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Abstract

Cosmology probes the largest scales of the Universe, and quantum gravity the smallest. In this thesis,
within the framework of quantum gravity phenomenology, we explore how stochastic effects in the

dynamics of the dark sector can bridge those regimes.

We first study covariant Brownian motion as an effective signature of spacetime discreteness. We
derive the process from first principles via Fokker-Planck and Langevin perspectives, and show its
uniqueness when minimally coupled to curvature. Applied to dark matter particles, the resulting
stochastic dark matter is governed by a single diffusion rate. We solve for the linear perturbations
semi-analytically and numerically, showing that the model suppresses the matter power spectrum at

small scales and offers a resolution to the Sg discrepancy between CMB and low-redshift probes.

We then extend the framework to massless particles. We solve the modified Boltzmann equation
analytically in an FRW spacetime, showing that diffusion impacts long-wavelength modes most strongly.
We show that a future detection of a stochastic gravitational-wave background with LISA can improve

current CMB bounds on the diffusion and drift parameters by over twelve orders of magnitude.

Finally, we examine Everpresent A, a stochastic model of dark energy. A key feature of this model is
that A fluctuates and tracks the dominant energy density in order to resolve the cosmological-constant
puzzle without fine-tuning. Accounting for initial conditions, we find hints that the nonlocality in
the model is capable of producing inflationary expansion for many e-folds. A subset of Everpresent-A
realisations fit SN Ia data better than ACDM, but the model struggles at describing CMB. We also
study the allowed fluctuations of dark-energy density in a more model-independent manner, and find
that some variation, especially prior to recombination, can lead to improvements over ACDM; but the

favoured fluctuations are smaller than is typical in Everpresent A.
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Introduction

“Then to the rolling Heav'n itself I cried
Asking, what lamp had Destiny to guide
Her little children stumbling in the dark
And—A blind understanding! Heav’n replied.”

— Omar Khayyam

The search for a quantum theory of gravity hinges on a deeper understanding of the nature of spacetime
on the one hand and uncovering its quantum dynamics on the other. Regarding kinematics, a key
concept in several quantum gravity proposals is the idea of spacetime discreteness [1]. In these theories,
the smooth spacetime of general relativity is viewed as an effective, coarse-grained approximation of
a fundamental discrete structure. Several theoretically compelling reasons support this view. Apart
from the immediate reason of the mere existence of Planck length as a distinguished physical scale,
discreteness provides a natural explanation for the entropy of black holes based on either counting
the microscopic discrete states |2, 3] or computing the entanglement entropy [4]. Moreover, in sum-
over-histories quantization, a countable summation over kinematically discrete degrees of freedom
is well-defined mathematically and more tractable than continuum path integrals [5, 6]. A discrete
spacetime also naturally imposes a UV cutoff in field theories, turning perturbation series into finite

sums [7, §|.

However, a major challenge in the search for quantum gravity in general and discrete spacetime in
particular is the lack of direct empirical evidence. The Planck energy scale is by many orders of
magnitude beyond the reach of current collider experiments. Yet, small quantum gravity effects could
accumulate and amplify over cosmic distances or across the age of the universe leaving observable traces
in the behaviour or properties of both massive and massless particles. In the era of precision cosmology,
this opens a unique window for quantum gravity phenomenology [9]. The interplay between UV and IR
physics is also at the heart of several proposed models for dark energy [10-16]. This is in contrast to
many of our conventional tools for describing nature, such as renormalization group theory in quantum
field theory, which rely on the independence of effects at different scales. This mixing of UV and IR
effects also ties in with the expectation that quantum gravity will involve nonlocality in a crucial way.

Here, by nonlocality we mean causal influence from within the past light cone [17-19].

On the cosmology side, after the surprising discovery that the expansion of the Universe is accelerating

[20, 21], one of the leading candidates for dark energy has been the cosmological constant. Along

17



with cold dark matter, it has been combined into the very successful ACDM model for describing the
evolution of the Universe. It is not only effective at the background level but also robust at linear
perturbations, giving accurate predictions for the matter power spectrum and for the micro-Kelvin level

perturbations in the photon temperature observed in the cosmic microwave background (CMB).

Despite these successes of the standard ACDM model, cosmology faces several challenges and open
theoretical problems. Although the cosmological constant is the simplest dark energy candidate,
its ad hoc value, A ~ 107'2! in Planck units, is an important theoretical motivation for searching
for alternative dark energy models. In other words, a fundamental explanation should address the
coincidence problem, which asks why A is fine-tuned in such a way to only become relevant at the
present epoch in cosmic expansion. In addition to such open theoretical problems about the nature of
dark matter and dark energy, current cosmology faces tensions between different measurements of Hy
and Sg within the standard ACDM model [22-30|. The former, known as the Hubble tension, is the
discrepancy in Hy inferred from CMB measurements assuming the ACDM model and its direct measured
value from supernovae [22, 31-38]. Here, the Sg tension will be of particular focus—a discrepancy that
arises when comparing the variance of matter overdensities at the scale of 82~ *Mpc as measured from
CMB [39] with measurements at lower redshifts from probes such as weak lensing [25-27], galaxy power
spectrum [40-42|, galaxy cluster counts [43], or redshift-space distortion [44, 45|. If these discrepancies
are signs of new physics, they provide clear observable targets for well-motivated phenomenological

models arising from quantum gravity to provide alternative explanations.

Historically, a common theme in many of the studies on quantum gravity phenomenology has been
violating Lorentz invariance, see [46-48| and references therein. Current bounds on Lorentz violations
from LIGO events remain weak [49]; however, studies on short gamma-ray bursts [50-53| and flares
from active galactic nuclei [54, 55| have placed stringent, in cases trans-Planckian, constraints on the
energy scale of such violations in the relativistic dispersion equations. Given these constraints, it is
important to invest on Lorentz-invariant quantum gravity phenomenology. Assuming Lorentz invariance
is exact at all energies, we would no longer have the option of adding Lorentz violating operators in
the standard model Lagrangian (as is systematically done in [56, 57]) or modifying the massive or
massless dispersion relation. Instead, quantum gravity could manifest as subtle stochastic effects in the

propagation of particles or in the behaviour of dark energy.

Why should quantum gravity have a stochastic observable signature? Stochasticity could be either
a manifestation of the discrete nature of spacetime preventing particles from moving exactly on
geodesics; so the multitude of Planck-scale degrees of freedom appear to us as stochastic noise in the
motion of free particles. This is similar in nature and motivated by the Brownian motion in fluids.
Alternatively, stochasticity could result from an uncertainty in the total spacetime volume given a
definite fundamentally discrete configuration of spacetime. This uncertainty would in turn drive a
stochastic behaviour in the variable conjugate to spacetime volume, i.e. cosmological constant. These

are the two main ideas pursued in this thesis.

In the first part of the thesis, we study the covariant Brownian motion. The idea is based on the
Lorentz invariant diffusion equation developed in [58] and based on the coordinate transformation

properties of the drift and diffusion coefficient in the Fokker-Planck equation found by Sorkin [59]. Here,
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we generalise the setup to curved spacetime and find the corresponding stochastic geodesic equation.
As in any other random walk process, the variance of the displacement on the mass shell grows with
time. Therefore, for the effect to become observable, we need cosmological times. We therefore apply
this framework to dark matter particles, leading to a model of stochastic dark matter. We study its
implications for cosmological observables such as the CMB angular power spectrum, matter power

spectrum, and the Sy tension.

As another example, we study the massless diffusion equation developed by Dowker et al. [60] and its
generally covariant version. We find the corresponding stochastic massless geodesic equation which is
phenomenologically described by just two diffusion and drift parameters. These are already constrained
by measurements of the CMB blackbody spectrum [60]. We show that, counterintuitively, the effect is
dominant at lower frequencies. Therefore, a stochastic gravitational-wave background (SGWB) in the
mHz frequency band is ideal for detecting such an effect. In particular, we find that detecting a GW
background sourced by realistic models in the primordial universe can constrain the parameters by over

12 orders of magnitude better compared to the bounds from the CMB.

In the second part of the thesis, we study Everpresent A [61-63]. This is the oldest example of UV-IR
mixing in a cosmological context, and one that epitomises the idea. Everpresent A relies only on some
basic properties of causal sets, a kind of discrete spacetime proposed to be more fundamental than the
conventional continuum spacetimes we are used to. A key feature of this model is that the cosmological
constant fluctuates over the course of the evolution of the universe. Everpresent A dates back to 1987,
when Sorkin presented it as a heuristic argument for the magnitude of the cosmological constant [61,
63], well before supernova observations confirmed a value of A ~ 1072 in Planck units [20, 21]. The
heuristic argument has since been fleshed out in subsequent works [64—66]. In this thesis, after reviewing
the core argument, we study several statistical properties of a model that encapsulates the idea in an
FRW universe. We then study the best-fit realizations of the model to supernovae type Ia (SN Ia) data.
We discuss the challenge in fitting a stochastic model like Everpresent A to CMB data and develop an
understanding on the magnitude of dark energy fluctuations allowed by CMB.

The thesis is structured as follows:

e Chapter 1 introduces the concept of the covariant Brownian motion and stochastic geodesic
equation. The idea is applied to dark matter particles, developing a model of stochastic dark

matter, and ends with constraints from CMB and fog measurements.

e Chapter 2 investigates the massless geodesic equation and makes forecast for its effect on stochastic

gravitational-wave background as will be observed by LISA.

e Chapter 3 introduces Everpresent A as a fluctuating model of dark energy and expands on its

theoretical aspects and statistical properties in the late universe.

e Chapter 4 expands on the cosmological consequences of Everpresent A and confronts it with SN Ia
and CMB data. Moreover, two generic models of dark energy with sign-agnostic fluctuations
are introduced and constrained in order to explore the tracking behaviour of Everpresent A in a

model-independent way.
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Chapter 1

Stochastic dark matter

In this chapter, we explore how quantum gravity could manifest effectively as a Lorentz-invariant
stochastic noise in the motion of point particles. To see how spacetime discreteness is linked to the
stochastic motion of particles, consider the analogy with the atomic theory of matter. Brownian motion,
linked to kinetic theory and the diffusion equation by Einstein in 1905, was key evidence for the atomic
nature of matter. The stochastic motion of test particles, whether understood through the behaviour
of a single one or the diffusion of many, can be effectively described by just two free parameters: the
diffusion coeflicient and the friction coefficient. No detailed knowledge of the microscopic dynamics
of the background fluid is needed. The inherent stochasticity of the Brownian motion reflects our

ignorance of the detailed microscopic configuration of the fluid’s atoms or molecules.

Similarly, one can propose the Brownian motion of massive particles in the vacuum of general relativity
as a manifestation of underlying spacetime discreteness. In a smooth spacetime manifold, free massive
particles follow timelike geodesics. However, if this manifold is merely the continuum limit of a
fundamentally discrete spacetime, the geodesic equation would be modified, causing the particles to
‘swerve’. Pictorially, as the particles jump from one spacetime atom to another, they will almost surely
not find a spacetime atom exactly along the continuum timelike geodesic and will therefore land on the
closest available point. This leads to diffusion around the continuum-limit timelike geodesic. In 2003,
Dowker et al. proposed a concrete model in the framework of causal set theory, a Lorentz-preserving
discrete approach to quantum gravity, to explore this idea [58]. Later in 2008, Dowker et al. added two
intrinsic models on a causal set that encompassed the idea [60]. They all feature a nonlocal scale, called
the forgetting time 7. This is the amount of proper time that a massive particle “remembers” from its
past motion, so as to approximately maintain its motion on a geodesic. It is distinct from other typical
nonlocal scales in the sense that the geodesic motion is recovered in the 7; — oo limit. These models,
however, should be treated with caution, as the authors themselves noted that a point particle is not
an adequate approximation when quantum gravity effects are significant. Rather, they serve as a first
approximation to the more complicated problem of the stochastic dynamics of a quantum field due to
spacetime discreteness. These models are collectively called the swerves models. However, regardless
of the exact fundamental discrete degrees of freedom or their interaction with quantum matter, the
effective description of a single particle’s motion or the distribution of many particles in the continuum

approximation should depend only on a few parameters.
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One of the earliest works on relativistic Brownian motion was by Dudley in 1965 [67], where it was shown
that no Lorentz-invariant stochastic process exists in Minkowski spacetime. One way to understand this
is to note that the metric 7, that appears in the flat Laplacian is not positive semi-definite, meaning
that it cannot be used as the diffusion tensor for a stochastic process. The resolution is to include
the momentum variables in the state of the particle and define the diffusion process on the mass shell
in momentum space instead. This defined a diffusion equation on the mass shell valid for a spatially
uniform distribution of particles. In [58], Dowker et al. used Sorkin’s 1985 formalism of stochastic
evolution on the manifold of states [59] to derive a Lorentz invariant diffusion equation for relativistic
particles on the mass shell, with only one free parameter: the diffusion constant . This generalised
Dudley’s equation to spatially inhomogeneous distributions. They highlighted the role of proper time
elapsed along the worldline of the particle as the evolution parameter for the distribution function.
They also placed an upper bound on the diffusion parameter from cold Hydrogen gas in laboratory
settings. In parallel, coming from a mathematical perspective, Franchi and Le Jan [68] generalised
Dudley’s diffusion process to curved Lorentzian manifolds, and studied its asymptotic behaviour in
Schwarzschild spacetime. In [69], Kaloper and Mattingly found that the observations of cold molecular
clouds in the Milky Way, Bose-Einstein condensate experiments with 87-Rubidium, and the stability of
old heavy nuclei put similar bounds on the diffusion parameter. Later in [60], Dowker et al. elaborated
on why global Lorentz symmetry is so restrictive, essentially making the Lorentz invariant diffusion
equation unique. The authors also considered massless particles, where key differences arise compared
to massive particles when Lorentz invariance is enforced. For massless particles, the diffusion does not
happen on the whole light cone. Instead, the distribution broadens and drifts in one dimension along
the original momentum, without changing direction. The two effects are controlled by two independent
free parameters. To test this, they applied the massless diffusion equation to CMB photons, adding a
Hubble friction term by hand to extend it to FRW spacetime. Using the blackbody spectrum of CMB
photons, they placed upper bounds on the two free parameters. Later in |70], Contaldi et al. used
the CMB polarization power spectrum to set upper bounds on a Lorentz invariant diffusion model of

photon polarization.

On a related but distinct line of enquiry, there is the problem of finding the relativistic version of the
ordinary Brownian motion in a fluid. For this problem, the diffusion no longer needs to be Lorentz
invariant because the background fluid selects a preferred frame. Instead, the issue is that the simplest
diffusion equation theoretically allows the particles to move outside the light cone. This is also shared
by the Ornstein-Uhlenbeck process, which models the diffusion in momentum space rather than position
space. To remedy this, Debbasch et al. [71] introduced the relativistic version of the Ornstein-Uhlenbeck
process that preserves the particle momentum on the mass shell. So relativistic causality is preserved,
but the existence of the fluid rest frame explicitly breaks Lorentz invariance and allows for a version
of Einstein relation. Later, Dunkel and Hanggi |72| proposed another relativistic stochastic process
with a Lorentz invariant covariance matrix for the noise. Nevertheless, they also included a Lorentz-
violating friction term that distinguishes the fluid rest frame and allows for equilibrium solutions. They
derived three different Fokker-Planck equations depending on the choice of the stochastic integral (Ito,
Stratonovich, or backward Ito). Alcantara Felix and Calogero [73] clarified that only one of the choices
leads to a Lorentz invariant diffusion equation in the absence of friction. The equilibrium solution, the

coupling to electromagnetic field, and the relevance in plasma physics were also discussed by these
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authors, as well as by Haba [74-76]. See [77, 78] for two reviews of the frame-dependent relativistic
Brownian motion. Hermann [79] generalised a particular frame-dependent Brownian motion to curved
spacetime, and recently, Cai et al. [80, 81] formulated such processes with general diffusion and friction

tensors in a generally covariant manner.

In this chapter, we delve into both foundational and cosmological aspects of quantum-gravity-motivated
stochastic motion. In the first part, we generalise the Lorentz-invariant diffusion of Dowker et al. [58] to
curved spacetime from both the distribution and single-particle perspectives. The resulting stochastic
process reproduces that defined by Franchi and Le Jan [68]. Our derivation, however, is based on
Sorkin’s formulation [59] of the coordinate transformation properties of the terms appearing in a general
Fokker-Planck equation. To this end, we formulate the notion of general covariance and admissible
coordinate transformations on the phase space of massive particles in curved spacetime. Requiring
the Fokker-Planck equation to be covariant under admissible coordinate transformations, we derive a
covariant, frame-independent diffusion equation in phase space. It can also be seen as the generalisation
of the Boltzmann equation to incorporate diffusion on the mass shell. Our derivation is detailed in
Section 1.1.1. It emphasizes the geometry of the phase space and gives physical intuition underlying

the origin and the form of the diffusion and drift terms, making it accessible to a physics audience.

An alternative perspective on diffusion processes is through the stochastic motion of individual particles
where the equations of motion are no longer deterministic but are governed by Langevin or stochastic
differential equations (SDEs). In Section 1.1.2, we begin with a general stochastic correction to the
geodesic equation. Guided by first principles, including general covariance, mass conservation, and
the physical requirement that particles do not travel back in time, we derive two geometric conditions
on the diffusion tensor and bias vector. Assuming no background structures that could introduce a
preferred frame, and restricting to the zeroth order of the curvature expansion of the diffusion tensor, we
derive a unique stochastic geodesic equation. In Appendix A.2, we show that these two equations—the
covariant diffusion equation and the stochastic geodesic equation—are equivalent and describe the
same underlying stochastic process. Note that the final equation has appeared in studies of Franchi
and Le Jan’s stochastic process [68, 82]. Nevertheless, our formulation explicitly clarifies the extent to
which this process is unique. While Lorentz invariance ensures uniqueness in flat spacetime, Brownian
motion could couple to curvature. Our constraint equations allow us to write down all such processes.
Nevertheless, under minimal coupling, the equations retain their uniqueness, governed solely by one

diffusion constant .

We highlight that although our motivation stems from considerations in causal set theory, the resulting
covariant diffusion equation is independent of causal sets. Similar to the Brownian motion in fluids,
the covariant Brownian motion is an effective theory that is agnostic to the UV-complete theory of
quantum gravity. Due to its uniqueness, the minimally coupled covariant diffusion can describe any
Lorentz-preserving stochastic correction to the motion of point particles, regardless of the underlying
microscopic description—be it a covariant effect from loop quantum gravity, quantum foam, spacetime
uncertainty, or spontaneous collapse models. This versatility makes it a powerful phenomenological

model, serving as the effective description of a range of possible quantum gravity effects.
In the second part of the chapter, we examine the cosmological implications. For the covariant Brownian
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motion to have an observable effect, the particles must experience the longest possible proper time.
Therefore, we aim to apply the covariant diffusion equation to massive particles in cosmology. While
in principle, all massive particles are subject to the covariant Brownian motion, each with its own
diffusion constant, our focus is on dark matter particles, the most dominant matter species. This leads
to a model of stochastic dark matter. Since the covariant Brownian motion spontaneously heats up the

particles, we anticipate stochastic dark matter to have implications for the Sg tension.

The covariant diffusion equation generalises the Boltzmann equation, modifying both the background
and perturbation equations for the stochastic dark matter. In Section 1.2.1, we outline the use of the
generalised Boltzmann hierarchy for numerically solving these equations. Intuitively, we expect the
diffusion of dark matter particles to counteract clustering and reduce late-time structure growth at
small scales. Using the semi-analytic solutions to the distribution function in Section 1.2.2, we confirm
this intuition. We show that for certain values of the diffusion parameter, the effect remains negligible
in the background, yet small-scale perturbations can be significantly damped. Consequently, the matter
power spectrum is suppressed at small scales in a redshift-dependent manner, with stronger suppression

at lower redshifts.

A question left unresolved in previous works is the source of energy-momentum non-conservation in
swerves models and their effective Lorentz invariant diffusion equation. To address this, we take a
pragmatic approach by introducing an imperfect dark energy fluid with heat flux to maintain consistency

within Einstein equations, as detailed in Section 1.2.3.

Finally, in Section 1.2.5, we show that the specificity of the diffusion to small scales and low redshifts
enables stochastic dark matter to satisfy CMB constraints as well as constraints on the expansion
and growth histories from BAO, Ly-«, and uncalibrated SN Ia while reducing and broadening the Sg
posterior from CMB to make it consistent with weak lensing measurements. Interestingly, using an Sg
prior from the Dark Energy Survey (DES) introduces a 1.70 preference for a non-zero diffusion rate.

We end with a discussion on possible implications and future directions.

1.1 Foundation

1.1.1 From Fokker-Planck to covariant diffusion equation

As mentioned earlier, our motivation is the stochastic motion of point particles due to spacetime
discreteness. However, all our treatment is an effective description in the continuum, independent of the
microscopic details of any discrete theory of quantum gravity. Our key physical principle is spacetime
coordinate independence, and local Lorentz invariance on the tangent space at each spacetime point.
This is unlike many Lorentz-invariance-violating models in quantum gravity phenomenology [9]. In
addition, as in swerves models [60], the quantum gravity description of the stochastic motion most
probably involves a nonlocality scale 7;. In our effective description, however, we assume sufficient
coarse-graining, so that we are working at scales where the dynamics is Markovian or local. Our

discussion parallels the arguments in [60] but is generalised to arbitrary curved spacetimes.

23



Drift pseudo-vector and diffusion tensor

Stochastic processes can be described in terms of the evolution law for their distribution in phase space.
Let the coordinates on the phase space S be Z4 and f+(Z,7) be the distribution density of particles
in this phase space, where 7 is the time evolution parameter of f;, which in this work we take to be
the proper time of the particles. The most general evolution of the density f, assuming continuity in

phase space and Markovianity, is governed by the Fokker-Planck equation

Or fr = —0a (vAfT) + 0408 (KABfT) : (1.1)

where the first term on the right accounts for the transport of the particles according to some least-action
principle, and the second term accounts for diffusion around their least-action trajectories. vA(Z ) and
KAB (Z) are one-index and two-index objects living in the phase space that have to be determined for
any particular dynamics. It is a standard result of stochastic processes that v4(Z) and K45(Z) are
related to the mean and covariance of the motion of individual particles [83]:

o= i, 5 (02°)

1
AB __ 1 L Ac—B
K —61;210 267_<5Z WA > (1.2)

See an alternative derivation based on [59] in Appendix A.2.1.

The total particle-number conservation is implicitly assumed in (1.1) and follows from the conservation
of probability for the forward Kolmogorov equation since, when normalised by the total number of
particles, f; equivalently acts as a probability distribution on phase space. Taking v4 = 0 and the
diffusion tensor to be the identity matrix, (1.1) is just the familiar heat equation. A derivation of the

above Fokker-Planck equation based on first physical principles is outlined in Appendix A.1.

Looking at the equation (1.1), a critical question that comes into mind is what are the transformation
rules for ¥4 and K45 under coordinate transformations in phase space Z4 — Z'M(Z). This can be
answered by noting that p is a scalar density, as discussed in Appendix A.1. As noted by Graham [84]

and Sorkin [59] this implies that v4 is a pseudo-vector. When transformed, it mixes with K45:

ZIM 2 r7I M
oM = 0 v + 0z
074078

57 KAB (1.3)

On the other hand, surprisingly, K4® turns out to be a tensor on the phase space:

oy _ 92 07N g
0z4 0zB

(1.4)

The transformation properties of the drift and diffusion tensor provide a key guiding principle when
searching for a covariant description of diffusion in spacetime. Indeed, the derivation reduces to
identifying the phase space of massive particles on a curved spacetime and then finding the most general

pseudo-vector v4 and tensor K42 that live in this phase space.

A

Before tackling this problem, it is helpful to replace v** with an actual vector on the phase space.
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The extra term in (1.3) has similarities with the transformation rule of the partial derivatives of a
metric tensor. Indeed, it turns out that if we assume gap to be a given metric on the phase space with

determinant §, then

ut =0 = 1 g K4B\/|4 .
¢W< m) (15)

is an actual vector on phase space. In other words, under general coordinate transformations of phase

space, it transforms as
M ale

= WUA. (1.6)
In [59], Sorkin uses the entropy density s instead of log \/@ to define u. To find the most general
vector u and tensor K48, we first specify the phase space for particles of mass m in curved spacetime.
In classical physics, phase space consists of three spatial coordinates and three momentum coordinates,
with time as the evolution parameter. Here, however, we want to preserve general covariance, so
following [58, 60], we use the proper time of the particles 7 as the evolution parameter and take all the
spacetime coordinates x* of a spacetime M as part of the phase space. Momentum coordinates can be
taken to be either vectors or 1-forms living on spacetime. For convenience, in this section, we follow
[85], and we choose the latter option with lower indices. Therefore, the phase space can be parametrised
by (z*,p,), where p, is a one-form at point z#. The set of all such points forms the cotangent bundle
of the spacetime. However, we are only interested in the momenta that satisfy the on-shell condition;
so we restrict ourselves to a 7-dimensional subspace of the cotangent bundle [85]:

rt = {(z,p) eT*M | ¢"(x)pupy = —m?, p’ > 0}. (1.7)

m

This is our desired phase space S.

Admissible coordinate transformations

To find vectors and tensors on this phase space, we need to first discuss coordinate transformations. The
transformation rules (1.6) and (1.4) were written for arbitrary coordinate transformations of the phase
space. However, a coordinate transformation on phase space that mixes the spacetime and momentum
labels of the cotangent bundle arbitrarily is not physically meaningful. By construction, the above
phase space has spacetime as its base manifold, separate from the momentum coordinates. We cannot
use momentum coordinates to label spacetime points in a new coordinate system. Therefore, we do not

require our equations to be form-invariant under every possible transformation.

First, we require an admissible coordinate transformation to map a spacetime point a# to z'*(x),
without any mixing with momentum coordinates. This induces a natural transformation on 1-forms via
the push-forward on tangent spaces. On top of that, we can also allow for reparametrisations of the
tangent (and cotangent) spaces of the spacetime. The only structure that has to be preserved is the
linearity of the tangent space as a vector space. This means that we should include z-dependent Lorentz
transformations of the tangent spaces. To formulate this idea, let us use another parametrisation of the
phase space (1.7) in terms of physical momentum q, rather than spacetime momentum p,. Remember
that any physical measurement of the momentum of a particle is performed using an orthonormal tetrad

field e/ (z), a = 0, ..., 4 that plays the role of a lab frame. The measured momentum is the projection
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of the spacetime momentum p on this tetrad, given by g, = e (2)p, = p.eq. After restricting to the

mass shell, the physical momentum would live on the 3-dimensional hyperbolic space:
Hs = {q ‘ 1°qaqe = —m®,¢" > 0} . (1.8)

Note that Hg implicitly depends on m, but for the sake of simplicity, we do not include it in the notation.
One can use (z*,q,), a = 0,...,3 as a coordinate system on I') | but then it should be remembered
that one of the momentum variables is redundant due to the mass-shell constraint. Instead, we simply

restrict to their spatial components and use (z#,¢;), ¢ = 1,2, 3, as the coordinates of the phase space.

Now, a local (z-dependent) Lorentz transformation can be simply stated as a change of the orthonormal
tetrad field e, — €}, r = 0,...,3. The new momentum coordinates ¢ would be related to the old
ones by a Lorentz transformation at each spacetime point. And once again, we restrict to the spatial
components of the momentum ¢y, I = 1,2,3. In summary, the most general admissible coordinate

transformation of the phase space is

(a:“,qi) — (:c'a(:v), qr(x,q) = e(x).e() qa> . (1.9)

It is easy to check that these transformations form a subgroup of the diffeomorphism group of the phase

space.

Restricting u? and K48

A and K48 to transform like vectors and tensors,

In the spirit of general relativity, we require u
respectively, and to be form-invariant only under the set of admissible coordinate transformations.

Consider first the diffusive part. Equation (1.2) can be rewritten as

KD = lim %<5m“5ZB> . (1.10)
Here B can be any of the spacetime or momentum indices. Now dz* is of order dr, and in the limit
dr — 0, the differential increment dZ? goes to zero. Therefore K#* = 0. This is essentially the same
argument as in [60]. One might wonder why the same argument does not conclude that any K“4? has
to be zero. The reason is that there are noise terms present in dg; that are not of the order dr. In other
words, we are assuming that the stochastic noise terms do not directly act on dx*. This assumption

will be justified in the next section by demanding the particles not travel back in time.

The only non-zero components of K48 are therefore K%, where i, = 1,2, 3 are the momentum indices.

For these components, (1.4) reduces to !

K/IJ B 8(]/1 aq/J Kij ‘

= o 50 (1.11)

This is just the statement that K% should be a tensor on Hj3 under Lorentz transformations. As
argued in [60], one obvious choice is the hyperbolic inverse metric on Hs, h¥/ that is induced from

the 4-dimensional Minkowski space where Hj is embedded. Hj is a maximally symmetric Riemannian

'Note that since gq lives in the Minkowski spacetime, ¢; = ¢* and —¢qo = ¢° = E.
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manifold, so all other naturally defined geometric 2-tensors on it, like the Ricci or Einstein tensors, are
proportional to its metric tensor. Therefore, K;; has to be proportional to h;;. More explicitly, for our

choice of parametrisation, the metric tensor and its inverse are

4id;
hij = 0ij — —ézj : (1.12)
hid — i 4 pl (1.13)

and we have K%Y = xh", where k is a free parameter independent of momentum. So far, we have

concluded that the diffusion tensor has to have the following form:

0 0
K= g 1 . (1.14)
0 KY = 5(5” + Wq%f)

For the true vector u?, the choice is even more constrained, leaving no room for any additional free

parameters. First, we look at the pseudo-vector v. Equation (1.2) gives

1
o = lim —(da"). 1.15

67 —0 0T ( )
By definition, therefore, v* = p#/m. Being there no contribution from the diffusion tensor, K*Z = 0,
one finds u# = pt/m for the spacetime part of u. This is also how Dowker et al. argued in [60].
They continued by arguing that global Lorentz invariance enforces u?, the momentum part of u, to be
identically zero. This is what limits their derivation to only flat spacetime. Here, we shall see that u® is

non-zero for curved spacetime.

As mentioned earlier, the vector u encodes the dynamics of massive particles in the absence of diffusion
processes, according to some least-action principle. For free particles, the action is proportional to the
total proper time, and the dynamics is given by the geodesic equation. Alternatively, one can use the
Polyakov version of the action of a point particle, which has a corresponding Hamiltonian that after
subtraction of a constant term, is ﬁpupyg“” . The corresponding Hamiltonian vector field is nothing

but L/m, where L is the well-known Liouville operator:

0 0
o o w2
L=p oy + 1Iupop o, (1.16)
Note that this is written in (z#, p,) parametrisation of the cotangent bundle; see Appendix A.1.2 for its
representation in (z*, g;) coordinates of phase space. The integral curves of L/m in the phase space are

the trajectories of massive particles moving on the geodesics of spacetime. This is suggesting us to set

= L. 1.17

Note that spacetime components of both sides already agree, each being equal to p*/m. Not surprisingly,
one can prove that L is indeed a vector under the transformations (1.9), as detailed in Appendix A.1.2.
But is L/m the only way to extend %p’”@/ Jz* to a true vector on the phase space? Imagine there

is a second vector v’ on the phase space. Then u” = u — ' is also a vector field but with spacetime
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components being zero. Similar to K%, now u” * must be a Lorentz invariant vector field on His.

If non-zero, each such vector would introduce preferred local directions in Hs, thereby breaking its

% would

maximal symmetry. This is only possible in the presence of spacetime curvature, such that u
depend on curvature tensors. Our focus, however, is on the minimal coupling of the diffusion to the
curvature, forcing u” ¢ to be identically zero. We will provide an example for non-minimal coupling

after we introduce the Langevin equations.

The covariant diffusion equation

We have found the explicit covariant expressions of the terms in the Fokker-Planck equation (1.1). All
we have to do is to substitute v and K from (1.17) and (1.14). So far, the proper time 7 has served as
the evolution parameter, so that f- is a function of (7,z*,p,). In order to better compare with the
usual Boltzmann equation and following [60], we integrate out the unobservable proper time and use a

distribution function that only depends on (x*,p,). This is done via

ﬂ%%@=/mwﬂ- (1.18)

—0o0

Recall that g is the determinant of the metric of the phase space. Note that this definition makes
f a scalar on the phase space. After adopting the Sasaki metric as the natural choice for g4p and
performing a few steps on the Fokker-Planck equation, including the use of Liouville’s theorem, one

derives the following equation as detailed in Appendix A.1.1:

LW—W£M

d
f+ I’Zl,po-pﬂﬁf = mnVIQHISf . (1.19)

This is the covariant diffusion equation in curved spacetime. It is the unique generally covariant
extension to the Boltzmann equation for free, massive, spin 0 particles. It describes the distribution of
Brownian particles that experience a frame-independent diffusion effect in curved spacetime. V%Hs is
the Laplacian operator on the hyperbolic space Hs. k can be a spacetime scalar in its most general
form, but at the zeroth order in a curvature expansion, it is a constant. It has units of M?/L, therefore

being a diffusion constant on the mass shell.

Dudley’s distribution function f in [67] differs from ours by a factor of m3. Apart from re-scaling the
parameters, his diffusion equation is the special case of the covariant diffusion equation (1.19) on flat
spacetime and for a spatially homogeneous distribution f. Also, the cosmic-time Lorentz invariant
diffusion equation in [60], is the special case of (1.19) in flat spacetime once we identify their p;/(v,/9)

and k with our f and k, respectively.

A reader familiar with the Klein-Kramers equation might see some resemblance with the covariant
diffusion equation. The Klein-Kramers equation describes the diffusion of particles in a classical
non-relativistic phase space. However, it cannot be derived from the covariant diffusion equation in a
non-relativistic limit. The Klein-Kramers has two free parameters—friction and diffusion constants—that
can be related to each other via the temperature of the background medium in Einstein relation. There
exists the distinguished rest frame of the background fluid. As a result, in the corresponding Langevin

equation [86] that describes an Ornstein—Uhlenbeck process, there is a drag term that prevents Brownian
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particles from attaining large velocities in that frame, even in relativistic generalisations |77, 78|. The
covariant diffusion equation, however, has only a single additional free parameter. There is no preferred
frame, and hence the Brownian particles do not feel any drag force. As a matter of fact, the effect acts
in the opposite direction: The drift term causes the particles to run away from their rest frame at any
given moment. To see this more clearly, we need to find the stochastic dynamics of individual particles.

This is the subject of the next section.

1.1.2 Stochastic geodesic equation: Langevin equations

Any diffusion process at the level of the distribution of particles uniquely corresponds to a set of
Langevin or stochastic differential equations that describe the Brownian motion of individual particles.
In this section, starting from first principles, we derive the most general conditions a stochastic extension
to the timelike geodesic equation must satisfy. In the end, we specialize to the case of minimal coupling
to curvature and derive the unique covariant Brownian motion in curved spacetime. Similar equations
have also been studied in the context of relativistic statistical mechanics, [80, 81], with the difference
that the systems of interest were in thermal equilibrium and a form of relativistic Einstein relation was

therefore imposed.

For a massive particle, the least-action trajectory in curved spacetime is given by:

p/J/
dzt = ~—dr , (1.20)
m
dpt = —if” p*pPdr (1.21)
m 8 ’

which is completely equivalent to the geodesic equation in a spacetime with metric g,,, and associated

Christoffel symbols FZ 5 This is supplied by the mass-shell constraint:

gupt'p’ = —m?, (1.22)

which is trivially conserved by the geodesic motion. Introducing stochasticity into the equations of
motion involves adding a random noise term to at least one of the equations. Under the condition of
having almost surely continuous stochastic trajectories in spacetime and Markovian (i.e. memoryless)
stochastic dynamics, the stochastic differential increment dW*# is a Gaussian random variable with
statistics:

<dW“> ~0, <dW“dW”> = 2D dr (1.23)

with D" being the positive semi-definite covariance matrix of the noise. The mean can in general be
non-zero, so in what follows, we explicitly subtract the mean from the noise to have the above statistics.
Note that continuity and Markovianity are the effects of coarse-graining. The specific microscopic
model might have some discrete jumps and forgetting time 7¢. But when considering appropriate scales,
the mentioned assumptions will be valid [60]. As we review in detail in Appendix A.2.1, dW* is of
order O(V/dr), a statement made precise by It6’s lemma.

