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A B S T R A C T

Formulae for calculating the elastic local buckling stresses of doubly-symmetric thin-walled I-section girders
subjected to combined shear and direct stresses, accounting for the interaction between the plate elements are
presented. The interaction between the plate elements (i.e. the flanges and web) is bounded by a theoretical
lower-bound, where there is no interaction and the critical plate is considered to be simply-supported,
and a theoretical upper-bound where interaction is strongest and the critical plate is considered to have
rotationally fixed edges. The interaction is accounted for by introducing an interaction coefficient 𝜁 that
quantifies the relative level of fixity between the aforementioned lower and upper bounds. Expressions to
calculate 𝜁 are calibrated using results from finite element analyses generated in Abaqus. Doubly-symmetric
I-sections of varying geometric proportions loaded in shear, major axis bending, compression and a full range
of combinations thereof are considered. Using the developed formulae, the elastic local buckling stresses of
the studied cross-sections are accurately predicted, typically within 5% of the values obtained from FE models;
this is a significant improvement over the results determined in the traditional manner in which plate element
interaction effects are ignored, where the full cross-section buckling stress is shown to be underestimated by
as much as 40%.
1. Introduction

Thin-walled I-sections are used in a very wide range of applications
and are designed to withstand axial force, bending moment and shear
forces applied during the life-span of a structure. The approach to the
local stability design of such sections presently adopted in structural
design codes, such as EN 1993-1-5 [1], considers the flanges and web as
individual plate elements with simply-supported boundary conditions
buckling in isolation. However, it has been shown that for any load case
considered, the buckling stress of the cross-section when considered
in its entirety is generally larger than that of the individual plates
with simply-supported boundary conditions [2–4]. This higher buckling
stress is attributed to the fact that the individual plate elements that
form the cross-section do not buckle in isolation, but interact with
each other, with the more slender plates receiving additional restraint
from the less slender plates [4]. Stowell and Lundquist [5] used the
energy method to analyse the elastic buckling stress of I-, Z-, C- and
rectangular hollow sections under axial compression. The same authors
later presented research demonstrating how the buckling stress of
rectangular plates increases with increasing rotational edge fixity [6,7].

Gardner et al. [4] developed a methodology to determine the full
cross-section elastic local buckling stress for a wide range of structural
cross-sections subjected to compression, bending and their combined
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actions. The methodology was based on the premise that the buckling
stress of the entire cross-section lies within the boundaries established
by the buckling stress of isolated critical plates with simply-supported
and rotationally fixed boundary conditions along the adjoining plate
edges. The authors [4] used the finite-strip method (FSM) to calibrate
predictive formulae for an interaction coefficient 𝜁 that defines where
the full cross-section elastic local buckling stress lies between the
aforementioned upper and lower bounds. Excellent agreement between
predicted buckling stresses using the developed model and a substantial
range of numerical results was demonstrated for a variety of structural
cross-sections from American and European databases.

Similar efforts to determine the elastic buckling stress of full cross-
sections subjected to shear have also been reported. Lee et al. [8]
carried out a parametric finite element (FE) study on approximately
300 plate girder models to investigate the effect of geometric parame-
ters on the buckling stress for I-sections subjected to shear stress. Based
on the numerical results, a predictive model was then developed, in
which account was taken of the effect of the flange on the critical web
buckling stress, but the susceptibility of the flange to shear buckling
was not considered. Pham and Hancock [2] used a spline FSM to
study a variety of stress distributions in lipped and un-lipped channels
in an attempt to isolate shear stresses acting on the section. Their
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Fig. 1. (a) Free body diagram of I-section subjected to shear and bending forces; (b) a section of the flange to determine the shear stresses in the flange; (c) the resulting shear

flow in the I-section, noting that the shear flow in the web 𝑁𝑥𝑦,w is twice the shear flow in each flange 𝑁𝑥𝑦,f .
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rimary motivation was to develop shear buckling design provisions
or use in the Direct Strength Method (DSM) [9]. Similar work has
een conducted to determine the influence of corner bend radii on the
verall cross-section buckling stress of cold-formed sections [10–12].

In the present article, formulae for evaluating the elastic local
uckling stress of thin-walled I-sections subjected to shear stresses
nd a combination of shear and direct in-plane stresses, following the
ethodology in [4] are developed. The underlying concept of this

pproach is first introduced. The elastic local buckling stress of the both
he web and flange of the I-section, under the shear stresses arising
rom the shear flow within the section in bending, is then examined
n isolation, i.e. neglecting direct stresses. An FE study, exploring
he influence of typical geometric parameters of welded I-sections, is
sed to calibrate closed-form predictive functions for the full cross-
ection buckling stress under shear. The results are compared to the
urrent methodology adopted in EN 1993-1-5 [1], demonstrating that
he proposed functions are significantly more accurate and reliable.
inally, the approach is extended to include cross-sections subjected to
combination of axial, bending and shear forces; again, the results are

hown to be both accurate and reliable.

. Concept

The conceptual framework used in this study is similar to that
reviously established in [4], and is recapitulated herein. The elastic
uckling stress of a cross-section 𝜎cr,cs lies within the bounds defined
y the local buckling stress of the critical plates when isolated with
imply-supported 𝜎SScr,p and fixed 𝜎Fcr,p boundary conditions along the
ommonly adjoined edges. The lower and upper bounds of the elastic
uckling stress are defined as the lesser of the elastic buckling stress
f the isolated web and flange plates with the respective boundary
onditions thus:
SS
cr,p = min

(

𝜎SScr,w, 𝜎
SS
cr,f

)

, (1)

F = min
(

𝜎F , 𝜎F
)

, (2)
cr,p cr,w cr,f

2

here the lower bound buckling stress 𝜎SScr,p is the minimum shear
uckling stress of the isolated plate (i.e. flange 𝜎SScr,f or web 𝜎SScr,w) with
imply-supported boundary conditions along the adjoined edges, while
he upper bound buckling stress 𝜎Fcr,p is the minimum buckling stress
f the isolated plate (i.e. flange 𝜎Fcr,f or web 𝜎Fcr,w) with fixed boundary
onditions along the adjoined edges [4].

The lower and upper bound elastic buckling stresses are often
efined by the same plate, but this condition is not necessary and
ay on occasion be defined by different plates. The elastic buckling

tress of the cross-section lies between the established boundaries and is
ependent on the relative restraint provided by the adjoining elements,
s expressed through the interaction coefficient 𝜁 . The concept is thus
xpressed algebraically:

cr,cs = 𝜎SScr,p + 𝜁
(

𝜎Fcr,p − 𝜎
SS
cr,p

)

where 0 ≤ 𝜁 ≤ 1. (3)

The extent of the element interaction is quantified by the coefficient
that defines the influence of the non-critical plates on increasing

he elastic buckling stress of the critical plate beyond that associated
ith simply-supported boundary conditions. For cases where 𝜁 = 0, no
lement interaction occurs, thus Eq. (3) reduces to the elastic buckling
tress of the critical isolated plate with simply-supported boundary
onditions, whereas if 𝜁 = 1, Eq. (3) reduces to the buckling stress of the
ritical isolated plate with rotationally restrained boundary conditions.
n important feature of the approach is that element interaction can
rise even when the isolated cross-section plates have the same elastic
uckling stress due to differences in the local buckling half-wavelengths
f the isolated plates [4,13].

