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Abstract

Our contribution to the theory of rough paths is twofold. On the one hand we introduce
tree algebras over topological vector spaces which yields a framework for branched rough
path in infinite dimensional spaces. In particular, we derive a change-of-variables formula in
this settings from a purely combinatorial argument and we revisit the relationship between
geometric, branched and general rough paths and we discuss to what extent each of them
can be used to drive differential equations on manifolds.

On the other hand we discuss global solutions of rough differential equations on manifolds.
We show that instead of considering bounds for the full higher order derivatives of the vector
fields it is enough to look at Lie brackets. In our proofs we extend methods from Riemannian
geometry that have been used to obtain characterisations of complete vector fields on man-
ifolds. This leads to a unified result for rough differential equations that captures examples
such as bounded vector fields, vector fields of linear growth or complete commuting vector
fields all at once. In particular, our result holds for vector spaces and it improves existing
non-explosion criteria in this case. We present an example of an equation which has global
solutions for all initial values but where existing methods were not sufficient to give a proof.

Finally, we give an outlook as to where the new results may lead to further developments.
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1. Introduction

Consider the rough differential equation
dyt = V(yt)dxt.

It can be understood as a system which transforms an input signal x, which is given in the
form of a rough path, into a response y, which is given by the solution of the equation. It
is therefore an important first step to fix the categories to which the input space and the re-
sponse space should belong. Originally [Lyo098], the theory has been developed using Banach
spaces as both input and response spaces and the linear structure of both spaces has been
exploited extensively. Since then, various alternative approaches to rough differential equa-
tions [Dav08, Gub04, FV10, Bail5] have been introduced, some of which rely considerably
less on the linear structure of the response space. The main motif of the present work is the
hypothesis that using manifolds instead of linear spaces on the response side not only allows
for a wider range of applications, but also leads to a better understanding of the theory as
one avoids constraints that stem from overemphasising the linear structure. Ultimately, our
main new result that follows from these considerations is Theorem 5.16, which sheds a new
light on the question of global solvability of rough differential equations. It improves existing
results for vector spaces even though it is formulated for general manifolds.

The idea to get rid of the linear structure of the input space or the response space (or both)
is of course not new. We would like to mention the works [CLL11,Bai14,BL15,CDL15,DS17],
which have in common that they establish various notions of rough paths on manifolds. In
the present work we do not need these concepts since the input space will be a linear space
throughout and the response will be an ordinary continuous path on a manifold without any
additional terms of higher order.

When we replace the response space by a manifold, then the behaviour of the rough differ-
ential equation under a change of coordinates becomes relevant. Aslong as the input space is
finite-dimensional, one can approximate geometric rough paths by smooth paths (see [FV06]
for a discussion of such approximation results) in order to show that the behaviour of dif-

ferential equations under a change of coordinates carries over from smooth paths to rough



paths. In contrast, approximation arguments can be delicate in infinite-dimensional spaces.
A second problem with the aforementioned approximations arises when branched rough
paths [Gub10] come into play. It has been shown that branched rough paths can be treated
as geometric rough paths [HK15,BC17] and therefore branched rough paths are in principle
accessible by all arguments that can be used for geometric rough paths. However, we believe
that this indirect reasoning hides some crucial insights and it turns out that in our proof of
a chain rule in Theorem 4.31 branched rough paths are in fact the more natural objects to
work with rather than geometric rough paths. Furthermore, our proof of Theorem 4.31 over-
comes the restrictive assumption that the input-space is finite-dimensional since we do not
use smooth approximations. Instead, our result follows from purely combinatorial consider-
ations that are based on duality relations in the underlying algebraic structure. In particular,
we provide a systematic treatment of branched rough paths over infinite-dimensional spaces
in contrast to previous works such as [Gub10,HK15], where the authors have only discussed
the finite-dimensional case. In fact, even our underlying construction of tree algebras over
infinite-dimensional topological vector spaces seems to be new.

The content of Chapter 4 is also available in [CW17] and has been submitted for publica-
tion. A publication based on Chapter 5 is currently under preparation.

The following chapters are organised as follows. In Chapter 2 we present basic results
about bialgebras (and in particular the tensor algebra over a vector space), smooth mani-
folds, Riemannian metrics and ordinary differential equations. Those results form the basis
upon which the subsequent chapters are built. Chapter 3 contains a brief introduction to the
concept of rough paths and rough differential equations. In light of the various ways to treat
rough differential equations that have been introduced so far, our principal aim is to identify
a setting that is well-suited to be generalised to manifolds. In Chapter 4 we develop our first
main contribution, namely a framework for branched rough paths in infinite-dimensional
spaces along with a chain rule for rough differential equations. Furthermore we revisit the
relationship between general, geometric and branched rough paths in the context of differ-
ential geometry. Finally, Chapter 5 contains our second main contribution, which is a new
approach towards global solvability of rough differential equations. Open questions and an

outlook towards future research are then discussed in Chapter 6.



2. Preliminaries

In this chapter we introduce notions and results from several areas which will be relevant
in the rest of this work. Most of the content of this chapter can be found in the standard
literature about the respective topics. In particular, we would like to mention [LCL07] as a
general resource for the algebraic background of rough path theory as well as [DNR00,Reu93]
for more details on Hopf algebras and related topics. We also give some proofs of well-
established results. Partly this is for the convenience of the reader and partly to present

arguments which we will extend and modify in later chapters.

2.1. The tensor algebra over a vector space

The aim of this section is to introduce the tensor algebra over a vector space along with some
of its fundamental properties to the extent that is necessary to introduce rough paths. The
content of this section also serves as a basis for our discussion of tree algebras over vector
spaces in Chapter 4.

Let E be a vector space. E can be infinite-dimensional in general, even though we will
occasionally assume E = R? later on, especially in Chapter 5. For k € N we denote by E®*
the k-th tensor power of E. Later on we will consider tensor products of the tensor algebra
with itself when we discuss coproducts. To make sure that this does not lead to confusion,
we will not write the ®-operator explicitly when working with elements of E®* for k € N.
E.g., we write eje; instead of e; ® e, for ej,e; € E. We say that an element a € E®* is an

elementary tensor if there exist vectors ey, ...,ex € E such thata = e - - - ¢.
Definition 2.1 The tensor algebra over E is the set
T(E) := @ E®F = {Z Ad® : a* € E®F, A = 0 for almost all k € N}
k=0 k=0

together with tensor multiplication ®. Equivalently, T(E) is the free algebra generated by
any basis of E.



Let us also note that T(E) carries a natural grading with the homogeneous subspaces given
by the tensor powers of E. For k € N we denote by 7* the projection to E®*. The product ®
is compatible with this grading in the sense that for k,I € N and a € E®*, b € E® we have
ab € E&Kk+D,

2.1.1. The bialgebra structure of the tensor algebra

In addition to the tensor product we can equip the set of tensors with a coproduct which

turns it into a bialgebra. Let us start by introducing the necessary terminology.

Definition 2.2 Let H be a vector space, assume that there are linear functions

*: H® H — H (product) A :H — H ® H (coproduct)
n: R — H (unit) ¢ : H — R (counit)
S : H — H (antipode)

and consider the statements
(i) (a* b)*c = ax(bxc)(associativity)
(if) n(1) * a = a x n(1) = a (unitality)

(iii) (iId®A) o A = (A ® id) o A (coassociativity)
(iv) (e®id) o A = (id®¢) o A = id (counitality)
(v) A(a*b) = Ala) *x A(b)

(vi) Aonp=n®n

(vii) e(a % b) = £(@)e(b) (compatibility)

(viii) eon =1id
(ix) xo(S®id)oA=%o0(id®S)oA=noc¢
foralla,b,c € H.
Then
« (H,*,n) is called an algebra if (i) and (ii) hold,
« (H,A,¢)is called a coalgebra if (iii) and (iv) hold,
o (H,%,n,A,c¢)is called a bialgebra if (i)—(viii) hold and
« (H,*,n,A,¢,S) is called a Hopf algebra if (i)—(ix) hold.

Remark 2.3 Both the unit and the counit are uniquely determined by the product and the
coproduct respectively if they exist. In the examples that we will cover they will always
exist and it will be obvious how to choose them. Therefore we will never mention them

explicitly. Also, (ii) implies that 7 is injective and thus we can and will identify n(R) with
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R. Furthermore, a given bialgebra can have at most one antipode that turns it into a Hopf
algebra [DNR00, Rem. 4.2.3]. Even though all of the bialgebras that we will be dealing with
admit an antipode, we will never exploit this fact and therefore we will not give explicit

descriptions of the antipodes. See Appendix A for more details.

Before we proceed, let us introduce a useful notation for coproducts, called the Sweedler

notation. If (C, A) is a coalgebra we define
c1) ® ¢y := A(c) (2.1)

for ¢ € C. This notation hides the fact that A(c) is in general a sum of tensors rather than
an elementary tensor of C ® C and therefore some care has to be taken. To illustrate the

usefulness of this notation, we can write (ix) of Definition 2.2 as

S(h(1)) * h(z) = hay * S(h(z)) = n(e(h))

for h € H. Furthermore coassociativity (iii) of A reads as

(1) ® €(2)(1) ® C(2)(2) = C(1)(1) B C(1)(2) ® C(2)

and thus
(1) ® c(2) ® ¢(3) = (A ® id)(A(c)) = (id ®A)(A(c))

is well-defined.

Let us now see how Definition 2.2 can be applied to the case H = T(E). As a product we
will use the standard tensor product ® (even though we will usually omit the operator ® in
order to avoid confusion as described above). As a coproduct we use the shuffle coproduct

A, which is given recursively by
Aple)=e®1+1Qe

for e € E and by
Ayi(ab) = Auy(a@)Aw(b)

for a,b € T(E). Since E generates T(E) this defines A, for all elements of T(E). In order
to given an explicit, non-recursive formula for A, we have to introduce the set of shuffle

permutations. For n € N let S, be the symmetric group over n elements. For k,! € N the
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subset Sh(k,[) C Sy is given by
Sh(k,l) :=={c € Sgy;:0(1) < - - <o(k),ok+1)<---<ok+])}.

Proposition 2.4 The shuffle-coproduct A, is given by

n

MA@ =D >0 oty oty @ (eatkrn) * om) € T(E) ® T(E)
k=0 seSh(k,n—k)

for an elementary tensora = ey - - - e, € E®".

Proof. For n = 1 this is clear. Hence we assume that the claim holds for some n € N. Then

we have fora=¢e;---e, € E’" and e,;; € E
AIJJ(aerHl) = AUJ(a)ALLI(en+1)

n
= Z Z (es(1) " * " €a(k)) ® (€s(k+1) " * * €o(n) | (Ent1 ® 1+ 1 ® €py1)
k=0 o€Sh(k,n—k)

n
=Z Z [(eotr) - €o(ryens1) ® (€otirn) -~ €on)

k=0 ceSh(k,n—k)

+ (ea(1) " * €a(k) ® (Eo(ks1) " * * Eainy€n+1)]
n+1
= Z Z (ea(l) tee ea(k)) ® (ea(k+1) tee ea(n+1))
k=0 seSh(kn+1-k)

and thus the claim follows. ]

Proposition 2.5 The tuple

is a bialgebra.

Proof. We have to verify (i)—(viii) of Definition 2.2. The algebra properties (i) and (ii), i.e. the
associativity of ® and the unitality are clear.

Let us show that (iii) holds, i.e. that A, is coassociative. For e € E we have
(Ap ®@id)(Aw(e) = ((dRAL)AL(E) =191QRe+1®e®1+e®1Q 1.

Now assume that (iii) holds for all a € E®" for some n € N. Then, for a € E®" and e € E we

12



have

(A, ®id)(A(ae))
=(Aw ® id)(Au(a)(Aw ® id)(Aws(e)) = (id ®AL)(Au(a))(id ®AL)(Awi(e))
=(id ®A1y)(Au(ae)),

which shows that (iii) holds for all a € E®"*1) and thus for all a € T(E). The counitality (iv)
follows from a similar inductive argument.
The crucial part of the compatibility conditions is (v), which follows directly from our

recursive definition of Ay, since we have defined A, in such a way that
Ayi(ab) = Ay (a)Aw(b) (2.2)

holds for all a, b € T(E). The remaining compatibility conditions (vi)-(viii) can also be veri-
fied easily.
|

We will see in Chapter 4 that a notion of duality between bialgebras is a key ingredient for
one of our main results. Therefore we introduce the concept of dual pairs of vector spaces

and bialgebras.

Definition 2.6 Let E and E’ be vector spaces and let
()Y:ExXE —R
be a bilinear map. We say that (E, E’, (-, -)) is a dual pair (of vector spaces) if
(i) (e,e’) =0 for all e € E implies ¢’ = 0 and
(ii) (e,e’) =0 forall ¢’ € E' implies e = 0.

The most important examples of dual pairs are given by a vector space E together with its

algebraic or topological dual and the natural pairing between them.

Definition 2.7 Let (G, %, Ag) and (H, %y, Ap) be two bialgebras. Let (-,-) : GXH — Rbe a
bilinear map such that (G, H, (-, -)) is a dual pair of vector spaces. Then (G, H, (-, -)) is called

a dual pair of bialgebras if we have

(91 ® g2, Au(h)) = (g1 *G g2, ) and  (AG(9), h1 ® ha) = (g, by *p ha) (2.3)

13



for all g,¢1,9, € Gand all h, hy, hy € H.

Remark 2.8 Let B; C G and By C H be algebra generators of G and H respectively. Then it
is sufficient to verify (2.3) for all g, g2 € G, g1 € Bg, h,h, € H and hy € By.

Proposition 2.9 Let (G, xg, Ag) be a bialgebra and let (H, %y, Ay) be such that there exists a
bilinear map -, -) as in Definition 2.7. Then (H, g, Ag) is also a bialgebra.

Proof. We have to verifty that (H, xy, Ap) satisfies (i)—(viii) of Definition 2.2. We will give
the details for associativity (i), coassociativity (iii) and compatibility (v) of Ay and *.

In order to show that % is associative, let hy, ho, h3 € H. Then we have

(g h1 *pg (hy % h3)) = (g(1) ® g(2), 11 ® (h2 *p h3))
=(9g(1) ® 9(2) ® 9(3)» h1 ® (h2 ® h3)) = (g(1) ® g2) ® g(3), (h1 ® hy) ® h3)
=(g, (hy *g h2) % h3)

for all g € G. Since (-, -) separates H, this shows that % is associative.
Next, let h € H. Then we have

(91 ® 92 ® g3, h1) ® hz)1) ® hiz)2)) = (g1 ® (92 *4 g3), h1) ® hez))
=(g1 *G g2 *G g3, h) = {(g1 *4 92) ® g2, h(1) ® h(2)) = (91 ® g2 ® g3, h(1)(1) ® h(1)(2) ® h(2))

for all g1, g2, g3 € G and hence the coassociativiy of Ay follows.

Finally, for hy, h, € H we have

(91 ® g2, Api(hy % h2)) = (g1 *G g2, h1 % h2) = (Ac(g1 *G g2), b1 ® ha)
=(Ac(g1) *G Ac(g2), b1 ® hy)
=((91)1) ® (92)(1) ® (91)2) ® (92)(2)> (h1)(1) ® (h1)2) ® (h2)(1) ® (h2)(2))
=((91)(1) ® (91)2) ® (92)(1) ® (92)(2)> (h1)(1) ® (h2)(1) ® (h1)2) ® (h2)(2))
=(g1 ® g2, A (h1) i Ap(h))

for all g, g» € G which shows that Ay and %y are compatible. [

Remark 2.10 Let (E, E’, (-, -)) be a dual pair of vector spaces. Then for each k € N there is a

natural pairing between E®F and E"®* given by

E®K x E®F S5 R (e1---ex, e ---e) — (er,er) - (ex, ep).

14



We abuse notation and denote this pairing also by (-, -). Then (E®¥, E’®%, (-, .}) is also a dual
pair [RR80, VII, Lem. 1]. The pairing can be extended further to the whole tensor algebra and
we find that (T(E), T(E’), (-, -)) is also a dual pair.

For a given dual pair (E, F’, (-, -)) Remark 2.10 leads to a dual pair between T(E) an T(E’).
We will now equip T(E’) with a product LUl and a coproduct Ag that turns it into a bialgebra
in such a way that (T(E), ®, Ay)) and (T(E’), L, Ag) form a dual pair of bialgebras.

For elementary tensors by = e --- el’c € E®f and b, = e,’<+1 e el/<+l € E’® we define the

shuffle product of by and b, as

bl LU bg = Z e;_l(l) s e;_l(k”).
oeSh(k,l)

The shuffle product is then extended linearly to all elements of T(E").

Furthermore, for an elementary tensor b = ¢/ ---e, € E®" the coproduct Ag(b) is given
by )
Aa(b) = D (e} €)@ (€}, €))
k=0

and it is then extended linearly.

Proposition 2.11 Let (E, E’, (-,-)) be a dual pair of vector spaces. Then (T(E’), U, Ag) is a

bialgebra and the natural pairing between
(T(E)’ ®, AUJ) and (T(E’)7 LL, A@)

yields a dual pair of bialgebras.

Proof. We only have to show that the conditions of Definition 2.7 hold. Then the fact that
the tuple (T(E’), L, Ag) is a bialgebra follows via Proposition 2.9. In Remark 2.10 we have
already mentioned that T(E) and T(E’) separate each other.

We will prove the duality between Ay, and LU in detail. Let b; € E'®* b, € E'® and

a=e;---e, € E®" If k + 1 # n, then we have
(Aw(a), by ® by) = (a, by W by) = 0.

Thus assume k + [ = n. Then we have

n

(Auw(a), by ® by) = Z Z (es(1) " * * €q(i)» b1){€o(i+1) * * * € (n)» D2)
i=0 geSh(i,n—i)

15



= Z (es(1) " * * €o(k)s b1)(€s(k+1) * * - €s(n), b2) = (@, by L by).
seShik,])

The dual relation between Ag and ® is shown in the same way:. ]

2.1.2. Tensor norms and the topological tensor algebra

So far our considerations about the tensor algebra are purely algebraic. This is insufficient
for two reasons. First, as we will see in Chapter 3, rough path theory has both an algebraic
and an analytic component. It is therefore necessary that we introduce a way to carry over a
given topological structure on E to T(E). Second, we will see that the set T(E) is too small to
contain the so-called signatures of rough paths. Therefore we have to consider its completion
under a suitable topology. The main tool that we will employ in this section are tensor norms
as developed by Grothendieck [Gro55]. In addition, [RR80, Bou07] are helpful.

Assume that E is equipped with a locally convex topology which is generated by a family
(&)ier of semi-norms for some index set 7. Unfortunately, there is no canonical way to
construct semi-norms on E®¥ out of (&)icr- Instead, we have to make a sensible choice. Two

possible choices that are used very frequently are the following.

Definition 2.12 Let a € E®* and let &, ..., & be semi-norms on E. The projective tensor

semi-norm &; ®py - -+ ®pr & is given by
(&1 ®pr * * * ®pr & )(a) := inf {Z £ (egi)) & (el(ci)) q= Z egi) e egi)}
i=1 i=1

1

and the injective tensor norm &; ®jy, - - - ®in & is given by

(&1 ®in -+ - ®in &)(@) := sup{|(@1 - @)@ : @15 .., 0k € E', E(91) = -+ = &) = 1},

where E’ is the continuous dual of E.

Both of these ways to extend semi-norms lead to systems of cross semi-norms. This means
that for a € E®* and b € E®! we have

(61®--- ®&k)(ab) = (6 ® - ® &)(@) - (Sks1 @ -+ ® Ekr1)(b). (2.4)

Among all topological tensor products the projective tensor product is especially useful
because it generalises the (algebraic) universal property of tensor products to the topological

setting in a natural way.
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Proposition 2.13 [Gro55, Chap. 1, Prop. 1] Let E and F be semi-normed spaces with semi-norms
& and n respectively. Then & ®p, 1 is the unique semi-norm on E ® F which turns the algebraic
isomorphism between the bounded bilinear maps on E X F and the bounded linear maps on EQ F

into an isometry.

From now on we will assume that the tensor powers E®" for n € N are equipped with a
system of cross semi-norms. Note that E®" is in general not complete, even if E is. We denote
its completion by E®n,

We equip T(E) with the product topology and it is easy to see that (2.4) guarantees that
the products and coproducts that we have defined above are continuous with respect to this
topology.

Let us now consider the completion T(E) of T(E). While it is straightforward to extend the
products continuously to T(E), the situation is more subtle for the coproducts. The problem
is that the tensor product T(E) ® T(E) is not complete. Therefore the coproducts Ag and A,
take values in T(E)@T(E) rather than T(E) ® T(E) when we extend them to T(E) Thus the
tuples (T(E), ®, A, ) and (T(E), L, Ag) are not bialgebras in the strict sense of Definition 2.2.
Nevertheless we will refer to them as bialgebras rather than introduce a new term since this

difference will be of no concern for us.

Remark 2.14 There are many sensible choices for a topology on B,-, E®k. For instance,
one could consider the much stronger topology that is used in [CL16] or, if E is Banach,
considering the I? direct sum for p € [1, co] might be a useful choice. We have chosen the
product topology because it is the weakest sensible choice (in the sense that it renders the
canonical projections continuous) and hence it leads to the largest possible closure (which
turns out to be the direct product []}7 E®K). Therefore the following separation results hold

automatically for any other reasonable choice of topology.

