = / a jo(r)dz = I(r)=a L Fj; (7).

derived from the property of conservation of charge (see Appendix C, equation (C.6)), where a is

the particle specific interfacial area, L is the layer thickness and F' denotes the Faraday’s constant.

Thus, the resulting PDE model for the intercalation process of Lithium ions in the solid particle is

given by the diffusion dynamic (see Appendix C, equation (C.4)) :

acls 10 l 23015 1

o) = (DHOPGE ) re O/

ocl

5 (0,7) =0, (5.1)
Ocy I(7)
or (R, 7) = lDé(T)alLlF’

where the upper index [ associates the Lithium-ion concentration in the solid phase ¢, to an electrode
(I={4, -}, positive electrode and negative electrode, respectively), R. is the radius of the particles

and D! stands for the diffusivity parameter considered as a piece-wise constant function of time.

Similarly, the assumptions (i)-(iii) lead to a model output which corresponds to a nonlinear mapping

between the voltage V' (measurable) and the Lithium-ion concentration on the particle surface

[

L(1) = cL(RL, 7) (non-measurable) described by:

C

V(r) =0 (7) — 05 (7) + U (e (7)) — U™ (e (7)) + FREGHR) — FRyGZ (), (5.2
(1) 221? sinh ™! <52al§:(lzl)(7)> : (5.3)
i) =k [l (7) (e — cho(r))] (5.4)
) =120 (5.5

where 7. corresponds to the solid-phase intercalation reaction overpotential, i!, is the exchange

current density and U’ stands for the Open-Circuit equilibrium Potential (OCP).
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5.3 Adaptive Observer Design

The objective of the observer design problem is to carry out a simultaneous estimation of the
uncertain parameter D! and state variable ¢/ in (5.1) from measurements of V and I according to
(5.2)-(5.5). The design hereafter considered is based on a slight modification of the Backstepping
PDE design methodology presented in Chapter 4.

5.3.1 SPM Formulation for Observer Design

To simplify the observer design the scale and state transformation [11, 265]:

—l1
r D,r cls(:z,t)
T = R t= 7(Rls)27 cp(x,t) = R (5.6)

are carried out,® where 515 denotes a (known) nominal value of the diffusion parameter, so that the
transformed (normalized) states satisfy ¢/, € [0, 1] and the radial spatial variable satisfies = € [0, 1].
The transformed system from (5.1) via (5.6) is a parabolic PDE model with mixed boundary

conditions, namely

oc, o%d,
E(%t) = €(t) 972 (z,1),
C£L(07 t) = O, Hl(t) gl
ocl 1 R!
Yo 18y = (1,¢) + ( : ) (zl s )1(75), (5.7)
ox el(t) DsalLlFCé,max

d
@el(t) =0, Vt€E[tats), €(0)=¢,

y(t) = e (L,1) = o(V (1), I(¢)),

where € (t) = (DL(t) /Ei,) represents the uncertain diffusivity ratio parameter (piece-wise constant
function of time), the reciprocal of which 6'(t) appears as part of the gain of the current density

I at one boundary condition. The model output y(t) = ¢, ..(t) = p(V (t),I(t)) corresponds to the

n,SS

inverse of the nonlinear mapping (5.2).

5.3.2 Target System
Proposition 13. Consider the following “target” coupled PDE-ODE:
’LT)t(fE, t) - e(t)wzx(x7 t) - ce(t)u?(x, t) - 1/1(90)5(75)117(1, t) - ¢<$)€2(t)7
w(0,t) =0, w,(1,t) =0, (5.8)

éi(t) = —pe(t) — arw(l, 1),

3The new coordinates = and ¢ depend on the electrode parameters. It is worth noting that, between the negative
and positive electrode diffusion dynamics, these new coordinates could have a considerable different range. For
notational clarity this dependence is omitted.
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with initial conditions w(x,0) = o and €(0) = &; p > 0, a1 € R, ¥(x) € L2(Q) and ¢ € L2(Q).
Assuming € such that: 0 < g < e < M, with g and M a known bounds, if the conditions

M? 1 9 Ma 1 w2
c> — 260 <O'3+ w ( ) > + €002 <1+0'2> — (1—a)z, (59)
S o6 / ¢2 (5.10)
p= 200 203 '

are satisfied for some selected constants 0 < a < 1, 09 > 0, 01 > 0, 09 > 2 (Uﬁil) and o3 > 0,

then target system (5.8) is stable.

Proof Let V. = 3 fo (x,t)dx + 5 ( )2 be a Lyapunov functional* Its time-derivative V; =
fo x)dx + é€; along the trajectory (5.8) is given by:

Vi = /0 ' 5(0) (eta(o) — cein(@)) d — &(1) / b)) — & / b(e)d()de + &,

1 1
671)(1)/0 w(x)w(x)dx+é2/(] w(x)p(z)dr, (5.11)

P T5

where the term 7T has been split by some factor 0 < o < 1 and Wirtinger’s inequality [50] has been
applied on one of its resulting expressions. Thus, applying the Cauchy-Schwarz integral inequality
[239] on each term: Tp, Th and T3, Young’s inequality (special case )[21] on its resulting relations

for some op > 0, o1 > 0 and o3 > 0, and considering |€|< M yields

1 2 1 1 1
Vi <— ea/ w2 (x)dr — e c+ (1 — 04)7L / W2 (x)dx — pé® + = (oo (1) + —a3é® ) +
0 4/ Jo 2 o0
(5.12)

1 1
% <UIUN)Q(1) + allMQ /01 wQ(x)drc/o U~)2(x>dx> —i—% <03M2/0 dx—i— / % (x) dm)

With respect to the boundary term w(1,¢) in (5.12), via integration by parts of % (zw?(x)) along
x € [0,1], and using the Cauchy-Schwarz integral inequality in conjunction with Young’s inequality

leads to:

4For a clearer description, the time-dependence in the functions is dropped (w(z) = w(x,t), € = €(t) and & = &(t)).
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1 1
w2 (1) = W% (z)dz zw(x)w, (x)dx,
1) A <M—MA (2)(2)d

< /0 1 W (z)dz + 2 ((mrg[%ﬁ] x2)1/2> < /0 1 w2(x)dx)1/2 ( /0 1 wg(x)dx>1/2, (5.13)

1 1 1
< (1 + > / W (x)dx + 02/ w2 (x)dz,
02/ Jo 0

for some o9 > 0. Thus, substituting (5.13) into (5.12) and re-grouping terms is verified:

Vi< - [M _ <“°;‘”) 02] /Olwg%(x)dx - [ <c+ 1 —a)Tf) - ]‘f (0-3 o Olw%x)dx) -
oo + 01 1 t, 2 a? 1 by
7 (e )| [ s -2 (o= 52— o [ @@an) <o, (5.14)

if conditions (5.9) and (5.10) are satisfied for 2257 < o< %, which are sufficient conditions for

the stability of (5.8). O

5.3.3 Design via the Volterra-type Transformation

The proposed adaptive observer for the system (5.7) with respect to the negative electrode diffusion

dynamic® has a Luenberger-type collocated structure [86, 21], namely

oé,, 0%, -
E(x,t) = 6(@@(%75) + h(z)én(1,1),
0éy,
8—?7(0%) o (5.15)
%C;(L t) = én(1,8) + 0(t) oI (t) + ppin(1,1t),
%@) = p18(q(1))En(1, 1), €(0) = &,
Q(t) - én(lﬂt)7

where ¢, and € are the estimated Lithium-ion solid concentration and diffusivity ratio parameter
in the negative electrode, respectively; ¢,(1,t) = y(t) — é,(1,t) denotes the output estimation error
considering as unique indirect measurable point y(t) = ¢, (1,¢) from the inversion of (5.2); p1 < 0;
S is a real valued function and ¢ € C2(f2). The function h = h(z) and the constant p, are the
observer feedback gains for the state and the boundary condition, respectively. The observer error
equation can be written as:

Oén 0%¢, _ 0%, 3
E(x,t) = e(t)ﬁ(x,t)—i—e(t)w(x,t) —h(x)én(1,t)

A(z,t)
Gn(0,1) = 0, (5.16)

SFor the sake of notational simplicity the negative electrode upper index in the variables is dropped.
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%?(17'5) = (1= po)én(1,1) + 0(t)0I(2),
%(t) = —pS(q(1))cn(1,t), Vt € [ta, ts], €(0) = &,

where ¢, (z,t) = cp(x,t) — éu(x,t) is the concentration estimation error, €(t) = €(t) —é€(t) is the
diffusivity ratio estimation error and 6(t) = (1/€(t) — 1/&(t)). The term® A(z,t) = e(t)‘9 o (z,t) —

a2
()% (w,1).

The backstepping PDE-based adaptive observer design for the system (5.7) consists in transforming
the “original” estimation error system (5.16) into the “target” system (5.8), which is assumed to
be stable. To achieve this state mapping, in accordance with the integral transformation (4.47)

proposed in Chapter 4, the modified Volterra-type transformation

1
enlt) = g(1)id(e,t) — / P, y)iy. t)dy — q(x)e(t) (5.17)

with Kernel P € C2(Q x Q) is proposed. The function ¢ is included to reject the time-varying
uncertainty on the diffusivity ratio parameter. In addition, to simplify the boundary condition in

(5.16) 6(t) is approximated by a first order Taylor approximation, i.e., 0(t) ~ —é(t)/e(t).

Remark 19. A higher order Taylor’s approzimation ofé in (5.16) can also be considered. The approzimation
error of this term implies that, in Proposition (13), Lyapunov time-derivative (5.11), one boundary condition
in the term By does not vanish. However, this residual term can included in the main expressions via (5.13)

to be compensated by a suitable selection of the parameter c.

