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ABSTRACT

This thesis describes the application of the boundary integral
equation (BIE) method to the bending of thin plates under lateral loading.
The plate theory used is that of Kirchhoff & Love. A brief outline of
this classical plate theory is given, followed by the derivation of the
governing differential equation of the bending of thin plates under
lateral loading in rectangular Cartesian coordinates. This is followed
by a detailed presentation of the BIE formulation for plate bending
problems.

Two implementations of the BIE method are described. The first one
employs constant elements and the second one incorporates quadratic
isoparametric elements. The constant element implementation contains
numerical tests using six possible pairs of integral equations applicable
to plate bending problems. The relative accuracies of the solutions
obtained using each pair are compared. It is also shown that the constant
element formulations published to date do not provide an accurate solution
for certain boundary variables, namely, the effective shear force, for
problems in which the Kirchhoff corner forces are non-zero. This is due
to the fact that the effect of these corner forces has been ignored in the
formulations. It is also shown that certain pairs of boundary integral
equations yield relatively accurate solutions only if the Kirchhoff corner
forces are included in the formulation.

The quadratic implementation employs the integral equations for

deflection and normal slope at the boundary. The computer program



developed using this formulation is applied to a wide range of problems

to assess its effectiveness. These include rectangular and circular
plates under various loading and boundary conditions. Further numerical
tests have also been carried out on plates with various geometrical shapes.
These include triangular plates, rhombic and skew plates, plates in the
shape of a sector of a circle, and corner plates. The formulation has
also been extended to include plates with interior supports having various

edge conditioms.
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NOMENCLATURE

The notation used in this thesis is briefly described in alphabetical

order in the following list.
the same symbol, the relevant chapter or section is indicated in

parentheses.

Where there are two or more definitions for

When no such indication is provided, the definition of the

symbol applies everywhere other than for the alternative definitionms.

Where appropriate, the number of the eguation in which the symbol first

appears is given.

Symbol

a

a

(b}

Definition

Width of rectangular plates (Chapter 5)

Radius of circular or partly circular plates
(Chapter 6)

A two-dimensional region
A small circular region of radius e
Coefficient matrix for nodal unknowns

Coefficient matrix for nodal boundary
conditions

Base of an equilateral triangular plate or the
length of rectangular plates (Chapter 5)

Column vector containing prescribed boundary
conditions

Free term coefficient for normal slope at a
boundary point

Free term coefficient for tangential derivative
of deflection

Coefficient for deflection at the self node in
the equation for deflection at a boundary point

Coefficient for deflection at the self node in
the equation for normal slope at a boundary
point

Coefficient for normal slope at the self node
in the equation for normal slope at a boundary
point

Equation

(3.9)

(3.9)

(3.9)

(2.107)

(2.107)

(3.5)

(3.6)

(3.6)
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Definition

Coefficient for deflection at the self node in
the equation for normal moment at a boundary
point

Coefficient for normal slope at the self node
in the equation for normal moment at a boundary
poeint

Coefficient for normal moment at the self node
in the equation for normal moment at a boundary
point

Coefficient for deflection at the self node in
the equation for effective shear force at a
boundary point

Coefficient for normal slope at the self node
in the equation for effective shear force at a
boundary point

Coefficient for normal moment at the self node
in the equation for effective shear force at a
boundary point

Coefficient for effective shear force at the
self node in the equation for effective shear
force at a boundary point

Coefficient for deflection at the self node in
the equation for deflection at a boundary point

Coefficient for normal slope at the self node
in the equation for normal slope at a boundary
point

Coefficient for tangential derivative of
deflection at the self node in the equation
for normal slope at a corner point on the
boundary

Flexural rigidity of the plate

Young's modulus

Intensity of a uniformly distributed load or
the maximum intensity for other types of

distributed loadings (Chapters 5 and 6)

Lateral loading on a differential element of
the plate

Concentrated load (Chapters 3, 5 and 6)

Concentrated loads

Equation

(3.7)

(3.7)

(3.7)

(3.8)

(3.8)

(3.8)

(3.8)

(4.10)

(4.11)

(4.11)
(2.36)

(2.37)

(2.42)

(3.46)
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N

{F}

b3

=

~ - Kx?Z AR L ®
L~

Definition
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Intensity of loading at the {th node of area

elements

Any lateral load acting on the plates surface

Column vector containing the contribution from
the external loading on the plate to the right

hand member of the set of linear algebraic

equations for the nodal unknowns

Shear modulus

Jacobian

Curvature in the X direction

Curvature in the y direction

Warping

Included angle at a corner

Element length

A side of a square or rhombic plate or the
height of an equilateral triangular plate

(Section 3.7 and Chapter 5)
Moment about the y axis

Moment about the X axis

Twisting moments

Normal moment at the boundary

Twisting moment at the boundary

Meoment at point p

Corner jump in the twisting moment

Normal moment kernel in the integral
for deflection at a point

Normal moment kernel in the integral
for deflection gradient at a point

Normal moment kernel in the integral
for moment at a point

Normal moment kernel in the integral
for effective shear force at a point

Normal moment kernal in the integral
for twisting moment at a point

equation

equation

equation

equation

equation

Equation

(4.106)

(2.3)

(3.45)
(2.15)
(3.53)
(2.26)
(2.27)
(2.28)
(2.89)

(3.20)

(2.1)
(2.2)
(2.4)
(2.55)
(2.56)
(2.124)

(2.70)

(2.71)

(2.96)

(2.125)

(2.132)

(2.140)



Symbol

n
R
R or R_
R+ or R

- 16 -

Definition

Normal moment kernel in the integral equation
for shear force at a point

Normal direction at a boundary point

An arbitrary direction at an interior point p
Normal to the boundary at the source point P
Normal to the boundary at a field point Q

Normal direction on the positive side of a
corner point P

Normal direction on the negative side of a
corner point P

Normal direction on the positive side of the
ath node; the 4ath node is a corner node

Normal direction at the cth node of the bth
element

Shape functions

Source point in the interior of the domain
Source point on the boundary of the domain
The cth node of the bth element

The ath boundary node

The Ath corner node

Field point in the interior of the domain
Field point on the boundary of the domain
Shear force along lines parallel to the Y axis
Shear force along lines parallel to the X axis
Shear force at point p

Distance between source point and field point
Polar coordinate

Radius of curvature of the boundary curve

Radius of curvature of the boundary curve on
the negative side of a corner

Radius of curvature of the boundary curve on
the positive side of a corner

Equation

(2.144)
(2.55)

(2.95)

(2.77)

(2.102)

(4.97)

(4.97)

(4.10)
(4.10)

(4.10)

(2.4)
(2.5)
(2.144)
(2.75)
(2.62)

(2.78d)

{(2.90a)

(2.90b)
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Definition

Radius of curvature at the source point P on
the boundary

Radius of curvature at a field point @ on the
boundary

Arc length along the boundary curve

Boundary curve on the negative side of a corner
Boundary curve on the positive side of a corner
Boundary of domain AE

bth boundary element

Plate thickness (Section 2.2.5)

Tangential direction at a boundary point

Tangential direction on the positive side of a
corner point P

Tangential direction on the negative side of a
corner point P

Kirchhoff corner forces

Twisting moment kernel in the integral equation
for deflection at a point

Corner jump in the twisting moment kernel in
the integral equation for deflection at a point

Twisting moment kernel in the integral equation
for deflection gradient at a point

Corner jump in the twisting moment kernel in
the integral equation for deflection gradient
at a point

Twisting moment kernel in the integral equation
for moment at a point

Corner jump in the twisting moment kernel in
the integral equation for moment at a point

Twisting moment kernel in the integral equation
for effective shear force at a point

Corner jump in the twisting moment kernel in
the integral equation for effective shear force
at a point

Twisting moment kernel in the integral equation
for twisting moment at a point

Equation

(2.135a)

(2.135d)
(2.57)
(2.90a)
(2.90b)
(2.77)
(4.10)
(2.29)

(2.55)

(2.102)

(2.112)

(2.71)

(2.78e)

(2.97e)

(2.96)

(2.126e)

(2.125)

(2.133e)

(2.132)

(2.141e)
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Definition

Corner jump in the twisting moment kernel in
the integral equation for twisting moment at a
point

Twisting moment kernel in the integral equation

for shear force at a point

Corner jump in the twisting moment kernel in
the integral equation for shear force at a
point

Deflection in the X direction

Column vector of nodal unknowns

Deflection in the ¢ direction

Effective shear force along lines parallel to
the ¢ axis

Effective shear force along lines parallel to
the X axis

Effective shear force at a boundary point
Effective shear force at point p

Effective shear force kernel in the integral
equation for deflection at a point

Effective shear force kernel in the integral
equation for deflection gradient at a point

Effective shear force kernel in the integral
equation for moment at a point

Effective shear force kernel in the integral
equation for effective shear force at a point

Effective shear force kernel in the integral
equation for twisting moment at a point

Effective shear force kernel in the integral
equation for shear force at a point

Deflection in the direction normal to the plate

surface

Deflection at the field point Q

Deflection at the source point P or p
Weighting coefficients for Gaussian quadrature

Deflection derivative at point p in the n
direction p

Equation

(2.140)
(2.1452)
(2.144)
(2.21)

(3.9)

(2.22)
(2.52)

(2.54)
(2.57)

(2.131)
(2.70)

(2.96)

(2.125)
(2.132)
(2.140)
(2.144)

(2.16)
(2.84)
(2.84)

(3.10)

(2.96)
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Definition

Normal slope at a corner point P in the n

direction

. +
Tangential slope at a corner point P in the IP

direction

ps

Normal slope at a boundary point 0

Deflection derivative with respect to X at

point P(Q)
Normal slope at node L
Tangential slope at node

Deflection kernel in the
deflection at a point

Deflection kernel in the
deflection gradient at a

Deflection kernel in the
moment at a point

Deflection kernel in the
effective shear force at

Deflection kernel in the

pt

integral
integral
point

integral
integral
a point

integral

twisting moment at a point

Deflection kernel in the
shear force at a point

integral

Cartesian coordinate in the plane

Cartesian coordinate in the plane

Cartesian coordinate perpendicular to the plane

of the plate

equation

equation

equation

equation

equation

equation

P

for

for

for

for

for

for

of the plate

of the plate

Angle between the X axis and the normal
direction at a field point @ on the boundary

Angle between the normals on either side of a

corner (Section 4.5)

Angle of skew for a rhombic plate (Section 5.17)

Angle between the position vector and the normal

direction at a field point @ on the boundary

Angular distortion due to in-plane shear

Anpular distortion due to in~plane shear

Shear strain

Equation

(2.102)

(2.102)

(2.98)

(2.103)
(4.11)

(4.11)

(2.68)

(2.96)

(2.125)

(2.132)

(2.140)

(2.1)

(2.2)

(2.3)

(2.58)

(4.12a)

(2.63)
(3.21)

(3.22)
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Definition
Dirac delta function
Radius of the circular domain Ae

Intrinsic coordinate along a boundary element
varying from zero to one

Intrinsic coordinate for triangular area
elements (Section 4.7.2.2)

Coordinates for logarithmic quadrature
Intrinsic coordinate for area elements
Coordinates for Gaussian guadrature
Angle in polar coordinates

Poisson's ratio

Intrinsic coordinate of a boundary or area
element

Coordinates for Gaussian quadrature
Direct stress in the X direction
Direct stress in the Y direction

Shear stress

Angle of rotation of lines normal to the middle

surface of the plate (Section 2.2.4)

Angle between the position vector of a field
point ) on the boundary and an arbitrary
direction at the source point p or P

¢ on the negative side of a corner point P
¢ on the positive side of a corner point P
Laplacian operator

Biharmonic operator

Belongs to

Does not belong to

Equatien
(2.72)

(2.81)

(3.22)

(4.110)
(3.22)
(3.52)
(3.49)
(2.62)

(2.11)

(3.1)

(3.10)
(2.10)
(2.11)

(2.15)

(2.15)

(2.97a)
(2.110a)
(2.110b)
(2.43)
(2.43)
(4.93)
(4.88)
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CHAPTER 1

INTRODUCTION

The analysis of many engineering and scientific problems requires the
solution of the appropriate governing differential equations with a
prescribed set of boundary conditions. In elasticity, the problem is
usually that of evaluating the stresses and displacements in an elastic
body subjected to some form of loading. For many practical problems, the
complex nature of the geometries and boundary conditions involved make an
analytical solution to the differential equation impossible. Numerical
solutions are frequently the best alternatives available.

The advent of the high speed digital computer has been a major factor
in the emergence of many numerical techniques for engineering analysis.
The finite difference method was one of the first methods which was widely
used for the solution of differential equations encountered in many
engineering and scientific disciplines. However, the difficulties
invelved in its application to problems with complex geometries and
boundary conditions led to the more recently developed finite element
method being preferred in many cases. The common feature of these two
techniques is that they both require some form of discretisation of the
problem domain. The final product of either method is a set of linear
algebraic equations in terms of the values of the unknown function and,
possibly, its derivatives at nodal or colleocation points inside and on the
boundary of the domain. In general, the accuracy of the solution obtained
using these techniques increases as the domain discretisation is refined.
This leads to a very large set of linear algebraic equations.

The finite element method has been by far the most popular numerical
tool used by engineers in stress analysis problems in the last two decades.

Its superiority lies in its ability to treat, with relative ease, problems
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involving complex geometries and varying material properties. However,
the method has some disadvantages. The preparation of a finite element
mesh and other data can be a tedious and expensive process. As already
mentioned, the discretisation involves the whole of the problem domain,
resulting in a large system of linear algebraic equations, although the
symmetric and banded nature of the associated coefficient matrix does help
to reduce computational costs. In the context of plate bending problems,
which is the subject of this thesis, many of the "finite plate elements"
developed violate the continuity conditions in the plate domain along
inter-element boundaries.

An alternative numerical technique developed more recently is the
boundary integral equation (BIE) or boundary element method (BEM). This
technique uses Green's integral identities to transform the differential
equation of the particular problem, which is wvalid throughout the problem
domain, into an integral equation over the boundary of the domain, thus
reducing the dimensionality of the problem by one. This integral
equation is a statement of Betti's reciprocal theorem related to the
specific problem under consideration. In the context of plate bending
problems, the combination of this and a suitable singular solution to the
governing differential equation of plate bending leads to integral
equations over the plate boundary comnecting the boundary variables.

These boundary integral equations are then solved numerically by
discretising the boundary of the domain only, and setting up a system of
linear algebraic equations in tefms of the nodal variables on the boundary.
The solution of these equations gives all the boundary variables, from
which the value of any required variable can be obtained at selected
points in the interior of the domain.

The BIE method has a number of advantages over domain type methods

such as finite elements. The reduction in the dimensionality of the
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problem leads to an equation over the boundary of the plate only. This
means that any discretisation of the problem is carried out over the
boundary and involves boundary variables only. This results in a smaller
coefficient matrix associated with the final system of linear algebraic
equations. Another important feature of the BIE method is that the
sclution throughout the domain is continuous since there is no interior
discretisation of the domain involved. This enables the analyst to obtain
values for required variables at points inside the domain with a high
resolution. In most engineering problems, and in the specific case of
plate bending problems, the analyst is usually interested in the value of
certain variables at selected points in the problem domain, for example,
deflection and moments at the centre of a square plate under a uniformly
distributed load. In the finite element method, the solution process
involves the computation of the unknown variables at all the interior
nodes, thus providing a lot of information which is of no particular
interest. However, in the BIE method, the required variables at interior
points need only be computed for predetermined points in the interior of
the domain.

The BIE method is not without its drawbacks. Although the
coefficient matrix associated with the system of linear algebraic
equations to be solved is usually smaller than those obtained in domain
type techniques, it is not symmetric and is fully populated. Its
application to problems involving varying material properties throughout
the domain may be difficult and would require additional analytical and
numerical work, whereas in the finite element method these types of
problems are easily treated with little additional effort. Despite these
disadvantages, there is still a very wide field of numerical stress
analysis where the BIE method can be used efficiently, thus providing the

analyst with an attractive alternative to other techniques.
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The early applications of the BIE method were in the fields of
potential theory and two- and three-dimensional elastostatics. The
applicability of the method in these fields seems to be firmly established
and numerous texts are available in these areas (see, for example,
Banerjee & Butterfield [1979,1981], and Brebbia [1978a,1978b,1981]).
However, there are relatively few publications on the application of the
BIE method to problems of bending of thin plates under lateral loading.

This thesis presents a detailed description of the application of the
boundary integral equation method to the solution of the problem of the
bending of thin plates under lateral loading. The plate medel is that
attributed to RKirchhoff & Love. The governing differential equation of
the Kirchhoff-Love plate theory is derived in the next chapter, followed
by a detailed derivation of the integral equation formulation applied to
plate bending problems. Chapter 3 presents a review of some current
literature on the application of the BIE method to plate bending problems.
This is followed by a constant element implementation aimed at assessing
the accuracy of the numerical solution obtained using six possible pairs
of integral equations. Chapter 4 presents a higher order formulation of
the BIE method employing curved isoparametric quadratic elements.

Chapters 5 and 6 assess the accuracy and versatility of the computer
program based on the quadratic formulation by applying it to a variety of
problems involving various geometric, loading and boundary conditiomns.

The formulation is extended to include plates involving support conditions
inside the domain, as well as the usual boundary conditions prescribed

along the boundaries.
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CHAPTER 2

ANALYTICAT, FORMULATION

2.1 INTRODUCTORY REMARKS

In engineering applications, the term "flat plate" is applied to a
three-dimensional body whose dimensions in one direction are small compared
to its dimensions in the other two directions. A plate can be thought of
as a compressed right prism whose depth or height, which is referred to as
its thickness, £, is small compared to the dimensions of its base. The
surface equidistant from the top and bottom surfaces is called the middle
surface. When £ is constant, the plate is said to be of uniform thickness.
The plate geometry is, therefore, fully defined by the shape of its middle
surface and its thickness at any point. The equations derived in this
chapter are applicable to flat plates of uniform thickness and of

homogeneous linearly elastic material under lateral loading.

2.2 DIFFERENTTAL EQUATION FOR THE BENDING OF PLATES UNDER LATERAL LOADING

2.2,1 Basic Assumptions

In the derivation of the differential equation of bending of
plates under the action of lateral loads, certain simplifying assumptions
are made. This leads to the "small deflection plate theory", generally
attributed to Kirchhoff & Love, on which numerous texts exist (see, for
example, Timoshenko & Woinowsky~Krieger [1959]1, and Szilard [1974]).

These assumptions are as follows:

(i} The material of the plate is elastic, homogeneous and
isotropic.
(ii) The plate is initially flat.

(iii) The thickness of the plate is small compared to its other



(iv)

(v)

(vi)

(vii)

(viii)

(ix)

2.2,2
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dimensions. The smallest lateral dimension of the plate is
at least ten times larger than its thickness.

The deflections are small compared to the plate thickness.

A maximum deflection from one tenth to one fifth of the
thickness is considered as the limit of small deflection
theory (see Szilard [1974]).

The slopes of the deflected middle surface are small compared
to unity.

The deformations are such that straight lines, initially
normal to the middle surface, remain straight and normal to
the middle surface. This implies that the deformation due
to transverse shear forces (shear forces across the thickness)
is neglected.

The deflection of the plate is produced by the deflection of
points of the middle surface normal to its initial plane.

The stresses normal to the middle surface are of a negligible
order of magnitude.

The strains in the middle surface produced by in-plane forces
can usually be neglected in comparison to strains due to

bending.

Sign Convention for Generalised Forces and Deflections

The governing differential equation for the bending of plates

under the action of lateral loading can conveniently be derived with

respect to a Cartesian coordinate system. In the context of plate

bending formulations, the term "generalised deflections" refers not only

to deflections in coordinate directions but includes slopes as well.

Similarly, moments and vertical forces are referred to as "generalised
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forces". Furthermore, these forces are given as moments, or shear forces,
per unit length along a particular direction, The external and internal
forces and deflection components are considered positive when they point
towards the positive directions of the coordinate axes. Moments are
considered positive if they produce tension in the fibres located at the

top surface of the plate. This sign convention is shown in Figure 2.1.

2.2.3 Egquilibrium of a Differential Element of the Plate

Consider an elemental parallelepiped cut out of the plate, as
shown in Figure 2.2, under an equilibrating set of internal and external
forces. It must be noted that where double subscripts are used, the
first subscript indicates the direction of the surface normal pertinent to
the section on which the force acts. The quantities mxy and myx are
twisting moments.

For the plate element to be in equilibrium, the following

equations must be satisfied:

rm, = 0 (2.1)
{my = (2.2)
1F, = 0 (2.3)

where me is the sum of moments about the Yy axis, Zmy is the sum of the
moments about the X axis, and ZFZ is the sum of all vertical forces. As
mentioned in Section 2.2.2, in the theory of plates it is customary to

deal with internal forces and moments per unit length of the middle surface.

With this in mind, equatiomns (2.1), (2.2) and (2.3) can be expanded as

follows:
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am om
X - —yx -
{m,, + ” dx} dy - m, dy + (myx + . dy) dx Myx dx

dx an

- Q dy 5 - do) dy & = 0 (2.4)

am am
(my+—y-dy) dx - m dx + (mxy:f—"ﬂdx) dy - m,, dy

3y 4 ax Y

-, dx dz - (g, + —Q‘idg) dx Y - (2.5)
( +£{d)d dx + | +3Qxd)d

y) dx - X —= dx) dy
Qy ay Qy Qx 3X

-Q dy + F, dx dy = 0 (2.6)

where Qx and Qy represent shear forces per unit length along lines
parallel to the y and x directions, respectively, FZ is the intensity of
the lateral loading, and mxy and myx are twisting moments. After
simplification and neglecting the terms containing {dx)2dy and (dy)?dx,

the following equations are obtained for the equilibrium of the

differential plate element:

3 3
.&.}_Eyﬁ = Q (2_7)
ax oy x

3 3

My, Ty o, (2.8)
3y  ax Y

30 ]

L T F, (2.9)
a3y

Substitution of equations (2.7) and (2.8) into equation (2.9), and

observing that m (see equations (2.31) and (2.32)), gives:

xy = Myx
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mz  am2 3m2
R S A (2.10)

ax%  ax 3y 9y

2.2.4 Relation Between Stresses, Strains and Deflections

The assumption that the material of the plate is linearly
elastic permits the use of the two-dimensional form of Hooke's law in the

absence of thermal strains:

g = € €y +vog (2.11)

(2.12)

Q
1]
™
m
+
<
Q

s €, and £

y* X )

are direct stresses and strains in the X and ¢ directions, respectively.

where E is Young's modulus, v is Poisson's ratio, and Oys O

Elimination of o, from equations (2.11) and (2.12) gives:

Y

6, =~ —EF— (e, +ve) (2.13)

X (1_\,2) X y

Similarly: o = —E (Ey + v Ex) (2.14)

y (1-v2)

The twisting moments M and mgx produce in-plane shear stresses, T and

Xy Xy
Tyx (see Figure 2.3), which are again related to the shear strain, ny, by
the pertinent Hookean relationship, giving:
T = Gy = E Y = T (2.15)
xy xy Z{T+v] "xy yx

where G is the shear modulus.

The strain deflection relationships are derived by
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considering the geometry of the deflected plate before and after
deformation, Taking a section at a constant X, as shown in Figure 2.4,
and considering it before and after deformatiom, the angle of rotation of
lines I-I and II-TI can be expressed by:

3w

b = - SE for I-I (2.16)

and: b + %%—dy for TI-II (2.17)
respectively. After the deformation, the length AB of a fibre located at

a distance z from the middle surface becomes A'B' (Figure 2.4). The

direct strain, Eg’ is given, by definition, as:

- My _ A'B'-AB _ [dy + z (3¢/3y) dy] - dy _ 3¢
Ey 4y 18 dy = z 5y (2.18)

Substitution of equation (2.16) into equation (2.18) gives the direct

strain as:
z2
e = - z3Y (2.19)
Y agZ

In a similar manner, the direct strain in the X direction, €ys is obtained

as:
2y,
z oty
3x2

E, = -

X (2.20)

The angular distortionmn, Yy 30 be determined by comparing a rectangular

Y
parallelogram, ABCD (Figure 2.5), located at a constant distance Z from
the middle surface, with its deformed shape, A'B'C'D', on the deflected

plate surface. From Figure 2.5, it can be deduced that:

v, = o (2.21)
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and:
v
where u and v are deflection components in the X and ¢ directioms,

respectively, and Yq and Y, are angles, shown in Figure 2.5. From

Figure 2.4:

— - -— ﬂ
v z ¢ Z 5y (2.23)
Similarly: w o= -z (2.24)
Consequently:
22w 22w 22w
= + = - - = =
Yxy Y17 Yg 2 ey - “ oy 2z 5% 3y (2.25)

The curvature changes of the deflected middle surface are now defined as:

2
K = -2W (2.26)
x ax?2
2
K = -23Ww (2.27)
Y ay2
__ _d%w
Ky = = 3 o5 (2.28)

where Kx represents the warping of the plate.

Y

2.2.5 1Internal Forces Expressed in Terms of the Lateral Deflections

The bending moments acting on the plate element can be

obtained by integrating the moments of the direct stress components, Oy

and Uy, about -the middle surface, over the thickness, giving:
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fﬂz ;
m. = 0. z dz (2.29)
2y ¥

t/2

g z dz (2.30)
Y ;&/2 Y

Similarly, the twisting moments produced by the shear stresses, Txy and

Tyx, can be written as:
i
m = 1.  z dz (2.31D)
Xy -1/2 Xy
1/2
= z dz 2,32
Myx -I;(:/z T ( )
and since Txy = Tyx, mxy = myx. Substitution of equations (2.19) and

(2.20) into equations {(2.11) and (2.12) gives the direct stresses, oy and

g , in terms of the lateral deflection as:

2 2
o, = - Ez p@lﬂ by 20U (2.33)
1-v2 32 3y?
2 2
and: g = - £z (w + v 37w (2.34)
Y 1-v2 ay2 9x2

Integration of equations (2.29) and (2.30) after the above substitutions

for oy and cy yields:

mx = -0 [—+ v — (2.35)
ax2 3y
2 2
and: m = -p (3%, , W (2.36)
Y 32 32
3
where: D = _Er (2.37)
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which is called the flexural rigidity of the plate. In a similar manner,

the expression for twisting moment in terms of the lateral deflections is

obtained:
't/z d ’t/z azw 5 d
= = = - 26 2.38
Myy My -J:t/Z Tyy 2 @2 -{t/Z 5% oy Z 42 ( )
After integration:
ol 32y
mxy = (1-v] D 5% 2y (2.39)

Expressions for the transverse shear forces, QX and @ , in terms of the

&y

lateral deflections can be obtained by substituting equations (2.35),

{2.36) and (2.38) into equations (2.7) and (2.8}, which yields:

2 2
QX = -7 g%_(§_51+ oty D g% V2w (2.40)
w2z a2
2 2
0 = _0'5?— _3_W+3_W = ._‘Daivzw (2.41)
“y Y ax2 ay? Y

where V2 = {(3/8x2) + [3/3y2)] is the Laplacian operator in two dimensions.

2.2.6 The Differential Equation of the Plate

The substitution of equations (2.35), (2.36) and (2.39) into
equation (2.10) yields the governing differential equation of the bending
of plates subjected to lateral loading:

4 4 b
atw o, %W AW g_ (2.42)

ax't ax2 ay? oyt

Using the two-dimensional Laplacian operator, V2, equation (2.41) can be

written as:
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V292 = ghw = (2.43)

<3

where ® is the lateral deflection, P is the flexural rigidity as given by
equation (2.37), and F is the intensity of the lateral loading. This
equation is a fourth order, non-homogeneous, linear partial differential
equation of the elliptic type with constant coefficients, often called a

non-homogeneous biharmonic equation.

2.2.7 Boundary Conditions for the Bending Theory

An exact solution of the governing differential equation of
the plate, equation (2.43), must simultaneously satisfy the differential
equation and the boundary conditions of any given plate problem. The
most common type of boundary conditions encountered in practice are
clamped, simply-supported and free.

Referring to Figure 2.6, considering plate edges having
normals in the X and ¢ directions, respectively, the boundary conditions

for a clamped edge can be written as:

w = -gg = along X = 0 and X = a (2.44)
3
and: w = i 0 along y = 0 and y = b (2.45)

The boundary conditions for a simply-supported edge can be expressed as:

w = m, = {0 aleng X = 0 and x

Il
=

(2.46)

H
o

w = m, = 0 along ¢ = 0 and ¢ (2.47)
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Along a free edge, all edge forces must vanish. For instance, if the

boundary X = @ is a free boundary, the pertinent boundary conditions would

be:
m, = 0 (2.48)
mxg = (2.49)
Q = 0 (2.50)

However, the governing differential equation of the plate is a fourth
order one and, therefore, requires the prescription of two boundary
conditions only along each edge. This difficulty occurs as a result of
the simplifying assumptions of Kirchhoff's plate theory. It can be
overcome by defining an effective shear force, Vys which is assumed to be
equivalent to the combined action of the shear force, Qx, and the twisting
moment, mxy (see Lloyd, Hamilton & Darnell [1976]). Therefore, the two
boundary conditions represented by equations (2.49) and (2.50) are
replaced by a single one which is assumed to involve the sum of all

vertical forces along the edge. The free edge boundary conditions can

now be expressed as:

2 2
moo= -0 (Z2. 2 - (2.51)
ax2 ay?
am 3 3
v, = Qx+__.’_‘_ﬁ = _p[_a._“l+ (7<) __?__“_’__] = 0 (2.52)
3y ax3 ax ay?

The term Bmxy/ay represents additional shearing forces along the edge

X = & produced by the twisting moments, Similarly, for a free edge

mxy.

parallel to the X axis, the pertinent boundary conditions would be:
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2 2
m o= -p (2%, 230 _ (2.53)
J ay? ax2
am 3 3
v =0 +—4% - _p [ﬁlﬁ + (2 -v) _Jiiﬁzﬂ = 0 (2.54)
Y Y ax ay3 x? 9

2.2.8 Expressions for Moments and Shear Force at a General Boundary

Figure 2.7 depicts a portion of the plate, The plate is
bounded by a plane region A with total boundary S. The boundary curve is
assumed to be piecewise twice continuously differentiable. That is, the
curvature is bounded and continuous, except at corner points, Along the
boundary curve, the positive direction is chosen such that if the boundary
curve is traversed in the positive direction, the plate domain, A, would
always be on the left. The curvature at a smooth point on the boundary
is denoted by 7/R, where R is the radius of curvature at the boundary
point; a negative curvature is one where the centre of curvature lies on
the outward normal to the boundary.

At a regular point on the boundary, the normal moment, m s the
twisting moment, M., and the effective shear force, Un’ can be written in

the local n,t coordinates as:

2 2
-p (2%, 2w,

mn = (2.55)
an? 312
_ _ 32w
= .79 g2 R

Un = D an vew + 39 mi (2.57)

Using the coordinate transformation relationship:
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3 _ 9 8

M - Bx cos a + 3y sin a
- I N |

Y X in a 3y cos o

the expressions for moments can be written as:

2
m = D {-viw+{]1-v) AW sin2 o+ 2 W o524 - 2 sinacos af}
n 2 2 X 3y
ax 3y
2 2 2
m, = =-D(I-v) {(M-M sin a cos a + ——o {cos? a ~sin?a)}
X Byz 3x2 8x 3y

(2.58)

(2.59)

(2.60)

(2.61)

where a is the angle between the X axis and the normal, n, as indicated in

Figure 2.7. It is seen that when o is such that n and t are parallel to

the x and y axes, equations (2.60) and (2.61) reduce to the usual
expressions for moments along lines parallel to the coordinate axes

(equations (2.35), (2.36) and (2.39)).

It is also helpful for later use to obtain expressions for the

governing differential equation of the plate, the moments and the
effective shear force in plane polar coordinates (see Appendix A).

Figure 2.7, let P be the origin of polar coordinates (1,6). The

In

governing differential equation of the plate, equation (2.43), can now be

transformed and written in polar coordinates as:

y 3 2 2
3w 2 3°w 1 3<w + T sw + 4 3cw

a3 n2 gn2 a3 M u g2

2 _d%w 2 3w 1 3w
n3 an 382 x2 an? 32 At et

-

The normal and twisting moments are given by:

(2.62)
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2 2
m = %{- (T+v) V2w + (1 -v) [%%}?+i—u—a—w—) cos 28
n x2 392 2
3 1 dw, _.
~ 2oy [y 53] sin 23]} (2.63)
_ (1-v) ; Tow, T 22w 22w, 8 1w
m. = -'D-'—'—Z {(IL_B—E+ —-=— 51n28+28)L ('fz—ag_ cos 7B} (2.64)

n? 302 3x2

where B is the angle between the radial direction and the outer normal
(Figure 2.7).
The effective shear force contains the term Bmt/BS. It can

be shown (see Appendix B) that:

38 _ _T___ cos B
35 - R x (2.65)

Consequently, using equation (2.65), the expression for effective shear

force (equation (2.57)) becomes:

_lopB g2, s 12, _ 2
v, = [DB)LVW+!L(BBMI BBmI)]COSB
am
P a 2 9 . 1 i
[)Z‘a_e" vw *a—n'":c] sin B R (2.66)

where R is the curvature at the particular point on the boundary. Note
that when differentiating mt with respect to the arc length, S, it must be

considered as a function of three variables, %, 0 and B.
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2.3 TFORMULATICN COF TEE BOUNDARY INTEGRAL EQUATION METHOD

Basic to the formulation of the integral equation method presented in

this work is the existence of:

(i) A reciprocal relationship between two functions which are
continuous and possess continuous derivatives up to the
fourth order.

(ii) A fundamental solution to the differential equation of the
plate. This is a singular solution of the biharmonic
equation with the Dirac delta function for a discrete
inhomogeneity. This is equivalent to obtaining a solution
to equation (2.43) for an infinitely large plate with F, a

concentrated load.

2.3.1 Derivation of the Reciprocal Theorem

Consider a plate loaded by a transverse load of intensity

f

F

F(x,y) defined over the plate domain, A, giving rise to a deflection

w=w(x,y}, as in Figure 2.7. The deflection, w, must satisfy the

differential equation:
., _ F .
Vi = 0l in A (2.67)
with given boundary conditions on the plate boundary, S. Let W be the

deflection associated with some other particular loading on the plate with

suitable boundary conditions on S. Consider the bilinear expression:

2 2 2 2 2 2
Elw,w] = [f{viw v2w - (1-y) (2224, 2WAH_, 2w 24, (2.68)
A ax23y?  ay? ax? y Y
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Note that in equation (2.68), if (! is replaced by w, E{w,w} will represent

twice the strain energy of the plate subject to the deflection field, w.
Integrating equation (2.68) by parts twice in W, and

integrating the resulting tangential derivations on the boundary between

corners, gives (see Stern [1979], and Bergman & Schiffer [1953]):
alY k
= b o o
E(w, ) D {j 0 vtw dA + Sj v, W= m =) dS+ AEI {tmJd w}, (2.69)

where m.s mi and Un are defined by equations (2.60), (2.61) and (2.57),
respectively; mmtﬂ denotes the discontinuity jump of the twisting moment
at a corner in the direction of increasing arc length, referred to
usually as the Kirchhoff corner reaction or corner force, and the
summation is extended over all corners. A corner point 1s defined as a
point on the boundary where the normal to the boundary is not continuous
(see Figure 2.7). TFor a derivation of equation (2.69), see Dym & Sham
[1973]. Interchanging w and ( in equation (2.69) and noting the

symmetry of E(-,+} gives:

E(w’w) = E(W,w) = P gw V"*w dA + I(UH w - Mﬂ. g_l;f] dS
S

]
+ ZT {[MI] W}A (2.70)
A=

where Mn’ MI and Un are defined by equations (2.60), (2.61) and (2.57),
respectively, except that W is replaced by W. Subtracting equation
(2.69) from equation (2.70) and rearranging gives:

sl W

sf(vnw'Mnﬁ+Wmn"w”n)dS = D ,{I (0 V4w - w vy} dA

k
+ A{J {1 w - M w}A (2.71)
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where the change of notation, mz = £ and MI = T, has been made. Equation
(2.71) relates the forces and deflections of two different states of
loading on the plate. Close inspection of equation (2.71) reveals that
it is, in fact, a statement of Betti's reciprocal theorem (see Stern

[1979], Bezine & Gamby [1978], and Tottenham [1979]).

2.3.2 Fundamental Solution for the Biharmonic Equation

Let point ) denote the origin of polar coordinates (£,8) and
¢ any other point in the plane. The fundamental solution for the
biharmonic equation is defined as a function, W{p,q), which satisfies the

differential equation:

vMU(p,q) = &lp,q) (2.72)

where 8(p,q) is the Dirac delta function defined as:

§lp,q) = ¢ when p # ¢ (2.73a)

§lp,q) = = when p = ¢ (2.73b)
[[ 8{p,q) dA = 1 (2.73¢)
A

Physically, the fundamental solution can be interpreted as the solution to
the differential equation of the plate under the action of a concentrated
load at point p. The point p is referred to as the source point and the
points @ are called field points.

An immediate consequence of the definition of the Dirac delta
function is that if o(q) is a continuous and bounded function in a two-

dimensional Euclidean space, then:
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[[alq) &lp,q) dAlg) = o (2.74)
A P
The notation dA{q)} indicates that the integration is with respect to the
field point ¢, while p is kept constant; % is the value of the function
o{q) when p and ¢ coincide. The fundamental sclution for the governing
differential equation of the plate is given by:
Wip,q} = w21 (2.75)
r En D
where & is the distance between p and ¢ (see, for example, Forbes &

Robinson [1969], and Hansen [1976]). It can be verified that equation

(2.75) satisfies the differential eguation (2.72) (see Appendix C).

2.3.3 1Integral Equation for Deflection at Interior Points

Figure 2.8 depicts the plate as a domain A bounded by a
piecewise smooth curve, S. Place the origin of polar coordinates (4,8)
at a point p inside A. Let points on 8 be denoted by § and points inside
A, other than p, by g.

In equation (2.71), consider W to be the fundamental solution
as defined by equation (2.74). It can be verified that V0! exhibits a
singularity at point p. In view of this, it is necessary to exclude the
singularity by deleting from A a circular region, AE, of radius ¢,
assumed to be small, and centre at p (see Figure 2.8). The limiting
values of the integrals, in equation (2.71), which contain the singularity
can then be examined as g + 0.

Adopting the procedure outlined above, equation (2.71) can now

be written as:
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w , oW
Sf{VﬂW—Mﬂw*mmn-wun} dS{Q)

aw . Al
+ IS {Vn“"MnE{*‘a'ﬁmn‘w”n} ds(q)

=D [ W v'w dAlq) + ; {1 w - 171w}y (2.76)
A-A A=1
where S€ is the boundary of the circular region As' In equation (2.76),
the functions W, 3W/3n, Mn and Un are referred to as the kernels of the
integrals, and are functions of the positions of points p and g (or 0).
However, w, aw/an, mn and Un are functions of the positions of points ¢
(or Q) only; dS{Q) and dA(q) denote integration with respect to the field
points @ or g.
The kernels in equation (2.76) are obtained by substituting
W= 1/(8rD) #2 Inn in the expressions for moments and effective shear
force, noting that at a boundary point Q (see Appendix B):
3%5 = a—ancos B+%-a%sin8 (2.77)
where B/BHQ is the normal derivative at point 0, and 8 is the angle

between the radial direction and the outer normal at point @, as shown in

Figure 2.8. VUsing equation (2.77), the kernels can now be written as:

W = snlv "2 1n n (2.78a)
oW (2 + 1
a”Q T D {2 1n 2~ ) cos B (2.78b)

Mn - --g; {2{1+#v) (1 + In n] + (T -v) cos 28} (2.78c)
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1
Un I 2}

{5-v) cos B8 + {1 -v) cos 38] + T-v cos 7B (2.78d)
4n R

The twisting moment is given by:

T = Ié%“ sin 28 _ (2.78e)
Equations (2.78) have been presented by Stern [1979]; alternatively,
Tottenham [1979] has suggested W = 1/(16nD) (#2 1nn2 - 42} as the
fundamental solution for the biharmonic equations. Both are equally
valid and satisfy equation (2.75).