Definition 2.15 Let (E, E’, (-, -)) be a dual pair. The weak topology o(E, E’) on E is defined as

the coarsest topology which makes (-, ¢’) continuous for all ¢’ € E’.

Lemma 2.16 Let (E, E’, (-, -)) be a dual pair. Then the weak topology o(E, E") on E is the weakest
topology on E such that E’ is the continuous dual of E.

Proof. This is one part of the Mackey-Arens Theorem [Bou07, Chap.IV, §1, Thm. 1] ]

Lemma 2.17 Let (E, E', (-, -)) be a dual pair of vector spaces and let E be the completion of E
with respect to the weak topology o(E, E’). Then (-, e’) can be extended continuously to Efor all
e’ € E' and (E, E’,(-,-)) is also a dual pair.
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Proof. We know from Lemma 2.16 that E’ is the continuous dual of E under the weak topo-
logy. Thus E’ is also the continuous dual of the completion E under the weak topology and

thus it separates E. ]

Proposition 2.18 Let E be a locally convex vector space and let E’ be its continuous dual. Then
(T(E), ®, Aw), (T(E'), L, Ag), (-, -)) is a dual pair of bialgebras, where (-, ) is the extension of

the canonical pairing between E and E’ as in Remark 2.10.

Proof. In light of Proposition 2.11 we only have to show that T(E’) separates T(E). It is clear
that any topology on T(E) which is induced by cross semi-norms as defined above is stronger
than the weak topology o(T(E), T(E’)). Thus the complete tensor algebra T(E) with respect
to such a cross semi-norm topology is contained in the completion of T(E) with respect to the
weak topology. An application of Lemma 2.17 in combination with Remark 2.10 therefore
yields that T(E’) separates T(E) |

2.1.3. Primitive and group-like elements

Definition 2.19 Let (H, x, A) be a bialgebra. We say that an element h € H is
o primitiveif A(h) =1®h+h®1,
o group-like if A(h) = hQ h.

Proposition 2.20 Let (H, G, (-, -)) be a dual pair of bialgebras. An element h € H is group-like
if and only if we have

(h,g1 %G =~ *G gk) = (h. g1) - - (. gk) (2.5)
forallgy,...,gr € G.

Proof. Assume that h is group-like. Using Sweedler notation and a straightforward induction

over k € N, we obtain

(h, g1%G* ~*Ggk) = (h(1)®- - - ®h(), 91® - ‘®gk) = (h®- - ®h, g1®- - -®gk) = (h,g1) - - (h, gx)

forall g;,...gx € G.
On the other hand, if we assume that (2.5) holds for all ¢;,...gx € G, then this is in

particular true for k = 2 and we have

<h(l) ® h’(2)7 g1 ®92> = <h’,gl *G gZ> = <h" gl><h7 92> = <h ® ha )1 ®92>

whence the claim follows, since the elements of G separate H. [}
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From the counitality we have ¢(a) + a = a if a is primitive and e(a)a = a if a is group-
like. Note that for T(E) the counit ¢ is simply the projection 7° to E®° ~ R. Thus we have
7%a) = e(a) = 0if a is primitive and 7°(a) = e(a) = 1if a is group-like. Therefore, if a € T(E)

is primitive, then the exponential of a, which is given by

© a®k
expg(a) := Z o
k=0

converges because only finitely many terms of this series yield terms of a given degree. For

the same reason, we find that if g € T(E) is group-like, then its logarithm, which is given by

b _1\®k
logg(g) = Y (- =D
k=1

is well-defined.

Proposition 2.21 An element g € (T(E),®, Ay) is group-like if and only iflogg(g) is primitive.
Equivalently, an element a € (T(E), ®, A)) is primitive if and only if expg(a) is group-like.

Proof. If a is primitive then we have
A(expg(a)) = expg(Au(a)) = expg(l ® a) expg(a ® 1) = expg(a) ® exp(a)

and thus expg(a) is group-like. Likewise, if g is group-like we have

ALI_I(log@(g)) = log@(Am(g)) = 10g®(g®g) = 10g®(1®g)+10g®(g®1) = 1®10g®(g)+10g®(g)®1

and thus logg(g) is primitive. |

In order to characterise the primitive elements of the tensor algebra, let us introduce
the set L(E) ¢ T(E) of Lie polynomials over E. For two elements a,b € T(E) we define

[a,b] := ab — ba. Then we proceed inductively

LYE):=E
LYE) = {[e,a] : e € E,a € LNE)}

and finally we define
L(E) =P LA
k=1
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Denote the completion of £(E) under the trace topology by f(E).
Proposition 2.22 The primitive elements of(T(E), ®, Ay,) are given by f(E).

Proof. This follows from [Reu93, Theorem 1.4]. |

2.1.4. The truncated tensor algebra

Definition 2.23 The truncated tensor algebra of degreen € N over E is defined as the quotient
algebra

M(F) .=
T (E) = T(E)/@ Z’anE@k
with respect to the tensor product ®. Its completion is denoted by TM(E).

Note that T™(E) can be canonically embedded into f(E) as a subspace but not as a sub-
algebra. We denote the canonical projection from T(E) to T™(E) by 7. Whenever E is
finite-dimensional, then so is T"(E) and furthermore we have T™ (E) = T™(E) in this case.

An important subspace of T™(E) is the space
n
LOE) = P L.
k=1

which is the Lie-subalgebra of T (E) that is generated by E. We will also need the associated
Lie-group
G™(E) = exp, (L(")(E)) e T"(E).

As usual, we denote by L™(E) and G"(E) the respective completions.

Proposition 2.24 An element g € T(E) is group-like if and only if its projection to TM(E) lies
in 5(”)(E) foralln e N.

Proof. This is an immediate consequence of Propositions 2.21 and 2.22. ]

2.2. Smooth manifolds

In this section we will introduce some basic notions from differential geometry such that we

can refer to them in Chapter 5. Our main reference for this section is [dC92].

Definition 2.25 Let M be a connected second countable Hausdorff space. Assume that there

exists n € N such that for every y € M there exists an open neighbourhood U of y and a
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homeomorphism ¢y : U — B" such that ¢(y) = 0. Here we have written B" for the open
unit ball around the origin in R". Assume furthermore that for any two such neighbourhoods

U,V with U NV # 0 the transition map

ov ooy ouUNV)— ep(UNV)

is a smooth diffeomorphism. Then M is called a smooth manifold of dimension n. Further-
more, the tuples (U, ¢y ) are called coordinate charts and the family consisting of all coordinate

charts is called atlas.

For a given smooth manifold M we will always assume that its atlas A is maximal. By
this we mean that there is no strictly larger atlas A > A whose transition functions are all
smooth.

Let M be a smooth manifold and fix y € M along with a coordinate neighbourhood
(U, pu) of y. We say that two curves y!,y? : (-1,1) > M with y; = y? = y are equivalent,
if we have (¢ o y')'(0) = (9 o y*)(0).

Definition 2.26 For y € M define the tangent space at y to be the set
LM:={lylly:(=1,1) = M,y =y},

where [y] is the equivalence class of y under the equivalence relation described above. The

elements of T, M are called tangent vectors. The set

™M = U {y} x LM
yeM

is called the tangent bundle of M.

Whenever we use notation for T M that is usually reserved for vector spaces, such as the
dual T M* or the tensor power TM®k these constructions are to be understood fibre-wise.

An alternative way is to view tangent vectors as derivations in the following way. A map
f: M — Ris said to be smooth if f o ¢! is smooth for every coordinate chart U. The set of
all smooth maps from M to R is denoted by C*(M). For f € C*(M) and y € M we define
the derivative of f in the direction of v € T, M as

of = (f o yY(© = im LT =SW), o

where y is an arbitrary representative of v.
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Definition 2.27 A vector field on M is a map V : M — T M which assigns to each y € M
a vector in T, M such that the map

M->R:y-> V(y)f

is smooth for all f € C*(M). The set of all smooth vector fields on M is denoted by I'**(M).

One way to view vector fields is to interpret them as linear maps from C*(M) to itself,
i.e. we denote by V f the map that is given by V f(y) := V(y) f. In particular, the vector fields
on M span a subalgebra of End(C*(M)). Thus we can define the Lie bracket of two vector
fields by putting

[V,W]f =VWf-WVf.

It is a direct consequence of Schwarz’ theorem that we have [V, W] € I'°(M) for all vector
fields V,W € I'*°(M).

Remark 2.28 A given collection V' = (V1,...,V;) of smooth vector fields on M, can be
interpreted as a linear map
ViR STOM) e >V

fori € {1,...,d},wheree,...,e; € R? are the standard basis vectors of R?. This map can
then be extended to an algebra morphism defined on T(R?) which assigns to every a € T(V)

an element V,; € End(C*(M)). We will frequently use this extension implicitly from now on.

2.2.1. Riemannian metrics

In order to talk about lengths of tangent vectors and angels between them, we require an

additional structure on M which is compatible with the smooth structure of M.
Definition 2.29 A Riemannian metric on M is amap g : M — TM* ® T M* which assigns
to each y € M a scalar product on Ty M such that the map

M- Ry g,(V(y), W(y))

is smooth for all V, W € T*(M).

We will often write (v, w), instead of g,(v, w) for v,w € TyM in order to simplify the
notation. Furthermore we define |v|; := 1/(v, v),.
As soon as we fix a Riemannian metric on M this induces two important additional struc-

tures. The first one is a distance function on M.
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Definition 2.30 Let y : [0,T] — M be a smooth curve. Its length L(y) is given by

T
L(y) = / algdt.
0

Definition 2.31 Let y, z € M be two points of M. The Riemannian distance dy(y, z) between

y and z is given by

dg(y, z) := inf{L(y) [ y : [0,1] = M, yo =y, 11 = 2},

where the infimum ranges over all smooth paths that connect y and z.

The second important structure that comes with a Riemannian metric is an affine connec-
tion. The connection provides a way to talk about derivatives of vector fields (and higher

order tensor fields) on M.

Definition 2.32 An affine connection V on M is a bilinear map
V:I"M)XT®(M) > T(M) : (V,W) > VyW

such that

(i) VpyW = fVyW and

(i) Vy(fW)=Vf-W + fVyW
hold for all f € C*(M).

Note that (VyW)(y) depends only on the value of V(y) and not on the values that V takes
elsewhere. This allows us to consider the map

VW M->TM @TM:y— (M 30 V,W).

We say that VW is the covariant derivative of W.

Proposition 2.33 (Levi-Civita Theorem [dC92, Chap. 2, Thm. 3.6]) Given a Riemannian met-
ric g there is a unique affine connection V. on M which satisfies

(i) XV, W)y =(VxV, W), +(V,VxW), and

(i) VyW = Vy V = [V, W]
forall X, V,W e I'°(M). The connection V is called the Levi-Civita connection.

Proof. Let us prove the uniqueness of V. From (i) and (ii) we obtain

XV, Wy + VW, X)y — W(X, V),
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:<va + Vy X, W>g + <va - VwV, X>g + <wa - VwX, V>g
:2<VXV7 W>g + <[V7X]’ W>g + <[V’ W]’X>g + <[X’ W]’ V>g

which implies

<VXV’ W>g
:% (X(V, W)y + VW, X)g = W(X, V) = ([V,X], W)y — ([V, W], X)g — ([X, W], V),) .
@27)

Hence the value of VxV is fully determined by the right-hand side of (2.7), hence there can
be at most one V satisfying (i) and (ii).

In order to prove existence of V it suffices to check that the vector field VxV which is
define by (2.7) satisfies Definition 2.32. See [dC92, Chap. 2, Thm. 3.6] for the details. ]

Therefore, if we have a Riemannian metric g we will always denote by V (or VY if we want
to distinguish between several metrics) the associated Levi-Civita connection.

Let y : [0,1] — M be a shortest path between y € M and z € M, i.e. assume yy = y,
y1 = z and L(y) = dy(y, z). One can verify [dC92] that in this case y satisfies

Technically, we have to extend the tangent vector field y to a vector field in a neighbourhood
of y in order to compute its covariant derivative. However, it turns out that Vy; does not de-
pend on the choice of this extension. We call any curve y : (a,b) > M witha,b € RU {xoc0}
which satisfies (2.8) a geodesic.

Since (2.8) is a second-order equation it has a unique local solution if we fix the initial

value and velocity. Thus for y € M we can define the exponential map
exp, : IMDOU > M:v-p

where y solves (2.8) with yy = y and yy = v. A priori, the exponential map is only defined on
some subset U of the tangent space since the existence of a global solution for (2.8) cannot
be guaranteed. However, we are only interested in metrics for which the exponential map is
globally defined for all y € M. The metrics with this property are called complete and they

are characterised by the following famous result.
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Proposition 2.34 (Hopf-Rinow Theorem [dC92, Chap. 7, Thm. 2.8]) Let g be a Riemannian
metric. Then the following are equivalent.

(i) (M, dy) is a complete metric space.

(ii) The bounded sets of (M, d,) are relatively compact.
(iii) For eachy € M the exponential map exp, is defined on the whole tangent space TyM.

Furthermore, if (i)—(iii) hold, then there exists a length-minimising curve between any two points

y,z e M.

In order to get an intuition for what it means for a Riemannian metric to be complete, we

consider the simplest non-trivial manifold, namely R.

Example 2.35 As is well known, R together with its canonical distance function forms a

complete metric space. Thus the metric given by ggl)(v, w) := vw for y,v, w € R is complete.

ovw

Toy The associated distance function

Next, we consider the metric given by géz)(v, w) =

can be computed explicitly as

Yoo dt
d,o(x,y) = / = sinh™*(y) — sinh™*(x)
g x V1+1¢2

for x,y € R. Since sinh™' is a proper function it is clear that bounded sets are relatively

compact. Thus ¢g® is also complete.

Finally, let g® be the metric which is given by gflg)(v, w) = (13;”2)2. This leads to the

distance function

Yode -1 -1
dyo(x,y) = = tan" (y) — tan™ (x)
X

1+12

for x,y € R. Thus we have d (00, ) = 7 < co and therefore ¢® is not complete.

Example 2.36 Another example for a non-complete Riemannian manifold is R?\ {0} with the
induced canonical metric from R?. One can easily check that there is no length-minimising

curve between, say, (—1,0) and (1, 0).

We conclude this section with a discussion of the differentiability of the Riemannian dis-

tance dy. For a fixed point z € M we define the map
fi M >Ry dyy,2).

This map is proper (i.e. pre-images of compact sets are compact) if and only if g is complete.

Furthermore, it is never smooth since one can check that it is not differentiable at y = z.
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Nevertheless, for every y € M and every tangent vector v € T, M we can define the (one-

sided) directional derivative
o fyn) = f()
vf; = lim ————

2.9
R0 h (29)

for a representative y of v, cf. (2.6). The existence of those limits is not obvious and we give

a proof in Appendix B, where we also show that the derivative satisfies

[ofel < [0lg.
Also, the following result allows us to replace f, with a smooth function in some situations.

Lemma 2.37 For every ¢ > 0 there exists a map f; € C*(M) such tat

@) 1Y) - fz(y)| < e and
(ii) [off 1< (1 +¢e)loly
forally e M and allv € TM.

Proof. This is a simple application of [AFLMR07, Thm. 1]. ]

2.2.2. Ordinary differential equations

Let M be a smooth manifold and let V' € T'°(M) be a vector field and consider the equation
yr = V(ye). (ODE)

It is well-known that if y, € M is fixed and ¢ > 0 is sufficiently small then there exists a
unique y : (—¢,¢) — M which solves (ODE) with initial value yo. Furthermore, one can
either extend y to the whole real line or one can find a,b € R such that y can be extended
to the interval (a, b) and such that the image of (a, b) under y is not relatively compact.
In this section we would like to focus on the question, under which conditions on V the
solution y can be extended to the whole real line. The main motivation for this section is
to provide a benchmark for Chapter 5 in which we will discuss the analogous question for
rough differential equations. On the other hand, Chapter 5 will also partly rely on these ODE

results.

Definition 2.38 A vector field V € I'*(M) is called complete if (ODE) has a global solution
for all initial values yo € M.
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It is not a coincidence that the term complete is used for both vector fields and Riemannian
metrics, since the two notions of completeness are closely related as we will see below. Before
we state the main result in this direction, recall that a function between topological spaces

is called proper if its preimages of compact sets are compact.

Proposition 2.39 ([Gli97, Thm. 1.1]) Let V' € T*°(M) and denote by V* € T*(M X R) the
vector field which is given by V*(y,t) = (V(y), 1). Then the following are equivalent.

(i) V is complete.

(ii) There exists a proper function f € C®(M X R) such that V* f is bounded.

(iii) There exists a complete Riemannian metric g on M X R such that |V™*|, is bounded.

Proof. Let us first show that (iii) implies (ii). Let thus g be a complete metric such that [V,
is bounded and fix an arbitrary point z € M. We claim that the map f} from Lemma 2.37
satisfies (ii). On the one hand, it is clearly proper since g is complete. On the other hand, we
have

VTEI<@+e)lVT

and thus (ii) holds.
Now assume that (ii) holds for some f € C*(M) and that V* is not complete. In this case
we can find a,b € R such that y : (a,b) — M satisfies (ODE) and y((a, b)) is not relatively

compact. On the other hand, we have
< (b= a)||[V7 flleo < c0.

b
Fn) - fa)] = / V* Fy)ds

Since f is assumed to be proper, this is a contradiction and hence V*, and therefore V, must
be complete.
We postpone the proof that (i) implies (iii) until later, where we show a stronger and more

general result in Proposition 5.4 |

If we are only interested in one direction of Propostion 2.39 we can ignore the extension

to M X R and obtain the following corollary.

Corollary 2.40 A vector field V € I'(M) is complete if either
(i) there exists a proper function f € C*(M) such that V f is bounded or

(ii) there exists a complete Riemannian metric g on M such that |V|, is bounded.

Arguably the most relevant manifold is R". In this case one can derive a criterion from

Corollary 2.40 which is formulated in terms of the growth of the vector field.
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Corollary 2.41 Let V € T'°(R") be a vector field and assume that there exists a non-decreasing

smooth function h : Rsg — Rs; such that

 dt

V@I <hlyh and [ oo =

holds for ally € R™. Then V is complete.

Proof. Check that
VIyl*+1 dt

M->R:y— / —
/ o
satisfies (i) of Corollary 2.40. |

However, one should note that Corollary 2.41 is really less general than Corollary 2.40 as

the following example illustrates.

Example 2.42 Consider the vector field V : R* — R? : (x,y) — (y?,0). The condition of

Corollary 2.41 is clearly not satisfied. Nevertheless we can define

2
x*+1 2

f:R® > R:(x,y) N +y°,

which satisfies (i) of Corollary 2.40. Alternatively we can consider the Riemannian metric on

R? which is given by

1
0
g:R* 5 R¥?: (x,y) (1+y4 )
0 1

and which satisfies (ii) of Corollary 2.40.

Finally, in view of Chapter 5 it is an important observation that the completeness of vector
fields is not preserved by taking sums or Lie brackets. The following examples show what

can go wrong.

Example 2.43 Let V;, V, € I'°(R) be the vector fields in R which are given by
Vi(y) = e¥sin(y)* and Vi(y) = ¥ cos(y)?

respectively. V; is complete since any solution y with y, € [k, (k + 1)7] for k € N stays in
this interval for all times. An analogous argument yields completeness of V,. However, we

have
V1 +Va)(y) = &7,
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and thus V; + V; is not complete.

Example 2.44 Let V;, V, € I'°(R) be the vector fields in R which are given by V;(y) = cos(e¥)
and V,(y) = sin(e?) respectively. Both vector fields are bounded and therefore they are com-

plete. However, the bracket [V1, V2] is not complete since we have

[Vi. V2](y) = €.
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3. Rough paths and rough differential

equations

A wide range of works has been written about rough paths and rough differential equation
and many different points of view have been developed since the publication of the sem-
inal work [Lyo98]. In this chapter we would like to summarise the various approaches and
see how they compare. We will in particular focus on the question to which extent each
approach generalises to a manifold setting. This will enable us to understand how the new

contributions in Chapters 4 and 5 fit into to the picture.

3.1. Rough paths

Throughout this section E is a Banach space with norm ||-||. Furthermore, assume that T(E) is
equipped with a system of cross-norms and denote the corresponding norm on E®* by ||-||®¥.
Let furthermore T > 0 be our (finite) time horizon and assume p > 1. By [p] we denote the

largest integer which is less than or equal to p. Furthermore we introduce the set
Ar:={(s,t) € [0,T]* : s < t}.
Definition 3.1 A continuous map w : At — Ry is called a control function if it satisfies
w(s, t) + o(t,u) < w(s,u)

forall0<s<t<ux<T.

Definition 3.2 Let  be a control function. A continuous map x : Ay — TUPD(E) is called a

p-rough path controlled by o if it satisfies
(i) XssXpy =Xsyforall0 <s<t<u<Tand

(i) ||7*(x5.0)||®* < Ceo(s, t)*/P for some C > 0 and all (s,t) € Ar and all k € {1,...,[p]}.
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Property (i) in the previous definition is called multiplicativity and if (ii) holds we say
that x has finite p-variation controlled by . It is well known that the concept of finite p-
variation for continuous paths in the classical sense is closely related to Holder continuity.
This remains true in the context of rough paths, i.e. it is possible to formulate (ii) in terms of
Holder continuity. This is equivalent to limiting the choice of w to the map (s,t) — |t — s].
Therefore it leads to a smaller class of rough paths and causes the set of rough paths to be
no longer invariant under reparametrisations. Thus working with Hélder norms becomes
more natural in situations where the parametrisation of given functions matters, e.g. when
working with stochastic partial differential equations as in [FH14].