Following the standard procedure of Backstepping PDE observer design [21, 50] applied in Chapter
4, Sections 4.2.3 and 4.3.3, the transformation leads to:

é 1
B0 =i (a,t) ~ [ Pl iy - al@)alt),

1
(1) (e (,1) ety ) ~ ()DL, )~ H()E (D)) ~ [ et)Pla, )0,y -
Ty

1
(1) / eP(a,y)i(y, )y + #(£)(1, 1) / P(a,yyi(y)dy + (¢ / Pz, )b (y)dy — qx)é(t),

=q(1) (e(t) i, 1) —ce(t)ib 2, 1)) + () / (cP(w,y) = Py(@,y) By, Dy +  (5.18)

(t)aay (2, (1, ) — (t)ai,P(x,a:)w(:c,t)—e(t)P AW (1) = () P2, 2)e (2, 1) —

<q / (e, )0 dy) (1,t>e<t>—(q<1>¢<x>— /:P@,y)qs(y)dy)e%t)—
1@)( = S (@l - ) ),

6As it has been commented in Chapter 4, the term A(z,t) in (5.16) corresponds to a particular (exact) case of the

Taylor’s series approximation of the bivariate function F' = €(t) 68 o (x,t) around the point (8 o (1, 1), é(t)).
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where @ has been substituted by its “target” dynamic (5.8) and € by its dynamic stated in (5.16);

the transformation (4.47) has been evaluated at the boundary x = 1, namely

n(1,t) = q()[w(1, 1) — &(t)], (5.19)

and on the term Tj has been applied integration by parts. Substituting the modified Volterra-type
transformation (5.17), its second spatial derivative and the expressions (5.18) and (5.19) into the

“original” estimation error system (5.16) yields

oc, -
5t —(z,t)—A(x,t) + h(z)én(1,t) =
’é, .
(el00aze) ~ latahorS(a(1)a(1) + a(DA()] ~ &2 1)) (1) +
Ty
(e(t) Py 1) + [a(@) 1 S(a(D)a(1) + a(Dh(x)] — g (@)E(t)) B(1,1) -
Ts
e(t) (2 (aayp(:r,$) + %P(:ﬂ, 1:)) +q(1)c>i}(:v,t) + (5.20)

Ts

@) ([ (Pstos) = Plo) + Pl ot ) +

</: p(x,yW(y)dy) (1, t)E(t) — <q(1)¢(x) N /xl P(x,y)¢(y)dy> 2(1).

Thus, comparing the terms in brackets of T} and Tb, using the identity d%K(x, x) = %K(w, x) +
8%K(a:,a:) in T3 [21] and decomposing €(t)gzz(x) = €(t)quz(x) + €(t)gre(z) and €(t)Py(z,1) =
€(t)Py(x,1) + €(t)Py(x,1), leads to

aactn(x t)=A(z,t) + h(x)én(1,1) :< z,1) —q(1 / P(z,y)y >1Z)(1,t)€(t)+

1
<qm< )=o)+ [ Pty >dy) on (5.21)

1
do(z,t)é(t) — 61 (z, t)e(t)w(x,t) + e(t)/ d2(z,y,t)w(y, t)dy = 0,

with constraints obtained from the boundary conditions in (5.16), namely

1
£(0,1) = g0t - /0 P(0. y)i(y, )dy — q(0)é(t) = 0

% (1,1) = gt 4 PUL DB - V), 5.22)

——

= —pa(1.0) = (1= ) (a1 (01, 8) = &(0) + |~ x| )
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which are equivalent, at each time ¢, to the coupled Kernel-PDE/ODE:

&en .
Bo(,8) = &(t)ua(2) = 3 (@,8) + () Py 1), (5.23)
dP
01(z) = 2%(1‘,%) +q(1)e, Vo € Q, (5.24)
52(357?4) = an:(xv y) - Pyy(xay) + CP(.’L‘,y), V(flf,y) € QU (525)
q(0) =0, P(0,y) =0, VyeQ (5.26)
_ oI(t)
¢(z,t)|,—; = P(1,1) + 200 (5.27)
and functions ¢ (x) and ¢(z) satisfying the Volterra’s integral equations of second kind:
Py(fU:l) /l P(xvy)
=Y(r)— dy, 5.28
o) () 0 U(y)dy (5.28)
G () /1 P(z,y)
o) ¢(z) o ¢(y)dy (5.29)
V q(1) # 0, for a zero matching condition on the residual functions ¢;, V j = 0,...,2. In this case
the observer gains are given by:
P(1,1)
=1- 5.30
Pb ) (5.30)
L
) == (eOP 1) + @)t (5.31)

Regarding the “target” parameter error dynamic (5.16), substituting (5.19) into the parameter
estimation error of the “original” error system (5.15) yields

dé - - - -

20 == p15(a() (aM)[0(1,1) = €@)]) = [p15(a(1))a(L)]e(t) — [pr5(a(1))a(L)] (L, 1),
YV t € [ta,tp]. Thus, considering w as a bounded signal and p; < 0, a sufficient condition to obtain

a stable dynamic for € in (5.16) is the selection of a function S such that S(q(1))g(1) >0,V ¢ > 0.

With respect to the integral equations (5.28)-(5.29), given a continuous bounded function ¢, a
continuous bounded P and P,, the existence and uniqueness of bounded continuous functions
¥ = Y(x) and ¢ = ¢(x) are guaranteed by the invertibility property of the Volterra integral
operator on some Banach and Hilbert spaces [18, 208, 191].

5.3.4 Coupled PDE-ODE as a Convex Optimization Problem

Similar to the methodology described in Section 4.3.3.1, the coupled Kernel-PDE/ODE (5.23)-
(5.27) can be approximately solved considering a relaxation of the exact zero matching condition
on its residual functions d;, via its SOS decomposition and its formulation as an optimization

problem.
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Proposition 14. Let N(z,y) = i(:d())_l nrz®yP% be a polynomial approzimation of P in (5.17)

of arbitrary even degree d > d;, € N, in accordance with (1.3). Let u(x) = ZZ:O ik be a

Czzx

polynomial approximation of q in (5.17) with domain constrained to (1.4). Let n;, o; be lower
and upper bounds of 6;, respectively, in Q, ¥V j = 0,1. Let 12, oo be lower and upper bound of 02,
3;;; (x,t) be estimated by the observer (5.15) and approzimated at each

The coupled Kernel-PDE/ODE (5.23)-(5.27)

respectively, in Q. Let

fized time by a polynomial function of degree dg

Caax *

can be recast as the convex optimization problem:

2
D SL
subject to: (0j(x) —m; — s0(x) g1(x)) € Es, Vi =0,1,
(o5 = ( ) —s15(z) g1(x)) €%, Vj=0,1,
(02(@,y) —n2—[s20(@, y) s21(x,y)] gu(z,y)) € s,
(02—02(x,y) —[s22(,y) s23(x,y)] gu(z,y)) € s,
505514, 52i € Mg, Vi=0,1,2, i=0,...,3 (5.32)
n; >0, o; >0, Vji=0,1,2,
o = do(7) |4 PNN as in (5.23),
91 = d1(x) 5:MN as in (5.24),

do = 0a(z,y) |pan  as in (5.25),
p#(0) =0, N(0,y) =0,
ol(t)
(1)’
for some polynomials so;,s1j, s2; of degree d — 2,V j = 0,1, Vi = 0,...,3 and gu = [91, 9]
according to (2.8), with ||0;(x)|/cc= max{n;,o;}, ¥ j =0,1,2.

pa(1) = N(1,1) +

Proof. The proof follows the same arguments exposed in Propositions 2 and 8, hence it is omitted.
O

5.3.5 Uncoupled Kernel-PDE/ODE via Convex Optimization

The Kernel-PDE/ODE (5.23)-(5.27) can be uncoupled considering a small modification of the

integral transformation (5.17), namely

1
Gl ) = wla, ) — / P, y)u(y, t)dy — q(x)é(t). (5.33)

(the factor ¢(1) has been dropped from the first term in the right-hand side of (5.17)). In this case,
following the same procedure described in Section 5.3.3, the modified Volterra-type transformation,

at each fixed time ¢, leads to the set of equations:
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. D%y, .
do(z,t) = €(t)qua () 52 (x,t) + q(1)é(t) Py(x, 1), (5.34)
I(t
0(0) = 0. 4:(1) = P(1, Da(1) + £33, (5.35)
d?pP
o (z) = 2W($,x) +ec, Vz €, (5.36)
(52([E, y) = Pmﬂ:(xa y) - Pyy(xay) + CP(I‘, y)7 V((L', y) € QU (537)
P(0,y) =0, VyeQ, (5.38)
and functions ¢ (x) and ¢(z) satisfying the Volterra’s integral equations of second kind:
oP 1
R (5.39)
d2q 1
@) = o) - [ Pay)owi (5.0
for a zero matching condition on the residual functions d;, V j = 0,...,2. In this case the observer
gains are given by:
m=1— P(1,1) (5.41)
., OP
h(z) = — e(t)a—y(:c, 1) + pq(x)S(q(1)) | - (5.42)

Thus, at each fixed time ¢, the ODE BVP (5.34)-(5.35) can be solved for a known Kernel P, which
is the solution of the well-known Kernel-PDE (5.36)-(5.38) and arises from the Backstepping PDE
observer design for a collocated setup. Its solution is unique and can be obtained in closed-form

via the Successive Approximation Method [197, 21, 50]:

O(z,y) :\/W, P(x,y) = —cxllg?fcj)/)) (5.43)
oP N —zy (o +L)(O(z,y)  L(O(z,y))
ay( ’y)_@2(x,y)< 5 o(r.1) > (5.44)

where I; stands for the j-th order modified Bessel function.