The form of stochastic modification of the equations of motion is strongly constrained by the requirement
of covariance and preservation of the particle on the mass shell. First, let us consider (1.20). Adding

noise to the evolution equation for z* inevitably leads to acausal trajectories in spacetime. To see this,
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consider the modified set of equations:

"
do' = 2 dr + awr, (1.24)
m

1
_ H B
dp* = —mfaﬁpap dr . (1.25)
If we perform a boost into a frame where the particle is at rest, then p” = m, meaning that the equation

of motion for the time coordinate reads:
dz® = dr 4+ dW"°. (1.26)

No matter the size of the diffusion constant k, which effectively controls the variance in dW*#, the
particle will eventually experience daz® < 0 with probability 1, meaning that it will travel back in time.
Further discussions on such stochastic processes can be found in [87, 88|, where it is shown that such

causality violations are suppressed for time scales larger than the particle’s Compton wavelength.

To avoid causality violations entirely, the only option left is to add the stochastic term to (1.21):

m
do' = dr (1.27)
m

Dpt = bvtdr + dWH . (1.28)

Here, Dp* is the covariant differential, which involves the Christoffel symbols. We have explicitly
separated the mean of the noise as a drift 4-vector b*. The physical origin of this extra drift seems
mysterious at first sight. However, note that as the stochasticity is removed for x — 0, both the drift
and the noise term should vanish due to dW* having zero mean and variance, and we should recover
the usual geodesic equation. The necessity of adding the drift term becomes, nonetheless, evident when
considering the conservation of mass shell. Using It6’s lemma (i.e. recalling that dW*dW),, is of order
dr):

—d(m?) = d(p"p.) = 2p, Dp" + dpdpy (1.29)

= 2(pub" + D", )dr + 2p dW* '

which has to be zero for the stochastic term not to drive the system off the mass shell. In order for (1.29)
to vanish, however, both the O(dr) and the O(dW) ~ O(dr'/?) terms need to vanish independently.

Looking at the stochastic term first, this implies:
pudWH =0, (1.30)

meaning that the noise term is orthogonal to the momentum 4-vector, i.e. tangent to the mass shell.
We should also make sure that the second order contribution dW#dW,, allowed by Itd’s lemma preserves
the mass shell condition. This means that also the other term present in (1.29) has to be zero on the

mass shell:

pub + D*, =0]. (1.31)

Finally, note that the orthogonality condition (1.30) reduces to a condition on the covariance matrix by
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requiring the correlations between p,dW* and dW" to vanish on the mass shell:

50" =o) 1

In short, equations (1.31) and (1.32) are the most general conditions that the drift and covariance
matrix have to satisfy on the mass shell for the stochastic differential equation (1.28) to preserve the
mass shell condition. For the equations to be generally covariant, we only need b* and D"” to be a
spacetime vector and tensor, respectively. And finally, to have a proper covariance matrix, D*” must

be positive semi-definite.

Given these constraints, what is the most general form of b* and D*”? In the absence of any other
fields or additional geometric structures, the existing covariant objects that we have are the momentum
pH, the metric, the covariant derivative, and all of the curvature tensors. We can combine them in any
way to produce a vector and a tensor, and as long as we satisfy (1.31) and (1.32), we have an admissible
drift and covariance matrix. As highlighted earlier, for the present analysis, we are only interested
in the zeroth order in a curvature expansion. A Brownian motion caused by quantum gravity is, in
principle, also present in flat spacetime. In curved spacetime, many curvature terms become viable that
introduce a non-minimal coupling of the Brownian motion to the curvature. We say more about this
possibility in the next subsection. Otherwise, for the rest of the chapter, we advocate for the case of

minimally-coupled Brownian motion.

With this assumption, the only covariant objects available are p*, g*¥, and p*p”. Therefore, the drift
vector has to be proportional to p#, and the covariance matrix has to be a linear combination of the
metric and pp”. After plugging in (1.31) and (1.32), the three constants can all be written in terms of

one of them, which we call k. The result is

3k
W= Wp“ )
1
DH — m(g‘“’ n Wp“p”) . (1.33)

We have derived that the most general form of the covariant Brownian motion of massive particles

minimally coupled to gravity and constrained to remain on the mass shell:

m
dzt = p—dT ,
m

1
dp" + —FgﬁpapﬂdT = 3—2p“d7’ +dWH | (1.34)
m m
|
B\ — n v\ _ uv o v
<dW > 0, <dW AW > 2/<;<g + —5p'p )dr. (1.35)

It can be trivially extended to spacetimes of dimension other than 4, with the coefficient 3 in the drift
term changing to d — 1. Five different realisations of these equations in 3-dimensional flat spacetime
are given in Figure 1.1. The particles perform a Brownian motion on the mass shell, and as a result of

the change in their momentum, the spacetime trajectories deviate from a straight line.

It turns out that the parameter x is the same as the diffusion parameter we encountered in the previous

section, and that these stochastic differential equations are completely equivalent to the covariant
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Figure 1.1: Five realisations of the covariant Brownian motion (1.34) in 3d flat spacetime, with m = 1, x = 1073, and
total proper time 7 = 103. Figure 1.1a shows the trajectories of the particles in the momentum space and on the mass
shell. The particles are undergoing a random walk, and so the trajectories are not differentiable. Figure 1.1b shows the
resulting trajectories in spacetime, where the shaded surface is the light cone. The particles have differentiable worldlines
that deviate from geodesics.

diffusion equation. Although we used seemingly different physical principles to arrive at the respective

equations, there are parallels between the two arguments. First, with the identification
KY = e’ue]l,D’“’, (1.36)

one can prove that the tensor transformation condition of K on the phase space is equivalent to D*¥

being orthogonal to p on the mass shell, equation (1.32). Moreover, with the identification
vt = ei#b“, (1.37)

the vector transformation property of u = (0,u*) on the phase space is equivalent to the condition (1.31).
In Appendix A.2.3, we prove these two statements and show that the covariant diffusion equation and

the covariant Brownian motion are equivalent.

As the final note, we highlight that since D*” has to be positive semi-definite as a covariance matrix,
must be positive. Therefore, the drift term in (1.34) acts like a force in the direction of the particle’s
momentum. We have seen that the existence of this drift term is necessary for covariance and the
conservation of mass. Here we give a more intuitive account of that. Consider the hyperboloid of
mass m, (1.8). As shown in Figure 1.2, in the rest frame of a given particle, the unit sphere around
the origin ¢' = 0 is perfectly symmetric in all directions of the spatial momentum. When a particle
starts a random walk from the origin, it has equal chances of going to any spatial momentum direction.
However, for a particle with non-zero spatial momentum |¢]?> = ¢’¢’, the unit sphere is skewed toward
larger |7]2. So when doing a random walk on the mass shell, the particle has a bias toward larger

energies. This is the geometric origin of the drift term.
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Figure 1.2: Balls of radius 1/2 in hyperbolic space. Figure 1.2a shows the ball of radius 1/2 centred on g, = 0 in blue
and in red the region centred on ¢, = 5. The centre of the respective regions is represented by a black dot. Note that the
latter is asymmetric around its centre, and in particular it extends to far higher momenta than naively expected. The
same situation is shown in Figure 1.2b in 241 dimension, with the blue region centred on ¢; = 0 and the red one on

Brownian motion coupled to curvature: an example

Before moving on to cosmology, for completeness, we give an example of a stochastic process coupled to
curvature, where the diffusion tensor D*” is explicitly constructed from curvature tensors. This further

demonstrates the strength of the formulation we have developed.

The diffusion tensor derived in the previous section is in fact a projection tensor on the mass shell. It
can be used to construct diffusion tensors of higher order in curvature that satisfy the constraint (1.32).
So let us define

PH = gl + %p“p”. (1.38)

The following expression is a valid positive semi-definite diffusion tensor:
D" = K PFR,P"P R, (1.39)

where R is the Ricci scalar, and & is another diffusion parameter. To satisfy the constraint (1.31), it is

sufficient to choose b = #p“D”V.

In flat spacetime, the above stochastic process gives no correction to the geodesic motion. Nevertheless,
from an effective point of view, all such curvature corrections could in principle appear. It would
have been difficult to construct this stochastic process starting directly from the vector and tensor
conditions on u and K. The Langevin equation approach we presented provides a systematic framework
for constructing all possible covariant Brownian motions coupled to the curvature. It is an interesting

problem for future work to investigate the asymptotic behaviour and possible equilibrium solutions of
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the above process in FRW spacetime.

1.1.3 Swerves models

Here, we briefly review the swerves models in the context of causal set theory as a possible microscopic
origin for the covariant Brownian motion. We emphasize that the covariant Brownian motion, as
an effective theory, stands on its own and is not tied to any particular quantum gravity framework.
Nevertheless, swerves models provided an important motivation for Dowker et al. [58, 60| for formulating
the Lorentz invariant diffusion equation. For us, they provide a toy model with which we can compare
the cosmological constraints we obtain in the next section. We will provide another brief overview of

causal sets in Chapter 3 with an emphasis on the tools relevant for that context.

Causal set theory provides an approach to quantum gravity where discreteness and manifest Lorentz
invariance are central [89-95]. Starting with a given spacetime manifold, one selects a random number
of spacetime points with a fixed density ¢ according to the Poisson distribution. This provides a
discretization of spacetime. Unlike regular lattices that explicitly distinguish a preferred frame, a
random process that samples points based solely on the invariant volume of a spacetime region almost
surely does not introduce a preferred frame, and hence preserves Lorentz invariance [96]. Now the
discrete set of points has to be complemented with some fundamental degrees of freedom in order to
recover the geometry and topology of the spacetime manifold. One option is to encode geometric data
like the length of edges between the set of points in the spirit of Regge calculus [97, 98] or causal
dynamical triangulation [99, 100]. Instead, in causal set theory, the fundamental degrees of freedom are
the causal relations between the discrete elements. This is inspired by a series of papers in the 60’s
and 70’s [101-104] showing that the causal structure of a Lorentzian manifold is enough to recover its
topology and metric up to a conformal factor. Therefore, mathematically, causal sets are defined as

finite partial orders, with the partial order representing causal ordering.

The dynamics of matter degrees of freedom on causal sets is modelled either using a discrete analogue
of the d’Alembertian operator [19, 105, 106] or using the formalism of quantum field theory (QFT) on
causal sets [8, 107-110]. Since the developments in these two directions have mostly been formal, it
is still early to extract clear phenomenological signatures from these theories. Meanwhile, Dowker et
al. |58, 60] constructed simple toy models of the motion of an idealistic point particle on a classical
causal set. These models realize the heuristic idea that when moving on a discrete background, particles
cannot maintain perfect geodesic motion and experience stochastic fluctuations around the longest

chain of events-the discrete analogue of geodesics [111-113|.

The simplest swerves model makes use of the embedding information of a causal set in an approximating
Minkowski spacetime [58]. In particular, assume that a particle has previously been on causal set

elements (e, ..., e,). Its next spacetime point e, is chosen such that it satisfies three conditions:
® c,11 is in the future light cone of e,.
® ¢,41 is at most within a proper time of 74 away from e,,. 7 is called the forgetting time.

e In a frame defined by the momentum 4-vector p,, the spatial part of p,+1 — p, has the minimum

possible magnitude.
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Each momentum p,, is defined to be proportional to e,, — e,,_1 while satisfying the mass-shell condition.

The above model only works on flat spacetime and makes use of continuum information. In [60], Dowker
et al. suggested two intrinsic models that only make use of the combinatorial properties of a causal set.

The first model chooses the point e, 1 such that
o d(en—1,ent1) < 2ny and d(ep, enq1) < 1y
e d(en,eny1) is maximized.

Here, d(a,b) denotes the length of the longest chain of events between two causal set elements a and b.
ny is the forgetting number, the discrete analogue of forgetting time. The other intrinsic model shares

a similar idea and can be found in |60, 114].

The notion of a geodesic on a causal set as the longest chain of events between two events is highly
nonlocal. All these models try to reduce the scale of this nonlocality to 77. By doing so, they introduce
effective stochasticity in the motion of the particle with a variance that grows with propagation. Philpott
showed that the intrinsic models have a faster diffusion given the same forgetting scale. She also
simulated the first of the swerves models in two-dimensional Minkowski spacetime. Comparing with
the solution to the Lorentz-invariant diffusion equation, she found good agreement with the outcome
distribution of the swerves model, confirming that as the swerves models are Lorentz-invariant, they
indeed give a microscopic description of the Lorentz-invariant diffusion process. Comparing the resulting
distributions with each other and using dimensional analysis, she then related the diffusion constant to

the forgetting time. In two dimensions, this is given by

(1.40)

where ¢, is the Planck time (or the discreteness time scale to be more precise).

We note that the existence of a nonlocality scale 7 in the swerves models implies that they are not
Markovian processes. It is only on scales large enough compared to the forgetting time that we can
approximate the behaviour of swerves models with the covariant diffusion equation. In [115], Dunkel et
al. gave a proposal for a relativistic non-Markovian stochastic process. It is an interesting problem for

future work to see whether such models provide a better description of swerves.

1.2 Cosmological tests

In [58], Dowker et al. noted that a heating rate as small as a millionth of a degree per second in
cold hydrogen gas would have been experimentally detectable in laboratory, leading to the constraint
kS 10~%%kg?m?2s~3 for baryons. Later, as noted by Kaloper and Mattingly [69], one might expect
much tighter constraints from astrophysical observations of cold molecular clouds in the Milky Way.
Their temperatures of about 10 — 20K, combined with ages comparable to that of the Milky Way
itself, would naively improve the previous bound on x by seven orders of magnitude. However, if
baryons undergo covariant Brownian motion and gain energy, part of that energy will subsequently

be lost through thermal radiation. This effect weakens the constraint from cold molecular clouds to
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r < 1075%kg?m2s~3. The same authors also noted that the measured heating rate of Bose-Einstein
condensates at microkelvin temperatures gives a similar bound x < 107°*kg?m?s 3.

On the other hand, dark matter particles—having very weak or no interaction with standard model
particles—are better probes for covariant Brownian motion. Their coldness determines how much
structure is formed in the late universe. So we expect tight constraints on the diffusion parameter from

cosmological observations.

When applied to dark matter particles, covariant Brownian motion gives rise to a model of stochastic
dark matter. Beyond this, we remain agnostic about the particle nature of dark matter, such as its
mass or field-theoretic description. Its primary governing equation is the covariant diffusion equation

(1.19), written in an FRW universe with metric
ds? = a(n)2< -1+ Qw)an + (1 - 2¢)dacidxi> , (1.41)

where a is the scale factor, n is the conformal time, and ¢ and v are gravitational potentials in
Newtonian gauge. To connect the covariant diffusion equation with the background and perturbation
equations for stochastic dark matter, we integrate out the momentum variables. The energy-momentum
tensor of dark matter is related to its phase space distribution via

d3q

Tuu = f pMpr . (142)

Note that the integration measure is the well-known Lorentz-invariant volume element on the mass
shell in terms of the physical momentum ¢°, while Py in the integrand is the spacetime momentum [85].

The background and perturbed energy density are governed by the following equations

ﬁém + 3H (ﬁdm + Pdm) = al'mngm , (1.43)
6p' +3H(6p+6P)+ (p+ P)(0 —3¢') = al’ (m(5n + mmb) , (1.44)

where m is the mass of dark matter, the prime denotes a derivative with respect to n, the barred
variables are at background, and Py, and ng,, are pressure and number density, respectively. 6 is the
divergence of the velocity field of dark matter. For simplicity, we drop the label dm when there is
no risk of confusion. Covariant diffusion has introduced an energy injection term into the continuity
equations proportional to the number density. Also note that here we have introduced another constant,
I, which has the units of 1/time. It is related to the diffusion constant x and the mass of dark matter

particles via
3K

I'=—.
m2

(1.45)

One can think of T as the diffusion rate of dark matter particles. As far as background equations like
(1.43) are concerned, it has to be compared to Hy. If I' < Hy, the effect of covariant Brownian motion
on the background energy density would be negligible, and stochastic dark matter particles always
remain non-relativistic. As we will see later, this condition is indeed necessary for sufficient structure

formation.

When solving (1.43), things would simplify greatly if we could set the dark matter pressure density
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Figure 1.3: Figure 1.3a shows the log-log plot of the background energy density of photons, dark matter, and dark
energy for various choices of I' versus scale factor. The units of I" are km/s/Mpc. One can see that even for values of I" as
large as 1km/s/Mpc, the deviation of dark energy density from a constant A is substantial only when its contribution to
the total energy density is negligible. Figure 1.3b shows the evolution of the equation of state and sound speed squared of

stochastic dark matter at K = 1/Mpc. wam follows a power law behaviour at all times according to (1.51). The numerical

integration of the perturbation equations has started later than the background with ¢2 = 0 as the initial condition. ¢?

quickly catches up with its superhorizon attractor solution (A.86).

to zero, as for cold dark matter. This is related to whether we can identify mngy, with pgm to have a
closed system of equations without referencing the number density or mass of dark matter particles.
However, we expect heating to be important in general. Indeed, a non-relativistic expansion of E in

powers of ¢/m shows that

mn=p— 5P, (1.46)

The number density is conserved for stochastic dark matter, while the energy density is not. Therefore,
pressure density cannot be conserved. Even starting with a perfectly cold distribution, covariant
Brownian motion causes dark matter particles to heat up over time, leading to a growing equation of

state w = P/p and sound speed c2 = §P/dp as is evident in the numerical solutions presented in Figure
1.3b.

Another possible simplification would be to use a fluid approximation to model stochastic dark matter.
While tempting, this approach—where higher moments of velocity are ignored when integrating out the
momentum variables—leads to spurious growing acoustic oscillations in the dark matter overdensity
0 = dp/p, see the dashed curve in Figure 1.4a. In the absence of collisions between stochastic dark
matter particles, we do not expect any acoustic oscillations. In essence, the fluid quantities alone cannot

capture the irreversibility inherent in Brownian motion.

One way forward is to numerically solve the covariant diffusion equation using Monte Carlo methods [116,
117]. At this stage, however, implementing this in a Boltzmann code remains challenging. Instead,
the Boltzmann hierarchy is often employed to solve the perturbation equations [118]. However, the
traditional hierarchy is not well-suited to stochastic dark matter. It depends explicitly on the particle
mass m, about which we make no assumptions. Also in Boltzmann codes, the background distribution
function is assumed to be of the form fy(n,q) = fo(aq) indicating that particle momentum merely
redshifts. In contrast, as it will be discussed in Section 1.2.2, the background distribution function for

stochastic dark matter behaves like a heat kernel in the non-relativistic approximation, leading not
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Figure 1.4: Evolution of the stochastic dark matter overdensity versus scale factor for I' = 0.1km/s/Mpc and two
different wavenumbers k, normalised by the initial photons overdensity. A naive fluid approximation that only keeps
the fluid quantities when integrating the momentum variables gives spurious growing oscillations. It is only after taking
enough angular and velocity moments of the generalised Boltzmann hierarchy that the solution converges to a decaying
power law. Even then, the system of equations becomes unstable at large ky, when the free streaming length of the
particles becomes large. This is depicted in Figure 1.4b. Semi-analytic solutions are needed to tame these numerical
instabilities.

only to redshifting but also to broadening over time in momentum space. This is why we need the
“generalised Boltzmann hierarchy” that introduces both multipole expansions and velocity expansions

of the distribution function.

1.2.1 Generalised Boltzmann hierarchy

To numerically solve for the background and perturbation equations of stochastic dark matter, we
modify CLASS [119, 120] to implement the generalised Boltzmann hierarchy. This was introduced by
Nascimento in [121] as an alternative approach to solving for massive neutrinos in Boltzmann codes.
It has the advantage of being much easier to implement in CLASS, and while Nascimento skipped the
full implementation in his paper, he found that the generalised Boltzmann hierarchy gives comparable
results to the ncdm component in CLASS in the high-precision setting with sub-percent accuracy. For us,
it also has the advantage of being explicitly independent of the mass of dark matter particles so that

we can only work with the diffusion rate I'.

The main idea is that to have a systematic non-relativistic expansion of the usual Boltzmann hierarchy,
one has to multiply the distribution function by Py()(q/E)?" ™ where u is the cosine of the angular
component of the momentum, with P, the Legendre polynomial, and then integrate the momentum
variables. The resulting mode is the (n,¢) moment of the distribution function which we show by f,, .
Its evolution equation is found by suitably integrating the covariant diffusion equation, which couples it
to the adjacent moments. See Appendix A.3 for the full set of equations and Appendix A.3.1 for a
superhorizon solution. The lowest moments in n and [ represent fluid variables, which are coupled to
higher moments. In practice for numerical solutions, this generalised Boltzmann hierarchy has to be
terminated at some finite nyax and lpax, in such a way that including even higher moments would not
affect the fluid quantities within numerical precision. With trial and error, we find that for our case,

(Nmax; Imax) = (20, 10) is enough to achieve convergence for fluid quantities, as shown in Figure 1.4a.
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The generalised Boltzmann hierarchy provides a straightforward and efficient way of numerically solving
for the background and perturbation quantities. However, as already noted in [121], it has the downside
of breaking down at large ky(n), where k is the wavenumber of perturbations and y is the typical free
streaming length at conformal time 7. This can be intuitively understood as follows: When the free
streaming length of particles becomes comparable to a given length scale, then the perturbations at
that length scale become increasingly sensitive to the high-velocity tail of the distribution function,
and higher moments in n are needed to achieve convergence. In Figure 1.4b, one can see that choosing
a higher npy.y integrates further in time, but eventually, the moments start to diverge. Therefore,
our numerical solutions using the generalised Boltzmann hierarchy have to be supplemented by a
semi-analytic understanding of the behaviour of each of the distribution moments at large ky(n). This

will be the purpose of the next section.

1.2.2 Semi-analytic solutions

The generalised Boltzmann hierarchy is an infinite system of coupled ODEs and is challenging to
solve analytically per se. However, all the equations originate from the single covariant diffusion
equation (1.19). In the context of the Boltzmann equation for photons, the line-of-sight integration
provides an integral solution for the CMB temperature perturbations. The solution includes the
Sachs-Wolfe (SW) term, which accounts for the initial temperature perturbations and gravitational
potential. There is also the integrated Sachs-Wolfe (ISW) term, which incorporates a time integral of
the varying gravitational potential. Refer to Section 4.3 for more details. The ISW term specifically
captures the gravitational redshift of the photons as they climb out of potential wells from the last

scattering surface to the present time.

We will follow a similar approach in order to solve for the dark matter perturbations. Analogous to
CMB anisotropies, the covariant diffusion equation admits an integral solution comprising SW and ISW
terms. There are additional heat kernel integrals to account for diffusion. In general, the time integral
cannot be performed explicitly. Nonetheless, in the regime of strong diffusion, when the generalised
Boltzmann hierarchy becomes unstable, we can use saddle-point approximations to infer the power law
behaviour of all the moments of the distribution. Before that, let us discuss the background distribution
first.

Background
To start, let us look at the background covariant diffusion equation in FRW spacetime:

88{70 —q %J;O = GT;Q;](EQQ%JCO) . (1.47)
Finding a fully relativistic solution to this equation is a difficult task. If there were an extra factor
of E on the right, then this equation could have been put exactly in the form of a heat equation on
the hyperbolic space, whose heat kernel is known analytically [122]. In fact, this can be done for the
diffusion equation in the proper time of the particles, rather than the cosmic or conformal time [58].
However, as we mentioned earlier, the proper time of diffusive particles is not observable, so we need

approximations for solving (1.47). It will be seen later that we are only interested in the case where the
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dark matter particles remain non-relativistic up to the present time. Therefore, we assume that £ ~ m,
which makes the right-hand side proportional to the flat Laplacian. Switching to comoving momenta

G = aq, the equation becomes a simple diffusion equation with the new time parameter
dT = a3dn. (1.48)

Therefore, in the non-relativistic approximation, the solution can be written as

2

U (1.49)

T.) = ——
fO( CI) (%ﬂ_rsz):;/Q

where ng is the present number density. We have assumed that the initial distribution function is
a delta function at zero momentum. In other words, throughout the chapter, we assume the initial
condition for stochastic dark matter is that of cold dark matter. This is of course, an idealization;
for any specific particle model of dark matter, the production mechanism gives an initial distribution
function [123-125] that should be convolved with the above heat kernel to give the correct distribution
at later times. For now, we remain agnostic about the detailed particle model of dark matter and use
CDM as the initial condition.

As noted in [58], the distribution (1.49) can be seen as a Maxwell-Boltzmann distribution with a

time-dependent temperature

kT = ;FmaZ? . (1.50)
This is one way of seeing that covariant Brownian motion spontaneously warms up the stochastic dark
matter particles. Note that in both radiation domination and matter domination, 7 ~ a®n ~ a?t,
where t is the cosmic time. Therefore, the temperature grows linearly with the cosmic time and is
independent of the choice of ag, as expected. Also, remember that this equation is only valid as long as
the particles remain non-relativistic, so kgT < m. This translates to I'T /a? < 1, or al'n < 1. So we

can only trust these non-relativistic approximations if I' < Hy.

Having the solution to the background distribution at hand, we can directly infer the behaviour of
several background quantities:

_ 27T

Piam = gﬁmndm )

_ I A

Pdm = (1 + T)mndma

a
_2 GF2IT
31+ I:I—QT T 3a?’

(1.51)

Wdm

The number density is conserved and scales as 1/a3. So for I' < Hy, we conclude that the deviation
of pam from 1/a® scaling must be very small, and the equation of state, although growing with time,
remains negligible up to the present time. One might be worried that the condition I' < Hy is too
restrictive, not allowing for any observable signatures. This is only true at the background level. In the
next section, we will see that the picture is very different for perturbations. While background is only

sensitive to the overall transfer of energy to dark matter particles, perturbations are sensitive to the
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diffusion length. From equation (1.49), the typical velocity squared of stochastic dark matter particles
at some time 7 is .
2
Ve~ ?FT ~al'n, (1.52)

which is just the variance of a random walk on the mass shell. The typical diffusion length is given by

vt, and so the comoving diffusion scale is
Ap ~vt/a ~ vn. (1.53)

The free streaming length y is just the comoving diffusion length, i.e. y = Ap. A typical stochastic dark
matter particle could travel a distance of about 1Mpc during the age of the universe, with an equation
of state consistently less than wqy, ~ 107%. Such a large diffusion length has a significant impact on

the small-scale perturbations, as we will see in the subsequent sections.

Perturbations

We expand the distribution function up to first order as

f=f+df. (1.54)

We are mostly interested in solving for J f when the diffusion becomes strong. For the length scales of
interest and reasonable values of the diffusion rate, this happens well after radiation-matter equality. We
checked numerically that even in the presence of diffusion, the total anisotropic stress is negligible and
we can use the approximation ¢ = 1. Moreover, to be able to give an analytic solution, we have to go the
non-relativistic limit, where ¢ < m and £ ~ m. This is justified since, as we will see later, we will get a
bound of w < 4. x 107% from CMB, which allows velocities of order v < 2. x 10~3¢ (consistent with other
reports [126, 127]). In the non-relativistic approximation, the hyperbolic Laplacian in the covariant
diffusion term becomes a simple flat Laplacian in momentum space. Under these approximations, if we
transform to the comoving momentum variable § = aq again, and use 7 defined in (1.48) as the time

parameter, the evolution equation for § f becomes

fo m m2 02

5f+72kq (Sf k’ ¢* 3 z]a aN

Sf, (1.55)

where p = l%.(j. Without the diffusion term on the right-hand side, one could solve the Boltzmann
equation using a method similar to line-of-sight integration. This would lead to a term accounting
for the initial condition and an integral term accounting for the effect of the gravitational source
along the trajectory of particles. Although the diffusion term makes things more complicated, we can
still solve this equation. The crucial observation is that (1.55) resembles a diffusion equation with a
time-dependent linear potential and a non-homogeneous gravitational source term. Alternatively, by
analytically continuing the time variable 7 to the imaginary axis, this becomes a Schrédinger equation
with a time-dependent linear potential and a non-homogeneous source term. Forgetting about the
non-homogeneous term for a moment, this quantum-mechanical problem has been studied and solved
in [128]. Following the same steps, we can solve our equation (1.55) without the source term ¢, and

then use Duhamel’s principle [129] to solve the full equation including the non-homogeneous source
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term. We leave the details for Appendix A.5. The final solution is

SHT Q) = [ Q) | dTHomm) €2 R TR (T 1, Q)
(%WI’mQ(T— 7;)) /2
- R ; .
+ / T’ / N Tod I e W e~ RIQTHEFQT) it 1000 4 g,
T (4aTm2(T — 77))*/? Ty o

(1.56)

T; is the initial time when the initial conditions are set, y is the free streaming length, @ is some
redefined momentum parameter, and G(7,7") is some form of a time difference between 7’ and T (see
Appendix A.5 for details):

7—3 7—3
GT.T)~ 5= =5~ an® — a;in? . (1.57)

i
The important factor that we have to pay attention to is the first exponential in the two terms. Assuming
that 7; < T, the initial-condition term in (1.56) gets exponentially suppressed by exp (— %FkQQ (T, 7;))
whenever

alk*n® > 1. (1.58)

As for the time-integral term, only the late-time part of the integral (7’ ~ T) would give a non-negligible
contribution, and the early-time contribution would be exponentially suppressed by the same exponential
factor. Therefore, the strength of the diffusion at some scale k is determined by the factor al'k?n. We

say that diffusion has become relevant at this scale if this number is comparable to 1.

There is yet another more intuitive way of understanding the same result. As we found out in the
previous section, at the background level, the strength of the diffusion is controlled by I'/H. If this
is small, then the effect of diffusion can be ignored in the background. However, perturbations are
sensitive to the diffusion length. If the growing diffusion length becomes comparable to the length scale
of interest, the clustering of dark matter particles starts to get washed away. From the previous section,
we know that the typical comoving diffusion length is Ap ~ vn. To see its relevance, this should be

compared to the comoving length scale of interest, A = 1/k. We have

(k:y)2 = ()\TD)2 ~ al'k?n3. (1.59)
Therefore, al'k?n3, the parameter that controls the exponential suppression of the initial-condition
term and the early contribution of the time integral, is the square of the diffusion length divided by the
length scale of interest. When this number becomes very large, only the late-time behaviour of the
gravitational potential determines the distribution of stochastic dark matter particles. This aligns with
our understanding of diffusion. For stochastic dark matter particles alone, entropy increases, and the

dynamics is irreversible, effectively erasing the initial data.

Relation (1.59) indicates that the regime al'k?n3 > 1 is also the regime where the generalised Boltzmann
hierarchy becomes unstable, according to Section 1.2.1. Therefore, if we could find the analytic

behaviour of (1.56) in this regime, we would have everything we need for the full solution to dark
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matter perturbations. Fortunately, this is feasible. In this strong diffusion regime, we can ignore the
initial-condition term. For the time-integral term, notice that the integrand consists only of either
Gaussian or plane wave functions of @’. So, the momentum integral can be carried out analytically.
For the remaining time integral, we can use the steepest descent method or numerical techniques to
capture only the very late-time contribution of the integral; see Appendix A.5. For example, the dark

matter density contrast is given by the following integral

/ N ’
5(n,k) = —I? / L o (1 - LS e stsarkin (16" (1.60)
n

i

This equation shows that, more precisely, we need
alk*n® > 315 (1.61)

to be in the strong diffusion regime. The numerical factor comes from specific time integrals in the
matter domination era. Now, the integrand is exponentially larger at the right-end of the integration

interval. The saddle-point approximation gives

-21

Mm@%%ﬂwm@- (1.62)

A more accurate numerical approximation gives 23 in the numerator instead; see Appendix A.5. Notice
how § depends only on the present gravitational potential and not on its past history. More importantly,
this shows that when diffusion takes over, the density contrast of stochastic dark matter begins to
decrease following a power law. In other words, the clustering becomes washed away, and the dark matter
distribution tends toward homogeneity. This asymptotic solution matches well with the numerical
results from the generalised Boltzmann hierarchy just before the onset of numerical instability. Thus,
by combining the two, we get the full solution for the dark matter overdensity and transfer function, as
depicted in Figure 1.5. The transfer function further shows the bottom-up smoothing of structures,

with more suppression at smaller scales.

Similar expressions to (1.62) can be found for the pressure density, velocity, and anisotropic stress of

stochastic dark matter:

0P 1 12.6
—x~—¢, (14+w)f~—486 , (l4wor —————
F; ¢ ( ) CLF??Z ¢ ( ) aF/{:2773

Once again, a more accurate numerical integration gives 6 P/p ~ —1.06 ¢, see Appendix A.5.

®. (1.63)

Finally, let us recall the approximations we used to derive these asymptotic solutions. We assumed
that the particles are non-relativistic, and we ignored the total anisotropic stress to write ¢ = 1. And
last, we ignored the effect of dark energy when writing the functions 7 and G in terms of the conformal
time 7. Since we only switch from numerical integration to the asymptotic solutions at very late times
and small length scales, and also since the allowed diffusion rates by the data are small, I'/Hy < 1074,

we expect the error introduced by this approximation in the cosmological observables to be negligible.
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Figure 1.5: Figure 1.5a shows the stochastic dark matter and dark energy overdensity versus scale factor at k = 1/Mpc,
normalised by the initial photons overdensity. These are numerical solutions obtained by the generalised Boltzmann
hierarchy supplemented with the asymptotic solution (1.62) at large al'k*n*. The dark energy overdensity is at all times
much smaller than stochastic dark matter overdensity, except at very early times when the background dark energy
density is negligible. Figure 1.5b shows the transfer function of the stochastic dark matter and dark energy versus k at
the present time. The perturbations of dark energy are negligible compared to the stochastic dark matter across all scales.
The units of " are km/s/Mpc and the two plots share the same legend.

1.2.3 Dark energy model

When we add the covariant diffusion term to the Boltzmann equation for stochastic dark matter, the

energy-momentum tensor is no longer conserved since [85]:

3
. / % pL[f]. (1.64)

L[f] being equal to mﬁV%{g f, the right-hand side is no longer zero. However, the Einstein equations
require the total energy-momentum tensor to be conserved. Thus, it is necessary to identify the source

of the energy and momentum transfer to the stochastic dark matter.

From a fundamental point of view, covariant Brownian motion happens because the very notion of
geometry at the Planck scale is ambiguous. The stochastic term in the geodesic equation accounts
for our ignorance of the effect of such a discrete or fuzzy geometry on the motion of a point particle.
Therefore, the back-reaction of this stochastic motion of a particle on the dynamics of spacetime is
of equal importance. Ideally, this should be effectively described by a stochastic term in the Einstein
equations. For a single particle moving in spacetime, the energy-momentum tensor has a stochastic
contribution from p* (1.34). To balance this, there must be a stochastic term on the geometric side of
the Einstein equations. Finding such a correction is beyond the scope of this thesis and is an important

avenue for future research.

Here, we adopt a phenomenological approach to this problem. Although a single particle exhibits
stochastic behaviour, their collective has a deterministic behaviour. Hence, the correction terms to
the geometry behave deterministically as well. We propose that this can be effectively described
by an imperfect dark energy fluid. In this sense, dark energy should be thought of as part of the
geometry rather than a matter species. In other words, an imperfect dark energy fluid represents the

mechanism responsible for the back-reaction of covariant Brownian motion on geometry. It transfers
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energy and momentum to stochastic dark matter particles, conserving the total energy-momentum
tensor. Consequently, it has to obey
VT =-v,T" (1.65)

where T4 is the energy-momentum tensor of dark energy.

At this point, we have to choose a kinematic ansatz for T4". The simplest choice would be to promote
the cosmological constant to a spacetime scalar A(x). In fact, in unimodular gravity, the diffeomorphism
invariance is relaxed in such a way that it naturally allows for non-conservation in the matter energy-
momentum tensor such that V,A = 87GV,T", [130]. Such theories have even been motivated by
discreteness at the Planck scale [131, 132]; see [133-139] for cosmological applications and inflationary
scenarios. However, this does not apply to our case because (1.64) cannot be written as the gradient of

a scalar.