. Stresses in I-sections under bending and shear

.1. Shear stress in web and flange

It is well established that for I-sections subjected to shear forces, the
hear flow in the web is equal to twice the shear flow in each flange
t the web to flange junction as depicted in Fig. 1. To explain this
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behaviour for the present context, a review of how shear stress develops
in the flange of an I-section is offered. For clarity, subscripts of 𝜏 and

are used throughout to distinguish whether the terms respectively
elate to the shear or direct stresses.

Consider a simply-supported I-section beam subjected to a linearly
arying moment 𝑀 and constant shear force 𝑉 , as shown in Fig. 1(a).
rom elementary beam theory, 𝑉 = d𝑀∕d𝑥. Consider further a free-
ody AB taken from the top flange of the I-section, shown in Fig. 1(b).
he difference in the normal forces 𝐹1 and 𝐹2, acting on faces A and
of the free-body shown and caused by the changing moment along

he beam, gives rise to a shear stress 𝜏1 which is necessary for the free-
ody AB to maintain equilibrium in the 𝑥-direction. This shear stress,
n turn, gives rise to complementary shear stresses 𝜏2 on both faces A
nd B. It follows that while the value of 𝜏1 is constant along d𝑥, the
omplementary shear stress 𝜏2 varies linearly from a minimum value of
ero at the free edge to a maximum value at the web to flange junction;
his is represented in Fig. 1(c), where the arrows within the cross-
ection depict the shear flow within an I-section subjected to vertical
hear force. Thus, the flanges of the I-section are subjected to a linearly
arying shear stress along the edges of the free-body.

Therefore, to compare the shear stresses in the web and the flange,
n appropriate adjustment is necessary to evaluate the critical element.
his is performed by using the non-dimensional coefficients 𝛽𝜏,f and
𝜏,w, established previously in [4] for normal stresses, but adapted
erein to apply to the shear stresses in the flange and web respectively,
s presented in Section 5,

max,cs = max
(

𝜏max,f , 𝜏max,w
)

, (4)

𝛽𝜏,f =
𝜏max,cs

𝜏max,f
≥ 1, (5)

𝛽𝜏,w =
𝜏max,cs

𝜏max,w
≥ 1, (6)

where 𝜏max,f and 𝜏max,w are the largest shear stresses in the flange
and web respectively, and 𝜏max,cs is the maximum shear stress in the
cross-section.

3.2. Finite element modelling

The numerical investigation presented in this study was conducted
by means of Finite Element (FE) analysis of models developed within
the commercial package Abaqus [14]. To ensure compatibility of the
umerical results with previously established solutions developed using
hin-plate theory [8,15–19], the 4-noded thin shell element with re-
uced integration and five degrees of freedom per node ‘S4R5’ available
n the Abaqus library is used. A Linear Buckling Analysis (LBA) was used
o determine the buckling coefficients of the following cases:

1. the isolated web-plate subjected to pure shear stress,
2. the isolated flange subjected to linearly varying shear stress,
3. the entire cross-section subjected to pure shear, and
4. the entire cross-section subjected to combined bending and

shear.

In all analyses, the sections were meshed with 50 elements along
he height of the web ℎ𝑤. The number of elements across the flange and
long the length of the section was varied such that a square element
spect ratio was maintained. This mesh was established following a
esh-convergence study, noting that the resulting buckling coefficient

onverged to within 1% of a mesh with 100 elements along the web
idth.

The loading and boundary conditions for all cases are depicted
n Fig. 2, where the edges are enumerated and encircled, the corner
odes are enumerated and boxed, and the tables indicate free and
estrained boundary conditions with values of ‘-’ and ‘R’ respectively.
or the isolated plates, boundary conditions indicated by ‘s∕f’ represent
imply-supported or rotationally fixed

(

𝜃 = R
)

edges. For the full
𝑥

3

Table 1
Parameters varied to capture behaviour of cross-sections.

Parameter Range of values

Web aspect ratio 𝑎∕ℎ𝑤 [0.5–5.0]
Flange to web thickness 𝑡𝑓 ∕𝑡𝑤 [0.1–10.0]
Flange width to web height 𝑏𝑓 ∕ℎ𝑤 [0.1–0.5]
Direct stress ratio 𝜓 [−1.0–1.0]

cross-section, the boundary conditions were carefully studied to ensure
that the same set of boundary conditions could be used for cases of
pure shear, direct stresses and combined loads. This was achieved by
applying an *Equation constraint to the nodes along the supported
lange edge, constraining their 𝑧-direction deflections to be equal to
he deflections of the node at the respective web to flange junction. The
arametric study was executed by varying the geometrical parameters
utlined in Table 1; all studied I-sections were doubly-symmetric. The
eight ℎ𝑤 and thickness 𝑡𝑤 of the web was fixed to 1000 mm and 2 mm
espectively in all cases, and the sections were modelled using centre-
ine approximations in Abaqus. The parabolic distribution of the shear
tresses along the depth of the web has been presently simplified to a
tate of pure shear stress, such that the results presented herein are con-
istent with previous work on shear buckling [8,16–19]. A preliminary
omparative investigation found that the effect of this simplification on
he derived shear buckling coefficients 𝑘𝜏 was negligible.

. Buckling coefficients for isolated plates under shear stress

For plates subjected to direct stresses, the variation of the buckling
oefficient with the plate aspect ratio is typically conservatively ignored
nd the minimum values are used, but it is overly conservative to
gnore this variation for plates subjected to shear stress because webs
re commonly stiffened at close intervals leading to plate aspect ratios
lose to unity. In this section, the numerical results of the buckling
oefficients for isolated plate elements and full I-sections under shear
tress are presented.

.1. Internal plate subjected to pure shear stress

For rectangular plates subjected to pure shear stress, Timoshenko
17] derived, using the energy method, an expression for the elastic
ritical shear buckling stress 𝜏cr,p,

cr,p =
𝑘𝜋2𝐸

12
(

1 − 𝜈2
) (

ℎ𝑤∕𝑡𝑤
)2
, (7)

where 𝐸 and 𝜈 are respectively the plate material Young’s Modulus and
Poisson’s ratio, 𝑡𝑤 and ℎ𝑤 are respectively the thickness and height of
the plate, and 𝑘 is the plate buckling coefficient that varies with load-
ing, geometry and boundary conditions. Presently, 𝑘 is distinguished
between 𝑘𝜎 , when the element is loaded by direct stresses (ranging from
compression to bending), and 𝑘𝜏 when the element is loaded in shear.
In terms of the boundary conditions, the superscript ‘SS’ indicates that
all edges of the plate are simply-supported, while the superscript ‘F’
denotes that the plate edges along the length 𝑎 are rotationally fixed.