The integrals over S and the area integral over A-Ae do not
contain any singularities and therefore need no special attention. The
effective shear force kernel has an 4~! singularity, and the integral over
SE must be examined as € + 0. Noting that along SE, B = 7 and the

curvature is given by -#"1, the kernels given by equations (2.78) become:

1
W = +% 2% 1n 1 (2.79a)
W 1
. - -811—0(2 In £ + 1) (2.79b)
Q
Moo= - {2049) (1 + 1n ) + (1-v)) (2.79¢)
v o= (2.79d)
n im )

Substitution of equations (2.79) into the integral over SE in equation

(2.76) and writing each integral separately gives:
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1
Zr 1

[le) dsig) =
S S

E E

w dS{Q)

- [ - {2l ev) (T ) ¢ (19} 22 ds()

-~

S, Q2
+ [ - 8:0 {ZInn+ 1) m dS{Q)
SE
2
" sf A v, dsta) (2.80)
£

The last three integrals in equation (2.80) vanish as € + 0 because,

observing that dS(Q) = 2 d6 and & = ¢:

Lim [ - {201+9) {1+ 10 a) + (T-v)) 22 nde = o (2.81)
7 an
e>0 S 9
4
R
1lim - (ZIna+1)m nde = 0 (2.82)
el Sj §n D n
£
lim | ﬂ%l‘%%unnde = 0 (2.83)
0 S_ T

The first integral can be written as follows by noting that w = w(Q):

!
Sf mwQ ds{q) = SJ' Ta 1 (WQ-wp+wp) dS(Q.)
£ €
1 1
= SI Tn A (WQ“DUP} nodo + IS mwpﬁ. ds {2.84)
£ £

where wp is the displacement at point p. Using the continuity condition

imposed on w = w(Q) (continuous and four times differentiable in A) gives:

1
lim —— (w,-w ) nds = 0 (2.85)
e+{ SJ’E e QTP
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In view of the above, equation (2.80) can now be written finally as:

27
lim [(+) dS{Q) = 1lim |

e S e>0 0
£

Zwrlnwp”'de = wP (2.86)

Using equations (2.81) to (2.86) and rearranging gives equation (2.76) as:

ow , aW
w, = -Sf(vnw- M, =0+ 5 M, - W vl dS(Q)
k
+0 [Jw v'wdAle) + ] {EQ1 W - [T w}, (2.87)
A A=1

Equation (2.87) is an expression for the deflection wp at a point p inside
the plate domain A in terms of the boundary values of deflection w,

normal slope 8w/3n, normal moments m.s effective shear force Vs and
twisting moment corner jumps [£], if the boundary has any corner points.
For a smooth boundary, the term under the Z sign is omitted.

Directional derivatives, at point p, of equation (2.87) can be
obtained for any direction making an angle ¢ with the X axis. Therefore,
by obtaining appropriate directional derivatives of this equation,
expressions for slope, moments and effective shear force at an interior
point of the plate can be obtained, providing the integral involving 7w

continues to converge (see Sections 2.3.5, 2.3.7, 2.3.9 and 2.3.11).

2.3.4 Integral Equation for Deflection at a Boundary Point

Consider now the point p described in the preceding section to
be a boundary point P and, for generality, let P be a corner point with
interior angle Km, as shown in Figure 2.9. Proceeding in a manner
similar to that described in the previous section, a small area As in the
shape of a sector of a circle of radius e and centre at P is excluded from

A, as shown.
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Equation (2.71), with W taken to be the fundamental solution

for the biharmonic equation, can be written as:

aw . alv
I(Unw-ﬂ’{nm*"ﬁmn‘wvn) dS(Q]

S
aw , ol
"'SI (Unw- Mnsﬁ+§ﬁmn-w%) dSIQ) ‘
€
= [ w viw dAlQ) + ] {11 W - T wh, (2.88)
A-A A=1

where all the symbols have the same definition as in equation (2.76). It
must also be noted that in equation (2.88), the summation over the corners
excludes the point P. However, two additional corners, CT and C2, have
now been created and their contribution must be included. Due to the
singular nature of some of the kernels in equation (2.88), the behaviour
of the boundary integrals, as £ + 0, needs closer examination as was done
in the preceding section. It is important to note that the principal aim
here is not to evaluate these integrals but to show that, as € » 0, they
converge to finite limiting wvalues. Their evaluation is carried out
numerically and will be explained in Chapters 3 and 4.

Along the arc Se’ the angle B = 7 and the curvature is given
by it The kernels take the form given by equations (2.79). Using
equations (2.81) to (2.86), and noting that in equation (2.86) the limits

of the integration must now be changed to 0 and Kv, gives:

1 _ 1 Krm _
SJ'(.) ds(o) = oj 7r Yo do = 5o w, 10lg" = Kw (2.89)

To examine the convergence of the integral over S, the following

observations are made along the arcs S and S+ (see Figure 2.9):
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— along §~ (2.90a)
2R
+ —EI» along S+ (2.90b)
7R
_}LT along S- (2.90C)
R
% along S' (2.90d)
2R
1 along S~ (2.90e)
-1 along s’ (2.90f)
-1 along § and s? (2.90g)
)L -
— along S {2.90h)
R
. along S' (2.901)
ot

Referring to Figure 2.9(b) for a fixed p away from P and with

0 <e <4x < p, the kernels along S and S+ in

w = 8—1:—,5% In & (2.
W n i

anQ = 81TD {2 In L + I) Z_Ri- (2.
Mo = -2 {20+9) (1 +1nn) + (1-9) (-1)] (2.
R Sl = I L BB S A W (2.

2Rt Rt 47 R™

the integral over S become:

91a)

91b)

91c)

91d)
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- +
The part of the boundary integral over S and S can now be written as:

P
tin ([ (Vow-4 W gy ) asT(g)
e>) €
p dw . ol +
+ f (Unw-Mnﬁ+%mn-WUn)dS(Q)} (2.92)
£

Using equations (2.91), it can be verified that as £ - 0, the integrals in
equation (2.92) converge to finite limiting values. The evaluation of
these integrals, however, is carried out numerically and is described in
the chapters on numerical implementation of the Boundary Integral Equation
method. Finally, at the two corners CI and CZ’ the twisting moment jumps

are given by:

{1-v) o
M = (0--+———" at C (2.93a)
81T ZR" 7 a
and: M = (11?%2L._EI._ 0) at CZ (2.93b)
2R

Therefore, as p >+ 0, [T] = 0. Equation (2.88) can now be written as:

! w
ikwpafsj(vnw-Mn T e M, - Wy, dsia)
k
- Z] {140 w - 73 wh =0 /{fw v dA (2.94)
;\=

If point P is on a smooth part of the boundary, K = 1 in equation (2.94)
and the coefficient for wP will be {. Equation (2.94) provides an

expression for the deflection at the boundary in terms of all the

pertinent boundary wvariables.



2.3.5

equation {2,
the X axis.
equation (2.

that:

(i)

(ii)

- 50 -

Integral Equation for Deflection Derivatives at an Interior

As was mentioned in Section 2.3.3, directional derivatives of
87) can be obtained in any direction making an angle ¢ with
Referring to Figure 2.10, directional derivatives of

87) at point p in the direction np can be obtained on noting

Only the functions Vn’ Mn’ aW/an, W and Mt are dependent
on point p; and

If ¢ is the angle between the position vector of point @
on the boundary and the direction np, as shown in Figure

2.10, then (see Appendix B):
sin ¢ (2.95)

where B/anp indicates directional differentiation at point p.

The directional derivative of w at point p inside A in the direction n

can now be written as:

alv
aw aw 2
= = JW, w-M, =—+—m - W, v } dS{9}
anp 3 ? 2 anQ BnQ n n
k
+ D {jwz Viw dAlg) + {1 {tmd w, - [T,) why (2.96)
A=
where: wz = é%i— = - E}%ﬁj {2& In # + n} cos V¥ {2.97a)
oW
2 32( 1
BnQ' = anp BHQ = - E;—ﬁ-{Z(ln n+ 1) cos (¢=-B) + cos (p+8}} (2.97b)
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M
M2 = Bn: = 8; 3 {2(1+v) cos ¥ + (1-v) [cos (¢ - ZB] - cos (v +28)1} (2.97¢)
BUH 1
V2 = 5 {15-v) cos [+ B) +2(1-v) cos (¢ + 3B)
P §m n2
- (T~v) cos {y - 38)}-EJZ_R[COS (¢ -2B) - cos [y +2R)] (2.97d)
TZ = ;ﬁ; = 4; W (7-v) sin ¢ cos 28 (2.97e)

where B/BHP denotes differentiation at point p. Equation (2.96) gives an

expression for the derivative of the deflection, W, at an interior point

of the plate domain, in terms of the pertinent boundary variables.

2.3.6 Integral Equation for the Normal Derivative of Deflection at

the Boundary

In Section 2.3.5, the directional derivative of equation
(2.87) was obtained by carrying out the differentiation under the integral
sign. This is permissible because of the fact that for p inside A, the
integrals occurring in equation (2.87) are all bounded and none of the
kernels exhibit any singularity. However, the same procedure cannot be
adopted for obtaining deflection derivatives at the boundary by
differentiating equation-(2.94). This is because of the singular
behaviour of some of the kernels at point P and, in general, the
derivarive of singular integrals should not be obtained by carrying out
the differentiation under the integral sign (see Bui [1978]). However,
if the singularity is excluded from the integration domain, then
differentiation can be carried out under the integral sign and the
behaviour of the integral examined as the exclusion area shrinks to zero.

A similar procedure is adopted here.
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Consider, as in Section 2.3.4, the point P to be on the
boundary, and for generality let P be a corner point with interior angle
Kt (see Figure 2.11). Tn a manner similar to that described in Section
2.3.4, a small region AE is excluded from the plate domain, A. Since in
the remaining domain, A_Ae’ all the kernels are non-singular, directional
derivatives of equation (2.76) in the n+ or n_ directions can readily be
obtained by carrying out the differentiation under the integral sign.

This gives:

Jw, w-M £+_3Egm - W, v ) ds(0)
g 2 2 anQ anQ n 2 °n =
3l
LI 2
+Sj (UZW-Mzﬁ*';m—fUUn)dS[Ql
E
k
=7 AJIA W, viw dAlQ] + AZT {141 w, - 17,1 w}, (2.98)

E

where the kernels wz, UZ’ MZ’ awz/ang.and T2 are as given by equations
(2.97). Note that in equation (2.98) the summation over the corners does
not include the self point P. However, the contributions from the corner
points at C, and CZ (see Figure 2.11) must be considered. Equation
(2.98) contains integrals with singular kernels and the convergence of
these integrals must be examined as € =+ 0. Once again, as was mentioned
in Section 2.3.4, it must be noted that the principal aim here is not to
evaluate these integrals but to show that as € + 0, they converge to
finite limiting values.

As before, along the arc Ss’ the angle B = m and the curvature
is -a7L, The kernels along Se’ therefore, become:

W, = - 8: 7 (2n In n + 1) cos ¢ . (2.99a)
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sz ]
. = En D {2(1n & + 1) cos ¥ + cos ¥} (2.99b)
Q
1+v
MZ = Zy 7 C°s U (2.99¢)
V. = 3-v
g = cos ¢ (2.994)
4 12 :

On noting that along S:—:’ dS(Q) = ndo:

lim f 1 {2{1n & + 1) cos ¥ + cos plnds = 0 (2.100)
En D
e+0 S
E
. 1 - ] + =
and: 1lim f ) {22 In 2 + %) cos ¢ & do 0 (2.101)
g0 S:—:

The shear kernel, UZ’ contains an 4”2 singularity and the integral
containing this kernel is divergent. To remedy the situation, w = w({Q)
is replaced by (LUQ-WP) (see Forbes & Robinson [1969], and Stern [1979]).
This is equivalent to subtracting a rigid body translation, wP, from the
deflection field, w = w(0), and does not affect the slopes and stresses in

the plate. Expanding (UUQ- wP] using a Taylor series gives:

WQ—WP = A (_?_WI cos § - B_Mi sin ¢) + 0(42) (2.102)
anP atp

Noting that along the arc Se’ B/BHQ = -3/31, the first two integrals along

SE can now be written as:
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-V T+v oW
4z cos ¥ (WQ—wP) + do % oS Y BILQ) ds(Q)
£

I
W

J () ds{Q)
S

>4

= f{s_v cosxp(—a-w—cosw—ﬂ-sinw)

in 1 + +
1+v W _w W n
+ T x oS W (IMQ BJLP + B’LP}} dS(Q) (2.103)

Due to the continuity conditions imposed on the first derivatives of the
deflection, the integral containing (Bw/Ban) - (Bw/BI‘LP) goes to zero as
<

e+ 0. Equation (2.103), therefore, reduces to:

f(-) dS(Q) = J' {iﬂ-z cos ¢ (ﬂ; cos Y - 3_uisin IIJ)
* ffli cos y (*a‘ui_ cos ¢ - —aw; sin )} dS(Q) (2.104)
" an 2t
P P
which reduces to:
(1) d81Q) = [ {5 2% (4 cos? 4]
S S an
E E ‘P
"7 ];La—ui (- 4 sin ¥ cos y)} dS(Q) (2.105)
T 2o

Finally, substituting £d6 for dS{Q) in equation (2.105) gives:

S an ¢ T oAt

I(.) dS[Q) = I {% aui (7 + cos? ‘I’) + _I_'_a%_s%_z_w_} de (2.106)
SE c p D

As can be seen, the integral over Se is no longer singular and can be

written as:

[(-) ds(Q) = ¢ 4, M (2.107)

n ¥
SE anP atP
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The evaluation of the coefficients Cn and CI is carried out numerically
and is described in subsequent chapters. For the case when P is a point

on a smooth part of the boundary, equation (2.106) gives (see Figure 2.12):

m kU
[l dsie) = =2 [ do+ LB [ cos 29 do
SE anP 0 BnP 0
2_1T_+-I sin Z¢ d6 (2.108)

The second and third integrals in equation (2.108) vanish, leaving:

f{-) ds(Q) = .;._@E”I (2.109)

SE anp

To examine the convergence of the integrals over § and S+, an
approach similar to that adopted in Section 2.3.4 is employed. The only
integrals which need to be examined are the ones containing the moment and
the effective shear force kernels. The deflection and slope kernels
behave like ﬁ.lnfi and 1n %, respectively, and their integrals are
convergent. Therefore, using equations (2.90) for a fixed p away from P,
with 0 < € < & < p, the moment and effective shear force kernels along S

and S+ become:

R i_]-vsinmpi
My = Gmaceos Vv 75 " (2.1102)
v, = - 12V cos y" 7 1EY ain e LN AT C R B
4R3 n 4n 2 léw Ri 4 RE

By replacing w = w(Q) by (wQ-wP), as shown before, and using equations
(2.102), it can be seen that the only remaining singular terms are

+
({1 +v)/{4wr2)) sinyp™ in the effective shear force kernel and

+
{1 +v)/{4nr)) cos ¥~ in the moment kernel, Therefore, the integral to
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be considered is:

T+v . - 1+ - w
1 = [ + sin ¢ {w, ~wp) dS(0) - cos § —— dS(0Q)
S---- 4“ )12 Q P éf- 471' R BHQ
1+v .+ 1 +v + w
+ S+ - P sin ¥ (UJQ-W.P, dS(Q} - é; y cos ¢ ‘én—Q dS(Q_) (2.111)
Using equation (2.102), this gives:
I+v - 3w 1+v - aw
I = 4§ sin ¢ (- —) dS{Q] - | s—— cos v —— dS(Q)
:[S' 4n X aip é 4r 2 anq
., - ;;f; sin v 2 ds(o) - [, %#Lﬁ-cos v gﬁi ds(0} (2.112)
S atp S q

where aw/3f_ is the directional derivative of the deflection at point P in

P
the tangential direction I; on S . Along S and S+, the following
observations can be made:
+ 3x n
qJ [ LR (2.1133)
2 2R,
- +
P = ¢ - Kn (2.113b)
+
siny = -1 (2.113c)
+ n
cos Y * g {(2.113d)
+
sin y = - cos Kn (2.113e)
cos ¥ = - sin Kr (2.113f)

Equation (2.112) can now be written as:
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1+v

cos Kr [- ———) ds(q) - -
" 3t .'Sr 4w

1+v

I = é-_411)‘1

T+v w T+v 1w
* »r+ Ir R+ ds(Q) - J'+ 4 n 2R on ds {0
S IP S (4]

The last integral in equation (2.114) is no longer singular.

considering the first three integrals only gives:

sin Km WQ dS(Q’

(2.114)

Thus,

(2.115)

1+v aw T+v
1 = J'-_ CosKﬂ(-—-T) d,S(Q)- _ sin Kr (———--——)dS(Q)
e ke s + [, 2 asig)
S anp S BIP

Due to the continuity conditions imposed on the first derivatives of

deflections, the integral containing (aw/Ban - (aw/an;) is finite.

- - + +
Expressing aw/atp and Bw/BnP in terms of aw/atp and Bw/BHP, the remaining

integrals in equation (2.115) can be written as:

I = f. 3;4' cos Kr (— sin Kn - —B-t% cos Kn) dS{Q)
§ " BnP 3ty
T+v 3w
+ [ To o Sin Km (~ =5 cos K - — sin Kn) dS(Q)
3 anP Lok

el

S BIP
Simplifying:
1 = [, ;1:,\:' [—a'[%' (sin Km cos Kt - sin K cos Kr)
S Nnp

- B__ {cos? Kn + sin? K'n]:| ds{q) + f+ 3;+f\: w ds{Q)
2ty §T T et

(2.116)

(2.117)
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Therefore:

T+v dw T+v 3w
I = [ - — dS(0) + [ — (2.118)
3 i 1 a/t; S+ 4m at;

which is a Cauchy principal value integral and, hence, the integral over
S converges as £ + 0. Finally, using equations (2.113), the twisting

moment jumps at C, and C, are given by:
1 2

Tl - e 1=y stn g (1) - (-01 = - I8 eog g (20119)
and: MMyl = sty (1) - ()] - +£(jﬂ‘—n") (2.120)

Thus, replacing w = w{Q} by [wn-wp) and using equations (2.102) and

(2.113), the contributions from the twisting moment jumps at CT and C2 are

given by:
0. lw-w) = -2 cos Kn (= 2 gin Kn + 2 cos Kr) (2.121)
ZC 0 -P = 2Tr CcO0s it +51n T +COS m .

1 -~ n at

P P

1 -v aw 1-v 3w
M1, (w,-wp) = +— (n =} = (== (2.122)

2°c, QTP 727 1 at; 7 az;

Therefore, in general, non-zero contributions from the twisting moment
corner jumps are computed which appear as coefficients for BWIBI; and
aw/an; and must be added to Cn and Ct in equation (2.107). In subsequent
chapters, it is shown how the final coefficients for Bw/Bn; and aw/at; are
obtained numerically. For a point on a smooth part of the boundary, the
sum of the contributions from 01 and C2 vanish. Equation (2.98) in its

final form can be written as:
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o aw i awz
C”;V T J Wy wowpl = My g+ —=m = Wy ] dSIQ)
b
# L AT wowp) - T Wy = D [0y e dALD) (2.123)
A=

A similar equation is obtained by forming the directional derivative of

equation (2.76) in the n direction.

2.3.7 Integral Equation for Normal Moment at an Interior Point

Defining any two perpendicular directions, n_ and £ _, at an

P

interior point, p, of the domain, A, of the plate, the normal moment, mp,

is given by:

2 2
m, = - D (3_(;}4, \,9_[211} (2.124)
anp aztp
Therefore, differentiating equation (2.81) accordingly gives:
aw
3w 3
m_o= - [V, w-M, —=+—m -, v) dS(Q)
P g 3 3 on an B 3%
k
- 1 M w- [ W}, + D ff t; vhwdA (2.125)
A=1 A
where the kernels are given by:
w3 = —-g; H1+9) (74 1n22) + (1-9) cos 2v} (2.126a)
aw3 1
—2 = -m{Z(T-‘“\)) cos B+ (1 -v) [cos(fw-B]‘cos[ZdJ*B)]} (2.126b)
an
M3 = - v {(1-\12) (cos 2y + cos 28) - {1 - v)2 cos {2y + 28] } (2.126¢)

47 n2
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Ve = M{- 2{1+v}) cos 38+ {5-v} cos (Zy+8) + 3{1-v) cos {Zy+38)}
4m 43
, 2 (1-v) [{1+v) cos 28 - {T-v) cos {2y +28)} (2.1264)
2n R 12
T, = -2 =9) 117 ) gin (2p+ 28] - (1+v) sin 28} (2.126e)
3 47 12

where the angles i and B have their previous meaning.

2.3.8 Integral Equation for Normal Moment at a Boundary Point

An integral equation for the normal moment at a boundary point
can be obtained by adopting a similar limiting process as that described
in Section 2,.3.6. Referring to Figure 2.1l and differentiating equation

(2.76) according to equation (2.124) gives:

ol :
aw 3
WV, w- M, o +— - W ) dS{9)
éL ’ 3 o " 3% 2
o W3

+ Wow-M, = +—=m_-W, v ) dS{Q)

SI_SE 3 2 Bn 5 3 %n

= Jws vwdA@) ¢ T D Uy - 050wl (2.127)

E

where the kernels w3, awB/an, Mg, V3 and T3 are given by equations (2.126).
Once again, note that if P is a corner point, its contribution is excluded
from the summation over the corners. However, the contribution from the
corner points CT and C2 must be considered. Equation (2.127) contains
singular integrals and the convergence of these integrals as € + 0 needs
closer examination. This can be done by expanding & = w{(}), about the

point P using Taylor series, as:
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2 2 2
wy =yt 2 ! o g (072 s " D g2 Tl 0d) (2.128)
Mnp 8tp np g, 3ty 3t

Proceeding in a manner similar to that described in Section 2.3.6, w = w(Q)

is now replaced by:

n t
anP BJCP anP anp BIP aJCP

A RN P asz sont 2 32w . £52 azwl (2.129)
and upon noting that n+ = /t cos ¢ and t+ = -n1giny, it can be verified that
all the integrals in equation (2.127) become 4~ ! singular and, therefore,

can be evaluated as Cauchy principal value integrals. However, the
explicit evaluation of these integrals is very tedious and, for the

purpose of obtaining numerical solutions using equation (2.127),

unnecessary. In the next chapter, it is shown how the contribution from
these integrals is computed when numerical sclutions, using equation

{2.127}, are obtained. Equation (2,127) for a point P on the boundary is,

therefore, written as:

aly

lim (V, w- M W, T3,y v ] dS(0]
0 {SL 3 L 3°n
ol
aw 3
+ (V, w=-M, — + —=m_~- W, v ) dS(9)}
SI-SE 3 3 an on " 3 "n
k
=7 {{w3 Vi dA(Q) + 21 {[£1 Wy - [T} w} (2.130)
A:

Note that, at a corner point, two such equations can be written, since

there are two sets of normals and tangents at a corner.
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2.3.9 Integral Equation for Effective Shear Force at an Interior

Point

The effective shear force at a point, p, inside A is given by:

3 3
vp = -0 (—a—‘;—’+ (2- ) —a“—’—;) (2.131)
anp anp atp
Once again, differentiating equation (2.87) accordingly gives:
alv
aw 4
= - V, w-M, =+ — - W ds(@
Vp W don T T Ve v S
Rk
- {T {0 w- 1) Wy, + 0[] w, v dA[Q) (2.132)
A=
where:
Wy = E;LZ-{(B -v) cos ¢ + (1 -v) cos 3y} - Z%:ﬁ:-cos 2y (2.1333)
My ]
—_— = - {{5-v) cos [y+8) + 2(T-v) cos (3y+R] - [T-v) cos {3y-8)}
an §n 1?2
- Z;LiJ%;-{cos (2y-B} - cos (2w+6)} {2.133b)
My = 2190140 cos 3y - (5-v) cos (¢#28) - 3(1-v) cos (3y+28}
4n a3
- JZLL:BL—{2(1+v) cos 2y - 2(1-v) cos (2y+28) } (2.133¢)
4nn2R
p
v, = _30(1-v) (5-v) [cos {y+3B) + cos (3y+R)] +4(1-v) cos {3y+38}
4
4 nt
+ D(T‘\)) {(5_.\)’ cos (w+23) +3(]""U’ cos (3¢+28)} (2.133d)
21 R, #3
Q
T, = - 2= {50 0) sin (39428) - (5-v) sin (pe28)}  (2.1330)

4n #3
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2.3.10 1Integral Equation for Effective Shear Force at a Boundary

Point
An integral equation for the effective shear force at a point

on the boundary can also be obtained by differentiating equation (2.76},

giving:
aly
o 4
[ (V,w-M, —+—m -W,v ] dS(Q)
Sa 4 4 on an M 4 "n
alt
I 4
+ (V, w-M, —+—m -W, v ] dS{Q)
S[S 4 4 an an M 4 “n
R
- 0w e dAle) ¢ T {6y - 1T )y (2.134)
- A:

Referring to equations (2.57), it is seen that the effective shear

expression involves differentiation with respect to the are length, S,
along the boundary. Therefore, by noting equation (2.65}, it is seen
that the kernels in equation (2.134) are slightly different from those
given by equations (2.133), due to the presence of the curvature term,

I/RP, at point P on the boundary; in this case:

1

w4 = A {(5-v) cos ¢ + (1-v) cos 3y} - ;ﬂ_ﬁ’ cos Y (2.135a)
P

3y ]

— = -g;fz{(s'“lC°5(¢+B}+2{T““)COS(3¢+B)-(T-v)cos(3¢-3)}

an

- 411;;? {cos {2y-B) - cos (2y+R)} (2.135b)

M, = QLL:XL{2(1+u)cos3¢-(5-v)cos(¢+ZB)-3(7-v)cos(3w+ZB)}
4 4 13 '

_D(1-v} {

2(1+vlcos?$-—2{?-v}cos(2w+26)} (2.135¢)
dnn?2 R

P
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_ 30{1-v) {

. (5-v) [cos (¢+3B) + cos {3y+8) ]+ 4(71-v} cos (3y+38)}]
in 1

. D{1-v) {
2m R 13

Q

D(1-v)2

27 RQ RP n2

(5-v) cos (y+28) +3{1-v) cos (3y+28)}

+ {cos (2y+28) } (2.135d)

T, = +2I=% 1307 4) gin (3y+28) + (5-v) sin (v+28) }
47 n3

+U(F-v)2

QﬁRPkZ

{sin.2¢-sin (2w+28)} (2.135e)

The kernels given by equations (2.78), (2.97), (2.126) and (2.135) reduce
to those given by Tottenham [1979] for plates having only straight
boundaries, where the curvature terms are zero. Effectively, identical
equations have also been presented by Stern [1979] and Bezine & Gamby [1978]
for equations (2.78) and (2.97).

The convergence of the singular integrals in equation (2.134),
for vanishingly small e, can be examined by expanding w = w{{)) about the

point P using a Taylor series as:

2 2 2
w. = wy+n et +—I-(n+2aw+2n+,t+ 97w +/t+2aw)
Q P az* Z 2 anl a2t atr2
"p P p ip 9Tp 2
3 3 3
PRI LU S i B Wl S & B O 2 (2.136)
6 a3 ani2 ath anl 9t 2 3403
P p 3p p 3p P
and subsequently replacing w = w{Q] by:
2 2 2
w o= {wp+n a“i+1i+ a"i+%(n+2 af’ +2n+/t+-—-——3 W ++t+2——a+w)}
anp 3y, anp2 anp 3L, atpz
3 ] 3
D PR T SN s WA L RN WA lPor U S B Y “’1 (2.137)
6 an.3 o2 il sy ath? 313
p p- ¥p p ¥p p
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However, as already explained, this equation will also be written in a
limiting form and the evaluation of the integrals is carried out
numerically as shown in Chapter 3. Equation (2.134) for a point P on the

boundary is, therefore, written as:

lim { [ (V, w- M w, My v ) dS(Q)
cs Sg 4 4 an sn M 4 “n
| aW
ow 4
“"SI_S (U4w-M4§+;mn-w4unl dS(Q)]’
k
= 7 if W, Vhw dA{q) + {1 {1ey w, - 17,1 Wk, (2.138)
A=

where w4, 3W4/3n, M4, V4 and T4 are given by equations (2.133). Note
that if P is a corner point, two such equations can be written, one either

side of the corner.

2.3.11 Integral Equation for Twisting Moment at an Interior Point

The twisting moment at a point p inside the plate domain is

given by:
2%
m, = -0 (1-v) —— (2.139)
L an, of
"o “'p
Therefore, differentiating equations (2.87) accordingly gives:
alv
- o, 75
"t T g[{US w - Mg 5n * My = Wg vl dS1Q)
an
& 4
- AZT {71 w - 12] W}, + D ’j'{ws V4w dA(q) (2.140)
where: Wy = g'ﬂ" sin 29 (2.141a)
8w5 T-w
—=> = - g {sin (2v+8) - sin (2y -8} (2.141b)
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0 {1-v)

M, {{1+v) sin 2y - (1-v) sin {29 +28}} (2.141c)
§m n?
_ D {1-v) . ;
US = - Z—"2 {3(1-v) sin (Zy+3B) - (5~v) sin (Zy+B)}
4 n3
- 2
f D=7 G (20 + 28) (2.1414)
2n R #2
_ 2
T5 _D1-v) cos {2y +28) (2.141e)
4n n2

2.3.12 Integral Equation for Twisting Moment at a Boundary Point

An integral equation for the twisting moment at a point on
the boundary can be obtained by adopting the same limiting process as the

one described in deriving equation (2.130), thus giving:

lim { [ (Vo w - M aw sy asia)

0 Se 5 5 3n an N 5 'n =
ol
w 5

+ (Vow-M, &=+ —m -0, v ) dS{0)}

SJ‘-SE 5 5 an s M 57n
. k
=D ij W, viw dAlq) + Z (K w, - 1) 'UQ}J\ (2.142)

where the kernels w5, Bws/an, MS’ VS and T5 are given by equations (2.141),.

2.3.13 Integral Equations for Shear Force at an Interior Point

The shear force at an interior point p is given by:

2 2
Q = -Dg- V2 = - D4 (20,2 (2.143)
14 p o Bng Bi;

Hence, differentiating equation (2.87) gives:
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alv

= W, b .
Q, = - Sf WV, w- M, 5+ - m, - W, v, ) dS(q)
R L
- AZ] (T w- 11w}, +0 ‘{j W, v, dAlq) (2.144)
where:
W = <98 ]
, = T (2.145a)
awé T
- = - cos (1p+6) (2.145}3)
n 2 12
M, o= - D=3 o5 (y+28) (2.145¢)
m A3
Ué _ _3 0 - v) cos {y+3p) + g2—(—]’——----\-11-cc)s {(y + 28] (2.1454)
T At m at
T6 D (I -\)) sin NJ*ZB) (2.1453)
L

2.4 TFORMULATION STRATEGY AND CHOICE OF BOUNDARY INTEGRAL EQUATIONS

In Section 2.3, expressions were obtained for the boundary wvalues of
deflection, normal slope, normal moment and effective shear force in terms
of the same variables around the boundary and the transverse loading,

F = Dv%w, on the plate. Equation (2.142) gives the twisting moment at a
boundary point in terms of the boundary variables. An equation can also
be obtained for the jump in the twisting moment at a corner point by
writing equation (2.142) on either side of a corner and finding the
difference between them.

At a point on a smooth part of the boundary, there are, in general,

four variables: deflection, normal derivative of deflection, normal
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moment and effective shear force. The four equations expressing these
variables at a boundary point are given by equations (2.94), (2.123),
(2.130) and (2.138). In equations (2.94) and (2.123), the first terms
before the integrals are referred to as the "free terms" and relate to the
boundary variables for which the equations have been written. These
represent the limiting wvalues of the integrals over the arc SE as e > 0
(see Figure 2.11). For example, in equation (2.94), the free term is a
deflection term, whereas the free terms for equation (2.123) are deflection
derivatives. Furthermore, in Section 2.3, it was also shown that for a
point on a smooth part of the boundary, the free term coefficients are
each equal to 1 (see equations (2.94) and (2.109)). The explicit
evaluation of the "free terms" in equations (2.130) and (2.138) has not
been presented here. However, following the procedure outlined in

Sections 2.3.8 and 2.3.10, it can be verified that these free term

coefficients are also } on a smooth part of the boundary (see Tottenham
[1979]). For ease of reference, the four boundary integral equations
referred to above are rewritten below with the pertinent free terms stated
explicitly. Note that the coefficient of } is only applicable if the

boundary point lies on a smooth part of the boundary curve:

i aw , W
E‘W-P = "SJ.[VW-M—B-H—*EH‘I”-W Un) dS(Q_)
R
# LM w-u o, Aﬂ W F dAlq) (2.146/1)
A=
alv
1w oW 2
Ton, = " d V2@ Myaey t e Uy v BSI
R
+ 1 M) w- 1 w,), + [ W, FdAlq) (2.146/11)

A=1
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By
! - ooy dw o, T3
7™ T T SI(US w - Mg 5 n My = W vl dS(Q)
k
+ Er {17, w- 1) W}, + [[ Wy F dAlq) (2.146/T11)
A=
Bl
I - au 4
TV = - Wgw o My oy - Uy v, dSIQ)
k
+ AZT (T w- 1wl + [ u Fdalg) (2.146/1V)

Furthermore, it must be noted that for the convergence of the integrals in

these equations:

w = wQ - Wy in equation (2.146/IT)

aw 1Y

w = WQ - wP gL sﬁ;-— tP 52; in equation (2.146/I11)

and:

32w

5

3w 3w > 3w 32w 5
-n -z - g — - np, Ip —F - it
P P My Pat, P an% PP Mp 3y 4

w o= w, - w
Q

in equation (2.146/1IV)

If the boundary point is at a corner, the free term coefficients will, in
general, not be equal to }. There will also be additional free terms

for other deflection derivatives of the same order. TFor example, if the
boundary point is at a corner, equation (2.123) would have two free terms,

one for aw/3n_, and one for w/at

P [
Equations (2.146/I) to (2.146/IV) provide four equations expressing

the boundary variables w, 3w/3n, m, and v _, respectively, in terms of the

n
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same variables around the boundary and the twisting moment jumps at
corners. At a point on a smooth part of the boundary, two of the four
variables are given as boundary conditions. The other two solutions
required must be chosen from equations (2.146/1) to (2.146/IV). In most
of the published work to date, the first two equations have been used (see,
for example, Stern [1979], and Bezine [1978]). Tottenham [1979] has
adopted an intuitive approach, choosing one from the pair of equations
giving w and v, and one from those giving 3w/3n and m,. There are six
different ways that a pair of integral equations can be chosen from the
given four. The kernels in the first two equations are simpler than the
kernels in the other two. However, to date, there seems to be no
investigation available regarding the accuracy of each pair, when these
equations are solved numerically for a given degree of mesh discretisationm.

This particular aspect is examined in more detail in Chapter 3.

2.5 CONCLUDING REMARKS

Equations (2.146/I) to (2.146/IV), presented in the last section,
provide four equations expressing the boundary variables w, 3w/3n, m, and

v respectively, in terms of the same variables along the boundary and

n’
the twisting moment jumps at the corners. The Kirchhoff thin plate theory,
described in the earlier parts of this chapter, requires the prescription
of two boundary conditions at a general boundary point. This means that
there are two remaining unknowns to be determined, for which two equations
are required. In prineciple, any two of the four equatioms (2.146) can be
used to provide the extra relations required. However, as yet, no
investigation has been reported as to the degree of accuracy obtained

using each pair. In the next chapter, the results of a series of

numerical tests are presented which attempt to assess the. accuracy of each

pair.
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The two boundary conditions plus a pair of integral equations chosen
from equations (2.146) provide four relations for the four boundary
variables at a boundary point. (At a corner, there are more than four
variables and their treatment is explained later.) Once a solution has
been obtained, all the boundary variables will be known. Equations
(2.87), (2.96), (2.125), (2.132), (2.140) and (2.144) can then be used to
obtain any desired quantity at interior points of the plate. Note that
this is in contrast with the so-called domain approaches where interior
values are part of the sclution process. In most practical applicationms,
internal values are required at only a few points of interest and,
therefore, it could be said that the domain methods provide a great deal
of information that is not required.

The Boundary Integral formulation described in this chapter is known
as the direct formulation. A specific feature of this approach is that
the integral equations are in terms of the physical variables, with

boundary conditions involving these same variables,
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Myx

Figure 2.1: Sign convention showing positive direction for displacements,
stress and couple resultants
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Figure 2.2: Differential plate element under an equilibriating system of
internal and external forces
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Figure 2.3: Direct and shearing stresses on a differential plate element
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Figure 2.4: Section of a plate before and after deflection



- 76 —

0 i,V
pult Y —-
A B
11
r v
Yy
‘Bl
D ¢
Y7
Dr

Figure 2.5: Angular distortion of a rectangular parallelogram
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Figure 2.6: Rectangular plate in a rectangular Cartesian coordinate
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Figure 2.8: Plate domain, A, with a small region, AE, excluded from it
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Figure 2.9:
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Plate boundary showing region of exclusion
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Figure 2.10: Notation for directional derivatives at an interior point
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Figure 2.11: Notation for directional derivatives at a boundary point
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CHAPTER 3

NUMERICAL SOLUTION OF THE BOUNDARY INTEGRAL EQUATIONS

USING CONSTANT ELEMENTS

3.1 INTRODUCTION

The analytical solution of the integral equations derived in the

previous chapter is, in general, extremely difficult if not impossible.

However, the advent of the digital computer has made it possible to obtain

numerical solutions to these, otherwise intractable, problems in a very

elegant way.

The basic steps involved in the numerical solution

procedure are as follows:

(1)

(ii)

(iii)

The boundary curve is divided into a finite number of

segments or elements with each of which is associated a
certain number of nodal points at which the unknowns are to
be determined.

The number of nodes for each element depends on the order of
interpolation functions employved in approximating the
variation of the variables, along the element length, in terms
of their nodal wvalues. For example, if the value of a
variable is assumed to be constant throughout the length of
the element, only one node is associated with such an element
and it is situated at the mid-point of the element. This
type of element is referred to as a constant element. For a
linear element, two nodes are required, one at either end, and
the variation of the variables is assumed to be linear along
the element length. A quadratic element has three nodes, and
50 on.

A pair of integral equations from equations (2.146) is now set
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up at each nodal point in turn, and after invoking the boundary
conditions, a set of linear algebraic equations in terms of
the nodal unknowns is obtained.
(iv) After solving this system of equations, all the boundary
values will be known.
(v) Interior values of any required variable can then be computed

by using the appropriate integral equation for interior points.

Jaswon & Maiti [1968] have applied an integral equation formulation to
the problem of simply supported and clamped rectangular plates. In their
formulation, the lateral deflection of the plate is expressed in terms of
harmonic functions which are, in turn, expressed as potentials generated
by continuous simple source distributions on the boundary, with densities
to be determined. The boundary integral equations thus obtained are
numerically solved for these unknown densities. The authors discretise
the plate boundary using constant elements. Due to difficulties
encountered near corners (see Jaswon, Maiti & Symm [1967]), the corners of
the plate are rounded off by a circular arc. Altiero & Sikarskie [1978]
have presented a formulation which involves the embedding of the plate
domain under consideration in one for which the Green's functions for a
concentrated load and moment are knowm. An unspecified line load of
concentrated force and moment is then applied along the boundary of the
original plate region and the solution throughout the plate is represented
in terms of a boundary integral involving these unknown densities and the
Green's functions for the fictitious plate. The prescribed boundary
conditions for the original plate are then used to generate a pair of
coupled integral equations for the force and moment densities. The
authors, however, report difficulties with boundary conditions involving

high derivatives of deflections and only treat clamped boundary conditions.
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Furthermore, they report appreciable inaccuracy for the clamping moments
along the boundary. Maiti & Chakrabarty [1974] have applied an integral
equation method to the solution of simply supported polygonal plates under
uniformly distributed lcading conditions. Their discretisation is, in
principle, similar to that presented by Jaswon & Maiti [1968], mentioned
above. The authors report difficulties in obtaining accurate solutioms
for problems involving built-in edges. A similar formulation has been
adopted by Segedin & Brickell [1968] for the solution of simply supported
corner plates. Their results seem to be in close agreement with the
finite difference solution presented by Salvadori & Reggini [1968] (see
also Brickell [1970]). Tottenham [1979] has applied the so~called indirect
method to the problem of a uniformly loaded square plate with a square
central opening. The boundary conditions chosen for this problem were
simply supported on the external boundary and free along the internal
boundary. In these types of formulations, the unknown variables in the
integral equations do not usually have a direct physical meaning.,

As mentioned in the previous chapter, the integral equation
formulation presented in this work is the so-called direct formulation.
An attractive feature of the direct method is the fact that the variables
present in the integral equations have a physical meaning in terms of the
deflections and forces along the plate boundary. One of the early
contributions of this type is by Forbes & Reobinson [1969]. Their
discretisation assumes constant values of the nodal variables along each
segment. The boundary integral equations used are those for deflection
and normal slope at boundary points (similar to equations (2.94) and
(2.123)). They apply their formulation to a variety of plate and shallow
shell problems but restrict themselves to domains with smooth boundary
curves. Bezine & Gamby [1978] also use these same equations in a constant

element boundary integral equation formulation for plate bending problems.
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They present results for square plates under centrally applied loads, with
various boundary conditions. Other publications including constant
element formulations include Niwa, Kobayashi & Fukui [1974] and Dawson
[1980]. Stern [1979] uses linear interpelation of the nodal variables
and presents results for square plates under uniformly distributed load,
with simply supported and clamped edges. In addition to integral
equations for deflection and slope at the boundary, Tottenham [1979]

also writes equations for normal moment and effective shear force at the
boundary. Of these four equations, only two need be used at any boundary
point. This author chooses these equations such that at any nedal point,
the equations used are those relating to the boundary conditions at that
node. For example, at a node having clamped boundary conditioms,

w = 3w/3n = 0, the equations used are those for deflection and normal slope
at the boundary. Linear variation of the variables between nodal values
is assumed. Hansen [1976] applies what is basically the direct method to
the solution of infinite plates containing one or more holes. Free
boundary conditions are considered along the edges of the holes. Bezine
[198la] has extended the direct method to the analysis of plate flexure
problems with conditions inside the domain. The formulation assumes
constant variation of the variables along each boundary segment. The
plate domain is also divided into square panels on which the variation of
lateral force and deflection is assumed to be constant. This author
presents results for square plates supported on four interior supports,
having free, clamped and simply supported boundaries. In another paper,
Bezine [1981lb] presents an alternative formulation using the method of
similarities. More recently, the boundary integral equation method has
been applied to plate bending problems based on Reissner's plate model
(see, for example, van der Weein [1982a,1982b]). Recent publicatioms

include the application of the BIE method te the non-linear bending of
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thin elastic plates (see, for example, Tanaka [1982], and Kamiya, Sawaki &
Nakamura [1982]), computation of stress intensity factors (see, for example,
Stern & Kim [1980], and Kim [1982]), BIE solutions to the bending of thin
orthotropic plates (see, for example, Kamiya & Sawaki [1982]), and dynamic
and stability analysis of plates (see Gospodinov & Ljutskanov [1982]).