An important qualitative takeaway from Definition 3.2 is that the less regular x is the more
terms we need in addition to the underlying path increments (s, t) — z'(x;;). It is natural
to expect that a p-rough path can be canonically treated as a g-rough path if p < g. This is
indeed true and the following fundamental result guarantees the existence and uniqueness

of the missing higher order terms.

Proposition 3.3 ([LCL07, Thm.3.7]) Let x be a p-rough path controlled by some control .
Then there exists a unique map
S(x) : Ar — T(E)

such that

(i) S(X)s.tS(X)ty = S(X)sy forall0 <s <t <u<T,

(ii) [|7*(S(x)s.)||®* < Ca(s, t)*/? for some C > 0 and all (s, t) € Ar and allk € N and
(iii) the projection of S(x)s; to TUPD(E) coincides with x; for all (s, t) € Ar.

The tensor series S(x)or is called the signature of x and it has a number of remarkable
features. Most importantly, is been shown in [HL10] (for the case p = 1) and in [BGLY16]
(for arbitrary p > 1) that S(x)or € T(E) fully determines x,; for all values (s,t) € Ar up to
so-called tree-like paths. Furthermore, if x is a random rough path which satisfies certain
moment estimates, then the expectation of S(x)o r fully determines its distribution, at least
if x is a geometric rough path [CL16] (see below for a definition of geometric rough paths).

Thus Proposition 3.3 is even useful in the case p = 1, i.e. when the “rough” path in question
happens to be an ordinary continuous path of bounded variation. It turns out that the first
few terms of the signature S(x)o r already contain a significant amount of information about
x and this idea can be used to develop numerical schemes. See [Lyo14] for a survey of possible

applications.

31



3.1.1. Geometric, branched and general rough paths

Unfortunately, Definition 3.2 is too general to lead to a sensible theory of rough differential
equations. The original solution to this problem from [Lyo98] is to use the following subset

of rough paths.

Definition 3.4 A rough path x : A — TUPD(E) is called geometric rough path if it satisfies
Xs,t € G[p](E)

for all (s, t) € Ar.

Remark 3.5 In some of the literature the term weakly geometric rough path is used and
geometric rough path is reserved for a subset of what we have defined in Definition 3.4, see
[FV06] for details. We will however not need this distinction and the term geometric rough

path is always to be understood in the sense of Definition 3.4.

In the next section below we will look at examples of rough paths and we will see that in the
context of stochastic analysis geometric rough paths can be thought of as a generalisation of
Stratonovich integration. In Chapters 4 and 5 we will show how geometric rough paths lead
to a well defined notion of rough differential equations on manifolds that does not require any
additional structure (in particular we do not have to choose a connection), which supports
the analogy with Stratonovich integration.

By contrast, Itd equations only make sense on manifolds if we interpret them as Ito-
corrected Stratonovich equations, which only works if the manifold is equipped with a con-
nection. This suggests that there is a notion of rough paths that is less general than Defin-
ition 3.2 but more general than Definition 3.4. Those rough paths have been introduced in
[Gub10] for finite-dimensional E and they are called branched rough paths. Instead of the
truncated tensor algebra they take their values in the truncated tree algebra over E. We post-
pone the details to Chapter 4 where we develop a new framework that makes it possible to

deal with branched rough paths when E is infinite dimensional.

3.1.2. Deterministic and stochastic examples

Example 3.6 Let x : [0, T] — Ebe asmooth path. Thenx : Ay — TW(E) : (s, 1) > (1, x,—x;)
is a geometric 1-rough path controlled by @ : At — Ry¢ : (s,¢) — [t — s|. Indeed, (i) of

Definition 3.2 holds because we have

X5t Xtu = (1’ ﬂl(xs,t) + ”1(Xt,u)) = (L Xt — Xs + Xy — xt) = (1, Xy — xs) = Xs5u
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Furthermore (ii) of Definition 3.2 certainly holds because a smooth path is Lipschitz continu-
ous on a compact interval. Finally, Definition 3.4 is satisfied because we have (1,v) € GV(E)
forallv € E.

Example 3.7 The map

x:Ar —» TORY : (s,1) > (1,0, (t—s) ((1) _01))

is a geometric 2-rough path controlled by w : A7 — Ry : (s,t) > |t — s|. Indeed, we have

X5t Xty = (la 77:1(Xs,t) + 771(Xt,u), ﬂz(xs,t) + ”l(xs,t)ﬂ'l(xt,u) + ”Z(Xt,u))

= (1,0, (u—-s) ((1) _01)) = Xy

and (ii) of Definition 3.2 holds as well. Furthermore we have

logy(Xs) = (o, 0,(t—s) ((1) _01)) = (0, 0,(t —s) [((1)) , ((1))

and thus x is geometric. The rough path x is called pure area rough path.

) e LOR?)

Example 3.8 Let X be Brownian motion in R? and define
t
X:Ar = TORY : (s,1) (l,Xt —Xs,/ (X, — X;) o dX,) ,
S

where / - 0 dX, denotes the Stratonovich integral. Then we have

Xs,tXt,u

t u
= I,Xt_Xs"‘Xu_Xt,/(Xr_Xs)oer+(Xt_Xs)(Xu_Xt)+/ (Xr_Xt)oer)

s t

t u
=1,Xy - Xs’/ (X = Xs) 0 dX; + (X; — X)Xy — Xi) = X (Xu — Xi) + / Xy o er)
s t

t u
= 1,Xu—XS,/(Xr—Xs)oer—Xs(Xu—Xt)+/ X,odX,)
N t

t u
=1, X, - Xs’/ (X = Xs) o dX; + / Xy = X;) o er) = Xs,u-
N t

Furthermore, it is well known that Brownian motion is a-Hoélder continuous for all &« < 1/2.
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Therefore we have
X, - X,| < C|t —s|/P

for all (s,t) € Ar and all p > 2 and some C > 0. Showing the corresponding Holder estimate
for the second-order term of X is slightly more difficult and we refer to [FH14, Prop. 3.4].

More importantly, we have

t
logy (Xs.) = (0, X, - X, / (X, = X.) 0 dX, — %(Xt Z X)X, — Xs))

t
1 1
= (0, Xl’ - Xs,/ Xr o er - E(XtXt - XSXS) + E(XSXt - Xth)) .
N
Since the Stratonovich integral satisfies the usual integration-by-parts rule, the symmetric

part of the matrix fst X, odX, is given by %(XtXt —X;X;). Thus we see that logg(X,) is indeed
a Lie polynomial and therefore X is a geometric p-rough path for any p € (2, 3).

Example 3.9 Let X be Brownian motion in R? and define
t
X:Ar = TOMRY) : (s, 1) (1,Xt —Xs,/ (X, —Xs)er) .
S

The only difference in comparison with the previous example is that we use the Ito integral
instead of the Stratonovich integral. It is clear that X is still a p-rough path for every p € (2, 3).

However, the symmetric part of logg (X, ;) no longer vanishes and is instead given by

t—s
2

i
M=

€i€;.
i=1

This is a consequence of Ito’s formula. Hence X is not geometric.

3.2. Rough differential equations

Throughout this section E and F are Banach spaces, x is a geometric rough path over E and
V : ExX F — F is a continuous map which is linear in the first argument and smooth (in
the Fréchet sense) in the second argument. One can view such a map either as a linear map
from E into the space I'°(F) of smooth vector fields in F or as a smooth map from F into the
space Hom(E, F) of linear maps from E to F. When we want to emphasize the former point
of view we write V,(y) instead of V (e, y) and when we want to emphasize the latter, then we

write V(y)e. Note that the definition of a vector field in an infinite dimensional space is more
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involved than in the finite-dimensional case. In the language of [KM97] the vector fields V,
for e € E are kinetic vector fields.

The objective of this section is to give meaning to the equation
dy; = V(y,)dx;, yo=¢&€F. (RDE)

for a geometric rough path x and to discuss existence of local and global solutions.

In addition to Lyons’ original work [Lyo98], various different ways to treat rough differ-
ential equations have been introduced. They can be split into methods that define solutions
as fixed points of Picard iterations [Lyo098, LCL07, Gub04, FH14] and methods that define
solutions as the limit of solutions of certain ordinary differential equations [FV10,Bai15] or
discrete approximations [Dav08].

We will discuss the various approaches to handle RDEs informally and we will not give
precise definitions. Instead we focus on the key differences and on how well each approach

generalises to a non-linear setting,.

3.2.1. Solutions as fixed points of Picard iterations

The basic idea of [Ly098,L.Q02,LCL07] is to transform (RDE) into an integral equation of the

form

z:/h(z)dz, (3.1)

where z is a rough path over the space E @ F. The map h is given by

h(x1, y1)(x2, y2) = (x2, V(y1 + £)x2).

One can then use the theory of rough integration to give meaning to the expression

/ h(z)dz

for a rough path z over E® F. A solution of (RDE) is then defined to be a rough path z which
satisfies (3.1) and whose projection to a rough path over E coincides with x. In particular,
the solution is itself a rough path. Nevertheless one can consider the projection of z to F in
order to obtain an ordinary solution path in F. The existence of solutions is shown using a

suitably adapted form of Picard iterations.

Remark 3.10 The above approach makes heavy use of the fact that the solution of (RDE)

takes its values in the linear space F. Therefore, it is difficult to generalise these ideas to
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situations where F is replace by a general manifold.

In the more recent work [Gub04] the concept of controlled rough paths is introduced. We
follow [FH14] and sketch this concept in the case p € [2,3). A crucial property of controlled
rough paths is that they are defined with respect to a reference rough path. In the context
of rough differential equations this reference path is given by the driving noise x. Let us
thus assume that x is a p-rough path for p € [2,3). Then a 1/p-Hoélder continuous path
y : [0,T] — F is said to be controlled by x if there exists a 1/p-Holder continuous path
y’ : [0,T] - Hom(E, F), a remainder RY : A7 — F and C > 0 such that

g —ys = ym'(x) + RS, and ||RY,|| < Clt —s[*? (3.2)

hold for all (s, t) € Ar. One can interpret (3.2) as a generalisation of Taylor’s theorem where
the path y is not approximated by polynomials but by the homogeneous terms of the rough
path x. One can then define integrals of controlled rough paths (and functions thereof) with

respect to the reference path x. Thus one can rewrite (RDE) as the integral equation

Yy =&+ /0 V(ys)dx, (3.3)

and treat this equation as a fixed point equation in the space of controlled rough paths and
apply a Picard iteration to obtain a solution. It turns out [FH14, Thm. 8.4] that if y solves (3.3),
then v’ is given by y; = V(ys). The concept of controlled rough paths has been developed
further to regularity structures [Hail4], which is a theory that applies to a large class of

singular partial differential equations.

Remark 3.11 Recently, a theory of controlled rough paths on manifolds has been developed
in [DS17]. However, it requires additional structure on the manifold. Therefore we have
chosen to use a different approach in Chapter 5, where we introduce rough differential equa-

tions on manifolds, in order to keep the definition as elementary as possible.

3.2.2. Solutions as limits of approximations

Before we discuss the content of [FV10], we would like to note that the authors work with
the standing assumption that E is finite dimensional and some of their arguments are not
valid for general Banach spaces. The main idea of [FV10] is to approximate x by rough paths
lifts of smooth paths (in the sense of Proposition 3.3). When x is given by the lift of a path
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x : [0, T] — E of bounded variation, then (RDE) can be defined to be equivalent to the ODE

Ut = V(yo)xe.

Hence one defines the solution of the original RDE as the uniform limit of the ODE solutions
as the smooth approximation SIPl(X) converge to x in a suitable sense. In particular, the
solution of (RDE) is defined to be an ordinary continuous path in F without any terms of
higher order. It is shown in [FV10] that a solution y : [0,T] — F of (RDE) satisfies (recall

the notation from Remark 2.28)
lye = Vi, , idr(ys)ll < Caos, 1)IPHD/P (3.4)

for some C > 0 and all (s,t) € Ar.

The inequality (3.4) originally appeared in [Dav08] where it serves as the defining property
of y. Davie then treats the expression Vy_, idr(ys) as a generalised Euler approximation for
y; and shows that by iterating it in the usual way the discrete approximations converge to a
path y which satisfies (3.4).

Remark 3.12 Below we will use (3.4) as the defining property for solutions of (RDE). In
Chapter 5 we will use a slightly modified version which works on general manifolds. The
main reason for our choice of definition is that the inequality can be formulated without in-
troducing any additional structure (like a metric and/or a connection) on the manifold. Fur-
thermore it defines the solution to be an ordinary, manifold-valued continuous path, which

is arguably the most natural object to expect in this context.

Let us finally discuss the approach of [Bail5], where the central objects of interest are
flows of diffeomorphisms. Thus instead of solving (RDE) for one fixed initial value ¢ € F one
obtains a smooth map

VX .F > F

tes

for each (s,t) € Ar which maps a given initial value at time s to the solution at time t.

Furthermore those solution maps satisfy

¢V,x 0¢V’X — V.x

u—t tes u—s:-

The solution flows are obtained by approximating them by solution flows of ODEs in the
following way. We have seen above that logg(x;,) is a Lie polynomial for all (s,) € Ar.

. . N 4
Thus Vieg, (x, ) 1s @ vector field and hence we can consider its time-1 flow ¢, o) One can
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then show that an appropriate Trotter-type approximation converges and the limit is then
defined to be the solution flow of (RDE).

Remark 3.13 The Trotter-type approximation of the RDE solution flow by ODE solution
flows along iterated Lie brackets will be an important tool in Chapter 5, where we describe

it in detail and use it to show our new result concerning the global existence of solutions.

3.2.3. Local and global existence of solutions

After this superficial survey we will now fix a rigorous definition for solutions of (RDE). For
the time being F is a Banach space and we will extend the following definition to manifolds

in Chapter 5.

Definition 3.14 We say that a continuous path y : [0, T] — F solves (RDE) if there exists a
function 0 : R — R with 8(h)/h — 0 for h — 0 such that

lye = Vi, dr(ys)ll < 0(e(s, 1)) (3.5)

holds for all (s, t) € Ar.

Recall that we assume V, to be a smooth vector field in F for all e € E. While there are
interesting results about the minimal regularity of the vector fields that is necessary to have
local existence and/or uniqueness of solutions as in [FV10], we will not discuss them in the
present work, i.e. we will always assume that the vector fields are sufficiently regular (e.g.

smooth) and focus on their global properties.
Proposition 3.15 For each & € F
e there either exists a continuous map y : [0, T] — F such that y solves (RDE)

e or there exists T € (0,T] and a continuous map y : [0,7) — F such that
(i) the restriction of y to [0, t] solves (RDE) for allt € (0,7) and

(ii) the image of [0, T) undery is not relatively compact.
In either case the solution y is unique.

In the first case, i.e. if y is defined on the whole interval [0, T], we say that (RDE) has a
global solution. Let us now review existing results about the existence of global solutions.
For this purpose we assume that E = R? and F = R” are finite-dimensional vector spaces

until the end of this chapter.

38



In its original formulation [Lyo98, Thm. 4.1.1] provides a combined existence and unique-

ness result which, when translated into our smooth setting, reads as follows.

Proposition 3.16 Assume thatV, is a bounded vector field with bounded derivatives up to order
[p] + 1 for all e € R%. Then (RDE) has a unique global solution for all initial values ¢ € R™.

This can be seen as a generalisation of Picard’s existence (and uniqueness) theorem. It
has first been observed in [Dav08, Thm. 2.2] that one can relax the assumptions on the order
up to which the derivatives have to be bounded and thus obtain a result which is more akin
to Peano’s existence theorem. See also [FV10, Thm. 10.14] for a more general formulation.

With our assumptions the result can be formulated as follows.

Proposition 3.17 Assume thatV, is a bounded vector field with bounded derivatives up to order
[p] for alle € RY. Then (RDE) has a global solution for all initial values & € R™.

Note that neither of the two above results captures linear vector fields since they are not
bounded. However, one can show separately that linear rough differential equations always
have global solutions. [FV10, Ex. 10.56] provides a result which extends Proposition 3.17 in
such a way that it includes linear vector fields. However, it has been pointed out in [BC18]
that the sketched proof of this result is not correct. Accordingly, [BC18] offers a corrected
proof which also leads to a more general result than [FV10, Ex. 10.56]. We will come back
to [BC18] after Theorem 5.16. A similar line of thought has been followed in [Lej12] with
a focus on the special case p € (2,3). However, all of the above results have in common
that they do not address the situation where R" is replaced by a general manifold and, as
a consequence, they formulate the conditions on the global behaviour of the vector fields
in terms of the canonical Euclidean metric in R*. Therefore those results do not apply to
certain interesting cases, see e.g. Example 5.29. These observations serve as a motivation
for Chapter 5, where we obtain Theorem 5.16, which captures all previous global existence

results as well as previously unknown cases.
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4. Branched rough paths in

infinite-dimensional spaces

In order to introduce branched rough paths in the sense of [Gub10] we have to give a precise
definition of the relevant tree algebra which will play the role that the tensor algebra plays in
the definition of a geometric rough path. So far, branched rough paths have only been studied
in a finite-dimensional setting [Gub10, HK15]. Thus the first new contribution within this
chapter is to develop a theory of tree-algebras over arbitrary locally convex vector spaces.
We will then derive a change-of-variable formula for geometric and branched rough paths
following a purely algebraic reasoning without referring to any approximation argument.
This is the second main contribution of this chapter and it will allow us to clarify, when the
difference between branched and geometric rough paths becomes relevant, complementing
the results of [HK15,BC17].

4.1. Bialgebras of trees

In Chapter 2 we have introduced two different bialgebras on the set of tensors, which form
a dual pair of bialgebras. We have started with the tensor product ®, which is easy to define.
We have then defined the compatible coproduct A, recursively, exploiting that the tensor
algebra is generated by the underlying vector space. Finally the shuffle product LI and the
coproduct Ag are given as the duals of A, and ® respectively. In the present chapter we
will follow an analogous strategy in order to obtain two bialgebra structure on sets of trees
with minimal effort. We will start with the Connes-Kreimer product o and then we define
the associated coproduct Ack recursively. The Grossman-Larson product * and coproduct

Agr, are then given as the respective dual operations.

4.1.1. The set of non-planar rooted trees

There exist various equivalent definitions for the set of non-planar rooted trees and here we

choose to follow [Hof03] and work with equivalence classes of finite partially ordered sets.
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Two partially ordered sets are defined to be equivalent if there exists an order preserving

bijection between them.

Definition 4.1 A Non-planar rooted tree t is an equivalence class of finite partially ordered
sets, where each underlying set has a unique minimal element and for every v € S the set

{w € S : w < v} is totally ordered. The set of all (non-planar rooted) trees is denoted by Tr.

We abuse notation in that by a tree t € Tr we usually mean a generic representative of
the equivalence class and we will address the problem of well-definedness where we deem
it necessary.

The elements of a tree t € Tt are called vertices and its unique minimal element is called
its root and it is denoted by r(t). By v(t) := t\r(t) we denote the set of all vertices of t without
the root. Finally we define [t| to be the number of elements of v(t) and we call this number
the degree of t. There exists a unique t € Tr with |t| = 0 and we denote this tree by 1.

The symmetry group SG(t) of t € T is the group of all order-preserving bijections from
v(t) to v(t).

Fort € Tr and v € t, denote by c(v) the set of children of v, i.e. all vertices w € t such that
w > v and such that there exists no x € t with w > x > v.

Trees can be canonically interpreted as graphs where the vertices of the graph correspond
to the vertices of the tree and the edges of the graph correspond to the statement ‘is a child
of.

An important operation is that of grafting two trees together. Let t,s € Tr be two trees.
A grafting map from t to s is a map d : c(r(t)) — s, i.e. it assigns a vertex of s to every child
of the root of t. Denote by Gr(t,s) the set of all such maps. Given d € Gr(t,s) we define
t 4 s := v(t) Us with the additional relation v > d(v) for every v € c(r(t)) (plus all necessary
additional relations so that transitivity holds). Here LI denotes the disjoint union.

In the special case where d(v) = r(s) for all v € c(r(t)) we write t o s instead of t 4 s.
Observe that the map Tr X Tr — Tr : (t,5) > t o s is both associative and commutative

since the operation o simply identifies the roots of t and s.

Example 4.2 These are all possible ways of grafting t = to 5 = I:

\I/\}Y

Note however that |Gr(t, s)| = 4 since there are two possibilities to obtain the middle one of

the above three trees. Furthermore the first tree corresponds to t o s.
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Lett € Tx be a tree. We call a subset C C v(t) of its vertices an admissible cut if none of its
elements are comparable, i.e. if for all v, w € C we have neither v < w nor w < v. The set of

all admissible cuts of t is denoted by Cut(t). For a given cut C € Cut(t) we define the trees
RE(t) := t\{v € v(t) : there exists w € C such that w < v}

and

PE(t) := {r} L {v € v(t) : there exists w € C such that w < v}

with the additional relations r < w for all w € C (plus all necessary additional relations so
that transitivity holds). Intuitively, R°(t) contains the tree that remains after cutting away
the elements of C and PC(t) is obtained by grafting all the subtrees that have been removed

to a new root.