Southwell and Skan [15] solved for the buckling coefficient 𝑘𝜏 of
long plates (𝑎∕ℎ𝑤 → ∞) with all edges simply-supported (𝑘SS𝜏 = 5.35)
and fixed (𝑘FF𝜏 = 8.98). Stein and Neff [16] solved the problem for
simply-supported plates subjected to pure shear, showing how the
minimum buckling coefficient 𝑘SS𝜏 varies with varying plate aspect ratio
𝑎∕ℎ𝑤 and converges to 𝑘SS𝜏 = 5.35, as reported by Southwell and Skan.
As the aspect ratio of the plates changes, the critical eigenmode shifts
between a symmetric mode and an antisymmetric mode, resulting in
a local maxima in 𝑘𝜏 in the vicinity of this transition. For practical
purposes, the variation of 𝑘𝜏 with aspect ratio can be approximated
by the function,

𝑘SS𝜏 =

{

4 + 5.34
(

ℎ𝑤∕𝑎
)2 𝑎∕ℎ𝑤 < 1,

( )2 (8)

5.34 + 4 ℎ𝑤∕𝑎 𝑎∕ℎ𝑤 ≥ 1,
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Fig. 2. Abaqus loading and boundary conditions for: (a) isolated web plate subjected to pure shear stress; (b) isolated flange subjected to linearly varying shear; (c) full cross-section
ubjected to shear stress; (d) full cross-section subjected to bending stress. Labels ‘-’ and ‘R’ indicate free and restrained degrees of freedom respectively, ‘E’ represents an equation
onstraint and ‘s/f’ change between free and fixed respectively, depending on whether the plate flexural boundary conditions along that edge are simply-supported or fixed.
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hich is provided in design codes, including EN 1993-1-5 [1], and
s depicted in Fig. 3(a). The function in Eq. (8) represents a lower-
ound approximation to the variation of 𝑘SS𝜏 with 𝑎∕ℎ𝑤, especially at
he transition between symmetric and anti-symmetric buckling modes.
olutions have also been derived for plates subjected to pure shear
ith various edge boundary conditions by Iguchi [20] and Cook and
ockey [18]. The solutions from the latter are generally accepted
s being the more accurate, since Iguchi ignored the anti-symmetric
uckling mode when determining the buckling coefficients 𝑘𝜏 [19].
implified expressions for 𝑘F𝜏 as it varies with 𝑎∕ℎ𝑤 are presented by
ee et al. [8] as:

F
𝜏 =

{

5.34
(

ℎ𝑤∕𝑎
)2 + 2.31

(

ℎ𝑤∕𝑎
)

− 3.44 + 8.39
(

𝑎∕ℎ𝑤
)

𝑎∕ℎ𝑤 < 1,
8.98 + 5.61

(

ℎ𝑤∕𝑎
)2 − 1.99

(

ℎ𝑤∕𝑎
)3 𝑎∕ℎ𝑤 ≥ 1,

(9)

nd are shown in Fig. 3(a).
For internal plates (i.e. those with out-of-plane translational support

long all four edges) subjected to pure shear, the results from the FE
odels are compared with the approximations in Eqs. (8)–(9). The FE
 a

4

esults closely follow the analytical predictions within the range of
arameters considered, as shown in Fig. 3(a).

.2. Outstand plates subjected to linearly varying shear stresses

While the problem for the internal plates subjected to pure shear
tress is well defined and researched, to the authors best knowledge,
here is no published work that examines the behaviour of outstand
lates (i.e. those with three translationally supported edges, with the
ourth free) subjected to linearly varying shear stresses that develop
n the flanges of cross-sections. Based on the conditions depicted in
ig. 2(b), results are established herein to enable predictions of the
uckling coefficients 𝑘𝜏 of outstand plates under shear. The model
epicted in Fig. 2(b) is based on the explanation offered in Section 3.1,
here although the web is under pure shear, the outstand flanges are

ubjected to a linearly varying complementary shear stress that varies
rom a minimum value of zero at the free edge to a maximum value at
he web-to-flange junction, as shown in Fig. 1(c).

While the web of the cross-section can be studied in isolation in
state of self-equilibrated pure shear, the individual flange plates,
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Fig. 3. Buckling coefficient 𝑘𝜏 for (a) internal plates subjected to pure shear stress and (b) outstand plates subjected to linearly varying shear stress with simply-supported and
fixed boundary conditions along the adjoined edges. Boundary conditions for (a) and (b) are depicted in Fig. 2(a)–(b), respectively, and expressions for 𝑘𝜏 are provided in Table 2.
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hich are subjected to the shear stresses described, would not be in
quilibrium if studied in isolation. To achieve equilibrium, it would be
ecessary to introduce a linearly varying force, such as that introduced
y means of a linearly varying moment in the free-body shown in
ig. 1(a). This has been found by other researchers also attempting
o isolate the elastic buckling stress of full cross-sections subjected to
hear [2,21]. Despite this shortcoming, the loading conditions shown
n Fig. 2(b) are suitable for representing the shear effects on the
langes and hence determining the shear buckling coefficient for iso-
ated flange plates, while equilibrium is provided by the FE model
oundary conditions [21].

In the FE models, both half-flange outstand plates were modelled
o reduce the imbalance in the applied forces, thereby equilibrating
he forces that the boundary conditions were required to resist. The
oundary conditions modelled at the intersection of the two plates are
hown in Fig. 2(b) and ensure overall equilibrium. Edges 3 and 6 are

restrained from displacing out-of-plane in the 𝑧-direction, representing
simple supports along those edges, while edge 5 is left free. A non-
uniform shear stress resultant is applied to the flange along edge 6
in the directions shown in Fig. 2(b), varying from zero at the tips to a
peak value of 𝑁𝑥𝑦,E,f at the web-to-flange junction. The value of 𝑁𝑥𝑦,E,f
is defined thus:

𝑁𝑥𝑦,E,f =
𝜋2𝐸𝑡3𝑓

12
(

1 − 𝜈2
)

𝑏2𝑓
, (10)

where 𝑡𝑓 is the thickness of the flange and 𝑏𝑓 is the width of the flange
outstand. By defining 𝑁𝑥𝑦,E,f in this manner, the resulting eigenvalue
rom the LBA in Abaqus is equal to the critical buckling factor for
he simply-supported flange under shear stress 𝑘𝜏 . FE results were

generated for a practical range of flange aspect ratio values 𝑎∕𝑏𝑓 vary-
ing from 1 to 50, considering edge 3 to be either simply-supported
r rotationally fixed. The results from the FE analyses are shown in
ig. 3(b), with the associated proposed functions for predicting 𝑘𝜏
resented in Table 2.