For a further list of references and bibliography, the reader is referred
to Hartmann [1981].

This chapter describes a numerical implementation of the boundary
integral equation formulation presented in Chapter 2. The discretisation
assumes the variables to remain constant along each boundary segment.
Numerical tests are presented using all possible pairs of integral
equations from equations (2.146) for square plates with clamped and simply

supported edges under a centrally applied load.

3.2 PARAMETRIC REPRESENTATION OF GEOMETRY

Figure 3.1 depicts a general plate domain in a cartesian coordinate
system, with the x,y plane taken to be the middle surface of the plate.
The plate boundary is approximated by a series of straight line elements,
and a node is placed at the mid-point of each element. It can be seen
that if sufficient numbers of elements are used, even curved boundaries
can be approximated with good accuracy. The geometry of each element is
described in terms of the coordinates of its end points and its intrinsie
coordinate, L. This can be understood more clearly by referring to
Figure 3.2, which shows a typical element AB of length L. A local
coordinate, £, is defined along the length of the element, and its
direction with respect to the outward normal is indicated. As shown, &
varies between -1 and +1 along the element.

The geometry of the element is now expressed as:
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x = Nplgl x; + Nyle) x, (3.1
y = Nileb gy + Nyle) g (3.2)
where: N] = + 1{T-¢) _ (3.3)
and: Nz = §(1+g) (3.4)

The functions N] and NZ are called shape functions. Note that an
important characteristic of the shape functions is that at each end of the
element, the shape function pertaining to that end is equal to unity and
the shape function for the other end vanishes. Furthermore, the
variation of these functions along the element is linear, indicating that
straight boundaries can be represented exactly using only the end ncde

coordinates.

3.3 INTEGRAL EQUATIONS IN DISCRETISED FORM

An important step in the numerical solution of the system of equations
formed by using a pair of integral equations from equations (2.146), with
suitable boundary conditions, is to approximate the wvariation of the
boundary wvariables along an element. The approximation adopted here is
the simplest, and the value of each variable is assumed to be constant
along each element. In view of this, for a general point P on the
boundary, the integral equations (2.146) of Chapter 2 can now be written

as:
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A=

where [ denotes the number of elements. The following points should be

noted in relation to equations (3.5) to (3.8):

(i) The integration over the boundary has now been replaced by the
sum of the integrals over each element.
(ii) Since the value of each variable is assumed to be constant
along each element, it can be placed outside the integral sign

when integrating over an element.
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{(iii) It was shown in Chapter 2 that some of the kernels in
equations (3.5) to (3.8) are singular. The integrals
containing singularities of the order of 1=l or higher cannot
be evaluated over the self element (the element containing the
point P) by using the same quadrature rule that is used to
evaluate the integrals over the other elements. This is
indicated in equations (3.5) to (3.8) by excluding the
contribution from these integrals in the summation signs and
replacing them by the coefficients C;, CgI, etc. Their
evaluation is carried out by using certain known deflection
fields and will be fully described in Section 3.5.2.2.

(iv) D v"w has been replaced by F, which is the intensity of the

lateral loading (see equation (2.67)).

An important point needs to be emphasised in equations (3.5) to (3.8)
regarding the terms relating to deflections and forces at corner points.
Figure 3.3 shows a square plate with its boundary discretised using
twelve constant elements. As already mentioned, there are four
variables at each node. Two of these are given as boundary conditioms,
thus leaving two unknowns at each nodal peint. For £ nodes, therefore,
the total number of unknowns will be 2£. If the boundary has corners,
there will, in general, be eight variables associated with each corner
point. This is due to the fact that at each corner point there are two
normals to the boundary, one on either side of the corner, therefore
providing two values for each of the variables of slope, moment and
effective shear force. These six, plus the deflection and the Kirchhoff
force, result in eight variables at a corner point. However, a constant
element discretisation does not provide for a node at the corner and the

proper consideration of all corner variables is not possible.
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Specifically, the values of slope, moment and effective shear force for
each side of the corner are the same as that for the node nearest to that
corner. S0, the only extra variables to be considered at the corner are
the deflection and the Kirchhoff corner force. Assuming that one of
these is given as a boundary condition, this leaves one unknown for each
corner. Therefore, the total number of unknowns would be (2£ + [} where
k is the number of cornmers.

Now, for every node on the boundary, twc integral equations can be
written, providing a total of Z2£ equations for the (2£+ k) unknowns, which
is not sufficient for a solution to be obtained. There are two ways of
overcoming this problem. The first is to ignore the summation over the
corners in equations (3.5) to (3.8), and solve only for the nodal unknowns.
In this case, the total number of unknowns will be 2£ and, therefore, a
solution can be obtained using the 2£ integral equations written at the
nodal points. However, as will be shown later, this method suffers from
the disadvantage that the computed values of the nodal variables in the
vicinity of a cormer are not very accurate, Furthermore, and perhaps
more important, it will be shown that certain pairs of equations chosen
from the set (3.5) to (3.8) do not provide any reasonable solution if the
corner unknowns are ignored. This seems to be the method adopted in most
constant element formulations presented to date.

An alternative approach presented here is to provide an additional
integral equation at each corner and thus obtain (2£ + k) equations for the
(2£ + k) unknowns. In this way, the solution would include the cormer
forces when they are present, whereas the former approach does not allow
for their computation. The additional integral equation required is
chosen either as equation (3.5) written at the corner, or the discretised
version of the corner force equation. This latter equation is obtained

by writing equation (2.142) for positive and negative sides of a corner
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and subtracting one equation from the other (see Figure 3.10). Figure
3.10 shows what is meant by a positive and negative side of a corner.
The side of a corner on which the positive direction of travel is away
from the corner is taken as the positive side and the negative side is
defined as that side of the corner on which the positive direction of

travel is towards the corner.

3.4 MATRIX REPRESENTATION OF THE SYSTEM OF EQUATIONS

Consider a square plate with its boundary discretised using, for
example, £ constant elements, as in Figure 3.3. With each element is
associated a node at the element mid-point. A pair of integral equations
from (3.5) to (3.8) is then written at every node in turn, providing 2£
equations involving the boundary wvariables at the nodes. Depending on
whether corner forces are considered or not, extra equations may or may
not be written at corner points. The final system of linear simultaneous

equations can be written in matrix form as:

[A] {u} + [A] {B} = {F} (3.9)

In this equation, {u} contains the nodal unknowns and {b} contains the
boundary conditions. [A] and [A] are (22 x28) or (22+Fh) x (22 + k)
matrices and their ccefficients are evaluated by integrating the
appropriate kernels along the boundary elements. The right hand side of
equation (3.9) is obtained by integrating, over the plate domain, the

right hand side of equations (3.5) to (3.8).
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3.5 EVALUATION OF THE EQUATION COEFFICIENTS

The analytical evaluation of the integrals in equations (3.5) to
(3.8) is extremely cumbersome and its extension to general boundary
curves may not be possible. Numerical integration coupled with
interpolation of the boundary curve provides an attractive alternative.
Various numerical integration schemes have been employed by different
authors. Bezine & Gamby [1978] use a trapezoidal formula with 20 sampling
points, Some authors have used Simpson's rule (see, for example,
Brickell [1970], and Segedin & Brickell [1968]) and others have employed
Gaussian quadrature (see, for example, Stern [1979], and Tottenham [1%79]).
Tottenham [1979] has employed both analytical and numerical integration
with linear elements.

The evaluation of the integrals presented in this work is carried out
using Gaussian quadrature formulae. However, care must be taken when the
integration interval contains the self point, P. In these cases, an

alternative treatment is necessary.

3.5.1 Integration Over an Element Not Containing the Self Point, P

For the evaluation of the boundary integrals over elements
which deo not contain the self point, P, a one-dimensional Gaussian
gquadrature formula can be used. This is given by:

+] h
_J'I §le) de = iz} we §le) + E, (3.10)

where the uu’are weighting coefficients, Ei are the coordinates of the 4Lth
integration point, 6(EL) is the value of the function at this integration

point, and n is the total number of integration points (see, for example,

Stroud & Secrest [1966]).

Tables of Gauss point coordinates and weighting coefficients
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can be found in most texts on numerical analysis (see, for example, Scheid
[1968]). The integration in equations (3.5) to (3.8) is with respect to
the arc length, S. Since the coordinates and the coefficients for the
numerical integration are referred to the £ coordinate, a transformation
relationship between S and £ is required. This can be obtained using the
chain rule, giving:

dS = = dg (3.11)

dS/dt is called the Jacobian of the transformation and is derived as

follows:

dS = (dx2+dy?)? (3.12)

Since X and 4 are written as functions of £ by the use of the shape
functions, the derivative in equation (3.9) with respect to £ can be

written as:

_dx
dx = & dg (3.13)
dy = Y g (3.14)
dE )

Substitution of equations (3.13) and (3.14) into equation (3.12) gives:

2 2 1
as = ([ @] (3.15)
1
which reduces to: g%— = [(g%)z + f%g}z} (3.16)

For the geometrical representation described by equations (3.1) to (3.4),

the Jacobian is computed as follows:

& - — Xt =%, = - Xyt i, (3.17)
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dy dNI sz
= _.,g +-——_y = - ‘!y + —ry (3.18)
dt de 1 de 2 N L)
From equation (3.16):
ds 1
g = {Hxg-x)2 o+ by, - gp) 2 (3.19)
%SE - | (3.20)

where L is the length of the element. Therefore, a typical integral with

respect to dS can now be written as:

ey ds = [(+) 5 de (3.21)

The computer program which was written based on the implementation
described in this chapter incorporates a six point Gaussian quadrature
rule. This allows for a very accurate evaluation of the integrals over

each element.

3.5.2 Integration Over an Element Containing the Self Point, P

3.5.2,1 Logarithmic singularities

The Gaussian quadrature described in Section 3.5.1 is
not suitable when the integrand is singular. For logarithmically
singular kernels, an alternative numerical integration scheme is employed

which is given by the formula:
1 7 n
of In (7} §lc) do = ;;Zr w, iz, (3.22)

where the WL are weighting coefficients, Ci is the coordinate of the
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Ath sampling point, and n is the total number of such points in the range

0 <g < 1. Tables of coordinates and weights for logarithmic quadrature
are given by Stroud & Secrest [1966]. Note that the limits of integration
vary between zero and one. This means that the integration has to be
carried out over the two halves of the element separately (see Figure 3.4).
Furthermore, the kernels in equations (3.5) and (3.6) must be altered to
take the form shown in equation (3.22). This is done by noting that,

along the element, the distance 4 from P is given by:

where | is the length of the element. The kernels in equation (3.5)

which contain logarithmic terms can now be written as (see equations

(2.78)):
W = ! 2% 1n il ¢ =——-’——fa21n!f.-Ln21nl (3.24)
§v D z §7 D : En D z )
W 1 , AcosB _ 1 ‘PR I fcosB
ny " grpriniler—= = grprlnil-gmprlnct g
= —-l—-(Zn 1n {L + % cos R) - ——L—-n ln-l (3.25)
§t D 2 dr P o )
Mn _ ?é;v cos 78 - 2(2;\ﬂ _ ZIEZ\M In iL ¢
- - ’8'“" cos 78 - 2”8:"’ - 2”8:") in 3L +ﬂ%;_"l 1n-3;- (3.26)

However, the shear kernel in equation (3.5) is #l singular, and cannot be
integrated numerically. The evaluation of coefficients which involve
singularities of #~! or higher order will be discussed in Section 3.5.2.2.

Proceeding as above, the kernels in equation (3.6)
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can now be written as (see equations (2.97)):

1
wz = - E;Lﬁ-m cos ¥ ~ §%£5 cos ¢ In JL + anﬁo; In z (3.27)
alv
2z _ 1 _ 2 cos (y~B) L
g ~ & D {2 cos (y-8l + cos (y+8l} - =—p5—1ng

2 cos (y - B) 1
* v D In T

(3.28)

The moment and effective shear kernels in equation (3.6) behave like 47!
and n‘z, respectively, and their evaluation will be discussed in Section
3.5.2,2. Equation (3.7) has only one logarithmically singular kernel,

and can be written as:

Wy = - E%-{(FJ'v) + 2{1+v) In JL ¢ + (1-v) cos 2y}
W - *L‘{{T'*v) + [T -v) cos 2y + 2{1 +v) ln‘L}
3 &n 2
+ —L-{2[1-+v) 1n l} (3.29)
&% 4 .

Equation (3.8), however, does not contain any logarithmic singular kernels,
The transformed kernels expressed by equations (3.24)
to (3.29) can now be numerically integrated upon noting that only the
terms involving In !/ must be integrated using the logarithmic quadrature,
The remaining terms are integrated using ordinary Gaussian quadrature.
Along the self element, these kernels can be further simplified upon noting
that for £< 0, y = 8B = n/2, and for £ > 0, ¢y = B = 3n/2; therefore,
equations (3.24) to (3.29) simplify to:
!

w = mfl.zlnz”_-

1,1
gT[D}L lnE (3.30)
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W 4 T S |
BnQ T 4n D In 4 P 1n z (.31
_ T+3v _ 2{1+v) T4y . 1
Moo= -2 o2t In L+ ==Y 1n o (3.32)
wz = (3.33)
aly
z _ __1_ Ly, 1.1
Wy = - {v+ali+v mbp e Lgeyy il (3.35)
3 & 2 4n z ’

As can be seen, some of the above terms are constant along the element and
their integration can be carried out simply by multiplying the pertinent

constant by the element length.

3.5.2.2 Singularities of order £~! and higher

The numerical integration schemes described above
cannot be used for the evaluation of integrals containing kernels which
have singularities of the order #~! or higher over the self element.
These integrals can either be evaluated analytically, as outlined in
Chapter 2, or, alternatively, their effective values can be evaluated by
using certain known deflection fields. It must be noted that, for
example, the coefficient C§ in equation (3.5) is made up of two terms:
(a) the integral of the effective shear kernel, V, over the self element,
and (b) a free term which represents the discontinuity jump in deflection
as the point p, inside the domain, approaches the boundary. The
procedure described here for determining these coefficients allows for any
guch compound terms to be computed directly and no distinction need be

made between free terms or terms involving integrals.
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The coefficient for wP in equations (3.5) to (3.8)

can be computed by noting that for a constant deflection field, w= 1,

these equations yield (see Tottenham [1979]):

;L k

i+ 1 fvds+ ] IM =0 (3.36a)
=1 £ k=1
i#P

171 & k

;i + 1 Jv,ds+ 1T, = 0 (3.36b)
£=1 4 k=1
A#P

i1 & &

R Z [ ds + Z ;1 = ¢ (3.36¢)
£=1 L =
i#P

Vo fjuase ]

C; + + [T = (3.36d)

= A a1 4R
A#P

where £ is the total number of elements, the first summation excludes the
self element and the second summation is over all the corners. Equations
(3.36), therefore, provide expressions for the coefficient of WP in
equations (3.5) to (3.8), which hold irrespective of the order of
singularity of the kernels. The integrals are evaluated numerically
using ordinary Gaussian quadrature formulae. The coefficient for BW/BHP
in equations (3.6) to (3.8) can be computed by imposing a deflection field
on the plate, giving aw/anP = 1. Such a deflection field can be written

as:

(3.37)

where ”P is the unit outward normal direction at point P, As can be seen
from Figure 3.5, this is a linearly varying deflection field.

Substituting equation (3.37) into equations (3.6) to (3.8), and noting

that uﬁ,= 0 (see Figure 3.5) for this deflection field, gives:

W et

11 £ 3w R
¢,” = - VywdS+ § [ M, =odS- ] 7w (3.38a)
i=1 £ =1

P

A

%
A£D

H
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111 £ R

CZ = z I V wdSs + ): I M3 3}1 - Z [T3] Wk (3.38b)
/r_=1 L b=1
A#P L#P

1v £ k

C; o= - L [Vwds+ E [ My gdS - ] M1 w, (3.38¢)
4=1 £ i h=1
A#P u‘P

In equations (3.38), all integrations are computed numerically using
Gaussian quadrature. Proceeding in the same manner, the coefficient for
moment in equations (3.7) and (3.8) is obtained by imposing a quadratic

deflection field, giving unit moment at point P. This is given by:

R B
w = 7D nP (3.39)
It can be verified that:
wP = (3.40a)
W 1 _
"a—n—' = - -.D- YLP = { (3.401))
P
2
m =—‘D(M v-a—w) =-Dx{-l-) = 1 {3.40¢)
P sn2 312 4
P P

Substituting equation (3.39) into equations (3.7) and (3.8) gives:

£ £ 3l
1171 w 3
C = V, wdS + M ds - —~ mdS
3 4‘.21 { 5 L'Er { 3 9 gr ,{ an
A#P AP i#P
1 i )
+ W, v dS - [M.] w- [£1 W (3.41a)
i#P
v £ £ £,
c =-,{j_u4wd3+zjm4an -'z j__
L=1 & £ i=1 i
A#P »(.#'P £P
£ k
+ 3 [wyv, dS - ZI g w- w,} (3.41b)

s:f‘-
o -
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It is important to note that for the quadratic deflection field given by
equations (3.39), the twisting moment is equal to zero only along
directions parallel and perpendicular to o Aleng an arbitrary
direction, there is, in general, a non-zero value for twisting moment,
hence resulting in a non-zero value of effective shear force. Finally,
the coefficient for effective shear force in equation (3.8) is obtained by

imposing a cubic deflection field on the plate, giving unit effective

shear force at point P. This is given by:
W o= - o3 (3.42)
60 7P :

From equation (3.42), it can be seen that:

_ 1 3 _
UJP = "~ %D VLP = (3.43a)
w1
n, = D ng~ = 0 (3.43b)
2 2 n
mP=-‘D(aw2*\Jau;)=—D><(~—£l=0 (3.43¢)
anP anP D
3 3
UP=—D(BM;+(2-\J)—-M-—2-)=-‘DX(-—% =1 (3.43d)
anP Bnp atP

Substitution of equation (3.38) into equation (3.8) now gives:

£ V4 z aly
v aw 4
C = - V, wdsS + M, — ds - —m dS
4 LZJ { ¢ ,aZr { 4 ,-;Er ,{ an
i4P {#P {#P
£ k
# 1 fupv,ds- 3 {Imd w - 1wl (3.44)
i=1 1 A=1
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3.6 EVALUATION OF THE SECOND MEMBER

Having computed the equation coefficients, as described in the
previous section, they are then placed in the [A] and [A] matrices in

equation (3.7) according to the fellowing rules:

(i) The coefficients for all unknown variables are placed in the
[A] matrix.
(ii) The coefficients for all variables given as boundary

conditions are placed in the [A] matrix.

Equation (3.7) can now be written as:

(Al {u} = {F} - (A1 {(BY (3.45)

The second member of this equation contains two parts, {F} and [A]{b}.

The latter term can be computed simply by multiplying the [A] matrix by
the boundary conditions {b6}. The first term, {F}, is obtained by
evaluating the integral, over the domain of the plate, of the product of
the transverse load intensity, F, and the deflection kernel for equations
(3.5) and (3.6) at each point P, In the chapter relating to the
quadratic implementation, a procedure is described for evaluating the
domain integral referred to above for a general type of loading. However,

only concentrated and uniformly distributed loads are considered here.

3,6.1 Concentrated Loads

If the loading on the plate consists of concentrated loads,
Fi, the value of ﬂ'FGJda is simply the work done by the concentrated
loads, FL’ through the deflections of the fundamental solution at the

point of application of the load. For example, considering Figure 3.6,
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the contribution to the boundary integral equations (3.5) and (3.6) from

the concentrated loads FT and F2 are given by:
Juwrdh = wir) Fp o+ win,) F (3.46)

[[u, dA = w,0n,,0,) Fy + (0,0, F, (3.47)

3.6.2 Uniformly Distributed Load

For a uniformly distributed lead, the evaluation of the
contributions from the transverse loading involves the integration of the
deflection kernel over the plate domain. The load intensity, F, is a

constant and can remain outside the integral sign, i.e.

[wrda = F [fwdA (3.48)

This integral is also evaluated numerically using a two-dimensional
Gaussian quadrature. This is given by (see, for example, Stroud &

Secrest [1966]):

IH f” 1)
Flg,n) dg dn = w.w. Flg.,n,) (3.49)
-1 -1 i=t =1 <4

where Mk and wj are weighting coefficients, EL and nj are the coordinates
of the Gaussian quadrature points, and #n is the number of quadrature points.

To evaluate the integral in equation (3.48) using equation
(3.49), the plate domain is discretised into a number of rectangular
elements, as shown in Figure 3.7. On each element, a set of coordinates
E,n are defined as depicted by Figure 3.8. The element has associated

with it four nodes, as shown. The element geometry is then defined using
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the coordinates of the four nodes and appropriate interpolation or shape

functions as follows (see, for example, Zienkiewicz [1977]):

where: N1

N

As mentioned in Section 3.5.1, a transformation rule is

I

4

& Mo

4

.z Ni Yi
£=1
11 - €)1 - n)
H1+g) (1 -n)

H1+g)(1 +n)

i1 -g) (1 +n)

required in changing from dx dy to dt dn.

& Plumpton [1972]):

[ §(x,y) dx dy

where J is the Jacobian of the transformation and is given by:

X

1

Yy
9k

X
on

= [[ gle,n) J dg dn

(3.50)

(3.51)

(3.52a)

(3.52b)

(3.52¢)

(3.52d)

This is given by (see Chirgwin

(3.53)

(3.54)

The integrals in equations (3.5) to (3.8) which contain the transverse

load intensity, F, are therefore written as:
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[[ wFdA

1|

F [ wie,n) Jdedn = F Z X wew, Wie; nl.T (3.55)
i=1 4=1 §

[uw,FdA=F [[w,e,n) Jdedn FZ waw(a n)J (3.56)

£=1 4=1 1
n
Juw, FdA=F [[wsle,n) Tdedn=F Er {r we w; WalEy,ng) J (3.57)
A= j"
Juw,FdA=F [Jude,n) Jdedn=F Z] 21 . w(g n)J (3.58)
=1 4=

In the present study, these integrals have been evaluated using a 3 x 3
Gaussian quadrature rule. Tables for the relevant weights and abscissae

are given by Stroud & Secrest [1966].

3.7 NUMERICAL RESULTS

The necessary steps involved in obtaining a numerical solution to the
problem of the bending of plates under lateral loading by the use of the
integral equation formulation presented in Chapter 2 have been described
in Section 3.1. As mentioned before, there does not appear to be any
investigation available as to which pair of integral equations from (3.5)
to (3.8) should be used at each boundary point. Furthermore, in the
constant element implementation published to date, the effect of the
Kirchhoff corner forces seem to have been ignored. In this section,

numerical tests are presented with two objectives in view:

(1) to ascertain the accuracy of each possible pair of integral
equations from (3.5) to (3.8) by applying them to some standard
plate bending problems;

{2) to investigate the effect of the inclusion of the Kirchhoff

corner forces in the constant element formulation.
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The following numerical tests were carried out using a computer
program written by the author incorporating constant elements. In the
examples that follow, the numerical integration over non-self elements
have been carried out using six Gauss points. Over the self element, the
logarithmic numerical integrations have been carried out using seven
sampling points.

In most of what follows, the discussion will be mainly focused on the
equation pairs combining [(3.5) and (3.6)] and [(3.7) and (3.8)]. As
will be seen later, in most of the cases studied, those two pairs provide
the most diverse results, and solutions obtained using other equation
pairs usually lie between the results obtained using these two.

An important question to consider at this stage is whether a solution
to the integral equation pairs chosen from equations (3.5) to (3.8) exists,
and if so, is the solution unique? The rigorous treatment of this
problem is outside the scope of the present work; however, some authors
have investigated this problem in the case of integral equations applied
to harmonic (see Christiansen [1975]) and biharmonic (see Christiansen &
Hougard [1977]) problems. They have shown that for certain exceptional
boundary curves, the solution may be non-unique. As an example, consider
a circular plate of unit radius under a centrally applied load. Suppose
the pair of integral equations chosen is equations (3.5) and (3.6). The
deflection kernels in these equations contain lnf terms. The
contribution to the right hand member of the system of equations, due to
the external loading, computed from equations (3.46) and (3.47) would be
zero, since Inl1.0 = 0,0, It is, therefore, important to scale the
preblem domain when such equation pairs are used. The above authors
suggest, however, additional integral constraints in order to overcome
this difficulty. In the examples presented in this chapter, and later on

in Chapters 5 and 6, the problem domain has been scaled appropriately and
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no difficulties were encountered.

3.7.1 Clamped and Simply Supported Square Plates

Figure 3.9 shows a square plate of side L with its boundary
discretised by a number of constant elements. The plate is assumed to
carry a concentrated load applied at its centre. In the present context,
two types of boundary conditions are considered: (i) all four edges
clamped, and (ii) all four edges simply supported. Furthermore, the
corner forces have not been included. The effect of including the corner
forces is shown in Section 3.7.2.

Table 3.1 gives the computed values of the deflection at the
centre, for each possible pair of equations from (3.5) to (3.8) and
various degrees of discretisation, when all four boundaries of the plate
are clamped. The figures in brackets indicate percentage errors with
respect to the solution given by Timoshenke & Woinowsky-Krieger [1959].
The number of elements in each case has been chosen such that a node is
provided at the mid-point of each side. Table 3.2 gives the values of
the normal moment along half an edge of the plate and compares them with
the finite element solution given by Sanders [1969] as quoted by Bezine
{1§78]. The mid-point figure of -0.126 is given by Timoshenko &
Woinowsky-Krieger [1959]. The rest of the figures due to Sanders have
been measured from the graphical representation as given by Bezine &
Gamby [1978]. Table 3.3 gives computed values of effective shear force
along a half edge of the plate and compares them with the finite element
solution given in graphical form in the same reference.

Table 3.4 gives the computed values of deflection at the
centre of the plate with simply supported boundary conditioms. The
result for each pair of equations and each degree of discretisation is

compared against the sclution given by Timoshenko & Woinowsky-Krieger
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{1959]. Computed values of slope along a half edge are given in Table
3.5, and are compared against the series solution given by Timoshenko &
Woinowsky-Krieger [1959). Finally, Table 3.6 compares the.computed
values of effective shear force acting along the half edge of the plate
with the values measured from the graphical representation given by
Timoshenko & Woinowsky-Krieger [1959].

From Table 3.1, it can be seen that when the chosen pair of
equations does not include equation (3.5), the accuracy for the computed
values of the central deflection deteriorates. This effect seems much
more pronounced for the simply supported case, as is evident from Table
3.4, In fact the figures suggest that the inaccuracy increases with
respect to the order of singularity of the kernels in the chosen pair of
equations. The most inaccurate values are obtained using equations (3.7)
and (3.8). A more important point to note is that in this case, the
results given for simply supported boundary conditions is totally
unreliable compared with that given for clamped boundary conditions. In
fact, by increasing the number of elements to 76, the error in the
computation of the central deflection was reduced to 17% for the clamped
boundary condition case, whereas no significant improvement was obtained
for the simply supported one. This would suggest that for clamped
boundary conditions, using equations (3.7) and (3.8), convergence to the
correct solution is possible; however, a very large number of elements
must be used in discretising the boundary. Equations (3.7) and (3.8),
however, do not seem to provide any reliable solution for the central
deflection when the plate boundaries are simply supported. The most
accurate values seem to be given by equations (3.3) and (3.6), even for
relatively coarse meshes.

In order to understand the reason for the above observation,

it is necessary to examine the boundary solutions obtained using each
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equation pair. From Table 3.2, it can be seen that for points remote
from the corners, the computed values for moments along a half edge differ
by an average of 2.5% between the solution given by equations [(3.5) and
(3.6)] and [(3.7) and (3.8)]. However, for points near corners, this
discrepancy is larger. A similar observation can be made for the
effective shear force along a half edge of the plate given in Table 3.3.
In fact, for the more singular equations, the effective shear force near
the corners seems to be slightly high. The inaccuracies observed in the
computation of the central deflections can, therefore, be attributed to
the discrepancies between the computed values along the boundary. For
the plate with simply supported boundary conditions, the situation is
somewhat different. Taking equations [(3.53) and (3.6)] and [(3.7) and
(3.8)] as the two extreme conditioms, it can be seen that the computed
values along the edge for slope and effective shear force using these
equations vary considerably. Table 3.5 shows that the computed values
for slope using equations {3.5) and (3.6) agree very well with the series
solution given by Timoshenko & Woinowsky-Krieger [1959]. However, the
slopes computed using equations (3.7) and (3.8) are inaccurate, even for
points remote from corners. In both cases, however, the computed values
of effective shear force for points remote from the mid-point deviate from
those piven by Timoshenko & Woinowsky-Krieger to such an extent that as
the corner is approached, the computed values become unreliable. In
short, numerical results obtained by using equations (3.3) and (3.6) are
satisfactory, except for the computation of effective shear force along
the boundary for the simply supported case. The most inaccurate results
are given by equations (3.7) and (3.8). If the plate boundaries are
clamped, the tests show that convergence to the correct solution using
equations (3.7) and (3.8) is possible, only if a very large number of

elements is used, However, if the plate boundaries are simply supported,
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these equations provide totally unreliable results, As can be seen from
the tables, the results obtained by other equation pairs seem to lie
between those given by equations [(3.5) and (3.6)] and [(3.7) and (3.8)].
The exact explanation as to why the above equations behave in
this way is probably in the realm of mathematicians; however, an intuitive
argument based on the numerical results obtained here is given as follows:
As mentioned at the beginning of this section, the numerical solutions
obtained above using equation pairs from (3.5) to (3.8) do not include the
terms containing the corner reactionms. If the two edges either side of a
rectangular corner are clamped, the corner reaction at that corner is zero.
However, if the two edges either side of a right-angled corner are simply
supported, there will, in general, be a non-zerc value for the corner
reaction at that point. The author believes that it is the exclusion of
these corner reactions that results in the poor performance of some of the
equation pairs. This is qualitatively supported by the fact that the
results for the simply supported case are worse than those for the clamped
case for equation pairs which do not provide accurate results, for example,
(3.7) and (3.8). It is believed that this is because, in the clamped
case, the value for the corner reaction is zero and ignoring it, therefore,
has a much lesser effect than in the simply supported case, where there is
a non-zero value for the corner reaction. For example, the results
obtained using equations (3.7) and (3.8) for the simply supported case are
totally unreliable, whereas in the clamped case convergence to the correct
solution can be detected, albeit slow. Furthermore, the results show
that, in the simply supported case, for all equation pairs, the computed
values of effective shear force along the boundary deteriorates as the
corner is approached. In fact, even for equations (3.5) and (3.6), the
computed values near the corner are highly inaccurate,. It appears as if

the effect of all vertical forces have been combined together and that the
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computed values of the effective shear force near the corners have tried
to replace the corner reactioms. Although in this case the effective
shear force along the boundary near the corners is computed incorrectly,
the results show that the computed values for slope and internal
deflection are still accurate for equation pairs containing the least
singular kernels. However, for equation pairs containing the more
strongly singular kernels, this situation does not seem to hold.

In Section 3.7.2, numerical results for test cases similar to
those presented above are given, but this time the corner forces are

accounted for, so that the validity of the above argument can be verified.

3.7.2 Clamped and Simply Supported Square Plates: Corner Reactions

Included in BIE Formulations

In this section, numerical results are presented for simply
supported square plates under a centrally applied point load. However,
in this case, the effect of the cormer reactions present in equations
(3.5) to (3.8) is incorporated in the computer program. The inclusion of
the corner reactions introduces an extra unknown at each cormer point.
Therefore, an additional equation is required at each corner to solve for
this unknown. As mentioned in Section 3.3, this additional equation is
provided either by equation (3.5) or by the discretised version of the
corner force equation. This latter equation is obtained by writing
equation (2.141) on either side of a corner and subtracting the resulting
two equations from one another. Note that since, by definition, the
twisting moment jump at a corner is in the direction of increasing arc
length, equation (2.141) on the negative side of a corner has to be
subtracted from equation (2.141) on the positive side (see Figure 3.10).

Tables 3.7 to 3.10 indicate clearly that the inclusion of the

corner reactions dramatically affect the computed value of the central
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deflection. A comparison with Tables 3.1 and 3.2 shows that accurate
values for the central deflection can now be obtained for almost any pair
of integral equations chosen from (3.5) to (3.8). It is seen that by
including the corner reactions in the computations, accurate results can
be obtained, even for equation pairs containing highly singular kernels,
particularly equations (3.7) and (3.8), where previous numerical tests
provided unreliable results. Nevertheless, it appears that the choice of
the corner equation affects the accuracy of the solution obtained. It is
seen that the choice of the corner equation has little effect on the
computation of the central deflection, when the equation pairs used do not
contain highly singular kernels, for example, equations (3.5) and (3.6).
However, if the equation pair used contains highly singular kermels, the
difference in the solutions obtained can be large. Furthermore, this
discrepancy is much more pronounced when the plate boundaries are simply
supported. Tables 3.9 and 3.10 indicate that the most favourable choice
of corner equation is dependent on the choice of the boundary integral
equations used. If the equation pair used containg highly singular
kernels, equation (3.3) provides a better choice for the corner equation.
However, if the equation pair used contains kernels which have
singularities of a lower order, both corner equations provide a similar
solution.

The above discussion is based on the accuracy of the computed
values of the central deflection. However, in order to decide which
combination of equations provides better overall results, it is also
necessary to examine the sclution obtained along the boundary. Tables
3.11 and 3.12 show that for a square plate with clamped boundaries, the
computed value of normal moments along an edge agrees very favourably with
the results given by Sanders, as quoted by Bezine & Gamby [1978], for all

pairs of integral equations and both choices of cormer equation.
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Similarly, Tables 3.13 and 3.14 show that the computed values of slope
along an edge are also satisfactory for all equation pairs and both choices
of corner equations. However, once again, it is seen that the solution
cbtained using equation (3.5) at the corner is more accurate when the
boundary integral equations used contain highly singular kernels.
Furthermore, comparing these results with Table 3.5 shows that the
inclusion of the corner reactions in the computations has markedly
increased the accuracy of the solution obtained using these equation pairs.
Tables 3.15 and 3.16 show that, for all combinations of equations, the
computed value of effective shear force along the boundary is in close
agreement with the numerieal solution given by Sanders [1969], as quoted
by Bezine & Gamby [1978], for boundary points remote from corners.
However, in the vicinity of a corner point, the differences between the
various BIE solutions and the Sanders solution are magnified.
Nevertheless, it can be seen that there is overall agreement, at least
qualitatively, on the variation of the effective shear force along the
boundary. For the case of a simply supported square plate, a somewhat
similar situation holds. As can be seen from Tables 3.17 and 3.18, the
computed value of the effective shear force, for points remote from
corners, is in close agreement with those obtained from the graphical
representation given by Timoshenko & Woinowsky-Krieger [1959]. However,
in the vicinity of a cormer, the solution becomes less reliable.
Nevertheless, a comparison with Table 3.6 shows that, for some equation
pairs, a significant iIncrease in accuracy has been obtained. This is
demonstrated by the small numerical value computed for the effective shear
force, in the vicinity of a corner, and its gradual increase to a maximum
value at the mid-point. The equation combinations which roughly provide

such a solution profile are:
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(i) equations (3.5) and (3.6) with the equation for twisting
moment jump at corners;

(ii) equations (3.5) and (3.8) with the equation for twisting
moment jump at corners;

(iii) equations (3.6) and (3.7) with the equation for twisting

moment jump at corners.

Finally, Tables 3.19 to 3.22 indicate that, for the clamped boundary
condition case, all equation combinations provide a satisfactory value for
the corner reaction. However, for the plate with simply supported
boundary conditions, more accurate results are obtained if the corner

equation used is that for twisting moment jump at a corner.

3.8 CONCLUDING REMARKS

The numerical test cases presented in the last section were aimed at
asgessing the accuracy of the wvarious possible pairs of the boundary
integral equations that can be used in obtaining a numerical solutiomn to
the problem of bending of plates under lateral loading. In the constant
element formulations presented to date, the effects of the Kirchhoff
corner forces have not been included in the numerical treatment. The
numerical results show that, if the Kirchhoff corner forces are ignored,
only those equation pairs containing less singular kernels provide an
accurate solution. Equation pairs containing the more singular kernels
provide unreliable results, especially if the plate boundaries are simply
supported. For example, equations (3.5) and (3.6) usually provide more
accurate results than equations (3.7) and (3.8). However, even when
equations (3.5) and (3.6) are used, the computed values of the effective
shear force along the boundary become unreliable in the vicinity of a

simply supported corner. This effect is not so strong if the boundaries
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are clamped either side of a corner (see Figures 3.11 and 3.12).

The Kirchhoff corner forces can be included in the analysis by
writing an equation at each corner of the plate and associating an unknown
corner reaction with each corner. This extra equation can be chosen
either as equation (3.5) or the equation for twisting moment jump at a
corner. It is seen from Tables 3.9 to 3.14 that, by including the
Kirchhoff forces in the numerical treatment, accurate results can be
obtained for the computed value of the central deflection and slopes and
moments along the boundary, for almost all pairs of boundary integral
equation. The accuracy of the results, however, is to a certain extent
dependent on the choice of the corner equations. For example, the
computed value of the central deflection, using eguations (3.7) and (3.8),
is more accurate if the corner equation chosen is equation (3.5). Slopes
and moments along the boundary, however, do not seem to be significantly
affected by the choice of the corner equation.

Tables 3.15 to 3.18 show that for points remote from the cormers, the
computed values of effective shear force along the boundary agree
favourably with the finite element results given by Sanders [1969].
However, for points on the boundary which are near corners, the various
solutions do not agree. It is important to note that, once again, the
simply supported case proves to be the more difficult of the two types of
boundary conditions considered. Figures 3.11 and 3.12 show the variatiomn
of the effective shear force along a half edge for both type of boundary
conditions considered. The boundary integral solutions shown are those
obtained using equations (3.5) and (3.6). This seems to be an
appropriate choice since this pair of equations usually provides as pgood
as, or better, accuracy than the other equation pairs, and requires less
computational effort due to its simpler kernels. It is seen from

Figure 3.11 that for clamped boundary conditions, the computed values of
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the effective shear force along the boundary agrees reasonably well with
the solution given by Sanders. However, it seems that the more accurate
values are obtained if cormer reactions are ignored. This is to be
expected since ignoring the corner reactions has the same effect as
including them, but setting their values to be zero, which is the correct
value for the corner reaction at a clamped corner. Tables 3.19 to 3.22
show that when corner reactions are included, the computed wvalues for
corner reactions are small but not zero for clamped boundary conditions.
It appears that these non-zero corner forces affect the computed values of
effective shear force along the boundary in the vicinity of a clamped
corner.

Figure 3.12 shows that in order to compute the effective shear force
along the boundary, for a simply supported plate, to a tolerable degree of
accuracy, it is essential to include the corner reactions in the analysis.
Furthermore, it is seen that the more acceptable results are obtained by
choosing, as the corner equation, the equation for twisting moment jump
at a corner. This is also true for the computation of the corner

reactions as seen in Tables 3.19 to 3.22.