It is worth noting that the ODE BVP (5.34)-(5.35) includes the boundary term ¢(1) in the “in-
domain” ODE expression. This problem can be effectively solved via SOS decomposition and

polynomial optimization as follows.

Proposition 15. Let pu(z) = Zzzo prrk be a polynomial approzimation of q in (5.33) of arbitrary
even degree d > dp, € N. Let n, o be lower and upper bounds of oo in (5.34) in €2, respectively.
Considering a polynomial approvimation of Py(x,1) from (5.43)-(5.44) of degree dp,, the ODE BVP

(5.34)-(5.35) can be recast, at each fized time t, as the convex optimization problem:
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minimaize: 1+ o,
1,0,1,8 5

subject to: (dp(x) —n — so(x) g1(x)) € s,
(0 = do(2) — s1(2) g1(2)) € X, (5.45)
50, 51 6257 77207 0-207

du —c  ol(t

—(x :7_’_ — R
d:c( )le 2 ()

~—

1(0) =0,

for some SOS polynomials so, s1 of degree d—2 and g1 according to (2.6), with ||0o(x)||cc= max{n,o}.

Proof. 1t follows similar arguments of the proof of Propositions 2 and 8, considering univariate

polynomials in 2, hence it is omitted. O

5.4 Output Mapping Inversion

The linear feedback problem in the observer (5.15) involves the indirect measurement of y(t) =
cﬁl’ss(t) = ci,(RlS,t)/clsmaX = p(V(t),I(t)) from the inversion of (5.2). This output mapping in-
version can be addressed assuming the positive electrode diffusion dynamic as instantaneous in
comparison with the negative electrode dynamics [265], and on the basis of a simplification of
the Lithium conservation property [11], which leads to a linear relation between negative/positive

electrode surface concentrations; i.e.,

-I— T )
Cjz_,ss(t) = (6 S7max) C'r:,ss(t) + L (546)

et L+t C;‘:max €+L+C;max

Thus, the nonlinear output mapping (5.2) is a function of only one unknown variable: c, (%),

namely

V(t) =Gy (1), 1(2)) (5.47)

= Ay (i (), 75 (1), 1(1) + U (65,0s(8)) = U (caa®) = (B /(" L¥) + R /(a™L7)) 1(1)
1/2

ib(£) =K' ch /2 [ as ()1 = ch )] (5.48)

with Ang =0 (t) — 05 (t), for ' according to (5.3) in terms of (5.48) and ¢;} , given by (5.46).

The method of inversion of (5.47) is crucial due to the high sensitivity of the observer performance
in relation to the accuracy of its computation [262]. To solve the nonlinear equation E(t) =
V(t) — G(c,5s(t), I(t)) = 0, standard gradient-based approaches [11] are severely affected due to
the nearly zero gradient of G with respect to the Lithium-ion surface concentration in some intervals

of its domain and for some type of electrode’s materials [269, 267].
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5.4.1 Inversion via Moment Approach

To solve (5.47), in contrast to gradient-based schemes and their inherent limitations [127], the
proposed approach is based on an inverse Moment problem formulation [137, 162]. Let V; = V(¢)
and I; = I(t) be measured values and v(z) = ¢, 45(7,1) € [vq,,Vp,] = Qe C Q at each fixed time.

Considering all parameters in (5.47)-(5.48) and the U! functions known, the quadratic error
J(0) =(G(v, I) = V)%, veQ CQ, (5.49)

is interpreted as a (non-negative) density function J € £2(Q, ) with respect to the Lebesgue
measure A\(v) = v € . This allows computing finitely many moments (sequence) Y4 = {v:},
Vi =0,...,d of the Borel measure du(v) = J(v)d\(v) (J: Radon-Nikodym derivative of p with
respect to A [137, 138]) as:

yi = / P G (0) (0)do, (5.50)

k
where W; are elements of a polynomial basis in Q. The objective is to recover from Y, a
non-negative approximate polynomial J; of J in €, to compute a polynomial optimization:
min,eq, {Ja} — ¢ 55 = ¢(Vi, It) at each fixed time ¢.

Proposition 16. Let J; = ch‘lzo 9,9, (v) = O B(v) be a polynomial approzimation of J in (5.49)
of degree d € N, with © € R¥! and B(v) = [Wy,..., U] a selected polynomial basis of monomials
U; in Q. Given a sequence of moments Yq = {yi}, Vi =0,...,d, J can be approzimated by the

solution of the convexr optimization problem:

e e
subject to:  (Mg® —Yq) +71 >0, 72— (Mg© —Yy) >0, (5.51)

0 B(v) — so(v) — s1(v)g1(v) =0,

50,81 € Esv

where 1 >0, 72 >0, © = [, ..., 947, the moment matriz

Vp
My :/ Fo(w)oT (v)dv € ST, (5.52)

k

g1(v) = (v — g, ) (p, —v) >0, and polynomials so of degree d and s1 of degree d —2. In addition,

the sequence of minimizers J;, Vr € N, is such that ||.J — J7||z2(q, xy— 0 as 7 — oo.

Proof. The convex optimization problem described above is an alternative formulation of the pro-

blem presented in [162], using linear constraints in (5.51), hence its proof is omitted. O

If B is selected as the canonical polynomial basis, the elements of the moment matrix correspond

to:
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Ma(i, ) = (! = o) Ji+ 5+ 1), (5.53)

Vi=20,....,d and j = 0,...,d. The problem (5.51) could lead to an ill-conditioned matrix
inversion. However, using the shifted Legendre monomials as basis in ) (orthogonal basis), a

diagonal moment matrix can be obtained, namely

M, :[m0,07 mi1, - 7m1+d,1+d]I S Siﬂa (5-54)
Vb Uy, — Uq

mi; = U2 (v)do = 22— (5.55)
o /v ’ 1+ 2i

1 &N (2 -2 -
W, (v) =5 Z(-l)ﬂ (;) ( . )(cw + o)™, (5.56)
with ¢1 = 2/(vp, — Vg, ), co = 1 — c1vp, and I € RHIXHL the identity matrix. It is worth noting
that for © = M;le the non-negativity of J; is not guaranteed. To provide this condition, this

has to be included as in Proposition 16 via its SOS representation.

To compute minyeq{Jy}, non-gradient methods can be used such as the Golden Section search
[270]. For some kind of OCPs with nearly zero gradient in some intervals [267], (5.49) could
present more than one global minimum, which can be computed by the Moment-SOS approach
[137, 138]. The scheme of inversion, at each fixed time, consists in a systematic reduction of
intervals: © O Qy O ... Q... D Qu, with Qp = [v}_; — 6k, vj_; + 6], Op—1 > 6 > 0, centered at
the local optimal point v}_,. Based on an accurate approximation J; = J4(v), Vv € Q4 recovered

from its respective local moments, the sequence {v;} — min,eq{J}.

5.5 Numerical Results”’
The adaptive observer (5.15) has been implemented by means of two schemes:

e “Observer 1”: Based on the Volterra-type transformation (5.17), the resulting coupled Kernel-
PDE/ODE (5.23)-(5.27) has been solved via Proposition 14. The Observer gains have been
computed by (5.30)-(5.31).

e “Observer 2”: Based on the Volterra-type transformation (5.33), the resulting uncoupled
Kernel-PDE (5.36)-(5.38) and ODE-BVP (5.34)-(5.35) have been solved via (5.43)-(5.44) and
Proposition 15, respectively. The Observer gains have been computed by (5.41)-(5.42).

The SPM electrochemical parameters mostly correspond to the DEN model DUALFOIL [271, 242].
To illustrate the scheme proposed for the nonlinear mapping inversion under nearly zero gradient,

the OCPs functions have been taken from [267], which corresponds to a Graphite/LiFePOy4 Cell.

"The numerical solution of the convex optimization problems has been obtained via the Yalmip toolbox for Matlab
[163] and SOSTOOLS [164], using the semi-definite programming solver SeDuMi [165] and the SDP package part of
the Mosek solver [166].
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Regarding the inversion of the nonlinear output mapping (5.2), the performance of the scheme
proposed in Section 5.4 is shown in Figure 5.5.1, for a 1C constant current discharge (C-rate: ratio
of the current (A) to the nominal battery capacity (A-h)). At the first time instant (¢ = 0), for initial
condition ¢, (((0) = 0.712100857944318, the scheme yields the value ¢(Vp, Ip) = 0.712100857944327

after k& = 6 steps of reduction of the intervals Q (Figure 5.5.1 (a)). As it is depicted in Figure

5.5.1 (b), for the whole range of ¢, ss, the scheme of inversion achieves a precision of 13 decimals.
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Figure 5.5.1: Inversion of the Nonlinear Output Mapping in Lithium-Ion Batteries. Case of constant
discharge current of 1C. SPM (actual) surface concentration (left y-axis) c;, . solid line. (a) Six
first optimization steps at the instant ¢ = 0 : dash-circle line. (b) Surface concentration obtained
by the inversion scheme (y-axis: left-hand side): ¢(V;, I;): dash line. Absolute inversion error

(y-axis: right-hand side) Ess = |c,, o5(7) — ¢(V7, I7)|: dash-dot line.