. I-sections subjected to shear stress

In the current section, expressions for determining the full cross-
ection elastic local buckling stress of I-sections subjected to shear stress
re presented. Having established the local buckling stress of the iso-
ated plates with simply-supported and fixed boundary conditions, the
nteraction coefficient 𝜁𝜏 needs to be determined for the cross-sections
nalysed within the parametric study. In a similar manner to the work
 e

5

n cross-sections subjected to direct stresses [4], the parameter 𝜙𝜏 ,
here:

𝜏 =
𝛽𝜏,f 𝜏SScr,f
𝛽𝜏,w𝜏SScr,w

, (11)

elineates whether the simply-supported lower bound buckling stress
s defined by the flange

(

𝜙𝜏 < 1
)

, or by the web
(

𝜙𝜏 ≥ 1
)

.

5.1. I-section buckling coefficients

To determine the buckling coefficients of I-sections subjected to
pure shear, the model depicted in Fig. 2(c) was analysed in the paramet-
ric study. The web was loaded in a state of pure shear such by applying
shear loads along the web edges with a magnitude of 𝑁𝑥𝑦,E,w defined
s:

𝑥𝑦,E,w =
𝜋2𝐸𝑡3𝑤

12
(

1 − 𝜈2
)

ℎ2𝑤
, (12)

where 𝑡𝑤 and ℎ𝑤 are respectively the thickness and height of the web.
he flanges were loaded along the supported edges with a linearly
arying shear stress resultant equal to half the shear flow in the web at
he web-to-flange junction (i.e. 𝑁𝑥𝑦,E,w∕2), as discussed in Section 3.1.
n this manner, the eigenvalue from the LBA in Abaqus was equal to the
uckling coefficient 𝑘𝜏 of the cross-section. As for the FE models of the
solated flange plates, the FE models of the full cross-sections in shear
lso required the equilibrating forces to be resisted by the boundary
onditions. The adopted loading conditions, shown in Fig. 2(c), are
onetheless considered to be suitable for isolating the shear from the
ending effects for the purpose of identifying the pure shear buckling
tress and corresponding mode of the cross-section [21].

The results from the parametric FE study are plotted in Fig. 4, and
re classified into two groups for (a) web-critical and (b) flange-critical
ases. In each of the subplots, the black lines depict the upper and
ower boundaries for the cases using the expressions summarised in
able 2. As discussed in Section 2, the upper and lower bounds need
ot be provided by the same plate. Therefore, the results have each
een categorised into one of four permutations of the lower and upper
ounds, as detailed in Table 3.

Considering first the web-critical ‘Case WW’ sections, where the
pper and lower bound are both defined by the isolated web plate
ith fixed and simply-supported boundary condition respectively, the

esults, shown in Fig. 4(a), lie within the boundaries established in
able 2. For web aspect ratios 𝑎∕ℎ𝑤 < 1, the FE buckling coefficient
xceeds the established upper bound limit for a few of the results,



L. Lapira, L. Gardner and M.A. Wadee Thin-Walled Structures 182 (2023) 110150

T

Table 2
Summary of expressions for the buckling coefficient 𝑘𝜏 for internal and outstand plates subjected to shear stresses.

Stress conditions Boundary Buckling coefficient Ref.

Internal plates 1 , 3 SS 𝑘𝜏 = 4 + 5.34
(

ℎ𝑤∕𝑎
)2 𝑎∕ℎ𝑤 < 1 [17]

𝑘𝜏 = 5.34 + 4
(

ℎ𝑤∕𝑎
)2 𝑎∕ℎ𝑤 ≥ 1 [17]

1 , 3 F 𝑘𝜏 = −3.44 + 5.34
(

ℎ𝑤∕𝑎
)2 𝑎∕ℎ𝑤 < 1 [8]

+ 2.31
(

ℎ𝑤∕𝑎
)

+ 8.39
(

𝑎∕ℎ𝑤
)

𝑘𝜏 = 8.98 + 5.60
(

ℎ𝑤∕𝑎
)2 𝑎∕ℎ𝑤 ≥ 1 [8]

− 1.99
(

ℎ𝑤∕𝑎
)3

Outstand plates 3 SS 𝑘𝜏 = 9.22 + 6∕
(

𝑎∕𝑏𝑓
)3∕2 𝑎∕𝑏𝑓 ≤ 2 a

𝑘𝜏 = 3.56 + 22∕
(

𝑎∕𝑏𝑓
)3∕2 𝑎∕𝑏𝑓 > 2 a

3 F 𝑘𝜏 = 35.64 − 11.7
(

𝑎∕𝑏𝑓
)

𝑎∕𝑏𝑓 ≤ 5
3

a

𝑘𝜏 = 9.58 + 30.34∕
(

𝑎∕𝑏𝑓
)3 𝑎∕𝑏𝑓 ≤ 4 a

𝑘𝜏 = 10 + 2.54∕
(

𝑎∕𝑏𝑓
)3 𝑎∕𝑏𝑓 > 4 a

aProposed functions from present analyses.
Fig. 4. Results of the parametric FE analysis classified as (a) web-critical cases (𝜙 ≥ 1) and (b) flange-critical cases (𝜙 < 1), where Cases WW, WF, FW and FF are defined in
able 3.
c
t

𝜁

T

Table 3
The four cases of lower and upper bound limits defined by the critical web or flange.

Case Lower bound Upper bound

WW Web Web
WF Web Flange
FW Flange Web
FF Flange Flange

indicating that the resulting predictions are very slightly conservative
in this region. For the flange-critical ‘Case FF’ sections, the upper
and lower bound limits are defined by the isolated flange plate with
fixed and simply-supported boundary condition respectively. The FE
data shown in Fig. 4(b) demonstrate that the results lie within the
boundaries established in Table 2, thereby confirming the validity of
the adopted approach.

For ‘Case WF’, the validity of the upper bound cannot be assessed
from Fig. 4(a) since the upper bound should be defined by the isolated
flange with fixed boundary conditions. Thus, the results are considered
separately in Fig. 5(a)–(b). In Fig. 5(a), the results for ‘Case WF’ are
 a

6

plotted using the web-related parameters, and should therefore lie
above the limit shown. In Fig. 5(b), the buckling coefficients 𝑘𝜏 are
calculated in terms of the flange geometry 𝑘𝜏,f and should lie below
the limit shown. It is emphasised that the two subplots represent
two distinct interpretations of the same results. A similar analysis is
necessary for ‘Case FW’, the results of which are shown in Fig. 5(c)–(d),
demonstrating the suitability of the established bounds.