Example 4.3 The result of the cutting operation when C is given by the highlighted vertices.

t = — Pt = , R = \/'

In order to keep track of the vertices of a tree t € Tr, we would like to consider bijec-
tions p : v(t) — {1,...,|t|}. However, since we are working with equivalence classes of
trees (even though we usually abuse notation and work with representatives as mentioned
above), we have to consider equivalence classes of such bijections. Thus we assume that
every representative T of t comes with a bijective map pr : v(T) — {1,...,[t|} which we
call the enumeration of T. Furthermore we assume that for any two representatives T and T of
t the enumerations pr and p; are equivalent in the sense that there exists an order preserving
bijection ¢ : T — T with py = P7 o Q.

For a tree t € Tr we obtain an embedding of SG(t) into the symmetric group Sy by its

enumeration pt, i.e. we define the group
{ptrp; !« € SG(t)} C Sy

We will abuse notation and denote this embedding by SG(t) as well.
For k € N we denote by Tr; C Tr the set of all trees whose root has exactly k children and
by TrF ¢ Tr the set of all trees with degree k. We will also use the notation Tt¥ := TrFN T,

The set T, is especially important as the following trivial yet important lemma shows.
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Lemma 4.4 Lett € Txy. Then there exist unique treestq, ..., tx € Try such that we have the

decompositiont =ty 0 -+ o .

Let us finally define the bijection
BT Tr — Ty, (4.1)

which adds a new root to a given tree t € Tr and thus the old root of t becomes the unique

child of the new root.

4.1.2. Algebras of labelled trees over a vector space

Let M be a set. The most straightforward way to define a labelling of the vertices of a tree
t € Tr with labels from M is to consider a map [ : v(t) — M. More precisely, we have to
consider equivalence classes of such maps where two maps [ and I are equivalent if there
exists 7 € SG(t) such that [ = I. We can then consider the (free) vector space spanned by
all of those equivalence classes of labellings for a fixed tree t € Tr. Let us denote this vector
space by Li(M).

This definition is perfectly fine and especially if M is finite there is not much of a difference
between labelled and unlabelled trees since in that case the space L{(M) is finite dimensional
for every t € Tr. However, if M is infinite, then the vector space £L(M) is infinite dimen-
sional for every t € Tr\{1}. It is therefore desirable to equip L(M) with a topology since
topological vector spaces are usually nicer to work with than infinite dimensional vector
spaces without a topology, for example when it comes to dual spaces.

Hence we would like to establish a different point of view which takes the (free) vector
space E spanned by M as the label set rather than the set M itself. In fact, it is usually E that is
given in the first place rather than M. Thus our aim is to describe the spaces £L{(M) in terms
of E rather than M so that we can then use a given topology on E to construct a topology on
Liy(M).

In terms of the application to rough paths that we will present in Section 4.2.1 the vector
space E will take the role of the noise space. The topological tree algebra generated by it — in
the way given below — will then be the space in which the rough path lift of the noise takes
its values.

Let now E be a given vector space. We will perform a purely algebraic construction in
this section and then consider topological vector spaces in the following one. A permutation

E®k

o € S with k € N can be canonically interpreted as a linear map on which is given by

o(e1 ® - ®er) = eg1) ® - -+ ® eq (k) for elementary tensors. Given a subgroup G C S we
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define the projection

symg : E® S E®F . g ﬁ Z o(a).

oceG

Definition 4.5 Let E be a vector space, let t € Tr be a tree and let SG(t) be its symmetry
group. Then the t-tensor power of E is defined as the quotient space

E®t .— peltl /ker (SYmSG(t))

The space E®! is isomorphic to the image of symgy), which provides a more direct descrip-
tion of E®!. We say that an element t € E®! is an elementary labelled tree if its equivalence
class contains an elementary tensor. The set of all elementary labelled trees in E®! spans E®".

To illustrate an elementary labelled tree we choose one of its elementary representatives

as in the following example. E.g., for t =V we can visualise t = [2e; ® e; + €, ® 1] € E® as

e1@ €2
t=3 \‘ { .
Let us now define the following spaces.

Tk (E) = (H E fork eN
teTrk

Tr(E) = (P E fork e N
teTr,

Tk(E) = (P E® = T*(E) n Try(E) for k,n € N
teTek

T(E) = PE = @ Tk (E) = @ Tri(E) = é é Tk (E)

teTr k=0 n=0

The definition of Tt(E) provides canonical projections onto Tt¥(E), Trx(E) and Irﬁ(E) for

k,n € N and we denote these projections by 7, 7 and ¥ respectively.

Remark 4.6 We will be working with two different types of equivalence classes. On the
one hand, the elements of Tr are equivalence classes of partially ordered sets, on the other
hand the elements of Tr(E) are equivalence classes of tensors. In order to keep the confusion
that arises from this to a minimum, we will adhere to the following notation throughout this
chapter. Fraktur letters t,s € Tr denote trees and capital letters T, S are representatives of t
and s respectively if we need to refer to them explicitly. Bold face letters t, s € Tr(E) denote

labelled trees and lower case letters t, s denote representatives of t and s respectively.
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We will now follow the same procedure that we used for the tensor algebra in Chapter 2
in order to introduce a bialgebra structure. We start by defining an associative product on
Tr(E).

Definition 4.7 Let t,s € Ir, lett € E® ands € E® and let t € E®l and s € E®Fl be

representatives of t and s respectively. Then we define

tos:= [(pt’5 o pt_olg) (t® s)] € E'*, (4.2)

where

pt(v) v € v(t),
prs:v()UvV(s) = {1,..., |t +[s|]} 0
pu(0) + It v e v(s).
The operation o is then extended to a bilinear map on Tr(E) X Tr(E).

Proposition 4.8 The expression t o s is well-defined in that it depends neither on the choice of

t and s nor on the choice of representatives of t and s. Furthermore the map
Tr(E) X Tx(E) » Tv(E) : (t,s) > tos

is associative.

Proof. Choosing a different representative of t and/or a different choice of t amounts to re-
placing t by o(t) for some o € SG(t). Furthermore, note that SG(t) is a subgroup of SG(t o s)
since o simply identifies the roots of t and s. Thus there exists & € SG(t os) with the property

that | = o and o|; = id; Hence we have

tos=[(pts 0 pin) t®3)] = [ ((prs 0 pis) (t ® 5))| = [(prs © pick) (0(t) ® )]

and therefore the value of t o s does not change if we replace t by o(t). The same argument
shows that choosing a different representative of s and/or a different choice of s does not
altertos.

To prove associativity, let t1,t,,t3 € Trand t; € E®4 t, € E®%, t; € E®" and let t; € Eltl,

t, € El2l and t; € El be representatives of t;, t; and t; respectively. Then we have

(tioty)ot; = (Ptlotz,tg o Pt_litzog) ((Ptl,tz o ,Dt_litz) (L1 ®t)® t3)

and

tio(tyots) = (ptl,f20t3 ° pt:})tzog) (tl ® (ptng o Pt_2<1>t3) (2 ® t3))
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Both of these expressions are equal to

[(pflstz,t3 °© Pt_litzog) (h®h® t3)] ;

where
pt,(v) v € v(ty),
Pitots : VE) U V() Uv(ts) = {1,..., [t + 2] + 3]} 1 0 g, (v) + [t] v € v(ty),
pt;(0) + [t| + [t2] v € v(t3).
In particular we have t; o (t; o t3) = (t; o ty) o t3, which finishes the proof. [

If t € E®! is an elementary labelled tree as defined above, then the unique decomposition

t =t o oty from Lemma 4.4 induces a decomposition
t=t 0oty witht; € E®U, ... t, € E®%, (4.3)

Now we introduce a coproduct on Tr(E) in a recursive way, such that the compatibility
with o is immediately apparent from the definition. To do so, we have to extend the map B*
as in (4.1) from Tr to Tx(E). For a vector e € E the map B, : Tr(E) — Try(E) is given by

B () = [(P: °© P%i(t))(t ®e)l,
where t € E®',t € Tr and t € E®!l is a representative of t. The map
pi i v(BT(M) - {1,...,|t] + 1}

is given by p(v) = pi(v) for v ¢ c(r(B*(1))) and p{" (v) = [t|+1 for v € c(r(B*(t))). Note that
this definition makes sense since the root of B*(t) has only one child. The well-definedness
follows analogously to the proof of Proposition 4.8. The crucial observation for the proof is
that SG(B7(t)) and SG(t) are isomorphic.

For fixed e € E the map B is certainly not surjective as a map from Tr(E) to itself.
Nevertheless, every t € Tr;(E) is contained in the image of B, for some e € E and e is

unique up to scalar multiples.
Definition 4.9 Define the linear map Ack : Tr(E) — Tr(E) @ Tr(E) by

e Acxk(1) =111,
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o Ack(B; (1) = BF (t) ® 1 + (idze() B )(Ack(t)) for all trees t € Tx(E) and all e € E,
o Ack(tyo---oty) = Ack(ty)o--- o Ack(ty) for all trees tq, ..., tx € Tr((E).
We will give an explicit, non-recursive description of Acg below.

Proposition 4.10 The tuple
Hex(E) := (Tr(E), 0, Ack)

is a bialgebra.

Proof. The only non-obvious property that remains to be shown is the coassociativity of Ack.
Lett =]and t € E®'. Then we have

(Ack ® idzr(E))(ACK(t)) = (idzr(E) ®Ack)(Ack(t) =t®1®1+10t®1+1013t.

Thus assume that coassociativity holds for all trees of degree n or less for some n € N. Then
for t € Tv"(E) and e € E we have

(Ack ® idzy(g))(Ack (B, 1))

=(Ack ® idyy(p) (B (1) ® 1+ (idvi(z) ©B;) (Ack (1)) (4.42)
=B, (1) ® 1 ® 1 + (idzyp) ®B, ) (Ack (1)) ® 1

+ (idze(p) ® idyi(z) ©9B;) ((Ack ® idzy(z)) (Ack (1)) (4.4b)
=B, (1) ® 1 ® 1 + (idzr) ®B,) (Ack (1)) ® 1

+ (idzy(p) ® idze(p) ©B, ) ((idzr(z) ®Ack) (Ack (1)) (4.4c)
=B (tH)®1®1

+ (idz(r) ®Ack) ((Idze(p) ®B; ) (Ack (1)) (4.4d)
=(idz(z) ®Ack) (B; (H) ® 1+ (idxe(r) ®B,) (Ack (1)) (4.4¢)
=(idz(r) ®Ack) (Ack(B; (1)) . (4.4f)

The crucial step is (4.4c), where we have used the induction hypothesis. The other steps are
obtained by applying the recursive relation from Definition 4.9. Thus we have shown that
coassociativity holds for all t € Tt*'(E). Since Ack is an algebra morphism and since all
elements of Tr"*!(E)\T1""!(E) can be written as products of elements of degree n or less, we
find that coassociativity holds for all t € Tr"*!(E) and thus for all t € Tr(E) by induction.

|
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In order to give a non-recursive description of Ack and its dual, we have to extend two

auxiliary constructions from the previous section, namely grafting and cutting, to tensors.

Definition 4.11 Let t,s € Tr and let t € E®!l and s € E®*l be two elementary tensors. Let

furthermore d € Gr(t, s) be a grafting map. Then we define

t 4 s = (Pt,s op’} ) (t®s) € E®UIHED (4.5)
t—s
where
pt(v) v € v(t),
prs:v)UV(s) = {1,... |t +s]}: 0o (4.6)

pu(@) + 1t v € v(s).

d
Remark 4.12 This definition has to be handled with care since the value of t — s may
depend on the choice of representatives of t and s. However, one can easily check that if T
and T represent t, and S and S represent s, then there exist o; € SG(t) and o, € SG(s) so that

d d ~
t — s, computed with respect to T and S, and o(t) — 03(s), computed with respect to T and

S, coincide. This allows us to fix one representative of each t € Tr, once and for all, because
d
t — s is only an auxiliary construction for Definition 4.16, which will yield an object that is

invariant under the action of SG(t) and SG(s).

Let us now turn to cutting. Let t € Tr and C € Cut(t). Then the vertices of R°(t) and P“(t)

are defined as subsets of the vertices of t and hence there are canonical injections
der:v (Rc(t)) vt)  and  gep:v (Pc(t)) S vt).
Definition 4.13 Let t € Tx be a tree and let C € Cut(t) be an admissible cut. Then we define
RC . E®Itl _, EOIRC(M) . e1® - ® e > €o (1) ® * ® €y 1 (REM)

and

C
PC . E®|t| N E®|P (t>| . el ® “ e ® e|t| — e(PC,P(l) ® oo e ® e</7C,P(|PC(t)|)’

where

@R = pro$er 0 Prey € Sk and pep = pro der © ppe) € Sppeq

Remark 4.14 As in Remark 4.12 we emphasize that R¢ and P¢ are only well-defined if we

use one fixed representative for each t € Tr.
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Proposition 4.15 Lett € Tt and lett € E®' be an elementary tree with representative t € E®!!l.

Then we have

Ack®)= > [PYW)] @ [R(1)].

CeCut(t)

In particular, the right-hand side is well-defined and does not depend on the choice of t.

Proof. For t = 1 the claim is certainly true. Assume that it holds for all trees of degree n or

less for some n € N and lett € T1", t € E® and e € E. Then we have

Ack(B; (1)
=B (1) ® 1+ (idxyr) ®B)(Ack(t))
=Bt @1+ Z [Pc(t)] ® B ([Rc(t)])

CeCut(t)

= > [P o pi e | @ [RET o pt )t @ €))
CeCut(B(t))

The final equality can be seen as follows. There is a canonical embedding of Cut(t) into
Cut(B*(t)). In fact, the difference of those two sets contains exactly one element, namely
the cut which contains only the unique child of the root of B*(t). This cut yields the term
BF(t) ® 1. For all other cuts, the P-term is unchanged and the R-term obtains the new root.
Since all representatives of B (t) can be written in the form (p; o p;(t))(t ® e) for some
representative ¢ of t, this shows that the claim holds for all t € Tr;(E). Furthermore, for two
elementary trees t € Tr(E) and s € Tr(E) we have

Ack(tos) = Ack(t) o Ack(s)
= > [PO]e[ROM]o Y [PYUs)]| @ [R%(s)]

C1€Cut(t) Cy ECut(s)

= > D [PP0] o [PUs)] ® [RE(1)] o [R(s)]

C1€Cut(t) C2eCut(s)

= D, [PUpsopd) t89)] @ [R ((prs 0 pit) t@9)]
CeCut(tos)

which implies that the claim holds for all t € Tx(E). In the final step we have used the
identification
Cut(t o S) = {Cl uQC,: C1 S Cut(t),Cz € Cut(s)} .

In the next step we introduce the product x and the coproduct Agy, which will turn out to
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be the duals of Ack and o respectively.

Definition 4.16 Let E be a vector space, lett,s € Trandlett € E® ands € E®° be elementary
labelled trees.

(i) For elementary representatives t and s of t and s we define

txs:= Z [tis] € Tr(E).

deGrl(t,s)

(ii) If t can be decomposed intot = t; o - - - o t; as in (4.3) we define

AgL(t) := Z Ot ® Ot € Tr(E) ® Tr(E),

5 5 C
Ic{1,..k} iel i€l

where the sum ranges over all subsets of {1,...,k} and we set O;co t; = 1.
Both maps are then extended linearly to all t, s € Tr(E).

Before we proceed, let us give examples for all four operations that we have introduced.

€2 €1 €2Q €1
+ €1@ €3 + €@ €3 + €3

Example 4.17

€1Q €2 €3 €1@€E2@ €3
> =

€1@ €2 €3 €1@€E2@ €3
(@] =

2

= € 3

€7 (4 €2 €7 ()
€1 €1
AgL 1@ €3 “srRe + I®f—’3 + ®I + o®€1\e%
€2 €2 €2 €2 €2
€1 €1
ACK €1Q €3 = 1QGBeRe + I@ea + €0 ® I + .®61§

e1@ € e3 () €1Q¢€3
c el e\

The following lemma finally justifies Remark 4.12.

Lemma 4.18 With the notation as in Definition 4.16, t % s does not depend on the choice of t

ands.
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Proof. It is enough to cover the case where t and s are elementary labelled trees. Let thus
t and § be different elementary representatives of t and s respectively. A simple yet crucial

observation is that there exist o; € SG (t) and o, € SG (5) such that we have

[f A 5] = [Ul(t) A 0'2(3)] = [t RN s] ,

where the second equality is a straightforward consequence of Definition 4.11. On the other
hand, for fixed o; € SG(t) and 05 € SG(s) we have

Gr(t,s) = {0y 0d ooy : d € Gr(t,s)}.

Hence t % s is well-defined as long as the same representatives are chosen for each term in

the defining sum. ]

Lemma 4.19 Lett € Tx and let (E, E’, (-, -)) be a dual pair of vector spaces as in Definition 2.6.
Define

(NGB XE® SRt e ) (oh)b) = ) (ho(k))  (4)

€SG(t) o€SG(t)

where t; € E®tl and t, € E’®Itl are representatives of t; and t, respectively. Then
(E®t El®t < >t)
is a dual pair of vector spaces.

Proof. Let us first show that (4.7) does not depend on the choice of t; or t,. Thus, let #; be a

different representative of t;. Then we have
Z (o(t1), t2) — Z (o(tr), t2) = < Z oty — 1), t2> =0
o€SG(t) o€SG(t) o€SG(1)

and similarly for t,.
Let us now prove that the pairing separates the spaces. Fix t, € E’®! and assume that we

have (t;,t,); = 0 for all t; € E®. Thus if we fix a representative t, of t, we have

0= (t;,t2); = Z (t1,0(t2)) = <t1’ Z U(t2)>

5€SG(t) aeSG(t)
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for all t; € E®!tl which implies 2isesat) 0(t2) = 0, ie. ty = 0. This last implication holds
because (E®|t|,E’®|t|, ¢, -)) is a dual pair, as we have seen in Remark 2.10. Therefore the
maps (t;, ) with t; € E®! separate E’®'. The converse statement is shown in exactly the

same way and hence the proof is finished. ]

Theorem 4.20 Let (E, E’, (-, -)) be a dual pair of vector spaces. Define
(o xr s Te(E) X Te(E') = R: (1, 1) = O, 1, (trs to)y,
fort, € E®Y andt, € E'®". Then
HeL(E) == (Tx(E), *, AcL)

is a bialgebra and (HgL(E), Hck(E'), (-, -)x¢) is a dual pair of bialgebras.

Proof. We need to show two things. Firstly we have to make sure that Tv(E) and Tx(E’)
separate each other. This follows immediately from Lemma 4.19. Secondly we have to show
that the pairing satisfies the conditions of Definition 2.7. The claim will then follow from
Proposition 2.9.

The duality relation between the algebraic structures has been shown in [Hof03, Prop. 4.4]
for the special case E = R, i.e. for unlabelled trees. We will extend their arguments to the
labelled case.

Let t;,t;,5 € Tr be trees and let t; € E®', t, € E®% and s € E'®* be elementary trees with
elementary representatives t, t; and s respectively.

It is an easy exercise to show that both Hgr(E) and Hck(E) are generated as an algebra by
the elements of Tr{(E). In light of Remark 2.8 it is therefore sufficient to show

(t; *x t2,8)3r = (t; ® t2, Ack(s))zr and  (t; oty, s)3r = (t; ® t2, AgL(S)) s

for t; € Try. By definition the first equality is equivalent to

d
PIRCEERO)
dGGr(tl,tz;S) O'ESG(S)

- Z Z Z (o1(t1) ® oa(t2), P<(s) ® RE(s)),

C€Cut(5;t1,t2) o1 ESG(tl) O’zGSG(tz)

(4.8)

where we denote by Gr(ty, t2;5) the set of all grafting maps d such that t; 4 t, = s and by
Cut(s; t1, t;) the set of all cuts C such that P(s) = t; and R°(s) = t,.
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Denote by ¢ the unique child of the root of t; € Tr;. Any d € Gr(t,t2) is then uniquely
determined by the vertex of t, to which c is attached. Let us now rewrite the left-hand side
of (4.8). Instead of summing over all d € Gr(t,1,;5) we can alternatively fix an arbitrary

d € Gr(ty,ty;5), define v := d(c) and rewrite the expression as

S S S ) o), (4.9

|Fix(v, t2)] 7€SG(ty) 0€SG(s)

where Fix(v,1;) := {0 € SG(t;) : o(v) = v}. In order to verify that (4.9) is indeed equal to
the left hand side of (4.8) we observe that

St Lo = ) (h S #t) o)

o€SG(s) 0€SG(s)

holds for 7, 7 € SG(t;) whenever 771(v) = 771(v). For fixed 7 € SG(t;) there are |Fix(v, t5)|
ways to choose 7 in such a way.