The next simplest ansatz is to consider a perfect fluid dark energy. If one chooses the dark energy
equation of state to be w, = —1, then the perturbed velocity divergence of dark energy, 6,, would
not appear in any dynamical equation as it is always multiplied by 1 4+ w,. Then the spatial part of

the equation (1.65) enforces a constraint equation on the pressure perturbation of dark energy, which

2
T

translates into a constraint on its total sound speed squared, c2. Such a constraint equation fixes c2 in
terms of the energy density of dark energy and velocity divergence of dark matter, f4,,. As a result, c2
can in general become negative, creating gravitational instability in the perturbation equations. So one
has to allow for w, # —1. In this case, it has been shown that interacting dark energy-dark matter
theories could have early-time instabilities [140]. To avoid the instabilities in the case that energy flows
from dark energy to dark matter, one has to ensure w, < —1; i.e. one needs phantom dark energy [141].
To avoid physical problems associated with phantom dark energy models [142|, we discard this option

as well.

Finally, we get to imperfect fluid models for dark energy. In [143-147] it is shown that many modified
gravities and scalar dark energy models can be expressed in GR using an imperfect fluid energy-
momentum tensor. In its most general form, it contains heat flux and anisotropic stress terms in
addition to the perfect fluid quantities. For our current purpose, since (1.65) has four equations, we

only need four dynamical degrees of freedom. Therefore we use the following ansatz
TH = Ppg"’ + (Py + p)URUY + QRUY + QLU . (1.66)

OF is the heat flux vector that satisfies Q’éUu = 0, so it has three independent degrees of freedom.
We set w, = —1, and to avoid gravitational instability, we impose ¢2 = 1 manually. Unlike perfect
fluids, setting w, = —1 does not enforce any constraint equation on ¢2 due to the presence of Q%. We
still have three extra degrees of freedom in U*#. To fix them, we make the extra assumption that the
imperfect dark energy fluid is tightly coupled to the stochastic dark matter so that they share the same
velocity vector U* even at the perturbations level. The background and perturbation equations derived
from (1.65) can be found in Appendix A.4.

We highlight again that this is a purely phenomenological way of dealing with the back-reaction of the

covariant Brownian motion on geometry, and the correct formulation will most probably correct our
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Figure 1.6: The CMB TT power spectrum, D, = %C@ for increasing values of T' in km/s/Mpc. Figure 1.6b shows

the fractional change in the power spectrum compared to ACDM, DY. At low £ there is an enhancement due to an
increased late ISW contribution. At large ¢, the diffusion has a de-lensing effect.

assumptions. For the present, we believe this is suitable enough for our purposes since the main physics
that we are confident about and want to investigate is the diffusion of dark matter. As the dark energy
sector is more speculative, we want it to have minimal deviations from a constant A. In other words,
we want the background energy density of dark energy to closely resemble a cosmological constant and
the clustering of dark energy to be negligible compared to dark matter. In Figure 1.3a, one can see
that if ' <« Hy, the deviation from a cosmological constant behaviour is indeed small. Also, Figure 1.5
shows that the dark energy overdensity is small compared to dark matter, therefore having a negligible

impact on structure formation.

1.2.4 Effect on observables

Figure 1.6a shows the CMB TT power spectrum for various I' values. Apart from an enhancement of
Cy at £ < 100 for I" values around 1km/s/Mpc, other changes are less visually apparent. Figure 1.6b
better shows the fine details by plotting the fractional change in C; compared to ACDM (I" = 0). Here,
we can better see the change at small angular scales. This pattern resembles the decaying dark matter
model discussed in [148]. As detailed in Appendix A.5 and Figure 1.8b, stochastic dark matter induces
a decay in the gravitational potential at small scales even during matter domination. A time-dependent
gravitational potential enhances the late ISW effect, hence increasing the power at small £. On the
other hand, due to the suppression of structures at small scales, the amount of lensing is reduced, which

results in sharper peaks but an overall decrease in the power at large £.

Figure 1.7a shows the effect of increasing values of I' on the matter power spectrum. We can clearly see
the power-law suppression at small scales, which is accompanied by increasing values of the present-day
equation of state of dark matter and decreasing values of og—the standard deviation of matter density
perturbations at the scale of 8h~'Mpc—and of the derived parameter Sg = g \/m Figure 1.7b
shows the relative suppression of the matter power spectrum compared to ACDM at different redshifts
for a fixed diffusion rate. The suppression of power at small scales is redshift-dependent, with a stronger
suppression at lower redshifts. These are the distinguishing features of stochastic dark matter. For

example, the interacting dark energy-dark matter model studied in [149], with a net flow of energy
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Figure 1.7: Suppression of the matter power spectrum in stochastic dark matter scenario. Figure 1.7a shows the power-
law suppression of the matter power spectrum at z = 0 for increasing values of I' in km/s/Mpc, which is accompanied by
increasing values of wam at present and decreasing values of og. Figure 1.7b shows the fractional change in the matter
power spectrum compared to the power spectrum of ACDM, Py, for T' = 1.44 x 10~*km/s/Mpc at various redshifts.

from dark energy to dark matter, was shown to suppress the matter power spectrum and relieve the Sg
tension. However, the power spectrum is modified at all scales k, there is a shift in the location of the
peak, and the suppression plateaus at very large k relative to ACDM. For massive neutrinos and many
warm dark matter or interacting dark matter models, the interesting new physics happens at sufficiently
early times so that the relative matter power spectrum is weakly dependent on redshift at late times
[125, 150-152|. The closest models in the literature to stochastic dark matter are decaying dark matter
models that feature similar redshift-dependent suppression of power at small scales to offer resolution
for the Sg tension [153]. However, they also modify the matter power spectrum at large scales, and
the suppression plateaus at very large k [154, 155|. Unlike such scenarios, for stochastic dark matter,
the new physics is happening only at small scales and at late times. This feature helps the model to
satisfy CMB lensing constraints which are mainly sensitive to matter overdensity at 2 < z < 5, while
suppressing the matter power spectrum strong enough at z < 1 to decrease Sg and make it consistent

with the weak lensing measurements.

Figure 1.8a shows the dependence of og on I' while keeping the other cosmological parameters fixed. One
can see that for I' < 10~°km/s/Mpc, og remains virtually unchanged, while for I' > 10~3km/s/Mpc,
the decay in structure formation is too strong. This gives a clear picture of the order of magnitude of I"

if it is to satisfy the cosmological constraints.

1.2.5 Observational Constraints

The stochastic dark matter scenario has only a single additional free parameter I' to the standard six
free parameters of ACDM: {Hp, Qqmh?, Qph?, ng, In(10'°A,), Treio}. To constrain these parameters
from cosmological measurements, we perform Markov Chain Monte Carlo (MCMC) using MontePython

[156, 157]. We employ flat priors for all parameters, including a flat prior of [0, 1.0lkm/s/Mpc for T

As explained in [30], any model that claims a resolution for the Sg tension should be tested against
a variety of different datasets. Our datasets include CMB high-¢ TT, TE, EE, low-¢ TT, EE, and

lensing power spectra |39, 158|, as well as expansion and growth histories data from SDSS DR7 Main
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Figure 1.8: Figure 1.8a shows the dependence of s on I'. Increasing the diffusion rate decreases the clustering of
matter. To have enough structure formation, we need to constrain the diffusion rate to I' < 10~*km/s/Mpc. Figure 1.8b
shows the gravitational potential ¢, normalised by the initial photons overdensity, versus scale factor at k = 0.3/Mpc.
Unlike CDM, for which ¢ is constant during matter domination and only starts to decay during dark matter-dark energy
transition epoch, here the decay starts earlier.

Galaxy Sample (MGS) [159], BOSS DR12 LOWZ and LRG samples [160], e BOSS DR16 LRG and
Quasar (QSO) samples [161-165], eBOSS DR16 Ly-« [166], and uncalibrated Pantheon+ SN Ia catalog
[167].2 Together, we call these our Baseline. We also include weak lensing measurements as the main
drivers of the Sg tension in ACDM. The latest cosmic shear measurement by the DES collaboration
reports Sg = 0.759f8:8§§ [25, 26]. Following similar analyses of the Sg tension for power-suppressing
models [151-153], we only use this measured value of Sg as a prior for our analysis. This requires model
independence of the Sg measurements. Studies by both the KiDS and DES collaborations [168, 169]
indicate robustness of Sg value for various models, including a massive neutrino model ¥CDM and a
massive sterile neutrino model Nog — meg which show power suppression at small scales. However, to
the best of our knowledge, none of these tested models show significant modification to the late-time
structure growth like the stochastic dark matter. So when using Sg measurements as priors, this caveat
should be borne in mind. A more complete analysis of stochastic dark matter in light of weak lensing
measurements, with accurate modelling of non-linearities or with proper scale cuts is beyond the scope
of the present thesis, and we leave it to future work. We have also tested that using the cosmic shear

measurement by KiDS DR4 [27], Ss = 0.776f8:832, does not change our conclusions.

A note of caution is in order. With an updated redshift calibration methodology, the cosmic shear
measurement from KiDS DR5 [170] is consistent with the CMB prediction from Planck2018, showing
no Sg tension within ACDM. While such a resolution of the tension within ACDM is reassuring,
the significance of the tension in the past few years has stemmed from the accumulation of several
independent measurements. For this reason, and pending forthcoming independent results from LSST
and Euclid, we do not incorporate this latest KiDS Sg into the present analysis. It should be noted

that if one were to adopt such a prior for Sg, the following results may turn out weaker.

We want to assess how stochastic dark matter affects the Sg tension and how it compares to ACDM.

First, we only keep those datasets that, when combined with Pantheon+ and an Sg prior, result in

2More on supernova data is discussed in Section 4.1.
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Figure 1.9: 68% and 95% confidence-level posterior distributions of the amplitude of primordial fluctuations, the
diffusion rate of stochastic dark matter, 2,,, and Ss for stochastic dark matter and ACDM from various combinations
of datasets. Figure 1.9a emphasizes the discrepancy in Ss between Planck and low-z measurements in ACDM, while
showing consistency in the case of stochastic dark matter. Figure 1.9b shows the 1.7¢0 preference for non-zero I' when all
of the datasets are taken into account together with the Ss prior from DES.
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o 032

a posterior average Sg < 0.785 for ACDM. These are SDSS DR7 MGS, eBOSS DR16 LRG, eBOSS
DR16 Ly-«, uncalibrated Pantheon+ SN Ia, and DES, which we call the “Low-z Baseline” data. Figure
1.9a compares the posterior plots of ACDM and stochastic dark matter for Planck2018 with Low-z
Baseline. For ACDM, there is a 2.40 tension in the respective Sg posteriors. In contrast, the stochastic
dark matter model effectively resolves this tension. The Sg posterior from Planck2018 under this model
has an extended lower tail, such that it is consistent with the low-z constraint. It is important to note
that this is not just through having a large parameter space and enlarged error bars. The diffusion rate
I specifically targets Sg, while maintaining the posterior precision of other parameters at almost the
same level as ACDM. This is shown in Appendix A.6 by comparing the full posteriors of ACDM and
stochastic dark matter for Planck2018. In particular, stochastic dark matter does not affect the Hy
tension. This is not surprising because the allowed range for the diffusion rate satisfies I' < Hp, and

hence the background is unaffected by the model.

We have seen that in the stochastic dark matter model, the Planck data has a very low constraining
power on Sg, making it consistent with the Low-z Baseline data. The consistency allows us to combine
these datasets. Another approach to evaluate the tension or consistency in Ss is to compare the best-fit
x? values for a given model when combining all datasets, both with and without the Sg prior. The
tension can then be estimated by calculating the square root of the y? difference between these two
cases [153]. Table 1.1 gives the minimum x? for various combinations of datasets. After including
the Sg prior, the minimum y? for ACDM increases by ~ 6.7, while for stochastic dark matter, it only
increases by ~ 1.2. Again, this shows a reduction in the Sg tension from 2.60 in ACDM to 1.1¢ in

stochastic dark matter.
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Table 1.1: Best-fit x? of stochastic dark matter and ACDM from different datasets. Ax? denotes the
best-fit x? of stochastic dark matter minus that of ACDM.

Planck Low-z Baseline Baseline Baseline+DES
Stochastic DM y? 1192.44 1418.16 4215.26 4216.5
ACDM x? 1191.76 1419.30 4212.98 4219.7
Ax? +0.68 —1.14 +2.28 —3.2

Finally, we use the Baseline and Baseline+DES to get the strongest constraints on I' and Sg for
stochastic dark matter. Figure 1.9b shows the posterior plots of this analysis. First, in the case of
ACDM, adding the DES datapoint has the effect of slightly shifting €2, to lower values to obtain a
smaller Sg. For stochastic dark matter, however, {2, remains virtually unchanged after adding the
DES datapoint. Instead, by tuning I', Sg becomes consistent with the DES measurement. Although
the posteriors are consistent with the diffusion rate being zero, here we see a preference for non-zero I'
that ranges between 1.20 and 1.70, depending on whether we use the Sg prior from KiDS or DES. We
highlight that this non-zero preference is entirely driven by the Sg prior from weak lensing measurements.
While the Baseline still prefers the ACDM model, as shown in Table 1.1, stochastic dark matter provides
a better best-fit xy? with Baseline+ DES by about 3.2. Precise model comparison, however, remains

beyond the scope of this thesis and is deferred to future studies.

Table 1.2: Set of best-fit parameters and posterior averages and standard deviations from the analysis
of Baseline and Baseline+DES. At each entry, the number on top is the best-fit parameter.

Parameter Stochastic DM ACDM
Baseline Baseline+DES Baseline Baseline+DES
L0012 2.244 2.245 2.235 2.240
b 2.23970:01% 2.24010:013 2.24010:012 224510013
. 0.1190 0.1195 0.1200 0.1188
W onos'i onoctii  onoThi  onso'fin:
n(10194,) 3.060 3.057 3.052 3.056
0.014 0.014 0.014 0.013
’ 3-055t0.0%5 3-055J:0.0i5 3.05370 015 3.04770 015
. 0.9680 0.9676 0.9671 0.9687
0.0037 0.0036 0.0036 0.0036
° 0.9661 0 00s  0.966470005c  0.966270 0030 0.96747 (0050
- 0.0630 0.0606 0.0574 0.0618
0.059170005F  0.0594739070  0.058370.05%8  0.056770-0008
0.157 1.44 — —
+4
1071 1.2019-28 2.0010-%% — —
= 67.82 67.70 67.40 67.88
0 67.52192 67.60705 67.5479-39 67.84+038
0 0.3076 0.3096 0.3133 0.3064
" 0.31197595%%  0.310770:0082  0.31157000%2  0.30741 9993
S 0.820 0.786 0.832 0.821
8

0.036
0.79570 039

0.023
0.77470 055

+0.010
0.82970.010

+0.009
081975010

1.2.6 Discussion

The best-fit diffusion rate from Baseline+DES is

I' = 1.44 x 10~ %km/s/Mpc|. (1.67)
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This is about 6 orders of magnitude smaller than Hy, implying a “diffusion time” I'"! that is a million
times the age of the universe. At first glance, this could suggest a fine-tuning problem from a quantum

gravity perspective, potentially making (1.67) too small to be explained even by Planckian effects.

However, I'™! should not be considered the primary time scale for evaluating the strength of quantum
gravity effects. Rather, it is the time scale over which the covariant Brownian motion affects the
background energy density on cosmological scales. In principle, different quantum gravity theories
would provide distinct mechanisms for diffusion. Within each model, I" has to be related to some more

fundamental parameters. Thus, the interpretation of the above value is highly model-dependent.

As a specific example, we consider the swerves models as introduced in section 1.1.3. Combining

equation (1.40) with the definition of I" in (1.45), we can relate I" to the forgetting time:
AL/
P62 — 74~ (r 1t§) . (1.68)

Strictly speaking, this relation is confirmed only in flat two-dimensional spacetime. However, assuming
that the ratio of powers is similar in more general cases, (1.67) gives an estimate for the forgetting time
of stochastic dark matter particles

T ~ 101, (1.69)

This is a time scale much larger than the Planck time, but still four orders of magnitude below typical
time scales in the Standard Model of particle physics and significantly smaller than any cosmological
scale. Another nonlocal scale that appears in the discussion of d’Alembertian on causal sets has been
estimated to be 20 orders of magnitude larger than the Planck length [19]. Had these nonlocal scales
been of the order of cosmological scales, we would have had a fine-tuning problem. Further implications
of the above forgetting time require more sophisticated models of matter propagation on a causal set,
potentially relating the forgetting time to the Compton wavelength of the particle or its wave-packet

properties [171].

How does our best-fit I' compare to previous bounds on the diffusion parameter? Since we are agnostic
about the mass of dark matter particles, we cannot translate our result into a bound on . Instead, the
bounds on k presented in [58, 69|, which are based on cold baryonic systems, can be translated into

bounds on their diffusion rate I'y. These studies suggest an upper bound within the range
I'y < 10.1,10]km/s/Mpc. (1.70)

Therefore, in terms of the diffusion rate, our cosmological bounds on dark matter are much tighter.
Nevertheless, due to the larger power of the Planck time in (1.68), they yield approximately the same
lower bound (1.69) on the forgetting time of baryons. The authors in [69] also estimated an upper bound
on the diffusion constant x of massive neutrinos from existing bounds on hot dark matter. Although
their bound on « is much tighter than that for baryonic systems, the small mass of neutrinos results in

a weaker bound on the diffusion rate than (1.70).
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1.3 Summary and outlook

Inspired by swerves models that describe the deviation of massive particles from geodesics in discrete
spacetimes of causal set theory, we built on previous work on the Lorentz-invariant diffusion equation in
flat spacetime. We laid the groundwork needed to formulate all possible covariant, frame-independent
stochastic processes in curved spacetime. By focusing on the minimal coupling case, we derived the

unique covariant Brownian motion.

We applied the covariant Brownian motion framework to dark matter particles, developing a model
of stochastic dark matter. We found that the effect of Brownian motion on perturbations becomes
significant much earlier than on the background. It counteracts the dark matter clustering and dissipates
overdensities caused by gravitational collapse, leading to a bottom-up suppression of the matter power
spectrum. This allows stochastic dark matter to meet cosmological constraints on large scales and at

higher redshifts while resolving the Sg tension.

A key question is the behaviour of stochastic dark matter at sub-megaparsec scales, and whether the
model can satisfy Milky Way satellite measurements [172, 173| and Ly-« forest flux power spectrum
data [174, 175|, which impose strong constraints on warm dark matter models. Since matter power
suppression is strongest at z < 1, Milky Way satellite measurements are expected to place tighter
constraints on stochastic dark matter. Addressing this requires fully exploring the non-linear regime
through N-body simulations for stochastic dark matter, an important avenue for future research. This
will also provide more accurate theoretical computations to compare with CMB lensing and weak-lensing
measurements. Moreover, it would determine whether stochastic dark matter can resolve small-scale

problems of CDM [176-180].

We can further test the covariant Brownian motion by applying it to other matter particles, including
baryons and electrons. The bounds (1.70) already rule out significant diffusion in baryons in the early
universe that could affect CMB spectral distortions. Nonetheless, these bounds allow for spontaneous
heating of baryons in the late universe. Our formulation of the covariant diffusion equation in curved
spacetime and its semi-analytic treatment in FRW spacetime pave the way for a systematic treatment
of baryons. The diffusion rate of baryons can then be constrained through various methods, including
its impact on the matter power spectrum, Ly-a bounds on the temperature of the intergalactic medium
[181], and the heating of gas-rich dwarf galaxies [182]. We expect the resulting bounds on the diffusion

rate of baryons to improve 1.70, making them comparable to those we have found for dark matter.

There are several open questions on the theoretical side. Our motivation for considering covariant
Brownian motion stemmed from discrete quantum gravity. Another motivation concerns the effect
of vacuum fluctuations of a scalar or electromagnetic field on a point particle coupled to that field
[183-185|. As noted in [183], this process should be Lorentz invariant in the vacuum. The effective
approach we developed in Section 1.1.2 can also inform all possible covariant stochastic processes in
the presence of an additional field. Future work should explore the connection between our effective
approach and existing Langevin equations. Another independent motivation for studying particle
diffusion could arise from spontaneous collapse models [186]. In relativistic models [187, 188], we

expect that a suitable Markovian, point-particle limit of these dynamics will recover the covariant
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Brownian motion. Furthermore, attempts to reconcile quantum field theory with general relativity
without quantizing the gravitational degrees of freedom [189] lead to collapse within the quantum
system and a stochastic modification to Einstein equations. It is plausible, therefore, that alongside
effects due to the stochasticity of spacetime itself [190], an accurate description of the phenomenology of
the dark sector in such theories necessarily requires taking the covariant Brownian motion of particles

into account.

Returning to our original motivation from discrete spacetime, a natural generalisation is to consider
particles of higher spin. Lorentz invariant fluctuations of photon polarization have been studied in [70].
Our work prepares the ground for generalising this to curved spacetime and finding the corresponding
Langevin equations on the Bloch sphere. Moving on from the point particle approximation, it is
crucial to find a field-theoretic basis for covariant Brownian motion through a stochastic correction
to the Klein-Gordon equation. A key question is whether Lorentz invariance imposes similar strict
restrictions on stochastic corrections within the classical covariant phase space of scalar fields [191].
We are interested in recovering covariant Brownian motion from the particle approximation of such a
Langevin Klein-Gordon equation. An example of a causal but nonlocal scalar field theory on a causal
set exists, which, in the continuum limit, yields nonlocal corrections to the Klein-Gordon equation [19,
192, 193|. It remains an open question whether this nonlocality effectively manifests as a stochastic

effect and whether it can recover covariant Brownian motion.

Finally, there is the question of back-reaction. In this work, for cosmological purposes, we used a
phenomenological imperfect dark energy fluid to balance total energy-momentum conservation. Some
assumptions were made to ensure the dark energy sector is well-behaved and stable, but these must
ultimately be justified by a self-consistent treatment of covariant Brownian motion within the framework
of Einstein equations. The Langevin-Einstein equations in [194] offer a potential path forward if we

demand the noise tensor to balance energy-momentum non-conservation.
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Chapter 2

Stochastic gravitational-wave background:

constraints on massless diffusion

With the detection of numerous binary black hole merger events by LIGO and the upcoming plans for
the Einstein Telescope and the Laser Interferometer Space Antenna (LISA), there is growing interest in
using gravitational waves to test models inspired by quantum gravity that go beyond general relativity.
While some studies have focused on modifications to the GW sources [195-198|, many have concentrated
on the effects of quantum spacetime on the propagation of GWs. Although such effects are expected to
be small, they can accumulate and amplify over the cosmological distances traversed by GWs. Some
studies are mostly motivated by models that arise in the context of a particular quantum gravity theory
or modified gravity [199-201], while others highlight their theory-agnostic approach [202-205].

In the previous chapter, we provided a detailed study on the massive diffusion equation and its
cosmological implications for dark matter. However, that equation is not applicable to gravitational
waves. The limit m — 0 of the relevant equations is problematic because in this limit, the mass shell
becomes the light cone which has a singularity and its induced metric is degenerate. Nevertheless, it
is possible to construct a unique Lorentz-invariant second-order diffusion operator on the light cone.
Unlike the massive case, it has two free parameters but allows for diffusion and drift in only one
dimension along the initial null momentum. This was found by Dowker et al. in [60] and the parameters
were constrained using the observation that the CMB blackbody spectrum closely follows the Planck’s

distribution.

In this chapter, following the derivation of the stochastic geodesic equation for massive particles, we
first derive its massless counterpart. We then present its corresponding Fokker-Planck equation, which
is just the curved spacetime generalization of the massless diffusion equation in [60]. We emphasize
that the massless dispersion relation is preserved. Therefore, any Lorentz-invariant quantum gravity

effect on massless particles can be effectively described by this model.

Next, we present an analytic study of the massless diffusion equation in FRW spacetime, showing that
the strength of the effect is proportional to the inverse of the frequency. This contrasts sharply with
Lorentz-violating effects, which are stronger for large frequencies and are best probed using high-energy

gamma rays. However, the variance of the diffusion is proportional to the elapsed affine time. The
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affine time, defined with a suitable normalisation, measures the spacetime area swept by one wavelength
[60] and is Lorentz invariant. The larger this area, the greater the stochastic Planck-scale effects on
the propagating massless particle. Therefore, for a fixed diffusion constant and propagation distance,
lower-frequency waves are the most promising for detecting the diffusion of gravitons. Since LISA
probes GW frequencies in the mHz range, we must be able to improve the bounds on the diffusion and
drift constants by many orders of magnitude compared to those derived from ~ 100GHz CMB photons.
Indeed, our forecast shows that, in the presence of a GW background with non-trivial spectral features,
LISA could tighten the bounds on the diffusion and drift constants by over 12 orders of magnitude

relative to those in [60].

In principle, one can put bounds on the diffusion effect with LIGO, Virgo, KAGRA, or other ground-
based interferometers, since they are already operating and probe frequencies just about 4 orders of
magnitude greater than LISA’s. However, LIGO has not yet detected a GW background, and there are
no universally accepted strong candidates for cosmological sources at those frequencies. On the other
hand, the background sourced by astrophysical events in the LIGO band is not well described by a
stochastic ensemble of gravitons but instead arises from the superposition of many unresolved weak
coherent events. In addition, resolved sources such as compact binary coalescences, are not describable
as a statistical ensemble of GWs. Since a Lorentz invariant diffusion at the field level for h,, (which is
necessary for a resolved source search) is currently lacking, we cannot constrain the diffusion parameter
with LIGO catalog data at this time.

LISA is the first space-based GW interferometer, scheduled for launch in the 2030s. With its unprece-
dented sensitivity in the millihertz frequency band, LISA will open a new observational window into
the early universe, probing stochastic GW backgrounds of cosmological origin that are inaccessible to
ground-based detectors. Cosmological sources such as first-order phase transitions, primordial black hole
(PBH) formation, and inflationary processes can generate relic GW backgrounds whose spectral features
encode fundamental physics at energy scales far beyond the reach of particle colliders. LISA’s capability
to measure the spectral shape, amplitude, and anisotropies of a stochastic gravitational-wave background
makes it a unique tool to test early-universe scenarios and constrain new physics models [206-208].
Strong first-order phase transitions in the early universe arise in many extensions of the Standard
Model, notably in scenarios with extended scalar sectors or dark sectors. They serve as a prime example
of cosmological signals potentially observable by LISA. During a first-order phase transition, bubbles
of the new vacuum nucleate, expand, and collide, sourcing a stochastic GW signal characterised by a
broken power-law spectrum with a peak frequency set by the transition temperature and dynamics of
the bubble walls. LISA is particularly sensitive to transitions occurring at energy scales from tens of
GeV up to tens of TeV, offering a probe of electroweak-scale and beyond-Standard-Model physics [206].
As the second example, primordial black holes, hypothesized to form from large density perturbations
in the radiation-dominated era, represent another potential source of cosmological GW backgrounds
in the LISA band. Strictly speaking, these are second-order GWs produced as a by-product of large
scalar perturbations that are responsible for the formation of PBHs. The resulting spectrum of GWs
also features a broken power-law shape, with characteristic frequencies determined by the PBH mass
distribution and the underlying primordial power spectrum [208]. These two primordial power spectrum

candidates, with grounded theoretical motivation, non-trivial frequency features in their spectrum,
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and sourced in the early universe, can carry a clear imprint of the aforementioned graviton covariant

diffusion effect during their propagation.

This chapter is organized as follows. In Section 2.1, we introduce the main quantities used to characterise
the stochastic GW background and link them to the graviton distribution function in phase space. In
Section 2.2, we find the modified massless geodesic equation and Boltzmann equation in the presence
of a Lorentz invariant diffusion effect. In Section 2.3, we analytically solve the modified Boltzmann
equation and we study the solution in the limit where the diffusion effects are small. This solution is
employed in Section 2.4, where we show how to parametrise a realistic GW spectrum in the presence of
the diffusion effects and we forecast the constraints posed on both the background model parameters

and the diffusion and drift constants with LISA. In Section 2.5, we comment on the results.

2.1 The stochastic GW background

We consider a stochastic GW background as a superposition of plane waves. In the TT gauge, this can

be written as
hij(t,x) = / dv / d*n) " b (v,n)efj(n)e 2T (2.1)
oo —

where i, j run over spatial coordinates and the index A runs over all orthogonal polarisation states,
including + and x. We consider only plane waves with a standard dispersion relation propagating at

the speed of light. The unit vector n is aligned with the momentum of each wave with frequency v.

The amplitude of h4(v,n) in (2.1) is a stochastic variable at each frequency v and direction n, while
the polarisation tensors are defined with normalisation ) 4 eg(n)ei{(n) = 2. We assume the GW
background to be stationary, isotropic, Gaussian, and unpolarised, as it is predicted by the vast majority

of the cosmological models:
(R (v, n)RP* (V' n")) = 64p0(v — /)0 (n — n') Sy (v), (2.2)

where S}, is the frequency power spectrum of the gravitational waves, while §(v) and §(2)(n) are the
1-d and 2-d Dirac deltas, respectively. One can relate the power spectrum in Equation (2.2) to the

graviton distribution function in phase space f via the GW energy density

highid) 2 [
PGW 990G G/ dv v* Sy (v) (2.3)

If we define f(FE) to be the phase space distribution of gravitons for homogeneous distributions, with
E = 27hv being the energy, then the energy density is found simply by integrating E f(FE) over the

momentum space:

o0
paw = 4w / dEEf(E). (2.4)
0
Comparing the last two equations, one obtains the relationship between the distribution function and
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power spectrum

1) = sy (25)

As the definition of the GW spectrum Sj, may vary depending on conventions, it is always convenient

to introduce the logarithmic GW energy density Qgw(v)

P/C)}W = / dlnv Qaw(v), (2.6)

where p, is the present critical density. We can finally relate Qaw to f:

3HZ 1
Ey=_—"232--—0 2.7
F(B) = -2 0aw (), (27)
where Hj is the Hubble constant today. What matters most for our later analysis is the frequency

scaling in f ~ Qaw(v)/v?t.

2.1.1 Wigner function of gravitational waves

There is yet another way to derive the distribution f in terms of Qgw which is more appealing from
a theoretical perspective. The distribution function is closely related to the Wigner function, and
both satisfy the Boltzmann equation. The Wigner function is the Fourier-transformed point-separated
two-point function, and for gravitational waves in the TT-gauge in flat spacetime, it is defined at
spacetime point x and four-momentum p as

41'/ .y ..
Ween) = g5 [ i € (/200 (2 = ') (28)

see [209] for the extension of Wigner functions to curved spacetime. This definition in the TT-gauge

has the property that the energy-momentum tensor of the gravitational waves would be given by

tw/(l') = /d4p pupuw(xvp) : (29>

For another discussion of the Wigner function of the linearized gravitational field, see [210]. From the
equation of motion of h;j, one can show that ignoring quantum fluctuations, »V is non-zero only on the
light cone, i.e. when p? = 0. Therefore, we can define the distribution function f as for scalar fields
[211]

W(z,p) =2 6(p*)f(z,p). (2.10)

One can see that this definition, together with (2.9), gives the expression (2.4) for the energy density.
Now since W is in a sense the Fourier transform of the two-point function, one could anticipate a close
relation to the power spectrum Sj. Indeed, using the isotropic expressions (2.1) and (2.2) for h;j;, one

can find the Wigner function in terms of the power spectrum

1

1
=—>5,6(p%). 2.11
Sr2G p (p”) (2.11)
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This, together with the definition of the distribution function (2.10), gives the relation between f and
Sy, that we found earlier by just comparing the energy density. However, knowing that WV is a Wigner
function ensures us that the distribution f satisfies the Boltzmann equation. Therefore, any effective
modification to the Boltzmann equation from quantum gravity would show up in the transport equation
for f, which is related to Qgw via (2.7).

2.2 Modified transport equation for the distribution function

In the absence of interactions and collisions, the phase space distribution of the gravitational waves, f,

satisfies a Boltzmann equation

0
e =0 (2.12)

d
Lifl = puaﬁf + I}, pop

The term proportional to the Christoffel symbol is what gives the Hubble friction in FRW spacetime.
To find the Lorentz invariant diffusive correction to this equation, this time we start with stochastic
corrections to the massless geodesic equation and subsequently find the corresponding Fokker-Planck

equation.

2.2.1 Stochastic massless geodesics

As mentioned earlier, many proposals motivated by quantum gravity modify the dispersion relation
p? = 0 and hence break Lorentz invariance. However, motivated by stringent constraints on Lorentz
violation [50-55], we maintain the light-cone propagation of gravitons and preserve p? = 0. Then, at an
effective level, any quantum gravity effect must appear in the geodesic equation for p instead, and the
modification should be such that p? = 0 is preserved by the new dynamics. In general, a modification
to the geodesic equation as a function of an affine parameter A includes a drift and a noise term, where

the drift has to be a vector and the covariance matrix of the noise has to be a tensor:

dzt = ptd\ (2.13)
dp/ + T jp*p dX = brdA + dW*. (2.14)

As already pointed out in [60], the normalisation of the affine time is not arbitrary but set by (2.13) and
the knowledge of physical momentum. We have separated the mean of the noise as a drift vector b*(p)
so that the Gaussian noise dW* has zero mean, and its covariance tensor D*” has to be determined.
Preserving the light-cone condition p? = 0 leads to the same conditions (1.30), (1.31), and (1.32) as the
massive case. Once again, we are only interested in the minimal coupling case. However, there is an
important distinction with the massive case: The same arguments as the previous section allow for
two free parameters due to p? = 0. The drift vector and covariance tensor must be proportional to p*
and pHp”, respectively, but possibly with two different proportionality constants. In other words, the
conditions (1.31) and (1.32) enforce dWW* to be null and orthogonal to p*. As a result, it has to be
proportional to the momentum:

dWH = ptdW,y, (2.15)

o8



where dW), is the differential increment of a 1-dimensional Wiener process in A. We conclude that the

covariant Brownian motion of massless particles is described by

dz* = pHd\, (2.16)
dp/ + T4 ;p*pdA = kop!dX + pHd Wy, (2.17)
(dWy) =0, (dW3) =2k1d\. (2.18)

k1 and ko are two free parameters that have units of M /L. The massless geodesic equation corresponds
to the limit k1, ko — 0. Note that k1 controls the variance of the noise and must be non-negative, while

Ko can be positive or negative depending on whether the microscopic effect causes a blue or red tilt.

Interestingly, in an FRW spacetime, the momentum equation has a closed form solution. With the
initial condition p#(A = ;) = p!', this is given by:
a;

==l e

(K2 —R1)AXHW(AX) (2.19)
a

A is the total elapsed affine time. W(AM) is the integral of the noise and is a Wiener process with

variance 2k1A\. In terms of physical energy E = ap”,

E = L gjelrar)AWas (2.20)
a

The above solution recovers the 1/a redshifting of the particles for zero diffusion while clearly showing
that the strength of the diffusion and drift is controlled by the dimensionless quantity x12A\. Note that
given a frame, high-energy particles traverse the same distance in a shorter affine time. So low-frequency
particles would experience stronger diffusion and drift. At first, this appears counter-intuitive, as we
are used to the idea of larger frequencies probing smaller scales. However, frequency or the number
of oscillations of a propagating wave is frame-dependent, while the elapsed affine time defined above
is Lorentz invariant. The elapsed affine time measures the spacetime area swept by one de-Broglie
wavelength of the particle [60]. The longer the wavelength, the larger this area. So a quantum-gravity
effect that acts as independent stochastic kicks at Planck-scale volumes would add up with a standard

deviation proportional to the square root of the spanned spacetime area of a wave.

From this, it is easy to show that the momentum of the diffusing particle has mean

2
(p) = Zpherth (2.21)
a
and variance: .
Varph ()] = 2L (plt) 2228 (e%M - 1) . (2.22)
a

Unlike the massive case, the particle cannot change its direction on the light cone. To see this, note
that all the components of the momentum get rescaled equally in time. Moreover, the scaling factor,
being an exponential, is always positive. So the particle does not change orientation and never reaches

zero frequency.
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2.2.2 Massless diffusion equation

Using the projection relations (1.36) and (1.37) or the prescription in Appendix A.2.1, we can write

down the covariant diffusion equation for massless particles corresponding the the above SDE:

0 0 1 0 10 0
P“@fﬂLFZVPJP”%f = (3k1 — ﬁg)Ea—(E2f) + mlEa—E<E38—E ) . (2.23)

Geometrically, this reflects the fact that u’ = (/{2 — 3/@1)qi is a true vector and K% = k1q¢'q’ is a tensor
on the phase space of massless particles, as explained by Dowker et al. [60]. As noted by the authors,
there is currently no quantum gravity model of massless particles that explains the origin of the two free
parameters, and the equation remains purely phenomenological. The above equation generalizes their

Lorentz invariant equation to curved spacetime if we identify ki = k1, ko = ko — 31, and p; o a3 E%f.