As for the observer (5.15), a degree d = 12 for the polynomial Kernels has been selected. At
9%ey
Ox?

proximated as a polynomial of degree ds,, = 3. For the “Observers 1”7 and “2”, the perfor-

each fixed time, the Hessian of the estimated Lithium-ion concentration

(z,t) has been ap-

mance of the simultaneous state and diffusivity ratio parameter estimation is shown in Figure
5.5.2, where a discharge/charge current generated via an Urban Dynamometer Driving Sched-
ules (UDDS) has been applied [11, 242]. In Figure 5.5.2(a), the mean absolute estimation error:
E(t) = (1/N)> . cqlen (-it) = ¢, (+,t)], with N = 100 spatial points, is depicted as well as the
estimated surface concentration. In Figure 5.5.2(b), the estimated diffusivity ratio parameter and
its actual value (e(t) = 1,V ¢ > 0) are shown. For “Observer 1”7, the parameters ¢ = 30 and
p1 = —1.2 - 103 have been selected. For “Observer 2”, higher gains ¢ = 30 and p; = —5.65 - 103
have been considered. For both observers, the function S is selected as S(¢(1)) = ¢(1). Figure
5.5.3 depicts the estimated diffusivity ratio parameter for a step-type variation from e(t) = 1 to

€(t) = 0.95 at t = 300 [s]. In this case, a multi-frequency-type charge/discharge current has been
applied and, for the Observer 2, the parameters ¢ = 30 and p; = —4.2 - 103 have been selected.
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Based on the numerical implementation of the observers designed and on the results obtained,

Observer 2 provides a better performance than Observer 1.
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Figure 5.5.2: Adaptive Observer Design for Lithium-lIon Batteries. Observer results for UDDS
charge/discharge. Case of constant diffusivity parameter. (a) Mean absolute estimation error.
Observer 1: dot line and Observer 2: solid line. Estimated surface concentration (y-axis: right-
hand side). SPM (actual) value: dash line, Observer 1: dash-dot line and Observer 2: solid line
(y-axis: left-hand side). (b) Estimated diffusivity ratio parameter. SPM value: dash line, Observer
1: dash-dot line and Observer 2: solid line.
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Figure 5.5.3: Adaptive Observer Design for Lithium-Ion Batteries. Observer 2: results for a step-
type change of diffusivity parameter. SPM (actual) value: dash line. Estimated diffusivity ratio
parameter: solid line (y-axis: left-hand side). Mean absolute estimation error: dash-dot line (y-axis:
right-hand side).
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Chapter 6

Conclusions

—George Stokes (1819-1903)—

G. Stokes mainly focused his carrier on natural philosophy but with various excursions into pure mathematics, to
develop methods or validate mathematical techniques to solve particular physical problems. The so-called Stokes’s
theorem was first appeared in print in 1854, included by himself as part an exam at Cambridge University, where
Clerk Mazwell was a student. Stokes’s and the Divergence theorem were used through the Mazwell’s Treatise on
Electricity and Magnetism, but only its vector form appeared in the Josiah W. Gibbs’s work on vector analysis.
These forms were not obviously related each other and to the George Green’s theorem, but Vito Volterra in 1889 was
able to unite them and, along with Henri Poincaré, generalize to higher dimensions. Although Elie Cartan realized
that these three theorems can be easily stated using differential forms, it was Edouard Goursat in 1917 who first
noted that these could be written in the simple form: fs w = fT dw, today called the “generalized Stokes theorem”.

Backstepping methodology for PDEs basically bases its analysis and design on the
Volterra-type transformation and its synthesis on the solution of the so-called Kernel-
PDE. In this thesis, the notable simplicity of its central idea has been used to propose an
intuitive modification of the Volterra-type and Fredholm-type transformations to com-
pensate for the parameter uncertainties, for a class of one-dimensional linear parabolic
PDEs. In addition, to solve the resulting coupled Kernel-PDE/ODE new notable re-
sults in polynomial optimization from SOS and Moment theory have been exploited.
The methodology proposed allows a “simultaneous state and parameter estimation”,
which does not require any pre-transformation to some canonical form and/or finite
dimensional formulation, enabling a direct parameter identification from the original

PDE model, considering only boundary measurements.

6.1 Differential Equations as Convex Optimization Problems

In Chapter 2, a methodology to recast differential equations-boundary value problems with polyno-
mial terms as convex optimization problems has been proposed. This formulation is intuitive in its

conception and can be carried out in a straightforward manner. The variety of numerical examples
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analyzed illustrates the high accuracy of the method proposed. In particular, for an approximate
solution with a unique polynomial, lower polynomial degrees are needed to achieve similar accura-
cies to the standard Finite Element Method using hundreds of elements with local basis such as
linear, quadratic or quartics. The flexibility of the approach proposed also allows defining domain

decompositions and solve local optimal problems with similar results to the FEM.

One advantage of this approach based on SOS is its simple numerical programming, which does not
need to formulate and build up particular discrete algebraic structures verifying its conditioning and
managing its boundary conditions. On the other hand, it is also possible to extend the approach
proposed to solve PDE-initial value problems, for instance combining it with the Crank-Nicolson’s

method or other time-marching schemes.

The main limitation of the method proposed is the current state of SOS tools, regarding the type
of monomials used in the decompositions, and the convex optimization tools, in relation with
managing a large number of parameters and parameters with big magnitudes. For problems with
dimensions greater than one, SOS polynomials are a small subset of positive polynomials (see
Chapter 2, Remark 5), so that is theoretically harder to find an optimal solution with accurate

results as the dimension increase.

6.2 Convex Formulation of Backstepping Design for PDEs

In Chapter 3, based on polynomial functions and SOS decomposition, a novel methodology has
been proposed to recast the so-called Kernel-PDEs, core of the synthesis in Backstepping for PDEs,
as a convex optimization problem. In contrast to the standard Successive Approximation Method
used to solve Kernel-PDEs and its inherited restrictions, the method proposed allows managing
systems with strict and non-strict feedback structure, involving the Volterra and Fredholm-type

transformations, in a unified manner not subject to convergence conditions.

For polynomial Kernels and analytic functions or continuous functions, uniqueness and invertibility
of the Fredholm-type transformation have been proved, which allows applying the methodology
proposed to a wide class of problems without restriction on the spectral characteristic of some

integral operators.

In practice, the method proposed does not impose conservative constraints on the parameters of the
system to accomplish contraction properties on the operators involved so that achieving convergence
(Banach Contraction Principle). On the contrary, it is flexible to manage linear problems with
operators of different structure and objectives. The resulting polynomial approximation problem
can be formulated as a convex optimization problem and solved directly resorting semidefinite

programming, obtaining accurate approximate solutions with a theoretically arbitrary precision.
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6.3 Adaptive Observer Design

In Chapter 4, a simple modification of the Volterra-type transformation has been proposed to
compensate for the time-varying gain uncertainty of the boundary control action. The resulting
coupled Kernel-PDE/ODE is formulated as an convex optimization problem, the numerical solution
of which is fast enough to be solved at every sampling time. A numerical example illustrates
the capability of the design proposed to perform an accurate “simultaneous state and parameter

estimation” only from one boundary measurement.

The above adaptive observer proposed has been extended to the challenge problem of “on-line”
estimation of “in-domain” uncertain parameters such as reactivity and diffusivity. Similar to
the case of boundary unknown parameter, the observer design relies on a modification of the
Volterra/Fredholm-type transformation, where additive extra terms have been included to account
for the parameter uncertainties. Based on this modified transformation, a systematic methodology
of observer design has been formulated. Its intuitive mathematical steps seek to reject the time-
variant uncertainties, the associate components of which are dynamically cancelled out by means

of solving differential boundary value problems.

The uniqueness and invertibility of the Fredholm-type operator in the space of analytical functions
and continuous functions proved in Chapter 3, allows designing adaptive observers, using poly-
nomial Kernels, via two boundary points of measurement. Despite the resulting coupled Kernel-
PDE/ODE problem is more complex than for one measurable point, its approximate numerical
solution based on the method proposed in Chapter 2 does not involve higher complexities. On the
other hand, although the resulting differential problem not necessarily has a unique global solution,
the method of solution allows finding the optimal local dependence between the observer gains and

integral Kernels, which can be computed in a simple and fast way at every fixed sampling time.

In contrast with the case of a boundary unknown parameter, the modified integral transformation
for “in-domain” parameter uncertainties leads to “target systems” which are not necessarily stable.
This stability depends on the selection of one crucial parameter “c” which is also the main factor
in the coupled Kernel-PDE/ODE. Despite a bound for this parameter can be found to guarantee
stability and convergence of the estimation error, this depends on some polynomial Kernels which
are also indirect functions of it. This recursive dependence is the main drawback of the proposed

observer design methodology, which involves analysing bounds of integral equations.

Numerical examples illustrate the ability of the design proposed to perform an accurate simul-
taneous state and “boundary” or “in-domain” parameter estimation only from boundary mea-
surements. The parameter adaptation laws are similar in structure to the resulting gains derived
from stability analysis using Lyapunov-like arguments and Barbalat’s lemma in LPS (for instance,
gradient methods). Similarly, the identification problem is also subject to standard condition of

persistent excitation. The main parameter of design in the coupled Kernel-PDE/ODE (“¢”) has
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a simple direct proportionality with the observer gain for the estates of the system, allowing a
faster convergence as its value increases. However, the selection of its magnitude, beside stability
conditions, is a delicate balance of convergence between states and parameters, which is not clear

to set forth in advance for different systems.