On the other hand, any cut C € Cut(s; 1, t;) contains exactly one vertex and hence we can
choose C € Cut(s; t1, t,) such that for the canonical injection $ep: v(t;) — v(s) we have that

w := ¢z p(c) is the unique element of C. Thus we can rewrite the right-hand side of (4.8) as

>SS (et @ o) ) o RGE(s)).  (410)

|FIX(W’ 5)| 7€SG(s) 01€SG(t1) 02€SG(ty)

where Fix(w,s) := {0 € SG(s) : o(w) = w}. This can verified as in the previous paragraph.
Furthermore, since ¢z , induces a canonical embedding of SG(t;) into SG(s) as a subgroup

we can rewrite (4.10) as

ISG(t)l

|Fix(w, s)| Z Z <t1 ® 0y(t2), PE(T(S)) ® RE(T(S))>

TESG(S) 09 GSG(tz)

|1|?18x?«5:12|)| Z Z <t12\0'2(t2),1'(s)>

TESG(S) [op) ESG(tz)

One verifies that |Fix(w, s)| = |Fix(v, t2)||SG(t1)| holds, which shows (4.8).
The second condition in (2.3), i.e. the relationship between o and A, is shown in a similar
way, albeit the argument is simpler because o and Agy, are more elementary than x and

Ack. ]

Let us conclude this section with a characterisation of the primitive elements of Hgp(E).
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Proposition 4.21 An element t € Hgp(E) is primitive if and only ift € Tr((E).

Proof. This is obvious from the definition of Agr. [ ]

4.1.3. Algebras of labelled trees over a topological vector space

Let E be a complete locally convex vector space. Our aim is to understand how the topology
of E can induce a topology on Tr(E). This question can be split into two problems. First we
have to introduce a topology on each of the spaces E®! for t € Ir and second we have to
choose an appropriate topology on their direct sum.

Let t € Tr be a tree. The space E®! is (isomorphic to) a quotient of a tensor power of E
and therefore we can use the well-developed theory of topological tensor products that we
have already introduced in Chapter 2. Both the projective and the injective seminorms are

symmetric in the sense of the following definition.

Definition 4.22 Let E be a locally convex vector space and let (&;);¢; be a family of seminorms
that generates the topology of E. A system of cross seminorms on the tensor powers of E is
called symmetric if for all k € N, all iy, ..., iy € [,alla € E®* and all ¢ € G} we have

6@ ®&(a) = &) ® - ® Epr)(0(a)).

From now on we will always assume that the tensor powers of E are equipped with a
symmetric system of cross seminorms This assumption implies that for all trees t € Tr the
projection symygq ;) defined above is continuous. Therefore it can be uniquely extended to a

continuous map on E®!tl and we define

Equivalently, E®! is the completion of E®' under the quotient topology. Now we define

T(E) = cl (EB E@),

teTr

where the closure is taken with respect to the product topology. Furthermore, for t,s € Tr

we have an isomorphism

E®' @ E® ~ (E®|t| ® E®|S|) /(E®|t| ® ker (symSG(S)) + ker (symSG(t)) ® E®|S|)
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and therefore the system of cross-seminorms that we have chosen for the E®¥ gives a locally
convex topology on E®' ® E®°. Thus, using distributivity of the tensor product and direct

sums, we define the completion of i/Z\r(E) ® ﬁ(E) via
T(E)BTL(E) = cl (@ (E§t§>E§S)) :
t,seTx

Furthermore we extend the operations of Hck and Hgy, continuously and we define
Hex = (Tx(E),0,Ack) and  Hor := (Tr(E), *, AcL).

Proposition 4.23 Let E be a locally convex vector space and let E’ be its continuous dual. Then

(Hor(E), Hox(E'), (-, -yz2) is a dual pair of bialgebras.

Proof. This follows from Theorem 4.20 in combination with the arguments that we have used

in the proof of Proposition 2.18. ]

Corollary 4.24 Let E be a locally convex vector space and let t € ﬁGL(E) be group-like i.e. such
that it satisfies AgL(t) = t ® t. Then we have

t = exp,(m(t)) := Z (ﬂl(t))Ok,

where 11 : Tx(E) — Tr1(E) is the canonical projection as before.

Proof. Let E’ be the continuous dual of E and let s € Tx(E’) be an elementary labelled tree

with decomposition s = s; o - - - 0 ¢ as in (4.3). Then we have

(t,s)zr = (t, 810+ 081y
= <t, Sl)ir e <t, Sk>ir
= (my(t), s)xe - - - {mi(b), s)zes

where we have first used Proposition 2.20 in combination with Proposition 4.23 and then the
fact that s; € Tr((E) foralli € {1,...,k}. On the other hand we have

<(7T1(t))0ka S>Zr = <(7T1(t))0k, §10-:0 Sk)zr
=k!{(mi(t), s1)zr - - - {m1(t), sk)ar,

which follows from (4.7) and the multinomial formula.
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Since we have chosen an arbitrary s € Tr(E’) and since Tr(E’) separates the points of
i\r(E) this shows that we have m;(t) = % (m1(£))° for all k € N. Hence the claim follows. m

Remark 4.25 Corollary 4.24 tells us that we can reconstruct any group-like element in
HcL(E) easily from its projection to Tri(E) by only using the o-product. Note that even
though m;(t) is a primitive element for all t € HgL(E), it is in general not equal to log, (t)
if t is group-like. In particular, it is important to not confuse Corollary 4.24 with the trivial

statement

t = exp, (log, (t))

for a group-like element t.

4.1.4. The truncated tree algebra

Let us finally consider truncations of the space Tx(E). For k € N define the subspace

%=

teTu:|t|>k

and the quotient space
Tt ®(E) = Tr(E) / ®

The canonical projection Tr(E) — Tr®)(E) is denoted by #®). We will furthermore need
the projection n,ﬁ") = 7% o 7, = 7, 0 7). Observe that I®) is an ideal for both % and o.
Hence Tt can be interpreted as a quotient algebra of both (Tx(E), x) and (Tr(E), o). On the
other hand I'®) is a coideal for neither Agk nor Acy, and hence the quotient is not a quotient

bialgebra. Furthermore Tr®(E) is isomorphic (as a vector space) to the closed subspace

@ E®t

teTu:|t|<k

of Tr(E), which justifies the name truncated tree algebra. We will use this isomorphism im-
plicitly without mentioning it. Note however that this vector space isomorphism is not an
algebra morphism since P, eTrilt|<k E®! is not even a subalgebra of Tr(E).

The completion C/}\glE(E) of the group

Ggl]z(E) := exp, (ir(ln)(E)) c Tr(E)

will serve as the space in which branched rough paths take their values in the next section.
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In analogy to Proposition 2.24 it is easy to see that an element t € 7?{GL(E) is group-like if
and only if we have 7™ (t) € G A(")(E) forall n € N.

Proposition 4.26 Let E be a locally convex vector space and let t € ﬁGL(E) be group-like. Then

we have
o ()
ﬂkn (t) = T +r,
wherer is such that 7'(r) = 0.
Proof. This follows immediately from Corollary 4.24. ]

4.2. Differential equations driven by branched rough
paths

Everything that we need to introduce branched rough paths is now set up. We begin with
the definition. We will discuss the relation between Definitions 3.2, 3.4 and 4.27 at the end
of this chapter. Throughout this section we assume that E is a Banach space, which implies
that ﬁ(k)(E) is also Banach for all k € N. Furthermore, we assume that the projective tensor

product is chosen in the construction of i\r(E)

Definition 4.27 Let T > 0, let p > 1 and let w be a control function. A continuous map

x:Ar— (/f(G[f])(E) is called a branched p-rough path controlled by w if it satisfies

(1) Xt *Xpy =Xy forall0 <s<t<u<Tand

(ii) ||7Tk(Xs’t)|| < Cw(s, t)f_’ for some C > 0 and all (s,t) € Arandall k € {1,...,[p]}.

Let F be another Banach space and let V : E X F — F be a continuous map which is
linear in the first argument and smooth (in the Fréchet sense) in the second argument. Let
furthermore f : F — G be a smooth map into some Banach space G. Then for y € F and

fixed k € N we construct a linear map
—(k
Wy, 0 (E) > G

in the following way. It maps an elementary tree t to a product of derivatives of f and V,
evaluated at y. The root of t corresponds to f and a vertex labelled by e € E corresponds to
the vector field V,. The number of children of a vertex indicates how often the corresponding
term has to be differentiated. The terms corresponding to the children are then plugged into

the derivative.
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Example 4.28

€3@€4@ €5

Py ryl e = POV WVe, ), Ve, (1), Ves ()], Ve, ()]

The generalisation of ¥y r, from elementary labelled trees to general elements of i\r(k)(E)
requires some care and it is the reason for why we have insisted on using the projective tensor
product at the beginning of this section. In fact, what we have defined so far is essentially
a bounded multilinear map from E X - - - X E to G. Therefore the universal property of the
projective tensor norm from Proposition 2.13 allows us to extend this map to a bounded

. —(k
linear map on E®! for t € Tr and hence to a bounded linear map on Ir( )(E).

Remark 4.29 Note that the map ¥y 7, is well-defined even though we work with non-planar

trees since higher order derivatives of of the V and f are symmetric multilinear forms.

There is a particular choice of f which will play a crucial role in the next section. For any

positive integer k we define the map
id¥ : F — Fo : x s x®F,

The maps ¥, ; dky have two important properties. First they satisfy

W0 = 2 OG0 (@11

for all t € Tri(E). Second they are compatible with the o-product of labelled trees in the
sense that for two trees t; € ﬁk(E) and t; € ﬁl(E) we have

(k+1)!
\I’V’id?z’y(tl oty) = . Y™Mey, (\Pv,id’;,y(tl) ® \Ilv,id},y(t-?)) . (4.12)

Definition 4.30 Let x be a branched p-rough path controlled by w. We say that a continuous
path y : [0, T] — F solves the equation

dy; = V(y:)dx; (RDEb)
if there exists a function 6 : R — R with 6(h)/h — 0 for h — 0 such that

Y = Pvide.y, (Xs )l < O(e(s, 1))
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holds for all (s, t) € Ar.

4.2.1. Change of variables for rough differential equations

Theorem 4.31 Let V : E X F — F be a continuous map which is linear in the first argument

and smooth in the second argument. Let furthermore x be a branched p-rough path controlled

by w and lety : [0, T] — F be a continuous path. Then the following are equivalent.

(i) The path y solves (RDED) in the sense of Definition 4.30.

(ii) For every Banach space G and every smooth f : F — G there exists a function 0y : R — R
with 0¢(h)/h — 0 for h — 0 such that

1f (W) = ¥ £y, (xs) || < Op (s, 1))

holds for all (s, t) € Ar.

(4.13)

Proof. The implication (ii) = (i) is trivial, simply choose f = idr. For the other direction,

the idea is to split the term Wy ¢, (x;,) into terms that we can control. Using the shorthand

Ust = Yr — Ys We have (see explanations below)

IA

IA

£ @We) = By 4. (xs0)|

®k
s,t

1

- H\PV,id’;,ys

(EXC

YK =y gt (s )| + Cullye 191

lpl+1
+ Cy |lys 1P + Coao(s, £)

[ k
v = (Prigpa. (1) ||| + Cullgos 179! + Cooo(s,)

L oy, |
P k!

] _
if(")(ys)
P k!
2L foy,)
P k!
2L fmy,)
o k!

]
if(")(ys)
= k!

k-1

(Ys.t = Wvidpy, (m(Xs1r))) ® Z Yo Ty i, (m(Xs)

i=0

lpl+1
+ Cy|lys 1P + Coao(s, £)

k-1

i=0

[pl+1
+ Cy|lys 1P + Coao(s, t) 7.
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(Ye = Pvidr, (Xs2)) ® Z Ys,t
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[p]+1

P

)®i

|

(4.14a)

(4.14b)

(4.14¢)

(4.14d)

(4.14e)



In this computation we have used the following arguments.
(4.14a) Replace f by its Taylor approximation up to degree [p] and make use of (4.11).
(4.14b) Apply Proposition 4.26, where the remainder r leads to the term that involves w.

(4.14c) Use (4.12), where we can ignore the symmetrisation because f)(y,) is a symmetric

multilinear form anyway.

(4.14d) Use the elemetary identity a* — b* = (a—b)(a* ' + d*2b + - - - + abF=2 + V1), which
holds in principle only for commuting variables a and b. It can be applied nevertheless,

again because f*)(y,) is symmetric.
(4.14e) Observe that ¥y ;q,. maps any tree which is neither in i\rl(E) nor in E®! to zero.

Now define the constant Cs by

(k)( .
Cs3:= sup sup Z F7y,) ®Z k-1~ l)‘PV,idF,ys (ﬂl(Xs’t))@

0<s<t<T aeF:||a|l=1 || =

We have C; < oo because f¥)(y) is a continuous multilinear map for all k € N and all y € F.
Thus (4.14e) can be estimated by

[pl+1

Callye = Widp, (Xst) | + Cullys.e |77 + Coo(s, 1) 7
[p]+1
<C30(w(s,t)) + Cywo(s, t) 7,

for some C4 > 0, where we have also used that y has finite p-variation controlled by (a scalar
multiple of) w. Defining
[p]+1
0r(h) := C30(h) + C4sh »

finishes the proof. ]

Remark 4.32 It has been pointed out in [Bail8] that there are alternative ways to obtain
Theorem 4.31. However, we believe that our proof is the most elementary and direct way
way to proceed. This becomes appearent by considering the case of a path x with bounded
p-variation for p € [1, 2). Then all of the combinatorial aspects vanish and (4.14) boils down

to the following simple application of Taylor’s theorem.

fye) - \IIV,f,ys(xs,t)
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:f(yt) - f(ys) - sz,tf(ys)
=f"(ys)(: — ys) + o(ly: — ys|) - f,(ys)sz,t(ys)
=f"(ys) (Yr = ys = Vi, (ys)) + o(lye — us),

This shows the desired equivalence immediately.

4.2.2. Rough differential equations and differential geometry

Even though we have formulated Theorem 4.31 only for branched rough paths it is also
valid for geometric rough path since the latter can be interpreted as branched rough paths
in a canonical way. The relationship between branched and geometric rough paths has been
discussed in detail in [HK15], at least for the finite-dimensional case. The crucial difference
between branched and geometric rough paths is that geometric rough paths take their values
in the tensor algebra over E rather than the Grossman-Larson algebra.

In order to embed the space of geometric rough paths into the space of branched rough
paths, Define t = ] and note that E®' ~ E. Hence we can define the continuous algebra
morphism

@ : T(E) — HeL(E)

which is uniquely determined by ®(e) = e € E®! for e € E.
Proposition 4.33 The morphism ® preserves the bialgebra structure.

Proof. By construction of ®, it satisfies ®(ab) = ®(a) x &(b) for all a, b € T(E). It remains to
show that we have ®(A,(a)) = AgL(P(a)) for all a € T(E) It sufficies to show that this holds
for a € E since the algebra generated by E is a dense subset of T(E). However, all elements
of E c T(E) are primitive and thus the proof is finished since the elements of ®(E) C ﬁGL(E)

are also primitive, i.e. we have
O(A(a) = P(a) @1+ 1+ P(a) = AgL(P(a))

foralla € E. u

Thus @ lets us embed the space of geometric rough paths into the space of branched rough
paths. In [HK15] it has in fact been shown that conversely, one can interpret every branched
rough path as a geometric one, albeit this geometric rough path will then take values in the

tensor algebra over an augmented version of the original vector space.
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Let us now see what the ‘non-geometricity’ of general branched rough paths is about. Let

e1,...,er € E. Then we have

Wy (Bler @+ @ e) = Wy (V1 % -0 % H1) = Vi Vi )

because the x-product simply encodes the product rule. Thus we see that for a geometric
rough path x the object ¥y r ,(x; ;) is given by vector fields acting on a function. An important
implication from a geometric point of view is that ¥y 7, can be evaluated using arbitrary
coordinates in F without changing its value. In particular, if we work with geometric rough
paths, we can easily replace F by a smooth manifold M without changing anything.

In contrast, if x is a branched rough path, then ¥y 7 ,(x,;) in general involves derivatives
of vector fields and higher order derivatives of f, which are delicate objects when it comes to
a change of coordinates. To wit, if we naively compute the value of ¥y f,(x, ;) with respect
to two different coordinate systems we will in general get two different results. To get the
correct result, we have to express the canonical connection on F in the new coordinates and
then compute the derivatives of V and f that appear in ¥y r,(x;,) as covariant derivatives
with respect to this connection. The following corollary of Theorem 4.31 captures this ob-
servation in a rigorous way. We write ¥y r, v(Xs,) instead of Wy ¢ ,(x;,) if it is computed

with respect to some connection V on F which is different from the canonical one.

Corollary 4.34 Let the notation be as in Theorem 4.31 and assume that y; € U for some open
setU C Fandallt € [0,T]. Let W C F be another open set and let ¢ : U — W be a
diffeomorphism. For each e € E define the vector field V, on W by

V@) = ¢' (07 @D [Velo™ ()]
Then y solves (RDED) in the sense of Definition 4.30 if and only if j given by 4, := ¢(y;) solves
dgt = V(gt)dxt,

where ¥y r (X;,;) in Definition 4.30 is replaced by q’v,f,yﬁ(xs,t) and the push-forward connection
V is given by

ViX(p) = X' @Y R - ¢ (07 @@ (@~ G IX@)L (@ (07 @) Y H)]]

for vector fields X,Y on F andp € W.

Proof. Writing ¢ itself in the new coordinates on W gives @(p) = ¢(¢p™'(p)) = p, i.e. ¢ = idy.
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Thus we have

Y — \I’f/,idw,gsﬁ(xs,t) = o(y;) - ‘I]f/,@’gsﬁ(xs,t) = o(y:) - \PV,qo,ys (Xs,t),

where the last equality is obtained by writing everything in the original coordinates. The

claim follows now immediately from Theorem 4.31. ]

Remark 4.35 For an arbitrary connection V, the expression ¥y 7, v(X;,) is not well-defined.
To see this, consider Remark 4.29. What we have stated there is not true for arbitrary connec-
tions. In fact, the arguments of higher order covariant derivatives can be permuted without
changing its value if and only if the connection has vanishing curvature. Thus this is not a
problem for Corollary 4.34, since it only deals with the push-forward of the canonical, i.e.
flat, connection which is also flat. In general, however, this observation reveals that branched
rough paths as we have defined them (and as they are defined in most of the existing literat-
ure) are unsuited to drive rough differential equations on manifolds with arbitrary connec-
tions. To resolve this problem, one has to replace the non-planar trees by planar ones, i.e.
one has to introduce an order on the children of each vertex. The relevant algebraic structure
is developed in [MKWO08]. Furthermore, the connection between planar trees and branched
rough paths has recently been studied in [CEFMMK18], albeit in the very specific context
of homogeneous spaces. See also [Foi02a,Foi02b] for more details on planar trees. All those
ideas fit very well into our framework of tree algebras over vector spaces. Working with
planar trees simplifies our construction since there is no need to factor out the symmetry
groups of the trees in this case. It might be an interesting problem for future research to

work these ideas out in detail.

Hence we see that it is the independence of a choice of a connection which makes the geo-
metric rough paths special among all branched rough paths. Differential equations driven
by geometric rough paths can therefore be interpreted as generalised Stratonovich equations
whereas differential equations driven by branched rough paths should be seen as a general-
isation of Ito-corrected Stratonovich equations. In order to justify this interpretation, let us

consider the example of Brownian motion in R%.

Example 4.36 Let X be a standard Brownian motion in R? and denote by X5 its Stratonovich

lift and by X! its It5 lift to a rough path as in Examples 3.8 and 3.9. For (s, t) € A7 we have

d
t—s
10g®(X£,t) = 10g®(X§,t) + (O’ 07 _T ; ei ® ei).
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Thus if we consider the embedding of Xi’t into Hgy, via the morphism ® we obtain

€i

t—s d | eiqe
log, (¢ (X!, )) = log, (¢ (X%,)) - = > V+ ¢

i=1

Since log *((IJ(Xit)) is primitive, ®(X') would be a branched rough path if it was not for the
YV -terms. Let us thus see what happens if we simply ignore those terms, i.e. if we consider

the branched rough path X given by

€i

—I f—s o GiRE t—s
Rumo(d)+ 323V -ef)- 5250

i=1

One can check that this alteration does not interfer with conditions (i) and (ii) of Defini-
tion 4.27 and thus X is indeed a branched rough path. Let V = (V4,. .., V;) be a collection of
smooth vector fields in some vector space F. The crucial observation is that Definition 3.14
applied to V and X! is equivalent to Definition 4.30 when applied to V and X because the s
-terms correspond to second-order derivatives of idr and thus their contribution vanishes.
Thus it follows from [FH14, Thm. 9.1] that the solution of a rough differential equation driven
by X is precisely the solution of the corresponding It equation. As a conclusion, branched
rough paths allow us to treat Itd equations in a coordinate-invariant way and hence they

generalise the concept of Ito-corrected Stratonovich equations.

Remark 4.37 The above transformation of a general rough path into a branched rough path
can be performed for any p-rough path with p < 3, see [FH14, Exercise 2.14]. This leads
to the impression that for p < 3, there is not much of a difference between geometric and
non-geometric rough paths since Definition 3.14 leads to the “correct” solution in any case,
a point of view that has been advocated in [LQ02,FH14]. In a geometric context this point
of view requires some care since Definition 3.14 effectively disguises the dependence of the
solution on the chosen connection.

As a matter of fact the case p < 3 is also special in view of Remark 4.35 since trees of
degree 2 or less are too small to reveal the difference between planar and non-planar trees.
Indeed, the only tree of degree 2 which is actually branched is ¥ and it is only branched at
the root, thus causing no problems because the second covariant derivative of a function is

symmetric, whether the space is curved or not.