For a flat FRW universe with scale factor a and conformal time 7, we get

10, 1,0

0 0
L0 e ().

E20E\" OE
where H = a’/a. This equation reflects the fact that a peaked distribution of gravitons broadens and

drifts over time. In the next section, we show the analytic solutions to this equation for a general

expansion history.

2.3 Analytic Solution

Here we present two heat kernel solutions to the covariant diffusion equation and study their behaviour.
Introducing the comoving energy as € = aF and a new time variable T as dT" = a?dn, the left side of
Equation (2.24) simplifies to ady f. Following the steps detailed in Appendix B.1, one can construct

two heat kernels for this equation

1 €+ ¢ € \3— 3.2 €€; 2./€€;
Ke(T.ee) = Lexp (- ) (9) T s (), 2.25
:t( ¢ 61) €; XP < /il(T — Tz)) € K1 (T - Tz) i(l_ﬁ) K1 (T — Tz) ( )
where [, is the modified Bessel function. The heat kernels satisfy the initial condition
Ki(Ti,e€)=08(e—¢€). (2.26)

One can check this using the zeroth-order term in the asymptotic expansion of the Bessel function.
When k1 AT is small (compared to energy scales € and ¢;), K4 is indeed a function of € peaked at ¢;

and integrates to 1. So in the limit k1 AT — 0, it becomes the delta function, as expected.

The above heat kernels provide two solutions to Equation (2.24) given an initial condition at some

initial time T; is provided by f(T;,€;) for all ¢; > 0. These can be written as the following integral

f(Te) = /000 de; f(Ti, ) Ki(T,€6) | (2.27)
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This is similar to a convolution but with the difference that the kernel is not a function of € — ¢; because

the diffusion operator is not translationally invariant in e.

However, the fact that we have found two different solutions to our diffusion equation is puzzling at the
start. Mathematically, this happens because € = 0 is a singular point in the original PDE (2.24), and
hence there is no uniqueness of solutions. Nevertheless, there must be only one physically acceptable
solution. We can show that this is indeed the case by demanding the total particle number to be finite

and conserved.

From the solution (2.20) to the stochastic geodesic equation, we know that the underlying particle
model conserves the particle number; i.e. no particle gets lost at the tip of the light cone or zero
frequency. So we expect the distribution of the particles to be conservative as well. In terms of the

heat kernels, we demand fooo de €2K 4 to be equal to e? at all times.

In Appendix B.1, we show that for the given heat kernels, we have

- 2, if ko/k1 € {1,2,3,...}
/ de €K, = T(1 — kK1, —5i) , (2.28)
0 2(1— ' mAT ) if 1,23, ..
€; 1—‘(1_/{,2/”1) , 1 "12/51¢{ ) 737 }
612, if kg >0
0 F(l —/{Q/Hl E71)
de 2K = 2(1 — ki AT ) if 0,—1,-2,..} . 2.29
/0 € € €; P(l—lﬁg/lﬁl) , 1 52/516{ s 5 ) } ( )
o0, else

So for ke > 0, K_ gives a physically acceptable heat kernel. For natural number values of ko/k1, K4
is also acceptable, but then it actually coincides with K_ because for integer values of a we have

I_o(z) = I,(z). So for k2 > 0, we have found a unique physically acceptable solution.

For ke < 0, however, none of the above heat kernels are physically allowed, as they either gradually lose
particles at e = 0 or give a divergent particle number. Note that this does not mean that the massless
diffusion model is only valid for ko > 0, but that we have not been able to find the correct heat kernel

with our approach for solving the diffusion equation.

Nevertheless, it is important to note that the heat kernels K1 are still valid for ko < 0 if we avoid
small frequencies; i.e. small values of AT To back up this claim, notice that the difference between
I_,(z) and I,(z) is proportional to the modified Bessel function of the second kind. Therefore, the
difference K+ — K _ is exponentially small for large values of AT, and becomes noticeable only as we
approach —%+ — 0, where the power law behaviours of K and K_ are different. In particular, for
Ko >0, K_ behaves like €%2/51—3 at small frequencies. This can be seen in Figure 2.1 for two different
rations of ka/k1. Also note that the curves for increasing values of k1 could be equivalently seen as
increasing time AT. For explicit expressions for the power-law behaviour of the two kernels close to

zero frequency see Appendix B.1.
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Heat kernel with k; = £1/2 Heat kernel with xo = 4k,

10.

Figure 2.1: The physical heat kernel K_ for a time laps of AT = 0.1, and different values of k1,2 in arbitrary units.
€; = 5, so all the kernels are evolved from an initial delta function at € = 5. A larger value for ko causes a relative drift
toward higher energies.

2.3.1 Perturbative solution for small &,

Although we have the full analytic solution of the massless diffusion equation given by (2.27), it would
be computationally expensive to perform the integral for every value of k1, k2, and € in a numerical
forecast. Moreover, all that matters for the sake of the Fisher forecast (which will be treated in detail

in the next section) is the Taylor expansion of the solution for f up to the first order in k1 and ka.

Therefore, we expand our analytic solution to first order in x12. More precisely, the small dimensionless
parameter over which we perform the Taylor expansion is %. So this can be interpreted as an
approximation on small enough time scales or at large enough frequencies as well. For primordial
gravitational waves, AT ~ a(2)7]0 /5, where 7 is the conformal age of the universe. This time-of-flight is
dominated by the late-universe matter-dominated evolution. For a mHz experiment like LISA, % is
of order 1 for k1 ~ 107%°kgm?s™3. So for our forecast, we restrict attention to values of k1,2 smaller
than this. Otherwise, for values of k12 comparable to this number or larger, the effect on the spectrum
would be very drastic, as can be seen with the red curves in Figure 2.1. Note that the regime of small
@ is also the regime in which K1 coincide, and so the choice of the heat kernel becomes irrelevant.
Also, the aforementioned issue of invalidity of the heat kernels for ko < 0 is irrelevant for the same

reason.

In the regime where ﬁ > 1, we need the asymptotic expansion of the modified Bessel function
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Since av = +(1 — Z—f) only appears as o2, both K4 have the same asymptotic expansion as expected.

(1 it 0(1/22)) . (2.30)

L) = 8z

We then plug the above expansion in K, and change the heat kernel integration variable in (2.27)
from €; to y using \/€; = /e + yv/k1 AT. After Taylor-expanding the integrand around k1 AT = 0, the

integrand becomes of the form exp(—y?) times a series in y. So in the perturbative regime of small
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diffusion, the heat kernel integral (2.27) becomes a simple Gaussian integral, giving

K K

F(T.€) = file)+ [2 (3 - ”i) %fi(e) + (6 - '?) O file) + 683]%(6)] KIAT+O ((“lfo) , (2.31)

where fi(e) := f(T;,€). Given that we know the initial power spectrum analytically, this is very simple

to evaluate numerically.

2.4 Forecast of k; 5 estimation with LISA

We aim to forecast the observability of a stochastic GW background by estimating the posterior
distribution over the model parameters € that characterise the power spectrum Qgw(v;60). Specifically,
we define 6 = {6y, k1, K2}, where 6 is the set of parameters that model the unperturbed spectrum, i.e.
in the absence of the diffusion effect, Qo(v;6p), and k1 2 are the newly introduced diffusion and drift
parameters that appear explicitly in Equation (2.31). For forecasting purposes, we specify the fiducial
value for the model parameters § = {fy, k1, R2}. Provided that %1, ko < 1 in our units, we express
Equation (2.31) as

f(&0) ~ fole;00) + k1fi(€;60) + Kafa(e; o),
fi2(e:600) = of

({9:‘61’2

(2.32)

K1,2=FR1,2

At the present time where ag = 1, the frequency is given by v = 55 . Using Equation (2.7), the above

equation translates into an expression for the GW energy density:

Qaw(v;0) ~ Qo(v;0p) + k121 (v;00) + £2Q2(v; 6p) ,
_ aw(v;0)

A stochastic GW background search with LISA exploits the fact that the instrument provides three data
streams with (approximately) uncorrelated instrumental noise and a correlated signal in the presence of
a GW background. It can be shown that the three correlators obtained between the LISA data streams
follow a Gaussian distribution. Since the correlators between the data streams are proportional to
the GW power spectrum and therefore the GW energy density, the likelihood function in the LISA
correlators can be written as a function of the theoretical parameters 6. We report the explicit form of

the likelihood function without reproducing the derivation, which can be found in [212]:

1
£(0) = zpe .

Vmax A (QGW(V; 9) — Qmeasured(y))2
) . / 2.34
X2(0) = Tops dv Q2 (1) ’ .

Vmin

where N is a normalisation constant and €, (v) is the sensitivity curve for an isotropic stochastic GW
background, obtained from the combined LISA data channels and for a total time of observation 1.
The frequency bandwidth for LISA is assumed to be between v, = 0.1mHz to vpax = 100mHz. The

63



computation of €, (v) follows the same steps of the derivation of the noise curve in [212| for an isotropic
GW background that leads to their equation (4.43). The posterior distribution on the parameters 6

can be obtained via the Bayes theorem given a prior function I1(0)
P(9) =11(0)L(0) . (2.35)

The explicit evaluation of the likelihood function in (2.34) is in general computationally expensive,
given the high dimensionality of the space of parameters and the non-trivial dependence of the signal
on these parameters in the LISA data. For forecasting purposes, approximate techniques, such as the
Fisher method outlined in appendix B.2, provide the same quantitative and qualitative information
as simulation-based approaches. They allow us to reliably forecast the degree of detectability and
estimate the theoretical parameters. In appendix B.2, we analytically derive the covariance matrix
for the theoretical parameters in the two specific models considered in the following subsection. This
provides insight into how diffusion effects can correlate with the parameters of the unperturbed GW

background model.

2.4.1 Diffusion on first order phase transitions and PBH spectra

We apply the outlined formalism to the specific case of the GW background from a strong first-order
phase transition and the background produced in a PBH scenario. In particular, we adopt the broken
power-law parametrisation employed in [213] as it effectively describes the spectral shape of GW

backgrounds generated by first-order phase transitions:

n1 1 1 a1 "2(1—1”1
to) = (2) 35 (2) ] 7 =emeim), (2.36)

where we set n1 = 2.4, no = —2.4, and a; = 1.2 as it has been found from the numerical fit to a strong

phase transition [213, 214|, while we leave the overall energy density amplitude €2, and the characteristic
frequency v, as free parameters. In our notation, this means that the theoretical parameters to be
inferred are 6 = {Q, v, k1, kK2 }. We employ the same parametrisation to model the PBH background,
which serves as our second toy model, with different values for n; = 3, ny = —8, and a1 = 2. The
choice of n; is motivated by the fact that for a physical GW energy density, a Qqw ~ v2 scaling is
expected at low frequencies [215].! The parameters ng and a; are chosen to mimic the high-frequency
behaviour of the GW energy density displayed in Figure 2 of [216]. The perturbed Qgw in (2.33) can

be rewritten as

Qaw (v 0) ~ Qu [iho(vs vy) + K11 (Vs 1) + Kot (vi 1)) (2.37)

Note that from equations (2.33) and (2.36), the functions 11 2(v; vp) = Q1 2(v; ) /€2 do not depend on
Q.. The plot of Qaw(v;vp) is shown in Figure 2.2 for different choices of Q. 14, k1, and ko for both
models under consideration. Qualitatively, the presence of a diffusion term with k1 > 0 results in a
blue-shift and broadening of the GW energy density, while ko > 0 sharpens any peak present in the

unperturbed spectrum.

'We note that the first-order phase transition energy density has a different low-frequency scaling since the numerical
fit in [214] is performed on a simulation that does not take the Hubble expansion into account.
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Figure 2.3 shows the full corner plot for the forecast posterior distribution P (€, vy, K1, k2) for the
theoretical parameters in the first-order phase transition and the PBH models. We assume flat priors
on the parameters and impose that €, v, and k1 are positive. We find that if the spectrum has a
strong enough signal in the LISA frequency band, all the parameters can be constrained, and there are
no fundamental degeneracies between them. The effect of the diffusion parameter x; is anti-correlated
with the characteristic frequency 14, as they both change the peak frequency. Similarly, ko always shows
some degree of anti-correlation with the overall GW energy density amplitude €2, since they both
enhance the height of the peak as they increase. The posterior distribution for the first-order phase
transition case with 7, = 1mHz (top-left panel in Figure 2.3) and the posterior distribution for the
PBH scenario with 7, = 5mHz (bottom-right panel) show stronger correlations between the parameters
compared to the same models with 7, = 5mHz and 7, = 1mHz respectively. The reason for these
correlations has to be attributed to the fact that the Fisher matrix is built by non-trivial combinations
of 1 (v; ), Ya(v;vp), and %ﬁ;ub), along with the instrumental noise curve. We emphasize that even
if the GW background may not have a peak that falls perfectly in LISA’s most sensitive frequency band,
any deviation from a power-law behaviour in the unperturbed spectrum can produce spectral features
that allow the inference to break the degeneracy between the newly introduced diffusion and drift
parameters k12 and the ones used to model the unperturbed GW background, as the perturbations

depend on the derivatives in frequency of the unperturbed spectrum.

From Figure 2.3 we find that the parameters k12 can be constrained at the 1o level to k1 < 1.8 x
107%0kgm?s™3 and ko < 3.7 x 10~°0kgm? s~3 under the detection of a first-order phase transition GW
background, and to k1 < 6.5 X 10_60kg m?s73 and ko < 2.6 X 10_59kg m?s~2 in the PBH scenario. It
is important to note that the first-order phase transitions and PBH backgrounds considered in [213]
and [216], respectively, have relatively high amplitudes, while other scenarios may produce a possibly
smaller signal. An inspection of the Fisher matrix reveals the rough dependence of the 1o constraint on
k1,2 in terms of €2, provided that the peak of the signal stands in the LISA sensitivity band and is not

excessively broad. This is given by

10711

*

) 10~%kgm?s73|. (2.38)

Oy & Oy (

2.5 Summary and outlook

Assuming Lorentz invariance to be an exact symmetry of quantum gravity that is also preserved
effectively at low energies, we analyzed the covariant diffusion model of massless particles. The model
has already been applied to photons and constrained via CMB blackbody spectrum [60]. Here we solved
the modified Boltzmann equation analytically at the background FRW level and showed explicitly
that the effect dominates at low frequencies. This contrasts with the intuitive expectation that high-
energy particles should be more sensitive to new Planck-scale physics. Nevertheless, this low-frequency
dominance arises as a consequence of Lorentz invariance. As a result, quantum gravity phenomenology

in this case would manifest at the largest scales.

We then performed a Fisher forecast on the two parameters of the model for LISA. Assuming a bright
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Figure 2.2: Plot of the GW energy density Qgw (v) of a stochastic background from a first-order phase transition
(left) and from primordial black holes (right). We show in dashed lines how the diffusion effect broadens and shifts the
unperturbed spectra for different values of k12 in kgm?s~ 3. We parametrise the unperturbed spectra as broken power
laws as in Equation (2.36), with different fiducial values for the parameters.

enough background signal either from first-order phase transitions or second-order gravitational waves
from large scalar perturbations, we found that we will be able to put stringent bounds on the diffusion
and drift parameters of the model. This opens the possibility of detecting the covariant diffusion of
gravitons with diffusion and drift constants beyond the sensitivity of CMB experiments. Note, however,
that the diffusion and drift parameters might as well differ between species of massless particles, or even
depend on Lorentz-invariant properties of a given waveform [217]. It is therefore an interesting problem
for future work to go beyond the point-particle or geometric optics limit and model the covariant
diffusion of scalar or higher-spin waves; see [218, 219] for some relevant progress. This will shed light on
how k1 2 could depend on waveform properties and possibly the microscopic physics that is responsible
for the diffusion. Ultimately, the interpretation of a bound like (2.38) will depend on the specific

quantum gravity framework that gives rise to the diffusion.

It is important to remark that the present analysis with LISA assumes that all the other sources of
resolved and unresolved GW signals are perfectly fitted in the datastream, the GW background is
stationary and isotropic, and that the instrumental noise is Gaussian with a well-characterised power
spectral density. Even if we expect that some complications will be present in the LISA data analysis
(along with several other experimental challenges), we would like to insist on the fact that the effect
of graviton diffusion on the GW spectrum can be easily taken into account, as it depends on just the
first two derivatives in frequency of the unperturbed graviton distribution function and introduces just
two phenomenological parameters. Any GW background with a non-trivial frequency dependence is
distorted by these diffusion effects in a very specific way, producing distinct signatures that are very

difficult to mimic with some features of the unperturbed model.
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Figure 2.3: Corner plot of the forecast full posterior distribution P(§, v, k1, k2) assuming a flat prior and an effective
total time of observation with LISA of Tobs = 5 years. Top left: a first-order phase transition scenario with fiducial values
Q. =107 and 7, =1mHz. Top right: a PBH scenario with fiducial values Q. =107% and 7, =1mHz. Bottom left: a
first-order phase transition scenario with fiducial values Q. = 107! and 7, =5mHz. Bottom right: a PBH scenario with
fiducial values Q. = 107® and 7, =5mHz. Fiducial values of 71 = 10~ °kgm?s™3 and &z = 107 %%kgm? s> are assumed

in all the four cases.
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Chapter 3

Stochastic dark energy: introduction to

Everpresent A

In recent years, cosmological model building has taken on a new flavour, in part following some
perplexing observational findings. In addition to the Hubble tension, baryon acoustic oscillation (BAO)
data [220, 221] appears to allow for a negative cosmological constant [222-226] for the relevant epoch.
See also the latest DESI results [227, 228] which seem to favour an evolving dark energy over a
cosmological constant. As a result, models with a variable cosmological “constant” are being considered

more seriously. Some of these examples include [62, 229, 230].

In this chapter we will be considering one of the earliest fluctuating cosmological constant models,
known as Everpresent A. Everpresent A dates back to 1987 and originates from a heuristic argument
by Sorkin [61, 63, 231] based on unimodular gravity and causal set theory. This model predicted that
the value of the cosmological constant should fluctuate, but with a standard deviation that at any time
is of the order of the total energy density in the Universe at that time. This prediction was verified
for the current epoch with the supernova observations made in 1998. It was seen that, at present,
the contribution of dark energy is of the order of the matter density. Subsequently, more practical
phenomenological models have been proposed for producing full expansion histories that have the
character of Everpresent A. The first such cosmological model based on Sorkin’s argument was proposed
in [64]. This model has further been studied in [65, 66]. A second model was also proposed in [66], which
is computationally more efficient, but has much of the characteristics of the first phenomenological

model.

The main inputs to the Everpresent A proposal are the assumptions that (1) spacetime volume plays
the role of time in a path integral based dynamics, and (2) there is a statistical correspondence between
the number of elements in the discrete causal set and the spacetime volume of the continuum spacetime
which approximates it. From these assumptions, a simple relation can be drawn between the value of
the cosmological constant at each epoch and the volume of the cosmos at that epoch, consistent with
the value observed today. The heuristic argument has since been fleshed out in subsequent works. For
example, in [64], the first concrete model with the basic features of Everpresent A in an FRW universe

was constructed and studied via simulations; the model that we study in this chapter is essentially the

68



same as this original one. In [65] the incorporation of various alternative combinations of the Friedmann
equations into the model in [64] was explored; they found that similar results can be obtained under a
range of combinations. In [66], a simpler phenomenological model (dubbed “Model 2”) of Everpresent
A based on a Gaussian process, inspired by the first model but easier to simulate, was studied. In
[232] and [233], observational constraints were placed on the amplitude of fluctuations, under some
assumptions; these studies provide insight into what we should aim to change in future models of

Everpresent A. Finally, in [234], several avenues for incorporating inhomogeneities were discussed.

Despite progress through the works mentioned above, work on Everpresent A has largely stayed close to
the original heuristic argument and early models based on it. Causal set theory itself is a minimalistic
approach to quantum gravity, with causal structure and fundamental discreteness as its key inputs.
Everpresent A in turn, as mentioned above, uses basic properties of causal set theory as input. On
the one hand, it is rather remarkable that such simple ingredients can be used to naturally explain
the otherwise unnatural value of the cosmological constant. On the other hand, the simplicity of
the ingredients and theoretical context are what also make it challenging to refine and build more
complex models of Everpresent A which can confront high precision cosmological data. Nevertheless,
phenomenologically at least, we may draw on ideas outside of causal set theory to supplement and
refine the Everpresent A model. First, however, it is essential to better understand the model in its

current state.

The aim of this chapter is to take steps towards placing Everpresent A on firmer footing. We specifically
do this by expanding on some aspects of the original heuristic argument, and by presenting a detailed
study of a phenomenological model based on it. We begin in Section 3.1 with a review of the main two
background topics of causal set theory and unimodular gravity. In Section 3.2 we present the Everpresent
A idea and a phenomenological implementation of it. Further explanation of our methodology is described
in Section 3.3. We carry out a detailed study of the phenomenological model presented in Section 3.2
and the results, including the statistical distribution of the present day Hubble parameter and the
auto-correlation function of 25, are summarised in Section 3.4. We end in Section 3.5 with a discussion

of open questions and future directions of this program.

3.1 Background theory

3.1.1 Causal set theory

Causal set theory is an approach to quantum gravity that posits that spacetime is fundamentally
discrete [89-91]| (see also [92-95]). This introduces a minimum length scale that naturally resolves the
UV divergences of quantum field theories. However, at macroscopic scales, this discreteness is small

enough that spacetime appears to be continuous.

A causal set C at its most basic level is a discrete spacetime with the following properties: First, C is a
partially ordered set where some elements of C may causally precede other elements of C. In particular,
this means that if element z precedes element y (z < y), then y lies in the future light cone of x.
Second, the transitivity of the partial ordering means that if x < y and y < z, then x < z. In relativistic
language this means that if x < y, the future light cone of y is a subset of the future light cone of x.

Furthermore, the asymmetry of the partial ordering means that one cannot have both x < y and y < «.
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This, together with the transitivity property, implies that a spacetime cannot have closed causal loops.
Finally, the causal set has to be locally finite: Between any two elements x and z, there are a finite
number of elements y such that < y < z. This encodes the fundamental discreteness of spacetime in

causal set theory.

The above properties describe a discrete spacetime with the basic causal structure we know from
relativity. However, the spacetime of general relativity (GR) has the further properties that it is a
differentiable manifold and that it has local Lorentz symmetry, i.e., that it looks locally the same in
any inertial frame. The vast majority of causal sets with the properties enumerated in the previous
paragraph, do not resemble a continuum manifold [235]. Therefore we need additional constraints to
ensure that a causal set is manifoldlike and physical. While ideally the fundamental laws of causal
set theory governing the dynamics (a work in progress) would generate spacetimes with the desired
properties, in the meantime we can generate causal sets that closely approximate a continuum spacetime

through a process called sprinkling.

Sprinkling is the sampling of points from a volume of a Lorentzian spacetime manifold M. We would
like the sampled points to satisfy the following condition: On average, the number of sprinkled points

(or elements) N in a region should be proportional to the region’s spacetime volume V. This is known
d

cs?

as the number-volume correspondence. The proportionality factor is denoted by g.s = (N)/V =1/¢
where (. is the discreteness scale which is believed to be close to the Planck length, and d is the
spacetime dimension which we will take to be 4 henceforth. In the limit N — oo (or similarly £.; — 0),
we should retrieve the continuum limit. This number-volume correspondence for arbitrary volumes
satisfies the requirement that the sprinkled points should preserve the local Lorentz symmetry of the
spacetime [236, 237].

A sampling that satisfies the above condition is achieved through a Poisson process. In a (Poisson)

sprinkled region with volume V', the probability of having N elements is

P(N) = e Y (0V)Y (31)
i.e., the number of elements in a volume is given by the Poisson distribution. These elements form a
causal set with the relations between its elements induced by the causal structure of the underlying
continuum spacetime. As desired, the mean is (N) = g5V, which is the statement of the number-volume
correspondence, and the standard deviation N = y/g.sV, which is also the smallest possible deviation

[238] from an exact number-volume correspondence.

Conversely, given a causal set C, a Lorentzian manifold is said to be a good continuum approximation
of it if C is a typical outcome of a Poisson sprinkling on the manifold [236]. Lorentzian manifolds that
approximate C (with number of elements N) have a volume V = i(N + VN), ie.,

15

5V = (3.2)

QCS

The uncertainty arises when replacing N by g.sV and vice versa in the expression for the Poisson

distribution in (3.1), and then using the known formulas for the mean and standard deviation.
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So far, we have only discussed purely kinematic aspects of causal sets. Also relevant to the discussion
of Everpresent A is the dynamics. We could envisage a causal set growing by new elements being born
sequentially. Each new element will have some causal relations to the already existing elements. The
total number of causal set elements, which corresponds to the spacetime volume in the continuum,
can thus be viewed as an external time parameter appropriate for defining the dynamics (e.g. as a
constraint in a path integral). The clock ticks once every time a new element is born. Such models
were studied in [239, 240].

On the other hand, given a causal set C, we can define the Benincasa-Dowker-Glaser action Sppg|C]
which sums over the numbers of causal intervals of certain sizes in C. It has been shown that in the
continuum limit, i.e. lim,_, o Sepg[C], this action tends to the Einstein-Hilbert action Sgn. Sspc|C]
was first proposed in 3 + 1D by [241] and was later extended to other dimensions in [242].

In analogy with gravitational path integrals, we can use Sppg to define a path integral for causal
sets. Instead of integrating over different spacetime configurations (e.g. those that extend between two

3-geometries), we sum over all causal sets with a given number of elements [6]

Z(N)= ) emosld, (3.3)
Ic|=N

This form of the path integral (or sum over histories) for causal sets will be our motivation to introduce

unimodular gravity in the next subsection.

3.1.2 Unimodular gravity

Unimodular gravity was originally proposed as a mild modification of GR with the potential to solve
the old cosmological constant problem, namely to address why the vacuum energy of field theories
does not seem to gravitate |63, 243-250]. As discussed in the previous subsection, holding the number
of elements fixed is the natural constraint to impose on a path integral for causal sets (c.f. (3.3)).
Motivated by this, let us consider the continuum gravitational path integral while keeping fixed the
total spacetime volume V. In other words, to obtain the path integral with the initial and final spatial
hypersurfaces 3; and X, we integrate over all compact 4-manifolds M that connect ¥; to Xy and
satisfy Vol(M) =V

Dg ;
Zglobal 14 :/ # 615[9]’ 3.4
ve (V) Vol(m)=v Vol[Diff] o4

where S[g] is the Einstein-Hilbert action plus matter fields and vacuum energy A. The gauge group
consists of diffeomorphisms that keep the total volume of a given (M, g,,,) unaltered. However, the
total volume is an invariant under gauge transformations (in terms of a linear gauge transformation
ot = TP+ € g — G + V& + Vi€, this is just the statement that [ dizy/—g VFE, = 0,
which is trivial if &* is zero on the boundary). That is why we have divided by the volume of the
diffeomorphism group, Vol|[Diff]. The superscript “global” refers to the fact that only the total volume
of the spacetime M is constrained. In contrast to the global version (see [63, 251, 252| for discussions

on global unimodular gravity), there is also a local version of the theory where the volume measure
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d*x+\/—g is constrained to be locally equal to some (nondynamical) background 4-form w. This is the
formulation of unimodular gravity that is usually discussed in the literature. It posits a seemingly
stronger constraint on the metric, and reduces one of its degrees of freedom at each spacetime point.
At the classical level of local unimodular gravity, it is well known (see e.g. [245, 253, 254]) that the
variational principle for the constrained metric only gives the traceless Einstein equations. We shall see
that the same is true for global unimodular gravity, and then conclude that at the classical level, local

and global unimodular gravity are equivalent (even in their treatment of the cosmological constant).

We can implement the volume constraint in (3.4) as an additional term in the action with a Lagrange

multiplier o, such that the action becomes

Slgi0] = Slg] — (/ Ao/ =g — v) . (3.5)

To take into account this new term, we must integrate over the Lagrange multiplier such that the path

integral is expressed as

Dg do ;61— Ay o
Zglobal _ ur QO i80g] w(fd /=g V) ) _
ve V)= | oD a7 © (3.6)

Note that by performing the ¢ integral in the path integral above, one obtains a delta function containing

the volume constraint, which is how we will treat it in the next section.

Returning our attention to (3.5), we can vary the action by varying the metric and Lagrange multiplier

(after a redefinition of o by a factor of 87G) as
1 4 u 1 4
- V=G 66" (B + 0gu) — —— V=g-V), .
0S 167rG/dx g 69" (B + 0guv) 87rG5J</dx g > (3.7)

where £, = G, —87G T}, + Ag,w, and the term containing E*¥ is the variation of S[g|. Setting the

variations with dg,, and do to zero independently, we obtain the equations of motion
Gy — 871G Ty, + Agwj +09uw =0, (3.8)

and the metric constraint equation

/d%ﬁ: v, (3.9)

respectively. Taking the trace in (3.8), we obtain
~R—87GT +4A +40=0. (3.10)

Solving for o and substituting it back into (3.8), we see that the A term is cancelled, and we are left
with

1
G — 881G Ty, + Zgw(R +8rGT) =0, (3.11)

which is the trace-free form of the Einstein equations. The full Einstein equations can be recovered by
taking the covariant derivative of (3.11), as for example shown in [245] for local unimodular gravity.

Since o and A are both constant, so must i (R4 87GT) be, which we can therefore rename to be our
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effective cosmological constant A. We therefore have
Guv +Agu =87G Ty, . (3.12)

This A is an integration constant, and is unrelated to any coupling constant in the action or the vacuum
energy. (Note that we initially separate any vacuum energy from 7}, and add its contribution to A, so
that 7" does not include vacuum energy). This is how unimodular gravity offers a resolution to the old

cosmological constant problem. For an alternative derivation of these equations, see Appendix C.1.

Another way to see the same result, namely that A disappears from all physical quantities, is to note

that the path integral with external source J*" is written as
Dg ; ; 4 — pv
Zglobal(V’ J,uzx) — / l“'/ elS[Q]+Zfd z/=9g guvJ ) (313)
va Vol(Mm)=v Vol[Diff]

Now if we separate the vacuum energy term from the Einstein-Hilbert term and the matter action
as S = Sgu + Sm — % i d*z\/—g and use the condition i d*z\/—g =V of the path integral, we can

simply take the non-geometric phase factor out of the integral

_iA Dg . . . 4 — v
Zglobal (v gy — ~iAV/(87C) K iSenlgl+iSmlglti [ d*ev/=g guy JH 3.14
ve ) Vol(m)=v Vol [Diff] (8.14)

Physically relevant quantities, including n-point functions of the metric (if one could make sense of them
in quantum gravity), are computed by functionally differentiating Z%lébal(V, JH) with respect to the
external source and then normalising by dividing by Zﬁlg”“l(v, 0) [255]. Therefore the factor e~iAV/(87G)
cancels out, and everything is as if inside the path integral we are using the action Sgp+m = SEn + Sm
without any vacuum energy. From now on, therefore, we will assume that the action does not include a

vacuum energy term.

As is evident from the above discussion, unimodular gravity does not provide any insight on the new
cosmological constant problem or on the coincidence problem. In the context of unimodular gravity,
why the observed dark energy density is of the order of the present critical density remains an open
problem. Everpresent A brings insights from causal set theory, which together with unimodular gravity,

fill this gap and provide an explanation for the observed value of the dark energy density.

3.2 Everpresent A

We now review how Everpresent A follows from aspects of causal set theory and unimodular gravity
presented in the previous section. A sketch of our discussion below, as well as several alternative

arguments leading to same conclusion, can be found in [256].

The path integral of global unimodular gravity (3.4) can be rewritten to incorporate the volume

constraint using a delta function

Dg ;
zglobal _ W sV — / dAao/— iSEH+m(9] 1
ve V)= | i °V wg)e (3.15)
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The above partition function depends explicitly on V', the total volume of spacetime. Now instead of
working in “volume space”; let us perform a Fourier transform and express the partition function in the
conjugate “ow space”’ as

Z(w) = / AV e~i=V zglobal vy (3.16)

At this point the symbol “w” is an arbitrary symbol for the conjugate Fourier transform variable. There
is no need to worry about the physical meaning of the negative values for V' inside the integral (3.16)
because (3.15) has a delta function at a positive value. Performing this delta function integration, and
redefining w with a factor of 87G, we find

2iw
167G

Z(w) = / Dby _ exp (iSEHer[g] -

VollDiff] d4x\/?g> : (3.17)

The Fourier parameter w has turned out to play the role of the cosmological constant A, and Z(w)
is just the partition function of GR. The equation of motion coming from Z(w) is exactly the same
as (3.12), so we are justified to identify @ = A. We infer that the 4-volume V' and the cosmological

! This is not a rigorous derivation, as there are

constant A are quantum mechanically conjugate.
many subtleties that require a full theory of quantum gravity to appreciate. However, we see it as a
well-motivated conjecture to expect from a quantum unimodular gravity. The uncertainty principle for

these conjugate variables is

oA h

3G oV > 5 (3.18)
Naturally one would ask what the standard deviations 6V and A mean. Recall from (3.3) that from
the point of view of a fundamental causal set path integral, we should hold the total number of elements
N fixed. A consequence of this for the effective continuum picture we have been working with in this
section is that we must consider spacetime volumes V that are consistent with a causal set with N
elements. Therefore V' is no longer held strictly fixed as it was before, in our review of conventional
unimodular gravity. We saw in the arguments leading to (3.2) that such volumes would be Poisson
distributed with mean (V) = N/g.s and standard deviation 6V = v/N/g.s. We can interpret this as a
wave function distribution, where the universe is in a superposition of different volumes with spread dV.
Note that in allowing ourselves to work with a continuum wave function, we have implicitly assumed
that we are in a regime where the number-volume correspondence makes sense. In particular, this

means that we are in a macroscopic regime and not too far away from a causal set approximated by a

classical geometry.

For N,V > 1 (which is indeed the case we are interested in), the Poisson distribution is very well
approximated by a normal distribution N (N/gcs, VN /0cs). Moreover, if our universe is in a Gaussian
wave function in V-space, it will also be described by a Gaussian wave function in A-space (through a
Fourier transform). Since Gaussian wave functions saturate the uncertainty principle, we expect the

state of the universe to be in a superposition of different A values with spread

MIf by conjugacy one means the existence of a commutation relation like [A,V] ~ 1in a canonical analysis, then there
is currently no proof available. As an example of what has been done in this direction, we refer the reader to [257], in
which a BRST quantization of local unimodular gravity was done. In that case, the metric was expanded around some
background, and the fluctuations h,, were quantized. Commutation relations such as [w(p), (h° + h**)(q)] ~ 6(p — q)
were obtained. However, this is still some way off from the desired commutation relations between w and a quantized
geometric quantity such as V. A better understanding of quantum gravity may be needed to derive more general relations
of this kind.
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Finally, using (3.2) and the relation between number and volume, we find

(3.19)

SA = 4 <£p>2 ! (3.20)

=4r (-~ | —. .
les) VV

We used ¢, = VGh as the Planck length and /.; = gc_sl/ 4 for the discreteness scale (in 4 dimensions) of

causal sets.

The standard deviation of A in (3.20) can be estimated for our universe by assuming the discreteness

length to be of order of the Planck length, and setting V' to the volume of the observable universe.

By dimensional analysis, in an FRW universe this volume should be of order H~* in fundamental units,
H being the Hubble parameter. In our background solutions for the Friedmann equations in the next

section, we will see that this is indeed the case. Roughly then,

SA ~ H?. (3.21)

We will assume that the mean value about which A fluctuates is zero.? This assumption does not stem
from any fundamental aspect of causal set theory or unimodular gravity and will require justification in
the future. See [258-260] for some possible arguments in favour of this, using ideas from Euclidean
quantum gravity. See also footnote 4 in [64] and towards the end of [234] for a Lorentzian guess (involving
a non-manifoldlike phase of the universe) at how this may come about. Therefore, A = (A) & §A ~ H?,
which is indeed a correct estimate for the current value of A. Furthermore, this is telling us that A is
not temporally constant in our picture. It fluctuates such that at any time in the expansion history
of the universe, its standard deviation is of the order of 1/v/V (in FRW this is comparable to the
critical energy density at that time); hence the name Fverpresent A, as it will always be relatable to

the physical scale of the universe in this way.