5.2. Formulae for determining the cross-section buckling stress

Having established the lower and upper bound limits, and deter-
mined the elastic critical buckling stress under shear of the cross-
sections, the buckling interaction coefficient under shear 𝜁𝜏,FE is back-
alculated for each of the cross-sections in the parametric study using
he expression:

𝜏,FE =
𝜏cr,cs − 𝜏SScr,p
𝜏Fcr,p − 𝜏SScr,p

. (13)

he results are analysed separately for web-critical sections (𝜙𝜏 ≥ 1)
nd flange-critical sections (𝜙 < 1). When 𝜙 = 1, the web and flange
𝜏 𝜏
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Fig. 5. Case WF results within the (a) lower and (b) upper bounds; Case FW results within the (c) lower and (d) upper bounds.
are equally susceptible to buckling, and 𝜁𝜏 = 0 might be expected
in such scenarios. However, this is not necessarily the case since an
increase in the buckling stress of the cross-section can also occur if
the buckling modes of the isolated plates have different wavelengths
resulting in 𝜁𝜏 > 0 at 𝜙𝜏 = 1 [4,13].

The variation of the back-calculated 𝜁𝜏 coefficients with 𝜙𝜏 for I-
sections subjected to pure shear stress are plotted in Figs. 6–8. The
web-critical results follow a

(

1 − 1∕𝜙𝜏
)

relationship, which implies a
higher interaction factor 𝜁𝜏 as 1∕𝜙𝜏 approaches 0, i.e. when the flange
buckling stress is much larger than the web buckling stress. When the
elastic buckling stress of the simply-supported web is much higher than
that of the flange, 𝜙𝜏 → 0 and hence the back-calculated 𝜁𝜏 results
approach unity. This echoes the results for sections subjected to direct
stresses [4].

5.2.1. Web-critical sections
The web-critical sections are those where the lower bound (simply-

supported) limit is defined by the elastic buckling stress of the web,
i.e. Cases WW and WF. In Fig. 6(a), the back-calculated

(

1 − 𝜁𝜏
)

values
are plotted against the inverse elastic buckling stress ratio 1∕𝜙𝜏 , to
determine the key parameters that drive the relationship. Considering
1∕𝜙𝜏 is instructive here since, for a large number of the cross-sections
that are web-critical, the isolated flange buckles at a much higher stress
than the isolated web and therefore 𝜙𝜏 can reach very large values. By
considering 1∕𝜙𝜏 , on the other hand, the results are concentrated in
the range 0 < 1∕𝜙𝜏 ≤ 1, facilitating the prediction of 𝜁𝜏 . In Fig. 6(a),
there is a clear trend between 𝜙𝜏 and 𝜁𝜏 , indicating the applicability
of 𝜙𝜏 as a governing parameter for the prediction. There is, however,
a large scatter in the results which can be reduced by the introduction
of geometric parameters, particularly the flange to web thickness ratio
𝑡𝑓∕𝑡𝑤 and the flange width to web height ratio 𝑏𝑓∕ℎ𝑤, as shown in
Fig. 6(b).

It is further noted that when the web panel aspect ratio 𝑎∕ℎ𝑤 < 1 the
degree of scatter is considerably greater than for the remaining cross-
sections with 𝑎∕ℎ𝑤 ≥ 1, as shown in Fig. 7. Although the expression
does not accurately predict 𝜁𝜏 when 𝑎∕ℎ𝑤 < 1, it is noted that the error
is safe-sided, in the sense that the prediction underestimates the degree
of interaction. Furthermore, when 𝑎∕ℎ𝑤 < 1 the difference between the

lower and upper bound critical stress of the panels is numerically small,

7

as can be seen in Fig. 4(a). Therefore, the influence of an inaccurate
prediction of 𝜁𝜏 in these cases has a diminished impact on the accuracy
of the final prediction for the cross-section elastic buckling stress 𝜏cr,cs.

5.2.2. Flange-critical cross-sections
Flange-critical cross-sections are defined as those where the elastic

buckling stress of the simply-supported flange is lower than that of
the simply-supported web, i.e. Cases FW and FF defined in Table 3. In
practice, such sections rarely occur, because the necessary proportions
(thick, shallow web and thin, wide flanges) are not typically struc-
turally efficient. In fact, in the parametric study, flange-critical sections
occur only when the flange to web thickness ratio 𝑡𝑓∕𝑡𝑤 < 1, which
tend to reduce their practical significance. The variation of 𝜁𝜏 with 𝜙𝜏
for the flange-critical cases is shown in Fig. 8(a), demonstrating once
more the suitability of 𝜙𝜏 as a controlling parameter to predict the
interaction coefficient 𝜁𝜏 . The buckling mode of a typical flange-critical
cross-section in shear is shown in Fig. 8(b). The predictive function has
been limited to 𝜁𝜏 ≤ 0.9 to ensure that the majority of the predictions
are safe-sided.

5.3. Evaluation of interaction formulae

The formulae to predict the cross-section interaction coefficient 𝜁𝜏
for I-sections subjected to shear stresses are summarised in Table 4.
The proposed functions are evaluated by plotting normalised frequency
distributions for both the full-cross-section elastic shear buckling stress
calculated using 𝜁𝜏 and the elastic shear buckling stress of the isolated
critical plate relative to the elastic shear buckling stress of the full cross-
section as obtained from the FE model. These are shown in Fig. 9 for
(a) the web-critical cases, (b) the flange-critical cases and (c) all the
results. Predicted values less than 1 on the abscissa are safe-sided, while
a lower Coefficient of Variation (CoV) indicates that the consistency of
the predictions is high.

From the 1360 samples examined in the FE analyses, 1078 were
web-critical sections and the remaining 282 were flange-critical sec-
tions. For the flange-critical sections, the mean ratio of the predicted

full cross-section shear buckling stress to that determined from the FE
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Fig. 6. Web-critical I-sections subjected to pure shear stress: (a) scatter in back-calculated interaction coefficients 𝜁𝜏 and (b) reduced scatter and proposed predictive function
ncorporating the geometric ratios 𝑡𝑓 ∕𝑡𝑤 and 𝑏𝑓 ∕ℎ𝑤.
Fig. 7. Relationships between interaction function 𝜁𝜏 for web-critical I-sections subjected to pure shear stress versus the web aspect ratio 𝑎∕ℎ𝑤 where: (a) 𝑎∕ℎ𝑤 ≥ 1 and (b)
𝑎∕ℎ𝑤 < 1.
Fig. 8. (a) Variation of 𝜁𝜏 with 𝜙𝜏 for flange-critical I-sections subjected to pure shear stress together with the predictive function; (b) Depiction of buckled shape in a flange-critical
cross-section with 𝜙𝜏 = 0.66 and 𝜁𝜏 = 0.55.
Table 4
Summary of simplified expressions for 𝜙𝜏 , 𝜙𝜎 and interaction coefficient 𝜁 for I-sections subjected to different loads, where
0 ≤ 𝜁 ≤ 1.