The observer design developed proposes time-invariant polynomial Kernels in the modified Volterra-
type or Fredholm-type transformation to compensate for uncertainties. This is a simplified approach
since a dynamical rejection of theses uncertainties is needed and therefore, the scheme has to carry
out a computation of these Kernels at every time instant, which is not physically realizable. In
practice, for slow and smooth systems such as some types of parabolic PDEs, the method proposed
achieves satisfactory results computing theses Kernels at every fixed sampling time, as it has been
illustrated in different numerical examples. However, despite assuming that these Kernels behave
as piece-wise constant function of time, the steps of design do not lead necessarily to a stable and

convergent estimation.

6.3.1 Adaptive Observer for Lithium-Ion Batteries

In Chapter 5, an adaptive observer has been designed to address the relevant problem of estimating
the Lithium-ion concentrations in solid particles under an uncertain diffusivity coefficient. The
Volterra-type transformation and the steps of design formulated in Chapter 4 has been extended
to this case where both “in-domain” and “boundary” uncertainties has been considered, showing
the generality of the method proposed. Numerical simulations confirm the capability of this design

to achieve a convergent and accurate simultaneous parameter and estate estimation.

The observer design proposes a Luenberger-type structure. In contrast to the standard methodo-
logies based on gradient schemes, based on polynomial optimization and Moment theory, a novel
methodology of inversion of the nonlinear map between voltage and solid particle concentration
has been proposed. Thus, the problem derived from the flat shape of Open Circuit Potential func-
tions has been circumvented and the observer linear feedback term can be dynamically determined
with high precision for the whole domain. In addition, this method allows finding multiple global

minimums for the inversion problem.

In contrast to the observer detailed in Chapter 4, for a diffusivity uncertainty the observer design
involves an ODE which includes the second derivative of the estimated state variable with respect
to the spatial coordinate. Since, for the battery model considered, this state can behave similarly
to a linear function, the second derivative provides signals (information) with small magnitudes.
Therefore, an increase of the polynomial observer gain is required to capture small variations in
the parameters and achieve a faster convergence. However, this kind of gains makes the scheme

highly sensitive to noisy measurements.
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6.4 Future Research Directions

The adaptive observer design proposed in this thesis is not complete and a series of rigourous
mathematical analyses is still pending to provide consistency with results obtained from numerical
simulations. The insights achieved, from the limitations and potentials of the methodology de-
veloped in this thesis, contribute to inspire potential new lines of further research that are worth

exploring.

e Backstepping design for PDESs proposes in advance a parameterized “target” system. However
its methodology to achieve this target does not consider degrees of freedom to optimize the
parameters involved, at least keeping the simplicity of the design. The formulation of this
method as a direct optimal problem, for instance to design state estimators as optimal filters,
has not been explored. In this problem, the features of the convex formulation via SOS could

contribute with new ideas to set forth a tractable optimal design.

e Backstepping design for PDEs considers only one “target” system. Naturally one question
arises: would it be possible to consider multiple “targets”? The exact matching condition set
by the current method excludes this possibility. However, as it has shown in this thesis, that
condition can be relaxed to transform into stable systems. This is an unexplored subject with
relevant implications, in particular with respect to Lyapunov stability analysis. For instance,
a set of target PDFEs could constitute a domain of stability which could be parameterizable
via SOS. Thus, integral transformations could lead to matrix inequalities instead of an exact

target, tractable of solving and optimizing.

e All above mentioned points are connected to provide robustness to the control/observer pro-
blem, which in DPS is limited to each particular case under study. The features of the convex
formulation via SOS could contribute to advance to formulate more general or unified tools.
For instance, looking for formulations in DPS which allows an equivalent Lyapunov stability

of polytopic structures in LPS.

e The observer design proposed leads to some type of “target” systems which involve certain
combinations of states, parameters, signal errors and Kernels. The analysis of stability of
these particular structures, via the Lyapunov’s methodology, could be useful to study the
recursive dependence in the Kernels of integral transformations involved and look for its

natural derivation and ways for its compensation.

e The methodology of Backstepping design for PDEs has remarkable similarities to a method
of solving the identifiability problem framed in the context of the Sturm-Liouville problem,
via the Gel’fand-Levitan’s theory and “deformation formulas”. This connection has not been

explored and it could provide new insights to the adaptive observer design problem.
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Appendix A

Polynomial Optimization via

Sum-of-Squares

As J.B. Laserre pointed out in [138], optimization problems with linear and quadratic
functionals look so familiar that we forgot that they are polynomials. Thanks to re-
markable results from Algebraic geometry (positivity certificates), these, amongst other
classes of polynomials optimization problems, can be “globally” solved on domains
characterized as “semi-algebraic sets” with polynomials terms. In addition, positivity
certificates based on “Sum-of-Squares” representations lead to “Convex Optimization”
problems which can be solved via semidefinite programming, and allows finding so-
lutions with theoretical arbitrary precision. This provides a general methodology to
address a wide class of problems, with a beautiful duality between moment sequences

and positive polynomials.

A.1 Polynomial Optimization

In general, the polynomial optimization problem

*

PP = Sup,cg ¥
P: inf p(x) < subj. to: p(x)—~vy >0, (A1)
xeK
x e K

where K C R" and p € R[x], is NP-hard![148]. However, this can be approximated by hierarchy
of convex relaxations? (P; p), with p% global optimum for (p(x) — ) € Py 24[x], using represen-

tations of non-negative polynomials via Sum-of-Squares (SOS) [274, 275, 136] or the dual theory

INP-hard: Non-deterministic Polynomial-time hard. See [272] for a glance in complexity theory and NP-problems in
control systems design.

2The convex relaxation P4 grows in size and thus its complexity as d increases. It can be a Linear Programming
(LP-)relaxation or SDP-relaxation, depending on the type of certificate of positivity considered [273, 137].
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of Moments [276, 277, 137, 138] (see [148] for an excellent survey on these topics).> These repre-

sentations can be formulated as a semidefinite programming (SDP) problem [275, 279], namely

Pa = sup 7y
vER
subj. to: p(x) — v = ZSJ(X)GJ(X), sy € Xs, (A.2)
J

where s; are SOS polynomials to be determined and G denotes a particular combination of

polynomial constraints g;’s. Moreover, if
K={xeR":g¢;(x)>0,j=1,...,m} (A.3)

is a compact basic semialgebraic set® for some polynomials gj € R[x], the sequence of upper
bounds (p}; > p*) is monotone and converge to the global minimum: p} — p* as d — oo [148, 280,
281]. The central point of this approach is the type of positivity certificate (Positivstellensatz) for
p(x) —v > 0,Vx € K, which is based on powerful results from Real Algebraic Geometry, and its

practical computation®:.%

o Schmiidgen’s Positivstellensatz [282]": Let K in (A.3) be a compact basic semialgebraic

set. Given p € R[z], if p > 0 on K, then p € P(¢1,...,gm). P is called preordering on R]z]:
P(g1,... ,gm) = > 55Gy; 55 €%, (A.4)
JC{1,....m}
generated by the polynomials g; € R[z],j =1,...,m, G; = Hjngj for J C{1,...,m}.

o Putinar’s Positivstellensatz [283]%: Let K in (A.3) be a compact basic semialgebraic set.
The set

Q91> 9m) = { so+ Y _ 5595 (85)70 € Bs (A.5)

3There are non-SOS representations of positive polynomials on different type of domains, such as representations of
Polya’s, Bernstein’s and Handelman’s. Despite these lead to linear and/or semi-definite programming problems, in
general, these are restricted to cases with no zeros in the positive orthant. See [278] and references therein.

1A set S C R™ defined as S = {x € R"; fi(x) >0, i = 1,...,t}, where for each 4, >; is one of >,>,=,# and
fi(z) € R[z], is called a basic semialgebraic set. A subset of R™ is a semialgebraic set if it is a finite union of basic
semialgebraic sets [149].

5There are other representations of positive polynomials in term of SOS, such as of Schweighofer and Stengle. However,
these are more difficult to verify in comparison with Schmiidgen’s or Putinar’s parameterizations.

SIf K is non-compact semialgebraic set, Schmiidgen’s and Putinar’s Positivstellensatz does not hold. However, if for
theses cases a particular type of quadratic module satisfies the Archimedean property, the hierarchy of semidefinite
programs converge [280].

"The main drawback of this remarkable result is the exponential cardinality (2™) of the set J, which usually implies
large SDP problems.

8In contrast to Schmiidgen’s Positivstellensatz, in this case the number of terms in the representation (A.5) increases
linearly, being computationally more tractable.
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is denominated quadratic module on Rlz| generated by the polynomials g; € Riz], j =
1,...,m. It is said to be Archimedean if there exists a polynomial function h € Q(g1, - - -, gm)

such that its level set L, = {x € R : h(x) > 0} is a compact set.

Given p € R[z| and the quadratic module @ as in (A.5) Archimedean, if p > 0 on K, then
pE Q(gla cee ;gm)

The Archimedean property is equivalent to:

Vp € Rlz], 3 N € Nsuch that N +p € Q(g1,...,9m) < (A.6)
3 N € N such thatN—Zm?EQ(gl,...,gm). (A.7)
i=1

Particular cases where the Archimedean property is satisfied are: (i) All g;’s are affine and

K is a polytope.? (ii) The set {x € R";g;(x) > 0} is compact for some g;.

A.1.1 Sum-of-Squares

A polynomial p € R,, »[x] is said to be a Sum of Square of polynomials (p is SOS: p € Xy) if p

can be written (decomposed) as:
p(x) =Y ¢ (x), (A.8)
j=1

where ¢; € Ry, 4,[x]. If p € X C Ry, »[x], then 7 is even and deg(q;) = d; < (r/2), Vj:=1,...,m.
In the univariate case, a SOS condition is equivalent to global non-negativity. However, in multiple
dimensions, this is just a sufficient condition.!® The set inclusion is commonly referred as'! p €
Y5 C Py oq[x] C R[x] and deg(g;) < d.