Deflection, W, at the Centroid of a Clamped Square Plate Under a Centrally Applied Point Load, F (Figure 3.9)

TABLE 3.1

Poisson's ratio, v = 0.3

Integral Equation Solutions

D
W x Exact
F L2 I &1II I & ITI I &IV IT & TII I & IV IIT & IV
4 element 0.00525 0.00565 0.03055 0.00854 0.16299 0.54563
elements (-6.25%) (0.89%) (>500%) (52.5%) (>2000%) (>9000%)
12 elements 0.00567 0.00571 0.00538 0.00573 0.00397 0.00351
(1.25%) (1.96%) (-3.93%) (2.32%2) (-29.11%) (=37.32%)
0.00560
28 elements 0.00562 0.00571 0.00559 0.00617 0.00281 -0.00188
elemen (0.36%) (1.96%) (~0.18%) (10.18%) (-49.82%) (-66%)
60 elements 0.00561 0.00557 0.00560 0.00574 0.00508 0.00385
(0.18%) (-0.54%) (exact) (2.5%) (-9.29%) (~31.25%)
I : equation (3.5)
IT : equation (3.6)
III : equation (3.7)
IV : equation (3.8)
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TABLE 3.2

Normal Momentxipnéf, Along a Half Edge for a Clamped Square Plate with a Load, F, at its Centre

60 Constant Elements Used (Figure 3.9)

Poisson's ratie, v = 0.3

x/L ﬁﬁﬁﬁ;{f I6II I&IIT | T &IV | II & ITI | II & IV | III & IV
0.0 _%i;§?7 -0.126 ~0.126 | -0.128 | -0.126 -0.126 -0.123
0.07 | -0.1194 | -0.120 ~0.120 ~0.122 -0.120 ~0.120 ~0.117
0.13 | -0.101 -0.103 -0.103 ~0.104 0.103 | -0.102 -0.100
0.2 ~0.0796 | -0.079 ~0.079 -0.079 -0.078 -0.078 ~0.076
0.27 | -0.049 -0.051 -0.051 | -0.051 -0.050 -0.050 ~0.049
0.33 | -0.0245 | -0.025 -0.025 ~0.023 ~0.023 ~0.023 ~0.023
0.4 -0.0061 | -0.0044 -0.004 -0.006 -0.004 -0.003 £0.003
0.47 | -0.0012 | +0.002 ~0.008 | +0.012 +0.002 +0.005 +0,004

TWK : Timoshenko & Woinowsky-Krieger [1959]

I : equation (3,5)
IT : equation (3.6)
III : equation (3.7)
IV : equation (3.8)
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TABLE 3.3

Effective Shear Force,_;gn><(L/F), Along a Half Edge for a Clamped Square Plate

with a Load, F, at its Centre.

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L S[alngdﬁeg""]s I&TII | T &TIIT | T &IV | II & III | II & IV { IIT & IV
0.0 0.800 0.798 0.795 0.798 0.802 0.795 0.79
0.07 0.740 0.745 0.742 0.745 0.748 0.742 0.738
0.13 0.6 0.598 0.593 0.599 0.6 0.597 0.594
0.2 0.4 0.390 0.388 0.388 0.391 0.39 0.390
0.27 0.16 0.154 0.135 0.160 0.155 0.158 0.158
0.33 -0.084 -0.063 -0.033 -0.083 -0.071 -0.064 -0.059
0.4 -0.228 -0.251 ~0.434 -0.153 ~0.240 -0.213 ~0.208
0.47 -0.116 -0.097 0.086 -0.181 "0.110 -0.136 -0.133
1 : equation (3.5)

II : equation (3.86)

ITI : equation (3.7)

IV : equation (3.8)
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TABLE 3.4

Deflection, w, at the Centroid of a Simply Supported Square Plate Under a

Centrally Applied Point Load, F (Figure 3.9)

Poisson's ratio, v = 0.3

D Integral Equation Solutions
W x Exact

F L2 1& 11 I & III I &IV 11 & III IT & IV III & IV

4 el . 0.01221 0.01276 0.10652 0.01629 -0.54188 -0.25476

elements (5.26%) (10%) (>800%) (40.43%) (>-4000%) (>-2000%)

12 el . 0.01204 0.01186 0.02701 0.00259 -0.06118 -0.05581

elements (3.79%) (2.24%) (>1000%) (-77.67%) (>-600%) (>-500%)

0.01160

28 el . 0.01161 0.01149 0.01372 0.00679 -0.1952 -0.03044

elements (0.09%) (-0.95%) (18.28%) (-41.47%) (>-1000%) (>-300%)

60 ol . 0.01160 0.01165 0,01224 0.00860 ~0.00527 -0.01944

elements (exact) (0.43%) (5.52%) (~25.86%) (>-140%) (>-200%)
I : equation (3.5)
ITI : equation (3.6)
IIT : equation (3.7)
IV : equation (3.8)
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Normal Slope, - [aw/dn) x (L/F D), Along Half an Edge of a Simply Supported Square Plate

TABLE 3.5

with a Load, F, at its Centre.

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L TWK I &1L I & TIT I &1V IT & IIT IT & IV III & IV
0.0 0.030 0.030 0.028 0.033 0.030 0.022 0.017
0.07 0.029 0.029 0.028 0.032 0.029 0.022 0.016
0.13 0.027 0.027 0.025 0.03 0.027. 0.020 0.014
0.2 0.023 0.023 0.022 0.026 0.024 0.016 0.012
0.27 0.019 0.019 0.018 0.021 0.019 0.012 0.009
0.33 0.014 0.014 0.013 0.016 0.014 0.008 0.005
0.4 0.009 0.009 0.007 0.009 0.009 0.003 0.002
0.47 0.003 0.003 0.000 -0.001 0.003 -0.001 -0.001
TWK : Timoshenko & Woinowsky-Krieger [1959]

I : equation (3.5)

IT : equation (3.6)

III : equation (3.7)

IV : equation (3.8)
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Effective Shear Force,_;yn><(L/F), Along a Half Edge for a Simply Supported Square Plate

TABLE 3.6

Under a Centrally Applied Point Load, F.

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3
x/L TWK I &1IIX I & IIX I &1V IT & IITX IT & IV IIT & IV
0.0 0.621 0.654 0.670 0.661 0.642 0.642 0.623
0.07 0.6 0.629 0.642 0.637 0.618 0.617 0.598
0.13 0.557 0.566 0.584 0.572 0.552 0.55 0.529
0.2 0.471 0.455 0.488 0.480 0.458 0.452 0.430
0.27 0.351 0.412 0,427 0.376 0.35 0.337 0.314
0.33 0.278 0.083 0.173 0.265 0.234 0.209 0.185
0.4 0.163 0.833 1.048 0.110 0.202 0.044 0.026
0.47 0.043 -1.428 -1.812 ~-0.886 -0.876 -0.706 -0.478

TWK : Timoshenko & Woinowsky-Krieger [1959]

I
II

IV

: equation
! equation
IIT :

equation

¢ equation

(3.5)
(3.6)
(3.7
(3.8)
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TABLE 3.7

Deflection, w, at the Centrold of a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation (3.5). 44 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

D Integral Equation Scolutions
W x Exact
F L2 I & II I & I1I I & IV II & III II & IV IIT & IV
Clamped 0.00561 | 0.00562 | 0.00560 | 0.00560 | 0.00563 | 0.00562 | 0.0056
Simply 0.01143 | 0.01158 | 0.01126 | 0.01171 | 0.01156 | 0.01192 | 0.0116
Supported
I : equation (3.5)

ITI : equation {3.6)
III : equation (3.7)
IV : equation (3.8)
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TABLE 3.8

Deflection, W, at the Centroid of a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation for Twisting Moment Jump at Corners.

44 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

D Integral Equation Solutions
W x Exact
F L2 I & IX I & III I & IV 11 & IIT IT & IV ITI & IV
Clamped 0.00561 0.00561 0.00560 0.00625 0.00592 0.00615 0.0056
Simply 0.01153 | 0.01140 | 0.01170 | 0.01283 | 0.00801 | 0.00271 | 0.0116
Supported
I : equation (3.5)
IT : equation (3.6)
III : equation (3.7)
IV : equation (3.8)
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TABLE 3.9

Deflection, W, at the Centroid of a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation (3.53).

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

F a2 Integral Equation Solutions
w/{ D ) Exact
Ist1l | Te1ir | 1s81v | TT&1I1T | IT & 1v | IIT & IV
Clamped 0.00561 | 0.00562 | 0.00560 | 0.00561 | 0.00562 | 0.00562 | 0.0056
Simply 0.0115 0.0116 0.0114 0.0117 0.01156 | 0.01183 | 0.0116
Supported

I : equation (3.5)
II : equation (3.6)
III : equation (3.7)
Iv : equation (3.8)
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TABLE 3.10

Deflection, W, at the Centroid of a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation for Twisting Moment Jump at Corners.

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

F a2 Integral Equation Solutions
w/{ D ) Exact
I & IT I & I1I I & IV IT & III IT & IV IIT & IV
Clamped 0.00561 0.00561 0.00560 0.00603 0.00582 0.00616 0.0056
Simply 0.0116 0.0116 0.0117 0.01267 | 0.00879 | 0.0033 0.0116
Supported
I + equation (3.5)
ITI : equation (3.6)
IITI : equation {3.7)
IV : equation (3.8)
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TABLE 3.11

Normal Moment,_mnﬁf, Along a Half Edge for a Clamped Square Plate with a Load, F, at its Centre.

Corner Reactions Included Using Equation (3.5).

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L Sanders | [ o 4y | 14 111 I &IV II & IIT | II & IV | III & IV
[1969]

0.0 -0.126 | 5 996 | -0.126 | -0.127 -0.126 ~0.126 -0.125
- (Tl‘m) . - - - L] L]

0.07 -0.119 -0.120 -0.120 -0.121 -0.120 -0.120 -0.119

0.13 -0.101 -0.103 -0.103 -0.104 -0.103 -0.103 -0.103

0.2 -0.080 -0.078 -0.078 =0.079 -0.078 -0.079 -0.078

0.27 -0.049 -0.050 -0.050 -0.050 -0.050 -0.051 -0.051

0.33 -0.025 -0.024 -0.024 -0.023 -0.024 -0.024 -0.025

0.4 -0.006 -0.004 -0.005 -0.003 -0.004 -0.005 -0.006

0.47 -0.001 0.001 0.002 0.002 0.001 0.001 0.001

TWK : Timoshenko & Woinowsky-Krieger [1959]

I : equation (3.5)

IT : equation (3.6)

I1I : equation (3.7)

IV : equation (3.8)
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Normal Moment,_@n/F, Along a Half Edpge for a Clamped Square Plate with a Load, F, at its Centre.

TABLE 3.12

Corner Reactions Included Using Equation for Twisting Moment Jump at Corners.

60 Constant Elements Used {(Figure 3.9)

Poisson's ratio, v = 0.3

x/L Sanders |\ o pr | permr | resw | rreTiz | mmew | 1rrs w
[1969]
-0.126
0.0 (TWK) -0.126 -0.126 -0.127 ~0.126 -0.127 -0.126
0.07 ~0.119 -0.120 -0.120 -0.121 -0.120 -0.120 -0.120
0.13 -0.101 -0.103 -0.103 -0.104 ~0.103 -0.103 -0.103
0.2 -0.080 -0.078 -0.078 -0.079 -0.078 -0,079 -0.079
0.27 -0.049 -0.050 -0.050 -~0.,050 -0.050 -0.051 -0.052
0.33 -0.025 -0.024 -(.024 -0.024 =-0.024 -0.024 -0.026
0.4 -0.006 -0.004 -0.004 -0.002 -0.004 -0.005 -0.007
0.47 -0.001 0.003 0.000 0.000 -0.003 0.000 0.000
TWK : Timoshenko & Woinowsky-Krieger [1959]
T : equation (3.5)
IT : equation (3.6)
IIT : equation (3.7)
IV : equation (3.8)
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TABLE 3.13

Normal Slope, - {3w/3n} x (D/F L), Along Half an Edge of a Simply Supported Square Plate with

a Concentrated Load at its Centre. Corner Reactlons Included Using Equation (3.5).

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

xfL TWK I&I1I I& 111 I&I1IV IT & III IT & IV ITI & IV
¢.0 0.030 0.029 0.030 0.028 0.030 0.029 0.029
0.07 0.029 0.028 0.030 0.028 0.029 0.029 0.028
0.13 0.027 0.026 0.028 0.026 0.027 0.027 0.026
0.2 0.023 0.023 0.024 0.022 0.023 0.023 0.023
0.27 0.019 0.019 0.020 0.018 . 0,019 0.019 0.019
0.33 0.014 0.014 0.015 0.013 0.014 0.014 0.014
0.4 0.009 0.008 0.010 0.008 0.009 0.008 0.009
0.47 0.003 0.002 0.004 0.004 0.003 0.003 0.003

TWK : Timoshenko & Woinowsky-Krieger [1959]

I ¢ equation (3.5)
IT : equation (3.6)
ITI : equation (3.7)
IV : equation (3.8)
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TABLE 3.14

Normal Slope, - (3w/dn} x (D/F L], Along Half an Edge of a Simply Supported Square Plate with

a Concentrated Load, F, at its Centre. _ Cornper Reactions Included Using Equation for

Twisting Moment Jump at Corners. 60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L TWK Té&II I & III I &IV IT & TIII IT & IV III & IV

0.0 0.030 0.029 0.031 0.030 0.030 0.028 0.026 ;
0.07 0.029 0.029 0.030 0.029 0.029 0.028 0.025 ?
0.13 0.027 0.027 0.028 0.027 0.027 0.025 0.023

0.2 0.023 0.023 0.025 0.024 ¢.023 0.022 0.020

0.27 0.019 0.019 0.021 0.019 0.019 0.018 0.016

0.33 0.014 0.014 0.016 0.014 0.014 0.013 0.012

0.4 0.009 0.008 0.010 0.009 0.009 0.008 0.007

0.47 0.003 0.003 0.005 0.002 0.003 0.002 0.002

TWK : Timoshenko & Woinowsky-Krieger [1959]

I : eqguation (3.5)
ITI : equation (3.6)
III : equation (3.7)
IV : equation (3.8)



TABLE 3.15

Effective Shear Force,_:y”’X(L/F), Along Half an Edge of a Clamped Square Plate with

a Load,_f, at its Centre. Corner Reactions Included Using Equation (3.5).

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L Sanders | [ o7 | a1 | T &IV | TI & ITT | IT & IV | TIT & IV
[1969] !

’_l

0.0 0.80 0.798 0.799 0.798 0.802 0.794 0.789 ﬁ
I

0.07 0.740 0.745 0.745 0.745 0.748 0.741 0.737

0.13 0.600 0.599 0.599 0.598 0.600 0.596 0.593

0.2 0.400 0.390 0.390 0.389 0.390 0.389 0.388

0.27 0.160 0.155 0.155 0.154 0.154 0.155 0.157

0.33 -0.084 -0.066 -0.065 -0.065 -0.072 -0.067 —0.062

0.4 -0.228 -0.238 -0.239 -0.236 -0.243 ~-0,223 -0.213

0.47 -0.116 ~0.142 ~-0.128 -0.122 -0.134 -0.133 -0.143

I + equation (3.5)

II ¢ equation (3.6)

IIT : equation (3.7)

IV : equation (3.8)



TABLE 3.16

Effective Shear Force,_:yn><[L/F), Along Half an Edge of a Clamped Square Plate with

a Load, F, at its Centre. Corner Reactions Included Using Equation for

Twisting Moment Jump at Corners. 60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L iﬁﬂiﬁ;ﬁ I&TI | T&TIT | T &1Iv | IT & IIT | II & IV | TIII & IV
0.0 0.80 0.798 0.798 0.798 0.803 0.793 0.788
0.07 0.74 0.745 0.745 0.744 0.750 0.740 0.736
0.13 0.600 0.598 0.598 0.597 0.602 0.595 0.593
0.2 0.400 0.390 0.390 0.389 0.392 0.388 0.388
0.27 0.150 0.151 0.151 0.153 0.157 0.155 0.157
0.33 ~0.080 -0.054 ~0.060 | -0.062 ~0.068 -0.68 -0.063
0.4 -0.220 | -0.283 ~0.271 -0.252 -0.233 -0.226 -0.214
0.47 ~0.10 0.004 ~0.093 -0.111 -0.056 -0.132 ~0.146
I : equation (3.5)

ITI : equation (3.6)
IIT : equation (3.7)
IV : equation (3.8)
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TABLE 3.17

Effective Shear Force,_:yn><(L/F), Along Half an Edge of a Simply Supported Square Plate with

a Load, F, at its Centre, Corner Reactions Included Using Equation (3.5).

60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L TWK I &1II T & IIT I &1V IT & IIT IT & IV III & IV

0.0 0.621 0.647 0.642 0.646 0.651 0.649 0.648 é
0.07 0.6 0.624 0.617 0.622 0.627 0.625 0.624 T‘
0.13 0.557 0.552 0.550 0.556 0.563 0.560 0.558

0.2 0.471 0.469 0.454 0.462 0.470 0.466 0.464

0.27 0.351 0.305 0.340 0.355 0.366 0.359 0.358

0.33 0.278 0.376 0.236 0.245 0.261 0.249 0.249

0.4 0.163 -0.470 0.014 0.144 0.214 0.136 0.145

0.47 0.043 1.908 0.088 0.564 -0.269 0.260 0.464

TWK : Timoshenko & Woinowsky-Krieger [1959]

I : equation (3.5)
II : equation (3.6)
III : equation (3.7)
IV : equation (3.8)



TABLE 3.18

Effective Shear Force,_;yn><(L/F), Along Half an Edge of a Simply Supported Square Plate with

a Load, F, at its Centre. Corner reactions Included Using Equation for

Twisting Moment Jump at Corners. 60 Constant Elements Used (Figure 3.9)

Poisson's ratio, v = 0.3

x/L TWK I &1II I & III I &IV IT & III IT & IV IIT & IV
0.0 0.621 0.652 0.635 0.651 0.654 0.648 0.640
0.07 0.6 0.626 0.610 0.627 0.631 0.624 0.617
0.13 0.557 0.560 0.542 0.562 0.566 0.558 0.550
0.2 0.471 0.461 0.446 0.468 0.475 0.463 0.455
0.27 0.351 0.368 0.319 0.362 0.372 0.355 0.346
0.33 0.278 0.204 0.252 0.252 0.270 0.242 0.232
0.4 0.163 0.295 -0.236 0.132 0.218 0.119 0.113
0.47 0.043 -0.052 |  0.547 0.062 -0.072 0.101 0.181

TWK : Timoshenko & Woinowsky-Krieger {1959]

I ¢ equation (3.5)
IT : equation (3.6)
III : equation (3.7)
IV : equation (3.8)

- GLT -



TABLE 3.19

Corner Reactions, [f]/F, for a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation (3.5).

44 Constant Elements Used (Figure 3.9)

Integral Equation Solutions
[t1/F Exact
I & II I & III I &IV IT & III IT & IV ITI & IV
Clamped -0.008 -0.004 -0.004 -0.007 -0.005 -0.005 0.000
Simply
0.291 0.076 0.182 0.092 0,148 0.167 0.122

Supported
I : equation (3.5)
ITI : equation (3.6)
III : equation (3.7)
IV : equation (3.8)

- 9¢T -



TABLE 3.20

Corner Reactions, [£}/F, for a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation (3.5).

60 Constant Elements Used (Figure 3.9)

Integral Equation Solutions
[£)/F Exact
I&TII I & ITI I &IV IT & TII IT & IV IIT & IV
Clamped 0.004 0.003 0.002 0.004 0.003 0.003 0.000
Simply
0.295 0.100 0.186 0.091 0.147 0.169 0.122
Supported

I
I1
I1T
v

: equation (3.5)
: equation (3.6)
: equation (3.7)
: equatioen

(3.8)

- LET -



TABLE 3.21

Corner Reactions, [{]/F, for a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation for Twisting Moment Jump at Corners.

44 Constant Elements Used (Figure 3.9)

Integral Equation Solutions
[<1/F Exact
I &II I & IIT I&1IV IT & III IT & IV IIT & IV
Clamped 0.013 -0.005 -0.004 0.010 -0.006 -0.006 0.000
Simply
0.122 0.136 0.122 0.121 0.123 0.123 0.122
Supported

II
II1 :
1A%

! equation (3.5)
: equation (3.6)

equation (3.7)

: equation (3.8)

- 8ET -



TABLE 3.22

Corner Reactions, [£]/F, for a Square Plate Under a Centrally Applied Point Load.

Corner Reactions Included Using Equation for Twisting Moment Jump at Corners.

60 Constant Elements Used (Figure 3.9)

Integral Equation Solutions
[£}/F Exact
I &1II I & ITI I&1IV IT & I1II IT & IV IIT & IV
Clamped 0.010 0.002 0.002 0.009 0.004 0.004 0.000
Simply 0.122 0.125 0.122 0.121 0.123 0.123 0.122
Supported

I ¢ equation
IT : equation
ITI : equation
IV : equation

(3.5)
(3.6)
(3.7)
(3.8)

~ 6T -
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e S

node

element

Figure 3.1: Typical boundary discretisation using constant elements

P <

Figure 3.2: A constant element and its local coordinates
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9 8 ] 7
10 ¢ 16
11¢ ¢5
- - -
12 ¢ %4

1 ]
> - -
1 LS R 3

Figure 3.3: Square plate discretised using three constant elements along
each side

(a) € coordinate system

(b)  coordinate system

Figure 3.4: Intrinsic coordinates along a constant element
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Figure 3.5: A linearly varying displacement field, w = nP

Figure 3.6: Plate under concentrated loads, Fi
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Figure 3.7: Interior discretisation using four noded elements

AN
i 11 n=+1 i:i
® ®
E=1
. — £
E=-1 |
(€ i Q...
n=-1 n=-1 | n=-1

Figure 3.8: An area element in its local £,n coordinate system
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Figure 3.9: Boundary discretisation for a square plate under a centrally
applied load, F. 60 constant elements.
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~-ve side

+ve side

corner point

Figure 3.10: Sign convention for positive and negative sides of a corner
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0 Equations (3.5) and (3.6) with the
equation for twisting moment jump at

Sy x L A the corner
2 | Equations (3.5) and (3.6) with
equation (3.5) at the corners
° Equations (3.5) and (3.6) corner
reactions ignored
0.8 e Sanders [1969]
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0 l |
0.1 0.2 0.3 (R = B (O
-0.1}F
A
~-0.2
Q

Figure 3.11: Effective shear force along a half edge for a clamped square
plate under a centrally applied load, F (see Figure 3.9)
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Equations (3.5) and (3.6). Corner reactions included

using the equation for twisting moment jump at a corner

A Equations (3.5) and (3.6). Corner reaction included
using equation (3.5)

o) Equations (3.5) and (3.6). Corner reactions ignored
L
“Vn*F
T Timoshenko & Woinowsky-Krieger [1959]
(o]
0.8 |
6.7 F

— x/L

-0.2 k

A

Figure 3.12: Effective shear force along a half edge for a simply supported
square plate under a centrally applied load, F (see Figure 3.9)
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CHAPTER 4

NUMERICAL FORMULATION OF THE BIE METHOD

USING ISOPARAMETRIC QUADRATIC ELEMENTS

4.1 TINTRODUCTION

In the constant element formulation described in Chapter 3, the
numerical value of the boundary values are assumed to remain constant
along each element. It was shown that accurate solutions can be obtained
using this type of formulation applied to some simple problems. However,
to obtain a satisfactory degree of accuracy, for some boundary variables,
a large number of elements must be used. This is particularly true for
variables which vary rapidly along the boundary. The accurate modelling
of curved boundaries would also require a fine degree of discretisation.
The consequence of using a large number of constant elements is that the
final system of linear simultaneous equations will be relatively large and
this increases the execution time of the computer program. Furthermore,
it was shown in Section 3.1 that at a corner of a plate, there are, in
general, eight variables and a constant element formulation does not
provide for their computation. This could be one reason why the accuracy
of the computed values of the effective shear force along the boundary
deteriorates in the vicinity of a corner point.

In this chapter, a numerical solution procedure is described which
employs higher order interpolation functions in the approximation of the
boundary variables and boundary geometry. The plate boundary is
discretised using three-noded boundary elements. The variation of each
boundary variable along an element is given in terms of its nodal values
and quadratic interpolation functions. The elements are isoparametric
{see Zienkiewicz [1977]) in that the geometry of the element is described

using the same interpolation functions that are used for the approximation
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of the nodal variables. This allows for a more accurate approximation

of curved boundaries. Finally, the formulation provides for a choice of
eight-noded quadrilaterals or sixz-noded triangles, or a mixture of the two,
to be used in the discretisation of the interior region of the plate.

These elements also incorporate quadratic interpolation functions for the
description of nodal variables and element geometry. This allows for a
more accurate evaluation of the contribution of the transverse loading on
the plate for genmeral loading conditions.

The boundary integral equation pairs used in this chapter are the
equations for deflection and normal slope at the boundary, i.e. equations
(2.146/1) and (2.146/II). This appears to be an appropriate choice based
on the numerical results presented in Chapter 3, and the fact that the
expressions for the kernels in these equations are simpler than those in

the other possible equation pairs.

4.2 PARAMETRIC REPRESENTATION OF GEOMETRY

Figure 4.1 depicts a typical plate domain in a Cartesian coordinate
system, with the X,y plane taken to be the middle surface of the plate.
The plate boundary is approximated by a number of three-noded elements
{nine in this case). Each element has a node at its mid-point and a node
at either end. Figure 4.2 shows a typical element in the X,y plane.

The geometry of the element is described in terms of its nodal coordinates
and its intrinsic coordinate, E. The direction of E with respect to the
outward normal is as shown, and it takes the values -1 to +1 at nodes 1
and 3 of the element, respectively. The middle node, node number 2, is
situated at £ = 0.

The geometry of the element is now expressed as:

x = Nplg) xq + Nylg) x, + Nao(E) x4 (4.1)
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y = N(E) y; + Nylg) gy, + N:(E) g4 (4.2)

where the suffixes refer to the element node numbers, and the “'shape

functions" NI(E), Nz(g) and N3(E) are given by:

Ny = - del1-¢g] (4.3)
N, = (1-¢2) (4.4)
N3 = {Eg (T+¢) (4.5)

Note that at each node of the element, the shape function pertaining to
that nede is equal to unity and the shape functions for the other two
nodes vanish. Furthermore, the variation of these functions along an
element is quadratic, therefore, allowing a better representation of

curved boundaries than is possible with constant straight line elements.

4.3 APPROXIMATION OF THE NODAL VARTABLES ALONG AN ELEMENT

In the constant element formulation described in Chapter 3, the value
of each boundary variable was assumed to remain constant along each
element. To obtain an acceptable degree of accuracy when using this type
of formulation, a relatively large number of elements must be employed in
discretising the boundary. This leads to a large system of linear
simultaneous equations, requiring lengthy execution times.

In the formulation presented in this chapter, the variation of each
boundary variable along an element is given in terms of its nodal values

and quadratic shape functions as:



- 151 -

w = Np{g) wy + Ny(g) w, + Nz (g ws (4.6)
3 3w W
3w 1 ? 3
— = N (g) — + N, (g} —= + N, (&) —= (4.7)
on f n 2 n 5 o
m o= Nylg) my + Ny(g) m, + N3(£) g (4.8)
v = N’(E) UI + Nz(g} UZ + Ns(&’ Us (4.9)

where NJ(E}, N2{£) and NB(E) are given by equations (4.3) to (4.5), and
w, dw/3n, m and v are the deflection, normal slope, normal moment and

effective shear force, respectively, along the element.

4,4 TINTEGRAL EQUATIONS IN DISCRETISED FORM

The integral equation pair used in this chapter consists of the
equation for deflection at the boundary, equation (2.94), and the equation
for slope at the boundary, equation (2.123),. Figure 4.3 depicts a
rectangular plate with its boundary discretised inte m quadratic elements
giving rise to a total of n = Zm nodal points. Substitution of equations

(4.6) to (4.9) into the integral equation (2.94) gives:

m 3
cTwP® + 5T fwpt®ely [y w ds - Mpdibiely poy oy as
b=1 e=1 S, Sy
+ mipdEre)) ) Wy, ds - v, (PH0Cly [y ds)
b
¢ e(A) e(A)
£ 3 M et - (P el = 0 ff wovtw dA (4.10)
L A

A=

(b,c])

where P% is the ath boundary node, Pd is the cth node of the bth

pd{5,3)

element (for example, is the 3rd node of the 5th element, which is
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node number 11 in Figure 4.3), Pe(hl

Pe(B)

is the Ath corner node (for example,
is node number 13 in Figure 4.3), and Sb refers to element b, The
coefficient CI is the free term, which is given by ik in equatiom (2.94).
The right hand side of this equation has not been written in the
discretised form. The discretisation of the integral over the domain,
and its evaluation, will be described in Section 4.7. Similarly,

substituting equations (4.6) to (4.9) into equation (2.123) gives:

m 3
C,If aw(Pa) + c:IrI 3‘”(?‘1} + ZI EI [wp®rely _wip?)y Vo N, dS
= 0= S
b

a0

- Bupdlbsely poy w ds m (pAE0Cl) 2
S S, on
b b

N, ds

-y (Pl g as)

S
& 2 (1) a e(x)
+ 1 A WP ) - w(PH)] - (P W, = 0[] w, vhw dA (4.11)
A=l A
where Pa, Pd(b’CJ, Pe(l) and Sb have the same meaning as in equation
(4.10). Note that this equation is written at a corner node and #t and %

refer to the normal and tangential directions on one side of a corner.

A similar equation can be written in terms of the normal and tangential
directions on the other side of a corner. Iif Pa is a point on a smooth
part of the boundary, then the coefficient Cir will vanish, and the

coefficient CiI will be equal to }.
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4.5 MATRIX REPRESENTATION OF THE SYSTEM OF EQUATIONS

Figure 4.3 shows a rectangular plate with its boundary discretised
into a number of three-noded elements. The matrix representation of the
system of linear simultaneous equations, obtained by using equations
(4.10) and (4.11), follows basically the procedure described in Section
3.4. However, since the quadratic formulation involves nodes at the
corners of the plate, certain complications arise which require more
detailed description.

At each node on a smooth part of the boundary, there are four
variables. These are the deflection, normal slope, normal moment and
effective shear force. Therefore, four relations are required at each of
these nodes in order to make a solution possible. These four relations
are provided by the two boundary conditions required by the Kirchhoff
plate theory and equations (4.10) and (4.11l) written at the node,.

The situation at a corner is somewhat less simple. At a corner node,
there are, in general, eight wvariables. This is because there are two
normal directions at a corner, n+ and n_, as shown in Figure 4.4. The
eight variables are the corner deflection, the slope, moment and effective
shear force on either side of the corner, and the Kirchhoff corner force.
Although equation (4.11) contains the tangential derivative at a corner,
this can be transformed in terms of the normal derivatives either side of

a corner using the following transformation:

——— = cot a - — (4.12a)
at’ an’ SR O 5"
e e (4.12b)
at Si0 @ 5y 3n

where o is the angle between the two normal directions, as shown in Figure

4.4, Equation {4.11) now contains only normal derivatives either side of
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a corner. Now, at a corner, eight relations are required to solve for
the eight variables present. One of these is given by equation (4.10),
and two more are provided by equation (4.11) written for either side of a
corner, The other five relations required can usually be given as
boundary conditions and they depend on the nature of support conditions
either side of a corner. In some cases, however, only four boundary
conditions are available. The treatment of these cases is discussed in
the next chapters in the context of the particular problem encountered.
Summarising the above, there are two unknowns at a node on a smooth
part of the boundary and three unknowns at each corner node. This leads
to {Z2n+ k) number of simultaneous equations, where n is the total number
of nodes around the boundary and k is the total number of cormers. The

resulting system of equations can be written in matrix form as:

[A] {u} + [A] {B} = {F} (4.13)

In this equation, [A] is a (Zn+k) x (2n + k) square matrix, {u} is a column
vector containing all the nodal unknowns, [A] is a (Zn+k) x (2n + 3k)
rectangular matrix, and {b} is a (Zn+ 3k} column vector containing the
boundary conditions. {F} is a (2n+ k) column vector containing the
contributions from the transverse loading on the plate. The coefficients
in [A] and [A] are evaluated by integrating the appropriate products of
kernels and shape functions along the elements. The right hand side of
equation (4.13) is evaluated by integrating, over the plate domain, the

right hand sides of equations (4.10) and (4.11).
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4.6 EVALUATION OF THE EQUATION COEFFICIENTS

The explicit evaluation of the coefficients arising from the
integrals in equations (4.10) and (4.11) is cumbersome and, as mentioned
before in Section 3.5, a numerical integration scheme is employed here as
an attractive alternative. The method of evaluation of the integrals
depends on whether the element, over which the integration is being
carried out, contains the node Pa or not. Each case needs to be

considered separately.

4.6.1 Integration Over an Element Which Does Not Contain Node Pa

If the integration interval does not contain node Pa, the
distance %, between Pa and any point in the integration interval, is
always greater than zero (see Figure 4.5). Therefore, all the kernels in
equations (4.10) and (4.11) remain bounded. In this case, ordinary
Gaussian quadrature formulae can be employed in the evaluation of the
integrals. The one-dimensional Gaussian quadrature formula is given by:

+] n
[ §le) dg = _{1 w, §lg;) + E, (4.14)
A=

where the w; are weighting coefficients, EL is the coordinate of the {th
integration point, 6(61) is the value of the function 4{£} at this point,
and n is the total number of integration points (see, for example, Stroud
& Secrest [1966]).

As mentioned in Section 3.5.1, the integration in equations
(4.10) and (4.11) are with respect to the arc length, S, whereas the
Gaussian quadrature formula (equation (4.14)) is given in terms of &. A
transformation relationship is, therefore, required between § and E.

This can be cobtained using the chain rule, thus giving:
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- 4as
dS = d de (4.15)

The quantity dS/d¢ is called the Jacobian of the transformation and is

given as follows (see equations (3.12) to (3.16)):

ZS_E - [(EE) + (asﬁ}z] (4.16)

For the geometrical representation given by equations (4.1) to (4.5), the
Jacobian is derived by straightforward differentiation of equations (4.1)

and (4.2). This gives:

2 2
J = &%= J{(E‘z’) X * (g+}) x3-25x2} +{le-}) y; + (£+]) ys-zgyz} 4.17)

It can be verified that if the element is straight, the Jacobian reduces
to L as in equation (3.20), where L is the length of the element. A

typical integral from equations (4.10) or (4.11) can now be written as:

+1
[l ds = f (<) Tdg (4.18)
Sy -1

where [+) indicates the product of a kernel and a shape function. As an
example, the first integral in equation (4.10) over element 5 in Figure

4.3 is written as:

9 10 11
waUandS+w Sj’Unde.S+w SfUnNst
5 5 5
+1 +] +1
= wo 10 11
= w? [ Vv N Tde+wt® [ U N, Tde+wl! [V NgTde (4.19)

S -1 51

The numerical integration scheme incorporated in the computer program
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written based on the quadratic implementation described in this chapter
employs a six point Gaussian quadrature. As mentioned in Section 3.5.1,
this allows for a very accurate evaluation of the integrals over each

element.

4.6.2 Integration Over Element(s) Containing Node Pa

The Gaussian quadrature scheme described in Section 4.6.1 does
not provide an accurate evaluation of the integrals if the integrand
becomes unbounded in the integration interval. Such is the case when the
node P% belongs to an element over which integration is being carried out.
The integration interval contains the point £ = 0, where In4, #~1 and n~2
become infinite, i.e. the integrands are singular. These types of
integrals are divided into two categories. Integrals containing
logarithmic singularities and integrals containing singularities of the

order £~ ! and higher.

4,6.2.1 Integrals containing logarithmic singularities

For logarithmically singular kernels, the numerical

integration scheme employed is given by:
1 1 n
Jmgdlerde = ] owggley) (4.20)

where the wi are the Gaussian weight coefficients, Ci is the coordinate of
the {th sampling point, and n is the total number of integration points.
Tables of coordinates and weights for logarithmic quadrature are given by
Stroud & Secrest [1966].

The logarithmic kernels appearing in equations (4.10)
and (4.11) do not have the form shown in equation (4.20) and must,

therefore, be modified accordingly. Furthermore, since the limits of
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integration, in equation (4.20), are between zero and one, different
transformation rules are required from the S to the { coordinate system,

depending on whether Pa is node one, two or three of the element.

(a) Pa is node one of the element: By referring to

Figure 4.6(a), it can be verified that the relation between the £ and g

coordinates is given by:

g = ZC - T (4-21)

Substitution of equation (4.21) into equations (4.3) to (4.5) gives:

N = (2g-T){c-1) (4.22)
N2 = 4¢ {1 -1¢) (4.23)
Ny = ¢ [2¢-1) (4.24)

Referring to Figure 4.6(a), the distance 4 of point P from another point

with coordinates X and ¢ is given as:

o
I

[(X.-XI)Z + [y'yrlz]

H
[N xp + Ny xy # Nz xg-xg)2 + (N gy +Np gy + N ys - gy )21 (4.25)

Substituting equations (4.22) to (4.24) into equation (4.25) gives:
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o= g {[(2z-3) x; + 4(1-1) x, + {2z -1) xs]?-
1
+ [{2c-3) y, + 411 -¢) gy, + (20-1) y3]2}2 (4.26)
The term InXi can now be written as:
Ins = 1lnt UT(Q) = - 1n %-+ In U,(c) (4.27)
where U1(;) is defined as:

plz) = {({2z-3) x; + 4(1-1) x, + (20-17) %52

L ERY

+ [(2g-3) g + 4(1-2) g, + (20-1) 512

The kernels in equations (4.10) and (4.11) containing logarithmic terms

can now be written as (see equations (3.24) to (3.28)):

W = 3'1?1‘17”2 In ¢ Up{z) = -gﬂlvnz 1n%+§w]—ﬁf12 In Uy (z) (4.28)

3%[:}—2 = -ﬁn ln%+ﬁ(2& In U;(c) *+ 2 cos B (4.29)

Moo= ”4‘;"’ ln%- —(-I-:g:;\icos 28 - ”;ﬂ"’ - ”4’;"’ 1n U, lz) (4.30)

w, = iﬁ%ln%-ﬂ!—ﬁ—&cosw—ﬁﬁcoswlnurfc} (4.31)
:{:Z = °°Sg,fr“"v' B) 1n%- ﬂ’—-ﬁ {2 cos {v-8) + cos [p+8]}

- cos LuoBl 4y g (g (4.32)
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The modified kernels expressed by equations (4.28) to (4.32) can now be
integrated upon noting that only the terms involving ln 1/ must be
integrated using logarithmic quadrature. The remaining terms can be
integrated using ordinary Gaussian quadrature since the expression UT(C)
is always greater than zero. The expression U?(C) can, therefore, be

written in terms of £ using equation (4.21), thus giving:

(el = {Ilg-2) %y + 2{1 - €] x, + £ %512

PNt

+e-2) gy + 21 -E) gy, + £ yg1?%) (4.33)
Finally, since the logarithmic quadrature formula is with respect to the
L coordinates, an expression is required for the Jacobian of the
transformation. This is, once again, obtained by using the chain rule,
giving:

_ ds dt
dS = agazdl_’, (4.34)
Substitution of equations (4.17) and (4.21) into equation (4.34) yields:
dS = 23 dg (4.35)

As an example, the integral containing the term {(~1/(&§n D) £#2 In1/z) of the
kernel W in equation (4.10), over element /4 in Figure 4.3 with PA = 7, is

written as:

1 1

]

1 1 i
7 -2 L 8 e y2
Unof ( SWD}L 1nC] NIXZJd;-PUn [ gTerI. 1n£) Nzxz_]'d;
9 ] 1 1
- 2 L
v, [ F—p ¢ In C1 Ny x 27 dt (4.36)

0



- 161 -

() Pa is node two of the element:

Figure 4.6(b) shows a

quadratic element with P as its mid-node. The relation between the £

and ¢ coordinates is now given by:

E = T between nodes 2 and 3

E = -z between nodes 1 and 2

Between nodes 2 and 3, the shape functions are given as (see equations

(4.3) to (4.5)):

— 4
N, = - S
Nz = (]"Cz)

= &
N3 = 2(1+C}

The distance % between P and any other point along the are (2,3) is

given by:

o
I

[lx-x;)2 + (y-yl)zlf’

!
- 2 212
[INg xg # Ny xp # Ny xg - 202+ [Ny + Ny gy + Ng yg) 21

Substitution of equations (4.38) to (4.40) into equation (4.4l) gives:

o= o {l-40-¢) % - o xy + {14z} x5]2

*-HT-2) gy - Ty, + H{T+g) y3]2}§,
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This gives:
Ins = IntC Uz 3(c] = - ln-% + 1n Uz 3(5] (4.43)
where Uz 3(;] is given by:
u, sle) = {[~301~2) x; - ¢ x, + §{1+2) x5]2
1
+1-400-2) gy - Ty, + $T 4] ya12) (4.44)

The kernels in equations (4.10) and (4.11) containing logarithmic terms
are written in exactly the same manner as equations (4.28) to (4.32), with
Uj(c) replaced by U2’3(c}. The modified kernels can now be integrated
upon noting that only the terms involving In !/f must be integrated using
logarithmic quadrature. The remaining terms can be integrated using
ordinary Gaussian quadrature since UZ(C) is always greater than zero.
Finally, since £ = ¢ for this case, the Jacobian is simply given by J in
equation (4.17). Between nodes 1 and 2, the shape functions are obtained

by substituting equation (4.37b) into equations (4.3) to (4.3), thus

giving:
N, = 5 (1) (4.45)
N2 = [1-1z2) (4.46)
Ny = -5 (1-2) (4.47)

The distance % between P* and any other point along the arc (1,2) is given

by equation (4.41). Using equations (4.45) to (4.47) gives:
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o= o {1 +2) %y - ¢ xy - 3T -} %52
1
[T+ 2) yy -ty - 311 -2) yg12) (4.48)
This gives:
Inx = 1ng UZ,I(C) = - 1In %—+ 1n UZ,I(C) (4.49)

where U2 1(;) is given by:
?

u, ple) = {1300 +2) x; - o xp) - 407 -} x5)?