A careful reading of [CDL15] shows that the authors have used arguments similar to those
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that went into the proof of Theorem 4.31 in order to obtain well-definedness of RDEs on
submanifolds of R¥, albeit in the less general case p < 3.

Furthermore, Theorem 4.31 yields a way to define what we mean by the solution of an RDE
on a manifold by testing (4.13) for a suitable set of real-valued test functions. If the manifold
is finite-dimensional, then smooth compactly supported test functions are an obvious choice,
see Chapter 5 for details. This definition has been suggested before, see e.g. [ABT15] and the

references therein.
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5. Rough differential equations on

manifolds

In this chapter we will use the results from the previous chapter to introduce a well-defined
notion of rough differential equations on manifolds driven by vector space valued rough
paths. In contrast to the other chapters, we will only deal with finite-dimensional situations.
Hence the space E, which serves as the underlying space for the driving signal, will be re-
placed by R? and the space F, in which the solutions take their values, will be replace by a
(finite-dimensional) smooth manifold M. Our main concern is the existence of global solu-
tions.

Our main result on the global existence of solutions relies on the fact that solutions of
rough differential equations can be approximated by solutions of ordinary differential equa-
tions via Trotter-type approximations as in [Bail5]. This approach should also be seen in
the context of earlier works such as [Str87]. The key to our result are precise representa-
tions of the approximation errors which will then lead to sharp estimates. Therefore we will
first discuss ordinary differential equations and their flows in order to get the desired error

representations.

5.1. Ordinary differential equations

In the context of rough differential equation, Lipschitz continuity is a key concept. Therefore
we begin this section with a precise definition of Lipschitz continuity for vector fields on
manifolds and we establish the relationship between Lipschitz continuity and completeness
in this context.

Since our plan is to show the existence of global solutions of certain rough differential
equations by approximating them with flows of ordinary differential equations, we need
good global estimates on the approximation error. This is the content of the second part of

this section.
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5.1.1. Lipschitz continuity of vector fields

Definition 5.1 Let V = (V3,..., V) be a collection of smooth vector fields on M and let g
be a complete Riemannian metric on M. We say that V is Lipschitz continuous with respect

to g if the operator norm [|VV;l|, is bounded for all i € {1, ...,d}. In this case we define

IV llg-vip := X, Sup IVVi()lly-

In the context of rough differential equations, many estimates become considerably easier
when the vector fields are bounded. Originally, it has been advocated in [Ste70] to include
boundedness into the definition of Lipschitz continuity in a different context. If we work
with respect to the canonical metric on R" this is an additional constraint since Lipschitz
continuity with respect to the canonical metric only implies linear or sublinear growth rather
than boundedness. Luckily, our definition of Lipschitz continuity with respect to a metric
gives us some leeway through the choice of the metric. The following result shows that it is
not necessary to include boundedness in the conditions of Definition 5.1, i.e. the boundedness

of the function itself comes for free if we have established the boundedness of its derivative.

Proposition 5.2 Let V = (V1, ..., Vy) be a collection of vector fields on M which is Lipschitz
continuous with respect to some complete Riemannian metric g. Then g can be chosen such that
we have |Vi|y < 1 forallie {1,...,d}.

Proof. Assume that V is Lipschitz continuous with respect to g. Define
pi MRy L+ + Va2 +1

and for a given arc-length parametrised curve y : R — M we introduce

hy :R = Rt +p(ys).

Then we have

d

IXUAADY

i=1

1

<
hy(t) -

|y (1)) =

IVllg-Lip <
i 2Ll < WVlppVd )
Y i=1

and thus h, grows at most linearly fast. In a similar way we obtain the inequality

d
< 20[VllgoipWly D IVily < 201V lly-sp VAWl yp.  (5.2)

i=1

d
D Vv Vi)

i=1

Wp| =2
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for every vector field W.

Let us now define the Riemannian metric § on M which is given by
J9) = ——4(9)
7 ™

and denote by V the covariant derivative associated to §. It is obvious that we have Vilg <1
for i € {1,...,d}. Hence it remains to verify that V is Lipschitz continuous with respect to
g and that g is complete.

In order to prove the boundedness of the covariant derivatives it suffices to show that the
expression (VxVi, W) is bounded for all vector fields W and X with |W|4, |X|; < 1. To do

so, we use the explicit formula (2.7) for the Levi-Civita connection and compute
(VxVi, W)
1
=3 (X(Vi, Wg + ViKW, X)g = WX, Vi)g = ([Vi, X1, W)g — ([Vi, W], X);5 — ([X, W], Vi)g)
1 Xp Vip Wp
=—(VxVi,W), — —=(Vi, W), — —(W, X), + —(X, V}),.
p< XVi >g 2p2< 1 >g 2p2< >g 2p2 < l>g
From |W]|y, |X|; < 4/p we see that the first term in this expression is bounded. For the three
remaining terms this follows from (5.2) in combination with |V;|; < +/p.

Finally, assume that y : [0, 0) — M is a diverging curve which is arc-length parametrised

with respect to g. Then we have

|- |~dt — / — =09,
/0 S N0

where the last equality holds because (5.1) implies that h, grows at most linearly fast. Hence

g satisfies (ii) of Proposition 2.34 and is therefore complete and the proof is finished. ]

From now on, whenever we have a Lipschitz continuous collection V = (V;,...,V;) of

vector fields we will implicitly assume that it comes with a metric g as in Proposition 5.2.

Lemma 5.3 Let V = (Vi, ..., Vy) be a collection of vector fields which is Lipschitz continuous

with respect to a metric g. Then we have
Vi, Villg < 21V llg-Lip

foralli,je{1,...d}.
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Proof. Since the Levi-Civita connection V is torsion-free we have
Vi, Villg = 1Vv,V; = Vv Vilg < [[VVjliglVilg + [IVVillglVily < 2[1V]lg-Lip,

whence the claim follows. [ |

5.1.2. Complete vector fields and their flows

If V is a complete vector field, then we can consider the map ¢} : M — M which maps a
point yy € M to the solution of (ODE) at time ¢ for all ¢ € R. This map is called the flow of V.
It is well known that ¢ is a smooth diffeomorphism if V is smooth. The existence of flows
helps us to show the following relation between Lipschitz continuity and completeness of
vector fields. The result is an extension of [Gli97, Thm. 1.1] and thus it completes the proof
of Proposition 2.39.

Proposition 5.4 Let V = (V1,...,Vy) be a collection of smooth vector fields such that we
have [V;,V;] = 0 for alli,j € {1,...,d}. Fori € {1,...,d} define the vector field V." on
M* = M xR? by V*(y,t) = (Vi(y), e;). Then there exists a complete Riemannian metric with
VV* =0 foralli € {1,...,d} if and only if all V; are complete.

Proof. Assume that a complete metric g is given such that VV;" = 0. Then it follows easily that
V" is bounded. We have already shown in Proposition 2.39 that this implies the completeness
of V..

In order to prove the converse direction we assume that all V; are complete and then con-
struct a complete Riemannian metric g such that VV.* = 0 holds for all i € {1,...,d}. Fixan

arbitrary complete metric g; on M, denote by g, the canonical Euclidean metric on R and

define
9g=91992

on M xR, Then g is certainly complete and it is easy to see that the vector fields W; given by
Wi(y,t) = (0,¢;) for i € {1,...,d} satisfy VIW;=0. Now consider the (global) diffeomorphism

®: MxRY > MxR: (y,1) > ( ntiettalay), t) = (( oo ¢Zj’) (v), t) -

A direct computation shows that the pushforward vector field ®.W; of W; under ® is given
by the vector field V.* for all i € {1,...,d}. Indeed, we have

(@.W;)(y, t) = D@ (y, ) Wi(® ' (y, 1))
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~ V 0 Vl N
=320 Dlgi-o-wn (y))( )=( W = v

Id € i

Thus the pullback metric (®7!)*g of g under the inverse of ® satisfies the desired properties.
|

The flow ¢, induces a linear operator on C*°(M) which is given by
frfod.

We denote this operator by e!”. The reason for this notation is that e’ behaves a lot like an
operator exponential as we shall see below. Note however that the exponential series with
the operator V plugged in as the argument does not necessarily converge.

Our principal source of inspiration for the remainder of this section is [DT13], albeit their
main result [DT13, Thm. 3.1] is not sufficient for our desired application to rough differen-
tial equations. We modify their arguments in order to obtain our own approximation error

representation in Proposition 5.9.

Definition 5.5 Let A(7) be a linear operator on C*(M) for all 7 € R. We say that the map
T +— A(7) is differentiable if the map 7 — (A(7)f)(y) is differentiable for all f € C*(M) and
all y € M. In this case, we define %A(T) to be the operator which is given by

((5240)) 1) 0 = @)
T T

We also say that A is a differentiable time-dependent operator.

With this definition we have that t > e! solves the differential equation

d
S =y, (5:3)

which by definition is equivalent to

S rostw)=vr(sw)

for all f € C*(M) and all y € M. Furthermore one easily verifies that two differentiable

time-dependent operators A and B satisfy the product rule

di(A(f)B(f)) = diA(r)B(r) - A(r)diB(f)- (54)
T T T
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Combining (5.3) and (5.4) leads to

d
0= etVd—(e_tVetV) =-Ve'V +¢VV = [etv, V] )
T

Let us now turn to some more substantial auxiliary results. The first one is essentially a

non-commutative chain rule.

Lemma 5.6 Let V be a differentiable time-dependent operator such that V(r) is a complete
vector field on M for every t € R. Then we have

1 1
d v _ / 1~V Ly ,av gy / V0 Ly (-
dr 0 dr 0 dr

Proof. We only have to show the first equation since the second one follows immediately

from a variable substitution. We show

1
VoL e / V0 Ly eV 04y,
dr 0 dr

which is equivalent to the first equation. Clearly we have

d 1 d d
“V(r) = V(r) — | mav(n) 2 JaV(r) d
e ¢ /0 T (e ¢ ) a.

Therefore we compute

d —aV(r) d aV(r)
dot (e i’

d d d
- _ —aV(T)V 2 aV(r) + —aV(r) 2> % aV(r)
‘ IR ¢ dadc’

d d d
- _ —aV(T)V = aV(r) + —aV(r) & % aV(r)
¢ () dr ¢ ¢ dr da ¢

- _ e—aV(T)V(T)ieaV(r) + e—aV(r)i (V(T)eaV(T))
dr dr

- _ e—aV(r)V(T)ieaV(r) + e—aV(r)iV(T)eaV(r) + e—aV(r)V(T)ieaV(r)
dr dr dr

:e—(ZV(T) iV(T)eaV(r)
dr

as desired. ]
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Lemma 5.7 Let V and W be complete vector fields on M. Then we have

1 1
[eV, W] = / eV, Wle® da = / eV [V, W]e= " daq.
0 0

Proof. The argument is the same as in the previous lemma. We show
1
eV [eV, W] = / e V[V, W]e*Vda.
0

This is done exactly as above by computing

[ [ ) = g (w e we)

:e—aVVWeOZV _ e—O{VWVe(ZV — e—(ZV[V’ W]eaV

whence the claim follows. [ ]

Lemma 5.8 Let V and W be two complete smooth vector fields on M. Then we have

/1 —aVWeana

C ( 1)n ! n—1 (0( - l)m —aV m aV
ady W + ady W da
= / @D ¥ (adpw) e

or everym € N, where adbW = W and ad®W = [V, ad” 'W].
f Yy 4 v v

Proof. We claim that the given formula is the Taylor expansion of the map
T
h:t— / e we* da
0

around 75 = 0 and evaluated at 7 = 1 with the remainder given in integral form. In order to

verify this we only have to show that the n-th derivative h™ of h is given by
h(n)(l') — (_1)n—1e—rV (adr‘z/—lw) A

for n > 1. For n = 1 this is obvious. Thus we assume that the claim holds for some n > 1.

Then we have

hD () = 5 h<">(f) = (-1 (e Vady we + e Vady WV

72



= (—1)”e_rvad$WeTV,
which finishes the proof. |

Let us now introduce the Baker-Campbell-Hausdorff formula. In fact, we will only need
its existence rather than its explicit formulation. To this end, let A and B be formal Lie series
in d variables. Then one can show that there exists another Lie series, which we denote by
BCH(A, B), such that the formal identity

AgB _ oBCH(AB)

e’e (5.5)

holds [Reu93, Cor. 3.4]. Since the space of formal Lie series carries a natural grading, we can
define BCHy (A, B) to be the truncation of BCH(A, B) such that only the terms of degree k or

less are left.

Let now V = (V4,...,Vy) be a collection of smooth vector fields. Define

LYV :={V, ..., V)
LEwy = {viuwl:ie{1,....dy,we £FY(v)} (5.6)
LOW) = L1V)U---U LKW,

In other words, span (L(k)(V)) is obtained by evaluating Lie polynomials of degree k or less
for the variables Vi, ..., V.

Furthermore, for a finite subset {vy, ..., v} of some vector space, we define
span_c({v1,...,vq}) == {agvg + - +agug : |og| < Cfori € {1,...,d}}.
Proposition 5.9 Let V = (Vi,...,Vy) be a collection of smooth vector fields and assume that

all elements of span (.E(k)(V)) are complete. Then, for C > 0 and Wy, W, € span_, (L(k)(V)),
we have

eW1 eWZ _ eBCHk(WhWZ)

1 pl
— / / ™ e(l_a)TWZRl(a, T)eaTWZ e—BCHk(TW1,TWz)eBCHk(Wl,Wz)dadT
o Jo

1 1
N / / ¢TWi gTWe o= GBCHL(TWA.TWIIR (1 p(@=DBCH(rWa.r W) BCHLOAW) oy
0 0
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such that the vector fields El(a, 7) and Ez(a, 7) are of the form
Rl =) plio) |RLE| (5.7)
=1

for some m € N, where
(i) thepl.i : [0,1]> — R are polynomials which are bounded from above by a constant which
depends only on C and k
(ii) and for fixedi € {1,2} andj € {1,...,m} thereexistl,l € {1,...,k} such thatl +1 > k
andR{ e L) andR{ € £i(V).

Wi oW, BCH (W1,

Proof. Instead of considering the term e W2) directly we compute the ex-

Wi oWz o ~BCH(Wi,W2) _

— €

pression e
eBCH(W;

idceo(p), from which the result follows by multiplying with
Y2) from the right. We obviously have

'd
eWieWo BCHLWWD) _ i\ = / = ( e™Wi W2 e—BCHk(Twl,TWQ)) dr.
0

Hence it remains to find a suitable expression for the derivative inside the integral. Therefore

we compute

—tWy —TW; d Wy W, —BCH(t Wy, W) )  BCH(z Wy, 7 W2)
e e d_ e e e e
T

1
e ™ee™: 4 W, _/ e—aBCHk(rwl,fWZ)iBCHk(Twl Twz)eaBCHk(fwl,rwz)da
dr ’
0

=W+ W,
1
+7 / e T Wy, Wole® e dar (5.8a)
0
1
B / e—aBCHk(rWl,TWQ)iBCHk(TVV'l TW,)e®BCH (Wit W2) 4 (5.8b)
dr ’ ’ '
0

where we have used Lemma 5.6 for the first equation and Lemma 5.7 for the second one. We

can split [W;, W, ] and d%BCHk(TWh tW,) into their homogeneous components by writing

(W, Wo] = Az + Az + -+ A + A

d
S BCHK(TWi, TWy) = By + By + -+ + By,
T

where A; and B; are of degree i (as Lie polynomials in the variables Vi, . . ., Vj) for all indices
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i €{1,...,k} and A is already of the desired form for the remainder, i.e. it can be written in
the form of (5.7). Thus we can write (5.8a) as
k 1 1 )
Z T/ e " A" Y da + T/ e A" da
0 0

i=2

and apply Lemma 5.8 to each term in the sum separately such that we expand the term
involving A; up to degree k — i. All remainders that we obtain this way are of the desired
form. An analogous procedure can be applied to (5.8b). It only remains to observe that all
non-remainder terms are Lie polynomials of degree k or less and thus (5.5) implies that they

get cancelled. ]

Lemma 5.10 Let V be Lipschitz continuous with respect to a metric g. Then we have

dg (¢y(y1), ¢Y(y2)) < e'lWVllotd (y;, ).

forallyy,y, € M.
Proof. See Theorem 1.2 of [KSSV06]. ]

Lemma 5.11 Let ¢ : M — M be a Lipschitz continuous diffeomorphism with Lipschitz
constant L with respect to the distance d, associated to some metric g. Fix z € M and let
fz == dy(z, ). Let furthermore W be an arbitrary vector field. Then we have

(W (fz 0 @)l < LIW|,.

Proof. We compute

v - w
W o0 01 = iy (o4} (y)Z) £ " 4 (o (4 :ly)) o))

.1 w
<Llim  ldy (41 (v).)| = LW,
See also Appendix B for more details on the differentiability of f;. ]

Proposition 5.12 Let V = (Vi,...,V;) be a collection of smooth vector fields such that the
collection LX(V) is Lipschitz continuous with respect to a complete metric g. Then there exists
C > 0, which depends only on k and d, such that for all A € (0,1) and for all vector fields
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Wi, W, € spansl(ﬁ(k)(AV)) we have

(k) .
dg( Y\’z( yvl(yo)), 113CHk(Wl,W2)(yO)) < CAF LOW |y e UL Vg

uniformly over all yo € M. Here we have used the notation AV := (AVy, ..., AV,).

Proof. Define z := }’VZ (g{)?fl(yo)) and consider the function f; := dy(z, ) as before. Then we

have
dg( }/v2 ( ?Vl(yo)), 113CHk(W1,W2)(yO)) _ f( 1130Hk(W1,W2)(y0)) —f( 11/112 (¢‘1/‘/1(yo))) '

Thus the claim follows directly from Proposition 5.9, where the remainders can be estimated
with Lemmas 5.3, 5.10 and 5.11.

5.2. Global solutions of rough differential equations

Definition 5.13 Let x be a geometric p-rough path over R? controlled by w. Furthermore, let
V = (V1,...,Vy) be a collection of smooth vector fields on M. We say that y : [0,T] - M

solves the rough differential equation
dy: = V(y)dx, (RDEm)

if for each compactly supported smooth test function f : M — R there exists a function
0¢ : R — R with 0¢(h)/h — 0 for h — 0 such that

|f (o) = Vi, f(Wo)| < Op(e(s, 1) (5.9)
holds forall0 <s <t < T.

The following local existence and uniqueness result is obtained by a standard argument,
which can be found e.g. in [IW89] in the context of stochastic differential equations. A crucial

role in the proof is played by Theorem 4.31 and Corollary 4.34.
Proposition 5.14 For each initial value y, € M
e there either exists a continuous map y : [0, T] — M which solves (RDEm)

e or there exists T € (0, T] and a continuous map y : [0,7) — M such that
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(i) the restriction of y to [0, t] solves (RDEm) for allt € (0,7) and

(ii) the image of [0, T) under y is not relatively compact.
In either case the solution y is unique.

Proof. Fix alocally finite coordinate covering (U;, ¥;);er of M and assume that all coordinate
neighbourhoods are relatively compact and that the closure of any coordinate neighbour-
hood U; is contained in another coordinate neighbourhood 17,

Now fix i € 7 such that y, € U; and represent the vector fields V in the local coordinates
of U; and denote these representations by V. Since U; € M and consequently 1;(U;) € R" are
relatively compact, we can extend the vector fields V to smooth and bounded vector fields
on R". Now consider the RDE

dge = V(@)dxe,  Go = i(yo) € Yi(U) (5.10)

on R". It follows from Proposition 3.16 that it has a unique global solution g on [0, T].

Define 7} := inf{t : §; ¢ ¢i(U;)} A T. If U; is another neighbourhood of yy, we obtain a
solution g in ¥;(U;). However, it follows from Corollary 4.34 that both solutions coincide on
M up to time 7} A f{ . Hence the solution is independent of the chosen coordinates.

Now define 7; := max{rli ci€1,yp € U}. If 1 = T, then there exists a neighbourhood of
Yo which contains the whole solution. (Recall that we have assumed that the closure of every
U; is contained in another coordinate neighbourhood.) Otherwise we proceed iteratively and
consider the solution which starts at y,, at time 7;. This gives us a time 7, and so forth. Now
there are two cases. Either there exists k € N with 7, = T, in which case the solution exists
globally, i.e. on the whole interval [0, T]. Or we have 7, < T for all k € N, in which case the
solution exists up to every time t < 7 := limy_,o 7x but not on the compact interval [0, 7].
In this case {y; : 0 < t < 7} cannot be relatively compact because it has, by construction, a
locally finite cover consisting of infinitely many open sets.

To finish the proof, let us verify that y satisfies Definition 5.13 and that it is the only
continuous path to do so. Fix a compact interval [0, ¢] on which the solution exists. By
the above construction this interval splits into subintervals [0,¢] = [0,71] U - -+ U [rg_1, t],
such that there exist coordinate neighbourhoods Uy, . .., Uy with y; € U; for s € [7;-1, 7;]. It
follows from Theorem 4.31 that (5.9) holds for each of the subintervals and hence it holds
for the whole interval [0, t]. Conversely, Theorem 4.31 also implies that any continuous path
y : [1i-1, ;] = M which satisfies (5.9) solves (5.10) in the respective coordinate chart. Hence

the uniqueness property of Proposition 3.16 carries over to equations manifolds. ]
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If (RDEm) has a global solution, i.e. if the solution exists on the whole interval [0, T| for
every initial value y,, then we can associate a well-defined flow ®*V to (RDEm) and we obtain

the following approximation.