Load case Ref. 𝜁 – flange-critical 𝜁 – web-critical
(𝜙 < 1) (𝜙 ≥ 1)

Shear 𝜏 a 1 − 𝜙1.5
𝜏 ≤ 0.9 1 −

(

0.8
√

𝜙𝜏

𝑡𝑓
𝑡𝑤

ℎ𝑤
𝑏𝑓

)

Compression & major-axis bending 𝜎 [4] 0.15 𝑡𝑓
𝑡𝑤
𝜙𝜎 ≥ 𝑡𝑤

𝑡𝑓

(

0.4 − 0.25𝜙𝜎
) 𝑡𝑓

𝑡𝑤

(

0.45 − 0.3
𝜙2
𝜎

)

aProposed functions.
odel is 0.97, with a CoV of 0.03. The flange-critical cases are underes-
imated by a significant margin if element interaction is ignored, with
mean prediction of 0.66 and a CoV of 0.23.

For the web-critical sections, the mean predicted full cross-section
hear buckling stress is 0.95 of the FE results, with a CoV of 0.05. The
esults indicate a considerable improvement over the predictions that
gnore element interaction, as is current practice in international design
odes such as EN 1993-1-5 [1], which have a mean predicted-to-FE
atio of 0.83 with a CoV of 0.15. The FE results are over-predicted
y the proposed formulae in fewer than 2% of the analysed cases.
8

Evaluating the performance of the proposed functions for the web-
critical sections against the predictions ignoring element interaction,
the predicted buckling stress increases by a maximum value of 54%,
with an average increase of 17%. When comparing the normalised fre-
quency distribution plots, the isolated plate predictions are significantly
more scattered than the proposed functions, further demonstrating that
plate element interaction should not be ignored.

Considering the above analysis, the proposed functions are deemed
to be highly effective in predicting the elastic buckling stress of full I-
section profiles under shear. Since the proposed functions have been
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Fig. 9. Normalised frequency distributions, comparing the predicted buckling stresses
of the cross-section using the proposed functions (blue) with the response ignoring
element interaction (orange), where the critical isolated plate is (a) web-critical and (b)
flange-critical. In (c) the normalised frequency distributions includes all cross-sections
that have been analysed. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

formulated based on FE analyses performed within the parametric
range described in Table 1, the recommended scope of application of
the model is also limited to this range. Further investigation could be
conducted to explore a wider range of cross-section proportions and
I-section geometries, but this is left for future work.

6. Buckling under combined shear and direct stresses

As demonstrated in Section 4.2, shear stresses develop in cross-
sections to compensate for an imbalance in direct stresses along the
 s

9

member length, and therefore cannot practically occur in isolation.
The buckling stress of cross-sections subjected to a combination of
direct and shear stresses is thus investigated. The behaviour of the
plates in isolation is considered first, before presenting the results of
a parametric study on full cross-sections.

6.1. Buckling stress of isolated plates under combined loads

The results for the elastic buckling stress of isolated plates under
combined direct and shear stresses are typically evaluated using nor-
malised interaction curves [19,22], as shown in Fig. 10. In the curves
shown, the values along the abscissa are the shear buckling stress of
the plate under combined loading normalised by the elastic buckling
stress of the plate under pure shear

(

𝜏∕𝜏cr
)

, while the values along
the ordinate are the direct buckling stress of the plate under combined
loading normalised by the elastic buckling stress of the plate under
pure direct stress

(

𝜎∕𝜎cr
)

. The direct stresses applied to the plates are
varied from pure compression to pure bending by changing the ratio
of the direct stresses 𝜓 = 𝜎1∕𝜎2, which are depicted in Fig. 2(d). Thus,
the direct elastic buckling stress 𝜎cr on the ordinate axis changes for
different values of 𝜓 .

For a given plate, the interaction curves are evaluated by simulta-
neously applying the shear and direct stresses depicted in Fig. 2(c)–(d).
The applied stresses are modified in accordance with the following
expression:

𝑀1
𝜎
𝜎FE

+𝑀2
𝜏
𝜏FE

= 1 (14)

where 𝑀1 and 𝑀2 are coefficients within the range [0, 1], while 𝜎FE
and 𝜏FE are the stresses applied to the FE model when each case is
considered independently, such that the resulting eigenvalue from the
LBA is equal to the buckling coefficient 𝑘. Simply put, the values of 𝑀1
and 𝑀2 are combined such that 11 load-cases for each plate under a
particular (𝜏, 𝜎) stress combination are studied thus:

(𝑀1,𝑀2) = [(1.0, 0.0) , (0.9, 0.1) , (0.8, 0.2) ,…(0.0, 1.0)] . (15)

The resulting eigenvalues from the FE analyses were then used to scale
the results from the origin, resulting in the interaction plots shown in
Fig. 10. Such interaction plots are often represented by a simplified
relationship [23,24], such as that given in Eq. (16),
(

𝜎
𝜎cr

)𝑝
+
(

𝜏
𝜏cr

)2
= 1, (16)

where 𝑝 changes with 𝜓 .
Stowell and Schwartz [25] examined the case of plates subjected to

combined shear and compression (𝜓 = 1), determining that setting the
exponent 𝑝 = 1 was suitable for such cases. Way [26] studied the case
of simply-supported plates subjected to combined shear and bending
(𝜓 = −1), examining the influence of plate aspect ratio 𝑎∕ℎ𝑤 on the
nteraction curve within the range 0.5 ≤ 𝑎∕ℎ𝑤 ≤ 1.0. Way observed
hat the interaction curves for plates with different aspect ratios lay
ithin a narrow zone, and thus a single interaction curve with 𝑝 = 2 was

ound to provide a sufficiently accurate approximation to the observed
ehaviour. The two bounds of 𝑝 = 1 when 𝜓 = 1 and 𝑝 = 2 when
= −1 have therefore been established based on previous research.

he authors have not however found previous interaction expressions
n which the exponent 𝑝 is defined as a function of the stress ratio 𝜓 .
sing the FE results for the isolated plates, values for 𝑝 that minimise

he scatter of the FE results with respect to 𝜓 have been determined
hus:

=

{

1 − 𝜓3 −1 ≤ 𝜓 ≤ 0,
1 0 < 𝜓 ≤ 1.

(17)

The performance of this function is demonstrated for 6 separate
alues of 𝜓 in Fig. 10, where the black curves represent the previously
stablished boundaries [25,26], the ‘◦’ and ‘×’ markers are the FE re-

ults for the plates with simply-supported and fixed edges respectively,
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Fig. 10. Interaction plots for isolated plates subjected to combined shear and direct stress with 𝜓 = −1, − 0.75, − 0.5, 0, 0.5 and 1 as indicated. The black lines are the
imits established in the literature for plates simultaneously loaded under shear and compression (solid line) or shear and bending (dashed line). The coloured lines represent the
nteraction relationship given in Eq. (16) with the proposed values of the exponent 𝑝 from Eq. (17). Individual points marked are from the FE solutions of the simply-supported
lates (◦) and fixed plates (×). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
s
(

hile the coloured curves are the predicted interaction expressions
sing the values of 𝑝 from Eq. (17). The interaction function in Eq. (16)
s shown to be accurate for both simply-supported and fixed edged
lates under combined shear and direct stress.