Nl

* 3 *e) yy - gy, - T -3l yal?) (4.50)
The kernels in equations (4.10) and (4.11) containing logarithmic terms
are the same as those given by equations (4.28) to (4.32) with UI(C)
replaced by UZ,I{C)' As mentioned already, only the terms containing

In !1/z must be integrated using logarithmic quadrature. Finally, since

E = -z in this case, the Jacobian is given by -J. However, it must be
noted that, in this case, the integration with respect to £ is in the

opposite sense to that with respect to the arc length S, i.e.

!
ey ds = - [(-) dt (4.51)
12 0
This is because, along the are (1,2}, the direction of increasing ¢ is

opposite to that of increasing S. Therefore, equation (4.51) can now be

written as:
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T 1
dS dg
Jl)dS = - [(-) 52 32de = [{«) Jdz (4.52)
17 oI dg dt 0

where, once again, J is given by equation (4.17).

(c) Pa is node three of the element: Figure 4.6(c) shows

that, in this case, the relation between the E and [ coordinates is given
by:

E = 1 -2t {4.53)

Substitution of this equation into equations (4.3) to (4.5) gives:

NT = ¢ {2c-1) (4.54)
NZ = 4r (1-zt) (4.55)
N3 = [(Zr-1){g-1) (4.56)

The distance Z# of point P* from another point with coordinates x and ¢

along the element is now given by:
o= T {[(ZC‘-T) X, * 4(1 -¢) Xg + (2r - 3) x3]2
1
+ UZe-1) yy + 401 -¢) y, + (22 -3) y5]?}? (4.57)
Using equation (4.57) gives:

1
Inht = 1lnc U3(;) = - 1In E—+ 1n U3(§) (4.58)
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where U3(C) is defined as:
Uslz) = {[(2c-1) x; + 4(1-1) x, + (25~ 3] %512
» U2 -1) gy + 40 -2) g, + (20-3) 4,12} (4.59)

The kernels in equations (4.10) and (4.11l) which contain logarithmic
singularities are the same as those given by equations (4.28) to (4.32),
except that UI(Q) must be replaced by Us(cl. Note that, as in (a) above,
only the terms involving ln I/¢ need be integrated using the logarithmic
quadrature rule. The remaining terms are integrated using ordinary
Gaussian quadrature, since US(C] >0 for 0 < ¢ < 1. The expression for

Us(c) is, therefore, transformed back to a function of £, giving:

gled = fl- £x; + 201 +€) x5 - (Z+8) x5]2
1
- ey + 21+E) y, - (2+E) y,12%) (4.60)
Finally, referring to equations (4.34) and (4.53) gives:
_ ds dg _
d3 = ag-aE-dg = 27 dg (4.61)

However, since in this case the integration with respect to { is in the
opposite sense to that with respect to the arc length S, a typical integral

over the element would be written as:
1 ds de 1
fls) dS = - OJ’(-) @ a9 = oj(-l 27 dr (4.62)

It is seen that this is identical to the expression obtained in (a) above.
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4,6.2.2 Integrals containing singularities of the order of

n~l and higher

The only kernel in equation (4.10) which has a
singularity of #~! is the shear kernel. Referring to equations (2.90),
it can be seen that the shear kernel along the elements containing the
ncde Pa can be adequately expressed by equation (2.91d), which is repeated
below:
noT T ;_n (32-12\)) (4.63)
It is seen that the singularity is effectively removed and that the shear
kernel vanishes if the element is along a straight boundary, that is having
zero curvature. Therefore, the contributions from this kernel to nodes
other than Pa can be computed using ordinary Gaussian quadrature. Over

the self element(s), therefore, this gives integrals of the form:

3
T wedlbedy oy on gs (4.64)
n e
C=T Sb

a#d(b,c}
Note that if PT is a mid-side node, there is only one self element to be
considered. However, if P is an inter-element node, it is connected to
two elements and both of these elements should be considered as self

elements. Finally, the coefficient for w({P?) is obtained, as explained

in Section 3.5.2.2, by considering a constant deflection field, w = 1.

This gives:
oY e 1o
¢t = - ) v - [ (4.65)
b<1 =1 5, " © A=T A
a#d(b,e) ate{r}

In equation (4.11), there are two singular kernels. The shear kernel has
a singularity of the order #~2 and the moment kernel has a singularity of

the order 4~ l. It may be recalled from Chapter 2, Section 2.3.6, that in
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order to remove the x~2 singularity in equation (2.98), the deflection
field, w, is expanded in the neighbourhood of the singularity using a
Taylor series (see equation (2.102))}. In the context of the present
quadratic formulatien, a contribution to the nodes on the self element is
obtained by considering the term 0(%2) in equation (2.103).

The deflection field w = w({Q) can be expanded in the

neighbourhood of the self point, P, by using a Taylor series:

2 32
w , 1% 3w

wQ = wp 32; 7 o (4.66)
3
o
Bw | a% 3w
giving: Woh = Wp = A o + — (4.67)
Qv rp 2 anpz

It was shown in Section 2.3.6 that the first term on the right hand side
of equation (4.67), combined with the integral containing aw/ano in
equation (2.98), yields the coefficiénts for normal and tangential
derivatives given in equation (2.107). In the numerical implementation
discussed in this chapter, the deflection field is assumed to vary
quadratically along each element. Therefore, a contribution to the
coefficients for nodal deflections along the self element is obtained from
the second term on the right hand side of equation (4.67) as:

x2 32w

[v, 5 ds (4.68)

2
BJ‘I_P

Along each element, the deflection field is given in terms of its nodal

values and quadratic interpeclation functions as:
- _-E 1. -2 £
w o= -5 (T-glw + (1-%) w, + 5 (1+£) wy (4.69)

(see also equation (4.6})). Upon noting that:
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wo_ w B

3 = an 3E (4.70)
W _ T w
and, therefore: o §E7§E 3% 4.7

the required second derivative in equation (4.67) can be written as:

32w 1 3 3%w _ 3%n w

an2  [an/ag)? % ap2 g2 BF

(4.72)

Since the X and ¢ coordinates of the points along each element are given as
functions of the intrinsic coordinate, £, only (see equations (4.1) and
(4.2)), the partial derivatives in equation (4.72) can be replaced by
ordinary derivatives, giving:

d’w 1 dr d?w  d?n dw

@2 (dnjde)? 05 de2 g2 9

(4.73)

Now, the distance 4 between any two points with coordinates X and 4 on the

self element and the self node, P, is given by:
H
no= [lx-xp)2 + (y-yp) 217 (4.74)

Therefore, differentiating equation {(4.74) with respect to £ gives:

(x - xp) dx/dg + (y - yp} dy/dE
g';;i - P P (4.75)
n

Further differentiation gives:
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d2 _ 1T d_zﬁ]
o AL 1+(aﬂ)+(xx) 2 -y
| dn

Todn [y, dx R-]
- o dE [(x xpl a (y yP) dg]

(4.

The derivatives dx/dE, dy/dg, d?x/dg?2 and d2y/dg? can all be computed

using equations (4.1} and (4.2), giving:

% = (-4+E) %, - 2 x, + (J+E) xg
g_g = (-4+8) ¢y - 264, + [§+E) ys
% = xr-2x2+x3
% = ¥; - Yy * Y3

and: — = w] - QLUZ + W

Equation (4.68) can now be written as:

[ v n? 3% s = [ A2 [dzw/dgz _ d?n/de? dw] s

27

2 (dn/de)?  (dujde)® O

where UZ is the effective shear kernel in equation (2.98).

equations (4.77) to (4.82) gives this equation as:

Using

(4.

(4.

(4.

(4

(4.

(4.

(4.

76)

77

78)

79)

.80)

81)

82)

83)
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2 1
v, 2 —— (w, - 2w, +w,)
IV % (dnjdg)2 123

_ d?n/de?

dn/de)? [(-3+&) wy - 2Ew, + ({+E] w3]} ds (4.84)
E

The coefficient for each node will, therefore, be given by taking the

nodal values outside the integral sign as:

11 n2 1 d?n/dE?
Cowy) = [V, 5 - (¢-1)} dS (4.85)
’ 20 Ndnde)2  (dn/de)®
11 . d2n/d?
Chw,) = [U,5% + (2z)} dS (4.86)
2 2T dn/de)?  (dr/dE)?
2 2 2
Mwg) = [, % (=T — - G (e 4y} s (6.87)

(dn/dg}2  (dn/dg) 3

The integrals in equations (4.85) to (4.87) are no longer singular and
their evaluation can be carried out using Gaussian quadrature.

Equations (4.85) to (4.87) give the contribution to the
coefficients for nodal deflections, including the self node, along the self
element resulting from the quadratic term in the Taylor series expansion of
the deflection, W, in the neighbourhood of the self point, P. For the self
node, P, a further contribution is obtained from the integration of the
terms containing (wQ-wP) over the elements not containing the self node, P.

This contribution is obtained from equation (4.11) as:

et Py 3 (4.88)
b=1 =1 S, Z e AT 27 )
plep a#elr)

where P*¢b means P* is not a node of element b.
The full contribution for the self node, P, is therefore given by the sum

of equation (4.88) and one of the equations (4.85) to (4.87), depending on
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whether the self node is node 1, 2 or 3 of the self element, respectively,

as:
o P arynese §oqmgy o § T oty
ctl - - V. N - + " {w (4.89)
w b=1 es1 5, 2 © A=1 U = B4 ‘e
Peb a#e{x) a=d(b,c)

Note that the second term involving summation signs in equation (4.89)
represents either CII(WI), CII(wzl or CII{ws), depending on whether the
self node is node 1, 2 or 3 of the self element. As before, if the self
node is a mid-side node, there is only one self element to be considered;
however, if it is an inter-element node, the number of self elements to be
considered is two.

The moment kernel, MZ’ in equation (4.11) has a
singularity of the order a1, To establish whether the contribution, to
nodes on the self element other than Pa, of the product of the moment
kernel and appropriate shape functions can be integrated using Gaussian
quadrature, the behaviour of the integrand along the self element must be
examined. This is shown below for the case when Pa is the first node of
the element. Referring to Figure 4.6(a), the distance % from Pg of any
point on the element is given by:

1+¢

K= 7 u,(g) (4.90)

where u](g) is given by equation (4.33). This is obtained by substituting,
in equation (4.26), for r in terms of £ as obtained from equation (4.21).
Therefore, the contributions to nodes 2 and 3 of the element can be written

as:

3w i ,
(2] IMZ N, dS + =(3) IMZ Ng dS

3l 1 al 1
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where g(£,B] is defined by (see equation (2.97c)):

1
M, = gﬂngfs,s) (4.92)

Substituting equation (4.90) and the expressions for the shape functions

given by equatioms (4.4) and (4.5) into equation (4.91) gives:

w glg,B) (1-¢2) £ gle,B) £/2 (1 +¢)
T e N R T B o e e O e
b b

b P%b

. oW gle,B) (1-¢)} L] gle,B) £/2
= anl?) Sfb ZTH I TR Sjb (e (4.93)

PP b PPeb

where PaEb means Pa is a node of element b.

It is seen that the integrals are not singular, and that these
coefficients can be evaluated using ordinary Gaussian quadrature formula.
For cases when Pa is node 2 or 3 of the element, a similar approach can be
adopted, and in both cases a similar result is obtained.

Finally, the coefficients for sw/an(P?) and aw/at{P%)
can be obtained by considering equation (4.11) for deflection fields
giving rise to unit dw/an{P?) and aw/at(Pa), respectively. Referring to
Figure 4.7, and assuming for generality that Pa is a corner node, the
coefficient for 3w/dn’ {P?) and aw/at+(Pa) can be obtained by coﬁsidering

equation (4.11) for the deflection fields:

w = n (4.94)

and: w = X (4.95)

respectively. Equation (4.94) gives rise to unit normal derivative, and
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equation (4.95) gives rise to unit tangential derivative. A similar
approach can be adopted for the case when equation (4.11) is written omn
the negative side of a corner. The transformation of the tangential
derivatives in terms of the normal derivatives on either side of a corner
is then carried out using equations (4.12). If point P* is not a corner
node, the coefficient for BW/BI(PQ) is zero at mid-side nodes, and at
inter-element nodes, provided the elements either side of that node are of
equal length, If the elements on either side are of unequal length,
there is a non-zero contribution for 3W/3Z(P%) (see Appendix D).

Assuming equal length elements, therefore, the only coefficient required
is that of BW/BH(PQ), which can be obtained by considering the deflection
field:

w = n (4.96)

+
(see Figure 4.8). As an example, the coefficient for all/an (Pa) is given

as:

7 m 3 N a
Cn = - bZI QZI {SL U2 N'C (n cos P) dS - f MZ Nc cos (1 (P7),n) dS}
Pleb
m 3 +a. ,-dib,c)
- bZI Z: cos {n (P*},n(P*'™C1)) [ M, N, dS
3 c=
e a#d{b,c)
k
- ZI {IT,1 % cos v}, (4.97)
A=
elr)#a
noting that: w = n+ = X cos Y (4.98)
Woe Bocos W (PY,0) = cos (0" (P, n) (4.99)

an
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where 1 is the normal at some other point on the boundary, and
+ ¥
cos (n (Pa),n) is the cosine of the angle between n (PY} and n (see Figure

4.7).

4.7 EVALUATION OF THE SECOND MEMBER

Having computed the coefficients arising from the boundary integrals,
as described in the previous section, they are then placed in the [A] and

[K} matrices in equation (4.13), noting that:

(i) The coefficients for all unknown variables are placed in the
[A] matrix: and
(ii) The coefficients for all variables given as boundary
conditions are placed in the [I] matrix. Equation (4.13) is

now written as:

[A] {u} = ({F} - [A] {D} (4.100)

The right hand member of this set of equations consists of two parts.

The first part, {F}, is obtained by integrating, over the domain of the
plate, the product of the transverse load intensity, F, and the deflection
kernel for each of the equations (4.10) and (4.11). The second part is
merely the product of the [A] matrix and the vector {b} containing the
prescribed boundary conditions. This section describes the procedure
adopted for the evaluation of the contribution, to the right hand side of

equation (4.100), of the transverse loading on the plate.
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4.7.1 Concentrated ILoads

If the transverse loading on the plate consists of concentrated
loads, FL’ their contribution to the integral equations (4.10) and (4.11)
is simply the work done by the concentrated loads, Fi’ through the
deflections given by the fundamental solutions w, and Wz, respectively, at
the points of application of the loads. For example, if the loading on
the plate consists of the concentrated forces FT and FZ’ as shown in
Figure 3.6, the contribution from these forces to equations (4.10) and

(4.11) is given by:

[fwFdA = win) Fy + Wiz, F, (4.101)
and: If W, FdA = W,(n;,u;) Fp + Wylny,,) Fy (4.102)
respectively.

4,7.2 Distributed Loads

If the lateral loading on the plate is a distributed one, the
area integrals in equations (4.10) and (4.11) must be evaluated
numerically. This involves the discretisation of the plate domain into
a number of two-dimensional elements, over which numerical integration is
carried out. Two types of elements are incorporated in the formulation
presented in this section. These are an eight-noded quadrilateral element

and a six-noded triangular element.

4.7.2.1 MNumerical integration over quadrilateral elements

Figure 4.9(a) depicts a quadrilateral element and itsg
natural or intrinsic coordinates, {&,n). The element geometry is defined

in terms of its nodal coordinates and quadratic shape functions of the
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intrinsic coordinates, as given by Zienkiewicz [1977], as follows:

5
X = LZT Nx. X;
5
L
where: N] = H1-e)(T-n)(-E-n-1)
Ny = 00+&)(T-nl(E-n-1)
N3 = {1 +E}(T+n){E+n+1)

=
It

y H1-glll1+n)(-g+n-1)

Ny = (1-€2)(T-n)
N, = (1-n2)(1+E)
N, = (1-€2)(1+n)
Ng = (1-n2)(1-¢)

(4.103)

(4.104)

(4.

(4.

(4.

(4.

(4.

(4.

(4.

(4.

105a)

105b)

105¢)

105d)

105e)

105f)

105g)

105h)

The load intensity, F, is also defined in terms of its nodal values and

the above shape functions as:

g

(4.106)

The domain integrals in equations (4.10) and (4.11) can now be written as:
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m d{b,c)
fwrda = T § [N FIPTTT} wdAy (4.107a)
A b=] Q=1 Ab
and: [l W, FdA = 7 X fon, Fptieedy y da (4.107b)
A b=1 e=1 Ab

respectively, where m is the total number of area elements having area Ab’

and Pd(b’C}

is the cth node of element b, Recalling equations (3.53) and
(3.54) for the transformation from the Cartesian, (dxdy), to the

intrinsie, (dfdn), coordinate system, gives:

m § +] +] d(b,c)
Jfwrdh = 2 J’ [ N, FIPTT) W T de dn (4.108a)
X b=1 c=1 -1 -1
m § +] +1 dib. ]
and: [ W, FdA = NOFIPRY Yy w3 de dn (4.108b)
i S1 ek 1 e 2

where J is the Jacobian of the transformation, as given by equation (3.54).
The integrals in equations (4.108) can be numerically

integrated using the quadrature formula given by equation (3.49), thus

giving:
+1 +1
[ 1w Frtlee)y g ag an
Y
- er jZ] we w; Nlgg, ) Foleng) Wlegn) e ,n) (4.109a)
+1 +1
and: [ n, Fplee)y g g ar dn
515
n
= . w. N L7 0. LW K 4.109b
g} j):r w, wi Noleg,nid Folesmnl Wyle,,n J[E.U”:f] ( )

where n is the total number of quadrature points in each direction. A
choice of n = 2 or n = 3 is incorporated in the computer program developed,

based on the above formulations, giving a total of 4 or 9 quadrature
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points, respectively.

4,.7.2.2 Numerical integration over triangular elements

Figure 4.9(b) shows a six-noded triangular element
with its intrinsic coordinates. These coordinates have the property that
they vary between zero, along a side of the triangle, and unity at the
vertex opposite that side. Furthermore, at any given point in the

triangle, the sum of the intrinsic coordinates is equal to unity, i.e.

E+n+g = 1 (4.110)

The numerical integration scheme described here is the one given by Cowper

[1973] and is written as:

n
[ §lg,n,c) dA = A LZI we §leg,nz,0,) I ,n;,t,) (4.111)
where A is the area of the triangle, Ei’ ne and ¢, are the coordinates of
the {th quadrature point, wi is its weight, n is the total number of
guadrature peoints, and J is the Jacobian.
Now, the geometry of each triangular element is, once
again, defined in terms of its nodal coordinates and quadratic

interpolation functions of the intrinsic coordinates as (see Zienkiewicz

[1377]):
b
X = 3 Ne x; (4.112)
i=1
6
A=

where: NT = (25-1) ¢ (4.114a)
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NZ = {Zn-1) n (4.114b)
N, = (2g- 1) (4.114c)
Ny = 4En (4.114d)
N5 = 4n g {(4.114e)
N6 = 4g ¢ (4.114f)

The intensity of the transverse loading, F, is also interpolated in terms

of its nodal values and the above shape functions as:

6
F - 1 NF, (4.115)
A=1

In a2 similar manner to that used in arriving at equations (4.108), the

domain integrals in equations (4.10) and (4.11) can be written as:

m b dib, o)
Jwrdh = 7 1 [fn FPY0%) wodA (4.116a)
A b=1 ¢=1 ¢
mo¢ dib,c)
and: [[ w, FdA = bz L JI N, RPN w, dA (4.116b)
A =] e=1

The integrals appearing in equations (4.116) can now be integrated using
equation (4.111)., However, there is one remaining point to be clarified
and that concerns the Jacobian in equation (4.111). From equation (4.110),

it is clear that:

r = 1 -t-n (4.117)
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Therefore, £ and n can be treated as independent variables in equations
(4.112) and (4.113), and the Jacobian can be computed using equation (3.54).
The triangular quadrature scheme incorporated in the
computer program developed based on the above formulation employs seven
sampling points. Tables for coordinates and weighting coefficients for

integration over a triangle are given by Cowper [1973].
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curved element

element nodes

= X

element nodes

straight element

Figure 4,1: Typical boundary discretisation using quadratic elements

y
A

Figure 4.2: A quadratic element and its intrinsic coordinates
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Figure 4.3: A typical diseretisation employing 12 quadratic elements



- 183 -

y
r
P L
p
np A
-
w7

Figure 4.4: MNormal and tangential directions at a corner point

Integration internal
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Figure 4.5: Element not containing the self point, P
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(a) Self node is node 1 of the element

(b)

(c) Self node is node 3 of the element

Figure 4.6: Element containing the self point, P
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Figure 4.7: Notation for normal and tangential directions at a corner point

"p

Figure 4.8: Notation for normal and tangential directions at a regular
point on the boundary
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1

(a) Eight noded quadrilaterals

(b) Six noded triangles

Figure 4.9: Quadratic area elements and their intrinsic coordinate systems
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CHAPTER 5

NUMERICAL RESULTS FOR

PLATES WITH STRAIGHT BOUNDARIES

5.1 INTRODUCTION

In this chapter, the accuracy of the quadratic formulation described
in Chapter 4 is assessed by applying it to a variety of plate bending
problems. For this purpose, a computer program was written based on this
formulation. Fortunately, there is a wealth of analytical solutions
available (see Timoshenko & Woinowsky-Krieger [1959]) for a variety of
plate bending problems involving various loading and boundary conditions.
These provide a valuable check on the accuracy of any numerical solution
algorithm. In choosing the examples described in the following pages, an
effort has been made to cover a wide range of boundary conditions and a
variety of loading types. Most of the cases studied have been compared
with analytical or other numerical solutioms. These examples begin with
some standard test cases involving square plates loaded at the centre with
their boundaries clamped or simply supported, and are followed by other
examples involving various loading and boundary conditions.

It may be recalled from Section 4.5 that at a corner point, there are
usually eight variables. Therefore, eight relations are required in
order to make a solution possible. Of these, three are provided by using
equations (4.10) and (4.11), as already discussed. The other five
relations would depend on the nature of the support conditions either side
of a corner, These will be discussed for each of the test cases in turn.
In most cases, these corner boundary conditions may be deduced from the
edge conditions on either side of the corner and coordinate transformation
rules between the normal and tangential directions on these sides.

In all the test cases discussed in this chapter, the numerical
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integration over elements along the boundary employs a six-point Gaussian
quadrature. Over the self elements, the logarithmically singular kernels
are integrated using seven sampling points. The numerical integration
over the eight-noded quadrilateral elements employs 3 X 3 Gaussian
quadrature and the numerical integration over the six-noded triangular
elements uses seven sampling points, as given by Cowper [1973].

An important point should be mentioned at this stage regarding the
relation between the interior mesh design and the computation of moments
at interior points. Since the deflection kernel for the equation for
moments at interior points is logarithmically singular, it is preferable
to have the internal points as far as possible from the integration
sampling points. It was found that in most cases, if the interior points
are on the element boundaries, the computed values of the interior moments
are satisfactory. This aspect has been considered in all the cases where

a domain integration was required.

5.2 SQUARE PLATE UNDER A CONCENTRATED LOAD AT THE CENTRE

The problem of a square plate under a concentrated load at the centre
is considered here with the plate boundaries being either clamped or
simply supported. The boundary conditions used at a clamped to clamped
corner were that deflection must wvanish as well as the slope and normal
moment either side of a corner. The same boundary conditions can also be
used for a simply supported to simply supported corner. Stern [1979]
suggests that at a simply supported rectangular corner, the deflection,
normal moment either side and effective shear force either side of a
corner must vanish. This, however, seems to hold for rectangular corners
only, whereas the former set of boundary conditions is more generally
applicable. .In any case, as will be seen later, the effect of choosing

either boundary condition is very localised and does not affect the overall
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deflected shape of the plate,

To assess the rate of convergence to the exact series solution given
by Timoshenko & Woinowsky-Krieger [1959], this problem was solved using
different degrees of mesh discretisation. Figure 5.1 shows a typical
mesh design using 24 gquadratic elements. The computed values of the
central deflections for different meshes are given in Table 5.1, and
compared with the finite element results given by Martin [1976]. It can
be seen that, even for a very coarse mesh of 4 elements, that is one
quadratic element along each side of the plate, the computed values of the
central deflection are in close agreement with the series solution.

Table 5.2 and Figure 5.3 compare the computed values of the deflections
along the centreline OA, in Figure 5.1, with those computed from the

series solution given by Timoshenke & Woinowsky-Krieger [1959]. Table
5.3 and Figure 5.4 give slopes along half an edge of the simply supported
plate and compare them with the series solution given in the same
reference. In both cases, agreement between the BIE solution and the
analytical solution is seen to be very good. The above results do not
seem to be affected to any significant degree by the choice of the corner
boundary conditions used. However, the computed values of the Kirchhoff
corner forces are affected, as can be seen in Table 5.4.  Another quantity
affected is the computed value of effective shear force along the boundary,
at the corner point, as is seen in Figure 5.2. Timoshenko & Woinowsky-
Krieger [1959] give the value of the effective shear force at the corner
for this problem as zero. Therefore, by using the boundary conditions
which set effective shear force to zero at the corner, a better
representation of the vertical forces in the vicinity of a corner can be
achieved, which is indicated by the given results, Furthermore, Figure
5.2 shows that this effect is very localised and does not affect the

computed values of effective shear force away from the corner.
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Figure 5.5 shows the deflection along OA, in Figure 5.1, when the
plate boundaries are clamped, and Figure 5.6 shows the normal moment along
BC, in Figure 5.1, for the same problem. The results given by Sanders
[1969] have been taken from Bezine & Gamby [1978]. Figure 5.7 gives the
variation of effective shear force along BC, in Figure 5.1, and compares
it with the finite element results attributed to Sanders [196%], as given
by Bezine & Gamby [1978]. It is seen that, apart from the corner, the

two solutions are in close apgreement.

5.3 SIMPLY SUPPORTED RECTANGULAR PLATES UNDER UNIFORMLY DISTRIBUTED LOADS

Figure 5.8(a) shows a rectangular plate in the plane of Cartesian
coordinates X and y. The discretisation of the boundary using 24 elements
is shown in Figure 5.8(b). The area discretisation is shown in Figure
5.8(c). The boundary conditions prescribed at the simply supported
corners were that the deflections, normal moment either side and effective
shear force either side of a corner must vanish. As was seen in the last
section, this yields more accurate computed values of vertical forces at
the corners.

Table 5.5 gives the computed values of the central deflections for
different degrees of boundary discretisation, for a square plate, and
compares them with the exact series solution given by Timoshenko &
Woinowsky-Krieger [1959] and the finite element solution presented by
Martin [1976]. The finite element solution uses the Semiloof shell
element (see Irons [1976]). Table 5.6 gives the computed values of
deflection, moment and effective shear force, at selected points in the
plate domain and on its boundary, for rectangular plates of differing
aspect ratios. The computed values of the Kirchhoff corner forces are
also included. It can be seen that the results obtained using the present

BIE implementation agree very well with the series solution given by
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Timoshenko & Woinowsky-Krieger [1959].

The deflections along the centreline and the slopes along half a side
of a simply supported square plate are given in Tables 5.7 and 5.8,
respectively. Figures 5.9 and 5.10 show the variations of slope along
the longer and shorter sides, respectively, for rectangular plates with
different aspect ratios. In Figure 5.10, the results for b/a = 1.8 and
b/a = 1.4 are omitted for the sake of clarity. The results for b/a = 1.8
are practically coincident with those for b/a = 2.0. The variations of
the effective shear force along the longer and shorter sides are shown in
Figures 5.11 and 5.12, respectively. The results plotted are for a
square plate and a rectangular plate with b/a = 2.0. The computed values
of effective shear force along the edges of rectangular plates with aspect
ratios within these limits lie in between the results shown. Finally,
Figure 5.13 shows the variation of the bending moments in the X and y

directions along the centreline for a simply supported square plate.

5.4 CLAMPED RECTANGULAR PLATES UNDER UNIFORMLY DISTRIBUTED LOADS

These problems are similar to those discussed in the last section,
except that the plate boundaries are built-in and not simply supported.
The plate geometry and loading are shown in Figure 5.14(a). The
discretisation of the boundary using 24 elements is shown in Figure
5.14(b). The interior discretisation is shown in Figure 5.14(c). The
boundary conditions prescribed at a clamped to clamped corner are as given
in Section 5.2.

Table 5.9 gives the computed values for the central deflection of a
square plate for different degrees of boundary discretisation and compares
them with the exact series solution given by Timoshenko & Woinowsky-Krieger
[1959] and the finite element solution presented by Martin [1976] using

the Semiloof shell element (see Irons [1976]). Table 5.10 gives the
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computed values of the deflection and moments at selected points inside
and on the boundary of the plate, for rectangular plates of different
aspect ratios. As can be seen, these are in good agreement with the
series solution. The variations of the normal moments along the longer
and shorter sides are shown in Figures 5.15 and 5.16, respectively. It
is seen, in both cases, that with increased aspect ratio, the change in
the normal moments becomes smaller and smaller. In fact, the changes in
moments along the shorter side were so small that, in the interest of
clarity, the results for b/a = 1.6, 1.8 and 2.0 have been omitted.

Figures 5.17 and 5.18 show the variations of the effective shear
force along the longer and shorter sides of the plate. These are given
for Poisson's ratio of 0.2 and are compared with the finite difference
solution given by Moody [1960] for the same value of Poisson's ratio. It
is seen that there is little change in the value of effective shear force
along the shorter side for the two aspect ratios shown. Table 5.11 gives
values for deflections and bending moments along AC in Figure 5.14(a).

The figures given by Moody [1960] have been cbtained with a Poisson's
ratio of v = 0.2, The BIE results are given for v = 0.3 and v = 0.2.

It is interesting to note that the effect of Poisson's ratio on mx
decreases as the boundary is approached. This is to be expected because,
as the x = 0 boundary is approached, BZW/ayz reduces to zero and therefore
its contribution, v {32W/3y?), to m, becomes smaller and smaller. A
similar observation can be made for my when the ¥y = 0 or ¢ = b boundaries

are approached.
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5.5 SIMPLY SUPPORTED RECTANGULAR STRIP UNDER A UNIFORMLY DISTRIBUTED LOAD

The problem considered here is that of the bending of a simply
supported infinite strip under a uniformly distributed load. To model
the problem, a rectangular plate is chosen with a 10:1 aspect ratio, as
shown in Figure 5.19(a). The plate boundary is discretised, as shown in
Figure 5.19(b), using 12 equal length elements along the length and 3 equal
length elements along the width., Figure 5.19(c) shows the interior
discretisation.

Along the length of the plate, the boundary conditions are those of
a simply supported edge. Along the width of the plate at the two ends,
two types of boundary conditions are considered. In the first case, this
boundary is assumed to be free. In the second case, the boundary
conditions are chosen so as to simulate an infinitely long strip bent into
a cylindrical surface. This requires the vanishing of the normal slope
and the effective shear force along the width of the plate. For
convenience, this boundary condition will be referred to as "eylindrical”.
The boundary conditions used at a corner point are shown in Figures
5.20(a) and 5.20(b) for each of the above two types of end conditions.

An important point to mention at this stage is that the boundary
conditions given in Figure 5.20(a) for a free to simply supported corner
is not true for an angle other than 90°. In such cases, the condition
that BW/ané = 0 is not correct because n6 and IA in Figure 5.20(a) are at
an angle to each other. It may be recalled from Section 4.5 that, in
this case, four boundary conditions are available and not five as required.
Therefore, an alternative relation is needed in order to solve for the
eight variables present at a corner. This extra equation may be obtained
by writing the equation for twisting moment jump at the corner node.
Alternatively, the slope on one side of the corner can be related to the

slope on the other side by use of coordinate transformation relationships.
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The numerical results obtained using the present implementation are
given in Table 5.12. It can be seen that for points away from the far
ends, the results agree with the analytical solution given by Timoshenko &
Woinowsky-Krieger [1959] to a high degree of accuracy. Furthermore, they
are, as expected, insensitive to the choice of boundary conditions at the
ends. However, the computed values of the deflections at the mid-points
of the ends of the plate are affected by the choice of the end boundary
conditions. In both cases, the normal slopes along the sides of the
strip are largely unaffected by the end conditions and are in good
agreement with the analytical solution given by Timoshenko & Woinowsky-
Krieger [1959]. The figures in brackets in the column for normal slope
in Table 5.12 refer to the plate with its end boundary conditions taken

to be free.

5.6 SIMPLY SUPPORTED RECTANGULAR PLATES BENT BY MOMENTS ALONG TWO

OPPOSITE EDGES

Figure 5.21 shows a rectangular plate acted upon by uniformly
distributed moments along two opposite edges. This problem is different
from those discussed so far in that there is no lateral load on the plate.
The moments applied along the boundary are incorporated in the boundary
conditions. Along the sides X = *a/?, the simply supported boundary
conditions require that deflection and normal moment be zero. Along the
sides ¢y = *b/Z, the boundary conditions are deflection equal to zero and
normal moment equal to MO, which is the applied moment. The boundary
conditions used at a corner are shown in Figure 5.22, The results
obtained using the present formulation are given in Table 5.13. It is
seen that they are in very good agreement with the exact series solution

given by Timoshenko & Woinowsky-Krieger [1959].
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5.7 CANTILEVER PLATE UNDER A CONCENTRATED LOAD

This problem is considered for two different rectangular geometries
with widely different aspect ratios. In both cases, one edge of the
plate is assumed to be clamped and the other three free. The boundary
conditions used at a clamped to free corner are the vanishing of the
deflection, normal slope either side of a corner andAnormal moment and
effective shear force on the free side. At a free to free corner, the
boundary conditions used are that normal moment and effective shear force
must vanish either side of a corner, plus the vanishing of the Kirchhoff
corner force.

The problem considered first is that of a long and narrow rectangular
strip, built in along one of its longer edges, as shown in Figure 5.23(a).
The aspect ratio of the plate analysed is chosen as 10:1. The plate
boundary is discretised using 10 elements along the length and 2 elements
across the width of the plate. The loading considered on the plate is
that of a concentrated load at the centroid. The computed distributions
of normal moments and effective shear force along the clamped side are
shown in Figures 5.24 and 5.25, respectively. It is seen that, in both
cases, the maximum value of the stress resultant occurs at the mid-point
along the clamped side and rapidly reduces to practically zero, with
increased distance from this point.

The second problem considered is that of a square cantilever plate
under a concentrated load at the centre. Williams [1951] has shown that,
within the framework of Kirchhoff's thin plate theory, for certain types
of boundary conditions the moment and/or the effective shear force become
unbounded near a corner. It would, therefore, be interesting to examine
the solution provided by the present formulation for such problems. The
clamped to free corner provides an example of this type.

The plate geometry and boundary discretisations used are shown in
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Figure 5.26, there being three different types of boundary discretisation.
Figure 5.27 shows the computed variation of normal moment along the length
of the clamped side. The results obtained using the two different meshes
are in good agreement with each other for all the points along the
boundary, except those very near a corner. The steady drop in the
magnitude of the normal moment as the corner is approached would seem to
suggest that this quantity is not unbounded at the corner.

The results obtained for the effective shear force, however, suggest
that this quantity is unbounded near a corner, This is exhibited by the
oscillatory behaviour of the solution near a corner, as is shown in
Figures 5.28, 5.29 and 5.30. The results shown in Figure 5.30 are
obtained using a very refined mesh near the corner, as shown in Figure
5.26(c). The computed values of the effective shear force for the last
few nodes near the corner continued to oscillate, and were so large that
they could not be plotted to scale in Figure 5.30. Williams [1951] has
shown that for the particular case of a clamped to free corner, the
dominant solution to the eigen equation is complex, which implies an
oscillatory behaviour. It is seen, therefore, that the BIE solution
obtained is consistent with the analytical work of Williams [1951]. The
computation of the intensity of the singularities of the type seen above
is outside the scope of the present work. However, the boundary integral
equation method has been used successfully by some authors in the
calculation of these so-called stress intensity factors (see, for example,
Stern [1975], Stern & Kim [1980], Kim [1982], and Stern [1983]).

Figures 5.31 to 5.33 give the deflections of the cantilever along the
boundary and the centreline 0C shown in Figure 5.26. They are in good
agreement with the BIE solution given by Bezine & Gamby [1978]. The BIE
solutions presented by these authors employ constant elements. It is

important to note that the effect of the singularity at the corner is
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very localised and does not affect the overall deflected shape of the

plate. Figure 5.34 gives the values of slopes along AB and BC in

Figure 5.26.

5.8 SIMPLY SUPPORTED SQUARE PLATE UNDER A LINEARLY VARYING LOAD

This type of loading occurs in engineering practice in, for example,
retaining wall structures and liquid containers. The plate geometry and
boundary discretisation are shown in Figures 5.35(a) and 5.35(b).

Figure 5.35(c) shows the interior discretisation. The intensity of the
lateral loading is shown in the shaded triangle on top of the figure.

The boundary conditions employed at the simply supported corners are those
of vanishing deflection, normal slope and normal moment on either side.

Table 5.14 gives the computed values of deflection and moments along
the centreline AB, shown in Figure 5.35(a), and compares them with the
series solution given by Timoshenko & Woinowsky-Krieger [1959]. It can
be seen that for both moments and deflections, there is very good
agreement between the two solutions. Figure 5.36 shows the variation of
slope along the edges X = 0 and x = L. Figure 5.37 shows the variation
of slope along the sides y = 0 or ¢y = L. The distributions of the
effective shear force along the boundary are shown in Figures 5.38 and

5.39.

5.9 SIMPLY SUPPORTED SQUARE PLATE UNDER A LOAD IN THE SHAPE OF A

TRIANGULAR PRISM

This problem has been solved by Timoshenko & Woinowsky-Krieger [1959].
Because of the unusual type of loading, it is an interesting test case for
the present computer program. The geometry and loading on the plate are
shown in Figure 5.40(a). TFigure 5.40(b) shows the boundary

discretisation and Figure 5.40(c) shows the interior discretisation. The
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boundary conditions used at the simply supported corners are those given
by Stern [1979] and described earlier in Section 5.2.

Table 5,15 gives the results for deflection, moments and vertical
forces at selected points inside and on the boundary of the plate. It is
seen that the solution obtained by using the present formulation agrees
very well with the series solution given by Timoshenko & Woinowsky-Krieger
[1959]. The deflections along the two lines of symmetry shown in Figure
5.40 are shown in Figure 5.41. These are symmetric about the mid-point.
The variations of the moments along the same lines are also symmetric
about the mid-point and are shown in Figures 5.42 and 5.43, It is seen
that the magnitude of the deflections along AO is larger than those along
€0, except, of course, at 0. This is expected since the intensity of the
loading along A0 is greater than that along CO. This means that at O,
the curvature in the X direction is larger than that in the ¢ direction,

giving a higher value of moment in the X directiom.

5.10 RECTANGULAR PLATES HAVING ONE EDGE CLAMPED AND THE OTHER THREE

SIMPLY SUPPORTED, UNDER A UNIFORMLY DISTRIBUTED LOAD

This problem introduces another type of boundary condition, that of
a clamped to simply supported corner, which has not been considered so far.
The geometry and boundary and interior discretisations employed are shown
in Figure 5.44, The boundary conditions used at a clamped to simply
supported corner are that the deflection, normal slope either side and
normal moment either side of the corner must wvanish. In fact, these are
the same boundary conditions used at the simply supported corners.

The results obtained using the present formulation are given in
Table 5.16. It is seen that these are in very pgood agreement with the

series solution given by Timoshenko & Woinowsky—Krieger [1959].
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5.11 RECTANGULAR PLATES WITH TWO OPPOSITE EDGES CLAMPED AND THE OTHER TWO

SIMPLY SUPPORTED, UNDER A UNIFORMLY DISTRIBUTED LOAD

Figure 5.45(a) shows the geometry of the plate under consideration.
The discretisation of the boundary is shown in Figure 5.45(b) and that of
the interior is shown in Figure 5.45(c). The clamped to simply supported
boundary conditions used were described in the last section. The results
obtained using the present formulation are given in Table 5.17 for a range
of aspect ratios. They are found to be in very good agreement with those

recorded by Timoshenko & Woinowsky-Krieger [1959].