Lemma 5.15 Let x be a geometric p-rough path over R? which is controlled by a control w and
let V.= (V,...,Vy) be a collection of smooth vector fields on M. Then for each compactly
supported smooth test function f : M — R there exists 9f : R — R with 9f(h)/h — 0 for
h — 0 such that

i

holds forall0 < s <t <T.

< G_f(a)(s, 1))

Proof. Using the triangle inequality we obtain

v Viog(xs, 1) v Viog(xs, ¢)
[Fowr—rosir| s |foarl—vs| + et - £o0

It follows directly from Definition 5.13 that the first term satisfies the desired bound. To

obtain a bound for the second term, fix y € M and consider the Taylor expansion of the map

o (9 W)

around 7 = 0, which gives

(e ):g,} S0+ [ ToU g (g )

Furthermore we have

[p]
2 %Vl’ég@s,t)f (y) = V., () + o(w(s, 1)).
k=0

Now the claim follows since f is compactly supported and hence the bounds on the remain-

ders are uniform in y. ]

5.2.1. Main result on global existence

Theorem 5.16 Let V. = (Vy,...,Vy) be a collection of smooth vector fields on M such that
LE(V) (as defined in (5.6)) is Lipschitz continuous with respect to a complete metric. Then
(RDEm) has a global solution for every geometric p-rough path x with [p]| < k and every initial
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value yo € M.

Remark 5.17 The recent work [BC18] also gives a criterion for the global existence of solu-
tions for rough differential equations in terms of iterated Lie brackets. They only consider
equations driven along vector fields in R" and they formulate their condition with respect
to the Euclidean norm. Thus they cannot assume boundedness of the vector fields and their
Lie brackets as this would exclude e.g. linear vector fields. Therefore they have to introduce
a notion of a@-growth and both their conditions and their arguments in the proof become
rather technical. This illustrates how useful it is to work with arbitrary Riemannian metrics

since Proposition 5.2 always allows us to assume boundedness.

The following paragraphs follow [Bail5] in that we combine their arguments with our
approximation error estimates in terms of the Lie brackets from above.

For a given control function v we define a sequence of partitions on a given interval [s, t]
as follows. Define 7y := {s,t}. In order to proceed inductively we assume that we have

already defined

mtn = {70, T15 -+ -, Tanq, Ton } (5.11)

for some n € N and then we define

TTn+1 = {To,%l,Tl,...,%zn,Tzn} (5.12)

such that 7; € (1;_1, 7;) and (-1, T;) = (73, ;) for all i € {1,...,2"}.

Remark 5.18 If the map [s,T] — R : t — «(s, t) is strictly increasing for every s € [0, T],
then the values 7; in the above construction are unique. We can always assume that this is

the case by replacing w with & as appropriate, where @(s, t) := (s, t) + |t — s].

Let us now fix T > 0, a collection of vector fields V = (Vi, ..., V;) and a geometric rough
path x controlled by w. For 0 < s < t < T and a partition p = {s = 7,...,7 = t} of [s, t]
define v v

qof(i/;p - ¢1log(xTr,1,rr) oo ¢110g(x10,1'1)’ (5'13)

Proposition 5.19 Let x be a geometric p-rough path controlled by « for some p > 1. Let
V = (Vi,...,Vy) beacollection of smooth vector fields such that LI (V) is Lipschitz continuous
with respect to a complete metric g. Then there exists a constant C > 0 which depends neither

on n nor on y such that
dy (035 w)y) < ©

holds.
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Proof. First of all, it follows from Corollary 2.41 that the maps (p’T"X’g " are well-defined. We
follow the proof of [Bail5, Lem. 2.3] and proceed inductively over n. First of all, note that the

multiplicative property of x implies that

Viog(xs.) = BCH[p] (Viog(x,.0)» Viog(xe.)) -

Therefore Proposition 5.12 guarantees that we can choose C; > 0 and § > 0 such that for all
s,t € [0,T] with |t — s| < § we have

d (42?3;”1 ®), <pi‘£;”°(y)) < Cro(s,t)’,

where we define 6 := ([p] + 1)/p > 1 in order to simplify the notation. Furthermore, define

20
Cz =

-1 1C1 > 0.

By decreasing §, Lemma 5.10 allows us to assume that for all s, t € [0, T] with |t —s| < § and

for all y1,y, € M we have

dy (20, 0 ) < 2y (1. w2)

We will now prove that we have

dy (rpﬁig””(y), @Z"Z’f‘)(y)) < Ca(s, u)’ (5.14)

forally € M, alln € N and all s,u € [0, T] with |u —s| < §. The claim holds trivially for

n = 0. Hence assume that it holds for some n € N. By construction of the partitions 7, there

X,V ., Tt X,V 7, X,V , 7T,

exists t € (s,u) with ¢, = ¢,/ o ¢;. " and such that w(s,t) = w(t,u) < w(s,u)/2.
Hence we have
dy (527 @), 2 W)
<d, (07 (0 @) ol (0127 )
+dy (o507 (@) o (0 w))
+dy (03I (07 w) el )
<Coo(t.u)’ + 274, (¢} ). 0 ) + Croo(s. )

tes

<Cyo(t,u)? + 297 Coa(s, 1)? + Croo(s, u)?
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<C(s,u)’ | =

=Cyw(s, u)g,
which finishes the induction. It follows that we have

d, (wii_vs”“(y), y) <d, (q)ii_vs””(y) wths’“(y)) +d, (fpiLVs”‘)(y) y)

< Coo(s, 1)? + Cya(s, 1)P

for some constant C3 > 0 as long as |t — s| < §. Because of the way we have constructed the
partitions 7,, for sufficiently large n € Nwe canfindn < nand 0 =7y < --- < 7, = T such
that

x,V, 1, x,V, 5 x,V, 15
(pT<_0 (pr,n(—rm ;00

and

sup | — 11| < 6.

Hence we obtain

V. 7n
dy (o525 ). y)
m
V, A V 7 ,V, n v, n
Dy (507, 00 R L) 0T 00 g LT )
i=1

IA

m
Z [CZC‘)(TZ 15 Tz) + CB(‘)(Tl 1, Tl) Up < 00,

i=1

which finishes the proof since the last line depends neither on n nor on y. ]

Corollary 5.20 IfV = (V4, ..., Vy) is Lipschitz continuous with respect to a complete metric g,
then for each y € M there exists a compact set K(y) which contains q)fi(’)”" (y) foralln € N and
allt € [0,T].

Proof. It follows from Proposition 5.19 that we can choose K(y) to be a closed disc around
y with respect to d; and with sufficiently large radius. Since g is complete, this is indeed a

compact set. [ ]

Proof of Theorem 5.16. Fix yo € M and let W = (W, ..., W;) be a collection of compactly
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supported smooth vector fields on M which satisfy

Wilk(y,) = Vilk(yo)

foralli € {1,...,d} and for K(y) as in Corollary 5.20. Since the elements of W are smooth
and compactly supported it follows that

dyt = W(yt)dxt

has a global solution for every geometric rough path x and hence we can consider the corres-
ponding solution flow ®*" on M. We have to prove that o 0(yo) € K(yo) forall t € [0, T]
and we will do this by showing that (pt(_op (yo) converges to (I)t(_o(yo) as |p| — 0. The claim
will then follow by considering the sequence of partitions 7, from above.

Fix t € [0, T] and let p be a partition of [0, t] which is given by
p={0=1<--- <7 =t}

Define p; to be the partition on [0, 7;] which is given by {7y < --- < 7;}. Finally, since K(yo)
is compact, it can be covered by finitely many coordinate neighbourhoods and thus we can
assume without loss of generality that it is contained in a single coordinate neighbourhood,

i.e. we can assume that M = R¥. Thus we have

Do) = a1 o)

Wio X7;_1,7;) i—
Z (Q;{lvfl (é’)l—(zyfz 1 ((pfz 1€ i 1(y0))) Q;((Z.I (¢1 - l ((pTl n ‘ I(y ))))‘

i— VV]O (Xri, ‘rl W i
<LZ(( T,Hll(qor,lp "(yo )) ¢, (Zlﬁol(y )))‘

Bidgn ((Ti=1, 1))

(i1, Ti)

<L Z Oidgn (0(Ti1, 1)) = L Z o(Ti-1, 7;)
i=1 i=1

O:gon (0(Ti1, Ti
SLQ)(O, T) Sup dR ( (l 1 l))
ie{1,...,r} o(Ti-1, 7;)

The first inequality holds because W is compactly supported and hence ®};"  is Lipschitz

t(—r

continuous with some Lipschitz constant L. The second inequality follows from Lemma 5.15,
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which also implies that )
Oidgn (0(7i-1, 7i))
sup —0
i€{1,...,r} o(Ti-1, 7;)

as |p| — 0. (Note that Lemma 5.15 can be applied with f = idg» even though idg~ is not
compactly supported, because W itself is compactly supported.) In particular we have

q’fﬁ)(yo) = nh_)n(}o @i’_v%”" (yo) = nh_>r§<> (p?i/(’)”"(yo) € K(yo)

and therefore @f(’lfo (o) is well-defined and we have ®*¥ = ®W which finishes the proof. m

5.2.2. Equations with drift term

For a collection of smooth vector fields V = (V,.. ., V;) and another smooth vector field V,
consider the equation
dy: = Vo(yr)dt + V(yr)dx; (RDEA)

In principle, there is no need to pay special attention to the drift term. The reason is that
for any given rough path x over R? we can consider its underlying R%-valued path x and
construct a rough path lift % over R¥*! of the path t +> (¢, x;), such that the canonical pro-
jections of X to T(RY) coincide with x. The lift % exists and is uniquely determined by x since
the missing terms are obtained by integrating x repeatedly (with respect to the path t — t).
Thus if we define V := (Vy, Vi, ..., Vy), then (RDEd) is a rough differential equation driven
by % along V in the usual sense.

However, if we discuss the drift vector field separately, we can impose considerably weaker

assumptions on it than if we consider it as one of the diffusion vector fields.

Lemma 5.21 Let x be a geometric p-rough path over R? controlled by w and letV = (Vi, ..., Vy)
be a collection of smooth vector fields on M. Let Vi, be another smooth vector field on M. Then
y : [0,T] — M solves (RDEA) if and only if for each compactly supported smooth test function
f+ M — R there exists a function 67 : R — R with 0¢(h)/h — 0 for h — 0 such that

|f (W) = (¢ = Vo f(ys) = Vi, f(us)] < Op(eo(s, 1))
holds forall0 <s <t <T.

Proof. Assume that y solves (RDEd) and define V := (Vo, Vi, ..., Vs). Then we have

|f(yt) —(t=s)Vof(ys) - sz,tf(ys)|
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<|F@e) = Va, S| + |V, f(ys) = (£ = Vo (ys) = Vi, f (ys)]

and the first term satisfies the desired bound because of Definition 5.13 and the second term
does so as well because it only consists of cross-terms between x and the smooth path since
all other terms get cancelled.

On the other hand we have

|f (ye) = Vi, f(ys)|
<|f(y) = (t = s)Vof(ys) = Va,, W] + |t = Vo (ys) + Vi, , Fys) — Vi, f(ys)] -

and thus the converse direction follow from the same argument. ]

Corollary 5.22 (cf. Lemma 5.15) Let x be a geometric p-rough path over R? which is controlled
by a control w and let V = (Vi,...,Vy) be a collection of smooth vector fields on M. Let Vj
be another smooth vector field on M. Then for each compactly supported smooth test function
f : M — R there exists 9f : R — R with Q_f(h)/h — 0 for h — 0 such that

(t_s)VO"'Vlog(xs, +)

”foq)ii/s _fo gbl

< Q_f(a)(s, 1))
holds forall0 < s <t <T.

Proof. Using the triangle inequality we obtain

&V t—s)Vo+ W
Hf ) (I);(:l/s f o éi ) 0 log(xs,t)
(t_s)V0+‘/10g(xs,[)

<[l ot - - swvof Vi |+ - 9Vor + 4 £ - Fo g,

[ee]

‘OO

It follows directly from Lemma 5.21 that the first term satisfies the desired bound. For the

second term, consider the Taylor expansion of the map

(t—s)Vo+ V4
T ¢T 0 Og(xs,t)

around 7 = 0 as in the proof of Lemma 5.15. ]

Theorem 5.23 Let V be a smooth vector field on M and letV = (Vi,...,Vy) be a collection
of smooth vector fields on M such that L& (V) U {V,} is Lipschitz continuous with respect to a
complete metric g. Then the rough differential equation (RDEd) has a global solution for every
geometric p-rough path x with [p] < k and every initial value y, € M.
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Proof. With the appropriate amendments we can use the same arguments that have lead to
Theorem 5.16. We sketch the necessary changes.

First we have to modify our Trotter-type approximations (5.13) so that they involve the
drift vector field in the correct way. Thus define

xV.p _ (Tr_fr—l)VO‘*'Vlog(xfr_l,Tr) (TI_TO)VO'*'Vlog(xTO,TI)
Prs = ¢ R .

for a partition p = {s = 1y,...,7 = t} of [s,t]. Furthermore let (,),en be the sequence
of partitions given by (5.11) and (5.12). We have to show that d, ((pizg "(y), y) is bounded
uniformly in n € N and y € M. Therefore we modify Proposition 5.9 in the following
way. Assume that A and B are Lie series in the variables V, Vi, ..., V;. Then we denote by
BCH, (A, B) the Lie polynomial which is obtained by truncating all terms of degree k + 1 or
higher as well as all terms which involve V; and are of degree 2 or higher. Thus we can for-
mulate and prove a version of Proposition 5.9 where BCHy, is replaced by BCH; x and which
leads to additional remainder terms involving V;. This allows us to adapt Proposition 5.12 ac-
cordingly and thus we obtain the boundedness of d,, ((p’T(Xg "(y), y) just as in Proposition 5.19.
Finally we conclude as in the proof of Theorem 5.16, albeit by referring to Corollary 5.22 in-

stead of Lemma 5.15. ]

5.2.3. Examples

Example 5.24 (Additive noise) Consider the vector field
0 -1
V:R2—>R2:y|—>|y|9(1 O)y

for 6 > 0. Then the equation

has a global solution y for every initial value y, € R? and for every (rough) path x if and only
if we have 0 < 1.

Remark 5.25 This type of example is also captured by [RS17, Thm. 4.3]. However, their

result only shows that global solutions exist for 6 = 0 and hence our claim is more general.

Proof of Example 5.24. In [CHJ13] the authors construct an x which causes explosion in finite

time under the assumption that 6 = 2. We present their construction in a generalised form.
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Assume 6 > 1, fix § € (1, 0) and consider the solution z of the ordinary differential equa-

1 0 -1
2y — ——————— Zt] .
' 1+ |Z;}|(S 1 0 '

tion

Zt:V

In polar coordinates this reads as

r1+9 2 9/2

. t 1

rt—m(1+(l+rt) ) (516)
(1 +r; )

o 512\

¢r="—"% 1+(1+r , (5.17)
(1 +r; )

where the right-hand side of (5.16) grows asymptotically like ¥, i.e. the solution r, ex-

plodes in finite time for every initial value different from 0. For a fixed initial value z,, denote

the explosion time by 7 and define the continuous path

0 -1

_1+|Zt|6 Zt, t e [0’ T)

x:R>R*: it 1 0

0, t € [r, ).

Then y := z + x solves (5.15) with initial value yy = z¢ + x¢ and explodes at the finite time
7. The equation for y, can be solved for z; and thus we can obtain an example for every
non-zero initial value y,. Figure 5.1 shows the solution y and the driver x for an exemplary
choice of parameters.

Let us show that x is Holder continuous and can thus be lifted to a rough path (even though
the actual choice of the lift is irrelevant because we are dealing with additive noise). From
(5.16) it follows that the radial component r of z behaves asymptotically like (t—T)_GTlé around
7. Hence (5.17) implies that the tangential component ¢ behaves like (¢ — T)_% around 7.
Instead of analysing the Holder continuity of x directly we can simplify the problem and

consider the map

3 ) s-1 [ €OS (t_%)
x:[0,1] > R : t > t6=5 5
sin (t‘ﬁ)

instead. Let s,t € [0, 1]. Without loss of generality we can assume that there exists n € N

such that
_0-6 __0-¢8
s=2xn+35)" 5 and t=Q2an+t) 3
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Figure 5.1.: The solution y for ¢t € [0,0.3] (left) and the driver x for t € [0, 0.5] (right) with
0 = 2,6 = 1.5 and initial value yy = (10, 10). The singularity occurs at 7 ~ 0.534.
The highlighted points correspond to t = 0.

for 5,t € [0,2x]. Then the mean value theorem implies that there exists C; > 0 which does
not depend on s or ¢t such that we have

_6-1 o-1 _ 6-1
5 -3 < 27Cin” T |F-37. (5.18)

|3~Ct - JZ'sl <Cin
On the other hand, again using the mean value theorem, we find that there exists C; > 0

such that we have

6-5 — 6=
2rn+38) s —(2nn+t) s .
[t —s| > ) > Con" 5|5 -t
2r(n+1)) 3

or equivalently
o1 5

5— = _
t—sTIZC"n_TE—t
2

-1
0

(5.19)

Thus combining (5.18) and (5.19) we find that x (and therefore x) is Holder continuous with
exponent % € (0,1). In particular, by choosing 6 and § to be large, we obtain examples
which are arbitrarily close to having bounded variation.

Let us now discuss the case where § < 1. In polar coordinates the vector field V is given
by V(r, ¢) = (0,r%) and the standard Euclidean metric of R? is given by dr + r?dg. Choose a
smooth function p : R5g — Ry such that p(¢) = t when t is close to 0 and p(t) = 1 for t > 1.
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Then define the metric
g(r, @) := dr + p(r*)de,

which is easily seen to be complete. The covariant derivative of V' (in polar coordinates) with

VV(r,¢) = ( Qr(;_l 0)

respect to g is given by

0

for r > 1, which is certainly bounded. If r is close to zero, then g is equal to the standard Eu-
clidean metric and therefore one can directly compute the covariant derivative in Cartesian
coordinates to verify that it is bounded. Furthermore, the canonical coordinate vector fields

in R? transform into

R
and (r, ) — (sin(q)), cosr(rp)) ,

when we write them in polar coordinates. Thus their covariant derivatives with respect to
g are certainly bounded. Hence we have shown that the collection consisting of V and the
coordinate vector fields of R? is Lipschitz continuous with respect go §. Therefore it follows
from Theorem 5.23 that (5.15) has a global solution for every driving rough path and every

initial value if 8 < 1. ]

Remark 5.26 This example also shows that the Lipschitz assumption with respect to g in
Theorems 5.16 and 5.23 cannot be replaced by a mere boundedness assumption since V can be
bounded with respect to a complete metric by rescaling the canonical metric in the tangential
direction, no matter how large 9 is.

One can even consider an isometric embedding of R? (equipped with a metric which
bounds V) into R¥ for some k € N. This way one obtains examples of RDEs driven along
bounded vector fields by paths which are almost of bounded variation whose solution ex-

plodes in finite time.

Example 5.27 (Commuting vector fields) Let V = (V1, ..., V) be a collection of complete
vector fields on some manifold M such that all pairwise Lie brackets [V}, V;] vanish for
i,j € {1,...,d}. Then it follows from Proposition 5.4 and Theorem 5.16 that a rough dif-
ferential equation along the vector fields V;* on M* = M x R? has a global solution for
every driving rough path and every initial value. Thus we can consider the canonical projec-
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tion from M* onto M to obtain the solution of the equation driven along the original vector
fields V.

One can of course construct a solution for commuting vector fields much easier by simply
concatenating the flows along the involved vector fields, see e.g. [LQ02]. However, our
point is that commuting vector fields are also captured by Theorem 5.16, thus underlining

its universality.

Example 5.28 (Linear vector fields) Let V = (V4, ..., V;) be a collection of linear vector fields
on R™. Then the iterated Lie brackets of any order of V are also linear. Thus for all k € N
all elements of £*)(V) are Lipschitz continuous with respect to the canonical Euclidean
metric on R" (recall however that for our argument we have to use the rescaled metric from
Proposition 5.2 so that the vector fields become bounded). Hence we can apply Theorem 5.16
and we find that rough differential equations along linear vector fields always have global

solutions for every driving path and every initial value.

Example 5.29 Let V = (V3, V,) be as in Example 2.44 and let x be the pure area rough path
as in Example 3.7. Then the RDE
dyt = V(yt)dxt

is equivalent to the ODE
e = [V1, Val(ye) = €%,

which is does not have a global solution for any initial value y,. Therefore the conditions
which Theorem 5.16 imposes on the Lie brackets are necessary, even in this case where we

have exactly p = 2.

Example 5.30 In [LS11] the authors construct a bounded vector field V : R — R? such that
the solution of
dyt = V(yt)dxt

explodes in finite time (at least for certain initial values) if x is the Ito lift of some carefully
chosen one-dimensional Brownian sample path. The set of sample paths with this property
has positive measure. This illustrates that the situation for general branched rough paths is
more difficult than in the geometric case. In contrast, [LS11] also contains a Stratonovich
example, however one needs two vector fields in this case and accordingly the noise is two-

dimensional.
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6. Discussion and open problems

There are two important benchmarks that should be considered in order to gauge Theor-
ems 5.16 and 5.23. On the one hand, there is the limit case p = 1 where the RDE becomes an
ODE, on the other hand there is the case where the driving path is a Brownian sample path.