.2. Buckling of I-sections under combined shear and direct stresses

The elastic buckling stress of full cross-sections under combined
hear and direct stresses is evaluated using the same methodology
escribed for isolated plates in Section 6.1. The FE results are limited
o I-sections with 𝑡𝑓∕𝑡𝑤 ≥ 1, such that the models lie within the
ecommended range of applicability of the expressions established by
ardner et al. [4] for I-sections subjected to direct stress. To avoid

mpractical geometries, for the cross-sections with 𝑏𝑓∕ℎ𝑤 = 0.5, values
f 𝑡𝑓∕𝑡𝑤 > 2 were not considered. The buckling stresses of the cross-
ections are again bounded by the elastic buckling stress of the critical
late elements, which may differ by load case. For instance, a cross-
ection may be web-critical under shear but flange-critical under direct
tresses. From the FE parametric study that is limited to I-sections
ith 𝑡𝑓∕𝑡𝑤 ≥ 1, there are no cross-sections that are flange-critical

n shear. This simplifies the remaining permutations to cross-sections
eing web-critical under shear

(

𝜙𝜏 ≥ 1
)

, and a possibility of the cross-
ections being either web-critical

(

𝜙𝜎 ≥ 1
)

or flange-critical
(

𝜙𝜎 < 1
)

nder direct stresses.

10
Typical results from the FE analyses are shown in Fig. 11 for I-
ections with 𝑎∕ℎ𝑤 = 5 under combined shear and direct stresses with
a) 𝜓 = 1 (pure compression), (b) 𝜓 = 0 and (c) 𝜓 = −1 (pure bending).

From Fig. 11 it can be deduced that for each of the three cases depicted,
the elastic buckling stress of the full cross-section subject to combined
shear and direct stresses lie within the bounds defined in Section 2.
Furthermore, as 𝜓 changes from −1 to 0, the interaction shifts from a
near perfect quadrant of a circular arc to a flatter response as expected
from the change in the predicted exponent 𝑝. The bending solutions in
Fig. 11(c) are noted to lie beyond the upper limit for a number of the
FE models. This is presently attributed to the limit of the exponent 𝑝
being equal to 2 for sections subject to pure bending regardless of the
aspect ratio of the web panel, whereas it has been shown by Way [26]
that this exponent changes slightly with aspect ratio.

6.3. Calculation of full cross-section buckling stress under combined loading

The elastic buckling stress of the full cross-section under combined
shear and direct stresses is evaluated using the relationship established
in Eq. (16). This requires first determining the elastic buckling stresses
of the full cross-section under pure shear 𝜏cr,cs and only direct stresses
𝜎cr,cs using the methodology described in Section 5 and in [4] respec-
tively. Since the value of 𝜓 is known, the value of 𝑝 can be easily
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Fig. 11. Interaction of buckling coefficients 𝑘𝜎 and 𝑘𝜏 for cross-sections with 𝑎∕ℎ𝑤 = 5 subjected to combined shear and direct stress where (a) 𝜓 = 1 (pure compression), (b)
= 0 and (c) 𝜓 = −1 (pure bending). Results on the left-hand side are web critical under direct stress

(

𝜙𝜎 ≥ 1
)

and results on the right-hand side are flange critical under direct
tress

(

𝜙𝜎 < 1
)

; all results are web critical under shear stress
(

𝜙𝜏 ≥ 1
)

. The circles represent results derived from the FE analyses and the upper and lower bounds are derived
rom Eqs. (16)–(17).
p
l
l

alculated from Eq. (17). The elastic critical buckling stress interaction
urve is then deduced by substituting the relevant values into Eq. (16),
llowing the determination of the elastic buckling stress of the full
ross-section under the considered load case. Under direct stresses,
 a

11
lates are typically considered to be ‘‘long’’ since, in most cases, buck-
ing stresses rapidly converge to the long plate solutions with increasing
ength; the long plate solutions are also lower bounds [1,4]. The same
pproach is taken in the present study. For very short plates, and
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hence cross-sections, conservative results will be obtained; this will be
explored further in future research.

6.3.1. Worked example: The elastic buckling stress of an I-section under
combined shear and bending stress

Consider an I-section with geometric properties of ℎ𝑤 = 1000 mm,
𝑤 = 20 mm, 𝑎∕ℎ𝑤 = 5, 𝑡𝑓∕𝑡𝑤 = 1.5, and 𝑏𝑓∕ℎ𝑤 = 0.2, and material
roperties 𝐸 = 210 kN∕mm2 and 𝜈 = 0.3, subjected to combined shear
nd bending (i. e. 𝜓 = −1).

The elastic buckling stress of the cross-section in shear is determined
irst by calculating the elastic buckling stresses of the isolated web
nd flange plates (using centreline geometry) using the expressions for
he shear buckling coefficients 𝑘𝜏 shown in Table 2. For the flange,
∕𝑏𝑓 = 25 and therefore

SS
𝜏,f = 3.56 + 22∕

(

𝑎∕𝑏𝑓
)3∕2 = 3.56 + 22∕(253∕2) = 3.74, (18)

F
𝜏,f = 10 + 2.54∕

(

𝑎∕𝑏𝑓
)3 = 10 + 2.54∕(253) = 10.00, (19)

nd for the web,
SS
𝜏,w = 5.34 + 4

(

ℎ𝑤∕𝑎
)2 = 5.34 + 4∕(52) = 5.50, (20)

F
𝜏,w = 8.98 + 5.60

(

ℎ𝑤∕𝑎
)2 − 1.99

(

ℎ𝑤∕𝑎
)3 = 8.98 + 5.60∕ (5)2

− 1.99∕ (5)3 = 9.19. (21)

ence,

𝜏SScr,f = 3.74𝜋
2 × 210 × 103

12
(

1 − 0.32
)

( 30
200

)2
= 15, 954.60 N∕mm2, (22)

𝜏Fcr,f = 10.00𝜋
2 × 210 × 103

12
(

1 − 0.32
)

( 30
200

)2
= 42, 705.71 N∕mm2, (23)

𝜏SScr,w = 5.50𝜋
2 × 210 × 103

12
(

1 − 0.32
)

( 20
1030

)2
= 393.59 N∕mm2, (24)

𝜏Fcr,w = 9.19𝜋
2 × 210 × 103

12
(

1 − 0.32
)

( 20
1030

)2
= 657.52 N∕mm2, (25)

from which 𝜏SScr,p = 393.59 N∕mm2 and 𝜏Fcr,p = 657.52 N∕mm2 are
established.

Since 𝑡𝑓∕𝑡𝑤 = 1.5, the maximum shear stress applied in the flange is

𝜏max,f =
1
2
𝜏max,w𝑡𝑤
𝑡𝑓

=
𝜏max,w

3
. (26)

Substituting Eq. (26) into Eqs. (5)–(6), 𝛽𝜏,f = 3 and 𝛽𝜏,w = 1, which
ogether with 𝜏SScr,f and 𝜏SScr,w are substituted into Eq. (11) to determine
𝜏 ,

𝜏 =
𝛽𝜏,f 𝜏SScr,f
𝛽𝜏,w𝜏SScr,w

= 3 × 15954.60
393.59

= 121.608
(

𝜙𝜏 ≥ 1 ∴ web-critical
)

.