5.12 RECTANGULAR PLATES WITH TWO CPPOSITE EDGES SIMPLY SUPPORTED AND THE

OTHER TWO FREE, UNDER A UNIFORMLY DISTRIBUTED LOAD

The corner boundary conditions for this problem have already been
discussed in Section 5.5 and are shown in Figure 5.20(a). The geometry
and mesh designs are shown in Figure 5.46. ' The results obtained using
the present formulation are given in Table 5.18 for a range of aspect
ratios, The high degree of accuracy of the solution obtained is shown
by comparing them with the exact series solution given by Timoshenko &
Woinowsky-Krieger [1959]. However, for b/a = 0.5, the value of mg at
the centre of the plate is significantly different from that given in this
reference. Figure 5.46 shows the computed variation of my along the
y = L/? centreline. The figure quoted for the series solution is plotted
on the same graph. By comparing the various moment profiles, it would
appear that the numerical value obtained by the present formulation is the
correct one and that the figure published by Timoshenko & Woinowsky-Krieger

[1959] may be a printing error.
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5.13 RECTANGULAR PLATES WITH TWO OPPOSITE EDGES SIMPLY SUPPORTED, A THIRD

EDGE FREE AND THE LAST ONE CLAMPED, UNDER A UNIFORMLY DISTRIBUTED

LoAD

The corner boundary conditions encountered in this problem have
alread§ been discussed in Sections 5.5 and 5.10. However, this problem
is interesting in that it mixes all three types of boundary conditions
encountered so far, that is, simply supported, clamped and free. The
geometry and mesh designs are shown in Figure 5.48.

Table 5.19 gives the computed values of deflection and bending
moments at selected points inside and on the boundary of the plate.
Where possible, these have been compared with the exact series solution
given by Timoshenko & Woinwosky-Krieger [1959] and the agreement between
them is seen to be very good. The variation of the deflection along the
line of symmetry, DE, for a square plate is shown in Figure 5.49. It is
seen that the variation is almost linear for points away from the clamped
boundary. Figure 5.50 shows the deflections along the y = b/Z axis for
the case of a square plate. The deflection profile is symmetric about
the centroid of the plate and, therefore, half of it is shown only.
Figure 5.51 shows the variations of the moments along the line of symmetry,
DE, for a square plate, and Figure 5.52 shows the variation of moments
along the line y = b/Z. For the latter case, the profile is shown over
half the length of the plate since the results are symmetric about the
centroid of the plate. Finally, the distribution of moments along the
clamped side is shown in Figure 5.53. Bue to symmetry, the results are
shovn for only half the length of the clamped side. It may be recalled
from Table 5.192 that the computed value for the maximum normal moment
along the clamped side is in very close agreement with that given by

Timoshenko & Woinowsky-Krieger [1959].
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5.14 SQUARE PLATE WITH THREE EDGES CLAMPED AND ONE EDGE FREE

This type of boundary condition is encountered in practice in, for
example, retaining walls and rectangular tanks. The boundary conditions
at the clamped to clamped and clamped to free corners have already been
discussed in Sections 5.2 and 5.7, respectively. Three types of loading
are considered. These are uniformly distributed load, linearly varying
load and a load uniformly distributed over two thirds of the plate area.
The plate geometry and the loading types are shown in Figure 5.54(a).

The boundary discretisation is shown in Figure 5.54(b). This mesh design
was used so that the sampling points became coincident with those presented
in the finite difference solution given by Moody [19607]. This allows a
direct comparison between the two solutions. The interior discretisation
is shown in Figure 5.54(c). This conveniently accommedates the third
type of loading considered. For this case, the plate interior is,
theoretically, divided into seven segments along the 4 axis. However, at
y/L = 2/3, the coordinates are chosen so as to give a row of elements with
Zero areas. The intensity of loading along cone side of these elements,
parallel to the x direction, is set to { and along the other side to zero.
S0, although across these elements the intensity of the lateral loading
varies, in the y direction, from { to zero, their net contribution to the
area integration is zero because the elements have zero areas. This
effectively produces a jump in the lateral loading from § to zero, bearing
in mind that loading data are entered for nodes rather than elements.

The variations of deflection aleng the line of symmetry AC, for the
three different types of loading, are shown in Figure 5.55. As expected,
the largest deflection occurs under the uniformly distributed lecad.

Figure 5.56 shows the variation of the effective shear force along the
edge OB for the uniformly loaded case. It is seen that, once again, as

in Section 5.7, the computed values of the effective shear force near the
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clamped to free corner behave in an oscillatory manner, suggesting a
possible singularity (see Section 5.7, and also Williams [1951]). The
finite difference procedure used by Moody [1960] solves first for
deflections. The moments and effective shear forces at each node are
then computed by using the appropriate finite difference molecule at that
point, averaging out the singularity. TFigures 5.57 to 5.60 present
further results for the uniformly loaded case. It is seen that for all
cases, the results obtained using the present formulation are in good
agreement with those given by Moody [1960], except for points near or at
the corners. Figure 5.60 suggests a possible singularity for the normal
moment on the clamped side in the vicinity of a clamped to free corner.
Figures 5.61 to 5.65 give the results for moments and effective
shear force for the plate carrying a linearly varying load. It is seen
that, once again, the effective shear force near the clamped to free
corner behaves in a singular manner. However, for points away from
corners, the integral equation results are in good agreement with those
given by Moody [1960]. The results for moments and effective shear
forces in a plate carrying a uniformly distributed load on two thirds of
its area are shown in Figures 5.66 to 5.70. It is worth noting that the
effective shear force near the clamped to free corner is, once again,
singular, Furthermore, although there is, in general, good agreement
between the BIE and the finite difference solutions, the agreement between
the two solutions for normal moments along 0B, in Figure 5.54, is not as
good as the previous two cases considered. The author believes that this
may be due to the fact that the jump in the lateral loading is accommodated
more effectively in the present formulation than in the finite difference

method.
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5.15 BSQUARE PLATE UNDER A UNIFORMLY DISTRIBUTED LOAD SUPPORTED ON FOUR

COLUMNS AT ITS CORNERS

The gecmetry and mesh discretisation for this problem are shown in
Figure 5.71. This problem introduces a new boundary condition, that of a
column support at the plate's corners. The rest of the plate boundary is
assumed to be free., Therefore, the boundary condition used at each
corner is that deflection, normal moment either side and effective shear
force either side of the corner must vanish.

Table 5.20 gives the values of deflections and moments along the
centreline AC, in Figure 5.71. The values for the central deflection and
moments are compared with those given by Timoshenko & Woinowsky-Krieger
[1959]. From symmetry, it is expected that the value obtained for the
corner reactions would be equal to a quarter of the total load. This is
shown also in Table 5.20. Figures 5.72 and 5.73 show the variations of
deflection and normal slope, respectively, along an edge of the plate.

As these are symmetrical about the mid-point, only half of each

distribution is shown.

5.16 SQUARE PLATES WITH SUPPORTS INSIDE THE DOMAIN

In all the examples considered so far, the plate has been supported
along its boundary. However, in practice, there are situations where
additional supports are provided for the plate inside the plate domain;
for example, columns under a floor slab. This section considers square
plates under a concentrated load at the centre, having simply supported,
clamped or free boundaries plus additional internal supports. The plate
geometry and the positions of interior supports are shown in Figure 5.74(a).
Figure 5.74(b) shows the boundary discretisation.

The incorporation of internal supports in the present implementation

is achieved by treating them as unknown concentrated loads on the plate.
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The deflection under this load is assumed to be zero. Therefore, by
writing the equation for deflection at interior points in terms of the
boundary variables and the transverse loading, that is equation (2.87), at
every interior support point and equating it to zere, a sufficient number
of equations is available for the unknown support reactiomns. Although
Bezine [198la] has already applied the BIE method to such problems using
a constant element formulation, the above approach was formulated by the
author independently.

In the examples presented in this section, three types of boundary
conditlons are considered; simply supported, clamped and free. The
treatment of the corner boundary conditions in each case has already been
discussed in Sections 5.2 and 5.7.

Table 5,21 gives values for the Kirchhoff corner forces and the
support reactions for a square plate under a centrally applied load. For
the plate with free boundaries, it is seen that the support reaction is
computed very accurately as a quarter of the total load. The magnitudes
of these reactions are larger than 0.25 for the clamped and simply
supported cases. This is to be expected because, looking at Figure 5.78,
it is seen that when the plate boundary is free, it deflects in the
opposite direction to that of the applied load. Therefore, the vertical
forces required along the boundary to bring these deflections back to zero
{as is the case for clamped and simply supported boundaries) would be
primarily in the same direction as the applied load (see Figure 5.81).

The support reactions must balance these, therefore their magnitude is
larger than when the plate boundary is free. When the plate boundary is
clamped, additional moments would be required to reduce the boundary slopes
to zero. These moments have the effect of reducing the magnitude of the
deflections inside the plate. This, in turn, reduces the magnitude of

the support reactions, giving a smaller wvalue relative to the simply
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supported case. The results given in Table 5.21 seem to confirm this.
Figures 5.75, 5.76 and 5.77 show the variation of deflection along the
centreline CF, in Figure 5.74, when the plate boundaries are simply
supported, clamped and free, respectively. It is seen that the results
obtained using the present formulation are in good agreement with the BIE
solution given by Bezine [198la]. This author employed constant elements
around the boundary. Figure 5.78 shows the deflection along the boundary
when the plate boundary is free. The slopes along the boundary are shown
in Figure 5.79. As the solution is symmetrical about the mid-point of
each side, the variations of deflection and slope are shown along half a
side only. The variation of normal moment along half an edge for the
plate with clamped boundaries is shown in Figure 5.80, and the variation
of effective shear force along the boundary for the simply supported and
clamped cases is shown in Figure 5.81. Where possible, these have been

compared with the solution given by Bezine [198la].

5.17 RHOMBIC PLATES UNDER A UNIFORMLY DISTRIBUTED LOAD

The preceding sections contain examples in which the plate geometry
is either square or rectangular. In this and the following sections,
plates with polygonal geometries other than square or rectangular are
considered. Simply supported rhombic plates under uniformly distributed
load are treated first.

Figure 5.82(a) shows the plate geometry. The boundary and interior
discretisations are shown in Figures 5.82(b) and 5.82(c). Table 5.22
gives the computed walues of the central deflection for rhomboids of
different angles of skew, o. It is seen that the results obtained using
the present formulation agree very well with those given by Morley [1963],
using finite differences, and Maiti & Chakrabarty [1974], using BIE, for

values of the skew angle, o, near 90°. However, as o decreases from 90°,
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the agreement between the solutions gradually deteriorates, The greatest
discrepancy occurs at the smallest angle considered, o = 30°. The
important point to note is that for the smaller angles of skew, the
deflections obtained using the present formulation are always smaller than
the ones given by Morley [1963] and Maiti & Chakrabarty [1974]. The
author believes that the reason for this "stiffening" effect is the
different ways in which the boundary conditions are treated in the present
formulation and the other methods. In all cases, the boundary conditions
along a simply supported edge are that deflection and normal moment must
vanish. However, at corner points, the situation is somewhat different.
The BIE solution presented by Maiti & Chakrabarty [1974] employs constant
elements (but their constant element formulation is different to the ome
mentioned in Secticon 5.3). In this type of formulation, there are not,
in general, any corner nodes present. Therefore, the boundary conditions
prescribed on the elements either side of a corner are the same as those
given along the boundary, that is, zero deflection and normal moment.

This would mean that the elements either side of a corner are free to
rotate. A similar argument may be used in the case of finite difference
solutions and the series solution given by Morley [1963]. The important
point is that in these cases, no specific boundary conditions are
prescribed at corner points. However, in the quadratic formulation
presented in this work, the normal slopes either side of a corner are set
to zero. The author believes that this satisfies more correctly the
condition of the continuity of the first derivatives, that is, if the
gradient in two different directions is zero, they should be zero in all
directions in the plane of the two original omes. The altermatives
mentioned above would allow the discontinuity of the first derivatives, in
the direction along the boundary, at the corners which would not be

acceptable. The vanishing of normal slope either side of a corner would
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seem to have an effectively clamping effect at the corners. This,
therefore, results in a smaller deflection profile. This effect seems to
be more severe for an obtuse corner angle because, in these cases, the
plate is narrower and the centroid closer to the corner. This is
probably why the maximum discrepancy between the above solutions occurs at
a = 30°.

Figure 5.83 shows the slopes along QA in Figure 5,82 for various
angles of skew. For a = 30°, the slopes are compared with those obtained
using the constant element formulation presented in Chapter 3. This is
shown in Figure 5.84. It is seen that, although near the acute corner
the two solutions agree, in the vicinity of the obtuse corner the slopes
obtained using the constant element formulation are larger than those
obtained by using the quadratic elements. In fact, the non-
dimensionalised value of the central deflection for this case, obtained
using the constant element formulation, was found to be 0.000440, This
result appears to give some support to the preceding argument concerning
the differences in central deflection seen in Table 5.22. Lyons [1977]
has solved the problem of a 30° skew rhombic plate using the compatible
element proposed by Veubeck [1968]. This author gives a value of 0.00033
for the non-dimensionalised wvalue of the central deflection. Referring
to Table 5.22, it can be seen that this is in good agreement with the
result obtained using the present quadratic elements.

Table 5.23 gives values for the moments at the centroid of the plate
for various angles of skew. These results seem to be consistent with
those given in Table 5.22, that is, for angles of skew at which the
deflections obtained using the present formulation are smaller than those

given by the other authors, the moments are also smaller.
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5.18 TRIANGULAR PLATES

This section considers the bending of a plate in the shape of an
equilateral triangle. The plate is assumed to be simply supported.
Three kinds of loading are considered; a concentrated load at the

centroid, 2 uniformly distributed load and moments along the edges,

5.18.1 Simply Supported Equilateral Triangular Plate Under a

Concentrated Load at Its Centroid

Figure 5.85(a) shows an equilateral triangular plate lying
in the X,y plane. The boundary and interior discretisation are shown in
Figures 5.85(b) and 5.85(c). The plate is assumed to be simply supported
along its boundaries and carrying a concentrated load at its centroid.

The simply supported boundary conditions used at the corner are as
discussed in Section 5.2.

Table 5.24 gives the computed values of deflections along a
median. The deflection at the centroid, P, is seen to agree very well
with the analytical solution given by Timoshenko & Woinowsky-Krieger
[1959]. Table 5.25 gives the computed values of slopes along half a

side. These are symmetric about the mid-point of each side.

5.18.2 Simply Supported Equilateral Triangular Plate Under a

Uniformly Distributed Load

Timoshenko & Woinowsky-Krieger {1959] present an exact
analytical expression for the deflection along the median for this probiem.
The results obtained by the present formulation are given in Table 5.26.
The deflection at the centroid given by the integral equation solution of
Maiti & Chakrabarty [1974] is also shown. These authors use constant
elements, but their formulation is different to that presented in

Chapter 3. It is seen that the accuracy of the results obtained using
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the present formulation is very good when compared with the analytical
solution, Table 5.27 compares the computed values of slope along the
boundary again with the analytical solution. The computed wvalues of

moments at interior points are given in Table 5.28.

5.18.3 Simply Supported Equilateral Triangular Plate Bent by

Constant Moments Applied Along Its Boundary

Table 5,29 gives the computed values of deflections along
the median for this problem and compares them with the analytical solution
given by Timoshenko & Woinowsky-Krieger [1959]. It is seen that the
agreement between the two solutions is remarkably good. The computed
values of the slopes along the boundary are shown in Table 5.30 and those
for effective shear force along the boundary and the Kirchhoff corner
forces in Table 5.31. In all cases, the present BIE solution is in very
close agreement with the analytical solution. Finally, Table 5.32 gives
the computed values of moments along the median and compares them again

with those obtained using the analytical solution.

5.19 SQUARE PLATE WITH A SQUARE CENTRAL OPENING

The geometry of the plate under consideration is shown in Figure
5.86(a). The outer boundary is assumed to be simply supported and the
inner one free. The plate is assumed to carry a uniformly distributed
load. Taking advantage of symmetry, only quarter of the plate is
modelled, as shown in Figure 5.86(b). The interior discretisation is
shown in Figure 5.86(c). The boundary conditions used along the
boundaries DB and FG are the cylindrical boundary conditions described in
Section 5.5. The corner boundary conditions at the simply supported to
"eylindrical"™ corner are given in Figure 5.20(b). The boundary

conditions used at the "cylindrical"” to free corners are that the normal
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slope and effective shear force on the "eylindrical' sides, the normal
moment and effective shear force on the free sides and the Kirchhoff
corner forces must vanish.

Table 5.33 gives the computed values of deflections at selected
points on the boundary and in the interior of the plate, and compares them
with other solutions. The tabulated values for finite difference and
finite element solutions were presented by Tottemham [1979]. The BIE
results derived from the same reference employ linear elements. The BIE
results due to Du, et al. [1984] employ Hermitian interpolation functions.
It is seen that the results obtained using the present formulation agree
best with those presented by Du, et al, Figure 5.87 shows the variation
of slopes along the boundaries, and Figure 5.88 shows the variation of

normal moments along the "eylindrical" end.

5.20 SIMPLY SUPPORTED CORNER PLATE UNDER A UNIFORMLY DISTRIBUTED LOAD

Figure 5,89 shows the geometry of the plate under consideration and
the boundary discretisation. As can be seen, the discretisation is
refined in the vicinities of the two corners. The reason for this choice
of discretisation is that near the corners, especially the re-entrant
corner, B, very large moments are expected, as discussed by Williams
[1951]. The interior discretisation is shown in Figure 5.90. Each 1limb
of the plate is assumed to be very long, and, therefore, the plate is
assumed to bend to a cylindrical surface away from the corner (see
Salvadori & Reggini [1960]). The boundary conditions used along the two
sides OA and DE are, therefore, taken as the "eylindrical" boundary
conditions discussed in Section 5.5.

Table 5.34 gives the computed values of deflections along the
boundaries 0OA and DE, and compares them with the finite difference

solution given by Salvadori & Reggini [1960]. It is seen that the finite
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difference results are larger than the exact values by around 5%.

However, the difference between the present BIE solution and the exact one
is less than 1%. The exact soclution is that of the bending of a simply
supported rectangular strip under a uniformly distributed load (see
Section 5.5).

The variations of deflections along the diagonal CB are shown in
Figure 5.91. It is seen that the deflections obtained using the simply
supported boundary conditions discussed in Section 5.2 at the corners B
and C are significantly less than those given by the finite difference
solution of Salvadori & Reggini [1960] and the integral equation method of
Segedin & Brickell [1968]. The author believes that the reason for this
discrepancy is similar to that discussed for the case of the rhombic plates
in Section 5.17. It is believed that the condition of vanishing normal
slopes either side of a corner produces a clamping effect at these corners,
which in turn contributes to a smaller deflection than would be obtained
if the corner was free to rotate. This effect is more pronounced in the
case of the re-entrant corner. Figure 5.91 shows also results obtained
when the re-entrant corner is left free. This was done by setting the
boundary conditions at the corner to those of a free to free corner with
vanishing normal moment and effective shear force either side of the
corner plus vanishing Kirchhoff corner force. The freeing of the outer
corner, C, did not have any significant effect on the solutioen. It is
seen that by freeing the re-entrant corner, the computed values of the
deflections along the diagonal increase. Finally, results were also
obtained for this problem using the constant element formulation given in
Chapter 3. It is seen that this case gives larger deflections along the
diagonal compared with those obtained by the quadratic formulation,. These
results may be explained by looking at Figure 5.29 showing the slopes along

the boundary AB, in Figure 5.89, obtained using the quadratic and constant
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element formulations presented in this work. It is seen that the largest
computed values of normal slope along the boundary are given by the
constant element formulation and the smallest ones by the quadratic
formulation with the re-entrant corner, B, simply supported. The
variation of moments along the diagonal CB is shown in Figure 5.93 and is
compared with the finite difference solution given by Salvadori & Reggini
[1960]. It is seen that as the re-entrant corner is approached, the two
solutions differ widely. The BIE solution seems to confirm the
singularity present at such corners (see Williams [1951]). The
computation of the intensity of such singularities needs special attention,
as was discussed in Section 5.7.

The question as to whether the BIE solution presented here is more
accurate than the other solutions given above is not a simple one. It is
seen that, although the constant element and quadratic formulations
presented in this thesis, which were used to solve this problem, are
derived from the same integral equations, there is a large discrepancy
between the solutions obtained using them for the deflections along the
diagonal CB. The results shown in Figure 5.92 seem to support the
argument that the reason for this is the larger slopes obtained by the
constant element formulation along the boundaries either side of the
re-entrant corner, B, in Figure 5.89. This, in turn, is due to the fact
that in the quadratic formulation, the normal slopes either side of a
simply supported corner are set to zero, as was discussed in Section 5.17.

Table 5.34 shows that along the width of the plate at its ends, the
finite difference solution over—estimates the deflections by about 6%.

It may be that this error is repeated throughout the plate domain and
perhaps amplified near the corner. This would be one reason why the
deflections obtained using finite differences are, in general, larger than

the BIE solutions presented in this work. A further contribution could
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also arise from the lack of any specific restraints on the normal slopes
either side of the re-entrant corner in the finite difference scolution.

This has also been discussed in Section 5.17.



TABLE 5.1

Deflection, W, at the Centre of a Square Plate With a Load, F, at Its Centre (Figure 5.1)

= 0.3

Poisson's ratio, v

F [2 Exact
w/L—TT—) 4 Elements 8 Elements 12 Elements 24 Elements 48 Elements Semiloof THK
Square plate
clamped along 0.00549 0.00563 0.00561 0.00561 0.00561 0.00577 0,00560
all edges
Square plate
simply supported 0.01175 0.01154 0.01159 0.01160 0.01160 0.01780 0.01160
along all edges

TWK : Timoshenko & Woinowsky-Krieger [1959]
Results quoted for the Semiloof element are given by Martin [1976]

- ¥1Z -
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TABLE 5.2

Deflection Along the Centre Line 0A, in Figure 5.1, for a

Simply Supported Square Plate Under a Central Load, F

Poisson's ratio, v = 0.3

wx {D/F L2}

x/L
TWK QUDPLT

0.0 0.011600 0.011601
0.1 0.010531 0.010531
0.2 0.008404 0.008405
0.3 0.005791 0.005792
0.4 0.002943 0.002943

0.5 0.000000 0.000000

TWK ¢ Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.3

Slope,~{aW/an} x (D/F L), Along BC, in Figure 5.1, for a

Simply Supported Square Plate Under a Centrally Applied Load, F

Poisson's ratio, v = 0.3

x/L TWK QUDPLT

0.0 0.02958 0.02957
1/12 0.02844 0.02843
2/12 0.02518 0.02518
3/12 0.02022 0.02022
4/12 0.01407 0.01407
5/12 0.00720 0.00720

0.5 0.00000 0.00000

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation



TABLE 5.4

Corner Reactions for a Square Plate Under a Central Load

Poisson's ratio, v = 0.3

2/F

4 Elements 8 Elements 12 Elements 24 Elements 48 Elements

Exact
TWK

Clamped
w=290
{aW/an), = 0
m,=0

0.236 0.077 0.022 0.002 0.003

0.000

Simply supported
w=20
(aW/an)

=0
(m)t =0

0.021 0.066 0.099 0.117 0.121

0.122

Simply supported
w=20
m], =0
fvl, =0

0.132 0.120 0.121 0.122 -

0.122

TWK : Timoshenko & Woinowsky-Krieger [1959]

- LTT -
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TABLE 5.5

Deflection, wx (D/4 L%}, at the Centre of a Simply Supported Square Plate

of Side | Under a Uniformly Distributed Load of Intensity, { (Figure 5.8)

Poisson's ratio, v = 0.3

NE“I”’;’“?; t°Sf QUDPLT | Martin [1976] TWK
4 0.00409
8 0.00405
12 0.00406 0.00406 0.00406
24 0.00406
48 0.00406
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratiec formulation



TABLE 5.6

Maximum Values of Deflection, Moment and Effective Shear Force Plus the Cormer Forces for

Simply Supported Rectangular Plates Under a Uniformly Distributed lLoad, { (Figure 5.8)

Poisson's ratio, v = 0.3

w/{§ a*/D) M, /(4 a?) M /4 a?) -V /(1§ a) -V /1§ a)
at at Y at X at Y at /14 a2)
b/la| x=a/? ,y=b/2 |x=a/,y=b/2x=a/?,y=b/2| x=0,y=b/2 | x=a/2,y=0

TWK QUDPLT TWK QUDPLT TWK QUDPLT | TWK | QUDPLT| TWK | QUDPLT | TWK | QUDPLT

- 6TZ -

1.0} 0.00406 | 0.00406 | 0.0479 | 0.0479 [ 0.0479 | 0.0479 | 0.420 | 0.421 | 0.420| 0.421 | 0.065| 0.063
1.2 | 0.00564 | 0.00565 | 0.0627 | 0.0628 | 0.0501 | 0.0501 | 0.455 | 0.456 | 0,453 | 0.454 | 0,074 | 0.075
1.4 0.00705 | 0.00708 | 0.0755 | 0,0757 | 0.0502 | 0.0502 | 0.478 | 0.474 { 0.471| 0.477 | 0.083 | 0.082
1.6 | 0.00830 | 0.00831 [ 0.0862 | 0.0864 | 0.0492 | 0.0493 } 0.491 | 0.490-| 0.485] 0.486 | 0.088 | 0.087
1.8 0.00931{ 0.00932 | 0.0948 | 0.0950 | 0.0479 | 0.0479 | 0.499 | 0.497 | 0.491| 0.493 { 0.090| 0.089

2.0 0.,01013) 0.01013 ; 0.1017 | 0.1018 | 0.0464 | 0.0463 | 0.503 | 0.500 | 0.496 | 0.497 | 0.092| 0.091

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.7

Deflection Along the Centreline AC, in Figure 5.8, for a Simply Supported

Square Plate of Side a Under a Uniformly Distributed Load, §

Poisson's ratio, v = 0.3

wx (D/§ a*)

x/a
TWK QUDPLT

0.0 0.000000 0.000000
0.1 0.001316 0.001315
0.2 0.002463 0.002462
0.3 0.003336 0.003336
0.4 0.003879 0.003876

0.5 0.004062 0.004062

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.8

Slope Along Half an Edge, OE in Figure 5.8, of a Simply Supported Square

Plate Subjected to a Uniformly Distributed Load, £

Poisson's ratio, v = 0.3

Slope,
(3W/an) x (D/§ a3)

x/a

TWK QUDPLT

0.0 0.00000 0.00000
0.1 0.00448 0.00449
0.2 0.00829 0.00829
0.3 0.01114 0.01115
0.4 0.01289 0.01290

0.5 0.01348 0.01349

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.9

Deflection, wx {D/4 L%), at the Centre of a Clamped Square Plate

Under a Uniformly Distributed Load of Intensity, { (Figure 5.14)

Poisson's ratio, v = 0.3

NE“l"g’;ern t"sf QUDPLT | Martin [1976] TWK
4 0.00125
8 0.00127
12 0.00127 0.00126 0.00126
24 0.00127
48 0.00127

TWK + Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation

a=>b=1 in Figure 5.14



Deflection and Bending Moments in Uniformly Loaded Rectangular Plates With All Edges Clamped (Figure 5.14)

TABLE 5.10

Poisson's ratio, v = 0.3

w x (D/F a*) M /(F a?) M /AF a?) M /(F a?] M,/ (F a?)
at at at at at

b/a x=af?,y=b/? x=0,y=b/2 x=al?,y=0 x=a/2 ,y=b/? x=a/? ,y=b/1

TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT
1.0 0.00126 0.00127 -0.0513 -0.0514 -0.0513 -0.0514 0.0230 0.0230 0.0230 0.0230
1.2 0.00172 0.00173 -0.0639 -0.0642 -0.0554 -0.0557 0.0299 0.0301 0.0222 0.0229
1.4 0.00207 0.00207 ~-0.0726 -0.0729 -0.0568 -0.0571 0.0349 0.0351 0.0212 0.0213
1.6 0.00230 0.00230 -0.0780 -0,0784 -0.0571 -0.0574 0.0381 0.0383 0.0193 0.0193
1.8 0.00245 0.00246 -0.0812 -0.0816 -0.0571 -0.0574 0.401 0.402 0.0174 0.0173
2.0 0.00254 0.00254 -0.0829 -0.0834 -0.0571 -0.0573 0.0417 0.0413 0.0158 0.0158
TWK ¢ Timoshenko & Woinowsky~Krieger [1959]

QUDPLT :

Present quadratic formulation

- €22 -



TABLE 5.11

Deflections and Moments Along the Centreline AC, in Figure 5.14, for a Square Plate Under a

Uniformly Distributed Load and Clamped Along the Boundaries

Poisson's ratio, v = 0.3; figures in brackets ( ) for v = 0.2
m/{§ a?) my/(ﬁ a2) wx (D/§ a*)
K/ TWR Moody QUDPLY TWK Moody QUDPLT TWK QUDPLT
[1960] [1960]
-0.0516
0.0 -0.0513 -0.0500 (-0.0513) - -0.0100 - 0.00000 0.00000
-0.0163 -0.0026
0.1 - =0.0156 (=0.0166) - -0.0007 (-0.0009) - 0.00019
0.0041 0.0081
0.2 - 0.0040 (0.0034) - 0.0082 (0.0080) - 0.00057
0.0155 0.0162
0.3 - 0.0147 (0.0143) - 0.0153 (0.0151) - 0.00093
0.0213 0.0213
0.4 - 0.0198 (0.0197) - 0.0197 (0.0196) - 0.00118
0.0230 0.0230
0.5 0.0230 0.0213 (0.0212) 0.0230 0.0213 (0.0212) 0.00126 0.00127
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.12

Deflections, Bending Moments and Normal Slope for a Simply Supported Long Rectangular Strip Under a

Uniformly Distributed Load (see Figure 5.19(a))

Poisson's ratic, v = 0.3; fipures for normal slope given in brackets are for free end conditions

QUDPLT
TWK End conditions QUDPLT QUDPLT TWK
End conditions free
cylindrical
x/L
wx (D/4 b“) my/(ﬁ b2) [wx (D/§ b%) my/(ﬂ b2) |wx (D/4 bY) my/(ﬁ b2) | - (aw/an) x (D/463) | - (aw/an) x (D/§ b3)
along y = 0| along y = 0 | along ¢y = 0| along y = 0 | along y = 0 | along ¢y = 0 along y = = b/? along y = £ b
- 1/6| o0.01302 0.125 0.01302 0.125 0.01303 0.125 (8'8212;) 0.04167
0.0 0.01302 0.125 0.01302 0.125 0.01302 0.125 (8'82125) 0.04167
1/6 0.01302 0.125 0.01302 0.125 0.01303 0.125 (g‘gjig;) 0.04167
+1/2]  0.01302 - 0.01301 - 0.01428 - (g'giiig) 0.04167

TWK t Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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Deflections and Bending Moments at the Centre of Rectangular Plates Simply Supported and

TABLE 5.13

Subjected to Uniformly Distributed Moments Along Two Opposite Edges {see Figure 5.21)

Poisson's ratio, v = 0.3

My
b/a
TWK QUDPLT TWK QUDPLT TWK QUDPLT
Mo b2 Mo b2
0.5 0.0964 0.0966 0.387 M 0.387 M 0.770 M 0.771 M
D D 0 0 ] 0
M, a? M, a?
1.0 0.0368 0.0369 0.394 M 0.394 M 0.256 M 0.256 M
0 0 ¥ 0
D D
M, a? M, a?
1.5 0.0280 0.0281 0.264 M 0.264 M 0.046 M 0.047 M
0 0 0 0
D D
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.14

Defiection and Bending Moments Along AB, in Figure 5.35, for a

Simply Supported Square Plate Subjected to a Linearly Varying Load

Poisson's ratio, v = 0.3

wx (D74 L4) m/(§ L2) my/(ﬁ L2)
x/L along y = L/2 along y = L/2 along y = L/2

TWK QUDPLT TWK QUDPLT TWK QUDPLT
0.25 0.00131 0.00131 0.0132 0.0131 0.0149 0.0149
0.5 0.00203 0.00203 0.0239 0.0240 0.0239 0.0240
0.6 0.00201 0.00203 0.0264 0.0265 0.0245 0.0245
0.75 0.00162 0.00163 0.0259 0.0258 0.0207 0.0208
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT

: Present quadratic formulation




TABLE 5.15

Deflection, Moments, Effective Shear Force and the Kirchhoeff Corner Force for a Simply Supported Square Plate Under a

Load in the Shape of a Triangular Prism (see Figure 5.40)

Poisson's ratio, v = 0.3

wx (D/§ L% mx/(é L?) m /(§ L2) Vx/(é L) v /{§ L) /4 L2)

Y Y corner
at x = y = L/? at x = ¢ = L/? at x =y = L/2 atx=0,y=1/2 atx=L/2,y=10 reactions
TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT

0,00263 0.00263 0.0340 0.0341 0.0317 0.0317 0.199 0.200 0.315 0.319 0.038 0.038
Timoshenko & Woinowsky-Krieger [1959]

TWK :
QUDPLT : Present quadratic formulation
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TABLE 5.16

Deflection and Bending Moments in a Rectangular Plate With One Edge Clamped, the Other Three Simply

Supported, Under a Uniformly Distributed Load (Figure 5.44)

Poisson's ratio, v = 0.3

Deflection
b/a at X =y =0 m,at x =y=10 myatx—y—ﬂ myatx-o,y——blz
TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT
Y 4
0.5 | 0.0049 JSDL 0.0049 ﬁ-vb— 0.023 § b2|0.023 § 62| 0.060 § b2 | 0.060 § b2 | -0.122 § b2 | -0.122 { b2
l l
1.0 | 0.0028 ﬁpi 0.0028 ﬁpi 0.034 § a2 |0.034 § a2 |0.039 § a2 |0.039 § a2 | -0.084 § a2 | -0.084 § a2
n 4
2.0 | 0.0093 ﬁvi 0.0093 ﬁvi 0.094 § a2 | 0.094 § a2 |0.047 § a®|0.047 § a® | -0.122 § a? | -0.122 § a2
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present gquadratic formulation
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TABLE 5.17

Deflection, #, and Moments,_mx,_my, for Rectangular Plates Under a Uniformly Distributed Load

With Two Opposite Edges Clamped and the Other Two Simply Supported (Figure 5.45)

Poisson's ratio, v = 0.3

w x (D/§ a*) m/(§ b?) my/(af b2) my/(é b2)
at at at at

b/a X=af?2,y=0>b/2 x=a/?,y=1>b/2 x=afl,y=>bf2 x=a/2,y=20

TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT
1.0 0.00192 0.00192 0.0244 0.0244 0.0332 0.0333 -0.0697 -0.0700
1.4 0.00460 0.00461 0.0514 0.0518 0.0448 0.0446 ~0.0998 -0.1000
1.6 0.00603 0.00602 0.0650 0.0651 0.0469 0.0469 -0.1090 -0.1092
1.8 0.00732 0.00731 0.0768 0.0769 0.0477 0.0476 -0.1152 -0.1153
2.0 0.00844 0.00844 0.0869 0.0869 0.0474 0.0473 ~0,1191 -0.1191
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation
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TABLE 5.18

Deflection and Moments for a Rectangular Plate With Two Opposite Edges Free and the Qther Two

Simply Supported, Under a Uniformly Distributed Load, # (see Figure 5.46)

Poisson's ratio, v = 0.3

wx (D/§ a*) m /(§ a?] m /1§ a?) wx (D/§ a*)
at at at at

b/a x=a/?,y=0b/2 x=afl,y =0b/2 x=a/?,y=bj2 x =af?,y=0,b

TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT ;
0.5 0.01377 0.01375 0.1235 0.1241 0.0102 0.0126 0.01443 0.01467 %
1.0 0.01309 0.01311 0.1225 0.1228 0.0271 0.0276 0.01509 0.01497
1.2 - 0.0130 - 0.1228 - 0.0310 - 0.01503
1.6 - 0.01291 - 0.1232 - 0.0348 - 0.01507
2,0 0.01289 0.01291 0.1235 0.1237 0.0364 0.0365 0.01521 0.01506
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT

: Present quadratic formulation



Deflections and Bending Moments for a Uniformly Loaded Rectangular Plate With Two Opposite Edges

TABLE 5.19

Simply Supported, the Third Edge Free and the Fourth Clamped (Figure 5.48)

Poisson's ratio, v = 0.3

wx (D/4 bY) wx (D/§ b4) m/(§ b2) m /(§ b?) m /1§ b2
at at at Y at Y at
b/a x=a/? ,y=b x=a/?,y=b/2 x=af2,y=b/2 x=a/? ,y=b/2 x=a/?,y=10
TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT TWK QUDPLT
1.0 0.0113 0.0112 - 0.0057 - 0.0563 - 0.0282 -0.119 -0.119
0.5 0.0582 0.0580 - 0.0231 - 0.0105 - -0.0069 -0.319 -0.319
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT :

Present quadratic formulation

- ¢tz -



Deflection and Moments Along the Centreline AC, in Figure 5.69, Plus the Support Reactions

TABLE 5,20

at the Corners for a Uniformly Loaded Square Plate Supported at its Corners

Poisson's ratio, v = 0.25

wx D/ L*) m /1§ L2] m /{§ L?) /1§ L?)
Y
along along along at

/L x=1L/2 x =L/ x = L/2 corners

TWK QUDPLT TWK QUDPLT TWK QUDPLT Exact QUDPLT
0.1 - 0.01960 - 0.1389 - 0.0374 | -0.2500 | -0.2502
0.2 - 0.02191 - 0.1268 - 0.0683
0.3 - 0.02383 - 0.1182 - 0.0916
0.4 - 0.02509 - 0.1130 - 0.1063
0.5 0.0257 0.02553 0.1109 0.1112 0.1109 0.1112
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT

¢ Present quadratic formulation

- £€7 -
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TABLE 5.21

Kirchhoff Corner Force, %, and Support Reactiom, R,

for a Square Plate Under a Centrally Applied Point

Load and on Four Interior Supports (Figure 5.72)

Poisson's ratio, v = 0.3

Conditions tF RIF
Clamped 0.0102 -0.,4041
Simply Supported -0.0190 -0.4145
Free 0.0000 -0.2500
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TABLE 5.22

Deflections, wx (D/{ L%), at the Centre of a Simply Supported Rhomboid

Plate Carrying a Uniformly Distributed Load (Figure 5.82)

Poisson's ratiec, v = 0.3

Ansle. « Morley Morley Maiti & Present
818 (Finite Difference) (Series) Chakrabarty Quadratic
a=190° 0.00406 - 0.00408 0.00406
a=85° - 0.00401 0.00403 0.00401
a=80° 0.00386 0.00387 0.00388 0.00387
a=60° 0.00254 0.00256 0.00256 0.00251
a=50° 0.00167 0.00172 ¢.00171 0.00163
o=45° - - - 0.00122
o= 40° 0.00092 0.00096 0.00094 0.00085
a=30° 0.00038 0.00041 0.00038 0.00033




TABLE 5.23

Moments,_@x/(ﬁ L2) and my/(é L2}, at the Centre of a Simply Supported Rhombic Plate Carrying

a Uniformly Distributed Load (Figure 5.82)

Poisson's ratio, v = 0.3

(gg;iiz Morley Maiti & Present
Angle, o Difference) (Series) Chakrabarty Quadratic
mx my mx mg mx mg mx my

90° 0.0477 0.0477 - - .0480 0.0480 L0479 0.0479
85° - - 0.0486 0.0466 .0486 0.0468 .0485 0.0467
80° 0.0485 0.0444 0.0486 0.0448 .0486 0.0450 .0486 0.0449
60° 0.0427 0.0325 0.0425 0.0333 .0426 0.,0333 .0421 0.0327
50° 0.0364 0.0245 0.0362 0.0258 .0363 0.0257 .0352 0.0243
45° - - - - - - .0309 0.0199
40° 0.0283 0.0168 0.0281 0.0180 .0284 0.0177 L0264 0.0156
30° 0.0192 0.0098 0.0191 0.0108 .0200 0.0098 .0171 0.0078

- 9¢¢ -
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TABLE 5.24

Deflection, wx {D/4 L2), for a Simply Supported Equilateral Triangle

With a Concentrated Load, F, at Its Centroid (Figure 5.85)

Poisson's ratio, v = 0.3

Point TWK QUDFLT
A - 0.00020
B - 0.00143
C - 0.00380
D 0.00575 0.00571
E - 0.00360

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.25

Normal Slope, (aw/an) x {D/F L}, Along Half an Edge of a Simply Supported

Equilateral Triangular Plate Under a Concentrated Load, F, at Its Centre

(see Figure 5.85)

Poisson's ratio, v = (.3

x/b |-

8/16 0.02274
7/16 0.02162
6/16 0.01861
5/16 0.01447
4/16 0.01003
3/16 0.00597
2/16 0.00275
1/16 0.00070

0.0 0.00000
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TABLE 5.26

Deflection, wx (D/{ L*), for a Simply Supported Equilateral Triangle

Under a Uniformly Distributed Load, F (see Fipure 5.85)

Poisson's ratio, v = 0.3

Point TWK MCH QUDPLT
A 0.00007033 - 0.00007027
B 0.00038580 - 0.00038579
C 0.00081380 - 0.00081383
D 0.00102881 0.001034 0.00102882
E 0.00075352 - 0.00075352
TWK : Timoshenko & Woinowsky-Krieger [1959]
MCH : Maiti & Chakrabarty [1974]

QUDPLT : Present quadratic formulation
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TABLE 5.27

Normal Slope,-{3w/an) x (D/F L*), for Half a Side of a Simply Supported

Equilateral Triangular Plate Carrying a Uniformly Distributed Load

(see Figure 5.85)

Poisson's ratio, v = 0.3

x/b TWK QUDPLT

8/16 0.00521 0.00521
7/16 0.00505 0.00505
6/16 0.00458 0.00456
5/16 0.00385 0.00386
4/16 0.00293 0.00295
3/16 0.00193 0.00192
2/16 0.00100 0.00099
1/16 0.00029 0.00029

0.0 0.00000 0.00000

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation



TABLE 5.28

Bending Moments,_@x/(ﬁ L2) and my/(ﬂ L%?), Along a Median for an Equilateral Triangular Plate

Simply Supported Along the Boundary Carrying a Uniformly Distributed Load (see Figure 5.85)

Poisson's ratio, v = 0.3

TWK MCH QUDPLT
Point
mx m y mx m Y m X m y

A, y/L=5/6 | 0.01288 | -0.00535 - - 0.01287 | -0.00536 N
el

B, y/L==2/3 0.02176 0.00231 - - 0.02177 0,00237 T

c, y/L=1/2 0.02578 0.01484 - - 0.02576 0.01483

D, y/L==l/3 0.02407 0.02407 0.02410 0.02410 0.02414 0.02414

E, y/L==l/6 0.01577 0.02185 - - 0.01584 0.02189

TWK : Timoshenko & Woinowsky-Krieger [1959]

MCH : Maiti & Chakrabarty [1974]

QUDPLT

: Present quadratic formulation
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TABLE 5.29

Deflection, MIX(D/mO [2), for a Simply Supported Equilateral Triangular

Plate With a Constant Moment,_@a, Applied Along Tts Edges (Figure 5.85)

Poisson's ratioc, v = 0.3

Point TWK QUDPLT
A 0.005787 0.005787
B 0.018519 0.018519
C 0.031250 0.031251
D 0.037037 0.037038
E 0.028935 0.028936
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation
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TABLE 5.30

Normal Slope, [3w/3n) x(U/mO‘LL, for Half a Side of a Simply Supported

Equilateral Triangular Plate, With a Moment,_@o, Applied Along Its Edges

(see Figure 5.85%)

Poisson's ratio, v = 0.3

1/b TWK QUDPLT

8/16 0.25000 0.25001
7/16 0.24609 0.24610
6/16 0.23438 0.23438
5/16 0.21484 0.21485
4/16 0.18750 0.18751
3/16 0.15234 0.15235
2/16 0.10938 0.10938
1/16 0.05859 0.05854

0.0 0.00000 0.00000

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 5.31

)

Effective Shear Force,dyn><(L/m and Kirchhoff Corner Force, [I]/mo, for

O_’

a Simply Supported Equilateral Triangular Plate With Mcment,_@o, Applied

Along the Edges

Poisson's ratio, v = 0.3

Variable TWK QUDPLT

Effective shear force, v, X (a/mn) 1.0500 1.0501

n

Corner force, [Iﬂ/mo 1.2124 1.2207

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation



- 245 -

TABLE 5.32

Bending Moments,_mxlmo and my[mo, for a Simply Supported Equilateral

Triangular Plate With a Constant Moment,_@o, Applied Along Its Edges

(Figure 5.85)

Poisson's ratio, v = 0.3

TWK QUDPLT
Point
mx/mo my/mo mx/mo my/mo
A 1.17500 0.12500 1,17495 0.12504
B 1.00000 0.30000 1.00004 0.30002
C 0.82500 0.47500 0.82503 0.47501
D 0.65000 0.65000 0.65002 0.65002
E 0.47500 0.82500 0.47501 0.82502
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation



Deflection, wx {100D/§ L"), for a Square Plate With a Square Central Opening With a Uniformly Distributed Load.