In the case p = 1 our result requires all vector fields to be (jointly) Lipschitz continuous
with respect to some complete metric g. However, it is clear that boundedness is actually
sufficient in this case. Comparing this with Remark 5.26 indicates that there is a qualitative
difference between p > 1 and p = 1. A closer look at Example 5.29 reveals that a similar
phenomenon happens at other integral values of p.

For stochastic differential equations there are two different notions of global solvability,
namely weak and strong completeness. An SDE is said to be weakly complete if for all fixed
initial vales there exists a global solution almost surely, albeit the set of measure 1 on which
this happens may depend on the initial value. In contrast, an SDE is called strongly complete
if the set of sample paths for which a global solution exists can be chosen independently of
the initial value. Because of the pathwise nature of RDEs, it does not make sense to com-
pare our results with criteria that guarantee weak completeness. Hence we focus on strong
completeness. Arguably the most general condition for strong completeness has been given
in [Li94], see also [Kun90]. Most importantly, it is sufficient to impose first order condi-
tions, i.e. to control vector fields and their derivatives. In contrast, Thereom 5.16 requires a
second order condition, namely controlling the Lipschitz constant of the Lie brackets, since
for Brownian rough paths we have p > 2. This hints towards possible future improvements
of Theorem 5.16. We will come back to this thought below.

Example 5.24 nicely illustrates how the existence of global solutions for rough differential
equations is governed by the interaction of the vector fields rather than their individual
behaviour. Indeed, even if we have 6 > 1 the drift vector field by itself is “harmless” and its
integral curves are circles around the origin. On the other hand, we have seen that a carefully
chosen additive (rough) path leads to explosion in finite time. By increasing 6 we can even
construct such a path with Holder exponent arbitrarily close to 1. Therefore, even if p is very

close to 1, the Lipschitz assumption in Theorems 5.16 and 5.23 cannot be relaxed in general.
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However, some important remarks about the driving path x in Example 5.24 are in or-
der. It differs from many paths that show up in stochastic applications in several (related)
aspects. For instance it is not truly rough in the sense of [FS13] or 8-Holder rough in the
sense of [HP13]. In fact, the path has bounded variation on all closed intervals which do
not contain the explosion time 7. Thus the Lévy area away from 7 is given by a standard
Riemann-Stieltjes integral. A direct computation shows that this Lévy area is unbounded
as one approaches 7. This implies in particular that the path does not have a natural lift to
a rough path in the sense that it cannot be obtained through piecewise linear or mollifier
approximations as in [FV10, Thm. 15.33]. Note that similar comments apply to the pure-area
rough path used in Example 5.29.

In light of the previous paragraphs an interesting problem is to find classes of rough paths
for which Theorem 5.16 can be relaxed. For instance, is it possible to relax the assumptions on
the vector fields in Theorem 5.16 if we require that the driving path be truly rough? Furthermore,
in a stochastic context it may be fruitful to use more subtle properties of the sample paths in
the spirit of [CLL13]. Also, the methods of [FV10, Sect. 10.5] could help to obtain a refined
result. These approaches might lead to a better understanding of strong completeness of
stochastic differential equations from a rough path perspective.

Another starting point for future research might be [RS17] which establishes the existence
of global forward-solutions under a one-sided growth condition on the drift vector field.
After introducing a sensible notion of “one-sided growth” on manifolds, it should be possible
to generalise their results and embed them into our framework from Chapter 5.

Another open problem is the formulation of explicit global estimates for the solutions. In
most applications the underlying manifold is actually given by R" and one is interested in
estimating the Euclidean norm of the solution. However, the generality of our approach leads
to a difficulty here because Theorem 5.16 captures vector fields which lead to arbitrarily fast
growing solutions (with respect to the Euclidean norm). Indeed, consider the ODEs y; = y;,
U = yrlog(1+y?), 9r = y: log(1+y?) log(log(1+y?)), etc. They are all covered by Theorem 5.16
but their solutions grow asymptotically like exp(t), exp(exp(t)), exp(exp(exp(t))), etc. Hence
there is no universal bound on the growth.

Let us finally see how our results might lead to a better understanding of the existence
of smooth densities for equations driven by stochastic (usually Gaussian) rough paths in the
spirit of (Malliavin’s interpretation of) Hormander’s theorem. The main reference in this
direction is [CHLT15]. Their central result [CHLT15, Thm. 3.5] assumes that the involved
vector fields are bounded and have bounded derivatives of all order. This raises two ques-

tions, namely whether such a strong assumption is necessary and how it can be reformulated
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in order to obtain an analogous result on manifolds.

These questions are interesting even in the classical setting of stochastic differential equa-
tions driven by Brownian motion. In [Tan83] Malliavin’s work is generalised to manifold-
valued differential equations. The standing assumption is that the manifold can be embedded
into R¥ such that all derivatives of the embedded vector fields are bounded. This “brute force”
condition is difficult to verify and it does not reveal the underlying geometric structure. For
instance, it does not clarify the role of the global behaviour of the Lie brackets. In [Dri04]
the author assumes that all manifolds under consideration are compact while suggesting the
condition from [Tan83] as an alternative.

We conclude that a detailed analysis of the global requirements on the vector fields for the
existence of densities (be it for SDEs or RDEs) is lacking so far and our results from Chapter 5

might help to resolve this problem.
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A. Graded bialgebras are Hopf algebras

As we have seen in Definition 2.2 a Hopf algebra is a bialgebra with an additional map, the
antipode. In light of Remark 2.3 we will give a general construction for an antipode that

applies to all bialgebras that play a role in the present work.

Definition A.1 A bialgebra (H, x, A) is called graded if the underlying vector space is graded

and the grading
H= @ H*
k=0
satisfies

k
H =R, H «H*c H* and A (Hk) - P H e
i=0
for all j,k € N.

If H is a graded bialgebra then the concatenation of the counit and the unitpoe: H - H
is the orthogonal projection 7° onto H°. Thus we can write the defining property of the
antipode as S (h(l)) * h(z) = h(l) * S (h(z)) = mo(h).

Lemma A.2 Let (H, %, A) be a graded bialgebra. Then there exists a unique antipode S such
that (H, %, A, S) is a Hopf algebra.

Proof. We use the idea of [FGB01]. For two linear maps f,g : H — H we define the convo-
lution f * g : H — H which is given by

(f *9)(h) = f (h@w) * g (hez) -

It follows from the (co)associativity of x and A that = is associative. Furthermore 7y, : H — H
is the identity element for * and thus the convolution turns the space of endomorphisms on
H into a unital algebra. The antipode S is the unique inverse id;; ' of the identity map if it

exists.
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It remains to show that idj; ' exists. To this end, expand id}; ' into the formal geometric

series

idj ! = (m = (m — idp))™" = ) (o — idp)™
k=0

The key observation is that (7 —idy) (H°) = {0} and hence for a fixed homogeneous element
h € H" with n € N we have

(id7 ") (h) = > (0 — idia)**
k=0

because the remaining terms vanish. Thus we have shown that S := id}; ' is well-defined for

homogeneous elements and therefore for all elements by linearity. ]

94



B. Differentiability of the Riemannian

distance

Let M be a smooth manifold with a complete Riemannian metric g. For two points y,z € M
with y # z denote by [ := dy(y, z) their distance and by y(z,y) the set of all unit-speed
length-minimising curves c : [0,[] — M with ¢(0) = z and ¢(I) = y.

Proposition B.1 Let M be a smooth manifold and let g be a Riemannian metric on M. For
fixed z € M the map
fi M >Ry dyy,z)

has one-sided directional derivatives at all pointsy € M. Furthermore, forv € T, M we have
vfz = |vlg
and fory € M withl := dy(y,z) # 0 and v € TyM we have
vf, = min{{v, (I))4 : ¢ € y(z,y)}.
In particular, for allv € T M the estimate
[ofel < ol

holds.

Proof. We give a more detailed version of the sketched proof in [Iva10]. Let us first discuss

differentiability at y = z. For a tangent vector v € T, M we have

lim — = [ov],.

fz(exp,(tv)) — fo(z) y dg(z,exp,(tv)) tlo]
=lim-—-=
t tl0 t tjo ¢

=1
vf; tllr(r)l

Now assume y # z and set | := dy(y, z). Let furthermore v € TyM. For ¢ € y(z,y) and
¢ > 0 define a smooth variation ¢” : [0, ¢) X [0,]] — M which satisfies c“(s,[) = expy(sv)
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and c“(s,0) = z for all s € [0, ¢). From [CE75, Chap. 1.1] we get for the length L(c“(s, -)) that

0 .
(s Wheor = (@ 6D),. (B.1)
Since y(z, y) is compact we can choose ¢ € y(z,y) such that
(0, &)y = min{(o, 61y : ¢ € y(z,y)}.

Thus (B.1) implies that L(c“(s, -)) decreases as fast as possible (or increases as slowly as pos-
sible) in s for small s for some variation of ¢. Hence, for sufficiently small s, the variation ¢°
can be chosen such that ¢(s, -) minimises the length between z and exp, (sv), in other words

such that L(¢“(s, -)) = dy(z, expy(sv)) = fz(expy(sv)). In that case we have

vf; = %fz(expy(sv))k:OJr = %L(ev(s, Nls=0+ = (v, &(1))g,

which finishes the proof. ]

96



References

[ABT15]

[AFLMR07]

[Bai14]

[Bai15]

[Bai18]

[BC18]

[BC17]

[BGLY16]

[Bou07]

[BL15]

[CDL15]

J. Angst, 1. Bailleul, and C. Tardif, Kinetic Brownian motion on Riemannian
manifolds, Electron. J. Probab. 20 (2015).

D. Azagra, J. Ferrera, F. Lopez-Mesas, and Y. Rangel, Smooth approximation of
Lipschitz functions on Riemannian manifolds, J. Math. Anal. Appl. 326 (2007),
no. 2, 1370-1378.

L. Bailleul, Rough integrators on Banach manifolds, arXiv:1403.3285 [math]
(2014).

, Flows driven by rough paths, Rev. Mat. Iberoam. 31 (2015), no. 3, 901-

934.

, On the definition of a solution to a rough differential equation,
arXiv:1803.06479 [math] (2018).

L. Bailleul and R. Catellier, Non-explosion criteria for rough differential equa-
tions driven by unbounded vector fields, arXiv:1802.04605 [math] (2018).

H. Boedihardjo and I. Chevyrev, An isomorphism between branched and geo-
metric rough paths, arXiv:1712.01965 [math] (2017).

H. Boedihardjo, X. Geng, T. J. Lyons, and D. Yang, The signature of a rough
path: Uniqueness, Adv. Math. 293 (2016), 720-737.

N. Bourbaki, Eléments de mathématique. Espaces vectoriels topologiques.

Chapitres 1 a 5, reprint of the 1981 original ed., Springer, Berlin, 2007.

Y. Boutaib and T. J. Lyons, A new definition of rough paths on manifolds,
arXiv:1510.07833 [math] (2015).

T. Cass, B. K. Driver, and C. Litterer, Constrained rough paths, P. Lond. Math.
Soc. 111 (2015), no. 6, 1471-1518.

97



[CHLT15]

[CLL11]

[CLL13]

[CW17]

[CE75]

[CL16]

[CHJ13]

[CEFMMK18]

[DNROO]

[Dav03]

[DT13]

[dC92]

T. Cass, M. Hairer, C. Litterer, and S. Tindel, Smoothness of the density for
solutions to Gaussian rough differential equations, Ann. Probab. 43 (2015), no. 1,
188-239.

T. Cass, C. Litterer, and T. J. Lyons, Rough Paths on Manifolds, New Trends
in Stochastic Analysis and Related Topics, vol. Volume 12, Interdisciplinary
Mathematical Sciences, no. Volume 12, WORLD SCIENTIFIC, 2011, pp. 33-88.

, Integrability and tail estimates for Gaussian rough differential equa-
tions, Ann. Probab. 41 (2013), no. 4, 3026—-3050.

T. Cass and M. P. Weidner, Tree algebras over topological vector spaces in rough
path theory, arXiv:1604.07352 [math] (2017).

J. Cheeger and D. G. Ebin, Comparison theorems in Riemannian geometry,
North-Holland mathematical library, no. v. 9, North-Holland Pub. Co. ; Amer-
ican Elsevier Pub. Co, Amsterdam : New York, 1975.

I. Chevyrev and T. J. Lyons, Characteristic functions of measures on geometric
rough paths, Ann. Probab. 44 (2016), no. 6, 4049-4082.

S. Cox, M. Hutzenthaler, and A. Jentzen, Local Lipschitz continuity in the initial
value and strong completeness for nonlinear stochastic differential equations,
arXiv:1309.5595 [math] (2013).

C. Curry, K. Ebrahimi-Fard, D. Manchon, and H. Z. Munthe-Kaas, Planarly
branched rough paths and rough differential equations on homogeneous spaces,
arXiv:1804.08515 [math] (2018).

S. Dascalescu, C. Nastasescu, and S. Raianu, Hopf Algebra: An Introduction,
CRC Press, 2000.

A. M. Davie, Differential Equations Driven by Rough Paths: An Approach via
Discrete Approximation, Appl. Math. Res. Exp. (2008).

S. Descombes and M. Thalhammer, The Lie-Trotter splitting for nonlinear evol-
utionary problems with critical parameters: A compact local error representation
and application to nonlinear Schrodinger equations in the semiclassical regime,
IMA J. Numer. Anal. 33 (2013), no. 2, 722-745.

M. do Carmo, Riemannian Geometry, Birkhauser, Boston, 1992.

98



[Drio4]

[DS17]

[FGBO1]

[Foi02a]

[Foi02b]

[FS13]

[FV06]

[FH14]

[FV10]

[Gli97]

[Gro55]

[Gub04]

[Gub10]

[Hai14]

B. K. Driver, Curved Wiener Space Analysis, Real and Stochastic Analysis,
Trends in Mathematics, Birkhduser Boston, 2004, pp. 43-198.

B. K. Driver and J. S. Semko, Controlled Rough Paths on Manifolds I, Rev. Mat.
Iberoam. 33 (2017), no. 3, 85-950.

H. Figueroa and J. M. Gracia-Bondia, On the antipode of Kreimer’s Hopf al-
gebra, Mod. Phys. Lett. A 16 (2001), no. 22, 1427-1434.

L. Foissy, Les algébres de Hopf des arbres enracinés décorés, I, B. Sci. Math. 126
(2002), no. 3, 193-239.

, Les algebres de Hopf des arbres enracinés décorés, II, B. Sci. Math. 126
(2002), no. 4, 249-288.

P. Friz and A. Shekhar, Doob-Meyer for rough paths, Bull Inst. Math. Acad. Sin.
(N.S.) 8 (2013), no. 1, 73-84.

P. Friz and N. Victoir, A note on the notion of geometric rough paths, Probab.
Theory Rel. 136 (2006), no. 3, 395-416.

P.K. Friz and M. Hairer, A course on rough paths, Universitext, Springer, Cham,
2014.

P. K. Friz and N. B. Victoir, Multidimensional stochastic processes as rough
paths, Cambridge Studies in Advanced Mathematics, vol. 120, Cambridge Uni-
versity Press, Cambridge, 2010.

Y. Gliklikh, Global Analysis in Mathematical Physics, Applied Mathematical
Sciences, vol. 122, Springer, New York, 1997.

A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem-
oirs of the American Mathematical Society, vol. 16, American Mathematical

Society, Providence, 1955.
M. Gubinelli, Controlling rough paths, J. Funct. Anal. 216 (2004), no. 1, 86—140.

, Ramification of rough paths, J. Diff. Equations 248 (2010), no. 4, 693-

721.

M. Hairer, A theory of regularity structures, Invent. Math. 198 (2014), no. 2,
269-504.

99



[HK15]

[HP13]

[HL10]

[Hof03]

[IW89]

[Iva10]

[KM97]

[Kun90]

[KSSV06]

[Lej12]

[Li94]

[LS11]

M. Hairer and D. Kelly, Geometric versus non-geometric rough paths, Ann. 1. H.
Poincaré-PR 51 (2015), no. 1, 207-251.

M. Hairer and N. S. Pillai, Regularity of laws and ergodicity of hypoelliptic SDEs
driven by rough paths, Ann. Probab. 41 (2013), no. 4, 2544-2598.

B. Hambly and T. J. Lyons, Uniqueness for the signature of a path of bounded
variation and the reduced path group, Ann. Math. 171 (2010), no. 1, 109-167.

M. E. Hoffman, Combinatorics of Rooted Trees and Hopf Algebras, T. Am. Math.
Soc. 355 (2003), no. 9, 3795-3811.

N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion pro-
cesses, North-Holland, 1989.

S. Ivanov, Smoothness of distance function in Riemannian Manifolds, Math-
Overflow, https://mathoverflow.net/q/21316 (2010).

A. Kriegl and P. W. Michor, The Convenient Setting of Global Analysis, Math-
ematical Surveys and Monographs, vol. 53, American Mathematical Society,
Providence, 1997.

H. Kunita, Stochastic flows and stochastic differential equations, Cambridge
Studies in Advanced Mathematics, vol. 24, Cambridge University Press, Cam-
bridge, 1990.

M. Kunzinger, H. Schichl, R. Steinbauer, and J. A. Vickers, Global Gronwall
estimates for integral curves on Riemannian Manifolds, Rev. Mat. Complut. 19
(2006), no. 1, 133-137.

A. Lejay, Global Solutions to Rough Differential Equations with Unbounded
Vector Fields, Séminaire de Probabilités XLIV, Lecture Notes in Mathematics,
Springer, Berlin, Heidelberg, 2012, pp. 215-246.

X.-M. Li, Strong p-completeness of stochastic differential equations and the exist-
ence of smooth flows on noncompact manifolds, Probab. Theory Rel. 100 (1994),
no. 4, 485-511.

X.-M. Li and M. Scheutzow, Lack of strong completeness for stochastic flows,
Ann. Probab. 39 (2011), no. 4, 1407-1421.

100



[Lyo98]

[Lyo14]

[LCL07]

[LQ02]

[MKWO08]

[Reu93]

[RS17]

[RR80]

[Ste70]

[Str87]

[Tan&3]

T. J. Lyons, Differential equations driven by rough signals, Rev. Mat. Iberoam.
14 (1998), no. 2, 215-310.

, Rough paths, signatures and the modelling of funtions on streams,

Proceedings of the International Congress of Mathematicians 2014 (Seoul),
vol. IV, Kyung Moon, 2014, pp. 163-184.

T.J. Lyons, M. J. Caruana, and T. Lévy, Differential Equations Driven by Rough
Paths, Lect. Notes Math., vol. 1908, Springer, Berlin, 2007.

T.]J. Lyons and Z. Qian, System Control and Rough Paths, Oxford Mathematical
Monographs, Oxford University Press, 2002.

H. Z. Munthe-Kaas and W. M. Wright, On the Hopf Algebraic Structure of Lie
Group Integrators, Foundations of Computational Mathematics 8 (2008), no. 2,
227-257.

C. Reutenauer, Free Lie algebras, London Mathematical Society Monographs.
New Series, vol. 7, Clarendon Press, Oxford, 1993.

S. Riedel and M. Scheutzow, Rough differential equations with unbounded drift
term, J. Diff. Equations 262 (2017), no. 1, 283-312.

A. Robertson and W. Robertson, Topological Vector Spaces, Cambridge Tracts
in Mathematics and Mathematical Physics, vol. 53, Cambridge University
Press, Cambridge, 1980.

E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Prin-

ceton University Press, 1970.

R. S. Strichartz, The Campbell-Baker-Hausdorff-Dynkin formula and solutions
of differential equations, J. Funct. Anal. 72 (1987), no. 2, 320-345.

S. Taniguchi, Malliavin’s stochastic calculus of variations for manifold-valued
Wiener functionals and its applications, Z. Wahrscheinlichkeit 65 (1983), no. 2,
269-290.

101



	Introduction
	Preliminaries
	The tensor algebra over a vector space
	The bialgebra structure of the tensor algebra
	Tensor norms and the topological tensor algebra
	Primitive and group-like elements
	The truncated tensor algebra

	Smooth manifolds
	Riemannian metrics
	Ordinary differential equations


	Rough paths and rough differential equations
	Rough paths
	Geometric, branched and general rough paths
	Deterministic and stochastic examples

	Rough differential equations
	Solutions as fixed points of Picard iterations
	Solutions as limits of approximations
	Local and global existence of solutions


	Branched rough paths in infinite-dimensional spaces
	Bialgebras of trees
	The set of non-planar rooted trees
	Algebras of labelled trees over a vector space
	Algebras of labelled trees over a topological vector space
	The truncated tree algebra

	Differential equations driven by branched rough paths
	Change of variables for rough differential equations
	Rough differential equations and differential geometry


	Rough differential equations on manifolds
	Ordinary differential equations
	Lipschitz continuity of vector fields
	Complete vector fields and their flows

	Global solutions of rough differential equations
	Main result on global existence
	Equations with drift term
	Examples


	Discussion and open problems
	Graded bialgebras are Hopf algebras
	Differentiability of the Riemannian distance
	References