Theorem 3. ([136, 137]) Let ®, be the standard vector basis of R[x] with z(r) = ("}") monomials
in x with degree < r. A multivariate polynomial p € R[x] is SOS (p € X5 C P, 24[%]), if and only
if there exists a matriz Q € Si(d) satisfying p(x) = ®TQP,4, r = 2d.

The essential feature in Schmiidgen’s and Putinar’s Positivstellensatz is the condition of existence

9A function f :R™ — R™ is affine if it is a sum of a linear function and a constant: f(x) = Ax +b, A € R™*™ and
b € R™. A bounded polyhedron is denominated polytope. A polyhedron is the set defined by finitely many linear
inequalities or equations (intersection of a finite number of halfspaces and hyperplanes) [228, 136].

0The converse: p > 0 = p € X, is not always true. An example is the Motzkin polynomial (bivariate sextic:
M(z,y) = 2*y* + 2?y* — 32%y* + 1). David Hilbert, more than one century ago, showed its equivalence in three
cases: univariate (n = 1), quadratic (2d = 2) and bivariate quartics (n = 1, 2d = 4), i.e., global non-negativity is
equivalent to a SOS representation.

11]P‘n,2d[x] is a semialgebraic set but it is not a basic semialgebraic set for 2d > 4. It cannot be described by unquan-
tified inequalities, i.e., the description must include logical operations between sets. From the optimization point
of view, this fact leads to non-easily computable barrier functions. However, this computational complexity can be
reduced since these sets can be represented or approximated as projections of spectrahedral sets (semialgebraic).
To the extent the dimension increases, SOS polynomials are a smaller subset (volume) of the positive polynomials
[136, 284].
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of some SOS polynomials. Based on these type of representations of p in terms of g;’s, it can be
concluded the positivity of p on K, in a similar way that p > 0 can be certificated by p € ¥,. As it
is stated by Theorem 3, this feature is computationally practical since SOS polynomial condition

is equivalent to formulate SDP constrains on polynomial coefficients, namely

Find
QERzl(Ell)xz(d) Q
subject to: Q =Q%, Q =0, trace(Q, B;j) =p;, Vj=0,...,2(r) -1 (A.9)
z(r)—1 B
a0 = > Bjx™
§=0

where the problem of the size: z(d) < n¢ is not prohibitive of implementing (solving it in polynomial
time). Thus, the polynomial optimization problem (A.1l)(equivalent to (A.2)) can be formulated

by the relaxation

P = sup vy
Qr

sk(x)

N
subj. to : <p(x)—’y—z <I>Z-Tk (x)QrP;, (x) Gk(x)> € X
k=1

(A.10)

Qr €S iy =d—dy, Vk=1,...,N,

based on the existence of sp € X, where!? dy = [deg(H})/2] and maxy(deg(p), deg(Gy)) < 2d ;
N = 2" and Gy = [[,cs 9% for J C {1,...,m} if Schmiidgen’s Positivstellensatz is considered; N =
m and Gy = gy for Putinar’s Positivstellensatz (Putinar’s refinement requires that the quadratic

module generated by g1, ..., gm be Archimedean, which is not very restrictive [138]).

A.1.2 Moments

The moment problem is a relevant topic in functional analysis with several theoretical and practical
implications [285]. The classical problem of moments (referred as full moment problem)!?
[286, 287, 288] involves two main questions that can be stated as follows: (i) Existence: what are

the conditions to find a measure'® ;1 on K, given a infinite sequence of real numbers y = (yj)jen

12The function [a], commonly referred to as ceil function, rounds to the nearest integer greater than or equal to a.

3Tnitially conducted by Thomas Stieltjes (K = [0, 00), 1984), Hans Hamburger (K = (—o00,00), 1920) and Felix
Hausdorff (K = [0, 1], 1923).

1n particular, regarding the moment approach for polynomial optimization, this is a Borel measure, i.e., a non-
negative (1u(B) € R{) countably additive (u(B) = n (U2, Bi) = Uie o w(Bi), Bi Mixz; Bi = 0) set function on Borel
sets B;. Let A= {A1,...,A;,...} be a system of subsets, which is symmetric (4; € A = A§ € A, Vi), it is called
a o-algebra if ( J, A; € A and [, A; € A,Vi. A Borel o-algebra B4 is the minimal o-algebra containing .A. A Borel
set is an element of B4. Due to its minimality characteristic, B4 may not include all subsets of sets of measure
zero, i.e., Borel measure is not complete. Lebesgue measure is its extension [289, 290, 291, 292].
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such that
/ x%du(x) =yj, Vj EN? (A.11)
K

(if it exists, is said to be a representing measure of the sequence y), (ii) Uniqueness: under what
conditions the measure p is uniquely determined by the moment sequence y? (if it is unique, is
said to be determinate). Positiveness is the essential condition to answer these questions. Given

a real infinite sequence y = (y;);en, and defining the Riesz linear functional:

Ly: C.(K) >R
(A.12)
[ Ly(f) = /K F(x)du(x),

according to the Riesz-Markov representation theorem ([159], Chapter 21; [293], Section 2.14.), if
K is locally compact Hausdorff space!'® and Ly is positive on C.(K),'6 then there exists a unique
positive measure p on the Borel o-algebra associated with the topology of K. A particular case
is the Haviland’s result [294, 137], which considers a closed K C R™ and a linear functional on

non-negative polynomial functions on K:

Ly :Pp,x] = R
z(r)—1 (A13)

fHLy(f):/ Z fix® | du(x Z fj/ X% dp(x Z fivj-
K

For instance, considering a nondecreasing measure p in the real axis (K C R), for the so-called
Stieltjes’ moment problem (K = [0,00)), the sufficient and necessary condition of existence is
Ly(p® + 2¢*) > 0,V p,q € Rlz]. In the case of the so-called Hamburger’s moment problem !’
(K = (—00,0)), the condition is Ly(p?) > 0,Vp € R[z] [296]. These conditions are equivalent to
the positiveness of the Hankel matrices H, = 0 and H,4+1 = 0, and H, > 0,Vn € N, respectively

[297], where

5 A topological space X is called Hausdorff if for any x,y € X with = # y there exists open sets A and B such that
x € A,y € Band A(\B = 0. Thus, every metric space is Hausdorff, i.e., separable, in particular the Euclidean
space R™. A topological space X is said to be locally compact if for each x € X there exists and open set A and
closed set B with x € A C B and B compact. In particular, the Euclidean space R™ is locally compact. A subset
of the Euclidean space is compact if and only if it is bounded and closed (Heine-Borel theorem) [150, 293].

16, stands for the collection of all continuous complex functions on K whose support is compact.

17A elegant proof of existence and uniqueness of Hamburger’s moment problem can be found in [295].
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Yo+k Yi+k Yo+k s Yn+k
Ytk Yotk Ys+k  Yntldk

Hon(¥)(055) = Wivj—24k) = | Y24k Ys+k Yark 0 Yny2+k |, Vi, JEN, 1 <45 <n+1.
Yn+k Yn+l+k Ynd24k - Yontk

(A.14)

This equivalence is clear on the basis of the existence of positive polynomials. Let

Ho(p,q) = (p(2), ¢(2))Rz = <Zpi$iaijxj> - Zsz-qj/ ?Hdu() = pigjyie
i=0 =0

Rfa] 1=04=0 K i,5=0

= (p, HiQ)p = D" Hug (A.15)

be a sesquilinear form'® in terms of real polynomial coefficients p = [po, . . ., pn]” and @ = [qo, - - -, gn]”
and Hankel matrix H, as in (A.14). Considering the Hamburger’s case, if (A.11) holds, the

quadratic Hankel form:

2

Ho(p,p) = D' Hnp = /K > opid | du(x) = pipjyir; >0 (A.16)
=0 i,j=0

(f(z) = p*(x)), which is the necessary and sufficient condition of existence of  [137], equivalent to
H, = 0,Vn € N. y is referred as a positive definite sequence of moments. Therefore, instead
of checking Ly(f) > 0,V f > 0 on K, this only needs to be checked on polynomials with SOS

decomposition.

Due to the generality of K in the Riesz-Markov’s and Haviland’s theorems and, in particular, its
multi-dimensionality,'” certificate of positivity is a complex task (the multi-dimensional moment
problem for general sets is still unsolved [281]). A significant exception can be stated if K is a
compact basic semi-algebraic set. In this case, the remarkable results of K. Schmiidgen (1991)[282]
and M. Putinar (1993)[283, 300] lead to a practical implementation, if a truncated case?’(finite

sequence y = (y;)7_) of the full moment problem is considered.

18 A inner product on a complex scalar field is a sesquilinear form, i.e., it is linear in the first factor and conjugate
linear in the second factor: (,): V x V — F, (v, aw) = alv,w), (v,aws + fws) = &{v,w1) + B{v, w2) [218].

19Schmiidgen [298] and Berg, Christensen and Jensen[299] showed that the Hamburger’s result can not be extended
to R™ for n > 2 based on the fact that there exists polynomials globally non-negative but not SOS.