TABLE 5.33

Quter Boundary Simply Supported, Inner Boundary Free (Figure 5.86)

Poisson's ratio, v = 0.3

Point Direct BIE Finite Finite Present Du, et al.
(Tottenham [19791) Element Difference Quadratic [1984]
A 0.2188 0.2185 0.2174 0.2178 0.2172
B 0.3107 0.3156 0.3006 0.3017 0.3011
c 0.1558 - 0.1541 0.1545 0.1542
H - - - 0.0633 -

- 9%T -
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TABLE 5.34

Deflection Along OA for a Simply Supported Corner Plate Under a

Uniformly Distributed Load (Figure 5.89)

Poisson's ratio, v = 0.3

x/b SRG QUDPLT Exact

c.0 0.0 - 0.000
0.25 2.5 2.360 2.375
0.5 3.5 3.310 3.333
0.75 2.5 2.360 2.375

1.0 0.0 0.000 0.000

SRG : Salvadori & Reggini [1960]
QUDPLT : Present quadratic formulation
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' -~ el el - o & ]
L —p

Figure 5.1: Boundary discretisation for a square plate under a central
load, F. 24 quadratic elements.
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Timoshenko & Woinowsky-Krieger [1959]

’ 0 Effective shear force set to zero at corners

0.8 O Normal slope set to zero at corners

Figure 5.2:

Poisson's ratio, v = 0.3

— x/L

Effective shear force along a half edge of a simply supported
square plate under a centrally applied load, F (see Figure 5.1)
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0.013}F —— Timoshenko & Woinowsky-Krieger [1959]

0.012 - O Present quadratic formulation

Poisson's ratioc, v = 0.3

0.009

0.008F

0.007}

0.006

0.005—

0.004F

0.003

0.002F

0.001¢

- Xx/a

0.0

Figure 5.3: Deflection, w, along a half axis of symmetry (OA in Figure 5.1)
for a simply supported square plate under a centrally applied
point lead
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aw_ D
T FL ——— Timoshenko & Woinowsky-Krieger [1959]
0O Present quadratic formulation
0.03 ¢ Poisson's ratio, v = 0.3
0.02
0.01
0.0 — x/L

0.1 0.2 0.3 0.4 0.5

Figure 5.4: Slope along a half edge of a simply supported square plate
under a central load, F (see Figure 5.1)
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D : ———— Bezine & Gamby [1978]
W t
F L2
0.006 - O Present quadratic formulation
Poisson's ratie, v = 0.3
0.005 §—
0.004 |-
0.003
0.002
0.001 |
| 1 | 1 -
0.0 0.1 0.2 0.3 0.4 0.5 x/L

Figure 5.5: Deflection, W, along a half axis of symmetry (0A in Figure 5.1)
for a clamped square plate under a centrally applied load, F
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Sanders [1969]

-— & o0 Present quadratic formulation

Poisson's ratio, v = 0.3

0.10

0.05

0.0 — y/a

Figure 5.6: Normal moment, m,, along a half edge of a clamped square plate
under a centrally applied load (see Figure 5.1)
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o WL
n"F &
Bezine & Gamby [1978]
0.8 A Present quadratic formulation
Poisson's ratio, v = 0.3

0.6 |

0.4 1

0.2

A
0.0 d I — /L
0.4 0.5

-0.2

Figure 5.7: Effective shear force along a half edge of a clamped square
plate under a centrally applied load (see Figure 5.1)
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{(a) Plate geometry and loading
[ [ [ L [
b
4 S &
[ ]
L L [ ] L
b y
b 4 -
[
[ L 4
: * [
[ 3 L -+ —
)
{ [ ]
(b) Boundary discretisation. (¢) Interior discretisation
6 elements along each
side

Figure 5.8: Simply supported rectangular plate under a uniformly distributed
load
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—N— b/a = 2.0
_w, D —0— bla=1.8
on 4
§ a3
—e— b/a=1.8
0.04 b —8— b/a=1.4
—A— b/a = 1.2
Poisson's ratio, v = 0.3
A A
c.03 1 A . X
[ |
A
]
0.02 F
A
[ ]
0.01}F 4
a
' 1 ] 1 i |
0.0 0.1 0.2 0.3 0.5 55> y/b

Figure 5.9: Normal slope along half the length of the longer side (DA in
Figure 5.8) of a simply supported rectangular plate under a
uniformly distributed load
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w, D, —s— b/a = 2.0
R
—o— b/a=1.6
—& bla=1.2
Poisson's ratio, v = 0.3
0.03 L

0.02

0.01

0.0 - X/a

Figure 5.10: Normal slope along half the length of the shorter side (OE in
Figure 5.8) of a simply supported rectangular plate under a
uniformly distributed load
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i}
[\

Ly
éa* —— b/a

I

—4— b/a =1

Poisson's ratio, v = 0.3

Figure 5.11: Effective shear force along half the length of the longer side
(0A in Figure 5.8) of a simply supported rectangular plate
under a uniformly distributed load
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1]
[y

§a —D— b/a
—_—

b/a = 1

L]

0.5 — Poisson's ratio, v = 0.3

|
G — X/

Figure 5.12: Effective shear force along half the length of the shorter
side (OE in Figure 5.8) of a simply supported rectangular
plate under a uniformly distributed load
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§ a®

X

- ~8— M
Y

Poisson's ratio, v = 0.3

0.04

0.03

0.02

0.01

| — x/a

0.0 0.1 0.2 0.3 0.4 0.5

Figure 5.13: Moments along the centreline (AC in Figure 5.8) for a simply
supported square plate under a uniformly distributed load.
a = b in Figure 5.8.
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P clamped boundary
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(a) Plate geometry, boundary conditions and loading

00 - . 4 e

{(b) Boundary discretisation. (c) 1Interior discretisation
6 quadratic elements along
each side

Figure 5.14: Clamped rectangular plate under a uniformly distributed load
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0.05¢

0.04}

0.03F

0.0

Figure 5.15:

- 262 -

b/a
b/a

b/a
b/a
b/a
bl/a

tredet

Poisson's

]
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ratio, v = 0.3

» /b
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] . A
.
[ Y
. £y
/Y
Y
I ] i 1 |
0.1 0.2 0.3 0.4 0.5

Normal moment along half the length of the longer side (DA
in Figure 5.14) of a clamped rectangular plate under a
uniformly distributed load
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Poisson's ratio, v = 0,3

0.07}

0.06"

0.05

0.04

0.03

0.02

¢.01

0.0 - x/a

Figure 5.16:; Normal moment along half the length of the shorter side (OA'
in Figure 5.16) of a clamped rectangular plate under a
uniformly distributed load
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A b/a = 2, present quadratic formulation

® b/a =1, present quadratic formulation

v A b/a = 2, Moody [1960]

§a o b/a =1, Moody [1960]

Poisson's ratio, v = 0.2

» /b

Figure 5,17: Effective shear force along half the length of the longer
side (OA in Figure 5.14) of a clamped rectangular plate
under a uniformly distributed load
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—&— b/a = 2, present quadratic formulation
Ug —#— b/a = 1, present quadratic formulation
§a 7 o b/a =1, Moody [1960]

Poissen's ratio, v = 0.2

— x/a

Figure 5.18: Effective shear force along half the length of the shorter
side (OA' in Figure 5.14) of a clamped rectangular plate
under a uniformly distributed load
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{a) Plate geometry and lcading é
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(b) Boundary discretisation. 12 elements along the length, 3 elements across the width.

+
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Figure 5.19:

{¢) Interior discretisation

Simply supported rectangular strip under a uniformly distributed load
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né ,Ié : normal and tangent on the free side

n, ,12 : normal and tangent on the simply supported side

\

free ////’

//,/’
tﬂ‘t:::: plate domain
////

—

n "

y;
",

simply supported

w=0 : corner deflection

m, =0 : normal moment on simply supported side
J.) .

mn =0 : normal moment on free side

Un6=() : effective shear force on the free side

Bw/8n6==0 : normal slope on the free side

Figure 5.20(a): Boundary conditions at a simply supported to free
rectangular corner

cylindrical

T

\
\
\

plate domain

n_ % simply supported
c
t
5
v
"y
n ,Ic : normal and tangent on the cylindrical side
w=0 : corner deflection
m, = : normal moment on the simply supported side
Unc= : effective shear force on the cylindrical side
Q .
3w/8nc==0 : normal slope on the cylindrical side
[t =0 : Kirchhoff corner forces

Figure 5.20(b): Boundary conditions at a simply supported to cylindrical
corner
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T

T

(b) Boundary discretisation.

Figure 5.21:

—a

.
T
T
T
T

a

(a) Plate geometry and loading

6 quadratic elements along each side.

Simply supported rectangular plate bent by uniformly
distributed moments along two opposite edges
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simply supported

Ww=20
+
aw/an =0
!+
n aw/an” = 0
m =M
}’l+ 0
m_=20
n

Figure 5.22: Boundary conditions at a corner of a rectangular plate bent
by moments applied to two opposite edges
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(a) Plate geometry, loading and boundary conditions

3
g

p
-

a - =

(b) Boundary discretisation. 10 quadratic elements along the length and 2 across the width

Figure 5.23: Long rectangular cantilever under a centrally applied load, F
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4 . .
-— A Poisson's ratio, v = 0.3

r ]
4.0 5o ™ /b

Figure 5.24: Normal moment along half the length of the clamped edge (AB
in Figure 5.23) of a long cantilever plate under a centrally
applied load, F
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_Un)(% ﬁ Poisson's ratio, v = 0.3
3.0
2.0 P
1.0 ¥
0.0 ————L L ‘ > x/b

1.0 2.0 3.0 4.0 5.0

Figure 5.25: Effective shear force along half the length of the clamped
side (AB in Figure 5.23) of a long cantilever plate under a
centrally applied load, F
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free boundary
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(a)
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6 quadratic elements
along each side.

Figure 5.26:

>

Boundary discretisation.

—p—ymmgmemp Clamped boundary
A B
| |
L
] |
) I )
' |
| |
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-— —
L
(b) Boundary discretisation.

12 quadratic elements
along each side.

Square cantilever plate under a centrally applied load, F

- £l -

Refined discretisation
near the clamped to free
corner. 32 elements in
total.
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A 24 quadratic elements

| —O0— 48 quadratic elements

Poisson's ratio, v = 0.3

L | | 1 l DX./L

Figure 5.27: Normal moment along half the length of the clamped side (OC
in Figure 5.26) of a square cantilever plate under a
centrally applied load, F
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® 24 quadratic elements
(Figure 5.26(a))

Poisson's ratio, v = 0.3

14.0 |

12.0 |

10.0 —

— X/l

Figure 5.28: Effective shear force along half the length of the clamped
side (OC in Figure 5.26) of a square cantilever plate under
a centrally applied load, F
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® 48 quadratic elements (Figure 5.26(b))

Poisson's ratio, v = 0.3

L
”"n"??

10.0 +
8.0
6.0
4.0 |

2.

! |
0-415 0.6 0.7 0.8 X 1.0 > x/L

Figure 5.29: Effective shear force along half the length of the clamped
side (OC in Figure 5.26) of a clamped square cantilever
under a centrally applied load, F
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® 32 quadratic elements (Figure 5.26(c))

L Poisson's ratio, v = 0.3

_Uan ‘ +

10.0 —

8.0F

6.0

- X/l
1.0

Figure 5.30: Effective shear force along half the length of the clamped
side (OC in Figure 5.26) of a square cantilever plate under
a centrally applied load, F
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—— Present quadratic formulation, 24 elements

o Bezine & Gamby {1978]

Poisson's ratio, v = 0.3

0.11 k- 5
0.10 j—

0.09

0.08 -
0.07 ¢
0.06
0.05 p—
0.04 |
0.03 |
0.02

0.01

0.0 | | | | J — X/L

Figure 5.31: Deflection along half the free edge (AB in Figure 5.26) of a
square cantilever plate under a centrally applied load, F
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—— Present quadratic formulation

o Bezine & Gamby [1978]

D a .
H’XF 12 Poisson's ratio, v = 0.3
0.11 -

.05

0.02

» y/L

0.0

Figure 5.32: Deflection along the free edge (0A in Figure 5.26) of a
square cantilever plate under a centrally applied load, F
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D & Present quadratic formulation, 24 elements
FL?

Bezine & Gamby [1978]

0.11 | Poisson's ratio, v = 0.3

0.08

6.07

0.01

0.0

Figure 5.33: Deflection along the axis of symmetry (CB in Figure 5.26) of
a square cantilever plate under a centrally applied load, F
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ow_ D
"W CF L along OA
aw_ D
anF T along AB
4
Bezine & Gamby [1978]
® Present quadratic formulation, 24 elements
Poisson's ratio, v = 0.3
0.16
0.14._-__.___!_._’__._... normal slope along AB
0.12 +
0.10 —
0.08
0.06 |-
0.04 |-
normal slope along QA
.02 .
®
CYRE R N SN I N S B . XL
0.0 0.2 0.4 0.6 0.8 1.0 y/L

Figure 5.34: Normal slope along the free edges (0OA and AB in Figure 5.26)
of a square cantilever plate under a centrally applied
load, F
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(b} Boundary discretisation. (c) Interior discretisation
6 elements along each
side.

Simply supported square plate under a linearly varying load
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Figure 5.36: Normal slope along OA and BC in Figure 5.35 for a simply
supported square plate under a linearly varying load
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Figure 5.37: Normal slope along OC in Figure 5.35 for a simply supported
square plate under a linearly varying load
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Figure 5.38: Effective shear force along OA and BC in Figure 5.35 for a
simply supported square plate under a linearly varying load
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Figure 5.39: Effective shear force along OC in Figure 5.35 for a simply
supported square plate under a linearly varying load
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(b) Boundary discretisationm. {(c) Interior discretisation

6 elements along each
side.

Simply supported square plate under a load in the shape of a

triangular prism
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Figure 5.41: Deflection along the two centrelines OA and CO in Figure 5.40
for a simply supported square plate under a load in the shape
of a triangular prism
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Figure 5.42: Moments alcong OA in Figure 5.40 for a simply supported square
plate under a load in the shape of a triangular prism
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Figure 5.43: Moments along CO in Figure 5.40 for a simply supported square
plate under a load in the shape of a triangular prism
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Figure 5.44: Rectangular plate having one clamped edge and the other three
simply supported under a uniformly distributed load
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(b} Boundary discretisation. (c) Interior discretisation
6 elements along each
side.

Figure 5.45: Rectangular plate with two opposite edges clamped and the
other two simply supported under a uniformly distributed load
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(a) Plate geometry, loading and boundary conditions

(b) Boundary discretisation. (¢) Interior discretisation
6 elements along each
side.

Figure 5.46: Rectangular plate with two opposite edges simply supported
and the other two free under a uniformly distributed load
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Moment, My s along the centreline parallel to the free
boundaries (AB in Figure 5.46) for a rectangular plate with
two opposite edges free and the other two simply supported
under a uniformly distributed load

TWK : Timoshenko & Woinowsky-Krieger [1959]
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{b) Boundary discretisation. {c) Interior discretisation

6 elements along each side.

Figure 5.48: Rectangular plate with two opposite edges simply supported,
the third edge free and the fourth clamped, under a uniformly
distributed load
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Figure 5.49: Deflection along the centreline (AB in Figure 5.48) for a
square plate with two opposite edpes simply supported, the
third edge clamped and the fourth edge free, under a
uniformly distributed load
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Figure 5.50: Deflection along CD in Figure 5.48 for a square plate with
two opposite edges simply supported, the third edge clamped
and the fourth edge free, under a uniformly distributed load
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Figure 5.51: Moments along the line of symmetry (AB in Figure 5.48) for a
square plate with twe opposite edges simply supported, the

third edge free and the fourth edge clamped, under a
uniformly distributed load
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Figure 5.52: Moments aleong CD in Figure 5.48 for a square plate with two
opposite edges simply supported, the third edge free and the
fourth edge clamped, under a uniformly distributed load
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a=b=1L in Figure 5.48
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0.1 0.2 0.3 0.4 5.5 > i

Normal moment along half the length of the clamped side (0OA
in Figure 5.48) for a square plate with two opposite edges
simply supported, the third edge free and the fourth edge
clamped, under a uniformly distributed load

TWK : Timoshenko & Woinowsky-Krieger {1959]
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(a) Plate geometry, loading and boundary conditions
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(b) Boundary discretisation. (c) Interior discretisation
5 elements along each
side.

Figure 5.54: Square plate clamped along three edges and free along the
fourth edge under:
i) a uniformly distributed load
ii) a linearly varying load
iii) a uniformly distributed load on two thirds of the plate



- 302 -

w x D x103 &
§ L
B uniformly distributed load
3.0 + ® uniformly distributed lecad on two thirds of the
plate
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2.6 Poisson's ratio, v = 0.2

Figure 5.55: Deflections along the centreline (AC in Figure 5.54) for a
square plate with three edges clamped and one edge free
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Figure 5.56: Effective shear force along OB in Figure 5.54 for a square
plate with three edges clamped and the fourth edge free
under a uniformly distributed load
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__n 7 —— Present quadratic formulation

6 Moody [1960]

Poisson's ratio, v = 0.2
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Figure 5.57: Effective shear force along OA in Figure 5.54 for a square
plate with three edges clamped and the fourth edge free,
under a uniformly distributed load
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Figure 5.58: Moments, m, and m,, along the line of symmetry (AC in
Figure 5.54) for a square plate with three edges clamped and
the fourth edge free, under a uniformly distributed load
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Figure 5.59: Normal moment along OA in Figure 5.54 for a square plate
with three edges clamped and one edge free under a uniformly
distributed load
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Figure 5.60: Normal moment along OB in Figure 5.54 for a square plate
with three edges clamped and the fourth edge free under a
uniformly distributed load
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Normal moment along OA in Figure 5.54 for a square plate
with three edges clamped and the fourth edge free under a
linearly varying load
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Figure 5.62: MNormal moment along OB in Figure 5.54 for a square plate
with three edges clamped and the fourth edge free under a
linearly varying load
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Figure 5.63: Effective shear force along OA in Figure 5.54 for a square

plate with three edges clamped and the fourth edge free
under a linearly varying load
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Figure 5.64: Effective shear force along OB in Figure 5.54 for a square
plate with three edges clamped and the fourth edge free
under a linearly varying load
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Figure 5.65: Moments, m, and m,, along the centreline AC in Figure 5.54
for a square plate with three edges clamped and the fourth
edge free under a linearly varying load
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Effective shear force along 0B in Figure 5.54 for a square
plate with three edges clamped and the fourth edge free
under a uniformly distributed load on two thirds of the
plate
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Poisson's ratio, v = 0.2
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Figure 5.67: Effective shear force along 0A in Figure 5.54 for a square
plate with three edges clamped and the fourth edge free
under a uniformly distributed load on two thirds of the
plate
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Figure 5.68: Normal moment along OA in Figure 5.54 for a square plate
with three edges clamped and the fourth edge free with a
uniformly distributed load on two thirds of the plate
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Normal moment along OB in Figure 5.54 for a square plate
with three edges clamped and the fourth edge free under a
uniformly distributed load on two thirds of the plate
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Figure 5.70: Moments, my and m,, along the centreline (AC in Figure 5.54)
for a square plate with three edges clamped and the fourth
"edge free under a uniformly distributed load on two thirds
of the plate
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Figure 5.71: Square plate supported only at the corners under a uniformly
distributed load
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Figure 5.72: Deflection along half a side (0A in Figure 5.71) of a square
plate supported only at its corners under a uniformly
distributed load
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Figure 5.73: Normal slope along half a side (0A in Figure 5.71) of a
square plate supported only at its corners under a uniformly
distributed load
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(a) Plate geometry and interior support positions
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(b) Boundary discretisation.
6 elements along each
side.

Figure 5.74: Square plate on four interior supports under a centrally
applied load, F
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Figure 5.75: Deflection along a half axis of symmetry (BC in Figure 5.74)
of a simply supported square plate on four interior supports
under a centrally applied load, F



- 323 -

W x [ —\— Present quadratic formulation

e Bezine [1981]

Poisson's ratio, v = 0.3

(]
o
o
=~
T

0.003 -

0.002

0.001

0.0

/L

Figure 5.76: Deflection along a half axis of symmetry (BC in Figure 5.74)
of a clamped square plate on four interior supports under a
centrally applied load, F
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Figure 5.77: Deflection along a half axis of symmetry (BC in Figure 5.74)
for a square plate on four interior supports under a
centrally applied load, F. Plate boundaries free.
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Deflection along half an edge (0A in Figure 5.74) of a square
plate supported on four interior supports under a centrally
applied load, F. All plate boundaries free.
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Figure 5.79: Normal slope along a half edge (0A in Figure 5.74) of a
square plate supported on four interior supports under a
centrally applied load, F
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Normal moment along half an edge (0OA in Figure 5.74) for a
clamped square plate on four interior supports under a
centrally applied load, F
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Figure 5.81: Effective shear force along half an edge (0A in Figure 5.74)
of a square plate on four interior supports under a centrally
applied load, F
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(a) Plate geometry

(b} Boundary discretisation. (¢} Interior discretisation
6 elements along each
side,

Figure 5.82: Simply supported rhombic plate under a uniformly distributed
load
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Figure 5.83:

~ 330 -

Poisson’s ratio, v = 0.3
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Normal slope along AB in Figure 5.82 for a simply supported
rhombic plate under a uniformly distributed load
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Figure 5.84: Normal slope along AB in Figure 5.82 for a simply supported
rhombic plate with 30° angle of skew under a uniformly
distributed load
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(a) Plate geometry
(b) Boundary discretisation. (¢) Interior discretisation
8 elements along each
side.

Figure 5.85: Simply supported plate in the shape of an equilateral triangle
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Figure 5.86: Square plate with a square central opening under a uniformly
distributed lecad. Quter boundary simply supported and
inner boundary free.



- 334 -

w,_ D
on 3
§ L D Normal slope along EF

O Normal slope along AG

3 1 —
0.014 Peisson's ratio, v = 0.25

0.012
0.010—
0.008¢
0.006
0.004 -

0.002F

0.0 o1 0{2 53 01.4 g.s = x/L
-0.002f

-0.004
-0.006 |-
-0.008}

-0.010—

-0.012¢-

Figure 5.87: Normal slope along EF and AG in Figure 5.86(b) for a square
plate with a square central opening under a uniformly
distributed load. Simply supported on the outer boundary
and free along the inner boundary.
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Figure 5.88: Normal moment along DB in Figure 5.86(b) for a square plate
with a square central opening under a uniformly distributed
load. Simply supported on the outer boundary and free along
the inner boundary.
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Figure 5.89: Geometry and boundary discretisation for a simply supported
right angled cornmer plate under a uniformly distributed load.
30 elements used in total,
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Figure 5.90: Interior discretisation of a right angled corner plate (see
Figure 5.89)
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Figure 5.91: Deflection along the diagonal CB in Figure 5.89 for a simply
supported right angled corner plate under a uniformly
distributed load

QUDPLT : Present quadratic formulation
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Figure 5.92: Normal slope along AB in Figure 5.89 for a simply supported
corner plate under a uniformly distributed load

QUDPLT : Present quadratic formulatiom
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Figure 5.93: Moment sum, (m, +m,] = M, along the diagonal CB in
Figure 5.89 for a gimply supported right angled corner plate
under a uniformly distributed load

QUDPLT : Present quadratic formulation
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CHAPTER 6

NUMERTCAL RESULTS FOR PLATES

WITH CURVED BOUNDARIES

6.1 INTRODUCTION

The plate examples presented in the previous chapter consisted of
plates with geometries which involved straight boundaries only. The
isoparametric elements described in Chapter 4 can model such boundaries
exactly. However, when the plate geometry involves curved boundaries,
the geometrical interpolations, in general, approximate the geometry.

It would be expected, however, that the approximation would improve with
finer discretisation. In this chapter, an attempt has been made to
assess the accuracy of the present quadratic formulation when it is used

to solve plate problems involving curved boundaries.

6.2 CIRCULAR PLATE UNDER A CONCENTRATED LOAD AT THE CENTRE

Figure 6.1(a) shows a circular plate which is assumed to be carrying
a concentrated load, F, at its centre. The plate boundary is assumed to
be either simply supported or clamped. A typical boundary discretisation
is shown in Figure 6.1(b).

Table 6.1 gives the computed values of the central deflections for
the two boundary conditions considered. The exact solutions are taken
from the analytical expressions given by Timoshenko & Woinowsky-Krieger
[1959]. It is seen that the agreement between the BIE solution and the
analytical one is very good, even for relatively coarse meshes. Tables
6.2 and 6.3 give wvalues of deflections and moments at interior points,
along a radial direction, for simply supported and clamped plates,
respectively.. It is seen that the agreement between thg BIE solution and

the analytical solution is excellent.
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It must be noted that a quadratic interpolation of the boundary
geometry does not model a circle exactly. Specifically, the normal to
the boundary is not continuous at inter-element nodes. This is a direct
result of the isoparametric formulation described in Chapter 4. However,
refining the mesh does help to decrease the discontinuity. For example,
if the boundary of the circle is discretised using B_elements, there is an
angle of 1.612° between the normals to the elements either side of an
inter-element node. However, this angle is reduced to 0.0637° if the
boundary is discretised using 24 elements. Although in the numerical
implementation employed, the normal direction at an inter-element node is
taken to be the average between the normals on the elements either side of
that node, nevertheless this incompatibility creates artificial corners in
the boundary geometry. The effect of this incompatibility on the
computed boundary values is shown in Tables 6.4 and 6.5. It is seen that
the computed values of the boundary variables at the mid-side nodes are
different from those obtained at inter-element nodes, whereas, for this
particular problem, all boundary variables are expected to be constant
along the boundary. Nevertheless, it is seen that refining the mesh
reduces the difference between the computed nodal values. The effective
shear force, for the plate with simply supported boundaries, is most
adversely affected. The author believes that this is due to the fact
that the artificial corners require the existence of a Kirchhoff cormner
force. It was shown iﬁ Chapter 3 that ignoring the corner forces in the
constant element formulation would result in incorrect values of the
equivalent shear force near corners for problems involving simply supported
boundaries. For a simply supported circular plate, there are no corner
forces to be considered. Therefore, the corner forces which might be
present at the artificial cormers are not computed as independent boundary

variables. It is believed that the effect of these corner forces is
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reflected in the wvalue of the equivalent shear force at the inter-element
nodes, leading to the discrepancy seen between the equivalent shear force
at mid-side and end nodes of the elements. It would appear that a more
accurate figure for the effective shear force along the boundary can be
obtained as the average between two mid-side node values and an inter-
element nodal value, This is equivalent to averaging the effective shear
force along an element by using the appropriate quadratic shape functions.
The effective shear force along the boundary of the clamped circular plate
seems to be much less affected by the incompatibility between adjacent
elements. It is believed that this is due to the fact that at a clamped
corner, the Kirchhoff corner force is zero and, therefore, the vertical
forces along the boundary would not be adversely affected by the existence

of the artificial corners.

6.3 CIRCULAR PLATE UNDER A UNIFORMLY DISTRIBUTED LOAD

Figure 6.3 shows the geometry, loading and the boundary and interior
discretisations employed for this particular problem. Two different
boundary conditions are considered; simply supported and clamped. The
convergence of the computed value of the central deflection to the
analytical solution given by Timoshenko & Woinowsky-Krieger [1959] is
shown in Table 6.6. It is seen that there is very good agreement between
the BIE and analytical solutions. Tables 6.7 and 6.8 compare the computed
values of deflection and moments, at interior points along a radius, with
those obtained by the analytical solutionmn.

The solutions obtained for the boundary variables are shown in Tables
6.9 and 6.10. Once again, as in Section 6.2, it is seen that there are
discrepancies between the computed values of the variables at mid-nodes
and end nodes of the elements. However, this difference is reduced with

mesh refinement. The effective shear force, for the simply supported



~ 344 -

case, is once again the worst affected. As menticned in the previous
section, this is due to the way in which the circular boundary is modelled
by the quadratic elements, This problem has already been discussed in

Section 6.1, to which the reader is referred.

6.4 SIMPLY SUPPORTED CIRCULAR PLATE BENT BY A UNIFORMLY DISTRIBUTED

MOMENT ALONG ITS BOUNDARY

The geometry and boundary discretisation for this problem are shown
in Figure 6.3. Timoshenko & Weoinowsky-Krieger [1959] give an analytical
solution for this problem. The results obtained using the present
quadratic formulation are compared with this solution in Table 6.11. It
is seen that the agreement is very good. The figure given for normal
slope at the boundary is the average between the normal slope at a mid-
node and an end node of an element, which differed from each other by only

0.11%.

6.5 SIMPLY SUPPORTED CIRCULAR PLATE UNDER A LINEARLY VARYING LOAD

Figure 6.4(a) shows the geometry and loading for this problem. The
boundary and interior discretisations are shown in Figures 6.4(b) and
6.4(c), respectively. An analytical solution is given by Timoshenko &
Woinowsky-Krieger [1959]. Since the values of the computed variables are
symmetric about the x axis and anti-symmetric about the y axis, the results
presented are shown for a quarter of the plate only. Tables 6.12 to
6.18 present the computed values of deflections and moments along radial
lines, making an angle & with the x axis. Results are given for different
values of 6. It is seen that there is a very good agreement between the
BIE and the analytical solutions. Table 6,19 gives the variation of the
normal slope along a quarter of the length of the boundary, showing again

very good agreement.
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6.6 PLATE IN THE SHAPE OF A SECTOR OF A CIRCLE UNDER A UNIFORMLY

DISTRIBUTED LOAD

This type of geometry involves both curved and straight boundaries,
which makes it an interesting test case for the computer program. The
plate geometry and mesh designs are shown in Figures 6.5(a), 6.5(b) and
6.5(c). Two types of boundary conditions are considered. In the first
instance, the whole of the plate boundary is considered to be simply
supported. The second type of boundary condition assumes the plate to be
simply supported along the two radial edges and clamped along the curved
boundary. Timoshenko & Woinowsky~Krieger [1959] provide tabulated values
for deflections and moments along the axis of symmetry of the plate for
various sector angles.

Tables 6.20 to 6.23 compare the’computed values of deflections and
moments, along the axis of symmetry of the sector, with those given in
this reference for the simply supported sector plates. It is seen that
there is good agreement between the two solutioms. Tables 6.24 to 6.27
give values of deflections and moments in the radial direction, along the

axis of symmetry, when the circular boundary is clamped.



TABLE 6.1

Deflection at the Centre of a Circular Plate Loaded at the Centre

Poisson's ratio, v = 0.3

'w x 172) 4 Elements 8 Elements 12 Elements 24 Elements Exact
Fa

Simply Supported 0.05062 0.05062 0.05058 0.05054 0.05050

Clamped 0.01980 0.01989 0.01989 0.01989 0.01989

- 9% -
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TABLE

6.2

Deflection and Bending Moments Along a Radial Direction for a

Simply Supported Circular Plate Loaded at the Centre {(see Figure 6.1)

Poisson's ratio, v = 0.3

e w x {D/F a?) m, /F m./F

TWK QUDPLT TWK QUDPLT TWK QUDPLT
0.0 .05050 0.05054 - - - -
0.2 .04592 0.04596 0.16650 0.16659 0.22220 0.22229
0.4 .03659 0.03662 0.09479 0.09488 0.15050 0.15059
0.6 .02500 0.02503 0.05285 0.05294 0.10855 0.10864
0.8 .01250 0.01251 0.02308 0.02317 0.07879 0.07889
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation




TABLE 6.3

Deflections and Bending Moments Along a Radial Direction for a Clamped Circular Plate

Loaded at the Centre (see Figure 6.1)

Poisson's ratio, v = 0.3

a w x [D/F a2) m, /F mt/F
TWK QUDPLT TWK QUDPLT TWK QUDPLT
0.0 | 0.0198944 | 0.0198943 - - - - "
0.2 | 0.0165371 | 0.0165370 0.0869200 0.0869198 0.1426243 0.1426240 ?;
0.4 0.0108780 0.0108779 0.0152135 0.0152132 0.0709177 0.0709177
0.6 | 0.0054154 | 0.0054153 | -0.0267322 | -0.0267325 0.0289720 0.0289718
0.8 | 0.0014797 | 0.0014796 | -0.0564931 | -0.0564933 | -0.0007889 | =-0.0007892
1.0 0.0000000 0.0000000 ~-0.0795775 ~-0.0795776 -0.0238732 -0.0238733
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT :

Present quadratic formulation
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TABLE 6.4

Normal Slope and Effective Shear Force at the Boundary of a

Simply Supported Circular Plate Under a

Concentrated Load,_E, at the Centre

Poisson's ratio, v = 0.3

w D a
Number of - Eﬁ'x a -V F
Elements
Mid-Node End Node Mid-Node End Node
4 0.06180 0.05993 0.14351 0.19074
8 0.06131 0.06119 0.15508 0.16757
12 0.06123 0.06129 0.16222 0.15333
24 0.06121 0.06128 0.17702 0.12362
Exact value for - w X = {.06121
an Fa -
Exact value for - UV x %- = 0.15915
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TABLE 6.5

Normal Moment and Effective Shear Force at the Boundary of a Clamped

Circular Plate Under a Concentrated Load, F, at the Centre

Poisson's ratio, v = 0.3

a
Number of mn/F -V x'?
Elements
Mid-Node End Node Mid-~Node End Node
4 =0.07960 -0.07982 0.15384 0.17140
8 -0.07958 -0.07959 0.15756 0.16246
12 -0.07958 -0.07958 0.15842 0.16065
24 -0.07958 -0.07958 0.15897 0.15953

My
Exact value for ;f- = -0.07958

Exact value for - V x %- = 0.15915



TABLE 6.6

Deflection at the Centre of a Uniformly Loaded Circular Plate (Figure 6.2)
= 0.3

Poisson's ratio, v

w x | D ] 4 Elements 8 Elements 12 Elements 24 Elements Exact
4 a
Simply Supported 0.06327 0.06385 0.06382 0.06376 0.06370
|
Clamped 0.01546 0.01562 0.01563 0.01562 0.01563 §
|
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TABLE 6.7

Deflection and Moments at Interior Points for a Simply Supported

Circular Plate Under a Uniformly Digtributed Load {see Figure 6.2)

Poisson's ratioc, v = 0.3

o/ w x (D/§ a*) m,/(§ a?) me/{§ a)

TWK QUDPLT TWK QUDPLT TWK QUDPLT

0.0 0.06370 0.06376 0.2063 0.2063 0.2063 0.2063
0.2 0.06055 0.06061 0.1980 0.1981 0.2015 0.2016
0.4 0.05141 0.05146 0.1733 0.1734 0.1873 0.1874
0.6 0.03717 0.03721 0.1320 0.1321 0.1635 0.1637

0.8 0.01933 0.01936 0.0743 0.0744 0.1303 0.1305

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 6.8

Deflection and Moments Along a Radial Direction for a Clamped Circular

Plate Under a Uniformly Distributed Load (Figure 6.2)

Poisson's ratio, v = 0.3

w x (0/§ a*) m/(§ a?) m/§ a?)
rnla

TWK QUDPLT TWK QUDPLT TR QUDPLT
0.0 0.01563 0.01562 0.0813 0.0812 0.0813 0.0812
0.2 0.01440 0.01440 0.0730 0.0730 0.0765 0.0765
0.4 0.01102 0.01103 0.0483 0.0482 0.0623 0.0622
0.6 0.00640 0.00640 0.0070 0.0070 0.0385 0.0385
0.8 0.00202 0.00203 -0.0508 -0.0507 -0.0053 -0.0053
1.0 0.00000 0.00000 -0.1250 -0.1249 ~0.0375 -0.0375
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation
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TABLE 6.9

Normal Slope and Effective Shear Force at the Boundary of a

Simply Supported Circular Plate Under a Uniformly Distributed

Load, { (see Figure 6.2)

Poisson's ratic, v = 0.3

_w D v
Number of M ¢ ,3 §a
Elements
Mid-Node End Node Mid-Node End Node
4 0.09595 0.09290 0.47464 0.055465
8 0.09623 0.09602 0.49370 0.51323
12 0.096171 0.09625 0.50474 0.49100
24 0.09615 0.09624 0.52967 0.44099
W
Exact value for - — x = 0.09615
Exact value for - 7 = 0.5
xact value for 7 a = .
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TABLE 6.10

Normal Moment and Effective Shear Force at the Boundary of a Clamped

Circular Plate Under a Uniformly Distributed Load, § (see Figure 6.2)

Poisson's ratio, v = 0.3

2 -
Number of mn/(ﬂ a”) V/i{ al
Elements Mid-Node End Node Mid-Node End Node
4 -0.12408 -0.12289 0.49228 0.52176
3 -0.12504 -0.12465 0.49832 0.50381
12 -0.12497 -0.12497 0.49884 0.50237
24 -0.12516 -0.12467 0.49884 0.50237
My
Exact value for -0.12500
§ a?
Exact wvalue for -'—!— = 0.5
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TABLE 6,11

Deflections and Moments at Interior Points Plus Normal Slope

at the Boundary for a Simply Supported Circular Plate Bent by a Constant

Moment Applied Along Its Circumference (see Figure 6.3)

Poisson's ratio, v = 0.3

rla wx (D/mO az) me/mO __g—lf'ljxmovft
Exact QUDPLT Exact QUDPLT Exact QUDPLT

0.0 0.38462 0.38510 1.0 1.001 0.7692 0.7700

0.1 0.36920 0.36970 1.0 1.001

0.2 0.32308 0.32348 1.0 1.001

0.3 0.24615 0.24646 1.0 1.001

0.4 0.13846 0.13863 1.0 1.001

QUDPLT : Present quadratic formulation



TABLE 6.12

Deflection and Bending Moments Aleng @ = 0® Radial Direction for a

Simply Supported Circular Plate Under a Linearly Varying Load (see Figure 6.4)

Poisson's ratio, v = 0.3

wx {D/§ a*) m /14§ a?) m,/{§ a?)
e 6 /16 /16

TWK QUDPLT TWK QUDPLT TWK QUDPLT

0.0 0.00000 1.5 x1p~11 0.00000 2.8x10"11 0.00000 4.8 x10"1!