(27)

From Table 4,

𝜁𝜏 = 1 −

(

0.8
√

𝜙𝜏

𝑡𝑓ℎ𝑤
𝑡𝑤𝑏𝑓

)

= 1 −

(

0.8
√

121.608
× 1.5

0.2

)

= 0.456, (28)

and therefore

𝜏cr,cs = 𝜏SScr,p + 𝜁𝜏
(

𝜏Fcr,p − 𝜏
SS
cr,p

)

= 393.59 + 0.456 (657.52 − 393.59)

= 513.92 N∕mm2. (29)

The elastic buckling stress of the full cross-section under pure-
bending stress follows the methodology established in [4], where under
pure major-axis bending 𝛽𝜎,w = 𝛽𝜎,f = 1 and,

𝑘SS𝜎,f = 0.43, 𝜎SScr,f = 1836.32 N∕mm2, (30)

𝑘F = 1.25, 𝜎F = 5338.13 N∕mm2, (31)
𝜎,f cr,f g

12
SS
𝜎,w = 23.9, 𝜎SScr,w = 1710.33 N∕mm2, (32)
F
𝜎,w = 39.6, 𝜎Fcr,w = 2833.85 N∕mm2. (33)

hus,

𝜎 =
𝛽𝜎,f𝜎SScr,f
𝛽𝜎,w𝜎SScr,w

= 1.074, (34)

nd 𝜎SScr,p = 1710.33 N∕mm2 and 𝜎Fcr,p = 2833.85 N∕mm2. From Table 4,

𝜁𝜎 =
𝑡𝑓
𝑡𝑤

(

0.45 − 0.3
𝜙2
𝜎

)

= 1.5
(

0.45 − 0.3
1.0742

)

= 0.285, (35)

ence,

cr,cs = 𝜎SScr,p + 𝜁𝜎
(

𝜎Fcr,p − 𝜎
SS
cr,p

)

= 1710.33 + 0.285 (2833.85 − 1710.33) = 2030.12 N∕mm2. (36)

For pure major-axis bending, 𝜓 = −1 which is substituted into
q. (17) resulting in 𝑝 = 2. The solutions are substituted into Eq. (16) to
erive the relationship for the elastic buckling stress of the cross-section
nder combined shear and bending, given by:

𝜎
𝜎cr,cs

)2
+
(

𝜏
𝜏cr,cs

)2
= 1, (37)

hich is depicted by the blue line in Fig. 12 for this worked example.

.3.2. Evaluation of full cross-section predictions
The performance of the methodology proposed is evaluated by

uperimposing the results from the FE analysis, shown as black circles
n Fig. 12, noting that the results that lie beyond the blue prediction
urve represent safe estimates. To evaluate the performance of the
rediction, the length of the line between the origin and the FE result
𝐿FE

)

is determined, together with the length of the same line and its
ntersection with the prediction curve

(

𝐿pred
)

, as shown in Fig. 12. The
prediction ratio (𝑅pred) is evaluated using the expression:

𝑅pred =
𝐿pred

𝐿FE
. (38)

The same procedure is adopted to calculate the prediction ratio for
the response if the panels are considered in isolation

(

𝑅EC3
)

using the
expression,

𝑅EC3 =
𝐿isol
𝐿FE

, (39)

where 𝐿isol is the length from the origin and the simply-supported
prediction.

A total of 527 I-sections, with different 𝑡𝑓∕𝑡𝑤, 𝑏𝑓∕ℎ𝑤 and 𝑎∕ℎ𝑤
combinations as described previously, were each subjected to the 11
combined load cases, described by Eq. (15), for each (𝜏, 𝜓) load com-
ination. Thus, for each (𝜏, 𝜓) combination, 5797 data points resulted
rom the parametric study. The prediction ratios defined in Eqs. (38)–
39) are calculated for all the data points, and evaluated using nor-
alised frequency distribution plots shown in Fig. 13. The mean pre-
icted full cross-section local buckling stress is typically within 7%
f the numerical results while the CoV is in the range 0.05–0.09,
ndicating the very low degree of scatter within the predictions. Hence,
he proposed functions are again shown to be accurate and consistent,
ith clear benefits over the traditional approach of ignoring plate
lement interaction.

. Conclusions

This paper presents formulae for calculating the elastic local buck-
ing stresses of doubly-symmetric thin-walled I-sections subjected to
hear stresses alone and in combination with direct stresses. The elastic
uckling stresses of doubly-symmetric I-sections with a wide range of
eometric properties were determined using finite element (FE) models,
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Fig. 12. Determining the buckling coefficient for cross-section with ℎ𝑤 = 1000 mm, 𝑡𝑤 = 20 mm, 𝑎∕ℎ𝑤 = 5, 𝑡𝑓 ∕𝑡𝑤 = 1.5, and 𝑏𝑓 ∕ℎ𝑤 = 0.2, subjected to combined shear and bending
tresses. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 13. Normalised frequency distribution for buckling stress predictions of full cross-sections subjected to shear stress and direct stress with 𝜓 values of (a) 1 (compression), (b)
, (c) −0.5, (d) −1 (bending).
T
f
c
s
f
a
f
d
e
t
l
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he results of which correlate well with previous results derived in [4]
sing the finite strip method, and published results from analytical
tudies. The local buckling stress of the entire cross-section is shown
o lie between the elastic buckling stress of the critical isolated plate
ithin the cross-section with simply-supported and fixed boundary

onditions along the adjoined edges. While the upper and lower bound
imits for the internal plate element (web) were clearly defined in
he literature, the buckling of outstand flange plates under shear had
ot been widely studied previously, and thus were examined in the
resent paper. Simplified expressions to predict the shear buckling
oefficient of outstand plates are presented and shown to provide
ccurate predictions of the FE results.

The effect of element interaction on the overall elastic buckling
tress of I-sections is accounted for via an interaction coefficient 𝜁 .
𝜏 b

13
he results of the FE models were used to calibrate simple closed
orm expressions to predict this interaction coefficient. The proposed
oncept was extended to consider the elastic buckling stress of the I-
ection under combined direct and shear stresses. Using the developed
ormulae, the elastic local buckling stresses of the studied cross-sections
re accurately predicted, typically within 5% of the values obtained
rom FE models; this is a significant improvement over the results
etermined in the traditional manner where plate element interaction
ffects are ignored, where the full cross-section buckling stress is shown
o be underestimated by as much as 40%. This improved elastic buck-
ing stress prediction will have implications on the calculation of the
ltimate shear strength of I-sections, which is currently being studied
y the authors considering the cases of both flat and warped webs [27].
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