3.2.1 A phenomenological implementation—Model 1

Perhaps the closest analogue to the §AJV uncertainty relation is the energy-time uncertainty in quantum
mechanics. It has been suggested [63, 261, 262] that in quantum gravity, an increasing spacetime
volume V' (such as the volume of the past light cone of an observer) could serve as a time variable to

treat the seemingly timeless nature of GR and the Wheeler-DeWitt equation.

Just as the § £t uncertainty in quantum mechanics alone cannot provide a dynamical model for energy
non-conservation in short time intervals, the JA0V uncertainty relation does not provide a practical

model for how to evolve A. In [64] the authors suggested a phenomenological model (referred to as

2This is a consistent choice since the mean of A is arbitrary (or at least undetermined) in unimodular gravity. It
remains the case even if one takes into account the vacuum energy A (from the cosmological constant term in Sgu). To
see this, we can absorb A into the definition of the Fourier variable  in (3.17). This amounts to a constant shift in the
effective cosmological constant A = A + (w) 4 dw. But since (w) is arbitrary, we can choose it so that the shifted mean
A+ (w) is 0. A more complete theory should advise the correct mean for A. The fluctuations dw remain unaffected by
the vacuum energy.
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“Model 17 in [66]) for the dynamics of A that shows the expected fluctuations in (3.20). Their strategy
was to build a classically stochastic model for the fluctuations in A, working with a single universe
rather than a superposition. We will now review this model whose properties will be our focus for the

remainder of this chapter.

From the causal set point of view, and due to the number-volume correspondence, (3.20) is equivalent

to
_ 8t 1

= N

1/6,\°
- = . 2
a=g <€cs> (3.23)

We next make the ansatz that (3.22) is true even element-wise, in the sense that each causal set element

(3.22)

where we have defined

contributes a random variable with standard deviation 87a/¢%, to A. The simplest such scenario would

be to think of the single element contribution to A as a Bernoulli random variable:

8T 01 1
72 probability = 5

A|1 element — A’r = :CS f (324)
—5%, probability = 3

(In fact any other distribution with mean 0 and standard deviation 8o /¢%, would work just as well for
our purposes). The cosmological constant part of the action is obtained by summing over all the above
stochastic variables in the N-element (sub)causal set corresponding to the region with volume V:
64
Sy =25 Alg. 3.25
AT R & (3.25)

p zeCy

We have replaced the integral [ d*z./—g with the discrete sum £%, >~ . Also, a minus sign has been
absorbed into the definition of the cosmological constant. Whatever the distribution of A|; is, if its
standard deviation is 8ma/¢2,, Sy will follow a normal distribution A/(0, /N /2) according to the central

cs)

limit theorem (recall that N,V > 1).

As already mentioned, by summing over the elements z corresponding to a given region of spacetime
in (3.25), we obtain an effective A for the region. So far we have not discussed how to choose this
region. We will follow [64] and choose it at any time of interest to be the volume V of the past
light cone of a point x at that time. By making this choice, not only is V' causally defined, it is also
conveniently parametrised by the point as V' (z). In the same way we can also express the effective A’s

volume-dependence as a function A(z) (not to be confused with the element-wise Al,).

We interpret A(z) that appears in (3.17) then as the effective cosmological constant that is ascribed to

the past light cone of the point x such that

1 2,
SA’past of z — %A(l')‘/(l') - 167

V(z) is the volume of the past light cone at =, and N(x) is the corresponding number of causal set

A(z)N(x). (3.26)
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elements. Therefore, the distribution of A(x) turns out to be

N0, T2y, (3.27)

Thus we have provided a stochastic dynamics that satisfies (3.20), as desired.

Now we can obtain a recursive formula for A(x,). Imagine we have found Sa|past of z,,_; and A(zp—1)
for some point x,_1 in the past of x,, close enough to x, to capture the variations in A(x). The
additional contribution to Sa|past of 2, compared to Sa|past of z,_, is from all random variables A|, such
that z is in the past of z,, but not in the past of x,_1. The number of such points is proportional to
the volume they occupy, AV,, = V(x,) — V(zp—1), and the sum of their contributions to Sy is, again
from the central limit theorem, a random variable ~ /AV;, /(2¢2,)N(0,1). Therefore if we generate a

standard normal random variable &,, we can write

. 87T£§SA|past of p_1 + 871—04\/ Avn gn

Az, 3.28
() s (3.29)
Axp—1)V(zp—1) + 8ra/AV, &,
Vixn)
Summing this recursive relation back to some initial point zq in the far past of x,, we find
871G Sy + 8 VAV
Afmg) = 2207 71202:52)_1 S\, (3.30)

where 87GSy is A(xg)V (zg), or possibly an initial condition coming from a pre-geometric regime (see
Section 3.4.3).

In the above derivation we have explicitly kept track of ¢, and /., such that we can interpret the
parameter « that sets the magnitude of the fluctuations as the square of the ratio of the Planck length
to the discreteness length, as in (3.23).> We should only take this interpretation with a grain of salt,
however, as we started with the assumption that each causal set element contributes a random value to
the total A, while in fact the true causal set mechanism that gives rise to Everpresent A is not fully
understood. Nonetheless, our account of « as the ratio of scales is consistent with the predictions from
the path integral that led to (3.18). For example, we see that if we take the continuum limit and send
l.s — 0, then e — oo. Since in the continuum we have definite volumes with no uncertainty, this limit
corresponds to 0V — 0, and therefore from (3.19) we expect infinite fluctuations in the cosmological
constant. Thinking of « in this way is also useful in that it guides the kinds of values we would expect

it to take, since we believe the discreteness scale to be close to the Planck scale.

3.3 Methodology

Before we study some characteristic features emerging from simulations of Everpresent A based on

Model 1, we must first say a few more words regarding our methodology and implementation of the

3In [64-66] the scale of the fluctuations was more loosely defined, i.e. not in terms of any explicit expression connected
to other scales in the problem.
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model. This section will cover these details.

3.3.1 An isotropic and homogeneous universe

In the previous section we ended by providing a stochastic model that describes the evolution of A
over discrete time steps. This evolution was expressed as a function of a random parameter and the
volume V of a point’s past light cone at those instances. Next we need to know the metric with which

to calculate V', and how this metric evolves as a result of A.

We will follow [64] by assuming we have a spatially flat, isotropic and homogeneous cosmology,

represented by the FRW metric (in conformal time coordinates)
ds® = a(n)*(—dn?® + dr* 4+ r*d0?). (3.31)

In standard GR the evolution of the scale factor a is described by the Friedmann equations:

2\ 2
a 8tG A
H? = <a> =3 (pmtp)+ 3, (3.32)
2 (@)’
“H () =-8GE APy, (3.33)

where the derivatives are with respect to the cosmic time ¢, related to the conformal time 7 in (3.31) by
dt = adn.

Any implementation of Everpresent A represents a departure from classical GR, because the Einstein
equation does not admit a varying cosmological constant (see Appendix C.2 for a discussion on this).
Our strategy (similar to what was done in [64]) will be to use only (3.32) to generate our Everpresent A

histories.

We can obtain V by integrating the volume element coming from (3.31), dV = a*r?sin6 dndrdfde,
over the past light cone of a given point = at conformal time 7, to the future of some initial time 7;. The
3d integration of the volume element at a fixed time slice 7’ gives dn/ 2Fa’r(n)?, where r(n/) =n — 1/
is the radius of the past light cone on that hypersurface. Therefore the n’-integral remains to be

calculated:*

V) =5 [ ety —)? (3.34)
i

47 n n n n

=3 [773 dn'a(n’)* — 30 / dn'a(n’)*n’ + 3n / dn'a(n’)*n® — / dn’a(n’)477'3] . (3.35)
U un Ui U

3.3.2 Numerical recipe

We now describe our numerical procedure for evolving A and V. Although we have thus far described

quantities as evolving with time, we will find it useful to instead use the scale factor a as our “time”

3
“The expression in (3.34) can be seen to be equivalent to the integral V (t) = 4 f: dt’ a(t')? (ftt, dt"” ﬁ) in [64]

dt

through the coordinate transformation dn = <.
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parameter,” and calculate the evolution of the conformal time 7. We divide a into n equal parts so
that at step ¢ > i;piiq Of our simulation, the value of a is i/n. In this picture a = 0 represents the
time of the big bang, and a = 1 the present day. The convention to use equal size steps in a is a choice
that gives reasonable results in our analysis. However, one may experiment in varying the step size, e.g.

step sizes that start out small and gradually become larger.

Before we can start a simulation, we must choose our initial parameters. These parameters are Sy, Vj,
the number of time steps n, and the time step from which to start the evolution %;y;;4;- Since we do
not yet know the details of the quantum gravitational physics that preceded the Everpresent A era, we
must make some assumptions in these choices. See Section 3.4.3 for further discussion on this. We also
choose the matter and radiation densities p,,, and p, so that they are consistent with their present day
values in the expression for dn/da below. We also have to pick a seed number for our random number

generator. Any seed number contains in itself a unique sequence of Gaussian random numbers &;.
At each time step 4 in our simulation, each of our variables update as follows:
1. Increment a;_1 — a;.

2. Using A;_; from the previous time step, we calculate dn/da as a function of (arbitrary) a as

dn 1 [ 1

3
— . 3.37
\/87rGa4 (pm + pr) + a1 (3.87)

3. Given a;, we calculate V; by changing the integration variable in (3.35) to a and computing the

sum ,
Vi= Y emlai Vi, (3.38)
j=0
where o 4
Vii=Vji-1+ / dan 50 q (3.39)
a1 da

i.e., we add the change in the four integrals of (3.35) in the interval [a;_1,a;] to their previous
values, where c; are the appropriate prefactors. The time function 7n(a) is itself defined as the

integral

° 4
o) =nfai)+ [ dafl, (3.40)

where n(a;_1) is saved from the previous time step.

4. Next, we generate a random number & (which is determined by our choice of the seed number)

and update the action from the numerator of (3.30) to obtain

Si=Sis1+ayVi-Vi-1&/G, (3.41)

5This is because the Friedmann equation (3.32) is already in terms of a, and in practice the simulations also tend to
run more quickly when working with a.
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Figure 3.1: The evolution of matter (purple) and radiation (green) density in the universe is shown. The thin grey curve
is the absolute value of the energy density of (Everpresent A) dark energy for a particular realisation of our simulation. A
smoothed-out version of the dark energy density is shown in red. The plot shows that the dark energy density is always
of the order of the ambient density, be it radiation (early on) or matter (later). All the densities are normalised by the
critical density, such that the present-time total energy density is 1. Here the dimensionless model parameter « is set to
0.007.

and update A as
A, =81GS;/V;. (3.42)

The integrals in (3.39) and (3.40) are numerically evaluated using Romberg’s method, to speed up the

convergence.

Figure 3.1 shows an example profile for a fluctuating A produced in this way. As can be seen in this
figure, the magnitude of p, tracks the ambient energy density when following the above implementation,
as expected from |A| ~ 1/V/V ~ H?.

It is also an implicit assumption that @ must always have a positive time derivative in order to perform
the volume integrals, even though plausibly we could end up with a collapsing universe. However, given

that our universe is expanding, this is not an important detail.

Having all the necessary equations at hand, we can perform simulations of the background cosmology.
The statements we can make are no longer deterministic. We should instead look at the final distribution

of various physical quantities after performing many realisations of the stochastic process.

3.3.3 H? < 0 crashed runs

It is important to note that since there are no additional constraints on the random numbers &;, it is
possible for the fluctuations of A in (3.30) to cause the total energy density ps, and therefore also H?,
to become negative. When this happens dn/da becomes imaginary in (3.37), and the spacetime volume

a complex number, which does not make sense classically.

If one takes Model 1 seriously, then it should be regarded as a legitimate possibility that H? can become
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negative. It would not be correct to view this occurrence as a sign of unphysical input parameters.
This is because, statistically speaking an evolution will almost surely reach a point where the random
fluctuations in A will cause H? to become negative, and it is only a matter of how long the evolution

according to this model lasts before this happens.

A negative H? and py is a sign that our effective picture is no longer valid, and is due to the use of
the Friedmann equation in (3.36) and (3.37). The Friedmann equation must be replaced by some other
(as yet unknown) dynamics at this point, and one can speculate what the evolution of the universe will
look like when this occurs. It may be that a different effective but still classical evolution equation

should be used under such circumstances. Alternatively, a quantum dynamics may be needed.

As the dynamics in the H? < 0 regime is unknown at present, we will disregard universes that reach
H? < 0 before the present, and terminate their evolutions at this point. When this happens, we refer to
it as an H? < 0 crash, as the number in the square root of (3.37) becomes negative, and would cause
a computer code requiring real variables to crash. We again emphasize the physical origin of these

crashes, as they are not due to a programming error.

There is a higher likelihood for an H? < 0 crash to happen at earlier times, for larger values of a,
and when the simulations are performed over longer time scales. The fact that the H? < 0 crashing
frequency becomes greater the earlier the start time of the simulations is, seems to suggest that there
might be a link between these crashes and the breakdown of the model’s semi-classical approximations.
These H? < 0 crashes are an aspect of Model 1 that needs to be understood better and we devote

Section 3.4.2 below to further discuss some aspects of these simulations. See also Section 3.4.3.

3.3.4 p,, as a scaling parameter at late times

Model 1 shows a very curious scaling invariance as an artifact of treating the seed number as a parameter.
For a fixed seed number s, although (20 k2, ) are independent parameters of the model, (£, «) are
perfectly correlated in the matter-dominated era. This is because if we keep the seed and « fixed, and

then make the change

Pm — COP (3.43)

the quantities A, H?, and 1/v/V also get re-scaled by ¢y (assuming that Sy = 0), as can be seen
from (3.36) - (3.42). In particular, this means that the ratio p,,/A and hence €, and Q4 remain
unchanged for fixed o and random number series {¢;} in (3.30). In addition, 24 remains unchanged
after a re-scaling of p,, in the radiation domination era as well, but this time simply because p,, is
sub-dominant in the background. Therefore, for a fixed seed, €2, is only a function of o and not of py,;

(Qm, ) are perfectly correlated.

Using the above fact, there is a simple way to reconstruct the expansion history in the matter-dominated
era for (s, Q0 h?, ) if we know the expansion history for (s,0.14, ), where 0.14 is just a fiducial choice
for the matter density. The latter gives us the knowledge of 25 at different redshifts. Together with
pm/(a), this is enough to find H and hence the expansion history, without having to perform numerically
expensive volume integrals. In addition, if the realisation crashes due to encountering a negative H?
for some (s1,0.14,aq), then the same would happen for every (s1, Q2 h% aq), because of the scaling

property of Q0 k%, and also for every (sq,0.14, ap) with as slightly bigger than «;. Intuitively, this can

81



be understood by remembering from (3.30) that o controls the magnitude of the fluctuations in A,
although not in a linear way since V' in the denominator also depends on a. Nevertheless, an H? < 0
crash means that py has become equal to —p,, at some time, and now a slight increase in a makes
pa more negative. The H? < 0 crash will therefore occur in this case as well. This was confirmed by
our numerical simulations. Hence, a; is an upper bound on a to avoid H? < 0 crashes, in the fixed

seed 1.9

3.4 Results and further investigations

We summarise below some results highlighting both qualitative properties and quantitative statistics of

Model 1 simulations of Everpresent A.

3.4.1 Statistical distributions of simulation outcomes

We carry out a set of simulations to explore the statistical properties of Model 1. In Model 1, the free
background parameters are (20 h% «). In this subsection, we fix 20 h? = 0.14 and report the statistics
from three values for a:: 0.005, 0.01 and 0.012. For each one, we run 10,000 simulations with different
seeds and subsequently study the runs that did not encounter an H? < 0 crash. For av = 0.012, only
535/10000 runs successfully completed. We do not consider larger values of o as we would have lacked
a sufficient number of completed runs. The results are shown in Figure 3.2. The first column shows
the distribution of Hy. For o = 0.005, around 99.9% of the simulations completed the runs. However,
none of them come close to the observed value of Hy of ~ 72km/s/Mpc. The peak of the distribution
is about 7.9 standard deviations away from this value. For a = 0.01 and 0.012, the peaks are about
3.44 and 2.74 standard deviations away, respectively, and we see that a few realisations give reasonable

values of Hj.

It is interesting to note that the mean of Hy in all three cases is close to 40 km/s/Mpc. This is because,
at any time, A is a Gaussian random number with a mean of zero. Therefore, we expect the Hubble
parameter to peak at the value where the universe has no dark energy. If we had a universe filled with
only matter and radiation, the present-time Hubble parameter would be around 37.7km/s/Mpc. As we
are excluding the runs that encounter an H? < 0 crash, the peak of the distribution shifts to higher
values. Also as « increases, the number of rejected samples increases, shifting the peak of the Hubble

parameter further to the right.

The second column shows Q} = p?\ / (p% + pY). The value of 24 must at all times be less than 1 and
have mean zero, and both of these features can be seen in the plots. With increasing «, the standard

deviation of the distribution increases.

The final column shows the distribution of Hf)lV, where V' is the present volume of the past light cone.
We expect V' to be proportional to H 4. Here also, the standard deviation of the distribution increases
with increasing «. Again, the peak of the distribution roughly corresponds to a zero dark energy

universe, for which HgV = 0.033. This value is computed for a pure matter-dominated universe. It

5This a is not a global bound, however. As explained in Section 3.4.3, for some seeds there is another regime of large
values of «, beyond their corresponding a1, for which the simulations do not crash early on. This regime, however, is not
of our interest at present, as it describes expansion histories that are strongly dominated by dark energy.
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Figure 3.2: The plot shows the distribution of Ho, Q%, and H{V (where V is the present volume) for Model
1 with Q%A% = 0.14. The three rows show the plots for a = 0.005, 0.01, and 0.012, respectively. The interval
Hy € [67,72]km/s/Mpc is shaded in red in the first column to show the presently accepted range of the Hubble parameter.
As « increases, more runs terminate because of reaching negative values of H2. The number of completed runs for the
three a’s are 9990, 3228, and 535, respectively, each out of 10000.

also connects to the rough values of o required for a dark energy-dominated universe today. To see this,
note that we require A/3 ~ 0.7H3. From the distribution (3.27), we get

3% 0.7
O‘Nz—w VHL (3.44)

Substituting H3V = 0.033 (which, strictly speaking, only holds in matter domination), gives a ~ 0.015.
This is the value for which a present-day dark energy fraction of about 70% would be probable, although
in practice, many runs would encounter an H? < 0 crash before reaching that point. This justifies why

we are primarily interested in values of o ~ 0.01.

3.4.2 Frequency of completed runs

As a stochastic model, Model 1 produces a unique expansion history for every seed (which in turn

gives a series of random numbers) and «. As mentioned in Section 3.3.3, in many cases we obtain a
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negative total energy density before reaching the present. This leads to an imaginary Hubble parameter,
which in turn would result in a complex spacetime volume if the steps described in Section 3.3.2 are
followed. We therefore discard these runs as the correct dynamics beyond this point is not known.
There are a number of factors which affect the likelihood to encounter an H? < 0 crash. One is the
value of «, which controls the magnitude of fluctuations of the dark energy density. Increasing « raises
the magnitude of fluctuations, increasing the probability of a particular run to crash. The choice of
time step during the expansion history calculation is another critical factor. The dark energy density
remains constant between every two consecutive time steps and it updates at the end of every time step.
Even though ideally we would like the time step to be of the order of the discreteness scale, it is not
computationally feasible to implement it that way. Instead we choose a more modest time step in terms
of the scale factor (a), time (t), conformal time (7), or some other suitable quantity. Decreasing the
value of the time step increases the number of them and with it the number of times the dark energy
density fluctuates. Furthermore, increasing the number of fluctuations increases the chances for positive

and negative contributions to cancel one another, decreasing the possibility of an H? < 0 crash.

We run a set of simulations to confirm the observations of the previous paragraph and further analyse
the statistics of H? < 0 crashes. We use a constant time step in the conformal time domain, An, and
for three choices of « values calculate the fraction of completed runs (i.e. those that do not encounter
an H? < 0 crash before the present) for different values of An. The results are shown in Figure 3.3.
Each data point was produced using 10,000 simulations. When « = 0.02 (not shown in the figure), less
than 10 out of 10,000 for any given An do not end up crashing, showing that such values for « are not
practical in Model 1 (if we take Sy = 0).

The results in Figure 3.3 are for o = 0.005, 0.01 and 0.015. As anticipated, we see that as « increases,
the fraction of completed runs drops considerably. The trends with An are more visible for the curves
corresponding to the two smaller values of «, as a large fraction of runs crashed for o = 0.015. Once
again as anticipated from the discussion in the first paragraph of this subsection, as we decrease the
size of the time step, the fraction reaching the present day increases (in fact it starts to plateau for the

smallest values of An).

We also explored a few other types of time steps and observed similar behaviour for them. For example,
we considered constant time steps in 7, t, a, loga. etc. In all cases, as we decrease the size of the time

steps, the crashing fraction decreases and finally becomes almost constant.

The H? < 0 crashing frequency is also sensitive to the starting time of the simulations. The volume of
the past light cone decreases as we go back in time, and with that the dark energy density can become
very large as it is of the order of 1/ VV. For the results we report on, we start the simulations from
z ~ 10%, and except in the next subsection, we calculate the volume up to this time using only the
matter and the radiation component of the universe. We have seen that if we start increasing the
starting redshift, the crashing fraction also increases. In fact, for the analysis shown in Figure 3.1,
where we take a logarithmic time step in a and a starting redshift z ~ 10%, the crashing fraction is
almost 100% for oo = 0.01.
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Figure 3.3: The plot shows how the time step affects the crashing fraction for a = 0.005, 0.001, and 0.015. As «
increases, the fraction of completed runs drops considerably. For higher a the crashing fraction almost tends to 100%. As
we decrease the time step, An, the crashing fraction decreases, eventually saturating to a fixed value.

3.4.3 Initial conditions

As mentioned at the beginning of Section 3.3.2, we need to choose initial values for the volume, Vj, and
the action, Sy, for Model 1. In this subsection, we discuss some of the trends that result from different

choices for these initial conditions.

There are several approaches to setting these initial values. Everpresent A does not tell us about the
evolution of the very early universe, before a number-volume correspondence becomes meaningful.
Nevertheless, one approach is to (in a more or less ad hoc manner) attribute a Vy and Sy to the early
non-geometric causal set, when it has presumably reached the size it will begin to grow into an FRW
manifoldlike causal set. From a purely pragmatic point of view, setting Sy > 0 adds a positive bias to
A that makes it less likely to become too negative, and the simulation less likely to crash. Therefore,
Sp > 0 values are more interesting, and we will focus on this case below. Note that the initial volume
Vo only enters the numerical process described in Section 3.3.2 in the denominator of (3.42). In other

words, we have:
WGSO +ad L VAV
Vizn) + Vo )

Vo does not take part in the fluctuating numerator, which represents the effect of the random action of

A(zn) = 8

(3.45)

Model 1. The contribution of the pre-geometric phase in the numerator is encapsulated in 87 G.Sp.

Guided by the results summarised in Figure 3.3, we will set a to a value for which most simulations
encounter an H? < 0 crash, in order to investigate whether a larger Sy can prevent some of these
crashes. In Figures 3.4 and 3.5 we show the results. In the simulations, we set « = 0.015, V5 =1 (in
units of Mpc4/c), tinitial = 1, n = 10000, and increase Sy from 0 to 1 (in units of c3Mp02/G). We
see that as Sy increases, the (initially crashing) simulation eventually stops crashing, although the

behaviour is drastically different in the new regime.

The presence of Sy and Vj gives rise to a different expansion history with different epochs compared to

the tracking behaviour of Everpresent A that we found in Figure 3.1.

85



10"
108~ e Sp:0 101 ° Sp:0
So:0.1 So:0.1
< o
< Sy:0.25 I S:0.25
o Sp:0.3 o Sp:0.3
1000+ o 108) ey ] 0
o S0:05 " o Sp:05
o Sp:i1 : ® Spi1
10 0.001 0.010 0.100 1 0.001 0.100
a a
(a) (b)

Figure 3.4: Left: A log-log plot of pa (normalised by present critical density of our Universe) versus a when increasing
So, with @ = 0.015 . The expected behaviour of Everpresent A is that it follows the same scaling as p,, at late times,
i.e. ~ a3 For Sy =0, pa does indeed follow that scaling, however the scaling becomes closer to zero, and therefore
A becomes more and more dominant the larger Sy becomes. Right: A log-log plot of H? (in (km/s/Mpc)?) versus a
when increasing Sy, with o = 0.015. Similar to the case of pa, we expect a decay of ~ a™° from normal Everpresent A
cosmology, which we roughly see for the Sy curve before it crashes. Furthermore, if the evolution were to predict a value
of Hy similar to that of our universe, at a = 1 we would expect H? ~ 10°. However, the completed runs have far higher
values, consistent with a large dark energy provided by the initial Sp.

Early radiation or matter domination

Due to a non-zero Vj in the denominator (which dominates over V'), the contribution from A is
suppressed at early times. So H? is dominated by radiation or matter density as it can be seen in Figure
3.4b at small a. For Sy = 0, A behaves like A ~ £87av/V’ /Vo which fluctuates with an increasing trend.
For non-zero Sy, we have A ~ 87G.Sy/ V), which gives a constant but sub-dominant dark energy. This

can be seen in Figure 3.4a for a < 3 x 1073.

Dark energy domination followed by slow-roll

As H? keeps decreasing, it will finally become of the order of the almost-constant A, and then dark
energy takes over. Meanwhile, with the expansion of the universe, the volume of the past light cone

grows and eventually becomes comparable to Vy. At this point, A is given by 7

N 81 G Sy

~ 3.46
V+ Vo (8.46)
Together with the expression for the volume and the Friedmann equation

4 (M
Vin) =< / dn'a(n)*(n —1')°, (3.47)

i

A

H? = 3 (3.48)

these give an integro-differential equation for the scale factor in terms of 5. This is difficult to solve
analytically. The numerical solution in Figure 3.4 indicates a slow-roll-like behaviour. This is backed
up by Figure 3.5 which shows an inflation-like growth of scale factor with respect to V and V with

respect to 7.

"For Sp = 0, when V catches up with Vj, we simply see the onset of Everpresent A tracking behaviour, as in the blue
curve in Figure 3.4 for a > 1072.
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Figure 3.5: Left: A log-log plot of V' (in Mpc?*) versus a when increasing So, with a = 0.015. Right: A log-log plot of
V (in Mpc!) versus 1 (in Mpc) when increasing Sy, with a = 0.015. We see that the slow growth of V in units of a in
Figure 3.5a is counteracted by the slow growth of n with a, so that V' has an explosive growth in physical time, as one
would expect when there is a highly dominant dark energy.

Everpresent A tracking

The inflationary growth does not last forever. With the growth of the volume V', the fluctuating term
in Equation 3.45 grows like av/V. This eventually takes over the GSy term, and the fluctuations in A
and H? start to appear as in Figure 3.4 for larger values of a. Eventually, negative fluctuations will
decrease H? by many orders of magnitude until it reaches the energy density of radiation (if this was in

early universe) or matter. From that point, we would get the tracking behaviour of the Everpresent A.

The results of the simulations above were for a particular value of «, and a seed for which the runs reach
an H? < 0 crash when Sy = 0. If we instead consider the behaviour for a smaller o where the simulation
with Sp = 0 does not crash, the effect of increasing Sy leads to similar results to above, except that for
intermediate values of Sy the runs will actually encounter an H? < 0 crash. We therefore have three
“regimes” when setting Sy: small Sy, where the effect on the final results are modest; intermediate Sy,
where fluctuations become large enough to crash almost all runs®; and large Sy, where A dominates

and we get scalings that are unlike our universe.

It is also interesting to note that Sy and « induce similar behaviour in Model 1. The same observation
as above holds for a, namely that for small o almost all runs succeed, and have the correct scalings.
For intermediate o (larger than 0.015 when Sy = 0, as seen in Figure 3.3) almost all runs crash. For

large enough «, fewer simulations crash early on, since pp dominates from the onset.

Finally, note that we performed our simulations in the late universe with large values for Sy and Vp, but
in fact, the regime of interest for the above behaviours is the early universe. This investigation suggests
that a nonlocal model of A as given by Equation (3.46) is capable of giving a slow-roll-like inflationary
behaviour. When supplemented by stochastic terms as for Everpresent A, the inflationary growth finally
ends and dark energy will track the ambient radiation density. A closer look at this transition as well
as the naturalness of the parameters Sy and Vj needed for generating a viable inflation model is left for

future work.

8We can actually see this effect in the figures above, since the example run with So = 0.1 crashes earlier than the run
with Sg = 0.
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3.4.4 Understanding the auto-correlation time

An important property of Model 1 is that the auto-correlation time of A is of the order of the Hubble
time. Intuitively, this means that it takes roughly one Hubble time for A to become independent of its
past values and change sign. By one Hubble time, we mean the time it takes for the scale factor to
roughly double.

To see why this is true, we will calculate the auto-correlation (Qx(a1)24(a2)), where Qx = pa/pror =
A/3H?. Combining (3.25) and (3.26) gives

l2
A(al):é(ai’) > ble). (3.49)

e;€V(a1)

The summation is performed on all the causal set elements e; that are in the past light cone of a point

at a1, and b is a Bernoulli random number:

1, probability = 1
be:) = P YTro (3.50)
—1, probability = %

We assume the random variables are independent, such that (b(e;)b(e;)) = d;;; therefore, if a1 < as we

have .

l
(ViVaA(ar)A(ag)) = 167%0; > 1= 167r2€Tp(V1> = (8ma)*(V1), (3.51)
e;€V(a1) cs

where V; = V(a;) and the nonzero contribution to the sum is the common past of the two points which

is V(az) N V(a1) = V(ai).

For obtaining the correlation (Q4(a1)Q4(a2)), we can replace A(a) = 3Q2,H? in (3.51) and assume
that we can take V' and H in and out of the expectation values. This assumption is certainly not
correct, but for the purpose of a rough understanding of the correlation time, it suffices. A few algebraic

manipulations lead us to

(8ma/3)?
(H?)(H3){(Va)
Next we write (V (a)) = B8/(H (a)?)?, where we expect 8 ~ O(1072) based on the third column of Figure
3.2. So we find

(Qa(a1) Q(a2)) = (3.52)

(8m)? (H3)
98 (HP)
Since (A) = 0, and (H?) o< >_.(p;) from the Friedmann equation (3.32), we find that in the matter

dominated era

(Qa(a1) Qn(az)) = (3.53)

2 a1 3
<QA<a1>QA<a2>>—<8§§)(a2) . (3.51)
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Figure 3.6: The normalised auto-correlation function W

of Model 1 were simulated with the parameters a = 0.01 and Q2,h% = 0.14. For each simulation, (Q (A1) Qa (A1 + AN))
was calculated by averaging over A;. The resulting function of AX was then averaged over the 3000 realisations, and
suitably normalised so that it equals 1 at AA = 0. The final auto-correlation function is the orange curve, and the

red curve is the best fit of an exponential e~M1=22l 5 it. The dashed curve is the best fit of a function of the form
e—C1IA1—A2[%2

versus AA. To make this plot, 3000 realisations

Changing the time variable from the scale factor a; to Ay = Ina; we have shown that

() 2 (Ag)) = BT s (3.55)
AN A\N2 Qﬂ (& y .

which suggests that the auto-correlation time is of the order of one Hubble time.

We have made some naive assumptions in deriving (3.55), hence we do not expect the auto-correlation
function to be exactly an exponential function. In Figure 3.6 we have plotted the auto-correlation
of Qp (for a given «) versus AN along with a best-fit exponential function. Indeed, one can see that
the auto-correlation function is not an exponential. The best fit to the orange curve turns out to be

approximately e—3:2(AN4F

Nevertheless, the dependence on AA observed in the simulation data confirms that when the scale factor
is multiplied by an O(1) number, the correlation of A with its previous values gets highly suppressed.
Also note that the auto-correlation curve of Model 1 is dropping very fast close to AA ~ 0. This means
that in very small time scales, {25 fluctuates a lot with a small magnitude. This is why the plot of Q2

(Figure 3.7, in blue) looks jagged at small intervals.

Model 2

An alternative phenomenological model of Everpresent A, known as Model 2, was put forth in [66].
Model 2 is designed to incorporate the fluctuating nature of dark energy in Everpresent A as well
as the Hubble time auto-correlation emergent in Model 1. This is done by making the assumption
that —1 < Qa(A) < 1, which allows for the definition of a new variable Q4 (A) = tanh ™' (QA(A)). In
fact, Q5 (A) <1 is always true since the other components of the universe have positive energy density,

but Q4 (A) > —1 is an assumption that is made to allow for the convenient definition of an 2, that
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Figure 3.7: Plot of Qx versus redshift for one realisation of Model 1 (in blue) and one realisation of Model 2 (in red).
The seeds for this figure were chosen such that for the given set of parameters of the models (a = 0.01, Q9,h* = 0.14 for
Model 1 and & = 1.0, p = 1.108 for Model 2), Q3 ~ 0.7; hence they are not necessarily among the typical realisations of
the models.

can be generated by a Gaussian process. Given that QAO\) is unbounded, it can be generated as a
Gaussian process. Over a discrete domain, this is done by treating the set of Q. at different A;’s as
variables over which a multivariate Gaussian distribution is defined. The random vector drawn from
this distribution then describes the variation of (4 over A. The precise way in which (4 auto-correlates
is dictated by the covariance matrix (Q(A1)Qa(A2)) in the Gaussian distribution. Hence, one can
instantly generate a history of Q4 (A) using the covariance matrix of €4 (A). As this model does not
involve volume calculations, it is computationally much faster than Model 1. In [66] the ansatz was

made that the covariance matrix is a squared-exponential
QM)A (A2)) = ae M0 (3.56)

where & and p are free parameters of the model.

For pn ~ O(1), the auto-correlation time of the fluctuations in dark energy are of the order of one Hubble
time.? However, one essential difference between the realisations of Model 1 and those of Model 2 is
that the histories of Q2 in Model 1 are more jagged at smaller time scales (see Figure 3.7). The reason

is that the square root exponential auto-correlation function of Model 1 drops faster close to AA = 0.

Taking these considerations into account, more models can be built based on the Everpresent A idea
that are computationally as fast as Model 2 but better resemble the realisations of Model 1. For this
purpose, (3.56) should be replaced with a square root exponential function, or even with the numerical

orange curve from Figure 3.6.

9Even thoug}l the covariance matrix in Model 2 is for QA, for values of & =~ 1, the auto-correlation of Qa(A) closely
follows that of Q4 (A).
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3.5 Discussion

We have laid out and reviewed the foundations of Everpresent A cosmology. We also investigated key
properties of simulations based on the original phenomenological implementation of it which is in terms

of a random action per causal set element.

We found that in Model 1 the value of Hy for the noncrashing simulations is approximately normally
distributed about a mean that is close to the value it would have if A were zero. While for small values
of the fluctuation parameter « the observed value of Hy is highly unlikely, we found that increasing

this parameter increases the width of the distribution of Hy, and today’s value becomes more likely.

We further found that when the initial parameters V4 and Sy, which could originate from a deep
quantum gravity regime in the early universe, are non-zero, the scale factor undergoes rapid growth,
and the dark energy density no longer tracks the radiation or matter density. An interesting avenue for
future work is to investigate whether, by tuning the parameters Sy and «, one could have an alternative
inflationary model for the early universe with a graceful exit to radiation domination. Some signs of a
slow-roll type of behaviour followed by an exit to a decreasing Hubble parameter can already be seen in
Figure 3.4b.

Finally, we found that in Model 1 the sign of A is likely to change roughly every Hubble time. An
observational evidence of sign change in dark energy would therefore be a strong indication of Everpresent

A in our universe.

While we have aimed to provide a complete exposition of the topics relevant to Everpresent A, there
are a number of things we did not delve into. Let us briefly mention three of these: (i) One of the
assumptions of the model is that the mean about which A fluctuates is 0; motivating this assumption
with a Lorentzian argument remains an open question. Ideas from the Lorentzian path integral [263|
and analogue gravity [264] can potentially be fruitful in this direction. (ii) There are several classical
aspects of the model that likely must be replaced by their quantum counterparts. Of course this is
easier said than done, in the absence of the complete quantum gravity theory. However, there are hints
at how this can begin to be explored. For example, one can replace the classical stochastic random walk
of Model 1 with a quantum random walk inspired by [265, 266]. See also [267, 268|. As well, insights
from quantum unimodular gravity [269, 270] can be consulted for indications of a modified dynamics.
(7i7) Mathematically, it may be worth doing an analysis of the Friedmann equations, treating them as
stochastic differential or difference equations, in which A is the random component. Such an analysis
may offer insights on the statistical evolution of the scale factor as well as how to handle negative

energy densities and derivatives of A.