1/3 0.00324 0.00324 0.03272 0.03271 0.019256 0.01926
2/3 0.00341 0.00341 0.04090 0.04088 0.02695 0.02699
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation

- LSE -



TABLE 6.13

Deflection and Bending Moments Along 6 =15° Radial Direction for a

Simply Supported Circular Plate Under a Linearly Varying Load (see Figure 6.4)

Poisson's ratio, v = 0.3

wx (/4 a*} m /(4§ a?) m./{§ a?)
nfa L t

TWK QUDPLT TWK QUDPLT TWK QUDPLT

0.0 0.00000 1.5 x10-11 0.00000 3.1x10"11 0.00000 4.7 x10~11

1/3 0.00313 0.00313 0.03160 0.03159 0.01861 0.01860
2/3 0.00329 0.00329 0.03950 0.03949 0.02603 0.02607
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation

T




TABLE 6.14

Deflection and Bending Moments Along 6 = 30° Radial Direction for a

Simply Supported Circular Plate Under a Linearly Varying Load (see Figure 6.4)

Poisson's ratio, v = 0.3

wx (D/§ a*) m,/(§ a?) me/ (4 a?)
nla

TWK QUDPLT TWK QUDPLT TWK QUDPLT

0.0 0.00000 1.5x10-11 0.00000 3.4 x 10711 0.00000 4.3 x10~11

1/3 0.00281 0.00281 0.02833 (.02833 0.01668 0.01668
2/3 0.00295 0.00295 0.03542 0.03541 0.02334 0.02337
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation

- 6St -



TABLE 6.15

Deflection and Bending Moments Along 0= 45° Radial Direction for a

Simply Supported Circular Plate Under a Linearly Varying Load (see Figure 6.4)

Poisson's ratio, v = 0.3

wx (D/§ a*) mn/[ﬁ a?) me/ (4 a?)
ria
TWK QUDPLT TWK QUDPLT TWK QUDPLT
0.0 .00000 1.5x10~11! 0.00000 3.9 x 10711 0.00000 3.9 x 10" 1!
1/3 .00229 0.00229 0.02313 0.02313 0.01362 0.01362
2/3 .00241 0.00241 0.02892 0.02891 0.01906 0.01908
TWK ¢ Timoshenko & Woinowsky-Krieger [1959]

QUDPLT

¢ Present quadratic formulation

- 09¢ -



TABLE 6.16

Deflection and Bending Moments Along § = 60° Radial Direction for a

Simply Supported Circular Plate Under a Linearly Varying Load (see Figure 6.4)

Poisson's ratio, v = 0.3

wx (D/§ a*) m,/{§ a? my/(§ a?]

r/a

TWK QUDPLT TWK QUDPLT TWK QUDPLT
0.0 | 0.00000 | 1.5x10-11 | 0.00000 | 4.3x10"1! | 0.00000 | 3.4x10"11
1/3 0.00162 0.00162 0.01636 0.01635 0.00963 0.00963
2/3 0.00170 0.00170 0.02045 0.02044 0.01348 0.01349
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 6.17

Deflection and Bending Moments Along 6 =75° Radial Direction for a

Simply Supported Circular Plate Under a Linearly Varying Load (see Figure 6.4)

Poisscon's ratio, v = 0.3

e wx (D/§ a¥) m/(§ a?) my/ (§ a?)

TWK QUDPLT TWK QUDPLT TWK QUDPLT

0.0 0.00000 1.5x1071! 0.00000 4,7 %1071t 0.00000 3.0x 101!

1/3 0.00084 0.00084 0.00847 0.00847 0.00499 0.00498
2/3 0.00088 0.00088 0.01058 0.01058 0.00698 0.00699
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation

- 79¢ -
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TABLE 6.18

Deflection and Bending Moments Along § =90° Radial Direction for a

Simply Supported Circular Plate Under a Linearly Varying Load

(see Figure 6.4)

Poisson's ratio, v = 0.3

wx (D/§ at) m,/(§ a?) me/ (4 a?)

rla
TWK QUDPLT TWK QUDPLT TWK QUDPLT

0.0 0.0 1.5x 10711 0.0 4,8 %1011 0.0 2.9 x10711
1/3 0.0 1.2 x10"11 0.0 3.7 x10711 0.0 2.9 x10"11

2/3 0.0 6.7 x10"12 0.0 1.6 x 10711 0.0 2.5x10"11

TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 6.19

Normal Slope,-[dw/an) x (D/4 a3), Along a Quarter of the Boundary

of a Simply Supported Circular Plate Under a Linearly Varying Load

(see Figure 6.4)

Poisson's ratio, v = 0.3

6 Exact QUDPLT
0.0 0.01263 0.01262
/24 0.01252 0.01251
2n/24 0.01220 0.01219
3n/24 0.01167 0.01166
4r/24 0.01093 0.01093
5m/24 0.01002 0.01001
6n/24 0.00893 0.00892
7m/24 0.00769 0.00768
8m/24 0.00631 0.00631
9m/24 0.00483 0.00483

10m/24 0.00327 0.00327

117/24 0.00165 0.00165

12w/24 | 0.00000 | 0.3x1073
QUDPLT : Present quadratic formulation
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TABLE 6.20

Deflection and Moments Along the Line of Symmetry of a Simply Supported 45°

Sector Plate Under a Uniformly Distributed Load (Figure 6.5)

Poisson's ratio, v = 0.3

w x (D/§ a*) m, /14 a?) me/(§ a?)
rla

TWK QUDPLT TWK QUDPLT TWK QUDPLT
0.25 0.00006 0.00005 -0.0015 -0.0015 0.0093 0.0093
0.5 0.00033 0.00033 0.0069 0.0069 0.0183 0.0183
0.75 0.00049 0.00048 0.0161 0.0161 0.0169 0.0170
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT :

Present quadratic formulation
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TABLE 6.21

Deflection and Moments Along the Line of Symmetry of a Simply Supported 60°

Sector Plate Under a Uniformly Distributed Load (Figure 6.5)

Poisson's ratio, v = 0.3

w x (/4 a*) m,/(§ a?] m./ 1§ a?)
nfa

TWK QUDPLT TWK QUDPLT THK QUDPLT
0.25 0.00019 0.00020 ~0.0025 -0.0025 0.0177 0.0177
0.5 0.00080 0.00080 0.0149 0.0149 0.0255 0.0256
0.75 0.00092 0.00093 0.0243 0.0243 0.0213 0.0214
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present gquadratic formulation
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TABLE 6.22

Deflection and Moments Along the Line of Symmetry of a Simply Supported 90°

Sector Plate Under a Uniformly Distributed Load (Figure 6.5)

Poisson's ratio, v = 0.3

L3 2 2

o/ wx (D/§ a*} m,/§ a®) me/ (1§ a®)

TWK QUDPLT TWK QUDPLT TWK QUDPLT
0.25 0.00092 0.00093 0.0036 0.0036 0.0319 0.0319
0.5 0.00225 0.00226 0.0353 0.0354 0.0352 0.0354
0.75 0.00203 0.00204 0.0381 0.0383 0.0286 0.0288
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 6.23

Deflection and Moments Along the Line of Symmetry of a Simply Supported

Semi-Circular Plate Under a Uniformly Distributed Load (see Figure 6.5)

Poisson's ratio, v = 0.3

wx (D/§ a*) m,/{§ a?) m./ (4 a?)
ria

TWK QUDPLT THK QUDPLT TWK QUDPLT
0.25 0.00594 0.00594 0.0692 0.0693 0.0357 0.0359
0.5 0.00811 0.00811 0.0868 0.0869 0.00515 0.00515
0.75 0.00560 0.00561 0.0617 0.0616 0.0468 0.0472
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT :

Present quadratic formulation
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TABLE 6.24

Deflection and Moments Along the Line of Symmetry of a 45° Sector Plate

Under a Uniformly Distributed Load, Having the Two Radial Edges Simply

Supported and the Circular Boundary Clamped (Figure 6.5)

Poisson's ratio, v = 0.3

wx (D/§ a*} m,/(§ a?}
rla

TWK QUDPLT TWK QUDPLT
0.25 0.00005 0.00005 -0.0008 -0.0008
0.5 0.00026 0.00026 0.0087 0.0075
0.75 0.00028 0.00028 0.0107 0.0106
1.0 0.00000 0.00000 -0.0250 -0.0251
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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TABLE 6.25

Deflection and Moments Along the Line of Symmetry of a 60° Sector Plate

Under a Uniformly Distributed Load, Having the Two Radial Edges Simply

Supported and the Circular Boundary Clamped (Figure 6.5)

Poisson's ratio, v = 0.3

wx (D/§ a*) m /(§ a?)
n

nia

TWK QUDPLT TWK QUDPLT
0.25 0.00017 0.00016 -0.0006 -0.0006
0.5 0.00057 0.00056 0.0143 0.0143
0.75 0.00047 0.00047 0.0123 0.0124
1.0 0.00000 0.00000 -0.0340 -0.0342
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT

: Present quadratic formulation
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TABLE 6.26

Deflection and Moment Along the Line of Symmetry of a 90° Sector Plate

Under a Uniformly Distributed Load, Having the Two Radial Edges Simply

Supported and the Circular Boundary Clamped (Figure 6.5)

Poisson's ratio, v = 0.3

w x [D/§ a*) m,/(§ a?)
nla

TWK QUDPLT TWK QUDPLT
0.25 0.00063 0.00063 0.0068 0.0068
0.5 0.00132 0.00132 0.0272 0.0273
0.75 0.00082 0.00081 0.0113 0.0118
1.0 0.00000 0.00000 -0.0488 -0.0492
TWK : Timoshenko & Woinowsky-Krieger [1959]

QUDPLT : Present quadratic formulation
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TABLE 6.27

Under a Uniformly Distributed Load With Its Straight Edge Simply Supported

and Its Circular Boundarv Clamped (Figure 6.5)

Poisson's ratio, v = 0.3

wx (D/4 a*) m,/§ a?)
rla

TWK QUDPLT TWK QUDPLT
0.25 0.00293 0.00294 0.0473 0.0473
0.5 0.00337 0.00337 0.0446 0.0448
0.75 0.00153 0.00153 0.0016 0.0017
1.0 0.00000 0.00000 -0.0756 -0.0768
TWK : Timoshenko & Woinowsky-Krieger [1959]
QUDPLT : Present quadratic formulation
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(a) Plate geometry

(b) Boundary discretisation.
24 elements.

Figure 6.1: Circular plate under a concentrated load at the centre
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[ Y]

(a) Plate geometry and loading

(b) Boundary discretisation. (c) Interior discretisation
24 elements.

Figure 6.2: Circular plate under a uniformly distributed load
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(a) Plate geometry and loading

(b) Boundary discretisation.
24 elements.

Figure 6.3: Simply supported circular plate bent by a uniformly distributed
moment, ma, along its boundary
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(a) Plate geometry and loading

(b) Boundary discretisation. {c) Interior discretisation
24 elements.

Figure 6.4: Simply supported circular plate under a linearly varying load
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(a) Plate geometry

(b) Boundary discretisation. (¢} Interior discretisation
6 elements along each
side,

Figure 6.5: Plates in the shape of a sector of a circle under a uniformliy
distributed leoad
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CHAPTER 7

DISCUSSION AND CONCLUSION

The boundary integral equations for the bending of thin plates under
lateral loading have been derived from the Kirchhoff plate theory.
Integral equations have been obtained for deflection, deflection gradients,
moments, and effective shear forces at interior points of the plate. The
limiting processes involved in taking the interior point to the boundary
have also been described, resulting in boundary integral equations for
deflection, normal slope, normal moment and effective shear force at
points along the boundary. These equations provide four relations
_connecting the boundary wariables and the lateral lcading on the plate
with each other. At a regular point on the plate boundary, there are
four variables present. Two of these are effectively given as boundary
conditions. To obtain a solution for the other two variables, two more
relations are required. These are provided by choosing a pair of
boundary integral equations from the four available.

A constant element computer program was written and applied to
problems of simply supported and c¢lamped square plates loaded at the
centre. These were solved by using, in turn, all possible pairs out of
the four boundary integral equations. It was found that by adopting the
approaéh usual in the current literature, that is, ignoring the Kirchhoff
corner forces in constant element formulations, a reliable solution could
not be obtained when the integral equation pair employed involved the more
singular kernels, namely, the equations for normal moment and effective
shear force at a boundary point. Furthermore, in these situations, the
solution obtained for simply supported plates had a much greater
inaccuracy than those obtained for a plate with clamped edges. It was

also seen that, for a simply supported plate, the computed values of the
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effective shear force near the corners were very unreliable, even for
equation pairs which provided a very accurate overall solution, namely,
the equations for deflection and normal slope at a boundary point.

It was shown that the above difficulties can be overcome if the
Kirchhoff corner reactions are included in the numerical implementation as
additional unknowns. To solve for these unknowns, extra equations are
required at the corners. These were chosen as either the equation for
deflection at the corner or the equation for twisting moment jump at the
corner, The results showed that, in most cases, the equation for
twisting moment jump at the corners provided a better choice for the
corner equation. However, for equation pairs containing the more
singular kernels, a more accurate value for the central deflection was
obtained when the corner equation was chosen as that of the deflection at
the boundary. This was found to be the case when the equation pairs
employed did not include the integral equation for deflection at the
boundary. The computed values of the slopes and moments along the
boundary seemed to be affected much less by the choice of the corner
equations. However, the computed values of the effective shear force
were found to be more accurate, when the equation for twisting moment jump
at the corner was used in conjunction with an integral equation pair
containing the less singular kernels, namely, the equations for deflection
and normal slope at a boundary point. For all equation pairs, however,
the equation for twisting moment jump at a corner provided a more accurate
value for the Kirchheoff cormer reactioms. In view of these findings, it
would appear that the equations for deflection and normal slope, coupled
with the equation for twisting moment jump at corners, provide the best
choice for a constant element direct BIE formulation for plate bending
problems. In the test cases considered, the solutions obtained using

this combination were usually as good as, or better than, the solution
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obtained using the other combinations of equations. Furthermore, the
evaluation of the matrix coefficients for these equations is less time-
consuming due to their simpler kernel expressioms.

The quadratic element implementation described employs the equations
for deflection and normal slope at the boundary. The computer program
written incorporates three-noded isoparametric elements along the boundary,
along which the geometry, as well as the boundary variables, is
interpolated using quadratic shape functions, The evaluation of the
integral coefficients by using various quadrature formulae is fully
described. In order not to restrict the type of loading on the plate,
eight-noded quadrilateral and six-noded triangular elements have been
incorporated in the computer program for the numerical quadrature over the
plate domain.

This program was applied to a variety of plate problems involving
various geometries, loadings and boundary conditions. Where for a
particular problem an analytical or an exact series solution was available,
it was found that the results obtained using the quadratic BIE formulation
were in very close agreement with it. In practically all such cases, the
discrepancy between the exact solution and the BIE solutions was of the
order of a few tenths of a percent. However, for simply supported
circular plates, the computed value of the effective shear force at nodes
along the boundary differed from the exact solution by between 47 to 23%.
It is believed that this is due to the deficiency of the quadratic
interpolation of the geometry in exactly modelling a circular boundary.
However, by averaging the effective shear force along the boundary using
the appropriate shape functions, a very accurate value can be obtained.
Where exact solutions to problems were not available, comparisons were
made with other numerical solutions, when available. Some of the more

interesting results obtained are discussed below.
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It was found that, near a clamped to free boundary, the behaviour of
the effective shear force is oscillatory, with the magnitude becoming very
large as the corner is approached. This type of behaviour was seen in
the problem of a square cantilever under a central load, and also for
square plates with three edges clamped and one edge free, For the latter
problem, existing finite difference results were available, but did not
exhibit such singular behaviour for the effective shear force near the
clamped to free corner. However, Williams [1951] has shown that, within
the framework of Kirchhoff's thin plate theory, the effective shear force
at a clamped to free right-angled corner is singular. Furthermore, for
the particular case of clamped to free cormers, the dominant solution to
the eigen equation was shown to be complex, which implies an oscillatory
singularity. Although the detailed treatment of these types of
singularities is outside the scope of the present work, nevertheless it is
interesting to note that the present BIE formulation at least detects their
presence and confirms the limitations of the plate theory from which it is
derived.

Simply supported rhombic plates under a uniformly distributed load
were analysed for various angles of skew. The present BIE solutions were
compared with a finite difference solution, an approximate series solution
and a constant element BIE solution. The finite difference and series
solutions are due to Morley [1963]. The constant element BIE solution is
given by Maiti & Chakrabarty [1974], but their formulation employs a
different set of equations from those presented in this work. It was
found that, for small angles of skew, the computed values of deflections
and moments at the centre of the plate were smaller than those obtained by
the other authors. The author believes that the reason for this
discrepancy is the zero slope boundary condition prescribed at either side

of a simply supported corner in the quadratic BIE formulation. In the
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other solutions, no specific restriction is placed on the normal slopes
either side of a corner, This allows the slope either side of a simply
supported corner to be non-zero. The problem of a 30° skew rhombic plate
has been solved using the constant element BIE program described in this
work. It was found that, near the obtuse corner, the magnitudes of the
normal slopes obtained by the constant element formulation were much
larger than those given by the quadratic omne. As a result, the computed
value of the central deflection obtained by the constant element
formulation was also larger.

A difficulty similar to that discussed above was also found in the
case of a simply supported corner plate under a uniformly distributed
load. For this problem, existing finite difference and BIE solutions
using constant elements were available, Once again, the constant element
BIE sclutions employed different equations to those given in this work.
Along the limbs of the plate at a sufficient distance away from the corner
(about twice the width of each limb), the plate is expected to behave as
a simply supported infinite strip. For this simpler problem, an
analytical solution is available, and it was found that the solution
obtained, for the deflections along the width of the plate in this region,
by the quadratic BIE formulation was more accurate than the finite
difference one. The discrepancy between the quadratic BIE and the exact
solutions was less than 1%, whereas the finite difference results over—
estimated the exact ones by around 5%. The discrepancy between the
quadratic BIE and the finite difference solutions, for the deflections
along the diagonal connecting the outer corner of the plate to the
re-entrant corner, was found to be mﬁch greater, Along this diagonal,
the quadratic BIE solution gave smaller deflections than the finite
difference solution and the constant element BIE formulations. Once

again, as in the case of the rhombic plates, it is beljieved that this
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discrepancy is mainly due to the zero normal slope restriction made at the
simply supported re-entrant corner in the quadratic BIE formulation. It
was found that, by freeing this corner node and allowing for non-zero
normal slopes either side of it, larger deflections were obtained along
the diagonal. Even larger deflections were obtained when the same problem
was solved using the constant element formulation presented in this work.
An examination of the variation of the normal slope, along the boundary
adjacent to the re-entrant corner, showed that the solutions giving the
larger deflections along the diagonal also gave large normal slopes either
side of a corner. The finite difference solution over-estimated the
value of deflections away from the cormer by about 5Z. It may be that
this error is repeated throughout the plate and probably amplified in the
region near the corner. This would, therefore, be an additional
contribution to the discrepancy between the finite difference and the
quadratic BIE formulation for this particular problem. An examination of
the variation of the moment sum (mx‘Pmy) along the diagonal showed that
the quadratic BIE solution exhibits a singularity near the re-entrant
corner. This seems to be in agreement with the solution given by
Williams [1951], which showed that the moments are singular at a simply
supported corner with a corner angle of greater than 90°.

The present quadratic formulation was also extended to the analysis
of plates having interior supports. Although a constant element
formulation incorporating interior support conditions is already published
by other authors, the work carried out here was done independently and was

in close agreement with the existing published work.
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CONCLUSIONS

The principal conclusions that may be drawn from the work presented

in this thesis can be summarised as follows:

1)

ii)

iii)

Provided the Kirchhoff corner forces are included in a constant
element formulation, all six possible pairs of integral equations
applicable to plate bending problems may be used successfully teo
obtain numerical solutions for problems of thin plates under lateral
loading. The equation pairs consisting of the equations for
deflection and normal slope at the boundary appear to be the best
choice, in that they generally provide results which are as good as,
or better than, those obtained using the other equation combinations,

with less computational effort.

Ignoring the corner forces does not affect the equation pairs
involving the less singular kernels. However, it results in
unreliable values for effective shear force in the vicinity of the
corners, even for equation pairs providing an accurate overall
solution. This effect is more severe for simply supported plate
problems, because by ignoring the Kirchhoff corner forces they are

effectively taken to be zero, which is not correct.

The quadratic formulation, employing the equations for deflection and
normal slope at the boundary, has been shown to provide very accurate
solutions for a range of plate bending problems, involving varying
geometry, loading and boundary conditions, for which existing exact
solutions are available for comparison. 1In the case of plates with
boundaries in the form of circular arcs, the nodal values of

effective shear force along simply supported boundaries were not



iv)

v)
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computed to a high degree of accuracy. This is attributed to the
discontinuity in the normal direction created at inter-element nodes,
due to the approximation of the boundary geometry using quadratic
interpolation functions. This effectively creates artificial
corners, which generate Kirchhoff corner forces. Since, for a
circular boundary, the computer program does not solve for any corner
variables, the effect of ignoring these "Kirchhoff cormner forces"
affects the wvalue of the effective shear force. It is shown that an
accurate solution for the effective shear force in this type of
situation can be obtained by averaging out the nodal values by using

the shape functionms.

For certain types of boundary conditions at the corners, where the
Kirchhoff plate theory predicts a singularity, the present quadratic
formulation was shown to be able to detect these singularities,
whereas the existing finite difference solutions for the problems

considered appeared to be insensitive to these singularities.

For geometries involving simply supported corners, with corner angles
larger than 90°, the quadratic BIE formulation provides a stiffer
solution than those obtained by the finite difference method or the
constant element BIE method. This was shown to be due to the fact
that in the quadratic formulaticn, the normal slopes either side of

a simply supported corner are set to zero, whereas in the finite
difference and constant element BIE methods, the boundaries meeting
at such corners are allowed to rotate, resulting in larger

deflections inside the plate domain.
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vi) The quadratic formulation was also successfully employed in the
solution of plate bending problems involving support conditions

inside the domain.



- 387 -

APPENDIX A

TRANSFORMATION OF THE GOVERNING DIFFERENTIAL EQUATION OF

THE PLATE AND STRESS RESULTANTS ALONG THE BOUNDARY

TO PLANE POLAR COORDINATES

The governing differential equation of the bending of thin plates

under lateral loading is given by equation (2.42) as:

4 L b4
Vi o= vyl = W, g 3W +aw___% (a.1)
ax*t ax2 ay2 oyt
where V% is the Laplacian operator:
2 o= a2 (A.2)
a2  ay?
The relation between the Cartesian coordinates X,Y and the polar
coordinates %,8 is given by:
X = h cos B (A.3a)
Y = £ sin 6 (A.3b)

where £ is the modulus of the position vector of a point with coordinates
X,Y4, and 8 is the angle between the X axis and the position vector %, as
shown in Figure A.1l.

The derivatives with respect to X and 4 can be written using the

chain rule for differentiation as:

> _ 23, 2 3
3x © ax ax . 36 ax (A.4a)
2 _ 2, 230 h. i)
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-

The modulus 4 of the position vector % is given by:

!
o= {x? + y?)? (A.5)
Therefore: L/ ——-x—,— = X _ cos @ (A.6)
and: o ———H———,— = 4 . gine (A.7)
3'5‘ (x2 +y2)? n

Differentiating eqﬁation {A.3a) with respect to X and using equation (A.6)

gives:
1 =%cosﬁ-ﬂ.%sim8
= cos? 8 -4 %}% sin 0 {A.B)

2
Taking cos? 8 to the left hand side and noting that 1 - cos29 = gin® gives:
I .
— = - —gin 8 (A.9)

In a similar manner, by differentiating equation (A.3b) with respect to ¥

and using equation (A.7):

3/ _ 1
Eg = 5 cos ] {A.10)

Substituting equations (A.6), (A.7), (A.9) and (A.10) into equations

(A.4a) and (A.4b) gives:

] 2] 1 ]
3x - ¢os 3] K sin 6 35 (A.11)
o . ] i 2

and: Fg_ = sin © 7 + 7 CoS 8 0 (A.12)
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Having obtained expressions for 3/3x and 3/3y, the Laplacian operator
given by equation (A.2) is obtained as follows:

1 . 2
- sin © 36)

22 _ I 3
S - (cos @ o - 3 §in ) ae)(cos 8 YR
ax
2 2
_ 2 407 .1 _. o _ 1. 3
cos- O 2 2 sin O cos © T r3 sin 6 cos B 3% 90
1 ..o, 8 1 2 1
+ = — - — gj + — gi -
7 sinc 6 A 3 sin 9 cos 6§ YT o2 sin O cos © 36
2
+ 1 sin? g il (A.13)
n2 362
and:
-EZ— = [sinei""l sS-—a—][inB-a—'*lcosB—a-}
oy an  n ©°% P g’ 's o n 36
2 2
= sin? @ 2. —L-sin 8 cos © Ji—* — sin @ cos 6 9
a2 42 6 4 a1 36
1 2 ] 1 . 32 1 .
+ = —+ — - — —
x cos< 8 o i sin O cos 6 YT 2 sin 8 cos @ 30
2
+ —Lcos2 8 d (A.14)
n2 362

Adding equations (A.13) and (A.14) and noting that cos?8+sin?0 = 1 gives

the Laplacian operator as:

2 2 2
2 oe (.2 o 2,18, 10 (A.15)
ax2  ay? n? n? 302

The biharmonic operator, V*, can now be obtained as:
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2 2 2 2
Vll = V2V2 (.__a___+l_éaz+_1_._a_._]_a_+%33’_t+_l_._a__]
a2 T 12 982 ax? n2 382
oo .28 1 8% 1 5, 4 37
o a3 a2 a2 x3 M pu gp2
3 Y 4
B L S LA N\ (A.16)

3 an 382  x2 3x2 382 A% a0t

The expressions for stress resultants on the boundary are given by
equations (2.55), (2.56) and (2.57), which, for convenience, are repeated

below as:

2 2
m o= -0 (W, , 3w (A.17)
ax2 3t
M. = =D (1-v) 28 (A.18)
F an at :
- _pn8 g2 9
Un = v ™ Ve + 23 me (A.19)

where n and £ are the normal and tangent to the boundary at a point  on

the boundary (see Figure A.2). It can be shown (see Appendix B) that:
0 a sin B 3
—_— = oy 2= P s
5 cos B oo A 50 (A.20)

where a/anQ'denotes the normal derivative at a boundary point @, and B is

the angle between the position vector £ and the normal h, as shown in
Figure A.2. Substituting B by 8+ n/Z gives the tangential derivative as:
3 2 cos B 9

5F - - s8in 8 —/— +

(A.21)
0 Y PEEY

Using eguations (A.20) and (A.21) and noting that (see Figure A.2):
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B = a-8 (A.22)
3B
and therefore: 3 = " ; (A.23)

the following second derivatives can be obtained:

32 _ 3 ,sin B 3 3 ,sin B 3
e (cos 8 5o + == — 35! {cos 8 o2 + =5 — 35
Q
(1 + cos 28} 32 _sin 2B 3 , sin 78 32
7 2 42 08 n 3n a8
- _ 2
. (T ﬁfs 28) g%_+ (T czs ZB) 32 (A.24)
V] 38
A . o8 ,cos B d (o ,C€osB 3
and: ot 2 (- sin B 5- + == 5g) (- sin B 5+ = — 35)
Q
_ (1 - cos 28, 32 o 5in 28 3 _ sin 28 32
2 2 n2 99 n o4 98
2
(1 + ‘2:05 28) _a_ + (] + Ccos 28) 3 (A.ZS)
" a 212 202

In deriving equations (A.24) and (A.25), the following trigonometriec ident-

ities have been used:

sin 28 = £ sin B cos B (A.26)
cos?2 g = l_i_%;ﬁ_gﬁ (A.27)
sin? g8 = l_:_%?i_gé (A.28)

Substitution of equations (A.24) and (A.25) into equation (A.17) gives:



- 392 -

2 2
{- (1+v) V2w + (1-v) [{%%‘:—*' T aw M) cos 7B
#2 302  an?

=

3 (I 3w
- 25 {55 sin 23}} (A.29)

In a similar manner, the mixed derivative azw/(anQ BIQ) is obtained as:

3w d ,sinB 3,,. 9 ,cos B 3
ang atQ (cos 8 55 + =5 — 351 {~ sin 8 5o+ —=— 4
_ _sin 28 32 _ 1 + cos 28 3% ] + cos 28 B
) an2 2n . 28 22 38
_ I - cos 78 32 , Bin 78 3 ; 8in 28 232
n an 38 n EY 22 392

+1-(:052{3‘»3

2 (A.30)
82 3B
Substitution of equation (A.30) into equation (A.18) gives:
_ D(Iv) Tow, 1 3%w 32%w 3 (1 aw
m, = {(ILBIL ——) sin 2R + 2 cos 28— A naa}} (A.31)

#2 32 an?

The derivation of the expression for the effective shear force, equation
(A.19), requires some care due to the presence of a curvature term. It

can be shown (see Appendix B) that:

g:g— = %- cos B (A.32)
% = - sin B (A.33)
36 cos B

T = (A.34)
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where R™l is the curvature of the boundary at point Q (see Figure A.2).
Furthermore, the expression for mt is a function of B8, as well as & and 8§.

Therefore, using the chain rule:

as o 05 g9 B ap 3

om am om om

Using equations (A.32) to (A.34), this gives:

am am am om am
——'t=--—sin8+coi8( . ’t]+% 1 (A.36)
as M 26 28 9B
Finally, {3/an) V2w can be written using equation (A.20) as:
) 2 - i 2 + sin B _a_ 2
_anQ Ve cos B v vew % 38 vew (A.37)

Substitution of equations (A.36) and (A.37) into equation (A.19) gives:

om on
v, [—D%Vzw+%——t~—£]coss
a8 aB
D 3 om 7 My
- [Zg'e— V2w + ——"‘:l sin B + ﬁ_ (A.38)
N aB
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Figure A.1: Position vector £ in two-dimensional rectangular Cartesian
coordinates

- o

c o AX

>

Figure A.2: Notation for normal and tangent at a boundary point
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APPENDIX B

PROOF OF SOME EQUATIONS USED IN THIS WORK

(a) To Show That a/anQ = cos B (8/84]) + [sin B/x){3/38)
A directional derivative of a function, ¢, in any particular direction,

n, is defined as:

¥ - v en (8.1)
where Vv = [[38/3x) L+ [3/3y) §] is the gradient operator, and n denotes unit
vector in the direction n (see, for example, Kreyszig [1979}). Referring

to Figure B.1l, equations {(A.3) can be written as:

R cos B (B.2a)

e
Jrat
|

Fad

I

4 gin B (B.2b)

S
=)
]

=
I

Therefore, equations (A.11) and (A.12) take the form:

—53— = cos ea—ah-%sin 83% (B.3)
Q
2] 3 1 P}
2 - aj L 4+ L - .
3yQ sin 8 -+ ;- cos ® =5 (B.4)

Upon noting that a unit vector in the direction n is given by (see Figure
B.2):

n = cosad+sina f (B.3)

equation (B.1) can be written as:

3 _ (4. 2 L .
= fllcos @ £ + sin a §) (B.6)
BnQ axQ ByQ
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Substituting equations (B.3) and (B.4) for a/axQ and a/ayo, respectively,

in equation (B.6) gives:

899 _ 8 1 . 2
an cos O cos o Y 3 sin 0 cos o Y
Q
+ gin a sin 9 2 1-sin a cos 8 2 (B.7)
L Eid 3o v
which reduces to:
9% _ 2.1 R
3nQ cos B Ty sin 8 50 (B.8)

where 8 = o - 6. The directional derivative in the tangential direction
can readily be obtained by substituting B+ /Z in place of 8 in equation

{(B.8). This gives:

B _ o i.a 0 1 2
BIQ = sin B v + 7 COS 8 26 (B.9)

Referring to equations (B.2), it can be seen that B/BXQ = -a/axp and
3/3yQ.= —B/Qyp. The directional derivative at point p in a direction

making an angle ¥ with the vector % is therefore given by:

_ai = -coslpsai-‘-%'—sinlp% (B.lO)

and for a direction Ip perpendicular to np (see Figure B.1):

LI sin ¢ — - - cos ¥ 2 (B.11)
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[}

(b) To Show That 38/3S = {cos B/#) and 31/3S = - sinB

This can be shown by observing that 3/3f = 3/3S and using equation

(A.21) of Appendix A. This gives:

98 _ 98 cos B

Bas 9
as IQ

(B.12)

where the symbols have their usual meaning (see Figure B.1). Similarly,

a4/3S is given as:

M B

R A sin B (B.13)

(c) To Show That 3R/3S = 1/R- (cos B/a}

Referring to Figure B.1:

3
3S

sin B = - % . (B.14)

where 4 is the modulus of the position vector X. Equation (B.14) is
simply the dot product of a unit vector along 4 and the unit tangent vector
given by 94/3S. Differentiation of equation (B.l4) with respect to S

gives:

é—-cos B = ~ =7 « -7 — (B.15)

Now, a standard result from differential geometry gives (see Lipschutz

[1969]):

a2n 1 -
— = -3 -n (B.16)

382

where n is the unit normal vector at §, and R is the radius of curvature

of the boundary at 9. Substituting equation (B.16) into equation (B.15)
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gives:

38 .

= cos B = - 9 (il o

(B.17)

{(#/1) +n = cos B because it is the dot product of the unit normals in the 4
and 7 directions.

Equation {B.17) can, therefore, be written as:

PR VR VI Y2
%g-cos g = %-cos B - { as 33 5 CA BS} (B.18)
n
Noting that i -(BE/BS] = & {/38) (see Spiegel [1974]) and
(o1/3S} » (31/38) = 1:
M, 2
8 _ 11 [t2* 58 (B.19)
3s R cos B 2 *
A
Using equation (B.13) to replace 54/3S gives:
3B _ 1 _cos B
s R " (8.20)

which is the required result.
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u

Figure B.l: Notation for obtaining directional derivatives at p and Q
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APPENDIX C

VERIFICATION OF THE FUNDAMENTAI SQLUTION

W= (1/8n) 22 1n 2

The fundamental solution for the biharmonic equation is given in
Chapter 2 as:
Wip,q) = ;—w %2 1n n (C.1)
where 4 is the distance between the source point p and the field point g.
The constant, D, in equation (2.75) is the flexure rigidity of the plate,
and for the purpose of the present analysis, need not be included. The
function to be considered is, therefore, given by W = 1/&n 4% In4 and

it must be shown that:

0 for p #

by = ol 42 -
T v(g“n In ) w for p

a (c.2)
q

and: g’v“w dd = 1 {c.3)
where A is the area of the plate domain. Using the biharmonic operator

given by equation (A.16) of Appendix A and noting that equation (C.1) is

a function of % only gives:

Vuw = 8 (-—_+_—_—-‘——+‘—+-—)
m 12 K2 #n2 52 #2 72
_ SL[_I_{_2+4_3+” _21nfL+21nﬂ.:| (.4)
T L2 72 #2

Equation (C.4) is equal to zero for all values of £ # 0. However, for
A =0, it is undefined, i.e. it has a singularity.

In order to verify equation (C.3), Green's second identity is used
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(see Spiegel [1974]). This is given as:
fi(uvzu-uvzu) dA = 'f(ua—u-u-a—[f)ds (c.5)

Now, choosing # = 1 and v = V2! in equation (C.5) gives:

[[v'0 dA = [2 v dS (C.6)
an
A S
Figure C.1 shows a plate domain A with its boundary curve S. The point P
is isolated from A by excluding a small disc, Ae’ of radius e from the

domain A. The domain integral given by equation (C.3) is now written as:

fo'wdA = [ 9% dA+ [ 940 dA (c.7)
A A-A A

£ €

The first integral on the right hand side of equation (C.7) is equal to
zero because V'l = 0 in A-—AE. The second integral on the right hand

side of equation (C.7) is now written with the help of equation (C.6) as:

W - 2 g2
ijva-SaandS (C.8)

€ €

Since, along the contour Se’ the direction of the normal is the same as

the radius %, equation (C.8) can be written as:

/[ vt dA =

£

[ & V2 ds (c.9)
$
£

Using equation (A.15) of Appendix A and equation (C.l) gives:

_a._ vzw =

1 4
Y S n (C.10)
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Substituting equation (C.10) into equation (C.9) and noting that along SE,

dS = nde, gives:

[ vvwdA = | —; (-] 2 de = L [ do = 1 (€.11)
b = 4 = = ]
A g

E

which completes the proof.



- 403 -

I

Figure C.1: Domain AE excluded from domain A

Lol 4
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APPENDIX D

CONTRIBUTION TO TANGENTIAL DERTVATIVE OF DEFLECTION AT

A REGULAR POINT ON THE BOUNDARY IF THE

ELEMENTS EITHER SIDE ARE OF UNEQUAL LENGTH

Consider the point P? to be an inter-element node at a regular point

on the boundary. For simplicity, a straight line boundary is considered

here, as shown in Figure D.1. The integration of the term containing

(wn- P] in equation (4.11) over these two elements can be written as:

L

€, 2
1 = 1im{f L {w,-w)dS+ [ L (w -w) dS} (0.1)
2 2 P 2 QP
e+0 -LI n € n
where ¢ = Uzn?, and 7 and 7 refer to elements 1 and 2 in Figure D.1. A
Taylor series expansion of {WQ- P} about Pa gives:
s -
2 P on 1 (D.2)
at
L
Wa = W
and: 2 7 . E(Pa) cn 2 (D.3)
ot
n
where the terms of the order of 42 are ignored, and aw/3£(P%) refers to
the tangential derivative of deflection at point Pa. Substitution of
equations (D.2) and (D.3) into equation (D.1) gives:
~E LZ
= 14 _dw $ 3w
1 = 1w {] -235PY) ds+ [ F TP ds) (D.4)
Noting that:
dg : i gﬂ ] on1 (D.5)
and: dg : ﬁh } on2 (D.6)
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gives:

L

£ 2

1 = 2—‘;-(#1) lim { | %de*‘j %dft} (D.7)
g+ LI €

Recalling the expression for the effective shear kernel, V2 (equation
(2.97d)), it is seen that in this case ¢ = n? U2 is a constant and can be

taken out of the integral sign. Equation (D.7), therefore, becomes:

L

1 = ¢ %{P“} 11:3 {[1n n]f} + [1n n]ez} (D.8)
I = ¢ %%(P“J ii? {-1nL; + 1n L,} (D.9)
1 = ¢ 291 2 (.10)

BT " :

It is clear that for LI = LZ’ this contribution is zero. Since the
formulation presented in this work does not allow for a tangential
derivative as a nodal variable, the incorporation of this contribution for
each element can be obtained by differentiating the element shape functioms
in 2 similar manner to the evaluation of the contribution from azw/anz in

equation (4.67).
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-
El E
-— >l »
L, Ly
 J
n

Figure D.1: Two self elements of unequal length
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