20Curto and Fialknow have carried out a systematic study of the truncated moment problem. Their results have had
relevant implications in polynomial optimization (see [301, 148] and references therein).
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A.1.2.1 Multi-dimensional Notation

21.

o Moment Matrix“': Based on the sesquilinear form (A.15) (bilinear in R™) for a multi-

variable case, and the linear functional (A.13), the Matriz of Moments is defined as M,.(y) =
L, (®,(x)®7 (x)) with elements M, (y)(ea, B) = Ly (x*x?) = yq43, Yo, B € N, namely

Hn(p,q) = Ly(pq) = /K P e(x)g" ®(x)du(x) =p" / (x)®(x)"du(x)7 = (B, M (y)Dn -

K
(A.17)
Thus, in similar way to (A.16), for every p € R[x], a SOS decomposition of f(z) :Zﬁ?l XY =
p?(x) leads to

(5, Mo (y)P)n = Ly (57) = /K PEdux) = 3 fave >0 & M,(y) =0 (A18)

aeNn

The moment matrix is a symmetric matrix of dimension z(r) = (njr) and w entries

in terms of the first 2r-order moments. For instance, if n = 2 and r = 2:

Y2,0 Y11 Yo,2

(Mo) y10 %o M, Y30 Y21 Y12

My = (y0,0), M1 = Y1,0 Y20 Y11 | > M, = Y21 Y12 Y03
Yo,1 Y11 Yo2 Y2,0 Y30 Y2,1 Y40 Y31 Y22

Y11 Y21 Y2 Y31 Y22 Y13

Yo2 Y12 Yo,3 Y22 Y13 Yo,4

o Localizing Matrix??: Given a polynomial g = Z,y g+XxY € R[x], where g are real coeffi-

cients, the Localizing Matriz is defined as M,.(gy) = Ly (g(x)®,(x)®I (x)) with elements:

M, (g9y)(ex, B) = Ly(9(x)x°*%”) = > g34tats, ¥ @, B €N (A.19)
v

2'For a one-dimensional problem: M, (y) = H,(y) with the Hankel matrix as in (A.14). In this case, if

y = (mj)o<j<an (even case), then it has a representing Borel measure p € R if and only if H,(y) > 0 and
rank(H,(y)) =rank(y). The rank of the real sequence is the smaller integer 1 < ¢ < n so that H,(:,i) €
span(Hp(:,1),..., Ha(:,i — 1)). Higher order moment matrices are called flat extension if their rank does not

increase with their size [137].
22Curto and Fialknow denominated the moment matrix of a shifted vector as Localizing Matriz [301].
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For example, for n =2, r = 1 and g(x) = a + x5 — z173:

ayo,o +Y,1 —Y1,2 ayi,0 T Y1,1 — Y22 a¥,1 + Yo,2 — Y13
Mi(gy) = | ayr0+y11 —y22 ay20+ Y21 — Y32 ayi1 + Y12 — Y23
ayo1 +Y,2 —Y1,3 ayi,1 T Y12 — Y23 a¥Y.2 + Yo,3 — Y14

Therefore, if the measure p has support in the set K = {x € R"; g(x) > 0}, then:

(P, M, (9y)P)gn = Ly(g9p°) = /K gX)P*(X)dp(x) = > fala =0 M, (gy) = 0, (A.20)

aceN?

where f(x) = nggfl fix% = g(x)p?(x), which can be interpreted as the action to localize

the support of a representing measure for y [148].

A.1.3 Primal-Dual Perspective

Let K C R™ be a Borel subset and M(K) the space of finite signed Borel measures on K, such that
p € M(K); (convex non-negative cone). Let p : K — R be an integrable function with respect
to p, the Generalized Moment Problem (GMP) formulated as a global polynomial optimization

problem is:

, (A.21)

D p* = infepmk), [y p(x)dp(x)
subj. to: u(K)=1

the constraints of which can be interpreted as an optimization over probability measures (u(K) = 1)
[137, 289, 302]. The formulation (A.21) and the optimization problem (A.l) are equivalent (this
can be easily proved considering for every x € K the Dirac measure® p := 6, € M(K); =
Sy P(x)du(x) = [ p(x)déx(x) = f(x)) [137, 138]. In fact, if the problem (A.1) (infyek p(x))
attains its global minimum at x* € K (K compact and support of a positive measure?®), then

the Dirac measure pu* = ¢+ is the optimal solution of (A.21). This equivalence is also a duality

relation:
p*= Sup,cr 7Y pr = infenm), Jxp(x)du(x)
P: ¢ subj. to: p(x)—y>0 & D:q subj. to: [edu(x)=1 (A.22)
x e K w=>0

2Let M be any o-algebra of a set X. The Dirac measure dx, is a measure concentrate at one point X, such that
Oxg(A) =1 x0 € A€ Mand §x,(B) =0 x0 ¢ B e M [159]. The Dirac measure (4 = 0x,) is singular
with respect to the Lebesgue measure (1) concentrate on R™ \ xo. Thus, Dirac measure has no Radon-Nikodym
derivative (dp = pdn) [303, 304].

24The support of a function is defined to be the closure of the set of points at which the function is nonzero, i.e,
closure of the set {x: f(x) # 0} [293, 159].
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in the sense of Linear Programming duality,?> with strong duality (there is no duality gap: p* = p*)
if K is compact. For a generic function p, the formulation (A.22) is infinite-dimensional. However,

if polynomials p € Ry, »[x] are considered, this is a finite-dimensional convex problem:

*

p* = infy > \cnn PaYa
D: ¢ subj. to: yo=1 (A.23)
Ya = [y x%du(x), Yoo € N

but still untractable. This is due to the hard problem of characterization of the convex cone
Vnpr(K) ={(¥)a € N} : 3 € M(K)13ya = [i x¥du(x), Vo € NI'}, which can be simplified and

efficiently implemented if K is a compact basic semialgebraic set via the following relaxation:

pg = infy Ly(p) = > qenn PaYa
j. to: =1
D, 4 Subi-tor Yo : (A.24)
Mq(y) = 0

Md—vj(ng) EO, ]: 15"'>m

dual formulation of (A.10) for the Putinar’s Positivstellensatz representation, where p € R, »[x],
Ly is the Riesz linear functional (A.13), My(y) is a Moment matrix, My_,;(g;y) is a Localizing
matrix, v; := [deg(g;)/2] and d > max{[r/2], max; v;}.

#Let B(K) be the space of measurable functions on K. M(K) and B(K) constitute a dual pair of spaces with duality
bracket (u, f) := [ f(x)du(x) and the usual scalar product (see [137], appendix C.3 for details). Similarly, the
cone of positive polynomials P, and the cone of real sequences with a representing measure ), , are dual each
other (see [148], Section 4.4.1).
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Backstepping Design for PDEs

B.1 The Fundamental Idea

Backstepping design for PDEs can be seen as an extension of backstepping for nonlinear LPS [305].
This was initiated around 2000 as a methodology for boundary control/observer design for linear
PDEs [21, 50, 51, 18, 49]. Its fundamental idea, the Volterra transformation [40, 190], traces back
to the application of the method of Integral Operators for solving initial-boundary problems [306]
derived from the boundary control of parabolic equations [307]. It stands out for its elegant and
simple systematic methodology, which: (i) does not involve spatial discretization of the PDE model,
(ii) carries out a collective treatment of the system modes instead of a finite analysis of them based
on their spectral characteristics, (iii) does not require to formulate the problem in abstract Hilbert
spaces, apply semigroup theory, nor solve operator-valued equations.

The central point of this methodology, is the use of the “Volterra Integral Transformation” (coor-

1

dinate transformation),” namely

w(t,x) = u(t,x)—/OzK(:v,y)u(t,y)dy, (B.1)

where the Kernel K = K(x,y) is assumed to be continuous on the triangle domain 7'(0,b) =
{(z,9);0 <z <b, 0<y<uz},and k(z,y) =0V z <y, i.e., the Kernel vanishes above the diagonal
of the square [0, b] x [0, b]. Due to the fact that the range of the integration variable y is always
limited by z, carrying an analogy with the time variable, this transformation can be seen as causal
in space [195]. One of the relevant properties of the Volterra transformation is that it is invertible
under mild conditions on its Kernel [191], so that stability of the system in w = w(z,t) (target

system) translates into stability of the system in u = u(z,t) (original system).

'Volterra equation of the “first kind”: [” K(z,t)f(t)dt = g(z); Volterra equation of the “second kind”: f(t) —
[7 K (z,t) f(t)dt = g(x), with f = f(t) unknown function and K (z,t) =0, V t > 2. These equations are particular
cases of the Fredholm Integral Equations, where the Kernel does not vanish in the domain (K (x,t) # 0 in the square
Qa,b) ={a <z <b, a<t<z})308].
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B.2 Continuous-Time Approach for Observer Design

The main idea is to use the Volterra Integral Transformation (B.1) to map an Original PDE into
a Target PDE. This leads to the so-called “Kernel-PDE”, the solution of which constitutes func-
tional gains capable to compensate for the “original” system achieving the stability and convergence
properties of the “target” system, selected in advance.? An example of this approach applied to

the observer design problem for the heat equation, anti-collocated setup, is summarized as follows:

System (S)
Up = Ugg + AU
Uy = 0 Kernel PDE (KPDE)
u(l,t) =U(t) Volterra Transformation (VT) Koz (2, y) = Kyy(2,y) =
w(z,t) = w(z,t)— —AK(z,y)
Observer (O) Jo K (z,y)w(y, t)dy K(L,y)=0
iy = s + i + h(2)a(0, ) K(z,2) = 5(z — 1) B2)
Uz (0,t) = po u(0,1) Target Error System (T)
a(1,1) = U() P
W5(0,¢) =0 Kernel Solution (KS)
Original Error System (E) w(1,t) =0 K(z,y) = —A(1 —2)-

Li(y/A2—z—y)(z—y)

Ut = Ugy + At — h(x)u(0) VAR—z—y)(z—y)

@i (0,t) = —po (0,1)
@(1,t) =0

where x € 2 = [0, 1] is the spatial variable, \ is the reactivity coefficient, U is the control action,  is

the estimation of the dependent variable u (heat), & = u — @ is the estimation error, K € C1(Q x )
is the Kernel of the Volterra transformation and h(z) = K,(z,0) = ig:g I)(\/Az(2 —z)) and
po = K(0,0) = A\/2 are the observer gains.