It would also be interesting to explore connections to [230, 271] where a stochastic cosmological constant

from fluctuations of vacuum energy was studied.

In the next chapter we will report on our results from using Models 1 and 2 to confront supernova and
cosmic microwave background data. It is perhaps a bit premature to test these simple models against

the full range of data, but we can nevertheless learn from the analysis.

As mentioned in the introduction, many of our conventional theoretical models have fallen short of
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shedding light on cosmological open questions. The cosmological constant puzzle has been a longstanding
example of such an open question, and more recently, there have emerged new puzzles such as the
Hubble tension. Moreover, in an era where understanding cosmological data (which will, in turn, relieve
tensions) takes priority over merely fitting it, we believe that models such as Everpresent A should be

further developed and explored.
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Chapter 4

Stochastic dark energy: cosmological tests

of Everpresent A

In the previous chapter, we considered the theoretical motivations and statistical properties of Everpre-
sent A and its phenomenological implementation. Here, we will focus on the observational signatures and
evidence for and against these models. As we show in the subsequent sections, the model successfully
fits SN Ia for a fraction of its realisations, while at least in its present form, it struggles to explain
the CMB data. The reason is partly due to the ISW effect. Its contribution in Everpresent A is very
different from its contribution in ACDM as it is non-vanishing in the matter dominated epoch. The

SW effect will also turn out to be modified non-trivially in Everpresent A.

The primary aims are to determine to what extent the existing implementations of Everpresent A are
able to explain cosmological data, and whether they can be modified to improve the agreement. While
we use the ACDM fit to data as a reference point that we compare the Everpresent A fits to, it is not
necessarily our goal to quantitatively improve on it at this stage. As the Everpresent A models are still
works in progress, we wish to find the qualitative features of those realisations that fit the data well or

relatively better.

In Section 4.1, we compare the predictions of Model 1 of Everpresent A with supernova observations.
In Section 4.2, we compare the model against CMB data. In Section 4.3, we provide a theoretical
analysis of the constraint on A during recombination. We then numerically study arbitrary fluctuations
in dark energy, allowing for variations as large as the ambient density, and constrain it before and after
recombination separately, showing that only small fluctuations in dark energy are allowed. Finally, we

discuss our findings in Section 4.4.

4.1 Fitting Model 1 to supernova data

The cosmological distance modulus is an important observable in astronomy. It measures the difference

between the apparent magnitude and the absolute magnitude of an object and is an indicator of distance
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in astronomy. The distance modulus is defined by
u:mB—MB:5log10dL+25, (4.1)

where dy, is the luminosity distance of an object (in Mpc) and can be calculated as

zody 1 (' dd
=(1 — - . 4.2
dp = (1+2) o H(Z) «a /a a’?H (a) (4.2)

The most crucial data set for testing the background expansion history of the Universe comes from type
Ia Supernova (SN Ia). All SN Ia have approximately the same luminosity; hence, they are widely used
as standard candles for cosmological distance measurements [22, 33, 272, 273|, and they can provide
a strong constraint on the Hubble parameter. We use the Pantheon+SHOES sample of the apparent
magnitude and redshift of 1550 SN Ia events with redshift z > 0.01 together with 42 calibrator events
[22]. As the expansion history for Everpresent A differs from the standard ACDM model, it affects the

distance modulus p.

Since the fluctuations in A are of the order of the inverse square root of the spacetime volume, which in
an FLRW universe is of the order of the Hubble parameter squared, the fluctuations will always be of
the order of the dominant energy density. A priori, one might expect that since the fluctuations of A
for small redshifts track the matter density, Everpresent A is more like CDM rather than ACDM, and
should not improve on ACDM in describing the supernova data. Although this is statistically correct,
we shall surprisingly see that there exist realisations of Model 1 that fit the observations better than

ACDM. We will then investigate the characteristics of these realisations.

4.1.1 MCMC analysis

Everpresent A is a stochastic model of the Universe. Given a pair of values for the parameters (Q0 k2, «),
and a series of Gaussian random numbers, Model 1 of Everpresent A provides a unique expansion history
of the Universe (note that the dimensionless Hubble parameter h represents h = Hy/(100km/s/Mpc)
and is not a function of redshift). The series of random numbers is characterised by a seed s. That
is, given an integer number s as a seed parameter, we uniquely generate a series &1, &9, ... of samples
from the standard normal distribution, and use them in discrete time steps to evolve A according to
(3.30). Therefore, given (QY h% a,s), we can get a unique expansion history. We also add Mg, the
absolute magnitude of SN Ia, as a nuisance parameter in the MCMC. The constraint on Mp arises
from measurements of the distance modulus using Cepheids located in the same host galaxies as the 42

calibrator Type Ia supernovae, as conducted by the SHOES team.

In Appendix C.3, we outline possible approaches for performing MCMC with a stochastic model and
explain our method for handling the seed number. Specifically, we choose N = 90,000 different seeds,
and for each of them, we run an MCMC process independently and determine how often we obtain a
likelihood as good as ACDM for the supernova data.

We use flat priors on Q0 k% «, and Mp. We allow the parameters to vary in a large range, namely,
00 h? €[0.01,1], a € [0.001,0.025], and Mp € [-30.0, —10.0]. The range for o was chosen based on
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the behaviour observed in the previous chapter, so that the chains would not hit the boundaries of the
ranges. Values of o around 0.012 produced the most runs with Hy comparable to the observed range
(when dividing the history of the Universe into 10,000 timesteps). The majority of runs encounter an
H? < 0 crash when a > 0.015, and a value of Hj that is too small when o < 0.005. Therefore the best
fit « should be obtainable within the given range, without hitting the boundaries. The desired value of
00 h? rounded to 0.14 is well within the given range and we shall see that the distribution obtained in

this parameter does not overlap with the boundaries of its range either.
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Figure 4.1: (a): The fraction of seeds that have a best-fit x* smaller than some threshold on the z axis. For example,
a fraction of 0.003 of seeds have a best-fit x? < 1500. (b): The scatter plot of best-fit (Q0,,Ho) for 16767 seeds with a
best-fit x? smaller than 1750. The plot has a mild Pearson correlation coefficient of —0.13, showing that the seeds that
can reduce Hy and have a reasonable Q2, ~ 0.3 are rare. Also the figure shows clearly that the likelihood surface is not
smooth if we change the seed. (c): The histograms represent the posterior averages of the parameters Ho, QY,, and «
from different seeds. For each seed, averages are taken after the burn-in period, and each seed is weighted by its posterior
P(s;|D). The three vertical coloured lines show the average parameters of the three best seeds. The dashed vertical lines
and the shaded regions represent the mean and 1o confidence interval as reported by the SHOES model-independent
measurement for Ho [22] and the flat ACDM fit to Pantheon+ for Q9, [167].

We try to find seeds that provide fits to the data close to or better than the standard model does.
ACDM gives x? ~ 1485.3 for the Pantheon+ SHOES data. We therefore consider only seeds with a 2
close to that, and find that out of the 90,000 seeds, 55 give a x? in the range [1481.0, 1490.0]. 16 of
these seeds give a better likelihood than ACDM. This is summarized in Figure 4.1a; for each value x on

the horizontal axis, the plot shows the fraction of the seeds that have a minimum y? smaller than z.

Figures 4.1b and 4.1c show the summary statistics of the best-fit and average parameters of different

seeds. Figure 4.1b shows the scatter of (0, Hy), where the best-fit point of each seed is coloured
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according to its x2. The same parameters can give a very good or bad fit depending on the choice
of the seed; hence, the likelihood surface is extremely discontinuous. This further justifies running
each MCMC chain for a fixed seed number. However, the variance of this scatter plot should not be
interpreted as the variance of the parameters themselves. To properly bound the parameters, it is
essential to weight each seed’s average parameters with the corresponding likelihood. This approach
is known as Bayesian Model Averaging [274-276]. It can be employed for summarizing the posterior
behaviour of any stochastic model. For example, the Bayesian average and variance of Hy for Model 1

are given by

N

(Ho) = 3" HyP(si|D), var(Ho) =Y (var(H0|si, D)+ H§i>IP’(si|D) — (Hp)?, (4.3)
i=1 i=1

where the sum is over all the considered seeds, Hy; = E(Hy|s;, D) is the posterior average of Hy for

seed s;, var(Hy|s;, D) is the variance of Hy for seed s;, D represents the data set, and

FlD) = = B(Ds;)B(s;) 44

is the posterior probability of the seed s;. P(D|s;) is the marginalized likelihood of the data for a given
seed, and is estimated by the harmonic mean of the likelihoods in a given MCMC chain [275], see
Appendix C.3. Note that P(s;) is the probability of a particular seed, which we assume to be uniform
across all considered seeds. Given that the value of Q0 has been robustly measured using various
independent methods such as cluster abundance and weak lensing experiments (e.g., [277-279]), there is
little flexibility for modifying ©20,. However, since Model 1 allows for a broad range of Q¥ values, P(s;)
could theoretically be adjusted to prefer seeds that produce an QY consistent with these established
measurements; nevertheless, we do not pursue this adjustment further. The result of the Bayesian
Model Averaging is

Hy=7327+1.27,

QY =0.58+0.19, (4.5)

a = 0.0085 £ 0.0017 .

The corresponding weighted 1-d distributions are plotted in Figure. 4.1c. Note that, due to the relatively
small number of seeds with a good x?, the distributions appear less smooth. For smoother plots, it is

necessary to utilise a pool of at least a million seeds.

Our Hj is consistent with the model-independent result by SHOES [22]:
HSMOES — 73,04 +1.04. (4.6)

The model independence is achieved by Taylor expanding H around its present value and constraining
the expansion coefficients. Strictly speaking, this method does not accommodate stochastic models
where H cannot be assumed to be smooth, including Everpresent A. Nevertheless, we find a similar
constraint to that of SHOES (although with a larger error bar) owing to the fact that the fluctuations

in H are relatively small at low redshift, see the right panel in Figure 4.5.

Unlike deterministic models, Q¥ is pretty much unconstrained for Everpresent A. To better understand
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Figure 4.2: The corner plot for the best seed, with 0.50, 1o, 1.5¢, and 20 contour lines. The mean and 1o error of each
parameter is above its 1-d distribution. The MCMC parameters are (Q%,h% o, Mg). Ho and QF, are derived parameters.
Note that the perfect correlation between o and QF, is an artefact of having fixed the seed number (see Section 3.3.4).

why QY does not get constrained by the Pantheon+ data, let us look at the expression for x?, ignoring

the likelihood for calibrator events and also the covariance between different events for the sake of

argument:
2_2 b 51o (1+z~)/2i dz +254+ M —m-2 (4.7)
T2 aw) [P \U T ) H ) B '

2

1 = dz'
_zi: <Amf> [510g10 ((1 + Zz)/o \/an(l gy Q%)g(z)) —5logyg (Ho) +25+ Mp —m;

Here, the summation is over all the supernova data points, and m; is the apparent magnitude of the
i-th supernova. g(z) is some function by which the dark energy density is varying in redshift for the
particular seed. g(z) is completely different for different seeds. The supernova data roughly follows a
straight line in the p vs log(z) plot at low redshift. This is because g(z) — 1 as z — 0, and hence the
integrand in the second line does not depend on Q0. Hence, the y-intercept of the line u vs log(z) for

small redshifts (z < 1) solely depends on Hy. Therefore, the overall intercept of the plot fixes Hy. QU |
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on the other hand, controls the deviation from the straight line at high redshifts (z > 1) through the
integral. The best fit Q¥ should then be found from % = 0. As each seed gives a completely different
g(2), the value of Q¥ also changes significantly from one seed to another, as seen in our results.

In Figure 4.2, we show the results from the best seed that has a best-fit 2 = 1481.9. Its best-fit

parameters are

Hp = 72.18,
QY =0.33, (4.8)
o = 0.0092.

The figure shows the 2-dimensional contour plots and 1-d likelihood distributions for Q¥ Hy, a,
and Mp. Hy is a derived parameter for the analysis. The plots show that QY and Hy are almost

uncorrelated. As « is a function of QY they are inversely related (see Section 3.3.4).

4.1.2 Diagnosing good seeds by a single parameter

Our analysis shows that it is possible to get expansion histories from Model 1 that fit the supernova
data better than the standard ACDM. However, the probability of getting such seeds is small (16
out of 90000, or about 0.017%). The small number of these runs raises the question of the practical
ability of Model 1 to generate data that can be compared with observations. For a deterministic and
non-random model, it is straightforward to assess its success with the data as it comes with a fixed x?

value. However, more care is needed to judge the results from a stochastic model such as Everpresent A.

From a Bayesian perspective, the predominance of seeds that give a poor fit to SN Ia creates a large
volume in the parameter space with a very low likelihood. Assuming that all seeds have the same
prior probability, this would suppress the evidence for the model. This could lead to a small Bayes
factor when compared to ACDM, hence undermining the model from a Bayesian model comparison
perspective. One way to rescue the model would be to find theoretical reasons to reject some of the
seeds a priori. In its current form, however, Everpresent A does not prohibit any seeds apart from those
that encounter an H? < 0 crash before reaching the present time. In this section, we aim to distinguish
between the seeds with the lowest x? (“good” seeds) and those with a relatively high x? (“bad” seeds) a
posteriori. An important question in this regard is: what are the physical features of those realisations
that give the best fits to the supernova data, and why are such seeds rare? We leave the question of
whether there are compelling theoretical reasons for preferring the seeds with such physical features a

priori to future research, along with a rigorous model comparison.

In Figure 4.3, 4 of the seeds with the lowest x? (good seeds) and 4 with a relatively high x? (bad seeds)
are shown for comparison. The solid fluctuating lines are the energy density in A (normalised using a
fixed constant hg = 70.2km/s/Mpc, not equal to their Hubble constant), and the dashed curves are the
corresponding matter density. Visual inspection provides a distinction between these two extremes: In
the range z < 1.5, a good seed generally has a smaller A than a bad seed. Moreover, bad seeds are
more closely tracking the matter density, while for good seeds A fluctuates as if it is independent from
matter density in the range z < 1.5. A more quantitative distinction can be made using the so-called

Om(z) diagnostic.
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Figure 4.3: A/(3h3) versus redshift is plotted for the 4 realisations of Model 1 with smallest x? for Pantheon+SHOES
data set, with blue solid curves. The dashed curves are the corresponding 87Gpy, /(3h3). Note that ho = 70.2km/s/Mpc
is a fixed constant we use for normalisation. For comparison, the same quantities are plotted in red for 4 realisations that
give very high x? for the supernova data. In the 4 “good” realisations, A tends to cross the corresponding matter density
fewer times, and stays smaller than the matter density for a larger redshift interval.

The Om(z) diagnostic was first introduced in [280] as a discriminator between different dark energy

(3)'

models. It is defined as

Om(z) = (4.9)

For ACDM, Om(z) = Q9,, and for pure CDM, Om(z) = 1. It has the property that at small redshifts
z < 1, it magnifies any deviations from the standard dark energy equation of state, w = —1. For
example, for a quintessence dark energy (i.e. —1 < w < 0), as a function of increasing redshift z, Om is
decreasing and positively curved, while for a phantom dark energy (i.e. w < —1) it is increasing and

negatively curved. In both cases, Om converges to Q0 for z > 1.

In the left plot of Figure 4.4, we have plotted the Om function versus z for 4 of the best and worst
seeds. The Om diagnostic makes their distinction even more apparent. Bad seeds have a bump around
z ~ 0.3 and then decrease with redshift. This is like a combination of quintessence and matter-like
behaviour. For good seeds, however, Om fluctuates around some horizontal line and has much smaller

values. The plot on the right shows the scatter plot of the average of Om in the interval z € [0.1,0.8]
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Figure 4.4: Left plot: Om(z) versus redshift for the same 8 realisations as in Figure 4.3. The distinction between good
and bad seeds is clear here. After large oscillations for z < 0.1, the seeds with a good fit to the supernova data settle and
fluctuate around some horizontal line, while the seeds with a bad fit have a bump-like feature around z ~ 0.3. Right plot:
For all 90000 seeds, we compute (Om) = - f"lg Om(z)dz. A scatter plot of (Om) versus the x? is shown. There is a
strong correlation between these two quantities. The Pearson correlation coefficient of the plot is 0.85. The 4 best seeds
are marked with red dots.

versus the best fit x? for all 90,000 seeds. There is a strong correlation between these two quantities.
The good seeds tend to have a smaller (Om). In fact, we find that for the 70 seeds with x? < 1060,
(Om) = 0.27 £0.03. Therefore, not only is the Om behaviour of a good seed reminiscent of constant A,
it also fluctuates around the Om value of ACDM and not around 0, of the same run (recall that the

value QU of each seed, according to Figure 4.1, is not concentrated around 0.3).

Regarding the practicality of the model, this result suggests that to obtain good seeds with a higher
probability, one should focus on a sub-space of seeds that give smaller values of (Om) in the low-redshift
range z < 0.8. It further indicates that to find good fits to data for a stochastic model such as
Everpresent A, an understanding of the physical constraints that have to be satisfied is required in
order to strategically limit one’s search to seed numbers that are more likely to satisfy those constraints.

For the supernova data, the single number (Om) has turned out be a good constraint parameter.

Next, given that only a small fraction of the seeds produce better fits to the data than ACDM, we
would like to further understand if their behaviour is markedly different from the typical behaviour of

Everpresent A.

4.1.3 Understanding the results with mock data

To confirm the exceptionality of the good seeds, we perform a mock data analysis. Our procedure for
generating mock supernova data is as follows: for a realisation of Model 1, we find the value of the
distance modulus from (4.1) at 1580 redshifts greater than 0.01, corresponding to the non-calibrator
SN Ia events in the Pantheon+ dataset. Using their full covariance matrix, we add Gaussian random
noise to the corresponding distance moduli. In this way we obtain supernova data that could occur in a

universe described by a particular Everpresent A realisation.
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Figure 4.5: Left plot: The distribution of Hy for Model 1 with Q%A% = 0.14, o = 0.01 (taken from the previous
chapter). The average and standard deviation is given by 40.3 + 9.3. Notice the difference between this distribution and
the posterior distribution in Figure 4.1. The range [67,72] for Hy is shaded in red. Right plot: The Hubble parameter H
as a function of redshift for four of the best and four of the worst seeds. Good seeds show much smaller fluctuations at
z < 1.0.

As an interesting first example, consider the following case: Using an arbitrary seed and fixing the
parameters («, Ho, Q20) = (0.01,70.4,0.28), we generated mock data. After running the MCMC for this
mock data set, the best fit for Model 1 yielded the parameters (o, Hp, 20,) = (0.0047,71.0,0.81). This
again confirms the observation from the previous subsection: The supernova data does not constrain
Q0 for Model 1. The model can fit the data, whether real or mock, with almost any value of QY . In

other words, the model does not make a prediction for Q0 | even for a data set generated by itself.

We are then interested in the following fraction for this mock data set, D:

_ #{seed = s|Model 1 with seed = s gives a better fit to D than ACDM}

4.1
Total number of seeds (4.10)

fo

We previously saw that if we take D to be the Pantheon+SHOES data set, then fp = 16/90000. The
question then is what the fraction fp is if we take D to be a mock data set generated by Model 1.
Furthermore, we are interested to know if the mock data generated by an arbitrary seed has different

characteristics from the mock data generated by a good seed.

First, let us investigate the question for an arbitrary seed. We try to be realistic with the choice of the
seed s for generating the mock data. In the left plot of Figure 4.5, taken from the previous chapter,
we show the distribution of the present day Hubble parameter for Everpresent A realisations with
parameters Q2 h? = 0.14 and a = 0.01. Most of the expansion histories give a value of the Hubble
parameter close to 40 km/s/Mpc. Only a few realisations give Hubble parameters close to 72 km/s/Mpc,
i.e. close to the present cosmology. To better mimic the real data, we pick a set of 10 seed numbers
from the tail of this distribution, as the value of Hy ~ 72km/s/Mpc lies in the tail. The expansion
history for each of these seeds give values of Hy in the range ~ [69, 72] km/s/Mpc. There is no further

constraint on the choice of seed. We then do a similar analysis as before. We take 10,000 arbitrary
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seeds and then try to find the best fit x? for each of these seeds with each of the mock data sets. For
the 10 mock data sets, we find that fp lies in the interval [0.026,0.205], with an average of 0.076. Thus

it is around three orders of magnitude larger than the fp for the real data.

However, if we instead use one of the good seeds to generate the mock data, fp turns out to be 1,/10000,
which is compatible with the real data. This analysis further confirms that the seed numbers that are
in the lowest corner of the right plot in Figure 4.4 are distinguished, and they more closely resemble the
late-time expansion history of our universe. This result indicates that Everpresent A is easily capable
of producing a momentary value of Hy that fits present observations, but that it is more difficult to

produce a history that has the right character to fit all data.

4.2 Fitting Model 1 to CMB data

Supernova data give a direct measurement of the Hubble parameter. However, they can constrain
dark energy only at low redshifts. To constrain the expansion history at larger redshifts, we can utilise
cosmological perturbation data from the CMB. In this section, we discuss our analysis of Model 1 (and
briefly Model 2) of Everpresent A with CMB data.

4.2.1 Methodology

To investigate Model 1, we use a similar technique as used in our supernova data analysis in the previous
section. Given a seed number s, the remaining free parameters are the standard 6 parameters Q0 h%,
Qghz, h, Treio, s, and Ag. Notice that, according to our discussion in Sections 3.3.4 and 4.1.1, for a
given seed, v and 0, are related. So « is not a free parameter, since we can infer it using Q0 h% and h.
We then feed the dark energy density as a function of scale factor, together with the standard 6 free
parameters, to a modified version of the CAMB Boltzmann code [281]. In the current form of Everpresent
A, dark energy is not a fluid, so we turn off the dark energy perturbations. See Appendix C.2 for a

discussion on the fluid interpretation.

From Figure 4.1b, we know that if we change s at every MCMC step, the likelihood surface would not
be continuous. So, similar to our SN Ia analysis, we select 100,000 seeds, and for each one, we run a
separate MCMC chain using SCoPE [282| along with the Planck likelihood code (high-¢, low-¢, lensing
likelihood) [39, 158].

Running the MCMC for Model 1 is time-consuming, especially if we recalculate the expansion history
for every choice of parameters. Note that the nature of the expansion history for a given seed does
not depend on QY h2. For a given seed, quantities like A, H?, and 1/ V'V scale linearly with 00 h? as
discussed in Section 3.3.4. So we can make the process more efficient with the following simplifications:
First, we calculate the expansion history for a fixed Q¥ h2, say 0.14. The histories with different values
of QY h? can be determined by the scaling property mentioned above. Secondly, H?(a) is a slowly
varying function of a. Therefore, we calculate the expansion histories for different o values at a fixed
interval and store them. These values are then interpolated for calculating the expansion history for
any other o and then scaled according to 220 h2. Note that we start the Everpresent A simulations from
about z = 10°. Therefore, there is a significant redshift range which is radiation dominated. For any

Q0 we calculate the matter-radiation equality as a; = QU/QY, and scale the dark energy separately
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during the matter and radiation dominated era. However, the scaling relation holds, approximately, for
a completely matter dominated or completely radiation dominated era. It does not hold during matter
and radiation equality. Nevertheless, this region is small in conformal time and has negligible impact

on Cy, as we verified numerically.

Therefore, for any given seed, we make the fiducial choice Q0 h? = 0.14. We then generate expansion
histories for 20 different o values starting from o = 0.001 to 0.02 in steps of Aa = 0.001. The smallest
a for which we get an H? < 0 crash is denoted by o™ for that seed. As a and 0, are inversely
related, it corresponds to some Q?,me. For any value of a (29,) greater (less) than a™ax (Q?nmin), the
expansion history for that particular seed results in an H? < 0 crash (see Section 3.3.4). To ensure
realistic outputs, we only keep seeds that (i) yield Hy > 60 km/s/Mpc for at least one choice of «,

max improving the chances of

and (i7) have Q?nmin < 0.45. These also guarantee a sufficiently high «
matching Hy. This reduces our seed set from 100,000 to 3106. Finally, for ACDM, the best fit x? for
the CMB data is about 2339.0 for the given likelihood. Therefore, we also discard seeds that yield

x% > 3000.00 after the burn-in period.

4.2.2 Results

With the reduced set of seeds, our MCMC shows that there are 91 seeds that give a x? less than 3000.0.
The best fit y? is 2495.56, about 157 units larger than that of ACDM. In the first row of Figure 4.6, we
have summarized the statistics of our analysis. The first and the second columns show the distribution
of the best fit values of QY h? and h for the 91 seeds. In all of these cases, the best fit Hy is between
40 and 51 km/sec/Mpc. The value of Q2 h? in the MCMC chains lingers around 0.16 to 0.2 in most
of the cases (82 out of 91 chains), occasionally going below 0.16 such that their best fit values are in
many cases near 0.14. Nevertheless, this indicates that the MCMC analysis favours a small dark energy
fraction, typically Q% < 0.2. The last column shows the best fit x? of the final 91 seeds. Except for one
seed, all others have a x? greater than 2500.

Figure 4.7 compares the best-fit power spectrum from Model 1 with that of ACDM. Model 1 shows
notable deviations at low multipoles and near acoustic peaks, with similar behaviour seen in two other

representative seeds.

Motivated by the claim in [66] that the Everpresent A models need sufficiently small dark energy at the
last scattering surface to explain CMB, we repeat our analysis with an artificial suppression of dark
energy at the last scattering surface using a factor 1 — exp (—% (%)2) for Az = 100 and 200. For
Az =100 and 200, we get 248 and 539 seeds that yield a x? less than 3000, respectively, with a ~ 136
unit improvement in best-fit x2. The best fit parameters and x? for both the analyses are given in
Table 4.1. The histograms for Q9 h? and h, and x? for the best fit for each seed are shown in the second
and the third row of Figure 4.6. Increasing Az in the suppression factor has the effect of giving more
00 h? values closer to 0.14, as well as stretching the tail of h to higher values. These results partially
support [66], however, the MCMC process still tries to remove the dark energy component and yields
too small values for Hy. In its current formulation, Model 1 does not explain the CMB data at a level
comparable to ACDM.

We also carried out tests using Model 2 of Everpresent A, with 3000 seeds. All the seeds yield & < 0.1
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Figure 4.6: The results of our CMB analysis with Planck likelihood from 100,000 seeds. The first row is the output from
Model 1; the second and the third row are from Model 1 with last scattering surface suppression with Az = 100, 200,
respectively. The first two columns are the histograms of the best fit Q2,h% and h for the seeds that give x? < 3000.0.
The histograms show that Q2 h? is often higher than the standard ACDM value of 0.14, and most of the best fit h are
within the range 0.4 — 0.5, and it rarely goes to 0.6.

(or alternately 20, > 0.9) and p fails to converge. The Hubble parameter stays close to 40, and the

model generally gives poor fits.

In [66] Model 2 was implemented using a modified equation of state parameter in CAMB. Their equation
of state parameter w(z) was restricted to a narrow negative range [284]. This is a major point of
departure from our treatment, in which we allow the dark energy density to fluctuate both in sign
and in magnitude within the full range that the model permits. Therefore, our results should not be

compared to those of this previous work.

4.3 Constraining dark energy using CMB

A key property of Everpresent A is that the dark energy density is of the order the background energy
density throughout the expansion history of the Universe. Models 1 and 2 capture this behaviour in a

practical manner. However, both of these models are phenomenological, as we require a more developed
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Figure 4.7: We show the CMB power spectrum data for different models. The green C; curve is the ACDM power
spectrum. We show the best fit power spectrum for Model 1 out of 100,000 seeds in red. Two other dashed lines show
the best fit power spectrum for two other arbitrarily chosen seeds from the 91 seeds for which x? < 3000.0. The binned
data from the Planck satellite is also displayed in the plot. For values of ¢ ranging from 2 to 29, the data are shown
individually. After that, the data is presented in bins based on the value of £. The Planck data is taken from [283].

Model 1 Model 1 with last scat- | Model 1 with last scat-

tering surface suppres- | tering surface suppres-
sion (Az = 100) sion (Az = 200)

#seed_210g £<3000.0 | 91 248 539

—2log L 2495.6 2360.5 2358.5

Best-fit parameters

Q0 K2 0.1408 0.1409 0.1430

QYh? 0.0223 0.0222 0.0221

Hy 43.27 43.20 42.68

Treio 0.0866 0.1319 0.1285

Ng 0.9622 0.9777 0.9632

log(10%0 Ay) 3.0892 3.1918 3.1875

a (derived) 0.0040457 0.0036563 0.0025567

Table 4.1: Tabulated results of best-fit values from 100,000 seeds with Planck likelihood. We show the results for Model
1 and Model 1 with last scattering surface suppression. For comparison, —2log £ for ACDM is ~ 2339.0.
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theory of quantum gravity to inform the correct dynamics for Everpresent A. Furthermore, as discussed
in the previous section, the present models do not fit the CMB data. Therefore, in this section, we
try to understand how the variation in dark energy in different eras affect the CMB power spectrum.
These studies can give an indication of the constraints on a fluctuating dark energy density. It can also

inform how future models may need to be modified.

According to the line-of-sight integration method [285], the I-th moment in a multipole expansion of

the temperature fluctuation © of CMB photons is given by

@Am%ﬂzﬂfdnﬂ@mm—n»smx% (4.11)

where j, is the spherical Bessel function, k is the wavenumber, and S is the source function defined by

S0 8) = g (@ + ©0) + 25 (961 + (Y + 6. (412

Here, 1 and ¢ are the Newtonian gravitational potentials in the perturbed FRW metric (1.41), 6,
is the velocity divergence of baryons, 7, is the optical depth at 7, and g = —Tépt exp(—Topt) is the
visibility function. The first term in the source function is the SW term, and it captures the temperature
fluctuations and gravitational redshift during recombination. The second term accounts for the Doppler
effect during recombination. While ¢ is non-zero only during recombination and reionization, the
third term— the ISW effect—accounts for the gravitational redshift of the photons throughout their

free-streaming. The effect of polarization fluctuations is subdominant, and we have ignored it.

Therefore, the expansion history of the Universe can be divided into three phases; before, during, and
after recombination. In the following three subsections, we first discuss the qualitative changes in
the CMB power spectrum when a dark energy component is added in each of these phases. We then
numerically constrain the allowed variation in the expansion history before and after the last scattering
surface. While other analyses have examined the permitted variations in the expansion history at
certain epochs [286—288|, here we provide a model-independent analysis of the allowed fluctuations,

positive or negative, in dark energy across the entire expansion history.

4.3.1 During recombination

Here, our main aim is to understand why our fits of Model 1 improved when we suppressed dark energy
around the last scattering surface. Suppose we add a non-negligible dark energy component during
the recombination era. Specifically, we keep Q4 (z) constant around recombination between redshifts
z =900 and 1300. For other redshifts, we keep A constant such that QS)\ = 0.7. We first examine how it
affects the position of the peak and the width of g.

Decoupling of photons happens when the free electron density drops due to recombination. From the
Saha equation, the free electron density n. depends only on the photons’ temperature, which is inversely
proportional to the scale factor. Changing the dark energy fraction does not change the dependence
of n. on the scale factor. The position of the visibility peak, therefore, remains the same in a. In

conformal time, however, it shifts to lower (higher) 7 with a positive (negative) dark energy density.
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Figure 4.8: Top-left: The ionization fraction (x.) as a function of conformal time for different dark energy fractions.
Top-right: The visibility function (g) as a function of conformal time, Bottom-left: C¢ for different dark energy fractions
between z = 900 and 1300. Bottom-right: C, for different dark energy fractions between z = 900 and 1300 provided the
dark energy only changes the ionization fraction.

The width of the visibility function in conformal time is approximately given by [289]:

22

Apy = — 2
9 = 744 x 10%H,

(4.13)
The starred quantities are evaluated at the peak of the visibility function. Therefore, by adding a
positive (negative) dark energy component during recombination, H, increases (decreases). As a result,
the width of g decreases (increases), with the area under the curve remaining fixed. These effects are
shown in Figure 4.8. In the top-left plot of Figure 4.8, we show how the ionization fraction as a function
of conformal time changes. The top-right plot shows how the visibility function changes as a function

of the conformal time, which is in line with the above expectations.

To see how such changes to the visibility function affect the CMB power spectrum, consider the following
semi-analytic approximation to Cy that comes from SW and Doppler terms, as these are the dominant
contributions for ¢ 2> 200 [289):

L(+1)Cy ~ g [Ao + 4/ % (Al cos(l0s + m/4) + A cos(200, + 77/4))652/%] , (4.14)

where B is a constant from the primordial power spectrum, Ay is a non-oscillating function of ¢, and

Ay and Aj are slowly varying functions of £. 6 is given by

T
0s = =, 4.15
o (4.15)

and is approximately the angular size of the sound horizon at decoupling with rs being the sound

horizon. The oscillatory part is a direct consequence of the acoustic oscillations in the photon-baryon
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plasma that gave rise to a WKB solution to the temperature fluctuations Oy ~ exp(ikrs). Finally, /p
represents the damping scale, and is given by
2 2

— 275 4 9L (4.16)
R

The first term gives the Silk damping which is responsible for damping inhomogeneities on scales smaller
than the comoving diffusion scale of photons, Ag. The second term gives the Landau damping which is
due to the smoothing of fluctuations resulting from photons not all being last scattered instantaneously;
specifically giving a comoving scale Az, oc Any. Both of these effects are responsible for the suppression

of the power spectrum at £ > 1000.

Now, for a positive dark energy contribution during recombination, the resulting smaller conformal time
of decoupling leads to a smaller sound horizon and 64, which from the above solution (4.14) amplifies
oscillations, shifts peaks to smaller scales (higher ¢), and increases peak separation. At the same time,
a smaller diffusion length of photons and a smaller width of g both reduce the exponential suppression
at large £. The opposite happens for a negative dark energy. These trends are confirmed by the bottom

two panels in Figure 4.8.

Therefore, the position of the peaks in the TT power spectrum, their amplitude, and their high-/¢
damping strongly constrains the fraction of dark energy during recombination. To have a chance at
explaining the CMB data, a fluctuating dark energy has to be suppressed around the last scattering

surface, as it was imposed on Model 1.

4.3.2 After recombination

Here we aim to understand how much temporal fluctuation in dark energy is permitted after recom-
bination. One of the main contributions in this phase comes from the ISW effect. The ISW term
contains the time derivative of the gravitational potentials. For ACDM, ¢ and 1 are constant during
pure matter domination. So ISW consists of early ISW from just before recombination when radiation
energy density is not yet negligible, and late ISW at z < 1 when dark energy becomes important. The
latter only contributes to low multipoles. However, for Everpresent A, there never exists a pure matter
domination era, as dark energy contributes with the same order of magnitude but with fluctuations
that change sign. Therefore, we expect a significantly different ISW contribution in this case. We can
already see the resulting enhanced low-¢ power for Model 1 realisations in Figure 4.7. The question is
whether there exist realisations of a stochastic model like Everpresent A such that the integrated effect
of the A fluctuations cancel each other in the ISW term. We evaluate this using a model-independent

approach.

For this, we treat the values of a dimensionless function f(z) at five selected redshifts 1, 10, 50, 100 and

500, as free parameters. This function parametrises the dark energy density through
PA(2) = Pl + pef(2)(1 + 2)°, (4.17)

which is a constant plus a fluctuating term that tracks the matter density. Note that p. is the critical

density today. A spline is then constructed to interpolate smoothly between these values, with boundary
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conditions of f and its derivative being zero at redshifts 0 and 1100. Since we are only considering
redshifts after the last scattering surface, the radiation energy density can be ignored compared to

martter.

For an MCMC analysis, a total of 11 parameters are considered, which include the standard six ACDM
parameters Q0 h2, Qghz, h, As, ns, and Topt; as well as the five f(z;) values at the redshifts mentioned
above. We let Q§ =1 — Q0. The prior on f(z;) allows the dark energy density to be of the order of the

ambient matter density.

The full posterior plots are shown in Appendix C.4. The best fit and the average values of the parameters
are listed in Table 4.2. The fitted values f(z;) are small, indicating that the magnitude of dark energy
fluctuations must remain below 5% of the matter density. The rejection rate is high, reflecting the
complex likelihood landscape with multiple minima, which also implies that the mean function f(z)

plotted in solid lines in Figure 4.9 and Figure 4.10 does not necessarily give a good fit.

011
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Figure 4.9: A few random expansion histories from the 200 best fit x® are shown. The opacity of each curve is
proportional to its likelihood. The thick red line shows the standard ACDM values for reference. The mean and the
standard deviation are shown in solid black and dashed black curves. Left: plot of f(z). We keep the f(z) and its
derivatives at redshifts z = 0 and z = 1100 to be 0. A bump at low redshift and a dip at higher redshift give a better
likelihood than standard ACDM. Right: Q4 is shown for f(z) from the left plot.
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Figure 4.10: A few arbitrary expansion histories from the 200 best fit x? for a different set of z points (i.e. the points
where f(2) is a free parameter) are shown. Left: plot of f(z). Even though the z points are different, the qualitative
behaviour of these features is similar to that in Figure 4.9. Right: Qa is shown for f(z) from the left plot.

Figure 4.9 shows representative plots of f(z) (left) and €4 (right) from the top 200 fits. A consistent
pattern emerges: a low-redshift bump and a high-redshift dip (around z = 5—100) in f(2) often improve
the fit relative to ACDM. This feature was anticipated in [290] and is echoed here numerically. The
corresponding plots of €25 indicate that most well-fitting models closely follow the standard evolution.

These results are consistent with the results in [291, 292].

To test robustness, we repeated the analysis using a different set of redshift control points (0.5, 5, 25,
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Figure 4.11: Cy’s for different fixed f(z) before recombination are shown. Positive f(z) moves the power spectrum
towards higher ¢ and gives a higher power to the odd peaks, while negative f(z) pushes the spectrum towards lower £ and
gives a higher power to the even peaks.

50, 250). As shown in Figure 4.10, the qualitative behaviour of f(z) remains unchanged, with a similar
low—z bump and high—z dip, though the dip’s exact location depends slightly on the chosen redshift

points.

4.3.3 Before recombination

In this subsection we investigate how a fluctuating dark energy prior to the last scattering surface
affects the CMB power spectrum. Before recombination, the major contribution to the CMB power
spectrum comes from the SW and Doppler terms in (4.12). Similar to our discussion in Section 4.3.1,
adding positive dark energy before the last scattering surface decreases ry and subsequently lowers
the value of ;. This then moves the CMB power spectrum towards higher multipoles. Conversely, a
negative dark energy causes the power spectrum to shift towards lower multipoles. This is shown in
Figure 4.11 where we add a positive or negative dark energy contribution before the last scattering
surface. We keep f(z) nearly fixed before recombination—holding it constant, but allowing it to go

continuously to 0 near z = 10% and 10°.

Now, similar to Section 4.3.2, we study the amount of variation allowed in the dark energy. Before the

last scattering surface, we write the dark energy density fraction as

pa(2) = pe [QAO + ((1 +2)3 + gg (1+ z)4> f(z)] . (4.18)

m
We have added a term so that it models a fluctuating dark energy that tracks radiation energy density.
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Figure 4.12: A few arbitrary realisations of Q4 from the 200 best-fit x? are shown. The solid black and the dashed black
curves show the mean and the standard deviation of the curves. The opacity of a curve is proportional to its likelihood.
Most of the best fit values have a positive 2o at high redshift.

As in the previous section, we select f(z;) at five logarithmically spaced redshifts between z = 1100 and
z = 105: zj = 2140, 4570, 10000, 21380, 45710 as free parameters, and fit a spline f(z) through them.
We fix f(z) and its derivatives to be 0 at z = 1100 and 10°. Together with the six ACDM parameters,

we have 11 free parameters for the MCMC analysis.

Table 4.2 and Figure C.3 in Appendix C.4 summarize the results. All average and best-fit f(z;) values
are positive, suggesting that small positive early dark energy is mildly favoured. The best fit x? is
about 9.02 lower than the best fit ACDM model. The contour plots show that the f(z;) parameters are
positively correlated, especially at high redshifts, indicating that f(z) cannot fluctuate arbitrarily. As
shown in Figure 4.12, most of the best-fit expansion histories yield a small but positive Q4 (z) at all

redshifts, in contrast with Everpresent A where larger and more variable early-time € is typical.

While an extensive model comparison between our sign-agnostic dark energy fluctuations and the
early dark energy literature [293, 294] is beyond the scope of this thesis, we note, as an example, that
our results are consistent with those of [287|, where the authors used two phenomenological scalar field
models to implement early dark energy. They found that an extra 5% energy density fraction in the
form of dark energy at z ~ 5000 which later dilutes faster than radiation gives a better fit to CMB than
ACDM, and furthermore, alleviates the Hubble tension. We have found that with the phenomenological
model (4.18), we can have a dark energy fraction of (0.6 +0.6)% at z ~ 5000, and (1.0 + 1.5)% at
z ~ 20000 which is consistent with the “n = 2” model in [287] within 20 uncertainty. At the same time,
our result is consistent with zero dark energy within 1o. The reason for a less significant dark energy

fraction in our case could be attributed to neglecting dark energy perturbations.

Introducing early dark energy in the form of (4.18) also increases the value of the Hubble parameter,
reducing the Hubble tension with the SHOES measurement [22] from 50 to 3.50. This can be understood
by noting that an additional dark energy contribution prior to recombination decreases the sound horizon
rs, and so, to maintain the same 65 as measured by Planck2018, 1y must decrease, or equivalently, H

must increase.
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Modified DE after last scattering surface Modified DE before last scattering surface
Average Best Fit Average Best Fit
Q0 h? 0.1415 £ 0.0015 | 0.1415 Q0 h? 0.1426 +0.0021 | 0.1430
QYh? 0.0224 + 0.00016 | 0.0224 Q) h? 0.0227 £ 0.00026 | 0.0226
h 0.6370 +0.0384 | 0.6275 h 0.6910 £0.0121 | 0.6866
Treio 0.1238 £0.0295 | 0.1231 Treio 0.1303 £0.0287 | 0.1245
N 0.9650 + 0.0045 | 0.9655 N 0.9758 + 0.01 0.9713
log (10°A,) | 3.17+0.0571 | 3.1340 | log (10'°4,) | 3.1910 £0.0550 | 3.1811
f,—1 0.0248 +£0.028 | 0.0467 f,—2140 0.00037 4 0.00078 | 0.00029
f.—10 0.0018 £ 0.0289 | —0.0249 f.—4570 0.0019 £ 0.0018 | 0.0016
f,—50 0.0034 +0.0201 | —0.0015 f,—10000 0.0026 +0.0028 | 0.0021
f,—100 0.0133 £0.0160 | 0.0224 f,—21380 0.0030 + 0.0045 | 0.0026
f.—500 0.00075 4 0.0057 | —0.0028 f.—45710 0.0010 £ 0.0084 | 0.0009
—2Alog L 5.68 —2Alog L 9.02

Table 4.2: Average, standard deviation, and the best fit values of the parameters from the 11 dimensional parameter
estimation. Results for modified expansion histories after and before recombination are shown on the left and right sides
of the table, respectively.

4.4 Summary and outlook

In this chapter, we tested a particular implementation of Everpresent A, Model 1, against SN Ia and
CMB data. Our analysis of the supernova data indicates that a small fraction of seeds (~ 0.14%) can
produce expansion histories with a similar x? value to the ACDM model. An even smaller fraction
(~ 0.015%) can do better, assuming all other parameters (o and 99 h?) are chosen appropriately. To
better understand this, we generated mock supernova datasets using Model 1 realisations. We carried
out a similar analysis on these mock data sets, i.e. fitting Model 1 to the mock data. Our results indicate
that almost 10% of the seeds can provide better fits to the mock data set than ACDM, compared to
only 0.015% for the real data. This suggests that the good realisation are statistically distinguished.
Our analysis also revealed that at low redshifts, the atypical good realisations of Model 1 have smaller

dark energy variation and magnitude than in the case of the bad realisations.

Given that SN Ia data only probes the late-time behaviour of a cosmological model, we also considered
CMB data. Neither of the Everpresent A models (Model 1 and Model 2) were able to improve on
ACDM. For the CMB data, the x? values for the best fit Model 1 realisations in our investigations were
more than 150 greater than ACDM. Considering only those realisations with x? below a threshold of
x? < 3000, fits to the CMB data led to unrealistically small best-fit values for Hy, thus favouring a
matter dominated universe. This indicates that Model 1 as is has difficulty accounting for the present
energy density of the Universe. Tests of Model 2 yielded similar behaviour. However, as suggested in

[66], we found that suppressing the dark energy around the last scattering surface leads to significantly
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improved fits to the data (with x? about 20.0 greater than ACDM), and increases Hp (up to ~ 60).
This, together with the supernova results, suggests that for a stochastic model to yield a realistic

expansion history, the fluctuations must have the right properties at the relevant times.

To understand how much variation in expansion history is allowed by CMB data, we constrained the
fluctuations before and after recombination separately. Our results suggest that while some variation
in dark energy density is possible, for the generic kinds of variation we considered, it is significantly
smaller than typical fluctuations in Everpresent A. Interestingly, these smaller variations were able
to yield better x? values than ACDM when fitting them to the CMB spectra and even alleviate the
Hubble tension for the case of pre-recombination dark energy. This is consistent with earlier results in

the literature on early dark energy models.

Therefore, incorporating some variation in the cosmological constant can be a valuable avenue for
model development. While these findings are suggestive, it remains an open question whether larger
fluctuations are possible if one considers a larger number of representative redshifts. Namely, it may
be in principle possible to have larger fluctuations if they have the right character to lead to overall
cancellations in some of the integrated effects. As mentioned in the introduction, observational data
continue to hint that A is time dependent [227, 228].

In conclusion, the basic implementations of Everpresent A struggle to match both the SN Ia and
CMB data. Nevertheless, promising results from specific Model 1 realisations and generic dark energy
fluctuations suggest that further developments of stochastic dark energy models is warranted. There are
several avenues in which this can be pursued. One approach is to modify existing models by imposing
further constraints on the amplitude of A fluctuations. For example, a Gaussian enhancing factor near
z = 0 could be used to impose a larger Hy. From a more fundamental perspective, Everpresent A would
be best described by a stochastic correction to the Einstein equations. Although this problem has
been approached from different perspectives [190, 194, 218|, a complete and satisfactory formulation
is missing. This is not merely a problem of defining a stochastic process on a fixed background, but
formulating a full stochastic theory of the metric and geometry. Such a formulation would resolve the
conservation issues of A in Everpresent A and restore consistency between the Friedmann equations.
Moreover, spatial perturbations in dark energy—which we ignored in this chapter—and their dynamics
would be consistently derived. Such a theory could also link the stochastic geodesic equations in
Chapters 1 and 2 to a stochastic dark energy component. Ultimately, since Everpresent A relies on

quantum uncertainty, its final formulation will demand a mature understanding of quantum gravity.
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Epilogue

Stochasticity, spacetime uncertainty, nonlocality, and Lorentz invariance are the core physical principles
underpinning the quantum gravity phenomenology explored in this thesis. Lorentz invariance imposes
strong constraints on the form of effective stochastic terms. Stochasticity and nonlocality together
enable Planck-scale effects to accumulate and manifest on cosmological scales. These features allowed

us to test and confront our phenomenological models against a range of cosmological observations.

The above principles are deeply interconnected in causal set theory. Spacetime uncertainty is encoded
kinematically through discreteness. The total number of discrete elements corresponds to spacetime
4-volume, leading naturally to nonlocality. Furthermore, there are compelling reasons, including Lorentz
invariance, to believe that the embedding of a causal set into the continuum follows a Poisson process.
The intrinsic randomness, together with the requirement of quasi-local laws of motion rather than global,
give rise to stochastic behaviour. Thus, causal set theory naturally motivates phenomenological models
such as Everpresent A and covariant Brownian motion. This is, however, by no means, a one-to-one
correspondence. If any other theory of quantum gravity embodies spacetime uncertainty, nonlocality,
and Lorentz invariance, then the stochastic phenomenology developed here could be attributed to the

theory.

Regarding our understanding of the dark sector and cosmological tensions, the coming years are
especially promising. Next-generation surveys such as those by the Rubin Observatory [295] and Euclid
[296, 297] will deliver an unprecedented combination of sky coverage and galaxy sample size. These
data will place powerful constraints on the growth of cosmic structure, the clustering properties of dark
matter, and the evolution of dark energy. In particular, they are expected to play a decisive role in
settling the status of the Sg and Hy tensions [298-301]. The final data release from DESI will be crucial
in determining the fate of the present preference for dynamical dark energy, seen in the current BAO
data 227, 228|.

While these forthcoming observational results may well be explainable within known physics, they could
also open the door to new paradigms. Quantum gravity is one of the unresolved frontiers in theoretical
physics, and the possibility of a connection between its resolution and the big open problems on the

nature of dark sector is a compelling case for continued exploration.
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Appendix A

Technical supplement to Chapter 1

A.1 General covariance of Fokker-Planck equation

In this appendix, we give a brief summary of Sorkin’s arguments in [59| for deriving the Fokker-Planck
equation from first physical principles. An alternative approach is the standard textbook derivation in
stochastic processes, but the following method offers useful insights into the transformation properties

of the drift and diffusion coefficients.

Given any region () of the phase space,

/ dZ f-(Z,7) (A.1)
Q

is equal to the number of particles that are in © when their proper time is 7 '. Since f- is not
integrated with any volume measure, it acts as a density. In other words, under an arbitrary coordinate

transformation Z4 — Z'™(Z) of the phase space, f, changes as

oz

117 = || 2, (42)

where ‘%’ is the determinant of the Jacobian matrix of the transformation, and primed quantities are

in the new coordinate system.

The basic ansatz for the evolution equation of f; is

O~ KMP0s05 ] + F0af, ~ O (A.3)

where K4P(X) is a yet-unknown symmetric matrix in the phase space. F4(X) and C(X) are unknown

functions as well.

This is the most general second-order equation that can be written for f,. One might question the

generality of this ansatz by considering the inclusion of higher-order derivatives of f;. The first-order

'In Sorkin’s notation in [59], f, is a probability density, so its integral over the whole phase space is 1. This differs
from our notation by a normalisation factor equal to the total number of particles.
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derivative in 7 is justified by the need for an evolution equation for f;. In Appendix A in [59], Sorkin
proves that higher phase space derivatives on the right-hand side of this equation will lead to a negative
fr for some particular choices of the initial distribution at 7 = 0. Hence such terms cannot be present
unless one keeps an infinite series of these terms. The same positivity requirement from f at all (Z, 1)

forces K48 to be a positive semi-definite matrix.

Now the assumption of conservation of particle number can be written as

d of,
4z iz =0 = /dZ (7.0 =0. (A1)
dr S S 8’7’
Using (A.3) and integrating by parts leads to
/ dZ (9,0 KAB —9oF4 - C)f, =0. (A.5)
S
Since this holds for any distribution f, one concludes that
C = 0,0pK"P — 9 FA. (A.6)
Defining v4 = 20 K48 — F4 transforms the ansatz into
8f‘r A
T A7
where
T =0t f = 0p(KP [, (A8)

which leads to (1.1).

Given that f; is a density, the transformation properties of the other quantities can be derived.

Equation (A.7) says that J4 must be a vector density; i.e. it transforms like

oz
o0z’

ale 4

JM (7" = azi " (2). (A.9)

This transformation rule for J is valid for any distribution f.. Expanding (A.9) using the definition
(A.8) together with the transformation rule (A.2), one finds

K/MN _ aZ/M 8Z/N KAB

- 0ZA 9zB ’ (A.10)
while v mixes with K when transformed;
8Z/M 82 Z/M
M =Tt e K (A.11)

A.1.1 Detailed derivation of covariant diffusion equation

Here, we outline the steps in deriving the covariant diffusion equation from the Fokker-Planck equation,

which were omitted in section 1.1.1.
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Having found the most general form of u” and K4# (equations (1.17) and (1.14)) on the phase space
I\, we substitute them back into the Fokker-Planck equation to find

e = oa( ) g (Vi 5 () (A12)

Now, we have to integrate out the proper time since it is not observable. Using the definition
o
Viilfp) = [ ar £, (A13)

—0o0

one finds

(L) ~n () e

To proceed further, we need to be explicit about the choice of the metric § on the phase space I'),. The
natural choice is the Sasaki metric on the cotangent bundle [85], for which the volume measure, when
restricted to T} is dix d3q\/—¢ vh. As a result, the metric determinant separates into spacetime and

momentum contributions, i.e.
Vgl =v=g vh. (A.15)

Let V be the covariant derivative corresponding to the Sasaki metric. The left-hand side of (A.14) is

now equal to
1= 1 - 1
—Va(fL?) = =fVal? + —L[f]. (A.16)
m m m

Liouville’s theorem states that VLA = div(L) = 0 [85]. Therefore, (A.14) can be written as

Lif] = mn\%(;}qi(\fhhij;]j ). (A.17)

h;; being the hyperbolic metric on Hg, the right-hand side of this equation gives us the Laplacian

operator on Hs. We have found the desired covariant diffusion equation.

A.1.2 Covariance of Liouville operator

On the cotangent bundle of the spacetime, the Liouville operator is defined as

0 0
L=p'— +T9 F— A.18
p axu luypo'p apy ( )
The spacetime components give the definition of momentum, and its momentum components yield the
geodesic motion. In other words, for a particle of mass m with no diffusion, the Liouville operator
gives the total derivative of its phase space motion, dZ/dr = L/m. Here we want to show that L is
indeed a true vector under the set of admissible coordinate transformations (1.9). First, we change

the coordinates of the cotangent bundle from (z#,p,) to (z*,q, = ed'py), where a = 0, ...,3. The
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coordinate vector fields are written in the new coordinates as

9 v
Erimrwn + Pve, TR
0 0
— et —. A.19
apu 9qa ( )
Therefore,
L= 0 +p.Vye 9 (A.20)
=p axﬂ p. D aaqa . .

Now, we demonstrate that this is indeed a true vector. In components form, L is expressed as
L= (L“ ot Ly = p.vp6a> . (A.21)

In a new coordinate system (z'%,q.), this would be

L= (L’”‘ =y, L = p.vpe;) : (A.22)

and we have to show that
e = gzlz L'+ %”;YLG , (A.23)
L = gﬁ o+ gg’; La. (A.24)

The Jacobian for the coordinate transformation is

8Ila 8I/a _
( o [ o 0% _Oa > : (A.25)
Dkt — 8M(e,,(x).e (x))% aq; = ep(z).e(z)

Since 9z’ /0q = 0, (A.23) reduces to
8x/a
fo = H A.26
P = (A.26)

which is trivially valid due to p* being a covariant vector on the spacetime. For equation (A.24), the

right-hand side equals

p“@u(e;.e“)qa + (e..")p.Vye, = p.(p“@u(e;,.ea)ea + (e;.e“)vpea)
=p.Vp((e..€¥)eqa) = p.Vpe,., (A.27)

and therefore, (A.24) is also true. We have shown that L is a true vector field under coordinate
transformations of the cotangent bundle of the form (z*,q,) — (2%, q.), where a,r = 0, ..., 3. Now note
that since L/m is the Hamiltonian vector field corresponding to the Hamiltonian H = ﬁpup,,g’“’, it is
tangent to the surfaces of constant H. In particular, L is also tangent to the phase space I}, and can be
thought of as a vector field on the phase space, covariant under admissible coordinate transformations
(1.9). Since L is tangent to I}l restricting it to this submanifold is done just by dropping 9/9qo. In
other words, when restricted to (y*,q;), i = 1,2, 3, L is written as

0
L= +p.Vyei—. (A.28)

w9
P oy 0¢;
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A.2 Unravelling the covariant diffusion equation

A.2.1 Equivalence between Fokker-Planck equation and It6 SDEs

The evolution of a stochastic system can be described equivalently in two ways. On the one hand, if
one is interested purely in the ensemble properties of the system, the natural description is in terms of
the evolution of the probability distribution on the space of the dynamical degrees of freedom Z4. In
the case of a Markovian, almost surely continuous evolution, the evolution equation for f; is of the

form of a Fokker-Planck equation:
Or fr = 04 (v"17) + 0205 (KAB L), (A.29)

Following Sorkin’s argument in [59], it is possible to gain insight into the meaning of K4® and v*
by using a particular substitution for f.. Take the special case where the particles are prepared at a

particular point Zé“ in the phase space at their zero proper time:
fr(Z,7=0)=No(Z — Zp). (A.30)

Here N is the total number of particles. Then he computes the average of quantities Z4 and Z4Z5,

and differentiates with respect to 7 at 7 = 0:

d<dZTA> lr=0 = % SdZ fr(r, X) 24 = /SdZ %ZA = —/SdZ op(JB)ZA. (A.31)
Integration by parts and use of (A.30) reveals that
d<dZT ) = vA(Z) . (A.32)
In a similar fashion,
%<(ZA — Z&zB - Z§)> = 2K (). (A.33)

Since Zjy was an arbitrary point, the last two equations are valid everywhere in the phase space
independent of the choice of the distribution function. These are essentially the same equations as (1.2)
written in a slightly different form:

vt = 5171210 %<5ZA> ’

1
AB __ 1 - Ac—B
K*7 = élTlmo 557 <5Z 07 > . (A.34)

If one is interested in a sample realisation of the stochastic dynamics, the Fokker-Planck equation is
limiting. It is then more convenient to unravel the dynamics in terms of individual stochastic trajectories
ZA(7). Indeed, there exists an equivalent description of the stochastic process in terms of Ité6 SDEs.
Here one should determine the differential increments dZ4 along a trajectory. Separating the mean,
this can be described by the following SDE:

dZ4 = vtdr +dw?. (A.35)
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Furthermore, to satisfy (A.34), the stochastic process W4(7) should satisfy the following statistics
<dWA> —0, <dWAdWB > — oKABr (A.36)

with dW# being defined as the infinitesimal limit of the increment in W4. We assume sufficient coarse
graining so that the dynamics is Markovian, with each increment consisting of numerous independent
random kicks. So motivated by the central limit theorem, we take the increments to follow a Gaussian
distribution with the above statistics. It is useful to think of dW as order v/dr, with Ito’s lemma

making this precise. In practice, this means that the increments satisfy It6’s rules:

AWAdwPB = 2K4Bdr | dWAdr = 0. (A.37)

A common, though imprecise, way these equations appear in the physics literature is in the Langevin
form:

- 24 =vMZ, 1)+ 4(1), (A.38)

where &4, formally the distributional time derivative of the stochastic process W4 (), is a collection of

Gaussian white noise fields with the following stochastic properties:

(M) =0,  (eAmEP()) = 2K 5(r 7). (A.39)

Therefore, moving from the Fokker-Planck description to the SDE description is straightforward. After
determining the true vector u? and the true tensor K42, we identify the drift pseudo-vector v# from
(1.5). Then, we can easily write down the corresponding SDE (A.35), together with the correlations of

the noise term (A.36). In the next appendix, we apply this to the covariant diffusion equation.

A.2.2 From covariant diffusion equation to stochastic trajectories

Up to zeroth order in a curvature expansion, we have already identified the matrix K4P; see (1.14).
The spacetime components of v have also been found to be proportional to the momentum. For the

momentum components of v, we write

h 0¢’

_ i o (64 qiqj A.40
. K

=p.Vpe' + —4",

where in the second line, we have used the representation of the Liouville operator in the (x*,¢;)

coordinates (A.28). We can already see the similarity between 3kg’/m? and the bias 4-vector b in
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(1.33). With v* and K% determined, we can now write the following SDE

1
dzt = —ptdr, (A.41)
m
i i 3K i
dq' = p.Vye'dr + ol dr +dW*, (A.42)
where the noise term satisfies
<dWZ> —0, <dW’dW]> — % (5” n —2qlq]>d7'. (A.43)
m

To make this look manifestly covariant, we next find the differential increment of energy F = /q? + m?

using [t6’s Lemma:

OE . 1 0°E S

dE = —dq¢* + - ———dq'd¢’ A.44
92" T 3950499 Y (A.44)

1, 3Kq? 1 i  9SK
= p.V,eldr + 3—’2Edr + AW, (A.46)

m
where in the last line we have defined
0 1 i

dW? = —q;dW*, (A.47)

E

and used the fact that ¢*p.Vpe, = 0. This holds whenever ¢, = p.e, and the e, form a complete set of

vectors.

Therefore, we can now extend (A.42) to include dg” as well:

3
dg" = p.Vye'dr + —qtdr + AW, (A.48)
such that the noise has the following statistics
1
a\ _ a b\ _ ab a, b
<dW >—0, <dW dW>—2/i<’l’} +Wq q)dT. (A.49)

Note that by definition (A.47) satisfies g,dW* = 0. Finally, transforming from ¢ coordinates to p* is
straightforward by contracting with the tetrad field. If one defines

AWH = e AW, (A.50)

one can easily check that the above SDE gives the stochastic geodesic equation (1.34). We have shown
that the covariant diffusion equation at the level of the distribution function is equivalent to the

Langevin equation of covariant Brownian motion.

A.2.3 Relation between spacetime covariance and phase space covariance

Our derivation of the covariant diffusion equation (1.19) and the corresponding Langevin equation (1.34)

followed from different lines of reasoning. For the former, we required the Fokker-Planck equation to
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respect general covariance under admissible coordinate transformations of the phase space I';l,. For the
Langevin equation, however, we required manifest general covariance of the correction to the geodesic
equation, together with conservation of mass. In the previous appendix, we showed that the final results
are two equivalent descriptions of the same phenomenon. It is illuminating to also find interconnections
between the two sets of first principles we used to derive the equations. This is the purpose of this

appendix.

First of all, notice that in section A.2.1, we showed that the matrix tensor K 4% is the covariance matrix
of the differentials of the motion. On the other hand, in section 1.1.2, we had D*" as the covariance
matrix of the noise terms in the geodesic equation. To connect the two, we only have to remember
that our phase space coordinate system uses a projection on some given tetrad field and only keeps the

spatial components of the physical momentum as independent variables. Therefore,

K9 = eiuejl,D“” . (A.51)

Similarly, in the Fokker-Planck equation, we had a pseudo-vector v* that we found to be the drift of
the differentials of motion. On the other hand, we had the drift 4-vector b* in our discussion of the

SDEs. Again, the two are related by a projection on the tetrad field:

v = eiﬂb“ , (A.52)

and this can be used to find the true vector u using (1.5). Now we prove the following two statements:

Statement 1. The matrix
0 0
K = . (A.53)
0 KY

is a tensor on the phase space T}, if and only if D, which satisfies K% = ¢ Hej v DM | is a symmetric
spacetime tensor orthogonal to p:
puD" =0, (A.54)

whenever p? = —m?.

The proof is straightforward. Remember that the set of admissible coordinate transformations of the

phase space are
(2, 4) = (@), di(@,0) = €h(2)-€"(2) qa) (A.55)

which have the following Jacobian in the momentum coordinates

9 11 i
(;Ii =ele + ;I—Oell.eo . (A.56)

The tensor condition on K reduces to

3q/I 8q/J o
e’Iae"éDaﬁ = 3 que’#e],/D’“’. (A.57)
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On the other hand, with some algebra and using the completeness of the vector fields e,, one can show

that
aqll

oq*
Therefore, the right-hand side of (A.57) equals the left-hand side, plus three additional terms involving

; 1
e, = 6/2 + q—oell.eg Dy - (A.58)

the contraction of D" with either p,, p,, or both. Since this equation has to be valid for any choice of

the tetrad fields, one concludes that p.D = 0. Note that this only needs to be true on the mass shell.

The same argument works for vectors as well. Given a vector field on the spacetime, its projection on
the tetrad gives a vector field on the phase space if and only if it is orthogonal to p. This will be used

in the proof of the next statement.

Statement 2. Assume that p, D* = 0 on the mass shell, and that K% = eiuej,,DW. Then u4, given

by
ut = (u“ =0, u' =" — \Faqj ( KY f)) (A.59)

is a vector field on the phase space ')\, if and only if b, which satisfies v = €’ pb"; 1s a vector field on
the spacetime that satisfies
pub + D, =0, (A.60)

whenever p? = —m?.

For the proof, first let us find u’ in terms of b and D using its definition (1.5):

1
w_ 7 pv J
u' = ¢ e N (\[D )e u€y (A.61)
Next we switch from the 0/0q; basis to d/0p,, using
0 0
aqi—<l#+E€0M)apu. (A62)

Using the fact that both p, D*” and its tangential derivative along the mass shell vanish on the mass

shell, one can write u as the projection of a spacetime vector on the tetrad:

u' =e', B", (A.63)
Bl =t — (g 4 9 pu (A.64)
= 97+ 5y’ A :
Similar to our proof for the previous statement, since the spacetime components of u are assumed to be
zero, the vector condition on u reduces to B being orthogonal to p. In order to show this, first note

that the following vector field is tangent to the mass shell:
1 0
vo Py 2N o i A65
(g +m2pp)apa, (A.65)
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which implies that when acted on p, D", gives zero. Therefore, on the mass shell,
puB" = p,b" + Duu . (A.66)
So u is a vector field if and only if the right-hand side is zero on the mass shell. The statement follows.

We highlight that the covariance of the Liouville operator cannot be inferred from this statement, as its
spacetime components are non-zero. It requires an independent proof, which we provided in Appendix
(A.1.2). Furthermore, using (A.63), it can be easily shown that the u vector corresponding to (1.33) is

identically zero.

A.3 Generalised Boltzmann hierarchy equations for stochastic dark

matter

The generalised Boltzmann hierarchy provides a systematic way of doing non-relativistic approximation,
without the need to assume that the stochastic dark matter is a fluid. It provides a hierarchy of
equations both at the background and perturbations level, in which the fluid quantities constitute only
the lowest moments of the distribution function. In this appendix, we will see how the moments are
defined and what their evolution equations are for the case of stochastic dark matter that is governed

by the covariant diffusion equation.

At the background level, the pressure moments are defined as follows [121]:

B =T
3 Jo

> 2 g\ _
dqg q E(E) fo = wnpdm - (A.67)
Therefore, the zeroth moment gives the energy density Py = pam/3, and wo = 1/3. The first moment
is the pressure itself Pi = Pyn, and w; = wgm is the equation of state of dark matter. These two
quantities are coupled to higher-order moments via their evolution equation. In practice, as we are only
interested in the regime I' < Hy of the diffusion parameter, even the pressure has a negligible impact
on the background dynamics. Nevertheless, writing down the coupled hierarchy of equations sets the

stage for the analogous calculations for perturbations.

Multiplying the background covariant diffusion equation (1.47) by ¢?"*2/E?"~! and integrating dq

gives

_ _ _ r _ _ _
P+ (2n+3)HE, — (2n — V)HPyyy = % <2n(2n + 1)mN,_1 — (8n% — 3)mN,, + 2n(2n — 1)mNn+1) :

(A.68)
where N,,’s are the higher moment analogues of the number density, defined via
_ o0 q 2
N, = 477/ dq q2<E) "fo. (A.69)
0

Ny = figm is the background number density. These number density moments arise from the diffusion

term. Now in order to have a closed system of equations, one might try to find the evolution equations
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for INV,,, but those will also contain integrals that do not simplify to either P, or N,,. Instead, similar to

(1.46), we expand N,, in terms of higher P, moments. To do so, first use E? = m? + ¢? to write

> 2]—3” 2\
:—EZ <2E2> : (A.70)

7=0

We plug this into (A.69) to find

_ i — 3\ _
mN, = -3 (2‘7.],3)“Pn+j. (A.71)

The equations (A.68) and (A.71) together give an infinite hierarchy of equations for the background.
In principle, by including high enough moments in this hierarchy, one could account for relativistic
contributions to an arbitrary precision. In practice, we set all the pressure moments beyond some 7,4,

to zero.

In the non-relativistic approximation, though, one could directly use the approximate solution (1.49) to
find all higher-order pressure moments. The result turns out to be
Cn+ 1N

wn & (A.72)

where wy is given by (1.51). We use CDM as the initial condition for the stochastic dark matter;
therefore, at any non-zero scale factor, we use (1.51) and (A.72) for setting the initial conditions of the

hierarchy.

For perturbations, one could similarly define the higher-order density perturbations as [121]:
2 00 1 om
= 7r/ dq/ du q2E<g> of, (A.73)

where the total distribution function has been expanded as f = fy + df, and pu = l}:.qA, k being the
wavevector. In addition, at the perturbations level, the angular moments of the distribution function

become important as well [121]:

= 2776‘1 2n+¢
(Pam + Pam) Frt = ”/ dq/ di P E( %) o - (A.74)

Therefore, we have a hierarchy characterised by two indices (n,¢), the generalised Boltzmann hierarchy.
Define the n-th order density contrast and velocity divergence as 0, = 0P, /pam and kfn,1 = 6p,

respectively. The lowest order moments correspond to the fluid quantities as follows

1 P
50 = 75dm7 51 - igi = ngdm, (A75>
3 Pdm
kfop =10, kfo2=o0. (A.76)

To find the coupled equations, we first need to write down the covariant diffusion equation (1.19) for
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the perturbed distribution § f in FRW:

Sf — Ha;f+ L ke 5f+%(q¢> — iEkuy)
_aleﬁzi 9 (522 m? 1 9. 0
ENG [%q (24 8qu> +aq(Eq aq5f) 5 mmg 09 (0 500) ] (A77)

where p = cost. By integrating this equation with suitable pre-factors, we get the evolution equations
for 4, and f, 0. Similar to what happened in the background, here the right-hand side of the above
equation gives integrals that are not readily in the form of either d,, or f,,. To have a closed system,

we need to insert expansions similar to (A.70) into such integrals. After some algebra, we find

1
8+ (1+w))0p + (2n — 3wi1)H6, — (2n — 1) HSpi1 — <(2n + 3)w, — (20 — 1)wn+1>¢’

3
I « (n
- “3 S Mg -3 Z A%wj6, + Z A6 | (A.78)
j=—1 j=—1 j=—1
and
Swi + wa 2
Pt (204 040 2 ) H e = @t = DM = gkt + kfne
(2n + 3wy, — (2n — Dwpyq > 0 1 .l
—54,1( T )k@b:af —Z(C§ )‘f‘g 5 : ) e§-  fuse
=0
(A.79)
Note that d;; is a Kronecker delta. The coefficients are defined by
(o) _ L (n+e/2) (25 = 3)!
. = — 1 e — A.
e; 36 — 00+ )(] T (A.80)
together with
m (25 — D! 2 (253 L (25 -5
c;’ =—2n(2n+ 1)72j+1(j —y + (8n 3)723.],! 2n(2n 1)721.71(], —i (A.81)

with the exception that for j = —1, only the first and for 7 = 0 only the first two terms on the right
should be taken into account, and that (—5)!! =1/3 and (—=3)!! = —1.

Whenever we truncate this hierarchy of equations at (nmaz, fmaz), We should use an ansatz for higher-
order moments. We follow the truncation scheme of [121|. As for the initial conditions, we use the
same initial conditions as CDM, setting higher moments to zero at the start of numerical integration.
Strictly speaking, one should find the superhorizon solution to the distribution function and use it it
set the initial conditions as we did for background quantities; See Appendix A.3.1 for the case of ;.
However, it turns out that even by setting the higher moments to zero, they quickly catch up with

their attractor solution, see Figure 1.3b.

Finally, one might be worried that the diffusion source term on the right-hand side of (A.78) and (A.79)

that are now appearing as a series of higher-order moments would instantly couple lower-order moments
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to all of the moments, causing fast propagation of numerical errors. However, as long as the stochastic
dark matter particles remain non-relativistic, these higher moments are suppressed, and even restricting

oneself to the first two terms of each of these infinite sums results in the same numerical solutions.