The observer design consists in two main steps:

(i) For the PDE system (S) the Luenberger-type Observer (O) is proposed. Subtracting (O) from
(S) leads to the observer error (E), which is considered as the “Original” Error System. For
(E) the asymptotically stable PDE system (T) is proposed, which is considered as “Target”

Error System.

(ii) The Volterra transformation (VT) is used to map between (E) and (T). Computing @y, Uy,
%(0) from (VT) and substituting (T) in their resulting expressions yields:

e, 1) = (e ) — /0 " K y) iy, t)dy = iz, 1) /0 " K (o, )iy (5 1)y,

To

2The transformation alone is not capable of eliminating the undesirable terms of the original system, but it bring
these terms to the boundary, where a compensation law eliminates or dominates them.
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= Wye(,1) — /Ox Kyy(z,y)w(y, t)dy — K(z, ). (v,t) + K(x, O)WOJr
0K

dy

a1, ) = o, ) — /0 " Ko(a,y)iy, Ody — K (z, 2yi(a, 1)

(x,x)w(x,t) — Ky(x,0)w(0,1),

Ugy (T, 1) = Wy (x,t) —/Oxffm(az,y)d)(y,t)dy—%[;(x, :L‘)tb(x,t)—%(x,x)w(x,t)—K(m,x)ﬁ)I(x,t)

a(0,t) = w(0,1),

where integration by parts has been applied on the term Ty. According to these expressions

the observer error (E) can be written as:

(2, t) — fige (2, t) — Ni(z, ) + h(z)a(0) = (h(:v) — K, (x, 0)) 0(0,t) +

Ty
<2§;§(f€’$) - ’\) w(,t) + /0 (Km(x’ y) — Kyy(z,y) + AK(%@/)) w(y, t)dy =0,

Ty T35

where the identity %(x,ac) = %—[;(x,x) + %—[;(x,:x) has been used. In addition, from the

boundary conditions of (E), based on (T), it is obtained:

1 (0, 1) = 017" — K(0,0)0(0,1) = —poii(0,£) = —poi(0,8), =  K(0,0) = po,
1 Ty
(1, 1) = iy / K(Ly)ily)dy =0, = K(L,y) =0.
0 ~———

Ts

Thus, applying the coordinate transform z =1 -1y, 5 = 1 — x, K(7,y) = K(z,y), the terms
T5, T5 and T5 constitute the Kernel-PDE (KPDE) and the terms 7) and 7y leads to the
observer gains. The Kernel K has a closed-form solution given by (KS) [21].

The Kernel-PDE is commonly solved converting this into an integral equation and then applying the
method of Successive Approzimations, the expressions of which can be computed recursively® and
evaluated symbolically, and in some cases explicitly, as in (B.2) via the first order modified Bessel
function I;. Except for special cases, the solution of the Kernel-PDE by means of the Successive
Approximation method is computationally rather expensive. In addition, if more complex systems
are considered, for instance those with spatially and time varying parameters, there could be no
direct numerical solution known for the Kernel-PDE [243].

Due to the property of invertibility of the Volterra Transformation, and that the “target” system can
be selected exponentially stable, the observer shall provide a state estimation error exponentially
stable.

3This recursion is also used to compute a quantitative bound of the Kernel, needed for example in inverse optimal
control [50].
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Appendix C

Pseudo Two-Dimensional Lithium-Ion

Battery Model

C.1 Governing Equations

Physics-based electrochemical models provide an accurate prediction of the internal dynamics of
Lithium-ion batteries. The most established model of this type, the so-called Doyle-Fuller-Newman
(DFN) model [256], includes both macro-scale dynamics in the electrolyte and micro-scale diffusion
of Lithium in spherical particles in the porous active material, which are formulated by a set of
nonlinear Partial Differential Algebraic Equations (PDAEs). The governing equations are written

according to [260, 259] in terms of coordinates shown in Figure C.1.1.

S
s
-

Figure C.1.1: Schematic of an Intercalation Cell.
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Figure C.1.1 illustrates a typical sandwich scheme for a Lithium-ion battery (discharging stage).
For the sake of notational simplicity, its three layers are identified in the governing equations by
the symbol [ as: Positive Electrode: | = +, Separator: [ = sep and Negative Electrode:
| = —. Their spatial domain are: Positive Electrode: [0, L], Separator: [05P, L5°P] and Negative
Electrode: [0, L7].

C.1.1 Input-Output Signals

For | € {—,sep, +} and collectors at 0~,07:

V(T) = ¢;_(0+7t) - ¢s_(0_7t)7
I(r) = ié(ZC,T) + ’ii(l’,T), (C.1)
i5P(x,7) =0 (x € [0, L%P)).

C.1.2 Potentials in the Solid Phase

Forle {— +}:

=il (0%, 7), (C.2)

C.1.3 Potentials in the Electrolyte

Forl e {— +}:
e iL(, 2RT dln f./, Olncl
aqi (7)== (ﬁz . 11 (H dlllnfcg (“)> Rl Rt
¢6(L_>T) = ¢e(osep’7_)’ (03)
Qbe(LSprT) = ¢6(L+7T)7
be(07,7) = 0.

C.1.4 Transport in the Solid Phase

Forl e {— +}:

C

or (C4)
8Cé l jl(xvt)
or (:EaRsaT) - Dé() 5
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C.1.5 Transport in the Electrolyte

For [ € {—,sep, +}:

o A o+
o) = 5 (DG E @ + E 8w )

“ar oz F
dey , oct |
8,’1} (0 ,T)—O—%(O ,’7'),
— 866_ — Se 8czep Se
D.(L )(%c (L7,7) = De(0 p)ﬁ(o P.7), (C.5)
se aciep se 802_
D6<L p) 8.%' (L p?T):De(L—i_)%(L—F’TL

Ce(L™,7) = ce(0°P, 1),
Ce(L%P,7) = co (L7, 7).
C.1.6 Conservation of Charge

Forl e {—, +}:

oil 10l Li i
%(x,r):aF] (x,7)=j"(x,7) = —=(x, 7). (C.6)

C.1.7 Butler-Volmer Kinetics

Forl e {—,+}:
Li L o F B —atF
i) = i o) (o0 (b)) = oo (Sprtaken)).

a7 = K (@) () (s — b))
W) = 6L(a,7) = bul. ) — V(e (0. 7)) = FRY @, 7).

(C.7)

C.1.8 Effective Coefficients

In order to account for the tortuosity in the porous media, effective coefficients can be used ac-

cording to the Bruggeman relations.

Forle {—,+}:
obefl = 5! (el )b (C.8)

where b is the so-called Bruggeman exponent [310].
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C.1.9 Variables and Parameters

Symbol | Description Units

T Radial Spherical Coordinate r € [0, R.] m

x Longitudinal Cartesian Coordinate z € [0, L!] m

T Time Coordinate m

c Solid Phase Concentration ¢, € [0, cé,max] mol /m?
c; ss Solid Surface Phase Concentration mol /m?

Ce Electrolyte Concentration ¢, € [0, ¢ max] mol /m?
U Open Circuit Equilibrium Potential (OCP) \Y%

nt Solid-Phase Intercalation Reaction Overpotential A%

b Electric Potential in the Solid-Phase \Y

Oe Electric Potential in the Electrolyte A%

i Exchange Current Density A/m?

4t Pore-wall Molar Flux mol/(m? s)
G Volumetric Reaction Current A/m3

il Electronic Current in the Solid Phase A/m?

il Ionic Current in the Electrolyte A/m?

I Current Density A/m?

R Universal Gas Constant 8.314 J/(mol °K)
T Standard Ambient Temperature 298 °K

F Faraday's Constant 96487 C/mol

Table C.1: Variables and constants in the Pseudo Two-Dimensional Lithium-Ion Battery Model
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C.1. Governing Equations

Symbol | Description Units
clsyo Initial Solid Phase Concentration mol/m?
Ce,0 Initial Electrolyte Concentration mol /m?

Cé,max Maximum Solid Phase Concentration mol /m?
Cle,max Maximum Electrolyte Concentration mol /m?
4 Particle Specific Interfacial Area (Surface Area to Vol- m?/m3
ume)
D! Solid Phase Diffusivity Coefficient m?/s
D, Electrolyte Diffusivity Coefficient m? /s
é Volume Fraction or Porosity of Solid Phase -
feja Mean Molar Activity in the Electrolyte -
€e Volume Fraction in the Electrolyte —
k! Tonic Conductivity of the Electrolyte S/m
o Electronic Conductivity of Solid Phase S/m
le Resistance Film Solid Electrolyte Interphase Q m?
tar Transference Number of Cations in the Electrolyte -
a” Anodic Transference Coefficient -
at Cathodic Transference Coefficient -
K! Intercalation /deintercalation Reaction Rate Constant | A (m3/mol)®" +20~
I Layer Thickness m
R! Particle Radius m

Table C.2: Parameters in the Pseudo Two-Dimensional Lithium-Ion Battery Model
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