A.3.1 Superhorizon solutions for stochastic dark matter

As a simple demonstration of the perturbation equations, let us solve for the perturbed pressure density
for small " in the superhorizon limit & < H. d; is already of first order in a I'/ Hy expansion. If we are

interested in ¢ = 6, /8, we only need § up to zeroth order in I', which is well-known:
§—=3¢'=0 — =3¢+ const. (A.82)

Using adiabatic initial conditions of CDM for stochastic dark matter and ignoring the early-time

contribution of neutrinos, the above equation gives the frozen superhorizon solution
3
0=—=¢. (A.83)
2
The evolution equation for 1, up to first order in I'/ Hy, is
, 2
1+ 2Ho = §aF5. (A.84)

Changing to the 7 time variable (1.48), this can be solved:

2I'T
h==-—790. A.85
"7 9 q2 ( )
Therefore, comparing to (1.51), the superhorizon ¢? is
27T 1
2 _ —
Cs = § a2 - gw (A86>

We can see this behaviour in Figure 1.3b briefly before the mode crosses the horizon. Finally, note that
for stochastic dark matter, the effective sound speed ¢ does not have its usual interpretation of the
speed of propagation of acoustic waves through dark matter; it is only a measure of typical velocities of

dark matter particles at a given time as a result of diffusion.

A.4 Dark energy equations when coupled to stochastic dark matter

As discussed in section 1.2.3, at the background level we have P, = —p,. All other imperfect fluid

quantities are 1st order in perturbations. Now, the balance equation (1.65) gives

/

ﬁx - _G‘Fﬁdmv (A87)

where a term proportional to I'w is omitted because w itself is linear in I', and terms proportional to

I'? can be ignored in the background since I' < Hy. Assuming Piy, < Pam, one can check that the

143



following is the solution to the above equation in the matter-dark energy era:

_ 2

P = )+ T(H — Ho). (A.88)
This explicitly confirms that when I' < Hyp, the deviation from a constant dark energy density p2 is
negligible. Note that in this solution, we are implicitly assuming that 87G/3 is absorbed in the energy
density.

For the perturbations, it is crucial to note that the relation ¢2 = §P,/dp, holds only in the rest frame

of the dark energy. In general, one should account for the velocity of the dark energy fluid [140]

6P, = 20py + (2 — )V, (A.89)

where 2

= w, = —1 defines the adiabatic sound speed of dark energy, and V, appears in the velocity
vector of dark energy by U* = %(1 —,0;V,). Using our assumption ¢2 = 1 and the tight coupling

between dark matter and dark energy,

0
0P, = dpy + 2al pam—

it (A.90)

Furthermore, we write the heat flux vector as Qf = é(O, pzB3%), and we define 3 = 9;3". Note that this

is a perturbation quantity. Now, the zeroth component of the balance equation (1.65) gives

o ;
5.+ 6HS, + B = an; (535 — G — ) — (mﬁ) . (A.91)

The spatial components of the balance equation determine the dynamics of the heat flux:

B+ AMB — K5, = al (5 4.6) (A.92)

Px

The heat flux of dark energy also enters into Einstein’s equations. For example, the 0i components of

the Einstein equations give

k2 (¢ + Hap) = —’HQ( B+ Z i (1+ wz)ez) : (A.93)

ptot i ptot

The summation is over all species. The relativistic Poisson equation also gets modified accordingly [147].

A.5 Derivation of semi-analytic solutions to stochastic dark matter
perturbations in FRW

Starting from the covariant diffusion equation (1.19), the modified Boltzmann equation for J f is

—6f q?—l—éf—mkq 5f+ﬁ(q¢> —zEk:;u/z)
r 1 90 o (64 1 ;.0
=° ;n [meqQ(? (B 0fo) + ((E Em qu)aqi‘sf)] (4.94)
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This is the same equation as (A.77), but this time the hyperbolic Laplacian has been expanded in
Cartesian momentum coordinates instead of spherical. The most important approximation is to assume
that the stochastic dark matter particles remain non-relativistic up to the present time. We apply
this by writing £ ~ m. By ignoring the second term in the inverse metric on the momentum space
(which is suppressed by (¢/F)?), the second term on the right-hand side simply becomes proportional
to the flat Laplacian in the momentum space. Also, our experience with numerical solutions of the
generalised Boltzmann hierarchy shows that the first term on the right is negligible compared to the
second. Moreover, we focus on the small-scale solutions where k > H. Therefore, the term ¢¢’ is
suppressed by both ¢/E and H/k compared to —iEkui, and we can safely ignore it. Now, using the
comoving momentum ¢ = aq and comoving energy € = \/m, the Hubble friction term gets
absorbed into the time derivative, and we find

10 1 -2 1af I'm? . 02

-7 ik aSt — — _ 2 s
agandf—i- 4mzk.q5f 2 95 ——imkpup 3 ) 9505

5f. (A.95)

The second term on the left-hand side can be absorbed through a redefinition of § f

F o= e thm@ns s (A.96)
Here y is the free streaming length: the comoving length travelled by a particle with comoving
momentum ¢ from 7 to some reference conformal time 7. It is only defined through its derivative:

1

%(da 77) = _ia(n) : (A'97)

More on the choice for ny will be said later. If we also change the time variable to d7 = a3dn, the

equation for F' becomes

a7~ ¢ 8~k7¢_ 3

oF —Zk,u,yafo Fm2 i 82 Y. 0 Yy2,2
_ (o sra btk e = () KF). (A.98)

Now, to eliminate the term 9z F' on the right, we introduce yet another momentum variable

[\

— — -

Q =q— =I'ms(T)ik, (A.99)

such that s is a time function that is defined by

ds m

— = — T s T = —-=1. AlOO
=T YT =Ty (A.100)
Writing F' as a function of @) rather than ¢ simplifies its equation to

OF iy, ™ m 'm?
T dg 3

(5” 5 Q?; 5 y2 ) (A.101)

The last term on the right can be absorbed into the time derivative with yet another redefinition
FQ,T) = e s™9NFQ,T), (A.102)
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where G is also a time function only defined by its derivative

dg

ST = -V(T)E. (A.103)

We also define G(T,7") = —G(T) 4+ G(T"). For F we have

F T 2 2
a—+J(T,Q)= m g0

7] n
57 3+ 5o (A.104)

This is a simple heat equation with an additional non-homogeneous term:

J = —eik“yaa];oikuzz¢. (A.105)
It can be solved using Duhamel’s principle [129] by first solving for the homogeneous equation with an
arbitrary initial condition:
OFiom = I'm” 5% 8.2 - Fhom »
oT 3 0QoQ (A.106)
Fhom|7—1 =((Q).

Let us call this solution Fyom (7, Q; ¢, 71). Using the flat heat kernel, this can be solved as

Q-’12
FTm2(T-T7)

(&

%WFmQ(T — ﬂ))

Pl (T, Q:6,T5) = [ & ( 73C(@). (A.107)

Duhamel’s principle says that the solution to (A.104) is the following:

~ ~ T
F(T.Q) = Foon (T.Q: Pl T) + | 4T B (T.0:7

7 T'). (A.108)

Using the heat kernel solution to Fjom, one can recover the solution (1.56) to df by tracing back all

the change of variables:

L 1e-Q)?
e FTm2(T-T;)

(&
(4aDm2(T — T7))**

ST Q) = [ | e iorT

Q—Q'?
T A3 T . .
+ / "ar / g | ey e ST i@ reikaem ™ iEq 2 g7
g (AxTm2(T — 7)) a7y o
(A.109)

This might seem like an intractable integral solution. However, the Q' integrals are Gaussian and can

be performed exactly; remember that in the non-relativistic approximation, fy too is Gaussian (1.49).

Note that in the limit of negligible diffusion, I' — 0, the heat kernel becomes a delta function, identifying
Q' = Q. Hence, one would recover the integral solution to the CDM distribution function (see [125]).

For the rest of this appendix, we are interested in the opposite limit: The strong diffusion regime. In
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this regime, T'k?G(T) > 1. As a result, the first term in (A.109) would be exponentially suppressed.
This is just the mathematical formulation that when the diffusion is strong, the initial conditions
become unimportant and the dynamics of the stochastic dark matter particles becomes irreversible.
Besides, the integrand of the remaining time integral in (A.109) becomes highly peaked around 77 ~ T,
so that one could use a combination of saddle point approximation and numerical techniques to tackle

the integral.

Before performing the integrals, we determine the behaviour of the time functions 7, ), s, and G during

matter domination. Integrating d7 = a®dn, one finds

1
T = §a377. (A.110)
For simplicity, we set 7y — oo to get
g qmn
= ——. A.111
y(gn) = ( )

Therefore, Y(n) = n/a. Finally, integrating (A.100) and (A.103), one finds

1 1
s(n) = —ga’n, G(n) = —zan’. (A.112)

Now everything is ready to perform the integrations. First, we look at the energy density
m 3 ~ ~
op(n k) = —5 [ &G 6f(n,k,q). (A.113)

After performing the Gaussian @’ integrals implicit in § f, the ¢ integral also turns out to be Gaussian

and can be done exactly. Some algebra reveals that

/ / ’
3(n, k) = —k? / " o (1= DYy, k) st TR (1200 4 ()0) (A.114)
n n

12

This is where the strong diffusion regime helps us to approximate the integral. It is defined by

1
—alk*n > 1. A.11
gLk > (A.115)

In this regime, almost all of the contribution to the integral comes from the region where 1’ ~ 7.
Besides, one can numerically check that ¢ ~ 1/7 is a good approximation for the gravitational potential
in the strong diffusion regime. Note that this is unlike the usual case where ¢ ~ const approximates the
behaviour of the gravitational potential during matter domination. Using this approximate solution,

(A.114) can be approximated by
1 5
S(n.k) =~k 1) [ d (1= ppe” sl (1), (A.116)
0

Now one can either do a saddle point approximation 1 — 6t> + 5t6 ~ 15(1 — ¢)? around ¢ = 1 and

perform a Gaussian integral or instead perform the integral in (A.116) numerically for different values

147



0.04

a=al'k?p® = 10 60 =al'kp* = 10
— Integrand — Integrand
0.03 1 i imati 401 - Saddle-point approximation
------ Saddle-point approximation 40 addle-y approximat
1 72,3 — «
==al'k*n® = 30
1 2.3 _ < BT
Falk*n® = 30 20

=
o
o

—— Integrand

— Integrand . A
o N R g Saddle-point approximation

------ Saddle-point approximation

=
[}
ey

Value of the integrand
Value of the integrand

0.00

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure A.1: Comparison of the integrands in (A.116) and (A.121) with their saddle-point approximations for two
different values of al'k*n3. Note that ¢t = 1 is not necessarily the saddle point of the whole integrand but just the
exponential factor. So what we mean by the saddle-point approximation of the integral is in fact just using the 2nd order
Taylor expansion of the exponent 1 — 6t° + 5t5 ~ 15(1 — t)2.

of al'k?n? and find the power law dependence for large values of al'k?n3. The result of the latter is

—11.5
o(n, k) ~ ——— k). A.117
(n, k) ol ¢(n, k) (A.117)
Notice that this is more accurate than (1.62) which uses the saddle-point approximation. The difference
is visible in Figure A.la. By increasing aI'k?n?, one can see that the integrand gets increasingly

concentrated at its endpoint, and furthermore, the saddle-point approximation becomes better.

The same numerical approach can be applied to the perturbed pressure

11
6P=—— [ &G ¢0 A.118
PT— qqof ( )
to find i )

== (106 + O(—===)) A119
p < (\/al“k2773) ¢ ( )

Perhaps the most illuminating case is that of the perturbed velocity. Starting from

_ 1 .

(p+ P)o = a4/d3q i(k.G)of, (A.120)

and performing the Gaussian @’ and ¢ integrals, one finds

(1+w(n) 9(2 %) _ o016 kn é(n, k) /1 dt t<63 - asznS(% —1-£+ t6)>e—ﬁaf’f2”3(1—6t5+5t6) :
" (A.121)
The interesting thing about this integrand is that due to the polynomial prefactor, it changes sign once
near t = 1. The result of the integral lies in the fine difference between the integral of the positive
and negative parts of the integrand. Therefore, if one adopts the saddle point approximation, this
fine difference gets lost, and one would even get the sign of the integral wrong. This can be clearly
seen in Figure A.1b. The true integrand has a larger tail in its negative region, while the saddle-point

approximation cannot capture this behaviour. As a result, in this case, one has no choice but to use
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the numerical approach. The result is

~ —48.6—— (A.122)

0

A.6 Full posteriors for stochastic dark matter

We present the 68% and 95% confidence levels of marginalised posteriors for the 7 main parameters
used in our MCMC analysis, alongside €2, and Sg for illustrative purposes. The plots include both
stochastic dark matter and ACDM. Figure A.2 is based on Planck2018 data only. Figure A.3 compares
the Planck2018 posteriors to the Low-z Baseline. Figure A.4 contrasts the Baseline with Baseline+DES,
thereby highlighting the effect of the Sg prior from DES.
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Figure A.2: 68% and 95% confidence-level posterior distributions of all cosmological parameters for stochastic dark
matter and ACDM from Planck. T specifically target structures at small scales, giving a very wide Sg posterior while
leaving other cosmological parameters with roughly the same constraints.
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Figure A.3: 68% and 95% confidence-level posterior distributions of all cosmological parameters for stochastic dark
matter and ACDM, from Planck and low-z Baseline. The constraints on the amplitude of primordial fluctuations, As, are
very loose from the low-z Baseline. As a result, for stochastic dark matter, I' and As are positively correlated: larger I'
strongly dampens the perturbations in dark matter, which gets compensated by a larger primordial amplitude As to
yield the same Sg. So Ss has no correlation with Ag or I'. In contrast, Planck data puts a strong constraint on As and
therefore yields a stronger constraint on I' as well. Since these values of I cannot get compensated by As, they still
significantly decrease Sg, leading to a very broad posterior for Ss.
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Figure A.4: 68% and 95% confidence-level posterior distributions of all cosmological parameters for stochastic dark
matter and ACDM, from Baseline and Baseline+DES. In the case of CDM, decreasing Ss to satisfy the DES prior is
obtained by very slight shifts in €, and A, to smaller values; CDM provides no other mechanism for less structure
formation. The stochastic dark matter naturally does this by a non-zero I.
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Appendix B

Technical supplement to Chapter 2

B.1 Analytic solution to background massless diffusion equation in
FRW

Starting from equation (2.24), we define the comoving energy as e = aE. It combines the two terms
on the left into one single derivative. Defining a new time parameter dT = a’dn further simplifies the
left-hand side so that we get

of 10,, 10 /30

T = (31 — ko) — 77(7)_ B.1
oT (3r1 @)6286(6 f)+lil266 eaef (B-1)

€

Now we define a new function

g(e,T) = 72 f(e,T). (B.2)

This removes the first-order derivatives in e:

dg 2
— B.
5T k1€02g + K3g /€, (B.3)
where
R3 = 7411{’31 (2[4}1 — HQ) . (B4>

One can see that the above PDE for g is scale-invariant with respect to the following transformations
g—E&q9, T—=ET, e—E%. (B.5)

A similarity solution is one that is invariant with respect to this re-scaling (note that the PDE being
symmetric does not imply that all of its solutions must be symmetric as well). Therefore, the class of

symmetric solutions is as follows
9(e.T) = TG(e/T). (B.6)

where d = ¢/a is an arbitrary real number. G satisfies an ODE with variable y = ¢/T:

g+ 6+ (5 - Z>g<y> 0. (B.7)
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Once again, we can remove the first derivative by a redefinition

G(y) = ev/Crg, (B.8)
to get
7 K3 d 1
=2 _ 2 _ )G =0. B.
kG + (y2 ” 4H1)G 0 (B.9)

This equation can be mapped to a radial Schrodinger equation with Coulomb potential if we make the

following identification

0e+1) = —%’, (B.10)

2me? /h? = —d/ky , (B.11)

ImE 12 = —4%2. (B.12)
1

The last equation informs that the energy level of the equivalent hydrogen atom has to be negative,
&€ <0, so we should indeed use the bound states. The first equation implies that ¢ needs not to be an

integer in this matching. The bound-state solution of the equivalent problem is [302]

+1
G(y) = <Til) e V/CRIF(C+ 1+ d;2(0+1);y/k1), (B.13)

where F' is the confluent hypergeometric function. We have to select an orthonormal subset of these

functions by suitably choosing d. One way is to enforce
d=—-l+1)—mn, (B.14)
where n is a natural number. Then F' will reduce to a generalised Laguerre polynomial of degree n.

F( —m; 1+ (204 1); i) = (=1)"n!L 2D (i) . (B.15)
R1 R1

The orthogonality relation of these polynomials is known. Therefore, we have found a complete basis of

solutions to our diffusion equation, which we can use to expand any solution (given that it has similar

limiting behaviour as € — 0):

R2

e €2n1 € 41 e n 1 €
J(Te = mm (ﬁ> 3 (-1) n!cnﬁLgeﬂ)(m—T). (B.16)

n=0

The coefficients ¢, depend on the initial condition at T = T; and can be found using the orthogonality

of Laguerre polynomials. The result is

2\ T > 43— 12 €
n=(— —1)" ‘ T, 2y LD (— ) B.1
¢ (H1> ( ) F(n—i—2€—|—2) A de f( 76)6 o (IilTi) ( 7)

This series expansion of the solution is of little use for initial conditions that are not in the form of a
simple exponential function times a rational function of €. In particular, it poorly approximates Gaussian

functions in €, requiring many terms and highly accurate integration to determine the coeflicients c¢,.
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Therefore, the above solution is of little practical use. However, it can be used to construct heat kernels
for the diffusion equation. These heat kernels, in turn, can easily give us the general solution as an

integral over energy rather than a series expansion.

We define the heat kernel of the massless diffusion equation to be K(T,¢;¢;) such that it satisfies

0 10 10 0
— K= — ko) = — (2K — (=K B.1
oT (3:%1 52) €2 Oe (6 ) TR €2 Oe <6 Oe ) ’ (B.18)
with the initial condition
K(Ti,e;€i) =6(e —€) . (B.19)

Substituting this delta function instead of f(T;, €) in (B.17) gives the expansion coefficients ¢, [K] of K

2\ +1 (=) 43—52% €
K] = (= S SV R e (") B.2
¢ [ ] (Iil) F(n—i—2€—|—2) ZEZ " (IilTi) ( 0>

Plugging this expression for the coefficients back into the expansion (B.16) for K gives

32

Krea =L (2 () S mrare (1) () B ()
(B.21)

This cumbersome expression would not be useful unless we have an analytic expression for the series.

Surprisingly enough, this exists and is given by the Hardy-Hille formula:

o0

n! 1 _Grwt 2 /xyt
I — ) S CY @Dz — - i
2 triga) W @LYW) = e (327 (B-22)

where 1, is the modified Bessel function. Therefore, we now have a closed-form expression for the heat

kernel K. However, note that since equation (B.10) has two solutions

2, +1==+(1-"2), (B.23)
R1

we have actually found two corresponding heat kernels Ky given in equation (2.25). Now we demand the
total particle number to be finite and conserved. In terms of the heat kernels, we demand fooo de €K
to be equal to e? at all times. To see whether either of K4 satisfies this condition, we should perform
a complicated weighted integral over the modified Bessel function. A simpler way is to use the PDE
governing K. Multiplying equation (B.18) by €? and integrating gives total derivative integrals on the
right. So we only get contributions from ¢ = 0, 00. One can see that at € — oo, both K1 go to zero.
Hence

o
or / de €Ki = —(3r1 — ko) Ky|  — r130.Ky| . (B.24)
0 € €

—0 —0

Therefore, we would have to know the limiting behaviour of K1 as ¢ — 0. Using the limit of the
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modified Bessel function, one can show that for € < k1 AT,

1 € 2-kK2/K1 o, ,
AT if 1,2,3, ...
o TC =R/ (i) o e itn/m g 123
+ 1 1 KQ/Hl ete; 5
T (na/rer) ( AT) e_mATEZZem/me7 if Ko /r1 € {1,2,3,..}
R2/ K1 K1
1 @\ e if 0,—1,-2
" ] - - e
K ['(2 - ka/k1) \ k1 AT € eife”, if rp/r1 €{0,-1,-2,..}

1 1 HQ/K/I ete; .
L2/ )< AT) ¢ RAT 2er2 /M8 i gy [y ¢ {0, —1,-2, ...}
K2/ K1 K1

Using these limit forms in (B.24), we find simple ODEs for the particle number as a function of time,

which can easily be solved and give the results in the main text (2.28) for the total particle number.

B.2 Fisher analysis

The Fisher analysis involves performing the Taylor expansion of the exponent in the likelihood from
equation (2.34) as a function of the theoretical parameters # around its minimum'. The parameter set
that minimises the chi-squared is given by the fiducial values assumed in the analysis, and is denoted
by 6. The gradient of the chi-squared at  vanishes, and therefore the first non-vanishing term of the

expansion comes from its Hessian, which is called the Fisher matrix, evaluated at the fiducial values

X2(0) ~ (0 — 0)* - Fop(8) - (6 — )",

192x2(0) ) / 0y 6w (:0) 9w (v:6) An

== - :T
Fos = 5 560007, - N P PR A O

(B.25)

where the last equality holds since we are expanding the chi-squared around its minimum. In our
model, we identify the set of parameters of the unperturbed model as g, and the two newly introduced
diffusion and drift parameters are x12. The explicit evaluation of the Fisher matrix simplifies in the

limit where k12 < 1:

Ymax - 0Q0(v; 0p) 000 (v;00) 4
F00 .6 :Tobs/ dv ———— —_— ,
0a00b o 0004 log=7, 0 loo=7o 02(v)
Ymax - 0Q0(v; 0p) 4
Fboari = Lob / dy —————~ Qi(v;60)), . ——,
0 obs . (990(1 \60:9’0 |90_00 Q%(V)
Vmax . ' 47.(.
‘F’iivﬁj = Lobs L dl/ QZ‘(V, 90)‘00=§OQ-7.(V700)‘90=§0 W .

(B.26)

IFor a detailed derivation of the Fisher analysis for cosmological observables, we refer to [303]
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The forecast likelihood function of the theoretical parameters can be approximated by a multivariate

normal distribution with 6 as its mean and the inverse of the Fisher matrix as its covariance matrix:

L) ~N(@B,%8"),
»F=F1 (B.27)

For the case of the GW background considered in 2.4.1, the Fisher matrix is

Fa.0. Fooum Four FQure
Funoe Fupwy Fuprr Fuyro

F= :
‘FHLQ* '7:&171/17 ]:Hl,m ]:m,m
‘7:%2,9* -7:%2,1/1) ‘7:%2,!-61 ]:Hz,liz
Vmax 41
Fa..0. = Tobs / dv TP(%(VQ Up) QT”) ;
~ Vmax _ o (v; vp) 47
v = LT, d ; — ;
fﬂ*, b obs /ymin V¢O(V Vb) < oy psy Q%(l/)
2
= Vmax 6¢0(V' Vb) 47
—_ 02 )
]:zzb,l/b - Q*Tobs/y ' dv (87/6| - 02 (l/) s
min V=0 n
- Vmax _ [ Ovo(vi ) m
KiVp — Q2To S d i\V; —_ oYY
f o i b /Vmin V¢ (y Vb) ( 8Vb Iub:f/b Q%(l})
_ Vmax B B 47T
‘Ffii,ﬁj = QzTobs/ A dVI/Ji(V;Vb) wj(y;yb)QT(y)’
_ Vmax _ 3 47T
Forow = 0T | dibovi) 0113 7) s (.29)

with @ = {Q., 7, k1, Ro} being the fiducial parameters. The forecast error on #1 or ko after marginalising

the posterior distribution over the other parameters is the square root of the (k1, k1) or (K2, k2) element

marginal __ /vy F
O—Ii1 - Eﬁlﬁl ’
marginal __ F
o = \/SE,.. (B.29)

of the inverse Fisher matrix, i.e.
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Appendix C

Technical supplement to Everpresent A

C.1 On the equations of motion of global unimodular gravity

C.1.1 An alternative derivation of the equations of motion in unimodular gravity

In order to find the stationary point of the action in (3.4), let us perform the variation g,, — guw +dguw-

The volume constraint in the path integral gives

/d4a:\/—g =V = /d4x\/—g dguwg"” =0. (C.1)

Now the stationary-action principle requires 5 = 0. On the other hand, we know
08 /d4x\/—g dgu BN, (C.2)
where E,, = G, — 81GT),, + Agu,,. Note that we can no longer infer the full Einstein equations

E,, = 0 from (C.2) because dg,, should also satisfy (C.1). The condition (C.1) is satisfied if we rewrite

the metric g, in terms of an unconstrained metric g,, as follows!

%
)=, ————m——— G (). C.
o) = \| i s ) (€.3)

Performing a variation on (C.3) gives

_ |4 X 1 [ d'y/ =) 5das(y)g™” (v)
) =\ T <5g“”(x) L diy/ W) W>> .

Then for finding the classical equations of motion, we substitute (C.4) into (C.2) and then set the

In the variational approach one normally obtains an equation of motion by setting the coefficient of the varied function
to zero. Here, since we have an additional constraint, it turns out to be helpful to define our function g in terms of an
auxiliary function § such that g satisfies the constraint, while the coefficient of § in the varied action gives the equation of
motion. Notice that since § is defined by a rescaling of g, we will have relations such as §*% () (z) = ¢%° (4)guw ().

158



coefficient of 0§, () in 65 equal to zero. A bit of algebra reveals

B () ~ 0()(E) =0, (C.5)

where (E) is the spacetime average of the trace of £,

[ d'y/=g E(y)
(B) =+ = (C.6)

For an alternative derivation of (C.5), see Appendix C.1.2. Taking the trace of (C.5) reveals that
E = (E), i.e., E must be a constant:

—R —87GT + 4A = const. (C.7)
In particular, (C.5) can now be rewritten as

Fp() ~ 10u(@)E =0 = Gy~ 87G Ty + 19 (R +87GT) =0, (C.8)

and as argued in Section 3.1.2, (R + 87GT') must be constant, and can be set to 4A. We therefore

obtain
Guv +Agpy = 8nGTy,, , (C.9)

as we did in (3.12).

C.1.2 An Alternative derivation of (C.5)

In the usual variational principle, say for the Einstein-Hilbert action, one can argue that since dg,,, is
arbitrary, it can be chosen to be €8/,°6%°5(z — x¢), where € is some small number. Then from (C.2), the
stationary condition 0S o [ dta\/=g g, E* = 0 gives EFO¥(x0) = 0, which is the Einstein equation
for any point zg and for any component porg. In unimodular gravity, however, dg,, is not totally

arbitrary.

One might naively think that we can satisfy (C.1), i.e.,

/d4x\/—g dguwgt” =0, (C.10)

by making a change in dg,, at infinity to compensate for a delta function at the point xg, and then
conclude that the same equation of motion as GR can be derived from global unimodular gravity.
However, if the variation at infinity is done with care, it will lead to the same conclusion as equation
(C.5) (ie., Eu(z) — 2gu(z)(E) = 0). Let us expand on this point. To satisfy (C.1), we can choose a

point x1 far away from xzg and set

Nz
S = € (5505505(95 — xg) — 811541 8(x — xl)izm EZ’%) . (C.11)

It is easy to check that this variation satisfies (C.1). Now .5 should be zero for such a variation. This
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gives
gu’U Vo (':EO)
gﬂlV1($1)

This may seem to be a nonlocal equation, since it is relating tensors that can be spacelike separated.
EH070 (2)
g#OVO(zo)
is exactly the statement of (C.5). It is equivalent to the statement E,, — ig,ﬂ,E = 0, which is the

EFOY (20) — EMY () —0. (C.12)

But in fact it is just telling us that is a constant which does not depend on zq or pgvg. This
traceless Einstein equation. The argument that starts from (C.3) is essentially a more formal derivation
of this fact.

C.2 On the fluid interpretation of Everpresent A

In our implementation of Model 1 to create background histories for Everpresent A, we only used
the first Friedmann equation (3.32), which contains the energy density pp but not the pressure Pj.
However, for doing perturbation theory, it is necessary to work with the full Einstein equations, which
contain both pp and Py. As mentioned in Section 3.3.1, if we insist on Everpresent A being indeed
a “cosmological constant” in the sense that Py = —py, then the fluctuating A makes the Friedmann
equations (3.32) and (3.33), and the continuity equation pp + 3H (pa + Pp) = 0 inconsistent with each
other. As first suggested in [65], one way out of this dilemma is to relax the condition Py = —pjy,
and allow the equation of state parameter wp = Py /pa to be realisation-dependent. This is the fluid

interpretation of Everpresent A.
There are two options for modifying the equation of state in order to satisfy all three equations:

e Scheme 1: Set pp = %A. The continuity equation then implies that
1 [ A
Ph=——|-—=+A]|. 1
AT TG <3H+ ) (C.13)

e Scheme 2: Set Py = —%A. By the continuity equation, pp should then be the solution to the
first order differential equation

PA A

— =—. C.14

3H " T 8xa (C.19)

In both (C.13) and (C.14), the derivative is with respect to the cosmic time t.

An advantage of the fluid interpretation is that there is no need to alter the Einstein equations, and
hence it may seem that the perturbation theory for the Everpresent A cosmology would be more

straightforward. However, we shall now see that both of the above schemes are problematic.

In Scheme 1, whenever A crosses zero, we have py = 0. However, from (C.13), A being non-zero implies
that Py # 0. Therefore, the equation of state parameter wy diverges at these zero-crossing instants, as
can be seen in Figure C.1. This is not necessarily an issue from the point of view of the background
evolutions, but problems arise at the level of perturbations. For example, the equation governing the

density contrast of the dark energy fluid, d,, is
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Figure C.1: We show wa (in Scheme 1) versus redshift for one realisation of Everpresent A with parameters a = 0.01,
Qmh? = 0.14. Each divergence of wa corresponds to a zero-crossing of A. (Note that the value obtained for wa is
dependent on the method used to differentiate the stochastic time series of A).

0P
5;\+(1+MA)(9A—3¢)/) + 3H <(SP/\ —UJA> or=0. (C.15)
A

The above equation is written in the Newtonian gauge. Now, according to (C.15), a divergence in wy
is detrimental to the perturbation variable §5. Whenever A crosses zero, the perturbation theory of

Scheme 1 breaks down.

Scheme 2 is problematic in a different way. As shown in [65], solving the first Friedmann equation
(3.32) with pp from (C.14) is essentially equivalent to solving the second Friedmann equation (3.33).
The issue with this is numerical instability. Small initial numerical errors grow uncontrollably and
render the numerical integration unreliable. In addition, the problem of divergences in wp persists in

this scheme at zero-crossings of p, instead of A.

In this thesis, we do not use the fluid interpretation. We try to remain agnostic by only employing the
first Friedmann equation for the background, and not adding any perturbation equations for Everpresent
A. A completely consistent treatment (that is potentially derived from modifications to the Einstein

equations to accommodate a stochastic A) remains to be investigated in the future.

C.3 MCMC analysis with a seed number

Everpresent A is a stochastic model of the Universe. To calculate the expansion history from an
Everpresent A model, in addition to the continuous parameters (a, Q% h?), we need the discrete
parameter s, the seed, to generate the series of random numbers. Unlike the other continuous
parameters, s can assume any integer value in [0, 00), and we get an entirely different expansion history

and a different CMB power spectrum for each value of s.

In this appendix we summarise three methods for doing an MCMC analysis to determine the posterior
distribution of model parameters. The main difference between these three methods is in how the seed

number that produces the unique histories in Models 1 and 2 is handled. Method 1 attempts to find
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the distributions of model parameters by considering a large but finite selection of seeds. Method 2,
incorporated in [66], treats the seed itself as one of the model parameters that the MCMC iterates over.
Finally, Method 3 is how the MCMC is implemented in Chapter 4, where the distribution is determined

for each seed separately, before combining the results for the model as a whole.

Method 1

For a stochastic model, the seed s needs to be marginalised to get the posterior of model parameters 6.

We can write the likelihood function as

L(0)=P(D|f) = ZIP’ (D6, s) NZIP’ (D6, s) ZE 6,s) . (C.16)

Here D is the observational data and N is the number of seeds in the sample space. We assume
that all the seeds are equally likely, and thus P(s) = 4. Hence the likelihood £(6) is an average over
£(0,5) < exp(—x2(0,5)/2).

For sampling this likelihood using a Metropolis-Hastings MCMC, we can set the transition probability

as

1
9(0i10i11) >y exp (—2X2 (0is1, 8'))

T (0i+1|6;) = min |1, T
01216 Sexp (-3¢ (61,9))

, (C.17)

where g is the proposal distribution. If g(6;41]0;) = ¢(0;|6i+1), we can run the MCMC analysis using
the following recipe. At each step of the MCMC, for the proposed 6;11, take all N seeds, and compute
the x? for each seed. Then sum these likelihoods to find the transition probability according to (C.17).

If we run the MCMC chain long enough while imposing the relevant priors, we can sample the posterior

distribution, P(0|D).

However, the problem with this method is that it is extremely slow as we are calculating the likelihood

for all of the seeds at each step.

Method 2

A second option, proposed in [66], is to use the seed s as an independent parameter and keep changing

the seed value at each step. In such a scenario, the transition probability is given by

1
9(0i10i11)g(si]si41) exp <—2X2 (0it1, 8i+1)>
T (0341, si1/0i, ;) = min |1,

(C.18)
9(0i4110:)g(sit1]si) exp (-;XQ (0s, Sz‘))

To sample the posterior, we need to choose the seeds from a finite unbiased sample of seeds. Assuming

all the seeds are equally likely, g(s;+1|si) = g(si|si+1). Assuming g(0;+1|0;) = g(0;|0;i+1), the transition
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probability simplifies to

1
exp <—2X2 (Oi1, 3i+1)>
1
exp (—2)(2 (6, 31))

However, the problem is that y? is not a slowly varying function of s. In most of the cases, for each

T (6i+17 Si—&—l‘gia Si) = min 1, (C.19)

new proposal s;y1, the transition probability is either 1 or negligibly small. Thus the Markov chain
does not effectively explore the parameter space of §. While, in principle, it may be possible to sample
the full posterior distribution by running the chains for an infinite amount of time, in practice this is

computationally infeasible.

Method 3

A more efficient option is to run the MCMC for each of the seeds independently, i.e. to keep s constant

and only update 6. The transition probability in that case is given by

eXp( X (0Z+17 ))
T (0i11,s]0;,s) = min |1, . (C.20)

exp <—;X2 (6, S))

In this way, we can get the posterior distribution of @ for that particular seed, P(6|D,s). We then

calculate the posterior over all seeds by

P(0| D) ZIP’ 0|s, D)P(s|D). (C.21)

Therefore, we take the average of the posteriors, each weighted by the marginalised posterior probability
of that seed, P(s|D), to get P(8|D). To find the marginalised posterior of a seed, note that according

to Bayes’ rule:

P(D]s)P(s)
P(s|D) = S (D)) (C.22)

We take P(s) to be uniform on the given sample of seeds, so now we need to find the marginalised

likelihood of a seed s, P(D|s). Once again, Bayes’ rule gives

Now, if we have an MCMC sample of points 6;, 1 < i < Ng, they are distributed according to the
posterior P(0|D, s). Given the likelihood of each one, P(D|6;, s), we can therefore estimate P(D|s) using

N;

1
P(D[s) N, Z P(D|6;,s)

=1

(C.24)
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Figure C.2: Results from an 11 parameter MCMC analysis constraining the expansion history after the last scattering
surface, are shown. A, which just gives a scaling on the CMB power spectrum, is omitted to make the plot less cluttered.
The lower triangle panels show plots of the 68% and 95% confidence contours for pairs of parameters. The average,
standard deviation and the best fit values are stated in Table 4.2.

This method of calculating the posterior distribution is faster than Methods 1 and 2 because we
can calculate P(6|s, D) for different seeds in parallel. Therefore, this is the method we have used in

Section 4.1.

C.4 Full posteriors for fluctuating dark energy

We present the 68% and 95% confidence levels of marginalised posteriors for the main parameters, A
excluded, used in our MCMC analysis of Planck2018 data. Figures C.2 and C.3 are for the fluctuating
dark energy models (4.17) and (4.18), respectively. The upper triangles show the correlation-coefficient
between the pair of parameters. Negative correlation-coefficients are shown in red and positive
correlation-coefficients are shown in blue. The diagonal plots are the 1-dimensional marginalised

distribution of the parameters.
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Figure C.3: Results from an 11 parameter MCMC analysis constraining the expansion history before the last scattering
surface, are shown. As, which just gives a scaling on the CMB power spectrum, is omitted to make the plot less cluttered.
The lower triangle panels show plots of the 68% and 95% confidence contours for pairs of parameters. The average
standard deviation and the best fit values are stated in Table 4.2. In this plot the f(z) values have been multiplied by
1000 to avoid the zeros after the decimal point.
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